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Preface

The science of mathematical modelling and numerical simulation is generally
accepted as the third mode of scientific discovery (with the other two modes
being experiment and analysis), making this field an integral component of cut-
ting edge scientific and industrial research in most domains. This is especially so
in advanced biomaterials such as polymeric hydrogels responsive to biostimuli for
a wide range of potential BloMEMS applications, where multiphysics and multi-
phase are common requirements. These environmental stimuli-responsive hydrogels
are often known as smart hydrogels. In the published studies on the smart or stimuli-
responsive hydrogels, the literature search clearly indicates that the vast majority are
experimental based. In particular, although there are a few published books on the
smart hydrogels, none is involved in the modelling of smart hydrogels.

For the few published journal papers that conducted mathematical modelling and
numerical simulation, results were far from satisfactory, and showed significant dis-
crepancies when compared with existing experimental data. This has resulted in
ad hoc studies of these hydrogel materials mainly conducted by trial and error.
This is a very time-consuming and inefficient process, and certain aspects of funda-
mental knowledge are often missed or overlooked, resulting in off-tangent research
directions. Thus it is absolutely necessary to publish a book on the modelling and
simulation of the smart hydrogels with real multidisciplinary requirement for estab-
lishment of a theoretical platform by developing the correct mathematical models
and also the powerful numerical techniques required to solve these challenging
highly nonlinear and coupled models.

Polymeric hydrogels are form of matters that possess both the properties of solid
and liquid. Their structural framework chains are formed from networks of ran-
domly crosslinked polymers that embody three different phases in general, namely
the three-dimensional solid polymeric matrix network, interstitial fluid and ion
species. Depending on the component characteristics and synthesis methods, the
hydrogels can be designed or tailored to demonstrate the unique property of under-
going discrete or continuous volume transformation in response to infinitesimal
changes of external environment stimuli, such as solution pH, electric field, temper-
ature, solvent composition, glucose/carbohydrates, salt concentration/ionic strength,
light/photon, pressure, coupled magnetic and electric fields. These magnificent fea-
tures make the hydrogel better known as smart or stimuli-responsive hydrogels.
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Due to their unique properties that include swelling/deswelling behaviour, sorption
capacity, mechanical property, permeability and surface property, the hydrogels pro-
vide the instrumentation for creating functional materials for broad spectrum of
applications as they can sense the environmental changes and eventually induce
structural changes without a need for an external power source. Artificial mus-
cle, microfluidic control, sensor/actuator, separation process and chromatographic
packing are just few examples of the successful applications of hydrogels. Another
exceptional promise of the hydrogels is their biocompatibility and biostability
potentials, suggesting that the hydrogels are also an excellent substitution for the
human body tissues or biomimetic applications. There are also extensive explo-
rations of the hydrogels in the medical and pharmaceutical applications, such
as drug delivery system, articular cartilage, biomaterial scaffold, corneal replace-
ment and tissue engineering. As such, the multi-state characteristics of the smart
polymer hydrogels and their wide-range multiphysics applications make the multi-
disciplinary and multiphase the basic requirements for the mathematical models.
For example, these models are required to be highly multi-disciplinary and at least
to take into consideration the coupled chemo-electro-mechanical multi-fields and
multiphase deformation of polymeric network solid matrices with flow of ions and
interstitial fluid. This results in several mathematical challenges, in which usu-
ally the models consist of coupled nonlinear partial differential equations with
requirements of moving boundary and localized high gradient.

A comprehensive study through modelling and simulation is thus warranted
for theoretical understanding of the response behaviour of the smart hydrogels in
BioMEMS devices subject to different environmental stimuli, due to the advan-
tages of the material characteristics of the smart polymer hydrogels and their wide
range of multiphysics applications. However, as mentioned above, there is a lack
of open publications on modelling and simulation of the smart hydrogels, and this
monograph is thus written to systematically document the response behaviour of the
smart hydrogels to various environmental stimuli. A complete theoretical platform
detailing of the fundamental theory for the smart polymer hydrogels is established.
It is composed of several novel mathematical models which are already success-
fully developed. Response of the smart hydrogels to surrounding environment is
examined in detail for the basic stimuli within common BioMEMS devices such as
solution pH, externally applied electric voltage, temperature, solvent composition,
glucose/carbohydrates and salt concentration/ionic strength. The effects of various
material properties and environmental conditions on the responsive performance
of the smart hydrogels, including Young’s modulus, initially fixed charge density,
effective crosslink density, ionic strength and valence of bath solution, initial vol-
ume fraction of polymeric network, initial geometry, are also investigated in various
parametric studies. In addition, an analysis of drug delivery system for the con-
trolled drug release from non-swellable micro-hydrogel particles is presented with
consideration of drug dissolution and diffusion through the continuous matrices of
spherical micro-hydrogel particles.

This is the first monograph of its kind, which primarily meets the needs of scien-
tists and engineers in the broad areas of polymer materials science, biomaterials
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engineering, biomedical engineering, sensor/actuator, micro-electro-mechanical
system (MEMS) and BioMEMS, physics, chemistry, biophysics, biochemistry and
bioengineering. It is especially useful for them as a reference source, and also
if they wish to conduct further studies so as to extend their work to practical
application. Other important primary readers are postgraduate students in the area
of polymer materials science and biomedical engineering, especially those with
involvement in the computational aspects such as the modelling and simulation of
stimuli-responsive soft materials. Possible secondary readers include undergradu-
ate students taking the advanced mechanical and electric engineering courses which
involve sensor or actuator, MEMS and BioMEMS. The chapters on the fundamen-
tal theoretical development are especially useful to these students. Correspondingly,
the course lecturers will also find this book a good reference source. This book
provides both the casual and interested reader with insights into the special fea-
tures and intricacies of smart polymer hydrogels when environmental stimuli are
involved. It is also invaluable to design engineers in the polymer sensor/actuator,
MEMS and BioMEMS industry and biomedical engineering, serving as a useful
reference source with benchmark results to compare and verify their experimental
data against.

The author would like to thank Professor Justin Hanes for his constant encour-
agement over the years, and especially for writing the Foreword to this book. Special
thanks also go to Professors N.R. Aluru, Erik Birgersson, Khin-Yong Lam, Teng-
Yong Ng and Zhigang Suo for their strong support and useful advice. Finally the
author is very grateful to Drs J. Chen, J.Q. Cheng, J. Fu, R.M. Luo, Q.X. Wang,
X.G. Wang, Z.J. Wang, S.N. Wu, G.P. Yan, Y.K. Yew and Z. Yuan for their
invaluable contributions to this research.

Hua Li, Ph.D.

School of Mechanical & Aerospace Engineering
Nanyang Technological University

Singapore

Singapore, May 2009
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Foreword

Since the author told me that he planned to write a book about the mathematical
modelling of smart hydrogels, I have looked forward to its completion with great
anticipation. I have known the author and have followed his research for years; this
work is a consummation of his extraordinary contributions in the area of soft active
materials (SAMs). To write this book, the author has exhausted his knowledge, expe-
rience and free time. I believe this book will be of great value to both experts and also
those with a casual interest in hydrogels, soft materials, drug delivery, BioMEMs
and related fields of active scientific investigation. Its author, professor Hua Li, is
among the most highly respected scientists in the world in the area of BioMEMs
hydrogel theory. It is an honour to write the Foreword for his book.

Smart hydrogels have wide-ranging applications in bioengineering, such as in the
development of soft sensors/actuators, controlled drug delivery systems and stimuli-
responsive BioMEMS devices. The majority of relevant studies in these areas are
experiment based; considerably less attention has been paid to theoretical aspects.
This monograph provides a comprehensive and systematic study for modelling
smart polymer hydrogels in the BioMEMS environment. It covers development
of the models characterized in chemo-electro-mechanical multi-energy coupled
domains and expressed in form of nonlinear partial differential governing equa-
tions for smart hydrogels. It also documents benchmark results, namely simulating
the performance and predicting the characteristics of smart hydrogels responding
to solution pH, externally applied electric voltage, environmental temperature, glu-
cose/carbohydrates and salt concentration/ionic strength, which are basic stimuli in
common BioMEMS devices.

This book is written in a straightforward manner without losing depth, such that
it makes informative reading for a graduate student working or intending to work in
this area. It will also undoubtedly serve as a rich reference source for experts in the
field. I congratulate professor Hua Li for a tremendous achievement, and I hope and
expect that the reader will benefit greatly from it.

Justin Hanes, Ph.D.

Professor of Chemical & Biomolecular Engineering

Director of Therapeutics, The Institute for NanoBioTechnology
The Johns Hopkins University

3400 N. Charles Street,

221 MD Hall, Baltimore, MD 21218
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Chapter 1
Introduction

1.1 Definition and Application of Hydrogel

Hydrogel is a form of materials generally constructed by hydrophilic multiphase
polymer mixture that may exhibit both solid-like and liquid-like properties. Its
structural framework is formed from three-dimensional networks of randomly
crosslinked polymeric chains that embody three different phases, namely solid
polymer network matrix, interstitial water or biological fluid and ion species.
A schematic drawing of the microscopic structure of charged hydrogel is shown
in Fig. 1.1.

The solid portion of the hydrogel is a network of crosslinked polymer chains
where their three-dimensional structure is usually described as a mesh, with the
interstitial space filled up with fluid. The meshes of networks hold the fluid in
place and also impart rubber-like elastic force that can compete with the expan-
sion or contraction of the hydrogel, thus providing the solidity of the hydrogel. The

interstitial
fluid phase

mobile anion
mobile cation
fixed charge group

undissociate
ionizable group

O © O ®

network chain

crosslink

Fig. 1.1 Schematic microscopic structure of charged hydrogel

H. Li, Smart Hydrogel Modelling, DOI 10.1007/978-3-642-02368-2_1, 1
© Springer-Verlag Berlin Heidelberg 2009



2 1 Introduction

crosslinked polymer network may be formed physicochemically, for instance, by
hydrogen bonding, van der Waals interaction between chains, covalent bond, crys-
talline, electrostatic interaction or physical entanglements. For the fluid phase of the
hydrogel, it fills up the interstitial pores of the network and makes the hydrogel wet
and soft, which is similar to biological tissues in some respects. Regarding the ionic
phase of the hydrogel, generally it is composed of ionizable groups bound onto the
polymer chains and a number of mobile ions which include counterions and co-ions
due to the presence of electrolytic solvent that surrounds the hydrogel. The ionizable
groups may dissociate in solution completely for strong electrolyte or partially for
weak polyelectrolyte groups, and the network is left with the charged groups fixed
to its chains.

There is a considerable variety of materials in either naturally existing or
synthesizing, as examples of swellable hydrated polymeric gels. Crosslinked
guar gum and collagens are the examples of the natural polymer that are
modified to produce hydrogels. Examples of the synthetic hydrogels include
N-isopropylacrylamide (NIPA), poly(acrylic acid) (PAA), poly(acrylonitrile)
(PAN), poly(acrylamide) (PAM), poly(acrylonitrile)/poly(pyrrole) (PAN/PPY),
poly(vinyl alcohol) poly(acrylic acid) (PVA-PAA), poly(hydroxyethyl methacry-
late) (PHEMA). Depending on the preparation history of the hydrogel and the
physical and chemical characteristics of the polymer, hydrogels may be catego-
rized further into subclasses. For example, hydrogels can be synthesized to be
either neutral or ionic, determined by the chemical characteristics of the pendant
groups fixed onto the polymer matrix. From the point of physical mechanism, if
the overall structure of hydrogels is homogeneous, the polymer chains have a high
degree of mobility. If it is heterogeneous, there is a great deal of internal poly-
meric interactions and the polymer chains are virtually immobile at the molecular
level. However, the eventual stability of the hydrogel depends on the interaction
between the polymer matrix network and the aqueous medium where the hydrogel
is immersed.

A smart or called environmental stimuli-responsive hydrogel is often synthesized
when an ionic monomer is incorporated into the hydrogel network. The resulting
charged group is generally termed the fixed charge since its mobility is much less
than that of freely mobile ions within the interstitial fluid. The fixed charge groups
produce electrostatic repulsion force among themselves, which influences greatly
the expansion or contraction of hydrogel network. It is therefore known that the fixed
charge density has an important effect on the electrostatic force and is able to play
a substantial role in the change of degree of swelling/deswelling of the hydrogel.

The smart hydrogel is increasingly attracting more and more attention due
to its great promise for a wide range of bioengineering applications, especially
in bio-micro-electro-mechanical systems (BioMEMS). This kind of hydrogels is
able to demonstrate the unique property of undergoing discrete or continuous
volume transformation or volume phase transition in response to infinitesimal
changes in external environment conditions, such as solution pH, electric field, tem-
perature, solvent composition, glucose/carbohydrates, salt concentration or ionic
strength, light/photon, pressure, coupled magnetic and electric fields. Usually the
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Fig. 1.2 Reversible
expansion or contraction of
the smart hydrogel due to
environmental changes

volume transformation or volume phase transition due to environmental changes
is reversible when the external environmental stimuli disappear (Fig. 1.2). These
magnificent features make the hydrogel better known as smart (intelligent) or
environmental stimuli-responsive hydrogels.

Due to the wonderful properties of the smart hydrogels, such as reversible
swelling/deswelling behaviour, sorption capacity, novel mechanical property, high
ionic conductivity, high environmental sensitivity, permeability and surface prop-
erty, the hydrogels provide platform for creating novel smart materials for a wide
range of BioMEMS applications as the highly manoeuvrable smart and adaptive
hydrogels are able to respond to environmental changes and eventually induce
structural changes without requirement of external power source. Examples of
the successful BIoMEMS applications of the smart hydrogels include microfluidic
control, biomimetic biosensor/bioactuator, separation process and artificial mus-
cle. Another exceptional promise of the hydrogels is their biocompatibility and
biostability potentials, by which the hydrogels become excellent substitution for
the human body tissues or biomimetic applications. There are also extensive explo-
rations of the hydrogels in the medical and pharmaceutical applications, such as
drug delivery system, articular cartilage, biomaterial scaffold, corneal replacement
and tissue engineering.

1.2 Historical Development of Modelling Hydrogel

As mentioned above, the smart hydrogels as three-dimensional crosslinked
hydrophilic polymer networks are capable of swelling/deswelling reversibly in
water and retaining large volume of liquid in swollen state. They may perform dra-
matic volume transition in response to a variety of physical and chemical stimuli,
where the physical stimuli include temperature, electric or magnetic field, light,
pressure and sound, while the chemical stimuli include pH, solvent composition,
ionic strength and molecular species. Owing to their smart or stimulus-responsive
property, the hydrogels have been used for applications in numerous areas such as
mechano-chemical actuators and sensors, environmental remediation, microfluidic
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control and separation, drug delivery and BioMEMS, artificial muscles and bioma-
terials for biomedical and tissue engineering.

The characteristics of volume transition of the smart hydrogels have drawn con-
siderable attentions. The literature search reveals that numerous studies have been
done. However, the majority of them are experimental based. For the few published
studies that conducted mathematical modelling and numerical simulation, results
were far from satisfactory, where comparisons with experimental data show signif-
icant discrepancies. This has resulted in ad hoc studies of these hydrogel materials
mainly conducted by trial and error. This is a very time-consuming and inefficient
process, and certain aspects of fundamental knowledge can often be missed or over-
looked, resulting in off-tangent research directions. Thus it is absolutely necessary to
establish a theoretical platform through development of better mathematical models
with excellent capability of characterizing the multiphase hydrogels in multiphysics
environmental conditions, and also the powerful numerical simulations for solu-
tion of these challenging highly nonlinear coupled models, where multiphysics and
multiphase are common requirements.

In addition, with increment of biomedical applications, the smart hydrogels
with more complex shapes are increasingly required and the accurate dimensional
measurement of their volume transitions is becoming a challenge in experimental
analysis. Therefore, computational modelling and simulation to predict the per-
formance of the smart hydrogels become a critical tool for understanding of the
characteristics of the smart hydrogels. On the other hand, when the optimization
of hydrogel characteristics is required for specified applications, ready modelling
and simulation will prove indispensable. In the past several years, some encour-
aging progresses were achieved in computational prediction of volume transition
behaviours of the hydrogels in various case studies.

In this section, we summarize and review several typical existing models that
have been widely used, and then categorize them roughly into two groups, the
steady-state models for equilibrium simulation and the transient models for kinet-
ics simulation, respectively. Comments on the models and several key parameters
are also given for full understanding. It should be pointed out here that the present
category is not done exactly since some models can be employed for both equi-
librium and kinetics simulations. However, all we do here is to provide readers a
clear outline of historical development and technological application of mathemat-
ical models and numerical simulations of the smart hydrogels. We believe that the
review on the achievements and challenges is greatly instrumental to further study
in this aspect.

1.2.1 Steady-State Modelling for Equilibrium of Smart
Hydrogels

The present steady-state models focus on the responsive behaviours of the smart
hydrogels at different equilibrium states. We provide an overview of the devel-
oped models in both macroscopic and molecular levels for simulation of volume
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transition behaviours of the smart hydrogels. The laws of energy, mass and
momentum conservations provide good starting points for developing mathemati-
cal models for the hydrogel volume transition. Thermodynamic models, transport
models, multiphase mixture theory and molecular simulation are discussed in
details. Thermodynamic models provide the qualitative description of equilibrium
volume transition of the hydrogels. Both the transport models and multiphase mix-
ture theory are able to predict the equilibrium and kinetics volume transitions
of the hydrogels. Molecular simulation provides the mechanism for understanding
the hydrogel volume transition. Several key parameters are summarized for future
model development.

1.2.1.1 Mathematical Models and Simulations

The volume transition of the smart hydrogel involves intricate chemical process,
hydrophilic, hydrophobic and electrostatic interactions and mechanical deforma-
tion. In order to accurately characterize the volume transition behaviour of the
hydrogel, it is absolutely necessary to develop computational models incorporating
the multidiscipline complexity. Conservation laws, including the energy conserva-
tion law, the mass conservation law and the momentum conservation law, are good
starting points for developing mathematical models simulating the volume transi-
tions of the smart hydrogel. Four types of the typical existing steady-state models
are thus reviewed here.

1. Thermodynamic Models
Energy balance arises from the energy conservation law, which may be
characterized by thermodynamics theory. Thermodynamic models offer simple
approaches in order to describe the volume transition behaviours of neutral or
ionic hydrogels in equilibrium. The equilibrium state of volume transition of
the smart hydrogel in solvent is reached when the solvent inside the hydrogels
is in thermodynamic equilibrium with that outside. This can be character-
ized in terms of the free energy, the chemical potential or the related osmotic
pressure.
2. Transport Models
Mass conservation law can be transferred into a mathematical form of diffu-
sion equations to describe the concentration distributions of mobile ions inside
and outside the hydrogels, where the transport models account for osmotic pres-
sure, electrical potential, hydrogel stress, and thus the hydrogel volume transition
associated with diffusive flux of mobile ions. The models can provide both
transient and equilibrium simulations for description of the volume transition
behaviour of the ionizable hydrogels.
3. Multiphase Mixture Theory
Momentum conservation law can describe the stress due to friction in a shear
flow and in a compression or expansion flow. The multiphase mixture theory
supposes that the volume transition of the elastic hydrogel is controlled by
the friction force in the hydrogel network. It encompasses the flow-dependent
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mechano-electro-chemical behaviours to balance the frictional force in hydrogels
for description of volume transition behaviours of the hydrogel.
4. Molecular Simulation

In order to deeply understand the volume transition behaviours of the hydro-
gel, an ideal approach is the modelling of various hydrophilic, hydrophobic
and electrostatic interactions in molecular or even atomistic level, which is
involved in the volume transition processes of the hydrogel. This can be achieved
by molecular simulation, which incorporates various interactions with different
energy expressions.

Thermodynamic Models

The most extensively used thermodynamic model was derived by Flory (1953) for
description of the equilibrium volume transition of the hydrogels. The hydrogel at
equilibrium state is treated as a special solution system, where the mesh chains
cannot move freely to each other relatively, but the chains can become elongated
in a non-interacting way during the volume transition process. The free energy of
the neutral hydrogels is assumed to be a sum of the mixing free energy due to the
mixing process and the elastic free energy due to the rubber elasticity. The osmotic
pressure acting on the hydrogel network can be calculated according to the change
of free energy.

The osmotic pressure associated with the change of mixing free energy, 7 mix, 1S
given by the Flory—Huggins polymer solution theory as follows (Flory 1953):

— RT 2
Tmix = = (W1 =)+ 9+ x9?) (1.1)

where R is the universal gas constant, 7T is the absolute temperature, Vj is the molar
volume of solvent and y is the polymer—solvent interaction parameter. ¢ is the
polymer volume fraction of the hydrogel, thus (1—g) is the solvent volume fraction.

The osmotic pressure due to the change of elastic free energy, |, is obtained by
the rubber elasticity theory, which in turn is derived from the Gaussian chain model
as follows:

RT

—1(41/3,2/3
N (0175~ 012) (1.2)

Tel = —
where g is the polymer volume fraction at the relaxed state which may be taken as
preparation state and N, is average number of segments in the network chain.

For highly crosslinked hydrogels, when the polymer chains contain fewer than
20 monomers between crosslinks, it is appropriate to use an expression for 7
that assumes the non-Gaussian chain statistics (Peppas, 1986). Several expres-
sions describing the volume transition of the non-Gaussian polymer networks were
proposed by Kovac (1977) and Galli (1982).

When the hydrogel volume transition reaches equilibrium, the total osmotic pres-
sure of the hydrogel system, which is the sum of Egs. (1.1) and (1.2), is equal to zero.
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According to the equations, the polymer volume fraction at equilibrium state g, can
be calculated by the following equation:

In(1 = ¢o) + g + x02 + N7 (81765 — 4/2) =0 (1.3)

To account for the steep or discrete volume transition of the hydrogel, the x
parameter is assumed to be concentration dependent in form of x = x1 + ¢ x2
(Erman and Flory, 1986). Both the parameters x| and x» are functions of temper-
ature. Critical conditions for collapse of the neutral hydrogels require x; = 1/2
and x, = 1/3, which are easily met for a polymer—solvent system through adjust-
ment of the crosslink density and/or attachment of charged ions onto the network
chains.

The attachment of charged ions brings about the translational entropy of the
counterions, which gives rise to the change of free energy of ions. The osmotic
pressure due to ions, 7o, iS given as follows:

Ttion = (fRT/V) ¢ (1.4)

where fis the charge density of the hydrogel, i.e. the fraction of segments bearing
ionic groups. V. is the molar volume of the polymer monomer.

Based on Egs. (1.1), (1.2) and (1.4), the well-known Flory—Rehner relationship
is obtained (Kovac, 1977):

2/3 f

(L =)+ -+ x0” + N 07057 — 92 ~vigo =0 (L3)

r

Adding salt with concentration C;; in external solution results in variational dis-
tribution of mobile ions inside and outside the hydrogel. Influence of the electrolyte
can be evaluated by the ideal Donnan equation, which gives rise to

In(1=@)+¢-+xd>+N; " [¢'765 = /2] -2 = 1)1 Cly =W Viqs =0 (1.6)

r

where K is the Donnan coefficient of the mobile ions inside and outside the hydrogel,
and it is calculated by

S
“salt

K<K+_f¢ )—1:0
When the concentration of external electrolyte is larger than that of counte-
rions belonging to the polymer, and the concentration difference of the mobile

ions between the external electrolyte and the internal hydrogel is comparable in
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magnitude to the concentration, mj,, of the hydrogel with ionizable groups in
electrolyte solution can be expressed in term of ionic strength as follows:

i2622
Tion = RTV 4] (L.7)

where i is the degree of ionization, c; is the concentration of ionizable polymer and
1 is the ionic strength of the medium for volume transition of the hydrogel.

Based on Flory’s pioneering work, various modified models for predicting the
volume transition behaviours of the hydrogel are proposed with the following
assumptions:

e The elastic, mixing and ionic contributions to the free energy are independent of
each other

e The chains possess the Gaussian statistics in approximation of the elastic
contribution

e The end-to-end distance of a chain scales linearly with the linear extension of the
hydrogel, namely so-called affine assumption

e The ionic contribution represents the coupled effect of the network being charged
with the presence of mobile ions. The osmotic pressure originates from the elec-
trostatically confined ions inside the hydrogel and the repulsive electrostatic
interactions between the charged groups

Based on Egs. (1.1) and (1.7) as well as the phantom network model, Caykara
et al. (2003) derived the following equation for predicting the equilibrium swelling
behaviour of copolymeric hydrogels containing monoprotic acid moieties:

K, Zvif?
[10—PH n KJ 4;;2 ¢ md-g) -7
r (1.8)
=x+ (1-2/Q) Vipgy "¢~

M.

where M, is the average molecular weight between the crosslinks, K, is the disso-
ciation constant of the anionic polymer, f; is the molar fraction of the ionic unit in
the hydrogel system, p is the density of the polymer network, pH is the pH value of
medium surrounding the hydrogel and €2 is the functionality at the crosslinking site.
The equation can be used to predict the equilibrium volume transition behaviours
of the copolymeric hydrogels containing diprotic and triprotic acid moieties and
the amphiphilic hydrogels after proper modification of the expression for i in Eq.
(1.7) (Sen et al., 1998, 2000; Caykara et al., 2000). The above equation is used to
determine the M, and x parameters of the copolymeric hydrogels.

Additional contribution of electrostatic interaction to the free energy for ioniz-
able hydrogels was taken into account by Fomenko et al. (2002). Kramarento et al.
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(2000) expressed the free energy of weakly charged hydrogel as a sum of six terms:
(1) the elastic free energy, (2) the free energy of interaction of the monomer units, (3)
the free energy gained from ion pairing, (4) the free energy associated with the trans-
lational entropy of mobile counterions inside the hydrogel and the outer solution, (5)
the free energy of Coulombic interaction and (6) the free energy related to the com-
binatorial entropy of distribution of counterions between three possible states. The
free energy was also described in terms of probability distribution function of differ-
ent configurations (Huang et al. 2002). Hong and Bae (2002) combined the modified
double-lattice model with Flory—Erman’s elastic model and the ideal Donnan theory
to capture the swelling behaviours of the electrolyte-bounded hydrogels. A network
parameter k ranging from O to oo is employed to describe the constraints on fluctua-
tions of junctions from the surrounding chains in which they are embedded (Erman
and Flory, 1986; Hong and Bae, 2002). k = 0 when the network approaches a “phan-
tom network” in the limit of high volume transition, while x — oo if the network is an
“affine network”. Contribution of hydrogen bonding to the free energy of hydrogels
was also taken into account by several researchers. Annaka et al. (2000) incorpo-
rated a numerical constant Z to quantify the alteration of hydrogel osmotic pressure.
The Z value depends on the chemical structure of hydrogen-bonded unit. The hydro-
gen bonding fraction was integrated into the mixing free energy term by Varghese
et al. (2000).

However, the separation of the free energy of hydrogels into independent terms,
i.e. the additivity of the different free energy contributions, is questionable. These
terms all depend on the configuration of mesh chains. Therefore, they should be
connected by the nature of hydrogel structure. This assumes the random mixing of
polymer and solvent in hydrogel system, but this cannot hold owing to the hydrogen
bonding between water and hydrophilic polymer and possible hydrophobic hydra-
tion at small water content. It also regards polymer monomers as unconnected, and
the conformational entropy of polymer chains and their interactions with the solvent
molecules are separated. This underestimates the monomer correlation of polymer
chains and hence overestimates the intra-chain monomer repulsion in good solvent.
On the other hand, the Gaussian chain assumption, which is the basis of the elastic
free energy for most thermodynamic models, overestimates the elastic free energy
for stretched chains. This is attributed to the two effects. First, the chains in most
hydrogels do not behave in a Gaussian way. Second, the chains are not long enough
to be taken as Gaussian way since the number of monomers between two crosslinks,
N, is often less than 100.

In general, the parameters in the thermodynamic models are difficultly ascer-
tained. Usually the estimated or best-fitted parameters are employed. This restricts
the prediction accuracy of the thermodynamic models. Since they cannot incor-
porate temporal term into the system, the thermodynamic models cannot provide
transient description for the kinetics volume transition behaviours of the hydrogel.
This means that the thermodynamic models can be employed only for steady-state
modelling of equilibrium of the smart hydrogels. The thermodynamic models pro-
vide a qualitative prediction of overall volume transition of the hydrogel. Acceptable
agreement between the computational results and the experimental data may be
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obtained if some parameters such as f and x are taken as adjustable parameters.
In applications of the thermodynamic models, the adjustment of these parameters
is critical for simulation of volume transition behaviours of some hydrogels. Two
of these parameters, the effective charge density and the polymer—solvent interac-
tion parameter, are of most importance, and they are further discussed in detail as
follows:

1. Effective Charge Density

Polyelectrolyte hydrogels with counterions in solution are known to perform
different degrees of counterion association with the polyelectrolyte. Ion pairing
with subsequent aggregation of ion pairs into multiplet structure can lead to the
appearance of a so-called super-collapsed state of hydrogels, where practically
all counterions form ion pairs (Khokhlov and Kramarenko, 1994). This results in
the reduction of the hydrogel charge density and the alteration of solution prop-
erties. Therefore, the volume transition of ionizable hydrogels is not always a
monotonous increasing function with increasing ionic group contents (Durmaz
and Okay, 2000; Melekaslan and Okay, 2000; Okay and Durmaz, 2002). The
Flory—Rehner theory including the ideal Donnan equilibrium reveals that the
existence of counterions inside the hydrogel is responsible for the observed vol-
ume transition behaviours. The fixed charge density calculated from the ionic
group content cannot accurately describe the contribution of ionic groups to the
free energy of the hydrogel. Kramarenko et al. (2000) proposed that three possi-
ble states of counterions could be distinguished, namely the free counterions in
the solution and within the hydrogels and bound counterions forming ion pairs
with the charged units of polymer chains. The fraction of bound counterions
depends essentially on the dielectric constant of the medium inside the hydrogel,
which changes during the hydrogel volume transition (Khokhlov and Yu, 1994).

The effective charge density is used to take into account the reduction of
the charge density of hydrogels. It is obvious that the effective charge density
is dependent on the hydrogel composition. For example, the effective charge
density fer of poly(acrylamide(AAm)-co-sodium acrylate) hydrogels swollen in
aqueous NaCl solution is a function of sodium acrylate mole fraction fs in form
of fert = 1 — 19fsa + 155f Az (Okay and Sariisik, 2000). Simulation indicates
that not all the fixed charges inside the hydrogel have influence on the hydro-
gel volume transition. The charge distribution of hydrogels also strongly affects
the effective charge density and thus the volume transition behaviours. In the
N-isopropylacrylamide (NIPAAm)/acrylic acid (AAc) hydrogels, the localized
carboxyl ions are ineffective in preventing the thermally induced collapse at
temperature above the volume phase transition temperature, compared with the
randomly distributed carboxyl ions (Ogawa et al., 2002).

The effective charge density of hydrogels changes with the alter-
ation of volume transition medium. The effective charge density of the
NIPAAm/2-acrylamido-2-methylpropane-sulfonic acid (AMPS) hydrogel in
aqueous poly(ethylene glycol) (PEG)-300 solution was reported to vary with the
volume fraction of PEG-300 ¢gpgg in addition to the mole fraction of AMPS
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Jfamps according to ferr = (31 /Ny)flgf,é,s(l — A¢peg), where A is a constant
describing the fraction of trapped counterions that form ion pairs in pure PEG
and N is the number of segments on the network chains (Melekaslan and Okay,
2000). Electrokinetic studies also manifest that the effective charge density of
poly(NIPAAm) varies with temperature (Makino et al., 2000a, b). The variation
may be caused by the structural changes of the polymer chains and the water
molecules in the hydrogels.

However, there is still certain degree of ambiguity as to the state of the
associated counterions, which result in the decrease of effective charge density.

2. Polymer—Solvent Interaction Parameter

The polymer—solvent interaction parameter x is a normalized interaction
enthalpy. It is supposed that the nature of a pair interaction is not altered when
the concentration of a component in the system changes. However, one must con-
cede that the interaction of a given water molecule with another water molecule
or with one of the polymer units in the hydrogel might be different. The interac-
tion depends on the intensity of the molecule’s link to a polymer chain or on the
degree to which the polymer unit is screened by surrounding water molecules.
According to the regular solution theory, the Flory—Huggins interaction para-
meter y is calculated from Hildebrand solubility parameters (Madkour, 2001) as
follows:

v 2
X =z (61 —62) (1.9)

where v is the volume of a polymer segment, §; and §; are the Hildebrand sol-
ubility parameters of the polymer and the solvent, respectively. Three forces,
namely the dispersion force, the polar force and the hydrogen bonding effect,
make contribution to Hildebrand solubility parameter. However, their con-
tributions are unequal (Hansen, 2000; Lindvig et al., 2002). Equation (1.9)
clearly shows that the x value decreases with the increase of temperature.
This is observed in poly(methyl methacrylate (MMA))-methanol system, where
x = —1.985 +919.23/T:|:O.2 is obeyed with 95% confidence limit (Hassan and
Durning, 1999). However, it is found that x of protein-based hydrogels increases
when temperature is below their phase transition temperature (Lee et al., 2001).
It may be due to specific interaction, e.g. hydrophobic hydration, and free volume
change with temperature.

The ionization of dissociable groups in the hydrogels significantly changes the
dispersion force, the polar force and the hydrogen bonding effect in the system,
which has remarkable influence on the polymer—solvent interaction parame-
ters. The polymer—solvent interaction parameter of AAc/methacrylated dextran
hydrogels changes with varying ionization of AAc subject to different external
pH conditions (Chiu et al., 2002), formulated by x = 0.517 — 0.060faac —
O.O61f§AC - O.Z’IOf/iAC at pH 7.4, in which faac is the volume fraction of
ionizable AAc in hydrogels (Chiu et al., 2002a, b).

Hydrogel conformation and the hydrophobic hydration of the polymer
chains may change during the volume transition process. Consequently, the
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polymer—solvent interaction parameters of the hydrogels vary with the poly-
mer concentration at different degrees of volume transitions. It was reported that
x ~ 1/2 + ¢/3 for poly(NIPAAm-co-AAc) hydrogel (Xue et al., 2001a, b). By
considering the dependence of polymer—water interaction parameter on the poly-
mer concentration as x = 0.3875 4 0.518¢, the reentrant volume transitions of
NIPAAmM/AMPS hydrogels in aqueous PEG solution are successfully described
(Melekaslan and Okay, 2001).

Addition of organic solvent may change the structure of water surrounding the
hydrophobic polymers and the hydrogen bonding network. This complicates the
dependence of polymer—water interaction parameter with the polymer volume
fraction. Chuang et al. (2000) used a ternary interaction parameter x7 = —1.0 +
0.02¢ethanol + 1.3¢, depending on both polymer and ethanol concentrations, in
which @ethanol 18 the volume fraction of ethanol. The volume transition behaviour
of poly(ethylene-co-vinyl alcohol) is reasonably predicted in the presence of this
ternary interaction parameter.

Dependence of polymer—water interaction parameter on both temperature and
polymer concentration is also proposed for poly(N-z-butylacrylamide (TBA)-
co-AAm) hydrogels (Ozturk and Okay, 2002). Incorporating this sensitive
dependence, the thermodynamic model may predict the volume transition of the
hydrogels in satisfactory agreement to experimental data.

Transport Models

It is understood for the transport models that diffusion is a driving source to make
the volume transition of the ionic smart hydrogels. Ion diffusive flux controls the
osmotic pressure, the electrical potential of the network, the hydrogel stress, and
thus the volume transition of hydrogel. Osmotic pressure is the directly driving
force for volume transition of the smart hydrogels. Two expressions of the osmotic
pressure lead to two different transport models.

A transport model for prediction of the volume transition of the ionic smart
hydrogels was employed by Wallmersperger et al. (2001), which couples the
Nernst—Planck equations with the Poisson equation and the mechanical equilibrium
equation to simulate the diffusive ionic concentration, the electric potential and the
hydrogel volume transition. The Nernst—Planck equation is given as follows:

2 2
Di %+ st 2 e =0 (1.10)
where Dy, g, cx and zj are the effective diffusivity, the mobility, the concentration
and the valence of the kth ionic species inside the hydrogel, respectively. The index
k (1, 2,3, ..., N) describes the N ionic species in the solution. v is the electric
potential and it is modelled by the Poisson equation as

%y F
—_— = 1.11
= iy (L3 a
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where ¢ is the dielectric constant of vacuum, ¢ is the relative dielectric constant of
the solvent, F is the Faraday constant, ¢y and zy are the concentration and the valence
of the fixed charge in the hydrogel, respectively. And the fixed charge concentration
cris related to the hydrogel volume transition by (Grimshaw et al., 1990)

1 c})K
= —— (1.12)
H (K + cn)

of
where H is the local hydration state of the smart hydrogel, K is the dissociation
constant of the fixed charge group, c}) is the concentration of ionizable groups in
the hydrogel before volume transition and cy is the concentration of hydrogen ions
within the hydrogel.
The mechanical equation governs the equilibrium of the hydrogel with the
osmotic pressure, which is given as

V.o=0 (1.13)

where o is the stress tensor.

The osmotic pressure 7 is calculated by the concentration difference of mobile
ions between inside and outside the hydrogels, which is controlled by the diffusion
process

N
7 =RTY_ (cf —c}) (1.14)
k=1

where superscripts # and s represent the hydrogel and bulk solution, respectively.

The first transport model thus consists of Eqgs. (1.10), (1.11), (1.12), (1.13) and
(1.14) which are nonlinearly coupled. A self-consistent solution is thus required
by iteratively solving the Nernst—Planck equation, the Poisson equation and the
mechanical equilibrium equation. This model simplifies the interactions in the
hydrogel system. The required parameters in the formulation are easily determined.
It is a convenient way for simulation of both equilibrium and kinetics of volume
transition behaviours of ionic smart hydrogels in aqueous solutions. However, the
model neglects the interactions between the polymer and water in the hydrogels,
which include the hydrophilic and hydrophobic interactions and the hydrogen bond-
ing effects. These forces may not be negligible in certain ionic hydrogels, compared
with the osmotic pressure due to the concentration difference of ionic species. Their
contributions should be incorporated for accurate prediction of the volume transition
behaviours of the smart hydrogels.

The second transport model considers the contributions of mixing, elastic
and electrostatic free energies to the osmotic pressure, which was developed by
Achilleos et al. (2000, 2001) for predicting the volume transition of polyelectrolyte
hydrogels. The negligible inertia, electroneutrality and constant equal partial species
densities are assumed in this model. The conservation laws for species mass and
polymer mass, the mechanical balance and the overall charge balance for a mixture
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of four components (k= 1-4, 1=H,0, 2=Na*, 3=CI~, 4=p the polymer) are given
as follows:

_px vo(i—2*)=o0 1.15
P pwp 7aR Jk ijp (1.15)
1dyp 1 d,w
V. _rr _r7r =0 1.16
S T wy, dt (1.16)
V.o —VP=0 (1.17)
; M _ (1.18)
k:leWkMk = .

where p, vp and P are the mixture density, the polymer velocity and the hydro-
static pressure, respectively. wy, jr and My are the weight fraction, diffusive flux and
molecular weight of the kth species, respectively. dp/dt is the substantial derivative
following the polymer velocity. The diffusive flux of the kth component is given as

_ M
jx = —Dpwy (Vnk + ATkV o +sz1//) (1.19)
1

where 7, is the osmotic pressure of the kth component and it is derived from the
free energy, which sums up the mixing, elastic and electrostatic contributions by

p—1 p—1
XBpwWpMy, wgMj
nk:(lnwk+xkpwp+1)—wPZ ﬂPMﬁ —Z b

B=1 p B=1 Mﬂ (1.20)
My M,
C 11.5 —3 115 C 2 %k 1
+ Cpr ( M_] Zk + mfl" Wp _IMk +

where Cpy and Cy;r are two determined constants.
The network stress is related to the polymer velocity vp and dp/dt and given as

O'=7_U-VVP_VV£-0+UV-VP=GOZ_€(VVP+VV£) (1.21)
13

where Gy is the hydrogel modulus, ¢, and qbg are the polymer weight fraction in
swelling and at gelation, respectively.

The second transport model thus consists of Egs. (1.15), (1.16), (1.17), (1.18),
(1.19), (1.20) and (1.21) for simulation of both equilibrium and kinetics of volume
transition behaviours of the polyelectrolyte hydrogels. This model may be under-
stood as a transport model combined with the modified thermodynamic model. The
volume transition of the hydrogels is still considered to be driven by the ionic diffu-
sion, but the osmotic pressure is contributed by the mixing, elastic and electrostatic
free energies. Though it takes into account the interactions between the polymer
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and solution in the hydrogels, it needs additional parameters to be determined. In
general, it is accurate enough for the polyelectrolyte hydrogels with low degree of
ionization. The transport model creates the relationship between the hydrogel vol-
ume transition behaviours and the ion diffusion process. It can thus provide both
the equilibrium and kinetics descriptions of the volume transition behaviours of
hydrogels, which is an advantage over the thermodynamic models. The model is
able to achieve quantitatively the simulation of volume transition behaviours of the
hydrogels when a suitable expression of osmotic pressure is employed.

As well known, the parameters required by the transport models include mainly
the diffusive coefficients of the mobile species and the elastic material properties
of the hydrogels. Constant or concentration-dependent diffusive coefficients are
employed. The elastic material properties of the polymer network may become dif-
ficult to be determined when the geometrical sizes of hydrogels are very small.
Accurate values of the elastic material properties are important when the transport
models are used. However, the elastic material properties are observed to change
during the volume transition process. Therefore, it is necessary to make a further
discussion of the relationship between the elastic material properties and the volume
transition behaviours of hydrogels.

The elastic property of hydrogels falls between two idealized limits, namely the
affine and phantom. They relate the network structure to the elastic deformation
subject to applied stress. In the affine model, crosslinks are assumed to be affine with
respect to macroscopic strain and the fluctuations of the junctions are completely
suppressed. In the phantom model, chains are considered immaterial or phantom
and can freely cross each other. The chains exert forces on the crosslinks, which can
move independently from the applied stress.

The crosslink density has a primary effect on the elastic property of hydro-
gels. The crosslinking process of the polymer network matrix partially replaces the
weak van der Waals intermolecular bonds by the strong covalent bonds, which evi-
dently increases the mechanical strength of the polymeric network. The increase of
crosslinking temperature is observed to monotonically decrease the elastic modulus
due to the spatial heterogeneity of the crosslinked hydroxypropylcellulose (HPC)
hydrogel (Valente et al., 2002).

Theoretically, the increase of charge density should monotonically decrease the
elastic modulus of hydrogels. However, the elastic modulus of the AAm/AMPS
hydrogels is found to increase first with increasing the charge density and decrease
subsequently (Okay and Durmaz, 2002). This demonstrates two opposite effects of
charged groups on the elastic modulus of hydrogels: (1) the formation of multiplets
to increase the elastic modulus of the ionic hydrogels and (2) the effect of elec-
trostatic interaction of charged groups to decrease the elastic modulus. The initial
increase of the modulus with increasing the charge density is connected with the
condensation of counterions to ion pairs. The multiplets act as additionally physi-
cal crosslinks in the hydrogel and contribute to the elastic modulus by increasing
the effective crosslink density of the hydrogel. The decrease of the elastic modu-
lus at higher ionic group content is associated with the contribution of electrostatic
interaction to the conformational change of the hydrogel chains.
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The medium surrounding the hydrogels has remarkably influences on the elastic
property of the hydrogels. Young’s modulus of pH-sensitive hydrogel is dependent
on the medium pH (Johnson et al., 2002), while the negative dependence of the elas-
tic modulus to temperature is observed in the crosslinked PAAm hydrogel (Muniz
and Geuskens, 2001). In the collapsed state, the elasticity of poly(NIPAAm) hydro-
gel depends on the concentration and composition of salt in the aqueous solutions
(Ikehat and Ushiki, 2002), probably due to the viscoelasticity from the shrinkage of
the polymeric hydrogel.

The elastic behaviour of hydrogels varies with the state of volume transition of
the hydrogel. Young’s moduli of the hydrogels at swelling and deswelling states are
remarkably different (Johnson et al., 2002). The modulus is inversely proportional to
the swelling degree (Whiting et al., 2001). The relation between the shear modulus
and the swelling degree for covalently crosslinked poly(aldehyde guluronate) hydro-
gels shows a linear logarithm relation (Lee et al., 2000). Three different regions of
variation of Young’s modulus were reported with the degree of volume transition
of a chitosan—poly(ethylene oxide) (PEO) hydrogel (Khalid et al., 2002). The first
region is a slight decrease of Young’s modulus, which may be explained by the
peripheral swelling of the hydrogel due to the uniform diffusion of the aqueous
medium towards the centre of the hydrogel. The second region is a distinct decrease
of Young’s modulus, which is ascribed to the arrival of the swelling border in the
centre part of the hydrogel. Finally, a steady Young modulus of the polymeric net-
work is described with a stationary hydration of the hydrogel. The relations between
the solution fraction and the equilibrium shear modulus are derived with a statistical
theory (Franse and Nijenhuis, 2000).

Multiphase Mixture Theory

In the multiphase mixture theory, it is assumed that the volume transition of the
hydrogels is driven by the gradient of chemical or electrochemical potentials, which
is balanced by the frictional force between the phases when one phase flows through
the other (Zhou et al., 2002). The hydrogel system is divided into three phases,
which are solid phase (denoted by s), water phase (denoted by w) and ion phase
containing both anion (denoted by —) and cation (denoted by +). It is also assumed
that the three phases are intrinsically incompressible, whereas the hydrogel as a
whole is compressible through exudation of water. If both the body and the inertial
forces are neglected, the momentum balance equations are given as

V.o=0 (1.22)
— p"VY + fos (V= V) + o 0T =) + (v =) =0 (1.23)
=TV 4 fr (0 =) + fr 0 =D + (v —vH) =0 (1.24)

— P VAT H [0 =) (0 = V) o (0T =) =0 (1.25)
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where fi* is the electrochemical potentials for the kth species, " is the chemi-
cal potential of fluid phase, fog is the frictional coefficient per unit tissue volume
between the inter-diffusing « and 8 components and it is assumed to be symmetric,
i.e.falg Zfﬂa.

The saturation condition is given as

Z¢/=1 (1.26)

Jj=sw,+,—

where j = s, w, + and —. ¢/ = dV/ /dV is the volume fraction of the jth component.
The continuity equation, electroneutrality condition and continuity equation of
fixed charge group are given as follows:

3pj o ]
7§"+V'UVW)=0 (J=ws,+,—) (1.27)

where v/ is the velocity of component j and p/ its mass density

> etz =0 (1.28)
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(¢;th ) V(@ e =0 (1.29)

For an isotropic hydrated charged hydrogel with infinitesimal deformation, the
constitutive equations are given as follows:

o0 = —PI + Atr(E) + 2usE (1.30)
w w ]

W = g P — RTE (e 4 o)) (1.31)
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where I and E are the identity tensor and the elastic strain tensor of the solid phase,
respectively; As and g are the Lamé coefficient and the shear modulus of solid
phase, respectively; MS is the chemical potential at reference; py is the true mass
density of water; y+ and y _ are the activity coefficients of cation and anion, respec-
tively; M, and M_ are the molecular weights of the cation and anion, respectively
and & is the osmotic coefficient.

The multiphase mixture model is applicable to the hydrogels with linear volume
transition. It simplifies the interactions between the phases of the water, mobile
ion and the polymer network, without consideration of variation of the hydrogel
elastic properties in volume transition process. At the same time, the model assumes
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the constant frictional coefficients between the phases. This directly restricts the
applicability of the model. However, this model can describe both the equilibrium
and kinetics of volume transition behaviours of the hydrogels.

Molecular Simulation

Unfortunately, the three kinds of the models discussed above, the thermodynamic
models, the transport models and the multiphase mixture models, cannot evaluate
the hydrophilic, hydrophobic and hydrogen bonding interactions involved in the
hydrogels. However, the dynamic and structural characteristics of the hydrogels
are accessible via molecular simulations. Over the past years, it is demonstrated
that the molecular simulation is a uniquely useful tool for investigating the prop-
erties of polymer networks since it allows the construction and investigation of
near-perfect model networks with well-characterized structures. It is able to exam-
ine the interaction between the electrolyte and the polymer matrix, which is much
less understood. Fermi resonance perturbed Raman spectroscopy reveals that there
exists weak polymer—electrolyte interaction between the poly(MMA) and the sol-
vent molecules, ethylene and propylene carbonate (Ostrovskii et al., 2003). Ab initio
molecular orbital calculation confirms that the hydrogen bonding hydration of the
ion—water clusters to the polymers is destabilized by anions but stabilized by cations
via ionic hydration in most cases (Muta et al., 2001a, b). It is understood that the vol-
ume transition of the hydrogels is based on the electron pair acceptance and electron
pair donation change of water through the ionic hydration.

Molecular simulation can provide examination of the mechanism of the volume
transition. Using the Monte Carlo and molecular dynamics techniques, the swelling
of weakly charged polyelectrolyte hydrogel in poor solvent is simulated (Lyulin
et al., 1999). Splitting of the spherical polyelectrolyte globule into a dumbbell-type
structure accompanied by a sharp increase in interaction occurs in the chain’s radius
of gyration upon increasing in the Coulombic repulsion. By simultaneously treating
the electrostatics and chain connectivity, the swelling of the crosslinked polyelec-
trolyte hydrogels is simulated by Monte Carlo technique (Schroder and Oppermann,
2002). This reveals that the assumption of Gaussian statistics in the hydrogel the-
ories holds for the polymeric hydrogels but not for the polyelectrolyte hydrogels,
whereas the affine assumption seems to be reasonable only for the polyelectrolyte
hydrogels in equilibrium with pure solvent. Molecular dynamics simulation at an
atomistically detailed level is carried out to predict the polymer volume transition
by a two-step method in combination of the thermodynamic integration approach
with Widom’s particle insertion method (Nick and Suter, 2001). The quality of
simulation depends only on the energy model used, i.e. on the force field for the
atom—atom interactions. The simulation indicates the concentration dependence of
the polymer—water interaction parameter, expressed by xgpa—pc = 4.7 — 6.6¢,,
for the bisphenol-A-polycarbonate (BPA-PC) and xpya = 2.6 — 5.9¢,, for the
poly(vinyl alcohol) (PVA), respectively, where ¢,, is the volume fraction of water
in the network. A statistical mechanics combined with the molecular dynamics sim-
ulation evaluates the influence of the volume transition on the entropy of mixing
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(Hansen, 2000). The loss in entropy due to the deformation of the chains takes on a
negative value, and the final value of the mixing entropy decreases in both coiling
and swelling.

Molecular dynamics is also combined with other approaches to simulate the vol-
ume transition behaviours of the hydrogels. The swelling of athermal networks in an
athermal hard sphere solvent is simulated by a discontinuous molecular dynamics
combined with Monte Carlo simulation technique (Kenkare et al., 2000). An elas-
tohydrodynamic approach is employed to model the hydrogel undergoing a large
volume change during solvent diffusion (Barriere and Leibler, 2003). It couples
the diffusion process with the large elastic deformation undergone by the polymer
network. The solvent—polymer friction is described as a liquid flowing through a
porous medium. The network elasticity over the range of volume fraction is divided
into the isotropic and non-isotropic parts. Employing a Gibbs ensemble molecu-
lar dynamics method, the dynamic and structural results for equilibrium swelling
of a model network in contact with different chain-like solvents are simulated by
Lennard—Jones non-bonded interaction (Aydt and Hentschke, 2000). The swelling
behaviour of model polymer networks in different solvents subject to the controlled
thermodynamic conditions is simulated by a “two-box particle-transfer’” molecular
dynamic simulation method (Lu and Hentschke, 2002a, b). The solvent chemical
potentials are calculated via the Widom’s test particle method for one-site solvents
or the Rosenbluth sampling method for chain-like solvents, in which the simulation
results are in qualitative agreement.

Although the molecular simulation techniques provide the better understanding
of the mechanism of both polymer—solvent interaction and polymer network con-
formation, the simulation is computationally intensive and time consuming. The
selection of energy description models is also crucial to the simulation accuracy. It
is limited to the hydrogels with relatively small structures. Therefore, it is difficult
to practically predict the volume transition behaviour of the smart hydrogels with
complex structures.

Remarks

We have discussed four types of models that are developed and based on different
assumptions and approximations. With basic assumptions of the different contri-
butions into the osmotic pressure, the thermodynamic models provide a tool for
qualitative estimation of overall volume transition of the hydrogels in different equi-
librium states. These thermodynamic models establish the relationship between the
volume transition and the important material properties for the hydrogels. Transport
models and multiphase mixture theory can quantitatively achieve both the equi-
librium and kinetics simulations of volume transition behaviours of ionic smart
hydrogels with complex shapes. The transport models suppose that the volume
transition of the ionic smart hydrogels is driven by ionic diffusion and the osmotic
pressure is the directly driven force for the volume transition of the hydrogel. These
transport models establish the relationship between the volume transition behaviours
of the hydrogels and the ion diffusion process and elastic stress. By formulation of
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the osmotic pressure in the thermodynamic models, the transport models can also
take into account important material parameters of the hydrogels. The multiphase
mixture theory assumes that the hydrogels are composed of intrinsically incom-
pressible solid phase, incompressible water phase and ion phase, and the volume
transition of the hydrogels results from exudation of water driven by the gradients
of chemical potential and electric potential. The theory generates the relation-
ship between water flow and frictional forces. By integrating various hydrophobic,
hydrophilic and electrostatic interactions involved, the molecular simulation makes
it instrumental in investigate the mechanisms of volume transition of the hydrogels
and to evaluate the influences of various environmental and material parameters.
However, the requirement of intensive computation restricts its application to the
small scale of the hydrogels.

1.2.1.2 Key Parameters in Steady-State Modelling for Equilibrium
of Hydrogels

It is known that there is a variety of parameters having influences on the volume
transition behaviours of the smart hydrogels. For example, the ionic additives affect
electrostatic interactions, the surfactants implicate the hydrophilic and hydrophobic
forces and the organic solvents uphold the involvement of hydrogen bonding. Even
the same additives may have remarkably different influences in different hydrogels.
Successful mathematical models should be able to capture the influences of vari-
ous parameters that significantly affect the volume transition of the smart hydrogel,
which is definitely a challenge for modelling development and simulation. Several
key parameters are summarized below.

Hydrogel Composition

The swelling/deswelling behaviour of the smart hydrogel is distinctly influenced
by the monomer composition. Incorporating more hydrophilic or hydrophobic
monomers in hydrogel composition is a useful approach to regulate the volume
transition behaviour of the hydrogel. For example, the copolymerization of charged
monomers is a well-tested strategy to increase hydrophilicity in polymeric chains
and thus obtain the polyelectrolyte hydrogels. Among the charged monomers,
AMPS and [(methacrylamido)-propyl]trimethyl ammonium chloride (MAPTAC)
have received more attention due to their strongly ionizable sulfonate groups and
complete dissociation in the overall pH range. It is demonstrated that the hydro-
gels incorporated with AMPS and MAPTAC can exhibit pH-independent swelling
behaviour (Varghese et al., 2000; Ozmen and Okay, 2003).

In general, the increase of charged monomer contents of the hydrogels increases
the degree of volume transition (Katime and Rodriguez, 2001). One of the reasons
is the simultaneous increase of counterions inside the hydrogels, which generates
an additional osmotic pressure that expands the hydrogels. However, the degree
of volume transition of the hydrogel is not always a monotonically increasing
function of the charged monomer contents of the hydrogel. It may increase first
with increasing ionic group concentration but then level off after passing a critical
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concentration due to the finite extensibility of the network chains and due to the
ion pair formation (Durmaz and Okay, 2000; Melekaslan and Okay, 2000; Okay
and Durmaz, 2002). Some hydrogels show a maximum degree of volume tran-
sition at certain ionic group concentrations. For example, the swelling ratio of
poly(NIPAAm-co-AAc) hydrogel reaches to the largest value at 20 mol% of AAc
content (Yoo et al., 2000), the poly(NIPAAm-co-methacrylic acid (MAAc)) hydro-
gel shows the largest swelling at 30mol% of MAAc content (Diez-Pena et al.,
2002) and the swelling ratio of poly(AAm-co-AAc) hydrogel reaches to the maxi-
mum value at 50mol% AAc (Bouillot and Vincent, 2000). In exception, a slightly
decreased swelling ratio with increasing content of charged monomer is observed
in poly(NIPAAm)/chitosan hydrogels (Lee and Chen, 2001). It is proposed that
addition of chitosan increases the hydrogel crosslinking and makes the network
structure denser and more hydrophobic. When the zwitterionic monomer is appro-
priately introduced, the volume transition of the hydrogels may also be enhanced.
The swelling ratio of thermo-sensitive poly(NIPA Am-co-1-vinyl-3-(3-sulfopropyl)
imidazolium betaine (VSIB)) hydrogels in salt solution increases with increasing
zwitterionic VSIB content (Lee and Yeh, 2000).

Incorporating more hydrophilic neutral monomers may also increase the degree
of the volume transition of corresponding hydrogels. The hydrophilic PEG and
PEO polymers are often incorporated in the hydrogels to remarkably increase
the volume transition (Cho et al., 2000; Bajpai and Shrivastava, 2002). The
increase of the hydrophilic AAm content in the NIPAAm/AAm hydrogels gives
rise to a higher equilibrium swelling ratio (Yildiz et al., 2002). The swelling ratio
of the PVA/poly(NIPAAm) interpenetrating network (IPN) hydrogels increases
with the increase of the hydrophilic poly(NIPAAm) content in the IPNs (Kim
et al., 2003). However, the swelling ratio of the poly(2-hydroxyethyl methacry-
late)(HEMA)/PEG IPN hydrogels increases first with increasing PEG concentra-
tion, but then decreases monotonously after PEG concentration increases beyond
0.33 g (Bajpai and Shrivastava, 2002).

In general, the volume transition of the hydrogels decreases with integrating
more hydrophobic comonomers (Bajpai and Giri, 2002). The swelling ratio of
the poly(NIPPAm-co-AAm-co-HEMA) hydrogels decreases with increasing the
content of hydrophobic AAm or HEMA (Yildiz et al., 2002). The formation of
intermolecular hydrogen bonding between hydroxyl and amino groups decreases
the hydrophilic group content of the hydrogels and thus the affinity towards water
decreases. A more interesting observation is that, with increase of the hydropho-
bic monomer content of the di-n-propylacrylamide (DPAM), di-n-octylacrylamide
(DOAM) and didodecylacrylamide (DDAM), the swelling ratio increases in the
poly(NIPAAm) hydrogels (Xue and Hamley, 2002).

The hydrogels even with the same composition may display different volume
transition behaviours with different polymer architectures. The hydrogels made of
random copolymer chains swell much larger than those composed of the triblock
copolymer chains (Simmons et al., 2000; Triftaridou et al., 2002), which is attributed
to the absence of microphase separation in the former type of network and the
presence in the latter.
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Preparation History

Variation of the synthesis methods or formation conditions of the smart hydro-
gels provide another approach to control the volume transition of the hydro-
gel. The hydrogel microstructure and degree of topological constraint depend
on the preparation conditions. The hydrophobic interactions in the temperature
stimulus-responsive hydrogels also change with formation conditions (Suetoh and
Shibayama, 2000).

The monomer concentration has the most important effect, relatively compared
with other preparation conditions. The swelling ratio can be controlled by prepar-
ing certain monomer concentration (Furukawa, 2000). The mechanism of volume
transition of the poly(AAc) hydrogel is dependent on the preparing concentration of
AAc in solution during y-irradiation in addition to pH of the medium of the volume
transition (Jabbari and Nozari, 2000).

Solvent in the hydrogel preparation can change the porosity and crosslinking of
the formed product. Ethanol as solvent is more effective than water for creating
the porous structure of the hydrogels (Pradas et al., 2001). The primary cycliza-
tion in the hydrogels is facilitated by increasing the solvent concentration. The
primary cyclization decreases the crosslinking density and increases the molecular
weight between crosslinks. Consequently, this increases the degree of the volume
transition of the hydrogels. On the other hand, the hydrogels prepared in bulk
conditions exhibit much poorer volume transition behaviour than those in solution
(Loh et al., 2001).

Variation of physical preparing conditions, such as the heating time, radiation
dose and applied electric field, also changes the volume transition of the hydrogel.
The degree of the volume transition of poly(AAm-sodium acrylate-PVA) hydrogel
increases to 1200 g water per 1 g swollen polymeric network after heat treatment
at 120°C (Vashuk et al., 2001). The increasing porosity of the polymeric network
results in the decrease of elastic modulus and thus the increase of the volume tran-
sition. Schmidt et al. (2003) reported that the poly(vinyl methyl ether) (PVME)
structures formed by radiation crosslinking of PVME in aqueous solution can be
microgel particles, porous hydrogels, branched molecules and homogeneous hydro-
gels, which are influenced by preparation parameters including radiation dose and
irradiation temperature. The poly(NIPAAm-co-AAc) hydrogels prepared under con-
stant electric current show gradual phase transition in response to temperature,
which is in contrary to the general overall phase transition in aqueous solution (Shin
et al., 2003). The copolymeric hydrogels start the phase transition from the section
polymerized on the anode side and gradually change to the section polymerized on
the cathode side when the temperature is increased. The gradual phase transition
arises from the protonation of AAc near the anode and the ionization of AAc near
the cathode by the electric current.

The conditions of hydrogel pretreatment after preparation also have influences
on the volume transition behaviours. When the nonionic NIPAAm hydrogel is dried
before placed in the aqueous ethanol solution, a single phase transition occurs when
the ethanol concentration increases, whereas three phase transitions are observed
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when the hydrogel is immersed directly in the aqueous solution without drying
process (Huther et al., 2002). Washing the prepared hydrogels results in a consider-
able reduction of volume transition of the NIPAAm/sodium methacrylate hydrogels
in aqueous ethanol solutions, which is ascribed to the exchange of hydrogen ions
with sodium ions and the conversion of completely dissociated sodium methacrylate
groups into weakly dissociated methacrylic acid groups (Huther et al., 2002).

Electrolytes

Addition of electrolyte in the medium of volume transition of the hydrogels may
alter the interactions of polymer—polymer, polymer—water, polymer—ion and water—
ion. The addition of salt ions may enhance the polymer—water mixing conditions
(salting-in) to enhance the volume transition or may impair the conditions (salting-
out) to suppress the volume transition. It is observed that the salts of bromide and
chloride exert the salt-out effect, whereas the iodide produces the salting-in effect
on the volume transition of the copolymeric hydrogels of N-acryloyl-N’-alkyl piper-
azine and MMA (Gan et al., 2001). Usually the cations exhibit the salting-out effect
and the volume transition decreases in the well-known Hofmeister order (Muta et al.,
2001c¢). The decrease of degree of the volume transition of the hydrogels in aqueous
salt solution is dependent on the counterion species, irrespective of the co-ions (Atta,
2002). However, the relative order of cations may reverse with different anions due
to ion pair effects. The Hofmeister order for anions is also observed in the salting-out
property. For example, the order of effectiveness in the depression of the degree of
the volume transition of the HEMA/PEG hydrogel in aqueous salt solutions follows
the sequence C1™>Br™>1" (Bajpai and Shrivastava, 2002a, b, c¢). The Hofmeister
order demonstrates the promotion of hydrophobic associations that arise from the
alteration of water structure and thus the free energy of interaction between polymer
and water. The low-frequency Raman scattering experiments reveal that the pres-
ence of alkali metal chloride salts tends to reduce the chemical potential of water,
which causes the exclusion of water molecules from the NIPAAm hydrogel net-
work chains, probably the proximity of isopropyl groups (Annaka et al., 2002). The
Hofmeister order shows that Cit>~ is the water structure breakers, whereas SCN™ is
the water structure maker. Therefore, Cit>~ efficiently suppresses the volume tran-
sition of poly(NIPAAm-co-dimethylaminoethyl methacrylate) hydrogel, whereas
SCN slightly increases the swelling in the concentration range from 107> to 1073 M
(Zha et al., 2002).

The salt ions may change the electrostatic interactions within the hydrogels.
They may shield the ionized groups attached onto the polymeric network chains
and screen the ion pair interactions. Shielding of ionized 16-acryloylhexadecanoic
acid (AHA) groups results in the disorder—order transition of poly(AHA-co-AAc)
hydrogel (Matsuda et al., 2000). The shielding effect caused by the counteri-
ons drastically decreases the swelling of poly(MAAc) in NaCl solution when the
ionic strength increases (Zhang and Peppas, 2000). Screening of the intra-chain
and intra-group interactions within the poly(1-(3-sulfopropyl)-2-vinyl-pyridinum-
betaine) hydrogel remarkably increases the swelling of the hydrogel in dilute
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aqueous salt solution (Xue et al., 2001). In particular, the anti-polyelectrolyte
behaviour of the amphoteric hydrogels is observed in poly(N-vinylimidazole-co-
sodium styrene sulfonate) hydrogels (Valencia and Pierola, 2001). The swelling
ratio increases slightly upon increasing the ionic strength of the aqueous salt solu-
tion. This is due to the reduction of intra-group and intra-chain aggregations of
zwitterionic monomer units by the external electrolytes. The electrostatic inter-
action in electrolyte solution significantly changes the swelling behaviour of the
smart hydrogel subject to externally applied electric field due to the movement
of the ions towards their counter-electrodes. The increase of NaCl concentration
enlarges the bending angle of the PVA/chitosan IPN hydrogel under electric field
(Kim et al., 2002). It is noted that the PVA/poly(diallyldimethylammonium chlo-
ride) IPN hydrogel performs the largest bending angle in 0.2 wt% NaCl aqueous
solution (Kim et al., 2003a, b), which may be attributed to the coupled effect of
increasing free ion movement from the surrounding solution towards their counter-
electrodes or into the hydrogel and the shielding effect of the poly-ions by the ions
in the electrolytic solution.

Ion-specific interactions with hydrophobic sites of the hydrogels complicate the
salt influences on the swelling of hydrogels. The vibrational Raman spectroscope
study reveals that the addition of lithium perchlorate into poly(AAm) hydrogel
strongly disturbs the hydrogen bonding of both the polymer network and the intersti-
tial water due to the specific interaction of lithium with amide groups and causes the
structural breakdown by the perchlorate anions (da Costa and Amado, 2000). The
amide groups become more accessible to chemical transformations and the hydro-
gel flexibility increases. It is known that a specific divalent—polymer interaction
reduces the effective charge per poly(AAc) polymeric chain at various degrees and
the interaction seems to be related to the energy of hydration of the cations (Boisvert
et al., 2002). The ion—polymer binding increases with increasing the electrolyte
concentration, which leads to the increase of hydrophilicity and thus the degree of
swelling of the hydrogels (Lobo et al., 2001). However, the further increase of salt
concentration beyond an optimum binding of the ions with polymer chains might
reduce the volume transition of the hydrogel (Bajpai and Shrivastava, 2000). In the
presence of the thiocyanate ions (CNS™) in the concentration range from 0.01 to
0.40 M, the swelling ratio of the poly(HEMA)/PEG IPN hydrogels increases with
increasing the salt concentration due to the formation of the thiocyanate—polymer
complexes. The polymer-bound thiocyanate ions render the hydrogels negatively
charged (Bajpai and Shrivastava, 2002). Formation of electrolyte—polymer com-
plexes decreases the swelling degree of the poly(N-vinyl-2-pyrrolidone/itaconic
acid) hydrogels due to the exclusion of water molecules by adsorbed electrolytes
in the hydrogel system (Sen and Giiven, 2002).

Tonic osmotic pressure can be used to quantify the salt effect without ion-specific
interactions. In general, the increase of ionic strength decreases the osmotic pressure
since the higher salt concentration reduces the concentration gradient between the
inside and the outside of hydrogels. The greater size the diffusible ion has, the lesser
osmotic pressure difference occurs between the interior hydrogel and the external
solution, consequently, the lesser volume transition the hydrogel behaves. For halide
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anions, the sequence in the increasing order of ion sizes is CI”<Br~<I~. The same
order of the degree of the volume transition is observed in the poly(AAc-styrene)
hydrogels in potassium halide solution with concentrations ranging from 0.01 to
0.1 M (Bajpai and Shrivastava, 2001).

Crosslinkers and Crosslink Density

The structure and elasticity of the hydrogels depend on the nature of crosslinking
agent as well as on the crosslinking degree. The crosslinking density is the critical
indicative parameter that controls the volume transition behaviours and mechan-
ical properties of the smart hydrogels. The osmotic pressure of the crosslinked
polymeric network can differ from that of the non-crosslinked one with the same
chemical nature. Different crosslinking methods can distinctly influence the pre-
pared polymer network structure and subsequent volume transition behaviours
(Martens and Anseth, 2000). Crosslinking by y-ray irradiation randomly intro-
duces the crosslinks in the hydrogels, whereas the chemically crosslinked hydrogels
exhibit more inhomogeneous distribution of crosslinking points due to the differ-
ence in the reactivity ratios of monomers and crosslinkers (Pradas et al., 2001). The
inhomogeneity of the chemically crosslinked hydrogels increases with increasing
crosslinker concentration due to the diffusive nature of the conventional polymer-
ization reaction. The small angle neutron scattering studies demonstrate that the
poly(NIPPAm) hydrogels crosslinked by y-ray irradiation are more homogeneous
than the hydrogels crosslinked by conventional polymerization with BIS (Norisuye
et al., 2002). The differences of the hydrogel structures can be interpreted well by
the statistical-mechanical Panyukov—Rabin theory (Panyukov and Rabin, 1996).

The structure of the hydrogels is also determined by the functionality
and hydrophilicity of crosslinkers. Hexafunctional crosslinkers generate more
rigidly crosslinked polymer networks, compared with tetrafunctional crosslinkers.
Therefore, it greatly reduces the volume transition of hydrogels when the tetra-
functional crosslinker is replaced by the hexafunctional crosslinker (Karadag and
Saraydin, 2002). When a hydrophilic crosslinking agent is employed, the hydro-
gel behaves a high affinity towards the aqueous solution owing to the presence
of polar groups (Castelli et al., 2000). The degree of the volume transition
of hydrogels increases with increasing the polarity of the polar groups in the
hydrophilic crosslinker (Martens and Anseth, 2000). By replacing bisacrylamide
with more hydrophilic glyoxal bis(diallyacetal) (GLY) as crosslinker, the swelling
of the crosslinked poly(NIPAAm) hydrogel is enhanced (Xue et al., 2001; Xue
and Hamley, 2002). The pronounced increase of the polymer—water interaction
parameter is also observed with increasing GLY content.

The swelling degree of the hydrogel is reduced obviously as the amount
of crosslinker increases. The degree of swelling is observed to decrease with
the crosslink density at exponent of 0.5 (Alvarez-Lorenzo and Concheiro, 2002).
However, at low crosslink density, the increase of amount of hydrophilic crosslinker
may increase the degree of swelling. The poly(HEMA) hydrogels show an excep-
tionally large increase of swelling with increasing the amount of crosslinker
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tripropyleneglycol diacrylate at pH 12.0 (Ferreira et al., 2000). Hydrolysis of HEMA
or tripropyleneglycol diacrylate in the highly crosslinked hydrogels is supposed to
contribute to the enhancement of swelling.

Surfactants

The interaction between the hydrogel and surfactant is of great importance for
understanding the fundamentals of the volume transition of hydrogels because of
the amphoteric property of surfactants. The hydrogels can be ionized upon binding
of ionic surfactant molecules to the polymer network through hydrophobic inter-
actions. The polymer—surfactant complex is formed when the surfactant is above
the critical aggregation concentration (cac) (Gan et al., 2001). In general, cac is
lower than the critical micelle concentration (cmc) of the respective surfactant. The
charged head groups of the surfactant molecules bound to the polymer chains give
rise to the electrostatic repulsion among the polymer chains, which results in the
increase of the volume transition and the lower critical solution temperature (LCST)
of the hydrogels. The addition of sodium dodecyl sulfate (SDS) at concentration up
to 0.5 wt% causes the significant increase of the swelling ratio of NIPAAm/DPAM
copolymeric hydrogel and the LCST value (Xue and Hamley, 2002). When the SDS
concentration exceeds 0.5 wt%, there are two volume phase transitions at 36—40 and
70°C, respectively. However, the cationic surfactant in very dilute solution behaves
like simple electrolyte and exerts salting-out effect on the hydrogels, hence the
LCST values decrease initially (Gan et al., 2001).

Solvents

Addition of other solvents into water may affect the conformation of the hydrogels
and the hydrogen bonding between the hydrogels and water (Tokuhiro, 2001), which
changes the interactions of polymer—polymer, polymer—solvent, water—solvent and
solvent—solvent. Depending on acetone concentration, two transition regions with
different swelling ratios are observed due to formation of a two-phase struc-
ture (Ilavsky et al., 2002). When the dimethylsulfoxide (DMSO) content in the
DMSO-water mixtures is continuously increased, the poly(TBA-co-AAm) hydro-
gel exhibits the reentrant volume transition behaviour (Ozturk and Okay, 2002).
The poly(TBA-co-AAm) hydrogel also exhibits the reentrant conformational tran-
sition in the ethanol-water mixtures (Ozmen and Okay, 2003). When the alcohol
concentration is increased from O to 100 vol%, the poly(acryloyl-1-proline methyl
ester) hydrogels show the two swelling phases, the first swelling at 0—10 vol%
and the second swelling at 50-80 vol%, and the two shrinking phases, the first
shrinking at 10-50vol% and the second shrinking at 80-100vol%, in all the
aqueous alcohol solutions (Hiroki et al., 2001). The reentrant phase transition of
the poly(NIPAAm) hydrogels is also observed in the polymeric solvent PEG and
water mixture (Melekaslan and Okay, 2001). The competing attractive interactions
between water—solvent and polymer—solvent are responsible to the reentrant phase
transition.



1.2 Historical Development of Modelling Hydrogel 27

Addition of polymeric solvent into the medium may selectively increase the
external osmotic pressure and consequently decrease the volume transition of the
hydrogel, which is observed in the swelling of the NIPAAm hydrogel in aque-
ous PEG solution (Huther et al., 2002). The degree of swelling of the hydrogel
decreases with increasing the PEG concentration in solution, and a phase tran-
sition to a shrunken state occurs. The swelling of the Na-gel in HPC solution
decreases (Evmenenko and Budtova, 2000). Unlike the organic solvents, the poly-
meric solvents may form complexes with the polymer network, and thus change the
volume transition behaviours of the hydrogels. The formation of complex between
HPC and poly(AAc) hydrogel decreases the swelling of the poly(AAc) hydro-
gel with the increase of HPC concentration in aqueous solution (Evmenenko and
Budtova, 2000).

Co-nonsolvency effect is observed upon addition of any solvent to the
poly(NIPAAm)-water system (Costa and Freitas, 2002). Co-nonsolvency is referred
to poor solubility in mixture of solvents that are good solvents individually for the
polymer. In a general manner, the poly(NIPAAm) solubility is reduced within the
range of intermediate solvent concentrations in binary aqueous solutions due to
the preferential hydrophobic hydration of solvent molecules in water-rich region,
which results in the weakening of the poly(NIPAAm)-water interactions.

Metal Ions

Unlike simple cations, heavy metal ions have strong affinity to polar groups.
Addition of metal ions may decrease the swelling of the hydrogel (Katime and
Rodriguez, 2001; Vashuk et al., 2001). The adsorption of heavy metal ions by
the hydrogels leads to more physical crosslinking formed by the inter-chain metal
complex formation (Loh et al., 2001). However, the capacity of metal adsorption
decreases with increasing the crosslinker density due to the more rigid polymer net-
works. The metal binding in ionic poly(MAAc-co-AAc) hydrogels is proposed to
be entropy driven (Eichenbaum et al., 2000). Therefore, there is a distinct difference
of the metal ion binding affinity between ionic hydrogels.

Hydrogen Bonding Effect

Hydrogen bonding effect has significant influence on the volume transition
behaviours of the hydrogels in water, where water forms strong hydrogen bond-
ing with hydrophilic polymer chains (Qu et al., 2000). The mechanism of the
volume transition behaviours of the hydrogel is partially controlled by rearrange-
ment of hydrogen bonding. The AMPS/N-t-butylacrylamide hydrogel performs a
discontinuous phenomenon of volume transition as the hydrophilic—hydrophobic
balance is changed (Varghese et al., 2000), because of the alteration of the hydrogen
bonding in the hydrogel-water system and temperature-dependent hydrophobic-
ity of the polymer. Formation of hydrogen bonding makes the hydrogel more
hydrophobic, which leads the hydrogel to a collapsed state, which is observed in
the poly(MAAc-co-methacryloxyethyl glucoside) hydrogels in acidic media (Kim
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and Peppas, 2002). Deswelling of the poly(MAAc) hydrogel is the result of the
hydrogen bonding formation arising from the protonation of the carboxylic acid
groups. The hydrogen bonding increases with the MAAc content in the copoly-
mer networks. Intermolecular hydrogen bonding intermediated by water molecules
is also found to play an important role in the mechanism of deswelling of the
poly(N-vinyl-2-pyrrolidone) (PVP) hydrogels (Muta et al., 2002).

On the other hand, the destruction of hydrogen bonding may increase the
hydrophilicity of the system and thus increase the degree of swelling. The dis-
sociation of the hydrogen bonding between the chitosan and PEO as well as the
ionization of the amine functions in the chitosan—PEO semi-IPN hydrogels leads to
the relaxation of the macromolecular chains when pH is in acidic condition (Khalid
et al., 2002).

The ionic hydration can stabilize or destabilize the hydrogen bonding network
(Muta et al., 2001a, b). The hydrogen bonding of water in the hydrogels is strength-
ened in the presence of strongly hydrated cations or weakened in the presence of
strongly hydrated anions (Muta et al., 2001c). Integrating hydrophobic groups to
the hydrogels decreases the hydrogen bonding of water in the hydrogels (Yasunaga
et al., 2002).

Water State

In general, water in the hydrogels exists in three physical states: (1) the free water
which can freeze at the usual freezing point, (2) the intermediate water which is less
strongly associated due to the existing hydrophobic interactions and can freeze at a
temperature lower than the usual freezing point and (3) the bound water which is
strongly associated with the hydrophilic segments of hydrogels and cannot freeze at
the usual freezing point (Dibbern-brunelli and Atvars, 2000; Li et al., 2000; Ito et al.,
2000; McConville and Pope 2001; Manetti et al., 2002; Meakin et al., 2003). The
swelling characteristics of the hydrogels are dominated by the nature of the polymer
and the state of water. The poly(N-vinyl 2-pyrrolidone-grafi-citric acid) hydrogels
exhibit continuous changes in water content as a function of temperature, which is
attributed to the fact that water remaining within the hydrogels consists mostly of the
binding water (Caykara et al., 2000). The oscillation in volume transition behaviour
is related at least to the three types of water molecule movement in the hydrogels
(Makino et al., 2000).

The content of non-freezing water is affected by the chain mobility or crosslink
density of the hydrogels. Various hydrogels are reported to have quite different
contents of non-freezing water, for example, the 23% non-freezing water in the
chitosan—PEO hydrogel (Khalid et al., 2002), the 24-28% non-freezing water in
a chitosan hydrogel (Qu et al., 2000), the 35% non-freezing water in the HEMA
hydrogels and as high as the 43% non-freezing water in the 2,3-dihydroxypropyl
methacrylate (DHPMA) hydrogels (Gates et al., 2003). The molecules of non-
freezing water are hydrogen bonded to the hydrophilic groups of the hydrogels.
Therefore, the content of non-freezing water is proportional to the amount of
hydrophilic groups in the hydrogels. The content of non-freezing water increases
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with the increase of the ratio of hydrophilic groups (Katime and de Apodaca, 2000)
and decreases with the increase of the ratio of hydrophobic groups (Kim et al.,
2003). Obviously, the proportion of free water becomes preponderant as the swelling
ratio increases.

1.2.2 Transient Modelling for Kinetics of Smart Hydrogels

The present transient models focus on the responsive kinetics of the smart hydro-
gels subject to different environmental stimuli, especially in the rates of swelling or
shrinking process of fast response hydrogels.

Currently the fast response hydrogels are increasingly attracting attention.
Usually their fast response can be achieved in five ways: (1) reducing the dimension
of the hydrogels due to the swelling rate being inversely proportional to the square
of the geometrical size of the hydrogels; (2) forming the heterogeneous network
structure by phase separation technique; (3) introducing the porosity into the hydro-
gels; (4) graft copolymerization where the free ends of the grafts act to accelerate the
dehydration rate and (5) using the silane crosslinking agent. The extensively stud-
ied phase separation technique is an approach for preparation of the fast response
hydrogel. The poly(/N-isopropylacrylamide-co-methyl methacrylate) hydrogels with
capability of fast response can be prepared through the phase separation technique
in water/glacial acetic acid as the mixed solvent (Zhang and Zhuo, 2002). Using
water/acetone as the mixed solvent during the redox polymerization/crosslinking
reaction, the fast responsive poly(N-isopropylacrylamide) hydrogel may also be
prepared (Zhang and Zhuo, 2000a). This is attributed to the fact that the polymer
chains produced in the mixed solvent are very soluble and get widely expanded
during polymerization. Owing to the widely expanded chains, the polymer system
is more unstable, and thus it exhibits the fast deswelling rate. The electron beam
irradiation provides another technique for phase separation. The thermo-sensitive
poly(N-isopropylacrylamide) hydrogels crosslinked by electron beam irradiation are
prepared (Panda et al., 2000), which shrink about 100 times faster than the conven-
tionally crosslinked gels. The mechanism of the fast response of the hydrogels may
be attributed to the two effects: (1) the polymerization and crosslinking at extremely
high dose rates may result in intra-molecularly crosslinked gels and (2) the temper-
ature during electron beam irradiation may rise above the lower critical solution
temperature (LCST), resulting in the phase separation in polymerization during
crosslinking reaction. In addition, it is noted that the porous structure enlarges the
surface area to volume ratio and allows the solute to diffuse more rapidly into
the hydrogel. The porous hydrogels may be made by several methods, such as
the porogen leaching, phase separation, particulate crosslinking, microemulsions,
gas blowing and freeze drying. Addition of polyethyleneglycol (PEG)-400 as the
pore-forming agent to the monomer solution of N-isopropylacrylamide (NIPAAm)
is found to dramatically increase the swelling kinetics of the prepared hydrogels
(Zhang and Zhuo, 2000b). The higher the PEG-400 contents are in the monomer
solution, the larger fraction the big pore sizes are in the network of the hydrogel.



30 1 Introduction

By adding a gas-forming agent Pluronic® F127 during polymerization, the super-
porous sucrose hydrogels are synthesized (Chen and Park, 2000). Compared with
the sucrogels, the superporous hydrogels swell faster with higher ratio of swelling
and degrade faster in both acidic and basic conditions. The gas blowing tech-
nique is also employed to prepare the superporous poly(acrylamide-co-acrylic acid)
hydrogels whose response is the orders of magnitude faster than that expected for
nonporous hydrogels with the same dimension (Gemeinhart et al., 2000). The super-
porous hydrogels have low bulk density of 0.30£0.03 g/ml and water molecules are
taken up into the superporous hydrogels by capillary forces. By reducing the dimen-
sion of the hydrogels as well as introducing the porous structure into the hydrogels,
the fast pH- and ionic strength-sensitive hydrogels are prepared in microchan-
nels by photopolymerization of monomer mixtures containing water and surfactant
(Zhao and Moore, 2001). The mechanism of the fast response of the hydrogels is
attributed to the porous structure generated by the surfactant phase template and
phase separation, irrespective of the network crosslinking density or acrylic acid
(AAc) composition in the hydrogel. The swelling of the hydrogels follows the sec-
ond order of kinetics (Quintana et al., 1999). A two-step polymerization method
is proposed to prepare the fast response thermo-sensitive poly(NIPAAm-co-di-n-
propylacrylamide) hydrogels (Xue and Hamley, 2002), where the polymerization
is conducted at 20°C for a short time and the polymerization is then completed at
—28°C. The responsive kinetics can be adjusted according to the polymerization
time at 20°C, which seems to influence the porosity of the network structure of the
hydrogels.

The literature search reveals that the transient models for simulation of kinet-
ics of the smart hydrogels have so far been limited probably due to the limited
experimental data. The fast response hydrogels have found wide-range promising
applications in various areas, such as the mechano-chemical actuator and sensor,
drug delivery device and especially in the bio-micro-electro-mechanical system
(BioMEMS), as well as biomaterials for biomedical and tissue engineering applica-
tions. The ready mathematical models with capability of predicting and simulating
the responsive kinetics of the fast response smart hydrogels are undoubtedly cru-
cial for the applications. The fast response hydrogels provide an attractive routine
to investigate the kinetics of volume variation. Currently the modelling develop-
ment of the volume variation of the fast response hydrogels is becoming a popular
research area. A review on the developed models could greatly facilitate this effort.
In this section, three typical models developed with different complexities are
discussed to investigate the kinetics of the volume variation of the hydrogels. A
phenomenal model based on the second order of reaction kinetics provides a sim-
ple method to correlate the experimental data of kinetics. A power law model can
be employed to evaluate different mechanisms of the volume variation according to
the diffusion exponential coefficients. The multi-field model couples the mechani-
cal deformation with the diffusion of ion species. The rate of volume variation is
dependent on both hydrogel molecular design and operation conditions. Several key
parameters are summarized for simulation of kinetics of the fast response smart
hydrogels.
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1.2.2.1 Mathematical Models and Simulations

The kinetics process of swelling of the smart hydrogels is a complicated phe-
nomenon, which generally involves three successive steps: (1) the diffusion of
water molecules into the polymer system; (2) the relaxation of the hydrated poly-
mer chains and (3) the expansion of the polymer network in surrounding aqueous
solution. The swelling kinetics of the hydrogel may be further divided into more
detailed steps. For example, the kinetics process of the swelling or shrinking of
poly(N-vinylimidazole-co-sodium styrene sulfonate) hydrogels includes the follow-
ing simultaneous steps (Valencia and Pierola, 2002): (1) the diffusion of water
towards the hydrogel; (2) the chain disentanglement; (3) the sodium—proton inter-
change through the external bath boundary; (4) approaching of chains to allow the
interaction of sulfonate groups with neighbouring protonated imidazole moieties
and (5) the diffusion of water outside the hydrogel. On the other hand, the wet-
ting process of polymer dry gel with cylindrical shape is divided into three steps
(Ji and Ding, 2002): (1) swelling of the gel in the radial direction with cusp-like
patterns evolving on the surface; (2) shrinking of the gel in the radial direction and
swelling in the axial direction and (3) the re-swelling of the gel to the final stage and
eventually disappearing of patterns.

Generally, two processes are employed to describe the diffusion of water into
the polymer matrix, namely the diffusion of the solvent into the swollen matrix
and the advancement of the swollen—unswollen boundary as a result of polymer
relaxation. When the rate-determining step is the diffusion of the solvent into the
swollen matrix, there is a linear relation between the water uptake and time!’2, the
system is regarded to exhibit the Fickian behaviour. In contrast, if the advancement
of the swollen—unswollen boundary is slower than the diffusion of the solvent in
the swollen polymer, the zero order of kinetics is achieved with the water uptake
time, and the system is regarded to exhibit the non-Fickian behaviour. In pure water
condition, the diffusion of water generally approaches to the Fickian behaviour.
However, the diffusion of water into the hydrogels under solution conditions fol-
lows the non-Fickian behaviour due to the dominance of polymer relaxation. The
swelling of the poly(NIPAAm) hydrogel in the gelated corn starch aqueous solution
is determined mainly by the relation of hydrated polymer chains, instead of the water
diffusion rate (Zhang and Zhuo, 2000c). The starch may act as the long graft-like
chains of the poly(NIPAAm) hydrogels, which provides the channels for water to
be released during the shrinking process. It is claimed that the molecular relaxation
controls the velocity of water uptake of hydroxypropylmethyl cellulose (HPMC),
carboxymethylcellulose-sodium (NaCMC) and mixed HPMC/NaCMC hydrogels
irrespective of pH of the aqueous phase (Michailova et al., 2000), in which there
is an inversely proportional dependence between the viscosity and the water uptake
velocity.

Three typical transient models developed with different complexities are
reviewed here for simulation of the kinetics of the volume variation of the
smart hydrogels. They are the phenomenal model, the power law model and the
multi-component diffusion model.
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Phenomenal Model

The phenomenal model is based on experimental observation for describing the
extensive polymer swelling (Schott, 1992) and is written as follows:

t
W + (1.34)

where W is the water uptake at time ¢, B= 1/W is the inverse of the maximum
swelling Wy, and A = 1/(dW/dt)o is the reciprocal of the initial swelling rate.

Equation (1.34) implies the second order of kinetics of swelling for volume vari-
ation of the hydrogels, which is expressed as dW /dt = k, (Ws, — W)?. The specific
rate k, is a constant related to the parameter A as k, = 1/ (AW%O). By substituting
the swelling data into Eq. (1.34), it is found that the plots of #W against ¢ can give
straight lines with good correlation coefficients for experimental observations.

Obviously, the phenomenal model cannot provide accurate information about
the mechanism of the volume variation of hydrogel. In most cases, the initial
phase of the volume variation of hydrogel follows the zero order of kinetics of
swelling, instead of the second order of kinetics. This means that the model is suit-
able for simulation of kinetics of the hydrogel volume variation after the initially
fast swelling process. However, at least it provides a simple approach to correlate
experimental data.

Power Law Model

As well known, the diffusion of water into the hydrogel system results in the volume
variation of the hydrogels. The water transport in the hydrogels can be characterized
either by Fick’s second law or by a more advanced equation of anomalous diffusion,
which incorporates a diffusive term coupled with a pseudo-convective velocity term.
A simple method of describing water transport in polymers is given via the power
law (Astarita, 1989)

M, /My = kt" (1.35)

where M; is the mass of water gained or lost at time #, M, is the initial mass of
water contained in the polymer, & is a constant and # is the diffusion exponent.
Usually the mechanism of the water transport in the hydrogels may be charac-
terized by the diffusion exponent n and also by two limited cases of this power law
model, n = 0.5 and n = 1. When n = 0.5, the water transport is controlled exclu-
sively by the chemical potential gradient, little or no volume variation occurs during
the transport. This is referred to as Case I diffusion or Fickian diffusion, and then
the volume variation can be described by a diffusion coefficient. If n = 1, the rate of
the volume variation of the hydrogels is proportional to time ¢, in which the stress
relaxation controls the kinetics of the volume variation of the hydrogels and the vol-
ume variation counteracts the mechanical stresses produced by water transport. This
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is termed Case II diffusion, where the velocity of the waterfront describes the kinet-
ics process of the volume variation. The intermediate case called the anomalous
diffusion occurs when the water transport is proportional to ¢, where 0.5<n<1.

Actually the water transport in the hydrogels may result from a mixture of Case
I and Case II processes, in which both the waterfront velocity and diffusion coeffi-
cient are required to characterize the volume variation process (Chou et al., 2000).
A model proposed can account for Case I, Case II and anomalous water transport
processes (Harmon et al., 1987), in which the total flux J consists of two compo-
nents, One is due to the diffusion with a concentration gradient and the other is due
to the stress relaxation of polymer chains with a propagation speed v. For example,
for one-dimensional volume variation of the hydrogels

aC
J= _Dﬁ +v(C—Cp) for 0<|X| <1 (1.36)
where C = C(X) and Cy = C(0) are the concentrations at points X and X = 0,
respectively. The diffusion coefficient D and the velocity v come from Case I and
Case II water transport processes. According to the law of mass conservation, one
can have

2
9 _pTC ¢ o 0<ix<1 (1.37)
ot 0x2 0X
After integrating the concentration over the domain with the boundary condition
of constant surface concentration Cy at X = =1, the variation of water mass M, at
time ¢ associated with the equilibrium water mass M is written as follows (Harmon
et al. 1987):

M, 0 A2 (1 — 2c0s Ay exp (—%)) B2Dt
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where the roots A, (n= 1, 2, 3, ..., co) of Eq. (1.39) are used in Eqgs. (1.38) and
(1.40), respectively.

For a special case where v is equal to zero, Egs. (1.39) and (1.40) are simplified
to A, = (n+ 1/2) and B,,= X, respectively. Equation (1.38) is then reduced to

0]

M /My =1-3" [8/(2n T 1)2712] exp [—(Zn + 1)2r? <Dt/12)] (1.41)

n=1
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The short-time limited expression for Eq. (1.41) is thus obtained as

M, 4\ (Dr\*?
e~ () (7) e

It is observed from the above equation that the relation between M;/M, and
%3 yields a straight line. Based on the slope of the graph, the value of diffusion
coefficient D is calculated. As a good example of applications, the experiment of
the water transport in crosslinked 2-hydroxyethyl methacrylate (HEMA) hydrogels
is in excellent agreement with the prediction by the model (Chou et al., 2000).

In order to achieve better approximation, the exact solution of Eq. (1.37) is
derived, termed the Berens—Hopfenberg model (Enscore et al., 1977; Berens and
Hopfenberg, 1978), and it is expressed as follows:

g 8 —D(2n+ 1)*t
Qnt Hr2 P 4P (1.43)
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where k is the first order of relaxation constant, ¢z and ¢g are the fractions of water
uptake contributed by the Fickian diffusion and the chain relaxation, respectively.
This heuristic model can be used for analysis of the overall water uptake in terms of
the Fickian and non-Fickian contributions, which leads to the determination of both
the diffusion coefficient D and the characteristic relaxation time 7 that is defined as
the reciprocal of the constant k.

It is noted that the model mentioned above does not take into account the interac-
tions between the polymer and the solvent, which significantly influence the water
diffusion and the stress relaxation of polymer chains. In addition, the diffusion coef-
ficient D is assumed to be constant in the model. In fact, the hydrogel network
structure always changes with the volume variation of the hydrogel, which results
in a varying diffusion coefficient. However, at least when 0 < M, / My < 0.60,
the model can predict well the kinetics process of volume variation of the smart
hydrogels.

Multi-field Model

The kinetics of the volume variation of the hydrogels involves the water diffusion
and the mechanical deformation simultaneously. For the ionic hydrogels, the volume
variation of the hydrogels is strongly dependent upon the diffusions of all species
and the variation of electrical potential. A good model for the volume variation of
the hydrogels should be able to incorporate the multi-field effects.

Modelling of the ion transport could be conducted by many models within var-
ious theoretical frameworks. It is sufficient to model the ion transport as follows:

dev 0 (.9 9 (cZiFDy
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where ¢y is the concentration of the ion species k, Dy is the binary diffusion coef-
ficient of the ion species k, c is the total concentration, zx is the valence of the ion
species k, ¢ is the electrostatic potential, F'is the Faraday constant, R is the universal
gas constant and 7 is the absolute temperature. The concentration of ionized pen-
dant groups in the polymer network is always in equilibrium with the concentration
of hydrogen ions in the polymer network.

The kinetics of swelling of the ionic hydrogels induced by pH change is modelled
by considering the diffusion of hydrogen ions, which is governed by the chemical
diffusion equation together with the mechanical equation (Chatterjee et al., 2003).
This model assumes that the mechanical deformation of the polymer network occurs
instantaneously with the diffusion of hydrogen ions. The mechanical equation takes
into account the deformation of the polymer network that occurs during the diffusion
of hydrogen ions into the hydrogel, namely

— dck oy

Uk =¢ | —Dk—— — mkzkcr—— | + U (1.45)
ax ax

where I'f is the flux of the kth ion, ¢ is the gel porosity and U is the area-averaged

fluid velocity relative to the polymer network. The diffusion rate inside the hydro-

gel is related to the diffusion in aqueous solution through the obstruction model as

follows: -
Dx K \?
A L — (1.46)
Dy \2+H

where H is the hydration of the hydrogel and it is defined as the ratio of fluid volume
to polymer volume.
Continuity condition for the divergence of each ionic flux is given by
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(1.47)

where cZ is the concentration of the ion k that can be reversibly bound to the

polymeric fixed charge, X is the Lagrangian coordinate system associated with the
hydrogel and « is the total hydrogel area normalized to its initial area.

The concentration of the ion & reversibly bound to the polymeric chains (CZ) in
the presence of chemical reactions is calculated by (Grimshaw et al., 1990)

b CJ(‘) Ck
=L E (1.48)
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where ¢? is the total concentration of ionizable groups within the hydrogel before
the volume variation.

By rearrangement of the above equations, a nonlinear diffusion-reaction equa-
tion for the concentration of H* ions in the hydrogel is obtained as

0
9 cf 9 _ dey o
2 H : - Dy ot Y\ _aepu] (149
ot [CH( +K+C1—1)i| 9X [o«b( H g, HHIHCH ax) xeH } (1.49)




36 1 Introduction

where Dy is the diffusion rate of hydrogen ions within the hydrogel, ¢y is the inter-
nal concentration of hydrogen ions and clbq is the concentration of hydrogen ions
reversibly bound to the fixed charges of the hydrogel.

The presence of buffer in the solution increases the apparent diffusion rate of
hydrogen by providing an alternate path for diffusing hydrogen ions between the
hydrogel and bath solution. Buffer augmented transport of hydrogen ions under cer-
tain conditions may result in the apparent diffusion rates of hydrogen, which is
several orders of magnitude higher than the diffusion coefficient of hydrogel alone
(Ohs et al., 2001). It is found that the kinetics of the water uptake in the buffered
solutions is markedly faster than that in the unbuffered solutions for the hydropho-
bic ionizable copolymer gels composed of PEG, AAc and styrene, though the water
uptake is contributed by both the mechanisms of diffusion and polymer chain relax-
ation (Bajpai and Shrivastava, 2001). The influence of the buffer on the transport
of hydrogen ions can be modelled by including additional terms in the continuity
equation of hydrogen ions within the hydrogel

9 d(aTy + ol
-~ [Hew + Hey + Heu | = —W (1.50)

where cyp is the concentration of hydrogen ions bound to the buffer, 'y is the flux
of hydrogen ions and I'yp is the flux of hydrogen ions bound to the buffer.

CTCH
CHB= ———— (1.51)
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where Ky is the dissociation constant of the buffer and ct is the total buffer
concentration.
The flux of the buffer is proportional to the flux of the hydrogen ions:

Dup cT
I'yp = = — | 1.52
e (DH)<KB+CH> f (1:52)

where Dyp is the diffusion rate of buffer in the hydrogel.
The Poisson equation is used to calculate the electrostatic potential
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The chemical diffusion equation then becomes
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The change in the hydration of the hydrogel is calculated by the following
mechanical equation that describes the forces and fluid flow:

OH _ 0 [ 00 oy 155
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where k' is the hydraulic permeability of the hydrogel, M is the bulk modulus of the
hydrogel and ¢ is the compressive strain.

The advantage of this model is the capability of providing a good evaluation of
the volume variation of the hydrogel by integration of the chemical, electrical and
mechanical interactions. It captures the variations of the concentration distributions
of all ionic species with time. However, this model is valid only for the ionic hydro-
gels, and the deformation of the polymeric network matrix is characterized by the
volume-based hydration H, instead of the displacement vectors. The mathematical
complexity also limits its extensive applications.

1.2.2.2 Key Parameters in Transient Modelling for Kinetics of Hydrogels

Although there are many parameters having influences on the kinetics of volume
variation of the smart hydrogels, basically they may be classified into two categories:
(1) the designs of the hydrogels, which include the ionic group content, thickness,
shape and strength and (2) the operating conditions, which include the intensity and
function of environmental stimuli and the type and concentration of ionic species in
outer electrolyte solution. A good transient model should be able to characterize the
effects of various parameters that have significant influences on the kinetics of vol-
ume transition of the smart hydrogel. This is a challenge for modelling development
and simulation. Several key parameters are summarized below.

Environmental Medium

The environmental medium of the hydrogels plays an important role in kinet-
ics of the hydrogels with volume variation. The temperature and pH of solutions
are the most widely studied parameters of operation conditions. It is found that,
with increasing temperature, the full interpenetrating polymer networks (IPNs) of
crosslinked gelation with polyacrylamide experiences an anomalous type of diffu-
sion and the rate of swelling increases with the rise in ambient temperature (Rathna
and Chatterji, 2001). For the gelation with poly(NIPAAm) above its LCST, the
diffusion deviates from the anomalous to Fickian types, due to the predominance
of the hydrophobic characteristics of NIPAAm, resisting the advancing of sol-
vent molecules. The swelling behaviour of thermo-reversible NIPAAm hydrogels
is related to their looser or denser structures and pore sizes, which is dependent on
the surrounding temperature, polymerization temperature and polymerization media
(Lee and Yeh, 2000).

However, the effect of solution pH is much more complicated. The kinetics of
swelling of poly(N, N’-dimethylaminoethyl methacrylate) hydrogels is observed to
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be the non-Fickian type in lower pH and tend to the Fickian type at higher pH
(Chen and Yi, 2001). There is a jump corresponding to the pH values and hysteresis
loop on elongation or contraction behaviour for PVA and PAA hydrogels (Fei and
Gu, 2002). The elongating process takes place much slower than that of contracting
process. Time of swelling to equilibrium for the IPN hydrogels is much longer than
that of shrinking to equilibrium (Lu et al., 2000), which is ascribed to the fact that
the hydrogels shrink in the skin layer first and form a thick, dense and collapsed
skin layer on the surface region. This dense layer is believed to be impermeable to
water.

Composition of Hydrogels

The properties of hydrogels are determined by the composition of comonomers in
the hydrogels. It is found that the water sorption by the hydrogels follows both
the Fickian and non-Fickian swelling mechanisms, depending upon the composi-
tion of the hydrogel (Bajpai and Giri, 2002). The incorporation of hydrophobic
comonomers is generally required for fast response of phase transition to pH change.
For example, the incorporation of small amount of maleic acid into the nonionic
polyacrylamide hydrogels results in the transition of swelling mechanism from the
Fickian to non-Fickian swelling behaviours (Bajpai, 2000). Then the hydrogels
require more time to swell. The increase of ionic strength causes the decrease of
swelling, while the swelling increases with pH of the swelling medium. With lower
acid contents, the swelling increases while higher concentrations of maleic acid
cause the decrease of swelling. The hydrogels require more time to shrink, compared
with that required for swelling. The water uptake of the hydrogel varies sensitively
with various contents of the hydrophilic polymer, copolymer, crosslinking agent
and the environmental medium temperature (Bajpai and Shrivastava, 2002a—c). The
increasing proportion of the hydrophilic polymer PEG results in the shift of the
water transport mechanism from the anomalous to Fickian types due to the network
with a greater number of macromolecular chains, while the hydrophilic monomer
acrylamide tends to move the swelling mechanism from the Fickian to non-Fickian
ranges due to the increase of network density. On the other hand, the increasing
content of the hydrophobic monomer (styrene) shifts the water-sorption mecha-
nism from the Fickian to anomalous types, which is due to the steric hindrance
and dispersion forces operating between the polystyrene chains in the hydrogels.
The bending speed increases in proportion to the poly(acrylic acid) content in
PVA/PAA semi-interpenetrating network hydrogel (Fei et al., 2002). The increase of
the hydrophilicity by acrylic acid (AAc) decreases the response rate to pH variation
(Chiu et al., 2001). It is claimed that the swelling ratio and rate increase with increas-
ing the content of the hydrophilic monomer in the hydrogels (Martellini et al., 2002),
and there is a significant variation in the diffusion coefficients for different temper-
atures. The corresponding swelling is classified as Fickian type. It is also observed
that, with increasing the PEG content, the value of n increases in the non-Fickian
region, while increasing HEMA tends to increase the value of n towards Fickian
value in the Fickian range (Bajpai and Shrivastava, 2002a). It is found that the new



1.2 Historical Development of Modelling Hydrogel 39

crosslinked hydrogels based on N-acryloyl-N’ -methyl piperazine (AcrNMP) and
methyl methacrylate (MMA) are able to be responsive to pH and temperature (Gan
et al., 2001). With increasing the hydrophilic content in the hydrogels or with ris-
ing temperature, the diffusion constants enlarge. The apparent activation energy for
the diffusion process is independent of the composition of the hydrogel networks,
and the enthalpy of mixing has a strong influence on the hydrophilic content of
the hydrogel. It is emphasized that the balance between the two effects, (1) the
maintenance of effective hydrophobic aggregation force between collapsing poly-
mer chains and (2) facilitation of water channel formation in the gels to readily
release water through the collapsing gel-skin layer, is very important to gener-
ate the fast shrinking of NIPAAm and 2-carboxyisopropylacrylamide (CIPAAm)
copolymer gels (Ebara et al., 2001). The shrinking rate of NIPAAm—-CIPAAmM
hydrogels increases with increasing CIPAAm content. In contrast, structurally ana-
logue NIPAAm-AAc copolymer gels lose temperature sensitivity with introduction
of a few mole percent of AAc. Additionally, the deswelling rates of NIPAAm—-AAc
gels decrease with increasing AAc content. It is found that the kinetics of swelling
of the hydrogels decreases with increasing AAm and MBAAm concentration in the
gel matrix (Yildiz et al., 2002).

The HEMA-co-sodium acrylate hydrogels may exhibit an overshooting phe-
nomenon in the kinetics of swelling behaviour at higher HEMA content and lower
temperature (Lee and Lin, 2001), where the phenomenon that the water uptake of
the gel increases over the equilibrium value is called “overshooting”. On the other
hand, the presence of impenetrable polymer molecules may lead to the increase of
the path length for diffusion, a phenomenon called the obstruction effect.

Usually the hydrogel structure changes with the composition. In the study of
water permeability in agarose—dextran gels, it is found that the dextran covalently
linked to agarose by electron beam irradiation causes very significant reduction in
the Darcy permeability, by as much as the order of magnitude (White and Deen,
2002). Modelling and simulation indicate that, at high agarose concentration, the
dextran chains behave as fine fibres interspersed among coarse agarose fibrils,
whereas the dextran molecules at low concentrations begin to resemble spherical
obstacles embedded in agarose gels.

Salt

Basically salts have significant influences on the kinetics of volume variation of
the hydrogels due to the change in the interactions of polymer—polymer, polymer—
water, polymer—ion, water—ion and so on. It is observed that the bending speed of
the PVA/chitosan IPN hydrogels increases with the increase of the applied voltage
and the concentration of aqueous NaCl solution (Kim et al., 2002). However, the
time required to reach the equilibrium bending angle depends on the mobility of the
cations, the electric field and the gel thickness but not on the salt concentration (Yao
and Krause, 2003).

In the study of the volume phase transition of poly(NIPAAm) hydrogels induced
by aqueous hydroxides and chlorides (Dhara and Chatterji, 2000), the hydrogels
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exhibit the volume phase transition at additive concentration characteristics of the
anion. It is presumed that the bubble formation observed during the anion induced
by the deswelling of initially equilibrium swollen gels is the spontaneous separa-
tion of the partially collapsed gel into polymer-rich and solvent-rich domains. The
permeability of the bubble wall and its stability may be osmotically driven.

Crosslink Density

The crosslink density directly affects the mechanical deformation of the hydrogels.
It is easily understood that the hydrogels with higher crosslink density can have
the larger resistance to the deformation during volume variation. The poly(aldehyde
guluronate) hydrogels with higher crosslink density show very retarded degradation
behaviour (Lee et al., 2000). The rate of hydrogen ion formation is significantly
reduced when the crosslinking ratio increases in the gels (Podual et al., 2005).
The response rate to the change in external temperature may be improved during
the shrinking process and the oscillating shrinking—swelling cycles (Zhang et al.,
2003). The interior network structure of the hydrogels becomes more porous with
the decrease of the crosslinking level, which provides numerous water channels
for the diffusion of water, while the water content decreases with increasing the
level of crosslinking at room temperature. It is observed that the increase of N,N’-
methylene bisacrylamide (MBA) concentration enhances the non-Fickian nature of
the swelling process, which might be attributed to the slower relaxation of network
chains (Bajpai and Shrivastava, 2002b). However, at higher concentration of ethy-
lene glycol dimethacrylate (EGDMA), the equilibrium swelling is attained faster
(Bajpai and Shrivastava, 2002a).

Diffusion Coefficient

Probably the diffusion coefficient has the most important effect on the charac-
teristics of the kinetics of volume variation of the hydrogels. Previous studies
utilize the concentration-dependent diffusion coefficient or time-dependent diffu-
sion coefficient or time- and memory-dependent diffusion coefficient. The time-
or position-dependent diffusion coefficients are also used to account for the shape
change in solvent diffusivity across the swelling front between glassy and rubbery
regions in the polymer.

The diffusion of water into the polymer matrix may be influenced by the copoly-
mer composition and microstructure that are the features determined by the kinetics
of the polymerization of the co-monomers, the polarity of the polymer segment,
the glass transition temperature of the polymer, the flexibility of the polymer net-
work, the crosslink density and inter-chain interaction, the molecular weight of the
polymer, the degree of chain branching and the presence of bulky co-monomer pen-
dent groups. For example, the diffusion coefficient may be controlled by addition
of the non-polar monomers to the polar HEMA monomer. With increasing the pro-
portion of n-butyl methacrylate or cyclohexyl methacrylate in the copolymers with
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HEMA, the diffusion coefficients decrease, reflecting the influence of the composi-
tional microstructure of the copolymers on the diffusion of water into the cylinders
(Hill et al., 2000).

The thermal effect dominates at high temperature and the influence of water
content is significant at low temperature. The temperature may affect the trans-
port mechanism of swelling of the gels. For example, the diffusion coefficient of
the NIPAAm and 1-vinyl-3-(3-sulfopropyl) imidazolium betaine copolymeric gels
increases with increasing temperature (Lee and Yeh, 2000). The diffusion coeffi-
cients of IPN hydrogels increase with increasing temperature and decrease with
increasing the content of poly(propylene glycol) (PPG) (Kim et al., 2003).

The diffusion coefficients of water may be concentration dependent. Based on
the free volume theory, the relation for the effective water diffusion coefficient Degt
with the water concentration cy, is written as follows:

Defr = Do exp [—bi <1 S )} (1.56)

Cw,eq

where Dy is the limited water diffusion coefficient in the equilibrium swollen
hydrogel and cyeq is the water concentration in the equilibrium swollen hydrogel.

Based on the free volume theory suitable for rubbery polymers and considering
the plasticization effect induced by the penetrant, a modified free volume model is
proposed to predict the diffusion coefficients of small molecule solvent in glassy
polymers (Wang et al., 2000). The solvent self-diffusion coefficient at temperature
T is expressed as follows:

E y(wiVFE +wéVy
Dself = Dex €Xp (_ﬁ> exp (_ IVFH 2 (1.57)

The solvent is denoted as component 1 and the polymer as component 2. w; is
the mass fraction of component i and V;* represents the specific critical hole-free
volume of the component i required for a diffusion jump. Dex is a pre-exponential
factor, E is the critical energy that a molecule must possess to overcome the attrac-
tive force holding it to its neighbours and vy is an overlap factor that is introduced
because the same free volume may be obtained for more than one molecule. € is
the ratio of the molar volume of the jumping unit of the solvent to that of the poly-
mer. Vgy is the average hole-free volume, which is estimated by addition of those
for solvent and polymer with the assumption that all volumes associated with the
solvent and polymer are additive at any concentration and temperature (Vrentas and
Vrentas, 1994).

The mutual diffusion coefficient Dy, for a solvent—polymer system may be
calculated by

D = Do(1 — vi)*(1 — 2xv1) (1.58)
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where vy denotes the volume fraction of solvent in the solvent—polymer system
and x is the polymer—solvent interaction parameter, which is closely associated
with the thermodynamics of polymer solution. The mutual diffusion coefficients
with the polymer—solvent interaction parameter x can be estimated by the group-
contribution lattice fluid model (Lee and Danner, 1996).

The influence of moving phase boundary associated with the polymer swelling
and diffusion-induced convection is considered to simulate the unsteady-state
processes of water sorption by polymer (Alsoy and Duda, 2002). The effective
diffusivity Degr is defined as

072
Vs

Dest =Do | (1 —w1)—= (1.59)
1%

where w; is the mass fraction of the solvent, V is the partial specific volume of

the mixture, ‘72 is the initial partial specific volume of the polymer. In the above
formulation, the effective diffusivity results from the moving boundary, the convec-
tive flows induced by diffusion, as well as the conventional, mutual binary diffusion
coefficient. The studies show that, for most polymer—solvent systems, the influence
of the diffusion-induced convection associated with the volume change in mixing
may be neglected in analysis of sorption process.

Free volume theories analyse the solute transport in terms of the free-volume-
based topological analysis that incorporates the mesh size or correlation length of
the three-dimensional structure.

There is a significant dependence of the diffusion coefficients on the water con-
centration, which increases with increasing the water activity (Pradas et al., 2001).
Diffusion of water in a polymer gel generally decreases with decreasing the degree
of swelling. A small amount of water in the dry gel may be regarded as plasticizer
and thus enhances the chain relaxation or relatively depresses the water penetra-
tion. By the pulsed field gradient NMR method, the water self-diffusion coefficient
is measured for a set of nine commercially available contact lens hydrogels, where
water content itself is the predominant factor in determining the water diffusion
coefficient by an exponential decay using the specific binding model (McConville
and Pope, 2000). No significant dependence of the mobility is found on polymer
composition, which could not be related to equilibrium water content (McConville
and Pope, 2001). The average mobility of the water in the hydrogels is largely
dependent on the water content in the gel and increases with increasing the water
content towards that of free water in phosphate buffered saline.

From the long-time shrinking data of the DHPMA hydrogel, it is known that, as
freezing water desorbs linearly with the square root of time, departure from linear-
ity coincides with non-freezing water desorption (Gates et al., 2003). Additionally,
Dett/Dyg = (1 — xpw) & is proposed (Manetti et al., 2002), in which the term &
is the obstructive coefficient of the polymer material, xpy, is the fraction of water
molecules bound to the polymer network.
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Based on the Monte Carlo calculation, the following relation is obtained for
the reduced diffusivities as a function of PVA volume fraction gpya (Fergg and
Keil, 2001):

Dest o 0.154 — 0.18¢pya
Dy 0.1562

(I — ¢pva) (1.60)

By taking into account the variation of thickness due to swelling or shrinking and
assuming a concentration-dependent diffusion coefficient, a model is developed as
follows (Vicente and Gottifredi, 2000):

- Canl®)
Mo = [1 TR - CAv(r))} (oD

This model predicts the anomalous behaviour by taking into account the simul-
taneous polymer shrinking with Fickian diffusion. It is unnecessary to assume
the presence of relaxation phenomena to explain the observed sigmoidal effect of
volume change due to the uptake.

1.2.3 A Theoretical Formalism for Diffusion Coupled
with Large Deformation of Hydrogel

Apart from the above models discussed, a significant theoretical contribution to
the modelling of polymer hydrogel has to be mentioned here. Recently Suo and
his group developed a theoretical formalism for modelling of mass transport of
small molecular species in three-dimensional polymeric network coupled with large
deformation of the hydrogel (Hong et al., 2008), where there are two modes of
large deformations. The first results from the fast process of local rearrangement of
small molecules, allowing the change in shape but not volume of the hydrogel. The
second results from slow process of long-range migration of the molecules, allow-
ing the change in both shape and volume of the hydrogel. The present formalism
is based on a nonequilibrium thermodynamic theory, where the network hydrogel
swells as the small molecules mix with long polymeric chains so that the config-
urational entropy of the mixture increases while the configurational entropy of the
network decreases. When the changes of the two entropies balance each other, the
system of the hydrogel and solvent reaches equilibrium.

In the theoretical formalism, a three-dimensional inhomogeneous field is charac-
terized by the concentration of small molecular species C(X,t), deformation gradient
Fix and free energy function W(F,C) as follows:

axi(X,1)

Fix = 3 WEF,C) = Wy(F) + W,(C) (1.62)
Xk
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where X is the coordinate in reference state where the dry gel is not subjected to any
mechanical load. In current state at time 7, the marker X moves to a position with
coordinate x(X, t). Wy(F) is the free energy due to network stretching and W,,,(C) the
free energy due to mixing of solvent and polymers.

If a nominal stress s;x(X,?) is defined as

/SiKﬁdV= /Biéidv+/Ti§idA (1.63)
00Xk

one can have the equilibrium condition of the system as

/8WdV=/BinidV—l—/TiszidA—i—/WSCdV (1.64)

It leads to the equivalent equilibrium conditions as follows:

aW(F,C) IWF,C) sk
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The theoretical formalism is based on the three assumptions as follows: (1) the
volumetric change due to physical association is neglected; (2) the gel has no voids
and (3) the individual solvent molecule and polymer are incompressible as

1 + vC = det(F) (1.66)

where v is the volume per solvent molecule and vC is the volume of the small
molecules in the hydrogel divided by the volume of the dry polymers.

The above molecular incompressibility condition (1.66) can be enforced as a
constraint by introducing a Lagrange multiplier [ [(X,7), namely

W = W(F,C) + I[1 + vC — det (F)] (1.67)
Then one can have the equations of state as

IW(F,C AW(F,C
sig = WEO oy edet@y = 2VEO L py, (1.68)
9Fik aC

and the true stress as

_AWEO) Fi

= _ 18 1.69
1T TFk  det(F) i (1.69)

where IT can be interpreted as the osmotic pressure that increases the chemical
potential of the solvent entering the hydrogel.

This theoretical formalism represents a significant progression. It opens a general
form of formulas for the free energy function W(F,C) and kinetic law, both being
material specific, such that it is applicable for modelling of solvent diffusion coupled
with large deformation of various polymeric hydrogels.
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1.2.4 Remarks

In terms of the steady-sate modelling for simulation of the equilibrium of smart
hydrogels, three macroscopic models and a microscopic molecular simulation are
overviewed for description of equilibrium behaviours of the volume transition of
the hydrogel. The thermodynamic models establish the relationship between the
hydrogel structure and the overall behaviours of the volume transition in terms of
the free energy change, the chemical potential or the related osmotic pressure. They
provide a simple and qualitative approach for prediction of equilibrium of the vol-
ume transition of various hydrogels. The transport models account for the osmotic
pressure, the electrical potential, the hydrogel stress, and thus the hydrogel vol-
ume transition by the mobile ion diffusive flux. They characterize both kinetics and
equilibrium of volume transition behaviours of the hydrogels by diffusion equa-
tions with incorporation of different osmotic pressure expressions. The multiphase
mixture model predicts the kinetics and equilibrium of the volume transition of the
hydrogels by considering the frictional forces among three phases. The molecular
simulation gives further understanding of the mechanisms of the volume transi-
tion of the hydrogels by simulating various interactions involved in the volume
transition process of the hydrogels. However, its intensive computational require-
ment restricts its application to the hydrogels with small structure. Furthermore,
several key parameters for model development are summarized and reviewed. It
is suggested that additional chemical and structural complexities must be consid-
ered to integrate these key parameters. The volume transition of the hydrogels
can be predicted accurately with more detailed approaches. In terms of the tran-
sient modelling for simulation of the kinetics of smart hydrogels, three models
are examined to investigate the kinetics of the volume variation of fast response
hydrogels. The phenomenal model based on the second order of reaction kinetics
provides a simple approach for experimental data correlation. The power law model
suggests a method to investigate the kinetic mechanisms. The multi-component
diffusion model successfully incorporates the mechanical deformation and ion
transport in the hydrogels to explain the kinetics of the volume variation of the
hydrogels.

In brief, the present survey of the developed models for investigation of volume
variation of the smart hydrogels gives an outline of historical development of mod-
elling smart hydrogels and provides a useful guide for further development of better
mathematical models for simulation of the novel smart hydrogels subject to various
environmental biostimuli.

1.3 About This Monograph

This monograph provides a comprehensive and systematic study of mathemati-
cal model development and numerical simulation of the smart polymer hydrogels
in BIoMEMS environment, and it is based on the author’s works conducted over
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the past years. Several basic assumptions throughout this monograph are made as
follows:

e the hydrogel has no voids;

o all the three phases (polymeric network matrix, interstitial fluid and ionic species)
are incompressible, and thus it is understood that the swelling/deswelling of the
hydrogels results mainly from the variation of volume fraction of the fluid phase
by absorbing/exuding the fluid;

e the hydrogel is immersed in an unstirred solution in vibration-free experimental
device, the bulk flow of fluid or hydrodynamic velocity can thus be eliminated
and subsequently the convective flux is neglected; and

e the pore of the hydrogel is narrow enough so that the diffusion dominates the
transmission of flux.

The monograph is divided into seven chapters and each chapter is further divided
into sections to better organize the materials. Chapter 1 briefly introduces the def-
inition and applications of the smart polymer hydrogels and provides a historical
background of model development of the polymer hydrogels.

Chapter 2 presents the model development and systematic parametric studies
for the smart hydrogels in response to the change in pH of surrounding solu-
tion. After stating the basic considerations and hypotheses, a novel mathematical
model, termed the multi-effect-coupling pH stimulus (MECpH) model, is developed
for simulation of the pH stimulus-responsive hydrogels. Numerical simulations
are carried out for analysis of influences of various hydrogel material properties
and environmental conditions on the responsive performance of the pH-sensitive
hydrogels in equilibrium state.

In Chap. 3, a novel multiphysics model is developed for modelling and simula-
tion of the smart hydrogels responsive to externally applied electric field, which is
called the multi-effect-coupling electric stimulus (MECe) model. After imposing the
boundary and initial conditions and numerically discretizing the nonlinear coupled
partial differential governing equations, the model is validated well by comparison
with experimental data extracted from published literature. Both the steady-state
and transient simulations are conducted for analysis of the equilibrium and kinetics
of the electric stimulus-responsive hydrogels. Correspondingly, parametric studies
are done for further discussion of the electric-sensitive hydrogels in equilibrium and
kinetics, respectively.

It is well known that many pH-sensitive hydrogels are often able to be responsive
to externally applied electric voltage simultaneously. In Chap. 4, the multi-effect-
coupling pH-electric stimuli (MECpHe) model is presented for simulation of the
smart hydrogels responding to the pH-electric coupled stimuli, when the hydrogels
are immersed in pH buffer solution subject to externally applied electric voltage.
Several case studies are made for understanding the influences of important material
properties and environmental conditions on the responsive behaviour of the smart
hydrogels to the pH-electric coupled stimuli.



References 47

Chapter 5 focuses on the model development and numerical simulation of the
smart hydrogels responding to environmental temperature. A novel multiphysics
model is developed mathematically, consisting of nonlinear partial differential equa-
tions coupled with a transcendental equation, termed the multi-effect-coupling
thermal stimulus (MECtherm) model. This is a steady-state model and the for-
mulation is based on the thermodynamics equilibrium theory. After the numerical
discretization and examination of the model for the temperature-sensitive hydro-
gels, the detailed parametric studies are conducted for several important material
properties and environmental conditions. In addition, a transient model is presented
for kinetics of the thermal stimulus-responsive neutral hydrogels and corresponding
simulations are done for prediction of kinetics of the smart hydrogels.

Chapter 6 briefs the author’s latest works on the development of two novel mod-
els for simulation of the smart hydrogels responsive to the glucose concentration
and ionic strength of surrounding solutions, respectively.

In Chap. 7, a transient modelling is presented for simulation of the controlled
drug release from a non-swellable micro-hydrogel particle as delivery carrier. The
mathematical model directly couples the drug dissolution with drug diffusion as two
driving source forces for controlled drug release. The drugs diffuse and dissolute
through the continuous matrix of the micro-hydrogel particle. Computational result
is compared numerically with published experiment data and very good agreement
is achieved. It is followed by numerical simulations for wide-range parametric stud-
ies of various environmental conditions and the properties of the micro-hydrogel
particle delivery systems.
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Chapter 2
Multi-Effect-Coupling pH-Stimulus (MECpH)
Model for pH-Sensitive Hydrogel

2.1 Introduction

In general, the degree of swelling/shrinking of a smart hydrogel is dependent upon
many effects, such as the ionizable group and polymeric network structure of the
hydrogel and the characteristics of environmental solutions including the com-
position, pH and temperature, in which there are different interactions between
mechanical, chemical and electrical fields.

In this chapter, a multiphysics model is developed for simulation of the
swelling/deswelling behaviour of the hydrogel responsive to surrounding pH when
the hydrogel is immersed in the buffered solution, called the multi-effect-coupling
pH- stimulus (MECpH) model. The model is based on Poisson—Nernst—Planck
(PNP) formulation and derived in combination with the species diffusion, pendent
ionizable group dissociation reaction and electric potential effect for the distributive
profiles of ionic concentrations and electric potential within both the hydrogel and
bathing solution domains in response to the change in pH of surrounding solution.
The PNP equations are coupled with nonlinear mechanical equilibrium govern-
ing equation for analysis of large deformation of the pH-sensitive hydrogel. The
MECpH model is validated by comparison between the simulation results and pub-
lished experiment data available in the literature. It is followed by comprehensive
parameter studies for the influences of hydrogel material properties and environ-
mental solutions on the responsive performance of the pH-sensitive hydrogel when
placed in the buffered solution.

2.2 Development of the MECpH Model

Extensive search of literature reveals that most of the theoretical models are either
oversimplified to limit applicability or too complex to account flexibly for signifi-
cant parameters requested by experiments. Therefore, the objective of this section
is to formulate a theoretical model with clear fundamental, very robustness and
possible extension for a wide range of applications. This is a multiphysics model
and termed the multi-effect-coupling pH-stimulus (MECpH) model. It is developed
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mathematically to simulate the behaviour of the pH-sensitive hydrogels in response
to infinitesimal changes in environmental conditions.

Basically the Nernst—Planck flux system is employed to describe the mechanism
of transports of diffusive species in a membrane. It is known that the Nernst—Planck
system is insufficient as it only includes the effects of the gradients of species con-
centration and electrical potential. Over the past decades, many researchers chose
the computational models simplified by assuming the electroneutrality condition
or constant field. These are the two widely used assumptions and also the two
limited cases of certain dimensionless parameters associated with the ratio of the
Debye length to membrane thickness. Therefore, the Nernst—Planck system is not
sufficiently accurate for some electrolytic solutions, especially for the presently con-
sidered hydrogels with fixed charge groups, which are often used for description
of biological systems like thin membranes. A more rigorous model is necessar-
ily developed to include the variation of the electric potential based on the spatial
distribution of the electric charges, where the relationship between the electrical
potential and the various ionic fluxes is required by coupling with the Poisson equa-
tion, which forms the PNP system. According to this system, the drift of an ionic
species strongly influences those of all other ions dissolved in the electrolytic solu-
tions. Further, the model couples the mechanical equilibrium equation by a finite
deformation formulation with the PNP equations to simulate the large deformation
of hydrogels.

One of the important contributions in development of the MECpH model is to
incorporate a relation between the diffusive hydrogen ions and the fixed charge
attached onto the polymeric chain network of the hydrogels, which is based on the
Langmuir adsorption isotherm with consideration of the hydrogen ion bound by the
fixed charge groups.

The MECpH model simulating the pH-responsive hydrogels is able to provide
the concentration profiles of all diffusive ionic species, the electric potential distri-
bution in both the hydrogel and bathing solution domains as well as the mechanical
deformation of the hydrogels swollen in the surrounding solutions with various
environmental conditions.

2.2.1 Electrochemical Formulation

As well known, there are several possible approaches to simulating the ion perme-
ation at atomistic level, including all-atom molecular dynamics, Brownian dynamics
and Monte Carlo simulations. However, the continuum formulations are still very
valuable for highlighting fundamental principles in a particularly clear fashion, even
though they often overlook the fine details of atomic-level reality that becomes
significant at microscopic level. Further, when we deal with millions of ions
interacting each other and with polymeric chains, it is much more practical in a
sense to investigate the ion transport within the hydrogel in a continuum man-
ner. In particular, the macroscopic continuum electrostatic simulation is based
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on the capability of choosing infinitesimal element volume of interest but large
enough to cover sufficient number of charge groups, such that meaningful volume
charge density can be characterized in a continuous sense and thus it can illus-
trate fundamental principles in a comprehensible way (Woodson and Melcher, 1968;
Grodzinsky, 1974).

For the continuum theories developed for electrodiffusion modelling, Poisson—
Nernst—Planck (PNP) equation has been applied successfully for describing
the ion transportation phenomena in the polyelectrolyte gel (Gulch et al.,
2000; Wallmersperger et al., 2001), the ion exchange or biological membrane
(Helfferich, 1962; Carnay and Tasaki, 1971; Sjodin, 1971; Rubinstein, 1990),
the biological ion channel (Kurnikova et al., 1999; Syganow and von Kitzin,
1999; Gillespie and Eisenberg, 2001, 2002; Roux et al., 2004), semiconductor
(Selberherr, 1984), soil or clay (Samson et al., 1999; Samson and Marchand,
1999) and other porous media (MacGillivray, 1968; MacGillivray and Hare, 1969;
Kato, 1995).

In the PNP system, the electric field is calculated self-consistently by the average
ionic charge density. The ion—ion interactions are thus incorporated approximately
at a mean field level (Eisenberg, 1999), namely it is the possible best way to find
out the chemical properties of porous media by making them as small as possible
for further understanding with mean electrostatic field. If the phenomena observed
cannot be described well by the mean field, we then turn to chemically specific
explanations for seeking out appropriate tools, for example, Langevin or molecular
dynamics. This strategy will be followed up in the following sections for analysis of
electrodiffusion within the hydrogel.

2.2.1.1 Ionic Flux

Hydrogel is generally composed of crosslinked polymer network matrix binding the
fixed charge groups, where there exist mobile co-ions and counterions surrounding
the mesh network within the interstitial fluid. The flow of fluxes rises generally
due to the gradients of ionic concentration, electrical potential, chemical poten-
tial or pressure. As well known, the Nernst—Planck equation can characterize the
ionic fluxes in the hydrogel in terms of the gradients of the ionic concentration,
electrical potential and pressure. By the law of mass conservation, the ionic fluxes
and species concentrations can be formulated in the form of macroscopic contin-
uum. Therefore, the Nernst—Planck equations for ion transportation phenomena in
the system can be written as follows for the flux of ionic species k (Teorell, 1953;
Dresner, 1972):

Ji = —[[Drligrad(ck) + Furzrcrgrad(y) + [Dylickgrad(1n yi)] + ¢ U;
= —[Diilgrad(c) + grzcrgrad(y) + cigrad(In o)l + c;U; @2.1)
(k = 13233,---,Nion)
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where J; (mM/s) is the flux of the kth species and Njo, is the number of total
species in the system. Dy (m?/s) is the diffusivity tensor of the kth species, i is
the direction of flux flow. ¢, (mM) and z; are the concentration and valence num-
ber of the kth diffusive ionic species, respectively. pr (m.mol/s) is the mobility
of the kth ion species, ¢ (V) is the electrostatic potential, yj is the chemical
activity coefficient of the kth species and U; (m/s) is the fluid velocity relative to
the polymer matrix network. £ R and T are the Faraday’s constant (9.6487x10%
C/mol), universal gas constant (8.314J/mol-K) and absolute temperature (K),
respectively.

The first term on the right-hand side of Eq. (2.1) represents the diffusive flux
due to the gradient of concentration in the domain. This term is identical with the
Fick’s first law of diffusion equation. The spatial distribution of concentration cx(x)
could be a linearly continuous gradient or becomes more complicated with irregular
concentration pattern (Katchalsky and Curran, 1965).

The second term represents the migration flux arising from the gradient of the
electrical potential. It is applicable when electrostatic force exists with or without
the externally applied electric voltage. The electric potential could vary linearly
across the domain that is so-called constant field condition. The distribution of the
electric potential could also be governed by the Poisson equation. Therefore, the
profiles of species concentration are influenced by the bulk concentration and the
distributive electric field (Helfferich, 1962).

The third term is associated with the chemical activity coefficient of ion species
in non-ideal electrolyte solution. There are several semi-empirical formulae devel-
oped for computing the chemical activity coefficient. However, the Debye—Huckel
model may be one of the most popular mathematical descriptions to determine the
activity coefficient. In addition, it should be noted that the rate of the ionic dif-
fusion is much faster than the kinetics of chemical activity if an external electric
field is applied. Therefore, the contribution of the chemical activity coefficient is
very small relatively and thus negligible. More studies of the effect of the chem-
ical activity coefficient can be found (Bockris and Reddy-Amulya, 1998; Samson
et al., 1999).

The fourth term refers to the convective flux resulting from the fluid velocity
due to the electro-osmosis solvent flow. The convection flux is described rela-
tively to some reference velocities, which may be the average velocities of mass,
molar, volume or solvent (Cussler, 1997). However, in the present analysis for the
case of an unstirred solution in vibration-free experimental device, this term can
be neglected for simplicity because the bulk fluid flow or hydrodynamic velocity
vanishes and subsequently the convective flux becomes negligible (Marchiano and
Arvia, 1983).

According to the law of mass conservation, the change in the amount of the
kth species contained in the volume with respect to time ¢ is characterized by the
difference between the fluxes entering and leaving the reference volume (Yeager
etal., 1983). Therefore, the continuity equation of the kth diffusive species is derived
as follows:
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0% | divay =0

— +div(Jy) =

Y, k

or

ac .

a—tk +div{—[[Drligrad(cy) +Furzrcrgrad(y) +[Dylickgrad(In y)l+c Ui} = 0

or

ack

F
= + diV{ - [Dk]i[grad(ck) + R—TZkagl'ad(ED) + crgrad(In J/k)] + CkUi} =0

(k=12,3,...,Nion)
2.2)
The above equation, often known as the Nernst—Planck equation, involves the
unknown mobility x which can be determined by the Nernst—Einstein relationship
as follows:

Dy,

= 2T (2.3)

Mk
Usually the diffusion coefficient of solute in hydrogels is dependent on many
effects, including the size of the solute molecule relative to the structure and pore
size of the polymeric gel, the polymer chain mobility and the water content. Peppeas
et al. (2000) have put these effects into a general form as follows:

D _ 2.4
D_() _f(rk’(pS’E) ( . )

where Dy is the effective diffusion coefficient and Dy is the corresponding diffusion
coefficient of solute in pure solvent. ry is the radius of the diffusive molecule, @; is
the volume fraction of polymer network in the hydrogel and £ is network mesh size.
The reviews of various theoretical models were made by Muhr and Blanshard (1982)
and Amsden (1998). However, it is also shown from experimentally measured data
that the diffusion coefficient is almost constant with swelling of the hydrogel but it
is time dependent (Gehrke and Cussler, 1989).

2.2.1.2 Electrical Potential

For the distributive pattern of electrical potential, there are a few possible ways
to describe its distribution, such as the electroneutrality or null current assumption
(Hwang, and Helfferich, 1987; Doi et al., 1992; Samson and Marchand, 1999) or the
constant field assumption (Malmivuo and Plonsey, 1995; Gillespie and Eisenberg,
2002). However, the Poisson equation is a more rigorous formulation (Helfferich,
1962; MacGillivray, 1968; MacGillivray and Hare, 1969). Each of them will be eval-
uated, and it will be shown that the constant field and electroneutrality assumptions
are indeed the two limited cases of the Poisson equation.
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Constant Field

The assumption of constant field in fact implies that the electric potential varies
linearly across the system. In other words, the gradient of electric potential in
the hydrogel is constant. This assumption was introduced first for analysis of ion
transport through biological membrane (Goldman, 1943; Hodgkin and Katz, 1949),
where the membrane is assumed to be uniform, planar and infinite in its lateral
extent. Hence, the potential field ¢ and ionic concentration ¢ within the membrane
are functions of x only. One can thus have

=0 (2.5)

If the membrane has a thickness of &

dy v -—vy©O _V

m
= — 2.
dx h h 26)

where V,, is the transmembrane voltage.

Constant Current

Following the assumptions of the electroneutrality conserved everywhere and the
global flow of all ions across the boundary yielding null current, the additional
conditions to support the Nernst—Planck flux equation (2.2) are summarized as
follows:

Electroneutrality in the interior hydrogel:

Z zkck + zpcp =0 2.7
X

Electroneutrality in the exterior bathing solution:
D aa =0 (2.8)
k

Null current:

ZZka =0 (2.9
k

where ¢ is the concentration of the kth ion species either inside or surrounding the
hydrogel. ¢y is the density of the fixed charge group within the hydrogel.
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Poisson Equation

The Poisson equation is a more rigorous approach to characterize the spatial distri-
bution of the electric potential in the domain. In the studies of membrane immersed
in physiological electrolytic environment, it is commonly accepted that the electric
field near or in the membrane is of primary importance and the magnetic and elec-
tromagnetic phenomena inherently play a second role (Goldman, 1971). Therefore,
the formulation can be limited to the case of an electrostatic field for deriving the
Poisson equation (Panofsky and Phillips, 1964). The basic equations describing the
electrostatic field are given as follows:

V x Ey =0 (2.10)

V.E, =" 2.11)
€0

E = -V (2.12)

where E,; is the macroscopic average electric field acting on the charges within
the medium, v is the electric potential, p,; (Clem?) is the charge density in an
average volume and €( the vacuum permittivity of free space or dielectric constant
(8.85418 x 10~ '2C2/Nm?). The above three equations are termed Maxwell’s equa-
tions and Eq. (2.12) results from Eq. (2.11), which means that the electrostatic field
is irrotational (Panofsky and Phillips, 1964).

Let us define the divergence of tensor E,; in terms of a scalar potential i as
follows:

V-Ey=V-(—Vy)=-Vy (2.13)
By Maxwell’s equation (2.11), Gauss’s law proves

V2y = —‘8’—;’ (2.14)

Equation (2.14) is known as the Poisson equation. If the condition of zero charge,
pel = 0, is imposed, the Poisson equation is reduced to Laplace equation as follows:

V2 =0 (2.15)

Equation (2.15) is equivalent to Eq. (2.5), which results from the constant field
assumption.
From Maxwell’s equation (2.10)

VXEs=Vx(—Vy)=0 (2.16)

The curl law of Eq. (2.10) makes sure that E,; could be represented by the gra-
dient of a scalar. Hence, V x E,; = 0 permits E,;; = —V; in return, E,; = -V
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guarantees V x E,; = 0. In addition, it is known that ¢ can be determined just by
a differential equation, i.e. Poisson equation, because i is a scalar. However, the
determination of tensor E,; requires the presence of both the divergence and curl
conditions.

In fact, the source of electric field is often separated into two types, the truly free
charge p.; and the polarization or bound charge pp, because of the material medium.
Therefore, the Poisson equation (2.14) becomes

(2.17)

Vi = —V.E, = — (M)

€0

Further, it is more convenient to express pp in terms of the divergence of the

polarization P,;:
P
—V~<Ee,+—el> S (2.18)
0] €0

Therefore, we can define the electric displacement D, (C/m?) as
D, = goEe; + Py (2.19)
and subsequently Gauss’s law in terms of D,; is given as
V D, = pe (2.20)

For the medium with linear dielectrics, the polarization is P,; = g9(e — 1)E¢; and
Eq. (2.19) becomes

D, = egoE,; (2.21)

where ¢ is the relative dielectric constant of the surrounding medium. After
rearrangement, the general Poisson equation is obtained as

Pel
€80

V3 =— (2.22)

The truly free charge p,; is a function of all ionic concentrations in solution and
it is calculated by

pet = F (Z ZxCr + Zfo) (2.23)

k

Therefore, the Poisson equation can be finally written in the following form to
characterize the spatial distribution of the electric potential in domain:

£€0

Vi = £ (Z Zwck + zfcf> (2.24)
k
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The Poisson equation embodies a mean field of electric potential v, which
approximates the interactions of ion—ion and ion with the fixed charge. It is noted
that v is generally the sum of the externally applied potential and diffusion poten-
tial. This is a mean field potential, instead of instantaneous potential, and it serves as
the mean electrical driving force on the ions, about which the instantaneous potential
fluctuates (Cooper et al., 1985). It is observed that the constant field and electroneu-
trality assumptions are in fact the special cases of the Poisson equation. The constant
field assumption is valid for low ionic concentrations, while the electroneutrality
with null current assumption is applicable only if the ionic concentrations are high
(MacGillivray, 1968; MacGillivray and Hare, 1969).

If one needs to add the screening condition at microscopic level, the Poisson
equation (2.22) can be extended conveniently to Poisson—Boltzmann equation,
which is a mean field approximation approach including the electrostatic system
through the Poisson equation and the effect of entropy, because of the mobility of
the counterions through the Boltzmann distribution of statistical mechanics. Then,
if p(X) = phxed(X) + Pmobile(X) is the charge density as the function of coordinate
position, the Poisson equation becomes

_ Pfixed(X) + Pmobile(X)
e€o

Vi = (2.25)

According to the statistical mechanics, if only an ion species with charge ¢
is mobile, the relative probability of finding an ion at position x is given by the
Boltzmann expression, exp ( — gy(x)/kpT), where kp is Boltzmann’s constant
(1.3807x 10723J/K) and T is the absolute temperature. The profile of charge density
is then expressed by

Pmobile(X) = gco exp (— gy (x)/kpT) (2.26)

where ¢ is the ion density for the ions per volume at a point where the electrostatic
potential vanishes. The Poisson equation (2.22) is thus extended into the Poisson—
Boltzmann equation as follows:

V29 (x) = —prixed(X)/e — gco exp ( — qyr(x)/kpT)/e (2.27)

One of the drawbacks of the Poisson—-Boltzmann model is that, at short distance,
e.g. within a few tenths of a nanometre from the membrane surface, the approxima-
tion of continuous charge density breaks down because of the atomistic nature of
the system (Guldbrand et al., 1984; Redondo and Laser, 2004).

2.2.1.3 Fixed Charge Group

The capability of achieving large volume transition for the hydrogel is facilitated
by the weakly acidic or weakly basic groups bound onto the polymer network
chains, which is strongly dependent on the dissociation constant. The groups are
readily ionizable and sensitive to the environment pH surrounding the hydrogel
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(Katchalsky, 1949; Fragala et al., 1972; Tanaka et al., 1980; De Rossi et al., 1985).
For example, the weakly acidic carboxyl groups exist in form of R-COOH when the
hydrogen ion H concentration is higher than the dissociation constant K,,, whereas
the pendent groups are charged and become R—-COO~ if the H* concentration of
medium is lower than K,, which is characterized by

R-COOH = R-COO~ +HT (2.28)

Therefore, the hydrogen ion H* is an important controller for electrochemical
modulation of swelling of the pH-sensitive hydrogel. A relation between the fixed
charge groups and the diffusive hydrogen ions was developed according to the
Langmuir adsorption isotherm (Grimshaw et al., 1990). Based on the mechanism
of single site binding single ion, the equilibrium constant is defined as follows:

[R—-COO~][H]
Kg= oo — - (2.29)
[R—-COOH]

The density of total ionizable fixed charge groups within the dry gel is determined
by titration process per volume of solid polymer (Grimshaw, 1989) and given as

s _ moles of ionizable group  n

Cmo =

= — 2.30
volume of solid polymer  V* ( )

Since the ionic concentrations in Egs. (2.1) and (2.2) are averaged over the inter-
stitial fluid volume, we need to convert the density of total ionizable groups ¢} in
a single unit of fluid volume:
sV
vi My T H

o = (2.31)

where H is the hydration of the hydrogel and defined as the ratio of the interstitial
fluid volume V7 to the solid polymer volume V* as follows:

volume of interstitial fluid . v/

= - = — (2.32)
volume of solid polymer Vs
The reaction isotherm is described by
K, = —JHt (2.33)
Cmo — Cf

After rearrangement, the concentration of the fixed charge groups bound on the
polymer chains, c, is finally written in the following form for an anionic hydrogel:

_ Kacmo _ C;Yno K,
K, + cg+ H K, + cy+

¢ (2.34)



2.2 Development of the MECpH Model 67

The above relation between the fixed charge density and the diffusive hydrogen
ion concentration can be employed for computing the concentration of the fixed
charge groups, as a function of the concentration of total ionizable groups in the dry
gel, ¢; . and the concentration of free hydrogen ion cy+ (Siegel et al., 1991; Siegel,
1990).

For a cationic hydrogel, the fixed charge density ¢y based on the Langmuir

isotherm relation is derived as

s
Cm() CH+

H Ka +CH+

o = (2.35)
It should be noted that the fixed charge groups are bound onto the polymeric
network chain and thus become immobile. In general, the profiles of the fixed charge

groups are modified only by chemical reaction (Shibayama and Tanaka, 1993; Shiga
etal., 1992a, b).

2.2.2 Mechanical Formulation

As mentioned before, the smart hydrogels are able to absorb or exude the fluid where
they are immersed and thus swell or deswell until equilibrium is attained. At equi-
librium state, the swelling force is balanced by the elastic retractive force exerted
by crosslinked polymer solid matrix network of the hydrogel in order to maintain
the current hydration state. The total swelling force could arise from the stretch-
ing of electrostatic effect, the polymer—solvent and polymer—solute interactions and
entropic effect (Flory, 1962). However, it is known that the swelling force arising
from the entropic effect, e.g. thermal motion or solvent interactions, reaches steady
state faster than the ionic diffusion or water flow. Thus the swelling stress could be a
state function of ionic environmental condition, and the hydration and fixed charge
of the hydrogels. In this section, the mechanical equilibrium governing equations
are formulated for swelling/deswelling deformation of the charged hydrogel.

As well known, usually the pH-sensitive hydrogel undergoes large deformation
due to the effects of chemo-electro-mechanical multi-energy coupled fields, espe-
cially at higher pH level of surrounding solution. Then the difference between the
initial and deformed configurations cannot be neglected as it is done for analysis of
linear elasticity. The deformation gradient tensor F is thus defined as

Deformed Configuration
ox; a(X; i ou;
i = (l+“1)=a,j+ﬁ=1+v-u (2.36)
0x;

F = Fij = 8X¥nitial Configuration 8XJ

J

For analysis of geometrically nonlinear problems, the mechanical governing
equation of large deformation based on a total Lagrangian description is given as

V-P+b—pU=f (2.37)
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where P is the first Piola—Kirchhoff stress tensor, p is membrane density, b is body
force, f is external force, Uis acceleration and pU is inertial force. In the present
mechanical analysis, no external force is considered so that f=0, and the effects of
b and pU are neglected. Thus,

V.-P=0inQ (2.38)
u=u*inly* (2.39)
P-n=s"inTg (2.40)

where u* is the specified displacement vector on the boundary portion Iy, s* is
the surface traction vector on the boundary Iy, and n is the unit outward nor-
mal vector. u is the displacement vector from the initial configuration X to the
deformed configuration x where x= X+u. P as the first Piola—Kirchhoff stress tensor
is a kind of expatriate, living partially in the deformed configuration x and par-
tially in the reference configuration X. Usually the second Piola—Kirchhoff stress S
and the Green—Lagrangian strain E are used as the stress and strain measurements,
respectively.

As P is unmeasurable and asymmetrical, the second Piola—Kirchhoff stress tensor
S is required because S is symmetric and it is often used as the stress measurement
(Malvern, 1969). For continuous solid materials, the relation between the first Piola—
Kirchhoff stress tensor P and the second Piola—Kirchhoff stress tensor S is given as

P=SFT' (2.41)

For the present hydrogel as a porous mixture, the above relation could be
modified as follows:

P = —JF ' posmoticl + SFT (2.42)

where J = det (F) is the determinant of deformation gradient tensor F, posmotic 1S
the osmotic pressure and 7 is identity tensor. One can also have

S = C:Eor S;j = CyjuEy (2.43)

where C is the material moduli tensor and E is the Green—Lagrangian strain tensor

used as strain measurement (here the symbol (:) in A:B is the double contraction of

inner indices, namely A:B is given by A;;B;;. If A or B is symmetric, A:B= A;;B;;).
If the material is elastically isotropic

Sij = [A8ijdr + n(Sirdji + 8idji)1Ew (2.44)

Specially in one-dimensional domain

1 {_du du\> du 1 [du\?
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For isotropic elastic materials, the material moduli tensor can be written as
C=MQQI+2ul or Ciy=Ajjdu+un (Sikajl + 8i15jk) (2.46)

where A and p are the Lamé coefficients of solid phase (here the symbol ® in a®b
indicates the vector product. In indicial notation, @ ® b — a;b;. In matrix notation,
a®b — {a}{b}1). For example, in two-dimensional domain, there are two kinds of
typical problems, the plane strain and plane stress problems.

In the plane strain problem, the thickness of solids in the z-direction is very large,
compared with dimensions in the x- and y-directions. External loading is applied
uniformly along the z-axis, and the movement in the z-direction at any point is con-
strained. The strain components in z-direction (&, €z, &y;) are all zero, and there
are only three in-plane strains (&xy, &yy, £xy) to deal with. Then

1—v v 0 A+2u0 A0
E
C=m v 1—v 0 orC = A A+210
0 0 (1-2v)2 0 0 wu
(2.47)

In the plane stress problem, however, the thickness of solids in the z-direction is
very small, compared with dimensions in the x- and y-directions. As external forces
are applied only within the x—y plane and the stress components in z-direction (o,
O xz» Oy;) are all zero, there are only three in-plane stresses (0 xy, 0yy, Oxy) to deal
with. Then

1 v 0
= v o1 0 (2.48)
A=vD10 0 a-wp2

E

where the two Lamé elastic constants, A and w, are associated with the shear
modulus G, Young’s modulus E and Poisson’s ratio v as follows:

= vE du=G=—"L 2.49
S M=y e

The Green—Lagrangian strain tensor E is given by

1 1 1 [ Ou; ouj  Juy Ouy
E:E(FT~F—I)0rEij:E(F;ij—&j):E( L+ L )

ax;, T ax; T ax; ox,
(2.50)



70 2 MECpH Model for pH-Sensitive Hydrogel

For example, in two-dimensional domain

1
E=FE;= 3
duy ouy 2 oup 2 ouy dun ouy ouy dup dup
B_X1+<8_X1> +<ﬁ) X, | X, | 09X, 90X | 9X) 0X»
ouy Jun ouy oug ouy up dun Jun 2 ouj 2
X, | 0X, = X, 0X» = 9X) 0X» a_)(QJr(B_Xz)Jr(E)

(2.51)
Therefore, the momentum equilibrium equation for the hydrogel mixture can be
finally written as

V- (= JF ™ posmoticl + SFT) =0 (2.52)
For example, in two-dimensional domain
P = _JF_lposmoticI+ SF"
r dup duy 7 duj dur
X,  0Xo S11 812 X, %X
= —Posmotic _% % + | S21 S22 % %
X, X, X 00X
r dun duy
0X> 0X>
= —Posmotic _% %
0X1 0X|
s (1429 p5,0m g 8 Lo (1) B0
H X, Zax, TMax, 70" 39X,
2.53)
oup du| ou dup (
S 1+ — Sy— SH1— + S 1+ —
21 ( + 8X1)+ 223X2 218X1 + 22( + 8X2)
s (1 1) s, 2 (1 22y
11 9X, 12 X, Posmotic X,
S22 s (14 22 4 pogmoe ot
11 X, 12 X, Posmotic 9%,
- s 14 8u1 1S 3u1 n ) 3142
21 90X, 22 X, Posmotic 9X
ouy oun duy
So1—— + S 1+—) - el 1+ —
21 X, + 22( + 3X2) posmotlc( + 3X1>
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) oup ouj dun ]
— S ll1+ — Sip— — el 14+ —
5 |: ( + 3X1) + 128X2 Posmonc( + 8X2):|

+- 0 s (142 +53”+ ouz
X, 21 X 22 9x Posmotic 7o~ X,

V.P=0=

O Nsn 2 g, (1422 4 oy
3X1 11 X, 12 9X, Po%motlcaX

+ 0 s 2 s,y (14 2 o1+ 20
X, 21 X, 22 X, Posmotic X,
=0

(2.54)
Specially for one-dimensional analysis
V.-P=V.(—JF! ~I+SFT)—i - crsn(1+ %Y =0
= Posmotic =X Posmotic 11 dX =
(2.55)
that is
d du 1 (du)\? du
— | = i At2 —+ == 1+—)[=0
dX |: Posmotic + (A +2u) |:dX+ ) (dX) j| ( + dX>:|
2.56
Gt 200 d2u +3dud2 3 (du\?* d®u dposmotc _ 220
lax ™7 ax ax? x) dx2 ax

The multiphase hydrogels may behave small deformation if the pH value of
bathing solution is low. Then the linear elastic theory may provide sufficiently
accurate simulation, and thus Eq. (2.52) is simplified to (Lai et al., 1991)

V.o =V [MuEN + 2E — posmoticl] =0 (2.57)

where ¢ is the Cauchy stress tensor. posmotic 1S the osmotic pressure contributed
by the tendency of the hydrogel to absorb additional solvent, which is formulated
by the difference of the concentrations between the interior hydrogel and the exter-
nal medium (Helfferich, 1962; Katchalsky and Curran, 1965). Hence the osmotic
pressure can be calculated according to

Posmotic = RT Y (cx — &) (2.58)
k

where ¢, is the concentration of the kth ion species in external solution and ¢y the
concentration of the kth ion species within the hydrogel.
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2.3 Computational Domain, Boundary Condition
and Numerical Implementation

In this section, the appropriate electrochemical and mechanical boundary condi-
tions are specified to implement the MECpH model, which are associated with the
experimental work conducted by Beebe and his team (Beebe et al., 2000a; De et al.,
2002). In their experiment, the hydrogels were fabricated in a microchannel with
upper and lower surfaces covered with glasses so that the deformation of hydrogels
in axial direction was confined and the swelling occurs only in the radial direction.
Due to the constraints, the equilibrium swelling/shrinking of a cylindrical hydrogel
can be modelled as a one-dimensional problem along the diameter of the hydro-
gel. If the constant concentrations of surrounding bath solution and the macroscopic
homogenous properties of the hydrogel are assumed, the one-dimensional problem
can be further simplified to a symmetrical problem about the axis of the cylindri-
cal hydrogel. Because of the axisymmetry, only half of the diameter is required in
simulation, as shown in Fig. 2.1. In summary, the one-dimensional computational
domain is thus composed of three subdomains, namely the radius of the hydrogel
which represents the interior cylindrical hydrogel, the surrounding solution along
the radius direction which represents the exterior bathing medium and the bound-
ary effect domain that refers to the hydrogel-solution interface. For a system of N

Multiphase
Hydrogel .
Bathing Sclution ~ Surrounding
~ ~ I Solution .
~ ~ ~ 1 %
~ C—> o /
J Z
e ~~ v o
Hydrogel ~ ~ o~ /.
~ 7 o~ ~ ~ \
oA ~ ™ Hydrogel-Solution
Interface
Computational Domain
% =0 7 C1=Cy
ox
8c2 Cr=Cy,r
—2_0 Na’
ox
% =0 C3=C¢r
ox
o =0
ox
x=0 x=L,, /2 x=L/2

‘gel

Boundary Conditions

Fig. 2.1 Computational domain and boundary conditions for the numerical simulations, where the
shaded areas represent the cylindrical pH-responsive hydrogel
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diffusive species, the MECpH model generates the N Nernst—Planck equations (2.2)
coupled with the Poisson equation (2.24). As usual, all the simulations are subjected
to ambient temperature or stated otherwise.

Since this is an axisymmetric problem, the Neumann type of electrochemical
boundary conditions is imposed within the hydrogel for continuity and the Dirichlet
boundary conditions are applied at solution edges as prescribed by the experiment.
Furthermore, the boundary conditions for mechanical equilibrium are imposed
at the hydrogel-solution interface. These boundary conditions are illustrated in
Fig. 2.1.

It should be pointed out that the MECpH model can also be employed for
simulation of the pH and electric coupled driven hydrogel, for example, when a
hydrogel strip is immersed in pH buffered solution and centred between a pair of
electrodes and aligned in parallel with them, where a DC electric field is applied
across the domain. Then we can stimulate the degree of swelling/deswelling of
the charged hydrogels subject to the coupled stimuli of chemical pH milieu and
DC electric field. Due to the electric voltage applied across the system, the sym-
metric conditions are no longer applicable. The computational domain has to
cover whole domain of interest, from the cathode on the left region to the anode
on the right, where the boundary conditions of ionic concentrations are identi-
cal for each species in both the anode and cathode regions, i.e. ci:ckeﬁzcglght.
The electric boundary conditions are given as prescribed by the applied electric
voltage.

The MECpH model consisting of a set of nonlinear coupled electrochemical and
mechanical equations has been developed for simulation of the swelling/deswelling
equilibrium of the pH-sensitive hydrogel. Modelling of equilibrium behaviour of the
pH-responsive hydrogel requires a good understanding of the diffusion of hydro-
gen ions inside and outside the hydrogel. This requirement also takes into account
the chemical reactions of the hydrogen ions with the fixed charge groups and the
buffering effect on the diffusion of hydrogen ion. Equations (2.2) coupled with Eq.
(2.24) form a famous formulation known as Poisson—Nernst—Planck (PNP) system,
expressed by a set of nonlinear partial differential equations. The PNP theory of
continuum diffusion attempts to characterize the average ion fluxes in terms of the
gradients of concentrations and/or electric potential. Based on the difference in the
ionic concentrations and electric potential across the hydrogel, the degree of equi-
librium swelling/shrinking can be computed by the finite deformation mechanical
governing equation (2.52) or (2.57).

It is definitely impossible for the MECpH model to have any closed-form analyt-
ical solutions, which is composed of the PNP system (2.2) and (2.24) coupled with
the mechanical equation (2.52) or (2.57). We have to employ appropriate numerical
approaches for approximate solutions of the MECpH model. A strong-form mesh-
less numerical technique termed the Hermite-cloud method is thus used (Li et al.,
2003), which faces several computing challenges of the MECpH model, such as the
remeshing of computational domain due to moving boundaries at the hydrogel—-
solution interfaces and the localized high gradient over the hydrogel-solution
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interfaces. For simplification of numerical computation, a set of non-dimensional
parameters is defined as follows:

P S R TR S TR SRR S AN . A
r= Lref’u - Lref’ck T Cret”’ = Cref’w T Vet~ nRT (259)

where X, u, ¢x, cf, IZ are the dimensionless variables of coordinate, displace-
ment, diffusive ionic concentration, fixed charge density and electric potential,
respectively. Lief, cref, Wret and n are the characteristic length, concentration,
electric potential and weighted coefficient, respectively. As a result, the non-
dimensional form of the MECpH governing equations can be written to sim-
plify numerical simulation. Another reason for the non-dimensional treatment is
to overcome the difficulty of the unknown variables with different scales and
units.

Computational flowchart is illustrated in Fig. 2.2. By following the flowchart, the
fixed charge density ¢y is computed first by Eq. (2.34) or (2.35), followed by solv-
ing the Nernst—Planck equations (2.2) and Poisson equation (2.24) with a Newton
iterative technique and a relaxation approach to the self-consistent PNP system for
convergences of the mobile ionic concentrations c¢; and the electric potential .
Both the converged concentrations ¢, and potential i are in turn substituted into the
mechanical equilibrium equation (2.52) or (2.57) for determining the correspond-
ing displacement u of the hydrogel. Because of the deformation u, the fixed charge
density cy is redistributed within the hydrogel and thus this requests new computa-
tion again. This computational loop is carried out until all the independent variables
converge, including the diffusive ionic concentrations cx(k = 1,2,3,...,Njon) and the
electric potential i as well as the hydrogel displacement .

The swelling/deswelling of the pH-sensitive hydrogel in equilibrium can be pre-
dicted by the steady-state simulation based on the Nernst—Planck equations, the
Poisson equation and the mechanical equilibrium governing equation, collectively
known as MECpH model. The set of equations is amenable by numerical solution.
Nevertheless, appropriate approximations can greatly reduce the computing time
necessarily for the solution with desired accuracy.

First, the diffusion coefficients are eliminated in the steady-state simulation as
they affect the diffusing rate only but not the final equilibrium state. In other words,
the time derivative term, dck/dt, in Eq. (2.2) is removed for the steady-state sim-
ulation. This significantly reduces the computational cost when solving the system
of coupled nonlinear partial differential equations, as the computing time is saved
for transient solutions of the N continuity equations (2.2). Moreover, it is observed
in many experiments that the diffusion coefficient varies slightly with change in
the degree of swelling (Gehrke and Cussler, 1989). Second, the convection term in
the Nernst—Planck flux equations (2.2) is negligible as the fluid pressure remains
constant across the hydrogel and the fluid velocity is unchanged with swelling of
the hydrogel. This in fact assumes that the change in the concentration profiles due
to convective flow of ions is much smaller than the concentrations resulting from
the fluxes of diffusion and migration (Grimshaw, 1989). Third, it is also assumed
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that the flux due to the chemical reaction of ions is much smaller than the net dif-
fusion and migration fluxes. Therefore, the contribution of the chemical activity
coefficient to the flux becomes negligible. In addition, the chemical activity coef-
ficients of ionic species are always equal to unity in the dilute condition (Bockris



76 2 MECpH Model for pH-Sensitive Hydrogel

and Reddy-Amulya, 1998). Lastly, the properties of the hydrogel considered are
assumed to be homogeneous so that only the isotropic equilibrium swelling occurs.
Although the actual dielectric constants of ions depend on the species and applied
electric current, they are chosen equally each other for simplification. Besides that,
electrolytic process due to the externally applied electric field can be ignored by
limiting to low-range voltages in simulations.

In summary, for implementation of the MECpH model, the mechanical equilib-
rium governing equation (2.52) or (2.57) is coupled with the PNP equations (2.2)
and (2.24) and the fixed charge dissociation equation (2.34) or (2.35) through the
local hydration H. These equations complete the MECpH model. Therefore, there
are Njon Nernst—Planck equations (2.2) coupled with the Poisson equation (2.24)
for the (Njon+1) unknown variables cy,c2, . .. ,cy,¥. Apart from that, the mechan-
ical equilibrium governing equation (2.52) or (2.57) is solved for the (Njon+2)th
unknown variable, i.e. the deformation u of the hydrogel. If appropriate boundary
conditions are specified, these equations construct a complete partial differential
boundary value (PDBV) problem with (Njon+2) unknown variables. In principle,
these equations can be solved approximately for the concentrations of diffusive
species and fixed charge group, the electric potential and displacement. However,
these equations are coupled nonlinearly which complicates the computation of the
MECpH model.

2.4 Model Validation with Experiment

In order to examine the MECpH model, one-dimensional steady-state simulations
are conducted and compared with the experimental data obtained by Beebe and his
group (Beebe et al., 2000, 2002; De et al., 2002). For illustration of the single dimen-
sionality of the present problem, an insight is given into the experimental procedure.
With reference to the experimental work by Beebe et al. (2000a), the polymeriz-
able mixture, composed of acrylic acid and 2-hydroxyethyl methacrylate (HEMA)
with the photoinitiator (3 wt%) and ethylene glycol dimethacrylate (1 wt%) as the
crosslinker, was filled up in the microchannel where the experiment was carried
out. The microchannel was covered at top and bottom with two pieces of glasses.
When the mixture reached a quiescent state, it was exposed to UV light through a
circular photomask placed on the top of the microchannel. The channel was then
flushed with water to remove the unpolymerized monomers mixture. The axisym-
metric cylindrical hydrogel was formed in the microchannel and constrained from
axial displacement by the cover glasses placed on the top and bottom. Thus it is quite
reasonable to assume that the cylindrical hydrogel undergoes displacement mainly
in the radial direction. The cylindrical hydrogel with diameter of 400 pm at dry state
was placed in a bathing solution with ionic strength of 300 mM. It was observed
that the hydrogel swelled to a certain degree after submerged in the solution. The
instantaneous swelling of the hydrogel is herein referred to as initial hydration state.
The hydrogel was presumed to attain an equilibrium swelling state before it was
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Fig. 2.3 Comparison of finite and linear deformation theories

subjected to step changes in pH of the surrounding solution. The volume changes
of the hydrogel were observed and the diameter of the cylindrical hydrogel was
measured after reaching equilibrium at various environmental pH values (circu-
lar markers in Fig. 2.4). Using the Hermite-cloud meshless technique (Li et al.,
2003), the MECpH model, with the effects of chemo-electro-mechanical multi-
energy fields expressed by fully coupled nonlinear partial differential equations,
is solved numerically for simulation of the response performance of the given pH
stimulus-responsive hydrogel. The simulation domain and corresponding boundary
conditions are prescribed in Fig. 2.1.

Computations are conducted by both the finite and linear deformation theories for
comparison. As shown in Fig. 2.3, the comparison between the two theories shows
almost identical results. As the swelling of the hydrogel becomes larger, for exam-
ple, when the ionizable fixed charge concentration increases, the linear deformation
theory gives a slightly greater degree of swelling than that by the finite deformation
theory.

The square markers in Fig. 2.4 indicate the simulation results obtained, where
the solid line is plotted to assist visualization. It is apparent that they compare very
well with the experimental data qualitatively and quantitatively. As well known,
the change of environmental pH alters the degree of ionization of the fixed charge
groups and the state of equilibrium swelling concurrently. The figure demonstrates
that the hydrogel volume changes abruptly in the range from pH 4 to 7. It is also
observed that the hydrogel remains almost unchanged from the initial hydrated
state in the lower pH solution and starts to expand at about pH 4. As the pH of
bathing solution increases, the ionization of the pendent poly(HEMA) carboxylic
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Fig. 2.4 Comparison between the experimental data (Beebe et al., 2000, 2002) and computational
results by MECpH model for equilibrium swelling of the PHEMA hydrogel as function of pH

acid groups onto the backbone of the network increases, where the acid-base
equilibrium process is described by the formula (2.28).

As a result, the surplus charge within the hydrogel increases. In order to main-
tain the neutrality within the hydrogel, more mobile ions with opposite sign to
the fixed charge groups diffuse into the hydrogel. The concomitant increase of
the ionic concentrations in the interior hydrogel generates higher osmotic pressure,
which in turn causes the observable increase of swelling. As the ionization process
of the carboxylic acid group approaches the saturation state at pH 7, the further
increase of environmental pH after pH 7 does not enlarges significantly the degree
of swelling. In summary, based on the above comparison and discussion of Fig. 2.4,
it is concluded that the present MECpH model is accurate and robust to provide
the prediction of the responsive behaviour of the pH-sensitive hydrogel with large
deformation.

2.5 Parameter Studies by Steady-State Simulation
for Equilibrium of Hydrogel

As mentioned before, the pH-sensitive hydrogel is the polymer network contain-
ing pendent ionizable groups which are usually weakly acidic or weakly basic.
Tonization occurs when the environment pH changes, and then the pendent groups
become charged. The responsive performance of the crosslinked charged hydrogel
is mainly pH dependent. However, many effects also have to be considered, such as
the crosslinking density, the chemical nature of the fixed charge groups, the ionic
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strength and composition of bathing solution. They greatly affect the equilibrium
swelling of the hydrogel (Brondsted and Kopecek, 1992).

Due to the intrinsic swelling property, the pH-sensitive hydrogel is explored
for development of novel chemomechanical sensing system, which would con-
vert chemical energy directly to mechanical work, for example, chemically driven
functional actuator or sensor (Osada and Gong, 1993; Beebe et al., 2000a, b).
The pH-sensitive hydrogel has significant advantages over conventional microflu-
idic actuators owing to the capability of undergoing the abrupt volume changes in
response to surrounding environmental pH without requirement of external power
source. In addition, the hydrogel can perform well for sensing, actuating and reg-
ulating functions that are usually performed by discrete components such as valve
and sensor in traditional system.

Currently the applications of the smart hydrogels in medical and pharmaceutical
fields are increasingly becoming one of the most active research areas. The pH-
sensitive hydrogels are found to be appropriate carriers as swelling-controlled drug
release devices. The ability to dynamically control the swelling of the hydrogels
subject to the changes in the pH and ionic strength of the external medium provides
various opportunities for the pH-sensitive hydrogels. For example, the pH of fluid
varies considerably along the length of the gastrointestinal tract (1-3 in the stomach,
5-8 in the small intestine), a weakly acidic hydrogel is a good candidate as smart
device to deliver drug into the small intestines while avoiding release in the stomach.
Various drug delivery systems based on the pH-sensitive hydrogels are developed or
reviewed by many researchers (Siegel, 1990; Lowman and Peppas, 1999; Peppas
et al., 2000). Design and optimization of these systems greatly demand insight into
the underlying mechanism of the equilibrium swelling of the smart hydrogels.

In this section, we pay our attention to parameter studies by steady-state simula-
tion for equilibrium of the pH-responsive hydrogels. The emphasis is placed on the
influences of various hydrogel material properties and surrounding environmental
conditions on the equilibrium swelling responses of the pH-responsive hydrogels.
They include the environmental pH, the physical properties of the hydrogel, the
chemical nature of the fixed charge groups and the ionic strength and compositions
of surrounding solution.

Simulations are worked out to discuss the influences of the hydrogel proper-
ties and bath conditions on the distributive profiles of diffusive ionic concentrations
and electrical potential as well as mechanical displacement. The input data used
for implementation of numerical simulations are tabulated in Table 2.1, which are
obtained from the experimental works by Beebe’s research group (Beebe et al.,
2000a, b; Johnson et al., 2002, 2004a, b; Yu et al., 2001; Zhao and Moore, 2001)
and the handbook (Lide, 2002).

As shown in Fig. 2.1, a cylindrical pH-sensitive hydrogel with circular cross-
sectional area is immersed in a bath solution consisting of sodium chloride (NaCl)
and hydrochloric acid (HCI), which is referred as ideal solution here. In order to
investigate the influences of various buffer contents on the swelling equilibrium of
the pH-sensitive hydrogel, two buffer solution systems, namely the phosphate buffer
and the Britton—Robinson buffer, are considered. Advantage of using pH buffers in
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Table 2.1 Essential chemical

and physical parameters used K 10~2°mM

as input data for v 0.45

implementation of the € 208542

i i i . X

numerical simulations €0 e N
F 9.6487 x 10*C/mol
T 298K
R 8.314 J/mol-K

experiment is to stabilize the pH solution and swelling response rate, where the
buffer may resist the change in the solution pH when small amount of acid or base
is added. In general, a buffer solution is a mixture of weak acid or weak base and
corresponding salt. For investigation of the influences of buffer content and hydro-
gel properties on the swelling equilibrium, the cylindrical hydrogels are placed
into the two systems of the buffered solutions, namely the phosphate buffer and
the Britton—Robinson buffer (Townshend, 1995). The phosphate buffer is prepared
with the ionic strength specified by controlling NaCl, and the pH of the solution
can be regulated by adding certain amount of NaH,PO,4, Na,HPO,4, HCI or NaOH.
The Britton—Robinson buffer solution is prepared by mixing the specified amount
of strong base NaOH with the solution containing weak acid CH;COOH, H3PO4
and H3BOs3 in a proportional amount until a desired pH value is attained. Usually
the ionic strength and valence numbers of the diffusive ionic species have impor-
tant effects that discern the difference between the phosphate and Briton—Robinson
buffers. These effects are reflected clearly in the PNP equations (2.2) and (2.24) of
the present MECpH model.

As mentioned before, the present problem domain is considered as axisymme-
try so that the problem can be simplified to one-dimensional computation, where
the swelling takes place along the radial direction of the cylindrical hydrogel, as
shown in Fig. 2.1. Before swelling, the dry gel has diameter of 400 pwm. In general,
the diameter of the dry gel is determined by the diameter of the circular photomask.
However, it is an inevitable consequence that the hydrogel dimensions vary from the
size of the photomask after the microchannel is flushed to remove the unpolymer-
ized monomers. Light scattering and reflection are identified by Beebe et al. (2000b)
as the possible reasons behind the shift in the hydrogel dimension. Therefore, a
boundary-effect domain is necessarily defined as describing the hydrogel-solution
interface. Usually very short range is given as the length scale of the interface,
for example, about 1/20 of the total length of the computational domain. As an
example, at the state before swelling, x(wm)€[0, 200] is the interior dry gel domain
and x(pm)€[300, 2000] is the solution domain. The hydrogel-solution interface, x
(nm)€[200, 3001, is referred to as the boundary-effect domain. A hyperbolic tan-
gent profile is employed to polish the distribution of the fixed charge density, ranging
from ¢y within the hydrogel to zero in the bathing solution. The fixed charge concen-
tration inside the hydrogel is calculated by Eq. (2.34) or (2.35) with ¢} , = 1800 mM
and K= 1072 mM, respectively. According to the experimental data obtained by
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Beebe’s research group (Johnson et al., 2002), it is well known that Young’s mod-
ulus of the hydrogel varies with the environmental pH value. In similar manner to
the fixed charge concentration, a hyperbolic tangent profile is used to polish the
variation of Young’s modulus as function of solution pH. The distributive profile of
Young’s modulus consists of three segments, namely constant Young’s moduli of
0.29 MPa if pH<5.5 and 0.21 MPa if pH>7.5. In the third segment for 5.5<pH<7.5,
Young’s modulus is polished to vary linearly from 0.29 to 0.21 MPa.

Despite the complexity of the swelling/deswelling mechanism of the smart
hydrogel at various levels of environmental pH, much insight can be obtained via
independent investigations of the influences of various material properties of the
hydrogel and the environmental conditions of the bath solution. The nonlinear cou-
pled partial differential equations of the MECpH model are solved numerically with
appropriate parameters to further understand the fundamental mechanism of the
swelling or deswelling of the pH-sensitive hydrogels.

2.5.1 Influence of Initially Fixed Charge Density of Hydrogel

Figures 2.5, 2.6 and 2.7 are plotted for analysis of the distributive profiles of
ionic concentrations, electric potential and mechanical displacement as functions
of ionizable fixed charge density within the hydrogel.

Figure 2.5a—c shows the distributive patterns of the diffusive ionic concentrations
of the hydrogen (H*), sodium (Na*) and chlorine (C17) ions, when the hydrogel is
submerged in the acidic solution of pH 3.0. The results simulated are intuitively
correct in the sense that the PHEMA gel is an acidic hydrogel. The distributions of
H* and Na*ions are high in the hydrogel domain, but decreases in the bath solu-
tion; while the opposite characteristics are true for the C1~ ion. The concentration
of the H* ion is much lower than those of Na* and C1~ ions. The electroneutrality is
conserved at every point in the bath solution, which is proved straightforward from
the summation of the concentration profiles in Fig. 2.5. In the interior hydrogel,
there is a difference between the concentrations of the Na*t and Cl~ ions, and the
Na* ion has higher concentration. This concentration difference between the sodium
and chlorine ions corresponds closely to the fixed charge concentration as shown in
Fig. 2.5d. Figure 2.5¢ illustrates the distribution of electric potential. The net differ-
ence of drift forces among all ionic concentrations in the interior hydrogel results in
a constant electric potential within the hydrogel, but it is usually very small, e.g. in
millivolts. In the bath solution, however, the distributive electric potential is zero due
to the electroneutrality resulting from the net resultant concentration of the all-ionic
species. Figure 2.5f demonstrates the mechanical displacement of the cylindrical
hydrogel in radial direction. It is seen that the degree of swelling of the hydrogel
decreases by following the sequence of ¢}, = 2400, 1800 and 1200 mM. It is pre-
dicted by the MECpH model that the PHEMA hydrogels with greater amount of
initially fixed charge groups may exhibit greater swelling, even though the swelling
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Fig. 2.5 Distributive profiles of cy+,cn,+.¢cp—»¢r,% and u as the function of ionizable fixed charge
concentration c;,,, where the PHEMA hydrogel is equilibrated in acidic medium of pH 3 with NaCl
added to control the ionic strength

is very small in acidic solution as illustrated in Fig. 2.5, compared with that in basic
solution as illustrated in Fig. 2.7.

Figures 2.6 and 2.7 demonstrate the distributive profiles of the diffusive ionic
concentrations, electric potential and mechanical displacement of the hydrogel with
the initial diameter of 400 wm in the neutral solution and the alkaline solution
of pH 12 respectively, for the fixed charge groups at various initial concentra-
tions. It is observed that the hydrogel behaves similar characteristics to those in
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Fig. 2.6 Distributive profiles of cy+,cn,+,¢cr—¢f,¥ and u as the function of ionizable fixed charge

concentration c;,,, where the PHEMA hydrogel is equilibrated in a neutral medium with NaCl

added to control the ionic strength

the corresponding acidic bathing solution as shown in Fig. 2.5. However, there are
dissimilarities quantitatively in the degree of swelling between the hydrogels when
immersed in acidic and alkaline solutions. The degree of swelling of the PHEMA
hydrogels is insignificant in acidic solution. In alkaline solution, however, they
expand much more than the double size at dry state. On top of that, the differences
in the degrees of swelling are also large among the hydrogels with different initially
fixed charge densities.
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Fig. 2.7 Distributive profiles of cy+,cn,+.¢ci—¢f,¥ and u as the function of ionizable fixed charge
concentration ¢, ,, where the PHEMA hydrogel is equilibrated in basic medium of pH 12 with

mo>

NaCl added to control the ionic strength

The fixed charge groups attached onto the backbone of the PHEMA network,
the carboxyl groups, exist in the form of R—-COO™ in basic solution or in the form
of R-COOH in acidic medium, which are characterized by Eq. (2.28). The disso-
ciation constant K describes the ionization of the pendent fixed charge groups, like
the acidic or basic groups of monobasics or monobases. If the concentration of the
hydrogen ion H* is smaller than the dissociation constant K, the carboxyl groups
try to release more protons. In order to maintain the electroneutrality, more mobile
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counterions, e.g. Na*in the present case, diffuse into the interior hydrogel to com-
pensate the surplus charge. In contrast, the mobile anions are repulsed from entering
the interior hydrogel. It is thus evident that the concentration of the Na* ion is higher
whereas that of C1™ ion is lower in the case of the alkaline solution, compared with
the acidic solution. As a consequence, the concentration differences between the
interior hydrogel and the exterior solution increase tremendously, leading to higher
osmotic pressure which effectively drives higher degree of swelling.

Figure 2.8a, b shows the theoretically predicted dependence of the swelling of
the pH-sensitive hydrogel response to the changes in the initially fixed charge den-
sity for an ideal solution at different pH levels. It is obvious that the change of
the fixed charge concentration c; , at dry state strongly influences the equilibrium
swelling of the hydrogels at high pH values, whereby the decrease of ¢, , dramat-
ically reduces the degree of swelling at high pH values. The initial concentration
of fixed charge ¢}, is a function of molar ratio of the comonomers during prepa-
ration (Chu et al., 1995). As the molar ratio of carboxylic acid to 2-hydroxyethyl
methacrylate decreases, the initially fixed charge density decreases dramatically.
The concentration difference thus decreases between the interior hydrogel and the
exterior solution. As a result, this in turn mitigates the osmotic pressure and gener-
ates smaller degree of hydrogel swelling. These observations are in agreement with
the experimental trend reported by Siegel (1990). Figure 2.8b characterizes well the
experimental phenomena, where a monotonic swelling is predicted with increas-
ing the total molar concentration of ionizable groups per volume of solid network
polymer.

Figure 2.9 exhibits the relation between the equilibrium swelling of the hydrogel
and the concentration of fixed charge group ¢}, for three different buffer solutions,
the ideal solution, the phosphate buffer and the Briton—Robinson buffer. The larger
¢ 0 18, the greater degree of swelling the hydrogel performs for both the buffer solu-
tions at higher pH. At low pH level, however, the degree of swelling keeps almost
constant for both the buffer systems. The figure evidently shows that the swelling
equilibrium achievable in the Britton—Robinson system is always higher than that
in the ideal solution and the phosphate buffer, especially as the initial concentra-
tion of fixed charge group c} , increases highly. Swelling of the hydrogel is almost
the same if bathed with either the phosphate buffer or the ideal solution, e.g. only
NaCl and/or HCI in solution. However, the phosphate buffer shows greater degree

of swelling with the increase of initially fixed charge group concentration c;, .

2.5.2 Influence of Young’s Modulus of Hydrogel

Figures 2.10, 2.11 and 2.12 are plotted for the distributions of ionic concentrations
and electric potential as well as mechanical displacement as function of the nor-
malized Young’s modulus of the hydrogel, if placed in an ideal bathing solution
composed of NaCl and HCI electrolytes. The characteristic profiles of the ionic
concentrations and electric potential are similar to those in Figs. 2.5, 2.6 and 2.7
for environmental conditions of the acidic solution (pH 3), neutral solution (pH 7)
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Fig. 2.8 Dependence of swelling on (a) bathing pH as the function of ionizable fixed charge
concentration ¢;,, and (b) varying ionizable fixed charge concentrations c;,, in acidic, neutral and
basic solutions

and basic solution (pH 12). The cationic concentrations, e.g. H* and Na* within the
hydrogel are higher than those in the bath solution. In contrast, the anion concen-
tration in the interior hydrogel is at a lower level than that in the external solution.
Electroneutrality is conserved everywhere.
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charge concentration in (a) acidic medium of pH 3 and (b) basic medium of pH 9

The dissimilarity of the swelling response at lower and higher pH levels dis-
plays two different conditions. As discerned from Fig. 2.10, the changes in Young’s
modulus values of the hydrogel seem to have no significant effect on the degree of
swelling at low pH. Probably as the hydrogel is still in compact state at low pH,
the effect of changing Young’s modulus is very tiny on the swelling equilibrium. In
contrast, the degree of swelling is controlled greatly by changing Young’s modulus
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added to control the ionic strength

if the environmental pH level is high, as observed from Figs. 2.11 and 2.12. The
phenomena mentioned occur owing to the fact that the more fixed charge groups
are ionized as pH increases and thus the degree of swelling increases. However,
the swelling is constrained as Young’s modulus increases. The interaction between
expanding and retracting forces lasts until new equilibrium is reached.

Figure 2.13a shows the dependence of swelling of the hydrogel on the changes

of environmental pH as function of Young’s modulus of the pH-sensitive hydrogel.
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to control the ionic strength

The MECpH model theoretically predicts that, for the hydrogels with larger Young’s
modulus, the degree of swelling decreases at higher solution pH. The characteris-
tics become more visible in Fig. 2.13b when the normalized Young’s modulus is
plotted against the diameters of hydrogels at equilibrium state. The magnitude of
swelling reduces exponentially with the increase of Young’s modulus. Usually it
is known that Young’s modulus of the hydrogel is strongly dependent on prepara-
tion process, where the modulus is primarily determined by the volume per molar
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added to control the ionic strength

ratio of copolymer mixture which directly quantifies the density of entanglement
strands or crosslinking ratio. As the crosslinking content increases in the polymer
network, the hydrogel enhances larger retraction force and thus develops higher
Young’s modulus. The phenomenon always exists regardless of buffer contents as
depicted in Fig. 2.14. The diameters of the swollen hydrogels are plotted against the
normalized Young’s modulus for the buffer solutions of pH 3 and 9. The increase of
Young’s modulus reduces exponentially the swelling of the hydrogels for the three
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different buffer systems as illustrated in Fig. 2.14. Influence of buffer contents on the
swelling equilibrium at higher pH is more significant than that at lower pH. When
the pH of buffer solutions is low, the degree of swelling of the hydrogel is almost
insignificant even in different buffer systems and Young’s moduli. If the pH is high,
the obvious differences in the degree of swelling are observed for different buffer
systems. Further, the Britton—Robinson is the unchanging leader for providing the
better buffer solution when large swelling scale is required. It should be pointed out
that the influence of the buffer contents vanishes if Young’s modulus is high enough.

2.5.3 Influence of Initial Geometry of Hydrogel

Figures 2.15, 2.16 and 2.17 are plotted for the distributive profiles of the diffusive
ionic concentrations and the electric potential as well as the mechanical displace-
ment as function of the initial diameter of the hydrogel at the state before it is
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immersed in solution. The bathing solution is the electrolyte which is composed
of NaCl and/or HCI. For the three pH buffered conditions, pH 3, 7 and 12, the con-
centrations of cations inside the hydrogel are higher, whereas those of anions are
lower in comparison with those in the external solution. These are the performance
expected because of the negative sign of the ionized charge groups dangling on the
network matrix of the PHEMA hydrogel. Similarly, the electric potential exists as
long as the migrations of ions occur between the interior hydrogel and the exterior
solution.

Since both the hydration and fixed charge concentration kept almost constant
against different initial geometries of the hydrogel as shown in Figs. 2.17 and
2.18, the swelling of the hydrogels behaves negligibly when they are soaked in
electrolyte solution. The characteristics are found more clearly in Fig. 2.18, where
the hydrations of the swollen hydrogels are plotted against the different pH levels
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Fig. 2.15 Distributive profiles of cy+,cn,+.¢c-»¢f,% and u as the function of initial diameter of
the dry gel, where the PHEMA hydrogel is equilibrated in an acidic medium of pH 3 with NaCl
added to control the ionic strength

and dry gel diameters. As mentioned before, the diameters of dry gel are deter-
mined by the diameters of the nominal photomasks and the hydration is calculated

by H=

ViIvs.

In order to understand the responsive characteristics of the hydrogel bathed in
different buffer solution systems, several simulations are carried out to predict the
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Fig. 2.16 Distributive profiles of cy+,cn,+.¢c-»¢f,¥ and u as the function of initial diameter of
the dry gel, where the PHEMA hydrogel is equilibrated in a neutral medium with NaCl added to

control the ionic strength

dilation of the hydrogels soaking in the phosphate buffer and Britton—Robinson
buffer solutions. Figure 2.19 provides the comparison of swelling degree of the
hydrated hydrogel for the three buffer solutions at pH 3 and 9 levels. The fig-
ure shows the significant independency of swelling on the initial diameters of the
hydrogels. Similar to the previous discussions, the Britton—Robinson buffer always
demonstrates a potentiality as buffer environment solution to meet the need of

voluminous swelling.
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Fig. 2.17 Distributive profiles of cy+,cny+.Cc-»¢f,¥ and u as the function of initial diameter of
the dry gel, where the PHEMA hydrogel is equilibrated in a basic medium of pH 12 with NaCl

added to control the ionic strength

2.5.4 Influence of Ionic Strength of Bath Solution

Figures 2.20, 2.21 and 2.22 are plotted to investigate the characteristics of diffusive
ionic species, electrical potential and mechanical deformation of the pH-responsive
hydrogel as function of environmental ionic strength conditioning.

It is widely accepted that the osmotic pressure arises from the concentration dif-
ference between the interior hydrogel and the external solution, and the swelling of
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Fig. 2.18 Dependence of hydration on (a) bathing pH as the function of initial diameter of the dry
gel and (b) the diameter of the dry gel in acidic, neutral and basic solutions

the hydrogel in equilibrium can be approximated by examination of the concentra-
tion ratio between the interior and exterior of the hydrogel, which is coherent with
the definition of Donnan equilibrium (Flory, 1962; Helfferich, 1962). The osmotic
pressure is usually regarded as outward pressure in excess of the pressure of sur-
rounding solution, which would result in expanding of the polymer network. In
order to discuss the problems with different bath solution concentrations, it is con-
venient to introduce the density ratio or better known as Donnan ratio Ap as follows
(Ricka and Tanaka, 1984; Siegel, 1990; Homma et al., 2000):

r 1/zk
ADp = <_—> (2.60)
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Fig. 2.19 Influences of buffer systems on hydration as the function of initial diameter of the dry
gel in (a) acidic medium of pH 3 and (b) basic medium of pH 9

where zx, cx and ¢ (k = 1,2,3,..., Nijon) are the valence number and the concen-
trations in the hydrogel and the external solution for the kth diffusive ion species,
respectively. As the concentrations of the external solution keep constant every-
where in equilibrium sate, ¢, are allowed to take the concentration boundary values
of corresponding ionic species.

The distributions of the concentrations of diffusive Na* and C1~ species are pre-
sented in the form of Donnan ratio and shown in Fig. 2.20. It is evident that the
mobile cations, hydrogen (H") and sodium (Na*) ions, have higher concentrations
within the interior hydrogel than those in the exterior solution, while the mobile
anions, chloride (C17) ion, show a contrary pattern. However, the requirement of
electroneutrality condition is always met everywhere in the domain of surrounding
solution.
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Fig. 2.20 Distributive profiles of cy+,cn,+,cc1-»¢f-¥ and u as the function of the ionic strength of
medium, where the PHEMA hydrogel is equilibrated in acidic medium of pH 3 with NaCl added

to control the ionic strength

As the ionic strength of bath solution increases, the ratio of the ionic concentra-
tions decreases between the interior hydrogel and the exterior bath solution (Siegel,
1990). On this account, the osmotic pressure becomes less and the reduction of the
hydration is expected. The fixed charge density is a function of the hydration of the
swollen hydrogel, the total ionizable groups per volume of network polymer and the
concentration of diffusive H* ion provided by the outer solution. Since the increases
of the ionic strength is controlled by NaCl, the totally resultant concentration of
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Fig. 2.21 Distributive profiles of cy+,cn,+.¢ci—¢f,¥ and u as the function of the ionic strength
of medium, where the PHEMA hydrogel is equilibrated in neutral medium with NaCl added to
control the ionic strength

H™ ion and ionizable groups remains constant. Therefore, it is foreseeable that the
redistribution of the fixed charge concentration is controlled mainly by the hydra-
tion. Due to the change of the fixed charge concentrations, there are the concurrent
changes in the concentration profiles of the diffusive cations and anions. The inter-
action continues until new equilibrium state is achieved. The phenomena become
more obvious at higher solution pH, as seen in Figs. 2.21 and 2.22.
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Fig. 2.22 Distributive profiles of cy+,cn,+,¢c1—»¢r»¥ and u as the function of the ionic strength of
medium, where the PHEMA hydrogel is equilibrated in basic medium of pH 12 with NaCl added
to control the ionic strength

Figure 2.23a, b theoretically demonstrates the influences of the ionic strength
of bathing solution on the equilibrium swelling of the HEMA hydrogel with the
identical fixed charge density and Young’s modulus. As predicted, the hydrogel
behaves like a hydrophobic polymer network at low pH. After pH 4, however, the
fluid phase content within the hydrogel increases abruptly and thus results in highly
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swollen hydrogel. Apart from that, the highest curve is associated with the solu-
tion for the ionic strength of 300 mM, while subsequently lower curves correspond
to the bath solutions with higher ionic strength, increasing regularly from 600 to
1200 mM. In the surrounding solutions with very low ionic strengths, the hydrogen
(H*) ions play an essential role in association or dissociation process. This implies
that the contributions of other mobile ion species to the osmotic pressure are min-
imized. However, as the ionic strength of bathing solution increases, the degree of
swelling decreases for high ambient pH. This phenomenon is in accordance with
the experimental observation by Siegel and his team (1988, 1990, 1991).

Figure 2.24 focuses on the dependence of equilibrium swelling on the ionic
strength of certain buffer systems, where two diverse solutions are considered for
comparison and they are the NaCI/HCI solution and the phosphate buffer solution
with a calculated amount of NaCl added to adjust the ionic strength at a desired
level. The responsive characteristics of the pH-sensitive hydrogel perform exponen-
tially the decrease of the degree of swelling as the environmental ionic strength
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increases for both the bathing solutions. The observations are comparable with the
experimental work by Brannon-Peppas and Peppas (1991). Insignificant difference
of swelling is found for both the solutions. In all likelihood, both the solutions do not
make enormous difference as the dominant counterions are essentially the univalent
ions which are mainly the sodium ions (Siegel et al., 1991).

2.5.5 Influence of Multivalent Ionic Composition
of Bath Solution

In order to investigate the influences of multivalent ionic compositions of bath
solutions on the equilibrium swelling, the multivalent polyelectrolyte solution
is considered in this section. Influences of bath compositions with multivalent
ions on the characteristics of pH-dependent equilibrium swelling are shown in
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Fig. 2.25 Distributive profiles of cy+,cpm+,cn-,¢r,¥ and u for specified solvent composition
(monovalent, divalent and trivalent), where the PHEMA hydrogel is equilibrated in acidic medium

of pH 3

Figs. 2.25,2.26,2.27,2.28 and 2.29, where the relevant conditions are maintained at
the temperature of 25°C and the ionic strength of 300 mM. For analysis of the char-
acteristics of the hydrogel swelling, the bathing solution is assumed reasonably to be
primarily composed of symmetrical salt (z:z) with varying ionic valences, namely

MHIN—

I M*2N~=2 and MH3N3,
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Fig. 2.26 Distributive profiles of cy+,cpm+,cn-,¢r,¥ and u for specified solvent composition
(monovalent, divalent and trivalent), where the PHEMA hydrogel is equilibrated in a neutral

medium

Figures 2.25, 2.26 and 2.27 demonstrate the concentration profiles of mobile
ion species and fixed charge groups, and the profiles of electric potential and
mechanical displacement predicted in equilibrium. The Donnan concentrations of
the sodium and chloride ions are presented for the sake of apprehensible comparison
of the osmotic pressure. When the profiles of the ionic concentrations are deter-
mined, Donnan ratio Ap becomes an elegant tool for estimating quantitatively the
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Fig. 2.27 Distributive profiles of cy+,cpm+,cn-,¢r,¥ and u for specified solvent composition
(monovalent, divalent and trivalent), where the PHEMA hydrogel is equilibrated in basic medium
of pH 12

swelling of the hydrogel, if the influence of bath composition is studied with differ-
ent ion valences and ionic strengths. Discrepancies in the profiles and the degrees of
swelling are insignificant for acidic solution, as observed from Fig. 2.25. However,
they show the trend similar to those for the cases with neutral and base solutions,
as shown in Figs. 2.26 and 2.27. Specifically, the Donnan ratio Ap or the concen-
trations of mobile ions within the hydrogel decreases as the ionic valence increases,
and consequently the equilibrium swelling reduces as predicted. The distribution
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of the fixed charge concentration in Fig. 2.25d seems to be the same for all con-
ditions, but actually the values of the concentrations are different from each other,
namely 26.41631 mM for M™3N~3, 26.39451 mM for M*>N~2 and 26.38594 mM
for M*'N~!. Therefore, the ionized groups attached on the hydrogel network tend
to increase as the ionic valences of the solution increase due to the reduction of
equilibrium swelling.

Figure 2.28a, b exhibits the influences of the ionic valences on the responsive
equilibrium swelling of an acidic hydrogel at certain pH levels. It is seen that the
solvent composition strongly influences the characteristics of swelling. This is con-
sistent with the published experimental works (Siegel and Firestone, 1988; Siegel,
1990), in which as the salt (solvent) valence of the solution increases, the ion
osmotic effect is expected to decrease significantly, because less amount of coun-
terions diffuse into the hydrogel for neutralization of the charged groups. All the
present discussions make the simulations in agreement with the experiment and
they are also found in Fig. 2.28a, b, from which it is clearly known that the response
of the hydrogel immersed in the solution with the larger ionic valence behaves the
smaller deformation of the hydrogel. The effects of multivalent ionic composition
of bath solution gradually fade out as the ionic concentration increases.
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A further comparison study is made between an asymmetrical salt (NaySOg4)
solution and a symmetrical salt (NaCl and CuSOy) solution, and demonstrated in
Fig. 2.29 for both the acidic pH 3 and basic pH 9 mediums. The degree of changes in
equilibrium swelling of the hydrogel in Nay SOy solution is higher than that in NaCl
for base environment, even though the counterion species is identical. This may be
explained by the difference of the sodium ion (counterion) concentrations in the two
bathing solutions. In order to maintain the electroneutrality and the ionic strength,
the sodium ion concentration in Nay SOy electrolyte solution is at a lower level. As a
result, the pressure gradient between the interior hydrogel and the exterior solution
tends to increase, leading to larger amount of swelling. On the contrary, the CuSO4
solution shows the lowest degree of swelling. Since fewer divalent and monovalent
counterions are required to neutralize the carboxylic acid groups, this causes rela-
tively low concentration gradient and thus reduces the equilibrium swelling. On the
other hand, the differences in the degree of swelling are insignificant until the ionic
strength decreases below 600 mM as shown Fig. 2.29a. Therefore, the ionic valences
still play some part in the mechanism of swelling but a secondary role as com-
pared with the pH condition and ionic strength of the bathing solution (Siegel and
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Firestone, 1988). The extent of swelling increases exponentially with the decrease
of the ionic strength regardless of the bath contents at high pH. However, the asym-
metrical electrolyte solution shows the inclination of swelling at low ionic strength
with high pH.

2.6 Remarks

The modulating capability of absorbing or exuding the fluid for the smart hydrogel
stimulated by surrounding environmental pH enables us to dynamically control the
swelling/deswelling, and thereby achieve the effective diffusibility and permeability
of the solutes and mechanical energy in the hydrogel. In addition, the presence of
the electrostatic potential that is locally induced in the electrolytic solution by move-
ment of all diffusive ionic species is an important phenomenon occurring in an ionic
diffusion, but not in non-electrolyte species diffusion. In the ionic solution, the local
electroneutrality is conserved everywhere. During the diffusion, all ions do not move
at the same speed because different ionic species tend to diffuse at different rates.
However, excessive charges contributed by the faster ions build up a local electric
field, also called the diffusion potential, which slows down the faster ions and recip-
rocally accelerates the slower ionic species. Further, the diffusion potential should
also be considered even if an external electrical field is applied to the system, by
superimposing the diffusion potential upon the externally applied electrical field, as
shown in Fig. 2.30.

The interactions between the hydrogel elastic polymer network and chemical
medium strongly influence the degree of responsive swelling/deswelling of the
smart hydrogel. The ionizable polymer fractions in the hydrogel are capable of
associating and dissociating themselves, which characterizes the physicochemical
properties of the hydrogels. When the hydrogel is immersed in a buffered solution,
the electrolytic composition of the surrounding solution diffuses into the hydrogel
and this determines the dissociation or association of the polyelectrolyte fraction
of the hydrogels. Chemical reactions occur as a result of the reversible process of
dissociation/association between the diffusive mobile ions and the ionizable groups
attached on the hydrogel network, and subsequently redistribute the ionic concen-
trations within the hydrogel. The redistributions of ionic concentrations within the
hydrogel generate both the electrostatic field and the osmotic pressure due to the
difference of ionic concentrations between the hydrogel and surrounding environ-
ment. The osmotic pressure drives the expansion or contraction of the hydrogel. The
swelling or shrinking subsequently redistributes the ion concentration of the interior
hydrogel. The loop continues until equilibrium is achieved.

In this chapter, the formulated electrochemical and mechanical equations that
are coupled together through the hydration are known collectively as the multi-
effect-coupling pH-stimulus (MECpH) model for simulation of the responsive
characteristics of the multiphase pH-sensitive hydrogel and surrounding solution.
The MECpH model does have the following advantages that make this model more
attractive than other models in certain aspects.
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Fig. 2.30 Comparison of electrical potential in the hydrogel and bathing solution due to externally
applied electric field between (a) stabilized space—time FEM (Wallmersperger, 2001a) and (b)
Hermite-cloud meshless methods (Li et al., 2003)

e Computational domains of interest cover both the interior hydrogel and the
exterior bathing solution. The model is thus able to predict the distributions of
concentrations of all diffusive species, electric potential in both the hydrogel and
surrounding solution simultaneously.
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e MacGillivary (1968) pointed out that the electroneutrality and constant field
assumptions are in fact nothing new but two limited cases of a dimensionless
parameter, which is associated with the ratio of the Debye length to membrane
thickness. The Poisson equation provides a more robust approach to account for
the effect of electrical potential coupled with various ionic fluxes.

e Theoretically, the distribution of the fixed charge density is a function of the
material properties and hydration of the hydrogel. In the MECpH model, the
Langmuir adsorption isotherm is introduced to derive the fixed charge concen-
tration, expressed by a function of the hydration, the diffusive hydrogen ion H*
concentration and the concentration of fixed charge groups per polymer network
volume.

e The MECpH model can easily handle the large deformation of the pH-sensitive
hydrogels, based on the geometrically nonlinear finite deformation theory. This is
another advantage of the model since the pH-sensitive hydrogels usually undergo
very large displacement due to the chemo-electro-mechanical multi-energy
coupled effects, especially at higher pH levels of environmental solutions.

e The MECpH model can also easily incorporate multiple ionic species, unlike
other models where only two monovalent ion species, an anion and a cation, are
considered.

e The MECpH model is formulated in very elegant form, in which several
key effects on the responsive behaviours of the pH-sensitive hydrogel and
surrounding solution are expressed in a straightforward manner. The model
is readily applicable for numerical implementation as compared with other
models.

We believe that the pH-sensitive hydrogel, like ionic exchanger found in natural
charged membranes, contains substantial ionizable groups capable of dissociating
and subsequently achieving net charge due to buffered medium. These groups are
capable of ionizing as a function of the electrolyte pH and the ionic strength and
thereby producing positive or negative charges fixed onto the polymeric network
chains.

The pendent charges fixed on the backbone of the polymer network of the hydro-
gels, e.g. carboxylic group, exist in the form of R—-COO™ in basic solution and in the
form of R-COOH in acid medium as mentioned above. When the pH of surround-
ing medium is higher than the pK,, of the weakly acid group bound to the polymeric
network, the chemical reactions proceed to the forward direction. As a result, the
hydrogel achieves higher fixed charge density. In order to maintain the electroneu-
trality within the hydrogel, more mobile counterions (e.g. Na*if the sodium chloride
electrolyte solution is added to adjust the ionic strength) diffuse into the interior
hydrogel to compensate the surplus charges. In vice versa, the mobile ions with the
same sign of the fixed charge groups are repulsed from entering the interior hydro-
gel. However, besides those compensating counterions, there are also the absorbed
counterions which are accompanied by equivalent amount of co-ions (Helfferich,
1962). By understanding of the mechanism of the distributive ionic concentrations
in the interior hydrogel, it is clearly known that the concentration of the Na* ion is
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higher whereas that of CI1~ ion is lower for alkaline solution if compared with acidic
solution.

The uptake or sorption of mobile ions essentially redistributes the mobile ions
between the two liquid states, the interstitial liquid phase within the hydrogel and
the bathing solution, until equilibrium is attained. As a result, the concentration
difference increases tremendously between the interior hydrogel and the exterior
solution, leading to higher osmotic pressure which drives larger degree of swelling.
In the meantime, the elastic retractive force of the polymer network balances with
the expanding network. The interacting process carries on forward and backward
until equilibrium state is achieved.

Theoretical simulation reveals that the swelling behaviour of the HEMA hydro-
gels may be divided into three states: (1) the insignificant swelling because of the
compact and hydrophobic states at pH values lower than 4 regardless of monomer
composition, (2) the ionization takes place actively if the pH ranges from 4 to 7
where the fluid content within the hydrogels increases abruptly and gives rise to
highly swollen hydrogel and (3) the binding sites of charge groups are saturated
at environmental pH higher than pH 7 and the hydrogels do not further expand
significantly even the surrounding pH increases continuously.

There are also secondary parameters influencing the expansion and contraction
of the charged crosslinked hydrogels. In addition to the pH sensitivity, swelling
and deswelling are also dependent on physical and chemical properties of the smart
hydrogel as well as the ionic strength and composition of surrounding medium.
These observations are all consistent with experimental phenomena reported in open
literature.

Similar phenomena are observed for analysis of response characteristics of ionic
species and electrical potential when the smart hydrogel is exposed to the phos-
phate and Britton—Robinson buffer systems, as compared with HC1/NaCl solution.
Quantitatively, the degree of swelling is almost the same between the phosphate
buffer and HCI/NaCl solution, where the pH-sensitive hydrogel is placed. In another
study, the equilibrium swelling of the smart hydrogel in the Britton—Robinson buffer
solution is predicted to be always larger than that bathed in the phosphate buffer
system and HCI/NaCl solution. Probably one of the reasons is that the Britton—
Robinson buffer system has lower ionic strength than those of the phosphate buffer
system and HCI/NaCl solution. However, the identity of buffer ions may also play
an important role.
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Chapter 3

Multi-Effect-Coupling Electric-Stimulus
(MECe) Model for Electric-Sensitive Hydrogel

3.1 Introduction

In this chapter, the two models previously published are reviewed first for the
responsive hydrogels, which providing the basis for the present multi-effect-
coupling electric-stimulus (MECe) model. It is followed by development of the
MECe model, in which four important governing equations are formulated to char-
acterize the diffusive ion concentrations, the electric potential, the interstitial fluid
pressure and the deformation of hydrogel, respectively. The non-dimensional form
of the MECe governing equations is then presented and the boundary and initial
conditions are proposed accordingly. After validation of the MECe model by com-
parison with the experimental data published in open literature, the steady-state
simulation is conducted for equilibrium analysis of the electric stimulus-responsive
hydrogel and the transient simulation for kinetics analysis of the smart hydrogel.

3.2 Development of the MECe Model

As well known, the fixed charge groups attached onto the polymer network chains of
the hydrogel attract the diffusive electro-opposite ions from the surrounding solution
to maintain the electroneutrality, when the hydrogel is immersed into a bath solu-
tion subject to an externally applied electric field. Meanwhile, the external electric
field also drives the mobile ions moving towards electro-opposite electrodes. These
two effects result in the difference of the diffusive ionic concentrations between the
interior hydrogel and the exterior solution, and thus induce the fluid pressure. As
the main driving source, the fluid pressure makes the hydrogel deformed, and then
the deformation of the hydrogel causes the redistribution of the fixed charge groups.
The mobile ions in the solution will diffuse further and redistribute again due to the
change of the distributive fixed charge density. This cycle process continues until
the hydrogel mixture reaches the equilibrium.

For simulation of the performance of the hydrogels responding to the applied
electric voltage, several models were published. Two of them are important and
reviewed here because they provide the basis for development of the present MECe
model. The first model called the triphase model was proposed by Hon et al. (1999),
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Zhou et al. (2002). It is based on the generalized law of thermodynamics for an
irreversible thermodynamic system and the triphase mixture theory of Lai et al.
(1991), composed of coupled governing equations, in which several disadvantages
are found. For example, the computational domain of this model is limited to the
region of the hydrogel only, excluding the surrounding solution, since the govern-
ing equations are derived from the classical thermodynamics. It is thus unable to
provide the complete information of diffusive ionic concentration distributions. In
addition, the electroneutrality condition is required and the electric potential is not a
field variable in the governing equation so that no electric potential distributing over
the exterior solution is simulated. The second model is a multi-field formulation
proposed by Wallmersperger et al. (2004), in which the diffusion—convection equa-
tions, Poisson equation and the motion equation are coupled together to describe the
chemical, electric and mechanical fields. However, the effect of the fixed charge den-
sity is not considered, although the computational domain covers both the hydrogel
and external bath solution. Additionally, Newton’s second law is employed directly,
which is far away from the complicated mechanical behaviours of the multiphase
hydrogels.

3.2.1 Formulation of the MECe Governing Equations

In order to overcome the drawbacks of the above models, a novel multiphysics
model is developed mathematically in this chapter, called the multi-effect-coupling
electric-stimulus (MECe) model, which is based on the work done by Hon et al.
(1999). Compared with the triphase model of Hon et al. (1999), the presently devel-
oped MECe model defines a computational domain as covering both the hydrogel
and the surrounding solution. The electric potential is also considered in the nonlin-
ear coupled partial differential governing equations. By the multi-field formulation,
the MECe model characterizes the mechanical deformation of the hydrogels more
accurately and explicitly, making it more convenient for steady and transient sim-
ulations. As such, the multiphysics MECe model is a more precise mathematical
formulation with capability of providing more reliable simulation of the multiphase
smart hydrogel responding to externally applied electric voltage.

It is assumed in the MECe model that the mixture of the hydrogel is com-
posed of the three phases, the polymeric network matrix solid phase denoted by
superscript s, the interstitial water/fluid phase by w and the mobile ion phase by k
(k= 1,2,...,Njon) where Njop is the number of total mobile ion species. If ¢* (¢ =
s, w, k) is defined as the volume fraction of the phase o

dave

P = 7V (¢ = s,w,k) 3.1

where V¥ is the true volume of the phase o and V is the volume of the hydrogel
mixture; the saturation condition of the hydrogel mixture can be written as follows:

Yo o¢r=1 (3.2)

a=s,w,k
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If infinitesimal deformation of the mixture occurs, the apparent volume ratio of
the polymeric network matrix solid phase is given by

_ A 1

TV T 1+mE 33

in which Vj is the volume of hydrogel mixture at reference configuration and E
the elastic strain vector of the polymeric solid phase. The volume fraction of the
polymeric network matrix solid phase is thus derived as

dve  dve  dvp 0}

= T ave av - T Tre) G

¢S

where ¢ is the volume fraction of the polymeric solid phase at reference configura-
tion. Due to the extremely small volume of the ion phase, it is reasonable to neglect
% when compared with ¢° and ¢". The volume fraction of the water/fluid phase is
expressed as P

P

A N ()

3.5
If chemical reaction is negligible, each phase should follow the law of mass
conservation
90" o
W—i—V-(pv):O(a:s,w,k) (3.6)
where v* (¢ = s, w, k) is the velocity of the phase o and p%(o = s, w, k) is the
apparent mass density of the phase «. It is known that the apparent mass density p*
can be expressed by the respective true mass density o7, namely p* = pF¢% (o =5,
w, k). Meanwhile, on the basis of incompressibility restriction, p% may be assumed
reasonably to be constant. Equation (3.6) is then rewritten as
8¢a o o
?+V~(¢v)=0(oz=s,w,k) 3.7
Considering Egs. (3.2) and (3.7), the continuity condition of the mixture of the
hydrogel is obtained as

vl X e | =0 (3.8)

a=swk
By the tensor analysis, one can have
V(@) = ¢V VY + 0% - V¥ = p*T.VV +v* - Vg (3.9)
Equation (3.8) is thus rewritten as

D@LV V) =0 (3.10)

a=s,w,k
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In addition, the rate of kinetic energy of the hydrogel mixture is given by

K= K* = VD p% | dv (3.11)
ST EDS

%
a=s,w,k a=s,w,k

If the internal energy of the hydrogel mixture U can be expressed by the
Helmholtz energy function F' as

U=F+TS (3.12)

the rate of internal energyUis written as follows:

U=F+{TS+TS) = / > @+ Tn* + Ti™)pdV (3.13)

v a=s,w,k

where T is the absolute temperature, S the entropy of the system, I'* and n* are
the density of Helmholtz energy and the entropy per unit mass for the phase «,
respectively.

It is noted that both the internal energy U and the Helmholtz energy F are the
state functions depending on their state variables, such as the absolute temperature
T, the elastic strain tensor E, the apparent densities p* and the fixed charge den-
sity ¢/. Based on such constitutive consideration, the Helmholtz energy density is
expressed by

[ = TYT,E,p*,0".0%.c") (@ = s,w,k) (3.14)

The rate of Helmholtz energy density is thus derived as

[ 8F°‘T+8F°‘E+ ar< .ﬁ+31“°‘éf( 0
= — —7d (@ = s,w,
oT OE 0P T ad (3.15)
B=s,w,k
From Eq. (3.9) one can know
DoP

= = —pfLVVP 3.16
0 Dr p LV (3.16)

and with the fact J = —JV - %, we have
= vy (3.17)
Considering the relationE = (F*)T - Vv* . F¥, one can obtain

ar* . oar«
E=—
JoE oE

s\T' S X S ar s\T' s
((FY W F) = F'ﬁ'(F) Vv (3.18)
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where F* and (F*)T are the deformation gradient tensor and its transpose,
respectively.
By substituting Egs. (3.16), (3.17) and (3.18) into Eq. (3.15), we have

ar¢
oT

. . ar« ar« ar«
o _ s T _ Ry B B
[ — T+(F S5 c{)J—acf 1> -3 p VY G19)

B=sw,k

Substituting Eq. (3.19) into (3.13), we have

. are . are are
U= T+ (F. T ch VS
/VZ (aT +< B ) Y

(3.20)

8 or« 5 I
Z 0 a—ﬁI:Vv + Tn® +Tn" | p%dV
B=s,w.,k P

Rate of total work W consists of two portions, the rate of work done by external
forces W, and the rate of work done by pressure WI,

W=W,+W, (3.21)
The rate of work done by external forces W, is defined as
We= Y (/ P -v“dV—f-/t“ -v“dS) (3.22)
a=s,w,k v S
where f* is the body force per unit mass of the phase «, t* = o* - v is the drag force
applied on the surface, o* the stress tensor of the phase o and v the external normal

on the surface. Due to the symmetry of stress tensor and the Gaussian gradient
formula, we have the following transformation:

/“- VedS = /(U V) - vdS = /V-(o“~v“)dV
|4 (3.23)
/((V o)V + 0% Vv)dV

Equation (3.22) is thus rewritten as

Z [((p“fa—i—v %) VY 4 % Vv)dV (3.24)

a=s,w,k

The rate of work done by pressure Wp is defined as

W, = —pV (3.25)
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Considering that the continuity equation (3.10) is adopted at the incompressible
condition V = 0, one can get

W, = /V —p Z (PUTVVY 4% . Vop*)dV (3.26)
a=s,w,k

Substituting Eqgs. (3.24) and (3.26) into Eq. (3.21), we obtain

W= ) / ((p°f* + V0% =pVe*) - v* + (0¥ — pp*D):Vv*)dV  (3.27)
Vv

a=s,w,k
Rate of the heat transferred into the mixture is defined as
0= Z </ 0%y*dV — fq“ . vdS) (3.28)
a=s,w,k 4 S

where y“ is the rate of heat generation per unit mass of the phasex and ¢“ the heat
flux vector. Similarly, by the Gaussian gradient formula we have

0=-Y / (V- ¢* — p%y*)aV (3.29)
a=s,w,k v
Rate of energy dissipation D is defined as
b= Y / % - v*dv (3.30)
a=s,w,k v

where [[* is the diffusive momentum exchange between the phases, and it is a
physical parameter indicating the diffusive resistance to the relative flow between
the two phases. [ [* can thus be expressed by their relative velocities as follows:

I = Z Fup P =) (3.31)
B=s.w,k

where fyp is the diffusive drag coefficient between the phases o and B (or
constituents) and f, g=fgo. Obviously, [ [* satisfies the following condition:

> m =0 (3.32)

a=s,w,k

Based on the first law of thermodynamics, we have the following relation of
energy conservation for the irreversible thermodynamic system:

K+U-D=W+0 (3.33)
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With substitution of Egs. (3.11), (3.20), (3.27), (3.29) and (3.30) into Eq. (3.33),

we obtain

—f D (Vo p%f = p 4+ 1Y + pVg*) Vv dV
\%

a=s,w,k

are are
S . o . s\T o . K
+/V F > o G > o |1V

a=s,w,k a=s,w,k
+ > ot —peti—| > paarﬁ L|:Vv*}av
0pY ’
a=s,w,k B=s,w,k
o oo o, o ar o o 7
+ D (Vg T =y AV + | Y o7 T o) Tav =0
v a=s,w,k v a=s,w,k
(3.34)
If the chemical potential is defined as
ar
the chemical term in Eq. (3.34) becomes
arp CIOIPRED ar
Z 5 —p% = “a—ﬁ,)[:p“a—a:p“u“ (3.36)
Bswk o o 0

The mechanical term in Eq. (3.34) can be expressed by the second Piola—
Kirchhoff stress tensor 7 and the Cauchy stress tensor oy, which are defined as
follows:

ar are
s= = 3.37
T a_;vk OE 37

oy =F 75 (F)T (3.38)

In order to simplify Eq. (3.34), a chemical expansion stress 7 is introduced to
replace the complicated expression

o
Te=cy| > paar (3.39)
C 0 ape

a=s,w,k
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By substituting Eqgs. (3.36), (3.37), (3.38) and (3.39) into Eq. (3.34), a more
complete formulation of Eq. (3.33) is obtained as

_/ Z (V_O_(x_’_potfa_pa‘-)ot_’_na +pv¢(¥)vadv
Vv

a=s,w,k
+/ (0f —Tch:vv' + > | =0 —pp*T —( Y paarﬂ I|:vv § av
V E . apa .
a=s,w,k B=s,w.k
o oo o, ore o o\
+ |3 (Vg T = YV + | Y o o) Tdv =0
4 a=s,w,k v a=s,w,k

(3.40)
Due to the independence of the variables v*, Vv* and T satisfying Eq. (3.40), the
following equations are achieved:
Momentum equations:

V0% 4+ p%% — p* v + 1% +pVe® =0 (a = s,w,k) (3.41)
Constitutive equations:
0’ = —¢°pl+op — p'u’I —Tcl (3.42)
0% = —¢*pl — p*ul (@ = w, k) (3.43)
Heat transfer equation:
V.g*+Tp*n* — p%y* =0 (a = s,w,k) (3.44)

By summation of Eq. (3.41), the momentum equation for the multiphase mixture
of the hydrogel is written as

V-o+pf—pv=0 (3.45)
in which

o= Z o“,f:( > p"‘f")/pandv: Z o | /p

a=sw,k a=s,w.k a=sw,k

If the body force f and the inertial force pv are neglected, Eq. (3.45) is
simplified to

V.o=0 (3.46)

As well known, for an osmotic process at constant temperature, the relation
between the chemical potential and the osmotic pressure posm can be derived by
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the Gibbs—Duhem equation

dposm = Z ptdu” (3.47)

a=s,w,k
Integrating Eq. (3.47) we have
Posm= Y p*(u* = u) (3.48)

a=sw,k

By summation of Egs. (3.42) and (3.43), the constitutive equation for the stress
tensor of the hydrogel mixture is given as

o=op—@+To)l (3.49)

where the total pressure p includes the osmotic pressure posm. If the chemical
expansion stress ¢ is neglected and the isotropic elastic material is assumed

op = Astr(E)l 4 2usE (3.50)

in which Ay and p are Lamé coefficients of the polymer network solid matrix.
Equation (3.49) is rewritten as

o = —pl + rtr(E)] + 2 E (3.51)

By neglecting the body and inertial forces and considering Eqgs. (3.41) and (3.43),
the momentum equations of the water and ion phases in terms of their chemical
potential are obtained as

pVus —M* = (@ = w,k) (3.52)

Substituting Eq. (3.31) into (3.52), one can derive the momentum equations in
terms of the chemical potential and the velocities as follows:

Nion
= "V A+ fus0F =)+ Y frrF =) =0 (3.53)
k=1
Nion
= PV i = V) 0" =+ Y g0 = =0 (3.54)
J=1G#k)

Based on the work done by Lai et al. (1991), the following constitutive equations
are obtained for the chemical potential of the water and ion phases:

N.
1 mon
w =l + s (p —RT Z Dk + Bwtr(E)) (3.55)
T k=1

RT FFy
k= kb + o In (yec®) + W (3.56)
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where pg (@ = w, k) is the chemical potential of the phase « at reference con-
figuration. R is the universal gas constant, F, Faraday constant, B,, the coupling
coefficient, i the electric potential. Ok, ok, Vs M* and 7* are the osmotic coeffi-
cient, the concentration, the activity coefficient, the molar weight and the valance
number for the kth ion species.

The works previously published by Hon et al. (1999) and Lai et al. (1991) have
so far been summarized. On the basis of their work, the MECe model is developed
as follows.

It is reasonably assumed that fy and fj; are negligible in comparison with f,,,; and
Jwk for Egs. (3.53) and (3.54). As such, the formulation for the momentum equation
of the water/fluid phase is simplified to

Fus(F =)= D" p*vps (3.57)

a=wk

Substituting the constitutive relations of the hydrogel mixture and each phase
expressed by Egs. (3.51), (3.55) and (3.56) into the momentum equations (3.46) and
(3.57), we have

V- (= pl4 Agtr(E) + 21,E) = 0 (3.58)

Fios (P — VW) = @ <vp +RTVY (1= &N+ Fvy Yk + Bthr(E))
‘ ‘ (3.59)

With the assumption that ¢* is negligibly small, and by Egs. (3.2) and (3.8), one
can write

V@0 =)=V (3.60)

Due to Eq. (3.60), Eq. (3.59) is rewritten as

w2
v _y [(‘t’ ) <Vp +RTVY (1= @+ F. Y vy + BWVtr(E)>:|

o fus ~ ~
(3.61)
where u is the displacement of polymeric network matrix solid phase of the
hydrogel.
As well known, the pressure results from the difference of the diffusive ionic
concentrations between the hydrogel and the surrounding solution. In the MECe
model, the ionic concentration is determined by the Nernst—Planck flux as follows:

F.
Ji = =Dicly = - Dec i+ i (k = 1,2, Nion) (3.62)

where i denotes the spatial direction x;, the subscript i after a comma indicates partial
differentiation with respect to the variable x; and Dy is the diffusive coefficient of
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the ion species k. The diffusion equation of the ionic species k is given as

dck 3.63
= gt (k= 12 N (3.63)

in which ry is the source term resulting from the chemical conversion of the
molecules.

By Eqgs. (3.62) and (3.63), the following diffusion—convection equations are
obtained:

F.Zk dock
(D) i + ﬁ(chkw,»,i =5 (v k= 1,2, ... . Nien) ~ (3.64)

where 7y is neglected due to the assumption of ideal solution.

For the MECe model, it should be noted that the externally applied electric field
has important effect on the deformation of the hydrogels, and it is determined by the
Poisson equation as

2 FC W k k
v w:-a otk (3.65)
k=1

in which the fixed charge density ¢ is given by

hch )

T 0"+ 1rE) (I + 1B/

(3.66)

where ¢ is the dielectric constant, &g the permittivity of free space, 7/ the valence of

the fixed charge groups, ¢! the fixed charge density at reference configuration and
¢ the volume fraction of the water phase at reference configuration.

The formulation of the MECe model has thus far been completed. It consists
of the Nernst—Planck type of diffusion—convection equations (3.64) for the diffu-
sive ionic concentrations, the Poisson equation (3.65) for the electric potential, the
continuity equation of the hydrogel mixture (3.61) for the fluid pressure and the
momentum equation of the hydrogel mixture (3.58) for the displacement of the
hydrogel. They are coupled together to form a set of nonlinear partial differen-
tial equations and solved numerically by a hierarchical iteration technique. In the
inner iteration process, the diffusive ionic concentrations ¢t and the electric poten-
tial ¢ are computed first by solving Egs. (3.64) and (3.65) simultaneously. Then
substituting the converged concentrations ¢* and the electric potential ¥ into the
outer iteration, the fluid pressure p and the hydrogel displacement u are obtained
by Egs. (3.58) and (3.61), respectively. In addition, ¢* and ¢ required for solving
these equations are calculated by Egs. (3.5) and (3.66). Following the computa-
tional procedure, the presently developed MECe model can be used for both the
steady-state and transient simulations for analysis of equilibrium and kinetics of the
electric-sensitive hydrogels.
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For convenience of coding and computing, non-dimensional variables are defined
as follows:

- - - C, 3 -
Lrief;uzﬁ;ck:%”f:?;;‘”: o = AT P = i = AT
(3.67)
where ¢ denotes the spatial coordinate variable, « and S are non-dimensional
adjustable parameters.
Therefore, the non-dimensional form of the partial differential governing equa-
tions of the MECe model can be derived as follows:

.=

ack
(D) i + e Dk )i = Lo —— m + Leer(@ i), (3.68)
_ Cref
V2 — ref re )
v 880RT(X Zz e+ (3.69)
BRTCrefV - (p1) = V(rstr(E) + 2uE) (3.70)
Ly 0 ¢ (- - ot
——V—=V \Y RTV 1-9 v
ciRT . 01 T BVp + Z( )¢ +aZz VY
k k (3.71)
1
B, Vtr(E
+CrefRT wVir( )>i|

3.2.2 Boundary and Initial Conditions

In this chapter, only one-dimensional simulations are conducted, and two kinds of
boundary conditions are imposed at the solution ends (electrodes) and the hydrogel—
solution interfaces, respectively. The first is the Dirichlet boundary conditions
for the ionic concentrations and the electric potential applied at two ends of the
solution:

¢|Anode = ¢|cathode = ¢* (3.72)
¥ |Anode = 0.5V, and ¥ |cathode = —0.5V, (3.73)

where ¢* is the initial ion concentration of the bath solution and V, the externally
applied electric voltage. The second is to assign the boundary values of the fluid
pressure and the hydrogel displacement at the hydrogel-solution interfaces. Based
on the assumption that the chemical potentials of the water and ion phases within
the hydrogels at equilibrium state should be equal to those outside the hydrogels,
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the boundary condition of the fluid pressure is imposed at the hydrogel-solution
interfaces as follows:

Nion
. — k k
Pinterface = RT Z (Cin—interface - Cout—interface) —Po (3.74)
k=1
k . . . . .
where ¢; ;... is the ion concentration within the hydrogels near the interfaces
and ¢ is the ion concentration within the exterior solution near the inter-

out—interface
faces. po denotes the fluid pressure at reference configuration. Due to the zero stress

of the hydrogel mixture phase on the hydrogel-solution interface, the boundary
condition of displacement of the hydrogels on the hydrogel-solution interface is

written as
Astr(Einterface)l + 2145 Einterface = Pinterfacel (3.75)

The boundary conditions mentioned above are applicable for both the steady-
state and transient simulations. However, for implementation of the transient
computations for kinetics of the hydrogels, additional initial conditions are required.
It is assumed here that the hydrogel is initially in the equilibrium state only subject
to the effect of bath solution without the externally applied electric field V, = 0. By
taking this equilibrium state as the initial state for transient analysis, the steady-state
simulations are carried out first and the computed steady-state results of all the vari-
ables are used as the initial values for the initial conditions of the transient analysis,
namely

ctrdnuent steady transient I//steady transient __ steady  transient __  steady
initial Ve=0 > Y initial Pinitial = Pve=0 > Yinitial — “ve=0
(3.76)
stead, stead, stedd stead
where cy, y s Ve y Oy nd uy, Oydenote the steady-state results computed

without the externally apphed electric voltage (V, = 0).

3.3 Steady-State Simulation for Equilibrium of Hydrogel

In this section, the MECe model is simplified for one-dimensional steady-state sim-
ulations of a hydrogel strip, in which the steady-state formulations of the governing
equations and corresponding discretizations are reduced. After validation of the
developed MECe model by comparison with the experiments published, several
parameter studies are carried out in detail.

3.3.1 Numerical Implementation

As shown in Fig. 3.1, a hydrogel strip is immersed into a bath solution subject to
an externally applied electric voltage. With the effects of the chemical and electric
coupled fields, the hydrogel strip is expected to be bent towards either the cath-
ode or anode direction, depending on the electric attribution of the fixed charges
in the hydrogels. It is noted that only the one-dimensional studies on the hydrogel
strips are made in this chapter for both the steady-state and transient simulations.
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Fig. 3.1 Schematic diagram — +
of a hydrogel strip immersed
in bath solution subject to - D +
externally applied electric — ]
field, where the whole _ N +
computational domain is A R Hydrogel
defined as the X-coordinate _ Y +
system and the hydrogel K \‘/
domain as the _ ah \ +
Xgel-coordinate system : X
- / / +
S ’ Solution
~ L +
0 > Xgel
_ +
Cathode Anode

Thus the deformation of the hydrogels along the x-direction is only concerned. It
is also assumed that the middle point of hydrogel thickness # is fixed to eliminate
rigid body motion, and thus zero-displacement condition is imposed at the middle
point. Further, although the MECe model is applicable for the multivalent elec-
trolyte bath solution, the present simulations and discussions focus on the simple
ideal monovalent solution consisting of two ionic species, such as NaCl solution.
For the one-dimensional steady-state simulations, the non-dimensional partial
differential governing equations (3.68), (3.69), (3.70) and (3.71) of the MECe model

can be reduced to

Diffusion equations for the ion concentration c*

a2k BC A k ka%/}
— taf— Lyt =0k = +,—
0x2 o ax 0dx aee 0x2 ( )

Poisson equation for the electric potential

3% F2L2 cre
9x2 eeoRTo

Yo FE+dd ) =0
k=+,—
Continuity equation of the hydrogel mixture for the fluid pressure p

g (qbwa—” +z%a—p> ta

A" AV =k
% 3 22— — Z zcC

0x ax

" 20 32y
+9 kZ ( C) s Z =0
=+, k=

(3.77)

(3.78)

(3.79)
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where ®* = ®~ = 1 is assumed for an ideal solution without chemical reaction.
B,, = 0 is also assumed since it is negligibly small if B,,#r(E) is compared with the
pressure p.

Momentum equation of the hydrogel mixture for the hydrogel displacement u

3% ap
(3hs + 2415) oy — BRTCrer = = 0 (3.80)
ax 0x
where the isotropic strain is assumed for the hydrogel strip, namely t(E) = 3e11 =
3(du/dx) where e is the x-component of the strain vector E. With this assumption,
the boundary condition (3.75) is simplified further to

O0Uinterf _
(Bhs +2p1) 52 = PRTcretPinertace (3.81)

For discretization of the reduced governing equations via the Hermite-cloud
method (Li et al., 2003), we construct the discrete variables as follows:

Niotal Niotal Niotal
) =Y NG = X — D] NG | M5 (3.82)
j=1 m=1 j=1
_ Niotal _ Niotal Niotal _
@)= NG — Y | E = Y NG | ME)Yram (3.83)
j=1 m=1 j=1
Ngel Negel Ngel
PG =Y NiGpj — Y | %= D NG | MuG)pem  (3.84)
j=1 m=1 j=1
Ngel Ngel Ngel
W) =Y N — | %= Y NG | MuEiten  (3.85)
j=1 m=1 j=1

Using the Hermite-cloud method (Li et al., 2003), the one-dimensional steady-
state governing equations of the MECe model and the auxiliary conditions are
discretized as

Ntmal Ntr)tal Ntolal _
Y N8 + ozt [Z Mm@-)a’;m] [Z Mm(fc,-mm}

j=1 m=1 m=1
Niotal Niotal Niotal
k - \ak = “3 = 3\a
toz Z Nj(xj)c; — Z X — Z Ni(x)x; | Myu(Xi)Cm (3.86)
j=1 m=1 j=1
Neotal

D NGy | =0

J=1
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Niotal 2 Niotal

F212 ¢ £
fére - k — =k
ZNxx](xl)l/j] % chf+ Z Z Zlvj(xi)cj
j=1 k=+,— j=1
(3.87)
Niotal Niotal
= > Gi= Y NGDHMu(Ei)eam | ¢ =0
j=1
Ngel Nge'
B +2045) Y Nugj(E)itj — BRTCret Y My(%)pm = 0 (3.88)
j=1 m=1
Ngel ¢W gel
" ZNXXj(xl)p] +2— Z My (X)Dxm
j=1
Noel Ngel
+o Z Mm(xl)d/xm Z Z N(xz)c
k=+,—
Ngel Ngel
=D %= Do NG | M)
! = 3.89
Nge] gel ( ’ )
D MuGdm | Y D M@,
m=1 k=+,— m=1
Ngel Ngel Ngel
+Y Ne@y Y YN - &
j=1 k=+,— j=I1 m=1
Ngel
=Y NG | My G)em | | § =0
Niotal _Ntotal ] Niotal
D ONGEE — | Y NG | Y Mu(R)ek, =0 (3.90)
j= j= m=1
Niotal _ _Ntotal ] Neotal _
D ONGEDY — | Y NgEE; | D MpGi)Yram =0 (3.91)
]:1 '= | m=1
gel B gel ] Ngel
ZNx,m)u, ZNX,(x,)x, > Mu(E)itgn =0 (3.92)
m=1
Ngcl _Ngcl ] Ngc]
D ONGED — | Y NG | D Mu(E)pam =0 (3.93)
j=1 | =1 | m=1
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where N1 is the number of total points scattered over the whole domain cover-
ing both the hydrogel and surrounding solution and Nge that within the hydrogel
domain only.

3.3.2 Model Validation with Experiment

In order to validate the presently developed MECe model, a simulation is carried out
and compared numerically with the experimental data published (Zhou et al., 2002)
for a specified hydrogel strip with positive fixed charge groups (< = +1). The param-
eters used as input of the MECe simulation are given as follows: 7= 298 (K), R =
8.314 (J/mol-K), F = 9.648x 10* (C/mol), c{)= 20 (mol/m?), ¢* = 5.5 (mol/m>),
g0 = 8.854 x 10712 (C?/Nm?), ¢ = 80 ¢} = 0.8, 3% + 2u = 1.2 x 10° (Pa),
the one-dimensional computational domain L = 20(mm), the thickness of hydrogel
strip in the simulation direction 2 = 1 (mm). The comparison is presented in Fig. 3.2,
where an average curvature measuring the extent of the hydrogel deformation, Ka,
is defined as Ka = 2(e; — e2)/(h(2 + e1 + e2)) at the middle point of hydrogel
thickness, in which e; and e, are the strains of the hydrogel at the two ends of the
hydrogel strip thickness. It is observed from Fig. 3.2 that the average curvature Ka
increases almost linearly with increasing the applied electric voltage V,. The com-
putational results agree well with the experimental data (Zhou et al., 2002) when
the applied electric voltage is lower than 5 V. However, they seem to have larger
discrepancy as the applied electric voltage increases at higher than 5 V. Probably the
reasons are that the bending deformation of the electric-sensitive hydrogels depends
directly on many nonlinear effects, such as the voltage of applied electric field,
fixed charge, ionic diffusion and/or convection, electrolyte composition, chemical

120 T T T T T T T T T T T T T T T T ]
110 | -
100 -

m  Experimental results L]
90 Numerical results 7

Curvature Ka (1/m)

Fig. 3.2 Comparison
between the steady-state
simulations and the 0
experimental data (Zhou

et al., 2002)

n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n
0 1 2 3 4 5 6 7 8 9
Externally applied electric field V, (V)
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reaction, temperature and heat conduction. As a preliminary work with isotropy
assumption, the effects of chemical reaction, temperature and heat conduction have
not been included in the presently developed MECe model. The simplifications are
feasible for the situations subject to lower voltage of the applied electric field such
as 5 V. However, with the increase of the applied electric voltage, these nonlinear
effects become more and more significant and then they should be considered.
In other words, these nonlinear effects may be the main reasons for the differ-
ent trends between the computational numerical results and the experimental data,
when the electric voltage applied is higher than 5 V. In brief, the present comparison
achieves good agreement between the simulation and the experiment (Zhou et al.,
2002).

3.3.3 Parameter Studies

For analysis of the influences of the hydrogel material properties and the envi-
ronmental conditions on the responsive characteristics of the electric-sensitive
hydrogels, simulations are conducted with the parameters used as input, 7 = 298
(K), R = 8.314 (J/mol-K), F = 9.648 x 10* (C/mol), g9 = 8.854x 10~!% (C2/N-m?),
e =280,y =08,7=—1,L=15x10"%(m), h = 5.0x1073(m) and 3% +2u =
1.2 x 103 (Pa). Figures 3.3, 3.4 and 3.5 demonstrate a preliminary study before the
effects of the physical parameters are discussed, where the distributions of the dif-
fusive ion concentrations and the electric potential in both the interior hydrogel and
exterior solution and the displacement field of the hydrogel strip are presented with
¢* =1 (mol/m?), c{) =10 (mol/m3) and V, = 0.2(V). It is observed from Fig. 3.3
that the concentration of diffusive Na* ion in the surrounding solution is equal to that
of the diffusive C1~ ion. In the environmental bath solution, the ionic concentrations

Na*

Ton concentrationscX (mol/m?)

0 2 4 6 8 10 12 14

Coordinate X (mm)

Fig. 3.3 Distribution of the diffusive ion concentrations
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Fig. 3.4 Distribution of the electric potential

Displacement u(mm)
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Coordinate X (mm)

Fig. 3.5 Distribution of displacement of the hydrogel

near the cathode increases with the distance away from the cathode, while the ionic
concentrations near the anode decreases with the distance away from the anode.
In the hydrogel domain, however, a difference of the ionic concentrations exists
between the diffusive Na* and C1~ due to the effect of the fixed charge groups, and
both the Na* and Cl1~ ion concentrations decrease with the distance away from the
cathode. It is also noted that there is an evident difference of the ionic concentrations
over the hydrogel—solution interfaces between the interior hydrogels and surround-
ing solution, which results in the pressure to drive the hydrogels to deformed. It is
seen from Fig. 3.4 that the electric potential is no longer distributed linearly over the
whole computational domain because of the effect of the fixed charge groups. The
distributive profile of the electric potential collapses within the hydrogel domain.
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Due to the higher conductivity of the mobile ions within the hydrogels, the gradi-
ent of electric potential distributed within the hydrogels is smaller than that in the
surrounding solution, which is compensated by a smaller step of the electric poten-
tial distributed over the hydrogel-solution interface near the cathode in comparison
with that near the anode. These simulated phenomena are in good agreement with
the FEM results completed by Wallmersperger et al. (2004). In Fig. 3.5, it is shown
that the displacement of the hydrogel strip increases with the coordinate x, resulting
from the non-uniform distributions of the diffusive ionic concentrations and electric
potential.

3.3.3.1 Influence of Externally Applied Electric Voltage

In this section, the influence of externally applied electric field is discussed on the
responsive behaviours of the electric-sensitive hydrogels. For given different levels
of the electric voltages V,, Figs. 3.6, 3.7, 3.8 and 3.9 show the distributions of the
diffusive ionic concentrations and the electric potential as well as the hydrogel dis-
placement and Figs. 3.10, 3.11 and 3.12 the variations of the distributive average
curvature Ka with various physical parameters, including the fixed charge density
c{), the bath solution concentration ¢* and the hydrogel strip thickness /.

Figures 3.6 and 3.7 are plotted at c{) =2 (mol/m3), ¢* =1 (mol/m?) and V, =
0.02, 0.04, 0.08, 0.16 (V), respectively, namely » = +0.01, +0.02, +0.04 and +0.08
(V) at anode ¢ = —0.01, —0.02, —0.04 and —0.08 (V) at cathode, respectively. It

32+ i
— V,=0.02(V) |

301 - V,=004(V) ]
28 e V,=0.08(V)
o - V,=016(V) ]

2.6 - b T

Na* concentration (mol/m3)

Fig. 3.6 Effect of the
externally applied electric
field on the variation of the

diffusive Na* concentration ]
distribution Coordinate X (mm)
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Fig. 3.7 Effect of the
externally applied electric
field on the variation of the
diffusive CI~ concentration
distribution
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is found from the figures that the diffusive Na* and CI~ ionic concentrations are
distributed almost symmetrically if the electric voltage V, is very low, and this phe-
nomenon will diminish when the voltage V, becomes high. With increment of the
applied voltage V,, the variations of diffusive Na* and C1~ concentrations on the
hydrogel-solution interface near the anode are always smaller than those near the
cathode, and the distributive gradients of the Na* and CI~ concentrations increase
within the hydrogels. It is shown from Fig. 3.8 that the gradient of distributive elec-
tric potential increases in both the hydrogels and surrounding solution as the applied
voltage increases. Figure 3.9 demonstrates that, with the increase of applied voltage
V., the difference of the ionic concentrations on the hydrogel—solution interface
increases and the displacement of the hydrogel strip increases as well.

Figure 3.10 presents the influence of the externally applied electric field V, on the
variation of the average curvature Ka with the fixed charge density c{), where ¢* =
1 (mol/m3), V, = 0.02, 0.1 and 0.2 (V), respectively. It is seen that the average cur-
vature Ka increases with the fixed charge density C{)fOI' a given applied voltage V..
The presently simulated phenomena are validated by the experiment (Homma et al.,
2000). Furthermore, in order to investigate the influence of the externally applied
electric field V, on the variation of average curvature Ka with the bath solution
concentration ¢*, Fig. 3.11 is depicted when c’:) = 10(m01/m3) and V, = 0.02, 0.1
and 0.2 (V), respectively. It is observed that an optimal ¢* value appears when the
hydrogel strip reaches the largest bending deformation. This means that the bending
deformation of the hydrogel strip decreases with increasing ¢*, after the concentra-
tion of bath solution ¢* is larger than the optimal value. The present simulations also
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Fig. 3.10 Effect of the externally applied electric field on the variation of the average curvature
Ka against the fixed charge density

agree well with the experimental phenomena (Homma et al., 2000, 2001; Sun et al.,
2001; Fei et al., 2002).

Figure 3.12 illustrates the relation between the average curvature Ka and the
thickness 4 of hydrogel strip subject to different levels of externally applied electric
fields, V, = 0.02, 0.1 and 0.2 (V), respectively, where c{, = 10(mol/m3) and ¢*
= 1 (mol/m?). It is predicted that the average curvature Ka of the hydrogel strip
decreases exponentially with increasing the thickness / of the hydrogel strip, which
is in consistence with the experiment (Homma et al., 2000, 2001).

3.3.3.2 Influence of Initially Fixed Charge Density of Hydrogel

For the ionized hydrogels with capability of responding to electric stimulus, the
fixed charge density has significant effect on the responsive performance of the
hydrogels subject to externally applied electric field. Figures 3.13, 3.14, 3.15 and
3.16 demonstrate the influence of the fixed charge density C{)OH the distributions of
the diffusive ionic concentrations, the electric potential and the hydrogel displace-
ment, where ¢* = 1 (mol/m?), V, = 0.2 (V) and c{) = 2,4, 8 (mol/m?), respectively.
It is known from Fig. 3.13 that the diffusive Na* ionic concentration within the



138 3 MECe Model for Electric-Sensitive Hydrogel

e e L e e e e o e I N A
m+ 7~ V,=0.02 (V)
10' -=m V=0.10 (V)
i — V,=0.20 (V) |

9
8

’\E‘ L

= 17

] L

N

9 6 e N .

g st i

S L N

o RSN
4t -
sk T .
2 _
L -
0..|.|.|.|.|.|.|.|.|.|.|”.Hi”.”|”.”|”.”
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

Bath solution concentration (mol/m3)

Fig. 3.11 Effect of the externally applied electric field on the variation of the average curvature
Ka against the bath solution concentration

hydrogels increases obviously with the fixed charge density c{). This phenomenon
results from the fact that the present anion fixed charge groups (zf = —1) attached
on the polymeric network chains of the hydrogel strip attract the mobile cations Na*
to compensate the electric potential. It is seen further from Fig. 3.14 that the influ-
ence of the fixed charge density cf)on the distribution of CI™ ionic concentration
is relatively small due to the anion fixed charge groups. Figure 3.15 is plotted for
analysis of the effect of c{)on the distributive electric potential. With the increase

of the fixed charge density c{), the more mobile ions diffuse into the hydrogels, the
higher conductivity the hydrogel achieves. This results in the smaller gradient of the
electric potential distributed in the hydrogels, compared with that in the surrounding
solution. Figure 3.16 indicates that, with the increase of the fixed charge density A ,
the difference of ionic concentrations increases on the hydrogel-solution interfaces,
leading to the larger deformation of the hydrogels.

Figure 3.17 is achieved to discuss the deformation of the hydrogel strip with &
=5x%x1073 (m) and ¢* = 1 (mol/m>), where the variation of the average curvature
Ka against the externally applied electric field V, is illustrated for different fixed
charge densities cé: 1, 5 and 10 (mol/m?). It is observed that, with the increase of
the externally applied electric voltage V,, the differences of both the diffusive ionic
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concentrations and the electric potential increase between the hydrogel strip and the
surrounding bath solution. As such, the average curvature Ka increases rapidly with
the applied electric voltage and the bending deformation increases greatly, which
are in a good match with the experimental phenomena (Homma et al., 2000; Sun
et al., 2001; Fei et al., 2002).

3.3.3.3 Influence of Concentration of Bath Solution

The influence of the concentration of surrounding bath solution ¢* on the dis-
tributive profiles of the diffusive ionic concentrations and the electric potential as
well as the hydrogel displacement is shown in Figs. 3.18, 3.19, 3.20 and 3.21,
where cg = 2(m01/m3), V, = 02 (V) and ¢* = 1, 2, 4, 8 (mol/m3), respec-
tively. Figures 3.18 and 3.19 demonstrate that the increment of the bath solution
concentration ¢* makes the diffusive Na*™ and C1~ concentrations increase in both
the interior hydrogels and the exterior surrounding solution. It is also found in
Fig. 3.20 that, when the bath solution concentration ¢* reaches certain value much
higher than the fixed charge density c’g, the change in the diffusive ion concentra-
tions due to the effect of the fixed charge groups may be neglected, if compared
with the distribution of bath solution concentration ¢*. Then the conductivity of the

10F T T T T T T T T

8 k- - \‘\\‘ =
¢*=1.0(mol/m?) T

p —--- ¢c*=2.0(mol/m%)

...... c*=4.0(mol/m3) |
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Na* concentration (mol/m3)

0 2 4 6 8 10 12 14
Coordinate X (mm)

Fig. 3.18 Effect of the concentration of surrounding solution on the variation of the diffusive Na*
concentration distribution
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Fig. 3.21 Effect of the concentration of surrounding solution on the variation of the displacement
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hydrogels is almost equal to that of the surrounding solutions, which makes the elec-
tric potential distributed quasilinearly over whole computational domain. It is also
seen from Fig. 3.21 that the difference of the ionic concentrations on the hydrogel—
solution interfaces decreases with the increase of ¢*, and then the displacement of
the hydrogel strip decreases as well.

3.3.3.4 Influence of Ionic Valence of Bath Solution

Figures 3.22, 3.23, 3.24 and 3.25 are plotted for discussion of the influences of the
ionic valence z; on the distributions of the diffusive ionic concentrations, the electric
potential and the hydrogel displacement, where c{) = 2 (mol/m?), ¢* = 1 (mol/m?),
Ve =0.2 (V) and |zx|= 1, 2 and 3, respectively. It is found from Fig. 3.22 that the
cation concentration decreases clearly within the hydrogels as the ionic valence |zx|
increases. The corresponding distribution of the ionic concentration in the environ-
mental solution has significant variation near the anode but insignificant variation
near the cathode. Figure 3.23 shows that the corresponding concentration of the
anion within the hydrogel grows with increasing |zx|. In the surrounding solutions,
the distribution of the anion concentration is similar to that of the cation concen-
tration. It is also found from Figs. 3.24 and 3.25 that, when |z|varies from 1 to 2,
the changes of the electric potential and the hydrogel displacement are much more
distinct than those when |z;|varies from 2 to 3.
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3.4 Transient Simulation for Kinetics of Hydrogel

In this section, the transient simulation for the kinetics of the electric stimulus-
responsive hydrogels is conducted by the developed MECe model. Similarly, after
the discretization of the MECe governing equations, a numerical comparison is
made between the presently simulated results and experimental data extracted from
open literature. It is followed by the detailed discussions of the kinetic variations of
several important characteristics of the system.

3.4.1 Numerical Implementation

For transient analysis of the electric-sensitive hydrogels, the time term is of critical
importance in the governing equations of the MECe model. By the non-dimensional
nonlinear partial differential governing equations of the MECe model expressed by
Egs. (3.68), (3.69), (3.70) and (3.71), non-dimensional MECe transient governing
equations in one dimension can be written as

ock gxck L ack oy 2¢
2
Lref_at = Dy <_8 + agf T + afkek (k = +,-) (3.94)
’y | F gLfefCref k=k
s R e — 3.95
ax2 + ceoRT Z dd+dd (3.95)

k=+,—

9% p _
(Brs + 211«5) = ,BRTCref -
ax2 0x

ereffws% — ,3 Waz_ﬁ +28¢W@
crefRT 0t ax2 ox 0x

O

(3.96)

d¢" 9 bk [ O (D %Y Kok
+o ZWTZZC-F(P EZ(ZE)—FWZZC
ke=+,— k=-+,— k=+,—
(3.97)
in which all the non-dimensional variables are defined in Eq. (3.67).
Using the well-known 6-weighted finite difference scheme (0.5<6<1.0), Eq.
(3.94) can be discretized first in temporal domain as follows:

2ok “k - >
s g ADl (0 0% Wy g OV
) = S = 2 %2 9% ax D 952

ref
a92¢ k BE'k P 52
+(1-0) ( gl Wk ‘/’<">

ax  ox ‘o2
(3.98)
where the subscripts n and (n+1) denote time variable at t = #,, and at subsequent
time ¢ = t,41, respectively, and Ar = t,,4| — f,is the time step.
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By the meshless Hermite-cloud method, the governing equation (3.98) is dis-
cretized further in spatial domain as follows:
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Similarly, the other three governing equations (3.95), (3.96) and (3.97) can also
be discretized in both temporal and spatial domains as follows:
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In addition, the following auxiliary equations are required by the Hermite
theorem:

Niotal _N total Niotal
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3.4.2 Model Validation with Experiment

In terms of the experiments of the kinetics of the electric-sensitive hydrogels respon-
sive to externally applied electric field, extensive search of literature has thus far
found one work only published by Shiga et al. (1990), who measured the end point
displacement D of the hydrogel strip in a conveniently observing manner in their
experiments, as shown in Fig. 3.1, instead of the displacement u at the edge point
a of the hydrogel domain between points a and b along x-axis for the present
one-dimensional simulations. A relation is thus required between these two dis-
placements D and u for comparison of the simulated results with the experimental
data. The experimental data (Shiga et al., 1990) employed as the input data for the
present computation include 7' = 298 (K), R = 8.314 (J/mol-K), F = 9.648x 10"
(C/mol), g9 = 8.854 x 107!2(C?/N - m?), £=80, ¢}/ = 0.8, L = 5.0x1072 (m),
h = 50x10"3 (m), V, = 3.0 (V), c{) = 35.3 (mol/m?), ¢* = 35.3 (mol/m?),
304+ 2u = 1.8 x 10*(Pa) that is adjustable for determination of reference config-
uration. The experimentally measured displacement D and numerically computed
displacement u are tabulated in Table 3.1, at time r = 1, 2, 3, 4 and 5 (min), respec-
tively. For construction of the relation between the displacements D and u, the least
square method is applied for both the displacements D and u at time t = 1, 3 and

Table 3.1 Displacements D and u at the end point of the hydrogel strip and at the edge point a of
the one-dimensional hydrogel domain, respectively

Time (min) 1 2 3 4 5

Displacement D (mm) 2.1 3.1 4.1 5.0 6.1
Displacement « (mm) 0.45 0.97 1.54 1.94 2.27
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Fig. 3.26 Comparison

between the transient 6 Simulated results
simulations and the L ®  Experimental data
experimental data (Shiga

et al., 1990)
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5 (min) with best fitting. Based on the data in Table 3.1, the relation between the
displacements D and u is constructed as

D = 1.58 + 0.93u + 0.47u* (3.107)

By substituting the displacements D and u at time f = 2 and 4 (min) into Eq.
(3.107), the relative discrepancies are computed and they are generally smaller than
6%, which validates the relation (Eq. (3.107)) between the displacements D and u
acceptable.

Figure 3.26 demonstrates the comparison of the experimental end point dis-
placement D with the corresponding simulated end point displacement D computed
by Eq. (3.107), where very good agreement is achieved. This confirms that the
presently developed MECe model is applicable for the kinetic analysis of the electric
stimulus-responsive hydrogels.

3.4.3 Parameter Studies

In the previous steady-state simulations for equilibrium of the electric-sensitive
hydrogels, the attentions are given to the influences of several important material
properties and environmental conditions on the responsive equilibrium charac-
teristics of the hydrogels, for example, the distributions of the diffusive ionic
concentrations, the electric potential and the hydrogel displacement. In the present
transient analysis for kinetics of the electric-sensitive hydrogels, the attentions
are given to the variations of distributive profiles of these properties and condi-
tions with time. In the following transient simulations, several input data taken
are T = 298 (K), R = 8.314 (J/mol-K), F = 9.648x10* (C/mol), ¢y = 0.8,
30+ 2u = 1.2 x 10° (Pa),eg=8.854x 10712 (C%/N.m?), e=80 & = —1, L =
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1.5%x107% (m), h = 5x 1073 (m), f,s = 7.0x10716 (N-s/m*) and Dy = 1.0x10~7
(m2/s).

3.4.3.1 Variation of Ionic Concentration Distribution with Time

Figures 3.27, 3.28, 3.29, 3.30, 3.31, 3.32, 3.33, 3.34, 3.35, 3.36, 3.37, 3.38, 3.39
and 3.40 present the variations of the diffusive ionic concentration distributions
with time under various combinations of the electric fields, the fixed charge den-
sities and the bath solution concentrations. The figures depict the kinetics of the
electric stimulus-responsive hydrogels and the kinetic characteristics of the ionic
diffusion. It is observed that the diffusive ionic concentrations are distributed sym-
metrically over whole computational domain when the external electric field is not
imposed initially at time ¢t = 0, which results from the steady-state simulations with-
out the external electric field (V, = 0). However, once the electric voltage is applied
on the system, the distributive profiles of the diffusive ionic concentrations are no
longer symmetric. With the increase of time, the diffusive ions redistribute continu-
ously in both the interior hydrogel and the exterior bath solution, and the differences
of the diffusive ionic concentrations over the hydrogel-solution interfaces become
larger and larger. It is expected that the ionic diffusion and convection will reach
the equilibrium state after certain time, which is dependent on many effects includ-
ing material properties and environmental conditions, for example, the fixed charge
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Fig. 3.27 Variation of the diffusive cation Na* concentration distribution with time for V, =
0.2(V), co/ = 2 (mol/m3) and ¢* = 1 (mol/m3)
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Fig. 3.32 Variation of the diffusive cation Na* concentration distribution with time for V, = 0.2
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Fig. 3.34 Variation of the diffusive anion C1~ concentration distribution with time for V, = 0.2
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Fig. 3.36 Variation of the diffusive anion C1~ concentration distribution with time for V, = 0.4
(V), co/ =2 (mol/m?) and ¢* = 1 (mol/m?)
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Fig. 3.37 Variation of the diffusive anion CI™ concentration distribution with time for V, = 0.2
(V), co/ = 4 (mol/m?) and ¢* = 1 (mol/m?)
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density, the externally applied electric field and the bath solution concentration. In
brief, the trends of kinetics of the diffusive ionic concentration distributions shown
in Figs. 3.27, 3.28, 3.29, 3.30, 3.31, 3.32, 3.33, 3.34, 3.35, 3.36, 3.37, 3.38, 3.39
and 3.40 are in good agreement with the FEM results conducted by Wallmersperger
et al. (2004).

It is also found from Figs. 3.27, 3.28 and 3.29 and 3.34, 3.35 and 3.36 that, if
other parameters are given at a given time, the peak concentrations of the diffusive
ionic species on the hydrogel-solution interface near the cathode increase with the
enlargement of the applied electric voltage, while those near the anode decrease.
This means that the difference of the diffusive ionic concentrations between the
two hydrogel—solution interfaces increase with the applied electric field at a given
time. The present phenomena of the transient simulations are consistent with those
in steady-state studies, where the difference of the diffusive ionic concentrations in
equilibrium state increases as well with increment of the applied electric voltage.

Variations of the diffusive ionic concentration distributions with time under the
various fixed charge densities are illustrated in Figs. 3.27, 3.30, 3.31, 3.34, 3.37 and
3.38, from which the similar characteristics are observed to the steady-state simu-
lations. With the change of the fixed charge densities, the changes of distributive
profiles of the diffusive cation Na* are significant at a given time, while those of
the diffusive anion ClI™ are insignificant. Probably this results from the negative
valence of the fixed charge groups. By comparison of Figs. 3.27, 3.32, 3.33, 3.34,
3.39 and 3.40, it is obviously known that the gradient of the kinetics of the diffusive
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ion concentrations increases within the hydrogels as the bath solution concentration
increases.

3.4.3.2 Variation of Electric Potential Distribution with Time

Figures 3.41, 3.42, 3.43, 3.44, 3.45, 3.46 and 3.47 show the kinetic variations of
the distributive electric potential under different environmental conditions. It is
presented that the downward step of the electric potential distributed within the
hydrogels generally becomes larger with the increase of time. After time about 100
(s), the downward step changes gradually. It is found further from Figs. 3.41, 3.42
and 3.43 that, with the increase of externally applied electric voltage, the downward
step of electric potential distributed over the hydrogel-solution interface near the
cathode diminishes gradually, while that near the anode increases. It is also seen
from Figs. 3.41, 3.44 and 3.45 that, with the increase of the fixed charge density, the
variation of the electric potential distributions with time becomes small. Probably
the reason is that the higher density the fixed charge groups have, the more mobile
ions diffuse into the hydrogels. This makes the conductivity of the hydrogels much
closer to that of the surrounding bath solution.

3.4.3.3 Variation of Hydrogel Displacement Distribution with Time

Figures 3.48, 3.49, 3.50, 3.51, 3.52, 3.53 and 3.54 present the variations of the
distributive displacement of the hydrogel with time. The trend of the changing
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Fig. 3.50 Variation of the distributive displacement of the hydrogel with time for V, = 0.4 (V),

co/ = 2 (mol/m?) and ¢* = 1 (mol/m?)

025 F 0(s)
----20(s)
"""" 50(s)

ook - 100(s)
=2 200(s)

- 800(s)
0.15

0.10

Displacement « (mm)

0.05

0.00

0 1 2

3
Coordinate X (mm)

Fig. 3.51 Variation of the distributive displacement of the hydrogel with time for V, = 0.2 (V),

co’ = 4 (mol/m?) and ¢* = 1 (mol/m?)



166

Fig. 3.52 Variation of the
distributive displacement of
the hydrogel with time for V,
=02 (V), ¢ = 8 (mol/m?)
and ¢* = 1 (mol/m?)

Fig. 3.53 Variation of the
distributive displacement of
the hydrogel with time for V,
=0.2 (V), ¢/ =2 (mol/m?)
and ¢* = 2 (mol/m?)

Displacement u (mm)

Displacement u (mm)

3 MECe Model for Electric-Sensitive Hydrogel

—_—
05F —0@) -
----20(s)
------- 50(s)
----- 100(s)
04r . 200(s)
800(s)
0.3+
02+ ]
0.1 // g
0.0 L | L | L | L | L
0 1 2 3 4 5
Coordinate X (mm)
— —_—
[ ----20(s)
008F 50(5)
————— 100(s) S
0.07 S
————— ZOO(S) /// P 7’
0.06 -—-800(s) S
0.05
0.04
0.03
0.02
0.01
0.00 L | | L | L | L
0 1 2 3 4 5

Coordinate X (mm)



3.4 Transient Simulation for Kinetics of Hydrogel 167

Fig. 3.54 Variation of the 0.030 j T i T T T T T L
distributive displacement of I 0(s)

the hydrogel with time for V, 0.028 —-20(8) K
=0.2 (V), ¢/ = 2 (mol/m?) 0.026 7
and ¢* = 8 (mol/m?) ooal 30(s) s

L -me- 100(s) S
0.022 [ 200(s) / b
0.020 [ -—- 800(s) e
0.018 F ]
0.016 F
0.014
0.012
0.010
0.008
0.006
0.004
0.002
0.000 -

Displacement u (mm)
T T T T T

Coordinate X (mm)

distributions of the hydrogel displacement is generally similar to that of the electric
potential distributions, i.e., the displacement enlarges with time. The displacement
initially increases rapidly, and then increases gradually. It is also known from these
figures that the hydrogel displacement distributes linearly along the x-coordinate
direction before the external electric field is applied. Once the electric voltage is
imposed, however, the hydrogel displacement immediately demonstrates the non-
linear distribution, i.e., the hydrogel displacement distributes nonlinearly over the
hydrogel domain subject to externally applied electric field, due to the electric and
chemical coupled effects in the considered system. This is observed obviously from
Figs. 3.48, 3.49, 3.50, 3.51, 3.52, 3.53 and 3.54, where the distributive curves are
linear at t = 0, subsequently no longer linear and become nonlinear.

3.4.3.4 Variation of Hydrogel Average Curvature with Time

The average curvature Ka is an important physical parameter to measure the overall
extent of the hydrogel deformation. It is defined as Ka = 2(e; — e2)/(h(2 + e1 +
e2)) in Sect. 3.3.2 and is discussed here in detail. It is seen from Fig. 3.55 that the
average curvature Ka at a given voltage initially increases rapidly with time, and
then approaches the stable equilibrium state after a critical time, which varies with
the change of applied voltages. The critical time decreases with the increase of the
electric voltage. It may be explained that the drag force imposed on the diffusive ions
increases as the electric voltage applied increases, which leads to faster diffusion of
mobile species, reaching the equilibrium state shortly. Based on the discussion of
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Fig. 3.55, it is concluded that the higher electric voltage at a given time makes the
larger average curvature. It may easily be understood because a strong electric field
result in the larger difference of the ionic concentrations, which induces the larger
deformation of the hydrogels.

Figure 3.56 shows the influence of the fixed charge density on the distributive
profiles of the average curvature with time, where a critical time is observed from
the variation of the average curvature with time. The critical time decreases with
increasing the fixed charge density. A possible reason is that the fixed charge group
is another driving source for ionic diffusion besides the electric field. It is found that
the average curvature at a given time increases with the increase of the fixed charge
density. This is consistent with the previous steady-state studies, where the increase
of the fixed charge density causes larger deformation of the hydrogel.

Figure 3.57 demonstrates the influence of the bath solution concentrations on the
variation of the average curvature with time. It is seen that the critical time changes
slightly with the bath solution concentrations, which implies that the influence of
the bath solution concentrations on the critical time is insignificant in comparison
with the effects of the electric field and the fixed charge density. It is also illustrated
in Fig. 3.57 that the average curvature at a given time decreases as the bath solution
concentration increases. This is consistent with the previous studies in Sect. 3.3.3.3,
i.e., the variation of the diffusive ionic concentrations because of the effect of the
fixed charge groups could be negligibly small if the bath solution concentration is
much higher than the fixed charge density.
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By comparison of Figs. 3.55, 3.56 and 3.57, it is generally concluded that the
average curvature Ka initially increases rapidly, and then increases gradually. It
reveals that the electric-sensitive hydrogels possess capability of responding quickly
to the externally electric triggers, which is a very important feature of the hydrogels
and makes the hydrogels very suitable as biosensors/bioactuators for BioMEMS
applications.

3.5 Remarks

This chapter focuses on the analysis of the responsive characteristics of the
electric-sensitive hydrogels via the simulation by the MECe model, when the
hydrogels are immersed into a bath solution subject to an externally applied
electric field. The novel multiphysics model termed the multi-effect-coupling
electric-stimulus (MECe) model has been developed mathematically with con-
sideration of chemo-electro-mechanical coupled effects. For numerical solution
of the MECe model consisting of nonlinear coupled partial differential govern-
ing equations, the meshless technique so-called the Hermite-cloud method is
employed in the present computational simulations. After examination of the
MECe model through numerical comparison with experimental data extracted from
open literature, the simulations are carried out for analysis of the equilibrium
and kinetics swelling of the electric stimulus-responsive hydrogels. Influences of
several important material properties and environmental conditions are discussed
on the ionic diffusion, the electric potential and the deformation of the smart
hydrogels.

As a key external stimulus to the electric-sensitive hydrogels, the externally
applied electric voltage plays a critically important role in the response behaviours
of the hydrogels. Due to the drag force of the electric field, the mobile ion species
in the bath solution diffuse into the hydrogels and then produce a difference of
the diffusive ionic concentrations over the hydrogel-solution interfaces, which
makes the hydrogel deformed. For a given applied electric voltage, the difference
of the diffusive ionic concentrations increases with time, and the hydrogel mix-
ture finally reaches the equilibrium state after certain time here called the critical
time. It is concluded that the critical time decreases and the hydrogels deform
greatly as the electric voltage applied increases. This reveals a significant influ-
ence of the externally applied electric field on the responsive characteristics of the
hydrogels.

Another key effect is the fixed charge groups attached onto the polymeric
matrix network chains of the hydrogels. The fixed charge groups with negative
valence will attract the mobile cations into the hydrogel mixture from the bath
solution, resulting in a fluid pressure and making the hydrogel deformed. With
the increase of the fixed charge density, the concentration of cations within the
hydrogels has a dramatic variation while that of anions changes little. The criti-
cal time for the kinetics response of the hydrogels decreases with increasing the
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fixed charge density since the attraction of the fixed charge on the mobile ions
strengthens.

We should also pay attention to the characteristics of surrounding bath solution,
such as the concentration and composition of ionic species in the solution. The effect
of bath solution concentrations is revealed by the counteractive function to the fixed
charge density. With increment of bath solution concentrations, the effect of attrac-
tion of the fixed charge groups on the diffusive mobile ions becomes insignificant
and the conductivity of bath solutions is almost identical in the whole computa-
tional domain. This results in a quasilinear distribution of the electric potential and
decreases the critical time of the kinetics of the hydrogels. On the other hand, the
ionic valence of bath solution can also affect the hydrogel deformation. A bath solu-
tion with higher ionic valence will cause a larger difference of the diffusive ion
concentrations and then larger displacement of the hydrogels.

Finally, it should be noted that the responding time of the electric-sensitive
hydrogels to the externally applied electric trigger is generally always very short,
normally shorter than 2 min in the cases of present simulations. The simulated
phenomena agree well with the experimental findings and validate the great
promise of the electric-sensitive hydrogels in applications of biotechnology and
bioengineering.

However, one-dimensional simulations are involved only in this chapter for
the parameter studies. The smart hydrogel actually deforms always in all three
directions. Therefore, for analysis of the responsive characteristics of the electric-
sensitive hydrogels in more accuracy, it is necessary to make the two-dimensional
or three-dimensional analyses in the future. In addition, the present discussions
focus on the stimulus of externally applied electric field only. In fact, there are con-
siderable variety and complexity of environmental stimuli. Other stimuli are also
important triggers for the responsive behaviours of smart polymeric hydrogels, such
as the solution pH, temperature and chemical reactions.
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Chapter 4

Multi-Effect-Coupling pH-Electric-Stimuli
(MECpHe) Model for Smart Hydrogel
Responsive to pH-Electric Coupled Stimuli

4.1 Introduction

In general, the mechanism of the response of smart hydrogel to the externally
applied electric field stimulus is similar to that to the pH stimulus of environmental
solution (Tanaka, 1982; Qiu and Park, 2001). When an electric field is imposed on
the bath solution where the hydrogel is immersed, the mobile ions diffuse between
the hydrogel and the surrounding solution. The diffusion gives rise to the differ-
ence of ionic concentrations between the interior hydrogel and exterior solution,
because of the fixed charge groups bound to the crosslinked macromolecular chains.
As a result, an osmotic pressure is generated due to the concentration difference,
which drives the swelling or shrinking of the hydrogel. Then the deformation of
the hydrogel results in the redistribution of the diffusive ions and the fixed charge
groups within the hydrogel, which causes new ionic diffusion and then the hydro-
gel deforms again. The recurrent kinetics continues and finally stops when the
hydrogel reaches an equilibrium state, by converting the chemical energy to the
mechanical one.

Literature search reveals that most of the studies on the smart hydrogels generally
focus on a single environmental stimulus. However, it is expected that the hydrogel
for a given application might experience the multiple coupled stimuli. One of exam-
ples is the poly(N-iso-propylacrylamide) (PNIPAAm) hydrogel, which is sensitive
to both the surrounding temperature and the pH (Dong and Hoffman, 1990, 1991;
Brazel and Peppas, 1996; Shin et al., 2003). Other examples include the typical
pH-sensitive hydrogels that are often sensitive to electric field, such as poly(2-
acrylamido-2-methylpropane sulfonic acid) (PAMPS), poly(acrylic acid) (PAA) and
poly(methacrylic acid-co-vinyl alcohol) PMAA/PVA IPN hydrogel (Schreyer et al.,
2000; Jin and Hsieh, 2005). If the hydrogel is subjected to a single stimulus, we
often face the problems such as the long response time and limited deformation.
In order to overcome these limitations, the increase of surface area of the hydro-
gel is one of possible solutions, e.g. by making the hydrogels thinner and smaller.
Unfortunately, this approach generally compromises the mechanical strength and
leads to more fragile systems (Schreyer et al., 2000; Qiu and Park, 2001). An alter-
native is to perturb the hydrogel with multiple coupled stimuli, which shortens the
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response time and increases the swelling ratios. Kim et al. (2003, 2004a, b) demon-
strated experimentally the improvement for the hydrogels subject to the changes in
both environmental pH and externally applied electric field simultaneously, which
reduces the response time of swelling and shrinking down to a few seconds or less.
This makes fast response actuators and artificial muscles more feasible (Sawahata
et al., 1990; Otake et al., 2002; Shihinpoor, 2003).

With the emergence of various applications that relies on the swelling behaviour
of the hydrogels, a convincing need comes for physically accurate theories and
numerical simulations capable of capturing, analysing and predicting the behaviour.
In order to design micro-actuating and sensing devices based on the smart hydro-
gels, it is critical to understand the relation between the swelling time and the
environmental stimuli. The theories and models should provide sufficient physical
understanding of the various processes associated with the swelling of the hydrogels
(Dolbow et al., 2005). The performance characteristics of the hydrogels can thus be
optimized.

This chapter focuses on the hydrogels responding to the coupled stimuli, namely
the surrounding solution pH coupled with externally applied electric voltage. The
multi-effect-coupling pH-electric-stimuli (MECpHe) model is developed first for
the hydrogels responsive to the pH-electric coupled stimuli. After discretization of
the MECpHe governing equations and boundary conditions, the present MECpHe
model is examined by comparison between the simulation results and the experi-
ments published. It is followed by parameter studies on the influences of several
important hydrogel material properties and environmental solution conditions on
the response characteristics of the smart hydrogels (Fig. 4.1).

4.2 Development of the MECpHe Model

The hydrogels responsive to the pH-electric coupled stimuli are able to convert
chemical energy to mechanical one. They are often employed for the controlled drug
delivery, where the solution pH and the externally applied electric field affect the
release pattern (Qiu and Park, 2001). For simulation of the responsive behaviours of
the hydrogels subject to the pH-electric coupled stimuli, a novel model is presented
in this chapter, called the multi-effect-coupling pH-electric-stimuli (MECpHe)
model. The contributions of the presently developed MECpHe model include
the reformulations of the fixed charge density and the large deformation of the
hydrogels.

For simplicity of describing the flux of the kth ionic species in solution, the con-
vective transport of the ionic species is neglected here. If the Nernst—Planck theory
is considered for ionic transportation, the flux of the kth ionic species in the system
consisting of the hydrogel and the surrounding solution can be characterized by

Ji = —(Dy] (grad(cy) + %7 cugrad(y) + cigrad(in y) ) (k = 1.2, ... Nion)
.1
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Fig. 4.1 Computational
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where Ji, [Dil, cr and zx are the flux (mM/s), the diffusivity tensor, the concen-
tration (mM) and the valence number of the kth diffusive ionic species. ¥ is the
electrostatic potential (V) and yy is the chemical activity coefficient. Ny, is the
number of total diffusive species in the system. F; R and 7 are the Faraday’s constant
(9.6487x10* C/mol), the universal gas constant (8.314 J/mol-K) and the absolute
temperature (K), respectively.

The three terms on the right-hand side of Eq. (4.1) represent the diffusive
flux due to the concentration gradient, the migration flux due to the gradient
of electrical potential and the chemical flux associated with chemical activity
coefficient.

According to the law of mass conservation, the change of the species k
contained in volume with respect to time ¢ can be characterized by the dif-
ference between the fluxes entering and leaving the reference volume. If the
chemical flux is neglected, the Nernst—Planck type of the mass conservation is
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derived as

deg . dep . zkF

(k=12,... . Nion)

which is coupled with the following Poisson equation to describe the spatial
distribution of the electric potential in the domain:

F
Vi =—-—|> 43
v - ( g ZkCk +Zfo> 4.3)

where ¢ is the relative dielectric constant of the surrounding medium and ¢gg is
the vacuum permittivity or dielectric constant (8.85418x 10712 C2/Nm?). 7y is the
valence of the fixed charge groups attached onto the polymeric network chains of
the hydrogel. For example, zy = —1 if the carboxylic acid groups are used as the
fixed charges on the polymer chains. It is well known that the electroneutrality and
constant field hypotheses are in fact the special cases of the Poisson equation.

Based on the Langmuir adsorption isotherm theory (Grimshaw et al., 1990),
a relation between the fixed charge and the diffusive hydrogen ion concentration
is presented to complete the Poisson—Nernst—Planck (PNP) system, whereby the
concentration of the fixed charge group is determined by

0 c})-cH+ _ cjg-K
K + cg+ K+ cg+

cf = cj(c) — c}’ =c “4.4)

where ¢y and K are the concentration and the dissociation constant of the fixed charge
groups attached onto the polymeric network chains within the hydrogel. c}) is the
total concentration of the ionizable groups in the hydrogel, cy+ is the concentra-
tion of diffusive hydrogen ions H* within the hydrogel, and H is termed the local
hydration of the hydrogel.
In the present MECpHe model, the total concentration of the fixed charge groups
within the hydrogel at the relaxed state is defined as
0 n
Crs = Vs 4.5)

Then the total concentration of the ionizable groups in the hydrogel is obtained by

0o N n n Ve n 4 n Vs C})’S
Cr —= — = = — = — = — =
FTV T vy T Vs Vs Ve T VS VS L HYS T VS(H 4 DVS T H A1
(4.6)

Substituting Eq. (4.6) into Eq. (4.4), one can have

0 0
cf-K 1 cf,S-K

“K+cy H+1 K+cg

cf 4.7)
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where the local hydration of the hydrogel is defined as H = V"/V®, namely

AR AR A 1
L4H=14 =0 = Zm o 4.8)
VA VA VA ¢b 1_¢W

The volume fractions of the interstitial water and polymeric solid phases are thus
written as

= 4.9
¢ I—H 4.9)
Lo
9= (4.10)

Since the volume fraction of the ion species ¢' is negligibly small when compared
with ¢" and ¢°, the saturation equation is simplified to

P +¢° ~ 1 “.11)

The relation between the volume fractions of the interstitial water and polymeric
network solid phases is then given by

Pl - =l — =1 ——=1—¢-J (4.12)

where J = dV/dV is the volume ratio of apparent polymeric network matrix solid
phase and may be formulated by the Green strain tensor E of the apparent polymeric
solid phase as follows (Hon et al., 1999):

%, = /1 +2F|(E) + 4F>(E) + 8F3(E) (4.13)

where F{(E) = tr(E), F>(E) and F3(E) are the first, second and third invariants of
Green strain tensor E, respectively.

The Green strain tensor can be expressed in terms of displacement gradients
(Belytschko et al., 2001),

1 [/ 0u; ou;  ouy ou
o= (B i w1
2\0X;  0X;  0X; 9X;

where X; and X; are the components of the position vector in the initial configuration,
u;, uj and uy are the displacements. In one-dimensional case,

E _1 8u1+8u1+8u18u1 _1 2du+ du\? 4.15)
W= \ax, "ox; T axiax,) 2| Tax T \ax ‘
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Three invariants of the deformation gradient tensor are defined as Lai et al.
(1974),

Fi =En + Exn + Es3 (4.16)
Ey Epp Ei Eg3 Ey Ex3
FHr = 4.17
: ‘EZI Ex» ’E31 E33 E3 E33 +17)
E1 Eyp Er3
F3 = ‘Elj| = | Ey Exn Ex3 (4.18)
E31 E3 E33

For one-dimensional case,

Py E _1 2du+ du\> _du+l du\? 4.19)
== o%ax "\ax) | T ax T2 \ax ‘
Using Eqgs. (4.9) and (4.12), one can have

H
=1—¢3] (4.20)

wo__ —
¢ T 1+H

The local hydration of the hydrogel H is rewritten as
1—¢3J
= ¢3J

Substituting Egs. (4.13) and (4.21) into Eq. (4.7), the density of fixed charge
groups is finally derived as follows:

4.21)

_ o - K- B
(K + cy)/1 4+ 2F(E) 4+ 4F>(E) + 8F3(E)

¢ (4.22)

By substituting Eq. (4.19) into the Eq. (4.22), the one-dimensional form of the
fixed charge density is obtained as

mo K- 9%
= 3
(K+cH)\/1+2%+(§—;§)

As well known, the first Piola—Kirchhoff stress tensor P is a kind of expatri-
ate, living partially in the deformed (current) configuration x and partially in the
reference (initial) configuration X where x = X+u, and it is unable to measure.
Because of the absence of symmetry in the first Piola—Kirchhoff stress tensor P, it is
seldom used in constitutive equations. However, the second Piola—Kirchhoff stress
tensor S is symmetric and is often used as the stress measure for large deforma-
tion. The relation between the first Piola—Kirchhoff stress tensor P and the second

(4.23)
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Piola—Kirchhoff stress tensor S is written as
P = SF' (4.24)
where F is the deformation gradient tensor and defined as
F=1+Vu (4.25)
The second Piola—Kirchhoff stress tensor S is given by
S = CE — posmotic I (4.26)

where C is the material tensor and E is the Green—Lagrangian strain tensor used as
the strain measure

1 T
E=_(F'F-1) 4.27)

The nonlinear mechanical governing equation for large deformation of the smart
hydrogel is finally written as follows:

V - [(CE — posmotic DF'] = 0 (4.28)

For one-dimensional analysis,

=0  (4.29)

Pu _dud*u 3 [(du\* Pu|  dposmotic
Ay +2s) | o + 3o o [ ) S | Osmote
(hs + MS)|:dX2 xax T2 (dX) e %

So far the development of MECpHe model has been completed. It is composed
of the Nernst—Planck diffusion equation (4.2) for the diffusive ion concentrations,
the Poisson equation (4.3) with the fixed charge density (4.22) or (4.23) for the
electric potential and nonlinear mechanical equation (4.28) or (4.29) for the large
displacement of the smart hydrogel.

The MECpHe governing equations are associated with the boundary conditions
of the diffusive ion concentrations and the electric potential, which are imposed at
the edges of the surrounding solution

*
C|Anode = C|Cathode =c (4.30)

¥l Anode = 0.5V, and ¥ |camode = —0-5Ve 4.31)

where ¢* is the initial ionic concentration of the bath solution and V, the externally
applied electric voltage.
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Boundary condition of the mechanical deformation is imposed at the hydrogel—
solution interfaces

N;
d d
(hs + 20t5) [d—; + 2 (d;> ] RTY (ck—c)) at X=(L£h)/2 (432)

k=1

In order to prevent the hydrogel from undergoing rigid-body motion, a point
constraint is requested in the middle of the hydrogel

u=0 at X=1L/2 (4.33)

4.3 Numerical Implementation

For computational simplification, non-dimensional variables are defined as

X = X u= “ Ck = Ck Cr = i 1/_, — 4 — g Iz ~__ Posmotic
= —, — T = —, = —, = = —, tic =
Lref Lref Cref 4 Cref ¢ref nRT osmouc %_CrefRT
(4.34)

The non-dimensional form of the partial differential governing equations of the
MECpHe model are then written as

d*cx dey dyr d*y
. e =0 (k=12,...,N; 4.35
02 R S e S PES) ( ion) (4.35)
d*y F2 L2 icrey Nion
= a4+ )z (4.36)
d;? eeoRT 1 ) k;
du  jdudu 3 (du P ScretRT dposmotic _ 4 39,
dx* ~dxdx* dx) dx f dx

The non-dimensional osmotic pressure is given as
_ 1 _
Posmotic = g Z (Cx — Cg) (4.38)
k

By the Hermite-cloud method (Li et al., 2003), the unknown variables are
discretized as

Niotal Niotal Niotal

a®) = Z NG+ Y | K= D0 NiGX; | M)k, (4.39)

m=1

Niotal Niotal Niotal

YE) =Y NG+ > | %= D M@ | My ).« (4.40)
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N, gel N, gel N, gel
ux) =Yy N+ Y %= Y NG | Mu@it, (441
j=1 m=1 j=1
The non-dimensional form of the nonlinear coupled partial differential governing

equations of the MECpHe model and the auxiliary conditions for one-dimensional
steady-state simulation are finally discretized as

Niotal Niotal Niotal o
Z Nj,xx(J_Ci)Ekj + nzk |:Z Mm(yci)zkm,xi| |:Z Mm(fz)lﬂmx} +

j=1 m=1 m=1
Niotal Niotal Niotal
+nzk Z N;(x;)crj — Z Xi— Z N;(x)%; | Myu(Xi)Chm x (4.42)
j=1 m=1 j=1
Niotal _
D NjwGE); | =0
=1
Niotal 2 2 Nion Niotal
T F~ L fCref =
D NG + ceoRT n )¥YT D | 2 NGy
j=1 k=1 j=1 (4.43)
Niotal Niotal ’
=Y | ® = D NG | MuE)ekma | ¢ =0
m=1 j=1
Ngel Ngel Neel
A NG 43 | S MGt | | NG
j=1 m=1 j=1
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+5 | D0 M@t | | 3 M@t | | D Njael@i)y (4.44)
m=1 m=1 j=1
1 Nge]
o YD) Mu@Eerms | =0 (k=1.2,....Nion)
k m=1
Niotal _N total ] Niotal
D ONGg@EEG — | > NygEDXj | Y Mu(Ei)eamx = 0 (4.45)
j=1 | j=1 i m=1
Niotal _ _N total ] Niotal _
D ONGE; = | D NgEDX) | D MGV =0 (4.46)
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where N1 1S the number of the total scattered points covering the whole computa-
tional domain including both the hydrogel and the surrounding solution, and Nge is
the number of the total points for discretization of the smart hydrogel domain only
(Fig. 4.1).

4.4 Model Validation with Experiment

For examination of the MECpHe model, a comparison is conducted between the
numerically simulated results and experimentally measured bending data extracted
from the published work (Kim et al., 2004b), where Kim et al. (2004b) measured
experimentally the deformation of the PMAA/PVA IPN hydrogel strip which was
immersed in the pH buffer solution, as shown in Fig. 4.2. The carboxylic acid group
in PMAA is in the form of R—COOH when the pH is low, and then R—COOH is
dissociated to R—COO™ as the pH increases. The hydrogel strip swells uniformly
before the electric voltage is imposed (Kim et al., 2004b). When the electric field is
applied, the distributions of ionic concentrations are no longer uniform, which lead
to the unequal concentration differences at the two interfaces between the hydrogel
and surrounding solution near the anode and cathode, respectively. The unequal
concentration differences result in the unequal osmotic pressure at the two interfaces
near the anode and cathode, which makes the hydrogels bent (Wallmersperger and
Kroeplin, 2001; Homma et al., 2001).

The studied hydrogels contain the carboxylic groups and undergo drastic change
in swelling capacity with pH of the external media. The minimum swelling in
the media of low pH may be attributed to the —COOH groups bound along the
macromolecular chains in the network matrix remain almost unionized because
pK,, of the acrylic acid is 5.4. This results in almost nil osmotic swelling pressure

L
— I +
Deformed hydrogel strip PH bufter sefwtian
+
« Initial hydrogel strip
- (PMAA/PVA IPN) +
Equilibrium bending angle a
= +
- ey +

0 X

Fig. 4.2 Schematic diagram of a hydrogel strip immersed in pH buffer solution subject to an
externally applied electric field
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since no difference of mobile counterion concentrations occurs over the hydrogel—
solution interfaces. Moreover, there occur H-bonding interactions occur among the
carboxylic groups within the hydrogel, which provides a compact H-bonded struc-
ture to the hydrogel. This ultimately restricts the movements of polymeric segments
and highly discourages the solvent entrance. However, when the hydrogel is placed
in the medium with pH higher than pK,, the ionization of —COOH groups not
only enlarges the osmotic swelling pressure but also causes relaxation of polymeric
chains due to repulsion among similarly charged R —COO™ groups bound along
the macromolecular chains of the hydrogel network. This generates the extensive
swelling of the hydrogel as indicated by higher swelling ratio of the hydrogel (Bajpai
and Dubey, 2005).

The input parameters used for examination of the MECpHe model include R =
8.314 J/mol- K, F = 9.648x 10* C/mol, T = 298 K, &g = 8.854 x 10712 C?/N - m?,
£=80, ¢* = 137.1 mM, = -1, 2 =200 mM, the initial volume fraction of the
interstitial water phase ¢; = 0.8. In general, the elastic modulus of the polymer
PMAA varies with the pH of buffer solution (Yin et al., 1997; Bashir et al., 2002;
Rong et al., 2004). The elastic modulus taken here is 3 MPa according to the experi-
ment (Yin et al., 1997). The distance between the two carbon electrodes L = 30 mm,
and the hydrogel strip is tailored in 20 x5x0.2 mm?>. The simulation results are illus-
trated in Fig. 4.3 for the bending behaviour of the hydrogel subject to the electric
voltage V, = 15V coupled with solution pH stimulus. In order to measure the bend-
ing deformation of the hydrogel, an equilibrium bending angle (EBA) is defined as
a = 45Ly(e1 — e2)/mh in the unit of degree (Kim et al., 2004b), where e and e, are
the strains of the hydrogel strip at the two ends in thickness direction, Ly and & are
the length and thickness of the hydrogel strip, respectively. As the electric voltage
increases to higher level such as V, = 15V, the profile of « increasing gradually with
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pH
Fig. 4.3 Comparison of numerically simulated results with experimental data (Kim et al.,
2004b)
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buffer solution pH value may be divided into three stages. When the pH is lower
than pH=4.0 or higher than pH=6.0, the « increases at gradual rate. However, it
will increase rapidly in the range from pH=4.0 to 6.0. Basically the mechanism of
deformation of the hydrogel may be explained by Flory’s osmotic pressure theory
(Shiga and Kurauchi, 1990; Yang and Engberts, 2000). If external electric field is
applied, mobile ions move towards their counter electrode. As a result, a gradient
of diffusive ion concentration is developed, which generates the osmotic pressure
due to the difference of diffusive ion concentrations over the interfaces between
the hydrogel and the surrounding solution. The cations Na* diffuse into the hydro-
gel more than the anions CI™ and move towards the cathode. Since the increase of
the osmotic pressure at the interface near the anode is larger than that at the inter-
face near the cathode, the hydrogel near the anode swells greater than that near the
cathode, which results in the bending towards the cathode, as shown in Fig. 4.2.
Figure 4.3 demonstrates that the simulation results agree well with the experimen-
tal data (Kim et al., 2004b), which validates the MECpHe model with capability of
efficiently simulating the hydrogels responsive to the pH-electric coupled stimuli.

4.5 Parameter Studies by Steady-State Simulation
for Equilibrium of Hydrogel

For further understanding of the influences of hydrogel material properties and
environmental conditions on the responsive characteristics of the hydrogels subject
to the surrounding solution pH and electric field coupled stimuli, several simula-
tions are carried out with the input parameters, R = 8.314 J/mol-K, F = 9.648 x 10*
C/mol, T = 298K, &9 = 8.854 x 10712 C?/N - m?, £=80, ¢* = 4.0mM, ¢} = 10.0
mM, zy=—1, ¢6V = 0.8, L =2400 um, & = 800 wm, and the Young’s modulus taken
is 3.0 MPa. The simulation results are discussed for analysis of the effects of several
important material and environmental parameters on the distributive variations of
responsive characteristics of the diffusive ionic concentrations cg, the electric poten-
tial ¥, the fixed charge density ¢y and the mechanical deformation of the hydrogel
strip, including the displacement u, the swelling ratio R, and the average curvature
K, that is defined as K, = 2(e; — €2)/[h(2 4+ €1 + e2)] (e1 and e, are the strains of
the hydrogel strip at the two ends in the thickness direction) at the middle point of
the hydrogel thickness for measurement of the bending deformation of the hydrogel
(Li et al., 2007).

4.5.1 Influence of Solution pH Coupled with External
Electric Voltage

Figures 4.4 and 4.5 show the influence of surrounding solution pH on the distri-
bution of diffusive ionic species concentrations of the system in response to the
stimulus of the electric voltage V, = 0, 0.08, 0.16 and 0.32'V, respectively. If no
external electric field is applied, i.e. V, = 0, the distributions of the diffusive ionic
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Fig. 4.4 Coupled effect of the solution pH and external electric voltage V, on the distributive
profiles of the diffusive Na*

concentrations are simulated and shown in Figs. 4.4a and 4.5a. It is observed from
the figures that the electroneutrality phenomenon exists in the bath solution and
hydrogel strip. The concentrations of the diffusive ionic species Na* and CI~ are
distributed uniformly within the hydrogels and symmetrically in the whole system
domain. The same profiles of the concentration differences are observed over the
two hydrogel—solution interfaces near the anode and cathode. This makes the hydro-
gel strip swell uniformly without bending deformation. Once the electric field is
applied however, such as V, = 0.16'V, the distributions of the diffusive ionic species
Na* and CI~ concentrations are no longer uniform in the hydrogel and bath solution,
and also no longer symmetric in the whole domain. It is noted that the simulated
hydrogel is assumed to be charged negatively. As the electric field is applied, the
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Fig. 4.5 Coupled effect of the solution pH and external electric voltage V, on the distributive
profiles of the diffusive C1~

mobile cations Na* transport from the anode region to the cathode one until the
equilibrium state is achieved. As such, the diffusive Na* concentration increases at
the hydrogel edge near the cathode and decreases near the anode. When the electric
current is constant in equilibrium state, it is understood that the electroneutrality
conserves everywhere in the solution, and the global flow of all the ions across the
boundary yields a null current. As a result, the C1~ concentration also increases at
the hydrogel edge near the cathode and decreases near the anode. With increasing
the distance from the cathode, the concentrations of the diffusive ionic species Na*
and CI™ decrease within the hydrogels. It can also be observed from Figs. 4.4b—d
and 4.5b—d that the differences of diffusive ionic concentrations between the interior
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hydrogel and the exterior bath solution near the anode are larger than those near the
cathode. Along the pH-axis direction, the distributive profile of the ionic concen-
tration forms a slant for the concentration of cation Na* over the hydrogel-solution
interface near the anode and a trench near the cathode, while the distributive pro-
file of the anion C1~ concentration forms a trench near the anode and a slant near
the cathode. Moreover, the distributive profiles of the diffusive ionic concentrations
change significantly from pH=1.0 to 6.0, while the distributions vary gradually from
pH=6.0 to 10.0. It is also known that the simulations shown in Figs. 4.4 and 4.5 are
consistent qualitatively with the experimental phenomena (Doi et al., 1992).

Figure 4.6a—d demonstrates the coupled effect of the solution pH and electric
voltage V, on the distribution of the electric potential i in the system. If V, = 0, the
distribution of electric potential ¥ is symmetric in the whole domain and also uni-
form in the hydrogel strip, as shown in Fig. 4.6a. When an electric voltage is applied
to the system, as shown in Fig. 4.6b—d, the distribution of the electric potential v
becomes unsymmetrical and non-uniform, where the gradients of electric potential
Y are observed over the hydrogel—solution interfaces. The large difference of the
electric potential ¥ occurs near the anode, which enlarges concentration difference
over the interfaces near the anode. Furthermore, relatively compared with the con-
centration difference near the cathode, the larger concentration difference near the
anode results in the higher osmotic pressure near the anode. In addition, the col-
lapse within the hydrogel domain diminishes with the increase of electric voltage.
As such, the unequal osmotic pressures between the anode and the cathode cause
the hydrogel bending (Homma et al., 2001).

Figure 4.7a—d illustrates the influence of surrounding solution pH on the distri-
bution of the fixed charge density ¢y of the hydrogel responding to different levels
of the electric voltages. It is seen from these figures that the distribution of the fixed
charge density ¢y within the hydrogel decreases when the electric voltage is applied
to the system. The increase of the electric voltage makes the hydrogel strip swell
greatly, the fixed charge groups redistribute within the hydrogel and the density of
the fixed charge groups decreases. This causes the hydrogel strip to swell and bend.
Along the pH-axis direction, it is also seen that the distributive profiles of the fixed
charge groups increase rapidly from pH=1.0 to 6.0, and then gradually from pH
6.0-10.0.

Figure 4.8a—d shows the influence of the buffer solution pH on the distribution
of displacement u of the hydrogel under different electric voltages. It is observed
from the figures that the displacement of the hydrogel strip changes dramatically in
response to the pH-electric coupled stimuli. In the range of pH 2-6, if an electric
voltage is applied, such as V, = 0.32V, the hydrogel strip swells obviously and the
displacement is about 10 times larger than that of the hydrogel strip without electric
stimulus. When pH is higher than 6, the effect of solution pH on the displacement of
the hydrogel is insignificant and the displacement is distributed almost uniformly.
This is a good example to demonstrate that the smart hydrogels responsive to the
solution pH and electric voltage coupled stimuli can achieve larger deformation and
perform better mechanical strength. Therefore, they have a great potential as linear
actuators for applications in BloMEMS (Schreyer et al., 2000).
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Figures 4.9, 4.10, 4.11, 4.12 and 4.13 are plotted for analysis of the coupled
effect of the solution pH and electric voltage V, on the variation of swelling ratio
R and average curvature K, of the hydrogel strip. Figures 4.9 and 4.10 illustrate
the coupled effect of the solution pH and external electric voltage V, stimuli on
the swelling ratio R;, where the swelling ratio R, increases with the applied voltage
V.. Theoretically it is known that the increment of the applied voltage V, amplifies
the osmotic pressure and makes the hydrogels swell greatly. It is also seen that the
swelling ratio R, of the hydrogel strip changes dramatically with the pH-electric
coupled stimuli, especially in the range of pH 1.0-6.0. In the range of pH 6.0-9.0,
however, the effect of the solution pH on the swelling ratio Ry is insignificant.
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Fig. 4.7 Coupled effect of the solution pH and external electric voltage V, on the distributive
profiles of the fixed charge density cf

Figures 4.11 and 4.12 illustrate the coupled influence of the solution pH and
electric voltage on the average curvature K, of the hydrogel. It is observed that the
average curvature K, of the hydrogel increases with the externally applied voltage
Ve, especially under higher electric voltage V,. Then the hydrogel in equilibrium
state gains larger bending deformation, which is different from the performance
behaviour of the hydrogel responsive to the single stimulus, the solution pH only.
At the same level of the electric voltage, the average curvature K, increases dramat-
ically from pH 1.0 to 4.0. However, it gains tiny increase in the range of pH 5.0-9.0.
The deformation of the hydrogel may be produced by changes of two physical
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Fig. 4.8 Coupled effect of the solution pH and external electric voltage V, on the distributive
profiles of displacement u of the hydrogel strip

parameters (Kim et al., 2003; Lam et al., 2006). One is the change of the osmotic
pressure due to the difference of the diffusive ion concentrations between the interior
hydrogel and the exterior solution. The pressure is the main driving force to make
the hydrogel have swelling and bending deformations. The other is the change of the
applied electric voltage. The increase of the electric voltage results in the larger dif-
ference of the diffusive ionic concentrations over the hydrogel-solution interfaces.
The concentration differences lead to the differences of the osmotic pressures at
the two interfaces of the hydrogel, which makes the hydrogel bent. As a result, the
increase of the electric voltage V, makes the swelling ratio R, enlarge, as shown in
Fig. 4.13. The predictions based on the present simulations are consistent with the
experimental phenomena (Bajpai, 2001).
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4.5.2 Influence of Initially Fixed Charge Density of Hydrogel

For discussion of the effect of the initially fixed charge density on the responsive
behaviours of the hydrogels subject to the solution pH and electric field coupled
stimuli, several numerical simulations are carried out with the input parameters
required by the MECpHe model, R = 8.314J/mol-K, F = 9.648x10* C/mol,
g0 = 8.854 x 10712 C2/N-m?, =80, T =298 K, ¢* =4.0mM, |zx| = 1, ;=100
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Fig. 4.12 Variation of the average curvature K, of the hydrogel strip responding to the coupled
stimuli of the solution pH and external electric field V,

mM, zr = —1, K = 107> mM, ¢}/ = 0.8, L = 2400 um, h = 800 pm and the
Young’s modulus taken is 3.0 MPa.

Figures 4.14 and 4.15 are plotted for the distributions of the mobile ions Na*
and CI™ concentrations with the coupled effect of surrounding solution pH at the
external electric voltage V, = 0.16 V for different levels of the initially fixed charge
densities: q? = 2.0,4.0,8.0and16.0 mM, respectively. As shown in Fig. 4.14a—d, as
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Fig. 4.13 Variation of the swelling ratio R; of the hydrogel strip responding to the coupled stimuli
of the solution pH and external electric field V,

the initially fixed charge density ¢ increases, the distribution of the cation Na* con-
centration increases within the hydrogel, and the gradient of the ionic concentration
within the hydrogel increases as well, which enhances the osmotic pressure to swell
the hydrogel strip. The increase of the initially fixed charge density cj? enlarges the
concentration of the cation within the hydrogels, which makes main contribution
into the increment of the ionic concentration differences over the hydrogel-solution
interfaces. Subsequently, this leads to the increase of the osmotic pressure and
then the swelling of the hydrogel. The simulation results are consistent with the
experimental phenomena (Fei et al., 2002).

Figures 4.16 and 4.17 show the influence of the environmental solution pH at
the external electric voltage V, = 0.16 V for different initially fixed charge den-

sities c}) on the distributive profiles of the electric potential ¢ and fixed charge

density ¢y, where c})- =2.0,4.0,8.0and16.0 mM, respectively. It is found that the
collapse of the distributive electric potential ¥ within the hydrogel increases as the
initially fixed charge density ¢! increases, while the gradient of the electric poten-
tial ¥ within the hydrogel diminishes, as shown in Fig. 4.16a—d. It is also found in
Fig. 4.17a—d that the fixed charge density increases obviously.

Figures 4.18, 4.19, 4.20, 4.21 and 4.22 focus on the coupled effect of the solu-
tion pH and electric voltage V, as well as initially fixed charge density c}) on the
mechanical deformation of the pH-electric-sensitive hydrogel.

Figure 4.18a—d illustrates the distributive profiles of displacement u of the hydro-
gel strip with the effect of surrounding solution pH at the electric voltage V, =
0.16 V for different levels of the initially fixed charge densities c})., respectively. It is
seen that the displacement u increases dramatically with increment of the initially
fixed charge density c?. For example, the displacement increases about 10 times as

c})- changes from 2 to 16.0 mM.
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with the initially fixed charge density c}) (Ve =0.16V)

Figures 4.19 and 4.22 illustrate the coupled effects of the solution pH and the
electric voltage V, as well as the initially fixed charge density ¢} on the variations
of the average curvature K,, where the solution pH varies from 1.0 to 10.0 and
the electric voltages V, from 0.08 to 0.4V, and the initially fixed charge densities
c/? =2.0,4.0,8.0and16.0 mM, respectively. It is observed from the figures that the
average curvature K, of the hydrogel strip increases with the externally applied
voltage V.. The greater electric voltage V, increases, the larger equilibrium bend-
ing deformation the hydrogel strip gains, which is different from the responsive
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characteristics of the hydrogel strip to a single stimulus of the solution pH. For the
given electric voltage V,, the average curvature K, increases dramatically from pH
1.0 to 4.0. However, it reaches almost constant state in the range of pH 5.0-9.0.
The deformation of the hydrogel may be produced by changes of the osmotic pres-
sure and the conformation of the crosslinked polymer chains (Kim et al., 2003).
The osmotic pressure results from the difference of diffusive ionic concentrations
between the hydrogel and the bathing solution, which dominates the driving source
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coupled with the initially fixed charge density c}’ (Ve =0.16V)

for swelling and bending deformations of the hydrogel strip. The increase of elec-
tric voltage enlarges the difference of the diffusive ionic concentrations over the
interfaces of the hydrogel. The differences of the ionic concentrations cause the
differences of the osmotic pressures along the interfaces of the hydrogel, which
makes the hydrogel strip bent. In other words, the increase of electric voltage V,
enlarges the average curvature K,,. The change of the conformation of crosslinked
polymer chains results from the pH change in the hydrogel. The increase of pH
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within the hydrogel leads to the change of the carboxylic acid groups fixed on the
polymer chains from R — COOH to R — COO™. The change from weak polyelec-
trolyte to strong one means the increase of the electrorepulsive interaction between
the carboxylic acid groups as the fixed charges. Therefore, the conformation of the
polymeric chains of the hydrogel is changed from the compact state to the expanded
one, and then the hydrogel swells. A close look into the figures reveals that the
significant increase of the equilibrium swelling and bending of the hydrogel in
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Fig. 4.18 Distributive profiles of the displacement u subject to the effect of the solution pH
coupled with the initially fixed charge density cj(,) (Ve =0.16V)

micro-scale occurs in the range of solution pH 2.0-4.0, which is close to the dis-
sociation constant of the fixed charge groups, pK, = 2.1. The carboxylic groups at
pH >4.0 are totally ionized, which may be the reason for the tiny increase of the
average curvature K, in the range of pH 5.0-9.0. The predictions by the present
simulations are consistent well with the experimental phenomena (Bajpai, 2001),
where it was reported that the local pH gradient attributed to water electrolysis may
be additional factor to influence the bending deformation (Lam et al., 2006).
Figures 4.20 and 4.21 are plotted for analysis of the coupled effect of the initially
fixed charge density ¢! and electric voltage V, as well as solution pH on variation of
the swelling ratio R;. It is shown from the figures that the swelling ratio R, increases
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with the initially fixed charge density c?. The present simulation results qualitatively
agree well with the experimental observations (Fei et al., 2002).

4.5.3 Influence of Ionic Strength

For the pH-electric-sensitive hydrogel as promising materials used as sensors, actu-
ators and artificial muscles for biomedical engineering applications, the mechanical
properties of the smart hydrogels are particularly concerned. It is known that the
mechanical force is generated by the osmotic pressure, which is governed by the
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ionic transport through the system, and is affected by the hydrogel architecture
(Chiarellim and Rossi, 1996; Carlson et al., 2003). In order to investigate the effect
of the ionic strength / (/ = 0.5x )", ckz,%) of environmental solution on the bending
deformation of the hydrogels, several simulations are conducted numerically with
the input parameters for the MECpHe model, R = 8.314 J/mol-K, F = 9.648 x 10*
C/mol, T =298 K, £=80, &g = 8.854 x 10712C?/N-m?, zy= —1, K= 1072 mM,
¢y = 0.8, L =2400 pm, h = 800 pum and the Young’s modulus is equal to 3.0 MPa.
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Fig. 4.23 Distributive profiles of the electric potential 1 subject to the effect of the solution pH
coupled with the ionic strength 7 (V, = 0.16 V)

Figures 4.23 and 4.24 illustrate the distributive profiles of the electric potential
¥ and fixed charge density ¢y with coupled influences of solution pH at the external
electric voltage V, = 0.16 V for different levels of the ionic strengths I = 2.0, 4.0, 8.0
and 16.0mM. It is found that, as the ionic strength I of bathing solution increases,
the gradient of electric potential v increases within the hydrogel, while the collapse
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Fig. 4.24 Distributive profiles of the fixed charge density ¢y subject to the effect of the solution
pH coupled with the ionic strength 7 (V, = 0.16 V)

of the electric potential i diminishes. The potential ¢ distributes linearly in the
whole domain covering the hydrogel and bathing solution, especially at high ionic
strength 1. Theoretically the increase of the ionic strength of environmental solu-
tion makes the more mobile ions diffuse into the hydrogel, then the conductivity
of hydrogels becomes almost equal to that of surrounding solution, which results
in the electric potential ¥ distributing quasilinearly over the whole domain. It is
known from Fig. 4.24 that the fixed charge density ¢y and the corresponding gradi-
ent in the hydrogel increase with the ionic strength 7. It is noted that the dissociation
of carboxylic groups fixed on the polymeric chains of the hydrogel imparts the ionic
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Fig. 4.25 Distributive profiles of the displacement u subject to the effect of the solution pH
coupled with the ionic strength 7 (V, = 0.16 V)

character to the hydrogels and affects the ion osmotic swelling pressure (Bajpai,
2001). In fact, the enhancement of the ionic strength / makes more contribution to
the increase of the concentrations in the surrounding solution, relatively compared
with the contribution to that in the hydrogels. This reduces the difference of diffusive
ion concentrations over the hydrogel—solution interfaces. The reduction of concen-
tration differences decreases the osmotic pressure. From the experimental swelling
phenomena of polyelectrolyte gels, it is also observed that the osmotic pressure
ultimately reduces the equilibrium swelling capacity of the hydrogels (Khare and
Peppas, 1995), and the hydrogels thus shrink.

Figures 4.25, 4.26, 4.27, 4.28, 4.29, 4.30, 4.31, 4.32, 4.33 and 4.34 show the
coupled influences of the solution pH and electric voltage V, as well as initially
fixed charge density c}) on the mechanical deformation of the pH-electric-sensitive
hydrogel.
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Fig. 4.26 Variations of the average curvature K, subject to the effect of the solution pH coupled
with the electric voltage V, at various ionic strengths /

Figure 4.25a—d illustrate the distributive profiles of displacement u with the cou-
pled influences of solution pH at the electric voltage V, = 0.16 V for various ionic
strengths /. The displacement u of the hydrogel strip decreases with the increase
of ionic strength I of bathing solution. As mentioned above, the increase of I will
reduce the osmotic pressure and thus cause the hydrogel deswelling. However,
the average curvature K, of the hydrogel increases with the enhancement of ionic
strength /. Figure 4.26a—d shows the coupled influences of the solution pH, the
electric voltage V, and the solution ionic strength / on the variation of the aver-
age curvature K,, where cf(- = 10.0 mM, the solution pH ranges from 1.0 to 9.0,
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the electric voltages V, from 0 to 0.4V and the solution ionic strengths I = 2.0,
4.0, 8.0 and 16.0 mM, respectively. Figures 4.27, 4.28, 4.29 and 4.30 illustrate the
influence of the ionic strength / on the average curvature K, for various levels of
the solution pH and electric voltage V,. It is observed that the average curvature
K, of the hydrogel increases with the externally applied voltage V,, i.e., the hydro-
gel gains larger equilibrium bending deformation at higher electric voltage V.. But
it is different from the characteristics of the hydrogels in response to the single
stimulus of solution pH. The average curvature K, under the same electric voltage
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Fig. 4.30 Coupled effect of the ionic strength / and solution pH on variation of the average
curvature K, (V, =0.4V)

increases significantly from pH=1.0 to 4.0. However, it gains the slight increment
in the range of pH 5.0-9.0. The deformation of the hydrogel may be mainly driven
by the change in the osmotic pressure (Shiga et al., 1990), which is generated by
the difference of the diffusive ion concentrations between the interior hydrogels and
the exterior solution. The increase of the electric voltage results in the larger ionic
concentration differences over the interfaces between the hydrogel and the bathing
solution. The differences of the diffusive ion concentrations lead to the difference
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Fig. 4.32 Coupled effect of the ionic strength / and electric voltage V, on variation of the swelling
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of the osmotic pressures at the two sides of the hydrogel, which makes the hydrogel
bend. Therefore, the increase of electric voltage V, enlarges the average curvature
K, as shown in the Fig. 4.26a—d. The present simulations reveal that the significant
increase of the equilibrium swelling and bending of the hydrogel occurs in the range
of solution pH 2.0-4.0, which is associated with the dissociation constant pK, = 2.1
of the hydrogels. If the surrounding solution pH is larger than 4.0, the carboxylic
groups are totally ionized, which could be the reason for the tiny increase of K, in
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the range of pH 5.0-9.0. The simulation results are consistent with the experimental
phenomena (Bajpai, 2001). It is found from the figures that the average curvature
K, of the hydrogel increases with the ionic strength  subject to the coupled stimuli
of the solution pH and externally applied electric voltage V,, in which the increment
of K, is not linear and will slow down with the ionic strength /. It is known that the
osmotic pressure decreases with the increase of the ionic strength I of the system
medium, and ultimately reduces the equilibrium swelling capacity of the hydrogels
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(Lam et al., 2006). However, the increase of the ionic strength or electrolyte con-
centration induces the increase of mobile counterions diffusing into the hydrogel.
Due to the fixed charge groups existing in the hydrogel subject to electric field, the
redistribution of the counterions enlarges the difference of the diffusive ionic con-
centrations at both the ends of the hydrogel, which amplifies the difference of the
osmotic pressures over the two interfaces between the hydrogel and the surrounding
solution. Therefore, the bending deformation of the hydrogel increases further and
the average curvature K, increases as well. The influence of ionic strength / may
be weakened by the shielding effect of the fixed charge groups (Kim et al., 2004a,
b), and the average curvature K, increases gradually at higher levels of the ionic
strength 7, as shown in Fig. 4.29. The simulations agree well with the published
experimental studies (Kim et al., 2004a, b).

Figures 4.31, 4.32, 4.33 and 4.34 are plotted for the coupled effect of the ionic
strength I and electric voltage V, as well as solution pH on the variation of swelling
ratio R;. It is found that the swelling ratio R decreases with increment of the ionic
strength [ of environmental solution. In fact, the increase of the ionic strength /
makes more contribution to the increase of the concentration in the surrounding
solution, relatively compared with the contribution to that in the hydrogels. This
reduces the difference of diffusive ion concentrations over the hydrogel-solution
interfaces, and thus it decreases the osmotic pressure, which makes the hydrogels
shrink. The details of how the ionic strength I influences the pH sensitivity of the
hydrogels require more comprehensive investigations, particularly in the case of
multivalent ions (Mao and McShane, 2006).

4.5.4 Influence of lonic Valence

In order to gain further insight into the effects of various important parameters
of the hydrogel material properties and environmental conditions on the respon-
sive behaviours of the hydrogels to the coupled stimuli of the solution pH and
electric field, several numerical simulations are carried out with the input param-
eters required by the MECpHe model, R = 8.314 J/mol- K, F = 9.648 x 10* C/mol,

g0 = 8.854x 107 12C?/N-m?, T =298 K, £=80, ¢* =4.0mM, ¢ = 10.0mM, z =

—1,K=10">!mM, ¢} = 0.8, L = 2400 um, h = 800 pm and the Young’s modu-
lus of 3.0 MPa is taken. The simulation results are discussed below for the influence
of the ionic valence |zx| of the surrounding solution on the responsive distributions
of the diffusive ionic concentrations ci, the electric potential v, the fixed charge
density ¢ and the mechanical deformation of hydrogel strip.

Figures 4.35 and 4.36 show the coupled effects of solution pH at the external
electric voltage V, = 0.16 V for various levels of the ionic valences |zx| = 1,2and3
on the distributive profiles of mobile cation and anion concentrations. It is noted that
the distributive concentrations of diffusive cation species within the hydrogel reduce
as |zx| increases. In order to maintain the electroneutrality within the hydrogel, the
cations diffuse into the hydrogel to neutralize the fixed charges (c)(?- = 10.0 mM, z¢
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Fig. 4.35 Distributive profiles of cation subject to the effect of the solution pH coupled with the
ionic valence (V, = 0.16 V)

= —1) bound on the polymeric network chains. For example, if the ionic exchange
process is considered, it needs 10.0 mM monovalent cations to neutralize the fixed
charge groups bound on the polymer chains. However, it needs 5.0 mM divalent
cations only. Therefore, when the surrounding solution is changed from monovalent
electrolyte to bivalent or trivalent one, the difference of diffusive cation concentra-
tions decreases significantly between the hydrogel and the solution, the variation of
the concentration distributions is relatively small for the diffusive anions. This gives
rise to the smaller osmotic pressure and then makes the hydrogels shrink.
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Fig. 4.36 Distributive profiles of anion subject to the effect of the solution pH coupled with the
ionic valence (V, = 0.16 V)

Figures 4.37 and 4.38 show the distributive profiles of the electric potential ¥ and
fixed charge density ¢y subject to the influences of bathing solution pH at the external
electric voltage V, = 0.16 V for different ionic valences |zx| = 1, 2 and 3. It is found
that the gradient of electric potential ¥ within the hydrogel increases as the ionic
valence |zx| increases, while the collapse of i diminishes. The electric potential
Y distributes more and more linearly over the whole system domain covering the
hydrogel and bathing solution, especially at larger ionic valence.
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Fig. 4.37 Distributive profiles of the electric potential 1 subject to the effect of the solution pH
coupled with the ionic valence (V, = 0.16 V)

Figures 4.39, 4.40, 4.41, 4.42 and 4.43 demonstrate the coupled influences of the
solution pH and electric voltage V, as well as ionic valence |zx| on the mechanical
deformation of the pH-electric-sensitive hydrogel.

Figure 4.39a—c illustrates the variation of displacement u of the hydrogel strip. It
is noted that when the surrounding solution is changed from monovalent electrolyte
to bivalent or trivalent one, the osmotic pressure decreases dramatically over the
interface between the hydrogel and the bathing solution. As a result, the displace-
ment u of the hydrogel strip decreases, especially when the monovalent electrolyte
is changed to the divalent one, as shown in the Fig. 4.39.
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pH coupled with the ionic valence (V, = 0.16 V)

Figures 4.40 and 4.41 are plotted for analysis of the coupled effect of the ionic
valence |zx| and electric voltage V, as well as solution pH on the variation of the
average curvature K. It is found that the average curvature K, increases slightly
with increment of the ionic valence |zx|. However, it is also seen that the swelling
ratio Ry decreases with increment of the ionic valence |zx|, as shown in Figs. 4.42
and 4.43. Similar results were also reported elsewhere (Horkay et al., 2001; Bajpai
and Dubey, 2005). Based on the above discussions, it is concluded that the presence
of divalent ions in the intestinal fluid within the hydrogel may cause a great volume
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Fig. 4.39 Distributive profiles of the displacement u subject to the effect of the solution pH
coupled with the ionic valence (V, = 0.16 V)

transition in the swollen hydrogel. This in turn may affect the drug releasing capacity
of the hydrogel if it is used as drug delivery system.

4.6 Remarks

In this chapter, the responses of the equilibrium characteristics of the smart hydro-
gels have been modelled and simulated when they are stimulated by the environ-
mental solution pH coupled with the externally applied electric field. The simulation
results obtained by the present MECpHe model agree well with published experi-
mental data qualitatively and quantitatively. The influences of important hydrogel
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Fig. 4.41 Coupled effect of the ionic valence and electric voltage V, on variation of the average
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material properties and environmental conditions on the degree of swelling are
investigated. It is concluded that the swelling deformation of the smart hydrogels
can be improved further by increasing the externally applied electric voltage, or
by increasing the fixed charge density or by lowering the ionic strength of the
surrounding solution.
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The MECpHe model can be employed theoretically not only to explain the
experimental phenomena, such as the distributions of diffusive ionic concentra-
tions, electric potential and the polymeric network deformation, but also to support
the design and optimization of BioMEMS devices based on the smart hydrogels
responsive to pH-electric coupled stimuli. The developed model is able to predict
helpful information, such as the distribution of diffusive ionic concentration in both
the hydrogel and bathing solution, the distribution of electric potential in both the
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hydrogel and surrounding solution, the degree of equilibrium swelling, the displace-
ment and bending curvature of the pH-electric-sensitive hydrogels. The modelling
and simulation work would be useful for the design and optimization of the sen-
sor, actuator, micro-fluidic valve and drug delivery system, which is based on the
pH-electric-sensitive hydrogels.
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Chapter 5

Multi-Effect-Coupling Thermal-Stimulus
(MECtherm) Model for Temperature-Sensitive
Hydrogel

5.1 Introduction

In this chapter, two models are developed mathematically for steady-state simu-
lation of the temperature-sensitive ionized hydrogel and for transient simulation
of the temperature-sensitive neutral hydrogel respectively, based on the analy-
sis of the fundamental interactions during the swelling or shrinking of the smart
hydrogel. One is a novel multiphysics model, termed the multi-effect-coupling
thermal-stimulus (MECtherm) model, which consists of a transcendental equation
and the nonlinear coupled Poisson—Nernst—Planck partial differential equations,
and it is developed for simulation of the volume phase transition of ionized
temperature-sensitive hydrogel at swelling equilibrium state. The other is a transient
model for kinetics of temperature-sensitive neutral hydrogel, which is contributed
mainly by Erik Birgersson (2008) who is one of the important collaborators of the
author.

A literature search reveals that many studies in past decades were carried out
for the thermal stimulus-responsive hydrogels. However, most of them were exper-
iment based. Few studies involved the modelling and simulation of the responsive
behavior of the hydrogels, especially for the ionized hydrogels. For example, Lele
et al. (1995) proposed a statistical thermodynamic model with consideration of
hydrogen bond interaction for prediction of swelling equilibrium of the PNIPA
hydrogel-water system. Otake et al. (1989) presented a model with effects of
hydrophobic hydration and interaction for the thermally induced discontinuous
shrinkage of ionized hydrogel. For analysis of discontinuous volume phase tran-
sition, Erman and Flory (1986) made the assumption that the polymer—solvent
interaction parameter depends on the volume fraction of solid-phase polymer net-
work. Later works include the molecular thermodynamic model which Hino and
Prausnitz (1998) proposed with combination of the impressible lattice-gas model
(Birshtein and Pryamitsyn, 1991) and the interpolated affine model (Wolf, 1984)
for simulation of the volume phase transition of PNIPA hydrogel. However, it is
still difficult for these models to capture experimental data well, although they may
provide qualitatively prediction of volume phase transition of temperature-sensitive
hydrogels.

H. Li, Smart Hydrogel Modelling, DOI 10.1007/978-3-642-02368-2_5, 219
© Springer-Verlag Berlin Heidelberg 2009



220 5 MECtherm Model
5.2 Development of the MECtherm Model

In this section, a multiphysics model is developed mathematically with chemo-
electro-thermo-mechanical coupled energy domains, which is called the multi-
effect-coupling thermal-stimulus (MECtherm) model, in order to simulate the
variations of volume phase transition with environmental temperature, mobile ion
concentration and electric potential for the swelling equilibrium of thermal stimulus-
responsive hydrogel when immersed in solution. The present model incorporates the
steady-state Nernst—Planck equations simulating the distribution of diffusive ionic
species and Poisson equation simulating the electric potential.

For analysis of the volume phase transition of the ionized temperature-sensitive
hydrogels, usually it is necessary to investigate four fundamental interactions,
namely hydrogen bond, hydrophobic, electrostatic and the van der Waals interac-
tions (Shirota et al., 1998). The competitive balance between the repulsive and the
attractive interactions results in the volume phase transition (Li and Tanaka, 1992).
According to Flory’s mean field theory (Flory, 1953) for swelling equilibrium of
the hydrogels, the four interactions mentioned for the volume phase transition of
temperature-sensitive hydrogels may be presented mathematically in the form of
three contributions to the change of free energy, namely the polymer—solvent mix-
ing, the elastic deformation of the polymer network matrix and the osmotic pressure
due to the gradients of ionic concentrations. Polymer—solvent mixing contributes to
either attractive or repulsive force, depending upon the relation between the entropy
change and the heat associated with the mixing. The elastic deformation of hydrogel
is balanced by the mechanical elastic restoring force of solid-phase network due to
the polymer elasticity. As one of driving expansion forces, the osmotic pressure is
generated by the concentration difference of mobile ions between the interior hydro-
gel and the exterior solution. It is noted that the charged groups attached onto the
polymer chains play an essential role in the volume phase transition of the ionized
hydrogel (Tanaka et al., 1980). When the hydrogel is immersed in the electrolyte
solution, the negatively charged groups attached onto the polymer chains are com-
pensated by the diffusive cations from the solution into the hydrogel. Consequently
the cation concentration increases within the hydrogel prior to the volume change.
This unequal distribution of the solute induces the osmotic pressure to drive the
swelling of the ionic hydrogel. As a result, the volume phase transition of ther-
mal stimulus-responsive hydrogel can be predicted generally by the thermodynamic
equilibrium theorem. In the presently developed MECtherm model, these three fun-
damental contribution forces are considered in the swelling equilibrium, and two
forms of the polymer—solvent interaction parameters are employed.

5.2.1 Free Energy
According to the thermodynamics theory, the swelling equilibrium of the ion-

ized temperature stimulus-responsive PNIPA hydrogel may be determined by the
finial temperature field and the initial conditions including initial temperature, fixed
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charge density, effective crosslink density and the polymeric network volume frac-
tion. Based on Flory’s mean field theory (Flory, 1953), the total change of free
energy, AGgel, within the ionized thermal-sensitive hydrogel can be expressed as

AGgel = AGMixing + AGElastic + AGion, (5.1

where AGwixing, AGElastic and AGion denote the mixing, elastic deformation and
ionic contributions to the change of free energy, respectively. By differentiating Eq.
(5.1) with respect to the number of solvent molecules, the chemical potential of the
solvent within the swollen hydrogel is obtained as

Apgel = AMixing + AMElastic + Allon- (5.2)

When the swelling hydrogel reaches equilibrium state, the chemical potential of
the solvent within the hydrogel will be equal to that of the solvent in surrounding
solution, i.e.

A UMixing + AUELastic T+ A Ulon — AMikOn =0. (5.3)

where Apuy represents the chemical potential of solvent in the external solution.

By Flory—Huggins lattice theory (Flory, 1953), the change of mixing chemical
potential induced by changing the solvent—solvent contact into the solvent—polymer
contact may be written as

ApMixing = kgTv 1 (¢ +In (1 — ¢) + x ¢, (5.4)

where kp is Boltzmann constant, 7 is absolute temperature, v is the molar volume of
the solvent, ¢ is the volume fraction of polymeric network at swelling equilibrium
state and yx is the polymer—solvent interaction parameter.

It is well known that the interaction parameter x not only depends on the abso-
lute temperature 7 but also depends on the volume fraction of polymeric network
¢ (Moerkerke et al., 1995; Shirota et al., 1998; Hino and Prausnitz, 1998). In the
case of swollen hydrogels with low volume fraction of polymeric network below
the lower critical solution temperature (LCST), the polymer—solvent interaction
parameter is defined as the following form:

x = x1() + x2¢ = (8h — 8sT)/(kpT) + x29, (5.5

in which y is an experimental parameter. §5 and 8/ are the changes of entropy and
enthalpy per monomeric unit of the network, respectively. The following numerical
studies in this chapter will validate that the parameter x expressed by Eq. (5.5)
is suitable for simulation of the PNIPA hydrogels at swelling state. Furthermore, in
the case of shrunken hydrogels with high volume fraction of polymer network above
LCST, the interaction parameter y is defined as

x = F(T)P(¢), (5.6)
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where F(T) and P(p) are the functions of absolute temperature and polymeric
network volume fraction, respectively. P(¢) is given by Bae et al. (1993) as

P(¢) = (1 —bg)~" (5.7)

in which b is an empirical parameter, and b = —0.65 to b = 0.65 is taken in the
present studies. For F(T), one can have the expression given by Hino and Prausnitz
(1998) as

F(T) == (ﬂ +2In ( Lt )) , (5.8)
2 RT 1 + s12exp (¢12/(RT))

where z is the lattice coordination number (here z=6), ¢ is the interchange energy,
£ 12 is the difference between the segmental interaction energy for specific inter-
actions and that for non-specific interactions. R is the gas constant, and syo is
the degeneracy ratio of non-specific interactions to that of specific interactions.
In addition, it is also noted that in numerical implementation the transforma-
tion between Egs. (5.5) and (5.6) is determined by detecting the volume phase
transition, when the difference of polymer volume fractions between the pre-
vious and current iterating steps is much larger than the specified convergence
region.

In order to characterize the contribution of elastic deformation to the change of
chemical potential, the affine model is given by Flory (1953) as

ApElasic = kTve($/¢0)"> — (#/2¢0)) (5.9)

where v, is the effective crosslink density, go is the initial volume fraction of
polymeric network in the pre-gel solution and ¢¢ /¢ is the volume swelling
ratio.

For the ionic contribution to the change of chemical potential, usually it is deter-
mined by the concentration difference of the mobile ions between the inside and the
outside hydrogel (Flory, 1953), namely

N
Apion — Aptfon = —kgT Y (cj — ¢}, (5.10)
j=1

where N denotes the number of different mobile ion species, ¢; and ¢} are the con-
centrations of the jth mobile ion species in the interior hydrogel and exterior bathing
solution, respectively.

By substituting Eqgs. (5.4), (5.9) and (5.10) into Eq. (5.3), the swelling equi-
librium governing equation is obtained in the following form of transcendental
equation:

N
v (@ +1In(1 =)+ X)) +ve($/0)'° = (6/260) = Y (¢j—c)) =0 (5.11)

J=1
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When the hydrogel is immersed into pure water, where the mobile ion concen-
trations of the external solution are equal to zero, Eq. (5.11) is then simplified into
the transcendental equation as

v +In(1 = §) + xD7) + ve(($/D0)' > — (@/2¢0) — /200 =0 (5.12)

where cj? is the fixed charge density at the reference state (¢=g).

5.2.2 Poisson—Nernst—Planck Formulation

In order to incorporate the effects of mobile ion concentration and electric poten-
tial into simulation of the temperature-sensitive hydrogel, Poisson—Nernst—Planck
formulation is required. If the contributions of migration and diffusion into the
transport of mobile ions are considered only during the thermal swelling of the
hydrogels, the steady-state Nernst—Planck equation for the jth mobile ion species
can be expressed by Samson et al. (1999):

D,V + F}?’TZ’ (Vevu +V20) =0 =12,...N) (5.13)
where F'is Faraday constant, D; is the diffusive coefficient, z; is the valence of the
Jth mobile ion species, ¢; is the concentration of the jth mobile ion species and v is
the electric potential.

In order to establish the relation between the mobile ion concentration and the
electric potential, the following Poisson equation is required (Samson et al., 1999):

N
F
Vi = o Rl > Giey) (5.14)
j=1

where g is the permittivity for vacuum, ¢ is the dielectric constant of medium rela-
tive to vacuum (e.g. ¢ = 80 for water), zris the valence of fixed charge and cyis the
density of fixed charge.

For simulation of the ionized thermal stimulus-responsive hydrogels, it is gen-
erally assumed that the fixed charges attached onto the polymeric network chains
distribute uniformly within the hydrogel during the thermal swelling, and the total
amount of fixed charges is invariable. In other words, the fixed charge density
o = cj?q& /@0 at the state of swelling equilibrium.

5.3 Numerical Implementation

For the isotropic swelling of the hydrogels, the elongation ratios along three prin-
cipal axes are equal to each other, in which the displacement vector # may be
expressed by the difference between the original position x¢(xo, yo, zo) and the
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deformed position x(axo, ceyo, &zp), in which « is the linear volume swelling ratio,
anda = (V/Vo)'/? = (¢0/¢)"/?, namely

u=x—xp=((¢o/P)""* — Dxg (5.15)

In the present parameter studies, only a cylindrical hydrogel is simulated
numerically. Therefore, due to the axisymmetry, it is reasonably approximated to
one-dimensional computational domain along the radial direction covering both the
hydrogel radius and the bathing solution. The steady-state Nernst—Planck equation
is thus rewritten in the polar coordinates as

%c;  19¢ sz(Aazw ¢jdy ¢ Y

— — 4+ = =0(=12,...,N 5.16
T or2 r or ar 8r> ( ) )

ar2 ' roar | RT

and the Poisson equation is rewritten as

2y 1oy F N
— - =—— gy + DG 5.17
ar? + ror £&o i +j_1 &) G.17)

The radial displacement of the swelling hydrogel is given as

ur = ((¢o/9)"* — DRy (5.18)

where Ry is the radius of the cylindrical hydrogel at the reference state.

Corresponding boundary conditions required are imposed at both the ends of one-
dimensional computational domain. Due to axisymmetry of the present problem, the
boundary conditions at one end point located at the centre of circle cross-sectional
area are given as

9
%:Oand%:O(j:l,Z,...,N) at r =0 (5.19)

The boundary conditions at the other end point located at the edge of surrounding
solution region are given by

Yy=0andcj=c*(j=12,....N) at r=L (5.20)

In order to facilitate the numerical implementation of the models developed
above, several non-dimensional variables are introduced, including the non-
dimensional radius &=#/L., the non-dimensional concentration of the jth ionic
species ¢; = ¢j / Cret, the non-dimensional fixed charge density ¢f = cf / Cref and
the non-dimensional electrical potential E = (Fy) / (nRT), where Lyef, Cref and ¥ ref
are the characteristic parameters.

After substituting the non-dimensional variables into Egs. (5.16) and (5.17), the
non-dimensional steady-state Poisson—Nernst—Planck system is finally derived as
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For simulation of response behavior of the ionized thermo-sensitive hydrogels
when immersed in univalent electrolyte solution, it is required to solve iteratively a
set of coupled nonlinear partial differential governing equations, consisting of the
swelling equilibrium equation (5.11), Nernst—Plank equations (5.21) and Poisson
equation (5.22). By following the computational flowchart as illustrated in Fig. 5.1,
a guessed value of polymeric network volume fraction ¢* at a given temperature
T is provided first. Using Newton’s iterative technique for solution of the coupled
nonlinear partial differential equations (5.21) and (5.22), the distributions of the
electric potential and mobile ion concentrations are obtained at the temperature
T. Subsequently, substituting the computed ionic concentrations into the swelling
equilibrium equation (5.11), the corresponding volume fraction ¢ of the polymer
network is computed, and then used as the guessed value ¢* in next iterative step.
Following this way, the iterative recurrence is conducted until the polymer network
volume fraction ¢ converges.

In summary, the multiphysics model has been developed in the chemo-electro-
thermo-mechanical coupled energy domains and termed the multi-effect-coupling
thermal-stimulus (MECtherm) model. It is composed of the nonlinear Poisson—
Nernst—Planck partial differential equations (5.13) and (5.14) coupled with the
transcendental equation (5.11) of the swelling equilibrium that is based on the
Flory’s mean field theory. The model has the capability of simulating the volume
phase transition of the ionized temperature stimulus-responsive hydrogels when
they are immersed in the bathing solution with temperature change. This model
is validated in the following section, and then the influences of several important
environmental conditions and material properties will be simulated and discussed in
detail.

Before the numerical simulation is carried out, it is necessary to discretize
the presently developed MECtherm governing equations, which are solved by the
Hermite-cloud method (Li et al., 2003) for simulation of swelling equilibrium of
the temperature-sensitive hydrogels. In order to simulate the steady-state swelling
equilibrium of temperature-sensitive hydrogels, the non-dimensional Nernst—Plank
equations (5.21) and Poisson equation (5.22) are discretized in spatial domain, and
then solved by the Hermite-cloud method (Li et al., 2003).

By the Hermite-cloud method (Li et al., 2003), the approximations of non-
dimensional unknown variables, ¢; and E, and their derivatives are given as

Nr _ Ns Nr _
G=Y NaE)ch+ Y <§i - ZNn(é,-)En>Mm(§,-)cJ B (5.23)
n=1 m=1 n=1
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Fig. 5.1 Computational flowchart of the MECtherm model
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(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

Substituting Eqs. (5.23), (5.24), (5.25), (5.26), (5.27) and (5.28) into the gov-
erning equations (5.21) and (5.22), the approximations of Poisson—Nernst—Planck

system are written as

ZNn e (E)ch + — ZMm@,) o 1% ZMm@,) - ZMm@,)wsm

n=1

Nr _ Ns Nr N
+ 1z [Z Nu(Eden + Y E = Y NaEEDMu(Ec,

n=1 m=1 n=1

Nr . 1 s _
x [Z Nngz (DY, + g Z Mm(éi)wém} =0

n=1

Nt
Z Nn,éé (&)En

n=1

Z Mm(&)lﬂgm =-

m=1

&

n Nr — Ns Nr J—
+3y {zj [Z Nu(EDeh + ) (sf - Nn@,-)sn)Mm(s,-)cf m} }
J n=1 m=1 n=1

Corresponding auxiliary equations are obtained as

Ny —_—
Zan@»cf Z (ZNng(s,)sn) My (£)e,, =0
Ns
ZNH,E EVY— Y (Z Nn,g(s»sn)Mm(a)%m =0

n=1 m=1 \n=1

FerzefCref
eeonRT

(5.29)

(5.30)

(5.31)

(5.32)

As described in the computational flowchart shown in Fig. 5.1, after discretiza-
tion of the Poisson—-Nernst-Planck governing equations, the MECtherm model,
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consisting of the transcendental equation (5.11) and the nonlinear coupled Poisson—
Nernst—Planck partial differential equations (5.21) and (5.22), will be solved by a
hierarchical Newton iteration technique. In the inner iteration, the ionic concentra-
tions ¢; and the electric potential ¥ are computed first simultaneously by the coupled
equations (5.21) and (5.22). Then, substituting the computed results into the outer
iteration, the polymeric network volume fraction ¢ is obtained by the transcendental
equation (5.11). Subsequently, the computed ¢ is substituted into the inner iteration
again for the next iterative step until all the computational variables converge to
the required accuracy, including the ionic concentrations c;, electric potential v and
polymeric network volume fraction ¢.

5.4 Model Validation with Experiment

For examination of the present MECtherm model, it is acceptable to compare
the numerically computed results with the experimental data published in open
literature. In this section, a numerical comparison is conducted with the experi-
mentally measured swelling data found in a published work, where Hirotsu et al.
(1987) carried out an experiment for the temperature-sensitive ionized poly(NV-
isopropylacrylamide) (PNIPA) hydrogels immersed in pure water subject to the
change in temperature. The PNIPA hydrogel is well known as a typical thermo-
shrinking polymeric mixture due to its distinctive property of unique alteration
between hydrophilicity and hydrophobicity upon external stimulation of tempera-
ture. When surrounding temperature is lower than the corresponding lower critical
solution temperature (LCST), the PNIPA hydrogel behaves like hydrophilic charac-
teristics alluring more water since the hydrogen bonds form a stable shell around
the hydrophobic groups. With the increase of external temperature, the hydrophobic
characteristics unveil to free the entrapped water molecules from the network as the
hydrogen bond interactions become weakened or destroyed. When the temperature
reaches to or is higher than the LCST, the hydrophobic interactions become fully
dominant and the hydrogel is thoroughly dehydrated. As the water releases, the
polymer chains in the hydrogel collapse abruptly and the phase separation occurs
within the PNIPA hydrogel, which is often called the volume phase transition.

For simulation of the ionized PNIPA hydrogels immersed in pure water, only
the governing equation (5.12) is required and solved independently. For examina-
tion of the MECtherm model by comparison with the experimental data (Hirotsu
et al., 1987), several parameters extracted from the experiment of the ionized
PNIPA hydrogels are taken as the input data of the MECtherm model. They are
the initial fixed charge density ¢! = 8mM, the corresponding valence = —
1 and the initial polymer volume fraction at the reference configuration gy =
0.07. In the presently simulated temperature region, it is reasonably assumed that
the change of the water density is negligibly small, and then the effect of the
change on the volume phase transition of PNIPA hydrogels is negligible. As such,
one can take the water molar volume as the popularly specified constant v =
18.0 cm3/mol. In addition, the effective crosslink densities ve =1.4x 10~3mol / cm’
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and 1.0 x 10™>mol/cm? are taken for the hydrogels with and without the fixed
charges, respectively. The polymer—solvent interaction parameter yx is calculated by
Egs. (5.5), (5.6), (5.7) and (5.8) with the given data (Hirotsu, 1987; Hino, 1998),
where 85 = —4.717 x 10723J /K, 8h = —1.246 x 1072°], ¢ = 0.698 kcal/mol and
S12/¢ =—T.

Comparison of the simulation results with the experimental data is shown in
Fig. 5.2 for the swelling equilibrium of the PNIPA hydrogels with and without
the fixed charges, when immersed in the pure water within the temperature range
of 20-50°C. As illustrated in the figure, the simulation results agree well with the
experimental data. It is also known that the fixed charges attached onto the poly-
meric network chains enhance the swelling capability of the ionized hydrogels,
and also increase the lower critical solution temperature (LCST), as compared with
the hydrogels without the fixed charges. At temperature T ~ 34.3°C, the union-
ized PNIPA hydrogels undergo a continuous volume change, while the ionized
PNIPA hydrogels exhibit a discontinuous volume phase transition at temperature
T ~ 35.6°C. The temperature of volume phase transition of the ionized PNIPA
hydrogel is about 1°C higher than that of the unionized hydrogel. As the temper-
ature increases, the volume swelling ratios of both the hydrogels decrease due to the
shrinking properties. Furthermore, the swelling equilibrium curves of the hydrogels
tend to merge together at the temperature above 40.0°C, where the hydrogels are
almost fully dehydrated.

5.5 Parameter Studies by Steady-State Simulation
for Thermo-Sensitive Ionized Hydrogel

In this section, the simulations are carried out for prediction of the influences of
several environmental conditions and material properties on the response behaviour
of the hydrogels at the swelling equilibrium state, when immersed in the solution
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subject to varying temperature. Detailed discussions are conducted for the effect of
environmental temperature on the volume phase transition and the distributions of
the ionic concentrations, fixed charge density and electric potential. The present
parameter studies focus on the swelling equilibrium behavior of the responsive
PNIPA hydrogels with the fixed charges, when immersed in univalent electrolyte
solution, instead of pure water. The effects of important environmental and mate-
rial parameters on the volume phase transition of the PNIPA hydrogels at swelling
equilibrium state are discussed in details. They include the initial fixed charge den-
sity c?, bathing solution concentration c¢*, effective crosslink density v, and initial
polymer volume fraction g.

5.5.1 Influence of Initially Fixed Charge Density

For discussion of the influence of the initial fixed charge density ¢? on the swell
equilibrium of the PNIPA hydrogels, Figs. 5.3, 5.4, 5.5, 5.6, and 5.7 are plotted for
variation of the swelling ratio V/Vy with the temperature and the distributions of
the mobile ionic concentrations ¢; and fixed charge density ¢y as well as electric
potential ¥ at various c}? and T. Theoretically, it is known that the hydrogels experi-
ence a dynamic volume change before the swelling equilibrium is finally achieved,
when the thermo-sensitive ionized PNIPA hydrogels are immersed in the electrolyte
bathing solution. After the hydrogels are placed into the electrolyte solution, the
negatively charged groups attached onto the polymeric chains are compensated by
the cations diffusing into the hydrogels from the external solution, which results in
the increase of the cation concentration within the hydrogels prior to the volume

50 ——

-e-== =1mM

45 f E

40 ¢ 0 e C;) =10mM e

35 .

Temperature (°C)

25

20 b _—
0.1 1

Swelling ratio V/V,,

Fig. 5.3 Relation between the temperature and the swelling ratio V/V of equilibrium volume for

the ionized hydrogels with different initial fixed charge densities c? immersed in the univalent

electrolyte solution ¢*=20 mM
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change. Here it is reasonably assumed that the ionic concentration in the external
solution remains constant because of sufficient solution provided. The diffusion of
the cations develops a concentration gradient between the interior hydrogel and the
exterior bathing solution, which is the source to generate the osmotic pressure driv-
ing the dynamic swelling of the hydrogels. The initial fixed charge density cfO has
significant effect on the dynamic swelling, since a higher concentration increases the
number of cations that diffuse into the hydrogels to compensate the ionized polymer
chains and enhance the magnitude of the concentration gradient. As such, as the ini-
tial fixed charge density c}) increases, the concentration gradient enlarges. This will
generate higher osmotic pressure, resulting in larger swelling of the hydrogels.

In order to investigate the influence of the initial fixed charge density ¢ on
the swelling equilibrium behavior, three thermo-sensitive ionized PNIPA hydrogels
with different initial fixed charge densities are simulated when they are immersed
in univalent electrolyte solution, as shown in Fig. 5.3, where the case study corre-
sponding to the initial fixed charge density c}’:l mM is represented by the dashed

line, c?= 5 mM by the solid line and c}): 10 mM by the dotted line, and the univalent



5.5 Parameter Studies by Steady-State Simulation for Thermo-Sensitive Ionized Hydrogel 233

electrolyte bathing solution ¢* =20 mM. It is seen from the figure that the simulated
LCST at the initial fixed charge density ¢!=5mM is higher than that at ¢<{=1 mM

and lower than that at ¢)=10mM. The temperature range of volume phase tran-
sition for the ionized hydrogels with higher fixed charge density becomes broader
than that for the hydrogels with lower density.

In order to investigate the influences of the environmental temperature 7" and the
initial fixed charge density C]Q on the distributions of mobile ion concentrations ¢;
and fixed charge density ¢ as well as electric potentials ¥ in swelling equilibrium
state, Figs. 5.4, 5.5, 5.6 and 5.7 are presented for the cylindrical ionized PNIPA
hydrogels with various initial fixed charge densities c?:l, 5 and 10 mM, and the
concentration of univalent electrolyte bathing solution ¢* =20 mM.

Figure 5.4a demonstrates the distributive concentrations of the mobile cation and
anion in both the interior hydrogel and the exterior bathing solution at temperature
T=30°C and Fig. 5.5a at temperature 7=40°C. Distributions of the fixed charge
density ¢ in the interior hydrogel and the exterior bathing solution are plotted in
Fig. 5.4b at temperature 7=30°C and in Fig. 5.5b at temperature 7=40°C. Figs. 5.4a
and 5.5a show that, for a given initial fixed charge density c}), the mobile cation
concentration within the PNIPA hydrogel at temperature 7=40°C is larger than that
at 7=30°C, but the opposite conclusion is drawn for the mobile anion concentration.
At a given temperature, the mobile cation concentration within the PNIPA hydrogel
increases with the initial fixed charge density, while the opposite results are obtained
for the mobile anion concentration. Increasing the fixed charge density enlarges
the difference in mobile ion concentrations between the interior hydrogel and the
exterior solution. From Fig. 5.4a and b, it is seen that the total concentrations of all
the mobile ions (cation and anion) and fixed charge are just compensated despite
the individual concentration differences of the mobile ions and fixed charge density.
Similar phenomena at 7=40°C are also observed in Fig. 5.5a and b.

The electric potential distributed in both the hydrogel and the bathing solution
is plotted in Fig. 5.6 at temperature 30°C and in Fig. 5.7 at temperature 40°C. For a
given initial fixed charge density c;)., the electric potential within the PNIPA hydrogel
at temperature 7=30°C is much higher than that at 7=40°C. In the same manner,
at a given temperature, the electric potential within the PNIPA hydrogel decreases
with the increase of the initial fixed charge density c](?.

In addition, by comparison of the simulations at 7=30°C with those at 7=40°C
as shown in Figs. 5.4, 5.5, 5.6 and 5.7, it is noted that the hydrogel—solution inter-
face moves with the temperature. They also demonstrate that the volume fraction of
polymeric network at temperature 7=40°C is higher than that at 7=30°C, due to
the thermal shrinking characteristics of the ionized PNIPA hydrogels.

5.5.2 Influence of Bath Solution Concentration

For analysis of the influence of bathing solution concentration ¢* on the response
behavior of the PNIPA hydrogel at swelling equilibrium state, Figs. 5.8, 5.9, 5.10,
5.11 and 5.12 are presented for the relation between the swelling ratio V/Vj and the
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Fig. 5.12 Distributions of electric potential versus radial coordinate for the ionized PNIPA
hydrogels with initial fixed charge density c](? = 5 mM immersed in different bathing solution
concentrations ¢* at temperature 7=40°C

temperature 7, and the distributive variation of the mobile ion concentrations and
fixed charge density as well as electric potential along the radial coordinate with
various ¢* and 7. Theoretically, for a thermo-sensitive ionized PNIPA hydrogel
immersed in pure water, the swelling equilibrium is achieved when the summa-
tion of total osmotic pressure is equal to zero. However, this equilibrium state may
be destroyed simply by introducing the electrolyte into the pure water, and then a
dynamic volume change will undergo until a new equilibrium is reached. At lower
electrolyte concentration or in the special case of pure water, the negative charges
of the PNIPA hydrogel are neutralized by counter hydrogen ions. As the electrolyte
concentration increases, the hydrogen ions within the PNIPA hydrogel are replaced
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by the diffusive mobile cations from the bathing solution. If the electrolyte concen-
tration increases further in the system, more and more cations and anions diffuse
into the hydrogel from the external solution, and then the overall concentration of
mobile ions within the hydrogel increases higher. This reduces the concentration dif-
ference between the interior hydrogel and exterior bathing solution. Consequently
the driving force of swelling decreases gradually, thus the swelling ratio becomes
small.

The thermo-sensitive ionized PNIPA hydrogel with the initial fixed charge den-
sity (c?:S mM) is simulated for discussion of the effect of ionic concentration of
bathing solution on swelling behavior. Figure 5.8 shows the variation of the swelling
ratio V/Vy of the hydrogel with temperature T subject to different bathing solution
concentrations ¢*, where the pure water is indicated by a doted dash line, ¢*=5 mM
by a dotted line, ¢*=20mM by a solid line and ¢*=100mM by a dashed line,
respectively. It is observed from the figure that the simulation results verify the
above theoretical analysis, in which the PNIPA hydrogel placed in pure water has
the larger swelling ratio than those in electrolyte solution. With the increase of the
ionic concentration of bathing solution, the swelling ratio decreases, and the tem-
perature of volume phase transition also decreases. After the temperature increases
above 40°C, the hydrogels become completely dehydrated regardless of the ionic
concentration of bathing solution.

In order to analyse the influences of the bathing solution concentration and envi-
ronmental temperature on the distributive profiles of mobile ion concentrations,
fixed charge density and electric potential at swelling equilibrium state, Figs. 5.9,
5.10, 5.11 and 5.12 are presented for the ionized cylindrical PNIPA hydrogel
immersed in different univalent electrolyte bathing solutions.

Figures 5.9a and 5.10a demonstrate the distributive concentrations of the mobile
cation and anion in the hydrogel and surrounding solution at temperature 7=30°C
and T=40°C, respectively. The distributions of fixed charge density at swelling equi-
librium are plotted in Fig. 5.9b at T=30°C and Fig. 5.10b at T=40°C, respectively. It
is known from Figs. 5.9a and 5.10a that, for a given electrolyte bathing solution, the
mobile cation concentration in the PNIPA hydrogel at temperature 7=40°C is higher
than that at 7=30°C, but the opposite trend is for the mobile anion concentration.
At a given temperature, with increasing the bathing solution concentration c*, the
mobile cation concentration in the PNIPA hydrogel increases while the mobile anion
concentration decreases. As the ionic concentration of bathing solution increases,
the concentration difference of mobile ion species decreases between the hydro-
gel and the surrounding solution. Figures 5.9 and 5.10 also demonstrate that all the
concentrations of mobile ions and fixed charge are compensated.

The electric potential distributed in the interior hydrogel and the exterior bathing
solution is shown in Fig. 5.11 at 7=30°C and Fig. 5.12 at T=40°C, respectively. For
a given electrolyte bathing solution, the electric potential within the PNIPA hydrogel
at temperature 7=30°C is much higher than that at 7=40°C. Similarly, for a given
temperature 7, the electric potential within the PNIPA hydrogel increases with the
increase of the ionic concentration of electrolyte bathing solution, which is different
from the phenomena studied above for the effect of the initial fixed charge CJ?.
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5.5.3 Influence of Effective Crosslink Density

In order to study the influence of the crosslink density, the relation between the
temperature 7 and the swelling ratio V/Vj is simulated and illustrated in Fig. 5.13,
subjected to different crosslink densities v,. Distributions of the diffusive ionic
concentrations, fixed charge density and electric potential with different v, and
T are also illustrated in Figs. 5.14, 5.15, 5.16 and 5.17. As well known, usually
the crosslink induces the formation of chemical bonds between linear polymeric
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Fig. 5.14 Distributions of the mobile cation (solid line) and anion (dash line) concentrations (a)
and the fixed charge densities (b) versus radial coordinate for the ionized PNIPA hydrogels with ini-
tial fixed charge density c? = 5 mM and different crosslink densities v, immersed in the univalent

electrolyte solution ¢*=20 mM at temperature 7=30°C
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electrolyte solution ¢*=20 mM at temperature 7=40°C
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Fig. 5.16 Distributions of electric potential versus radial coordinate for the ionized PNIPA hydro-
gels with initial fixed charge density cj(? = 5 mM and different crosslink densities v, immersed in
the univalent electrolyte solutions ¢*=20 mM at temperature 7=30°C

molecules, and it also leads to forming infinite networks. The formed crosslinks
divide long chain into the connected short chains and thus form numerous pores
inside the hydrogel. Actually the hydrogel with large expansion contains a large
amount of water in the pores. At swelling equilibrium state, the water uptake mostly
depends on the crosslink density. As the crosslink density increases, the polymeric
network becomes stiffer and the pore size becomes smaller, and then the water
uptake decreases. Therefore, the increase of the crosslink density reduces the porous
volume within the network hydrogel and provides smaller space for water uptake,
which leads to a lower swelling ratio in equilibrium state.
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Fig. 5.17 Distributions of
electric potential versus radial
coordinate for the ionized
PNIPA hydrogels with initial
fixed charge density c}) =5
mM and different crosslink
densities v, immersed in the
univalent electrolyte solution
¢*=20 mM at temperature
T=40°C
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In the present simulation for study of the effect of effective crosslink density
ve on the swelling ratio V/Vj at equilibrium state, three thermo-sensitive ionized
PNIPA hydrogels are considered with different crosslink densities, when they are
immersed in univalent electrolyte bathing solution, where the initial fixed charge
density c?:S mM and the concentration of univalent electrolyte bathing solution
¢* =20 mM. The hydrogel swelling ratio V/Vj in equilibrium state versus the envi-
ronmental temperature is shown in Fig. 5.13, where the hydrogel with the effective
crosslink density v,=0.006 mM is denoted by dotted line, v,=0.01 mM by solid
line and v,=0.014 mM by dashed line. It is seen that the swelling ratio V/Vy of
the equilibrium thermo-sensitive PNIPA hydrogel has similar profiles as function
of temperature, regardless of crosslink densities. The LCSTs or the volume phase
transition temperatures have no shift for the hydrogel, in which all lie in the vicin-
ity of 34.6°C. Figure 5.13 also shows that, if the temperature is below LCST, the
volume swelling ratio V/V{ of the equilibrium PNIPA hydrogel with the effective
crosslink density v,=0.010mM is larger than that with larger v,=0.014 mM and
smaller than that with lower v,=0.006 mM. The equilibrium volume changes for
the hydrogel with low crosslink density are greater than those with high crosslink
density at environmental temperature below LCST.

In order to demonstrate the influence of the temperature T and effective crosslink
density v, on the distributive characteristics of the mobile ion concentrations, fixed
charge density and electric potential along the radial coordinate in swelling equi-
librium state, Figs. 5.14, 5.15, 5.16 and 5.17 are plotted for the ionized cylindrical
PNIPA hydrogel immersed in the univalent electrolyte bathing solution.

Distributive concentrations of the diffusive cation and anion species in both the
hydrogel and bathing solution are illustrated in Fig. 5.14a at temperature 7=30°C
and Fig. 5.15a at temperature 7=40°C. Correspondingly, the distributions of fixed
charge density ¢ s at equilibrium state are plotted in Fig. 5.14b at 7=30°C and
Fig. 5.15b at T=40°C. For a given effective crosslink density v,, Figs. 5.14a and
5.15a predict that the mobile cation concentration in the PNIPA hydrogel at tem-
perature 7=40°C is higher than that at 7=30°C, which results from depleting water
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from the hydrogel due to the collapse. At temperature 7=30°C, the mobile cation
concentration in the PNIPA hydrogel enlarges with increasing the effective crosslink
density v,. The opposite trends are observed for the mobile anion concentration.
As the effective crosslink density v, increases, the diffusive anion concentration
decreases. In addition, the increase of the effective crosslink density v, enlarges the
difference of ionic concentrations between the hydrogel and exterior solution. At
temperature 7=40°C, all mobile ion concentrations in both the hydrogel and the
solution are equal to each other for different crosslink densities v, because of the
same swelling ratio, as portrayed in Fig. 5.13. Figures 5.14 and 5.15 demonstrate
similar phenomena to those in Figs. 5.4 and 5.5, where all the concentrations of
diffusive cation and anion species and fixed charge are compensated.

Distributions of the electric potential in both the hydrogel and exterior bathing
solution are plotted in Fig. 5.16 at temperature 7=30°C and in Fig. 5.17 at tempera-
ture 7=40°C. For a given effective crosslink density v,, the electric potential in the
PNIPA hydrogel at temperature 7=30°C is much higher than that at 7=40°C. At the
environmental temperature 7 below the volume phase transition temperature, such
as T=30°C, the electric potential in the PNIPA hydrogel decreases with increasing
the effective crosslink density v.. At the environmental temperature above the vol-
ume phase transition temperature, such as 7=40°C, the electrical potential under
different effective crosslink densities v, remains the same in both the hydrogel and
solution because of the same swelling ratio V/Vj.

5.5.4 Influence of Initial Volume Fraction of Polymeric Network

Initial polymer volume fraction ¢ is prescribed at the reference state by the product
of the molar volume and concentration of the monomeric unit during preparation of
the hydrogel. Crosslinking agent induces the connection of these monomeric units
to form polymeric network. Initially the hydrogel is in the dry state, solvent has
to diffuse into the network to fulfil the free volume, which is not occupied by the
polymer chains in the hydrogel. Influence of the initial polymer volume fraction
¢o for a constant crosslink density is different from that of the effective crosslink
density v, in the hydrogel.

For examination of influence of the initial polymer volume fraction ¢g on the vol-
ume swelling ratio V/Vj in equilibrium state, three thermo-sensitive ionized PNIPA
hydrogels with different initial polymer volume fractions ¢¢ are simulated when they
are immersed in univalent electrolyte solution, where the initial fixed charge density
c}):S mM, and the univalent electrolyte bathing solution ¢* =20 mM. Figure 5.18
presents the response behavior of the hydrogel with different initial polymer volume
fractions, ¢p=0.05 represented by dotted line, ¢9p=0.07 by solid line and ¢r=0.09
by dashed line. It is found that the profiles of volume swelling ratio V/Vj are quite
different for the equilibrium thermo-sensitive PNIPA hydrogels with different ini-
tial polymer volume fractions. At the temperature below LCST, the volume swelling
ratio V/Vy of the equilibrium PNIPA hydrogel with g9p=0.07 is larger than that with
smaller gp=0.05 and is smaller than that with larger ¢9=0.09. In the contrast, the
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computed LCST for the initial polymer volume fraction ¢p=0.07 is greater than
that for gp=0.09 and is lower than that for gop=0.05. This means that the computed
LCST decreases with increasing the initial polymer volume fraction gg. Obviously,
the volume change of the equilibrium hydrogel with large initial polymer volume
fraction g is greater than that with small gg at the temperature below LCST. At
temperature above LCST, the volume swelling ratio for the equilibrium hydrogel
with large initial polymer volume fraction gy is smaller than that with low gg.

For discussion of the influence of the temperature 7" and initial polymer volume
fraction g on the distributions of mobile ion species concentrations, fixed charge
density and electric potential in swelling equilibrium state, Figs. 5.19, 5.20, 5.21
and 5.22 are plotted for the ionized PNIPA hydrogel immersed in the univalent
electrolyte bathing solution.
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Fig. 5.19 Distributions of the mobile cation (solid line) and anion (dash line) concentrations (a)
and the fixed charge densities (b) versus radial coordinate for the ionized PNIPA hydrogels with
initial fixed charge density C;J- = 5 mM and different initial polymer volume fractions ¢o immersed

in the univalent electrolyte solution ¢*=20 mM at temperature 7=30°C
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Fig. 5.20 Distributions of the mobile cation (solid line) and anion (dash line) concentrations (a)
and the fixed charge densities (b) versus radial coordinate for the ionized PNIPA hydrogels with
initial fixed charge density ch = 5 mM and different initial polymer volume fractions go immersed

in the univalent electrolyte solution ¢* =20 mM at temperature 7=40°C

Fig. 5.21 Distributions of ' ' ' '
electric potential versus radial
coordinate for the ionized
PNIPA hydrogels with initial
fixed charge density ¢? = 5
mM and different initial
polymer volume fractions gg
immersed in the univalent
electrolyte solution ¢*
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The distributive concentrations of the mobile cation and anion species in both
the hydrogel and bathing solution are demonstrated in Fig. 5.19a at temperature
T=30°C and Fig. 5.20a at temperature 7=40°C. Distribution of fixed charge den-
sity in swelling state is plotted in Fig. 5.19b at 7=30°C and Fig. 5.20b at 7=40°C.
For a given initial polymer volume fraction go, Figs. 5.19a and 5.20a predict that
the diffusive cation concentration in the PNIPA hydrogel at temperature 7=40°C
is higher than that at 7=30°C. At a given temperature 7, the mobile cation con-
centration in the PNIPA hydrogel becomes high for small initial polymer volume
fraction gg. The opposite trends are observed for the diffusive anion concentration.
As the initial polymer volume fraction gy increases, the mobile anion concentration
increases, and the difference of mobile ion concentrations decreases between the
hydrogel and bathing solution.

Electric potential distributed in both the hydrogel and environmental solution is
plotted in Fig. 5.21 at temperature 7=30°C and in Fig. 5.22 at temperature 7=40°C.
For a given initial polymer volume fraction ¢y, the electric potential within the
PNIPA hydrogel at temperature 7=30°C is much higher than that at 7=40°C.
At a given temperature, the electric potential in the PNIPA hydrogel increases
accordingly with the initial polymer volume fraction gy.

5.6 Transient Modelling of Temperature-Sensitive
Neutral Hydrogel

This section will focus on the modelling of transient deformation of neutral hydro-
gel. A model that takes into account the conservations of momentum, heat and mass
for the solid polymer and fluid phase is derived, non-dimensionalized and anal-
ysed in both Eulerian and Lagrangian frames of reference. Slow- and fast-response
hydrogels subject to a step change in temperature or temperature gradient are stud-
ied. Model predictions shown agree well with experiments for uniform spherical
swelling. Heat transfer found has a negligible impact on the kinetics, even for
the fast-response hydrogel. For a constrained hydrogel slab, the evolution is non-
uniform, with solvent entering at the sides and flowing into the interior and towards
the corners. The fast-response hydrogel exhibits a solvent penetration in the form
of a sharp front during deswelling, whereas the solvent penetration for the slow-
response hydrogel and for the fast-response swelling is more akin to a diffusion
process. Immersed in a temperature gradient, the studied hydrogel bends to a curved
equilibrium shape, with solvent flowing from the cooler to the warmer sides due to
the difference in osmotic pressure. The benefit of the scale analysis is conducted
here to predict correctly, prior to numerical computation. Important characteristics
such as stress, osmotic pressure and deformation time are also highlighted.
Literature search reveals that the stimuli-responsive hydrogels have attracted
much attention over the last decade for their potential in a wide array of applications,
ranging from drug delivery (Galaev and Mattiasson, 1999; Roy and Gupta, 2003),
biosensors (Luo et al., 2008), tissue engineering (Hoffman, 2002) and artificial mus-
cles (Mao et al., 2005) to micro-electro-mechanical system (MEMS) devices such as
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microvalves (Eddington and Beebe, 2004) and micro-fluidic controllers (Eddington
and Beebe, 2004; Roy and Gupta, 2003). Other applications of the smart hydrogels
include disposable diapers (Nishizawa et al., 1981), soil irrigation (Pohl, 2004), seed
coating (Pamuk, 2004) and smart windows (Zrinyi et al., 2001), to name a few.

A hydrogel essentially comprises an elastic three-dimensional network of
crosslinked polymers and a penetrating solvent, such that the hydrogel exhibits both
solid-like and liquid-like properties: in the dry state, the hydrogel behaves like a
solid; immersed in a liquid solvent; however, the hydrogel is able to absorb the sol-
vent and swells until it reaches a swelling equilibrium, lending the hydrogel liquid
properties. A stimuli-responsive hydrogel is capable of undergoing large reversible
volume changes of up to a thousand-fold or more, when subjected to perturbations
in its environment: alterations in pH, ionic strength and temperature as well as light
irradiation and external electric field number among the most common stimuli (Roy
and Gupta, 2003; Qiu and Park, 2001). The volume change and simultaneous alter-
ation in the macroscopic properties of the hydrogel are mainly brought about by
four fundamental molecular interactions (Shibayama and Tanaka, 1993): hydrogen
bonding, hydrophobic interaction, electrostatic interaction and van der Waals inter-
action. These interactions give rise to an osmotic pressure and an elastic stress of
the hydrogel, which determine the swelling properties.

Perhaps Kuhn was the first who demonstrated the volume change of the hydro-
gel in 1948 and showed that the hydrogel can convert chemical energy directly into
mechanical energy (Osada and Gong, 1993). Since then, several stimuli have been
identified and a vast number of tailor-made hydrogels have been synthesized, a short
summary of which is found in the work of Roy and Gupta (2003). In tandem with
experimental work, many mathematical models have been derived in an effort to
understand and predict the deformation kinetics and swelling equilibrium of the
hydrogel. Usually the latter is considered to follow Flory’s mean field theory (Flory,
1953) or alterations thereof, see, e.g. Oliveira et al. (2004), Hino and Prausnitz
(1998), Oh and Bae (1998), Otake et al. (1989) and Maurer and Prausnitz (1996). In
contrast to the theories of swelling equilibria, there is no unified approach to char-
acterize the kinetics of the deformation, since a wide range of physical phenomena
have to be considered, requiring a blend of continuum mechanics, electrochem-
istry, transport phenomena, polymer science and polyelectrolyte hydrogel. Several
models of varying degree of complexity were derived to predict the kinetics of
the volume phase transition of the hydrogels. The first was one dimensional and
based on diffusion equation, where Tanaka et al. (1973) derived a diffusion equa-
tion for the polymer displacement, now known as the collective diffusion equation.
It was later modified by Tanaka and Fillmore (1979), who introduced a gel net-
work diffusion coefficient comprising the ratio of the bulk modulus and friction
coefficient, and then generalized by Li and Tanaka (1990). However, the collective
diffusion equation was shown to fail for the poly(N-isopropylacrylamide) gel, when
the shrinking occurred from below to above the critical temperature by Andersson
et al. (1998). Wang et al. (1997) revised the collective diffusion model by adding a
convective term. Another diffusion model was developed by Bisschops et al. (1998),
based on the generalized Maxwell-Stefan equation (Taylor and Krishna, 1993) to
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predict the swelling behavior. Furthermore, Fick’s second law was used, e.g. by
Singh and Weber (1996). Colombo et al. (1996) and Grassi et al. (2000) applied a
modified viscoelastic diffusion equation derived by Camera-Roda and Sarti (1990)
to account for non-Fickian behaviour for the kinetics of the hydrogels. In addition to
these diffusion-based models, simple exponential functions (Okajima et al., 2002)
or empirical equations (Chern et al., 2004) were fitted to experimental deforma-
tion curves. Various two-fluid models were also derived and applied to the study
of gels by Doi (1990), Sekimoto and Doi (1991), Sekimoto (1991), Achilleos et al.
(20004, b, 2001), Barriere and Leibler (2003) and Wolgemuth et al. (2004). Similar
to the two-fluid models is the biphasic model derived by Netti and Travascio (2003).
The advantage of the two-fluid or mixture theory over the aforementioned diffusion
models is the more rigorous description of the solvent phase in addition to the defor-
mation of the solid polymeric network phase. Recently, Cushman et al. (2004a, b)
derived the models at both the mesoscale and macroscale of a swelling hydrogel.
Other approaches (Dolbow et al., 2004; Ji et al., 2006; Dolbow et al., 2005) include
the addition of a level-set function to track the interface between the swollen and the
collapsed phases in the hydrogel. In summary, most of these models are limited to
one-dimensional uniform studies, with the exception of Achilleos et al. (2000a, b,
2001), Dolbow et al. (2005) and Ji et al. (2005). While one-dimensional models are
able to address the uniform swelling behavior, they cannot account for non-uniform
deformations, which might arise due to, e.g. the shape of the hydrogel, such as slabs
(Achilleos et al., 2000a, b, 2001). Non-uniform deformations can be expected to be
important in applications, where the hydrogel is subjected to external flow field or
gradient in temperature or other properties, e.g. in autonomous flow control systems
(Beebe et al., 2000a).

This section primarily addresses the kinetics of thermo-sensitive neutral hydro-
gels, with the aim to develop a generic model for the (i) uniform and (ii) non-uniform
responses of the neutral hydrogels subject to the change in temperature and (iii) the
non-uniform deformation in a temperature gradient. The first, which can be cap-
tured with a one-dimensional model in spherical coordinates, allows for parameter
adaptation and validation of the model with published experimental data. The sec-
ond, which is studied in the form of a constrained three-dimensional slab, gives an
insight into the non-uniform deformation response of the hydrogel as it adapts to
the new temperature field. The third illustrates the ability of a temperature-sensitive
hydrogel to sense the variation in temperature and respond upon these with a bend-
ing motion. The study is motivated by the fact that most of the existing models for
thermo-sensitive hydrogels from the onset assume that the heat transfer is much
faster than the mechanical deformation, while this is in line with experimental find-
ings by Gehrke (1993) for poly(N-isopropylacrylamide) gels (PNIPA gels). There
is no a priori guarantee that this is always the case. In fact, recent studies of fast-
response hydrogels (Cheng et al., 2003; Zhang and Zhuo, 2000a, b; Chen et al.,
1999) demonstrated that the mechanical deformation from a shrunken to swollen
state can be reduced to minutes or less, which is of the same order of magnitude as
the transient response to the increase of temperature that Gehrke (1993) measured.
The present model considers both slow-response, i.e. with deformation time around
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1 hour or more, and fast-response hydrogels. Furthermore, the present approach
differs from most of the previous work, in which non-dimensionalization and scal-
ing arguments are applied to ascertain the main features and parameters prior to
numerical computation.

In the following subsections, the mathematic formulation is conducted first in an
Eulerian (spatial) framework. The model consists of the biphasic conservations of
mass, momentum and heat, allowing the finite uniform and non-uniform deforma-
tions of the hydrogel. The model has two important antecedents: first, in the limit
of no deformation, Darcy’s law is recovered and second, for a uniform spherical
swelling, a diffusion equation is obtained, similar to the aforementioned diffusion-
based models, such as the collective diffusion model. Special attention is given to
the derivation of the stress tensor, both at the reference state, usually taken as the
state of polymerization, and at an arbitrary equilibrium initial state. Apart from
these, a non-dimensional analysis of the governing equations provides an indica-
tion of the qualitative features one would expect of the kinetics of a hydrogel,
foremost of which are the time scales for heat transfer and the deformation of the
hydrogel. Furthermore, the complexity of the governing equations can be reduced
via scaling arguments. It is followed by a subsequent reformulation of the reduced
model in Lagrangian (material) coordinates, which is solved numerically. The sim-
ulation results are then presented and discussed for the slow- and fast-response
hydrogels during uniform and non-uniform deformations, where good agreements
between the model predictions and experiments are demonstrated, and the conclu-
sions are finally drawn. In addition, as mentioned at the beginning of this chapter,
it should be pointed out that Erik Birgersson (Birgersson et al., 2008), who is one
of the important collaborators of the author, has also made significant contributions
to this research effort for transient modelling of the temperature-sensitive neutral
hydrogels.

5.6.1 Model Formulation in Eulerian Frame

In this subsection, a transient phenomenological model is derived in an Eulerian
frame for a neutral hydrogel subject to heat stimulus, based on the biphasic mixture
theory. In short, the biphasic mixture theory, also commonly referred to as the poroe-
lastic theory, characterizes the flow of a fluid through a porous medium, which itself
undergoes a deformation. The three-dimensional polymer network and the penetrat-
ing fluid in the hydrogel are taken as the solid and fluid phases, respectively. The
former is denoted by the superscript (p) and the latter by (f). The model accounts for
the coupled transport phenomena as follows:

e Conservation of mass. Conservation of the mass for the binary mixture compris-
ing the polymer network and penetrating solvent is solved for.

o Momentum transfer. Conservation of momentum is considered in terms of inertia,
a reaction couple between the phases and the driving forces due to stress and
osmotic pressure for both phases.
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e Conservation of phases. Two phases are considered: a polymer comprising large
macromolecular chains and a solvent phase of low molecular weight. The latter
is highly mobile compared with the former.

e Energy transfer. The principal modes of energy transfer are convection, defor-
mation and conduction through the polymer network and fluid. The present
convection is associated with the fluid phase and the deformation with the solid
phase. In addition, the transient accumulation of energy, energy dissipation and
energy exchange between the phases due to friction are considered.

The main model assumptions and approximations include the following:

e Local thermal equilibrium. Local thermal equilibrium is assumed between the
polymer and the penetrating fluid.

e Incompressibility. Both the polymer and liquid phases are treated as incompress-
ible. However, the resulting mixture is highly compressible.

e Free energy. The free energy of the hydrogel provides the means by which the
stress tensor and osmotic pressure for the hydrogel can be identified. Several
expressions for the free energy of mixing and elasticity for polymer hydrogel
systems have been derived from molecular thermodynamics, e.g. Oliveira et al.
(2004), Hino and Prausnitz (1998), Oh and Bae (1998), Maurer and Prausnitz
(1996) and Otake et al. (1989). Most of these are modifications of the original
thermodynamic theory by Flory (1953); a short summary of the various thermo-
dynamic models can be found in Wu et al. (2004). For the present purposes, the
original Flory—Rehner theory (Flory, 1953) as applied by Shirota et al. (1998) is
sufficient.

e Hyperelastic solid. The hydrogel is treated as an isotropic hyperelastic material,
which together with the elastic free energy provides an expression for the stress
tensor.

e Newtonian fluid. The penetrating fluid is assumed to behave as a Newtonian fluid
within the polymer network.

The hydrogels considered include the following:

e Crosslinked poly(N-acryloyl pyrrolidine), prepared and analysed by Oh and Bae
(1998), with 15% mol styrene (AS15) and 20% St (AS20). These can be classified
as the slow-response hydrogels, displaying moderate swelling ratios of around
1-5. The swelling ratio is here defined as the ratio of the weight of water in
the swollen hydrogel at a certain temperature to the weight of the hydrogel after
drying, usually in vacuum.

e Conventional poly(N-isopropylacrylamide), prepared and analysed by Cheng
et al. (2003), termed NCO000, which is one of the most extensively studied
temperature-sensitive hydrogels. This is a slow-response hydrogel with large
swelling ratio of 4-40.

e Macroporous poly(N-isopropylacrylamide), polymerized with a 0.3 M aqueous
sodium chloride solution (NC030) by Cheng et al. (2003) and polymerized with
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Fig. 5.23 Schematic of a spherical uniform response to a step change in temperature

polyethylene glycol (G8) by Zhang and Zhuo (2000a), exhibiting large swelling
ratios of 4-65 and 4-90, respectively. These are considered as the fast-response
hydrogels due to their large pore sizes.

Within this framework, and as already motivated at the beginning of this section,
three deformation cases are considered due to the changes in temperature:

®

(ii)

(iii)

Transient uniform response to a temperature change. Most of the experimental
studies on the swelling equilibrium and kinetics of hydrogels are for cylin-
drical or spherical hydrogels immersed in a solvent of uniform temperature.
Upon the changes in temperature, the subsequent deformation of the hydro-
gel as it approaches the new equilibrium can be studied. The uniform swelling
is considered, as illustrated in Fig. 5.23, in a uniform temperature field for
both slow-response and fast-response hydrogels, for which a one-dimensional
spherical model in the radial direction is sufficient. A symmetry boundary con-
dition at the centre of the sphere and a free surface at r=R(¢) are prescribed. As
observed later, the model predictions agree well with experimental findings.
Transient non-uniform response to a temperature change. In addition to the
uniform swelling, the non-uniform deformation behaviour of a hydrogel slab to
a step change in temperature is investigated, as depicted in Fig. 5.24, which is
constrained in the normal direction (z-direction), such that it only needs to con-
sider deformations in the streamwise (x-direction) and spanwise (y-direction)
directions. The computational domain is further reduced to one quarter by
invoking symmetry of the hydrogel slab along the centre lines, with symmetry
boundary conditions along the x- and y-axis and free surface conditions for the
remaining two boundaries.

Transient deformation in a temperature gradient. A slender hydrogel is
immersed in a solvent with uniform temperature Ty at r=0. For >0, a temper-
ature gradient is applied over the solution and hydrogel as shown in Fig. 5.25.
Analogous to the behaviour of polyelectrolyte hydrogels exposed to electric
field (Li et al., 2004a, b; Wallmersperger et al., 2004; Zhou et al., 2002; Snita
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Fig. 5.24 Schematic of a non-uniform response to a step change in temperature
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Fig. 5.25 Schematic of the deformation in a temperature gradient

et al., 2001), the neutral hydrogel is expected to bend in the temperature field.
The non-uniform deformation in a temperature field is studied for the macro-
porous hydrogel NC030, which is constrained in the normal direction, similar
to the above case (ii). In general, the deformed hydrogel can be expected to
affect the surrounding temperature field, especially so if the thermal properties
of the hydrogel differ from the solvent counterparts. For the NC030, however,
the polymer volume fraction is around O(1072) in the swollen state due to
the macroporous nature, i.e. with a high solvent content, whence the thermal
properties can be considered equal to the surrounding solvent as a first approx-
imation, since the heat conductivity contribution of the polymer phase will be
negligible. The present work will focus on NC030 and assume a one-way cou-
pling to study the deformation in a prescribed temperature gradient. Further,
it will assume a priori that heat transfer is much faster than the deformation,
whence it is not required to solve for the heat transfer. It will be shown later
that this condition is indeed satisfied.
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5.6.1.1 Basics of Two-Phase Mixture Theory

Several basic concepts are essential for modelling of two-phase mixture, the most
important of which are summarized here, see, e.g. Bowen (1980), Atkin and Craine
(1976) and Mow et al. (1980) for more details. In general, the two phases, i.e. the

polymer backbone and the penetrating fluid, are treated as incompressible, with the

true (intrinsic) densities p(()p ) and ,o(()f ), respectively. The mixture of these two phases

requires the introduction of the polymer and fluid volume fractions:

(/)]
1 O S () NI

where v?and ¢ are the volume and volume fractions of the phase i (i=f, p),
respectively. Further, the mixture density is given by

p=p? + p (5.34)

where p is the apparent (superficial) density of the phase i, defined as

PP = o PP =1~ ) (5.35)

Dividing the mass conservation of each phase gives

9o oo
% £V (pPvD) =0 (5.36)

where v/ is the velocity of the phase i. By ,o(()i), adding the equations for each phase
results in

V.v=0 (5.37)
where v is the volume-averaged velocity and defined as
v=¢v? + (1 — v (5.38)

For later use, it is noted that the substantial derivative with respect to the phase i
is defined as

pi 9o ,
=5+ v V) (5.39)

5.6.1.2 Governing Equations

In the hydrogel, the conservation of mass for the polymer phase is considered as

d
a—‘f + V- (@V) = =V - [p(1 — $)v? — v (5.40)
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where the volume-averaged velocity, Eq. (5.38), is introduced into the mass conser-
vation for the polymer, Eq. (5.36). The left-hand side (LHS) of Eq. (5.40) comprises
the accumulation and bulk convection of the polymer phase, and the right-hand side
(RHS) considers diffusion.

The conservation of the mixture is

V.v=0 (5.41)

Conservation of momentum for the polymer and fluid phases are given, respec-
tively, by

DP)yP)

¢ D: =V.o? +7? (5.42)
DOV

(1 —¢)pd D: =V 470 (5.43)

where o is the stress tensor of the phase i, and ¥ is the reaction couple of the
drag force between the two phases. The LHS of the momentum equations, Eqgs.
(5.42) and (5.43), describes the inertia, and the RHS comprises the driving forces
in terms of gradients in stress and osmotic pressure as well as the drag force. The
contribution of osmotic pressure at this stage is not readily visible, but will appear
when the constitutive relations are introduced in the following subsection.

Conservation of energy for each phase is given by Lustig et al. (1992) and
Huyghe and Janssen (1999):

(i) 5 @)

o =0 =V g0 4 p0E0 (5.44)

I

where 20, 20 and q® are the internal energy, the energy interaction with other
phases and conductive heat flux of the phase i, respectively. The accumulation of
internal energy and convective energy transfer are captured by the LHS. Heat dis-
sipation is characterized by the first term on the RHS, followed by the conductive
heat flux and the energy exchange with other phases. The total energy balance for
both phases (Lustig et al., 1992; Huyghe and Janssen, 1999) is defined as

> (VED v 10y =0 (5.45)
i

In order to remove the energy interaction parameters, Egs. (5.44) and (5.45) are
combined, which yields a more convenient form for the energy balance

)D(ﬂ) el2 @ DN ="
o T4 ey —p—

=o®:vv? L o yy)

»
o (5.46)
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5.6.1.3 Constitutive Relations
Liquid Phase

Rates of strain and stress tensors. For the fluid phase, the rates of strain, EY, and
stress tensors, a(f), are defined as

1
EV = E[Vv(f) + (Vv (5.47)
o) = —1 = ¢)pl + 2uVED (5.48)

where p is the total intrinsic fluid pressure, I is the unit second-order tensor and
u is the dynamic viscosity of the fluid. The total intrinsic fluid pressure can be
expanded as

p=pr+pm (5.49)

where p(®™ is the osmotic pressure, and p’ is the remaining part of the intrinsic
fluid pressure. In the absence of an osmotic pressure and a stationary solvent, the
intrinsic pressure corresponds to the hydrostatic pressure in the fluid. Contrary to
Barriere and Leibler (2003), who combined the elastic stress and osmotic effect into
one stress tensor, we instead include the osmotic pressure in the overall intrinsic
fluid pressure, similar to Atheshian et al. (2004).

Dynamic viscosity. The dynamic viscosity of the liquid, u'?, is temperature
dependent and can be approximated by Gawin et al. (1999)

u = 0.6612(T — 229) 1362 (5.50)

Thermal properties. The thermal conductivity, k', in the fluid phase is given by

k" = k1 (5.51)
where
KT = 1 T? + eoT + c3 (5.52)

which is a parameter adapted function to tabulated thermal conductivities of water
(TAPS, 1998). The specific heat, C,(,f), can be considered as constant for the temper-
ature interval considered here (283 K<7T<353 K) (Bird et al., 2002). The enthalpy,
®Y, and internal energy, E, for the incompressible fluid (Bird et al., 2002) are
related through

g = - L (5.53)
")
Po
and the enthalpy (Bird et al., 2002) is given by

d
40" = cPar + < (5.54)
Po
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Polymer Phase

Finite deformation and stress tensor. For the polymer phase, the stress tensor is
defined as

o = —gpl+ o) (5.55)

¢f

where aéff) is the Cauchy stress tensor for the polymer phase. In order to determine
the Cauchy stress, it is assumed that the polymer behaves as an isotropic hyper-
elastic material to account for finite deformation, since the hydrogel can undergo
significant volume change. Further, the elasticity for the hydrogel is given by the
deformation from a stress-free state to its stressed counterpart. In line with com-
mon practice, see, e.g. Oliveira et al. (2004), the stress-free state is taken to be the
polymerization state, whence it is required to account for this reference state when
defining the stress tensor. For this purpose, as illustrated in Fig. 5.26, it is convenient
to consider the deformation in the reference frame, Xpef = (Xref, Yeer.Zref) € R, in
an initial Lagrangian (material) frame of reference, X = (X,Y,Z) € R3, and the
Eulerian (spatial) counterpart, x = (x,y,7) € R3; these in turn are related via the
mappings X = xref(Xrefs?) = x(X,f) and X = xo(Xer,?). The deformation gra-
dient tensors between the various frames can now be introduced as Fref(Xief,f) =
0 xret(Xrefs1)/ 0Xref, Fo(Xrer,?) = 9 x0(Xret,1)/0Xrer, F(X,1) = 9 x (X,1)/0X. The dis-
placement field in the Eulerian frame of reference is u(x,t) = (u1,u2,u3) = x—X(X,1)
and in the initial frame U(X,¢) = (U1,U3,U3) = x(X,1) — X.

Xref(xref»t)v Jref

Uref (Xref’t )

Qref

Reference
configuration

Current
configuration

U()(Xref 1)

N

XoXrers?), Jo

t<0

Initial
configuration

Fig. 5.26 Schematic of the reference (Q2ef), initial (o) and current (£2) configurations, the
coordinates and the displacement fields
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For an isotropic hyperelastic material, the Cauchy stress tensor (Holzapfel, 2000)
relative to the reference frame Xif is given by

L1y OW (D)
o) =2y} bre— (5.56)
ref

where Jief = detFiet = ¢re/¢ is the volume ratio, byr = Fresz;f is the Finger
deformation tensor, also commonly referred to as the left Cauchy—Green tensor and
W (brr) is the free energy of elasticity as a function of the Finger deformation tensor.
The elastic free energy for a hydrogel is usually expressed according to either the
phantom network or the affine network theory (Baker et al., 1994). In short, these
two theories consider the idealized cases, with the main difference that the former
allows for free fluctuations of crosslinks in the network, whereas the latter sup-
presses these. We shall make use of the affine network theory, which for isotropic
swelling of a tetrafunctional network (Lele et al., 1997) yields

kgT z
= ﬂ[s‘]ref -3 anref] (557)
mt¥x

which can be rewritten in terms of the invariants of the Finger deformation tensor,
namely /1 (bref) = trbret, [>(brer) = 0.5[(trbyer)® — tr(b. )], I3(brer) = detbrer, where
tr denotes the trace of the indicated tensor, thus

wo kT 1 5 by, (5.58)
= —3——=1In .
2V, N, | 2

for an isotropic deformation, where I} = 3J£§f/ 3), I; = Jrzef, N, is the degree of

polymerization of the subchains between the crosslinking points, V,, is the equiv-
alent volume occupied by one monomer and kg is Boltzmann’s constant. Inserting
the elastic free energy, given by Eq. (5.58), and differentiating with respect to the
Finger deformation tensor, Eq. (5.56), we arrive at

kT 1
o) = B [bref - —I:| (5.59)

Achilleos et al. (2000a, b, 2001) used a similar approach to find the stress ten-
sor for the swelling of polyelectrolyte hydrogels and showed good agreement with
experimental swelling behaviour. However, their expression differs from Eq. (5.59),
in which they do not have the factor Y in the last term inside the bracket on the RHS.

Extensions to the free energy, e.g. the interpolation expression by Hino and
Prausnitz (1998), can easily be incorporated within the framework of the model
for uniform as well as non-uniform deformations, provided that the free energy can
be expressed in terms of the invariants of the deformation.

The effective stress tensor in Eq. (5.59) is defined in terms of the reference state
(L2rer), as shown in Fig. 5.26, whence the deformation of the hydrogel requires the
deformation from this state. For the present purposes, however, we are not primarily
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interested in the reference state, but rather in the deformation of a hydrogel from
an arbitrary equilibrium state to another, without having to return to the reference

frame, i.e. to the state of polymerization of the hydrogel. In other words, we would
like to rephrase the stress tensor ae(ff) in terms of the initial configuration. This can
be accomplished by invoking a uniform deformation from the reference (Q2ef) to
the initial frame (2g), with Fy = Jé/ 3I, where Jo = detFo = ¢yer/¢o is the volume

ratio. The deformation gradient tensor Fi. can then be expanded in terms of the
initial configuration as F s = Jé/ 3F, whence

keT [ -1 1 _
o) = VN [JO b2 ‘I:| (5.60)

where Jef=JoJ is employed. Henceforth, it is required only to consider the current
(£2) and the initial (£2¢) configurations, provided that the initial conditions originate
from a uniform deformation from the reference state. One more advantage of this
approach is that the reference state, commonly approximated as that of the polymer-
ization, might require gres—> 1 for polymerizations in gas (Hirotsu, 1993), for which
the osmotic pressure p(®™ — oo (defined later in Eq. (5. 75)).

For later use, it is noted that the Lagrangian counterpart in the initial configura-
tion of the Cauchy stress is given by the first Piola—Kirchhoff stress tensor and can
be found from the Piola transformation (Holzapfel, 2000) as the following:

P = JoDFT (5.61)

Deformation gradient tensors. For a spherical hydrogel with a uniform swelling,
the deformation can be expressed as r=r(Ryef), 0 =0ref, p=rer due to the spheri-
cal symmetry, whence the deformation gradient tensor (Chung et al., 1986; Ogden,
1997) reduces to

r r
Fref = r7e, Q@ eg + R—eg R eq,; + R—e(p R eq, (5.62)

ref ref

and volume ratio

. 2
Jrer = detFpp = 20 = (5.63)
¢ Rref

Here [-]’ denotes differentiation with respect to Rer. Equation (5.63) can be inte-
grated once, which yields the relation between the deformed and reference radii at
equilibrium as

1
F(Reef) = J ¢ Rref (5.64)

ref

For a hydrogel slab, we will consider the case where the hydrogel is constrained
in the out-of-plane direction (ez.ez.e;), while being able to slide freely, which
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allows us to reduce the geometry from three dimensions to two. This assumption is
in line with the experiments and modelling conducted by Achilleos et al. (2000a).
The deformation gradient tensor then reduces to

Frof = e, @ex e, By, + — e, D+ — o€ By -, ®
T X eoe € e,Qe e.®e
ref = P Xref 24 Kref 9 Yre X Yief 9 Xref y Xret ) Yref y Yief ) Zref Z (5 6Zr5e;

For the case (iii), we further impose the constraint u=0 at x=0, in order to prevent
a translational movement of the hydrogel in the temperature gradient.

Heat conductivity. For the polymer, an isotropic heat conductivity is assumed as
a first approximation, i.e.

k,=k,1 (5.66)
where k, is the heat conductivity of the polymer phase.

Internal energy and enthalpy. For the incompressible polymer, it is assumed
(Godovsky, 1992) that

EP ~ P (5.67)

and further that
deV ~ CPdr (5.68)
Total mass of polymer. For later verification purposes, it is noted that the total

mass of the polymer in the hydrogel will remain constant during the deformation,
i.e. at any given time, the following Eq. (5.69) has to be satisfied

/ ¢dV = f Gretd Vet (5.69)
v(?) Vref
Mixture

Free energy of mixing. The free energy for the hydrogel is usually taken to follow
the framework of Flory—Huggins theory (Flory, 1953), accounting for the entropy
and energy changes of the mixture. The free energy functional (Onuki, 1989) of the
system can be written as

rio.11 = [ [ro+ Svor ix (5.70)

where f(g,T) is the free energy per volume of the mixture, F[¢,T] is the Gibbs free
energy and y is a material parameter. For a neutral polymer, the following form for
the free energy (Oh and Bae, 1998) per volume is assumed:

f(@.1) = [(1 —¢)In(l —¢) + ¢/ x(T, ¢/)d¢/} (5.71)
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with x(7,¢) is the polymer—solvent interaction parameter. Several expressions for
the interaction x (7,¢) were derived, e.g. by Oh and Bae (1998), Shirota et al. (1998)
and Hirotsu (1991), who employed the expressions for the interaction x (7,¢), which
requires three adjustable model parameters. We choose to define the interaction
parameter (Shirota et al., 1998; Hirotsu, 1991) as

AG®

T,0) = Ar 5.72
X(T4) = =T+ T+ (5.72)

where A" and A® are the entropy and enthalpy contributions to the polymer—
solvent interaction parameter, respectively, and 7 is a less well-defined parameter
to express the volume fraction dependence. In addition to the temperature and
volume fraction dependence, Kato (1997) determined experimentally that the inter-
action parameter also hinges on the hydrostatic pressure. The hydrostatic pressures
that Kato measured, however, were of the order of 10° N/m? and beyond, i.e.
larger than the atmospheric pressure considered here, whence we only consider
temperature and volume fraction dependence.

Osmotic pressure. Araki and Tanaka (2001) related the divergence of the osmotic
pressure to the free energy functional, which for the gradient of the osmotic pressure
can be rewritten as

SF[p, T
yplom _ gy OF1OT1 (5.73)
8¢
from which the osmotic pressure can be found as
, a
P = [¢£ ~f—¢yVie+ §<V¢>2] (5.74)

By combining the osmotic pressure with the free energy per volume, Eq. (5.71),
we finally arrive at

kgT 1
P = [—54@ +x¢* +In(1 — ¢) — y(@Vp — 5(V¢>2)} (5.75)

Friction between polymer and liquid phases. The friction force between the
liquid and polymer phases is given by Holmes (1986) as

7? = 7 = pve — ¢ (v — v (5.76)

where ¢ is the friction coefficient, also referred to as the diffusive drag coefficient,
which is defined (Holmes et al., 1985) as

(1 — $)2
;:“( ®)
K

(5.77)
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where « is the hydrodynamic permeability of the hydrogel. It is noted that we retain
the dynamic viscosity in the friction coefficient explicitly in Eq. (5.77). As we shall
find later, the definition of ¢ in Eq. (5.77), and of the friction force as a linear func-
tion of the relative velocity between the two phases, Eq. (5.76) will allow us to
recover Darcy’s law for a stationary solid from the momentum equations. Higher
order terms, such as the quadratic dependence on velocity in the Darcy—Forchheimer
equation (Nield and Bejan, 1998), are negligible due to the low velocities inside the
hydrogels, as seen later in the analysis.

Permeability. The permeability of the hydrogel is important for the deforma-
tion kinetics as it determines the resistance that the penetrating solvent experiences
inside the polymer network. A low permeability gives rise to slow deformation,
whereas a highly permeable network can adapt to perturbations in the environment
more easily. The former is typically the case for most hydrogels, e.g. for PNIPA gel.
The latter is of interest in any fast-response-dependent applications, such as arti-
ficial organs (Zhang and Zhuo, 2000a, b). A typical response rate for an ordinary
PNIPA gel is around 1 hour or more, in stark contrast to a few minutes for fast-
responsive hydrogels (Zhang and Zhuo, 2000a, b; Chen et al., 1999). Two important
parameters affecting the permeability are the degree of crosslinking and pore size
in the polymer network. Experiments on the permeability of polyacrylamide hydro-
gels by Tokita and Tanaka (1991) and Grattoni et al. (2001) have shown that the
permeability to flow through the gel can be described by a power law relation
kg~ and that the friction factor is related to the dynamic viscosity; the latter
is included in the definition of the friction factor, as described in Eq. (5.77). In gen-
eral, however, the constitutive relation for the permeability can be expected to be
more complex and highly dependent on degree of crosslinking, as the studies on
soft permeable tissues and gels have shown (Holmes et al., 1985; Holmes and Mow,
1990). Grattoni et al. (2001) also found that the permeability is velocity dependent.
For the present purposes, it is noted that the permeability is a function of the volume
fraction of polymer ¢, which is assumed to follow an exponential function for the
slow-response hydrogels AS15 and AS20, i.e.

K =10¢ "7 (5.78)

and neglect the contribution from the velocity dependence. Here, ¢; is a param-
eter which requires adaptation to experimental kinetic data. For the fast-response
hydrogels, GO and NC030, the volume fraction spans several magnitudes of vol-
ume fraction, down to O(1072). In light of the low polymer volume fraction in the
macroporous hydrogels, a constant permeability is prescribed, i.e.

K =1 (5.79)

As shown later, the assumption of constant permeability, due to the low vol-
ume fraction of polymer, gives good agreement with the experiments, which is
expected since a lower volume fraction leads to less fluid—solid interaction. For
the conventional poly(N-isopropylacrylamide) gel NC0O0O, a constant permeability
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is considered as a first approximation similar to the macroporous counterparts, as
the dependence of the polymer volume fraction in Eq. (5.78) cannot account for low
polymer volume fractions, i.e. as g— 0. It is possible to define composite expres-
sions for the permeability of NCO0O as a function of the polymer volume fraction
similar to Barriere and Leibler (2003), but we refrain from doing so as we are not
primarily interested in NC000. On a final note, we could also have defined the fric-
tion coefficient in analogy with the multicomponent mass transfer theory (Taylor
and Krishna, 1993; Wesselingh and Krishna, 2000), which prescribes an exponential
function for the diffusion coefficient in polymer solutions, based on the free volume
theory (Wesselingh and Bollen, 1997; Wesselingh and Krishna, 2000). However, in
view of the explicit appearance of the dynamic viscosity in experiments (Tokita and
Tanaka, 1991; Grattoni et al., 2001), the hydrodynamic analogue, Eq. (5.77), seems
more suitable.

Effective thermal properties. The effective heat conductivity of the hydrogel
comprises two parts. One originates from the heat conduction in the penetrating
liquid and the other from conduction through the polymer. The heat conduction ten-
sor k may depend on several of the state variables, such as the temperature and
the deformation, e.g. the Finger tensor b. For example, a non-uniform deformation
could lead to an orientation of the polymer backbone, accompanied by a change of
heat conductivity in the direction of and perpendicular to the elongation. While the
most general form can be expected to be a function of these, an additive function for
the total effective heat conductivity is defined as

k = ¢k® + (1 — o)k (5.80)

which is consistent with the earlier definitions of the apparent density and mixture
velocity. Similarly, for the effective heat conductivity, we prescribe

Cp=pCP + (1 —¢)CYP (5.81)

Total mixture stress tensor. As found later, it is convenient to introduce the total
mixture stress tensor, defined as

o=—pl+of (5.82)

Swelling ratio. The swelling ratio, &, of the hydrogel is given by

") 1 — )y av

f=" = b=y dV ‘]2)’)0 (5.83)
mn f v ¢'0 0 av

which for a uniform deformation at equilibrium reduces to &5, = (q}gol )] pg ) / ,o(()p ),
Here, m*P) is the total weight for the solvent and polymer phases, respectively. The
total mass of the dry hydrogel is usually measured after vacuum drying, whence
there is most likely some residual water left in the hydrogel. However, the mass of
the dry gel is assumed to be equal to the mass of the polymer.
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Water retention. The water retention, ¥, for the hydrogel is defined as

om0 = av

= — = 5.84
ml [, (1= d0)dVo 689

5.6.1.4 Boundary and Initial Conditions
As illustrated in Figs. 5.23, 5.24 and 5.25, the boundary and initial conditions for

the three cases (i—iii) are the following:

(1) Uniform spherical deformation:
Symmetry. For (r=0, t>0):

oT
0, up=v, =0 (5.85)
ar
Free surface. For (r=R(t), t>0):
Opr = —Poos P! =Poos T =T (5.86)

Initial conditions. For (0<r<Ry, t=0):
P!l =Ppoo, ur =0, T=Tp (5.87)
where u, is the radial displacement, v, is the radial mixture velocity

component and o, is the component of the mixture Cauchy stress
tensor in the radial direction.

(ii) Non-uniform deformation:

Symmetry (I):
un=v-n=V7l-n=mn-V)(t-u)=0 (5.88)
Free surface (11):
o-n=(—pD)n pr=ps, T=Tx (5.89)
Initial conditions. For (0<x<L(0,0), 0<y<H(0,0), t=0):
Pl =po, =0, T=To (5.90)

(iii) Deformation in a temperature gradient:
Symmetry (1):

un=v-n=m-V)t-u=0 (5.91)
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Free surface (11):

o-n=(—pl)-n, pr=psg (5.92)
Point constraint. For (x=0,y=0):
u=0 (5.93)
Initial conditions. For (—0.5L(0,0)<x<0.5L(0,0), 0<y<H(0,0), t=0):
P'=pc, =0, T=Tp (5.94)

The prescribed temperature gradient is given by Too(x) = —(T1 — T2)/Lx+ (T +
T2)/2.

It is noted that the time-dependent boundary conditions in the Eulerian frame
require to keep track of the motion of the interface as the hydrogel deforms. Later,
the model in Lagrangian coordinates will be formulated at the initial state, whence
it no longer explicitly has to account for the motion of the surface.

5.6.2 Analysis

In an effort to elucidate the relative importance of the mechanisms for the momen-
tum transfer due to deformation of the hydrogel and convection of the solvent as well
as mass and heat transfer a priori to computational simulations, we shall proceed by
studying the relevant scales and non-dimensionless numbers for the hydrogel model.
In doing so, we will not only provide some of the means by which we can inter-
pret the computational results but also allow for simplifications of the governing
equations.

5.6.2.1 Non-dimensionalization

One can introduce

) ) _

PO SR SR AT B S DA S el

I’ I’ U’ U’ u,” [ Ap "
ij(osm) _ p(osm) ﬁ/ P! — Poo F— T —Tx E _ ¢ ) _ Octf =

[P Ap AT (10 oy K]

i KOy ok e _EPL L x

e _sM = 9K = 0 = _77-[ -

(k] (1] [«] U [7]

where [ - ] represents a typical scale, / is a representative length scale of the system,
AT=Ty—Ts and Ap are scales for the temperature and pressure drop, respectively.
At this stage, U, Uy, Uy, [1], [¢], [, [k], [02], [p©™] and Ap are still unknown.
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Furthermore, it is necessary to consider two different time scales: one for the defor-
mation of the hydrogel, [t4ef], and the other for the heat transfer, [fneq]. Before
proceeding to write down the non-dimensionalized equations, we will attempt to
identify some of the scales for the deformation of a hydrogel not subject to an
external flow field, i.e., all scales originate from the deformation of the hydrogel
itself.

Returning to the definition of the volume-averaged velocity, Eq. (5.38), one can
obtain U=Uy=U, in order to balance the volume-averaged and phase velocities,
since ¢ and (1—¢) can be considered O(1) quantities. The time scale for the defor-
mation can then conveniently be chosen as [#4e]=I/U, since the deformation of the
hydrogel is the present primary concern, thus set [f]=[#4cf]. The scale for the poly-
mer stress tensor can be secured from Eq. (5.60) as [agf’f)] = kBTOOJO_ol/(VmNX),
where the volume ratio is included at the new equilibrium Joo =@ ¢f/#o0, Originating
from the second term in the bracket on the RHS of Eq. (5.60), in order to account
for changes in the volume fraction during deformation. It is noted that the scale
for the stress is linked to the uniform deformation and as such cannot give any
information on any shear stresses that might arise. In addition, the constitutive rela-
tions for the friction coefficient and permeability, Eqs. (5.77), (5.78) and (5.79) give
[c] = [DV/Ix], [c] = ¢y %11 for AS15 and AS20, [kK]=t; for NCO00, NCO30
and G8, respectively. The initial polymer volume fraction, go, is included for the
two slow-response hydrogels, AS15 and AS20, to account for the dependence of
the permeability on the polymer volume fraction. For the polymer—solvent interac-
tion parameter, ¥, it is assumed and verified later that it is O(1). Further, the polymer
phase heat conductivity is chosen as the typical scale, i.e. [k]=k? and Eq. (5.76)
provides [ ]=[¢]U.

Finally, the following dimensionless numbers are introduced:

() ) )
Re = Upo Pr= Cl()p [M(f)] B = —[H(f)]Uz B = [Oeff]Ul 1= [{]Uz e
(w]’ (k] [KIAT [KIAT ° [K]AT
XE—pOOUl AE—yVm T*E£ P* = % *E—pg)cl()f)
[kIAT’ kpTool?’ Too Poo’ pg’)c,?’)’

where Re is the Reynolds number, Pr is the Prandtl number and Br® is the Brinkman
number for the phase i. The Reynolds number measures the ratio of inertial force
to viscous force, the Prandtl number is a material property dimensionless number,
and the Brinkman number gives the ratio of the dissipation to the heat conduc-
tion. IT and XA are associated with the irreversible and reversible rates of internal
energy change to the heat conduction, respectively. A measures the ratio of the
energy required to maintain sharp gradients in the hydrogel to the magnitude of
free energy per volume. 7* and P* are associated with the temperature and pressure
changes to the overall temperature and pressure, respectively, and C* gives the ratio
of the liquid density and heat capacity to the corresponding ones in the polymer
phase.
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Introducing these scales and non-dimensional numbers into the governing
equations and constitutive relations and dropping the tildes yields

% + V- (pv) = =V - [p(1 — p)(v? — v (5.95)
V.v=90 (5.96)
») 2 @) )
t ) l
(5.97)
2 () @)
P UL DYV fAp] WP o o ORD
{ ; }(1 H—p = l }(1 ¢)Vp+{ 7 }V QuEY)
+{[c1UN (v — vy
(5.98)
RePr} [25T + C*(1 — 925 | = (117 - (VT)
—(JP*p+ DYV - v + (1 — )V - V] (5.99)

+ (Br?)o ®:vv?) 4 (BrORED: Vv + (IT}(v) —vP) . 7

The dimensional quantities and non-dimensional numbers are given for con-
venience in brackets {}, which will be useful for determination of the remaining
unknown scales, namely U, [p©™], Ap and [fnea]-

5.6.2.2 Time Scales

A temperature-sensitive neutral hydrogel, which deforms due to an environmental
temperature perturbation, experiences simultaneous heat and mass transfer, whence
it is necessary to consider two time scales. The time scale for the deformation of the
hydrogel has been found as

l
[7def] A
The time scale for the heat transfer can be estimated by returning to the dimen-
sional energy equation and definitions of the internal energies and enthalpies, Eqgs.
(5.46), (5.53), (5.54), (5.67) and (5.68) and relevant scales, from which it can be
inferred that the transient terms have to balance either with the convective or with
the conductive energy transfer, i.e.

AT kIAT UAT
(p)C(”)— ~ max ([ | (‘D)C(”)—)

o e
0 "p [theat] 2 o P l
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providing that the remaining terms are all much smaller than 1 ( << 1). It will be
shown later that this condition is indeed satisfied. Furthermore, [heat] cannot exceed
[#4ef] as long as the convective energy transfer originates only from the deformation
of the hydrogel itself, whence two cases can be identified for the relative magnitudes

of the time scales:
») ~P) 2
. [Py Gl
[fheat] ~ min (% [tdef]> :

When the conductive heat transfer is faster than the deformation, i.e. [fheat |<[Zdef],
it follows that [fheat] ~ ,o(()p )C,(,p)lz /[k]. Therefore, thermal equilibrium is reached
faster than swelling equilibrium, which is in line with experimental findings for
PNIPA by Gehrke (1993), who studied heat and mass transfer experimentally in
a PNIPA gel with a thermocouple. For [thea]~[#4ef], heat transfer and deforma-
tion will be of the same order, which occurs for hydrogels with a sufficiently fast
deformation response rate.

5.6.2.3 Momentum Balances

Before proceeding with the identification of the remaining scales, U, [p©™] and
Ap, it is instructive to recall that the deformation of hydrogels is considered to be
induced by a change in temperature, which manifests itself as a driving force in the
Cauchy stress tensor and osmotic pressure. It is expected that the low permeability of
the hydrogels, ¢; ~ 1071010~ m? (see Table 5.2), will lead to U<<1 ms~!. Now,
close to the swelling equilibrium of the hydrogel, the stress is expected further to
balance with the osmotic pressure, O(p©™) ~ O(O’gf) ), whence [p®™] ~ [agf)] =
kBTOOJO_Q1 /(ViuNy). As such, it is noted that the deformations originating from an
applied pressure are not considered due to an external flow or externally applied
loading. This in turn implies that Ap~[p®™]. In light of this, the relevant scale for
the velocity can be inferred from Eq. (5.97), by balancing the velocity term with
either one of the first two terms on the RHS. Choosing the pressure term results in

[pOm™)]
I

[L1U ~
whence (N.B. [¢] = [1]/[k])
CPO™l] kTl ]/

U = - = -
l[,l,L(f)] [M(f)]lean

for the parameters considered (see Tables 5.1, 5.2 and 5.3). Had we instead chosen
to scale the velocity with the inertial term on the LHS, we would have obtained

<< 1m/s!

U=1I[c]l/ ,o(()p ) > Im/s!; a velocity, which is physically unreasonable given the
low permeability of the hydrogels.
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Table 5.1 Physical parameters

Physical parameters

kp
Vin
R

1.38054x 1072 J/K
3.3x1028 m3
8.314 J/mol/K

Physical parameters (liquid phase)

9
c2
€3
o

cy

-1.05x 107 W/m/K?

7.98x 1073 W/m/K?

—-8.38x 107" W/m/K

10% kg/m?

4.2x103 J/kg/K (Bird et al., 2002)

Physical parameters (polymer phase)

Y2
c?

p(p)

2 W/m/K (estimated from Eq. (5.80) and Prokop et al., 2003)
2x10% J/kg/K (estimated from Eq. (5.81), Prokop et al. (2003) and
Sanchez et al., 2004)

1.1x10% kg/m? (assumed for NC000, NC030, G8)

1.2x 103 kg/m? (AS15, AS20 from Bae et al. (1989))

Table 5.2 Mixture properties

Physical parameters (mixture)

AS15 AS20 NC000 NC030 G8
AT(x102 JK1) —3.50 —4.40 —3.50 —3.50 —3.71
AO(x10721 ]y —8.11 —10.5 —8.67 —8.67 —9.20
Ne(x10%) 1.09 0.945 80.7 216 621
x2(x1071 0.889 1 3 3 0
Grep(x1072) 99 99 6 1.73 0.454
17(x1071 m?) 1.2 1.5 40 800 1700

= 34(27°C)  45(27°C)  0.25(20°C)  0.15(20°C)  0.078 (20°C)
Po(x107) 42(37°C)  54(37°C)  47(52°C) 46(52°C) 2.6 (48°C)
Ip(x 10 m) 0.97 27°C)  0.89 (27°C) 3.9(20°C)  3.8(20°C)  3.2(20°C)

0.90 (37°C) 0.84(37°C) 1.5(52°C) 1.2(52°C)  0.98 (48°C)

Table 5.3 Geometry and operating conditions

Geometry and operating conditions

P

Case (i)
Case (ii)
Case (iii)

101.325x 103 N/m?

Ro=lp (see Table 5.2)

L=1x10" m,H=1x10" m
L=1x103 m, H=2x 103 m, W=2xL
To=30°C, T} =20°C, T»=40°C

265
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Inserting the stress and pressure scales into Eq. (5.97), and noting that
,019 U/([¢]D) << 1, yield the reduced form

é-(V@) _ V(f)) =V.- Ue(g’) — ¢Vp (5100)

The present discussion has so far been limited to the momentum equation for the
polymer phase, Eq. (5.97). As seen later, however, the scales U and Ap are indeed
consistent with the fluid-phase momentum equation, Eq. (5.98). Substituting U and
Ap into Eq. (5.98) and dividing by {[¢]U} render the inertia (pj? U/([¢]D) << 1)and
viscous term ([,u(f)] / ([;]lz) << 1) negligible, compared with the pressure gradient
and friction, such that one can write Eq. (5.98) as

(WP = VD) =1~ §)Vp (5.101)
which upon introduction of the mixture velocity, reduces to

*

Vp = “T(v@’) —v) (5.102)
It is noted that, with the present definition of the friction factor, Eq.
(5.77), Eq. (5.102) simplifies to Darcy’s law for a stationary polymer phase
(VP =0,v=(1—g¢)v), since the mixture velocity v then corresponds to the fluid
superficial velocity, as required by Darcy’s law (Whitaker, 1999). By combining Eq.
(5.100) with (5.101), Eq. (5.100) can be expressed solely in terms of the gradient of

the polymer stress tensor, i.e.

vO _y = %v.ggf) (5.103)

Finally, by adding Eqs. (5.102) and (5.103), the mixture stress for the hydrogel
can be written to behave as

V.o=0 (5.104)

5.6.2.4 Parameters and Non-dimensional Numbers

The underlying physical, geometrical and operating conditions for the studied
hydrogels can be found in Tables 5.1, 5.2 and 5.3. Typical scales for the hydro-
gels considered here include [~1073 m, AT ~ 10°C ~50°C, [p©™] ~ [oe(ff)] ~
10* — 10°/Nm~2, [uP] ~ 10~3kg/m/s, U ~ 107° — 10~8m/s. Thence for the
non-dimensional numbers, one arrives at

Re <1073, Pr~ 1,BA" < 10718, B/» < 1077,11 < 107
A<10°A~107 7" ~10, P <1,C*~ 1
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Furthermore, the interaction parameter

AT A®

R - ~1
X= 0 Vet T

as assumed from the onset of the analysis. The non-dimensional osmotic pressure
now reads

PO = N Joo(T*T + 1) [«p +x¢* +In(1 —¢) + A <¢v2¢ - %(wp)z)}

(5.105)
In the following subsections, it will be assumed that A<<1, since no experimental
data is available for the energy required to maintain sharp gradients.

5.6.2.5 Mass Balance

The dimensionless conservation of polymer mass now reads

%—"’ + V- (@V) = =V - [p(1 — p)(v? — v (5.106)

and the total mixture mass balance is given by

V.v=0 (5.107)

5.6.2.6 Energy Balance

The dissipative terms are negligible in the fluid and polymer phases, since Br?),
[T<<1, as well as the reversible energy transfer, given by A<<l. In other words,
any heat dissipation stemming from the deformation or the friction between the
penetrating fluid and the polymer is small compared with the overall heat transfer.
The three primary mechanisms for heat transfer in the hydrogel are the convection
in the fluid, the deformation of the polymer and the conduction, the ratio of which
is captured by RePr:

e RePr<<l, for which the energy balance reduces to steady-state heat conduction
V. (k&VT)=0 (5.108)

e RePr~1, for which it is necessary to consider both transient heat conduction and
convection

DT Cc*(1 DY T— ! V- (kVT 5.109
¢—+ (_d))_t_ﬁ ( ) (5.109)
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e RePr>>1, which would only require to solve for the heat convection in the bulk
and conduction in boundary layers. This is unlikely, as it would require very fast-
response hydrogels or an external velocity field, giving rise to a high convective

flow inside the hydrogel, i.e. U >> [k]/(p0" C D).

5.6.3 Model Formulation in Lagrangian Frame and Boundary
and Initial Conditions

The governing equations have so far been formulated in an Eulerian frame. While
this is a valid approach, it requires a moving mesh for the deformation even though
external fields are not considered. A more suitable option is to recast the model in
Lagrangian coordinates, namely the coordinates which deform with the hydrogel
itself.

The continuity equation for the polymer phase in the spatial description, Eq.
(5.106), reduces to

J = detF (5.110)

in the corresponding material frame. We proceed by introducing the Piola identity
Vx - (JF _T) = 0 and the transformation Vy - P = JV - o (Holzapfel, 2000), for the
right-hand side of the momentum equation, Eq. (5.104), which gives

Vy-P=0 (5.111)

where the first Piola—Kirchhoff stress tensor of the mixture P = —JpF’T +Pg¥, and
Vx denotes the gradient in the Lagrangian configuration. The second momentum
equation and the conservation of the total mass, Eqs. (5.102) and (5.107), can be
written in the form as

vove = _ X vy (5.112)
0
V- V=0 (5.113)

where C™'=F~! F~T is the inverse of the right Cauchy—Green tensor, V=JF ! v
and VW =JF~! v are the pull-backs of the mixture and polymer phase veloci-
ties, respectively. For the transformation, it is also used that the Eulerian gradient
and the Lagrangian counterpart are related via the deformation gradient tensor,
ie. Vp = FTVxp. The deformation of the hydrogel with time is given by
DUW) /Dt = J7IFVP) =y,

It is more convenient for the spherical deformation to express the relative velocity
in Eq. (5.112), as a function of the stress tensor, as seen in Eq. (5.103), instead of
the pressure gradient, i.e.

K _
V-_VP» = WF vy - PP (5.114)
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Finally, the heat transfer in the hydrogel in the material configuration is given by

Vy - Q + C*VxT - (VP — V) (5.115)

JICH(1 — <i>)+¢>]ﬂw =-
Dt RePr
where Q = —kJC~!VxT is the Piola—Kirchhoff conductive heat flux. The second
term on the RHS originates from rewriting the material time derivative with respect
to the fluid motion in terms of polymer motion.
The non-dimensional boundary and initial conditions in a Lagrangian frame for
the three cases (i)—(iii) are given accordingly:

(1) Uniform spherical deformation:
Symmetry. For (R=0, 1>0):

aT—OU =Vg = (5.116)
aR ~  RTRT '
Free surface. For (R=1, t>0):
Pr=0, pp=0, T=0 (5.117)
Initial conditions. For (0<R<1, t=0):
p=0, Up=0, T=1 (5.118)
(i1) Non-uniform deformation:
Symmetry (1):
U N=V-N=VxT-N=(N-Vx)(T-U)=0 (5.119)
Free surface (11):
P-N=0, pr=0, T=0 (5.120)

Initial conditions. For (0<X<1, 0<Y<1, t=0):

p=0,U=0 T=1 (5.121)

In the Lagrangian frame, N and T are the outward unit vectors normal and
tangential to the surface, respectively.
(iii) Deformation in a temperature gradient:

Symmetry (1):

UN=V.-N=N -Vx)(T-U)=0 (5.122)
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Free surface (11):
P.-N=0, pr=0 (5.123)
Point constraint. For (X=0,Y=0):
Uu=90 (5.124)
Initial conditions. For (—0.5<X<0.5, 0<Y<2, t=0):

p=0,U=0 (5.125)

5.6.4 Numerical Implementation

The final model, given by Eqs. (5.111), (5.112) or (5.114) and (5.115), together with
appropriate boundary and initial conditions as well as constitutive relations for the
cases (i—iii), constitutes a highly coupled nonlinear differential algebraic system for
the dependent variables U, V, p and T. The commercial finite element solver, Femlab
3.1 (see Femlab for details), is employed to implement the derived model due to its
versatility in handling general coupled nonlinear partial differential equations. Each
case study is resolved as follows:

(1) Transient uniform response to a temperature change. The radial direction

as shown in Fig. 5.23 is resolved with ~1000 elements to ensure mesh-
independent solutions. The computations are carried out in a 2 GHz PC with
1GB RAM, required around 1 min. The governing equations in the radial
direction are summarized for a uniform spherical deformation as follows.

The uniform spherical deformation of hydrogels is the most extensive model
development and study, as it allows a reduction in dimensionality and math-
ematical complexity. It only needs to resolve the radial direction because of
the isotropic deformation, as shown in Fig. 5.23. Further, the radial component
of the mixture velocity Vr=0, as Eq. (5.113), which in the radial direction of
spherical coordinates becomes d Vr/dR=0, has to satisfy the boundary condi-
tion, Eq. (5.116). Hence, one can determine the fluid pressure a posteriori. We
are left with solving the radial deformation Ug and temperature 7, for which
the governing equations, Eqs. (5.114) and (5.115) are

pu® ok (10, Plo+Ph < e
Dr— pOy\RZoR™ TRT R ©-120)
[C*(1 ¢)+¢]DT ! 9 [R*Q ]+C*DU'?)F_18T (5.127)
Dr  RePrJRZoR" =X R 9R
aT
Or = —kJC — (5.128)

"R aR
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For slow-response hydrogels, i.e. RePr<<1, Eqs. (5.127), (5.128), (5.116) and
(5.117) reduce to

)

R [R°Or]=0 (5.129)
with the trivial solution 7=0 for the whole sphere. In other words, as already
stated previously, the heat conduction is much faster than the swelling, such
that thermal equilibrium can be assumed for the whole swelling of the sphere.
For equilibrium conditions, namely the steady-state deformation at a given
temperature, Eq. (5.126) can be integrated once and together with the bound-
ary conditions, Eqgs. (5.116) and (5.117) for the mixture stress, one arrives at

PO = JF ] psm (5.130)
or in an Eulerian frame
o) = plosm (5.131)

The steady-state deformation is determined in Eq. (5.64), by studying the
deformation gradient tensor in the radial direction for a uniform deformation.
Now, the evolution from the reference to the initial state is assumed to be a uni-
form deformation with the initial equilibrium state. A similar expression can
thus be formulated as R(Ref) = J(l)/ 3Rref, which is substituted into Eq. (5.64)
yields r(R) = J 1/3R, whence afz\) = (Jr_ef1 1 0.5];1}) and the radial displace-
ment Ug = r — R = (J'/3 — 1)R. Substituting this expression for the effective
stress tensor and the osmotic pressure, Eq. (5.105), into Eq. (5.131), yields a
transcendental function for the polymer volume fraction at a given equilibrium
temperature

1 AOP?
“ AT\ ) T
AT\ kp(o/l /Ny + & + x20° +log (1 — ¢)) — AT$?
(5.132)
At equilibrium, it is determined that 7=0, such that the equilibrium tempera-
ture in dimensional form is

AO@?

Too = =%
kp(Gr [Ny + ¢ + x2¢> + log (1 — ¢)) — AT'$?

(5.133)

The equilibrium polymer volume fraction can be found by solving this tran-
scendental function at any given temperature, which in turn allows for the
determination of the steady-state radius and deformation of the spherical
hydrogel.
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(ii) Transient non-uniform response to a temperature change. The geometry as
shown in Fig. 5.24 is resolved with ~6200 elements, amounting to ~4.1x 10*
degrees of freedom, to ensure mesh-independent solutions. The computations
are carried out in a 2 GHz PC with 1 GB RAM, required around 70 min.

(iii) Transient deformation in a temperature gradient. The geometry as shown in
Fig. 5.25 is resolved with ~5400 elements, amounting to ~2.5x 10* degrees of
freedom, to ensure mesh-independent solutions. The computations are carried
out in a 2 GHz PC with 1 GB RAM required around 10 min.

For the parameter adaptation of the free energy and stress of the hydrogels to
experimental data, the transcendental steady-state uniform solution, Eq. (5.133), is
solved via a nonlinear least-squares method in Matlab 6 (see Matlab for details).

5.6.5 Simulations and Discussions

The analysis presented above shows that the deformation and heat transfer can be
characterized by several dimensionless parameters, the most important of which
are Re and Pr. Scales for the underlying physics have also been secured, e.g. for
the stress, osmotic pressure and velocities. In addition, the time scales have been
identified for the deformation and heat transfer.

In the following subsections, several parameters pertaining to the free energy
and stress tensor are determined from equilibrium swelling curves, after which the
permeabilities are found from the swelling kinetics. We then proceed with several
transient deformation studies for the three aforementioned cases, namely (i) a uni-
form and (ii) a non-uniform response to a step change in temperature as well as
(iii) the deformation in a temperature gradient. While discussing these, it is instruc-
tive to recall the scales and dimensionless numbers, and in particular see how well
they predict the behaviour of the hydrogels. We will revert to the Eulerian frame
and dimensional quantities, except for the coordinates, for which we retain the
dimensionless counterparts in order to better compare with the derived scales.

5.6.5.1 Temperature Dependence of Equilibrium Degree of Swelling

The equilibrium swelling curve for the hydrogel in a given solvent at various tem-
peratures is one of the fundamental criteria for characterization and evaluation of
the smart hydrogel. The simulations will reveal the degree of swelling and whether
the hydrogel at hand exhibits an upper critical solution temperature (UCST) or a
lower critical solution temperature (LCST). The former refers to a hydrogel that
shrinks at low temperatures and swells with increasing temperature. The latter,
on the other hand, exhibits the opposite behavior, where it swells at low temper-
atures and shrinks at higher. These changes are mainly brought about by competing
polymer—solvent interactions, such as hydrogen bonding and hydrophobic inter-
actions, which are accounted for by x presented by Eq. (5.72), and the degree
of crosslinking, Ny, which is incorporated into the stress tensor, Eq. (5.60). The
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Fig. 5.27 Temperature dependence of equilibrium degree of swelling of crosslinked poly(APy-
co-St) in water. The experimentally measured values (Bae et al., 1989) are () 20 mol% St (AS20);
() 15 mole St (AS15). The model predictions are (---) AS20; (—) AS15

experimentally measured and numerically predicted swelling behaviours of the two
crosslinked poly(Apy-co-St), AS15 and AS20, in water are shown in Fig. 5.27. The
curves exhibit a moderate swelling from around 0.5 (AS20) and 0.75 (AS15) at
60°C to 2.3 and 3.3at 10°C. The swelling equilibrium for the conventional and
macroporous poly(N-isopropylacrylamide) gels, NC000, G8 and NC030, on the
other hand, exhibit a larger degree of swelling and a clear LCST behavior, which can
be inferred from Fig. 5.28. At 50°C, the three hydrogels are in shrunken state, with
a swelling ratio of 4. Around 32°C, all three undergo a sudden change in volume,
with NC000, NC030 and G8 reaching a swelling ratio of around 35, 60 and 80 at
15°C, respectively. These measured swelling curves are used to estimate the initial
polymer volume fractions, gg, and diameters, Iy, as well as for parameter adapta-
tion of Eq. (5.133), to determine N, for the stress tensor, VO, ATL", x2 and gyr for
the interaction parameter, x, of the free energy, the values of which can be found
in Table 5.2. The parameter adapted enthalpy, A®, and entropy, AT, are within
the range of the experimentally estimated counterparts for a PNIPA gel by Hirotsu
(1987). Overall, the model for steady-state uniform swelling agrees well with the
experimentally measured values, especially so for the slow-response AS15, AS20
and NC000. The model overestimates the LCST for NC000, NC030 and G8 by sev-
eral degrees Celsius, whence it is not able to fully capture the temperature for the
sudden change in volume. It is noted that the parameters for the stress tensor and
interaction parameter have to be determined for each new hydrogel considered, since
they are functions of the degree of crosslinking, type of monomers, porosity, etc.
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Fig. 5.28 Temperature dependence of equilibrium degree of swelling of the normal and macro-
porous poly(N-isopropylacrylamide) gels in water. The experimentally measured values are ()
NCO000 (Cheng et al., 2003), () NC030 (Cheng et al., 2003) and () G8 (Zhang and Zhuo, 2000a, b).
The model predictions are (---) NC000, (—) NC0030 and (—) G8

5.6.5.2 Permeability for Swelling and Deswelling Kinetics

The swelling and deswelling kinetics are mainly determined by the permeability of
the hydrogel. A low permeability is likely to result in a slow deformation response,
as the penetrating solvent experiences a high resistance inside the hydrogel, whereas
a high permeability allows for easier solvent penetration. Based on the measured
swelling and deswelling kinetics for AS15 and AS20, as shown in Fig. 5.29, and the
deswelling response for NC0O00 and NCO030 and G8, as depicted in Fig. 5.30, the
permeabilities for these hydrogels could be estimated for uniform swelling (Case
i). Clearly, the G8 hydrogel is the fastest, losing more than 80% of the absorbed
water in 1 min, followed in descending order by NC030, NC000, AS20 and AS15.
NCO030 requires around 2 min, i.e. twice as long as the G8, to reach water retention
of around 20%. The kinetic response to the change in temperature is captured by the
permeabilities, which are found to be 1.7x10716, 810717, 4x10~'8, 1.5x10~°
and 1.2x107!° m? for G8, NC030, NC000, AS20 and AS15, respectively. These
values are of similar order of magnitude as experimental findings by Tokita and
Tanaka (1991), who measured permeabilities in the order of 107!7—10718 m? for a
poly(acrylamide) gel.

Returning to Fig. 5.29, it is found that the time is overestimated for swelling and
deswelling of both AS15 and AS20. The polymer volume fraction dependence of
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Fig. 5.29 Swelling and deswelling curves of crosslinked poly(APy-co-St) between 27 and 37°C.
The experimentally measured values (Bae et al., 1989) are () 20 mol% St (AS20) and () 15 mol%
St (AS15). The model predictions are (---) AS20 and (—) AS15
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Fig. 5.30 Deswelling curves for the water retention of the normal and macroporous poly(N-
isopropylacrylamide) gels in water. The experimentally measured values are () G8 (Zhang and
Zhuo, 2000a, b), () NC030 (Cheng et al., 2003) and () NCOOO (Cheng et al., 2003). The model
predictions are (---) G8, (—) NCO030 and (-) NC000
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the permeability, taken to be ~¢ 32 is thus not able to fully predict the kinetics.
If better predictions of the kinetics of the crosslinked poly(Apy-co-St), AS15 and
AS20, are required, we have to determine the dependency of the kinetics on the
polymer volume fraction, similar to what has been done for the PNIPA gel (Tokita
and Tanaka, 1991; Grattoni et al., 2001). For the macroporous gels, NC030 and G8,
the assumption of constant permeability due to the high porosity seems to be valid as
itis able to accurately solve the water retention during deswelling. The non-modified
predictions of PNIPA gel, NC000, however, initially follow the measurements, but
start to deviate from measurements at around 5 min, as seen in Fig. 5.30. The answer
to the deviation can be found in the permeability: at =0 min, the temperature is
20°C, whence NCO0O is in a swollen state with a high porosity. For this state, the
assumption of constant permeability is valid. As the hydrogel starts to shrink, the
porosity decreases and the permeability becomes increasingly more dependent on
the local polymer volume fraction.

5.6.5.3 Uniform Deformation Behaviour

As mentioned before, isothermal uniform swelling due to step changes in tem-
perature has been studied extensively for the hydrogels, mostly for the PNIPA or
derivatives thereof. In an effort to extend previous work, the present studies are con-
ducted not only on the evolution of slow-response hydrogels, represented by AS15,
but also on the macroporous fast-response hydrogel NC030 in tandem with the heat
transfer. While doing so, one finds it convenient to return to the scales to aid in the
interpretation. It begins with the local behaviour of the deformation in terms of the
polymer volume fraction, as depicted in Fig. 5.31. Here, several features are appar-
ent; foremost is that the deswelling behaviour of the fast-response NC030, as seen
Fig. 5.31d, occurs as a sharp front in time, whereas for AS15, as seen Fig. 5.31b,
the shrinking is more akin to a diffusion process, where the whole interior of the
hydrogel sees a change of polymer volume fraction with time. The shrinking occurs
several times faster for NC0O30 compared with AS15. In fact, the deformation is so
rapid that there is not enough time for the solvent to penetrate deeply into the hydro-
gel, as it is the case for AS15. The penetrating front for NC0O30 widens with time,
but it is only in the final stages of the shrinking, at around #>400 s, that the front has
widened significantly and reached the centre of the hydrogel. While the deswelling
of the fast-response NCO030 is very rapid, only requiring around 5-10min, the
swelling is much slower, requiring up to 500-600 min for attaining equilibrium.
Recalling the deformation time scales [fgef]~10min and [#4ef]~500 min for the
deswelling and swelling of NCO030, respectively, it is found that they are of the
same order of magnitude as the computed deformation time. May it explain that
deswelling is significantly faster than the swelling for NC030? The answer is in the
affirmative: returning to the scale analysis, the deformation time scale and veloc-
ity scale in particular. It is observed that the deformation time can be expressed as
[taer] ~ 1/U = [uP]2/([p°™][k]), where the osmotic pressure appears in the
denominator. For the deswelling from 20 to 52°C, [p®™]~10* N/m? at the new
equilibrium temperature 52°C, in contrast to [p©™]~500 N/m? at 20°C for the
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Fig. 5.31 The local polymer volume fractions along the radial direction (Eulerian frame): (a)
swelling of AS15 from 37 to 27°C and (b) deswelling of AS15 from 27 to 37°C at 0, 1, 2, 3, 9,
17, 25, 42, 67, 170 min; (¢) swelling of NC030 from 52 to 20°C at 0, 1, 3, 6, 13, 30, 67, 130, 333,
667 min; and (d) deswelling of NC030 from 20 to 52°C (—) and isothermally () at 52°C for 0, 5,
20, 50, 70, 100, 200, 400, 700, 1200 s

swelling from 52 to 20°C. The driving force for the former is almost two orders
of magnitude higher than the latter, which explains the fast deswelling compared
with the swelling. However, the deswelling of the macroporous NC030 does not
necessarily correspond to a fast response, as it is inferred from Fig. 5.32, where
the deswelling from 20°C for various AT is depicted. It is so only if the hydrogel
is heated to a temperature above its LCST, i.e. in this case for AT>35°C, that the
deswelling rate amounts to minutes instead of hours or more. This behaviour orig-
inates from the sudden jump in polymer volume fraction when the hydrogel passes
from a swollen to a shrunken state, i.e. [oe(ff)] ~ [pOm] JO_Ol = (Poo/Pret)- In
the swollen state, the polymer volume fraction, ¢oo~10_2, is much smaller than
in the shrunken state with goo~0.5. As long as the deswelling occurs below the
LCST, Jgol ~ 1 for swelling (NV.B. ¢ref~10’2 for NC030), as opposed to shrink-
ing from below the LCST to above, which manifests itself in Jo_o1 ~ 100. This
behaviour is in line with experimental findings by Kim et al. (2003a, b), who
investigated the fast deswelling response of semi-interpenetrated thermo-sensitive
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Fig. 5.32 Deswelling curves for the water retention from 7p=20°C of NCO030 in water for AT =
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poly(N-isopropylacrylamide)/poly(ethylene oxide) hydrogels. Furthermore, the ear-
lier work by Barriere and Leibler (2002) shows that the surface of a hydrogel does
not immediately reach its equilibrium during swelling towards a shrunken state.
This delay is clearly visible in Fig. 5.31a—c for both AS15 and NC030, except for
the very fast shrinking of NCO030 as shown in Fig. 5.31d.

Turning the attention towards the heat transfer for AS15, as illustrated in
Fig. 5.33a and b, it is known that the heat transfer occurs very quickly, only tak-
ing ~4 s to attain the new equilibrium temperature. For AS15, the heat transfer is
so rapid that the hydrogel has no time to deform significantly. In other words, for
the slow-response hydrogel, AS15, the heat transfer only sees the initial shape of
the hydrogel. This is in line with the predicted heat transfer scale [theat]~10 s and
RePr~10~%, such that it only needs to consider the steady-state version of the heat
transfer, Eq. (5.129), when solving for the deformation. For the case of a uniform
step change in temperature, the steady-state solution is simply the new equilibrium
temperature. A closer look at the temperature profiles in Fig. 5.32a and b reveals
that the heat transfer is somewhat faster for swelling than deswelling, which may
be attributed to the initial larger size of the hydrogel at the lower temperature 27°C.
For the fast-response hydrogel, NCO030, the heat transfer requires ~10 (swelling)
and ~40 s (deswelling), as it can be inferred from Fig. 5.33c and d; the longer
time for the latter stems from the initially larger radius in the swollen state at 20°C.
During the swelling, heat transfer is clearly much faster than the deformation. For
the deswelling from 20 to 52°C, however, the reduction in radius is apparent in the
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Fig. 5.33 The local temperature along the radial direction (Eulerian frame): (a) swelling of AS15
from 37 to 27°C and (b) deswelling of AS15 from 20 to 37°C at 0, 0.1, 0.3, 0.5, 0.7, 0.9, 1.1,
1.3, 1.9, 3.9 s; (¢) swelling of NC030 from 52 to 20°C at 0, 1, 2, 2.5, 3, 3.5, 5, 6.5, 8 s; and (d)
deswelling of NC030 from 20 to 52°C at 0, 0.5, 1, 2, 5, 9, 15, 20, 30,40 s

temperature profiles. At the new thermal equilibrium, the radius drops by 30%. This
seems to suggest that the heat transfer might have an impact on the overall defor-
mation of the hydrogel. The fact that RePr~10~2 indicates otherwise, implying that
the heat transfer equation should at leading order reduce to a steady-state conduc-
tion problem, with the new temperature as trivial solution. The question that arises
is therefore whether it needs to consider transient heat transfer if the present main
concern is the deformation of the hydrogel, or whether we can prescribe the new
temperature from the onset. The answer can be found in the circles in Fig. 5.31d,
which corresponds to an isothermal deformation based on the new equilibrium tem-
perature. It is shown that the isothermal deformation follows its thermal counterpart
closely, implying that it is unnecessary to consider transient heat transfer for NC030.
An additional explanation for the agreement could be related to the moving front
during deswelling: this front, which controls the deformation, is always close to or
at the equilibrium temperature, as it is evident from Figs. 5.31d and 5.33d. The tem-
perature in the core of the hydrogel can thus be expected to be less important for the
deswelling for this case.
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5.6.5.4 Non-uniform Deformation Behaviour

The uniform responses of both slow and fast-response hydrogels have thus far been
discussed in terms of deformation and heat transfer. It is followed by studying the
non-uniform deformation for the two hydrogels, AS15 and NC030, when subjected
to a step change in temperature. As mentioned above in the subsections for the
model formulation, the motion of the hydrogels is constrained in the normal direc-
tion, whence it is only required to resolve the deformations in the streamwise and
spanwise directions, i.e. x- and y-directions, respectively.

Achilleos et al. (2000a, b, 2001) demonstrated that the polyelectrolyte slabs
deform faster at the corners than at the sides for change in salt concentration.
The question here is whether the temperature-sensitive hydrogels display the same
deformation behaviour for change in temperature. For this purpose, the evolution
of AS15 and NCO030 is studied for a step change in temperature from 37 to 27°C
(swelling) and from 27 to 37°C (shrinking), as depicted in Fig. 5.34. For both AS15
and NCO030, most of the swelling/deswelling occur in the first 100 min after the
change in temperature. Deswelling is marginally faster than the swelling for the
slow-response hydrogel AS15, whereas shrinking is around four to five times faster
than swelling for the fast-response hydrogel NC030, which requires around 100 min
to shrink from 27°C to the new equilibrium state at 37°C, as compared with around
400-500 min for the swelling from 37 to 27°C. For both the cases RePr<<I and
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Fig. 5.34 Swelling and deswelling curves between 27 and 37°C: (—) NC030 and (—) AS15. The
specific times are (a) 0 min, (b) 17 min, (¢) 500 min, (d) 517 min and (e) 660 min
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[theat]™~10 s, whence the deformations take place at the steady-state temperature.
The initial equilibrium shape at 37°C of AS15 and NC030, denoted (a) in Fig. 5.34,
is illustrated in Figs. 5.35a and 5.36a, respectively. The polymer volume fraction
of AS15 is 4.2x107!" and 9.2x 1072 for NC030. A decrease in the temperature to
27°C results in both the hydrogels swelling towards the new equilibrium state, as
shown in Figs. 5.35b and 5.36b. Here, several features are apparent. Foremost is
the influx of solvent at the sides of the free surfaces: close to the symmetry lines,
the flow field is more or less unidirectional towards the core of the hydrogel, but as
it approaches the evolving corners, the penetrating solvent can be seen to flow not
only into the hydrogel interior but also towards the corner. Clearly, the corners drag
solvent with them due to the friction between the solvent and polymer phases, as
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Fig. 5.35 Deformation behaviour of AS15: (a) initial equilibrium state at 7y (=0 min); (b)
polymer volume fraction distribution and fluid velocity field during swelling (=17 min); (c) defor-
mation field, |UJ, for the new equilibrium state at 7, (#=500 min); and (d) polymer volume fraction
distribution and fluid velocity field during shrinking (=517 min)
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Fig. 5.36 Deformation behaviour of NC030: (a) initial equilibrium state at 7y (t=0min); (b)
polymer volume fraction distribution and fluid velocity field during swelling (+=17 min); (c) defor-
mation field, |U|, for the new equilibrium state at 7, (#=500 min); and (d) polymer volume fraction
distribution and fluid velocity field during shrinking (+=517 min)

they deform faster than the sides. The velocities at the corners are around 4x 1078
m/s for AS15 and 2x 1077 m/s for NC030 and decreases towards the centre core,
which is in line with the predicted velocity scales U~1078 and U~10~" m/s for
the two hydrogels. Throughout the deformation, the hydrogels maintain the shape
of the corner. Close to the free surface, the polymer volume fraction decreases as
compared with the interior due to the entering solvent. As the hydrogels swell, the
solvent gradually penetrates deeper into the core until an equilibrium state with a
uniform polymer volume fraction is attained. The smooth rounded contour lines in
the interior reminisce of the diffusion behaviour observed for the uniform swelling.
The low volume fractions around 3x 1072 to 7x 10~2 for NC030 indicate the macro-
porous nature of the hydrogel, in contrast to the denser AS15, with polymer volume
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fractions of around 4x 107!, The higher stiffness of AS15 due to a lower N, in the
stress tensor, as seen in Eq. (5.59), restricts the deformation of the corner, and the
whole hydrogel more or less keeps its initial shape as it evolves towards the new
equilibrium condition, in contrast to NC030, with an N, value ~100 times as high
as AS15, for which the corner deforms significantly faster and seems to drive the
swelling of the hydrogel. The new equilibrium shape, essentially a larger version
of the initial state with the same form, is depicted in Figs. 5.35¢ and 5.36¢, with
a volume increase of ~10% for AS15 and ~200% for NCO030. The polymer vol-
ume fractions drop to 3.4x 107! and 2.8x 1072 for AS15 and NCO030, respectively.
The larger swelling ratio of the macroporous NC030 as compared with AS15 is
evident in the deformation field, |U|, which ranges from 0 to ~0.14 for AS15 and
from O to ~1.1 for NC030. The subsequent shrinking of the hydrogels is illustrated
in Figs. 5.35d and 5.36d as the temperature increases to 37°C again. Akin to the
swelling, the shrinking is faster at the corners, although only marginally so for the
stiffer AS15. The flow field is now reversed, with water being pushed inwards at
the corner and out the sides, which is reflected in a higher polymer volume fraction
close to the free surface than in the core. The flow here is also more unidirectional
close to the symmetry line y=0. After the water is squeezed out during the shrink-
ing, the hydrogels return to the initial shape, as shown in point (e) in Fig. 5.34, thus
amounting to a fully reversible process.

It is well known that the macroporous hydrogels suffer from low elastic strength,
while a fast-response hydrogel is desirable in many applications, due to the large
pores in the network (Kim et al., 2004a, b). This mechanical weakness is reflected
in the high N, values, as presented in Table 5.1, for the macroporous hydrogels as
compared with the low N, of AS15 and AS20. During the swelling, the Cauchy
stress component, o, (N.B. oy, is symmetric to oy, in this case), at r=17 min as
shown in Fig. 5.37a (point (b) in Fig. 5.34), varies between 5.8 x 10* and 7.6x10*
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Fig. 5.37 Dimensional Cauchy stress distribution in the polymer phase for AS15 during swelling
at t=17 min: (a) 0.’ and (b) 0.7’
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Fig. 5.38 Dimensional Cauchy stress distribution in the polymer phase for NC030 during swelling
at t=17 min: (a) 0.’ and (b) 0.7’

N/m?. Recalling the stress scale [ae(ff)] ~ 10°N/m?, it is found that it is of the same
order of magnitude as the computed stress. The highest stress is found close to the
symmetry line at y=0, which explains the slower movement of the hydrogel adja-
cent to the symmetry line as opposed to the corner, which experiences less stress
and hence can expand faster. The movement of the corner is observed to induce a
shear stress in the core of the hydrogel, as the hydrogel swells, with a o, com-
ponent (N.B. 0yx= —0,y for this case) of almost two orders of magnitude lower
than oy, as depicted in Fig. 5.37b. As mentioned in the scale analysis, the stress
scale is derived mainly for the extensional stresses and therefore fails to predict the
shear stress. For NC030, as seen in Fig. 5.38a, the stress components Oy 18 Sig-
nificantly lower, Varying between —2x10% and 9x 10> N/m?, in agreement with the
predicted stress scale [oetf] ~ 10°N/m?. Close to the core, the hydrogel is slightly
compressed and further out towards the corner, it is extended. Similar to AS15, the
stress levels are high close to the symmetry line at y=0 and decrease towards the
corner. The shear component, oy, is almost of the same magnitude as oy, as it
can be inferred from Fig. 5.38b. The comparatively low levels of stress that arises
during the deformation of the macroporous NCO030 due to the low stiffness can be
expected to affect its performance in environments, where external flow is impor-
tant, e.g. in flow control devices. Under such conditions, the external flow is likely
to influence the deformation as soon as the fluid stresses at the solvent-hydrogel
interface are of the same order of magnitude as the ones required for deforma-
tion. Clearly, the low elastic strength is not desirable as the hydrogel might be too
weak to sustain its function when subject to external stress. On the other hand,
ASI1S5 is mechanically stronger but is limited by the slow-response and low swelling
ratios.
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Fig. 5.39 Deformation and osmotic pressure in a temperature gradient for NC030: (a) initial
equilibrium state at 7(y (t=0min), (b) at /=0.3 min and (c) at /=17 min

5.6.5.5 Deformation Behaviour in a Temperature Gradient

In this subsection, the deformation of a temperature-sensitive hydrogel is addressed
when immersed in a solvent subject to a temperature gradient. Previous studies (Li
et al., 2004a, b; Wallmersperger et al., 2004; Zhou et al., 2002; Snita et al., 2001)
demonstrated that polyelectrolyte hydrogels exhibit a bending motion when exposed
to an electric field. This bending motion is able to generate a force, which can be
harnessed in, e.g. artificial muscles or actuators. The origin of the bending motion
is the difference in the osmotic pressure that the hydrogel experiences in the elec-
tric field. Now, considering the osmotic pressure as a function of temperature, the
temperature-sensitive hydrogels are expected to behave analogously, i.e. to align
itself with the gradient and deform to a curved equilibrium state. This is indeed
what happens, as it can be inferred from Fig. 5.39a—c, where the NC030 bends
under the influence of the temperature gradient. The hydrogel at the initial state is
in equilibrium at 79p=30°C. The initial temperature is chosen such that the tempera-
ture remains at 30°C at the Origo for >0, which allows for focusing on the bending.
At >0, a linear temperature gradient, with 7=20°C and 40°C at the left and right
walls (see Fig. 5.25), is imposed and the hydrogel responds with a bending motion.
After around half a minute, as seen in Fig. 5.39b, the left side of the hydrogel,
where the temperature is lower (27°C), sees an influx of solvent and undergoes
swelling. The right side, in contrast, sees a higher temperature than in the initial
state (*32.5°C), whence it squeezes out solvent as it shrinks. At this time, there is
already a difference of around 150 N/m? in osmotic pressure, Ap(®™, between the
left and the right, which gives rise to the bending motion. The solvent velocity in the
upper part of the hydrogel is O(10~° m/s) and decreases towards the symmetry line.
This flow originates from the friction coupled with the deformed polymer phase,
since the solvent flow induced by the osmotic pressure difference can only give rise
to a solvent flow of O(k Ap©®™ /([uP]1)) ~ 10~8m/s as it can be inferred from
Eq. (5.102), which is significantly lower than the observed velocity. After around
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Fig. 5.40 The absolute value of the deformation, |U|, at the upper right corner (X=0.5, Y=2)
during the bending motion for NC030: (a) =0 min, (b) #=0.3 min, and (c¢) =17 min

17 min, the point (c) in Fig. 5.40 implies that the deformation of the right top corner
(X=0.5, Y=2) has more or less reached its final state, such that the hydrogel has
attained its new equilibrium state. This final shape is shown in Fig. 5.39c, where
the elastic force is balanced by the osmotic pressure gradient due to the tempera-
ture difference of around 5°C between the cooler left and warmer right sides of the
hydrogel. Even though the deformation comes to an end, the solvent observed still
flows from the left to the right inside the hydrogel at speed of O(1078 m/s), which
is in line with the above predicted solvent flow stemming from the osmotic pressure
difference. Similar to the non-uniform response to a step change in temperature,
outlined above, [theat]~10 s, which is sufficiently much faster than the deformation,
justifying the assumption of a steady-state temperature gradient.

In summary, it is suggested that the temperature-sensitive hydrogels can undergo
bending motions when subject to a temperature gradient, similar to the behaviour of
polyelectrolyte hydrogels in an electric field. An increase or decrease in the tem-
perature gradient can be expected to give rise to a larger or smaller deflection,
respectively, such that the degree of bending can be controlled.

5.7 Remarks

In this chapter, the two models for simulation of the temperature-sensitive hydrogels
are presented: one for steady-state simulation and the other for transient simulation.
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For the steady-state simulation of swelling equilibrium of ionized thermo-
sensitive hydrogels, the multiphysics model, called the multi-effect-coupling
thermal-stimulus (MECtherm) model, is developed to predict the swelling equi-
librium with the volume phase transition for ionized thermo-sensitive hydrogels.
It is composed of steady-state nonlinear coupled Poisson—Nernst—Planck partial
differential equations as well as a transcendental equation governing the swelling
equilibrium state. For solution of the MECtherm model, a hierarchical Newton
iteration strategy is implemented in the computational flowchart. The meshless
Hermite-cloud method (Li et al., 2003) is employed for numerical simulation of the
responsive hydrogels subject to changes in environmental temperature. The simula-
tion results are in good agreement with experimental data for the relations between
the temperature and volume swelling ratio. In parameter studies, the influences of
various material properties and environmental conditions, such as the initial fixed
charge density, crosslink density, initial volume fraction and electrolyte solution
concentration, on the responsive characteristics of the thermal-sensitive hydrogels
are investigated in details. The mobile ion concentrations, fixed charge density as
well as the electric potential distributed in both the interior hydrogel and the exte-
rior bathing solution are also simulated and discussed. It is concluded that the
degree of swelling can be improved by increasing the initial fixed charge density,
or by decreasing the electrolyte solution concentration. The present studies pro-
vide a working platform for designers of smart hydrogel-based BioMEMS devices
to enhance the performance of the responsive hydrogels in BloOMEMS as critically
active sensing/actuating components.

For the transient simulation of swelling kinetics of slow- and fast-response
temperature-sensitive neutral hydrogels, the generic biphasic model is developed
for mass, momentum, heat and species transfer. The governing equations, constitu-
tive relations and boundary conditions are derived in an Eulerian frame, followed by
a non-dimensionalization and reduction via a scale analysis. The reduced model is
then reformulated and solved numerically in a Lagrangian frame for a uniformly
spherically deformed hydrogel and a constrained hydrogel slab. The interaction
parameter, crosslinking parameter and permeabilities are parameter-adapted and
validated with experimental equilibrium and transient swelling curves. The scale
analysis has provided the proper scales for the mechanisms of transport and defor-
mation, and also indicated that inertia, energy interaction between the polymer and
solvent and heat dissipation are negligible for the conditions considered here. Three
cases, namely (i) a uniform and (ii) a non-uniform responses to a step change in
temperature and (iii) a deformation in a temperature gradient, are investigated. The
first yields the information on the deformation and heat transfer during swelling and
shrinking. Due to RePr<<1 for both the slow- and fast-response hydrogels, the heat
transfer can be reduced to the steady-state solution, which is simply the new equilib-
rium temperature. For the deswelling of NC030, the solvent is found to penetrate the
hydrogel as a sharp front, which would gradually increase in thickness until reach-
ing the core of the hydrogel. For AS15 and the swelling of NC030, the deformation
is more akin to a diffusion process, where the whole interior of the hydrogel expe-
riences the solvent penetration. The second gives an insight into the non-uniform
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response of a hydrogel slab: the deformation is faster at the corner than the sides,
due to the higher stress close to the symmetry lines. For NCO030, the evolution of
the corner is readily apparent, seeming to drive the deformation of the hydrogel,
whereas the corner is only marginally faster for the stiffer AS15, such that AS15
more or less retains its square shape throughout. The third demonstrates the abil-
ity of the macroporous temperature-sensitive hydrogel NCO030 to align itself with
the temperature gradient and attain a curved equilibrium state. During the deforma-
tion as well as at equilibrium, the solvent flows from the cooler left to the warmer
right sides due to differences in the osmotic pressure. In tandem with a discus-
sion of the cases (i) and (ii), the scales predicted give good agreement with the
computed quantities. In summary, the derived model provides an insight into the
kinetics of temperature-sensitive neutral hydrogels and the associated phenomena,
e.g. solvent flow field, stress level and heat flux. Once the necessary parameters per-
taining to the free energy, stress and permeability are obtained, the model can be
applied to arbitrary neutral hydrogel, allowing for extensive parameter studies as
well as providing answers to questions related to, for example, whether the hydro-
gel can withstand the stress levels when subjected to temperature gradient. If an
external flow is present, the boundary conditions of the hydrogel can easily be mod-
ified to account for the stress induced at the interface between the hydrogel and
the fluid flow, whence the response of the hydrogel can be studied in flow control
applications. Proposed future work may seek to incorporate additional environmen-
tal stimuli into the framework of the present model, such as pH, electric field and
biochemically active molecules, with a view to provide a comprehensive model that
is able to account for multiple stimuli. Furthermore, the one-way coupling assumed
here for the case (iii) is only valid if the thermal properties of the hydrogel are sim-
ilar to that of the surrounding solvent, e.g. for the swollen state of the macroporous
NCO030. For denser hydrogels, the difference in thermal properties can be expected
to affect the surrounding temperature field, which calls for two-way coupling. Such
a coupling can be accomplished by invoking a moving mesh for the external field,
e.g. via an Arbitrary Lagrangian Eulerian (ALE) formulation, which can be coupled
to the model derived here.
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Chapter 6

Novel Models for Smart Hydrogel
Responsive to Other Stimuli: Glucose
Concentration and Ionic Strength

6.1 Introduction

This chapter introduces the author’s latest research work, which covers the mod-
elling of the glucose-sensitive hydrogel and the ionic strength-sensitive hydrogel,
respectively.

First, a multiphysics model, termed the multi-effect-coupling glucose-stimulus
(MECglu) model, is developed for simulation of the response characteristics of soft
smart hydrogel to change in environmental glucose concentration. The model con-
siders the effect of the glucose oxidation reaction catalysed by enzymes, where
the enzymes include the glucose oxidase and the catalase. It is composed of the
Nernst—Planck diffusion—reaction equations for mobile species concentrations in
the solvent, the Poisson equation for electric potential and nonlinear mechanical
equation for large deformation of the hydrogel that arises due to the conversion
of chemical energy to mechanical energy. Based on the theory of chemo-electro-
mechanical coupled fields, the formulation of the fixed charge groups bound onto the
crosslinked polymeric network chains is associated with the change of the ambient
solution pH. The MECglu model is examined by comparison between the steady-
state simulation and experimental equilibrium swelling curves published in open
literature, and good agreement is achieved. The model can be employed for param-
eter study to ascertain the impact of various solvent and material parameters on the
responsive swelling behaviour of the hydrogel. One key parameter here is the glu-
cose concentration, which varies within the range of practical physiological glucose
concentrations from 0 to 16.5 mM (300 mg/ml), in order to support the design and
optimization of the insulin delivery system that is based on the glucose-sensitive
hydrogels with the immobilized glucose oxidase and catalase. The model is able to
predict the distributive profiles of reacting and diffusive species concentrations, the
electric potential, and the displacement as well as the swelling ratio of the glucose-
sensitive hydrogels when various hydrogel material properties and environmental
solution conditions are considered.

Second, a chemo-electro-mechanical model, called the multi-effect-coupling
ionic-strength-stimulus (MECis) model, is presented for simulation of the
deformable ionic strength-sensitive hydrogels responding to the change in the ionic
strength of surrounding solution. As well known, the ionic strength of a solution is

H. Li, Smart Hydrogel Modelling, DOI 10.1007/978-3-642-02368-2_6, 295
© Springer-Verlag Berlin Heidelberg 2009



296 6 Novel Models for Smart Hydrogel Responsive to Other Stimuli

also one of important environmental stimuli to smart hydrogels, like solution pH,
externally applied electric voltage or surrounding temperature. In other words, the
ionic strength-sensitive hydrogel is one of important smart biomaterials, like the
pH-, electrical- or thermal-sensitive hydrogels. However, extensive literature search
reveals that most of studies were experimental based, and few of them were involved
in theoretical model development. Furthermore, so far no study has been found
for transient modelling of responsive characteristics of the ionic strength-sensitive
hydrogels, although some of them considered other stimuli, such as pH, but they
took the ionic strength of the surrounding solution as an environmental condition
only. Therefore, it is necessarily required to provide an efficient platform for theoret-
ically deeper understanding of responsive behaviour of the ionic strength-sensitive
hydrogels, as the smart hydrogels possess the unique properties such as control-
lable swelling/shrinking, sorption capacities, mechanical properties, permeability
and surface properties, and they have increasingly attracted attention for applica-
tions in BloMEMS, drug delivery, artificial organ and so on. Therefore, the present
objective is to develop the multiphysics MECis model for simulation of the mech-
anism of volume transition of the smart hydrogel in response to the change in the
ionic strength of bathing solution. The MECis model is composed of coupled non-
linear partial differential equations. One of them is Poisson—Nernst—Planck system,
which incorporates the effect of the ionic strength through the chemical activity
coefficient and describes the ionic fluxes due to diffusion and electrophoresis as
well as convection in both the hydrogel and bathing solution, coupled with electri-
cal potential distributed in whole domain. The fixed charge density is characterized
by Langmuir isotherm theory with consideration of the effect of the ionic strength.
The other is the mechanical finite deformation governing equation to predict how
the hydrogel deforms induced by osmotic pressure and fixed charge repulsion. It
is demonstrated that the MECis model is capable of efficiently simulating the dis-
tributive variations of diffusive ionic species, electrical potential and mechanical
deformation for the ionic strength-sensitive hydrogels immersed in a solution with
change in ionic strength, as the swelling/deswelling behaviour of the hydrogel is
considerably dependent on environment conditions as well as the physical and
chemical material properties of the hydrogel.

6.2 Multi-Effect-Coupling Glucose-Stimulus (MECglu) Model
for Glucose-Sensitive Hydrogel

Diabetes is one of the most serious health concerns in the twenty-first century, and
its worldwide prevalence is predicted to double to 366 millions by 2030 from 171
millions in 2000 (WHO, 2008). For insulin-dependent diabetes, the administration
of insulin is one of major treatments to control glycaemia. In order to significantly
improve the lives of diabetic patients, the systems for administration of insulin
should be continuous, non-invasive or minimally invasive closed-loop systems, and
they should attempt to deliver insulin in direct response to blood glucose level,
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and to achieve the feedback-controlled release of insulin (Traitel et al., 2000; Kim
and Park, 2001; Guiseppi-Elie et al., 2005). Development of self-regulated insulin
delivery systems is one of the most challenging targets in area of controlled drug
delivery. Fortunately, the glucose-sensitive hydrogels, some of which incorporate
the immobilized glucose oxidase (GOx) and catalase enzymes into the pH-sensitive
hydrogels, are elegant and highly promising biomaterials for development of smart
insulin delivery systems (Qiu and Park, 2001; Abdekhodaie and Wu, 2005; Ulijn
et al., 2007).

So far various self-regulated insulin delivery systems based on the pH-sensitive
hydrogels have been developed, to which the glucose oxidase sensitive to the
glucose concentration is loaded for regulation of insulin release (Ishihara and
Matsui, 1986; Albin et al., 1987; Parker et al., 1999; Cao et al., 2001; Baldi et al.,
2003). The glucose-oxidase-loaded pH-sensitive hydrogel system is a kind of pH-
responsive polymeric polybasic hydrogels, in which the glucose oxidase and the
catalase are immobilized. If the system is immersed in a glucose buffer solu-
tion, the glucose in the solution diffuses into the hydrogel, and then the glucose
oxidase catalyses the conversion of the glucose to the gluconic acid, thereby low-
ering the pH level within the hydrogel. The pH drop results in the change in the
osmotic pressure because of the difference of concentrations between the hydrogel
and surrounding solution, causing the deswelling of the hydrogel. Typical exam-
ples of suitable polymers commonly include hydroxyethyl methacrylate (HEMA)
and N,N-dimethylaminoethyl methacrylate (DMA), poly(HEMA-co-DMAEMA)
(Ishihara and Matsui, 1986; Albin et al., 1987; Traitel et al., 2000, 2003; Brahim
et al., 2002), poly[(diethylaminoethyl methacrylate)-hydroxyethyl methacrylate-
graft-(ethylene glycol)] poly(DEAEM-HEMA-g-EG) (Podual and Peppas, 2005),
poly[(diethylaminoethyl methacrylate)-graft-(ethylene glycol)] poly(DEAEM-g-
EG) (Podual and Peppas, 2005), poly(methacrylic acid-g-ethylene glycol)
poly(MAAc-g-EG) (Parker et al., 1999; Cao et al., 2001), N-isopropylacrylamide,
methacrylic acid, ethyleneglycol dimethacrylate (NIPA-MAA-EGDMA) (Zhang
and Wu, 2002; Misra and Siegel, 2002; Dhanarajan and Siegel, 2005), N,N-
dimethylacrylamide (DMAAm) (Kang and Bae, 2003), p(MPBA-co-AAm) (Siegel
et al., 2004.) and NIPA-MAA (Suzuki and Kumagai, 2003).

Numerous experiments on the glucose-sensitive hydrogels have thus far been
carried out. However, only a few theoretical studies have been made for modelling
and simulation. For example, Parker and Schwartz (1987) developed a ping-pong
kinetics model for analysis of the overall reaction rate of the immobilized glu-
cose oxidase. Albin et al. (1987) simulated a cationic glucose-sensitive membrane,
based on the assumption that the diffusivity of each species within the membrane
is equal to that in the bulk solution and independent of the swelling or pH gra-
dient of the membrane. By the work of Albin et al. (1987), Klumb et al. (1992)
discussed various design configurations to overcome the oxygen limitation in the
insulin delivery system. Gough et al. (1985, 1988) carried out steady-state and tran-
sient simulations of a cylindrical glucose sensor. However, all the models mentioned
above are unable to predict the mechanical deformation of the hydrogel, where the
diffusion and reaction of mobile species are simulated only with the effect of the
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enzymes. By formulating the mesh size of the polymeric network to characterize the
volume swelling ratio, Abdekhodaie and Wu (2005) proposed a theoretical model
for the swelling-dependent diffusivity of the species and the oxygen limitation for
a cationic glucose-sensitive membrane, in which the diffusion of non-electrolyte
species is considered only, and did not account for electrolyte species. It is thus
difficult for this model to provide the distribution of electric potential. In brief, all
the models discussed above fail to take account of two important effects, namely
the electric potential and the ionic strength of electrolyte species in surrounding
solution, and their impact on the response deformation of the glucose-sensitive
hydrogels.

6.2.1 Development of the MECglu Model

Due to the shortcomings of the above models, a multiphysics model is presented
here for simulation of the glucose stimulus-responsive hydrogel, which is enti-
tled the multi-effect-coupling glucose-stimulus (MECglu) model. It is based on the
theory of chemo-electro-mechanical coupled fields and considers the effect of the
glucose oxidation reaction, which is catalysed by the two enzymes, the glucose oxi-
dase and catalase. The MECglu model comprises the Nernst—Planck equations for
the mobile species concentrations, the Poisson equation for the electric potential and
a nonlinear mechanical governing equation for the finite deformation of the hydro-
gel, which captures the conversion of chemical energy to mechanical energy. The
formulation of the fixed charge groups bound onto the crosslinked polymeric net-
work chains is associated with the change of the ambient solution pH. The model
consists of a system of coupled nonlinear partial differential governing equations,
and it can be solved numerically with the meshless Hermite-cloud method (Li
et al., 2003) for simulation of the equilibrium and kinetics deformation of smart
hydrogel responding to an environmental glucose stimulus, when immersed in a
glucose buffer solution. For validation of the MECglu model, a comparison for
the one-dimensional equilibrium swelling of a glucose-sensitive hydrogel is car-
ried out between steady-state computational simulations and published experimental
curve data, in which good agreements are obtained. The model is applicable for
parameter study on the responsive equilibrium and kinetics swelling of the hydrogel
within the practical physiological glucose concentration ranging from 0 to 16.5 mM
(300 mg/ml), which allows for design and optimization of the insulin delivery sys-
tem based on glucose-sensitive hydrogels with the immobilized glucose oxidase
and catalase. The (MECglu) model can be employed for the distributive varia-
tions of reacting and diffusive species concentrations, the electric potential, and
the displacement as well as the swelling/deswelling ratio of the glucose stimulus-
responsive hydrogels with various environmental conditions and material properties,
such as the concentrations of glucose, oxygen, enzyme and hydrogen ion H*
in surrounding solution, the ionic strength and pH of bathing solution, the ini-
tially fixed charge density, initial geometrical size and Young’s modulus of the
hydrogels.
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6.2.1.1 Mechanism and Assumptions

According to the thermodynamics theory, a hydrogel swells due to the diffusive
small molecules mixing with the crosslinked polymeric network, where the config-
uration entropy of mixture increases, while the configuration entropy of the network
decreases (Birgersson et al., 2008). If the changes of the two entropies balance each
other, the system of the hydrogel and solvent will reach equilibrium state (Hong
et al., 2008). Based on the response mechanism of the hydrogels to change in the
glucose concentration, the glucose-sensitive hydrogels can generally be classified
into three categories, namely the lectin-loaded glucose-sensitive hydrogels, the acid
moieties and the glucose-oxidase-loaded pH-sensitive hydrogels. For the glucose-
oxidase-loaded pH-sensitive hydrogels, the mechanism of equilibrium swelling may
be described in five steps: (1) the diffusion of glucose molecule into the hydrogel; (2)
the enzyme reaction occurring within the hydrogel and converting the glucose into
the gluconic acid; (3) the change in ionization of the fixed charged groups; (4) the
generation of osmotic pressure due to the difference of the concentrations between
the interior hydrogel and exterior solution and (5) the swelling of the hydrogel, as
illustrated in Fig.6.1.

It is well known that the glucose oxidase (GOx) can convert the glucose into the
lactone species (Glucono—3d—lactone) and the hydrogen peroxide (HyO») (Whitaker,
1994). The intermediate lactone species produced undergoes a spontaneous hydrol-
ysis to gluconic acid, i.e.,

GO
Glucose + Oy % Glucono — § — lactone + H;0, 6.1)
Glucono — § — lactone + HyO — Gluconic Acid (6.2)
L
@ mobile anion
i © mobile cation
| e o
< < 4 Glucose
< o
@] S °
<4
< 4
e © e
o <
4
Glucose-sensitive © & Isotonic phosphate-buffered saline
0 hydrogel 50; solution (pH7.4) X

Hydrogel-solution interface

Fig. 6.1 Schematic of ion transport and reaction in the glucose-sensitive hydrogel system
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The kinetics of the glucose oxidase can generally be characterized by the
Michaelis—Menten kinetics, which is often approximated by the ping-pong kinet-
ics (Parker and Schwartz, 1987). In the present MECglu model, the glucose oxidase
is assumed to follow the ping-pong kinetics, namely moving from a fully oxidized
state to a fully reduced form and then back to the oxidized state in a catalytic cycle.
By combination of conventional and rapid reaction techniques, the mechanism of
the overall reaction of the glucose oxidase can be characterized as follows (Parker
and Schwartz, 1987; Kurnik et al., 1998):

k+1 k+2 . .
Eo + G:EB —> Er + D - gluconic acid (6.3)
k_1
k
Eg + 0y —> Ey + H,0, (6.4)

where Ey denotes the oxidized form of the glucose oxidase, Er the reduced form
of the glucose oxidase, G the glucose. Ep indicates the enzyme substrate complex
and Ep=FEo—G. k_1, k41, k42 and k3 represent the constants of reaction rate of the
corresponding enzyme reactions.

Usually the produced hydrogen peroxide H> O, inhibits the glucose oxidase reac-
tion (Traitel et al., 2000). In order to reduce the inhibition due to the hydrogen
peroxide, the catalase is incorporated with the glucose oxidase to catalyse the disso-
ciation of the hydrogen peroxide H,O», in which the oxygen limitation is improved
by adding the oxygen of 0.5 mol to the reaction catalysed by the glucose oxidase
(Tse and Gough, 1987)

Catalase

1
H, O, ——— H,O + 502 (6.5)

in which it is assumed that the catalase incorporated in the hydrogel is sufficient
enough to reduce all the hydrogen peroxide instantaneously.
The overall stoichiometry of the glucose oxidation is thus written as

GOvCualase G1uconate + H (6.6)

Glucose + %Oz
The MECglu model incorporates the effects of the diffusion of mobile species
and the reaction of the glucose, oxygen and gluconic acid within the glucose-
oxidase-loaded pH-sensitive hydrogel. It is known that the glucose is converted to
the gluconic acid after the glucose and oxygen diffuse into the hydrogel from the
bathing solution. The enzyme reaction results in a drop in pH within the hydro-
gel, and thereby triggers the deswelling of the hydrogel. According to the above
mechanism, the MECglu model makes the assumptions as follows:

(1) The hydrogel is always maintained in isothermal condition. The rates of the
enzyme reactions, such as k_j, k41, k4o and ki3, are constant in the enzyme
reactions (6.3) and (6.4).
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(2) The enzymes include the glucose oxidase and the catalase, and they are immo-
bilized and distributed uniformly within the hydrogel. The activities of the
enzymes are constant.

(3) No inhibition of the substrate or product of the chemical reaction occurs. The
glucose oxidase follows the ping-pong kinetics, namely moving from a fully
oxidized state to a fully reduced form and then back to the oxidized state in
a catalytic cycle. There is sufficient catalase contained in the hydrogel so that
the catalase can always reduce the hydrogen peroxide H,O; to O, and H,O
immediately, where the hydrogen peroxide H,O» is a byproduct in the glu-
cose oxidase reaction. It is not desired that there is not sufficient catalase in the
hydrogel, since the produced hydrogen peroxide then attacks the glucose oxi-
dase, deactivates the enzyme and finally inhibits the glucose oxidase reaction
(Traitel et al., 2000).

(4) The diffusivity of each mobile species or reactant inside the hydrogel, includ-
ing the glucose and oxygen, is equal to its counterpart in the surrounding
aqueous solution, and independent of the gel deformation, due to the macro-
porous nature of the hydrogel. The diffusivities are independent of the degree
of swelling/deswelling and the local pH gradient. The diffusivity of the gluconic
acid is also equal to that of glucose.

(5) All acid/base reactions are in local equilibrium, since they are much faster than
the reaction catalysed by the glucose oxidase.

6.2.1.2 Formulation in Deformed Configuration

In order to develop the MECglu model, we should consider at least six diffusive
species in the model system, namely the glucose (glu), oxygen (ox), gluconic acid
(ga), hydrogen ion H*, cation and anion species. For each diffusive species k (k=
glu, ox, ga, H*, cation and anion), the law of mass conservation is employed for
characterization of the mass transport between the hydrogel and the surrounding
solution, i.e.,

L (¢™er) + V - mg = v (k = glu,ox,...,N) (6.7)

where ¢ is the volume fraction of the solvent within the hydrogel, ct, n; and
vt indicate the concentration (mM), molar flux (mM/s) and stoichiometric coeffi-
cient in the chemical reaction for the kth diffusive species (k=glu,0x,. . .,N). N is the
number of total diffusive species and r is the rate of chemical reaction representing a
source term. For non-ideal ionic solution, the steady-state Nernst—Planck equations
can be obtained by simplifying Eq. (6.7) for characterization of the total flux of the
species k through the hydrogel membrane (Plawsky, 2001)

V - n; = yr (k = glu,ox,...,N) (6.8)

W) wk W)
;. = Jio) ke ey = =Dy | Ver + ﬁckvw + aV(Inyp) [+cv?™ (6.9)
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where Dy, zx and y . denote the diffusivity tensor (mz/s), valence number and chem-
ical activity coefficient for the kth diffusive species. v is the velocity of the
solvent flow, ¥ is the electrostatic potential. F, R and T are the Faraday’s constant
(9.6487 x 10*C/mol), universal gas constant (8.314 J/mol - K) and absolute temper-
ature (K), respectively. On the right-hand side of Eq. (6.9), Jxp) represents the mass
flux due to the molecular diffusion, Jg) is the mass flux of charged species respond-
ing to the electric potential gradient and ¢;v") is the convection flux of the solvent
due to osmosis and electro-osmosis. When the hydrogel is placed in an unstirred
solution and the pores of the hydrogel are sufficiently small, the ion transport due to
convection can be neglected reasonably (Nikonenko, et al., 2003).

For implementation of Eq. (6.7), the rate r of chemical reaction is required to
characterize the enzyme reaction of the glucose. According to the mechanism of the
ping-pong kinetics, the rate of the enzyme reaction is written as follows: (Kurnik
et al., 1998)

Vmaxcglucox

r= (6.10)
Cox(Cglu + Kglu) + Koxcglu

where ¢y and cox are the concentrations of the glucose and oxygen, respectively.
Vmax 18 the maximum reaction velocity of the enzyme glucose oxidase and Vipax =
ky2[Eo]. Kgu and Kox are the Michaelis constants for the glucose and oxygen at
infinite concentrations of the other substrate and Ko1y = (k—1 +k41)/ky1 and Kox =
k42 /k43, respectively.

It is well known that the oxygen concentration in the body fluid always remains
saturated, namely cox=0.274 mM (Abdekhodaie and Wu, 2005), and the practi-
cal physiological glucose concentration ranges from 0 to 16.5mM (300 mg/ml).
Compared with the respective Michaelis—Menten constants Kox=6992 mM,
cox<<Kox. If this oxygen limitation is assumed, Eq. (6.10) can be simplified as

Cox Cox 2
=V — = (= 6.11
r max |:Kox (Kox) i| ( )

In order to include the effect of the electric potential coupled with the diffusive
ionic concentrations, the MECglu model incorporates the following Poisson equa-
tion defined in the whole computational domain covering both the hydrogel and
surrounding medium (Luo et al., 2007a, b):

Vi =L (Z ek + zfcf) (k = glu,0x,...,N) (6.12)
k

where € is the relative dielectric constant of surrounding medium and € the vacuum
permittivity or dielectric constant (8.85418 x 107122 /N -m?). Zglu=Zox=0, zr and
cr are the valence number and density of the charge groups fixed onto the polymeric
hydrogel network chains, and one can have (Luo et al., 2007)

c}O-K-qb(S)

_ (6.13)
(K + ci)/T+ 2F|(E) + 4F>(E) + 8F3(E)

Cf
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where C}o is the concentration of the fixed charge groups at dry state, K is the
dissociation constant of the fixed charge groups, ¢y is the volume fraction of the
polymeric network matrix in the initial configuration and cy is the concentration of
hydrogen ion H* within the hydrogel. Fi(E) F»>(E) and F3(E) are the first, second
and third invariants of Green strain tensor E of the apparent polymeric solid phase,
respectively.

When the system considered is in equilibrium state, the swelling stress is
balanced by the elastic retractive force exerted by the polymeric chain net-
work of the hydrogel in order to maintain the current hydration state. Then the
equilibrium of linear momentum leads to the mechanical governing equation as
follows:

V.-o4+pb—pV=f (6.14)

where o is the Cauchy stress tensor of the hydrogel, u is the displacement vector,
p is the density of hydrogel membrane, b is body force, V is the acceleration and f
is the external loading. If the steady-state simulation is carried out (pV:O), neither
the external force (f=0) nor the body force (b=0) is considered.

6.2.1.3 Formulation in Reference Configuration

So far the governing equations of the MECglu model have been formulated in the
deformed configuration, where a moving mesh is required due to the deformation
of the hydrogel. Therefore it is necessary to recast the model in the undeformed
configuration. As such, the Nernst—Planck and Poisson equations are rewritten as
follows:

Vx - Ni = Jur (k = glu,0x,...,N) (6.15)
—1 ZkF
Ny = —JD;C Vxcr + ﬁckVXI/f (6.16)
2

Cox Cox

F= Vi _ (6.17)
- [Kox (1<> ]
FJ
vy (1€ v ):—— o 6.18
X ( XY o (2}(: ZkCk + Zf?f) (6.18)
- K-

¢ /0 0 (6.19)

" (K+ )11 2F|(B) 1 4F,(B) 1 SF3(B)

where Nj is the Piola—Kirchhoff molar flux, J=det(F), F is the deformation
gradient tensor and C~! is the inverse of the right Cauchy—Green tensor and
Cl=F1FT.

For incorporation of the effect of mechanical equilibrium on swelling/deswelling
of the hydrogel into the MECglu model, the mechanical governing equations for
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large deformation based on a total Lagrangian description are given as

Vx -P=0 (6.20)
u=uwk in [ (6.21)
P-N=sx in [ (6.22)

where P is the first Piola—Kirchhoff stress tensor that is a kind of expatriate, living
partially in the deformed configuration x and partially in the reference configuration
X. u is the displacement vector from the initial configuration X to the deformed
configuration x so that x=X+u. ux is the specified displacement vector on boundary
portion I'y,, s* is the surface traction vector on boundary I'y,, N is the unit outward
normal vector.

For a polymeric porous mixture, the first Piola—Kirchhoff stress tensor P can be
written as (Li et al., 2007)

P = —J '"Fposmotic(X)I + SFT (6.23)

where I is identity tensor, S=C:E and C is the material moduli tensor. posmotic is the
osmotic pressure and computed by

Posmotic = RT Y _ (cx — ¢f) (6.24)
k

where ¢} is the boundary value of the ionic concentration and ¢y is the diffusive
ionic concentration within the whole domain for the kth ionic species.

In this section, one-dimensional steady-state simulations are carried out with the
MECglu model for analysis of the equilibrium response of a cylindrical glucose-
sensitive hydrogel immersed in the glucose buffer solution. The deformation of
hydrogel is confined in axial direction, and thus it swells in the radial direction
only. Due to the constraints, the equilibrium swelling of the cylindrical hydrogel
may thus be modelled approximately as a one-dimensional uniaxial problem along
the radius direction of the hydrogel. Furthermore, it is assumed that the surround-
ing bath is well mixed, such that the concentrations of the surrounding solution are
constant. As a result, the present one-dimensional axisymmetrical computational
domain consists of the hydrogel radius representing the interior cylindrical hydrogel
and the glucose buffer solution along the radius direction representing the surround-
ing glucose buffer medium. The computational domain of Eqgs. (6.15) with (6.16)
to (6.17) and (6.18) with (6.19) is defined as covering the whole domain, including
both the hydrogel and surrounding solution, for the diffusive species concentrations
and electric potential. However, the computational domain of Egs. (6.20), (6.21) and
(6.22) for the hydrogel displacement is defined as covering the hydrogel region only.

For the axisymmetrical problem, the Neumann type of the electrochemical
boundary conditions is imposed at the centre of the cylindrical hydrogel to ensure
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the continuity inside the hydrogel

9 9
a—;‘ = O’a_i — 0,(k = glu,0x,..N) at X =0 (6.25)

and Dirichlet boundary conditions are imposed at the solution edges
Cox = sz,cglu = czlu,cga = 0,cx = C:W =0 at X=1L (6.26)

At the interface between the hydrogel and the solution, one can have

du 1 (du\®

A +2w) d_X + E d_X = Posmotic:X = Lgel (6.27)

In addition, a point constraint is required at the centre of the hydrogel to prevent
the hydrogel from undergoing rigid body motion

u=0 at X=0 (6.28)

Formulation of the MECglu model has thus far been completed, and it is
composed of the coupled nonlinear partial differential equations, namely the
Nernst—Planck equation (6.15) with the rate of the enzyme reaction of the glu-
cose (6.17), the Poisson equation (6.18) with the density of the fixed charge groups
(6.19) and the mechanical equations (6.20), (6.21) and (6.22). In numerical imple-
mentation of the MECglu model, there are several mathematical challenges, such as
the multi-energy domains associated with the coupled nonlinear partial differential
equations, the computational domain remeshing due to moving interfaces and the
localized high gradient over the hydrogel—solution interfaces. A strong-form mesh-
less technique termed the Hermite-cloud method (Li et al., 2003), which combines
with an iterative computing technique for the nonlinear partial differential equa-
tions, is employed for numerical solution of the MECglu model for the equilibrium
response of the glucose-sensitive hydrogels. Following the computational flowchart
shown in Fig.6.2, the distribution of the fixed charge concentration is computed
first by Eq. (6.19) according to the given boundary conditions and input parameters.
By the computed cf, the Nernst—Planck equations (6.15) coupled with the Poisson
equation (6.18) are solved numerically with a Newton iterative technique for distri-
bution of the converged mobile species ¢ and electric potential {. The converged
concentration cy, is then substituted into the mechanical equilibrium governing equa-
tion (6.20) for the corresponding displacement u of the hydrogel, representing the
swelling/deswelling of the glucose-sensitive hydrogel. Because of the deformation
u, the fixed charge density cris redistributed within the hydrogel, and a new iteration
with the remeshing domains is required. Such a computational loop is carried out
until all the independent variables including cx, ¥, cr and u converge.
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Solve Mechanical
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Fig. 6.2 Computational flowchart of the MECglu model

6.2.2 Model Validation with Experiment

For simulation of the equilibrium response of the glucose-sensitive hydrogels, the
MECglu model is validated here by comparison between the simulation results and
experimental curve data published (Kang and Bae, 2003), as shown in Figs. 6.3, 6.4
and 6.5, in which the experiment was conducted by Kang and Bae (2003) for a typi-
cal glucose-sensitive hydrogel, the poly(N,N-dimethylacrylamide) gel (PDMAAm)
covalently immobilized the glucose oxidase (GOx) and the catalase, which was
immersed in an isotonic phosphate buffered saline (PBS) solution with pH 7.4.
As well known, the pH-sensitive hydrogel can exhibit a volume transition in a
narrow range of pH, which is associated with the pK, of the pendant ionizable
groups attached onto the crosslinked polymeric network chains (Peppas et al., 2000).
Similarly, the PDMAAm hydrogel contains the sulfonic acid —SO,N —H™ attached
onto the polymeric network chains so that it can also demonstrate the volume
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Fig. 6.3 Comparison of the glucose-dependent swelling of the glucose-sensitive hydrogel between
the MECglu model predictions and experimental data (Kang and Bae, 2003) in the glucose buffer
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Fig. 6.4 Comparison of the average pH, (pH), within the hydrogel strip between the MECglu

model predictions
at 37°C

and experimental data (Kang and Bae, 2003) in the glucose buffer solution

transition in the dynamics and equilibrium swelling in response to the change in
environmental pH. The ionization of the PDMAAm hydrogel occurs when the envi-
ronmental pH is higher than the pK,, of the ionizable sulfonic group (Kang and Bae,
2002). By design of appropriate pK,, the PDMAAm hydrogel can be designed to
control the transition of solubility and swelling at a desired pH level of about 7.4.
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Fig. 6.5 Comparison of the swelling ratio of the hydrogel between the MECglu model predictions
and experimental data (Kang and Bae, 2003) in the pH buffer solution at 37°C

The glucose oxidase immobilized within the hydrogel catalyses the glucose diffu-
sive from the surrounding solution and converts it to the gluconic acid. The hydrogen
ion species produced from the enzyme reaction thereby lower the pH level within
the hydrogel and alter the ionization of the sulfonic acid —SO,N—H™ of PDMAAm
and the diffusion of other ionic species. This will develop a concentration difference
over the interface between the interior hydrogel and the exterior surrounding solu-
tion, which generates an osmotic pressure over the interface. This in turn results in
the change of swelling deformation of the hydrogel.

Table 6.1 summarizes the input parameters required by the MECglu model for
computational simulation. As mentioned early, the oxygen concentration in the body
fluid always remains saturated, namely cox=0.274 mM, since the oxygen pressure
in the capillary blood is higher than that in the tissue (Guyyon, 1991). In addition,
the experiments reveal that Young’s modulus of the hydrogel varies with the sur-
rounding pH value (Kidoaki et al., 2001; Johnson et al., 2002; Isayava et al., 2002).
In the present simulation with the MECglu model, the variation of Young’s modu-
lus as function of solution pH is characterized by a hyperbolic tangent curve, which
consists of three segments: the constant Young’s modulus of 1.45MPa if pH<6.5
and 0.64 MPa if pH>7.5, and the third segment formulated by a hyperbolic function
defined in the range of pH 6.5-7.5 (Kidoaki et al., 2001; Sudipto et al., 2002).

The comparison for the glucose-dependent swelling of the hydrogel is demon-
strated in Fig. 6.3 between the simulation results and the experimental counterpart
(Kang and Bae, 2003). It is observed that the swelling ratio of the hydrogel decreases
with increment of the glucose concentration from 0 to 16.5 mM, which is associated
with the drop of pH within the hydrogel and involves the conversion of the glucose to
the gluconic acid by the enzyme glucose oxidase. Meanwhile, the catalase reaction
can prevent the accumulation of peroxide and partially regenerate the oxygen. The
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Table 6.1 Input data required by the MECglu model

Faraday’s constant F = 9.645 x 10*C/mol

Universal gas constant R = 8.314 J/mol-K

Absolute temperature T=310K

Vacuum permittivity or dielectric constant (Li . _122 2
et al., 2005) go = 8.854 x 107 '“C*/N-m

Relative dielectric constant of surrounding
medium (Li et al., 2005)

Michaelis—Menten constants (Abdekhodaie
and Wu, 2005)

€=80

Kox = 6.992 x 10° mM; K, = 0.6178 mM

Vinax(mol/s - cmd) =
860(s~!) x cenz(mol/cm3)

K =10"%"mM

Maximum reaction velocity

Equilibrium dissociation constant (Kang and
Bae, 2002)

Young’s modulus (Kidoaki et al., 2001;
Sudipto et al., 2002)

Initial water volume fraction (Li et al., 2004a,
b)

Initially fixed charge density and valence
number of the fixed charge groups

E=0.6~1.5MPa
$y =08

cj? =10 mM; zy = —1

Boundary conditions * =gt = ¢~ = 138.0mM; V, =0V
Geometry of hydrogel strip L = 4000 pm; Lgel = 600 um

Diffusion coefficients for dilute aqueous solution (25°C)

Hydrogen ion (Plawsky, 2001) Dy =9.31 x 1072 m%/s

Gluconic acid and glucose (Albin et al., 1987,
Klumb and Horbett, 1992)

Oxygen (Albin et al., 1987; Klumb and
Horbett, 1992)

Dy =Dy =675 x 10710 m%/s

Dox = 2.29 x 1072 m?/s

important product from the reaction is the hydrogen ion H*, which lowers the local
pH level, makes a change in the osmotic pressure and then the hydrogel shrinks. It
is also shown that the theoretically predicted swelling deformation coincides quan-
titatively and qualitatively with the experimental results, where the swelling ratio
of the hydrogel decreases almost linearly from 12 to 8 at the same rate for both the
simulation and experimental curves.

If an average pH is defined as

(PH) = (Vga)™! / pHAV,
Vgcl

Fig. 6.4 illustrates that the reduction of the numerically simulated (pH) within the
hydrogel from 7.4 to 7.28 is slightly larger than the experimental (pH) that varies
from 7.4 to 7.24, where the relative discrepancy is less than 0.5%. Therefore, it
is examined that the MECglu model can provide a robust simulation, not only to
support the experimental phenomena and the trends of a glucose-sensitive hydrogel
system but also to predict the variation of average pH, (pH), achieved in the glucose-
sensitive hydrogel.

Figure 6.5 is plotted for comparison of the pH-dependent swelling of the SDM-
PDMAAmMm hydrogel, where a gradual increase of swelling ratio is found as pH
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increases. It is also observed that the simulation results marked by solid line agree
qualitatively and quantitatively with the published experimental data marked by
squares (Kang and Bae, 2003). The ionization of fixed charge groups is altered by
changing the environmental pH. The figure also clearly shows the volume transi-
tion in the range of pH from 6.5 to 8.0, in which the swelling ratio of the hydrogel
increases with pH level. Since the polymeric complexes are broken and the fixed
charge groups of the PDMAAm hydrogel are ionized, the osmotic pressure increases
and the hydrogel swells further. If the pH is lower than 6.5 around the pK, of the
sulfonic acid —SO,N — H™, the volume change of the hydrogel is small, that is, the
hydrogel polymeric networks collapse and the swelling ratio is small. A likely rea-
son is that the interaction between the ionized and un-ionized fixed charge groups at
the solid state prevents the solubilization of crosslinked polymeric network until the
ionized groups become dominant (Kang and Bae, 2001). It is also known from the
figure that the simulation results are slightly larger than the experimental data in the
range of pH higher than 7.0, which may be attributable to the immobilized glucose
oxidase and catalase. The incorporation of enzymes may make the hydrogel thicker
and stronger (Dhanarajan and Siegel, 2005).

Based on the above comparisons and discussions, it is concluded that the simu-
lations by the MECglu model agree well with experimental findings. Therefore, the
MECglu model can provide the information to predict the swelling/deswelling char-
acteristics of a glucose stimulus-responsive hydrogel, and to support the design and
optimization of the glucose-sensitive hydrogel-based bioengineering devices, such
as the self-regulated insulin delivery systems.

6.3 Multi-Effect-Coupling Ionic-Strength-Stimulus (MECis)
Model for Ionic Strength-Sensitive Hydrogel

Ionic strength of a solution is generally defined as

1 N
_ 2 2
I = > kg_l CkZ»

where ¢ denotes the ionic concentration (mM) and zx the valence/charge number
for the kth ionic compound species and N is the number of total ionic compound
species in that solution. As one of the important characteristics of such an elec-
trolyte solution with dissolved ionic species, the ionic strength is a measure of the
concentrations of ionic species in which electrolyte solution containing multiple
ionic compounds, which dissociate into ions when dissolved in water.

The ionic strength-sensitive hydrogels are a class of environmental stimuli-
responsive hydrogels, like pH-, electrical- or thermal-sensitive hydrogels. They
possess the swelling or shrinking behaviour in response to the variation of ionic
strength of surrounding solution. Literature search shows that numerous experi-
mental studies were carried out to synthesize the ionic strength-sensitive hydrogels
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for investigation of various characteristics of the hydrogels. For instance, early
studies include the experiment conducted by Ohmine and Tanaka (1982) who
observed the ionized acrylamide gels undergoing a discrete phase transition of
the equilibrium volume subject to change in the ionic strength of a solution, and
explained the experimental phenomenon by Flory—Huggins model and Donnan the-
ory. Other early studies include the experiment conducted by Liu et al. (1995)
who studied the swelling characteristics of sulfonate gels placed in water and var-
ious aqueous solutions with different ionic strengths. Jeon et al. (1998) studied
the effect of the ionic strength with different initial monomer concentrations on
the swelling behaviour of polyelectrolyte gels. Dhara et al. (1999) synthesized the
interpenetrating polymeric network mixture for the effect of component contents
on the swelling or deswelling of the hydrogels, which demonstrated the deforma-
tion dependence on the pH and ionic strength of swelling medium. Later studies
include the experiment conducted by Zhao and Moore (2001) who developed a
technique for preparation of the pH and ionic strength-sensitive hydrogels with
capability of fast response time. Belma and Banu (2005) prepared a series of
acrylamide and N-vinylimidazole, named poly(AAm-co-NVI), for the effect of the
ionic strength on the hydrogel swelling. Caykara and Dogmus (2005) studied the
swelling and shrinking behaviour of poly(acrylamide-co-itaconic acid) hydrogels
in water and aqueous NaCl solutions and drew the conclusion that the equilib-
rium swelling ratio of the hydrogels increases drastically with the ionic strength
of bath solution. Caykara and Aycicek (2005) synthesized the ionic poly[(N,N-
diethylaminoethylmethacrylate)-co-(N-vinyl-2-pyrrolidone)] hydrogels and exam-
ined the responsive characteristics to external stimuli including the ionic strength.
Recent studies include the experiment conducted by Abd El-Mohdy (2007) who
prepared a novel highly swelling hydrogel by grafting crosslinked polyacrylamide
(PAM) chains onto carboxymethylcellulose (CMC) and showed the ionic strength-
dependent swelling behaviour of the hydrogel. Lin et al. (2007) explored the effect
of the ionic strength on the tensile properties of the hydrogel. Liu et al. (2007)
investigated the responsive swelling of acrylamide/maleic acid copolymer sensitive
to the pH and ionic strength. In brief, all the experimental studies found demon-
strate the significant influence of the ionic strength of environmental solution on the
swelling/shrinking behaviour of the hydrogels.

In terms of theoretical modelling, probably Flory (1953) was the first who intro-
duced the contribution of the ionic strength of surrounding solution into the swelling
of hydrogels. However, Flory’s theory could not handle the situation well when the
ionic strength is treated as an environmental stimulus to the hydrogel. Literature
search reveals that few studies focus on the model development for the ionic
strength-sensitive hydrogels. Most of them used the existing models for explanation
of experiments concerning the influence of the ionic strength on the deformation
characteristics of the hydrogels. For example, Hooper et al. (1990) used Donnan
theory and a model concerning the swelling equilibrium of neutral and ionized poly-
acrylamide gels in water or aqueous salt solution for analysis of the effects of the
ionic strength and fixed charge density on swelling equilibrium, which was based
on the extension of framework they proposed earlier (Prange et al., 1989). Other
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early studies include a simple Flory model with Donnan theory employed by Baker
et al. (1994, 1995), where the polyampholyte hydrogel with negative fixed charge
was synthesized and measured for analysis of swelling equilibrium of the smart
hydrogel responding to the changes in the solution ionic strength and fixed charge
density (Baker et al., 1992). English et al. (1996) qualitatively compared the exper-
imental results with theoretical predictions by extending the Flory—Huggins theory
with a quasi-lattice screened Coulombic term for analysis of swelling ratio of the
ionized hydrogel responsive to the ionic strength. Okay et al. (1998) utilized the
Flory—Rehner theory for computation of swelling ratio of the anionic hydrogel in
salt solution with the ionic strength ranging from 10 to 1 M, and compared with
the experimental results, where the theoretical simulation captured the experimental
swelling in some limited cases of the fixed charge densities. Later studies include
the model presented by Caykara et al. (2000), which was based on the work by
Brannon-Peppas and Peppas (1991), to study the equilibrium swelling of the ionic
strength-sensitive hydrogel prepared by containing triprotic acid moieties. Peppas
et al. (2000) theoretically expressed the swelling ratio associated with the ionic
strength for the anionic and cationic hydrogels. Recent studies include the model
presented by Caykara et al. (2003), which was based on the Flory—Huggins thermo-
dynamics theory, the Donnan theory and the James-Guth phantom network theory
(1943), for investigation of the volume swelling ratio of the ionic strength-sensitive
hydrogels that they synthesized. In summary, the ionic strength of environmental
solution was considered as boundary conditions in most of the theoretical studies
mentioned above, and not incorporated into the governing equations of the mod-
els. These models were either oversimplified so that they were applicable in limited
cases only or too complicated to use.

6.3.1 Development of the MECis Model

In this section, a multiphysics model is developed, and called the multi-effect-
coupling ionic-strength-stimulus (MECis) model, for simulation of the swelling
or shrinking characteristics of the ionic strength-sensitive hydrogels. The MECis
model is composed of coupled nonlinear partial differential equations. One of them
is the Nernst—Planck flux system, characterizing the mechanism of the ionic species
transport due to diffusion and electrophoresis as well as convection in the hydrogel
and surrounding solution, in which the effect of the ionic strength is incorporated
through the chemical activity coefficient. Considering the influence of the electri-
cal potential on the ionic flux, the Poisson equation is coupled with Nernst—Planck
equations to form the Poisson—Nernst—Planck (PNP) system. The fixed charge den-
sity is characterized by Langmuir isotherm theory with consideration of the effect of
the ionic strength. The other is the mechanical finite deformation governing equation
simulating the deformed hydrogel induced by the osmotic pressure and fixed charge
repulsion. In this section, after several assumptions the MECis model is formu-
lated first by the Eulerian description, and it then is transformed to the Lagrangian
coordinates for more convenient computation of large deformation.
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It is noted that the MECis model has significant advantage over the previ-
ous models discussed above. For example, the effect of the ionic strength of
bathing solution is associated with the fixed charge density by the Langmuir
adsorption isotherm theory, and also incorporated into the Poisson—Nernst—Planck
(PNP) governing equations. The fixed charge density plays an important role in
the swelling ratio due to the osmotic pressure and the repulsive force between
fixed charges, which is also included in the MECis model. The MECis model is a
good tool for simulation of responsive characteristics of the ionic strength-sensitive
hydrogels, with consideration of large deformation formulated in Lagrangian
coordinates.

6.3.1.1 Assumptions

Development of the present MECis model is based on the assumptions as follows:

e The system consisting of the hydrogel and surrounding solution is maintained in
isothermal condition

e Material properties of the hydrogel are isotropic and homogeneous

e Diffusivity of each species is constant everywhere and independent of the
swelling or concentration gradient of the hydrogel

e All the binding reactions are in local equilibrium and the chemical reaction in the
solution is neglected

6.3.1.2 Formulation with Eulerian Description

When the ionized hydrogel with fixed charged groups is immersed into a solu-
tion, the concentration gradient, electrical potential, chemical potential or pres-
sure develop, which cause the flux of ionic species that is governed by several
basic laws.

The diffusive flux of ionic species in ideal mixture can be characterized by Fick’s
law (Fick, 1855). In the system other than ideal solution or mixture, however, the
driving source for diffusion of each species is the gradient of chemical potential of
the corresponding species. Thus the Fick’s law is used as

Dycr
RT

Jkp) = — V ik (6.29)

where jk(D)(mollmz-s), Dy(m?/s) and cx(mol/m3) denote the molar flux, the diffu-
sivity tensor and the concentration of the kth ionic species, respectively. R(J/mol-K)
and 7(K) are the universal gas constant and absolute temperature, respectively. The
negative sign in front of the right-hand side of Eq. (6.29) is due to the ionic flow
down the concentration gradient.

Usually the chemical potential pux(J/mol) of the species k in liquid mixture is
expressed in terms of the activity ag, and given by

ik = i1 + RT1n ay (6.30)
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where /Lg is the chemical potential of the kth ion species in a reference configu-
ration, for example, in a pure liquid of the kth ion species. The activity of the kth
species ay is given by the concentration ¢ and chemical activity coefficient y, of
the species k as

ax = CkYk (6.31)
The diffusive flux of the species k due to chemical potential is thus written as

Dycr
RT

Jkpy = — Vg = —Drex (VInay) = — D (VIncg+ Vinyy)

1
= — Dycy <—Vck + Vin Vk) = —Dr (Vcr +cxViny)
Ck

(6.32)

In addition, the electrostatic force exists with or without the externally applied

electric potential, which moves the ionic species for the migration flux due to

the gradient of electrical potential. Thus the flux due to the electrophoresis is
given as

JkE)= — Zi ki V Y (6.33)

where jk(E)(mol/mz-s), zx and wr(m?/V-s) represent the migration flux due to the
gradient of electrical potential, the valence/charge number and the mobility tensor
of the kth ionic species, respectively. (V) is the electrical potential.

The diffusion and drift experience the same frictional resistance in solution.
Therefore, based on the Nernst-Einstein equation, the relation between mobility
Ivx and the diffusion coefficient tensor Dican be written as

D F

RT (6.34)

nk =
where F(C/mol) is the Faraday constant. Substituting Eq. (6.34) into Eq. (6.33), the
migration flux due to the electrophoresis is rewritten as

. DyF
JB)= = P Zkck VY (6.35)
Apart from that, if the effect of convection of solvent flow on the flux of the
species k is considered, one can have

JK(C) =CkVe (6.36)

where jk(c)(mol/mz-s) is the flux due to the solvent convection and v.(m/s) is the
velocity of solvent flow.

Therefore, the total flux of the kth ionic species in the hydrogel and solution con-
sists of the diffusion/migration flux and convection flux. The former is the flux due
to chemical diffusion and electrophoresis, and the latter results from the convection
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of fluid or bulk flow. The total flux can thus be described as

Jk=ik@ + ko = (ko) +ike) +ike

DyF
=D (Ve +cxViny) — ﬁzmvw + crve (6.37)

F
= —Dy (Vck 4+ Vin yp + R—TzkckV 1//) + crve

where i) =jkp)+ikE) and ji) are the diffusive and convective fluxes, respectively.
In formulation of Eq. (6.37), the flux driven by pressure is generally neglected,
which is included only when high acceleration such as in centrifuges exists in
the system. The flux resulting from thermal diffusion is also excluded for small
temperature gradient since it is negligibly small, relative to other fluxes.

Consider a control volume V(f) with a closed region. The surface of the control
volume is denoted by S(7). Based on the law of mass conservation, the material
derivative of concentration with respect to time 7 for the ionic species k in the control
volume V() is given by

D
D / ckdV = — / Ji(d) + ndS + / gkvydV (6.38)
V(1) S(1) V()

where n is the outward unit vector normal to the surface and thus there is a negative
sign in the first term of right-hand side. gi(v) is the generation/consumption rate of
the kth ionic species due to reaction and is expressed by givy=vir, in which vy is
stoichiometric coefficient and r is reaction ratio.

Equation (6.38) characterizes the accumulation of the kth species in the control
volume V/(f), which is the sum of the diffusion across the control surface and the gen-
eration or consumption in the control volume. Since the fluid within the hydrogel
or external solution move due to the convection, the moving velocity v, of the con-
trol volume should be considered. By the Reynolds transport theorem, the material
derivative of the integral is written by (Belytschko et al., 2001)

dack
—/deV— f <—+CkV Vc> dv = / <8—+V (CkVC))

V(1) V(t) V()

0
/ ﬁdV + /ckvc - ndS

V() NO)

(6.39)

Substituting Eq. (6.39) into Eq. (6.38) yields the conservation equation as

D
/ <§+ckv vc) v = — / Jkeay - ndS + / verdV (6.40)

120) NG V()
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The diffusion across the control surface could be expressed by the divergence
theorem, i.e., the sum of all sources and sinks gives the flow out of the control
volume,

/jk(d) -ndS = / V- jk@dV (6.41)
) V)

By Eqgs. (6.40) and (6.41) one has

Dcy, .
Ft + eV ve+ V. jyay—vir )dV =0 (6.42)
V(t)

The control volume is chosen arbitrarily so that the integrand could be vanished.
Equation (6.42) is thus simplified to

Dcy, .
Dr + eV ve+ Vo jray—vir =0 (6.43)

Substituting Eq. (6.37) into Eq. (6.43) leads to
Dcy, F
Dr +cxV-ve =V - |Di|Ver +ckViny + R—TZkaVIﬂ +wr (6.44)

where the term Iny,, associated with the chemical activity coefficient y, for the
ionic species k, is characterized by

—In 104221 I €10,0.02]
In 104231
_ —— kT 1 €[0.02,0.1]
In y, = 1+akB\/j (6.45)
_ AT
In 10<1+ak3ﬁ CI) I>0.1
which results from Sinko (2006)
—AZVT 1 €1[0,0.02]
AT
N 1e10.02,0.1]
log vk = 1 4+ axBVI (6.46)
AT
(AT ) s
14+ aBN/T
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where A is a factor depending on the temperature 7 and dielectric constant € of
medium, A = 0.5F%g(2¢RT)~3/? (Samson and Marchand, 1999). The factor B is a
constant associated with the nature of solvent and temperature, B = (2F>/(¢RT))!/?
(Samson and Marchand, 1999). z; is the valence number of the ion species k. ay is
called the mean effective ionic diameter or the ion size parameter, which is the mean
distance of approach of the ions. CI is an empirical term (Sinko, 2006).

Equation (6.44) is the well-known Nernst—Planck molar flux equation, which
characterizes the mass transport of mobile species in the system of the hydrogel
immersed in a solution and demonstrates the variation of concentration of the ionic
species k due to the fluxes of chemical potential, electrophoresis, convection and the
chemical reaction.

In the present analysis, the effect of spatial charge should be included and it
could be described in several possible ways, for example, the constant field where
the electric potential varies linearly across the system, the constant current where the
electroneutrality is assumed and Poisson equation where the electrical potential is
governed by a partial differential equation. It is ascertained that the electroneutrality
condition and the constant field solution are in fact the limited cases of the Poisson
equation (MacGillivray, 1968; MacGillivray and Hare, 1969). The electroneutrality
condition is satisfied only if the concentrations are high, while the constant field
solution is applicable specifically for low concentrations. Therefore, the Poisson
equation is incorporated in the MECis model to predict the spatial charge inside and
outside of the hydrogel. Formulation of the Poisson equation starts from Gauss’s
law for magnetism as

V-B=0 (6.47)

where B denotes magnetic field. By defining the magnetic potential as A (V-s/m),
and using Helmholtz’s theorem, the magnetic field B can be written as

B=VxA (6.48)
Here Faraday’s law gives
oB
VXE=—— (6.49)
ot

where E(N/C) denotes electric field and #(s) is time. Substituting Eq. (6.48) into Eq.
(6.49) gives

A
V x (E + 5) =0 (6.50)

in which the vector field, E+0A/0¢, is curl free, and thus it can be written in terms
of electric potential v
A
E+— = —-Vy (6.51)
ot
By assumption of the absence of changing the magnetic field, which is usually
reasonable for the system of the hydrogel immersed in solution, Eq. (6.51) yields

E= —Vy (6.52)
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Gauss’s law for electricity in a differential control volume yields

V-D=p (6.53)

where D(C/m?) is the electric displacement field and p(C/m?) is the charge density

in the control volume. By the assumption that the hydrogel and solution are isotropic
and homogeneous, the displacement field is given by

D=¢E (6.54)

where €(C?/N/m?) is the permittivity of the medium. Substituting Eq. (6.54) into
Eq. (6.53) gives

v.E=" (6.55)
e
By Egs. (6.52) and (6.55), one has
V2y=_~ (6.56)

&

Equation (6.56) is the well-known Poisson equation. In order to solve the Poisson
equation for the electric potential, the distribution of the charge density is required.
If the charge density is zero, Eq. (6.56) reduces to a Laplace equation. If the charge
density follows a Boltzmann distribution, Eq. (6.56) becomes Poisson-Boltzmann
equation.

The permittivity of the medium € describes the interaction between the electric
field and dielectric medium. It is characterized by the ability of a material to polarize
in response to the electric field. Usually it is defined as the vacuum permittivity €
multiplying with a relative permittivity €, that is determined by material or medium
considered

£ = &,80 (6.57)

where €, represents the relative permittivity of the material or medium considered
and €( the vacuum permittivity.

The total charge density includes the fixed charge density oy within the hydrogel
and the mobile charge density p,, in both the hydrogel and solution medium

of = Naqzgcr = Fzgey (6.58)

pm=Naq ) zuck =F )  zc (6.59)
k k

where Nj(mol™!) is Avogadro number, ¢(C) is elementary charge, 7y denotes the
valence number of the fixed charge. The total charge density is thus given by

p=pr+pm=F <Z Zkck + chf) (6.60)

k
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Substituting Eqgs. (6.57) and (6.60) into Eq. (6.56) leads to
d > ua+ (6.61)
- . ZkCk + ZfCf .

The Poisson equation approximates the electric potential ¥ as a function of the
ion—ion and ion—fixed charge interactions. It is examined that the electroneutrality
condition and constant field are in fact the special cases of the Poisson equation
(MacGillivray, 1968; MacGillivray and Hare, 1969).

On the other hand, the fixed charges play an important role in swelling/
deswelling of the charged hydrogel, since large volume transition is attributed to the
charged groups bound onto the polymer network chains, which is strongly depen-
dent on the dissociation constant or binding constant. The charged groups of the
hydrogel adsorb the mobile ions diffusing from the solution to reduce the fixed
charge density and raise the difference of ionic concentrations between the inter-
nal hydrogel and the external solution, which leads to the increase of the osmotic
pressure. The simplest model for the adsorption under equilibrium conditions was
developed by Langmuir using the kinetic theory, in which a monolayer surface is
considered with a specific number of binding sites, and each site can adsorb one
molecule. In the Langmuir monolayer adsorption theory, it is assumed that binding
at a site has no influence on the neighbouring sites. The adsorption process based
on Langmuir monolayer theory can be described by

MS 24 M+ s (6.62)
<«
Kq

Vi = —

where MS denotes the occupied fixed charge site in the hydrogel. M is the mobile
ion bound onto the polymeric chains in the interstitial solution, S is the unoccupied
fixed charge site. K (mol/m?) is the dissociation constant and K,(m3/mol) is the
association constant. The dissociation constant is defined as

_ MI[S]

where [M] is the concentration of mobile ions bound onto the polymeric chains in

the interstitial solution. [S] and [MS] are the densities of unbinding fixed charge and
binding fixed charge, respectively. They are written as

[M] = cp; [S]=css [MS] = ¢ —cf (6.64)

where ¢}, is the concentration of the mobile ions which are bound to the polymeric
network chains, ¢r denotes the concentration of fixed charge after binding and c})- is
the initial concentration of fixed charge before binding. Substituting them into Eq.
(6.63) gives

0
ChCF Kac

f
Ki=—"— = ¢r= 6.65
d c? —cf ! Kq+cp (6.6
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The total concentration of the fixed charge groups within the hydrogel at the
relaxed state, c})’s, is defined as

n
&f = vf (6.66)

where n{mol) is the mole of the fixed charge within the hydrogel and V5(m?) is the
volume of the hydrogel at dry state. Following similar definition, the concentration
of the fixed charge at initial state is defined as

n
&= Vf 6.67)
where V is the volume of the hydrogel at initial state before binding and

V=V 4y (6.68)

Based on Egs. (6.66), (6.67) and (6.68), the initial concentration of the fixed
charge before binding is written as

0
1 c
A V. o vs+vw  VS14+VW/VS 14+ H
where H is called the local hydration of the hydrogel, and defined as
VW
H = v (6.70)

The dissociation constant of the fixed charge groups is associated with the ionic
strength of interstitial solution by (Sinko, 2006)

AQn — DI
1+ /1

where pKqo denotes the intrinsic dissociation constant in the form of minus log-
arithm with respect to proton and pKj is the apparent dissociation constant. n is
the absolute charge value of ions (e.g. equal to 1). By removing the logarithm, Eq.
(6.71) can be converted to

PKa = pKao — (6.71)

Ka = Ko exp [A In (10)2n — DVI/(1 + fl)] (6.72)

As a result, the concentration of the fixed charge within the hydrogel at current
state is finally derived as

& Kaoexp[Aln(10)2n = DVI/(1+ V)]

T H g exp [A In (10)2n — HVT/(1 + ﬁ)] +op

cr (6.73)
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For characterization of the deformation of the ionic strength-sensitive hydrogel,
the mechanical equilibrium governing equation is required, in which the swelling
force is balanced by the elastic retractive force exerted by the crosslinked polymeric
network solid matrix of the hydrogel in order to maintain the current hydration state.
The balance of linear momentum leads to the equation of motion as

D
o / ovdV = / tds + / obdV (6.74)
V() NG V(t)

where p is the density of the hydrogel, v is the velocity field, b is the body force vec-
tor, t is the traction field on the surface of the hydrogel, which could be represented
by the Cauchy stress o

t=o0-n (6.75)

where n is the outward unit normal vector on the surface of the hydrogel. Using
divergence theorem, based on the law of the mass conservation, and considering the
arbitrariness of the control volume, Eq. (6.74) becomes

DV _ 9. o+ pb (6.76)
Ppr =Y o9TF '

In the present analysis of swelling behaviour of the hydrogel immersed in a
solution, the body force b and velocity field v are generally neglected, and it is
assumed that the environmental load is imposed slowly so that the inertial effect is
also negligible. As such, the motion equation is simplified to

V.o=0 6.77)

which means the constant stress throughout the hydrogel.
Here, the Cauchy stress of the hydrogel ¢ is decomposed into two components

o=o0"+0" (6.78)
where ¢ " is a reactive stress determined by the fluid constraint and o ¢ is an active

stress determined by the constitutive equation. For the multiphase hydrogel mixture,
the reactive stress is formulated by (Lai et al., 1991)

o' =—(p+T)I (6.79)
where p is the pressure, 7. is the chemical expansion stress which may be

neglected in present analysis and I is unit tensor. The active stress could be
written as

0% = AMtrE)I + 2uE (6.80)
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where E is strain tensor and t7E is the trace of the strain tensor. A and u are
Lame coefficients of the polymeric network solid matrix, and they are expressed
by Young’s modulus Ey and Poisson’s ratio v in the form of

= VBr (6.81)
1+ v)(1 —2v)
Ey
w= —2(1 ) (6.82)

The constitutive equation (6.80) is associated with the elasticity of the hydrogel
polymeric network and the osmotic pressure due to the concentration difference
between the interior hydrogel and exterior solution. In addition, there is the atomic-
level force called the repulsive force that also contributes to the stress field of the
hydrogel. The repulsive force is attributed to the interaction between the fixed charge
repulsions within the hydrogel. Considering the driving force due to the repulsive
force between the fixed charges, the pressure is composed of two components, the
osmotic pressure and the repulsion between the fixed charges, namely

P = Posmotic + Prepulsion (6.83)

and thus the constitutive equation (6.80) is extended to

0 = —(Posmotic + Prepulsion)I + A(rE)I + 2uE (6.84)

where prepulsion represents the stress due to the charge repulsion and posmotic the
osmotic pressure. On the basis of the assumption of the mean field theory, the
mechanical equation can be rewritten as

V. [_(posmotic + Preputsion)I + A(FrE)I + ZME] =0 (6.85)

It is well known that the osmotic pressure is a hydrostatic pressure resulting from
the difference in ionic concentrations between the hydrogel and the bathing solution,
and it is calculated by

Posmotic = RT Z (ck — ko) (6.86)
k
where cyo and ¢ are the concentrations of the kth ion species in buffer solution and

within the hydrogel, respectively.

In order to characterize the nominal repulsive stress, the mesh size is required as
a characteristic length between the fixed charges, representing the average distance
between the consecutive crosslinks and serving as an indicator of the screening
effect of the network on solute diffusion (Peppas et al., 1985; Canal and Peppas,
1989). By the Debye—Huckel model and considering the Debye shielding effect, the
potential energy of all charges within the hydrogel in the reference configuration is
given as (Sinko, 2006)

2
Nog PR

0 = (6.87)
47‘[80}’0
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where g is the potential energy, Ny is the number of charges and ry is the mesh size
in initial configuration. Ky is called Debye length and defined as

[ eoe kT
ko= B (6.88)
2Nag=1Ip

where kp is Boltzmann constant and 7, is the ionic strength within the hydrogel.
After swelling or shrinking, the mesh size becomes r from r(, and the number of
fixed charge becomes N from Njy. Variation of potential energy from initial state to
current state is thus given as

2 N, N
Agp = 1 [_0 exp (_’_0) — Y exp (_ﬁ)} (6.89)
dreg | ro KQ r K

where the mesh size after swelling/shrinking of the hydrogel can be calculated by

r=0"n (6.90)
where Q is the swelling ratio of the hydrogel and defined as

Vv

°=v

6.91)

The numbers of charges, Ny in the initial state and N in the current state, could
be calculated by

No = cfVoNa; N = cfVNa (6.92)

Therefore, the nominal repulsive stress is defined as

Ap 1 ¢ [No n)y N r
Prepulsion = v ‘—/47_[80 —eXp\—— ) — [ e&Xp (“)

10 K0 r K
v 0 | (6.93)
_ " Le*ro/Ko _ C_fe*r/'(
47‘[80 Qro r

6.3.1.3 Formulation with Lagrangian Description

The governing equations of the MECis model developed in the above section are
formulated in the deformed configuration state. However, it is applicable only for
small deformation of the hydrogel, and implementation of numerically computa-
tional simulation requires the movement of the mesh to capture deformation of the
hydrogel. In general, the hydrogels are able to absorb the solvent from the bath
solution from 10 to 20% up to thousands of times compared with the dry weight
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(Hoffman, 2002). This makes the hydrogel deform largely. Therefore, it is necessary
to formulate the MECis model based on the nonlinear deformation theory.

For description of the largely deformed hydrogel in the reference or undeformed
configuration, the Lagrangian coordinates, which are also called the material coor-
dinates, are required and denoted here by X. On the other hand, the Eulerian
coordinates, which are also called the spatial coordinate, are employed to describe
the deformed configuration and denoted here by x, where x=X at r=0. The displace-
ment u of any point marked at the hydrogel is thus defined as the difference between
the current and reference positions of that point, i.e.

u=x—X (6.94)
As usual, the deformation gradient tensor is defined as

9
F=8—§=vxx=1+w (6.95)

and the Jacobian between the current and reference configurations is given as

J= |0

=detF 6.96
e e (6.96)

where x; and X; are the components of the position vectors x and X, respectively.
detF is the determinant of the deformation gradient tensor F. The Green strain tensor
is defined as

E= %(FFT -1 (6.97)

The del operators can be transformed from the reference configuration to the
deformed configuration or vice versa by

V,=FT.vy (6.98)

Vy =FT. v, (6.99)
where F~T is the transformation for the inverse of the deformation gradient
tensor.

For the mass transport of mobile ion species in the deformed configuration, Eq.
(6.37) is rewritten below for the diffusive flux of the ionic species k,

. F
Jk@y=— Dx <Vka + ¢ Viln yp + ﬁZkaVxlﬁ) (6.100)

By transforming Eq. (6.100) into the reference configuration via Eq. (6.98), the
gradients of ionic species concentration, electrical potential and chemical activity
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coefficient are given as

Veer(x.0) = F T Vxeu(X.0) (6.101)
Vo (x,h) = FTVxy (X0 (6.102)
V. In pe(x,f) = F-TVx In y(X.0) (6.103)

For convenience, the Piola—Kirchhoff species diffusion is defined as

Iy = JF k) (6.104)

Substituting Eqgs. (6.100), (6.101), (6.102) and (6.103) into Eq. (6.104), the
Piola—Kirchhoff species diffusion is given by

F
Jra) = JF! [—DkF_T (VXCk + ¢ VxIn v + ﬁZkaVX '(ﬂ):|
(6.105)
F
= —JF'D;F T (Vka + cxVx In y + R—TZkaVx 1//)

In terms of the Nernst—Planck molar flux equation, the Piola—Kirchhoff species
flux (6.105) should be used for formulation of the Nernst-Planck equation in the
reference configuration. Considering the control surface and volume, Sy and Vj, in
the reference configuration, the mass conservation in the reference configuration can
be obtained by transforming Eq. (6.38) to

D

o / JeydV = — / JF i) - NdS + / JgkHdV (6.106)
Vo So Vo

where N is the outward unit vector of the control surface Sy and the transformation

uses Nanson’s law. Based on the definition of the Piola—Kirchhoff species diffusion,
the mass conservation in the Lagrangian coordinates is written as

D
Ef]ckdv = —f Ji@) - NdS+ /Jgk(v)dV = —/JVX ~Jk@ydV + /]gk(v)dv
Vo

So Vo Vo Vo
(6.107)
where the material derivative with respect to time in the Lagrangian coordinates is
derived as (Belytschko et al., 2001)

D/J dv f 0% )+ Jew av / 0k 4 v (JF—l ) av
_ — _r . — - . V.
Di Ck s CkVx - Ve ar Ck VX ¢

Vo

Vo Vo
(6.108)
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in which the following divergence relation between the Eulerian and Lagrangian
descriptions is used:

Vy - (JF—lv) —JV, v (6.109)

By Egs. (6.105), (6.106), (6.107) and (6.108), the Nernst—Planck equation in the
Lagrangian coordinates is given as

9
% o vy (JF_lvc)

F
= J_1VX . |:JF_1DkF_T (chk 4+ cxVxIn y + ﬁZkaVXI/f) + vir

(6.110)

In the present MECis model, the diffusivity of substance remains constant every-

where in each direction, such that the diffusivity tensor Dy can be reduced to a scalar

Dy, and then the term F~! F-T becomes the inverse of Cauchy—Green stress tensor
C-!. Therefore, the Nernst—Planck equation can be expressed as

ack

L -(JF" )
o1 + Ck X Ve

- (6.111)
=Jlvy- [JDkC‘ (chk + ek VxIn i + o zierVx w)] +wr

In terms of the spatial charge, the Poisson equation is also transformed into the
reference configuration. Considering Eqs. (6.102) and (6.109), we have

V. (Vo) = J~ vy - (JF—lvxw) —J vy (JF_IF_TVXI//>
6.112)
=J"1Vyx - (JCT'Vxy)

Substituting Eqgs. (6.112) into (6.61) yields the Poisson equation in the reference
configuration as follows:

-1 -1 F
77k (JeT ) o (; wer + zfcf) (6.113)

In addition, the fixed charge density in the large deformation of the hydrogel is
derived, which is based on the derivation in the above section. Since the hydrogel
is composed of three phases, the polymeric network matrix solid phase, interstitial
water phase and ionic species phase, the volume fractions of the three phases are
defined as

Vv .
$=—; ¢"=—; ¢ =— (6.114)
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Relatively compared with the volume fractions of the polymeric matrix and inter-
stitial water, the volume fraction of ionic species is very small and it is neglected
here, thus ¢* + ¢" = 1. Therefore, the volume fractions of the polymeric matrix
solid phase and interstitial water phase can be written as

s v _ 1 6.115
¢_VW+VS_1+H (6.115)
v H
w o__ —
® = v = TaH (6.116)
As such
Vs VsV
V]l =1lm—=1———=1—¢-J! 6.117
¢ ® v VoV o ( )

where V) is the volume of the hydrogel mixture in the reference configuration and
¢, is the volume fraction of the polymeric matrix solid phase in the reference con-
figuration. J=dV/dV is the volume ratio of the apparent polymeric solid phase, and
it can be calculated with the three invariants of Green strain tensor E as

J =det F = /1 + 2F|(E) + 4F,(E) + 8F3(E) (6.118)

where F(E), F>(E) and F3(E) are the first, second and third invariants of Green
strain tensor. With Egs. (6.116) and (6.117), the hydration is written as

J— o
H = Y¢°
b

As aresult, the concentration of fixed charge within the hydrogel at current state
with large deformation is obtained as

(6.119)

0
s K4
(1+H) Kz + cp)
< B3Kao exp[A In (10)2n—1)VI/(1 +«ﬁ)}
(Kdo exp[A In (10)2n— 1)ﬁ/(1+ﬁ)]+c;,)¢1+2ﬂ (E)T4F>(E)+8F(E)

o
(6.120)

In terms of the mechanical deformation of the hydrogel, the balance of lin-
ear momentum in the Lagrangian description can be derived by converting the
mechanical equation in the Eulerian form

— / povdV = f JoFTNdS + f pobdV (6.121)
Vo So Vo

where J is the determinant of the deformation gradient tensor and N is the unit out-
ward normal vector in the reference configuration of the hydrogel. pg is the density
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of the hydrogel at initial state, and by the law of mass conservation in the Lagrangian
description po=Jp. Vy and Sy are the control volume and surface in the reference
configuration, respectively. The first Piola—Kirchhoff stress tensor is defined as

P=JF!.o (6.122)
Therefore, Eq. (6.121) yields
av
pos = Vx - P+ pob (6.123)

Similarly, the first Piola—Kirchhoff stress is also decomposed into two compo-
nents

P=P +P* (6.124)

where P” and P ¢ are the reactive and active stresses, respectively. The active stress
P ¢ is associated with the second Piola—Kirchhoff stress tensor S,

S=F'p¢ (6.125)

The second Piola—Kirchhoff stress S is determined by the constitutive equation
of the hydrogel

S = DE (6.126)

where D is the material moduli tensor. For the porous hydrogel mixture with the
osmotic pressure and repulsive stress, the first Piola—Kirchhoff stress is given as

P=P +P'= _JF_I (Posmotic + prepu]sion) I+ SFT (6.127)

Based on the same assumptions made in the Eulerian descriptions, which exclude
the effects of the external, body and inertial forces, the mechanical governing
equation is obtained as

Vx - [SFT —JF! (posmotic +prepulsion) I:I =0 (6.128)

6.4 Remarks

So far the two models have been developed in this chapter, which are the
multi-effect-coupling glucose-stimulus (MECglu) model for the glucose-sensitive
hydrogel and the multi-effect-coupling ionic-strength-stimulus (MECis) model for
the ionic strength-sensitive hydrogel.

The MECglu model as a multiphysics simulation framework is applicable for
simulation of the equilibrium and kinetics performance of the glucose-sensitive
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hydrogel according to its sensitivity to the glucose concentration in microenviron-
mental solution. Effect of the glucose oxidation reaction catalysed by the enzymes
is incorporated in the model, where the enzymes include the glucose oxidase and
catalase that are immobilized within the hydrogel. The MECglu model also incor-
porates the effect of chemo-electro-mechanical coupled multi-energy domains and
the conversion of the chemical energy into mechanical energy. The model consists
of the Nernst—Planck equation for mobile species concentrations, the Poisson equa-
tion for electric potential and a nonlinear mechanical governing equation for the
finite deformation of the hydrogel when subjected to the environmental glucose
stimulus. Density of the fixed charge groups bound onto the crosslinked poly-
meric network chains is formulated and associated with the change in ambient
solution pH. The MECglu model is examined by numerical comparison of the
equilibrium swelling degree of the glucose-sensitive hydrogel between the model
predictions and experimental data, with the meshless Hermite-cloud method for
one-dimensional steady-state simulations. The model can be employed for design
and optimization of an insulin delivery system that is based on a glucose-sensitive
hydrogel, for example, for prediction of the swelling/deswelling of the smart hydro-
gel responding to the practical physiological glucose concentration ranging from 0
to 16.5mM (300 mg/ml). It can also provide the helpful equilibrium and kinetics
information, for instance, the distributions of reacting and diffusive species concen-
trations, the distributive electric potential, as well as the displacement or swelling
ratio of the glucose-sensitive hydrogels responding to the stimulus of the solution
glucose when immersed in a glucose buffer solution.

The MECis model developed here is applicable for simulation of the equilibrium
and kinetics characteristics of the ionic strength-sensitive hydrogel, when placed
in a solution with the change in the ionic strength. It is composed of the Nernst—
Planck flux equation based on the law of mass conservation for describing the flux
of mobile ionic species, Poisson equation predicting the spatial charge distribution
and mechanical motion equation characterizing the deformation distribution of the
hydrogel. The effect of the ionic strength of surrounding solution is incorporated
not only into the Nernst—Planck governing equation but also into the constitutive
relation of the fixed charge density. The MECis model is presented in the Eulerian
coordinates first, and then converted into the Lagrangian coordinates to capture the
large deformation of the ionic strength-sensitive hydrogel. The model considers the
effects of chemical, electrical and mechanical multi-energy coupled domains on the
responsive behaviour due to the complex mechanism of swelling or shrinking of the
charged hydrogel subject to the stimuli of the environmental ionic strength
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Chapter 7
Simulation of Controlled Drug Release
from Non-Swellable Micro-Hydrogel Particle

7.1 Introduction

In this chapter, a transient model is presented for simulation of drug delivery from
non-swellable micro-hydrogel particle, where the nifedipine controlled release from
the spherical chitosan microgel is investigated numerically. The model developed
mathematically takes into account both the drug dissolution and drug diffusion
through the continuous matrix of spherical microgel. The influences of several
important microgel and drug parameters on drug release are evaluated, which
include the microsphere mean radius, equivalent drug saturation concentration, drug
dissolution rate and drug diffusion coefficient.

7.2 Formulation of Model

Nifedipine is a poorly water-soluble drug with solubility less than 10 mg/l (Liu
et al., 2000). As one of well-known calcium channel blockers, nifedipine is most
commonly used for treatment of hypertension, a chronic disease that influences
10-20% of the global population and induces cardiovascular complication
(Hombreiro et al., 2003). However, many serious adverse effects due to the
nifedipine released immediately are revealed, such as the hypotension, myocardial
ischaemia or infarction, ventricular fibrillation and cerebral ischaemia (Mansoor
and von Hagel Keefer, 2002). Given the seriousness of the reported adverse events
and the lack of any clinical documentation attesting to a benefit, Food and Drug
Administration (FDA) of the USA concluded that the use of nifedipine released
immediately for hypertensive emergencies is neither safe nor effective, and thus it
should not be used (Grossman et al., 1996).

So far microsphere system for controlled drug release has increasingly attracted
research attention. Controlled nifedipine release was investigated experimentally
by various polymer-based microgels, such as the spherical chitosan microgel,
and Eudragit microcapsule and poly(DL-lactide-co-glycolide acid) microsphere.
However, few theoretical efforts are made to develop mathematical model for
numerical simulation of the nifedipine release process due to complexity. The
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objective of this chapter is thus to present a model with consideration of the mecha-
nisms of drug dissolution and diffusion for numerical investigation of the nifedipine
release from the chitosan microgel.

In general, the initial drug loading concentration Cp in spherical microgel is
larger than the drug saturation concentration Cs. This may be achieved either by
preparation of a solution and total evaporation of the solvent or by partial evap-
oration or phase inversion (Harland et al., 1988). When the polymeric microgel
is placed into a well-stirred release medium, four steps of the mass transfer take
place consequently as follows (Hombreiro et al., 2003): (1) drug dissolution within
the microgel; (2) drug diffusion within the matrix of microgel; (3) drug diffusion
through the unstirred liquid boundary layer on the surface of the microgel and
(4) drug diffusion and convection within the release medium. Since the convec-
tive transport within the environmental medium is usually very fast when compared
with the diffusive mass, the effect of convective transport can be neglected when the
overall rate of drug release from the polymeric microgel is considered. Therefore, it
may reasonably be assumed that the drug dissolution and diffusion through the con-
tinuous matrix of the spherical microgel control the drug release in a well-stirred
release medium.

Kinetics of drug release from the microgel with radius R may be characterized
by the partial differential governing equation as (Harland et al., 1988)

2
acmg:D(acmn+gaano

ot 9r2 r or ) + k(eCy — C(r,1)) (7.1)

and the following boundary and initial conditions for simulation of the drug release
process in a well-stirred release medium

dC(r,t
D ) atr=0 150
or
C(rt)=0 atr=R t>0 (7.2)

Crty=eCy at0<r<R t=0

where C(r,r)(g/cm?) is the drug concentration at the radial position r within the
microgel system at the release time 7, D(cm?/s) is the drug diffusion coefficient, k
(s7!) is the first-order drug dissolution rate, and ¢ is a parameter for the polymeric
network meshes of microgel and it is related directly to the crosslinking density of
the polymeric microsphere. If Cy (g/cm?) is defined as the drug saturation concen-
tration in the system, eCy(g/cm?) is referred to as the equivalent drug saturation
concentration in microgel with a network mesh parameter ¢.

The first term on the right-hand side of Eq. (7.1) is well known as Fick’s sec-
ond law of diffusion for a spherical system (Crank, 1975), which describes the drug
diffusion release process in the microgel due to the continuous drug dissolution.
The second term on the right-hand side of Eq. (7.1) corresponds to the potential
rate-limiting drug dissolution process (Harland et al., 1988). It is observed that
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Eq. (7.1) is reduced to the classic Fick’s diffusion equation, if the initial drug load-
ing concentration Cy is smaller than the drug saturation concentration C;. Although
the drug diffusion coefficient D in the polymeric microgel may be solvent concen-
tration dependent, usually one reasonably assumes an approximate constant D for
simplicity.

It is also assumed that the drug is distributed uniformly throughout the microgel
with the equivalent drug saturation concentration £Cj at initial state. Under perfect
sink conditions, the release medium is considered to be well stirred, such that the
drug concentration outside of microgel is further assumed to be constant and equal
to zero.

Defining dimensionless parameters, £ =r/R as dimensionless radius, 1=Dt/R? as
dimensionless Fourier time, =kR?/D as dimensionless dissolution/diffusion num-
ber and C(£,7) = 1 — C(r,1)/¢C; as dimensionless concentration, which indicates
the non-dimensional drug concentration additionally required to reach saturation
dissolution, the partial differential governing equation (7.1) and boundary and initial
conditions (7.2) can be rewritten in the dimensionless forms as follows:

aC(,1) _ 3°CEn) | 29CE D)

IR P AT BC(.7) (7.3)
0CET) _ ) ae=0 150

o (7.4)
CEn=1 ate=11t>0

CEn)=0at0<é<11=0 (7.5)

Solving the above governing equation together with boundary and initial condi-
tions, C(&,7) is simulated and then the drug concentration C(7; ) is found. According
to Fick’s first law (Robert, 1996), the flux J=J(7; 1), the rate of drug transfer per unit
area of section, is considered as

AC(r,1)

J(r,;t) = =D
(r:1) ar

(7.6)

The rate of drug release from the microgel is thus formulated as (Robert, 1996)

oM,
a—t’ = AJ(r,0) |,=r (7.7)

where A is the area of microgel with radius R, M; denotes the amount of drug
released after time ¢ and it can be calculated by simply integrating Eq. (7.7)

, -
r=rdl =4 R* / (_DBC(r,t) |r=R> dt
0 ar

LaC(r
— —47R2D [ ) | e df
0 8r

t
M, = / AJ(r0)
0 (7.8)
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7.3 Numerical Implementation

For simulation of the kinetics of drug release, the non-dimensional transient par-
tial differential governing equation (7.3) is discretized first in spatial domain by
Hermite-cloud method (Li et al., 2003), and then discretized in time domain by
linear interpolation technique, namely for

aC(E,r) _ 9*Cr) | 20C(E0)
ot g2 £ &

— BC(,7) (7.9)

by Hermite-cloud method (Li et al., 2003) for spatial discretization, one has

. Nt . Ng Nt .
CET) =) Na®)Ci(t) + Y (é - ZNn(§)€n>Mm(§)C§m(T) (7.10)
n=1 m=1 n=1

_ N
= aC(, _
Ce60) = zi D 3 M®)Cen(0) (7.11)
m=1
0°CEr) _
e ;Nn,ég(f)cn(f) (7.12)

Substituting Eqgs. (7.10), (7.11) and (7.12) into Eq. (7.9), the governing equation
for drug release is discretized at &; in spatial domain as

— N- _
e = é (Nnge(§) = BNAENCa(T)
) (7.13)

2 Nr Ng _
+ <g —B (si - ZM(&)&)) > Myu(E)Cem(T)
! n=1

m=1

_ By the linear interpolation technique, the weighted average of the time derivative
dC/dt is approximated at two consecutive time steps as follows (Reddy, 1993):

IC(&iT) N LOCET + A7) _ CEit + A7) — CEirr)

1—A
( ) ot ot AT

(7.14)

where X is a weighted coefficient (0<A<1).

Substituting Egs. (7.10) and (7.13) into Eq. (7.14), and considering the auxil-
iary condition (7.11), the governing equation discretized in both spatial and time
domains for drug release with time iteration is finally derived, and reduced to a set
of discrete algebraic equations in the following matrix form:
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[G}-I]NTXNT [Gil‘z]NTXNS { {_6[(1' + AT)}NTXI }
[Gijl]NSXNT [GUZ]NSXNS {C%‘l(f + AT)}NSXI

B (7.15)
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7.4 Comparison with Experiment

The experimentally measured data of the nifedipine release for the spherical
nifedipine-loaded chitosan microgel exposed to phosphate buffer (pH 7.4), achieved
by Filipovic et al. (1996) through the chitosan microgel preparation and charac-
terization and nifedipine release determination, are simulated numerically by the
present model. The series of B samples (B1-B5) are taken and the corresponding
microgel radii R are listed in Table 7.1 (Filipovic et al., 1996). The totally loaded

Table 7.1 Experimental and identified parameters of nifedipine microgels

Experimental data

(Filipovic et al., 1996) Identified parameters
R My D k eCy
Sample (x10%cm)  (x10B g (x107M em?s)  (x107 s (x107° g/em?)
Bl 12.10 0.20 0.40 7.0 1.225
B2 13.90 0.24 0.40 7.0 1.225
B3 13.05 0.20 0.35 7.0 1.033
B4 12.20 0.16 0.30 7.0 0.823

B5 14.50 0.32 0.40 7.0 1.225
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Fig. 7.1 Rate of nifedipine release from chitosan microgels with different radii R

drug mass M listed in Table 7.1 is calculated by the mass of drug-loaded microgel
m(g), total drug content d(%), the mean radius of dry microgel R(cm) and the vol-
ume of the dissolution medium V(cm3), which are extracted from the experimental
data. By assuming that the drug is released and dissolved in the dissolution medium,
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Fig. 7.2 Rate of nifedipine release from chitosan microgels with different network mesh parame-
ter &
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Mo = (4R3/3) x (md/V). It is noted that such an assumption will bring about
unpredictable error in M. However, since only the ratio M;/M, is concerned here,
the inaccuracy would not influence the prediction. The comparisons of the model
with experimental measurement of nifedipine release published in open literature
are shown in Figs. 7.1 and 7.2, and discussed in Sect. 7.5.1.

7.5 Parameter Studies by Transient Simulation

For analysis of the influences of several important microgel and drug parameters on
the kinetics of drug release, including the microsphere radius R, equivalent satura-
tion concentration £Cy, drug dissolution rate k and drug diffusion coefficient D, the
present model is employed for simulation of kinetics of the drug release. When the
sensitivity study on one of the parameters is carried out, other parameters remained
the same. Parameter studies are conducted in Sects. 7.5.2,7.5.3, 7.5.4 and 7.5.5 with
support of Figs. 7.3, 7.4, 7.5 and 7.6, where the experimental data of drug release
from B5 sample are taken as a comparative reference:. Before that, as mentioned
before, the model is validated first by comparison with the published experimental
data of nifedipine release in Sect. 7.5.1.

7.5.1 Identification of Physical Parameters

Figure 7.1 illustrates the kinetics of in vitro drug release from the microgels with
different microsphere radii and initially loaded drug amounts. As time increases,

80
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Fig. 7.3 Effect of the microsphere radius R on the rate of nifedipine release from chitosan micro-
gels when D = 0.40 x 10~!(cm?/s), k = 7.0 x 1077(s71), eC; = 1.225 x 107%(g/cm?)
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Fig. 7.4 Effect of the equivalent drug saturation concentration £ C, on the rate of nifedipine release
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10777

the drug release amount increases rapidly at early state, followed by a gradual drug
release. BS has larger microsphere radius R and higher total loaded drug amount
M (see Table 7.1). It is found that nifedipine release from BS5 is faster than that
from B1. Good agreement is achieved between numerically fitted results with the
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Fig. 7.5 Effect of the drug dissolution rate k on the rate of nifedipine release from chitosan
microgels for R = 14.5 x 107*(cm), D = 0.40 x 10~'(cm?/s), eC; = 1.225 x 10~0(g/cm?)
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Fig. 7.6 Effect of the drug diffusion coefficient D on the rate of nifedipine release from chitosan
microgels when R = 14.5 x 10~*(cm), k = 7.0 x 10~7(s™1), eCy = 1.225 x 10~0(g/cm?)

present model and experimental data published for both B1 and BS5. It is seen
that the model successfully captures the effect of microsphere radius R. The val-
ues of the equivalent drug saturation concentration Cs, drug dissolution rate k and
diffusion coefficient D are identified by best fitting the computed results to the
experimental data. The identified ¢C;, k and D are summarized in Table 7.1. The
D value found is smaller than the reported value of nifedipine in crosslinked hydro-
gel of polyacrylamide-grafted guar gum (Soppimath et al., 2001). Generally the D
value for various drugs in polymeric hydrogels ranges from 107 to 10~ (cm?/s).
Several effects may contribute to the extremely low D value of nifedipine in the
studied microgels. First, the solubility of nifedipine in the release medium is very
low, about 11 (pg/ml), which implies relatively large partition coefficient of nifedip-
ine between the polymeric hydrogel and the release medium. Second, the microgel
that is loaded with a high content of drug tends to absorb less water than those con-
taining a lower content of drug so that the diffusion process is retarded. Last, it is
reported that the increase in drug content will increase the crystallinity of the drug,
and thus slow down the release of such a crystalline drug (Soppimath et al., 2000).
Figure 7.2 demonstrates the kinetics of nifedipine release from chitosan micro-
gels with different network mesh parameters ¢. These microgels are formed with the
same nifedipine amount but different glutaraldehyde reaction time. With increasing
glutaraldehyde reaction time, the crosslinking degree of the microgels increases,
which results in a decrease in the network mesh parameter ¢ of the microgels. This
further causes the decrease in the equivalent saturation concentration £ Cy. The fitting
represents the experimental results well. The corresponding £ C; and D are identified
by best fitting the simulation results to the experimental data, and they are tabulated
in Table 7.1. The diffusion coefficient D studied is dependent on the crosslinking
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density, and thus on the network mesh parameter €. The increase of ¢C from 0.823
to 1.225 enlarges the D value from 0.30x 107! to 0.40 x 10~'!(cm?/s). Increasing
the network mesh parameter ¢ enlarges the drug diffusion coefficient D, which is in
consistence with the experimental findings by Pillay and Fassihi (1999).

In brief, Figs. 7.1 and 7.2 validate the present model with capability of predict-
ing well the nifedipine release from chitosan microgels with different microsphere
conditions. It can capture the characteristics of the various important physical
parameters affecting the kinetics of nifedipine release. Therefore, it is concluded
that this model provides a suitable simulation platform to provide deeper insight into
the effects of the microgel and drug parameters on drug release from the microgels.

7.5.2 Influence of Mean Radius of Micro-Hydrogel Particle

Figure 7.3 shows the influence of microsphere mean radius R on the controlled
drug release, where the drug diffusion coefficient D = 0.40 x 10_“(cm2/s),
drug dissolution rate k = 7.0 x 10~7(s™") and drug equivalent saturation con-
centration £Cs = 1.225 x 107%(g/cm?). The microsphere radius R in the figure
ranges from 9.5x107* to 17.0x10* (cm). With increasing microsphere radius R,
the overall drug release rate becomes slower. It is noted that a slight change in the
microsphere radius R results in remarkable alteration of nifedipine release rate. A
smaller microgel has larger specific surface area of contact with the release medium
and facilitates the drug diffusion through the continuous matrix of microgel into
the release medium if compared with larger microgel. Decreasing the microsphere
radiusR increases both the initial fast release rate and the following gradual release
rate. This implicates that the variation of microsphere radiusR influences both the
drug dissolution and diffusion processes.

7.5.3 Influence of Equivalent Drug Saturation Concentration

Influence of the equivalent drug saturation concentration £ C; on drug release kinet-
ics is shown in Fig. 7.4, where the equivalent drug saturation concentration &Cj
ranges from 0.5x107° to 1.7x 107 (g/cm?). The drug release remarkably increases
with the porosity. An increase of the network mesh parameter ¢ of microgels, i.e. a
decrease of the crosslinking density of microgels, enlarges the equivalent drug satu-
ration concentration ¢ Cy and the drug diffusion coefficient D simultaneously, which
results in an increase in both the drug dissolution and diffusion rates. These led to
the increase of nifedipine release rate synergetically.

7.5.4 Influence of the First-Order Drug Dissolution Rate

Figure 7.5 illustrates the influence of the drug dissolution rate k& on drug release,
where the dissolution rate k ranges from 0.70x1077 to 24.0 x 1077(s™Y). It is
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manifest that alteration of the drug dissolution rate k has insignificant effect on
initial drug release rate. However, after a period of release time, the drug release
rate increases with increasing dissolution rate k. This indicates that different mecha-
nisms control different stages of drug release. At the initial stage, diffusion through
continuous matrix of microgel predominantly affects the drug release. After a period
of drug release, the drug dissolution becomes significant on the drug release rate.

7.5.5 Influence of Drug Diffusion Coefficient

Figure 7.6 is plotted for discussion of the influence of the drug diffusion coefficient
D on the drug release, whereD ranges from 0.012 x 1071 t04.0x 10_“(cm2/s). Itis
observed that the diffusion process controls significantly the early drug release. As
the diffusion coefficient D increases, the initial drug release rate increases distinctly,
and the drug release amount becomes a linear function of time at relatively short
time. However, after a certain period of release time, the drug release reaches a
constant level. This indicates that the drug release with lower diffusion coefficient
D is characterized by the diffusion mechanism, whereas the diffusion process cannot
fully control the drug release with higher diffusion coefficient D.

7.6 Remarks

The present model has been examined well by comparison with the experimental
nifedipine release from the spherical chitosan microgels, which is characterized by
the mechanisms of both the drug dissolution and diffusion through the continuous
matrices of microgels. It provides a computer-based platform for better understand-
ing of the underlying mechanisms of drug release via microsphere hydrogel system
and represents a highly efficient tool for analysis of the influences of important
parameters of the drug and the microgels, such as the diffusion coefficient, the
micro-spherical radius and the network mesh parameter. Consequently, it can be
applied for design and optimization of the microhydrogel-based controlled drug
release system.
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256, 257, 273, 299
Enzyme
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First-order transition, 336, 344-345
Fixed charge
binding, 59, 66, 313, 319, 320
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227,287, 305, 306
Flux
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ionic-strength-sensitive, 295, 310-328
ionizable/ionization, 5, 8, 10
kinetics, 3743, 147-170, 248
light sensitive, 3, 76, 80, 244, 258, 264
magnet sensitive, 3, 317
multiple phases, 4, 71, 72, 116, 321
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Interpenetrating polymer networks, see IPNs,
borate copolymer-PVA
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Meshless, 73, 77, 109, 148, 170, 287, 298, 305,
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Michaelis—Menten constants, 302, 309
kinetics, 300
Mixing free energy, 6, 9
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Model
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multi-effect-coupling electric-stimulus
(MECe), 46, 115-171

multi-effect-coupling glucose-stimulus
(MECglu), 295, 296-310, 328, 329

multi-effect-coupling ionic-strength-
stimulus (MECis), 295, 310-328,
329

multi-effect-coupling pH-electric-stimuli
(MECpHe), 172-217

multi-effect-coupling pH-stimulus
(MECpH), 46, 57-111

multi-effect-coupling thermal-stimulus
(MECtherm), 47, 219-288
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19, 20, 45, 219, 247

transient, 4, 29-43, 45, 47, 219, 243-286,
296, 335

transport, 5, 12-16, 18, 19, 20, 45

validation, examination, 47, 76-78,
131-132, 150-151, 170, 182-184,
228-229, 245, 298, 306-310

Modulus, shear/Young’s, 16, 17, 69, 81, 85-91,
92, 100, 184, 192, 200, 209, 298, 308,
309, 321

Momentum

conservation, 5

equation, 122, 123, 124, 125, 129, 251,
258, 266, 268

linear, 303, 321, 327

Monomer, 2, 6,7, 9, 20, 21, 22, 24, 25, 29, 30,
38, 40, 76, 80, 85, 111, 221, 240, 254,
273,311

N
Nanson’s law, 325
Nernst-Planck equation
steady state, 220, 224, 301
transient, 12, 13, 74, 125, 219, 220, 225,
228, 287,296
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Network, polymeric Poly(acrylonitrile) (PAN), 2
density, 38 Poly(acryloyl pyrrolidine), 247
matrix, 1, 15, 37, 46, 59, 92, 116, 117, 124, Polyampholyte, 312
177_, 182, 220, 303, 326 Polyelectrolyte solution, gel, 102
mesh size, 61, 298 Poly(hydroxyethyl methacrylate) (PHEMA), 2,
polyelectrolyte, 2 78, 81, 82, 83, 84, 88, 89, 90, 92, 93,
Newton iterative/iteration, 74, 228, 287, 94, 95,98, 99, 100, 103, 104, 105
305 Polymer complex
Nifedipine, 335, 336, 339, 340, 341, 342, 343, dissociation, 8, 15’ 38, 65, 66, 84, 176, 198,
344,345 207, 301, 309, 319, 320
Nondimensionalization, 74, 224, 225 relaxation. 34
Numerical computation, 74, 243, 246 Polymerization, 25, 29, 30, 37, 40, 246, 253,
o 254,255
. . Poly(N-isopropylacrylamide) (PNIPA), 29,
Osmotic pressure, counter fon : 173,216, 220, 221 2;8( 229 2)30 232
coefficient, 17, 124 233,234, 235, 236, 237, 238, 239, 240,

ionic, 5, 7, 8, 12, 13, 14, 15, 19, 20, 24
mixing, 6, 8, 9, 13, 14, 19, 220, 247,
299
swelling, 182, 183, 203
Oxidization/oxidize, 300, 301
Oxygen, 297, 298, 300, 301, 302, 308, 309

241,242,244, 245, 247, 258, 264, 273,
274,276,278
Poly(N, N-dimethylacrylamide), 306
Poly(vinyl alcohol) (PVA), 2, 18, 21, 22, 24,
38,39,43,173, 182

limitation, 297, 298, 300, 302 Potential
chemical, 5, 16, 17, 19, 20, 23, 32, 44, 45,
P 47,121, 122, 123, 124, 126, 221, 222,
Partition coefficient, 343 3 1~3, 314,317
Permittivity, 63, 125, 176, 223, 302, 309, 318 electric, 12, 20, 57, 58, 60, 62, 63, 64, 65,
Phase, apparent 73,74, 76, 81, 82, 83, 84, 85, 88, 89,
ion, 16, 20, 116, 117, 123, 126 90, 91, 92, 93, 94, 95, 98, 99, 100, 103,
liquid/water, interstitial, 111, 247, 252, 104, 105, 109, 115, 116, 124, 125, 126,
257,265 128, 132, 133, 134, 135, 136, 137, 138,
mixture, 5-6, 16-18, 19, 20, 45, 116, 122, 140, 142, 143, 144, 146, 151, 160, 161,
250 162, 163, 170, 171, 176, 179, 184, 187,
multiple, 1, 4, 5, 16-18, 20, 45, 71, 72, 188, 193, 196, 201, 202, 209, 211, 212,
108, 116, 122, 321 216, 220, 223, 225, 228, 230, 232, 233,
polymer, 249, 250, 251, 253-256, 257, 235, 236, 237, 238, 239, 240, 241, 243,
259, 262, 265, 266, 267, 268, 281, 283, 244, 287, 295, 298, 302, 304, 305, 314,
284, 285 317,318, 319, 329
separation, 21, 29, 30, 228 mechanical, 187

transition, 3, 10, 11, 22, 26, 27, 38,39, 219,  Power law, 30, 31, 32-34, 45, 258
220, 222, 225, 228, 229, 230, 231, 232,  Pressure, 3, 14, 59, 74, 96, 107, 115, 119, 123,

233, 236, 239, 240, 244, 287, 311 124, 125, 126, 127, 128, 129, 133, 170,
Photoinitiator, 76 190, 252, 257, 261, 262, 264, 266, 268,
Photomask, 76, 78, 91 270, 308, 313, 315, 321, 322
Piola—Kirchhoff stress, 68, 121, 178, 179, 255, osmotic, 5, 6,7, 8,9, 12, 13, 14, 15, 19, 20,

268, 304, 328 24, 25,27, 44, 45, 68,71, 78, 85, 95,
Poisson equation, 12, 13, 36, 58, 60, 61, 63-65, 96, 98, 101, 104, 108, 111, 122, 123,

73,74, 76, 110, 116, 125, 128, 176, 173, 180, 182, 184, 187, 188, 190, 193,

179, 220, 223, 224, 225, 226, 295, 298, 195, 196, 199, 203, 204, 206, 207, 208,

302, 303, 305, 312, 317, 318, 319, 326, 209, 210, 212, 220, 232, 235, 243, 244,

329 246, 247, 251, 252, 255, 257, 264, 267,

ratio, 69, 322 271, 272, 276, 285, 286, 288, 296, 297,
Poly(acrylamide) (PAM), 2, 274, 311 299, 304, 308, 309, 310, 312, 313, 319,

Poly(acrylic acid) (PAA), 2, 38, 173 322,328
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R
Radius, 18, 61, 72, 224, 271, 278, 279, 304,
335, 336, 337, 340, 341, 342, 343, 344,
345
Relaxation, polymer, 31, 33, 34, 36
approach, 74, 75
time, 34
Remeshing, 73, 305
Repulsive force, 220, 313, 322
Rigid body, 128, 180, 305

S
Salt
divalent, 24, 103, 104, 105, 106, 107
monovalent, 103, 104, 105, 106, 107, 110,
128,210, 212
trivalent, 103, 104, 105, 106, 210, 212
univalent, 102, 225, 230, 232, 233, 236,
237,238, 239, 240, 241, 242
Scaling law, 246
Sensor, 30, 79, 217, 297
Separation, 3, 4, 9, 21, 29, 30, 40, 228
Separator, 9, 64
Shear modulus, 16, 17, 69
Shrink, 16, 26, 29, 31, 38, 39, 40, 42, 43, 57,
72,73, 108, 173, 174, 203, 209, 210,
219, 228, 229, 233, 244, 272, 276, 277,
278, 280, 281, 282, 283, 285, 287, 296,
309, 310, 311, 312, 313, 329
Simulation
steady state, 74, 76, 78—108, 115, 127-146,
151, 152, 159, 181, 184-215, 219,
229-243, 286, 287, 303, 304, 329
transient, 46, 115, 116, 125, 129, 147-170,
219, 286, 287, 297, 341-345
Smart, 2, 3, 4, 5,9, 12, 13, 19, 20, 22, 24,
25, 29, 30, 31, 34, 37, 45, 46, 47, 57,
67,79, 81, 108, 111, 115, 116, 171,
173-217, 219, 244, 272, 287, 295-329
Sodium, 10, 22, 23, 26, 31, 39, 79, 81, 82, 83,
84, 88, 89, 90, 93, 94, 95, 97, 98, 99,
100, 102, 104, 107, 110, 247
Solute, 29, 42, 61, 67, 220, 322
Solution
bath, 36, 57, 58, 62, 71, 72,76, 717, 79, 80,
81, 83, 85, 86, 92, 95, 96, 98, 100, 101,
102, 103, 106, 107, 109, 111, 115, 116,
126, 127, 128, 132, 134, 136, 138, 142,
144-146, 152, 159, 160, 168, 170, 171,
173, 179, 185, 187, 195, 201, 202, 204,
211,212, 216, 224, 225, 230, 232, 233,
234,235, 236, 239, 240, 241, 243, 287,
296, 298, 300, 311, 311, 322, 323, 329

Index

glucose, 298

ionic strength, 102, 107, 108, 111, 201,
202, 205, 208, 293, 294, 296, 311, 313,
320

pH, 46, 57,71,77,91,92, 102, 110, 173

salt, 16, 21, 23, 24, 107, 311, 312

temperature, 26, 29, 37, 221, 228, 229, 272,
279

Solvent, 2, 3,5,6,7,9,10, 11, 12, 13, 18, 19,

20, 22, 26-27, 29, 31, 34, 37, 40, 41,
42,43, 44, 60, 61, 67, 71, 103, 104,
105, 106, 183, 219, 220, 221, 229, 243,
246, 248, 249, 252, 257, 258, 259, 261,
262,272,274, 276, 281, 282, 284, 285,
286, 287, 288, 295, 299, 301, 302, 314,
317, 323, 336, 337

Stimulus

coupled, 46, 73, 173-217
electric field, voltage, 173
environment, 2, 3, 29, 37, 171, 173, 174,
288, 296, 310, 311
enzyme, 295-329
glucose concentration, sugar, 47, 295-329
ionic strength, 295, 310-328
light, 3, 75, 204, 213, 243, 244, 309, 310
magnetic, 3, 317
pH, 46, 57-111, 173, 183
thermal, 47, 219-288
Stoichiometric coefficient, 301, 315
Strain
Green—Lagrangian, 68, 69, 179
linear/small, 17, 303, 321, 327
rate, 118
Stress
Cauchy, 71, 121, 253, 254, 255, 260, 264,
268, 283, 284, 301, 319, 324
Piola—Kirchhoff, 68, 121, 178, 179, 255,
268, 269, 303, 304, 325, 328
transition, 5, 12, 14, 15, 19, 45, 244
Surfactant, 20, 26, 30
Swelling
curve, 272, 273, 275, 278, 280, 287, 295
degree, 16, 24, 25, 94, 329
equilibrium, 73, 79, 80, 85, 87, 91, 92, 107,
219, 220, 221, 222, 223, 225, 226, 229,
230, 232, 233, 235, 236, 238, 239, 241,
244,248,264, 273, 287, 311, 312
free energy, 9, 14, 23, 43, 220, 221, 247,
254,272,273
front, 40
kinetics, 170, 298
linear, 8, 31, 65, 77, 187, 208, 224, 237,
285, 301, 319



Index

mechanism, 38, 41, 79, 81, 107, 329
nonlinear, 81, 219, 225, 305
pressure, 182, 183, 203
ratio, 21, 22, 24, 26, 29, 38, 174, 183, 184,
188, 190, 191, 193, 198, 199, 200, 207,
208, 209, 213, 216, 222, 224, 226, 229,
230, 233, 234, 236, 237, 238, 239, 240,
241, 247, 248, 259, 273, 280, 283, 284,
287,293, 298, 308, 309, 310, 311, 312,
313,323,329
temperature, 38, 40, 41, 230, 234, 272-274,
278
Swollen state, phase, 3, 245, 249, 276, 277,
278,288
Symmetry, 119, 178, 248, 255, 260, 269, 281,
283, 284, 285, 288

T
Temperature
absolute, 6, 35, 60, 65, 118, 175, 221, 222,
302, 309, 313
gradient, 243, 245, 248, 249, 256, 260, 261,
269, 272, 285, 286, 287, 288, 315
Thermal expansion
stimulus, 3, 108, 220
Time scale, 246, 262, 263-264, 272, 276
Transient, 4, 5, 9, 12, 13, 29, 30, 31, 37-43,
45, 46, 47, 74, 115, 116, 125, 127,
147-170, 219, 220, 225, 228, 243-286,
287,296, 297, 335, 338, 341-345
Transition state, 16
Triphasic theory, 116

U

Universal gas constant, 6, 35, 60, 124, 175,
302, 309, 313

Upper critical solution temperature (UCST),
272

UV light, 76

\'%
Valence
divalent, 24, 103, 104, 105, 106, 107, 210,
212,213
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ion, 103, 105, 106, 107, 144, 171, 209, 210,
211,212,213, 214, 215,216
monovalent, 103, 104, 105, 106, 107, 110,
128,210, 212
number, 60, 80, 97, 175, 302, 309, 317, 318
trivalent, 103, 104, 105, 106, 210, 212
univalent, 102, 225, 230, 232, 233, 236,
237, 238, 239, 240, 241, 242
Van der Waals force, 2, 15, 220, 244
Velocity
average, 60
flow, fluid/solvent, 46, 60, 120, 258, 281,
285, 302, 315
reaction, maximum, 309
Viscosity, 31, 252, 258, 259
Volume
fluid, 35, 66, 250
fraction, 6, 7, 10, 11, 12, 17, 18, 19, 42, 43,
46, 61, 116, 117, 125, 177, 183, 219,
221,222,225, 228, 230, 233, 240-243,
249, 250, 257, 258, 259, 262, 271, 273,
274,276, 277, 281, 282, 283, 287, 301,
303, 309, 326, 327
initial/reference, 183, 222, 242-245, 289
ion, 117
phase transition, 3, 10, 26, 39, 219, 220,
222,225,228, 229, 230, 231, 232, 233,
236, 239, 240, 244, 287
polymer network, 6, 61, 65, 219, 221, 225
ratio, 29, 117, 177, 254, 255, 262, 327
water, 177, 228, 309, 327

w
‘Water
initial, 32, 309
state, 28
volume fraction, 11, 12, 18, 42, 61, 116,
117, 125, 177, 183, 219, 228, 230, 259,
273, 276, 283, 309, 326, 327

Y
Young’s modulus, 16, 69, 81, 85-91, 92, 100,
184, 192, 200, 209, 298, 308, 309, 322
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