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Preface

Research in N-body gravitational dynamics has focused on analyti-
cal and numerical studies of ordered systems, with chaotic behaviour
or disorder being the fascinating anomaly. Recently, however, scientists
have begun to forge the link between order and disorder: designing new
methods to recognise chaos signature and developing new theories on
the sources of chaotic behaviour. They are applying these techniques
successfully to solve real-world problems in planetary, stellar and galac-
tic dynamics.

This textbook is the culmination of the latest NATO Advanced Study
Institute (ASI) in the Cortina series on Celestial Mechanics and Dy-
namical Astronomy entitled Chaotic Worlds: From Order to Disorder in
Gravitational N-Body Dynamical Systems. Based on the lectures of this
NATO ASI delivered by internationally renowned scientists, the book
contains invaluable teaching on the latest methods of analysis for un-
derstanding and investigating ordered and chaotic behaviour in N-Body
dynamics and their application to real motion in planetary systems. The
book is written for researchers at PhD level in N-body gravitational dy-
namics, providing a systematic development from the fundamental math-
ematics which underpin modern studies of ordered and chaotic behaviour
in N-Body dynamics to a clear view of the most recent developments and
applications.

In the recent past, analytical research in Celestial Mechanics has cen-
tred on KAM theory and its applications to the dynamics of low di-
mensional Hamiltonian systems. Results were used to interpret observed
solutions to three body problems. Order was expected and chaos or dis-
order the exception. Researchers turned to the curious exception, design-
ing analytical models to study the chaotic behaviour at resonances and
the effects of resonant overlaps. Numerical simulations were completed
with ever longer integration times, in attempts to explore the manifes-
tations of chaos. These methods improved our understanding but left
much unexplained phenomena.

vil



viii Preface

Today, chaos is the norm, order the exception. Real-world dynamics
is being modeled by considering a greater number of forces acting on the
bodies. These forces may drive bodies across barriers fictitiously placed
by simpler models. Thus, in the context of asteroids for example, the
puzzle is no longer to find a chaotic evolution able to drive an asteroid
across the asteroid belt, but to find those asteroids that, like the Hildas,
are able to remain in a bounded domain of the belt for times longer
than the age of the Solar System (Ferraz-Mello). The twentieth century
view that chaos is too difficult for our science to understand is being
challenged.

We are beginning to understand the sources of Chaos. Strong chaos,
though uncommon, has dramatic results, being produced by collisions
(singularities in gravitational systems) or close approaches between ce-
lestial bodies. Close encounters are a major factor in the evolution of
Earth crossing asteroids, the ejection of comets and asteroids from the
Solar System and the evolution of many body clusters of stars. Weak
chaos, the predominant form of chaos, is due to the interplay between
resonances and results in the slow diffusion of bodies. Nekhoroshev’s the-
orem is one of the most outstanding results in this area, as it provides
global results valid for every initial condition in a given domain, while
KAM theory provides only local results. In particular, the geometric
construction of Nekhoroshev’s theorem has played a major role in fur-
thering our understanding of the complicated structure of the resonance
web. Different numerical tools have been developed in order to visualize
such structure with the aim of providing a global study of dynamical
systems.

We are beginning to understand chaotic structure in a way not seen
before. Numerical methods of measuring chaotic and regular behaviour
such as Fast Liapunov Indicators, sup-maps, twist-angles, Frequency
Map Analysis, fourier spectal analysis are providing lucid maps of the
global dynamical behaviour of multidimensional systems. Fourier spec-
tral analysis of orbits looks to be a powerful tool for the study of
Nekhoroshev type stability. Identification of the main resonances and
measures of the diffusion of trajectories can be found easily and quickly.
Applied to the full N-body problem without simplification, use of these
tools is beginning to explain the observed behaviour of real physical
systems.

There is clearly now a diverse and exciting range of applications of
these tools for understanding and measuring order and disorder in N
body gravitational dynamical systems - spanning the fields of planetary,
stellar and galactic astronomy. In the Solar System context alone, current
applications include the study of: the dynamics and long-term evolution
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of massless particles such as the Kuiper belt objects; the diffusion of
asteroids, motivated by the need to detect and understand the evolution
of Earth- crossing asteroids; the chaotic routes of comets and meteoroids;
the chaotic obliquity of planets, motivated by the desire to explain the
final rotation states of Earth, Mars, and Venus; the chaotic behavior
resulting from resonance between spin and orbital motion to explain
behaviour such as that of Miranda and the effect of resonance on the
tidal heating of satellite surfaces such as that of Europa. Bridging the
gap from our own solar system to the stars is the study of stability and
chaotic behaviour of extrasolar planetary systems. In stellar dynamics,
the challenge is to understand how clusters of stars evolve through close
encounters and resultant ejection of stars, while on a galactic scale the
developing theory of chaotic motion in celestial mechanics has serious
application in the relaxation of galactic structures.

The eleventh NATO ASI in the Cortina series held September 8-20,
2003, saw the return of the Institute to its origins in Cortina dAmpezzo,
Italy a famous mountain resort town in the heart of the Dolomitti. The
two week long ASI brought together around eighty scientists from more
than thirty countries. The School once again proved to be highly success-
ful and popular, enabling the excellent sharing of knowledge and demon-
strating the wonderful spirit of the Celestial Mechanics community.

We would like to especially thank Dr Andras Sz¢éll (Glasgow Caledo-
nian University) and Dr Shoaib Afridi (Glasgow Caledonian University)
for their dedication and hard work which contributed so much to the
success of the School and the final textbook. We are also indebted
to the NATO Scientific Affairs Division for their valuable help and
sponsorship. Further information on the NATO ASI and the Cortina
series can be found at: http://www.astro.gla.ac.uk /users/martin/nato/
cortina03.html. We hope you enjoy this text and look forward to meeting
new friends and old at the next Cortina School in 2007.

Bonnie A Steves
Andrzej J Maciejewski
Martin Hendry
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TOOLS OF ORDER



CANONICAL PERTURBATION THEORY
FOR NEARLY INTEGRABLE SYSTEMS

Introduction to the canonical perturbation theory for
nearly integrable systems

Antonio Giorgilli
Universita di Milano Bicocca, Dipartimento di Matematica e Applicazioni,
Via degli Arcimboldi 8, 20126 Milano, Italy.

Ugo Locatelli
Universita di Roma “Tor Vergata”, Dipartimento di Matematica,
Via della Ricerca Scientifica 1, 00138 Roma, Italy.

Abstract  These lectures are devoted to the main results of classical perturbation
theory. We start by recalling the methods of Hamiltonian dynamics,
the problem of small divisors, the series of Lindstedt and the method
of normal form. Then we discuss the theorem of Kolmogorov with an
application to the Sun-Jupiter-Saturn problem in Celestial Mechanics.
Finally we discuss the problem of long-time stability, by discussing the
concept of exponential stability as introduced by Moser and Littlewood
and fully exploited by Nekhoroshev. The phenomenon of superexponen-
tial stability is also recalled.

Keywords: Hamiltonian systems, perturbation theory, normal forms, KAM theory,
Nekhoroshev’s theorem, planetary systems

1. Ouverture

“Nous sommes donc conduit a nous proposer le probleme suivant:
Etudier les équations canoniques

de; OF dy;  OF

dt — 9y, dt Oz
en supposant que la function F' peut se développer suivant les puissances
d’un parameétre trés petit p de la maniere suivante:

F = Fy+ pFy + pi2Fo + ...,

1
B.A. Steves et al. (eds.), Chaotic Worlds: from Order to Disorder in Gravitational N-Body
Dynamical Systems, 1-41.
© 2006 Springer.



2 A. Giorgilli and U. Locatelli

en supposant de plus que Fy ne dépend que des x et est indépendent
des y; et que Fy, Fs, ... sont des fonctions périodiques de période 2w par
rapport aux y.”

According to Poincaré, this is Le probléme général de la dynamique, as
stated in §13 of Les méthodes nouvelles de la Mécanique Céleste, Tome I.

In more usual notations and words, the problem is to investigate the
dynamics of a canonical system of differential equations with Hamil-
tonian

H(p,q,E) :HO(p)+€Hl(paQ)+62H2(p>Q)+7 (1)
where p = (p1,...,pn) € G C R" are action variables in the open set G,
qg=(qi,...,q,) € T" are angle variables, and ¢ is a small parameter.

Unless explicitly stated, every function in these lectures will be as-
sumed to be analytic in the canonical variables p, ¢ and in the perturba-
tion parameter €.

2. The Classical theory

The aim of this section is to recall some fundamental theorems of
Classical Mechanics.

We first recall a few notions concerned with the canonical formalism
that are needed in the rest of the lecture. We shall always assume that
the Hamiltonian is autonomous, i.e., time independent.

2.1 Integrable canonical systems

We shall place ourselves in the Hamiltonian framework. We consider
a 2n-dimensional phase space F endowed with canonical coordinates
qQ1y---,Gqn,P1,---,Pn- The flow in the phase space is determined by a
smooth Hamiltonian function H(q,p,t) via the Hamilton’s equations

_om . om
QJ - apj? p] - 8q]7

The time derivative of a smooth function ®(g, p) defined on the phase
space is
¢ = {®, H},

where {-,-} denotes the Poisson bracket, defined as

(ray=3- (S50 220,
j=1

aq]' apj apj 8qj
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A time-independent function ® is said to be a first integral in case ® = 0
for the flow determined by the Hamiltonian H. Thus, a smooth first
integral needs to satisfy the equation {®, H} = 0. A coordinate transfor-
mation ¢; = ¢;(Q, P), p; = p;(Q,P) j=1,...,nis said to be canonical
in case it preserves the Hamiltonian form of the equations. The follow-
ing sufficient condition will be used below: let the generating function

S(P, q) satisfy det ( agquk) # 0. Then the transformation implicitly de-
fined by Q; = %(P, q),pj = g—fj(P, q) is canonical. This will be enough

for our purposes, so we skip the discussion concerning time dependent
canonical trasformations or transformation that can not be expressed in
the form above.

Let us now come to the property of integrability in Liouville’s sense. To
this end we need the following definition: a set @4, ..., ®,, of independent
functions is said to be a complete involution system in case it satisfies
{®;, P} = 0 for every pair j, k. A classical theorem due to Liouville is
the following:

THEOREM 1 Let the Hamiltonian H(q,p) possess n independent first
integrals that form a complete involution system. Then the system is
integrable by quadratures.

The process of integration goes through the construction of a gener-
ating function S(®,q) = [ > Pi(®,q) dg; of a canonical transformation
(®, ) = C(q, p) such that the transformed Hamiltonian depends only on

the new momenta ®1,...,®, . Thus, the solutions are written as
OH .
q>j(t):q>j’0, aj(t):aj70+t£ , Jg=1,...,n,

T (®@1,0,,®n,0)

with a; o and ®; determined by the initial data.

Although the solution furnished by Liouville is actually complete, it
does not bring into light the geometry of the orbits. This is better en-
lighted by the more recent theorem due to Arnold (1963a) and Jost
(1968), essentially based on the existing theory of adiabatic invariants.
The theorem essentially exploits the fact that the choice of the first inte-
grals to be used in Liouville’s construction is rather arbitrary. Actually,
in most interesting cases there are good first integrals that generate a
set of so called action-angle variables.

THEOREM 2 Let the system be integrable in Liouville’s sense, and as-
sume that for some ¢ € R" the level surface determined by the equations
®1(q,p) =c1,...,Pn(q,p) = cn contains a compact and connected com-
ponent M. . Then in a neighborhood U(M.) of M. there are canonical
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action-angle coordinates 1,79 mapping G x T™ to U(M.), where G € R"
is an open set, such that the Hamiltonian depends only on Iy, ... Iy ;
the corresponding flow is

19]‘(15):19j70+twj(1170,...,fn70), Ij(t): 3,0 7=1,...,n,

where ¥Vj o0 and I;o are the initial data, and w; = g%

Thus, the orbits in the domain G x T™ of phase space lie on invariant
tori parameterized by the action variables Iy, ..., I,,, and the motion on
each torus is a Kronecker flow with frequencies wq (1), ..., wn(I).

2.2 The theorem of Poincaré on non-existence of
first integrals

Let us now come back to the general problem of dynamics, i.e., eq. (1),
renaming the action variables as pi,...,p, and the angles as qi,...,q,.
For ¢ = 0 the unperturbed system with Hamiltonian Hy(p) is clearly
integrable in the sense above. The first naive attempt is to find first
integrals for the perturbed system, i.e., the system with € # 0. However,
this is program will likely fail, in view of the following negative result
due to Poincaré (1892, Tome 1, §13).

THEOREM 3 Let us assume that the unperturbed Hamiltonian Hy is non-

degenerate, 1.e.,
0% H,
det 0;
<3Pj3pk> 7

assume also the genericity condition that no coefficient hi(p) of the
Fourier expansion of Hy(p, q) is identically zero on the manifold (k,w(p)) =
0. Then there is no analytic first integral independent of H.

It is interesting to recall the scheme of proof; the interested reader will
find the details in the Méthodes Nouvelles. One tries to construct a
first integral ®(p, q,¢) = ®o(p, q) + ®1(p, q) + 2Pa(p,q) + ... as a se-
ries expansion in the perturbation parameter € by solving the equation
{H,®} = 0. This gives the recursive system

0,%9 =0,
awq)l - —{Hlvq)O}a

8w(1)5 = _{Hlyq)s—l} e T {Hsv (I)O}>
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where 0, = > wj (p)a%j. The first equation is solved by any function
®o(p) independent of the actions, and in view of the nondegeneracy
condition there are no other solutions. Thus, the problem is how to
solve the equation 0,®s = ¥, where ¥(p, q) is a known function. This

is done as follows. Expand W4(p, q) and ®4(p, q) in Fourier series,

Vi(p,q) = Y dr(p)exp(i(k,q)), Pu(p.q) = > eu(p)exp(ifk,q)),

kezZn keZn

with known coefficients 1 (p) and unknown ¢g(p) . Then the coefficients
vr(p) must satisfy the equation

i(k,w(p)) er(p) = Yr(p).
The formal solution is

Yr(p)

er(p) W@
but is valid only if ¥x(p) = 0 whenever (k,w(p)) = 0. As shown by
Poincaré , this happens only if ®(p) is not independent of Hyp, which in
turn implies that ® is not independent of H.
Thus, we clearly see that the heart of the problem of solving the
general problem of dynamics is connected with the appearance of the so
called small divisors (k,w(p)).

2.3 The Duffing’s model and the series
of Lindstedt

The problem of small divisors is related to another well known problem
that shows up in classical perturbation theory, namely the problem of
secular terms. Let us illustrate the problem with a very simple example.

We consider the Duffing’s equation

i+ w?r = e(cosvt + %), (3)

describing a non-linear oscillator subjected to a small perturbation which
is 277r—pe1"iodic in time. The equation may be derived from the time-
dependent Hamiltonian

1 4
H(z,y,t) = 3 (y2+w2x2) —€ (mcosyt—kazl) .

where y is the momentum conjugated to the coordinate x. Let us fix the
initial conditions z(0) = a, #(0) = 0, and look for a solution in the form
of a power series in the parameter e, namely

z(t) = zo(t) + ez (t) + 2aa(t) + ...
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By substitution in (3) we get the recursive system of equations

Zo + w2$0 =0,
T+ w2x1 = cosvt + xg,
I+ wlry = 33:3331,
.
iy +wing = s(x0,. .., 25 1),
-
where ¥s(zo,...,2s-1) is a known function. The first equation has the

well known solution z((t) = a coswt. Replacing this in the second equa-
tion we get

9 a’ a’
¥ +wx] =cosvt + e coswt + Zcos3wt,
which is easily solved as
3 a3

1 a
r1 = ———=cosvt+ —tsinwt —
L= 2,2 + Sw 3

52 cos 3wt,
provided w # v. However, this solution contains a non-periodic term
with a coefficient which is linear in ¢; this is a secular term. A moment’s
thought will allow one to realize that the function s on the r.h.s. of
the equation for the coefficient of order s in £ will be a trigonometric
polynomial with coefficients that are polynomials of degree s — 1 in ¢,
and so z4(t) will contain coefficients of degree s.

The elimination of secular terms from the power series expansion of
the solution is achieved by the method of Lindstedt. The underlying
idea is to pick a fixed frequency u, and to look for a quasi-periodic
solution with basic frequencies y and v. This is actually the same thing
as looking for a quasi-periodic orbit on an invariant 2-dimensional torus.
The process of solution is the following. Write the Duffing’s equation as

i+ plr = e(cosvt + 23 — ).

where p? = w? 4 &6, and look again for a solution in power series of .
This gives the recursive system of equations

Zo + u2x0 = 0,
T+ u2:c1 = cosvt+ a:g — dxg,
To + ,u2x2 = 3£U(2)$1 — 0z,
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Ts+ M2:L's = %(on, sy 33371),

.y

The first equation has the simple solution xg = ag cos ut with an arbi-
trary coefficient ag (let’s forget the initial phase). Replacing it in the
second equation we get

. 2 3a8 ag
T1 + pu°ry = cosvt + Tcos,ut — dag cos ut + Zcos?)ut

Here comes the crucial point: we determine the unperturbed amplitude

ao as a solution of the equation % — dag = 0, so that the resonant
term in the equation for z; is removed. That is, the amplitude of the
oscillation is determined as a function of the frequency p. Thus, we get
the solution

3

cosvt — —— cos 3ut + ay cos(ut + ¢1),

= u2 —v? 324

with undetermined constants a1, 1. The solution does not contain sec-
ular terms; however, the frequency p must satisfy pu4v # 0. The process
can be repeated at order 2,3,... using the arbitrary solution of the ho-
mogeneous equation in order to remove the resonant terms. However, it
is not difficult to check that the r.h.s. of the equation for z; is a trigono-
metric polynomial containing terms of the form > (ju + kv)t, where
Jj, k are arbitrary integers such that [j| < 2s + 1 and |k| < s. Each of
these terms introduces in the solution a coefficient with a denominator
u? — (jp + kv)?, which introduces further conditions on the frequency
u. Letting s — oo, one realizes that the ratio p/v must be at least irra-
tional, in order to avoid vanishing divisors; on the other hand, this does
not forbid the denominators to become arbitrarily small, thus raising
serious doubts on the convergence of the series.

The problem of the convergence of Lindstedt’s series has been accu-

rately investigated by Poincaré (1892, tome II, chap. XIII, § 148-149).
However, he was unable to decide this question (here, ni,ny play the
role of our frequencies p, v):
“... les séries ne pourraient-elles pas, par example, converger quand . .. le
rapport ni/ng soit incommensurable, et que son carré soit au contraire
commensurable (ou quand le rapport ni/ng est assujetti a une autre
condition analogue a celle que je viens d’énoncer un peu au hasard)?
Les raisonnements de ce chapitre ne me permettent pas d’affirmer que
ce fait ne se présentera pas. Tout ce qu’il m’est permis de dire, c’est
qu’il est fort invraisemblable.”
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The challenging question of the convergence of the series of Lindstedt
has been solved indirectly by Kolmogorov (1954). A direct proof of the
convergence has revealed to be a major challenge, due to compensations
among fast growing terms generated by the algorithm of Lindstedt. This
phenomenon has been understood only three decades later, with the
work of Eliasson (1988) and some successive works (see, e.g., Gallavotti
1994; Chierchia and Falcolini 1996).

2.4 The method of normal form

Let us go back to the general problem of dynamics. The goal is to per-
form a near the identity canonical transformation that gives the Hamil-
tonian a suitable form, that we shall generically call a normal form. We
shall use the method based on composition of Lie series. Let us briefly
recall how the method works. A near the identity transformation is pro-
duced by the canonical flow at time € of a generating function x(p, q),
and takes the form

0 g2 0

p = exp(sLX)p':p'—i—e—X — X—X +...
(‘)q P \q 2 6q p'\q
0 g2 0

q = exp(sLx)q':q'Jre—X — X—X +...,
8p P .q' 2 ap P .q

where L,- = {-, x}.

The method presents two main advantages with respect to the usual
method based on generating functions in mixed variables. Firstly, no
function inversion is required. Secondly, the transformation of a func-
tion may be performed without substitutions of variables, in view of the
formula

f(p,9)| = (exp(eLy) /) (4 P)- (4)

(g:p)=exp(eLy)(q":p")

That is, we don’t need to make substitutions; we should simply apply the
exponential operator exp(eL, ) to the function, and change the name of
the variables. The algorithm is effectively represented in a graphic form.
Let f = fo+ef1 + ... the function to be transformed, and assume that
we want to calculate the power series expansion in ¢ of the transformed
function g = exp(eLy) f = go +€g1 + ... . then it is enough to calculate
the Lie triangle
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90 fo
1
g1 foO fl
! !
92 slifo  Lih f2
! ! !
g3 wL3fo  LL2A Ly fo I3
! ! ! !

The term g; is the sum of all contribution that appear on the same row.

The drawback of the method is that not every near the identity trans-
formation can be represented as a Lie series with a fixed generating func-
tion. However, this is not a big disadvantage: just use a composition of
Lie series with a sequence of generating functions.

The reduction of the Hamiltonian to a normal form may be performed
precisely via a sequence of transformations. A general scheme based on
expansions in the small parameter ¢ is the following. Starting with a
Hamiltonian of the form (1) we look for a (sequence of) near the identity
canonical transformation(s) that produces the normal form up to a finite
order r, i.e., a Hamiltonian of the form

H" (p,q) = Ho(p) +Z1(p,q) + - .. + " Ze(p,q) + "R (p, g, ).

Here, the functions Z1, ..., Z, are in normal form in the sense that they
satisfy some nice condition to be invented, and R (p,q,€) is a unnor-
malized remainder. The upper index recalls the fact that the normal
form is determined up to order r. Our dream is to allow » — oo. Let
us see how to do it with a recursive procedure. Let us assume that the
Hamiltonian has been given the normal form up to order r — 1; this
is true, e.g., for r = 1, just considering the Hamiltonian (1) with no
functions Z. Thus, we have determined the Hamiltonian as

H"Y(p,q) = Ho(p)+£Z1(p, )+ - 4" Zoo1(p, @)+ HY D (p, @)+ ..
We look for a generating function x,(p, q) such that

exp(gTLXr)H(T_l) =Hoy+eZ1+...4€Z, +...



10 A. Giorgilli and U. Locatelli

with Z, in normal form (whatever it means). By isolating the the co-

efficient of ¢” we get the condition Hy_l) + L,,Hy = Z,. Thus, the
problem is to solve the equation

OwXr + Zr = HT(r—l)’ 0y = LHO ZW] (5)

qu

for x, and Z,. Assuming that we know how to do it, we determine
H) = exp(e” Ly, )H (r=1) by constructing the appropriate Lie triangle.
An explicit formula for the transformed Hamiltonian is

g™ — Lrs k(=)
writtHg = = L5 Zm +Zk|L H

sr4+m g (s—k)r+m>

forr>2,s>1,and 1 <m <r,and

1 1 8—1
(r) — s—1 [ = k r 1)
HY) = oy (SZT+ - >+§ Lk H

for r > 1 and s > 2. This is the wanted normal form up to order r.
Thus, the procedure that gives the Hamiltonian a normal form is well
established in all details but one: nothing has been said on what the nor-
mal form actually is. The point is that the properties that characterize
the normal form depend on what one is looking for. On the other hand,
the restrictions are dictated by eq. (5), which must admit a solution.

2.5 The normal form of Birkhoff

The classical and most common attempt, already discussed by
Poincaré, consists in trying to remove all dependencies on the angles
from the Hamiltonian. This is usually called the normal form of Birkhoff.
Such a normal form turns out to be particularly useful when the unper-
turbed Hamiltonian is linear, i.e., in (1) we have Hy(p) = (w,p) with
some w € R". Therefore we illustrate the theory in the latter case. How-
ever, with some caveat, the method is useful also in the general case: see
Section 4.3 on Nekhoroshev’s theorem.

To the frequency vector w we associate the resonance module M,
defined as

My,={keZ" : (k,w) =0} (6)

This is a subgroup of Z"™. The dimension m = dim M, is called the
multiplicity of the resonance of w; this is the number of independent
integer vectors k € M,, satisfying (k,w) = 0. The frequency vector w is
said to be non-resonant in case dim M, =
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We say that the function Z(p, ¢) is in normal form with respect to M.,
in case its Fourier expansions contains only Fourier modes belonging to
M, i.e., it has the form

Zs= Y z(p)exp(i(k,q)).

keMy,

If dim M, = 0 then the normal form depends only on the action vari-
ables p. Therefore, the system in normal form turns out to be integrable,
because it possesses the n independent first integrals p1,...,p,. If in-
stead 1 < dim M, < n then the normal form possesses n — dim M,
independent first integrals of the form

o, = (v,p) with M, LveR".

All these results hold true in formal sense, i.e., disregarding the problem
of convergence of the series.

Let us show how the equation (5) for the generating function and
the normal form may be solved. Expand the known function HT(rfl) in
Fourier series as

H ™D = 3" hy(p) exp(i(k, q));
keZn

then determine the corresponding coefficients z;(p) of Z, and ci(p) of

Xr as
zk(p) = hi(p), ck(p) =0 for k € M,

zk(p) =0, ck(p) = —i Zj(i; for k ¢ M,,.

The definition of M,, assures that no denominator in ¢ vanishes, thus

making the construction consistent. However, the denominators may as-
sume arbitrarily small values, thus raising doubts on the convergence
of the series'. It may happen that the frequencies w are not resonant,
but quite close to a resonant value. Thus, it is desirable not to include
in the generating function terms that have a very small denominator.
In this case the normal form is conveniently defined with reference to
a resonance module M such that? M, C M. The latter condition ex-
cludes zero denominators from the generating function, thus assuring
the consistency of the whole procedure.

IThe reader will notice that for dim M., = n — 1 the denominators are bounded away from
zero, being all multiples of a fixed quantity. However, this is not enough to guarantee the
convergence of the series.

2A resonance module may be defined as a subgroup M C Z" satisfying the condition Z™ N
span(M) = M, where span(M) is the subspace of R™ spanned by M, and Z" is considered
as immersed in R™.
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As we know from theorem 3, due to Poincaré, in the general case of
a non-degenerate unperturbed Hamiltonian Hy(p) the construction of
the normal form can not be completely performed in a consistent man-
ner. However, we are still allowed to perfom a suitable construction in
domains where some resonances may be excluded, provided we perform
a Fourier cutoff on the perturbation. We shall discuss this method in
connection with Nekhoroshev’s theorem.

3. Invariant tori

This section is devoted to the statement of the theorem of Kolmogorov
on the persistence of Invariant tori. We first state the theorem and re-
call in some detail the formal method invented by Kolmogorov. Then
we show how the original scheme can be rearranged in the form of a
constructive algorithm, suitable for an explicit calculation via algebraic
manipulations. Finally we shall apply this method to the problem of
three bodies.

3.1 The theorem of Kolmogorov

A first application of the normal form method is the proof of the
theorem of Kolmogorov on the persistence of invariant tori. We outline
here the basic scheme proposed in Kolmogorov’s original paper.

We shall say that a Hamiltonian system is in Kolmogorov’s normal
form in case the Hamiltonian function is written as

H(p,q) = i w;p; + R(p; q), (7)
=1

where w € R™ and R(p, q) is at least quadratic in the actions p. The
usefulness of this normal form is transparent if one writes the Hamilton’s
equations, namely

G =wi+ R D= IR j=1 n
J J 8])] ’ J 8(]] ’ gy il
and chooses the initial conditions as p(0) = 0, with arbitrary initial

phases ¢(0). Indeed, in this case it is immediately seen that the solution is

qi(t) =wjt +¢;(0), pi(t)=0, j=1,...,n,

since the derivatives of R in the r.h.s. of the equations do vanish for
p = 0. Thus, the Hamiltonian (7) possesses an invariant torus p = 0,
carrying quasi-periodic motions.

The question is whether we can give the Hamiltonian (1) the normal
form (7). Here is a formal statement.
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THEOREM 4 Consider a canonical system with Hamiltonian

H(p,q) = h(p) +<f(p,q). (8)

Let us assume that the unperturbed part of the Hamiltonian is mon-

degenerate, i.e., det (8;?7-26};)k> # 0, and that p* € R™ is such that the
' dh

corresponding frequencies w = 8—p(p*) satisfy a diophantine condition,
i.€.,

|k, w)| > Alk|"T VO#£keZ

with some constants v > 0 and 7 > n — 1. Then for ¢ small enough
the Hamiltonian (8) admits an invariant torus carrying quasi-periodic
motions with frequencies w. The invariant torus lies in a e-neighborhood
of the unperturbed torus {(p,q) : p=p*, ¢ € T"}.

The theorem was first stated by Kolmogorov in a very short note
(Kolmogorov 1954), were the essential hints for working out the proof
are also given. The first published proofs are due to Moser (1962), who
proved the theorem for the case of an area preserving mapping of an
annulus, and Arnold (1963b and 1963c), who introduced a scheme of
proof different from that proposed by Kolmogorov. We recall here only
the formal aspect of the proof.

Let us forget for a while the expansion in a parameter € and write the
Hamiltonian in the simple form

H(p,q) = h(p) + f(p, 9),

where f is a small perturbation, i.e., |f(p,q)| < e at all points of phase
space. The flow of the unperturbed Hamiltonian h(p) is quasi-periodic
on invariant tori parameterized by the action variables p. The non-
degeneracy condition assures that the frequencies w(p) = %Z may be
used as local coordinates in place of p. Thus we may select an unper-
turbed torus p* with frequency w satisfying the diophantine condition;
this reminds the method of Lindstedt, where the frequency is fixed in
advance. Expanding the Hamiltonian in Taylor series around the torus

p* we get

H=n+(w,p-p")+3{C(g)p—p°),(p—p")+
A(q) + (B(q), (p — p*)) + O((p — p*)*),

where 7 is a constant that may be ignored, and

9%h 0% f
c)= (31931? - 31?819)

, Alg) = f(r",q9), B(q)

p=p*
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By a translation of the action variables we may always set p* = 0, thus
getting the Hamiltonian

H = (w,p) + $(C(q)p, p) + Alg) + (B(q), p) + O(p°), (9)

Thus, in order to give the Hamiltonian the normal form (7) we should
remove the unwanted terms A(q), (B(q),p). Remark that these terms are
small provided f is small. Following Kolmogorov, we look for a canonical
transformation with generating function

x(p,q) = X(q) +(Y(q),p) + (£ a)-

where £ € R" and X, Y (q) are functions to be determined. The first
term X (q) of the generating function introduces a deformation of the
torus depending on the angles, since a straighforward application of the
Lie series algorithm gives

, 00X ;.
pjzpfr%, G =q J=1,...,n

J

The last term (£, q) causes a translation of the torus by £. The term
(Y(q),p) introduces a small change of both the actions and the angles.

By calculating the first term of the Lie transform of the Hamiltonian
it is easily seen that the unwanted terms A(q), (B(q),p) are removed if
the generating function satisfies the equations

0.X = Alg). .Y = Bl@)~Cla) (€+ ‘?q() .

The first equation is solved by following the procedure sketched in Sec-
tion 2.2; no zero denominators can occur in view of the diophantine
property of the frequency w. In the second equation the real vector &
is determined so as to compensate the average B(q) over the angles.
This requires solving the linear equation C(q) ¢ = B(q), which admits
a solution since the real matrix C(q) (i.e., the average of C(q) over the
angles) is assumed to be non-degenerate. Then the equation for Y (q) is
solved again with the method of Section 2.2. The transformed Hamil-
tonian turns out to have again the form (9), but with new functions
A'(¢') and B'(¢’) that are hopefully smaller than A(q) and B(q). Thus,
the process may be iterated.

The problem is to prove that the iteration actually converges, thus
ensuring the existence af an invariant torus. This requires several tech-
nical tools that can not fit into the present short review. A complete
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proof along the lines sketched above may be found, e.g., in Benettin
et al. (1984). It should be stressed that the theorem of Kolmogorov
proves that the perturbed invariant tori characterized by strongly non-
resonant frequencies are not destroyed by small perturbations, being just
deformed and possibly translated by a little amount. A better descrip-
tion of the set of invariant tori, as results form Arnold’s version of the
proof, is that they form a closed, nowhere dense set in the phase space,
the relative measure of which tends to 1 as ¢ — 0.

The existence of invariant tori may be used as an argument of stability
for systems with 2 degrees of freedom, because, in this case, the invari-
ant tori of Kolmogorov are invariant 2-dimensional surfaces that split the
surface of invariant energy in disconnected regions. This implies that an
orbit with initial point in the gap between two invariant tori is perpetu-
ally confined there. For systems with more than 2 degrees of freedom the
complement of the invariant tori is connected, so that there is no known
mechanism of confinement. Therefore, an orbit with initial point in the
complement of invariant tori could move anywhere in that subset of the
energy surface. Such a phenomena has been named Arnold diffusion, in
view of the simple example proposed by Arnold (1964). However, a proof
that diffusion generically occurs is still to be invented.

3.2 Expansion of the Hamiltonian

We come now to reformulating the algorithm of Kolmogorov in a form
suitable for an explicit calculation via algebraic manipulation. This is the
constructive method that we have actually used in order to prove the
existence of KAM tori for the secular part of the problem of three bodies,
with a computer-assisted method.

The first step is to identify a suitable form for the expansion of the
Hamiltonian. Let us be a bit pedantic. Following Kolmogorov, we should
expand the Hamiltonian (1) in Taylor series around an unperturbed torus
p* with a given frequency w. Thus, forgetting unessential constants, we
have

Ho(p) = (w,p = ") + 5(Co— 1), (= ") + .. o
Hs(paQ) :AS(Q)+<BS(Q)’(p_p*)>+"‘7 s=1,2,...

where C' = ‘?)igg (p*) is a n x n real matrix that is assumed to be non-
degenerate, and the function As(q), Bs(q), ... are expressed as deriva-
tives of Hs(p, q) evaluated at p = p*. Thus, we have a double expansion
in powers of the small parameter ¢ and of p — p*. With a translation on
the action space we may actually consider p* = 0, and so we shall do.
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However, the expansion above is still impractical for our purposes,
because the functions Ag(q), Bs(q), ... still need to be expanded in
an infinite Fourier series of the angles; e.g., we should write A(q) =
> rezn axexp(i(k, ¢)). It is more convenient to work with trigonometric
polynomials, so that every part of the expansion contains only a finite
number of terms. To this end, we introduce a Fourier cutoff by splitting
every function of the angles in an infinite number of slices that contain
only a finite number of Fourier modes. This may be done in many arbi-
trary ways, so let us illustrate just one method. We choose an arbitray
integer K, ad write, e.g.,

As(q) = S ettt + Y g4
0<|k|<K K<|k|<2K
As,l(Q) AS,Q((])

Z ay B 4
(m—1)K<|k|<mK

Asm(q)

That is, we collect in A ,,(q) the part of the Fourier expansion of A(q)
containing modes k between (m — 1)K + 1 and mK; the average (i.e.,
the mode k = 0) is added to A; 1(q). The same splitting is applied to the
functions Bs(q) and to any other function of the angles resulting from
the expansion (10). This is fully justified in view of the known property
of analytic functions, namely that the coefficient a; of the Fourier ex-
pansion decays to zero as e ™57 with some positive constant o. This
assures that the size of the functions A, (q) decreases as e"™%7  thus
introducing a third parameter in the expansion. The actual choice of
K is rather arbitrary. In a practical calculation it may be determined
by making a suitable compromise between the wanted precision (which
requires a number of coefficients large enough) and the computer power
(which may impose strong limitations on the number of terms that can
actually be handled). A typical method, although not always the best
one, is to choose K so that e X7 ~ ¢. In a theoretical approach the best
way is to leave K as a free parameter, and to determine it at the end.
Now we collect together all terms of the perturbation that have: (i) the
same polynomial degree in p, and (ii) the same global degree in ¢ and
e~ 57 This still includes a finite number of terms. We shall denote such
(0,m) . o .
a term by f (p,q), meaning that it is a homogeneous polynomial
of degree m in the action variables p and a trigonometric polynomial of
degree mK in the angles. The extra upper index 0 simply reminds us that
this is the Hamiltonian at zeroth step of the process of normalization;
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the index will be increased step-by-step. E.g., we set féo’l) =¢cAi1(q),
139 = £242.1(a) + e A12(a), /i = (B1a(q), p), and 50 on.

We emphasize that the properties of fl(m) of being a homogeneous
polynomial of degree [ in the actions p and a trigonometric polynomial
of degree mK in the angles ¢ is preserved by the operation of Poisson
bracket. This makes this scheme particularly suitable for performing
canonical transformations via the algorithm of Lie series.

3.3 The algorithm

Having rearranged the initial Hamiltonian H(®) according to the scheme
of the previous section, let us represent it as a diagram

ho f2(0,1) 2(0,2) f2(0,3)

H(O) :
1 2
(w,p) o om0
0 féo,l) 50,2) féo,?))

where terms of the same perturbation order are aligned by columns,
and terms of the same degree in p are aligned on rows. The vertical dots
represent terms of degree higher than 2 in p. We may always assume that
the functions in the lowest row have zero average, because this would
just contribute an innocuous constant to the Hamiltonian. Recall that
ha(p) = %(Cp, p), where C is a real symmetric n X n matrix which is non-
degenerate in view of the nondegeneracy condition on the Hamiltonian.

We perform a first canonical transformation with generating function
Xgl)(q) = XMW (g)+ (€M, q), where the function X (¢q) and the real vector
¢ are determined from the equations

XD (o} + £ =0, (i he + £ =0

where the overline denotes average with respect to the angles. The equa-
tions are better written in the form

0.XW = f", (e .p) = . (1)
The latter equation is justified by simply calculating the Poisson bracket

17 by = (€0, @), ha} +{X W ha} = (CEW.p) + {X D) o}

and remarking that the average of the second term over the angles is
clearly zero. The first equation (11) is solved using the Fourier expansion
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of XM (g), and following the procedure of Section 2.2. Thus, X (M (q) is a
trigonometric polynomial of degree K. The second equation is linear in
p, and reduces to a linear equation for £ that admits a unique solution
because C' is non-degenerate.
We now perform the transformation, thus constructing an interme-
diate Hamiltonian H(1) = exp(LX(l))H (0). This means that we should
1

apply the operator exp(Lxgl)) to every term in the diagram above for

H®O) Here we must pay a little attention to the action of the Lie deriv-

ative Lx(l) on a function f 0:m) (p,q). Since Xgl) is independent of p, the
1

Poisson bracket decrements by one degree on p; on the other hand, since

Xgl) is a trigonometric polynomial of degree K it increments by K the
trigonometric degree. This is illustrated in the following diagram:

N\ N\ N\ N\

ho 2(0,1) £(0,2) £(0,3)
ﬁ(l) ‘ 2 2 2
: N N N N
<w’p> fl(O,l) f1(0,2) f1(0,3)
N\ N\ N\ N\
#(0,2 #(0,3
0 0 §02) (02

A few comments are mandatory, here. E.g., take the term hs in the
initial Hamiltonian, and transform it. This gives exp(L (1))h2 = ho +

<1>h2 +1 112 (1)h2 and nothlng else. The first term is kept in its place

the second term is added to f ) and the result is renamed f1 ; the
third term is added to fo ). Remark that in view of equation (11) f; (0 b
has zero average, because & has been determined so as to kill the average
of fl(o’l). Similarly, we calculate exp (L (1))f1(0’ fl —|—L f

add the second term to féo’ ThlS exhausts all contrlbutlons to fo (0, 2),

and we rename the final result fo foo 2) + 1LQ(I)hg + L (1>f(0 ),
When we transform (w, p) we have exp(Lx(l))< w,p) = <w p)+L @ (w,p),
1

and the second term kills féo’l) in view of equation (11); thus we put
0 in its place. All the rest of the diagram is constructed with the same
procedure.
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Let’s now go to the second step. We determine a second generating
function X( )( p,q) = (Y(ND(q),p) by solving the equation

oy’ = 1. (12)

This results in a set of n equations for the vector function Y (V) (¢), namely

2, Y = %Op’n, the second term having zero average. Thus, all the
equations may be solved with the procedure of Section 2.2. Finally, we
construct the new Hamiltonian H(!) = exp(LX(l))fI (M thus getting the
new diagram !

hy — hY - M g

(w,p) — 0 RS )

0 — 0 — f" -

Let us add a few remarks in this case too. The generating function

(1) is linear in p, and is a trigonometric polynomial of degree K. Hence,
the Lie derivative L NG keeps the degree in p and increments by K the

trigonometric degree ThlS means that in the diagram above the terms
generated by the Lie derivative propagate along horizontal rows. E.g.,
the transformation of hy gives exp(L o y)he = ho+L W ho+1L? (1>h2+

(this is actually an infinite sum). The first term keeps its place The sec-
ond term adds to f; pOD , and we rename the result h(2 ) because from now
on it will not change anymore. The third term adds to f2(0’2), together

with the contribution of LX<1) fg(o’l); we rename the result f2(1’2), and so
2

on. Similarly, we calculate exp(L ) ) {w,p) = (w,p) + LX(1><w,p> + ...
2

the second term kills f1 ) thanks to (12), and the rest of the expansion
is added to the appropriate term in the same row.

This completes the first normalization step, ending up with a diagram
similar to the one for H© but with the relevant difference that in
the second column the terms of degree zero and one in p have been
canceled out.

The procedure may be iterated ad infinitum. After s— 1 normalization
steps we shall obtain a Hamiltonian that can be represented by the
diagram
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. .1 o s:fl sil,s
1) hs S ¥ (s=L®)
(w,p) 0 ... 0 Fombe)
0 0 ... 0 S
The columns 1,...,s — 1 do not contain any term independent of or

linear in p, and the terms which are quadratic or more are denoted
with h instead of f in order to remind us that they will not change
any more. The perturbation is actually relegated to the columns s,....
Here too, we may cancel out the average of fés_l’s), because it is just
a constant. We say that H~1 is in Kolmogorov’s normal form up to
order s — 1 In order to do the next step we determine two generating
functions x{” () = X (q) + (€*), q) and x5 (p. q) = (Y9(q).,p), where
the function X (%), the real vector £ and the vector function Y(S)(q)
are determined by solving the equations

8wX(S) — féS_LS), (Cf(s),p> _ fl(s—l,s)

s s—1,s s—1,s (13)
8ng) = Lxgs)hg + fl( L) _ fl( L)

The solution of this equations is worked out as in the first step, and we

calculate the new Hamiltonian as H(®) = exp(Lx(s)) o exp(Lx(s))H(S_l).
2 1

There is only one point to be noticed: the generating functions ng) and

ng) are trigonometric polynomials of degree sK; thus the Lie derivatives

LX<S) and LX(S) increase the trigonometric degree by sK. Moreover, they
1 2

should be considered as being of order s in € and e 5. Therefore the
action of the Lie derivative affects the column s places at right with
respect to the term it is acting on. By the way, this remark is crucial
in order to construct an appropriate scheme of estimates that leads to
the proof of the convergence of the whole procedure. For a detailed
explanation of this point see, e.g., Giorgilli and Locatelli (1999). After
having performed this transformation, we get a new Hamiltonian which
still has the form (13), but s has been increased by 1. Letting s go to
infinity we find a Hamiltonian

H® = o exp(LX;s)) o exp(LX(s)) 0...0 exp(Lxgl)) oexp(L_a))HO

1 X§1)
which has been given the normal form (7) of Kolmogorov. For the proof
of convergence of the algorithm see Giorgilli and Locatelli (1997a and

1997h).
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3.4 Construction of the invariant torus

What is not immediately evident from the discussion above is how
to write the equation for the Invariant torus. This is hidden in the dis-
cussion of Section 3.1. We should recall that the Lie series actually de-
fines a coordinate transformation, although thanks to the formula (4)
we can perform the whole normalization procedure without even men-
tioning it. Actually, denoting by p®), ¢(*) the coordinates that give the
Hamiltonian the normal form up to order s, i.e., the form analogous to
that represented in the diagram of H6~1 above, we can calculate the
transformation in explicit form as

m) oexp(L @) p,

: . (14)

9)oexp(L_v)o...0exp(L_m)oexp(L )¢,
X1 X2 X1

p=-exp(L_s)o exp(Lxgs)) 0...0 exp(Lx

q = exp (Lxg

where all functions in the r.h.s. must be considered as expressed in terms
of the new coordinates p®), ¢(*). In order to calculate the inverse trans-
formation we should invert the relations above, thus writing

pl®) = exp(—Lx<1)) ° exp(—Lx<1)) 0...0 exp(—LX(5>) o exp(—Lx<s>)p,
1 2 1 1

) = exp(—L_g)) oexp(—L_m))o...0 exp(—Lng)) o exp(—Lng))q,

(15)

Xgl) Xgl)

Here too, letting s go to infinity we may construct the complete trans-
formation. If the transformation to normal form is analytic, being ex-
pressed as an absolutely convergent sequence of analytic transforma-
tions, so are the transformation of coordinates.

From a practical point of view, we shall never be able to perform that
whole normalization process for a generic Hamiltonian. However, we can
perform a finite number, r say, of steps, and consider the Hamiltonian
H®) truncated at the column r of the diagram above as the approximate

normal form that we are interested in. Let us call A" (p"), ¢ the

truncated Hamiltonian. Then the canonical equations for F(T)(p(r), q(’"))
admit the simple solution

P =0, ¢ =wt+q, (16)
where q(()r) are the values of the phases at time zero. If we denote (p, q) =
C(p, q\") the canonical transformation (14) truncated at order r, then
we can recover the orbit in the original coordinates by simply substitut-
ing the solution (16) in the transformation.
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The argument above provides us a method for checking the reliability
of our calculation: we first determine the value of qér) corresponding to
the initial conditions (by using (15) with s = r); then we calculate the
solution (16) expressed in the original coordinates (through the canonical
transformation C); finally, we compare this “semi-analytical” integration

with a numerical one (still in the original coordinates).

3.5 Invariant tori in the neighborhood of an
elliptic equilibrium

Let us consider a canonical system with Hamiltonian

11 1%
H(z,y) = 5 (@1 1)+ 4+ Fn ) + X Plwy),  (17)
>3
where (z,y) € R?" are the canonical coordinates, v1,...,v, the fre-

quencies, and Py(x,y) is a homogeneous polynomial of degree [. This is
a typical form for a Hamiltonian system in the neighborhood of an ellip-
tic equilibrium point, that here is at the origin. The series representing
the Hamiltonian is assumed to be a convergent in a neighborhood of
the origin. The problem is to find invariant tori in that neighborhood.
The immediate difficulty is that the unperturbed Hamiltonian is de-
generate. In fact, introducing action-angle variables via the canonical
transformation

x; =/2[jcosp;, Y= \/27Ijsing0j,
the Hamiltonian takes the form

where the unperturbed part is linear in the action, and so it is degenerate.
In order to remove the degeneration we perform a preliminary reduction
of the Hamiltonian to a Birkhoff’s normal form up to a finite order. If
the unperturbed frequencies v satisfy the condition

(k,v) #0 for |k| <4, ke Z",
then we can give the Hamiltonian the form
H(I, @) = (k,v) + ho(I) + Ps(I,0) + Ps(I, ) + ...

with he quadratic in the actions I, and with a remainder P5(1, p), ...
which is at least of degree 5 in the original coordinates x,7y. On need,
we can also perform a Birkhoff normalization up to a higher order s,
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provided the frequencies satisfy the non-resonance condition above for
|k| < s. Thus, we can consider (k,v) + ha(I) as the unperturbed system,
and we should check that this is non-degenerate.

Assuming that we have succeeded in constructing a non-degenerate
system, we pick a good frequency w (e.g., satisfying a diophantine con-
dition) for which we can solve the linear equation in the unknown I

Ohy
v+ 51 (I)=w

Let I* be a solution of this equation. Then we can perform a power series
expansion around I*, and give the Hamiltonian the form of the diagram
for H(© which is suitable for applying the Kolmogorov’s normalization
algorithm . It may be useful to remark that the functions Ps(1, p),...
are already trigonometric polynomials in the angles ¢, which makes the
separation of terms definitely easier. The reader may be puzzled by the
fact that there is apparently no small parameter. However, there is a
hidden parameter: it is the ratio |I*|/o, where g is the convergence radius
of the Hamiltonian in Birkhoff’s normal form.

3.6 An application to the Sun-Jupiter-Saturn
system

Applying the theorem of Kolmogorov to a real system is not an easy
matter. Due to the very strong requests on the smallness of the para-
meter ¢ (that we have not reported for simplicity in the statement of
theorem 4), even using the best available analytical estimates it is typi-
cal to end up with ridiculous results. Thus, we resort to the computer-
assisted methods of proof. To this end, we consider the so called secular
dynamics for the motion of Jupiter and Saturn: this will be our model.
We proceed in four steps, with the aid of an algebraic manipulator.

(i) We determine the expansion of the secular Hamiltonian in Poincaré
variables, thus describing the system with a model having two
degrees of freedom.

(ii) We determine via frequency analysis the angular frequencies of
the orbit with the initial data of Jupiter and Saturn in our secular
model.

(iii) We construct analytically an invariant torus with angular frequen-
cies that approximate very well the numerically calculated ones.

(iv) For an interval of values of energy that contains the current value in
the secular model of the Sun-Jupiter-Saturn system we determine
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two families of invariant KAM tori that bound the orbit on every
energy surface.

The conclusion is that at least in the approximation of the secular system
the orbit of Jupiter and Saturn is confined forever between two KAM
invariant tori, thus assuring the perpetual stability of this system. Below
we resume in brief the method and the result. For more details the reader
is referred to Locatelli and Giorgilli (2000).

Having performed the reduction of the centre of mass and of the an-
gular momentum, the Hamiltonian of the problem of three bodies can be
written in heliocentric coordinates and using the Poincaré variables as

1 (pfBd | p3ps mims
Hy = —- — T. 19
tb 2<A12+A22 N (19)
Here, G is the gravitational constant, 3; = T:jf:go for j = 1,2, mg being

the mass of the Sun and my, mo the masses of the planets, A is the
distance between the planets and 7" a term coming from the expression
of the kinetic energy in heliocentric coordinates. The action variables for
the two planets are A1, Ao, with conjugate angles A1, Ay. We recall that
the Poincaré variables are

A; = B4, & = ,/2Aﬂ/1—1/1—e?cosw]-,
)\j:lj—i-w]', nj:—,/2Aj\/1—1/1—eisinwj,

with the usual notations a;, e;, l; and w; for the semi-major axes,
the eccentricities, the mean anomalies and the perihelion arguments,
respectively.

Using the classical methods of Celestial Mechanics, we can expand
the distance A in the Hamiltonian (19) as a function of the Poincaré
variables, and we can calculate the so called secular system at order
two in the masses (used, for instance, in Laskar 1988 in a model with
8 planets, to study the long term evolution of the solar system). In
the secular system the dependency on the angles A1, A2 (which evolve
much faster than the other Poincaré variables) is dropped out by simply
averaging the Hamiltonian over the angles themselves. Thus, the actions
A1, Ao are first integrals for the secular system, which are replaced with
their numerical values corresponding to the data for the real system Sun-
Jupiter-Saturn at a fixed initial time. Therefore, we can actually expand
the secular Hamiltonian as a power series in the form

Hoee (€1, €2,m,m2) =D Y Civigng S1°E7M M- (20)
s>1 d1t+iz+
Jit+j2=2s

J=12,
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Let us remark that only terms of even polynomial degree occur in the
previous expansion. We did calculate the coefficients of the expansion
in (20) up to terms of degree 6. This defines the model. The table of the
coefficients may be found in Locatelli and Giorgilli (2000).

The Hamiltonian (20) has an elliptic equilibrium at the origin. There-
fore, we may apply the scheme outlined in Section 3.5 in order to find a
torus in the neighborhood of the equilibrium. Such an invariant torus is
characterized by angular frequencies (w1,ws2). In order to approximate
as much as possible the real secular dynamics of Jupiter and Saturn,
we choose (w1, we) with the following criterion: by using the frequency
analysis method (see, e.g., Laskar 1995), we calculate the two main fre-
quencies related to the motion induced by the canonical flow of (20),
starting from the initial condition (£1(0),&2(0),71(0),72(0)) that corre-
sponds to the data for the real system Sun-Jupiter-Saturn at the initial
time. The frequency analysis method provides us, of course, two numer-
ical values of (wj, wy) that are correct up to a finite number of digits,
but we should consider Diophantine frequencies in order to apply the
KAM theorem. Therefore, we modify the values of w; and wy by a very
small quantity so that the continued fraction of the ratio w;/we is a no-
ble number (i.e., a number the continued fraction of which ends with a
infinite sequence of ones, as happens for the golden ratio).

The approximate construction of the torus is a rather lengthy calcu-
lation, but may be performed with the computers available nowadays.
The reliability of the construction may be appreciated by plotting the
distance between the orbit calculated via numerical integration of the
original system and the orbit calculated via the normal form of Kol-
mogorov. The result is reported in Figure 1 for different orders of ap-
proximation of the torus. One sees that the successive applications of
the algorithm of Kolmogorov give a better and better agreement, until
the small difference between the frequencies of the integrated orbit and
the fixed frequencies of the motion on the torus shows up, causing a very
slow drift.

However, this is not yet rigorous. In order to prove the existence of a
torus we should actually prove that the infinite sequence of transforma-
tion to Kolmogorov normal form is convergent. Since pushing the actual
calculation of the normal form is impractical, we may resort to a sim-
ple evaluation of the size of the generating function. This may be done
up to quite high orders using recursion formulse; however, the estimates
become worse. The result may be appreciated by looking at Figure 2.
In this case the normal form has been explicitly calculated up to order
33. Then the norms have been estimated via recursive formulae up to or-
der 2000. As one sees, the clear indication is that the process converges,
although the recursive estimates appear to be definitely pessimistic.
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Lagm | distance
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Figure 1. The distance d(t) between the numerically integrated orbit and the ap-
proximated motion (&(¢), 7, (t)) calculated via the approximation of the invariant
torus. The curves a—e refer to the step r of Kolmogorov with » = 1,5, 9, 11, 13, re-
spectively. The convergence may be appreciated by looking at the vertical scale. The
drift effect in Figure le is due to the error in the determination of the frequencies.
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Decrease of the generating functions defined by the Kolmogorov normal-
ization algorithm. Figure 2a has been enlarged in Figure 2b, where we can appreciate
the change of the slope occurring when the calculation of the norms is no longer

made starting with the coefficients of the expansions, but instead only by iterating
the estimates (in our case for r = 33).
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Figure 3. Illustrating the topological confinement of the orbit in the 4D phase space.
The continuous curves I and I'’’ represent two sets of 2D invariant tori that intersect
transversally an energy surface. An orbit with initial datum in the gap between two
tori will be eternally trapped in the same region (see text).

The convergence of the normalization algorithm may be proved if
one is able to estimate the perturbation left after a given number of
normalization step. This may be done with analytical estimates. Thus,
we can apply a formal statement of KAM theorem to a Hamiltonian with
a remainder dramatically reduced, thanks to both explicit calculation of
the expansion and recursive estimates. A fully rigorous result may be
achieved by performing all the calculations using interval arithmetics, so
that we have full control on the propagation of roundoff errors.

The procedure above allows us to prove only that there is an invariant
torus close to the initial conditions of the Sun-Jupiter-Saturn system, not
that the orbit of the system actually lies on a torus. Since we can not
exclude the possibility of Arnold’s diffusion, this is not enough to prove
the perpetual stability of the orbit of the secular system. Therefore, we
make a more accurate analysis in order to prove that the orbit is actually
confined in a gap between two invariant tori. The procedure is illustrated
in Figure 3.

Let us write the Hamiltonian in action-angle variables I, ¢ in the usual
form h(I)+ef(I, ), where € is the perturbation parameter. Consider the
initial conditions (1(0),(0)) and let us denote by E the corresponding
value of the energy. After having assumed suitable non-degeneracy con-
ditions on the unperturbed Hamiltonian h(I), we can uniquely identify
the invariant tori surviving the perturbation by their angular frequen-
cies. Making reference to the frequency plane (w1, ws), we consider two
straight lines wy/we = const’, const” of frequencies satisfying a Dio-
phantine condition and we choose two segments I and I'” lying on each
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of the previous lines, respectively. Let us imagine we are able to prove
the existence of all tori corresponding to the frequencies belonging to I
and I'; then the images in the phase space of these two segments are
two families of 2D invariant tori depending on one parameter. Let us
remark that in Figure 3 we drew the images of IV and I which corre-
spond only to a fixed value of the angles. Moreover, let us suppose to
know two pairs of frequencies w’_, o/, € I" and w” , w/] €T, such that
E(W"),E(W"”) < E and E(w}), E(w]) > FE, where E(w) is the energy
related to the torus with frequency w. Since KAM theory ensures us that
the function F(w) is continuous on the sets IV and I'”, then there are
two frequencies w’ € IV and w” € T corresponding to two invariant tori,
say T” and T" respectively, such that they belong to the energy surface
¥ related to the level E. Thus, it is enough to check that the initial data
belong to the gap between 77 and T” on the surface ¥ in order to assure
that the orbit will be trapped there forever.

The interested reader may find a detailed exposition of this result in
Locatelli and Giorgilli (2000).

4. Long time stability

Stability in mathematical sense is usually associated with some prop-
erty that is satisfied for all times. E.g., an equilibrium point is said to
be stable if every neighborhood V' of the point is invariant for all orbits
with initial point in a second neighborhood U C V. However, stability in
strict sense is hard to prove. On the other hand, we can look for weaker
statements that are still meaningful for the real world.

For instance, in the case of an equilibrium we may consider a -
neighborhood of the equilibrium A,, with arbitrary g, and look for the
following property:

(a) Consider all orbits (x(t),y(t)) with initial point (z(0),y(0)) € Ay,
for some positive gg. Choose ¢ > po (e.g., let o = 2p9) and prove that
(z(t),y(t)) € A, for |t| < T(go) with some “large” T(gy), e.g., increasing
to infinity as oo — 0. An even stronger question that applies to the more
general case of a Hamiltonian H(p,q) = h(p) + €f(p, q) of the form (1)
is the following:

(b) Prove that for every orbit (p(t),q(t)) the actions p satisfy |p(t) —
p(0)] < e (0 < b < 1) for |t| < T(e) with some “large” T(e), e.g.,
increasing to infinity as € — 0.

The request above may be meaningful if we take into consideration
some characteristics of the dynamical system that is (more or less accu-
rately) described by our equations. In this case “large” should be inter-
preted as large with respect to some characteristic time of the physical
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system, or comparable with the lifetime of it. For instance, for modern
accelerators, a characteristic time is the period of revolution of a particle
of the beam and the typical lifetime of the beam during an experiment
may be a few days, which may correspond to some 10° revolutions; for
the solar system the lifetime is the estimated age of the universe, which
corresponds to some 10Y revolutions of Jupiter; for a galaxy, we should
consider that the stars may perform a few hundred revolutions during a
time as long as the age of the universe, which means that a galaxy does
not really need to be much stable in order to exist.

From a mathematical viewpoint the word “large” is more difficult
to explain, since there is no typical lifetime associated to a differential
equation. Hence, in order to give the word “stability” a meaning in the
sense above it is essential to consider the dependence of T on € (or on
00)- In this respect the continuity with respect to initial data does not
help too much. For instance, if we consider the trivial example of the
differential equation & = x one will immediately see that if 2(0) = 29 > 0
is the initial point, then we have x(t) > 2z¢ for ¢ > T' = In2 no matter
how small is xg; hence T' may hardly be considered to be “large”, since
it remains constant as xy decreases to 0.

The question about finite but large stability times may be answered
in many different ways, depending on how we choose T'(¢). Here is a
short list.

(i) Adiabatic invariance: T(e) ~ 1/e.

(ii) Complete stability according to Birkhoff: T'(¢) ~ 1/¢", for some
r>1.

(iii) exponential stability according to Littlewood, Moser and Little-
wood: T'(g) ~ exp(1/e®), for some 0 < a < 1.

(iv) Superexponential stability: T'(e) ~ exp [exp(1/?)].
(v) Perpetual stability: T(g) = 400.

Perpetual stability is a quite strong property that can be proved only in
some special cases. The cases of an integrable system or of a system with
two degrees of freedom that satisfies the hypotheses of KAM theorem
have already been discussed. We can add the case of an elliptic equilib-
rium, which turns out to be stable in case the equilibrium corresponds
to a minimum (or a maximum) of the Hamiltonian; this result goes back
to Dirichlet.

The rest of this section is devoted to the discussion of the theory of
complete stability, exponential stability and superexponential stability.
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4.1 Complete stability

The concept of complete stability is due to Birkhoff (1927), who in-
troduced it in connection with the study of the normal form of a Hamil-
tonian system in the neighborhood of an equilibrium. However, the same
method works properly also if one considers the neighborhood of an in-
variant torus, as we are going to discuss. We shall use a direct construc-
tion of the first integrals, which turns out to be quite simple.

Let us recall that in the case of an elliptic equilibrium the typical form
of the Hamiltonian is

n

wl

25 o +yi) + Hi(z,y) + Ha(z,y) + . .. (21)
=1

where w € R™ is the vector of the real frequencies, and Hg(z,y) is a

homogeneous polynomial of degree s 4 2. We shall assume here that the

frequencies are non-resonant, and even diophantine. We have already

observed that the canonical transformation

xj = /2pjcosqj, y=/2p;sing;, (22)
gives the Hamiltonian the form
H(p,q) = (w,p) + Hi(p,q) + Ha2(p,q) + ... (23)

i.e., the unperturbed part is linear. It is an easy matter also to verify
that Hs(p,q) turns out to be a homogeneous polynomial of degree s +
2 in p1/2, . ,p,ll/2, and a trigonometric polynomial of degree s + 2 in
the angles; this is the result of the transformation (22) when acting
on a homogeneous polynomial in x,y. The fact that the transformation
introduces a singularity at the origin is a bit annoying, but it turns out
to be essentially harmless as long as we are interested only in the formal
aspect of the calculations, as we shall do in this section. The relevant
fact is that in a g-neighborhood of the equilibrium the unperturbed
Hamiltonian is O(e?) with € = p'/2, and the perturbation decreases as
|Hs(p,q)| < Ce**2. Thus, H, has relative size O(e®) with respect to the
unperturbed part of the Hamiltonian.

As a matter of fact, in a neighborhood of an unperturbed KAM torus
the Hamiltonian may be given a form which is very similar to (23). In-
deed, applying the Kolmogorov’s normalization algorithm as illustrated
in Section 3 we conclude that in the neighborhood of an invariant torus
with Diophantine frequencies w the Hamiltonian may be given the Kol-
mogorov’s normal form (7). As a byproduct of the proof we obtain also
that R(p,q) (let us recall that it is at least quadratic in the actions p)
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is analytic. With an argument similar to that of Section 3.2 we can split
the remainder R(p, q) into a convergent series Hi(p,q) + Ha(p,q) + ...
where Hy(p, q) is a (non-homogeneous) polynomial of degree s+ 1 in the
actions p and a trigonometric polynomial of degree sK in ¢, for some
K > 1. Moreover, thanks to the analyticity of R(p, ¢) we may assure that
the size of Hg(p,q) decreases geometrically, i.e., in a g-neighborhood of
the invariant torus we have |H(p,q)| < Ce**! with € ~ o, while the un-
perturbed Hamiltonian is O(e). Again, H, has relative size O(e®) with
respect to the unperturbed part of the Hamiltonian.

Taking into account only the formal aspect, a direct construction of
first integrals may be performed as in Section 2.2, namely with the same
procedure used by Poincaré in order to prove the non-existence of first
integrals. The apparent paradox is removed by remarking that the un-
perturbed Hamiltonian does not fulfil the hypotheses of the theorem of
Poincaré : this remark has been first made by Whittaker (1916); later
this method was used by Cherry (1924a and 1924b) and Contopoulos
(1960 and 1963). Thus, we recursively solve the system of equations (2),
namely

9,0 = 0,
O0p®1 = —{H1, Do},

awq)s = _{Hla <I>sfl} e T {HS, (I)U}a

by setting ®g to coincide with any of the actions. Precisely, for every
s > 1 we solve the equation 0,9, = V¥,, where ¥y is the r.h.s. of the
equation for ®,, and may be written as

Vs(p,q) = > vu(p)exp(ilk,q)),

keZn

with known coefficients 1 (p). As we have seen in Section 2.2 we ob-
tain the solution by simply setting ®(p, q) to have the same form with
coefficients

or(p) = —ithr(p)/(k, w). (24)

We stress that this solution is valid only if W4(p,q) has zero average
over the angles, i.e., if its trigonometric expansion does not contain a
term which is independent of the angles. Using the normal form of Birk-
hoff it may be proven that this is always the case if the frequencies are
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non-resonant (see, e.g., Celletti and Giorgilli 1991). Remark also that at
every order s the known term Wy on the r.h.s. is a trigonometric poly-
nomial of finite degree. With a bit of patience, the reader will be able
to check that the expansion of the first integral has the same charac-
teristics as the expansion of the Hamiltonian. That is, in the case of
an elliptic equilibrium, ®; is a homogeneous polynomial of degree s + 2
in p}/ 2, e ,p}«/ % and a trigonometric polynomial of degree s 4+ 2 in the
angles; in the case of the neighborhood of an invariant torus, ®; is a
non-homogeneous polynomial of degree s + 1 in p and a trigonometric
polynomial of degree sK in g. Moreover, in both cases the relative size
of the term &, with respect to the first term is O(e®). More precisely,
in a p-neighborhood of the equilibrium (of the invariant torus) we have
|Ps(p,q)| < Bse*T™ with with some (possibly big) constant B, depend-
ing on s, and with A\ = 2 for the case of the elliptic equilibrium and
A =1 for the case of the invariant torus.

According to the scheme above we may construct n independent for-
mal integrals ®() = pl—i—CI)gl)(p, q)+....,forl =1,... n. What is doubtful
here is the convergence of the series so generated. However, we may just
decide to truncate the construction after a finite number r of steps, thus
constructing approximate first integrals

o) = py+ 0 (p,q) + ...+ 2V (p,q).
By construction, in a g-neighborhood of p = 0 we have |<I>gl)(p, q)| <
Bye®t* | Therefore, for € small enough we also have

o — 41| < 2B, (25)

Here comes the argument of Birkhoff, that we can formulate as follows.
By the triangle inequality, we have

() = m(0)] < (1) — I (@)] + [0 (1) — 21 (0)]

+[@%(0) — pi(0)]. (26)

The first and the last term in the r.h.s. are O(e!*?), in view of (25). In
order to estimate the second term we calculate the time derivative of
d() as

o) = (o0 HYy = (& H} + .. + {0V H} + ...,
where the dots denote terms of higher order. Therefore, we have
@(l’r) (ps q)! ~ B,e™tM1 which means that if we let ¢ — 0 then the

inequality
|‘I>(l’r) (t) _ (I)(l,r)<0)‘ ~ BT€T+1+)\’t” (27)
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holds true as long as the orbit remains in the g-neighborhood. If we allow
the effect of the noise to become comparable with that of the deformation
we conclude, with Birkhoff,

Ipi(t) — p(0)] = O(e'™) for [t] < T(e) ~ 1/¢". (28)

If we set r = 1 this method is equivalent to the method of averaging over
the angles, namely the usual procedure leading to adiabatic invariance.
Hence, the theory of complete stability due to Birkhoff is actually a
strengthening of the adiabatic invariance.

Let us add a short comment on this result. Assume for a moment
that @) are exact first integrals, (l=1,...,n). Then the orbit lies on
an invariant surface—actually a torus—which is e—close to the unper-
turbed torus p; = p;(0). Hence the actions p;(t) are not constants, being
pr = O(g). We say that this change is due to a deformation of the in-
variant surface, which shows up in a time O(1/¢), but remains bounded.
Moreover, since the invariant surface is still a torus, the time evolution
of the actions is actually quasi-periodic.

Let us now take into account the fact that @) are only approximate
first integrals. Indeed, as stated by (27), the time derivative of olr) ig
O(e™1), so that its effect is veiled by that of the deformation, and we
can observe it only after a much longer time O(1/e"). We say that this
is a very slow noise that is superimposed to the deformation.

4.2 Exponential stability

In its simplest formulation, exponential stability is the result of mak-
ing quantitative the heuristic estimates above. Essentially, the problem
is to evaluate the r-dependence of the constant B, in (25). In this form
the result has been first stated by Moser (1955) and Littlewood (1959a
and 1959b).

Let us try to give a rough estimate on the constant B,., using heuristic
considerations on the recursive system (2). For definiteness, let us refer
to the case of the invariant torus; the case of an elliptic equilibrium is
very similar. Every step requires two operations, namely:

(i) determining the known function ¥4 = —{Hy, ®s_1}—...—{H,, Do}
by calculating Poisson brackets, and

(ii) solving the equation 0,®5 = Wq.

The first operation (i) contains derivatives of polynomials of degree at
most s + 1 and trigonometric polynomials of degree at most sK . Hence,
the size of ®,_1 is multiplied by a factor < s+ 1, besides other possible
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factors that are independent of the degree. The second operation (ii) in-
troduces the small denominators. Since Wy is a trigonometric polynomial
of degree sK, the worst possible divisor is

= i k .
o =, i |Gk w)]

Recalling that H, is O(e°*!) we expect that in a g-neighborhood of the
invariant torus the size of ®; may be evaluated as

1®(p,q)| ~ [(s + 1)e/as]|Ps1(p, ).

This is a recursive estimate that we may apply starting with ®y(p) =
|p1] < @ ~ e. Thus, for the first integrals truncated at order r we get

|, (p, @) ~ [(r+ 1)1 e™ ™ (ag ... ap) M. (29)

Now, in view of the diophantine estimate
|(k,w)| >~|k|”" for some v >0and 7 >n— 1,
we may replace the constant as by y(sK)~7. This gives the final estimate
By~ (r+ 1"t O,

with some positive constant C' independent of 7.
Here comes the exponential estimate. According to this estimate we
rewrite the bound (27) on the noise as

’(I)(l’r) (t) . (I)(l,r) (0)’ -~ (7“ + 1>!T+1 Er-&-l‘t‘, (30)

Remark that in this formula ¢ is given, being related to the size of the o-
neighborhood of the torus, but r is arbitrary. Therefore we may look for
a best choice of r as a function of ¢ so that the quantity (r +1)!7 1" +!
is minimized. It is an easy matter to check that the minimum is reached
for

p o o=/
Using this value for r and the Stirling’s formula, we get
Bue" ~ rlTH T (7Y LT o e T — ok (1/(ag®)),
where a = 1/(7 + 1). Replacing the latter estimate in (28) we conclude
pit) = pi(O)] = O™ for [t] < T(e) ~ exp(1/(a=")),

i.e., the exponential stability of a KAM torus or of an elliptic equilibrium.
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4.3 The theorem of Nekhoroshev

The theorem of Littlewood complements the Kolmogorov’s theorem,
since it gives information on orbits lying in an open subset of the phase
space, but only over a large time. Here is a formal statement.

THEOREM 5 Let the Hamiltonian H(p,q) = h(p)+cf(p,q,€) be analytic
in some domain G x T", with G C R™ an open set, and assume that the
unperturbed Hamiltonian is convezx, i.e.,

(C(p)v,v)| > m|v]|* forallveR"™, Ci(p) =

Then for e small enough the following statement holds true: if p(0) € G
then the corresponding motion (p(t),q(t)) satisfies the inequality

dist (p(t) — p(0)) < &® V t such that [t| < T(e) ~ exp (1/e%),
with some positive coefficients a < 1 and b < 1.

In the original formulation of Littlewood the condition of convexity is
replaced by a weaker one, called steepness.

A complete account on the proof goes far beyond the limit of the
present notes. The interested reader may find an informal exposition,
e.g., in Giorgilli (1995a and 1995b). Detailed proofs may be found in sev-
eral articles (see, e.g., Littlewood1977; Littlewood 1979; Benettin et al.
1985; Benettin and Gallavotti 1986; Lochak 1992; Giorgilli 1992; Giorgilli
2003). However, let us stress a few relevant points.

The standard scheme of proof of the theorem is composed by a so
called analytic part, based on the construction of a local Birkhoff nor-
mal form in suitably chosen domains, and of a geometric part which
takes care of covering the phase space with good domains. A remark-
able exception to this scheme is the paper by Lochak (1992), where the
geometric part is replaced by a clever use of convexity and of the simul-
taneous approximations of real numbers with rationals. We shall sketch
the traditional scheme.

The analytic part is the following. In the domain G of the actions we
isolate a non-resonance domain V, characterized by a resonance module
M, a real constant o« and an integer N, where the following inequality
holds true:

|(k,w(p))| >a forallpeV, ke Z"\ M and |k| < N. (31)



36 A. Giorgilli and U. Locatelli

In such a domain we may perform the construction of Birkhoff’s normal
form illustrated in Section 2.5. To this end we split again the Hamiltonian
as a series

H(p,q) = Ho(p) + Hi(p,q) + Ha(p,q) + ...

where Hg(p,q) is a trigonometric polynomial of degree sK in ¢ with
coefficients depending on p, namely

Hy(p,q) = Y hi(p)exp(i(k,q)),
Ik <K

taking care only that we must have |H;(p,q)| = O(e*). Again, this may
be performed in many ways. In a non-resonance domain V with N = rK
we may perform r steps of the construction of the resonant normal form
of Birkhoff, because, due to the condition (31), no denominator (k,w(p))
vanishes in V. Hence we may construct a normal form

H")(p,q) = Ho(p) + Z"(p, q) + R (p, q)

where |R")(p, q)|| = O(¢"*!) in the domain V, and

Z90pq) = Y. zp) expli(k,q)).
keEM, |k|<rK

Let us now set for a moment R(") (p,q) = 0. Then, according to the
general theory discussed in Section 2.5, the Hamiltonian in normal form
possesses n—dim M independent first integrals of the form ®(p) = (v, p),
with v L M. With elementary geometrical considerations we conclude
that any orbit with initial point pg € V lies on a plane ITr((pg) through
po and parallel to M; we shall call this plane the plane of fast drift. This
is true in the coordinates of the normal form. If we look at the original
coordinates then we must take into account the deformation due to the
canonical transformations —as we already remarked while discussing the
case of an elliptic equilibrium. Moreover, we must consider also the noise
due to the remainder, but in this case too we have |®| = O(e"), so that
the noise causes only a slow drift that becomes comparable with the
deformation only after a time T'(¢) ~ 1/¢".

The conclusion is illustrated in Figure 4: until the orbit remains in
the non-resonance domain V it lies in a small neighborhood of the plane
of fast drift ITy((po). However, this is not enough to assure the long-time
preservation of the actions, because the analytic theory does not assure
that the orbit will be confined for a long time in V. The question is:
what happens if the orbit leaves the non-resonance domain?
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Mag(p)

o

Figure 4. The local dynamics in a non-resonance domain. The orbit lies in a neigh-
borhood of the plane of fast drift.

The answer to the question above is hidden in the geometric part of the
theorem: this is indeed the clever and deep contribution of Littlewood.
Essentially, the geometric construction of Littlewood is based on two
facts, namely: (i) the covering of the action space by a family of non-
resonant domains characterized by a finite number of resonance moduli
M, and (ii) the use of the steepness (or convexity) condition in order
to avoid the phenomenon of the overlapping of resonances. In rough
terms, the problem is to assure that if the orbit leaves in a short time a
non-resonance domain characterized by a resonance module M, then it
must enter a less resonant domain, i.e., a local domain characterized by a
resonance module M’ with dim M’ < dim M. A main role is played here
by the condition of convexity (or steepness, as in the original formulation
of Littlewood): it assures that the plane of fast drift is transversal to the
resonant manifold characterized by (k,w(p)) = 0 (which follows from
convexity) or at least it presents a tangency of finite order (which follows
from steepness), so that the motion along the plane of fast drift can
not cause a fast diffusion along the resonant manifold. With a clever
argument, this leads to the conclusion that the motion of the orbit due
to the deformation remains bounded, and only the slow drift due to the
noise can take the orbit far from its initial point pg in the action space.
The exponential estimate of the stability time follows from a process of
optimization similar to that of Section 4.2.

4.4 Superexponential stability

Superexponential stability is in a sense the outcome of the combi-
nation of perturbation methods. The simplest case to be considered is,
again, that of an elliptic equilibrium or of the neighborhood of an in-
variant KAM torus. For definiteness, let us consider the latter case.
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Recall that according to the theorem of Kolmogorov, in a neighbor-
hood of an invariant torus with Diophantine frequencies we may give the
Hamiltonian the normal form

H(p,q) = (w,p) + O(p?),

where the Hamiltonian is analytic. On the other hand we have already
remarked that we may well expand the Hamiltonian as a series

H(p,q) = (w,p) + Hi(p,q) + Ha(p,q) + ...

where Hg(p, q) is, e.g., a polynomial of degree s+ 1 in p and a trigono-
metric polynomial of degree sK in ¢, with some integer K, and with
the crucial condition that in a p-neighborhood of the torus we have
|Hs(p,q)| ~ 5! with & ~ p. In Section 4.1 we have used this form of
the Hamiltonian in order to illustrate the theory of complete stability
of Birkhoff, and in Section 4.2 we have added a scheme of quantitative
estimates that leads to exponential stability.

Let us now proceed in a different manner, which however is essentially
equivalent to the procedure illustrated there. Instead of looking directly
for first integrals, we go through the process of constructing a Birkhoft’s
normal form. This is what we have done in Section 2.5, at least formally:
we have actually seen that we can construct a normal form up to an
arbitrary large order. Thus, we may give the Hamiltonian the form

H(p,q) = Ho(p) + Z(p) + R(p, q), (32)

where in a g-neighborhood of the invariant torus we have | Z(p)| = O(£?)
and |R(p,q)| < Bye"*1) for some r, and with some constant B;. If,
with a lot of patience, we add a scheme of quantitative estimates, we
may see again that B, = C"r!"*! as we did for the formal integrals.
Furthermore, by optimizing the choice of r as a function of € we conclude
again that |R(p,q)| = O(exp(—1/e/(7FV)). If we stop at this point we
simply recover the exponential stability of the torus.

Here come the interesting part of the game. Looking at (32) we realize
that this is a Hamiltonian system with an unperturbed integrable part
h(p) = Ho(p) + Z(p) and a perturbation R(p,q), with |R(p,q)| = O(n),
where ) = exp(—1/¢%), and a = -1;. Now, if h(p) satisfies the hypotheses
of Littlewood’s theorem we can apply it, thus concluding for the expo-
nential stability with respect to 7, i.e., the length of the time of stability
is estimated as T'(n) = exp(1/n). Using the expression above for n as a
function of € we conclude for a stability time

T(e) ~ exp [exp(1/e?)].
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PERIODIC ORBITS IN GRAVITATIONAL
SYSTEMS

John D. Hadjedemetriou

Department of Physics, University of Thessaloniki, Greece

Abstract  The periodic orbits play an important role in the study of the stabil-
ity of a dynamical system. The methods of study of the stability of a
periodic orbit are presented both in the general case and for Hamil-
tonian systems. The Poincaré map on a surface of section is presented
as a powerful tool in the study of a dynamical system, especially for
two or three degrees of freedom. Special attention is given to nearly
integrable dynamical systems, because our solar system and the extra
solar planetary systems are considered as perturbed Keplerian systems.
The continuation of the families of periodic orbits from the unper-
turbed, integrable, system to the perturbed, nearly integrable system,
is studied.

Keywords: Periodic orbits, resonances, stability

1. The gravitational N-Body problem

The Newtonian gravitational force is the dominant force in the N-
Body systems in the universe, as for example in a planetary system,
a planet with its satellites, or a multiple stellar system. The long term
evolution of the system depends on the topology of its phase space and on
the existence of ordered or chaotic regions. The topology of the phase
space is determined by the position and the stability character of the
periodic orbits of the system (the fixed points of the Poincaré map on
a surface of section). Islands of stable motion exist around the stable
periodic orbits. chaotic motion appears at unstable periodic orbits. This
makes clear the importance of the periodic orbits in the study of the
dynamics of such systems.
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In many cases there is only one massive body whose gravitational
attraction provides the dominant force; this is the case with a plane-
tary system, where the Sun is the main attracting body, or a planet
surrounded by satellites. In this case the motion of the small bodies
(planets or satellites) follow Keplerian orbits, perturbed by the gravita-
tional interaction between the small bodies. This is a nearly integrable
dynamical system. In these systems resonances exist between the small
bodies in their motion around the massive body. These correspond to
periodic motion, and this makes clear the importance of the resonances
in the dynamical properties of a nearly integrable system.

The simplest model of a gravitational system is a system of two bodies
moving in Keplerian orbits around their common center of mass. This is
an integrable system. We consider now a hierarchy of models, starting
from the above mentioned integrable system and adding more bodies to
the system. We have different models, which are used to study particular
systems.

s The restricted three-body problem: Two bodies of finite
masses, called primaries, revolve around their common center of
mass in circular orbits and a third body with negligible mass moves
under their gravitational attraction, but does not affect the orbits
of the two primaries. In most astronomical applications the sec-
ond primary has a small mass compared to the first primary, and
consequently the motion of the third, massless, body is a perturbed
Keplerian orbit. This is a model for the study of an asteroid (Jupiter
being the second primary), a trans-Neptunian object (Neptune be-
ing the second primary) or an Earth-like planet in an extrasolar
planetary system.

s The general three-body problem: Three bodies with finite
masses moving under their gravitational attraction. This is a model
for a triple stellar system. In many astronomical applications one
of the three bodies has a large mass and the other two bodies have
small, but not negligible masses. This is a model for an extrasolar
planetary system, or a system of two satellites moving around a
major planet. In the latter two cases the two small bodies move in
perturbed Keplerian orbits.

We will begin our study with systems of two degrees of freedom, and
then extend the results to three or more degrees of freedom. The study
will be for a general dynamical system and applications will be made to
gravitational systems of astronomical interest.
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2. Periodic orbits in systems with two degrees
of freedom: Autonomous case

2.1 Periodic orbits

Let us consider a dynamical system with two degrees of freedom,
defined by the set of two second order differential equations
i1 = Fi(21, 32,31, 42),

Eo = Fy(wy, 22, %1, a2). (1)
The initial conditions that determine a solution are

T10, %20, %10, T20, (2)

and the corresponding solution has the form

x1(210, 20, £10, £20; 1),

x2(210, 20, £10, £20; 1) (3)
The solution is periodic, with period T, if, for every ¢
zi(210, 20, T10, ¥20; t + T') = x;(210, T20, T10, T20; 1) (4)

2.2 Existence of symmetric periodic orbits

We assume that the differential equations are invariant under the
transformation
T, — T1, Ty — —Tg, t— —t. (5)

This property appears in several models that are of astronomical interest.
It means that if

z1(t), w2(t)
is a solution, then
z1(t), —x2(—1) (6)

is also a solution. Note that this second solution and the first solution are
symmetric with respect to the xj-axis. Consequently, if an orbit starts
from the x; axis perpendicularly, with 19 = 0, and crosses again the x|
axis perpendicularly, with £19 = 0, the orbit is closed and consequently
is a symmetric periodic orbit with respect to the x1-axis. This behaviour
is shown in Figure 1.

The initial conditions of a symmetric periodic orbit are

T10, T20 =0, 190 =0, T2,
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Figure 1. The two symmetric solutions (first panel) and their coincidence to a single
orbit (second panel) if the periodicity conditions apply

which means that a symmetric periodic orbit is determined only by two
nonzero initial conditions

Z10, L20- (7)

From the above we see that the periodicity conditions are

l'Q(flfl(), 07 07 '%"20; T/2) = 07
#1(210,0,0,220;7/2) = 0, (8)

which imply that the orbit starts perpendicularly from the z-axis and
crosses the x-axis again perpendicularly after a time interval equal to
half the period T'. We remark that the second perpendicular crossing may
take place after several (non perpendicular) crossings from the x-axis.

The periodic orbits are not isolated, in general. They belong to fami-
lies, along which the period varies. A family of symmetric periodic orbits
is represented by a continuous curve in the space of initial conditions
Z10, Z29. This curve is called a characteristic curve.

3. Variational equations

A periodic orbit is an orbit which repeats itself for infinite time with
period T'. We shall study now the behaviour of the system in the vicinity
of a periodic solution by considering perturbed initial conditions — i.e,
initial conditions in the vicinity of the initial conditions of the periodic
orbit.

We express the system of differential equations (1) as a system of four
differential equations of first order,

T = 3,
Ty = a4,
iS = F1($1,$2,$3,l'4),

Ty = Fy(x1,22,23,24),
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or, in general
i‘i :fi($1,$2,$3,$4). (i: 1,...4) (9)
Let

Ty = $i(l‘10,x20,$30, L4035 t), (’L = 1, 4) (10)

be a solution of the system (9), non periodic in general, corresponding
to the initial conditions z1(0), z2(0), z3(0), z4(0). We consider now new
initial conditions, in the vicinity of these initial conditions, of the form

21(0) + &1(0), 22(0) + &2(0), 23(0) + &3(0), 24(0) + £4(0),

where ;(0) are small. The new solution can be expressed in the form

z(t) =z () + &(t), (i=1,..4) (11)

where £(t) is the deviation vector between the solution (10) and the
perturbed solution (11), for the same time t,

§(t) = ai(t) — wi(t).

The behaviour of the system in the vicinity of the solution (10) depends
on the deviation vector £(t).

We assume that the initial perturbation £(0) is small, and conse-
quently, for continuity reasons, the deviation £(t) should be also small,
at least for a finite time interval. For this reason we linearize the system
of differential equations (9), to first order terms in the &;(t), by substi-
tuting the perturbed solution (11) into system (9) and keeping only first
order terms in &;. We obtain the system of variational equations,

- Ofi :

&= Pk, Pik = (8 > , (i=1,..4) (12)
k=1 Tk / wi(t)

which describes the evolution of the system (9) in the neighborhood

of the orbit (10), to first order terms in the deviations. The partial

derivatives are computed for the solution z;(t).

The variational equations (12) are a system of four linear differen-
tial equations with time dependent coefficients. If the solution z(t) is
T-periodic, then the partial derivatives are also T-periodic. In this latter
case the system of variational equations is a linear system with periodic
coefficients. The theory related to the study of such systems is the Flo-
quet theory and some elements of it will be presented in the following
sections.
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3.1 The fundamental matrix of solutions

The general solution of the linear system (12) is expressed as a linear
combination of four linearly independent solutions. In particular, let us
consider a 4 x4 matrix A(t) whose columns are four linearly independent
solutions corresponding to the initial conditions A(0) = I4, where Iy is
the 4 x 4 unit matrix. This matrix is called fundamental matriz of solu-
tions and the general solution of the variational equations is expressed
in the form

£(t) = A()¢(0). (13)

A basic property of the matrix A(t) is the Liouville-Jacobi formula
(Yakubovich and Starzhinskii, 1975; Jordan and Smith, 1988)

det A(f) = det A(0) exp / trace(P)dt, (14)

where P is the matrix of coefficients for the system of variational equa-
tions (12).

We shall prove now that the columns of the matrix A(t) are the par-
tial derivatives of the solution x;(x10, €20, 30, 40, t) with respect to the
initial conditions. In particular, we shall prove that the j-th column,
j=1,...4, is given by

8x1 / 81‘]’0
8%2 / 81,‘]'0
8%3 / 8$]’0
8%4 / 8x]~0

Proof
The solution x;(x;t) satisfies the system (9),

a$i(x0a t)

at = fi(xl(.’Eo,t),I‘Q(CCo,t),Ig(xo,t),$4($0,t)). (l = 1, 4)

If we apply to the above equations the operator 0/0xjo, j = 1,...4, we

obtain .
o 0w\ & [0FiN Om
> (8%) -3 (52) b (1=1,.4) (15)

for each xj9. We note that the system (16) is the system of variational
equations (12) satisfied by the vector (15). This means that the four
vectors (15), for j = 1,...4, are four linearly independent solutions of the
variational equations. In addition, we note that dx;/0x ;o = ¢;; for t = 0.
Consequently, these four vectors are the four columns of the fundamental
matrix of solutions A(t).
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3.2 Variational equations for a periodic solution

We assume now that the solution x(t) is T-periodic. Then the system
of variational equations corresponding to this periodic solution is a linear
system with periodic coefficients.

We shall prove that the derivative #;(t) of the periodic solution x;(t)
is a solution of the variational equations.

Proof
The solution z;(t) satisfies the system (9):
T = fi(@1, 22, 3, 24). (i =1,...4)

If we apply the operator d/dt we obtain

d,. B ofi .
%(l'i(t)) => <8xj>mi(t) o5 (t).

Jj=1

This is the system of variational equations for the solution & = #;(t). So
we come to the conclusion that the variational equations that correspond
to a T-periodic orbit have always a T-periodic solution, which is the
derivative ;(t) of the periodic solution.

4. Linear stability of a periodic orbit

Let x;(t) be a periodic orbit and 2/(¢) a perturbed orbit, which, to a
linear approximation, can be expressed in the form

2 (t) = xi(t) + &(t),

where &;(t) is the solution of the variational equations. This latter solu-
tion is expressed in the form

§(t) = A(£)£(0), (16)
and for t =T,
§(T) = A(T)&(0). (17)
From this expression we obtain, by induction,
§(nT) = [A(T)]"£(0). (18)

Equations (18) and (19) give the deviation, to a linear approximation,
of the perturbed orbit 2/(t) from the periodic orbit z(t) after a time
interval equal to n times the period T', due to an initial deviation £(0) =
2'(0) — x(0). In fact Equation (19) is a mapping of the initial deviation
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Figure 2. Mapping at integral multiples of the period

€(0) at integral multiples of the period T (see Figure 2). This is a linear
mapping defined by the matrix A(T). It is clear that the stability of the
periodic orbit z(¢) depends on the properties of the mapping (19) — i.e.
on the eigenvalues of the matrix A(T"). The matrix A(T") is called the
momnodromy matriz.

4.1 Unit eigenvalues of the monodromy matrix
A(T)

Existence of a periodic solution £(t)

Let &(t) be a T-periodic solution of the variational equations. We
have &(t +T') = £(t), for any t and consequently, for ¢t =0, £(T") = £(0).
Due to this latter relation, Equation (17) takes the form, for ¢t = T,
£(0) = A(T)&(0), and finally

(A(T) = 1)£(0) = 0. (19)

Thus we come to the conclusion that if the system of variational equa-
tions has a periodic solution, the monodromy matriz has a unit eigen-
value.

Remark: Note that the system of variational equations that corresponds
to a T-periodic solution z(t), has a T-periodic solution &(t) = @(t).
The corresponding eigenvector is £(0) = #(0), as is seen from Equation
(20), and represents a tangent displacement along the periodic orbit (see
Figure 3).
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¢(0)

t=0

Figure 3. Tangent displacement £(0) = £(0)

Existence of an integral of motion

Let G(x1, 9,3, 14) = constant be an integral of motion. If z;(zo,t)
is a T-periodic solution, we have the relation

G(x1(z0,t), 22(20, 1), 23(20, 1), T4 (T0, 1)) =
G (210, 220, 230, Z40)-
We apply to the above relation the operator 9/0x g, and we obtain
Z ( aﬁ > oz \ [ 0G
j 8xk t al‘jo ‘ 8xj0 ’
We set now ¢t =T and taking into account that

(w) _(aG)
Oxy ) 4= Oxk ) 1—o’

due to the fact that z(t) is periodic, we obtain

(A™(T)-1)VG =0, (20)
where AT is the transpose of A. From this relation we obtain that if
VG # 0 then A(T)" has a unit eigenvalue. Thus finally, we come to the
conclusion that if the dynamical system has an integral of motion, which

is not stationary along the periodic orbit, the monodromy matriz A(T)
has a unit eigenvalue.

Existence of a unit eigenvalue of A(T)

We shall prove that a unit eigenvalue of A(T) implies a T-periodic
solution of the variational equations:

Let £(0) be the eigenvector corresponding to the unit eigenvalue. We
have
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from which we obtain
£(0) = A(T)£(0).
But, according to Equation (18), £(T) = A(T)£(0), and finally

&(T) = £(0),

which implies that £(t) is periodic. The initial conditions of this periodic
orbit is the eigenvector of the monodromy matrix corresponding to this
unit eigenvalue.

In general, if there exist two unit eigenvalues with two linearly inde-
pendent eigenvectors, respectively, then the system of variational equa-
tions has two independent periodic solutions.

Remark: We shall prove later that in a Hamiltonian system there are
always two unit eigenvalues, but only one eigenvector. So, there is only
one periodic solution of the variational equations, corresponding to the
double unit eigenvalue.

4.2 Special solutions

Let us assume that the system of variational equations has a special
solution with the property

§(t+T) = AS(t). (21)

If we set t = 0 we obtain

§(T) = A£(0), (22)

which means that the initial deviation £(0) is mapped, after a period T,
to a multiple of it.
Equation (23) is a difference equation, and its solution is of the form

€t) = FON/T, f(t): T-periodic. (23)
From Equation (23) and Equation (18), £(7") = A(T)&(0), we obtain
A(T)E(0) = AE(0)

and finally
(A(T) = AI)&(0) = 0.

This means that if a solution with property (22) exists, A is an eigenvalue
of the monodromy matrix and £(0) the corresponding eigenvector.

Let us assume now that the monodromy matrix has an eigenvalue
A and let £(0) be the corresponding eigenvector. We shall prove that
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this eigenvector is the initial conditions of a solution with the property
(22). We have A(T)£(0) = A(0) and also, because of Equation (18),
A(T)E(0) = &(T). From these two relations we obtain

§(T) = A¢(0). (24)
Equation (17) is valid for any t and setting ¢t = ¢t + T" we have,
Et+T)=A(t+T)&0). (25)

We note now that A(t+7') is a solution matrix (because the matrix p;;
of the variational equations is T-periodic) and consequently it satisfies
relation (17), in matrix form (Meyer and Hall, 1992; Yakubovich and
Starzhinskii, 1975),

At +T)=A1)A(T).

Equation (26) now takes the form
§(t+T) = A()A(T)E(0). (26)
and taking into account the relations (18) and (25) we obtain
§(t+T) = AA(1)¢(0),
and finally, using (17) we obtain
E(E+T) = M (1),

Thus finally we come to the conclusion that to each eigenvalue A of the
monodromy matriz A(T) there exists a solution of the form f(t)AYT,
where f(t) is T-periodic, whose initial conditions is the eigenvector f(0)
corresponding to the eigenvalue .

Characteristic exponents

We define a parameter « as
a= 1 In A (27)
=7 ,

where the principal value of the logarithm is taken. Then the solution
(23) is expressed as
£(t) = f(t)e. (28)
The parameter « is called the characteristic exponent and is related to
the eigenvalue A by the relation (28). Note that for A =1, it is o = 0.
The monodromy matrix A(7") is a 4 x4 matrix and it has four eigenval-
ues. If there exist four independent eigenvectors to the four eigenvalues
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of A(T) (this may not be the case if some eigenvalues are multiple),
then there exist four independent solutions with the property (22) and
consequently of the form (29). In this case the general solution is a linear
combination of solutions of the form (29).
From the above is clear that the periodic orbit x(t) is linearly stable
if and only if
Re(a) <0. (29)

For v =0 (XA = 1) the solution (29) is T-periodic.

5. Hamiltonian systems

Gravitational systems are Hamiltonian. For this reason we shall study
in this section the special properties that a Hamiltonian system pos-
sesses, in addition to the general properties obtained in the previous
sections. We will start with systems with two degrees of freedom.

A Hamiltonian system is defined by the Hamiltonian function

H(xl,x2,$3,$4), (30)

where 1, z9 are the coordinates and x3, x4 the momenta.
The Hamiltonian equations are

&1 = O0H/0xs,
To = OH/0xy,
t3 = —0H/0x,
&y = —0H/0xa,
or
t=—-JVH, (31)

where VH is a column vector and J the 4 x 4 symplectic matrix

J= ( +012 _52 ) (32)

Note that J 1 = —J .

5.1 Variational equations of Hamiltonian
systems

The variational equations of a Hamiltonian system (32) have the
special form given by

= —JAE, (33)
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where the elements a;; of the 4 x 4 matrix A are

O*H

=—(5,7=1,..4 4
G, (b9 = 1) (34

Qi
The system (34) is called a linear Hamiltonian system. It is easy to see
that it can be expressed in the Hamiltonian form (32) with Hamiltonian

4
H= eAt=1Y atit;
2 2,55
From the relations (35) we can verify that the trace of the matrix of
the coefficients of a linear Hamiltonian system (34) is equal to zero.
Consequently, due to the general property (14), the determinant of the
fundamental matrix of solutions A(t) is equal to unity (see also Meyer
and Hall, 1992),
det A(t) = 1.

For t =T we obtain
det A(T) =1, (35)

from which we see that the determinant of the monodromy matriz is
equal to unity.

As we proved in Section 3.1, the fundamental matrix of solutions A(t)
is expressed in the form

8(3:]_, T2,T,3, 334)
d(z10, T20, T30, T40)

A(t) = (36)
This means that the determinant of the Jacobian of the flow in phase
space is equal to one. Consequently, the volume in phase space is con-
served (the Liouville theorem).

5.2 Symplectic property

An important property of the monodromy matrix of a Hamiltonian
system is the symplectic property that we shall prove now. Let £ and
¢’ be two solutions of the variational equations. The following property

holds:
§1&3 + £2&, — £3€1 — &y = constant,

or, in matrix form,

&' J € = constant, (37)

where &, ¢ are 4-vectors and J is the symplectic matrix (33).
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Proof

The proof can be made by direct substitution.
If we apply property (38) to the four solutions that are the four
columns of the matrix A(t), we obtain the equation

AT(t) JA(t) = J.
We set now ¢t =T and obtain
AT(T) JA(T) = J. (38)

This is an important property of the monodromy matrix of a Hamil-
tonian system, which is called the symplectic property. Thus we come to
the conclusion that the monodromy matrix of a Hamiltonian system is
symplectic.

5.3 Eigenvalues of a symplectic matrix

We shall see now that the eigenvalues of a symplectic matrix have
some special properties. We express property (39) as

AY(T) = JA Y T)J L,

from which we see that the matrix A™(T') is related to the matrix A=(T)
by a similarity transformation. Consequently, they have the same set of
eigenvalues. Thus finally, we come to the conclusion that the eigenvalues
of A(T) are in reciprocal pairs. In addition, due to the fact that the
matrix A(T) is real, they are also in complex conjugate pairs.

From the above we see that the four eigenvalues A1, Ao, A3, Ay of the
monodromy matrix have the property

Ml =1, Mh=1 (39)

We note now that the variational equations correspond to a periodic
orbit z(t). So, &(t) = @(t) is a periodic solution of the variational equa-
tions and according to Section 4.1, one eigenvalue is equal to one, Ay = 1.
Using now relation (40) we come to the conclusion that the monodromy
matriz of a Hamiltonian system corresponding to a periodic orbit has a
double unit eigenvalue.

A =1, do=1 (40)

5.4  Stability

Stability is determined by the two nonzero eigenvalues A3z, A4 of the
monodromy matrix. As we proved, these eigenvalues are reciprocal and
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Figure 4. Eigenvalues complex conjugate on the unit circle

also complex conjugate, so they are either on the unit circle, in the
complex plane, or on the real axis, one inside the unit circle and the
other outside. A special case is A\3 = \y = +1 or A3 = Ay = —1. All of
these cases are shown in Figures 4-6. It is evident that the orbit is stable
only in the case where the two nonzero eigenvalues A3, A4 are complex
conjugate, on the unit circle (Figure 4). If the eigenvalues Az, A4 are
real, the orbit is unstable, because one of them will be larger than +1
or smaller than —1.

Stability criteria can be obtained from the elements of the monodromy
matrix as follows. The eigenvalues are the roots of the characteristic
equation of A(T') and consequently

AL+ A2+ Az + Ay = traceA(T),

/\1)\2)\3)\4 = det A(T) =1.

Taking into account that Ay = Ao = 1 we find that the two nonzero
eigenvalues A3, A4 are the roots of the quadratic equation

M —K\+1=0, (41)

where

K = traceA(T) — 2. (42)

Stability depends on the value of K, which is called the stability indezx.
Note that the stability index depends only the trace of the monodromy
matrix. We have the following cases:

n K| <2, —4 < traceA(T) < 4: eigenvalues A3 4 complex conjugate
on the unit circle, characteristic exponents a = +iyp (see Figure 4).

n K =2, traceA(T') = 4: eigenvalues A3 4 = 1, characteristic expo-
nents a = 0 (see Figure 5a).

n K = -2, traceA(T) = 0: eigenvalues A34 = —1, characteristic
exponents « = 0 £ iw/T (see Figure 5b).
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o O

A3=A4=+1 A3=A4=—1

Figure 5. Eigenvalues at the critical points +1 and —1

NN

Figure 6.  Real eigenvalues inside and outside the unit circle

n K > 2, traceA(T') > 4: eigenvalues A3 4 real and positive, A\3 =
1/A4, characteristic exponents +a, « real (see Figure 6a).

n K < =2, traceA(T) < 0: eigenvalues A3 4 real and negative, \3 =
1/A4, characteristic exponents £(a£im/T), o real (see Figure 6b).

We have stability if all the eigenvalues are on the unit circle. So, we
have stability only in the case that the stability index is —2 < K < 2.

Asymptotic stability never appears, because it is not possible for the
eigenvalues A3, A4 to be both inside the unit circle. This is also a conse-
quence of the fact that the volume in phase space is conserved.

Let us assume that a periodic orbit is stable, which implies that the
eigenvalues A3, A4 are on the unit circle (Figure 4) and we assume that
they are not equal to +1 or —1. If a parameter varies, then the eigenval-
ues A3, \q are restricted to move on the unit circle, because they must
be both inverse, A3 = 1/\4 and complex conjugate. Consequently, the
stability is conserved. However, if A3, A4 meet at the points +1 or —1,
then it is possible for them to go outside the unit circle, as shown in
Figure 6, and thus generate instability. For this reason the orbits with
A3 = Ay = %1 are called critical as far as stability is concerned.

5.5 Solution in the vicinity of a T-periodic orbit
(t)
An orbit 2/(t) in the vicinity of the periodic orbit z(¢) is expressed in
the form

2'(t) = 2(t) +£(1), (43)
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to a linear approximation in the deviations, where £(t) is the solution of
the variation equations. If £(¢) is bounded then 2/(t) is also bounded.

The properties of the orbit 2/(¢) in the vicinity of the periodic orbit
x(t) are determined from the properties of the solution £(t) of the varia-
tional equations. In particular, if a T-periodic solution £(t) exists, then
a new T-periodic orbit 2/(t) exists.

We remark that the periodic solution of the variational equations
&(t) = 2(t) does not generate a new periodic orbit a'(¢), but the same
orbit x(t), with a phase shift, because £(0) is tangent to the orbit x(¢)
(Figure 3).

General solution of the variational equations

To each eigenvalue of A(T') there corresponds a solution £(t), so we
have four linearly independent solutions. However, to the double unit
eigenvalue A\; = A9 = 1, there exists only one unit eigenvector £(0) =
#(0). The two linearly independent solutions corresponding to the double
unit eigenvalue are

¢ o= A,
& = fo(t) +t f1(t),

where fi(t), fa(t) are T-periodic.
For the other two eigenvalues A3 = Ay we have the solutions

m eigenvalues real and positive

53,4 — f374(7f) e:l:at

m eigenvalues real and negative

53,4 — f374(t) etot 6:I:iTrt/T

m eigenvalues complex conjugate on the unit circle
53,4 — f3,4(t) e:l:zﬂt

where the functions f3(t), f4(t) are T-periodic.
The initial conditions for the above four special solutions are f;(0),
t=1,...4 and are given by

(A(T) = 1) f1(0) = 0,
(A(T) — 1) f2(0)
(A(T) — A3 al) f3.4(0)

(I
SN
~

=
:_/
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The general solution is a linear combination of the above four solutions:

Characteristic exponents real and positive:
§) = chi(t) +ca(folt) +1 f1(1))
+eaf3(t)e® + cafa(t)e™ "
The orbit x(t) is unstable.

Characteristic exponents real and negative:
() = cifi(t) +ca(fa(t) +1 f1(2))
+03f3 (t)eateiwt/T + C4f4 (t)efatefiﬂ't/T'
The orbit z(t) is unstable.

Characteristic exponents complex, on the unit circle:
£1) = cufi(t) +ca(fo(t) + 1 f1(2))
+esfa(t)ePt + ey fa(t)e P,

The orbit z(t) is stable.
The above expressions give the totality of orbits in the vicinity of the
periodic orbit z(t) for all possible cases.

Isoenergetic displacements

Let us consider a periodic orbit z(t), with initial conditions x(0) and a
nearby orbit z’(t) = x(t)+£(t), with initial conditions z/(0) = x(0)+£(0).
The displacement vector £(0) can be expressed as a linear combination
of the four vectors f(0) defined by Equations (46),

£(0) = c1f1(0) + c2£2(0) + ¢3f3(0) + caf1(0), (44)

where ¢; are arbitrary constants. We shall prove that the displacement
€(0) is isoenergetic (the energy, i.e. the Hamiltonian, is not changed) if

co = 0.
Proof
The Hamiltonian is constant along the periodic orbit x(t),
H(xy,x9,x3,x4) = constant.
The change of H due to the displacement £(0) is given by
6H = (VHo,£(0)),

where V Hy is computed at the initial conditions x;(0).
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Consider first ¢y # 0, ca = ¢3 = ¢4 = 0. Then £(0) = ¢1 f1(0) = ¢12(0)
or, due to the Hamiltonian equations, 4;(0) = JV Hj and finally

§H = (VHy, 1 JVHy) = 0. (45)

Next, consider c¢g # 0,¢1 = c2 = ¢4 = 0, i.e. £(0) = ¢3f3(0). The
change of the Hamiltonian is

6H = c3(VHy, f3(0)).
We take now into account that
%(0) = f1(0) = JV Hy,

and
VHy=J1£1(0) = —Jf1(0),

and obtain finally

O0H = —c3(J f1(0), f3(0)). (46)

We shall prove that

(JF2(0), £5(0)) = 0. (47)
We have )

£10) = ADIF(0), f3(0) = AT f3(0)
and
(TF10), £5(0)) = (J f1(0)-£5(0)) =
jgﬁ(or (AT(T)J7A(T)) f5(0),
or, using J, = —J,
£ (0) £5(0) = —jgff(@) (A™(T)JA(T)) f(0)
— LA OI£(0).

From this latter relation we obtain
1
(145 ) T80 =0,
3
and for A3 # —1 we have

(J £1(0), f3(0)) = 0.
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Thus, from Equation (51) we obtain 6 H = 0. A similar proof holds for
§(0) = cafa(0).

Thus we come to the conclusion that

»  Any perturbation which is a linear combination of f1(0), f3(0), f4(0)
is isoenergetic.

m For an isoenergetic displacement, no secular term appears in the
general solution, as is readily obtained from Equations(47),(48)
and (49).

» In order to obtain a change of the energy, we must have a displace-
ment along the vector f2(0).

5.6 Orbital stability

The stability that we mentioned before refers to the evolution of the
deviation vector £(t) = 2/(t) — x(t) between the perturbed solution z’(t)
and the periodic orbit x(t) at the same time t. If £(t) is bounded, then
the periodic orbit is stable. In this case two particles, one on the periodic
orbit x(t) and the other on the perturbed orbit 2’(t), that start close to
each other at t = 0, would always stay close. A necessary condition is that
all the eigenvalues of the monodromy matrix be on the unit circle in the
complex plane. However, in a Hamiltonian system this condition is not
enough for stability, because there is only one eigenvector corresponding
to the double unit eigenvalue and consequently a secular term always
appears in the general solution, as can be seen from Equation (49). We
remark that this secular term appears if the vector of initial deviation
£(0) = 2/(0) — 2(0) has a component along the direction f2(0).

In order to understand the meaning of the secular term, we consider
the initial conditions, for & small,

2'(0) = x(0) + £ f2(0). (48)
The corresponding solution is
2'(t) = x(t) + £ £2(0) + et f1(0),
and using f1(t) = &(t) we obtain
o' (t) = w(t) + eti(t) + e fa(t), (49)
and to a linear approximation in €,

2/ (t) = z(t +et) + efot + ct). (50)
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&(t)

Figure 7.  Orbital stability

We define the time
t' =t +et,

and come finally to the conclusion that
2'(t) — 2(t') = bounded.

Thus we come to the conclusion that the secular term introduces a phase
shift only along the orbit. This means that the two orbits, z:(¢) and 2/(t),
considered as geometrical curves, are close to each other (Figure 7). In
this case we say that we have orbital stability, provided that the eigen-
values A3, A4 are on the unit circle and consequently the corresponding
solution is bounded.

5.7 Families of periodic orbits

Consider the system of differential equations(not Hamiltonian in
general)
t; = Fi(z1, 29, 23,24), (1=1,..4) (51)

and let z;o = z;(0) be the initial conditions corresponding to a T-periodic
orbit. The solution is expressed in the form x;(x10, x20, Z30, Z40;t) and
the periodicity conditions are

xi(w10, 220, 230, T40; T) — xi0 = 0. (i =1,..4) (52)

A new periodic orbit with period T + 07, in the vicinity of the above
T-periodic solution exists if the Jacobian determinant of the left-hand-
side of Equation (58), computed at the initial conditions x;q, is different
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from zero (implicit function theorem). In this case the T-periodic orbit
x(t) is not isolated, but belongs to a family of periodic orbits along which
he initial conditions and the period vary. The Jacobian determinant is

IA(T) — I, (53)

which however is always equal to zero, because the monodromy matrix
A(T) has a unit eigenvalue.

In order to overcome the problem, we keep one initial condition fixed,
e.g. x99 and vary the other three initial conditions x1g, x30, z49. We con-
sider the first three periodicity conditions. The corresponding Jacobian
matrix is

|A3(T) — I, (54)

where A3(7T) is the matrix obtained from the monodromy matrix A(7")
by deleting the second column (because xyg is not considered as vari-
able) and the fourth row (because the fourth periodicity condition is not
considered). If this latter Jacobian matrix is not equal to zero (and this
is the case in general), a new periodic solution exists in the vicinity of
the periodic orbit x(t).

The non vanishing of the matrix (59) ensures that the first three
periodicity conditions are satisfied for the new initial conditions 7,
T20, Thy, T, With the new period T

r1(T') = g, 22(T") = 20, 3(T") = 3. (55)

From the above we see that the first three periodicity conditions (58)
are satisfied. In order for a new periodic orbit to exist, we must prove
that the fourth periodicity condition is also satisfied.

We assume that an integral of motion exists

G(x1, 9, 3, 4) = constant.
Let @y be the value of x4 after one period 7”. We have
/ / / / / 1
G (210, 20, T30, T30) — G(210, 220, T30, 2'39) = 0,

and by Taylor’s theorem,

oG , ”
— Tyy — Tygp) = 0, 56
(52,).,, o=+ (56)

where the partial derivative is computed for (x, 220, T59, 270), T4( lying

between zy, and z/,. Consequently

1/ /
L40 = T405
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which implies that the fourth periodicity condition is also satisfied,
provided that the partial derivative in (62) is not equal to zero.

We shall find now the new periodic orbit, to a linear approximation.
Consider the orbit 2/(t), corresponding to the initial conditions

2'(0) = x(0) 4 c2.f2(0), (57)

for co small. The solution is given by Equation (56), and can be ex-
pressed, to a linear approximation in the small parameter ¢y, as

2(8) = (L + e2)t) + cafol((1+ e2)2).

The functions z(t), f2(t) are T-periodic and consequently the new solu-
tion 2/(t) is (T/(1 + c2))-periodic, and to first order in co, with period

T = (1—c)T.

From the above we conclude that a family of periodic orbits is obtained
by varying the initial conditions of z(0) along the vector f2(0), as is
seen from Equation (63). We remark that it is along this vector that the
energy (Hamiltonian) varies. The initial conditions of all the periodic
orbits of the family lie on a curve that is called the characteristic curve.
The vector f2(0) is tangent to the characteristic curve. The period and
the energy vary along the family.

If the periodic orbits are symmetric with respect to the xi-axis, then
T99 = T19 = 0 and the characteristic curve is a curve in the space of two
initial conditions only, 19, 2.

Remark: The procedure described in this section, for the continuation
of a periodic orbit, was for a change of the initial conditions, keeping
the parameters of the system fixed. In this case the period of the new
periodic orbit was, in general, different from the initial period. It may
happen however that the system of differential equations (57) depends
on a parameter and we wish to study the continuation of the periodic
orbit with respect to this parameter. The procedure is the same, but
now we fix the period T and study the continuation to a new periodic
orbit with the same period.

5.8 Bifurcations of families of periodic orbits
in the plane

In the general solution for the displacement £(t), there is a term of
the form

c3f3(t)e” 4 cafa(t)e 7, (58)
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where o is either real or complex, on the unit circle (characteristic ex-
ponent). The functions f3(t), f4(t) are T-periodic.

The initial conditions that generate this component of the solution
are

2'(0) = x(0) + ¢3/3(0) + c4.f4(0). (59)

Bifurcation with the same period

If for an orbit of the family we have 0 = 0, or o = 27, and we select
the initial conditions (65) for £(0), the perturbed solution

a'(t) = x(t) + ()

is also T-periodic.

A new family of periodic orbits bifurcates from the T-periodic orbit
x(t) of the original family, starting with the same period. Note that
o = 0 implies A3 = A\y = 1, which means that the bifurcation takes place
at the point of the original family where the stability changes (critical
points with respect to the stability).

Bifurcation with multiple period

Assume now that the characteristic exponent of a T-periodic orbit
x(t) of the family of periodic orbits is equal to

o =iort.

If this periodic orbit z(t) is described ¢ times, then the characteristic
exponent, is
o=1i2mp — et =1.

This means that we also have a bifurcation of a new family of periodic
orbits, from the T-periodic orbit x(t) of the original family, but now the
new periodic orbits start with a period equal to ¢T'.

In the particular case p = 1, ¢ = 2, we have ¢ = imw and the bifurcating
orbits start with a period 27'. This type of bifurcation takes place when
A1 = Ao = —1, which is also a critical point with respect to stability.

6. Vertical stability of planar periodic orbits

In the previous sections we studied the stability of a planar periodic
orbit with respect to perturbations of the initial conditions in the plane.
We shall study now the stability of a planar orbit with respect to per-
turbations of the initial conditions perpendicular to the plane of motion.
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This type of stability is called wvertical stability and completes the study
of the stability of a planar periodic orbit.

Consider a dynamical system with three degrees of freedom, of the
form

1 = fi(xr, zo, 23,41, 22, 3),
Ty = fo(x1,xo, w3, 41, &2, £3), (60)
&3 = x3f3(x1, 22,23, T1, T2, 3).

This is the form of the differential equations of many gravitational sys-
tems, for example the 3-dimensional three body problem.

It is easy to verify that equations (66) admit a planar solution, which
we will assume to be periodic:

x1(t), @2(t), ws(t) =0, (61)
corresponding to the initial conditions
x10, 20, T30 =0, T10, @20, T30 = 0.
We consider now a small perturbation along the x3 axis also,
10 + €1, Tog + €2, x30 =0+ €3, T19 + €4, T2 + €5, T30 =0+ €¢,

where g; are small, and we want to study the behaviour of the perturbed
solution. We define new variables

T4 = T1, T5 = Ta, T = I3,

and a simple calculation shows that the system of variational equa-
tions for the system (66), with periodic solution (67), breaks into two
uncoupled systems: a system in the planar displacements &1, &9, &y, &5,
corresponding to the variational equations of the planar motion, and a
system in the vertical displacements (along the x3 axis) &3, {. This latter
system is _

5:3 = 567

&6 = f30(t)&s,

where the function f30(t) is the T-periodic function,
f3(@1(t), 2(t), 23 = 0, 24(¢), w5(t), 26 = 0),

computed for the planar T-periodic solution (67). The system (68) is
the system of variational equations for the displacements along the 3
axis. The vertical stability depends on the eigenvalues A5, Ag of the mon-
odromy matrix Aq(7") of this system.

If the system is Hamiltonian, Ay (7T') is symplectic. Then, either A5, A\g
are real, and of the form

_ _tat
Ase=e 7,
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and we have wvertical instability, or else they are complex conjugate on
the unit circle, of the form

Xsg = e,
and we have vertical stability. The « or i@ are the characteristic expo-
nents for the vertical perturbations (along the z3 axis). The solution of
the system of vertical variational equations is of the form

E=crfilt)e " + cafa(t)e”, (62)

where ¢ is a vector with elements &3, &g, for o equal to « (vertically
unstable) or to i@ (vertically stable).

If for a periodic orbit of the planar family we have o = 0 (vertically
critical orbit), then £3(¢) is T-periodic. Then we have a bifurcation of
a family of 3-dimensional periodic orbits from this point of the planar
family, with the same period.

7. Extension to three or more degrees of
freedom

All the above results concerning the eigenvalues and the stability of a
periodic orbit, obtained in systems with two degrees of freedom, can be
easily extended to three or more degrees of freedom.

In a Hamiltonian system the monodromy matrix is a 2n x 2n sym-
plectic matrix, and the eigenvalues are in reciprocal pairs (because of
the symplectic property), and in complex conjugate pairs (because the
elements of the matrix are real).

There are the following possibilities for the eigenvalues:

= Complex conjugate on the unit circle, e (see Figure 8): Stability

= Real, on the real axis, in reciprocal pairs (positive or negative),
A, 1/ (see Figure 9): Instability

= Complex, inside and outside the unit circle, in reciprocal and in
complex conjugate pairs (see Figure 10), Re'?, Re™"?, R~lei¥,
R~ 'e~%: Complex instability

-
N

Figure 8.  Position of the eigenvalues on the unit circle: stability
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Figure 9. Position of the eigenvalues on the real axis: Instability

S M
/-
m
\\}\’3

Figure 10.  Position of the eigenvalues inside and outside the unit circle in reciprocal
pairs and in complex conjugate pairs: Complex instability

Note that in three, or more, degrees of freedom we have a new type
of instability, complex instability, which cannot appear in systems with
two degrees of freedom.

8. The Poincaré map

The Poincaré map is a method to transform the continuous flow in
n-dimensional phase space to an equivalent discrete flow (map) in a
phase space of (n—1)-dimensions (or (n—2)-dimensions for Hamiltonian
flows).

Let us consider the dynamical system in R"

&= f(z), (63)

where x, f(x) are vectors in R™ and call ¢:(x) the flow defined by
Equation (70). We consider a surface of section X,

YCR": (n—1)—dim

and we assume that the flow is transverse. This means that the velocity

vector f(x) of the flow is not tangent to the surface, i.e. f(z)-n(z) # 0,

where n(z) is the tangent unit vector to the surface ¥ (see Figure 11a).
The Poincaré map, Figure 11b, is the map

q — p(q), where p(q) = ¢-(q),
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. p(q)
94(x)
periodic orbit

Figure 11.  (a) The surface of section. (b) The Poincaré map on the surface of section

where 7 is the time from the point of intersection ¢ to the next point
p(q). We note that

»  The consecutive points on the surface of section, q,p(q), ... define
accurately the state of the system.

= p(q) is a continuous function of g.

» Ifz(t) is a T-periodic orbit (Figure 11b), the corresponding Poincaré
map is a fized point, p(q) = ¢, (maybe multiple).

= [t can be proved that the stability of the invariant point is the same
as the stability of the corresponding periodic orbit. The fixed point
has the same set of eigenvalues, except the unit eigenvalue (which
corresponds to the periodic orbit).

9. Poincaré maps in Hamiltonian systems
We consider the canonical equations
¢=0H/0p, p=—0H/dq, (64)

where
¢,p CR"
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[N

\J

Figure 12.  The consecutive points of intersection

and consider as surface of section ¥ the (2n — 2)-dimensional surface
defined by

H=h, f(g,p) =0 (for example g2 = 0). (65)

The intersections of the continuous Hamiltonian flow in the 2n-
dimensional phase space, defined by Equation (71), with the surface
of section defined by Equation (72), transforms the continuous flow to
an equivalent discrete flow (map), on a (2n — 2)-dimensional surface of
section (see Figure 12).

9.1 Hamiltonian systems with two degrees of
freedom

We will study in particular Hamiltonian systems with two degrees of
freedom with Hamiltonian H(q1, g2, p1, p2). We define

1 =41, T2 = (g2, T3 = P1, T4 = P2,
and consider the surface of section
H(zy,x9,23,24) = h, x93 =0, withaxy > 0.

The map is on the two-dimensional space x1 x3. The values of z1, 3
define exactly the state, because xo = 0 and x4 is obtained from H =
h, x4 > 0.



72 J. D. Hadjedemetriou
The map is two-dimensional and can be expressed as
r1 = g1(71, 73),

z3 = ga(21,23).
The map is symplectic. The fixed points of the map correspond to the
periodic orbits of the Hamiltonian system.

The set of eigenvalues of a fixed point is the same as the set of the
eigenvalues of the monodromy matrix of the periodic orbit, minus the
two unit eigenvalues.

The stability of a fixed point is the same as the stability of the periodic
orbit. Note that the shift along the perturbed orbit (due to the double
eigenvalue), compared to the periodic orbit (see Figure 7), does not
produce instability to the fixed point, so the stability of the fixed point
of the Poincaré map is in fact orbital stability.

9.2 Invariant curves

The consecutive points of the map may lie on a smooth curve (ordered
motion), or be scattered (chaotic motion).
Let us assume that another first integral of motion exists, independent
of H =constant,
G(x1,x9,x3,14) = C.

Then all the consecutive points of the map lie on smooth invariant
curves. This can be proved as follows: Let (z1, z3) be a point of the map
on the two-dimensional surface of section. We have zo = 0 and x4 is
expressed in terms of x1, x3, through the energy integral H = h, as

x4 = x4(21, 22 = 0,23).
The points x1, xg satisfy also the integral
G(z1,22 = 0,23, 24(21,22 = 0,23)) = ¢,
which is a relation of the form
F(r1,23) =0,

and this implies that the consecutive points (z1,z3) of the map lie on a
smooth curve.

10. Near-integrable systems

Let us consider the Hamiltonian system

H = Ho(q1, 92, p1,p2) +€H1(q1, 92, p1, p2),
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Figure 13. The 2-torus

where Hj is integrable. We make a canonical transformation to action-
angle variables of the integrable part,

Ji, J2, U1, ¥
and in these variables the Hamiltonian takes the form
H = Ho(Jl, JQ) + EHl(Jl, JQ, 191, 192)

The flow of the unperturbed Hamiltonian Hy(Jy, J2) is given by the
equations

Ji = Jio, Jo=Jag, V1 =n1, V2 =na,

where the frequencies ny, no are constant and are given by
ny = 8H0/8J1, ng = 8H0/6J2.

The flow takes place on a 2-torus, with constant radii Ji, Jo and constant
frequencies ny, no (Figure 13).
We define now a Poincaré map on the surface of section

Ho(Jl,JQ) = h, 192 =0 mod 271',

(or equivalently, Jo = Jyg and @2 = 0). The unperturbed mapping can
be obtained analytically as

J1 — J1,
91— Oy + 2w, (66)

This is a mapping in the variables Jj 91 and depends on the parameter
h (or J2). At each iteration the angle ¥, changes by

A’lgl = 271'&.
n2
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The angle A1 is called the rotation angle. It depends on the action Jy
only, for a given parameter h (or Jo). For this reason the map (73) is
called a twist map. The map (73) is usually presented in the Poincaré

variables
X =+/2Jicostty, Y =+/2J1sind.

All consecutive points of the map lie on smooth invariant curves that
are circles with radii ¢ = /2J7 . The rotation angle A as well as the
ratio L varies along the radius o (see Figure 14a).
There are certain radii that are resonant: the ratio of the frequencies

is rational,

o f, or Aty = o2

ng T r
All points on a resonant invariant curve (circle) are r-multiple fixed
points: the point comes to the initial position after r rotations along
the angle Y2 on the 2-torus. (AY; = 27s and Avy = 27r). It can be
easily seen that the unperturbed mapping (73) can be obtained from
the generating function

F = Jint1%1 0+ Go(Jint1)s
where Gy is defined by
6G0/8J1 = 27‘(’711/712,

by making use of the equations

OF OF
Jip = , Oini1 = .
S T S ) A

Evidently, this mapping is symplectic.
We assume now that € # 0 in the Hamiltonian H. Then, for sufficiently
small €, we have a perturbed twist map

J1 = J1+€(...)
191 = 191—}—27‘('@%—6()
na

The perturbed map is also symplectic and can be obtained from a gen-
erating function

F = Jint191,0 + Go(J1,n+1) + €G1(J1,n41,V1,n)-
What happens to the unperturbed circular invariant curves when € > 07

= A non-resonant invariant curve survives as closed invariant curve,
due to the KAM theorem (see Figure 14b).
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Y

resonant

CD nonresonant

NPV

Figure 14.  (a) The resonant and non resonant invariant curves of the integrable
problem. (b) Only a finite number of fixed points survive on a resonant invariant
curve after the perturbation is applied

e stable
o unstable

:> resonant

m  On a resonant invariant curve, out of the infinite set of r-multiple
fixed points, only a finite (even) number survive, half stable and
half unstable, as a consequence of the Poincaré-Birkhoff fixed point
theorem (Arnold and Avez, 1968; Lichtenberg and Lieberman,
1983), as shown schematically in Figure 14b.

11. An Application to the Solar System

We shall apply the above described theory to the motion of a small
body (asteroid, Kuiper belt object, satellite) moving around the Sun in
a nearly Keplerian, elliptic, orbit, and perturbed by a major planet.

11.1 The unperturbed problem

We consider first a body of negligible mass moving around a body of
finite mass m in an elliptic orbit. It can be proved (Murray and Dermott,
1999) that the action-angle variables of the two-body problem in the
inertial frame, in the plane, are the Delaunay variables defined by

Ji=L, 9, =M,

Jo =@, Uy =uw, (67)
with Hamiltonian
; (Gm)?
HO - 2L2 ) (68)

where M is the mean anomaly, w the longitude of pericenter,

L=vGma, G=/Gma(l—e?), (69)
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a is the semimajor axis and e the eccentricity. We perform now a canon-
ical change of variables to a rotating frame by the time dependent gen-
erating function

Fy = Ji0y + Jo(0y + Do) — o,
N=nt+do,

where n’ is the angular velocity of rotation of the rotating frame. The
new action-angle variables are

Ji=L-G, Nh=M=X\—w,
Jo =G, Po=A— N,
where A = M + w is the mean longitude. The new Hamiltonian is

__(Gm)*

In terms of the elements of the orbit, the Hamiltonian (78) is expressed
in the form

Hy=——— —1n/y/Gma(l — €2). (71)
This is constant and is the energy integral
Hy = h = constant.

According to Section 10, the motion takes place on a 2-torus, with radii
the actions J; and Jy and corresponding angles 91 and 92, as shown in
Figure 13. The angular velocities ny, ng are

0H, 0Hy
— = 2
" aJy’ "2 aJy’ (72)

and using Equation (77) and (78),
ni=n, ng=n-—n, (73)

where n = vVGm/ a®/? is the mean angular velocity of the elliptic orbit.

11.2 Poincaré map of the unperturbed problem
in action-angle variables

As in the previous section, we define the map on the surface of section

Jg = JQQ, 192 = 0, mod 2.
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The mapping in the variables Jy, ¥ is

Jl - Jl 3

H — N+ 271'#,
and we present it in the Poincaré (canonical) variables X = /2J; cos 91,
Y = /2J; sin¥y. This map corresponds to the motion of the small body
in a rotating frame with constant angular velocity n’. We note now that

s All invariant curves on the X Y plane are circles with constant
radii v/2.J1, where J; = vVGma — Jog. It is clear that the radius
of the invariant curve depends on a fixed value of the semimajor
axis a.

» On a particular invariant curve, with radius /2.J;, there corre-
sponds a certain eccentricity, obtained from J; = vVGma(l —

V1—e?).

m As Jj increases, the semimajor axis increases. Consequently the
ratio n/n’ varies, and passes through resonant values.

s The central fixed point J; = 0 corresponds to a circular orbit
(e=0).
m The resonant invariant curves correspond to the resonant elliptic

periodic orbits, in the rotating frame.

m The non resonant invariant curves correspond to elliptic orbits in
the inertial frame, which however are not periodic in the rotating
frame.

» The angle ¥; on the invariant curve defines the orientation w. (At
t=0and 95 = A — X =0, and for N = 0 we have A = 0, —
nt+w=0—- M=-w, - ¥ =—-w.)

Resonant invariant curves

A resonant n/n’ = p/q elliptic periodic orbit is a multiple fixed point
on the resonant invariant curve. The angle 1; changes during one itera-
tion by

1
A =27 = 2T—
11— pP—q

n

The mapping after p — ¢ iterations is

(p—q) = V1 + 2mp,

n’
n

Jl — Jl.

1
’ﬁ1—>191—|—27T1
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Nonsymmetric

Symmetric

Figure 15.  The resonant elliptic orbits for different orientations

All points on this invariant curve are fixed points. A linear analysis
shows that the two eigenvalues of a fixed point are equal to 1. This
means that the periodic elliptic orbits in the rotating frame have two
pairs of unit eigenvalues.

We remark that all the fixed points on a resonant invariant curve of
the Poincaré map correspond to elliptic motion of the small body, with
the same semimajor axis a, such that n/n’ is rational, and the same
eccentricity e. They differ only in the orientation, which means that all
these orbits have different values of w, as shown in Figure (15).

12. Continuation of periodic orbits when
a perturbation is applied

We perturb now the above two-body problem by adding to the model
the gravitational attraction from a major planet (for example Jupiter),
which we assume that revolves around the Sun in a circular orbit with
constant angular velocity n’. The study of the periodic orbits will be
made in the rotating frame that rotates with constant angular velocity
n’/. The new Hamiltonian has the form

H = Hy+¢eHq,

where Hj is the unperturbed integrable Hamiltonian (78) correspond-
ing to the two-body problem. We want to study what happens to the
circular, resonant and non resonant, invariant curves of the two-body
problem when € > 0.

According to the KAM theorem (Guckenheimer and Holmes, 1983),
for sufficiently small ¢, the non resonant invariant circles survive the
perturbation as nearly circular invariant curves. These invariant curves
represent nearly elliptic orbits of the small body that are not periodic
both in the rotating frame and the inertial frame.
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On a resonant circular invariant curve of the unperturbed problem
each point is a fixed point of the Poincaré map, which in general is
multiple. As soon as the perturbation is applied, out of the infinite set
of (multiple in general) fixed points, only a finite number survive (usually
only two), according to the Poinaré-Birkhoff fixed point theorem (Arnold
and Avez, 1968, Lichtenberg and Lieberman, 1983). Half of them are
stable and half unstable. This is shown in Figure 14b.

If the system has symmetries (as is the case with the restricted prob-
lem), usually the symmetric periodic orbits survive (but not always!).
The resonant fixed points that survive correspond to monoparametric
families of elliptic periodic orbits, in the rotating frame. These families
bifurcate from the circular family, at the corresponding circular reso-
nant orbits. From the above analysis we come to the conclusion that
out of the infinite set of resonant elliptic periodic orbits of the two-body
problem, with the same semimajor axes and the same eccentricities, but
different orientations, as shown in Figure 15, only a finite number sur-
vive as periodic orbits in the rotating frame, and in most cases only two,
usually, but not always, are symmetric.
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Abstract A brief review of some features of the system of periodic solutions,
especially in the gravitational problem of three bodies, considering their
part in the structure of the space of all solutions of the problem, and
their relation to features of near-commensurability motion.
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1. Introduction

In a system of bodies moving under their mutual gravitational attrac-
tions, if we know the motion to be periodic, then, to know the motion
for all time, it is necessary to know it over just one period.

In fact, in the light of Poincaré’s extensive studies into families of pe-
riodic solutions in the case of three bodies, he was led to conjecture that
the periodic solutions are everywhere dense, in the sense that, given any
motion in the system, a periodic solution may always be found keeping
within any specified closeness to it for a chosen length of time. Schwarz-
schild gave the related, but different, conjecture, that, given any set of
initial conditions, then there can be found, arbitrarily close in phase
space, a set of initial conditions corresponding to a periodic solution
(though the period may be very long, but will be finite). These con-
jectures embody the view that the structure of the families of periodic
solutions form a sort of all-pervading “skeleton”, around and amongst
which are all the other solutions. We will go on to consider succes-
sive levels of bifurcation of families of periodic solutions (to families of
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higher “genus”), continuing without limit, to illuminate this view. It is in
the light of this that we must understand the significance of “wildness”,
or “chaos”, which is now found to show itself in some solutions in many
non-linear systems. Many of the topics forming part of this review have
been dealt with in more detail in my presentations in previous summer
schools, and in other publications, and appropriate references are given
to these fuller accounts as we proceed.

2. The general, and restricted, three-body
problem

2.1 The general three-body problem

We will mostly be considering a system in which three bodies, Py,
P, and P, move under their mutual gravitational attractions, and we
will only be concerned with their relative motions. Therefore, in the
plane problem, we have a system of just four degrees of freedom (two
co-ordinates for each of the two relative positions), while in the three-
dimensional problem, we have six degrees of freedom. There is always
the integral of energy, since gravitational force is conservative, and there
are the integrals of conservation of angular momentum (one component
in the case of the plane problem, and three in the case of the three-
dimensional problem; since we are concerned only with the relative mo-
tion, the integral of conservation of linear momentum does not appear).
(See Poincaré (1892), sections 1 to 11.) The only exact solutions known,
describable in closed form, are the Lagrangian collinear motions, and the
Euler equilateral triangle solutions. In each of these, the figure defined by
the three bodies remains similar at any time to that defined at any other
time (i.e. they are homothetic solutions) and the relative motion in each
case is, for each pair of bodies, in a conic section described according to
Kepler’s laws, as it would be for two-body motion.

2.2 The restricted problem of three bodies

Most numerical exploration of periodic solutions have in fact been
carried out in the restricted problem of three bodies, the simplified ver-
sion in which the mass, mo, of the body P is considered to be too small
for it to influence the motion of the bodies Py and P;, but remains fully
influenced by the gravitational attraction of them. This system can be
reached from the general three-body problem by a limiting process in
which ms tends to zero, after the factor ms has been cancelled from the
equation of motion for P». But it is more usual for its equations of motion
to be derived from first principles. It possesses a single integral of motion,
Jacobi’s integral, which is usually derived from first principles from its
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equations of motion, but which can also be reached from the integrals
of the general problem by the limiting process just mentioned, begin-
ning with the appropriate linear combination of the integral of energy
with the component of the angular momentum which is perpendicular
to the plane of the (undisturbed keplerian) relative motion of Py and P,
and, after subtraction of the parts relating to the motion of these two
bodies, and then cancelling the factor ms. (Carrying this process out on
any other combination leads to the empty result 0 = 0!) This restricted
problem may be used as an approximate model for a number of actual
situations in the Solar system, when studied in isolation from the rest
of the system, for example, the case of a lone satellite moving around a
planet (Jacobi’s integral, provides a means of identifying cases where the
satellite cannot leave the vicinity of the planet, using the fact that the
square of the relative speed, in a rotating frame, must be non-negative,
leading to the concept of Hill stability). See Szebehely (1967) for an ex-
tensive description of many features of this problem, including most of
the approaches and methods which had been used by 1967, the date of
its publication.

3. General Properties of periodic solutions, and
motions near them. The linear equations of
variation

Let z = (x1, ®2, ..., =) give the configuration, in phase space at
any instant, of the system under consideration (e.g. the vector having
as components the co-ordinates and components of momentum in the
relative motion of the three, or more, bodies) and suppose then that
the equations of motion of the full system are written

i = X(z) (1)

To begin the study of motions in the vicinity of a periodic solution, we
use the linear equations of variation, which are the linear approximation
to the equations of motion for the differences between the nearby motion
and the periodic solution. Suppose that we are investigating motions in
the vicinity of the periodic solution

z = o). (2)
which has period T, say. This solution must satisfy the equations (1),
that is, we must have

p(t) = X{p(t)}. (3)
Then if
r = @(t)+dx (4)
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is any neighbouring solution, it must satisfy

o(t)+d = X{p(t)+dz}

= X+ (G,) _ mront 6

of which the linear approximation is

5p = (8X> 5z. (6)
0 / a=(1)

These are the linear equations of variation. (See Poincaré (1892), section

53.) Since ¢(t) has period T, so then must (%) ® So, if
z=p
dx(t) = o0x™(t) (7)
is a solution of (6), then so must
dz(t) = ox"(T + t) (8)

be. We consider solutions dx* having the property that
ox*(t + T) = Nozx*(t) 9)

for some A. Given a linearly independent set of solutions of (6), this gives
an eigenvalue problem to find values of A for which (9) is true. Suppose

z(to) = (o) +8 (10)
are starting conditions for a solution, on which
z(to + T) = o(to) + 0+ . (11)

Then the values of A — 1 are the eigenvalues of the matrix of the gg?,
J

evaluated along the solution (2). (See Poincaré (1892), section 60, and
Message (1966a).)

Equivalently, the A are the eigenvalues of the matrix of the %
For each such A, the value « satisfying

A = exp(ad), (12)
with imaginary part Z(«) in
—7/T < I(a) < w/T (13)

is a characteristic exponent of the periodic solution (2).
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Clearly x(t) = ¢ satisfies the linear equations (6) of variation, so,
from (9), one of the A must be equal to 1, and so the corresponding
characteristic exponent o must be zero. So, in an autonomous system,
there must always be at least one zero characteristic exponent. If the
characteristic exponents aq, a9, ..., «, are all different, the general
solution of the linear equations of variation (6) may be written as

dw = > Ajexp(a;t)x;(t) (14)
j=1

where the A; are constants of integration, and the functions y;(t) all
have period T'. If some of the characteristic exponents are equal, then
the corresponding A; is replaced by a polynomial in the time, of de-
gree one less than the the number of characteristic exponents which are
equal, the co-efficients being all constants of integration. (See Poincaré
(1892), section 59, and Message (1966a).) If the system has integrals of
the motion, then any periodic solution must have zero characteristic ex-
ponents, equal in number to one more than the number of independent
integrals of motion. For the stability of the periodic solution (2), it is
clear that all of the characteristic exponents o must have non-positive
real parts. For a conservative system, able to be put into Hamiltonian
form, which any n-body system moving under mutual gravitational at-
traction is, the characteristic exponents occur in equal and opposite pairs
+a. (See Poincaré (1892), sections 67 and 69, and Message (1966a).) So
the stability of the periodic solution then requires that all of the charac-
teristic exponents be pure imaginary, that is, of the form o = +v+v/—1,
say. Then the frequencies v appear in the expressions for the dz, and
represent the frequencies of the free librations about the periodic solu-
tion. See Message (1982a) for a discussion on how oblateness of the
primary (Fy) affects the librations, leading to the concept of proper
eccentricities.

4. The use of normal and tangential components
in the linear equations of variation

4.1 The case of a single planet or satellite

For the purpose of determining the stability of a solution, we need only
determine the non-zero characteristic exponents. To do this we may not
need to solve the whole system of linear equations of variation. This is
also true for the purpose of iterating initial conditions to improve the
closeness with which a solution closes, so as to approach more closely
an exactly periodic solution. For example, consider the case of a system
of two degrees of freedom, as for example a single particle moving in
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the plane, or for the restricted problem of three bodies, in which the
equations of motion may be written

T = f(xvyviay)v (15)

and
i = g(z,y.1,9). (16)

We will write the linear equations of variation, using, as components of
the displacement, the tangential displacement, p, given by

p = (&dz +ydy)/V (17)
where V' = /22 + 9?2 is the speed of the particle in the orbit, and the

normal displacement, g, given by
g = (—ydz+ xdy)/V. (18)

The second of these components, ¢, describes the displacement orthogo-
nal to the motion in the orbit, and its equation of motion gives most of
the information which we will need. Let us also suppose that there is a
single first integral of the motion, say

F(z,y,&,9) = C, (19)
which requires that

LOF  OF

T+ 7—|-f8fF+ i
ar Yoy T i

o~ 20
9514 (20)

is true for all (z,y,&,y). Then we find that the equations satisfied by ¢
and p are

G+A[#)g+0O(t)g = M(t)oC, (21)

and

%(p/v) = 6C/U(t) = () gN () q/V, (22)

where A, ©, M, ¥, ®, and N are given in terms of the expressions for
(z,y,&,7y) as functions of time on the orbit. (See Message (1982a).)

In the particular case of the restricted problem of three bodies in a
plane, we have

[3}9]

o= ot (23)
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and

o9
and the first integral is Jacobi’s integral,
F o= &+ —20(x,y)

= C. (25)

In this case A = & = 0, W = 2V2, M = w/V + (522 — 92} /V?,
and then (21) becomes Hill’s equation,

Gg+0O()g = M(t)C. (26)

The solution of this equation, with dC' = 0, is sufficient to determine
the non-zero characteristic exponents, and hence the linear stability, and
also to improve the approximation to a closed orbit, when seeking initial
values for a periodic orbit, by iteration.

4.2 The extension to two planets or satellites

The generalisation, to two bodies in a plane, moving under conserva-
tive forces, which also gives the equations for the relative motion in the
general problem of three bodies in a plane, is

. oV
m;¥ = —
i 6$i,
and
. 2%
(2
for ¢ = 1, 2, with the integral of energy,
1& o,
52%‘(%‘2 +9:%) + V(z1, 2, 91,52) = C. (28)

i=1
Suppose there is also an integral of angular momentum (which of
course is so in the case of the general problem of three bodies),

2
> mi(zai® - yigi®) = L, (29)
i=1

which of course requires

2
aV aV
Z(%@_%@) = 0 (30)

=1

to be true for all (z1,y1, 41, Y1, T2, Y2, T2, Y2)-
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Then, if we define tangential and normal components, p;, and g¢;, re-
spectively, of the displacements of the two particles (using the equivalent
equations to (17) and (18)) we find that we cannot separate the equa-
tions for the ¢; to be completely independent of those for the p;. In fact
we will need a differential equation system of order five to determine all
the non-zero characteristic exponents. In fact we include the equation
for the quantity

s = pi/Vi—p2/Va (31)

where V; = (/i? 4+ g2, for i = 1 and 2.

Then the equations of motion are

midi + A11(t)g1 + O11(t)q1 + A12(t)g2 + O12(t)q)2 + K (t)1s +
= M (t)(h20 L — maVisC),
maga + No1(t)g1 + O21(t)q1 + A2 (t) g2 + O22(t)q)2 + K (t)2s +

= Mg(t)(hl(SL - m1V125C),
(32)

and

Z(t)5 — U(t)s — Wi(t)gr + Wi(t)gr — Wa(t)da + Wa(t)go
— U(H)6C — L(t)0L,  (33)

where A;j, ©;5, K;, M;, Z, U, W;, Wi, and 1 are given in terms of the
expressions for (z;,y;, 2;,y;) as functions of time on the orbit.

See Message (1982a). In a similar way to the previous case, each of
p1/V1 and po/ V3 is given by a single integration, given by an appropriate
enlargement of the equation (22).

5. Solutions of second and higher genus

In the case of a stable periodic solution, if the frequencies of the libra-
tions, in the limit as the amplitude of the libration approaches zero, are
all commensurable with the frequency (27 /7T") corresponding to the pe-
riod T of the periodic solution itself, then there is a single overall period
for the librating motion, usually a multiple n > 1 of the period of the
original periodic solution. This leads to a bifurcation, from the original
family of periodic solution, of a family of periodic solutions, whose lim-
iting member, as the amplitude approaches zero, is the original solution
covered n times. This new family may be described as being of the second
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genus, and there will be a bifurcation with a family, of this type, of peri-
odic solutions, corresponding to each such commensurability. In the case
of the restricted problem, there is only one frequency of libration, and so
these bifurcations correspond to the rational numbers, and so are every-
where dense along the original family. In the case of the plane general
three-body problem, there are two libration frequencies, so commensu-
rability of the second frequency with commensurable pairs of the first
frequency and the orbital frequency represent an everywhere dense set
within an everywhere dense set, and so are also everywhere dense along
the original family.

In the case of second-genus families which are stable, there will also
be librations about each member periodic solution, and so, where there
is commensurability of these librations with the period of the second
genus solution, there will be a further bifurcation with a further family of
periodic solutions, which we might call of the third genus, whose limiting
member as its libration amplitude approaches zero is the member of the
second-genus family from which it branches, covered a multiple number
of times. Again, such bifurcations will be everywhere dense along the
family of second genus solutions. This process of bifurcation of families
of successively higher genus (and greater and greater multiplicity, and
so of longer and longer period) can be expected to continue indefinitely.
Thus we are led to expect an everywhere-dense set of initial conditions
corresponding to periodic solutions, at least in that part of intitial-value
space corresponding to stable periodic solutions.

6. Finding periodic solutions by analytical
continuation

Poincaré (1892, sections 36-38) showed how to reach periodic solutions
by analytical continuation from periodic motions in that limiting case
in which the masses of two of the bodies are taken as zero, so that they
have no mutual perturbations, finding solutions in the full perturbed
motion in which the relative motion remains periodic.

Let us now consider the gravitational problem of three bodies, in such
a way as to define the appropriate small parameter in terms of which to
carry out the analytical continuation. Suppose the three bodies are Py,
Py, and P», and that their masses are mg, m1, and mo, respectively.

Put

emj = moma/(mo + mq) (34)
and

€m§ = (m() + ml)mg/(mo +mq + mz) (35)
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and choose ¢ as the greater of my /mg and ma/mg. Suppose the equations
of motion are written

z = X(z,¢)
= Xo(z)+eXi(z,¢€) (36)
and, in the limiting case in which € approaches zero,
i = X(o), (37)

which gives the motion of each of P; and P» as unperturbed motion under
the attraction of Py (See, for example, Roy and Ovenden (1955); Message
(1980); Message (1982b).) The analytical continuation to be carried out
is then from zero to non-zero values of e.

Poincaré’s first sort of periodic solution arises by analytical continua-
tion from circluar motions about the primary. These are not directly
related to commensurability of orbital period, but we find that the
condition for the analytical continuation to be possible in a simple way
is that the periods be not in the ratio of two successive integers.

The second sort arises from motions in elliptic coplanar orbits, but in
which the orbital periods are commensurable, so that the relative motion
is periodic.

The third sort in non-coplanar ellipses, again with commensurable
orbital periods, so that the relative motion is periodic.

6.1 General principles for the analytical
continuation

Suppose that x = x(t) is a motion with period 7', in the perturbation-
free limiting case in which ¢ is zero, so that

Ty = X(z0,0)
= XO(J"O)?
and
$0(T+t) = l’o(t), (38)

for all .

We now seek a periodic solution in the full perturbed motion, that is,
for € not zero, and which co-incides with o when ¢ is put equal to zero.
We start with

w(to) = :L'o(to)-f—ﬁ, (39)
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and suppose that this leads to
x(to+T+71) = zoto+T)+ 8+ . (40)
Then this solution is periodic with period T + 7 if
v o= (Y192, ¢Yn)
= 0, (41)

and we seek to satisfy this by choice of 5 = (01, 2, ..., 0n). (We will see
very shortly why the period may need to differ from T'.) Now ¢ will be
a function of 3, 7, and e, with the linear approximation
0 8 O
Z wz wl wl e (42)

66] o T e

The general procedure to be followed is to put each of these equal
to zero, and so solve for an approximation for the 3;, to first order in
g, and then proceed by successive approximation, using the complete
expressions for the ;, to obtain expressions for the 3; in powers of ¢,
to correspond to a periodic solution of the full perturbed motion. This
could be done, taking 7 = 0, and so obtaining a solution of period T,
provided that the Jacobian determinant

8(¢17¢27"'5¢n)
<a(51752,---,ﬁn)>$ R, (43)

were not zero.

But in fact it is not quite so straightforward! Note that z = z(t + h)
is also a solution of (36), for any value of h, corresponding to § =
x(to+h) —z(tg) and gives v = 0, so that the Jacobian determinant (43)
is in fact zero. However, there are the n equations ; = 0 to be solved
by choice of the n+ 1 quantities §1, 02, ..., 8, and 7. So we may choose,
say, O, = 0, and still solve ¥; = 0 for the n quantities §1, B2, ..., Bn—1
and 7, provided that

8(¢17w27"'7¢n—17¢n)
( 8(/817627"'7/671—177—) )x z0, T=e=0 (44)

is not zero.

In the systems we will be considering, there will be at least one integral
of the motion. (The restricted problem has Jacobi’s integral, and the
general problem of three bodies has the integrals of energy and angular
momentum.) If there is an integral

F(z,e) = C, (45)
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so that there is the identity

Z 6% 0, (46)

it follows that
F(xo(to) + B,e) = F(wolto+T+7)+L+19,¢), (47)

which gives a relationship between the §, 7, €, and the . Therefore
putting, say,

wlzwzz---zwn,lzo (48)

must imply that ¢,, = 0, provided that a is not zero, so that we
need only solve the equations (48) for (i, B ..., Bu_s and 7, which is
possible provided that the Jacobian determinant

(3(¢1,¢27~'-7¢n—27¢n—1))
a(ﬁ17627°"76n—277—) z=x0, T=c=0

(49)

is not zero.

The existence of further integrals of motion would enable further re-
duction to be made in the number of equations which need to be solved to
ensure a periodic solution. (For further details see Poincaré (1892), sec-
tion 38). We will now return to the specific case of the general gravita-
tional problem of three bodies, which of course possesses the integrals of
angular momentum and energy.

6.2 Application to the General Problem
of Three Bodies: periodic solutions
of the First Sort

We are now considering three finite bodies, Py, P;, and P», of masses
mo, m1, and mao, respectively. The periodic solutions of the first sort are
confined to a single plane. To reach these solutions Poincaré takes, for
the solution

(X = Xo(t)) from which the analytical continuation begins, one in
which P; and P, move about P in circular orbits. The distances between
the three bodies in pairs, and hence the relative configuration of them,
can be expressed as functions of the quantities

rpT = a, T2 =az,
T3 = A1 — A,
ry = ejcosly, x5 =ejsinly,

zg = egcosly, x7 = egsinly, (50)
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where a1 is the major semi-axis, and e; the eccentricty, of the orbit of
Py about Py, and ¢1 and Ay are the mean anomaly and mean longitude,
respectively, in that orbit. The corresponding elements in the orbit of P,
about Py are aq, e, {2, and Ao, respectively. In perturbation-free motion,
with € equal to zero, of course each a; and e; are constant, and each of
£; and )\; increase linearly with time at the rate

n;g = \/G(mg +m;)a; (51)

the mean motion in the unperturbed orbit, as given by Kepler’s third
law. After completion of a synodic period, T' = 27/|n; — ng|, the mean
elongation x3 returns to its original value, and, since ¢; has increased by
n; T, we have

ZE4(t0 + T) = ZE4(t0) COS(TLlT) — 5 (to) Sin(an),

z5(to+T) = ma(to)sin(niT) + x5(to) cos(niT),
z6(to+T) = wx6(to) cos(naT) — x7(to) sin(naT),
and
x7(to+T) = z6(to)sin(neT) + x7(to) cos(naT), (52)
Since we are considering circular motion, with e; = ey = 0, the

relative configuration recurs after a time interval 7T'.
Now consider the perturbed situation, with ¢ different from zero, and
consider a motion for which, at ¢ = ¢,

r1 = ai+ B, w2 =az + B2,
x3 = Ao — A0 + 3, (53)

and, for ¢ =4,5,6, and 7,
i = xi(to)e=0 + Bi, (54)
and for which, at t = tg+ T,

x1 = aio+pP1+Y1, T2 =a + F2+ P2,
r3 = Ao — A0 + B3 + 3,

and, for ¢ = 4,5,6, and 7,

i = xi(to+T)e=o0 + Bi + Ui, (55)
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from which we derive, using equations (52),

gléj — cos(mT) 1, ?;é: = —sin(mT),
gléi = sin(m7), glé: = cos(mT) — 1,
g?g = cos(noT) — 1, gqéj = —sin(nyT),
gqé; = sin(noT), gqé: = cos(noT) — 1. (56)
Now we may use the integral of energy
F = C, (57)

and the integral of angular momentum to establish that

Y3 =Py =5 =Yg = P7 =0, (58)

imply that also

Y1 =1 =0. (59)

We may then solve (57) (that is, fix the energy), and (58) for 51, [,
B4, B5, B¢, and B7, and then the Jacobian determinant, which must not
vanish if the solution is to be possible, is

(a(R ¢37¢4,¢57¢67¢7)>
8(515 /627 /845 557 ﬂﬁ) 57) t=T, e1=ea=c=0 '

Most of its entries are zero, and we find that

O(F,v3) O(tha,5) O(vs, U7)
9(B1, B2) O(Ba, B5) 9(Bs, Br)

= —3ning (n(zlilz nlal) (cos(niT) — 1) (cos(n2T') — 1)

A (60)

A

a2

This is zero only if nT = 2wk, or noT = 2wk’, for integer k or k', that
is, if ny/|n1—ng| = korifny/Inj—ng| = K, thatis, ifny/ny = (k—1)/k
orif nyi/ne = (K +1)/k .

In this way we are led to the family of periodic solutions of the gen-
eral three-body problem, of Poincaré’s first sort, except when the mean
motions are in the ratio of two successive integers. With this exception
(whose significance we will see later), then, the process leads, in the
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full (perturbed) system, to a family (the first sort) of periodic motions,
which become circular motions in the limit as ¢ approaches zero. (See
Poincaré (1892), sections 30-40.) For Poincaré’s reference to Hill’s vari-
ational orbit in the main lunar problem, as being an orbit of this type
in a very similar problem, see Poincaré (1892), section 41.

6.3 Periodic solutions of the Second Sort

The solutions of the second sort (see Poincaré (1892), sections 42-47)
are also planar motions, but now we start from orbits in the perturbation-
free (¢ = 0) case which have non-zero eccentricities. For the motion to
be periodic, there must now be a common multiple of the periods of the
two relative orbits. This means that there must be a commensurability
between the two orbital periods 71 = 27 /n; and T = 2m/ng, and so
between the two mean orbital motions ny and ns, that is, there must
be integers p and ¢ so that (p + ¢)na = pny. After the elapse of a syn-
odic period Ts = 2m/(n1 — na), the two bodies P, and P return to
the same relative configuration (e.g., conjunction, or opposition). After
the elapse of an orbital period T;, P; returns to the same apse. Now
p(n1 —ng) = qna, so that ¢Ts = pTs, and likewise ¢Ts = (p + ¢q)T1, so
that the entire relative configuration recurs after the elapse of the overall
period T' = ¢T5.

Let us now follow Poincaré (1892), sections 42-46, in making use of a
canonical formulation, but choose the co-ordinates

fl,ﬁg,’y = w; — w9, and X = w1 + w2,

where w; is the longitude of the near apse of the orbit of P; about F.
The conjugate momenta are, respectively,

Ly = miypurar,
Ly = m3y\/p2az,

I = ;{le—e%—Lmh—eg}
X = ;{L“/l—e%Jer/l—eg} (61)

The relative positions of the three bodies may be expressed in terms
of 41, bs, w1 — wo, a1, as, €1, and eg, and so in terms of 1, £o, v, L1,
Lo, I', and X. So the Hamiltonian

function is expressible in terms of these, and takes the form

H = Ho(L1,L2) —eR(l1, 42,7, L1, L, T, X). (62)

and
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So x does not appear, that is, it is an ignorable co-ordinate, and its con-
jugate momentum, X, is a constant of the motion, in fact corresponding
to the constancy of the total angular momentum.

We proceed now making use of Roy and Ovenden’s mirror theorem
(Roy and Ovenden (1955)), which refers to a mirror configuration, which
is one in which every velocity is perpendcular to every position vector,
and states that the motion subsequent to such a configuration is the
mirror image of the motion prior to it. So the occurrence of two such
configurations in the course of a solution is sufficient to establish that
solution is periodic. In our present problem, such a configuration is given
if each of £y, f5, and v = w; — w9, is either zero or 7.

As in the previous section, we start by considering a solution of the
unperturbed (¢ = 0) motion which is periodic. Suppose that the values

Li = Lio
(fori = 1,2),
I' =Ty, and X = Xy, (63)
correspond to values n1 = nyp and ny = ng o for which
(p+q)n20 = pnip (64)

for some integers p and ¢, and so corresponding to a periodic solution,
of period T, say, in the unperturbed case.
Then, in the perturbed case, ¢ # 0, take, at t = g,

612522720, (65)

and so giving a mirror configuration, and also

Li = Lio + 53
(fori = 1,2),

I' =T+ B, (66)
and

X = Xo+ b, (67)

and suppose that this leads, at ¢ = to +71 + 7, to

b = nioT +
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(for i = 1,2), and

v = 3 (68)

Then, for a second mirror configuration, and hence a periodic solution,
it is sufficient that

Y1 = g =3 = 0. (69)

We may choose 33 = (4 = 0, thus fixing the scale and angular mo-
mentum of the solution, and solve the equations (69) for 31, B2, and 7.
Now

OR

y = —e—= 70
gl € 3T (70)
so that
to+T+1 6R
= — —dt 71
wo= [ G (71)
which is zero for € = 0, together with its derivatives with respect to i,
B2, and 7, so we must in fact solve 93/e = 0, if we are to hope for a
non-zero Jacobian. Thus the set of equations to be solved is in fact
Y1 = 1hy = P3/e = 0. (72)

and the Jacobian which must not be zero is

8(¢17 1/}27 ¢3/5)

A = ——— =127 73
8(617/8277_) ( )
evaluated at
Br=0 =P =03=7=e=0 (74)
It is found to be
O*R*
_ 2
A = —3711’0 ng’oT W
where
1 to+T
RY = = Rdt, (75)
T Je

2T *
so we must have 881?2 to be non-zero. We also need 3/ to be zero

under the conditions (74), that is, we need also that %—755 be zero. Thus

we need to be able to find 'y so that R*(T'g) has a simple maximum or
minimum.
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Now e; and es must be real, which can be seen from the equations
(61) to require that

—X-L1 <I'<-X+1L;
and
X-—Lr<I'< X+ 1Ly (76)

so, according to the ordering of the sizes of L1, Lo, and X, there will be
linear combinations A and B of them so that I' is actually confined by

A<T<B. (77)
Put now
1 1
Iy = §(A+B)+§(B—A)cosg0, (78)

so that R* is expressible as as periodic function of . Its modulus is
bounded, so it must have at least one maximum and one minimum.
Now

*

OR*
Oy

_ _%(B_A)an

oT sin ¢ (79)

so, since we can show that neither occur when sin ¢ is zero, then, since
Iy and Xy may be freely chosen (and thus, equivalently e; and es may
be), this leads to at least two families of periodic solutions with this kind
of mirror configuration, and so of Poincaré’s second sort.

For a more detailed discussion of the occurrence of symmetries in the
more simple restricted problem case, see Message (1985). For an ap-
proach, using simple perturbation theory, to this type of solution, see
Message (1999). Note that, if e; and ey were both zero, the motion in
the perturbation-free case is then identical to one corresponding to the
first sort of periodic solution. In fact there is a bifurcation of families of
second sort solutions from the first sort for every pair of integers (p, q),
except when ¢ = 1, in which case there is a continuous transition from
the first sort solution to the second sort. (See Message (1982a); Message
(1966b).) For each pair (p,q) with ¢ # 1, it is found that, in general,
there are two families of periodic solutions of the second sort which
branch from the family of those of the first sort. Of these two, one con-
sists of stable solutions, and the other of unstable, at least for small
enough values of . (In some cases in the restricted problem, as increas-
ing values of the unperturbed eccentricity of P, are taken, a value is
reached at which a bifurcation takes place with families of asymmetric
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solutions. At such a bifurcation, there is a transition between stability
and instability along the family of symmetric second sort solutions. (See
Message (1978); Message (1982a)). Now the ratios (p + q)/p are every-
where dense, so bifurcations with families of periodic solutions of the
second sort are everywhere dense on each family of periodic solutions of
the first sort.

6.4 Periodic solutions of the Third Sort

The solutions of the third sort (see Poincaré (1892), sections 48-49)
are not planar motions, and we start from orbits in the perturbation-
free ¢ = 0 case which have non-zero orbital inclinations. As also for
the second sort, for the motion to be periodic, there must be a common
multiple of the periods of the two relative orbits, and, again, this means
that there must be a commensurability between the two mean orbital
motions n; and ng of the type (p + ¢)n1 = pna. After the elapse of a
synodic period Ty = 27 /(n1 — nga), the two bodies P; and Py return to
the same relative configuration (e.g., conjunction, or opposition). After
the orbital period T; = 27/n;, P; returns to the same node and apse.
As also for the second sort, the entire relative configuration recurs after
the elapse of the overall period T' = ¢T,. For a demonstration of the
existence of the corresponding solutions in the full perturbed motion,
of this third sort, using Roy and Ovenden’s mirror theorem (Roy and
Ovenden (1955)), see Message (1982c¢). The case q = 1 shows special
features, in that the solutions of the third sort are found to have non-
zero eccentricities.

For a brief discussion of the effect on this type of solution of the
oblateness of the primary, as seen in the case of Saturn’s satellites Mimas
and Tethys, see Message (1999).

7. Extension to systems of more than three
bodies

Let us consider briefly the extension of some of these ideas to systems
of more than three bodies. In the case of four bodies, we can extend
the procedure to reach periodic solutions of the first sort, by analytical
continuation from the case of motion, in the perturbation-free case, in
which the three bodies P, P>, and P3 move in circular orbits about
the primary body Fy. But, in order that these motions have a common
period, there must be a commensurability between the differences of the
mean motions of the sort

r(ng —ng) = s(ny —na), (80)
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where r and s are integers. (The set of points in (n1,ng,ns)-space for
which this is true is of course everywhere dense.) The proof for the
existence of periodic solutions in the full, perturbed problem, proceeds
by extension to the four-body problem of the proof for the three-body
given above. The case where it fails now being where the ratio nj/ng
is equal to the ratio of two integers differing by r, and where the ratio
ny/ns is equal to the ratio of two integers differing by s. The relation
(80) shows that either of these implies the other. An example of motion
close to this type of periodic solution is given by the relative motion of
Jupiter and its three innermost great satellites, with » = 2, and s = 1.

But it is relevant to ask if the study of periodic solutions of this sort
does constitute the relevant extension to four or more bodies of the
periodic solutions of the three-body problem, in having the appropri-
ate significant properties? Perhaps the natural counterparts, in four, or
more, body motion, of the periodic solutions of the three-body problem,
are the motions in which the mutual gravitational influence takes place
without there being any free oscillation (whose absence is a property of
the periodic solutions in the three-body problem), that is, motions in
which the only frequencies present are the synodic frequencies of all of
the pairs of orbits, and in which the secular variations, which are the
free oscillations, all have zero amplitude. Then the fact of there being a
relation of the type (80), or its counterparts in systems of more bodies,
leading to the entire motion having a single period, would be more of an
accidental feature of this type of motion. (See Message (1985); Message
(1982b)).
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Abstract  Three-body systems with Hill-type stability are the generalization to
the general three-body problem of the Hill-stable orbits of the circular
restricted three-body problem.

These systems have always a negative energy integral h and a large
angular momentum ¢ (in the axes of the center of masses), they are
characterized by a product hc? smaller than or equal to that of the
corresponding circular Euler motion with the same three masses. They
have a “close binary” and a “third body” that can neither approach nor
disrupt the close binary (well defined limit distances can be given in
terms of the three masses and the initial conditions). However, and this
is a major difference with the circular restricted three-body problem,
the third body can sometimes escape to infinity.

A large majority of known triple stellar systems have the Hill-type
stability, and so is the Sun-Jupiter-Saturn system (99.99% of the mass
of the Solar System). The “close binary” is then the Sun and Jupiter,
while Saturn is the third body.

The third body always rotate into the positive direction about the
direction of angular momentum, and many general properties of its orbit
can be obtained: small inclination, upper and lower limits of its angular
momentum, lower limits of its approach to the close binary, etc. But
much less results are known for the relative orbit of the close binary
(inner orbit), besides its roundedness.

If the mutual inclination of the inner and outer orbits is small (or
in the vicinity of 180°), they have generally only small and slow per-
turbations. But if that inclination is large, in the vicinity of 90°, the
perturbations can become very large, especially for the eccentricity of
the inner orbit and for the mutual inclination itself.

Beside the usual types of orbits: bounded, with a parabolic or hyper-
bolic escape of the third body, etc. we must notice the presence of the
two types of oscillating orbits. The first type is infinitely rare: the motion
of the third body has then an infinite number of larger and larger loops,
the reunion of which is unbounded, but it always come back to small
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distances. On the contrary the oscillating orbits of the second type fill
in phase space a set of positive measure. These orbits are characterized
by an infinite number of very close approaches of the two bodies of the
close binary (their mutual distance has no positive lower bound and then
their velocities are unbounded), even if strict collisions of point-masses
remain infinitely rare.

Of course real bodies are not point-masses and thus oscillating orbits
of the second type lead to collisions.

Let us now have a physical point of view. In our galaxy a majority of
stars are binary stars. If then a weak binary star meets a strong binary
star, an ordinary motion of exchange type can easily disrupt the weak
binary and lead to the formation of a triple system with the strong
binary. That new-born triple system has generally a Hill-type stability
and if its motion is of the second oscillating type (which usually requires
a large inclination) it will lead to a collision of the two stars of the
binary... The probability of this phenomenon is of the order of the ratio
of the inner period (that of the close binary) to the outer period (that
of the third body).

The phenomenon of supernova requires an energy much larger than
that of the usual collision of two stars, but the phenomenon of nova
has an energy of similar order of magnitude. It is then likely that a
proportion of novae appear in this indirect way, having, by far, a much
larger probability than that of direct collisions of stars.

Keywords: Celestial Mechanics. 3 body-problem. Hill-type stability.

1. Introduction

The Hill stability of low energy orbits of the circular restricted three-
body problem goes back to the nineteenth century and its extension to
the general three-body problem appears in the seventies of the twenti-
eth century simultaneously among several authors (for instance all Ref.
before 1980 but Yoshida 1972 and Marchal 1978 ). Almost all known
triple stellar systems have this type of stability that is characterized
by a disconnection, in phase space, of the zone of possible motion into
two or three parts: the three body system of interest remains forever in
its original part and exchange motions are impossible. For this reason
systems with Hill-type stability appears as much simpler than non-Hill
stable systems even if they can undergo very large perturbations and
have the full complexity of non integrable problems.

2. Usual notations

We will use the classical Jacobi decomposition of the three-body prob-
lem (Figure 1), with:
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Figure 1.  The Jacobi decomposition; ¥ = angle(R, V)

G = Cavendish constant (constant of the law of Newton) = 6.672
1071 m? /kg.s?

m1, mo: the two masses of the “close binary” (with usually m; > ma,
but not in Figures 3-5)

mg: “third mass” or “outer mass”

M = mi + msy + mg = total mass

GM = p = gravitational constant of the system

m = mimay/(mi + mgy) = “reduced mass of the binary”

m = ms (my + ma)/M = “reduced mass of the outer system”

r= vector from m; to my; v = dr/dt = inner velocity vector

R = vector from I, center of mass of the binary to the mass mj

V = dR/dt = outer velocity vector

¢ = angular momentum = mr x v+ MR x V (1)

2 2
mv* +mV mimo  MiMm3  Moms
h=——"—-G + +

2 T 713 793

) (2)

with, as usual, r;; = distance between the masses m; and m;.

3. Some useful notations
a=mi/(mi+m2) ; B=ma/(m1+m2)=1-a (3)
ro=r; ris=R+0r; ri3=R-—ar (4)

a;, €, 15, 0, w; M; : orbital elements of the inner system (vectors r, v
with the gravitational constant G(mj+ mg) of the inner system).
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Figure 2. The mass ratios a and 8

Ae, €, le, e, we Me: orbital elements of the outer or “exterior” system
(vectors R and V with the gravitational constant GM equal to p).

M* =mimo + mi1ms + meoms (5)
o0 = “mean quadratic distance”:
2 2 2 2
M* 0% = mimariy + mimsris + maomsris (6)

v = mean harmonic distance

M* /v = (mima/r) + (mims/r13) + (mams/ra3) (7)
a = generalized semi-major axis = —GM™/2h (8)
p = generalized semi-latus rectum = Mc?/GM « (9)

In a two body problem a and p are the usual semi-major axis and semi-
latus rectum of the relative Keplerian orbit, and they are also these same
elements of the relative orbit of the primaries in a restricted three-body
problem.
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4. A short digression: the fixed lengths a and p
and the variable lengths ¢ and v
The relations (1)-(9) can be easily generalized to the full n-body prob-
lem: M = ¥; = total mass; GM = u = gravitational constant.

M*= > mjmy;

1<j<k<n
M*g* = ) mjmkrjzk; (10)
1<j<k<n
M* /v = > mimy 7k
1<j<k<n

The relations (8) and (9) defining the generalized semi-major axis a and
the generalized semi-latus rectum p remain the same, with the integrals
of motion ¢ and h of the n-body problem (in the axes of the center of
mass).

The main classical relations, with I being the moment of inertia in
the axes of the center of mass and U the potential, gives a useful gen-
eral insight of the n-body problem (I = ¥ m; r? = M*¢*/M; U =
G Z mj mk/rjk:GM*/y)

1<j<k<n

1. The quadratic mean of positive numbers is always larger than or

equal to their harmonic mean (notice that the equivalent inequal-
ity, IU? > G®?M*3 /M, is generally ignored):

At all times: o>v (11)

The equality is obtained either in a two-body case (only one mu-
tual distance) or when all mutual distances are equal (equilateral
triangle, regular tetrahedron).

2. The Lagrange-Jacobi identity, d?I /dt? = 2U + 4h, becomes:
(¢%)" =2u[(1/v) — 1/a] (12)

Since ¢ = v in a two body case, the equation (12) gives directly
the two-body evolution of the mutual distance; and because of the
inequality (11) the two-body evolution appears as a limit of
the general case.

3. The Sundman inequality, 8I ( h 4+ U ) > 4c? 4 I'2, becomes:

ofv=>j  with:  j=(p/20)+ (0/2a) + (00?/21)  (13)
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We will call j the “Sundman function” since it is proportional to the
2 12

original Sundman function J = MT_M = 8GM*3 /2 M—1/2,

With (12) its derivative is simple:

dj/dt = j» = (¢'/0)[(e/v) — J] (14)

Notice that, with (13), j> and ¢’ have always the same sign; j and
o always vary in the same direction and this can give long term
information. If for instance, at some time t,, the distance g, is very
small and o’, is positive, the non-decrease of j and the equation
(13) show that ¢’ will remain positive and g increasing at least as
long as p reaches the value ap/g,.

4. The Easton inequality, U?I 4+ 2c?h > 0, (consequence of the Sund-
man inequality) is equivalent to:

0*/v? > pla; with: p/a = —2Mc*h/G*M*3 (15)

We will call “Szebehely constant” the ratio p/a. It is proportional to
the various Szebehely constants used and has a major interest: in the
three and four-body problems the restrictions on configurations appear
for p/a larger than one and that limit remains always very close to one
for more-than-four-body problems. (Notice than in a two body problem
of eccentricity e, the ratio p/a is (1 -e?) and is thus always smaller than
or equal to one).

These relations (11)-(15) give much information on the possible evo-
lution of the mean quadratic distance ¢ (but less information on the
evolution of the mean harmonic distance v that has much more varia-
tions (Marchal (1990), pages 349-360)).

For instance let us consider first the limit and two-body case o = v.
For a negative energy h, we obtain an elliptic Keplerian motion with
the period T = 27+/(a®/1). The successive pericenter and apocenter
distances g, and ojs verify:

Om + oM =2a;  OmOM = ap (16)

The interval of time between these two extrema is of course T/2, with
a share given by the following usual Keplerian expressions:

For the range ¢,, < 0 < a, a duration T, = T(4 5
Ta

(17)

1 —
For the range a < 0 < gy, aduration Ty = T(Z T (QA;MG))

We can verify that: T, <T/4<Ty, and: T, +Ty="T/2.
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If now we consider an arbitrary n-body motion, the limit character of
the two-body motion appears in the following. Let us assume that the
evolution p(t) has successively a minimum g,, and a maximum gy, then
(16) becomes:

Om + om > 2a;  omon > ap;  hence  opr > sup{a; \ﬂap)} (18)

The durations 7},’ and T/’ in the ranges 0, < v <aanda < o < gy
verify now, with the Keplerian durations T, and T); given in (17):

T, <T, <T/A<Ty<Ty (19)

and there are many interesting general properties (Marchal (1990), pages
349-358] such as at any time (if h < 0):

o(t) +eolt + (T/2)] = 2a (20)
5. Interest of the Szebehely constant, i.e. the
ratio p/a

We will see in Figures 3-5 how the restrictions on possible configu-
rations appear as soon as the ratio p/a is larger than one, and this is
perhaps a factor of stability since all known more-than-two-body systems
have a ratio p/a larger than one.

Value of the ratio p/a
Solar system 1.16
Jupiter and satellites 1.25
Saturn and satellites 1.043
Uranus and satellites 1.2
Multi stellar systems from 1.15 to 7.2
The Galaxy about 1.2
6. Hill’s curves and curves of constant ratio o/v

The classical Hill’s curves of the restricted three-body problem are
given in Figure 3 for equal primaries. The curves of constant ratio o/v
are given in Figures 4 and 5 in terms of the position of m; with respect
to my and mj for the following mass ratios: 2m;= my = mgs (Figure 4)
and m; = my = mgy (Figure 5).

The curve of constant ratio o/v represent the natural prolongation
of Hill’s curves with continuity between the corresponding Figures as
Figures 3-5. The two minimums correspond to o/v = 1 at the equilateral
Lagrangian points and the three collinear saddle points are the usual
Euler equilibrium points.
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Figure 8. The classical Hill’s curves for equal primaries. AB = 1;J = (r3 +1%)/2+
l/TA + 1/7”3

Figure 4.  The ratio o/v for ma = ms = 2m1 in terms of the position of m; with
respect to mo and mg (Notice that the three collinear points L1, L2 and Lz have the
subscript of the mass that is between the two other masses)

7. The zones of possible motion

Let us consider the Easton inequality written in (16), that is: ¢®/v?
> p/a.

The Figures 4 and 5 show that, as soon as the ratio p/a is larger
than one, a forbidden zone appear about the Lagrangian points L4 and
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Figure 5.  The ratio o/v for ma = m3 = m1 in terms of the position of miwith
respect to mo and ms

Ls: the three-body system of interest cannot approach equilateral con-
figurations. Furthermore if \/p/a is larger than the value of o/v at the
saddle points the zone of possible motion becomes disconnected into two
or three parts and we reach then the extension of Hill stability of the
circular restricted three-body problem to the general three-body prob-
lem.

It is of course of interest to know the limit ratios (p/a)r; = (0*/v* >
p/a)L;, for j = 1, 2, 3 and for various mass ratios and, if as in Figures 4
and 5 we give to the point L; the subscript of the mass that is between
the two other masses, we obtain the following:

0<mg <mp<mg implies: (21)
1< (p/a)re < (p/a)rp < (p/a)pa < 343/243 = 1.4115.

We will see that the upper limit is obtained for mg = mp = 1.6 my4.

Notice that if the ratio p/a is equal to some (p/a)r; with j =1, 2, 3,
4 or 5, the point L; only corresponds to the associated circular Eulerian
or Lagrangian motion. Hence, with (21), the division of phase space is
the following:

If p/a < (p/a)rB, the portion of phase space corresponding to the
given integrals of motion is connected.

If (p/a)L < p/a < (p/a)ra, the portion of phase space corresponding
to the given integrals of motion is disconnected into two parts: a part
about m4 (Hill type stability, with the two largest masses mp and m¢
as the close binary and my4 as the third “outer” body) and a second part
about mp, L and m¢. Notice that, even if p/a = p/a(Lp), no motion
can cross Lp.
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Finally if (p/a)ra < p/a, the portion of phase space corresponding to
the given integrals of motion is disconnected into three parts (in Figures
4 and 5, a part in the vicinity of mso, a part in the vicinity of ms and a
far away part). No motion can cross L4, even if p/a = p/a(Ly), and all
motions have then the Hill type stability.

If we consider the system of Figures 1 and 2 and if we assume m; >
mo, as we will do henceforth, the two conditions for a Hill type stability
of the close binary mj, my are:

p/a> (p/a)r2; v/R<(r/R)r2 (22)

(let us recall that the Szebehely constant p/a is equal to —2Mc2h/
G2M*3).

If these two inequalities are at their limit, the three-body motion is a
circular Eulerian motion with mgo between m; and mg (or perhaps with
my between mg and mg, if we have also m; = mg ).

The limit value (p/a)r2 can easily be obtained in the following way:
it is the minimum of the ratio o?/v? for collinear configurations with mo
between mq and ms:

® ° e rpfrip=u
mi m2 m3

(p/a)r2 = inf of (0*v?) for x > 0 = inf, for x > 0, of the quantity:

[mimg + myms (1 + x)2 + m2m3x2][m1m2 + (Tf?) + mim?’]QM*(’?’)
(23)

Of course that minimum is obtained when x is a solution of the clas-
sical Euler equation:

(m1 +ma)x® + (3my + 2ma)z* + (3my + my)2? (24)
= (mg + 3m3)z® 4 (2ma + 3mz)x + ma + m3

and the corresponding ratio (r/R)reo is given by:

(r/R)r2 = with a = mq/(m1 +mg), as givenin (3) (25)

1 .
(4 a)’
That limit ratio is always smaller than unity, and thus we have ever
r < R in motions with Hill type stability.

Notice that the case x = 1 in (24) gives already a simple upper bound
of p/a(Ly), that is: p/a(Ls) < (1 + 6u)(1 — u)?, with v = 318 < 1/2.
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Figure 6. The ratio (p/a)r, in terms of the mass ratios.

That upper bound is reached when m;= ms3 and gives the maximum of
(p/a)r2 = 343/243 for u = 2/9, that is for m; = mg = 1.6ma.

Also notice that the classical Euler condition (24), for a collinear cen-
tral configuration with mo between m; and ms, gives the position of the
center of mass in terms of the positions of the three bodies (and indepen-
dently of the three masses themselves). Indeed if r;, with j = 1, 2, 3 are
the three radius vectors from the center of mass, that Euler condition
(24) is equivalent to the following beautiful symmetrical condition:

(r1/733) + (r3/rfy) = (r2/r%3) (26)

8. Limitations related to the integrals of motion

Let us recall the two integrals of motion (1) and (2):

c = angular momentum = mr x v+ mR x 'V (27)
mv? + mV? mim mim mam

h= o = G2+ > 4 =22 (28)
2 T 713 793

These two integrals gives of course a lot of classical information, the
most interesting are the following.
8.1 Conditions for the vectors r and R

The plane of the three bodies is the r, R plane and, for given r and R
the velocity components normal to that plane are given by (27):

cr=m(r x R).V; cR=-m(rxR)v (29)
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These two normal components give the in-plane part of the angular
momentum ¢ and it remains to find some in-plane components of v and
V that satisfy (27) and (28). This classical problem is easy and solutions
are possible if and only if:

(mvz + 1011‘/302).(7717’2 +mR?) > 2 (30)

where v, and V,, are the in-plane part of v and V, while c,is the normal
component of c.

With (28) and (29) this condition (30) leads to the following necessary
condition for the vectors r and R:

(mr? + mR?){[2h + 2G%(m;m;/rij)](r x R)* — c.r)?/m — c.R)?*/m}
> [c.(r x R))? (31)

Notice that:
A) For a motion with the Hill type stability we must add the second
condition (22):

r/R < (r/R)r2 (32)

B) If the two vectors r and R are collinear the analysis (29)-(31) is no
more valid, but a similar analysis leads to the following conditions:

cr=cR=0; (mr?+mR*){2h+2GX(mm;/ri;)} > (33)

8.2 Conditions for the lengths r and R

Two lengths r and R are given and satisfy (32) in a three-body problem
with Hill type stability. Are there some suitable orientations that satisfy
(31) or (33)7 The optimal orientations are with collinear r and R, in the
same direction, and both normal to c.

With (33) the corresponding condition is then:

2(mr?+mR?) {h+G[(myma/r)+mims/(R+6r)+mams/(R—ar)]} % cj
34

In the R-r plane, the zone of possible motion is along the R-axis from zero
to infinity with an upper limit for the ratio r/R and another upper limit
for the length r (see the Figure 7 for the cases of three equal masses).

Let us call k the maximum of the ratio r/R. It is obtained for v = a
and ¢ = ,/ap, which leads to easy computations; k is the only root given
by:
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The zone of possible motion of the point (R, 1) for three equal messes und for
three values of the ratio pfa. { The value 25/18 corresponds 1o the linit of Hill iype stubility).
The poinis A, B. C (r/R meaximum) ard A’ B, C* (r maximum)

AR C 4 B e

pla 2518 15 7 25/18 15 2

Rfa S/4 1357700 1707229 2189268 2714479 4151993
tfa /6 0.690361 0584360 0886521 0854047 0788594

k(=sup{r/R) 273 0.501 825 0.342 286 On all three curves R—en ingplies t/a —» 213

J , Forbidden zone limit Torp 25
A A -B" ERNT
Ifm\t 'rarg:i c’ \hmit Ior§=l‘5
Zone of \ooss]lﬂe motion R

PR

0 a La 3a 4a 5a
Let ws add that with: - Ai= i {1 + &; ) = apacenter distance of the inner orbit
Py =2, (1 = &) = pericenter distance of the outer orbit

he points (R, A} amd (Pe, Ai) also befang to the same zone of possible motion.

Figure 7. The zone of possible motion for the point (R, r).

0 <k =sup(r/R) <(r/R)ro

M k?
pfa = L s k) + i/ (14 BR) -+ mams /(1 ok)]?
(35)
8.3 Conditions for the inner apocenter

distanceA; and the outer pericenter
distance P,

Let us consider a three-body system with Hill type stability. The cor-
responding R, r point is of course in the zone of possible motion of a
suitable figure as Figure 7 (conditions (32) and (34)) and the corre-
sponding radius vectors R and r and velocity vectors V and v satisfy the
equations (27) and (28) of the two integrals of motion. However notice
that, in order to satisfy the condition (34) it is sufficient to find two
velocity vectors V' and v’ such that:

|mr x v'| + [mR x V'| > |c| (36)

mims TS 1< h(37)

[(mo" +mV"™) /2] = [(mama/r) + (B+pr)  (R—ar)

and these two conditions are satisfied, with the velocity vectors of the
osculating orbits, as soon as the inner distance is larger than or equal to
r and the outer radius is smaller than or equal to R.
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In this analysis the most interesting points of the two osculating orbits
are of course the apocenter of the inner orbit and the pericenter of the
outer orbit. The corresponding distances are A; = a;(1+e¢;) = apocenter
distance of the inner orbit, and P. = a.(1 — e.) = pericenter distance
of the outer orbit. On the other hand, by continuity, the condition (32)
remains satisfied and thus we can write that the zone of possible motion
of figures as Figure 7 also contains at all times the points (R, 4;) and
(P, Ay).

These results are very informative, especially A;/ P, < k = sup(r/R) <
1, that shows the wide separation of the two osculating orbits. They
are of course much more interesting than the similar classical results
(Marchal (1990), p. 334) as at all times a; < a, or, almost symmetri-
cally, pe > p if mg/M < 0.75 and p. > 0.98p if mg/M > 0.75 where
pe = ac(1 — €2) is the semi-latus rectum of the outer orbit.

8.4 Conditions for angular momenta m.r x v
and m.R x V

With (1) we already know that the sum of the inner angular mo-
mentum m.rxv and the outer angular momentum m.RxV is the total
angular momentum c.

The limits of these two partial angular momenta are obtained when
the vectors r and R are collinear, in the same direction, normal to ¢ and
to the velocities v and V.

Let us choose, as usual, a set of axes with the angular momentum c in
the z-direction, and let us put the vectors r and R into the x-direction.
The velocity vectors v and V will be then:

vV = (07 yla Z,); V= (07 Yla Z,) (38)

with:
m.R x V =(0,-mRZ' mRY") = (0,Y, 2) (39)

m.ar xv=(0,—mrz’ ,mry’) =c—m.RxV =(0,-Y,c—Z) (40)
mims moms

_ 2 2 _
h = [(mv* +mV*)/2] — G[(mima/7) + R+ ) (R—ar)] (41)
that is, after elimination of Y’, Z’, y’, and z”:
2 (mima mims3 mams3
mR%.{2h + 2G| "t Raa T R an)
e = e 2z R

(mr? + mR?) mr2
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with:
Z, = emR?/(mr? + mR?) (43)
For a given value of the ratio q = r/R, the parameter Z, is given and

the widest possibilities in (42), i.e. the largest value of the left member,
are obtained in the case when:

(m1m2> L _mams moms

2h = =G| r (R+pr)  (R—ar)

] (44)

that is v = a, with the notations (7), (8). It remains thus to study (38)-
(44) with the only remaining parameter, the parameter q equal to r/R
and thus smaller than or equal to k, the maximum of r/R, given in (35).

We have chosen the two vectors r and R in the x-direction, but of
course all directions of the Oxy plane are possible. Hence, for a given q,
the possible values of the outer angular momentum m.R xV fill a sphere
of center (0, 0, Z, ), with Z, = cm /(mq? + m ) and of radius R given
by:

R® = >mmg*Q/pM +* (m + mg*)?

with:

mimso mims mams

Q = aM(m-+mg?) [ =2 L 4

|2 — pM* (45)

The equation (35) shows that R = 0, when q = k. The domain of the
outer angular momentum is given by all these spheres for q in the range
0 < q < k (see Figure 8 for three equal masses).

The ratio R/Z, is simple:

R2/Z2 = mQ/pmM** = (m/m){[aM(m + mq?) [pM*

[mimg + mimsq/(1 + Bq) + mamsq/(1 — aq)* — ¢*}  (46)

The maximum of this ratio for q in the range (0, k) is always between
zero and one, and gives the square of the sinus of the maximum possible
inclination of the outer orbit with respect to the invarible plane (normal
to c). Indeed the angle between the two momenta ¢ and m.R xV is also
the inclination i, of the outer orbit, and sup sini. = sup (R/Z,).

Of course the maximum of the right member of (46) is not easy to
obtain exactly, but a simple upper bound can be obtained as follows:
When |m.rxv| is maximum this momentum has the direction of the
momentum m.R xV, which implies |m.rxv| + |m.R xV|= c.
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Figure 8. The limits of the possible zone of the outer momenta m.R x V for three
equal masses and three different values of the Szebehely ratio p/a. The corresponding
largest inclination ¢.ps and the upper bound a,, = Arcsin s/(1 + s) are successively
for p/a = (25/18); 2 and 5: iear = 13° 117; 10° 27 and 6° 157 apr= 19° 28% 15° 18’
and 14° 50’

On the other hand, from A;/P. < k = sup(r/R) < 1, we deduce:
mrxv] <m. [ G A; (m4 my)]"/?; [mR xV| > m. [ G P, M |'/2

Im.r x v|/m.R x V| < m.[k(mi + my)/M]"/?/m = s (47)

Hence, with that ratio s:
lm.rxv| < sc/(1+ s)

supsinie < s/(1+s) (48)

These upper and lower bounds are rather weak (see Figure 8), never-
theless they give some essential elements: both inner and outer angular
momenta remain bounded, while the z-component of m.R xV remains
forever above ¢/( 1+ s ) . The outer body always rotates about the z-axis
in the positive direction with a limited and generally small inclination,
while the inner orbit may have any inclination and also any eccentricity
in the range from 0 to 1.

8.5 Other conditions related to the integral
of motions

The remaining informations related to the integral of motion have
fewer interest.
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For instance let us consider two lengths r and R satisfying the neces-
sary conditions (32) and (34). What is then the range of possible lati-
tudes ¢ of the vector R with respect to the invariable plane, the plane
normal to the angular momentum c¢? That range is of course symmet-
rical with respect to o= 0; the absolute value of the possible latitudes
has a maximum ¢/, that can be obtained with (31) and is given by:

sin®ppr = mr2[2(mr? + mR?)(h 4+ U) — ¢?]/mR%c? (49)
the potential U being somewhere in the following small range:

Gl(mima/r) + (mims + mams) /(R? + a8r?)/? < U (50)
< G[(mima/r) + mims/(R + fr) + mams/(R — ar)]

For instance if R is very large, the potential U is Gmjmsy/r, and the
largest latitude @ps00 is then obtained for r = —Gmymsa/2h, that is
U = —2h which gives:

paroo = arcsin { (mima/M*)*(a/p)[M/(m1 +ma)]}'/* (51)

For R in the vicinity of the generalized semi-latus rectum p the maximum
wur of the latitude can be a little larger than ppr00, but when R is very
small the maximum latitude is equivalent to (R/p) {M mgm?m%}l/ 2 /M2
and goes to zero with R.

9. Information given by a test of escape
and by d*R/dt?

Let us consider first the classical Yoshida test of escape (Yoshida
1972). That test uses a fixed and suitable distance D and considers the
evolution of the distance R during an interval (t,, t¢) of time in which
the relation r < D is always verified:

Let us put:

¥ = (dR/dt)* —2GM{[a/(R+ SD)] + [B(R—aD)]}  (52)
If at the time t,:
r<D; R>aD; dR/dt>0 and X (53)

then the function ¥ will remain non negative and even non decreasing
all along the interval (t,, ty) in which r remains smaller than or equal
to D.
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That test can easily be used as a test of escape, with t; = oo, if the
equality r = D is impossible in the future, for instance if at t,:

h < (mX/2) — (Gmimgy/D) (54)

Let us try now to improve that test as much as possible.

It is impossible to substitute a function S = V? — 2GM{[a/(R +
BD)] + [B(R — aD)]} to the function ¥ of (52), because that function
would decrease in many cases, but we can try something as:

S =V?—2GM{[a/(R+ BD)] + [B(R — aD)] + f(9).9(R)}  (55)

the angle ¥ being the angle (R, V) given in Figure 1.
The analysis of the case D << R leads to g(R) ~ 3a3D? / R?, and
to:

2sind).(df /d9) = [4 + 5eos?V])/? — (3 + 12f)cosd) (56)
that leads to the complex but also rigorous expression:
f(9) = [F(9)/sin59)] — 0.25 (57)
with:

F(9) = {[-39cos? + T0cos>9 — 25cos°9][4 + beos?9]/? /300}  (58)
—0.06 — 0.296v/5Ln{[4 4 5cos?9]*/? + V/5eos9]/[3 + V/5]}

f(¥) is an increasing function of ¥ that is equivalent to 192 /24 for small
¥ and that reaches the following values:

£(0) =05 £(30°) = 0.012703; f(60°) = 0.072161; f(90°) = 0.327005
(59)
For the general case let us keep the same function f(+J) and, as in the
above Yoshida test, let us try to obtain a non decreasing function S in
a domain as large as possible.
An excellent solution for the function g(R) is:

9(R) = [aR/(R+ BD)*| + [BR/(R — aD)?] - (1/R) (60)

We can verify that g(R) is usually small and is equivalent to 3a3D?/R?
when D << R.

The new test is an efficient improvement of the Yoshida test (52)-(54).
We can almost write that the third body escapes as soon as it exceeds



General properties of three-body systems with Hill-type stability 121

the parabolic escape velocity given by V2 = 2GM/R, but notice that the
following conditions of application similar to (53) are a little less broad
because of the necessity to ensure dS/dt > 0, and also d?R/dt? > 0 when
dR/dt = 0.

Three of the four conditions of (53) remain almost the same:

r < D; dR/dt>0 and S >0 (61)
but the condition R > aD becomes only:
R>1.171D and Jor 4.2(R—aD)> R+ $D(62) (62)

And the test is: “With the function S defined in (55)-(60), if at the time
to the conditions (61)-(62) are satisfied they will remain satisfied, with
a non-decreasing function S, all along the interval (t,, t¢) in which r
remains smaller than D”.

We can even add that all along that interval of time the derivative
d?(R?)/dt? remains positive.

Let us also add the two following propositions: A) This test is valid
even for three-body systems without the Hill type stability, even if the
energy integral h is positive. B) A condition similar to (54) allows to
extend the test to t; = oo and to give a test of escape. It is sufficient
that:

h < (mS/2) — (Gmima/D) (63)

and the variations of the major axis 2a; of the inner orbit will forever
remain bounded:

2a; < 2Gmima/(mS —2h) < D (64)

The escape is then a “hyperbolic-elliptic” final evolution.

Because of (63) the fixed length D is very often chosen equal to
(—=Gmima/h), but this choice is of course not at all required (especially
if h is positive or zero!).

Let us consider now the second derivative d?R/dt? of the length R.
The vector R has a second derivative given by Newton’s law:

d’R/dt? = ~GM[(ari3/ris) + (Bras/r3s)] (65)
and d?R/dt? is given by:

d*R/dt* = (V*sin®9/R) + (R.d*R/dt?)/R (66)
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The product mRV sind is equal to the modulus of the outer angular
momentum |m.R x V|, hence this angular momentum being bounded
(see Figure 8), the first right term of (66) is always less than some
K/R3. However the last term is negative and, for large R, is equivalent
to (~GM/R?). These two properties imply that for sufficiently large R
the second derivative d?R/dt? is negative (and below some [K/R3] —
GM/R?]). All pericenters of the outer orbit occur at a distance smaller
than GM/K and pictures such as Figure 9 can be drawn.

These pictures are related to the possible motions of the vector R =
(X,Y,Z), with Z in the ¢ direction.They have of course a symmetry of
revolution about the Z-axis and we find the following zones: A) Two
zones of large latitudes, above and below, in which the vector R cannot
enter. B) A small annulus corresponding to OAB. If R enter in that
annulus, the test of escape (55)-(64) shows that it escapes immediately
to infinity (for both t —— =+o00) the motion is a “simple fly-by” with
only one pericenter and no apocenter. C) The annulus ABCD contains

R=(X)Y,2)
A 5 o
7 0.89c < M (x“+y7)sl/dt<1.11c
0.5p L = Longitude
C/
Forbidden Zone
0
0.5p .
Forbidden Zone

GM[(1.783p/R®) - (1.0196/R?)] < d°R/dt> < GM[(2.773p/R®) - (0.9902/R?)]

Figure 9.  Discussion of the possible motions of the outer body for three equal masses
and for a ratio p/a equal to 5. Zone OAB: the conditions (55)-(63) of the test of escape
are satisfied (simple “fly by” with only one pericenter). Zone OA’B’: d*R/dt* > 0,
no apocenter. Zone coDCoo:d>R/dt* < 0, no pericenter
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all pericenters of the other motions, that are usually either bounded
motions or motions with a “temporary capture” and with an hyperbolic-
elliptic evolution at both ends through the fourth zone, the outer annulus
o0oCDoo.

There are also some infinitely rare motions: with parabolic-elliptic
original and/or final evolution, with an escape in the past and a capture
in the future — or inversely, or even with an oscillating motion of the first
type i.e with an unbounded motion composed of an infinite number of
larger and larger loops in the coCDoo annulus, but with all pericenters
in the second annulus ABCD.

Let us recall that all these motions rotate in the positive direction
about the Z-axis (the Z-component of the outer momentum is bounded
both above and below by positive bounds), and we will have a rather
good qualitative idea of the possible motions of the outer body.

10. The wide perturbations of the inner orbit

While the outer orbit has a relatively simple and stable motion with
slow and generally small perturbations, the inner orbit can have very
large long-term perturbations especially if its inclination is large. Its
only element that remains almost always with long-term close bounds is
its major axis. For instance in the three-body Sun-Jupiter-Saturn sys-
tem, the bounds of the Jupiter semi-major axis, even for very long-term
motions, are 4.472 AU and 5.216 AU (notice that the upper bound is
very close to the present value 5.202 AU; this bound is only given by
the integrals of motion, while the lower bound take also account of the
theoretical possibilities of escape of Saturn).

An example of the wide perturbations of the inner orbit for large
mutual inclination has been computed by John Hadjidemetriou and is
presented in Ref. 11, page 103-106. The initial conditions at t = 0 are
the following:

Gzl;m1:m2:m3:1

4 =05 e =02 i= 83399 Q=uw =0°M =180° (67)
ae=3; e =0; i,=14°524"; Q. =180° w,+ M,= 0°

j = mutual inclination = i; + i, = 97°44'33";  (cosj = —v/0.01815)
(68)
The initial period of the inner orbit is 7; = 7/2 and that of the outer
orbit is T, = 6.
The motion has been integrated until the time t = 170 and, during
that interval of time, the variations of the elements a;, a., e, are small:
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0.494 < a; < 0.501; 2.94 < a, < 3.04; 0 < e, < 0.02. On the contrary
the inner eccentricity e; begins by a large and regular increase: starting
from 0.2 at t = 0 it reaches 0.999 303 at the inner pericenter t = 161.380,
after 103.5 revolutions of the binary, and the distance of the two inner
bodies is then only 0.000346. The eccentricity e; will then decrease and
come back to the vicinity of 0.2 for t twice larger.

This phenomenon is very general when the inclinations i; and j are far
from 0° and 180°, but the plane motions with Hill type stability undergo
only small and slow perturbations.

The first order study (Marchal, 1978) shows, beside the two integrals
of motion, the existence of some “quasi-integrals” the secular part of
which has only extremely slow variations: the two semi-major axes a;
and a. the outer eccentricity e, and the following quantity W:

W = (1—¢€2).(1+sin?j) +5e?sin jsin®w;; 0<W <5  (69)

If the ratio a;/pe is small, a good rough idea of the long-term evolution
can be obtained with these integrals and quasi-integrals and with:

de;/dt = Gmga[15e; sin? jsin 2w;\/ (1 — €?) + €] /8n;b (70)

with, as usual:
n; = mean angular motion of the inner orbit = [G(m; + my) / af]'/?

be = semi-minor axis of the outer orbit = a.v1 — €2 (71)
and with:
& = O[(ai/pe) sup {(m1 —ma)/(my +ma); [Ma/(my +ma)pe] *}] (72)

We are thus led to the classification of the types of motion for three-body
systems with Hill type stability.

There are many types that represent a set of measure zero in phase
space: orbits with an original and/or final parabolic escape, orbits with
an asymptotic motion to some periodic or quasi-periodic solution, orbits
with an oscillating motion of the first type that we have already met in
Section 9, orbits open in the past and bounded in the future (complete
capture) or inversely, motions leading to a collision of the two point-
masses of the binary, etc. and there are also three main types, three
types that represent sets of positive measure in phase space:

1.) The “fly-by” either simple (only one pericenter of the outer orbit)
or with a temporary capture. The evolution is hyperbolic-elliptic at both
ends and the third body arrives from infinity and goes back to infinity.

2.) The bounded motions. Almost all of them belong to an Arnold
torus of quasi-periodic motions.
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3.) The oscillating orbits of the second type. They also belong to
Arnold tori of quasi-periodic motions, but with a major difference with
respect to the bounded motions: they have an infinite number of very
close approaches, as close as desired, of the two bodies of the binary
and, even if the radius-vectors remains forever bounded, the velocities
are unbounded.

This type of orbit is of course related to the large perturbations of the
inner eccentricity presented with the example (67). It requires theoretical
and practical analyses.

10.1 Theoretical analysis

1.) Motions that do not belong to an Arnold torus of quasi-periodic
motions are “chaotic”. However for the given values of the integrals of
motion the phase space is open and the Arnold tori have an insufficient
dimensionality to enclose a part of phase space. On the other hand the
measure of the vicinity of collisions is finite (for finite integrals), hence,
if the “conjecture of Arnold diffusion” (Marchal, 1990, page 509) is true,
almost all chaotic motions belong to the fly-by type. They are “tempo-
rary captures” even if such captures can sometimes be extremely long.

2.) A Hamiltonian analysis can help to understand the structure of
the set of oscillating orbits of the second type.

Let us use the usual Delaunay’s orbital elements L;, G;, 1;, g;, Le, Ge,
le, ge. with:

L; = mn;a?; where n; is the inner mean angular motion defined in (71)
(73)
Gi = Lij\/1—e? =|m.r x v| (74)
l; = M; = inner mean anomaly (75)
¢i = w; = inner argument of pericenter (76)
Le = mnea?; with n, = outer mean angular motion = [GM/a3]'/?
(77)
Ge = Ley/1 — €2 = |m.r X V| (78)
le = M. = outer (or “exterior” )mean anomaly (79)
ge = we = outer argument of pericenter (80)

With these eight Delaunay’s elements, and with the z-axis in the di-
rection of the angular momentum c , the four remaining Delaunay’s ele-
ments H;, h;, He, h. are ignorable (H; = G; cosi; = [¢2+G?—G?]/2¢c; H, =
Gecosie = [2 + G? — G?]/2¢; hi = Qs he = Qe; he = hi+180°).
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For given values of the integrals of motion h and ¢, the Hamiltonian
H is equal to the energy integral h and can be expressed in terms of the
total angular momentum c¢ and the above eight first Delaunay elements.

h:H:H(LiaGiuliugiaLmGevleagE)C) (81)
This elimination of nodes leads to the usual Hamiltonian equations:

OH/OL; = dl;/dt; 0H/Ol; = —L;/dt; etc. and OH/dc = dh;/dt = dhe/dt
(82)

For given values h and c, we have thus an eight-dimensional phase
space of the eight Delaunay’s parameters, and the motion remains in
the seven-dimensional subspace given by the condition H = h. In that
subspace we find infinitely many four-dimensional Arnold tori and a
four-dimensional manifold of collisions.

Many Arnold tori intersect the collision manifold along a one-
dimensional submanifold and have thus a two-dimensional submanifold
of solutions leading to a strict collision. The remainder of these Arnold
tori has oscillating orbits of the second type and the measure analysis
shows that the corresponding subset has a positive measure (Féjoz,1999,
p. 76).

10.2 Practical analysis

In real three-body systems the bodies are not point masses and the os-
cillating orbits of the second type lead to collisions. Is that phenomenon
frequent?

We need first an evaluation of the importance of this type of orbit.

The first-order analysis (Marchal, 1978, page 762) gives the following,
with Gesbeing the secular part of Ge.

The domain of oscillating orbits of the second type corresponds to the
non-resonant orbits (Arnold tori) that satisfy:

lc—Glos| < [Gmmza?(5—W)(3+4e.)/8n.b2]+ upper order terms (83)

ne, be and W being given in (77), (71) and (69).

Of course that first result is insufficient, and no triple system with a
long past can be of the oscillating type of the second type: it would have
already led to a collision. But this type of motion is possible in a new
born triple system.

How can a new triple system be born? Consider our galaxy, with many
single stars but with a majority of Binary systems. When a weak binary
meets a strong binary, an ordinary motion of exchange type can easily
disrupt the weak binary and form a new born triple system.
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What is the probability P of an oscillating motion of the second type
for this new born triple system? We can analyse the following conditions:
the orbital elements a;, e;, a., e. are given (the semi-major axes and
the eccentricities) while the angular parameters are arbitrary, with an
isotropic repartition of probability.

In these conditions the angular momenta G; and G, are also given
and the probability P is: If G; > 2G, (rare case): P = 0

If G; < 2Ge:

P =~ m3ne(3+ 4dee)
X [4G%(6 — €2) + G2(2 + 3¢2)] /64Mn;G2(1 — €2)%/2(1 — 2)1/?
(84)

That probability P is always larger than 9m3T; /8M T, where (T;/ T¢)
equal to (ne/n;) is the ratio of orbital periods.

This indirect way of collision gives a final probability much larger than
the probability of direct collision of stars and this allows the possibility
that a part of the phenomena of nova is a consequence of star collisions.
Of course the explosions of supernova (about 10%¢ joules) cannot be ex-
plained by star collisions (about 10%? or 10*3joules only), but the energy
of usual nova explosions has a similar order of magnitude.

Another physical possibility related to the existence of oscillating or-
bits of the second type is the formation of a large number of very strong
binary stars, binary stars almost at contact. Indeed during the close
approaches the tidal forces are very strong and the orbital energy of
the binary undergoes great losses. This hypothesis can be tested: what
proportion of binaries almost at contact belong to a triple system?

11. Conclusions

In spite of a greater simplicity than the general three-body problem,
and especially in spite of the absence of motions of exchange type, the
three-body systems with Hill type stability have a wide variety of so-
lutions and, when the mutual inclination is large, they undergo large
perturbations that can sometimes lead to the collision of the two bodies
of the binary.

Nevertheless many information of several types can be obtained. The
perturbations of the outer body have well defined limitations, sometimes
very narrow. The three main types of motion, fly-by, bounded and oscil-
lating of the second type — i.e. with infinitely many close approaches of
the binary, approaches as close as desired, — these three main types are
very interconnected in phase space. If the conjecure of Arnold diffusion
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is true, the fly-by type is everywhere dense, even if it has only an ex-
tremely small local measure in the regions far from the “escape velocity”
and appears there as very long “temporary captures”.

These results have far-reaching consequences on the long-term stabil-
ity of triple stellar systems. The danger of dislocation — the third body
escape to infinity — is generally small, and systems with plane motion
and Hill type stability have only small and slow perturbations. However
the perturbations become very large if the mutual inclination is large
and close approaches can easily occurs with their consequences — large
tidal effects and loss of energy, danger of collision, etc. These conclusions
can be extended to multi stellar systems.

The complexity of all these results give a small taste of the far larger
complexity of the general three-body problem with possible escape of any
of the three bodies. It would be especially of great interest to look for
motions of exchange type and to determine how close they can approach
to the Hill type stability.
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1. Introduction

Since the pioneering work of Hénon (1964) the search for chaos indica-
tors, especially for Hamiltonian flows, has known several developments.
For systems with two degrees of freedom the basic tool is the visual treat-
ment through the Poincaré section in which dispersed points are hints of
chaos. Although this approach has been successfully extended to systems
with three degrees of freedom, i.e. by analyzing points on a four dimen-
sional space through stereoscopic views, slice cuttings (Froeschlé 1970,a,
Froeschlé 1972), etc., it is clear that it becomes almost impossible for
systems with more than three degrees of freedom.

Since the very beginning non graphical methods for the detection of
chaos where implemented, taking into account the exponential diver-
gence of nearby chaotic orbits (Froeschlé 1970,b). The introduction, in
a comprehensive way, of the Lyapunov Characteristic Exponents (LCEs
hereafter) and a method for computing all of them (Benettin et al. 1980)
made a major breakthrough for the characterization of chaos. Actually,
the largest Lyapunov Exponent was already computed earlier (Froeschlé
1970,b) but was called indicator of stochasticity since the works of the
Russian mathematician where not known by the author (Froeschlé 1984).

Whatever the method used for computing the LCEs, we are always
faced with the problem that such quantities are defined by a limit of
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time going to infinity. More precisely, we compute the Lyapunov Char-
acteristic Indicators (LCIs hereafter) which are the truncated values of
the LCEs for a time T'. Moreover, in order to study the dynamical be-
havior of a given portion of the phase space, it is necessary to compute
at least the largest Lyapunov Indicator for a large number of orbits. But
this could take a huge amount of time in particular for weakly chaotic
orbits.

According to Nekhoroshev (1977) and to Morbidelli and Giorgilli
(1995), the old and crucial question of stability of a dynamical system
turns out to be related to the structure and density of invariant tori
which foliate the phase space. For instance the puzzle of the 2/1 gap of
the asteroidal belt distribution was explained showing that the corre-
sponding region of the phase space is a weak chaotic one (Nesvorny and
Ferraz-Mello 1997).

For such kind of studies it is interesting to define new methods of
analysis which should be as sensitive to weak chaos as the LCIs but
cheaper in computational time.

Different methods have been developed either for a rapid computation
of the LCIs (Cincotta and Simé 2000) or for detecting the structure of
the phase space (chaotic zones, weak chaos, regular resonant motion,
invariant tori). Especially for this last purpose we quote the frequency
map analysis (Laskar 1990, Laskar et al. 1992, Laskar 1993, Lega and
Froeschlé 1996), the sup-map method (Laskar 1994, Froeschlé and Lega
1996), and more recently the fast Lyapunov indicator (hereafter FLI,
Froeschlé et al. 1997, Froeschlé et al. 2000) and the Relative Lyapunov
Indicator (Sandor et al. 2000). The definitions and comparisons between
different methods including a preliminary version of the FLI have been
discussed in Froeschlé and Lega (1998, 1999).

In this work we focus the attention on the FLI, because it is easy to
implement, cheap in computational time and very sensitive for the de-
tection of weak chaos and particularly for distinguishing between regular
resonant orbits and regular non resonant ones.

The paper is organized as follows: in Section 2 and 3 we define the
Fast Lyapunov Indicator and give some examples on the 2 dimensional
standard map and on a Hamiltonian model. The special case of periodic
orbits will be detailed in 4 and thanks to a model of linear elliptic ro-
tation we will be able to recover the structure of the phase space in the
vicinity of a noble torus. The use of the FLI for detecting the transition
between the stable Nekhoroshev regime to the diffusive Chirikov’s one
will be recalled in Section 5. In 6 and 7 we will make use of the FLI
results for the detection of the Arnold’s diffusion.
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2. The Fast Lyapunov Indicator revisited

When computing the Lyapunov Characteristics Indicators the atten-
tion is focused on the length of time necessary to get a reliable value
of their limit, but very little importance has been given to the first part
of the computation. Actually, this part was considered as a kind of tran-
sitory regime depending, among other factors, on the choice of an initial
vector of the tangent manifold.

Already in 1997, Froeschlé et al. have remarked that the intermedi-
ate value of the largest LCI (which was called fast Lyapunov Indicator:
FLI), taken at equal times for chaotic, even weakly chaotic, and ordered
motion, allows to distinguish between them. It turns out, that the FLI
allows also to distinguish among ordered motions of different origins,
like resonant and non resonant motion (Froeschlé and Lega 2000, Guzzo
et al. 2002). We remark that in both cases the LCI tends to zero when
t goes to infinity.

2.1 Definition of the FLI

Given a mapping M from R" to R", an initial condition #(0) € R",
and an initial vector 7(0) € R™ of norm one, let us define the FLI function
FLI(£(0),7(0),T), T belonging to RT, as:

FLI(%(0),9(0),T) = Oigngogllﬁ(t)IL (1)

where ¥(t) is given by the system:

Zt+1) = MZ(t) @)
dt+1) = &) v().

The same definition holds for a continuous flow, where given a set of
differential equations:

41X = F(X), X=(r1,200...25) (3)

for some suitable regular function F € R™, the evolution ¥(t) of any vec-
tor ¥(0) € R™ is obtained by integrating the linear variational equations:

dv OF

@~ (ox)
2.2 Model problems

The standard map. We consider as a model problem the two dimen-
sional standard map (Froeschlé 1970b, Chirikov 1979, Lichtenberg and

7. (4)
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Figure 1. A set of orbits of the standard map (5) for ¢ = 0.7.

Lieberman 1983):

{ z(t+1) = z(t)+esin(z(t) + y(t)) (mod2m) (5)
y(t+1) = yt)+ z(t) (mod2)

Figure 1 displays orbits of the standard map of equation 5 for € = 0.7.

For this value of the perturbing parameter a lot of orbits are still
invariant tori. Some resonant curves are displayed surrounding some
elliptic points and a chaotic, though well confined, zone is generated by
the existence of the hyperbolic point at the origin.

Figure 2,a shows the variation of the FLI with time for 4 different
kinds of orbits. The upper curve, with initial conditions (107*,0) in the
chaotic zone just described, shows an exponential variation of the FLI
with time. The upper value of 20 is a computational threshold that allows
to avoid floating overflow.

The second curve corresponds to a weak chaotic orbit of initial con-
ditions (0.4839,0) while the third one corresponds to a regular invariant
torus of initial conditions (2.5,0) and the lowest one to a resonant curve
of initial conditions (1.2,0).
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Figure 2. Variation of the Fast Lyapunov Indicator with time. a) Orbits of the
standard map of equation (5) with e = 0.7. The upper curve is for a chaotic orbit
with initial conditions x(0) = 107*,y(0) = 0, the second one is for a weak chaotic
orbit with z(0) = 0.4839,y(0) = 0, the third one is for a non resonant orbit with
z(0) = 2.5,y(0) = 0 and the lowest one is for a resonant orbit with z(0) = 1.2,y(0) =
0. b) Orbits of Hamiltonian (6) with & = 0.004. The upper curve is for a chaotic orbit
with initial conditions 1 (0) = 0.2849, the second one is for a weak chaotic orbit with
I,(0) = 0.2309, the third one is for a non resonant orbit with I;(0) = 0.2204 and the
lowest one is for a resonant orbit with I;(0) = 0.342. The other initial conditions are
I5(0) = 0.16, I3(0) =1, 91(0) = ¢2(0) = p3(0) = 0.

The Hamiltonian model. We consider, as we did in previous papers
(Froeschlé et al. 2000 , Guzzo et al. 2002 , Lega et al. 2003), the following
Hamiltonian system:

2
1

I
H=214+247
o T Thte

1
cos(p1) + cos(p2) + cos(p3) + 4

(6)

where I1,1s,I3 € R and ¢1,p2,03 € T are canonically conjugate
and ¢ is a small parameter. Figure 2,b shows the variation of the
FLI with time for 4 orbits of Hamiltonian (6) with ¢ = 0.004. As well
as for the discrete case, the method quickly allows to reveal chaotic
motion (I;(0) = 0.2849), weakly chaotic motion (I;(0) = 0.2309) and
to distinguish between tori (I;(0) = 0.2204) and regular resonant orbits
(11(0) = 0.2204).

2.3 Computation of the FLI-map

The discrete case. We have computed the FLI for a set of 1000
initial conditions, of the mapping of equation 5, regularly spaced on the
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x-axis in the interval [0, 7]. For each orbit y(0) = 0. Figure 3,a shows
what we call the FLI-map, i.e. the value of the FLI after T iterations
(T = 1000 in this case) against z(0). The vectors 7(0) have always been
taken in the direction of the z-axis. A lot of orbits appear to have a value
of FLI very close to logT = 3. Actually, they all appear to be regular
invariant tori.

Values slightly greater than logT indicate either very thin chaotic
layers or invariant tori close to very thin chaotic zones. By making a
zoom around some of these orbits we have checked that this is indeed
the case.

The orbits having an FLI value lower than log T correspond to chains
of islands.

The continuous case. In Figure 3,b the FLI map is represented for a
set of 1000 initial actions I (0) regularly spaced in the interval [0.2,0.5]
for the Hamiltonian of equation 6 with ¢ = 0.004. The other initial
conditions are: I3(0) = 0.16, I3(0) = 1 and ¢;1(0) = p2(0) = ¢3(0) = 0.
The initial vectors have components: #(0) = (1,0.5(v/3 — 1),1,1,1,1).
The three different kind of dynamics: regular tori (values of the FLI~
log T, regular resonant orbits (having FLI lower than logT') and chaotic
motions (FLI greater than logT) are differenciated as well as for the
discrete case.

a) b)
10 T T

] 1 1 1 1 L
0 0.5 1 1.5 y 0.2 0.25 0.3 0.35 0.4 0.45 0.5
2(0) A0

Figure 8.  Variation of the FLI as a function of the initial action for a set of 1000
regularly spaced orbits. a) The case of the mapping for e = 0.7. The initial actions
are in the interval [0,7] while y(0) = 0. The initial vectors ¢(0) have components
(1,0), i.e. they are almost perpendicular to the corresponding invariant curves. b)
The Hamiltonian case of equation 6 for ¢ = 0.004. The initial actions I1(0) are in the
interval [0.2,0.5] while the other initial conditions are: I3(0) = 0.16, Is(0) = 1 and
©1(0) = 2(0) = 3(0) = 0. The initial vectors have components: 7(0) = (1,0.5(v/3 —
1),1,1,1,1).
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2.4 The FLI-map: a powerful tool to
discriminate among regular resonant and
non resonant orbits

Let us recall that the largest Lyapunov Exponent is defined as the
limit for ¢ going to infinity of In||¥(¢)||/t, where ¥(t) is obtained inte-
grating (4), and (0) is a generic vector ¢(0) € R™ not belonging to some
lower dimensional linear space. If the mapping is a symplectic one or,
in the continuous case, if equation (3) is Hamiltonian and if the mo-
tion is regular (except for some peculiar hyperbolic structures, such as
whiskered tori) then the largest Lyapunov Exponent is zero, otherwise it
is positive. This property has been largely used to discriminate between
chaotic and ordered motion. However, among regular motions the Lya-
punov exponent does not distinguish between KAM tori and resonant
islands. In contrast, the FLI, as shown in Figure 2 distinguishes between
resonant and non resonant regular motions. An analytic explanation of
the above result for the Hamiltonian case can be found in (Guzzo et al.
2002) while for mappings a discussion is provided in (Froeschlé and Lega
2000). Therefore, without entering in the details, in the present paper
we will only point out that the FLI growths linearly with time for both
kinds of regular orbits but with a different coefficient which turns out
to be lower for resonant regular motion than for tori. Moreover, such a
coefficient is the same for all tori while it changes smoothly for resonant
regular orbits. Such a peculiar behaviour of the FLI allows us to obtain
very accurate charts of the geometry of resonances.

3. The geometry of resonances revealed by the
FLIs

In previous papers (Froeschlé et al. 2000, Guzzo et al. 2002, Lega et
al. 2002) we used the FLI to describe the geometry of the resonances,
integrating orbits of the Hamiltonian system of equation 6 and of the
following 4-dimensional symplectic map:

z(j+1) = =z(j)+esin(z(j) +y())+
bisin[z(j) +y(j) + 2(4) + t(J)]+
sin[2(f) + y(j) - 2() — t(j)]}  (mod2n)
T, — y(i+1) = y(j)+z(j) (mod2) (7)
PTY 20 +1) = 2() +easin(z() + tG))+
b{sin[z(j) + y(j) + 2(j) + ()]
sin[z(j) + y(j) — () — t()]}  (mod2n)
ti+1) = 2(j)+t() (mod2r)
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Figure 4. left) Geography of resonances in the plane x — z for the mapping T}
with €1 = 0.4, e2 = 0.3 and b = 0.001. The computation has been done for a set of
500 x 500 initial conditions regularly spaced on z, z. The other initial conditions are
y =0, t =0, and the initial vectors are ¥ = (1,0.5(v/3 —1),1,1). The grey scale range
from black (FLI < 2) to white (FLI > 4). right) Same as (left) for the Hamiltonian
system (equation 6) with e = 0.001. The grid is made of 500 x 500 initial conditions
regularly spaced on I, I>. The other initial conditions are I3 = 1, ¢1 = w2 = p3 =0,
and the initial vectors are ¥ = (1,0.5(v/3 — 1),1,1,1,1). The grey scale range from
black (FLI < 2.8) to white (FLI > 3.1).

Figure 4, (left) shows, at T'= 1000, the FLI for a grid of 500 x 500 initial
conditions regularly spaced on z, z. The parameters of the mappping
are €1 = 0.3, ¢9 = 0.4 and b = 0.001. The other initial conditions are
y =0, t =0, and the initial vectors are & = (1,0.5(v/3 — 1),1,1). The
FLI is reported with a grey scale: the black lines correspond to regular
resonant motions while the white lines represent both chaotic resonant
motions or the vicinity of a separatrix. The orbits having an FLI value
of about log(7T") constitute the background of KAM tori. Let us remark
that for Hamiltonian (6), when € = 0 the frequencies are strictly equal to
the actions, therefore the FLI charts are nothing but frequency charts,
which display a very well detailed Arnold’s web.

As far as the mapping is concerned, the same occurs when consider-
ing the variables z(j) and z(j) which again are the frequencies of the
unperturbed mapping 77 (g1 = €2 = b = 0). The FLI chart in the plane
x — z shows clearly the Arnold’s web. When comparing Figure 4 (left) to
Figure 4 (right), obtained at 7' = 1000 for the Hamiltonian (equation 6)
with € = 0.001, less resonant lines appear in the case of the mapping. In
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fact the perturbing function of the mapping has only two harmonics at
order b while for the Hamiltonian we have chosen a perturbing function
having a full Fourier spectrum at order e.

4. Periodic orbits and the structure of the
neighborhood of noble tori

4.1 The particular behavior of the FLI for
periodic orbits

Let us consider the elliptic point (1.239,0) of the standard map
(equation 5) for € = 0.7, which corresponds to a periodic orbit of order 4.
We have computed the evolution of the FLI with time for ten orbits
regularly spaced on the x-axis in the interval [1.239,1.339] starting from
the periodic point.

We observe (Figure 5) the expected linear increase of the FLI with
time for all the orbits except the periodic one. For such orbit the FLI
after a transitory linear increase becomes constant. Our aim is to explain
such a behavior but before we study the relation between the FLI values
and the order of periodic orbits. At this purpose we have computed the
FLI as a function of time for a particular set of periodic orbits, the
Fibonacci sequence.

Let us recall that the Fibonacci sequence is the set of the successive
rational ratios px/qx, k = 1,...00, obtained when developing the golden

FLI
N

1 10 100 1000 10000
t

Figure 5. Variation of the FLI with time for 10 orbits of the standard map with e =
0.7. The initial conditions are regularly spaced in the interval 1.239 < z(0) < 1.339,

y(0) = 0.
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Figure 6. Variation with time of the FLI for a set of periodic orbits belonging to
the Fibonacci sequence for the standard map with € = 0.9715. The rational ratios
pr/qk, k = 1,...7, are written in the figure near the corresponding FLI curve. The FLI
curve which grows linearly with time all over the interval 0 < ¢ < 510° iterations is
obtained for the golden torus.

number through the continued fraction process and therefore is the se-
quence which best approximates' the golden number.

As explained in Lega and Froeschlé (1996), because of the smallness
of the denominators the amplitude of the perturbation associated to
the Fibonacci terms is large. This makes the sequence a good candidate
with a view to studying regular resonant motion, and in particular of
the corresponding periodic orbits, up to a large order ¢x. Such terms are
also further from the golden number than any other set pj/gx from its
corresponding irrational number (see Lega and Froeschlé 1996). This is
the origin of the strength of the golden torus, i.e. of the last KAM torus
of the standard map of equation 5 which is broken down for ¢ = 0.971635
(Greene 1979, Olivera and Simé 1987, Laskar et al. 1992 and Mackay
1993).

Figure 6 shows the variation with time of the FLI for a set of periodic
orbits belonging to the Fibonacci sequence. for the standard map with
e = 0.9715. For this value of the perturbing parameter the majority

1We say that p/q is a best approximation of z if |gz — p| < |¢’x — p’| for all p’, ¢’ such that
0<¢ <qgandyp'/q #p/q.
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of tori have disappeared and the phase space shows a rich structure of
chains of islands and chaotic orbits. As obtained in Figure 5, the FLI
of periodic orbits after a transitory linear increase (which is very short
for the periodic orbit of order 4 of Figure 5) becomes constant, i.e. the
norm of ¥(t) reaches some maximum value.

Let us consider the trivial case of the two dimensional standard map
with € = 0. In this case the norm of the vector ¥ is equal to

1FD = /20:(0)% + v, (0)? (8)

independently on the initial conditions, i.e. for a given initial vector of
components 0(0) = (v;(0),v,(0)) the FLI is the same for both a periodic
and a quasi-periodic orbit. The difference with the perturbed case is that
in this last case a periodic orbit is surrounded by quasi-elliptic regular
resonant orbits. We think that the reason why the FLI becomes constant
for the periodic orbits in the perturbed case must be found exactly on
the fact that the orbits close to the periodic ones are well represented
by an elliptic rotation. Therefore, we will introduce below a simple area-
preserving mapping of linear elliptic rotation.

In Figure 6 the FLI curve which grows linearly with time all over the
interval 0 < ¢t < 510° iterations is obtained for the golden torus.

It is interesting to observe that, during the transitory linear increase,
the FLI values obtained for the whole set of Fibonacci terms coincide
with those of the golden torus. In fact, the ellipses surrounding the pe-
riodic orbits are more and more elongated for increasing order g, they
become almost tangent to the near invariant torus, while the chaotic
zone surrounding the islands shrinks to zero. Surprisingly, this argument
based on continuity seems to hold also for lower order periodic orbits,
although the chaotic zone surrounding the libration islands is large and
probably a very small number of tori remains.

We can observe in Figure 6 that both the duration of the transitory
linear increase of the FLI and its maximum and constant value seem to
be related to the order ¢; of the periodic orbit.

In what follows we introduce a simple model in order to explain the
observed features: the linear increase of the FLI, the constancy after a
transient interval of time and the dependence on the order gy.

4.2 A simple model based on elliptic rotation

A small libration island close to the periodic orbit can be interpreted,
through linearization, by an ellipse of ratio v = a/b between the semi-
major axis a and the semi-minor axis b. Since there is no differential
rotation in the case of periodic orbits, we consider a model without
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differential rotation. Let us define the following area-preserving mapping:

_ { z(t+1) = x(t)cos(a) — yy(t) sin() ©

y(t+1) = %x(t) sin(a) + y(t) cos(a)

where « is the mean rotation angle of the radius vector of the ellipse.
In fact, since this mapping is area preserving, for a given number of
iterations the density of the points will be higher for the regions further
from the center and the angle « turns out to be a mean rotation angle
as it is for the islands of the standard mapping.

Through elementary computations it appears that the elliptic map-
ping can be written as:

(10)

B { z(t+1) x(0) cos(ta) — yy(0) sin(ta)
| yt+1) = %x(()) sin(ta) + y(0) cos(ta)

and the tangent mapping is the same, since the tangent mapping of a
linear mapping is the mapping itself:

(11)

{ vp(t) = v2(0)cos(tar) — yvy(0) sin(ta)
vy (1) %vx(O) sin(ta) + vy (0) cos(to)

When v >> 1, as it is in our study of the Fibonacci sequence, then
the FLI, i.e. the supremum of the norm of v behaves like yv,(0), i.e.
like a since v,(0) ~ b. We remark that if v,(0) = 0 then v,(0) = b. A
question remains about the transitory regime in which the FLI grows
linearly with time. Actually, in order to reach its maximum value, the
vector ¥(t) has to “visit” the ellipse from the the semi-minor to the semi-
major axis, i.e. has to rotate at least an angle of 90 degrees. We were
able to reproduce very well the evolution of the FLI with time of the
seven Fibonacci periodic orbits (Lega and Froeschlé 2000), confirming
the validity of the simple model for explaining the behavior of the FLI
for periodic orbits.

4.3 Applications to the topology of the
neighborhood of noble tori: an illustration
of the Morbidelli-Giorgilli theorem

A theorem demonstrated by Morbidelli and Giorgilli (1995 a,b), using
both the results of KAM and Nekhoroshev theorem, gives to KAM tori
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a special condition of chief “tori”. More precisely, the theorem says that
a torus found by the KAM construction, i.e. having a large diophantine
constant is surrounded by a set of tori with low diophantine constant,
let’s say of “slave” tori, and that the diffusion in this region is super
exponentially slow.

Using the frequency map analysis we visualized (Lega and Froeschlé
1996) the predicted result on the topology of the neighborhood of noble
tori for values of the perturbing parameter well above the ones allowed
by the mathematical demonstration. Moreover, we have measured the
size of the complementary set of tori, showing that the size of islands
and chaotic zones decreases exponentially when the distance to the noble
torus goes to zero.

The same results can be obtained with the FLI, and in particular the
size of the islands can be obtained in an easier and quicker way by the
simple computation of the FLI for the periodic orbits. Figure 7 shows
the FLI map as a function of the logarithmic distance to the golden
torus. Figure 7,a has been obtained computing the FLI for only t = 1000
iterations. Far from the golden torus only chaos and islands appear, while
for a distance lower than 107> from the golden torus the phase space
seems completely filled by tori. Of course weak chaos and small islands
can exist in this region and it is necessary to explore the set of orbits for
a longer time. Figure 7,b is an enlargement of the box plotted in Figure
7,a obtained computing the FLI for ¢ = 10000 iterations. We obtain a
picture quite similar to the previous one, with the region filled by tori
which shrinks to distances lower that 107%5. By the same procedure
we compute the FLI on a time ¢t = 10°. Again we obtain a similar
picture (Figure 7,c) like in a sort of renormalization process. The last
enlargement, obtained for t = 510° iterations shows a very different
regime: the phase space is almost completely filled by invariant tori and
only a very small island and a small chaotic region are detected. Up to
a distance d = 10776 the “slave” tori protect the golden “chief” torus.

Measure of the size of the islands. In the light of the results
obtained with the simple model, we can test if by computing the FLI for
periodic orbits we can recover the geometric parameter v = a/b.
Qualitative aspect

Figure 8 shows the relation between the FLI and the order ¢ of the
periodic orbits. The FLI behaves like log(q) up to the order ¢ = 610, i.e.
for the first four periodic orbits. Then a sort of change of regime occurs,
i.e. the FLI increases exponentially with the order. In the hypothesis
that the semi-major axis a of the ellipses behaves like 7/¢ and that the
FLI values are of the order of log(a/b), then the exponential increase



144 C. Froeschlé and E. Lega

a

FLI
oNbOBO

b
[
[od

6

fll
a
ONAMOODO

%"

-5 8.5 -8 75 7 6.5 ~6 5.5 5 .5
log 10 (y-yo)
1=100000

fll
ONBMOOO

=5 = 75 =4 55
log 10 (y-yo)

1=5000000

e
i

fll
4
ONMODO
|

==Y =6 =y &2 = 78 7.6 7.4
log 10 (y-yo)

Figure 7. FLI-map as a function of the logarithmic distance to the golden torus for
the standard map with e = 0.9715 From top to bottom: enlargement of the box of
the previous figure analyzed on a longer time as indicated on each figure.

corresponds to an exponential decrease of the size b of the islands as
predicted by the Morbidelli and Giorgilli theorem. In fact the results ob-
tained with the FLI agree, at least qualitatively (Figure 8), with those
obtained when b was computed through the frequency analysis in Lega
and Froeschlé 1996 and a is considered equal to 7/q. We have also com-
puted the ratio a/b using the linearization of the mapping MY, i.e. by a
direct computation and use of the elliptic rotation, as explained in ap-
pendix A and in Locatelli et al. 2000. Hereafter, we will call this method
the linearized mapping approximation (LMA).

Again, we have a qualitative good agreement with the other two meth-
ods, but in the case of the LMA we expect also to have a quantitative
agreement. Actually this method is based on the linear approximation
as well as the model of elliptic rotation introduced for explaining the
FLI for periodic orbits.

Quantitative aspect
When computing the FLI we consider the supremum of the norm of the
vector v on a chain of islands which have different geometries, i.e. dif-
ferent values of a/b. Moreover, as shown in the previous section about
the elliptic model, the FLI gives yv,(0). In order to have a quantitative
agreement with the LMA we need to compute a local FLI, i.e. the supre-
mum of the norm of the mapping M for the same initial conditions used
for the LMA. Then we have to correct the value vyv,(0), i.e. we need to
find v independently on the initial vector v(0).
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Figure 8. Variation of the quantity log(a/b) versus the order for the set of Fibonacci
orbits of the standard map with € = 0.9715 analyzed in Figure 6. The points labeled
with a triangle stand for the log(a/b) obtained by the FLI computation. The points
labeled by a square correspond to the log(a/b), with a = 7/q and b measured with the
frequency-map analysis by Lega and Froeschlé 1996. The points labeled by a circle
correspond to the LMA (explained in appendix A and in Locatelli et al. 2000).

Going back to the elliptical model, let us remark that the minimum
value of [|v(t)|| is approximatively v,(0) and that v,(0) is a good ap-
proximation of b in the case v >> 1. Therefore, in order to have a good
estimate of log(a/b) we computed the quantity 5 = log(sup ||v(¢)||) —
log(inf ||v(¢)||). As shown in Figure 9,a in the case of the elliptic model
we obtain 4 = 7 even starting with a vector almost perpendicular to the
y direction. In the case of the Fibonacci sequence (Figure 9,b,c), the test
is made on the periodic orbit of order ¢ = 144. The local FLI changes
for different choices of v(0), while the quantity 7 is independent on the
orientation of the initial vector. Let us remark that our usual choice
v(0) = (1,0) for the Fibonacci sequence. with initial conditions selected
on the y(0) = 0 axes is a quite good approximation of the direction of
the semi-minor axes b of the ellipses surrounding the periodic orbits and
therefore 4 ~ log(sup |[v(t)]|).

Figure 10 shows that the values of 4 computed for the Fibonacci
sequence are in a very good agreement with the values obtained with
the LMA method.

Concerning the estimate of log(y) through the method of frequency
analysis we have a good quantitative agreement (Figure 10) although we
introduced the approximation a = 7/q. Moreover, let us remark that we
did not compute exactly the semi-minor axes b but a conjugated diameter
with respect to the x direction. It appears from the good quantitative
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Figure 9. Variation with time of the local FLI, of log(inf ||v(t)||) and of log(¥). a)
For the elliptic model with v = 10000 and an initial vector v(0) = (cos 3, sin 3) with
B = 5 degrees. The FLI reaches exactly the value log(yv,(0)) = 2.94, while log(%)
after ¢ = 10000 gives exactly log~y. b),c) For the Fibonacci periodic orbit of order
g = 144 with initial condition z(0) = 4.1769873213140279, y(0) = 0. The initial
vector is v(0) = (cos 3, sin ) with 3 = 88 degrees in b) and 8 = 0 degrees in c).
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agreement of results and from the previous study on the Fibonacci of
order ¢ = 144 (Figure 9b,c) that the x direction is a good approximation
of the semi minor axis direction.

5. From Nekhoroshev to Chirikov

As we said in the introduction, the crucial question of stability of
a dynamical system is related to the structure and density of invari-
ant tori which foliate the phase space. This is in fact the geometrical
representation of the Nekhoroshev theorem (1977). We recall that in a
quasi-integrable system with Hamiltonian:

HE(LSO) :h(I)+5f(Ia(P)> (12)

non degenerate and convex, an eventual instability of the actions obeys
the following exponential law:

b
II(t) — I(0)|| < Ipe®  for |t| < tgelso/o), (13)
e LMA
7 o log(3.14/gb), b from Lega Froeschle’ 1996 7
A FLI
[}
[m}
5 - -
Q) .
8
o
S 3} ® 1
a
a)
£
1r a b
a
-1 PR | M | M | PR | M
1 10 100 1000 10000 100000
q

Figure 10.  Same as Figure 8 but the FLIs values are replaced by the computation
of the quantity 4, i.e. of a local corrected FLI as explained in the text.
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where Iy, tg, €9, a,b are suitable positive constants. We will say that a
system is in a Nekhoroshev regime when the diffusion of the action is
exponentially slow or equivalently when the phase space is dense of tori.

For large values of the perturbation parameter, this description fails
and diffusion becomes a rapid phenomenon thanks to the well known
Chirikov (1960) criterium of overlapping of resonances.The transition
from the Nekhoroshev’s to the Chirikov’s regime is a very delicate subject
since it is a smooth process involving firstly the superposition of small
resonances and then going from a slow Nekhoroshev diffusion to a slow
Chirikov one. Therefore, such a slow diffusion is not easily recognized
using even very long numerical integrations looking at the variations of
the actions. It is very difficult to distinguish between the two regimes
with purely analytic tools although many improvements in this direction
have been obtained (Celletti and Chierchia 1995, Celletti and Chierchia
1997, Celletti et al. 2000, Locatelli and Giorgilli 2000). Therefore we
made use of numerical tools to investigate the problem in an indirect
way, i.e. by detecting the structures of the phase space, i.e. the geometry
of resonances (Froeschlé et al. 2000, Froeschlé et al. 2001, Guzzo et al.
2002)

6. Arnold’s diffusion

The possibility of the drift of the actions along a resonance was shown
by Arnold (1964) using an ad hoc quasi-integrable Hamiltonian model.
Up to now similar results have been proved for classes of specific quasi-
integrable systems (see for example Bessi et al. 2001), but no general
result exists yet. Moreover, as we recalled in the previous section, this
kind of diffusion, related to the Nekhoroshev regime, is exponentially
slow and therefore very difficult to detect numerically.

We have tried to measure it (Lega et al. 2003) taking profit of the
previous results, namely:

1 we used the Hamiltonian of equation 6 which has a full Fourier
spectrum, i.e. which has all harmonics already at order € and a
symplectic 4 dimensional mapping.

2 we worked within a given low order resonance. In fact, as ex-
plained in Nekhoroshev (1977), Morbidelli and Giorgilli (1995,
a,b), the speed of an eventual diffusion decreases as the order of
the resonance increases. We recall that for a resonance defined as a
neighborhood of the manifold: Y, k;w;(I) = 0, with some integers
(k1,...,ky,) € Z"\0 and w; = 0Hy/0I; its order is: |k| = >, |kil.
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3 we chose initial data in the hyperbolic border of the resonance
taking profit of the detailed representation of the geometry of res-
onances given by the computation of the FLI. The evolution of
the orbits is also reported on the FLI pictures, where we can ap-
preciate even small drifts along the chosen resonance because the
section I, I (z-z for the mapping) eliminates the large projection
effects which could mask them.

4 thanks to previous results on the detection of the transition be-
tween Nekhoroshev and Chirikov (Guzzo et al. 2002) we chose the
perturbing parameter sufficiently large for having measurable dif-
fusion but still sufficiently small to be in the Nekhoroshev regime.

7. Diffusion along resonances

7.1 Qualitative aspects

Both for the Hamiltonian system (equation 6) and for the 4 dimen-
sional symplectic mapping (equation 7) we have computed the FLI charts
for different values of the perturbing parameter and we have selected a
low order resonance. In the case of the Hamiltonian system we have con-
sidered the unperturbed resonance Iy = 2[5, while for the mapping we
have chosen z = —z /2.

For Hamiltonian (6) the critical value for the transition between the
Nekhoroshev and the Chirikov regime was found in the interval 0.03
< g9 < 0.032 (Guzzo et al. 2002) . Starting from an upper bound of
e = 0.022, we have looked for diffusive orbits in the Nekhoroshev regime.

Figure 11 shows the FLI charts of the actions space around I; = 0.3,
Iy = 0.15 for different values of €. In these pictures the region between
the two white lines is the resonance associated to Iy — 2l = 0, and
the two white lines correspond to its hyperbolic border where diffusion
is confined. These charts provide us the possibility of choosing initial
conditions in the hyperbolic border. Taking the double section o = |1 |+
|p2] < 0.05, @3 = 0 of the solution, we can follow its evolution on the
FLI chart. Let us remark, that in such a way we minimize all projection
effects and fast quasi-periodic movements. What remains is a very slow
drift along the border of the resonance.

We have taken a set of 100 initial conditions in the small interval
0.303 < I1 < 0.304, 0.143 < Iy < 0.144 corresponding to orbits of the
FLI charts having FLI values larger than 1.2log(7), i.e. corresponding
to chaotic orbits at the border of the resonance, far from the more stable
crossing with other resonances. We have plotted on the FLI charts all
the points in the double section described above. We remark that such
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points will appear on both side of the resonance (in fact the two white
lines are connected by a hyperbolic region in the six dimensional phase
space).

For ¢ = 0.02, Figure 11(top, left) we have plotted the evolution
of the 100 orbits up to t = 910% and up to ¢t = 510° (top, right).
The phenomenon is already visible, although the higher order reson-
ances intersecting the main one become evident, and consequently the
region of diffusion extends a little also in the direction transversal to the
resonance.

When decreasing the perturbation, € = 0.007, the diffusion along the
resonant line appears very clearly. In Figure 11 (middle) we have plotted
again the intersections of the 100 orbits with the double section o =
lo1] + 2| < 0.05, w3 = 0 on the FLI chart after respectively t = 1.510°
(middle, left) and t = 2.3107 (middle, right). The phenomenon still
appears very clearly even for ¢ = 0.0025, Figure 11 (bottom), i.e. an
order of magnitude lower than the threshold of transition between the
two regimes, only the speed of the fastest orbits has decreased from
about 107, for € = 0.007 to10~!! for £ = 0.0025.

We have observed the phenomenon down to € = 0.001. According to
Nekhoroshev theorem, the actions are stable for a time which is expo-
nentially long with the inverse of the perturbation parameter. For such
a low value of €, we have detected a very slow diffusion after t = 2107,
while for € = 0.002 we had to wait “only” for a time of t = 210%: we are
evidently in the presence of an exponential law.

Concerning the mapping, we had obtained a local threshold b* of
transition in the interval 0.03 < b* < 0.05 . As for the Hamiltonian case,
we have integrated a set of 100 chaotic initial conditions, satisfying the
condition FLI(T) > 1.2log(T), taken in the resonant line z = —z/2
far from the crossing of resonances. The plot of the intersections with
the double section |y| + [¢| < 0.005 on the FLI charts allows to detect
and to follow the slow diffusion along the chosen resonant line. Close
to the threshold b*, i.e. for b = 0.02 Figure 12 (top), we observe a
quite rapid diffusion, but, as for the Hamiltonian case, when decreas-
ing b, (for example, for b = 0.0075 Figure 12 (middle)) the diffusion
becomes much slower: the integrations times are j = 108 (middle,left)
and j = 10° (middle,right). Let us remark that, although we do not
have a Nekhoroshev theorem for mappings, we found all the features of
the Hamiltonian case. For b = 0.004 Figure 12 (bottom) we started to
observe a very slow diffusion after 10? iterations and we could go down
to b = 0.0025 observing diffusion after + = 410 iterations obtaining a
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Figure 11.  Diffusion along the resonant line Iy = 215 of the Hamiltonian of equation
6 for e = 0.02 (top), € = 0.007 (middle), e = 0.0025 (bottom) of a set of 100 initial
conditions taken in the hyperbolic border of the resonance in the interval 0.303 <
I < 0.304 and 0.143 < I < 0.144. The black points are the intersections of the
orbits on the double section |¢1] + |p2| < 0.05, ¢3 = 0. The integration times are
respectively: t = 910% (top, left), t = 510° (top, right), 1.5 10° (middle, left), 2,3 107
(middle, right), 210% (bottom, left), 210° (bottom, right). The color scale range from
black to white.
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Figure 12.  Diffusion along the resonant line z = —xz/2 of the mapping 77 for b =
0.016 (top), b = 0.0075 (middle), b = 0.004 (bottom) for a set of 100 initial conditions
taken in the chaotic border of the resonance. The black points are the intersections of
the orbits on the double section |y| + |¢| < 0.005. The number of iterations on the set
of orbits are respectively: j = 10° (top, left), 5 = 107 (top, right), 10% (middle, left),
10° (middle, right), 10° (bottom, left), 410° (bottom, right). The color scale ranges
from black to white.
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very good qualitative agreement with the Hamiltonian case, i.e. with the
predictions of Nekhoroshev theorem.

7.2 Quantitative aspects

In order to measure the diffusion coefficient we have considered the
phenomenon as if it was a Brownian motion, since we do not have yet
an analytic model for a diffusion like the one we observed. We look
therefore for a linear increase with time of the mean square distance
from the initial conditions. We are aware that this is a very crude as-
sumption and that for systems like the symplectic map diffusion can be
anomalous. Such a phenomenon, to our knowledge, has been revealed
for the 2 dimensional standard map for very high values of the pertur-
bation parameter where no invariant curves remain, while here we are
very close to the integrable case. This is a very interesting problem that
we are studying, but which goes beyond the purpose of the present pa-
per, mostly because we are constrained by computational limitations: we
can’t take a very large number of initial conditions since we need very
long integration times.

Notwithstanding these difficulties, we observed indeed an averaged
linear increasing with time of the mean squared distance from the initial
conditions. Moreover, in order to reduce the contributions due to fast
motion, we have only taken into account the points on the double section.

More precisely, denoting with z;(0) and z;(0), i = 1,..., N the initial
conditions of a set of N orbits, with z;(j) and z;(j) the corresponding

b=0.004 e=0.0025

H(FLI)
H(FLI)

4.8 4.9 5 .2 5.3 54 55 4.4 4.5 4.6 4.7 4.8 4.9 5 51
FLI

0.06 0.06
0.04 0.04
0.02 0.02
o Hom oo 0
51 5.
FLI

Figure 13.  a,b: Histogram of the FLI values for the 100 initial conditions selected
on the chaotic border of a resonance.
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values at time j, and choosing a fraction T of the total integration time,
we considered the quantity:

S(nT) = — 3 [(5:5) —224(7)) — (24(0) —22:(0))]2 (14)

My i:(|yi (7)1 +]t: (4)]) <0.005

where M,, is the number of points on the double section for j in the
interval (n — 1)T" < j < nT. We observe (Figure 14) a linear increase
with time of S and we estimate the diffusion coefficient D as the slope of
the regression line. Let us remark that the drift of the action starts at 7 >
4108. As before, results are in agreement with the Nekhoroshev theorem
which states that actions are stable on a time at least exponentially long
with the inverse of the perturbation parameter b.

Following Zaslavsky and Edelman (2000, 2001), we can have diffusion,
more precisely anomalous diffusion, driven by orbits with zero Lyapunov
exponent. Therefore, we have computed the Lyapunov exponents of some
initial conditions both for the discrete and the continuous case. More
precisely, we computed the Lyapunov indicators, i.e. the truncated values

4e-05 T " T " T " T
D=2.5e-15 |
S 2605 b ‘w M |
At
IM~-TW“'1 WWWFNHM
oy 1o

0e+00 —— : : : ' : :
4e+08 2e+09 4e+09 6e+09

i

Figure 14.  Evolution of the quantity S(nT) (see text) with T' = 510°, for 100 orbits
of the mapping T with b = 0.004. The slope of the regression line gives the diffusion
coefficient D = 2.5107'°.
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of the Lyapunov exponents which are defined by a limit for time going
to infinity.

Figure 15 shows the evolution with time of the two positive Lyapunov
indicators of three orbits of the standard map for b = 0.004 and for
the Hamiltonian of equation 6 for € = 0.0025. The orbits have been
chosen considering the FLI distribution (shown in Figure 13) of the 100
initial conditions: the first one has the lowest FLI (4.85), the second has
an FLI in the middle of the distribution (4.97) while the third has the
largest FLI value (5.48). We recall that the FLI chart for b = 0.004 was
computed on T = 5000 iterations and that the orbits are considered
chaotic when they have an FLI value larger than 1.2logT, i.e. FLI >
4.43 in the case considered. The first indicator is positive for the orbits
considered (Figure 15), ensuring that we are really following chaotic
motions. The sensitivity of the FLI method allows us to select chaotic
initial conditions on a time that, for the case F'LI = 4.85, is three orders
of magnitude lower than the time needed for the Lyapunov indicators to
stop to decrease and to reach a positive value.

The same investigation in the case of the Hamiltonian flow (Figure
17) shows exactly the same qualitative situation. Not only we are confi-
dent that we are not facing anomalous diffusion but also that the orbits
correspond really to chaotic motion and not to regular tori which could
have FLI larger than log T because of the proximity to a separatrix.

The estimates of D versus 1/b are reported in Figure 18 in a log-
arithmic scale. Clearly, data are not well fitted with a linear regres-
sion, which would correspond to a power law D(b) = C(1/b)"™. We
have defined three sets of data, performing a local regression for each
of them, and found three different slopes. The first set contains the val-
ues of D for 1/b < 62.5, the second for 66.6 < 1/b < 133.3 and the
third for 1/b > 166.6, and the corresponding slopes are respectively
myp = —2, mo = —6.5 and mg = —12. This is sufficient to exclude a
global power law, and the changes of slope are in agreement with the
expected exponential decrease of D, although an exponential fit of the
form D(b) = C’" exp(—~k/b)® needs a larger interval of measure in b and
this is outside our computational possibilities.

When comparing these results to those obtained for the Hamiltonian
(6) (Figure 19) we obtain a surprising quantitative agreement; also for
this case we could select three different sets of data well fitted by power
laws with different values of the corresponding slopes (Lega et al. 2003).
Unfortunately, even in this case we could not estimate an exponential
fit, which remains up to now outside our computational possibilities.
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Figure 16. Hamiltonian of equation 6. Initial conditions: I; = 0.3046217311, I =
0.1449260426, I = 1; 1 = @2 = 3 = 0.
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Figure 17. Evolution of the two positive Lyapunov indicators with time for three
orbits (a,b,c) of the Hamiltonian of equation 6 with ¢ = 0.0025.



C. Froeschlé and E. Lega

158
10°
%4
[ ]
10—11 | N » |
\.\'~
D %o
0L LN |
d D K
@ measure
— — m2=-6.5 \\
5| — - m3=-12
10°F T m3=—1 '\\ |
10717 )
100
1/b
Figure 18.  Measure of the diffusion coefficient as a function of 1/b.The change of

the slope of the three power law fits is in agreement with the expected exponential

decrease of D.

10 T T
9,
Vo
.\
107} .‘.. y
Q.\‘
a .
5.‘
Q
1075k ©® Measured D L] ]
— — Power Law 3(m=-8.8) \.\
-------- Power Law 2 (m=-6.9) Q
— — - Power Law 1 (m=-4.5 N
( ) .
107 ' '
10 100 1000
1/e
Figure 19.  Measure of the diffusion coefficient as a function of 1/e. The change of

the slope of the three power law fits is in agreement with the expected exponential

decrease of D.



The fine structure of Hamiltonian systems 159

Appendix: Appendix A: Computation of the geometric
parameters of the ellipses

In order to calculate the ratio § between the semi-minor and the semi-major axes
of the ellipses surrounding the fixed points of a periodic orbit we consider a two
dimensional area preserving mapping and a point (Z, ) of a periodic orbit of frequency
P/Q. Let us write the Jacobian of the Qth iteration of the map as follows:

J_<j Z) (A1)

A.l. A first method

Given a simmetrix matrix A of elements:

(o
A(ﬂ W) (A2

the points x; and z;4+1 close to the periodic point (Z,y) satisfy the relations:

i = Jz;
{x o ’ (A.3)

vt Az = ziAm
By solving the system of equations (A.3) we obtain the relation between the quadratic
form A and the matrix J:
JA=ATH (A.4)
(aa +cB aB+ c*y) <ad —Bc —ab+ aﬂ) (A5)
ba+dB bB+dy) \Bd—~ye —Bb+ay '

The coefficients of the quadratic form describing the neighbourhood of a periodic
point are therefore:

a = 27
B = c(d-a) (A.6)
vy = —2bc.

We remark that the previous expression holds for both an elliptic and an hyperbolic
periodic point. More precisely, we are able to write the equation of either the ellipse
or the hyperbola centered in the periodic point (Z, ) looking for the eigenvalues A\q
and A2 of the matrix A.We will obtain:

ZL'2 y2
Tty =1 (A7)
+ -

Q

with 1/0_2,_ = A1 and 1/02_ = X2. In the case of an ellipse o4 and o_ are nothing but the
semi-major and the semi-minor axes of the ellipse. In the hyperbolic case the quantity
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of interest is the angle ¢ between the asymtotes, which satisfies: § =tan £ = o_ /0.
Now, by solving:
A —2(c— D)X — (4bc + (d — a)?) = 0. (A.8)

we obtain:

s A (c=b)+/(ctb)?2+(d—a)?
V=== A9
A (e—b) = /(e b2+ (d—a) (&.9)

Taking into account that the det J = (ad — bc) = 1 then:

4 — (a+d)?|

= A.10
[(c=b) = /(c+ )2+ (d—a)? (410

A.2. A second method

We can obtain the previous result by solving the eigenvalue equation of the
matrix J:

N —(a+dA+1=0 (A.11)

1 The elliptic case
In the hypothesis: |TrJ| < 2, then the eigenvalues are on the unitary circle:

A=e 7 X =¢" (A.12)

where * stands for the complex conjugate and:

d)?
cos19=a+d, sind = 1—m (A.13)
2 4
Considering an eigenvector u, u € C? then u and u* satisfy:
Ju=2Xiu J'u" =X\u" (A.14)
Now considering the real and the imaginary part of vector v:
u + ux u — ux
v=Ru= w=7Zu= (A.15)
2 2
we find:
Jv = cosdv +sindw
) (A.16)
Jw = —sindv 4+ cosiw

The application of the matrix J on a generic vector on the basis (v, w), let’s
take for instance v + nw, turns out to be a rotation of an angle :

J(&v 4+ nw) = (Ecos? — psin?)v + (Esin? + ncosF)w. (A.17)
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If we write the coordinates of the transformed point as:
& =¢&cos¥ —nsind, n =Esind + ncos? (A.18)
then:

& +m =& +n", (A.19)

which gives the invariant curves on the v, w basis. The last step consists
in going back to the initial system of coordinates x, y. We call (vz,vy) and
(wz,wy) the coordinates of respectively v and w on the initial i, j basis. Then
we get:

§v 4w = (vz€ + wen)i+ (vy§ + wyn)j (A.20)

i.e. the change from coordinates (£, 7), in the basis (v, w) to coordinates (z, y)
in the basis (i, j) is:

()-(o ) (8)-2(5)  wm

and by inversion we find:
I3 1 Wy — Wy x 1 x
== =P A.22
( n ) D\ —vy v Yy Yy ( )

D:det( Vo We ) = det P (A.23)

y Wy

where:

It remains now to compute the eigenvectors. For it we need to solve:

{ (a—e uy +bu, = 0 (A.24)

cuz+(d—eu, = 0
Since such equations are not independent, we use the first one obtaining:
77519)'

Uy =buy = —(a—e

We remark that this is not a unique solution since the choice of u, is arbitrary.
The real and imaginary part of the eigenvector u are:

V= ( —a —|—b(30519 ) (A.25)

0
w = ( sind ) (A.26)
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and the determinant D = —bsinY. We can now write the equation of the
invariant ellipse in the initial system of coordinates (x,y):

&€+’ = prllwy +v5)a® — 2(wawy + vevy)zy + (wi +vz)2’]

[(
= 2z[(sin® ¥ + (cos ¥ — a)®)z® + 2b(a — cosV)zy + b°y?] (A27)
= 27[(1 —ad)z® + b(a — d)zy + by’ .
= Zz[-bca® + bla — d)zy + b°y?]

The coefficients of the quadratic form agree with those founded in equation
(A.6).

2 The hyperbolic case
In the hypothesis: |[TrJ| > 2, then the eigenvalue equation Ju = Au gives:

{)\1 = (a+d)++/(a+d)?—-4

A2 (a+d)—+/(a+d)?—4 (4.28)

We consider the eigenvectors ui and uz asociated with the eigenvalues A\; =
1/A2 and the transition matrix P with columns u; and uz. We have as previ-
ously the change from coordinates (£,7), in the basis (u1,uz) to coordinates

(z,y) in the basis (i, j):
T\ _ 3
<y>_P<n) (4.29)
and recalling that (A.3):
( i > = J< o ) (A.30)
Yit+1 Yi
( Si1 ) :PIJP( ’ ) (A.31)
Mi+1 i

-1 /\1 0
PP = ( Y ) (A.32)

we obtain immediately the relation: £én = const. Now using the inverse formula:

() ()

we will get the equation of the hyperbola in the z,y basis.

we obtain:

and since:

We remark that the second method is strightforward in the case of an hyperbolic
rotation, i.e. |[TrJ| > 2, since the eigenvectors of the matrix J give directly the
asymptotic directions. The first method appear more suited for the case of elliptic
rotation.
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Abstract We review results about the Fourier Analysis of chaotic solutions
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1. Introduction

In this article we discuss the problem of understanding the long—term
stability properties of a solution of a quasi—integrable Hamiltonian sys-
tem by means of a Fourier analysis on a short observation time. Precisely,
even for resonant chaotic motions, we will show how the combined use
of Fourier analysis and Nekhoroshev theorem allows to understand the
stability properties on a time: 7" ~ exp(T’), where T is a suitable obser-
vation time, of the order of the resonant period. To be definite, we will
refer to quasi—integrable Hamiltonian systems with Hamiltonian of the
form:

H(I’@):h(l)_'_gf(lv@)v (I,@)GBXT”, (1)

where B C R"™ and T" is the n—dimensional torus; h and f are ana-
lytic and € is a small parameter. The Fourier analysis will be performed
on the generic observables of the system; i.e. we analyze the function
of time:

9(t) = GU(1),¢(t)) (2)
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where G(I, ¢) is the function representing the observable, and (I(t), ¢(t))
is a generic solution of the Hamilton equations of (1). It is well known
that for systems like (1) we can find typically both quasi—periodic and
chaotic solutions. In the quasi—periodic case, typical of KAM tori, the
function (2) can be represented on the whole time interval by means of a
discrete Fourier representation, which can be reconstructed numerically
using the well known frequency analysis algorithm (Laskar 1990, Laskar
et al. 1992). Because the quasi—periodic case corresponds to perpetual
stability, the fact that the spectrum of an observable is a line spectrum
is considered a numerical evidence that the solution is perpetually stable
(possibly on a KAM torus).

In the chaotic case, discrete representations of (2) are not allowed and
it is mandatory to use the continuous Fourier representation. Recent
papers have shown that the structure of this continuous spectrum allows
to understand the long—term stability properties of the chaotic solu-
tion. These results are based on Hamiltonian perturbation theory, and
specifically on the Nekhoroshev theorem which proves (with suitable
hypotheses) that even chaotic solutions of Hamiltonian system (1) are
extremely stable: they can macroscopically diffuse in the action space
only on times which grow exponentially with a positive power of 1/e
(Nekhoroshev 1977, 1979, Benettin et al. 1985, Benettin and Gallavotti
1986, Lochak 1992, Poschel 1993 for non—degenerate systems and Lit-
tlewood 1977, Fasso 1995, Benettin and Fasso 1996, Niedermann 1996,
Benettin et al. 1997, Guzzo and Morbidelli 1997, Morbidelli and Guzzo
1997, Guzzo 1998, Guzzo 1999 for the degenerate ones). Instead, when
¢ is increased, many numerical studies (Laskar 1990, Laskar, Froeschlé
and Celletti 1992, Lega and Froeschlé 1997, Contopoulos and Voglis
1997, Froeschlé and Lega 1998, Froeschlé, Guzzo and Lega 2000, Guzzo,
Lega and Froeschlé 2002) have shown that the system enters a regime
of overlapping of resonances, known as Chirikov regime (Chirikov 1979),
in which actions can diffuse in times of the order of 1/e. Recent papers
(Guzzo and Benettin 2001, Guzzo 2002, Guzzo Lega and Froeschlé 2002)
have shown that the Fourier spectrum of the observables of the system
keeps trace of these two different situations. The following sections of
this article are devoted to illustrate these results, and an application to
asteroids described in Guzzo, Knezevic and Milani (2002).

2. The ‘peak’ structure of Fourier spectra

In this section we illustrate the characterizations which can be given
to the Fourier spectra of chaotic solutions of quasi-integrable systems.
We first consider the easy integrable case:
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H(I,p)=h(), (I,p) € BxT". (3)

The solutions of the Hamilton equations I(t) = I(0), ¢(t) = ¢(0) + wt,
with w = % (1(0)), are quasi—periodic with frequency vector w € R™. The
quasi—periodicity of a solution (I(t), ¢(t)) can be recognized numerically

by computing a suitable observable of the system,

GI,0) = > Grl)e™? (4)
kezn
on (I(t),p(t)). In fact, the function of time g(t) = G(I(t),¢(t)) has the
discrete Fourier representation:

g(t) = > gre™* (5)

keznr
with amplitudes g and frequencies vy = k - w given by:
gk = Gr(1(0)e* O 1y = k- w. (6)

Now, let us suppose that the system is in a black—box, and that all we can
know of it is the observable G, sampled up to a finite time interval. This
is the typical situation occurring in Physics, where one obtains informa-
tion on some system on the basis of the output of an experiment. The
amplitudes and frequencies (6) can be numerically computed from g(t),
for example, by means of the frequency analysis method (Laskar 1990,
Laskar et al. 1992). However, if we are interested mainly in recognizing
the quasi—periodic nature of the solution, it is not necessary to use a re-
fined frequency analysis, but it is sufficient to compute the Fast Fourier
transform of ®(¢)g(t) on a finite time interval [T, T], where ®(¢) is a
suitable analytic window on [—T', T (see Section 4 for details). Figure 1
shows an example of such an analysis. Within the precision of our com-
putation (a line is identified with an error of about 10~° in frequency)
we can easily recognize that the spectrum of g(t) is a line spectrum.
Now, we consider the more interesting quasi—integrable Hamiltonian:

f{(17¢ﬂ ::h(]) +’5f(la¥ﬁv (Iagﬁ € BxT", (7)

where h and f are analytic functions and € is a small parameter. The
KAM theorem applies to (7) if h is non—degenerate and ¢ is suitably
small: in such a case, the domain is filled with a large volume of in-
variant tori supporting quasi—periodic motions with frequencies @ which
are e—close to the unperturbed frequency vector w. Therefore, for solu-
tions (I(t), p(t)) on KAM tori, the observable admits a discrete Fourier
representation as in the integrable case:

g(t) = Y gre™ (8)

keZn
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Log Fourier Transform
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Figure 1.  Fast Fourier transform of the function g(t) = ®(¢)G(1(t), ¢(t)), where
G = ((cos 1 +cos w2 +cos s +1)% +1)71 ®(¢) is described in Section 4, (I(t), ¢ (t))

2 2 2
is a solution of the Hamilton equations of the integrable Hamiltonian H = % + %2 + %3
with I (0) = 1, I2(0) = 2%, I(0) = 23 . The spectrum has been obtained by analyzing
the solution up to a time T ~ 10°.

with frequencies 7, = k-@. The analytic computation of amplitudes and
frequencies in the case of KAM tori is not straightforward. However, they
can be numerically estimated (see Figure 2). In the example of Figure 2,
within the precision of our computation (a line is identified with an error
of about 107° in frequency) we can easily recognize that the spectrum
of g(t) is a line spectrum.

In quasi—integrable systems we do not find only KAM tori, but also
resonant motions, and among resonant motions we find the chaotic ones.
If € is small and h satisfies a suitable geometric condition (convexity of
h is sufficient) the Nekhoroshev theorem proves the exponential stability
of the actions for all initial conditions, including the resonant ones. More
precisely, there exist positive constants eg, a, b, Iy, tg such that if ¢ < g,
for any (1(0),¢(0)) € B x T™ it is |I(t) — I(0)] < Ipe® for any time ¢
satisfying the exponential estimate:

It| < toexp (e0/€)’.

Moreover, for chaotic solutions it is also proved that in suitable coordi-
nates some of the degrees of freedom behave essentially quasi—periodically
while the others behave chaotically. Therefore, the Fourier representation
of the observables G(I,¢) for these chaotic solutions should be inter-
mediate between a discrete representation, and a continuous one with-
out structures. In Guzzo and Benettin (2001) we introduced a Fourier
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Figure 2. Fast Fourier transform of the function g(t) = ®(¢t)G(I(t), p(t)), where G
and ®(t) are as in Figure 1, and (I(t), p(t)) is a solution of the Hamilton equations
2 2

of the quasi-integrable Hamiltonian H = % + 172 + L,j‘l + &(cos p1+ sin w2 + cos(p1 +
@2) + cos(p2 + p3) + sin(p1 — @3)), with e = 107 and initial condition in strong
irrational ratio I1(0) = 1, I5(0) = 2%, L(0) = 2% . The spectrum has been obtained
by analyzing the solution up to a time T ~ 10°.

representation for these intermediate cases. Very shortly, let us consider
the Fourier spectrum of

G(t) = @) G(I(1), ¢ (1)), 9)

where ®(t) is an analytic “filter function”, which is nearly equal to one

for a wide time interval [—T, 7], and vanishes at infinity (as is necessary,
in order for the Fourier transform to be defined). Our precise choice of
the filter is (see Section 4 for details and motivations)

a(t) = 5 [ tanh (20 —tann (“20)), (10)

g g

with large T' and some o > 0. A rough formulation of our theoretical
result (for a precise statement see Guzzo and Benettin 2001) is as follows:
if € is suitably small, for any chosen time scale T satisfying

)1/2n

(e0/e) < T < ele0/a) ™", (11)

g0 being a suitable constant, the function G defined in (9) admits a
decomposition

G(t) = G(t) + G*(¢t), (12)
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depending on T, such that G(t) is negligible for |[t| < T, while G is a
superposition of modulated quasi—periodic terms:

GOt) = > gr(t) e, (13)
kezr

where 2 € R” is a suitable vector determined by the initial datum (it
represents essentially the frequencies of the fast angles of the resonance,
see Section 4), and g has Fourier transform:

) = 5= [ dt gule) e (149)

satisfying the scaling law

|gr(a)| < aoT e~ exp (—a2ﬂ> (15)

€
for any frequency a € R; ag,...,as denote here suitable positive con-
stants, and |k| = |ki| + -+ + |kn|. The most important constant is ag,

which gives the rate of the exponential decay of the spectrum with re-
spect to the frequency «. We have proved (for convex systems) the uni-
form bound a3 > 1/(2n), but for a wide class of resonant initial data
we got ag = %, and this is indeed the value that we found in numerical
experiments. In this case gi(a) satisfies the stronger estimate:

Gr(Q)| < ag T e~ Fl ex (a M) 16

k()] < ao p (- 2 (16)
As a corollary of the previous result, the observable g(¢) admits the
representation:

g(t) = > gr(t)exp (ik - Q1) + g'(1) (17)
kezr

where g'(t) = G(t) + (1 — ®(t))g(t) is exponentially small (within the
observation time T, i.e. for [t| < T'), and gx(t) and Q are as above.

The main novelty of representation (17) with respect to the quasi—
periodic one consists in having replaced the constant amplitudes g with
amplitude functions gx(t). The key point of the result of Guzzo and
Benettin (2001) are estimates (15), (16), which state that in the Nekhoro-
shev regime the Fourier transform of such amplitude functions decays
very fast with respect to the frequency.

As a consequence, if we represent |gi(«)| in a semi-log scale we ob-
tain that it fits the shape of a peak, with slope which decreases as 1//e
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o ) it

Figure 3. The representation of |Jx(a)| in a semi-log scale fits the shape of a peak
(on the left). Instead, the representation of the Fourier transform of g (t) exp (ik - Qt)
fits the shape of the previous peak, centered around the frequency value k- Q (on the
right).

(in the case of (16)). If instead we consider the Fourier transform of
gk (t) exp (ik - Qt), then the center of the peak trivially moves around the
frequency k - Q (see Figure 3). Therefore, if we consider the spectrum
of Y rezn 9i(t) exp (ik - Qt), which we can easily compute numerically as
the Fast Fourier transform of g(t) (¢* does not really contributes to the
FFT), it appears as the superposition of many peaks centered around
the frequencies k - €): the spectrum assumes a very peculiar peak struc-
ture, such as the one represented in Figure 4. In this case the peaks
are well separated one from the other one because of the specific res-
onance considered, which is characterized by only one fast angle. The
situation is different when the resonance is characterized by at least two
fast angles: the location of all possible peaks k - 2 can be dense on the
frequency space, but on the spectrum we effectively see a finite number
of them because the height of each peak decreases exponentially with
its order |k|, as predicted by (15), (16). This situation is represented
in Figure 5.

We now consider what happens to the spectrum of generic observables
for suitable high values of . It is quite easy to understand that for high
values of £ one does not observe the peak structure (see Figure 6). But
in Guzzo and Benettin (2001) it is proved that systems in the Little-
wood regime are associated to observables with the peak structure of
the spectrum. Therefore, we can state the following instability criterion:
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Figure 4.  Fast Fourier transform of g(t) = ®(¢t)G(I(t), p(t)), where (I(t), ¢(t)) is a
solution of the Hamiltonian system of Figure 2 with e = 10™*, and the resonant initial
condition I1(0) = 1072y/e, I>(0) = 1072y/e, I3(0) = 1. The fast frequency vector of
the resonance is Q = (0,0, 1), so k- Q = ks: we expect to find a peak centered on any
integer value of the frequency. The observation time is 7' ~ 10°. On the same time
the largest Lyapunov exponent seems to converge to a value A ~ 0.001.
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Figure 5. Fast Fourier transform of g(t) = ®(¢)G(1(t), p(t)) where G = 1/((cos(p1)+
cos(p2) + cos(p3) + cos(pa) 4+ 1)® 4 100), the Hamiltonian is H = (I7 + I3 + I3)/2 +
(V5 — 1)14/2 4 e(cos(ip1) + sin(p2) + 0.5 cos(p1 + @2) + sin(p1 — 3) 4 cos(p1 + w2 +
03 + @a) + cos(p2 + @3)) with € = 107, the initial condition has I;(0) = 107!/,
I>(0) = 1072/, I3(0) = 1, I4(0) = +/2. The fast frequency vector of the resonance is
Q =1(0,0,1,(v/5—1)/2), so that k- Q = ks + (v/5 — 1)/2ks. The observation time is
T ~2-10°.
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Figure 6.  Fast Fourier transform of g(t) = ®(¢t)G(I(t), (t)), where G and ®(¢)
are as in Figure 1, and (I(t),¢(t)) is a solution of the Hamilton equations of H =
g + g + g + e(cos p1+ sin w2 + cos(p1 + w2) + cos(p2 + v3) + sin(p1 — ¢3)), with
¢ = 0.015 and resonant initial condition I1(0) = 1, I2(0) = 1072/¢, I1(0) = 1072 /e.
The observation time is 7' ~ 10, in which the action Is has not a fast evolution.
Nevertheless, we can see that the spectrum does not have the peak structure, and
so the system is not in the Nekhoroshev regime . Indeed, on the right, we see that
I3 has big variations in short time at ¢ ~ 300000, which is not compatible with the
Nekhoroshev regime.

“The fact that the spectrum of an observable of a system computed on a
chaotic solution has not the peak structure can be considered a numerical
evidence that the system does not satisfy the hypotheses of Nekhoroshev
theorem in the neighborhood of that solution, i.e. the Nekhoroshev the-
orem does not prevent fast evolution of the actions”.

It is relevant to remark that the spectra of Figures 4,5 and 6 are
computed on a relatively short time scale, in which the actions do not
significantly diffuse. Actually, with an observation time 7" of order 1/e
we get information on the much longer time ¢y exp((o/€)?). This means
that in the case of Figure 6, we cannot exclude that sooner or later the
actions can ‘rapidly’ diffuse. Indeed, at a much longer time, one of the
actions changes of order 1 (Figure 6 on the right). We would like to
use also a converse stability criterion, which would give indication of
exponential stability in presence of the peak structure of the spectrum.
This result would be true if the peak structure of the spectrum suddenly
disappears passing from the Littlewood stability regime to the Chirikov
diffusive one, which is conjectured in Guzzo and Benettin (2001). Indeed,
in the regime of the exponential estimates all resonances match together
in such a way that locally it is always possible to average at least one
angle. But also the peak structure of the spectra is a consequence of the
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possibility of averaging at least one angle. Therefore, peak structure and
exponential estimates should disappear at the same value of «.

The transition of spectra from structured to unstructured ones is not
described by a theorem, but has been studied numerically in Guzzo, Lega
and Froeschlé (2002) by comparing the geometry of resonances of a given
system computed with the Fast Lyapunov Indicator with the structure of
the spectra of an observable computed on well selected chaotic solutions.
More precisely, in Froeschlé et al. (2000) we estimated with the FLI
method that the transition between Littlewood and Chirikov regime for
the Hamiltonian system:

g B ( L ) (18)
1,22 €
€7 9 9 3 cos(p1) + cos(p2) + cos(p3) +4

near (I1,I2) = (1/3,1/6) occurred between e = 0.01 and ¢ = 0.04. In
Guzzo et al. (2002) we computed the Fourier spectrum of an observ-
able corresponding to the initial actions I;(0) = 1/3 and I»(0) = 1/6 —
0.014/(£/0.06) and different values of e. For ¢ = 0.001 and € = 0.00025
indeed the spectrum of g(t) shows the peak structure, and the slope
of the peaks rescales as the expected 1/4/¢ power law (Figure 7). We
then tried to refine the transition interval: it is clear that for ¢ = 0.032
(Figure 8 right), there is not the peak structure; with a little decreas-
ing of e, ¢ = 0.031 (Figure 8 center), some structures appear in the
spectrum; with a further little decreasing, ¢ = 0.030 (Figure 8 left), we
recognize in these structure some peaks. These peaks are not so evi-
dent as in the case of Figure 7 because we are very near the transition
value. Nevertheless, the qualitative difference between the spectra of Fig-
ure 8-left and Figure 8-right is sufficient to give as transition interval
[0.030,0.032]. This analysis shows that the transition from peak struc-
tured spectra to unstructured ones is quite sharp, and agrees with the
transition of the geometry of resonances which is expected when passing
from the Nekhoroshev to the Chirikov regime. Therefore, it is reason-
able to use the following stability criterion: “The fact that the spectrum
of an observable of a system computed on a chaotic solution has the
peak structure can be considered a numerical evidence that the system
satisfies the hypotheses of Nekhoroshev theorem in the neighborhood of
that solution, i.e. the Nekhoroshev theorem prevents fast evolution of
the actions”.

Of course, even in presence of Nekhoroshev stability, evolution of the
actions is possible on the very long exponential times typical of Arnold’d
diffusion (Arnold 1964), but this kind of instability is outside the sub-
ject of this article (see Lega, Guzzo and Froeschlé 2003 for a numerical
study).
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Figure 7. Plot of log|g(c)| versus « for an orbit of Hamiltonian (18) with initial
conditions Iy = 1/3, I, = 1/6 — 0.011/(¢/0.06) (Is = 1, p1 = @2 = @3 = 0) and
perturbation parameter € = 0.001. The spectrum has the peak structure expected in
Nekhoroshev’s regime. In order to verify the dependency of the slope as 1/4/¢ it is
also plotted the spectrum of g(«) for e = 0.00025. In this case we have introduced a
stretching by a factor of 2 along the a-axis to easily verify that the slope of the peaks
for € = 0.001 are the same as those for € = 0.00025 in the plot. The spectrum g(c)
for the case e = 0.00025 has also been translated of a factor of —3 in order to more
clearly compare it to the spectrum for the case ¢ = 0.001.
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Figure 8. Spectrum of the function g(t) defined in the text for an orbit of Hamil-
tonian (18) with initial conditions I; = 1/3, Is = 1/6 — 0.014/(£/0.06). Left column:
e = 0.03, central column & = 0.031, right column e = 0.032 (for all details see Guzzo,
Lega and Froeschlé 2002).
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All these examples concerned the non—degenerate case. In the next
section we describe the spectral formulation of Nekhoroshev theorem
also for degenerate cases, providing a method which can be directly
applied to the real systems of Celestial Mechanics.

3. The degenerate case

The exponential stability of degenerate systems has been considered
since the paper of Nekhoroshev (1977). Many works have shown (Neish-
tadt 1987, Benettin and Fasso 1996, Bessi et al. 2000) that degenerate
systems can typically exhibit short—term diffusive phenomena even in
the case of small perturbing parameters. However, Guzzo and Morbidelli
(1997), Guzzo (1998) and Guzzo (1999) proved that for a certain class of
degenerate systems, which includes many systems of interest for Celes-
tial Mechanics (including the case of Asteroids), such kind of short—term
instability can occur only in few very low order resonances, while the rest
of the phase space is exponentially stable, provided that the perturbing
parameters of the specific system considered are suitably small. More
precisely, in Guzzo (1999) (see also Morbidelli and Guzzo 1997, Guzzo
and Morbidelli 1997, Guzzo 1998) we considered a degenerate system
with Hamiltonian in the form:

H="h{I)+e(Ko(I,J)+ f(L,J,0,0) +nK:i(I,J,)) (19)

where (I,) € R” x T" and (J,7) € R™ x T™ are sets of canonically
conjugate action—angle coordinates; € and 7 are small parameters; the
Fourier average of f with respect to the angles ¢ is zero. The above
system is clearly degenerate because for ¢ = 0 the Hamiltonian does
not depend on the actions J. The peculiar structure of the perturbation
essentially means that the so—called secular Hamiltonian of H, i.e.

h(I)+E(KO(I7J)+77K1(I7']7¢))7 (20)

which is the Fourier average of H on the fast angles ¢, is quasi-integrable.
Many problems of Celestial Mechanics are in this form, for example
the Asteroids (¢ represents the mass of the planets; n represents the
eccentricity and inclination of the planets, see Morbidelli and Guzzo
(1997)). The action—angles variables (I, ) are called non-degenerate
variables, while the (.J,1)) are called degenerate variables. In Guzzo 1999
we proved the following result (see Guzzo and Morbidelli 1997 for the
case of Asteroids):
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THEOREM 1 Let Hamiltonian (19) be defined for (I,p) € D x T™ and
(J,10) € S x T™, with D C R™ and S C R™ open sets, and analytic in
some complex neighborhood of D x T™ x S x T™. Let h and h + €Ky
be convexr with respect to the I and the (I,J) respectively. There exist
positive constants ci, . . ., cq, a, 3,0, Mo, Co such that if e < egg andn < 1o,
then for any motion I(t), J(t),¢(t), ¥ (t) with 1(0) in the domain:

D. = {I €D such that |k-wo(l)] >e? for any ke Z"\0
with [k] < c3 h%} (21)
1t 18:
[I(t) = 1(0)] < eczeoc” (22)
[J(t) = J(O)] < es¢” (23)

for any time t satisfying:

S Y D%
|t| < Ty =cae”'n " exp (24)

where ( = max{e, n}.

According to the above result, a chaotic solution of a degenerate system
with Hamiltonian as in (19) can be in one of the three different dynami-
cal situations: i) it belongs to some very low order resonances, where the
Nekhoroshev theorem does not apply a priori (i.e. I(0) is not in the do-
main D, ); ii) it is outside the very low order resonances (i.e. 1(0) is in the
domain D), and the perturbing parameters are so small that Theorem
1 provides exponential stability; iii) the perturbing parameters are suffi-
ciently large to prevent an exponential stability result. It is evident that
ii) is the only case in which Theorem 1 proves long—term stability, while
for i) and iii) the possibility for diffusion of the actions in polynomial
times is not excluded. A Fourier Analysis of the observables of the system
allows to numerically distinguish these different cases. Correspondingly,
the spectra can be of three different types: without any structure, with
the main peak structure and with a secondary peak structure.

3.1 The main peak structure

A straightforward application of the usual non-degenerate version of
the Nekhoroshev theorem to Hamiltonian (19) allows to prove that if h
is quasi—convex (with respect to the I) and ¢ is suitably small then the
non—degenerate actions I are exponentially stable, if in the meantime



180 M. Guzzo

the non-degenerate actions J do not leave the domain of H (Littlewood
1977). Therefore, on the one hand it is predicted stability for the non—
degenerate actions only, on the other if the degenerate actions escape the
domain of definition of H (a case that can indeed occur in some situa-
tions) then also the stability of the actions I can be compromised. Such
a result, has been proved with the usual non—degenerate Littlewood con-
struction, based on the averages of the fast—angles ¢ in the case of small
e. Also the spectral formulation of Guzzo and Benettin (2001) can be
adapted in straightforward manner to Hamiltonian (19): if € is small, any
test function G(I, J, ¢, ), computed on a solution (I(t), J(t), ¢(t), (1))
of (19) admits the representation:

g(t) = Y gr(t) exp (ik - Q1) + g'(1) (25)
keZm

where g!(t) is exponentially small in any observation time T' € [1/+/€, T}],
Q0 € R" depends on the initial datum and on the specific resonance
considered, the Fourier transform of g satisfies the scaling law:

) < ao e exp (—os ) (20
for any a € R. Representation (25) with the scaling law (26) is the same
introduced for the non—degenerate systems. However, for non—degenerate
systems, such a structure does not give indication of exponential stabil-
ity, but only of the weak stability result for the non—degenerate actions
I described above. We will refer to the representation (25) as the ‘main
peak structure’. The reason for this weak result is that it does not yet
exploit the fact that Theorem 1 provides a stronger stability result out-
side some very low order resonances. In Guzzo (2002) it is proved that
if also 7 is small and I(0) € D,, then g(¢) admits the representation:

g(t) = Z g,g(t) exp (ieky - Qut) exp (iko - Qot) + gl(t) (27)
k=(ko,k1)EZ" xXZ™

where g'(t) is exponentially small in the observation time 7', y € R”
and ; € R™ are suitable vectors which depend on the initial datum
and on the specific resonance considered, the Fourier transform of g
satisfies the scaling law:

h@)] < a0 e M exp (~ar 2L (28)

for any a € R, where ( = max{e,n}. The observation time T has to be
at least of order Ty = 1/(ey/(), and smaller than T as in (24).
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3.2 The secondary peak structure

We will refer to the representation (27) with the estimate (28) as the
‘secondary peak structure’, which is the novelty with respect to the non—
degenerate case and its presence gives indication that all the actions of
the system, including the degenerate ones, are exponentially stable. The
structure can be easily recognized numerically: from (27) we understand
that for any kg € Z" there is a multiplet of secondary peaks centered on
the frequencies: kg - Qo + k1 - Q4, for any k1 € Z™. The slope of these
secondary peaks, which is of order 1/(£¢?3) is much bigger than the slope
of the main peaks, which is only of order 1/,/e. These secondary peaks
are separated in the frequency axis by distances of order €, and their
amplitude decreases exponentially as exp(— |k1|). It is therefore clear
that these peaks group together to constitute one of the so—called main
peaks. By increasing the value of ) at fixed € the slope of the secondary
peaks becomes smaller, and when we reach the threshold 7y at which
the exponential stability of the degenerate actions is no longer valid, we
expect that the main peak appears as a single peak, no longer resolved in
a multiplet of secondary peaks. We summarize this description in Figure
9: on the top we represent the spectrum of a system with small € but
with large n: only the main peak structure is visible with many peaks
centered at the values kg - Qq, for kg € Z™. On the bottom we represent
the spectrum of a system with small ¢ and small 7: the spectrum is
made by many secondary peaks centered at kg - Qo +eky - for ki € Z™,
and these peaks group together to constitute the main peak structure
(represented by a dashed line in the plot).

3.3 A model example

In Guzzo (2002) we computed numerically the peak structure of a test
function of the chaotic solutions of a model degenerate system, detecting
the main and secondary peak structures for small values of the perturb-
ing parameters.

We first considered the decoupled system:

3 I2 3 J2
Hy = Zé+5271+€Mf(<ﬂ1,902,s03)+577f(¢1,¢2,1l}3) (29)

i=1 i=1

where (I, p) € R?x T3 are the non—degenerate variables, (J,) € R3x T3
are the degenerate variables and

J (@1, 02, 93) = cos(p1) + sin(pz) + cos(p1 + @2) + sin(e1 — @3) + cos(p2 + ¢3).

The non—degenerate variables satisfy the same Hamilton equations of the
Hamiltonian system considered in Figure 4, with perturbing parameter
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Figure 9. On the top we represent the spectrum of a system with small € but with
large n: only the main peak structure is visible with many peaks centered at the values
ko - Qo, for ko € Z". On the bottom we represent the spectrum of a system with small
¢ and small 7: the spectrum is made by many secondary peaks centered at eki - §2
for k1 € Z™, and these peaks group together to constitute the main peak structure
(dashed line in the plot).
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ep (instead of €). Therefore, the initial condition: I;(0) = 1072,/zf,
I,(0) = 1072, /e, I3(0) = 1 (the initial phases are ¢1(0) = 1,¢2(0) =
0, ¢3(0) = 0) generates a resonant solution equivalent to that considered
in Figure 4, which corresponds to the resonance Zf’zl kyI; = 0 with
ko = (nl,ng,O), ni,No € 2.

Also the degenerate variables satisfy the same Hamilton equations of
the Hamiltonian system considered in Figure 4, with perturbing para-
meter 7 (instead of €), and time scaled by a factor . A resonant solution
equivalent to that considered in Figure 4 is generated by the initial con-
dition J;(0) = 1072,/7, J2(0) = 1072,/7, J3(0) = 1 (the initial phases
are 11(0) = 1,2(0) = 0,43(0) = 0). Therefore, we are considering the
resonance among the degenerate and non—degenerate variables:

3 3
S kL +> ekiJi=0
i=1 =1

generated by the integer vectors (ko, k1) = (n1,n2,0,n3,n4,0), with nq,
na, n3, ng € Z. Correspondingly, with the same notations of Section 3.2,
it is:

Qo =(0,0,1), ©Q; =(0,0,1).
We now couple the non—degenerate and degenerate variables by consid-
ering the Hamiltonian:

H = Ho + acg1(p, ) + epga(ep1, 2, ¥1, ¥2), (30)

where g1 = —sin(¢1 + w2 + @3 + 1 + 12 + 1¥3) has zero—average with
respect to the non—degenerate angles, and go = — sin(p1 +w2+101 +12) is
a resonant harmonic. Therefore, the secular Hamiltonian of H is quasi—
integrable with perturbation of order en, and H is in the form (19) and
satisfies the hypotheses of Theorem 1. Concerning the initial conditions,
we are considering resonances among the non—-degenerate angles of order
1, which are not the logarithmically high order resonances considered in
Theorem 1, equation (21). However, with minor changes to the proof of
Theorem 1, it is possible to show that the exponential estimates for the
I, J hold also for this resonance if: ;1 < en and a < /7 (see Guzzo 2002).

In the following I report the result of the Fourier Analysis of the
solutions corresponding to the above initial conditions, and different
values of € and 7. The test function used to mix the different degrees of
freedom is:

G= ! (31)

( i1 (cos(ii) + cos(¥y)) + 1)8 110
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The data are also filtered before the Fast Fourier transform, with a
suitable analytic window ®(¢), as explained in Section 4.

A first set of numerical integrations concerns a small value of ¢ = 0.02,
three different values of n = 0.0001,0.0004,0.01, and u = en/10,a =
/n/10. As explained above, if ¢ and 7 are suitably small, Theorem 1
proves the exponential stability of the degenerate variables, and corre-
spondingly we expect to observe both the main and the secondary peak
structures. Indeed, in the spectra reported in Figure 10 we can clearly
distinguish the main peaks located at the frequencies « = 0, 1,2, ... (pic-
tures on the left), and the secondary peaks at a distance ¢ = 0.02 one
to the other, for the small values of n = 0.0001,0.0004 (pictures on the
top-right, middle-right). Moreover, the slope of the secondary peaks
in the case n = 0.0001 is bigger by a factor two than the slope of
the secondary peaks in the case n = 0.0004. Instead, for the bigger
value 7 = 0.01 the secondary peak structure is destroyed (picture on
the bottom-right), while the main peak structure is maintained (picture
on the bottom—left). These spectra have been obtained by analyzing the
solution up to a time ¢ ~ 107, which is longer than the time used for
the non—degenerate system of Figure 4. The reason is that the dynam-
ics of the degenerate variables takes place on times scaled by a factor ¢
with respect to the non—degenerate variables and therefore, if we want
our analysis to include also the effects of the degenerate variables, it is
mandatory to compute the solution up to a time multiplied by a factor
1/e. This fact is typical of degenerate systems, and not specific of this
numerical analysis. A second set of numerical integrations concerns small
values of € = 0.0001,0.000025, but 4 = a = n = 1. As explained above,
in these conditions Theorem 1 does not prove the exponential stability
of the degenerate variables, and correspondingly we expect to observe
only the main peak structure, not the secondary one. In Figure 11 we
report the result of this Fourier Analysis. Indeed, the spectrum consists
only of the main peaks, which rescale as 1/./¢ as expected.

4. Basic Fourier Analysis of chaotic solutions

A. Preliminaries. In this section we sketch the mathematical ideas
which are at the basis of the Fourier representation of chaotic solutions.
All mathematical details can be found Guzzo and Benettin (2001), Guzzo
(2002).

What follows refers to the Fourier Analysis of the functions: g(t) =
G(I(t),o(t)) where G : B x T™ — R is real analytic, B C R" is open and
I(t),p(t) is a solution of system (1).



185

Fourier analysis of chaotic motions and applications

S P ——
|
—
—
] > =
— g
— o &
- - W.. >
& E
—
L uw L -]
- —e—
lda 2
s H
la . 1q
z |

© 3
wJojsuel] Jauno4 6o

L T
wJojsuel] Jauno4 Ho

frequency

13 z
(wiojsueI] Jouno4 6o

15

-
=

frequency

v 3
wiojsuel] Jauno 6o

|

Spectra corresponding to € = 0.02, and n = 0.0001

° &
wioysuel| Jauno4 6o

E—

|

25

s
frequency

"
a

i

(on the top), n =

Figure 10.

0.0004 (on the middle), n = 0.01 (on the bottom).



186 M. Guzzo

u! o
i
. -t
|
E E |
5 S
w 0~
2,
g g
= =
3 3
3 L
(=}
l.I_':I IE o
[=]
3 g
-
~ o
b Y
1 i Ton
frequency frequency
® ®
I
. .
-— [}
2w 1 gt
& = |
= g +
& 5
3o + f I.E ]
+
. o>
f=2] (=]
S -
ol 4 L] 8
! b
- N M . . 1 " " .
! [ [ 14 F) 5 ‘04 M [ [ 12 4 I3
frequency frequency

Figure 11.  We represent the spectrum of a system with n = ¢ = a = 1 and
e = 0.0001 (on the top), € = 0.000025 (on the bottom). These spectra have been
obtained by analyzing the solution up to a time ¢ ~ 10°.

For any function v : R — R, we denote by:
8] .
u(t) = / da i(a) &t (32)
—00

its continuous Fourier representation where a(c) is the usual Fourier
transform of u computed on the frequency «:

u(a) = % /_O:O dt u(t) e . (33)

We refer to the spectrum of a function u as to the Cartesian graph of
|a(cv)| versus the frequency . The asymptotic behavior of the spectrum
of a function wu, i.e. its behavior at high frequencies, is determined by
the analyticity properties of u, as stated by the following lemma:
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Figure 12.  Fast Fourier transform of u(z) = 1/(25 +x2)%, represented in semi-
logarithmic scale. Indeed, the spectrum is below a straight line of slope —5, according
to the analyticity radius which is 5.

LEMMA 1. Let the complex function u(t) be analytic for [Imt| < o
and:

lim  sup |u(t +i§)| = 0; (34)

t—o00,teR |€|<e

let the constant C' be such that for any [£| < o it is: [ |u(t + i§)|dt <
C < 00. Then, for any o € R the Fourier transform of u satisfies:

i) < %eflala.

Therefore the exponential decay of the Fourier transform of a function
depends on its analyticity radius o (see Figure 12).

Being interested in the asymptotic behavior of the spectrum of the
observables g(t) of Hamiltonian systems, we consider the analyticity ra-
dius of ¢(¢) in the variable ¢. Standard estimates ensure that the Taylor
expansion of g(t) around any ¢ € R converges in a finite radius which
does not diverge as € goes to zero, i.e. the analyticity radius does not
increase as ¢ decreases. From lemma 1 it follows that the spectrum of
g(t) decays exponentially at a rate which does not increase when ¢ be-
comes small. This is confirmed by the three Fourier analysis shown in
Figure 13, where we considered the same quasi—integrable system, with
the same resonant initial condition, but for three different values of e: it
is clear that increasing € from 0 (Figure 13 top) to 0.1 (Figure 13 bottom)
changes qualitatively the spectrum, but does not change significantly the
exponential decay. Therefore, we cannot consider the exponential rate at
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Figure 13.  Fast Fourier transform of the function g(t) = ®(¢)G(I(¢),¢(t)), where
G and ®(t) are as in Figure 2, and (I(t),(t)) is a solution of the Hamilton equa-
tions of the quasi-integrable Hamiltonian of Figure 2 with ¢ = 0 (top), ¢ = 107*
(middle), ¢ = 0.01 (bottom) and the resonant initial condition I;(0) = 1072/,
I>(0) = 1072y/¢, I3(0) = 1. In all cases, the spectrum decays exponentially with a
rate which is approximately 14/5.
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which |g| decreases as significant to understand the dynamical regime of
the solution. Instead, it is evident from Figure 13 that what qualitatively
changes is how the spectrum is concentrated around the multiples of the
fast frequency 1. The presence of fast frequencies in resonant motions
can be suitably treated using the normal form variables adapted to the
resonance properties of the solution.

B. Normal forms variables. In the proof of Nekhoroshev theorem the
action space is covered by many domains characterized by all possible
resonances generated by integer vectors k of order |k| = >, |k;| up to
a given positive number K, chosen of order 1/¢2" for convex systems
(see Lochak 1992, Poschel 1993). For the definition of the geometry of
resonances we follow the definitions given in Pdschel 1993 and we refer
to that paper for all details. Here, we just recall that a d-dimensional
lattice A C Z™ defines a resonance through the relation:

oh

0 (35)

for any k € A, or equivalently: HA% = 0, where II5 denotes the Euclid-
ean projection of a vector onto the linear space spanned by A. As already
remarked, we only consider resonance lattices A C Z™ which are gener-
ated by d < n — 1 independent integer vectors k9, i < d, with order
smaller than a threshold order K, which grows as 1/ e,

According to the definitions given in Péschel (Péschel 1993), the reso-
nant domain associated to a lattice A is a neighborhood of the resonance
defined in the following way: first we require that the action is suitably
close to the resonance through the inequality:

ah ao

HHAf(I)H < m

oI (36)

(ag, a1 are suitable constants, |A| is the Euclidean volume of the lattice
A), second we require that the action I is suitably far from the other
resonances; more precisely we require:

oh aop
HHA’W(I)” > (alK)n_d_1|A/’

(37)

for any lattice A’ generated by d+ 1 independent integer vectors of order
smaller that K. Then, in the resonant domain of the lattice A, if € is
small, one can construct a canonical transformation which averages from
the Hamiltonian the non-resonant angles up to an exponentially small
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remainder. More precisely, there exists a near to the identity canonical
transformation:

Ca: (I ¢) — (1,9) (38)

conjugating (1) to the normal form Hamiltonian:
HoCp(I',¢') = h(I') + efa(I',¢) + ce Kr (I, ¢, (39)

where the Fourier series of f contains only harmonics f]/{(l ! )eik"ﬂ, with
k € A. As a first approximation, the motions of (39) can be described fol-
lowing Benettin and Gallavotti (1986), who gave a simplified description
neglecting in (39) the exponentially small remainder. In the truncated
Hamilton equations:

- Afa g Oh  Ofa
I ! / /:
I - 68@ (I7()0)7 SO 8I/+€a]—/

(I',¢) (40)

I is always parallel to a vector in the linear space spanned by A, so
that I'(t) is contained in the plane spanned by A through the point
I'(0), which is usually called “fast-drift plane”. Because h is convex
there is only one point in the fast-drift plane such that TTyd;h(I*) = 0
which we denote with I*, and the restriction of the unperturbed energy
h(I) to the fast drift plane has a minimum (or a maximum) in .
Moreover, for any motion I’(t) starting in the resonance, i.e. near I, it
is: |h(I'(t)) — h(I'(0))] < 2¢|fA]”°, and therefore it cannot move far from
the resonance. For the true Hamilton equations (i.e. the non—truncated
ones), these conclusion is valid not for an infinite time, but up to the
exponentially long one of Nekhoroshev theorem.

In the following we work out a simplified description of the Fourier
spectrum of g neglecting in the normal form the exponentially small
remainder.

C. The truncated normal form approximation. Consider a resonant
motion with initial condition in the resonant domain of a lattice A and
replace the true solution with

(I(t), (1)) = Ca(I'(2), £’ (1)), (41)

where (I'(t), ¢(t)) is the solution of the Hamilton equations (40) of the
truncated normal form. It is convenient to introduce the pull-back of
the observable G with respect to the normal form transformation Cy:

F(I',¢") = GoCa(I',¢) (42)
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which has the Fourier expansion: F = Y. zn Fi(I’ )e#¢' . Therefore, the
function g(t) = G(I(t), ¢(t)) = F(I'(t),¢'(t)) can be represented in the
following way:
g(t) = > Fu(l'(1))e™# D). (43)
kezn

Again, it would be not difficult to show that each term of this expansion:
Gi(t) = Fi(I'(1)e™#' ), (44)

has a convergence radius of order 1 in €. To be more precise, if we look
for constants C), and o such that:

e < B
Gi(a)| < Cpelelo (45)

for any o € R, with the constraint that Cj is not divergent in ¢, then
one obtains only o of order 1 in . The reason is that the presence of
quasi—periodic terms in the function implies that its norm grows expo-
nentially with the imaginary part of the complex time ¢. Consider the toy
function: G(t) = 1 +1€t2 e’t. The ‘amplitude’ Hﬁ has convergence radius
1/y/€, and therefore its Fourier spectrum appears in a semi-logarithmic
plot as a peak centered around the frequency 1, and slopes 1/ /c. If we
want an estimate like (45) with o = 1/4/e, we are forced to choose C' of
order e!'/VZ, A more convenient way to represent G(t) is: G(t) = g(t)e*,
and indeed the Fourier Transform of g trivially satisfies |§(a)| < Ce~l*l”
with 0 = O(1/4/¢) and C = O(1). Therefore, returning to the observ-
able g(t) = F(I'(t),¢'(t) = Spegn Fu(I'(t))e* ¥ D we have to avoid
to over-estimate the norm of quasi—periodic terms which possibly are
produced by the dynamics. This can be done as follows: each Fourier
component Fi(I'(t))e*¥'() can contain of course fast periodic terms.
Therefore, we look for Q2 € R™ such that the all functions:

gu(t) = FilI'(1))ei# Dk (46)

are analytic for [Imt| < 8%, with suitable 3 > 0. Such a vector 2 indeed
exists and can be chosen as

Q = (I - Pr)w(I(0)).

Indeed, one can prove that the observable G computed on the Hamil-
tonian flow of the truncated normal form has the representation:

g(t) =" gu(t)e™
k
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where the gi(t), defined as in (46), are analytic in a complex strip of

—(n—d
radius: 0 = O(¢~2n ), where d is the dimension of the resonance lat-
tice. At a distance of order /e from the resonance the above estimate
improves to the better one (see Guzzo and Benettin 2001): 0 = O(1/4/¢).

D. The analytic window. Because the amplitude functions g (t) in
general do not vanish at infinity, they do not satisfy condition (34)
of lemma 1. Therefore, we can introduce their Fourier Transform only
after multiplication with a suitable window function ® which vanishes
at infinity. It is sufficient to require that:

i) ® is analytic in a complex strip of radius ¢ with ¢ > o;

i) [ |®(t +is)|dt < C < oo for any |s| < o;
iii) |0(t) = 1| = O((exp (= %)) if [¢] < T

iv) |0(t)] = O exp (— %)) if [t| > 27

A possible choice for ® is:

2(t) = 5 [ tanh (“21) — tanh (1= 1), (47)

% %
where g has to be chosen bigger than the analyticity radius of g, i.e.

1

Ve

and T is any time interval (this is because we are considering the
truncated normal form dynamics; for the true dynamics 7" has to be
chosen not bigger than the exponentially long stability time predicted

by Littlewood theory) satisfying conditions i) and iv) above. Then, we
write trivially:

0>0 =

gr(t) = ®(t)gr(t) + (1 —2(t)) gr(t),

and the difference between g (t) and the windowed quantity ®(t)gx(t)
is exponentially small for times ¢ smaller than 7. The function of time
®(t)gr(t) has Fourier transform which decays at an exponential rate o,
and therefore defining;:

gi(t) = S°(1 - 0(t)) galt)e™, (48)

k

the difference g(t) — g1(t) has the peak structure.
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The problem is understood for the truncated normal form dynamics,
but the true dynamics is the one given by the complete Hamiltonian,
with the exponentially small remainder:

H=h(I)+ef(I,0) +ec (I, ).

For such a complete Hamiltonian we cannot repeat the same argument
as above, because the remainder, though exponentially small, forces the
analyticity radius of the gi(t) to O(1) in e! However, in Guzzo and
Benettin (2001) it is proved that the part of ¢g(¢) which is analytic only
for |Im¢| = O(1) is exponentially small for |¢| < T', and therefore, it can
be relegated in the exponentially small term g'.

5. Application to Asteroids

The application of the Fourier Analysis of chaotic solutions to a phys-
ically interesting system, namely the dynamics of some numbered As-
teroids, has been done in Guzzo, Knezevic and Milani (2002). In this
section we briefly describe some of the results published in that paper.

The Hamiltonian of an asteroid perturbed by the four giant planets
has the form:

1

H=-——
212

+ > myP(L,G,0,1,9,9,q;(t)) (49)
j=14

where L = /a,G = LvV1—¢€2,0 = Gcosi,l,g = w,d = Q are the
canonical action—angle Delaunay variables where [ is the mean anomaly,
w is the argument of perihelion, €2 is the longitude of node, a is the semi
major axis, e is the eccentricity and ¢ is the inclination; the gravitational
constant and the mass of the Sun are set equal to unity; the m;,j < 4
are the masses of the giant planets; the functions ¢; : R — R? denote
the position of the j—th planet as a function of time.

The Hamiltonian (49) is quasi-integrable with integrable part Hy =
—1/(2L?%) and perturbation depending on all other variables and on time
through the osculating elements of the planets. Because Hy depends only
on the action L the problem is degenerate. In Guzzo and Morbidelli
(1997) exponential estimates have been proved, except for low order
mean motion and secular resonances (among these resonances there are
those associated with the Kirkwood gaps, and possibly many others, see
Morbidelli and Nesvorny 1999), provided that the perturbation parame-
ters of the problem (the masses of the planets with respect to the Sun,
the eccentricity and the inclination of the planets) are suitably small.
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THEOREM 2 (Guzzo and Morbidelli 1997). Let nj,e;,i;, j = 1,...,4,
denote the frequencies of the mean motion, the eccentricity and the in-
clination of the planets from Jupiter to Neptune. Let € denote the mass of
Jupiter. There exist positive constants ¢y, ca, €g, €0, 19 such that if € < &g,
ej < eg andi; <ig for any j <4, then for any motion L(t), G(t), ©(t),
g(t), U(t), I(t) with L(0) satisfying:

1 4
Vy——n + vpny| > g4 (50)
L(0)? ,;1

for any (vo,v1,. .. ,v1) € Z° with Y j_q |vk| < caln(1/¢), the semi-major
azxis, the eccentricity and the inclination of the asteroid are exponentially
stable (the stability time grows exponentially as a suitable inverse power
OfE,el,. ..,64,i1,... ,i4).

As explained in detail in Morbidelli and Guzzo (1997), we do not expect
that the thresholds €, ey, ig are uniform in the phase—space. Therefore,
in principle, we do not know whether outside the low order mean motion
resonances the entire phase space is exponentially stable or not, and con-
sequently the search for exponentially stable objects has to be done with
reference to specific regions of the phase—space. In Guzzo, Knezevic and
Milani (2002) we selected asteroids in different regions of the phase—
space where we suspected different long—term behaviors. The motion
has been integrated up to 100 Myr with an accurate multi-step inte-
grator of order 12 (Milani and Nobili 1988) with a Runge-Kutta starter
(the software package “orbit9” available through the AstDyS service at
http://hamilton.dm.unipi.it/ astdys). The dynamical model used
for the numerical integrations included the direct effects from the four
outer major planets, while the indirect effect of the inner planets has
been accounted for by applying a barycentric correction to the initial
conditions (Milani and Knezevi¢ 1992). To avoid excessive output we ap-
plied the digital on-line filter described in Knezevi¢ and Milani (2000),
Carpino et al. (1987). Then, we considered the observable:

g = ([cos(h) + sin(h) + cos(k) + sin(k) + cos(q)
+ sin(g) + cos(p) + sin(p) + cos(a) + sin(a)]** + 1)_1, (51)

where a, [, h = ecosw, k = esinw, p = tan (i/2) cos{), ¢ = tan (i/2)
sin {2 are the equinoctial elements, and we computed the Fast Fourier
transform of:

g(t) = @()G(a(t), h(t), k(t), p(t), (1)), (52)
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where ®(t) is the usual analytic window function. With the choices
made (integration time, sampling time, digital filtering: for all details
see Guzzo, Knezevic and Milani 2002) we were able to clearly resolve
the characteristics of the Fourier spectrum in the domain of the secular
frequencies in the frequency range from 10~"rad/yr up to 7-10~*rad/yr,
and so the FFT of the filtered data is sufficient to detect the presence of
the secondary peak structure (while we loose the main peak structure,
around the spectral lines at the fast frequencies pertaining the mean
motions, but this is not relevant for the long—term stability of the sys-
tem). Corresponding to the choice of Asteroids with different dynamical
behavior, we found objects with very different Fourier spectrum. One
of the most interesting cases is asteroid 305 Gordonia, with a moder-
ately large Lyapunov exponent (~ 3 x 107°); it has a spectrum which
is continuous and has the peak structure which can be observed from
spectra computed using numerical integrations up to 100Myr and 10Myr
(but with more frequent sampling), as it can be seen from Figure 15.
This is an indication that this object is in the Nekhoroshev regime. As
it can be seen from Figure 14, its semi—major axis, eccentricity and
inclination, despite the presence of local chaos, and proximity to the
secular resonance g + s — gg — S¢ (period of oscillation ~ 5 Myr), do
not diffuse in the phase—space in 100Myr. Being in the Nekhoroshev
regime, we expect that this object does not drift in the phase—space over
even longer times. Other interesting cases we found pertain to objects
with moderate-to-large Lyapunov exponent (3 — 8 x 107°), and with
continuous spectra without the peak structure. One of these objects is
asteroid 165 Loreley, whose spectrum reported in Figure 16 is quite
confused so that we could not recognize a peak structure. Therefore,
the spectrum gives an indication that the object is not in the Nekhoro-
shev regime. Nevertheless, its semi-major axis, eccentricity and incli-
nation are quite stable (except for possible local chaos) up to 100Myr.
The contradiction is only apparent. The 100Myr integration time on
the one hand is sufficient to recognize with Fourier analysis that some
weak resonances possibly overlap, on the other it is too small to ob-
serve a drift in the phase—space due to these overlapping resonances.
All these objects are close to the Veritas family, but their motion is af-
fected also by other resonances (Milani 1995; Knezevi¢ and Jovanovié
1997).
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Figure 15.  Fourier spectra (52) computed for asteroid 305 Gordonia (lower one
computed using a 100 Myr integration, upper one using a 10 Myr integration with

more frequent sampling).
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Abstract We consider the dynamics of three point masses, where we assume
that the mass of the third body is so small that it does not affect the
motion of the primaries. In the framework of the restricted three-body
problem, we investigate the collisional trajectories, which correspond
to a singularity of the equations of motion. We investigate the reg-
ularizing techniques known as Levi-Civita, Kustaanheimo—Stiefel and
Birkhoff Transformations. The Levi-Civita regularization is adapted to
the study of the planar restricted three-body problem, when considering
a single collision with one of the primaries. The Kustaanheimo—Stiefel
method concerns the same problem when the bodies are allowed to
move in the 3—dimensional space. A simultaneous regularization with
both primaries is achieved through the implementation of Birkhoff’s
transformation.

Keywords: Regularization theory

1. Introduction

The motion of the celestial bodies of the solar system is ruled by
Newton’s law, which states that the attraction between massive bod-
ies is directly proportional to the product of the masses and inversely
proportional to the square of their distance. Indeed, a collision between
any two objects is marked by the fact that their distance becomes zero,
which corresponds to a singularity of Newton’s equations. The aim of
regularization theory is to transform the singular differential equations
into regular ones, thus providing an efficient mathematical tool to an-
alyze motions leading to collisions. We shall be concerned with the re-
stricted three-body problem, dealing with the motion of a small body
in the gravitational field of two massive primaries. It is assumed that
the primaries move on circular orbits around their common center of
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mass. In this framework, we start our discussion by introducing the basic
technique to regularize the dynamics (Stiefel and Scheifele, 1971, Sze-
behely, 1967), i.e. the so—called Levi-Civita transformation, which is
convenient when dealing with the planar three-body problem (i.e., when
neglecting the mutual inclinations). When the three bodies are allowed
to move in the space, a different method must be adopted, i.e. the so—
called Kustaanheimo—Stiefel regularization theory (Kustaanheimo and
Stiefel, 1965), often denoted as KS-transformation. Both Levi-Civita
and KS methods are local transformations, in the sense that their appli-
cation allows to regularize collisions with only one of the two primaries.
A suitable extension of such techniques allows to obtain a simultaneous
regularization with both primaries, thus obtaining a global transforma-
tion, known as Birkhoff’s method (Stiefel and Scheifele, 1971, Szebehely,
1967). All these techniques rely on a common procedure, which consists
in performing a suitable change of variables, a rescaling of time and in us-
ing the preservation of energy (see also Celletti, 2002, Stiefeland ossler
and Waldvogel and Burdet, 1967, Stiefel and Scheifele, 1971, Stiefel,
1972, Szebehely, 1967, J. Waldvogel, 1972).

Before entering into the intriguing world of the regularizing transfor-
mations, we premise some facts about concrete collisional events that
occurred in the solar system (see also Celletti, 2002). When thinking to
impacts of heavy objects with the Earth, one is immediately led back to
65 million years ago: it is widely accepted that the disappearance of di-
nosaurs was caused by the collision of a large body with the Earth. The
astroblame is the so—called Chicxulub’s crater of about 180 km of diam-
eter, which was located in the depth of the ocean, close to the Yucatan
peninsula. Beside this catastrophic event, many other impacts marked
the life of the Earth. Just to give a few examples, other astroblames
were found throughout our planet: from Arizona (the Meteor Crater
of about 1200 m of diameter), to Australia (the Wolf Creek crater of
about 850 m), to Arabia (the Waqar crater of about 100 m of diam-
eter). Live images of an impact in the solar system were provided in
1994 by the spectacular collision of the Shoemaker—Levy 9 comet with
Jupiter, which fragmented in several pieces before the impact with the
giant planet. This paper is organized as follows. In Section 2 we provide
the application of the Levi—-Civita regularization theory to a simple ex-
ample, namely the motion of two bodies on a straight line. In Section 3
we recall the equations of motion governing the two-body problem, while
in Section 4 we describe the equations concerning the planar, circular,
restricted 3-body problem. TheLevi-Civita and Kustaanheimo—Stiefel
regularization techniques are presented, respectively, in Sections 5 and
6. Birkhoft’s global transformation is outlined in Section 7.
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2. The idea of regularization theory

The standard technique concerning regularization theory is essentially

based on three steps:

e a change of coordinates, known as the Levi—Civita transformation;

e the introduction of a fictitious time, in order to get rid of the fact that
the velocity becomes infinite at the singularity;

e the use of the conservation of energy, in order to transform the singular
differential equations into regular ones, through the introduction of the
extended phase space.

For didactical purposes, it is useful to present an analogy between the
three basic steps of regularization theory and some parts of the nice tale
by L. Carroll “Alice’s adventures in wonderland” (see Figure 1). In order
to remind the fundamental steps outlined before, we can imagine that
the change of coordinates corresponds to the beginning of the dream,
when Alice falls in the well (see Figure 1a). As far as the introduction of
the fictitious time is concerned, we recall the main characters of the white
rabbit with pink eyes and of the hatter, who was accused to “murder
the time” (see Figure 1b). The analogy with the preservation of energy
is offered by the continuous transformations that Alice undergoes along
her adventures: from normal height, she becomes extremely small after
eating a biscuit; then, she reaches again a normal size and afterwards
she becomes extremely tall (see Figure 1c¢). The continuous sequence of
stretchings and shortenings ends up with her awakening with normal
size, providing a preservation of her height!

We begin the presentation of regularization theory using a very simple
example: consider two bodies, P; and Ps (with masses, respectively, m1
and mg), which interact through Newton’s law. We assume that the two
bodies move on a straight line; as a consequence, we select a reference
frame with the origin located in Py and with the abscissa coinciding with
the line of motion. Let us introduce the quantity K = G(mj+ms), where
G denotes the gravitational constant. The motion of P; with respect to
P, is ruled by the equation

K
T

the corresponding energy integral is provided by

We remark that the velocity ©# = £ 2(% — h) becomes infinite at the
collision, i.e. whenever x = 0.



206 A. Celletti

Figure 1. Alice’s adventures in wonderland offer a useful analogy to remind the
basic steps of regularization theory: a) a change of coordinates, b) the introduction
of a fictitious time, c) the preservation of energy.

We start by performing a change of coordinates, the Levi—Civita trans-
formation, which can be written (in the present case) as

r=Uu".

The equation of motion in the new coordinate becomes

while the energy integral takes the form

K
h= -5 = 2U27:L2.
u
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The new velocity is given by

T K h
U= -
2ut 22’

we notice that @ becomes infinite at collision (i.e., at u = 0). Since
the equation is still singular, we proceed to apply a change of time by
introducing a fictitious time: to control the increase of speed at collision,
we multiply the velocity by a suitable scaling factor which is zero at the
singularity. Therefore, we introduce a fictitious time s defined by

dt )

dt = zds = u?ds or — = x =u".
ds

Denoting by v’ = %, one has

du  du ds 1,

YT T ds dt T owe
.. 1 d 1 / 1 " 2 12

The equation of motion and the energy integral become

1 K K 2’2
" 12
S +— =0, h = ———.
Y U b 2u u2 u2

Finally, we make use of the preservation of energy as follows. Let us
rewrite the equation of motion as

"
u + -

I(K 2u’2)u ~ 0

uw? u?
using the expression of the energy integral, we get the differential
equation

u’ + g u =0,
which corresponds to the equation of the harmonic oscillator with fre-
quency w = \/g . We conclude by remarking that the above regularizing
procedure allowed to obtain a regular differential equation, whose solu-
tion is a periodic function of the fictitious time s.

3. The two—body problem

We consider two massive bodies, say P; and Ps, which attract each
other through Newton’s law. Since the relative motion takes place on
a plane (i.e., the motion is no more constrained on a straight line as
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in Section 2), we select a reference frame coinciding with the plane of
motion and we let (q1,g2) be the relative cartesian coordinates. Let us
show that, after a suitable normalization of the units of measure, the
Hamiltonian function describing the two-body problem is given by

1
HZH@LP%QLQQ):*(p%‘f'p%)_ (1)

PN
2 (F +43)>
where we defined the momenta as p; = ¢;j, 7 = 1,2. We remark that the
equations of motion associated to (1) are given by

) 0H . OH q1
ql - 87]31 B pl pl - _aiql - _m
. 0H . 0H 42

In order to derive the Hamiltonian (1), let us denote by R the distance
between the center of mass between P; and Ps and the origin of the
reference frame; let r; and ro be the distances of the two bodies from
the center of mass and define r = ro — 71 (see Figure 2). The kinetic
energy is the sum of the contributions due to the motion of the center
of mass and to the motions of P and P> relative to the center of mass,
ie.

1 . 1 [N
T = ~(m1 +mo)R? + ~my7f + ~mor3.
2 2 2
/'
B
Q
~.CM
ERREN B
s S )
r, T2
R o
0]

Figure 2. The positions of P; and P3 in an inertial reference frame.
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S.ince r = —mf_ﬁmr, rog = ml"jrlmQT, then the Lagrangian function is
given by
mi1+ mso - 1 mimo .
L = 172 2 ,17272_’_‘/(70),
2 2my + mo

where V(r) denotes the Newtonian potential. The first term does not
contribute to the equations of motion; the remaining terms can be ex-
pressed in cartesian coordinates (q1,q2) as

L= @+ @)+ —
(61 +¢3)2
where p = T:zfﬁé is the reduced mass and K is a suitable constant.
Normalizing the units of measure so that © = 1 and K = 1, one obtains
the Hamiltonian (1).
Remark: Every elliptic solution of the classical Newtonian equation is
unstable (Stiefel and Scheifele, 1971). In order to make this statement
more precise, let us provide the following
Definition of Lyapunov stability: Consider a reference solution with
given initial data at some time ty; define a second solution, which is
obtained by slightly varying the initial data. The reference solution is
called stable, if for any t > ty the distance between the two solutions
can be made smaller than € by an appropriate choice of the variations
of the initial conditions.
In the two-body approximation, Hamilton’s equations (1) can be written
as

i+wiq=0,
where ¢ = (q1,q2), ¥ = \/¢? +¢3 and w = w(r) = 713% Consider a
circular reference solution and a varied solution, which is also circular.
The period of revolution varies with r as %’r = 27 - r3/2; therefore, there
exists a time when the two particles are opposite to each other with
respect to the center of mass, which is incompatible with Lyapunov
stability.

4. The planar, circular, restricted 3—body
problem

Let S be a body with an infinitesimal mass, subject to the gravita-
tional attraction of Py, Py (whose masses are, respectively, u; and ps).
We assume that the primaries are not affected by S, i.e. we consider
the so—called restricted three-body problem. Moreover, we assume that
the motion takes place on the same plane (i.e., we neglect the relative
inclinations) and that the trajectories of P, and Py are circular with



210 A. Celletti

Six®@ o @
RO, x570)

Figure 3. The coordinates of Fl, Ps and S in a fixed reference frame.

origin coinciding with their common center of mass. Let (z1,72) be the
coordinates of S in an Inertial frame centered at the barycenter of Py
and Py and let us normalize the units of measure so that

p1+pe = L
We denote by (asgl),:cél)) and (m?),xg)) the coordinates of Py and Po

(see Figure 3).
The motion of S is described by the Lagrangian function

L 1. .
L = L(&1, %2, x1,%2,t) = §(x% + 43) + V (21,29, 1),

where V (1, x2,t) = % + % and

o = V(e -2+ (@ — )2,
02 = \/(m — 22 4 (g — 22,

We remark that .%gl), wgl), mgz), :céQ) are explicit functions of the time.

Denoting by y; (i = 1,2) the kinetic moments conjugated to x;, the
Hamiltonian function is given by

1
H(y1,y2, 21, 22,t) = §(y% +y3) — V(21, 22, 1).

Remark: In the spatial case, let (xgl),xgl),xgl)), (m@,x?,x?)) be the
coordinates of P; and Pj; denoting by y; (¢ = 1,2,3) the kinetic mo-

ments conjugated to x;, the Hamiltonian function reads as

1
H(yl,3/272937$173327333,t) = i(y% + y% + yg) - V(fl,l'Q,fL‘g,t),
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Figure 4. The coordinates of P;, P2 and S in a synodic reference frame.

where
M1

Vi@ =l + (@2 —al))? + (2 — afl)y
2

\/(3:1 — :vg2))2 + (22 — :v§2))2 + (23 — :véQ))Q

Let us consider a rotating or synodic reference frame centered at the
barycenter of P; and P»; assume that the units of measure are such that
the relative angular velocity of P; and Ps is unity. Then, the coordinates
of Py and P are, respectively, P1(u2,0) and Po(—pu1,0). Let (g1, q2) be
the coordinates of S in the synodic frame (see Figure 4). In order to
derive the synodic Hamiltonian, we consider the generating function

V(x, o, 23,t) =

_.I_

W(y1,y2,q1,q2,t) = y1qicost —yiqasint
+  Y2q1sint + yaqa cost,

which provides the characteristic equations

oW .
Ty = —— =qi1cost—qgosint
oy
ow .
p1 = —— =yico8t+ ygsint
oq
ow .
To = —— =qisint+ gacost
Y2
ow .
p2 = —— = —y1sint+ yscost.
g2

Inverting the above equations, one obtains

q1 = x1cost+ xgsint Y1 = pircost — pasint

g2 = —x1sint+ xocost Yo = p1sint + pg cost.
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It is trivial to check that the synodic Hamiltonian takes the form

} ow
H(p17p27q17QZat) = H_E

1
= 5(20? +p3) + @21 — 12

— V(qicost —qasint,q; sint + g cost, t).

Recalling that in the fixed frame the bodies P; and Py describe circles
of radius ps and w1, we can write their coordinates as

.%gl) = 2 cost $g2) = —ppcost

mgl) = pgsint x§2) = —p1sint .

The expression of the perturbing function in the rotating coordinates
becomes

H1 H2
+ .
Vi —m)?+ @ (o +m)?+ad

Therefore we are led to the following synodic Hamiltonian:

Vg1, q2) =

1
H(pi,p2,q1,q2) = 5(1?% +p3) 4+ @p1 — qup2 — Va1, @), (3)

whose associated Hamilton’s equations are

@ = pte p1=p2+Vy
@2 = p2—q p2=—p1+ Vg,
Denoting by
9= @+, (4)
we can write the previous equations in the form
G1—242 = Pr+d—2@=p1—¢@=q+Vy =,
Go+241 = pr—qi 4201 =p2+ G =qa+ Vg = Q. (5)

For notational convenience, we define Q = Q + %Ml pe. The expression of
the so—called Jacobi integral is obtained as follows: let us multiply the
first equation in (4) by ¢; and the second by ¢a; over summation one
obtains:

@141 + G2G2 = 192, + G282,
Therefore one has %%(q% +43) = %(ﬁ), from which it follows that

PF+@E=20-C=20-C.
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We define the Jacobi constant as
C =20 - (4f + d3)-

Since ¢1 = p1 + ¢q2 and G2 = p2 — q1, then p1 = ¢1 — q2, p2 = @2 + q1.
Hence, it is useful to rewrite (3) as

~ 1 . . 1
H = 5(@% ~|—q§) - §(Q% + q%) - Va1, q2)

1 . . _

= @ +d) -2

Making use of the Jacobi integral one gets

i 1 1. .1 C
H+Q=§mm+§@%w@=§mm+9—5,

which provides the relation

g oo Mk = C _
2
5. The Levi—Civita transformation
5.1 The regularization of the two—body problem

Recall that the Hamiltonian function describing the two-body problem
is given (in normalized units of measure) by

1 1
H(p1,p2, q1,q2) = 5(19% +p3) - m
91 T 432)2

Let us consider a canonical transformation with generating function of
the form

W(p1, p2, Q1, Q2) = p1f(Q1,Q2) + p2g(Q1, Q2).

Denoting by ¢ the imaginary unit, the Levi—-Civita transformation is
obtained setting

f4ig=(Q1+1iQ2)* = QF — Q5 +1i - 2Q1Q2,
namely

f(Q1,Q2) = QF — Q3, 9(Q1,Q2) = 201Q2.
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The change of variables associated to the generating function W is
given by

ow

w o= T f(Q1,Q2) = QF — Q3
ow
@ = 5= 9(Q1,Q2) = 2Q1Q2
P2
ow af dg
P = - + = 2p1Q1 +2
1 90, Py X D2 20, p1Q1 + 2p2@Q2
oW of dg
P = - n — —2p1Qs + 29201 6
g 905 p1 90, D2 905 p1Q2 + 2p2Q1 (6)

We refer to (g1, g2) as the physical plane and to (Q1, Q2) as the paramet-
ric plane with g +igz = f +ig = (Q1 + iQ2)?. Using matrix notation,
we remark that the Levi—-Civita transformation can be written as

<QI>:<Q%_Q%>:<Q1 —Q2><Q1>:A (Ql)
q2 201Q2 Q2 Q2 "\ Q)

where we defined the matrix

Ay — < Q1 —Q2 ) '
Q2 @1

It is immediate to check that the Levi—Civita transformation is charac-
terized by the following properties:
(1) the matrix A is orthogonal;
(2) the elements of Ag are linear and homogeneous functions of @1, Qo;
(3) the first column of the matrix Ay coincides with the Q—vector.
Another important property of the Levi—Civita transformation is that
the angles at the origin are doubled (see Figure 5).
Indeed, when the orbital eccentricity tends to 1, the ellipse degenerates
into a straight line. In the physical plane, the position vector makes
a sharp bend of angle 27 at the origin. In the parametric plane, the
singularity is removed allowing the particle to pass through the origin;
in this case, the position vector makes an angle 7w at the origin. More
specifically, denoting by ¢ and v the angles formed by the position vector
at the origin, one obtains

oy = 2 2@ _ 2Q2/Q1 _ 2tany

T _Q%—Qg_l—(%ﬁ - 1—tan2v

= tan 2.
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qzll QZA
T
4%—» '/:;ID >
k/‘zn a, Q,

Figure 5. The Levi-Civita transformation doubles the angles at the origin.

Coming back to the Levi-Civita transformation (5), we observe that
P=2Ap

and that the inverse of the matrix Ay is provided by Ay 1= mAOT.

Let us define D = 4det Ag = 4(Q% + Q3) > 0; then one obtains
P{ + P = D(pi +p3).

As a consequence, the new Hamiltonian becomes

- . 1
H:H(P1,P27Q17Q2):E(P12+P22)_

1
(F(Q1,Q2)2 + 9(Q1,Q2)2)2

The corresponding Hamilton’s equations are

: P
@ =7
: P
®© =3
: 1 oD 1 1 of*+ g%
P = —(PE+ P} — = :
L 2D( ! 2)8621 2(f2+g2)% 0
: 1 oD 1 1 Af? +4?)
P, = —(P:+P? - .
? o1 2)8622 2(f24¢2)2  0Q2

Let us introduce the extended phase space (see Appendix A) by defining
a new variable T' conjugated to time, such that the extended Hamiltonian
becomes

1
(F(Q1,Q2)% + g(Q1,Q2)2)2

1
P(P17P27T7Q17Q27t) = E(P12+P22)+T_
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Since t = B—F —landT = 8t = 0, one obtains that T" is constant and
in partlcular, along any solution, one has T'(t) =T = —H.

Next step consists in introducing a fictitious (or regularized) time s
defined through the relation

= D(Ql,Qg) ds or - = 0=

Since Q = g—;, it follows that

dQ dQds 1dQ or

Q=0 “dsdt Dds 9P’

the above relatlon implies that dQ = BL with I'* = DT'. Similarly, we
use P = BQ to obtain

P dPds 1dP T

T dt  dsdt Dds  0Q’

which provides

ar __or
ds  0Q’
where I'* = DI'; in fact, we observe that
or~ oD or or
—I+ D— D—,
0Q  0Q oQ oQ

being I' = 0 along a solution. Finally, the new Hamiltonian I'* is given
by

D
I* =Dl = DT + - (P1 +PH - ——
(f*+g%)°
The associated Hamilton’s equations (j = 1,2) are
dQ;
%1 p,
ds /
@ Opr- P ]
ds 0Q; (f2+¢2)3
dt
Rl 5
ds
ar
= 0.

ds
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Notice that the singularity of the problem is associated to the term

—D __ which is transformed as
(f2+g2)2
b _ D_ 4Q+@3)
(P47 7 (QF+ Qi —2Q1Q3 +4Q3Q3)>
4QT+@3) _

= 4,
Q1+ @Q3)
where we used f = Q? — Q3 and g = 2Q1Q-.

Denoting by a prime the derivative with respect to s and recalling that
T = —H, the equations of motion are (j = 1,2):

o -7
P = —ngj = -T-8Q; = 8HQ;
Therefore, one gets the second order differential equation
Q) =8HQ; (j=1,2). (7)

Notice that if H < 0 (corresponding to an elliptic orbit), one obtains
the equation of an harmonic oscillator.

Remark: In relation to the remark of Section 3, we observe that the
equation (7) describes pure harmonic oscillations with fixed frequency;
therefore, one gets regular differential equations and the solution is
stable.

We conclude this section by showing the relation between the fictitious
time and the eccentric anomaly. To this end, setting w? = —8H, let us
write equation (7) as

QY +w?Q1 =0, QY +w?Qy = 0.
Assuming the initial conditions
Q1(0) = «o Q2(0) =0
Q1(0) = 0 Q5(0) = Bw,
the solution is given by

Q1(s) = acos(ws), Q2(s) = Bsin(ws) .
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Defining E = 2ws, we get Q1(E) = acos(5), Q2(E) = Bsin(%). Using
the transformation (Q1,Q2) — (q1,¢2), we get

/327a2+52+a2

n o= QI-Q=-" 5ok

@ = 2Q:1Q2 =afsink,
which describes an ellipse with center in (— B 250‘2 ,0). Moreover, the ma-
jor semiaxis is a = B 2?‘2 and the distance of the focus from the center

of the ellipse is given by ae = @;2(12 Therefore we obtain

ro= @i +a = Q1+ Q3

2 2 2_ 2
= p —;—a _f 2a cos E=a(l —ecos E),
which corresponds to the standard Keplerian relation between the radial

distance and the eccentric anomaly.

5.2 The regularization of the planar, circular,
restricted three-body problem

In a synodic reference frame, the Hamiltonian of the planar, circular,
restricted three-body problem is given by

1
H(p1,p2,q1,q2) = 5(17% +p3) + qap1 — q1p2 — Vg1, q2),

where V(q1,g2) = 2 + £2 and

1 1
ri=[(g—p)?+6)2, ro=[q+m)+gl.
To regularize collisions with P, we consider again a generating function
of the form

W(p1,p2, Q1, Q2) = p1f(Q1,Q2) + p29(Q1, Q2),
with f(Q1,Q2) = Q% — Q3 + 2, 9(Q1,Q2) = 2Q1Q2 and characteristic

equations

ow
q = 87101 = f(Q17 Q2)
ow
q2 = 8702 = g(le Q2)
oW of dg
P = e +
T e Paqn TP
ow 0 0
P = ! + p2 J

0Q, o, T T*aqy
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Remark: To regularize collisions with Po, it suffices to substitute f

with f(Q1,@2) = Q — Q3 —

The above change of coordinates transforms p? + p3 into 5(PE + P3),
while the term gop1 — p2q1 becomes

Gop1 — P2q1 = L [ 8(22 (fP+9%) - PzaQ (f*+ %)

Therefore, the transformed Hamiltonian is given by

-E[(P17P27Q17Q2) QD[P1+P2+P18Q (f2+92)
0 ~
_P28Q (fz +92)] - V(Q17Q2)7

where V corresponds to V with ¢ replaced by f(Q1,Q2) and ¢y replaced
by g(Q1,Q2). The Hamiltonian in the extended phase space becomes

1 0 0
r=7+ @[Pl + P +P18Q 8@ —(*+ )] = V(Q1,Q2).

Next, we introduce the fictitious time dt = D ds, obtaining the Hamil-
tonian

(FP+9%) -

B
=Dl = DT+- [P1+P2—|—P1

3Q(f2+g) Py~ (f2+g)]

OQ1
~DV(Q1,Q2).
In the following, it will be useful to define the function ®(Q1,Q2) a
(Q1,Q2) = f(Q1,Q2) +1ig(Q1,Q2).

From equation (4) one gets Q@ = (¢} +¢3) +V = Q — 2100 and
(f2 + ) 4+V=0- 5#1#2 (with ¢1 = f and g2 = g). Observing that
|<I>|2 2+ g%, one has

- 1
S|BP+V =Q— Zppe.
2! "+ R
From the definition of the Jacobi integral, we obtain
fg—_p-tme=C
2
namely

1 -
§|<I>]2—T+V:Q——.
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Since DV = D(Q2 — ) — 1 D|®|? + DT, we notice that the critical term
is just D(Q2 — %) In order to achieve the desired regularization, let us
define the complex physical and parametric coordinates as z = g1 + iqo
and w = @1 +iQ2. The physical coordinates of the primaries are z; = o
and zo = —p1. The regularizing transformation at P; can be written as
2z = w? + o, while the transformation z = w? — p; regularizes the
singularity at Ps. By means of the first transformation, the primary
Py is moved to the origin of the w-plane, while P, has coordinates
w2 = +i. Since 1 = |w|?, 72 = |1 + w?| and since

prs + pory = pi(z — o) + po(z + m)® = 2% + ppo

we obtain that

c 1 1 C
U = Q- = =— (F+E)+V - =
5 = ghike +5(ar +a3) + 5
1 pr 2 C
= 2(M17”1 + par3) + *‘1’5 D)
1 4 212 1 o2 C
pu— _— 1 —_—
2[Ml‘w’ +,U2’ +w ‘ ]+ ’,w|2 + |1 _|_w2‘ 2
Observmg that D = 4(Q? + Q3) = 4|w|?, we find that the term DU =
D(Q— —) does not contain singularities at Py; in fact, we get
C 4ps|w
DU = D(Q—) = 2Jw|* [mlw]"+ a1 +w? "] +4pm +’1M|“—20\WI2

which is regular as far as w # =i, corresponding to the location of the
other primary Ps.

Remark: The expression of the velocity in terms of the fictitious time is
obtained as follows. In the physical space the Jacobi integral is |#]? = 2U,
while in the parametric space it takes the form

|w’|2 = 8|lw[*U,

where we used D = 4|w[?, z = w? + po, £ = 2w = Zww', namely

Jw'|? = 4|w|2]z\2 Therefore, we have:

0 [* = 81 + ol [ ol + dpal 1+ — 4],

14w |2
From the previous relation, we conclude that

i) in Py one has r; = 0, namely w = 0, while |w/|? = 81 and the velocity
is finite;

ii) in P one has 79 = 0, namely w = +i, while |w'|> = oo and the
velocity is infinite.
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6. The Kustaanheimo—Stiefel transformation

In this section we outline the procedure which allows to regularize the
singularities in the spatial case.

6.1 The equations of motion and the
Hamiltonian

In the framework of the circular, restricted three-body problem, let
us consider the motion in the 3—dimensional space of the three bodies S,
P and Ps. The primaries move in the ¢ go-plane around their common
center of mass, while in the synodic frame their coordinates become
P1(u2,0,0), Pa(—pu1,0,0). Assume that the ¢go—plane rotates with unit
angular velocity about the vertical axis. Then, the Hamiltonian function
is given by

1
H(p1,p2,73, 41,02, q3) = 5(29? + 3+ p3) + @p1 — ap2 — Vg, 42, 93),

where p1, p2, p3 are the momenta conjugated to the coordinates q1, go, g3.
The equations of motion of .S are provided by the differential equations

q.l - 2972 — Q(h
Go+2¢1 = Qg
éI.S - qu

where

1 1o op2 1
Q= (F+2)+= 522 =
2(Q1 + @)+ - + r2 + gHa;

with 72 = (¢ — p2)®> + @ + ¢4 and r3 = (¢1 + 1) + ¢3 + ¢3. More
explicitly, the equations of motion are

.. . 1251 M2

G1—2¢ = q— (@ —p2)— —=3(q+m)
7"1 7"2

. . M1 K2

G2+2¢1 = @2— 3L 3¢
1 T3

gs = —&q - &q
3 T:l), 3 T% 3-

6.2 The KS—transformation

As in the Levi-Civita, we define the fictitious time s as

dt = D ds,
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for some factor D to be defined later. The relation between the second
derivatives with respect to ¢ and s is given by

d? d 1d 1d.,1d

w2 = @9 " Das'Das)
1 d? dD d 1 d? 1 dD d

p?Pa2 " dsds) T Drdst T DB ds ds
In terms of the fictitious time, the equations of motion are

Dg{ - D'y = 2Dy = D*Qy,

Dgs — D'gy +2D% = D*Qy
DQg = D3Q43a (8)

where the singular terms are contained in the right hand sides of the
previous equations. Notice that g, , Qg,, Qg ~ O(T%,)
1

Remark: We recall that in the planar case the Levi—Civita transforma-
tion is given by

(2)=(& &)&)-(%F)

where every element of the matrix Ap(Q) =

s

is linear in @1, @2, with the matrix Ay(Q) being orthogonal.

In order to achieve the regularization in space, we start by investigat-
ing the existence of a generalization A(Q) of the matrix Ap(Q) in R",
with the following properties:

i) the elements of A(Q) must be linear homogeneous functions of the Q;;
i1) the matrix A(Q) must be orthogonal, namely

a) the scalar product of different rows must vanish;

b) each row must have norm Q% + ... + Q2.

A result by A. Hurwitz (Stiefel and Scheifele, 1971) proves that such
matrix exists only within spaces of dimensions n = 1, 2, 4 or 8. Therefore,
it becomes necessary to map the 3—dimensional physical space into a
4-dimensional parametric space by defining the matrix

Q1 —Q2 —Q3 Q4

| Q2 Q1 —Qs —Q3
AD=10 o @ @
Qs —Q3 Q2 -
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Consistently, we will extend the physical space by setting the fourth
component equal to zero: (ql, q2,q3, 0).

Considering a collision with the primary Pp, the Kustaanheimo-Stiefel
(KS) regularization is defined as follows. Let

¢ 1 2
G2 - Q2 0
q3 =A@ Q3 oo
0 Q4 0

Q1 —Q2 —Q3 Q4 Q1 2
_ | @ @ —Q4 —Qs Q| | 0
Qs Q1 Q1 Qo Q3 o [’
Q1 —Q3z Q2 - Q4 0
namely
@ o= QF—Q5—Q3+Qi+
2 = 2Q1Q2 —2Q30Q4
3 = 2Q1Q3+2Q20Q4.
Remarks:

1) Whenever Q3 = @4 = 0, the KS—transformation reduces to the planar
Levi-Civita.

2) The norms of each row (or column) of the matrix A are equal to
QP =1+ Q3+ @5+ Q. _

3) The regularization with Ps is obtained by replacing the constant
vector (us2,0,0,0) with (—uq,0,0,0).

4) The matrix A is orthogonal: AT(Q)A(Q) = (Q, Q) - Id. Therefore,
denoting by ¢ = (q1 — 2, g2, g3,0), one obtains

= (g.9)=q¢"¢=QTAT(Q)AWQ)Q
QTRQ,Q) = (Q,Q)%

namely r1 = (@, Q) = |Q° = @ + @5 + Q5 + Q1.
5) A trivial computation shows that A(Q)" = A(Q’). As a consequence,

¢ =AQNQ+ AQ)Q" =24(Q)Q’,
which yields

a Q@) — Q2Q5 — Q3Q5 + QuQ)
@ | ;L Q207 + Q1Q5 — QuQ5 — Q3Q)

2A@Q =21 000 + Q1Qh + QuQ) + QQ}
0 Qi — Q3Qh + Q2Qh — Q1Q}
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The last equation is known as the bilinear relation:
Q4Q] — Q3Q5 + Q205 — Q1Q) = 0.

In order to prove the canonicity of the transformation induced by the
KS—procedure, it is necessary to choose the initial conditions in order
that the bilinear equation is satisfied. 6) The second derivative with
respect to the fictitious time of the physical coordinates is given by

ql/ — 2A(Q)QII + 2A(QI>QI

In order to regularize the equations of motion, it is convenient to select
the scaling factor D as

D =4r; =4(Q,Q) = 4(Q7 + Q5 + Q3 + Q7).

The regularization is finally obtained mimicking the Levi—Civita proce-
dure. More specifically, the scheme is the following: express the coordi-
nates and their first and second derivatives in terms of @, @', Q”; recall
that the singular part of the equations (7) is given by D3, D3Q,,
D3Qq3. In a qualitative way, we proceed to remark that due to the fact
that Qg % and that D o 71, one obtains that D3Q,, = O(1). There-

fore we achieved the regularization of the singularity in P;. We refer the
reader to Stiefel and Scheifele, 1971 for complete details.

7. Birkhoff Transformation

Let us consider two bodies Py, Py with masses 1 — p, y, moving on
circular orbits around the barycenter O. Let us normalize to unity their
distance. In the framework of the circular, restricted three-body problem,
let us consider the motion of a third body S, moving in the same plane
of the primaries. Let its coordinates be (z1,22) in the synodic reference
frame.

The Hamiltonian function governing the motion of .S is given by
L—p  p

1
H(f‘/l,yQ;xth):§(y%+y§)+x2y1_$1y2_ = _rzv

where

ri =/ (21 + p)? + a3, T1=\/(:r:1—1+u)2+96§-

We shift the origin of the reference frame to the midpoint between P
and P, by means of the complex transformation

. . 1
q1+zq2:x1+zx2—§+,u. (9)
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4
q2

.0l
0
N

l\)‘-‘
N

Figure 6. The coordinates of the three bodies after the transformation (9).

Therefore, the primaries will be located at P12(£3,0) (see Figure 6).
Let us write the change of coordinates (9) as

1
pPL = Y1 qQ =x1 — B +u
P2 = Y2 g2 = I2;
we obtain the Hamiltonian function
1 1 1—pw u
Hi(p1,p2.q1,42) = =(p1° + p2*) + @2p1 — (1 + 5 — p)p2 — - —,
2 2 T1 T9

where

1 1
T = \/(q1+2)2+q22, Ty = \/(q1—2)2+q22-
We remark that the singularities are now located at P1(—1,0), P(5,0).
The aim of the Birkhoff Transformation will be to regularize simulta-
neously both collisions with P; and Ps. To this end, let us write the
equations of motion as

G+ 2iq = VqU(q), (10)
where ¢ = g1 + iq2. Denoting by C the Jacobi constant, one has
C
Ula) =g) - 3,
where
1 1—
W) = 11—+ prs?] + —F 4+ &
™ T2

= %[(1 - /1,)7“12 + /LTQZ] + QC(Q)'
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Let us define Q.(q) as the critical part given by the expression

1i
Qc(q) = T1M +%

and let us write the Jacobi integral as
|4* = 2U(q) = 2Q(q) - C.

In order to determine the regularizing transformation, we perform a
change of variables setting the complex parametric coordinates as w =
Q1 + iQ2 and defining

~ hw) — 8.
q—h(w)—aw+w,

the unknown expressions for a and # must be determined in order to
achieve the desired regularization.

We start by implementing a time transformation from the ordinary time
t to a fictitious time s by means of the expression

dt

= g(w) = k(w)[* = k(w)k(w),

where the function g(w), or equivalently k(w), must be suitably deter-
mined. One easily finds the following relations:

. dq dh( )dwds_ , .
= 5= dw dsa - s
i = KW+ (h"(w)yw? + K (w)w")s

VoU = W V,U.
As a consequence, the equations of motion (10) become

n 1
12

1

Using the relations § = ;= L

3

§ = —g%, one finds that 5 = —g.

kk’

Moreover, from

L [ dk dw —l—kdk dw] B _[k/w/ n k:’w/}

I= P awds " "dw ds 2 [k
one obtains
112 " / 4
/i 7.7, ‘ ‘ / h k; |k;|
w” + 2ikkw’ — K + (W — ?) e V. U.
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Finally, we make use of the energy integral to obtain

. 1

4" = 20(g) — O =2U(g) = IW'[* [’ g

which implies that
2 |k
|w'|* =2U ek
Since W J )
W R dw U8 )

we obtain

- d I k|4 dlog k

" . ! 12 —
W' + 2ikkw’ + || %Oogﬁ)— e 20 o + VU

A suitable choice for the functions k& and h is provided by the relation
k = h,
from which it follows that (10) becomes
W'+ 20 P’ = Vo |K]PU).

Concerning the choice of o and (3, we require that
i) the transformation involving A must eliminate both singularities;
ii) P1, Py must stay fixed.

In order to meet the above requirements, we proceed as follows. Concern-

ing statement i), we consider the singular term Q.(w) |/ (w)|?, where
1-— 1-
Q(w) =—H+ L= ———F L
1 ] |Oé’w+a+§| \aw-ﬁ-a—@
and aw? 2
h/ 2 _ aw™ — ﬂ
)t =
namely
1 (1 =plaw® =2 plaw? - B
Qe(w) | (w)2 = — [ )
|w| law? + 3 + 5| low? + 3 — 35

We remark that the singularity at ¢ = % corresponds to the solutions of
law? + 8 — %] = 0, which are given by

wfjiﬁifﬁﬂ@ﬂ



228 A. Celletti

Therefore, the roots of the numerator |aw? — 3| = 0 must coincide with
w172:
1
Sl [1 +1— 16aﬂ] - i\/g,
a a
ie.
af (1 —16ap) = 0.

Since o and 3 are different from zero, it follows that

16a8 =1,
which implies that
1
w12 = E

Concerning statement i), since Pa(%,0) is transformed to Pa(=,0), one

needs to require that ﬁ = % Therefore, one finds

In order to regularize the singularity at P1, one needs to repeat the above
procedure, which leads to exactly the same results, namely a = %, 8= %.
Notice that the equations of motion contain also the singular term
ﬁ; however the singularity w = 0 corresponds to ¢ — oo, which does
not have a physical meaning.
In summary, the regularization steps performed to achieve Birkhoff
Transformation are the following. Let

QZ%(erﬁ), w = Q1 +1Q2,
namely
1 Q1 _
@ o= 5 (@1 +m) = f(Q1,Q2)
_ 1 Q2 _
qQ = ) (QQ—m) = Q(Qlan)-

We perform a change of coordinates with generating function

W(p1,p2, Q1, Q2) = p1f(Q1,Q2) + p2g9(Q1, Q2).

Let us define the matrix A as

A= ( far 9o )ker —3pt;
fQs 9qs
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whose determinant takes the form

1
caar £ 100+ QD)% +148(3 - @b,

We introduce a fictitious time as

dt = Dds, D =det(A).

det(A) =

The regularization is finally obtained considering the equations of motion
in the extended phase space.

Acknowledgements: The author is deeply greatful to Paola Celletti
for hand—drawing the pictures concerning “Alice’s adventures in won-
derland”, whose aim was to help the reader to remind easily the basics
of regularization theory.

Appendix A: The extended phase space.

We discuss the introduction of the extended phase space. If the Hamil-
tonian function H = H (P, Q,t) depends explicitly on the time, one can
introduce a time-independent Hamiltonian, defined as

I =1(P,Q,T,t)= H(P,Q,t) + T,

where T is conjugated to t. We show that I' is identically zero along any
solution.

In fact, if we select the initial conditions such that T(0) = —H (P(0),
Q(0),0), one obtains that T'(t) = —H(t) along a solution for any t. To

this end, we first notice that % = %—Ij, since by Hamilton’s equations:
dt dt Ot 0Q dt  OP dt
t 0Q OP 9P 0Q Ot
Therefore, by Hamilton’s equations one gets
dr __0H _ _dH
d ot  dt’

from which one obtains that

T - th T(0) - /Ot dH (s) s

ds
— _H(0) - /Ot dgi)ds:—f[(t).
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ORDER AND CHAOS IN SATELLITE
ENCOUNTERS

Jorg Waldvogel
Swiss Federal Institute of Technology ETH, CH-8092 Zirich, Switzerland

Abstract In order to describe the motion of two weakly interacting satellites of a
central body we suggest to use orbital elements based on the the linear
theory of Kepler motion in Levi-Civita’s regularizing coordinates. The
basic model is the planar three-body problem with two small masses,
a model in which both regular (e.g. quasi-periodic) as well as chaotic
motion can occur.

This paper discusses the basics of this approach and illustrates it
with a typical example. First, we will revisit Levi-Civita’s regulariza-
tion of the two-dimensional Kepler motion and introduce sets of orbital
elements based on the differential equations of the harmonic oscilla-
tor. Then, the corresponding theory for the three-dimensional motion
will be developed using a quaternion representation of Kustaanheimo-
Stiefel (KS) regularization; we present it by means of an elegant new
notation.

Keywords: Regularization, co-orbital satellites

1. Introduction

We begin by summarizing the equations of motion of the three-body
problem with two small masses in the form of two weakly coupled Kepler
motions, valid in two or three dimensions.

Let mg,zk, (k = 0,1,2) be the masses and positions of the three
bodies, where we assume z; € R? or z;, € C in the planar case and
z, € R? in the spatial case. We assume the center of mass to be at
rest at the origin, Zi:o mypxr = 0, and the masses satisfy the hierarchy
mj < mo,(j = 1,2). The Newtonian equations of motion in inertial
coordinates are

231
B.A. Steves et al. (eds.), Chaotic Worlds: from Order to Disorder in Gravitational N-Body
Dynamical Systems, 231-251.
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where dots denote differentiation with respect to time t.
We introduce relative coordinates r; = x; — xg, j = 1,2, from which
the inertial coordinates may be recovered via

1

2
i ijrj, M = mgy +m1 + ms.

i=1

Tro —

Subtracting the first equation of (1) from the second and third equation
yields the equivalent system

.. T1 rg—T1 T2
r1+(m0+m1)73 = m2< 3 — 3>

Il fra—ril® Il )
.. 9 rg—T1 1
9 + (mo + mz) —s = m <— 3 — 3>,

[[r2| [ro = raf|” 7]

which describes a system of two perturbed Kepler motions with weak
coupling if the masses satisfy the above hierarchy and none of the dis-
tances ||ri||, [|r2]l, [|r2 — 71| is small.

2. Levi-Civita Regularization of Perturbed
Kepler motion

We first restrict ourselves to the two-dimensional case and take
advantage of the fact that Levi-Civita’s regularizing transformation
(Levi-Civita 1920) has the agreeable property of transforming perturbed
Kepler problems into perturbed harmonic oscillators, i.e. into perturbed
linear problems. For a recent account of regularization theory see the
article (Celletti 2002) and other contributions in the same volume.

We will use both vector notation z = (x1,22)7 € R? and complex
notation x = x1 +1¢xy € C for convenience. Consider now the perturbed
Kepler problem

i+uw;3=f@¢% (3)
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where dots denote derivatives with respect to time ¢, and f(z,t) is a
small perturbation. The corresponding energy equation is obtained by
integrating the dot product (z, (3)) with respect to ¢:

Lo p
= ——=—h 4
5 22— £ = -, ()
where r := ||z]| is the distance of the moving particle from the origin and
h is the energy satisfying the differential equation and initial condition
dh . 7 1. 9
— ==& f), h0)= — 5 &) (5)
di lz(0)[ 2

The first step of Levi-Civita’s regularization consists of introducing
the fictitious time 7 by the differential relation dt = r-dr (differentiation
with respect to 7 will be denoted by primes). In view of the step to follow
we write the result of transforming equation (3) in complex form, where
f= )" = h+if

1

rx"— X' +ux=rf €C. (6)

The second step of Levi-Civita’s regularization consists of repre-
senting the complex physical coordinate x as the square u? of a complex
variable u = u; +itus € C,

x = u’ (7)

i.e. the mapping from the parametric plane to the physical plane is cho-
sen as a conformal squaring. This implies

r = |x| = |u? = ug, (8)
and differentiation of the last two equations yields
x =2uu/, x"=2 (uu" —|—u’2> €eC, =dua+ ud. (9
By substituting this into (6) we obtain
2ruu” + u? (u—2‘u’|2):r3f, (10)
where the two terms 27 u’? = 2u/iuu’ have cancelled out.

Remark. Obtaining initial values u(0) = /x(0) requires the compu-
tation of a complex square root. This can conveniently be accomplished
by means of the formula

V2 (Jx[+ Re x)’

(11)
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which reflects the observation that the complex vector y/x has the direc-
tion of the bisector between x and the real vector |x|; it holds in the range
—m < arg(x) < m. The alternate formula

x — |x|
(|x] — Re x)

VX=T7
holds in 0 < arg(x) < 27 and agrees with (11) in the upper half plane.

The third step of Levi-Civita’s regularization process produces linear
differential equations for the unperturbed problem f = 0 by combining
equation (10) with the energy relation. By using % = %-2 uu’ equation(4)
becomes

p—2u|? = rh (12)

therefore the perturbed Kepler problem (3) is equivalent with

2u” + h-u = ruaf where x=u? €C

B o= = f),

(13)

as is seen by substituting (12) into (10) and dividing by r u, using (8).
Also, equation (5) for h has been added in order to obtain a complete sys-
tem of differential equations for the dependent variables u € C, h € R.

The following cases are of particular interest:

1 f=0= h = h(0) = const. Equation(12) describes a harmonic
(linear) oscillator in two dimensions.

2 f has a potential V, f = —gradV = h(z) = h(0) + V(z) —
V(0). Equation (12) describes a perturbed harmonic oscillator with
varying frequency.

3 f=0(e), e >0 = h(z) = h(0)+O(e). Equation (12) describes
a perturbed harmonic oscillator with slowly varying frequency.

3. Regular Elements

We will now take advantage of the linear structure of the unperturbed
version f = 0 of equation(12). Consider, as a model problem, the per-
turbed harmonic oscillator

d*u
F+W2UZF, (].4)
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where F' is small, and w is slowly varying. First, we transform the per-
turbed oscillator (14) to constant frequency by introducing the new in-
dependent variable E according to the differential relation

d d d? 9 d? d

+w — (15)

dE = wd =) — —
WAt s TYaE drr T Y a2 dE’

where primes — in this section — denote derivatives with respect to E (2F
is the eccentric anomaly of the osculating Kepler motion). Equation (14)
now becomes

d*u ) F — W du/dE
We now discuss two ways of introducing regular elements to equation
(16):

(16)

3.1 Variation of the constant

With the notation v := du/dE equation (16) may be written as the
vector differential equation

() =a(e) « (&) wa a=(%3) o

Departing from the matrix solution
_(u(E)\ ([ cosE sinE
U(E) = < v(E) > N < —sinE cosE ) (18)

satisfying the unperturbed equation U’ = AU, the method of varying
the constant consists of seeking a solution of (17) of the form

M@) (M@)

—U(E , 19
(o ) =v® (i) 1)
where o(F), B(F) are the (orbital) elements. Substituting this into (17)
and solving for the derivatives of the elements yields

da

= = _G-snE
d3 -

— = . E.
1E G - cos

Here we have used vector symbols in order to indicate that equations (19)
not only hold for scalars «, 3, G € R, but also for vectors &, 3, G € R".
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3.2 Singular-value decomposition

This set of elements is based on the original perturbation problem
(14), now written for vectors i, F' € R, here with n = 2,
— 4twu=F. 21

dr (21)

As it is often done, we define the osculating orbit at the fixed value
T = 79 as the orbit determined by equation (21) for 7 > 79 if w and
F are fixed at the values wy = w(71y), Fo = F(1p) for all 7 > 79. It
is convenient to shift the origin by introducing the new coordinate o
according to @ = U+ Fy/wd; ¥ satisfies

d*v

p+w§ﬁ=o (22)

for 7 > 79. Any four quantities uniquely characterizing the solution
of (22) may be used as orbital elements, e.g. the initial values ¥y =
U(10), v = U'(10) at 7 = 70. With these initial values, the solution of
(22) is

1
(1) = T cos(woT) + — T, sin(wo7), T=7—10, (23)
wo

or, by representing #(7) = (v1(7), v2(7))” in components and using ma-
trix notation:

v (T cos(woT 4
va(T) sin(woT) V20 Vo /Wo
with v19, v20, V], Vhy being the components of ¥y and v{), respectively.
The osculating orbit (24) is an ellipse centered at ¥ = 0, or @ =
Fy/w3. A more natural choice of orbital elements than , 7}, are four

geometric parameters of the ellipse (24). We suggest to use the singular-
value decomposition (SVD)

M=USVT (25)

of the matrix M in (24), where U,V are orthogonal and S is diagonal,

cos —sin cos —sin op 0
U= % AR G (G s (™ ’
sing cosp sinty  cos 0 o9
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Figure 1. The harmonic elements o1, 02, ¢, 9. The axes are vy, va.

with nonnegative singular values o1 > 09 > 0. The two quantities o1, o9
(the semi-axes of the osculating ellipse) and the two angles ¢, will be
referred to as the harmonic elements of the perturbed oscillator (21).
The geometric meaning of the angles ¢, v is shown in Figure 1: ¢ is the
angle of rotation of the axes of the ellipse with respect to fixed axes, v is
related to the position of the moving point on the ellipse corresponding
to 7 = 19.

4. Weakly Coupled Harmonic Oscillators

In order to apply one of the proposed sets of elements for describing
coorbital motion we formulate the equations of motion (1) of the weakly
coupled Kepler motions in terms of the Levi-Civita coordinates of Sec-
tion 2. In this way the unperturbed problem will be defined by linear
differential equations. Using the symbols p; = mg+m;, j = 1,2 as well
as complex notation ri,ry € C and the abbreviations f;, fy € C for the
right-hand sides, equation (1) reads as

3} r
P14+ 713 = f
[r1] (27)
; r
Fo + o 723 = f.

T2
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For j = 1,2 we will introduce the individual fictitious times 7; and Levi-
Civita’s complex coordinates u; as well as the derivatives v; = 2 du;/dr;
(the factor 2 is for convenience), and the energies h;. According to (12),
(8) we obtain for j = 1,2

d u; Vj

drj 2
vy

2 —
i, —hju; + |u;[” w; f;

(28)
dh
de

dt )
= |u;|”.

= —Re (4, V; {))

diTj

The inconvenience of two individual fictitious times 71,79 is easily
circumvented by going back to physical time ¢ as independent variable
in both oscillators j = 1,2 (by using the last equations of (27)):

duj v

AP

de hj _ .

—_— = - = fs =1,2 2
dt l_ljJruJ g J ) (9)
dhj \Zi

SR 2iog )

dt Re(w ]>

In the near-circular case we have |u;| ~ const, and the osculating elements
of Section 3.2 can be used.

Consider, as an example, the planar motion of two small satellites
mi,ms under the influence of the large central body mg. We assume
the satellites to be initially on nearly identical circular osculating orbits

of radii o1 ~ gy with velocities s; = /M/p;j, j = 1,2, where M =
mo—+m1+mso is the total mass of the system. Assuming opposite initial

postions of the satellites with respect to the central body yields the
position and velocity vectors

T = (Ql,O)T, ro = (—QQ,O>T, T"l = (0, Sl)T, T"Q = (0, —SQ)T,

to be used as initial conditions for the equations of motion (1). The
choice mg = 777, m1 = 1, mg = 2, o1 = 1.01, oo = 1.00, which is the
basis of the orbits shown in Figure 2, causes the considered system to
display the typical behavior of coorbital motion. The mass ratios and
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~01 05 0 05 1

Figure 2. A few revolutions of the satellites m; = 1 (diamonds, dashdotted) and
mgy = 2 (circles, solid line) about the central body mo = 777, shown in heliocentric
coordinates. Initial distances g1 = 1.01, g2 = 1.00, opposite starting points, circular
initial velocities.

geometry are such that a few close encounters of the satellites with the
well known orbit exchanges occur before the system suddenly breaks up.

Whereas Figure 2 hardly shows any structure, the behavior of the
harmonic elements clearly reflects the dynamics of the orbits of the two
satellites. In Figure 3 the semi-axes 01,09 of the ellipses (24) associ-
ated with the two satellites are plotted versus time, the thin lines cor-
responding to the smaller satellite, m;. The wiggles correspond to the
near-Keplerian revolutions around the central body when the satellites
are far apart; the motion is quite orderly. If the satellites have a close
encounter the harmonic elements change dramatically, corresponding to
the transition into new near-Keplerian orbits. This process repeats in
a more or less regular way, with an increasing tendency towards chaos,
however. When deviations from this pattern have sufficiently accumu-
lated — here after 5 close encounters of the satellites — the orderly motion
ceases: Order and chaos in satellite encounters. The reader is referred to
the wide literature on this topic, beginning with Spirig and Waldvogel
1985 and Hénon and Petit 1986; a more extended list of references may
be found in Waldvogel 1999.

The derivation of the perturbation equations for the harmonic ele-
ments and the development of a perturbation theory based on these
elements will not be discussed here.
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Figure 3. The harmonic elements o1, o2 of the orbits of Figure 2. The fat lines refer
to the larger satellite mo = 2.

5. Quaternion Algebra

In the remaining sections we indicate how the ideas discussed above
may be generalized to three-dimensional motion. The essential step is to
replace Levi-Civita’s regularization with the Kustaanheimo-Stiefel (KS)
regularization, described in the original papers Kustaanheimo and Stiefel
1965 and Kustaanheimo 1964, and extensively discussed in the compre-
hensive text (Stiefel and Scheifele 1971). The relevant mapping from the
3-sphere onto the 2-sphere was discovered already in 1931 by Heinz Hopf
(Hopf 1931) and is referred to in topology as the Hopf mapping.

Both the Levi-Civita and the Kustaanheimo-Stiefel regularization
share the property of “linearizing” the equations of motion of the two-
body problem. Quaternion algebra, introduced by W. R. Hamilton in
1856 (Hamilton 1856), was originally rejected (Stiefel and Scheifele 1971,
p. 286) as a tool for regularizing the three-dimensional Kepler motion.
Here we will present a new elegant way of extending the Levi-Civita

10
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regularization to three dimensions by means of quaternions. Similar tech-
niques were used earlier by M. D. Vivarelli (Vivarelli 1994, Vrbik 1994,
Vrbik 1995 and Vrbik 1998).

5.1 Basics

Quaternion algebra is a generalization of the algebra of complex num-
bers obtained by using three independent “imaginary” units ¢, j, k. As
for the single imaginary unit ¢ in the algebra of complex numbers, the
rules

2= 2 —k2=_1

are postulated, together with the non-commutative multiplication rules
ij=—ji=k, jk=—-kj=i, ki=—ik=3j.
Given real numbers u; € R, [ =0, 1,2, 3, the object
u=ug+iul +jus + kus (30)

is called a quaternion u € U, where U denotes the set of all quaternions
(in the remaining sections bold-face characters denote quaternions). The
sum fuq + jus + kusg is called the quaternion part of u, whereas ug is
naturally referred to as its real part. The above multiplication rules and
vector space addition define the quaternion algebra. Multiplication is
generally non-commutative; however, any quaternion commutes with a
real:

cu=uc, ceR, uelU, (31)

and for any three quaternions u, v, w € U the associative law holds:
(uv)w=u(vw). (32)

The quaternion u may naturally be associated with the corresponding
vector u = (ug, u1, ug, u3) € R*. For later reference we introduce nota-
tion for 3-vectors in two important particular cases: @ = (uy, ug, u3) € R?
for the vector associated with the pure quaternion u = iuy + j us + k us,
and u = (ug,u1,u2) for the vector associated with the quaternion with
a vanishing fourth component, u = ug + i uy + j uo.

For convenience we also introduce the vector = (i, j, k); the quater-
nion u may then formally be written as u = wuy + (7, @). For the two
quaternion products of u with v = vy + (7, ¥) we then obtain the concise
expressions

—\ —

uv = ugvg — (4, V) + (I, ug U+ vo @ + U X

<y

) (33)
Y+ (7, up T+ ot — 4 X U),

S

vu = upvy — (4,
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where x denotes the vector product. Note that the non-commutativity
shows only in the sign of the term with the vector product.
The conjugate u of the quaternion u is defined as

u=wug—1tu; —Jjus — kus; (34)
then the modulus |u| of u is obtained from

3
P=un=au=>) u (35)

=0

lu

As transposition of a product of matrices, conjugation of a quaternion
product reverses the order of its factors:

uv =vu. (36)

5.2 Rotations in Three Dimensions

This is a short digression in order to demonstrate the elegance of
quaternion representations in three-dimensional geometry. Let Z be a
vector of the Euclidean 3-space R?, and consider the right-handed rota-
tion about the unit vector @ = (a1, az,a3)’, |a@ = 1 through the angle
w. One way of representing the mapping

FTeR3—y=T2% (37)

is to use Cayley’s parametrization

(38)

of the orthogonal matrix T'. Here [ is the unit matrix, and matrix “divi-
sion” may be interpreted as multiplication with the inverse of the denom-
inator (if it exists) from the left or from the right. The skew symmetric
matrix

0 —as a9
S(@) = as 0 —-a
—as a1 0

is the vector product matriz associated with @, i.e. for every column vec-
tor # € R3 we have S(@)7 =a x 7.

A proof of (38) may be obtained by considering the relation

Cosg(g—f):SIDgJX(g+f)7 (39)
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Figure 4.  Geometric proof of equation (39) for the rotation about the axis @, |d| =1
through the angle w. equation (39) follows from the geometry of the triangle CMB.

which is equivalent with (37), (38) and may be obtained by multiplying
(37) from the left by the denominator of (38). Equation (39), in turn,
exactly reflects the geometry of the rotation under consideration, as is
easily deduced from Figure 4, in particular from the triangle CMB.

The mapping (37) with T from (38) will now be written as a relation
between the pure quaternions x = (7, Z), y = (1, 9).

Theorem 1. Let @ € R? be a unit vector and define the unit quaternion

r cosw—i-(_' @) si d
= cos — + (7,@) sin —.
2 ’ 2

—

Furthermore, let ¥ € R? be an arbitrary vector and x = (7, %) the
associated pure quaternion. Then the map

X|—>y:rxr71
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describes the right-handed rotation of & about the axis @ through the
angle w.

Remark. Since r is a unit quaternion we have r~! = r.

Proof. Show the equivalent statement y r = r x by means of the multi-
plication rules (32) and equation (39).

6. The KS Transformation in quaternions

In this section we will revisit KS regularization and present a new,
elegant derivation of it, using quaternion algebra and an unconventional
“conjugate” u* referred to as the star conjugate of the quaternion u =
uo +tuy + jug + kug:

u = ug +iuy + jug — kus. (40)

The star conjugate of u may be expressed in terms the conventional
conjugate U as
uw=kuk'=—kuk;

however, it turns out that the definition (40) leads to a particularly ele-
gant treatment of KS regularization. The following elementary properties
are easily verified:

()" = u
[w? = |u? (41)
(uv)* = v'u*

Consider now the mapping
uclU — x=uu" (42)

Star conjugation immediately yields x* = (u*)* u* = x; hence x is a
quaternion of the form x = xzg + i1 + j x2 which may be associated
with the vector = (xg, x1,x2) € R3. From u = ug + iu; + jus + kug
we obtain

ro = u%—u%—u%—l—u%
rT = 2(UQ Ul — U ’u,g) (43)
To = 2(’LLO U + U ’LL3),

which is exactly the KS transformation in its classical form or — up to a
permutation of the indices — the Hopf map. Therefore we have
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Theorem 2: The KS transformation which maps u = (ug, u1, ug, us) €
R* to z = (20,71, 22) € R3 is given by the quaternion relation

x=uu",

where u = ug +iuy +jus +kusg, x=x¢9+1tx1 + jT2.
Corollary: The norms of the vectors u and z satisfy ||z|| = [|ul|?.

Proof: By appropriately combining the two conjugations and using
the rules (31), (32), (35), (36), (40) we obtain

lzl* =xx = u(u* @) a= [ [uf = [ul* = |u

from where the statement follows.

As a side step, we will briefly discuss two topics not directly related to
our primary objective, perturbation theory. Both the inverse map and
the Birkhoff Transformation in three dimensions allow for an elegant
treatment in terms of quaternions.

6.1 The Inverse Map

Being given a quaternion x = xg + i x1 + j 2 with vanishing fourth
component, x3 = 0, we want to find all quaternions u such that uu* = x.
We propose the following solution in two steps:

First step: Find a particular solution u = v = v* = vg+iv1 + jvs
which has also a vanishing fourth component. Since vv* = v? we may
use equation (11), which was developed for the complex square root, also

for the square root of a quaternion:
x + |x]|
V2 (X[ + o)

Clearly, v has a vanishing fourth component.

Second step: The entire family of solutions (geometrically a circle in
R*), parametrized by the angle ¢, is given by

u=v-e"? =v(cosyp+ ksinp).

Proof. uu* =vekve kv =vv* =x.

6.2 The Birkhoff Transformation

This regularizing transformation was proposed in 1915 by George
David Birkhoff (Birkhoff 1915) in order to regularize all singularities of
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the planar restricted three-body problem with a single transformation.
In 1965 E. Stiefel and this author (Stiefel and Waldvogel 1965) published
a generalization of Birkhoff’s transformation to three dimensions, using
the KS transformation. Later these ideas resulted in the publications
Waldvogel 1967a and Waldvogel 1967b.

Here we will first revisit the classical Birkhoff Transformation (the
same conformal map is known in aerodynamics as the Joukowsky trans-
formation) and represent it as the composition of three conformal
mappings; this will then readily generalize to the spatial situation by
means of quaternions.

Consider a rotating physical plane parametrized by the complex
variable y € C; for convenience we assume the fixed primaries of the
restricted three-body problem to be situated at the points A, C given
by the complex posititons y = —1 and y = 1, respectively (see Figure
5). The complex variable of the parametric plane will be denoted by v
and will be normalized in such a way that the primaries are mapped to
v = —1 or v = 1, respectively.

The key observation is that Levi-Civita’s conformal map (7), u —
x = u?, not only regularizes collisions at x = 0 but also analogous
singularities at x = oo. This is seen by closing the complex planes to
become Riemann spheres (by adding the point at infinity) and using
inversions x = 1/X, u = 1/u.

Taking advantage of this fact, we first map the v-sphere to an auxiliary
u-sphere by the Mobius transformation

v+1 2
v u=——=1+ , (44)
—1 v—1
Parametric Plane Auxiliary Plane Auxiliary Plane Physical Plane
C=
1 3 1 1 1
D B
oA 2 A = et
L=co B
-1 -1 B -1 —1
D
C=
-1 0 1 -1 0 1 -1 0 1 -1 0 1
v plane u plane x plane y plane
v+1 9 x+1
V—u= —— u—xXx=u XYy =—"
v—1 x—1

Figure 5. The sequence of conformal maps generating the Birkhoff transformation.
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which takes the primaries A, C to the points u = 0, u = o0, respec-
tively. The Levi-Civita map (7) will leave these points invariant while
regularizing collisions at A or C. Finally, the Mobius transformation

x+1 2
=——=14— 45
XY T * x—1 (45)
maps A, C toy = —1 and y = 1, respectively. The composition of the
maps (44), (7), (45) yields

v +1\?2
1 +1 1 1
V_
v—1

the well known map used by Birkhoff.

In the spatial case we choose v, u,x,y € U to be quaternions, x = x*,
y = y* being quaternions with vanishing fourth components, associated
with 3-vectors z, y. Then the mappings (44), (45), being shifted inver-
sions in 4 or 3 dimensions, are both conformal maps, in fact the only
conformal maps existing in those dimensions, except for the transla-
tions, magnifications, and rotations. Composing these with the KS or
Hopf map (42), u+— x = uu*, yields

y=1+ v'=1)(v+v) 1 (v-1 (47)

after a few lines of careful noncommutative algebra. This is easily split
up into components by means of the inversion formula 1/v = v/|v|?; it
agrees with the results given in [47] up to the sign of vs. Both transfor-
mations regularize; the discrepancy is due to the different definition of
the orientation in the inversions.

7. Perturbation theory in Three Dimensions

In order to regularize the perturbed three-dimensional Kepler motion
by means of the KS transformation it is necessary to look at the prop-
erties of the map (42) under differentiation.

7.1 Differentiation

The transformation (42) is a mapping from R?* to R3?; it therefore
leaves one degree of freedom in the parametric space undetermined. In
KS theory (Kustaanheimo and Stiefel 1965, Stiefel and Scheifele 1971),
this freedom is taken advantage of by trying to inherit as much as
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possible of the conformality properties of the Levi-Civita map, but other
approaches exist (Vrbik 1998). By imposing the “bilinear relation”

ug dug — us dug + uy dug — ug dug = 0 (48)

between the vector u = (ug,u1,usz,us) and its differential du on orbits
the tangential map of (42) becomes a linear map with an orthogonal
(but non-normalized) matrix.

This property has a simple consequence on the differentiation of the
quaternion representation (42) of the KS transformation. Considering
the noncommutative multiplication of quaternions, the differential of
equation (42) becomes

dx =du-u*+u-du*, (49)
whereas (48) takes the form of a commutator relation,
1
3 (—du-u*+u-du*)=0. (50)
Combining (49) with the relation (50) yields the elegant result
dx=2u-du*, (51)

i.e. the bilinear relation (48) of KS theory is equivalent with the require-
ment that the tangential map of u — uu* behaves like in a commutative
algebra.

7.2 KS Regularization

The procedure of Section 2 for regularizing the planar case now carries
over almost identically to the spatial case; care must be taken to preserve
the order of the factors in quaternion products. Changing the order is
only permitted if one of the factors is real. Let x =z +ix1 + jx2 € U
be the quaternion associated with the vector z = (zg, 1, x2); then the
perturbed Kepler problem (3) is given by

x+ur§3=f(x,t)eu, r=|x|, (52)

where f(x,t) = fo(x,t)+1 fi(x,t)+] fa(x,t) = £*(x, t) is the quaternion
associated with the perturbation f(z,t) € R?. The energy equation (4)
becomes

L2 p
il _HE_
5 X7 == ; (53)

whereas the result of the first step, i.e. introducing 7 by dt = r - dr
exactly agrees with equation (6),

rx"—rx' +pux=r*f €U. (54)
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The relations (7), (8), (9) needed in the second step read as

and
/ ! " " / ! / ! = —7/
x =2uu*, x'"=2uu" +2uu", Y=duau+ud. (56)

The energy equation (53) needed in the third step becomes

1 n2 Ko 4 A
ﬁ‘x‘ —;——h or ﬁu(u a )u—;——h
which results in the relation
p—2u|?* = rh, (57)

in complete agreement with (12) found for the planar case.
Substitution of (55) and (56) into (54) yields the lengthy formula

(ua) Quu*’+2u'u*’) — (Wa+ud)2uu’ + puu’ = 3£, (58)

which is considerably simplified by observing that the second and third
term — after applying the distributive law — compensate:

!

2(ma)u’u*’ — 2u (@u)u* = 0.
Furthermore, the fourth term of (58) reduces to

—2uit -uu’ = —2u@u)u’ = —2u|uPu* = (rh—p)uu

*

by using (57). Therefore, (58) becomes

1 —
2ruu*’ 4+ rhuu* = r?uuf,

and, finally, left-division by r u and star-conjugation yields
2u” + hu = rfa, (59)

a differential equation in perfect agreement with (12) for the planar case;
however, it takes more than an educated guess to get the correct right-
hand side.

7.3 Osculating Elements

The considerations of Section 3.2., i.e. the introducing osculating har-
monic elements by means of the singular-value decomposition, readily
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carries over to the spatial case. Consider, as in equation (22), the vector-
valued harmonic oscillator

—— + Wi =0, (60)

with initial values ¥(79) = ¥, U'(70) = ¥{, at some time 7 = 79, now with
7 € R, As in equation (24), we write the solution in matrix form as

!
V00 Vpo/Wo

(1)

v(r) | _ cos(wo(T — 70)) | vio vig/wo
| =M (Siﬂ(wo(T—To))>’ M= vy gl | OV
(1) V30 V50/Wo

with voo, V10, V20, V30, V(g Vg, Vags Vo being the components of ¥y and 0,
respectively. The SVD of M becomes

M=USVT (62)

with an orthogonal matrix U € R*** having 5 essential degrees of free-
dom and matrices

op O
1 0 o2 ([ costyp —siny
5= o o | V_<sinw cos¢>
0 O

with 3 more degrees of freedom, totally 8, as expected.

In the preceding text we have presented a unified theory of regular-
ization of the perturbed Kepler motion. Quaternion algebra allows for
an elegant treatment of the spatial case in a way completely analogous
to the way the planar case is traditionally handled by means of complex
numbers. As a consequence of the linearity of the regularized equations of
the perturbed Kepler motion, the problem of satellite encounters reduces
to a linear perturbation problem, the problem of coupled harmonic oscil-
lators. Orbital elements based on the oscillators may lead to a simpified
discussion of ordered and chaotic behavior in repeated satellite encoun-
ters. This has been demonstrated by means of an instructive example.
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Abstract  This paper is a review of the dynamics of a system of planets. It includes
the study of averaged equations in both non-resonant and resonant sys-
tems and shows the great deal of situations in which the angle between
the two semi-major axes oscillates around a constant value. It introduces
the Hamiltonian equations of the N-planet problem and Poincaré’s re-
duction of them to 3N degrees of freedom with a detailed discussion
of the non-osculating “canonical” heliocentric Keplerian elements that
should be used with Poincaré relative canonical variables. It also in-
cludes Beaugé’s approximation to expand the disturbing function in the
exoplanetary case where masses and eccentricities are large. The paper
is concluded with a discussion of systems captured into resonance and
their evolution to symmetric and asymmetric stationary solutions with
Apsidal corotation.

Keywords: extra solar planets

1. Introduction

The discovery of the first extra-solar planet in orbit around a main-
sequence star was announced in 1995. Since then, the number of known
Extra-Solar Planets has not ceased to grow. As observations accumulate,
planetary systems with 2 and 3 planets are being discovered. More than
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ten such systems are, presently, known'. As the discoveries are recent
and many of the discovered planets are at the edge of observational
capabilities, the uncertainties on their orbital elements and masses are
large. It is worth recalling that one of the 2-planet systems previously
announced, HD 83443, vanished from the lists after new observations
failed to show the radial velocity variations previously identified with a
second planet. Another important example of the current uncertainties
is the “jump” suffered by the determined eccentricity of HD 82943b.
For a long time, it was listed as ~ 0.4, while a new determination using
observations over a long span of time gives only 0.18. In a similar manner,
the mass of HD 82943c became twice bigger than believed before (Mayor
et al., 2004). These discrepancies should be enough to show us how
hazardous is the task of drawing conclusions from the present data, and
that we should avoid conclusions critically dependent on the available
data.

In the current state of the art, we are only capable of discovering
big planets with not too large periods. Therefore, the planets so far
discovered are big and most of them have orbits close to their parent star.
Another characteristic is the large eccentricities of many of them. Even
if large eccentricities favour discovery, this characteristic is not only due
to observational bias and needs an explanation. (See Perryman, 2000 for
a review of the existing hypotheses). Large eccentricities are considered
to be the result of early migration processes. It is generally believed that
the planets did not form at their present observed locations, but were
driven by a migration process due to tidal interaction of the planets with
the discs where they were formed (see Papaloizou, 2003). Whether this
orbital drift is still at work or not is a matter of debate, although it is
more plausible to assume that it stopped after the end of the planetary
formation stage. These early processes were also responsible for having
driven the (surviving) systems to very stable conditions in which orbit
periapses appear close to alignment or anti-alignment. This condition is
observed in several systems.

Periapses alignment (or anti-alignment) may occur in resonant and
non-resonant systems alike. In resonant systems, they are the natural
states after the system is trapped into a mean-motion resonance (see
Section 6). Conversely, in non-resonant systems they are a consequence
of the angular momentum variations during resonance crossings with-
out capture (Ferraz-Mello et al., in preparation). However, and indepen-
dently of how they reached this condition, an important consequence of

IFor an up-to-date list see the web page “Extra-Solar Planets Encyclopaedia”, by J.Schneider
at www.obspm.fr/planets and links therein.
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this type of configuration is that they constitute a stabilizing mechanism
for planetary orbits, especially if they have large eccentricities.

Four extra-solar systems seem to satisfy the resonance condition:
Gliese 876, HD 82943, 55 Cnc and 47 UMa. The first two have planets
with periods in a 2/1 commensurability, the third in a 3/1, and the last
close to a 7/3. With regard to Gliese 876, numerical simulations (Laugh-
lin and Chambers, 2001; Lee and Peale, 2002) seem to indicate that these
bodies are actually deeply trapped in an Apsidal corotation (see Section
6.1): They exhibit a libration of both resonant angles o; = 2A2 — A\ — w;,
and also an alignment of their major axes. Apsidal corotation seems to
be the natural issue of a capture in resonance in the case of two plan-
ets with initially low eccentricities (Ferraz-Mello et al., 2003; cf. this
paper, Section 6). The alignment (or anti-alignment) of periapses has
not yet been confirmed in the case of the other planetary systems above
mentioned.

The most conspicuous non-resonant system showing nearly aligned
periapses is v Andromedae. This system has been the object of many
numerical and analytical studies (for references, see Michtchenko and
Malhotra, 2004). The orbit of the planets ¢ and d in this system are
such that the distance between their periapses oscillates about zero with
half-amplitude ~ 60 degrees and period ~ 7260 years.

2. Hamiltonian Equations of the N-planet
problem

This section considers the Hamiltonian formulation of the problem of
N planets orbiting a star in an arbitrary configuration. This is a well-
known problem in Celestial Mechanics. However, the vast majority of
papers in Celestial Mechanics deal with the so-called restricted 3-body
problems in which only 2 bodies have finite masses. Therefore, some
basic topics of the general problem need to be remembered.

2.1 Barycentric Hamiltonian Equations

The barycentric Hamiltonian equations of the N4+1 body problem are
obtained using the basic principles of mechanics. Let m; (i = 0,1,--- | N)
be their masses. If we denote as X; the position vectors of the N + 1
bodies with respect to an inertial system, and II; = m;X; their lin-
ear momenta, these variables are canonical and the Hamiltonian of the
system is nothing but the sum of their kinetic and potential energies:

—Gi iv: i 1

i=0 1=0 j=1+1

N 2
~ 1 10K




258 S. Ferraz-Mello, T.A. Micchtchenko and C. Beaugé

Figure 1. Main systems of coordinates: heliocentric (left), barycentric (center) and
Jacobi’s (right).

where G is the gravitational constant and A;; = |X; — X;|. This system
has, however, 3(/NV + 1) degrees of freedom — i.e., 6 equations more than
the usual Laplace-Lagrange formulation of the heliocentric equations of
motion. The system can be reduced to 3N degrees of freedom through
the convenient use of the trivial conservation laws concerning the inertial
motion of the barycenter. There are two sets of variables used to reduce
to 3N the number of degrees of freedom of the above system. The most
popular reduction, due to Jacobi, is widely used in the study of the
general three-body problem and of planetary and stellar systems. A less
popular reduction is due to Poincaré; it was first published in 1897, but
Poincaré himself did not use it because of difficulties related with the
definition of the associated Keplerian elements (see Poincaré, 1905, and
next section). It appeared in the literature from time to time and started
being more frequently used around the eighties (Yuasa and Hori, 1979;
Hori, 1985; Laskar, 1990). Hagihara (1970) notes that it was discovered
by Cauchy.

2.2 Poincaré’s Reduction to 3N degrees of
freedom

In Poincaré’s reduction, the variables are the components of the he-
liocentric position vectors X; — Xg and the momenta are the same linear
momenta IT; of the barycentric formulation. Hence,

r; = X; — X, pi = IL;, (2)

(i=1,2,---,N). The given system has N + 1 bodies and we thus need
to introduce one more pair of (vector) variables. Let them be

ro = Xo, po = > IIL. (3)
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A trivial calculation shows that the variables r;,p; (i = 0,1,--- ,N)
are canonical. Let us, now, write the Hamiltonian in terms of the new
variables. The transformations of 7" and U give, respectively,

751%ﬁ+}iﬁ+£ﬁ—zmpuszp”%
2 5mi 25 mo 2Zmy i i=1 j=i+1
and
:_szomz ey y )
i=1 j=i+1 Z
where p; = |p;| and r; = |r;[ = [Agl.

The reduction of the system is immediate. We note, beforehand, that
the variable rg is ignorable. Consequently, pg is a constant that, by con-
struction, we set equal to zero. The resulting equations may be separated
into two parts:

A. The first pair of equations, corresponding to the subscript 0, is:
Po=0 to = grad,, H. (6)
We note that the second of equations (6) gives

p al Pi
O D (7)
mo i1 mo
B. The canonical equations in the variables r;, p;, (i # 0) are given
by the reduced Hamiltonian

PR o R Y (8)
- 2 my mo

=1

This subsystem has 3N degrees of freedom and is separated from
the previous one, since py is constant. (We did assume py = 0.)

The Hamiltonian of the reduced system is H = Hy + H1 where

N 2
1 p? m&)
Ho=Y (-5 - B2 9
" i=1 (2@ )

ri

(10)

_ i—N

- N Gmym;  Pi- Pj

= — —+ ,
Aij mo
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and Mo
= . R v
Hi (mO + mz)7 6@ o + 1y

(11)
We note that Hy is of the order of the planetary masses m; while H;
is of order two with respect to these masses. Then Hy may be seen as
the new expression for the undisturbed energy while H; is the potential
energy of the interaction between the planets.
It is worth noting that each term
1 p? A,
I = 1Di . ,Ufzﬁz’ (12)

28, ri
is the Hamiltonian of a two-body problem in which the mass-point m;
is moving around the mass point mg. In fact, from the Hamiltonian
given by equation (12), it is easy to obtain the second-order differential
equation

i r; I
r, = _Mi% = —G(mo + ml)—; (13)
T T

One of the canonical equations spanned by F; is

_ b
Bi

This equation apparently contradicts the statements made that r; is the
heliocentric radius vector and p; is the barycentric linear momentum.
However, this only means that the variation of r; in the reference Kep-
lerian motion is not the actual relative velocity of the i body but p;/f;.
This means that, at variance with other formulations, the Keplerian mo-
tions defined by equations (12) are not tangent to the actual motions.
To distinguish them from “heliocentric osculating”, when necessary, we
will use the term “heliocentric canonical”.

r;

(14)

2.3 Action-angle variables. Delaunay elements

The solution of Hy is a set of N Keplerian motions whose generic
Hamiltonian is F;. The purpose of this and the forthcoming section is to
obtain the Keplerian elements and the Delaunay variables corresponding
to the relative coordinates introduced before, which must be used when
a canonical perturbation theory is constructed using Hy as an “unper-
turbed” approximation. For that sake, we have to solve the correspond-
ing Hamilton-Jacobi equation and construct the action-angle variables
of the given problem. We only give here the more important steps char-
acterizing the variables appearing in the definitions of their action-angle
variables and in the associated Delaunay elements. To accomplish it, the
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study of the planar case is enough and is preferable since the rotations
necessary when the spatial case is considered, although trivial, introduce
many new equations. All conceptual questions appear in the planar case,
which has the advantage of making the calculations much easier, thus
allowing the crucial points to be clearly identified. Once the concep-
tual problems are solved in the planar case, the usual three-dimensional
equations can be easily adapted to give the elements we are looking for.
In the plane, the Hamiltonian is separable in polar coordinates. To in-
troduce these variables let us remember that, in the reference Keplerian
motion, p = fr. (For the sake of simplicity, we omit the subscript i in
the forthcoming equations). Then

p =0 (ra+rib), (15)

where a, b are the right-handed set of unit vectors at r in the positive
directions of the increments of r,1. 7,1 are the time derivatives of r,
in the reference Keplerian motion. The kinetic energy term is, then,

7= 007 4 22) (16)

or, introducing the momenta p, = 07'/0r and py = 0T/ O, we obtain

1 P
T=—(p2+=2| 17
25 (pr + T2> (17)
The potential energy term is given by
Uy =12, (18)
r

and the resulting Hamilton-Jacobi equation is the classical one of the
two-body problem with 3 instead of m and p instead of G(M + m):

IS S PO AT

The solution of this equation is well known and does not need to be
reproduced here with all the details. This equation is separable into:

w G (20)

r2’

Dr = \/Qﬂ(E +

Dy = C. (21)



262 S. Ferraz-Mello, T.A. Micchtchenko and C. Beaugé

C, E are integration constants (F = F is the “energy” and C =r x p

is the “angular momentum”; the quotation marks are necessary because

of the particular definitions of r and p in the considered formulation).
The actions associated with the given Hamiltonian are

1

1
r = = T ) = 5 J 22
J, o j{p dr Jy o j{pwdw (22)

whose integrations give

Jr = —=C+ ppy| % Jy =C. (23)

The Delaunay actions are:

L =J.-+Jy = Bypa (24)
G=J, =pf/mavi—e’

where a and e are two constants introduced in the integration giving the
action J,:

e The mean distance (or semi-major axis)

def  pf
a f— [ —

= 25
5E (25)
e The eccentricity
def 2EC?

Since, in general, the planets do not move in the same plane, we have
to introduce the inclinations I of their planes of motion with respect
to a fixed reference plane and add the third Delaunay action H =
By/may'1 — e? cos I. The Delaunay angles £,w = 9 — v (and ) are ob-
tained in the usual way.

2.4 Canonical heliocentric elements

For each planet, we may transform (3, i, r, p into the elements a, e, A, @
employing the same transformations used to define the ordinary osculat-
ing heliocentric elements aosc, €osc, Aosc, Wose Of the two-body problem as
functions of m, G(M + m), r, mi. However, the equations giving the os-
culating heliocentric elements depend on m only through w. In order to
use always the same routines, the above equations may be transformed.
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We substitute, in equations (25) and (26), F and C' by their definitions
E = F and C =r x p. We obtain the well-known equations

_ KT
C2u — rw?’

fﬁ:¢<1—2>2+(izy, (28)

where we have used the velocity of the reference Keplerian motion

a

(27)

w = p (29)

ﬁ )
instead of the actual planetary velocity, and w = |w|. The Keplerian
motion corresponding to Hy in Poincaré ’s relative canonical coordinates
may be obtained with the ordinary routines substituting the heliocentric
velocities by

w=—V, (30)

where V is the absolute (i.e. barycentric) velocity.

The angles are obtained with the usual equations. In the planar prob-
lem, the true longitude () is given by the angle formed by the radius
vector with the first axis of the reference system (to be obtained through
arctan y/x where x,y are the components of r). In the spatial problem,
some rotations are necessary beforehand. The anomalies may also be
easily obtained, starting with the eccentric anomaly (u), which is given

by
u = arctan (, [ ) (31)
pa—r

The true (v) and mean (¢) anomalies are obtained by means of classical
2-body equations. The other angles to determine are the longitude of
periapsis (w = ¢ — v) and the mean longitude (A = ¢ + w).

The elements of the reference Keplerian orbit at the time ¢ are a, e, w, A.
Since the parameter A is variable, it is convenient to replace it by the
so-called “mean longitude at the epoch” (\g), which is the value of A at
a standard “epoch” tg:

A= o +n(t — to), (32)

where n = \/u/a3 is the mean-motion in the reference orbit.
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2.5 The Conservation of the angular momentum

If the only forces acting on the N + 1 bodies are their point-mass
gravitational attractions, the angular momentum is conserved:

N
L= mX;xX; (33)
=0

Since Zév m; X; = Zév m;X; = 0, the above equation gives

N
L’:Zri X Pi, (34)
=1
that is
N
=1

where k; are the unit vectors normal to the Keplerian planes. This is
an exact conservation law. In this equation a; and e; are not the usual
heliocentric osculating elements but the canonical heliocentric elements
defined by equations (27) — (28) where w; are the absolute velocities
corrected by the factors m;/3;.

The conservation law given by equation (34) is also true if Jacobian
coordinates are used. However, the expression

N
E: me/,uiai(l - 612) . kl (36)
=1

where a; and e; are the heliocentric osculating elements (Keplerian el-
ements defined by equations (27) — (28) with the heliocentric velocities
v; instead of w;) often found in the literature, is not a true conservation
law. One may easily see that:

N
2: E_ZmiXO X Xo, (37)
i=1

showing that the quantity £ has in fact a variation of order O(m?).

2.6 Two-body Expansions

For the sake of future calculations, let us recall some series expansions
of the two-body problem. These expansions are helpful in the task of
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writing computer codes for automatic expansion of H; and hold in all
systems of elements founded on unperturbed Keplerian motions.

The first result to be recalled concerns the Fourier expansion of some
functions of the radius vector and true anomaly. They are the convergent

series
(Z)H cos(kf) =

(2)” sin (kf) =

where the superscript n may be either positive or negative. The coef-
ficients X;L’k are the Hansen coefficients (see Tisserand, 1960; Kaula,
1962). Hansen coefficients are functions of the eccentricity. They may be
developed into power series of the eccentricities:

NgE

(X;-Z’k + Xf’f) cos (j¢),

<.
Il
o

M2

(X% — X™F) sin (j¢), (38)

Il
=)

J

k
elk=dl Z Y e, (39)

(up = max (0,5 — k) and ug = max (0,k — j)) where the YJru1 stu, aTe
the Newcomb operators. Newcomb operators obey some simple recur-
rence relations, which allow them to be easily calculated for all values
of the indices (see Brouwer & Clemence, 1961).

Introducing equation (39) into equation (37), we obtain, after some
algebra,

(Z)ncos(k:f) = i i Bojoime' cos (ml),

i=0 m=—o0

(Z)nsm(kf) = i i Cmm,meisin(mﬁ)’ (40)

=0 m=—0o0

where By, . im and Cy, 1, are constant coefficients expressed as func-
tions of Newcomb operators. These coefficients, first calculated by Lev-
errier, do not depend on the orbital parameters and may be calculated
once and for all. They have some interesting properties. The most impor-
tant of them is the d’Alembert property: By, rim = Cpkim = 0 when
|m| < i or when |m| — i is odd.

The latest expansions are power series in e and their convergence
depend on the singularities of the analytic function u = wu(e, ¢), which
are at |e] = 0.6627434 ---. This is the convergence radius of the given
series (see Wintner, 1941).
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3. Expansion of the Disturbing Function

The Hamiltonian equations in relative coordinates may be used to
study the planetary motions. In analytical studies, once new variables
have been introduced, the next step is to write Hy in terms of the Ke-
plerian elements. A well-known approach to this problem is the classi-
cal Laplacian expansion of Hj into a Fourier series in the angles and
a power series in the eccentricities, which introduces the functions of
the semi-major axes known as “Laplace coefficients”. Another expan-
sion sometimes found in the literature uses the expansion of % in Legen-
dre polynomials of the ratio of the distances of the two planets to the
central star. These expansions work well in their domains of validity.
The Laplacian expansion is a good approximation if the orbital eccen-
tricities are small. However, the radius of convergence of the expansion
decreases (see Ferraz-Mello, 1994) with the increase of the ratio a of the
two semi-major axes. For a ~ (0.6 the series is no longer convergent for
eccentricities as small as ~ 0.2. The expansions with Legendre polyno-
mials are more stringent: they may only be used in the study of well
hierarchized systems where the ratio of the distances of the perturbed
and perturbing bodies to the central body remain small forever. This is
the case of the lunar theory, in which the motion of the Moon around
the Earth is disturbed by the Sun. Otherwise, the convergence of the
expansion in Legendre polynomials is very slow and its use in planetary
problems accounts for many wrong results. We present, in this lecture,
an improvement of the technique first developed by Beaugé (1996). This
“expansion” is valid in large domains of the phase space excluding a
domain around the singularities associated to collisions between the two
bodies. In Beaugé’s approximation, the number of terms necessary to
represent H; depends on the magnitude of H; in the domain to be stu-
died: near the minimum of |H;|, a few terms are enough to have a good
representation. This number increases quickly as we approach orbits that
may come close to a collision. At variance with Beaugé’s early expansion,
the present one (Beaugé & Michtchenko, 2003) has no explicit restric-
tions with regard to eccentricities and inclinations.

3.1 Beaugé’s approximation. The parameter §

The big problem in the expansion of H; comes from the terms having
A in the denominator. In heliocentric coordinates, we can write:

1

x= (r% + 73 — 2117 cos S)_l/g, (41)
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where S is the angle between both bodies as seen from the central mass.
Introducing the ratio o = r1 /72, equation (41) becomes

T2 _ (14 0* —20cos S)

—-1/2
A .

(42)

Instead of expanding this function in Fourier series in S (the Laplace ap-
proach) or power series in ¢ (Legendre polynomials), a best-fit approach
is used. We write

() (43)
where
z = 0°> — 2pcos S, (44)
and represent the function (1 +2)~'/2 by a polynomial of order N in a:
N
(1+2) 2~ > by, (45)
n=0

whose coefficients b,, are determined numerically through a linear
regression.

The variable z is a measure of the proximity of the initial condition to
the singularity in %. It is equal to —1 at the singularity, and takes values
larger than this for every point (g, cos S) away from the collision curve
(see Figure 3). We note that the values of ¢ and S are not separately
significant; only the distance from the singularity is important.

The numerical fit is performed using values of z > —1 + §, where ¢ is
a positive parameter close to zero. The smaller its value, the better the
approximation to the real function near the singularity. However, when
¢ is small, the number N of terms to be considered in the representa-
tion of (14 z)~!/2 to guarantee adequate precision for all values of the
independent variable is necessarily large.

Figure 2 shows the relative error of equation (45) for N = 30 and two
values of §. We can see that for most of the interval of z, the fit with
6 = 0.1 yields a much higher precision than the fit with § = 0.01. In
the fit with 6 = 0.1, the errors are of the order of 107, that is, about 3
orders of magnitude lower than in the other case. Conversely, as z — —1,
the fit with 6 = 0.01 is more precise. Larger values of N will diminish
the error in both cases, but at the cost of increasing the number of terms
enormously.

In the general case, the motion of the two bodies is unconstrained
and the distance between the two planets is a minimum in a symmetric
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Figure 2. Relative error of the approximation of 1/4/1 4 x given by equation (45)
as a function of z, for two values of . The continuous line shows the case 6 = 0.1 and
the broken line shows § = 0.01. In both examples, N = 30.

conjunction with the outer planet at periapsis and the inner planet at
apoapsis. In this case, we have to choose § < (1 — ¢)? where £ = (1 +
e1)(1 — ez)~!. Beaugé’s technique no longer requires that the ratio of
the distances of the two planets is small, but it requires £ < 1. However,
when the planets are in resonant motion, the method is valid even for
crossing orbits because the resonance does not allow the planets to come
close to one another. The limits of x when the motion of the two planets
is constrained by a 2:1 commensurability (o = 0.63) are shown in Figure
3 in the particular case where es = 0.

The geometry of the curves in Figure 3 follows very closely (but not
identically) the topology of the phase portrait of the 2:1 resonant re-
stricted three-body problem averaged over short-period terms. The max-
imum value of ., lies at e; = 0.8,01 = 0 (on the horizontal axis) and
corresponds to the minimum of |H;|. This point is very close to the
corotation Stationary solution of the 2:1 asteroidal resonance (e; = 0.73
when ey — 0; see Ferraz-Mello et al., 1993). Similarly, the minimum
value of zpiy (equal to —1) corresponds to the singularities of Hy. There
is no direct relationship between the eccentricity and xy,. An orbit with
a large eccentricity near the corotation center may have a larger value of
ZTmin, While an almost circular orbit with a lower eccentricity may reach
values very close to the limit x = —1. It is worth recalling that several
extra-solar planet pairs observed in resonant configuration lie near coro-
tation centers where x,;, is large and good Beaugé’s approximations
may be obtained with small N.
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Figure 3.  Limits of validity of Beaugé’s approximations for planets in the 2:1 res-
onance with es = 0 for different values of §. The thick black line on the left-hand
side is the locus of the points where zmin = —1 (collision curve). The non-labeled
curves adjacent to it correspond to § = 0.001. Horizontal axis: e; cos o1; Vertical axis:
€1 sinol. (0'1 = 2)\2 — /\1 — W1).

3.2 The Direct Part

To transform the above approximation into a function having the
form needed in a theory, many transformations have to be carried out.
Introducing the explicit expression for z into equation (45), it
becomes

N n
% ~ Z ch(—Q)j < f > 0% cos? S, (46)

where the ¢ are constant coefficients, easily obtainable in terms of the
bi.. From now on, we will restrict ourselves to coplanar orbits. Changing
from powers of the cosines to multiples of the argument, and introducing
the planar approximation S = f; — fa + Aw, we can rewrite it as:

N N—k . ot
a2 1 72
A l;); kiC (Gl) <a2> cosk(f1 — fo+ Aw), (47)

where m = 2¢ + k.
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At last, introducing equation (39) into the expression of the direct
part of the disturbing function, and reordering the terms, we get:

a 00 00 N N-l
2

Z Z Z Z A1iD2i i j kmn itlet el 1e3 cos(ml; —nlay+1Aw),

4,k=0m,n=—00 =0 i=0

(48)
where the coefficients Do; 1 j k. m,n are given by:
1 .
Do jkmon (Baiti,1,4,jm| + sign(m)Co;q11 . m|)
2Ymn

X(B_9i-1-1,1,k,n| T 5180(R)C i 111k n|)s (49)

and v, is a simple bi-valuated function defined as:

Aym:{ /2 if m=0 (50)

1 if m>0

Equation (48) multiplied by the factor G";i;m? gives the term of the
direct part corresponding to the given pair of planets.

3.3 The Indirect Part

In Poincaré heliocentric relative coordinates, the indirect part of Hy
is (see equation 10):

n=3 > Pibj. (51)

The linear momenta p; may be obtained from the derivatives of the
vector radii r;(t),r;(¢) in the Keplerian reference orbit (see equation
14). Then,

33 g, 00, (52)

=1 j=14+1 mo
or
B152 {3371 Oxa  Oy1 Oy
T = 91 9y2
] o T R TR T (53)

where ¢; are the mean anomalies and n; the mean motions. x; and y;
are the components of r; and are given by x; = r;cos(f; + w;) and
yi = risin(fi + @;).

In the sequence, we substitute the mean motions by the values issued
from Kepler’s third law and put into evidence the same factor used at
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the end of the previous section. Hence

_ Grmama —1/2{8<xl)0(x2) 3(@1)8<y2)]
Tl_ as Aa 851 al 052 as +8£1 aq 652 a9 '
(54)

A= /B2 - %’JL? is taken hereafter to equal 1, introducing an

mimso
error of third order in the planetary masses. Using the expansions given
in Section 5.2.6, it follows that

T 0 0 . .
— = Z Z I; je' cos (jl1 + 1),

a1 i=0 j——o0

(o] o0
Y = Z Z Iid'ez sin (jfl —|—’(E1), (55)
a1 i=0 j=—o00
where )
Li; = 2(31,1,i,|j| + Sign(j)cl,l,i,|j|>- (56)
i
After differentiating these equations with respect to the mean anomalies,
and substituting in 77, we obtain

o0
Z mnd;mIn€)es cos (mly — nly + Aw).

j’k:O m,n=—oo

T1 _ Gmlmg i

agal/2

(57)
Notice that, except for the dependence on «, this series is formally similar
to that giving the direct part of F;. To complete the similarity, we can
substitute for the factor a/2 with a power series expansion in the
neighborhood of the exact resonant value and write it as

2N .
a 1?2 = Zzio/, (58)
i=0
where the A; are constant coefficients. With this change, 77 now reads:
Gm1m2 2N oo L ; ] .
T, = e Z Z Z Asmndj Iy, na'eles cos (mly —nla+Aw),

i=0 j,k=0m,n=—00

(59)
which is the final expression for the indirect part of the disturbing
potential.

3.4 The Disturbing Function

Since both parts are formally similar, we can unify both expressions
and obtain a single series for the disturbing function of the planetary
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three-body problem in heliocentric relative coordinates:

0 N 2N

Gm1m2 Z Z ZZR Jrkmmn, I €1€QCOS(m€1—n€2+1Aw)
J,k=0m,n=—00 =0 i=0

(60)

where o = Z—; and

Rijkmmni = Al (i—1)/2Dijkemmn — 0,0 Aimnd Iy p, (61)

where 0 is Kronecker’s delta function . Note that these coefficients are
constant for all initial conditions, and therefore need only be determined
once. (For more details, see Beaugé & Michtchenko, 2003).

It is important to note that each term in H; depends on the mean
anomalies ¢; and on the difference of the periapses longitudes Aw. This
means that if the arguments are written in terms of longitudes \;, w;
only, they become k1 A1 + Kodo + k3w + Kewo with > k; = 0. That is,
H; is invariant to rotations of the reference frame.

4. Secular Dynamics of 2 Planets

The study of the secular dynamics is the study of the secular part of
the Hamiltonian, obtained after an averaging over the mean longitudes.
We will restrict ourselves in this text to the case of only two planets.
To first-order in the masses, the averaged Hamiltonian is the mean value
of H:

1 2 27
<H>:—/ HdMd)\s, 62
w2 ) 1dXs (62)
or < H>=— ZZ 1 QZL@ — Rsee(Li, I;, Aw), where we have introduced

the Delaunay variables LZ-,Ii = L; — G; defined in Section 5.2.3. Be-
cause of the invariance of Hy with respect to rotations, once the \; are
averaged out, only terms with arguments k3w + k4o with kK3 = —ky
can remain in Rge.. That is, < H > depends on only one angle, the
difference Aco. This means that the averaged equations have three ig-
norable angles — i.e., three first integrals (conservation laws). They are

L1 = const.

Lo = const.

Ko = I + I = const.

The third of these integrals,

KQ:Il—I—IQ:Ll(l—\/l—G%)+L2(1—\/1-6%). (63)

was called angular momentum Deficit by Laskar (2000). It is a combina-
tion of the conservation of the angular momentum (G + Ga=const., in
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Figure 4.  Secular variation of the osculating eccentricities of the vAnd planets.
The eccentricities of the two largest planets have variations in anti-phase as necessary
to have AMD = const.

the planar case) and the secular invariance of the L;. The I; are positive
quantities increasing from 0 when e; = 0 to L; when e; = 1 — that is,
0 < I; < L;. Therefore, in a system formed by only two planets, the
I; shall vary in contrary directions and so the eccentricities shall vary:
when one eccentricity increases, the other decreases (see Figure 4).

This conservation law has some algebraic consequences. Assuming
that a1 < as, we have the following possibilities:

(] K2<L1<L2

(1) I; and Iy cannot reach their maximum values L; and Lo,
resp.;

(2) e1 <1 and ez <1 (for all t);
° L1 < Ly < Ky

(1) The AMD does not bound the eccentricities (both can reach
e=1);

(2) e1 > 0 and ez > 0 (for all ¢).
° L1 < K2 < L2

(1) I; can reach its maximum value Ly;
(2) Iy cannot reach its maximum value Lo (Is < Ly — L1);
(3) The AMD does not bound e; (it can reach e; = 1);
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(4) The AMD bounds ez (e2 < 1 for all t);
(5) Ir > Ko — Ly > 0;
(6) ez > 0 (for all t).

The conservation law is also found in N-planet systems. In the copla-
nar case, the angular momentum deficit is Ky = I1 + Is +--- + Iy =

SV Li(1 — /1 — e?). Tt is worth emphasizing that this conservation law
of the averaged system is not a rigorous one like the angular momentum
conservation discussed in Section 2.5. It is approximate and valid strictly
only as far as the hypotheses done to average the system are satisfied
and the semi-major axes remain approximately constant.
The equations of motion derived from < H > are
0<H> _O0<H>

= 0<H> Az
! ’ “ oI,

0Aw (64)

This system has only one degree of freedom and is integrable.

4.1 The Mode I and Mode I1I Periodic Motions

The exact solution of equations (64) is not easy to obtain analytically,
but some insight can be gained by examining their equilibrium points
(which correspond to periodic solutions of the two-degrees-of-freedom
Hamiltonian < H >). They are defined by

I1=0, Aw=0. (65)

For non-singular I; (I; # 0 and I; # Ks), we have two trivial solu-
tions: Aw = 0 and Aw = 7. These solutions are often referred as Mode
I (Aw = 0) and Mode II (Aw = 7). In mode I, the lines of apses of the
two planets are aligned having the periapses on the same side; In mode
II, the situation is similar but the two periapses are in opposite direc-
tions (the periapses are anti-aligned). Ordinary motions are oscillations
around these fixed points.

Solutions of the above equations corresponding to the masses, semi-
major axes and energy level of planets ¢ and d of vAnd are shown in
Figure 5. They are presented in two different planes. One in which the
coordinates are ej cos Aw, e1 sin Aw (e; is the eccentricity of vAnd c¢)
and another, not independent, in which the coordinates are es cos Aw,
egsin Aw (eg is the eccentricity of vAnd d).

On each figure, we can see the two fixed points above called Mode I and
Mode II. In the left-hand phase plane, corresponding to the eccentricity
of planet ¢, motions around the Mode I fixed point dominate; the Mode
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Figure 5. Secular variations of a system of planets with the same masses and semi-
major axes as planets ¢ and d of vAnd. The outer curves show the boundary of
the energy manifold. The dashed curves S; and S3 represent motions through the
singularities of equations (65) (see text). The actual motion of planets vAnd d and
vAnd ¢ (see Figure 4) is an oscillation around the Mode I fixed point.

IT fixed point lies near the left-hand boundary of the energy surface.
In the right-hand figure, corresponding to planet d’s eccentricity, the
situation is reversed and the flow is dominated by motions around the
Mode 1T fixed point which lies near the center. (For a discussion on the
periodic orbits corresponding to the fixed points, see Michtchenko &
Ferraz-Mello, 2001; Michtchenko and Malhotra, 2004.)

It is important to note that even though the motion of angle Az may
be either an oscillation (about 0 or 180°) or a circulation, there is no
separatrix associated with an unstable infinite-period solution separating
these motions. To better understand this feature, we plot by dashed
lines two special solutions on each figure. These solutions are associated
with the singularities in equations (65), which take place at I; = 0 and
I) = K (that is, Iy = 0). One of these solutions, presented by the curve
S, was calculated with initial condition I; ~ 0 and is seen as a smooth
curve passing through the origin on the left-hand figure. At variance, So,
calculated with initial condition Iy ~ 0 is seen as the ‘false’ separatrix
between the domains of the motion around the two different fixed points.
An analogous situation is seen in the right-hand figure where, now, Sy is
a smooth curve passing through the origin and S; separates the domains
of the motion around the two different fixed points. The motion along
these separatrix-like curves is such that, when the representative point
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in one plane passes through the origin, in the other plane it is at the
boundary of the separatrix-like curve and jumps from one boundary to
another. However, such a jump does not mean that the motion is passing
through a singularity. It is just the result of the topological inadequacy
of the plane to represent these solutions; they would be better drawn
over a sphere (see Pauwels, 1983).

Figure 5 shows some important features of the secular motion of two
planets. In solutions close to Mode I (the right-hand fixed point), the
secular angle Aw oscillates about 0 and the planet eccentricities undergo
small oscillations about the value corresponding to Mode I equilibrium.
In a similar way, in the solutions close to Mode II (the left-hand fixed
point), the secular angle Aw oscillates about 180°. At mid-way from
Mode I to Mode II, there is a large region of the phase space, corre-
sponding to solutions where the motion of the secular angle Aw is a
prograde circulation.

The motions around Mode I and Mode II are two opposite stable
ways for the planetary system to be aligned. In Mode II, the closest
approaches between the planets occur when vAnd ¢ is at apoapsis and
vAnd d at periapsis, simultaneously. This situation can never occur in
Mode 1.

Figure 5 is akin to surfaces of section of the two-degrees-of-freedom
system. The curves in each plane are defined by initial conditions on
the plane plus one condition out of the plane (the other eccentricity,
or, equivalently, K3), which is adjusted in such a way that all curves
correspond to the same energy. Therefore, it is not a phase portrait.
(Phase portraits of the one-degree-of-freedom Hamiltonian are sets of
trajectories of different energies. See the phase portraits of < H > in
Pauwels, 1983.) This choice makes Figure 5 more suitable for comparison
to similar plots obtained for 2-planet resonant systems (Michtchenko &
Ferraz-Mello, 2001; Callegari Jr. et al., 2004).

5. Resonant Dynamics

In the previous section, the Hamiltonian was averaged over the two
mean longitudes A1 and As. This procedure is not valid if the two planets
have commensurable periods, since, in this case, Ay and Ay are no longer
independent: P14 yegonance <= % ~ PX9 The averaging over the two
longitudes will ﬁill all terms depending on the longitudes including those
depending on the critical combination (p + q)A2 — pA1. However, these
terms play a major role in the dynamics of the two planets and should
remain in < H >. To preserve them, we define, before the averaging,
the following set of planar canonical variables:
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A J1=L1+s(I1 + 1)

Ao Jo=Lo— (14 )11 + I2) (66)
(1+8))\2—S)\1—w120'1 L=L—-Gy ’
(1—1—8))\2—8)\1—@'2:02 Iy =Ly — Gy

where s = p/q. The two angular variables o; are the critical angles. With
the angles thus introduced, the generic argument mé; —nfs +1Aw of the
disturbing function becomes (m —1)o1 — (n —1)oy + [m(1+s) — ns| (A —
A2). Note that, because of the invariance of H; to rotations, the mean
longitude only appears through the mean synodic longitude A; — Ao. It is
easy to see that the “action” conjugate to the missing angle is the total
angular momentum £ = G1+ Gy = (L1 — 1) + (Lo — I2) = J1 + Ja. The
averaging over the mean longitudes (or over the mean synodic longitude)
can, now, be done and the critical angles will be preserved inside oy
and o9.

: _ 2 mB
After the averaging, < H > = =5

i=1 QL?

— Ryes, where Ryos =

G"éi;m? D ikl C[...]aie{eg cos[m’qo1 + n'(o2 — 01)]. The momenta
whose conjugate angles no longer appear in < H > are first integrals
(only 2, now):

J1 = const.
Jo = const. (67)

J1 + Jo = G1 + G is the angular momentum, whose conservation in

the system before the averaging was discussed. It is worth emphasizing

the fact that the L; (i.e. the semi-major axes) are no longer invariant.
The two integrals above may be combined to give

(14 s)Ly + sLy = const. (68)

(Sessin and Ferraz-Mello, 1984). This integral of the resonant dynamics
means that a; and as vary in anti-phase. When one of the semi-axis
increases, the other necessarily decreases.

The above variables may also be combined to give:

L
AMD = I; + I, = const. + —. (69)
S

The AMD also is no longer invariant, but its variation is small and thus
limitations of the eccentricities similar to that observed in the secular
motion (but different) exist.
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5.1 Resonant Stationary solutions. Apsidal
corotation

The averaged system is, now, an irreducible two-degrees-of-freedom
system. An important feature of this system is the existence of stationary
solutions (Beaugé et al., 2003; Ferraz-Mello et al. 2003; Lee and Peale,
2003). These solutions are defined by the equations

dl; 0 <H> ORes do; O0<H>

dt — do; do; =0, a oI,

0. (70)

They are such that I; and o; are constant (except for the short pe-
riod terms eliminated by the averaging and for contributions of higher
orders). Constant /;’s mean semi-major axes and eccentricities constant
in these solutions; o1 and oy constant mean that Aw = o1 — o9 is
constant — that is, the periapses are moving with same velocities so
that their mutual separation do not vary. This frozen relative state in
resonant systems is known as Apsidal corotation.

Equations (70) may be studied separately. The first equation says
that the stationary solutions lie at the extrema of the function Rys with
respect to the variables ;. These extrema depend only on the ratio of
the masses of the two planets and on the eccentricities (constants in the
stationary solution). The factor ani;m? does not affect the results.

Figures 6 are contour plots of the function R,es for given eq, es and «
(taken at o = a1 /a2 ~ 0.63, value corresponding to the resonance 2/1).
For the sake of an easier interpretation, we used the angles o1, Aw = 09—
o1, instead of o1, 09. The extrema seen in these figures may correspond to
stable stationary solutions or not. < H > is a function of four variables
and only two variables are considered in these figures. Therefore, what
appears as an extremum in this picture is not necessarily one extremum
in the full phase space. The stable solutions considered in this paper
are those corresponding to the centers in the white areas. However, one
should be aware that they are not the only stable stationary solutions
in this problem (see Hadjidemetriou and Psychoyos, 2003).

The first two plots correspond to low e; (e = 0.02). For small ey
(e = 0.02) the extremum corresponding to stable solutions is such that
Aw =7 (01 = 0,02 = 7). In this solution, the periapses are anti-aligned.
When ey is larger (ea = 0.04 in the right-hand plot), the extremum seen
in the left-hand plot becomes a saddle point and a bifurcation gives rise
to two extrema symmetric with respect to the saddle. These extrema
correspond to asymmetric stationary solutions where Aw = o9 — 01
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Figure 6. Contour plots of Ryes in the 2/1 resonance for four given pairs of eccen-
tricity values. Abcissas: 01 = 2A2 — A1 — w1; Ordinates: Aw = w1 — wa.

remains constant but with a value not necessarily equal to zero or 7 or
commensurable with 7. The second row of plots correspond to high e;
(eg = 0.2). For small e; (e2 = 0.01) the extremum corresponding to
stable solutions is such that Aw = 0 (67 = 02 = 0). In this solution,
the periapses are aligned. When e is larger (eo = 0.05 in the right-hand
plot), the same phenomenon seen in the first row occurs: the extremum
seen for low ey gives rise to two extrema symmetric with respect to the
saddle. As in the previous case, these extrema correspond to asymmetric
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Figure 7. Asymmetric stationary solutions. Left: |[Aw| = 84°, e1 = 0.286 and
e2 = 0.3. Right: |Aw| = 104°, e; = 0.17 and e2 = 0.38.

stationary solutions. These asymmetric solutions, depending on the ec-
centricities, may be found on a large set of points o1, Aw.

To complete the determination of the stationary solution, we need to
solve the remaining equation:

76<H>—s ny — (1 + s)pan +(9Rres
al, = Su1n H2amg oI,

=0. (71)

(See Beaugé et al. 2003). At variance with the previous equation, the
solutions of this equation depend on the masses. However, it is easy to
see that they depend almost only on the ratio of the masses of the two
planets. Indeed, the n; are constants in the stationary solutions and the

commensurability relation at the resonance pp# is snp — (14 s)ng = 0;

Hence, since p; = G(mo +m;), spany — (1 4 s)uang = sGming — (1 +
s)Gmang, that is, this part of the equation is homogeneous of degree
1 in the masses. In the remaining part, the derivatives of R,es with re-
spect to I; change the dependence on the masses. We remember that

L = mi(1+ %)71/2\/Gm0ai(1 — /1 —€?). Thus, the coefficient in
front of the summation in R, becomes linear in the planet masses
after the derivative with respect to I;. Therefore, equation (71) has the
form Aymi + Asmo = 0, whose solutions do not depend on the masses
themselves but only on the mass ratio mg/m;. This is not a rigorous
statement. In fact, the semi-major axes and eccentricities are functions
of I; that include also the factor mg+m;. This means that A; and Ay are
independent on the masses only in a first approximation. Even if their
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Figure 8. Loci of the stationary corotation solutions of the 2/1 resonance for several
mass ratios ma/m1. Top figures correspond to the symmetric solutions of the two left-
hand side plots in Figure 6. The points corresponding to two early determinations
of the elements of Gliese 876 are shown in one of these plots. The bottom figure
corresponds to the asymmetric solutions of the two right-hand side plots in Figure 6.
The line across these curves shows the values of the eccentricities for which 0.63(1 +
e1) = (1 — e2). In all panels, the thick line shows the boundary between the domains
of symmetric and asymmetric solutions.

variation with the masses is small for the range of masses of the consid-
ered planets, this variation exists and will affect the solutions in case of
large ratios m;/mg. Beaugé et al. (2003) have shown that the stationary
orbits obtained in this section exist for planet masses less than ~ 1072
of the star mass.

The above equations were used to find Apsidal corotation solutions
in the case of planets in 2/1 and 3/1 mean-motion resonances. The rela-
tionship between eccentricities and mass ratios in some of these solutions
is shown in Figure 8. The top panels correspond to symmetric solutions.
In the left-hand side panel, the periapses are anti-aligned. This is the
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case of the two innermost Galilean satellites of Jupiter: Io and Europa.
In the right-hand side panel, the periapses are aligned. This is the case
of the two planets in orbit around the star Gliese 876. The thick lines
in the two top panels show the boundary above which symmetric so-
lutions no longer exist. At the thick line, the solutions bifurcate into
pairs of asymmetric solutions. The relationship between eccentricities
and mass ratios in the domain of asymmetric solutions is shown in the
bottom panel. It is worth noting that the mass ratio mj/ms in the bot-
tom panel is always smaller than a limit close to 1.0. This situation is
often called the “exterior case” since it corresponds to having the smaller
body in an orbit exterior to that of the more massive one. Asymmetric
Apsidal corotations are known in the exterior asteroidal case (Beaugé,
1994). Asymmetric periodic solutions in the restricted three-body prob-
lem were first shown to exist by Message (1958). We may also mention
a similar behavior, in deep resonance, of the Laplacian critical angle of
the Galilean satellites of Jupiter: A\ — 3\y + 2\3 (Greenberg, 1987).

6. Capture into Resonance

In this section, we present the results of a series of numerical sim-
ulations of the dynamical evolution of fictitious pairs of planets under
the action of a non-conservative perturbation that adds angular mo-
mentum and energy to the orbit of the innermost planet. The planets
are small (some 107° of the central body mass) and the mass ratio is
ma/my = 0.538 (i.e., the so-called exterior case). The actual calculations
were done with satellites instead of planets, but the physical nature of
the system does not matter in the following discussion. The physics and
used methodology are in Ferraz-Mello et al. (2003).

The initial distances to the star are just behind the 2/1 resonance:
a = aj/az = 0.612. When the semi-major axis of m; increases, a; in-
creases and the mean-motion resonance (o = 0.63) between m; and ms
is reached. Capture then can take place. The probability of capture de-
pends on the rate of variation of a; — if the rate is high, the orbit crosses
the resonance without capture, one phenomenon very well studied in the
case of one massless particle. Other factors influencing the probability of
capture are the orbital eccentricities — capture is more probable when or-
bital eccentricities are small (Dermott et al., 1988; Gomes, 1995). In our
calculations, initial eccentricities were lower than 0.001 and the physical
parameters were adjusted to have slow resonance approximation. Figure
9 shows the evolution of the semi-major axes.
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Figure 9. Evolution of the semi-major axes before and after the capture into res-
onance. Triangles mark the moment of the capture. Dashed lines extrapolate the
evolution before the capture and show the change in slope of the evolution lines.
(arbitrary units).

6.1 Capture into Apsidal corotation

The system evolves with the innermost orbit receding from the cen-
tral body (because of the non-conservative forces acting on mj) up to
the moment where the system is captured into a resonance. as is almost
constant. When the 2/1-resonance is reached, the system is trapped by
the resonance. As known since Laplace, after the capture, m; contin-
uously transfers one fraction of the energy that it is getting from the
non-conservative source to me, so that as also increases. One may note
from Figure 9 that, after the capture into the resonance, a; increases at
a smaller pace than before the capture. The increase of the semi-major
axes is such that the ratio aj/ay remains constant.

Figures 10 show the variation of the eccentricities, critical angles o; =
2X9 — A — w; and Aw in the same time interval as the previous figures.
They show that, after capture, the two critical angles become trapped in
the neighborhood of 0 and 7, respectively and, consequently, the angle
Aw is trapped in the neighborhood of 7. The capture into a symmetric
Apsidal corotation with anti-aligned periapses is thus simultaneous with
the capture into the resonance.

6.2 Evolution after Capture

Figure 10 also shows that, after some time, o9 jumps from 7w to 0
and the Apsidal corotation becomes one with aligned periapses . This
change is not the result of a discontinuous process. The left-hand side
plot shows that the change happens when the eccentricity es is zero.
Thus, we may describe the process by a momentary circularization of
the orbit such that, when it becomes an ellipse again, the periapses is not
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Figure 10.  Variation of the eccentricities, critical angles (0;) and Aw in the same
time interval as Figure 9. The vertical dotted lines show the moment of the capture.
Aw is only shown in the final part since it does not differ significantly from o5 in the
time interval between the capture into resonance and the bifurcation.

at the same side as before. The large transients shown by the variation
of the angle o9 are just due to the sensibility of the angle wy to small
changes when e; ~ 0. The Apsidal corotation with aligned periapses
does not last long. The figures show that the angles depart from zero
and the Apsidal corotation becomes asymmetric. At this moment, there
is a discontinuity in the rates of variation of the eccentricities — the
elbows seen in the curves e;(t)).
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Figure 11.  Polar plots in the planes e; expiAw.

Figure 11 shows the evolution over a time interval almost 10 times
longer. The first point to stress here is that such a time span is likely
beyond physical significance. Each panel of Figure 11 combines the vari-
ations of e; (resp. ez) and Aw in a same plot in polar coordinates in
which the radius vector is the eccentricity and the polar angle is Aw.
We itemize the important points to be noted:

e The eccentricity e; increases monotonically. When it reaches ~
0.46, the asymmetric Apsidal corotation changes back to a sym-
metric configuration with aligned periapses.

e After the bifurcation, the solution followed lies in the upper half-
plane. This is not the only possibility. The motion could have fol-
lowed a mirror path in the lower half-plane. The probability of
following one or another branch is the same.

e The phenomenon leading to the transformation from anti-aligned
to aligned periapses is clearly seen in the right-hand side panel,
where the trajectory is seen crossing the origin of the plot.

It is interesting to note that this picture has a counterpart in the
study of periodic orbits of the 3-body problem. The study of symmetric
periodic solutions shows the existence of two separated stable branches
with aligned periapses ; these two branches are tied with continuity by a
branch of unstable periodic orbits (Hadjidemetriou, 2002). The unstable
branch corresponds to the saddles shown in the fourth panel of Figure
6. In Figure 11 it would appear as a right shortcut on the horizontal
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axis tying the initial and final segments of stable solutions with aligned
periapses.

7. Conclusions

The contents of this paper include, with variable emphasis, the topics
of a series of lectures whose main title was “Routes to Order: Capture
into resonance”. This was indeed the subject of the last section above.
The study of this subject has, however, shown that — unlike the restricted
three-body problem — capture into resonance drives the system immedi-
ately to stationary solutions known as “Apsidal corotations”. The whole
theory of these solutions was also included in the paper from the be-
ginning — that is, from the formulation of the Hamiltonian equations
of the planetary motions and the expansion of the disturbing function
in the high-eccentricity planetary three-body problem. The secular the-
ory of non-resonant systems was also given. Motions with aligned or
anti-aligned periapses, resonant or not, resulting from non-conservative
processes (tidal interactions with the disc) in the early phases of the life
of the system, seem to be frequent in extra-solar planetary systems.
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1. Introduction

Gravitational N-body dynamical systems usually have only the cur-
rent positions and velocities of the bodies as the observational evidence
of their past history. The traces of their past behavior exist only as
conceptual, theoretically computed orbits. However, the Laplace orbital
resonance among the galilean satellites actually leaves a visible record of
its behavior in a surprising and seemingly unlikely form: Linear traces
in distinctive geometric patterns clearly visible on the surface of the
satellite Europa are a direct recording of the effect of the orbital
resonance.

These lineaments are cycloid-shaped features, unique to Europa, but
ubiquitous on it. Examples are shown in Figures 1-4. The Cycloids are
cracks in the surface ice. Typically, these chains of arcs run for a thou-
sand km or more (nearly a radian) across the surface, with each arc
having a length ~100 km. In many cases, in fact in most of the vis-
ible examples, the cracks are lined by a pair of ridges on either side
of the crack. Figure 1 shows the Voyager spacecraft image in which
these remarkable features became evident. Compared with the later
images from the Galileo spacecraft, Figure 1 is relatively low resolu-
tion, but the ridges allow us to see the geometry of the Cycloids quite
clearly. Figures 2-4 are Galileo images that show several examples with
details of their structure. Global lineament patterns can be seen in
Figure 5, where cycloid-like patterns and arcs are recognizable on a
global scale.
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Delphi. Eléxus

Figure 1. A Voyager image of a far southern region on Europa, showing many
distinctive cycloidal ridges, which mark the paths of cracks in Europa’s crust. These
linear trajectories are the result of the Laplace orbital resonance among the Galilean
satellites. Three of the Cycloids have IAU assigned names, as shown. Cycloids are
chains of arcs, each typically ~100 km long, often with a dozen or so arcs in each
chain.

Figure 2. A Galileo image of cycloid arcs that run roughly north-south in the north-
ern hemisphere. By chance, a rare crater is also seen in this region. That the ridges
are double can be seen in this image. Also, the Cycloids’ appearance is somewhat
complicated here by a small amount of dilation (opening of the crack) along a couple
of arcs.
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Figure 3.  These high-resolution Galileo images show the pointy cusps of some Cy-
cloids, where the double ridges make sharp turns. The crack in the crust lies between
the ridges in each ridge-pair. The two examples to the left are details of cusps that
appear in Figure 1.

Figure 4. Some Cycloids have been modified by considerable dilation as the crack
opened. The dark band that runs from the bottom center to the upper left is an
example of a cycloidal crack that has dilated. This example is in a region called the
“Wedges”, because it contains many dilational bands with this same wedged-shaped
geometry. In fact, most of the dilational bands in the wedges originated as cycloidal
cracks.

How can a phenomenon of orbital dynamics and celestial mechanics,
such as the Laplace resonance, result in distinctive tectonic patterns on
a planetary body? The linking process is tides. The orbital resonance
forces orbital eccentricities. Thus, as a satellite orbits Jupiter, even if its
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Figure 5. A global view of Europa. The Wedges region lies just south of the equa-
tor in this hemisphere. A rare crater, called Pwyll, is seen at the lower left at the
center of its system of bright rays. Pwyll (as well as a distinctive X-shaped lineament
intersection near a splotch called Conamara chaos about an equal distance north of
the equator) lies at longitude 270°W, which by definition is the center of the trailing
hemisphere as Europa moves around in its orbit. (The direction of Jupiter defines
the prime meridian, longitude 0°). The anti-Jove region (longitude 180°W) appears
in this image just to the right of the Wedges. Cycloid patterns, or arcuate segments
of Cycloids, can be recognized in many places over the surface. Identification of the
location of Figure 4 in this global context is left as an exercise for the reader.

rotation is synchronous or nearly synchronous, the tide-raising potential
will vary periodically over each orbital period. As a result, the shape of
the satellite is distorted in a regular, periodic cycle. In turn, the crust of
the satellite is stressed, and this regular stressing results in many of the
tectonic patterns that are visible on Europa, including the Cycloids.
The tides driven by the orbital resonance have other important geo-
logical and geophysical effects as well on Europa. Because the body is
regularly worked, the material is heated by friction. This heating seems
to be adequate to maintain a liquid water ocean just below the icy sur-
face. The existence of the ocean allows the tidal distortion of the surface
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to be ~30 times greater than if the entire satellite were solid (as dis-
cussed in Section 3 below), greatly enhancing the tectonic and thermal
effects of the tides. Moreover, modest local concentrations of heat pro-
duced thermal effects that have marked the surface. Both stress and heat
affect the crust in ways that allow the ocean to be directly linked to the
surface, through cracks and probable melt-through sites.

The tides also have important effects on the dynamics (both rotation
and orbit) of Europa. Because the orbit is eccentric, tidal torques tend to
drive spin to a state that is slightly faster than synchronous (Greenberg
and Weidenschilling 1984). This effect in turn can increase the tidal
stress on the surface substantially, although it acts on a much longer
timescale (~10° years) than the 3 1/2 day orbital period. The tides also
effect the long-term evolution of the orbits of the satellites, so that the
Laplace resonance itself probably changes over ~107 years or more.

A global view of Europa (e.g. Figure 5) shows the results of many of
these effects. In this view we see the disk of Europa, about 1560 km in
radius. The surface has long been known to be composed predominantly
of water ice (Pilcher et al. 1972). Dark markings are due to impurities,
probably brought up from the ocean, and they are only visible because
the contrast in this image has been stretched. Otherwise Europa would
appear as a smooth white sphere.

Gravity studies, based on tracking spacecraft orbits, have revealed
that the density of the outer 100-150 km is about 1 gm/cm?® (Ander-
son et al. 1997). Evidently, the HoO extends from the surface down
to that depth. The outermost portion of this thick layer of water is a
“lithosphere”, meaning that it is cold, brittle, elastic ice. The lithosphere
is probably ~1 km thick, although that value is somewhat uncertain, and
also depends on the timescale for deformation; the transition depth from
elastic to viscous ice depends on the rate of strain as well as on the tem-
perature. The viscous portion of the ice crust lies below the lithosphere,
and extends to a depth of several km below the surface. A belief that the
ice crust is 20 km thick or greater has been widely promoted, but the
evidence cited for that model (Pappalardo et al., 1998) has not survived
quantitative study (Greenberg et al. 2003b). If the ice were that thick,
the ocean would be isolated from the surface.

Tidal theory applied to observations of tectonic and thermal features
suggests that the ice is significantly thinner, so that the ocean can con-
nect with the surface through cracks and melt sites. Tidal stress can
probably open cracks no deeper than a few km, so we infer that the ice
is probably less than 10 km thick.

The surface of Europa is continually resurfaced by the tidal tectonic
and thermal effects. The rapidity of resurfacing is immediately appar-
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ent from Figure 5. The surfaces of most airless bodies, like our Moon,
are heavily cratered, recording billions of years of bombardment by small
bodies. In contrast, Europa has almost no craters. One example is Pwyll,
with its spectacular icy rays sprayed across the surface. Another is Cilix,
a small bright spot near the equator toward the right in Figure 5, sur-
rounded by a dark halo. Cilix lies near the anti-jovian point, opposite
the direction of Jupiter. If Europa’s surface were very old, it would be
densely covered by craters, but these examples are rare. Estimates of
the expected bombardment rate, mostly by comets, indicate that the
surface is no older than about 50 million years (Zahnle et al. 2003). Ev-
idently the tidal processes that have created the features that we do see
on the surface have been very active, continually refreshing the surface
and erasing what was there before.

Even at the low resolution of a global view like Figure 5, we can see
the results of the two major types of resurfacing. Tectonics create the
dark lines and thermal effects produce the dark splotches. At higher res-
olution, the lines are usually either ridge systems that form along cracks
or dilational bands, as seen in Figures 1-4, although not all are in the
shape of Cycloids. The splotches at higher resolution have morphological
character that is called “chaotic terrain”. Chaotic terrain is character-
ized by disruption of the older surface, which is replaced by a lumpy ma-
trix, often with displaced rafts of the older surface. One example, part of
Conamara chaos, is shown in Figure 6. The geology of Europa is not only
controlled by an orbital resonance, but chaos is involved as well, albeit
a different kind of chaos than is usually discussed in celestial mechanics.

Both tectonic cracks and thermally produced Chaotic terrain are
caused by tides, and both involve linkage of the underlying ocean to the
surface. The darkening associated with each of these formation processes
probably involves substances from the ocean, which makes the features
visible even at the low resolution of global images like Figure 5. The
cracks are caused by tidal stress and the chaos is probably caused by
melt-through of patches of crust by tidal heat.

A comprehensive discussion of the character of the tidally driven
tectonic and thermal features of Europa was presented at the NATO
Advanced Study Institute in Cortina. Reviews of specific topics of par-
ticular interest to celestial mechanicians include a summary of evidence
regarding Europa’s rotation (Greenberg et al. 2002b) and computations
of tidal stress (Greenberg et al. 2003a). In the next section, I summarize
a few of the key points regarding how tides have controlled the observed
properties and features of Europa and what they tell us about its char-
acter and structure. For a more complete and integrated review of these
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topics, see Greenberg and Geissler (2002) or Greenberg et al. (2002a),
which contain references to the supporting literature.

2. Tides and observed features
2.1 Cycloids

The mechanism by which tides create the cycloidal crack patterns was
discovered by B.R. Tufts and G.V. Hoppa (Hoppa et al. 1999¢c). Due to
the orbital eccentricity, which is pumped and maintained by the Laplace
resonance, the tidal stress on Europas ice crust changes periodically
with each orbit. We call this variation the diurnal tide, because the 85
hr orbital period is approximately the length of a Europan day, and is
comparable to the length of a day on Earth.

At any location, the tensile stress on the thin shell may increase during
the day to the point where it exceeds the strength of the ice. A crack
will begin to propagate across the surface. As time goes on and as the
tip of the crack moves, the direction of the local stress will change,
causing the cracks trajectory to curve, forming one arc of the cycloid.
Eventually, after several hours, the diurnal tidal stress decreases to the
point where the crack stops propagating. Then, several hours later, after
the stress has again increased, the crack begins to propagate again, but in
a different direction from when it had stopped. In this way a pointed cusp
is formed, and the next arc begins to be traced by the advancing crack.

Figure 6. A portion of Conamara chaos, which lies just south of the lineament
intersection mentioned in the caption for Figure 5. Chaotic terrain is characterized
by a disrupted older surface, replaced by a lumpy matrix, often with displaced rafts
of the older surface.
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The process continues for several europan days, with one arc segment
being produced each day.

In that way, a crack propagating across Europa can record the stress,
which originates with the action of the Laplace resonance.

2.2 Ridge Formation

Once a crack is formed, whether or not it takes on a cycloidal shape,
the stress cycle of the diurnal tide will continue to work the crack, open-
ing and closing it on a daily basis. If the crack penetrates to liquid water,
while it is open, water will rush up through it to the float line near the
surface. At the top, the liquid will begin to freeze, but within hours the
walls of the crack will begin to close, crushing the new ice and squeezing
some of it to the surface, contributing to ridge-building. As the crack
reopens due to the diurnal cycle, some material may fall back, so that
a double ridge forms along both sides of the crack. This process would
repeat on a daily cycle, building substantial ridges up to ~ 100 m high
in a few thousand years.

This tidal tectonic process was described by Greenberg et al. (1998).
A key point is that the magnitude of the tidal tensile stress is probably
not adequate to open cracks to a depth greater than a few km, because
the overburden compression would be too great at depth. Therefore for
this ridge-building process to work, the ice must be fairly thin.

2.3 Strike-slip displacement

Strike-slip displacement, in which one crustal plate shears past an-
other, is relatively rare in the solar system except in a few places. On
Earth, with its global tectonics, strike-slip between plates is well known.
The San Andreas fault in California is a famous example. Similar strike-
slip is ubiquitous on Europa. Faults there include some longer than the
San Andreas, with Strike-slip displacement of tens of km. Strike-slip dis-
placement on Europa is probably driven by diurnal tides, and thus by
the Laplace resonance. Over the course of a day, the tidal stress follows a
sequence that can open a crack, shear it, then close it. Then, stress that
would reverse the shear is resisted while the crack is closed. This process
repeats on a daily basis. In this process, which is analogous to walking,
one plate of crust can shear past another, with Strike-slip displacement
visible along the boundary. This process has been described in detail by
Hoppa et al. (1999b).

This theoretical process can be used to predict the sense of shear that
would be expected to develop along any crack, depending on its location
and azimuthal orientation. Surveys of strike slip seem to agree with these
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predictions (Hoppa et al. 2000, Sarid et al. 2002). For example, faults in
the far north shear in one direction (“left-lateral” on geological jargon),
while those in the far south are all “right lateral”, just as predicted by
the theory.

Using this tool, Sarid et al. (2002) were able to show that most Strike-
slip displacement features in the leading hemisphere had formed further
north than their current positions, while those in the trailing hemisphere
had formed further south. This result has been used to infer that polar
wander has occurred. That is to say that the icy shell of Europa has
slipped around as a whole, moving the former pole locations to places
tens of degrees away from the spin axis. Strike-slip also provides addi-
tional evidence that cracks from the surface penetrate all the way down
to liquid water. This result argues against the notion that the ice is so
thick that the ocean is isolated from the surface.

2.4 Non-synchronous rotation

The lag in the tidal response to Non-synchronous rotation causes a
torque that tends to make the rotation synchronous, but that effect is
counteracted in the case of an eccentric orbit. In the latter case, the
lag in the diurnal tide yields a torque that varies over each orbit. The
torque, averaged over each orbit, tends to drive the rotation to a rate
slightly different from synchronous. That rate depends on details of the
tidal response, but according to theory is expected to be only slightly
faster than synchronous (Greenberg and Weidenschilling 1984).

Even given Europa’s orbital eccentricity e, the rotation might be syn-
chronous if a non-spherically symmetric, frozen-in density distribution
(like that of the Earth’s Moon) were locked to the direction of Jupiter.
Given that Europa is substantially heated by tidal friction, it may not be
able to support such a frozen-in asymmetry. It is also conceivable that
the silicate interior is locked to the direction of Jupiter by a mass asym-
metry, while the ice crust, uncoupled from the silicate by an intervening
liquid water layer, rotates non-synchronously due to the tidal torque.

However, even a completely solid Europa would rotate non-
synchronously as long as mass asymmetries are small enough. Non-
synchronous rotation does not in itself imply the existence of an ocean.
However, both the existence of an ocean and Non-synchronous rotation
are made possible by the substantial tidal heating.

Observational evidence places some constraints on the actual rotation
rate. A complete summary is provided by Greenberg et al. (2002), but the
key points are the following. First, a comparison of Europa’s orientation
during the Voyager 2 encounter with that observed 18 yr later by Galileo
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(Hoppa et al. 1999a), showed no detectable deviation from synchroneity.
Any deviation must be so small that the period is >12,000 yr, relative
to the direction of Jupiter. Nevertheless, Geissler et al. (1998) found
systematic changes in the orientation of regional scale lineaments, based
on a cross-cutting sequence, indicating that terrain had moved west-
to-east through the theoretical tidal stress field, consistent with some
(albeit slow) Non-synchronous rotation. As the tectonic effects of tidal
stress began to be better understood, various features were found to have
likely formed further west than their current positions, including strike-
slip faults and cycloidal crack patterns. From the latter, Hoppa et al.
(2001) inferred a non-synchronous period of (very roughly) ~50,000 yr.
More recently however, we have reviewed the evidence from azimuthal
orientations, and have found that it may not be significant. Sarid et al.
(2004) surveyed the rich record of cross-cutting features in the southern
leading hemisphere and found no clear indication of Non-synchronous
rotation. This issue is important, but at the current time is unresolved.

2.5 Life

The evidence discussed above, as well as other evidence reviewed in
Greenberg and Geissler (2002) or Greenberg et al. (2002a), indicates that
Europas icy crust is thin enough for the ocean to be linked to the surface
through cracks and thermal melt-through sites. This linkage enhances
the plausibility that there might be life on Europa, because it would allow
organisms in the liquid to access oxidants and other vital substances
from the surface, while remaining protected from the harsh radiation
environment. The cracks in the ice might be important habitable niches,
as well as the ocean itself.

With these linkages, the biosphere of Europa would extend to near
the surface, where it could easily be sampled by spacecraft landers. At
the same time, this exposure means that the habitable zone of Europa
would be vulnerable to contamination by any organisms that might inad-
vertently be transported to the surface. These astrobiological issues are
discussed in Greenberg and Geissler (2002) or Greenberg et al. (2002a).

3. Tidal Amplitude

All of the activity on Europa is driven by tides, so it is worth consid-
ering what we know about the amplitude of these tides. According to
Tidal theory, Europa’s figure is distorted by the tide-raising potential of

Jupiter according to
H = ha(Re(M; /M) (Re/a)®)(3/2cos*9 — 1/2) (1)



Tides on Europa 299

where H is the height of the surface (relative to the radius of a sphere
of equal volume) at a location an angular distance ¥ from the direc-
tion of Jupiter, R, is the satellite’s radius, M; and M, are the mass of
Jupiter and Europa respectively, and « is the distance from Jupiter. The
coefficient ho is one of the tidal “Love numbers”, which account for the
properties of the material of which Europa is composed. A second Love
number ko is the coefficient for the formula that represents the tidal
distortion of Europas gravitational field.
The classical textbook formula, derived by Love (1944), for hs is

5/2

— S e 2
14+ 19u/20gR, 2)

ha
where pu is the rigidity of the material, g is the density, and g is the
surface gravity. This formula assumes that the body is of uniform density
and incompressible. If the body is fluid or fully relaxed to conform to
the tidal potential, hy = 5/2. For Europa, the quantity in brackets has
a value of 800 m, so with hy = 5/2, the height H of this fixed tide would
be 2 km at the sub- and anti-Jove points. (Actually, if the tidal potential
were only due to the gravitation pull of Jupiter, such a relaxed Europa
would have h2 = 1. However, the tidal potential includes not only the
direct tidal stretching by Jupiter, but also the gravitational field due to
the distortion of the satellite itself. This latter effect enhances the tides,
which allows hy to be substantially greater than 1.)

For a real moon, the density of the satellite increases with depth
and the material is compressible. For a reasonable non-uniform density
distribution for Europa with a thick layer of liquid water, ho is probably
~1.2, about half that for the uniform, low-rigidity, incompressible case.
In that case, according to equation 1, H would be ~1 km at the sub-
and anti-Jove points.

Now consider the effects of an eccentric orbit. In this case, even with
synchronous rotation, the magnitude and orientation of the tidal dis-
tortion changes throughout each orbital period. The tide-raising Gravi-
tational potential is at a maximum at pericenter and a minimum at
apocenter. The height of the diurnal tidal variation is 3e times the value
of H from equation 1, a result derived from the change in H due to
variation of the distance from Jupiter over each orbit. For Europa with
e = 0.01, the amplitude is 30 m, i.e. the tidal height at the sub- and
anti-Jove points at pericenter (or apocenter) is 30 m higher (or lower)
than the surface of the fixed tide given by equation 1.

Computation of the amplitude of tides for a realistic layered model is
challenging. There is no simple formula available for evaluating the Love
numbers ho and ko. We have to rely on results from proprietary computer
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codes (e.g. Yoder and Sjogren 1996, Moore and Schubert 2000). A graph-
ical representation of such results is shown in Figure 7a, which was pre-
sented by NASA’s Europa Orbiter Science Definition Team (1999). This
graph shows that varying the assumptions about the physical state and
thickness of the several layers (illustrated in Figure 7b) that compose
Europa can significantly affect the values of the Love numbers. The
value of such a plot, and the reason it was created, is that it allows space
mission planners to determine what might be learned about Europa by
measuring the tidal distortion of Europas shape, for example by a laser
altimeter on an orbiting spacecraft, which can constrain hs, and the
tidal distortion of Europas gravitational field, by tracking the spacecrafts
orbit, which can constrain ks.

Unfortunately, the labeling on Figure 7 from the NASA report was
rather obscure and misleading, so it is difficult to understand the mean-
ing, the trends, or the sensitivities of the values of the Love numbers
relative to the models of Europas interior. For example, the labeling on
the two points furthest to the right (both near hy = 1.3) suggests that
the only difference between them is a change in the character of the rocky
mantle, which (as we shall see) is not at all the case. Moreover the report
contained no quantitative information regarding the assumptions about
the layers in Figure 7b. We can create a much more meaningful and
useful version of Figure 7 if we go back to the source of these results,
which is primarily a set of calculations carried out and tabulated by
Yoder and Sjogren (1996). The calculations were based on the following
assumptions about the interior layers, as represented by Figure 7b:

0.7

deep ocean
soft mantle
0.
0.5
0.4F .
k, softened” mantle deep ocean
2 03 & frozen cold mantle
s H,0 layer ..
0.2
warm or slushy ice
0.1 or thin ocean layer
0.0 L L L L L L L L
: 0.4 0.8 12 1.6

h,

Figure 7. (a) The values of the Love numbers for various assumptions regarding the
interior structure of Europa, as plotted by NASA’s Europa Orbiter Science Definition
Team (1999). (b) The layers assumed in the models of the interior upon which (a)
was based.
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The core has a radius of 600 km, and consisting of liquid iron with a
density of 5 gm/cm3, for all cases considered.

The mantle was assumed (it appears) to be made of rock and have a
thickness of 800 km. Various cases were considered with the character
of the rock ranging from solid and rigid to completely melted.

An “ocean or soft ice”layer (as labeled in Figure 7b) lies above the
mantle. In all cases, this layer is composed of HyO, However, cases are
considered where it is assumed to have some rigidity, as well as cases
where it is liquid. The variation from liquid to solid is represented by
changes in the sound speed, which Yoder and Sjogren used as a proxy for
the rigidity; It ranges from 2 km/sec for solid ice down to 0.001 km/sec
for essentially liquid water.

An ice shell lies above the ocean. In all cases considered by Yoder
and Sjogren, the total thickness of the HoO layers (the ice shell, plus the
ocean or soft ice layer) was 105 km. However, the thickness of the ice
shell is not the same for all cases.

Figure 8 shows the results reported by Yoder and Sjogren, but in a
way that elucidates the trends and is more accurately labeled than in
the NASA report. First, we identify the important end-member cases
that were not marked on Figure 7a. If all the layers were solid, the Love
number values would lie at the spot marked by the small black spot at
the lower left in Figure 8. If all the layers were fluid, then hy and ko
would be 2.05 and 1.05 respectively (Moore and Schubert 2000). Also,
recall that if the same mass were uniformly distributed, rather than in
layers, and were fluid and incompressible, then ho and ks would be 2.5
and 1.5, respectively, according to the classical result by Love (1944).

Next consider the several cases computed by Yoder and Sjogren in
which the ice shell is 25 km thick and the ocean (80 km thick) ranges
in rigidity between solid ice (the end member at the lower left in Figure
8) and completely melted. As the ocean is increasingly fluid, the values
follow the shallow-sloped (lower) line toward the right. Figure 8 includes
the large dot along this line which represents a case intermediate between
the solid and the fluid ocean, which the NASA report labeled “warm or
slushy ice”. The dot at the upper-right end of this line represents the fluid
ocean limit, which the NASA report labeled “deep ocean, cold mantle”.
That label is accurate, but confusing, because the ocean is equally deep
(80 km) and the mantle equally cold all along this line. What varies is the
sound speed (equivalent to rigidity) of the water in the ocean layer, not
its depth. Of course, down at the high-rigidity limit (completely frozen
water), the word “ocean” would become less appropriate.

We also have information about how the Love numbers would change
if we started from any point along that line and increasingly softened the
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Figure 8. A new version of Figure 7a, in which the trends that result from changing
the parameters of the multi-layer model in Figure 7b are more explicit. The case where
the rock mantle and the entire 105 km thick layer of HoO are both solid is shown by
the small dot at the lower left. Cases in which the rock mantle and the outer 25 km
ice shell remain solid lie along the shallow sloped line, with the 80 km of H2O under
the shell becoming progressively “softer”, up to the extreme limit of a liquid ocean.
Starting at several points along the latter line (the solid mantle locus), if the mantle
is then progressively softened, the Love number values move upward on the steeper
paths. Along each of these paths, the thickness of the ice shell remains 25 km, and
the rigidity of the lower H2O layer remains constant (solid along the left path, liquid
along the right path, and intermediate rigidity along the middle path). The path at
the upper right continues off-scale up to about (he = 2.05, k2 = 1.05), where the
core, mantle, and ocean are all liquid. Starting at any point along the lower path (the
solid mantle locus), if the ice shell is thickened while the total HoO thickness remains
105 km and everything else stays constant, the values move back down the path as
shown by the short arrows (marked with *). The values of the Love numbers are not
sensitive to changes in the ice thickness value below 25 km.

mantle. First, the NASA report shows that if we started with the com-
pletely solid body and softened the mantle, the Love numbers would fol-
low the steep line with he = 2ks3. Second, a sequence of results tabulated
by Yoder and Sjogren shows the change if we start with the intermediate-
rigidity ocean layer and soften the mantle, all the way up to the case
of a fully melted mantle. The later point is the one that the NASA re-
port labeled confusingly as “deep ocean, soft mantle”. In fact, at that
point the mantle is fully melted and the ocean is no deeper than in the
other cases shown. However, recall that at this point the ocean is char-
acterized by intermediate rigidity (i.e. it is warm ice or slush). Finally,
if we start at the point with a solid mantle and a completely melted
ocean (1.29,0.28), and then melt the mantle, the Love number values
must move up toward the limit of the fully melted satellite (2.05,1.05),
as indicated by the steep line at the right in Figure 8.
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We can summarize the major trend lines shown in Figure 8 as follows:
All along the lower sloping line, the core is liquid iron and 600 km in
radius, the mantle is solid rock and 800 km thick, the ice shell is solid
and 25 km thick, and the 80 km ocean layer ranges from solid (lower
left) to liquid (upper right). Along each of the steeper lines that branch
upward, the only parameter that changes is the rigidity of the mantle,
which is increasingly fluid toward the upper right.

Of considerable interest is the effect of changing the thickness of the
ice shell that overlies the ocean. The evidence discussed above suggests
that the ice is thin enough for the ocean to be linked to the surface. If we
could measure the Love numbers with sufficient precision, we might be
able to determine, or constrain the thickness of the shell independently.
Yoder and Sjogren considered a couple of cases with the shell thickness
of 65 km, but otherwise similar to the two cases shown by the larger
dots in Figure 8 along the solid mantle locus (lower line). In both cases,
the effect was roughly equivalent to increasing the rigidity of the ocean
somewhat, i.e. moving the values of the Love numbers to the lower left
along the shallow line as indicated by the short arrows in Figure 8.

While there would be a measurable difference in the Love numbers
between the case of a 25 km ice shell and a 65 km ice shell, there is
little change once the ice is thinner that about 25 km. This result was
noted in the NASA report, and it (as well as most of these results) was
corroborated by calculations by Moore and Schubert (2000).

Nevertheless, it would be useful to be able to explore the variations in
the Love numbers over a much wider range of interior models than we
have been able to glean from the few results of propriety codes that are
available. In principle, multi-layered models can be evaluated analyti-
cally. Work on this problem is under way (e.g. Hurford and Greenberg
2002, Hurford et al. 2002). As a first step toward extending the deriva-
tion of the Love numbers to more general cases, T. Hurford, S. Frey
and I have been reexamining the original derivation. Loves solution did
not only include the case of an incompressible body (equation 2), but
the uniform compressible case as well. Love evaluated his formulae for
cases similar to the Earth. We have extended the evaluation over a broad
region of parameter space. Some surprising singularities appear in the
solution. These results are described and discussed in the next chapter
(by Hurford et al.).

4. Conclusion

Europa has emerged as one of the most interesting objects in the
solar system for a variety of reasons. It has some of the most active
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and dynamic geology in the solar system. Its ocean offers the excit-
ing prospect of a habitable setting for extraterrestrial life. This chapter
touches only briefly on some highlights, with reference to more detailed
and complete surveys in the literature. Most remarkably, all of the char-
acteristics that make Europa so exciting are the results of orbital dy-
namics, specifically the Laplace resonance, and all of them are made
possible by the action of tides. Celestial mechanics has now become cen-
tral to understanding planetary geology and geophysics, as well as the
new discipline of astrobiology.
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Abstract  The solution for the Love number A of an incompressible, homogeneous
sphere is well known. A more general solution for the tidal response
of a compressible, homogeneous sphere was also derived by Love, who
applied it to two specific cases with parameters relevant for tides on
the Earth, showing enhancement of h on the order of a few tens of
percent due to compressibility of a sphere. However, the enhancement
can be much greater, even arbitrarily large, depending on the rigidity,
compressibility and size of the body.

Keywords: Tides, Love numbers

1. Introduction

An extended, 3D body will feel a differential potential exerted on it
by a neighboring mass (Figure 1). This tide-raising potential can be
written as

GM

Wy = —?rQPg(cosﬁ), (1)
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Figure 1. A planet of radius R with density o, rigidity u and Lamé constant A
is tidally distorted by an amount §R due to a tide-raising mass M at distance a.

at any position (r,1) inside the body defined by the distance from the
center of the body, r and an angle, 1 measured from the axis connecting
the centers of the two bodies, where M is the mass of the tide-raising
body, a is the distance between the centers of the two bodies, P»(cos )
is the second order Legendre polynomial, and terms of higher order in
r/a are assumed negligible. This potential causes the body to deform,
raising a tide of height §R on the surface of the body, proportional to
the ratio of the original tide-raising potential to the surface gravity of
the body, g,

6R = —ZWQ(R, 0) (2)

where the proportionality constant is known as the Love number h. The
Love number h quantifies how much the body will yield to the tide-
raising potential .
For the case of a homogeneous incompressible body, Love (1927)
showed
hincompressible = 14-15/52@91?’ (3)

where p is the rigidity, g is the density and R is the radius of the body.
This result is so well known that it is often cited without derivation or
reference.

However, Love (1911) had earlier derived a more general result, valid
for arbitrary compressibility. Compressibility is characterized by the
Lamé constant A; A\ increases as a material gets more incompressible
to a limiting case of A — oo for an incompressible body. The equation
governing the deformation is re-derived in the appendix, derivation of
the Governing Equation.

The problem that Love investigated was the tidal response to the
gravitational force of a neighboring point (or spherical) mass, acting
on an initially homogeneous sphere. For a compressible sphere, even
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before a tide raiser is introduced, self-gravity will compress the material
until it reaches an equilibrium radial distribution of stress state and
density distribution. In the tide-raising problem investigated by Love, he
assumed implicitly that the initial condition was a body with uniform
density, as well as uniform elastic properties, i.e. it had those properties
after spherically symmetrical self-gravitational collapse, but before tide
raising. That model is not a realistic representation of any real planet,
but following Love we start with that model because it allows an analytic
tractable solution. As we shall show, depending on the parameters, that
solution can have remarkable properties.

The solution, following Love (see the appendix, Solution to the
Governing Equation), is

1 5 (3a?+ 32
h =3 —g42(e, f)vn(a) — ¢ (042—52 Ag (e, B)ip2(e)
1 5 (a?+ 34
+§Bg(04, B)x1(8) + 5 m Ba(a, B)x2(8), (4)
where o and 3 can be expressed in terms of the physical properties of
the body,
_ 2T
o? = 9B 1A (16—1—6)\) +2/, (5)
Bo\2+ u/) L K |
and ) 12 )
R 1 A
g2 =P . (16 + 6> -2]. (6)
peo\2+5/) | K ]

Note that what we call  and 3, Love (1911) called «R and SR, where his
a and 3 had dimensions of inverse length. In (3) the functions As(«, ),

By (a, 3), ¥1(a), ¥a(ar), x1(8) and x2(05) are all functions of « and f.
These functions are given in Appendix B. Here we have arranged the

solution in a form that shows that h is a function of the two ratios,
ogR/p and p/A.

2. Evaluation of h
2.1 Love’s evaluations

Love’s (1911) analysis was motivated by terrestrial geophysics, so he
considered parameter values that were plausible as representations of the
bulk Earth. For a homogeneous Earth of radius, R = 6.37x10° m, and
with a density, o = 5500 kg/m3, Love evaluated two cases corresponding
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to materials with Poisson’s ratio of approximately 1/3 and 1/4, res-
pectively, thus bracketing the properties of most geophysical materials
(Turcotte and Schubert, 1982).

In the first case Love let a« = 3 and § = 2 (1911). According to
(5) and (6), in this case u/A = 25/46 (equivalent to a Poisson’s ratio
~ 1/3) and ggR/; = 24/5. Using the values of R, g and p for the
Earth, u = 7.16x10'° Pa. Love evaluated h (from (3)) and found an 11%
enhancement of the incompressible case: Compressibility of the body
causes a larger Tidal Amplitude.

Love’s (1911) second case has a ~ 3.3 and 3 ~ 2.1, yielding pu/\ =
1944/2041 (Poisson’s ratio ~ 1/4) and pgR/pu = 1107/224. Again Love
found that A is enhanced compared to the Love number of an incom-
pressible case. The enhancement for these given parameter values is 22%.

The value of h can readily be calculated for other values of p/A
and ggR/u. Figure 2 shows the solution of the enhancement of h (i.e.
I/ Rincompressivie) for the two values of pgR/ considered by Love, but
over a range of values of /. Recall that ©/A = 0 for an incompressible
material. Figure 2 confirms that as /A — 0, the solution (3) approaches
the incompressible solution (3), i.e. enhancement of h goes to 1. The two
cases evaluated by Love are indicated. Figure 2 shows that the solution
seems well behaved as the ratios /A and pgR/u vary. Enhancement of
h increases over this range as the body becomes more compressible.

PER 1.830

1.00 1 ' . . ' ! . ' ' f
[=] ©. 4 .5 O.s 1.0
1ore compressible —=

Figure 2. h/Nincompressivie 18 shown as a function of p/A for the two values of
ogR/u considered by Love. The 4+ symbols mark the two cases evaluated by Love.

For less compressible planets (higher A), u/A is smaller. For the incompressible case,
A — oojie pu/A— 0.
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Figure 3. Values of h/hincompressibie are shown for the two values of pgR/u
considered by Love and are extended to higher values of /A than in Figure 2. As in
Figure 2, the + symbols mark the two cases evaluated by Love.

2.2 Extending the range of evaluation

Allowing for an even more compressible body, Figure 3 extends results
for values of 11/ up to 4. Although few known materials have such a high
/X value (Poisson’s ratio of 1/10), the formal trends are interesting.
The slopes increase with p/\, yielding a rapid increase in h (here up to
4 times that of the incompressible case).

The steepening of the curves depends strongly on pgR/u accord-
ing to Figure 3. The effects of changing ggR/u on the solution for A
can be explored. If the radius of the planet were increased modestly
by ~ 20% above the terrestrial value, while holding ¢ and pu constant,
g would increase proportional to R and the ratio ggR/u would increase
to ~ 7.0. Figure 4 shows evaluation of h for this case over a range of
values of p/A. Where p1/X is small, the enhancement h/hincompressible
increases sharply with increasing compressibility. As p/A approaches a
value of 1.442 (not far from reasonable for geophysical material), the en-
hancement of h becomes very large, approaching infinity. The solution
then passes through a singularity, becoming negative for larger p/A. Ac-
cording to this result, the shape of the body actually contracts along the
axis aligned with the tide-raiser.

This remarkable result, that there exists Love number values that are
infinite and/or negative, is not unique to this single set of parameters.
Figure 5 shows the enhancement h/Rincompressivie for various values of
ogR/p. If pand p are constrained to the reasonable values used by Love,
the various values of pgR/u correspond to various radii. According to
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Figure 4.  Values of h/hincompressivie are shown for ggR/u = 7.0 as a function of
u/A. A singularity in the solution is seen at u/A = 1.442. The * symbols mark cases
that are discussed in Section 3.
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Figure 5. The value of h/hincompressivie for various values of pgR/p is shown. If p
and p are constrained to values for real materials, the various values of pgR/u corre-
spond to various values of R. Solutions for smaller bodies (smaller values of ogR/ )
are well behaved, but elsewhere singularities are seen. The number of singularities
increases in the range of u/\ shown here with pgR/p.

Figure 5, bodies smaller than the Moon would have their Love numbers
enhanced by a few percent over the incompressible values. For bodies
only slightly larger than the Earth, singularities in the solution are seen,
even for p/A ~ 1, which is a physically reasonable value. For even larger
planets, the number of singularities increases. According to Figure 5,
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Figure 6. The loci of the singularities in the (9gR/u,u/)\) plane are shown. No
singularities are observed for small values of pgR/p or for pu/A = 0 (rigid and/or
incompressible material). The Earth and Venus, represented by the Earth symbol,
occupy a region of this space just below the lowest locus line.

a planet with a radius 5 times the Earth’s would have singularities at
/A =0.012, 0.076, 0.276 and 1.184.

More generally, Figure 6 shows the loci of the singularities of h in the
(egR/ 1, 11/ X) plane. In Figure 5, four singularities for the solution when
ogR/p = 100.0 are shown. These same four singularities are shown in
Figure 6 as the four locations where the locus lines cross ggR/u = 100.0.
Again in Figure 6, the solution is well behaved for small values of ggR/ .
The shaded region corresponds to values of u/\ for plausible geophysical
materials (Turcotte and Schubert, 1982). Many singularities lie in this
range. In Appendix B, we show mathematically the conditions for the
singularities.

If we were to adopt values for the parameters that are the rough
approximate average values for the Earth or Venus (the two largest rocky
planets), the values would plot in Figure 6 near a point (marked by the
Earth symbol, @), which is just below the lowest singularity locus line.
We speculate on possible implications of this result in Section 4.

3. Interpretation

As shown in Section 2, for certain values of ggR/u and u/\, Love’s
solution yields tides that could be much larger than tides for the incom-
pressible case, by factors approaching +oco. Of course, Love’s solution is
only valid where the height of the tide is much less than the radius of the
body, R << R (see Appendix A). However h may be allowed to become
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quite large, even while the total height of the tide remains small com-
pared to the radius of the body. A value of h/Rhincompressivie — 00 does
not necessarily violate the limit §R << R. It does allow an arbitrarily
small tide-raiser to result in a finite, even substantial, Tidal Amplitude.
It follows that for any case near a singularity, tidal deformation is pre-
dominantly a response to self-gravity of the deformation in the sense
that the Earth of the tide-raising body is only a small part of the total
potential governing the distortion of any mass element. In that case, the
direct tidal potential of the tide-raising body is a minor component of
the total potential defining the deformation.

Another surprising result is that the Tidal Amplitude can be nega-
tive. In other words, the shortest axis of the deformed body is aligned
with the tide-raiser. This result may seem physically counter intuitive,
but becomes more understandable if we consider the deformation of the
planet throughout its interior. The solution (Appendix B) for the dis-
placement at any location #(r, ) shows that the radial component of
i, ur(r,v), at any given r has the same dependence on ¥ as the radial
distortion of the surface:

up(r,9) = — hir)

Wa(R, V). (7)

Remember, the value of h plotted in Figures 2-6 represents only the
distortion of the outer boundary of the planet, i.e. h(R).

If we plot the function h(r) for cases near a singularity, and compare
these with cases farther from a singularity, we can gain some insight into
the character of the distortion in the interior. Consider 6 cases around
the singularity shown in Figure 4. At cases #3 and #4, the enhancement
I/ Nincompressivie due to compressibility of the surface distortion is a factor
of about 40 and —30 respectively. Even though these enhancements are
very large the assumption that @ is small can still be valid if the tide-
raiser is small enough or far enough away from the body. The negative
enhancements (cases #4 and #5) mean the body is radially shortened
along the axis aligned with the tide-raiser.

Consider the radial distribution of the distortion in these cases. Fol-
lowing Love’s interest in the Earth’s tides, values of the mass M and
distance to the tide-raiser a for the Earth-Moon system are used: M =
5.88x10% kg and a = 3.84x10% m. Figure 7 shows u,.(r)/R along the ra-
dius parallel to the tide-raiser. According to (7), h(r) is proportional to
u, and u,(r)/R along the radius perpendicular to the tide-raiser would
be —1/2 the value. As enhancement of surface displacement increases
(i.e. moving from point #1 to #3 in Figure 4), the magnitude of the
internal displacement also increases. At #3 the surface displacement is
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Figure 7. Radial displacements in the interior, normalized to the original radius of
the planet, are shown for the six cases marked in Figure 4. For the axes parallel and
perpendicular to the tide-raiser, displacements are only in the radial direction.

~ 40 times the incompressible case (Figure 4), however Figure 7 shows
the greatest displacements are only around 0.01% of R and these are
deep in the interior (near r = 0.6R). The same is true of the great-
est displacements on the other side of the singularity. Point #4 shows
enhancement of ~ —30 times. Even when enhancements become large
the assumption that # is small can remain valid.

Now consider the density variations in these cases. Using the solution
i, an expression for the change in density, Ap can be derived to be

r? ar r
Ao =~ 2 | Aaaba() - BafPra ) [Wa(Re0). (8)
Figure 8 shows the change in density normalized to the original den-
sity throughout the body. Since displacement % is small throughout, the
fractional change in density is < 1% even in cases where h is enhanced
by ~ 40 or ~ —30 times the incompressible value. Since the change in
density is related to the change in volume of the body the fact that this
change is small also reaffirms that allowing the body to be treated as
a linear elastic solid is valid. When the density change becomes large
enough it can be imagined that the body would no longer behave elas-
tically.

From this understanding of how the interior deforms and changes
density we get insight into how the cases with negative Love number
can be physically plausible. For cases as h — oo, the planet elongates
toward the tide raiser (Figure 7a), while the mass density along this axis
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Figure 8. Changes in density in the interior, normalized to the original density of
the planet, are shown for the six cases marked in Figure 4.

decreases (Figure 8a). Lowering the density of the material being dis-
placed at the surface corresponds to a relatively small gravitational force
from this part of the body. The exact opposite is happening along the
axis perpendicular to the tide-raiser, concentrating mass (Figures 7b and
8b). The potential due to the redistribution of mass within the planet,
especially the mass concentrated perpendicular to the tide-raiser, will
cause the planet to retract along the axis toward the tide-raiser. Thus,
for such cases of negative Love numbers, the potential due to the internal
redistribution of mass dominates over the original tide-raising potential
and over the potential due to the mass displaced at the surface. Along
the axis pointing toward the tide-raiser, the material is pulled back by
the gravitational force due to the material concentrated perpendicular to
the tide-raiser, moving the surface inward relative to the original radius
of the planet, leading to a negative Love number.

In order to understand what is happening to the perturbing potential
inside the body, we consider the Love number k (defined in Appendix
B). Normally k is a dimensionless number that describes the strength
of the perturbing potential compared with the tide-raising potential at
the surface of the body. However, just as with h, a function for k(r) can
be written which describes how the perturbing potentials vary within
the body (see Appendix B). When |k(r)| ~ 1 the perturbing potentials
are as strong as the tide-raising potential . However values of k(r) > 0
re-enforce the effects of the tide-raising potential while k(r) < 0 op-
pose the effects of the tide-raising potential . Figure 9 shows profiles
of k(r) throughout the body for the four cases from Figure 4. In the
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Figure 9. The function k(r) derived in Appendix B, describes how the perturbing
potentials vary within the body. When k(r) = 1 the perturbing potentials are as
strong as the tide-raising potential . Also negative values of k(r) reenforce the effects
of the tide-raising potential while positive k(r) counter the effects of the tide-raising
potential.

standard case of normal h values (profile #1 in Figure 9) the perturbing
potentials are always smaller than the tide-raising potential and work to
re-enforce the tide-raising potential . Where enhancement of A becomes
significant (profiles #2 and #3), perturbing potentials inside the body
become much greater than the tide-raising potential and oppose it. Yet
in these cases the pertubing potentials re-enforce the tide-raiser near
the surface. This dichotomy pinches mass near the surface, allowing its
self-gravity the ability to raise even higher tides at the surface. In fact,
features in Figure 9 are manifested in the behavior of w, shown in Figure
7. Looking at profile #1 in Figure 7a the pullback of u, /R seen around
r/R ~ 0.9 corresponds to the change in the perturbing potential, which
rapidly switches from opposing the tide-raising potential to re-enforcing
it. The peak in the perturbing potential for profile #3 at /R ~ 0.6 also
corresponds to a change in concavity of u,/R at the same location.

For cases of small negative Love number h (#5 in Figure 4), Figure
9 shows that inside the body the perturbing potentials dominate the
tide-raising potential and re-enfoce it. However near the surface these
potentials over come the tide-raising potential, retracting the surface.
Not until the perturbing potentials become smaller in magnitude than
the tide-raising potentials does the Love number h become positive once
more.

On the surface, in cases closest to the singularity (#3 and #4), Figure
9, shows that k approaches extreme values, just as h does in Figure 4. In
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fact, singularities in k occur at exactly the same locations in parameter
space (e.g. Figure 6) as singularities on h. Mathematically, as shown in
Appendix B, both h and k have the same expression in their denomi-
nators, which goes to zero at the singularity. Therefore, Figure 6 shows
the loci of singularities of k(r), as well as of h.

4. Discussion and Conclusions

Our evaluations show that for certain values of pgR/p and p/A, the
Love number h will be greatly enhanced compared to the incompressible
case. This enhancement is most certainly due to the self-gravity of the
body sustaining even higher deformation. The governing equation which
controls deformation remains valid as long as the total height of the tide
and the change in density of the body are small (§R/R and dp/p). It is
important to bear in mind that A — oo does not necessarily violate that
limit. h — oo could correspond to a moderate §R/R if the tide-raiser is
small or far away.

Are any if the singularities near values of parameters that might be rel-
evant to real planets? If we adopt parameters for this artificial model that
approximate the bulk properties of the Earth, we would have ogR/pu =5
and pu/X =1 (Kaula 1968). In Figure 6, those values plot just below the
lowest curve for the locus of a singularity, as indicated by the Earth
symbol, . Note that bulk parameters for Venus, would plot close to
the same point. If such a body were only a few 10’s of percent larger in
radius, it would be at a singularity. In principle, an infinitesimal passing
body could raise a substantial tide.

The chances that a given body would happen to have parameters
near this gravitational instability are vanishingly small. However, sup-
pose a body (similar enough to Love’s idealized body that the solution
evaluated here applies) were growing and evolving thermally during for-
mation of a planetary system. Its size and bulk physical properties would
be changing continuously, possibly crossing over the locus of singularity
conditions. At such a time, any passing planetesimal could induce a sub-
stantial tide, in essence a self-gravitational instability. It is interesting to
speculate whether this effect could limit the size of a growing planet, by
only allowing planets to form if they remain below the lowest locus in
Figure 6. Certainly it is striking that the two largest terrestrial planets
are about the same size as one another and lie just below this boundary.

Also these results show the elastic response to a tide-raising poten-
tial. If a given body were to experience a substantial tide, the response
would actually take some time. A real body would actually behave
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visco-elastically and on timescales longer then the Maxwell time for the
body these density contrasts would likely drive internal differentiation.

On the other hand, we must bear in mind that no real planet fits the
assumptions of Love’s classical problem discussed here, with uniform
density and uniform elastic properties immediately prior to application
of the tide-raising potential. Real planets will certainly not be uniform.
Nevertheless, the limits of parameters within which instabilities may
occur are not known, and the possibility of instabilities may be worth
investigating in greater detail. Such an investigation is currently under-
way, using numerical and analytical modeling approaches.

Our results could apply to smaller bodies as well, especially as ther-
mal evolution causes them to move through elastic-parameter space. For
example, warmer bodies would have lower rigidities and thus the value
of pgR/p will be greater, possibly allowing larger tides to be raised on
their surfaces. While it has long been known that tidal history is impor-
tant to the thermal evolution of bodies (Peale and Cassen, 1978), it is
also likely that thermal history has major effects on tides, especially if it
caused bodies to pass through the types of singularities identified here.

Acknowledgements

We would like to thank Jihad Touma, David Stevenson and James
Williams for discussion that provided further insight. This work was
supported by NASA’s Planetary Geology and Geophysics program.

Appendix: Derivation of the Governing Equation

There are several implicit assumptions in Love’s (1967) derivation of the partial
differential equation that governs the tidal response of a uniform elastic sphere. Here
we derive the equation in a way that explicitly illustrates these assumptions.

For a planet in equilibrium, the force of gravity will balance the elastic forces on
any mass element inside the planet. With no tide-raiser an elemental cube of volume
(dzdydz) will feel a force of gravity due to the potential of the planet:

F, = —o(z,y, 2)8x6y62VV, (A1)

where o(z,y, z) is the density at that location, such that o(z,y, 2)0xdydz is the mass
contained in the volume dzdydz and V, is the gravitational potential of the planet. It
is assumed the planet has been in this condition long enough that shear components
to the stress have relaxed away, so the only remaining stress is pressure. The net force
on a mass element is due to the gradient of the pressure:

E, = —VP,6x6ydz (A.2)

where P, is the pressure perpendicular to each face. In hydrostatic equilibrium, ﬁg +
Fp,=0o0r
o(z,y,2)VV, = =VP, (A.3)
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Introduction of a neighboring tide-raising body will disturb this equilibrium. Fol-
lowing an Eulerian approach, each mass element will be displaced an amount #(zx, y, 2),
so that the new location will be © + uz,y + uy, 2 + u,. Moreover, each cubic mass
element will be distorted during the displacement, each corner of the cube is displaced
by a slightly different @. The new equilibrium written in terms of the conditions at
the original location of the mass element (,) is given by

(00 + AV (Vo + AV) = =V P, = V(0@ - VV,) + uV3i+ (u+ NV(V - @), (A.4)

where Ap and AV are Eulerian perturbations (Dahlen and Trump, 1998). The term
AQ?AV is second order. Furthermore, goﬁVo =-VP, represents the original state
of hydrostatic equilibrium of the mass element at its original location. Therefore, the
equilibrium equation becomes

0o VAV + AoVV, = =V (0ot - VVo) + puV>i + (4 NV (V - @). (A.5)

AV or V' is the sum of the additional potentials, comprising (a) the tide-raising
potential, (b) the potential due to the change of mass at the surface from the distor-
tion, and (c) the change in the potential of the body from changes in density due to
the redistribution of mass. The change in density Ap is fg(ﬁ-ﬁ). Using this definition
and constraining the planet to have uniform density leads to Love’s (1911) governing
equation:

0oVV' = o(V - @) VV, = =g,V (@ - VV,) + uV2i + (u+ NV (V - @). (A.6)

Appendix: Solution to the Governing Equation

The equation governing the elastic deformation of a compressible, self-gravitating
body is

0oVV' = o(V - @)VV, = =0,V (@i - VVo) 4+ uV2i 4 (n+ NV(V - @), (B.1)
where @ is the displacement at any point inside the body by V’, the additional
potentials imposed on the body with original potential V,. Equation (B.1) distorts
the body in order to establish an equilibrium between the force of gravity acting on

the body and induced stresses inside the body opposing these additional potentials.
A 2™ order solution for @ which satisfies (B.1) is

it = FoVWs + GoiWe, (B.2)

where F> and G2 in terms of the @ and § defined in Section 1 are
o B §+Z B Aot (2 + 3a” + 52 A (lw (ﬂ)_lw (a))
T Tgla 9 \az—p2) PR a2—p2 ) P\9" "R’ 17?

9 2 2+3 2 1 1
+5 (M) Ble(%) - (O;z_f}gz) B, (§X2(%) - 4X2(ﬂ)>]

(B.3)
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(B.4)

Both F> and G2 are composed of combinations of As and Bz. The expressions for
As and B> are

Ay= 45 l2(a+5)(a5)(a2+352)(X1(5)+5X2(6))

+a’ B (a® — 3ﬂ2)><2(ﬂ)] (a® = B%)/Cs (B.5)
and

By= % l2(a + B)(a — B)(3a” + B%)(¢1(a) + 51a())
—a?B*(3a” — ﬂ%%(a)l (a® — B%)/Cn, (B.6)

where the denominator C> in both A and Bs is given by

Ca = —24(a” + ) (e + B)* (o — B)* 1 () x1(B)
+a?B%(a® + B%)(—5(a® = B%) + 40”8 )2 () x2(B)
—15(a+ B)(a — B) ((a” + 38%)*¢1(a)x2(B) + (3¢” + 5°)*¢2(a)x1(B))

—2a°3° ((3a4 +6a°B% — 58" )1 (@) x2(B)
—(5a" — 6B — 3ﬁ4)w2(a)X1(ﬁ))~ (B.7)

The functions 1 (z),¥2(z), x1(z) and x2(z) are related to spherical Bessel func-
tions of real(¢) and imaginary (x) arguments. They can be written as follows:

P1(z) = (zcosz —sinz)/z’

= i(—l)"ﬂﬂ%” ((Q,fﬁl),> (B.8)
Po(z) = EL(:so— z*)sinz — 3z cosx)/x°

- Yy (Al (5.9

n=0
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xi(z) = (fo coshz — sinh z) /2®

_ Z;ﬁ”—? ((%2:1)) (B.10)
xa(z) = z(;so— 2%)sinh z — 3z cosh x) /°

= igﬁ" (W) . (B.11)

n=0

Using this solution the radial component of the displacement is found to be

2 2
“ _;F ;mwmg)6§jéi>m(;m@@+;wm0

2 2 9
+%BzX1(%) + (O;Qt?’ﬁi ) B (%Xz(%) + %Xz(ﬁ)) W2(f7 )
(B.12)

This expression resembles (equation 2), however it is valid anywhere
within the body, not just at the surface. Therefore we define a Love
function, h(r) to be

(B.13)

At the surface u,(R) = dR and the Love function h(R) matches the
expression for the Love number as given in equation 4, (3). It has been
shown that when Cy — 0, Ay and By — oo. Thus A(r) also becomes
large under those conditions.

From Love (1911) an expression for the perturbation in potential any-
where inside the body can be written as

, 2 1 (3a%+ 32
Vi =—m [% +As (%(Og) 3 (;2_@> ¢2(a)>

T a2 2
By (mig s <a2+_3§2> xm) ]quz, ).

(B.14)
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As with h(r) a Love function k(r) can be defined anywhere inside the
body

: ar 1 (3a®+ 32

5 +A2 (%(R) -5 (062—52 P2(a)

r OéQ 2
By (mfy +3 (j_if) m(ﬁ)) ] (B.15)

which goes to Love’s (1911) definition of k at r = R.
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OF HILBERT-EINSTEIN FIELD
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Abstract  The Hilbert-Einstein field equations describe the structure of space-time
in the general theory of relativity. Their simplified form, in a vacuum,
was discovered in 1913 by Marcel Grossmann in two joint publications
with Einstein, who, for his part, rejected this idea and presented another
hypothesis... He reverted to Grossmann’s idea only two years later.

The first known solution was that of Schwarzschild that provides
the origin of the notion of a black hole. Let us also mention the Kerr
solution, plane gravitational waves, the general first order solution, the
successive approximations of the two black hole problem: hundreds of
rigourous solutions are known today.

The genesis of this discovery called for a series of curious coincidences.
The absolute differential calculus was a speciality only of the School of
Zirich, and it required an improbable meeting between this School,
Albert Einstein and the mathematician Marcel Grossmann, who was
also able to think as a pure physicist.

Keywords: General theory of relativity, Field equations, Vacuum

1. The Hilbert-Einstein field equation in vacuum

In the “flat” case of the special theory of relativity the proper time
s is given in terms of the space-time displacements by the classical
Minkowski expression

ds® = dt* — (da® + dy* + dz%)/c, (1)
where c is the velocity of light.
325
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For the general case we will write as usual : t = 2% 2/c = 2';y/c =
22; z/c = 23, (these superscripts are not exponents) and, with the usual
Einstein summation convention (summation on the indices that appear
both up and down), we obtain:

ds® = g (a°, 2", a?, 2%)dat da”. (2)

In the Minkowski case the matrix of the functions g,, is constant. It
has twelve zeros off the diagonal and +1, in the diagonal. In the general
case that matrix remains symmetrical: g,, = g,,. We will also need the
inverse matrix g"¥ which is given by:

9] =9"" g9 =0 (3)

The Christoffel brackets are then

F,ﬁu = (1/2)9)\9[9#@,11 + Gou,p — Guv,0> (4)

where gog~ = 0¢ap/0x”, and the components Ry, of the Ricci tensor
are:

R.UU = F});,U,)\ - F;);)\,v + Fﬁvri)\)\ - Fz)\rﬁg (5)

Notice that, if A is the determinant of the matrix g, the terms I‘fb\
and Fg)\ are simply
I, =A04/2A. (6)

Hence, if we put
(1/2)In|A[ =L, (7)

the expression in equation (5) for the function R, can be simplified to

A A
Ry = F;w,)\ — Ly + Pﬁvlﬂg - Fi/\rvg' (8)
This latter expression allows us to verify easily the symmetry of the
Ricci tensor, and to notice that if A is constant then half of the terms
of equation (5) vanish.
In a vacuum the Hilbert-Einstein field equation reduces to

Ruv + Ag;,L’U = 0’ (9)

where A is the cosmological constant. If A = 0 we obtain the Grossmann
equation
R, = 0. (10)
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2. Some classical solutions

The Schwarzschild solution was the first known solution of the Gross-
mann equation (beside the Minkowski ds? of course).

Scharzschild uses spherical coordinates ¢,r, 9, (time, distance, co-
latitude, longitude), and considers the space-time curvature around a
spherical body of mass M, obtaining the following expression for ds?

ds* = F(r)dt* — (1/c*).[dr?/F(r)] + r2d¥* + r?sin? 9dp?,  (11)

with -
F(r)=1-(—), (12)

r

where m = GC—QM is the relativistic radius of the mass M.

If M = 0, we find again the Minkowski ds? of equation (1), in spherical
coordinates. If A = 0, the function F(r) becomes

2

2m T
Fry=1-(—) - (A—). 13
(=1~ (")~ (A5 ) (13)
For A = 0 the two most famous alternative representations of the

Schwarschild ds? are the following

= The Robertson ds?. Robertson uses a radial distance p related to
the r of Schwarzschild by

r=o0+m+ (m?/4). (14)

He also uses three Cartesian coordinates given by the usual
Eulerian relations

r = gsindcosp, y=psindsingy, z= pcosd. (15)

Then, for the same ds2, we obtain the simple Robertson form

ds? = f(o)dt* — [925)](@52 + dy? + dz?), (16)
with 0 ) )
_\ee—m : _ Zm
flo) = [(2Q+m)]2 ;o o9(e) =[1+( . " (17)

s The Painlevé ds?. This involves only one transformation of
coordinates: the Painlevé time 7 that is given by:
2me -2
T=t+( m)ln[(r m)

c 2m

I (18)
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with € = constant = +1, which gives

1 2
ds* = dr® — (—2)[d7‘2 + r2d? 4 r? sin® 9dyp?] — (—m)[dT +¢e/c)dr]?
c r
(19)
The first two terms give the usual Minkowski ds? and the remain-

der has no singularity at » = 2m; that singularity in the Schwarz-
schild ds? is only an artificial singularity.

For A # 0, the Painlevé form remains simple

1 2m  Ar?
ds* = d7'2——2[dr2+r2d192+r2sin219d902]— [—m+—702][dT—l—E)dr]z7
c r 3c c
(20)
with
2 Ar?
T =t+h(r);dh/dr = e(1—F)/cF;F =1— (Tm) - 37;). (21)

The Kerr solution generalizes the Schwarzschild ds? to a rotating
black hole, with an angular momentum A and the corresponding
length a = Mic, that always satisfies |a| < m.

ds* = dt* —2mr[dt — M)]ZD_l _ (r? + a?) sin? ¥dp?
c 2
D dr?
—2l ) (22)

with D = r? + a%cos® ¥, E = r%2 — 2mr + d°.
A Painlevé form exists for this Kerr ds?. Let us define the new
variables t, and ¢, by

2mredr 2mraedr

dt, = dt + ( e ); SDnZdQO‘F[W]a (23)

with € = constant = +1.

The parameters t,, r, ¥ and ¢, can be called “spheroidal parameters”
since for them the Minkowski ds? is written

dr?

1
dsi, = dt? — —
SMm n ( (r2—|—a2)}

6—2)(7“2 + a®cos*9)[dv? + + (r? + a?) sin® 9?2,

(24)

It is easy to verify that, with ¢ = (724 a?)sin?9 and z = 7 cos ¥, the

four parameters t, , 9, z, @, are usual cylindrical parameters, with the
corresponding ds3,.
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With D given by equation (22), the Kerr ds? is then
ds* = ds%; — 2mrlcdt, — asin® 9dp, Dedr /v + a?)]? /Dc?. (25)

The case a = 0 in equations (22)-(25) gives the Schwarzschild case of
equations (11)-(19) with ¢, = 7 and ¢, = ¢.

A third classical solution of the Grossmann equation is the “plane
gravitational wave”, with u = ct - x:

ds? = Adt* — da® — dy? — d2* — f(u,y, 2)(cdt — dx)?. (26)

These waves move in the = direction at the velocity of light, and the
function f has a wide freedom; it is only subjected to the contraint

0?f  O*f
Oy? + 022 =0

(27)

Notice that the expression equation (26) has the Painlevé form: a
Minkowski ds? minus the product of a space-time function by the square
of a sum of differentials. Furthermore these three sums of differentials
given in equations (19), (25) and (26) have the following common point:
their ds® can be written

Ads? = Adt* —da® —dy? —d2* — f(t, z,y, 2)(cdt—adz— Bdy—~ydz)?, (28)
with, for the three functions «, 8 and (¢, z, y, 2)
o+ 32+ =1 (29)

This remarkable property has been observed in many of the other
rigorous solutions of the Grossmann equation.

It is possible to generalize the plane gravitational waves to the case
of a non zero cosmological constant A.

We will use the cylindrical space-time coordinates ¢, x,r, 9 with y =
rcosd, z =rsind and v = ¢t — x, and we will obtain

ds? = f(u,r,9)du® — 2g(r)dzdu — dr’h(r)dv*. (30)

The two functions ¢g(r) and h(r) are imposed; they are only functions
of A with the length K = 2c|3Lambda|~%% and with the following

For A >0, g(r) = cos(r/K)*3,  h(r) = K2¢(r)tan®(r/K), (31)

For A <0, g(r) = cosh(r/K)4/3, h(r) = K*g(r) tanh®(r/K).
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On the contrary the function f(u,r, ) retains a wide freedom and is
only subjected to the following condition that generalizes equation (27)

WL [P (2{)(2’;)]:@9) {f%f/g)}

2 (32)

= 0.5

2 o o™ h(r) or or
Another beautiful result is the general first order solution of the Gross-

mann equation. We will choose the velocity ¢ as our unit of velocity and

obtain

1 A,23 B,13 C,12
Aoz —1 —Co3 —Bp2
Bz —Cpos —1 —A o1
Ci2 —Bopa —Ag —1

9w = fuv =+ fou+second order+ - (33)

The four functions f,, and their partial derivatives correspond to the
modifications of referentials. The three “intrinsic” functions A, B, and

C (2%, xt x2, x3) satisfy the conditions

(A+B+C)70123 =0;04=0;0B=0;0C =0, (34)

where the sign [ is the expression of the “D’Alembertian”: OF =
Foo — F11 — Fa2 — Fi33. For instance, for the Robertson form of the
Schwarzschild ds?, we obtain

o=l +y?+ 2212 fo=L; fi =0.5mLn[{]

—~
|

fo=05mLn[{E49] ; f3 = 05mLn[{£ 2] (35)

~—

A=mttan"'(2) ; B=mttan"}(2); C = mttan"!(22)

Yz Tz Ty

3. Short historical background

A series of improbable coincidences is at the origin of the
general theory of relativity.

1820-1830. Birth of non-Euclidian geometries (Gauss, Lobatchevski,
Bolyai).

1826-1866. Bernhardt Riemann.
1867. Publication of Riemann’s general theory of “Riemannian spaces”.

1829-1900. Elwin Bruno Christoffel, professor at the Ziirich poly-
technicum (1862-1869). “On the transformation of homogemneous
quadratic forms” (1869).
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1853-1925. Gregorio Ricci-Curbastro. Tensorial Analysis and absolute dif-
ferential calculus.

1878-1936. Marcel Grossmann, student of Minkowski, friend of
Einstein and successor of Christoffel, after 1907, at the Ziirich
polytechnicum. Reports on the works of Christoffel and Ricci-
Curbastro.

1907 and 1911. Einstein looks for a generalization of relativity.

1912. Einstein becomes professor at the Ziirich Polytechnicum
(after two years at Prague University and the refusal of a post at Utrecht
University). In Ziirich he asks for the help of Grossmann in his
researches on relativity.

1912. With mathematical and physical considerations, Gross-
man reaches the conclusion that the real physical space-time
is a Riemannian space and that in vacuum it must obey the
equation R, = 0. This is the simplest covariant solution for
a space-time with gravitation. (Publication in June 1913; see
references.

1913. In the same publications, Einstein gives several reasons
to refute the Grossmann solution and presents his own (non-
covariant) solution. There is a falling out between the two friends;
they will never work together again. The non covariant solution of Ein-
stein gives the Newtonian curvature of light beams. The astronomers
try unsucessfully to detect that curvature on their old pictures of solar
eclipses.

1914 March. Einstein goes back to Berlin.

1914 Spring. Erwin Freundlich (Berlin-Babelsberg Observatory) prepares
for the observation of the total solar eclipse of August 21, 1914. He
receives 2000 Marks (of that time) from the Royal Prussian Academy
of Sciences, and then 3000 Marks from the firm Krupp. He buys the
best optical equipment for parallactic measures, those coming from the
specialized optical firms of Iena (and much better than Eddington’s
equipment of the eclipse of 1919).

1914, July 25. Freundlich and his team arrive in Theodosia (Crimea).
They meet the other teams (Russian, Italian, Spanish, British, French,
American) and, proudly, prepare their supermaterial.

1914 August 1. Germany declares war on Russia. Freundlich and
his team are placed under house-arrest, they give their material to be
kept in Theodosia and are sent to Odessa August 5. They will be ex-
changed later.
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1914 November 30. The report of the Spanish team emphasizes the good
meteorological conditions of observation of the eclipse at Theodosia.

1914 November. The German optical material arrives at the University
of Odessa.

1915 September. Einstein leaves Berlin for two weeks and goes to Ziirich.
Notice, of course, the very bad wartime communications between outside
and Germany, but Switzerland was neutral...

1915 October. Back to Berlin, Einstein forsakes his one year research on
magnetism and hastily returns to the study of general relativity.

1915 November 4, 11, 18. Einstein publishes three successive, and con-
tradictory, notes on general relativity in the publications of the Royal
Prussian Academy of Sciences. These notes are based on the Gross-
mann equation, that gives a deviation of light beams twice
larger than the Newtonian one. Unfortunately he never gave credit
to Grossmann for his equation.

1915 November 16. Hilbert presents his own results on general relativity
at Gottingen. He had sent a letter to Einstein on the subject and had
invited him. Einstein refuses to come, he answers November 18 and
modifies the text of his third note that was already in press...

The remainder is simple...
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