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Preface

Recently, multi-way data or tensor data have been employed in various applied
fields (see Morup 2011). Multi-way data are familiar to statisticians as contingency
tables. The difference between tensor data and contingency tables is that a con-
tingency table describes count data, and therefore, its entries are necessarily inte-
gers, whereas the entries of a tensor datum are real numbers. The main feature of
data analysis is often to decompose a datum into simple parts and extract its main
parts. For example, Fourier analysis of a signal decomposes the signal into many
parts with different frequencies and extracts the main frequencies contained in the
signal. Similarly, we consider the decomposition of a tensor datum into a sum of
rank-1 tensors, where rank-1 tensors are considered to be the simplest tensors. The
minimal length of the rank-1 tensors in the sum is called the rank of the tensor. The
objective of rank determination is to answer the question, “How many rank-1
tensors are required to express the given tensor?” In other words, we must find the
simplest structure in a given datum. Thus, tensor rank is important for data analysts.
In matrix theory, rank plays a key role and expresses the complexity of a matrix.
Similarly, tensor rank is considered as an index of the complexity of a tensor.
However, it is difficult to determine the tensor rank of a given tensor even for
tensors of small size. Tensor rank also depends on the basis field; for example, the
rank may be different in the cases of the complex number field C and the real
number field R. Many researchers have explored tensor ranks over the complex
number field, where the property of algebraic closedness of the complex number
field often makes the theory clear or easy.

In this book, we focus on the rank over the real number field R, which is
particularly interesting for statisticians. Rank-1 decomposition was first introduced
by Hitchcock 1927, and he referred to it as a polyadic form. Subsequently, several
authors investigated tensor rank, including Kruskal (1977), Ja’Ja’ (1979), Atkinson
and Stephens (1979), Atkinson and Lloyd (1980), Strassen (1983), and ten Berge
(2000). In recent years, interest in tensor rank has been rekindled among several
mathematicians, including Kolda and Bader (2009), de Silva and Lim (2008),
Friedland (2012), Landsberg (2012), De Lathauwer et al. (2000), and Ottaviani
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(2013). In addition, nonnegative tensors have been the subject of many studies on
applied data analysis (see, for example, Cichocki et al. 2009). In this expository
book, we mainly treat maximal rank and typical rank of real 2-tensors and real
3-tensors, and we summarize our research results obtained over nearly eight years
since 2008. The maximal rank of size (m, n, p) tensors is the largest rank of tensors
of this size, whereas the typical rank of size (m, n, p) tensors is a rank such that the
set of tensors of rank r has a positive measure. Here, we re-emphasize that this book
treats both tensor rank and typical ranks over the real number field.

This book is organized into eight chapters. Chapter 1 presents the terminologies
and basic notions. Chapter 2 introduces propositions that characterize tensor rank.
In consideration of beginners or novices, Chap. 3 treats simple and ad hoc evalu-
ation methods of tensor rank by column and row operations as well as matrix
diagonalization for tensors of small size (2 X 2 x 2,2 x 2 x 3,2 x 3 x 3, and
3 x 3 x 3). Chapter 4 introduces an absolutely nonsingular tensor and a determinant
polynomial. In addition, it discusses the relation between (i) the existence of
absolutely nonsingular tensors and Hurwitz-Radon numbers and (ii) absolutely full
column tensors and bilinear forms. Chapter 5 treats the maximal rank of m x n x 2
and m x n x 3 tensors. Chapter 6 treats generic ranks and typical ranks of quasi-tall
tensors. Chapter 7 presents an overview of the global theory of tensor rank and
discusses the Jacobian method. Finally, Chap. 8 treats 2 x 2 x --- x 2 tensors.

Toshio Sakata
Toshio Sumi
Mitsuhiro Miyazaki
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Chapter 1
Basics of Tensor Rank

In this chapter we introduce the basic concepts of tensor rank.

1.1 Tensor in Statistics

In statistical data analysis, a tensor is a multi-way array datum. Just as the complexity
of a matrix datum is described by its matrix rank, the complexity of a tensor datum is
described by its tensor rank. In this chapter, we review several fundamental concepts
of tensor rank. Typical rank and maximal rank are treated in later chapters. A historical
reference is Hitchcock (1927). Useful introductory references for the basics of tensor
rank include Kolda and Bader (2009), De Lathauwer et al. (2000), and Lim (2014).
For further reading, refer to Ja’Ja’ (1979), Kruskal (1977), Strassen (1983), ten Berge
(2000), Comon et al. (2009), and Landsberg (2012). For tensor algebra, we refer to
the book by Northcott (2008). First, we define a tensor datum over a basis field F.

Definition 1.1 A multi-way array T = (Ti,4,..5.), 1 < i1 < Ni,...,1 <ig < Ng,
is called a K-way tensor with size (N1, Na, ..., Ng).

Remark 1.1 For short, we use “N; x - -- X Nk tensor” instead of “a tensor T of size
(N1, ...,Ng)”, especially when K is small.

Definition 1.2 The set of K-way tensors with size (Ni, N, ..., Ng) over F is
denoted by T (N1, ..., Ni) or simply FN1>>Ne,

In this book, we consider the case of F = C and R, and we omit [ from the suffixes
when there is no scope for confusion. Hence, the set Tr(Vy, . . ., Ng) is often denoted
as T(Ny, . .., Nx) without confusion. Further, note that F¥1>**Vx ig equal to FNi-Vk
as a set.

For statisticians, a tensor as a multi-way array is familiar as a higher-order con-
tingency table. The difference is that a contingency table takes integer values as
elements, whereas an array tensor takes arbitrary real values, complex values, or
elements of an arbitrary field K.

© The Author(s) 2016 1
T. Sakata et al., Algebraic and Computational Aspects of Real Tensor Ranks,
JSS Research Series in Statistics, DOI 10.1007/978-4-431-55459-2_1



2 1 Basics of Tensor Rank

A tensor is a multi-array datum (this is a 3-tensor)

On the other hand, for mathematicians, a tensor is familiar as an element of a
tensor product of vector spaces.

Definition 1.3 Let V; = FV with a fixed basis {v;, . . ., vin,}, where v; = (0, ..., 0,
1,...,07 (1in the jth position) for 1 < i < K. Then, the tensor product V| ® V, ®
-+ - ® Vi is a vector space over IF with a basis {vi;, ® v2;, ® - - - Qvi;, |1 <i; < N;,j =
1,2, ..., K} and the elements of the tensor products V| ® V, ® - - - ® Vi are called
K-mode tensors.

The two concepts of multi-way tensors in statistics and tensors in algebra are mutually
exchangeable. Since {vi; ® va;, ® -+ @ vk; |l < i; < N;,j =1,2,...,K}isa
basisof Vi ® V, ® - - - ® Vi over F, there is a one-to-one correspondence between
Tr(Ny,....Ng) and V; @ V, ® --- @ Vg, where T = (T,,..;,) corresponds to
Zf\ll‘:l e Zf\,/f:l T,..ixV1i, ® - - - ® v;, . For example, a tensor (a;, az) ® (b1, by) ®
(c1, c2) corresponds to a 2 x 2 x 2 array tensor T = (Tjx) = (a;bjcj). Under this
identification, we treat an elementof V, ® Vo, ® - - - ® Vg and an N X - - - X N multi-
way tensor reversibly and call both of them simply as a K-tensor without confusion.
Note that we are concerend mainly with 3-tensors.
Now, we define rank-1 tensors.

Definition 1.4 A nonzero K-tensor T = (T;,. ;) is called a rank-1 tensor if 7 =
(Ty,..ix) = (aij1 - . . aiyx) for some vectors ay, . . ., ak.

Below, we illustrate a 3-tensor of rank 1.

A rank-1 tensor
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Here, we note that any K-tensor T = (T;
tensors as follows:

,...i) can be expressed as a set of (K — 1)

T=(T;...;Tg), Ty
=T iy k1l <0 =Ny, ..., 1 Sig1 EN—p), 1 k=K.

In particular, when K = 3, any 3-tensor 7' = (T}, ;) can be expressed as slices of
matrices:

T=Ty;..;7Tx), Ty = Tyixll =iy <Nj, and 1 <ip <N,), 1<k=<K.

This is called a slice representation along the third axis of a 3-tensor T and is often
used in subsequent sections. For a 3-tensor, a slice representation along the first and
second axes are also defined similarly.

Example 1.1 A rank-1 tensor T with size 2 x 2 x 2 is a tensor T = (T},;,;,), Where
Ti i, = aiybiyciy, 1 < i) < 2,1 <ip <2,1 < i3 <2 for some two-dimensional
vector a = (aj,ax), b = (b1, by), ¢ = (cy, ¢3). For example, when a = (1, 2),
b=3,4),c=(5,6),

1520\ (1824
T=a®b®c= ((3040)’ (3648))

Example 1.2 1f a size (N1, N>, N3) tensor P = (p;;) expresses a joint probability
function of three discrete random variables, the independence model is equivalent to
P being a rank-1 tensor.

is a rank-1 tensor.

The PARAFAC model for a tensor decomposes the tensor into a sum of rank-1
tensors.

Definition 1.5 For a tensor 7' = (T}, ;.1 < iy < Ni,...,1 < ix < Ng), the
PARAFAC model describes (decomposes) T as T = Ty + --- + Ty, where T; is a
rank-1 tensor.

Tensor rank is defined as follows.

Definition 1.6 Fora K tensorve V=V, ® - - - ® Vi, the minimum integer r such
that there is an expression v = v; +- - - +v,, where v; € V are rank-1 tensors, is called
the tensor rank of v and is denoted by ranky (v). Correspondingly, for a K-tensor T,
the minimum integer r such that there is an expression T = T + - - - + T, where T;
are rank-1 tensors, is called a tensor rank of 7" and denoted by ranky (7).

Below, we illustrate a rank-r 3-tensor.



4 1 Basics of Tensor Rank

Tensor decomposition into a sum of rank-1 tensors

o

' o

aj dr

Note that ranky(7') is considered an index of complexity of a tensor 7" similar to
matrix rank. In fact, it has been studied in the field of arithmetic complexity (see, for
example, Strassen 1983).

By the definition of tensor rank, the following lemma holds immediately.

Lemma 1.1 For tensors Ty and T,
rank(T; + T,) < rank(T}) + rank(73).

We also remark that any nonzero 1-tensor, i.e., a nonzero vector, has rank 1.
Next, we describe the properties of rank for a K-mode tensor. Here, we note that

Vig - ®@Vg =(V1® - @V)Q (Vi1 ®---® Vi) forany Lwith1 <L < K —1.

We also note the following lemma.

Lemmal2 LetveViQ---QV,we Vi 1 ®: - ® Vg. Then, v Q wis of rank 1
if and only if v is of rank 1 in the space V| @ - - - ® Vi, and w is of rank 1 in the space
Vip1 ® - ® Vi

Proof This is due to the definition of a rank-1 tensor.

Now, we prove the following.

Lemma 1.3 Supposethatv e Vi®---QVyandw € Vi 11 ®---® Vg, rank(v) = a
and rank(w) = b, as an element of Vi ® - - - Q Vp and Vi1 ® - - - ® Vi, respectively.
Then, rank(v ® w) < ab.

Proof Write v = Z;’:] Vi1 ®- - Qv andw = Z;’:l Wi+ ® -+ - @ wig. Then,

a b
V®w=zzvi1®~~®ViL®W_,'(L+1)®-~-®Wj1<-
i=1 j=1

The assertion holds from this equation.
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Corollary 1.1 Forx € Vi®---®Vk, letx = Z{;l Vi®z;, wherey; € Vi®---QVk_i

and z; € Vi for 1 < i < p. Suppose that y; € (vy, ..., v,) with rank(v;) = 1 for
1 <i < p, where (vq,...,V,) is the vector space of Vi ® - - - @ Vk_, generated by
Vi, ..., V. Then,

rank(x) < r. (1.1.1)

Proof This is merely a corollary of Lemma 1.3; however, we repeat the proof for the

, . r .
readers’ convenience. Set y; = ijl c;jvj for 1 <i < p, where ¢;; € IF. Then,

14
X = Zy; ® zi
i=1
p r
= Z (z C,’jVj) ® Zi
i=1 \J=1
r 14
= Z Vj ® (Z CijZi) .
j=1 i=1

Since Zf: 1 €ijZi € Vi is of rank 1, from Lemma 1.2, this means that rank (x) < r.

Corollary 1.2 Letx € Vi®---Q Vg andx = Zjvz’(l Y ®vk j, wherey, e Vi®---®
Vk_1forl <j < Ng.SetQ ={r|vi,...,v, € Vi®---QVk_; suchthatrank(v;) = 1

forl1 <i<randy; € (vi,...,v,) for1 <j < Ng}. Then, rank(x) = min .

Proof Since Vi ® - - - ® Vk_1 is spanned by {vi;, ® - - - @ Vk—1)iy_ |11 <j < N;, 1 <
J < K-—1},andrank(vy;, ® - - - @ V(g —1)i_,)) = 1 forany iy, ..., ix_1), we see that
the set of 2 is not empty. Let r be the minimum integer of 2. Then, rank(x) < r by
definition. Suppose that rank (x) < s < r. Then, we have

s
X = Zyli & - ®Yk-1)i ® Vi,

i=1

where z; = y;; ® - - - ® y«x—1); is of rank 1 by Lemma 1.2, and therefore, s € €. This
is a contradiction.

Further, we have the following.

Proposition 1.1
K
rank(T) < max.rank(Vy, ..., Ny) [ [T M
j=k+1

Proof Let us denote max.rank(Ny, ..., N;) as max.rank here. By assumption, any
T has the expression
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Nj Nini
T= E E E Vi @@V @V, ® - @V
ii=1ij1=1
j+l N]( Nl
= 2 E E E Vi, K & th ® vsz ®--Q Vigs
ij=1 ix=1 1 ij=1
Nj1 Nk max.rank

Z Z Z bi®---® blk ® Vi R Vig,s

l/+1 1 11( 1 k=1

max.rank Njt1

> 2 wa@ " ®bjk @iy ® - @ Vi

k=1 ijp=1 ix=1

This proves the assertion.

As a corollary, we have the following.

Proposition1.2 ForT e Vi ®--- Q@ Vgand1 <j <K,

i—1 K
rank(T)g(HNu) JIRAE (1.1.2)

u=1 u=j+1
Proof 1t suffices to use Proposition 1.1 inductively.

Since any nonzero vector has rank 1, we also see the following.

Proposition 1.3 Let T be a 2-mode tensor, i.e., a matrix with column vectors
Vi, ..., Vn,. Then, rank(T) = dim(vy,...,vy,), L.e., the tensor rank of T is the
same as the one defined in linear algebra.

1.2 Kronecker Product

Here, we review the Kronecker product between matrices A and B. The Kronecker
product might be more familiar than the tensor product to researchers in the field of
statistics.

Definition 1.7 For matrices A = (a;;) and B, the Kronecker product ®y, of A and B
is defined by
A ®y B = (a;B). (1.2.1)

Note that A ®p, B is an mmy X nin, matrix if A and B are an m; X n; matrix and an
my X np matrix, respectively. The Kronecker product can also be defined between a
matrix and a vector or between two vectors.
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Remark 1.2 Usually, ®y, is simply denoted as ®. However, we use a new symbol
®yr to avoid confusion with the tensor product.

The following holds.
Proposition 1.4 (The fundamental properties of ®y,)

(1) A+B) @i C=AQ, C+BQ C,and AQ; (B+C) =AQ B+AQy C.
(2) (A Qu B)T =AT Qkr BT,

(3) (A®i B! =A"! ®i B~! if A and B are nonsingular.

(4) (A ®ir B)(C & D) = AC ®y BD if AC and BD are definable.

1.3 Vec and Tens

Here, for a tensor T, we define the vec (vectorization) operator and its inverse (ten-
sorization) operator fens for later use.

Definition 1.8 vec is defined as the linear map from V; ® - - - ® Vi to FM N such
that
vec(a1 ® --- ®ag) = a) Qp - - - Qpr ag. (1.3.1)

This map is an isomorphism, and the inverse map is called a tensorization of a vector
v, denoted by tens(v).

Example 1.3 Let T = (Tjx) be a 2 x 2 x 2 tensor and Ty = 1, Tipp = 2,
oy = 3, Ty = 4, Tip = 5, Ty = 6, Torp = 7, Trp = 8. Then,
vec(T) = (1,2,3,4,5,6,7,8)7, and conversely, tens(vec(T)) = T. Note that T
has a slice representation along the third axis such that

r=((3):G9)

The following proposition holds.

Proposition 1.5 Let vi € FV v, € T ... vg € F¥ and A, A, ..., Ax be
matrices of size My X N1, M, X N3, ..., Mg X Nk, respectively. Then,

(Al O A2 Qi+ -+ Qur Ak )vec(V @12 @ - - - Q@ vg) = vec(A1v @A ® - - - @Ak vk).
Proof From the definition of vec and property 4 of Proposition 1.4,

vec(A1vi ® Aava ® - - - @ Agvk) = A1vi Qpr Aava Qpy - - - Qpr Ak VK
= (A] Qkr A2 ®y +* * Qkr Ak) (V1 Bk V2 O+ * Okr VK)
= (A1 Qpr A2 Q- - Qr Ag)vec(vi @ V2 ® - - ® vk).

This proves the assertion.
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Let A be an m x n matrix. By abuse of notation, we denote by A the linear map

F" — F"; v — Av. Let A; be M; x N; matrices for 1 <i < K. Set W; = F™_ Then,

Al Qpy -+ - Qi Ag is alinear map from Vi ® - - @ Vg to W ® - - - ® Wx defined by
AIT® @AM Q- Qvk) =A1(v) Q- @Ak (vk).

By Proposition 1.5, we see that the following diagram is commutative:

A1®--®Ag
s

Viw--® Vg W - Wk
FNI"'NK A Q- ®irAk IFM]"'MK.
We also note the following fact.
Proposition 1.6
rank((A1 ® --- ® Ax)T) < rank(T) (1.3.2)

foranyT e V; ® --- @ Vk.

Proof Setr =rank(T) and T = Z;zl v ® - -+ ® vk;. Then,
A Q@ - @A) = ZAIVI:‘ ® - ®AgVvki.
i=1

Thus, rank((A; ® - - - @ Ag)(T)) < r.

1.4 Mode Products

Let M be an m x N, matrix. For T € V| ® - - - ® Vi, we define the n-mode product
T x, A between T and A as follows.

Definition 1.9
T XnM = (EN] ® .. 'Equ ®M ®ENn+l ® see ®ENK)(T)

By the commutativity of the above diagram, we obtain the following proposition.

Proposition 1.7

(I)TXli Xy My =T X, My X, My, (m;én)
(2) T xpyMy X, My =T X, (MZMI)’ (m= n)
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Proof First, we prove (1). If m < n, then

(Eny, ® - ®Ey, @My ®Ey, ® - QEy)(Ey, ® - ®
Ey, , @M ®Ey,,, ® - ® Ey,)

m—1

=(Ey ® - QFEN, , ®M| Q Ey,

m+1

Q- ®EyN, QM ®EN,,, ® - QEy,),
and

(Ex, ® - ®Ey, , @M ®Ey,., ®- - ®Ey)(Ey, ® - ®
Ey, , @M, QEy,,, ®---®Ey,)

n—1

= (EN] ®"'®ENm71 ® M, @ENerl @...@ENH ®M2®EN,H] ®"'®ENK)-
This proves (1). If m = n,

(Exy, ® - ®Ey, , @M, ®Ey,., ®- - @En)(Ey, ® - ®
Ey, , @M ® Ey,,, ® --- ® ENg)

m—1

=(Ey ® - ®Ey, , MM, ® Ey,,, @+ ® Eyy).

This proves (2).

1.5 Invariance

Let GL(N) denote the set of nonsingular N x N matrices. Suppose that M; € GL(Nj)
for1 <i <K.Then, M| ® --- ® Mg is an endomorphism of V| ® - - - ® V. Since
Ml_l Q- (X)MI;1 is the inverse of M| ® - - - @ Mg, we see that M| ® - - - ® Mk is an
automorphism of V| ® - - - ® Vk. The following invariance property of tensor rank
holds, which is quite important.

Proposition 1.8 Ser g =M, ® - - - @ Mg. Then,
rank(g7) = rank(7). (1.5.1)

Proof By Proposition 1.6,
rank (g7") < rank(T)

holds, and for the same reason,
rank(T) = rank(g’lgT) < rank(gT)

holds. Thus, rank(7") = rank(g7'), which proves the assertion.
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1.6 Flattening of Tensors

There are several ways to matricize a tensor, referred to as flattening, by which we
can determine some properties of the tensor. In this section, we define a type of
flattening following Kolda and Bader (2009). In Chap. 2, we will define another type
of flattening.

Definition 1.10 Letf: V| ® - @ Vxk — Vi® FM-Ni-Nk e 3 linear map such that
filal ® - Qak) = a; ® (ag O+ +* Opr i1 Opr i1 Opr + -+ Qpr @) (1.6.1)

Remark 1.3 We identify an element of a tensor product of two vector spaces with a
matrix. By this identification,

filar ® - ®ag) = ai(ag Q-+ Oy Gip1 Oy Aim1 ®pr -+ ®prar)’. (1.6.2)
Before proceeding, we note that
Vie - Q@Vk=V1® -0V)® (Viy1 ®---Q Vk).

In particular, since V; @ - - - Q@ Vg =V, Q VI ® - - - ® ‘7[®~-~® Vi for any i, the
following hold.

Proposition 1.9

rank(7;) < rank(T), (1.6.3)
iLe.,
max.rank {7 ;|1 < i < K} < rank(T). (1.6.4)
Proposition 1.10
(T X M)(,‘) = MT(,‘). (165)

Proof This follows from the commutativity of the following diagram.

E1®®Ey, | ®MQEy,, | ®®Ex
Vi - ® Vg Vi -®Vk

l !

Vi ® ]FN]...N,...N[( MQE V[ ® IE‘N]...Ni...NK.
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Chapter 2
3-Tensors

We summarize several concepts for 3-tensors in this chapter.

2.1 New Flattenings of 3-Tensors

Now, let T = (Tjj) be an N1 x N, x N3 tensor. We denote T = (T1; T»; .. .; Ty,),
where T} are N; x N, matrices defined by Ty = (Tj|l <i <N, 1 <j<N,), 1<
k < K. Here, for 3-tensors, we define other flattenings besides the one given in
Sect. 1.6.

Definition 2.1 For T’ = (T;; T»; . .. ; Tn,) where T is an N; x N, matrix, we set
1 (T) =T\, Tn, ..., Tn,), 2.1.1)
which is an N; x N>N3 matrix,
and
T,
T
L@ =] . |. (2.1.2)
Ty,

We also provide the following definition.

Definition 2.2 For an m x N; matrix P and an N, x n matrix Q, we set

PTQ = (PT,Q, PTy,0, PTy,0).

Remark 2.1
PTQ = (P ® Q" ® Ey,)T.

© The Author(s) 2016 11
T. Sakata et al., Algebraic and Computational Aspects of Real Tensor Ranks,
JSS Research Series in Statistics, DOI 10.1007/978-4-431-55459-2_2
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By Proposition 1.8, if P and Q are nonsingular matrices, then

rank (PTQ) = rank(T). (2.1.3)

2.2 Characterization of Tensor Rank

Next, we present a characterization of tensor rank through a joint digitalization. Let
T =(Ay;...;Ap) be a 3-tensor.

Proposition 2.1 The rank of T is less than or equal to r if and only if there are
an m X r matrix P, r X r diagonal matrices D;, and an r x n matrix Q such that
Ay =PDQ,...,A, =PD,0.

Proof Assume that rank(7) <r and set T = a1 b1 Qc1+---+a, ® b, Q ¢,.

Further, set ¢; = (ci1, ..., cp)" for 1 <i <r. Then, Ay = > -1 CaBi with B; =
by

aibl-T. Since T = (Ay;...;A,), if weset P = (ay,...,a,), Q= © |, and Dy =
bT

Diag(cig, ¢k, - - - Cr)s

PDQ = A, 1 <k <p.

Conversely, suppose that there are an m x r matrix P, an r x r diagonal matrix Dy
for 1 <k < p, and an r x n matrix Q such that

PDQ =A;, 1 <k =<p.

by

Set P=(ay,...,a,), Q= - |, and Dy = Diag(cik, coxs - -5 cn), 1 <k <p.
bl

Further, set ¢; = (¢;q, . . ., c,-,,)T for1 <i < r. Since Z;zl cika,-biT =Ai, 1 <k <p,

T = ZLI a; ® b; ® c;, which completes the proof.
Thus, we have the following.

Proposition 2.2 The rank of T is the minimum integer r such that there are anm X r
matrix P, r X r diagonal matrices D; (1 <i < p), and an r X n matrix Q such that
Ay =PD\Q,...,A, =PD,0.

We have the following corollary, and the proof is trivial and omitted.

Corollary 2.1 Let T = (A1;Az;...;Ay) be a mxnxp tensor. Let Tyy =
(A1; Ay ... Ap) with k < p. Then rank(Ty,;,) < rank(T).

The next proposition is deduced from Proposition 1.6 in Chap. 1.


http://dx.doi.org/10.1007/978-4-431-55459-2_1
http://dx.doi.org/10.1007/978-4-431-55459-2_1

2.2 Characterization of Tensor Rank 13

Proposition 2.3 Let T € T(m, n, p) be expressedas T = (A; Ay; ...} A,). Letr =

max{rank(ciA; + --- + ¢,A))lc1, ..., ¢, € F}. Then, rank(T) > r.
Proof Set C = Diag(cy, ..., ¢p). Then, by Proposition 1.6, it holds that
rank((E,, ® E, ® C)T) < rank(T). 2.2.1)

Since (E,, ® E, ® C)T = c1A; + - - - + ¢,A,,, the result follows.

In general, proving that T has a rank larger than r is not as easy as proving that T
has a rank less than or equal to r. The following proposition represents such a case.

Proposition 2.4 Let TeT (n, (im — 1)n, m) be expressed as m slices of nx(m — 1)n
matrices, i.e., T = (A1;Az;...;A,), where A; = (Ey, Opxm—1)n), A2 = (Onxn,
E,, 011><n(m—2)))- Ayl = (On,(m_z)n, E), A, =X, Y, ..., Y,_1). Assume that
any nontrivial linear combination of Yy, ..., Yu—1, E, is nonsingular. Then, rank(T)
>p=m-—1n.

Proof First, note that fl,(T)=" = E,, where M= denotes the upper p rows of
the matrix M. Therefore, we see that rank(7) = rank(fl;(7)=") = p. Then, by
Proposition?2.1, there are an m x p matrix P, p x p diagonal matrices D; for
1 <k <m,and ap x p matrix Q such that PD;Q = A, for 1 <k < m. Since

Ar ] PD,
A PD,
E, = : = : 0,
Amfl a PDmfl
Q is nonsingular and

[ PD,

. PD,

Q0 = :

_PDm—l

Set C = Q~!. Then, A;C = PD; for 1 <k <m. In particular, A,,C = PD,,. Since
A, = (Yy,...,Y,_1), it holds that

Yy,PD\+---+Y,_PD,_, — PD,, =0. 2.2.2)

Put D; = Diag(d;1, dp, ...,dj) for 1 <k <p and P = (uy,...,u,). From the
Eq.(2.2.2), for the jth column u; # 0 of C, it holds that

(djY1 +drjYo+ -+ dp_1;Yn—1 — dujE)u; =0,

which contradicts the assumption that any nontrivial linear combination of Y7, ...,
Y,—1, E, is nonsingular. Thus, rank(7T) > p = (m — D)n.
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Further, it is quite difficult to show that a tensor has a given rank. However, for some
cases, itis possible. Here, we introduce a criterion given by Bi for square-type tensors
(Bi2008).

Proposition 2.5 LetT = (Ay,...,A,) be ann x n X p tensor, where A, is nonsin-
gular. Then, T has rank n if and only if {AiAl_l,j =2,...,p} can be diagonalized
simultaneously.

Proof We first prove the “if” part. Since {AjAfl, j=2,...,p} are simultaneously
diagonalizable, there is a nonsingular n x n matrix P such that PAjAl_'P‘1 =D,
where D; is adiagonal matrix for2 <j < p.T' = (E,; AATY L A,,Al_l) and 7" =
(Ew; Da; ...; Dy)isequivalentto T and rank(7") < n.By Proposition 1.9, rank(T) <
n. By Proposition 1.9, rank(7”) > n and therefore rank(T) = rank(7”) = n. Next,
we prove the “only if” part. Assume that rank(7') = n. By Proposition 2.2, there are
n x n matrices P and Q and n x n diagonal matrices Dy for 1 < k < p. Since A,
is nonsingular, we see that P, D, and Q are nonsingular, and Al_' = Q’IDI_IP’I.
Therefore, A/-Al_l = PDJ-QQ’ID]_IP’1 = PDJ-D]_IP’1 for 2 <j < p. Thus, AjA,_1
are jointly diagonalizable. This proves the assertion.

From this, we have as a special case.

Corollary 2.2 Let T = (E,; A) be a tensor of size (n, n,2). Then, rank(T) = n if
and only if A is diagonalizable.

Next, we present a condition that a rectangle-type m X n x p tensor T has rank p
(see Sumi et al. 2015a).

Proposition 2.6 Let T € T'(n, (im — 1)n, m) be expressed as m slices of n X (m —
Dnmatrices, i.e., T = (A1; Az; ... ; Ap), where Ay = (Ey, Onxn—1)n), A2=(0pxn, Ey,
Onscnm=2))s « -+ » Am—1 = On,gn—2yn> En), Ay = (Y1, Y2, ..., Yyu—1). Then, T has rank
p if and only if there are P, D; = Diag(d;, dp, ..., d;), and Q such that A; =
PD;Q,i=1,...,mand

(djY1+drjYo+ - +dp_1jYm-1 — dpjE)u=0

for any column vector u of P.

Proof This is clear from the proof of Proposition?2.4.

2.3 Tensor Rank and Positive Polynomial

For an n x n x p tensor T with a slice representation 7' = (A1; Az; ...; A,), we
associate 7 with a polynomial fr(x), x € R”, given by

p
detr(x) = det (Z xiAi).

i=1
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If this polynomial is positive for all x = (xq, ..., x,) # 0, the tensor is called an
absolutely nonsingular tensor. Absolutely nonsingular tensors are closely related to
the rank determination problem (see Sakata et al. 2011 and Sumi et al. 2010, 2014,
2013). Therefore, we treat it in Chap. 5 in greater detail. Here, we only note that this
type of linear combination of matrices has been considered in the system stability
problem in engineering fields, and the positivity of multivariate polynomials has been
a central topic in the field of algebra with regard to Hilbert’s 17th problem.

If this polynomial is positive for all x = (x1, ..., x,) # 0, the tensor is called an
absolutely nonsingular tensor. Absolutely nonsingular tensors are closely related to
the rank determination problem (see Sakata et al. 2011 and Sumi et al. 2010, 2014,
2013). Therefore, we treat it in Chap. 5 in greater detail. Here, we only note that this
type of linear combination of matrices has been considered in the system stability
problem in engineering fields, and the positivity of multivariate polynomials has
been a central topic in the field of algebra with regard to Hilbert’s 17th problem. For
these topics, for example, see Artin (1927), de Loera and Santos (1996), Lasserre
(2010), Powers (2011), Powers and Reznick (2001, 2005), Prestel and Delzell (2001),
Rangel (2009), Schmiidgen (1991), Schweighofer (2002), and Stengle (1974). These
relations between several fields are quite interesting.
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Chapter 3
Simple Evaluation Methods of Tensor Rank

In this chapter, we illustrate simple evaluations of the rank of 3-tensors, which might
facilitate readers’ understanding of tensor rank. Throughout this section, we consider
ranks only over the real filed R, and we abbreviate the symbol R from all notations.
Here we consider the maximal rankof 2 x 2 x 2,2 x 2 x 3,2 x 3 x 3,and3 x 3 x
3 tensors. Note that “maximal rank” is simply the maximum of the rank in a set of a
type of tensors (see Chap. 5 for further details).

3.1 Key Lemma

Throughout this chapter, we use the following key lemma for evaluation of tensor
rank.

Lemma 3.1 Let T and Ty be n x n x 3 tensors and rank(Ty) = 1. Let T, = T —
Ty = (Ay; Ay; A3). Then if (1) A7 A; or (2) Ay' A, is diagonalizable, rank(T) <
n + 1 + rank(A3).

Proof For case (1), since AflT =Af1T1 + T, and T, = T» + T», where Tp; =
(E,; AflAg; 0) and 75, = (0; 0; AflAg),rank(T) :rank(AflT) < rank(AflTl) +
rank(75,)+ rank (7)< 1 4+ n+ rank(Al_' Az)= 1+ n+rank(A3). Case (2) is
proved similarly. This completes the proof.

Remark 3.1 This lemma is applicable to n x n x 2 tensors by considering A3 = 0.
_((*0). (8O
n=((50):(50))
00 00
= ((02):(65))
© The Author(s) 2016 17

T. Sakata et al., Algebraic and Computational Aspects of Real Tensor Ranks,
JSS Research Series in Statistics, DOI 10.1007/978-4-431-55459-2_3

Remark 3.2 For example,

and
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are 2 x 2 x 2 rank-1 tensors and

000 000 000
T, = a00];1B800]);{y00
000 000 000

is arank-1 3 x 3 x 3 tensor, which are used in the following sections.

3.2 Maximal Rank of 2 x 2 x 2 Tensors

A 2 x 2 x 2 tensor is the smallest tensor. We will present a short proof for the
following well-known fact.

Proposition 3.1 I holds that max.rank(2, 2, 2) = 3.

a0

01

vector, both of whose elements are not zeros. Then, for appropriate a, A is nonsingular
and A" B is diagonalizable, and setting T = (A; B), rank(T) < 2 by Lemma 3.2.

(2) Let A = ((l) 2) and B = (kb,, by), where b, is a two-dimensional vector, both

Lemma 3.2 (/)Let A = and B = (by, kby), where b is a two-dimensional

of whose elements are not zeros. Then, for appropriate «, A is nonsingular and A~' B
is diagonalizable, and setting T = (A; B), rank(T) < 2 by Lemma 3.2.

a0 a ka
Proof Proof of (1). Let A = (0 1) and B = (c kc)' Then,

1 10\ (aka 1 (a ka
—1 _ I
ATB = a (0 (x) (c kc) T (OlC otkc)
and the characteristic polynomial of A~! B is

fx) = l)c()c —a — akc).
o

Therefore, for k # 0, taking o = —ki, f(x) has two different roots and A"'B is
C

diagonalizable. For k = 0, f(x) has two roots, 0 and @ # 0, and A~! B is diagonal-
izable, which implies that rank(7") < 2.

10 ck ¢
Proof of (2). Let A = (Oa) and B = (kdd).Then

I f¢ O (ke c I (ke ac
—1p_ _ -
A B_a(Ol)(kdd)_a(kd d)
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and the characteristic polynomial of A~' B is

fx) = l)c()c —d — akc).
o

d
Therefore, for k # 0, taking o = e f(x) has two different roots and A" 'B is
C

diagonalizable. For k = 0, f(x) has two roots, 0 and d # 0, and A" 'Bis diagonaliz-
able, which implies that rank(7") < 2.

First, we prove the following:
Proposition 3.2

max.rank(7 (2, 2, 2)) < 3.
Before proceeding to the proof, we note the following fact.

Fact3.1 Let A = (Z ;) be a2 x 2 nonsingular matrix. It has seven patterns, as

shown below, where stuw # 0.

S|t (V1F; S|t s\t s|0 5|0 Ofr

M uw’(z) uw’(3) Ow’(4) uO’(S) uw’(6) Ow’(7) u|0f

Now, we start with the proof. Our proof is given for each of the above seven patterns.

Proof Let T = (A; B), where A and B are 2 x 2 matrices.

(1) If rank(A) < 1 and rank(B) < 1, then rank(7") < 2.

(2) Without loss of generality, we assume thatrank(A) = 2.Set7’ = (A~'A; A™'B)
= (E,; B'). If B’ is singular, it is obvious that rank (7) < 2 + 1 = 3. Therefore, we

assume that rank(B’) = 2. Put B’ = (i Z) We consider seven cases.

ab
B d),abcd # 0.

LetT) = ((—a0+a 8) ; (g 8)) Then rank(7;) = 1.

_ (A _((«0\.(BD
T2_T—T1_(A2,B2)_((O1),(cd)). 3.2.1)
Now, we choose 8 such that B, is of rank 1, and therefore, we have
a0 a ka
n=((59):(440).

Then, by (1) of Lemma3.2, rank(7>) < 2 and rank(7T') = rank(7’) < rank(7T}) +
rank(7;) =1 +2 = 3.

(2-1)B' =
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(2-2) B = (‘c) Z),bcd £0,

Let
T — —a+a0) (BO
= o o)'\oo))"
Then, rank(77) = 1.

sernmen= (9:(02)

Now, we choose 8 such that B, is of rank 1, and therefore, we have

a0 a ka
n=((51): (k)
This reduces to Eq. (3.2.1), and rank(7") < 3.

(2-3) B' = (g z), abd # 0.

Let
Ty =(A; By) = ((—Oa 8) ; (8 8)) .

Then, rank(77) = 1. We have

T2=T—T1=(A2;Bz)=((g(l));(82))-

This is the case of (2) with £k = 0 in Lemma 3.2, and rank(7") < 3.

(2-4) B' = (i g),abc £0.

Let
T =(A; By) = ((8 _Oa) ; (8 —0,3))

Then rank(77) = 1. Now, we choose 8 such that B, is of rank 1, and therefore, we

have
10 kb b
T2=T—T1=(A2;Bz)=((0a);(kdd))-

This is the case of (2) in Lemma 3.2, and rank(7") < 3.
(2-5) B' = (“ O),acd £0.

cd
Let
T\ = (A; B) = ((8 _Oa) ; (8 _0‘3))
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Then, rank(7}) = 1. Now, we choose § such that B; is of rank 1, and therefore, we

have
T2=T—T1=<Az;Bz)=((ég);(j8)).

This is the case of (1) with £k = 0 in Lemma 3.2, and rank(7") < 3.

(2-6) B' = (8 2),ad £0.

For this case, clearly, we have rank (7)) < 2.

2-7) B = (S g), be # 0.

Let
TIh=(A; By = ((_01 _Ol) ; (Sg))

Then, rank(7}) = 1. Note that B, is a null matrix and we have

T2=T—T1=(A2;Bz)=((ii);(88))-

Thus, rank (7)) < 1 4+ 1 4+ 1 = 3. This completes the proof.

Next, we prove the following proposition.
Proposition 3.3 There is a2 x 2 x 2 tensor T with rank(T) = 3.

Proof Set A = ((1) (1)) and B = ((1) 8 . Since B is not diagonalizable, by Propo-

sition2.5, rank(7") # 2, it is clear that rank(7") = 3. This proves Proposition 3.3.

From Propositions 3.2 and 3.3, Proposition 3.1 holds.

3.3 Maximal Rank of 2 x 2 x 3 and 2 x 3 x 3 Tensors

We prove the following proposition.

Proposition 3.4
max.rank(2, 2, 3) = 3. (3.3.1)

Proof LetT = (A; B), where A and B are 2 x 3 matrices. We denote A = (a, b, ¢)
and B=(d,e, f), where a, b, c, d, e, and f are two-dimensional column vec-
tors. If one of A and B is of rank 1, there is nothing to prove since rank(7) <
rank((A; 0)) + rank((0; B)) <1+ 2 (2 + 1) = 3. Therefore, we assume that both
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of A and B are of full rank. Without loss of generality, we assume that a_Lb (linearly
independent), and by column operations, we can transform ¢ = 0. Then, if f is the
zero vector, it is clear that rank(7') < max.rank(2, 2, 2) = 3. Therefore, we assume
that f # (0, 0). If both d and e are constant multiples of f, then rank(7) < 2 + 1.
Therefore, without loss of generality, we assume that e L f. By a column opera-
tion we can assume that d = 0. Since a L b, we can write ¢ = ¢a + b and [ =
ya + 8b. If y # 0, by a column operation, we can make a change e = b <— e =
aa+ Bb, ie., T = ((a, b, 0); (0, Bb, ya + 8b)), which means that rank(7) < 3.
Therefore, we assume that y = 0 and T = ((a, b, 0); (0, ea + Bb, 5b)). If § =0,
T = ((a, b, 0); (0, xa + b, 0)), which means that rank(7) <1+ 14+1=3. If
8 # 0, by column operations, we have T = ((a, «a + b, 0); (0; «wa + b, §b)), which
means that rank(7") < 3. Thus, we have proved that max.rank(2, 2, 3) < 3.

Now, Let T be (((1) ? 8); (? g g)).ThenwecanviewTas (((1) ?) ; (? g) ; (g g))
By Corollary 2.1, rank(7T") > rank(7,,) = 3, where T,;, = (( ?) ; (? g)). This
completes the proof.

1
0

Next, we prove the following proposition.

Proposition 3.5
max.rank (2, 3,3) =4 (3.3.2)

Proof LetT = (A;; Ay), where Aj and A, are 3 x 3 matrices. If both A; and A, are
of rank 2, then we have nothing to prove. Without loss of generality, assume that A,
is nonsingular. Considering an exchange A, < x9A; + A, with some appropriate
X0, we can assume that A, is of rank 2. Then by column and row operations we have

ajp ap ag bi1 b2 0
T = ax axp axy | ;| axn axn 0
asy azp asj 0 0 O

From this expression, it is easy to see that rank(7') < max.rank(2,2,3)+1 =3+
1=4.
Next, we set

100 000
T=UAs4a)=((010]);[010
001 100

From Lemma?2.5, T is of rank 3 if and only if A, is diagonalizable. Since A, is not
diagonalizable, rank(7") # 3, which implies that rank(7') = 4. This completes the
proof.
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3.4 Maximal Rank of 3 x 3 x 3 Tensors

In this section, we use the notation RC (i <> j) for the exchanges between the ith
row and the jth row and the ith column and the jth column. Further, by A < B,
we denote the exchange of a matrix A by a matrix A’, and the changed A(A’) is
sometimes denoted by the same symbol A for notational simplicity.

The following is known.

Proposition 3.6 The real maximal rank of 3 x 3 x 3 tensors is equal to 5.

Although this is a well-known fact, it requires a quite delicate argument (see, for
example, Sumi et al. 2010). Here, we give a detailed proof by simple linear algebraic
methods with a complete detailed decomposition into patterns of a 3 x 3 x 3 tensor.
First, we prove the following.

Proposition 3.7
max.rank(7) =5for T € T (3, 3, 3). 34.1)

Proof Let T = (Ay; Ay; Az), where Ay, A,, Az are 3 x 3 matrices. If some of Ay,
A,, and Aj are singular, we exchange among them and we can assume that Aj;
is singular. If all of A, A,, and A3 are nonsingular, we consider a polynomial
fx)=|xA, 4+ As| = |A|||IxE + A1_1A3|,Which is areal polynomial with degree 3.
Therefore, f(x) vanishes at some xy. Thus, xgA| + Aj is singular and we exchange
A3 < A3+ xpAj. Thus, A3 can be assumed to be singular. Then, we transform 7’

ay ap ap bi1 by b1z * % 0
T = arxy axp axy |5 | bar by bos |3 | %0
az| az a b31 b3 b33 000

If az3 # 0, by column and row operations, 7' becomes

ajp app 0 bi1 by b1z * % 0
T = ayyap 0 | | bar b by |; | x*x0
0 O ass b3| b32 b33 0 0 0

Then, if necessary, exchange A, <— kA; + A, with an appropriate k, and we
assume that b33 # 0. If we let

000 000 000
T, = 00 0 ;1 000}); 1000 ,
00 as; 000 000
T, =T — T, is given by
app ap 0 b1 b1z bz * % 0
T = ary axn 0 |5 | bar boa baz |5 | #%0

0 00 b3y b3y b33 000
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Then by column and row operations, 7, becomes

a11a120 b]lblz 0 * % 0
T = aryaxn 0 )5 [ bar by O )5 | %0
0 00 0 O b33 000
Further, if we let
000 00 O 000
T; = 000]); {00 O ;1000 )
000 00 b33 000
T, — T5 becomes
61110220 b] b120 * %0
I3 = aypan 0 ); [ bar b0 )5 [ %0
0 00 0 00 000

From these, we can evaluate that

rank(7T) < rank(7}) + rank(7>) + max.rank(2,2,2) =14+ 143 =5.

Thus, we assume that a33; = 0. Similarly, we assume that b33 = 0. Thus, we assume

ap ap a3 b1 b1z b1z * %0
T = ary axp axy |5 | bar by boz |3 | %0
asy) azp 0 b31 b32 0 000

Next, for the case a3; = a3, = 0, we can evaluate that
rank(7) < 1 + max.rank(2,3,3) =1+4 =5.
Therefore, we assume that (as;, asz) # (0,0). Similarly, we can assume that

(ay3, ax3) # (0,0). By row and column operations and a constant multiplication,
T becomes

ajap 1 bi1 by b3 * % 0
T = aziap 0 )5 | bar boa boz |5 | %0
1 00 b3 by O 000

Similarly, we can assume that (b3, b3y) # (0,0) and (b3, by3) # (0,0). If
(b31, b3y) = (b31, 0) or (b13, byz) = (b3, 0), we can evaluate that

rank(7) < 1 + max.rank(2,3,3) =1 +4 = 5.
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Therefore, we can assume that b>3 # 0 and b3, # 0. Then by column and row oper-
ations and constant multiplications, 7 becomes

a11a121 b11b120 * % 0
T = azy dx 0 5 b21 bzz 1 ) *x % 0
1 00 0 10 000
10 0 1 0 0 10 —b,
Furthermore, let P, ={ 01 —ay; |, O1=10 1 O}, ,=|01 O s
00 1 0 —ay 1 00 1
0, = O 10 )andlet P = P,P;and Q = QQ». Then, PT Q has the form
—by; 01
an 01 b;; 00 * % 0
PTQ = 0 ann 0 5 0 b22 1 ) * % 0 . (342)
1 00 0 10 000

Now, we show the inequality (3.4.1) for the canonical form (3.4.2).

We use the seven patterns given in Fact3.1. Here these patterns are grouped into
three groups, G;,i = 1, 2, 3,suchthat G; = {(1), (2), (3), 4), (1},G» = {(5)},and
G3 = {(6)}. The feature of the members of G is that subtraction of an appropriate
number from the (2, 1) element makes the matrix a rank-1 matrix. On the other hand,
the feature of the elements of G, is that they become members of G| by RC(1 < 2).
G5 consists of diagonal matrices.

We begin with the following elementary lemmas.
Lemma 3.3 Let f(x) be a monic polynomial with degree 3. The following holds.

(1) If £(0) > 0 and f(xo) < 0 at some xo > 0, then f(x) has three real roots.
(2) If f(0) <Oand f(xo) > 0 at some xo < 0, then f(x) has three real roots.

Proof This is a straightforward fact; hence, the proof is omitted.

Lemma 3.4 Let
fx)=x> +ax®+ Bx +c.

Then, f(x) = 0 has three real roots for appropriate o and B.

Proof By assumption, if f(0)=c >0, f(1)=1+ o+ B+ c(«, B) becomes a
negative value for appropriate @ and B. If f(0) =c(a, ) <0, f(—-1)=—-1+
o — B + c(o, B) and this becomes a positive value for appropriate @ and . From
Lemma 3.3, the assertion holds.

Remark 3.3 In order to prove that a monic polynomial with degree 3 has real three
zeros, we can use the discriminant of the polynomial. However, it usually becomes
a complicated function of the coefficients, and we avoid using it here.
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Now, we start over with the proof of Proposition3.4.1. Let

an 01 b]] 00 C11 C120
T = 0 anO0]; | 0 bnl]; [caen0
1 00 0 10 0 00

LetM = (€11 €12
1)’
We divide the proofs according to the three patterns of M
(1) The case of M € G,

(1-1) axy # 0.

Then A; is nonsingular and let A} < A + o Es, Ay < Ay + BE>;, andAs <«
Az + y E»; with appropriate (o, 8, y). In particular, y is chosen such that Aj is
of rank 1. Then, let f(x) be the eigen polynomial or characteristic polynomial of
A7'As and y = —azx. Then

1
f(—L) =g(y) = —— (" + (b — )y* + (—Bax + anan)y + a3, bi).
ann ay,

Since ayy # 0, the equation g(y) = 0 and the equation f(x) = 0 have three real
roots for appropriate o and 8 from Lemma 3.4, and thus Al_lAz is diagonalizable.
From Lemma 3.2, this proves that rank(7") < 5.

(]—2) ayy = 0 and b“ 75 0.

Let A < A+ aEy, Ay < Ay 4+ BE,;, and Az < Az + y E»; with appropriate
(o, B, v). In particular, y is chosen such that A3 is of rank 1. Then, A, is nonsingular
for any B. Then, let f(x) be the eigen polynomial or characteristic polynomial of
A;lAl and y = —byx. Then,

1

b—3)’()’2 + (a1 — B)y + (=biia + bynby)).
i

_Y N _ _
S b”) g(y)

Since by # 0, the equation g(y) = 0 and the equation f(x) = 0 have three different
real roots from Lemma 3.4.

(1-3) axp = b1 =0.
T is given by
a1101 000 6‘116'120

T = 000 5 Ob221 ) 6‘216‘220
1 00 010 0 00
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Let Ay < A1+ Ay +aE> and Ay < Ay 4+ BEy;, and let f(x) be the eigen-
polynomial of A2_1A1 and y = (o — by — ayp)x. Then,

R VPN S i i
f(a—au —bzz)_g(y)_ (@ —an _b22)3y(y+a11+b22 @ +ain = p)-

Thus, the equation g(y) =0 and the equation f(x) =0 have three real roots
for appropriate o and S. Thus, AflAz is diagonalizable, and by Lemma3.2,
rank(7) < 5.

(2) The case of M € G,

As stated in Fact3.1, by RC(1 < 2), the members of Group 2 become members of
G,. Furthermore, A and A, exchange mutually. This fact implies that the proof for
G is applicable to G».

(3) The case of M € G3

Let
a0l c00 s 00
T = (Ay; Ay; Az) = 0b0);10d0};{O0wO ,
100 010 000
a—100 c 0 O s 00
T = 0 b0};10d—-10);{0wO ,
0 00 0 0 O 000
101 000 000
T, = 000]};1011}:{000 ,
101 011 000
and
00 0 00 0 000
T; = 000 |];1000 }J;4000

00 -1 00 -1 000

Then, T = T + T> + Tz andrank(T') < rank(T})+ rank(7}) + rank(7}) =2 + 2 +
1=5.
This completes the proof. Next, we prove the existence of tensors with rank 5.

Proposition 3.8 For the following tensor rank(T) = 5.

010 000 100
T = 000}); f001]});(010
000 000 001



28 3 Simple Evaluation Methods of Tensor Rank

Proof If rank(T) < 4, there are rank-1 tensors D,D,,D3,D4 such that (A, B, C) C
(D1, Dy, D3, D4). Since A and B are rank-1 matrices, (D;, D, D3, Dy) =
(A, B, Ds, Dy). Hence, C = xA + yB + zD; + wD, for some real numbers x,y,z
and w. Then, rank(C — xA — yB) = 3 and rank(zD; + wD,) < 2, which is a con-
tradiction.

From Propositions 3.7 and 3.8, we have proved Proposition 3.6.



Chapter 4
Absolutely Nonsingular Tensors
and Determinantal Polynomials

In this chapter, we define absolute nonsingularity for 3-tensors over R of format
n xn x m and state a criterion for the existence of an n x n x m absolutely nonsingular
tensor in terms of Hurwitz—Radon numbers. The zero locus of the determinantal
polynomial defined by an n x n x m tensor is also discussed.

4.1 Absolutely Nonsingular Tensors

Let T = (Ty;...;T,) be an n x n x m-tensor over R. It sometimes happens that
there is no singular matrix in the subspace of the vector space of n x n-matrices over
R spanned by T1, ..., T,, except the zero matrix. In view of this fact, we provide the

following definition.

Definition 4.1 Let 7 = (Ty;...; T,,) be ann x n x m-tensor over R. If

m
E a;T;
i=1

is nonsingular for any (ai, ..., a,) € R"™\{0}, we say that T is absolutely nonsin-
gular.

Example 4.1 (1) (( ) (0 )) is an absolutely nonsingular 2 x 2 x 2-tensor.

10
©))

0-100 00 —-10 0 001
E_lOOO.OOOI,OOIO
“lfooo-1|'{to oof'lo0o-100

0010 0-100 -1 000

is an absolutely nonsingular 4 x 4 x 4-tensor.
© The Author(s) 2016 29
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Note that (1) corresponds to the complex numbers and (2) corresponds to the
quaternions.

Remark 4.1 Let T = (Ty;...;T,) be an n x n x m-tensor with m > 2. If T; is
singular, then 7 is not absolutely nonsingular for obvious reason. If 7} is nonsingular
and A is an eigenvalue of Tfsz, then AT} — T, is singular. Therefore 7 is not
absolutely nonsingular.

In particular, if n is odd and m > 2, then there is no n x n x m absolutely
nonsingular tensor.

Next we state a criterion for a tensor to be absolutely nonsingular.

Proposition 4.1 Let T = (Ty;...; T,,) be an n x n x m-tensor over R withm > 2.
Then the following conditions are equivalent, where S := {(ay, ..., a441) | a;i € R,
X ar =1

(1) T is absolutely nonsingular.

(2) Foranya = (ai,...,a,) € ", >y ar Ty is nonsingular.

(3) Ming—g,. .4, esm—1 | det L axTi)| > 0.
(4) Foranya = (ay,...,a,) € S" " and for any b € $"~!, (ZZ;I aka) b #0.
(5) Foranyb e S"~', T\b, ..., T,b are linearly independent.

Moreover, if Ty = E,, then the above conditions are equivalent to the following
condition.

(6) For any b € S"7', the orthogonal projections of Tob, ..., T,b to (b)*: are
linearly independent.

Proof (1) <= (2) < (4) <= (5) and (3)=(2) are straightforward. If the
condition (2) is valid, then det(3"}_, axTy) # O for any a = (ay, ..., a,) € "'
Since $”~! is compact in the Euclidean topology and

f:S"" SR, a=(a,... an) — |det(zaka)|

k=1

is a continuous map, the minimum value of this map exists. Since f(a) > O for any
a € S" by (2), ming_(4, .4, )esm-1 f(@) > 0.

Now assume that 7} = E,. In general, a1, ..., a, € R" are linearly independent
if and only if @; # 0 and the orthogonal projections of a», ..., a, to (a; ) are linearly
independent. Since 71b = b, (5) <= (6) follows.

By using the characterization (3), we show that the set of absolutely nonsingular
tensors is an open subset of the set of n x n x m-tensors over R, R"*"*"_First, we
note the following fundamental fact.

Lemma 4.1 Let X and Y be topological spaces and let f: X x Y — R be a con-
tinuous map. Suppose that X is compact. Then g: Y — R, g(y) = min,cx f(x, y)
is continuous.
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Proposition 4.2 The set of n x n x m absolutely nonsingular tensors over R is an
open subset of R,

Proof Consider f: Sl Rpxnxm s R flay,...,ap), (Ty;...; T,y)) = |det
(22;1 ayTy)|. Since f is continuous, we see, by Lemma 4.1, that g: RV — R,
g(T) = mingcgn—1 f(a, T) is a continuous map. Since the set of n x n x m absolutely
nonsingular tensors is the inverse image of {x € R | x > 0}, with respect to g, by (3)
of Proposition 4.1, we see that the set of n x n x m absolutely nonsingular tensors
is an open subset of R"***",

Consider the case where m = nandlet T = (T3;...; T,) be an n X n X n-tensor.
By (1) <= (4) of Proposition 4.1, we see that T is absolutely nonsingular if and only
if forany a = (ar,...,a,) € "', b= (by,...,b,) € S, O 4_, axTe)b # 0.
Now let 7" = (T{; ...; T,)) be the n X n x n tensor obtained by rotating 7 by 90°
with the axis parallel to the columns. Then,

(Z aka)b = (Z kan/_kH)a.
k=1 k=1

Therefore, T is absolutely nonsingular if and only if 7’ is absolutely nonsingular,
i.e., absolute nonsingularity does not depend on the direction from which one looks
at a cubic tensor.

4.2 Hurwitz—Radon Numbers and the Existence
of Absolutely Nonsingular Tensors

In the previous section, we defined absolutely nonsingular tensors and noted that
there is no n x n x m absolutely nonsingular tensor if n is odd and m > 2. In this
section, we state a criterion for the existence of absolutely nonsingular tensors of
size n X n X m in terms of n and m.

First we define the Hurwitz—Radon family.

Definition 4.2 Let {A|, ..., A} be a family of n x n matrices with entries in R. If

(1) A;A] =E,forl <i<s,
2) A,»:—A[Tforlfifsand
(3) AiAj = —Ain fori ;ﬁj,

then we say that {A}, ..., A} is a Hurwitz—Radon family of order n.

The following results immediately follow from the definition.

Lemma 4.2 A subfamily of a Hurwitz—Radon family is a Hurwitz—Radon family.



32 4 Absolutely Nonsingular Tensors and Determinantal Polynomials

Lemma 4.3 If {Ay, ..., A} is a Hurwitz—Radon family of order n, then {E; Qx:
Ay, ..., E, Qx A} is a Hurwitz—Radon family of order nt, where Q. denote the
Kronecker product.

Next we note the following lemma which is easily verified.

Lemma 4.4 Let {Ay, ..., As} be a Hurwitz—Radon family of order n. Set Ay =
E,. Then for any ay, ..., a;y € R,

s+1 s+1 T
(z)(z) @ttt s
k=1 k=1

In particular, (Ay; ...; Ag; Ep) isann X n X (s + 1) absolutely nonsingular tensor
and therefore, if there exists a Hurwitz—Radon family of order n with s members,
then there exists ann x n x (s + 1) absolutely nonsingular tensor.

Next we state the following:

Definition 4.3 Let n be a positive integer. Set n = (2a + 1)2°+%, where a, b, and
c are integers with 0 < b < 4. Then we define p(n) := 8¢ + 2°.

p(n) is called the Hurwitz—Radon number and p is called the Hurwitz—Radon
function.
The following fact directly follows from the definition.

Lemma4.5 p(2°) =2 fors =0,1,2,3 and p(2%) = p2¥~1) + 1, p2¥*!) =
p(24t71) +2’ p(241+2) — ,0(24171) +4andp(24t+3) — p(24t71) +8f0l" anypositive
integert.

Next we state the existence of the Hurwitz—Radon family of order n with member

p(n) — 1. Set
01 01 10
=(G0) 7= () 2=(5)

Then one can verify the following results by routine calculations.

Lemma 4.6 (Geramita and Seberry 1979, Proposition 1.5)

(1) {A} is a Hurwitz—Radon family of order 2.

(2) {AQ Ez, P Qi A, Q Qi A} is a Hurwitz—Radon family of order 4.

(3) {E2 QAR Er, E2 Qi PO A, O Rt QO Qe A, P Qi O Qi A, A Qir P Qe
0,AQx P Qx P, AR O Qx Er} is a Hurwitz—Radon family of order 8.

Lemma 4.7 (Geramita and Seberry 1979, Theorem 1.6) Let {M, ..., M} be a
Hurwitz—Radon family of order n. Then
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(1) {AQ En, Q Qi My, ..., O Qx M} is a Hurwitz—Radon family of order 2n.

(2) Moreover, if {L, ..., L;}is a Hurwitz—Radon family of order m, then {P Qx,
Ml ®krEm7 cee P®krM‘v ®krEma Q®krEn ®er]» e Q®kr En ®ert, A®kr
E...} is a Hurwitz—Radon family of order 2mn.

Theorem 4.1 Let n be a positive integer. Then there is a Hurwitz—Radon family of
order n with p(n) — 1 members.

Proof If n = 1, there is nothing to prove. Therefore we assume that n > 1. By
Lemma 4.3, we may assume that n is a power of 2. Set n = 2°. We obtain the proof
by induction on s. The cases where s = 1, 2, 3 are covered by Lemmas 4.5 and 4.6.
Assumethats > 4andsets = 4c+b withO < b < 4. By induction hypothesis, we
see that there is a Hurwitz—Radon family of order 24~! with p(2%~!) — 1 members.
If s = 4c, then we see by Lemma 4.7 (1) and Lemma 4.5 that there is a Hurwitz—
Radon family of order 2° with p(2°) — 1 members. If s = 4c+1 (s =4c+2,4c+3
resp.), then we see by Lemma 4.6 (1), Lemma 4.7 (2), and Lemma 4.5 (Lemma 4.6
(2), Lemma 4.7 (2) and Lemma 4.5, Lemma 4.6 (3), Lemma 4.7 (2) and Lemma 4.5,
resp.) that there is a Hurwitz—Radon family of order 2* with p(2*) — 1 members.

By this Theorem and Lemma 4.4, we see the following fact.

Corollary 4.1 If m < p(n) then there exists an n X n x m absolutely nonsingular
tensor.

Next we prove the converse of the above result. First we cite the following result.

Theorem 4.2 (Adams 1962) There do not exist p(n) linearly independent vector
fields on S" 1.

By Proposition 4.1 (6), if there exists an n x n x m absolutely nonsingular tensor,
then there exist m — 1 linearly independent vector fields on S"~!. Therefore by
Theorem 4.2, we see the following fact.

Corollary 4.2 If there exists an n x n x m absolutely nonsingular tensor, then
m < p(n).

By summing up the above results, we see the following result.

Theorem 4.3 There exists an n X n X m absolutely nonsingular tensor if and only
ifm < p(n).

4.3 Bilinear Maps and Absolutely Full Column
Rank Tensors

A square matrix is nonsingular if and only if it is a full column rank matrix. Therefore
by generalizing the notion of an absolutely nonsingular tensor, we arrive at the
following notion.
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Definition 4.4 LetT = (Ty;...; T,,) be au x n x m tensor over R. T is called an
Absolutely full column rank tensor if

m
rank (Z ay Tk) =n

k=1
for any (ay, ..., a,) € R"\{0}.
We see the following fact in the same way as Proposition 4.1.

Proposition 4.3 Let u, n, and m be positive integers with u > n and let T =
(Ty;...;T,) be au x n x m tensor over R. Then the following conditions are
equivalent.

(1) T is Absolutely full column rank.

(2) Foranya = (ai,...,a,) € S" "}, >y ar Ty is full column rank.

(3) ming—(,, ... a,)esm (the maximum of the absolute values of n-minors of
Z;l ay Tk) > 0.

(4) Foranya = (ay,...,ay,) € R"\{0} and any b € R"\{0}, (le?zl aka)b #0.

.....

We can also see the following fact in the same way as Proposition 4.2.

Proposition 4.4 The set of u x n x m Absolutely full column rank tensors over R
is an open subset of R*>*"*™",

Note that by defining

Jrx,y) = (zkak)y
k=1

forau xn xmtensor T = (Ty;...;T,), where (x1,...,x,) = x, one defines
naturally a one-to-one correspondence between the set of u x n x m tensors and the
bilinear maps R” x R" — R*.

Definition 4.5 Let f: R” x R" — R* be a bilinear map. We say that f is nonsin-
gular if f(x, y) = 0 implies thatx =0ory = 0.

Set
mi#tn = min{u | there exists a nonsingular bilinear map R" x R" — R".}

Then, by Proposition 4.3, we see the following:

Corollary 4.3 There exists a u x n x m Absolutely full column rank tensor if and
only if m#n < u.
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A complete criterion for the existence of a nonsingular bilinear map is not known.
See Shapiro 2000, Chap. 12. We just comment on the following fact.
Set

u
m on = min [u | if u — m < k < n, then the binomial coefficient (k) is even.}

Then, the following inequalities are known:
max{m,n} <mon <m#n <m-+n—1

Further, it is known that if min{m, n} < 9, then m o n = m#n. See Shapiro 2000,
Chap. 12.

4.4 Determinantal Polynomials and Absolutely
Nonsingular Tensors

In this section, we consider determinantal polynomials of the form

det (Z Xk Tk) s
k=1

where T = (T};...;T,) isann x n x m-tensor and xi, ..., X, are indeterminates.
Here we recall the real Nullstellensatz. First we recall the following:

Definition 4.6 Let A be a commutative ring and / an ideal of A.
VI={aeA|3k eN3by,....b € Asuchthata®™ + b} +---+b> €I}
is called the real radical of /.

The real Nullstellensatz is the following (see Sect. 6.2 for the definition of [ and V):

Theorem 4.4 (Bochnak et al. 1998, Theorem 4.1.4, and Corollary 4.1.8) Let I be an
ideal of R[x1, ..., x], the polynomial ring with m variables over R. Then 1(V (1))

= YI.

Let T be ann x n x m tensor over R and let f(xy, ..., x,,) be the determinantal
polynomial defined by 7. Then T is absolutely nonsingular if and only if

{(ar,...,an) € R™ | f(ai,...,an) =0} ={O,...,0)}.

Therefore, by the real Nullstellensatz Theorem 4.4, we see the following fact:
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Proposition 4.5 Let T be an n x n X m-tensor over R and f(xy, ..., x,,) the deter-
minantal polynomial defined by T. Then the following conditions are equivalent:

(1) T is absolutely nonsingular.
(2) The real radical /{f) of the principal ideal generated by f is (xy, ..., Xy).

Next we consider the irreducibility of f.

Definition 4.7 Let K be a field and let xq, ..., x;, be indeterminates. _A polynomial
g € Klxy,...,x] is called absolutely prime if it is irreducible in K[xy, ..., x;],

where K is the algebraic closure of K.

Theorem 4.5 (Heintz and Sieveking 1981) Let K be a field with charK = 0, let
X1, ..., X; be indeterminates wheret > 2, and let d be a positive integer. Then, there
is a dense Zariski open subset U of the set of polynomials with degree at most d such
that every element of U is absolutely prime.

Since there is a one-to-one correspondence

g(-xla -"?-xl’-xt-‘rl) = g(-x17~--axl’ 1)

between the set of homogeneous polynomials with degree d and 7 + 1 variables and
the set of polynomials with degree at most d and ¢ variables, we see the following:

Corollary 4.4 Let K be a field with charK = 0, let xy, ..., x; be indeterminates
witht > 3, and let d be a positive integer. Then, there is a dense Zariski open subset
U of the set of homogeneous polynomials with degree d such that every element of
U is irreducible.

Suppose that m > 3 and let P (m, d) be the set of degree d homogeneous poly-
nomials with coefficients in R and variables x1, ..., x,,. Since R**"**" — P(m, n),
T=(T;...; T, — det (zz;l Xk Tk) is a polynomial map (see Definition 6.4), we
see that the inverse image of U of Corollary 4.4 is a Zariski open subset of R"*"*",
In fact, this inverse image is not empty by Sumi et al. 2015a, Theorem 5.1, and
Proposition 5.2, and therefore it is dense.

Moreover, we see the following fact.

Theorem 4.6 Suppose that3 < m < n and let xi, . .., x,, be indeterminates. Then
there are Euclidean open subsets O and O, of R"*"*™ with the following properties.

(1) O\ U O, is a dense subset of R"*"*"™ in the Euclidean topology.

(2) IfT = (Ty; ...; T,y) € O1U O, then det (ZZLZI kak) is an irreducible polyno-
mial.

(3) If T € O, then T is absolutely nonsingular, i.e.,

s (det(Zkak)) = (X1, ey X))

k=1
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(4) If T € Oy, then

® (det (Z Xk Tk)) = (det (Z Xk Tk)).
k=1 k=1

Proof We use the notation of Sumi et al. 2015a. Set ) = {T = (Ty;...; T,,) €
R™mm | T s absolutely nonsingular and det ( 3"}, x; ) is irreducible} and &, =
{T =(Ty;...; T,) € R | T, isnonsingularand (T, 7, .. .5 T, 1 T,7") € UN
C}. Then by the definitions of ¢/ and C, we see that &'} U 0, is a Euclidean dense open
subset of R™*"*™ and det (Zle Xk Tk) is irreducible for any 7' = (Ty;...; T) €
01U 0.

If T € 0y, then

: (det(Zkak)) = (X1, Xn),s
k=1

since T is absolutely nonsingular. Now, suppose that T = (T';...;T,) € O,.
We have to show that g(xi,...,x,) € (det (3, xTx)) if g(xi,....xn) €
Rlx{, ..., x,] and g(ai,...,a,) = 0 for any (ai,...,a,) € R" with

det (ZZ;I ay Tk) =0.

Assume the contrary. Then, since det (ZZ;I Xk Tk) is an irreducible polynomial,
we see that there are fi(xy,...,x,) and fo(x1,...,x,) € Rlx,...,x,] and a
nonzero polynomial i (xy, ..., x,—1) € R[xy, ..., x,—] such that

Silx, ... ,xm)det(zkak)-l- LG, xp)g (X)) = h (g, L X))
=1

(44.1)
Take @ = (ay, ..., a,) € R™ with det (M(a, TT, ")) < 0. Then there is an open

m

neighborhood U of (ay, ..., a,_;) in R"~! and a mapping x: U — R such that

o (1 () 7)) =

for any y € U. Since h # 0, we can take (by,...,b,,—1) € U such that
h(by,...,by_1) #0.Setb,, = u(by, ..., b,_1). Then,since det (22"21 kak) =0,
g(by, ..., by) = 0 by the assumption of g. This contradicts to (4.4.1).



Chapter 5
Maximal Ranks

In this chapter, we consider the maximal rank of tensors with format (m, n, 2) or
(m, n, 3). We also introduce upper bounds and lower bounds of the ranks of tensors
with format (m, n, p), where m, n, p > 3.

5.1 Classification and Maximal Rank of m x n x 2 Tensors

The set K"™*"*P or Tk (m, n, p) denotes the set of all tensors with size m x n X p over
a field K. The triad (m, n, p) is also called the format of the set. A tensor with format
(m, n, p) implies a tensor with size m x n x p. The set Tx(m, n, p) has an action of
GL(m, K) x GL(n, K) x GL(p, K), which preserves rank. Let max.ranky (m, n, p)
denote the maximal rank of tensors of Tk (m, n, p).

First, we recall the Jordan normal form. Let K be an algebraically closed field.
Let E,, be the n x n identity matrix and let

01 0
J, = oLt
0---0 1
0---00

be an n x n superdiagonal matrix. For our convenience, we assume that J; is the null
matrix. An n X n matrix A whose elements are in K is similar to a Jordan matrix

Diag()‘-lEnl +Jn|a SRR ) )‘-tEn, + Jn,)s

where A; € K and n; > 1, i.e., there exists P € GL(n, K) such that P~'AP is equal
to the above Jordan matrix. A diagonal element A; is an eigenvalue of A. In the case
where K = C, if A*A = AA™, where A* is the complex conjugate transpose, then A
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is said to be normal. If A is normal, then A is diagonalizable over C, i.e., A is similar
to a diagonal matrix.

Let A be an n x n matrix whose elements are in R such that the characteristic
polynomial det(AE, — A) of A is

s

t
H(A — ) H(,\z —2a;h + a* + b?),

i=1 i=1

where u;, a;, b; € R. Put

e =8 () =pe (7). (7))

which is a 2m x 2m square matrix. If (@ + by/—1)E,, + J,, is a Jordan block of A
over C, where a, b € R, b # 0, then (a — by/—1)E,, + J,, is also a Jordan block of
A over C and C,,(a, b) + J,, ® E; is a Jordan block of A over R. In particular, A is
similar to a diagonal matrix

Diag(lj’l!""l’l‘sval+b1\‘_11a1_bl\‘_lv"‘val‘—l_ti_lva[_bt\’_])

over C if and only if A is similar to

Dlag(:u’lv ceey MS? Cl(a11 bl)v ceey Cl(at7 b?))

over R.

Kronecker and Weierstrass showed that every pair of matrices can be transformed
into a canonical pair by pre-multiplication and post-multiplication. In terms of ten-
sors, any 3-tensor (A; B) with format (m, n, 2) is GL(m, K) x GL(n, K)-equivalent
to some tensor. A tensor (A; B) with 2 slices has one-to-one correspondence with a
homogeneous pencil AA + pB, where A and p are indeterminates.

For tensors X; = (Ay; By) of format (my, ng,2), 1 <k <t,

Diag(X, X5, ..., X))

denotes the tensor

0 O
(O O

A, B,

of format (m; +my +---+m;, ny +ny + - - -+ n,, 2). This notation depends on the
direction of slices.
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Theorem 5.1 (Gantmacher 1959, (30) in Sect.4, XII) Let K be an algebraically
closed field. A 3-tensor (A; B) € Tx(m, n, 2) is GL(m, K) x GL(n, K)-equivalent to
a tensor of block diagonal form

Diag((S1; T1), ..., (S5 T7)),

where each (S;; Tj) is one of the following:

(A) zero tensor (0; 0) € Tx(k,1,2), k,1 =0, (k, ) # (0,0),
(B) (aEx + Ji; Ex) € Tx(k, k,2), k > 1,

(C) (E; Jio) € T(k, k,2), k = 1,

(D) (0, Ey); (Ex, 0)) € Tx(k, k+1,2), k = 1,

(E) ((Eok) (%)) €Ttk +1,k2), k> 1

Moreover, (A; B) € Tr(m,n,?2) is GL(m, R) x GL(n, R)-equivalent to a tensor
of block diagonal form Diag((S1; T1), ..., (Sr; T,)), where each (S;; T;) is one of
(A)—~(E) and

(F) (Ci(c,s)+Jx ® Ey; Ex) € TrR(2k, 2k, 2), s #0, k > 1.

This decomposition is called the Kronecker—Weierstrass canonical form. It is
unique up to permutations of blocks. Each block is called a Kronecker—Weierstrass
block. Note that tensors of type (A) include those whenk > QO and [l = 0,ork =0
and [ > 0, where the direct sum of a tensor with format (0, /, 2) of type (A) and
a tensor (X; Y) with format (s, ¢, 2) implies a tensor ((O, X); (0, Y)) with format
(s,1+172).

For a tensor (A; B) € Tx(n, n, 2), if the vector space (A, B) spanned by A and B
contains a nonsingular matrix, then the Kronecker—Weierstrass canonical form does
not contain a block of type (A), (D), or (E). We remark that (aEy +Ji; Ex) and (E, Ji)
are GL(k, K)*? x GL(2, K)-equivalent to (J;; E;), and that (Cx(c, 5) +J; ® E»; E)
with s # 0 is GL(k, R)*? x GL(2, R)-equivalent to (C;(0, 1) + J; ® Ey; Eo;).

Example 5.1 A tensor (A; B) € Tr(3, 3,2) such that (A, B) has no nonsingular
matrix is GL(3, R)*? x GL(2, R)-equivalent to one of the tensors (A’; B') such that
y00 y 0 O yx0 y00 yx0
xA" 4+ yB' is givenby O, {000 ], {Oax+y0], {000}, {x00},[{0y0],
000 0 0 0 000 000 000
y—x0 yx0
x y O0),and {00y |. The tensor (A’; B') has rank 0, 1, 2, 2, 2, 3, 3, and 4,
000 00x
respectively.
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The rank of a Kronecker—Weierstrass block is given as follows:
Proposition 5.1 (Ja’Ja’ 1979; Sumi et al. 2009)

(1) rankp(O; O) = 0 and rankg(a; 1) = 1.

(2) rankp(aEy + Ji; Ex) = rankp(Ey; Ji) =k + 1 fork > 2.

(3) rankg((O, Ey); (Ex, O)) = rankp ((g) ; (%)) =k+1fork>1.
k

(4) rankgr(Ci(c,s) +Jx Q Ey; Exx) =2k + 1 ifs #0Qand k > 1.

Theorem 5.2 (Ja’Ja’ 1979) Let A be a tensor with format (m, n, 2) and let B be a
tensor of type (D) or (E). Then, rankp(Diag(A, B)) = rankp(A) + rankp(B).

In general, the rank of a tensor is not the sum of ranks of its Kronecker—Weierstrass
blocks.

Theorem 5.3 (Sumi et al. 2009, Theorem 4.6) Let A be an n x n matrix and let
ar(A, )) be the number of Kronecker—Weierstrass blocks whose sizes are greater
than or equal to 2 for an eigenvalue A of A. Then,

rankyp(E,; A) = n+ mflx ap(A, L),

where we treat Cy(c, s) + Jix ® E> as a Kronecker—Weierstrass block of size 2k if
F=R.

Let A and B be m x n rectangular matrices. We describe the rank of a tensor
(A; B) with its Kronecker—Weierstrass canonical form. Suppose that the Kronecker—
Weierstrass canonical form (S; T') of (A; B) has a zero tensor (O; O) of type (A) with
format (my, nga, 2), Ip tensors of type (D), and /g tensors of type (E). Set the part of
types (B) and (F) of (S; T') as (Sg; E) and (SF; E), respectively, and the part of type
(C)of (S;T) as (E; S¢). Put

o= max{mflx ac(Sg, A), mflx ac(Sc, M)}
if F = C and
o= max{mflx ar(Sp, A), max agr(Sc, A), max agr(Sr, M)}

if F = R, where oy is as in Theorem 5.3.
Theorem 5.4 (Sumi et al. 2009, Theorem 1.5)
rankp(A; By =m—my +a+Ilp=n—ny + o+ Ig.

Similarly, we have the maximal rank.
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Theorem 5.5 (Ja’Ja’ 1979; Sumi et al. 2009, Theorem 4.3) If the cardinality of K
is greater than or equal to min{m, n}, then

n

max.rankg (m, n, 2) = min{n + Lﬂj ,m+ Lz

J . 2m, 2n).
2

For a tensor A of format (a, b, 2) and a positive integer n, A®" denotes the tensor

n

——
Diag(4, 4, ..., A)

of format (na, nb, 2).
Moreover, for integers m and n with m < n < 2m, a tensor of Tk (m, n, 2) having
the maximal rank m + |n/2] is GL(m, K) x GL(n, K)-equivalent to

Diag(Y®, ((0, 1); (1, 0))®#)

if n is even and

Diag(Y®, ((0, 1); (1,0)®¥=D 0), 0 € Tx(1, 0, 2),
Diag(Y®©=V (0, 1); (1,0)%7, (u; 1)),

Diag(Y®©“~D, ((0, 1); (1,007, (15 0)),

Diag(Y®“=, ((0, 1); (1,0)®P=D, (0, E2); (E2, 0))),

Diag(YEB(a—Z)’ ((0’ D: (1, 0))@(;64-1)’ (((l)) : ((1))))’

Diag((AEs + Ja; E2)®©@~2 (AE5 + J3; E3), ((0, 1); (1, 0))®#), or
Diag((E»; J2)®©@™2, (E5; J3), ((0, 1); (1, 0)%F)

if nis odd, where « = m — [n/2|, 8 = n —m,and Y is (AE, + J»; E») or (Ey; J)
when K is algebraically closed, and (AE; + J»; E»), (E; J2), or (Ci(c, s); E») when
K=R.

An m x n rectangular matrix A of form (D, O) or (D, O) " depending on the size
of m and n, where D is a diagonal matrix, is called a rectangular diagonal matrix.
For m x n matrices Ay, ..., Ay, we say that they are simultaneously rectangular
diagonalizable, if there exist a nonsingular m x m matrix P and a nonsingular n x n
matrix Q such that PA;Q, 1 <t < k, are all rectangular diagonal matrices.

Theorem 5.6 Let 1 < fi < fo < fsandf = (f1,/2,f3). Let T and A be 3-tensors
with format f andput T +A = (By; ...; By). If fi x f, matrices By, B, ..., By, are
simultaneously rectangular diagonalizable, then

rankk (7)) < min{fi, f>} 4 rankgk (A).

Proof If B, By, ..., By, are simultaneously rectangular diagonalizable, then we see
that rankg (7' + A) < min{f}, f>}. Therefore,

rankg (T') < rankg (T 4+ A) + rankg (A) < min{f}, 2} + rankk (A).
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-1 -1 1
1 1 1
Let Q) = Ey, 02 = 1% =1, Q04 = 1 ,
1 -1 -1
and let W = (Qy, O», O3, Q4) be a real vector space. The vector space W is closed
under the multiplications of matrices and a skew field isomorphic to the quaternions.

Proposition 5.2 Let A and B be matrices in W. Then, rankg (A; B) is equal to 0O, 4,
or 6. If rankg (A; B) = 0, then A = B = O, and if rankr(A; B) = 6, then (A; B) is
GL(4, R)*? x GL(2, R)-equivalent to (Q1; Q»). Moreover, rankg (A; B) = 4 if and
only if A and B are linearly dependent and (A, B) # (O, O).

Proof Since a singular matrix of W is only zero, rank(A) < 3 implies that A =
0. Since rankr(A; B) > max{rank(A), rank(B)}, rankgr(A; B) < 3 if and only if
(A; B) = (0; 0).

Suppose that A and B are linearly independent. In particular, A and B are nonzero
and then nonsingular. (A; B) is GL(4, R) x {E,}-equivalent to (Q;; A"'B). A™'B
is described as x; Q1 + x202 + x303 + x404. Let N = A~'B — x;0,. We see that
0 = —Qjand @} = —Q, forj = 2,3,4, and Q,0; = —Q;Q; for i,j = 2,3,4
with i # j. Then, N' = —N and N? = —(x% + x% + xﬁ)Ql. For an eigenvalue
A of N, A2 is an eigenvalue of N2. Since N> = —N'N, A is equal to +av/—1,

where a = /x% + x% + xf. Therefore, the characteristic polynomial of N is equal
to (A2 + a?)%. Since N is normal, N is diagonalizable over C. Thus, there exists
P € GL(4,R) such that P~'N(a'P) = 1C5(0,a) = >, and then (Qy; N) is
GL (4, R)*?-equivalent to (Q;; Q,). Therefore, (A; B) is GL(4, R)*? x GL(2, R)-
equivalent to (Q1; Q) and rankgr (A; B) = rankg(Q;; O») = 6 by Theorem 5.3.

Finally, suppose that rankr (A; B) = 4, 5. A and B are linearly dependent and A
or B is nonsingular. If A is nonsingular, then B = yA for some y € R, and then
rankg (A; B) = rankg(A; O) = rank(A) = 4.

5.2 Upper Bound of the Maximal Rank
of m x n x 3 Tensors

Kruskal (1977) studied the rank of a p-tensor and mainly obtained its lower bound.
Atkinson and Stephens (1979) and Atkinson and Lloyd (1980) developed a nonlinear
theory based on several of their own lemmas. Basically, they estimated the upper
bound by adding two rectangular diagonal matrices, which allows the two matrices
to be rectangular diagonalizable simultaneously. They did not solve the problem fully
and restricted the type of tensors for obtaining clear-cut results.
Clearly,
max.rankg (m, n, mn) = mn.
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Lemma 5.1 (Atkinson and Stephens 1979, Lemma 5) Let K be a subfield of F. If
k < n, then

max.rankg (m, n, mn — k) = m(n — k) + max.rankg (m, k, mk — k).
Proof Let (Ay;...; Apr—i) € Tx(m, k, mk — k) be a tensor of rank
max.ranky(m, k, mk — k)

and B; = (A;, O) be an m x n matrix for 1 < j < mk — k. Consider the tensor X =
Bi; - s Buk—ts Evis1s -5 Ewns - - o3 Emks15 - - -5 Egp) with format (m, n, mn — k),
where Ej; denotes an m x n matrix with a 1 in the (i, j) position and zeros elsewhere.
We have

max.rankg (m, n, mn — k) > rankg (X)
> rankg (By; .. .5 Bu—i) +1ankg (E1 k115 -+ 3 Epn)
= max.rankg (m, k, mk — k) + m(n — k)

(see Theorem 1.2).
We prove that

max.rankg (m, n, mn — k) < m(n — k) + max.rankg (m, k, mk — k).

Let (Ay;...; Aun—i) € Tx(m, n, mn — k) be any tensor. To discuss an upper bound
of the maximal rank, we may assume that Ay, ..., A, are linearly independent
without loss of generality. Let X be the vector space spanned by m X n matrices
Al ..., Apn—i. It suffices to show that X is a vector subspace of a vector space
spanned by m(n — k) + max.rankg (m, k, mk — k) rank-1 matrices. For | <i < m,
let Y; be the vector space consisting of all matrices such that the i'th row is zero if
i’ # 1. Since

dim(X NY;) =dim(X) +dim(Y;) —dim(X NY;) > mn—k) +n—mn=n —k,

we can take linearly independent matrices BY), R Bffi cof XNY. Let Zy,...,
Zm—1yk be linearly independent matrices such that

X=(Zi....Zm-r. B |1 Si<m 1 <j<n—k),
and V; = (bY) ey bffik), where bj@ is the ith row of BJ@ . There exists a k-

dimensional vector subspace U of K" such that U 4+ V; = K" for arbitrary
i.Forl <u<@m— Dk letZ, =7,+ Zal-jqu(.’) of which all rows are in U. Let


http://dx.doi.org/10.1007/978-4-431-55459-2_1

46 5 Maximal Ranks

G be a nonsingular n x n matrix whose last (n — k) columns lie in the orthogonal
complement of U. Then,

rankg (Z; ... Zg_ 1) = 1ankg (Z{G; .. .; Z(,, 1 G)

< max.rankg (m, k, (m — 1)k),
since the last (n — k) columns of the m x n matrix Zj/ G are all zero. Therefore,

there exist rank-1 matrices Ci, ..., C, such that (Z], ..., me71)k> Cc (Cy,...,C,),

and then X is spanned by r + m(n — k) rank-1 matrices Cy, ..., C,, Bgl), R Bf,"i)k,

where r = max.rankg (m, k, (m — 1)k).
If k = 1, then
max.rankg(m,n,mn — 1) =mn—1)+ (m —1) = mn — 1.

Theorem 5.7 (Atkinson and Stephens 1979, Theorem 2) Let K be a subfield of F.
Ifk <m <n, then

max.rankg (m, n, mn — k) = mn — K+ max.rankg (k, k, S k).
Proof By Lemma 5.1, we see that

m(n — k) + max.rankg (m, k, mk — k)

= m(n — k) + max.rankg (k, m, mk — k)

= m(n — k) + k(m — k) + max.rankg (k, k, k> — k)
= mn — k> + max.rankg (k, k, k> — k).

max.rankg (m, n, mn — k)

If k = 2, then
max.rankg(m, n, mn — 2) = mn — 22 4+ max.ranky(2,2,2) = mn — 1.

Moreover, Atkinson and Lloyd (1983) studied the vector space of m x n matrices
with dimension mn — 2 by applying the Kronecker—Weierstrass theory. They showed
the following:

Theorem 5.8 (Atkinson and Lloyd 1983) Let A = (Ay;...; Aun—2) be a tensor
of Tr(m, n, mn — 2). Then, rankp(A) = mn — 1 if and only if A is GL(m, F) x
GL(n, F) x GL(mn — 2, F)-equivalent to

(Ev1 + Ex; B ..o Bun2),
where {By, ..., Bu,—2} = {E; | (i,)) # (1,1),(1,2),(2,2)} and E;; denotes an

m X n matrix with a 1 in the (i, j) position and zeros elsewhere. If A1, . .., Apu—_2 are
linearly dependent, then rankp(A) < mn — 2, and in particular,
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max.ranky(m, n, mn — 3) < mn — 2.

By Theorem 5.8, we have max.ranky(3, 3, 6) < 7. Indeed, max.ranky(3, 3, 6) =
010
7. It suffices to show that rankk ((E3, O); (J, O); (O, E3)) > 7,whereJ = [ 000
000

Suppose that max.rankk (3, 3, 6) < 6. There exist a 3 x 6 matrix P, a 6 x 6 matrix Q,

and diagonal 6 x 6 matrices Dy, D,, D3 such that (E3, O) = PD,Q, (J, O) = PD,Q

and (O, E3) = PD;Q. Then, Eq = (P D 1) 0,

PD;
P=2D,
PD
PD, = (J,0) (PD;) =JPD,=| o0 |,
0]

where P=2 denotes the second row vector of P. Thus, P=>D, = O from the second
row, and then PD% = 0. Since D, # O, if the (j, j) position of D; is not zero for some

. . . . Dy .
J, the jth column of P is a zero vector. Then, the jth column of 1) is also zero,

PD;
which is a contradiction. We conclude that rankg ((E3, O); (J, O); (O, E3)) > 7.
Therefore,

max.rankg(m, n,mn — 3) = mn — 2

for m, n > 3 by Theorem 5.7.

Theorem 5.9 (Atkinson and Lloyd 1980, Theorem 4°) Let A} = (E,, O, O, ...,
0),A,=(0,E,,0,...,0),..,A1=(0,0,...,0,E,),and Ay bemx (k—1)m
matrices. Then,

rankp(A1; Ag; ... Ap) < mk — [%—‘ _

Note that almost all tensors with format (m, (k — 1)m, k) are GL(m, F) x GL((k —
1)m, F) x GL(k, F)-equivalent to (A; ... ; Ax) in the above theorem.

Conjecture 5.1 (Atkinson and Stephens 1979)
2 2 n
max.rankg(n, n, n° —n) = n° — {——‘ .

2

According to Atkinson and Stephens 1979, Lloyd showed that
k
max.rankg(m, n, mn — k) > mn — 3

for k < m < n, which is unpublished. We consider this inequality. By Theorem 5.7,
it suffices to show that max.rankyk (m, m, m> —m) > m? — [m/2]. By Theorem 5.9,
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letting k = m, we see that rankg (Ay; ...; Ap) = mim— 1)+ |m/2] = m? — [m/2]
for some A,, (see also Theorem 5.19). Hence,

2 m) = max.ranky (m, m? —m, m)

> rankK(A1; cees Am)

max.rankg (m, m, m

Lemma 5.2 (cf. Atkinson and Stephens 1979, Lemma 4) Let m < n and A, B be
m x m matrices. If A is nonsingular and A~'B is diagonalizable, then

rankr((A, X); (B,Y)) <n

for any m x (n — m) matrices X and Y.

We remark that the maximal rank of Ty (m, n, 2) is equal to m + |n/2]. Then, this
lemma is obtained as a conclusion if n > 2m.

Proof We may assume that n < 2m. Let P be a nonsingular m x m matrix such
that P~'A~!'BP is a diagonal matrix. Let X, ¥ be m x (n — m) matrices and put
D = P'A7'BP, X’ = P7'A7'X, and Y = P7!A7'Y. Then, ((4, X); (B,Y)) is
GL(m, F) x GL(n, IF)-equivalent to ((E,,, O); (D, Y’ — DX")). Therefore,

rankg((A, X); (B, Y)) < rankg(E,,; D) +rank(Y' — DX') <m+ (n — m) = n.

Remark 5.1 Let A and B be m x m matrices over F. For sufficiently large s € F,

1 -1
(A + sDiag(1,2, ...,m)) (B + sEp) = (7A + Diag(1,2, ..., m)) (73 + Em)
S S

has distinct eigenvalues, which are all real if F = R.
By this remark, we obtain the following proposition:

Proposition 5.3 Let3 <m <nand T = ((E,;, O); A; B) € Tp(m, n, 3). Then,
rankg(T) < m + n.

Theorem 5.10 (Atkinson and Stephens 1979, Theorem 4; Sumi et al. 2010, Theo-
rems 5, 6)

(1) max.rankc(n, n,3) < 2n — 1 and max.rankg (n, n, 3) < 2n.
(2) If m < n, then max.rankp(m,n,3) <m-+n— 1.
(3) If nis not congruent to O modulo 4, then max.rankg (n, n, 3) < 2n — 1.

Proof The proof of (1) and (2) is seen in Sumi et al. 2010, Theorem 5 and Sumi et
al. 2010, Theorem 6, respectively. For the proof of (3), in the proof of Sumi et al.
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2010, Theorem 5 over R, the assumption that n is odd only uses the fact that for a
tensor (A; B; C) with format (n, n, 3) the vector space generated by the slices A, B,
and C contains a singular matrix. Now, we know that this is equivalent to the fact that
n #% 0 modulo 4. Therefore, we proceed with the proof of Sumi et al. 2010, Theorem
5 over R.

Corollary 5.1 max.rankg(3,3,3) <5.

In Chap. 3, we see that max.rankg (3, 3, 3) = 5. To conclude this section, we show

that max.rankg (4, 4, 3) > 7.
-1 -1 1
1 1 ,Q3= 1 ! ’Q4= _11 s
1 —1 —1

and let W = (Q1, 02, O3, Q4) be a real vector space. Let M|, M,, M5 be linearly
independent matrices of W. Suppose that rankg (M1; M»; M3) < 6 as a contradiction.
There exist rank-1 matrices Cy,...,Cgandc; € R,1 <i <3and 1 <j < 6, such
that M; = Z?:l ¢;;C;. We may assume that c3¢ 7 0 without loss of generality. Put
N; = M; — %(;M3 € Wfori = 1, 2. Clearly, N; and N, are linearly independent,
(N1, N2) C (Cy,...,Cs), and thus rankg (N; N;) < 5. This is a contradiction by
Proposition 5.2. Therefore, rankg (M1; M»; M3) > 7.

Let Q1 =E4, O =

5.3 Maximal Rank of Higher Tensors

In this section, we consider more fundamental properties for the maximal rank of
3-tensors. Since an n-tensor is a collection of (n — 1)-tensors, we use them simulta-
neously. In particular, for a 3-tensor, we can apply matrix theory simultaneously. Let
K be a field and let Tk (fi, ..., f,) be the set of all tensors with format (f1, ..., f,)
whose elements are in K.

Theorem 5.11 Let 1 <m < n < p. Let T be a 3-tensor with format f = (m, n, p),
Ci, ..., C be rank-1 tensors with format f, and T + Cy + - - - + C; = (Ay; .. .5 Ap).
Ifm x ntensors Ay, Az, ..., A, are simultaneously rectangular diagonalizable, then
rankg (T) < m +t.

Proof If A1, Az, ..., A, are simultaneously rectangular diagonalizable, then
rankg (A1; As; .. .3 Ap) < m.

Thus,

t
rankg (T) < rankg(A; Az; ... Ap) + ZrankK(Ck) <m-+t.
k=1
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For 0 < s < max.rankg (f), there exists a tensor A € K/ with rankg (A) = s.

Let A = (a;jx) = (A1; A2; ... ; Ap) be a tensor with format (f1, f>, f3) such that
ap pk = 1forany k with 1 <k < f;. Fork =1,2,...,f3, let u; (resp. v¢) be the
fith row (resp. foth column) of the f; x f, matrix A;. Then, all elements of the fjth
row and f>th column of Ay — viuy are zero. Then,

rankg (A) < rankg (A} — viug; ...; Ay — vaup) +rankg (viug; .5 vaug)
< max.rankg (fi — 1,2 — 1, f3) + f5.

Proposition 5.4 (cf. Howell 1978, Theorem 8) Suppose that K is an infinite field.
Let k > 3.

k
max.rankg (fi. /2. 5. . ... fo) < [ [ + maxrankg (fi — 1. — L fs. ... . fo).

i=3

Proof LetX = (xi,.i....i.) € Tx(fi.f2, - ... fi) \ {O}. There exists Y = (i, i,.....i,) €
Tx(fi,f2, ..., fr) such that Y is equivalent to X and

Vi fosizsnic 7= 0
for any is, ..., . For each (j3, ..., i) with 1 <j, <f,,3 <t <k, we consider the
rank-1 tensor A;, ., defined as
Y1 fo oz YAz
1 Y2 fajssend Y25
J23 350k f1,2,]3,...,jk (3) (4) (k)
. ® ®ej3 ®e.i4 ®..'®ejk’
Vi ook
Vi Sood3ensii Vi Sood3ensii

where e;’) is the jth column vector of the f; x f; identity matrix. Put X’ = X —
st _____ i A - The (i1, fo, i3, ..., ip)th and (f1, 2, i3, . . ., iy )th elements of X' are
all zero for any iy, iy, i3, . . ., ix. Thus,

rankK(X/) = maX.rankK(fl - 1’f2 - 17f33 e ’fk)’

and then,

k

rankg (X) = rankg (YY) < Hf,- + max.rankx (fi — 1,6 — 1, f35, ..., fr).
i=3

Bailey and Rowley (1993) obtained a similar result for 3-tensors.

Theorem 5.12 (Howell 1978, Theorem 7) Suppose that K is an infinite field.

max.rankg (n, n, n) < [3n%/4].
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Proof 1f we apply Proposition 5.4 [n/2] times for k = 3, then

max.rankg (n, n, n) < n[n/2] 4+ max.rankg(|n/2], |n/2], n)
< n[n/2]1 + [n/2)°
= [3n*/4].

Theorem 5.13 (cf. Howell 1978, Theorem 9) Suppose that K is an infinite field.

d

—_— _ _
max.rankg (n, n, .. nt 4 o(nd h.

) S o
2(d —1)
Proof 1f we apply Proposition 5.4 d times, then

d d

max.rankg (n, n, ..., n) < dn®? + max.rankg(n —2,n—2,...,n—2)
=dn' P +dn -2 +dn—4)"2 4 ...

_ d—1 d-2
= —Z(d — l)n +o(n“").

Theorem 5.14 (cf. Atkinson and Lloyd 1980, Theorem 1; Sumi etal. 2010, Theorem
3)Let3 <m <n <p.Letp =2q+ ¢ for an integer g and ¢ = 0, 1.

{n(p —1- S)J
max.rankp(m, n,p) < (e + m+ | ——— | .

2

Proof LetA = (A;; As; ... Ap). First, we assume that e = 0. Letn’ = |n/2]. Since
the maximal rank of Tr(m, n, 2) is equal to m + r’, there exists a tensor (Cy; C3) €
Tw(m,n,2), P € GL(m,F), and Q € GL(n, F) such that ranky(C;; C) < n/,
PA,_1Q = Ci + (Dp_1, 0), and PA,Q = C; + (D,, O), where D,_ and D, are
m x m diagonal matrices. Let B = PAQ = (By; By; ...; B)).

ranky(A) < rankg(B) + rankp(O; .. .; O; Cy; Cy)

-1

< ) rankp(Boj_1 — (Dyj_1, O); By; — (Dy;, 0))
1

+ rankg(Dy; Ds; .. . ; Dp) + ranky(Cy; Cy)

<

-~
Il

for any diagonal m x m matrices Dy, Dy, ..., D,_». By Lemma 5.2 and Remark 5.1,
we have
rankp (Baj—1 — (D2j—1, O); Byj — (D2, 0)) < n
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for some D,;_1, D,; and any j with 1 < j < g — 1. Then, we see that rankg(A) <
ng—1) +m+n' =m+ "2,
If p is odd, then by the above estimation,

rankp(A) = rankp(Ay; Az; .. .5 Ap—1) +1ank(A,)

§2m+L#J.

For a subset of % of Tr(f), cl Z and int 7/ denote the Euclidean closure and
interior of % , respectively.

The border rank (denoted by brankyk (7)) of a tensor T over K is the minimal
integer r such that there exist tensors 7,, n > 1 with rank r that converge to T as n
goes to infinity. By definition, we see that branky (7)) < rankk (7).

Theorem 5.15 (Strassen 1983, Theorem 4.1) Let K be an algebraically closed field
orR, and (A; B; C) € Tx(n, n, 3). If A is nonsingular, then

1
brankg (4; B: C) > n + Erank(BA_IC — CA™'B).

Proof First, we show thatrankk (A; B; C) > n+ %rank(BA’1 C—CA~'B). The tensor
(A; B; C)is GL(n, K) x {E,} x {E3}-equivalent to (E,; A~'B; A='C). Let B’ = A~'B,
C' =A7'C,andr = rankg(E,; B'; C") = rankg (A; B; C). There existan nx r matrix
P, r x r diagonal matrices Dy, D,, D3, and an r x n matrix Q such that E, = PD;Q,
B’ = PD,Q, and C' = PD;3Q. Note that the vector space (D, D,, D3) of diagonal
matrices has a nonsingular matrix. We show that rank(B'C’ — C'B’) < 2(r — n) by
separating into two cases.

Suppose that Dy is nonsingular. Put Q' = D,Q, D5 = D,D; "', and D = D;D; .
Then, E, = PQ', B = PD,Q’, and C' = PD;Q’. Note that the rows of P are linearly
independent and so are the columns of Q’, since PQ' = E,. Let Q be a nonsingular
r X r matrix obtained from Q’ by attaching (r — n) columns to the right-hand side
orthogonal to the rows of P and put P=0Q"! - Since PQ (A’ 0), Pis obtained
from P by attaching (r — n) rows to the bottom. For B = PD, Q and C = PD), Q we

can write 2 B cc
B= (821 BZ)’ €= (621 CZ)
Since B commutes with C’, we see that
B'C' — C'B' = C12Ba; — B12Cay,
and then rank(B'C’ — C'B") < 2(r —n), since By, and Ci, have only (r —n) columns.
Suppose that D; is singular. If necessary we exchange P, Q, Dy, D,, and D3,

we may assume that D; = Diag(ay, ..., a;,0,...,0) with ay, ..., a; # 0 without
loss of generality. Let Dy = Diag(Dyy, Dy2) and D, = Dlel_l1 fork = 1,2,3,
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P = (P,P), 0 = (gi) | = D0y, and Q' = (Q}, Q2), where Dy is an

s X § matrix, Py is an n x s matrix, and Q) is an s x n matrix. Then, E, = P10,
B = P]D’le,l +P2D22Q2, and C/ = P]D,31Q,1 +P2D32Q2. Put B’ = P]D’le,l and
C" = P\Dj, Q). Note that

B/C/ _ C/B/ — (B//C// _ C//B//) +R1Q2 + P2R2

for some matrices R and R, of appropriate size. We apply the above argument for
(P1,Q},B",C") instead of (P, Q', B, C’). Then, rank(B"C" — C"B") < 2(s — n).
Since rankP, < r — s and rankQ, < r — s, we see that rank(B'C’' — C'B’) <
26 —n) 4+ —s5)+ (r—s)=2(r —n).

Therefore,

1
r>n+ Erank(BA’IC — CA7'B),

since BC' — C'B =A"'(BA~'C — CA~'B).
Now, we show the assertion of the theorem. Let » > n be an integer and let

Ni(r) ={X € Tx(n, n, 3) | brankg (X) < r},
Ny(r) ={X € Tx(n, n, 3) | rankg(X) < r},
N3(r) ={(P; O;R) € Tx(n, n, 3) |
rank(P) = n, n+ srank(QP~'R — RP~'Q) < r},
N4y = {(P; O; R) € Tk (n, n, 3) | rank(P) < n},
Ns(r) = {(P; Q: R) € Tx(n.n,3) | n+ jrank(Qadj(P)R — Radj(P)Q) < r},

where adj(P) denotes the adjoint of P. Then, N>(r) C N3(r) U Ny C Ns(r) U Ny.
Since N5(r) U Ny is closed, Ny (r) = cl No(r) C N5(r) U Ny. For a sufficiently small
open neighborhood U of (A; B; C), P is nonsingular for any tensor (P; Q; R) € U.
If r > brankk(A; B; C), then Ny (r) N U C Ns(r) N U = N3(r) N U. Taking k =
brankk (A; B; C), since (A; B; C) € Ni(k) N U C Ns(k),

1
n+ Erank(BA_IC — CA™'B) < brankg(A; B; C).

Theorem 5.16 LetA = (Ay;...;Ap) € Tk(fi,....fo) and 1 <u < f,.

rankg (A) > rankkx (A %, g) +dim{A, Ay, ..., A,).

min .
g=06Ep ) €Tk (fa—uf)

If P = (Q,E,), then A x, P is obtained from the first s slices of A x,, P for

D _ Q Es
P= (Ef“ 0) e GL(f,, K).



54 5 Maximal Ranks

Proof (of Theorem 5.16) Let r = ranky (A). First, we show the inequality in the case
where Ay, ..., A, are linearly independent. Suppose that Ay, ..., A, are linearly
independent. Then, » > u, and there exist rank-1 tensors Cy, ..., C, with format
(fi, ..., fu_1) such that

Al,...,Afn 6(Cl,...,Cr>aIldC1,...,CuG(Al,...,Au,Cu+1,...,Cr>.

We write

A= auCi (1 <k <f,)and

i=1

C = Z,thAh + Z)’jhch+u (I<j=<uw
h=1 h=1

for some (axi)r,i € T (fn, )5 (Bin)jn € T (u, w), (Vjn)jn € Tx(u, r — u). We see that

u u r u
Ay — E E aBin | An = E Qg + E Vjh—u | Cn
h=1 \ j=1 h=u+1 =1

foru+1 <k < fn' Put P = (ak,-)u<k5ﬁ“15,-5u € T]K(fn —u,u), Q = (,th)j,h €
Tk (u, u), and go = (—PQ, E;,_,). Since

u

u
A=A =D D B | A€ (Cuprn ... C)

h=1 \ j=1
for] <k <wand C,yq,...,C, have rank 1, we see that
AL ...;A}va) =Ax,g0 and rankg(A,, ;. ..;A_;-n) <r—u.
Thus, r > minrankg(A x, g) + u.
We Consifler the case where Ay, ..., A, are linearly dependent. Let B, B, ..., B,

be a basis of (A}, Az, ..., A,). Then, we have the equality rankk (A) = rankxk (B) for
B:= (By;...;B,; Augr; ... Ay). By applying the above argument for B, we have

rankg (B) > min rankg (B x, h) + v.

h=(x,Epy

For any matrix h = (H, E;,_,) € Tx(v, f, +Vv —u), there exists g = (G, Ef,_,) €
Tx (u, f, — u) such that B x,, h = A x,, g. Therefore,

rankg(A) > min rankg(A X, g) + v.
8=C.Ep—u)
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For a permutation o on n letters, let

Do - TK(fla o 7ﬁ1) - TK(fG(])? o afo(n))

be a bijection sending (a;,....i,)i,....i, O (@iy.....i))iray,..iv - BY the definition of rank,
we see that rankg (A) = rankk (¢, (A)).

Proposition 5.5 Let A € Tx(fi,....fu), 1 <t <n 1 <s<f,and Q € Tx(s,f;). It
holds that ¢, (A) x; Q = @5 (A Xg-1( Q).

Proof The proof is omitted as it is straightforward.

ForA = (Ay;...; Ay) € Tx(m, n, k), the column rank col_rank(A) is defined as
the rank of the mk x n matrix fl, (A) and the row rank row_rank(A) is defined as the
rank of the m x nk matrix fl; (A).

Proposition 5.6 For A € Tx(f1, />, /3), let
(Bi; ...5Bp) = ¢a,3,2A) and (Cy; ...; Cr) = ¢.2,3)(A).
Then, col_rank(A) = dim(By, ..., By,) and row_rank(A) = dim(Cy, ..., Cy).
Proof Let A = (aji).
Recall that dim(Ny, ..., N,) = rank(vec(Ny), ..., vec(N,)) for Ny,...,N, €

Tk (s, t). Then,

row_rank(A) = rank((ai), ..., (a5x)) = dim(Cy, ..., Cp),
since Cs = (agj)jx for 1 < s < fi. Similarly, we see that

col_rank(A) = dim(By, ..., By,).

By applying Theorem 5.16 for a 3-tensor and changing the slice direction, we
have the following result.

Theorem 5.17 (Brockett and Dobkin 1978, Theorem 9) Let1 <s <m, 1 <t < n,
Il <u<p andA = (A;;Ay;...; Ay) € Tx(m, n,p). Let A; = (B}, C;) = (Pf),

O
Jj=1,...,p, where B is an m x t matrix and P; is an s X n matrix. Then, ranky (A)
is greater than or equal to the following numbers:
(1)
P P P
minrankg | A; + Z ajAj; Ay + z ajAj; ... Ay + Z a,jA;
(@ —— J—— =t 1

+ dim<Au+lvAu+27 cee »Ap)
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(2)
min rankg (B + C\M; B, + CoM; ... B, + C,M)
METK(}‘!—I,I)
+ col_rank(Cy; Cy; ... Cp)
(3)
min rankg (Py + NQy; P, +NQ»; ...; P, + NQ,)
NeTx (s,m—s)

+ row_rank(Q1; 02; ...; Qp)

Proof (1)LetA’ = (A); ...;A;) = (Aus1; .- .3 Ap; Ars ..., A,). By applying Theo-
rem 5.16 for the 3-tensor A’, we have

rankg(A) > min rankg (A’ x3 g) + dim(A}, A), ... ,AI’,_M)

g=(x.Ey)
= min rankg(A x3 g) +dim{A, 41, Ayt ..., Ap)

g=(Ey,%)

For g = (E,, (a;)), we see that

p p
Axzg=|A+ Z al,j—uAj; A+ Z au.j—uAj
j=u+1 Jj=u+1

Next, we consider (2) and (3). We see that

rankg (¢, (A)) > mbin rankg (¢, (A) X3 &) +dim(X,41, Xyp2, - - ),

&=Ly, *

where (X1; X5;...) = ¢,(A). Then,

rankg (A) > mbin )rankK(% (A X513y ) +dim(X, 41, Xyp2, .. )

=Ly, %
= I'l('lEln )rankK(A Xo=1(3) g) + dim(Xu+1, XLH—Z» . .),
8= Ly, *

by Proposition 5.5. By Proposition 5.6, if o = (1, 2, 3) and u = ¢, then

rankg (A) > I}lEinM) rankg (A x5 g) + row_rank(Qy; ...; Qp),
8=(Ly,

and if o = (1, 3,2) and u = s, then

rankg (A) > r{}ginN) rankg (A x| g) + col_rank(Cy; ...; Cp).
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Theorem 5.18 (Brockett and Dobkin 1978, Theorem 10) For a tensor A =
(A1; Az; .. .5 Ap) € T(m, n, p), we have the following inequality.

__ (B O
(1) Let Ay = (Ck Dk) for each k.

ranky (A) > max{rankg (Bi; ...; B,) + col_rank(Dy; ...; D)),
rankg (Dy; . ..; D,) +row_rank(By; ...; By)}

(2) Let Ay = (Bi, Ci) foreachkand 1 <u < p. If Cy = O, forall 1 <k < u, then

rankg (A) > max{rankg (By; ...; B,) + col_rank(Cy4y; . ..; Cp),
rankg (Cyq1; .. .5 Cp) +dim(By, ..., B,)}.

(3) LetAy = (?‘) foreachkand 1 <u <p. If C, = O, forall 1 <k < u, then
k

ranky (A) > max{rankg (Bi; ...; B,) +row_rank(Cyy1; ...; Cp),
rankg (Cy41; .. .3 Cp) +dim(By, ..., B,)}.

Proof By Theorem 5.17 (2), we have

ranky (A) > minrank Bi ; ; By + col_rank(Dy; 3 Dp)

KV =T Ci+DiM) " \Cp+ DpM - Lo &p
> rankg (By; .. .; Bp) + col_rank(Dy; ... ; Dp),

and by Theorem 5.17 (3),

ranky (A) > n}l\i/n rank((Cy + NBy, Dy); ...; (Cp + NBp, Dp)) + row_rank(By; .. .; Bp)

> rankg (Dy; ...; Dp) +row_rank(By; ...; Bp).

The second and third assertions are obtained from the first one by different slice
direction or Theorem 5.17 (2), (1) and (3), (1), respectively.

Lemma 5.3 LetA = (A5 As; .. ;Ap) € Tx(m, n, p).

(1) If m < n,
Al = (Enu Omx(n—m))’ andAk = (Omxma Bk)

fork = 2, then rankg (A) > m + rankg (B»; .. .; By).
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(2) Ifm<n1<t<m,

Al = (Em’ Omx(n—m)), al’ldAk = ( 0t><t Bk )

O(mft)xt O(mft)X(nft)

fork = 2, then rankg (A) > m + rankg (B»; ... ; By).
Proof (1) By Theorem 5.18 (2), we have

rankg (A) > rankg (By; ...; B,) + col_rank(E,,) = m + rankg (By; .. .; B)).
(2) If we apply Theorem 5.17 (2), then

rankg (A) > n}}n rankg ((E]:I_,) ; (O(mji(n_l) Dl (O(m—?)i(n—l)))
+ col_rank(E;).

Next, we apply Theorem 5.17 (3). Then, we have

rankg (A) > 1 + n}vin rankg(N; B, .. .; B,) +row_rank(E,,_;; O; ...; O)
> m+rankg(B; .. .; B)).

Theorem 5.19 Suppose that m < n. Puts = |n/m] > 1, ¢ = n—ms > 0, and
Li=|(m+c)27 | forl <i<t andp =5+t Let

Al = (Em’ Omx(n—m))a
A2 = (Omxma Em» Omx(n72m))v

As = (Omx(s—l)m» Emv Omxc)»

E

B, = (Omx(n—e,), (O(m EI)XZ )) ,
—t1 1
E,,

B[ = (0m><(nl,)v (O(m_( Yt )) .

Then, rankk (Ay; .. .; Ay Bis ... B) = ms + >_._, ;. In particular,

t
max.rankg (m, n, s +t) > ms + Z l;.

i=1
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Proof Clearly,
N t t
rankg (Ay;...;Ag; By ...;By) < ZrankA,- + ZrankB,- =ms + ZZ,-
i=1 i=1 i=1

by counting the nonzero elements. For the opposite inequality, we apply Lemma 5.3
(1) (s — 1) times repeatedly. Then, we have

rankg (A1;...;Ag; By ... B) > m(s — 1) —i—rankK(Ail); le); . ;B;l)),

E,
where A" = (E,, Opxe) and B’ = (Omx("’JrCZ")’(O( il) e)) By
m—=t;) xt;

Lemma 5.3 (2), we see that

rankz (AL BV: s BY) = m o+ rankye (B BY),

where BEZ) = (Oelx(zlm, (0 Ey, )) for i > 1. Again, by Lemma 5.3 (2), we
(=) xe;
see that
ranky (B .. B®) = €4 + rankye (B; .1 BY),
where

E,
B® =004, xts—t, i
i Ly x (€r—L;) 0(62_&_)%"

for i > 2. Therefore, we have
rankg(Ay;...; Ag; By ... B) > ms + £, +rankK(B§3); ...;B,(3)).

Hence, inductively, we get the assertion.

Corollary 5.2
max.rankg (25, 28, k + 1) > 21 — 1.

Proof In Theorem 5.19, we consider the case where m = n = 2% and t = k. Then,
the tensor (Ay; By; . ..; By) has rank Zf:o ok=j — ok+1 _ 1



Chapter 6
Typical Ranks

Let m, n, and p be positive integers. In this chapter, we discuss the typical ranks of
m x n X p tensors over R and the generic rank of m x n x p tensors over C. For the
readers’ convenience, some basic facts of algebraic geometry are included.

6.1 Introduction

In this chapter, we consider typical ranks of 3-tensors over R and the generic rank
of 3-tensors over C of fixed size.

Consider the matrix case, i.e., the 2-tensor case. Let M be an m x n matrix with
m < n. Then, almost always rank M = m. In fact, rank M is always less than or equal
to m and if one of the maximal minors of M does not vanish, then rank M = m. Thus
the set of m x n matrices whose rank is not m is the intersection of the zero loci of
the (:1) polynomials of the entry. Thus, the set of m x n matrices whose rank is not
m is a thin set and “almost always” an m X n matrix has rank m.

The phenomenon is quite different in the case of 3 or higher dimensional tensors.
For example, consider a2 x 2 x 2 tensor T = (7T}; T). As noted above, T} is almost
always nonsingular. Thus, by multiplying T]_l, we consider a tensor S = (Ey; A).
Then, as shown in Chap.2 rankS = 2 if and only if A is diagonalizable. If we are
working over C, an algebraically closed field, then the condition that the characteristic
polynomial of A has no multiple roots is sufficient for A to be diagonalizable. A
polynomial has multiple root if and only if its discriminant is O, thus, the set of A that
is not diagonalizable is a thin set. Therefore, if the base field is C, thena 2 x 2 x 2
tensor almost always has rank 2.

Now suppose that the base field is R. A matrix close to ((1) _01) has imagi-
nary eigenvalues and is thus not diagonalizable over R. Therefore, a tensor close to

(E2; ((1) _01)) has rank more than 2 (in fact 3, see Sumi et al. 2009). Thus, there

is a Euclidean open subset of R2*2*2 whose elements all have rank 3. On the other
© The Author(s) 2016 61
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hand, a tensor close to (Ez; ((1) g)) has rank 2. Thus, there is also a Euclidean open

subset of R2*2%2 whose elements all have rank 2. Thus, if one choses an element T

of §7 ¢ R?*?>*2 randomly, the probabilities rank 7 = 2 and rank 7" = 3 are both pos-
itive. Note that the rank of a tensor is invariant under the multiplication of a nonzero
scalar.

Let m, n, and p be integers greater than 1. If the probability that rank7T = r is
positive, where T is a randomly chosen element of S”""? —1 c R™"%P_y is called a
typical rank of m x n x p tensors over R. We consider in the following sections, the
typical ranks over R. We also show that if one considers a counterpart of the typical
rank over C, then there is only one such value for any m, n, and p and it coincides
with the minimal typical rank of m x n x p tensors over R. We call this the generic
rank of m x n x p tensors over C.

6.2 Generic Rank Over C and Typical Rank Over R

In this section, we summarize some basic facts on algebraic geometry. In addition,
we define generic rank over C and typical rank over R. The basic references on
algebraic geometry are Harris 1992 and Cox et al. 1992.

Let K be an infinite field throughout this chapter. Let n be a positive integer and
X1, ..., X, be indeterminates. For a subset S of K[ X1, ..., X,], the polynomial ring
with n variables, we set

V(S) :={(a,...,a,) € K" | f(a1,...,a,) =0 forany f € S}
and for a subset W of K”, we define
I(W):={f e K[Xy,...,X,]]| f(a) =0 forany a € W}.

Note that (W) is an ideal of K[ X, ..., X, . If S = {f1, ..., fi}, we write V(§) as
V(fi, ..., f;) for simplicity.

The following results are easily verified. (for (5), see, e.g., Cox et al. 1992, Chap. 1
Sect. 1 Proposition 5).

Lemma 6.1 (1) If S; C S5, then V(S)) D V(Sy).
(2) If Wi C Wa, then I(Wy) D TI(W>).

(3) I(V(S)) D S, VI(W)) o W.

(4) VIV(S))) = V(S), [VI(W))) = LW).
(5) I(K") = (0).

Definition 6.1 An affine algebraic variety in K” is a subset of K" of the form V()
for some S C K[X,4, ..., X,].
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We note the following basic fact.

Lemma 6.2 (1) @ and K" are affine algebraic varieties.

(2) If Vi and V, are affine algebraic varieties, then so is Vi U V.

(3) If {Va}rea is a family of affine algebraic varieties, then ()., Vi is an affine
algebraic variety.

Proof (1) V(1) = @ and V(0) = K".

(2) Suppose that V; = V(S;) fori = 1,2.Set S ={fg | f € Si, g € S>}. Then,
ViuV, =V(S).

(3) Suppose that Vy = V(S,) for A € A. Then (., Vo = V(U 4 SV)-

By Lemma 6.2, we see that there is a topology on K" whose closed sets are affine
algebraic varieties.

Definition 6.2 The Zariski topology on K" is the topology on K" whose closed sets
are affine algebraic varieties. For any affine algebraic variety V in K", we introduce
the topology, which is also called the Zariski topology on V, as the induced topology
on V from the Zariski topology of K".

In the remainder of this chapter, when we use terms concerning topology, they
are based on the Zariski topology, except for the case explicitly referring to other
topologies.

Lemma 6.3 Let V be an affine algebraic variety in K", O be a subset open in V
and a € O. Then, there exists f € K[Xy, ..., X,] such that

aeV\V(f) C O.

Proof Take a subset S of K[X1, ..., X,] such that O = V\V(S). Since a € O,
a ¢ V(S). Thus there exists f € S such that f(a) # 0. Then,a € V\V(f) C O.

Remark 6.1 Suppose that K = R or C. Then, a Zariski closed set is closed in the
Euclidean topology.

Remark 6.2 Suppose that K = R or C and V is an affine algebraic variety in K"
such that V # K". If a € K" moves randomly according to a distribution whose
probability density function is positive anywhere, the probability thata € V is 0.

Example 6.1 K"*", the set of n x n matrices with entries in K can be identified with
2 . . . B
K™ . Since det A is a polynomial of entries of A, we see that

SL(n,K) = {A € K™ | det A — 1 = 0}

is an affine algebraic variety in K"*".
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Example 6.2 GL(n,K) = {A € K" | det A # 0} cannot be treated as an affine
algebraic variety directly. However, we can identify GL(n, K) with the affine alge-
braic variety

{(A,b) e K" x K| b(det A) — 1 =0}

. 2
in K©+!

Definition 6.3 An affine algebraic variety V is said to be irreducible if V = VU V,,
where V| and V, are affine algebraic varieties, then V = Vi or V = V5.

The following lemma is easily verified:
Lemma 6.4 Let V be an affine algebraic variety. Then, the following conditions are
equivalent:

(1) V isirreducible.
(2) For any two nonempty open sets Oy and O, of V, O1 N O, # (.
(3) Any nonempty open set of V is dense in'V.

Lemma 6.5 K" is an irreducible affine algebraic variety.

Proof Suppose that V| and V, are affine algebraic varieties in K" such that V; C K"
fori =1,2.Set V; = V(S§;) fori =1, 2. Since V; C K", we see that S; \ {0} # ¢
fori =1,2. Take 0 # f; € S; fori = 1, 2. Then, f| f> # 0. Thus,

ViuV, CV(fif) CK"

since K is an infinite field.

Definition 6.4 Let V be an affine algebraic variety in K”.

(1) A regular function or a polynomial function on V isamap F': V — K such that
there exists a polynomial f € K[X}, ..., X,] such that F(a) = f(a) for any
aeV.

(2) Let W be an affine algebraic variety in K”. A regular map or a polynomial
map from V to Wisamap F: V — W such that there exist regular functions
Fi, ..., FyonV with F(a) = (Fi(a), ..., Fy(a)) foranya € V.

Here we state a basic but important fact about regular maps.

Lemma 6.6 LetV be an affine algebraic variety in K" and W be an affine algebraic

varietyin K", Xy,...,X,, Y1, ..., Yo, indeterminates. We use K[ X1, . .., X, ] to explain
the facts concerning affine algebraic varieties in K" and K[Y1, ..., Y,]in K"
Suppose that fi, ..., fm € K[X1,...,X,] and let F: K" — K" be the regu-

lar map defined by fi, ..., fum, Le, F(a) = (fi(a), ..., fu(a)) for a € K". Let
F:K[Yy,...,Y,] > K[Xy,..., X,] be the K-algebra homomorphism mapping Y;
to fi for1 <i <m. Then
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(1) F(V)C W ifand only if F(I(W)) C I(V) and
(2) V(F~YI(V))) is the closure of F(V).

Proof First, note that for g € K[Y},...,Y,], F(g) = g(/i(X1,....Xp)....,
Sm(Xy, .oy Xp)). Thus, F(g)(a) = g(fi(a),..., fu(@) = g(F(a)) for any
a € K".

(1) First, suppose that F(V) C W and let g be an arbitrary element of I(W).
Then for any @ = (ay,...,a,) € V, F(a) = (fi(a), ..., fu(a)) € W. Therefore,
F(g)(a) =g(fi(a), ..., fm(a)) = Osince g € I(W). Since a is an arbitrary element
of V, we see that F(g) € (V). Thus, we see that F(]I(W)) c (V).

Next, assume that F(I(W)) C I(V) and let a be an arbitrary element of V. For
any g € [(W), F(g) € I(V) by assumption. Thus, F(g)(a) = 0. Since F(g)(a) =
g(fi(a), ..., fm(a)) = g(F(a)), we see that

g(F(a)) =0 forany g e I(W).

Thus, F(a) € V(I(W)) = W by Lemma6.1.

(2) First, we show that V(F ~I(I(V))) D F(V). Let b be an arbitrary element of
F(V). Take a € V such that b = F(a). Then for any g € F‘I(JI(V)), g(F(a)) =
F(g)(a) = 0. Thus, b = F(a) € V(F~'(I(V))). Thus, we see that V(F~'(I(V)))
is an affine algebraic variety containing F'(V).

Now let W' be an arbitrary affine algebraic variety in K containing F (V). Then
by (1), we see that F(I(W')) C I(V). Thus, we see [(W') C F~'(I(V)) and W' =
VI(W")) > V(F1(I(V))) by Lemma6.1. Thus, V(F~'(I(V))) is the smallest
affine algebraic variety containing F (V).

Corollary 6.1 In the notation of Lemma 6.6, ImF is dense in K™ if and only if F is
injective.

Proof By Lemma6.6 (2) and Lemma6.1 (5), we see that the closure of ImF" is
V(F L((0))) = V(ker F) If ker F = (0), then V(ker F) = K", If ker F % (0),
then there exists g € ker F with g # 0. Therefore,

V(ker F) C V(g) C K"

since K is an infinite field.

Let m, n, and p be positive integers. Then, K”*"*7the set of m x n x p tensors
with entries in K is naturally identified with K""?. Consider the following regular
maps:
<1§IK: K" xK"xK? 3 (ar,...,am, b1, ....by,c1,...,¢p) = (aibjcy) € K™

and

OE (K" x K" x KPY 3 (x1,...,%) > &) + - + & (x,) € K™"<P,
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where r is a positive integer. Then, the image of @X is the set of tensors whose rank
is less than or equal to . We write @, for ®* if K is clear from the context.

Now assume that K = R or C. If Im®, is not dense in K”*"*?_ then the closure
of Im®, is a proper closed subset of K"*"*7_ Therefore, if an m x n x p tensor
T moves randomly according to a distribution whose probability density function is
positive anywhere, the probability that rank7 < r is 0 by Remark 6.2

Now consider the “generic rank” of tensors over C of fixed size. First, we cite the
following fact Northcott 1980, Chap.3 Theorem 33, which is usually proved using
the theorem of Chevalley (see Harris 1992, Theorem 3.16).

Theorem 6.1 Let K be an algebraically closed field, V be an irreducible affine
algebraic variety over K, W be an affine algebraic variety over K, and F: V. — W

be a regular map. If ImF is dense in W, then ImF' contains a nonempty open subset
of W.

Theorem 6.2 Let m, n, and p be positive integers. Suppose that r is the minimum
integer such that Imqﬁﬁc is dense in C"*"*P_ Then, there exists a dense open subset
O of C"™*"*P sych that for any T € O, rankT = r. In particular, if T € C"*"*P
moves randomly according to a distribution whose probability density function is
positive anywhere, then the probability that rankT = r is 1.

Proof By Theorem 6.1, we see that there exists a nonempty open subsetf of C"*"*P
that is contained in Im®. Since the closure of In@C | is a proper subset of C"*"*»
by assumption, we see that the complement of the closure of In@C | is a nonempty
open subset of C"*"*?_ Since C"*"*? is irreducible by Lemma6.5, O := U\ (the
closure of Im®C ,) is a dense open subset of C"*"*P,

IfT € O,thenT € Imq§ﬁc and T ¢ Imq§£1. Therefore, rank7T = r. The last
statement follows from Remark 6.2.

Definition 6.5 We call r in Theorem 6.2 the generic rank of m x n x p tensors over
C and denote r = grank(m, n, p).

Next, we consider “typical ranks” of tensors over R. First, we cite the following
basic fact on commutative algebra (see, e.g., Matsumura 1989, Appendix A Formulas
5 and 8).

Theorem 6.3 Let K be a field, R be a commutative ring that contains K as a sub-
ring, X1, ..., X, and Yy, ..., Y, be indeterminates and fi,..., fn € K[X1, ..., X,].
Further, let px (resp. pgr) be the K-algebra (resp. R-algebra) homomorphism
K[Yy, ..., Y] — K[Xy, ..., X,] (resp. R[Y1, ..., Y,] > R[Xy,...,X,]) send-
ing Y; to f; for 1 <i < m. Then, @i is injective if and only if pg is injective.

Corollary 6.2 Let r be a positive integer. Then @ is injective if and only if qfﬁ\ﬁé is

injective. In particular, Tn®F is dense in R™*"*? if and only if In®C is dense in
Cmxnxp.
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Proof The first assertion follows from Theorem 6.3. The last assertion follows from
the first one and Corollary 6.1.

Here we state the following basic fact without proof:

Lemma 6.7 Let m and n be positive integers and f,..., fm € C[ X1, ..., X,,]. Set
F:C'sar (fi(a),..., fula)) e C".

IfImF has an interior point with respect to the Euclidean topology, then the Jacobian

matrix
8(f19 ceey f;n)
0Xy, ..., Xp)

has rank m.

Now we state the following:

Definition 6.6 Suppose that 7 € R"*"*? moves randomly according to a distribu-
tion whose probability density function is positive anywhere. If the probability that
rankT = r is positive, then we say that r is a typical rank of m x n x p tensors over
R. The set of typical ranks of m x n x p tensors over R is denoted as trankg (m, n, p).

Consider the typical ranks of tensors over R with two slices. First, we recall our
previous result, Miyazaki et al. (2009).

Theorem 6.4 Let K be an infinite field. Suppose that 1 < n < p. Then, there exist
rational maps

(P’ilxp . Knxpxz— — —)GL(", K)
(PZXP . K71><P><2_ — —>GL(p, K)

such that
O (THT Py ' (T) = ((Ey, 0); (0, Ey)),

forany T € domy ™ Ndomys™”,
((Ey. 0): (0. Ey)) € domey™” N domeh ™",
nxp
()01 ((EVH 0); (05 En)) = Ena

and
©3 " ((En, 0); (0, E»)) = E,.
(See Sect. 6.3 for the definition of a rational map.)

Since tensors with two slices are classified (Theorem 5.1), we see the following
fact by Theorem 5.3.
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Theorem 6.5 (ten Berge and Kiers 1999) Let 2 < m < n. The typical rank of
R™*m*2 s tm, m + 1} and the typical rank of R"™*"*2 is {min(n, 2m)}.

Proof The set S(m) consisting of all (A; B) € R™*™*2 such that det(A) # 0 and
A~! B has distinct nonzero real eigenvalues contains a nonempty Euclidean open set
and consists of tensors with rank m. The set S(m + 1) consisting of all (A; B) €
R”*m>x2 such that det(A) # 0 and A~! B has distinct imaginary eigenvalues contains
a nonempty Euclidean open set and consists of tensors with rank m + 1. It is easy
to see that R™*"*2 (§(m) U S(m + 1)) does not contain a Euclidean open set.
Therefore, trankg (m, m, 2) = {m, m + 1}.

Next, consider trankg (m, n, 2). Set & = domy'|"*" Ndomy} ™" in the notation of
Theorem 6.4. Then, we see that & is a dense open subset of R™*1%2 (see Remark 6.3
and Definition 6.8 of Sect.6.3) such that if 7 € &, then T is GL(m) x GL(n)-
equivalent to ((E,,, 0); (O, E,)). Since rank((E,,, O); (O, E,;)) = min(n, 2m),
we see that trankg (m, n, 2) = min(n, 2m).

Note that there exist integers m, n, and p such that there are multiple typical ranks
of m x n x p tensors over R.

Theorem 6.6 Let m, n, and p be positive integers. Set ro = grankc(m, n, p). Then,
1o is the minimal typical rank of m x n x p tensors over R.

Proof Suppose that r < ry. Then, Im® is not dense in C"*"*?_ Therefore, In®*
is not dense in R™*"*? by Corollary 6.2. Thus, the closure of Im®¥ is a proper
closed subset of R”*"*P. Thus, if T € R™*"*P moves randomly according to a
distribution whose probability density function is positive anywhere, the probability
that rank7T < r is 0 by Remark 6.2.

Next, by Lemma6.7, we see that the Jacobian matrix of @ﬁ% is full row rank. Since
all the coefficients of @g are real numbers, we see that the Jacobian matrix of <1>}§ is
also full row rank. Thus, there exists a € (R™ x R" x R”)™ such that the Jacobian
matrix of diff is full row rank at a. Then we see that dﬂf(a) is an interior point of
Im(bff with respect to the Euclidean topology. Thus if 7 € R”*"*? moves randomly
according to a distribution whose probability density function is positive anywhere,
the probability that 7 € Imq§f§ is positive. Since probability that rank7 < r¢ is O,
we see that the probability that rank7 = r( is positive.

Therefore, rp = min trankg (m, n, p).

The following fact is known.

Theorem 6.7 (Friedland 2012, Theorem7.1) The space R™*"*P contains a finite

number of Euclidean open connected disjoint sets Oy, . .., Oy satisfying the follow-

ing properties:

(1) R™ P Uf‘i] O; is a Euclidean closed set of R™*"*? of dimension less than
mnp.

(2) Each T € O; has rankr; fori =1,..., M.
(3) The number min(ry, ..., ry) is equal to grank:(m, n, p).
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(4) max(ry, ..., ry) is the minimal integer t such that the Euclidean closure of
Im®R is equal to R™"*P,
(5) For each integer r € [min(ry, ..., ry), max(ry, ..., ry)l, there exists r; = r

for some integeri € [1, M].

6.3 Rational Functions and Rational Maps

In this section, we summarize the definition and basic facts of rational functions and
rational maps, which are basic notions in algebraic geometry.
Let V be an irreducible affine algebraic variety in K”. Consider the following set.

{(f.&) | f.g e K[Xy, ..., Xyl g ¢ L(V)}

We define a binary relation ~ on this set by

def
(f1.8) ~ (f2.8) <= fi)g() = H)g(x) foranyx e V.
Lemma 6.8 ~ is an equivalence relation.

Proof Reflexivity and symmetricity are trivial. Suppose that (f1, g1) ~ (f2, g2) and
(f2, 82) ~ (f3, g3)- Then

f1)g () g (x) = fL(x)g1(x)g3(x) = f3(x)g1(x)g2(x)

for any x € V. Thus

fi(x)gs(x) = f3(x)g1(x) forany x € V with gy(x) # 0.

Since V is irreducible and g, ¢ I(V), the set {x € V | g2(x) # 0} is a dense open
subset of V. Because {x € V | fi(x)g3(x) = f3(x)gi(x)} is a closed subset of V
containing the above dense open subset of V, we see that f)(x)g3(x) = f3(x)g;(x)
for any x € V. Thatis, (fi, g1) ~ (f3, €3)-

Definition 6.7 A rational function on an irreducible affine algebraic variety V is an
equivalence class with respect to ~. Let ¢ be a rational function on V and (f, g) a
representative of . We define the domain of ¢, written dom by

domy := U {xeV]|gkx) #£0}
(f'.g"N~(f.8)

For x € dom¢, we can naturally define the value of ¢ at x: take a representative
(f’, g") of v such that g’(x) # 0 and we define the value of ¢ at x as f'(x)/g’(x).
We denote the value of ¢ at x by p(x).
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It is easily verified that the value of ¢ at x defined above is independent of the
choice of the representative of ¢.

Remark 6.3 Let ¢ be a rational function on V. Then, domy is a dense open subset
of V.

Lemma 6.9 Let p; and @, be rational functions on an irreducible affine algebraic
variety V. Suppose that there exists a dense open subset O of V such that

p1(x) = p2(x) forany x € domyp; Ndomy, N O.

Then, 1 = .

Proof Take representatives (f1, g1) and (f2, g2) of ¢ and ¢», respectively. Then
fi(x)g2(x) = fa(x)gi(x) for any x € domep; Ndomp, N O
by assumption. Since domy; N domy, N O is a dense open subset of V', we see that
fi)g(x) = fr(x)gi(x) forany x € V.

Thus, (f1, g1) ~ (f2, g2) and @1 = ;.

Definition 6.8 Let V be an irreducible affine algebraic variety in K" and W be an
affine algebraic variety in K”. A rational map ¢ from V to W is an m-tuple of
rational functions (¢, ..., ¢,) on V such that (¢ (x), ..., p,(x)) € W for any
x € (L, domyp;. We define domy := ()i, domy; and for x € domyp, we define
the image of x by ¢ as (¢(x), ..., pn(x)). We denote by p: V— — — W that ¢ is
a rational map from V to W.

Remark 6.4 A regular map from an irreducible variety is a rational map.

Next, we consider the composition of rational maps. First, we note the following
fact whose proof is easy.

Lemma 6.10 Let X,4,....X,, and Yy,...,Y,, be indeterminates, h € K[Yy,...,Y,],
and fi,..., fm, 815 -, 8m € K[X1, ..., X,,]. Suppose that g; ... g, # 0. Then, there
exists a positive integer d such that

(g1 ---8m) R f1/81s - fu/8gm) € K[X1, ..., X,l.
Next, we state the following:

Lemma 6.11 Let V be an irreducible affine algebraic variety W be an affine alge-
braic variety and ¢: V— — —W be a rational map. Suppose that O is an open
subset of W. Then, {x € domyp | p(x) € O} is a possibly empty open subset of
dome.
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Proof Suppose thata € domyp and ¢(a) € O.Then by Lemma6.3, we see that there
exists h € K[Y1, ..., Y,] such that p(a) € W\ V(h) C O.Setp = (©1, ..., Om)
and take representative (f;, g;) of p; with g;(a) # Ofor1 <i < m.ByLemma®6.10,
we can take a positive integer d such that

(81--- &) R (f1/81s -, fu/8m) € KIX1, ..., X,].

Set f =(g1...8m) h(f1/g1, ..+ fn/gn). Thenforany x € domy with (g; ... gy)
(x) #0,
h(p(x)) #0 < f(x) #0.

Thus, a € domp\V(g;...gnf) C {x € domyp | ¢(x) € O}. Since a is an arbitrary
element of {x € domy | p(x) € O}, we see that {x € domyp | p(x) € O} is an open
subset of domp.

Lemma 6.12 Let V be an irreducible affine algebraic variety in K" and W be an
irreducible affine algebraic variety in K™. Suppose that ¢ = (¢1,...,¢n) is a
rational map from V to W and 1) is a rational function on W. If {x € domyp | ¢(x) €
domsp} # @, then there exists a rational function x on V such that domy D {x €

domy | ¢(x) € domey} and x(a) = P(p(a)) for any a € {x € domy | p(x) €
domq)}.

Proof We use K[X1, ..., X,] to explain the facts concerning affine algebraic vari-
eties in K" and K[Y7, ..., Y,,] in K. Let x; be an arbitrary element of {x € domy |
p(x) € domy}. Take a representative (i, hy) of ¢ such that h;(¢p(x1)) # 0 and a
representative (f;, g;) of o; such that g;(x;) # O for 1 <i < m. Then there exists a
positive integer d such that

(81 &) hi(fi/81s -\ fulgm) € KIX1, ..., Xyl

fori = 1,2 by Lemma®6.10. Set 1 = (g, o g hi(fi/gs ., fn/gm) fori =1,
2. Then 7 (x;) # 0 and

() = hy(»)/hy ()
forany y € domy with ¢(y) € domt and #5(y) # 0. Let x; be the rational function

on V represented by (i}, h5). Set O = {x € domy | ¢(x) € domy} \ V(h5). Then,
O is an open neighborhood of x; such that

x1(y) =¥(p(y)) foranyy € O;.
Let x, be another element of {x € domy | ¢(x) € dom}. Then by the same

argument, we see that there exists an open neighborhood O, of x, and a rational
function x, on V such that

X2(y) = ¥(p(y)) foranyy € O,.
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Then,
x1(y) = x2(y) forany y € O, N O,.

Since V is irreducible, O; N O is a dense open subset of V. Thus, x; = x» by
Lemma6.9. Set x = xi. Then, Y is a rational function on V and x(a) = ¥ (p(a))
for any a € {x € domyp | p(x) € dom}.

Definition 6.9 In the setting of Lemma6.12, we denote x as ¥ o ¢ and call it the
composition of ¢ and .

Definition 6.10 Let V; be irreducible affine algebraic varieties in K" fori = 1, 2,
W be an affine algebraic variety in K", ¢: Vi— — >V, and ¢: V,— — —W be
rational maps. Suppose that there exists x € dom¢ such that ¢(x) € dome. Then,
we can naturally define the composition 1) o ¢ of ¢ and ¥: set ¥ = (Y, ..., V)

and we define p o p = (Y10, ..., Yy 0 P).

Remark 6.5 When considering the composition of rational maps ¢ and v, it is essen-
tial that Imp N domvy # @.

6.4 Standard Form of “Quasi-Tall”’ Tensors

In ten Berge (2000), ten Berge called an I x J x K tensor with / > J > K > 2
and JK — J < I < JK atall tensor. For convenience of notation, we rotate such
tensors and provide the following definitions:

Definition 6.11 If2 <m <nand (m—1)n < p < mn,wecall ann X p X m-tensor
a quasi-tall tensor.

Let m, n, and p be integers with 2 < m < nand (m — 1)n < p < mn and
letT = (Ty;...;T,) be an n x p x m tensor. Thus, T is a quasi-tall tensor by
Definition6.11. Set/ := p — (m — Dnand !’ :=n — 1 = mn — p.

Definition 6.12 We say that T is of the standard form if

Tk = (Onx(kfl)na Em Onx(pfkn))

M
Tm = ((0 ) ’ On><ls En)
Ix(m—2)n

for some I’ x (m — 2)n matrix M.

forl <k <m—1and

Now we state the main result of this section.
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Theorem 6.8 Letm, n, and p be integers with2 <m <nand (im—1)n < p < mn.
Then, there exist rational maps

wTprm . K< _ _ 5 GL(n, K)
Gy R S GL(p, K)

such that
gplllxl’xm(T)T@;prm(T)
is of standard form for any T € domg&'}xl’xm N d0m<p;prm and for anyn x p x m

tensor S of standard form
S € domg| "™ N domyy 7", PN(S) = E, and @y """ (S) = E,.

In order to prove this theorem, we prepare the following lemma which is easily
proved. We use the notations, M (M=, <M, <M, resp.) which denote the m x j
(ixn, mx(n—j), (m—i) X n,resp.) matrix consisting of the first (first, last, last,
resp.) j(i, n — j, m — i, resp.) columns (rows, columns, rows, resp.) of M for an
m x n matrix M. We also use the same notations for tensors.

Lemma 6.13 Let
F: K™ — GL(p, K)

be the regular map defined by

E(m—Z)n o
FIy=\_ (ITm—1) Ep
T <(m—2)n
where T = (Ty; ...; T,,) € K"*P*™ Then, if

Ty = (M7 E,, Onx/) and T, = (M,7 Onxis El‘l)v

where M and M’ are n x (m — 2)n matrices, then

M
T F(T) = (0n><(m—2)na Ey, Opx) and T,F(T) = ((Ol m—2) ) , Onxis En) s
X(m—2i)n

where M" is anl’ x (m — 2)n matrix. Moreover, if

M//
T;n—l = (Onx(m—Z)n’ En: Onxl) and Tm = ((Ol m—2) )9 Onxl, En) s
x (m—2)n

then F(T) = E,,.
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Proof of Theorem 6.8 We define the rational map

Xo: K"™>P*"— — -GL(p, K)

ﬂ2 (T)S(mfZ)n ) -1

0(n+l) X (m—2)n En+l

Xxo(T) = (

Set
SO = sV 8P) == Txo(T)

for any n x p x m tensor T with T € domyy. Then,
a1 _
Sk - (Onx(k—l)na Eny Onx(p—kn))
for 1 <k <m — 2. We also define rational maps

Y11 KPP GL(», K)
and
x2 : KPP — — - GL(p, K)

by
xi(T) = <" ((m—Z)n< (5,51111; an”))

and

xi(T)™!

x2(T) = B (1)~
A (A (O ))

where 7™ and 3" are the ones in Theorem 6.4, and set

S = (5175587 = xa (DS Va1
Then

S;EZ) = (Onxk=1ns Ens Onxp—kn))
forl <k <m-—2,
S\ = (M, E,, Op) and S2 = (M, Onss. En),

m—1 =

where M and M’ are n x (m — 2)n matrices.
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Set
P17 = xa(T) and @y (T) = xo(T)x2(T)F (),
where F is the regular map of Lemma6.13. Then ¢} """ and ¢5™ """ satisfy the
required conditions. u

6.5 Ranks of Quasi-Tall Tensors of Standard Form

In this section, we prove that an n x p x m quasi-tall tensor of standard form has
rank p. As a corollary, we give another proof of the result of ten Berge (2000), i.e.,
p X n x mreal tensors with p > n > m > 2 and mn —n < p < mn have unique
typical rank p.

Theorem 6.9 Let K be an infinite field, m, n, and p be integers with2 < m < n
and (m — 1)n < p < mn and S be an n x p x m tensor of standard form (see
Definition 6.12 for the definition of standard form). Then, rankS = p.

In order to prove this theorem, we prepare some notations. Set/ := p — (m — 1)n
and!' :=n—1=mn — p. Foranl’ x (m — 2)n matrix W = (W, ..., W, 1),
where Wy isan !’ x n matrix for | <k <m —2,and ¢ = (¢, ..., c,) € K>,
where ¢, € K" for 1 < k < m, we set

MW,c)=Mx,T,W,c)
Wi W2
=xi| Tt |+ +xua2| Tua
C| Cn—2
Oy Ep —Ey Opy
+xm71 Tm—l + Xm Tm 5
Cn—1 Cm

where x = (x1, ..., x,,) is a row vector of indeterminates and 7' = (Ty; ...; T,,) =

(#;jx) is an (I — 1) x n x m tensor of indeterminates. Note that when p = (m —1)n+1,
i.e., whenl/ =1,

w Win—
M(W’c):xl(c;)_i_...-i-xmz(c 22)

Opyi Ey —Ey Opy
+xm1(” 1)+xm( ! ”).
Cm—1 Cm

gx, T,W,c)=detM(x, T, W,c),

We also set

which is a polynomial with variables xi, ..., x,,, and {#;¢}.
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Lemma 6.14 If (¢,,)<y = 0and g(x, T, W, ¢) is a zero polynomial, then ¢ = 0.
Proof Set ¢, = (ck1, ..., crn) for 1 < k < m. By seeing the coefficient of
X H i /’imHtl U i+1,m»
i=l'+1

we see that ¢, = 0 for!’ + 1 < r < n (we define the empty product to be 1). Since
(¢m)<r = 0 by assumption, we see that ¢,, = 0.
Thus by seeing the coefficient of

X" 1
H ti llmHtl U i+1,m>

i=l'+1

weseethatcy, =0forl <k <m—1land!’+1<r <n.
Next by seeing the coefficient of

r—1 -1
n
Xm—1 Hti,i,m—l Hfi,i+1,m—1,
i=1 i=r

weseethatc, ,,—; = Ofor 1 < r < [.Further, when! < I’, by seeing the coefficient of

X" —r+1 X'~ l
Xn—1 tll+r l,m>

we see that ¢, forl + 1 <r <[’. Thus, we see that ¢,,_; = 0.
Finally, by seeing the coefficient of

r—1 -1
n—1
X m—1 | Iti,i,mfl | |ti,i+1,m71,
i=1 i=r

we see that ¢,y = Ofor 1 <k <m —2and 1 < r < [. Further, when! < I’, by
seeing the coefficient of

n r r—l1
Xo—1%m ||t11+r Lm>s

weseethatc,, =0forl <k <m—2and/+1<r </.

Definition 6.13 For an [’ x (m — 2)n matrix W, (I — 1) x n x m tensor U, and
= (U, ..., uy) € K" we define Y(u, U, W) € K" whose ith entry is the
(n, i)-cofactor of M(u, U, W, 0). We also define
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upm, U, W)

D, U, W) = : e K”.
umflqp(us Uv W)

! <, U, W)

Lemma 6.15 Let W be anl’ x (m —2)n matrix. Then, the K vector subspace of K”
generated by {Yp(u, U, W) | u e K" U e KU-Dxmxmy jg Kp,

Proof Suppose that d € K'*? and d?/;(u, U,W) = 0 for any u € K" and
U e KU=Dxmxm Setd = (dy, ..., d,) and define

c=(di, ., dpm-1n, 0, ..., 0, dm—1ynt1, - --,dp) € K™
by inserting [’ zeros. Then by the definition of 1/;(u, U, W), we see that
dvf)(u, U W)=detM(u,U,W,c)=g(u,U,W,c).

Since K is an infinite field and diﬁ(u, U,W) = 0 for any u € K™>™ and U €
KU=Dxnxn we see that g(x, T, W, ¢) is a zero polynomial, where x = (x1, ..., X,,)
is a vector of indeterminates and 7 is an (I — 1) x n x m tensor of indeterminates.
Thus by Lemma6.14, we see that d = 0. Therefore, the K-vector space generated
by {(u, U, W) | u € K™, U e KU=Dxnxmy g K.

Proof of Theorem 6.9

LetS = (S;;...;S,) beann x p x m tensor of standard form. Since fl,(S)=? =
E,, we see that rank§ > p.

In order to prove the opposite inequality, we set

Sm = ( v Oﬂ><la El‘l) )

Orxm—2n’
where W is an/’ x (m —2)n matrix. Since {7,/3(u, U, W) |ueK>m U eKU-Dxnxmy

generates K” by Lemma6.15, we can take uy, ..., u, € K>m and Uy, ..., U, €
K=Dxnxm gych that

(@Z(ul, Ui W, ... 0@, Uy, W))

is a nonsingular p X p matrix.

We denote this matrix as N, and set Q = N7/, wj = (Uji,uj, ..., ujy) for
1 < j < p, Dy =Diag(u, uog, ..., up) forl <k <m,a; =u;, U;, W) for
l<j<pand A= (ay,...,ap,). Then, since
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uja;
= {(u;, U, W)
Ujm—1aj
ujn'<a,
for 1 < j < p, we see that
AD;
: = N.
ADmfl
l’<ADm
Therefore,
ADQ
: =NQ=E,.
ADm—lQ
l’<ADm Q
In other words,
ADiQ =8 forl <k<m-—1 (6.5.1)
and
"<AD,,0 ="<S,,. (6.5.2)

Now consider A=/'D,, Q. Since the ith entry of @; = ¥ (u;, U;, W) is the (n, i)-
cofactor of M(u;, U;, W, 0), we see that

M@u;,Uj,W,00a; =0 forl <j<p. (6.5.3)

SetU; = (Ujy;...; Ujp) for 1 < j < p. Then, since

W W2
M(Uj,Uj,M,O)Zujl U(; +'~--|—l,tj’m,2 Uj,(,:_z
Ory E| —Ep Opy
+ uj,mfl Uj,m—l + uj,m Uj,m )
0 0

by seeing the first I rows of (6.5.3), we see that

<[’
wpWit--+ujmoWno+ujm1(Orx Er)a; =ujna;
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for 1 < j < p. Therefore,

WiAD| + -+ Wy 2AD, 2 + (Oryy Ex)AD,_1 = (AD,)="".

Since
= = (Wi, ..., Wys, Opss, Er, Ops),
we see that
S='N = A<'D,,.
Therefore,

A¥'D,0=S5;".
By this fact and Eq. (6.5.2), we see that
ADypQ = Spy.

Thus, by (6.5.1), we see that rank S < p. |
By Theorems 6.8 and 6.9, we see the following fact:

Corollary 6.3 Let K be an infinite field, m, n, and p be integers with2 < m < n
and (m — 1)n < p < mn. Then there exists a dense open subset O of K"*P*™ such
that for any T € O, rankT = p.

Proof Set O = dome| """ Ndomy, "™, where ] "™ and ¢, “"*"" are rational

maps of Theorem6.8. If T € O, then rank T = ranky| """ (T) T, "™ (T). Since
O (T3P ™ (T) isann x p x m tensor of standard form, rank] " (T)
Ty """ (T) = p by Theorem6.9.

In particular, we see the following fact:

Corollary 6.4 (ten Berge 2000, Result 2) Suppose that m, n, and p are integers with
the condition of the above corollary. Then, p is the unique typical rank of n X p x m
tensors over the real number field.

6.6 Other Cases

Here, in the final section of this chapter, we consider typical ranks of 3-tensors that
are not quasi-tall. First, we state the following result:

Proposition 6.1 If p > mn, then trankg (n, p, m) = {mn}.

Proof LetT beann x p x m tensor. Then, fl;(7T") is an nm x p matrix. Since nm < p,
the rank of fl,(7") is almost always nm. Therefore, rank T is almost always greater
than or equal to nm.
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On the other hand, let M;; be an element of R™*!*™ such that fl;(M;;) = E;j,
the matrix unit. Then, since every column of T is a linear combination of M;; and
rankM;; = 1, we see that rank of T is less than or equal to the number of M;;’s, i.e.,
nm. Thus, rankT < nm.

Next, we cite the result of (Catalisano et al. 2008), Theorem 2.4 and Remark 2.5,
which, in our language, includes the following fact:

Theorem 6.10 Let m, n, and p be positive integers with 3 < m < n and (m —
)(n — 1) < p < mn. Then, grankq(n, p, m) = p.

Thus, it follows that min trankg (n, p, m) = p by Theorem 6.6, if m, n, and p satisfy
the conditions of Theorem 6.10.
Here we cite our following recent result:

Theorem 6.11 (Sumi et al. 2013, 2015a, b) Let m, n, and p be integers with 3 <
m<nand(m—1)n—1)+2 < p < (m — Dn. Then

{p,p+1} ifm#n <mn— p,

trankg (n, p, m) = (p} ifm#n > mn — p,

where m#n is the minimum integer | such that there exists a nonsingular bilinear
map R™ x R" — R! (see Chap.4).
Finally, we cite the following fact:

Theorem 6.12 (Strassen 1983) Let A € K"*nx3, If n is odd, then grank(n, n, 3) =
(Bn + 1)/2; otherwise grank(n, n, 3) = 3n/2.


http://dx.doi.org/10.1007/978-4-431-55459-2_4

Chapter 7
Global Theory of Tensor Ranks

The generic rank is considered under the complex number field, and it corresponds
with the dimension of the secant variety. In this chapter, we introduce known results
and discuss the typical rank via the Jacobi criterion.

7.1 Overview

Let K be an algebraically closed field or R. Let f = (f1, ..., fi). Weidentify Tk (f)
with K/1/2/k /' We consider the tensor product map ®;: K/ x K2 x ... x K/ —
Tk (f) defined as

Wi, uy, ... u) > U QU @+ Quy.

It induces a map from PA-L x PRl x ... x Pl to P/ fiml where P” is the
n-dimensional projective space over K, which is a quotient space of K"+!\ {0} by the
equivalence relation ~defined by (x1, ..., X,41)~ Oty .« o Vor ) i (X1, .o, Xpp1) =
(cy1y ..., cyu+1) for some nonzero element ¢ € K. The image of @, is an algebraic
variety. We call it the Segre variety of the format f (cf. Biirgisser etal. 1997, Chap. 20,
Harris 1992, Lecture 9). The image of the summation map

@ (S XK KB = T (), @ w, . up) > D Bi(u)),
j=1

denoted by S, (f, K) or S,(f), consists of the tensors in K/ of rank < r. We simply
write @i&f as @,. The Zariski closure, denoted by X, ( f, K) or X,.(f), of S, (f, K) is
called the secant variety of the format f. The secant variety X, (f, C) is irreducible
and consists of all tensors of C/ with border rank at most r (cf. Lickteig 1985). The
maximal rank max.rankk ( f) of Tk (f) is characterized as follows.

Remark 7.1 max.rankg (f) = min{r | S,(f) = Tx(f)}.

© The Author(s) 2016 81
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An integer r is called a typical rank of the set Tr(f) if S,(f, R)~\S,—1(f, R)
includes a nonempty Euclidean open set. Let trankg(f) denote the set of typical
ranks of T (f).

A semi-algebraic set in R" is a finite union of sets defined by a finite number of
polynomial equations of the form p(xi, ..., x,) = 0 and inequalities of the form
q(x1,...,x,) > 0. The set Tr(f) is a semi-algebraic set. For semi-algebraic sets A
and B, the product A x B is also semi-algebraic. A finite union, finite intersection,
complements, interiors, and closures of semi-algebraic sets are also semi-algebraic
sets. According to the Tarski—Seidenberg principle, the set of semi-algebraic sets is
closed under projection. Let 2: A — B be a map between semi-algebraic sets. A
map h is called semi-algebraic if its graph {(x, h(x)) | x € A} is a semi-algebraic
subset of A x B. If & is a polynomial map, then / is semi-algebraic. For a semi-
algebraic map £, the image /(S) of a semi-algebraic subset S of A is a semi-algebraic
subset of B and the preimage 42~ (T) of a semi-algebraic subset 7 of B is also a
semi-algebraic subset of A. In particular, S, (f, R) and the set S, (f, R)N\.S,—;(f, R)
of all tensors of Tr(f) with rank r are semi-algebraic sets (see Bochnak et al. 1998,
Chap. 2, Sect. 2 in detail).

Since @, is a C*° map, we can consider the Jacobi f1 f> - - - fi xr(fi+ fa+- - -+ fi)
matrix, denoted by Jg, , of the map @,. We see that

Jo, (uy, ..., u) = (Efl Rur®- - -Quy, u1®Ef2®~ QU .., U IR -®uk,1®Efk)
for (uq, ..., uy) e K/ x - x K/t and that

Jo, (x1, ..., %) = (o, (x1), Jp, (X2), ..., Jop, (X))
where x1, ..., x, e K/t x ... x K. We put

d,(f) = maxrankJg, (x).

Over the complex number field, the generic rank grank(f) denotes the minimal
integer r such that d,(f) = fi f>--- fx. Note that Xorni(r)(f, C) = C’. Over the
real number field R, if d.(f) = fif>--- fi, then r is greater than or equal to the
generic rank grank( f) which is equal to the minimal typical rank min.trankg (f),
and the maximal typical rank max.trankg (/) is equal to the minimal integer » such
that the Euclidean closure of S, ( f, R) is equal to Tr(f).

Strassen (1983) and Lickteig (1985) introduced the idea of computing upper
bounds on the typical rank via the Jacobi criterion and the splitting technique.

An integer r is called small if dim X\, (m,n,q) = r(m +n + q — 2), and large
if X.(m,n,q) = mng. A format (m, n, q) is called good if dim X, (m,n, q) =
min{r (m-+n-+q—2), mnqg} for any r, and perfect if, in addition, mnq /(m+n-+qg —2)
is an integer. Let us call a format (m, n, q) balanced it m — 1 < (n — 1)(g — 1),
n—1<@m-—1)(g—1,andg—1=<(m—1)(n—1).
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Let2 <m <n<q <mnandgqgy = (m — 1)(n — 1)+ 1. In ten Berge 2000,
a tensor with format (m, n, q) is called “tall” if (m — 1)n < g < mn. A tensor
with format (m, n, g) with (m — 1)n < g < mn has rank g with probability 1
(see Corollary 6.3). By considering the flattening R™>*"*¢ — R4, we see that
min.trankg (m, n, q) > min.trankg(mn, q) = g. By the argument of the rank of
the Jacobi matrix (see Theorem 7.8), min.trankg(m, n, q) < q for g¢o < g < mn.
Therefore, if g9 < ¢ < mn, then min.trankg (m, n, g) = ¢q, and a tensor with format
(m, n, q) has rank g with positive probability. In particular, (m, n, qo) is perfect.
Conversely, if min.trankg (m, n, g) < g, thenq > g since mng/(m+n+q —2) <
min.trankg (m, n, q). f g0 +2 < g < mn, then (¢ — 1)(m +n + q — 2) > mngq
and (m, n, g) is not good, since dim X,_(m, n, g) < mngq. (Biirgisser et al. 1997,
Exercise 20.6).

Theorem 7.1 (Strassen 1983, Proposition 3.9 and Corollaries 3.10 and 3.11) Sup-
pose that (m, n, q) is a balanced format. Then, (m, n, q) is perfect provided that any
of the following conditions is satisfied:

geven,2n <m+n+q —2, and2mn/(m+n+q —2) € Z.
q/3€Z,3n<m+n+q—2,and3mn/(m+n-+q —2) €Z.
3n<m+n+q—2andmn/(m+n+q—2) €.

In particular, if n # 2 modulo 3, then (n, n, n + 2) is perfect; if n = 0 modulo 3,
then (n — 1, n, n) is perfect; andif j = Omodulo2(a+B+y)and1l <a < <y,
then («ej, Bj, yJj + 2) is perfect.

01
01
Let Al = En, A2 = Diag(cl,cz, ...,Cn), and A3 = If
01
1 0
ci, ..., c, are distinct from each other, then
0 Cl —C
0 C) —C3
ArAz — A3Ar =
0 Cn—1 — Cp
c, — C1 0

has rank n» and brankg (A;; A,; Az) > (37”1 by Theorem 5.15. Therefore,

3n
grank(n, n, 3) > [7].

Although there are infinite many good formats, (n, n, 3) is not good if n is odd.
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Theorem 7.2 (Strassen 1983, Theorem 4.6 and Proposition 4.7) If n is odd, then
grank(n, n, 3) = (3n + 1)/2; otherwise, grank(n, n, 3) = 3n/2.

Theorem 7.3 (Lickteig 1985, Corollary 4.5) grank(n, n,n) = (3:—121 ifn # 3.
dim X, (n, n, n) = min{r(3n — 2), n’}.

Thus, (n, n, 3) is good if and only if n is even, and (n, n, n) is good if n # 3.

Theorem 7.4 (Strassen 1983, Proposition 4.7) Let 2 < m <n < m+q — 2,
g <@m—1)n—1)+1, and q be even.

mnq

M9 < grank(m,n.q) < ——od
2 m+n+q-—2

_ mng L4
m+n+q— 2

7.2 Jacobian Method

Let K be an algebraically closed field or R. Let f = (fi, f2,..., fi) be a format
with fi, f2, ..., fi = 2. The Jacobi matrix Jg, (X1, ..., x,) forms

Jo, (x1), ..., Jo, (x))).

Since
Is

B1x) = > 5, 22O

i—1 axs,iA

L

then,
k
rank (Jg, (X1, ..., %)) < ’(Zfi —k+ 1).
i=1
Note that
dl(f) < dz(f) < e < dgrank(f)(f) = fl e fk-
We put

fifr- fi —‘

o= [f1+fz+~-+fk—k+1

Proposition 7.1 (cf. Howell 1978, Theorem 12; Biirgisser et al. 1997, (20.4) Propo-
sition (5)) Q(f) < grank(f) < max.rankp(f).

Proof Recall that grank( f) is the minimal integer r such thatd,(f) = fif>--- fx.
Since Zpmax ranks () (f) = F/, we see that grank (f) < max.rankg(f). If ¥ < Q(f),
then d,(f) < fi fo--- fi- Thus, Q(f) < grank(f).
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Theorem 7.5 (Howell 1978, Theorem 10) If R is a finite commutative ring with
identity, then max.rankg(m, n, p) > [mnp/(m +n + p — 2)]. If K is a finite field
with q elements, then max.rankg (m, n, p) > [mnp/(m +n + p — 2log, (g — 1)].

The typical rank of Tr( f) is not unique in general, e.g., 2 and 3 are typical ranks
of Tr(2, 2, 2). The generic rank grank(f) is the minimal typical rank of Tr(f) (cf.
Northcott 1980, Theorem 6.6). S, (f, R) is a semi-algebraic set (cf. de Silva and Lim
2008; Friedland 2012).

For a permutation T € &;, we see that

max.rankg (f1, f2, ..., fi) = max.rankg (frq), fr@)s---» fro),
grank(fi, fo, ..., fi) = grank(frq), fr2)s -« -5 fro)s
trankg (f1, f2, ..., fi) = trankr (fzq1), fr@)s---» frw)-

We know the following upper bound for the maximal rank.

Proposition 7.2 (Proposition 1.2) max.rankg(fi, ..., fi) < min{f‘}'_fk | 1 <
7
J = kb

The following proposition is elementary.

Proposition 7.3 The minimal typical rank r is characterizedasd,(f) = fi--- fx >

dr—1(f).

Proof 1t is obvious by the definition.

LetA € Tx(ay,az,...,a5).ForB = (By;...; Bb,) € T (b1, by, ..., b;),ifs >t
and (By; ...; By,) has A as a sub-tensor, then rankg (B) > rankgk(Bi;...; Bp,) >
rankg (A).

Let max.trankgr ( f) be the maximal typical rank of Tr(f). Recall that grank( f)
is the minimal typical rank of Tr () (see Theorem 6.6). Let .7, ( f, K) denote the set
of all tensors of K/ with rank . We have

S(£K) = 7 K.

i=0

Lemma 7.1 S,(f, R) is a Euclidean dense subset of T (f) if and only if r is greater
than or equal to the maximal typical rank of Tr(f).

Leta = (a1,az,...,a;) and b = (by, by, ..., b,) withs > t and a; > b; for
any i < t, let » be a nonnegative integer, and let 7 : K — K” be a canonical
projection. By definition, 7 (S, (a, K)) C S, (b, K). The inclusion Kt — K¢ by
adding zero at the other elements implies that S, (b, K) C (S, (a, K)). Therefore,
Sy (b, K) = (S, (a, K)).
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Proposition 7.4 Let a = (aj,a,...,a5) and b = (b1, by, ..., b;). If s > t and
a; > b; foranyi <t, then

(1) grank(a) > grank(b) and
(2) max.trankg(a) > max.trankg (b).

Proof (1) Note that Sgrank(a) (0, C) = Sgrank(a) (@, )N CP. Since it includes a Euclid-
ean open set, grank(a) > grank(b).

(2) Smax.trankz(a) (@, R) is a Euclidean dense subset of Tr(a). Let w: Tr(a) —
Tr(b) be a canonical projection. Then, 77 (Smax.trank (@) (@5 R)) = Smax.trankg () (D, R)
is also a Euclidean dense subset of Tr(b). Therefore, max.trankg (@) is greater than
or equal to max.trankg (D).

Proposition 7.5 Leta = (ay, as,...,a,) and b = (by, by, ..., b,) withs > t and
a; > b; for anyi < t. grank(a) > max.trankg (b) if and only if 7 (Serank() (@, R))
is a Euclidean dense subset of Tr(b), where w: Tr(a) — Tr(b) is a canonical
projection.

Proof Recall that 77 (Fgrank(a) (@, R)) is a subset of Fgrank(a) (b, R). Thus, if it is a
Euclidean dense subset of Tk (b), then

grank (@) > max.trankg (b)
by Lemma 7.1. Conversely, suppose that grank(a) > max.trankg (b). Then,
TR(b) =cl Smax.trankug(b) (b: R) Ccl Sgrank(a) (b’ R) =cl ﬂ(Sgrank(a) (av R))

Lemma 7.2 IfclS, (f,R) = clS,(f, R), then cl S, »(f, R) = cl S,41(f, R).

Proof Animplication S, (f) C S,42(f) easily implies thatcl S, (f) C cl S,42(f).
Since

Sri2 =8, 11(f) +S1(f) S (f)+ Si(f)
=clS.(f) + Si(f) C (S (f) + Si(f) =clSii(f),

we have cl S, o (f) C cl S,41(f). Therefore, c1 S, 1(f) =clS,12(f).

Proposition 7.6 Tr(f)\S,(f,R) and S,.1(f, R) include a nonempty Euclidean
open set if and only if r + 1 € trankr (f).

Proof The if part follows from the fact that .7, | (f, R) isasubset of Tr (f)\S, (f, R)
and S, | (f, R). We consider the only if part. Suppose that 7, . {(f, R) = S, 1(f)~
S, (f) has no nonempty Euclidean open set. Then, cl S,,;(f) = cl S,(f). Repeating
Lemma 7.2, we have

cl Sr(f) =cl SrJrl(f) =...=cl Smax.rank(f)(f) = TR(f)s
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and then, Tr ( )\ S, (f, R) has no nonempty open set. Therefore, if Tr (f)\.S, (f, R)
includes a nonempty Euclidean open set, then S,;;(f)~\.S,(f) also includes a non-
empty Euclidean open set.

In particular, for r € trankr(f), if Tr(f)~\S;(f, R) includes a Euclidean open
set, then r 4+ 1 € trankg (/). We also have the following proposition.

Proposition 7.7 Forry, r, € trankg(f) with riy < ry, s € trankr(f) for any s with
ry=s=n.

Proof Let s and ¢ be the minimal and maximal typical rank of tensors with format
f, respectively. By Lemma 7.2, we see that

S (f) G elSoni(f) & - S elSi(f) = Tr(f).

Thus, an arbitrary integer » with s < r < ¢ is a typical rank of Tr(f) by Proposi-
tion 7.6.

Following Strassen (1983) and Lickteig (1985), Biirgisser et al. (1997) obtained
the asymptotic growth of the function grank and determined its value for some
special formats. It is not easy to see whether the Jacobian has full column rank. The
problem amounts to determining the dimension of higher secant varieties to Segre
varieties. They achieved this by computing the dimension of the tangent space to
these varieties, for which some machinery was developed.

Let f = (fi1, f2, f3).- Fort = u; @ uy @usz € S;(f, C), we denote by Tc(f) ¢ ¢,
Te(f) o2 t, Te(f) o3 t the subspaces C/' @ us ® u3, u1 @ C” @ uz, u; @ uy ®
C/ of Tc(f), respectively. The sum of these three subspaces is the tangent space
of Si(f,C) at r. A 4-tuple s := (so; 51, 52, 53) € N* is called a configuration. If
(t;x,9,2) € S5(f, C) := S5, (f, C) x S, (f, C) x S, (f, C) x Ss,(f, C), we denote
by X (t; x, y, z) the following subspace of T¢(f):

50

Xi(tix,y,2) = Z(Tc(f) o1ty +Te(f) o2t + Te(f) 03 1)

k=1
51 52 53
+ > Te(f) o1 xa + D Te(f) 0235+ D Te(f) 03 24
a=1 p=1 y=I
where t = >3° e € S, (f,C), x = D00 xg € S,(f,C), y = Z‘fgz:l yp €

S5, (f,C), and z = ‘;3:1 zy € Sy, (f. C). The map S;(f,C) - N, (;x,y,2)
dim X/ (t; x, y,z) is Zariski lower semi-continuous, i.e., the sets {(¢;x,y,z) |
dim Xf(¢; x, y,z) < r} are Zariski open for all » € N. We denote the maximum
value of the above map by d (s, f) and call it the dimension of the configuration s in
the format f. Note that, by semi-continuity, d(s, f) is also the generic value of the
above map. We easily see the following dimension estimation:

d(s, ) <min{so(fi + fo + f3 —2) +s1fi + 22+ 8313, fifof3)
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Definition 7.1 A configuration s is said to fill a format f, s > f, if and only if
d(s, f) = fi1f2f3. The configuration s is said to exactly fill f,s =< f,if and only if
dis, f)=so(fi+ o+ =D +s1fi+s2fa+s3/3=fifafs

Lemma 7.3 (Biirgisser et al. 1997, (20.13) Lemma)

(1) The relations > and =< are invariant under simultaneous permutation of the
components of f and the last three components of s.

(2) if S = s, f = F component-wise, then s > f implies that S > F.

(3) (r;0,0,0) > f implies that grank(f) <.

(4) (r;0,0,0) < f implies that f is perfect and grank(f) =r.

Lemma 7.4 (Biirgisser et al. 1997, (20.15) Lemma) For all a,b,c,d € N U {0},
the following relations hold:

(1) (1;0,0,0) < (1,1,a), (0;0,0,1) < (1,1,a) ifa > 0,

(2) (0; bc,0,0) < (a,b,c)ifabc > 0,

(3) (0;bc,ad,0) < (a,b,c+d)ifab(c +d) > 0,

(4) (1;ab,0,0) < (1,a+1,b+1),

(5) (a;b,0,0) < (a,2,a+b)ifa >0,

(6) (2a;0,ab,0) < 2a+b,2,2a)ifa > 0,

(7) 2a;0,2ab + 2ac + 4bc, 0) < 2a + 2b,2,2a + 2c¢) if (a +b)(a+c) > 0,

(8) (2ad; 0,0, 2a(b+c—d+1)+4bc) < 2a+2b, 2a+2c, 2d) if (a+b)(a+c)d > 0
anda(b+c—d+ 1)+ 2bc >0,

(9) 2ad;0,0,0) > (2a + 2b,2a + 2¢,2d) if (a + b)(a+c)d > 0and a(b + ¢ —
d+1)+2bc <0

Theorem 7.6 If1 < f; < f, < f3, then

grank (2 f1,2f2,2f3) <2f ’7 211/ —‘ '

h+h+f-1

In addition, if2 f1 f>/(fi + fo + f3 — 1) is an integer, then (2 f1, 2 f>, 2 f3) is perfect.

Proof Leta = [+22L—1,b = fi—a,c = fr—a,andd = f;. We see thata(b +
c—d+1)+2bc =2f fr—a(fi+ fo+f3—1) <0.ByLemma7.4(9), (2af3; 0,0, 0)
is fill (2f1,2f>,2f3). Hence, by Lemma 7.3 (3), grank (2 f1, 2 2, 2 f3) < 2 fa.
Suppose that2 f| f>/(fi+ fo+ f3—2) isaninteger. Then, a (b+c—d+1)+2bc = 0
and (2ad; 0, 0, 0) is exactly fill (2f1,2f>,2f3) by Lemma 7.4 (8), and hence, the

format (2 f1, 2 f2, 2 f3) is perfect by Lemma 7.3 (4).

Corollary 7.1 (Strassen 1983, Biirgisser et al. 1997, (20.9) Theorem) Suppose that
fi. fo, f3 are all even. If

Siaf3
(fi + fo+ f3 —2)max{fi, f>, f3}

is an integer, then ( f1, f>, f3) is perfect. For example, (n,n,n + 2) is perfect if n is
divisible by 6.
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Theorem 7.7 (cf.Biirgisseretal. 1997, (20.9) Theorem) Suppose that f; < f» < f3.

grank(f1, f2, f3)
im =—— 20
fimoo  Q(f1, f2, f3)

Proof For j =1,2,3,wetakee; =0, 1sothat f;+eisevenandputg; = 1+¢;/f;.
Propositions 1.1 and 7.4 (1) and Theorem 7.6 imply that

grank(f1, f2, f3) < min{f1 f>, grank(f1g1, 282, f383)}
. f181 /282
= min [flfz’ s lrflgl + fag2 + f383 — 2—H
fig1 12821383 I
figi+ frg2+ f3g3—2

< min [fles f3gs +

Then, we see that

| < grank (f1, f2, f3) _ (fi + 2+ f3 —2)grank(f1, f2, f3)

- o(fi, o, ) T fifafs
< min{l + M’ al,
f3

where
. it o+ 32 gqigg(i+hL+3-2)

fif figi+ frgo+ frg3 —2

If f3(f1f2)"" goes to 0, then o goes to 1 as f} goes to co. Otherwise, there exist
constants ¢, d > 0 such that f3(f; f5)~! > c for any f; > d. Then, (f; + f» —
2 f5 " < efi)y "+ ()i fi > dand 1+ (fi + f2—2) f; ' goes to 1. Therefore,
grank (fi, fo, f3)Q(f1, fo. f3) 7" goes to 1.

At the end of this section, we will show the special case of the following theorem
by computing the rank of the Jacobian matrix.

Theorem 7.8 (Catalisano et al. 2008, Theorem 2.4) Suppose that2 < f; < ... <
Jov1- Let g = fr- fo — (1 + -+ fo) + n. If fuy1 = q, then [ is perfect. If
q < fat1, then grank (f) = min{fy --- fu, fur1}

We show this forn =2.Let2 < f; < f, < fsandputg = f1 /o — fi— f» +2.
For 0 < x < f] f>, the inequality x — 1 < f; fox/(fi + f + g —2) < x if and only
if im —1)(n—1)4+1 < x < mn. Then, for q < f5 < fi /2, grank(f1, f>, f3) >
O(f1, f>, f3). For f3 = q, then f1f>f3/(fi + f>» + f3 — 2) is an integer. It suffices

to show that dQ(f],fz,f,x) = f] f2f3.
Suppose that ¢ < f3 < fi f». Let S| be a subset of

S={k, ko) | k; eN, 1 <k; < f;, j=1,2}
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with cardinality f3, which includes
Si={tki, ko) | kj eN, 1 <k; < f;, j=12YU{(f1, f2)},
andlet¢: S; — {1,2,..., f3} be a bijection. We define maps uy, uy: S| — Z by
0 ifxp, = fo,

up(xy,x) =141 ifx, < f, andx, = f where {h, '} = {1, 2},
t(x1,x2) +1 otherwise

forh =1, 2. Let ej-h) denote the jth row vector of the identity f;, X f; matrix. We
put a,((h) eRMi h=1,2,3, as

RN () w .
Qg k) = €, T up(ky, k2)efh , h=1,2
3) 3)

@k k) = €t ko)
for all (k{, kp) € S;. Put

L= (aﬁ”,a(f),af),a;“,af),a§3), . _.’a%xa%)’ag)) c RUIHATM S

It suffices to show that J¢f3 (z)xT = 0 implies that x = 0.

Let k = (ki, ko), i = (i1,i2), and [ = {(i1,i2) | 1 < i1 < fi,1 <ip < fo}.
The equation Jo (2)xT = 0 for x = (x(i1, iz, t(k)))ics kes, is equivalent to the
following equations

x(iy, ky, 1(k)) + ua (k)x (i, fa, 1(k)) =0, (7.2.1)
x(ky, iz, t(k)) + uy(k)x (f1, iz, L(k)) = 0, (7.2.2)

x(ki, ko, 13) +ui(K)x(fi, ka, i3) + ux(k)x(ky, f2,13)
+u(B)ux(k)x(f1, f2.i3) =0, (7.2.3)

for (i1,iy) € I, 1 < i3 < f3,and k € ). Since ¢ is bijective, by changing the
symbols, Eq.(7.2.3) implies that

x(j1s Jo t(R) +ur (Hx(fr, Jo, 1K) + uz(Hx (1, f2, t(k))
Fur (Puz(HNx(fr, f2,0(k)) =0, (7.2.4)

for j = (ji1, j») € S; and k € S,. By substituting j = (f1, f2) in (7.2.4), we see
that

x(f1, fo,t(k)) =0 (7.2.5)
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for any k € S). Let j; and j, be arbitrary integers such that 1 < j; < f; and
1 < jo < f». By Egs.(7.2.5), (7.2.1), (7.2.2) and (7.2.4) imply that

x(J1, ka, t(k)) + ua(k)x(ju, f2, (k) =0, (7.2.6)

x(fi, ko, t(k)) =0, (7.2.7)

x(ky, ja, t(k)) +ur(K)x(f1, jo, t(k)) =0, (7.2.8)

x(ky, foa,u(k)) =0, (7.2.9

x(j1s Jo, 1K) + ur (Hx(f1, Jo, 1K) +uz2()x (i, fo, 1(k)) = 0. (7.2.10)

By substituting j, = k», Egs.(7.2.10) and (7.2.7) imply that
x(J1. ko, 1K) + ua (1, k2)x (i, f2, 1(k)) =0,

and in addition, by (7.2.8), we see that
(ua(ky, ko) — uz(j1, k2))x(j1, fo, t(k)) = 0.

If j1 # ki, then x(ji, f>, t(k)) = 0 since uy(ky, k2) # u>(ji, ko) by definition.
Thus, x(ji, f2, t(k)) = 0 for arbitrary j; with 1 < j; < f; by (7.2.9). Similarly, by
substituting j; = k;, we have x(f1, jo, t(k)) = 0. Therefore, x(ji, jo, t(k)) = 0 by
(7.2.10).

Consequently, we getx = 0, and thus, Jp R (z) has full column rank, which implies
thatdo . o, 1) = S1/213-



Chapter 8
2x2x -+ x 2 Tensors

In this chapter, we consider an upper bound of the rank of an n-tensor with format
(2,2, ...,2) over the complex and real number fields.

8.1 Introduction

Throughout this chapter, let F,, = (2,2, ..., 2).
Let T = (A; B) = (t;x) be a 3-tensor of Tk (F3) and put A = (ay, ay) and
B = (by, by). Cayley’s hyperdeterminant A(T') of T is defined by

2 2 2 2 2 2 2 2

it T tintay + ot + Gty — 2tintietoitn — 2t hiaibinhn
=2ttt — 2ttt — 2ttintniti — 2tiitinkinhi
+4ti11tit12t01 + 4tiati212111222-

It is also described as
A(T) = (det(a;, by) — det(ay, by))> — 4det(ay, ay) det(b;, by)
and A(T) is the discriminant of the quadratic polynomial
det(A)x* — (det(A + B) — det(A) — det(B))x + det(B).
We have the following proposition straightforwardly.
Proposition 8.1 (de Silva and Lim 2008, Proposition 5.6)
A((P, Q. R) - (A; B)) = A(A; B) det(P)* det(Q)* det(R)*

for any matrices P, Q, and R. In particular, A(A; B) = A(B; A) and A(A +
xB; yB) = y>A(A; B) for any x and y.

© The Author(s) 2016 93
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Cayley’s hyperdeterminant is invariant under the action of SL(2, K)*3 and the
sign of Cayley’s hyperdeterminant is invariant under the action of GL(2, R)*? if
K=R.

The discriminant of the characteristic polynomial of det(A)A~'B is equal to
A(A; B). Thus, if A~!'B has distinct eigenvalues, A(T) is positive if K = R and
nonzero in K = C. If A is nonsingular, rank(A; B) = 2 if and only if A™'B is
diagonalizable; thus, we have the following proposition.

Proposition 8.2 (de Silva and Lim 2008, Corollary 5.7, Propositions 5.9 and 5.10)
Let T € Tr(F3).

(1) If A(T) > 0, then rank(T) < 2.
(2) If A(T) < 0, then rank(T) = 3.
(3) Ifrank(T) < 2, then A(T) > 0.

Theorem 8.1 (Sumi et al. 2014, Theorem 3) Let A = (a,, a;) and B = (by, b,) be
2 x 2 real (resp. complex) matrices and let T = (A; B) be a tensor with format F.
rankp(7) < 2 if and only if

(1) A+ BB = O for some (o, B) # (0,0), or

(2) a(ai, by) + B(az, by) = O for some (o, B) # (0,0), or
(3) A(T) =0anddet(ay, by) + det(ay, by) =0, or

(4) A(T) is positive (resp. nonzero).

We define a function © : Tr(F3) — F by
O((a, az); (b1, b)) = lai, by| + |az, by|.

We have the following corollary by Theorem 8.1.

Corollary 8.1 (Sumi et al. 2014, Corollary 1) Let T = ((a, a»); (b1, by)) be a
tensor with format Fj.

(1) A complex tensor T has rank 3 if and only if

. a b1 T a a _
() () =om( () (2)) ==
A(T) =0and ©(T) # 0.
(2) A real tensor T has rank 3 if and only if A(T) < 0, or

dim<(2) , (Z;)> = dim<(Z:) , (‘IZ)> —2, A(T) = 0and O(T) # 0.

Proposition 8.3 (Coolsaet 2013, Lemma 1) Let K be a field and A, B € Tx(2, 2).
Then, (A; B) is absolutely nonsingular if and only if det(A) # 0 and the quadratic
equation
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det(A)x? — (det(A + B) — det(A) — det(B))x + det(B) =0

has no solutions for x in K. Equivalently, (A; B) is absolutely nonsingular if and
only if A is nonsingular and the eigenvalues of BA™" do not belong to K.

A tensor T of format F3 over a field with characteristic # 2 is absolutely nonsin-
gular if and only if A(T') is not a square in the field (see Coolsaet 2013).

8.2 Upper Bound of the Maximal Rank

Complex tensors with format F, are an important target in quantum information
theory (cf. see Verstraete et al. 2002).
A lower bound of the maximal rank of n-tensors over F with format F,, is

F . 27[ _ 2l’l
Qo n)_’72n—n+1—‘_’7n+1—‘

(cf. Brylinski 2002, Proposition 1.2) and a canonical upper bound is 2". An upper
bound using the maximal rank of tensors with format F; over F is known. The
maximal rank of complex 4-tensors with format Fj is just 4 (Brylinski 2002). The
maximal rank of real 4-tensors with format Fy is less than or equal to 5 (Kong and
Jiang 2013). Nonsingular 4-tensors with format F, have been classified (Coolsaet
2013).

For a tensor T = (#;;11) € FF, we write

12 ti2iz
112 212
tio toxn
1122 12222

111t

Tu|Ti  tin ton
T = ((T1; Tho); (Toy; T = =
((T11; T12); (T21; T2)) T[T~ frias tomn

121 0221

The action is given by A;; = PT;; if k =1, A;; = T;; P if k = 2, (Ay;; Ayj) =
(Ti;; Toj) x3 P ifk =3,and (A;1; Ap) = (T Tn) x3 P ifk =4, fori, j = 1,2,
where ((A11; A12); (A21; An)) =T xi P.

Theorem 8.2 (Brylinski 2002, Theorem 1.1) Any complex tensor with format F,
has rank less than or equal to 4.

Proof Let T = ((T11; Ti2); (To1; Txp)) € Te(Fy). If ranke (T11; T12) < 1, then
rankc(7T) < rankc(T11; T12) + max.rankc (F3) < 4.
If T is GL(2, C)**-equivalentto T" = ((T}; T},); (Ty;; Ty,)) withrankc(7T},; T},) <

1, thenrankc (7)) = rankc(7”) < 4. Suppose that rankc(77;; T},) > 2 for any tensor
T = ((T{;; T{,); (T;;; Ty,)) thatis GL(2, C) *4_equivalent to T .
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First, suppose thatrankc (711; T12) = 2. Then, (T1;; T12) is GL(2, (C)X3—equivalent

o 10y (01 10y (00 10y (00 or 10.0 We
00/°\00/)>\\00O)>\10))°\\0O/"\O1)) 01)° ’
consider the rank in each case. The first case is where (T};; T») is GL(2, C)*3-

10} (01 . 4 .
00l \oo . Thetensor T is GL(2, C)**-equivalent

to T = ((Tl/lv TIIZ); (Tzlly TZ/Z)) with (Tl/l; TI/Z) = (Clv C2)~IfrankC(T2,1 _XOCI; T2/2_
y0C2) < 2, then we see that

equivalentto (Cy; Cp) :=

rankc(T) < rankc (T, + x0C1; Ty, + y0Ca) + ranke ((Cy; 0); (x0Cy; O))
+rankc ((O; C2); (O; yoC2))
<2+41+4+1=4,

since

T/=C1|C2: (0] | 0] C1 |O + 0| C2
T2,1|T2,2 TZ/I —.X()C1|T2/2 —y()Cz XOC1|O 0|y0C2.

To see that there exist xo and yo such that rankc (75, — x0Ci1; Ty, — y0C2) < 2,
we compute @ (T, — xCy; T,, — yC») and A(T,, — xCy; T, — yCo). If O(T;, —
xCy; Ty,—yCs) # Oforany x, y,thenb, = axn = 0.Thusifbj, # Oorax # Othen
rankc (T, —xoC1; Ty, — yoC2) < 2 for some xg, yo by Corollary 8.1 (1). The second
case is where (T1; T12) is GL(2, (C)X3-equivalent to (Cy; C3) := (((1) 8) ; ((1) 8))
There exist x¢, yo such that @(T,; — xoCy; Ty, — yoC3) = 0. Then, rankc (T, —
x0Cy; Ty, — x9C3) < 2. The third case is where (Ty;; Ty2) is GL(2, C)*3-equivalent

to (Cy; Cy) := (((1) 8) ; (8 (1))) There exists xo such that A(T), — xoCy; Ty, —

x0Cs) # 0, since A(Ty; — xoC1; Ty, — x0Cs) = x* + o(x?) . Then, rankc(7y; —
x0Cy; Ty, — x9Cs) < 2 by Corollary 8.1 (1). The fourth case is where (7'1; T12) is
GL(2, C)*3-equivalent to (E,; O). If rankc(Ty, — xC; T,,) = 3 for any x, then by
considering the highest term of O (T,, — xC; Ty,) and A(T;, — xC; T;,) for C =
C, C4, wehave T,, = 0, which is a contradiction. Therefore, if rankc (7'1; T12) = 2,
then we have seen rank¢(7T) < 4.

Next, suppose thatrankc (711; T12) = 3. Then, (T1;; T12) is GL(2, (C)X3-equivalent
to (E,; Cp), where C, = 8 (1)
T" = ((Ez; Co); (Ty); Tyy)) for some T}, Ty, Since O (T, + xEx; Ty, + xCp) =
—x? + o(x), rankc(Ty; + xEp; T)y + xC,) = 2 by Corollary 8.1 (1). Thus, by the
above argument, we see that rankc(7') < 4.

. The tensor T is GL(2, C)**-equivalent to

Corollary 8.2 For n > 4, the maximal rank of n-tensors with format F, over the
complex number field is less than or equal to 2" 2.
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Proof Theorem 8.2 covers the case where n = 4. Suppose that n > 4. The maximal
rank of complex tensors with format Fy is equal to 4. By applying Proposition 1.1,
we have

max.rankc (F,) < max.rankc (Fy) HZ =4.0"4 =2,
t=5

Lemma 8.1 Let n be a positive integer and let Aj and Bj, 1 < j <nbe?2 x 2 real
matrices. There exists a rank-1 real matrix C such that rankg (A;; B; + C) < 2 for
anyl < j <n.

Proof Put A; = (Z’ Z’ ) and C = (iZ ”;:) Since
j4j

A(Aj; €) = (s(ud; —vey) — t(ubj —vaj))>,

there exists a rank-1 matrix Co such that A(A;; Cp) > O for any j € S,. Let
C = yCy. Since (Aj; Bj + C) is {E;}*? x GL(2, R)-equivalent to (Aj; y_lBj +
Co), the continuity of A implies that for each j, there exists 4; > 0 such that
A(Aj; Bj + C) > O for any y > h; by Proposition 8.2 (1). For C = (max; h;)Co,
we have rank(A;; B; + C) < 2 by Proposition 8.2 (2).

Theorem 8.3 (Sumi et al. 2014, Theorem 10) Let n > 2. The maximal rank of real
n-tensors with format F,, is less than or equal to 2"~% + 1.

.....

This is described as

i€, ir,i, 1s atensor with format 3. By Lemma 8.1,

,,,,,

where B(ig, ..., i) =2 ;i\ @i,

there exists a rank-1 2 x 2 matrix C such that B(iy, ..., i,) + (O; C) has rank less
than or equal to 2 for any iy, ..., i,. We have
A= (Blia....in+(0;C)®e;, i~ (0;0)@e
i4yeensipy igy.e, in
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where u = (i) and e, = (?), and then,

rank(A) < z rank(B(ia, ..., in) +(0; C) +1=2""2+1.

e —_ 2
Proposition 8.4 max.rankg(n, n, n,n) < ("1)(2”3&

3,
max.rankc(n, n, n, n) < W.

Proof We apply Proposition 5.4 to max.rankr(n, n, n, n) twice. Then, we have
max.rankp(n, n, n, n) < n®> + (n — 1)> + max.rankp(n — 1,n — 1,n — 1,n — 1).

Thus, recursively, we have

n—1
max.rankp(n, n,n,n) < n?+2 Z i24+22 4+ max.rankp (Fy)
i=3
B 2n3 +n
3

— 6 + max.rankg(Fy).

8.3 Typical Ranks

In this section, we consider the typical rank with format F, = (2,...,2). The
generic rank of n-tensors with format F), is known. We have an upper bound of
the maximal rank using the generic rank. Note that in general, the difference of
the maximal rank and the generic rank is unbounded, e.g., max.rankg (27, 2n, 2) —
grank(2n, 2n, 2) = n.

Proposition 8.5 grank(F3) = 2 and grank(F,) = 4.

Recall that dim X (f) = maxrankJ (r)(x). We confirm the following property
X
by Mathematica (see Table 8.1).

Proposition 8.6 max rankJg, (p,)(x) = 5 and max rank Jo,(r,) (x) = 10, but
X X
max rank Jo,(r,) (x) = 14 < 15.
X

In general, we have the following.

Theorem 8.4 (Catalisano et al. 2011, Theorem 4.1) dim X((F,) = min{2",
s(mn+ 1)} foralln > 3, s > 1 except forn = 4, s = 3. dim X3(Fy) = 14.
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Table 8.1 Program for giving max rankJg (7 (x)
X

Jacob4[m.,n_,p_,q-,k ]:=Block[{i, j,mx, my, mz, mw, mm, x, y,z},
For[i = 1,i < k, i++,mx[i] = Array|[x[i],m]; my[i] = Array[y[i],n];
mz[i] = Array[z[f], p|;mwl[i] = Array[w(i], q]];
mm = Sum[Flatten|KroneckerProduct|Flatten[KroneckerProduct|
Flatten|Transpose[{mx[i] }]. {my[i] }|, mz[{]], 1], mw[i]], 1], {i, 1,k}
Flatten[Union|Table[D[mm, x[{|[j]], {i, 1,k},{j, 1,m}],
Table[D[mm, y[i][]], {i,1,k},{j,1,n}],
Table[D[mm, z[i] /], {;, 1,k},{Jj, 1, P}],
Table[D[mm, wli] [j]],{, 1,k},{J,1,q}]],1]]
For[i = 1,i < 4,i++, a[i] = MatrixRank[Jacob4[2,2,2,2,{]]];
Print[“J1=",a[1],%, J2=",a[2], %, J3=",a[3],“, J4=",a[4]]

J1=5, J2=10,J3=14, J4=16

By this theorem, the generic rank of complex n-tensors with format F), is equal

to
) on
Q(ln - 1

Theorem 8.5 (Blekherman and Teitler 2014) Let f be an arbitrary format. The
maximal rank of Tr(f) is less than or equal to twice the generic rank of Tc (f).

max.rankg (f) < 2grank(f).

Proof There exists a nonempty Euclidean open subset U of Tr(f) consisting of
tensors with rank grank (/). Let A € U and consider U’ = {—A+B | B € U}. Then,
U’ is an open neighborhood of the zero tensor. For any Y € U’, rankY < 2grank(f)
by Proposition 1.1. Let X be any tensor of Tg(f). There existe > Oand ¥ € U’
such that X = ¢Y. Since the rank is invariant under scalar multiplication, we see that
rank X < 2grank(f).

Recall that max.rankr () = 3n, grank(f) = 2n, and trankg (f) = {2n, 2n + 1}
for f = (2n,2n, 2). Since grank(n, 2n,3) = 2n, max.rankgr(n, 2n,3) < 4n by
Theorem 8.5, but max.rankg (1, 2n, 3) < 3n. For sufficiently large n, it is not easy
to estimate an upper bound of the maximal rank of the set of n-tensors.

Theorem 8.6 (Blekherman and Teitler 2014) The maximal rank of the set of all
n-tensors with format F), is less than or equal to

on
20(F) =2 ’7’1_}_ 1—‘-

For a nonnegative integer r, .7, (f) denotes the set of all real tensors with format
f and rank r.
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Proposition 8.7 Let r > 1. Any rank-1 tensor of Tr(f) lies in cl F,(f).

Proof Let f = (fi,..., fu).Let Abearank-1 tensor. There exists gg € GL(f}, ) x
- x GL(f,,F)suchthata; ; =1landa;, ; =0if (,...,0) #1,..., 1),
i

.....

.....

GL(f1,F) x -+ x GL(f;, F). We see that g, - Z,(f) = Z,(f) for n > 0 and that
galgn - Z,(f) converges to {xA | x € F} as n goes to co.

For a subset V of Tr(f) and A € Tr(f), wedefineV —A:={X—-A| X e V}.
Then, it is easy to see that cl(V — A) = cl(V) — A and int(V — A) = int(V) — A.

Theorem 8.7 Let A € int(cl(Tgrank(s)(f))) be a tensor of Tr(f). Any typical rank
of Tr(f) is less than or equal to rankg (A) + grank(f).

Proof Let m, g, and a be the maximal typical rank of Tr(f), the generic rank of
Tc(f), and rankg (A), respectively. Since Tr(f) ~ UL, Z;(f) is the union of semi-
algebraic sets of dimension less than dim Tr(f), it suffices to show that the set of
tensors with rank less than or equal to a + g is a dense subset of T ( f). Furthermore,
since the rank is invariant under scalar multiplication, it suffices to show that there
exists an open set V such that O € V and cl(V N S, (f)) = cl(V).

Let U be an open set such that A € U and U C int(cl(Z,(f))).Put V =U — A.
Since A € U, V contains O. There exists a semi-algebraic subset S of Tr(f) such
that dim S < dim Tr(f) and rankgr(X) = g forany X € U . S. We see that
c((UNS)—A)=cl(V),since (U~ S)—A = (U — A)~(S— A). For any tensor
Yin(U\S)—A,Y=Z+ Aforsome Z € U ~\ S and rankg(Y) < rankr(Z) +
rankr(A) = g +a. Thus, (U N §) — A C Su4¢(f). Therefore, cl(V N S,1,(f)) =
cl(V). This completes the proof.

By this theorem, we immediately have the following corollary.

Corollary 8.3 Let s = minf{rankg(A) | A € int(cl(Tgrank(s)(f)))}. Any typical
rank of Tr(f) is less than or equal to s + grank(f). In particular, Tr(f) has a
unique typical rank if O € int(cl( Tgrank(r) (f)))-

If s might be equal to 1 in the above corollary, then the set of typical ranks of
Tr(f) is a subset of {grank(f), grank(f) + 1}.

Let Vi (resp. V,) be the set consisting of all (A; B) € Tgr(n, n, 2) such that A
is nonsingular and A~'B has distinct real (resp. distinct imaginary) eigenvalues.
Then, V|, € 9,(n,n,2), Vo2 C Jpy1(n,n,2), and cl(V; U V3) = Tr(n, n, 2). The
boundaries 9V, and 9V, are contained in {(A; B) | Res(det(AA — B), % det(AA —
B)) = 0}.

Theorem 8.8 Let A € cl(Tgrank() (f))  int(cl(Tgrank( ) (f))) be a nonzero tensor
of Tr(f). Suppose that there exist ¢ > 0 and X € int(cl(Tgrank(r)(f))) such that
B:(X) :={Y € Tr(f) | 1Y = X|| < &} Cint(cl(Fgrank(s)(f))) and A € cl(Be(X)).
Then, any typical rank of Tr(f) is less than or equal to grank(f) + rankgr (A).
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o tX
T+
B (1X)
o Be(X)
Y X T -
R - e o
o A tA
Fig. 8.1 The case where Y € ¢
—tA
— T
oY —tA o .
Y
o —tX
.

Fig. 8.2 The case where Y € 7_

Proof Let V = cl(US P 7. 1)) Tt suffices to show that V = T (f). Note
that V. = cl(Sgrank(f)+rank(a)(f)). Let 7 be a hyperplane that contains two points
O and A, and is perpendicular to the line joining A and X, and let 7, be the open
half-space containing X separated by 7 in the space Tr(f).

Let Y € m,. There exists sufficiently large + > 0 such that ¢ = || X — A|| >
[1X — A —t7'Y)||, ie., te = ||tX —tA]| > |[tX — (Y 4+ tA)|| and there exists an
open neighborhood of Y + ¢ A that is a subset of B;.(t X). We consider the set

Up={Yen | Y+1tA € B, (tX) N Fgrank(s)(f) for some ¢ > 0}.
Then, since By, (1X) C int(cl(Jgrank(s)(f))), we see that 71 C cl(U) (see Fig. 8.1).
Next, let w_ be the half-space not containing X separated by 7 and let Y € m_.
By a similar argument to the one above, we have 7_ C cl(U_) (see Fig. 8.2), where

U_={Yen_|Y —1tA € B (—tX) N Jgrank(s)(f) for some ¢t > 0}.

ForZ=Y +4+1tA € Uy UU_, rankg(Y) < rankg(Z) + rankg(A) = grank(f) +
rankg (A). This implies that Uy U U_ C Sgrank( f)+rankz(4) (f). Therefore,

TR(f)Nm=n,Un_Ccl(U UU_) CV,

and thus, Tr(f) = V, since V is a closed set.
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Fill, 88
Flattening, 10

G
Generic rank, 66, 82
Good, 82

H

Hurwitz—Radon family, 31
Hurwitz—Radon function, 32
Hurwitz—Radon number, 32

I
Irreducible affine algebraic variety, 64
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Kronecker product, 6
Kronecker—Weierstrass canonical form, 41
Kronecker—Weierstrass theory, 40
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Large, 82

M

Maximal rank, 39
Maximal typical rank, 82
Minimal typical rank, 82

N
Nonsingular bilinear map, 34

P
PARAFAC model, 3

Index

Pencil, 40

Perfect, 82

Polynomial function, 64
Polynomial map, 64

Q

quasi-tall tensor, 72

R

Rank-1 tensor, 2
Rational function, 69
Rational map, 70

Real Nullstellensatz, 35
Real radical, 35
Regular function, 64
Regular map, 64

Row rank, 55

S

Secant variety, 81

Segre variety, 81

Semi-algebraic map, 82

Semi-algebraic set, 82

Similar, 39

Simultaneously rectangular diagonalizable,
43

Small, 82

Standard form of a quasi-tall tensor, 72

T

Tarski—Seidenberg principle, 82
Tensor product, 2

Tensor rank, 3

Typical rank, 67, 82

/
Zariski topology, 63
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