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Preface

The purpose of this monograph is to show how a compliant offshore
structure in an ocean environment can be modeled in two and three di-
mensions. The monograph is divided into five parts. Chapter 1 provides
the engineering motivation for this work, that is, offshore structures.
These are very complex structures used for a variety of applications. It
is possible to use beam models to initially study their dynamics. Chapter
2 is a review of variational methods, and thus includes the topics: princi-
ple of virtual work, D’Alembert’s principle, Lagrange’s equation, Hamil-
ton’s principle, and the extended Hamilton’s principle. These methods
are used to derive the equations of motion throughout this monograph.
Chapter 3 is a review of existing transverse beam models. They are the
Euler-Bernoulli, Rayleigh, shear and Timoshenko models. The equa-
tions of motion are derived and solved analytically using the extended
Hamilton’s principle, as outlined in Chapter 2. For engineering purposes,
the natural frequencies of the beam models are presented graphically as
functions of normalized wave number and geometrical and physical pa-
rameters. Beam models are useful as representations of complex struc-
tures. In Chapter 4, a fluid force that is representative of those that
act on offshore structures is formulated. The environmental load due
to ocean current and random waves is obtained using Morison’s equa-
tion. The random waves are formulated using the Pierson-Moskowitz
spectrum with the Airy linear wave theory.

In Chapter 5, the possibility of beam axial displacement is added to
the formulation. The equations of motion are now nonlinear and cou-
pled. The free, damped-free, harmonically forced, and randomly forced
responses are considered in this chapter. This model can predict the ax-
ial displacement, longitudinal extension, and normal stress in addition to
the transverse displacement. However, this is a two-dimensional model,
which can only accommodate two-dimensional forcing. The fluid forces

ix



X VIBRATION OF A COMPLIANT TOWER

in an ocean environment are inherently three-dimensional. Therefore, a
three-dimensional beam model is considered in Chapter 6. Both rigid
and elastic models are considered. The elastic model is derived assuming
moderate rotation. Free and forced responses are studied. A harmonic
force and a constant force are applied in perpendicular directions to sim-
ulate possible vortex-induced fluid forcing resulting from the interaction
of a constant current with the beam-like structure. Chapter 7 provides a
summary and conclusions. Several appendices provide some additional
details.

The reader may ask how representative beam models are of the mas-
sive offshore structures one finds in the ocean, in applications such as
oil drilling, docking facilities and communications junctions. The de-
sign of any such complex structure must begin with an understanding
of the physical processes of the design environment and how these in-
teract with the potential structure. This understanding is best obtained
using reduced-order models that are faithful to the most important un-
derlying physics. Beam models of the type formulated here are ideally
suited for the studies at hand. Their analysis signals the analyst and
engineer where key issues must be further analyzed in more detail with
higher-order models, eventually leading to the full scale model and de-
sign. Therefore, the analytical and computational process described in
this monograph should be viewed as a first step in a very intricate and
complex process. These are valuable exercises.

SEON HAN AND HAYM BENAROYA
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Chapter 1

INTRODUCTION

In this monograph, analytical models of compliant offshore structures
in an ocean environment are derived in two and three dimensions, and
a spectrum of responses to various environmental loads are computed.

Offshore structures are used in the oil industry as exploratory, pro-
duction, oil storage, and oil landing facilities. The detailed specifications
and descriptions of offshore structures can be found in Hydrodynamics
of Offshore Structures [17] and Dynamics of Offshore Structures [81].

In general, there are two types of stationary offshore structures: fixed
and compliant. Fixed structures are designed to withstand environmen-
tal forces without any substantial displacement. Compliant structures,
on the other hand, are designed to allow small but not negligible defor-
mation and deflection. While the stability of fixed structures is provided
by structural rigidity, the stability of compliant structures is provided
by tension due to buoyancy chambers and cables anchored to the sea
bed. For these compliant structures, the dynamic responses need to be
explored fully.

Fixed structures are economically feasible only up to water depths
in the range 1,000 to 1,600 ft. Fixed platforms are indeed the most
popular and prolific structures for water depths of 400 to 500 ft. How-
ever, they become impractical for deep water because they must be built
stronger and more bulky than the equivalent compliant structures. In
recent years, the need to explore for oil in deeper water has made com-
pliant structures more popular. Compliant towers are believed to be
economically feasible in water depths exceeding 2,000 ft. Here, we will

consider compliant structures. In particular, we are interested in tension
leg platforms (TLP).

1
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Figure 1.1. A Schematic of a Tension Leg Platform

1. Tension Leg Platforms

A schematic of a TLP is shown in Figure 1.1. A TLP is vertically
moored by tendons at each corner of the platform. Buoyancy is provided
by the fully submerged pontoons and partially submerged columns. Ris-
ers are production-related pipes.

Figure 1.2 shows Shell’s Ursa TLP built in the Gulf of Mexico and
completed in 1998 at a cost of $1.45 billion. The Ursa TLP stands in
3,800 ft of water, which surpasses the previous water depth record set
by the Ram-Powell TLP built in 3,214 ft of water in 1997. The Ursa
TLP is the tallest man-made structure in the world. It is more than
three times taller than the Empire State Building (1250 ft). The design
capacity of the Ursa TLP is 150,000 barrels of oil and 400 million cubic
feet of natural gas per day. 400 million cubic feet of natural gas can heat
more than six thousand new 2,000 ft* homes for an entire year.

The hull consists of four circular steel columns, which are 85 ft in
diameter and 177 ft high. The ring pontoon is 38 ft wide and 29 ft
high with a rectangular cross section. The TLP has 16 tendons, 4 at
each corner. Each tendon has a diameter of 32 in and a wall thickness
of 1.5 in. The total steel mass of the TLP is 63,000 tons.

The total platform height is 485 ft, which is more than 48 stories.
The deck area is over 2.1 acres, and it consists of six modules: wellbay,
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Figure 1.2. The Ursa TLP (Courtesy of Shell Exploration and Production Company)

quarters, power, drilling and two process modules. The quarters building
is designed for a permanent crew of 156 persons.

Design, construction, and installation of the Ursa TLP were done by
various groups. Waldemar S. Nelson and Co. and W. H. Linder and
Associates of Metairie, Louisiana were contracted to develop the hull
structural design. Deck modules and steel catenary risers were installed
by J. Ray McDermott, Inc. The TLP was installed by Heerema of
Leiden.

2. Mathematical Models for Dynamic Responses

TLPs are designed to withstand hurricane wind and waves, earth-
quakes, and virtually any other conceivable environmental hazard, but
they can fail due to resonance, fatigue, or extreme tension (both maxi-
mum and minimum) in the tendons. In addition, TLPs are also designed
to provide a sufficiently stable environment for offshore operations such
as drilling and production of oil and comfortable living conditions for a
crew.

Customarily, the structure is modeled first and the fluid force is added
later. This is because the structure is easier to model than the fluid. The
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fluid force is often modeled using empirical or semi-empirical equations,
which require experimentally determined coefficients.

A rigid platform can undergo six kinds of motions, as shown in Figure
1.3: three translational and three rotations. The translational motions
are surge, sway, and heave. The rotational motions are roll, pitch, and
yaw. These terminologies are familiar to ship and aircraft designs. TLPs
are designed such that the surge, sway, and yaw frequencies are below
the wind and wave frequencies and the heave, pitch, and roll frequencies
are above the wind and wave frequencies. Because the surge motion
is usually large!, TLPs are usually surrounded by a safety zone with
a diameter of 500 m where other human activities such as fishing are
restricted [20].

The equations of motion are nonlinear because the fluid damping force
is nonlinear, the interaction between the fluid and the structure is non-
linear, and the geometry of the tendons is nonlinear when the motion
is relatively large. The motion is likely to be large since the platform
is designed to be compliant and the nonlinear wave forces at the low
frequencies. The large surge displacement also affects the buoyancy pro-
vided by the hulls such that the tension in the tendons varies with time.

Certain assumptions are made in order to simplify the problem and
yet must capture the fundamental characteristics of the dynamics of the
TLP. Usually the tension leg platform is modeled either in two or three
dimensions. The tendons can be modeled either as a massless spring,
flexible cable or beam.

2.1 Single Degree of Freedom Models

The simplest model for a TLP is a single degree of freedom (SDOF)
model. The equation of motion takes the form of

mi () + ci () + kz (8) = f (z(8),& (), i), 1), (1.1)

where z can be one of the three displacements or three angles?, m is the
mass or mass moment of inertia, c is the structural damping coefficient,
k is the stiffness coefficient, and f (z,z, Z,t) is the fluid-induced forcing
function. Such a SDOF a model is shown in Figure 1.4(b), where z (t)
represents the surge motion. The mass of the deck and tendons are
lumped at the top®.

1The slow oscillation is called the wave draft oscillation, which occurs due to the second order
wave forces.

2Each degree of freedom can be treated individually and independently.

3See Wilson [81], Examples 2.1 and 2.5, for details.
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Figure 1.3. Rigid Body Motion of the Deck

The force f (x,&,%,t) is most likely random with a power spectral
density function obtained from experimental data. The response z (t)
can be found in the time domain or in the frequency domain.

The SDOF model for the structure is often used when it is necessary
to simplify the structure as much as possible in order to capture the
nonlinear interactions between the structure and the fluid. For example,
the Dowell model [22] for vortex-induced vibration suggests the motion
of a cylinder in a flow is governed by the following equations:

mi + ci + kx = $pu’DCL

G +w2Cy = f(2,8), (1.2)

where D is the diameter of the cylinder and C7, is the lift coefficient as
shown in Figure 1.5. The motion of the structure is coupled with the
time-dependent lift coeflicient.
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2.2 Six Degree of Freedom Model

The majority of studies of dynamic behavior of the tension leg plat-
form are performed in two dimensions, incorporating three degrees of
freedom at the most. The six degree of freedom models are used fre-
quently for floating structures. Mulk and Falzarano [56] investigated
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the six degree of freedom model for a ship. The platform of a TLP can
also be modeled using a six degree of freedom model. The fundamental
difference between the ship and platform dynamics is that a platform
is connected to the ocean floor by tendons, which also can deflect and
deform. Therefore, the motion of the tendons should also be taken into
account. Six degree of freedom models for offshore platforms often treat
tendons as a massless spring or springs. Early investigators of six degree
of freedom models are Natvig and Pendered [58], Morgan and Malaeb
[63], and Kareem and Li [35](36].

Recently, Jain [33] studied the deterministic response of a tension leg
platform. The analysis includes varying tension in the tendons due to
change in location. The equation of motion takes the form

[M] {X} +1C] {X} +[K]{X} = {F ({X} , {X} , {X} ,t) } (1.3)

where { X'} represents the six degrees (surge, sway, heave, roll, pitch, and
yaw), [M] is the diagonal mass matrix, [C] is the proportional structural
damping matrix, [K] is the stiffness matrix, and {F} is the force vector
due to regular waves and derived from the Morison equation and Airy
wave theory. The effect of tendons is included in the stiffness matrix.
The study concludes that surge, sway, and yaw are unlikely to be sig-
nificant because their natural frequencies are well below the frequencies
of waves or wind. They also saw that the tension in the tendons can be
large due to resonance in the heave motion since its natural frequencies
are close to frequently occurring wave frequencies.

Ahmad et al. [5] studied a similar six degree of freedom model for
the platform. Long-crested random wave and wind forces are incorpo-
rated in this analysis. The Pierson-Moskowitz spectrum is used for the
random wave height and Simiu’s spectrum is used for the random wind.
They found that the magnitude of the wind force and the location of the
aerodynamic center significantly influence the surge and yaw responses.
They also found that the coupling between the degrees of freedom sub-
stantially enhance the heave response.

A more complicated model may treat the tendons as flexible cables
or beams instead of massless springs. The tendons will most likely as-
sume a curved position in static equilibrium due to ocean forces (uniform
current) as shown in Figure 1.6. The horizontal displacement of the plat-
form is called ‘offset,” and the vertical displacement is called ‘setdown.’
The presence of offset and setdown affect the dynamics of a TLP since
the tendon loads increase due to the increased buoyancy associated with
hull setdown.

In order to incorporate this catenary behavior of tendons or risers,
Oran [60] modeled each tendon or riser as a three-dimensional cable with
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Figure 1.6. Equilibrium Position

small oscillations about a large static offset position. The equations of
motion of the platform are given in terms of the six degrees of freedom.
The stiffness matrix is obtained by taking the hydrodynamic forces and
gravity on the cables into account. It was found that the periods of
surge, sway, and yaw motion decrease when compared to other six degree
of freedom models with massless springs. It was also found that the
coupling between modes increases as the static offset increases.

2.3 Rigid and Elastic Models for Tendons

When the tendons are modeled as cables or beams, most studies are
done in two dimensions due to the complexity of three-dimensional mod-
eling of a flexible structure. In these two-dimensional models, only three
degrees of freedom for the platform can be monitored. Namely, they
are heave, surge, and pitch if the motion is confined in the xy plane
in Figure 1.3. Adrezin et al. [2] list works that model the tendons as
cables or flexible beams. The studies differ in the degree of nonlinearity,
boundary conditions, and fluid forcing models.

Mekha [48] modeled the tendons as elastic springs and flexible beams.
The motion is assumed planar. They showed that a simple elastic spring
model with constant lateral stiffness is satisfactory for computing the
surge amplitude, but not for computing the offset and the hull setdown.
They found that the mean surge response (offset) and the hull setdown
are significantly affected by the hydrodynamic forces on the tendons.

Adrezin and Benaroya [3][4] examined the nonlinear transverse behav-
ior of a tension leg platform with time dependent tension due to gravity
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and buoyancy. They found that the inclusion of hydrodynamic forces on
tendons will result in greater surge amplitude and offset position.

So far, most elastic models are planar models so that only forces in one
plane can be included. However, the vibration of an offshore structure
in an ocean environment is inherently a three-dimensional phenomenon
since the fluid load is three-dimensional. When the dynamic response
of an offshore compliant tower in an ocean environment is considered in
three dimensions, the vertical member of the tower is modeled as either
rigid or elastic.

The three-dimensional behavior of the rigid model has been studied by
Jain and Kirk [34] and Bar-Avi and Benaroya [9]. The former used two
rigid beams in order to model a double articulated offshore structure, and
the latter used one rigid beam for a single articulated offshore structure.
In their derivations, spherical coordinates are used to describe the motion
of the beam. Jain and Kirk showed that if the waves and the current are
collinear, the response is two-dimensional, but if the fluid motions are
not collinear, the response is a three-dimensional whirling oscillation.

Leonard and Young [40] and Takahashi and Konish [74][75] studied
the dynamics of three-dimensional flexible cables. Leonard and Young
developed a three-dimensional finite element method for the response of
compliant towers such as articulated towers, guyed towers, tension leg
platforms, and floating production facilities. The tendons are modeled
as three-dimensional cables, and their model includes coupling between
the columns and the tendons. They observed behaviors similar to those
observed by Jain and Kirk.

Takahashi and Konish studied nonlinear three-dimensional vibration
of both horizontal and inclined cables. The cables are hanging between
two fixed points. In their study of free vibration, they found that the
geometrical nonlinearity may be the stiffening type or the softening type
depending on the sag to span ratio. They also monitored out-of-plane
vibration when the in-plane sinusoidal load is applied.

3. Outline

In this monograph, a vertical member such as a shaft of an articulated
tower or one leg of a tension leg platform is modeled as a beam with
a linear-elastic torsional spring at its base and a concentrated mass at
its free end as shown in Figure 1.7. The torsional spring simulates the
various support conditions from hinged to clamped by varying the spring
constant from zero to infinity. The point mass represents the mass of
the platform including structures supported by the shaft or tendons.

The vertical member of a compliant tower is modeled in three different
ways. The first is the linear transverse model, the second is the coupled
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Figure 1.7. A Beam Supported by a Torsional Spring

transverse and axial model, and the third is the three-dimensional model.
The first two are two-dimensional models which assume that the beam
moves only in the plane of Figure 1.7. The linear transverse model only
takes the transverse displacement into account, the coupled transverse
and axial model accounts for both the transverse and axial displace-
ments, and the three-dimensional model accounts for two transverse and
one axial displacement. The difference between the first two models is
shown in Figure 1.8. In the linear transverse model, a beam element can
move in the y direction only while the location in the = direction stays
fixed. In the coupled transverse and axial model, a beam element can
move in both the y and z directions. Similarly, in the three-dimensional
model, a beam element can move in all three directions.

Chapter 2 is a review of variational methods, that is, the principle
of virtual work, D’Alembert’s principle, Lagrange’s equation, Hamil-
ton’s principle, and the extended Hamilton’s principle. These variational
methods are essential for the derivation of the equations of motion and
boundary conditions for the beam models considered in this monograph.
It is recommended that the reader reviews this chapter if he or she is
not familiar with these methods.

Chapter 3 is devoted to the development and complete solution of
various linear transverse beam models including the Euler-Bernoulli,
Rayleigh, shear, and Timoshenko theories. The equation of motion for
each model is derived using the extended Hamilton’s principle and solved
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analytically. The frequency equations are solved in terms of normalized
wave numbers for four sets of boundary conditions. The normalized
wave numbers for each set of boundary conditions are tabulated or plot-
ted as a function of a geometric parameter, namely the slenderness ratio
(the ratio of length to the radius of gyration of the cross-sectional area).
The normalized wave numbers for the remaining six sets of boundary
conditions are deduced from the previous four sets using symmetric and
antisymmetric mode analysis. The orthogonality conditions that the
modes satisfy are given for each beam theory. Sample responses to an
external transverse force are obtained for each model using the method
of eigenfunction expansion. It is shown that as the slenderness ratio
increases, the differences among the theories magnifies.

Since we are considering an offshore structure in an ocean, we need to
use a realistic fluid forcing function. Chapter 4 is devoted to the mod-
eling of the current and random wave forces that an offshore structure
may encounter in an ocean environment. Fluid flowing in one direction
around a structure can exert a three-dimensional force on the structure.
Figure 1.9 shows the force on the plane which is defined by the direction
of the flow and the structure, and which is in the direction perpendicular
to the structure. This in-plane force is modeled using the Morison equa-
tion, which is composed of three components: inertia, drag, and added
mass. The random waves used here are characterized by the Pierson-
Moskowitz power spectrum and converted into the time domain using
the Borgman method.

The coupled transverse and axial model is derived in Chapter 5.
Kirchhoft’s hypothesis is used to obtain the displacement field. The
equations of motion and boundary conditions are derived assuming that
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the strain is small but the rotation can be moderate. Therefore, this
model allows a wider range of motion than the linear transverse models
in Chapter 3. The equations of motion are nonlinear, so that they can
only be solved numerically. Sections 3 and 4 include numerical results
for the free response, the damped-free response in still water, the forced
response to a deterministic transverse force, and to the random fluid
force modeled by the Morison equation in Chapter 4. The deterministic
loading is harmonic in time. In obtaining the free and forced responses,
a finite difference approach was taken.

The vibration of an offshore structure in an ocean environment is
inherently a three-dimensional phenomenon since the force acting on
structure is three-dimensional. In Chapter 6, the three-dimensional rigid
model is initially investigated. The three-dimensional study is expanded
further in this monograph to include a three-dimensional elastic model.
Kirchhoff’s hypothesis for the displacement field is used, and the equa-
tions of motion are derived assuming that the strain is small but the
rotation can be moderate. Numerical solutions for free and forced vi-
brations are obtained using the finite difference method. The solutions
are in terms of displacements in the z,y, and z directions. The numerical
results for the rigid and elastic models are then compared.

Concluding comments and a summary of this monograph are given in
Chapter 7.



Chapter 2

PRINCIPLE OF VIRTUAL WORK,
LAGRANGE’S EQUATION AND
HAMILTON’S PRINCIPLE

1. Introduction

This chapter presents several of the most important concepts from
analytical dynamics. The most important of these concepts to us is La-
grange’s equation and how it can be used for the derivation of governing
equations of motion. The equation is especially useful for the derivation
of the equations of motion for systems, discrete or continuous, with more
than one degree of freedom, where the Newtonian free body diagrams
become more difficult to apply. We will also derive Hamilton’s princi-
ple, an integral energy formulation, also applicable to both discrete and
continuous systems, and see how it is connected to Lagrange’s equation.

The subject of this chapter is based on the principle of virtual work,
which is the foundation for the subsequent principles we are about to
develop and discuss. There are many advantages to the analytical ap-
proach of Lagrange and Hamilton over Newton’s force analysis. This
is especially true for systems of interacting bodies, where each exerts a
force on the other and where constraints, such as boundaries, also exert
forces on the system, limiting motion. Such auxiliary conditions can be
more easily handled using the analytical approach.

The analytical approaches are based on variational principles, which
are the unifying basis of the equations that follow. The term variational
is from the calculus of variations, the foundation for such techniques. An
important advantage of the analytical method is that the equations of
motion are coordinate-independent, which, of course, Newton’s second
law of motion is not.

The essential ideas of the variational approach are briefly described
next before we go on to the details of the math. We will work with a
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variety of energy functions when we begin to apply the analytical method
to specific physical problems. To motivate and explain the procedure,
let us first look at a very simple function: y = f(z). This could represent
a displacement that is a function of position on a body. Our purpose in
the variational approach is to demonstrate that a stationary (maximum
or, most likely, minimum) value exists for f(z). This is accomplished by
comparing the function f(z) with a slightly modified function f(z) =
f(z) +€egp(x), where € can be as small as necessary, including zero, and ¢
must be continuous and differentiable. Then, for any particular value of
the independent variable x, we can compare the difference or variation,

8y = fe(z) — f(z) = eg(z). (2.1)

There are two fundamental points to be emphasized here: (i) the varia-
tion is arbitrary or virtual, and (ii) it is an infinitesimal change since €
can be made arbitrarily small. Note that while both dy and dy represent
infinitesimal changes in the function f(z), dy refers to a change in f(z)
caused by an infinitesimal change of the independent variable dz, while
dy is an infinitesimal change of y that results in a new function y + dy.

This process of variation is for each fixed value of z. Thus, z is not
varied, meaning that dz = 0, and the two end points of this function
are prescribed and therefore also not varied. The variation is between
definite limits. When we work with time as the independent variable,
the beginning and ending times are prescribed and therefore not varied.

As we will discover below, in applying the variational procedures to a
particular system, in addition to finding the governing the equation of
motion, we will also automatically find the necessary number of bound-
ary conditions. The stationary value conditions imposed by the varia-
tional principles result in both the differential equations and the bound-
ary conditions.

Before proceeding with the details of the analytical techniques, it is
useful to summarize the key topics to be examined in this chapter:

s We will learn about the principle of virtual work and its relation to
the equilibrium of a body.

» We will then extend the principle of virtual work, with d’Alembert’s
principle, to include dynamic systems.

m Lagrange’s equation and Hamilton’s variational principle will be de-
rived from d’Alembert’s principle, and will be applied to a beam
dynamic problem.
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C

Figure 2.1. Path of Mass m Due to Force F

2. Virtual Work

The principle of virtual work is the basis for the remainder of this
chapter and also forms the foundation for the variational principles of
mechanics. Some of the most powerful computational models are based
on a variational approach. Let us review the concepts of work and energy
before proceeding to virtual work. Consider a particle of mass m moving
along a curve C under the action of a force F as shown in Figure 2.1.
In this chapter, we follow the custom in dynamics of showing vectors as
bold face variables.

The position of the particle with respect to an origin O is given by the
vector r, which is a function of time. The work necessary to move the
mass a distance dr is dW = F -dr. The dot product physically indicates
the product of the projection of the force in the direction of dr. The
work done to move the particle from position r; to position ry is

r2
Wm:/ F-dr. (2.2)

JIr]
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Assuming the mass of the particle to be constant, Newton’s second law
of motion relates force F to the acceleration of the particle,

F:m@=mi(@). (2.3)

Our purpose here is to connect force, work, and energy. Using dr = rdt,
and the above equations, we have

2 gp
Wie = m— T dt
2= f My
1 (2 d
-z L) dt
2 ), "t (F-1)
1 .. ..
= 5m((f2f2) = (F1f1)]
1 . .
=5m (3 — %)
=T, —T, (2.4)

where the limits of integration have been transformed from r to ¢, and T
is the kinetic energy of the mass, T' = mf - /2. As expected, we started
with a scalar, the work, and ended with a scalar, the change in kinetic
energy.

Next, we need to relate the work done by the external force and the
respective change in position of a mass. To do this, define a conservative
force field as one where the work done depends only on the initial and the
final positions of the particle and is independent of the (integration) path
connecting these positions. (Non-conservative forces, such as friction and
external forces, are energy—dissipating, and for these the work done is
path—-dependent.) An example of a conservative force field is gravity.

From Figure 2.2, we can select any path within the conservative force
field which connects points 1 and 2, and the work done bringing the
particle from 1 to 2 will be the same, and is denoted by

r2 T
Wiae =/ F-dr path I=/ F-drpah 11 (2.5)
ri Jry

The potential energy V(r;) is associated with position r; and is defined
as the work done in a conservative force field by moving a particle from
position r; to a reference position ry,

V() = / " For. (2.6)
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Path II

Figure 2.2. Path in a Conservative Force Field

We would like to relate the work done moving a particle in a conservative
force field to the potential energy of the particle. To do this, consider

again Wig. but choose the arbitrary path through reference position,
then

rp ro
Wige = / F-dr—+—/ Fdr=—-(Va-V). (2.7)
r rp

1

This equation tells us that work done in a conservative force field is
the negative of the change in potential energy. Finally, if we denote
Wione as the non-conservative work, then Wig,. = E3 — Eq, where E
denotes the total energy. Therefore, Wig,. is a measure of the change
in particle energy, and if Wia,. = 0, then Ey = Ej, that is, energy has
been conserved.

2.1  The Principle of Virtual Work

The Principle of Virtual Work states that the work performed on a
body in static equilibrium by the applied forces undergoing infinitesimal
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virtual displacements compatible with the system constraints is zero,

N
SW = Fidr; =0. (2.8)

1=1

A constraint is a physical barrier to free motion, for example, a wall, a
string connecting two bodies, or a magnetic field. Equation 2.8 applies
to static systems, or quasi-static systems where inertia effects can be
ignored. The dynamic version of the principle of virtual work, known as
d’Alembert’s principle, is developed in the next section. These principles
form the basis for the variational principles that follow.

Our formulation will be for a system of N particles moving in three
dimensions. The results are applicable for discrete as well as continuous
systems. We define virtual displacements in each of the three dimensions
for each particle,

&Ei, 6yi, 6Zi, (29)

where 1 <7 < N. Virtual displacements may be interpreted as possible
alternate configurations of the system of particles. These alternate con-
figurations must be consistent with the system constraints. We consider
the system at its initial configuration and at its alternate configuration
due to the virtual displacement. Time is not a variable here since we are
only examining the system in two possible configurations. Time will be
soon considered with d’Alembert’s principle.

Next, assume that the N particles are subject to resultant force F; =
F; +f;, where F; is an applied force, and f; is a constraint force. For the
system to be in static equilibrium, every particle is at rest, and F; =0
in any possible configuration. For the alternate virtual displacement
configuration, static equilibrium requires that F; - or; = 0.

Given virtual displacements, one can proceed to define virtual work
as the product of a force and its corresponding virtual displacement.
For the system in equilibrium, the virtual work for the entire system
vanishes according to the relation

N
JWZZE'JH =0

=1
N
=Y (Fi+f)-or; = 0. (2.10)

=1

Before proceeding, consider the types of constraints to which a structure
may be exposed. Likely examples include physical boundaries, in which
case the boundary force is perpendicular to the motion of the body
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and there is no work performed. It is possible that contact friction
will do work in resisting a motion. Dissipative forces such as friction
will be introduced later in this chapter when dynamic motion is added.
Therefore, vazl fi-0r; = 0. The remaining equation is given the name
Principle of Virtual Work for a static system,

N
§W =) Fydr; =0, (2.11)

i=1

where F; represents the external forces on the system. We next proceed
with d’Alembert’s Principle.

2.2 D’Alembert’s Principle

D’Alembert’s Principle extended the applicability of the principle of
virtual work to dynamic problems. Newton’s law of motion can be
rewritten as d’Alembert’s principle in the following form for N parti-
cles,

F,+fi—myr,=0 i=1,2... N. (2.12)

The term —m;¥; may be considered to be an inertia force. Each force
in Equation 2.12 may be a constant or a function of time. The virtual
work for the it* particle is

(Fi + fi—-mii‘i) -0r; = 0, (2.13)

where the virtual displacements dr; are compatible with the constraints.

Assuming virtual work due to constraint forces is zero, the virtual work
for the system is
N

Z(Fz - m,-i"i) . (5!‘,’ = 0, (2.14)
i=1

where this is called the generalized principle of d’Alembert. (F; — m;¥;)
is sometimes called the effective force. D’Alembert’s principle will be
used in the next section to derive Lagrange’s equation.

“The importance of d’Alembert’s principle lies in the fact that it is more than
a reformulation of Newton’s equation. It is the expression of a principle. We
know that the vanishing of a force in Newtonian mechanics means equilibrium.
Hence, Equation 2.12 says that the addition of the force of inertia to the other
forces produces equilibrium. But this means that if we have any criterion
for the equilibrium of a mechanical system, we can immediately extend that
criterion to a system which is in motion. All we have to do is add the new
‘force of inertia’ to the previous forces. By this device dynamics is reduced to
statics [39].”
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The linking of Newton’s second law of motion with the principle of
virtual work clarifies that the principle is equally applicable to masses
at rest and to masses in motion. The virtual displacement involves a
possible but purely mathematical experiment that can be applied at any
specific time. At that instant, the actual motion of the body does not
enter into account and the dynamic problem is reduced to a static one.

3. Lagrange’s Equation

Lagrange’s equation provides a general formulation for the equations
of motion of a dynamical system. The behavior of the system may be
linear or nonlinear, and the advantage of the method becomes evident
for multi-degree of freedom systems. In addition, this approach is based
on the energies of the system, the kinetic, potential, and strain energies.
Therefore, it is not necessary to invoke the vectorial approach in applying
Lagrange’s equation as one must with Newton’s second law of motion.

The equations derived below are written in terms of the generalized
coordinates qx. The physical coordinates, 7;, of an n degree of freedom
system for N particles can be related to the generalized coordinates by
an appropriate set of equations,

ri =ri(q1,92,.--,qn), t=1,2,... N. (2.15)

The purpose of these transformations from physical coordinates, which
are vectorial, to generalized coordinates, which are not, is to recast the
vectorial d’Alembert’s principle into the energy-based expression known
as Lagrange’s equation.

In the following derivations, d’Alembert’s generalized principle is ex-
panded and rewritten in terms of potential and kinetic energies, all in
terms of the generalized coordinates. First, we derive the relations be-
tween physical and generalized coordinates.

The total derivative of Equation 2.15 is

i =Z§r—"' i=1,2, .. N. (2.16)

Note that variations dr; follow the same rules as differentials dr; such
that

" Or
bri = ~—bqs. (2.17)
e~ Oy,

We can then differentiate these equations with respect to g
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Then, considering the second term from d’Alembert’s principle in
Equation 2.14, we have

[ E (AN O] (Los i) s
—k 1 dt 8q1c 8Qk: 2 ily " Ty qk

d (0T oT
= — | == | — | 0qx. 2.18
£ 1[dt (6%) 8qk] U ( )
The other term in d’Alembert’s principle is the virtual work W =
Zf\; 1 Fi - 6r;, and so d’Alembert’s equation can be written as

i {% <%> - %] oqr, = 6W. (2.19)

k=1

The virtual work can be written in terms of the generalized coordi-
nates by using generalized forces Qy,

W =" Qrdas. (2.20)
k=1

We can further specialize d’Alembert’s equation on our way to La-
grange’s equation by separately considering the conservative and non-
conservative forces acting on the system. From Equation 2.20, 0W =
OW, + 0Wp.. We know that work in a conservative vector field equals
the negative of the change in potential, V. The virtual work of non-
conservative generalized forces Qn. undergoing virtual displacements
dqr, is given by Y11 Qkncdqi. Therefore,

n n
oW = — g—};éqi + Zancéqk. (2.21)
¢ k=1

D’Alembert’s generalized principle 2.19 becomes

~[d (oT\ _or oV
U \BG5) " g o o) (=0 2.22
;[dt (3%) g | gk Qx } Qk (2.22)
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Since the virtual displacements dqx are arbitrary, the sum of the terms
in the square brackets must be equal to zero for each index. Therefore,

d <6T) oT + ov
dt \0dx) Ogqx  Ogy

Q. includes dissipative forces such as damping and external forces. These
are Lagrange’s equations of motion, one equation for each of the gen-
eralized degrees of freedom. It is customary to define the Lagrangian

function as L = T — V. Since potential energy V is a function of posi-
tion only, it cannot vary with velocity, and thus, Equation 2.23 becomes

d (L oL
4 (547) 9 o k=12..n (2.24)

There are several key advantages to Lagrange’s equation:

Qr, k=12, n (2.23)

s Lagrange’s equation contains only scalar quantities, eliminating the
force and acceleration vectors inherent in Newton’s second law of
motion.

» There is one Lagrange’s equation for each degree of freedom, whereas
the use of free body diagrams in Newton’s formulation leads to ex-
traneous equations resulting from the internal forces between bodies
that are attached to each other. Via Newton’s approach, such in-
ternal forces have to be eliminated after the equations of motion are
derived. Of course, in some applications, we need to find these inter-
nal forces.

s Lagrange’s equation is independent of the coordinate system since
the scalar energy functions 7" and V' do not depend on coordinates.

3.1 Lagrange’s Equation for Small Oscillations

We have learned that Lagrange’s equation can be utilized to derive the
fully nonlinear equations of motion for a dynamic system. But in many
applications, vibrations are essentially linear. Therefore, it is of inter-
est to examine how Lagrange’s equation simplifies for small amplitude
oscillations.

Expand the expression for the potential energy V(q1,q2,-..,¢s) in an
n-variable Taylor series about an arbitrary equilibrium reference position
V(0,0,...,0),

V( )—l 62_V2+?2_V2+...+2 0%V R [
q1,492,---,qn _'2 aq% q aq% q2 6q18q2QIQ2

(2.25)
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We have made use of the fact that V(0,0,...,0) = 0 and 8V/d¢; = 0
in the equilibrium position. For small amplitudes, ¢; to powers two and
higher can be ignored, leaving

V~1"”32V'._1""k”“ 2.26
Nizzmq,qj—ézz 17445, ( )

i=1 j=1 i=1 j=1

where k;; are known as the stiffness coefficients. The kinetic energy is
given by

1 n n
T=3 >N midig;. (2.27)

i=1 j=1

Substituting the above expressions into Lagrange’s equation leads to
the following n coupled equations of motion,

(m]{g} + [kl{q} = {0}. (2.28)

This is a matrix equation of motion, to be solved using matrix numerical
techniques.

4. Hamilton’s Principle

We now offer an alternate approach to the derivation of Lagrange’s
equation. Along the way we derive Hamilton’s principle, a very powerful
integral variational statement. Begin with the left hand side of Equation
2.18, and rewrite this term as follows,

;miri Oy = ;mia (F; - 0r;) — 5; 5™ (8 - F4)
Nooog
= ;m% (£ - or;) — OT. (2.29)

Substitute this equation and the principle of virtual work into d’Alembert’s
principle to find

N
d
oT + 6W = ZWa (f; - Ory) . (2.30)
=1
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Consider a varied path, as shown in Figure 2.3, where the paths co-
incide at the initial and final times, and integrate between ¢; and ts,

to ta N d
1 (5T+ CSW) dt = /t Zm,a (I‘i . 51‘1) dt
= Z/ (r2 dr;)dt
t
to
= Zm,rz érz

=0, (2.31)

where by our previous discussion the variations at the end times equals
zero. Therefore,

t2

(6T + 6W)dt = 0, (2.32)

t1

is called the extended Hamilton’s principle. If the forces are only con-
servative, W = —4V, and then

5 / " -vydt=o. (2.33)

1

This equation may be physically interpreted as nature trying to equal-
ize the kinetic and potential energies of a system, in absence of non-
conservative forces. It is also possible to derive Lagrange’s equation
from Hamilton’s principle.

5. Lagrange’s Equation with Damping

Prior to this section, damping was not formally considered in the vari-
ational formulation. Here, the inclusion of damping is examined. There
are many types of damping, and the particular application will determine
which is most suitable. For example, viscous damping is proportional
to the first power of the speed and opposite in direction to its motion.
This form of damping is adequate if the speed is “not too great”. At
higher speed, the damping may be proportional to the speed taken to a
power greater than one.

For viscous drag, there is a special form for the generalized force,

Qp=—F (2.34)
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l

Figure 2.3. Path and Varied Path for Hamilton’s Principle

for each generalized coordinate, where R is known as the Rayleigh dis-
sipation function and is given by

R= -;- Z ZCkz(ikfil, (2.35)
PR

where the cy; are damping coefficients. For the k™ generalized coordinate
then,

OR .
@b, = o Xlzckz% (2.36)

with the resulting Lagrange’s equation,

d [oT or 9V  OR
- —_— __+————+——= k:1,2,..., . 237
dt (8qk) Oqr  Oqr  Ody N " (2.37)

6. Application to Longitudinally Vibrating Beams

We will derive the equation of motion first using a free body diagram
and Newton’s second law of motion. Then we will do the same using
Hamilton’s principle.

Consider the schematic of the beam in Figure 2.4 (a). Displacements,
strains, and stresses are assumed uniform at a given cross section. New-
ton’s second law of motion is a statement of the force balance for any
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Figure 2.4. Schematic for the Longitudinal Vibration of a Beam

free body element of the beam. From the figure, force P acts to the
left and this force plus an undetermined increment dP acts to the right.
Had this been a static problem, dP = 0 for static equilibrium. For the
dynamic problem, the sum of the forces equals the product of mass and
acceleration. Let the element have a mass per unit length of m(z) (or
alternatively m(z) = p(x)A(z), where p(z) is the density and A(z) is
the area of the cross section at ). Then, by Newton’s second law of
motion for an element of length dz,

(P+dP) (z,1) — P(a,1) = m(z)dz 2% t) 8(1:2 t) (2.38)
Using relations from strength of materials,
dP(z,t) = %zf—)dx
- (% ( (z )Ea“(gx t)) dz, (2.39)
and , , .
g ( (z)E ugi t)) —m(w)%. (2.40)

If the beam is uniform, then m(z) = m = pA and the area A can be
canceled from both sides of the equation, leading to the wave equation,
6282u(:1:,t) _ 0%u(z, t)

O0x? o2’

(2.41)
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where ¢ = E/p has units of speed squared.

We next use Hamilton’s principle to derive the governing equation of
motion for the longitudinal vibration of a beam where « is the direction
of motion. Considering the deformed beam of Figure 2.4 (b), we see that
in response to load P(t), the change in length dz is

Ou
A (dz) = —dx = edx, 2.42
(do) = 5 (242)
where u(z,t) is the axial displacement, and ¢ is the strain. We require
expressions for the potential and kinetic energies.

The strain energy associated with this deformation is

1 1
dV(t) = S P(t)A (de) = 5 P(t)eda. (2.43)
The axial stress at a particular location z is given by o(z, t) = P(t)/A(z)
and by o(z,t) = Fe(x,t). The potential energy of deformation for the
element is then

1 pP? 1. 5
For the whole beam, the potential energy is
p? 1 (F 2
3 ), EA(:c)dm’ 5 ./0 EA(z)e"(z,t)dx
1 (L ou\?
- = b 24
; /O EA(z) ( a:::) de, (2.45)

where EA(x) is the longitudinal stiffness.
The kinetic energy is given by

T(t) = 5 /0 " @) (%)24:& (2.46)

Now we are prepared to apply and work with Hamilton’s principle. Sub-
stitute V(t) and T'(t) into Hamilton’s principle,

t2

o ( /L (2) 2 [ o (2)' )
[ ([ e (%) e - [ paws () as) -0

(2.47)
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Perform the usual interchanges and integration by parts. Recall that du
is taken to vanish at ¢t; and ¢3, and find the resulting expression to be

/t / [6:::( gu) (x)gztz]5udxdt

_/tl (EA( )g“) 6u0dt 0. (2.48)

Since du is arbitrary in 0 < z < L, the factor in the square braces must
equal zero,
2
0 8u> 3 u _ 0. (2.49)

g (PA; ) i)

This is the equation of motion. In addition, we have the statement of
the possible boundary conditions in the relation

ou
(EA( x) ax) du
For example, a clamped end at x = 0 results in a known displacement so
that du = 0 over all time ¢. In this case, u(0,t) =0. A freeend at z =L

implies that the displacement is not known so that du does not disappear
but rather a moment cannot be resisted or EA(L)0u(L)/dxz =0

=0. (2.50)
0

7. Chapter Summary

We have introduced the very fundamental concepts underlying the
variational approaches to mechanics and vibration. First among these is
the principle of virtual work, from which d’Alembert’s principle evolves.
From these, Lagrange’s equation and Hamilton’s principle can be de-
rived. Their importance for us is that they provide a tool for the deriva-
tion of governing equations of motion and their boundary conditions.
Two particularly important applications from the perspective of this
monograph are the derivations of the equations governing the dynam-
ics of beams, here, axially and transversely vibrating beams. The next
chapter provides more details about beam models, and subsequent chap-
ters are based on some of these beam models as well as more complex
models.



Chapter 3

OVERVIEW OF TRANSVERSE BEAM
MODELS

The purpose of this chapter is to provide an overview of the existing
linear transverse beam models that can be used to model an offshore
structure. The existing beam theories are the Euler-Bernoulli, Rayleigh,
shear and Timoshenko. First, a review of the four beam theories are
presented. Second, the underlying assumptions used in the beam mod-
els are delineated. Third, the equation of motion for each model and
the expressions for boundary conditions are obtained using Hamilton’s
variational principle. Fourth, the frequency equations are obtained for
four sets of end conditions: free-free, clamped-clamped, hinged-hinged,
and clamped-free. The roots of the frequency equations are presented
in terms of normalized wave numbers. The normalized wave numbers
for the other six sets of end conditions are obtained using the analy-
sis of symmetric and antisymmetric modes from the wave numbers of
the previous four sets of end conditions. For engineering purposes, the
normalized wave numbers for each set of end conditions are tabulated
or plotted as a function of geometric and physical parameters. Fifth,
the orthogonality conditions of the eigenfunctions and the procedure to
obtain the forced response using the method of eigenfunction expansion
are presented. Finally, a numerical example is shown for a non-slender
beam to illustrate the differences among the four beam models. This
subject has also been treated by Han et al. [27].

1. Literature Review and Underlying
Assumptions

An exact formulation of the beam problem was first investigated in
terms of general elasticity equations by Pochhammer (1876) and Chree
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(1889), and it is reiterated by Love [44]. They derived the equations
that describe a vibrating solid cylinder. However, it is not practical to
solve the full problem because it yields more information than usually
needed in applications. Therefore, approximate solutions for transverse
displacement are sufficient. The beam theories under consideration all
yield the transverse displacement as a solution.

It was recognized by the early researchers that the bending effect
is the single most import factor in a transversely vibrating beam. The
Euler-Bernoulli model includes the strain energy due to bending and the
kinetic energy due to lateral displacement. The Euler-Bernoulli model
dates back to the eighteenth century. Jacob Bernoulli (1654-1705) first
discovered that the curvature of an elastic beam at any point is propor-
tional to the bending moment at that point. Daniel Bernoulli (1700-
1782), the nephew of Jacob, was the first one who formulated the differ-
ential equation of motion of a vibrating beam. Later, Jacob Bernoulli’s
theory was accepted by Leonhard Euler (1707-1783) in his investigation
of the shape of elastic beams under various loading conditions. Many
advances on the elastic curves were made by Euler as discussed in Tim-
oshenko [79]. The Euler-Bernoulli beam theory, sometimes called the
classical beam theory, Euler beam theory, Bernoulli beam theory, or
Bernoulli-Euler beam theory, is the most commonly used because it is
simple and provides reasonable engineering approximations for many
problems. However, the Euler-Bernoulli model tends to slightly over-
estimate the natural frequencies. This problem is exacerbated for the
natural frequencies of the higher modes. Also, the prediction is better
for slender beams than non-slender beams.

The Rayleigh beam theory provides a marginal improvement on the
Euler-Bernoulli theory by including the effect of rotation of the cross-
section [72]. As a result, it partially corrects the overestimation of nat-
ural frequencies in the Euler-Bernoulli model. However, the natural
frequencies are still overestimated. Early investigators include Davies
who studied the effect of rotary inertia on a fixed-free beam [19].

The shear model adds shear distortion to the Euler-Bernoulli model.
It should be noted that this is different from the pure shear model which
includes the shear distortion and rotary inertia only or the simple shear
beam which includes the shear distortion and lateral displacement only
[1]. Neither the pure shear nor the simple shear model fits our purpose
of obtaining an improved model to the Euler-Bernoulli model because
both exclude the most important factor, the bending effect. By adding
shear distortion to the Euler-Bernoulli beam, the estimate of the natural
frequencies improves considerably.
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Table 3.1. Percentage Deviates from the Experimental Values Obtained by Traill-
Nash and Collar [80]

Beam Models  First Natural Frequency Second Natural Frequency

Euler-Bernoulli +14% ~ +26% +78% ~ +133%
Shear 0% ~ +3% 1% ~ +6%
Timoshenko —-1% ~ +2% —1% ~ +6%

Timoshenko [77][78] proposed a beam theory which adds the effect of
shear as well as the effect of rotation to the Euler-Bernoulli beam. The
Timoshenko model is a major improvement for non-slender beams and
for high frequency responses where shear or rotary effects are not negligi-
ble. Following Timoshenko, several authors have obtained the frequency
equations and the mode shapes for various boundary conditions. Some
are Kruszewski [37], Traill-Nash and Collar [80], Dolph [21], and Huang
[30].

Kruszewski obtained the first three antisymmetric modes of a can-
tilever beam, and three antisymmetric and symmetric modes of a free-
free beam.

Traill-Nash and Collar gave a fairly complete theoretical treatment
as well as experimental results for the case of a uniform beam. In the
first part of their paper, they obtained the expressions for the frequency
equation and mode shapes for six common boundary conditions: fixed-
free, free-free, hinged-free, hinged-hinged, fixed-fixed, and fixed-hinged.
In the second part of their paper, they reported the experimental results
with the numerical results obtained using the Euler-Bernoulli, shear, and
Timoshenko models. They used non-slender beams in which the shear
and rotary effects were important. They reported that the difference
between the first and second natural frequencies predicted by each of
the theoretical models and the experimental values. A summary of the
results is shown in Table 3.1.

Huang [30] independently obtained the frequency equations and ex-
pressions for the mode shapes for all six end conditions. The frequency
equations are difficult to solve except for the case of a simply supported
beam. Even when the roots of the frequency equations are obtained, it
is a challenge to present them in a meaningful way. For example, Traill-
Nash and Collar [80], Dolph [21], Huang [30], and Abbas and Thomas
(1] presented them in different ways.

Kruszewski, Traill-Nash and Collar, and Huang only gave expressions
for the natural frequencies and mode shapes. They did not solve for



32 VIBRATION OF A COMPLIANT TOWER

the complete response of the beam due to initial conditions and external
forces. To do so, knowledge of the orthogonality conditions among the
eigenfunctions is required. The orthogonality conditions for the Tim-
oshenko beam were independently noted by Dolph [21] and Herrmann
[28]. Dolph solved the initial and boundary value problem for a hinged-
hinged beam with no external forces. The methods used to solve for the
forced initial-boundary value problem and for the problem with time-
dependent boundary conditions are briefly mentioned in his paper. A
general method to solve for the response of a Timoshenko beam due to
initial conditions and the external forces is given in the book Elastokinet-
ics by Reismann and Pawlik [65]. They used the method of eigenfunction
eTpansion.

A crucial parameter in Timoshenko beam theory is the shape factor.
It is also called the shear coefficient or the area reduction factor. This
parameter arises because the shear is not constant over the cross-section.
The shape factor is a function of Poisson’s ratio and the frequency of
vibration as well as the shape of the cross-section. Typically, the func-
tional dependence on frequency is ignored. Davies [19], Mindlin and
Deresiewicz [51], Cowper [18], and Spence and Seldin [69] suggested
methods to calculate the shape factor as a function of the shape of the
cross-section and Poisson’s ratio. Stephen [70] showed variation in the
shape factor with frequency.

Despite current efforts by Stephen and Levinson [41][42][71] to come
up with a new and better beam theory, the Euler-Bernoulli and Timo-
shenko beam theories are still widely used.

A summary of the four beam theories is tabulated in Table 3.2. The
basic assumptions that are made by all models are as follows.

1. One dimension (the dimension in the axial direction) is consider-
ably larger than the other two.

2. The material is linear elastic (Hookean).
3. The Poisson effect is neglected.

4. The cross-sectional area is symmetric so that the neutral and cen-
troidal axes coincide.

5. Planes perpendicular to the neutral axis remain perpendicular after
deformation.

6. The angle of rotation is small so that the small angle assumption
can be used.
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Table 3.2. Four Beam Theories
Beam Models  Bending Lateral Shear Rotary
Moment Displacement Deformation Inertia
Euler-Bernoulli v v X X
Rayleigh v v X v
Shear v v v X
Timoshenko v v v v
2. Nomenclature
Symbol Description Units
A* the cross-sectional area m?2
a*,b*,b*  the wave numbers 1/m
E* Young’s Modulus N/m?
f transverse force normal to the
structure per length N/m
G” the shear modulus N/m?
I the mass moment of inertia of the
cross-section about the neutral axis m
Q* shear N
L* length of the beam m
M* moment N-m
k* the radius of gyration I*/A* m
K the shape factor -
KE* the kinetic energy kg-m? /s
PE™ the potential energy kg - mz/s2
7 the ith root of the characteristic equation 1/m
t* time s
z* axial coordinate of the beam m
v*(z*,t") transverse displacement of the beam m
a(z*,t")  angle of rotation due to bending rad
B(z*,t")  angle of rotation due to shear rad
v the Poisson’s ratio -
o density of the beam kg/m?®
wy ith natural frequency of the beam rad/s
A dimensionless area A*/L*?
a,bb dimensionless wave numbers a*L* b*L* b*L*
Energy dimensionless energy Energy*L*/ (E*I")
f dimensionless transverse force per unit length  f*L*3/(E*I*)
G dimensionless shear modulus G*L**/(E*I")
I dimensionless mass moment of inertia of the
cross-section about the neutral axis I"/L**
Q dimensionless shear Q*L*?/(E*I")
k dimensionless radius of gyration k*/L* =+/I/A
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M  dimensionless moment M*L*/(E*I")
r;  dimensionless i*" root of the
characteristic equation ri L
s the slenderness ratio L /k*
t dimensionless time t*wi
x dimensionless axial coordinate z*/L*
v dimensionless transverse displacement v*/L*
P dimensionless density p* (L*wi?) / (E"T7)
wrn  dimensionless nth natural frequency wy, Jwi

3. Equation of Motion and Boundary Conditions
Via Hamilton’s Principle

3.1 Euler-Bernoulli Beam Model

Detailed derivations for the Euler-Bernoulli model can be found in
text books by Benaroya [12], Inman [31], Meirovitch [46][45][47], Rao
[64], and Thomson [76]. Here, the equation of motion is obtained using
Hamilton’s variational principle. The potential energy of a uniform beam
due to bending is given by

1 [ 8%v*(z*,t*)\ 2
PEgeping = 3 ; E*'I* (%) dz*, (3.1)
where E* is the modulus of elasticity, I* is the area moment of inertia
of the cross-section about the neutral axis, v*(z*,t*) is the transverse
deflection at the axial location z* and time t*, and L* is the length
of the beam. Superscript * symbols are used to signify that they are
dimensional quantities. Now, the length scales (L*, v*, and z*) are
non-dimensionalized by the length of the beam so that dimensionless
quantities (L, v, and ) are given by

L=L"/L*=1
v=v"/L"
x=2a"/L". (3.2)

In terms of the dimensionless length scales, the potential energy is given

by.
’ . 1 [LET* (0%0(z,t)\?
PEbending = 5 ; I 8;52 dr. (33)

The potential energy is non-dimensionalized by E*I*/L* so that we can
write

1 [ (8%0(x,t)\>
PEbending = 5/0 (W—) dx. (34)
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The kinetic energy is given by

* 1 * A% a’U*(ZL‘*,t*) 2 *
KEtrans - '2'/0 p A ('_'_Bt_*——) dz”, (35)

where p* is the density of the beam, A* is the cross-sectional area. The
cross-sectional area A* is non-dimensionalized by L*?, and the time t by
1/w}, where wj is the first natural frequency yet to be determined. The
kinetic energy is non-dimensionalized by E*I*/L* so that we can write

1 1 L%t (du(z,t)\?
KEans = = * LA : d :
t 2 /0 e ( ot ) ! (3.6)

By non-dimensionalizing the density p* by E*I*/ (L*waz) , We can write

1! dv(x,t)\>
KEtrans = 5 /0 pA (T) dx. (37)

The dimensionless Lagrangian, defined by KE — PE, is given by

L 1/1 o du(z, )\ 82v(a:2,t) 2
2 0 ot 633
The virtual work due to the non-conservative transverse force per unit
length f* (z*,t*) is given by

dz, (3.8)

SWr, = /0 £ (@, £7)6v* (%, %) da”. (3.9)

Non-dimensionalizing the work by E*I*/L* and the transverse external

force f* by L*3/E*I*, the dimensionless non-conservative work is given
by

Whpe = /01 f(z,t)ov(z, t)dx. (3.10)

Using the extended Hamilton’s principle, by including the non con-
servative forcing, the governing differential equation of motion is given
by!
0*v(z,t)  0*v(z,t)

!For detailed treatments of extended Hamilton’s principle, readers are refered to [47).
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Figure 8.1. Four Types of Boundary Conditions

with the boundary conditions to be satisfied

6%v (v !
o2’ (;9;) )0
1
g;%av = 0. (3.12)

Before we go on, let us examine the physical meaning of the boundary
conditions above. v is the dimensionless displacement, the first deriv-
ative Ov/0z is the dimensionless slope, the second derivative §%v/dxz?
is the dimensionless moment, and the third derivative 83v/9z3 is the
dimensionless shear. Keep in mind that dv = 0 means that the variation
of the displacement is zero. That is, the displacement is known. It does
not necessarily mean that the displacement is zero. Here, we do not
consider base excited or end forcing problems. Therefore, only in our
case, 0v = 0 or 4 (Ov/0z) = 0 means that the displacement or the slope
is zero. In order for Equation 3.12 to be satisfied, four combinations of
end conditions are possible,

gi—z =0, v =0 for hinged end
%Z- =0, v =0 for clamped end
% =0, g;%) = 0 for free end
gg =0, % = 0 for sliding end. (3.13)

These conditions are shown in Figure 3.1 where D, S, M, and @Q repre-
sent displacement, slope, moment, and shear respectively.
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The equation of motion, boundary conditions, and initial conditions
form an initial-boundary value problem which can be solved using the
methods of separation of variables and eigenfunction expansion. First,
we consider a homogeneous problem by setting f(z,t) = 0 in order
to obtain the natural frequencies and eigenfunctions. By separating
v(z,t) into two functions such that v(z,t) = W (z)T'(t), the equation of
motion (Equation 3.11) can be separated into two ordinary differential
equations,

d*T(t) _
— TWT () =0 (3.14)
4
d ZZE‘”) — a*W (2) =0, (3.15)

where a is related to the angular frequency w by
at = pAw?. (3.16)

The quantity a is 1/27 times the number of cycles in a beam length, and
we call a the dimensionless wave number?. Equation 3.16 is called the
dispersion relationship. From Equations 3.14 and 3.15, T (t) is sinusoidal
in time, and W (z) has both sinusoidal and hyperbolic terms as shown
below,

T(t) = d; sinwt + da coswt (3.17)
W (z) = C;sinaz + Cs cosaz + Cs sinh az + Cy cosh az, (3.18)
where d; and C; are constant coefficients.

Note that the boundary conditions can be expressed in terms of the
spatial function W (z) only. For instance, Equation 3.12 can be rewritten

as
EW (VN
dz? dz /|,
aw |
—oW| =0 1
dz? o (3.19)
2We are defining the wave number as
2

*

wave length*
so that the dimensionless wave number is given by
2r

wave length
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from which we can obtain four possible end conditions, as in Equation
3.13, in terms of W (z) only. Now we are ready to apply the boundary
conditions to the spatial solution to obtain the corresponding frequency
equations and eigenfunctions. This is done in Section 4. We proceed
next with the Rayleigh beam model.

3.2 Rayleigh Beam Model

As mentioned in the introduction, the Rayleigh beam adds the ro-
tary inertia effects to the Euler-Bernoulli beam. The variables are non-
dimensionalized in the same fashion, and they are tabulated in Section
2. The kinetic energy due to the rotation of the cross-section is given by

1 (1 /0%(z, b))\’
KETOt—i./O pI (&T) dCL‘, (320)

where I* is non-dimensionalized by L*4. Combining Equation 3.20 with
Equations 3.4, 3.7, and 3.10 to form the Lagrangian and using Hamilton’s
principle, we obtain the equation of motion given by

0?%v(z, t) + 0*v(z, t) 3 p184v(:c, t)

PA—5 PP Za2ae = (@), (3.21)

with the boundary conditions given by

v _ [ ov\|!
o0 (32)], ¢
v &3v !
— —pl ) ov] =0, (3.22)
(8:1:3 0z ot? 0

where v is the dimensionless displacement, 0v/0z is the dimension-
less slope, 0%v/0z? is the dimensionless moment, and 83v/8z® — pI -
33v/0z0t? is the dimensionless shear. Four possible end conditions are

gi-% =0, v =0 for hinged end

% =0, wv=0 for clamped end

g;gzo, %—pl%=0forﬁeeend

g_::- =0, g;% —-p 8—:6;38%5 = 0 for sliding end. (3.23)

The expression for shear might seem odd. Its validity can be verified
by summing the forces and moment on an incremental beam element,
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y
. f *(x* Yy )dx*
X
M%+d
u z\@%

M
+dQ

*

Figure 3.2. An Incremental Beam Element

as shown in Figure 3.2. The sum of the forces on a beam element in the
transverse direction is 3

* Ak *82U*
ZFy = p*A*dx 572
= —(Q* +dQ")cos(§ +db) + Q* cos + f* (z*,t*)dz*, (3.24)

where 6 can be approximated as dv/0x or Jv*/dz*, and dQ* and df rep-
resent (0Q*/0z*) dz* and (08/0x*) dz*, respectively. Expanding cos(6-+
df) about 6 using a Taylor series expansion and using the small angle

assumption?, we obtain
aQ* * *(92'()* * * gk
_am*—PABFQ——f(CE,t)- (3.25)

Similarly, taking the sum of the moments about the center of the beam
element, we obtain
M o g P
ox* ot*29x*’
Taking the first derivative of Equation 3.26 with respect to z*, and
subtracting Equation 3.25 from it, we obtain

82M* _ e 84'(}* A 82 *
6$*2 =p 6t*28x*2 6t*2

(3.26)

+ f* (z*,t%), (3.27)

3Symbols with superscript * are dimensional quantities.
1The small angle assumption means that

9?2 < 1.
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whose dimensionless form is given by

0?°M ot 0%v
= — pA— t). 2
522 = Plapgs —PAgp T (@) (3.28)
Comparing this with the equation of motion (Equation 3.21), the mo-
ment is given by

0%v I, L Vi
M= '6—:;2— or M* = FE*I 81}*2. (329)
Using Equations 3.29 and 3.26, the shear is given by
* * *a3v* X Tk 631}*
@ =ET a3 P op2az
03v v
or Q = —8_5;3— - pIm, (330)

which verifies our interpretation.

In order to obtain the homogeneous solution, f(z,t) is set equal to
zero in Equation 3.21. Separating v(z,t) into spatial and time func-
tions, v(z,t) = W(x)T'(t), Equation 3.21 can also be separated into two
ordinary differential equations. The time function T'(t) obeys the same
differential equation as the one for the Euler-Bernoulli model given in
Equation 3.14, and the spatial differential equation is given by

4 T 2
d Z‘;‘E ) —w? (pAW(:c) —pId—Z‘;g—Q) = 0.

(3.31)

Again, the time solution T' (t) is sinusoidal, and the spatial solution W (x)
has both sinusoidal and hyperbolic terms,

T(t) = di sinwt + da coswt (3.32)
W(z) = Cisinaz + Cy cosax + Cs sinh bx + Cy cosh bz, (3.33)

where the dispersion relations are

Juw? Jw?) 2
az\&g_+\/<P_;f_> AL

2 2\ 2
= _efi+\/(e£) - it .34
2 2

Note that there are two wave numbers in this case. It will be shown in
Section 4 that these wave numbers are related only by the slenderness
ratio.
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(a)
V> M+g%1dx
M
( o[

Figure 3.3. Angle of Rotation and Angle of Distorsion

9

The boundary conditions given in Equation 3.22 can be written in
terms of W (z) only,

2 1
dz? dr /|,
BW L dW !

3.3 Shear Beam Model

This model adds the effect of shear distortion (but not rotary inertia)
to the Euler-Bernoulli model. We introduce new variables «, the angle
of rotation of the cross-section due to the bending moment, and 3, the
angle of distortion due to shear as shown in Figure 3.3.

The total angle of rotation is the sum of a and 8 and is approximately
the first derivative of the deflection,

ov(z,t)
or

Therefore, the potential energy due to bending given in Equation 3.4 is
slightly modified in this case such that

1 [!(da(z,t)\?
PEbending— ‘2'/0 (T) dz. (3.37)

a(z,t) + Bz, t) = (3.36)

The potential energy due to shear is given by

* 1 L / * * av*(x*7t*) * * 2 *
bar =3 [ KO (P e @ @39
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Table 3.3. Shear Factors for Various Cross-sections

Cross-Section k'
, 6(14v)
Circle e
v 1TL2 :
Hollow Circle with m = Tinuer st (1)
Touter (7+6,,)(1+m2) +(20+412v)m?
10!1+u!
Rectangle 124110
Thin-Walled Round Tube 2
Thin-Walled Square Tube T

Using the dimensionless length scales and the dimensionless potential
energy expressions,

1 (L GrL*t | (0Ov(a,t) 2
PEshear = 5/0 k Ex]* A( o - a(:n,t)) dx. (339)

Non-dimensionalizing G* by E*I*/L**, we can write

1, Ov(z,t) 2
PEshear = —2-‘/0 KGA <——a—m——* - a(m, t)) d(E, (340)

where K’ is the shape factor. Following Cowper’s work, some k' values
are tabulated in Table 3.3 [18].

Together with the kinetic energy due to lateral displacement given in
Equation 3.7, the Lagrangian is given by

o3 (25 - (552

_KGA (QBC%:’-Q - alz, t))Z] dz. (3.41)

Unlike in the Euler-Bernoulli and the Rayleigh beam models, there are
two dependent variables for the shear beam, namely v (z,t) and « (z, t).
The equations of motion, using Hamilton’s principle, are given by

0*v(z,t) Ov(z,t)  Oa(z,t)\
pA——at2 - kG’A< % R ) = f(z,1)
a(z,t) Ov(z, t) _
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with the boundary conditions given by

1

Ja
1
KGA <8—U —a> ov| =0.
oz 0

v is the dimensionless displacement, « is the angle of rotation due to
the bending moment, da/dz is the dimensionless moment, and the term
K'GA(0v/0z — a(z,t)) is the dimensionless shear. Four possible bound-
ary conditions are

O .
el 0, v =0 for hinged end

a =0, v=0 for clamped end
O , ov
— =0, KGA|—=— —a )] =0 for free end
ox 0z

Oov -
a=0, (8_1‘ - a> = 0 for sliding end. (3.44)

Note that the slope due to the bending moment « is zero (instead of the
total slope dv/0z) at the clamped or sliding end.

Now, we try to solve the homogeneous problem without the external
forcing function. The coupled equations of motion (Equation 3.42) can
be decoupled to yield

0*v(z, t) p Oz, t) O%v(z,t)
ot WG ow2oe TP om0
ta(z,t)  p Oa(z,t) 0%a(z, t)
ot ®G aor P4 e O (3.45)

Note that the forms of the differential equations for v and « are identi-
cal®. Therefore, we can expect that the forms of v(z,t) and a(z,t) are
the same.

The next step is to separate the variables. Here, we first assume that
they share the same time solution T'(t). In other words, v(z,t) and
a(z,t) are synchronized in time,

[ v(2, 1) } = T(t) [ ?,/(f:) ] . (3.46)

= - . . .
?The equations can be decoupled in this way only when the cross-sectional area and the
density are uniform.
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Now, let us substitute the above expression into Equation 3.42 without
the term f(z,t) to obtain

pAW (z)T(t) — K'GA (W (z) — ¥'(z)) T (t) =0
v'(z)T (t) + K'GA (W’(a:) - \Il(z)) T (t) =0, (3.47)
where the prime and dot notations are used for the derivatives with

respect to  and t, respectively. The first expression in Equation 3.47
can be separated into two ordinary differential equations given by

T@)+*T () =0
KGA(W"(z) — ¥'(z)) + w?pAW (z) = 0. (3.48)
Again, T(t) is sinusoidal with angular frequency w as in Equation 3.17.

The spatial equations, the second equation in 3.47 and the second equa-
tion in 3.48, are written using matrix notation as

o=[v % 3 ][ | [ Rea o [ W

0 1 || () KGA 0 ' (x)
(8 Leoa | [95 ] 649

These equations can be decoupled to yield

2
W (z) + %W”(x) — pAW*W (z) =0

2
wwm+%%W@ymmﬂw@=a (3.50)
Note that above relations can be obtained from Equation 3.45. The
differential equations for W(z) and ¥(z) have the same form. Therefore,
we can further assume that the solutions of W(z) and ¥(z) have the
same form, and they only differ by a constant so that we can write

[g?}:mw, (3.51)

where d is a constant coefficient, u is a vector of constant numbers and
r is the wave number.
When Equation 3.51 is substituted into 3.49, we obtain

(3.52)

K'GAr? + pAw? —k'GAr -0
K'GAr r2_kKGA |V T
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from which we obtain the eigenvalues 7 and eigenvectors u. In order to
have a non-trivial solution, the determinant of the above matrix has to
be zero, that is,
2
4, PY” 2 2
r* + —r° — pAw* = 0. 3.53
o TP (3.53)

The eigenvalues are given by

2 2\ 2
r,-::t\}—;‘jaﬁ:\/(;’fc;) + pAw? for i =1,2,3,4, (3.54)

of which two are real and the other two are imaginary. The corresponding
dimensionless eigenvectors u; are obtained by substituting r» with r; in
Equation 3.52,

[ K'GAr? + pAw? —k'GAr;

k’GAr,- 7'1.2 —kKGA il u; = 0. (355)

We find that the eigenvectors are given by

k,GAT','
ui = [ KGAr? + pAw? ] (3:56)
or
r?2 —kK'GA .
u;, = [ kG A, fori=1,2,3,4. (3.57)
The spatial solution is given by
W) | _y
— 4.7 T
[ ¥(z) ] = ;dlule
=d; ulebz + d2U2€—bx + d3u3€iax + d4U4€_iax, (358)
where

_ | ot : 2
b= Qk,G+\/(2k,G) + pAw?. (3.59)
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We can write the spatial solution (Equation 3.58) in terms of the sinu-
soidal and hyperbolic functions with real arguments,

¥(z)
= [ 10911 ]sinaa:—l— [ g“; ] cosax + [ g?; } sinh bx + [ g‘: J cosh bx.
(3.60)

It may seem that the spatial solution has eight unknown constant co-
efficients, C; and D;, instead of the four that we started with (d; in
Equation 3.58). By expressing the exponential functions e™* in Equa-
tion 3.58 in terms of sinusoidal and hyperbolic functions, the expressions
for the coefficients C; and D; are obtained in terms of eigenvectors,

C . C
[ Dll ] = (d3u3 — dquy) 1, [ D22 ] = d3u3 + dquy
C C
[ D?; ] = (diuy — douy), [ Dz ] = dyu; + daus. (3.61)

Keeping in mind that ds and d4 are complex conjugates of each other,
we obtain

K GAa? — pAw? K'GAa? — pAw?

Dy = WGAa  Cr 2= T g, O
K'GAb? + pAw? K'GAb? + pAw?
D3 = == r——Cy, Dy = — 4 =m——C. (3.62)

Therefore, there are four unknowns. These relations can be obtained
more easily by substituting the assumed solution (Equation 3.60) into
the spatial differential equations (Equation 3.49).

The boundary conditions in Equation 3.43 are written in terms of
spatial solutions as

1

g-\Iié\If =0
dzx 0
1
KGA ((_1(%/_ - \Il> Wi =0. (3.63)
0
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3.4 Timoshenko Beam Model

Timoshenko [77]{78] proposed a beam theory which adds the effects
of shear distortion and rotary inertia to the Euler-Bernoulli model®.
Therefore, the Lagrangian includes the effects of bending moment (Equa-
tion 3.37), lateral displacement (Equation 3.7), rotary inertia (Equation
3.20), and shear distortion (Equation 3.40). We assume that there is no
rotational kinetic energy associated with shear distortion, but only with
the rotation due to bending. Therefore, the kinetic energy term used in
the Rayleigh beam (Equation 3.20) is modified to include only the angle
of rotation due to bending by replacing dv/dz with c.

Combining modified Equation 3.20 with Equations 3.7, 3.37, and 3.40,
the Lagrangian is given by

2/ (81}(3: t)> +pl(§¥>2

_ (Qﬁgﬁ) _KaA (Q%%t—) - a(x,t)ﬂ de.  (3.64)

The equations of motion are given by

v(z,t) 0*v(z,t) Oalz,t)
A_Bt—z— -kGA< ox?2 oz ) = /@Y
0%a(z,t)  O%a(z,t) ov(z,t)
ol T R KGA (——8;—— — oz, t)) =0, (3.65)
and the boundary conditions are given by
da _ |!
5;50 =0
KGA —a—v~—a ) 1—0 3.66)
P v R (3.

which are identical to those of the shear beam.
In order to solve the homogeneous problem, the forcing function is set
to zero. The equations of motion (Equation 3.65) can be decoupled into

ot P ot 0% p*I &

3zt ( ”m) a0 TP twgaE =0

da p\ 0 0’a  p*I &«

a1~ (P + 1) guzae  PAGE + voor =0 (367

6Equivalently, the Timoshenko model adds rotary inertia to the shear model or adds shear
distortion to the Rayleigh model.
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where it is implied that v and « are functions of z and ¢t. Again, both
v(z,t) and a(z,t) are governed by differential equations of the same
form, so that we can make the same argument as we did for the shear
beam that v(z,t) and a(z,t) themselves are of the same form.

First, we use the method of separation of variables to separate the
equations of motion (Equation 3.65) to obtain the time and the spa-
tial ordinary differential equations. The time equation is the same as
the ones for the other models given in Equation 3.14, and the spatial
equation is given by

=[5 1[5 [ 4] [45)

* [ gAw2 3w2—k’GA] HJV(ES) ] (3.68)

Following the procedure used previously from Equations 3.46 to 3.53,
we obtain the characteristic equation
4+ (pI + i) Wir? — pAu? + PLa_g (3.69)
kG kG ’

whose roots are

_ 1 pw? 1 2/)2‘*)4 2

Of the four roots, the two given by

_ 1) pw? 1 \? p2uA 0
2= IE\J - (I+ E;a) —f-z—- - \/(I k’G) —4— +pAw (371)

are always imaginary, and the other two roots given by

_ 1\ pw? 1 \? p2ut 0
7‘3,4—:f’: —<I+W> D) +\/(I—m> —4——+pAw (372)

are either real or imaginary depending on the frequency w (for a given
material and geometry). They are real when the frequency is less than
Vv K'GA/pI and imaginary when the frequency is greater than \/k'GA/plI.
We call this cutoff frequency the critical frequency w.. Therefore, we
must consider two cases when obtaining spatial solutions: w < w. and
W > We.
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When w < w,, the spatial solution is written in terms of both sinu-
soidal and hyperbolic terms,

= { gll }sinam—{— [ D2 ]cosam-}— { g‘; ]sinhbm+ [ g‘i }coshbm,
(3.73)
where
_ 1\ pw? 1 \? pwt 5
“=\ (“ﬁé)?*ﬂf‘m) g A

by - (14 L) 22 I—~1—2@+pAw2. (3.74)
\ KG) 2 KG) 4

and C; and D; are related by Equation 3.62.
When w > w,, the spatial solution has sinusoidal terms of two fre-
querncies,

- 1Y\ pw? ’ 1\ 2 p2ut )
oy (1) (- ) B e,

= _k’GAa2 - pAwQC Do = kK'GAa® — pAu? -
! KGA St K'GAa !
_ . b2 — 2 - EGAY — pA? -
D3 = —A GA ?Aw Cy, Dy = G pru Cs. (3.77)

kG Ab k'G Ab



50 VIBRATION OF A COMPLIANT TOWER

Notice that b and b are related by
b=1b. (3.78)

Let us examine the frequency and the wave number where the tran-
sition occurs. This critical frequency can be written as

KGA 1 [KG
we= [T =1 (3.79)

where k is the dimensionless radius of gyration or the inverse of the
slenderness ratio,

I* 1 1
VT = 5 (3.80)
By substituting 3.79 into 3.74 and 3.76, the critical wave numbers are

k

ae = % WGI+1)

b = b, =0. (3.81)

Writing in terms of dimensional variables,

_1 /G*
ac—k (kE*-l—l)

=1 (iz + 1), (3.82)

where 1 is given by’

o E*  2(1+v)
TEverT T w
Recall that k' depends on Poisson’s ratio and the shape of the cross-
section. Both k' and v do not vary much so that we can say that the
critical wave number essentially depends on the slenderness ratio.

Also, the case when w < w, is equivalent to the case when a < a.. This
can be verified by taking a derivative of a in the dispersion relationship
(Equation 3.74 or 3.76) with respect to w. We will find that the derivative
is always positive implying that a is a monotonically increasing function
of w.

. (3.84)

"Here, we use
G* =E*/2(1 +v). (3.83)



Qverview of Transverse Beam Models 51

4. Natural Frequencies and Mode Shapes

So far, we have obtained the spatial solutions with four unknowns
(Equation 3.18 for the Euler-Bernoulli and Rayleigh models, Equation
3.60 with Equation 3.62 for the shear and the Timoshenko models for
w < we, and Equation 3.75 with Equation 3.77 for the Timoshenko model
for w > w.), and we have identified the possible boundary conditions
that the spatial solutions have to satisfy (Equation 3.19 for the Euler-
Bernoulli, Equation 3.35 for the Rayleigh and Equation 3.63 for the
shear and Timoshenko models). The next step is to apply a set of
boundary conditions in order to obtain the four unknown coefficients in
the spatial solution. Upon applying the boundary conditions, we obtain
four simultaneous equations which can be written as

[F]4x4 {C}4x1 = {0}4><1 ) (3.85)

where {C} is the vector of coefficients in the spatial solution, and the
matrix [F] typically has sinusoidal and hyperbolic functions evaluated
at the end points. The determinant of [F] has to be zero to avoid
the trivial solution or {C} = 0. At this point, the best we can do
is to reduce the number of unknowns from four to one. The equation
obtained by setting the determinant to zero is the frequency equation,
which has an infinite number of roots. For each root, the coefficients
C; of the corresponding spatial solution are unique only to a constant.
The roots are in the form of dimensionless wave numbers, which can
be translated into natural frequencies using the dispersion relationships.
The corresponding spatial solutions are called the eigenfunctions or the
mode shapes. The remaining constant in the eigenfunction is usually
determined by normalizing the modal equation for convenience. Section
6 describes the normalization process. In this section, for each model,
we obtain the frequency equations, their roots, and the mode shapes for
four of the ten boundary conditions. Those for the other six cases are
obtained using the symmetric and antisymmetric modes.

4.1 Symmetric and Antisymmetric Modes

First, let us identify all ten cases. They are free-free, hinged-hinged,
clamped-clamped, clamped-free, sliding-sliding, free-hinged, free-sliding,
clamped-hinged, clamped-sliding, and hinged-sliding supports. Using
the symmetric and antisymmetric modes, we try to minimize the cases
to be considered.
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Figure 3.4. Symmetric and Antisymmetric Modes of the Free-Free Beam

Excluding the rigid body mode, the free-sliding is the symmetric
mode® and the free-hinged is the antisymmetric mode of the free-free
case as shown in Figure 3.4.

Similarly, the clamped-sliding is the symmetric mode and the clamped-
hinged is the antisymmetric mode of the clamped-clamped case. The
hinged-sliding is the symmetric mode of the hinged-hinged case and the
antisymmetric mode of the sliding-sliding case.

Once we obtain the dimensionless wave numbers of the free-free, hinged-
hinged, clamped-clamped, and clamped-free cases, we can find the di-
mensionless wave numbers of the remaining cases using the definition of
the dimensionless wave number. The dimensionless wave number is 1/27
times the number of cycles contained in the beam length. As shown in
Figure 3.4 for the free-free beam, the symmetric (free-sliding) and the

8 The symmetric mode of the free-free beam requires that the total slope of the beam v/ (z, t)
in the middle of the beam is zero. On the other hand, for the shear and Timoshenko models,
the free-sliding beam requires that the angle of rotation due to bending « is zero at the
sliding end. It seems that the symmetric mode of the free-free beam cannot represent the
free-sliding beam. However, if we look more closely, the other condition for the sliding end
is that 8 = 0 which leads to v’ = 0. Therefore, the free-sliding beam can be replaced by the
syminetric mode of the free-free beam.



Overview of Transverse Beam Models 53

First Mode Second Mode Third Mode

Figure 3.5. First Three Modes of the Sliding-Sliding Beam

Table 3.4. Relationships Between Normalized Wave Numbers of Various Boundary
Conditions for n = 1,2,3, ...

—slidin 1 free—free hinged—slidin 1 hinged—hinged
1. gfree—stiding — 1, 5. a9 9= zsa
: 2%2n—1 + On 2%2n-1

—hinged 1 _free—free hinged—hinged 1 _hinged—hinged
2. afree 9%¢ = 2q 6. ay'™? 9¢% = zq
o 272n LU 292n
3. gclamped—sliding _. 1 clamped—clamped 7. gSliding—sliding _ lasliding—sliding
- On — 2%2n-1 © Un = 302,

clamped—hinged __ 1  clamped—clamped sliding—hinged __ 1 _sliding—sliding

4. an - 20’271 8. an = 309n)

antisymmetric (free-hinged) cases contain half of the cycles contained in
the free-free case. Therefore, the dimensionless wave numbers are also
half of that of the free-free case. The dimensionless wave numbers are
related as shown in Table 3.4. Keep in mind that the rigid body mode
(ap = 0) is omitted for the free-sliding, free-hinged, free-free, sliding-
sliding cases. Note that the first mode of the free-free and the clamped-
clamped cases are symmetric whereas the first mode of sliding-sliding
case is antisymmetric as shown in Figure 3.5.

From the last four relations in Table 3.4, we can further deduce that
the sliding-sliding support case is the same as the hinged-hinged case.
Therefore, there are only four cases to be considered: free-free, hinged-
hinged, clamped-clamped, clamped-free. Similarly, the mode shapes of
these four cases can be used to generate the mode shapes of the other six
cases. For instance, the first and third mode shapes (symmetric modes)
of the free-free case generate the first and second mode shapes of the free-
sliding case (excluding the rigid body mode), and the second and fourth
mode shapes (antisymmetric modes) generate the first and second mode
shapes of the free-hinged case as shown in Figure 3.4. Similarly, mode
shapes of the sliding-sliding case can be generated by hinged-hinged case.
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Table 3.5. Frequency Equations and the First Five Wave Numbers of the Euler-
Bernoulli Model

Frequency Equation ay az as a4 as

c-c and f-f cosacosha—1=0 4730 7.853 10.996 14.137 17.279
h-h or s-s sinasinha =0 T 2m 3n 4 5m
c-f cosacosha+1=0 1875 4.694 7.855 10.996 14.137

It is important to note that it is implied in Figure 3.4 that the cross-
sectional areas of the beams are the same, and the lengths of the free-
sliding or free-hinged beams are half of the free-free beam. In fact,
this does not always have to be the case. As long as the slenderness
ratio of the free-free beam is twice that of the free-sliding or free-hinged
beam, this analysis works. Therefore, more precisely, we can say that the
dimensionless wave numbers of the free-free beam with the slenderness
ratio of s is twice the dimensionless wave numbers of the free-sliding or
free-hinged case with the slenderness ratio of s/2.

4.2 Euler-Bernoulli Beamm Model

The spatial solution W(z) is given in Equation 3.18, and the expres-
sions for the boundary conditions are given in Equation 3.13. Here the
dimensionless wave numbers are obtained by applying the four sets of
boundary conditions to the spatial solution.

One special characteristic of this model is that the frequency equations
for the free-free and clamped-clamped cases are the same. This is the
case only for this model. The frequency equations for four cases and the
first five dimensionless wave numbers are tabulated in Table 3.5. The
wave numbers for the remaining cases, using Table 3.4, are tabulated in
Table 3.6. Note that we were able to obtain the numerical values for the
dimensionless wave numbers. It will be shown that for other models, it
is not possible to do so.

The actual frequency of vibration can be found using the dispersion
relationship in Equation 3.16. That is,

Bl ,
p*A*L*4 °

w* =

(3.86)

Using the dispersion relationship, we can also write

2
wiL*\/p*JE* = %’l (3.87)
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Table 3.6. First Five Wave Numbers Obtained Using the Symmetric and Antisym-
metric Modes

ay az as Qa4 as

c-sand f-s 2365 5498 8.639 11.781 14.923
c-hand f-h  3.927 7.069 10.210 13.352 16.493
h-s 0.57 1.57 2.5 3.5m 4.5m

so that we can plot w} L*+/p*/E* as a function of 1/s. This will be useful
when we compare the natural frequencies predicted by other models.

4.3 Rayleigh Beam Model

The expressions for the boundary conditions are given in Equation
3.23. Unlike in the Euler-Bernoulli beam case, there are two wave num-
bers in the Rayleigh beam, a and b°. The frequency equation will have
both a and b. In order to find the solution to the frequency equations,
one of the wave numbers has to be expressed in terms of the other so
that the frequency equation is a function of one wave number only, let
us say a. Following is the procedure used to express b in terms of a.

The dispersion relations given in Equation 3.34 can be written as

a’=Bi +/B?+ B,
b2 = =By 4 1/B% + By, (3.88)

where By and By, in this case, are

I 2
By = 3-2“’—, Bo = pAuw?. (3.89)

Solving for By and By in Equation 3.88, we obtain

a2_b2
B =—

By = a?b?. (3.90)

9Note that the wave number of a hyperbolic function, b, does not have a physical meaning
while the wave number of a sinusoidal function, a, does. Nonetheless, we call b the wave
number of the hyperbolic function.
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Note that Equations 3.90 are still the dispersion relations. Now, let us
examine the ratio of B; to By. From Equations 3.90 and 3.89,

B _1(1 1
By,  2\b2 @2

1

= ﬂ’ (391)

where the ratio of I to A is k% from Equation 3.80. Now, we can write

==, (3.92)

Therefore, the wave numbers of the Rayleigh beam are related by the
slenderness ratio. This contrasts with the case of the Euler-Bernoulli
beam where the dimensionless wave numbers are independent of the
geometry of the beam but dependent solely on the boundary conditions.
Expressing b in terms of a and & (or s),

b=a 1
TV a2k2 +1
[ 1

Let us consider the case when k£ = 0. Then, a equals b by Equation 3.92
or 3.93, and B; is zero by Equation 3.90. Comparing Equation 3.88
with 3.16, we also find that the wave numbers a and b are equal to the
wave number of the Euler-Bernoulli beam. For a slender beam where s
is large (k is small), the two wave numbers approach each other so that
the result resembles that of the Euler-Bernoulli beam!°.

The frequency equations for four cases are given in Table 3.7. Notice
that the frequency equations contain both a and b as predicted earlier.
Further, notice that when b is expressed in terms of a using Equation
3.93, the geometrical property, slenderness ratio, enters the frequency
equations. Therefore, the roots of the frequency equations depend on the
slenderness of the beam and are no longer independent of the geometry
of the beam. The significance of the previous statement is that it implies
that the mode shapes also vary with the slenderness ratio.

10" In general, the slenderness ratio of 100 is sufficient so that there is little difference among
all four models (Euler-Bernoulli, Rayleigh, shear, and Timoshenko).
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Table 3.7. The Frequency Equations of the Rayleigh Model

f-f (b6 - a6) sinasinhb + 2a%b® cosacoshb — 2236 =0
c-C (b2 - a2) sinasinh b — 2abcosacoshb + 2ab =0
h-h or s-s sinasinhb =0

c-f (b* — @®) absinasinhb + (b* + a*) cosacosh b + 2a%6*> = 0

As mentioned earlier, as s approaches infinity, the frequency equation
becomes identical to that of the Euler-Bernoulli beam. The best way to
represent the solution of the frequency equation is to plot wave numbers
as a continuous function of s or k. Here, we will use k for a reason which
will become apparent shortly. The frequency equations in Table 3.7 are
transcendental equations that have to be solved numerically. In order to
obtain a smooth function, a(k), we use the following analysis. Let one
of the frequency equations be F(a,b). For example, for the free — free
case, we let

F(a,b) = (b° — a°) sinasinh b + 2a°b® cos a cosh b — 2a%b
= 0. (3.94)

From Equation 3.93, b is a function of a and k, b(a, k). dF and db are
given by

OF oF
dF = —da+ —db
9a ™" a5
ab 0b
Combining two expressions, dF is given by
oF OF ([ 0b ob
dF = %da + 55 (8 da Bkdk) =0, (3.96)

where dF is zero because F (a, b) is zero for all values of a and b. Solving
for da/dk, we obtain

OF b
da _ = 5Ol (3.97)
dk G + G55

where the right hand side is a function of a, b, and k. After b is expressed
in terms of a and k by Equation 3.93, the right hand side is a function
of @ and k only. Now, this is a first order ordinary differential equation
which can be solved once we know the initial value a(k = 0). The initial
value is identical to the wave numbers of the Euler-Bernoulli model given
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Figure 3.6. First Four Pairs of Wave Numbers of the Free-Free Rayleigh Beam and
Clamped-Clamped Shear Beam. — Euler-Bernoulli; —- b; -+ a

in Table 3.5 and 3.6. Note that depending on which wave number we use
as an initial value, ay, ag, - - -, we can track that particular wave number
as the slenderness ratio varies. The initial value problem is solved using
MATLAB, and the results are shown in Figures 3.6, 3.7, 3.8, and 3.9.
The four solid lines in each figure are the wave numbers obtained using
the Euler-Bernoulli theory. They are not affected by the slenderness
ratio. The two lines (dotted and dot-dashed) that emerge from the nt*
solid line near 1/s = 0 are the n'* waves numbers, a, and by, of the
Rayleigh model. Using these plots, we obtain up to four sets of wave
numbers for each case.

Having such plots, we can instantly obtain the dimensionless wave
numbers once we know the slenderness ratio. These dimensionless wave
numbers together with the complete properties of the beam lead to
the natural frequencies using the dispersion relations. The natural fre-
quency, solved in terms of the wave numbers and the property of the
beam using the dispersion relations (Equations 3.89 and 3.90), is given
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Figure 3.7. First Four Pairs of Wave Numbers of the Clamped-Clamped Rayleigh

Beam and Free-Free Shear Beam. — Euler-Bernoulli; —- b; - a
by
2 _p2 2p2
W =2 oI or w? = ap—A’ (3.98)
which is equivalent to
E* a®h? E*
2 __ 2 2 *2 _
w* = (a® - b*) L or w* = Rl (3.99)

Since we know a and b as discrete functions of 1/s from Figures 3.6, 3.7,
3.8, and 3.9, we can plot w*L*\/p*/E* as a function of 1/s using the
first relation in Equation 3.99,

w*L*\/p*[E* = \/a? — b2, (3.100)

The plots of w*L*+/p*/E* as functions of 1/s are shown from Figures
3.10 to 3.13. The benefit of having such plots is that once we know
s, L*, p*, and E*, we can obtain w* instantly. For example, the first

four pairs of wave numbers of the clamped-free Rayleigh beam, when
s = 9.1192 (or 1/s = 0.11), can be obtained from Figure 3.9 and the
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Figure 3.8. First Four Pairs of Wave Numbers of the Hinged-Hinged (or Sliding-
Sliding) Rayleigh and Shear Beam. — Euler-Bernoulli or a; —- b

natural frequencies, where L* = 1 m, p* = 7830 kg/m?, and E* = 200
GPa, can be obtained from Figure 3.13. The exact numbers are

(al,bl) = (1869, 1831) , W1 = 1

(as, bo) = (4.571,4.086), wy = 5.459

(as, b3) = (7.629,5.851), w3 = 13.046

(as, bs) = (10.686,6.937) , wy = 21.664. (3.101)

Note that the natural frequencies are non-dimensionalized by the first
natural frequency given by w} = 1896 rad/s. These numbers will be used
in the example problem at the end of this chapter.

One comment is made here regarding the wave numbers and the fre-
quency charts for the other six sets of boundary conditions. It was men-
tioned earlier that the dimensionless wave numbers of the free-free beam
with the slenderness ratio of s are twice the dimensionless wave num-
bers of the free-sliding or free-hinged case with the slenderness ratio of
s/2, where the same analogy is applied to the other cases: the clamped-
clamped and hinged-hinged beams. For example, the wave numbers of
the free-sliding beam are obtained from the wave numbers of the odd
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Figure 3.9. First Four Pairs of Wave Numbers of the Clamped-Free Rayleigh and
Shear Beam. — Euler-Bernoulli; —- b; - a

modes of free-free beams (a1, b1), (as, b3), -+ by replacing the abscissa
label 1/s with 1/(2s) and ordinate label wave numbers with 2x(wave
numbers) in Figure 3.6. In this way, a point that correspond to the in-
verse slenderness ratio of 1/s, and wave numbers of a, and b, in Figure
3.6, would correspond to the inverse slenderness ratio of 2/s, and the
wave numbers of a,/2 and b,/2 in the new plot. The frequency charts
can be modified in the same way so that the abscissa label 1/s is re-
placed by 1/(2s) and the wave numbers in ordinate label,v/a? — b2, are
replaced by 2x(wave number) so that the new ordinate label is 2v/a? — b2
or 2w*L*\/p*/E*. The wave numbers and the frequency charts of the
shear and Timoshenko models are obtained in the same way.

4.4 Shear Beam Model

The same analysis as for the Rayleigh beam is applied here. Again,
the dispersion relationship given in Equation 3.59 is written in the form
of Equation 3.88 where By and Bs are given by

2

pw
== _B
Bi=ope

2 = pAw?, (3.102)
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and

a? — b2
B; = 5

Bg = a2b2.

(3.103)

The latter relations are identical to those of the Rayleigh beam (Equation
3.90). Using Equation 3.103, the ratio of B; to Bs is reduced to

Bl 1(1 1
§;:§<b—2'a3>’ (3.104)

and using Equation 3.102, the ratio is reduced to

Bi_ 1 _ ETL?
By, 2K'GA T 2K'G*L*tA*
(1+v) 1 1 /9\2

= =3(3) (3-105)
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where 7 is given in Equation 3.84 and G* is related to E* by Equation

3.83. Therefore, we can write
1 _ 1) (7)2
2 a?2)  \s

Solving for b, we obtain

(3.106)

(3.107)
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Table 3.8. Frequency Equations of the Shear Model

f-f (gb:’ - a2) sina sinh b — 2abcos acosh b + 2ab = 0

c-c (% — a6) sinasinhb + 2a%b® cosacosh b — 2a%6° = 0
h-h or s-s sinasinhb =0

cf (b* - az) absinasinh b+ (b* + a*) cosacosh b + 2a%b* = 0

Looking again at Equation 3.62, we find that the coefficients in the
spatial solutions are related by

b? b?
Dy =-—Cy, Dy =—C
a a
a? a?
D3 = —b—C4, D4 = ?Cg, (3108)

so that we can write the spatial solution in terms of the wave numbers
only.
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The frequency equations for the shear beam are given in Table 3.8.
Note that the frequency equation for the free-free shear beam is identical
to the clamped-clamped Rayleigh beam. Also, the frequency equation
for the clamped-clamped shear beam is identical to that of the free-free
Rayleigh beam. The frequency equations for the other two cases are the
same as the ones for the Rayleigh beam. Also note that the relationship
between wave numbers (Equation 3.106) is similar to that of the Rayleigh
beam (Equation 3.92). In fact, 1/s is modified by the factor v. We can
use the plots for the Rayleigh beam here by just replacing the label
for the abscissa 1/s with /s and switching the free-free case with the
clamped-clamped case. The clamped-clamped case is shown in Figure
3.6, free-free in Figure 3.7, hinged-hinged (or sliding-sliding) in Figure
3.8, and clamped-free in Figure 3.9.

From Equations 3.102 and 3.103, the natural frequency is given by

*2
\ff’ \/Q(H W= VA Z B, (3.109)
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where /2 (1 4+ v) /k' is denoted as  throughout this chapter (Equation
3.84). Notice the similarity between Equations 3.100 and 3.109. There-
fore, we can use the plots used in the Rayleigh beam (Figures 3.10 to
3.13) by simply replacing the ordinate with w*L*y./p*/E*. The nota-
tion (27 in the figures are representative of w}, L*\/p*/E* for the Rayleigh
and wy, L*y,/p*/E* for the shear model.

Again, these plots are convenient for easily obtaining the natural fre-
quencies for a given s and 7. From Figures 3.9 and 3.13, for 1/s = 0.11,
L* = 1m, v = 2.205, p* = 7830 kg/m3, and E* = 200 GPa, the pairs
of wave numbers and the natural frequencies are

(al,bl) = (1.846, 1686) , W1 = 1

(ag, b) = (4.352,2.998) , wy = 4.1923

(a3, bs) = (7.539,3.626) , w3 = 8.7823

(as, by) = (10.686,3.857), ws = 13.241, (3.110)

where the natural frequencies are non-dimensionalized by the first nat-
ural frequency wj = 1725 rad/s.

4.5 Timoshenko Beam Model

Here, we follow the same procedure used for the Rayleigh and the
shear beams by letting

Jw?
By = PT
2 2
B2 = opg =B
B3 = pAw?, (3.111)

so that the dispersion relations in Equations 3.74 and 3.76 can be written
as

az\/(;1+32)+\/(31—32)2+33

b= \/— (B1 + By) + \/(B1 - By)* + B3
= ib. (3.112)
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Solving for B;, Bs, and B3, we obtain

a2__b2
B
_72(a2—b2)
5=
_1 a2 22_(1_72)2 2 12)2
33_4{( +b°) (1+72)2(a ¥¥)" 3, (3.113)

where v is a constant given in Equation 3.84. Note that By, B, and B

can be obtained in terms of a and b by replacing b with b? in Equation

3.113. By equating the ratio of Bs to B; obtained using Equations 3.111

and 3.113, we obtain the relationship between the wave numbers given
by

(72b2 +a2) (az,yz + b2) \

@@=+

Again, the relationship between a and b can be obtained by replacing
b with ib in Equation 3.114 as

(_7252 L a2) (72a2 _ 52)
<a2 + 52) (1++2)

Note that the wave numbers are related by s and 7.
Using Equations 3.111 and 3.113, we can write Equation 3.62 as

(3.114)

=52 (3.115)

a2+72b2 a2+72b2
Di=-210 ¢, D=L ¢
A e T 1+ 9)a
b2+72a2 b2 -}-’)’2(12
=———(C4 Dy=—-—C 3.11

so that the spatial solution for w < w. can be written in terms of wave
numbers only. Using Equations 3.111 and 3.113 with b replaced by b,
the coefficients C; and D; in Equation 3.77 are then related by

. a? _7252 L. a2 _7252 .
Dy=—> "1 26, Dp=2—"12¢
R e ) P
B2 —~202 . . B2 — ~202 -
=TV 8 D= L2 G, (3.117)
(1++%)b (1+~2)b

which we can use to express the spatial solution for w > w, in terms of
the wave numbers only.
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Table 3.9. Frequency Equations of the Timoshenko Model When a < a.

(az—bz) £a2+b2 +72ab—ab) (ct2+b2 —'72 ab+ab)

f-f Zab (2 47a) (a2 12267) sinasinhb — cosacoshb+1 =0
a v2a?)( a4~y
23 2\(2,24 232 2, 2,240 .2p2_ 2,00 0
c-C (2-%) (o ?b’zb:: ::;(b)z(: ij; b %abtab) sinasinhb — cosacoshb+1 =0
a v4ac)(a*+~
h-h sinasinhb =0
2 2\ . . (a4+a474+472a2b2+b474+b4l _
c-f (a® — b?) sinasinh b — ab (7 77a) (51 27) cosacoshb — 2ab =0

Table 3.10. Frequency Equations of the Timoshenko Model When a > a.

(a2 +82)[(a2=8%)+(aby? —ab)’]
2a5(—52+72a2)(a2~7252)
(a2+87)[(1%a2=?8?) 4 (+?ab—ab)’]
205(_{,2_*,72‘12)(&2_7252) )
h-h sinasinb=0

2 w2\ . T 7 (a%+aty—ay2a?b2 45141 451)
c-f (a. +b )smasmb ab (5 172a7) (a2 757)

sinasinb— cosacosb+1=0

f-f

sinasinb — cosacosb+1=0

cosacosb — 2ab=0

Note that we only need to obtain one frequency equation for each
boundary condition. Once the frequency equation for the case a < a.
is obtained, the other frequency equation for a > a. can be obtained
by replacing b with ib. The frequency equations for the case a < a. are
tabulated in Table 3.9 and for the case a > a. in Table 3.10.

The frequency equations depend on a, b (or b) and . From Equations
3.114 (or 3.115), b (or b) can be written as a function of a, s and ~y so
that the frequency equation can be written in terms of a, s, and  only.
Therefore, the roots of the frequency equations, a, depend on both s
and 7. After obtaining the roots of the frequency equations in terms of
a for a given s and v, b (or b) can be found using the relationship in
Equation 3.114 (or 3.115). Similarly, a can be written as a function of
b (or b) using Equations 3.114 (or 3.115) so that the frequency equation
can be written in terms of b (or b), s, and . The roots of the frequency
equation b (or b) are found for a given s and . Then, the corresponding
a can be found using Equations 3.114 or 3.115.

The proper way to represent the roots is to make a three-dimensional
plot of wave numbers as functions of s and y. Note that the roots of
the frequency equations (a and b) in the shear beam case also depend
on both s and . However, in that case, s and « always appear as y/s
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so that we can treat 7/s as one variable. Therefore, we only needed
two-dimensional plots of wave numbers as functions of y/s. In the case
of the Timoshenko beam, such a simplification cannot be made because
s and 7y do not always appear together. Therefore, the wave numbers
are plotted for v = 2.205 which is a reasonable value for a thin steel
hollow section!!.

In order to obtain the pairs of wave numbers a, and b, for a, < a,
that satisfy the frequency equations, we would solve the initial value
problem given in Equation 3.97 with the n‘* wave number of the Euler-
Bernoulli model as an initial value to obtain a, first, and then we would
obtain b, using Equation 3.114 as we have done for the Rayleigh and
shear models. In order to obtain the pairs of wave numbers a,, and
b, for a, > a., we would again solve the same initial value problem
with a, at the transition (a.) as the initial value instead. The value
of the slenderness ratio at the nt® transition is denoted as s, so that
an < ac Or wy < w, refers to the region where 1/s < 1/s,. The pairs
of wave numbers are plotted in Figures 3.14 to 3.17. The wave number
for the Euler-Bernoulli beam is included for comparison. These plots are
obtained by solving an initial value problem for the region 1/s < 1/s, as
done in the Rayleigh and shear beam cases. For the region 1/s > 1/s,
a root finding program is used because the solution to the initial value
problem had difficulties in converging.

Note that four separate plots are shown for the hinged-hinged beam
in Figure 3.16. Only in this case, a, always corresponds to two values
of b: a, corresponds to b, and 5512) for 1/s < 1/s, and to 59) and 5%2)
for 1/s > 1/sp. It is important to note that each pair corresponds to a
distinct natural frequency. The consequence is that there are twice as
many natural frequencies in the hinged-hinged case as in other cases.

In order to explain why this is the case, let us look at the frequency
equation of the hinged-hinged beam given in Table 3.9 or 3.10,

sinasinhb = 0 for a < a,

sinasinb = 0 for a > a,. (3.118)

Note that the frequency equation is satisfied for any value of b (or 5) as
long as sinaz is zero (or a, = nw forn =1,2,3,--+). When we solve for
by (or l~)) that corresponds to a, in Equation 3.114 or 3.115, there are
two unique expressions. When 1/s < 1/s,, one is real and the other is

I Poisson’s ratio of 0.29, outer radius of 0.16 m, and the inner radius of 0.15 m are used to

obtain the shear factor k' = 0.53066 using Table 3.3. The value of v = 2.205 is then obtained
using Equation 3.84.
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Wave Number

D
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Figure 3.14. First Four Sets of Wave Numbers of the Free-Free Timoshenko Beam.
— Euler-Bernoulli; - a; — b; —— b

imaginary. We call the real root b, and the imaginary root zb( ). When
1/s > 1/sp, both roots are imaginary where one is zbg) and the other is
b

The natural frequencies that correspond to each pair can be calculated
using the relation for B; in Equations 3.111 and 3.113. The natural
frequencies for the free-free, clamped-clamped, and clamped-free cases

are given by
L*\/p*|E* = ‘/ " for1/s < 1/s,

a2+( )2

1+42

for 1/s > 1/s,. (3.119)

The quantity wy, L*+/p*/E* is plotted as a function of 1/s for v = 2.205

in Figures 3.18, 3.19, and 3.21 using the values of an, bs, and b, that we
know already from Figures 3.14, 3.15, and 3.17 .
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Figure 3.15. First Four Sets of Wave Numbers of the Clamped-Clamped Timoshenko
Beam. — Euler-Bernoulli; - a; —- b; —— b

The natural frequency that corresponds to the wave number pairs

(an, by) and (an, 59)) in the hinged-hinged case is denoted as w:l(l) and

is given by

[a2 — B2
wOL* [ JE* = aln+ 72" for 1/s < 1/sp

a2 + (59)°
S

for 1/s > 1/sy, (3.120)

and the natural frequency that corresponds to the pairs of wave numbers
(an, 59) for all 1/s is denoted as w:L(Q) and given by

a2 + (5512)) ’

*(2) 7 «|E* =
wp L p*/ T3

for all 1/s. (3.121)
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The quantities w:(l’Q)L*\/ p*/E* are plotted as functions of 1/s for v =

2.205 in Figure 3.20 using the values of an, by, b5, and b2 that we
know from Figure 3.16. Note that as the slenderness ratio becomes

larger (1/s — 0), the natural frequencies wi® disappear by approaching

infinity. This is consistent with the other models for which w,*l(2) does
not exist.

It is interesting to note that in Figures 3.18 and 3.19 curves cross each
other. Thus, for a Timoshenko beam with particular sets of boundary
conditions, it is possible for a set of wave numbers with a lower index
to produce a higher natural frequency. The indices of the wave numbers
should not be used to gauge the order of the natural frequencies. In
the other cases-the Euler-Bernoulli; Rayleigh, and shear cases-a set of
wave numbers with a high index always corresponds to a higher natural
frequency.

These figures can be used to obtain the wave numbers and the natural
frequencies. Let us consider a clamped-free beam for 1/s = 0.11 and
v = 2.205. The critical wave number a., obtained using Equation 3.82,
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Figure 3.17. First Four Sets of Wave Numbers of the Clamped-Free Timoshenko
Beam. — Euler-Bernoulli; - a; — b; —— b

at this slenderness ratio is 10.013, which is slightly above a4. Although
as is not plotted, we can guess that as is greater than a.. Therefore,
only first four eigenfunctions will have hyperbolic terms. The sets of
the wave numbers can be extracted from Figure 3.17. For example, a;
in the figure is slightly less than 1.875, which is the wave number of
the Euler-Bernoulli problem represented by the first solid line obtained
from Table 3.5, and b; is slightly below a;. Note that in order to obtain
more accurate readings, the figures should be enlarged. When p* = 7830
kg/m3, L* = 1 m, and E* = 200 GPa, the natural frequencies can be
obtained using Figure 3.21. For example, from the figure the quantity
wiL*y/p*/E* is approximately 0.32 which corresponds to w} = 1620
rad/s. The exact wave numbers and the natural frequencies are given
by

(a1,by) = (1.843,1.655), w; = 1
(ag,be) = (4.236,2.727) , wy = 3.991
(a3, bs) = (7.305,2.575), w3 = 8.412
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Figure 3.18. Frequency Curves for the

wiLl*\/p*/E*; - wsL*\/p*[E*; — w3L*\/p*/E*; —— wiL"\/p*/E*

1 L L
0.05 0.1 0.15 0.2
1/s

Free-Free Timoshenko Beam.

(aq, ba) = (9.813,0.803), wy = 12.037
(a5,55) = (11.770,2.581) , ws = 14.829

(ab-,l}ﬁ) = (13.463,3.823), wg = 17.224,

where the natural frequencies are non-dimensionalized by the first nat-

ural frequency w} = 1696 rad/s. Note that frequencies can be read from

the figure more accurately than the wave numbers.

Figure 3.22 shows the variation of the first pair of wave numbers (a;,
by) for 1/s < 1/s; for the free-free Timoshenko beam shown in Figure
3.14. The values of 7y used here are 1.7777, 2.2050, and 2.435. v = 1.7777
is a reasonable value for a solid circular or rectangular section, and
v = 2.435 is a reasonable value for a thin square tube!? with Poisson’s

ratio of 0.29.

12 The values of -y are calculated using the Table 3.3 and Equation 3.84.
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Figure 3.19. Frequency Curves for Clamped-Clamped Timoshenko Beam.
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5. Comparisons of Four Models

So far, we obtained the wave numbers and natural frequencies of four
engineering beam theories. The differences among them were the in-
clusion of different second order terms: rotary and shear terms. The
Euler-Bernoulli model included only the first order terms, translation
and bending. The Rayleigh model included the rotation, the shear model
included the shear, and the Timoshenko model included both rotation
and shear in addition to the first order effects. In this section we com-
pare the relative significance of rotary and shear effects and see how it
is manifested in the natural frequency and mode shapes.

The rotary effect is represented by the term pI and the shear by p/k'G.
Note that the shear term is always 72 times larger than the rotary term,

p _p Bl pEI
KG K G*L** k¥ G*

2{(1+v
= pI(T) = pIy2. (3.123)

Recall that Poisson’s ratio v is a physical property that depends on
the material and the shear factor &’ depends on Poisson’s ratio and the
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Figure 3.20. Frequency Curves for the Hinged-Hinged Timoshenko Beam. —
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geometry of the cross-section. Poisson’s ratio for a typical metal is about
0.3, and with this value, the shear factor for different cross-sections, using
Table 3.3, ranges from 0.436 for the thin-walled square tube to 0.886 for
the circular cross-section. Using these values, 42 ranges from 2.935 for
the circular cross-section to 5.96 for the thin-walled square tube. We
have established, for a typical material and cross-section, the shear term
is roughly 3 to 6 times larger than the rotary term.

Now we look into circumstances under which those second order ef-
fects become important. Consider the frequency equations obtained pre-
viously in Tables 3.5, 3.7, 3.8, 3.9, and 3.10. We observe that the fre-
quency equations for the Euler-Bernoulli model depend neither on the
geometrical nor the physical properties. Therefore, wave number a is
independent of any properties. On the other hand, the frequency equa-
tions for the Rayleigh model are functions of a and b which are related by
the slenderness ratio s. Therefore, the wave numbers a and b depend on
the geometrical property s. The frequency equations for the shear and
Timoshenko models depend on both s and 7. Therefore, the wave num-
bers depend on both geometrical and physical properties. The effects of
s and/or y on the wave numbers are shown in Figures 3.6 to 3.9 for the
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Figure 3.21. Frequency Curves for the Clamped-Free Timoshenko Beam.
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Rayleigh and shear model and in Figures 3.14 to 3.17 and Figure 3.22
for the Timoshenko model. Generally, the wave numbers deviate from
those of Euler-Bernoulli model as s decreases and «y increases. However,
the range of 72 is more restricted (between 3 and 6 for a typical metal
and cross-section). Therefore, the wave numbers are strong functions of
the slenderness ratio.

As a numerical example, the first natural frequencies predicted by each
of the four models are plotted in Figure 3.23. The natural frequency is
multiplied by L*+/p*/E* and v = 2.205 is used. The straight solid line
for the Euler-Bernoulli model is obtained using Equation 3.87. Note that
the natural frequency predicted by the Euler-Bernoulli model approaches
infinity as the slenderness ratio decreases whereas the natural frequencies
predicted by other models level off at some point. In Figure 3.24, the
first four mode shapes of a clamped-free beam with s = 9.1192 and
~v = 2.205 are plotted. The mode shapes are normalized with respect to
each other for easy comparison. Notice that the natural frequencies and
mode shapes obtained using the Euler-Bernoulli and Rayleigh models
are similar, and those based on the shear and Timoshenko models are
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similar. This confirms our result that the shear is more dominant than
the rotary effects.

In summary, when the slenderness ratio is large (s > 100), the Euler-
Bernoulli model should be used. When the slenderness ratio is small,
either shear or Timoshenko model can be used.

6. Free and Forced Response

In this section, the free and forces responses will be obtained using the
separation of variables and the method of eigenfunction expansion. To
do so, we need to establish the orthogonality properties for each model.
We will find that the orthogonality of the Rayleigh model slightly differs
from the others.
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6.1 Orthogonality Conditions for the
Euler-Bernoulli, Shear, and Timoshenko
Models

In order to obtain the free or forced response of the beam, we use the
method of eigenfunction expansion. Therefore, the orthogonality condi-
tions of the eigenfunctions have to be established for each beam model.

For the models discussed so far, with the exception of the Rayleigh

beam!3, the spatial equations of the homogeneous problem, 3.15, 3.49,

and 3.68, can be written using the operator formalism

L(W,) =w2M(W,), (3.124)

where W, can denote the n? eigenfunction W, for the Euler-Bernoulli
model, or the n® vector of eigenfunctions { W, ¥, ]T for the shear

13 The analysis for the Rayleigh beam is slightly different due to the mixed term in the

governing differential equation. It will be discussed in detail in the next section.
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Figure 3.24. First Four Mode Shapes of the Clamped-Free Beam. — Euler-Bernoulli;
—- Shear; -- Rayleigh; —— Timoshenko

and Timoshenko models, and corresponds to the natural frequency w?
uniquely to within an arbitrary constant [23]!4. The expressions for the
operators for each model are given below:

Euler-Bernoulli model
d*w,,
Shear model
KGAL, —KGAL W,
L(W,) = dx dz n
(Wn) KGAL & _}GA || ¥

M (W,) = [6”4 8] [ ?p%‘ ] (3.126)

I See pg. 135.
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Timoshenko model

KGAL —MGAd wg
L (w") / 7 /
KFGAZL -k GA
| pA O W
M(W,) = [ ol ] [ v } : (3.127)

The operators L and M are self-adjoint (with corresponding boundary
conditions) if [45]

/ 1 [WIL(Wp) - WIL(W,)]de =0 (3.128)
0

/1 [WIM (W) = WM (W,)] dz = 0. (3.129)
JO

Note that the second condition, Equation 3.129, is automatically satis-
fied for all three models. Using Equation 3.124, we can write Equation
3.128 as

(w2 —w )/ WIM (W,,)dz = 0. (3.130)
Since eigenvalues (squares of natural frequencies) are unique to the eigen-

functions, w2, # w2 for m # n, in order for above equation to be zero,
the integral has to be zero,

/ WIM (W,,)dz =0, for m # n. (3.131)

This is the orthogonality condition for the eigenfunctions. When m = n,
we normalize the eigenfunctions by setting the integral equal to one,

1
/ WIM(W,)dz=1, forn=1,2,3,---. (3.132)
0
Combining Equation 3.131 and 3.132, we can write
1
/ WM (W) dz = 8y, (3.133)
0

where d,,,, is the Kronecker delta.

Now we discuss which boundary conditions make the operator L self-
adjoint or satisfy Equation 3.128. The conditions can be found by sub-
stituting the expression for the operator L into Equation 3.128 and inte-
grating by parts. For example, for the Euler-Bernoulli model, Equation
3.128 becomes, upon substituting Equation 3.125,

4
/ [W?:d dg’” W},"deW dz = 0. (3.134)
J0
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Integrating twice by parts, we obtain

d*W,, d3W,
<W" dr3 W dx3 )

1 1

=0,
0
(3.135)

where the remaining integrals cancel each other due to symmetry. These
are the conditions that have to be satisfied in order for the system to
be self-adjoint and the orthogonality condition to hold. Note that the
boundary conditions from the variational problem (Equation 3.19) sat-
isfy this condition.

For the shear and Timoshenko models, the corresponding boundary
conditions for the self-adjoint operator L are found to be

AW, dWr,
0 = k,GA [Wn ("‘d—:;:— - \I/m) - Wm (W - \Iln):'

dv,, d\I!n]

o Wn W Wi EW,
o \ dz da? dxr dzx?

1

0
1

- v

T G (3.136)

- v,

0 )
where the boundary conditions obtained from the variational problem
(Equation 3.63) also satisfy this condition.

Therefore, for the systems we consider, they are self-adjoint and the
eigenfunctions are orthogonal to each other as given in Equation 3.131.

6.2 Orthogonality Conditions for the Rayleigh
Model
The spatial equation for the Rayleigh beam (Equation 3.31) can be
written in the form given by Equation 3.124 as was done for the other
three models with the operators L and M given by

d*w,,
dzt ’

L (Wn) =

d2W,
M (W,) = <pAWn —pl— ) . (3.137)

However, in this case, the operator M is a differential operator unlike
those in the other cases. Equation 3.128, with the operator L substituted
with Equation 3.124, is given by

/ Wi (Win) = WinlL (W) da
0

= /1 [WE WM (W) — w2 Wi M (W,)] da. (3.138)
JO
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Substituting the expressions for the L and M operators and integrating
by parts twice, the left hand side of Equation 3.138 is reduced to

dBW,, BW,\ |!
(Wn dx3 ~Wn da3 ) 0

(_ AW, W, dWo, d2Wn) !

dr dx? + dr dxz? (3.139)

where the remaining integrals cancel each other. The right hand side of
Equation 3.138 is reduced to

dW dw,,
2 2 m d
“m “’")/0{ dz da:}z
dw, dw, 11
— pI |2 W, —= —w? - :
p [me - 2 Wi dm] (3.140)

Combining the left and right hand sides (Equations 3.139 and 3.140),
we obtain

3 3
[Wn (d Won 1 dWm> w (d LA den)]

dxz3 ™ dx dz3 dz

dw,, d®W,, N dW,, d2W,\ |*
dr dz? dr dx?

0

0
AW, dW, J da.

(3.141)

1
= (w2, —w?) /0 {pAWmW +pl——

Let us examine the left hand side of Equation 3.141. Comparing with
the boundary conditions from the variational problem, we find that the
left hand side vanishes (see Equations 3.35) so that the orthogonality
condition is given by

! AWy, AW,
/0 [ et }dx—é (3.142)

There are other orthogonality conditions that we can obtain by ma-
nipulating Equation 3.124, where the expressions for the operators are
given by Equation 3.137. Multiplying Equation 3.124 by W,, and inte-
grating over the domain (0 < z < 1), we obtain

1 d2
/ Wyp——dr = / w2 W, <pAW - pI— W )da:, (3.143)
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which can be rewritten as

1 d'W, 0 L [aw,, dW,, Wy,
/()W"——d:c4 da:+wmpI/0 [dm . + Wy 722 ]da:

! AWy, dW,,
2
wm/o [pAW %% p— ] T, (3.144)

where the right hand side equals w2,d,, from Equation 3.142. We inte-
grate the left hand side twice by parts to obtain

d*W, dWn
Wn( s T pI’&?)

AWy, Wi,
_/ P de = Wb, (3.145)
0 0

From the boundary conditions (Equation 3.35), the first term vanishes
and we are left with

3
_ / W & W o 2 5 (3.146)
0

dr dx3

Integrating Equation 3.146 by parts and using the boundary conditions
(Equation 3.35) again, we obtain

W, d*W,,
o dz?  dx?

"4z = w2, 0pm. (3.147)

Therefore, we now have three orthogonality conditions given by Equa-
tions 3.142, 3.146, and 3.147. The orthogonality condition in Equation
3.146 will be used later.

Note that a similar procedure can be applied to the other models to
obtain other orthogonality conditions.

6.3 Free and Forced Response via Method of
Eigenfunction Expansion of the

Euler-Bernoulli, Shear, and Timoshenko
Models

The method of eigenfunction expansion assumes that the solutions
v(z,t) (or solutions v(z,t) and a(z,t)) to equations of motion given
in Equations 3.11, 3.42, 3.65 and the forcing function f(z,t) can be
represented as a summation of eigenfunctions (the spatial solution to
the homogeneous problem) multiplied by functions of time that are to



Overview of Transverse Beam Models 85

be determined, that is,

oo

v(z,t) =Y 1,(t)Wn (2) (3.148)

n=1
>

fla,t) =) Fa(t)M (W, (2)). (3.149)

n=1

Note that v(z,t) stands for v(z,t) for the Euler-Bernoulli and Rayleigh

models and [ v(z,t) o(z,t) ]T for shear and Timoshenko models. If
we know the time dependent coefficients 7, (t), we can solve for the
complete solution to the problem as follows.

The expressions for 7,,(t) can be obtained by applying the operator M
to Equation 3.148, multiplying it by W7 and integrating over the do-
main. Simplifications can be made using the orthonormality conditions
given in Equation 3.133,

1 o 1
/0 ng(v(x,t))dzzznn(t)/o WIM (W, (2))dz  (3.150)

n=1

1
() = /0 WT M (v(z, 1)) dz. (3.151)

Similarly, Fi, (t) can be found by multiplying Equation 3.149 by W1
and integrating over the domain,

F (t) = /0 1 WT f(x,t)dzx. (3.152)

Substituting the assumed solution (Equation 3.148) and the forcing
function (Equation 3.149) into the equations of motion (Equations 3.11,
3.42, and 3.65), respectively, we obtain

00 dQ,lt b e
> 1) ot (Wi (@) + 2 alOL (Wa &) = 3 Fal)M (W (),

(3.153)
where the expressions for the operators M and L are given in Equations
3.125, 3.126, and 3.127, respectively. Using Equation 3.124, the last
equation becomes

[e o} 2 00
> [iZST(t) +wl‘}nn(t)]M (Wa (@) =D Fa(t)M (Wn (z)). (3.154)
n=1 1
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Multiplying by WT (z) and integrating over the domain (0 < z < 1)
results in )
a1 (t)

dt?
where the solution is given by

+ Wi Nm(t) = Fu(t), (3.155)

t
n () = ﬁ [ Futsinwn ¢ =) dr

1 d
+ N, (0) coswpmt + — Tml sinwmt. (3.156)
Wm 4t |,

F., (t) is given by Equation 3.152, and 7,, (0) and dn,,/dt|,_, are ob-
tained from the initial conditions, v(z,0) and ©(z,0), using Equation
3.151,

1
mm(®) = | WhM (v(z,0)) de
1
Nm (0) = | /0 WI M (v(z,0)) dz. (3.157)

We now know the time dependent coefficients 7),, (t) of Equation 3.148 in
terms of initial conditions and the forcing function. Finally, the solution
is given by

v(z,1) =) 0, () Wa (2), (3.158)
n=1
where 7,,(t) is given by Equation 3.156.

6.4 Free and Forced Response via Method of
Eigenfunction Expansion of the Rayleigh
Model

We follow a similar procedure to obtain the solution using the method
of eigenfunction expansion. It is assumed that the solution v(z,t) to the
equation of motion given in Equation 3.21 can be expanded in terms of
eigenfunctions as in Equation 3.148 or

Uz, 1) =D N (t)Wa(a). (3.159)
n=1

We can obtain the time dependent coefficient 7, (t) using the orthog-
onality condition given in Equation 3.142, 3.146, or 3.147. Note that
it is awkward to use the first orthogonality condition (Equation 3.142).
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Instead, we use Equation 3.146. Taking a spatial derivative of v(z,t) in
Equation 3.159, we obtain

60227 DS g, (3-160)

Multiplying Equation 3.160 by d3W,,/dz? and integrating over the do-
main, we obtain

1 [!ov(z,t)d*W,, (z)

m (t) = w2 Jy Oz dz3

dz. (3.161)

The equation of motion can be written as

00
&Wy | &y 42w,
Znn drt dt2 (pAWn _pI dr2 ) - f(ma t)' (3162)

The boundary conditions given in Equations 3.22 can be written as

d*W, )|
W, 6dW _0
dz? dx
BW  dndw !

Multiplying Equation 3.162 by W, and integrating over the domain
(0 < z < 1), we obtain

d4Wn d?n d*W,
Z/ {n i dt2 (AW = pl—— )]Wmdx

- / f(z, t)Windz. (3.164)
0

The left hand side of this equation is integrated by parts,
1o dtw,  d d*W,
'/0 [T}n e + dt2n (pAW — pl——= = )} Wndz

&Bw, d, dW, AW d2W, |1
=W ("" i @ ) o ™de da?

U @w, d*W,, dm+d2n"/
o " dz?  da? a? |,

1

0
dW,, dWm]
dz

dr dx
(3.165)
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Note that the terms evaluated at the boundaries disappear due to bound-
ary conditions given in Equations 3.163. Also, from the orthogonality
conditions given in Equations 3.142 and 3.147, we can simplify to

1 4 2 d2
/ [n aWy (pAWn _pl W")] Windz
0

" dxt dt? dz?
d2
2 Mn
= Onm, .166
(2 + G2 (3.166)
which is substituted into Equation 3.164 so that

d2nm 2 !
+wim = | f(z,t)Wndz. (3.167)

dt? Jo

By denoting fol f(z,t)Wndzx as Fpn(t), n,(t) is given as in Equation
3.156. The initial conditions, 7, (0) and 7,, (0), can be obtained using
Equation 3.161,

1 [tov d*Wp, (z)
——— [ & L=,
mO=-g7 [ G| e
1 [t 6% Wy, (z)
[ = —— dx. 3.16
i (0) w2, /0 0z0t|,q  dz® * (3.168)

6.5 Sample Responses

In this section, the response of a non-slender clamped-free beam is
obtained using all four models. The transverse force is given by

fr(a*,t*) = z* cos 100t*. (3.169)

The beam is made of steel whose properties are given in Table 3.11.
Using the formula given in Table 3.3 and the Poisson’s ratio given in
Table 3.11, the shear factor for the thin round tube is ¥’ = 0.53066.

Note that the beam is not slender. Therefore, the critical wave number
of the Timoshenko beam is relatively low, and the differences among the
models are significant. In reality, it is hard to build a beam with such a
geometry and obtain reliable experimental results because the end effect
will dominate the vibration. In order to avoid such problems Traill-Nash
and Collar built box beams supported by diaphragms [80].

For the Euler-Bernoulli and Rayleigh models the initial displacement
is given by

v*(z*,0) = (1.667z** — 52*2) 1073, (3.170)
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Table 3.11. Beam Properties

Young’s Modulus E* 200 GPa [63]

Modulus of Rigidity G* 77.5 GPa

Poisson’s Ratio v 0.29 [68]

Density p* 7830 kg/m> [63]

Cross-section round tube with Tinner = 0.15 m, Touter = 0.16 m

Cross-sectional Area A* 0.0097389 m?
Area Moment of Inertia I*  0.0001171 m?

Length L* 1m
Slenderness Ratio L*,/ %‘— 9.1192
Shear Factor k' 0.53066
5 2.205

and for the shear and Timoshenko models, the initial displacement and
rotation are given by

v*(z*,0) = (2.0212* — 6.0635z*% + 0.7094z*) 103
a*(z*,0) = (6.06352*% — 12.127z*) 1072, (3.171)

The initial displacements are chosen so that they satisfy the boundary
conditions!® and the magnitude of the tip displacements are the same.

The natural frequencies are obtained from the frequency charts. The
first four natural frequencies of the Rayleigh, shear, and Timoshenko
beams were obtained previously in Equations 3.110, 3.101 and 3.122.
The natural frequencies of the Euler-Bernoulli model are obtained us-
ing the wave numbers tabulated in Table 3.5 and the dispersion relation
given in Equation 3.16. The natural frequencies predicted by the four
models are given in Table 3.12. The natural frequencies of the Timo-
shenko beam appear in pairs beyond the critical frequency because each
pair of mode shapes has the same number of nodes. It may seem odd
that only the Timoshenko model has more than one mode shape with
same number of nodes. Experimentally, Barr observed two frequencies
corresponding to the same number of nodal points in the study of free-
free vibration of a thick beam [11].

The responses are obtained using the method of eigenfunction expan-
ston by summing the first eight modes of Equations 3.148 or 3.159 for
the Euler-Bernoulli, Rayleigh, and shear models and first twelve modes

15 In fact, these initial displacements correspond to the shape of the beam when it is stati-

cally loaded by a point force at the free end.
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Figure 3.25. Response of the Beam. — Euler-Bernoulli; —- Shear; -- Rayleigh; ——
Timoshenko

of Equation 3.159 for the Timoshenko model. The reason why twelve
modes instead of eight are included is that by including eight modes, the
Timoshenko model will be missing modes with higher number of nodes.
The responses are shown in Figure 3.25.

Notice that there are visible differences in the responses obtained using
the four models. Such differences disappear as the slenderness ratio
becomes larger. Also, notice that the responses obtained using the Euler-
Bernoulli and Rayleigh models are close to each other and that those
obtained using the shear and Timoshenko models are close to each other.

6.6 Discussion of the Second Frequency
Spectrum of the Timoshenko Beam

Traill-Nash and Collar first claimed the existence of two separate spec-
tra of frequencies beyond the critical frequency w. = 1/k'GA/pI for the
free-free and hinged-hinged cases [80]. That is, it is possible that two
natural frequencies correspond to a single mode shape.

Both Anderson [6] and Dolph [21] in their studies of the Timoshenko
theory confirmed the result of Traill-Nash and Collar for the hinged-
hinged case. Since their studies, it was generally accepted that the sec-
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Table 3.12. Natural Frequencies (rad/s)

No. of nodes Euler-Bernoulli Rayleigh Shear Timoshenko

1 1948.62 1896.16 1797.07 - 1696.03

2 12211.80 10351.13 723192 - 6768.24

3 34193.39 24737.47 15150.10 - 14267.26
4 67005.41 41078.62 22842.44 - 20415.37
5 110764.74 58187.35  30509.81 25150.52 29211.86
6 165463.34 75396.16  37994.56 33792.23 38003.37
7 231101.69 92504.64  45437.80 44958.47 46401.78
8 307679.76 109447.44 52799.94 53183.33 58849.04

ond spectrum existed for the hinged-hinged case. More recently, Thomas
and Abbas showed using their finite element model that “... except for
the special case of a hinged-hinged beam there is no separate second
spectrum of frequencies.” Bhashyam and Prathap [13] also came to the
same conclusion using their finite element model.

However, what previous studies neglected is that the mode shape in-
cludes both displacement and angle of rotation as a pair. If we see the
displacement and the angle of rotation together, the two natural fre-
quencies do not correspond to one mode shape. They correspond to
two different mode shapes. For example, let us consider a hinged-hinged
beam whose properties are given in Table 3.11. The natural frequencies
for 1/s = 0.11 are shown in Figure 3.20, and the four lowest natural fre-
quencies are wgl)*, wgl)*, wgl)*, and w?)*. From Figure 3.16, the first nat-
ural frequency corresponds to the wave numbers (a1, b1) and the fourth
natural frequency corresponds to the wave numbers (a;, I~)§2)). Note that
the numerical value of a; is 7. The spatial function in each case is given
in Equations 3.73 and 3.75 with coeflicients related by Equations 3.116
and 3.117. Upon applying boundary conditions, we find that the spatial
functions are reduced to

[ W } o e (3.172)
= a2 232 .

—

1

_ sina
=C1 | 2-+2(5@)° , (3.173)
Uy ] 42—Lal(11,y( )1a1 cosay

where the coefficients other than C; and C’l are zero. The coefficients
C; and C} are then set so that the modes are normalized according
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to Equation 3.133. The first and the fourth modes with corresponding
natural frequencies are given by

Wi | _ | 0.158sin7z (1)*

[ ¥, ] = [ 0.323 cos 1z } = 4252.56 rad/s (3.174)
Wy | _ | 0.035sinmz 2+ _

[ , ] = [ 1 443 cos rz ] ,wi =26881.97 rad/s. (3.175)

Note that when the beam is vibrating at the natural frequency be-
longing to the ‘first spectrum,’ the amplitudes of the lateral displacement
and the angle of rotation could be comparable and the bending moment
(E*I*¥) and the shear (K'G*A* (W’ — ¥)) are in phase. When the beam
is vibrating at the natural frequency belonging to the ‘second spectrum’,
the amplitude of the angle of rotation is considerably larger than that
of the lateral displacement and the bending moment and the shear are
completely out of phase.

From Figure 3.16, we can establish inequalities given by

bp < an < 5&2) for1/s<1/sp and n=1,2,--
b < an <b? for1/s>1/s, andn=1,2,--- . (3.176)

The amplitude of the angle of rotation (| a? — 2 b(z) 1+79%) ay
ai

in Equation 3.173) is easily a large negative number. That is, the rota-
tion of the cross-section may be large whereas the lateral deflection is
minimal in the ‘second spectrum.’

To see whether the bending moment and the shear are in phase or
not, the ratios of the bending moment to the shear are obtained in both
spectra,

v,  EI*  al++9% E'TI”
W -0 KG*A* (o - b3) 12 K'G*A*

‘114 E*I* a% - ’)’2 (bl ) E*I*
1 __ k'G*A* - ~ 2 1Y% A%

(3.177)

Note that the first expression is always positive because a, is always
greater than b,, and the second expression is always negative because
b( ) is always greater than a,. Therefore, we arrive at the conclusion that

the bending moment and the shear are in phase in the ‘first spectrum’
and completely out of phase in the ‘second spectrum.’
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Now, we can say that the two pairs of mode shapes are indeed distinct
and correspond to distinct natural frequencies. There is no need to
refer to them as separate frequency spectra. This has been observed by
Levinson and Cooke [43] who said “...the two spectra interpretation of
the predictions of Timoshenko beam theory is rather a matter of taste
and not even a particularly fruitful interpretation at that.”

7. Chapter Summary

In this chapter, we examined four approximate models for a trans-
versely vibrating beam: the Euler-Bernoulli, Rayleigh, shear, and Tim-
oshenko models. The equation of motion and the boundary conditions
were obtained and the frequency equations for four end conditions were
obtained. The solutions of the frequency equations are presented in
terms of dimensionless wave numbers. Also frequency charts are plot-
ted so that, for a given material and geometry, the natural frequency
can be obtained instantly. For each model, the orthogonality conditions
are identified, and the forced response is obtained using the method
of eigenfunction expansion. A numerical example is given for a non-
slender beam and a brief discussion on the second frequency spectrum
is included.

We found that second order effects become more important for small
s and large . The range of possible v is small when compared to that
of s. Therefore, the slenderness ratio alone can let us determine roughly
whether or not the second order effects are important. We also found
that shear is always more dominant than the rotary effect for a given
geometry and material. Therefore, either the shear or the Timoshenko
model should be used for a beam with small s. The shear model may
give reasonable results for less complexity.



Chapter 4

ENVIRONMENTAL LOADING
-WAVES AND CURRENTS

This chapter is devoted to the formulation of the distributed trans-
verse fluid load f (X,t) in an ocean environment. An offshore structure
in an ocean environment is subjected to loadings due to wind, current,
and waves. The Morison equation is used to model the in-plane fluid
force. Random waves are modeled using the Airy linear wave theory
and the Pierson-Moskowitz spectrum. A sample time history is gener-
ated using Borgman’s method. The out-of-plane fluid force due to vortex
shedding is modeled as a simple sinusoid.

1. Nomenclature

Symbol Description Units
A wave amplitude m
Ay cross-sectional area of

the displaced volume, 772 m?
Ca added mass coefficient -
Cp drag coefficient -
Cu inertia coefficient -
d water depth m
D diameter of the structure m
f distributed transverse load N/m
g gravitational acceleration m/s*
h height from the still water level m
H wave height from trough to peak m
Hs significant wave height m
k wave number 1/m
Ke Keulegan-Carpenter number -
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my displaced fluid mass per length, p; Ay kg/m
n vector normal to the structure -
To outer radius of a cylinder m
R displacement vector of the structure m
Re Reynolds number -
t vector tangent to the structure -
T period of wave s
U. current velocity m/s
Uw wind velocity m/s
Viret normal component of the relative velocity

of the fluid with respect to the structure m/s
Wz, Wy wave velocities m/s
Py density of water kg/m?
U dynamic viscosity of water N -s/m?
7 surface elevation m
w angular frequency rad/s

2. Fluid Forces - General

If the diameter of a cylindrical structure is small compared to the
wavelength of the incident wave, the Morison equation is used to model
the fluid forces [54]. The Morison equation was originally derived for a
stationary cylinder under the assumption that the fluid force is composed
of drag and inertia forces with the drag force being predominant. The
drag force is due to the pressure difference between the downstream and
upstream flow region. The drag force is proportional to the square of the
relative velocity of the fluid. The inertia force is the force exerted by the
fluid while it accelerates and decelerates as the fluid passes the structure.
It is also the force required to hold a rigid structure in a uniformly
accelerated flow, and it is proportional to the fluid acceleration.

The Morison equation is modified for a moving cylinder by includ-
ing the added mass term. When a structure accelerates through a fluid
medium that would normally be at rest in the absence of the struc-
ture, it also accelerates the nearby fluid. Therefore, the force needed to
accelerate the structure is

F = (mstru(:turc + CAmdisplaccd ﬁuid) ’U,

where Mgisplaced fiuid 1 the mass of the displaced fluid, ¥ is the accel-
eration of the structure, and Cj4 is the added mass coefficient that is
determined experimentally.
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If the structure is not small compared to the wavelength of the in-
cident wave! such that the incident wave scatters from the surface of
the structure as reflected waves of the order of the incident wave, then
diffraction theory must be used instead of Morison’s equation. In this
case, the inertia force is predominant. A literature review of the fluid
force in this flow regime is given by Hogben [29].

If the inertia force still predominates and the drag force is small, but
the structure is still small compared to wavelength, the Froude-Krylov
theory is applied?.

In this work, we will assume that the diameter of the structure is small
compared to the wavelength of the incidental wave so that the Morison
equation is applicable. The Morison force is expressed in terms of the
relative acceleration and the square of the relative velocity between the
structure and the fluid. The current velocities are usually assumed to
be constant with time and to vary with depth. On the other hand,
the wave velocities and accelerations are oscillatory. Here, we consider
random waves; therefore, a broad band of frequencies are present in the
wave.

To model random wave velocities, we first obtain an expression for
the random wave height from the Pierson-Moskowitz power spectrum.
Then, the horizontal and vertical wave velocities are obtained using the
Airy linear wave theory. As well as these in-plane fluid forces, the fluid
also exerts a lift force in the direction perpendicular to the flow and the
structure. When the flow passes around a cylinder at a Reynolds num-
ber greater than 60 to 100, the vortices attached to the cylinder start
to shed alternately. These shedding vortices exert an oscillatory force
on the cylinder in the direction perpendicular to both the flow and the
structure. For a fixed cylinder, the vortices are shed at the Strouhal
frequency, which is proportional to the flow velocity for a wide range
of Reynolds number. When the shedding frequency is close to the nat-
ural frequencies of the structure, lock-in or synchronization occurs. The
shedding frequency seems to be locked in to the natural frequency of
the structure. Structural motion heavily influences the fluid motion and
vice versa during lock-in. Therefore, a coupled model (coupled between
the structure and the fluid) is needed. A review of the various vortex-
induced vibration models, which attempt to capture nonlinear charac-

IThe structure is considered to be relatively large when
D/Xx> 0.2,

where D is the diameter of the cylinder and A is the wavelength of the incident wave.
2The diffraction theory and the Froude-Krylov theory can be found in Chapter 7 of Hydro-
dynamics of Offshore Structures by Chakrabarti [17].
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teristics, can be found in Billah [14]. However, we will limit ourselves to
a simple harmonic function for the vortex shedding force.

At the free surface of the fluid, the wave slamming force may be
important. The wave slamming force is due to a single occasional wave
with a particularly high amplitude and energy. Sarpkaya and Isaacson
reviewed the research on slamming of water against circular cylinders
[67]. Miller found that the peak wave-slamming force on a rigidly held
horizontal circular cylinder is proportional to the square of the horizontal
water particle velocity [49][50]. For this study, the wave slamming force
is not included.

In all cases, the force exerted by the fluid is most likely stochastic since
the waves and wind are stochastic and therefore characterized by spectral

densities. An excellent review of existing spectral density models is given
in [17]3.

3. Fluid Forces I: The Morison Equation

The semi-empirical expression for the fluid force was derived by Mori-
son and his colleagues [54]. Note that the bold faced symbols denote
vector quantities, and the superscript n denotes the normal component.
The general form of the normal force on an oscillating cylindrical beam
element in waves and currents is given by [17]

f* = Cump™ + Cppyro [Viy| Vi — Camp R, (4.1)

where f™ is force per unit length normal to the structure, Cjp; is the
inertia coefficient, Cp is the drag coefficient, C4 is the added mass
coefficient which is related to Cys by

Ca=Cun—1, (4.2)

T, is the outer radius of the cylinder, V7, is the component of the relative

velocity that is normal to the beam element given by
fa=w"+ U7~ R", (4.3)

w is the wave velocity, and U, is the current velocity*, R is the position
vector from the base of the beam to a certain location in the beam,
and my; is the displaced mass of the fluid per unit length, which can be

3Sce Chapter 4.

41t will be shown in linear wave theory that the wave velocitics, wz and wy, are functions
of time t, vertical coordinate z, and horizontal coordinate y. To be used in Equation 4.1,
the normal component of the wave velocity w™ should be cvaluated at the horizontal beam
location y = v(x).
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written as
my = pfwrg. (4.4)

The normal acceleration and the normal velocity vectors (Figure 4.1)
can be written as

W' =t X W X t|
wh =]t x w x t
Ul = |t x Ug x t|

R”:\txftxt{, (4.5)

where t is the vector tangent to the beam. The tangent vector t is given
by

t =cos i + sin 6j, (4.6)
where 1 and j are the unit vectors of the fixed frame. The wave and

current velocities and the position vector can be written in terms of
their components,

W = Wi+ wyj
U, =Ug
R = ui + vj, (4.7)
where we assumed that the current flows only in y direction. Note that
in our case where the fluid velocity has no z component, the normal

acceleration and the normal velocities can be obtained using a normal
vector. The normal vector in this case (Figure 4.1) is given by

n = — sin 6i + cos 6, (4.8)
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where

tan = %j: (4.9)

v(z,t) is the displacement in the y direction. When the small angle
assumption is used, we can write

sinf ~ 6
tanf =~ 0
cosf =~ 1, (4.10)

and 6 can be approximated by dv/0z. Then, the normal vector can be
written as
n=-vi+j (4.11)

Therefore, the normal acceleration and the normal velocities are given
by

N

W' =W n=—wv + iy
w' =w-n=—w +w,
U =Uen=—UgV + Uy
R"=R-n=—-w'+v. (4.12)

Therefore, using Equations 4.3 and 4.12, the relative normal velocity
Vel is given by

fa=uw"+U7 - R"

= = (s + Uea = Fir) ' + (wy+Usy ~ By, (4.13)

so that Equation 4.1 can be rewritten as

f*(X,t) = Cppyro (—wzv' + W' + wy + U, — i))
X l—wzv' +uv’ +wy + Ue — z’)|

—CApfﬂ"r'g (=i’ + ) + Crpymr (wy — wgv') . (4.14)
The drag, inertia and added mass coefficients must be obtained by
experiment. However, for a long cylinder, C); approaches its theoretical
limiting value (uniformly accelerated flow) of 2 and C4 approaches unity

[38][81]. The inertia and drag coefficients are functions of at least three
parameters (81],

Cum = Cu(Re, Kc, cylinder roughness)
Cp = Cp(Re, K¢, cylinder roughness),
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Figure 4.2. Wave Profile

where Re is the Reynolds number and Kc is the Keulegan-Carpenter
number, given by

UD
Re:———pf
L
H
€="p (4.15)

where p; is the density of the fluid, U is the free stream velocity, D is
the diameter of the structure, u is the dynamic or absolute viscosity,
and H/2 is the amplitude of the wave (see Figure 4.2). For water, the
dynamic viscosity is 1.12 x 1073 N - s/m? [57].

The drag coefficient can be plotted roughly as a function of Reynolds
number for a certain shape of structure. For a cylinder, such a plot can
be found in [61]°.

To find the full expression for the fluid force, we need to know how
to express the wave and current velocities. The next two sections show
how this can be done.

3.1 Wave Velocities

3.1.1 Linear Wave Theory (Plane Waves)

5See pg. 387.
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Linear wave theory, sometimes called the Airy wave theory, defines
the wave profile 7 as (Figure 4.2)

n(y,t) = Acos(ky — wt), (4.16)

and the velocity components of the gravity wave are given by

coshkz
wy(z,y,t) = Aw Sohhd cos(ky — wt)
sinhkx .
we(z,y,t) = Aw " sin(ky — wt), (4.17)

where k, w, and A are wave number, angular frequency, and amplitude
of a surface wave. The velocities vary with time, horizontal coordinate
y, and depth z. The frequency is related to the wave number by the
dispersion relationship given by

w? = gktanh kd, (4.18)

where d is the water depth. For deep water, tanh kd approaches unity
and the frequency is given by

lim w? = gk. (4.19)

d—oo

3.1.2 Random Waves (Pierson-Moskowitz Spectrum)

The one-sided Pierson-Moskowitz spectrum® for the surface elevation
or wave profile 7 is given by

Ao _Brw
S (w) = =ge P14 [m?s], (4.20)

where A, and B are given by
A, = 0.0081¢% = 0.7796 [m?/s%]

B=0.74 (U J )4 7). (4.21)

w, 19.5

g is the gravitational acceleration, and Uy, 195 is the wind velocity evalu-
ated 19.5 m above the still water level [81]. Note that the units are spec-
ified in square brackets. The only data we need to obtain to evaluate the
power spectrum is the wind velocity at h = 19.5 m. However, sometimes

6The Pierson-Moskowitz is chosen in this work as a classical spectrum. Without doubt,
spectra are chosen for the specific ocean site where the structure will be placed.
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the power spectrum is expressed in terms of significant wave height, H;.
The significant wave height is the average height of the highest one-third
of all waves [73]. The significant wave height is mathematically defined
by (17]7

Hs =40 [m], (4.22)

where o is the standard deviation of the wave profile. For the zero mean
case, the variance is the area under the spectral density curve given by

*° A 4]%@
2 _ - o —B/w
o /0 S (W) dw 1B © .
Ao
=15 [m?]. (4.23)

B, in terms of significant wave height, is given by

44,

B = . (4.24)
H3
Therefore, the Pierson-Moskowitz spectrum can be written as
A _44p -4
S (W) = =Ze w7 [m2). (4.25)

With Equation 4.22 and 4.23, the significant wave height in terms of the
wind velocity is given by

A,
Hy=2/2. (4.26)

The peak frequency (frequency at which S,,(w) is maximum) can be
obtained by setting the following equal to zero,

dSm (W)
—-—’27—- = 0. (4.27)

The peak frequency is given by

4 1/4
wpeak = (gB) . (428)

The spectra when the significant wave height is 9, 12, and 15 m are
plotted in Figure 4.3 for Uy, 19.5m = 25 m/s.

7See Equation 4.62.
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Figure 4.3. Pierson-Moskowiz Spectrum for H; = 9, 12, 15 m

The next step is to find the surface elevation or wave profile 7. In a
nonlinear analysis, structural response is found by a numerical integra-
tion in time. Therefore, we need to convert the wave elevation spectrum
into an equivalent force time-history. To do so, we use the method sug-
gested by Borgman [15]. The surface elevation, as a function of both
time and spatial coordinate y, is represented by?®

n(y,t) = /000 cos(ky — wt)4/25n, (w) dw, (4.29)

where the spectrum is given by Equation 4.20. This integral can be
represented in terms of finite sums as

N
n(y,t) = Z cos(kpy — @nt — wn)\/QS,m (@n) Awn, (4.30)

n=1

8The details are provided in Appendix A.
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where ¢,, is a uniform random number between 0 and 27 and

_ Wn +Wp-1
Wn = _'2—a
Awp = wp — Wnp-1

kn = k(@p) forn=1,---  N. (4.31)

The frequency wy is zero, and wy is chosen so that most of the area is
contained between wg and wpy. The frequencies w; to wy_1 are chosen
so that the area under the spectrum curve for each interval is equal. The
area between the interval wo = 0 to wy, is - of total area under the curve
between the interval wy = 0 to wy. Therefore, wy, is given by

Wn n WN
So (W) dw = — / S (W) dw
0 N Jo

B 1/4
L Wp = =1,---,N—-1. (4.32
“ (lnN/n-{—B/w}*V) for n (4.32)

Note that the last term in Equation 4.30 is the square root of the
incremental area between w, and w,_;. One partitioned area, say a2,
is approximately the total area divided by the number of intervals, N.
From Equation 4.23,

1 o0
(12=N/0 S (W) dw
A, H?

" 4BN 16N’

(4.33)

and 7 is written as

Hy (2 -
n(y,t) = VN ;cos(kny — Wpt). (4.34)

Therefore, the wave velocities are given by

N -
H, |2 _ coshk,z = _
wy(z,y,t) = 7 / ¥ nE=1wnm cos(kny — wnt)

N LT
H, [2 sinhk,z . -
= 220 2N on———=" sin(kny — @nt). 4.
w:t(x’y7t) 4 anlw SinhkndSIH( y w ) ( 35)

Sample wave profiles are plotted for the case where Hy; = 6.364 m,
wy = 1.5 rad/s, d = 480 m and N = 15 in Figures 4.4 and for the case
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Figure 4.4. Wave Profile n(z,t) for H, = 6.364 m, d = 480 m, wn = 1.5 rad/s,
N=15

where and Hs; = 0.06364 m, wy = 10 rad/s, d = 1.05 m and N = 15
are plotted in Figure 4.5. Again, the first case is likely to be seen in the
ocean, and the second case is likely to be seen in a laboratory setting.

Two components of wave velocities as functions of depth z are also
plotted in Figures 4.6 and 4.7.

3.2 Current Velocity in the Ocean, U,

According to Isaacson, the current velocity consists three components:
tidal components Uyjqe, a low frequency component related to long term
circulation Ucirculation, and wind-induced drift current Uit [32]. They
are measured at the water surface. It is assumed that the current velocity
has only a horizontal component. The current velocity is then given by
the empirical equation

1/7 -
Uc(l') = (Utuie(d) + Ucirculation(d)) (g) / + Udrift (0) (i_%%) )
0
(4.36)
where d is the water depth, d, is the smaller of the depth of the thermo-
cline or 50 m. The value of Uyge is obtained from tide tables, and Ugyf;



Environmental Loading - Waves and Currents 107

A0404 (a)
\%0.02 /\
CR VA NI\ AN SN VATV IVA S
VAV AV AV e
B-0.06
0 1 2 3 4 5 6 7 8 9 10
Time (s)
0.04 (b)
S
E 0.02 .
s ol \V/ s /\\ / \
[~ 9
2 002 \/\/ \ \/\/
B -0.04
0 1 2 3 4 5 6 7 8 9 10

Horizontal Coordinate (m)

Figure 4.5. Wave Profile n(z,t) when H; = 0.06364 m, d = 1.05 m, wny = 10 rad/s,
N=15

is about 3% of the 10 minute mean wind velocity at 10 m above the sea
level.

In the laboratory setting the current velocity can be assumed to be
constant with depth.

3.3 Wind Velocity, U,

Wilson gives an expression for the mean wind velocity as follows [81],

h
hre f

1/n
Uy (h) = < ) Uy (href), (4.37)
where h is the height from the water surface. The reference height, Ay,
is usually taken as 10 m. The value of n is taken to be 7 or 8 for an
unobstructed sea area and 12 or 13 for gusts.

4. Fluid Force II: Vortex Induced Oscillations

When the flow passes around a fixed cylinder, for a very low Reynolds
number (0 < Re < 4), the flow separates and reunites smoothly. When
the Reynolds number is between 4 and 40, the eddies are formed and
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Figure 4.6. Wave Velocities wz(z,t,z) and wy(x,t,2) at y = 0 and ¢t = 0 when H,
=6.364 m, d =480 m

are attached to the downstream side of cylinder. They are stable, and
there is no oscillation in the flow.

For a flow with a Reynolds number greater than about 40, the fluid
near the cylinder starts to oscillate due to the vortices. The frequency of
oscillation is related to the non-dimensionalized parameter, the Strouhal
number, defined by

foD

St = U

where f, is the frequency of oscillation, U is the steady velocity of the

flow, D is the diameter of the cylinder. For circular cylinders, the

Strouhal number roughly stays at 0.2 for 103 < Re < 2 x 10° [62].

Therefore, the shedding frequency is a function of the flow velocity and
the diameter of the cylinder.

When the flow passes by a cylinder which is free to vibrate, the shed-
ding frequency is also controlled by the movement of the beam. When
the shedding frequency is close to the first natural frequency of the struc-
ture (£25 to 30% of the natural beam frequency [67]), the beam takes
control of the vortex shedding. The vortices will shed at the natural

(4.38)
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Figure 4.7. Wave Velocities wz(z,t,2) and wy(z,t,z) at y = 0 and t = 0 when
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frequency of the beam instead of at the frequency determined by the
Strouhal number. This is called lock-in or synchronization. Figure 4.8
shows the shedding frequency as a function of flow velocity in the pres-
ence of a structure. fi and fo are the natural frequencies of the structure.

The existing models for vortex induced oscillation include single degree-
of-freedom models and coupled models [14]. The SDOF models include
the effect of vortex shedding as an external forcing function. The cou-
pled models assume that the equations that govern the motion of the
structure and the lift coefficient are coupled.

The synchronization is a result of nonlinear interaction between the
oscillation of the body and the action of the fluid. Therefore, a linear
model will not predict the synchronization.

In this work, we assume that the force induced by the vortices is a
simple sinusoid,

fshedding(xa t) =A (1‘) Cos wyt. (439)

Because the force is linear and so is the governing equation, this model
will not predict the synchronization behavior. Also, when the Strouhal
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Figure 4.8. An Example of Fluid Dynamic and Fluid Elastic Resonance

frequency, w,, approaches the natural frequency of the beam, the re-
sponse will grow indefinitely. This area of research still has many unan-
swered questions and is outside the scope of this monograph.

5. Chapter Summary

In this chapter, we formulated the fluid forcing function in the trans-
verse direction using the Morison equation. The fluid force is due to
random waves and current. The random waves were characterized by
the Pierson-Moskowitz spectrum and the Airy wave theory. The time
history is obtained using Borgman’s method. The Morison force acts in
the plane defined by the structure and the direction of the fluid. The
out-of-plane force due to shedding vortices is modeled as a simple sinu-
soid with the Strouhal frequency.



Chapter 5

COUPLED AXIAL AND TRANSVERSE
VIBRATION IN TWO DIMENSIONS

For a vibrating beam, bending and rigid body motion are the primary
components of the overall behavior. Therefore, it may be sufficient to
use a single degree of freedom model or a linear transverse model such as
the Euler-Bernoulli, Rayleigh, shear, or Timoshenko model. A discus-
sion of linear transverse models can be found in Chapter 3. The linear
transverse models assume that the coupling between the transverse and
the axial motion is negligible. However, the coupling becomes more
significant with increasing slenderness ratio (the ratio of length to the
radius of gyration of the cross-sectional area). Therefore, the nonlinear
coupling effect in long slender members of compliant towers may be im-
portant in the overall response. It has also been observed that there are
significant high frequency nonlinear effects that appear to be caused by
extensional or longitudinal vibration in some cases in an ocean environ-
ment. Therefore, it is necessary to investigate the couple transverse and
longitudinal response of a beam under realistic environmental forces.

In this chapter, the nonlinear equations of motion and boundary con-
ditions for the coupled transverse and longitudinal vibration are formu-
lated using Hamilton’s variational principle. It is assumed that strains
are small but the rotation is moderate compared to the strain so that the
equations of motion for the axial and transverse motion are nonlinearly
coupled. The free response in vacua, the damped-free response in water,
and the forced response due to a harmonic transverse load or random
wave load are considered in particular. The fluid force, formulated in
Chapter 4, is used for the damped response and the forced response due
to random waves. The resulting nonlinear coupled partial differential
equations are solved numerically using the finite difference approach.
This subject has also been treated by Han and Benaroya [24][25].
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1. Nomenclature

Symbol Description Units
A cross-sectional area of the beam m?
Ay cross-sectional area of

the displaced volume, 772 m?
Ca added mass coefficient -
Cp drag coeficient -
Cwm inertia coefficient -
d water depth m
D diameter of the structure m
E Young’s modulus N/m?
f(X,¢) distributed transverse load N/m
g gravitational acceleration m/s*
h height from the still water level m
H wave height from trough to peak m
Hs significant wave height m
1 area moment of inertia m*
k spring constant N-m
KE kinetic energy N-m
my displaced fluid mass per length, p;A¢ kg/m
M, point mass kg
p(X,t) distributed axial load N/m
Ti inner radius of the cylinder m
To outer radius of the cylinder m
R displacement vector of the structure m
] slenderness ratio -
t time ]
u(X,t) midplane axial displacement m
uy (X,Y,t) axial displacement m
uz (X, 1) transverse displacement in the y direction m
ug (X, 1) transverse displacement in the z direction m
U. current velocity m/s
v(X,t) midplane transverse displacement m
Wy, Wy wave velocities m/s
X Lagrangian coordinate m
Y distance from the neutral axis m
Eif Green’s strain -
é damping ratio -
p density of the structure kg/m3
Py density of the fluid kg/m?
¢ logarithmic decrement -
Wpeak frequency at which the PSD is maximum rad/s

wy forcing frequency rad/s
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2. Mathematical Formulation

In linear behavior, transverse and longitudinal motion can be decou-
pled such that the motions can be described effectively by simple linear
partial differential equations: the longitudinal motion by

0%u (z,t) 0%u (z,t)
Oz? =ra o2’

and the transverse motion by one of the four models discussed in Chapter
3. The Euler-Bernoulli model is given by
v (z,t 0%v (z,t

LT ST 5
where u (z, t) is the axial displacement, v (z,t) is the transverse displace-
ment, E is Young’s modulus, A is the cross-sectional area, I is the area
moment of inertia of the cross-section about the neutral axis, and p is
the density.

In this chapter, we derive equations of motion that describe the motion
of the beam shown in Figure 1.7 assuming that the beam can vibrate
both axially and transversely. As in the linear cases, the beam is confined
on a plane not allowing the motion in the third direction, that is, out of
the page in Figure 1.7.

In addition to the basic beam assumptions listed in Section 1, we make
an additional assumption that the displacement is given by Kirchhoff’s
hypothesis.

EA (5.1)

2.1 Displacements, Strains, and Stresses
Let us consider a beam with an original length L. Beam elements
are labeled by their location in the undeformed configuration, X. The
reference and current configurations of the midplane are shown in Figure
5.1. The dotted line is the reference configuration, and the solid line is
the current configuration.
Using Kirchhoff’s hypothesis, we write the displacements as
u (X,Yt) =u(X t)—YQE(X t)
’ ) ) dX )
u2(X,t) = v(X,t)
uz(X,t) =0, (5.3)

where v is the deflection of the midplane in the z direction and v in the
y direction. Y is the transverse distance from the midplane to the point
of interest on the cross-section in the reference frame. The Kirchhoff dis-
placement field assumes that the axial displacement in the cross-section
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v(X.1)

(xy)

Figure 5.1. Reference and Current Midplane Configurations of the Beam

V(X1

Reference Configuration

Figure 5.2. Kirchhoff’s Hypothesis

varies linearly with the in-plane-coordinate as shown in Figure 5.2. The
form of the displacement field implies that the shear effect is negligible
when compared to that of the bending moment. Therefore, we are as-

suming that the beam is slender enough so that such an assumption is
valid.
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Assuming a symmetrical cross-section, u is also the average deflection
of the beam element X. We assume that the strain is small, but the
rotation can be moderate. Mathematically, we write

0 duy 2

a—z;; ~ (—5%) <<1. (5.4)
In terms of midplane deflections, we can write

OJu ov \?

(—9—)'(— ~ (-5)—() << 1. (55)

It should be noted that in order for Kirchhoff’s hypothesis to be valid,
the only condition that has to be satisfied is that the strains be small
when compared to the rotation [59]!. Therefore, by using Kirchhoff’s
hypothesis, we have already assumed small strains and moderate rota-

tion.

The general form of Green’s strains are given by

_Oup 1 [/ 0uy\ 2 Ous \ 2 duz\?
=% T3 (a—> +(5}2) T\ax

__a’u,z 1 [ Ouy 2 6U2 2 Oug 7]
bn=%y 3 (a_Y> +<a—y> oy

COuz  1[f0w\? | [Ou\?  [0uz)?]
b= %37 T3 (5‘2) +(ﬁ) +(a_z)
gy L2, du  dwou 0w duy  dusous]
272|6x "oy T 8X 9Y ' 9X oY ' OX oY |
£rg = & |3 2 DmOw | Ouzdup | Ous Ous]
BT2|9y "8z "oy 8z ' 9y 9z ' oY 07|
gy L[0u Om  Oudw  Buwdu  dusous (5.6)
BTolox T8z "oxoz 09X 0z  0X 0z| '

!Sece pg. 197.




116 VIBRATION OF A COMPLIANT TOWER

Using the assumptions stated in Equations 5.4 and 5.5, Green’s strains
are given by

__6u1 1 OUQ 2
Exx=px*3 (57)

OUQ
=%y
_ 1 8u2 8u1
Exy =3 ['37 * 5?]
gyz =0
Exz=0
Ez2 =0. (5.7)

Using the assumed displacement field given in Equation 5.3, Green’s
strains are given by

EXX::@— _8_2.24__]1(@)2
0X 0X?2 2\0X
Eyy =0
Exy =0, (5.8)

where we keep in mind that u and v are functions of X and ¢t. The form
of strain written above assumes that Poisson’s ratio is zero. Then, the
second Piola-Kirchhoff stress is given by

6xx = E€xx. (5.9)

2.2 Lagrangian

The general expression for the strain energy is given by

1
PEstrain = 5/ 6ij£ijd%, (510)
Vo

where V,, is the volume of the undeformed beam. Using the expressions
for the second Piola-Kirchhoff stress and Green’s strain, we obtain

E 1 5)\2
PEstrain = —2— / /A <’LL’ - Y'U” -+ 51),2) dAdX, (511)
X
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where prime notation is used for derivatives with respect to X. Expand-
ing the integrand, we obtain

E L
PFEgroin = 5—/ /A (u' 2 _ WY + ' 2u/ + Y2,U//2
0 .

1
—' 2Y " + Zv' 4) dAdX. (5.12)

Integrating over the cross-sectional area, the terms with odd functions
of Y (second and fifth) disappear due to the assumption of a symmet-
ric cross-section. Y? integrated over the cross-sectional area becomes
the area moment of inertia about the neutral axis and is denoted as I.
Therefore, we can write

E (L 1
PEstrain = "é‘ / [(U, 2 + UI 2UI + ZUI 4) A + ’U”2I} dX
0

:/O'L

where the first term is the membrane energy, and second is the bending
energy.
The potential energy stored in the torsional spring is given by

1 ! 1 /2 2 1 "2
—FA|u + Zv + -EIv"*| dX, (5.13)

2 2 2

1
PEring = Ek(ﬂ, (5.14)

where 6 is the angle of twist of the torsional spring. The angle of twist
can be approximated by the first derivative of the transverse deflection
v’ (0, t) using the small angle assumption.

Therefore, we can write the total potential energy as

1 (L
PE—§A

The kinetic energy has two components: kinetic energy of the beam
and kinetic energy of the point mass. The kinetic energy of the beam is
given by

2
EA (u' + -;—v' 2) +EIR"?| dX + %kv' (0,£)*  (5.15)

L
K Epeam = % / / [p(i + 43)] dAdX, (5.16)
JOo JA
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where dot notation is used for derivatives with respect to time. Replacing
the axial displacements u; and uz and using Equation 5.3, we can write

P /L/(a2+u2)dAdX— B/L/ [(u—w)?m?] dAdX
1 2 -
2Jo Ja 2Jo Ja

L
=2 / / (@ - 2Yad + Y22 + 0%) dAdX
2Jo Ja
1 [E 9 .9 2
=§/O [pA(4* + 0°) + pIV' ?] dX, (5.17)

where the term with factor Y integrated over the cross-section disap-
peared, and the term with factor Y2 integrated over the cross-section
became I as before. The kinetic energy of the point mass is given by

1 i .
KEpoint mass — EMp [,02 (La t) + u2 (L1 t)] . (518)
The total kinetic energy of the system is then written as
1t 2 | 2 2 1 -2 .2
KE=3 [pA(@* + 0°%) + pIV' ?] dX + 5 My [0 (L,t) + u* (L,1)] .
JO

(5.19)
The term pI%' 2 is Rayleigh’s rotational term. It is the kinetic energy
due to the rotation of the cross-section and is usually small compared to
the kinetic energy due to translation, pA(u? + v?).
The Lagrangian integrated over time, /tif Ldt = ‘ttif (KE — PE) dt,
is given by

173

Ldt
12
1 [t (E 1,,\2
=, / / pA(u? + %) + pIt' 2 — EA (u’ + §v' 2) — EI"| dX
t; 0
1 1
+5Mp [0% (L, t) + %% (L,t)] - ikv’ (0, t)2} dt, (5.20)

and the virtual work done by the distributed transverse and axial loads
is given by

L
6W=/ (f (X,t)0v+p(X,t)du)dX. (5.21)
0
If the axial point load, N,, acts at X = L, the virtual work done by N,

is given by
O0W = Nybu (L,t). (5.22)
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2.3 Equations of Motion and Boundary
Conditions via Hamilton’s Principle

The variation of Equation 5.20 is

tf tf L
) / Ldt = / { / [pA(udt + 069) + pIt' 67
t; t; 0

—EA (u’ + év' 2) (Ju' + v'év') — EIV"6" | dX

+M, [0 (L, t) 60 (L, t) + @ (L, t) 0u (L, t)] — kv’ (0,t) 60 (0, ) } dt.
(5.23)

Integrating by parts, we obtain

ty s L 1 /
6/ Ldt = / / {—pAii+ [EA (u' + =/ 2)] }&L
Jt; ti 0 2

/
+ {—pAi) + (EA (u' + %v' 2) v') + pI" — (EIv”)”} SvdX

tf L
+/ {[(EI'U”)’——pIiJ'—EA (u'+%v' 2) v'} 6v} dt
t; 0

tf 1 L
+/ {—EA (u' + 51}' 2) du — EIU"&/} dt
t; 0
t
_/ "M, [5(L,t) 60 (L) + i (L, t) Su (L,t)]}dt
ti
175 :
+ / ko' (0,4) 60/ (0,8) dt. (5.24)
12

Note that variations at the two end points in time is assumed to be
zero. Hamilton's principle states that 0 ftif (L+W)dt =0, and thus the
nonlinear coupled equations of motion are given by

pAi — (EA (u' + %v’ 2)) =p (5.25)

!
pAis — (EA (U’ + %v' 2) U') ~ (oI) + (EIV")" = f,  (5.26)
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and the corresponding boundary conditions are given by

[EA (u' + lv' 2)} 6u(0,t) =0
2 01)
[EA (u' + 1v' 2) — N, + Mpil] du(L,t)=0
2 (L)
1
(EI") — pIt' —BA (W + v/ 2 )/ 6v(0,t) =0
2 (0
l:(EI’U”)/ —plt' — EA <u’ + —;-v' 2) v — Mpb (L,t)] “ )51) (L,t) =0
t
[EIV" + k'] | .y 80 (0,8) = 0.
[EI'v”H(Lt) ov' (L,t) =0
(5.27)
In our case, the boundary conditions are given by
u(0,t) =0
[EA <u’ + 1y 2) — N, + Mpu] =0
2 ()
v(0,t) =0
[kv' — EIV"] |(0,t) =
l:(EI’U”)/ —pli’ —EA (u’ + %v’ 2) v — Mpi}} =0
(Lit)

EI" (L,t)=0.  (5.28)

Note that similar equations of motion and boundary conditions are
obtained by Bottega [16], Yigit and Christoforou[82], Adrezin and Be-
naroya [3][4]. Also note that Adrezin uses the Eulerian formulation in-
stead of the Lagrangian formulation used in this chapter.

2.4 Non-dimensionalization

Now, let us non-dimensionalize our equations of motion. The length
scales X, v(X,t), u(X,t) are normalized by the length of the beam L,
the time ¢ is normalized by 1/@ where @ is some characteristic angular
frequency. The energy is normalized by the bending energy. We find
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that the equations of motions are then given by
P20 0 (nfou 1(om\F\) __
o2 "oz \° \oz "2 \oz —F

2200 [afon 100N\ ov) o (5% \ o
o= oz \° \azT32\az) |3z ) 8z \Yamez ) Tam =

4
(5.29)
and the boundary conditions are given by
a(0,¢) = 0
on 1 /0v\*\ - - 0%
20U 1OV ) _ 22 =
[S <8a‘:+2 (am—:) ) No+ My s 0
g
9(0,t) =0
-0 0%
k'—_— — -_—0
[ 0z 0z2| 01)
B ,fon 1(00\*\ow . % _ 0%
{ﬁ_s (a—w(%) )%—J_at?aa-:_M"ﬁf "
0%v
ﬁ(l,t) 0,
(5.30)

where barred quantities are non-dimensional quantities, and their ex-
pressions are given by

- _ @?L*
t = tw, iE—X/L, m—pA—ﬁ,
s L* , L2&? L3
/A’ el ' PTPED
L3 N,L?
I=1gr Y="Er
-273
_ w‘L° - L
=M,——, k=k—. .

Note that the nonlinear coupling terms in the equations of motion have
an s2 factor in common. s is the slenderness ratio, the ratio of the length
of the beam to the radius of gyration of the cross-section. If the beam is
slender, the contribution of the nonlinear coupling term becomes large.
Therefore, this nonlinear coupling term may be important for offshore
structures which tend to be long.
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2.5 Linear Transverse Vibration with Tension

Now, let us consider the special case when the longitudinal vibra-
tion can be neglected. The longitudinal part of the equation of motion
(Equation 5.25) is reduced to

N' = -P (X7 t) ) (532)
where N is the axial force given by
1
N=EA (u’ + 51}' 2) . (5.33)

Equation 5.32 can be integrated to yield
b'e
MKQz—/p@MM%+NMML (5.34)
where X, is an arbitrary location in the beam where N (X,, t) is known.

Since N (L,t) = N, — Myii (L,t) from the second boundary condition in
Equations 5.28, we can write

X
N(X,t) = / p (2o, t)dzo + No — Myii(L,t).  (5.35)
JL
Since it is assumed that the axial vibration is negligible, we have
X
N(X,t) = — / p (%o, t) dzo + No. (5.36)
JL

Therefore, the equation for the transverse vibration (Equation 5.26) can
be written as

pAD — ([ / ’ pdz, + No] u)l —(pI?') + (EI")" = f.  (5.37)

JX

The corresponding boundary conditions are given by

v(0,t) =0
[kv' = EI"]| g, =0
m/ U o o _
[(EI’U ) — plIt" — Nv Mva(L,t) =0
ER"(L,t) =0. (5.38)

Another way of obtaining the differential equation is to formulate the
Lagrangian given by
1

L
L=3 / [pAD? + pIv' 2 — EIV"® — Nv' ] dX — %kv’ 0%, (5.39)
J0
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which results in

pAs — [NV'] = (pI¥) + (EIV")" = f, (5.40)
where N (X, t) is given in Equation 5.36.

In the case where N is constant (when p (X, t) is zero), the analytical
solution can be obtained using the methods of separation of variables
and eigenfunction expansion?’. When N is not constant, but a function
of X, we resort to a numerical solution using the finite difference method.

2.6 Linear Response without Tension

In this section, we examine the response of the linear models without
the tension. Analytical solutions are obtained for the longitudinal and
transverse motion. This is done so that we can compare the results of the
nonlinear problem with those of the equivalent linear problems. Specif-
ically, the natural frequencies of the linear systems will be compared to
those of the nonlinear system.

2.6.1 Longitudinal Motion

Here, we use the linear formulations in order to obtain the natural
frequencies of the system. The linear equation of motion for the axial
motion is given by Equation 5.1 or

EAY" = pAdi. (5.41)
The corresponding boundary conditions are given by

u(0,t) =0
EAY (L,t) — N, + Mpi (L,t) =0, (5.42)
where the second boundary condition is non-homogeneous. If we let

w(X,t) = u(X,t)—No,X/EA, the equation of motion and the boundary
conditions become homogeneous, and they are given by

EAW" = pAw, (5.43)
and
©(0,t) =0
EAW (L, t) + Myii (L, t) = 0. (5.44)

2The axial force N is constant when p (X, t) = 0 and a point axial force is applied at X = L.
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Separating w (X, t) into U (X) T, (t) , we obtain two ordinary differ-
ential equations

U + %&U =0
Ty 4+ w?T, = 0. (5.45)

The general or homogeneous solution of the spatial equation is given by

U = CysinBX + Csycos fX, (5.46)

B=4/ %w.
The spatial variable U (X) satisfies the boundary conditions given by

U@©)=0 (5.47)
EAU' (L) — Mpw*U (L) = 0.

where 3 is given by

There are an infinite number of spatial solutions U (X) because of the
nature of the boundary value problem. Solving the ordinary differential
equation for U (X) and applying the boundary conditions, we obtain

Un(X) =cpsinBz forn=1,2,---, (5.48)
where 3,, are solutions to transcendental equation given by
pA 1l
tanBL = — —, 5.49
BL=575 (5.49)

and the natural frequencies are given by

wnzﬂn\/%fornzlﬂ,--- . (5.50)

2.6.2 Transverse Motion

The equation of motion for the transverse motion is given by Equation
5.2 or

EI" = —pAw, (5.51)
and the boundary conditions are given by
v(0,t) =0

kv’ (0,t) — EIv" (0,t) = 0
EI" (L,t) — My (L) =0
EIV" (L) =0. (5.52)
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Separating v (X, t) into V (X) Ty, (t) , we obtain two ordinary differen-

tial equations given by

pA

m/ 2

\% EI V=0
T, + w*T, = 0.

(5.53)

The spatial solution V' (X) satisfies the boundary conditions given by

V(0)=0

EV' (0) — EIV" (0) = 0
V" (L) + Mpw?V (L) =0
V" (L) = 0.

The general solution for V (X) is given by

V(X) =c1sin X + cacos X + c3sinh fX + ¢4 cosh B X,

where

(5.54)

(5.55)

(5.56)

Applying boundary conditions, we have four simultaneous equations

given by

where [A] is given by

0
k
A3z
—sin 8L

[A] =

where

Az =

4 PA W2,
5= EI
C1 0
(&) _ 0
[A] C3 - 0 I
Cyp 0
1 0 1
EIp K ~EIf
A3z Asz Aszq ’

—cosBL sinhBL coshBL

M,EI
—cos L + pA Bsin SL

sin 8L + Mprﬂ cos L

cosh BL + Mpr

Mpflﬁ cosh SL.

[ sinh L

sinh BL +

(5.57)

(5.58)

(5.59)



126

VIBRATION OF A COMPLIANT TOWER

Table 5.1. Beam Properties
Material Aluminium
Young’s Modulus, F 73 GPa
Density, p 2770 kg/m?
Point Mass, M, 0.236 kg
Torsional Spring Constant, & 38.8 N/m
Length, L 1.27m
Outer Radius, 7o 0.0127 m
Inner Radius 7; 0.011 m
Table 5.2. Fluid Properties
Density of Water, p; 999 kg/m3
Water Depth, d 1.05m

Added Mass Coefficient, Ca 1
Modified Drag Coefficient, Cp 1
Reynold’s Number, Re 2718.7

In order to have a non-trivial solution, the determinant of the matrix in
Equation 5.58 has to be zero. The characteristic equation is given by

0 = kpA + kpAcos(BL) cosh(BL) — (MpkfB + EIpApB)sin(BL) cosh(BL)

— 2EIM,B?sin(BL)sinh(BL) + (pAEIB + Mpkf) cos(BL) sinh(BL).
(5.60)

There are infinitely many (3 that satisfy the characteristic equation. The
angular frequencies wy, are obtained using Equation 5.56.Therefore, the
characteristic equation is also called the frequency equation.

3. Free and Damped-Free Response using the
Two-Dimensional Coupled Model

In Section 2, we have formulated the equations of motion of a non-
linear coupled transverse and axial model. The responses are obtained
numerically for a beam with properties given in Table 5.1. When the
damped-free response is considered, the fluid properties in Table 5.2 are
used.

First, we consider a uniform beam vibrating freely in vacua in a
gravity-free environment. This will provide us with the nonlinear struc-
tural characteristics such as frequencies and shapes of free response.
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Figure 5.3. Four Sets of Initial Displacements.

Second, we consider a beam vibrating in still water under gravity and
buoyancy. The Morison equation with damping and added mass terms
is used to simulate this condition. This will provide us with the damped
characteristics such as the frequencies and shapes of oscillation of the
damped response. In both cases, free and damped-free, the beam will
oscillate due to non-zero initial conditions: initial displacement and/or
initial velocity.

Nonlinearities can influence the response in many ways. For example,
the frequencies of vibration may vary with the initial conditions and
vibration amplitude whereas frequencies are constant quantities in linear
systems. Let us consider four initial conditions in order to demonstrate
the sensitivity to these. Here, we assume that the initial velocity is zero
and the displacement fields correspond to the physical configurations
shown in Figure 5.3.

The four sets of initial displacements are listed in Table 5.33. The
parameters (point loads and applied moment) are chosen such that the
static transverse end deflection is 0.05 m, which is approximately 4%
of the beam length. The corresponding axial end deflections are about
0.001 m for IC; and IC3 and 0.002 m for ICy. These end deflections
may be seen in the experiments and are small enough so that the small
angle assumption is valid.

The corresponding initial transverse displacements that can be used
for the linear transverse model are given in Table 5.5.

The finite difference approach is employed to obtain the responses.
The finite difference equations are written for the spatial derivatives

3See Appendix B for detailed derivations.
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Table 5.3. Four Sets of Initial Displacements

2 5 4 3 2y2 2
I w60 =~} (B) (35 — 0+ (17 - Bl X2 4 B | (510 )
P

E
ICy: u(X,0)=-1

v(X,0) = M,
3 2
ICy : u(X,0)=P3L?[48(X_EI)Z+15yk+ﬁ,] for0< X <L
2 5 1 2
uw(X,0) = ()" [ %5 - 4= + (% - 22 x°
2

ICy :

Table 5.4. Natural Frequencies Obtained Using Linear Models

Linear Longitudinal model

Linear Transverse model

fu1 = 677.65 Hz
fuz = 2313.7 Hz
fus = 4190.6 Hz

fo1 = 1.2337 Hz
fo2 = 47.549 Hz
fuz = 172.728 Hz

Table 5.5. Four Sets of Initial Displacements for Linear Model

IC: v(X,00=-% (36_’ — Lt EI’f,X)
1 v(X,00=~M, (35 +%)
1C3 ”(X70)=£‘2’£(212527+%)f0r0<X<%

v(X,0)= -5 (5 - B+ & Lk—4BDX+ 5) for k<X <L

for N nodes leading to the equations of motion in terms of 4N second
order ordinary differential equations in time. These ordinary differential
equations are solved using the 4th or 5th order Runge-Kutta method in
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MATLAB®. Between 8 and 30 nodes are used initially to determine the
fewest number of nodes that can be used to ensure convergence. Here,
14 nodes are used. It was found that the response obtained using 14
nodes and 30 nodes do not deviate significantly from each other.

The natural frequencies predicted by the linear models of Equations
5.1 and 5.2, with appropriate boundary conditions, are given in Table
5.4. This data will be useful for comparisons and discussions when we
obtain the frequencies of vibration for the nonlinear system. The physi-
cal configuration that is used for the linear longitudinal model is a beam
that is fixed at one end and has a point mass at the other end. The
physical configuration for the linear transverse model is a beam that is
supported by a torsional spring at one end and has a point mass at the
other end.

3.1 Free Response - Displacements, Phase Plots,
and Spectral Density Plots

This is the case where the external loads, p (X,t), N,, and f(X,1t),
equal zero in Equations 5.25 and 5.26. Then the equations of motion
become

/
pAi— EA (u/ + %v’ 2) =0 (5.61)

/
pAb —EA (("’ + %v' 2) v') - pIi" + EI™ = 0. (5.62)

Figures 5.4 to 5.7 show the responses of the beam when subjected to
initial conditions IC; to ICy in Table 5.3. There are four plots in each
figure. They are the tip displacements versus time and phase plots for
the tip. The plots in the left column are for the axial vibration and those
in the right column are for the transverse vibration.

Let us look at the responses when the first three sets of initial condi-
tions are used. From the displacement plots, we notice that the motions
in both transverse and axial direction look sinusoidal. Only the axial dis-
placement in Figure 5.5(a) seems to have high frequency components.
However, the phase plots for all three cases show the high frequency
components, which indicates that all responses have high frequency com-
ponents and only the amplitude of the high frequency component varies
from case to case. The low frequency or the fundamental frequency com-

18ee Appendix C for a detailed description of the finite difference method used to solve the
coupled beam model.
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Figure 5.4. Free Response Plots using IC;. (a) Axial Tip Displacement vs. Time,
(b) Phase Plot for the Tip Axial Motion, (c) Transverse Tip Displacement vs. Time,
(d) Phase Plot for the Tip Transverse Motion

ponent describes the dominant motion or an envelope which can be seen
easily in the displacement plots.

Now, let us look at the transverse displacement plots in Figures 5.4(c)
to 5.6(c). They are shown superimposed in Figure 5.8. We find from the
figures that the period for the transverse response is about 0.81 s (1.23
Hz) when IC, and IC3 are used. This frequency is close to the one
predicted by the linear model. The period for the transverse responses
are about 0.74 s (1.35Hz) when IC5 is used. These fundamental fre-
quencies of the transverse motion varied with initial conditions, which
is a characteristic of a nonlinear system.

The transverse tip displacements shown in Figures 5.4(c) to 5.6(c)
are plotted again in Figure 5.9 against the transverse tip displacements
obtained using the linear model. The responses look similar except for
when IC; is used.
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Figure 5.5. Free Response Plots using IC5. (a) Axial Tip Displacement vs. Time,
(b) Phase Plot for the Tip Axial Motion, (c) Transverse Tip Displacement vs. Time,
(d) Phase Plot for the Tip Transverse Motion

Figure 5.10 shows the spectral density plots of axial and transverse
motion when ICs is used®®. The frequencies at which the peaks occur

5The resolution of the power spectral density plot is
sampling frequency <+ number of total data points,

and the reading error is half the resolution.
6Note that the power spectral densitics are plotted in logarithmic scales. The decibel is
defined by

W (f)

dB = 20log,g —— 2L __
810 \nit of W (f)

(5.63)

where W (f) is the discrete one-sided power spectrum. If W (f) is the discrete one-sided
power spectrum of u, then the units of W (f) are the units of u squared.
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Figure 5.6. Free Response Plots using ICs, (a) Axial Tip Displacement vs. Time.
(b) Phase Plot for the Tip Axial Motion, (c) Transverse Tip Displacement vs. Time,
(d) Phase Plot for the Tip Transverse Motion

are

fu =26, 47.3, 678, 2307,--- [Hz]
f, = 1.3, 47.3, 170, 317, 361, 508, 622, 630, 678, 725,
848, 931, 1273, 1631, 1988, 2138, 2307, -- [Hz].

Comparing the frequencies obtained using the linear models in Table 5.4,
we find that the frequencies, 678 and 2307 Hz for the axial vibration
and 1.3, 47.3, and 170 Hz for the transverse vibration can be found
approximately using the linear models. The rest can only be obtained
using the nonlinear model.

Note that the fundamental frequencies of the axial motion are twice
those of transverse vibration. In order to explain why this is the case,
let us look at a typical path taken by the free end of the beam shown
in Figure 5.11. When the free end goes through points 1, 2 and 3, the
transverse displacement makes half a cycle while the axial displacement
makes one complete cycle. This is true even when there is no longitudinal
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Figure 5.7. Free Response Plots using ICy4. (a) Axial Tip Displacement vs. Time,
(b) Phase Plot for the Tip Axial Motion, (c) Transverse Tip Displacement vs. Time,
(d) Phase Plot for the Tip Transverse Motion

strain. Therefore, the fundamental frequency in the axial displacement
is purely due to the geometry. The tip transverse displacement v (L,t)
is plotted in Figure 5.12 against the axial tip displacement u (L,t) when
IC1 is used. The shape describes the actual path taken by the free end.
The schematic in Figure 5.11 indeed resembles the actual path.

In order to explain analytically why the fundamental frequency of the
axial motion is twice of that of the transverse motion, let us go back to
the axial equation of motion in Equation 5.25 with p(z,t) =0, or

pAoii — EAu" = EA VY. (5.64)

From the response plots, we know that the transverse motion is approxi-
mately sinusoidal with frequency w,. Then we can say v is approximately
given by '

v g(X)e (5.65)
Therefore, we can think of Equation 5.64 as being forced by EA,¢’ (X)
g’ (X) e®v)t which has a frequency of 2w,,. Therefore, the solution of
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Figure 5.8. Transverse Tip Displacements for the Free Vibrations

Equation 5.64 has frequencies that are natural frequencies of the linear
model (solution of pA,ii — EA,u” = 0) and the forcing frequency 2w,,.

Let us look at the response plots in Figure 5.7 when the fourth initial
condition is used. Recall that this is the case when there is an axial
initial displacement only. The response plots show that the transverse
displacement stays zero.

This shows that it is possible to excite the axial motion without affect-
ing the transverse motion. Physically, it is possible to have longitudinal
stress without generating moments. On the other hand, the reverse is
not true. It is not possible to have moments without generating longitu-
dinal stress. Therefore, it is not possible to excite the transverse motion
without affecting the arial motion.

The axial motion in this case can be described by the linear longitu-
dinal model given by

pAyii — EAgu" = 0. (5.66)

Figure 5.13 shows the elongation of the beam as a function of time for
all four cases. It should be noted that the physical stretch or elongation
of the beam can be obtained using the combination of the axial trans-
verse displacements. The expression for the elongation dA of a beam
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Figure 5.9. Transverse Tip Displacement Obtained using Both Linear and Nonlinear
Models. (a) ICy, (b) ICs, (c) IC3. — nonlinear model; - linear model

element shown in Figure 5.14 is given by

dA = /ldX +u(X +dX) — u(X)]? + [ (X +dX) - v (X)]? - dX.
(5.67)
Summing these dA gives the total elongation A of the beam.

The elongations for all cases are mostly positive. The shapes do not
resemble sinusoidal functions. Instead, peaks tend to be sharper when
the beam is at the extreme position. Figure 5.15 shows the power spec-
tral density plot of the elongation of the beam for /C3. Note that it
resembles the power spectral density plot of the axial motion in Figure
5.10 (a).

So far, we have only examined the tip responses (displacement and
phase plots). It may be interesting to look at the whole beam at different
times. Figure 5.16 shows the responses when IC is used for time from
zero to 0.4 seconds at 0.05 second intervals. The beam goes through
approximately a half cycle. We observe that the overall motion is sim-
ilar to the first mode shape of the linear beam. Therefore, if we are
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Figure 5.10. Power Spectral Density Plots using IC>. (a) Axial Motion (b) Trans-

verse Motion

concerned with the overall motion only, discarding the small amplitude
high frequency component may be reasonable, and the linear model may
be sufficient.

3.2 Free Response - Potential and Kinetic
Energies

So far, we have examined the tip displacements, phase plots for the
free end, spectral density plots for the free end, and elongation of the
beam. Next, we consider how the energy distributes between the various
types in order to understand the physical system better.

Figures 5.17 to 5.19 show the potential energies, and Figures 5.20 to
5.22 show the kinetic energies using the first three sets of initial condi-
tions. The potential energies are the bending energy, membrane energy,
and the potential energy stored in the torsional spring. Their expressions
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Figure 5.11. A Typical Path Taken by the Free End
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Figure 5.13. Elongation vs. Time for the Free Vibration Using Four Sets of Initial
Conditions. (a) ICi, (b) IC2, (c) IC3, (d) IC4 (The high frequency is at 678 Hz.)
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Figure 5.14. A Beam Element
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Figure 5.15. Power Spectral Density Plot of Elongation using IC»

are given by

I
PEbending = 5 / EIOU”2dX
J0

1 'L 1 2
PEmcmbmuc = § / EAo <Ul + ‘2—’11,2) dXx
JO

1
PE%})I‘ing = §kvl (07 t)z . (568)

The kinetic energies are the translational kinetic energy of the beam, ro-
tational kinetic energy of the beam, and the translational kinetic energy
of the point mass. Their expressions are given by

1

L
K Ei anslation = ‘2‘ / PAo ('Ua2 + U2) dX
JO

1 L 12
KErotation = 5/ pIoU X
0

1
KEpoint, mass — ’2'Mp ('U (L, t)2 + u (L, t)2> . (569)
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Figure 5.16. Free Response at 0.08 Second Intervals. — ¢t = 0; --- t = 0.08; —-
t=0.16;-t=0.24; 00t =0.32; —— t = 0.40

From the energy plots, we observe that the magnitude of the high
frequency component varied from case to case. This was seen in the tip
displacement plots in Section 4.1.1.

The amplitudes of the potential energy stored in the torsional spring
are almost same for all three cases. Recall that the end deflections for
all three cases are set to 0.05 m. The beam is almost rigid in our case
such that the initial deflections of the torsional spring, v’ (0,t), for all
three cases are near 0.05/L. Therefore, it is reasonable that the energy
stored in the spring is almost the same for all three cases. The potential
energies are then distributed between the bending and the membrane
energies. The bending energy is the dominant term for IC; where the
high frequency extensional effects are small, and the membrane energy is
the dominant term for ICy and IC3 where the high frequency extensional
effects are significant.

Notice the similarity between the shapes of the membrane energy and
the elongation of the beam shown in Figure 5.13. This can be explained
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Figure 5.17. Potential Energies of Free Vibration Using I1Ci

Figure 5.18. Potential Energies of Free Vibration Using IC,
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Figure 5.19. Potential Energies of Free Vibration Using ICs
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Figure 5.20. Kinetic Energies of Free Vibration Using I1C,
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Figure 5.21. Kinetic Energies of Free Vibration Using IC>

Figure 5.22. Kinetic Energies of Free Vibration Using IC3
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Figure 5.23. Power Spectral Density Plots of Potential Energies Using ICs. (a)
PEbending, (b) PEmembra'ne; (C) PEspr'i,'n.g

by rewriting the incremental elongation in Equation 5.67 as

dA = 1+£y— 2+ L) 2 1{dX 5.70)
- 19,4 dX ' 5.

Using the Taylor expansion around du/dX = 0 and dv/dX = 0, we can
rewrite the incremental elongation as

du 1 [/dv)? du\? dv \*
(—13(—+§<E> +O(<a—)—(:) +(E)—() )} dX. (5.71)
Assuming small strain and moderate rotation given in Equation 5.5, we
can write \
du 1 /[ dv
dA =~ I:-(_i_f + 3 (a—X-) :] dX. (5.72)

This expression is seen in the membrane energy expression. Therefore,
the membrane energy directly translates into the elongation of the beam.

dA =
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Figure 5.24. Power Spectral Density Plots of Kinetic Energies Using IC. (a)
KEtranslation, (b) KErotatinn, (C) KEpoint mass
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Figure 5.25. Total Energy of the System for IC,
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We also notice that the potential energy and the kinetic energy are 180°
out of phase. ,

Figures 5.23 and 5.24 show the power spectral density plots of the po-
tential and kinetic energy when ICs is used. The high frequency shown
in PEembranes K Etrans, and K Ep s 18 1356 Hz. This is twice the fre-
quency seen in the axial displacement. This makes sense because those
energies are quadratic functions of u (X,t) or derivatives of u(X,1).
The power spectral density plots for PEending, P Espring, and K Erotation
have many more peaks. This is because those energies are functions of
v (X,t) or derivatives of v (X,t), which has many more peaks in their
power spectral density plots.

Figure 5.25 shows the total energy of the system when IC} is used.
The total energy is constant because the system is conservative. The
total energies for ICy and IC3 (not shown here) show more numerical
errors that grow with time.

3.3 Damped-Free Response - Displacements,
Phase Plots, and Spectral Density Plots

Let us now examine the response of the beam assuming that it is
placed in still water under the influence of gravity and buoyancy. If we
assume that the fluid does not exert force tangent to the structure, the
axial load is only due to gravity and gravity. Therefore, the distributed
axial load, p(X,t), can be immediately written as

p(X,t) = (psAy —pA)gfor0< X <d
=—pgAford< X < L, (5.73)

where p; is the density of the surrounding medium, p is the density of
the structure, g is the gravitational acceleration, A is the cross-sectional
area, and d is the water depth. The distributed axial load can be thought
of as the body force multiplied by the cross-sectional area. The trans-
verse force is given in Equation 4.14. Note that there are no wave nor
current in this case. Therefore, w,, wy, and U, are all set to zero, and
the distributed transverse load is given by

f(X,t) = Cppsro (W =) |’ — 0| —Capsmr? (=i +7).  (5.74)

The tip displacements with time and phase plots for the tip are shown
in Figures 5.26 to 5.29 for the same four sets of initial conditions used
for the undamped cases. Let us first consider responses obtained using
the first three sets of initial conditions.
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Figure 5.26. Damped Free Response Plots using IC;. (a) Axial Tip Displacement
vs. Time, (b) Phase Plot for the Tip Axial Motion, (c) Transverse Tip Displacement
vs. Time, (d) Phase Plot for the Tip Transverse Motion

The frequencies of vibration vary with initial conditions as in the free
responses. The tip transverse displacements when IC), IC3 and ICj are
used are plotted in Figure 5.30 for an easy comparison. The fundamental
frequencies for the transverse response are about 1.08 Hz (0.93 s) when
ICy and ICj are used, and 1.12 Hz (0.89 s) when ICy is used. When the
periods of damped motion are compared with those of the corresponding
free cases, damped responses are slower than undamped responses as we
expected. It is interesting to note that the ICy produces the fastest
response for both undamped and damped cases.

The fundamental frequencies of the corresponding tip axial displace-
ments in Figures 5.26(a) to 5.28(a) are twice those of the transverse
vibration as we have seen in the free undamped case.

Figure 5.31 shows the spectral density plots when IC; is used. The
peaks occur at
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Figure 5.27. Damped Free Response Plots using ICy. (a) Axial Tip Displacement
vs. Time, (b) Phase Plot for the Tip Axial Motion, (¢} Transverse Tip Displacement
vs. Time, (d) Phase Plot for the Tip Transverse Motion

fu =224, 32,5, 677, 2300, - - - [H2]
fo = 1.12, 33.6, 114, 247, 429, 564, 650, 677, 688, 711,--- [Hz].

When compared with the spectral density plots for the free vibration in
Figure 5.10, peaks in Figure 5.31 generally are shifted to the left, some
more so than others.

The transverse motion in all cases in Figures 5.26(b) to 5.28(b) ap-
proaches its asymptote at zero by oscillating around it. However, the
axial motion approaches its asymptote oscillating (at twice the funda-
mental frequency of the transverse motion) without overshooting the
asymptote. It is helpful to recall that the axial displacement is the
displacement from the reference configuration in the axial direction (z
direction), and the axial motion at the fundamental frequency is geo-
metrically induced due to the transverse motion. Therefore, the axial
displacement should not overshoot.
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Figure 5.28. Damped Free Response Plots using IC3. (a) Axial Tip Displacement
vs. Time, (b) Phase Plot for the Tip Axial Motion, (c¢) Transverse Tip Displacement
vs. Time, (d) Phase Plot for the Tip Transverse Motion

The axial displacement plots show that the fundamental frequency
motions damp out and only the high frequency response remains. After
a while, the axial motion seems to be decoupled from the transverse mo-
tion. In order to examine why this happens, it is noted that the Morison
equation is formulated to act perpendicular to the beam. We assumed
that the rotation is small enough so that the Morison force only acts
in the transverse direction. Therefore, the Morison fluid force directly
affects the transverse motion, and affects the axial motion indirectly
through the coupling of the transverse and the axial motions. The mag-
nitude of its influence on the axial motion depends on the magnitude of
the transverse motion and the coupling.

The Morison force in our case damps the transverse motion and there-
fore weakens the coupling between two motions. In the end, the axial
motion becomes effectively decoupled from the transverse motion and
the Morison fluid forcing. At this point, there is no mechanism for the
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Figure 5.29. Damped Free Response Plots using IC4. (a) Axial Tip Displacement
vs. Time, (b) Phase Plot for the Tip Axial Motion, (c¢) Transverse Tip Displacement
vs. Time, (d) Phase Plot for the Tip Transverse Motion

fluid forces to slow down the axial motion. Since the transverse motion
has exponentially decayed, we no longer see the fundamental frequency
response in the axial motion. This is, of course, an approximation that
can be removed if necessary.

Analytically, the change in total energy between t = 7, and 7 is given
by’

E(7) = E(70)

L T
= Cppro (W' — o) |w’ — 9| + Capsrr? (i’ — o)} vdt| dX.
0 T f f
(5.75)

7See Appendix D for derivation.
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Figure 5.30. Transverse Tip Displacements for the Damped Free Vibrations

Figure 5.31. Power Spectral Density Plots for the Damped System Using IC2. (a)
Axial Motion, (b) Transverse Motion
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Figure 5.32. Elongation vs. Time for the Damped Free Vibration Using Four Sets
of Initial Conditions. (a) ICi, (b) IC2, (c) ICs, (d) ICs (The high frequency is at
677 Hz.)

If there is no transverse vibration, ¥ (X,t) = 0, there is no energy loss.
Therefore, it is possible that the undamped axial motion can still exist
after the transverse motion has died out.

The phase plots in Figures 5.26(c),(d) to 5.28(c),(d), when the trans-
verse motion exists, show decreasing spirals, which means that the sys-
tem is dissipative.

Figure 5.29, when there is no transverse motion, shows that the in-
fluence of the fluid forcing and the coupling between the transverse and
the axial motion no longer exist. The axial motion in this case can be
described by the linear longitudinal model given in Equation 5.66.

The physical elongation in Figure 5.32 seems to persist with time.
This is the result of having the axial motion that does not damp out. The
elongations in all cases barely show the effect of diminishing transverse
motion.

For the transverse response produced using IC}, we obtain the equiv-
alent damping ratio using consecutive peaks. The equivalent damping
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Table 5.6. Equivalent Damping Ratios for the Transverse Motion obtained using IC;

n t v (L,t) ) ¢

1 0 0.05  0.4716 0.0748
2 0847 0.0312 0.3158 0.0502
3 1.692 0.02275 0.2411 0.0384
4 2536 0.01787 0.1932 0.0307
5 3.379 0.01473 0.1626 0.0259
6 4.223 0.01252 - -

ratio is given by
(= __° (5.76)

- Van? + 62
where 4 is the logarithmic decrement, defined by the logarithm of the
ratio of consecutive peaks,

height of (n + 1)th peak
height of nth peak

On = (5.77)
This analysis is based on the linear mass-spring-damper system which
does not apply in this case. However, this will give us some idea about
the degree of nonlinearity that we are dealing with. For example, if the
system is linear, the damping ratio calculated in this manner should be
constant for any nth and (n + 1) th peaks we choose. Therefore, if the
equivalent damping ratio ( stays roughly the same, then the system is
nearly linear.

As a numerical example, Table 5.6 shows the logarithmic decrement
and equivalent damping ratio for the transverse response obtained using

I1C;.

3.4 Damped-Free Response - Potential and
Kinetic Energies

Figures 5.33 to 5.35 show the potential energies, and Figures 5.36 to
5.38 show the kinetic energies of the system for the first three initial
conditions. The energies of the damped system show some of the same
characteristics that we have seen in the free system: shape of elongation
resembles the shape of membrane energy, the potential energies them-
selves are in phase, the kinetic energies themselves are in phase, the
potential energy and the kinetic energy are 180° out of phase.
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Figure 5.33. Potential Energies of the Damped Free System Using I1C:

Now, let us look at how the energy is transferred between the potential
energy and kinetic energy. Looking at the potential energies, only the
membrane energy persists with time while the bending and spring energy
seem to diminish with time.

Looking at the kinetic energies obtained using ICy and IC3, mem-
brane energy shows up as the translational kinetic energy of the beam
and the kinetic energy of the point mass. The expressions for the mem-
brane energy, translational kinetic energy and the kinetic energy of the
point mass have axial displacement in common. This is consistent with
our previous result that only the axial motion persists in the system
when the Morison force is applied.

Figures 5.39 show the total energies of the system with time for all
three initial conditions. The total energy decays while oscillating when
IC) is used. The total energy fluctuates due to the phase difference
between the kinetic and potential energy. When IC; and ICjs are used,
the total energy does not seem to decrease. This is because the most
energy is in the axial motion. Note that fifty and one hundred nodes
are used in order to produce energies associated with ICs and ICj,
respectively. This is because the error was noticeable when only fourteen
nodes are used in those cases.
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Figure 5.34. Potential Energies of the Damped Free System Using IC;

Figure 5.95. Potential Energies of the Damped Free System Using ICs
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Figure 5.36. Kinetic Energies of the Damped Free System Using IC)

Figure 5.87. Kinetic Energies of the Damped Free System Using IC>
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Figure 5.38. Kinetic Energies of the Damped Free System Using IC3

3.5 Effect of Varying Fluid Coefficients

The added mass coefficient, Cy4, changes the effective mass length
density (pAef fective) of the beam. Therefore, larger C4 means longer
period and smaller decay rate. Increasing the drag coefficient, Cp, will
increase the damping in the system. Here, the coefficients are varied
+50% of their nominal values of C4 =1 and Cp = 1.

Figure 5.40 shows the transverse tip displacement for C4 = 0.5, 1, and
1.5. The periods of oscillation are 0.877, 0.933, 0.987 s. The amplitude
ratios of the second to the first peaks are 0.640, 0.670, and 0.694. The
period varied from —6.00% to +5.79%, and the amplitude ratio varied
from —4.48% to +3.58%.

Figure 5.41 shows the transverse tip displacement for Cp = 0.5, 1,
and 1.5. The amplitude ratios of the second to the first peaks are 0.800,
0.670, and 0.570. The amplitude ratio varied from +19.4% to —14.9%.

The responses are more sensitive to the drag coefficient than the added
mass coefficient. '
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Figure 5.39. Total Energy of the Damped System. (a) IC; (14 nodes), (b) IC2 (50
nodes), (c¢) IC3 (100 nodes)

4. Forced Response using the Two-Dimensional
Coupled Model

For numerical purposes, we consider a beam identical to that used in
the investigation of the free response. The beam and the fluid properties
are given in Tables 5.1 and 5.2. In addition, the current velocity U, =
0.12 m/s and the inertia coefficient Cps = 2 are used.

The drag coefficient of 1 is a reasonable value for the Reynolds number
of our flow [61]. For a long cylinder, the inertia coefficient approaches its
theoretical value (the value for a uniformly accelerated flow) of 2, and
the added mass coefficient related to the inertia coefficient by

Cp=Cy -1 : (5.78)

approaches 1. We use these theoretical values for numerical purposes.
Here, we consider either zero initial conditions or initial displacements
obtained from the physical configuration shown in Figure 5.42 with zero
initial velocities.
The point load is determined such that the end transverse deflection
is 0.05 m. The expressions for the displacements are given in Equation
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Figure 5.40. Transverse Tip Displacement Using IC; and Cp =1. — C4 =0.5; - --
Ca=1l;——Ca=15

Figure 5.41. Transverse Tip Displacement Using IC; and Cq =1. — Cp =0.5; - --
Cp=1;,—Cp=1.5
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Figure 5.42. Initial Configuration

5.79,
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V(X0 = —g7 (‘é“T‘ R

Note that these displacements are identical to the initial displacements
IC used in the free and damped vibration studies in Section 3.

In free vibration, we found that the fundamental frequency of the
transverse motion is 7.75 rad/s in vacua and 6.78 rad/s in still water.

Here, we apply two kinds of distributed transverse loads: a simple
harmonic and a random force. The fluid force due to random waves
has many frequency components. Therefore, it may be useful to first
consider a transverse load with single frequency. The distributed axial
load in Equation 5.73 is used for all cases.

4.1 Harmonic Forcing

Let us assume that the distributed transverse load is constant over the
length of the beam and varies harmonically with time. That is, f (X,t) =
psAyscoswyt. The coefficient of the harmonic function is chosen as py Ay
to give a reasonable deflection amplitude.
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4.1.1 Subharmonics

If we see a periodic response to a forcing frequency that is a multiple
of the natural frequency, it is called a subharmonic response. Similarly,
if we see a periodic response to a forcing frequency that is a fraction
of the natural frequency, it is called a superharmonic or ultraharmonic
response. In both cases, the system responds at the lower frequency
of the two. That is, the system responds at the natural frequency for
the subharmonics and at the forcing frequency for the superharmonics.
The superharmonics are called ordinary harmonics in the sense that the
system response is at the input forcing frequency.

Subharmonics and superharmonics can be seen in both linear and
nonlinear systems. Those seen in linear systems are due to exact rela-
tions between the natural and forcing frequencies. That is, the forcing
frequency has to be an exact multiple or an exact fraction of the natural
frequency. Recall that there are two parts to the solution to the linear
oscillator; the homogeneous and the particular solution. The homoge-
neous part oscillates at the natural frequency, and the particular part
oscillates at the forcing frequency. The magnitude of the homogeneous
part is determined exactly from initial conditions, the forcing frequency,
and the amplitude of the force. The subharmonic state enters when
the forcing frequency is twice the natural frequency, and the magnitude
of the homogeneous solution is large compared to that of the particu-
lar solution. Similarly, the superharmonic state enters when the forcing
frequency is half the natural frequency, and the magnitude of the ho-
mogeneous solution is small compared to that of the particular solution.
Therefore, subharmonics and superharmonics may or may not appear
depending on the initial conditions and the amplitude of forcing when a
suitable forcing frequency is set for each case®.

Nonlinear systems are slightly different in that the nonlinearity of the
system can generate stable harmonics that can appear for a range of forc-
ing frequencies, instead of at exact values of forcing frequency. Again,
subharmonics and superharmonics may or may not appear depending
on the initial conditions and forcing amplitude.

The governing equations of motion, Equations 5.25 and 5.26, have sec-
ond order nonlinear terms. This indicates that the response may exhibit
subharmonics of order 1/2 and superharmonics of order 2. Therefore, we
look for subharmonics for the forcing frequency near twice the natural
frequency and superharmonics near half the natural frequency.

#For detailed treatment of subharmonics and superharmonics, readers are refered to [52].
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Figure 5.43. Transverse Tip Displacement when Zero Initial conditions are used. (a)
wy =2, (b) wy =4, (c) wy =6, (d) wy =8, () wy =10, (f) wy =12, (g) wy = 14,
(h) wy =16, (i) wy = 18 rad/s
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Figure 5.44. Transverse Tip Displacement when wy = 15.5 rad/s
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Figure 5.45. Transverse Tip Displacement when IC} is used. (a) wy = 2, (b) wy =4,
(C) wy =6, (d) wy =8, (e) wy = 10, (f) wy =12, (g) wy = 14, (h) wy = 16, (1)
wy =18 rad/s
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Figure 5.46. Tip Displacements when the Beam is Subjected to Current. — U, =
0.08; - - U, =0.12; —. U, = 0.16 m/s. (a) u(L,t), (b) v(L,t)

Figure 5.47. Steady State Response when the Beam is Subjected to Current. —
U.=0.08--U.=0.12; —. U. =0.16 m/s. (a) uss(L,t), (b) vss(L,t)
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Figure 5.48. Peak Amplitude of Tip Transverse Displacement

It has been observed that the subharmonics exist in offshore structures
such as landing ships tanks (LST’s) during mooring [55]. Here, let us
only consider subharmonic responses.

The forcing frequency is varied from 2 to 18 rad/s at 2 rad/s incre-
ment. Figure 5.43 shows the transverse displacement when zero initial
conditions are used. We notice that the response grows when the forcing
frequency approaches the natural frequency (around 7.75-8.48 rad/s).
The subharmonic state did not enter here. The subharmonic response
can be seen only when the forcing frequency is 15.5 rad/s, as shown
in Figure 5.44 where the system responds at half the input forcing fre-
quency. This behavior is similar to what we see in the linear responses
where an exact relationship between the natural and forcing frequency
is required in order for the subharmonic state to enter.

On the other hand, the transverse displacement in Figure 5.45, ob-
tained using the initial conditions given in Equation 5.79, shows the
subharmonic response for forcing frequencies that are not exactly twice
the natural frequency. In Figures 5.45(g) to (i), we observed that the
system responds at the natural frequency when it is forced at a fre-
quency close to twice the natural frequency. This is a characteristic of
a nonlinear system.
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Figure 5.49. Elongation of the Beam. (a) U. = 0.08, (b) U. = 0.12, (¢) U. = 0.16
m/s

4.2 Effects of Current

Figure 5.46 shows the transverse and axial displacement plots for cur-
rent velocities of 0.8, 1.2 and 1.6 m/s. Note that the steady-state re-
sponse can be found by solving the equations of motion in Equations
5.25 and 5.26 by setting the time derivatives equal to zero, or

1 !
-FEA (u’ss + —-vgf) =p (5.80)

!
- (EA (u’ss + lvéf) v;s> + (EIU;IS)” =f, (5.81)
where

p(X,t) = —pgA +ppgAs for 0 <z <d
=—pgAford<z<L

f(X,t)= C’DpfroUc2 for0<z<d
=0ford<z< L. (5.82)
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Figure 5.50. Potential Energy for U. = 0.08m/s

Figure 5.51. Kinetic Energy for U, = 0.08m/s
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Figure 5.52. Total Energy for U. = 0.08 m

The subscript ss is used for the steady-state response. It is not difficult
to solve for the steady-state response numerically?. The steady-state
axial and transverse displacements along the beam are shown in Figure
5.47. The steady-state transverse tip displacements are 0.00154, 0.00346,
and 0.00616m for U, = 0.08, 0.12, and 0.16 m/s, respectively. The ratio
of the transverse tip displacements is 1 : 2.25 : 4. Looking at this ratio,
we note that the transverse displacement is proportional to the current
velocity squared. This can also be shown by manipulating Equations
5.80 and 5.81. Therefore, we can write

ves (X) = ko (X) U2, (5.83)

where k, is the proportionality constant that depends on the location of
the beam. Using the data, vss (L) = 0.00616 m when U, = 0.16 m/s,
the proportionality constant for X = L is found to be 0.241 s2/m. On
the other hand, the steady-state axial displacement is not proportional
to the current velocity squared. Instead, it is determined using Equation
5.80.

9Sec Appendix E for details.
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Now, let us look at the transient response. The maximum transverse
displacements are plotted in Figure 5.48 for the current velocities 0.08,
0.12,0.16, 0.2, 0.3, and 0.4 m/s. Note that the abscissa is the current ve-
locity squared. The figure shows decreasing slope for increasing current
velocities, which means that the maximum transverse tip displacement
is proportional to the current velocity to the power slightly less than 2,
if it is proportional at all.

As the current velocity increases, the drag increases. This is anal-
ogous to increasing the damping coefficient in the linear system. As
the damping coefficient increases in the linear system, the damped nat-
ural frequency decreases. Therefore, in our case, increasing the current
velocity slows the response. Figure 5.49 shows corresponding physical
elongation of the beam for current velocities, 0.08. 0.12, and 0.16 m/s.
Surprisingly, the magnitudes are about the same. In fact, the time re-
sponse looks almost identical. We also notice that the elongations do
not decay with time. Now, let us look at the energies of the system.
Figures 5.50 and 5.51 show the potential and kinetic energies of the sys-
tem when U, = 0.08 m/s. The bending energy and the potential energy
stored in the spring approach a non-zero value as time passes. The mem-
brane energy and translational kinetic energy do not decay nor approach
steady-state value. It was shown in Section 3 that the membrane energy
is directly related to the elongation of the beam. It is no surprise that
the shapes of the membrane energy and the elongation resemble one
another. The non-decaying elongation, membrane energy, and transla-
tional kinetic energy indicate that the Morison force is unable to damp
the axial motion as shown previously in damped-free vibration. How-
ever, the axial motion is small compared to the transverse motion so that
the steady-state analysis in Equations 5.80 and 5.81 are still valid. The
total energy shown in Figure 5.52 approaches a non-zero value, which is
mainly the potential energy stored in the system.

4.3 Effect of Random Waves

The significant wave height is varied such that the peak angular fre-
quency is varied from 2 to 18 rad/s at 2 rad/s intervals. That is, the
corresponding significant wave heights, from Equation 4.28, are 0.3957,
0.0989, 0.0440, 0.0247, 0.0158, 0.0110, 0.0081, 0.0062, and 0.0049 m.
The Pierson-Moskowitz spectra are plotted in Figure 5.53. In the labo-
ratory setting, a significant wave height of 0.1 m may be plausible. Note
that the magnitude of power spectral density decreases with decreasing
significant wave height or increasing peak frequency.
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Figure 5.58. Pierson-Moskowitz Spectrum. (2) Wpeak = 2, (b) Wpeak = 4, (C) Wpeak =
6, (d) Wpeak = 8, (E) Wpeak = 10, (f) Wpeak = 12, (g) Wpeak = 14; (h) Wpeak = 167 (1)
Wpeak = 18 rad/s
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Figure 5.56. Wave Height for wpeax = 18 rad/s. (a) Wave Height vs. Time, (b)
Wave Height vs. Horizontal Coordinate

Figure 5.57. Wave Velocities for wpeak = 18 rad/s. (a) Horizontal Velocity, (b)
Vertical Velocity
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Figure 5.58. Transverse Tip Displacement when Zero Initial Conditions are used.
(a) Wpeak = 2; (b) Wpeak = 4; (C) Wpeak = 6; (d) Wpeak = 8, (e) Wpeak = 10, (f)
Wpeak = 12, (g) Wpeak = 14, (h) Wpeak = 16, (i) Wpeak = 18 rad/s
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Figure 5.59. Power Spectral Density Plots for the Transverse Tip Displacements
when Zero Initial Conditions are used. (a) Wpeak = 2, (b) Wpeak = 4, (¢) Wpeak = 6,
(d) Wpeak = 8, (e) Wpeak = 10, (f) Wpeak = 12, (g) Wpeak = 14, (h) Wpeak = 16, (1)
Wpeak = 18 Tad/s
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Figure 5.60. Axial Displacement when Zero Initial Conditions are used. (a) Wpeak =
2, (b) Wpeak = 4, (C) Wpeak = 6, (d) Wpeak = 8, (e) Wpeak = 107 (f) Wpeak = 127 (g)
Wpeak = 147 (h) Wpeak = 16) (1) Wpeak = 18 'rad/s



Coupled Azial and Transverse Vibration in Two Dimensions 177

Figure 5.61. Elongation when Zero Initial Conditions are used. (a) Wpear = 2, (b)
Wpeak = 4, (€) Wpeak = 6, (d) Wpeak = 8, (€) Wpeak = 10, (f) wpear = 12, (g) Wpear = 14,
(h) Wpeak = 16, (i) Wpeak = 18 rad/s
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Figure 5.62. Potential Energies when Zero Initial Conditions and wpeax = 10 rad/s
are used

Figure 5.63. Kinetic Energies when Zero Initial Conditions and wpeax = 10 rad/s
are used
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Figure 5.64. Total Energy when Zero Initial Conditions and wpeax = 10 rad/s are
used
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Figure 5.65. Transverse Displacement when Nonzero Initial Conditions are used. (a)
Wpeak = 2, (b) Wpeak = 4, (C) Wpeak = 6, (d) Wpeak = 8, (€) Wpear = 10, (f) wpear = 12,
(g) Wpeak = 14, (h) Wpeak = 16, (1) Wpeak = 18 rad/s

For wpeqk = 2 rad/s, the wave elevations, 1 (y = 0,t) and 7 (y,t = 0),
are plotted in Figures 5.54 (a) and (b). The corresponding horizontal
and vertical wave velocities at t = 0 and y = 0 are plotted as a function
of depth in Figures 5.55 (a) and (b). For wpeqx = 18 rad/s, similar plots
are shown in Figures 5.56 and 5.57. Note that the magnitude of wave
elevations and velocities also decreased with increasing peak frequency.

The transverse displacements are plotted in Figure 5.58 where zero
initial conditions are used. We observe a beating phenomenon in many
of the responses. They are not well defined as in the linear case. The
magnitude of the response generally decreased with increasing peak fre-
quency. This is because the wave velocities decrease with the peak fre-
quency. Figure 5.59 shows power spectral density plots for the transverse
tip displacements. The data points are sampled at 0.0005 second inter-
vals. We obtain a consistent peak at about 1 Hz. This frequency must
be the damped natural frequency of the system. Note that it is differ-
ent from the damped natural frequency obtained in still water or the



Coupled Azial and Transverse Vibration in Two Dimensions 181

Figure 5.66. Power Spectral Density Plots for the Tip Transverse Displacement when
Nonzero Initial Conditions are used

damped natural frequency when there is only current. This is because
the damping force is different in each case.

Figure 5.60 shows the corresponding axial displacements. The general
shape of the axial response is similar to those shown in Section 3: the
fundamental frequency of the axial motion is twice that of the transverse
motion, and the maximum of each peak of the dominant axial motion is
the same, so that the dominant axial motion seems to have a ceiling. It
was shown in Section 3 that this is due to the geometry of the system.

Figure 5.61 shows the elongation of the beam as a function of time.
The amplitudes in most cases are about 2 X 1078 m. When Wpeak = 2
and 4 rad/s, we observe spurious peaks in elongations.

Figures 5.62 and 5.63 show the potential and kinetic energies when
wpeak = 10 rad/s. The energies have some of the same characteristics
observed in the free vibration: shape of elongation resembles the shape
of the membrane energy, the potential energies and the kinetic energies
are in phase, the potential energies and the kinetic energies are 180° out
of phase. Figure 5.64 shows the total energy of the system. It shows
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Figure 5.67. Axial Displacement when Nonzero Initial Conditions are used. (a)
Wpeak = 2, (b) Wpeak = 4, (C) Wpeak = 6, (d) Wpeak = 8, (€) Wpeak = 10, (f) wpear = 12,
(8) wpeak = 14, (h) wpeak = 16, (i) wpeak = 18 rad/s

that the total energy does not decay. Instead, it fluctuates randomly
due to the random forcing.

The transverse displacements are plotted in Figure 5.65, where the
initial displacements in Equation 5.79 are used. The power spectral
densities are plotted in Figure 5.66. The dominant frequency in all the
responses is the damped natural frequency at about 1 Hz. We observe
subharmonic resonances in Figures 5.65 (c) — (i). Note that we observe
that the subharmonic resonance occurs for a relatively wide range of the
peak frequency, wpeqx- This is due to the fact that the transverse force
is random and the forcing frequency is spread out around wpeqx. Figure
5.68 shows the elongation of the beam. The amplitudes are about 106
m for all cases. It should be noted that the responses look similar to the
ones we saw in the damped-free vibration where water was still. That
is, the damping effect in the Morison force must be dominant when non-
zero initial conditions are applied. Figures 5.69 and 5.70 show potential
and kinetic energies of the system when wpeqr = 10 rad/s. Figure 5.71
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Figure 5.68. Elongation when Nonzero Initial Conditions are used. (&) Wpeak = 2,
(b) Wpeak = 4, (¢) Wpeak = 6, (d) wpeak = 8, (€) wpeak = 10, (f) wpear = 12, (g)
Wpeak = 14, (h) wpeak = 16, (i) Wpeak = 18 rad/s

shows the total energy of the system. These plots show that the energies
decay with time due to damping. After the transient response dies out,
we expect to see similar random patterns as when zero initial conditions
were used.

5. Chapter Summary

Analysis showed that the fundamental frequency for the free trans-
verse motion ranged from 1.23 to 1.3 rad/s for the initial conditions
used. The fundamental frequency for the transverse motion with damp-
ing ranged from 1.08 to 1.12 rad/s. The fundamental frequency of the
axial motion was twice the fundamental frequency of the corresponding
transverse motion. The axial motion at this frequency is geometrically
induced from the transverse motion. It is possible to excite the axial
motion without inducing the transverse motion, while the reverse is not
possible. The fluid damping force modeled using the Morison equation
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Figure 5.69. Potential Energies when Nonzero Initial Conditions and wpeqar = 10
rad/s are used. (a) PEbending, (b) PEmeml)rane, (C) PEvprilng

Figure 5.70. Kinetic Energies when Nonzero Initial Conditions and wpeax = 10 rad/s
are used. (a) KEtranslation, (b) KErotationy (C) KEpuim mass
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Figure 5.71. 'Total Energy when Nonzero Initial Conditions are used

affects the transverse motion directly, and then the transverse motion
affects the axial motion through the system coupling. The influence on
the axial motion by the Morison fluid forcing depends on the magnitude
of the transverse motion.

When a harmonic force was applied, we observed a subharmonic reso-
nance for the forcing frequency near twice the natural frequency. When
only a current was present, the steady-state transverse offset from the
vertical at the tip was proportional to the current velocity squared. The
magnitude of the highest transverse peak in the transient response did
not quite follow the same rule. Instead, the magnitudes were slightly
less than what was predicted by the current-velocity-squared rule.

When a random fluid force was applied, a subharmonic resonance was
not observed when zero initial conditions were used. When non-zero ini-
tial conditions were used, a subharmonic resonance of order 1/2 was
observed for a wide range of significant wave heights. In all cases, the
axial displacement had the same characteristics as in the free vibration
case. The fundamental frequency was twice that of the transverse vi-
bration, and the maximum of each peak of the dominant axial motion is
the same. The amplitude of elongation for various peak frequencies was
similar for each initial condition.
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When zero initial conditions were used, we observed spurious peaks
in elongations for wpeqr, = 2 and 4 rad/s. The total energy of the system
varied randomly with time. When non-zero initial conditions were used,
we saw uniform elongations for all cases. The responses look similar to
those for the damped-free cases. The total energy of the system decayed
with time. However, we expect that the random effects may become
more pronounced after the transient response dies out.



Chapter 6

THREE-DIMENSIONAL VIBRATION

The purpose of this chapter is to explore the three-dimensional vi-
bration of an offshore platform. First, the equations of motion of the
three-dimensional model are derived for two cases: a rigid structure and
an elastic structure. Second, the free responses of the rigid and the elas-
tic models are compared. The free response obtained using the rigid
model allows us to gain confidence in the formulation and the numerical
results obtained using the elastic model. Finally, the forced responses
due to deterministic loads are investigated. Two cases are studied in
particular. The first case is when a harmonic (in time) load is applied
in one direction, and the second case is when steady and harmonic loads
are applied in mutually perpendicular directions. The second case can
be thought of as the three-dimensional loading arising from a current
that also induces vortex shedding. The responses due to these simple
fluid force models will prepare us for the study of responses due to more
complicated fluid loading models. This subject has also been treated by
Han and Benaroya [26].

1. Nomenclature

Symbol Description Units
Ao cross-sectional area of the reference beam m?

E Young’s Modulus N/m?
Eij Green’s strain -

fy transversely distributed load in the y direction N/m
f- transversely distributed load in the z direction N/m
fo, lincar natural frequency of the rigid beam rad/s
[Lo) mass moment of inertia matrix of the kg-m?

rigid beam about the base
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area moment of inertia of the beam
cross-section about the Y axis

area moment of inertia of the beam
cross-section about the Z axis

torsional spring constant

kinetic energy

length of the beam

Lagrangian

total mass of the beam

point mass

distributed axial load

inner radius of the cylinder

outer radius of the cylinder

displacement vector of the point mass

time

midplane displacements in the z, y, z directions

displacement of the cross-section

in the z, y, z directions

velocity of the point mass

work done by p(X,t), fy (X,t), and f. (X,?t)

original location of a beam element

polar angle

Poisson’s ratio

spherical angle

density of the beam

the second Piola-Kirchhoff stress

angular frequency
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2. Mathematical Formulation

2.1

Rigid Model

In this study, the vertical member of an articulated tower or a leg
of a tension leg platform is modeled as a smooth cylindrical beam, the
support at the base as a torsional spring, and the structures above the
water line as a point mass. It is assumed that the base of the torsional
spring is free to rotate in any direction.

The equations of motion when the beam is considered rigid are derived
in this section. From Figure 6.1, the system can be described with two
angular degrees of freedom. The equations of motion for a similar system
were obtained by Jain and Kirk [34], and Bar-Avi and Benaroya [8][10].
The equations of motion are re-derived here.

The kinetic energy of the system is given by

KE=1 {w}T L) {w} + %Mp {(Vo}T {Vp},

2

(6.1)
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Figure 6.1. Rigid Beam Model

where [I,] is the mass moment of inertia matrix of the beam about the
base, M), is the point mass, and V}, is the velocity of the point mass. The
first term is the kinetic energy of the beam, and the second term is the
kinetic energy of the point mass.

We consider three frames of reference, zyz, z'y'2’, and xpypzp, as
shown in Figure 6.2. zyz is the inertial reference frame, z'y’z’ is ob-
tained by rotating zyz by angle ¢ about the z axis. xpyp2p is obtained
by rotating z'y’z’ by 6 about the 2’ axis. z,ys2p is also called the body
frame of reference since axis x} coincides with the axis of the beam.

The beam experiences two angular velocities, ¢ about the z axis and
6 about the 2’ axis. The angular velocity of the beam is then

w =¢i + 0K/, (6.2)

where i and k’ are unit vectors in the z and 2’ directions, respectively.
We choose to express the angular velocity in the body frame of reference.
The transformations between the unit vectors i and k' and the unit
vectors of the body frame of reference are

i = cos i — sin Bj,
K =k (6.3)
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Figure 6.2. Reference and Body Frames

Therefore, the angular velocity in the body frame of reference is given
by

w =@ cos iy — ¢sin Bjy + Ok, (6.4)
or in matrix form
¢cosb
{wleyypey = | —¢sind | . (6.5)
6

The mass moment of inertia about the base expressed in the body
frame of reference is given by

[Io]zbybzb
Y (r2 +r2) 0 0
= 0 M (42 4 r2) 4 ML2 0 :
0 0 M (2 4 r2) 4 ML2

(6.6)

where 7, and 7; are outer and inner radii of the beam, M is the total
mass of the beam, and L is the length of the beam.
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The kinetic energy of the beam is given by

K Eyeam = _;' {w}T [IO] {w}

= :llM (r?, + r?) <}.’>2 cos? 6
1

1 2, .2 1 2\ 22 . 2
+2(4M(ro+ri)+3ML>¢ sin“ 6

+06° GM (r2+7%) + %ML2) : (6.7)

The velocity of the point mass is expressed in the reference frame of
reference. First, the displacement of the point mass is

rp = Lcos6i+ Lsin@cos@j + Lsinfsin pk. (6.8)

The velocity is obtained by taking the derivative with respect to time.
Since the displacement is expressed in the reference frame, the deriva-
tives of the unit vectors are zero. The velocity of the point mass is then
given by
—fsiné
{V;,}zyz =L écosé?cosd) - g})sinOsimj) . (6.9)
0 cos B sin ¢ + ¢sin b cos ¢

The kinetic energy of the point mass is then

1
KE})oint mass — §MP {V;J}T {V}?}

= %M,,L2 (02 sin® 6 + §° cos? 0 cos? ¢

— 206 cos 0 cos psin fsin ¢ + <}52 sin? §sin? ¢ + §° cos? O sin? 0}
+ 206 cos O sin ¢sin 0 cos ¢ +(}$2 sin? 6 cos® ¢)

= %MPL2 (6" + ¢ sin? 0). (6.10)

Combining Equations 6.7 and 6.10, the kinetic energy of the system
is given by

. . 1 .
KE =17, (92 + ¢’ sin? 9) +=Jho cos? o, (6.11)
2 2
where we let

1
Jy = %M (r2+712), Ja= %MLz + MpL? + 2 M (rg + 7). (612)
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The potential energy is stored in the torsional spring and is given by

L o
PE = 5190 . (6.13)

This assumes that the structure can only bend, not twist. Therefore,
the Lagrangian is given by

_1fl. o Locio o (2 2. 2
L=3 [3ML + ML + M (12 +17) | (6" + ¢7sin?0)
+ zliM (r2+13) ¢ cos? — %ka? (6.14)
Lagrange’s equations are given by
d (0L oL
5 . - a5 = neH k = 1a2a 1
7 (50) = (6.15)

where Qknc is the generalized non-conservative force associated with g,
and q; and ¢ are 6 and ¢, respectively. For an unforced system, the
equations of motion are given by

Job — (Jo — J1) ¢ sinfcosd + kf = 0 (6.16)
% [és (J2sin? 6 + J; cos® 9)] =0, (6.17)

where J; and Jz are given in Equation 6.12. Note that Equation 6.17
implies that ¢ (t) is a cyclic or ignorable coordinate!. Further, the gen-
eralized momentum associated with ¢ (t) is conserved as long as Qgnc is
zero.

The generalized momentum associated with ¢ (t), py, is given by

Do = (b (J2 sin?6 + Ji cos? 0) , (6.18)

and its value can be obtained from the initial conditions. Then, ¢ (t) at
any time t can be written as

y _ Py

¢(t) = Josin? 6 (t) + Jy cos? 6 (t)
_ ¢(0) (J2sin? 6 (0) + J cos? 6 (0))
~ Jpsin® 6 (t) + Jy cos? 6 (t)

(6.19)

1q(t) is an ignorable coordinate if ¢ (t) does not explicitly appear in the Lagrangian. Then,
d (0L
i (55c) =9

In words, the rate of change of the generalized momentum associated with gx is equal to the
generalized force Qgnc in this case.
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The equation of motion in Equation 6.16 can be written in terms of 8
only such that

pi sinf cos 6
(Jasin? 9 + Jj cos? §)

J2b — (J2 — J1) + k0 =0. (6.20)

2.2 Elastic Model

The displacement field is obtained using Kirchhoff’s hypothesis, and
the corresponding strain and stress fields are obtained accordingly as
done in Chapter 5. The potential and kinetic energies are then obtained
to form the Lagrangian. The equations of motion are obtained using
Hamilton’s principle.

2.2.1 Displacements, Strains and Stress
Using Kirchhoff’s hypothesis, the displacement field is given by

u; = u(X,t) — Y(?u%(:;((, t_ Zau%())((’t)
ug = v(X,t)

ug = w(X, ), (6.21)

where u1, ug, and ug are displacements in the z, y, and z directions,
respectively. u, v, and w are the midplane displacements of the cross-
section in the z, y, and z directions, respectively. They are also the
average displacements for a symmetric cross-section. It should be noted
that the displacements are measured from the original configuration as
shown in Figure 6.3. The coordinates X, Y, and Z mark the original
location of a beam element. Note that the average displacements are
functions of X and t only.

We assume that the strain is small, but the rotation can be moderate.
Mathematically, we can write

0 Ous\2 [ Ous\?
guX—lN<;97§'> N(a*)?) << 1. (6.22)
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The general form of Green’s strains are given in Equation 5.6 or
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Substituting these strains into the assumed displacement field, Equation
6.21, Green’s strains are then given by

Ouy Ouy dus \ 2
n=5% T3 [(ax) + (ax
- u' _YUH +Zw”+ %1/2 + %wm
b12=En=E3=E3=£E3=0. (6.24)

The notation used are: (') = 9/0X and () = 9/0t.

2.2.2 Potential and Kinetic Energies

The strain energy is given by
1 ~
PEgirain = 5/ Uijgijdvo, (625)

where & is the second Piola-Kirchhoff stress. Since £;; is the only non-
zero strain, the strain energy is simply

IR
PEstraz'n = 5 / / UllglldAodX~ (626)
Jo Ja,

The stress is related to strain by the constitutive relationship given by
Gij = Mxi0ij + 2GE;j . (6.27)
The stress, 711, is then
11 = (A+2G)&n

1-v
=E<(1+I/) (1—.2’/))511. (628)

If we neglect Poisson’s effect, since the transverse energies are at least
an order of magnitude smaller than the axial energies, v = 0, the strain
energy is given by

PEqtrain = / / SERdAX. (6.29)

The strain energy can be reduced to

E [t 1 1 ,\2
PEgrain = — / / (u' —YV" - Zuw" + —2-1)'2 + -2—w’2> dA,dX

:_/{ (4} v+;w)2

+Iv"% + Lw'"} dX, (6.30)
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where I, is the area moment of inertia about the Z axis, and I is the
moment of inertia about the Y axis through the centroid. Note that
the expressions are significantly reduced due to the symmetrical cross-
section.

The potential energy stored in the base support spring is given by

1k (v +w?)]g, - (6.31)

P Espring = 9

This assumes that the structure can only bend, not twist.
The kinetic energy of the beam is simply

L
KE:%/ / p [} + 43 + 0] dA,dX
0 o
1 (f . - SN2 2 a2
=—/ / pAO[(u—Yv—Zw) +0 +w]dAodX
2Jo Ja,

L
=f / [ (62 + 0% +u?) + L2 + L] dX,  (6.32)
0

and the kinetic energy of the point mass is

I, (@? + 9 + i?)

K Epoiut mass — 2

| Le- (6.33)

2.2.3 Equations of Motion and Boundary Conditions Using
Variational Principles

The Lagrangian is given by
L=KF - PE

L
= —;- / {p[A4o (¥* +9* +0?) + L + [,i'?]
0

—-F

1 2
Ao (u' + %vm + §w/2) +Izv”2 +Iyw”2} } dx

2

Let p(X,t), fy (X,t) and f, (X,t) be distributed loads in the z, y and
z directions, respectively. The virtual work done by these distributed
loads is given by

A0 @ i)~ ), (630

L
W = / [p6u + f,60 + f.6w) dX. (6.35)
0
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The variation of the Lagrangian in Equation 6.34 integrated over time
is given by

K ot 1, 1 Y
6| Ldt= / / { [—pAoil +EA4, (u’ + -0+ —w'Q) J du
Jto Jto JO 2 2

1 /
— |PAot = (pL:¥')' - (EA" (“ Ut %w’2> v’)
+ (BLv")" o0
- . N ’ 1 ” 1 ” , !
= [PAow — pIyw)— EA, U+§U +-2-w w

+ (BLw")"| ow} dxadt

ty 1 1
_ / {EAO (u' + 0%+ —w'z) du
to 2 2
L

1
+ [Plzﬁ' + EAo (U' + =02 + 1111’2) v — (EIZ'U")'] ov
0

L

0

2 2
— M, (i (L, t) du (L, t) + ¥ (L, t) 6v (L, t) + & (L, t) dw (L, 1))
+ EIZ’U”(S’UI|(I; + kv'6v’ (0, 1)

1 L
+ [plylb' + EA, (u’ + 51}'2 + —;—w'2) w — (EIyw”)'] Sw
0
+ ELu"sw'|E + ku'w’ (0, t)} dt. (6.36)
Using the extended Hamilton’s principle,
ty
) (L+W)dt =0, (6.37)

to

the equations of motion are given by

!
pAyii — (EAO (u' + %1/2 + %w’2>> =p

!
A, — | EAo o+ 1024 L)) - pLi") + (ELV")" = f,
p 2 2 Y

1 1 '
pAoﬂ) - (EAO (u/ + EU& + 'Q'WIQ) wl> - (plywl), + (EIyw”)” = fza
(6.38)
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and the boundary conditions are given by

u(0,t) =0
(6.39)
v (Oa t) =0
(6.40)
w(0,t) =0
(6.41)
(BLY — 1)y, =0
(6.42)
(ELyw" - kw')|,, =0
(6.43)
EIZU”IM =0
6.44)
(6.45)
/ 1 2 1 2 ..-
FEA (v +=-v°+-w -’r—Mpu =0
2 2 Lt
(6.46)
[pfzii’ + EA, (u’ + %vm + %w’:)) v — (ELY") + Mpv|| =0
Lt
(6.47)
[Pfyﬁ" + EA, (u’ + %v@ + %w’Q) v — (ELw") + My = 0
JlLe
(6.48)

The boundary conditions in Equations 6.39 to 6.41 indicate that there
are no displacements at X = 0. Equations 6.42 and 6.43 are the moment
conditions at X = 0. The bending moments in the y and z directions are
proportional to the deflection of the torsional spring in these directions.
Equations 6.44 and 6.45 state that there are no bending moments at
the free end (X = L). Equation 6.46 expresses the fact that the normal
force in the z direction is balanced by the inertia force of the point mass
in that direction. Equations 6.47 and 6.48 indicate that the transverse
shear forces are balanced by the inertial forces of the point mass in the
respective transverse directions.
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Note that u (X, t), v(X,t), and w (X, t) are nonlinearly coupled, and
therefore, the equations need to be solved simultaneously using numeri-
cal methods.

2.3 Linearization of Equations of Motion

If we further assume that the rotation squared be small when com-
pared to the linear strain,

(Bv/0X)? << u/8X << 1and (Bw/dX)? << Bu/BX << 1, (6.49)

the Lagrangian in Equation 6.34 becomes

L=KFE-PE
/ {p[4o (¢* + 9% +0®) + L + L,u'?]
E[ oul2 +I 'U”2 +I w/l2]}dX
2, .o Lo,

+§Mp (u? + % + w? 'L’t - §k (v +w')
Then the equations of motion and boundary conditions are given by

pAsii — (EAW) =p
pAci — (pL.¥) + (ELY")' = ,

|o,t' (6.50)

pAsw — (pIyw') + (ELw")" = f., (6.51)
with boundary conditions
u(0,t)=0
v(0,t) =0
w(0,t) =0

(ELY" - kv')'w =0
(ELw" - kw')|0’t =
EI"

ELw"

[EAou' + Mpi),]

0
|L,t =0
lL,t =0
IL,t =0
|PLi" ~ (BL") + My lL’t =0
|1y — (ELw") + My 'Li =0, (6.52)

The equations of motion are decoupled, and we recover the linear elastic
equations of motion for each direction.
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Table 6.1. Beam Properties

Material Aluminum
Young’s Modulus, E 73.0 GPa
Density, p 2770 kg/m?
Point Mass, M, 0.236 kg
Torsional Spring Constant, & 38.8 N/m
Length, L 1.27Tm
Outer Radius, 7, 0.0127 m
Inner Radius r; 0.0101 m

3. Results on the Free Vibration

The free responses of the nonlinear three-dimensional rigid and elastic
models are considered next. The free response of the rigid beam will then
be used to gain confidence in the results obtained by the elastic model.
For numerical purposes, the properties of the structure given in Table
6.1 will be used.

The rigid and elastic models are solved numerically using MATLAB.
The Runge-Kutta method of order 4 or 5 is used. Fourteen nodes are
used for the elastic model?.

We can consider two different types of vibration behavior: when the
beam moves back and forth in an arbitrary plane and when the beam
rotates in three dimensions as shown in Figure 6.4.

The first type of behavior, Figure 6.4(a), can be induced by non-zero
6 (0) and zero ¢ (0) for any 6 (0) and ¢ (0). When the motion is small
enough that the small angle assumption is valid, the natural frequency
of 6 (t) is approximately given by

1 k
1 . 6.5
Jo, 1in ZW\/;/IL2/3+M,,L2+M(T§+T?)/4 .

In our case, fy, linear = 1.25 Hz. When the motion is in two dimensions,
0 is allowed to turn negative once it passes through 8 = 0 rad as shown
in Figure 6.5(a)

_ The second type, Figure 6.4(b), can be induced by non-zero 6 (0) and
¢ (0) for any 6 (0) and ¢ (0) . For the rigid case, only a single coordinate,
0, is required to describe the motion for the planar model. This coordi-
nate can take on positive or negative values as the beam swings back and

2See Appendix C for a detailed description of the finite difference method and sample MAT-
LAB codes.
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Figure 6.4. Two Types of Three-dimensional Motions in the Absence of External
Loads. (a) Planar 3D Motion, (b) Full 3D Motion

forth through the vertical. On the other hand, for the three-dimensional
model, two coordinates, 8 and ¢, are required to describe the motion.
In this case, 8, which is defined as the angle between the vertical and
the beam, is always positive. This can be observed in Figure 6.5(b).

Let us imagine two paths taken by the point mass viewed from the top
as shown in Figure 6.6. Figure 6.6(a) describes a two-dimensional motion
and Figure 6.6(b) a three-dimensional motion generated by slightly dis-
turbing the two-dimensional motion such that points A and C in Figure
6.6(a) coincide with points A and C in Figure 6.6(b), respectively.

As the point mass in two dimensions goes through ABCBA, the point
mass in three dimensions goes through ABCDA. 6 (t) at point C in Fig-
ure 6.6(a) is negative, where 6 (t) at point C in Figure 6.6(b) is positive
but with the same magnitude. Therefore, the fundamental frequency
of 8 (t) calculated in three dimensions is equivalent to the fundamental
frequency of |0 (t)| in two dimensions, 2.5 Hz. However, this is a highly
idealized case, and we expect that the fundamental frequency of 4 (t) in
three dimensions will vary with initial conditions, but be near 2.5 Hz.

In summary, Figures 6.4(a), 6.5(a), and 6.6(a) depict planar motion
and Figures 6.4(b), 6.5(b), and 6.6(b) depict fully three-dimensional
motion.
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Figure 6.5. Sign Convensions for 6(t). (a) Planar Model, (b) Three-dimensional
Model
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Figure 6.6. A Sample Path Taken by the Tip of the Beam

3.1 Three-Dimensional Rigid Model

Let us keep in mind that the nonlinear rigid model formulation does
not make any assumptions regarding the angle of rotation. Therefore,
the results are valid for any angle of deflection . Here, let us examine
the case where the motion is in three dimensions by considering the
following initial conditions:

0(0) = 0.2 rad, 6(0) =0
$(0) =0, ¢(0) =2 rad/s. (6.54)
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Figure 6.7 shows 6 (t) and its power spectral density plot, and Figure
6.8 shows ¢ (t) and its power spectral density plot. The power spectral
density plot reveals that the fundamental frequency is about 2.48 Hz
for both 6 (t) and ¢ (t). It should be noted that the natural frequency
of 2.48 Hz for 6 (t) is consistent with the frequency of 1.25 Hz obtained
in Equation 6.53 when the motion is planar and linear.

Figure 6.9 shows the tip axial displacement, u (L,t). The PSD plot
shows that the fundamental frequency is at about 2.5H z. This frequency
is close to the fundamental frequency of 8 (t) since 8 (t) completes one
cycle while u (L, t) also completes one cycle, as shown in Figure 6.6(b).
Note that the transverse displacements, v (L,t) and w(L,t), complete
half a cycle for each cycle of 6 (t) and u (L, t).

Figures 6.10 and 6.11 show the tip transverse displacements, v (L) and
w (L), in the y and z directions and their power spectral density plots.
The displacements are related to 0 (t) and ¢ (t) as shown in Figure 6.1
and, therefore, by the following relationships,

u(X,t) =Xcosf(t) — X
v(X,t) = Xsinf (t) cos ¢ (t)
w(X,t) = Xsinf (t)sin¢ (¢), (6.55)

where the units are all in meters.

The transverse displacements show a beating phenomenon with two
visible frequencies at 1.25 Hz and 0.035 Hz. The envelope or the beat
frequency 0.035 Hz is unexpected from the linear analysis. The con-
sequence of this beating phenomenon on the overall response is clearer
when the motion is viewed from top in Figure 6.12. The horizontal axis
in Figure 6.12 is the transverse displacement in the y direction, and
the vertical axis is the transverse displacement in the z direction. The
free end follows an elliptical path that rotates in the counterclockwise
direction at 0.035 H=z.

In order to understand why the path rotates, let us look at what
happens for the first 0.81 seconds as shown in Figure 6.13. From the
figure, we find that # makes two cycles in about 0.81 s, and ¢ varies from
0 to 27 rad in about 0.76 s. After two cycles of § have been completed,
the free end does not return to its original location so that the path
seems to be rotating counterclockwise, and the transverse displacements,
v(X,t) and w(X,t), show beating. It is interesting to note that this
beating phenomenon does not appear in 8 (t), ¢ (t) nor in u (L, t).
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Figure 6.7. Angle of Deflection 6 (t) and its PSD Plot

Let us further investigate the beating phenomenon that appears in
the transverse displacements plot. Let us vary 6 (0) and ¢ (0) one at a
time. Figure 6.14 shows v (L,t) and Figure 6.15 shows the top views for
¢ (0) = 4 rad/s and 6 (0) = 0.07, 0.09, 0.11, and 0.13 rad. They show
that as the initial angle increases, the amplitude increases and the beat
frequency decreases. Comparing 6.14(a) with 6.14(d), where the initial
angle is almost doubled, the beat frequency decreased almost by a factor
of three. While the beat frequency varied with the initial conditions, the
‘high’ frequency inside the envelope stayed at about 1.25 Hz.

Figures 6.16 and 6.17 show v (L,t) and the top views for 6 (0) = 0.05
rad and ¢ (0) = 4, 6, 8, and 10 rad/s. It shows that as ¢ (0) increases, the
beat frequency decreases. Comparing 6.16(a) and (b), where the initial
angle is increased by 50%, the frequency decreases by about a factor of
two. Again, while the beat frequency varies with initial conditions, the
‘high’ frequency inside the envelope stayed at about 1.25 Hz.

In Figures 6.16(a,b) and 6.17(a,b), the major axis of the response path
coincides with the z axis at the start of the response. When ¢ (0) = 8
rad/s, the length of the major and minor axes of the elliptical path are
very close to each other so that the path is almost circular. Therefore,
the path seems stationary. As ¢ (0) is increased as shown in Figure
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Figure 6.8. Angle of Rotation ¢ (t) and its PSD Plot

Figure 6.9. Axial Displacment u(L, t) and its PSD Plot Predicted by the Rigid Model
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Figure 6.10. Transverse Displacment v(L, t) and its PSD Plot Predicted by the Rigid
Model

Figure 6.11. 'Transverse Displacment w(L, t) and its PSD Plot Predicted by the Rigid
Model
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Figure 6.12. Free Response Viewed from the Top, Predicted by the Rigid Model

(a) (b)
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Figure 6.13. Free Response for 0.81 s (The symbol o is placed at the initial location,
o at ¢ = 27, and * after 6 completes two cycles, respectively.)
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Figure 6.14. Transverse Displacements v(L,t) when ¢ (0) = 4 rad/s, (a) 8 (0) = 0.07,
(b) 6(0) =0.09, (c) 6(0) =0.11, (d) 6 (0) = 0.13 rad

Figure 6.15. Free Response Viewed from the Top when ¢ (0) = 4 rad/s. (a) 8 (0) =
0.07, (b) 6(0) = 0.09, (c) 6(0) =0.11, (d) 6 (0) = 0.13 rad
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Figure 6.16. Transverse Displacements v(L,t) when 6 (0) = 0.05 rad. (a) ¢ (0) =4,
(b) ¢(0) =6, (c) ¢(0) =8, (d) #(0) = 10 rad/s

Figure 6.17. Free Response Viewed from the Top when 6 (0) = 0.05 rad. (a) $(0) =
4, (b) $(0) =8, (c) $(0) =8, (d) ¢(0) =10 rad/s
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6.16(d), the path continues to rotate in the same direction. In this case,
the minor axis coincides with the z axis in the beginning.
From the response plots, we can conclude the following:

1 The fundamental frequencies of 6 (t) and ¢ (t) in three dimensions
can be approximated by twice the fundamental frequency of 6 (t) in
two dimensions.

2 The rotation rate of the elliptical path varies with initial conditions,
decreasing with increasing 6 (0) and ¢ (0).

3 The high frequency component of the response at 1.25 Hz in the
transverse displacements was not affected or affected minimally by
the initial conditions.

4 The rotation rate of the elliptical path is more sensitive to § (0) than
®(0). Therefore, for a small enough 6(0), the elliptical path may
seem stationary (not rotating). A stationary path indicates that the
motions in the zy and the zz plane are independent of each other.
This is an important result since it implies that if the motion is small
(small 6 (0)), the motion can be approximated by two planar models.
This is also seen in the equations of motion for the elastic model in
Equation 6.51. Three displacements are decoupled when the angle
of rotation squared is small compared to the linear strain (Equation
6.49). For the rigid model, we can make the same analysis such that
the transverse displacement of the tip can be obtained by solving the
two decoupled equations of motion given by

Job1 + kb =0
Jobo + KOy =0, (6.56)
where J, is given in Equation 6.12, and 6, (t) and 62 (¢) are the angles

of deflection in zy and zz planes, as shown in Figure 6.18. The
transverse displacements are then

v(L,t) = Lcosb, (t)
w (L,t) = Lcosbs (t). (6.57)

3.2 Three-Dimensional Elastic Model

Similar response plots are obtained using the nonlinear elastic model.
The corresponding initial conditions are obtained using Equation 6.55
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Figure 6.18. Superposition of Two Planar Models

and are given by
u(X,0) = X (cosf(0) — 1) = —0.0199X m
v(X,0) = X'sinf#(0)cos¢ (0) = 0.199X m
W (X,0) = X6 (0)cos (0)sin ¢ (0) + X ¢ (0)sin 8 (0) cos ¢ (0)

=0.397X m/s
w(X,0)=0
¥(X,0) =0
w(X,0) = 0. (6.58)

The nonlinear elastic model is valid for a wider range of angles of
deflection from the z axis (Ov/0X and Ow/0X) than the linear elastic
model. Recall that the linear elastic model requires that the rotation
squared be small when compared to the linear strain,

(Bv/8X)? << u/dX << 1and (Bw/0X)? << Ou/dX << 1, (6.59)

so that the equations of motion are decoupled.
In the nonlinear elastic model, the rotation is assumed to be moderate
such that

(Ov/8X)? ~ Ou/8X << 1 and (Bw/0X)? ~ du/dX << 1. (6.60)
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Table 6.2. Free Vibration Results

Fundamental Fundamental Frequencies Beat Frequency
Frequency of u(L,t) of v(L,t) and w(L,t) of v(L,t) and w (L, 1)
Rigid 2.50 Hz 125 Hz 0.0350 Hz
Elastic 2.44 Hz 122 Hz 0.0126 Hz

The initial conditions in Equation 6.58 are chosen such that the rotation
from the z axis squared, (8v/8X)?, is comparable to the linear strain,
Ou/8X. Therefore, the linear model is not valid for this set of initial
conditions.

Figures 6.21 and 6.22 show the tip transverse displacements, v (L, 1)
and w(L,t), in the y and z directions and their power spectral density
plots. The average natural frequency is found in the PSD plots to be
1.22 Hz, which is lower than that of the rigid beam. This is consistent
with our intuition since the rigid beam is ‘stiffer’ than the elastic beam,
and the stiffer beam vibrates at a higher frequency. When we look at
the transverse displacement plots in Figures 6.21(b) and 6.22(b), the
beat frequency seems to be at 0.0126 Hz (period of 79.5 s), which is
lower than that of the rigid beam. The top views in Figure 6.23 show
rotating ellipses at 0.0126 Hz. For an easy comparison, the free vibration
results are summarized in Table 6.2. Note that the fundamental and beat
frequencies for two transverse displacements are the same.

Figure 6.24 shows the axial displacement «(L,t) and its PSD. The
PSD plot shows a dominant frequency at 2.44 Hz, which is twice the
fundamental frequency of the transverse motion. This was seen in the
rigid case and also in Chapter 5.

The numerical results obtained using the three-dimensional elastic
model appear reasonable when compared with those of the rigid model.

4. Sample Results for the Forced Response of the
Elastic Model

In this section, we consider two loading situations. The first case is
when a harmonically varying (in time) transverse load is applied in the y
direction, and the second is when a non-harmonic load in applied in the
y direction along with a harmonic load in the z direction. In all cases,
the transverse loads are exponential in X. The distributed transverse
loads in Figure 6.19 are given in Table 6.3.
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Figure 6.19. Distributed Transverse Loads

Table 6.3. Transverse Loads

Case I  f,(X,t) =2(exp(X)— 1)coswyt f:(X,t)=0
=2

Case II  f, (X,t) =2 (exp(X) — 1)coswyt f:(X,t) (exp(X)—1)

4.1 Case I: Harmonic Loading in the y Direction

In this section, we investigate the forced response by varying the forc-
ing frequencies. The initial velocities are set to zero and the initial
displacements are given by

u(X,0) = —0.002503X m, v(X,0) =w(X,0)=0.05X m. (6.61)

This is when the beam is rotated about 0.05 rad from the vertical with-
out any elastic deformation and placed in the first octant. Note that
when the initial transverse displacements are given, the initial axial dis-
placement can be found from the equations of motion and boundary
conditions. In this case, the axial displacement is negative since all the
beam elements need to move in the negative z direction to achieve given
initial configuration shown in Figure 6.20.
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Figure 6.20. Initial Configuration

Figure 6.21. Transverse Displacement v (L,t) Predicted by the Elastic Model
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Figure 6.22. Transverse Displacement w (L,t) Predicted by the Elastic Model

Figures 6.25 and 6.26 show the transverse displacements v (L,t) and
their PSD plots when the forcing frequencies are varied from 7 to 97 at
m rad/s increments. The vertical lines in the PSD plots mark the forcing
frequencies. When the forcing frequency is below the fundamental fre-
quency, as shown in Figure 6.25(a), v (L, t) responds dominantly at the
forcing frequency. When the forcing frequency is increased to the vicin-
ity of the fundamental frequency, beating occurs as shown in Figures
6.25(b,c) and 6.26(b,c). When this happens, the amplitude of vibration
also increases. When the forcing frequency is increased even more, in
Figures 6.25(d-f) and 6.26(d-f), we see a subharmonic resonance of or-
der 1/2, where the system responds at the natural frequency when the
forcing frequency is close to twice the natural frequency, and in Figures
6.25(g-i) and 6.26(g-i) we see subharmonic resonances of order 1/3. It
should be noted that when v (L,t) enters subharmonic resonance, the
response looks similar to the free response. That is, v(L,t) vibrates
mostly at the fundamental frequency.
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Figure 6.23. Free Response Viewed from the Top, Predicted by the Elastic Model

Figure 6.24. Axial Displacement u(L,t) and its PSD Plot
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Figure 6.25. Transverse Displacement v (L,t) when f, = 2(exp(X) — 1) coswjyt.
(a) wy =, (b) wy = 27, (¢) wy = 37, (d) wy = 47, (e) wy = 5w, (f) wy = 67, (g)
ws="Tm, (h) wy =8n, (i) wy = 97 rad/s

Figures 6.27 and 6.28 show the transverse displacements w (L, t) and
their PSD plots. The transverse displacement in the z direction is mini-
mally affected except for wy = 27 and 3m, at which v (L,t) shows beat-
ing. However, the amplitude of w (L, t) stays almost constant through-
out. In all nine cases, w(L,t) responds at or near the fundamental
frequency.

Figure 6.29 shows the view from the top for the first 5 seconds of
motion. Due to the subharmonic response in v (L,t), which resembles
the free response and virtually unaffected w (L, t) , Figures 6.29(d-1) look
similar to the top views of the free response, the response that we would
obtain when the beam is released from the initial position given by Equa-
tion 6.61.

Figure 6.30 shows the phase plots, v (L,t) versus v (L, t), and Figure
6.31 shows the Poincaré maps strobed at the forcing frequency. If the
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Figure 6.26. PSD Plots for v(L,t) when f, = 2(exp(X) — 1) coswyt. (a) wy =,
(b) wy = 2m, (¢) wy = 3, (d) wy =47, (&) wy = 5, (f) wy = 67, (g) wy = Tm, (h)
wy =8m, (i) wy =97 rad/s

ratio of the forcing frequency to the natural frequency of v (L,t) is a
rational number, the Poincaré map will show a discrete number of points.
However, in our case, the ratio of the forcing frequency to the natural
frequency of v (L,t) may be an irrational number. In that case, v (L,t)
does not return exactly to its initial value, and the strobe points of the
Poincaré map will never repeat. On the Poincaré map, the strobe point
will eventually fill in a circle, and the motion is called quasiperiodic
[7]. The Poincaré maps in Figure 6.31 show circular patterns without
repeating points, which indicates that our system is quasiperiodic.

4.2 Case II: Harmonic and Non-harmonic
Loadings in the Perpendicular Directions

Figures 6.32 and 6.33 show the response plots when the forcing fre-
quency is 7 rad/s, and Figures 6.35 and 6.36 when the forcing frequency
is 6m rad/s. The initial conditions given in Equation 6.61 are used in all
cases.
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Figure 6.27. Transverse Displacement w(L,t) when f, = 2(exp(X) — 1) coswyt.
(a) wy = m, (b) wy = 2w, (¢) wy = 3w, (d) wy = 47, (e) wy = 5m, (f) wy = 6, (g)
ws =T7m, (h) wy = 8n, (i) wy =97 rad/s
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Figure 6.28. PSD Plots for w(L,t) when f, = 2(exp(X) — 1) coswyt. (a) wy =,
(b) wy = 2m, () wy =3, (d) wy = 4n, (e) wy =5, (f) wy = 6m, (g) wy = Tm, (h)
wy =8m, (i) wy =97 rad/s
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Figure 6.29. Forced Response Viewed from the Top when f, =
2(exp (X) — 1) coswyt. (a) wy = m, (b) wy = 2m, (c) wy = 3m, (d) wy = 4m,
(e) wy =5m, (f) wy =6m, (g) wy =Tr, (h) wy =8m, (i) wy =97 rad/s
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Figure 6.30. Phase Plots for v(L,t). (a) wy =, (b) wy = 27, (c) wy = 3w, (d)
ws =4m, (e) wy = 5m, (f) wy =67, (g) wy =Tm, (h) wy =8n, (i) wy =97 rad/s
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Figure 6.31. Poincaré Maps for v (L, t) that Correspond to Figure 6.30. (a) wy =,
(b) wy = 2m, (c) wy = 3, (d) wy = 4, (e) wy = 57, (£) wy = 6, (g) wy =7, (h)
ws =8m, (i) wy =97 rad/s
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Figure 6.32. Transverse Displacement v(L,t) and its PSD Plot when f, =
2(exp(X) —1) cosmt and f, = 2(exp(X) —1)

The transverse displacement in the y direction, v (L,t), is almost un-
changed from Figure 6.25(a), where the non-harmonic force in the z
direction was not used. In fact, if they were plotted on the same figure,
they would overlap. On the other hand, the transverse displacement in
the z direction, w(L,t), is shifted to the positive direction from Figure
6.27(a). However, the frequency of oscillation remains the same. There-
fore, for this particular case, we can see that transverse motions in each
direction are minimally affected by the forces in the perpendicular di-
rections. That is, the force in the z direction has a minimal affect on the
displacement in the y direction, and vice versa. The same can be said
for the second case when the forcing frequency is 67 rad/s.

5. Chapter Summary

The equations of motion of a beam supported by a torsional spring
at the base and with a point mass at the top were obtained, first by
assuming the beam to be rigid and second by assuming it to be elastic.
For the rigid model, a two degree of freedom model, with the two angu-
lar degrees of spherical coordinates, was employed. When the beam was
modeled as elastic, the equations of motion were in terms of displace-
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Figure 6.33. Transverse Displacement w(L,t) and its PSD Plot when f, =
2(exp(X) —1) cosnt and f, = 2(exp(X) —1)

Figure 6.34. Forced Response Viewed from the Top when f, = 2 (exp (X) — 1) cosnt
and f. =2(exp(X)—1)for0<t<5s
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Figure 6.35. Transverse Displacement v(L,t) and its PSD Plot when f, =
2(exp(X) — 1) cos6nt and f. = 2 (exp(X) — 1)

ments in the three directions measured from the original configuration.
Kirchhoff’s hypothesis and Hamilton’s principle were used to obtain the
equations of motion and boundary conditions. The equations of motion
of the elastic model were coupled nonlinear partial differential equations.

Free responses were obtained using both models, and the numerical
results show similar results in terms of the fundamental frequency and
the nonlinear behavior. A rotating path is unique to the nonlinear three-
dimensional models. It was found that the precession rate increases with
increasing 6 (0) and ¢ (0), or, equivalently, increasing v (X, 0), w (X, 0),
0(X,0), and w (X, 0). Therefore, if those quantities are small enough,
the motion in the zy and zz planes can be assumed to be independent,
and the response can be analyzed using two planar models.

Once the numerical results of the elastic model were verified, the
forced responses due to harmonic and non-harmonic loads were investi-
gated. When a harmonic load was applied in the y direction, the trans-
verse displacement in the y direction goes through a series of responses
including beating and subharmonic resonance of order 1/2. On the other
hand, the transverse displacement in the perpendicular direction (z di-
rection) was minimally affected. When the non-harmonic force is added
in the z direction, the transverse displacement in the z direction shifted
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Figure 6.36. Transverse Displacement w(L,t) and its PSD Plot when f, =
2(exp(X) — 1) cos67t and f. =2 (exp(X) — 1)

Figure 6.37. Forced Response Viewed from the Top when f;, = 2(exp(X)—1)
cosbrt and f: =2(exp(X)— 1) for0<t<5s
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and its amplitude changed while the displacement in the perpendicular
direction (y direction) stayed about the same. Poincaré maps strobed at
the forcing frequency were plotted, and they reveal that the responses
were quasiperiodic for the conditions tested.



Chapter 7

SUMMARY

The derivation of the equations of motion and numerical responses
for two and three-dimensional beam models are presented. These beam
models can be used to model the tendons of a TLP.

In Chapter 2, variational methods are derived for use in the sub-
sequent chapters. In Chapter 3, the existing transverse beam models
are thoroughly reviewed and compared. They are the Euler-Bernoulli,
Rayleigh, shear and Timoshenko models. For engineering purposes, the
natural frequencies are presented graphically in terms of normalized wave
numbers. The natural frequencies and the mode shapes are functions of
the geometry and the material properties such as slenderness ratio, shear
factor, and Poisson’s ratio. The equations of motion are solved analyti-
cally, and a numerical example is given for a non-slender beam. A brief
discussion on the second frequency spectrum of the Timoshenko beam
model is included. The shear and rotary effects are secondary effects
that are neglected by the Euler Bernoulli model. It is found that the
shear and rotary effects become more significant for a beam with a small
slenderness ratio, a small shape factor, or a large Poisson’s ratio with
the slenderness ratio being the most important. It is also found that
the shear effect is more important than the rotary effect. Therefore, the
shear model (the Timoshenko model without the rotary effect) can give
reasonable results with less complexity.

The next step is to review the environmental loads that a TLP may
experience. Morison’s in-plane force and random waves modeled using
the Airy linear wave theory with the Pierson-Moskowitz spectrum are
reviewed in Chapter 4. A method to obtain a sample time history of
random waves is presented.
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In Chapter 5, a set of nonlinear equations of motion is derived using
Kirchhoff’s hypothesis for a beam that can vibrate in both the axial and
transverse directions. This is done because significant high frequency
nonlinear effects appear to be caused by extensional or longitudinal vi-
bration of tendons. Also, the nonlinear coupling between the axial and
the transverse motions increases with increasing slenderness ratio. The
free and damped-free vibration are investigated in the first part of the
chapter. It is found that the fundamental frequency of the axial motion
is twice the fundamental frequency of the corresponding transverse mo-
tion. The axial motion at this frequency is geometrically induced from
the transverse motion. When the vibration of the beam in still water is
investigated, it is found that the fluid damping force affects the trans-
verse motion directly, and then the transverse motion affects the axial
motion through the system coupling. The influence on the axial motion
by the Morison fluid forcing depends on the magnitude of the transverse
motion.

In the second part of the chapter, the deterministic and random wave
forces are applied. When a harmonic force is applied with non-zero initial
conditions, we observed subharmonic resonance of order 1/2 for forcing
frequency near twice the natural frequency. When random fluid force
is applied, the subharmonic resonance is also observed when non-zero
initial conditions were used for a wide range of significant wave heights.
In all cases, the axial displacement has the same characteristics as in
the free vibration case. The fundamental frequency is twice that of the
transverse vibration.

In Chapter 6, the three dimensional motion of a beam is examined.
The equations of motion is derived for two cases: for an assumed rigid
beam and for an elastic beam. The rigid model has two degrees of free-
dom, the two spherical angular coordinates. When the beam is modeled
as elastic, the equations of motion are found in terms of displacements
in the three directions measured from the original configuration. Kirch-
hoff’s hypothesis and Hamilton’s principle are used to obtain the equa-
tions of motion and boundary conditions. Free responses are obtained
using both models, and the numerical results are in close agreement
with respect to the fundamental frequency and the nonlinear behavior.
In both cases, the path taken by the free end of the beam rotates. This
phenomenon is unique to nonlinear three-dimensional models.

Harmonic and non-harmonic loads are then applied to the three-
dimensional elastic model. When the harmonic load is applied in the
y direction, the transverse displacement in the y direction, v (X,t), re-
vealed a series of responses including beating and subharmonic reso-
nances of order 1/2 or 1/3 when the forcing frequency is near twice or
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three times the natural frequency. On the other hand, the transverse
displacement in the perpendicular direction, w (X,t), is minimally af-
fected. When a non-harmonic force is added in the z direction, the
transverse displacement in the z direction, w(X,t), shifted and its am-
plitude changed while the displacement in the perpendicular direction,
v (X,t), stayed about the same. Poincaré maps strobed at the forcing
frequency revealed that the responses were quasiperiodic for the condi-
tions tested.

In this monograph, the tendons are modeled as beams and the plat-
form as a point mass. In reality, the dynamics of the platform may
be equally important as the dynamics of the tendons. They are cer-
tainly coupled. In future studies, a rigid six degree of freedom model
for the platform can be incorporated. Also, the three-dimensional beam
model does not include torsion of the beam, which exists for typical TLP
geometries. Finally, the harmonic vortex shedding force should be re-
placed by a coupled model that takes the nonlinear interaction between
the fluid and the structure into account. Each of these proposed studies
are significant in their scope and difficulty.



Appendix A
Fourier Representation of a Gaussian
Random Process

If n (¢) is a result of many effects that are independent or nearly independent, 7 (t)
is a Gaussian random process according to the central limit theorem [66]'. If 1 (t) is
a stationary process on [0, T}, its realization can be represented as a Fourier series as

N
n(t) = Zan cos wnt + bn sinwnpt, (A1)

n=1

where the coefficients a, and b, are random variables that have identical normal
distribution with zero means,

E{an}=E{ba} =0
E{a2} =E{b:} =02, (A2)

and they are independent. That is,
E{anbn} =0, for1<nm<N
E{anam}=0, forl1<n,m<Nandn#m

E{bybm} =0, for1<n,m< N and n#m. (A.3)

For example, a; is independent of all coefficients except for itself.

1 The article is reprinted in N. Wax, Selected papers on Noise and Stochastic Processes, Dover,
New York, pages 133-294, 1954.
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The autocorrelation function, R,y (7), is then given by

Ry (1) = E{n()n(t+7)}

N
=F { (Z an COSwnt + by, sin w,,t)

n=1

Am COS Wt + bm sinwmt) }

Il

M= 10

3
i
M= M=

E{anam + anbm} coswnt coswmt

+
M=

E{bnam + bnbm} sinwnt cos wmt. (A4)

3
[
-
3
[
m

Since E {anbm} = 0 for any n and m, we can write

N N
Ry, (1) = Z Z E{anam}coswntcoswmt + E {bpbm} sinwntcoswmt.  (A.5)

Using E {anam} =0for n #m and E{a%} = E {b3} = 0%, we have

2 .
07 (coswntcoswnt + sinwnt coswnt)

Ry (1) =

M=

3
[
-

il
M=
Do

COSWnT. (AG)

n

Il
-

If the mean of 7 (t) is zero, the variance of 7 (t), the autocorrelation function evaluated
at 7 = 0, is simply the sum of individual variances associated with each frequency,

N
= Z ol (A7)
n=1

Since o2 is the total area under the power spectral density, each individual variance
o2 is the area under the spectral density between w, — Aw/2 and wn + Aw/2, as
shown in Figure A.1,

wn+Aw/2
o2 = / Sy (w) dw, (A.8)
wn—Aw/2
or
02 ~ 87, (wn) Aw. (A.9)

If the functional form of Sy, (w) is given, the integral expression can be used for
accuracy. If S, (w) is given as discrete data, the approximation to the integral is
used. Note that Sy, (w) is one-sided in this case.

This suggests that a sample time history of the Gaussian random process 7 (t) can
be expressed as a Fourier series with normally distributed and independent a, and
b, with variance op,.
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Figure A.1. Area under the Spectral Density
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However, this is not the only nor the most convenient representation of 7 (t).

Another representation is given by

N
n(t) = Z V20, cos (wnt — ¢,,),

(A.10)

where o, is given in either Equation A.8 or A.9, and ¢ is distributed uniformly on
[0,27]. It can be shown that the representations in Equations A.1 and A.10 of 7 (t)
lead to the same statistical properties as long as they are used in a way that the
central limit theorem may be applied. For example, the autocorrelation function is

Rop () =E{n(®)n(t+7)}

27 2n
=/ / nA)nt+7) fo, oy (@1, ,on)dpy - doy.
0 1]

Since ¢ are independent of each other, the probability density function is

N
f<P1"'4’N (‘Pla"‘ a(pN)= <§—7;> .

(A.11)

(A12)
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Then,

N pon 2r [ N
Ry () = (51;) /O /0 [Z V20 cos (wnt — ,,)
N
X Z V20m cos (wm (t +7) — <pm)} dp,---dpy.

m=1
N N

= <517F)N/02"--~/02"ZZ2anamcos(wnt—<pn)

cos (wm (t+7) — ¢,,) )
=) 0% [cos (wnt) cos (W (£ + 7)) + sin (wnt) sin (wm (¢ +7))]

n=1
N
= Z 02 cos (waT), (A.13)
n=1

which is identical to the autocorrelation function when the Fourier representation in
Equation A.1 is used.

In this expression, 7 (t) is represented as the sum of sinusoids with fixed amplitude
but random phase shifts. Note that the representation in Equation A.1 requires 2x N
normal random numbers (a» and b.), but Equation A.10 requires only N uniform
random numbers (g,,). Therefore, the latter representation is more convenient to
use. Using Equation A.9, we can rewrite Equation A.10 as

N
n(t) =Y /252, (wn) Awcos (wat — @,). (A.14)

Since the surface elevation 7 (t) is also harmonic in space (in the horizontal direction)
with wave number k,, we can write

N
n(ty) = Z \/ 258, (wn) Awcos (wnt — kny — ¢,) . (A.15)
n=1

Without losing generality, we can also write

N
n(t,y) = Z \/ 258, (wn) Aw cos (kny — wnt — @,,) . (A.16)
n=1

This expression is identical to Equation 4.30.



Appendix B
rhysically Plausible Initial Displacements

The expressions for the moment and shear for a static case are given by

M = EIV"

Q=ER" -EA (u' + %va) v, (B.1)

where the moment and shear is defined positive as shown in Figure B.1.
For the first configuration in Figure 5.3, the moment and shear are given by

M =P, (L - X)
Q=-P.. (B.2)

y

M L M
CQI fo

Figure B.1. Definition of Positive Moment and Positive Shear
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The boundary conditions that must be satisfied are taken from Equation 5.28
without the time derivatives,

u(0) =
EA <u' + lv”) =0
2 L
v (0) =
Kv' — E'Iv"l0 =0
(EI") — EA (u + Lﬁ) V| =P,
2 L
EIV" (L) =0. (B.3)

Note that the shear at X = L is set to P, in order to take into account the end point
load. The displacement field that satisfies Equations B.1, B.2, and B.3 are given
below:

IC; :
1/P\?[Xx® Lx* , EIL\ X3
“(X7°)—‘§(z:7) ["z‘o“ 1 +<L “‘K—)?
+EIL2X2+ EIL\? X
K K
P, (X® LX?® EILX
v(X,0)=-F7 (T'T‘T)' (B.4)

Similarly, the displacement field that satisfies the other three initial configurations in
Figure 5.3 are given by

ICs -
3 2 2
u<X»°>=%(’§;%— A~ % X)
v(X,0) = <2)g[ X) (B.5)
ICs -
u(X,0) = —P L? [(XK-!—EI) + I"Z]
v(X,0) = P°2L (ﬁff%) (B.6)

for 0 < X < L/2 and

1 P, \? 25 21,4
u(X,O)—m(EIK) [—288KX + 1440LK“ X

+ (960ET — 2080LK) LK X® + (480LK — 2880ET) L*K X*
+ (480LKEI ~ 40L*K? ~ 1440 (EI)?) L* X + 19L°K?]
X® LXx?

v(X,0) = “EI (?———2_-’-1_2.[?([11{ 6EI)X> (B.7)
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for%<X<L.

ICy -

u(X,0) = g;X

v(X,0)=0. (B.8)




Appendix C
Finite Difference Method

1. Two Dimensional Equations of Motion and
Boundary Conditions

In Chapter 5, we obtained the equations of motion (Equations 5.25 and 5.26) and
the boundary conditions (Equation 5.28) for a beam vibrating both transversely and
axially. The axial force term p is due to gravity, and the transverse force term f is due
to current and random waves. The transverse forcing term is formulated in Chapter
4.

The equations of motion are nonlinear. Therefore, we use the finite difference
method to obtain the response numerically. Here, it will be shown how this can be
done. In order to remind ourselves, the equations of motion (Equations 5.25 and 5.26)
are given by

i - (EA (u' Ay )) = (c1)
pA’ — (EA ("’ +5v 2) ”/>’ ~ (oI#") + (EIV")" = f, (C2)

and the boundary conditions (5.28) are given by

w(0,£) = 0 (C.3)

EA <u’ + %v' 2) +My(,D)] =0 (C.4)
v(0,t) = 0 (C.5)

W - BLV"|,, =0 (C.6)

ER" (L) =0 .7)

=0. (C.8)

Lt

(EI") — pIé' — EA <u' + %v/ 2) v — Mpi
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° i=N+2
. i=N+1
v i=N
. i=N-1
. i=n
NN
L "\
- i=2
h
y . i=1
h
+— =0
h
X — i=-1

Figure C.1. Node Distribution

Using Equation C.4, Equation C.8 can also be written as

(EIV")' + Mpiiv' — pIv' — My

=0. (C.9)

L,t

The axial and transverse distributed loads are given in Equations 5.73 and 4.14 or

p=(p;A;—pA)gfor0<z<d
=—pgAford<z <L (C.10)

f(X,t) = Cppyro (—wev' + 00" +wy + Ue — 0)
X l—wzv' + v’ +wy +Ue — i)l

—CApfﬂ'rg (-—ii'u' + ) + CMpfﬂ'rg (wy — u'/z'v') for X < d. (C.11)

1.1 Discretized Equations of Motion

The goal here is to express the partial differential equations for u (X, t) and v (X, t)
in Equations C.1 and C.2 in terms of ordinary differential equations in time for each
node shown in Figure C.1. Displacements for each node, u; (t) and v; (t), are equiva-
lent to u (¢h,t) and v (ih,t). First, we write a discretized equation of motion in time
for each node, ¢ = 0 to ¢ = N. Therefore, only the spatial derivatives are written
in terms of finite difference equations. The finite difference equations for the spatial
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derivatives are given by

' Vi1 — Vi—-1
V=

: 2h
0 Vigl — 20 + Vi1
T R
o = Y2 T 2041 4+ 201 — Vi
* 2h3
N iy + 6;1@ —4vi1 + vi2 . (C.12)
For each node, the differential equations are given by
pAii; = EA (ug' + v,’»vi’) +pi (C.13)
pAb; — pIiy! = —EIv]" + EA (u{ + viv]) v;
+EA <u; + %v; 2) vl + fi, (C.14)

fori=0---N. Since u(0,t) = 0 and v (0,¢) = 0, the equation of motion for ¢ = 0 can
be omitted. The distributed loads are given by

pi=(pfAf——pA)g fori=1,---,n
= —pgA fori=n+1,---,N, (C.15)
and
C pfﬂ'rg . . /
fi=Cum oA (wy s — e iv;)
pfro ’ . .
+ Cp—— (—wz Vi + wiv; + wy i + Ue s — W)
pA
X |—wev; + wivi + wy i + Ues — 0
2
wrs
——C’Ap;A (—ﬂwg +i}i) fori=1,---,n
=0 fore=n+1,---,N. (C.186)

Note that the nodes from ¢ = 1 to n are submerged in water. The term i; in the
added mass term (in Equation C.16) can be replaced by the equation of motion for
the i** axial displacement given in Equation C.13.

The boundary conditions in terms of finite difference equations are given by

0=wuo (C17)
_ uN41 —un-1 | 1 /onp —on-1)\? .

0=EA [ s () } + Mytin (C.18)

0= (C.19)
_ U1 v vy — 2vg + V-1

0=kD It prie (C.20)

v — 2uN +UN-

0= UN+1 h;v N-1 (C.21)
_ pyUN+2 —2UN41 +2UN-1 —UN-2 UN41 — UN—1

0="~1 2h3 ol ( 2h )

+ Myiin (”L“—z—h—@“—l) ~ M. (C.22)
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Using these boundary conditions, we can write the displacements of the fictitious
nodes as

2
—~ UN- M, ..
UN41 = UN-1 — _(ﬂv_;fg1_) - E—i@h)uN (C.23)
kh — 2ET
V1= TR (C.24)
UN+1 = 2UN — UN-1 (C.25)

UN4+2 = 4un —4uN—1 +UN-2 + 2h3%ﬁ~

M, .. I . ..
— 2h2E*; (’UN - ’UN_1) un + 2h2-g7 (‘UN - UN..l) . (026)
The finite difference Equation C.12 is valid for interior nodes. For nodes i = 1, N, and

N —1, we need to utilize Equations C.23 to C.26. For instance, the spatial derivatives
of the axial displacement at i = 1 are given by

u/ - Uz — U
! 2h
u! = u_2__.2_h2;.1_+_1f9_ (C.27)

The axial displacement at i = 0 is zero from Equation C.17 (uo = 0). Therefore,

wp = =2
1T 2h
u2 — 2u
At 2 = N, the spatial derivatives of u are given by
7 _ UN+41 —UN-1
Y= T o
ol = BN+ 2}1::r tun-1 (C.29)
The fictitious displacement un 41 is replaced by Equation C.23 so that
2
P el IS VI %
= 2h? EA"™Y
v —2un+2un_1 (ov —ono1)® M, 2,
uy = ) s EA(h)uN. (C.30)

Similarly, the first, second, and fourth spatial derivatives of v at i = 1 are given
by

g2
17 2n
n__ V2 — 2u;
1 = h2
vg — 4ug + (6 + -———",:'2_2511) U1
vllm — + , (031)

h4
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the spatial derivatives of v at ¢ = N — 1 are given by

’ UN —UN-2

UN-1 = Ty
Z vN — 2UN-1 + UN-2
UN-1= h2
o= —2uNn + 51}N—1};1 dun—2 + UN—B, (C.32)

and the spatial derivatives of v at ¢ = N are given by

’ 2uN — 2uN—1

YN T on
v =0
UIIII _ 2uny —4un_1 + 2un—_2 l%v
Nz hd hEI N
2 M, .. 2 pl . ..
—ﬁ—E—;(UN—UN_l)uN-i-ﬁﬁ(vN—vN..l). (C.33)

The equations of motion for the 1°* node can be written as

_— UN41 —UN—1 | V2 U2 —2u;
”Aul_EA( 2h % R2 )“’1
2o ol . U3—4U2+<6+ k,:;:fgf)m
(PA * ﬁ) Bt = W

u2—2u1 U2 U2—-2U1 U2
+EA< [ T >2h

ug 1 v2 2 U2—-2U1
+EA <ﬁ+§ (3) ) (—h2 )+f1. (C.34)

The equations of motion for the (N — 1)** node are given by

N —2un_1+Uun-2

pA'ilN_1 = EAu

h2
L EAYN T UN-2UN — 2uN—1 + UN-2 + (C.35)
2h R2 PN=1 :
and
. UN — 2UN_1 +UN—2
pAin_1 — pI Y Nh21
_ —EI_2UN +5vN_1 —4un-2+UN-3
ha
uN —2uN_1 +UN—2 | UN —UN_2 UN — 2UN_1 + UN_2
+EA ( = + = = )
UN —UN-2

2h
un —un—2 1 (on —un-2\?\ [vN —2uN_1+UN-2
+EA( 2h +2( 2h ))( h? )

+ fN-1,

(C.36)
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and the equations motion for the N** node are given by

_ _ 2
(pA—+— 2_1’\:[,,) iy = EA 2un i—;2u1v_1 _ EA(UN th_l) +pn (C.37)

and

1 M, 2 .. 2 .
(pA £ +—2pI) vN——-z-pI’UN_l

T REIT R h
2un —4un-1 + 2uN—2
=-—FEI i
—2un +2un— 2un — 2uN 1
e (SRt ) (Ruste )
(on —on-1)°
_EA_h‘*— + fn. (C.38)

The equations of motion can be simplified if we use matrix notation such that

[Mu]{i} = EA[U2] {u} + EA(W] {v}) - (V2] {v}) + {M:} + {p} (C.39)
(M} {9} = —EI [Va] {v} + EA (V] {v})
[[U2] {u} + (] {o}) - (Va] {v})]

+BA (03] fu) + 3 (RID)- (V1)) - (V61 oD

+{N2} +{f}, (C.40)
where
pA 0 0 0 0
0 pA O 0 0
[Md=] 0 0 pA O 0 : (C.41)
0 0 0 pA 0
0 0 0 0 pA+2M,
(M)
pA + 225 - 0 0 0
I I I
-2 pA+22 —ef 0 0
= 0 & pA+28 & 0 (C.42)
0 0 —fr pA+2z 7
0 0 0 28, pA+2M, +24
10000
01000 l~n
+CapAs |0 0 1 0 0 , (C.43)
0000O0TO
00000 }"““N
0 1 0 0 0 O
L] -1 0 1.0 0 0
=Ml=g5| 0 -1 0 1 0 0], (C.44)
0 0 -1 0 1 0
0 0 0 0 -2 2
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-2 1 0 0
Ll -2 1 0 0
We)=m| 0 1 =2 1 0 |, (C.45)
0 0 1 -2 1
0 0 2 -2
-2 1 0 0
Ll -2 1 00
Val=3| 0 1 -2 1 0}, (C.46)
0 0 1 -2 1
6 0 0 0 0
[6+%53er —4 1 0 0 0 0]
—4 6 -4 1 0 0 0
) 1 -4 6 -4 1 0 0
Val = 0 1 -4 6 -4 1 0 |, (C.47)
0 0 1 -4 6 -4 1
0 0 0 1 -4 5 -2
L 0 0 0 0 2 -4 2 |
0
O —
{M} = 0 N2} = (—“—’i—:—”‘l—) {N:} (C.48)
0
—£4 (on —wna)®
and
{f} = CapsA; (V1] {v} - {ii}) + Cmp Ar ({tpy} — {w=} - ([VA] {v}))
+ Cppyro ({4} — {ws}) - (Vi]{v}) + {wy} + {Uc} — {¢}) -
({2} = {w=}) - (V2] {v}) + {wy} + {Uc} — {6}] (C.49)

for the first n terms. The term{d} in Equation C.49 should be replaced using Equa-
tion C.39. The - notation is used for term by term multiplication instead of matrix
multiplication. For example,

1 -2 1x-2=-2
2 |- 5 = 2x5=10 .
3 7 Ix7=21

The equations of motion in Equations C.39 and C.40 can be written as 4N coupled
first order nonlinear ordinary differential equations by letting {u} = {Y{y)}, {4} =
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{Yo)}, {v} = {Y(3)}, and {9} = {¥(4)} such that

gg {Yo} = {Ya}

;j; Y} = M) (BAWL {Yi } + BA(Vil{Y9)}) - (el {Yi)}))
+ M7 ({N1} + {p})

%{Y(s)} = {Ya}

4 Yo} = M7 (EI W {Y} + BA (V] {Yo)) - [02] {Yen}
+EBA(Vil{Y)}) - (Vi {Y}) - (Ve {Yi }) + {N2} + {f}
+EA(]{Y }) - (V2] {¥i9)})
+£4 (5 V(¥ D) - (] (¥})) - (4 X)) ), (€50

where

(1) = Canys (M1 (Yo} - {¥or})
+ CupyAg ({ii} - (=} - (V1) {¥i9)})
+ Copyro ({Ym} = {we}) - (V] {¥i)}) + {ws} + {Ue} = {¥t0)}) -
|({Y} = {ws}) - (Vi { ¥ }) + {wy} + {Ue} = {Yin}], (C.51)

and the term {}"(2)} is to replaced by

{Y(Q)} = [Mu]—l (EA [Uz] {Y(l)})

+[MJ]7H(EBA (VM {Ye)) - (V2 {Yia)}) + {1} + {p}) -
(C.52)

These systems of ODEs can be solved using numerical algorithms such as the
Runge-Kutta method. We used 4th order Runge-Kutta method (using MATLAB) to
generate the results.

2. Three-Dimensional Equations of Motion and
Boundary Conditions

In Chapter 6, we expanded our analysis to three dimensions. The equations of
motion and boundary conditions are given by

!
pAil — (EA (u' + —;—vm + %wa)) =p

PAD — (EA <u’ + %v'z + %wm) v') - (pIziil)' + (EIzv")” =fy

, 1 ! Nt 1"
p ATy — (EA (u + 50+ %“’2) w’) - (pL@') + (BLw")" = f.,  (C53)
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and the boundary conditions are given by

v(0,t) =0
’ 1 2 1 2 .
EA(vu + v+ -w”’ | + Mpi =0
2 2 Lt
v(0,t) =0
(kv — EI,U") lo =0
ELY"|, ,=0
ELYV") - pLi' —EA (4 + lv'2 + lw'2 v — My =0
2 2 P
Lt
w(0,t) =0
(kw' - ELw")|,, =0
Elyw”lLt =0
[(Elyw")l —pl,w' — EA (u' + —;—v'z + %w”) w' — Mpw} =0. (C.54)
Lt

The term w is the transverse displacement in the z direction, not to be confused with
the wave velocities w, and wy.
The axial and transverse distributed loads are given by
p=(p;As—pA)gfor0<z<d
=—pgAford<z <L
fy (X,t) =2 (exp (X) — 1) coswyt
f(X,t)=2(exp(X) - 1). (C.55)

2.1 Discretized Equations of Motion

For each node, the differential equations are given by

pAii; = EA (ui + viv{ + wiw]') + pi (C.56)
pA; — pI. ¥ = ~ELv;" + EA (ui + viv] + wjwi) v}
+EA (ui- + %vi 4+ %wi 2) v + fyi, (C.57)
pAw; — plyw! = —EILw!" + EA (u:' + vl + wiw,’;') w;
1 1
+BA (u; a4 L 2) w! + fui, (C.58)
where the spatial derivatives, v, v{’,--- , are expressed in terms of finite difference
P
equations, and
pi=(psA; —pA)g fori=1,---,n
= —pgA fori=1+n,--- ,N
fyi = 2(exp (z:) — 1) coswyt for¢e=1,---,N

Sfzi = 2(exp (z:) — 1) fori=1,---,N, (C.59)
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where z; = h X 1.
The boundary conditions can be written as

O=u
0= | YN+ —UN—1 +l ('UN+1 —vzv—1)2 + 1 ('wN+1 - 11)1\1-1)2
2h 2 2h 2 2h »
+MpﬁN'L1t
0 = Yo
vl — V-1 v — 2vg + v
0=k - FEI,
2h B2 o
UN41 — 2UN + UN-1
0=
h? Lt
UNt2 — 2UN41 + 2UN—1 —UN_2 N1 — UN-1
= FI, —pl, | /2
0="F 2h3 oL ( 2h >
. [(UN41—UN— .
+ Myiay (ST ) = M
0 = wWo
w) — W—1 wy — 2wo + w1
0= k2 El, S 5
WN 41 — 2WN + WN-1
0=
h? Lt
_ WN42 — 2WN41 +2WN_1 — WN_2 WN41 — WN-1
0=ElL, 203 Ply ( 2h )
. (WN{1—WN-1 .
+ MpuN (—+—2—}:-——) - MP’U)N, (CGO)
from which we deduce that
2 2
UN41 = UN-1 — (vy ;:Nﬂl) - (wn :N—l) - %{%(2’1)&1\/
o _ kh—2EL
T kh+EI
UN+1 = 2UN — UN-1
uN42 = 4dun —4un—-1 +UN—2 + 2h% EIZ UN
I .
— 242 EA,lII: (vn —uN-1) UN + 2h2§—1: (on — UN-1)
. _ k=21,
T kh+EI,
WN41 = 2WN — WN-1
M, M,
= 4wy — dwn— _ 3P N — 2R2 P —wn_1)i
WN 42 WN wN-1+wn—2 +2h EIwa 2h EL (wy — wn—1)iin
I, . ..
2221 (o ). (C.61)

EI,
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Now, we can write the equations of motion in matrix form as

[M.J{i} = EA[Up]{u} + EA([Vi] {v}) - (V2] {v})
+ EA(Vi[{w}) - ([Va} {w}) + {1} + {p} (C.62)

(M) {3} = —EL [Va] {v} + EA([] {v}) - ([U2] {u})
+ EA(Vil{v}) - (Va] {o}) + EA((Vi]{w}) - ([Va] {w})

+BA ({0 {uh + 5 141 0D - (41 10D)

+BA (3 (W wh - (V] (u))
VAl o) + (N2} + L1} (©63)

and

(M) {w} = —EIL, Wi} {w} + EA((Vi]{w}) . ([U2] {v})
+ EA(]{v}) - ((Val {v})
+ EA(Vi]{w}) - ([V2] {w})

+BA ([0 )+ 3 (R10D) - (V1 (0)
+BA (3 (] (w) - (W] D)
“([Ve]{w}) + {N3} + {f:}, (C.64)

where [M.], [U1], [U2],[V1], and [Va] are given in Equations C.41, C.44, and C.45,
and

[M.] =
pA+ 28z ek 0 0
N 0
0 ~els pA+ 2 —ﬁf
0 0 ~2l pA+ B g 2L
(C.65)
[Mo] =
A+ 2p By 0 0
TR T 0
0 —”hI pA+2—Z§1 —Iﬁif-
0 0 %“ pA-+-2—hB+2—Z§“



252 VIBRATION OF A COMPLIANT TOWER

6+ f2El: -4 1 0 0
-4 6 -4 1 0 O
1 1 -4 6 -4 1 0
[Va] = ht 0 1 -4 6 -4 1 (C.67)
0 0 1 -4 5 =2
0 0 0 0 -4 2
kh—-2EI
6 + m—li 4 1 0 0 0
—4 6 -4 1 0 O
1 1 -4 6 -4 1 0
Wil = — C.68
(Wa] h4 0 1 -4 6 -4 1 (C.68)
0 0 1 -4 5 =2
0 0 0 0 -4 2
and
0
0
EA
N} ==% 0
0
(vn — vn-1)® + (wny — wn-1)?
{N2} = Q’!th_i__—l) {N:}
(Na} = (v ZwN=1) ey (C.69)

h

The equations of motion in Equations C.62, C.63, and C.64 can be written as
6N coupled first order nonlinear ordinary differential equations by letting {u} =
Y}, @} = (Yoo} 0} = Vi, {0} = (M}, (w0} = {¥isy}, ) = {Yeo)}-
Again, these ordinary differential equations are solved using the 4* order Runge-
Kutta algorithm. Sample MATLAB codes are included next.

2.2 Sample MATLAB Codes for 3D System
2.2.1 Main Program

clear

tic

global counter cn N nd h U1 U2 V1 V2 V4 W4 EI1 EI2 EA p m IMT1 IMT2 IML x
wf

N=14; %number of nodes

%properties

rho=2770; E=73e9; r0=0.0127; ri=0.011; L=1.28;
I1=pi*(ro~4-ri"4)/4; 12=pi*(ro~4-ri"4)/4; A=pi*(ro~2-ri"2);
K=38.8; Mp=0.236;

wf=0;

PLOT=1;

Tf=80;

tint=0.01;

qn=3800; %qn is number of intervals

EIl=E*I1;

EI2=E*I2;
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EA=E*A;

m=rho*A;

Er=E/rho;

J1=rho*I1;

J2=rho*12;

h=L/N; % inverval between nodes The first node is not at x=0
x=[h:h:L]’;

int=Tf/qn; %int=time interval

o7,
0

%mass matrix for the transverse equation

Q2=2*eye(N)+[zeros(N-1,1) -eye(N-1);zeros(1,N)]+...
[zeros(1,N);-eye(N-1) zeros(N-1,1)];

MT1=diag([m*ones(N-1,1); m+2*Mp/h])+J1/h"2*Q2; MT(N,N-1)
=J1/h"~2*(-2);

MT2=diag([m*ones(N-1,1); m+2*Mp/h])+J2/h~2*Q2; MT(N,N-1)
=J2/h"~2*(-2);

IMT1=inv(MT1);

IMT2=inv(MT2);

ML=[m*ones(N-1,1); m+2*Mp/h};

IML=1./ML;

%

%Forming the V4 matrix. It is the linear part and same as MS

K1=(K*h-2*EI1)/(K*h+2*EI1);

K2=(K*h-2*EI2) /(K*h+2*EI2);

TMP= 6*eye(N)+|[zeros(1,N);-4*eye(N-1) zeros(N-1,1)]+...

[zeros(2,N);eye(N-2) zeros(N-2,2)]+...

[zeros(N-1,1) -4*eye(N-1); zeros(1,N)]+...

[zeros(N-2,2) eye(N-2); zeros(2,N)];

%at both ends

TMP(1,1)=6+K1; TMP(N,N)=2; TMP(N,N-1)=-4; TMP(N,N-2)=2;

TMP(N-1,N)=-2; TMP(N-1,N-1)=5;

V4=TMP./h~4;

Wa=V4; W4(1,1)=(6+K2)/h~4;

9

% necessary matrices for nonlinear terms

Ql=[zeros(N-1,1) eye(N-1);zeros(1,N)]+[zeros(1,N); -eye(N-1) zeros(N-1,1)];
V1=Q1; V1(N,N-1)=-2; VI(N,N)=2; V1=1/(2*h)*V1;

V2=-Q2; V2(N,N-1)=0; V2(N,N)=0; V2=(1/h~2)*V2;

Ul=V1;

U2=-Q2; U2(N,N-1)=2; U2(N,N)=-2; U2=1/h"~2*U2;

o7,

0

%external forcing

p=|(rhof*Af-rho*A)*ones(nd,1); -rho*A*ones(N-nd,1)]*g;
%f1 and f2 defined inside of fdiffun3.m

o7.

%initial diplacement

Uo=-0.00125*x; Vo=0.05*x; Wo=zeros(N,1);
Udo=zeros(N,1); Vdo=zeros(N,1); Wdo=0.1*x;
uo=[Uo; Udo];

vo=(Vo; Vdo];




254 VIBRATION OF A COMPLIANT TOWER

wo=[Wo; Wdo;
Yo=[uo;vo;wo];
Ys=Yo’;
ts=0;
save prac ts Yo Ys
options=odeset('RelTol’,1e-4,’ AbsTol’, 1e-7);
for q=1:gn;
to=int*(g-1); tf=int*q;
tspan=[to:tint:tf]’;
load prac
counter=0; cn=1;
[t,Y]=0de45(’fdiffun3’,tspan, Yo,options);
ts=[ts;t(2:size(t,1))];
NN=size(t,1); tmp=Y(2:size(Y,1),:);
Yo=Y(NN,:); Ys=[Ys;tmp];
save prac ts Yo Ys
if PLOT==1;
figure(1)
subplot(3,1,1)
plot(ts,Ys(:,N),’b:")
subplot(3,1,2)
plot(ts,Ys(:,3*N),’b:")
subplot(3,1,3)
plot(ts,Ys(:,5*N),’b:’")
pause(1)
end
end
save efn2 ts Yo Ys
toc

2.2.2  Function Used in the Main Program

function dot=fdiffun3(t,Y)

global counter cn N nd h U1 U2 V1 V2 V4 W4 EIl1 EI2 EA p m IMT1 IMT2 IML x

wi

u=Y(1:N); v=Y(2*N+1:3*N); w=Y(4*N+1:5*N);

ud=Y(N+1:2*N); vd=Y (3*N+1:4*N); wd=Y(5*N+1:6*N);

vp=V1*v; vpp=V2*v; wp=V1*w; wpp=V2*w;

NN1=-EA/h"~3*((v(N)-v(N-1))~2+(w(N)-w(N-1))"~2);

f1=2*(exp(x)-1)*cos(wf*t); %

f2=zeros(N,1);

mudd=EA*(U2*u+vp.*vpp+wp.*wpp)+|zeros(N-1,1); NN1J;

udd=IML.*(mudd+p);

vdd=IMT1*(-EI1*V4*v+mudd. *vp+EA*(U1*u+0.5*vp.*vp
+0.5*wp.*wp). *vpp+£1);

wdd=IMT2*(-EI2*W4*w+mudd. *wp+EA*(Ul*u+0.5*vp.*vp
+0.5*wp.*wp).*wpp-+12);

dot=[ud; udd; vd; vdd; wd; wdd];

counter=counter+1;

if counter==2000*cn;
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t
cn=cn+1;
end



Appendix D
Energy Loss Over One Cycle In Damped
Case

The equations of motion are given by

0=pAsi— (EAo (u' + %v' 2)) —p (D.1)
0 = (pAo + Capymrl) v — (EAO (u' + %v' 2) v')

~ (pLot") + (EI")" — Cppyro (wv’ — ) i’ — 9|

—CApfﬂ'rgilv'. (D.2)

The potential energy of this system is given by

L 2 *
PE = % / [EAO (u’ + %U' 2) +ELv"*| dX + %kv’ 0.,  (D3)
0

and the kinetic energy is given by
1 [t . 1
KE=1 / [pAo(@? +%) + ploi’ 2] dX + 2 My [i2 (L, 1) + 32 (L,0)] . (D.4)
0
Then the total energy, E = PE + KE, is given by

L 2
E= % / [pAo(uZ +9%) + pl,v' 2 + EA, <u’ + %v' 2> + ELv"?| dX
0

1
2
The change in energy with time is given by
e _ [*
dt — Jo

I [ (L) a2 (L) + -;-kv' 0,6)?. (D.5)

[pAo (tii + v3) + plov' D"
+ FA, (u/ + —;-v' 2) (11/ + v'i)l) + ELY"0" | dX

+ My [0(L,t) 6 (L,t) + (L, t) i (L, )] + ko' (0,t) ' (0,t) . (D.6)

257
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The terms, foL pl, V' dX, fOL EA, (u' + 3/ ) v'v'dX, foL EA, (u' + 30 2) w'dX, and
fOL EIv"v"dX, are integrated by parts such that

%:/OL [pA (it + v) — (pLot’) v <EA,, (u'+%v'2))’u
—(EA,,(u+ =o' ) ) (ELv") ']dX
(plovv+EA ( % ! )u-+—EA (u'+ %W) V'
+ (BL")# ~ (BLv")'9)|.
+ M, [0 (L,t) 5 (L, t) +u(L,t) i (L,t)] + kv’ (0,8) 9" (0,¢). (D.7)

The terms evaluated at the boundaries disappear due to boundary conditions. There-
fore, we have

L ’
% =/0 {[pA,,il— (EAO <u + ;W)) ] i
+ [pAoi; — (pLot") - <EAo <u + ;v' 2) v) + (EIav”)"] iz} dX. (D8)
From the equations of motion, we can write

L
- / {Copyro (i — ) |i! — 9| +Capmrl (iiv' —5)} odX.  (D.9)
4]

The change in total energy between ¢t = 7 and 7, is given by

E(7) - E (7o)

L T
= Cppro (W) — ) |t — 0| +Cap,mre (v’ — §)) vdt| dX
0 T / 7

(D.10)



Appendix E
Steady-State Response Due to Ocean
Current

The equations of motion are given by
’
0 = pAoii — (EA,, (u’ + -;—v' 2)) —p (E.1)

! .
0= (pAo + CApfﬂ'T?,) i — <EA0 <u' + %v' 2) v') - (pIoi}')' + (EIO’U”)H

~ Cppsro (U + i’ —0) |U + i — 9| —Capymraiiv’. (E.2)

The steady-state response is obtained by setting the time derivatives equal to zero so

that
- <EAo (u' + %v' 2)) =p (E.3)

- (EAO (u' + %v' 2) v') + (ELY")" — CppyroU?sign (U) = 0. (E.4)
Substituting the first equation into the second, we obtain
b'e
pv' + v"/ pdX + (ELv")" = CppyroU?sign (U). (E.5)
0
In our case,
b's
/ pdX = (psgAs — pgA) X, for X <d
0
= psgAsd — pgAX, ford< X < L. (E.6)

Writing the spatial derivatives using finite difference equations, we can obtain the
steady-state transverse displacement v (X) numerically. The axial displacement u is
then obtained using Equation E.3,

T [ s Ly
u——/o [EAO/()pd:c+2v }dw. (E.7)

The actual configuration of the beam is obtained by plotting X +u (X)) versus v (X).
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