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Preface

This thesis is devoted to the study of problems of automata theory from the point of
view of descriptive set theory. The analyzed structures are w-words and infinite trees.
Most of the results presented here have the form of an effective decision procedure that
operates on representations of regular languages.

Special effort is put into providing effective characterizations of regular languages of
infinite trees that are definable in weak monadic second-order logic (wMso). Although
no such characterization is known for all regular languages of infinite trees, the thesis
provides characterizations in some special cases: for game automata, for languages of
thin trees (i.e., trees with countably many branches), and for Biichi automata. Addi-
tionally, certain relations between wmso-definable languages and Borel sets are proved.

Another problem studied in the thesis is the alternating index problem (also called
the Rabin—-Mostowski index problem). Again, the problem in its full generality seems
to be out of the reach of currently known methods. However, a decision procedure for
the class of game automata is proposed in the thesis. These automata form the widest
class of automata for which the problem is currently known to be decidable.

The thesis also addresses the problem of providing an algebraic framework for
regular languages of infinite trees. For this purpose, the notion of prophetic thin
algebras is introduced. It is proved that finite prophetic thin algebras recognize exactly
the bi-unambiguous languages — languages L such that both L and the complement L°
can be recognized by unambiguous automata. Additionally, a new conjecture about the
definability of choice functions is stated. It is proved that this conjecture is strongly
related to the class of prophetic thin algebras. In particular, the conjecture implies an
effective characterization of the class of bi-unambiguous languages.

Finally, the thesis studies contemporary quantitative extensions of the class of
regular languages. First, lower bounds (that match upper bounds) on the topological
complexity of Mso+u-definable languages of w-words are given. These lower bounds
can be used to prove that Mso+u logic is undecidable on infinite trees in a specific
sense. It is also shown that languages of w-words recognizable by certain counter
automata have a separation property with respect to w-regular languages. The proof
relies on topological methods in the profinite monoid.

June 2016 Michat Skrzypczak
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Chapter 1
Basic Notions

In this chapter we introduce basic notions that are used across this thesis. Section 1.1
introduces formally w-words, infinite trees, and operations that transform them. In
Sect. 1.2 we introduce the syntax and the semantics of logics that will be used in
the rest of the thesis. Section 1.3 contains a brief introduction of perfect information
two-player games. In Sect. 1.4 we define automata models that will be used later.
Section 1.5 presents the framework of recognition from the algebraic point of view.
In Sect. 1.6 basic topological concepts are introduced. Finally, Sect. 1.7 lists known
properties of regular languages of w-words and infinite trees.

Most of the material presented in this chapter is standard. Therefore, a reader
familiar with automata theory and topology may skip most of the formal definitions.
The following sections contain some less standard concepts: ranks of well-founded
w-trees are introduced in Sect. 1.6.3, the boundedness theorem is stated in Sect. 1.6.4,
simple co-inductive definitions are defined in Sect. 1.6.5, various classes of regular
languages (e.g. unambiguous, Biichi, ...) are defined in Sect. 1.7.1, and Sect. 1.7.4 in-
troduces the languages W; ; that are complete for respective classes of the alternating
index hierarchy.

The following choices are taken in the thesis:

— min-parity condition is used (i.e. a sequence of priorities (p,),ex is accepting if
the least priority appearing infinitely often is even), see page 7,

— the classes of the Rabin-Mostowski alternating index hierarchy are denoted using
symbols l'[j“ and ZE‘»“ (indices (0, j) and (1, j 4 1) respectively), see page 22,

— transitions of alternating automata are defined as positive Boolean combinations
of atomic transitions (e.g. (g1, 1) V ((q2, ®r) A (g3, L))), see page 7,

— the players in the games are denoted 3 and V, usually 3 takes the role of the prover
and V is the refuter.

1.1 Structures

In this section we introduce the objects that will be studied in the thesis — mainly
w-words and infinite trees.

© Springer-Verlag Berlin Heidelberg 2016 1
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2 1 Basic Notions

We use the axiom of choice whenever needed, without explicitly noting this fact.
Therefore, the proofs of the thesis are done in Zermelo—Fraenkel set theory with the
axiom of choice (shortly ZFC).

A set is countable if its cardinality is at most Ry. w is the first infinite ordinal. &
stands for the empty set. By N we denote the natural numbers, we use the symbols
N and w interchangeably, depending on the context. | X| stands for the cardinality of
aset X, if X is finite then |X| € N. By P(X) we denote the powerset of X — the
set of all subsets of X. If X and Y are two disjoint sets then we write X LI Y for the
union of the two, emphasising the fact that the union is disjoint. We use the notation
3!, ¢ to express that there exists a unique x satisfying ¢.

By w; we denote the first uncountable ordinal. An ordinal 7 is countable if and only
if n < w;. The addition of ordinals is defined in sucha way thatw +1 > 1 +w = .
The multiplication of ordinals is defined in such a way thatw+w = -2 > 2-w = .
An ordinal of the form n + 1 is called successor ordinal. Ordinals n > 0 that are not
successor ordinals are called limit ordinals. Sometimes we identify an ordinal with
the set of smaller ordinals,e.g.w = {0, 1,...},n ={0,1,...,n—1},and 2 = {0, 1}.

Letter A is used to denote an alphabet — a non-empty finite set of letters a € A.

Let f: X — Y be afunction. By dom( f) &' X we denote the domain X of f and
by rg(f) C Y we denote the set of values of f.If X" C dom(f) then f [y stands
for the restriction of f to the set X’ (i.e. dom(¢[y) = X’). By f: X — Y we denote
a partial function from X to Y, i.e. a function f: dom(f) — Y with dom(f) C X.

If a space X is known from the context and L € X then L® stands for the

complement of L, i.e. L¢ & x \ L.

1.1.1 Finite Words and w-words

Let X be a non-empty countable set. The family of all finite words over X is denoted
by X*. The empty word is denoted by €. The length of a finite word u is denoted
as |u|. The set of all non-empty finite words over X is denoted X*. The successive
letters of a word u € X* are ug, uy, ..., uj—1. The n’th letter of a word u is u(n)
or u,. By X" we represent the set of words of length precisely n. Similarly, X <"
contains words of length at most n. For an element x € X, f,(u) stands for the
number of occurrences of x in a finite word u € X*.

An w-word over X is a mapping «: w — X, the set of all such w-words is X“.
By XS® we denote the set of all finite and w-words over X.

The prefix order on X< is denoted <. If X is linearly ordered then the lexico-
graphic order on X<S“ is denoted <jex. We implicitly assume that every alphabet A
is linearly ordered.

Concatenations. If u is a finite word of length at least n or an w-word, then u [, € X"

. . . . . def
is the finite word obtained by taking the first n letters of u, i.e. u[, = UQU] .. Upy_].
The concatenation of two words u, o (where u is finite and o may be infinite) is
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denoted by u - « or simply u«. Similarly, if L is a language of finite or w-words then
u-L={u-a: o e€l}.

For a non-empty finite word w by w* we denote the w-word w - w - --- An
w-word of the from u - w™ for non-empty finite words u, w is called regular.

Ifa € A“, B € B” aretwo w-wordsthena® B € (A x B)“ is the w-word obtained
as the product of two: for n € @ we define (¢ ® 8)(n) = (a(n), B(n)) € A X B.

One of the crucial features of w-sequences is expressed by Ramsey’s theorem —
it is possible to decompose such a sequence in a monochromatic way. This technique
was used by Biichi in his complementation lemma [Biic62]. In the following, by [N]?
we denote the set of all unordered pairs of natural numbers.

Theorem 1.1 (Ramsey). Let C be a finite set of colours and «: [N]> — C be a
function assigning to every pair of numbers {n, m} € [N]*> a colour a({n, m}) € C.
Then there exists an infinite monochromatic set: a set S C N such that

a({n, m}) = a({n’, m’}) forall{n,m,n’,m'} C S.

1.1.2 Infinite Trees

In this thesis we are mainly interested in infinite trees: both binary and w-branching,
partial and complete. Therefore, in this section we will introduce the following four
notions (the brackets denote optional parts of the name):

— complete w-trees wTry,

— (partial) w-trees wPTry,

— (complete binary) trees Try,
— partial (binary) trees PTry.

w-trees. A partial w-tree (shortly w-tree) T € wPTry is a partial function 7: dom
(r) — X with a prefix-closed domain dom(t) C w*. Elements of dom(z) are called
nodes of the w-tree. For a pair of w-trees T € wPTry, 1’ € wPTry of the same domain
dom(z) = dom(z’) let T ® T/ € wPTryxx be given by (t ® ') (1) = (v (u), t'(1));
in that case we call t’ a labelling of © (by X’). A set Y C dom(r) can treated as a
labelling of = by {0, 1}, i.e. an element of wPTry 1;. If the set X = {x} is singleton
then we can identify an w-tree T € wPTry with its domain T € »*; in such a case
we also skip the set X and write T € wPTr.

A node of the form (uz-i) € dom(7) is called a child of u in . Anode u € dom(t)
is a leaf of an w-tree T € wPTry if it has no children in 7. A node u € dom(7) is
branching if it has at least two distinct children in . If u, u’ are distinct children of
the same node then they are siblings. If T € wPTry is an w-tree and u ¢ dom(t) but
all the prefixes of u are nodes of T then we say that u is off t. In particular, € € w*
is off ¥ € wPTr.



4 1 Basic Notions

If the domain of an w-tree T € wPTry is w* then ¢ is called a complete w-tree; the
set of all such w-trees is denoted wTry.

For a pair of w-trees 7, v’ € wPTry we write t C 7’ if dom(zr) € dom(z’) and
for every u € dom(t) we have 7(u) = 7/(u).

Binary Trees. A particular case of an w-tree is a binary tree. We use special symbols
to denote the alphabet of the directions in the domain of a binary tree: we write . for
0 and = for 1. Hence, a direction is an element d € {t, r}, the opposite direction is
denoted d.

A labelled complete binary tree (shortly free) over X is an w-tree t € wPTry with
dom(#) = {z, r}*. The space of all such trees is denoted by Try. If + € wPTry and
dom(z) C {vu, r}* then 7 is called a partial tree; the set of all partial trees over X is
denoted PTry. Again, if X is a singleton then we skip it.

Decompositions. If T € wPTry is an w-tree and u € »* then by [, € wPTry we

denote the subtree of 7 rooted in u, formally:

u

dom(z1,) L w: uw e dom(7)), ], (w) o (uw).

By the definition, if # ¢ dom(7) then t[, = &. An w-tree is regular if it has only
finitely many different subtrees.

If u € dom(t) or u is off 7 then by 7[u < t’] we denote the w-tree obtained by
plugging an w-tree 7’ € wPTr, into T with the root of t/ put in u:

dom(t[u <« r’]) & {w edom(z): u Aw} U {uw: w € dom(z")},

t[u < v'|(w) dgr(w) foru A w,

t[u <~ '1(uw) & ' (w).

In particular, we have t[u <— t’][, = t’. Observe that if 7, 7’ € Try are binary trees
and u € {t, r}* then [, and t[u < t'] are binary trees (elements of Try).

Fora € A by a(t, tr) € Try we denote the tree consisting of the root € labelled
by the letter a and two subtrees 11, g € Tr4 respectively.

Branches. Let T be an w-tree. A finite sequence u € dom(t) such that u is aleaf of t
is called a finite branch of t. An infinite sequence « such that for every i the prefix
af; is a node of t is called an (infinite) branch of 7. If 7 is a tree in PTry then the
branches of t are over the alphabet {r, r}. Sometimes we identify a branch o with
the set of nodes {«[;};en that form a path.

We now recall a simple yet powerful lemma about w-trees.

Lemma 1.1 (Konig’s lemma). Let T C w* be an w-tree. Assume that every node
u € t has only finitely many children in t (i.e. T is finitely-branching). Then T
contains an infinite branch if and only if T is infinite (as a set).
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1.2 Logic

In this section we introduce the logics studied in the thesis. The logics are introduced
in the usual way.

The thesis is devoted mostly to Monadic Second-Order (MSO) logic. This logic is
an extension of First-Order (FO) logic with monadic quantifiers ranging over subsets
of the domain. Formally, assume a structure with a domain ® over a signature X
The syntax of MSO allows:

— the equality x = y, the predicates from X, and the predicate x € X,
— Boolean operators Vv, A, —,

— first-order quantifiers 3., V, over elements of @,

— monadic second-order quantifiers 3x, Vx over subsets X C ©.

WMSO logic has the same syntax as MSO. The difference is the semantics: the
monadic second-order quantifiers of WMSO range over finite subsets of the domain.
Since finiteness is definable in MSO on w-words and infinite trees, the expressive
power of WMSO is contained in the expressive power of MSO. First-Order logic (FO)
can be defined as a restriction of MSO by disallowing the monadic second-order
quantifiers.

Relational Structures. Fix an alphabet A. An w-word ¢ € A can be seen as a
relational structure with:

— the domain w,

— the binary relation <,

— the successor function s(i) =i + 1, and

— predicates P,(x) fora € A— P,(x) holds for x € w if a(x) = a.

A tree t € Try can be seen as a relational structure with:

— the domain {z, r}*,

— the binary relations < and <jex,

— two successor functions st,(#) = ur, sg(#) = ur, and

— predicates P,(x) fora € A — P,(x) holds for x € {v,r}* if 1 (x) = a.

Since the successor functions can be defined using the orders, sometimes we
assume that the signature contains only the orders and the predicates P, (x).

Languages. We write ® = ¢ if a sentence ¢ is satisfied by a structure @. For a
sentence ¢ on w-words over an alphabet A we define

L((p)déf{aeA*: al:go}.

Similarly, if ¢ is a formula on infinite trees over an alphabet A then

Lp) & eTry: t = o).
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In both cases we say that L(¢) is the language of ¢. A language L is MSO-definable
(resp. WMSO-definable, FO-definable) if there exists a sentence of MSO (resp. of WMSO,
of FO) ¢ such that L(¢) = L.

1.3 Games

One of the most important tools in studying regular languages are games of infinite du-
ration. A generic infinite duration game is defined by a tuple G = (Va, Wy, vy, E, W)
where:

— Vzand Wy are disjoint sets. We put V &ef ViU Vy. Elements of V are called positions
of G. Elements of Vp are called positions belonging to P, for a player P € {3, V}.

— vy € V is an initial position.

— E C V x V is an edge relation. We assume that for every v € V the set vE &f
{v': (v,v') € E} is finite and non-empty.

— W C V¥ is a winning condition.

Strategies. For simplicity, by V* - Vp we denote the set of finite sequences of vertices
such that the last vertex belongs to Vp for a player P € {3, V}.

A strategy of a player P € {3,V} is a function o : V* - Vp — V such that for
every u € V* - Vp we have (u, uo (1)) € E. An infinite sequence & € V such that
for every i we have (w (i), m(i + 1)) € E is called a play. A play 7 is consistent with
a strategy o if whenever w (i) € Vp thenm (i +1) = o ([, ). A play 7 is winning
for 3if m € W, otherwise m is winning for V. A strategy o of a player P is winning
if every play & consistent with o is winning for P.

A game is determined if one of the players has a winning strategy. In general
not every infinite duration game is determined. The following theorem shows that
all ropologically simple games are determined (see Sect. 1.6.1 for an introduction to
Borel sets).

Theorem 1.2 (Martin [Mar75]). If W is a Borel subset of V® then the game G is
determined.

1.3.1 Positional Strategies

A strategy o of a player P is positional if the value o (uv) foru € V*and v € Vp
depends only on v. A strategy o of a player P is finite memory if there exist:

— afinite set M called the memory structure,
— anelement m; € M,
— afunction§: M x V — M, such that
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o (uv) foru € V* and v € Vp depends only on v and § (my, uv) defined inductively:

s(m, e) E'm

§(m, uv) £ 5(5(m, u), v).

We will be particularly interested in games that are tree-shaped — for every
v € V there is at most one path from v; to v in the graph (V, E). In such a game
every strategy is positional and such a strategy can be identified with its domain
dom(o) € V — the set of positions accessible via o from vy.

Sometimes we will be interested in finite approximations of strategies. A finite
strategy o for a player P in a tree-shaped game is a finite subset of the arena such
that for every v € o either no element of vE is in o (v is a leaf of o) or:

— if v € Vp then exactly one of the elements of vE is in o,
— otherwise all the elements of vE are in o.

1.3.2 Parity Games

A min-parity game (shortly parity game) is an infinite duration game with the winning
condition W of a special form. Assume that $2: V — {i,i 4+ 1, ..., j} is a function
that assigns to every position of a game its priority. A play w satisfies the parity
condition if

linrgior;f (@) =0 (mod 2),

i.e. if the smallest priority that occurs infinitely often during 7 is even. We define
the winning condition W, of a parity game (V3, Wy, vy, E, §2) as the set of plays
satisfying the parity condition. We define the index of a game G as the pair (i, j) —
the range of priorities used in this game.

The crucial property of parity games is that they are positionally determined, as
expressed by the following theorem.

Theorem 1.3 ([EJ91, Mos91, JPZO08)). If G is a parity game (not necessarily finite)
then one of the players has a positional winning strategy in G.
If G is finite then a winning strategy can be effectively constructed.

1.4 Automata

The fundamental results of Biichi and Rabin say that both satisfiability problems of
MSO formulae on w-words and infinite trees' are decidable. In both cases the proof

LA simple interpretation argument shows that MSO is decidable also on e-trees.
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goes through a construction of appropriate automata with expressive power equal to
MSO logic. In this section we define various models of automata for infinite objects
that will be used in this thesis.

Alternating Automata. We start with a definition of the most general variant of au-
tomata, namely the alternating ones. For the sake of simplicity we focus on the min-
parity acceptance condition. We introduce the w-word and infinite tree automata
uniformly. An alternating automaton is a tuple (A4, O, qIA, 84, 24) where:

— A is an alphabet.

— QA s a finite set of states.

- gi* € QAis an initial state.

— 84 is a transition function assigning to a pair (g, a) € Q4 x A“ the transition
b = 8*(g, a) built using the following grammar

bu=T | L|bvb | bAab| b

where by is an atomic transition defined below.
- 24: 04 — Nis a priority function.

An atomic transition by of an w-word automaton is a pair (g, 1) for g € Q4. An
atomic transition of a tree automaton is a pair (g, d) where g € Q4 andd € {1, r}.
If an automaton A4 is known from the context, we omit the superscript .A.

Acceptance Game. Fix an alternating automaton A, a state gy € Q,andatreet € Try.
We define the game G(A, ¢, qo) as follows:

=V = {1, r}* x (S5 U Q), where S; is the set of all subformulae of formulae in rg(5)
(all the formulae that appear in the transitions of .4);

— all the positions of the form (u, by Vv b,) belong to 3 and the remaining ones to V;

- v = (€,90);

— E contains the following pairs (for all u € {t, r}*):

° ((u, b), (u, b)) forb e {T, L},
o ((u,b), (u, b)) forb=b; Abyorb=>b;Vbandi =1,2,
o ((u,q), (u,8(q,1(w)))) forqg € Q,
° ((u, by), (ud, q)) for an atomic transition by = (¢, d);
- W, T)=0,2u,L)=1,2u,q) = 2"Q) forqg € Q, u € dom(r), and for
other positions 2 is max(rg(.QA)).
In the case of an w-word « the game G (A, «, go) is almost the same, the differences
are:
- V=wx(SsUQ),
— the initial position vy is (0, qo),
— for an atomic transition by = (g, 1) we put into E the edge ((i, bo), (i + 1, ¢)).
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An automaton A accepts an w-word « (resp. tree t) from gy € Q if 3 has a
winning strategy in G(A, «, qo) (resp. G(A, ¢, qo)). By L(A, go) we denote the set of
structures accepted by the automaton .4 from a state go. We write L(A) for L(A, qIA)
and G(A, 1) (resp. G(A, a)) for G(A, t, qIA) (resp. G(A, a, q{“)). An automaton A
recognises a language L if L(A) = L.

A state ¢ € QA is non-trivial if it recognises a non-trivial language i.e. if
L(A,q) # & and L(A, q)° # . Without loss of generality we implicitly as-
sume that all our alternating automata have only non-trivial states (possibly except
the initial state), as expressed by the following fact.

Fact 1.4. Everyalternating automaton recognising a non-trivial language can be ef-
fectively transformed into an equivalent alternating automaton without trivial states.

Additionally, each transition of an alternating automaton can be simplified so that
it does contain neither T nor L under Vv or A.

Proof. Let A be an alternating automaton. We just remove trivial states of A. If g is
trivial then in each transition we replace each subterm of the form (¢, d) by L or T
(depending on whether L(A, g) = @ or L(A, ¢)°¢ = 9).

Finally, we can simplify the transition expression using the standard laws: (T A
b)y=b,(LADb)=_1L,(TVvb)=T, (LV>b)=>b. After this step the automaton is
still an alternating automaton recognising the same language but it does not contain
any trivial states. u

Deterministic and Non-deterministic Automata. An w-word automaton is determin-
istic if all its transitions are w-word deterministic, i.e. of the form (g, 1). A tree-
automaton is deterministic if all its transitions are tree deterministic, i.e. of the form
(qu, v) A (g, ®). An automaton is non-deterministic if its transitions are disjunctions
of deterministic transitions.

Note that if A is a non-deterministic automaton then the transition function can
be written as a relation:

-3 € Q X A x Q in the case of w-words — an element (¢, a, ¢") of § represents

that§(g,a) = ... v (¢, D Vv...
- 8 C O xAxQx Q inthe case of trees — an element (g, a, g1, gr) of § represents
that§(g,a) =...V ((qL, L) A (gr, R)) V...

For simplicity, we sometimes assume that a non-deterministic automaton .4 has
a set of initial states /* € Q. Clearly, such an automaton can be equipped with an
additional initial state g7* and the transition relation can take care of guessing from
which state g € I to start.

A run of a non-deterministic w-word automaton over an w-word o € (AA)w is
an w-word p € (QA)w such that for every i € w the triple (p (i), « (i), p(i + 1)) is
a transition of A.

A run of anon-deterministic tree automaton overatreet € Tryaisatree p € Trpa
such that for every u € {v, r}" the quadruple (p (u), t (4), p(uvr), p(ur)) is a transition
of A.
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A non-deterministic automaton A accepts an w-word « (resp. an infinite tree ¢) if
there exists a run p of A on « (resp. t) such that:

— pisparity-accepting: the sequence §2(p(0)), £2(p(1)), ... satisfies the min-parity
condition (resp. the min-parity condition is satisfied on all infinite branches of p).
— The value of p defined as p(0) (resp. p(€) in the case of infinite trees) equals qIA.
If there is a set of initial states /- then the value of p is required to belong to I,

A run that satisfies both the above conditions is called accepting. Clearly the
above definition is equivalent to the one given for alternating automata — a run can
be seen as a strategy of 3 in the respective game.

A non-deterministic automaton is unambiguous if it has at most one accepting run
onevery input. In particular, every deterministic automaton is unambiguous. For more
intermediate classes of automata in-between deterministic and non-deterministic
ones see e.g. [CPPO7, HPO6, BKKS13].

1.4.1 Parity Index of an Automaton

In this section we define the index of an automaton. These definitions are used in
Sect. 1.7.2 to introduce the Rabin-Mostowski index hierarchy.
Let A be an alternating tree automaton. Let Graph(A) be the directed edge-

labelled graph over the set of vertices Q- such that there is an edge p @q q
whenever (¢, d) occurs in 8 (p, a). Additionally, vertices of Graph(A) are labelled
by values of £24. We write p LN q if there is a path in Graph(A) whose edge-labels
yield the word u.

The (Rabin-Mostowski) index of a parity automaton 4 is the pair (i, j) where i
is the minimal and j is the maximal priority of the states of .A. In that case A is
called an (i, j)-automaton. Since shifting all priorities by an even number does not
influence the language recognised by an automaton, we can always assume that i is
either 0 or 1. An automaton is a Biichi automaton if (i, j) = (0, 1); it is a co-Biichi
automaton if (i, j) = (1, 2).

An alternating automaton 4 is a Comp(i, j)-automaton (see [AS05]) if each
strongly-connected component in Graph (.A) has priorities between i and j or between
i+ 1and j + 1. It follows from the definition that each Comp(i, j)-automaton is an
(i, j+1) automaton, and can be transformed into an equivalent Comp(i+1, j+2)-
automaton by shifting the priorities. The Comp(0, 0)-automata are more widely
known as weak alternating automata.

1.5 Algebra

This thesis is based mainly on automata. However, in some contexts it is convenient to
use the algebraic approach to recognition. Therefore, we introduce the basic concepts,
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namely semigroups, monoids, Wilke algebras, and w-semigroups. We assume the
reader to be familiar with basic notions of universal algebra. Also, we use multi-
sorted algebras, a thorough introduction to these algebras with respect to recognition
is given in [Idz12].

This section is used only in certain chapters of the thesis (namely in Part IT and
Chap. 11) and may be skipped during the first reading.

Assume that M, N are two algebraic structures with the same operations. A
function f: M — N is a homomorphism if it preserves all the operations: for every
operation P of arity n and every choice of arguments (xi, ..., x,) € M" we have

F(PGe1eox) = P(F@0 o fO)-

1.5.1 Semigroups and Monoids

A semigroup is an algebraic structure M equipped with an operation -: M?> — M
thatis associative (a-(b-c) = (a-b)-c). A monoid is a semigroup with a distinguished
element 1 € M that satisfies 1 -a = a - 1 = a. The operation - is called product and
1 is called the neutral element.

An element e € M of a semigroup is called idempotent if e - e = e. If M is finite
then for every element s € M there is a unique idempotent in the set {s" : n € N},
this idempotent is called the idempotent power of s and denoted? s*.

Observe that the set of all finite words A* over an alphabet A has a natural structure
of an infinite monoid with the operation of concatenation and 1 defined as the empty
word. Similarly, A% is a semigroup.

Ifafunction f: M — N between two monoids is a homomorphism of semigroups
then it is also a homomorphism between monoids (i.e. f must preserve 1).

Additional structural properties of monoids (namely Green’s relations) are intro-
duced in Sect. 8.4.1 on page 151. They are only used in one construction in Chap. 8.

1.5.2 Wilke Algebras

Now we introduce Wilke algebras that form one of the equivalent formalisms for
recognition of w-regular languages, see [Wil93] and [PP04].

A Wilke algebra is a pair (H, V) with the following operations (for # € H and
s,s' eV
—-s-s'eV,
—-s-heH,
-s*¥eH.

20ften the notion s is used, to avoid confusion with w-words we use s?.
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such that (V, -) is a semigroup and the following axioms are satisfied:

S'(S"S”): (S-S,)-S”
s h)=(s-5)-h
(s-5)°=5-(s-95)®

V,,>1 (S")OO = §®

An w-semigroup is a Wilke algebra with an additional operation [[: V® — H
such that

H(s,s,...) = s®
s-H(so,sl,...) = H(s,so,sl,...)

H(S()-...-Sk], Ski+1*+ " Skys )= H(So,sl,SZ,...)

For every alphabet A the pair (A“, A™) has a natural structure of an w-semigroup.
Additionally, (A%, A") is a free w-semigroup on A, as expressed by the following
fact.

Fact 1.5 ([PP04, Proposition 4.5]). Let A be an alphabet and (I_i, V) be an w-
semigroup. Forevery function f: A — V thereis aunique extension f: (A®, AT) —
(H, V) of f that is a homomorphism of w-semigroups.

The following theorem shows that finite Wilke algebras can be seen as represen-
tations of arbitrary finite w-semigroups.

Theorem 1.6 (Wilke [PP04, Theorem 5.1]). Every Wilke algebra has a unique
extension by an operation [ ] into an w-semigroup.

However, the following example shows that there are functions f: (A%, AT) —
(H, V) that are homomorphisms of Wilke algebras but not homomorphisms of w-
semigroups. Therefore, it is important in Fact 1.5 to require f to be ahomomorphism
of w-semigroups.

Example 1.1. Let A = {a, b}, H = {h,, hp},and V = {54, sp}. Let f: (A®, AT) —
(H, V) be defined as follows:

— foru € At let f(u) = s, if and only if u contains letter a,

— for a regular « € A” let f(a) = h, if and only if o contains infinitely many
letters a,

— for a non-regular « € A® let f(«) = hp.

The function f induces uniquely a structure of Wilke algebra on (H, V) in such a
way that f becomes a homomorphism of Wilke algebras. By Theorem 1.6, the Wilke
algebra (H, V) can be uniquely extended by an operation [] into an w-semigroup.
However, f is not a homomorphism of w-semigroups, otherwise we would have
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hy = f(ababbabbbabbbba ---) = H(sa,sa,...) = f(aaa---)=h,.

1.5.3 Recognition

Let f: M — N be a homomorphism between two algebraic structures (M and N
may be multi-sorted here). Let F be a subset of one of the sorts of N and L be a
subset of the respective sort of M. We say that f recognises L using F if

fY(F)=L.

Similarly, f recognises L if it recognises L using some F contained in the respective
sort of N.

1.5.4 Ramsey’s Theorem for Semigroups

In this section we present an application of Ramsey’s theorem (see Theorem 1.1) to
the w-word case.

Theorem 1.7. Let M be a finite semigroup and f: A* — M be a homomorphism.
Then for every w-word a € A® there exists a sequence of finite words ug, uy, us, . ..
and two elements s, e of the semigroup M such that:

(i) o =uouiuy...

(ii) f(uo) =s,

(iii) f(u,) = e for everyn > 0,
(iv) s-e=sande-e=e.

A pair (s,e) satisfying Condition (iv) above is often called a linked pair,
see [PP04]. To simplify the properties in the above theorem we introduce the follow-
ing definition.

Definition 1.1. For a given homomorphism f: A* — M we say that the type (or
f-type) of a decomposition o = uguy...ist = (s,e) if (s,e) is a linked pair,
fuo) = s, and f(u,) = e foralln > 0.

Of course not every decomposition has some type. However, Theorem 1.7 implies
that for every w-word o and homomorphism f there exists some decomposition of
a of some type t = (s, ¢). A priori there may be two decompositions of one w-word
of two distinct types.
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1.6 Topology

In this section we introduce topological notions that will be used later. Most of the
presented definitions and facts are basic and standard. Some more involved concepts
are presented in Sects. 1.6.4 and 1.6.5.

A topological space (X, ) is called Polish if it is separable (i.e. it contains a
countable dense set) and the topology &/ € P(X) comes from a complete metric on
X. Elements U € U are called open sets, the complement of an open set is closed. If
a set is both closed and open then it is a clopen. A family B C U is called a basis of
the topology if for every x € X and U € U such that x € U there exists B € 3 such
that x € B C U. In that case U coincides with the family of unions of elements of
B. A space is zero-dimensional if the family of clopen sets is a basis of the topology.

If D C X is a subset of a topological space X then by D we denote the closure
of D — the intersection of all closed subsets of X that contain D.

A subset K C X of a topological space is called compact if for every family F

of open sets such that K C |J F there exists a finite subfamily 7" € F such that
KcUF.
Product Spaces. Let Z be a non-empty countable set. Z“ with the product topology
is a zero-dimensional Polish space. The family of sets of the form u - Z“ foru € Z*
is a basis for the topology of Z. If Z is a singleton then Z is also a singleton; if Z
is finite then Z“ is homeomorphic (i.e. topologically isomorphic) to the Cantor set
2¢; if Z is countably infinite then Z“ is homeomorphic to the Baire space w®.

The set (ZU{L1})* = [[ue (Z U {L}) equipped with the natural product
topology is a zero-dimensional Polish space. Observe that wPTr; is a subset of
(Z u{L})*". By a standard argument (see [Kec95, Theorem 3.8 in Chap. 3.B]) the
spaces of partial w-trees wPTrz and partial binary trees PTr; as well as their complete
variants wTrz and Tr; are zero-dimensional Polish spaces. The families of clopen
sets of these spaces coincide with the finite Boolean combinations of sets of the form

{tr: uedom(@)At() € Z'} foru e w*and Z' C Z.

1.6.1 Borel and Projective Hierarchy

Let us fix an uncountable Polish space X. The Borel hierarchy is defined inductively:

— X9(X) denotes the family of open subsets of X,
- H(l](X ) denotes the family of closed subsets of X (the complements of open sets),

for a countable ordinal 7:

- E?](X ) is the family of countable unions of sets from B<n l'[% (X),
- Hg (X) is the family of countable intersections of sets from | f<n Z%(X ).
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Fig. 1.1 The Borel hierarchy.

Note that for each 7 the family Eg(X ) consists exactly of the complements of the
sets from l'[g(X ). A?l(X ) is defined as the intersection Zg(X )N HS(X ). Similarly,
BC ():?])(X ) is the family of finite Boolean combinations of sets from Z?](X ). The
families constitute a hierarchy — each family is included in all the families with
greater subindex (see Fig. 1.1). An important fact about the hierarchy is that all the
inclusions presented in Fig. 1.1 are strict.

The family of Borel sets, defined as

B(X) = U 20(X)

n<wi

is the least family closed under countable Boolean operations that contains all open
sets. Proofs and details about the Borel hierarchy can be found e.g. in [Sri98,
Chap.3.6].

Projective Hierarchy. The class of Borel sets is not closed under projection. Each
set that is a projection of a Borel set is called analytic, the family of analytic sets is
denoted by X{(X). Formally:

def
TI(X) = {P S X : Ipepixxem P =m(B)},

where | is the projection on the first coordinate. The superscript 1 means that the
class is a part of the projective hierarchy. The rest of the projective hierarchy is
defined as follows (see Fig. 1.2):

l'Ii1 (X) consists of the complements of the sets from X 11 (X),

Zil +1(X) consists of the projections of the sets from l'[} (X),

ie. L )Y (mB): Bel! (X x o)},

A/(X) is the intersection of X and II;.
The sets from the family H} (X) are called co-analytic. An important result in the

theory, the theorem of Souslin (see e.g. [Kec95, Chap. 14.C]), states that if a set is
analytic and co-analytic then it is in fact Borel. The Borel hierarchy together with
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Fig. 1.3 The boldface hierarchy.

the projective hierarchy constitute the so-called boldface hierarchy, see the diagram
on Fig. 1.3.

If the space is clear from the context we will omit it and write B, ):2, l'[g Zil R l'[} R
etc.

1.6.2 Topological Complexity

For the needs of this thesis, a fopological complexity class C is any of the classes of
the boldface hierarchy, see Figs. 1.1 and 1.2.

Analogously to the complexity theory, we have the notions of reductions and
completeness. Let X, Y be two topological spaces and let K € X and L C Y. We
say that a continuous mapping f: X — Y is a reduction of K to L if K=f~'(L).
The fact that K can be continuously reduced to L is denoted by K <w L. On Borel
sets, the pre-order <y induces the so-called Wadge hierarchy (see [Wad83]) which
greatly refines the Borel hierarchy and has the familiar ladder shape with pairs of
mutually dual classes alternating with single self-dual classes.

It is a simple property of continuous mappings that if L belongs to a topological
complexity class C then so does K forevery K <w L. A language L is called C-hard
if every set K € C can be reduced to L. We say that L is C-complete if additionally
L € C (i.e. L is the <w-greatest element of C).

The following fact presents a standard way of using the above notions.

Fact 1.8. IfC C D are two (non-equal) topological complexity classes and L is
D-hard then L ¢ C.

Proof. Assume to the contrary that L € C. Take any language K € D\ C. Since L is
D-hard, we can write K = f~!(L) for some continuous mapping f. By the above
observation, it implies that K € C, which gives a contradiction. ]
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1.6.3 Ranks

Ranks form a powerful tool in analysis of descriptive properties of sets. In this section
we introduce the most classical of the ranks — the rank on well-founded w-trees.
For an introduction to the theory of ranks see [Kec95, Chap.2.E].

Anw-tree T € wPTriswell-founded if it doesn’t have an infinite branch. Otherwise
T is ill-founded. The set of all well-founded w-trees is denoted WF C wPTr. The
complement of WF is denoted IF.

It is possible to assign to each well-founded w-tree T € WF its rank — a measure
of complexity of t. If t = & then rank(r) = 0. Assume otherwise and let (7;);cq
be the sequence of subtrees of T under the root: 7; = [ (if i ¢ dom(z) then
[ = 9). Put

rank(t) = sup (rank(fi) + 1).

iew

Since the domain of 7 is countable, rank () is an ordinal number smaller than w;.
By the definition, the rank is monotone: for u # € we have rank(t) > rank(z[,).
Sometimes we call rank(z [,,) the rank of u (in ).

Fact 1.9. Ifrank(t) is a limit ordinal then the root € is infinitely branching in t: for
infinitely many i € w we have i € dom(t).

Fact 1.10. For every well-founded w-tree T and n < rank(t) there exists a node
u € dom(r) such that rank(t[,) = n.

Proof. For n = rank(t) we can take u = €. For n < rank(tr) we proceed by
induction on rank (7). ]

1.6.4 The Boundedness Theorem

In this section we present the most fundamental result relating descriptive properties
of a set and ranks — the boundedness theorem. First we recall that the ill-founded
w-trees is one of the crucial examples of a non-Borel set.

Theorem 1.11 ([Kec95, Theorem 27.1]). The set IF of ill-founded w-trees is Z%—
complete. Dually, the set WF of well-founded w-trees is H}-Complete.

The following theorem expresses the correspondence between the ranks of well-
founded w-trees and the topological complexity of sets.

Theorem 1.12 (The boundedness theorem (see [Kec95, Theorem 35.23])).
If X € wPTr is an analytic set and X € WF then there exists n < w; such that

Veex 1ank(t) < 7.
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On the other hand, for every n < w, the set

{t € @wPTr : rank(r) < n} is Borel

Sketch of the Proof. The second part of the statement can be proved by induction on
n (it also follows from more general considerations of ranked sets).

Let us sketch a proof of the first part. First assume the contrary. The heart of the
proof is to show that the following relation is analytic:

REg def {(r, 7)1 7/ is ill-founded or both are well-founded and rank(zr) < rank(r/)}.
Then WF has the following analytic definition
WF = {7: 3,cx (1, 7)) € Rg},

what contradicts the fact that WF is co-analytic complete. |
A technique motivated by this proof is used in Sect. 6.3 (see page 105) to prove
upper bounds on topological complexity of regular languages of thin trees.

1.6.5 Co-inductive Definitions

In some cases it is convenient to define a function using a co-inductive definition.
In this section we formalise this notion for functions of the type Try — Trp. The
crucial property is that every function defined in such a way is continuous. Whenever
such a co-inductive definition is used, an explicit reference to this section is given.
Therefore, one can skip this section when reading the thesis for the first time.

We state the properties of a co-inductive definition for binary trees for the sake of
simplicity. The same construction works for w-trees as well as partial trees. Although
itis possible to formalize this notion in an abstract way using the language of category
theory, we focus only on these concrete applications of co-induction.

Proposition 1.1. Let A, B be two alphabets. Assume that for every a € A we have
a triple @9, u' @, w@), where t‘“ € Trg is a tree and u'®, w'® are two nodes of
tD that are incomparable with respect to the prefix order < (in particular none of
them is €).

There exists a unique function f: Tty — Trp such that for every t € Tru such
that t = a(t, tg) we have:

f@) =t <« ft), w? < ft)]. (1.1)

Moreover, the function f is continuous.
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Proof. We will show how to uniquely define f(¢)(x) for a node u € {r, r}* using
Condition 1.1. It will imply that the function f (¢) is defined uniquely. Additionally,
since f(#)(u) will depend only on a finite part of ¢, it will imply that the function f
is continuous.

We proceed by induction on the length of u (for all trees ¢ € Tr4 at once). Assume
that for all u’ < u and all ¢ € Tr, the value f(¢)(u') is already uniquely defined (and
depends only on a finite part of ¢). Assume that t = a(t;, tz) for a letter a € A and
two trees ty,, g € Try.

If u'® < u (the case w® < u is entirely dual) then let u = u'® - z for z € {z, r}*.
Therefore, Condition (1.1) implies that f(#)(«) = f(#.)(z). Since z is shorter than
u so this value is uniquely determined.

Now assume contrary, that  does not contain #® nor w® as a prefix. In that
case Condition (1.1) implies that £ (¢)(u) = t“ (1) and again this value is uniquely
determined and depends only on the letter 7 (€) = a. |

1.7 Regular Languages

In this section we collect standard properties of regular languages. Assuming some
basic knowledge in automata theory the section can be skipped during the first read-
ing. The presented facts are explicitly referenced whenever used. For a broad intro-
duction to regular languages see [Tho96].

The following results summarize equivalent ways of defining various classes of
regular languages.

Regular Languages. We start with a theorem about regular languages of finite words.

Theorem 1.13 (Trakhtenbrot [Tra62], Rabin Scott [RS59], cf. e.g. [PP04]). The
following conditions are effectively equivalent for a language L C A* of finite words:

— L is definable in MSO,

— L is definable in WMSO,

— L is recognised by a deterministic finite automaton®,

— L is recognised by an alternating finite automaton,

— L is recognised by a homomorphism f: A* — M into a finite monoid M.

A language satisfying the above conditions is called a regular language.

w-regular Languages. Now we give a characterization of regular languages of w-
words.

Theorem 1.14 (Biichi [Biic62], McNoughton [McN66], Mostowski [Mos84],
Emmerson Jutla [EJ91], Wilke [Wil93]). The following conditions are effectively
equivalent for a language L C A® of w-words:

3 Automata for finite words are not used in this thesis, therefore we skip a formal definition of them.
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L is definable in MSO,

— L is definable in WMSO,

L is recognised by a deterministic parity w-word automaton,

L is recognised by an alternating parity w-word automaton,

L is recognised by a homomorphism f: (A®, AT) — (H,V) into a finite w-
semigroup (H, V).

A language satisfying the above conditions is called an w-regular language.
As a consequence one obtains the decidability result of Biichi.

Theorem 1.15 (Biichi [Biic62]). The MSO theory of the w-chain (w, <) is decidable.
If an w-regular language is non-empty then it contains a regular w-word.

Regular Tree Languages. The following theorem characterizes regular languages of
infinite trees.

Theorem 1.16 (Rabin [Rab69], Muller Schupp [MS95]). The following condi-
tions are effectively equivalent for a language L C Tr4 of infinite trees:

— L is definable in MSO,
— L is recognised by a non-deterministic parity tree automaton,
— L is recognised by an alternating parity tree automaton.

A language satisfying the above conditions is called a regular tree language (we
avoid ambiguity here because regular languages of finite trees do not appear in this
thesis).

As a consequence one obtains the celebrated result of Rabin.

Theorem 1.17 (Rabin [Rab69]). The MSO theory of the complete binary tree is
decidable. If a regular tree language is non-empty then it contains a regular tree.

WMSO-definable Languages. The following theorem is a characterization of the
WMSO-definable languages of infinite trees. The characterization is not effective in
the sense that given any representation of a language L it is not known how to check
whether L is WMSO-definable.

Theorem 1.18 (Rabin [Rab70], also Kupferman Vardi [KV99]). The following
conditions are effectively equivalent for a language L C Tr 4 of infinite trees:

— L is definable in WMSO,
— L is recognised by a Comp(0, 0)-alternating tree automaton,
— both L and the complement L® are recognised by alternating Biichi tree automata.

Biichi Languages. The following theorem states the de-alternation result for Biichi
automata. It also proves that Biichi automata correspond to the existential fragment
of MSO with respect to WMSO.
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Theorem 1.19 (Muller Schupp [MS95]). The following conditions are effectively
equivalent for a language L C Tr4 of infinite trees:

— L is recognised by a non-deterministic Biichi tree automaton,
— L is recognised by an alternating Biichi tree automaton,
— L is definable by a sentence of the form

axl ...Elx” (p(Xl, ,Xn)

where ¢ is a formula of WMSO.

Deterministic Languages. An easy construction of an appropriate automaton proves
the following fact.

Fact 1.20. If A is a deterministic tree automaton then L(A) can be recognised by
an alternating (1, 2)-automaton.

Games with w-regular Winning Conditions. The following theorem expresses an
important feature of games with w-regular winning conditions.

Theorem 1.21 (Biichi Landweber [BL69], Gurevich Harrington [GHS82],
Emmerson Jutla [EJ91], Mostowski [Mos91]). For a finite game G if the win-
ning condition W C V' is w-regular (over the alphabet V) then one of the players
has a finite memory winning strategy in G. Such a winning strategy can be effectively
constructed.

1.7.1 Classes of Regular Tree Languages

Now we define classes of regular tree languages that correspond to certain classes
automata. A language L is:

— deterministic if L is recognised by a deterministic parity tree automaton,
— unambiguous if L is recognised by an unambiguous parity tree automaton,
— bi-unambiguous if both L and the complement L€ are unambiguous,

— Biichi if L is recognised by an alternating* Biichi tree automaton,

— co-Biichi if L is recognised by an alternating co-Biichi tree automaton.

An easy pumping argument shows that non-deterministic co-Biichi tree automata
have very limited expressive power (e.g. they are weaker than alternating co-Biichi
automata).

“Theorem 1.19 implies that equivalently one can take non-deterministic automata here.
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1.7.2 Index Hierarchies

Now we introduce the classes of languages recognisable by automata of certain
indices. We start with the alternating index hierarchy. Fori < j € N, let’

— RM™ (i, j) be the class of regular tree languages recognised by alternating (i, j)-
automata,

- H'j“ LERMA (0, j) (for j = 1 these are Biichi languages),

-z LERMA(1, j + 1) (for j = 1 these are co-Biichi languages),

_ A;h d;f H?h n Ze}h’

- Comp(l'[f}“) be the class of regular tree languages recognised by Comp(0, j)-
automata.

The above classes are naturally ordered by inclusion, as depicted on Fig. 1.4.

Similarly, one can consider non-deterministic automata instead of alternating
ones, i.e. define RM™~%!(; ;) as the class of languages recognised by non-
deterministic (i, j)-automata. The classes RM™"~%(; ' j) form the non-deterministic
index hierarchy. The shape of the hierarchy is the same as of the alternating one,
except the classes Comp( l'[i‘»“) that are not defined in the non-deterministic case.

The expressive power of alternating and non-deterministic tree automata is the
same (see Theorem 1.16), therefore both hierarchies contain the same languages.
However, particular levels of these hierarchies differ (see [NWO05]). As shown
in [Niw86, Bra98, Arn99, AS05], both hierarchies are strict, in particular, in the
alternating case we have

Comp(IT{") C A%}, for j > 0. (1.2)

A natural question is to compute exact position of a given language in these

hierarchies. It is formalised as the following computational problem.

Problem 1.1 (Alternating (resp. non-deterministic) index problem).

— Input An alternating tree automaton .A.

m 3
/N RN
Comp(IT3t) = ARt Comp(IT§!t) ——— A3l Comp(IT3) ——— A3
NS NS
Ezzlt Eglt

Fig. 1.4 The alternating index hierarchy.

5The following assignment of symbols X' and IT follows the definitions in [AS05, AMN12], however
the indices j are shifted by one (also, we use the min-parity condition here). The assignment of the
symbols is opposite to the one from [FMS13].
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— Output The minimal class of the alternating (non-deterministic) index hierarchy
that contains L(.A).

Both problems were solved for deterministic automata [NW05, NWO03], see
Sect. 1.7.6. They are both open for general automata. Colcombet and Loding [CLO8]
have proposed a reduction of the non-deterministic index problem to a boundedness
problem for a specific class of tree automata with counters. However, the latter prob-
lem is not known to be decidable. The known decidability results regarding these
hierarchies are subsumed by the results of [FMS13, CKLV13].

1.7.3 Topological Complexity of Regular Languages

The following results summarize topological complexity of regular languages defin-
able in various ways. In each statement, the given upper bound is optimal from the
point of view of the boldface hierarchy. Since there are only countably many regular
languages, they cannot fulfil any class of the boldface hierarchy except A8.

Theorem 1.22 (See [TL93])).

— w-regular languages are in BC(Zg),

— WMSO-definable languages of infinite trees lie on the finite levels of the Borel
hierarchy,

— Biichi-recognisable languages of infinite trees are in X\,

— languages of infinite trees recognisable by deterministic parity automata are in
m,

— regular languages of infinite trees are in Aé.

In this thesis the question of descriptive complexity of a language L is used in the
meaning “is there some simple description of L”, for instance:

— is L definable in some weak logic (mainly WMSO logic),
— what is the minimal topological complexity class that contains L?

It should not be confused with the descriptive complexity in the meaning of [Imm99].

1.7.4 The languages W;_;

The languages W; ; (see [Arn99, AN07]) proved to be convenient tools for studying
topological complexity of regular tree languages. As expressed by Theorem 1.23,
the language W; ; is complete for the class of languages recognisable by alternating
(i, j)-automata.

Definition 1.2. Fori < j consider the following alphabet
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Ay =3V x{i,i+1,...,j}

With each t € Tra, ; we associate a parity game G, where

— V = dom(?),
- E= {(u, ud) : u € dom(t),d € {1, R}},
— VU1 =€,

ift(u) = (P,n) € A;j then 2(u) =nandu € Vp.
Let W; ; be the set of all trees over A; j such that 3 has a winning strategy in G,.

Theorem 1.23 (Arnold [Arn99]). The language W; ; can be recognised by a non-
deterministic (i, j)-automaton (in particular W; ; € RM™ (i, j) € RM™ (i, j)).

For every alternating (i, j)-automaton A there is a canonical continuous function
reducing L(A) to W, ; (i.e. L(A) <w W; ;).

The languages W; ; and the dual Wi, j4\ are incomparable with respect to <w
(i.e. Wi ; Ew Wir1j+1)-

Additionally, Wy | is E}—complete and W 5 is H}—complete.

The following corollary gives an easy way of proving that a particular language
does not belong to a given class of the alternating index hierarchy.

Corollary 1.1. IfW; ; <w L then L ¢ RM™ (i + 1, j + 1) i.e. L cannot be recog-
nised by an alternating (i + 1, j + 1)-automaton.

In some circumstances one needs to adjust the languages W; ; to current needs.
In particular, it is sometimes convenient to add to the alphabet A; ; two additional
letters T, L that correspond to an instant win in the game G,. It is expressed by the
following remark.

Remark 1.1. All the conditions from Theorem 1.23 are valid for the modification of
the languages W; ; by extending the alphabet A; ; with two additional letters T, L
of the following semantics: a play 7 that reaches T (resp. L) for the first time in G,
is winning for 3 (resp. V) no matter what the priorities occur before and after that.

1.7.5 Separation Property

The notion of separation is an important concept in descriptive set theory and au-
tomata theory.

Definition 1.3. A class of languages C has the separation property with respect to a
class D, if the following condition holds:

For every pair of disjoint languages Ly, Ly from C there exists a language Lsep € D such
that®
Ly C Lgp and Ly C Lgep'

SRecall that X© denotes the complement of a set X.
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In that case we say that L, separates Ly and L. If not stated otherwise, the class
D is taken as CNC® — the class of languages L such that both L and L® belong to C.

Usually, one class from a pair of dual classes C, C° has the separation property
and the other one does not. Below we recall some known separation-type theorems.

Separation in Topology. The first one is a simple observation about Borel sets.

Theorem 1.24 ([Kec95, Theorem 22.16]). Let n < w;. Every two disjoint H?]
languages can be separated by a language that belongs to Hg N Z?]. On the other

hand, there exists a pair of disjoint languages in 22 that cannot be separated as
above.

The following theorem is an important extension to the projective hierarchy.

Theorem 1.25 (Lusin (cf. [Kec95, Theorem 14.7, Exercise 28.2])). If L, L, €
X i (X) are two disjoint analytic subsets of a Polish space X then there exists a Borel
set separating them. There exists a pair of disjoint co-analytic (i.e. l'[} ) sets that
cannot be separated by any Borel set.

An important consequence of the above separation result is the following theorem.

Theorem 1.26 (Lusin Souslin [Kec95, Theorem 15.1]). Assume that f: X — Y
is a continuous function between two Polish spaces and A C X is Borel. If f [, is
injective then f(A) is Borel.

Separation in Automata Theory. The following results can be seen as an automata
theoretic counterpart of Theorem 1.25.

Theorem 1.27 (Rabin [Rab70]). If L,, L, are two disjoint Biichi languages of
infinite trees then there exists a WMSO-definable (i.e. Comp(l'[gh) ) language that
separates them.

This result was extended to higher levels of the non-deterministic index hierarchy,
as expressed by the following theorem.

Theorem 1.28 (Arnold Santocanale [AS05]). Every pair of disjoint languages
from RM"™ %40, j) (i.e. languages recognised by non-deterministic min-parity
tree automata of index (0, j)) can be separated by a language from Comp(l'[’}lil).

Moreover, the construction of an automaton for the separating language is poly-
nomial in the sizes of the given automata from RM™" =940, j).

The following theorem gives negative answers about separability of regular tree
languages.

Theorem 1.29 (Hummel Michalewski Niwinski [HMN09], Michalewski
Niwinski [MN12], Arnold Michalewski Niwinski [AMN12]). There exists a pair
of disjoint regular tree languages recognised by (1, 2)-parity alternating tree au-
tomata (i.e. Zi‘h languages) that cannot be separated by any Borel set. In particular,
these languages cannot be separated by any WMSO-definable language.

For every j > 1 there exists a pair of disjoint regular tree languages from Z?h

that cannot be separated by any A*]‘»h language.



26 1 Basic Notions

1.7.6 Deterministic Languages

As mentioned earlier, many problems simplify when we restrict to languages recog-
nisable by deterministic automata. Here we collect the decidability results for these
languages.

Theorem 1.30 (Niwinski Walukiewicz [NW98]). The non-deterministic index
problem is decidable for deterministic languages.

The following theorem is often referred to as a gap property for deterministic
languages.

Theorem 1.31 (Niwinski Walukiewicz [NWO03]). It is decidable if a given regular
tree language is deterministic. A deterministic tree language is either:

— WMSO-definable and in Hg,
— not WMSO-definable and Hi-complete.

Moreover, the dichotomy is effective. In particular, a deterministic tree language is
either in Comp(IT3") or in T3 \ Comp(I13") and it is decidable which of the cases
holds.

Finally, the following result of Murlak gives the ultimate solution to topological
questions about deterministic languages by providing an effective procedure that
computes the level in Wadge hierarchy’ that a given deterministic language occupies.

Theorem 1.32 (Murlak [Mur08]). The Wadge hierarchy is decidable for determin-
istic tree languages.

This hierarchy is not studied in this thesis, it can be seen as a refinement of the Borel hierarchy. In
the case of Theorem 1.32, Wadge hierarchy can be seen as the quotient of the class of deterministic
tree languages by the order <w from Sect. 1.6.2.



Part I

Subclasses of Regular Languages



Chapter 2
Introduction

The fundamental results of Biichi [Biic62] and Rabin [Rab69] state that the monadic
second-order (MSO) theory of the w-chain (w, <) and of the complete binary tree
({0, 1}, <, élex) is decidable. In both cases the proof relies on a class of finite
automata with expressive power equivalent to MSO. Because of effective closure
properties and decidability of the emptiness problem, the languages of w-words and
infinite trees definable in MSO are called regular. For a broad introduction to the field
of regular languages of infinite objects see [Tho96, PP04, TL93].

Since a single w-word or infinite tree may not have any finite representation, one
has to deal with actual infinity when studying languages of such objects. In partic-
ular, even the set of w-words over a two-letter alphabet has cardinality continuum.
This is the source of strong relationships between properties of regular languages of
infinite objects and descriptive set theory. These relationships have a form of syn-
ergy: descriptive set theory motivates new problems and methods in automata theory
but on the other hand, automata theory introduces natural examples for classical
topological concepts.

Recently there has been a number of papers studying these relationships. Prop-
erties of regular languages of infinite trees have been studied in [NWO03, ANO7,
ADMNO8, Mur08], the Borel complexity of MSO-definable sets of branches of one
infinite tree was estimated in [BNR+10], finally the Borel and Wadge complexity of
languages of w-words recognised by various models of computation was estimated
in [DFRO1, Fin06, CDFM09, DFR13, FS14]. It is worth mentioning that in most of
the above cases it turns out that there are languages definable in respective formalisms
that are complete for the studied topological classes. It shows that these languages are
in some sense representative. Also, there are some results studying more general set
theoretic properties of definable languages. For instance, expressibility of cardinality
of sets in MSO was studied in [BKR11], and measurability of regular languages of
infinite trees was settled in [GMMS14].

The results of the thesis are based on [HS12, FMS13, BIS13, BS13, Skr14,
BGMS14] and the technical report [MS14].
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M. Skrzypczak, Set Theoretic Methods in Automata Theory, LNCS 9802
DOI: 10.1007/978-3-662-52947-8_2



30 2 Introduction

2.1 Motivations

The following list presents problems studied in the thesis. Most of them have the
form of a question about descriptive complexity — given a regular language L, is
there a description of L that is simple in a certain sense.

2.1.1 Definability in WMSO

The first question asks how to effectively decide if a given regular language is defin-
able in some logic weaker than MSO. There are two natural candidates for such logics:
first-order logic (FO) and weak monadic second-order logic (WMSO) where the set
quantification is restricted to finite sets.

In the case of w-words, definability in FO was solved by Thomas [Tho79] using the
methods of Schutzenberger [Sch65] and McNaughton Papert [MP71]. The definabil-
ity in WMSO trivialises in this case, since every w-regular language is WMSO-definable.

The problem of definability in WMSO for regular languages of infinite trees is
considered as one of the central problems in the area. Recently, there has been some
slight progress for various restricted classes of languages. However, the problem in
its full generality seems to be out of reach of the currently known methods.

The thesis presents solutions to the problem of WMSO-definability for certain
restricted classes of regular languages of infinite trees: for unambiguous Biichi
automata in Chap.3, for general Biichi automata in Chap.4, for game automata
in Chap. 5, and for languages of thin trees in Chap. 6.

2.1.2 Index Problem

Another complexity question studied in the thesis asks about the index of a given
regular language of infinite trees L: for a given pair (7, j) is there an alternating
top-down parity tree automaton that recognises L and uses only priorities among
{i,i + 1,...,j}? It turns out that in the case of languages of infinite trees that
are bisimulation-invariant (i.e. definable in u-calculus, see [JW96]), the index cor-
responds precisely to the alternation of fixpoints used in the definition of a lan-
guage [Niw97]. Therefore, the index problem can be seen as a variant of a quantifier
alternation question: how many alternations of quantifiers are needed to define a
given language.

The decidability of the index problem for general languages of infinite trees is
open. As shown in [Bra98, Arn99], the index hierarchy is strict — there are regular
languages of infinite trees that cannot be recognised by any automaton of small index.
As shown by Rabin [Rab70], the index problem and definability in WMSO are closely
related: a regular language of infinite trees is definable in WMSO if and only if both
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the language and the complement are recognisable by an alternating automaton with
Biichi acceptance condition (i.e. condition of the form “infinitely many accepting
states”).

The thesis provides a solution of the index problem for the class of regular lan-
guages of infinite trees recognisable by game automata (see Chap. 5). This is the first
reasonable class of languages for which the index problem is known to be decidable,
that contains languages arbitrarily high in the alternating index hierarchy. Addi-
tionally, an effective collapse of index for languages recognisable by unambiguous
automata is provided in Chap. 3: it is proved that if an automaton is unambiguous and
of certain index then the language recognised by the automaton is lower in the index
hierarchy. Although the presented collapse is small, to the author’s best knowledge
this is the first result that utilizes the fact that a given automaton is unambiguous to
give upper bounds on the index of the recognised language.

2.1.3 Bi-unambiguous Languages

One of the difficulties when working with MSO on infinite trees arises from the fact that
deterministic automata are too weak to recognise all regular languages. The subclass
of regular languages of infinite trees recognisable by deterministic automata seems
to be much more tractable [KSV96, NW98, NW03, NW05, Mur08]. Unambiguous
automata can be seen as a natural class of automata in-between deterministic and non-
deterministic ones. A non-deterministic automaton is unambiguous if it has at most
one accepting run on every input. As shown by Niwinski and Walukiewicz [NW96],
there are regular languages of infinite trees that are inherently ambiguous — there is
no unambiguous automaton recognising them. Very little is known about unambigu-
ous languages, for instance it is not known how to decide if a given regular language
of infinite trees is recognisable by some unambiguous automaton.

The thesis characterizes the class of bi-unambiguous languages (i.e. languages
L such that both L and the complement L¢ are unambiguous) as those that can be
recognised by finite prophetic thin algebras. This theorem constitutes a link between
the algebraic framework for thin trees from [Idz12] and languages of general infinite
trees. Also, it provides an algebraic way of recognition for a non-trivial class of
regular languages of infinite trees.

The following new conjecture has arisen when studying properties of prophetic
thin algebras.

Conjecture 2.1. The relation ¢'(x, Z) expressing that x € Z and Z is contained in a
thin tree does not admit MSO-definable uniformization of the first variable x. In other
words, there is no MSO-definable choice function in the class of thin trees.

This conjecture is a strengthening of the theorem of Gurevich and Shelah [GS83]
stating that there is no MSO-definable choice function on the complete binary tree.
Unfortunately, the conjecture is left open, however some equivalent statements are
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provided. Also, it is shown that the conjecture implies that it is decidable if a given
regular language of infinite trees is bi-unambiguous. Additionally, the conjecture
implies that bi-unambiguous languages constitute a very reasonable class (a pseudo-
variety from the algebraic point of view).

2.1.4 Borel Languages

The index hierarchy for automata on infinite trees turns out to be closely related to
topological hierarchies from descriptive set theory (see for instance [Arn99]). These
relations motivate a number of interesting questions, one of them is the following
conjecture, stated over 20 years ago.

Conjecture 2.2 (Skurczynski [Sku93]). If aregular language of infinite trees is Borel
then it is WMSO-definable.

The converse implication is known to be true: every WMSO-definable language is
Borel. Therefore, the conjecture says in fact that a regular language of infinite trees is
Borel if and only if it is WMSO-definable. It would mean that if a language is regular
and topologically simple then it is also “descriptively” simple. It can also be seen as
an automata theoretic counterpart of the relation between the lightface and boldface
hierarchies, see [Mo0s80, Theorem 3E.4].

The conjecture has been proved only in the special case of deterministic lan-
guages [NWO03]. The thesis provides proofs of the conjecture for wider classes of
languages: recognisable by game automata in Chap. 5 and for languages of thin trees
in Chap.6. Additionally, a potential strategy of proving the conjecture for Biichi
automata is presented in Chap. 4, unfortunately some additional pumping argument
is missing in that case.

2.1.5 Topological Complexity vs. Decidability

In general, there is no direct relationship between decidability of a logic and topolog-
ical complexity of languages it defines. For instance, the FO theory of the structure
of arithmetic (w, <, +, %) is undecidable, while it defines only Borel languages
of w-words. On the other hand one can construct a trivial logic that defines some
particular language of very high topological complexity. However, as observed by
Shelah [She75] (see also [GS82]) in the case of MSO, the topological complexity and
decidability are strongly related: the MSO theory of (R, <) is undecidable, however,
by Rabin’s theorem [Rab69], the theory becomes decidable if we restrict the set
quantification to X-sets.

These ideas are used in Chaps. 9 and 10 to study decidability of MSO logic equipped
with an additional quantifier U (as introduced by Bojaniczyk [Boj04] and denoted
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MSO0+U). Chapter 9 studies topological complexity of languages of w-words definable
in MSO+U. It is shown that the topological complexity of these languages is as high
as possible: examples of languages lying arbitrarily high in the projective hierarchy
are given. Already this fact implies that there is no simple automata model capturing
the expressive power of MSO+U on w-words.

This topological observation is further developed in Chap. 10 to prove that a
certain variant of MSO on the Cantor set {r, r}* (called proj-MSO) can be reduced to
the MSO+U theory of the complete binary tree. As shown in [BGMS14], the proj-Mso
theory is not decidable in the standard sense (see Theorem 10.88). Therefore, the
presented reduction shows that MSO+U is also not decidable in this sense.

The question of decidability of MSO+U on the infinite trees was posed in [Boj04].
The above line of research proves that this question cannot be answered positively.
Somehow surprisingly, the technical hearth of the proof relies on purely topological
concepts.

2.1.6 Separation Property

The question of separation asks if it is possible to separate every pair of disjoint
languages from some class by a simple language. A classical example of such property
is the following theorem of Lusin: every pair of disjoint analytic (i.e. X }) sets can be
separated by a Borel set.

The separation property has also been studied for certain classes of regular lan-
guages, an example is the following result of Rabin: every pair of disjoint regular
languages of infinite trees recognisable by Biichi automata can be separated by a
language that is WMSO-definable. Recently, the separation turned out to be crucial
step in providing a significant result about the decidability of the dot-depth hierarchy,
see [PZ14].

In Chap. 11 of the thesis the separation property is studied for certain quantitative
extensions of w-regular languages, namely for wB- and wS-regular languages intro-
duced by Bojariczyk and Colcombet [BCO6]. It is shown that the wB- and wS-regular
languages have the separation property with respect to w-regular languages: every
pair of disjoint languages recognisable by wB- (respectively wS)-automata can be
separated by an w-regular language. This result is somehow surprising as the models
of wB- and wS-automata are dual: a language is wB-regular if and only if its com-
plement is wS-regular. Usually, exactly one class from a pair of dual classes of sets
has the separation property.

2.2 Overview of the Parts

The preliminary Chap. 1 introduces basic notions and known results that will be used
later. The rest of the thesis is divided into three parts, each part has three chapters.
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All the presented results study related problems of descriptive complexity. The
respective parts group results of similar type. Most of the chapters present results that
are technically independent, in particular they can be read separately. The only tech-
nical dependencies are: Chaps.7 and 8 depend on definitions from Chap. 6; results
of Chap. 10 depend on Theorem 2.7 from Chap. 9.

A separate chapter (see page 205) presents conclusions of the whole thesis. In
particular, some relationships and similarities between the techniques used in the
chapters are discussed.

2.2.1 PartI: Subclasses of Regular Languages

The first part of the thesis studies descriptive complexity questions for restricted
classes of regular languages of infinite trees: unambiguous automata in Chap. 3,
Biichi automata in Chap.4, and game automata in Chap. 5. Three main theorems of
these chapters are the following.

The first theorem shows how to use the fact that a given automaton is unambiguous
to derive a collapse in parity index of the language recognised by it.

Theorem 2.1. If A is an unambiguous min-parity automaton of index (0, j) then
the language L(A) can be recognised by an alternating Comp(0, j—1)-automaton
of size polynomial in the size of A.

In particular, if A is Biichi and unambiguous then L(A) is WMSO-definable.

The second theorem is based on a theory of certain ranks for Biichi automata.
Using these ranks, a characterisation of WMSO-definable languages is given.

Theorem 2.2. It is decidable if the language of infinite trees recognised by a given
non-deterministic Biichi tree automaton is WMSO-definable.

The above result was already proved by Kuperberg and Vanden Boom (see for
instance [CKLV13]) using the theory of cost functions. However, as discussed in
Chap. 4, the methods developed in the presented proof may be of independent interest
since they introduce conceptually new techniques based on ranks of well-founded
w-trees.

Finally, the third theorem shows that both index problems are decidable for game
automata — a class of alternating automata that extends deterministic ones by allow-
ing certain restricted alternation between the players. Two effective procedures that
compute the index of the language recognised by a given game automaton are pro-
posed. Then it is shown that the procedures are correct. For this purpose, upper and
lower bounds are given. Interestingly, in the case of the alternating index problem,
the lower bounds are based on purely topological methods (namely the topological
hardness of languages W; ;).

Theorem 2.3. The non-deterministic index problem is decidable for game automata
(i.e. if a game automaton is given as the input). The same holds for the alternating
index problem.
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2.2.2 Part II: Thin Algebras

The second part is devoted to a study of thin algebras and thin trees, i.e. trees having
only countably many infinite branches. In Chap.6 a characterization of languages
of thin trees that are WMSO-definable among all infinite trees is given. Chapter 7 is
devoted to the recognition of languages of infinite trees by prophetic thin algebras.
Finally, Chap. 8 studies Conjecture 2.1 and related uniformization problems on thin
trees. Three main theorems of these chapters are the following.

The first theorem gives an effective characterisation of regular languages of thin
trees that are definable in WMSO among all infinite trees. Additionally, it expresses an
upper bound: even if a regular language of thin trees is not WMSO-definable among
all infinite trees, it is still topologically simple (i.e. it belongs to IT}).

Theorem 2.4. A regular language of thin trees (i.e. a regular language that contains
only thin trees) is either:

1. H}-complete among all infinite trees,
2. WMSO-definable among all infinite trees (and thus Borel).

Moreover, it is decidable which of the cases holds.

The second theorem provides an algebraic framework for recognition of a
restricted class of regular languages of infinite trees. The idea is to use algebras
designed for thin trees to recognise languages of arbitrary infinite trees.

Theorem 2.5. A language of infinite trees L is recognised by a homomorphism into
a finite prophetic thin algebra if and only if L is bi-unambiguous, i.e. both L and the
complement L€ can be recognised by unambiguous automata.

The last theorem consists of three ingredients: an equivalent formulation of
Conjecture 2.1, an example of a non-uniformizable relation on thin trees, and an
essentially new example of an ambiguous regular language of infinite trees. The
non-uniformizable relation uses a concept of skeleton — a subset of a thin tree that
provides a decomposition of this tree into separate branches.

Theorem 2.6. Conjecture 2.1 is equivalent to the fact that every finite thin algebra
admits some consistent marking on every infinite tree.

The relation (o, t) stating that t is a thin tree and o is a skeleton of t does not
admit any MSO-definable uniformization of o.

The language of all thin trees is ambiguous (i.e. it is not recognised by any unam-
biguous automaton).

Although Conjecture 2.1 is not proved in this thesis, the above non-uniformizability
results are of their own interest. In particular, the example about skeletons provides
a standalone answer to Rabin’s uniformization problem (the problem was solved
originally by Gurevich and Shelah in [GS83]).
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2.2.3 Part III: Extensions of Regular Languages

The last part of the thesis studies some properties of contemporary quantitative devel-
opments in automata theory. Topological complexity of MSO+U-definable languages
of w-words is estimated in Chap.9. Chapter 10 studies consequences of the high
topological complexity of MSO+U regarding decidability of this logic on the com-
plete binary tree. Finally, in Chap. 11 the separation property for wB- and wS-regular
languages is proved. Three main theorems of these chapters are the following.

The first expresses the topological complexity of MSO+U on w-words.

Theorem 2.7. There exist languages of w-words that are definable in MSO+U logic
and lie arbitrarily high in the projective hierarchy.

The second theorem uses studies a new variant of MSO (called proj-Ms0). It is a
logic introduced in [BGMS14] where set quantifiers are restricted to projective sets
of certain level (fixed explicitly during quantification). For instance, a logic can say
“there exists a set X that belongs to X1 and ...”.

Theorem 2.8. The proj-MsoO theory of {1, r}S® with prefix < and lexicographic
Liex orders effectively reduces to the MSO+U theory of the complete binary tree
({L, R}*v = <lex)-

An algorithm deciding the proj-MSO theory of {v, r}S® (together with its proof of
correctness) would imply that analytic determinacy fails.

This result was further extended in [BGMS 14] using an adaptation of the technique
of Shelah [She75]. It is shown there that under a certain set theoretic assumption
(namely that V=L, i.e. we work in the Gdodel’s constructible universe) the proj-MSO
theory of {z, r}S® is undecidable. Therefore, together with the above theorem, V=L
implies that the MSO+U theory of the complete binary tree is undecidable.

Finally, the ninth main theorem of the thesis studies separation property for lan-
guages of w-words that are recognised by counter automata introduced by Bojaiiczyk
and Colcombet in [BC06].

Theorem 2.9. If Ly, L, are disjoint languages of w-words both recognised by wB-
(respectively wS)-automata then there exists an w-regular language L, such that

Ly C Lyp and L, C L

sep*

Additionally, the construction of L, is effective.
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Chapter 3
Collapse for Unambiguous Automata

A natural class in-between deterministic and non-deterministic automata is the class
of unambiguous ones — an automaton is unambiguous if it has at most one accepting
run on every tree. It seems that an unambiguous automaton represents the structure of
the recognised language in a more rigid way than a general non-deterministic automa-
ton. However, as shown in [NWO96], there are ambiguous regular tree languages —
languages that are not recognised by any unambiguous automaton.

In contrast to general regular tree languages, most of the problems are solved
in the case of deterministic automata: it is decidable whether a given language is
recognisable by a deterministic automaton [NWO05], the non-deterministic index
problem is decidable [NWO03, NW98], as well as the Wadge hierarchy [Mur(08].

In comparison, the class of unambiguous tree languages (recognisable by unam-
biguous automata) is still a terra incognita. Not only it is unknown how to verify
whether a given regular tree language is unambiguous, but also there are no non-
trivial upper bounds on the descriptive complexity of unambiguous languages in
comparison to all regular tree languages. In particular, it is open whether all unam-
biguous languages can be recognised by alternating parity automata of a bounded
parity index.

There are only two estimations on descriptive complexity of unambiguous lan-
guages known. First, a recent result in [Hum12] shows that unambiguous languages
are topologically harder than deterministic ones. Second, in [FS09] the authors
observe, by a standard descriptive set theoretic argument, that the language recog-
nised by an unambiguous Biichi automaton must be Borel. In this chapter we extend
the latter result by showing the following theorem.

Theorem 3.1. If A is an unambiguous min-parity automaton of index (0, j) then
the language L(A) can be recognised by an alternating Comp(0, j—1)-automaton
of size polynomial in the size of A.

In particular, if A is Biichi and unambiguous then L(A) is WMSO-definable.

This theorem extends the mentioned result from [FS09] in two directions. First,
it shows that every unambiguous Biichi automaton recognises a language that is
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WMsoO-definable. It is known that every regular tree language definable in WMSO is
Borel but the converse is open (see Conjecture 2.2 on page 32). Second, the theorem
presented here gives a collapse also for higher priorities.

To the author’s best knowledge this is the first result where it is shown how to
use the fact that a given automaton is unambiguous to derive upper bounds on the
parity index of the recognised language. Therefore, this result should be treated as
a first step towards descriptive complexity bounds for unambiguous languages, and
generally a better understanding of them.

One should note that in the above theorem the unambiguous-and-Biichi assump-
tions are put on one automaton. It is still possible for a regular tree language to be
both: recognised by an unambiguous automaton and by some (other) Biichi automa-
ton. An example of such a language is the H-language proposed in [Hum12]: “exists
a branch containing only a’s and turning infinitely many times right”. To the author’s
best knowledge, no non-trivial upper bound is known when the conditions of unam-
biguity and certain index are put on the language.

The construction presented here can be seen as an automata theoretic adapta-
tion of the proof of the theorem of Lusin and Souslin [Kec95, Theorem 15.1] (see
Theorem 1.26 on page 25) stating that if f: X — Y is injective and continuous
then the image f(X) is Borel in Y. The proof presented in [Kec95] is based on the
Lusin Separation Theorem [Kec95, Theorem 14.7]. Here one can use Rabin’s sepa-
ration result (Theorem 1.27 on page 25) for j = 1 and the separation of Arnold and
Santocanale (Theorem 1.28 on page 25) for j > 1. The idea to use the separation
result of Arnold and Santocanale for the case of j > 1 was suggested by Henryk
Michalewski.

The proof goes as follows. We first observe that if an automaton is unambigu-
ous then the transitions of the automaton have to correspond, is some sense, to
disjoint languages. By applying the separation result of Arnold and Santocanale
(see Theorem 1.28 on page 25), these disjoint languages can be separated by
Comp(l'[;‘»lil)-languages. This leads to a construction of a unique run p, of a given
automaton on a given tree t (Lemma 3.3 in Sect.3.1).

Then, in Sect. 3.2, we conclude the proof of Theorem 3.1 by providing an effec-
tive construction of a Comp(0, j—1)-automaton recognising L(A). This automaton
combines the Comp(0, j—1)-automata for transition languages with an additional
game played on the run p;.

3.1 Unique Runs

In this section we prove Lemma 3.3 showing how to define, for a given tree ¢, a unique
run o, of a given unambiguous automaton A of index (0, j). The crucial property
of this construction is that the constrains on p, are Comp(l'[jh); additionally, p; is
accepting if and only if ¢ belongs to the language L(A).
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Let us fix an unambiguous automaton A of index (0, j). Let Q be the set of states
of A and A be its working alphabet. We will say that a transition § = (g, a, g1, gr)
of A starts from (q, a).

A pair (g,a) € Q x A is productive if it appears in some accepting run: there
exists atree t € Try and an accepting run p of 4 on ¢ such that for some vertex u we
have p(u) = g and ¢ (u) = a. This definition combines two requirements: that there
exists an accepting run that leads to the state g and that some tree can be accepted
starting from (g, a). Note that if (g, a) is productive then there exists at least one
transition starting from (g, a).

For every transition § = (g, a, qv, qr) of A we define L; as the language of trees
such that there exists a run p of A on ¢ that is parity-accepting and uses 8 in the root
oft:

p(€) =gq,t(€) =a, p(r) = qi, and p(R) = gr.

The following lemma is a simple consequence of unambiguity of the given
automaton.

Lemma 3.2. If (g, a) is productive and §, # 8, are two transitions starting from
(g, a) then the languages Ls,, Ls, are disjoint.

Proof. Assume contrary that there exists a tree r € Ls, N Ls, with two respective
parity-accepting runs p1, 0. Since (g, a) is productive so there exists a tree ¢ and an
accepting run p on ¢ such that p(u) = g and t (1) = a for some vertex u. Consider the
tree t’ = t[u < r] — the tree obtained from ¢ by substituting r as the subtree under
u. Since p(u) = q and both p, p; start from (g, a), we can construct two accepting
runs p[u < p1] and p[u < p,] on t'. Since these runs differ on the transition used

in u, we obtain a contradiction to the fact that .4 is unambiguous. |
Let (g, a) be a productive pair and {4;, &, ..., 5,} be the set of transitions of
A starting from (g, a). In that case the languages Ls, for k = 1,2,...,n are

pairwise disjoint. Theorem 1.28 from page 25 implies that for every pair of tran-
sitions §; # §; there is an Comp(l'[?lt_])—language that separates Ls, from Ls,.
Since Comp(l'[?lt_l)-languages are closed under Boolean combinations, we can find
Comp(0, j—1)-automata Cs, fork = 1,2, ..., n such that:

—fork=1,2,...,nwehave Ls, € L(Cs,),
— for k # k'’ the languages L(Cs,), L(Cs,,) are disjoint,

.....

These automata will be crucial ingredients of the construction.
The following lemma formalizes the notion of the unique runs.

Lemma 3.3. Lett € Try be a tree. There exists a unique maximal partial run p,; of
Aont, i.e. apartial function p,: {v, r}* — Q4 such that:

— pi(e) = g,
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— ifu € dom(p;) and (p;(u), t (1)) is productive then also uv, ur € dom(p,) and

11, € L(Cs) with§ = (o, (u), 1 (w), p,(ur), p: (ur)). 3.1
— t € L(A) if and only if p is total and accepting.

Proof. The construction is inductive. We start by putting p,(€) = qIA. Assume that
the value of p, is defined in a vertex u € {r, r}*. Leta = t(u) and g = p(u).If (¢, a)
is unproductive we leave the values of p on the subtree under u undefined. In that
case we call u a leaf of p,. Otherwise, the space Tr, is split into disjoint sets L(Cs)
ranging over transitions § starting from (g, a). Therefore, there exists exactly one
transition § € A starting from (g, a) such that ], € L(Cs). Let § = (g, a, g, gr)
and p(ud) = g4 ford =1, r.

Clearly, the above construction gives a unique maximal partial run p satisfying the
first two bullets of the statement. If o, is accepting then it is a witness that r € L(A).
Let p be an accepting run of .4 on ¢. We inductively prove that p = p,. Take a node
u of t and define ¢ = p(u), a = t(u), g = p;(uv), and gz = p,(ur). Observe that
p is a witness that (g, a) is productive and for § = (g, a, g, gzr) We have

t € Ly C L(Cs).

Therefore, p,(ur) = p(ur) and p, (ur) = p(ur). |

3.2 Construction of the Automaton

Now we construct an alternating Comp(0, j—1)-automaton R recognising L(.A4). It
will consist of two sub-automata running in parallel:

1. In the first sub-automaton the role of 3 will be to propose a run p on a given tree
t. She will be forced to propose precisely the run p, from Lemma 3.3 — at any
moment Y can challenge the currently proposed transition and check whether (3.1)
in Lemma 3.3 is satisfied. Such a challenge will be realised by moving to the initial
state of the appropriate automaton Cs.

2. In the second sub-automaton the role of V will be to prove that the run p; is not
accepting. That is, he will find a leaf in p; or an infinite branch of p, that does
not satisfy the parity condition. Since he knows the run p, in advance, we can
ask him to declare in advance what will be the odd priority n that is the lim inf
of priorities of p, on the selected branch.

The automaton R consists of an initial component C described below and of the
disjoint union of the automata Cj, . States in the initial component C are of the form
(g, n) where q is a state of A and n is either L or an odd number between 0 and ;.
The state g denotes the current state of the run that is being constructed by 3 in the
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first sub-automaton. The value n (if # L) denotes the odd priority declared by V in
the second sub-automaton.

The initial state of R is (¢i*, 1) € C. The transitions of R inside C are built by
the following rules. Assume that the label of the current vertex is a and the current
state is (g, n):

Step I if the pair (g, a) is not productive, 3 loses,
Step Il if n # L and £24(¢) < n then V loses,
Step IIT 3 declares a transition § = (g, a, g1, gr) of A that starts from (g, a),
Step IV V decides to challenge this transition or to accept it,
Step V if V challenges the transition, R makes an e-transition to the initial state
of Cs (n does not play any role in that case),
Step VI otherwise, if n = L then V declares a new value n’: some odd number
between 0 and j, or still L (if n # L then we put n’ = n),
Step VII finally, V selects a direction d € {r, r} and the automaton R makes a
d-transition to the state (gq, n’).

Note that for each tree ¢, each play in the game G(R, t) starts in C and either stays
in it forever or leaves to some C; and stays there forever. Note also that C consists
of two parts: C; withn = 1 and Cr where n # L. Let the priorities of all the states
of the form (g, L) equal 2. Consider a state (g, n) with n # L. If 2(g) = n then
such a state has priority 1, otherwise (i.e. if 24(¢) > n) the priority of (g, n) is 2.

We first argue that if j > 1 then the automaton R is a Comp(0, j—1)-automaton.
Note that the graph of R consists of the following strongly-connected components:
the components of C;, Cr, and the components of Cs for § € A. Recall that all the
automata C; are by the construction Comp(0, j—1). By the definition, C; and Cr
are Comp(0, 1)-automata so the whole automaton R is also Comp(0, j — 1).

Consider j = 1 (the Biichi case). Observe that the only possible odd value n
between 0 and j is n = 1. It means that if V declares a value n # L then always
£2(g) < n, therefore there are no states in Cg of priority 2. It implies that both C;
and Cp are Comp(0, 0)-automata and R is a Comp(0, 0)-automaton.

Observe that the size of the automaton R is polynomial in the size of A. The
results of the following two sections imply that L(R) = L(A), thus completing the
proof of Theorem 3.1.

3.2.1 Soundness

Lemma 3.4. [ft € L(A) thent € L(R).

Proof. Fix the accepting run o, of A ont given by Lemma 3.3. Consider the following
strategy o3 for 3 in C: always declare § consistent with p,. Extend it to the winning
strategies in Cs whenever they exist. That is, if the current vertex is u and the state of
R is of the form (¢, n) € C then declare § = (p(u), t (u), p(ur), p(ur)). Whenever
the game moves from the component C into one of the automata C; in a vertex u, fix
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some winning strategy in G(Cs, t[,,) (if exists) and play according to this strategy; if
there is no such strategy, play using any strategy.

Take a play consistent with o3 in G(R, t). First note that 3 does not lose in Step I
since all the pairs (g, a) appearing during the play are productive — the run p; is a
witness. There are the following cases:

— Vloses in a finite time in Step II.

— V stays forever in C; never changing the value of n and loses by the parity criterion.

— In some vertex u of the tree V challenges the transition § given by 3 and the game
proceeds to Cs. In that case ¢, € Ls by the definition of Ls (the run p, [, is a
witness) and therefore 7], € L(Cs). So 3 has a winning strategy in G(Cs, 1],) and
she wins the rest of the game.

— Vdeclares a value n # _L at some point and then accepts all successive transitions
of 3. In that case the game follows an infinite branch « of ¢. Since p; is accepting

so we know that k = 1im inf;_, o 24(p,(a[,)) is even. If k < n then V loses at
some point in Step II. Otherwise k > n and from some point on all the states
of R visited during the game have priority 2, thus V loses by the parity criterion
in CF. |

3.2.2 Completeness

Lemma 3.5. Ift ¢ L(A) thent ¢ L(R).

Proof. We assume that r ¢ L(A) and give a winning strategy for V in the game
G(R,t). Let us fix the run p, given by Lemma 3.3.

Note that either p, is a partial run: there is a vertex u such that p,(u) = ¢g and
(g, t(u)) is unproductive, or p; is a total run. Since ¢ ¢ L(.A) so p, cannot be a total
accepting run. Let « be a finite or infinite branch: either @ € {1, r}* and « is a leaf

of p; or ¢ is an infinite branch such that k & im inf;_ o .QA(pt (af;)) is odd. If « is
finite let us put any odd value between 0 and j as k.
Consider the following strategy for V:

— V keeps n = L until there are no more states of priority greater than k along « in
p:. Then he declares n’ = k.

— V accepts a transition § given by 3 in a vertex u if and only if it is consistent with
prinu (ie.if § = (o, (u), t (), pr (ur), pi(ur))).

— V always follows «: in vertex u € {r, r}* he chooses the direction d in such a way
that ud < «o.

As before, we extend this strategy to strategies on C; whenever they exist: if the
game moves from the component C into one of the automata Cs in a vertex u then
V uses some winning strategy in the game G(Cs, ¢ [,,) (if it exists); if there is no such
strategy, V plays using any strategy.
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Consider any play 7 consistent with oy. Note that if « is a finite word and the
play 7 reaches the vertex « in a state (g, n) in C then ¢ = p; (o) and V wins in Step I
as (p; (), t(@)) is not productive. Similarly, by the definition of the strategy oy, ¥
never loses in Step II — if he declared n # L then the play will never reach a state
of priority smaller than n.

Let us consider the remaining cases. First assume that at some vertex u player
V challenged a transition é declared by 3. It means that there is another transition
8" # § consistent with p; in u. By the definition of p, we know that 7], € Ly in
particular [, € L(Cs). Since the languages Cs/, Cs are disjoint, ¢[, ¢ Cs and V has a
winning strategy in G(C;, ¢],) and wins in that case.

Consider the remaining case: V accepted all the transitions declared by 3 and the
play is infinite. Then, for every i € N the game reached the vertex «; in a state
(g, n) satisfying ¢ = p;(«[;). In that case there is some vertex u along o where ¥
declared n = k. Therefore, infinitely many times £2%4(¢) = n in 7 so ¥ wins that
play by the parity criterion. ]

This concludes the proof of Theorem 3.1.

3.3 Conclusions

The results presented in this chapter provide a way of using the fact that a given
automaton .A is unambiguous to prove some upper bounds on the index of the lan-
guage L(A). Therefore, they can be seen as an attempt to solve the following open
problem.

Question 3.1. Does there exist a number n such that every unambiguous tree lan-
guage belongs to TT?

As proved in [BIS13], every regular language of thin trees can be recognised
by a non-deterministic automaton of index (1, 3). The results of Chap.7 suggest
that there is a strong relationship between bi-unambiguous languages and languages
of thin trees (namely that every bi-unambiguous language can be recognised by a
homomorphism into a finite prophetic thin algebra). These observations suggest the
following conjecture that would give a partial solution to the above question in the
case of bi-unambiguous languages.

Conjecture 3.3. If both L and the complement L€ are recognisable by unambiguous
automata (i.e. L is bi-unambiguous) then L € Agh.

The best known lower bounds are given by Hummel in [Hum12] where examples
of bi-unambiguous languages in Comp(IT{") \ (13" U £2") are provided.
This chapter is based on the technical report [MS14].


http://dx.doi.org/10.1007/978-3-662-52947-8_7

Chapter 4
When a Biichi Language Is Definable
in WMSO

A natural subclass of regular tree languages are those that can be defined in weak
monadic second-order logic (WMSO). As shown by Rabin (see Theorem 1.18 on
page 20), a language L is WMSO-definable if and only if both L and the complement
can be recognised by non-deterministic (equivalently alternating, see Theorem 1.19
on page 21) Biichi automata. Therefore, the following decision problem can be seen
as a special case of the index problems from Sect. 1.7.2 (see Problem 1.1 on page 22).

Problem 4.2 (Definability in WMSO)

— Input An alternating tree automaton .A.
— Output Is L(A)A definable in WMSO.

The decidability of this decision problem in full generality is open. Therefore, it
is natural to ask for solutions for restricted classes of input languages. In this chapter
we study the problem when the input automaton is a non-deterministic (equivalently
alternating) Biichi automaton.

The main theorem of this section states that this restricted problem is decidable.

Theorem 4.2. It is decidable if the language of infinite trees recognised by a given
non-deterministic Biichi tree automaton is WMSO-definable.

This decidability result was already proved in [CKLV13]. It is shown there that the
reduction from [CLO8] applied to Biichi automata produces instances of a domination
problem for which an effective procedure is known [Vanll, KV11]. The whole
structure of the proof is rather involved and makes extensive use of the theory of
regular cost functions on w-words [Col13].

The approach presented in this chapter is different. We start by introducing a rank
that measures complexity of trees with respect to a given Biichi automaton . This
leads to the definition of an ordinal (53) < . It turns out that this ordinal is strongly
related to the descriptive complexity of the language L(B). In particular, we prove
the following two properties of n(15):

— n(B) < w; if and only if L(B) is Borel (see Proposition 4.2),
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- n(B) < w?if and only if L(B) is WMSO-definable (see Proposition 4.3)

To prove the latter property, we introduce a finitary version of n(B3) represented by
languages of K -reach and K -safe trees.

The obtained properties of the rank »(53) seem promising, in particular, Conjec-
ture 2.2 on page 32 (every Borel regular tree language is WMsO-definable) would be
proved for Biichi automata if one managed to prove the following claim.

Conjecture 4.4. If B is a non-deterministic Biichi tree automaton then
nB) >’ = nB)=o.

Unfortunately, the author is unable to prove the above statement. It can be seen
as a distant analogue of the study of closure ordinals from [Czal0, AL13].

Theorem 2.2 is proved as a consequence of properties of n(B) — it is enough
to prove that the condition n(B) < w? is decidable. For this purpose, a variant
of domination games from [Col13] is introduced. Although the motivations come
from [Col13], the presented construction is standalone and does not refer to any
results about cost functions.

The organisation of the chapter reflects the two parts of the proof. The first part of
the proof, which studies properties of n(13), is spread across Sects. 4.1, 4.2 and 4.3.
In Sect. 4.1 the ordinal (B) is defined and its basic properties are stated. Section4.2
introduces notions of K-reach and K-safe trees that are designed as finitary ap-
proximations of n(B). Section4.3 introduces Comp(0, 0)-automata that recognise
languages of K-reach and K -safe trees. These automata show that if n(B) < ?
then L(B) is WMSO-definable.

The second part of the proof, i.e. the effective procedure itself is presented in
Sects. 4.4 and 4.5. Section4.4 introduces a game G designed to verify if n(B) < .
The game G has finite arena and the winning condition of G is w-regular, therefore
it is decidable who wins G. Section4.5 shows that 3 has a winning strategy in G if
and only if n(B) < ?, what finishes the proof of Theorem 2.2.

Finally, Sect. 4.6 concludes the results of this chapter.

4.1 The Ordinal of a Biichi Automaton

Let L be a regular tree language recognised by a non-deterministic Biichi tree au-
tomaton . Our aim is to define a particular continuous reduction T of L = Try \ L
to the set of well-founded w-trees WF. Intuitively, T(¢) will reflect to what extent
it is possible to construct runs of 5 on ¢ that contain many accepting states. For-
mally, T(z) will consist of truncated runs defined in the following subsection. The
reduction T will allow us to bind with a tree ¢ € L an ordinal rank (T (t)) measuring
the complexity of t. Then, we will define an ordinal n(B) (the ordinal of B) as the
supremum of rank (T(¢)) over trees ¢ € L°.
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For the rest of this chapter let us fix a non-deterministic Biichi tree automaton B
recognising L. Let us assume that Q is the set of states of B and A is its working

alphabet. Let F &f {g € 0: 28(q) = 0}. A sequence of states of Q is parity-
accepting if it contains infinitely many states in F. For the purpose of this chapter
we call the states in F accepting.

4.1.1 Truncated Runs

We start with technical definitions of approximations of accepting runs of a Biichi
automaton.

For d > 0 a truncated run (shortly a t-run) of depth d from q € Q" is a function
v {L, &}S¢ — Q that looks like a prefix of a run of B:

-y =gq,
— for every u € {1, r}<? there exists a transition of B3 of the form

s = (y(u), a,y(uv), y(uR)), for some a € A. 4.1)

If the state g is not mentioned explicitly, we assume that g = qIA. Foratreet € Try
we say that a t-run y fits to t if the letters in (4.1) agree with ¢ (i.e. we can take a
transition § in (4.1) such that ¢ (1) = a).

Let y be at-run of depth d and dy < d; < d. We say that y is accepting between
dy and d, if for every w € {1, r}? there exists u < w such that

lu| > dy and y(u) € F.

It means that every path visits an accepting state at a depth between dj and d, see
Fig.4.1. The same definition applies when y is a total run.
The following fact is a standard application of Konig’s lemma.

Fact 4.33. If p is an accepting run of a Biichi automaton then for every dy > 0 there
exists di > dy such that p is accepting between dy and d;.

A pair N = (d, y) is a sliced truncated run (or shortly an st-run) from g € QF
if:
—d= (do,...,dk)withk >0,
— 0=do<d1 <... <dk,
— y is a truncated run of depth d from g with d;_; < d < di (if k = 0 then we use
d_; =0),
— foreveryi =1, 2, ..., k—1 the truncated run y is accepting between d;_; and d;.

As before, by default we take g = qIB . An st-run N = (d , y) fits to t if y fits to
t. The depth of an st-run (d, y) is the depth of y. Anst-run N = ((do, ..., dy), y)
is completed if the depth of y is dj.
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do

.
Canunsn®

di

Fig. 4.1 An illustration of a t-run that is accepting between dp and d;: the boldfaced dots mark
accepting states that appear on every path between dy and dj.

Let N = (d,y), N' = (d',y’) be two st-runs. Assume that the depths of y, y’
are d, d’ respectively. We will define when N’ extends N (denoted N — N’), there
are two cases:

— If N is not completed then we must have y’ D y,d' =d,and d’ = d + 1.
— If N is completed then we must have y’ = y andd’ = d - dj| for some dy > dy.

Informally, a non-completed st-run can be extended by adding one additional
layer to the t-run y without exceeding the last depth di. A completed st-run can be
extended by not modifying the t-run y but declaring a new depth di4; (in that case
the new st-run is not completed).

Fact 4.34. Let Ny = ((do, dy,...,d), y) be an st-run. Let d be the depth of .
Then there is no sequence of non-completed st-runs Ny — N} — ... — N, with
n>d;,—d.

4.1.2 The Reduction

Now we proceed with a definition of a function, mapping trees ¢ € Try to w-trees
T(t) € wPTr. For the sake of inductive arguments we define one function T, for each
state g € Q5.
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Observe that the set X of all st-runs is countable. Therefore, we can assume that
there is a bijection between w and st-runs: @ 3 n <> N € X. Assume additionally
that N ‘50) = ((0), y) with y being the unique t-run of depth 0 from g. Modulo the
above bijection, a sequence of st-runs (N, N, ..., N,) can be seen as an element
of w*. Therefore, we define T, (f) C w* as a set of sequences of st-runs. For a tree
t € Try let (Ny, N, ..., N,) € Tq(l‘) if:

N® - Ny — Ny — ... > N,, 4.2)

fori =1, ..., n the st-run N, fits to ¢. 4.3)

We define T as Ty5.

Remark 4.2. Assume that N is an st-run from g. Observe that by the definition of —,
there is a unique sequence of st-runs (N, Ny, ..., N,) satisfying (4.2) with N, = N.
This sequence satisfies (4.3) if and only if N fits to 7.

In particular, we can identify elements of T, (#) with st-runs from ¢ fitting to 7.
The root of T, (¢) corresponds to the st-run N, ,;O).

Fact 4.35. The function T, : Try — wPTr is continuous.

Proof. 1t is enough to observe that for each N = (Ny, ..., N,) the set
[ret: Ner,0)

is clopen — it depends on the given tree up to the depth of the t-run of N,,. ]

Fact 4.36. Assume that the vertex of T, (t) corresponding to an st-run N (formally to
asequence (Ny, ..., N, = N))is infinitely branching in T, (t). Then N is completed.

Proof. A non-completed st-run has only finitely many extensions. |

The following lemma shows that T s is a continuous reduction of L® to WF.

Lemma 4.6. Foratreet € Tr, we have
teL(B) <= the w-tree T,5 (t) is ill-founded (i.e. contains an infinite branch).

Proof. First assume that r € L(3). Let p be an accepting run of 53 on ¢. Fact 4.33
shows that there is a sequence 0 = dy < d| < d, < ... such that for every i > 0 the
pair

N; = ((do, oo dy), PT{L,R}@)

is a completed st-run that fits to 7. The st-runs N; lay on an infinite branch of T 5 (¢).

Now let Ny — N; — ...beaninfinite branch of T,5 (1).Let p be the run obtained
as the union of the t-runs of these st-runs. By Fact 4.34, this sequence must contain
infinitely many completed st-runs. Therefore, p is an accepting runof Bont. W
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4.1.3 Ranks

Now we can define 7 (3) — the ordinal number of main interest in this chapter. Recall
that T(¢) stands for T,5 (t). By Lemma 4.6, for every tree t ¢ L(B) the w-tree T(¢)
is well-founded. Let

n(B) L sup rank(T(1)). (4.4)
t¢L(B)

The relation between the complexity of L(B) and n(B) is expressed by Proposi-
tions 4.2 and 4.3.

Proposition 4.2. The language 1(B) is Borel if and only if n(B) < w;.

Proof. 1f L(B) is Borel then

{T(t): 1 ¢ L(B)} € WF 4.5)

is a continuous image of a Borel set, thus an analytic (X {) set. Therefore, by the bound-
edness theorem (see Sect. 1.6.4 and Theorem 1.12 on page 17) we have n(B) < ;.
Now assume that n(B) < w;. Theorem 1.12 implies that the set

Ty & {r € oTr : rank(r) < n(B)}

is Borel. But Tr, \ L(B) is the preimage of Tp under the continuous function T,
therefore also Borel. ]

The following proposition constitutes the crucial idea behind the effective char-
acterisation from Theorem 2.2.

Proposition 4.3. The language L(B) is WMSO-definable if and only if n(B) < «?
(i.e. if there exists K € w such that n(B) < w - K).

The proof of this proposition consists of two lemmas: Lemma 4.7 proved here
and Lemma 4.10 from Sect. 4.3.

Lemma 4.7. IfL(B) is WMSO-definable then n(B) < w?.

The rest of this section is devoted to proving this lemma. Apart from some tech-
nicalities, the reasoning is based on Rabin’s pumping lemma from [Rab70].

Assume that L(B) is WMSO-definable and let A be a non-deterministic Biichi
automaton recognising the complement of L(B). Let K = |Q*| - |QB| - |A| + 2. To
arrive to a contradiction assume that n(B) > w? and let ¢ ¢ L(B) be a tree such that

rank(T(t)) >w- K.
Since r ¢ L(B) so there exists an accepting run p** of A on r. Our aim is to

construct a t-run y of 5 on ¢ and a sequence of numbers 0 = dy < d; < ... < dg_
such that:
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For everyi < K — 1bothy and o™ are accepting betweend; and d; ;1. (4.6)

This will enable us to construct a regular tree ¢’ with accepting runs of both automata
A and B (see [Rab70]) leading to a contradiction.

Recall that by Remark 4.2 we identify elements (nodes) of T(¢) with st-runs from
qIB fitting to ¢. The construction is inductive for i = 1,..., K—1. The invariant is
that N; is a completed st-run of depth d; and

rank(T(t) er) =w- (K —1i).

Observe that Fact 1.9 from page 17 implies that if rank (T(¢) ) is a limit ordinal
then N is infinitely branching in T(¢). Therefore by Fact4.36, N is a completed st-run.
We start by fixing N; as any node of T(¢) of rank w- (K — 1) (it exists by Fact 1.10
on page 17) and let d; be the depth of N;.
Assume that a completed st-run N;_; = (d, y) of depth d;_; is defined. Let d’ be
the depth given by Fact 4.33 such that p* is accepting between d;_; and d’.
Observe that all the st-runs N’ in T(¢) such that N;,_; — N’ are of the form
(d -d”, y) for some d”. In particular, only finitely many of them satisfy d” < d'.
Since rank (T(t) [NH) =w- (K — i+ 1) is a limit ordinal, we can find an st-run N’
in T(¢) such that:
- Nioy = N/,
- N = (d-di, y’) ford; > d', and
- rank(T(t)[N,) >w- (K —1i).

Now, we use again Fact 1.10 from page 17 to find N; in T(¢) below N’ and
satisfying
rank(T(t) [N,,) =w-(K —1i).

Now let y be the t-run of N _;. Condition 4.6 is clearly satisfied by the construc-
tion.
Now it remains to prove the following fact.

Fact 4.37. There exists a tree t’ € L(A) NL(B).

Proof. We only sketch a proof of this fact, a complete construction is given
in [Rab70]. See also [KV99, Theorem 1] for a definition of a trap — the sequence
dy < d) < ... < dg_; constructed above is a trap for the runs y and pA.

The tree ¢’ (together with the runs of .4 and 1) is obtained as an unravelling of a
finite graph constructed using ¢. Consideri € {1, ..., K—1}and anode w € {r, r}%.

L o def
If there exists i’ such that 0 < i’ < i and foru = w l4, we have

(t@), y ), p™ W) = (t(w), y(w), p*(w))

then (for the minimal such i") we remove the edge from the parent of w to w and
instead we add an edge from the parent of w to u (preserving the directiond € {r, r}).
In that case we say that w has been rewired to u.
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Since K is big enough, for every w € {r, g}%-! at least one of the prefixes of w
has been rewired. Therefore, none of such vertices w is accessible from € via the
edge relation. Let ¢’ be the unravelling of the constructed graph. Clearly, y and p*
are runs of B and A on ¢'. Since both runs are accepting between d; and d; for
every i, the respective runs on ¢ are accepting. ]

This concludes the proof of Lemma 4.7 finishing the “only if” implication in
Proposition 4.3. The “if” implication will be proved in Lemma 4.10 in Sect.4.3.

4.2 Extending Runs

We now give a more explicit definition expressing the fact that n(B) > w?. It will
serve as an intermediate object in a proof of Lemma 4.10. For K € w we will define
notions of K-safe and K -reach trees.

The definitions are designed in such a way to correspond precisely to languages
recognised by the alternating automata defined in Sect.4.3. Because of that, we
cannot require here to have exact truncated runs as in Sect.4.1.1. Therefore, we use
a notion of a partial run defined as a non-empty finite partial tree p € PTry such
that every node u € dom(p) is either a leaf of p or ur, ur € dom(p) and for some
ac A

(p(w), a, p(uv), p(ur)) is a transition of 3.

We additionally require that € is not a leaf of p.

A partial run p is accepting if for every leaf u € dom(p) of p we have p(u) € F
— all the states in the leaves of p are accepting. A partial run p is minimal accepting
if it is accepting and minimal (w.r.t. C) partial tree satisfying the above conditions
— p has a leaf in the first accepting state seen along every branch. This technical
assumption will allow us to easily prove Proposition 4.5.

As for t-runs, we say that a partial run p is from the state p(€) and it fits a tree t
if the transitions used in p use letters of 7.

Take a state ¢ € QF and a tree t € Tr,. We say that:

— g is always O-reach and O-safe in t.
— g is (K41)-safe in t if there exists a total run p of B on ¢ such that p(¢) = g and
for every u € dom(¢)

p(u)is (K+1)-reachin¢J,.

— q is (K+1)-reach in t if there exists a partial run p from g such that p fits ¢, p is
minimal accepting, and for every leaf u of p we have

p(u)is K-safeint[,.
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In particular, if g is 1-safe in ¢ then there exists a total run p of B on ¢ with
p(€) = q. In general, the following fact holds.

Fact 4.38. Assume that ¢ € QP is (K+1)-reach int € Try. Then, we can find a
total run p of B on t and a depth d such that:

- p(E) =q,
— p is accepting between 0 and d,
— for every w € {1, r}* of length at least d we have

p(w) is K-reach in t],,.

Directly from the definition, we obtain the following monotonicity property.

Fact4.39. LetK' > K > 0.Ifq is K'-safe int then q is K-safe int. If q is K'-reach
intthen q is K-reach in t.

Also, if q is (K41)-reach in t then q is K-safe in t and if q is (K+1)-safe in t
then q is (K+1)-reach in t.

Proposition 4.4. The following conditions are equivalent:

1. forevery K there exists a tree t ¢ L(B) such that qIB is K-reachint,
2. n(B) > v*

The proof of this proposition is split across the following two subsections. The
following remark follows easily from the definition of K-safe, however we will
not prove it directly, instead we will use automata defined in Sect.4.3. It implies,
together with the above proposition, that if n(B) < ? then the language L(B) is
WMSO-definable.

Remark 4.3. For every K there exists a WMSO formula ¢k such that

L(pg) ={t: qIB is K-reach in t}.

4.2.1 K-reach Implies Big Rank

In this subsection we prove one of the estimations needed for Proposition 4.4: if for
every K there is a tree r ¢ L(3) such that qIB is K-reach in ¢ then n(B) > w?. The
proof goes by induction, as expressed by the following lemma.

Lemma4.8. Let N = (d, y) be a completed st-run of depth d from q. Assume that
N fits to a tree t € Try and for every u € {v, r}? we know that y (u) is K -reach in
t[,. Then

rank (T, (1) [y) = @ - K.
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Observe that by putting N = N ,;0) (the unique st-run of depth 0) above, we obtain
that if ¢ is K-reach in ¢ then rank(Tq (t)) >w-K.

Proof. The proof is inductive in K. For K = 0 the thesis holds. Assume that the
thesis holds for K > 0 and every g € QB ,t € Tru. Take an st-run N as in the
statement and assume that for every u € {r, r}¢ we know that y (1) is (K +1)-reach
intf,.

For every u € {1, r}¢ we can apply Fact 4.38 to ¢ = y(u) and ¢ = t[, obtaining
a total run p" of B on ¢, with p“(€) = y(«) and a depth d“. Let us put:

d = max d“, p:y[uep“]

ue{L,R}4 ue{L,R}4

By the construction in Fact 4.38 we know that:

— pisatotalrunof Bont and y C p,
— p is accepting between d and d’,
— for every u of length at least d’ we know that p () is K-reachint,,.

Now take any d; > d’ and consider the st-node

N (d-di, plgm<a)-

Clearly N’ is a completed st-run of depth d; from g that fits to ¢ and
N —@=4 N’ (ie. N’ can be obtained by extending N (d;—d)-times).
Observe that N’ satisfies the inductive assumption for K, so
rank(Tq(t) [N/) >w-K.

By considering bigger and bigger values of d;, we can find arbitrarily long paths
in T, (¢) [y that lead to vertices of rank at least @ - K. Therefore

rank(Tq(t)[N) Z>w-(K+1).

4.2.2 Big Rank Implies K-reach

Now we prove the opposite estimation from Proposition 4.4: if (B) > ? then for
every K there exists a tree t ¢ L(B) such that ¢;® is K-reach in . This statement
follows from the following lemma.
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Lemma4.9. Let N = (d, )/) be a completed st-run of depth d from q. Assume
additionally that N fits to a tree t € Try.

1. If
rank(Tq(t) [N) > w- (1 +2- K)

then for every u € {1, r}S? (i.e. u € dom(y)) the state y (u) is K -safe int],.
2. If
rank(Tq(t) [N) > w- (2 . K)

then for every u € {v, r}S? (i.e. u € dom(y)) the state y (u) is K-reach int],,.

As before, by putting N = N, ;0) (the unique st-run of depth 0) above, we obtain
that if rank (T, (r)) > - (2 K) then g is K-reach in 7.

The rest of this subsection is devoted to proving this lemma. We start with the
following observation.

Fact 4.40. Assume that N € T,(t) is a completed st-run of depth d and rank (Tq (1)
[N) > w-(K+1). Then foreveryd' > d there exists a completed st-run N' € Tq(t) [y
of depth at least d' and such that rank (Tq () er) >w- K.

Proof. Lett = Ty(t)[y. Since rank(t) > - (K+1), there are arbitrarily long paths
in t that lead to vertices of rank at least @ - K. By Fact 1.10 from page 17, under
every such vertex there is a vertex N’ € 1 of rank exactly o - K. Facts 1.9 and 4.36
imply that N’ must be completed in that case. Since the path from N to N’ is arbitrary
long, so is the depth of N'. |

Now we can prove our lemma, the proof is inductive on K, for K = 0 both parts
of the thesis are trivial. Assume that both parts of the thesis hold for K and consider
a completed st-run N as in the statement.

Item (1) First assume that

rank (T, (1) [y) = @+ (1+2-K).
Our aim is to prove that for every u € {1, r}S? the state y (u) is K-safein ¢],.

Let (N/)ien be a sequence of completed st-runs of unbounded depths that are
given by Fact 4.40. Let y/ be the t-run of N;. By compactness, there exists a subse-
quence of (y/);en that is point-wise convergent to a total run p. Let us restrict the
sequences (N))en, (¥/)ien to this convergent sub-sequence (we do not require N/ to
be convergent in any sense). Clearly, y C p and for every u € {v, r}* there is some
i such that p(u) = y/(u).

What remains to prove is that for every u € {r, r}* the state p(u) is K-reach in
t,. Take such u and consider i such that p(u) = y/(u). By the construction of N/
we know that

rank (T, () rN,-’) >w-(2-K).

Therefore, p(u) is K-reach in ¢ [, because of Item (2) of our lemma.
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Item (2) Now assume that
rank(Tq(t) [N) > w- (2 . (K+1))

and take u € {r, z}S¢. Our aim is to prove that the state y («) is (K +1)-reach int],,.
By applying Fact 4.40 to N and any depth greater than d we obtain a completed
run N’ such that N’ € T,(¢)[y and

rank (T, () [y) > - (1+2-K). 4.7

Let y’ be the t-run of N’ and d’ be the depth of y’. Since both N and N’ are
completed, y’ is accepting between d and d’

Let p be the restriction of y'[, to its initial fragment before the first accepting
state:

dom(p) & {w: uw € dom(y"),
y'(uw) € F, and

for every € < w' < w we have y'(uw’) ¢ F}.

By the definition p is a partial run and p is minimal accepting. Observe that
by (4.7) and the inductive assumption, for every w that is a leaf of p we know that
the state p(w) is K-safe in ¢[,,,. Therefore, p is a witness that y (u) is (K +1)-reach
intf,.

This concludes the proof of Lemma 4.9 and therefore the proof of Proposition 4.4.

uw:*

4.3 Automata for K -safe Trees

In this section we define a sequence of automata (defined in a uniform way) that
recognise languages of K-safe trees, as expressed in Proposition 4.5 below. The
primary goal of this construction will be a proof of Lemma 4.10 (i.e. that if n(B) <
w? then L(B) is WMSO-definable) which completes the proof of Proposition 4.3.
Furthermore, in Sect.4.4 we will define a game based on the automata constructed
here; the aim of this game will be verifying if n(B) < @?.

The automata constructed here are very similar to the counter automaton 3 defined
in [CKLV13, Sect. 4.3], however both notions were developed independently basing

on the idea of fraps in [KV99].

Lemma 4.10. If for some K € w and every t ¢ L(B) we have rank (T(t)) <w-K
then L(B) is WMSO-definable.

We take a number K > 0 and construct an automaton C[K] over the alphabet
A. Let the states of C[K] be OB x {safe, reach} x {0, 1, ..., K}. The initial state
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is (qIB, safe, K). Let the states of the form (g, safe, i) have priority 0 and the other
states have priority 1.

Let us define the transitions of the automaton C[K]. All the states of the form
(g, safe, 0) and (g, reach, 0) have only trivial transition T — they accept everything.
First we give a formal definition of the form of the transitions, then we explain it
informally. Assume that the current state is of the form (g, z, i) with z € {safe, reach}
and i > 0; and a letter a is given. The transition of C[K] consists of the following
choices of the players:

V chooses an element 7’ € {z, reach} (if z = reach then V has no choice here)
3 chooses a transition § = (g, @, g1, gr) of B

V chooses a direction d € {z, r}

When these choices are done, the automaton C[ K] moves in direction d to the suc-
cessive state defined according to the following cases:

— 7/ = safe then the successive state is (g4, safe, i),
— 7/ =reach and g, ¢ F then the successive state is (g4, reach, i),
— 7/ =reach and g, € F then the successive state is (g4, safe, i — 1).

Informally, from each state (g, safe, i) the player V can request to jump to the state
(g, reach, i) without moving in the tree. Assume that he made his choice and the
state of C[K ] is (g, z, i). Now 3 declares a transition § and V picks a direction d. If
7' = safe then they just continue in the state (gq, safe, i). If z/ = reach then C[K]
waits for an accepting state. If ¢, is accepting then C[K ] moves to (g, safe,i — 1),
otherwise C[K] stays in (g4, safe, i).

By the definition of the transitions of C[ K] we obtain the following fact.

Fact 4.41. For every K > 0 the automaton C[K] is Comp(0, 0).

The following proposition expresses a relation between the notions of K-safe
trees and acceptance by the automata C[K].

Proposition 4.5. For K > Oand atree t € Try:

t € L(CIK], (q, safe, i)) <= q isi-safeint,
t € L(CIK], (g, reach, i)) <= q isi-reachint.

Proof. The proof is inductive in i. For the induction step it is enough to observe that
there is a 1—1 correspondence between winning strategies of 3 in the component
08 x {safe} x {i} of C[K] and runs p witnessing the i-safety (similarly for the
component Q% x {reach} x {i} and partial runs p witnessing i-reachability). |

Now, all the properties of the ordinal n(B) from Sect.4.1 have been proved.
What remains in the following sections is to give an effective procedure deciding if
n(B) < w.
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4.4 Boundedness Game

In this section we construct a finite game G with an w-regular winning condition that
satisfies the following proposition.

Proposition 4.6. The following conditions are equivalent:

1. 3 has a winning strategy in G,
2. n(B) > o

Since the winner of G can be effectively computed (see Theorem 1.21 on page 21),
Theorem 2.2 will follow from Proposition 4.3. The game G is highly motivated by
domination games from [Col13], however the construction presented here does not
depend on any external results about cost functions.

In this section we construct the game G, a proof of Proposition 4.6 is given in
Sect.4.5.

Let us fix a non-deterministic tree automaton .4 recognising the complement of
L(B) (A can have arbitrary index). We will construct G from .4 and B. Intuitively, G
will require the following declarations from the players:

— 3 will be constructing a tree ¢ and a run pA of Aont,

— V will be selecting successive directions constructing an infinite branch « of ¢,
aiming to show that the run p** proposed by 3 is not accepting,

— at the same time both players will simulate (in the history-deterministic way in
the sense of [Col13]) the game G(C[K], t) for an “unknown but big” K.

The set of positions of G is

v&p (QF x {safe, reach}) x 04 x {0, 1,2, 3}.

A position (S, p,r) € V of G consists of a set S € QF x {safe, reach} of active
States, a state p € QA, and a sub-round number r € {0, ..., 3}.

The initial position of G is ({(qIB, safe)}, qIA, 0).

The edges of G will have an additional structure (i.e. an edge will be more than
just a pair of positions (v, v') € V x V). This richer structure will be used to define
the winning condition of G that will refer to a sequence of edges. From our definition
it will be easy to see how to transform such a game into a standard two player game in
the sense of Sect. 1.3 (see page 6). To underline that edges have additional structure
we refer to them as multi-transitions.

A multi-transition u from (S, p,r) € V to (', p’, ') € V contains:

— the pre-state (S, p,r),

— the post-state (S', p’, r") withr' =r + 1 (mod 4),
—asete C S x § of edges between the active states S and §’,
— asete C e of boldfaced edges, satisfying

for every s’ € S’ exactly one edge to s’ is boldfaced (i.e. |{s : (s,s") € &}| = 1).
4.8)
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S (QF x {safe}) S A (QF x {reach}) peQ* T

S (QP x {safe}) $' 1 (Q" x {reach}) pe” v

Fig. 4.2 An example of a multi-transition .

Observe that by the definition, there is only finitely many multi-transitions. The ex-
act rules how the multi-transitions are selected by the players are given in Sect.4.4.1.

An active state (g, safe) is said to be in the safe zone and an active state (g, reach)
is said to be in the reach zone. We say that a pair (s, s’) € e with s = (g, z) and
s'" = (q’, 7') changes zone if 7 # 7/, it changes zone from safe to reach if 7 = safe
and 7z’ = reach, it changes zone from reach to safe if z = reach and 7z’ = safe.

An example multi-transition is depicted on Fig.4.2. The convention is that all the
active states from the safe zone are drawn on the left, then all the active states from
the reach zone are drawn in the middle, and finally the state of A and the sub-round
number are drawn on the right. For the purpose of layout, we additionally draw an
edge between the states p and p’ of A (this edge does not belong to ¢). Boldfaced
edges are boldfaced.

4.4.1 Rules of the Game

In this section we describe the rules for choosing multi-transitions in G. A multi-
transition from a position (S, p, r) € V will be constructed by first selecting a set of
edges e C S x (QF x {safe, reach}) and p’ € O according to the rules given below;
and then by allowing V to choose any multi-transition wu that respects (S, p, r), e,
and p’ in the following sense:

— the pre-state of u is (S, p, r),

— the post-state of w is (S, p/,7’) with §' = {s' : (s,s') € e}and 7’ =r + 1
(mod 4),

— the edges of u are e,

— the boldfaced edges e of u are chosen arbitrarily by V according to Condition 4.8.

That is, the only freedom V has when selecting a multi-transition that respects
(S, p,r), e, and p’ is when choosing the boldfaced edges e.

Assume that the current positionin G is (S, p, r) and consider the following cases
for the number of sub-round r. In all the cases players construct a multi-transition p
that leads to a post-state (S', p’, r’):



60

4 When a Biichi Language Is Definable in WMSO

RO r = 0: Deterministically, every active state (g, safe) from the safe zone is

R1

R2

R3

duplicated to the reach zone: e contains all the pairs (s, s) for s € S as well
as all the pairs ((g, safe), (¢, reach)) for (g, safe) € S. The state p’ = p of A
is not changed. V chooses u that respects (S, p, r), e, and p'.

r = 1: 3 declares:

— alettera € A,

— afunction assigning to every s = (q, z) € S atransition§; = (q, a, ¢;, q3)
of B,

— atransition § = (p, a, p;, pg) of A.

If 3 is unable to do such a declaration, she loses.

V responds by selecting a direction d € {r, r}. Then p’ = p/, and e contains
all the pairs of the form ((g, z), (g}, z)) for s = (¢, z) € S.V chooses u that
respects (S, p,r), e, and p’.

r = 2: Deterministically, every active state (g, reach) in the reach zone with
g € F is moved to the safe zone. Formally, e contains:

— all the pairs ((q, safe), (g, safe)) for (g, safe) € S,
— all the pairs ((g, reach), (¢, reach)) for (¢, reach) € Sand g ¢ F,
— all the pairs ((g, reach), (g, safe)) for (¢, reach) € Sand g € F.

The state p’ = p of A is not changed. V chooses i that respects (S, p, r), e,
and p’.
r = 3:V may remove some active states in S by selectinge C {(s,s) : s € S}.
The state p’ = p of A is not changed. V chooses u that respects (S, p, r), e,
and p’.

Figure4.3 presents a round of G (i.e. four consecutive sub-rounds with r =
0,1,2,3).
By the definition of the sub-rounds of the game, we obtain the following fact.

Fact 4.42. Let 1 be a multi-transition constructed in the game G and s = (q,z) € S
be an active state in the pre-state (S, p, r) of u. Then one of the following cases holds:

(o, - -

z = safe and there is precisely one q’ such that (s, (q’, safe)) € e,

z =reach and q ¢ F and there is precisely one q' such that (s, (q’, reach)) € e,
in R2 if 7 = reach and q € F then there is no q' such that (s, (¢, reach)) € e,
there is no s’ such that (s, s’) € e (it may happen only in R3 if ¥V removes s).

The state ¢’ in the first two cases above is called the u-successor of (g, z).
Similarly, for a sequence of multi-transitions o, ..., 4y we have the notion of

, i )-successor. Note that a priori the p-successors of (g, safe) and (g, reach)

may be distinct. For an element s’ € §’, the unique s such that (s, s") € e is called
the u-predecessor of s’.
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S — the safe zone S — the reach zone P r
e e, e e,
0
RO A
1
a a
R1 A
PS 2
R2 A
A 3
R3 A
0
—_— —_—
S" — the safe zone S" — the reach zone P r

Fig. 4.3 An example round of the game G consisting of the four sub-rounds. The nodes in circles
correspond to accepting states. At sub-round R3 V decides to remove one active state from the safe
zone.

4.4.2 Winning Condition

Now we will define the winning condition for 3 in G. Recall that it will refer to the
sequence of multi-transitions on the play.

Let m = popg - .. be the infinite sequence of multi-transitions that were played
in G. We will refer to the pre-state of w, as (S,, pn, r»). Analogously, we will use
(S, p,,, rn) for the post-state, e, for the edges, and e, for the boldfaced edges of
i, respectively. Since x is a play, (S), p,. 7)) = (Spy+1, Puti1,Tny1) and r, = n
(mod 4).

Observe that every s € S, has a unique boldfaced history in 7: a unique sequence
505 S15 - --,8, = s such that (s;, s;+1) € ¢; fori < n. A path in 7 is a sequence
o = $o, S1, ... such that (s;, s;+1) € e; of all i. A path is boldfaced if (s;, si11) € e;
for all i. In particular, every finite prefix of a boldfaced path is a boldfaced history.

Intuitively, we would like to count how many times the boldfaced history of an
active state s € ), has changed zone from reach to safe, this number will be denoted
val(s) and will be defined formally in Equation (4.10). The main purpose of G is to
avoid measuring this quantity and to use an w-regular winning condition instead.

For a play m = pop; . . . define the following properties:
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W1 Some boldfaced path changes zone infinitely many times.
W2 The sequence of states pg, pi, ... of the automaton A is parity-accepting.
W3 Some boldfaced path stays from some point on in the reach zone.

Now let a play  be winning for 3 if 7 satisfies
W1 v (W2 A-=W3). 4.9)

By the definition of the conditions W1, W2, and W3 we obtain the following fact.

Fact 4.43. The winning condition of G is an w-regular property of sequences of
multi-transitions. By adding multi-transitions of G to the positions one can obtain an
equivalent game with the winning condition on sequences of positions, conforming
to the definition in Sect. 1.3 (see page 6).

4.5 Equivalence

In this section we prove the following proposition, expressing an equivalence between
the game G constructed in Sect. 4.4 and the ordinal 1 (3) from Sect.4.1.

Proposition 4.6. The following conditions are equivalent:

1. 3 has a winning strategy in G,
2. n(B) > v’

4.5.1 Implication (1) = (2)

In this subsection we assume that 3 has a winning strategy o3 in the game G and
prove Item (2) in Proposition 4.6, i.e. that () > w?. For this purpose we take any
number K € N and we will construct a tree ¢t ¢ L(I5) such that qIB is K-safe in ¢.
Proposition 4.4 will imply that n(B) > @?.

The main idea behind the game G is that although the winning condition of G
is w-regular, the structure of G allows to keep track of real values of active states.
These values will correspond to the numbers stored in the states of C[K]. We start
by formally defining these values for a play in G.

Consider a finite or infinite play w = pou; . . . and an active state s € S, with the
boldfaced history s9, 51, ..., 5, = s. Let

val(s, n, 1) & I{i : si € OF x {reach} and s;4; € QF x {safe}}|. (4.10)

We usually skip # and 7 above and write just val(s) if the current history of the play
is known from the context.
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Now, given a value K we can consider genuine strategies of Y — strategies that
keep track of the values of active states. It will turn out that such strategies allow us
to simulate plays in C[K]. We start by formally defining these strategies.
K-genuine strategies of V. A strategy oy of V is called K-genuine if it satisfies
the three conditions defined below: genuine-removal, val-monotonicity, and tie-
breaking.

A strategy oy satisfies genuine-removal if in the sub-round R3 it removes an active
state s € S if and only if val(s) > K.

A strategy oy satisfies val-monotonicity if whenever V defines boldfaced edges,
he does it in such a way to minimize val(s) — he puts (s, s) into e if s has a minimal
value val(s) among all {s : (s, s) € e}. In other words, every pair (s, s') € e has to
satisfy

Y (5.5 ee Val(s) < val(sp). 4.11)

Already the two above conditions guarantee the following fact.

Fact 4.44. If 7 is an infinite play of G consistent with a K -genuine strategy of V¥
then w does not satisfy W1 (no boldfaced path changes side infinitely many times).

The last condition, namely the tie-breaking, says what to do when defining e
if there are two possible active states s with the minimal value val(s), i.e. both
satisfying (4.11). The only purpose of this condition is to guarantee the following
fact.

Fact 4.45. Let w be an infinite play of G that is consistent with a K -genuine strategy
of V. If T contains an infinite path o that from some point on stays in the reach zone
then this path is eventually boldfaced (i.e. there exists an infinite boldfaced path o'
that differs from a on finitely many positions, so o’ satisfies W3).

To express the condition of tie-breaking let us assume that during a play the player
V keeps track of a linear order on the active states: along with the position (S, p, r)
he stores an order < on S. This order is a simplified variant of Latest Appearance
Record, see [GH82] and [Biic83b]. When he chooses a multi-transition w, the new
order <’ on §’ is defined according to the following rules:

— for an active state s’ € S’ that is in the reach zone let us define pre(s’) = {s €
08 x {reach} : (s,s’) € e} — the set of e-predecessors of s that are in the reach
zone,

— for s(, 7 in the reach zone such that both sets pre(s;), pre(s{) are non-empty we
put

sy < s} if supS pre(s)) < supS pre(s)),

— all the active states s in the reach zone such that pre(s’) = @ are added to <’
below all the existing elements (i.e. s’ <’ s, when pre(s’) = @ and pre(s;)) # ©),

— all the active states in the safe zone are added below all the active states in the
reach zone (i.e. (¢, safe) <’ (¢’, reach)).
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— when the above rules do not determine the order, some fixed order on QB is used.

Intuitively, the order < measures, for a given active state s, how long history
(possibly not boldfaced) this active state has in the reach zone — the longer history,
the <-bigger is s.

Now, a strategy oy satisfies the condition of tie-breaking if among all active states
s satisfying (4.11) it selects the <-maximal one: if (s, s’) € e then

Y (s0.5)ee Val(so) = val(s) = sp < 5.

Proof of Fact 4.45. Let 1 = ot . . . and consider a path « in 7 as in the statement
(o stays from some point on in the reach zone). Observe that from some point on
the value val(s) for the active states on the path o must stabilize — the values of
active states along a path not changing zone can only decrease. Therefore, from some
point on, the boldfaced edges to active states on o were chosen using the condition
of tie-breaking.

For the purpose of this proof, let the grade of an active state s in an order < be
the number of elements greater than s in < — the smaller the grade is the <-bigger
the element is. By Fact 4.42 an active state s in the reach zone has at most one
e-successor. Therefore, the grades of the active states on the path « are from some
point on decreasing. Let n be the moment when both the values and the grades of
the active states on « stabilize.

Consider a multi-transition i, in 7 that is later than n (i.e. n’ > n). Let s, s’ be
the active states on « just before and just after w,,. The values are already stabilized
so val(s) = val(s’). Since the grades of s and s’ are the same, s is <-maximal in
pre(s’). Therefore, the edge (s, s”) has to be boldfaced in w,, . |

The following remark shows how to define a K-genuine strategy.

Remark 4.4. Observe that all the choices of V except the directions d are uniquely
determined in a K-genuine strategy. Therefore, to define a K-genuine strategy it is
enough to say what will be the directions proposed by V in the sub-rounds R1.

From a strategy in G to a K -safe tree. Assume that 3 has a winning strategy o3 in G
and K € N. Our aim is to construct a tree ¢ ¢ L(B) such that QIB is K-safe in ¢. The
requirement that ¢ ¢ L(B8) will be ensured by constructing an accepting run p of A
on ¢. It will finish the proof of Item 2 in Proposition 4.6 (i.e. that n(B) > w?).

We define a tree ¢ and a run p of A on ¢ inductively. Let us take u € {1, r}*.
Consider the play 7 of G resulting from 3 playing o3 and V playing a K-genuine
strategy such that the first |u| directions proposed by V are u(0), ..., u(Ju| — 1). Let
a, p be the letter and the state of A from the sub-round R1 of the |u|’th round of 7.
Letus put#(u) = a and p(u) = p.

Let « be any infinite branch of t. By 7 (K, «) we denote the play resulting
from 3 playing o3 and V playing the K-genuine strategy with consecutive direc-
tions «(0), a(1), ... By Fact 4.44, the play 7w (K, o) does not satisfy W1. Since o3
is winning, 7 (K, o) satisfies W2 and — W3. In particular, W2 implies that the run
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p determined by o3 is parity-accepting on «. Since the choice of « is arbitrary, p is
accepting so t ¢ L(B).

It remains to prove that gP is K -safe in ¢. It is expressed in an inductive fashion
by the following lemma. We assume that the sequence of multi-transitions during
(K, a)is popg - . .. Note that the four multi-transitions played in the sub-rounds of
an n’th round of the play 7 (K, ) are [lay, Lant1, Mant2, and Lgp13.

Lemma 4.11. Consider the play w (K, o) for an infinite branch «. Assume that an
n’th round of this play started in the vertex u = o[, of the tree t. Take any active state
s = (q,z) € San or Sy, (we allow active states before and after the sub-round RO).
For everyi < K—val(s):

if z = reach then q is i-reach in t[,,

if 7 = safe then q is i-safe in t],,.

Note that the above lemma forn = 0, s = (g5, safe), and i = K gives us that ¢
is K-safe in ¢.

Proof. The proof goes by induction on i. The thesis is trivial for i = 0. Assume that
we have proved the thesis for i —1 (for all n and s). Consider a vertex u = «, and
an active state s as in the statement.

The z = reach case. First consider the case of z = reach. We need to show that g is
i-reachint[,.

We will construct a partial tree p € PTr s that will be a partial run witnessing that
q isi-reachint[,. The construction of p(w) is inductive on the length of w € {, r}*.
With every w during the construction we bind a prefix of a play in G that is consistent
with the strategy o3. The invariant is that s’ = (p(w), reach) is an active state and
val(s’) < K — i. We start with w = ¢, the prefix ug ... 14, and s’ = s.

Assume we reached a vertex w during the construction with the prefix of the
play being (o ... lan—11y, Wy - - - Wy, (here n —n = |w]). Assume that 59 =
(p(w), reach) is an active state and val(sg) < K —i. We need to show how to extend
the construction to wd for d = t, r. Consider such d and let us play the remaining
three sub-rounds of the (n’)’th round. Let 3 play using o3 and let V play in this round
using a K -genuine strategy with the proposed direction d, the three multi-transitions
constructed are [}, . ..., i}, 3. Now let us play the first sub-round RO of the
successive round, what gives us 1, , — it does not influence the reach zone.

Let ' = g’ — the state from the transition proposed by 3 for sy. First assume
that ¢’ ¢ F. In that case, by Fact 4.42, the active state (¢’, reach) is the unique
(W15 -+ - » Wiy 44)-successor of (g, reach) — since i > 0 and val(sg) < K — i so
V does not remove the active state (¢’, reach) in 1}, 5. In particular, val(g’, reach) <
val(g, reach) < K — i. We define p(wd) = ¢’, and proceed with w = wd, s9 =
(¢', reach), and the prefix of a play fto . .. flan— 1My, Mapyy - - - M sa-

Now consider the case that g’ € F'. In that case we finish the inductive constriction
by letting w be a leaf of p. Note that in that case in the multi-transition p},, ., there
is an edge ((q’, reach), (¢’, safe)). Therefore, we obtain
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val(q’, safe) < 1+ val(g',reach) <1+ K —i=K — (i —1).

As before, ¥ does not remove (q’, safe) in uj,, , ;. By the inductive assumption for
i —1 < K —val(q’, safe) we know that ¢’ is (i—1)-safe in ¢[,,,. It means that p is
a partial run witnessing that the original state ¢ was i-reach in ¢ [, if and only if p is
a finite tree (does not have any infinite branch).

It remains to prove that p is finite. Assume contrary that there exists an infinite
branch 8 such that for every w < B the above construction gave a state g’ ¢ F. It
means that there exists a path in the play 7 (K, uf) that is from some moment on
in the reach zone. By Fact 4.45 it means that W3 is satisfied what contradicts the
assumption that o3 is winning.

The z = safe case. Assume that z = safe. We need to show that ¢ is i-safe in ¢7,.
Similarly as above, we construct a total run p of B on t[, with p(e) = g. We will
argue that for every w we know that p(w) is i-reach in z[,,,.

The construction of p(w) is inductive on the length of w € {r, r}*. With every
w during the construction we bind a prefix of a play in G that is consistent with the
strategy o3. The invariant is that s = (po(w), safe) is an active state and val(s") <
K — i. During the step in which we define p(wd) we additionally argue that p(w)
is i-reach in [ ,,,. We start with w = €, the prefix wo . .. ay—1 and s’ = s.

Assume that we reached a vertex w during the construction with the prefix of
the play being i . . . fan—1/44, My - - - Myp—, (here n’ —n = |w]). Assume that
so = (p(w), safe) is an active state and val(sp) < K — i. We need to show how
to extend the construction to wd for d = 1, r. Consider such d and let us play the
four sub-rounds of the (n")’th round. Let 3 play using o3 and let V play in this round
using a K -genuine strategy with the proposed direction d, the four multi-transitions

constructed are fj,, . .., Wy, 43
Let g = g’ — the state from the transition proposed by 3 for sy. By Fact 4.42,
the active state (¢', safe) is the unique (i}, ..., i, 3)-successor of (g, safe)

— since i > 0 and val(sg) < K — i, V does not remove the active state
(¢’, safe) in uﬁ‘n,H. In particular, val(q’, safe) < val(q, safe) < K — i. We de-
fine p(wd) = ¢’, and proceed with w = wd, so = (¢’, safe), and the prefix of a play
Mo - - H41171M£1n/’b21n+1 s Mﬁtn/.t,._%-

Additionally observe that there is an edge ((g, safe), (g, reach)) in the multi-
transition p4, . Therefore, by the inductive invariant we know that p(w) is i-reach
intf,,. [ |

This concludes the proof of the implication (1) = (2).

4.5.2 Implication (2) = (1)

Now assume that V has a winning strategy in G. Since the winning condition of G is
w-regular so we can take as oy a finite memory winning strategy of V (see Sect. 1.3.1
and Theorem 1.21 on page 21). Assume that the memory structure of oy is M. We
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will prove that there exists a number K such that no tree t ¢ L(B) is K-reach, thus
showing the negation of Item 2 in Proposition 4.6 (i.e. that n(B) < w?).

We start with the following fact exploiting the assumption that the strategy oy has
finite memory. Recall that in (4.10) we defined the value of an active state s in a play
(denoted val(s)).

Fact 4.46. There exists a global bound K such that for every play consistent with
oy and every active state s during the play, we have val(s) < K. The bound K can
be computed effectively basing on B.

Proof. Assume contrary and let us take a play m = oty . . . La, such that for some
active state s we have val(s) > |G| - M| - |QB] - 2. A standard pumping technique
(see e.g. [ASOS]) shows that in that case there exists a loop [t4; 44j+1 - - - H4ir in the
graph G x M and an active state s € QB x {safe, reach} such that:

-5 € S4,

=5 € Siyss

the boldfaced history of s in pt4; (La; 41 - . . pLai reaches s in Sy,
— the above boldfaced history changes zone from reach to safe.

Consider the play

o0
7' = oM - . . Mai1 (M4i e H4i’+3) .

This play is consistent with the strategy oy and satisfies W 1. Therefore, 7’ is winning
for 3 what contradicts the fact that oy is a winning strategy of V. ]

Let us fix the bound K from Fact 4.46. Assume for the contradiction that n(B) >
w?. Proposition 4.4 implies that there exists a tree ¢ ¢ L(/3) such that qlB is K-safe
in t. Let o be a winning strategy of 3 in G(C[K], ).

We will construct a strategy o3 of 3in G that will simulate the strategy o. Then we
will show that the play of G resulting from 3 playing o3 and V playing oy is winning
for 3 what contradicts the assumption that oy is winning.

Let p* be an accepting run of A on ¢. The strategy o3 will simulate during a play
of G a set of plays of G(C[K 1, 1) (by following the boldfaced edges) and play p* as
the transitions of .A. That is, for every active state s the player 3 will keep track of
an s-play in G(C[K], t) defined below. The invariant will be:

If s = (g, z) € S at the beginning of a round in G then
the s-play in G(C[K1, 1) reached the state (g, z, K — val(s)). 4.12)

Let us define the s-play in G(C[K], t) more formally. At the beginning of the
game G the only active state is (qIB, safe) and (qIB , safe, K) is the initial state of
C[K]. We will consider the four sub-rounds of a round in G. Whenever a new multi-
transition u is played in G, the s’ € S'-play in G(C[K], t) is the continuation of the
s-play in G(C[K1, t) for s being the p-predecessor of s’. Now consider the successive
sub-rounds:
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— In the sub-round RO it is possible that the edge (s, s”) changes zone from safe to
reach. In that case 3 simulates V playing 7’ = reach in G(C[K], 1), otherwise she
simulates 7’ = safe.

— The transition §; played by 3 in G in the sub-round R1 is the transition § from
G(C[K], t) played in the s-play in G(C[K], t). The transition § of .4 played by 3 is
the transition from p“*. The direction d played by V¥ in G(C[K ], t) is the direction
from the sub-round R1.

— In the sub-round R2 it is possible that the edge (s, s”) changes zone from reach to
safe. In that case s = (g, reach) with g € F and the s’-play in G(C[K], ) moves
to the state (¢’, safe, i — 1).

— If V decides to remove some active states s in the sub-round R3 of G then they are
not longer active after this sub-round. For active states s that are not removed, the
s-play is not changed.

Observe that after such a round the invariant (4.12) is satisfied.

Let  be the play resulting from 3 playing o3 and V playing oy in G. Fact 4.46
implies that v does not satisfy W 1. Since the strategy o of 3in G(C[ K], t) is winning,
W3 is not satisfied by 7. The run p-* is accepting so 7 satisfies W2. Therefore, 7 is
winning for 3 what contradicts the assumption that oy is winning.

This concludes the proof of Implication (2) = (1) and the proof of Proposition 4.6.

4.6 Conclusions

The results presented in this chapter relate descriptive complexity of the language
recognised by a Biichi automaton B with the rank n(B). In particular, Conjecture 4.4
stated in this chapter would imply that if a Biichi language is Borel then it is WMSO-
definable (i.e. a special case of Conjecture 2.2 for Biichi languages). Unfortunately,
Conjecture 4.4 remains open as an appropriate pumping argument is missing.

The study of the ordinal n(5) is motivated by the boundedness theorem (see
Theorem 1.12 on page 17), saying that if an analytic (i.e. Zi) set X is contained in a
ranked set (e.g. well-founded w-trees) then there is a bound on ranks that are realised
in X. This theorem is the crucial tool for proving Proposition 4.2 that relates Borel
languages and the rank 7(B).

Since every Biichi language is analytic, this may suggest to use the boundedness
theorem for deciding if a given language is Biichi. However, one should bear in mind
the following example. It implies that among X } -sets there are some Biichi languages
and some regular languages that are not Biichi. Therefore, topological methods are
not enough to distinguish between the two cases.

Example 4.2. The regular tree language L containing these trees ¢ € Try, ;) that
have O or at least 2 infinite branches labelled by infinitely many letters a is an analytic
language (i.e. ):}) but it cannot be recognised by a Biichi automaton.
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Sketch of the proof. Thefactthat L is analytic follows from [Kec95, Exercise 33.1].
The fact that L is not a Biichi language follows from the standard pumping argu-
ment showing that the set of trees where every branch contains only finitely many a
is not Biichi. ]

However, there is a hope that some more involved ranks may still be useful for
deciding higher levels of the index hierarchy.



Chapter 5
Index Problems for Game Automata

One of the main difficulties when working with regular languages of infinite trees
is the lack of a convenient notion of recognition. In particular, since deterministic
automata are too weak, one has to deal with an inherent non-determinism. On the
other hand, many problems simplify when we restrict to languages recognisable by
deterministic automata (called deterministic languages), see Sect. 1.7.6 on page 26.
The crucial technique standing behind these results is the so-called pattern method —
the properties of a deterministic language are reflected by certain patterns in the graph
of a deterministic automaton recognising it.

The pattern method cannot be applied to non-deterministic nor alternating auto-
mata; the reason is that both these classes are closed under union and union is not an
operation that preserves the index of languages. However, it turns out that if we avoid
closure under union, we can extend the pattern method well-beyond deterministic
automata, to so-called game automata.

In this chapter we study game automata that can be seen as a combination of
deterministic and co-deterministic ones. They were introduced in [DFM11] as the
largest subclass of alternating tree automata extending the deterministic ones, closed
under complementation and composition, and for which the latter operation pre-
serves natural equivalence relations on recognised languages, like the topological
equivalence, or having the same index. As game automata recognise the languages
W, ; from [Arn99] (see Sect. 1.7.4, page 23) the alternating index problem does not
trivialise, unlike for deterministic automata.

Recall that an alternating tree automaton A is deterministic if its transitions are of
the form (qr,, ) A (¢x, r). For such automata, all the positions in the induced game
G(A, 1) on a tree t belong to the universal player V— his aim is to indicate a branch
on which the run is rejecting. In the case of game automata we allow dual transitions
where 3 is in charge of selecting the direction. More formally, an alternating tree
automaton A is a game automaton if every transition of A is of one of the following
forms:

T, L, @ d), (Gu, 1)V (@Gr R, (gu 1) A(gr,R)
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for d € {1, &} and g1, gr € Q. If A is a game automaton and ¢ is a tree then
both players are allowed to make decisions in the game G (A, t). However, for every
direction d in the tree, there is at most one successive state that can be reached by
moving in this direction.

The following theorem summarizes the results of this chapter.

Theorem 5.3. The non-deterministic index problem is decidable for game automata
(i.e. if a game automaton is given as the input). The same holds for the alternating
index problem.

Let L be a language recognised by a game automaton. If L € A;l-h then L €

Comp(T13" ). If L is Borel then L is WMSO-definable.

Additionally, it is shown in [FMS13] that it is decidable if a given regular tree
language is recognisable by a game automaton. This characterisation is not presented
in this thesis, it follows similar lines as in the deterministic case [NW98]. It implies
that the decidability results from Theorem 2.3 hold for the class of languages recog-
nisable by game automata: there exists an algorithm that inputs a representation
(possibly a non-game automaton) of a regular tree language, verifies if the language
can be recognised by a game automaton and if it can then computes the index of the
language.

At this point game automata form the widest class of automata for which both
index problems are known to be decidable. It seems that game automata is the frontier
of the pattern method — to move further one needs a new insight into the structure
of regular tree languages.

The symbols H‘}'t and Z‘}“ are used in this thesis in the opposite meaning when
compared to [FMS13]. This is to keep consistency with the notions from [ASOS5,
AMNI2].

The chapter is organised as follows. In Sect.5.1 we introduce and study a notion
of the run of a game automaton on a tree. In Sect. 5.2 we give an easy argument for
decidability of the non-deterministic index problem for game automata. Section 5.3
builds some technical tools that will allow to give a solution for the alternating index
problem for game automata in Sect.5.4. In Sect. 5.5 we conclude.

5.1 Runs of Game Automata

The main similarity between game automata and deterministic automata is that their
acceptance can be expressed in terms of runs, which are unique labellings of input
trees. The notion of a run of a game automaton will be used in subsequent sections
of this chapter.

For a game automaton .A and a state gy € Q, with each tree t € Tr 4 one can
associate the run

p=p(A, 1, q0): dom(r) - QA LT, L, %}
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such that p(€) = qp and for all u € dom(¢), if p(u) = ¢q, 6(q, t(u)) = b, then

— if b, is (g1, 1) V (gr, ) O (g1, L) A (gr, ®) then p(ud) = g4 f_or d =1,r;
— if b, = (qq, d) for some d € {v, r} then p(ud) = g; and p(ud) = *;
— if b, = L then p(ur) = p(ur) = L, and dually for T;

and if p(u) € {T, L, %} then p(ur) = p(ur) = *.
Therun p = p(A, t, qo) for atree  is naturally interpreted as a game G, (A, ¢, go)
with:

— positions dom(z) \ p~' (%),

— where edges follow the child relation and loop on those positions u where p (1) €
{T,1},

— the priority of u is .QA(,o(u)) with (L) =1, 2(T) =0,

— the owner of u being 3 if and only if (o (u), f (1)) = (q1, L) V (gr, r) for some
qu,qr € 04

Note that the symbol « in p denotes the vertices that cannot be visited during the
game G, (A, t, qo).

Recall that the game G (A, t, qo) (see Sect. 1.4, page 7) is defined similarly to
G, (A, 1, qo) but is more complicated: a play in G(A, ¢, go) explicitly operates on
transitions of .A. For instance, one edge in the game G, (A, ¢, go) may correspond to
three edges in G(A, 7, go):

— from (u, b,) to (u, b;) where b, is an atomic transition that is a sub-formula of b,,,
— from (u, by) to (ud, q4) for an atomic transition b; = (qq4, d),
— from (ud, q,4) to (ud, 8(qq, t(ud))) where 6(qy, t(ud)) = byy.

Therefore, G, (A, t, qo) can be seen as a projection of G(A, ¢, go)), the advantage of
G, (A, 1, qo) is that this game explicitly reflects the input tree — the set of positions
of G, (A, t, qo) is contained in dom(?). By the definition, t € L(A, qo) if and only
if 3 has a winning strategy in G, (A, t, o).

For simplicity we write p (A, t) for p(A, ¢, q;4) and G, (A, 1) for G,(A, ¢, q;“).

It will be important in this chapter that we assume that every state g of a game
automaton A recognises a non-trivial language, i.e. L(A, ¢) is neither & nor Tr4.4.
This can be achieved for every game automaton recognising a non-trivial language
by removing trivial states and simplifying transitions, see Fact 1.4 on page 9 (it is
easy to observe that the proposed method produces a game automaton).

The following remark subsumes the crucial property of runs of game automata.

Remark 5.5. Let A be a game automaton and ¢ € Trya be a tree. Assume that
u € dom(r) is a vertex such that p(A, 1)(u) = g € 04 (i.e. p(A, 1)(u) is not in
{T, L, %}). Let

L ={t' € Trya: tlu < t'1 € L(A)}.

Then either:
- L' =0,
- L' = TrAA,

- L'=L(A,q).
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Additionally, since all the states of A recognise non-trivial languages, the above
disjunction is exclusive.

Proof. Consider the following cases:

— One of the players P € {3, V} has a winning strategy o in G, (A, t) (we treat ¢
as a set of nodes of ¢) such that u ¢ o. In that case the same strategy is a winning
strategy in G, (A, t[u < t']),so L' = @ or L' = Trya depending whether P =V
or 3.

— Whenever o is a winning strategy of a player P in ¢ then u € o. We want to show
that L' = L(A, ¢g). Consider any tree ¢ and assume that a player P has a winning
strategy o in G, (A, t[u < t']). By our assumption u € o — otherwise o would
be a winning strategy of P in G, (A, #) that does not contain . Note that since
u € o, o induces a winning strategy of P in G,(A, ¢, q). Therefore, t' € L’ if
and only if P = Jif and only if #' € L(A, q). [ ]

5.2 Non-deterministic Index Problem

In this section we prove the first part of Theorem 2.3: the non-deterministic index
problem is decidable for languages recognisable by game automata. It follows
directly from the decidability of the non-deterministic index problem for determin-
istic tree languages [NWO05] and the following proposition.

Proposition 5.7. For each game automaton A one can effectively construct a deter-
ministic automaton D, such that L(A) is recognised by a non-deterministic automa-
ton of index (i, j) if and only if so is L(D).

Proof. Essentially, D recognises the set of winning strategies for 3 in the games
induced by the runs of A. Let Wj\ be the set of all trees ¢+ @ s over the alphabet
A x {1, ®, r} such that s encodes a winning strategy for 3 in the game G,(A, 1) in
the following sense: if s (1) € {r, r}, 3 should move from u to u - s (u), and s(u) = rr
means that 3 has no choice in u. It is easy to see that Wi can be recognised by a
deterministic automaton D: it inherits the state-space, the initial state, and the priority
function from A. The transitions of D are defined as follows: forallg € Q,a € AA,
d € {v,r}, if §4(q, a) = (qv, 1) V (¢r, ) for some ¢y, g, then

8P(q, (a,d)) = (qa,d) 8P(q,(a,r)) = L

otherwise,
8P(q, (a,d)) = L 8P(q, (a,1r) = 8%(q, a).

It is easy to check that L(D) = Wi.
Note that
L(A) ={t € Trya :3s € Tripriry. t ® 5 € Wi}
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Hence, if Wi = L(B) for some non-deterministic automaton B of index (i, j) then
L(A) = L(B'), where 3’ is the standard projection of BB on the alphabet A“: for all
g€ Q*anda € A4, 85 (q,a) = 8B(q, (a,1)) vV85B(q, (a,r) Vv85(q, (a, Lr)). The
projection does not influence the index.

For the other direction, the proof is based on the following observation. For ¢t €
Trpa and s € Try, g 1r) let force(z, s) € Trya be the tree obtained from ¢ by the
following operation: for each u, if p(A, t)(uw) = q, §(g,t(w)) = (qv,1) V (¢r, R),
and s(u) = v then replace the subtree of ¢ rooted in ur by some fixed regular tree in
the complement of L(A, gg); dually for s(«) = r. (Recall that A has only non-trivial
states, so L(A, gr) € Trpa.) If s encodes a strategy o, for 3 in G, (A, ¢) then o; is
winning if and only if force(z, s) € L(A). Hence

t®s € Wj <= sencodes a strategy for 3in G, (A, 1) and force(z, s) € L(A).
(5.1
What remains is to show that if L(.A) = L(B3) for some non-deterministic automa-
ton B of index (Z, j) then we can construct a non-deterministic automaton C of index
at most (i, j) recognising Wi. The automaton C simply checks for the input tree
t @ s if the right-hand side of (5.1) holds: whether s encodes a strategy for 3 in the
parity game associated with p (A4, t) and if force(z, s) € L(B).
Now we provide a more formal description of the automaton C.
By Rabin’s theorem (see Theorem 1.17 on page 20), for each ¢ € Q-* there exists
aregular tree 7, ¢ L(A, g). We define a sequence of regular languages and then we
argue that they can be recognised by non-deterministic automata of indices at most

@@ J):

St

t®s: s encodes a strategy for 3in G, (A, t)},

StE I®s@tt®s € St A force(t, s) = t’},

StW

{
{

SEEW = {t®s®ﬂt:®s®ﬂ € SE A ' € L(B) :L(A)},
{

t®s: t®seSt A force(t,s) eL(A)}.

where:

— The language St corresponds to a safety condition of the form “in every vertex
...””. This condition can be verified by a Comp(0, 0)-deterministic automaton,

— The language StE additionally enforces that the respective subtrees are equal 7,
where t, are regular. It can be verified by a Comp(0, 0)-deterministic automaton,

— The language StEW can be recognised by a product of the automata recognising
StE and B — the resulting non-deterministic automaton can be constructed in such
a way that its index equals (i, j),

— StW is obtained as the projection of StEW onto the first two coordinates, as such
can also be recognised by a non-deterministic (i, j)-automaton.
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What remains to show is the following equation
W3 = StW (5.2)

First assume thatt ® s € Wi. In that case s encodes a winning strategy o for 3in
G, (A, 1). We treat o as a subset of dom(z). Note thatif u € o then 7 (u) = t'(u), so
also p(A, t)(u) = p(A, t')(u). Therefore, the strategy o is also winningin G, (A4, ¢').
So ¢’ € L(A) what implies that t ® s ® t' € StEEW and t ® s € StW.

Now assume that r ® s € StW. Let ¢’ = force(z, s) and o be the strategy for 3 in
G, (A, 1) encoded by s. By the definition of StEEW we obtain that #’ € L(A) so there
exists a winning strategy ¢’ for 3in G, (A, t').

If o' ¢ o then there exists a minimal (w.r.t. the prefix order) vertex u € o'\ 0. By
the definition of force(t, s) we obtain that ¢'[,, is t, for ¢ = p(A, t)(u). Therefore,
since 1, ¢ L(A, ¢), there is no winning strategy for 3in G, (A, ¢,, ¢) and we obtain
a contradiction. Therefore ¢’ C o and for every u € o’ we have p(A, t)(u) =
p(A, 1) (u), so o' is also a strategy in G, (A, t’). Since strategies form an anti-chain
with respect to inclusion, we know that o = ¢/, ' € L(A),and t ® s € Wj. [ |

5.3 Partial Objects

In this section we build some technical tools that will be used in solving the alternating
index problem for game automata.

The proofs in the alternating case will be inductive over the structure of a given
game automaton. Therefore, we introduce here definitions that allow partial objects:
partial trees have holes, partial automata have exits (where computation stops), and
partial games have final positions (where the play stops and no player wins). The
definitions become standard when restricted to tofal objects.

5.3.1 Trees

It will be convenient in this chapter to work with partial trees PTr,4, as defined in
Sect. 1.1.2 (see page 3). A partial tree that is not complete contains holes. A hole
of a partial tree ¢ is a minimal sequence u € {r, r}* that does not belong to dom(#)
(a hole is off t in the sense of Sect. 1.1). By holes(¢) C {r, r}* we denote the set of
holes of a tree ¢. If u is a hole of a tree t € PTr4 and ¢’ € PTr, we define the partial
tree t{u < t’] obtained by putting the root of ¢ into the hole u of ¢.

Let A be a game automaton and g € Q**. Recall the inductive definition of a
run p of A on a tree ¢ (see Sect.5.1). Note that the value p(u) is uniquely deter-
mined by the labels of ¢ on the path leading from the root to u (except u). There-
fore, the value p(A, ¢, go)(u) is well-defined even for a partial tree t € PTr 4 and
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u € dom(z) U holes(t). In other words, if # € PTr 4 then p(A, t, go) is a function
of the type
dom(¢) L holes(r) —> Q.

5.3.2 Games

A partial parity game is a tuple (V = Vau Vi, v, F, E, §2) as in Sect. 1.3 (see
page 6) with an additional set F of final positions, F NV = &. We assume that
E C Vx (V U F) is the transition relation — there are transitions from positions in
V to positions in V and from positions in V to final positions in F.

A play in a partial parity game G may be a finite sequence ¥ = v;v;...v, of
positions with v, being a final position (i.e. v, € F). In that case v, is called the final
position of m. A finite play is not winning for any of the players.

Strategies are defined in the standard way, see Sect. 1.3: a strategy o is winning if
all the infinite plays consistent with o are winning — the finite plays are irrelevant.
Theoretically, both players may have a winning strategy in a partial parity game. For
a winning strategy o we define the guarantee of o as the set of all final positions
that can be reached in finite plays consistent with o.

To operate with partial trees, we extend the definition of the parity game G, from
Sect. 1.7.4 (see page 23) to the case when t € PTry, ;. Whole Definition 1.2 from
page 23 is unchanged, the only difference is that we additionally put F' = holes(t) —
each hole of ¢ is treated as a final position of the game G,. As defined in Sect. 1.7.4,
the language W, ; is the set of complete trees over A; ; such that 3 has a winning
strategy in G;.

5.3.3 Automata

A partial alternating automaton Ais defined asatuple (A, Q, F, 8, £2) asin Sect. 1.4
(see page 7) with an additional finite set F' of exits. We assume that F is disjoint from
Q and we allow atomic transitions of the form (f, d) for f € F andd € {1,r} —a
transition can lead to an exit but there are no transitions from exits, i.e. the domain
of § is Q x A. Note that a partial automaton does not have an initial state.

An automaton A is fotal if F = @. In that case the presented definitions take the
form from Sect. 1.4.

For a partial alternating automaton .4, a state go € Q, and a partial tree t € PTry
we define the partial parity game G(A, t, go) similarly as in Sect. 1.4:

V =dom(t) x (S5 u Q),
F = (holes(t) x (QU F)) U dom(t) x F,
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where S; is the set of all sub-formulae of formulae in rg(8); all positions of the form
(u, by v by) belong to 3 and the remaining ones to V. The edges E follow the transition
relation.

Note that the set of final positions of G(A, t, gy) can be split into two disjoint
parts: positions in the holes of ¢, visited in a state or an exit of .4, and positions inside
t visited in an exit f € F of A.

5.3.4 Composing Automata

Let A = (A4, Q4, FA, 84, 24) be a partial alternating automaton and Q' € Q4
be a set of states. By A[, we denote the restriction of Ato Q' obtained by replacing
the set of states by Q’, the set of exits by F* L (QA \ Q’), the priority function by
A [ o> and the transition function by sA [o'xa4- We say that B is a sub-automaton
of A (denoted B C A)if QB € Q4 and B = Algs.

For two partial alternating automata A, 3 over an alphabet A with 04N Q8 = &,
we define the composition A - B as the automaton over A, with states 0 = QA1 05,
exits (FA U FB) \ Q, transitions 8 U 85, and priorities 24 U £25. What is very
important is that some exits of .A may be states of B and vice versa.

Fact 5.47. If Ais a partial alternating automaton and Q* = QU Q, is a partition
of the states of A then Al, - Alg, = A

5.3.5 Resolving

Lett € PTry beapartial treeand p = p(A, ¢, qo) be the run of a total game automaton
A on t from a state go. We say that ¢ resolves A from qy € Q if p(w) # x for each
hole w of ¢ and for every u € dom(¢) if ¢[,, is the only total tree in {¢[,;, ¢[,z},
either p(ud) =  or ud is losing for the owner of u in G, (A, t, qo).

The following fact shows the crucial property of trees that resolve game automata.
It can be seen as an extension of Remark 5.5.

Fact 5.48. Assume that t resolves A from qo and p = p(A, t, qo) assigns states to
all the holes of t. If t has a single hole u then for every s € Tr, we have

tlu < s] € L(A, q0) <= s € L(A, p(u)).

If t has two holes u, u', whose closest common ancestor w satisfies § 4(p(w),
t(w)) = (g, L) A (gr, R) for some qy, g then for all s, s’

tlu < s,u’ < s'] € L(A, qp) < (s e L(A, p(u) and s’ € L(A, p(u’)));

dually for (qv,, 1) V (qr, r) With or on the right-hand side.
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Proof. The proof of the first claim is exactly the same as in Remark 5.5.

For the second claim, it follows easily that in this case the trees ¢, [,z and
the tree obtained by putting a hole in ¢ instead of u, resolve A from ¢, gr, and g,
respectively. We obtain the second claim by applying the first claim three times. W

5.4 Alternating Index Problem

In this section we prove the second part of Theorem 2.3: the alternating index problem
is decidable for game automata. As a consequence of our characterisation, in the case
of languages recognisable by game automata the respective classes Comp(l'[f‘“) and
A?ﬁl coincide for all levels. All these properties are summarized by the following
proposition.

Proposition 5.8. Foreach game automaton A, the language L(A) belongs to exactly
one of the classes:
Comp(ITy"), M\ XM, T\ ", or Comp(I}")\ (MU XM,
fori > 0.
Moreover, it can be effectively decided which class it is and an automaton from
this class can be constructed.

If a game language L is Borel then it belongs to Comp(Hglt) (i.e. L is WMSO-
definable).

The rest of this section is devoted to showing this result. Section 5.4.1 describes a
recursive procedure to compute the class of the given automaton A, i.e. H?", E?“, or
Comp(l'[f-‘“), depending on which of the possibilities holds. Sections5.4.2 and 5.4.3
show that the procedure is correct. The estimation of Sect. 5.4.2 is in fact an effective
construction of an automaton from the respective class. The continuous reductions
from Sect.5.4.3 imply that if class(A) # Comp(l'[?)“) then L(A) is non-Borel.

5.4.1 The Algorithm

Let A be an alternating automaton of index (i, j). For n € N we denote by A>" the
partial sub-automaton obtained from A by restricting to states of priority at least n:

A ALy for @ = (@Y e+ e ),

Observe that the index of A>" is at most (1, j). A partial sub-automaton B C A is
ann-component of Aif Graph(B) is a strongly-connected component of Graph (.A>")
(in particular B € A>"). We say that B is non-trivial if Graph(B3) contains at least


http://dx.doi.org/10.1007/978-3-662-52947-8_2

80 5 Index Problems for Game Automata

one edge. Our algorithm computes the class of each n-component B of A, based on
the classes of (n+1)-components of 3 and transitions between them. (We shall see
that for n-components the class does not depend on the initial state.)

We begin with a simple preprocessing. An automaton A of index (i, j) is priority-
reduced if for all n > i, each n-component of A4 is non-trivial and contains a state
of priority n.

Lemma 5.12. Each game automaton A can be effectively transformed into an equiv-
alent priority-reduced game automaton.

Proof. We iteratively decrease priorities in n-components of A, for n > i. As long
as there is an n-component that is not priority-reduced, pick any such n-component,
if itis trivial, set all its priorities to n — 1, if it is non-trivial but does not contain a state
of priority n, decrease all its priorities by 2 (this does not influence the recognised
language). After finitely many steps the automaton is priority-reduced. Note that no
trivial states are introduced and the language of the automaton is preserved. ]

Therefore, we can assume that A is a priority-reduced automaton of index (i, j).
The algorithm starts from n = j and proceeds downward. Let 3 be an n-component.
We define class(B3) by considering the following cases.

If B has only states of priority n then it is an (#, n)-automaton and we can put
class(B) = Comp(IT3").

If B has no states of priority n then, since A is priority-reduced, it follows that
n = i and B coincides with a single (n+1)-component 5. In that case we put
class(B) = class(B)).

Otherwise, let By, Bs, ..., By, k > 1,bethe (n+1)-components of B. Assume that
niseven (for odd n, the procedure is entirely dual: Jis replaced with V, (g1, ) V(gr, R)
with (g1, 1) A (gx, ®), and T3 with T2,

For a class K let us define the operation K7 by the following equation

m

(m2? = (22 )° = (Comp(I ) = T,
A component By is 3 -branching if B contains a transition
3(]9» Cl) = (qln L) \ (qu R)

with (p, qr € QBﬁ,qR € QB) or (p, qr € QBe,qL € QB). Now, for{ =1,2,...,k
let us compute a class K; by considering the following cases:

— if By is 3-branching then K, = class(13;)?,
— otherwise K, = class(By).

We set

k
class(B) = \/ Ky,
=1
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i.e. the largest class among K, K>, ..., K; if it exists, or Comp(l'[jﬂ‘) if among
these classes there are two maximal ones, IT2!' and T2,

Letclass(A) = \/lz=1 Ay where Ay, Ay, ..., A are the i-components of A reach-
able from g;* in Graph(A).

The following fact follows directly from the definition. It shows that to reach
class(B;) higher than I'[Zl’lt an 3-branching transition has to occur.

Fact 5.49. Using the above notions, if K, > I3 then By is 3-branching.

5.4.2 Upper Bounds

In this subsection we show that L (A) can be recognised by a class(.A)-automaton. The
argument will closely follow the recursive algorithm, pushing through an invariant
guaranteeing that each n-component 5 of A can be replaced with an “equivalent”
class(B)-automaton. The notion of equivalence for non-total automata is formalised
by simulations, see Definition 5.4.

Recall from Sect.5.3.3 that if 7 is a total tree and .4 is a partial alternating automa-
ton then the final positions of G(A, t) are of the form (u, f) where u € {r, &}* and
f is an exit of A. Similarly, for every u € {v, r}* and ¢ € Q“ there is a position of
the form (u, ¢) in G(A, r) (in may not be reachable from the initial position).

Definition 5.4. Assume that S is a partial alternating automaton and A is a partial
game automaton, both over the same alphabet A. We say that S simulates A if
FS C FA and there exists an embedding 1: Q* — QF (usually Q* € QF) such
thatforallt € Try, qo € Q*, and for eachwinning strategy o foraplayer P € {3, ¥}
in G(A, t, qo) there is a winning strategy o5 for P in G(S, t, 1(qo)) such that the
guarantee of o is contained in the guarantee of o.

Note that if A and S are total and S simulates A then L(A) = L(S, L(qf‘)).
The following lemma formalises the inductive invariant that we will prove.

Lemma 5.13. For every n-component B of a game automaton A, B can be simulated
by a class(B)-automaton.

From this lemma it follows easily that L(.A) can be recognised by a class(.A)-
automaton: the automaton can be obtained as a loop-less composition of the
class(Ay)-automata simulating the i-components 4, of A reachable from q;“. In
other words, the upper bounds computed by the algorithm in Sect.5.4.1 are correct.

The rest of this section is devoted to a proof of this lemma. Assume that the index
of Ais (i, j). We proceed by inductiononn = j, j — 1, ..., i. Assume that 3 is an
n-component of A. If all the states of B have priority n or all have priority strictly
greater than n, the claim is immediate.

Let us assume that neither is the case and let By, B>, ..., By be the (n+1)-
components of 3. By the inductive hypothesis we get a class(B3;)-automaton 55,
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simulating ;. We shall construct a class(13)-automaton B° that simulates 3 by com-
bining the automata 3 ZS . By symmetry it is enough to give the construction for even n.
Examining the algorithm we see that for each ¢, either K, = class(53,)? = l'[f;li for
some my, or K, = class(B;) < Z"l‘l‘ and B, is not 3-branching.

First assume that class(8) > Comp(IT{"). In that case class(B) = \/, K, = T2
for some m > 2, and each Bf can be assumed to be an (n, n+m)-automaton. Hence,

we can put
B¥=Blgiu- B -BS-...-B; (5.3)

to get an (n, n+m)-automaton. We need to show that B35 simulates B. Let ¢ be defined
by inductive assumption on automata 53, and as the identity on B[ -1,,. Clearly the
exits of BS are contained in the exits of 3. Assume that t € Try, qo € QB ,and o
is a winning strategy of a player P € {3, V} in G(B, t, qo). Consider a strategy o5
in G(B5, ¢, 1(qo)) that repeats the decisions of o in B [ 2-1(n) and uses the inductive
assumption to play on the components Bg .

Consider any finite or infinite play w5 consistent with o5 in G(B%, 1, t(qo)).
Observe that this play can be split into a sequence (finite or infinite) of plays JTOS .

JTIS - ... corresponding to the elements of the product (5.3) — after every prefix

my ... ) an exit of the current sub-automaton is visited and the play moves to
another sub-automaton in (5.3). By the inductive assumption about the containment
of the guarantees we know that the same sequence of sub-automata (using the same
exits) can be visited by a play 7 in G(B, t, qo). If 7 is finite then 7 is also finite and
ends in the same final position (u, f). Therefore, the guarantee of % is contained in
the guarantee of o. Now assume that 7% is infinite. By the definition of n-components,
we know that either 775 visits infinitely many times a state in B 2-1(n (in that case
both 775 and 7 are winning for 3), or 75 stays from some point on in one of the sub-
automata B,f . In that case, by the inductive assumption we know that 75 is winning
for P. Therefore, o is winning for P.

Now assume that class(B) < Comp(l'[j"t). We will repeat the above construction
by taking special care to obtain a class(3)-automaton. We call a component B,
problematic if B, is not 3-branching. For such components we replace Bf in (5.3)
by BE - BI', where

— BI' is B} with each transition leading to an exit of B, that is not an exit of B
replaced with a transition to T (losing for V);

— BE is B, with all priorities set to n and additional e-transitions (which can be
eliminated in the usual way): for each state g of BF allow V to decide to stay
in g or to move to the respective state ((g) in BL,T (such a move is treated as an
exit of BY).

Asin (5.3), BS is the composition of B [ -1 (n) and the appropriate automata B3, BR,
BI'. This composition gives a class(3)-automaton: each problematic 3; was replaced
with an (n, n)-automaton Bf that is further composed with class(B3;)-automata BET
in a loop-less way.
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What remains is to show that BS simulates B. Let ¢ be defined as before for
non-problematic components and on a problematic component B, as the identity
0B — QBf. Consider a tree t € Try, a state go of 13, and games G(B, ¢, qo) and
G(B®, 1, 1(q0)).

Firstly assume that o is a winning strategy of 3 in G(B, t, gp). Since 3 has no
additional choices in BS comparing to the above case and all the changes of priorities
in BE, B! are favourable to her, the previous construction gives a strategy o> that
simulates o.

Now assume that o is a winning strategy for V in G(B5, t, o). Let us define a
strategy o5 for V in G(B%, 1, 1(go)) as follows:

— in positions corresponding to states of priority z in B as well as in the components
BE the strategy o® follows the decisions of o;

— V immediately moves from B to B} whenever each extension of the current play,
conforming to o, stays forever in B or reaches an exit that is also an exit of B;

— in components Bf and B! the strategy o simulates o using the inductive
assumption.

As before the guarantee of ¢% is contained in the guarantee of o. It remains to
prove that o is winning for V. Let 5 be a play consistent with o5. It is enough to
exclude the following cases (in other cases we know that 75 is winning because o
was a winning strategy):

1. 7% stays from some point on in BY (and therefore is losing for V by the parity
criterion),

2. 7S reaches the transition T in an automaton B! (such transition corresponds to
a transition to an exit of 3, that is not an exit of B).

Let B, be a problematic component (i.e. 3, is not 3-branching in B).

Consider the first case above. By the definition of oS it means that there is a play 7
that is consistent with o and that from some point on in 3,. We can assume that &
starts in B, and never leaves it. By the assumption that 3, is not 3-branching in B we
know that whenever 3 has a choice during 7 exactly one of the successive states is
an exit of B. Therefore, the strategy 0% moves from BE to B! what contradicts the
assumption that 7% stays forever in BY.

Now consider the second case above: the transition T is reached in B} . Again
we can assume that the moment when V decided to move from Bf to BZT was at the
initial position of the game. By the inductive assumption about 57 it means that it is
possible to visit an exit of B, that is not an exit of B by a play consistent with o. But
this contradicts the definition of o5 — the only case when ¥ moves to B} is when
he knows that the strategy o will never reach any exit of B, that is not an exit of .

This concludes the proof of Lemma 5.13.
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5.4.3 Lower Bounds

It remains to see that L(A) cannot be recognised by an alternating automaton of index
lower than class(A). For this purpose we will use the pre-order <w from Sect. 1.6.2
and the W; ; languages from Sect. 1.7.4, page 23.

By Corollary 1.1 from page 24, in order to show that the index bound computed
by the algorithm from Sect.5.4.1 is tight, it suffices to show that if RMalt(i ,J) <
class(A) then W; ; <w L(A). Therefore, our aim will be to construct a continuous
reduction from W; ; to L(A).

We construct the reduction in three steps:

1. we show that if the class computed by the algorithm is at least RM® (i, j) then
this is witnessed with a certain hard subgraph in the graph of the automaton,
called (i, j)-edelweiss;

2. we introduce intermediate languages W, j» whose internal structure corresponds
precisely to (i, j)-edelweisses, and show that W, ; <w L(A) if only A contains
an (i, j)-edelweiss reachable from q 7

3. we prove that W; ; <w VT/[J.

The combinatorial core of the argument is the last step.

Definition 5.5. We say that in a game automaton B there is an i-loop rooted in p
if there exists a word u such that on the path p LN p in Graph(B) the minimal
priority is i.

An automaton B contains an (i, j)-loop for 3 rooted in p if there exist states q,
qu, gr of B, a letter a, and words u, uy, ug such that:

- 8(q, a) (qL,L)V(qR,R)
- p—q; CIL—>Py4R—>P,
u(a,L)ut, u(a,R)ur .. L
— onone of the paths p — " p, p —> p the minimal priority is i and on the

otheritis j.

For Y dually, with Vv replaced with A.
Foraneven j > i, B contains an (i, j)-edelweiss rooted in p (see Fig.5.1) if for
some even n it contains:

— (n+k)-loops fork =i, i +1,...,j —3,
— (n+j—2,n+j—1)-loop for 3, ifi < j —2,
— (n+j—1,n+j)-loop for ¥

all rooted in p. For an odd j swap ¥ and 3 but keep n even.

Lemma 5.14. Let A be a game automaton. If class(A) > RM*'(i, j) then A con-
tains an (i, j)-edelweiss rooted in a state reachable from q;“.
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Fig. 5.1 (0, 4)-edelweiss and (1, 5)-edelweiss.

Proof. Let us first assume that (i, j) = (0, 1). Analysing the algorithm we see that
the only case when class(A) jumps to RM?(0, 1) is when for some even n there is
an n-component B in A, reachable from q;“, and containing states of priority n, such
that some (n-+1)-component 3, of 3 is 3-branching in B, i.e. B contains a transition
of the form

3(p,a) =(qu,1) V (gr,R)

with p, q1, € QB“, gr € QB (or symmetrically, p, gr € QB‘, qr € QB). Since A
is priority-reduced, p is reachable from ¢g;, within B, via a state of priority n + 1,
and from g within B via a state of priority n. This gives an (n, n+1)-loop for 3
(a (0, 1)-edelweiss) rooted in a state reachable from q;“. The argument for (1, 2) is
entirely dual.

Next, assume that (i, j) = (0, 2). It follows immediately from the algorithm that
A contains an n-component B (reachable from q;4, containing states of priority n)
such that n is even and there exists an (n+1)-component 3, such that

1. class(By) = ):"l‘h and By is 3-branching in B; or
2. class(B;) = Comp(IT:").

In the first case, by the claim for (1, 2), B, contains an (n’, n’+1)-loop for V, for
some odd n’ > n. Since A is priority-reduced, for each state ¢ in B, and each r
between n and §2(g), there is a loop from ¢ to g with the lowest priority . Hence,
the (n’, n’+1)-loop can be turned into an (n+1, n+2)-loop. Thus, 3, contains an
(n+1, n+2)-loop for V, rooted in a state p. We claim that 3 contains an (n, n+1)-
loop for 3, also rooted in p (giving a (0, 2)-edelweiss rooted in p).

Indeed, since B, is 3-branching, arguing like for (0, 1), we obtain an (n, n+1)-
loop for 3 rooted in a state p’ in B,. Since 5, is an (n+1)-component, there are
paths in B, from p to p’ and back; the lowest priority on these paths is at least
n + 1. Using these paths one easily transforms the (1, n+1)-loop rooted in p’ into
an (n, n+1)-loop rooted in p.

In the second case, we also get an (n+1, n+2)-loop for V, rooted in a state p of
B;. Moreover, the first claim implies as well that 3, contains an (n”, n”+1)-loop for
3, for some even n” > n. Arguing like in the second case we turn the latter loop into
an (n, n+1)-loop for 3 rooted in p.
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The inductive step is easy. Suppose that j — i > 2. Then, for some even n there
is an (n+i)-component B (reachable from q;“, containing states of priority n + i)
in A, which has an (n-+i+1)-component B, such that class(B;) = RM(i + 1, j)
or class(B¢) = Comp(RM"'(i + 1, j)). Since for each state p in B, B contains an
n-loop rooted in p, we can conclude by the inductive hypothesis. ]

Definition 5.6. Fori < 2k — 2 consider the alphabet
Ak ={ii+1,...,2k—3, e, al.

With each t € PTry, , we associate a partial parity game @ with positions dom(t)
and final positions holes (t) such that

— ife € dom(?) then §2(¢) =i,

— if t(u) = a then in u the player Y can choose to go to uv or to ur, and §2(ur) =
2k — 1, 2(ur) = 2k,

— if t(u) = e then in u the player 3 can choose to go to uv or to ur, and §2(uvr) =
2k — 2, 2(ur) =2k — 1,

—ift(w) efi,i +1,...,2k — 3}, the only move from u is to uv and 2 (ur) = t(u).

Fori =2k — 1, let ;4\, un = {a, T}, and let 3, be defined like above, except that if
t(u) = T then 2 (u) = 2k and the only move from u lS back to u.

Let W,,2k C Try Ao be the set of all total trees over AL 2k such that 3 has a winning
strategy in @

The languages W[’2k+1 are defined dually, with e,a and 3,V swapped, and T
replaced with 1.

Observe that the index of the game ,C'; is (i, j) fort € PTrg’,‘j.

Lemma 5.15. If a total game automaton A contains an (i, j)-edelweiss rooted in a
state reachable from the initial state q;4 then W; j <w L(A).

Proof. We only give a proof for (i, j) = (1, 2); for other values of (i, j) the argument
is entirely analogous. By the definition, .A contains an (1, 2)-loop for V, rooted in a
state p reachable from q;“. Since A is a game automaton and has no trivial states, it
follows that there exist

— a partial tree #; resolving A from qIA, with a single hole £, labelled with p in
o(A, t1);

— apartial tree #, resolving .4 from p with two holes A1, &, such that in p(A, 1., p)
both holes are labelled p, the lowest priority on the path from the root to A4; is i,
and the closest common ancestor u’ of 4, and h; is labelled with a state ¢ such
that (g, t (")) = (g1, 1) A (ggr, &) for some ¢y, gz; and

— atotal tree i+ € L(A, p).

Let us see how to build #,. The paths p u@ Ly D, D u@Rm p guaranteed by

Definition 5.5 give as a partial tree s with a single branching in some node u and two
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leaves A1, h,, which we replace with holes. For p = p(A, s, p), p(hy) = p(hy) = p
and SA(p(u), t(u)) = (qu,1) A (gr, r). At each hole of s, except h and h,, we
substitute a total tree such that the run on the resulting tree with two holes resolves
A from p, e.g. if wr. is a hole and §(s(w), p(w)) = (¢’, 1) V (¢”, r), we substitute
at wt any tree that is not in L(A, ¢’), relying on the assumption that .4 has no trivial
states.

Observe that for (i, j) = (1, 2) the alphabet A\, j equals {a, T}. Let us define
the reduction g: Try,, 1y — Trga. Let t € Try, 1y. For u € dom(¢), define t, co-
inductively (see Sect. 1.6.5, page 18) as follows: if # (u) = T,sett, = tr;ift(u) = a
then #, is obtained by plugging in the holes %, &, of 7, the trees 7,1, and t,5. Let g(¢)
be obtained by plugging 7. in the hole of #;. It is easy to check that g continuously
reduces Wl,z to L(A). [ ]

It remains to see that W; ; <w V/V, ;- For the lowest level we give a separate proof.
Lemma 5.16. W()’l <w W(),l and W]qz gw quz.

Proof. By the symmetry it is enough to prove the first claim. Let us take a tree
t € Trp,,. By Konig’s lemma, the player 3 has a winning strategy in G, if and only
if she can produce a sequence of finite strategies oy, o1, 02, ... (viewed as subtrees
of ¢, see Sect. 1.3.1 on page 6) such that

1. oy consists of the root only;
2. for each n the strategy o, extends o, in such a way that below each leaf of o,
a non-empty subtree is added, and all the leaves of 0,4 have priority 0.

Using this observation we can define the reduction. Let (7;);cy be the list of all
finite subsets of {r, r}*. Some of these trees naturally induce a strategy for 3 in G,.
For those we define t;, € Tr(, 1, co-inductively, as follows:

— 1. (r)) = e forall j;

— if 7; induces in G, a strategy that is a legal extension of the strategy induced by T;
in the sense of Item 2 above then the subtree of #,, rooted at =/r. is tr;s

— otherwise, all nodes in this subtree are labelled with L.

Let f(t) = t,,. By the initial observation, t,, € Wo’l if and only if 3 has a win-
ning strategy in G,. The function f is continuous: to determine the labels in nodes
RMLr™rn. .. rR"™ and r"1r™L...r"%1 we only need to know the restriction of ¢ to
the union of the domains of 7, 7,,. ..., 7. Hence, f continuously reduces Wy ;
to W()ﬁ]. |

Lemma 5.17. Foralliand j >i+2, W;; <w Wi,.

Proof. By duality we can assume that j = 2k. Fort € Try,,,, let us consider a game

1,2k
G, defined as follows. The positions are pairs (1, o), where u is a node of ¢, and o
is finite strategy from u for V (viewed as a subtree of ¢[,). Initially u = ¢ is the root
of t and 0 = {e}. In each round, in a position (i, o), the players make the following

moves:
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— V extends o under the leaves of priority 2k — 1 to ¢’ in such a way that on every
path leading from a leaf of o to a leaf of ¢’ all the nodes have priority 2k, except
the leaf of o, which has priority at most 2k — 1;

— 3 has the following possibilities:

e select aleaf u’ of o’ with priority at most 2k — 2, and let the next round start with
(', {u'}), or
e if o’ has leaves of priority 2k — 1, continue with (u, o’).

A play is won by 3 if she selects a leaf infinitely many times and the least priority of
these leaves seen infinitely often is even, or V is unable to extend o in some round.
Otherwise, the play is won by V.

We claim that a player P has a winning strategy in G, if and only if P has a
winning strategy in G.

For a winning strategy o3 for 3 in G;, let 65 be the strategy in G, in which 3 selects
aleaf ' in o’ if and only if #” € o3. Consider an infinite play conforming to 63. If
in the play 3 selects a leaf infinitely many times, she implicitly defines a path in ¢
conforming to o3, and so the play must be winning for 3. Assume that 3 selects a leaf
only finitely many times. Then, V produces an infinite sequence of finite strategies
{u} = 09 C 01 C ... 1in G;. Let 0, be the union of these strategies. Consider the
play 7 in G, passing through u and conforming to o, and 3. Observe that for each
o;, the strategy o3 must choose some path; hence, either 3 selects a leaf of o;, or
this path goes via a leaf of priority 2k — 1. Thus, 7 is infinite and by the rules of
G, priorities at most 2k — 1 are visited infinitely often. Since 3 selects a leaf only
finitely many times, priorities strictly smaller than 2k — 1 are visited finitely many
times in r. Hence, 7 is won by V, what contradicts the assumption that o3 is winning
for 3.

Now, let oy be a winning strategy for V in G,. Then, for each u € oy there exists
a finite sub-strategy o’ of oy from u such that all internal nodes of o’ have priority
2k and leaves have priority at most 2k — 1. This shows that for each current strategy
o C oy, V is able to produce a legal extension o’ such that 0 C ¢’ C ov. Let 6y be
a strategy of V in G, that extends every given o by ¢’ as above. Consider any play
conforming to 6v. By the initial observation, the play is infinite, so priorities strictly
smaller than 2k are visited infinitely often. If 3 selects a leaf only finitely many times,
priorities strictly smaller then 2k — 1 occur only finitely many times and V wins. If
3 selects a leaf infinitely many times, then the lowest priority seen infinitely often
must be odd, as otherwise 3 would show a losing path in oy. Hence, V wins in this
case as well.

It remains to encode @, as atree f(1) € Trz, in a continuous manner. The
argument is similar to the one in Lemma 5.16. Let (t,),cy be the list of all finite
subsets of {r, r}*. For some pairs (u, 7,), T, induces a finite strategy in G; from
the node u. For such (u, 7,) we define #; . and ] . co-inductively (see Sect. 1.6.5,
page 18), as follows:
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- IJTH (®R™) = a for all m;
— the subtree of 7, _ rooted at ®"v is 77 . if 7, induces a strategy from u that is a

legal extension of t,, according to the rules of C;,, and otherwise the whole subtree
is labelled with e’s (losing choice for V);

— u . ®R") = eform = 0,1,...,¢, where ug, uy, ..., u, are the leaves in the
strategy induced by t, from u;

— the subtree of 7 . rooted at ="' is 7 . if the strategy induced by ,, from u has
leaves of pr10r1ty 2k — 1, otherwise the whole subtree is labelled with a’s (losing
choice for 3);

— for m < ¢, consider the following cases to define the subtree s, of t;" . rooted at

R™L:

o if 2(u,,) € {2k — 1, 2k} then s, is labelled everywhere with a’s (losing choice
for 3),

o if 2(u,,) =2k —2thens,, = tu {un)?

o if 2(u,) =r < 2k — 2 then s,,(¢) = r, the left subtree of s,, is t ) and the
right subtree of s,, is labelled with a’s (irrelevant for G,).

Let f(t) be tZ 1¢}- Checking that f continuously reduces W; ; to W[, ;j does not pose

any difficulties. ]

5.5 Conclusions

The results of this chapter should be treated as an intermediate step to proving
decidability of index problems for general regular tree languages. Additionally,
edelweisses studied in Sect. 5.4 are new hard patterns for alternating automata. The
lower bounds proved in Lemma 5.16 seem to be of independent interest — in some
cases it is easier to construct a reduction from the language Wi, ;j instead of W; ;.

Interestingly, the matching upper and lower bounds in the alternating case are
of very different nature. The upper bounds are proved by providing an effective
construction of an alternating automaton of certain index, where the lower bounds
are obtained using continuous reductions. The structure of this reductions do not seem
to be implementable in any regular way (e.g. by some kind of MSO interpretation).

Therigid structure of game automata should allow to give more decidability results
in future. An instance of such a result is expressed by the following conjecture.

Conjecture 5.5. 1t is decidable, given n € N and a game automaton B, whether!
L(B) € 22 (i.e. the level of the Borel hierarchy occupied by a game language can
be decided).

This chapter is based on [FMS13].

I L(B) ¢ Comp(l'[%“) then for all n the answer is no.
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Chapter 6
When a Thin Language Is Definable in wMSO

In this chapter, we study rhin trees, which generalize both finite trees and w-words,
but which are still simpler than arbitrary infinite trees. A tree is thin if it contains
only countably many infinite branches. It turns out [BIS13] that some problems are
more tractable on thin trees than in full generality. Therefore, thin trees can be seen
as an intermediate step in understanding regular languages of general infinite trees.

The term thin trees comes from [BIS13], in [RR12] they are called scattered trees.
Also, a tree is thin if it is a tame tree in the meaning of [LS98] (the converse is not
true as [LS98] deals with trees treated as ordered structures, i.e. a tame tree may have
a branch of length w?). A language of trees L is called regular language of thin trees
if L is regular and contains only thin trees.

The notions induced in this chapter (mainly trees over ranked alphabets and thin
algebras) are used in the following three chapters.

This chapter contains two main results, summarized by Theorem 2.4: the first
result gives an upper bound on the topological complexity of regular languages
of thin trees stating that they are all II] among all trees; the second result can be
seen as a dichotomy: a regular language of thin trees is either topologically hard
(e II { -hard) or is WMSO-definable among all trees. Additionally, we prove that it is
decidable which of the cases holds. The following definition formalizes the notion
of definability we use.

Definition 6.7. Let L be a regular language of thin trees over a ranked alphabet
AR and ¢ be a formula of WMSO. We say that ¢ defines L among all trees if L =

{teTra : t E o}

This definition can be seen as a non-standard approach to restricting the class
of all trees to thin ones — a standard one would say that L is WMSO-definable if
L = {t € Thy, : t = ¢} for a WMSO formula ¢. The requirement in Definition 6.7
for a formula to be satisfied only by thin trees is quite strong, in particular the class of
languages definable in WMSO among all trees is not closed under complement with
respect to thin trees: the relative complement of the empty language @ C Thy, is
Thy, which is IT}-complete and thus not WMsO-definable among all trees.
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The problem of deciding WMSO-definability among thin trees (i.e. using the stan-
dard approach) is open: it is not known how to decide if for a given regular language
of thin trees L there exists a WMSO formula ¢ such that L = {t € Thy, : t = ¢}.
Here, contrary to Definition 6.7, we explicitly restrict to trees ¢ that are thin. In par-
ticular, there are more languages of thin trees that are WMSO-definable among thin
trees (i.e. in the above standard sense) than in the sense of Definition 6.7.

In Proposition 6.10 we show that even in the sense of Definition 6.7 we can define
languages as complicated as in the general case. The proof is based on examples
from [Sku93] — the proof there is given for general trees but the proposed languages
can be seen as regular languages of thin trees.

Now we can state the main result of this chapter as the following dichotomy similar
in the spirit to the gap property proved by Niwiriski and Walukiewicz [NWO03] (see
Theorem 1.31 on page 26).

Theorem 6.4. A regular language of thin trees (i.e. a regular language that contains
only thin trees) is either:

1. H}-complete among all infinite trees,
2. WMSO-definable among all infinite trees (and thus Borel).

Moreover, it is decidable which of the cases holds.
One of the applications of our characterisation is the following proposition.

Proposition 6.9. Assume that L is a regular language of trees that is recognized
by a non-deterministic (or equivalently alternating) Biichi automaton. Assume addi-
tionally that L contains only thin trees. Then L can be defined in WMSO among all
trees.

Proof. Since L is recognizable by a Biichi automaton, Theorem 1.22 on page 23
implies that L is an analytic subset of Tr 4, . Therefore, L cannot be Hi-hard, thus L
is WMSO-definable by Theorem 2.4. |

The proof of Theorem 2.4 consists of two parts: first we prove in Sect.6.3 that
every regular language of thin trees is in II| among all trees (i.e. an upper bound).
The best upper bound for general regular tree languages in terms of the projective
hierarchy is Aé. Therefore, the presented result shows that regular languages of
thin trees are descriptively simpler than general regular languages of infinite trees.
The proof of Theorem 2.4 is concluded in Sect.6.4 by proving the dichotomy: a
regular language of thin trees is either WMsO-definable among all trees or IT}-hard
(as expressed by Proposition 6.16).

The chapter is organized as follows. In Sect. 6.1 we introduce basic notions, in
particular thin trees and tools allowing to inductively decompose them. In Sect. 6.2
we introduce thin algebras that will be used in the successive chapters of this part.
Also, these algebras turns out to be convenient in Sect. 6.4. Section 6.3 we prove the
upper bounds and in Sect. 6.4 we prove Proposition 6.16. Finally, in Sect.6.5 we
conclude.
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6.1 Basic Notions

In the following three chapters we operate on binary trees over ranked alphabets.
A ranked alphabet is a pair AR = (Ara, Arg) Where Ag, contains binary symbols
and Agp contains nullary symbols (labelling leafs of a tree). We assume that both
sets Ag, and Agg are finite and that Ag, is non-empty.

6.1.1 Thin Trees

We say that ¢ is a ranked tree over a ranked alphabet (Ary, Ago) if 7 is a function
from its non-empty prefix-closed domain dom(z) C {r, r}* into Agy U Agg (i.e. an
element of PTr 4,04, in the meaning of Sect. 1.1, page 1) such that for every node
u € dom(t) either:

— u is an internal node of t (i.e. uv, ur € dom(t)) and ¢ (u) € Agy, or
—uisaleafoft (ie. ur, ur ¢ dom(z)) and ¢ (u) € Ago.

A ranked tree containing no leaf is complete. The set of all ranked trees over a
ranked alphabet Ay is denoted as Try,; in particular if Arg = @& then Tr(ag,. ap)
contains only complete trees and coincides with Tr4,, as defined in Sect. 1.1.

Definition 6.8. A ranked tree t € Try, is thin if there are only countably many
infinite branches of t. The set of all thin trees over a ranked alphabet Ay is denoted
by Thy,. A ranked tree that is not thin is thick.

A context over a ranked alphabet A = (Ara, Aro) is a ranked tree p €
T (Ag,. Agoui)) Such that exactly one leaf u # € of p is labelled by . The leaf
u is called the hole of p. The set of all contexts over a ranked alphabet Ag is denoted
as Cony, . The set of all contexts over Ag that are thin as trees is denoted by ThCon 4, .

Given aranked tree t € Try, and u € dom(#) (¢ # €) we can construct a context
t[u < U] by replacing the subtree of ¢ under u by [l: u becomes the hole of the
context t[u < O].

Assume that p is a context over a ranked alphabet Ag with the hole u. For every
ranked tree ¢t € Try, the composition of p and t, denoted p(t) € Try,, is defined as
plu < t] — we put ¢ in the place of the hole u of p. In particular, if » is a context
then p(r) is a new context. If p, r, and ¢ are thin then also p(¢) and p(r) are thin.

Let wi < w; be two nodes of a given ranked tree ¢. By [, .,y We denote the
ranked context rooted in w; with the hole in w,:

def
tr[wl,wz) = ”w, [U)2 <~ D]

Recall that a ranked tree 1’ € Tr,, is a labelling of a ranked tree t € Try, if
dom(#’) = dom(¢). In such a case t ® t’ stands for the ranked tree over the product of
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ranked alphabets, i.e. an element of Try, 4, With Ag x AR’ = (ARz x Ara, Aro X
AR()/).

For a pair of ranked contexts p € Cony,, p’ € Con,, with the same domain
dom(p) = dom(r) and the same hole u, by p ® p’ we denote the ranked context
over the product alphabet Ag x AR’ = (Ary X ARa’, Aro X Agrg’) with the hole u:

for w € dom(p), w # u we have (p ® p')(w) = (p(w), p’(w)).

6.1.2 Automata

For the purpose of the following three chapters we introduce a notion of non-
deterministic tree automata working over a ranked alphabet. Again, these notions
become standard when we restrict to purely-binary alphabets, i.e. when Ago = .

A non-deterministic parity tree automaton over a ranked alphabet is a tuple A =
(AR, QA TA, 84, 24 where

— AR = (Apo?, Aro™) is a ranked alphabet,

— QA is a finite set of states,

— IA C Q4 is aset of initial states,

— 84 = 84 L 8§t is a transition relation: 85 € Q4 x A x Q4 x Q* contains
transitions over internal nodes (q, a, q1,, qr) and 854 - Q“A X AROA contains
transitions over leafs (q, b),

- 24 QA — Nis a priority function.

A run of an automaton A on a ranked tree t € Tr, 4 is a labelling p of t over
the ranked alphabet (QA, QA) such that for every u € dom(z):

— if u is an internal node of ¢ then (,o(u), t(u), p(uv), ,o(uR)) € 654,
— if wis aleaf of 7 then (p(u), 1 (u)) € 57".

A run p on a ranked context p is a labelling of p (treated as a tree) by states of
A that obeys the transition relation in all the nodes except the hole u of p. The value
of p inthe hole of pis p(u).

Now we repeat the definitions from Sect. 1.4 (see page 7) in the context of ranked
trees:

— Arrun p is accepting if it is parity-accepting and p(€) € I (see Sect. 1.4). By the
definition we verify the parity condition only on infinite branches of p, the finite
ones do not influence acceptance.

— A ranked tree ¢ € Tr, 4 is accepted by A if there exists an accepting run p of A
ont.

— The set of ranked trees accepted by A is called the language recognised by A and
is denoted by L(A).

— Alanguage L C Tr, 4 is regular if there exists an automaton recognising L.


http://dx.doi.org/10.1007/978-3-662-52947-8_1
http://dx.doi.org/10.1007/978-3-662-52947-8_1

6.1 Basic Notions 97

By repeating the standard automata constructions over the ranked alphabet, we
obtain the following fact.

Fact 6.50. A language L C Trgu, is regular if and only if it is MSO-definable.

Definition 6.9. A regular language of thin trees is a regular language of ranked trees
L C Try, such that L contains only thin trees (i.e. L C Thy, ).

As we will see later (see Remark 6.6), equivalently one can say that a regular
language of thin trees is a language that is the intersection of a regular tree language
with Thy,.

6.1.3 Examples of Skurczynski

In this section we adjust the examples of WMSO-definable languages proposed by
Skurczyniski [Sku93] to the case of thin trees, as expressed by the following propo-
sition. This can be seen as an argument that there are languages of thin trees that are
definable in WMSO among all trees and topologically as complex as general WMSO-
definable languages.

Proposition 6.10 (Skurczynski [Sku93]). For every n there exists a regular lan-
guage of thin trees L C Thy, that is WMSO-definable among all trees and Eg(TrAR)—
complete.

Proof. Take n € N. We will base our construction on languages of trees W; ; (see
Sect. 1.7.4, page 23) — we consider trees over a ranked alphabet that encodes parity
games of index (i, j) and W; ; contains those trees where 3 has a winning strategy.
As observed in Remark 1.1 on page 24, one can extend the alphabet with additional
symbols T and _L that finish the game indicating that one of the players (3 or V
respectively) wins instantly.

Our language L will be obtained as a restriction of a variant of Wy ; to thin trees of
a particular shape. Consider a ranked alphabet Ag = (Agr2, Aro) With Agp = Ap | =
{3, V} x {0, 1} (see Sect. 1.7.4, page 23) and Agg = {T, L} and let W) ; be the set
of all trees 7 over Ag such that 3 has a winning strategy in G, (see Definition 1.2 on
page 23 and Remark 1.1 on page 24).

Recall that by f,(#) we denote the number of occurrences of a latter a in a finite
word u. Take any n > 0 and let X{g ¢5; contain all trees 7 € Try, such that (see
Fig.6.1):

3,1) iffgg(u) <nandfz(u) =0 (mod 2),
t(u)=1(,0) iffr(u) <nandfiz(u) =1 (mod 2),
Tor L iftdg(u) =n.

Clearly, for a tree 7 € Xjgy,93; We have dom(7) = {u € {r,r}" : fr(u) < n} so
X [’SKU%] C Thy,. Also, the set XE’SKU%] itself is wMSO-definable among all trees.


http://dx.doi.org/10.1007/978-3-662-52947-8_1
http://dx.doi.org/10.1007/978-3-662-52947-8_1
http://dx.doi.org/10.1007/978-3-662-52947-8_1
http://dx.doi.org/10.1007/978-3-662-52947-8_1
http://dx.doi.org/10.1007/978-3-662-52947-8_1

98 6 When a Thin Language Is Definable in WMSO

Fig. 6.1 An example of a 3,1)
tree 1 € X{g,03]-
(v,0)
(37 1) (v.o_)
\ (v.0)
(¥,0) T/L
(31 T oo
\ (v.0) "
(¥.0) T/L
(3, 1) (v,0) ' L

By the same argument as in [Sku93], the language L o Wo,1 N X{siug3) 18 WMSO-
definable among all trees and ZS(Tr Ag)-complete. |

6.1.4 Ranks

The crucial tool in our analysis of thin trees is structural induction — we inductively
decompose a given thin tree into simpler ones. A measure of complexity of thin
trees is called a rank — a function that assigns to each thin tree a countable ordinal
number. The rank of a thin tree r depends only on the domain of 7. During the
inductive computation of ranks, we work with partial binary trees (i.e. elements of
PTr, see Sect. 1.1, page 1) that may not be ranked trees (e.g. a node may have exactly
one child). For the sake of this chapter, we call elements of PTr tree-shapes. The set
of all tree-shapes that have countably many branches is denoted PTh C PTr.

The rank we use is based on the Cantor-Bendixson derivative [Kec95, Chap. 6.C]:
we inductively remove simple parts of a given tree. Let us fix the set Bcg € PTr (the
basis of the rank) containing all tree-shapes T € PTr that have only finitely many
finite and infinite branches. Equivalently, Bcp contains all tree-shapes that contain
only finitely many branching nodes.
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Fact 6.51. For every tree-shape t € PTr we have:

1. if no subtree of T belongs to Bcg then Tt contains a branching node,
2. if T belongs to Bcp then all the subtrees of T also belong to Bcg.

Consider the following operation on tree-shapes called derivative: for a tree-
shape t € PTr we define the tree-shape Dv(r) C t that contains only these nodes
u € dom(t) such that t[, ¢ Bcg — we remove from t those nodes u such that the
subtree of T under u belongs to Bcg.

Now we inductively define transfinite compositions of Dv: let DVV(z) = T,
Dv"*! (1) = Dv(Dv' (1)), and if 7 is a limit ordinal let

DV'(r) = (] DV/ ().

n'<n

Fact 6.52. Let t € PTr be a tree-shape. The sequence DV (t) for n < w; is a
decreasing sequence of tree-shapes. There exists ny < w; such that

Dv™” (1) = Dv Tl (7).

The following proposition shows a connection of this iterated derivative and thin
trees.

Proposition 6.11. Let T be a tree-shape and 1 be an ordinal such that DV (t) =
DVt (1). The tree-shape DV' (1) is empty if and only if T has only countably many
branches. Otherwise T contains the complete binary tree as a minor'.

Proof. Assume that Dv’(7) is empty. Observe that every application of the derivative
decreases the number of branches of 7 by countably many: there are countably many
nodes # € dom(r) and the subtree under a removed node u belongs to the family
Bcg. Since there are countably many applications of the derivative, the total number
of removed branches is also countable.

Assume that 7/ = Dv"(7) is non-empty. We show that in that case t’ C 1
has uncountably many branches. We construct a Cantor scheme that maps finite
sequences w € {r, r}* into nodes u,, € T’ in a way monotone with respect to the
prefix order < and lexicographic order <jex. We start withany u, € t’.Letw € {1, r}*
be a sequence such that the node u,, € 7’ is defined. Observe that there must be a
branching node u’ under u,, in v’ (since all the subtrees of z'[, donotbelong to Bcg,
see Fact 6.51). Put u,,1,, i,& as the two children of u’ (i.e. g = u'd ford € {v, r}).

The above definition gives us the unique, infinite branch of ¢’ forevery 8 € {r, r}*.
Therefore, T’ has uncountably many infinite branches and so does 7. |

Definition 6.10. For a thin tree t € Thu, we define the rank of t (denoted rank(t))
as the smallest ordinal n such that Dv'(dom(z)) = @.

Formally, it means that there exists an injective function ¢: {r, }* — T that preserves the prefix
and lexicographic orders.
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We extend this definition to rank(u, t) (the rank of u in t) for a node u € dom(t)
in such a way that rank (u, t) is the least n < w; such that u ¢ Dv"(dom(t)).
For an ordinal n < w; by Thi:7 we denote the set of thin trees of rank at most n.

Fact 6.53. Foreverythintreet € Thys, and node u € dom(t) we have rank(u, t) =
rank(z],).

If t is a thin tree then rank(t) is not a limit ordinal. In particular the ordinal
rank(z)—1 is defined.

If u < w are two nodes of a thin tree t then rank(u, t) > rank(w, t).

The crucial way of using ranks is induction: we can decompose a given tree as its
spine and a number of trees connected to it: the spine of a thin tree 7 is

7 = DV 0=l dom(s)) € PTr.

Since Dv(r) = @ so © € Bcp — the spine has only finitely many branches. Also,
if rank(¢) > 1 then the spine of 7 is infinite, otherwise already Dv™™*®~!(dom(r))
would be empty, contradicting minimality of rank(?).

Intuitively, a thin tree ¢ has rank equal m if ¢ contains m nested levels of infinite
branches. In comparison, the rank of well-founded w-trees from Sect.1.6.3 (see
page 17) counts each node of an w-tree separately. In particular, a finite w-tree may
have arbitrarily big finite rank in the meaning of Sect. 1.6.3 while a finite thin tree
always belongs to Bcp and therefore has rank 1.

Figure 6.2 presents a sequence of thin trees of increasing rank. The leftmost branch
of each thin tree is its spine.

t1 to t3 s to
N
N
N
Nt
ta
rank(t;) = 1 rank(ts) = 2 rank(t3) = 3 rank(t,) = w + 1

Fig. 6.2 A sequence of thin trees and their spines.

6.1.5 Skeletons

The second tool used to analyse structural properties of thin trees are skeletons.
A skeleton can be seen as a witness that a given ranked tree is thin. Moreover, a
skeleton of a thin tree 7 represents a structural decomposition of ¢.
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A subset of nodes o € dom(¢) of a given ranked tree t € Try, is a skeleton of t if:

—€¢o,
— for every internal node u of ¢ the set o contains exactly one of the nodes ut, ur,
— on every infinite branch « of the tree ¢ almost all nodes # < « belong to o.

Observe that we can identify o with its characteristic function — a labelling of
nodes of ¢ by the ranked alphabet AR’ = (Agro’, Aro’) With Agy’ = Arg’ = {0, 1} so
that o € Try, .

Assume that o is a skeleton of a tree . Take any node u € dom(#). The branch
o passing through u that follows at every point the skeleton o is called the main
branch of o from u. It can be defined as the unique maximal finite or infinite branch
a € {r, r}S® such that:

U=<aAYy<y (W=uvweo).

Note that the main branch may be finite if it reaches a leaf of the tree. Otherwise
it is infinite. By the assumption that a skeleton contains almost all nodes on every
branch, we obtain the following fact.

Fact 6.54. Take a ranked tree t € Tr s, with a skeleton o and an infinite branch o
of t. There exists a node u € dom(t) such that « is the main branch of o from u.

Proposition 6.12. A given ranked tree t € Tru, has a skeleton if and only if t is
thin.

Proof. 1f aranked tree has a skeleton then by the above fact every infinite branch of
t is from some point on its main branch (from some node of 7). So there are at most
countably many branches of ¢.

Now assume that ¢ is a thin tree. We inductively on the rank 7 of ¢ construct a
skeleton of 7. The thesis holds for = 0 because there is no thin tree of rank 0.
Assume the thesis for all thin trees of rank strictly smaller than 5. Let ¢ be a thin tree,
rank(7) = 7, and t be the spine of ¢. For every u € dom(¢) thatis off t (i.e. u ¢ t but
the parent of u is a node of ) we know that rank («, r) < 7. Therefore, there exists a
skeleton o, of the subtree of # under u; we assume that o,, is a subset of dom(?), i.e.

0, € dom(?) Nufw, r}*.

Let o, contain all those elements # % € of t such that u does not have a sibling
in t. Also, if both uz, and ur belong to 7 let o, contain uv. Finally, let o be the union
of o, and o, for u € dom(¢) that are off 7. By the construction ¢ does not contain €
and contains exactly one sibling from every pair of siblings in 7.

What remains to show is that o contains almost all nodes on every infinite branch
of ¢. Let o be an infinite branch of ¢. If « is not an infinite branch of t then there
exists u < « that is off t. Since o, is a skeleton so it contains almost all nodes on
o. Now assume that « is an infinite branch of 7. Since 7 € Bcp so it contains only
finitely many finite and infinite branches, in particular, almost all nodes u < « are
not branching in 7. Therefore, o, contains almost all nodes on «. |
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The skeleton o constructed in the above construction is called the canonical
skeleton for t and is denoted by o (¢).

Remark 6.6. Since the conditions on a skeleton are MSO-definable so the family of
all thin trees Thy, C Try, is a regular tree language.

6.2 Thin Algebra

In the following three chapters we use a variant of the thin forest algebra as introduced
by Bojaniczyk and Idziaszek in [BIS13, Idz12] adapted to the case of ranked trees.
It can be seen as a natural extension of w-semigroups and Wilke algebras [Wil93,
Wil98] (see Sect.1.5.2, page 11). The use of thin algebra is this chapter could be
avoided, however it seems to be more convenient to use it (thin algebras are used in
the proof of Proposition 6.16). Additionally, thin algebras are crucial concepts in the
following two chapters.

Let us fix a ranked alphabet Ax = (Ar2, Aro). A thin algebra over Ag is a
two-sorted algebra (H, V) where H corresponds to types of trees and V to types of
contexts. A thin algebra is equipped with the following operations:

—s-s'eViors,s' eV,
—s-heHforseV,he H,

- s®eHforseV,

-II: v® - H,

— Node(a,d,h) € V fora € Agy,d € {v,r},and h € H,
— Leaf(b) € H for b € Ago.

Note that the first four operations are the same as in the case of Wilke algebras and
w-semigroups. The last two operations allow to operate on trees. For simplicity, we
write a (L], h) instead of Node(a, ., h) and a(h, [J) instead of Node(a, r, h). Simi-
larly, b() stands for Leaf(b) and a(hy, hr) € H denotes the result of a(hy, 1) - hx.

The axioms of thin algebra are:

the axioms of Wilke algebra:

s 8" =(s-5)-s" (6.1)
s-(s'-h)=(@s-s)-h (6.2)
(s8N =s-(s"- 5% (6.3)
Vst (57) =s> (6.4)
the axioms of w-semigroups:
[es.s...)=s (6.5)

S~H(S0,S],...) =H(s,so,s1,...) (6.6)
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H(SQ e Sk Skl e Skys - ) ZH(S(), S1,82, .. ) (67)
and one additional axiom:
a(U, hg) - hy, =a(hy, ) - hg. (6.8)

Fact 6.55. If a finite structure (H, V') satisfies all the axioms of thin algebra except
the ones about infinite product: (6.5), (6.6) and (6.7) then (H, V) can be equipped,
in a unique way, with infinite product [ | satisfying axioms (6.5), (6.6) and (6.7).

Proof. The same as in the case of Wilke algebra, see Theorem 1.6 on page 12. W

However, as shown in Example 1.1 on page 12, we cannot erase the infinite product
[] from the definition of thin algebra; this operation is important when we consider
homomorphisms between thin algebras.

It is easy to verify that the pair (Tr,, Cony,) has a natural structure of a thin
algebra. In particular, the operation p — p> constructs the ranked tree p*> from a
ranked context p by looping the hole of p to the root of p, that is p is the unique
ranked tree satisfying

The subalgebra (Th,,, ThCong,) C (Tra,, Cony,) consisting of thin trees and
thin contexts is free in the class of thin algebras over the ranked alphabet Ag,
see [Idz12, Theorem 30] (for more details see Sect.7.4.1, page 132). The algebra
(Tr4,, Cony,) is not free. In Sect. 7.4.1 we will see how thin algebras can be used to
recognise languages of general ranked trees (not necessarily thin).

A homomorphism f: (H,V) — (H', V') between two thin algebras over the
same alphabet Ay is defined in the usual way: f should be a function mapping
elements of H into H' and elements of V into V' that preserves all the operations of
thin algebra. Such a homomorphism is surjective if f(H) = H and f(V) = V'.

Fact 6.56. Since every context p € ThCony, can be obtained as a finite combination
of trees t € Tru, using the operation Node, if f1, fo: (Tra,, Cong,) — (H, V) are
two homomorphisms that agree on Tr 4, then fi; = f.

The operations of thin algebra (namely the infinite product []) imply that homo-
morphisms have to be path-wise consistent, as expressed by the following fact.

Fact 6.57. Lett € Thy, be a thin tree, « = dod, ... an infinite branch of t, and
[ (Tra,, Cons,) — S be a homomorphism into a finite thin algebra S. Let u; =
dod; ...d;_,d; be the sequence of vertices of t that are off o and a; = t(«[;) be the
i’th letter of t along a. Then

f() =] [Node(ai. di, f(t1,,))-

ieN
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The following fact follows from induction over the rank of a thin tree, see [1dz12,
Lemma 34] or the proof of Lemma 8.36 on page 145 in Chap. 8.

Fact 6.58. Let (H, V) be a thin algebra over a ranked alphabet Ar. Then there
exists a unique homomorphism f: (Ths,, ThCon,,) — (H, V).

Let L C Thy, be a language of thin trees. We say that a homomorphism
f: (Tha,, ThCony,) — (H, V) recognises L if there is a set F C H such that
L = f~'(F), see Sect. 1.5.3, page 13. We say that (H, V) recognises L if there exists
a set F' as above (Fact 6.58 implies that there exists a unique homomorphism f).

Similarly, f: (Tra,, Cong,) — (H, V) recognises L C Try, if L = f~Y(F) for
some F C H.

6.2.1 The Automaton Algebra

Every non-deterministic tree automaton A induces a finite thin algebra S 4 (called the
automaton algebra) and a homomorphism f 4 from all ranked trees to S 4 (called the
automaton morphism). The automaton algebra is an example of a finite thin algebra
recognising L(A) C Tr, 4.

Let A be a non-deterministic automaton over a ranked alphabet Ay such that A
recognises L C Tr,,. Assume that A has states Q and uses priorities from {0, .. ., k}
forsome k. Letusdefine f4(f) foratreet € Tru, and f4(p) foracontext p € Cony,:

fa@®) ={q : 3, pisarunof A on ¢ such that: (6.9)
p is parity-accepting,
ple) =q.
lco
fa(p) ={(q, i,q"): 3, pisarunof Aon p such that: (6.10)

p is parity-accepting,
p(e) =q.,
p(u) = g'(where u is the hole of p),

the minimal priority on the path from € to u in p is i.

}ng{o,...,k}xQ

Fact 6.59. The function f, induces uniquely the structure of thin algebra on its

image S = (Hyq,Vy) C (P(Q), P(Q x {0,...,k} x Q)) in such a way that f
becomes a homomorphism of thin algebras.
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Moreover, f recognises L(A), since

LA) = f'((he Ha: hn I # 2)).

For every h € H 4 the language Ly, dzgffjl({h}) C Trg, is regular.

For the sake of completeness, let us write down the operations of the automaton
algebra S 4. The formulae are similar to the case of thin forest algebra, see [Idz12,
Sect.4.4.1]. We do not define the infinite product [, it can be uniquely introduced by
Fact 6.55. We implicitly assume that h € H 4, 5,5 € V4, e € V4 is an idempotent,
a € Ary, b € Agp, and d € {r, r}.

s-s'={(g.min(j, j).4") : (q.j.4) €s.(q".j'.q") €5"},  (6.11a)
s-h={q: (q,j,q) €s,q €h}, (6.11b)
§° = (sn)oo for s being the idempotent power of s, (6.11c)

e ={q: (q,],q) € e, j =0 (mod 2)} for e being an idempotent,
(6.11d)
Node(a,d. h) = {(¢. min(q. ga), 4a) : (¢.a.qu.qx) €85'.qz € b}, (6.11e)
Leaf(h) = {q : (q,b) € 83'}. (6.111)

Observe that if L(A) € Thy, is a language of thin trees then we can restrict the
automaton morphism to Th 4, . After this restriction it recognises L(.A) as a language
of thin trees.

The following fact is a direct consequence of the existence of an automaton
algebra. It is not used in this thesis, we use only the “only if” part: if a language
is regular then it is recognised by a homomorphism into a finite thin algebra.

Fact 6.60. A language of thin trees L C Thy, is a regular language of thin trees if
and only if it is recognised by a homomorphism into a finite thin algebra.

Sketch of a Proof. If a language is regular then we can take the automaton algebra.
The opposite direction follows from the definition of consistent markings in Sect. 7.1
and Fact 8.36 — we can define in MSO a consistent marking t of a given thin tree
and check that t(¢) € F. |

6.3 Upper Bounds

In this section we prove an upper bound on descriptive complexity of regular lan-
guages of thin trees from Theorem 2.4, as expressed by the following proposition.

Proposition 6.13. Every regular language of thin trees L is co-analytic as a set of
ranked trees.
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Note that despite the fact that the space of thin trees Th,, is co-analytic among
all trees, it is an uncountable set and contains arbitrarily complicated subsets.

6.3.1 Embeddings and Quasi-skeletons

The definition of a skeleton o of a tree ¢ is a co-analytic definition — o has to contain
almost all nodes on every branch of ¢. Our aim in this section is to define objects less
rigid than skeletons but definable in an analytic way. For this purpose, we introduce
two relations Remped and Rosker. Let us fix a ranked alphabet Ag.

Proposition 6.14. There exists an analytic ( )3% ) relation Rgmpea C Tra, x Trga,
such that for every tree t| and every thin tree t:

(t1 is thin and rank(t;) < rank(tz)) ifandonlyif (t1,1) € Rembed-

Intuitively, the relation Rgnypeq is defined by the expression of the form: (71, 1) €
REmbedq if there exists an embedding of dom(z;) to dom(z,). However, to avoid tech-
nical difficulties, we do not introduce exact definition of an embedding. Instead, we
recall some standard methods from descriptive set theory, see [Kec95, Sect.34.D],
namely the Borel derivatives. It will be shown that the derivative Dv from Sect.6.1.4
is (modulo some technical extension) a Borel derivative. We follow here the notions
used in [Kec95].

Definition 6.11. Ler X be a countable set and D = P(X). A derivative on D is a
map D: D — D such that D(A) € A and D(A) C D(B) for AC B, A,B € D.
For A € D we define D°(A) = A, D"™'(A) = D(D"(A)) and for a limit ordinal n

DAY N D"(A).

n'<n

Now, let |A|p for A € D be the least ordinal n such that D"(A) = D"'(A).
Such an ordinal exists by monotonicity of D and since X is countable, n < w,. We

additionally put

D®(A) Y plAib(4).

Now let us state [Kec95, Theorem 34.10] in the case of countable X.

Theorem 6.61 (Theorem 34.10 from [Kec95, Sect.34.E]). Let X be a countable
set and D = P(X). Let D: D — D be a derivative that is Borel. Put

Qp={FeD: D*(F) = o).

Then 2p is l'[} and the map F +— |F|p is a l'[}-rank on 2p.
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Our aim is to present Dv as a Borel derivative in such a way that 2, = PTh
and the map F +— |F|p is the rank of thin trees in the sense of Sect.6.1.4. The
above theorem will then imply that the rank of thin trees is a IT|-rank. Then, by the
definition of <*  (see [Kec95, Sect.34.B]) we obtain that

—rank

Rempea(t, ') & dom(r) <7, dom(r')
< dom(t") ¢ PTh Vv (dom(z), dom(t') € PThA
A rank(dom(r)) < rank(dom()))
&1 ¢ Thy, V (¢, 1 € Thy, Arank(r) < rank(r'))

is a X|-relation.

Fact 6.62. The rank of thin tree-shapes comes from a Borel derivative, as in the
assumptions of Theorem 6.61.

Proof. Let X = {1,r}* and D = P(X). Note that in this case PTr C D. We will
extend the derivative Dv to a function D: D — D by defining it also on sets F € X
such that ' ¢ PTr. Let F C X and let F be the prefix-closure of F:

def

F = {u: Jper u < w).

Now let D(F) & Dv(F).

The function D defined this way is monotone and Borel: the operation D > F
F € PTr is Borel and the property that u € Dv(t) is a Borel property of a tree-shape
T:u € t and t[, does not have a finite number of branches (this property is Borel
because our trees are finitely branching). Also, D*°(7) = & if and only if T € PTh.
By applying Theorem 34.10 we obtain that the rank induced by D (that is the rank
of thin trees) is a IT}-rank. [ |

Our second relation Rqske is intended to witness the existence of a particular
skeleton & of a given thin tree 7. The trick is that & witnesses a skeleton of ¢ given
that ¢ is thin. Otherwise, & does not witness anything interesting. Such a (conditional)
skeleton is denoted as a quasi-skeleton.

We will encode a subset ¢ € dom(z) of nodes of a tree ¢ as its characteristic
function — a tree (denoted also ') over the ranked alphabet ({0, 1}, {0, 1}) such that
dom(z) = dom(c). To simplify the notions we will say that u € dom(¢) belongs to
¢ if u belongs to the set encoded by it (i.e. if 6 (1) = 1).

Proposition 6.15. There exists a Z} relation Roskel on Try, X Tryg 12 such that:

1. for every pair (t,0) € Rgskel we have dom(t) = dom(c), o(¢) = 0, and &
contains (treated as a set of nodes of t) exactly one node from each pair of
siblings in t,

2. for every thin tree t there exists a tree & such that (t,5) € Rgskels

3. ift is a thin tree and (t, 6) € Rgskel then 6 encodes a skeleton of t.
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A tree & such that (t,6) € Rgskel is called a quasi-skeleton of ¢.

Note that Rgskel may contain some pairs (¢, &) with a thick tree 7. In that case &
encodes some set of nodes of ¢ but not a skeleton.
We define Rgskel € Tra, x Tryg 1) as the set of pairs (¢, &) such that:

— dom(6) = dom(t),

-€¢o0,

— for every pair of siblings in ¢ exactly one of them is in 7,
— for every internal node u of 7 such that ud € ¢ we have

(t ﬂwia trud) € REmbeda (612)

i.e. the subtree under the sibling of ud embeds into the subtree under ud.

Fact 6.63. Since Rgmpeq is analytic and analytic sets are closed under countable
intersections, the relation Rqskel is also analytic.

The following two lemmas prove Items 2 and 3 of Proposition 6.15.
Lemma 6.18. Let t be a thin tree. There exists a quasi-skeleton & fort.

Proof. Lett be athin tree. We show that the canonical skeleton o (7) of ¢ defined in the
proof of Proposition 6.12 is a quasi-skeleton of 7. Let T be the spine of # and let ur, and
ur be two siblings in 7. By the inductive construction of o (#) we can assume that at
least one of these siblings ud belongs to . If ud ¢ 7 thenrank(ud, t) > rank (ud, 1)
50 (6.12) is satisfied. Now assume that both ud, ud belong to . In that case we have

rank (ud, 1) = rank(ud, 1),

so (6.12) is also satisfied, no matter which of the siblings belongs to o (). |

Lemma 6.19. Ift is a thin tree and & is a quasi-skeleton of t then & (treated as a
set of nodes of t) is a skeleton of t.

Proof. Take any infinite branch « of 7. We need to show that almost all nodes on «
belong to 6. Assume contrary. Let ug < #; < ... < « be the sequence of nodes on
« that do not belong to 6. By the definition of & for every node u; the sibling u; of
u; satisfies (t[, , ¢ [u;) € Rgmbed. Since ¢ is thin this property implies that

rank (u;, t) < rank(u;, 1).

Since ordinal numbers are well-founded, we can assume without loss of generality
that all the ranks rank (u;,, t) are equal some ordinal < w,. Since u; < u; 41 SO we
can also assume that for every i we have rank(u;) = n. Lett’ = t[, and let 7 be
the spine of #’. Note that rank (") = 7 so by the definition t contains all the nodes of
rank 7 in ¢. In particular T contains all nodes #; and u;. But this is a contradiction,
since u € Bcp so it cannot contain infinitely many branching nodes. |
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Remark 6.7. Assume that ¢ is a thin tree, & is a quasi-skeleton of ¢, and u € dom(r)
is a node of ¢. The main branch of & from u can be defined in the same way as in
the case of skeletons. The only difference is that if ¢ is not a skeleton then not every
infinite branch of ¢ is main.

6.3.2 Proof of Proposition 6.13

Assume that L € Thy, is a regular language of thin trees, we want to show that
L e H}(Tr Ag)- Let L' = Tra, \ L be the complement of L among all ranked trees.
L' is aregular language of ranked trees. Let A be a non-deterministic tree automaton
recognizing L’. We will write L" as a sum

L' = (Tra, \ Thy, ) UK, (6.13)

for some language K that will be defined this way to be analytic and to satisfy the
following condition:
K NThy, = L' N Thy,.

Therefore, Eq. (6.13) will hold and will be an analytic definition of L’.

Let K contain those trees ¢ such that there exists a quasi-skeleton ¢ of ¢ and a run
p of the automaton A on ¢ such that for every node u € dom(z) the limes inferior of
priorities of p is even along the main branch of ¢ from u. More formally:

K = {t € Tra, : 35, (1.5) € Roske and

pisarunof A on ¢ and
Vyedom(r)- the lim inf of priorities of p

on the main branch of & from u is even}.

Observe that K is defined by existential quantification over trees 6 and runs p.
The inner properties are analytic (the later two are in fact Borel). Therefore, K is
analytic. Note that we do not express explicitly that p is an accepting run.

Observe that if + € L’ N Thy, then t € K: there is some quasi-skeleton & for ¢
and there is an accepting run p of A. Since p is accepting so it is accepting on all
main branches of ¢.

What remains is to show thatif 1 € K N'Thy, thent € L'. Take athin tree t € K.
Assume that &, p are a quasi-skeleton and a run given by the definition of K. Since ¢
is a thin tree, & is actually a skeleton of . We take any infinite branch « of  and show
that p is accepting along «. By Lemma 6.54 we know that there is anode u € dom(¢)
such that « is the main branch of ¢ from u. Therefore, by the definition of K, the
run p is accepting on «.

This concludes the proof of Proposition 6.13.
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6.4 Characterisation of wMSsO-definable Languages

In this section we prove a decidable characterisation of languages of thin trees that
are WMSO-definable among all trees. It will be achieved by proving that the following
conditions are equivalent.

Proposition 6.16. Let L C Thy, be a regular language of thin trees over a ranked
alphabet Agr = (Ago, Aro) and let B be a non-deterministic automaton recognising
L among all trees. The following conditions are equivalent:

1. for M = |QB| - |Ara| + 1 and every t € L we have rank(t) < M,

. there exists M € N such that every tree t € L satisfies rank(t) < M,
. L is WMSO-definable among all trees,

. there exists N € N such that L € Z?V(TrAR),

. L is not | (Tr 4, )-hard.

b N W

Moreover, it is decidable if these conditions hold.

The implications (1) = (2), (3) = (4), and (4) = (5) are trivial — any language
definable in WMSO is on a finite level of the Borel hierarchy, thus not Hi-hard. The
remaining two implications are proved in the following subsections. The decidability
follows from Remark 6.8.

A relation between definability in WMSO and boundedness of a certain rank is also
exploited in Chap. 4.

6.4.1 Implication (2) = (3)

We need to prove that if for some M every tree ¢ € L satisfies rank(t) < M then L
is WMSO-definable among all trees. This will be achieved by an explicit construction
(via induction on M) of a WMSO formula defining L among all trees.

In our constructions we use the following additional notion. Assume thatt € Try4,
is a tree and u < w are two nodes of t. We say that a node z is off the path from u to
w if z is not an ancestor of w (z ﬁ w) but there exists u’ such that u < u’ < w and
z is achild of u'.

The proofs of this section go by induction on M (the bound on the ranks of thin
trees). In all of the cases the base step is trivial as there is no thin tree of rank 0.

We start with the following lemma. The constructed formula ¢,, will serve as a
basis in the following constructions.

Lemma 6.20. For every m € N there exists a WMSO formula ¢,, defining among
all ranked trees the language of thin trees of rank at most m (denoted Thf:’, see
Sect.6.1.4).

Proof. The proof goes by induction on m. The base step is trivial.
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Assume that the thesis holds for m — we have defined a formula ¢,,. Consider a
WMSO formula ¢,,4; that for a given ranked tree ¢ € Try, says that:

there exists a finite tree s with dom(s) C dom(#) such that
for every internal node w of ¢ such that w ¢ dom(s)
there exists a child wd of w such that
the subtree 7 [, ; has rank at most m (i.e. the formula ¢,, holds on #[,,,).

First assume that ¢, holds on a given tree ¢ and take s as in the statement. Let
T C dom(z) be the set of nodes u € dom(z) such that rank(u, t) > m. Observe
that by ¢,, if u is a branching node of t then u € dom(s). Therefore t € Bcp and
rank(r) < m + 1.

Now assume that rank () < m + 1. If rank(¢) < m then ¢, is trivially satisfied
by any finite tree s. Assume that rank(r) = m + 1 and let T = Dv"” (dom(#)) be the
spine of ¢. Since T € Bcp so 7 has finitely many branching nodes. Let us take as s a
finite tree with dom(s) € dom(¢) and such that s contains all the branching nodes
of t. By the definition of t, for every internal node w of ¢ that is outside s, at least
one of the children of w has rank at most m. |

The above lemma implies that the set of thin trees of rank at most m € N is
MSoO-definable. Therefore, given a regular language of thin trees it is decidable if it
contains a tree of rank greater than a given number m. This gives us the following
remark.

Remark 6.8. Condition (1) from Proposition 6.17 is decidable.

The crucial inductive part of the proof of the implication (2) = (3) is expressed
by the following proposition. The rest of this section is devoted to its proof. The
implication (2) = (3) follows when we take as f the automaton homomorphism for
an automaton A recognising L and as m the bound M from Condition (2).

Proposition 6.17. Let (H, V) be a finite thin algebra over a ranked alphabet Ag.
Let f: Tha, — (H, V) be the unique homomorphism assigning to thin trees their
types. For every type h € H and number m € N there exists a WMSO formula go,hn
that defines those ranked trees t € Tra, such thatt € Thy,, rank(t) = m, and the
type of t is h with respect to f (i.e. f(t) = h).

The base step for m = 0 is trivial. Assume that the thesis of the proposition holds
for all types & and all numbers less or equal than m. We show it for m + 1.

First we write a formula v, (u, w) expressing that for a given pair of nodes u, w
of a given tree 7:

u=<w,
the subtrees #[, and 7 [, have ranks exactly m (we check it using ¢,, and —¢,,_),
and for every z that is off the path from u to w

the rank of ¢, is at most m — 1 (i.e. ¢,,,—; holds on ¢[,).
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The following lemma expresses the crucial properties of formulae ¥, (i, w).

Lemma 6.21. Assume that for a given ranked tree t € Tr s, and a node u of t there
are infinitely many nodes w such that \,,(u, w). Then rank(¢[,) = m and the set of
nodes of rank equal m below u in t forms a single infinite branch « of t.

Moreover, Y, (u, w) holds for some w € dom(t) if and only ifu < w < «.

Proof. Take a ranked tree ¢t and a node u € dom(¢) as in the statement. Without
loss of generality we can assume that u = €, because ¢,, talks only about the
subtree ¢[,. Observe that rank(¢[,) = rank(z) = m. Let t € dom(¢) be the set of
nodes w € dom(¢) such that ¥, (¢, w) holds. Observe thatifu < w; < w, € dom(z)
and wy € 7 then w; € 7. Since there are infinitely many nodes w satisfying ¥, (¢, w)
so 7 is infinite. Observe also that T does not contain any branching node. Therefore ©
is a single infinite branch «. Clearly, if w is not a prefix of & then rank(w, t) <m. W

The above lemma states that the formula 1, («, w) enables us to fix in a WMSO-
definable way a particular branch « in our tree such that almost all nodes that are off
this branch have ranks smaller than m. What remains is to compute the type of the
subtree rooted in the node u from the types of the subtrees that are off & and from o
itself. The following formula is an intermediate step in this construction.

Fact 6.64. For nodes u, w;, w, and a type s € V there exists a WMSO formula
vy (, wi, wy) expressing the following facts:

—u=Xw 2wy
— Y (u, wp) holds (it implies Y, (u, wy)),
— [l w, uy)) = 8 — the type of the the context rooted in wy with the hole in wy is s.

To achieve the last item of the list, the formula computes the types of the subtrees
rooted in the nodes off the path from w; to w, using the inductive formulae gof’n, for
m’ < m and h € H. Then the formula executes the multiplication in V on the finite
path from w; to w;.

Now we show how to compute a type of a tree with a spine consisting of one
infinite branch. The formula is based on a construction from [Tho80] that enables to
verify the type of a given w-word in FO logic using predicates of the form “the type
of the infix between the positions w; and w; is e”.

Definition 6.12. Letr u be a node of a tree t and h € H be a type. Let the formula
8" (u) express the following facts:

there are infinitely many nodes w such that ,, (u, w) holds,
there exists a pair of context types s, e € V such that se™ = h,

there exists a node zq such that y,, (u, u, zo) holds (i.e. f(t Moz )) =), and

0
for every node w; such that V,,(u, wy)

there exists a pair of nodes w,, ws such that
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e

u 20 w1 wa2 w3

Fig. 6.3 An illustration of properties expressed by the formulae 6,},’, (u).

w; < wy < w3,
Y (U, w3) holds (it implies ¥, (u, w,)), and
the formulae y,, (u, 2o, W2), vy (U, 2o, w3), and v, (u, wo, w3) hold

(i.e. the types of the three contexts equal e, see Fig. 6.1).

Lemma 6.22. Lett be a tree and u be a node of t such that there are infinitely many
nodes w satisfying Y, (u, w). Then f(t],) = h if and only if 8" (u) holds on t.

Proof. Again, without loss of generality u = e. First assume that t = 8/ (¢) for
someh € H.Leta be the branch defined by the predicate v, (€, w) asin Lemma 6.21.

‘We show that the formula y,ﬁ (e) givesrise to asequence of nodes zp < z1 < z2. ..
on « such that for some types s, e satisfying se> = h we have:

f (t r[é,zo)) =5, f (t r[z,'-,z;ﬂ)) =e. (6.14)

Having done so, we conclude that the type of t = ¢, is h.

Let us fix zo as in the definition of S,hn(e). By the definition we know that
f(t [[E_,ZU)) = 5. We will set w; to various nodes along o obtaining nodes w,, ws;
such that w; < wy < w3 < «.

Let us start with w; equal zo and consider w,, w3 given by 82 (€). Let z1 = wy
and 7} = wj. Our inductive invariant is that the types of all three contexts ¢, .,
!iz.2> and 1], - equal e. For i = 1 we get it by the definition of 8 (€). Assume
that z; < 2} are defined for some i > 0. Let us take w; = z; and consider w,, w3 as
in the definition of 8,}7’1 (). Letus put z;+1 = w, and zl’.+1 = wj3. By the definition, the
types of #], . and 7] ) are e. Consider the type of the context 7[_ ., (see
Fig.6.4):

[20.2} [zi.zi

Ftlzn) = f (’ﬁmﬁ)) f (f f[z;,z,-m)
=e-f (l r[Zf,z,url))

=f (ﬁ[z(),z;)) - f (t r[z,’»,zm))

=f (t r[ZO,ZH»I))

=e.

Therefore, the constructed sequence zo < z; < z2 < ... satisfies (6.14).
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’
20 Zi P Zitl  Ziyq

Fig. 6.4 The reasoning used in the proof of Lemma 6.22.

For the other direction take a thin tree ¢t and a branch « of 7 as in Lemma 6.21.
Using Ramsey’s theorem (see Theorem 1.1 on page 3) along «, with respect to the
function assigning to a pair u < w < « the type f(¢[[,.,,)) € V, we find a pair of
types s, e and an infinite sequence of nodes (z;);ey along o satisfying (6.14) and
such that e = e2. Since f(t) = h, se® = h. Therefore, we can satisfy the formula
6,}7’1 (€) using s, e and the successive nodes (z;);en. [ |

We are now ready to construct the formula ¢” from Proposition 6.17. It will
be obtained by rewriting the formula ¢,, from Lemma 6.20 so that it additionally
verifies the type of the given ranked tree. In ¢ will fix a finite tree s with some leafs
uiy, ..., u,of sandasequence of types hy, ..., h, € H. Wethenwrites(hy, ..., h,)
for the type obtained by the evaluation of the term represented by s on the given types
in the algebra (H, V). Take m > 0, h € H and define gp,’jq that says:

there exists a finite tree s with dom(s) C dom(z),

a number of leafs uy, ..., u, of s, and
a sequence of types hy, ..., h, such that
the type of s(hy, ha, ..., h,)is h and

forevery leaf u;(i = 1,...,n)

8" (u;) holds and
there are infinitely many nodes w such that v, («;, w) holds.

Lemma 6.23. A treet € Try, satisfies ¢ if and only if rank(t) = m and f(t) = h.

Proof. Firstassume thatrank(¢) = m and f (¢) = h. Let t be the spine of ¢ and take s
as a finite tree containing all the branching nodes of 7. A leaf u of s is included in the
listuy, ..., u, if rank(u, t) = m. We take as h; the type f(¢[,,). Clearly the type of
s(hy, ..., h,) is the type of ¢ that is h. Also, since rank(u;, 1) =m fori =1,...,n
SO ¥, (u;, w) holds for infinitely many w. Lemma 6.22 says that 8,}4';' (u;) is satisfied.
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Now assume that <p£‘l is satisfied. Again, by Lemma 6.22 we know that for i =
1,...,n.

f([ru‘) - hi-
Therefore, f(t) = s(hy, ..., h,) = h. |

This concludes the proof of Proposition 6.17 and of the implication (2) = (3).

6.4.2 Implication (5) = (1)

Now we want to prove that if L is not IT} (Tr s, )-hard then every tree ¢ € L has rank
atmost M = | Q8] - |Aga| + 1.

We assume contrary that there exists a thin tree ¢ € L such that rank(z) > M. Our
aim is to show that L is IT} (Tr, )-hard. The proof consists of two parts: first we find
a pumping scheme within the tree ¢ and then we construct a continuous reduction
f from the set of well-founded w-trees W F C wPTr (see Sect. 1.6.3, page 17) into
L C Try,. The idea is that for t € WF the reduction f gives a thin tree in L and
if t ¢ WF then f(tr) ¢ Thy,, so in particular f(t) ¢ L. Since the set of well-
founded w-trees is I1 } -complete (see Theorem 1.11 on page 17), it will prove that L
is T} -hard.

Let us take m > 0 and a ranked tree t € Tra,. A pumping scheme of depth m in t
(see Fig.6.5) is a function P: <" — dom(t) such that:

— forevery u € ®S™ the node P (u) is an internal node of ¢,

— foreveryu < w € o<" we have P(u) < P(w),

— forevery k < mand u # w € w* we have P(u) £ P(w) and P(w) £ P(u),
— forevery k < m and u, w € o* we have t(P(u)) = t (P (w)).

Note that the last condition implies that there exists a function Ps: {0, 1, ..., m} —
ARy assigning to a number k < m the unique letter Ps(k) € Agro such thatifu € ok
then ¢ (P (u)) = Ps(k). This function is called the signature of P.

Lemma 6.24. Ift is a thin tree and rank(t) > m + 1 then there exists a pumping
scheme of depth m in t.

Before proving the lemma we extract an observation crucial for the inductive step.

Fact 6.65. Let t be a thin tree and (u;);cn be a sequence of nodes of t. Assume that
the nodes u; are pairwise incomparable with respect to the prefix order <. If each
subtree t],. has a pumping scheme of depth m and of a fixed signature Ps (one for
all i) then t has a pumping scheme of depth m + 1.

Proof. We just combine the schemes for all the nodes (u;);cny andput P(€) = €. B
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Fig. 6.5 An example of a pumping scheme Ps of depth m = 3 in a tree 7. The highest dot is the
node Ps(¢). Under it we have an anti-chain of nodes Ps(i) for i € N. Under each node Ps(i) we
again have an anti-chain of nodes Ps(ij) for j € N. The lowest line consists of nodes of the form
Ps(ijk) for k € N.

Proof of Lemma 6.24. The proof is inductive in m. For m = 0 we can take as P the
function € — € — € is not a leaf of ¢ because ¢ has rank at least 2. Assume that the
thesis holds for m. Let rank(z) > m + 1 and let 7 be the spine of 7. Let (u;);cn be a
sequence of nodes of ¢ that are off v and have rank at least m 4 1 in ¢. This sequence
is infinite, otherwise rank(#) << m + 1. Note that since the nodes (u;);cy are off T so
they are pairwise incomparable with respect to the prefix order <.

By the inductive assumption, for every i there is a pumping scheme P; of depth
mint[, . Since there are only finitely many distinct signatures of pumping schemes
of depth m so for some infinite subsequence of (P;);cn all the signatures are equal.
By Fact 6.65 we obtain that there exists a pumping scheme of depthm + 1inz. W

Now we can move to the construction of a continuous reduction f of W F C wPTr
to L C Try,. Recall that we have fixed a thin tree + € L such that rank(z) >
|QB]-|Aga| + 1 for a non-deterministic automaton 3 recognising L among all trees.
Let p € Trgs, o5y be an accepting run of Bont. Lett' =t ® p be the tree over the
product alphabet.
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Let m = |QB] - |Aga|. Because rank(¢') = rank(r) > m + 1 so there exists a
pumping scheme P of depth m in ¢’. Let Pg be the signature of P. By the pigeonhole
principle there are two numbers 0 < k < k' < m such that Pg(k) = Pg(k’). Let
u = P(0F) — the image by P of the vector of k zeros and let w; = P (0% i -0F~*=1).

Fact 6.66. By the definition we obtain that:

— the nodes w; are pairwise incomparable w.r.t. the prefix order <,
—u < w; and t'(u) = t'(w;) for everyi € N.

Let w; be the word such that uw; = w;. This sequence of nodes enables us to cut
¢’ into the following pieces:

— py is the thin context obtained from ¢’ by putting the hole in u (i.e. p; &ef t'u «
ab,

— ry is the thin tree over the ranked alphabet (Ag, X Q, Aro X Q U {J}) obtained
from [, by putting a leaf labelled by (J in all the nodes w; fori € N,

— tr is the subtree ¢'[,, .

Observe that the nodes of ry, labelled by [J are naturally numbered by natural
numbers. Assume that (#;);cx is a sequence of trees over the alphabet (Ary X Q, Agro X
Q). Then, ry (o, t1, . . .) is the tree obtained by putting, for every i, the root of #; into
the i’th hole of ry (i.e. into the node w; of rys). Using these notions we can write

/

r = PI(VM(IF, l‘/fwl, t’[wz, t’[m, .. .)).

We define a function fy: wPTr — Tra,x(0,0) by co-induction (see Sect.1.6.5,
page 18). Then f () is defined as p;(fo(7)). If 7 is empty then let fo(r) = tp.
Otherwise, assume that (7;);en is the list of subtrees [ ;. Let

fo(®) = ru(fo(to). fo(ro), fo(t1). fo(zn), -..).

Note that each subtree fj(t;) is inserted twice into ry;.

Since the root of 7, is its internal node, the function fj is continuous — the more
is known about 7 the bigger fragment of f,(7) can be produced. Therefore, f is also
continuous. Observe also that for every t the result f(t) is a product of two trees
fl(r) ® fz(r) with f!(t) over the ranked alphabet Ag and fz(l') over (Q, Q).
Because of Fact 6.66 the tree f2(t) is a run of B on f'(z). The value of the run
F2(7) (i.e. f2(r)(€)) is the same as the value of p.

What remains is to prove the following lemma.

Lemma 6.25. An w-tree v € wPTr is well-founded (belongs to W F) if and only if
fl(r) e L.

Proof. First assume that t € WF. In that case, every branch of f(r) from some
point on reaches a copy of ¢f or stays forever in some copy of p; or . Thus, the
run f2(t) is parity-accepting on every branch of f!(t). So f!(r) € L.
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Now take T ¢ W F. Assume that @ € »® is an infinite branch of . We show how
to embed the complete binary tree {0, 1}* into dom( f (r)) thus showing that it is not
thin. Since L C Thy,, f(r) ¢ L.

We take a branch 8 € {0, 1}* and construct a sequence of vertices zg < z; <
72 <, ...1n f(7). First we put zo = u (the hole of the ranked context p;). From that
moment on we will traverse infinitely many copies of ry,. The invariant is that for
every i

FOL, = foltlap):

For i = 0 the invariant is satisfied. In a step i we define as z,, the vertex (hole)
W) i)+ 4y 10 the current copy of r, i.e.

/
il = L0 Waa(iy+pin

Since 7|, is non-empty for every i, the invariant is satisfied. Let 75 € {r, r}* be

the branch of f(t) defined by the sequence of vertices zo < z; < .... Observe that
for any B’ # B we have g # mg. So indeed the tree 7(7) is not thin — it contains
the complete binary tree as a minor. |

This concludes the proof of the implication (5) = (1) and Proposition 6.16.

6.5 Conclusions

This chapter studies descriptive complexity of regular tree languages that contain
only thin trees. First of all it is shown that each such language is H} among all trees.
It is a noticeable collapse comparing to general regular tree languages that belong
to A}.

The second part of the chapter is devoted to studying when a regular language
containing only thin trees can be defined in WMSO. It turns out that this problem
relates the following three notions:

— definability in WMSO,
— topological complexity (i.e. ITj-complete sets),
— certain ranks of thin trees.

These links show that Conjecture 2.2 from page 32 is true in the case of regu-
lar languages containing only thin trees. Additionally, a pumping argument (see
Lemma 6.24) is presented that shows that one of the conditions equivalent to WMSO-
definability is decidable.

The results of this chapter do not solve the problem of definability in WMSO among
thin trees. This is stated as the following conjecture.
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Conjecture 6.6. It is decidable if a given regular language L of thin trees is WMSO-
definable among thin trees, i.e. if there exists a WMSO formula ¢ such that

L = {t € Thy, : t = ¢} =L(p) NThy,.
Since the language of all thin trees is WMSO-definable among thin trees (by the

formula T) so the method of ranks does not seem to be useful in this case.
This chapter is based on [BIS13].



Chapter 7
Recognition by Thin Algebras

In both cases of finite words and w-words the class of regular languages can be
equivalently defined as the class of languages recognisable by homomorphisms to
appropriate finite algebras (monoids and w-semigroups respectively, see Sect. 1.5,
page 10). This algebraic approach to recognition turned out to be fruitful by entail-
ing many effective characterizations [Sch65, Sim75, BW08]. However, there is no
satisfactory algebraic approach to infinite trees, nor even a canonical way to represent
a given regular tree language. Proposed algebras (see [BI09, Blul1]) either have no
finite representation or yield no new effective characterisations.

This chapter can be seen as an attempt to use thin algebra defined in Chap. 6 to
recognise languages of general ranked infinite trees (i.e. not necessarily thin). As
observed in Sect. 6.2 (see page 102), the pair (Tr,,, Con,,) of all ranked trees and
all ranked contexts over a ranked alphabet Ag has a natural structure of a thin algebra
with a subalgebra (Th,,, ThCon,, ) consisting of all thin trees and all thin contexts.
It can be shown [Idz12] that (Thy4, , ThCony, ) is free (formally initial) in the class of
thin algebras over Ag. The problem is that the thin algebra (Tr,, Cony,) is richer
than (Th,,, ThCon,, ); in particular, for some finite thin algebras S over the ranked
alphabet Ag there may be many homomorphisms

[ (Tru,, Cony,) — S.

The notion of prophetic thin algebras, introduced in this chapter, can be seen
as a natural constraint guaranteeing that there is at most one homomorphism f as
above. A natural problem arises what is the class of languages that can be recognised
by homomorphisms to finite prophetic thin algebras. Example 7.3 presented in this
chapter shows that not every regular tree language is recognised in this way. The
following theorem constitutes a characterisation of the languages recognisable by
finite prophetic thin algebras.

Theorem 7.5. A language of infinite trees L is recognised by a homomorphism into
a finite prophetic thin algebra if and only if L is bi-unambiguous, i.e. both L and the
complement L¢ can be recognised by unambiguous automata.
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Blumensath in [Blull, Blul3] undertook the task of designing an algebraic
framework for infinite trees that would allow to recognise precisely the regular
tree languages. The relations between prophetic thin algebras and the concept of
path-continuity of Blumensath are discussed in Sect.7.1.

It turns out that bi-unambiguous languages and prophetic thin algebras are closely
related to Conjecture 2.1 from page 31 saying that there is no MSO-definable choice
function in the class of thin trees. These relations are studied in Chap. 8, see Theo-
rem 8.74 on page 143). In Sect.7.4 we prove that if Conjecture 2.1 holds then the
class of bi-unambiguous languages is decidable among all regular tree languages
(see Theorem 7.70). The consequences of Conjecture 2.1 regarding prophetic thin
algebras are studied in Sect.7.3. For instance, Conjecture 2.1 implies that the class
of finite prophetic thin algebras is a pseudo-variety.

The chapter is organized as follows. In Sect.7.1 we introduce prophetic thin
algebras. Section 7.2 is devoted to a proof of Theorem 7.5. In Sects.7.3 and 7.4 we
study consequences of Conjecture 2.1. Finally, in Sect.7.5 we conclude.

7.1 Prophetic Thin Algebras

In this section we introduce the notion of prophetic thin algebras. The aim of this
definition is to guarantee that if S is a prophetic thin algebra over a ranked alphabet
Ag then there is at most one homomorphism

[ (Try,, Cony,) — S,

similarly as in Fact 1.5 on page 12 in the case of w-semigroups. Example 7.3 below
shows that for general (non-prophetic) thin algebras there may be more than one
such homomorphism.

Let S = (H, V) be a thin algebra over a ranked alphabet Ag = (Ag2, Agro) and let
t € Try, be aranked tree. Observe that every homomorphism f: (Tra,, Congs,) —
S induces a natural labelling 75 of # by elements in H:

) = f(1,) foru € dom().

The labelling 7 is called the marking induced by f on t. Intuitively, it declares in
advance the f-type of all the subtrees of 7.

The axioms of thin algebra and the fact that f is a homomorphism imply that
7, satisfies many consistency constraints. The following two definitions formalise
these consistency constraints by introducing a notion of a consistent marking. The
definition reflects the axioms of thin algebra in such a way to guarantee Lemma 7.26.

The first definition says that a labelling 7 is supposed to be consistent with respect
to the local operations of thin algebra: Node(a, d, h) and Leaf (b).
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Definition 7.13. Let (H, V) be a thin algebra over a ranked alphabet Ar and let
t € Tru,. A labelling T € Try my of t is a marking of ¢ by types in H if:

— for every internal node u of t we have
t(u) =t () (v(ur), T(uw)) (i.e. T(u) = Node(t (u), =, T(ur)) - T(ux)),
— for every leaf u of t we have
tu) =tw)() (ie t(u) = Leaf(t(u))).

The second definition reflects the infinite product operation [, it can be seen as
a counterpart of Fact 6.57 from page 103.

Definition 7.14. Fix a thin algebra (H, V) over a ranked alphabet Ag. Lett € Tr 4,
be a ranked tree, T be a marking of t by types in H, and « be an infinite branch of t.
Assume that « = dod, ... and let ug < u; < ... be the sequence of vertices of t
along «. Let us put a; = t(u;) (the i ’th letter of t along o), and h; = T(u;d;) (the
value of T in the i ’th node that is off o).

The sequence of types of contexts Node(a;, d;, h;) € V fori =0, 1, ... is called
the decomposition of t along «. We say that T is consistent on « if for every i € N
we have

tw)= [] Node(a;.d;. h). (7.1)

J=iitl,e.
A marking t is consistent if it is consistent on « for every infinite branch o of t.

Remark 7.9. By the definition of a marking and axiom (6.6) of thin algebra, it is
enough to require (7.1) for infinitely many i € N.

Lemma 7.26. The marking ty induced by a homomorphism f on a tree t is a
consistent marking.

Proof. 1t follows directly from the axioms of thin algebra, see also Fact 6.57 on
page 103. |

Intuitively, a marking is consistent if the operations of thin algebra are not enough
to prove its inconsistency.

The following example shows that some thin algebras S admit more than one
homomorphism from (Try4,, Cony,) into S. In particular, the analogue of Fact 1.5
from page 12 does not hold here.

Example 7.3. Fix the ranked alphabet A, = ({n}, {b}). Let L, < Tryu, contain
exactly these trees which have at least one leaf. The following homomorphism recog-
nises Ly: Hy, = {hq, hp}, Vi, = {Sa, Sp}, and f1,(t) = hy, (resp. f1,(p) = sp) if and
only if the tree ¢ (resp. the context p) contains any leaf (not counting the hole of p).

Let ¢, be the complete binary tree equal everywhere n. Observe that #, does not

belong to L, and the marking 7y, (7,) induced by f1, on 7, equals h, in every vertex.
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Consider another marking 7’ of ¢, that equals &, everywhere. Note that t’ is consistent
—along every infinite branch of ¢ it looks like a marking induced by f7, (onadifferent
tree). Therefore, ¢ has two consistent markings.

Going further, one can construct a homomorphism f’: (Tra,, Cons,) —
(Hp,, VL,) that assigns h;, to the tree f,. Therefore, there are two distinct homo-
morphisms from (Tr,,, Cony,) to (Hy,, Vi,).

Recall that the language L; used above is known to be ambiguous, see [NW96].
Using the notions of Sect.7.4.1, one can check that (Hy,, Vy,) is a pseudo-syntactic
thin algebra of L.

Now we can define prophetic thin algebras as those that admit at most one con-
sistent marking.

Definition 7.15. We say that a thin algebra (H, V') over a ranked alphabet Ay is
prophetic if for every ranked tree t € Tr 5, there exists at most one consistent marking
of t by typesin H.

Blumensath [Blul1, Blul3] has proposed recently an algebraic framework for
infinite trees. His path-continuous w-hyperclones recognise precisely the class of
regular languages of infinite trees. The construction has some disadvantages though.
One of the disadvantages of the construction is that the use of an ideal (see [Blul3,
Definition 2.7]) together with existential quantification over its elements (the supre-
mum taken in the definition of 7 (a")) is an algebraic translation of runs of the
automata. A more precise formulation of this objection is that path-continuous
w-hyperclones are not closed under homomorphic images.

There is some inherent difficulty when designing a way to recognise regular
languages of infinite trees. The source of the problem seems to be that there is no
reasonable way of decomposing an infinite tree in such a way that the types of the
parts can be computed separately. Both known solutions: non-deterministic automata
of Rabin and path-continuous w-hyperclones of Blumensath involve an essential
existential quantification that corresponds to guessing some kind of a witness. The
case of prophetic thin algebras is different: it is enough to verify the types path-wise
(using the standard Ramsey’s theorem) and already path-wise consistency guarantees
global consistency (there is no way to cheat). The cost one has to pay is that prophetic
thin algebras do not recognise all regular tree languages. Therefore, the results of
this chapter can be seen as an indication where the difficulty lays.

The concepts of prophetic thin algebras and path-continuous w-hyperclones were
defined independently.

Note that if f: (Tra,, Cons,) — S is a homomorphism and S is prophetic then,
for every ranked tree ¢ € Tr,,, the only consistent marking of ¢ is the marking 7
induced by f. In particular, we obtain the following remark.

Remark 7.10. If S is prophetic then there is at most one homomorphism of the form

[ (Tra,, Cony,) — S.
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Since the property that a given finite thin algebra is prophetic can be expressed in
MSO on the complete binary tree, we obtain the following fact.

Fact 7.67. It is decidable whether a given finite thin algebra (H, V') is prophetic.

7.2 Bi-unambiguous Languages

In this section we show that the languages recognised by finite prophetic thin algebras
are precisely the bi-unambiguous languages.

Theorem 7.5. A language of infinite trees L is recognised by a homomorphism into
a finite prophetic thin algebra if and only if L is bi-unambiguous, i.e. both L and the
complement L€ can be recognised by unambiguous automata.

In this section we implicitly assume that the automata are pruned: every state
g of an automaton is productive and reachable: there exists an accepting run p
of A on some tree ¢ and a node u € dom(p) such that p(u) = ¢. Every non-
deterministic automaton recognising non-empty language can be pruned by removing
some states. The result recognises the same language and this removal does not
influence unambiguity.

The proof of Theorem 7.5 is split into the following three subsections.

7.2.1 Prophetic Thin Algebras Recognise
only Bi-unambiguous Languages

The “only if” part of Theorem 7.5 (i.e. that every language recognised by a finite
prophetic thin algebra is bi-unambiguous) is expressed by the following lemma.

Lemma 7.27. Let f: (Tra,, Cona,) — (H, V) be a homomorphism into a finite
prophetic thin algebra (H, V) and hy € H. The language L, = f~'(ho) is unam-
biguous.

The construction used in the following proof is motivated by algebraic automata
proposed by Bilkowski in [Bill1].

Proof. The desired automaton C is built as a product of two automata .4 and D.
The automaton D is deterministic and computes the priorities of states of C. First
we describe the automaton A. Let Agx = (Agra, Arg), Qo = H x Agg, 02 =
H x Agro X H, and QA = Qo U Q. Letusdefine J: Q — H as J(h,b) = h and
J(hy, a, hy) = a(hy, hy). J(q) is called the value of a state g € Q. Let [* = {g €
04 : J(g) = hy}. Now 864 consists of all pairs ((%, b), b) such that b() = h and 854
consists of all pairs ((h, a, hr), a, g, gr) such that J(qr) = hy, and J(gr) = hx.
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Let ¢t € Try, be any ranked tree. It is easy to verify that there is a 1-1 correspon-
dence between runs p of A on ¢ and markings 7, by types in H. A state (hy,, a, hg)
in anode u € dom(¢) denotes that #(¢) = a and the marking t, equals h;, and hy
in uL, ur respectively. What remains is to verify that the marking t,, is consistent.

Let o = dyd, ... be an infinite branch of ¢ and let go, qi, . . . be the sequence of
states of p on «. Since every state g; contains types of both subtrees under «[;,
basing on ¢y, g1, ... we can define the decomposition sy, s1, ... of 7, along o (see

Definition 7.14). Now, the condition expressed by (7.1) is w-regular (see Fact 6.55
on page 103). Therefore, there exists a deterministic parity automaton D on w-words
that reads a sequence of directions « = (d;);cn and states (g;);en and verifies that
the marking encoded by (g;);cn is consistent on the branch «.

Let C guess a run of .4 on a given tree and then run D independently on all the
branches of ¢. Let the priorities of C equal the priorities of D. By the construction,
every parity-accepting run p of C encodes a consistent marking 7, of . And vice
versa: every consistent marking can be encoded into a parity-accepting run.

Since the algebra (H, V) is prophetic, there is at most one accepting run of C
on every tree. Therefore, C is unambiguous. ¢t € L, if and only if there exists a
consistent marking of ¢ with the value /¢, what is equivalent to the existence of an
accepting run of C on . So L(C) = Ly,. |

7.2.2 Markings by the Automaton Algebra
Jor an Unambiguous Automaton

Before proving the “if” part of Theorem 7.5 we first study some properties of con-
sistent markings by the automaton algebra S 4 (see Sect.6.2.1, page 104) for an
unambiguous automaton A.

Just to recall results of Sect.6.2.1: for every non-deterministic tree automaton A
one can effectively construct a finite thin algebra S4 = (H 4, V4) that recognises
L(A) (by the homomorphism f 4); additionally, the elements of H 4 are sets of states
of A, see (6.9), page 104.

The aim of this section is the following proposition. Intuitively it says that a
consistent marking may cheat but only in one direction — it may underestimate the
real f4-type of a given subtree.

Proposition 7.18. Let t € Tra, be a ranked tree and (H 4, V 4) be the automaton
algebra for an unambiguous automaton A. Assume that T is a consistent marking of
t by elements of H 4. Then, for every node u of the tree t we have t(u) S fa(t[,).

We begin with an analysis of the operations of the automaton algebras, see (6.11a)
on page 105 for an explicit definition of these operations.

Lemma 7.28. Let A be a non-deterministic tree automaton over a ranked alphabet
Agr andt € Tru, be a ranked tree. Let S 4 = (H 4, V.4) be the automaton algebra for
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A and assume that T is a consistent marking of t by types in H4. Let o = dod . . .
be an infinite branch of t.

A state g € Q4 belongs to t(€) if and only if there exists a sequence (8;);en of
transitions of Awith8; = (q', a', g, q.) and q° = q that encodes a parity-accepting
run of A on «:

— the sequence of states (q');en satisfies the parity condition,

— for every i, the state qéi equals q'*' — the transitions agree with each other,

— for every i and d € {1, r} the state ‘Liz belongs to t(dy---d;_ - d) — the states
used in the transitions belong to the respective sets t(u) for u < a as well as for
u that is off o.

Proof. First take a state g € 7(€). Let (s;);en be the decomposition of t along « as
in Definition 7.14. Since (V 4, -) is a semigroup, we can apply Ramsey’s Theorem
(Theorem 1.7 on page 13) to obtain a linked pair (s, e) € Vj and a sequence of
numbers 0 < ng < n; < ... such that

$0 ... Sy, =sandforeveryi > 0 wehaves, i-...-5,, =e. (7.2)

Since g € T(€) = s - > so by (6.11a) and (6.11d) (see page 105) it is witnessed
by:

— an element (q, j,q’) € s,
— anelement (¢', j', ¢’) € e with j’ even (we use the fact that e is an idempotent).

Using (6.11a), (6.11e), and (7.2) we find a sequence of transitions as in the statement.

Now assume that there exists a sequence (§;);cn of transitions as in the statement,
we want to show that g € 7(¢). As before, let (s;);cn be the decomposition of t along
a. We will construct a Ramsey decomposition of o with respect to both sequences
(si)ien and (8;);en at the same time. Fori < j let

ali, j) = (si-...-sj-1, (¢", min £24(g")).
i<k<j

Since the set of values of « is finite!, we can find a Ramsey decomposition with
respect to « (see Theorem 1.1 on page 3): a sequence of numbers 0 < nyg <n; < ...
such that (7.2) is satisfied and for some fixed ;' and every i > 0 we have:

q" =q"*, min 2%¢" =j" (7.3)

n; <k<nis

Since the run encoded by (§;);cn is parity-accepting so j' is even. Therefore,
by (6.11a) and (7.2) we know that:

't is possible to define a structure of semigroup on rg(c) but Theorem 1.1 works for any function a.
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- (g, j,q™) € s for some j,
- (g™, j' q™) €e.

It implies that g € s - € = 7(€) by (6.11d). |

Now, we will be interested in finding runs of an automaton .4 on a ranked tree
t that are contained in a marking t of ¢ by types in H 4: for every u € dom(r) we
require that p(u) € t(u).

Lemma 7.29. Let A be a non-deterministic tree automaton over a ranked alphabet
AR, t € Tra, be a ranked tree, and T be a consistent marking of t by types in H 4.
Let g € Q* be a state of A. The following conditions are equivalent:

- q€1(e)

— There exists a run (possibly not parity-accepting) p of A on t with the value q,
that is contained in t. Additionally, for every infinite branch o of t there exists a
run py of A on t with the value q, that is contained in t, such that p, satisfies the
parity condition on «.

Proof. First assume that ¢ € t(e). We inductively show that there exists a run of
A on ¢t satisfying p(u) € t(u). Assume that r = a(ty,, tg) for a pair of ranked trees
tr,tr. Let h = t(u), hy = t(uvr), and hg = 7(ur). By (6.11e) and (6.11b) there
exists a transition (¢, a, g1, gr) € 854 such that g1, € hy, and gr € hg. Therefore, we
can proceed inductively in ur and ur in states gr, and gz respectively. Note that by
(6.11f) if u is a leaf of t and ¢ € 7(u) then (¢, t(u)) € 854, so the constructed run
agrees with the transitions over leafs.

Now take an infinite branch « of ¢. Using the above observation, it is enough to
construct a run p along « that satisfies p(#) € 7 (u) for every u that is off o — it will
extend to a run on the subtree ¢[,. The existence of a parity-accepting run along o
follows from Lemma 7.28.

Now assume that the second bullet of the statement is satisfied. We want to show
that ¢ € t(e). If the tree ¢ is finite then g € t(¢) by induction on the height of ¢.
Otherwise, there exists an infinite branch o« of # and similarly as above, any run p,
that is parity-accepting on « is a witness that g € h. |

Before we prove Proposition 7.18 let us observe the following local property of
unambiguous automata (it is slightly related to Lemma 3.2 on page 39).

Lemma 7.30. Let A be an unambiguous automaton and let fa: (Tra,, Cong,) —
S 4 be the automaton morphism for A. Let h = a(hy, hy) for a triple of types
h,hy, hg € Hy and a letter a € Agy. Then for every q € h there exists exactly one
transition of the form (q, a, qv, qr) € 854 such that qr, € hy, and qx € hx.

Proof. Atleast one such a transition exists by (6.11e) and (6.11b). Assume that there
are two transitions as in the statement.

Let p be a context that has an accepting run p with the value g in the hole — we use
the fact that the automaton A is pruned (every state appears in some accepting run).
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Let #1, tz be trees of f4-types respectively A, hg. In that case the tree p - a(t, tr)
has two different accepting runs: both these runs equal p on p, then use two distinct
transitions in the hole of p, and extend to parity-accepting runs on #;, fz by the fact
that hy,, hy are f4-types of 11, tz respectively (see (6.9) on page 104). |

Finally we can conclude with the proof of Proposition 7.18, saying that for an
unambiguous automaton and a consistent marking t of ¢ by types in H4 we have
T(u) € fa(tl,), forevery u € dom(t).

Proof of Proposition 7.18 Without loss of generality we can assume that u = €. Let
us take any state g € t(€), we want to show that ¢ € f4(¢). Let us take the run p
constructed inductively in Lemma 7.30 for the state g (i.e. p is contained in t and
p(€) = g). What remains is to show that p is parity-accepting.

Take any infinite branch « of . By Lemma 7.29 there exists a run p, on ¢ that
is contained in t and satisfies the parity condition on «. But Lemma 7.30 shows
inductively that for every u < o we have p(u) = p,(u). So, since p, satisfies the
parity condition on «, p also satisfies it on «. Therefore, g € f4(t). |

7.2.3 Every Bi-unambiguous Language is Recognised
by a Prophetic Thin Algebra

Now we prove the “if” part of Theorem 7.5: if a language L < Try, is bi-
unambiguous then there exists a finite prophetic thin algebra S and a homomorphism
f: (Tra,, Conys,) — S such that f recognises L.

The algebra S is the product of the automaton algebras (see Sect. 6.2.1, page 104)
for the two unambiguous automata recognising L and the complement L€. Proposi-
tion 7.18 together with a combinatorial observation in Lemma 7.31 will imply that
S is prophetic.

Let A, B be two unambiguous automata such that L(A) = LandL(B) = Tra, \ L.
Let f4, S4 and f5, Sp be the respective automaton morphisms. Consider the sur-
jective homomorphism fi: (Trya,, Cong,) — (Hy, Vi) obtained as the product of
the above algebras:

= fu@) = (fa®), (1)),

= fu(p) = (fa(p), f8(P)).

— Hy = fu(Tra,) € Ha x Hp, and
— VU = fU(COl’lAR) - VA X VB.

The following lemma states that there is a trade-off between types in H 4 and Hp.

Lemma 7.31. The set Hy is an anti-chain with respect to the coordinate-wise inclu-
sion order.
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Proof. Assume contrary, by the symmetry between & and /’, that:

— there are h = (ha, hp), h' = (W, hYg) € Hy,
—hy C h/A and hg C h/B’
— there exists a state ¢" € h', but ¢' ¢ h 4 (the symmetry is used here).

Lett, t' be ranked trees such that fy; (z) = h and fy(t) = h’ and let p be a ranked
context with an accepting run p’ of A that has the value ¢’ in the hole of p. Note that
by the definition p - ¢’ € L(A) — the run p’ can be extended to ¢'.

Consider two cases:

1. p-t € L(A). Let p be the accepting run of A that witnesses that. Let g be the
value of p in the hole of p. Theng € h 4 € h’,.It means that we have two distinct
accepting runs of .4 on p - ¢’: the first one equals p on p and then extends to ¢’ by
the assumption that ¢ € i’y and the second one equals p’ on p and then extends
to ¢’ by the assumption that ¢ € h’,. A contradiction.

2. p-t € L(B). Let p be the accepting run of B that witnesses that. Let g be the
value of p in the hole of p. Then g € hz C h)z. So we can construct an accepting
run of B on p -t by using p on p and extending itto t’. So p -’ € L(B) —a
contradiction, since we assumed that the languages L(.A) and L(B) are disjoint.

Lemma 7.32. Let fy: (Tra,, Cona,) — (Hy, Vy) be the homomorphism con-
structed above for a pair of unambiguous automata A, B. If T is a consistent marking
of a given ranked tree t by types in Hy then it is equal to the marking <y, induced

by fy ont.

Proof. Take any vertex u € dom(z). By the definition t(#) € Hy. By Proposi-
tion 7.18 we have T(u) € fy(t[,) = 14, (u) coordinate-wise. Using Lemma 7.31
we obtain that 7 (u) = 5, (u). |

The following fact concludes the proof of Theorem 7.5.

Fact 7.68. The homomorphism fy defined above is surjective and recognises L(A),
the algebra (Hy, Vi) is prophetic.

Proof. fy is surjective by the definition; it recognises L because f4 recognises L;
Lemma 7.32 implies that (Hy, Vi) is prophetic. |

7.3 Consequences of Conjecture 2.1

In this section we study properties of the class of prophetic thin algebras under the
assumption of Conjecture 2.1 from page 31 (stating that there is no MSO-definable
choice function on thin trees). It turns out that this conjecture implies that finite
prophetic thin algebras form a pseudo-variety (see [BS81] for an introduction to
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universal algebra and [Ban83] for pseudo-varieties of finite algebras) and have unique
homomorphisms from (Tr 4., Con,, ). Roughly speaking it means that prophetic thin
algebras and bi-unambiguous languages are as well-behaved as w-semigroups and
w-regular languages.

To emphasise that the presented results use Conjecture 2.1, we explicitly put it as
an assumption in brackets. The results of this section depend highly on consequences
of Conjecture 2.1 proved in Chap. 8.

Proposition 7.19 (Conjecture 2.1). Let (H,V) be a finite prophetic thin
algebra over a ranked alphabet Ag. There exists a unique homomorphism f: (Tt 4,
COHAR) — (H, V)

Proof. The existence of at most one such homomorphism was observed in Sect. 7.1.
By Theorem 8.74 proved in Chap.8 (see page 143) and the fact that (H, V) is
prophetic, every tree ¢ € Tru, has exactly one consistent marking t, by types in H.
Let us define f(#) = t,(¢). The condition of consistency of a marking implies that
f is a homomorphism. u

Proposition 7.20 (Conjecture 2.1). Let g: S — S’ be a surjective homomorphism
between two finite thin algebras. If S is prophetic then S’ is also prophetic.

Proof. First fix the homomorphism f: (Tru,, Cong,) — S = (H, V) given by
Proposition 7.19. Note that g o f: (Tra,, Cona,) — (H, V) is a homomorphism.
Assume that S’ is not prophetic, so there exists a ranked tree ¢ with two consistent
markings o, o’ by types of S’. Without loss of generality we can assume that o is
the marking induced by g o f and o/(¢) # o (€). Let T be the marking by types in S
induced by f on t. Observe that pointwise g(7) = o. By Proposition 8.22 proved in
Chap. 8 (see page 145) there exists a consistent marking t’ of ¢ such that pointwise
g(t') = o’. Therefore, t and 7’ are two distinct consistent markings of ¢ by types in
H — a contradiction. u

Theorem 7.69 (Conjecture 2.1). The class of finite prophetic thin algebras over
a fixed ranked alphabet AR is a pseudo-variety: it is closed under homomorphic
images, subalgebras, and finite direct products.

Proof. The closure under subalgebras and finite direct products follows directly from
the definition. Proposition 7.20 implies that (under the assumption of Conjecture 2.1),
a homomorphic image of a finite prophetic thin algebra is also prophetic. |

7.4 Decidable Characterisation of the Bi-unambiguous
Languages

In this section we prove that, assuming Conjecture 2.1, the class of bi-unambiguous
languages of complete binary trees is decidable among all regular tree languages, as
expressed by the following decision problem.
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Problem 7.3 (Characterisation of bi-unambiguous languages).

— Input A non-deterministic parity tree automaton .A.
— Output “yes” if the language L.(A) is bi-unambiguous.

The proposed effective procedure P deciding this problem always terminates
and is sound, only the completeness of the procedure depends on Conjecture 2.1.
Additionally, Bilkowski proved (see [BS13, Item 3 of Theorem 5] that the procedure
P is complete if the given language is deterministic.

Theorem 7.70. Assuming Conjecture 2.1, the decision problem if a given regular
tree language is bi-unambiguous (i.e. Problem 7.3) is decidable.

The proof of this theorem relies on a construction of a pseudo-syntactic thin alge-
bra of a given regular language of complete trees L. The construction of this algebra is
effective and Conjecture 2.1 implies that if there is any prophetic thin algebra recog-
nising L then the pseudo-syntactic one is also prophetic. Since (Tr 4., ThCong,) is
not free in the class of thin algebras over the ranked alphabet Agr, some special care
has to be taken when defining the pseudo-syntactic thin algebra.

7.4.1 Pseudo-syntactic Morphisms

Intuitively, the pseudo-syntactic algebra can be seen as a minimal algebra recognising
a given language. Chapter 3 of [1dz12] presents a generic way of constructing syntac-
tic algebras for languages. However, the constructions presented there work if a given
language is a subset of the free algebra. Example 7.3 implies that (Tr4,, Conga,) is
not free in the class of thin algebras. Therefore, the notion of syntactic morphism for
a given language has to be adopted to the case of non-thin trees.

We start by recalling the classical notions of free algebras and syntactic morphisms
in the setting of thin algebras. Since thin algebras already contain alphabets, we use
the term free algebra having in mind the empty set of generators (i.e. a thin algebra
over a ranked alphabet Ay is free if it is initial in the category of thin algebras over
AR, see the following definition).

In this section we work with ranked alphabets, a language of complete trees
L C Try can be seen as a language over the ranked alphabet Agr = (A, ©).

Definition 7.16. A thin algebra S over a ranked alphabet Ay is free if for every thin
algebra S’ over AR there exists a unique homomorphism f: S — S

Let F = (Hp, VF) be a free thin algebra over a ranked alphabet Agr and L € Hp.
A homomorphism f;: F — S, = (Hy, V) is the syntactic morphism of L if:

1. fi is surjective,

2. fL recognises L (i.e. L = f[l(X)for some X C Hp),

3. for every surjective homomorphism f: F — S’ that recognises L there exists a
unique homomorphism g: S' — S such that

gof=/L
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Observe that up to an isomorphism the free thin algebra over a given ranked
alphabet is unique. The following fact summarizes the relations between thin trees
and thin algebras, see [Idz12, Lemma 22, Lemma 23, Theorem 54].

Fact 7.71. The thin algebra (Thy,, ThCongu,) is a free thin algebra over Ar. For
every language L C Thy, there exists a syntactic morphism of L. If L is regular
then the syntactic algebra of L (denoted Sy ) is finite and can be effectively computed
basing on any representation of L.

Sketch of a proof. Let F = (Thy,, ThCony,). The uniqueness of a homomorphism
f: F — §' can be proved by induction on the rank of a thin tree. Therefore, F is a
free thin algebra over Ag.

To construct a syntactic morphism it is enough to divide the free thin algebra
(Thy,, ThCony, ) by the syntactic congruence ~, (see [Idz12, Lemma 19]). Since
there exists a finite thin algebra recognising a given regular tree language L (namely
the automaton algebra from Sect.6.2.1, page 104), Sy, is finite.

To effectively compute S; one can use the Moore’s algorithm, see [Idz12,
Lemma 23] |

The following definition formalizes the notion of a pseudo-syntactic thin algebra.
The conditions are much weaker than in the case of syntactic algebras, however they
are strong enough to serve for the purpose of our effective characterisation.

Definition 7.17. Let L C Try, be a regular tree language. We say that a finite thin
algebra Sy is a pseudo-syntactic algebra of L if Sy recognises L and for every finite
thin algebra S’ recognising L there exists a subalgebra S” C S’ and a surjective
homomorphism f: S" — §;.

If we required the homomorphisms under consideration to satisfy additional con-
straints of compositionality, we could obtain a more rigid notion of syntactic algebra
for a language L < Tra,. However, it is not needed in this chapter, so we use the
weaker (and much simpler) notion of pseudo-syntactic algebra.

The aim of this section is to prove the following proposition. By taking Agrg = @
we reduce the statement to the case of languages of complete binary trees L € Try
for A = ARZ-

Proposition 7.21. For every regular tree language L C Tra, one can effectively
construct a pseudo-syntactic thin algebra of L.

Let A be a non-deterministic tree automaton recognising a regular tree language
L.LetS4 = (Hy4, V4) be the automaton algebra and f 4 be the automaton morphism
of A, see Sect.6.2.1, page 104. By the definition f 4 is surjective. Consider the ranked

alphabet Ag U H 4 o (ARr2, Aro U H4). As we have already seen, S 4 can be seen
as a thin algebra over Ag U H 4.

Let F = (Thum,, ThCong,un, ) be the free thin algebra over A U H 4. Our
aim is to define a homomorphism
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t: F — (Tryu,, Cong,). (7.4)

For every type h € H 4 let us fix a tree #;, € Try, such that f4(z,) = h. Now let ¢(¢)
be the tree obtained by putting #, in every leaf u € dom(¢) such thatz(u) = h € H 4.
t(p) is defined in the same way for thin contexts p. Since the substitution is done
only in the leafs, the function ¢ defined this way is a homomorphism?.

Now let f = fqotand L' = L) < Thp,um,. Observethat f: FF — Syisa
surjective homomorphism that recognises L'.

Since F is free, we can apply Fact 7.71 to the homomorphism f to effectively
compute the syntactic thin algebra S; of L'.

We will show that S}, is a pseudo-syntactic algebra of L. Consider any thin algebra
S’ that recognises L using a homomorphism f>. Let f' = f> ot. Let S” C S’ be the
image of F under f’ — S” is a subalgebra of §’. Clearly, f': F — S” is a surjective
homomorphism recognising L’. By the universal property of S; we know that there
exists a unique surjective homomorphism g: §” — S;.

This concludes the proof of Proposition 7.21.

7.4.2 Decidable Characterisation

Now we can prove Theorem 7.70 stating that assuming Conjecture 2.1 it is decidable
if a given regular tree language is bi-unambiguous. The crucial technical part of the
proof is based on Theorem 8.74 from Chap. 8 on page 143.

Consider the following decision procedure P:

1. Input a non-deterministic automaton A recognising a regular tree language L.
2. Compute a pseudo-syntactic thin algebra Sy of L.
3. Answer “yes” if S is prophetic, otherwise answer “no”.

Observe that by Proposition 7.21 and Fact 7.67 all the operations performed by P
are effective. Observe also that by Proposition 7.21 and Theorem 7.5, if the answer
of P is “yes” then L is bi-unambiguous (the algebra S, is a witness). What remains
is to prove the following lemma.

Lemma 7.33. Assuming Conjecture 2.1, if L is bi-unambiguous then every pseudo-
syntactic thin algebra of L is prophetic.

Proof. Since L is bi-unambiguous, by Theorem 7.5 there exists a surjective homo-
morphism f: (Tru,, Cons,) — (H, V) that recognises L and such that (H, V)
is a finite prophetic thin algebra. Since Sy is a pseudo-syntactic thin algebra of
L so there exists a subalgebra (H', V') of (H, V) and a surjective homomorphism
g: (H', V') — S..Bythedefinition of prophetic thin algebras we know that (H', V')
is prophetic. By Proposition 7.20 we obtain that S, is also prophetic. |

This concludes the proof of Proposition 7.70.

2We treat F as a thin algebra over Ag when we say that ¢ is a homomorphism.
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7.5 Conclusions

In this chapter we study which regular tree languages can be recognised by thin
algebras. It turns out that bi-unambiguous languages of complete binary trees and
regular languages of thin trees are strongly related. The main result of this chapter
provides an algebraic framework for the class of bi-unambiguous languages using
thin algebras. As a side effect of these considerations a new conjecture about MSO-
definability of choice functions was posed (Conjecture 2.1).

If Conjecture 2.1 holds then the bi-unambiguous languages form a well-behaved
class of regular tree languages: not only it would be decidable if a given language
is bi-unambiguous but also prophetic thin algebras would provide a good algebraic
framework for studying these languages. Therefore, proving Conjecture 2.1 would
open the following line of research:

— prove Conjecture 2.2 for bi-unambiguous languages: if L is bi-unambiguous and
Borel then L is WMSO-definable,

— provide an effective (or even equational) characterisation of bi-unambiguous lan-
guages that are WMSO-definable,

— provide equational characterisations of bi-unambiguous languages in certain
classes of the Borel hierarchy (similarly to the characterisation from [BP12] of
regular tree languages that belong to BC(XY)),

— study the Wadge hierarchy of bi-unambiguous languages,

— and more...

The idea to study relations between bi-unambiguous languages and thin trees was
given by Bilkowski [Bill1]. In particular, he posed the following conjecture. Recall
that for a pair of partial trees ¢, ¢’ by t C ¢’ we mean that dom(#) € dom(¢’) and for
every vertex u € dom(t) we have ¢ (u) = t'(u).

Conjecture 7.7 (Bilkowski [Billl]). A regular tree language L C Try is
bi-unambiguous if and only if every tree t € Trs has a “thin core”: there exists
a partial tree 7 € PTr, such that 7 has countably many branches, ¢ C 7 and for every
complete tree 1’ € Tru such that 7 C ¢’ we have

/

tel << t elL.

In other words, every tree has a “thin core” that guarantees whether ¢ belongs to L
or not.

This conjecture remains open, even its relations with Conjecture 2.1 are still
unclear.
This chapter is based on [BS13].
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Chapter 8
Uniformization on Thin Trees

As the axiom of choice implies, for every relation R € X x Y there exists a graph
of a total function f: wx(R) — Y that is contained in R (such a graph is called a
uniformization of R). A natural question asks in which cases such a function f is
definable. A particular instance of this problem is, when R is an MSO-definable set of
pairs of trees and we ask about MSO-definable f. This question is known as Rabin’s
uniformization question. The negative answer to this question was given by Gurevich
and Shelah [GS83] (see [CL0O7] for a simplified proof). They proved that there is no
MSO formula ¥ (x, X) that chooses from every non-empty subset X of the complete
binary tree a unique element x of X. This result is known as undefinability of a
choice function on the complete binary tree. On the other hand, the formula saying
that x is the <-minimal element of X is a choice formula on w-words. In [Sie75,
LS98, Rab07] it is proved that any MSO-definable relation on w-words admits an
MSO-definable uniformization.

In this chapter we study the following conjecture about a uniformizability on thin
trees, the statement here is a bit more formal than the one in Introduction.

Conjecture 8.1. There is no MSO-definable choice function on thin trees — there is
no formula  (x, X) such that for every thin tree t and every non-empty X C dom(t),
the formula V (x, X) is satisfied for a unique x € X.

This conjecture is a strengthening of the result by Gurevich and Shelah [GS83]
as the class of admissible sets X is smaller (they have to be contained in thin trees).
Unfortunately, the author was unable to prove that Conjecture 8.1 holds. This chapter
presents a study of Conjecture 8.1 and some related uniformization problems.

As observed by Niwiniski and Walukiewicz [NW96] (cf. [CLNW10]), the non-
existence of an MSO-definable choice function implies that the language L, = {t €
Trgpy @ Juedoma) t(w) = b} is ambiguous (there is no unambiguous automaton
recognising L;). To the author’s best knowledge, all the known examples of ambigu-
ous tree languages are derived from the language L;. Also, the choice formula and
its variants remain the only known MSO-definable relations on trees that do not have
any MSO-definable uniformization. In this chapter a new technique of proving non-
uniformizability is introduced that allows to prove that:
© Springer-Verlag Berlin Heidelberg 2016 137
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— there is no MSO-definable uniformization of the relation saying that o is a skeleton
of a tree ¢: there is no MSO formula that defines, for every thin tree #, a unique
skeleton o of ¢ (we treat o as a set of vertices of t),

— the language of all thin trees is ambiguous among all trees.

Liefsches and Shelah studied uniformization problems on trees in [LS98]. In
particular, it is proved there that on thin trees every MSO-definable relation has an
MSO-definable uniformization if we allow additional monadic parameters (that are
adjusted appropriately to a given tree). The crucial difference here is that we do not
allow any additional parameters.

The following theorem summarizes results of this chapter.

Theorem 8.6. Conjecture 8.1 is equivalent to the fact that every finite thin algebra
admits some consistent marking on every infinite tree.

The relation ¢(o, t) stating that t is a thin tree and o is a skeleton of t does not
admit any MSO-definable uniformization of o.

The language of all thin trees is ambiguous (i.e. it is not recognised by any unam-
biguous automaton).

The chapter is organised as follows. Section 8.2 presents a technical construction
of a transducer that is useful in the remaining sections. In Sect. 8.3 we prove some
statements that are equivalent to Conjecture 8.1, in particular we show that Conjec-
ture 8.1 is strongly related to prophetic thin algebras studied in Chap.7. Then, in
Sect. 8.4 we prove the above non-uniformizability results. In Sect. 8.5 we conclude.

8.1 Basic Notions

We will work with trees over ranked alphabets, as introduced in Sect. 6.1, page 95.
The main interest of this chapter will be on uniformizations, as expressed by the
following definition.

Definition 8.18. Ler ¢ (X, P) be a formula of MSO on trees over a ranked alphabet
with monadic variables X and P = Py, . .., P,. We say that (X, P) is a uniformiza-
tion of ¢ (X, P) if the following conditions are satisfied for every ranked tree t, values
of P, and sets X1, X, C dom(¢):

Ex ¥ (X, P)) <= (Gx ¢(X, P))
(X1, P) = ¢(Xy, P)
VX1, P)AY (X2, P) = X1 =X,

That is, whenever it is possible to pick some X satisfying ¢ (X, P) then ¥ (X, P)
chooses exactly one such X. To simplify the notation, we always assume that the
first variable of a formula is the one that should be uniformized, we also allow P to
be empty and some of the variables X, P to be first-order variables.
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The following two formulae will be of our main interest (both conditions are
MSO-definable by Remark 6.6 from page 102):

CHOICE(x, X) def “the given tree ¢ is thin and x € X7,

LEAF — CHOICE(x) & “the given tree  is thin and x is a leaf of 7. (8.1)

By the definition, Conjecture 8.1 is equivalent to the fact that the formula CHOICE
(x, X) does not have MSO-definable uniformization. We will see in Theorem 8.74
that it is also equivalent to LEAF — CHOICE(x) not having such uniformization.

Recall that for two ranked alphabets Ag and M, we define the product Ag x M
as (Ara X M>, Aro X My). Through this chapter we will sometimes treat a language
L € Tra,xum asarelation L C Try, x Try. We say that L is uniformized if for every
ta € Try, thereis at most one ¢y € Try with dom(t4) = dom(#y) such that (¢4, £)
(formally 74 ® t)r) belongs to L.

Example 8.4. If Ais an unambiguous tree automaton over a ranked alphabet Ag then
the following set of trees over the ranked alphabet Ag x (@4, Q-*) is a uniformized
relation:

{t ® p : p is an accepting run of .4 on t}.

8.2 Transducer for a Uniformized Relation

In this section we introduce a technical construction that will be used in the subsequent
sections of this chapter.

Assume that we are given a regular tree language of ranked trees Ly C Tra, xm
that is uniformized as a relation in Trs, X Try. It turns out that it is possible to
construct a deterministic transducer that maps a given tree 4 € Try, into the unique
tree t4 @ty € Ly. The idea is to equip the transducer with an additional knowledge
about the fypes of the subtrees of 74. It will be achieved by presenting a marking of
t induced by a homomorphism into a fixed thin algebra (see Section 6.2, page 102).
The way this additional information for the transducer is presented is rather arbitrary,
we use here thin algebras because of the applications to thin trees.

The crucial property is that the constructed transducer will be deterministic so it
will allow us to modify a given input tree 74 into 7, and reason about the resulting
tree 7, (see Fact 8.72).

Let AR = (Agr2, Aro) and M = (M,, My) be a pair of ranked alphabets. A trans-
ducer from Ag to M is a deterministic device 7 = (Q7, qIT, 87 such that:

1. QT is a finite set of states,

2. g7 € Q7 is an initial state,

3. 87 is a pair of functions 87, 87,
4. the function 827 of the type
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871 07 X (AR U Arg) X Ara X (Ara U Agg) — 07 x My x Q7

determines transitions in internal nodes,
5. 87 : 07 x Aro — M) determines transitions in leafs.

Note that a transition in an internal node w takes three letters as the input, it will
be the letters in: wi, w, and wr. Note also that the transducer does not have any
acceptance condition, its run on a tree is always successful.

For every tree ¢t € Tru, a transducer 7 defines inductively a labelling 7 (¢) of ¢
by letters in M defined inductively as follows. We start in w = € in the state q;[.
Assume that the transducer reached a vertex w € dom(¢) in a state g. If w is a leaf
then we put 7 (¢)(w) = 807 (g, t(w)). Otherwise, let a,, a, ag be the letters of ¢ in
wr, w, wr respectively. Then let 827(61, ar, a, ag) = (qu, m, qz), put 7 (t)(w) = m,
and continue in ww, wr in the states gy, gr respectively.

Fact 8.72. The value T (t)(w) in a vertex w € dom(t) depends on the letters of t in
vertices of the form u, ut, ur for u < w. That is, if t, t' agree on all the vertices u,

ur, ur foru < w then T (t)(w) = 7 (t')(w).

Theorem 8.73. Let Agr and M be two ranked alphabets. Assume that Ly C Tra, xm
is a regular tree language, Ly < Try, is the projection of Ly onto the ranked
alphabet Ay, and

Vier, iyetry ta @ty € Ly (i.e. the relation Ly is uniformized).

Then, there exist:

— ahomomorphism f: (Tra,, Cona,) — S into afinite thin algebra S (see Sect. 6.2),

— a deterministic finite state transducer T that reads the marking t¢(t5) induced
by f on a given tree ty and outputs the labelling ty such that tx @ tyy € Ly,
whenever such ty; exists:

vtAeLA |:tA & T(tA ®Tf(lA))] € Ly.

Before proving the theorem, consider the following continuation of Example 8.4.

Example 8.5. Let A be an unambiguous tree automaton over a ranked alphabet Ag.
Let Ly = L(A) and L), contain trees t ® p where p is an accepting run of A on
t € Try,. Then, the above theorem states that there exists a transducer that reads the
marking induced by some homomorphism f on a given tree t € L(A) and produces
the unique accepting run of .4 on ¢ (whenever exists).

A simple proof of Theorem 8.73 can be given using the composition method
(see [She75]). This proof was suggested by Bojaficzyk as a simplification of an
earlier proof given by the author.

Since we are focused on automata, we only sketch the proof based on the compo-
sition method here and give a longer self-contained proof below. Assume that there
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is an MSO formula defining a language L, that has quantifier depth n. Let |[M| = k
and let f: (Tra,, Cona,) — (H, V) be a homomorphism that recognises all the
(n+k+1)-types of MSO over Ag. In a vertex w of a given ranked tree ¢ the trans-
ducer 7 can store in its memory the (n+m+1)-type of the currently read context
tfw < OJ. Then, given the (n+k+-1)-types of both subtrees under w, it can com-
pute the (n+k)-type of the tree t[w <— x] with the current vertex w denoted by an
additional variable x. The (n+k)-type of t[w < x] is enough to ask about the truth
value of the following formulae (for every a € M>):

there exists a labelling #); € Ly of t[fw < x] such that ), (x) = a.

If there is any such labelling 73, then the above formula is true for exactly one letter
a € M,. The transducer 7 outputs this letter in w and proceeds in wr, wr updating
the type of the context respectively.

The rest of this section is devoted to an automata-based proof of Theorem 8.73.

Let A be some non-deterministic tree automaton recognising the language L.
Note that A itself may not be unambiguous. Consider an automaton denoted A that
is a projection of the automaton A from the ranked alphabet Ax x M to Ar: the
working alphabet of A'is Ag, transitions are transitions of A with the component M
of each letter removed, the rest is unchanged. Note that L(“zl\) = Ly.

We will use the notion of ranked contexts from Sect.6.1.1 (see page 95) with one
extension: we allow a context to have the hole O in the root. The notion of a run of an
automaton on a context is unchanged (e.g. if p is arun on t[e¢ <— O] then p consists
of one state).

By the definition, every transition of A comes from a transition of A. In particular,
every run p of Aon a tree t4 corresponds to (at least one) labelling of dom(z4) by
letters in M. Similarly, a run of A on a context pa induces an M-labelled context
pu with the same domain and the same hole as p4. We call these labellings the
M-labellings consistent with p. A letter of such a labelling is called the M-letter
of p.

For technical reasons we assume that there is some fixed linear order on the sets
M,, My, that enables to pick minimal elements from non-empty sets of letters.

Let f7 be the automaton morphism into the automaton algebra (H z, V3) for A
(see Sect.6.2.1, page 104). Let t4 € Try, be a tree and let 7(f4) be the marking
induced by the automaton morphism fz on 4. We will encode 7(¢4) as a tree over
the ranked alphabet G = (H 4, H 4).

The construction goes as follows. The input ranked alphabet is Ag x G. The set
of states Q7 of T is P(Q). The initial state q,T is the singleton {q,A}.

We start by stating an invariant that will be satisfied by the constructed transducer
T:if 7 is in a vertex w of a tree ¢4 and it have assigned letters m, € M, to all the
vertices u < w then the state S, of 7 in w satisfies:

Sy = {q e 04 3, p is an accepting run of Aon talw < O] (8.2)

and the M-letters of p in the vertices u < w are mu}.
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We will show that the invariant can be preserved. Let us fix a moment during the
computation of 7: we are in a vertex w € dom(z,).

If w is a leaf of 74 then we use the following transition over leafs: given a state
Sy and a letter b € Ag( output a minimal element m of the set

def
Py = {my: El(q,(b,mo))es({\} < M,,

or some fixed my if the set is empty.

Now assume that w is an internal node of ¢4. Assume that we have already
assigned letters m, € M, to all the nodes u < w. The marking t(¢4) gives us
sets Qur,, Qur C QA in nodes wr, wr respectively (i.e. Quq¢ = f7(t[,4)). The
current state of 7 is a set of states S, C Q.

Consider the following set of letters:

P, = {mZ €M, : H(q,(tA(w),1712),qL,qR)€5§4 q € Sw A qL € Qur A qr € QwR} C M.

If P, = @ then we output some fixed letter m, € M. In that case, the state of 7°
will always stay & and the invariant will be satisfied — there will be no accepting
run of .4 on the currently read context. We will show that during the run of 7 on any
tree t4 € L4 the sets P, are non-empty and have at most one element each.

If P, # @ let 7 output the minimal element m,, € P, and proceed in the vertices
wd for d = 1, r in the state

def
Swa = {44+ g arwymorgnamresst 4 € Sw N dq € Qual-

Clearly the invariant (8.2) is satisfied. This finishes the definition of 7 — the tran-

sitions described above can be easily encoded in the functions 827 , (SOT of appropriate

types.

Lemma 8.34. During the run of T onanytreety € Tra, inevery vertexw € dom(z)
the set P,, contains at most one letter.

Proof. First assume that w is a leaf of t4. For a contradiction assume that there
are two distinct letters mo, m;, € P, and let (g, my), (¢’, m;) be the respective
transitions. Using the invariant (8.2) we can find two accepting runs p, o’ of A on
ta[w < O] with values ¢ and ¢’ in the hole w respectively. Let py, p), be some
M -labellings consistent with p and p'. Let )y = pu(imo()) be the tree obtained by
putting the single-node tree mg() into the hole of py (similarly t), = p}, (m;(0))).
Clearly )y # t), and the runs p, p’ can be extended to accepting runs on 74 ® tj and
t4 ® t;, using the above transitions. This gives us two distinct labellings of the tree
t4, both in the language L ;.

Now assume that w is an internal node of ¢4, this case is similar to the above one
but more technical. Let 4 (w) = a and assume contrary that there are two distinct
letters m,, m, € P,. Consider the respective transitions (q, (a, m2), q1,, gr) and
(q,(a,m}), q1, qz)-
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Since g, ¢’ € S, soby (8.2) there are two accepting runs p, p’ of Aont, [w < O]
that assign letters m, to u < w and have values ¢, ¢’ respectively in the hole w. Let
pum, Dy, be some M-labellings of consistent with the runs p, p’ respectively.

Ford € {v,r} let 14, t; € Try be trees and py, p; be parity-accepting runs of A
that witness that g4, ¢; € Quq, 1.€. pg is a parity-accepting run of A on 74 [,y ® 4
with value g4, similarly for ¢}, p/;, and g},.

Consider now two trees over the ranked alphabet Ag x M x Q4:

t= (tA[w <~ 0]® pu ®,0) : (a,mZ,CI)(tAFwL@)tL ® pr, tAwa®tR®pR),

t' = (talw < 0] ® pyy ® p') - (a, m), q/)(tA lor ® 11, ® P4, talur ® 1 ® p{a)-

Note that:

— both ¢, t’ equal ¢4 on the Ag’th coordinate,

— they differ in the vertex w on the M ’th coordinate,

— the Q’th coordinate of ¢, ' denotes an accepting run of A on the Ag x M
coordinates.

Therefore, we have a contradiction: 74 has two different labellings 7, 7}, such that
(ts, ty) € Ly and (IA,I;V[) € Ly. |

Now take any tree 4 € L 4 and consider the result 1g = 7 (t4 ® t(t4)). Let £y be
the unique labelling of 74 such that (¢4, 37) € L. Let p be an accepting run of A on
14 @ty . We show inductively that 7z = t), what finishes the proof. Let w be a node of
t4 and assume that for all u < w we have 1z (1) = t)(u). Let (¢, (a, m2), g1, qr) be
the transition used by p in w. By the definition of P, this transition is a witness that
my € P,. Therefore, P, is non-empty and 7z (w) = m, = t)(w) by Lemma 8.34.

This concludes the construction of the transducer and the proof of Theorem 8.73.

8.3 Choice Hypothesis

In this section we study equivalent formulations of Conjecture 8.1, as expressed
by the following theorem. The formulations bind Conjecture 8.1 with consistent
markings as defined in Definition 7.14 on page 123 in Sect.7.1. The implications
of this theorem regarding prophetic thin algebras are discussed in Sect.7.3. (see
page 130).

Theorem 8.74. The following conditions are equivalent:

1. There is no uniformization of CHOICE (x, X) (i.e. Conjecture 8.1 holds).

2. There is no uniformization of LEAF — CHOICE(x) (see (8.1)).

3. For every finite thin algebra (H, V) over a ranked alphabet Ax = (Ar2, Aro)
and every ranked tree t € Tru, there exists a consistent marking of t by types
in H.
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4. For every finite thin algebra (H, V) over the ranked alphabet A, = ({n}, {b})
there exists a consistent marking of the unique complete binary tree t, € Tr,, by
types in H.

The proof of the above theorem is split over the following sections. Clearly (3)
implies (4).

8.3.1 Egquivalence (1) & (2)

We start by observing that LEAF — CHOICE(x) and CHOICE(x, X) is essentially
the same uniformization problem. However, LEAF — CHOICE(x) turns out to be
much easier to work with. First observe that if v (x, X) is a uniformization of
CHOICE(x, X) then

) Ly (x, {y: yisaleaf))
uniformizes LEAF — CHOICE (x). What remains is to show the following lemma.

Lemma 8.35. If LEAF — CHOICE(x) has a uniformization then CHOICE (x, X)
also has one.

Proof. We show how to MSO-interpret any set X contained in a thin tree as a set of
leafs of another thin tree.

Take non-empty a set X € dom(¢) for a thin tree . Without loss of generality we
can assume that X is prefix-free (i.e. there are no u, w € X with u < w), otherwise
we can start by restricting to <-minimal elements of X. Now consider the upward
closure X of X defined as

X = {u € dom(r) : ey u < w}.

We say that a vertex u € X is X-branching if uv, ur € X. Similarly, a vertex u € X
is a X-leaf if uv, ur ¢ X (equivalently if u € X). Let us consider the set ¥ C X
that contains all the X-branching vertices of X and all the X -leaf vertices of X. Note
that Y is MSO-definable from X. Additionally, ¥ with the prefix and lexicographic
orders (treated as a relational structure) is isomorphic to the set of vertices of some
thin tree ¢'. The leafs of ¢’ correspond to the elements of X. Therefore, we can use an
uniformization of LEAF — CHOICE((x) to choose a unique leaf of ¢’ by interpreting
this formula on (Y, <, <iex). Therefore, a uniformization of LEAF — CHOICE(x)
gives a uniformization of CHOICE(x, X). |
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8.3.2 Implication (2) = (3)

Now we prove that non-existence of a uniformization of LEAF — CHOICE(x)
implies that every finite thin algebra labels every ranked tree. It is achieved by prov-
ing a stronger statement, namely Proposition 8.22. It is designed in such a way to
imply other consequences of Conjecture 8.1 from Sect. 7.1, page 122.

Proposition 8.22. Assume that Conjecture 8.1 holds and that f: (H,V) —
(H', V') is a surjective homomorphism between two finite thin algebras over a ranked
alphabet Ag. Let t € Tra, be a ranked tree and t’ be a consistent marking of t by
H'. Then there exists a consistent marking t of t by H such that

Vuedomny f(t@)) = 7' (u). (8.3)

The rest of this section is devoted to a proof of this proposition. The implication
(2) = (3) follows from it by taking as (H’, V') the singleton thin algebra ({/¢}, {vo})
and the unique homomorphism f: (H, V) — (H’, V') — then the constant marking
by hy is always a consistent marking and its preimage given by Proposition 8.22 is
a consistent marking of a given tree, therefore (3) of Theorem 8.74 is satisfied.

We start the proof with the following lemma that can be seen as a reformulation
of Fact 6.58 from page 104 in the language of consistent markings.

Lemma 8.36. Ift € Tra, is a thin tree and (H, V) is a thin algebra over a ranked
alphabet Ay then there exists exactly one consistent marking of t. In particular, all
the homomorphisms f: (Tra,, Cona,) — (H, V) must agree on thin trees.

Proof. The proofis inductive on the rank of a given thin tree 7, see Sect. 6.1.4, page 98.
Assume that for all thin trees of rank smaller than n the thesis holds. Assume that
rank(#) = n and let 75 be the spine of ¢ (i.e. 75 is the set of nodes in ¢ of rank
precisely 7). For every node u that is off tg there is a unique consistent marking of
t[, by induction hypothesis. Since 7 is a thin tree of rank 1, it consists of finitely
many infinite branches. The values of the marking on these branches are uniquely
determined by (7.1) from page 123. Finally, the conditions of the marking determine
the values of the marking in the finitely many branching nodes of tg. |

Now we move to the proof of Proposition 8.22. Assume the contrary. Since all
the properties are MSO-definable, by Rabin’s theorem (Theorem 1.17 on page 20) we
can find a regular ranked tree with a marking 7y ® v’ € Tra, x(u’, n/) such that there is
no consistent marking t of 7y by H that satisfies (8.3). Let G be a finite graph such
that:

— the edges of G are labelled by {v, r},

— there are functions 7o: G — Agp U Arg and 7:G—> H labelling nodes of G by
Ag and H',

— the unfolding of G from a vertex gy € G gives (via fo, ?) QT
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We denote by 7 € G the vertex of G that corresponds to a vertex u € dom(f). If g is
anon-leaf vertex of G and d € {v, r} then by g - d we denote the unique d-successor
of g.

Consider the following perfect information finite arena game G with players 3
and V. The arena of G is

{(h,e) e Hx G: f(h) =7 ()} U{e)

The initial position is €. 3 can move from € to one of the positions (hg, go) € G for
ho € H. After such a move, a sequence of rounds is played. Assume that an j’th
round starts in a position (4, g;). If g; is a leaf of 7y then the game ends. Otherwise
leta = 7o(g;) and:

— first 3 gives a pair of types hj 1, hjr € H such that
a(hjohj) =hy A fhj) =T -0) A flhjz) =T(g; ).

— then V picks a direction d; € {r,r} and the game proceeds in the position
def
(hjt1,8j+1) = (hja, g - d).

If a play reaches a position (%, g;) such that g; is a leaf of G then 3 wins if and
only if Leaf (f(g,)) = h; (i.e. h; is the type of the root-only tree labelled by 7o(g;)).
Assume that a play & is infinite and let o be the sequence of directions dy, dj, . . .
played by V. 7 is winning for 3 if the marking defined by the played types & 1,,h; &
along the path o they followed in #; is consistent (see (7.1), page 123); formally if
for every i € N we have

hi= ] Node(o(s).dj h;g)- (8.4)

j=ii+l,...

Fact 8.75. Winning strategies for 3in G are in 1—1 correspondence with consistent
markings t of ty that satisfy (8.3).

Proof. Every strategy induces a function t : dom(#y) — H and ifitis winning then t
is a consistent marking. By the definition of the arena, such a marking satisfies (8.3).

Similarly, every consistent marking t as in the statement induces a strategy: first
play 7 (¢), then inductively ensure that after obtaining directionsu = do, d,, ..., d;_;
from V the reached position (4, g;) satisfies h; = t(u). When asked for a pair of
types play (z (uv), (ur)). If a leaf is reached then we know that 3 wins because t is
a marking. Otherwise, an infinite path is followed and since t is consistent so (8.4)
is satisfied. |

Note that the winning condition of G is w-regular, so the game is determined. Since
we assumed that there is no appropriate consistent marking, V¥ has a finite-memory
strategy in G. Let us fix such a strategy oy with a memory structure M.
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Plan for the rest of the proof. Now, our plan is to take a thin tree ¢ € Th and interpret it
as a subset 7 of dom(ty). Then, using Fact 8.36, we can compute the unique marking
7 of £ by types in H in such a way that the image of T by f equals T’ pointwise.
Finally, we run the strategy oy against T what results in a path « in 7. By the definition
of the game G the path « has to reach a vertex corresponding to a leaf of 7, otherwise
the play would be winning for 3 what contradicts the assumption that oy is winning.

Let T C dom(#y) be the set of vertices u € dom(#) such that the tree #,[, is
not thin. Clearly T is prefix-closed. By Fact 8.36 we know that T is non-empty —
otherwise #y would be thin and both H, H’ would have exactly one consistent marking
of 75 and (8.3) would be satisfied by these markings.

Let W C T be the set of branching vertices in 7. By the definition of T, for every
vertex u € T there exists u’ € W such that u < u’ — otherwise T [, is a single
infinite branch and therefore #y [, is thin.

Since both sets T and W are defined basing only on the subtree of # under a given
node, in fact T and W correspond to unfoldings of subsets T and W of G.

Let ¢: {r,r}* — W be the unique bijection that preserves the prefix and the
lexicographical order.

Let us fix some type P(h') € H forevery i’ € H' in such a way that f(P (k")) =
h' — it is possible by the fact that f is surjective. We can assume that the types P (k')
are fixed in our construction since there are only finitely many 4’ € H'.

Let ARUH = (Ag2, AroU H) be the extension of the ranked alphabet by types in
H. Note that we can treat the algebra (H, V') as an algebra over the ranked alphabet
Agr U H by putting Leaf(h) = h.

Now we take a thin tree 1 € Th. We will try to choose a leaf of 7 in a way
MSO-definable on ¢. The following fact expresses an important consequence of the
definition of ¢ and the fact that G is a finite graph.

Fact 8.76. The labelling tg of the given thin tree t by vertices of G such that u €

dom(¢) is labelled by 1(u) € w C G is MSO-definable on t.
Additionally, for every ud € dom(t) the path between t(u) and 1(ud) in ty is
of length at most |G|. We can define in MSO on t for a given node ud what is the

sequence of vertices of G on the corresponding path from t(u) to 1(ud).

Proof. By the definition of 7 and W we know that for every vertex g € G such that
g € T \ W there exists a unique finite path 7, that starts in g and contains only
vertices in T\\ W until it reaches a vertex next(g) € W1t implies that for every node
z € T\ W there is a unique <-minimal node next(z) such that z < next(z) € W and

nm) = next(?).
In particular, by the definition of ¢, for every u € {1, r}* and d € {1, r} we have

t(ud) = next(t(u) - d). (8.5)
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Therefore, we can construct the desired labelling of ¢ by vertices g and paths 7,
by inductively following the function g +— next(g - d) in G. ]

Let us construct a thin tree 7 over the ranked alphabet Ag U H such that dom(z) €
dom (7). First let

1Y (w e dom(ty) : Fyedomey w < t(u)}. (8.6)

Now, for # € dom(z):

— ifu < ((u’) for some internal node ' € dom(z) thenu € dom(?) and 7 (1) = 1y(u),
if u = ((u") for some leaf u’ of ¢ then u € dom(?) and 7 (1) = P (7' (u)),

if u ¢ T but the maximal prefix u” of u that belongs to T satisfies u’ € I then
u € dom(?) and 1 (u) = to(u),

otherwise u ¢ dom(7).

Note that 7 is thin because # is thin and all the subtrees #y[, for u ¢ T are thin.
Intuitively, dom(#) consists of the set I and all the thin subtrees of £ of the form o[,
such that the sibling of u is in 1.

By Fact 8.36 there is a unique consistent marking 7 of 7 by types in H.

Fact 8.77. For every u € dom(t) we have f(T(u)) = t/(u).

Proof. If uis aleaf of f and 7(u«) € H then by the definition 7(«) = P(t’(u)) so

FEwW) = fEw) = 'w).

Therefore, since 7 is thin and f is a homomorphism, we obtain that for every
u € dom(z) we have f(T(u)) = 7/(u). |

The following lemma shows that T can be encoded on the thin tree 7.

Lemma 8.37. The labelling (denoted t |y, ) of the nodes u of t by the types T (1(u)) €
H is MSO-definable on t.

Proof. Take any pair of nodes u, u’ in ¢ such that u’ is a child of u. By Fact 8.76 we
can assume that we have an access to the vertices of G @and @ as well as to
paths 7w between them in G. We will define an element s, ,, € V U {1} called context
type between u and u’ representing what happens in 7y on the path from w = ¢(u) to
w' = 1(u).

Assume that w’ = wdyd, ...d,. Take any i € {1,..., n} and consider the node
7z =wdy---d;_1d; (i.e. anode that is off the path from wdy to w’ in #). Since there
are no elements of W on the path from w to w’ (except the end-points), we know
that wdy ---d;i_1 ¢ W soz ¢ T (i.e. the subtree of #y under z is thin).

Lemma 8.36 implies that there is a unique consistent marking of the subtree f, [,
by types in H. As observed before, this marking must satisfy (8.3). The value h; of
this marking in z depends only on the subtree, so we can assume that this value is
fixed together with the finite graph G.
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Now, the context type s, ,» between u and u’ is the multiplication of the types of
contexts along the path wdy, ..., w”:

Suw o Node (to(wdy - - - di—1), d;, h;).

i=l1,..., n

Therefore, we have shown an extension of Fact 8.76 stating that we have an access
in MSO on ¢ to the types of the contexts between every pair u, u’ with 1’ a child of u
inz.

Now we can guess a labelling of ¢ by types in H and verify that it encodes a
consistent marking on fy (via ¢, as in the statement) by additionally multiplying all
the contexts by the context types between each parent and child (we assume that
s+-1=1-5 =ys). Since 7 is unique, the guessed labelling must equal 7 [, as in the
statement. |

Now we consider the sequence of directions 7 € {r, r}S® played by ¥ according
to oy when 3 is playing T (see Fact 8.75). If the play reaches a vertex u € dom(z)
such that u = ¢(u’) for a leaf u’ of ¢ then the play stops and the sequence 7 is finite
— Jis unable to produce successive types.

Consider the following cases:

— 7 reached a leaf u of #. In this case 3 wins 7 since the marking 7 is consistent.
Contradiction to the fact that oy is a winning strategy of V.

— m is an infinite play. In this case the marking given by 3 is consistent along 7 since
it comes from a consistent marking 7. So again 3 wins the play and we have a
contradiction.

— 1 reached a vertex w € dom(ty) such that w = ¢(u) for a leaf u of ¢. In this case
we call u the selected leaf of t.

Therefore, the only possible case is that a leaf u of r was selected. What remains
is to observe the following fact.

Fact 8.78. The play 7 can be simulated in MSO on t. In particular we can define in
MSO on t the unique selected leaf u.

Proof. Since the strategy oy as well as the arena of the game G are finite, it is enough
to show how to simulate the strategy of 3 that corresponds to . Therefore, 3 should
be aware what is the currently played sequence of directions u# € {r, r}* to be able
to play the types p(uvr) and p(ur) (see Fact 8.75). By the above case study, we know
that the play has to reach a node w € dom(#y) such that w = ¢(u) for a leaf u of ¢.
In particular, the play will always stay in the set I as defined in (8.6).

Observe that every element w € I either belongs to W (and can be represented
by ¢~!(w)) or has a unique decomposition w = udz with maximal u € W. In the
latter case w < next(ud) and in particular |z| < |G| (z must correspond to a prefix
of the path from w to next(w), see Fact 8.76). Therefore, for a given u € dom(z)
there is finitely many possible w € I with the decomposition as above. Additionally,
Lemma 8.37 implies that knowing the decomposition w = udz we can compute
what are the values of T in wz and wr. |
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Using this fact we can write a formula i (x) that inputs a thin tree ¢, performs
all the above constructions on ¢, and checks whether x is the selected leaf of ¢. This
formula is a uniformization of LEAF — CHOICE(x); therefore, by Lemma 8.35 it
contradicts Conjecture 8.1 and finishes the proof of Proposition 8.22.

8.3.3 Implication (4) = (2)

We need to prove that if every thin algebra over the ranked alphabet A, = ({n}, {b})
has a consistent marking of the complete binary tree #, € Tru, then there is no
uniformization of LEAF — CHOICE(x).

Assume for the contradiction that ¥ (x) is a formula uniformizing LEAF —
CHOICE(x):forevery thintreet € Try, there exists exactly one vertex u € dom(t)
such that # = 1 («) and this vertex is a leaf of . We want to show that there exists a
thin algebra (H, V) such that there is no consistent marking of the complete binary
tree t, by types in H.

Let M = ({r,r, x}, {b}) and let L), be the language of trees over the ranked
alphabet A, x M that contains a pair t4 ® 1, if the following are satisfied:

. t4 1s a thin tree,

. all leafs of 1), are labelled by b,

. let w be the leaf of ¢4 selected by ¥ (i.e. 14 = ¥ (w)),

. ty(u) = * for all internal nodes u € dom(#) except those that u < w,

. foru < w we have 3, (u) = d where d € {r, r} is the direction such that ud < w.

DN AW N =

Note that L), is a regular tree language and the relation L, is uniformized:

ViaeThy, Jliyetry 14 ® tn € L.

Using Theorem 8.73 there exists a transducer 7 that reads 4 and t/(z4) for a
homomorphism f: (Try, Cony) — (H, V) into a finite thin algebra (H, V) and
outputs the only labelling #); of 4 such that 4 ® 1)y € Ly, (if such a labelling exists).
By the definition of L), we have the following fact.

Fact 8.79. Forevery thin tree t the path indicated by letters {v, r} in T (1A ®@ T (t4))
leads to a leaf u of ta. Moreover, ty = ¥ (u).

Let (H', V') be the subalgebra of (H, V) that is the image of (Thy,, ThCony,)
under f.

For the purpose of contradiction assume that t is a consistent marking of the
complete binary tree £, by the types of H' — it may not be the marking of 7, induced
by f since possibly H' C H. Let @ € {1, r}=* be the sequence of directions output
by 7 whenrunont, @ t.

First assume that o is an infinite branch of #,. Consider a tree ¢’ that results in
plugging a thin tree of type 7 (1) under u for every vertex u that is off «. Note that ¢’
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is thin and 7/(¢') equals 7 for every u < « and for every u that is off . Therefore,

the run of 7 on ¢’ ® 7¢(¢') is the same as on ¢ ® t for every u < « (see Fact 8.72).

So 7 labels an infinite branch of ¢’ by letters {1, =}, a contradiction with Fact 8.79.
If « is finite then the same argument holds (since ¢, is complete, o cannot reach a

leaf of 7,) — we can change the subtrees along « and the two subtrees under oz, or

obtaining a thin tree on which the sequence of letters {r, r} does not reach any leaf.
This concludes the proof of the last implication of Theorem 8.74.

8.4 Negative Results

In this section we show two non-uniformizability results. Both rely on the transducers
described in Sect.8.2 and a construction of a consistent marking of a thick tree
presented in Sect. 8.4.2. The construction is based on Green’s relations (see [Gre51])
that provide an insight into the structure of finite semigroups.

8.4.1 Green’s Relations

We start by recalling definitions and standard facts about these relations. The defin-
itions follow [PP04, Annex A]. Let M be a finite semigroup. Let M be defined as
M if M is a monoid and as M Ui {1} with 1 - m = m for m € M" in the other case.
Clearly M" is a monoid and M is a sub-semigroup of M'.

If s € M then by s - M! we denote the set {s - m : m € M'} or equivalently
(s}U{s-m: me M}. M" - s is defined symmetrically and M'sM' is obtained by
taking {m -s -m' : m,m’' € M'}.

Let s, s’ be two elements of M. We say that

s<ps if s-M'Cs M,
s<gs if M'-scM'.s,

s<gs if M'-s-M'cM' .5 M.

LetT € {R, L, J}. We say that s and s’ are T-comparable if s <7 s’ ors’ <7 s.
We say that s and s’ are T -equivalent (denoted s ~7 s') if s <r s’ and s’ <7 5. We
additionally say that s and s’ are H-equivalent if they are R- and L-equivalent. For
T € {R, L, J, H} the equivalence classes of the T-equivalence are called T -classes
of M.

The following results summarize properties of these relations that will be used
here.

Theorem 8.80. Let M be a finite semigroup.

1. Ifs ~y s thens ~7 '
2. ForT € {R,L}ifs ~75 ands <r s’ thens ~7 s'.
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3. There exists a < 7-minimal [J-class of M.
4. The minimal [J-class of M contains an idempotent.

Proposition 8.23 (Proposition 2.4 in Annex A of [PP04]). If an H-class G C M
of a semigroup M contains an idempotent then the product - of any two elements of
G belongs to G and (G, -) is a group'.

Remark 8.11. If G is an H-class of a semigroup M that contains an idempotent e
and ¢’ is an idempotent in G then e = ¢’.

Proof. Assume that m; is the unit of the group G and let e be an idempotent in G.
Let e~! be the inverse of ¢ in the group G (i.e. ¢ - e~! = m;). Then

mlzeoe_1=e~e~e_1=e.m1=e_ m

8.4.2 A Marking of a Thick Tree

As proved in Theorem 8.74, Conjecture 8.1 is equivalent to the fact that every
finite thin algebra has a consistent marking on every tree (see Item (3) of the theo-
rem). Unfortunately, the author was unable to prove this fact. On the other hand, by
Lemma 8.36, every finite thin algebra has a consistent marking on every thin tree.
The following proposition can be seen as an intermediate result: every finite thin
algebra has a consistent marking on some non-thin (i.e. thick) tree. The construction
of this thick tree is motivated by a result of Bojariczyk [Boj10a, Theorem 4.1] stat-
ing that, in the context of finite trees, every preclone contains a certain “idempotent
sub-preclone”.

Proposition 8.24. Forevery finite thin algebra (H, V') over a ranked alphabet Ax =
(Ar2, Aro) with Aro # @ there exists a thick tree t € Tru, and a consistent marking
T of t by typesin H.

We assume that Ary # @ because otherwise all ranked trees over Agrg have {r, r}*
as the domain so Try, contains only complete trees.

During the proof we extensively use facts about Green’s relations (see Sect. 8.4.1).
Note that by Axiom 6.1 of thin algebra (see Sect. 6.2, page 102), the set V with the
operation - is a semigroup.

By Fact 6.58 from page 104 we know that there is a unique homomorphism f
from (Thy,, ThCony,,) into (H, V). First we can assume that (H, V') contains only
types that are represented as f-types of thin trees and thin contexts (we use the
fact that Agg is non-empty and we restrict ourselves to the subalgebra generated by
{b() : b € Agro}). Let e be an idempotent in the lowest [J-class of V. Let G be the

"More formally, one can pick an element m of G and define an operation m — m~! on G such
that (G, my, -, .*1) is a group.
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‘H-class of e (i.e. the intersection of the £- and R-class of ¢). By Proposition 8.23
we know that G is a group because it contains an idempotent.
It turns out that e acts as a certain attractor, as expressed by the following lemma.

Lemma 8.38. For everys € V we have (ese)>* = e*.

Proof. Note that ese is R- and L-comparable with e. Since e is in the lowest J-
class of V so ese ~ 7 e and therefore ese is H-equivalent with e, hence ese € G.
Therefore, since e is the only idempotent of G (see Remark 8.11) so the idempotent
power of ese is e (i.e. (ese)’ = e) and we have (ese)™® = ((ese)ﬁ)oo = e™, [ |

Now we move to the construction of a thick tree 7. Let p; be a thin context of
f-type e. Let a € Ay, be any letter. We define the following tree p, over the ranked
alphabet Ar LI {0} (it can be seen as a context with two holes):

def
P2 = pi-a(p -0, p-0).

Let u;, ur be the positions of the two holes put explicitly in the above definition.
Let us consider the tree 7 that is obtained from p, by putting trees p{° instead of
uy, ug. This tree is thin, let T be the unique consistent marking of 7. Note that
T(ur,) = t(ug) = e*°.
Let s, = a(0, e*) and sz = a(e™, O). Note that
T(e) =e-s1,-e-e>® = (espe) - (est,e)™ = (espe)™ = ™.

Let t7 ® t7 be the tree obtained from p, ® (‘L’[ML <~ O, ug < D]) by looping
vertices uy,, ug back to the root of p, (see Fig.8.1). Since 77 (1) = t7(ur) =
tr(€) = €™, 17 is a marking of #7. The constructed tree 77 is thick but it is not
complete — many subtrees of 77 are thin and contain leafs.

Consider any infinite branch « of f7. If @ does not pass through infinitely many
copies of the root of p; then « is from some point on contained in one copy of p;.
In that case « is from some point on consistent (by the consistency of 7). Consider
the opposite case and observe that

O =Uqg,) Ug * ..,

for a sequence of directions dy, dy, . . . It is enough to show that the value 77 (¢) = e*
is consistent with the product ] of contexts along « (see Remark 7.9 on page 123).
We can group the decomposition of « in ¢7 in the following way:

(esqpe) - (esq.e) - (esq,e) - ...

Let 5 - €* be a Ramsey decomposition of the above infinite product. In that case
§ = exe and e = eye for some x, y € V. Therefore,

5-e® = (exe) - (eye)® = (exe) - (exe)™ = (exe)™ = ™.


http://dx.doi.org/10.1007/978-3-662-52947-8_7
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0 O

Fig. 8.1 The looping of the two holes of p, to obtain a thick tree. The gray subtrees are thin. The
second coordinate (i.e. t[u;, < O, ug < 0O]) is skipped for the sake of simplicity.

This proves that t is consistent and therefore the proof of Proposition 8.24 is
finished.

8.4.3 Non-uniformizability of Skeletons

We identify here a set 0 C dom(#) with its characteristic function o € Tr((0,1),{0,1))-
By SKEL (o) we denote the MSO formula expressing that o is a skeleton of a given
tree ¢.
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Theorem 8.81. There is no MSO formula uniformizing SKEL (o).

Proof. Assume contrary that 1 (o) uniformizes SKEL (o). Consider a transducer 7
that, given a thin tree 4 and the marking 7, (¢4) constructs the labelling t5 € Tr(g, 1}2
that encodes a skeleton of t4 satisfying 1 (¢s).

Assume that 7 uses a homomorphism f into a finite thin algebra (H, V) and let
(H', V') be the subalgebra that is the image of (Th,,, ThCony,, ). Let r ® T be a thick
tree with a consistent marking by types in H’ given by Proposition 8.24. Consider
the result 7 = 7 (¢t ® t). By Proposition 6.12 from page 101 tg does not encode a
skeleton of ¢.

First assume that there exists an infinite branch « of ¢ such that infinitely many
vertices u < « does not belong to tg. Let ¢’ be the tree obtained by putting a thin tree
of type t(w) under vertex w for every w that is off «. Note that ¢’ is thin. Let t’ be
the only consistent marking of #’. Let tg = 7 (t' ® t'). By the definition, if u < « or
u is off « then t'(u) = 7(u). By Fact 8.72 for every u < o we have tg(u) = ts(u),
so t also does not encode a skeleton of #’. A contradiction.

Now assume that 7y does not satisfy the local constraint of skeletons in some
vertices u, u’ (i.e. u = u’' = € € tg or u, u’ are siblings and it is not true that exactly
one of them belongs to #g). The proof of this case is essentially the same — it is
enough to substitute finitely many subtrees along the paths leading to u, u” and the
subtrees under u, u’. [ |

8.4.4 Ambiguity of Thin Trees

Theorem 8.82. The language Thy, C Tra, of thin trees over the ranked alpha-
bet A, = ({n}, {b}) is ambiguous (i.e. it is not recognised by any unambiguous
automaton).

We use the ranked alphabet A, for simplicity, the same construction works for
any ranked alphabet Ag with Agg # 2.

Proof. The proof follows the same lines as the proof of Theorem 8.81. We assume
that A is an unambiguous automaton recognising Th 4, . We define L as the language
of trees t ® p where ¢ is a ranked tree and p is an accepting run of A on ¢ (as in
Example 8.4). The relation defined by L, is uniformized so there exists a transducer
7 and a homomorphism f such that given a thin tree 4 and the marking 7,(¢4) it
constructs the unique accepting run p = 7 (f ® t) of A on 4.

We consider a thick tree with a respective marking ¢ ® T given by Proposition 8.24
and construct the labelling p = 7 (t ® 1) of ¢ by states Q**. Since ¢ ¢ Thy, so p is
not an accepting run. The rest of the proof is the same as in Theorem 8.81: either p
violates local constraints or is not parity-accepting along some infinite branch of ¢.
In both cases we can define a thin tree ¢’ such that the run constructed by 7 on
" ® t4(t') is also not accepting. |
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8.5 Conclusions

This chapter is devoted mainly to Conjecture 8.1 stating that there is no MSO-definable
choice function on thin trees. These statement is somehow non-constructive: there
is no MSO-formula that defines a choice function. The results of this chapter provide
an equivalent statement that has a more constructive form: in order to prove Con-
jecture 8.1 it is enough to find, for every thin algebra S, a consistent marking of the
complete binary tree by elements of S.

Although the author was unable to find a construction of such a marking, a weaker
construction of a consistent marking of a thick tree is provided. Already this weaker
construction turns out to be enough to obtain two new non-uniformizability examples:

— an essentially new MSO-definable relation that does not admit any MSO-definable
uniformization,
— an essentially new example of an ambiguous language.

To the author’s best knowledge, all the examples existing before were based
on [GS83]:

— it was proved by Gurevich and Shelah [GS83] (see also [CL07]) that the relation
x € X does not admit any MSO-definable uniformization,

— basing on this observation, Niwinski and Walukiewicz [NW96] (cf. [CLNW10])
proved that the language “exists a node labelled by a” is ambiguous.

It seems that proving Conjecture 8.1 is a hard task that requires a better under-
standing of the relations between regular tree languages and conditions that can be
verified pathwise.

This chapter is based on [BS13].
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Extensions of Regular Languages



Chapter 9
Descriptive Complexity of MSO+U

MSO logic is quite expressive, in particular it covers most of other logics used for
specifying properties of computer systems. However, MSO is not able to express
quantitative properties of structures. A natural example of such a quantitative property
is “the delays between a request and the successive answer are uniformly bounded”.
Bojanczyk in [Boj04] introduced an additional quantifier U, called the unbounding
quantifier, that allows to express such properties. A formula UX.¢(X) holds if ¢(X)
is satisfied for arbitrarily large finite sets X. Formally, UX.¢(X) is equivalent to:

A\ 3X. (p(X) A n < |X| <o0).

neN

The following language is an example of a language of w-words that is definable in
the extended logic MSO+U but is not w-regular

UX. (VxeX. P,(x) AVx<y<z.(xeX A zeX) & yeX),

i.e. the language of those w-words that contain arbitrarily long blocks of consecutive
letters a.

One of the crucial open problems about the U quantifier is decidability: is the
MSO+U theory of the w-chain or the complete binary tree decidable? The decidability
was proved for various fragments of the MSO+U logic [BC06, Boj11, Boj10b, BT12]
but the problem for MSO+U remained open for over 10years.

In the following two chapters we approach the problem of decidability of MSO+U
via descriptive set-theoretical methods. First, in this chapter we prove the following
theorem.

Theorem 9.7. There exists an alphabet A such that for every i > QO there exists an
MSO+U formula ¢; such that the language L(p;) € A® of w-words satisfying ¢; is
) l! -complete.

The following theorem exploits the above result to show that there is no simple
automata model for MSO+U on w-words.
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Theorem 9.83 (Hummel S. [HS12]). There is no model of alternating nor non-
deterministic automata on w-words with countably many states and projective accep-
tance condition that captures MSO+U.

Sketch of a proof. If A is an alternating automaton with countably many states Q and
acceptance condition W € Q¢ then the language of A can be written as

L(-A) = {Ol € A”: Elag — astrategy of 3in G(A, «)
Vo play consistent with o3 in G(A, «)

7 satisfies the winning condition W}.

Therefore, if W € Z,ll for some n then the above formula implies that L(A) €
x! 4o~ But Theorem 9.7 shows that for every n there are MSO+U-definable languages
of w-words that do not belong to ! _,. u

This result shows that standard technique of proving decidability of variants of
MSO by translating into appropriate automata (see e.g. [BT09, Boj11]) is not enough
in the case of MSO+U. Chapter 10 further builds on the topological complexity of
MSO+U to prove that in a certain sense the MSO+U theory of the complete binary tree
is undecidable. The decidability of MSO+U on w-words is still open.

To prove Theorem 9.7 we first construct an appropriate sequence of languages IF’
of multi-branching trees such that the language IF' is ¥ il—hard. Then we show how
to inductively encode such multi-branching trees into w-words. These encodings are
the technical heart of the proof — their aim is to present a given multi-branching tree
in a way understandable for an MSO+U formula. Finally, we construct a sequence of
MSO+U formulae ¢; that, given an encoding of a multi-branching tree ¢, can verify if
t € IF'. The formula cannot check if a given w-word encodes any multi-branching
tree at all but this is not needed for our needs.

The chapter is organised as follows. In Sect.9.1 we introduce the concept of
multi-branching trees and languages IF'. Then, in Sect.9.2 we define the alphabets
of w-words we use and the formulae ¢;. Section9.3 introduces inductively reduc-
tions r; that encode multi-branching trees into w-words. It is shown there that r; is
continuous and satisfies an additional technical property of sequentiality. In Sect. 9.4
we prove that the functions r; reduce IF' to L(g;). Finally, in Sect. 9.5 we show upper
bounds on topological complexity of the languages L(¢;) what concludes the proof
of Theorem 9.7. In Sect. 9.6 we conclude.

9.1 Basic Notions

Let us recall from Sect. 1.1 (see page 1) that:

— wTry is the family of total functions 7: 0* — X,
— wPTr is the family of prefix-closed subsets of w*.
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In this chapter we use the so-called multi-branching trees. Let i > 0. An
(i-dimensional) multi-branching tree is a prefix-closed subset of (a)" )* The set of all
such trees is denoted wPTr'. Clearly wPTt' is a Polish space and wPTr! = wPTr.

Let us fix an order C of type w on w*, such that * = {vg, vy, ...}. Additionally
assume that for all n € N we have |v,| < n. There are infinitely many vertices of
length 1 so it is possible.

Definition 9.19. Consider i > 0, a multi-branching tree T € wPTr'*!, and a finite
word or w-word a € wS®. We define the section t |, € wPTt' of the multi-branching
tree T as follows

tl, = {u € (@) |ul <o A(af), ®u) e t},
where
(g, a1, a2, ...) ® (ug, ug, Ua, ...) = (g - Uy, &1 - U1, O - UD, . ..).

The dots in the above definition can stand for a finite or an infinite sequence.

Figure 9.1 presents the first two levels of a multi-branching tree ¢ on w? i.e. t €
wPTr?. The children of the root are arranged into a two-dimensional grid. Given a
sequence o € S the section ¢ [, € wPTr! is defined as the one-dimensional multi-
branching tree obtained by selecting particular rows from the grids of children on
every level. The position of the selected row is defined by the successive values of «.
For example the children of the root in 7 [, come from the «’th row of the presented
grid.

Observe that if u is a finite word, ¢, is a finite-depth tree — its depth is bounded
by |u].

For an w-tree t € wTry and an w-word o € w®, let

t(a) = (t(alp), t(aly),...) € X*.

Fig. 9.1 A 2-dimensional
multi-branching tree.
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9.1.1 Languages IF’

To prove that the languages defined in this chapter are X-hard we will construct
continuous reductions from languages IF’ € wPTr' defined below.

Let IF! be the set of all trees 7 € wPTr! that contain an infinite branch (i.e. IF' =
IF, see Sect. 1.6.3, page 17).

Take i > 0. Let IF'*! be the set of all multi-branching trees ¢ € wPTr' ™! such
that there exists an w-word o € @® such that

tl, ¢ IF.

Fact 9.84. Foreachi > 1 the set1F isa X il-complete subset of wPTr'.

This fact follows easily from unravelling the definition of an Eil set. For the sake
of completeness we give here a formal proof of this fact.

Proof. First we prove the upper-bound. By the definition, IF! is the set of ill-founded
trees IF that is known to be Z}—complete (see Sect. 1.6.4, page 17).
We proceed by induction. Assume that IF* € Zil. Let

P ={(a1) €0’ x oPTe'" : 1], ¢ IF'} € I.

Note that IF"*! is the projection of P;, soitisin X/ ;.

Let us prove that each Eil set in w® continuously reduces to IF'.

As we know (see e.g. [Kec95, Exercise 14.3]), each analytic (E}) set in a space
X is a projection of a closed set in @® x X. Recall that, by the definition, each X! i

set is a projection of some I} set. Therefore, each X! set in w® is of the form':
S = {x : axlew‘" ﬁ3)(26(()“" ﬁ3)(366()“" ~--ﬁ3x,-ew‘" ('x17'x27 "‘9xi7~x) € FS},
for some closed set Fy € (w®) . The formula unravels to:

o, Vi, Fay -3y (X1, x2,...,x;,x) € Fg  ifiis odd, and to:

Ay, Vi, Fay VY (X1, x2, .00, x5, x) ¢ Fg o ifiis even.

The set Fs can be seen as a set in the space (w”l)w, by simple transposition.
This space is obviously homeomorphic to the Baire space w®. Each closed set in the
Baire space can be expressed as the set of branches of some w-tree (see e.g. [Kec95,
Proposition 2.4]). So there is fg € wPTr'*! such that:

Fs = {(x1®x2®- ~®xi1) € (@) Vaen (011, ®22], ® - @ xi411,) € ts}
©.1)

1Formally, for i = 1 the formula takes the form § = {x : 3x; € 0®. (x1, x) € Fs}.
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To simplify the notation, for a prefix-closed set + C X*, by [t] € X we denote
the set of infinite branches of 7. Using this notation, the above equation can be
formulated as

Fg = [tg].

We will use the multi-branching tree 75 to define the needed reduction. Let
f: w® — oPTr' be defined as follows:

f(X)={(v1®vz®~-~®vi)€(wi)k: (v1®vz®~~®v,~®xrk)ets,keN}.

To determine whether a vertex at some level k belongs to f (x) we only need to know
the first £ numbers in the sequence x, so the function is continuous. To prove that
this is a reduction of S to IF" we need:

fx)elF <= xeS§ 9.2)
Now we will take a closer look at the sets IF. Observe that:

IF={r:3,V,3, ...3, i®xQ® - ®x;) €[t]} ifiisodd, and:
IF = {t D3 Ve 3y Yy 1 ®@02® Q) ¢ [t]} if i is even.

So the quantifier structure is the same as in case of the above representation of S.
Therefore, to obtain (9.2), it suffices to show that for any fixed x1, x7, ..., x;:

X ®n®---®x) €[f(¥)] &< (x1,x2,...,x;,x) € Fg.
By (9.1) it is equivalent to:
F®n® - @x) e[f(W)] &= 1 ®x® - ®x xXx) € [t5].

But the latter follows immediately from the definition of f. |

9.2 Languages H;

In this section we inductively construct a sequence of languages (H;);cn. We will
later show that for each i € N the language H; is MSO+U-definable and X;-hard.
Additionally, in Sect.9.5 we observe that H; € X ,1

Let us fix a finite alphabet By = {a, |o, b} and define inductively B; = B;_; U
{[i_l, lis ]i_]} (i.e. By contains 3 letters and B; contains 3(i+1) letters).

The reductions used in the rest of the proof work on the space (B;r )“. Since we
want to build MSO+U formulae over finite alphabets, we need use one additional
encoding which is simply a kind of concatenation. For i > 0 consider j;: (B;")* —
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Fig. 9.2 An illustration of
the narrow property — any
section of finite depth
contains only finitely many
prefixes of branches in A.

B, defined as follows

Jitwo, wy, ...) = Liwol; - iwi]; - ...

Clearly functions j; defined above are continuous and 1 — 1.

For a node u = (ui,us,...,u,) € o* of an w-tree, we will call the word
a"'ba"b . ..ba""b the address of u in the w-tree.

Let an i-block be a word of the form [;w|;w’]; where w € (a*b)* and w’ €
(B;\{l;DT. We will call the word w the address of this i-block (since it will be
interpreted as an address of a node in an w-tree) and the word w’ the body of this
i-block.

We will call a set A of addresses of nodes:

deep if the number of letters b in elements of A is unbounded,

narrow if for any set P of some prefixes of elements of A such that the number of
letters b in elements of P is bounded, the lengths of sequences a* in elements of
P are bounded.

The following fact provides a way of using the above properties.

Fact 9.85. An w-tree t C w* has an infinite branch if and only if there is a narrow
and deep set A of addresses of some nodes in t.

Proof. First assume that t has an infinite branch ¢ € »®. Take as A the set of
addresses of vertices in {a [,:n € a)} Of course such A is deep. We show that A is
narrow. Consider any set P of prefixes of addresses in A, such that the number of
letters b in elements of P is bounded by some number k € w. In that case, lengths of
sequences a* in P are bounded by max, <, «,: in each element of A the sequence
a* before the n’th letter b has length «,, ;.

Now take a narrow and deep set A of addresses of some nodes of . We identify
elements of A with those nodes, i.e. A C ¢t. Consider as T the closure of A under
prefixes, i.e.:

T={u€a)*:3u/€Auju’}.
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Then T is an infinite tree, because A is deep. Additionally, at each level k € w,
there are only finitely many vertices in T N @, by narrowness of A. So 7 is a finitely
branching w-tree. Therefore, by Konig’s lemma (see Lemma 1.1, page 4), T contains
an infinite branch «. But T C ¢, so « is also an infinite branch of 7. |

Now we can define the MSO+U formulae defining our languages. Observe that
both properties of deepness and narrowness of a set of addresses can be expressed in
MSO+U. Itis because in those definitions we only use regular properties and properties
like the number of letters b is unbounded or the lengths of sequences a* are bounded.

It is easy to see that we can express in MSO that a given w-word « € (B;y1)® is
of the form by - b; - ... such that each b, is an i-block. We implicitly assume that all
formulae ¢; express it.

Let ¢y additionally express that a given w-word is not of the form

(lo @b loa o),

i.e. there is at least one 0-block with body different than a.
Fori > 0, let ¢; express the following property:

There exists a set G containing only whole i-blocks such that:

. the set of addresses of the i-blocks of G is deep,

. the set of addresses of the i-blocks of G is narrow,

3. the bodies of the i-blocks of G, when concatenated, form an w-word that satisfies
Qi1

Take i > 0. Since L(¢;) € B}’ |, we can define

DN =

H; = j7 " (L)) € (B}

Languages H; defined above are (up to the j; operator) MSO+U definable.
We will use the following important property of the languages H;.

Definition 9.20. A language L € X“ is monotone if for any o, B € X
o, :neN}C{f,:neN} — (aelL=pecl).

Note, that belonging to a monotone language depends only on the set of letters
occurring in an w-word, namely we have the following fact.

Fact 9.86. If L C X is a monotone language then for any o, B € X® the following
holds

{a, : neN}={8,:neN} — (el Bel).

The following lemma says that, if we restrict to well-formatted words, the lan-
guages H; are monotone. Since all our formulae implicitly assume that the w-words
are sequences of i-blocks, we can restrict ourselves to the well-formatted pre-images
of such w-words under j;.
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Lemma 9.39. Let i > 0 and X be the set of words u € Bi+ such that [;u); is an
i-block. Then the languages H; N X® C X“ are monotone.

Proof. Fori = 0itis obvious. Fori > 0 the formula ¢; expresses that there exists a
set of i-blocks such that this set satisfies some additional property. Moreover, it does
not matter in what order the i-blocks appear. |

9.3 Functions ¢;, d;, and r;

Now we will show how to continuously reduce the languages of multi-branching trees
IF' to H;. For technical reasons we will use the following intermediate languages.

Definition 9.21. For L C X® letEPath (L) C wTrx be a set of such labelled w-trees
t that there exists an w-word o € w® such that

t(a) € L.

In other words EPath (L) is the set of w-trees that contain an infinite branch such
that labels on this branch form an w-word in L.

The languages EPath (L) were used originally by Szczepan Hummel to prove
certain lower bounds on the topological complexity of MSO+U-definable languages
of w-trees.

The construction will be inductive, it will start with i = 1 and in each step the
picture looks as follows:

WPT % Ty -2 (B
ul ul Ul
IF EPath (Hf ) H;

The construction will ensure (see Sect.9.4) that dl._1 (H;) = EPath (Hffl) and
¢;' (EPath (Hf |)) = IF'. Therefore, r; defined as d; o ¢; will reduce IF' to H;.
We will use the function r;_; to construct a reduction ¢; of IF' to the language
EPath (H{_,) of w-trees that have a branch labelled with an w-word « ¢ H;_;. Then
we again encode such labelled w-trees in w-words.

Recall our inductively defined alphabets By = {a, |0, b}, B; = Bi—j U {[i-1.
li Jic1}-

First we define ¢, : @PTr' — Tr ;. Take a multi-branching tree 1 € @PTr' and
avertex v = (U, Un, ..., Uuy,) € w*. Put

(W) def a*'ba"b...ba""blya ifvet,
: | a“bab.. . ba"b o b ifv ¢t
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That s, ¢ (¢)(v) consists of the address of v and an additional bit indicating whether
v EL.
Fori > 1 take a multi-branching tree t € wPTr' and a vertex v € w*. Let

() = (ri-1t1,)),, € B,
that is, we apply the reduction r;_; to the section of ¢ along v (such a section is an
(i—1)-dimensional multi-branching tree) and then we take the first |v| words from
the result.
Now we define the function d;. We encode a tree t € wTrpg+ ] into a word d; (t) €

(B;")* in the following way: let v, be the n’th vertex with respect to the order C.
Let v, = (u1, Uz, ..., uy) and let wo, wy, ..., w, € B/, be the list of labels of ¢
on the path from the root to v,. Then

df u u u
di(t)y = a“'ba"b...ba" b |; [i—1woli—1 - liciwili1 .. - [—1wnli—1 € B

Intuitively d;(¢), encodes the vertex v, in . Such an encoding consists of two
parts: the part before |; is the address of v, in the multi-branching tree, while the part
after |; is intended to store labels of 7 on the path from the root to v, as (i —1)-blocks.
The fact that we store not only the label but also the address of the given vertex in
this coding will be crucial for the following parts of the construction.

Lemma 9.40. Functions c;, d; defined above are continuous.

Proof. For d; it holds by the definition. The continuity of ¢; can be proved by induc-
tion together with the continuity of r;, since they cyclically depend on each other.
The function r;4 is continuous as a composition of continuous functions, likewise
¢; at each coordinate v is a composition of continuous operations: _ [, 71, —j,. H

The following lemma states that the functions r; are in some sense sequential.

Lemma 9.41. Foranyi > 0andanym € Nift,, t; € wPTr' agree onallv € (o')*
such that |v| < m then

ri(tl)m = ri(tZ)m~

Proof. Recall that r;(t) = d;(c;(t)). First observe that for a given w-tree t' € wTry,
by the definition of d;, the value d;(t’),, depends only on v, and the labels of ¢’ on
the path from the root to v,,.

Now use an induction on i and consider the labels of ¢; (¢;) and c¢; (¢,) on the path
from the root to v,,. For i = 1 they depend only on ¢, #, up to the depth of |v,,|, and
|V | < m, thanks to our assumption about the order C.

Take i > 1 and a vertex v < v, (where < denotes the prefix order). By the
definition ¢; () (v) = r;—1(t],)s- So, by the inductive assumption, this value also
depends only on ¢ at the depth of at most |v| < |v,| < m. |

From the above lemma we conclude that the labels on each branch @ € w® in
¢; (t) code the multi-branching tree ¢ [,. Formally:
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Lemma 9.42. Fori > 1, a given multi-branching tree t € wPTr' and an infinite
branch a € w® we have:

ci(t)(a) =ri_ (¢ ra) € (Bitl)w .

Proof. Take any m € N and consider v = «[,, € @™. By the definition
(i (@), = ciO(@l,) = (ri-1l,)),, -

Since [, and ], agree on all vertices up to the depth m, by Lemma 9.41, we have

(rici 1), = (ric1(t1)),, - [ ]

9.4 Reductions

In this section we show that r; is a reduction of IF? to H;. We do it in two steps.

Lemma 9.43. For i > 0 the function d;: a)Ter’t1 — (B;r )* is a reduction of
EPath (Hf ) to H;.

Proof. We have to prove that for any t € wTrp+
t € EPath (HY |) <= d;(t) € H;.

Firstassume that € EPath (H ). Leta € »® beabranchsuchthat(a) ¢ H;_;.
Let 8 = ji(di(t)) € (Bi+1)®. We show that 8 = ¢;. Take as G the set containing
i-blocks corresponding to the vertices of . Then the set of addresses of i-blocks of
G is obviously narrow and deep (one vertex at each level of the w-tree). Additionally,
the set of (i —1)-blocks occurring in bodies of i-blocks in G is exactly the set

{lic1- (@), -li-1 :n €N},

Language H;_; is monotone, so, by Fact 9.86, since 7 («) ¢ H,_1, the set G satisfies
Item 3 in the definition of ¢;.

The other direction is a little more tricky. Assume that j; (d;(t)) = ¢;. Let G be
as in the definition of ¢;. Then the set of addresses of i-blocks of G is narrow and
deep. Let B C w™ be the set of nodes corresponding to these addresses and let 7' be
the closure of B under prefixes, i.e.:

T:{vea)*:flvregvsv/}.
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As in Fact 9.85, there exists an infinite branch o € w® of T'. Observe that the set
{lic1- (), -1ic1 :n €N}

is contained in the set of (i—1)-blocks in bodies of i-blocks in G. Because of the
monotonicity of H;_; and Item 3 in the definition of ¢;, (o) ¢ H;_;. |

Lemma 9.44. For i > 0 the function c; is a reduction of IF' to EPath (Hf_,).

Proof. Take i = 1. An w-tree t € wPTr! contains an infinite branch if and only
if ¢ (t) contains a branch labelled by words of the form (a*b)*|pa if and only if
c1(t) € EPath (Hg).

Induction step: i > 1. Take a multi-branching tree ¢+ € wPTr’. The following
conditions are equivalent:

t eIF
Jyewe t, ¢ IF-! by the definition of IF
Jueww Cio1(t],) ¢ EPath (Hf ,) by the inductive assumption
Juewe Tic1(tly) & Hiy by Lemma 43
Jyewr ci(t) (o) ¢ Hi—y by Lemma 42
¢i(t) € EPath (Hf ) by the definition of EPath (L). ]

It concludes the proof of the fact that r; reduces IF to H;.

9.5 Upper Bounds

To complete the proof of Theorem 9.7 we need to show the following lemma.
Lemma 9.45. The languages L(¢;) belong to X.

The rest of this section is devoted to proving this lemma. The proof is inductive:
we assume inductively that L(¢;_;) € I'Il-1 and show that L(g;) € X l-l, so in particular
L(g) € I},

Clearly L(¢o) is a Borel language, so L(¢g) € H{.

The following fact expresses that the conditions of deepness and narrowness are
in fact Borel (see [HST10, Proposition 2]).

Fact 9.87. The set of pairs (B, G) such that:

- B € B{,, is an infinite sequence of i-blocks,

— G C w be a set containing only whole i-blocks in B,
— the set of addresses of i-blocks in G is deep,

the set of addresses of i-blocks in G is narrow.

is Borel.
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Proof. All the conditions except the last one are explicitly Borel.

We say that a set P C w is well-formed if P C G and P contains prefixes of
some i-blocks in G. If P is well-formed then by max t, (P) let us denote the maximal
number of letters b in P among all the i-blocks. By the definition, G is narrow if and
only if for every r and well-formed set P such that max f, (P) < r, the lengths of
sequences a* in P are bounded.

Note that for each r € N there is a maximal well-formed set P € G such
that max fi,(P,) < r — we take maximal prefixes of all the i-blocks in G until
the (r+1)’th letter b in each i-block. Observe that for a given r € N the set P,
depends continuously on (B, G). Also if P C P’ are well-formed then the lengths
of sequences a* are bounded in P only if they are bounded in P’. Therefore, G is
narrow if and only if

V,en Jnen for every sequence a™ in P, the length of a* is at most n.

This definition is clearly Borel. |

Therefore, an w-word satisfies ¢; if there exists a set G satisfying Conditions 1
and 2 in the definition of ¢; and such that the bodies of the i-blocks of G form an
w-word satisfying —¢; _;. By the inductive assumption, all these three conditions are
Z} conditions, so L(¢;) is a projection of a ¥ l' language and it is itself Z}.

9.5.1 Proof of Theorem 9.7

Now we can combine the previous results to prove Theorem 9.7.

Theorem 9.7. There exists an alphabet A such that for every i > 0 there exists an
MSO+U formula ¢; such that the language L(p;) € A® of w-words satisfying ¢; is
X! -complete.

Proof. Let A = {0, 1}. Take i € N and ¢;. Functions c¢;, d;, j; are continuous by
Lemma 9.40 and the definition of j;. Moreover, using the definition of H; and Lem-
mas 9.43 and 9.44 their composition reduces IF to L(¢;). Thanks to Fact 9.84, the
set IF' is X !-hard.

Lemma 9.45 shows that L(¢;) belongs to X 11

By standard methods we can encode all the alphabets B; into A using binary
coding. This additional coding does not influence the topological complexity of the
languages. |
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9.6 Conclusions

This chapter is devoted to a construction of examples of MSO+U-definable languages
of w-words that lie arbitrarily high in the projective hierarchy. Since every MSO+U-
definable language of w-words or infinite trees is somewhere in the projective hier-
archy, it closes the question about bounds on topological complexity of MSO+U.

Already these examples show that there is no simple model of automata with
countably many states that would capture MSO+U on w-words. Since the argument is
topological, it covers wide range of complicated models, e.g. automata with counters,
stacks, tapes, etc. Most of the known decidability results for variants of MSO involve
some automata equivalent in expressive power. This result can be seen as a witness
that decidability of MSO+U on w-words (if holds at all) requires some essentially new
techniques.

As discussed in Chap. 10, the examples constructed in this chapter can be used to
prove that in some sense MSO+U logic is undecidable on infinite trees.

This chapter is based on [HS12].


http://dx.doi.org/10.1007/978-3-662-52947-8_10

Chapter 10
Undecidability of MSO+U

As explained in Chap.9, MSO+U logic is an extension of MSO that allows to ex-
press quantitative properties of structures. One of the consequences of the big ex-
pressive power of MSO+U is that many decision problems about other quantitative
formalisms can be reduced to MSO+U. An example is the reduction [CLO8] of the
non-deterministic index problem to a certain boundedness problem that can be fur-
ther reduced to MSO+U on infinite trees. Therefore, decidability of MSO+U would be
a very desirable result.

In this chapter we show how topological hardness of MSO+U on w-words from
Chap.9 can be used to study decidability of MSO+U on infinite trees. This meth-
ods lead to the following theorem from [BGMS14] stating that under a certain set-
theoretic assumption the MSO+U theory of the complete binary tree is undecidable.
Intuitively, the assumption that V=L states that all sets in the universe of set theory
are constructible.

Theorem 10.88 (Bojanczyk Gogacz Michalewski S. [BGMS14]). Assuming V=L,
it is undecidable if a given sentence of MSO+U is true in the complete binary tree
({Lv R}, X, glex)-

The proof of this theorem is divided into two parts by introducing an intermediate
object called proj-MSO — a logic evaluated on Polish spaces where every monadic
quantifier ranges over sets from an explicitly declared level of the projective hierarchy
(i.e. for each n there is a quantifier Iy y1).

The first part of the proof of Theorem 10.88 is expressed by the following theorem
(it does not rely on the V=L assumption).

Theorem 10.8. The proj-MSO theory of {1, r}=“ with prefix < and lexicographic
<iex orders effectively reduces to the MSO+U theory of the complete binary tree
({L’ R}, X, <lex)-

Already this reduction is a strong indication that MSO+U should not be decidable.
This indication is discussed in Sect.10.3 of this chapter where we give an easy
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argument showing that if MSO+U on the complete binary tree would be decidable in
the standard sense then it would have unexpectedly strong consequences regarding
set theory (namely, it would imply that analytic determinacy does not hold).

This chapter is focused on the first part of the proof of Theorem 10.88, that is on
Theorem 10.8.

The second part of the proof of Theorem 10.88 in [BGMS14] is an adaptation of
the techniques of Shelah [She75] (see also [GS82]) who proves that the MSO theory of
the real line (R, <) is undecidable. On page 410 of the cited paper Shelah observes:

Aside from countable sets, we can use only a set constructible from any
. (10.1)
well — ordering of the reals.
The assumption V=L used in Theorem 10.88 exploits this observation by guar-
anteeing that there exists such a well-ordering that is projective. By adjusting the
reasoning of Shelah, one gets the following proposition.

Proposition 10.25. (Bojanczyk Gogacz Michalewski S. [BGMS14]). Assuming
that V=L, the proj-MSO theory of the Cantor set ({v, r}*, <iex) s undecidable.

This result together with the reduction from Theorem 10.8 concludes the proof of
Theorem 10.88, see Sect. 10.4.1. A standalone proof of Proposition 10.25 is given
in [BGMS 14]. Since this proposition is not in the scope of this thesis, we only sketch
a proof of it in Sect. 10.4.

The following corollary expresses in what sense Theorem 10.88 implies unde-
cidability of MSO+U. It uses another important feature of the V=L assumption: if
ZFC is consistent (i.e. there exists a model of set theory) then there exists a model
satisfying v=L.

Corollary 10.2. If ZEC is consistent then there is no algorithm which decides the
MSO+U theory of the complete binary tree ({L, R}, X, Slex) and has a proof of cor-
rectness in ZFC.

Proof. (The following proof is in ZFC) Assume that ZFC is consistent and let M be a
model of ZEC. Then Gddel’s constructible universe L of M is also a model of ZFC.
In Godel’s constructible universe L, the assumption V=L holds. Therefore, if ZFC is
consistent then by Theorem 10.88 it has a model where the MSO+U theory of {v, r}*
is undecidable. |

The chapter is organised as follows. In Sect. 10.1 we introduce basic notions, in
particular proj-Mso. Section 10.2 is devoted to a proof of Theorem 10.8. In Sect. 10.3
we show that already this theorem implies that it is unlikely to prove decidability of
MSO+U in ZFC. In Sect. 10.4 we sketch a proof of Proposition 10.25 and show how
to entail Theorem 10.88. Finally, in Sect. 10.5 we conclude.
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10.1 Basic Notions

We consider the following logical structures: the complete binary tree {t, r}*, the
Cantor set {r, r}*, and the union of the two {1, }=“. In the complete binary tree {r, r}*,
the universe consists of finite words over {r, r}, called nodes, and there are predicates
for the prefix < and lexicographic <jx orders. The prefix order corresponds to
the ancestor relation. In the Cantor set {r, r}*, the universe consists of w-words
over {r, r}, called branches, and there is a predicate for the lexicographic order.
Finally, in {1, r}S®, the universe consists of both nodes and branches, and there are
predicates for the prefix and lexicographic order. In {r, 8} S®, the prefix relation can
hold between two nodes, or between a node and a branch. The lexicographic order
is a total order on both nodes and branches, e.g. L < 1 < L=r.

10.1.1 Godel’s Constructible Universe

Let us give a short overview of the construction of Godel’s constructible uni-
verse [God39], following [Jec02, Chap. 13].

Assume that M is a set and € is a relation on M. We say that a set X € M is
definable over M if there exists a formula ¢ (x, @) of first-order logic in the language
{€} and a tuple of elements @ € M such that

X={xeM: M, e Eokx a}
Now let

Ly =0,
Ly ={X € L,: X is definable over (L,, €)},
L,= U L, (if n is a limit ordinal),
n'<n

L= U L, (where the sum ranges over all ordinals).
1

Now, let V=L be the axiom stating that: for every set X there exists an ordinal n
such that X € L,. Since the above inductive construction can be formalized in ZFC,
this axiom can be formalized as a first-order sentence of set theory.

Now, Theorems 13.3, 13.16, and 13.18 in [Jec02] state that:

— L is a model of ZFC,
— L satisfies the axiom V=L (it is not obvious, since the notion of definability in L
may a priori be different than in the original model).
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Therefore, if ZFC has any model it has a model satisfying V=L. As observed
in [Jec02, Theorem 25.26] (see also [Mos80, Sect.5A]), the following implication
holds.

Proposition 10.26. V=L implies that there exists a well-order < on {v, r}* of length
wy such that < is a A% relation, i.e. < € Aé ({L, r}* X {r, R}“’).

This concludes the properties of the assumption V=L that are used in
Theorem 10.88.

10.1.2 Projective MSO

For n < w define the syntax of MSO,, to be the same as the syntax of MSO, except that
instead of one pair of set quantifiers 3X and VX, there is a pair of quantifiers 3; X
and V; X for every i < n. To evaluate a sentence of MSO,, on a structure, we need a
sequence {X};<; of families of sets, called the monadic domains. The semantics are
then the same as for MSO, except that the quantifiers 3; and V; are interpreted to range
over subsets of the universe that belong to &X’;. First-order quantification is as usual,
it can quantify over arbitrary elements of the universe. We write MSO[X 1, X, ... ]
for the above logic with the monadic domains being fixed to X}, A, .. .. Standard
MSO for structures with a universe 2 is the same as MSO[P(Q)], i.e. there is one
monadic domain for the powerset of the universe. If §2 is equipped with a topology,
we define proj-MSO on £2 to be

MSO[Z{(2), Z3(£2), ...]

The expressive power of proj-Ms0 is incomparable with the expressive power of MSO:
although proj-MSO cannot quantify over arbitrary subsets, it can express that a set is
: 1

in, say, X .

Example 10.6. In the structure {r, R} S®, being a node is first-order definable: a node
is an element of the universe that is a proper prefix of some other element. Since there
are countably many nodes, every set of nodes is Borel, and therefore in X } (., R}<‘”).
Therefore, in proj-Mso on {r, r}S® one can quantify over arbitrary sets of nodes. It
is easy to see that a subset of {1, r}S is in Z,ll({L, r}S?) if and only if it is a union
of a set of nodes and a set from E,ll({L, rR}®).

Therefore, we obtain the following remark.

Remark 10.12. proj-Mso on {v, =} S effectively has the same expressive power as
the logic
MSO[P({L, R}*), Ei ({L, R}w), Z;({L, R}w), .. ]

The following example presents certain properties of sets that can easily be ex-
pressed in proj-Mso.
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Example 10.7. Tn proj-Mso on {r, z}S®, one can say that a set of branches is count-
able. This is by using notions of interval, closed set, and perfect. A set of branches
is open if and only if for every element, it contains some open interval around that
element. A perfect is a set of branches which is closed (i.e. its complement is open)
and contains no isolated points. The notions of open interval, closed set, and perfect
are first-order definable. By [Kec95, Theorem 29.1], a set of branches is countable
if and only ifitisin X { ({z, r}”) and does not contain any perfect subset, which is a
property definable in proj-MSoO.

10.2 Reduction

In this section we prove the following theorem.

Theorem 10.8. The proj-MSO theory of {v, r}=“ with prefix < and lexicographic
<jex orders effectively reduces to the MSO+U theory of the complete binary tree
({L’ R}*v 57 <lex)-

In Sect. 10.3 we observe that this reduction itself gives an evidence that MSO+U
should not be decidable. The crucial ingredient of the proof of Theorem 10.8 is
Theorem 9.7 (see Chap.9, page 159) stating that it is possible to define in MSO+U
languages of w-words that are arbitrarily high in the projective hierarchy. The fol-
lowing lemma shows how these languages can be used in the reduction.

Lemma 10.46. Suppose that L, L, ... C A® are definable in MSO+U, and let

X dzef{f’l(Li) iRl > A%isa continuousfunction}. (10.2)

Then for every sentence of MSO[P({L, R}*), X, X, ] on {v,r}S®, one can
compute an equivalently satisfiable sentence of MSO+U on {1, r}*.

The proof of this lemma is based on the observation that, using quantification
over sets of nodes, one can quantify over continuous functions {t, r} — A®. The
construction is similar in the spirit to the one from [Skr13] (such encodings in the
case of X£9- and Aj-sets date back probably to Biichi [Biic83a]).

Proof. Callamapping f: {v, r}* — AU{e} proper if on every infinite path in {v, r}*,
the labelling f contains infinitely many letters different than €. If f is proper then
define f : {1, R} = A®to be the function that maps a branch to the concatenation of
the values under f of the nodes on the branch (such concatenation erases symbols €).

Assume that Ly, Ly, ... € A% is a sequence of MSO+U-definable sets. Fori > 0
and a proper mapping f: {r,r}* — A U {€} define

def

[fl; = {e €t 5)”: f@) el

reduces(L;) def {L C {r,r}* : L reduces continously to Li} (see (10.2)).
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Proposition 2.6 in [Kec95] implies that
{[f]i : fis proper} = reduces(L;). (10.3)

Since a mapping f: {L,r}* — A U {€} can be encoded as a family of disjoint
sets {X, C {u,r}*}sca, we will use quantification over sets of nodes to simulate
quantification over continuous functions g: {v, r}* — A®.

The reduction in the statement of the lemma works as follows. First-order quan-
tification over branches is replaced by (monadic second-order) quantification over
paths, i.e. subsets of {r, r}* that are totally ordered and maximal for that property. For
aformula 3; X. ¢, we replace the quantifier by existential quantification over a family
of disjoint subsets {X,},c4 Which encode a continuous function. In the formula ¢,
we replace a subformula x € X, where x is now encoded as a path, by a formula
which says that the image of x, under the function encoded by {X,},c, belongs to
the language L;. In order to verify if a given element belongs to the language L;
definable in MSO+U on w-words, we can use a formula of MSO+U on infinite trees.

More formally, our translation inputs a formula of MSO[reduces(Ll),
reduces(L,), .. ] and outputs a formula of MSO+U on {r, r}*. It interprets:

a branch x € {v, r}” by the path B, = {v < x} C {z, r}*,

— aset X; € reduces(L;) by alabelling f} : {r, r}* — AU{e}suchthat [f}]; = X;,
a condition v < x by v € By,

a condition x € X; by checking that the formula defining L; is true on the la-
belling f)’; on the nodes in B,.

Equation (10.3) says that the quantifications over X; € reduces(L;) and over
proper labellings f} are equivalent. |

Proof of Theorem 10.8. Theorem 2.7 from Chap.9 shows that there is an alpha-
bet A such that for every i > 1, there is a language L; € A® which is definable
in MSO+U on w-words and complete for Z}({L, r}”). Apply Lemma 10.46 to these

languages. By their completeness, the classes X}, X,, ... in Lemma 10.46 are ex-
actly the projective hierarchy on {r, r}*, and therefore Theorem 10.8 follows thanks
to Remark 10.12. |

10.3 Projective Determinacy

In this section we present an example of a non-trivial property that can be expressed in
proj-Mso on {r, r}S¢. It implies that any algorithm deciding MSO+U on the complete
binary tree would have strong set theoretic consequences.

A Gale-Stewart game with winning condition W C {r, r}* is the following two-
player game. For w rounds, the players propose directions d € {, r} in an alternating
fashion, with the first player proposing a direction in even-numbered rounds, and the
second player proposing a directions in odd-numbered rounds. At the end of such a
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play, an infinite sequence o = dyd . .. is produced, and the first player wins if this
sequence belongs to W, otherwise the second player wins. Such a game is called
determined if either the first or the second player has a winning strategy, see [Kec95,
Chap. 20] or [Jec02, Chap.33] for a broader reference. Martin [Mar75] proved that
the games are determined if W is a Borel set (see Theorem 1.2 on page 6).

We show that for every i > 0, the statement

“every Gale-Stewart game with a winning condition in Zil is determined” (10.4)

can be formalised as a sentence ¢}, of proj-Mso on {r, r}S®.

Assume that a formula even(u) (resp. odd(u)) expresses that a given node is at
the even (resp. odd) depth in the complete binary tree {r, r}*. By s, (1) and sg (1) we
denote the respective successors of u in the tree, i.e. Sy(u) = ud.

First, we define that a set of nodes encodes a strategy for the first player in the
Gale-Stewart game:

Si(o) =€ €0 A
Vieo even(u) = (sp(u) € 0 < sg(u) ¢ o) A
Vieo 0dd(u) = (s1,(u) € 0 A sg(u) € o).

The formula Sy (o) defining a strategy for the second player is analogous except that
the predicates even and odd are interchanged.

The following formula says that o is a winning strategy for the first player for a
winning condition W C {t, r}*:

wing(o, W) = 51(0) A Veemre Vuxqt €0) =>a € W.
Similarly we define
wing (o, W) = Su(0) AVeerrpe Vua U €0) =>a ¢ W.

Finally, Statement (10.4), namely the determinacy of all the Gale-Stewart games
with winning conditions in E} is expressed by

def . .
Pl = Vies! Joep(r.ry Wing(o, W) v winy(o, W).

As we show below, the ability to formalise determinacy of Gale-Stewart games
with winning conditions in X| already indicates that it is unlikely that proj-MSO
on {1, r}S? is decidable.

Indeed, suppose that there is an algorithm P deciding the proj-MSO theory
of {r, r}S® with a correctness proof in ZFC. Note that by Theorem 10.8, this would
be the case if there was an algorithm deciding the MSO+U theory of {r, r}* with a
correctness proof in ZFC. Run the algorithm on <,ocllet obtaining an answer, either “yes”
or “no”. The algorithm together with its proof of correctness and the run on ¢, form
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a proof in ZFC resolving Statement (10.4) fori = 1. The determinacy of all =} games
cannot! be proved in ZFC, because it does not hold if V=L, see [Jec02, Corollary 25.37
and Sect. 33.9], and therefore P must answer “no” given input ¢J,.

This means that a proof of correctness for P would imply a ZFC proof that State-
ment (10.4) is false for i = 1. Such a possibility is considered very unlikely by set
theorists, see [FFMSO00] for a discussion of plausible axioms extending the standard
set of ZFC axioms.

A similar example regarding the MSO theory of (R, <) and the Continuum
Hypothesis was provided in [She75].

10.4 Undecidability of proj-mMso on {r, r}*

The undecidability of MSO+U (see Theorem 10.88) follows from the reduction in
Theorem 10.8 and Proposition 10.25 below.

Proposition 10.25 (Bojaiczyk Gogacz Michalewski S. [BGMS 14]). Assuming that
V=L, the proj-MSO theory of the Cantor set ({L, r}*, <iex) is undecidable.

This proposition is not in the scope of the thesis and we do not prove it here in
detail. Instead, in this section we show how this result can be obtained by adjusting
the reasoning in [She75, Theorem 7.1] by following the suggestion of Shelah, see
Quotation (10.1) on page 170 of the thesis.

There are three adjustments needed:

. Instead of working on the real line R we use here the Cantor set {r, r}*.

. We have to repeat the inductive construction of a set Q from [She75 Lemma 7.4]
in such a way to guarantee that Q is X} for some n € N.

3. We have to argue that the resulting formula G () is a proj-MsO formula.

N =

The second adjustment above uses the assumption that V=L to construct a pro-
jective set Q. Having done this, it is enough to carefully read the formula G (6) of
Shelah: it quantifies existentially over sets Q, countable sets D, arbitrary subsets of
D, perfects, and intervals. All these quantifiers are projective, see Example 10.7.

10.4.1 Proof of Theorem 10.88

Now we can combine the above results to prove the undecidability result.

Theorem 10.88. Assuming V=L, it is undecidable if a given sentence of MSO+U is
true in the complete binary tree ({L, r}*, X, Slex).

IExcept for the case if ZFC is not consistent and it is possible to prove everything in ZFC.
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Proof. Assume V=L. In that case the proj-MSO theory of the Cantor set ({r, r}*, <jex)
is undecidable by Proposition 10.25. By Remark 10.12 it can be reduced to the
proj-Mso theory of ({L, R}S?, <, glex). Theorem 10.8 implies that the latter can be
reduced to the MSO+U theory of the complete binary tree. Therefore, this theory is
undecidable. |

10.5 Conclusions

This chapter presents a reduction from a logic called proj-MSO to MSO+U on infinite
trees. The reduction involves the topologically hard languages constructed in Chap. 9.
As shown in [BGMS14], assuming that V=L, the proj-MSO theory of the Cantor set is
undecidable. Therefore, the two results together imply that (assuming v=L) MSO+U
logic is undecidable on infinite trees.

As shown in the above chapter, it is possible to express in proj-MSO some deep
properties of the universe of set theory. Therefore, any algorithm solving MSO+U
on infinite trees would have some remarkable knowledge about this universe. As an
example, it is shown that any such algorithm (with its proof of correctness) implies
that analytic determinacy is provably false (in ZFC). The latter possibility is consid-
ered very unlikely by set theorists. These intuitions are expressed by the following
conjecture.

Conjecture 10.8. Ttis possible to prove in ZFC that the MSO+U theory of the complete
binary tree is undecidable.

The undecidability result about proj-MSO makes a strong link between topological
complexity and decidability. What is in fact proved in [BGMS14] is that under the
assumption that V=L, even a weaker variant of proj-MSO where set quantifiers range
over sets up to the sixth level of the projective hierarchy (i.e. X}-sets) is undecidable.
On the other hand, if we restrict set quantifiers to )3(2) then the theory becomes
decidable. It somehow justifies the impression that the more complicated sets are
allowed, the more undecidable the theory is. It should be related to the following
conjecture of Shelah.

Conjecture 10.9 ([She75, Conjecture 7B]). The monadic theory of (R, <) where
the set quantifiers range over Borel sets is decidable.

As Shelah comments, the above conjecture is motivated by Borel determinacy
(that was proved by Martin [Mar75], see Theorem 1.2 on page 6). On the other hand,
the assumption that V=L implies that projective determinacy fails. Therefore, one can
state the following question.

Question 10.2. Assume that all analytic (Z}) games are determined. Does it imply
that the monadic second-order theory of (R, <) where the set quantifiers range over
¥ |-sets is decidable?

This chapter is based on [BGMS14].
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Chapter 11
Separation for ®B- and wS-regular
Languages

In this chapter we study the classes of wB- and wS-regular languages, introduced by
Bojariczyk and Colcombet in [BC06]. These languages of w-words are defined as
those that can be recognised by a certain model of counter automata with asymp-
totic acceptance condition. Both these classes are strictly contained in the class of
MSO+U-definable languages, the advantage of these classes is that they admit effective
constructions. A standard example of an wB-regular language is the following

{a”"ba”‘ba’“b ... the sequencen; is bounded} C {a, b}*.

The main technical contribution of [BCO06] states that the complement of an wB-
regular language is effectively wS-regular and vice versa; and the emptiness problem
is decidable for both these classes. Although these languages do not form a Boolean
algebra, these properties guarantee some kind of robustness of these two classes.

In this chapter we show that both classes of wB- and wS-regular languages admit
the separation property with respect to w-regular languages (see Definition 1.3 on
page 24 in Sect. 1.7.5), as expressed by the following theorem.

Theorem 11.9. If L, L, are disjoint languages of w-words both recognised by wB-
(respectively wS)-automata then there exists an w-regular language L, such that

Ly C Ly, and L, C L

sep*
Additionally, the construction of Ly, is effective.

The result is especially interesting since these are two mutually dual classes (see
Theorem 11.96) — usually exactly one class from a pair of dual classes has the
separation property, see Sect. 1.7.5, page 24.

As a consequence of the separation property we obtain the following corollary.

Corollary 11.3. If a given language of w-words L and its complement L are both
wB-regular (resp. wS-regular) then L is w-regular.
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Proof. Let L be a language of w-words such that L and L€ are both wT-regular (for
T € {B, S}). By Theorem2.9 there exists an w-regular language L., that separates
L and L°. But in that case L, = L so L is w-regular. |

The above corollary was independently known by some researchers in the area
(with a proof not involving separation). Nevertheless, to the best of the author’s
knowledge, it has never been published before [Skr14].

To prove Theorem 2.9 we reduce the separation property of w-word languages to
the case of profinite words. For this purpose we use B- and S-automata introduced
in [Col09]. As shown in [Tor12] it is possible to define a language recognised by a
B- or S-automaton as a subset of the profinite monoid A*. An intermediate step in
our reasoning is proving the separation property for B- and S-regular languages of
profinite words.

The chapter is organised as follows. In Sect.11.1 we introduce basic notions
including the profinite monoid A*. Section 11.2 defines the automata models we use.
In Sect.11.3 we prove separation results for languages of profinite words recog-
nised by B- and S-automata. Section 11.4 contains the crucial technical tool, Theo-
rem 11.98, that enables to transfer separation results for languages of profinite words
to the case of w-words. In Sect.11.5 we use this theorem to show that wB- and
wS-regular languages have the separation property. Finally, Sect. 11.6 is devoted to
conclusions.

11.1 Basic Notions

We work with two models of automata (wB and wS) at the same time. Therefore, we
introduce a notion wT to denote one of the models: wB or wS. By T we denote the
corresponding model of automata on finite words (B or S).

11.1.1 Monoid of Runs

We define here a monoid representing possible runs of a non-deterministic automa-
ton. It can be seen as an algebraic formalisation of the structure used by Biichi [Biic62]
in his famous complementation lemma. A general introduction to monoids is given
in Sect. 1.5.1 (see page 11).

Let A be a non-deterministic automaton. Define My (A) as P(Q4 x 04). Let
the neutral element be {(¢, ¢) : ¢ € 0“1} and product:

s-s" = {(p,r): Jyepa (p.q) €s A (q.1) €5'}.

Let f4: A* — Mins(A) map a given finite word u to the set of pairs (p, g) such
that the automaton .4 has a run over u starting in p and ending in g.
It is easy to check that Mi,,5(A) is a finite monoid and f4 is a homomorphism.
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11.1.2 Profinite Monoid

In this subsection we introduce the profinite monoid A*. A formal introduction
to profinite structures can be found in [AlmO03] or [Pin09]. We refer to [Pin09].
A construction of the profinite monoid using purely topological methods is given
in [Skr11].

First we provide a construction of the profinite monoid A*. The idea is to enhance
the set of all finite words by some virtfual elements representing sequences of finite
words that are more and more similar.

Let Ky, K1, ... bealist of all regular languages of finite words. Let X = 2“. Each
element x € X can be seen as a sequence of bits, the bit x (n) indicates whether our
virtual word belongs to the language K,.

Define u: A* — X by the following equation:

1 ifu € K,
/‘L(u)n = .
0 ifu ¢ K,.

The function u defined above is injective. Let A* C X be the closure of w(A*)
in X with respect to the product topology of X. Therefore, A* contains u(A*) and
the limits of its elements. To simplify the notion we identify u € A* with its image
w(u) € A*.

Example 11.8 (Proposition 2.5 in [Pin09]). Let u, = a™ forn € N. A simple
automata-theoretic argument shows that for every regular language K, either almost
all words (u,),en belong to K or almost all do not belong to K. Therefore, the
sequence (14 (u,)),cy 1s convergent coordinate-wise in X. The limit of this sequence
is an element of A* \ w(A¥).

The following fact summarises basic properties of A*.

Fact 11.89 (Proposition 2.1, Proposition 2.4, and Theorem 2.7 in [Pin09]). A* s
a compact metric space. A* (formally u (A*)) is a countable dense subset of A*,
A* has a structure of a monoid that extends the structure of A* and the product is
CONtinuous.

It turns out that the operation assigning to every regular language of finite words
K C A* its topological closure K € A* has good properties (see Theorem 11.91).
Therefore, we introduce the following definition.

Definition 11.22. A profinite-regular language is a subset of A of the form K for
some regular language K C A*.

Using this definition, we can denote a generic profinite-regular language as K
for K ranging over regular languages. Using the definition of y one can show the
following easy fact.
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Fact 11.90. A language of profinite words M C A* is profinite-regular if and only
if it is of the form
M:{er"’:xeA*/\xnzl}, (11.1)

for some n € N. In that case M = K,,.

The structures of profinite-regular and regular languages are in some sense iden-
tical. This is expressed by the following theorem.

Theorem 11.91 (Theorem 2.4 in [Pin09]). The function K +> K C A* is an
isomorphism of the Boolean algebra of regular languages and the Boolean algebra
of profinite-regular languages. Its inverse is M — ' (M) € A* (when identifying
A* with w(A*) we can write M — M N A* C A*).

By the definition of A* and the fact that regular languages are closed under finite
intersection, we obtain the following important fact.

Fact 11.92. The family of profinite-regular languages is a basis of the topology
of A*.

The topology of A* is the product topology. Therefore, a sequence of finite words
U =up,uy,...isconvergenttou € A*if and only if (u(u,)),eny € X is convergent
coordinate-wise to u. The following fact formulates this condition in a more intuitive
way.

Fact 11.93. A sequence of finite words U = ug, uy, . .. is convergent to u € A* if
and only if for every profinite-regular language K either:

—ue K and almost all words u, belong to K,
— u ¢ K and almost all words u,, do not belong to K.

The topology of A* is defined in such a way that it corresponds precisely to
profinite-regular languages. The following fact summarises this correspondence.

Fact 11.94 (Proposition 4.2 in [Pin09]). A language M < A* is profinite-regular if
and only if it is a closed and open (clopen) subset of A*.

Proof. First assume that M = K is a regular language of profinite words.
Equation (11.1) in Fact 11.90 defines a closed and open set.

Now assume that M is a closed and open subset of A*.Recall that profinite-regular
languages form a basis for the topology of A* (Fact 11.92). Since M is open so it
is a union of base sets je K_J Since M is a closed subset of a compact space
A%, M is compact. Therefore, only finitely many languages among {Fj}je , form
a cover of M. But a finite union of profinite-regular languages is a profinite-regular
language. Therefore, M is profinite-regular. |
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11.1.3 Ramsey-Type Arguments

In this section we introduce an extension of Ramsey’s theorem (see Sect.1.5.4,
page 13) to the case where colours come from the profinite monoid. To state it
formally we use the following definitions.

Definition 11.23. Assume that U = ug, uy, ... is a sequence of finite words. We say
that W = wy, wy, ... is a grouping of U if there exists an increasing sequence of
numbers 0 = iy < iy < ... such that for every n € N we have

Wy = Uj, Uj, 41 -+ Uj—1-

Observe that if W = wq, wy, ...1is a grouping of U = ug, uy, ...thenugpu; - - - =
Wowip - -.

We will use the notion of the f-type of a decomposition @ = wupu; ... from
Definition 1.1 on page 13. Recall also that t = (s, e) is called a linked pair if
s-e = s and e-e = e. By the definition, if # = (s, e) is an f-type of a decomposition
of some w-word then ¢ is a linked pair.

Note that if U is a decomposition of an w-word « and U is of f-type t = (s, e)
then every grouping of U is also a decomposition of @ of f-type ¢. The notion of
grouping introduces a stronger version of convergence.

Definition 11.24. We say that a sequence of finite words U = ug, uy, . .. is strongly
convergent to a profinite word u if every grouping of U is convergent to u.

The following result is an extension of Ramsey’s theorem to the case of the
profinite monoid.

Theorem 11.95 (Bojanczyk Kopczynski Torunczyk [BKT12]). Ler U = uo,
ui, ... be an infinite sequence of finite words. There exists a grouping Z of U such
that Z strongly converges in A*.

For the sake of completeness we give a proof of this fact below. The theorem holds
in general, where instead of A% is any compact metric monoid. Also, the notion of
convergence can be strengthened in the thesis of the theorem: all the groupings of U
converge in a uniform way. In this chapter we use only the above, simplified form.

Proof. Let K be a regular language and W = wy, wy, ... be a sequence of finite
words. Define a function ok w: [N]? — {0, 1} that takes a pair of numbers i < j
and returns 1 if and only if w;w;4; ... w;_; belongs to K. By Theorem 1.1 from
page 3, there exists a monochromatic set S € N with colour ¢ € {0, 1} such that for
every pairi < j € § we have ag w({i, j}) =c.

Now, take a sequence of finite words U. We will construct a sequence of words
z; using a diagonal construction. Let Ko, K1, ... be an enumeration of all regular
languages and let U° = U. We proceed by induction fori = 0, 1, .... Assume that
after i’th step a sequence U’ = ul), u', ... is defined. First define z; as u). Now, let
S = {ng, n1, ...} be an infinite monochromatic set with respect to ag, y:. Define
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Ut = (“;(,MZOH ...ui“_l) , (uﬁqlu;ﬁ, ...uilz_l) , (uilzu;ﬁl ...uil}_l) Y

Note that U*! is a suffix of a grouping of U'. Since S is monochromatic and by
the definition of ak w, we know that:

(%) For every grouping of U'*! either all words in the grouping belong to K; or all
of them do not belong.

We claim that our sequence Z = zo, 21, ... is strongly convergent. Let W be a
grouping of Z and let K = K; be a regular language. Observe that almost all words
in W (all except first at most i words) are obtained by grouping words in U*!,
Therefore, by (), either almost all words of W belong to K or almost all of them
do not belong to K. Fact 11.93 implies that W is convergent in A*,

Now observe that almost all words in W belong to K; if and only if almost all the
words in Z belong to K;. Therefore, the limit of W does not depend on the choice
of W. It means that Z is strongly convergent in A*. |

11.1.4 Notation

In this chapter we deal with three types of languages: of finite words, of profinite
words, and of w-words. To simplify reading of the chapter, we use the following
conventions:

finite and profinite words are denoted by u, w,

— sequences of finite words are denoted by U, W, Z,

w-words are denoted by «, 3,

regular languages of finite words are denoted by K,

profinite-regular languages are, using Theorem 11.91, denoted by K,
— general languages of profinite words are denoted by M,

— languages of w-words (both w-regular and not) are denoted by L.

11.2 Automata

In this section we provide definitions of four kinds of automata: B-, S-, wB- and
wS-automata. B- and S-automata read finite words while wB- and wS-automata read
w-words.

The wB- and wS-automata models were introduced in [BC06], we follow the
definitions from this work. The B- and S-automata models were defined in [Col09].
For the sake of simplicity, we use only the operations {nil, inc, reset} (without the
check operation). As noted in Remark 1 in [Col09] (see also [BC06]), this restriction
does not influence the expressive power.
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The four automata models we study here are part of a more general theory of
regular cost functions that is developed mainly by Colcombet [Col09, Col13]. In
particular, the theory of B- and S-automata has been extended to finite trees in [CL10].

All four automata models we deal with are built on the basis of a counter automa-
ton. The difference is the acceptance condition that we introduce later.

Definition 11.25. A counter automaton is a tuple A = (A4, QA 14, T4, §4),
where:

— A% is an input alphabet,

— QA is a finite set of states,

_IAC QA is a set of initial states,

' is a finite set of counters,

- 8AC QA x A* x {nil, inc, reset}FA X QA is a transition relation.

All counters store natural numbers and cannot be read during a run. The values
of the counters are only used in an acceptance condition.

In the initial configuration all counters equal 0. A transition (p, a, 0, q) € §*
(sometimes denoted p 25 g) means that if the automaton is in a state p and reads a
letter a then it can perform counter operations o and go to the state g. For a counter
¢ € I'* a counter operation o(c) can:

o(c) = mnil |leave the counter value unchanged,
o(c) =inc |increment the counter value by one,
o(c) = reset|reset the counter value to 0.

A tun p of the automaton A over a word (finite or infinite) is a sequence of
transitions as for standard non-deterministic automata. Given a run p, a counter
ce 't anda position 7. of a word where the counter c is reset, we define val(c, p, r.)
as the value stored in the counter ¢ at the moment before the reset r. in p.

To simplify the constructions we allow e-transitions in our automata. The only
requirement is that there is no cycle consisting of e-transitions only. e-transitions can
be removed using non-determinism of an automaton and by combining a sequence
of counter operations into one operation. Such a modification may change the exact
values of counters, for instance when we replace inc, reset by reset. However, the
limitary properties of the counters are preserved (the values may be disturbed only
by a linear factor).

11.2.1 wB- and wS-automata

First we deal with automata for w-words, following the definitions in [BC06]. An
wT-automaton (for T € {wB, wS}) is just a counter automaton. A run p of an
wT-automaton over an w-word « is accepting if it starts in an initial state in I,
every counter is reset infinitely many times, and the following condition is satisfied:
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Fig. 11.1 An example of an a,nil a,inc
wB-automaton A,p.

wB-automaton the values of all counters are bounded during the run,
wS-automaton for every counter ¢ the values of ¢ during resets in p tend to infinity
(i.e. the limit of the values of ¢ is c0).

An wT-automaton A accepts an w-word if it has an accepting run on it. The set
of all w-words accepted by A is denoted L(A).

Example 11.9. Consider the wB-automaton A, depicted on Fig. 11.1. 4,5 guesses
(by moving to the state g, ) to measure the length of some blocks of letters a. It accepts
an w-word « if and only if it is of the form

a=a"ba"b... with liminfn; < oco.
11— 00
We can also treat A, as an wS-automaton. In that case it accepts an w-word « if
and only if it is of the form

a=a"ba"b... with limsupn; = oo.
i—00

It is easy to check that a non-deterministic Biichi automaton can be transformed
into an equivalent wB- (resp. wS)-automaton. Therefore, all w-regular languages are
both wB- and wS-regular.

The following theorem summarizes properties of wB- and wS-regular languages.

Theorem 11.96 ([BC06, Theorem 4.1]). The complement of an wB-regular lan-
guage is effectively wS-regular and vice versa.
The emptiness problem is decidable for wB- and wS-regular languages.

11.2.2 B- and S-automata

In the finite word models the situation is a little more complicated than in the wB-
and wS-automata models. The automaton not only accepts or rejects a given word
but also it assigns a value to a word.

Formally, a T-automaton (for T € {B, S}) is a counter automaton that is addi-
tionally equipped with a set of final states F* € Q“*. An accepting run p of an
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automaton over a finite word u is a sequence of transitions starting in some initial
state in /** and ending in some final state in F*.

The following equations define val(A, u) — the value assigned to a given finite
word by a given automaton. We use the convention that if a set of values is empty
then the minimum of this set is oo and the maximum is 0. The variable p ranges
over all accepting runs, ¢ ranges over counters in I"*, while r. ranges over positions
where the counter c is reset in p. As noted at the beginning of this section, we do not
allow explicit check operation, we only care about the values of the counters before
resets.

B-automaton Ag

val(Ag, u) = minval(p) and val(p) = max max val(c, p, r.),
P ¢ Te
S-automaton Ag
val(As, u) = max val(p) and val(p) = minmin val(c, p, r.).
P c 1

The following simple observation is crucial in the subsequent definitions.

Lemma 11.47. For a given number n, a B-automaton Ag, and an S-automaton As
the following languages of finite words are regular:

LA <n) % fu: val(Ap, u) < n),
L(As > n) d_ﬁf{u : val(As, u) > n}.

Proof. We can encode a bounded valuation of the counters into a state of a finite
automaton. |

11.2.3 Languages

The above definitions give semantics of a T-automaton in terms of a function
val(A, ): (A4)" — Nu {oo}.

As noted in [Torl2], it is possible to define the language recognised by such an
automaton as a subset of the profinite monoid A*. We successively define it for
B-automata and S-automata. In both cases the construction is justified by
Lemma 11.47.

B case: Fix a B-automaton Ag and define

L(Ap) £ | J Z(As <n) € A%, (112)
neN
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S case: Fix an S-automaton Ag and define

def

L(As) = (] L(As > n) € A*. (11.3)

neN

Note that the sequences of languages in the above equations are monotone: increas-
ing in (11.2) and decreasing in (11.3).

There exists another, equivalent way of defining languages recognised by these
automata [Tor12]. One can observe that the function val(A, .) assigning to every
finite word its value has a unique continuous extension on A*. The languages recog-
nised by B- and S-automata can be defined as val (A, )~H(N) and val(A4, .) "' ({oo})
respectively. In this chapter we only refer to the definitions (11.2) and (11.3).

Example 11.10. Consider the S-automaton .Ag depicted in Fig. 11.2. The automaton
measures the number of letters a in a given word. Then it guesses that the word is
finished and moves to the accepting state. For every finite word u the value val(Asg, u)
equals the number of letters a in u.

The language L(.As) does not contain any finite word. It contains a profinite word
u if for every n the word u belongs to the profinite-regular language defined by the
formula “the word contains more than n letters a” (i.e. u € L(Ags > n)). In particular,
the limit of the sequence (a™),cn from Example 11.8 belongs to L(Asg).

Lemma 11.48. Every B-regular language is an open subset of A* and dually every
S-regular language is closed.

Proof. By Egs. (11.2) and (11.3), a B-regular language is a sum of profinite-regular
languages and an S-regular language is an intersection of profinite-regular languages.
By Fact 11.94, profinite-regular languages are closed and open, therefore their sum
is open and the intersection is closed. |

The converse of Lemma 11.48 is false as there are uncountably many open subsets
of A* — there are some open subsets of A* that are not B-regular.
We finish the definitions of automata models by recalling the following theorem.

Theorem 11.97 (Fact 2.6 and Corollary 3.4 in [BC06], Theorem 8 and para-
graph Closure properties in [Torl12]). Let T € {B,S, wB, wS}. The class of
T-regular languages is effectively closed under union and intersection. The emptiness
problem for T-regular languages is decidable.

Therefore, it is decidable whether given two T-regular languages are disjoint.

Fig. 11.2 An example of an a,inc

S-automaton Ag.
e, reset
start —

b, nil
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11.3 Separation for Profinite Languages

In this section we show the following proposition.

Proposition 11.27. Let T € (B, S}. Assume that languages of profinite words
M, My C A* are recognised by T-aﬂomam and M| N\ M, = &. Then there exists
a profinite-regular language K, C A* such that

M] - Ksep and M2 - Ksep .

Additionally, the language K, can be computed effectively basing on M| and M.

The proof of the proposition consists of two parts, one for each of the two cases
of T € {B, S}: Lemma 11.49 and Proposition 11.28.

First we prove the case when T = S. The presented proof uses a general topolog-
ical fact: the separation property of closed (i.e. l'[(l)) sets in a zero-dimensional Polish
space (see Sect. 1.6, page 14 for a definition of these spaces).

Lemma 11.49. A pair of disjoint S-regular languages of profinite words can be
separated by a profinite-regular language.

Proof. Take two S-regular languages M, M, C A*.

Observe that A* is a closed subset of a zero-dimensional Polish space 2%, there-
fore A* is also zero-dimensional Polish space. Therefore, the n’ |-separation property
holds for A* (see [Kec95 Theorem 22.16]). By Lemma 11.48 every S-regular lan-
guage is l'[? in A*, _therefore M, M> can be separated in A* by a set M, that is
closed and open in A*, By Fact 11.94, the language M, is profinite-regular. |

Instead of using the TY-separation property, one can provide the following
straightforward argument that uses the compactness of A*. We know that M, is
a closed subset of a compact space A*so M 1 1s compact itself. Assume that M, is
recognised by an S-automaton Ag. By (11.3) we obtain

M, = ﬂ L(As > n) C A*.
neN

For n € N define N, &ef L(As > n) — the complement of the profinite-
regular language L(Ag > n). Clearly M; C |J, N, because M, and M, are dis-
joint. Fact 11.94 and Lemma 11.47 imply that the sets N, are open subsets of A%,
Therefore, the family (N,),cy is an open cover of M;. Since M, is compact, there
is ng € N such that

M, S NoUN{U...UN, = Ny,.

Therefore, N,, is a profinite-regular language that separates M; and M,.

Remark 11.13. The language N,, can be computed effectively.
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Proof. 1Tt is enough to observe that n( can be taken as the minimal n such that M
does not intersect the profinite-regular language L(As > n). Such n exists by the
above argument. |

Now we proceed with the separation property for B-regular languages. By
Lemma 11.48 we know that B-regular languages are open sets in A*. An easy exer-
cise shows that in general open sets do not have the separation property. Thus, to
show the following proposition we need an argument that is a bit more involved than
in the case of S-regular languages.

Proposition 11.28. A pair of disjoint B-regular languages of profinite words can be
separated by a profinite-regular language.

We obtain the above proposition by applying the following observation.

Lemma 11.50. For every B-regular language Mg < A* there exists a profinite-
regular language Kr < A* such that

Mg CKg and MgNA* = KgN A",

Moreover, the language K g can be computed effectively.

Proof. Take a B-automaton Ag recognising Mp. Define a new automaton Ag by
removing from Ap all the counters and all the counter operations. What remains are
transitions, initial states, and final states. Put Kz = L(Ag) < A*. Of course Mg C
L(Ag) by the definition of Mg. Clearly L(Ag) N A* = L(Ag) by Theorem 11.91.
What remains to show is that L(Ag) C Mg.

Take a finite word u € L(Ag). Observe that Ap has an accepting run on u because
u € L(Ag). So val(Ap, u) < |u| because Ap cannot do more increments than the
number of positions of the word. Therefore u € Mp. |

Poof of Proposition 11.28. Take two disjoint B-regular languages M, M> < A*.
Define K to be the language K from Lemma 11.50 for M;. Thus we know that

M, € Kg. We only need to show that M, N Kr = &. Assume the contrary, that

def - . L .
M; = M, N Ky # @. Since B-regular languages are open sets in A*, M, is an

open set. Since A* is dense in A* so M, contains a finite word u € A*. But by the
definition of K in that case u € M. Sou € M; N M, — a contradiction to the
disjointness of M, M5. |

Remark 11.14. Both separation results for B- and S-regular languages are effective:
there is an algorithm that inputs two counter automata, verifies that the intersection of
the languages is empty, and outputs an automaton recognising a separating language.

Proof. By Theorem 11.97 it is decidable if two B-(resp. S)-regular languages are
disjoint. As observed in Remark 11.13 and Lemma 11.50, both constructions can be
performed effectively. |

This concludes the proof of Proposition 11.27 in both cases T = B and T = S.
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11.4 Reduction

This section contains a proof of our crucial technical tool — Theorem 11.98. It is
inspired by the reduction theorem from [Torl2], however, the statements of these
theorems are incomparable.

Intuitively, wB- and wS-automata are composed of two independent parts, we can
call them the w-regular part and the asymptotic part. The w-regular part corresponds
to states and transitions of the automaton, while the asymptotic part represents quan-
titative conditions that can be measured by counters. In this section we show how to
formally state this division. It can be seen as an extension of the technique presented
in [BCO6].

Recall from Sect.11.1.1 (see page 178) that Mi,s(A) is the monoid of state
transformations of a non-deterministic automaton .A. The canonical homomorphism
from finite words to M, (A) is denoted f 4.

Theorem 11.98. Let T € {B, S}. Fix an wT-automaton A and a linked pair t =
(s, e) in the trace monoid Mys(A). There exists a T-regular language of profinite
words M; € A* with the following property:

If a is an w-word and U = uq, uy, . .. is a decomposition of o of type t then the
following conditions are equivalent:
1. a € L(A),

2. there exists a grouping W of U that strongly converges to a profinite word w € M,,
3. there exists a grouping W of U that converges to a profinite word w € M,.

Additionally, one can ensure that M; C fjl(e). The construction of a
T-automaton recognising M, is effective given A and t.

The rest of this section is devoted to showing the above theorem. We fix for
the whole proof an wT-automaton A = (A, Q,1,I',8) and a type t = (s, ¢) in
Mtrans (A)

Intuitively, the requirement for a decomposition U to be of the type ¢ corresponds
to the w-regular part of .4 while the convergence of U to an element of M, takes care
of the asymptotic part of A.

Let us put K, = f'(e) and assume that B, = (A, O, {q1..}, 8., F.) is a deter-
ministic finite automaton recognising the regular language K,. We will ensure that
M, C K..

First we show how to construct a language M,, later we prove its properties. The
definition of M, depends on whether T = B or T = S. The first case is a bit simpler.

Case T = B The language M, is obtained as the union of finitely many B-regular
languages indexed by states ¢ € Q:

M, =] LA,
q€Q

for B-automata .Aq that we describe below. Intuitively, an automaton Aq measures
loops in A starting and ending in q.
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If for no gy € I we have (o, q) € s orif (q,q) ¢ e then L(A;) = &. Assume
otherwise. First we give an informal definition of A,:

— it is obtained from A by interpreting it as a finite word B-automaton,
— it has initial and final state set to ¢,

— it checks that all the counters are reset in a given word,

— it checks that a given word belongs to K.,

— it resets all the counters at the end of the word.

Now we give a precise definition of A, = (A, Qq. I,, Iy, 8,. F,). Let:

- Q,={} U QXQeX{J_,T}F,
~ I, ={(q. qres (L, L. ... D)},
-r,=1r,
- F,={}

and let §, contain the following transitions:

- (p,r,b) &9 (p/,r,b)if p L2 p ed,r e 3. and for every ¢ € I" we
have b'(c) = b(c) Vv (o(c) = reset),
- (q,r, (T, T,...,T)) =% wforo= (reset, reset, . .., reset) if r € F,.

The state = is the only final state used to perform the reset at the end of a word.
During a run, the automaton .4, simulates .4 and B, in parallel, using Q and Q..
Additionally, a vector in {_L, T}’ denotes for every counter whether it was already
reset in a word or not.

Case T = S In that case the language M, is obtained as the union of finitely many
S-regular languages indexed by pairs (¢, 7) € Q x {<, =}

M, = L(A.0.

(g,7)

Intuitively, an automaton 4, , recognises loops ¢ —* ¢ as before. Additionally, the
vector T denotes whether a given counter ¢ € I" obtains bigger values before the
first reset (t(c) =—) or after the last reset (t(c) =<—) on a given finite word. The
following definition formalises this property. A similar technique of assigning a reset
type to a finite run can be found in [BC06].

Definition 11.26. Let p be a run of some counter automaton A over an w-word a.

Let k € N be a position in a and let ¢ € I" be a counter of A. Let:

— Vi be the number of increments of ¢ between the last reset before k and k,
— Vg be the number of increments of ¢ between k and the first reset after k.

If there is no reset of ¢ at some side of k then the respective value is 0. Define the
end-type of ¢ on p in k (denoted as Etp(c, p, k)) by the following equation:

— ifVL < Wg,

Etp(c. p. k) =L oy
L = VR:
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Asbefore if forno gp € I, wehave (qo, ) € sorif(q,q) ¢ ethen L(A, ) = @.
Assume otherwise. We start with an informal definition of A, ,:

— it is obtained from .4 by interpreting it as a finite word S-automaton,
— it has initial and final state set to ¢,

— it checks that all the counters are reset in a given word,

— it checks that a given word belongs to K.,

— for every counter ¢ € I":

o if T(c) =<« then A, . skips the first reset of ¢ and all the previous increments
of ¢ but resets ¢ at the end of a given word,

e if 7(¢) =— then A, . acts on ¢ exactly as .4 (with no additional reset at the end
of the word).

Formally, let 4, . = (A, Quer 1y, Iy, 8

- Qq,r = {*} U QxQ,x {J—a T}r’
- Iq,l’ = {(Q’ ql,ev (J-’ J—’ RN J—))}»
- Fq,r =T,

- Fq,r = {*},

Fq,,> such that

q.7>

and d, ; contains the following transitions:

— (P ) XS (P ) i p S e s, r —%5 1 €8, and for every ¢ € I we
have:

e b'(c) =b(c) Vv (o(c) = reset),
e if b(c) = L and t(c) =< then 0’(c) = nil, otherwise 0'(c) = 0(c),

- (q,r, (T, T,...,T)) =% wifr e F, and for every ¢ € I" we have o(c) = reset
if (¢) =< and o(c) = nil otherwise.

Now we proceed with the proof that the above constructions give us the desired
language M,. First note that in both cases the constructed automata explicitly verify
that a given word belongs to K,. Therefore, M; C K,.

We start by taking an w-word « and its decomposition U = u, uy, ... of the
type r.

11.4.1 Implication (1) = (2)

We need to prove that if @ € L(A) and u is a decomposition of « of type ¢ then there
exists a grouping W of U that strongly converges to a profinite word w € M,.

Assume that there exists an accepting run p of A over «. We want to construct a
grouping W = wy, wy, ... of U such that:

S.1 forn > 0 we have w, € K,,
S.2 all counters in I" are reset by p in every word w,,
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S.3 the state that occurs in the run p at the end-points of all the words w,, is some
fixed state ¢ € Q,

S.4 there exists a vector T € {<, —}' such that for every counter ¢ and every
position k between successive words w,,, w, .+ in we have Etp(c, p, k) = 7(c),

S.5 the sequence of words W is strongly convergent to some profinite word w.

The grouping Z is obtained in steps. Observe that all the above properties are
preserved when taking a grouping of a sequence. Condition S.1 is already satisfied
by the sequence U . First, we group words of U in such a way to satisfy Condition S.2
using the fact that the run p is accepting. Then we further group the sequence to satisfy
Conditions S.3 and S.4 — some state and value of Etp must appear in infinitely many
end-points. Finally, we apply Theorem 11.95 to group the sequence into a strongly
convergent one.

Now, it suffices to show that w € M,. First, observe that p is a witness that there
is a path from [/ to g and from ¢ to ¢ in A.

We consider two cases:

Case T = B Since p is accepting, there exists a constant / such that the values of all
counters during p are bounded by /. We show that for every n > 0 we have w, €
L(A, <I).Itimplies that w € L(A, < [) and therefore w € L(A,) C M,.
Observe that p induces a run p, of A, on w,. By Conditions S.1, S.2, and S.3
we know that p, is an accepting run of A, — it starts in the only initial state and
ends in *. Since .4, simulates all the resets of .4, we know that val(p,) </ and
therefore val(A4,, w,) <.

Case T = S We show that for every [ € N the sequence W from some point on

satisfies val(A, -, w,) > % It implies that for every / we have w € L(A, ; > 1)
and therefore w € L(A, ).
Since p is accepting, for every constant /, from some point on, all the counters are
reset with a value greater than /. Assume that the last reset with the value at most /
occurs before the word wy. We show that forn > N we have val(Ay ., w,) > %
Let p;, be the sequence of transitions of p on w,. Observe that p, induces a run
on of A, - on w,. As before, p, is accepting by Conditions S.1, S.3, and S.2.
Take a counter ¢ € I" and a reset of this counter 7. in p,. Consider the following
cases, recalling Definition 11.26:

— r. corresponds to the first reset of ¢ in the run p;,. Since A, . did not skip .,
7(c) =—. Therefore, ¢ has more increments after the beginning of w, than
before it in p. Therefore val(c, p,, r.) > é

— r. corresponds to a reset of ¢ in the run p; but not the first one. In that case
val(c, pn, re) = val(c, p,, re) > 1.

— rc is the additional reset performed by .4, . at the end of the word w,,. In that
case 7(c) =< so c has greater or equal number of increments before the end
of the word w,, than after it in p. Therefore val(c, p,, r.) > é

In all three cases val(c, p,, 1) > é So we have shown that
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l
val(Ay ) = val(p,) > X

This concludes the proof of the implication (1) = (2).

11.4.2 Implication (2) = (3)

This implication is trivial since strong convergence entails convergence.

11.4.3 Implication (3) = (1)

Now we want to prove that if U is a decomposition of « of type ¢ and there exists a
grouping W of U that converges to a profinite word w € M, then « € L(A).

Let W be a grouping of U such that W converges to a limit w € M,.

We consider two cases:

Case T = B Since w € M,, there exists a state ¢ € Q such that w € L(A,).
Therefore, w € L(A, < /) for some /. Since L(A, <) is an open set and w is
a limit of W, almost all elements of W belong to L(A, < /). Assume that for
n > N we have w, € L(A; < I). Let p, be a run that witnesses this fact. By
the construction of A,, the run p, induces a run p;, of A on w,. Also, since p,
is accepting, p;, resets all the counters at least once.
By the assumption about 7, there exists a run p; of A on wy that starts in some
state in / and ends in ¢, and a sequence of runs p;, on w, for0 < n < N thatlead
from ¢ to g. Therefore, we can construct an infinite run p of A on « being the
concatenation of the runs p; on the words w, for n € N. We show that if . is a
reset of a counter c in p that appears after the word wy then val(c, p,r.) < 2-1.
Since there are only finitely many resets of counters before the word wy, this
bound suffices to show that the run p is accepting.
Observe that the increments in p correspond to the increments in the runs p,.
Also, p performs all the resets that appear in runs p, except the resets at the end
of the words. There can be at most one such skipped reset in a row because every
counter is reset in every run p,,. Therefore, val(c, p, r;) <2-1.

Case T = S Let ¢, T be parameters such that w € L(A, ). Therefore, for every
! € Nwehave w € L(A,; >1). As W is convergent to w and languages
L(A, . > 1) are open, it means that

Vl EN V,1>N val(Aq,T, w,l) > 1. (114)

As above we construct a run p over « that first leads on wq from some state of /
to ¢ and later consists of a concatenation of runs over words w,. Let p{, be any



200 11 Separation for wB- and wS-regular Languages

run of A that leads from I to g on wg. For n > 0 we pick a run p, in such a way
that it is accepting and'

val(p,) = val(A, -, wy).
Observe that by (11.4), we obtain

lim val(Ay ., w,) = lim val(p,) = oo. (11.5)
n—o00 n—00

For n > 0 by p,, be denote the run of A on w, induced by p,. Similarly as in the
previous case, runs p;, for n € N can be combined into a run p of .4 on «. By the
construction of A, ., p resets every counter infinitely often.

Let . be a position in « where a counter ¢ € I is reset during p. Assume that
r. is contained in a word w,, and n > 1 — we do not care about first two words.
Consider two cases:

(tr(c) =—) In that case p performs the same increments and resets of ¢ as the
runs p,. Therefore, val(c, p, r.) = val(p,).

(t(c) =<«) If r. is not the first reset of ¢ in p,, then the value of ¢ before r. in
p is the same as in p,. Assume that . is the first reset of ¢ in p;,. Note that
pon—1 performs an additional reset of ¢ at the end of w,_;. This reset does not
appear in p so val(c, p, r.) = val(p,—1).

In all the cases

val(c, p, r;) = min (val(p,-1), val(p,)) ,

so the values of ¢ before successive resets tend to infinity by (11.5). It means that
p is an accepting run and o € L(A).

This concludes the proof of (3) = (1) and of Theorem 11.98.

11.5 Separation for w-languages

In this section we show the main result of the chapter. The technique is to lift the
separation results for T-regular languages of profinite words into the w-word case.

Theorem 11.9. If Ly, L, are disjoint languages of w-words both recognised by
wB-(respectively wS)-automata then there exists an w-regular language L, such
that

L, C Lsep and L, C LS

sep*

ISince there are only finitely many runs of an automaton on a finite word, there always exists a run
realising the value val(Ay, ;, w,), no matter whether the value is finite or not.
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Additionally, the construction of Ly, is effective.

The rest of the section is devoted to showing this theorem.

Leti € {1, 2} and M| denote the monoid of transitions for an wT-automaton A;
recognising L;. Let f; = f., be the canonical homomorphisms from A* to M ..
Define Tp' as the set of types #; = (s;, ¢;) in the monoid of transitions M ..

For every type t; = (s;, ¢;) € Tp' define M| i C A* as the T- regular language of
profinite words given by Theorem 11.98 for A= A; and t = ¢;. By the statement of

i —1
the theorem we know that le, C fi (e).

Definition 11.27. For a pair of types t; = (s1, e1) € Tpl, th = (52,€) € sz, we
say that t1, t, are coherent if there exist finite words ug, u, € A* such that: f;(us) = s;
and fi(u,) =e; fori =1,2.

An important application of Theorem 11.98 is the following lemma.

Lemma 11.51. If a pair of types t; € Tp', t, € Tp? is coherent then the languages
M,ll, M,z2 are disjoint.

Proof. Take coherent types t; = (s1, 1) and t, = (57, €2).

Assume that there exists a profinite word u € M} N M. Since u € e
for i = 1, 2, there exists a sequence U = uy, u,, ... of finite words converging to
u such that f;(u,) = e; and f>(u,) = e, for all n > 0. Moreover, by coherency
of #1, 1, there exists a finite word u( such that f;(uy) = e; and f>(ug) = e. Let
o = uguly ... We show that « € L; N L, — a contradiction.

Take i € {1, 2}. Observe that « = upu; ... is a decomposition of o of f;-type ¢;.
Additionally observe that the sequence U converges to u and u belongs to M,’ . So,
by Theorem 11.98 we have o € L;. |

Take a pair of coherent types #;, t,. Since the languages M,'l, Mé are disjoint, we
can use Proposition 11.27 to find a separating profinite-regular language R;, ;, C A*
such that

Mll1 - m and Mlz2 - mc

Now we can introduce the w-regular language L, separating L and L.

Definition 11.28. Consider a coherent pair of types (11, t2). Let S, ,, be defined as
Sfollows: S, 1, is the language of w-words o such that there exists a decomposition
o = ugl ...of types ty, t, with respect to f1, fo, such that every grouping of (U,)neN
from some point on belongs to the regular language R, ;,.

Note that the above definition can be expressed in MSO so Sy, ;, is an w-regular
language.

Let Ly, be the w-regular language defined as

Lsep= U SI],lgv

(t1,12)

where the sum ranges over pairs of coherent types.
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Clearly Ly is an w-regular language. What remains is to show the following
lemma.

Lemma 11.52. The language Ly, separates Ly and L,.

Proof. First observe that L; € Lg,. Take @ € L. We want to construct a decom-
position U = ug, uy, ... of o such that:

— the fi-type of U is t; for i = 1,2 and some pair of coherent types (1, %) in
Tp' x Tp?, _
— the sequence U is strongly convergent to some profinite word u € A*.

The sequence U is obtained in steps. First we use Theorem 1.1 to find a decom-
position of & with respect to both monoids M, M2, . at the same time. Such
decomposition satisfies the first bullet above. Then, using Theorem 11.95, we can
group our sequence into U in such a way that U is strongly convergent.

By Theorem 11.98, there exists a grouping W of U that converges to a profinite
word w € Mt'1 - m But since U is strongly convergent, w = u. Therefore,
by the strong convergence of U, every grouping of U converges to u € m So
every grouping of o from some point on belongs to R;, ;, as in the definition of Lep.
Therefore, a € Lgep.

Now we show that L, N Ly, = @. Assume otherwise, that there exists an w-
word @ € Ly N Lgp. Since o € Ly, there exists a coherent pair of types (1, 1)
such that @ € Sy, ;,. Therefore, o can be decomposed as o = ugu; ... of types ¢,
t, respectively. Let U = ug, u;, ... Because @ € L, so by Theorem 11.98 there
exists a grouping W of U with a limit w € Mtz2 . But by the definition of S;, ;, almost
all words in W belong to R, ,, so w € Ry, ,,. Since R, , N M2 = @, we have the
required contradiction. - |

This concludes the proof of Theorem 2.9.

11.6 Conclusions

The main result of this chapter states that both wB- and wS-regular languages have
the separation property with respect to w-regular languages. Therefore, it gives some
understanding how these quantitative models extend w-regular languages. In partic-
ular, from the results of the chapter it follows that if a given language is both wB-
and wS-regular then it is w-regular.

The crucial technical part of the proof is Sect.11.4 (a variant of the reduction
theorem from [Tor12]) that enables to reduce separation of wB- and wS-regular lan-
guages of w-words to the separation of B- and S-regular languages of profinite words.
The reduction depends highly on compactness arguments and an appropriate Ram-
sey’s theorem. The presented proof explicitly distinguishes between two orthogonal
parts of wB- and wS-regular languages: w-regular part and asymptotic part.
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After the reduction, the study of the separation property in the profinite monoid
is relatively easy. In the case of S-languages of profinite words the separation result
follows directly from general topological argument (separation property of IT{-sets).
In the case of B-languages a simple automata theoretic construction is given.

As proved by Bojariczyk and Colcombet [BC06], the classes of wB- and wS-
regular languages are dual: a language is wB-regular if and only if its complement
is wS-regular. A usual pattern in descriptive set theory is that from a pair of dual
classes, exactly one has the separation property and the other does not have. What
is somehow surprising in the case of wB- and wS-regular languages both classes
have the separation property. It may be a witness that these classes are in some sense
meager — they do not contain enough languages to reveal an inseparable pair of sets.

The area of quantitative extensions of regular languages is still developing (see
e.g. [BC06,Bojl1, Coll13, BT09, BT12]). A number of formalisms was proposed but
it is still not clear which of them is the most robust. The results of this chapter may
help to better understand how these formalisms are related and in what directions
they extend w-regular languages.

This chapter is based on [Skr14].



Chapter 12
Conclusions

The results of the thesis involve a number of methods of descriptive set theory. One
of the most common examples is topological hardness: sometimes it is enough to find
topologically hard language to obtain some negative results of non-definability. An
instance of this approach are Chaps. 9 and 10 where negative results about decidability
of MSO+U are given. First, in Chap. 9 examples of MSO+U-definable languages lying
arbitrarily high in the projective hierarchy are given. In consequence there can be
no simple automata model capturing MSO+U on w-words. The topological hardness
of MSO+U is later used in Chap. 10 to prove that the MSO+U theory of the complete
binary tree cannot be decidable in the standard sense. Also, topological hardness is
used in Chap. 5 to prove that index bounds computed by the proposed algorithm (see
Sect.5.4.1, page 79) are tight. Additionally, the dichotomy proved in Chap. 6 involves
topological hardness: a regular language of thin trees is either WMSO-definable or
IT}-hard.

Another important notion that is used in various contexts are ranks. Chapter 4
introduces a new rank based on a given Biichi automaton. It is shown that this rank
corresponds in a very precise sense to the descriptive complexity of the language.
The whole idea to study such a rank is based on one of the fundamental results
of descriptive set theory — the boundedness theorem. Ranks also appear in the
study of thin trees in Chap.6: they turn out to be the combinatorial core of the
characterisation of languages that are WMSO-definable among all trees. Also in this
chapter, the related construction of derivatives is used to give tight upper bounds on
the topological complexity of regular languages of thin trees.

The study of the class of bi-unambiguous languages yielded a new conjecture of
non-uniformizability (Conjecture 2.1). While this notion seems to be well understood
for sets studied in descriptive set theory, there is only few results about uniformiz-
ability in the class of MSO-definable languages of infinite trees. Some new negative
results of this kind are given in Chap. 8. Also, consequences of the newly proposed
conjecture regarding the class of bi-unambiguous languages are listed in Chap. 7.
Hopefully, Conjecture 2.1 will be proved at some point extending our understanding
of ability to uniformize certain relations in MSO.
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A distinct descriptive set theoretic notion that is used in the thesis is the separation
property. First, it is used in Chap.3 to construct certain automata of small index.
A similar construction appears also in Chap. 7. On the other hand, Chap. 11 provides
anew separation result about certain quantitative extensions of w-regular languages.

One of the most fundamental notions in topology is compactness. A combinatorial
counterpart of it is Konig’s lemma. In various cases it is possible to use a compactness
argument instead of pumping. One of the examples is the reduction from languages of
w-words to profinite words from Chap. 11. Also, the main idea behind the languages
constructed in Chap.9 is based on an appropriate application of Konig’s lemma.
Convergence in a compact space turns out to be useful when proving equivalence
between various measures of complexity of trees in Chap. 4.

Regardless of the fact that the involved topological methods are not effective, in
most of the cases the final statements of the presented results are very concrete:
they consist mainly of new decision procedures and computable constructions. Even
the negative results have consequences expressible in the language of theoretical
computer science, for instance Chap. 10 uses topological methods to prove non-
existence of a certain algorithm.

Hopefully, the interplay between topological and automata theoretic methods
presented in the thesis will motivate some further development of such techniques.
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