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Preface

This monograph is devoted to a unified, up-to-date, and accessible exposition of Eu-
clidean distance matrices (EDMs) and rigidity theory of bar-and-joint frameworks.
EDMs, which comprise the first part of the monograph, are those matrices whose
entries can be realized as the squared Euclidean interpoint distances of a point con-
figuration. Such matrices arise in many areas of science and engineering including
statistics, computational biochemistry, and computer science, to name a few. The
second part of the monograph focuses on rigidity theory of bar-and-joint frame-
works. Given a subset E of the interpoint distances of a point configuration, rigidity
theory is concerned with the existence of a second point configuration having the
same interpoint distances as those of E. Various rigidity notions correspond to var-
ious conditions on the second point configuration. Rigidity theory has a long and
rich history going at least as far back as Cauchy (1813) and is of great interest
to structural engineers and mathematicians. EDMs and rigidity theory fall in the
general area of distance geometry. Distance geometry has important applications in
statistics (multidimensional scaling [48]), computational biochemistry (molecular
conformations [66]), and computer science (sensor networks).

The last four decades have seen a growing body of literature on EDMs and rigid-
ity theory. Much of this literature, unfortunately, is available mainly in scattered
form in journals of various disciplines. This, coupled with the lack of a unified no-
tation, makes it difficult to get a firm grasp of the published literature and acts as
a barrier to new researchers entering the field. This monograph is an attempt to
rectify this situation by presenting a unified account of EDMs and rigidity theory
based on the one-to-one correspondence between EDMs and projected Gram matri-
ces. Accordingly, the machinery of semidefinite programming is a common thread
that runs throughout the monograph. As a result, two parallel approaches to rigidity
theory are presented. The first one is traditional and more intuitive and is based on
a vector representation of a point configuration. The second one is novel and less
intuitive and is based on a Gram matrix representation of a point configuration. Each
of these two approaches, obviously, has its advantages and disadvantages.

vii



viii Preface

The monograph is self-contained and should be accessible to a wide audience
including students and researchers in statistics, computational biochemistry, engi-
neering, computer science, operations research, and mathematics. The notation used
here is standard in the semidefinite programming literature. Chapters 1 and 2 pro-
vide the necessary background for the rest of the chapters. The focus of Chap. 1 is
on pertinent results from matrix theory, graph theory, and convexity theory, while
Chap. 2 is devoted entirely to positive semidefinite (PSD) matrices due to the key
role these matrices play in our approach. Chapters 3—7 are devoted to a detailed
study of EDMs, and in particular their various characterizations, classes, eigenval-
ues, entries, and geometry. Chapters 9 and 10 are devoted to local and universal
rigidities of bar-and-joint frameworks. The literature on rigidity theory is vast. We
chose to include only those two notions of rigidity because they lend themselves eas-
ily to semidefinite programming machinery used throughout the monograph. More-
over, due to space limitation, we discuss only the most significant results and results
directly relevant to EDMs. Finally, Chap. 8 is a transitional chapter that links rigidity
theory to EDMs by viewing various rigidity problems as EDM completion unique-
ness problems.

Finally, I would like to express my sincere thanks and gratitude to Katta G. Murty
(thesis advisor) and Henry Wolkowicz (postdoctoral advisor). Murty introduced me
to Henry and Henry introduced me to EDMs.

Windsor, ON, Canada Abdo Y. Alfakih
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Chapter 1 )
Mathematical Preliminaries Creck o

In this chapter, we briefly review some of the mathematical preliminaries that will
be needed throughout the monograph. These include a brief review of the most
pertinent concepts and results in the theories of vector spaces, matrices, convexity,
and graphs. Proofs of several of these results are included to make this chapter as
self-contained as possible.

1.1 Vector Spaces

The notion of a vector space plays an important role in Euclidean geometry. In this
monograph we are interested only in finite-dimensional real vector spaces.

Let ¥ be a nonempty set equipped with the operations of addition and scalar
multiplication. Then ¥ is a real vector space (or a real linear space) if the following
conditions are satisfied:

x+y=y+xforall x,yin 7.

x+(y+z)=(x+y)+zforall x,y,zin ¥.

There exists a unique 0 € ¥ such that x+0 = x for all x € 7.

For each x € 7, there exists a unique (—x) € ¥ such that x+ (—x) = 0.
(a+B)x=o0x+Pxforall a,finRandall x€ 7.

o(x+y) =ox+ oy for all @ in R and all x,y in 7.

(aP)x=a(Bx) forall o, in R and all x in ¥

Ix=xforallxe 7.

PN B P

The vector spaces of interest to us are the ones where ¥ = R” and ¥ = %", the
set of n X n real symmetric matrices. The elements of real vector space ¥ are called
vectors. If the origin 0 is of no particular interest to us, then the elements of ¥ are
called points. Let ¥ be a real vector space and let ¥/ C ¥ If ¥” is a real vector
space in its own right, then ¥ is called a linear subspace, or a subspace for short,
of ¥ Itis easy to see that a nonempty subset of ¥ is a subspace of ¥ iff it is closed
under linear combinations.

© Springer Nature Switzerland AG 2018 1
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2 1 Mathematical Preliminaries

An inner product on a real vector space ¥/, denoted by (.,.), is a real-valued
function on ¥ x ¥ that satisfies the following properties:

1. (x,x) >0forallxe ¥ and (x,x) =0iff x=0.
2. (ax+By,z) = a{x,z) + B{y,z) forall x,y,zin ¥ and all &, § in R.
3. (x,y) = (y,x) forall x,yin ¥

A vector space on which an inner product is defined is called an inner product space.

A norm on a real vector space ¥, denoted by ||x||, is a function ¥ — R that
satisfies the following properties:

1. ||x|| >0forallx € ¥, and ||x|| = 0 iff x = 0.
2. ||ax|| = |e] ||x|| for all x in ¥ and all & in RR.
3. |lx+y[ <|Jx||+||y|| for all x,y in ¥

A vector space equipped with a norm is called a normed vector space. Every inner
product naturally induces a norm of the form ||x|| = (x,x)l/ 2. Our interest in this
monograph is in the norm in R” induced by (x,y) = x” y and the norm in .#” induced
by (X,Y) = trace(XY).

Theorem 1.1 (Cauchy-Schwarz inequality) Let x and y be two vectors in a real
vector space V equipped with inner product (.,.). Then

x| < (e ()2,

where equality holds if and only if x — oty = 0 for some scalar o.

Proof. Let||x||> = (x,x). Then, it follows from the definition of inner product that
(x —ty,x —ty) = £2||y||> — 2¢{x,y) + ||x[|*> > O for all € R. Now if y = 0, then the
result follows trivially. Thus, assume that |[y||*> # 0 and let

po o)
_ )
b
Then 5
(x=inx=iy) = I = T >0
y

Consequently, (x,y)% < |[y||?||x||?, with equality iff x — 7y = 0.
O
Cauchy—-Schwarz inequality is used to establish the continuity of the inner prod-
uct.

Lemma 1.1 Let {x*};cn, {Y}ren be two sequences in ¥ that converge to x and y,

respectively. Then
lim (¥, %) = (x,).

k—roo

That is, the inner product (x,y) is a continuous function.
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Proof.
(0K = e = [0 = 50 + () = ()|
= (5 (0 =) + (& =x),3)]
< O0F =)+ [ = x),0)]
I =yl [ = x| {1yl

where the last inequality follows from Cauchy—Schwarz inequality. Now ||x¥|| is
bounded by the convergence of {x*}. Thus, (x*,y*) — (x,y) as x* — x and y*¥ — y.
O
Let 7] and #; be two vector spaces and let T : #] — 75 be a linear transformation.
The adjoint of T, denoted by T*, is the unique transformation 7% : ¥, — ¥ that
satisfies
(»,T(x)) =(T*(y),x) forall x € ¥] and for all y € ¥5.

For example, let Diag(x) denote the diagonal matrix formed by vector x and let
diag(A) denote the vector consisting of the diagonal entries of matrix A. Let R" be
endowed with inner product (x,y) = x”y and let .#" be endowed with the trace inner
product (A, B) = trace(AB). Further, let T : R" — .&"", where T (x) = Diag(x). Then
for any A € %", we have

trace(ADiag(x) z a;ix; = x' diag(A).
i=1

Therefore, the adjoint of 7' is T* : " — R", where T*(A) = diag(A).

1.2 Matrix Theory

In this monograph we deal only with real matrices. Let A be an n x n matrix. The
matrix obtained from A by deleting n — k rows and n — kK’ columns, where 1 <k, k' <
n, is a k x k' submatrix of A. A principal submatrix of A is the square submatrix
obtained from A by deleting similarly indexed rows and columns; i.e., if the ith row
of A is deleted, then so is the ith column. The determinant of a principal submatrix
of A is called a principal minor of A. The kth leading principal submatrix of A is
the square submatrix obtained by deleting the last n — k columns and rows of A.
Note that the nth leading principal submatrix of A is A itself. The determinant of
the kth leading principal submatrix of A is called the kth leading principal minor of
A. It easily follows that an n X n matrix has 2" — 1 principal minors and » leading
principal minors.



4 1 Mathematical Preliminaries

1.2.1 The Characteristic and the Minimal Polynomials

Let A be an n X n matrix and let x be a nonzero vector in R”. Then x is said to be an
eigenvector of A if
Ax = Ax,

for some scalar A, in which case, A is said to be the eigenvalue of A corresponding
to x. The pair (4,x) is called an eigenpair of A. An immediate consequence of this
definition is that the eigenvalues of A are the roots of the polynomial

xa(A) = det(A—AI). (1.1)

xa(A) is called the characteristic polynomial of A. An important fact to bear in
mind is that A and AT have the same characteristic polynomial and hence the same
eigenvalues. Since y4(A) is of degree n, it follows that A has n eigenvalues some of
which may be complex even if A is real. On the other hand, A may or may not have
n linearly independent eigenvectors. A is said to be diagonalizable if there exists a
nonsingular matrix S such that

A=SAS",

where A is the diagonal matrix consisting of the eigenvalues of A, in which case,
the columns of S are the eigenvectors of A, and the rows of S~! are the eigenvec-
tors of AT, It is easy to see that A is diagonalizable if and only if it has n linearly
independent eigenvectors. As will be shown next, real symmetric matrices are al-
ways diagonalizable, and more importantly, they are diagonalizable by orthogonal
matrices.

Theorem 1.2 Let A be an n X n real symmetric matrix. Then A has n real eigenval-
ues and n orthonormal eigenvectors.

Proof. Let Ax = Ax. Then A% = A&, where & is the complex conjugate of x. There-
fore, 7 Ax —xTA% = (A — A) & x = 0. Thus, A = A since &’ x # 0. Hence, A is real
and thus x can be chosen real.

Now let Ax' = A;x!' and Ax> = A,x?%, where A; # A,. Then 2l axt —x'Tax? =
(M —A2) 2" x! = 0. Thus x2" x! = 0. Hence, the eigenvectors of A corresponding
to distinct eigenvalues are orthogonal. Now if an eigenvalue A of A is repeated, then
the eigenvectors corresponding to A can be chosen to be orthogonal.

O

Theorem 1.3 (The Spectral Theorem) Let A be a real n X n matrix. Then A is sym-

metric if and only if
A=QAQ", (1.2)

where A is the diagonal matrix consisting of the eigenvalues of A and Q is an or-
thogonal matrix whose columns are the corresponding eigenvectors.

Equation (1.2) is called the spectral decomposition of A. Let (A1,q' )se- -+ (Anq") be

the eigenpairs of A. Then Eq. (1.2) can be written as A = ¥ | Ai¢'(¢")”.
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Rayleigh—Ritz Theorem gives a variational characterization of the largest and the
smallest eigenvalues of a real symmetric matrix.

Theorem 1.4 (Rayleigh—Ritz) Let A be an n x n real symmetric matrix and let
A > oo > A, be the eigenvalues of A. Further, let x' and X be eigenvectors of
A corresponding to Ay and A,, respectively. Then

T T

x'Ax . x'Ax

A = max and A, = min
x#A0 X' X x#A0 X' X

Moreover, the maximum is attained at x* and the minimum is attained at x".

Proof. We only present a proof of the maximum case. The proof of the minimum
case is similar. Let A = QA QT be the spectral decomposition of A. Then for all x # 0

we have

xL Ax :yTAy pYs 1l,yl <
xfx o yly Ly

since Y7 Liy? < 3, A1y?. The result follows since (x')TAx! = 2, (x!)7x!
O
We will find the following corollary of Rayleigh—Ritz Theorem useful in later
chapters.

Corollary 1.1 Let A be an n x n real symmetric matrix. Let A1, ..., A, be the eigen-
values of A with corresponding orthonormal eigenvectors q',....q". Assume that
M > A foralli=2,....n and let x be a unit vector such that x' Ax = A;. Then
x==+q'.

Proof. Letx=3",0q" Then 3" o2 =1and A; = ¥, o> A;. Hence,

20{2/1 M1 —of) )leoc

i=2

Therefore, 37, (A1 — ;) = 0. But (A4; — A;) > 0 for all i = 2,...,n. Hence,
o = *Oznanndthusx::I:q.
O

Theorem 1.5 Let A be a real symmetric n X n matrix and let £ be a k-dimensional
subspace of R" such that x' Ax < 0 for all x € . Then A has at least k nonpositive
eigenvalues.

Proof. Letq',... 4" be orthonormal eigenvectors of A with corresponding eigen-
values A; > --- > A,. Let S = span {¢',...,¢"**1}. Then dim(S) = n — k + 1. Thus
£ NS # 0 and hence let x be a unit vector in .2 N S. Hence, A, ;4 < xTAx <0.
Therefore, A, < -+ < A,_x11 <0.
O
The inertia of a real symmetric matrix A is the ordered triple (n4,n_,np), where
ny,n_, and ng are, respectively, the numbers of positive, negative, and zero eigen-
values of A. Thus, rank(A) =n4 +n_.
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Theorem 1.6 (Sylvester Law of Inertia) Let A be an n X n real symmetric matrix
and let S be a nonsingular n x n matrix. Then A and SAST have the same inertia.

Theorem 1.7 (Cauchy Interlacing Theorem) Let (1 > --- > U, be the eigenval-
ues of an n X n real symmetric matrix A. Let B be any (n— 1) x (n— 1) principal
submatrix of A and let Ay > --- > A,_1 be the eigenvalues of B. Then the eigenvalues
of A are interlaced by those of B; i.e.,

> Mg > e fork=1,....n—1.

The coefficients of the characteristic polynomial can be expressed in terms of the
principal minors.

Theorem 1.8 Let A be an n x n matrix and let cy be the coefficient of A* in ya (L),
the characteristic polynomial of A. Then for k < n— 1, we have

cr = (=1)X x the sum of all principal minors of A of order n— k.

Proof. Let ¢’ be the ith standard unit vector in R” and let A, ; be the jth column of
A. Then

aa(A) = det(A— A1) = det( [(Ag —Ae') (Aa—Ae®) - (A,—Ae")]). (1.3)

Since the determinant is linear in each column separately, the coefficient of A* in
(1.3)is
e = (—1)* Y det( [x(1) x(2)...x(k) x(k+1)...x(n)] ), (1.4)

where the sum is taken over all possible ways to replace x(j) with A j or e/ such
that the total number of e/’s is k. For instance, det([e! ¢*...ek A ;... A,]) is one
of the terms in the sum in (1.4). But this term is precisely the principal minor of A
of order n — k, obtained by deleting the first k rows and columns. Hence, the sum in
(1.4) is the sum of all principal minors of A of order n — k.
O
The coefficient ¢, is called the leading coefficient of y4(A) and it is equal to
(—1)". Also, Theorem 1.8 immediately implies that ¢y = det(A), ¢, = (—1)""!
trace(A). Note that the determinant and the trace are equal, respectively, to the prod-
uct and the sum of the eigenvalues counting multiplicities.

Theorem 1.9 (Cayley-Hamilton) Every square matrix satisfies its characteristic
polynomial.

The geometric multiplicity of an eigenvalue A is equal to the maximum number of
linearly independent eigenvectors corresponding to A. On the other hand, the alge-
braic multiplicity of A is equal to the number of times A is repeated as a root of the
characteristic polynomial. Note that the geometric multiplicity of an eigenvalue is
always less than or equal to its algebraic multiplicity. Moreover, matrix A is diago-
nalizable if and only if, for each eigenvalue of A, the geometric multiplicity is equal
to the algebraic multiplicity.
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Let A1,...,A be the distinct eigenvalues of A with respective algebraic multi-
plicities my, ..., my. Then

2a(A) = (A =)™ (A —A)™.
Hence, Cayley—Hamilton Theorem implies that
2a(A) = (M —A)™ ... (NI —A)™ =0.

A polynomial is called monic if its leading coefficient is 1. The minimal polyno-
mial of A, denoted by m4 (1), is the smallest degree monic polynomial that annihi-
lates A, i.e., ma(A) = 0. Consequently,

ma(A)= (A1 —A)" . (A —A)'*,
where r; <m; foralli=1,... k.

Theorem 1.10 Let A be an n X n matrix. Then A is diagonalizable if and only if its
minimal polynomial, my (L), is the product of linear terms, i.e., iff ry =---=ry = 1.

The norm of matrix A, denoted by ||A||, is a real-valued function that satisfies
the following three properties: (i) ||A|| > O for all A and ||A|| = 0 iff A = 0, (ii)
||0Al| = || ||A]| for all A and for all scalars o, and (iii) ||A + B|| < ||A|| +]|B]| for
all A and B. In addition, if a matrix norm satisfies the property that ||AB|| < ||A|| ||B||
for all A and B, then this norm is said to be consistent or submultiplicative.

The Frobenius norm of an m x n real matrix A, denoted by ||A||F, is defined by
[|A||F = v/trace(ATA). It is not hard to show that the Frobenius norm is submulti-
plicative. Every vector norm ||x|| induces a matrix norm as follows:

A
4] = max 11441
A0 ||x]]

Thus, ||A|]|]x|| > ||Ax|| for any x. Accordingly, every induced matrix norm is sub-
multiplicative since

||ABx[| < [|A][[|B]|[|x]| for any x € R".

Furthermore, it follows from Rayleigh-Ritz Theorem that ||A||,, the matrix norm
induced by the Euclidean vector norm, is given by |JA|]2 = \/Amax(ATA). Conse-
quently, ||A||2 < ||A||F for any matrix A.

1.2.2 The Perron Theorem

A vector x in R" is said to be positive, denoted by x > 0, if x; >0 foralli=1,...,n.
Similarly, an n x n real matrix A is said to be positive (nonnegative), denoted by
A>0(>0), ifa;; >0(=0)foralli,j=1,...,n. A nonnegative matrix A is said to
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be primitive if A* > 0 for some positive integer k. Clearly, positive matrices form a
subset of primitive matrices. The spectral radius of A is p(A) = max{|A;| : A; is an
eigenvalue of A}.

Theorem 1.11 (Perron) Let A be an n X n primitive matrix and let p (A) be its spec-
tral radius. Then

1. There exists an eigenvalue Ay = p(A) with a corresponding eigenvector x' > 0.
2. Ay has algebraic multiplicity 1.

3. x! is the only positive eigenvector of A.

4. Ay > |A| for all eigenvalues A # A; of A.

The eigenpair (A1,x") is called the Perron eigenpair.

To keep the proof simple, we assume that matrix A is symmetric. Also, we as-
sume that A is positive. We comment later on the proof when A is primitive.
Proof. Assume that A is symmetric and positive. Thus p(A) >0.LetA; >--- > A,
be the eigenvalues of A. Notice that A; > 0 since trace(A) > 0. Therefore, p(A) is ei-
ther equal to A; or |4,|. Let y' and y" be the normalized eigenvectors corresponding
to Ay and A,, respectively, and let x! = |y!|, i.e., x] = [y!| fori=1,...,n. Then

Ml = ") AY"| = | Y aijyiyi| < Y aijly?| Y] < Ai,
7 7

where the last inequality follows from Rayleigh-Ritz Theorem. Thus A; = p(A).
Moreover,
=2 = 10DTAy! < (DT A < 4y

Therefore, (x')”Ax! = A; and thus Ax' = A;x'. Furthermore, since x' > 0 and since
x! = Ax' /A4, it follows that x! > 0. This proves Statement 1.
To prove Statement 2, assume that there exists y such that Ay = A;y. Let

1 1
a:min{ﬁ:yi>0}:xﬂ>0.
Vi Yiy
Let z =x' — oy. Then z > 0 and z;, = 0. Assume that z # 0. Then Az = A,z and
hence, z = Az/A; must be > 0 since z > 0, a contradiction. Therefore, z =0 and y is
a multiple of x' and hence the geometric multiplicity of A, is 1. Statement 2, thus,
follows since A is diagonalizable.

Statement 3 follows from the fact that eigenvectors corresponding to distinct
eigenvalues of a real symmetric matrix are orthogonal. Indeed, assume, to the con-
trary, that there exists an eigenpair (A4,y), where A # A; and y > 0. Thus, on one
hand yTx1 > 0, and on the other hand, y and x! are orthogonal, a contradiction.

To prove Statement 4, it suffices to prove that A, # —A;. To this end, assume
to the contrary that Ay" = —A;y". Then (y")"x! = 0. Moreover, A%y = A%y and
A%x! = A2x!. Thus, for the symmetric positive matrix A2, the algebraic multiplicity

of the Perron eigenvalue QLIZ is 2, a contradiction.
O
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The proof of the case where A is primitive uses the above proof applied to the
symmetric positive matrix AX. It also uses the following facts. First, if A;,...,24,
are the eigenvalues of A, then Af,..., AX are the eigenvalues of A¥. Consequently, if
|A1]k > - > |A,[%, then |A;| > --- > |A,|. Second, since the algebraic multiplicity
of /llk is 1, and thus its geometric multiplicity is also 1, it follows that the Perron
eigenvector x! of A is also a Perron eigenvector of A. Furthermore, A; > 0 since
Axt = At

1.2.3 The Null Space, the Column Space, and the Rank

Let A be an m x n real matrix. The null space of A is null(A) = {x ¢ R": Ax=0} and
the column space of A is col(A) = {y € R : y = Az for some z in R"}. Both null(A)
and col(A) are, respectively, subspaces of R” and R™ of dimensions n —rank(A) and
rank(A). The subspace null(AT) is often called the left null space of A.

Every k-dimensional subspace .Z of R” can be represented either as the column
space of an n X k matrix A, or as the null space of an (n — k) x n matrix B. The
columns of A form a basis of .#, while the rows of B form a basis of .Z+, the
orthogonal complement of .Z" in R”.

The Moore—Penrose inverse of A, denoted by AT is the unique matrix that sat-
isfies: (i) AATA = A, (ii) ATAAT = AT, (iii) (ATA)T = ATA, and (iv) (AAT)T = AAT,
Obviously, if A is nonsingular, then AT = A~!. The following two facts are easy to
verify. First, if A has full column rank, then A" = (ATA)_IAT. Second, if A = QA QT
where Q is orthogonal, then A" = QATQT.

A matrix P satisfying P> = P is called a projection matrix. If such P is symmetric,
then it is called an orthogonal projection matrix. Otherwise, it is called an oblique
projection matrix. It easily follows that AA™ is the orthogonal projection matrix onto
col(A). Notice that AAT is symmetric. Thus, if the system of equations Ax = b is
consistent, i.e., if AA"h = b, then x = ATb + (I — ATA)z, where z is an arbitrary
vector, is a solution of this system since Ax = AATH = b.

The following technical result will be used repeatedly in this monograph.

Proposition 1.1 Let A and B be two real symmetric square matrices such that AB =
0. Further, assume that A is singular and let U be the matrix whose columns form
an orthonormal basis of null(A). Then B=U®UT, where ® = UT BU.

Proof. Let A=WAWT be the spectral decomposition of A, where A is the di-
agonal matrix consisting of the nonzero eigenvalues of A. Therefore, W/'B = 0
since WA has full column rank. Let Q = [W U]. Then Q is orthogonal and

OTBQ = {g g} , where @ = UTBU. Consequently, B=U®U".
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Let A and B be two m x n matrices. Then col([A B]) = col(A) 4 col(B). Hence,
dim (col([A B])) = dim(col(A)) + dim(col(B)) — dim(col(A) Ncol(B)). Therefore,

rank([A B]) = rank(A) + rank(B) — dim(col(A) Ncol(B)). (L.5)

On the other hand, col(A+B) ={y:y=(A+B)zforsome ze R"} = {y:y=
[AB] [ﬂ for some z € R"} C col(]A B]). Therefore,

rank(A + B) < rank([A B]). (1.6)
As a result, it follows from Egs. (1.5) and 1.6 that

rank(A + B) <rank(A) +rank(B). (1.7)

The following theorem establishes a necessary and sufficient condition for equal-
ity to hold in Eq. (1.7).

Theorem 1.12 (Marsaglia and Styan [140]) Let A and B be two m X n matrices.
Further; let oo = dim(col(A) Ncol(B)) and B = dim(col(AT) N col(BT)). Then

rank(A + B) = rank(A) + rank(B)
ifand only if o = 3 = 0.

We present the proof for the case where A and B are symmetric.
Proof. It follows from Egs. (1.5) and 1.6 that

rank(A + B) <rank([A B]) < rank(A) + rank(B) — a < rank(A) + rank(B).

Thus, if rank(A + B) = rank(A) + rank(B), then a = 0.

To prove the reverse direction, let A = W; A; W[ and B=W,A,W] be the spectral
decompositions of A and B, where A; and A, are the diagonal matrices consisting
of the nonzero eigenvalues of A and B. Thus, W; and W, are orthonormal bases of

col(A) and col(B). Let A = [/:)1 /? } . Then rank(A ) = rank(A) + rank(B).
2

If oo = 0, then W = [W; W, has full column rank and hence, has a left inverse
Wi =(WITW)~'WT;ie., W'W = I. Moreover,

A 0] W]
A+B=[W Wz][ol AJ [W;T]'

Thus,
rank(A + B) = rank(WAWT) > rank(WWAWT (W")7) = rank(A)

and the proof is complete.
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As an illustration of Theorem 1.12, let A and B be two real symmetric matrices
such that AB = 0. Then clearly col(B) is perpendicular to col(A). Thus, by Theo-
rem 1.12, rank(A 4+ B) = rank(A) + rank(B).

A real-valued function f(x) is said to be lower semicontinuous if the set {x :
f(x) > a} is open for every a € R.

Lemma 1.2 Let ™ denote the set of m X n real matrices and let S C R". Let
A(x) : § — L™ be continuous. Then rank(A(x)) is lower semicontinuous.

Proof. LetacRandletS ={x€S:rank(A(x)) >a}.If S =0, then S’ is open.
Therefore, assume that S’ # @ and let x° € §'. Assume that rank(A(x")) = k, then
there exists a k x k submatrix of A(x?), say A » 7 (x%), such that det(A » 7 (x9)) #0.
Hence, by the continuity of the determinant function, there exists a neighborhood U
of x? such that det(A » 4 (x)) # 0 for all x € U. Consequently, rank(A(x)) > k > a
forall x € U and thus U C §'. As a result, §' is open and the result follows.
O

Hence, for a sufficiently small perturbation of A, rank(A) either stays the same
or increases. That is, for a sufficiently small neighborhood U of x°, rank(A(x)) >
rank(A(x?)) for all x € U.

We end this section with a useful property of rank-2 symmetric matrices. Vectors
u and v in R" are parallel if u = cv for some nonzero scalar c¢. Thus, u and v are
parallel if u = v =0.

Proposition 1.2 Let a and b be two nonzero, nonparallel vectors in R", n > 2, and
let C = ab” +ba”. Then C has exactly one positive eigenvalue A and one negative
eigenvalue A,, where

A =a" b+ |lal| [|b]| and Ay = a" b~ |al| ||5]].

.|| is the Euclidean norm.

Here,

Proof. Assume that n = 2 and let the eigenvectors of C be of the form xa + yb,
where x and y are scalars. Then C(xa + yb) = A(xa + yb) leads to the following

system of equations:
a’b |b||2} [x] [x]
=1 . 1.8
ik s | o] =23 4o

T 2

Hence, the eigenvalues of C are precisely the eigenvalues of LTa'bz |LbT| [L } , which
are Ay = a’ b+ ||al| ||b|| and A, = ab— ||al|| ||b]|.

Now assume that n > 3 and let !, ..., 4" ~? be an orthonormal basis of the null

n—2

T
a . .
space of [ bT]' Then obviously, u',...,u are orthonormal eigenvectors of C

corresponding to eigenvalue 0. Thus, we have two remaining eigenvectors of C of
the form xa + yb, where x and y satisfy Eq. (1.8). Therefore, the remaining two
eigenvalues of C are A; and A, as given above. The fact that A; > 0 and A,, < 0 fol-
lows from Cauchy—Schwarz inequality since a and b are nonzero and nonparallel.
0O
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1.2.4 Hadamard and Kronecker Products

Let A and B be two m x n matrices. The Hadamard product of A and B, denoted by
AoB,is the m x n matrix C such that ¢;; = a;;b;; foralli=1,...,mand j=1,...,n.
An n X n symmetric matrix A is said to be positive definite (positive semidefinite) if
and only if all of its eigenvalues are positive (nonnegative). Chapter 2 is devoted to
a detailed study of these matrices.

Theorem 1.13 (Schur Product Theorem) Let A and B be two n X n symmetric
positive semidefinite matrices. Then A o B is symmetric positive semidefinite.

It should be pointed out that Schur Product Theorem follows from Theorem 1.15
below. Let A and B be two m x n and p x g matrices, respectively. The Kronecker
product of A and B, denoted by A ® B, is the mp X ng matrix

ay B apB -+ a,B
a»B a»nB --- ay,B

A®B=

am B aoB -+ amyB

The following basic lemma follows immediately from the definition.

Lemma 1.3 Let A, B, C, and D be matrices of appropriate sizes. Then
(A®B)(C®D) = (AC) ® (BD).

Let A and B be two n x n and m X m matrices and let (A,x) and (u,y) be two
eigenpairs of A and B, respectively. Then it immediately follows from Lemma 1.3
that (A, x®y) is an eigenpair of A ® B. Moreover, every eigenvalue of A ® B is
of the form A;u; where A; and u; are eigenvalues of A and B. Hence, we have the
following two theorems.

Theorem 1.14 Let A and B be two n x n and m X m matrices. Then

1. det(A®B) = (det(A))™ (det(B))",
2. trace(A ® B) = trace(A) trace(B).

Theorem 1.15 Let A and B be two symmetric positive semidefinite matrices. Then
A ® B is positive semidefinite.

Schur Product Theorem follows from Theorem 1.15 since A o B is a principal
submatrix of A ® B. See Chap. 2 for more details.

For more details concerning the topics discussed in this section, see, e.g., [112,
113, 41].
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1.3 Graph Theory

In this monograph, we are interested in connected simple (no loops and no multiple
edges) graphs. For a simple graph G = (V, E), we denote by V(G) its node set and by
E(G) its edge set. We assume that V(G) = {1,...,n} and that the number of edges
of G is m. The complement graph of G is G = (V(G),E(G)), where {i, j} € E(G)
iff i # j and {i,j} & E(G). The cardinality of E(G) is denoted by m and hence
m =n(n—1)/2—m. The edges of G are referred to as the missing edges of G.

The adjacency matrix of G is the n x n symmetric (0 — 1) matrix A = (a;;) such
that a;; = L iff {i, j} € E(G). The degree of node i, denoted by deg(i), is the number
of edges incident with i. The vector consisting of all the degrees is denoted by deg.
As a result, deg = Ae, where e is the vector of all 1’s in R”. Nodes of degree one
are called leaves. It is easy to see that the sum of the degrees in a graph is equal to
twice the number of its edges, i.e., el deg =2m.

Let us orient each edge {i, j} arbitrarily as (i, j) and refer to i and j as the fail
and the head of (i, j), respectively. The node-edge incidence matrix of G is the n X m
matrix M = (im;;) such that

1 if node i is the tail of edge j,
m;j = q —1 if node i is the head of edge j,
0 otherwise.

Obviously, M e = 0. Moreover, it is easy to prove that rank(M) = n — 1 if and only
if G is connected. The matrix

L = Diag(deg) —A = Diag(Ae) — A

is called the Laplacian of G. It is a well-known result in algebraic graph theory
[42] that L = MMT . Consequently, Le = 0 and L is positive semidefinite. Moreover,
rank(L) = n— 1 iff G is connected.

Graph G is complete if its adjacency matrix is A = E — I, where E is the n x n
matrix of all 1’s and [ is the identity matrix of order n. That is, G is complete if every
two of its nodes are adjacent. The complete graph on n nodes is denoted by K,,. A
clique of G is a complete subgraph of G. Graph G is said to be k-vertex connected
if either G = K1, or |[V(G)| > k+ 2 and the deletion of any k& — 1 nodes leaves G
connected. Connected graphs with no cycles are called trees . It is not hard to see that
if T is a tree on n nodes, then T has n — 1 edges. Thus for a tree T, el deg=2(n—1).

A graph is said to be series-parallel [47] if it can be obtained from an edge by
a sequence of series and parallel extensions. A series extension is the subdivision
of an edge, while a parallel extension is the addition of a new edge joining two
adjacent nodes.

Graph G is said to be chordal [44, 89] if every cycle of G of length > 4 has a
chord, that is, an edge connecting two nonconsecutive nodes on the cycle. Chordal
graphs are also known as triangulated, monotone transitive, rigid circuit, or perfect
elimination graphs.
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Among the many different characterizations of chordal graphs, the following two
are the most useful for our purposes. An ordering 7(1),...,7(n) of the vertices of a
graph G is called a perfect elimination ordering if for each i = 1,...,n— 1, the set
of vertices 7(j), j > i that are adjacent to (i), induce a clique in G.

Theorem 1.16 (Fulkerson and Gross [82]) Graph G is chordal if and only if it has
a perfect elimination ordering.

It should be pointed out that such a perfect elimination ordering can be obtained in
polynomial time [161].

Let G and G, be two graphs and let K; C V(G) and K, C V(G3) be two cliques
of the same cardinality. We say that G is a cliqgue sum of G| and G if it is obtained
from G| and G, by identifying K; and K, and then deleting duplicate edges in the
clique.

Theorem 1.17 (Dirac [72]) Graph G is a chordal graph if and only if it is a clique
sum of complete graphs.

RO

G G Gy G3

Fig. 1.1 The chordal graph of Example 1.1

Example 1.1 Consider the chordal graph G depicted in Fig. 1.1. Clearly, the or-
dering 1,2,...,6 is a perfect elimination ordering of G. Also, it is clear that G is a
clique sum of the three complete graphs G1,G», and Gs.

A graph is planar if it can be drawn in the plane with no two of its edges crossing.
Every planar graph admits a planar drawing in which all edges are straight line
segments (Fary’s Theorem [78]). A drawing of a connected planar graph divides the
plane into regions or faces. The unbounded face is called the outer face and all other
bounded faces are called inner faces.

1.4 Convexity Theory

Convex sets play a prominent role in this monograph. For excellent references on
the topics discussed in this section, see, e.g., [160, 109, 166]. Let ¥ be a finite-
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dimensional normed real vector space. Our interest here is in the two Euclidean
vector spaces: R” endowed with the inner product (x,y) = x”y, and .#" endowed
with the trace inner product (A, B) = trace(AB). When the origin 0 is of no interest
to us, we refer to the elements of ¥ as points. On the other hand, given a point
configuration, we can always impose a vector space structure by fixing an origin.

Set S C 7 is said to be convex if the closed line segment joining any two points of
S lies entirely in S, i.e., for any two points x' and x” in S, the point Ax! + (1 — 4)x?
lies in S for all A : 0 < A < 1. The convex hull of S, denoted by conv(S), is the
smallest convex set containing S. Set S is said to be affine if the line passing through
any two points of S lies entirely in S, i.e., for any two points x! and x? in S, the point
Ax' 4+ (1—2)x? lies in S for all A. Every affine set in 7 is parallel to a unique vector
subspace in #'. The dimension of an affine set is equal to the dimension of the vector
subspace parallel to it. The affine hull of S, denoted by aff(S), is the smallest affine
set containing S. The dimension of S is equal to the dimension of aff(S). Finally,
set K in ¥ is said to be a cone if for every x in K and for every scalar o > 0, it
follows that ox lies in K. Cone K is pointed if KN (—K) = {0}. The conic hull of
set S is the set of all conic combinations (i.e., linear combinations with nonnegative
coefficients) of vectors in S.

Let S be a convex set and let x € S. We say that x is an interior point of S if there
exists » > 0 such that the set {y € ¥ : ||y —x|| < r} CS. That is, x is an interior point
of S if and only if, for every d € ¥, there exists € > 0 such that x + &d lies in S.
The interior of S, denoted by int(S), is the set of all interior points of S. Set S is said
to be open if S = int(S). On the other hand, S is said to closed if its complement is
open, i.e., if the set {x € ¥ : x € S} is open. The closure of S, denoted by cl(S), is
the smallest closed set containing S.

Theorem 1.18 Let S C V. Then S is closed if and only if for every sequence {x*}rcx
in S that converges to x € V', it follows that x € S.

Let S; and S be two sets in #. Then S = S| + S is the set defined as § = {x :
x=x"4x2, where x! € §; and x% € S»}. S is called the Minkowski sum of S| and S.
Set S is said to bounded if for all x € S, ||x|| < M for some finite scalar M. Set S is
said to be compact if it is both closed and bounded. As an immediate consequence
of the definition of convex sets, we have that the intersection of two convex sets is
convex, and the Minkowski sum of two convex sets is convex.

Lemma 1.4 Let S| and S; be two closed sets in ¥ and assume that S is bounded.
Let S =81+ S5. Then S is closed.

Proof. Letx € cl(S) and let the sequence {x*} in S converge to x. Thus it suffices
to show that x € S. To this end, there exist sequences yk in S; and Z¥ in S, such that
{y* 4+ ¥} converges to x. Since S, is compact, there exists a subsequence {z%i} that
converges to z € S,. But since every convergent subsequence converges to the same
limit of the sequence, it follows that the subsequence {y* + 7%} converges to x and
hence {y*i} converges to x — z. But since S| is closed, it follows that x — z lies in .
Therefore, x = (x —z) +z lies in S.

O
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Theorem 1.19 Let S be a compact set in V. Then the convex hull of S is compact.

X2

,,,,,,,,,,,,,,,

X1

Fig. 1.2 An example of a closed set whose convex hull is not closed

We remark here that the proof of Theorem 1.19 uses Carathéodory’s Theorem.
Also, note that the condition that S is bounded cannot be dropped. Let S = {x € R? :
x1 > 0,x=0}U{(0,1)} (see Fig. 1.2). Then S is closed while the convex hull of S
is not closed.

The boundary of set S, denoted by 45, is defined as dS = cl(S)\ int(S). Note
that dS is closed since it is the intersection of two closed sets, namely cl(S) and the
complement of int(S).

The notion of relative interior of S is of special interest to us since most of the
sets we deal with in this monograph have empty interior. A point X € S is a relative
interior point of S if there exists r > 0 such that {x € aff(S) : ||x—£|| < r} C S. The
relative interior of S, denoted by relint(S), is the set of all relative interior points of
S. Observe that if aff(S) = ¥, then relint(S) = int(S). Consequently, either int(S) is
empty or int(S) = relint(S). Evidently,

relint(S) C S C cl(S). (1.9)

It is a well-known fact that every nonempty convex set has a nonempty relative
interior. The relative interior of convex sets can be easily characterized.

Theorem 1.20 Ler S be a convex set in V. Then
relint(S) ={x € S:VyeS§,3u>1suchthat ux+ (1 —p)y € S}. (1.10)

Proof. Letx € S. Then x € relint (S) if and only if for every y € S, there exists
y' € S such that x = Ay’ + (1 — A)y for some A : 0 < A < 1; i.e., for every y € S,
there exists A : 0 < A < 1 such thaty’ = (x/A + (1 —1/A)y) € S. The result follows
by setting 4 = 1/A.
O
Therefore, x is a relative interior point of S if and only if for each y in S, the
line segment [y, x] can be extended slightly beyond x without leaving S. That is, by
setting i = 1 4 7, we have that x € relint(S) iff for every y in S, there exists y > 0
such that x+ y(x —y) lies in S.
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Lemma 1.5 Let S| and Sy be two nonempty convex sets in V and let S = S1 + 5.
Then relint(S) = relint(S1) + relint(S>).

Note that the above lemma is false if the relative interior is replaced by the inte-
rior. For example, let §; = {x e R*:0<x; < 1,xp =0} and S, = {x € R? : x| =
0,0 < xp < 1}. Then int(S;) = int(S,) = 0, while int(S; +55) = {x e R*: 0 < x; <
1,L0<xy <1}.

Set S is said to be relatively open if relint(S) = S. Moreover, the relative boundary
of S, denoted by rbd(S), is defined as rbd(S) = cl(S)\ relint(S).

Affine sets are closed. Also, the relative interior of an affine set is the set itself.
Hence, affine sets are also relatively open. In particular, a singleton set {£} is affine
and thus is relatively open. In other words, aff({£}) = {£} = relint({£}).

Theorem 1.21 Let S be a convex setin Y] and let T : Y1 — V3 be a linear transfor-
mation. Then T (S) is a convex set in V5. Moreover, T(relint(S)) = relint(T(S)).

In other words, if x lies in relint(S), then T (x) lies in relint(7'(S)). On the other
hand, let ¥’ be in relint(7'(S)) and let T~ (') = {x € #1 : T(x) =x'}. Then T~} (/) N
relint(S) # 0; i.e., there exists x in relint(S) such that X' = T'(x).

Theorem 1.22 Ler S be a closed convex set in ¥1 and let T : V1 — V5 be a linear
transformation. If T has a trivial kernel, then T (S) is a closed convex set.

Theorem 1.23 Let S be a nonempty convex set in V. Then relint(S) and cl(S) are
convex. Furthermore, the three sets S, relint(S), and cl(S) have the same affine hull.

Theorem 1.24 Let S be a nonempty convex set in V. Then cl(relint(S)) = cl(S) and
relint(cl(S)) = relint(S).

As a result, the three convex sets S, relint(S), and cl(S) have the same relative
interior and the same closure. Note that for any set S, whether convex or not,
relint(relint(S)) = relint(S) and cl(cl(S)) = cI(S). Finally, it should be pointed out
that the convexity assumption in Theorem 1.24 cannot be dropped. For example,
let ¥ =R and let S be the set of rational numbers in [0,1]. Then aff(S) = R and
relint(S) = int(S) = @ since every neighborhood of a rational number must contain
irrational numbers. Hence, cl(relint(S)) = @. On the other hand, cI(S) = [0, 1] and thus
relint(cl(S)) = (0,1).

1.4.1 Faces of a Convex Set

Definition 1.1 Let S be a convex set in ¥ and let F be a convex subset of S. Then
F is said to be a face of S if for every x in F such that x = Ay + (1 — 1)z for some y
and zin S and 0 < A < 1, it follows that y and z are both in F.

In other words, a convex subset F is a face of convex set S if every line segment
in § with a relative interior point in F must have both endpoints in F. Evidently, @
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and S are faces of S. These two faces are called improper faces of S, while all other
faces of S are called proper. The dimension of a face is the dimension of its affine
hull. Faces of S of dimensions 0, 1, and dim(S) — 1 are called, respectively, extreme
points, edges, and facets.

The following theorems are easy consequences of the definition of a face.

Theorem 1.25 Let Fy and F, be two faces of a convex set S. Then F1 NF, is a face
of S.

Theorem 1.26 Let S be a convex set and let F, be a face of S. Let F| be a face of
F>. Then Fy is a face of S.

As will be shown next, faces of S are characterized by their relative interiors.
More precisely, every point x in S belongs to a unique face of S containing x in its
relative interior. This unique face is called the minimal face of S containing x, which
we denote by face(x, S).

Theorem 1.27 Let S be a convex set in ¥ and let K be a subset of S. Then there is
a minimal face of S containing K which we denote by face(K,S).

Proof. Let .7 be the family of all faces of S containing K. .% # 0 since S is in
. Let F be the intersection of all faces in .%. Thus face(K,S) = F.
O
As a result, face(K,S) is a subset of every face of S that contains K. In partic-
ular, if K} C K, C S, then face(K;,S) C face(Kj3,S) since face(K3,S) is a face of S
containing Kj.

Theorem 1.28 Let S be a convex set in ¥ and let F be a face of S. Let K be a convex
subset of S such that relint(K)NF # 0. Then K CF.

Proof. Letx € K and let y € relint(K) N F. Then there exists z € K such that
y=Ax+(1—A)zforsome A :0< A < 1. Since F is a face of S and since y € F, it
follows that x, z are in F. Therefore, K C F.
O
This theorem has three immediate consequences. First, let x € S and let K and F
be two faces of S containing x. Assume that x € relint(K). Then relint(K) N F £ 0,
and hence, K C F. Consequently, K is the minimal face of S containing x; i.e.,
face(x, S) is the face of S containing x in its relative interior. As a result, the faces
of S are uniquely determined by their relative interiors. The other two consequences
are the following two corollaries.

Corollary 1.2 Let S be a closed convex setin ¥ and let K C S. Let F be a face of S
containing K. If KN relint(F) # 0, then F = face(K,S).

Proof. Letx € KN relint(F). Then F = face(x,S). Now clearly face(K,S) C F
and face(x, S) C face(K,S). Therefore, F = face(K,S).
O
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Corollary 1.3 Let Fi and F> be two faces of a convex set S such that relint(Fy) N
relint(F,) # 0. Then Fy = F>.

Proof. This follows from the previous theorem since relint(Fy) N F> # 0 and
relint(F,) N Fy # 0.
O

Theorem 1.29 Let S be a closed convex set in ¥1 and let T : ¥V, — V5 be a linear
transformation. Let F' be a face of S' = T(S). Then F = T~'(F')|s, the preimage
of F' restricted to S, is a face of S. In particular, if ¥ is an extreme point of S', then
T=Y(&)|s is a face of S.

Proof. Letxandybein S suchthatx/2+y/2liesin F =T (F')|s. Letx’ =T (x)
and y' = T(y). Thus, x’ and y’ are in §" and x'/2+y' /2 lies in F'. But F” is a face of
S’. Therefore, x' and y’ are in F’. Hence, x and y are in F and thus F is a face of S.
The second result follows since F' = {x'} is a face of §'.
O
Let 1 = ¥, = R" and let T (x) = Ax. Then it is easy to see that the preimage of
# is an affine set since T~ (¥) = {x € R" : Ax = ¥'}.

Example 1.2 Ler S and S’ = T(S) be the sets depicted in Fig. 1.3, where T is the
projection on the x-axis. Then T~ (¥') is the affine hull of u and v, while T~ (¥')|s
is the line segment [u,v]. Notice that ¥ is a face of S' and T~ (¥)|s is a face of S.
Also, notice that T (relint(S)) = relint(T (S)).

X2 v

- — — — — — — —

X1

Fig. 1.3 The sets S and S’ of Example 1.2

The following theorem is useful in the study of the geometry of Euclidean dis-
tance matrices.

Theorem 1.30 Let S be a closed convex set in ¥1 and let T : ¥, — V5 be a linear
transformation. Let x € S and let S' = T (S) be closed. If y € face(x,S), then T (y) €
face(T (x),S").

Proof. If face(x,S) = {x}, then the result follows trivially. Therefore, assume that
y € face(x,S) and y # x. Since x € relint(face(x, S)), there exist A : 0 < A < 1 and
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z € face(x, S) such that x = Ay+ (1 — A)z. Hence, T'(x) = AT (y) + (1 —A)T(z) and
consequently, 7' (y) € face(T (x),S').
O
Let p € ¥,p # 0, the hyperplane H = {x € ¥ : (p,x) = po} is said to be a
supporting hyperplane of a convex set Sif S ¢ H, HNS # 0 and (p,x) > po for all
x€S. Theset HT ={x€ ¥ : (p,x) > po} is called a closed half space.

Theorem 1.31 Let S be a convex set in ¥ and let H={x € ¥ : (p,x) = po} be a
supporting hyperplane of S. Further, let F = HNS. Then F is a face of S.

Proof. The convexity of F is obvious. Now let x € F and let y and z be in S such
that x = Ay+ (1 —A)z for some A : 0 < A < 1. Thus, (p,y) > po and (p,z) > po
since H is a supporting hyperplane. Moreover, (p,x) = A{p,y) + (1 —4){p,z) = po
or A({p,y) — po) + (1 = 1)((p,z) — po) = 0. Thus, A({p,y) — po) = 0 and
(1=2A)({p,z) — po) = 0. Hence, (p,y) = po and (p,z) = po, and thus y and z
are in F'. Therefore, F is a face of S.

O

Definition 1.2 Let S be a convex set in ¥ and let F be a proper face of S. Then F
is said to be an exposed face if F = SN H for some supporting hyperplane H of S,
in which case, if H={x € ¥ : (p,x) = po}, then we say that p exposes F or F is
exposed by p.

It should be pointed out that not all faces of a convex set are exposed faces.
For example, consider the convex set S depicted in Fig. 1.4, where S = {x € R? :
(x1—1)2+x3 <1} U{xeR?: —1<x; < 1,—1<x; < 1}. Then the points x = (1, 1)
and y = (1,—1) are nonexposed faces of S.

y

Fig. 1.4 A convex set with two nonexposed faces, namely {x} and {y}

1.4.2 Separation Theorems

The notion of separation is crucial and very useful in convexity theory. A hyperplane
H={xe ¥ :{(p,x) = po} is said to properly separate convex sets S1 and S, if

(p,x) > po > (p,y) forallx € Sy andy € S,



1.4 Convexity Theory 21

and S; US, € H. On the other hand, H is said to strongly separate convex sets S
and S if
(p,x) > po>(p,y) forallx € S;andy € S;.

The following two standard results are needed in the proofs of the separation
theorems below.

Theorem 1.32 (Weierstrass) Letr S be a nonempty compact set in ¥ and let | be
a continuous real-valued function on S. Then f attains a maximum and a minimum
onS.

Theorem 1.33 (The Projection Theorem) Let S be a nonempty closed convex set
in ¥ and let X & S. Further, let ||x|| = (x,x)l/z. Then there exists a unique x* in S
such that

X" = arg min,g||X —x]|.

x* is said to be the projection of X on S. Moreover, x* is the projection of X on S if
and only if (£ —x*,x—x*) <0 forallx€S.

Note that the existence of x* follows from Weierstrass Theorem and its unique-
ness follows from the convexity of S. Moreover, if S is an affine set, then x* is the
projection of £ on § if and only if (£ —x*, x —x*) =0 forall x € S.

The first separation theorem establishes the existence of a hyperplane strongly
separating a point and a closed convex set.

Theorem 1.34 (The Strong Separation Theorem) Let S be a nonempty closed
convex set in ¥ and let £ & S. Then there exists a hyperplane H={x€ ¥ : (p,x) =
po} such that

(p,X) > po and {p,x) < po forall x € S.

=>

Proof. By the projection theorem, there exists x* in S such that (£ —x*,x—x*) <0

for all x € S. Let p = £ —x*. Then p # 0 and thus ||p||> = (p,£ —x*) > 0. Let
po = (p,x*). Hence, (p,X) > po and (p,x) < pgforall x € S.

O

A remark is in order here. Since (p,—x*) = ||p|[*, i.e., (p,%) = po+ ||p||?, it

follows that (p,£) > po +[|p||*/2. Let py = po +||pl[*/2 =(p,x* + p/2). Then by
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choosing the hyperplane H = {x: (p,x) = p;}, i.e., by choosing H to pass through
the point x* + p/2 instead of x*, we have (p,£) > p(, and (p,x) < p, forall x € S.

A second version of the strong separation theorem is given next. It shows that
two disjoint closed convex sets can be strongly separated provided that one of them
is bounded.

Theorem 1.35 (The Strong Separation Theorem) Let S| and Sy be two nonempty
disjoint closed convex set in V' and assume that S is bounded. Then there exists a
hyperplane H = {x € ¥ : (p,x) = po} such that

(p,x) < poforallx €Sy, and {p,y) > po forally € S.

Proof. LetS =S, —S,. Then S is a closed convex set and 0 & S since S| and S,
are disjoint. Thus, there exist p # 0 and p|, such that (p,0) > p; and (p,x—y) < p|,
for all x € §; and y € S». Thus, p;, < 0 and hence (p,x) < (p,y) for all x € S| and
y € S5. The result follows by setting pp = min ¢, (p,y).
O

It is worthy of note that the condition S, is bounded cannot be dropped. For
example, the two sets S| = {x €R? :xy > 1 /x1,x; >0} and S = {x eR? : xp =
0,x; > 0} cannot be strongly separated.

The following theorem shows that for any convex set S, there exists a supporting
hyperplane to S at a boundary point.

Theorem 1.36 (The Supporting Hyperplane Theorem) Let S be a convex set
with a nonempty interior and let y € dS. Then there exists a supporting hyper-
plane at y to S. That is, there exists H={x € ¥V : (p,x) = po = (p,y)} such that
(p,x) < po} forallxe Sand S ¢ H.

Proof. Let {)*} be a sequence in #'\ cl(S) that converges to y. Thus, for each
k, there exists a unit p¥ such that (p*,y¥) > (p¥ x) for all x € cI(S). Since p* is
in the compact set {x € ¥ : ||x|| = 1}, it follows that there exists a subsequence
{pki} that converges to a unit vector p. By taking the limit as k — o and since the
inner product is a continuous function, we have pg = (p,y) > (p,x) for allx € S. To
complete the proof, observe that S ¢ H since otherwise, int(S) = @, a contradiction.
0O
This result can be extended to the case where int(S) =@ and y € rbd (S). Let ¥ be
the subspace parallel to aff(S) and translate set S such that y = 0. Take the sequence
{y*} to be in ¥’\ cI(S). Then H = {x € ¥': (p,x) = po} + #'* is a supporting
hyperplane in #. Note that in this case, S # {y} since otherwise y € relint(S = {y}).
Consequently, S ¢ H.

Theorem 1.37 (The Separation Theorem) Let S| and Sy be two nonempty convex
sets in ¥ such that relint(Sy) N relint(S2) = 0. Then there exists a hyperplane H =
{xe ¥ : (p,x) = po} such that

(p,x) < poforallx €Sy, and (p,y) > po forally € S,.

Moreover, (S1US>) ¢ H.
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Proof. LetS =S, —S. Then S is a convex set and 0 ¢ relint(S) since relint(S )
and relint(S;) are disjoint. Thus, there exists a hyperplane H = {z: (p,z) = 0}
such that (p,z) < 0 for all z € S and (p,2) < 0 for some £ in S. Consequently,
(p,x) < {p,y) for all x € S| and y € S»; and (p,%) < (p,?) for some £ in S| and
$ € S>. The result follows by setting pg = inf e, (p,y).
O
The reverse of Theorem 1.37 is also true. Suppose that H properly separates S}
and S, and assume to the contrary that x € (relint(S;) N relint(S,)). Thus x must be
in H. Let y be any point in S, y # x. Then there exists z in S and 0 < A < 1 such
that x = Ay + (1 — A)z. Thus, both y and z are in H and hence S, C H. By a similar
argument, S; C H. Thus, we have a contradiction since (S;US;)  H.
The sets S and S, of Theorem 1.37 that are most relevant for our purposes are
cones, linear subspaces, and affine sets. As a result, we have the following corollary
of Theorem 1.37, which will be used in the proofs of the theorems of the alternative.

Corollary 1.4 The assertion in Theorem 1.37 that {p,x) < po for all x € S reduces
to

1. {p,x) <O0forallx € S| if S| is a cone.

2. (p,x) =0forall x € Sy if S is a linear subspace.

3. (p,X) < po and (p,x) =0 forall x € L if S is the affine set X+ L, where % is
a point and £ is a subspace.

Proof. We prove Statement 3, the proofs of the other two statements are similar.
Assume that S} = £+ 2. Then (p,£) < py since 0 € Z. Now, by way of contradic-
tion, assume that (p,x) = 0 for some X € .Z. Let o be a scalar. Then o/(p,x) can be
made large enough so that (p,£+ ox) = (p,£) + a(p,x) > po, a contradiction.

O
1.4.3 Polar Cones
Let K be a cone, then the set
K°={ye? :(yx) <0forallx € K}. (1.11)

is called the polar of K. As immediate consequences of this definition, we have that
K” is a closed convex cone and K C (K°)°. Moreover, if K; C K;, then, evidently,
K5 C (Kp)°. It is worth pointing out that if K is a subspace of ¥, then K° is the
orthogonal complement of K. The cone (—K°) is called the dual of K. Consequently,
cone K is self-dual if K° = —K. Next, we prove a few important properties of the
polar cone.

Lemma 1.6 Let K be a nonempty cone in V. Then

K° = (cI(K))".
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Proof. (cl(K))° C K° since K C cl(K). Now let y € K° and let ¥ € cl(K). Then
there exists a sequence {x*} in K that converges to £. Thus, (y,x*) < 0 for all k and
hence, (y,%) < 0. Therefore, y € (cl(K))® since X was arbitrary. Consequently, K° C
(cl(K))° and the result follows.

O

Theorem 1.38 Let K be a nonempty convex cone in V. Then
(K°)° = cl(K).

Proof. As noted earlier, K C (K°)°. Now since (K°)° is closed and since cl(K)
is the smallest closed set containing K, it follows that cl(K) C (K°)°. Therefore, it
suffices to show that cl(K) 2 (K°)°. To this end, suppose to the contrary that there
exists x € (K°)° and x ¢ cl(K). Thus, by the Strong Separation Theorem, there exist
p # 0 and pg such that

(p,x) > po > (p,y) forally € cl(K).

But since 0 € K, it follows that pg > 0. Furthermore, by Corollary 1.4, we have
(p,x) >0and 0> (p,y) forall y € cl(K).

Hence, p € (cI(K))° = K°. But x € (K°)°. Therefore, {p,x) <0, a contradiction.
Od

Theorem 1.39 Let K| and K, be two nonempty cones in V. Then
(Ki+K)° =K' NK;.

Proof. Letye (K7NK5). Then (y,x) <O0forallx € K; and (y,z) <Oforallz € K>.
Hence, (y,x+z) <0 for all x € K} and z € K;. Therefore, y € (K| + K;)° and thus
K'NK; C (K1 +K>)°.
On the other hand, let y € (K| + K3)°. Then (y,x+z) <0 for all x € K; and
Z € K». But 0 € K;. Thus (y,x) < 0 for all x € K. Similarly, (y,z) <0 for all z € K.
Hence, (K; +K>)° C K} N K3 and the result follows.
O

Corollary 1.5 Let K| and K; be two nonempty closed convex cones in V. Then
(K1NKy)° =cl(K] +K3).

Proof. Since K; and K are closed and convex, we have (K7)° = K; and
(K3)° =K. Thus K1 N K, = (K7)°N(KS)° = (K} + K5)°. Therefore, (K1 NK>)° =
(K7 +K5)°)° = cl(K} + K3), where the last equality follows from Theorem 1.38.
O
The need for the closure in the above corollary can be understood in light of the
fact that K7 + K3 need not be closed, while (K; NK>)° is always closed.
For closed convex cones, the Projection Theorem specializes to the following:
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Theorem 1.40 Let K be a nonempty closed convex cone in ¥ and let £ ¢ K. Then
x* is the closest point in K to X if and only if (£ —x*) € K° and (£ —x*,x*) = 0.

Proof. Assume that x* is the closest point in K to £. Then (£ —x*,x — x*) <0 for
all x € K. This implies that (£ —x*,x*) = 0. To see this, observe that this implication
trivially follows if x* = 0. On the other hand, if x* ## 0, then 0 and 2x* are in K
since K is a cone. Consequently, (£ —x*,x*) > 0 and (£ —x*,x*) <0, and hence
(£ —x*,x*) = 0. As aresult, we have that (£ —x*,x) <Oforallx € K;ie., (£—x*) €
K°.

To prove the other direction, note that if (£ —x*,x*) = 0 and if (£ —x*,x) <0 for
all x € K. Then it follows, trivially, that (£ —x*,x —x*) <0 for all x € K.

O

We conclude this subsection with the following well-known important decompo-

sition result.

Theorem 1.41 (Moreau [149]) Let K be a nonempty closed convex cone in V.
Then the following two statements are equivalent:

(i) Forevery X € ¥, there exist a unique x* € K and a unique y* € K° such that:
2=x"+y" and (x*,y*) =0,
(ii) x* and y* are, respectively, the closest points in K and K° to X.

Proof. Assume that Statement (ii) holds. If £ lies in K or K°, then Statement (i)
trivially holds. Thus, assume that £ ¢ (KUK®) and let § = £ —x*. Then Theorem 1.40
implies that y € K° and (X —3,7) = (x*,7) = (x*,£ —x*) = 0. Moreover, (£ —j) €
(K°)° since x* € K = (K°)°. Consequently, it follows from Theorem 1.40 that y is
the closest point in K° to £. Hence, § = y* and (x*,y*) = 0.

To prove the other direction, assume that Statement (i) holds. Then (£ —x*) =y
lies in K° and (£ — x*,x*) = (y*,x*) = 0. Thus, it follows from Theorem 1.40 that
x* is the closest point in K to £. By a similar argument, we have that y* is the closest
point in K° to X.

*

O

1.4.4 The Boundary of Convex Sets

The boundary is of special interest in the study of convex sets. Let S be a nonempty
closed convex set in ¥ and let £ € S. The normal cone of S at % is

Ns(£) ={ce ¥ :{c,%) > (c,x) forall x € S}.

Three facts follow immediately from this definition. First, normal cones are closed
and convex. Second, Ng(£) = {0} if and only if £ is an interior point of S. Third, the
set £+ Ns(£) is precisely the set of all points in ¥ whose projection on S is £.
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Let d be a nonzero vector in ¥/, d is said to be a feasible direction of S at % if
36 >0:%+06dliesin S.

Let F5(X) be the set of all feasible directions of S at £, and the origin 0. Fs(£) is
called the cone of feasible directions of S at £. Let d' and d? be in Fg(%) and let
A:0<A <1 Then £+ &d" and £+ 8d?* are in S for some & > 0 and some
8, > 0. Assume that 8, < &. Since S is convex, it follows that £+ 8;d? is also in
S. Therefore, A (£ + 81d') + (1 — A)(£+ 8;d°) = £+ 8 (Ad" + (1 — 1)d?) lies in S.
Hence, Ad' + (1 — 4)d? € Fs(%) and thus Fs(%) is convex. However, Fs(£) need not
be closed. For example, consider the unit disk in the plane S = {x € R? : ||x|| < 1}

and let £ = (0,1) (see Fig. 1.5). Then Ng(%) = { {ﬂ where a > 0} and Fs(%) =

(d= [21} : dy < 0}. Thus Fg(£) is not closed.
2

Ns(®)

Fig. 1.5 A nonclosed cone of feasible directions Fg(£)

It is worth noting that Fs(£) = conic hull of (S— {£}) = {a(x—%): @ > 0,x € S}
since S is convex. The tangent cone of S at £, denoted by Ts(%), is the closure of
Fy(%).

Theorem 1.42 Let S be a nonempty closed convex set in ¥ and let X € S. Then
Ts(£) = (Ns(£))°.

Proof. Letd € Fg(%). Then £+ dd lies in S for some § > 0. Let ¢ € Ng(£). Then
(¢,%) > (¢,2+6d). Thus (c,d) <0.Hence, d € (Ns(£))° and thus Fs(£) C (Ns(£))°.
Therefore, cl(Fs(£)) = Ts(£) C (Ns(£))° or Ng(£) C (Ts(%))°.

To prove the other direction, let ¢ € (T5(%))°. Then (c,d) < 0 for all d € Tg(%).
Let x # £ be any point in S. Since S is convex, £+ (x —£)/2 lies in S. Thus, x — £
lies in Tg(%). Therefore, (c,x — %) < 0. Hence, ¢ € Ng(%).

O

Recall that an extreme point x** of S is exposed if there exists a hyperplane H
such that {x**} = HNS; i.e., if there exists p € ¥, p # 0 such that (p,x™) < (p,x)
for all x € S\ {x**}.
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Lemma 1.7 Let S be a nonempty convex compact set in ¥ and let X € V. Let x**
be a farthest point in S to %; i.e., x** = arg max,cg||X — x||. Then x** is exposed.

Proof. Letx € S. Then [|£ —x||* = ||£ — x* +x™ —x||? = [|# — x| + ||x** —
x||? 4 2(£ — x**,x** — x). Hence, for any point x € S, we have

18 =l ? = || =" = || =] +2(8 =2 2 —x) <0.
Let p =X —x**. Then
2(p,x** —x) < —[]x** —x|? <0.

Therefore, (p,x**) < (p,x) for all x € S. Moreover, (p,x**) = (p,x) if and
only if x = x™. To see this, note that if x = x™*, then it trivially follows that
{p,x**) = (p,x). On the other hand, if (p,x**) = (p,x), then ||x** —x||> = 0. Let
H = {x: (p,x) = (p,x**)}. Then H is a supporting hyperplane to S at x** and
HNS = {x*}. As aresult, x** is exposed.
O
We should point out that while the closest point of a convex compact set S to £ is
unique, the farthest point of S to £ need not be so.

Lemma 1.8 ([189]) Let S be a nonempty convex compact set in V. If there exists a
hyperplane H = {x: (p,x) = po) } such that (p,%) > po for some £ € S. Then there
exists an exposed point x** in S such that (p,x**) > po.

=>

b

Fig. 1.6 Illustration of the proof of Lemma 1.8

Proof. Let y be the closest point in H to £ and wlog assume that p = £ —y. Let
¥ =X — op for some large scalar o > 0 and let x** be a farthest point in S to J.
Hence, |[§ —x**||> > ||§ — £||%; i.e.,

[1£ = otp =[] = (12 =™+ o[ pl [P = 20(p, & —x™) = 0| p] .
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Therefore,
200(p, & —x™) < [|&— x| (1.12)

Now if (p,£ —x**) > 0, then by taking o large enough, we get that 20/(p, £ —
x**) > ||£ — x**||?, a contradiction to Eq.(1.12). Therefore, (p, —x**) < 0 and
hence (p,x**) > (p,%) > po. Furthermore, by Lemma 1.7, x** is exposed and the
result follows.

O

Lemma 1.9 Let S be a nonempty convex compact set in ¥ and let £ be an extreme
point of S. Then for each r > 0, there exists a hyperplane H = {x : (p,x) = po} such
that (p,%) > po and {p,x) < po for all x € S such that ||x—Z%|| > r.

Proof. Let S =conv({x € S: ||x—£|| > r}). Therefore, by Theorem 1.19, §' is
compact. Thus, obviously, £ & {x € S: |[x—%|| > r}). Now assume that £ € §'. Then
X is a proper convex combination of points in {x € S: ||x —£|| > r}), a contradiction
since £ is an extreme point of S. Therefore, £ ¢ " and the result follows from the

Strong Separation Theorem.
D
AN H
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Fig. 1.7 Ilustration of the proof of Lemma 1.9

Theorem 1.43 (Straszewicz [180]) Let S be a nonempty convex compact set in V'
and let X be an extreme point of S. Then for each r > 0, there exists an exposed
point x** of S such that ||x** — || < r; i.e., every extreme point of S is the limit of a
sequence of exposed points of S.

Proof. Let X be an extreme point of S. Then, by Lemma 1.9, for each r > 0, there
exists a hyperplane H = {x: (p,x) = po} such that (p,£) > py and (p,x) < po for
all x € S such that ||x — £|| > r. Thus by Lemma 1.8, there exists an exposed point
x** of S such that (p,£) > po. Hence, ||x** —%|| < r.

O

It should be pointed out that Straszewicz Theorem applies not only to convex

compact sets but to closed convex sets as well. Indeed, let S be a closed convex

set and let £ be an extreme point of S. Further, let B = {x: ||x — £|| < a} for some

o > 0. Then there exists a sequence {x*} of exposed points of SN B that converge

to X. Clearly, the tail of this sequence must lie the interior of B and hence the points
in the tail are exposed points of S.



Chapter 2 )
Positive Semidefinite Matrices Creck o

Positive semidefinite (PSD) and positive definite (PD) matrices are closely con-
nected with Euclidean distance matrices. Accordingly, they play a central role in
this monograph. This chapter reviews some of the basic results concerning these
matrices. Among the topics discussed are various characterizations of PSD and PD
matrices, theorems of the alternative for the semidefinite cone, the facial structures
of the semidefinite cone and spectrahedra, as well as the Borwein—Wolkowicz facial
reduction scheme.

2.1 Definitions and Basic Results

Definition 2.1 An n X n real symmetric matrix A is said to be positive definite (PD)
if
xTAx >0 forall x e R" x # 0.

An immediate consequence of this definition is that PD matrices are nonsingular.
For suppose that A is singular. Then there exists x # 0 such that Ax = 0. Hence,
xT Ax = 0 and thus A is not PD.

Definition 2.2 An n x n real symmetric matrix A is said to be positive semidefinite
(PSD) if
xT Ax > 0 for all x € R".

We use the notation A > 0 (A > 0) to denote that A is a real symmetric PD (PSD)
matrix. Another easy consequence of the definition is that if A > 0 (A »= 0), then
every diagonal entry of A is positive (nonnegative). Similarly, if A is a PD (PSD)
block matrix, then every diagonal block of A is PD (PSD).

As always, .#”" denotes the space of n X n real symmetric matrices endowed with
the inner product (A, B) = trace(AB). A € ." is called negative semidefinite if (—A)
is positive semidefinite, and it is called negative definite if (—A) is positive definite.
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Let &7 and .7, denote, respectively, the sets of n x n real symmetric PSD and
real symmetric PD matrices. Evidently, .7 and .}, are pointed convex cones in
. Moreover, it is not hard to see that dim(.}") = dim(},) = n(n+1)/2. Let
A€ "\ .7, then #T A% < 0 for some unit vector £ in R”". Hence, for any B in .#",
there exists € > 0 such that £7 A% — e£? B% < 0;1i.e., A —¢eBisnotin 7. Therefore,
"\ is open and hence ./} is closed. On the other hand, let A € .}, and
let x be a unit vector in R”. Then, for any B in .%", there exists 6 > 0 such that
xT (A — 8B)x > 0. Indeed, by Rayleigh-Ritz Theorem, x” Ax — x” Bx > A,(A) —
01 (B), where A,(A) > 0. Thus, if ;(B) <0, i.e., if B is negative semidefinite, then
A — 6B > 0 for all § > 0. Otherwise, A— 8B > 0 for  : 0 < 6 < A,(A)/A(B).
Consequently,

int() =71, and S =cl(S],).

Theorem 2.1 Let A and S be two n X n real matrices and assume that A € " and
S is nonsingular. Then SAST = 0 (= 0) if and only if A = 0 (= 0).

Proof. Assume that A > 0 and let x be any nonzero vector in R". Then
xTSASTx > 0 since STx # 0. Hence, SAST »~ 0. On the other hand, assume that
SAST > 0 and let x be any nonzero vector in R”. Let x = STy, then y # 0. Therefore,
xTAx = yTSASTy > 0. Hence, A > 0. The proof for the semidefinite case is similar.
O
Note that Theorem 2.1 is a special case of Sylvester law of inertia. The lemma
that follows, known as Schur complement, plays an important role in the theory of
semidefinite matrices and will be used repeatedly throughout the monograph.

Theorem 2.2 (Schur Complement) Let M € " and assume that M is partitioned

asM = {II;T g} Further, assume that A >~ 0. Then M = 0 (= 0) if and only if
C—BTA"'B>~0(>0).

The matrix C — BT A~'B is called the Schur complement of A.

I 0 ; (A 0
|:BTA1 I}ThenSMS = chBTAilB

follows from Theorem 2.1 since S is obviously nonsingular.

Proof. LetS= } . Thus, the result

0O

It is worth pointing out that S in the proof of Schur complement is an elementary

matrix. Thus, multiplying M by § from the left is equivalent to a block Gaussian
elimination step. Furthermore, it is evident that det(M) = det(A) det(C — BTA~!B).

2.2 Characterizations

PD and PSD matrices can be characterized in terms of eigenvalues, principal minors,
and Gram matrices. We begin first with the eigenvalue characterization.
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2.2.1 Eigenvalues

Theorem 2.3 Let A € ./". Then A is positive definite if and only if all of its eigen-
values are positive.

Proof. Assume that the eigenvalues of A are all positive. Let A = QA QT be the

spectral decomposition of A and let x be any nonzero vector in R". Further, let

y = QT x. Thus y # 0. Therefore, x” Ax = y" Ay = ", 4:(y;)* > 0. Hence, A is PD.

To prove the other direction, assume that one eigenvalue of A, say 41, is <0. Let

x! be an eigenvector of A corresponding to A;. Then (x!)7Ax! = 4, (x!)"x! <0 and
hence A is not PD.

O

Corollary 2.1 Let A € .#". Then A is positive definite if and only if A=\ is positive
definite.

Similarly, we have

Theorem 2.4 Let A € .S". Then A is positive semidefinite if and only if all of its
eigenvalues are nonnegative.

Therefore, PD matrices are precisely the nonsingular PSD matrices. Next, we turn
to the principal minor characterization.

2.2.2 Principal Minors

Theorem 2.5 Let A € .. Then A is positive definite if and only if all of its leading
principal minors are positive.

Proof. Assume that the kth leading principal minor of A is nonpositive and assume
A B
BT C
of A. Thus det(4;) < 0. Hence, A; has an eigenpair (i,i) where A < 0. Let xT =
[T 0] € R" . Then x” Ax = £T A £ < 0 and hence A is not PD.

To prove the other direction, assume that the leading principal minors of A are
all positive. We use induction on 7 to prove that A is PD. The result is obvious for
n = 1. Thus, assume that the result is true for n = k. Let Az | be the (k+ 1)th leading

that A is partitioned as A = [ ] , where Ay is the kth leading principal submatrix

principal submatrix of A, and let A;1| be partitioned as Ay = 2%‘ ﬁ , where Ay,

is the kth leading principal submatrix of A. Thus, the leading principal minors of

Ay are all positive and hence, by the induction hypothesis, A; is PD. Moreover,

det(Ay+1) = det(Ay) det(c — bTA; 'b) > 0. Therefore, c — bT A, 'b > 0 and hence, by
Schur complement, Ay is PD.

O

At this point, it would be tempting to conjecture that A is PSD if and only if all

leading principal minors of A are nonnegative. Unfortunately, this is false [155]. Let
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0-—1
obviously, A is not PSD. In fact, in the semidefinite case, all principal minors, not
just the leading ones, need to be nonnegative.

A= [0 O] . Then, the two leading principal minors of A are nonnegative while,

Theorem 2.6 Let A € .#". Then A is positive semidefinite if and only if all of its
principal minors are nonnegative.

A, B
BT C
A is negative and wlog assume that det(C) < 0. Hence, C has an eigenpair (1,£)
where 4 < 0. Let x” = [0 £7] € R”. Then x”Ax = £7C# < 0. Therefore, A is not
PSD.

To prove the other direction, assume that all principal minors of A are nonnega-
tive. Let ya(A) = co+c1A +--- +cAK 4+ 4+ (—1)"A" be the characteristic poly-
nomial of A. Then by Theorem 1.8, fork=0,...,n— 1, ¢; = (—1)* oy where o4 > 0.
Now assume, to the contrary, that A has a negative eigenvalue, say A;. Then

Proof. Let A be partitioned as A = [ } . Assume that one principal minor of

XA(/’LI) =0y — ol —|—062()L])2—063(/11)34—“'4-(—1])” >0

since each term is positive, a contradiction. Hence, all eigenvalues of A are nonneg-
ative and thus A is PSD.

O
Finally, we turn to the Gram matrix characterization.
2.2.3 Gram Matrices
Let p',...,p" be a point configuration in R*, and assume that these points are not

contained in a proper hyperplane in R¥. Then the n x n symmetric matrix A = (a; i)
where -

aij=(p)'p’
is called the Gram matrix of this configuration. If P is the n X k matrix whose ith
row is equal to ( pi )T, then P has full column rank. Furthermore, A = PP and hence

rank(A) = k.

Theorem 2.7 Let A € .#". Then A is positive definite if and only if A = PPT, where
P is nonsingular.

Proof. Assume that A = PP”, where P is nonsingular. Then x” Ax = ||P"x||? > 0
for all nonzero x € R” and hence A is PD. On the other hand, assume that A is
PD and let A = QA Q" be the spectral decomposition of A. Let P = QA /2 where
(A 1/2)ii = \/Aj;. Then P is nonsingular and A = PPT .
O
Similarly, we have
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Corollary 2.2 Let A € .. Then A is positive semidefinite of rank k if and only if
A = PPT where P is an n x k matrix with Sfull column rank.

2.3 Miscellaneous Properties

Further properties of PSD matrices are given in this section. Recall that .7’} denotes
the set of n x n real symmetric PSD matrices.

Proposition 2.1 Let A € ./} and assume that a;; = 0 for some i. Then all entries of
A in the ith row (and consequently the ith column) are zeros.

Proof. Assume, to the contrary, that a;; # 0 for some k. Then the principal minor
of A induced by rows i and k is negative, a contradiction.
O

An immediate consequence of Proposition 2.1 is that if A € .#7}, then trace(A) =
0if and only if A = 0.

Let A € &}, then A has a unique positive semidefinite square root, denoted
by A!/2, such that A = AY/2A'/2_ To this end, let A = QAQT be the spectral de-
composition of A. Further let A2 denote the positive square root of A. Then
A2 = QA1/2QT . Notice that rank(A'/?) = rank(A).

Proposition 2.2 Let A and B be in /’}'. Then trace(AB) > 0. Moreover, trace(AB) =
0 if and only if AB = 0.

Proof. Clearly, trace(AB) = trace(B'/?A'/2A/2B1/2) = ||A'/2B'/2||2. > 0. Now
assume that trace(AB) = 0. Therefore, A'/2B'/2 = 0 and hence AB = 0. The other
direction is trivial.

O

Proposition 2.3 Let A = PPT. Then null(A) = null(PT).

Proof. The fact that null(P”) C null(A) is obvious. Now let x € null(A), then
xTAx = xT PPTx = ||PTx||2 = 0. Hence, PTx = 0 and thus null(A) C null(PT).
O
Let A = PPT. Then the following two facts are immediate consequences of
Proposition 2.3. First, rank(A) = rank(P). Second, x” Ax = 0 iff x € null(A).

Proposition 2.4 Ler A and B be in ./} and let rank(A) + rank(B) > n+ 1. Then
trace(AB) > 0.

Proof. Assume that rank(B) = r and let B= PPT, where P is n x r. Thus col(P) €
null(A) since dim null(A) < r — 1. Therefore, trace(AB) = trace(PTAP) > 0 since
PTAP is a nonzero PSD matrix.

O
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Proposition 2.5 Let A and B be in ./} and let C = AA+ (1 — A)B for some A : 0 <
A < 1. Then
null(C) = null(A) Nnull(B).

The fact that (null(A) N null(B)) C null(C) is obvious. To prove the other
inclusion, let x € null(C). Then x"Cx = AxTAx + (1 — 1)x"Bx = 0. Thus,
AxTAx=(1—-2A)x"Bx=0.But A >0and 1 — A > 0. Therefore, x’ Ax = x" Bx =0
and hence x € (null(A) Nnull(B)).

O

A B

Proposition 2.6 Let M € .#". Assume that M is partitioned as M = [ BT C

} and

that A is nonsingular. If M is positive semidefinite, then
null(C) C null(B).

Proof. Clearly, C > 0 and A is PD since it is nonsingular. Thus BTA~!B > 0. By
Schur’s complement, C — BTA™'B = 0. Let x € null(C). Then x” (C — BTA™'B)x =
—xTBTA—!Bx > 0. Therefore, x' BTA~1Bx = 0. Consequently, Bx = 0 since A lis
PD, and thus x € null(B).

0O

A'+1A 1B

tBT tC ]
a scalar. If null(C) C null(B), then there exists f # 0 such that M(f) is positive
semidefinite.

Proposition 2.7 Let M(t) = [ where A’ =0, C = 0,C#0 and t is

Proof. Let W and U be the matrices whose columns form orthonormal bases
of col(C) and null(C), respectively. Thus, BU = 0 and WI/CW = A, where A is
the diagonal matrix consisting of the positive eigenvalues of C. Moreover, the ma-

trix Q = LI) {fl)/ 2] is orthogonal. On the other hand, M(¢) is PSD if and only if

QTM(1)Q is PSD. Therefore, M(¢) is PSD if and only if

A’ +1A tBW
|:IWTBT tA :| io (21)
Now by Schur complement, (2.1) holds iff A’ +1(A — BWA~'WTBT) = 0. More-
over, since A’ > 0, it follows that A’ + (A — BWA~'WTBT) = 0 for some 7 # 0.
Thus the result holds.
O
Let f: R — R and let f[A] = (f(a;;)) denote the matrix obtained from matrix A
by applying f to A entrywise. The following theorem is an immediate consequence
of Schur Product Theorem.

Theorem 2.8 Let A = (a;j) be a real symmetric positive semidefinite matrix, then
exp[A] is also symmetric positive semidefinite.
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Proof. The ijth entry of exp[A] is given by

2 3
eﬂ[j — 1+a..+j+ﬁ+...
- Y3t '
Thus,
AoA AoAoA
exp[A] :E—&—A—i—iz' +73' +-e

where E denotes the matrix of all 1’s. But, by Schur Product Theorem, each term in

this sum is PSD. Hence, exp[A] is PSD.
O

2.4 Theorems of the Alternative

Theorems of the alternative, the most famous of which is the celebrated Farkas
lemma, are an indispensable tool in optimization theory. These theorems assert that
exactly one of two given systems of linear inequalities or linear matrix inequalities
has a solution. Thus, they underpin the duality theory of linear programming and
semidefinite programming. Moreover, the theorems of the alternative are intimately
connected with the separation theorems of convex sets. In this section, several theo-
rems of the alternative for the semidefinite cone are presented.
Recall that the polar of .7} is

(1) ={Y € /" :trace(YX) <O forall X > 0},
and that the dual of cone K is —K°.

Theorem 2.9 The cone of symmetric positive semidefinite matrices is self-dual, i.e.,
(S1)° = (1) = =,

Proof.  The first equality follows by applying Lemma 1.6 to the cone 7}, . To
prove the second equality, assume that ¥ € (#})°. Then trace(YX) < 0 for all
X € 7" Let X = xx!, where x is any vector in R”. Thus trace(YX) = xYx < 0.
Therefore, —Y > 0 and hence (.7})° C (—}).

To prove the other inclusion, assume that (—Y) > 0. Then by Proposition 2.2,
trace(YX) <0 forall X € /. Thus, Y € (.])° and hence (—.}) C (/7)°.

O
Next, we turn to the theorems of the alternative.

Theorem 2.10 (Homogeneous) Let Al ... A™ be given matrices in /". Then ex-
actly one of the following two statements holds:

(i) There exists x € R™ such that x;A' + - -- —l—xmA’” > 0.
(ii) There exists Y = 0, Y = 0 such that trace(YA') =0 fori=1,....m.
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Proof. Assume that both statements hold. Then trace(Y ¥, x;A") > 0. On the
other hand, trace(Y Y| x;A") = ¥ | x; trace(YA?) = 0, a contradiction.

Now assume that Statement (i) does not hold and let .Z = span {A',... A"},
Then £ N int(-}) = 0. Therefore, by the Separation Theorem and Corollary 1.4,
there exists Y € ., Y # 0 such that trace(AY ) = 0 for all A € . and trace(YB) >0
for all B € .. Therefore, trace(YA') =0 for all i = 1,...,m, and by Theorem 2.9,
Y belongs to — ()% = 1.

O

Theorem 2.11 (Nonhomogeneous) Let A° A',... A™ be given matrices in ./".
Then exactly one of the following two statements holds:

(i) There exists x € R™ such that <7 (x) := A +x;A! + -+ + x,A™ = 0. .
(ii) There exists Y = 0, Y # 0 such that trace(YA®) < 0 and trace(YA') = 0 for
i=1,...,m

Proof. Assume that both statements hold. Then trace(Y <7 (x)) > 0. On the other
hand, trace(Y <7 (x)) = trace(YA?) + ¥X_, x;trace(YA?) < 0, a contradiction.

Now assume that Statement (i) does not hold and let S| = {<7(x) : x € R™}. Then
S1Nint(.#}) = 0. Therefore, by the Separation Theorem, there existY € .7, Y # 0,
and scalar pg such that trace(YA) < po for all A € S| and trace(YB) > po for all
B €. Hence, by Corollary 1.4, it follows that trace(YA®) < 0 and trace(YA') =0
foralli=1,...,m. It also follows that trace(Y B) > 0 for all B = 0 and hence ¥ > 0.

O

The case where A > 0 is of particular interest to us. Theorem 2.11, in this case,

can be strengthened to the following easily proved corollary.

Corollary 2.3 Let A° A',... A" be given matrices in /" and let o/ (x) := A® +
x1A' -+ x,A™. Assume that A° = 0. Then exactly one of the following two state-
ments holds:

(i) There exists x such that <7 (x) > 0. _
(ii) There exists Y = 0,Y # 0, such that trace(YA®) = 0 and trace(YA") = 0 for
i=1,...,m

Proof. The result follows since 0 < trace(AY) < 0.
O
Since any affine set can also be represented as the intersection of hyperplanes,
we obtain equivalent forms of Theorem 2.10, Theorem 2.11, and Corollary 2.3.
To this end, let S} = {X € /" : trace(A’X) = b; for i = 1,...,m} and assume
that X € S;. Then S = {X € .#" : trace(A’(X — X)) = 0 for i = 1,...,m}. Hence,
Sy =X +x1B' +---+xB* where {B',...,B*} is a basis of the orthogonal comple-
ment of span {A!,... A"} in .#". Now let Y = 0, Y # 0 such that trace(YX) < 0
and trace(YB') =0 for i = 1,...,k. Then Y = y;A' +--- 4 y,,A™ for some scalars
ViyeevyYm, and trace(YX) =37 Vi trace(A’f() =Y, yib;. Consequently, we have
the following results.

Corollary 2.4 (Homogeneous) Let A',... A" be given matrices in /". Then ex-
actly one of the following two statements holds:
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(i) There exists X = 0 such that trace(A’X) =0fori=1,...,m.
(ii) There exists y € R™ such that yiA' + - 4+ y,,A™ = 0, 0.

Theorem 2.12 (Nonhomogeneous) Let Al,... A™ be given matrices in .#" and
let b € R™. Assume that the set {X € /" : trace(A'X) = b; for i = 1,...,m} is not
empty. Then exactly one of the following two statements holds:

(i) There exists X = 0 such that trace(A’X) = b; fori=1,...,m.
(ii) There exists y € R™ such l‘hal‘y1A1 + oy A" = 0,2 0 and bTy <0.

Corollary 2.5 Let A',... A" be given matrices in /" and let b € R™. Further, let
F ={X € " :trace(A'’X) = b; for i =1,...,m} and assume that F # 0. Then
exactly one of the following two statements holds:

(i) There exists X = 0 such that trace(A'X) = b; fori=1,...,m.
(ii) There exists y € R™ such that Q(y) = yiA' +--- +y,A"™ = 0,# 0 and bTy = 0.

Proof. LetX €.% and'assume that Statement (ii) of Theorem 2.12 holds. Then
0>bTy=3"y;trace(A’X) = trace(XQ(y)) > 0 since X = 0. Therefore, bTy = 0.
O
The following simple result will be needed in the sequel.

Corollary 2.6 Let & and (y) be as in Corollary 2.5 and assume that Statement
(ii) of Corollary 2.5 holds. Then trace(Q2(y)X) =0 forall X € 7.

Proof. LetX € .7, then trace(Q(y)X) = Y™, y; trace(A'X) = bTy = 0.
O
A remark is in order here. The affine set {x € R™ : A + x;A! +--- 4 x,A"} is
always nonempty, while the affine set {X € .7 : trace(A’X) = b; fori = 1,...,m}
may or may not be empty. Hence, the assumption that this set is not empty is made
in Theorem 2.12.

2.5 Semidefinite Programming (SDP)

In this section, we present a few basic results concerning semidefinite program-
ming (SDP) that will be needed in the monograph. Two excellent references on this
subject are [198, 137]. As noted earlier, theorems of the alternative are the main
ingredient in the proof of the strong duality theorem of SDP. Let A%, Al ... A" be
given linearly independent matrices in . and let b be a given vector in R™. Then
a primal SDP problem is of the form

(P) inf flx)=b"x
subject to A%+ Al x,A™ = 0.

The dual problem of (P) is
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(D) sup v(Y)=—trace(A’Y)
subjectto  trace(A’Y)=b; fori=1,...,m.
Y>0

It should be pointed out that the dual of the dual problem is the primal problem.
Thus, SDP problems come in dual pairs. Any solution that satisfies the constraints
is called a feasible solution. The set of all feasible solutions is called the feasible
region. Problem (P) satisfies Slater’s condition if there exists X € R” such that A0+
£1AY -+ £,A™ = 0. Likewise, Problem (D) satisfies Slater’s condition if there
exists ¥ = 0 which satisfies the constraints trace(A’Y) = b; for i = 1,...,m. In other
words, an SDP problem satisfies Slater’s condition iff its feasible region intersects
the interior of #}.
The following are the basic duality theorems of SDP.

Theorem 2.13 (Weak Duality) Let (P) and (D) be a primal-dual pair of SDP
problems as above. Then for any primal feasible solution x and any dual feasible
solution Y, we have

f(x) = v(Y).
Proof. f(x)—v(Y)=3%", bix; +trace(A’Y) = X | trace(A'Y )x; + trace(A%Y ) =
trace((X7, x; A +A%)Y) > 0.
]

Theorem 2.14 (Strong Duality) Let (P) and (D) be a primal-dual pair of SDP
problems as above. Assume that (P) and (D) are feasible and (P) satisfies Slater’s
condition. Then

fr=v
where f* and v* are the respective optimal values. Moreover, the dual optimal value
is attained.

Proof. By the definition of an optimal solution, there does not exist an x such that
A%+ x A"+ 4+ x,A™ = 0 and b” x < f*. Therefore, the system

£ 0 ) —by O
[’; A0]+x1[ 01A1}+---+xm[ onAm}H’-

is infeasible. Thus, by Theorem 2.11, there exist y > 0 and Y > 0, not both
of which are zero, such that —yb; + trace(A’Y) = 0 for all i = 1,...,m; and
yf* + trace(A%Y) < 0. Now y > 0 since otherwise, Theorem 2.11 would imply
that (P) does not satisfy Slater’s condition. Therefore, Y/y is a feasible solu-
tion of (D) with objective value v(Y/y) = —trace(A°Y /y) > f* > v*. Hence,
vy /y)=fr=v.
O

We remark here that in the absence of Slater’s condition, an SDP problem may
have a finite duality gap and/or the optimal value may not be attained.

Assume that Y is a feasible solution of (D) with rank s, and let W’ and U’ be
the matrices whose columns form orthonormal bases of col(Y) and null(Y'), respec-
tively. Further [26, 154], let
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& =span{Al,... A"} (2.2)
n D D [WT
%:{CGY C=[w U’}[d)z; OzHU’TH’ (2.3)

where @) is a symmetric matrix of order s. 9y is called the tangent space at Y to
the set of symmetric matrices of rank s. Y is said to be nondegenerate if

Ty + L+ =" (2.4)
Otherwise, Y is said to be degenerate. Note that Eq. (2.4) is equivalent to

Fing ={0}, (2.5)
where 7+, the orthogonal complement of F, is given by

FF={Ce " yC=0}={Cc.y":C=UdU"},
where @ is a symmetric matrix of order n — s.

Theorem 2.15 (Alizadeh et al. [26]) Let x and Y be optimal solutions of (P) and
(D), respectively. If Y is nondegenerate, then x is unique.

Proof. Since x is an optimal solution of (P), it follows that 2 (x) = A? + ¥, x;A" =
0 and b”x = —trace(AY), i.e., trace(:2"(x)Y) = 0. Hence, 2 (x)Y = 0 since both
Z (x) and Y are PSD. Now assume that x’ is an optimal solution of (P). Then
2 (¥)Y = 0 and hence (2 (x) — 2 (x'))Y = 0. Consequently, ¥,(x; — x})A" lies
in . Therefore, (2.5) implies that ¥,;(x} — x;)A" = 0 and hence ¥’ = x since
A',... A" are linearly independent.

O

2.6 The Facial Structure of .’}

Itis well known [165, 35, 34, 36, 108, 154] that the faces of the positive semidefinite
cone .} can be characterized either in terms of the null space or in terms of the
column space.

Lemma 2.1 Let A and B be two matrices in /! and let F be a face of /' contain-
ing A. If null(A) C null(B), then B € F.

Proof. Assume that null(A) C null(B). Now if A = 0, then null(A) = R" and thus
B = 0. Hence, the result follows trivially. Therefore, assume that A # 0 and let U
be the matrix whose columns form an orthonormal basis of null(A). Further, let
A =WAWT be the spectral decomposition of A, where A is the diagonal matrix
consisting of the positive eigenvalues of A. Thus the matrix Q = [W U] is orthogo-
nal. Let ¢ be a scalar. Then A —¢(B—A) = 0 if and only if Q7 (A —t(B—A))Q = 0.
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But ’
0" (A—1(B-apg= | W EZAW Y

Hence, there exists 7 > 0 such that A—7(B—A) = 0. Let C = A —7(B—A). Then

1 f
1+1 1+1
Therefore, B € F.
O
1 10 1 1 1 111
Example 2.1 Let A= |1 01|,B=|1 0 0| and C= |111|. Then
1-10 1 —-1-1 111
0 1 0
null(A) = {0}, null(B) = col(| 1|) and null(C) = col(| 0 1]). Hence,
—1 -1 -1

null(A) C null(B) C null(C). Accordingly, any face of .7} containing A must con-
tain B and C, and any face of /' containing B must contain C.

Recall that face(A,.}") denotes the minimal face of .’} containing A. Also, re-
call that, by Theorem 1.28, A lies in the relative interior of face(4,.7 D).

Theorem 2.16 (Barker and Carlson [35]) Let A € 7). Then

face(A, ) = {B €.} :null(A) C null(B)}. (2.6)
={Be .7} :col(B) Ccol(A)}. 2.7

Proof. Let S ={B ¢ ] : null(A) C null(B)}. Then, by Lemma 2.1, § C
face(A, ). Now if face(A, ) = {A}, then face(4,. ) C S and we are done.
Therefore, let B € face(A,.”}) where B # A. Since A lies in relint(face(A, .})),
there exist C € face(A,.”}') and 0 < A < 1, such that A = AB+ (1 — 4)C. Hence,
by Proposition 2.5, null(A) C null(B). Thus B € S and therefore face(4,.”}) C S.
O

It is an easy observation that face(/, ) = . and face(0,.}) = 0. Moreover,
the following corollaries are immediate.

Corollary 2.7 Let A € ). Then

relint(face(A,})) = {B € /) : null(A) = null(B)},
={Bec ./ :col(B) =col(A)}.

Corollary 2.8 Let A and B be in /. Then

face(A, ) C face(B, ) if and only if col(A) C col(B),
face(A, 7)) = face(B,.}) if and only if col(A) = col(B).
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Corollary 2.9 Let A € 7} and let rank(A) =r, r < n— 1. Further, let W be the
n X r matrix whose columns form an orthonormal basis of col(A). Then

face(A,7}) = {WOW for some ® € |},
relint(face(A, 7)) = {(WOWT for some & € 77 }.

Corollary 2.10 Let F be a face of 7. Then
F ={B e .} :Z C null(B) for some subspace £ of R"}.

Note that Corollary 2.9 follows in part from Proposition 1.1. As a result, the
faces of .}/ are isomorphic to positive semidefinite cones of lower dimensions, and
they are in a one-to-one correspondence with the subspaces of R”. As the following
theorem shows, all faces of .’}" are exposed.

Theorem 2.17 Let A € ./} and let rank(A) = r, r < n— 1. Further, let U be the
n X (n—r) matrix whose columns form an orthonormal basis of null(A); and let
H={X €.9" :trace(UUTX) = 0}. Then

face(A,S) =HN.Y. (2.8)
That is, all faces of /7 are exposed.

Proof. H is a supporting hyperplane of .} at A since trace(UU TX) >0 for
all X in .7}, Let X € face(A,.}). Then XU = 0. Hence, X € (HN.7}) and thus
face(A,.7) C (HN.Y). To prove the other inclusion, let X € (HN.}). Then
trace(UTXU) =0. But UTXU = 0. Hence, UTXU = 0. Thus, XU = 0 and hence
X € face(A, 7}). Therefore, (HN.7}) C face(A,.]).

0O

2.7 The Facial Structure of Spectrahedra

Of particular interest to us are sets formed by the intersection of the positive
semidefinite cone .} with an affine set. Such sets are called spectrahedra. Evi-
dently, a spectrahedron is a closed convex set. A spectrahedron .# has two equiva-
lent representations depending on the representation of the affine set. Each of these
representations has its own advantages. In this section, it is advantageous to use the
following description of .%. Let A% A, ..., A™ be linearly independent matrices in
. Then .# can be parameterized as

F={xeR": o (x) =0},

where
o (x) =A' 4 A+ x, A
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Assume that there exists £ € R™ such that o7 (%) > 0, i.e., assume that <7 (x)

satisfies Slater’s condition. Then we may assume, wlog, that AY + 0 since .Z can
be expressed as F = {x € R" : &/ (£) + ¥/ | (x; — £)A’ = 0}. On the other hand,
if A% > 0, then for any x € R™, there exists € > 0 such that A + 3" x;A" = 0.
Hence, int(.%#) # 0. The reverse statement is not true; i.e., if a spectrahedron has a
nonempty interior, then it may or may not satisfy Slater’s condition.
Example 2.2 Ler A = [i ” Al = {(1) ﬂ and A* = { (1) _(1)} Then the spec-
trahedron F = {x € R? : o/ (x) = A+ x1A! + x,A% = 0} is clearly given by the unit
disk centered at (0,1). Notice that <7 (x) = 0 for all x in the interior of this disk.
Hence, </ (x) satisfies Slater’s condition. However, . can also be represented as
F={xeR?: &' (x) = A" + x4’ + 24" = 0}, where

1 1-2 1 0-1 0-1 1
A= 1 120 A=] 0-1 1|ada®=|-1 0 1
2.2 4 11 0 1 1-2

Notice that the three principal minors of </’ (x) of order 2 are equal. Also, notice
that det(</’ (x)) = 0 for all x since the 3rd row of &/'(x) is a linear combination of
its first two rows. Hence o' (x) i 0 for all x, and thus &' (x) does not satisfy Slater’s
condition.

In this monograph we will be interested in minimal faces of .% as well as those
of Y.

Theorem 2.18 (Ramana and Goldman [156]) Let . = {x e R": o/ (x) = 0} and
let x € F. Then

face(x,F)={y € .7 :null((x)) C null(</(y))}. 2.9

Proof. LetS={yec.# :null(«(x)) Cnull(«/(y))} and let y € S. Then by an
argument similar to that in the proof of Lemma 2.1, there exists £ > 0 such that
o (x) =1 (y)— o (x)) = 0. Letz=x —F(y —x). Then o7 (z) = & (x) — (A (y) —
</ (x)) and thus z € .Z. Hence,

1 i

EE T

X y.
Therefore, y € face(x,.%#) and hence S C face(x, 7).

To prove the other inclusion, note that if face(x,.%#) = {x}, then face(x, #) C §
and we are done. Therefore, let y € face(x,.#) where y # x. Since x lies
in relint(face(x,.%#)), there exist z € face(x,.#) and 0 < A < 1 such that
x=Ay+ (1 —=A)z Then o/ (x) = A7 (y) + (1 — 1)</ (z). By an argument sim-
ilar to that in the proof of Theorem 2.16, it follows that null(.«7(x)) C null(</ (y))
and thus y € S. Therefore, face(x, %) C S.

O

The following corollary is immediate.
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Corollary 2.11 Let % = {x € R" : o/ (x) = 0} and let x € .F. Then
relint(face(x, F)) ={y € F  null(</ (x)) = null(/ (y))}. (2.10)

It is worth pointing out that, for a face F of .%, all matrices {7 (x) : x € relint(F)}
have the same rank. That is, the rank is constant over the relative interior of a face.
Let S be a convex subset of .%. Then it easily follows from Theorem 1.28 and
Corollary 1.2 that face(S,.%), the minimal face of .# containing S, is the face of .7
whose relative interior intersects relint(S) [154].

Example 2.3 Let .7 = {x € R? : A° + x;A! + x,A% = 0} be the spectrahedron of
Example 2.2. Then null(<7 (0)) = null(A°) = col( { _i } ). Hence, face(0,.%) = {x €
Fixi+x=0=x;—x2} ={0}.

As was the case for the faces of .7}, all faces of a spectrahedron are exposed.

Theorem 2.19 (Ramana and Goldman [156]) Let % = {y e R": o/ (y) = 0} and
let x € Z. If & (x) = 0, then face(x,F) = F. Otherwise, let U be the matrix

whose columns form an orthonormal basis of null(</ (x)); and let H = {y € R™ :
trace(UT </ (y)U) = 0}. Then

face(x,#)=.FNH, (2.11)
i.e., all faces of F are exposed.

Proof. H is a supporting hyperplane to .% since trace(UU” <7 (y)) > 0 for all
y € Z. Now lety € (Z NH). Therefore, UT o/ (y)U = 0 and hence .« (y)U = 0.
Consequently, y lies in face(x,.%) and thus (% NH) C face(x, %#).
To prove the other inclusion, let y € face(x,.%). Then < (y)U = 0. Consequently,
y € (Z NH) and hence face(x,.#) C (F NH).
O

Theorem 2.20 Let .7 = {x € R™ : o/ (x) = 0} and let S be a convex subset of .F.
Further, let X € S. Then the following statements are equivalent:

(i) rank o/ (%) > rank <7 (x) for all x € S.
(ii) face(%,.F) = face(S,F).
(iii) % lies in relint(S).

Proof. (i) = (ii)

Since £ € S, it follows that face(%,.%) C face(S,.%). To prove the other inclu-
sion, let x be any point in S and let y = A%+ (1 — A)x for some 0 < A < 1. Then
y € § since .Z is convex. Moreover, &7 (y) = A</ (X) 4+ (1 — 1)/ (x). Thus, by
proposition 2.5, null(</(y)) C null(</ (%)) and null( (¥)) € null(«(x)). Hence,
rank 7 (y) > rank &/(£). But by assumption, rank 7 (y) < rank < (%). There-
fore, rank .7 (y) = rank 27 (£) and consequently null(<7(y)) = null(</(%)). Hence,
null(¢7(£)) C null(e7 (x)). Therefore, x € face(£,.%) and thus S C face(£,.%). As a
result, face(S,.%#) C face(%,.%#).
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(i) = (iii)

Assume that face(£,.%#) = face(S,.%) and assume, to the contrary, that £ ¢
relint(S). Then £ lies in the relative boundary of S. Hence, by the Supporting Hyper-
plane Theorem, there exists a hyperplane H containing £ but not S. Therefore, HN
face(S,.%) is a face of .% containing £ of a smaller dimension than face(S,.#). This
contradicts the definition of a minimal face.

(i) = (1)

Assume that £ € relint(S) and let y be any point in S. Then there existz € Sand A :
0 < A <1 such that £ = Ay + (1 — 4)z. Therefore, o7 (£) = Ao/ (y) + (1 — 1) (2).
Then, by proposition 2.5, null(<# (X)) C null(<7(y)). Consequently, rank <7 (£) >
rank <7 (y).

O

The following theorem gives a representation of the affine hull of the minimal
face of .% containing x.

Theorem 2.21 Let F = {x € R™: &/ (x) = 0} and let x € F. Further, let U be the
matrix whose columns form an orthonormal basis of null(</ (x)). Then the affine
hull of face(x, F ) is given by

aff(face(x, F)) = {y e R™ : & (y)U = 0}. (2.12)

Proof. Let.Z ={yeR":¢/(y)U)=0} and let y be a point in aff(face(x,.%)).
Then y = Aw+ (1 — A)v for some points w and v in face(x,.#) and some scalar A.
Thus, o/ (W)U = &7 (v)U = 0 and hence 7 (y)U = A/ (W)U + (1 —A)«Z (v)U = 0.
Consequently, y € £ and thus aff(face(x,. %)) C Z.

To prove the other inclusion, note that if .2 = {x}, then we are done. Therefore,
lety € £,y +# x. Let W be the matrix whose columns form an orthonormal basis for
col(7 (x)). Thus, Q = [U W] is orthogonal and W7 o7 (x)W = 0. Hence, there exists
t > 0 such that W o7 (x)W —t(WT o ()W — W' .o/ (x)W) = 0. Let z = x — t(y — x).
Therefore, W .7 (z)W = 0 and <7 (z)U = 0. Moreover, Q7 o7 (z)Q = 0 and hence,
&/ (z) = 0. Therefore, z € face(x,.%). Moreover, since y = (14 1/t)x — z/t, it fol-
lows that y belongs to aff(face(x,.%#)) and hence .Z C aff(face(x, #)).

O

2.8 Facial Reduction

As we saw earlier, Slater’s condition is sufficient for SDP strong duality and its
absence can result in theoretical and numerical problems. Even though it holds
generically [76], Slater’s condition fails in many interesting instances of the SDP
problem since the feasible regions of these problems are contained in the bound-
ary of ., and thus do not intersect the interior of .. Borwein and Wolkowicz
[49, 50] devised a facial reduction algorithm to regularize such problems and to turn
the absence of Slater’s condition to our advantage, see, e.g., [54, 74].
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Lemma 2.2 An SDP problem satisfies Slater’s condition if and only if the minimal
face of its feasible region is /.

Proof. Assume that an SDP problem satisfies Slater’s condition and let .# be its
feasible region. Then .# N}, # 0 and thus letA € (# N}, ). Hence face(A,.7})
C face(#,.7}) C /1. But, face(A,.”}) = ./} since A has a trivial null space.
Therefore, face(.#,.7) = #1.

To prove the other direction, assume that face(.#,.7) = .} = face(/,.”}!) and
let A € relint(.%). Then face(4,.}) = face(F,. /) = face(,.}) and thus A is
PD. Therefore, Slater’s condition holds.

O

Another characterization of Slater’s condition is given in Lemma 2.4 below. Con-
sequently, in the absence of Slater’s condition, the Borwein—Wolkowicz facial re-
duction algorithm aims at finding the minimal face of the feasible region by gen-
erating a sequence of faces of .} containing .%, each of which is a proper subset
of the previous one. In other words, this algorithm generates matrices %, ..., %1
such that

face(F, ST = face( U1 U1, S}) C -+ C face(%U 2!, 7)) C 77, (2.13)

where col(%.+1) C --- C col(%1) C col(I) = R". An important point to bear in mind
is that X lies in relint(.%) iff face(.Z, ) = face(X, ) iff col(X) = col(%11). It
is worth noting that face(.#,.}) is isomorphic to the cone .7 for some r < n. As
a result, Slater’s condition holds if .% is embedded in .| instead of }; i.e., if F
is embedded in the smallest possible space.

Notice that theorems of the alternative presented above do not involve the rank.
The Borwein—Wolkowicz facial reduction scheme is used to establish the follow-
ing theorem of the alternative involving the rank (see also [136]). For the purposes
of this section, it is advantageous to describe a spectrahedron as .# = {X € ./ :
trace(A’X) = b; fori=1,...,m}.

Theorem 2.22 (Alfakih [14]) Let A',... A™ be given linearly independent matri-
ces in " and let b be a given nonzero vector in R™. Further, let

F ={X € " trace(A'X) =b; fori=1,...,m}.

Let X* be a matrix in F such that rank(X*) = r, r < n— 1. Then exactly one of the
following two statements holds:

(i) There exists an X € .F such that rank(X) > r+ 1.
(ii) There exist nonzero matrices Q°, Q' ..., Q¥ for some k < n—r—1 such that:

QI =3" x]A(j=0,1,...,k), for some scalars x!s.
QV=0, 2T Q' = 0,..., % Q% = 0.

trace(2/X*) =0 for j=0,1,... k.

rank(Q°) + rank(% T Q') + - - + rank(%} Q* %) = n —r.

&0 &R
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Here, U, ..., %1 and Wy, M1, ..., W) are full column rank matrices defined as
Sollows: Fori=0,1,....k, col(#;) = null(@/iTQi@/i) and U1 = UW;, where Uy =
1.

Two remarks concerning Theorem 2.22 are in order. First, if »r = n — 1, then this
theorem reduces to Corollary 2.5. Second, the integer k in this theorem, i.e., the
number of steps needed in the facial reduction procedure, depends on the choice of
the matrix %Tﬂi %; in each step. The minimum number of such steps is called the
singularity degree of .# [181]. For example, if k = 0, then the singularity degree is
one and the facial reduction procedure terminates in one step.

The following lemma is the crucial ingredient in the proof of Theorem 2.22.

Lemma 2.3 Let 7, X*, %j, %j+1 and W be as in Theorem 2.22. Then
F C face(Uin U\, S} C face( U U], 1), (2.14)

if the following two conditions hold:
1. ycface(%j%r,yﬂ), . .
2. 3 anonzero QJ = o x{Aifor some scalars x{ ’s such that %jTQj%j >0 and
trace(Q/X*) = 0.

Proof. Assume that Conditions 1 and 2 hold. Then since .7 C face(%; %" ,-71),
Corollary 2.9 implies that

F={X= %Yj?/jT 1Yj = 0,trace(A’X) = b; fori = 1,...,m}.

Now for any X € .%, we have

m . . m . m ) .
trace(Q/X) =Y x! trace(A'X) = Y x/bj =Y x! trace(A’X*) = 0.
=1

i i=1 i=1

But trace(Q/X) = trace(% Q/%;Y;). Consequently, % Q/%;Y; = 0 since both

Yj and OZZjTQj %; are PSD. Therefore, by Proposition 1.1, Y; = V/ijHWjT for some
Yiy1 = 0. Hence, F = {X : X = U1 Yin1 %L, : Yji1 = 0, trace(A'X) = b; for

Jj+l1
i=1,...,m}, ie., F C face(%jﬂ%jil,&”ﬁ). Moreover, face(?/jﬂ%ﬁl,&”ﬁ) -
face(%jﬁl/jT,YJr") since col(%j+1) C col(%;).
O

The following observation concerning Lemma 2.3 is worth pointing out. Sup-
pose that %; is n x s. Then face(%j%jT,Yf) is isomorphic to .’{. Hence, if
rank(%;" Q/U;) = 8, then #j is s x (s — &) and therefore, %j 1 is n x (s — &).

T
As a result, face(%41 %jﬂ’

the rank of ?/jTQj %; is, the greater the difference between the dimensions of
face(%j%f,y ") and face(?/jJrl?/jL,Yﬁ) will be. Consequently, the higher the
ranks of the matrices %]-TQj %;’s are, the fewer steps the facial reduction scheme
will need. '

&) is isomorphic to 5”}:5. Accordingly, the higher
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Proof of Theorem 2.22. All minimal faces in this proof are faces of .’ and thus
we will drop the second argument of face. We first prove that if Statement (i) does
not hold, then Statement (ii) holds. Therefore, assume that there does not exist X €
Z such that rank(X) > r+1; i.e., assume that face(.#) = face(X™). Then there does
not exist X = 0 such that trace(A’X) = b; for i = 1,...,m. Hence, by Corollary 2.5,
there exists a nonzero Q° = 0 such that Q° = 37 | xYA" and trace(Q2°X*) = 0. Now
if rank(.QO) = n—r, then we are done and k = 0 in the theorem. Therefore, assume
that rank(Q°) = n—r— &; for some 8; > 1, and let #{ be an n x (r+ ;) full column
rank matrix such that col (%) = null(Q2°). Since . C face(I) = .77, it follows from
Lemma 2.3 that
F Cface(2 ") C face(l,) = S,

where % = I, % is n x (r+ 61) with full column rank. Moreover, face(%) =
face(X*) # face(Z% ). That is, X* = Y%, where Y; is a singu-
lar PSD matrix. Furthermore, there does not exist (r + 01) x (r + 6;) matrix
Y1 = 0 such that trace(A2Y1%!) = b; for i = 1,...,m. Hence, by Corol-
lary 2.5, there exists a nonzero Q' = ;":]xilA" such that %ngl?/] > 0 and
trace(%T Q124Y]) = trace(Q'X*) = 0. If rank(%," Q2'24) = &), then we are
done and k = 1 in the theorem since rank(Q°) + rank(%," 2'24) = n— r. Thus,
assume that rank(%, Q'%4) = &) — &, where 1 < & < § — 1. Let #] be an
(r+8;) x (r+ &) full column rank matrix such that col(#) = null(%," Q'%).
Since .7 C face(Z %), it follows from Lemma 2.3 that

F Cface(%W, ) C face(24 2 C face(l,) = 7,

where % = 21 ¥ is n x (r+ &;) with full column rank.

Observe that, at each step, a lower dimensional face containing .% is obtained.
Also, 01,0, ... is a strictly decreasing sequence of positive integers bounded above
by n—r— 1. Thus after at most n — r steps, we must have some k, k <n—r—1,
such that % is n x (r+ &) and rank(%,” Q*%,) = &. But, rank(Q°) =n—r—
o1, rank(%lT.Ql%l) =6 -0, ..., rank(?/kT_l.Qk_l@/k_l) = Oy_1 — Oy. Therefore,
Statement (ii) holds.

Second, we prove that if Statement (ii) holds then Statement (i) does not hold.
Thus, for k > 1, assume that rank(Qo) =n—r—201,

rank(2,7 Q') = 8, — &, ..., rank(Z |\ Q' U 1) =81 — &,

and rank (%, Q*%.) = §;. Therefore, #g is n x (r+8), # is (r+ &) x (r+ &),
coos Wi—1 18 (r+ 8—1) X (r+ &) and #; is (r+ &) x r. Moreover, %, = %o, % =
WM, .oy U1 = Wy Wi Hence, %y isnxr.

Now successive application of Lemma 2.3 yields

F Cface(%Un %) C face(%U2!) C -+ C face(24 W) € 7.
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But X* € .#. Thus, face(#) is a face of .’} containing X*. Hence, by the definition
of a minimal face, it follows that face(X*) C face(.#). Similarly, face(#) C
face(%1%.,). Thus, face(X*) C face(%1%L, ) or col(X*) C col(Zt1).
Therefore, face(X*) = face(ﬁi/kﬂ%kil) since rank(X*) = r and % is n x r. Conse-
quently, face(X™) = face(.#) and thus Statement (i) does not hold.

Now if k =0, i.e., if rank(Q°%) = n — r, then #5 is n x r and hence %, = I, %} is
also n x r. By applying Lemma 2.3 we get

face(X*) C .F C face(24 %) C 7.

Hence, col(X*) C col(%) and thus col(X*) = col(%). Therefore, face(X*) =
face(.%).
O

Example 2.4 As an illustration of the facial reduction algorithm and the proof of
Theorem 2.22, consider the spectrahedron F = {X = 0 : trace(XA") = b; for i =
1,...,4}, where

| [1644 L[4 0 0 0
A1_§ 411 7A2:§ 4164(,A°=|0 11|,
1 141 0-1 1
10-1 ? for-1-3
A*=1 00 0| andb= [ | Then F={X"=7 -1 1 3|}
~10 1 -3 3 9

4

That is, .7 is a singleton and rank(X*) = r = 1. Therefore, ¥ has empty interior
and hence, by Corollary 2.5, there exists a nonzero Q0 = 2?21 x?A’ = 0 such that
trace(QOX*) =b"x0 = 0. It is easy to see that, by setting x(l) =1, xg = xg =x0=0,

-1 -1
we get Q0 = Al = 0. Thus, ¥y = 4 0. Notice that rank(.QO) = 1. Hence,
0 4

01 = 1 since n—r = 2. Therefore, %, = #y and hence, F C face(% %IT,YJ%), ie.,

F ={X: X =% = 0and trace(XA") = b; fori = 1,...,4},
= {Y1 = 0: trace1 % A" ) = b; fori = 1,...,4},

i 23]

since 02/1TA1 v =0, OZZITAMZA = [

15
53
Again, by Corollary 2.5, there exists a nonzero o= Zfzle-l J//ITA’?A = 0 such
that trace(% Q124Y}) = trace(Q'X*) = bTx' =0, or x} +x} +4x} = 0. Elimi-

16 —16

—-16 16

255
5 1}02/1”3%1:[

} and %ITA4%1 =
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nating xé yields

1 _ 91yl 1 1
*7/1T~Ql‘7/1=3 3x, —21xy4 7x2+23x4} = 0.

7x5 + 23)@11 —Sx% — 13x}‘

Hence, det(%lT.Ql%l) = —192(x% +2x}1)2 > 0. Therefore, xé = —2x}1. Thus, by set-
tingxé =2, xé =2 andx}‘ = —1, we get

-7 8 1 o 3
Q'=-1 8 50-10 and%1T91%1—9[_3 1}50.
11-10 11

Notice that rank(2" Q') = & = 1. Thus, rank(Q°) + rank(%' Q') =2 =
n—r. Therefore, k = 1 in Theorem 2.22, i.e., the singularity degree of F is 2.
4
]. Hence, % = W = 4 |. Thus, F Qface(%z@/f,yf)
12
and more precisely, face(F ,.73) = face(%U,! ,.3). Note that X* = U U,! |64.

1
Now ¥ = [3

We saw in the preceding discussion that face(.#, 7)) = face(%kJrl%L,y .
As we noted earlier, face(.# ,”1), as well as any other face of .}, is exposed.
To be more precise, let %1 be the n x (n — r) full column rank matrix such that
col(% y+1) = null(%L, |). Then face(7,.") = HN.}, where H = {X € /" :

trace(@kH@ZHX ) = 0}. Now, the exposing matrix % 1@1f+1 can be found in
one step if and only if the singularity degree of .% is one. Let .4 : " — R™ be
the linear transformation where .#;(X) = trace(A’X). As it turns out, the minimal
faces of .# (), unlike those of .7}, may or may not be exposed. Drusvyatskiy
et al. [75] proved that the singularity degree of .% is one iff face(b, # (/1)) is ex-
posed. Before presenting their result, we provide another characterization of Slater’s
condition.

Lemma 2.4 ([74]) Let # ={X € /] : .# (X) = b} and assume that F # 0. Then
F satisfies Slater’s condition if and only if b lies in relint( M (S)).

Proof. We have, by Theorem 1.21, that relint(.# (.})) = . (relint(.”’}!)). Now,
obviously, there exists X > 0: .# (X) = b iff b lies in .# (relint(-”}')) and hence the
result follows.
O
Consequently, in the absence of Slater’s condition, we have the following theo-
rem.

Theorem 2.23 (Drusvyatskiy et al. [75]) Let # : . — R™ be a linear transfor-
mation and let F = {X € /! : #(X) = b}. Further, let X* € relint(.F). Assume
that rank(X*) =r <n—1 and that # (7}) is closed. Then the following statements
are equivalent:

(i) The singularity degree of F is 1.
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(ii) w exposes face(b, # (L7)).
(iii) M *(w) exposes face(F, S}).
(iv) A*(w) =0, bTw =0 and rank M4*(w) =n—r.

Theorem 2.23 has interesting implications for dimensional rigidity, which we
study in Chap. 10. Next, we prove the following theorem which is used in the proof
of Theorem 2.23, and which is interesting in its own right.

Theorem 2.24 Let ./ : /" — R™ be a linear transformation and let 7 = {X €
SN M(X) = b} Assume that M (/}) is closed and let X* € relint(F). Then

(i) A (face(X,.7})) C face(b, # (S})) for any X € F.
(ii) M (face(X*, 7)) = M (face(F,.S})) = face(b, # (S})).

Proof. LetX €.%. Then obviously, X lies in relint(face(X,.7})). Hence, by The-
orem 1.21, it follows that ./ (X) = b lies in relint(.# (face(X,.}))). Note that
A (face(X,.7})) is not necessarily a face of .# (.”}). However, obviously b lies
in relint(face(b, # (.})). Thus, Theorem 1.28 implies that ./ (face(X,.”})) C
face(b, 4 (S})).

To prove Statement (i), let F = .7 N .# ~(face(b,.#(.7}))) and note that
M (F) = face(b, # (")) and .F = .97 N .#~'(b). Then obviously, F C F.
Moreover, by Theorem 1.29, F is a face of 7. But b lies in relint(face(b, .# (/1))).
Thus, Theorem 1.21 implies that there exists X in relint(F) such that .Z (X) = b,
ie., # N relint(F) # 0. Therefore, by Corollary 1.2, face(#,.#}) = F and thus,
Statement (ii) holds since face(.#,.7}) = face(X*,.7}).

O

Example 2.5 To illustrate the previous theorem, let M : . 2 R, where

=)

zy vl
Then (%) =R% = {x € R? : x; > 0,x, > 0}. Let b = e. Then .#~'(b) =
{E ﬂ 1z € R} and thus F = 2N~ (b) = {{i T] : 22 < 1}. As a result,
face(b,.#(#2)) = R% since b lies in the relative interior of M (.#?). Notice
that & satisfies Slater’s condition. Now let X* = I. Then X* € int(%) and thus

Jace(X*, ) = S Therefore, M (face(X*, 7)) = R2 = face(b,.# (S?)).

On the other hand, let X = ee”. Then X lies in the boundary of .# and
face(X,. ) = {zee" : > 0}. Thus, M (face(X,.7")) = RZ N{x € R? : x; = xp}.



Chapter 3 )
Euclidean Distance Matrices (EDMs) s

This chapter provides an introduction to Euclidean distance matrices (EDMs). Our
primary focus is on various characterizations and basic properties of EDMs. The
chapter also discusses methods to construct new EDMs from old ones, and presents
some EDM necessary and sufficient inequalities. It also provides a discussion of the
Cayley—Menger matrix and Schoenberg Transformations.

An n x n matrix D = (d;;) is called a Euclidean distance matrix (EDM) if there
exist points p',..., p" in some Euclidean space such that

dij=||p'—p/|[*fori,j=1,...,n.

The dimension of the affine span of these points is called the embedding dimension
of D. If the embedding dimension of D is r, we always assume that p!,..., p" are
points in R". Of particular interest throughout the monograph is the EDM associated
with the standard simplex, i.e., A = E — I, where E is the n X n matrix of all 1’s and
[ is the identity matrix of order n. Clearly, the embedding dimension of A isn— 1.
Observe that if d;; = 0 for some i # j, then the ith and the jth columns (rows) of
D are identical. Conversely, if the ith and the jth columns (rows) of D are identical,
then d;; = 0 since d;; = 0. Consequently, D has no repeated columns (rows) iff the
off-diagonal entries of D are all nonzero iff no two of the generating points of D
coincide.
Let the embedding dimension of D be r, then the n X r full column rank matrix

»hH"
pP= : (3.1
(pn)T
is called a configuration matrix of D. Consequently, the Gram matrix of points
pl,...,p"is the n x n matrix
B=PPT. (3.2)
Thus, B is positive semidefinite (PSD) and of rank . Moreover, the entries of D can
be expressed in terms of the entries of B as follows.
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=l —pIP
= (P '+ (p)) p —2(p")" p’
Zbii—l-bjj—Zb,'j.

Denote the vector of all 1’s by e, and the vector consisting of the diagonal entries
of a matrix A by diag(A). Define the linear operator 2" : " — " by

A (A) = diag(A)e” + e(diag(A))" —2A. (3.3)

Then, it is immediate that an EDM D can be expressed in terms of the Gram matrix
of its generating points as

D= (B). (3.4)

Gram matrix B is invariant under orthogonal transformations since for any r X r
orthogonal matrix Q, it follows that (PQ)(PQ)” = PPT. However, B is not invariant
under translations. Let a be a nonzero vector in R” and let P’ and B’ be, respectively,
the images of P and B under a translation along a. Then P/ = P—ea’ and hence B' =
B+a'aee’ — Pae’ — ea’ PT. Note that ¢ (a’ ace — Pae’ — ea® PT) = 0. Placing
the origin at a particular point removes these r translational degrees of freedom. This
amounts to requiring the configuration matrix P, and hence the Gram matrix B, to
satisfy PTs =0 or Bs = 0 for some nonzero vector s in R”. For example, if s = ¢/n,
then Bs = 0 is equivalent to placing the origin at the centroid of the generating points
p',...,p" On the other hand, if s = ¢, where ¢’ is the ith standard unit vector in
R”, then Bs = 0 is equivalent to placing the origin at point p’. A remark is in order
here regarding the possible choices of such a vector s. Suppose that for some given
s, PTs # 0. Then there exists a translation such that B's = 0 only if e’'s # 0 since
P'" = PT — ge” . This fact will be manifest in the definition of the linear operator .7°
in the next section.

018 36
Example 3.1 Consider the EDM D = | 18 0 18 | generated by points lying on a
3618 0
hypersphere of radius 3.
[—30
Let s' =[1/2 0 1/2]7, then D has a configuration matrix P= | 03 | satisfy-
30
ing PTs' = 0. In this case, the hypersphere is centered at the origin since ||p'|| =
[|P?|| = ||p?|| = 3, while the centroid of the generating points is PTe/3 =10 1]7.
[—3 -1
Now let s* = ¢/3, then D also has a configuration matrix P = 0 2| satis-
3 -1

fying PTs?> = 0. In this case, the hypersphere is centered at a = [0 — 17, while the
centroid of the generating points coincides with the origin.
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010104
. 10 0 42 |
Example 3.2 Consider the EDM D = 10 4 02| Lets' =e/4. Then D has a
4 220
0-2
configuration matrix P = _i } satisfying PTs' =0. Nowlets>=[1 1 1 —3]T.
0 0

Notice that " s*> = 0 and PTs*> happened to be 0. However, if PTs # 0 for some s
perpendicular to e, then D has no configuration matrix P' satisfying P' Ts=o.

3.1 The Basic Characterization of EDMs

In this section we focus on the basic characterization of EDMs. Other characteriza-
tions will be discussed later in this chapter.
Let e denote the orthogonal complement of e in R”; i.e.,

et ={xeR":efx=0}.

Two vectors are of particular importance in the theory of EDMs. First, vector e
plays a fundamental role as it is part of the definition of .#". Second, vector s, where
el's = 1, also plays an important role since it used to eliminate the Gram matrix
translational degrees of freedom. In most of this monograph, we will be interested
in the case where s = ¢/n. In this case, one should keep in mind that e is playing a
dual role.

Let Q =1—se”, where el's = 1. Then, obviously, Q is a projection matrix. More
precisely, Q is the projection matrix onto e’ along s. This follows since Qs = 0 and
e’ Qx = 0 for any x; i.e., s and e are, respectively, in the null space and the left null
space of Q. Evidently, if s = e/n, then Q is the orthogonal projection matrix onto
put

Define the linear operator .7 : /" — /" by
1
T(A) = _5(1_ esT)A(I —seT), (3.5)

where s”e = 1. The motivation behind this definition is given in the next lemma,
which establishes the connection between operators J#” and .7. The operators J#
and 7 were introduced by Critchley in [67], where several of their properties are
discussed. Let .} and .7} be the two subspaces of .7 defined as follows:

I ={A .7 diag(A) = 0} (3.6)
It ={Ac.I": As=0}. (3.7)
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Lemma 3.1 (Critchley [67]) The operator .7, restricted to .}, and the operator
H, restricted to ' are mutually inverse; i.e.,

Tom = (H 7)) and H | gp = (T | 5n) "

Proof. Let A €., then T (A) = —(A — Ase” — esT A+ sTAs ee”) /2. Hence,
diag(7 (A)) =As— (sTAs/2) e. Thus, diag(.7 (A))e! +e(diag(7 (A))! =27 (A)+
A. Therefore, % (T (A)) = A.

On the other hand, let A € .. Then ¥ (A)s = diag(A) + (s” diag(A))e since
As=0and e’ s = 1. Consequently, s” 7 (A)s = 25T diag(A). Moreover, .# (A)se” =
diag(A)e! +sT diag(A) ee’. Therefore,

2.7 (K (A)) = H (A) —diag(A)e” — e(diag(A))T = —24

or 7 (JH(A)) =A.
0O
It is worth noting that dim ./}' = dim ./{" = n(n — 1)/2. The following two
lemmas are easy consequences of the definitions of .#" and .7 [25].

Lemma 3.2 The image of # = .} and the kernel of ¥ = {ae’ +ea’ :a € R"}.
Lemma 3.3 The image of 7 = . and the kernel of 7 = {ae’ +ea® :a € R"}.

Schoenberg [167] and Young and Householder [200] established the basic char-
acterization of EDMs. The following theorem is a restatement, due to Gower [93],
of their result.

Theorem 3.1 (Schoenberg, Young and Householder) Let D be an n x n real sym-
metric matrix whose diagonal entries are all 0’s. Then D is an EDM if and only if D
is negative semidefinite on e*; i.e., if and only if

7 (D) = 0.
Moreover, the embedding dimension of D is given by the rank of (D).

Proof. Assume that D is an EDM of embedding dimension r. Then D = J¢ (B)
where B, the Gram matrix of the generating points of D, satisfies Bs = 0. Thus,
T (D)= 7 (A (B)) =B1is PSD of rank r.

On the other hand, assume that B = .7 (D) is PSD of rank r. Then, it follows
from (3.5) that Bs = 0. Moreover, B can be decomposed as B = PPT where P is an
n x r full column rank matrix. Therefore, D = ¥ (7 (D)) = ¢ (PP ), and hence
D is an EDM generated by the points p',..., p", where (p')7 is the ith row of P.

O

We should point out that if D has a negative entry, then obviously D is not an
EDM. To see how this follows from Theorem 3.1, assume wlog that dj» < 0 and let
xT =[1 —1 07]. Then clearly x € e* and x” Dx = —2d;, > 0, and hence D is not

negative semidefinite on e*.
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The following two observations made in [92] shed more light on vector s in .7.
First, a nonzero D is never a PSD matrix since diag(D) = 0. Hence, B = .7 (D) is
PSD only if I — se” is singular. But det(I — se” ) = 0 iff ¢’ s = 1. Second, Ds # 0. To
see this, assume to the contrary that s € null(D). Then e’ s = 0 since e € col(D) (see
Theorem 3.9 below).

In the next subsection, Theorem 3.1 is refined by exploiting the facial structure
of the positive semidefinite cone .7}’

3.1.1 The Orthogonal Projection on e

Different choices of projection matrices onto e amount to different choices of the
origin. In most situations, we will find it convenient to place the origin at the centroid
of the generating points of D; i.e., to set s = ¢/n. Accordingly, let J denote the
orthogonal projection matrix onto e*; i.e.,

€€T

J=1-". (3.8)
n

Throughout this monograph we make the following assumption:

Assumption 3.1 Unless otherwise stated, we assume that the Gram matrix B of an
EDM D satisfies Be = 0 i.e., the origin coincides with the centroid of the generating

n

points p',... p".

Under this assumption, we have

7 (D) = —%JDJ. (3.9)

Different choices of a basis for e give rise to different factorizations of J. Next,
we present two such factorizations. The first one corresponds to a sparse, albeit
nonorthogonal, basis of ¢!, while the other one corresponds to an orthonormal,
albeit dense, basis.
To obtain the first factorization, let [25]
T
U= [_en—l} . (3.10)
In—l
Then, clearly, the columns of U form a (nonorthogonal) basis of et. Consequently, J
can be factorized as J = UUT, where U is the Moore—Penrose inverse of U. That is,
J=UUTU)~'UT. As will be shown later, this factorization is particularly useful
for pencil-and-paper computations.

To obtain the second factorization, let V be the n x (n — 1) matrix whose columns
form an orthonormal basis of e+. In other words, V satisfies

Vie=0and V'V =1, ;. (3.11)
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Hence, J = VVT. This factorization of J is most useful for theoretical purposes.
As an immediate consequence of (3.11), we have the following fact which will be
used later in the monograph. Every (n— 1) x (n— 1) submatrix of V is nonsingu-
lar. To see this, let V denote the submatrix of V obtained by deleting, say, its nth
row, and assume that V is singular. Then there exists a nonzero & € R"~! such that
ETV =0.Let p7 =[ET 0]. Then pTV =0 and thus rank(V) < n—2 since p # ¢, a
contradiction.

Obviously, V is not unique and many choices of V' are possible. One such choice
[21] s

V= e where b andx=———
Li—i+xey,_tel ||’ Y Vn n+/n

This particular choice of V is related to Householder matrices as will become clear
below. It is worth noting that

(3.12)

V=U(, 1+xe, 1el_)) (3.13)

and X
U=V, 1+=e,1el ). (3.14)
y

Let V| and V, be two n; X (n] — 1) and np X (ny — 1) matrices, respectively, as
defined in (3.11). When dealing with 2 x 2 block matrices, we are often faced with
the problem of constructing an n X (n — 1) matrix satisfying (3.11) out of V; and V5,
where n = n; +n (see, e.g., Theorem 3.20 below). To this end, let

Vi 0 oey,
V= ! 3.15
|: 0oV [33,12] ’ ( )

where o and B are scalars. Hence, V satisfies (3.11) iff on + Bny = 0 and o’ny +
B%ny = 1. Therefore, V satisfies (3.11)if ¢ = /22 and = —, /2L

nny nny*
Recall that the translational degrees of freedom can be eliminated by requiring
the Gram matrix B to satisfy the constraint Be = 0. As we show next, this constraint
can be dropped if instead of B, we use the corresponding projected Gram matrix.

3.1.2 The Projected Gram Matrix

It is an immediate consequence of Corollary 2.10 that set F = {A € ./} : Ae = 0}
is a maximal proper face of .#}. Let 2" denote the set of n x n EDMs. Then 2"
is the image of F under the linear operator 2. Moreover, F, by Corollary 2.9, can
be expressed as F = {A: A = VXV, where X € L%'r’_l}, where V is as defined in
(3.11). This motivates the introduction [21] of the following two linear transforma-
tions: #y : /" — P and By S — ! defined by Ay (X) = & (VXVT)
and Fy(A) = VI 7 (A)V. That is,
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Hy(X) = diag(VXVT)e! +e(diag(VxvT))T —2vxvT (3.16)
T (A) = f%VTAV. (3.17)

Lemma3.4 7 (A)=V.% AV forall A€ 7"
Proof. Let A € .", then J(A)e = 0. Thus, VF (A)VT = vvIZAWVVT =
T (A) since VVT = J and since 7 (A)e = 0.
O
The next lemma is especially useful in the study of the geometry of the EDMs.

Lemma 3.5 ([21]) The adjoint of &y is given by
7 (A) =2VT (Diag(Ae) —A)V.

Proof. LetA € .#". Then trace(A % (X)) = 2 trace(VT (Diag(Ae) — A)VX) and
the result follows.
0O

Note that %} has a trivial kernel since the kernel of %" = {ae’ +ea’ :a € R"}.
The following lemma is analogous to Lemma 3.1.

Lemma 3.6 ([21]) The transformation %, restricted to ./, is the inverse of the
transformation Jy, i.e.,

Hy

o= ()" and Ay = (Fy| )"
X)) =VIF(#(VXVT))V = X. On the

Proof. Let X € "', then Fy(#y(
e =0. Thus 4 (F(A)) = # (VR (AVT) =

other hand, let A € .} then .7 (A)
H(T(A)) =A.
O
An immediate consequence of the definition of .7 and Lemma 3.4 is the fact that
if A € .7, then rank(.7 (A)) = rank(.%(A)) and .7 (A) = 0 iff Fy(A) = 0. As a
result, the following theorem is a restatement of Theorem 3.1.

Theorem 3.2 ([24, 21]) Let D be an n x n real symmetric matrix whose diagonal
entries are all 0’s. Then D is an EDM if and only if

(D) = 0.

Moreover, the embedding dimension of D is given by the rank of (D).

As a result, 2" is the image of <5’+”_1 under the linear transformation J#y ; and
" 1is the image of 2" under the linear transformation .7, . Furthermore, if D is an
EDM, then .7 (D) is the Gram matrix of D. Accordingly, the matrix .7 (D) is called
the projected Gram matrix of D. As we will see below, projected Gram matrices
have a geometric interpretation in terms of the volume of the simplex defined by the
generating points of D.

The following characterization, which follows as a corollary of Theorem 3.2, is
particularly useful for pencil-and-paper computation for small 7.
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0d"
d D
agonal entries are all 0’s, where d € R\, Then D is an EDM if and only if

Theorem 3.3 ([25]) Let D = [ ] be an n X n real symmetric matrix whose di-

del | +e,1d" —D = 0. (3.18)
Moreover, the embedding dimension of D is given by rcmk(del{_1 +e,_1dT — D).

Proof. D is an EDM iff (—VTDV) > 0. But V = UA where U is as defined in
(3.10) and A is the nonsingular matrix given in (3.13). Thus, D is an EDM iff
—UTDU = 0. The result follows since U'DU = —de! | —e,_1d" + D and since
rank(U” DU) = rank(VT DV).
O
As an application of Theorem 3.3, we present a proof of the obvious fact that if
D is an EDM, then the square roots of its entries satisfy the triangular inequality.

Theorem 3.4 Let n > 3 and let D be an n x n EDM. Then for any distinct indices

i,j,k, we have
|V/dij = /| < Vi < \/dij+ /.

Proof. Wlogassumethati=1,j=2,z7=3,and thatd|; =a,d;3 =band dy; =c.
Then it follows from Theorem 3.3 that

2a  a+b—c
= 0.
at+b—c 2b =0

Thus,
4ab—(a+b—c)* = (2v/avVb—a—b+c) (2yavb+a+b—c) > 0.
Hence, we have two possibilities. The first one is:
(2v/av'b—a—b+c) > 0and (2v/avVb+a+b—c) >0
or (vVa—vb)* <c < (Va+vb)*.

The second possibility is (2/av/b—a—b+c) <0and (2y/avb+a-+b—c) <0;
or (va+v/b)? < ¢ < (y/a—+/b)?, a contradiction.

O
As the following example shows, the converse of Theorem 3.4 is false for n > 4.
011ao
. . 101« .
Example 3.3 Consider the matrix A = 110l The square roots of the entries
aoca 0

of A satisfy the triangular inequality for oo = 0.3 since v/0.3 > 0.54, i.e., /o >
1/2. However, A is not an EDM. In fact, A is an EDM iff o« > 1/3. Moreover; the
embedding dimension of A is 2 iff o = 1/3.
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The following example shows the advantage of Theorem 3.3 for pencil-and-paper
computations.

010104

10 0 42

10 4 02

4 2 20

20 16 12

2 since de3T+e3dT —D= 162012 | is PSD and of rank 2.
1212 8

Example 3.4 Let D = . Then D is an EDM of embedding dimension

As noted earlier, the choice of V in (3.12) is related to Householder matrices.
This fact, which is established next, leads to yet another characterization of EDMs.
Let Q be the n x n Householder matrix

T

vy
12
0 vy

1+ﬁ] . (3.19)

, wherev =
€n—1

Then, vI'v = 2(n+ +/n) and

S
vIy en1/v/n en—rel_ /(n++/n) |

Hence,
o=| 7 ey _ [y
yen—1 In—1 +xen,1e£_1 vt

Hence, the following theorem is a simple corollary of Theorem 3.2. One should
keep in mind that Q = Q7.

Theorem 3.5 (Hayden and Wells [102]) Let D be an n X n real symmetric matrix
whose diagonal entries are all 0’s, and let Q be the householder matrix defined in
(3.19). Then D is an EDM if and only if the submatrix of (—QDQT ) obtained by
deleting the first row and the first column is positive semidefinite. Moreover, the
embedding dimension of D is given by the rank of this submatrix.

3.2 The Gale Matrix Z

The notion of Gale transform, which plays a key role in the theory of polytopes
[84, 99], also plays an important role in the theory of EDMs. The Gale space of an
n x n EDM D of embedding dimension r, denoted by gal(D), is defined as

gal(D) = null( {I;; } ) = null(PT) Nnull(e?), (3.20)
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where P is a configuration matrix of D. Accordingly, the dimension of gal(D) is
given by
r=n—1-—r (3.21)

Let P’ be a configuration matrix of D obtained from P by a translation along a. Thus
P' = P —ea’. Hence, null(P'") Nnull(e”) = null(PT) Nnull(e”). Consequently,
gal(D) is uniquely determined by D. Gale space can also be defined in terms of

the null space of the Gram matrix B = .7 (D). More precisely, gal(D) = null( LFT } )

since null(PT) = null(B).
Any n x 7 matrix Z whose columns form a basis of gal(D) is called a Gale matrix
of D. Let (z')7 be the ith row of Z, i.e., let

()’
Z= : . (3.22)
()"
Then z!,...,7" are called Gale transforms of p',...,p", respectively. As we will
see in this monograph, in some cases it is more convenient to use Gale matrix Z,
whereas in other cases, using Gale transforms 7! ,...,Z"" 1s more convenient.

Observe that the columns of Z encode the affine dependency of the generating
points of D. As aresult, Gale matrices are particularly useful in characterizing points
in general position. Points p!,..., p" in R” are said to be in general position in R” if
every r+ 1 of these points is affinely independent; i.e., if every r+ 1 of these points
affinely spans R”. For instance, points in the plane are in general position if no three
of them are collinear since three collinear points affinely span a straight line. An
immediate consequence of this definition is that if n points are in general position
in R" and if n > r+ 2, then any n — 1 of these points will continue to affinely span
R". In other words, deleting one point from a configuration of n (n > r 4 2) points
in general position in R" does not decrease the dimension of the affine hull of the
remaining points.

An EDM D of embedding dimension r is said to be in general position if its gen-
erating points are in general position in R". The following lemma relates the affine
dependence of a point configuration to the linear dependence of the corresponding
Gale transforms.

Lemma 3.7 Letz',....z" € R* "1 be Gale transforms of p',...,p" € R, respec-
tively. Let .9 be a subset of {1,...,n} of cardinality r+ 1. Then {p' :i € 7}
are affinely dependent if and only if {7' i € FY} are linearly dependent, where
I ={1,...,n}\ 2.

Proof. Wlog assume that . = {1,...,r + 1}, i.e., assume that p' ... p*!
are affinely dependent. Then there exists a nonzero A = (A;) € R""! such that

Zl’ill Aip' =0 and er;rll A; = 0. Let x be the vector in R” such that x = [?; ] . Then

St xpt =0and Y7 x; = 0;ie., x € gal(D). As aresult, if Gale matrix Z is parti-
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tioned as Z = {Zl],where Zyis (r+1)x (n—r—1). Then

YZ)
A Z)
=lol-[2)e
for some nonzero & € R*"~!. Consequently, the square matrix Z, is singular.
Therefore, the rows of Z», i.e., z’”, ...,Z" are linearly dependent. The result fol-
lows since each of the above steps is reversible.
O

As an immediate corollary of Lemma 3.7, we have the following characterization
of point configurations in general position.

Corollary 3.1 ([6]) Let D be an n x n EDM of embedding dimension r, r <n—2,
and let Z be a Gale matrix of D. Then D is in general position if and only if every
submatrix of Z of order (n—r — 1) is nonsingular.

More useful properties of Gale matrices are given next. Assume that p!, ..., p/*!
are affinely independent and that Gale matrix Z is partitioned as Z = [? ] , where
2

Zyis (n—1—r) x (n—1—r). Then Z; is nonsingular. Moreover, the matrix obtained
by multiplying Z from the right with Z; ! is also a Gale matrix. Consequently, by
relabelling the nodes if necessary, we always have a Gale matrix of the form Z =

)

Another useful property of Gale space is its connection with the null space of pro-
jected Gram matrices. This connection will be used repeatedly in this monograph.

Lemma 3.8 ([2]) Let D be an n x n EDM of embedding dimension r < n— 2, and
let X = Fy (D) be the projected Gram matrix of D. Let Z and P, PT e = 0, be a Gale
matrix and a configuration matrix of D. Further, let U and W be the matrices whose
columns form orthonormal bases of null(X) and col(X), respectively. Then

1. VU = ZA for some nonsingular matrix A; i. e., VU is a Gale matrix of D.
2. VW = PA’ for some nonsingular matrix A’.

Proof. X =VTPPTV.Thus XU = 0 iff P"VU = 0. But ¢’ VU = 0. Hence, the
columns of VU form a basis of gal(D) and thus Statement 1 follows. Statement 2
follows since ZTVW = A~TUTVIVW =0 and eT VW = 0.
O
More properties are given in Chap. 7, where Gale transform is revisited.

3.3 Basic Properties of EDMs

Several properties of EDMs follow from their characterizations in the previous sec-
tion. Theorems 3.1 and 1.5 imply that an n x n EDM D has at least n — 1 nonposi-
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tive eigenvalues. But diag(D) = 0 and hence trace(D) = 0. Consequently, a nonzero
EDM has exactly one positive eigenvalue. A real symmetric matrix with exactly one
simple positive eigenvalue is called elliptic. Moreover, an elliptic matrix C is said to
be special elliptic [80] if diag(C) = 0. For example,

01
C— [1 0] (3.23)

is a special elliptic matrix. Accordingly, the set of nonzero EDMs is a proper sub-
set of the set of nonnegative special elliptic matrices [80]. To see that not every
nonnegative special elliptic matrix is an EDM, consider the matrix

/ C 0
c= { 00|’
where C is the matrix in (3.23). Obviously, C’ is a nonnegative special elliptic matrix,

but it is not an EDM.
The sign of the determinant of a nonsingular elliptic matrix is easily determined.

Lemma 3.9 Let A be an n X n nonsingular elliptic matrix. Then the determinant of
A has sign (—1)"" 1.

Proof. A has exactly n — 1 negative eigenvalues since A is nonsingular and has
exactly one positive eigenvalue. Therefore, sign det(A) = (—1)"! since the deter-
minant of A is the product of its eigenvalues.

O

The set of special elliptic matrices is characterized in the following theorem.

Theorem 3.6 (Fiedler [80]) The set of n x n, n > 2, special elliptic matrices is
given by

{Ce.s":C=ad" —A#0, where A= 0, A # 0 and diag(C) = 0}.

Proof. Let C be a special elliptic matrix and let A be its positive eigenvalue with
corresponding normalized eigenvector x. Further, let C = Axx” — WAWT be the
spectral decomposition of C, where (—A) is the diagonal matrix consisting of the
nonpositive eigenvalues of C. Therefore, C = aa’” — A where A = WAWT = 0 and
a=+Ax

On the other hand, assume that C = aal — A # 0, where A = 0, A £ 0 and
diag(C) = 0. Then since trace(C) = 0 and C # 0, it follows that C has at least one
positive eigenvalue. Now let . = a*. Then dim(.#) = n — 1. Moreover, for each
y € .Z, we have y' Cy = —yT Ay < 0. Therefore, by Theorem 1.5, C has at least n — 1
nonpositive eigenvalues; i.e., C has at most one positive eigenvalue. Consequently,
C has exactly one positive eigenvalue and the result follows.

O

It should be pointed out that the set of n x n special elliptic matrices, for n > 4,

is not convex [80] since the matrix



3.3 Basic Properties of EDMs 63
1[co] 1700
2100 210C|”’

where C is the matrix in (3.23), is not elliptic.
Next, we establish the connection between Gale matrices and EDMs.

Lemma 3.10 Let D be a nonzero EDM and let Z be a Gale matrix of D. Further, let
B = 7(D) be the Gram matrix of D. Then

DZ =eET,
where & = Z" diag(B).

Proof. This follows directly from the definition of %" in (3.3) since D = JZ (B).
O

Theorem 3.7 Let D be a nonzero n x n EDM and let gal(D) be its Gale space. Then
null(D) C gal(D).

Proof. Letx € null(D) and let B = .7(D). Then it follows from the definition
of 7 in (3.9) that 2x” Bx = — (e x)?e” De/n®> < 0. But since B is PSD and since
e’ De > 0, it follows that e x = 0 and x” Bx = 0. Consequently, x € gal(D).

O

An immediate consequence of Theorem 3.7 is that the rank of an n X n nonzero
EDM can assume only two values, and that these values are independent of .

Theorem 3.8 (Gower [93]) Let D be a nonzero n x n EDM of embedding dimen-
sion r. Then
rank(D) = r+1 or rank(D) = r+2.

Proof. On the one hand, it follows from Eq. (1.7) and the definition of JZ that
rank(D) < r+ 2. On the other hand, by Theorem 3.7, rank(D) > r+ 1 since dim
gal(D) = n—r— 1. Thus the result follows.
O
Another consequence of Theorem 3.7 is that e is always in the column space of
anonzero EDM.

Theorem 3.9 (Gower [93]) Let D be a nonzero n x n EDM. Then
e lies in col(D) or DD'e = e,
where D' is the Moore—Penrose inverse of D.

Proof.  This follows from Theorem 3.7 since gal(D)* C col(D) and since
e € gal(D)™*. Recall that DD is the orthogonal projection on col(D).
O
The following theorem exploits the freedom to choose an origin.
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Theorem 3.10 Let D be a nonzero EDM and let Dw = e, then there exists a config-
uration matrix P of D such that PTw = 0.

Proof. The existence of w follows from Theorem 3.9. If e’ w # 0, let the Gram
matrix be B = —1(I —ew” /(e"w))D(I — we! /(' w)). Then Bw = 0 and hence
PTw = 0. In this case, the centroid of the generating points of D is PTe/n.

On the other hand, if e w = 0, then let B = —(I — es”)D(I — se™) /2 for some s
such that e’ s = 1. Thus, Bw = 0 since D(I — se” )w = e. Hence PTw = 0.

O
01916
. 104 9 .
Example 3.5 Consider the EDM D = 940 1| Then Dw = e yields w =
1691 0
é[l —1 —1 1)7 and hence e"w = 0. Let B = —JDJ /2 then the configuration
-2
matrix is P = _i . Note that PTw = 0 as well as PTe = 0. In this case, the
2

centroid of the generating points coincides with the origin.

The following theorem presents a necessary and sufficient condition for a special
elliptic matrix to be an EDM.

Theorem 3.11 (Crouzeix and Ferland [68]) Let D be a nonzero real symmetric
matrix whose diagonal entries are all zeros. Assume that D has exactly one pos-
itive eigenvalue. Then D is an EDM if and only if there exists w € R" such that
Dw=candwle > 0.

Proof. Assume that D is an EDM. Then by Theorem 3.9, there exists w such that
Dw = e. If eTw = 0, there is nothing to prove. Therefore, assume that e’ w # 0.
Thus, we can assume that the origin is chosen such that PTw = 0. Then it follows
from the definition of %" that Dw = e’ w diag(B) + diag(B)"w e = e. Hence,

ew diag(B) = (1 —w' diag(B))e. (3.24)

Thus, 2¢"w w! diag(B) = w! e and hence w! diag(B) = 1/2. Hence, it follows from
(3.24) that e?w > 0 since diag(B) > 0. Therefore, if D is an EDM, then either e/ w =
Oorelw>0.

To prove the reverse direction, assume that there exists w such that Dw = e and
eT'w > 0. We consider two cases.

Case 1: w’ e > 0. Then the matrix S = [w V] is nonsingular, where V is as defined
in (3.11). Moreover,

T

Tre_  |We 0
S DS‘[ 0 VTDV}

Therefore, since D has exactly one positive eigenvalue, it follows from Sylvester

law of inertia that ST DS has exactly one positive eigenvalue, namely e’ w. Hence,

VT DV is negative semidefinite. Consequently, D is an EDM since .7y (D) is PSD.
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Case 2: wle = 0. Let V = [w V] and thus the matrix S’ = [e w V] is nonsingu-
e'De n e’ DV
lar. Moreover, STDS' = n 0 0 . Note that the Schur complement of

VIDe 0 VI DV
eTDe n s
n 0

V7DV — 77 De 01[ 0 ln } [eTDV

— 7DV
1/n —e De/n? 0 ] =V ov.

Therefore, let

1 0 0 e'Den 0
E=|0 1 0| .ThenE(S"DS)ET=| n 0 0
0 —V™De/n I 0 o0ViDpVv
T
e’ Den ... . . . . .
But [ 0} has one positive and one negative eigenvalue since its determinant

is negative. Therefore, it follows from Sylvester law of inertia and the fact that D
has exactly one positive eigenvalue that V7 DV is negative semidefinite and hence

vIipy = [O } is negative semidefinite.

0
0V'DV
O
It should be pointed out that if D is an EDM and if Dw = e, then whether efw=0
or e’ w > 0 has a geometric significance. This issue will be investigated in great de-
tail in Chap. 4. We conclude this section with the following theorem which extends

the notion of the polynomial of a graph to EDMs [110].

Theorem 3.12 Let D be a nonzero n x n EDM. Then there exists a polynomial g(D)
such that
g(D) =y, (3.25)

where x € R" is the Perron eigenvector of D and v is a scalar:

Proof. Let the distinct eigenvalues of D be A > —u; > --- > — . Therefore,
(D —AI)x = 0. Since D is symmetric, the minimal polynomial of D implies that

m(D) = (D—AD) D+l (D+ ) = (D— Al ﬁD—Hi, =

i=1

Therefore, [T, (D + u;l) = xy” for some vector y. But since D is symmetric, this

implies that
k

¢(D) = [[(D+il) = pe”

i=1

for some scalar 7.
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3.4 The Cayley—Menger Matrix

The Cayley—Menger determinant [52, 143, 144, 46, 45, 66] is used to compute the
volume of a simplex. As will be shown in this section, this volume can also be
computed using the corresponding projected Gram matrix. Moreover, the Cayley—
Menger matrix and the Cayley—Menger determinant provide yet another characteri-
zation of EDMs.

T
Let D be an EDM, then M = ¢ ] is called the Cayley—Menger matrix of D,

e D

and det(M) is called the Cayley—Menger determinant of D. It should be pointed out
that M, not D, is what Menger [143] calls a distance matrix. As it is shown next, the
Cayley—Menger determinant is independent of the labeling of the generating points
of D.

Theorem 3.13 Let D be an n x n EDM and let Q be an n X n permutation matrix.

Then 0 o 0.7
det _eQﬁDQ]):det(LH).

Proof. By definition of Q, Qe = e and Q" ¢ = e. Therefore,

Lo]f[oel][10] [0
00" | |eD]|[0Q] |eQ'DO|’

and the result follows.

—~

O
Suppose that D is nonsingular and let Dw = e. Further, assume that e’/ w =
1/(2p?) > 0. Then the inverse of the Cayley—Menger matrix M is given by
0] 2 =1 wl
L’ D} =207, D~ 1/(2p%) —wwT | (3.26)

The entries of M~! have an interesting geometric interpretation which is discussed
in the next chapter.

The following theorem is a special case of a more general result of Chabrillac
and Crouzeix [53]. It provides a characterization of EDMs in terms of M.

Theorem 3.14 (Hayden and Wells [102] and Fiedler [80]) Let D be a nonzero
real symmetric n X n matrix whose diagonal entries are all zeros and let

T
M = 2 eD } Then D is an EDM if and only if M has exactly one positive eigen-

value, in which case, rank(M) = r+2, where r is the embedding dimension of D.
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LeDe \/n ﬁeTDV
], then QTMQ = vn o0 0 . Note
#V'De 0 VDV

T
that Q is orthogonal and that the Schur complement of {e \D/eﬁ/ " \{)ﬁ] is

VDV — [ vTDe 0][ 0 Lvn } FTD‘(/)/\/’;] =vTpv.

0 10

Proof. Let Q= [e/\/?zOV

NG 1/y/n —e" De/n?
Thus, let
1 0 0 e'De/n\/n 0
E=|0 1 0| .ThenE(Q"MQET =| n 0 0
0—VIDe/n I 0 o0 Vvipv
T
Now, {e 3%/ " \éﬁ has one positive and one negative eigenvalue since its de-

terminant is negative. Therefore, it follows from Sylvester law of inertia that M
has exactly one positive eigenvalue if and only if V7 DV is negative semidefinite.
Observe that rank(M) = rank(VI DV) + 2.
O
It should be noted that Theorem 3.14 still holds if e in M is replaced by (—e).
The volume of a simplex can be computed in terms of its corresponding Cayley—
Menger determinant. The area of a triangle of vertices at p!, p?, and p® in R? is

given by

1 111

—det .

et e s
This formula generalizes to simplices in higher dimensions. Let p',...,p" be in
R*~! and let V(p',..., p") denote the volume of the simplex whose vertices are at
p',...,p" Then

V(pl,...,p”):(l)!det([l Lo l]):(l!det({;;]).

n—1 ptp*- p" n—1)

Theorem 3.15 (Menger [144]) Let D be an n x n EDM of embedding dimension
n—1andlet V(p',...,p") denote the volume of the simplex defined by the generat-
ing points of D. Then

_1)n 0 eT
Pl ) = o et .
et = gL 0 |
Proof.  Using the fact that det(A”) = det(A), we obtain that

(n—1)N2V2(p,...,p") =det([e P] Lﬁ;]) = det([ee” +PPT ).
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T

But this last determinant is obviously equal to det( {] ¢

OeeT+PPT])’WhICh in turn

T

is equal to det( {_l eB

} ). This follows by subtracting row 1 from rows 2 to n. Now

. . . 0el
this last determinant is equal to det( [ B

. B} ) since its (1, 1) cofactor is det(B) = 0.
But,

0 q): (_12)n det({zg _;;}): (_zz)ndet({(e) _;;}),

where the first equality follows by multiplying rows 2 to n+ 1 with —2; and the
second equality follows by factoring 2 out of the first column. Moreover,

et [0 5 =] gagmrer 1 aing() 25 =% p )

where the first equality follows by adding to row i, i = 2,...,n+ 1, b;_;— times
row 1; and by adding to column j, j =2,...,n+1, b;_1;—1 times column 1. Thus
the result follows.
O

Observe that (—1)" det(M) is positive. This follows as a simple consequence of
Lemma 3.9 and Theorem 3.14.

The volume of a simplex can be, equivalently, expressed in terms of its corre-
sponding projected Gram matrix as shown by the following two corollaries.

Corollary 3.2 Let D be an n x n EDM of embedding dimension n — 1 and let
V(p',...,p") denote the volume of the simplex defined by the generating points of
D. Then

V(p',... sdet(Fy (D).

n) _ n
RE(CED
Proof. The proof of Theorem 3.14 implies that det(M) = —n det(VIDV) =
(—1)"2"n det(Z (D)).

0O

T
d D

and let V(pl,..., p") denote the volume of the simplex defined by the generating
points of D. Then

Corollary 3.3 Let D = {O d } be an n x n EDM of embedding dimension n — 1;

1 _
5 det(del | +e,_1d" — D).

Vz(pl,...,Pn):%l((n—_l)!)

Proof. Recall from Eq.(3.13) that V = UA where A = I, + xe,_1el_,.
Hence, det(A) = 1 +x(n— 1) = 1//n. Moreover, det(Z (D)) = 27" (det(A))?
det(—~UTDU).

0O
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Example 3.6 Consider the simplex with vertices at p' = e', p*> = &, p* = &,

and p4 =0, where el,ez, and & are the standard unit vectors in R3. The EDM
generated by this configuration and the corresponding projected Gram matrix are

0221 3515
D= ;ggi andX:%(D):% —1 35 5, respectively, where we used V
1110 5 511

as in (3.12). Then det(M) = 8. Hence, the volume of this simplex is 1/6. Moreover,
det(X) = 1/4. Hence, the volume of this simplex is also 1/6.
4272
Now X' =de” +ed” —D = |242|. Thus det(X') = 8. Hence, again, the vol-
222
ume of this simplex is 1/6.

As an application of Corollary 3.3 we derive Heron’s formula for the area of a
triangle. The square of the area of a triangle with side lengths of a, b, and c is thus

1
= — (4a’P? — (a* + b* = *)?).

1
— det( T

2a? a?+b*—c? )
16

a2+ b2 2%

As we noted earlier, the Cayley—Menger determinant provides yet another char-
acterization of EDMs.

Theorem 3.16 (Blumenthal [45]) Let D be a nonzero n x n symmetric real matrix
T

e . .
. D} and let A; be the ith leading

principal minor of M. Then the following two statements are equivalent:

whose diagonal entries are all 0’s. Let M = [

(i) D is an EDM of embedding dimension r < n — 1, where the first r + 1 of the
generating points are affinely independent.

(ii) (—1)"'A; >0fori=3,...,r+2; and foreachi,j: r+3<i<j<n+1, we
have

(a) The principal minor of M induced by [1,...,r+2,i] is zero,
(b) The principal minor of M induced by [1,...,r+2, j| is zero,
(¢) The principal minor of M induced by [1,...,r+2,1i, j| is zero,

Proof. Assume that Statement (i) holds, then since the first r+ 1 of the generating
points are affinely independent, it follows that V(p',...,p"~ 1) #£O0fori=3,...,r+
2. Hence, it follows from Theorem 3.15 that for i = 3,...,r+2, (=1)"'A; > 0
since V2(p',...,p"™1) > 0. Moreover, V(p',...,p"', p'=1) = 0 for each i = r +
3,...,n+1;and V(p!,...,p 1 p=l pi=1y =0 foreach r +3 < i< j<n+1.
Thus, Statement (ii) follows from Theorem 3.15 since the principal minors of M
induced by [1,...,r+2,i] and [1,...,r 4+ 2,i, j] are proportional, respectively, to
V2(pl, .t Y and V3(pL,. . prt pin L pi .
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T
To prove the reverse direction, assume that Statement (ii) holds. Let D = [2 dD }
1 00 o1 0
and let S = 0O 10|.ThenSMST =10 0 , where U is as defined in
—d —e I 00U'DU

(3.10). Let A/ denote the ith leading principal minor of UT DU. Then A; = —A!_, for
i=3,...,n+1.Hence, (—1)'A! >0fori=1,...,r; i.e., the first r leading principal
minors of UT DU are nonzero. Therefore, there exists elementary matrix S’ such that
1(r1T 1T _ ro
S(U'DU)S" = [ 0A
(n—r—1). Note that fori = 1,...,r, we have A/ = ¥ --- ;. Hence, 71, ..., 7, are all
negative and hence I is negative definite.
Now let r+3 < i < j <n+1, then the principal minors of M induced by
[L,...,r+2,i] and [L,...,r+2,i, j] are, respectively, equal to

}, where I' = Diag(y1,..., %), and A = (g;) is (n—r—1) x

0100 0100 O
1000 1000 O
det( Jand det({ 00T 0 0 |).

00r o
00 0 aj a;

00 Oai,'
00 0ajajj

Therefore, a; = 0 for all i = 1,...,n —r — 1. Consequently, a;; = 0 for all

i,j=1,...,n—r—1. Hence A = 0. Therefore, UT DU is negative semidefinite
and of rank r. Thus Statement (i) holds.

Od
0149
. . . 1014

Example 3.7 To illustrate Theorem 3.16, consider the matrix D = 4101 and
9410

let r = 1. Then A3, the third leading principal minor of M is equal to 2. Moreover,
the principal minors of M induced by [1,2,3,4], [1,2,3,5] and [1,2,3,4,5] are:

0111 0111

1014, 1019, IR
det( 1101 ) = det( 1104 )=0and det(M) = —2(r —1)~.

1410 1940

Thus, D is an EDM of embedding dimension 1 ifft = 1.

3.5 Constructing New EDMs from Old Ones

In this section we show how to construct new EDMs from old ones. In particular, we
show how to construct a new EDM D’ from an EDM D; and its Perron eigenvector,
and from two EDMs D; and D; and their two Perron eigenvectors. We, also, show
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how to use Kronecker products to construct new EDMs. We begin with the following
useful lemmas.

Lemma 3.11 Let A = 0, a € R" and let 6 > 0 be a scalar. Then
Al/z(l— (SAl/zaaTAl/z)Al/2 =0 ifand only if 1 — 6a’ Aa > 0.

Proof. If a € null(A), the result follows trivially. Thus assume that Aa # 0. The
sufficiency part is obvious. To prove the necessity part assume, to the contrary, that
1—0a"Aa<0.Thena” AV2(I— A 2aa” AV A 2a= (1 - 6a” Aa)a” Aa <0,
a contradiction.

O

Lemma 3.12 Let D be an n x n EDM and let Dw = e. Further, let (A,x) be the
Perron eigenpair of D and assume that x is normalized. Then

(ex)* > Ael'w,
with equality holding if and only if x = e/\/n.

Proof. LetD = Axx” —WAWT be the spectral decomposition of D, where A > 0.
Then

TD 2 T,\2

wIWAWTw = A (xTw)? —w! Dw = w —elw= (e lx)

Now if x = e//n, then w = e/A since De = Ae. Thus (e’ x)? = n = Ae’'w. On the

other hand, assume that (e”x)?>/A —e’w = 0. Then w WAWTw = 0 and hence

AWTw = 0. Moreover, Ax"w = x" Dw = xTe. Consequently, Dw = A (xTw)x =

e’xx = e. Hence, x = e¢/e” x and thus (e x)> = n. Therefore, x = e¢//n.

O

The significance of Lemma 3.12 will become clear in the next chapter where we

study regular EDMs. The following theorem shows how to construct a new EDM of
order n+ 1 from an old EDM of order n and its Perron eigenvector.

Theorem 3.17 (Hayden et al. [105]) Let D be an n x n EDM and let (A,x) be the
Perron eigenpair of D and assume that x is normalized. Further, let Dw = e and let

{ ~+o0 ifelx=+vAleTw,

oy and o, = 2

—2%—— otherwise.
eTx—vV2AeTw

A
CeTx -V AeTw
Then .

;| 0tx
D= [tx D
is an EDM if and only if oy <t < qy,.

Proof. By Theorem 3.3, D' is an EDM iff t(xe? +ex’) —D = 0.
Let D = AxxT —WAWT be the spectral decomposition of D where A > 0. Then
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T, T
2te'x—Ate W} (3.27)

| e ey D w = [ el R

But, by Lemma 3.12, e’ x = VAeTw iff x = e/\/n iff WTe = 0. Therefore, if x =
e/\/n,ie., if Wle =0, then D’ is an EDM iff

. A eI De
~2eTx  2nyn’
But in this case, e/ x = v'AeTw and hence, o; = A /2¢” x and o, = +oo. Therefore,

the result follows in this case.
On the other hand, if W7 e # 0, then D' is an EDM iff

A 12
t>—and A — ————WTeeTW = 0.
2¢Tx " (2teTx— 1) e
Therefore, assume that x # ¢/+/n and ¢ > ﬁ But since e = Dw and DW = —WA,
we have WTe = —AWTw. Hence,

l2

2
Ao
2telx— A

Wlee!Ww =AV2(1 - ———
¢ ( 2teTx— A

AW T WA A2,

Thus, by Lemmas 3.11 and 3.12, D’ is an EDM iff ¢ > A /2¢” x and

1? 1? (e x)?
- ——— W WAW w=1- —e''w) > 0;
2elx— 2" v 2teTx— A ( A ew)z
ie.,
A
1> and ((e7x)? — AeTw)r* —2eTxAt + A2 <0.
The roots of this quadratic equation are
elx+vVAelw A

A :
(eTx—vVAeTw)(eTx+VAeTw) eTx+vVAelw

To complete the proof we need to show that o, > oy > A /2e” x. But this follows
since e’ x > v AeTw.
0O
Two remarks are in order. First, e/ w is well defined since e € col(D), i.e., e is
orthogonal to null(D). Thus, if y € null(D), then D(w +y) = e. However, e’ (w+
y) = el'w. Second, if e’ w =0, then oy = o, = A /e’ x.
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(0242
. 2024
Example 3.8 Consider the EDM D = 4202 Then A =8, x=¢/2 and w =
2420
e/8. Thus elx=+/AeTw=2. Hence, 0y, = +oo and D' is an EDM for allt > oy = 2.
[001
Example 3.9 Consider the EDM D= |00 1 |. Then 2 =2, x=1[1 1 V2|T
110
andw=1[1 1 2]T. Thus
oy = # and o, = #
SRV RN RV N S
0545
. 50516
Example 3.10 Consider the EDM D = 1505 | Then A = 10+2+/34, w =
51650
=11 -1 1" and
5
. 1 3+1/34
136+12v34 | > |
3+v34
Thus e"w = 0 and e” x = (8 +1/34)//34 + 3/34. Therefore,
10+2v34
: 8+ /34

Next, we turn our attention to the problem of constructing an EDM of order
ny + ny from two EDMs of orders n; and ny. Let (4,x) and (u,y) be the Perron
eigenpairs of EDMs D; and D5, respectively. Then the off-diagonal blocks in the
new EDM are txy” and tyx”, where ¢ is a positive scalar. First, we discuss the case
where t # \/ATJ followed by the case where t = \/ﬁ In these two cases, we
assume that at least one Perron eigenvector is not equal to e. After that, we discuss
the case where both Perron eigenvectors are equal to e. The significance of an EDM
having e as a Perron eigenvector will become clear in the next chapter.

Theorem 3.18 (Hayden et al. [105]) Let D and D, be two EDMs of orders ny and
ny respectively. Let (A,x) and (W,y) be the Perron eigenpairs of Dy and D, respec-
tively. Assume that x and y are normalized and assume that either x # ey, /\/ny or
Y # en, / /2. Further, let Dyw| = e,,, Dows = ey,, and t2 # Au. Then

;) Dy tx)’T
tyxT D,
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is an EDM if and only if the following three conditions hold:

1. 2> Ap,
2. ((e"x)? = A(e"wi+e"wa)) ((e"y)* — u(e"wi+e"wy)) >0,
3. og <t <oy where

_ elxely—/((eTx)2 = A(eTwy +eTwy)) ((eTy)2 — u(eTwy +eTws)) .

o

((eT)LX>2 + (eTuy)2 —eTwi —eTws)
and
_ eTxely++/((eTx)2—A(eTwy +eTwy)) ((eTy)2 — u(eTwy +eTws))
! ((ET)LX)z n (eTuy)2 —eTwi —eTwy) )

Proof. The proof uses Theorem 3.11. Thus we show, first, that D' has exactly
one positive eigenvalue iff 1 > \/Ap. Let Dy = Axx” — Wi A\W/ and Dy = pyy” —
WQAQWZT be the spectral decompositions of D and D, respectively, where A; >~ 0
and Ay > 0. Then

xT 0 A0 ¢t 0
wl 0 D,{xW10 0]_ 0-4A0 0
0 ' 00 yW, t 0 u o0
0w 0 0 0—-A

Now trace [/} I: } > 0. Thus, D' has exactly one positive eigenvalue iff det [7; IZ ] <

0;1i.e., iff t > \/ﬁ But since 72 # AU, assume that ¢ > \/}Tu

Next we find w such that D'w = e. Since we are interested in eZ w, it suffices to
find one such w. For if y € null(D’), then e! (w+y) = ¢! w. To this end, we have to
solve for a € R™ and b € R" such that

D, txyT al _|ep
tyxT D, bl lew |’
Thus, we have Dja+ txy"b = e,, or Dia+txy! Dob/p = ey,. Similarly, D2b +

tyx"Dya/A = e,,. Hence,

2

t t
Dia=e, — ﬁeTyx—F mxxTDla7 (3.28)
or
? o T
(In, mxx )Dia=e,, ——e" yx.
But
2?7 r* T
(In, mxx ) L, + (l‘u_tz)xx .
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Therefore,

Dia=e, + tel x— keTy)x.

t
)

Now D! = xx” /A — Wi A] W] . Thus Dx = x/A and D}e = w. Therefore,

t ( t T T

a:wl—l—m e xe y) x.
Similarly,

bzwz—l—()mti_tz)(ﬁeTy—eTx) Vs
and thus

e wl—l—()wji_tz)(%eTx—e;y)x

t T
W2+ (A“7t2> (He y—e x) y
satisfies D'w = e. Next we require that e’'w>0,or

t t,

t
ewite wy — m(z(é’ x)2+ ﬁ(eTy)2 —2e"xely) > 0.

Note that £> # A u. Thus

2 2
(eTwi+eTwa) (12 — Au) — (%(eT)c)2 + tﬁ(eTy)z —2te’xe’y) >0,

and hence

T N2 (T2
(% + (e‘uy) —e'wi—e"wy)r* —2te" x e y+ Ap(e"wi+e"wy) <0. (3.29)

Note that, by Lemma 3.12, the coefficient of 2 in (3.29) is > 0 since x # e/ N
or y # e//ny. The discriminant of this quadratic equation is given by

T.,)\2 T,,)2
(e"x)? (eTy)* = Au(elwy +€TW2)(% + ) ef'wi —el'wy)

which is equal to
(eTx)? ((eTy)2 —u(ew —|—eTwz)) —A(e"wi+eTwy) ((eTy)2 —u(efwi + eTwz))
which in turn can be factorized as

((e"x)* = A(e"wi+e"wa)) ((e"y)? — p(e"wi+e"wa)).

Thus, Condition 2 of the theorem amounts to requiring this discriminant to be > 0,
in which case, Inequality (3.29) holds iff oy <t < ¢,. Notice that Inequality (3.29)
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does not hold for any ¢ if this discriminant is negative.

Next we consider the case where r = \/A L.

Theorem 3.19 (Hayden et al. [105]) Let D and D, be two EDMs of orders n and
ny, respectively. Let (A,x) and (W,y) be the Perron eigenpairs of Dy and Dy, respec-
tively. Assume that x and 'y are normalized. Further, let Dyw| = e,,, Dowy = ey, and

> = Au. Then
r_ D, txyT
tyxT D,
is an EDM if and only if the following two conditions hold:
1. \/[.TeTx =vL1ely,
2. /Au (eTwy+eTwy) >elxely.

Proof. The proof is similar to that of Theorem 3.18. We saw in the proof of
Theorem 3.18 that D' has exactly one positive eigenvalue if #2 > Au. In this case,
Eq. (3.28) reduces to

t
Dia=e, — ﬁeTyx—i—xxTDla,

or
t
(I—xx")Dya= e, — HeTy X. (3.30)

Equation (3.30) has a solution iff its RHS lies in x*, i.e., iff x7 (e,, — ﬁeTy x) =

T, VAT, _
e x—pey= 0. Thus, assume that

Vielx=vVhely.
Therefore, Eq. (3.30) reduces to
(I—xx"\Dya= (I —xx")e.

Thus, Dia = e 4+ ax for some scalar o. But since we are interested in only one
solution of D'w = e, we set & = 0. Hence,

a:D¥e:w1.

Now ’ .
tyx' Dia te' x
Dib=en, = =en =77
Thus
b D+( tel x ) telx elx
= e — —— = Wz _ - = W2 — .
A TRV T

Therefore, e’ w = el a+e’b=e"wi+elwy —elxely/\/Au > 0 is equivalent to
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VAU (eTW1 +eTw2) >elxely.

O

The lower and upper limits oy and ¢, in Theorem 3.18 have simpler forms in

the following three cases. The interpretation of these cases in terms of the different
classes of EDMs is given in the next chapter.

Case 1: Assume that e’ w; = ¢’ wy = 0. Then oy = 0 and
elxely
R @

0y = 23‘.“

Now for @ > 0 and x > 0, f(x) = ax+ 1/(ax) attains its minimum value of 2 at
x = 1/a. Thus for x > 0, 1/f(x) attains its maximum value of 1/2 at x = 1/a.
Hence,

) cxey ! = Nm
Putemxpatery? ~ VMY o ey T2V
e’y

7 i ey

A

Therefore, o, < /A . Hence, by Theorem 3.18, D' is not an EDM for all 7 > \/m
since Condition 1 of Theorem 3.18 requires that #> > A . Moreover, for t = \/T ,
Theorem 3.19 implies that D’ is not an EDM since Condition 2 does not hold. Con-
sequently, D' is not an EDM for all #. Another way to see this is to let ¢7 = [w] w1].
Then obviously, ¢ € e*. Moreover, ¢! D'c = 2tx"wy yTwy = 2teTx eTy/(Apt) > 0
for all # > 0. As a result, D' is not negative semidefinite on the subspace e for all
t>0.

Case 2: Assume that e/ w; = 0 and y= e/\/ﬁ. Then it follows from Lemma 3.12
that (e”y)? = ue’wy. Thus oy = o, = AeTy/eTx. As a result, D' is an EDM for
t=oyiff g > /A U.
Case 3: Assume that D; = D, and leta = kzux)efj_iw)ie%. Then
a,A] if (eTx)? > 24eTwy,
[0, 00] = { [A,A] if (eTx)? =24eTwy,
A,a) if (e7x)? < 22eTwy.

As a result, if (e”x)? > 2Ae"wy, then D' is not an EDM for all ¢ since Condition
1 of Theorem 3.18 requires ¢ > A. On the other hand, if (eT)c)2 = 21el'wy, then
the conditions of Theorem 3.19 hold and thus D’ is an EDM iff r = A. Finally, if
(e"x)? < 24eTwy, then D' is an EDM forall1 : A <t < a.

014
Example 3.11 7o illustrate Case 2, consider the EDMs Dy = | 101 | and Dy =
410

[(1) (1)} Then A =2+/6, el x = \/6—}—2\/5/2 and e"w; = 0; and L =1, eTy: V2
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D
and e wy = 2. Therefore, oy and oy, for D' = { 1T Xy } are
tyx' D

_le y 4426
x 316

Note that \/A L = \/2+ V6 < oy. D' is an EDM ifft = o4.

o =

001
Example 3.12 7o illustrate Case 3, consider the EDM D1 = [00 1 |. Then A =
110

V2, eTx=(2++/2)/2 and e"wy = 2. Thus (e"x)> =3/2+ /2 and 2Ae"wy = 4v/2.

T
Therefore, D' = t)lc)xlT t)gc ] is an EDM for allt € [A,a), wherea=4/(3/2+/2 —
1

2v2) =8/(3 -22).
014

Example 3.13 Again to illustrate Case 3, consider the EDM Dy = | 101 |. Then
410

A=2+6 elx=+ 6+2\/5/2 and e"wi = 0. Therefore, (eTx)2 >2AeTw, and
thus D' is not an EDM for all t. Note that oy =a=0and o, = . = 2+ V6.

So far, we have assumed that at least one Perron eigenvector is not equal to e.
Next, we discuss the case where both Perron eigenvectors are equal to e.

Theorem 3.20 (Jakli¢c and Modic [117]) Let Dy and D, be two EDMs of orders n;
and ny, respectively. Let (A,x) and (W,y) be the Perron eigenpairs of Dy and D,
respectively. Assume that x = ey, /\/ny andy = ey, /\/n2. Then

| D1 txyT
b= LyxT D,

is an EDM iff
> nu+nyA
- 2y/ninp ’
Proof. LetV be the block matrix defined in (3.15). Then
viDiwv, 0 0
vip'v = 0 V/D, 0

0 0 (mp+nyA —2t\/niny)/n

Thus, Fy (D') = 0iff t > ”;%Lnﬂ
O
Note that if D; = D5 in Theorem 3.20, then D’ is an EDM iff ¢ > A. On the other
hand, in this case (e’ x)? = n; and Ae”w; = n;. Thus Condition 2 of Theorem 3.19
holds and hence Theorem 3.19 also implies that D' is an EDM fort = A.
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Example 3.14 Let Dy = E,, — I, and Dy = E,, — I, be two EDMs of orders n,
and ny. Let n =ny +ny. Then A =ny — 1 and 4 = ny — 1. Moreover, x = ey, [\/n1

Dy txy'] . . _
and y = ey, /\/my. Thus, D' = [tyxlT jg ] is an EDM iff't > Zum—n
2

2\/nny

0242
2024
4202
2420
D txyT
tyxI D,

Example 3.15 Consider the EDMs D| = {0 1} and Dy = .Then A =1,

10

x:ez/ﬁ, wi=e U=8 y=es/2, and w, = ey/8. Thus, D' = { ] is an

EDM ifft > MEimt —5/./5

Ty
0242
. 2024
Example 3.16 Consider the EDM D| = 4202 | Then A =8, x = e4/2 and
2420
Dy txx'] . . A
=e)/8. = : >mh ) =8
w1 = ey /8. Thus, D [txxT D } is an EDM iff't > i A=38

We conclude this section by showing how to use Kronecker product to construct
new EDMs. Such construction will prove useful when studying Manhattan distances
matrices on rectangular grids. Recall that E is the matrix of all 1’s.

Theorem 3.21 ([12]) Let D be an m x m EDM of embedding dimension r| and let
Dy be an n x n EDM of embedding dimension r,. Then

D=E,®Dy+D1RE,
is an EDM of embedding dimension r = ry + ry.

Proof. Sincel,, =1,®1, and E,,,, = E,, ® E,,, it follows that

1 1 1
y(Em ®D2) = _E(lm ®In - % m ®En)(Em ®D2)(Im ®In - %En1 ®En)

1 1 1
—3 (Em @ (D2 — - (E,Dy +DyE,) + EE,,DzEn))

=E,®7(Dy) = 0.

Similarly, 7 (D ®E,) = 7 (D) ®E, = 0.Hence, 7 (D) = T (E, ®D;)+ 7 (D1 ®
E,) = 0 and thus D is an EDM.

Finally, (En © .7 (D2))(7(D1) ® En)) = (7 (D1) © En))(En ® 7 (D2)) = 0.
Thus, it follows from Theorem 1.12 that rank(7 (D)) = rank(7 (E, ® D,)) +
rank(7 (D) ® E,)). Hence, r = r; + 1.

O
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3.6 Some Necessary and Sufficient Inequalities for EDMs

Lower and upper bounds on the smallest eigenvalue of a real symmetric matrix
A give rise to sufficient and necessary conditions for the positive semidefiniteness
of A. These conditions, in turn, give rise to sufficient and necessary conditions for
EDMs if A = .7 (D) or (D). In this section, we present such conditions using two
different approaches to bound the smallest eigenvalue of a real symmetric matrix.

3.6.1 The Trace Approach

In this approach, lower and upper bounds on the smallest eigenvalue of a real sym-
metric matrix A are given in terms of trace(A) and trace(A2). These bounds are de-
rived by solving a nonlinear optimization problem or by using Cauchy—Schwarz
inequality.

Theorem 3.22 (Wolkowicz and Styan [196, 197]) Let A be an n X n real symmet-

ric matrix of nonzero eigenvalues Ay > --- > A,, r > 2, and let

t A
= Tace@)
r

,  trace(A?) (trace(A)
r r

)%
Then, the smallest nonzero eigenvalue A, satisfies

m—svr—1<iA<m-— i .

r—1

Proof. Let A = (A4;) € R” be the vector consisting of the nonzero eigenvalues of
AandletJ =1, —e,el /r. Then m = "4 /r and s> = ATJA/r. Let w € R". Then,
since J> = J, Cauchy—Schwarz inequality implies that

Wl I < (whaw) 2 (ATIA)Y2,
But ATJA = rs?. Thus,
—sy/rwWT W) 2 < Wl A < sv/r(wlIw)'/2,
Now let w be the rth standard unit vector. Then w'Jw = (r —1)/r and w!JA =

A, —m. Hence,
—svVr—1< A, —m<svr—1.

This establishes the lower bound. To establish the upper bound, note that ¥\, (A; —
A) =rm—rh,, and (A; — A,)(A; —A,) > 0 for all i and j since A, is the smallest
eigenvalues of A. Consequently, > ;(A; — 4,)(A; — A4,) > 0. Thus

r

Pm=2,)" = (X (hi—4))* >

i=1

M-

(A= A)2 = 3 A% = 2rmA, + rA2.
1 i
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But Y_, A% = rs> +rm?. Thus, 3'_, (A — A,)? = rs*> + r(m — A,)?. Hence
i=1"Y — . s auj=1\"M r) — r) - s
(r—1)(m—2A,)*>s%

Therefore, m — A, > s/+/r — 1 and this establishes the upper bound.
O

Theorem 3.23 (Alfakih and Wolkowicz [19]) Let D # 0 be an n X n nonnegative
real symmetric matrix, n > 3, whose diagonal entries are all 0’s.

Ly
2 -3
;eTDze — n(zni_;(eTDe)2 > trace(D?), (3.31)

then D is an EDM.
2. If Dis an n x n EDM, then

2
Zel D?e > trace(D?).
n

Proof. Let rank(—VTDV) = r, then obviously r < n— 1. Let A4, denote the small-
est eigenvalue of (—V7DV). To prove Statement 1, it suffices to show that if (3.31)
holds, then A, > 0. To this end, using Theorem 3.22, we have

trace(—VIDV) tace(—DJ) e'De
m= =

r r nr

since trace(D) = 0. Now,

1 elD? 1 1
2 2 T y\2 Ty \2
= —t D?) -2 — (e’ D D
s ;. race(D”) - + - (e' De) a2 (e' De)”,
1 ) eI D%e (r=1), 7.
= —t D) —2— D
- race(D”) p” + o (e' De)
Moreover,
—1 —1)e'D? -2
w?— (r—1)5* = =D ace(p?) 12T D% (r . ) (e D),
r m m
r—1 ) eI D%e (r=2) , 7.
= ——(—t D 2 — D .
 (ctrace(0?) 425 — T (D)

Now f(r) = (r—2)/(r—1) is an increasing function. Thus f(r) < f(n—1). Con-
sequently,

e'D*e  (n—3)

2 2 r—1 2 T1y,)\2
—(r—1)s"> —(— D 2 — D >0.
m-—(r—1)s" > . (—trace(D”) + . =22 (e" De)*) >0

Hence, m? > (r — 1)s* or m > s1/r — 1 since m > 0. Therefore, A, > 0.



82 3 Euclidean Distance Matrices (EDMs)

To prove Statement 2, assume that D is an EDM and assume, by way of contra-
diction, that 2¢” D?e/n < trace(D?). Then

2 T2
2 s 1 2 e' D7e
- = —trace(D?) +2
m =1 r(r—l)( race(D”) +
Hence, m?> —s?/(r—1) <0 or m—s//r—1 < 0 since m > 0. Therefore, A, < 0, a
contradiction.

).

O

Two remarks concerning the sufficient condition in Theorem 3.23 are in order.

First, the assumption that D is nonnegative cannot be dropped since D appears

quadratically. Thus, if D satisfies the sufficient condition, then so does (—D). Sec-
ond, if n = 3, then this sufficient condition becomes also necessary.

Corollary 3.4 Let D # 0 be a 3 x 3 nonnegative real symmetric matrix whose di-
agonal entries are all 0’s. Then D is an EDM if and only if

2
geTDze > trace(D?).

Corollary 3.4 has an interesting interpretation in terms of the triangular inequal-
ity. Let D be a 3 x 3 EDM and let d1, = a, d13 = b and d>3 = ¢. Then

a+b* be ac
D? = bc a®+4c* ab |. Thus, trace(D?) = 2(a*> 4+ b* 4+ ¢?) and
ac ab b+ c?

e’ D?e = trace(D?) +2(ab + ac + bc). Hence,
2
geTDze > trace(D?) iff — (a* +b* +¢*) +2(ab+ac+bc) > 0.

But
—(a® +b* +c*) +2(ab+ac+be) = 4ab— (a+b —c)>.

Thus, it follows from the proof of Theorem 3.4 that the condition of Corollary 3.4
is equivalent to the triangular inequality.

Theorem 3.23 did not make use of the rank of D. Let rank(D) = k and assume
thatk<n—1.Letr= rank(fVTDV). Then r < k. Note that we cannot assume that
r < k— 1 since we have not established yet that D is an EDM. Also, note that k > 2
since trace(D) = 0 and D # 0. Therefore, the sufficient condition of Theorem 3.23
can be weakened. On the other hand, as the proof of Statement 2 of Theorem 3.23
shows, the necessary condition of Theorem 3.23 is independent of k.

Theorem 3.24 (Alfakih and Wolkowicz [19]) Let D # 0 be an n X n nonnegative
real symmetric matrix, n > 3, whose diagonal entries are all 0’s. Assume that
rank(D) =k where k <n—1. If

2 k—2
;eTDze - ng(k_i)(eTDe)2 > trace(D?),

then D is an EDM.
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3.6.2 The Norm Approach

This approach, due to Bénasséni [40], is based on a result of Bauer and Fike [37].
Let oo >0 and let A = a(E — 1), i.e., A is the EDM associated with the standard
simplex. Then % (A) = al,—1/2. Let D be a nonzero nonnegative matrix whose
diagonal entries are all 0’s. If 93/(D) is close to Zy(A), then we expect D to be
an EDM. Thus, an upper bound on the norm ||.% (D) — Z(A)|| gives rise to a
sufficient condition for D to be an EDM.

Let A and B be two real symmetric matrices and let A be an eigenvalue of A with
corresponding eigenvector x. Then (A — B)x = (A — B)x. Assume that A is not an
eigenvalue of B, then x = (A — B) "' (A — B)x. Thus, for any induced matrix norm
we have ||x|| < ||[(AT—B)~'||||A — B|| ||x|| since induced matrix norms are submul-
tiplicative. Hence, for the matrix norm induced by the Euclidean vector norm, we
have

1

o < [A=Bll2 < ||A—B|, (3.32)
|(AT—=B)~ 12
where ||.||r denotes the Frobenius norm.

Let D be a nonzero nonnegative matrix whose diagonal entries are all 0’s. Further,
let A= % (D), B= y(A) and let A be an eigenvalue of .73, (D) and assume that
A # /2. Then

1

1Ay = Ty (A) " 2 = [I(2 = 0/2) D] = a2

since ||I,—1]|2 = 1. Therefore, it follows from (3.32) that
A —a/2| < ||F(D)— T (A)||F- (3.33)

Now since each eigenvalue of Z5 (D) either satisfies (3.33) or is equal to /2, we
conclude that all eigenvalues of % (D) lie in a disk centered at o//2 and of ra-
dius || % (D) — % (A)||r. Therefore, if we can find a > 0 such that ||.% (D) —
Fv(A)||F < a2, then the eigenvalues of (D) are all nonnegative and conse-
quently, D is an EDM.

Let f(a) = & /4 —||.F (D) — F(A)||%. We need to find o*, as a function of D,
which maximizes f(¢t) and then find a condition on D such that f(o*) > 0. To this
end,
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4| (D) — Fy (A)|[f = [V (D~ aE + al)V|[7
= trace(J(D — oE + o )J(D — oE + o))
= trace((D — Dee” /n+ oJ) (D — Dee’ /n+ o))
(e'De)? _e'D? e’ De

287 L (1) — 20575,
n

= trace(D?) +
(D) " .

Thus, 4f () is maximized at o* = e’ De/(n(n—2)) and

4f(@) = —trace(D?) — ) (T e ¢ JeTD%

n?(n—2) n

Hence, the condition f(a*) > 0 implies the sufficient condition of Theorem 3.23.

Bénasséni derived a stronger sufficient condition by considering ||D — A||r
instead of ||.%/(D — A)||r. To this end, || F (D — A)|[» = [[VI(D — A)V||» <
VT VI 1D = Alls. But [[V7 || = V]2 = 1. Thus, [|% (D - A)[|> < [ID
All2 <||D— Al|r. Therefore, if ||D — Al|r < a/2, then ||y (D —A)||r < ot/2 and
thus D is an EDM. Therefore,

4llD-A|lp = [|D~ o +all[7
= trace((D— aE+ol)(D— aE+ o))
= trace(D?) + (n* —n)a® — 20ce” De.

Let g(a) = @ /4 —||D — A||%. We need to find o, as a function of D, which max-
imizes g(ot) and then find a condition on D such that g(o*) > 0. Therefore, 4g(ct)
is maximized at o* = e” De/(n> —n— 1) and

(e" De)?

4g(o*) = —trace(D?) + 5

n—n—1

Hence, the condition that g(o*) > 0 leads to the following stronger sufficient con-
dition (weaker result) for EDMs.

Theorem 3.25 (Bénasséni [40]) Let D # 0 be an n x n nonnegative real symmetric
matrix whose diagonal entries are all 0’s. If
(e" De)?

P p— > trace(D?),

then D is an EDM.

The sufficient condition of Theorem 3.25 can be interpreted in terms of the vari-
ance of the off-diagonal entries of D. The mean of D is d = ¥ ;d;;j/(n(n—1)) =
e De/(n(n—1)). Thus

var(D) = S /(? — n) — (d)? = — race(D?) — oy (e De)?
i n-—n n-—n
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Therefore, the sufficient condition of Theorem 3.25 [40] is equivalent to

1
var(D) <

“n2(n—1)2(n2—n-1) (" D)™

Example 3.17 To illustrate the sufficient condition of 3.23, consider the 5 X 5 ma-

T

trix D(t) = [g Etel] Then it follows from Theorem 3.3 that D(t) is an EDM for
allt > 3/8. This result can also be obtained by using Theorem 3.17. Indeed, in this
case, x=e/2, A =3, w=e/3 andt’ =2t. Thus, 0y =3 /4 and oy, = . Consequently,
D(1') is an EDM iff' t' > o4.

Now
3eT(D(t))2e = g(sﬂ +6t+9),
n
(n=3) r )32,
pey (" D(1)e)” = 22 (4> +12+9),

trace(D*) = 4(2> +3).

Thus, the sufficient condition in Theorem 3.23 holds iff —32¢2 4+ 84t — 27 >0, ie.,

iff
3 18
,St -

8 -8
Observe that D(1) is the EDM of the standard simplex. Thus, as expected, the suffi-
cient condition of Theorem 3.23 holds for values of t close enough to 1.

3.7 Schoenberg Transformations

This section addresses the following natural question. What real functions f, when
applied entrywise, map EDMs to EDMs? A characterization of such functions was
obtained by Schoenberg [169, 170] and thus, they are known as Schoenberg trans-
formations. A good reference on Schoenberg transformations in data analysis is
[38]. Recall that f[D] = (f(d;;)) denotes the matrix obtained from D by applying f
to D entrywise.

Theorem 3.26 (Schoenberg [168, 169, 170] ) Let D = (d;;) be an EDM. Then f[D)
is an EDM if and only if

where g(t) is nonnegative fort > 0 such that [{" g(t)dt/t exists.

Note that £(0) =0and f'(d) = [;” e "?g(t)dt. Hence, it readily follows that f(d)
satisfies
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(=)' (@) >0 foralld >0 and forall i > 1, (3.34)

where f() denotes the ith derivative of f(d). In what follows, we present several
examples of Schoenberg transformations.

Corollary 3.5 (Schoenberg [168]) Ler D = (d;;) be an EDM. Then [D]* is an EDM
foralla:0<a< 1.

Proof. Letg(t)=ar ?/I'(1—a), where I'(1 —a) is the well-known gamma func-
tion, i.e.,

r'(l1—a) :/ t~%e7dt.
0

Observe that I'(1 —a) > 0 since @ < 1. Thus

Let y =td, then

Integrating by parts, we get

Hence, f(d) = d“ is a Schoenberg transformation.

O
It is worth noting that f(d) = d“, 0 < a < 1, satisfies (3.34) since fi(d) =
a(a—1)---(a—i+1)d*". Also, note that f)(d) = a/T'(1—a) [t e "dt.
014
Let D= | 101 |. Then it is easy to verify that D is an EDM of embedding
410

dimension 1 and /[D] is an EDM of dimension 2. On the other hand, [D]? is not
an EDM. Trivially, D = (1/[D])?. Therefore, for an arbitrary EDM D and for a > 1,
[D]* may or may not be an EDM.

Corollary 3.6 Let D = (d;;) be an EDM and let a > 0. Then D' = E— exp[—aD] is
an EDM.

Proof. Let g(r) = ad(t —a) where 8 is the Dirac delta function. Then

o (] —etd
£(d) = /O (lti)aa(t —a)di=1—e .

Hence, f(d) = 1 — e~ is a Schoenberg transformation.
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Corollary 3.6 can also be proved directly [70] using Theorem 2.8. Indeed, assume
that D is generated by points p?, ..., p"*"!, and assume that the embedding dimen-
sion of D is r. Let p! be any point in R” and let d; = ||p' — p||> fori=2,...,n+1.

T
Thus, by construction, {2 D ] is an (n+1) x (n+ 1) EDM. Hence, it follows
from Theorem 3.3 that a(ed” +de! — D) is PSD. Moreover, by Theorem 2.8, B =
expla(ed” +de” — D)] is PSD, where bij = exp(ad; + ad; — ad;;). Let S = (s;;) be
the diagonal matrix where s; = exp(—ad;). Then exp[—aD] = SBS is PSD since
(SBS);j = siibijsjj = exp(—ad;;). Moreover, diag(exp[—aD]) = e. Therefore,

J (exp|—aD)]) = 2E — 2exp|—aD]
is an EDM. Next, two more Schoenberg transformations are given.
Example 3.18 Ler g(t) = e, where a > 0. Then

di d

fld)= /0 e —e @) S Zin(14+5),

Thus, if D is an EDM, then so is D' = (d;;) where d; = In(1 +d/a).
Example 3.19 Ler g(r) =te™". Then

o 1 d
= —_ 7td —t = —_——_— =
f(d)_./o (1—e™)edr =1 d+1 d+1°

Thus, if D = (d;;) is an EDM, then so is D' = (d};) where d; = d;;/(d;j +1). Fur-
thermore, D" = (d};) where d; = df;/(df; + 1) is an EDM for 0 < a < 1.

Finally, it should be pointed out that all Schoenberg transformations f(d) con-
sidered above satisfy (3.34) and f(0) = 0.

3.8 Notes

Schoenberg [167] considered only the cases where s = ¢/n and e = ¢/, while Young
and Householder [200] considered the case where s = ¢”", the nth standard unit vector
in R". Gower [93] generalized Schoenberg and Young—Householder result to all s
such that e's = 1. The case x = e/,/n] and y = ¢/,/n; in Theorem 3.18 was not
considered in Hayden et al. [105]. It was first considered by Jakli¢ and Modic in
[117].



Chapter 4 )
Classes of EDMs Creck o

Euclidean Distance Matrices fall into two classes: spherical and nonspherical. The
first part of this chapter discusses various characterizations and several subclasses
of spherical EDMs. Among the examples of spherical EDMs discussed are: regular
EDMs, cell matrices, Manhattan distance matrices, Hamming distance matrices on
the hypercube, distance matrices of trees and resistance distance matrices of electri-
cal networks. The second part focuses on nonspherical EDMs and their characteri-
zation. As an interesting example of nonspherical EDMs, we discuss multispherical
EDMs.

An EDM matrix D is said to be spherical if the generating points of D lie on a
hypersphere. Otherwise, D is said to be nonspherical.

4.1 Spherical EDMs

Since EDMs are either spherical or nonspherical, any characterization of spherical
EDMs is at the same time a characterization of nonspherical EDMs. This section
presents six different characterizations of spherical EDMs. In the theorem that fol-
lows, we provide the first of these characterizations.

Theorem 4.1 (Tarazaga et al. [186]) Let D be a nonzero EDM of embedding di-
mension r. Let P (PT e = 0) be a configuration matrix of D and let B = PPT be the
Gram matrix of D. Further, let J denote the orthogonal projection on e*. Then D is
spherical if and only if there exists a € R” such that

1
Pa= EJdiag(B)7

in which case, the generating points of D lie on a hypersphere centered at a and of
radius

p=(a"a+ 2—12eTDe)1/2. 4.1
n
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Proof. Assume that the generating points of D lie on a hypersphere centered at
a and of radius p = (a’a+ e"De/2n*)'/?. After a translation along a, the con-
figuration matrix becomes P — ea’. Hence, diag((P — ea” )(PT — ae’)) = pZe.
Thus, diag(B) — 2Pa+ a’ae = (a’a + e" De/2n?)e. Therefore, 2Pa = diag(B) —
(e" De/2n*)e. Multiplying both sides by J, we get 2Pa = Jdiag(B) since e’ P = 0.

To prove the other direction, assume that there exists a such that Pa =
%Jdiag(B). Then, after a translation along a, the configuration matrix be-
comes P — ea’. Thus, the Gram matrix becomes B’ = (P — ea” )(PT — ae”).
Thus, B' = B — Jdiag(B)e’ /2 — ediag(B)"J/2 + a’aee”. Thus, diag(B') =
(I —J)diag(B) + a’ ae = (e diag(B)/n+ a’ a)e. But e’ De = 2ne’ diag(B). There-
fore, diag(B') = (e’ De/2n*> +a’ a)e = pZe.

O
018 36
Example 4.1 Consider the EDM D = | 18 0 18 | with configuration matrix P =
3618 0
-3 -1 10 1
0 2|. Then diag(B) = | 4| and hence Jdiag(B)/2 = | =2 |. Thus, the
3-1 10 1

equation Pa = Jdiag(B)/2 has solution a = [0 — 1]T. It is easy to verify that

the generating points of D lie on hypersphere centered at a and of radius p =
(a’a+e"Dej2n?)'/? =3.

01 417
. 10 116] . , .
Example 4.2 Consider the EDM D = 41 017 with configuration matrix
171617 0
-1 -1 2 _3
0-1 . 1 ‘ l=s .
P=| | || Then diag(B) = 5 | and hence Jdiag(B) /2= 3 | qris easy
0 3 9 11

to verify that Jdiag(B) /2 is not in the column space of P and thus D is not spherical.

An easy consequence of Theorem 4.1 is that all n x n EDMs of embedding di-
mension n — 1 are spherical.

Corollary 4.1 Let D be an n x n EDM of embedding dimension r = n — 1. Then
rank(D) = n and D is spherical

Proof. If r = n— 1, then rank(D) = n since rank(D) > r + 1. Moreover,

rank(P) = n— 1 and hence col(P) = e*. The result follows since Jdiag(B) lies
inet.

O

We turn, next, to the characterization of spherical EDMs of embedding dimen-

sion < n— 2. But first, we will need the following lemma.

Lemma 4.1 ([18]) Let D be an n x n EDM of embedding dimension r < n—2 and
let Z be a Gale matrix of D. Then null(D) = gal(D) if and only if there exists a
scalar B such that Bee” —D > 0.
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Proof. Let P be a configuration matrix of D, (PTe = 0), and let B = PPT be
the Gram matrix of D. Then, it follows from the definition of .Z that (—PTDP) =
2(PTP)2. Thus, (—PT DP) is PD since P has full column rank.

Lemma 3.10 implies that DZ = e(diag(B))” Z and hence PTDZ = Z"DZ = 0. Let
S=[P Z e]. Then S is nonsingular and

—P'DP 0 —P"De
ST (Bee” —D)S = 0 0 —Z"De
—e'DP —e"DZ Bn® —e' De

Now assume that Bee’ — D = 0, then ¢’ DZ = n (diag(B))"Z = 0 and hence
(diag(B))TZ = 0. Therefore DZ = 0 and consequently gal(D) C null(D). But
null(D) C gal(D) (Theorem 3.7). Therefore, gal(D) = null(D).
On the other hand, assume that gal(D) = null(D), i.e., DZ = 0. Now, by Schur
—P'DP  —P"De . :
complement, —e"DP Br?— el De is PSD iff

1
n’B —e' De - EeTDP(PTP)’ZPTDe >0,

where we have substituted (—P” DP) = 2(P” P)?. Therefore, Bee” — D is PSD for a
sufficiently large 3.
O
Three additional characterizations of spherical EDMs are given in the following
theorem.

Theorem 4.2 Let D be an n x n EDM of embedding dimension r < n— 2. Then the
following statements are equivalent:

1. D is spherical.

2. null(D) = gal(D), i.e., DZ =0, where Z is a Gale matrix of D.
3. rank(D) =r+ 1.

4. There exists a scalar B such that Bee” —D > 0.

Proof. The equivalence between Statements 2 and 4 follows from Lemma 4.1.
Moreover, Statements 2 and 3 are equivalent since dim gal(D) =n —r — 1 and since
null(D) C gal(D). Next, we prove the equivalence between Statements 1 and 2.
Assume that D is spherical. Therefore, by Theorem 4.1, there exists a such that
2Pa = Jdiag(B) and thus 2Z7 Pa = Z” Jdiag(B) = Z” diag(B) = 0. Hence, it follows
from Lemma 3.10 that DZ = 0 and thus gal(D) C null(D). But null(D) C gal(D)
(Theorem 3.7). Therefore, gal(D) = null(D) and hence, Statement 2 holds. On
the other hand, assume that Statement 2 holds. Then Z7diag(B) = 0 and thus
diag(B) = Pda’ + ye for some vector ¢’ and scalar y . Hence, Jdiag(B) = Pa’ and thus
D is spherical.
O
The equivalence between Statements 1 and 2 was proven by Alfakih and
Wolkowicz in [18]. The equivalence between Statements 1 and 3 was proven by
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Gower in [93]. Finally, the equivalence between Statements 1 and 4 was proven by
Neumaier in [153] and was later independently proven by Tarazaga et al. in [186].

As the next theorem shows, the minimum value of 3 in Theorem 4.2 can be
expressed in terms of the radius p.

Theorem 4.3 (Neumaier [153]) Let D be an n x n spherical EDM of radius p and
let B* be the minimum scalar such that B*ee” —D = 0. Then

B* =2p>. 4.2)

Proof. It follows from the proof of Lemma 4.1 above that
1
n*B* = e’ De+ EeTDP(PTP)’ZPTDe.

Moreover, 2Pa = Jdiag(B) and hence 2a = (PT P)~! PT diag(B). On the other hand,
PTDe = nP” diag(B). Therefore, 2na = (PT P)~' P De. Accordingly,

1
B = Z(ﬁeTDe +aa) =2p%.
n

O

Example 4.3 Consider the EDM D of Example 4.1. Then it is easy to verify that

rank(D) =3 =r+ 1. Let B = 18/, then using double-sided Gaussian elimination
we have that (Bee” —D) = (B’ee” —D/18) = 0 iff

B .

28/ 1

Thus, (Bee” —D) = 0iff B’ > 1; i.e, iff B > 18 =2p>.
The following theorem is an easy consequence of Theorem 4.3.

Theorem 4.4 (Kurata and Sakuma [124]) Let D be an n x n spherical EDM of
radius p. Let D = 2{":1 Ai QiDQiT, where 25‘:1 i = 1 and where Q' is a permutation
matrix and A; > 0 fori = 1,....k. Then D is a spherical EDM of radius p < p.

Proof. Clearly D is an EDM since it is a convex combination of EDMs. Now

Theorem 4.3 implies that 2p%ee’” — D = 0. Thus, Q'(2p2ee’ — D)QiT =2pZee’ —

0'DQ" 0. Hence, ¥, 4i(2p2ee” — 0'DO") =2p%e” — 35 2:0'DQ - 0.
Therefore, D is a spherical EDM of radius p and by Theorem 4.3, p < p.

O

We say that points p' and p/ are antipodal if di;+d; = d;j forallk=1,.. ., n; that

is, D ;+D_j = d;je, where D ; denotes the ith column of D. Then it is an immediate

consequence of Theorem 4.3 that each entry d;; is < 28*, with equality holding if
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and only if p’ and p/ are antipodal. This fact was observed by Neumaier [152] who
gave a direct proof of it without appealing to Theorem 4.3.

Example 4.4 Consider the EDM D in Example 4.1. Then p =3 and hence * = 18.
Moreover, d\3 = 36 = 2B* and thus points p' and p* are antipodal. Notice that
D+ D3 =36e =dze.

Let DT denote the Moore—Penrose inverse of an EDM D. Then it follows from
Theorem 3.9 that e lies in col(D) or DD'e = e. The solution of the system of equa-
tions Dw = e is w = DYe + (I — D' D)z where z is any vector in R". Thus

e'w=w'Dw=¢e"D'e. 4.3)

In addition to the above characterizations, spherical EDMs have two more char-
acterizations in terms of w. The first of these characterizations is given next.

Theorem 4.5 (Gower [93, 92]) Let D be a nonzero EDM and let Dw = e. Then D
is spherical if and only if e"w > 0, in which case, the generating points of D lie on
a hypersphere of radius
i

p=(57,)""
Proof. ¢"w > 0since D is an EDM (Theorem 3.11). Assume that ¢’ w > 0 and let
B=—(I—ew! /(e"w))D(I —we® /(e"w))/2. Then —2B = D — ee” /(eTw). There-
fore, diag(B) = e = p%e and hence D is spherical.

2eTw
On the other hand, assume that ¢/ w = 0. Then by Theorem 3.10, there exists a

configuration matrix P such that PTw = 0. Therefore, w € gal(D). But Dw = e, thus

null(D) # gal(D) and hence D is nonspherical.

O

Remark 4.1 w in Theorem 4.5 is not unique. If y € null(D), then D(w+Yy) = e.
However, e | null(D) since e € col(D). Thus, p is well defined since e’ (w+y) =

ETW.

Example 4.5 Consider the EDM of Example 4.1 and let w = 3—16[1 0 1]7. Then
Dw = e and e"w = 1/18. Note that p*> = 1/(2¢e"w) = 9.

The second characterization of spherical EDMs in terms of w is given in the
following theorem.

Theorem 4.6 Let D be a nonzero EDM and let Dw = e. Further, let B be the Gram
matrix of D such that Bw = 0. Then

1
w! diag(B) = s orl. (4.4)

Moreover, D is spherical if and only if w! diag(B) = %
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Proof. The existence of a Gram matrix B such that Bw = 0 follows from The-
orem 3.10. Also, it follows from Theorems 3.11 and 4.5 that ew > 0 and D is
spherical iff e”w > 0.

Observe that e = Dw = w’ diag(B) e + e’ w diag(B) and thus e’ w = w' Dw =
2w diag(B) e’ w. Therefore,

(1—w'diag(B)) e = e” w diag(B) (4.5)

and
(1—2w!diag(B)) e’w =0. (4.6)

Now if e”w > 0, then Eq. (4.6) implies that w’ diag(B) = 1. Furthermore, since
B #0, Eq. (4.5) implies that w” diag(B) = 1 if and only if e’ w = 0. As a result, (4.4)
holds since e’ w > 0. Consequently, e’ w > 0 iff w’ diag(B) = %

d

Remark 4.2 Assume that D is a spherical EDM and Bw = 0. Then diag(B) = p’e
(see the proof of Theorem 4.5). Thus, it follows from Theorem 4.5 that w' diag(B) =
plelw=1/2.

Example 4.6 Consider the EDM D of Example 4.1, where w = %[1 0 1. Thus,

=30
a configuration matrix P of D that satisfies PTw =0 is P = 03 |. Hence,
30
diag(B) = 9e and therefore w! diag(B) = 1/2.
-3 -1
On the other hand, if we use configuration matrix P' = 0 2|, thenB'w#0.
3-1

In this case, we have w! diag(B') = 5/9. Consequently, it is imperative that the Gram
matrix B in Theorem 4.6 satisfies Bw =0 .
Now consider the EDM D of Example 4.2, where w = %[1 —2 1 0)7. Thus,

1 -1
. . . T . 0-1

a configuration matrix P of D that satisfies P'w =0 is P = IEE Hence,
0 3

diag(B) =2 1 2 9]T and thus w' diag(B) = 1.

Next, we collect the above sixth characterizations of spherical EDMs in the fol-
lowing theorem.

Theorem 4.7 Let D be a nonzero n x n EDM of embedding dimension r. If r =
n—1, then D is spherical. Otherwise, if r < n—?2, then the following statements are
equivalent:

1. D is spherical.

2. There exists a € R" such that Pa = %Jdiag(B), where B is the Gram matrix of D
such that B= —JDJ/2; i.e., Be = 0.

3. null(D) = gal(D); i.e., DZ =0, where Z is a Gale matrix of D.
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N

. rank(D) =r+1.

. There exists a scalar B such that Bee’ —D = 0.

6. e"w > 0, where Dw = e, in which case, the generating points of D lie on a
hypersphere of radius

9]

1

(L e

7. wldiag(B) = %, where Dw = e and B= —(I—ew" /(e w))D(I—we” /(eTw))/2;
i.e., Bw=0.

Two observations regarding Theorem 4.7 are discussed next. These observations,
which are immediate consequences of parts 3 and 5, were made in [186, 184].

First, assume that the Gram matrix B satisfies Be = 0. Then, since Z'D =
ZTdiag(B) €T, it follows from part 3 that D is spherical iff Z diag(B) = 0 iff
diag(B) lies in col([P e¢]). Note that Theorem 4.1 implies that D is spherical iff
Jdiag(B) € col(P).

Second, suppose that D is an EDM such that BE — D = A = 0 for some scalar 3.
Then x” Dx = B(e”x)? — xT Ax < B(e”x)? for all x. Thus,

)
sup{% ‘xdet} <PB. 4.7

Conversely, assume that (4.7) holds. Then x” (D — BE)x < 0 for all x ¢ e. More-
over, if x € e, then x” Dx < 0 since D is an EDM. As a result, x” (D — BE)x < 0 for
all x and hence BE — D is PSD. Therefore, it follows from part 5 that D is spherical

iff sup{ (’;TT%’; :x & et} < o, Finally, we should mention that a detailed investigation

of vector s = w/elw = 2p?w is given in [188].

Now assume that D is a nonsingular spherical EDM and let X be its projected
Gram matrix. Then X is nonsingular. Consequently, the Moore—Penrose inverse of
B, the Gram matrix of D, is given by B" = VX~'VT and hence B'B = VvV’ = J.
Note that in case X is singular, i.e., if rank(B) < n— 2, then it is easy to verify
that BY = P(PTP)~2PT, where P is a configuration matrix of D. As the following
theorem shows, D~! can be expressed in terms of B

Theorem 4.8 (Styan and Subak-Sharpe [182]) Let D be a nonsingular spherical
EDM and let B= —JDJ /2 be its Gram matrix. Further, let Dw = e and let p be the
radius of the hypersphere containing the generating points of D. Then

1
D! = —EBT +2p%ww . (4.8)
Proof. It follows from the definition of % that
2
B'D = B'diag(B) e’ — 21+ Zee'. (4.9)
n

Thus, multiplying (4.9) by D! yields
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. 2
B = —2D7' + (B'diag(B) + ~e)w’. (4.10)

n

Moreover, Bfe = 0 implies that
4 2 2
B'diag(B)+ —e =4p~w. (4.11)
n

Therefore, substituting (4.11) into (4.10) yields

B' = 2D +4pwnl.

O

The significance of Theorem 4.8 will be come clear when we discuss, below, the
distance matrices of trees and the resistance distance matrices of electrical networks.
An immediate consequence of Theorem 4.8 is that if D is a nonsingular spherical
EDM, then the inverse of the Cayley—Menger matrix M given in (3.26) is also given

by

—1 wl

w —B'/(4p%) |’
We should point out that Eq. (4.12) was also obtained in [79, 81, 182] and that

Theorem 4.8 was generalized by Balaji and Bapat in [32].
At this point, making a connection with Jung’s Theorem is in order.

M~ =2p? [ (4.12)

Theorem 4.9 (Jung [1_19]) Let S ‘be a compact set in R" and let d be the diameter
of S; i.e, d =max{||p' — p’|| : p',p’ € S}. Then S is contained in a ball of radius
p, where

p2§d2

’
2(r+1)°

Let D be a spherical n x n EDM of embedding dimension r and let dp,x be the
maximum entry of D. Then Jung’s Theorem implies that

T
e'D
ala+

e rank(D) — 1
S dmax ( )

. 4.1
2n? 2 rank(D) (4.13)

Furthermore, equality holds in (4.13) if D = A = E — I is the EDM of the standard
simplex. This follows since in this case, 2p? = 1 — 1 /n, dpax = 1 and rank(D) = n.

Before proceeding to discuss several subclasses of spherical EDMs, we show,
next, how to construct a new spherical EDM from two old ones by using Kronecker
product.

Theorem 4.10 ([12]) Let D and D, be two spherical EDMs of orders m and n, and
of radii py and p;, respectively. Then

D=E,®D,+D|®E,

is a spherical EDM generated by points that lie of a hypersphere of radius
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p=(pi+p3)/%

Proof. Let Djw; = e, and Dyw; = e, where el w; > 0 and el w, > 0. Then
D(w1 ®@wz) = (E, ®@D2) (w1 @wa) + (D1 @ E,) (w1 @w2)
=Ewi®e,+ey ®EnW2
=elwien@e,+e,Relwr e,
= (elwi+elwa)epn.
Letw = (w; @w,)/ (el wi +el'wy). Then Dw = e and

1

(ehw +ewa)

1
T T o T T T
ew=-——————(¢,®¢, ) (W1 Owy) = e,wi e, w2) > 0.
(elw +e,{w2)( J(wr@w,) (emm1 2)
Therefore, D is a spherical EDM. Furthermore,

» 1 1
~2eTw 2(elwyelwy)

p (emwi +eyw2) = p3 +pi.

O
In the following subsections, we discuss several subclasses of spherical EDMs.

4.1.1 Regular EDMs

An important subclass of spherical EDMs is that of regular EDMs. A spherical
EDM D is regular if the generating points of D lie on a hypersphere centered at
the centroid of these points; i.e., if @ = 0 in Eq. (4.1) (assuming that the centroid
coincides with the origin). Consequently, the generating points of a regular EDM
lie on a hypersphere of radius p = (e’ De/2n?)'/2. As a result, Inequality (4.13) in
case of a regular EDM reduces to

eI De rank(D) — 1
n2 — ™ rank(D)

(4.14)

An example of a regular EDM is A, the EDM of the standard simplex. Regular
EDMs have properties that mirror those of adjacency matrices of regular graphs.
A generalization of regular EDMs is given in [188]. We begin, first, with the fol-
lowing simple characterization of regular EDMs. We should point out here that, by
Rayleigh-Ritz Theorem, the Perron eigenvalue A; > e’ De/n for any EDM D.

Theorem 4.11 (Hayden and Tarazaga [101]) Let D be a nonzero n x n EDM, then
D is regular if and only if (e’ De/n,e) is the Perron eigenpair of D.

Proof.  Assume that D is regular then diag(B) = p%e. Hence, D = 2p”ee’ —2B.
Thus, De = 2np?e = (e" De/n) e; i.e., (eT De/n,e) is the Perron eigenpair of D.
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To prove the reverse direction, assume that De = (e De/n) e and let e” De/(2n?) =
p2. Then by the definition of .7, we have that B = .7 (D) = —(D — 2pZee’) /2.
Thus, Be = 0 and diag(B) = p?e and hence, D is regular.

0O

The following corollary is an immediate consequence of Theorems 3.12 and 4.11.
It extends the Hoffman polynomial of graphs [110] to EDMs.

Corollary 4.2 Let D be ann x n EDM and let A > —oy > -+ > — 0 be the distinct
eigenvalues of D. Then there exists a polynomial f(D) such that f(D) = E if and
only if D is regular, in which case

n I, (D + ail)

D)= .
/o) Hile(% + ;)

(4.15)

f is called the Hoffman polynomial of D.

Proof. By Theorem 3.12, there exists a polynomial g such that g(D) = yxx”,
where x is the Perron eigenvector of D. Assume that D is regular. Then x = ¢ and
thus there exists g(x) = YE. Hence, f(x) = g(x)/y. Now to find the scalar ¥, notice
that (D + oyl )e = (e De/n+ o;)e. Therefore, g(D)e = [T5_, (¢ De/n+ o;)e = nye
and thus y = [T*_, (" De/n+ oy) /.

On the other hand, assume that an EDM D satisfies (4.15) and let De = u.
Then D commutes with E since DE = Df(D) = f(D)D = ED. Consequently,
DE = ue” = ED = eu” . Thus u = (u” e/n) e and hence D is regular.

O

0242
2024
4202
2420

Example 4.7 Consider the EDM D = with configuration matrix P =

-1 0
(1) 7(1) . Then De = 8e. Obviously, the generating points of D lie on a hyper-
1

0
sphere centered at the origin and of radius p = eTDe/Zn2 = 1. Moreover, w =¢/8
and diag(B) = e. Thus w” diag(B) = 1/2. Note that B* = 2p* = 2 and hence, p'
and p* are antipodal since d\3 = 2* = 4. Likewise, p* and p* are antipodal.

The eigenvalues of D are 8,0,—4,—4. Thus k =2, oy =0, ap = 4. Hence, ¥ =
T2 ( eDe | 0;)/n = 24. Therefore, the Hoffiman polynomial of D is

n

1
flx)= ﬂx(x+4).
We saw earlier that a spherical EDM can be constructed from two spherical
EDMs by using Kronecker product. The same result also applies to regular EDMs.

Theorem 4.12 Let Dy and D; be two regular EDMs of orders m and n, respectively.
Then



4.1 Spherical EDMs 99

D=E,D,+ D QF,
is a regular EDM.

Proof. D is an EDM by Theorem 4.10. Thus, it suffices to show that e is an
eigenvector of D. To this end,

De = (E,,®@Dy)(em®e,)+ (D1 QE,) (em®ey)
= (mel'Dyey/n+nelDiey/m)(en®ey)

1
= —e'Dee.
mn

Next, we turn to another subclass of spherical EDMs.

4.1.2 Cell Matrices

An n x n matrix D = (d;;) is called a cell matrix if for i # j, we have
d;j = ci+c; for some ¢ > 0 in R".

Consequently, D is a cell matrix if D = ec” + ce’ —2Diag(c) for some ¢ > 0. For
example, A = E — I, the EDM of the standard simplex, is a cell matrix corresponding
to ¢ = ¢/2. Cell matrices, which were introduced by Jakli¢ and Modic in [116],
model a star graph; i.e., a tree with one root node and n — 1 adjacent leaves.

It is readily seen that cell matrices are EDMs since the projected Gram matrix
of a cell matrix D is % (D) = V! Diag(c)V = 0. Furthermore, 7 (D) = JDiag(c)J.
Consequently, the Gram matrix of D is given by B = Diag(c) — ce! /n—ec! /n+
e’c ee’ /n®. Assume that ¢ has s > 2 zero entries and wlog assume that ¢, | =
-+ = ¢, = 0. Then, the following two facts are immediate consequence of the defi-
nition. First, p"**! = ... = p" since dij=0foralli,j=n—s+1,...,n This fact
is used, next, to determine the embedding dimension of a cell matrix. Second, the
last s columns (hence rows) of D are identical since for all i, d;; = ¢; (independent
of jforall j=n—s+1,...,n

Lemma 4.2 Let ¢ in R" be > 0 and let D be the cell matrix corresponding to c.
Let s denote the number of zero entries of c. Then the embedding dimension of D is
given by
e {nl ifs=0o0rs=1,
n—s ifs>2.

Proof. Recall thatV, as defined in (3.11), has full column rank and every (n— 1) x
(n—1) submatrix of V is nonsingular. Let Diag(y/c)Vx =0. If s =0, then Vx =0
and hence x = 0. Also, if s = 1, then again x = 0. Thus, if s < 1, null(Diag(/c)V)
is trivial and hence rank(Diag(1/c)V) = n — 1. Consequently, r = rank %, (D) =
rank (V7 Diag(c)V) = rank(Diag(y/c)V) =n— 1.
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Now assume that s > 2 and wlog assume that ¢,,_s+1 = --- = ¢;, = 0. Then ob-
viously, p"‘“’1 = ... = p". Thus r, the embedding dimension of D, is equal to the
embedding dimension of the EDM generated by p!,...,p"5*1; ie., ris equal to
the embedding dimension of the cell matrix corresponding to ¢ = [¢] -+ cn_s+1]T.

Notice that ¢ has one zero entry. Therefore, by the previous case, it follows that
r=n—s+1—1=n—s.
O
Therefore, Lemma 4.2 implies that, if ¢ has s > 2 zero entries, say, ¢,—s+1 =
---=c, =0, then p',..., p"**! are affinely independent and p"*2 = ... = p" =
p"~S*1. Hence, rank(D) = n—s+ 1 since the (n— s+ 1) leading principal submatrix
of D is spherical of embedding dimension n — s; and since the last s columns of D
are identical. Moreover, it is easy to see that in this case, i.e., if s > 2, then

0

Z= Iy
T

€1

is a Gale matrix of D. As a result, cell matrices are spherical EDMs.

Theorem 4.13 (Jakli¢ and Modic [116]) Cell matrices are spherical Euclidean
distance matrices.

The proof of Theorem 4.13 in [116] is based on Theorem 3.11 and part 6 of
Theorem 4.7. However, this theorem is an immediate consequence of part 3 of The-
orem 4.7 since it is easy to verify that DZ = 0 if s > 2. Note thatif s =0 or s = 1,
then D is obviously spherical. Also, this theorem follows from part 4 of Theorem 4.7
since if s = 0 or 1, then r, the embedding dimension of D, is equal to n — 1. Oth-
erwise, if s > 2, then r = n — 5. Accordingly, the result follows since in this case
rank(D) =n—s+1=r+1.

Example 4.8 Let c = [1 2 3 0]7. Then, the cell matrix corresponding to c is

0341
3052
4503
1230

D=

The embedding dimension of D is r = 3 and the generating points of D are affinely
independent.

/[T
Now let ' = [c 70

Moreover, the embedding dimension of D' is again r = 3 and in this case p* = p°.

0]”. Then, the cell matrix corresponding to c' is D' = [ b c].

Next, we turn to a third subclass of spherical EDMs, namely, the Manhattan
distance matrices on grids.
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4.1.3 Manhattan Distance Matrices on Grids

In this subsection, we focus on rectangular grids of unit squares with m rows and
n columns. First, we consider the special case when m = 1. Let G, = (g;;) be the
n X n Manhattan distance matrix of a rectangular grid of 1 row and n columns. Then

gij=li—jl.

Let p',...,p" be the points in R"~! such that the first i — 1 entries of p’ are 1’s
and the remaining n — i entries are 0’s. Thus, p' coincides with the origin and p" =
en_1. Moreover, ||p' — p/||?> = |i — j| for all i, j = 1,...,n. Hence, G, is an EDM
with embedding dimension r = n — 1 generated by p!,...,p". Leta = e /2, then
||p'—al|> = (n—1)/4 for all i = 1,...,n. As a result, the points p',...,p" lie on
a hypersphere centered at a = ¢/2 and of radius p = %(n — 1)1/ 2 and hence G is a
spherical EDM. Another way to show that G, is spherical is to observe that g;; +
gn=n—1foralli=1,...,n. Thus,if weletw=1[1 0 --- 0 1]7/(n—1), then
Gyw=eandelw=2/(n—1)>0.

Now consider a rectangular grid of m rows and n columns and let d; .k be the
Manhattan distance between the grid points at (i, j) and (k, /). Then

dijj = |i—k|+]j—1|.

To represent these distances as the entries of an mn X mn matrix, we replace the
double indices ij and kl by single indices s and ¢, respectively. First, let s = j +
n(i—1) fori=1,...,mand j = 1,...,n. This relation produces a lexicographic
ordering, i.e,

11,12,...,1n,21,22,... . 2n,...,ml,m2,... mn.

In terms of s, the indices i and j are given by i = [s/n] and j = s—n([s/n] —1).
Similarly, lett =1 +n(k—1) fork=1,...,mand [ = 1,...,n. Thus, k = [¢/n] and
I=t—n([t/n]—1).
Consider (A ® B) where A and B are any two matrices of orders m and n, respec-
tively. Then
(A@B)St = aikbﬂ. (4.16)

It is important to keep in mind that s depends on the first indices i and j of the
entries of A and B, while ¢ depends on the second indices. For example, let m = 2
and n = 3. Then the lexicographic ordering is

11,12,13,21,22,23.

and aj2b11 = (A® B)14. This follows since in this case, ij = 11 and kI = 21 and thus
s =1 and ¢t = 4. Similarly, a1 013 = (A@B)43 and ayybyz = (A@B)SG.
Therefore,

(Em ®Gn)st = (Em)ik(Gn)jl = (Gn)jl = |]_ l|
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and
(Gm ®En)st = (Gm)ik(En)jl = (Gm)ik = |i_k|~

Thus, the mn x mn matrix D = (ci, k1) is given by
D=E,G,+G,RE,. “4.17)

Consequently, Theorem 4.10 implies that D is a spherical EDM generated by points
that lie on a hypersphere of radius p = %(n +m —2)"/2; and Theorem 4.3 implies
that

1
E(n—i—m—Z)E—DiO. (4.18)

It should be noted that (4.18) was first obtained by Mettlemann and Peng in [146].

Example 4.9 Consider the rectangular grid with unit squares of two rows and three
columns. Then

012

GQZ[(I)(I)] andG3: 101

210

Thus, D = E; ® G3 + G, ® E3 is given by

012012 000111 012123
101101 000111 101212
D 210210 + 000111 210321
(012012 111000 (123012
101101 111000 212101
210210 111000 321210

Let wy = ey and wi = %[1 0 1)7. Then Gows = ey and G3ws = e3. Now let w = wr @
ws/(eXwr+elws) = é[l 0 110 1)7. Then Dw = e and e w = 2/3. Accordingly,
the generating points of D lie on a hypersphere of radius p = /3 /2.

The fourth subclass of spherical EDMs is that of Hamming distance matrices on
the hypercube.

4.1.4 Hamming Distance Matrices on the Hypercube

Let O, denote the r-dimensional hypercube; i.e., the vertices of Q, are all points
in R” whose entries are either 0 or 1. Let p',..., pzr be the vertices of Q, and let
D = (d;;) be the 2" x 2" matrix such that d;; is the Hamming distance between P
and p’. Thus

r r
o o
dij= Y Ipk—pill =Y (i —p))* =P =PI,
k=1 k=1
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where the second equality follows since p}; - pi is either 1 or 0. Therefore, D is an
EDM of embedding dimension r. Let a be the centroid of the generating points of
D. Then a = e/2 and hence, these points lie on a hypersphere centered at a and of
radius p = %rl/ 2, Consequently, D is a regular EDM. Notice that, for these matrices,
the origin coincides with one of the generating points and not with their centroid.

Note that, for r > 2, det(D) = 0 since D is of order 2" and rank(D) = r + 1.
However, some nonzero minors of D have a simple form.

Theorem 4.14 (Graham and Winkler [96]) Assume that the vertices p',..., p"*!
of the hypercube Q, form a simplex. Then the determinant of the submatrix of D
induced by these points is given by

(—1)rr2 L,

Proof. Let D' denote the (r+ 1) x (r-+ 1) submatrix of D induced by p',..., p"*!.
Then, it follows from Theorem 3.15 that

. _ (_1)r+1 OeT
Vipl,....pth = 2r((r)!)2det([e D/])'

But, V(p',...,p""!) = 1/r! since the parallelepiped generated by these points is the
unit hypercube. Therefore,

det({(e)eDT,]) —(—1yt

Now by Schur complement,

0el

el [e D’} ) = det(D') det(0—e"D''e) = — (D'

e) det(D').

But since D is a regular EDM of radius p = /r/2, it follows that D’ is a spherical
EDM of the same radius. Thus, ¢’ D''e = 7w = 1/(2p?) = 2/r and hence det(D')
=(=1)r2 1
O
Distance matrices of trees are the fifth subclass of spherical EDMs.

4.1.5 Distance Matrices of Trees

Let T be a tree on n nodes. The distance matrix of T is the n X n matrix D = (d;;)
where d;; is the number of edges in the path between node i and node j. For example,
d;j = 1 for every edge {i, j} of T. By definition, dj; = 0. As will be shown in this
subsection, distance matrices of trees are spherical EDMs [32, 33]. Moreover, these
matrices form a subset of the resistance distance matrices of electrical networks
[121] to be discussed the following subsection.
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Example 4.10 Let T be the tree depicted in Fig. 4.1. Then the distance matrix of T
is

01223
10112
D=121023
21201
32310

5 4 2
G ©

Fig. 4.1 The tree of Example 4.10

[O¥]

Distance matrices of trees have nice properties. For instance, the determinant
and the inverse of these matrices have simple forms. More precisely, as shown by
the following remarkable theorem, the determinant of a distance matrix of a tree T
has a surprisingly simple form which is independent of the structure of 7.

Theorem 4.15 (Graham and Pollak [95]) Ler D be the distance matrix of a tree
on n nodes. Then

det(D) = (1" (n—1)2" 2.

Proof. Wlog assume that n is a leaf node adjacent to node n — 1. Then it is easy to
see that diy = djy—1 + 1 fori = 1,...,n— 1. Therefore, by subtracting the (n — 1)th
column ((n — 1)th row) of D from the nth column (nth row), the (n,n)th entry of D
becomes (—2) and all other entries in the nth column and the nth row become 1’s.
Now let 7, be the tree obtained by deleting node n and edge {n,n— 1}. Let node i
be a leaf of 7,,_; and let node j be adjacent to i. Then by subtracting the jth column
(jth row) of D from the ith column (ith row), the (i,7)th entry of D becomes (—2),
the (i,n)th and (n,{)th entries become 0’s and all other entries in the ith row and the
ith column become 1’s. By repeating this process, assuming that the last remaining
node is node 1, we arrive at a bordered diagonal matrix whose determinant is easy
to compute. More precisely, we get that

0 1--- 1 '12;1 0--- 0

1-2.-- 0 1 -2--- 0
det(D) = det( | . ) ) =det(| . ) ),

0.0 0. 0

1 0. -2 I 0. =2

where the last determinant is obtained by adding (row 2 + - -+ + row n)/2 to row 1.
Consequently, det(D) = (—2)""'(n—1)/2.
O
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An immediate consequence of Theorem 4.15 is that distance matrices of trees are
nonsingular elliptic matrices.

Theorem 4.16 (Graham and Pollak [95]) Let D be the distance matrix of a tree
on n nodes. Then D has exactly one positive and n — 1 negative eigenvalues.

Proof. The proof is by induction on n. The assertion is obviously true for n = 2
since the tree consists of one edge and thus the eigenvalues of D are clearly +1.
Thus, assume that the assertion is true for n = k and consider the (k+1) x (k+1)
Dd
dr O] ’
interlacing theorem, matrix D has one positive eigenvalue, kK — 1 negative eigen-
values and one eigenvalue which can be either positive or negative. However, by
Theorem 4.15, this last eigenvalue must be negative since det(D) has sign (—1).
Therefore, D has exactly k negative eigenvalues.

matrix D = where D is of order k and d € R*. Therefore, by Cauchy

O
Similar to the determinant, the inverse of the distance matrix of a tree has a simple
form as shown by the following theorem.

Theorem 4.17 (Graham and Lovasz [94]) Let D be the distance matrix of a tree
T on n nodes. Let L denote the Laplacian of T and deg denote the vector of the
degrees of the nodes of T. Then

1
D! = 75L+ (2e — deg)(2¢ —deg)”.

1
2(n—1)

Two remarks are in order here. First, Theorem 4.17 is a special case of Theo-
rem 4.8. Second, suppose that node i is a leaf of T and let T’ be the tree obtained
from T by deleting node i and the edge incident with it. Let D' be the distance ma-
trix of T'. Hence, the (i,i)-cofactor of D is equal to det(D') = (—1)"2(n —2)2" 3.
Consequently, the (i,i)th entry of D~ ! is

(-1)"2(n—2)2"3  n-2
(=D)rT(n—1)22 " 2(n—1)

which is independent of i. This agrees, as should be the case, with the implication
of Theorem 4.17 that the (i,i)th entry of D~ is

_l+ 1 _ 2—n
2 2(n—1) 2(n—-1)

We should point out that alternative proofs of Theorems 4.15 and 4.17 are given
in [32, 33].

Example 4.11 Consider the matrix D of Example 4.10. Then
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3 31 0 1
L33 e
D'==] 1 3-3 0 1
81 0 4 0-8 4

1 -1 1 4-3

Observe that Dl_]1 = D3_31 = DS_S1 = —3/8 since nodes 1, 3, and 5 are leaves of T.

In the theorem that follows, we establish that the distance matrix of a tree is a
spherical EDM and we determine its radius.

Theorem 4.18 Let D be the distance matrix of a tree on n nodes. Then D is a spher-
ical EDM of radius
(n _ 1)1 /2
p= ) :

Proof. Recall that D is elliptic. Let Dw = e. Then w = D~ 'e = (2¢ —deg) /(n— 1)
since Le = 0 and since e’ deg =2(n—1). Consequently, e’ w=e'D e =2/(n—1).
The result follows from Theorem 4.7.
O
As we mentioned earlier, distance matrices of trees form a subset of resistance
distance matrices of electrical networks which we discuss next.

4.1.6 Resistance Distance Matrices of Electrical Networks

Let us regard a simple connected graph G as an electrical network where each edge
of G is a unit resistor [73, 175]. Identify two nodes of G as a source node s and a
sink node ¢ and connect s and 7 to the terminals of a battery. Let the voltage across s
and ¢ be vy — v, and the current flowing into s and out of ¢ be iy. Then the effective
resistance between s and ¢, denoted by @y, is defined as

Vs =Wt
O)St - .

Lst

As a result, graph G is equivalent to one edge {s,7} with resistance . Let the
resistances of two edges of G be w; and ;. It is well known that these two edges
can be replaced by a single edge of resistance @; + @, if they are in series, and of
resistance (o, Ty w, 1)’1 if they are in parallel. Consequently, for series-parallel
graphs, @y can be calculated by iteratively using these two rules.

Example 4.12 Consider the electrical network of unit resistors of Fig. 4.2, where
node 1 is identified as the source node s and node 4 is identified as the sink node t.
It is easy to see that the effective resistance across st is 0y = (271 42714 171)71
=1/2.
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s=1 t=4 s wy =1/2 t

3

Fig. 4.2 The electrical network of unit resistors of Example 4.12. Node 1 is identified as the source
node s, while node 4 is identified as the sink node ¢

As will be shown in this subsection, the matrix of all pair-wise effective resistors
of G is a spherical EDM [121, 182]. To this end, assume that the magnitude of the
current flowing into s and out of 7 is 1. Thus, since each edge of G is a unit resistor,
Kirchhoff current law, based on the conservation of electric charge, implies that

(Vj—vk):5js—5j, forall j=1,...,n 4.19)
k:{k,jYEE(G)

where §;; is the Kronecker delta. Let i = ¢* — ¢/, where ¢* and ¢' are the sth and
the rth standard unit vectors in R”; i.e.,

lif j=s
=9 —lif j=t
0 otherwise.

Also, let v in R" be the vector consisting of the voltages on the nodes of G. Then
(4.19) can be written in matrix form as

Ly =i, (4.20)

where L is the Laplacian of G. Hence, v = LTi#* where LT is the Moore—Penrose
inverse of L. Observe that v+ cre satisfies (4.20) for any scalar ¢ since Le = 0. Hence
v is not unique. This should come as no surprise since voltages are not measured in
absolute but in relative terms. Therefore, the effective resistance [121, 182] between
s and ¢ is given by

oy =vi—v, = (=) LT (" —¢') =Ll + L}, —2L},.
As a result, the matrix of pair-wise effective resistances of G is given by
Q= (LY, 4.21)

where ¢ is as defined in (3.3). Moreover, since L is PSD of rank n — 1 (graph G
is connected) and Le = 0, it follows that L = V®VT for some (n—1) x (n— 1) PD
symmetric matrix @, where V is as defined in (3.11). Consequently, LT = V@~1yT
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and thus L' is PSD of rank n — 1 and satisfies L'e = 0. As a result, £ is a spherical
EDM of embedding dimension n — 1 and L' is the Gram matrix of Q. Furthermore,
the projected Gram matrix of Q is X = VI L'V = &~!. Therefore,

Q =y (X), where X = (VI Lv) L. (4.22)

D0

LetC=L+E/nandletQ=1[V e/\/rﬂ.ThenC:Q{O |

} Q" andhence C~! =
0 [)5 ﬂ QT = L' + E /n. Therefore,

. 1 1
L'=(L+-E)"'--E. (4.23)
n n

Let the generating points of €2 lie on a hypersphere of center a and radius p. Next,
we calculate a and p. To this end, the configuration matrix of Q is P = VX '/ Part
2 of Theorem 4.7 implies that 2Pa = Jdiag(L") or 2VX'/2a = Jdiag(L"). Thus,

2a = X~'?vTdiag(L")

and hence, ' .
4a’ a = (diag(L"))T L diag(L").

On the other hand, e’ De = 2n trace(L"). Consequently,
1 . 1
p>=a"a+e ' De/(2n*) = 3 (diag(L] NTLdiag(L") + ~trace(L").  (4.24)
n

(4.24) can be alternatively obtained as follows. Premultiplying Eq.(4.11) by
diag(B)7 yields

. 2
(diag(B))" B diag(B) + ;eriag(B) = 4p*w” diag(B).

But since n = w! De = n w! diag(B) + ¢! diag(B) e!w, it follows that w! diag(B) =
1 — e diag(B) /2np?. Thus, (4.24) follows by setting B = L.

Example 4.13 The Laplacian and its Moore—Penrose inverse of the graph of Ex-
ample 4.12 are

31 -1-1 31 -1-1
-1 2 0-1 o1 -1 5-3-1
L=1|_ g o |l =1c1_1_3 54

1-1-1 3 “1-1-1 3

Consequently, the matrix of resistance distances is
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0554
. 1]5085
Q=H(L)=515805
4550

and p* = 17/64.

Example 4.14 Consider the electrical network corresponding to the complete
graph K,,. The Laplacian and its Moore—Penrose inverse are given by L =nl — E
and L™ = J /n. Therefore, the matrix of resistance distances is Q = 2(E —1I) /n.

Finally, showing that distance matrices of trees is a subset of resistance distance
matrices of electrical networks [121] is straightforward. For assume that G is a tree,
say T. Then the path between any two nodes s and ¢ of T is unique. Consequently,
the effective resistance between s and ¢ is equal to the distance between s and ¢.

4.2 Nonspherical EDMs

Evidently, many characterizations of spherical EDMs give rise to characteriza-
tions of nonspherical ones. For example, if D is an EDM of embedding dimen-
sion r, then it follows at once from Theorems 4.7 and 3.8 that D is nonspherical iff
rank(D) = r+ 2. Also, an immediate consequence of Theorem 4.5 is that an EDM
D is nonspherical if and only if e’ w = 0 where Dw = e. As we remarked earlier,
such w is not unique, for if y € null(D), then D(w+y) = e and e’ (w+y) = 0 since
e € col(D) and since col(D) is orthogonal to null(D). However, there is a unique 71
such that D) = e and 11 L (e @ null(D)). Such unique 7 plays an important role in
determining the eigenvalues of nonspherical EDMs as well as in the characteriza-
tions of their null and column spaces.

Theorem 4.19 Let D be an n x n nonspherical EDM of embedding dimension r.
Then gal(D) = null(D) & span(n ), where 1 is the unique vector in R" such that

Dn =e, n L (e®null(D)). (4.25)

Proof. Let Z be a Gale matrix of D and as always, let # = n —r — 1. Then
Lemma 3.10 implies that DZ = e£7, where & = (&) = ZT diag(B) e R". If r=n—2,
i.e., if 7 =1, then D is nonsingular since rank(D) =r+2=nandZisnx 1. There-
fore, DZ = &e and hence N = Z/&; = D™ 'e. Consequently, in this case, gal(D) =
span(n) and null(D) is trivial. Note that e’ = 0.

Now assume that r < n— 3 and wlog assume that &; # 0. Let w = Z | /&; where
Z 1 is the first column of Z. Then Dw = e. Define the 7 X 7 nonsingular upper trian-
gular matrix
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g8 &

0 & - 0
S:

0 <§1 0

0 -~ 0 &

Then E7S = [1 0] and thus e£7S = [e 0]. On the other hand, ZS = [w Z] is a Gale
matrix where Z is n x (7 — 1). Consequently, DZS = D[w Z] = [e 0]. Therefore,
col(Z) C null(D). But dim null(D) =n—r—2 = 7— 1, thus col(Z) = null(D). Let
Q= (I1-2Z(Z"Z)~'Z") be the orthogonal projection onto null(Z”) and let n = Qw.
Then 1 € null(Z”) and hence, n) L null(D). Moreover, D1] = Dw = e (since DZ = 0)
and eTn = ¢Tw = 0. Therefore,

gal(D) = col(ZS) = col([n Z]) = span(n) & null(D).

To show that 717 is unique, assume that D’ = e where 1’ L null(D). Thus, n — 1’
lies in null(D). But, 1 — 1 is L null(D). Hence, n — 1’ = 0.
O

Remark 4.3 If gal(D) = null(D) @ span(x), then x L e since e L gal(D). However,
x may or may not be | null(D). In Theorem 4.19, gal(D) = null(D) ® span(w) =
null(D) ® span(n). Both w and 1 are L e, but only 1 is L null(D).

Recall that DD is the orthogonal projection on col(D) and that DD' = DD since
D is symmetric. Also, recall that Dw = e implies that w = De + (I — DT D)z where
z is an arbitrary vector. We saw above that 7] is the orthogonal projection of w onto
null(Z7) and that col(Z) = null(D). Thus 7 is, in fact, the orthogonal projection of
w onto col(D). Consequently,

n =DD'w=D'e.
Therefore, for nonspherical EDMs, we have

e’'n=n"Dn= e'Die=0.

014916
1014 9
Example 4.15 Consider the nonspherical EDM D= | 4101 4| with config-
9410 1
16941 0
-2 —-1-3 2
-1 3 8 -1
uration matrix P = | 0 |. Then null(D) = col(| =3 =6 |) and n = 1—14 -2
1 1 0 -1
2 0 1 2

Moreover, diag(B) = [4 1 0 1 4)7 and hence, n" diag(B) = 1.

As an immediate consequence of the above characterizations of spherical EDMs,
we have the following characterizations of nonspherical EDMs.
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Theorem 4.20 Let D be an n x n EDM of embedding dimension r < n—?2 and let
Z be a Gale matrix of D. Then the following statements are equivalent:

D is nonspherical.

eI'n =0 where Dy =e.

DZ #0.

rank(D) = r+2.

n’diag(B) = 1, where D) = e and B= —JDJ /2 .

SR W~

An interesting subclass of nonspherical EDMs is that of multispherical EDMs.
We discuss this subclass next.

4.2.1 Multispherical EDMs

A nonspherical EDM is multispherical if its generating points lie on two or more
concentric hyperspheres. More precisely, let D be an n x n nonspherical EDM and
let ny,...,n; be positive integers such that ny + - - +n = n. Then D is said to be
k-multispherical if there exists a sequence of k, 2 < k < n— 1, distinct hyperspheres,
each centered at the origin, such that the ith hypersphere contains n; points. A vector
x € R" is said to have a k-block structure, 2 < k < n — 1, if the entries of x assume
exactly k distinct values. For example, é', the ith standard unit vector, has a 2-block
structure. Therefore, since the hyperspheres are centered at the origin, it immedi-
ately follows that D is k-multispherical if and only if diag(B), where B is the Gram
matrix; i.e., Bjj = ( p[ )T pj , has a k-block structure. It is worth emphasizing here that
the rank of B may not be equal to the embedding dimension of D since B may not
be derived as B = .7 (D) (see Example 4.16 below).
Multispherical EDMs are characterized in the following two theorems.

Theorem 4.21 (Hayden et al. [104]) Let D be an n x n EDM. Then the following
two statements are equivalent:

(i) D is k-multispherical.
(ii) There exists v € R" such that e’ v > 0 and Dv has a k-block structure.

Proof. Assume that Statement (ii) holds and let the Gram matrix of D be B =
—(I—ev! JeTv)D(I —veT /eTv) /2. Thus By = 0 and consequently

Dv =v!diag(B) e + e’ v diag(B). (4.26)

Thus, diag(B) has a k-block structure and hence Statement (i) holds.

Conversely, assume that Statement (i) holds and wlog assume that p!,..., p™"
lie on the first hypersphere, p"1*1, ... p"1"2 lie on the second hypersphere and so
on. Let B = (b;j = (p')T p/) be the corresponding Gram matrix. Then diag(B) has
k-block structure. Now let x be any nonzero vector in null(B). If e’ x > 0, set v = x
and thus, as in (4.26), Dv has a k-block structure. On the other hand, if e’x = 0
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for every x € null(B), then null(B) C e*

Bv=-e¢. Then v/ Bv = e¢Tv > 0 and

, or equivalently, e € col(B). Therefore, let

Dv = (v!'diag(B) —2) e + e’ v diag(B).

Therefore, Dv has a k-block structure.
O
As a result, if D is k-multispherical, then there exists a system of coordinates,
fixed by v, such that D = .7 (B), where diag(B) has a k-block structure.

Example 4.16 Let D be the EDM generated by p' = {_i } p? = “} and p® =

{ﬂ Then obviously, D is 2-multispherical. The null space of the corresponding

Gram matrix B is the span of x = [1 1 —2]T. Notice that B is not derived as 7 (D)
since its rank is 2, while the embedding dimension of D is 1. Thus, el x =0 and hence
e € col(B). Therefore, Bv = e, where v=[0 0 1]I. Then the new Gram matrix is
B'=—(I—-ev")D (I vel)/2=[1 —1 0]T[1 —1 0]. Obviously, rank(B') = 1 and
diag(B')=[1 1 0]T.

Theorem 4.22 (Kurata and Matsuura [123]) Let D be an n x n EDM. Then the

following two statements are equivalent:
(i) D is k-multispherical, where p',..., p™ lie on the first hypersphere, p"+1 ..
P12 [ie on the second hypersphere and so on.

(ii) There exist scalars By, ..., By such that

2,31En1 (,Bl +ﬁ2)En1,n2 o (ﬁl +ﬁk> ny,ng

(Bi+ B2)En,, 2B:E B2+ Br)En,,
e " B _pso, @427
(Bl + Bk)Enk,nl (ﬁz + ﬁk)Enlez e zﬁkEnk
where E, and E,l,._,nj are the matrices of all I’s of orders n; X n; and n; X n;
respectively.

Proof. Assume that Statement (i) holds. Then, by the previous theorem, there
exists v such that e’ v = 1 and Dv has a k-block structure. Let B = —(I —ev! )D(I —
e’)/2. Then, diag(B) = Dv—v' Dve/2 = [Biel --- ,Bke,{k]T and

ﬁlenl eny
D=.#(B) = Do fey cen 14| | [Buen, - Breh ] —2B. (4.28)

ny ny

Bk €ny ny

Thus Statement (ii) holds.
Conversely, assume that Statement (ii) holds and let the left-hand side of (4.27)
be equal to 2B'. Then diag(B') = [Bie, --- Bre;,]” and thus (4.27) can be written
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as diag(B')e! + e(diag(B'))" — D = 2B'. Hence, ¢ (B') = D and thus B’ is a Gram
matrix of D. Therefore, D is k-multispherical and hence Statement (i) holds.
O
Observe that if k = 1, then Theorem 4.22 reduces to part 5 of Theorem 4.7. More-
over, as was the case for a spherical EDM, the f3;’s in Theorem 4.22 are related to the
radii of the concentric hyperspheres. We should point out that Kurata and Tarazaga
[125] obtained other characterizations of multispherical EDMs. Also, Tarazaga et
al. [188] discussed the case where the centroid of the points in each of the concen-
tric hypersphere coincides with the origin. Finally, Hayden et al. [104] presented a
mixed-integer linear programming algorithm for finding the minimum number of
concentric hyperspheres that contain the generating points of a given EDM.
We conclude this chapter by remarking that another interesting subclass of non-
spherical EDMs, namely nonspherical centrally symmetric EDMs is considered in
Chap. 6, where we study the eigenvalues of EDMs.



Chapter 5 )
The Geometry of EDMs e

The geometric properties of EDMs are inherited from those of PSD matrices. Let
2" denote the set of EDMs of order n. This chapter focuses on the geometry of 2”.
In particular, we study the facial structure of 2" and its polar, and we highlight the
similarities between 2" and the positive semidefinite cone .}

5.1 The Basic Geometry of 7"

Recall that 2" is the image of . f’l under the linear transformation J#j,. As a result,
the geometric properties of 2" are closely connected with those of .. In partic-
ular, 2" is a pointed closed convex cone whose interior consists of all EDMs of
embedding dimension n — 1. Consequently, the interior of 2" is made up of spheri-
cal EDMs, while the boundary of 2" is made up of both spherical and nonspherical
EDMs. Moreover, the following theorem is an immediate consequence of part 4 of
Theorem 4.2.

Theorem 5.1 (Tarazaga [184]) The set of spherical EDMs is convex.

Proof. Let D; and D; be two spherical matrices. Then the two matrices 81 E — Dy
and ,E — D; are PSD for some scalars f; and ;. Hence, forany A : 0 < A < 1,
it follows that (A + (1 —A)B2)E — (AD; + (1 — A)D,) is PSD. Consequently,
AD; + (1 —A)D; is a spherical EDM.
O
Now, 2" is the closure of the set of spherical EDMs. To see this, observe that
for any EDM D and for any o > 0, D' = D+ o(E —I) is an EDM of embedding
dimension n — 1 since %/ (D') = (D) + (a/2)I is PD. Hence, for any EDM D
and for any € > 0, there exists a spherical EDM D’ such that ||D’ — D|| < . In other
words, every nonspherical EDM is the limit of a sequence of spherical EDMs.
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Recall that cell matrices, i.e., matrices of the form D = ce’ + ec” — 2Diag(c)
for some ¢ > 0, are spherical EDMs. Let T : R" — %" where T (x) = xel +exl —
2Diag(x). Then, obviously, the set of cell matrices is the image of the nonnegative
orthant, R, under T'. A cone K € ¥ is said to be polyhedral if it is the conic hull of
a finite number of vectors in #". Clearly, R", is a polyhedral cone since every ¢ € R’}
can be written as ¢ = Y\ ¢;e', where ¢; > 0 and ¢' is the ith standard unit vector
in R". Accordingly, every cell matrix can be written as D = T'(c) = Y, ¢;T(¢').
Consequently, cell matrices form a polyhedral convex cone in .”. This result was
obtained by Tarazaga and Kurata in [187, 126] where the geometric properties of
cell matrices are discussed.

Also recall that Ts(£), the tangent cone of convex set S at £, is the closure of
Fs(%), the cone of feasible directions of S at £; i.e.,

Fs(®) ={B(x—=%): forallx € S and for all § > 0}.

The set & = {A € ./} : diag(A) = e}, i.e., the set of correlation matrices, is called
the elliptope. Clearly, E, the matrix of all 1’s, lies in &”. Moreover, the cone of
feasible direction of the elliptope at E is given by

Fen(E)={D' =B(A—E): forall A € & and for all § > 0}. (5.1

Let D' € Fgn(E). Then obviously diag(D’) = 0 and .7 (—D’) = 0. Consequently,
(=D’) is an EDM, and more precisely, (—D’) is a spherical EDM (Theorem 4.7).
On the other hand, if D is a spherical EDM, then (—D) lies in Fgn(E). As a re-
sult, —Fgn (E) is exactly the set of spherical EDMs. Therefore, we have proved the
following theorem.

Theorem 5.2 (Deza and Laurent [70]) The EDM cone, 9", is the negative of the
tangent cone of the elliptope at E.

Next, we characterize the polar of 2" and we investigate more geometric con-
nections between 2" and the elliptope &".

5.2 The Polar of 9"

We use two different approaches to find the polar of 2”. The first one is direct and
uses the adjoint of #y, while the second one is indirect and uses the geometric
structure of the elliptope. We begin, first, with the direct approach.

Theorem 5.3 The polar of 2" is given by
(2")° ={D': D' = A+ Diag(y), where Ae =0,A = 0 and y € R"}.

Proof. LetK={D':D' =A+Diag(y), where Ae =0,A > 0 and y € R"}. Let
D' € K and let D € 2". Note that D'e = y. Then, since diag(D) = 0, it follows that

trace(D'D) = trace(AD) + trace(Diag(y)D) = trace(A#y (X)) = trace(#, (A)X)

where X € Yﬁ*l. But, Lemma 3.5 implies that
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trace(.#; (A)X) = 2 trace(V” (Diag(Ae) —A)VX) = —2 trace(VT AVX) < 0.

Hence, K C (2")°.
To prove the other direction, let D' € (2")° and let D € 9". Then

trace(D'D) = trace(D' ¢y (X)) = trace(4, (D')X) < 0.

Therefore, —%(D') = 0 and hence VT (D' — Diag(D'e))V = 0. Let A =
D' — Diag(D'e). Then Ae = 0 and hence VVTAVVT = JAJ = A = 0. Therefore,
D' = A+ Diag(D'e). Moreover, D' € K (set D'e = y). Hence (2")° C K.
O
Next, we turn to the indirect approach for finding (£")°. It is an immediate con-
sequence of Theorems 5.2 and 1.42 that the polar of 2" is the negative of Ngn(E),
the normal cone of the elliptope at E. Therefore, the characterization of (2")° fol-
lows from the following characterization of Ngn (E).

Theorem 5.4 (Laurent and Poljak [131]) The normal cone of the elliptope at E is
given by

Ngn(E) = {C:C = —A+ Diag(y), where Ae =0,A = 0 and y € R"}.

Proof. Let K ={C:C = —A+ Diag(y), where Ae =0,A = 0 and y € R"}. Let
CeKandletY € &". Then

trace(CE) — trace(CY ) = trace(Diag(y)E) + trace(AY ) — trace(Diag(y)Y)
= eyt trace(AY) —e'y
= trace(AY) > 0.

Therefore, C € Ngn(E) and hence K C Ngn(E).
To prove the reverse direction, let C € Ngn(E) and consider the following pair of
dual SDP problems:

(P) max trace(CY) (D) min ely
subject to diag(Y) =e subject to Diag(y) = C
Y>=0

Hence, Y = E is an optimal solution of (P). Consequently, by SDP strong duality,
there exists y such that Diag(y) —C = A = 0 and e’y = trace(CE). Therefore,
C = Diag(y) — A. Moreover, e’y = e’ Ce = eTy — " Ae and hence, Ae = 0. There-
fore, C € K and thus Ng«(E) C K.

O
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5.3 The Facial Structure of 2"

The facial structure of the EDM cone is inherited from that of the positive semidefi-
nite cone .’} [103]. Now by setting T = %y and Jy 70 in Theorem 1.30, we obtain
the following:

Theorem 5.5 Let Dy and D; be in 9". Then D, € face(Dy,2") if and only if
Ty (D») € face(Fy (Dr), 74",

Therefore, using Theorem 2.16, we have

Theorem 5.6 (Tarazaga [184] and Alfakih [5]) Letr D; € 9". Then the minimal
face of D" containing D is given by

face(D1,2") ={D € 2" : null(F(D1)) C null(Fy (D)) }.

Next, the minimal face of 2" containing D; and its relative interior is character-
ized in terms of the Gale space of Dj. This should come as no surprise since the Gale
space of D is closely connected with the null space of its projected Gram matrix.

Theorem 5.7 (Tarazaga [184] and Alfakih [5]) Let D; € 2". Then the minimal
face of D" containing D is given by

face(D1,2") ={D € 2" : gal(Dy) C gal(D)}.
Moreover, the relative interior of face(D, ") is given by
relint(face(D1,2")) = {D € 2" : gal(D,) = gal(D)}.

Proof. Let U; be the matrix whose columns form an orthonormal basis of
null(y (Dy)). Then col(VU) is a basis of gal(D;) (Lemma 3.8). Let P be a con-
figuration matrix of D such that PTe = 0. Then % (D)U; = 0 iff PTVU; = 0 iff
col(VU;) C gal(D) iff gal(D;) C gal(D). To complete the proof, note that D €
relint(face(D, 2™)) iff D € face(Dy, 2") and D, € face(D, Z™).
O
It should be pointed out that Gale space is constant over the relative interior of
a face of 2". Also, a characterization of the minimal faces of 2" in terms of the
column space is given in Hayden et al. [103] and Tarazaga et al. [186].

Example 5.1 Consider the two EDMs

0121 0141
1012 1010
Di=1,101]@dD2= .4,
1210 1010

with configuration and Gale matrices as follows:
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-1 1 -1 1 1 0

1 1 1 0 —1 -2 1
P]ZE 171 7P2: 1 andZ1: 1 ,ZQZ 1 0
-1 -1 0 —1 0-1

Then Z) = Zyey and thus gal(Dy) C gal(D,). Consequently, D; lies in face(Dy, 2").

Similar to the positive semidefinite cone, the EDM cone is facially exposed. That
is, for every face F of &", there exists a hyperplane H such that F = 2" NH.

Theorem 5.8 (Tarazaga [184]) Let F be a proper face of 9". Let Dy € relint(F)
and let Z| be a Gale matrix of Dy. Further, let H={D € 9" : trace(ZlTDzl) =0}
Then F = 9"NH.

Proof. Note that F' = face(D;, Z"). Also, note that H is a supporting hyperplane
to 2" since for all D = J#y (X) € 9", we have

trace(DZ1Z] ) = trace(X 4 (2, Z1)) = —2 trace(Z] VXV Z;) < 0. (5.2)

Let D € F and let Z be a Gale matrix of D. Then, Z; = ZA for some matrix A.
Moreover, DZ; = DZA = ¢ ETA (Lemma 3.10). Thus Z/' DZ; = 0. Consequently,
D€ H and thus F C (2" NH).

To prove the reverse inclusion, let D € (2" N H). Then (5.2) implies that
trace(ZI' DZ,) = —2trace(ZT 7 (D)Z;) = 0 and hence ZT 7 (D)Z; = 0. There-
fore, .7(D)Z; = 0 and thus gal(D;) C gal(D). As a result, D € F and hence
(2"NH) CF.

O

Let G be a connected graph on n nodes and m edges and let 7 be the linear trans-
formation that maps an n X n symmetric matrix A to the vector a € R” consisting of
the entries of A indexed by the edges of G. That is, & : . — R™ such that

(E(A)),/ = ajj if {i,j} € E(G) 5.3)

Consequently, the adjoint of 7 is given by

0 otherwise.

As the next theorem shows, 7(2") is closed. m(2") is called the coordinate
shadow of ™.

Theorem 5.9 (Drusvyatskiy et al. [75]) The coordinate shadow of the cone of
EDMs is closed, i.e., t(2") is closed.

Proof. Let D be an EDM such that (D) = 0. Since G is a connected graph on n
nodes, it follows that p1 = ... = p" and thus D = 0. The result follows from [160,
Theorem 9.1, page 73].

0O
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ab|, |a
b c]) B [b
Then obviously 7(#2) = (0,0) U {x € R? : x; > 0} is not closed.
Next, we specialize Theorem 2.23 to EDMs. Let D be a given EDM and let G be
a given simple connected graph. Further, let

Z(F)={X eI n(Ay (X)) =n(D)};

Note that (.7}) is not necessarily closed. For example, let 7(

).

i, 2°(%)! is the set of projected Gram matrices of all 7 x n EDMs which agree
with D in the entries defined by G. It is easy to see that the adjoint of (¢} ) is given
by

(n()) () = A7 (n*(w)) = 2V (Diag(n* (w)e) — n*(w))V. (5.5)
Thus, if we define Q2 = Diag(n*(w)e) — 7*(®), then

—ay;  if{i,j} €E(G),
Q=40 iti# ), {i.j} £ E(G), (5.6)
Siy @ if i = J.

Q is called a stress matrix. Let Q' = VI QV. Then %} (n*(w)) =2VIQV =2Q".
Observe that Qe = 0. Thus Q = VQ'VT. Consequently, Q is PSD of rank k iff Q'
is PSD of rank k. As a result, Theorem 2.23 reduces to

Theorem 5.10 (Drusvyatskiy et al. [75]) Let D be an EDM of embedding dimen-
sion r, r <n—2. Letd = n(D) and let 2 (F) ={X € 77" : n( (X)) = d}.
Assume that rank(X) < r for all X € % (). Then the following statements are
equivalent:

(i) The singularity degree of Z () is 1.
(ii) @ exposes face(d,n(2")).
(i) Q' exposes face( X (F), 717 ).
(iv) Q=0,d"w=0and rank(Q)=n—r—1.

The reader should recall that unlike the faces of 27", the faces of n(2") may
or may not be exposed. We should also point out that Theorem 5.10 is implicit in
Gortler and Thurston [90].

5.4 Notes

Theorem 5.7 was first obtained by Tarazaga in [184] without explicitly stating it
in terms of Gale spaces. More specifically, Tarazaga defines a space LGS in terms
of null(D) if D is spherical, and in terms of null(D) and the span of 1 if D is
nonspherical (see Theorem 4.19). A closer look at LGS reveals that it is identical to
Gale space.

! This set will be discussed in great detail in Chap. 8, where the rationale for this notion will
become clear.
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The Eigenvalues of EDMs iy

The focus of this chapter is on the eigenvalues of EDMs. In the first part, we present
a characterization of the column space of an EDM D. This characterization is then
used to express the eigenvalues of D in terms of the eigenvalues of its Gram ma-
trix B= 7 (D) = —JDJ /2. In case of regular and nonspherical centrally symmetric
EDMs, the same result can also be obtained by using the notion of equitable parti-
tion. In the second part, we discuss some other topics related to eigenvalues such as:
a method for constructing nonisomorphic cospectral EDMs; the connection between
EDMs, graphs, and combinatorial designs; EDMs with exactly two or three distinct
eigenvalues and the EDM inverse eigenvalue problem.

It should be pointed out that the eigenvalues of Gram matrix B are precisely the
eigenvalues of the projected Gram matrix X with one extra zero eigenvalue; i.e., the
characteristic polynomials of B and X satisfy yp(1) = 1 xx(¢t). This is easy to see

since [eTé}/qB[e/\/ﬁ V][g)ﬂ

In the next section, we show how to exploit a characterization of the column
space of D to express the eigenvalues of D in terms of those of B.

6.1 The Eigenvalues via the Column Space of D

Let D be an EDM of embedding dimension r and let B = —JDJ/2 be its Gram
matrix. Let B = WAWT be the spectral decomposition of B, where A is the r x
r diagonal matrix consisting of the positive eigenvalues of B, and W is the n x r
matrix whose columns are the orthonormal eigenvectors of B corresponding to these
positive eigenvalues. It is convenient in this chapter to let the configuration matrix
be

P=wA'2

Thus, P’ DP = PT# (B)P = —2PTBP = —2A'?WTBWA'/2 = —2A2.
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0262 I 0-1 O

2062 0 1-1 O
Example 6.1 Ler D = 6606 .ThenB= 9 (D) = 11 3-1 has A =

2260 0 0-1 1

—0.0674 0.8137 0.5774
—0.6710 —0.4652 0.5774
0.0000 0.0000 —1.7321
0.7384 —0.3485 0.5774

Diag(1,1,4). Hence, P =

The cases of spherical and nonspherical EDMs are treated separately. We begin
first with spherical EDMs.

6.1.1 The Eigenvalues of Spherical EDMs

Let D be a nonzero spherical EDM and let Z be a Gale matrix of D. Then, The-
orem 4.2 implies that null(D) = gal(D) = col(Z) and hence the columns of [P ¢]
form a basis of col(D). Let Q = [W ¢/+/n] = [PA~'/? ¢/\/n]. Then, the nonzero
eigenvalues of D are equal to the eigenvalues of Q7 DQ. But

1 —1/2 pT
—2A A 2P De

ﬁeTDPA_I/2 %eTDe

0'DO = (6.1)

Notice that Q7 DQ as given in (6.1) is a bordered diagonal matrix. Also, notice that
the nonzero eigenvalues of D are interlaced by the nonzero eigenvalues of (—2B).
This was also observed, in the case of regular EDMs, by Hayden and Tarazaga in
[101]. Therefore, the characteristic polynomial of Q7 DQ is

r

XQTDQ(N) = H(“i — 1)

r 2
(%eTDe—[.L)—Z bi 1 .

i=1 5 (ai—u)
Here, a; = —2A;, where A1,..., A, are the positive eigenvalues of B, i.e.,
a=—2diag(A), (6.2)
and | o
b= %A P' De. (6.3)

Hence, the characteristic polynomial [4] of D is given by

r r r

ap(u) = (=) (%ETDe_.U)H(ai_.U)_Zbiz [T @-w|. ©4

i=1 =1 j=1,j#i

Notice that if r = 1, then



6.1 The Eigenvalues via the Column Space of D 123

X () = (—)" 2 | (e De— ) ar — 1) — 17

Example 6.2 Consider the EDM D of Example 6.1.

-2 0
-2 0

T _
0 0 -2v3 12

Thus, a1 = —2M = =2, ap = —2A = —2 and a3 = —2A3 = —8. Also, by = by, =0,
by = —2v/3 and el De/4 = 12. Therefore,

ap(u) = (12— p)(—2—p)* (=8 —p) — 12(=2—p)*
= (1 +2)%(1* —4p — 108).

Note that the coefficient of U is zero since trace(D) = 0. Thus, the eigenvalues of
Dare iy = o = —2, i3 =2 —4\/7, and g =2+ 4/7.

Three remarks are in order here. First, the coefficient of u"~! in yp(A) must
be zero since trace(D) = 0. This is indeed the case since the coefficient of u” in
the expression (1e”De — ) [T, (a; — i) is e’ De/n+ Y} a; = e’ H (B)e/n —
2trace(B) = 0. This follows since e’ # (B)e/n = 2! diag(B) = 2trace(B). Note
that the highest possible power of u in the expression Y/_, b? H;:l, #i(a =) is
r— 1 and thus this expression does not contribute to the coefficient of u~!in yp(u).

Second, suppose that b;, = 0 for some 1 <ip < r. Then p;, = —2&,-0. To see this,
observe that in this case, (a;, — 1) is a factor of the expression 3/, b? oy jzilaj—
W). In Example 6.2 we saw that by = by =0 and y; = tp = —2.

Third, suppose that b; # 0 forall i = 1,...,r and suppose that A;; is an eigenvalue
of B with multiplicity k. Then p;, = —24,, is an eigenvalue of D with multiplicity
k — 1. This follows since in this case, (a;, — )*~! is a factor of the expression

-1 bf ey jilaj — 1)

The characteristic polynomial yp (i) in (6.4) gives rise to a new characterization

of regular EDMs. To this end, we need the following lemma.

Lemma 6.1 Let D be a nonzero n x n spherical EDM of embedding dimension r.
Let P be a configuration matrix of D, PTe = 0, and let B be its Gram matrix. Then
the following statements are equivalent:

(i) The r negative eigenvalues of D are precisely the nonzero eigenvalues of
(—2B).
(ii) The Perron eigenvalue of D is equal to e’ De /n.
(iii) PTDe = 0.

Proof. Suppose that Statement (i) holds. Then, since trace(D) = 0, it follows that
the positive eigenvalue of D is equal to —Y!_, a; = 2 trace(B) = e’ De/n and thus
Statement (ii) holds.
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Now assume that Statement (ii) holds. Then yp(e’ De/n) = 0 and therefore,
Z{zlbfﬂ;zh#i(aj —e'De/n) = 0. But ¢; < 0 for all i = 1,...,r. Thus, for all
i=1,...,r, we have [T}_, ;,(a; —e"De/n) = (—1)""'¢; where ¢; > 0. Conse-
quently, b = --- = b, = 0 and hence PTDe = 0; i.e., Statement (iii) holds.

To complete the proof, observe that Statement (iii) trivially implies Statements
(i) and (ii).

O

Theorem 6.1 (Hayden and Tarazaga [101] and Alfakih [4]) Let D be a nonzero
n x n EDM of embedding dimension r and let B = —JDJ /2 be its Gram matrix.
Then D is regular if and only if the negative eigenvalues of D are precisely the
nonzero eigenvalues of (—2B); i.e.,iff the characteristic polynomial of D is

r

Ko(1) = (~1)" " (" De— ) [ (0 — ). 6.5)

i=1

Proof. Assume that D is regular. Then, obviously, D is spherical and its Perron
eigenvalue is e’ De /n. Thus, the result follows from Lemma 6.1.

To prove the other direction, assume that the negative eigenvalues of D are pre-
cisely the nonzero eigenvalues of (—2B). Thus, rank(D) = r+ 1 and hence D is
spherical. Therefore, by Lemma 6.1, e’ De/n is an eigenvalue of D. Consequently, it
follows from Corollary 1.1 that e is the Perron eigenvector of D. Hence, D is regular.

O

The characteristic polynomial yp(i) in (6.5) is alternatively obtained below by

using the notion of equitable partition. Next, we turn to nonspherical EDMs.

6.1.2 The Eigenvalues of Nonspherical EDMs

Let D be an n x n nonspherical EDM of embedding dimension r, then rank(D) =
r + 2. Moreover, by Theorem 4.19, gal(D) = null(D) & span(n), where 1 is the
unique vector in R” such that Dp = e, n L e and n L null(D). Thus, n € col(D)
and hence the columns of [P e 1] form a basis for col(D).

Similar to the spherical case, let P = WA 1/2 and let

Q=[PAT'? e/y/n n/(n"n)'7).
As a result, the nonzero eigenvalues of D are the eigenvalues of Q7 DQ. But
L —1/2pT
—2A A TPPTDe 0

0'Do = ineTDPA’l/2 e'De/n  n/\/nTn|. (6.6)
0 vn/v/ntn 0

<

Then
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e Defn—p - S, G \/ﬁ/\/nTn])
vn/v/ntn —u

r

Xorpo(M) = [ 1(ai — ) det(

i=1

r r bz
2 T i T
— a; — — e’ De n+ —n n n
[T u)(u ue'Defn+uy oy =/ >
e’ De n I 4 !
P TR S )
n n'mj;; =1 j=1,ji

where a and b are as defined in (6.2) and (6.3), respectively. Therefore, the charac-
teristic polynomial of D is given by [4]

n—r—2

ap () = (—u) Xorpo(M)- (6.7)
Notice that if » = 1, then
e De

n nin

To() = (—p)" (uﬂ u - 1) +ub%) .

Similar to the spherical case, the coefficient of 1" ~! should be 0 since trace(D) = 0.
Indeed, this is the case here since the coefficients of u” and u"~! in the expression
[T, (a; — ) are (—1)" and (—1)""' 3!, a;, respectively. Thus, the coefficient of
plis (=1)*eTDe/n+ (—1)""' 31, a; = 0. Also, similar to the spherical case,
if b;, = 0 for some 1 < ip < r, then a;, is an eigenvalue of D.

0142
. . 1011 . .
Example 6.3 Consider the nonspherical EDM D = 4102 with configuration
2120
/4 1
o 1/4 0 _1 T _[3/4
matrix P = 174 -1 .Thenn = 5[1 =21 0] ,andA—{ ) . Moreover,
-3/4 0
b= ﬁA*l/ZPTDe = [ﬁ 0]7. Thus,

xp(p) = (02— %IJ— g)(—3/2—,u)(—4—/,1) 'H"%(_‘l—li)

= (—4—u) (4’ +11u+4).

Hence, the eigenvalues of D are —4 (note that by = 0), —1.5159, —0.4428, and
5.9587.

Recall that regular EDMs have the property that P De = 0. A subclass of non-
spherical EDMs is defined, next, that also satisfies this property. A nonspherical
EDM is said to be centrally symmetric [4] if its configuration matrix can be written,
after a possible relabeling of the generating points, as
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P
p=|-p|, (6.8)
P

where P; is either vacuous or the zero matrix. As a result, if D is a nonspherical
centrally symmetric EDM, then it is easy to verify that PT De = 0. Thus, the charac-
teristic polynomial of D, in this case, reduces to

e’ De n

XD(“) — (_'u)nfr72 (‘uZ —u " nTn) ];[(ai —[J,) (6.9)

As a result, we have the following theorem.

Theorem 6.2 (Alfakih [4]) Let D be an n x n nonspherical centrally symmetric
EDM with embedding dimension r and let B= —JDJ /2. Then r of the negative
eigenvalues of D are equal to the nonzero eigenvalues of (—2B), the (r+ 1)th nega-

T T 2
j ] ; e! De (e De)
tive eigenvalue of D is equal to St — g

+ n?ﬂ , and the Perron eigenvalue

. T T De)2
of D is equal to ezfe—i— (94526) —&—n?n.

The characteristic polynomial yp(u) in (6.9) is alternatively obtained below us-
ing the notion of equitable partitions.

04248
40284
Example 6.4 Consider the EDM D = |22 02 2| with configuration matrix P =
48204
84240
-1 -1
1 -1

0 O|. The positive eigenvalues of the corresponding Gram matrix B are 4
-1 1
1 1

with multiplicity 2. Note that N = %[1 1 —4 1 1) and thus 5/1Tn = 16.
Also, e" De/5 = 16. Now by relabeling the generating points, or by observing that
PTDe = 0, we conclude that D is nonspherical centrally symmetric. Therefore,

Ap (1) = —p(u® — 160 —16)(—8 — u)*.

Hence, the nonzero eigenvalues of D are —8, —8, and 8 +4+/5.

6.2 The Eigenvalues via Equitable Partitions

As we remarked earlier, the characteristic polynomials of regular and nonspherical
centrally symmetric EDMs in the previous section can also be derived using equi-
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table partitions. This section closely follows [8]. The notion of equitable partitions
in algebraic graph theory was introduced by Sachs [163] and is related to auto-
morphism groups of graphs and distance regular graphs [87]. Equitable partitions
were used by Schwenk [172] to find the eigenvalues of graphs and by Hayden et
al. [104], under the name block structure, to investigate multispherical EDMs. As
we show next, the notion of equitable partitions easily extends to EDMs with many
results mirroring those of graphs.

Let N = {1,...,n} and let p’,i € N, be the generating points of an n x n EDM
D. An m-partition  of D is a sequence = = (Ny,Na,...,N,,) of nonempty disjoint
subsets of N whose union is N. The subsets Ny, ..., N, are called the cells of the par-
tition. The n-partition where each cell is a singleton is called the discrete partition,
while the 1-partition with only one cell is called the single-cell partition.

An m-partition 7w of D is said to be equitable if for all i, j =1,...,m (case i = j
included), there exist nonnegative scalars ¢;; such that for each k € N;, the sum of
the squared Euclidean distances between pX and all p',l € N i, is equal to oy;; i.e.,

Vi,j=1,...,m; andVk € N;, Y, diy = otij. (6.10)
ZGN/'

Let n; = |V;] and let Dy, ;) denote the submatrix of D whose rows and columns are
indexed by N; and N}, respectively. Then (6.10) is equivalent to

Vi, j= L...,m;D[M_’Nj]enj = Qjjep;. (6.11)

It immediately follows from (6.11) that the discrete partition of D is always equitable
with o;; = d;;. On the other hand, the single-cell partition of D is equitable if and
only if D is regular, in which case, oy = eTDe/ n.

Example 6.5 Let D be the nonspherical centrally symmetric EDM considered in
Example 6.4. Then my = (N = {1,2},N, = {3}, N3 = {4,5}) is equitable since

04 2
Divy ) = Dy vg) = [4 0}’ Dy xy) = [0}, Dy, vy = Diwvy vy = 2}’ Diny vy =

Dy, vy = [2 2}, Dy, Ny = [g i] In this case, the o;;’s can be collected in the

following matrix

4212
404
122 4
Note that the matrix of the o;;’s is not symmetric. On the other hand, the partition
0448
. . . 4084
m = (N1 = {1,2,4,5},N, = {3}) is also equitable since Dy, y,| = 4304

8440
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Dy, vy) = , Diny Ny = [2222], and Dy, ny) = [0]. The aij’s can be collected

NS NS \O R 9]

in the following matrix { 186 g] .

For a partition 7, define the n x m matrix Cr = (¢; j) where

1 . .
— ifieN;,
cij = { v S (6.12)

0 otherwise.

Cy is called the normalized characteristic matrix [88] of & since its jth column is

equal to n}l/ 2 times the characteristic vector of N, and since C; Cr=1,.

Note that each row of C;; has exactly one nonzero entry since each i in N belongs
to exactly one cell of the partition. For example, Cr, and Cy, of the partitions 7; and
m, of Example 6.5 are given by

62/\/50 0 62/20
Cu=| 0 1 0 |andCp=| 0 1
0 062/\/5 62/20

The following lemma is the EDM equivalent of Godsil and McKay lemma for
graphs [88].

Lemma 6.2 (Godsil and McKay [88]) Let & be an m-partition of an n x n EDM
D. Then  is equitable if and only if there exists an m X m matrix S = (s;;) such that

DCy = C,S, (6.13)

in which case, S = CgDC,r, ie., sij= (ni/nj)l/zaij.

Proof. Assume that 7 is equitable and let s;; = (n;/n;)'/>0;. Then, for all k € N;
and j=1,...,m, we have

(DCr) dicyj dy—— ;
g Z T IEZN \F \F %

and . \/»
1 1 1
(CaS)ij = D, cusij = —=5ij = 0ljj = ——0j.
A N
Hence, DC, = C,S.
To prove the other direction, assume that DC; = CzS. Then for all kK € N; and
j=1,...,m, we have

DCn: dkzi Cﬂ;S) —_—
A e

Sij-
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n;

1/2
Hence, ZIGN]. dy = (ﬂ—f) s;j = oy is independent of k. Consequently, the partition

N\ 1/2
7 is equitable and s;; = (:—’) ).
! O
It is worth pointing out here that S is symmetric since S = CLDCy. Another way

to see this is to note that Djy, ;| = (D[N/.M)T. Thus Dy, n,j€n; = ije,. Therefore,
T T
en,«D[N,-,Nj] en; =1 Oj = enjD[Nj,N,-] en; = Nnj Oji.

Hence,
n;
J
04 = Oji
I

and thus s;; = s ;. For example, matrices S and S5 of partitions 7; and 7, of Exam-
ple 6.5 are given by

4 22 12 164
Si=12v2 0 2v2 andSzz[ ]
40
12 22 4

_ Let 7 be an equitable partition of D where m < n— 1. Recall that CICy =1, Let
Cr be the n x (n — m) matrix such that [C; Cy] is an n x n orthogonal matrix. For

1
1
instance, C, of Example 6.5 is given by Cr, = % 0
1
1

Theorem 6.3 (Alfakih [8]) Letr w be an equitable m-partition of an n x n EDM D,
where m < n—1. Then

xo(p) = xs(i) xs(u), (6.14)
where S = (:’;D(:’n and S is as defined in (6.13).

Proof. Equation (6.13) implies that C, D = SC[... Recall that S is symmetric. Thus,
it follows from the definition of Cy; that CEDCr = SCLCy; = 0. The result follows
since

B cT - - CIDCy — puly, 0
%D([.,L) = det |:|:CZ;:| D[Cﬂ,’ Cﬂf] - “In:| = det |: 0 C‘;DCTE _ ‘ulnfm

O

Note that in the case of discrete partition, i.e., if m = n, we have S = D since C; =

I. Thus yp(u) = xs(u) follows trivially. An analogous result for graphs, namely that

the characteristic polynomial of S divides the characteristic polynomial of a graph

was obtained by Mowshowitz [150] and by Schwenk [172]. The following theorem
shows that if g; is an eigenvalue of S, then —;/2 is an eigenvalue of .7 (D).
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Theorem 6.4 ([8]) Let m be an equitable m-partition of an n x n EDM D, where
m <n—1, and let B= —JDJ /2 be the Gram matrix of D. Then

Xs(u) divides x(op) (1), (6.15)
where § is as defined in Theorem 6.3.

Proof. First, observe that if x is a vector in R” that is constant on each cell N,
then x lies in the column space of Cy. For instance, De lies in the column space of
Cy since if k € N;, then (De)y = 2;-":1 0, W}lich is indepen_dent of k. Moreover, e is
also in the column space of C;;. Therefore, C;De =0and Cge = 0. Thus,

1

_ _ 1.
2c,€Dc,t =

CIBC, = — 5
Moreover, it follows from (6.13) that CDCy = CLC,.S = 0. Thus,
_ 1_
CIBC, = —EC,CDC,, =0.

The result follows since

cr -
(1) = det| 2| GF | B Cx €5l -
T

0 —2CIBC, — by
= X(-2cIBCy) (1) xs().

_ det [2C£BC7: —uly, 0 }

For instance, in Example 6.5, § = C;. DCr, = {8 —(8)] . Thus y5(u) = u(—8—
f). On the other hand, y(_p) (1) = w3(—8—pu)>.

In the following two subsections, we use Theorem 6.3 to derive the characteristic
polynomials of regular and nonspherical centrally symmetric EDMs.

6.2.1 The Eigenvalues of Regular EDMs

As was remarked earlier, the single-cell partition 7 is equitable for regular EDMs.
Thus, in this case m = 1 and C; = e/+/n. Hence, C; =V where V is as defined in
(3.11). Moreover, S = e’ De/n and S = VI DV = —2VT BV, where B = —JDJ /2.
Therefore,

25(1t) = (1t — ¢" De/n) and yg(w) = (— )" ﬂl<a,~ _—
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where A41,...,A, are the positive eigenvalues of B and a; = —2A; fori =1,...,r.
Thus, Theorem 6.3 provides an alternative derivation to the characteristic polyno-
mial of a regular EDM given in (6.5).

6.2.2 The Eigenvalues of Nonspherical Centrally Symmetric EDMs

Let D be a 2n x 2n nonspherical centrally symmetric EDM of embedding dimension

r with configuration matrix P = ? } , where Py is n x r. Observe that PTe,, = 0
-
and B = PPT = —JDJ/2. Let B; = P;P] and note that P e, is not necessarily 0.
Then
| D1 Ay
p=lan)

where D; = ¢ (B;) and
Ay = e, (diag(By))" +diag(B))e! +2B;.

The partition 7w of D corresponding to

1| = 1 I,
o= 5 | w5 1]
is obviously equitable, where
S=CIDCy = A+ Dy =2(e,(diag(By))" + diag(B;)el) (6.16)
and
S§=CIDCr =D, —A; = —4B.
Now

. By =B | _ 1-1
B{—Bl Bl][—l 1}@’31'

Thus, the nonzero eigenvalues of B are equal to twice the nonzero eigenvalues of Bj.
Hence, the nonzero eigenvalues of S are equal to —2 times the nonzero eigenvalues
of B. Hence,

X5 (1) = x(—2m) (1)

I
=
i
=

8

\
=

Therefore, to find yp(i), it remains to determine ys(tt). To this end, note that

(Dl +A1)en

Hence, De;, lies in the null space of PT, i.e., Dey, lies in span(ey,) @ null(D) &
span(1). But, since De», lies in col(D), it follows that De,, = ctes, + 31 for some
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scalars o and 3. Now egnDezn = o2n since D is nonspherical and thus egnn =0.
Furthermore, 7 De,, = 2n = Bn’ n. Therefore,

_ (D1+A1)en 7LT €n 2n 5
Dgzn{(Dl‘f'Al)en =P |, | Ty €]

where n7 = [ET ET]. Consequently,

1
Se, = (D] +A1)€n = —

2n
T
2n€2nD€2n €y —+ m&

Note that (6.16) implies that V'SV = 0. Also, note that el & = 0 since e n =0.
Therefore,
o en
Xs(u) = det ‘y; S [ﬁ V]—ul,

2
=d t[ﬁegnDe2n_u n\T/T;;éTV‘|

,%,\T/gVTé *‘LLI,,,I

1 4n
_ -2(,2 T TyyT
= (—p)" (lJ Mo ey Dean — )y vy 5) :
Now ETVVTE = ETE = nTn /2. Therefore, Theorem 6.3 provides an alternative
derivation of the characteristic polynomial of nonspherical centrally symmetric
EDMs given in Theorem 6.2.

05165
. 5054 . .
Example 6.6 Consider the EDM D = 16505 where D is nonspherical cen-
5450
-2 0
trally symmetric with configuration matrix P = g B (1) . The partition T where
0 1
10 1 0
01 0 1 16 10
_ 1 1 . . . -
Cr = 5110 and Cp = Al ol equitable. In this case, S = LO 4}
01 0 -1
s —-16 0 2
and S = 04l Therefore, xs(i) = u=—20u — 36, ys(u) = (L+16)(u+4)

and Y(_op)(1) = u* (1 + 16) (i +4). Note that 1 = it —1 1 =17 and thus
n/nTn =36 and e De/n = 20. Also, note that
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26 1 1
14 | -1 1, n

De = 2% =20 1 +6 1| =5e Dee—l—ﬂn.
14 1 -1

6.3 Constructing Cospectral EDMs

Two n x n EDMs D and D, are said to be isomorphic if there exists a permutation
matrix Q such that D, = QD;Q7, and they are said to be cospectral if xp, (1) =
xp, (). Obviously, isomorphic EDMs are cospectral, but the converse is not true.
In this section, we show how to construct cospectral nonisomorphic EDMs.

Let Dy be an n x n regular EDM of embedding dimension r generated by
points p',...,p" in R”. Let ¥ > 1 and assume that D; is not centrally symmet-
ric. Let D™ and D™ be the two 2n x 2n EDMs generated as follows. D™ is gener-
ated by the points p',...,p",—yp!,...,—yp"; and D" is generated by the points
pl...,p"yp',...,yp". Thus, the configuration matrices of D~ and D" are

- P] + Pl
P = {—Ypl] and P = L/Pl}

respectively, where Pl is the configuration matrix of D. Let By = —JDJ/2. Then

diag(B;) = p?e = ¢ D 5,2 e since Dy is regular. Consequently,

_ [D; A +_ |D1 Az
D™ = ,and DT = ,
{Al yZDl} {Az ¥?D;

where :
_ T
Al = an(yz—i-l)e Die E +2yBy,

and :
Ay = —z(y2 +1)e’ Die E—2yB,.
Moreover, Aje = Aye = (Y* + 1) <51 "Dye
It is worth pointing out that D™ and D are nonspherical by construction. Fur-
thermore, P~ D~ ey, = Pt D" ey, = 0 since Dy is regular. The implication of this fact
will be highlighted below.
The 2-partition 7 of both D™ and D+ where

1
Cr— {e() VO}

NG Oe] and Cr = [ov

is equitable since
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eTDle e —Jrle
D7C = —— 2 :C S7
T n\/ﬁ 72;_16 yze T
and p
TD +1
D+Cn_ — ﬂ }/Zil 2 € — C]'[S+’
n\/ﬁ Te ]/28
where R
S,:SJr_eTDle 1 YTH
Therefore,
e'Die —1)% (e"Dye)?
Xs— (1) = x5+ (1) (P +1)=—=! —(V24 )" ( nzl ). (6.17)
Consequently,
Xs- () = xs+ (1) = (1 — ) (p2 — 1),
where
T
D
+Y2+\/2V‘T ® and i, = +y2—\/2y4+2)eznle. (6.18)
Note that tp < 0 since y > 1. Also, note that
T p— T ry+ T
ey, D" ex, e3,DTey, e Die
= — 1 -
2n 2n (7,2+ )
and
_ 4 n 2 —e 2n (Y2 —1)? (" Dye)?
n n Dy P —1 { e] and thus - 2 3

As aresult, (6.17) should come as no surprise since P~ D~ ey, = P"D%Vep, = 0.
Now VTAV =29VTBV = —yVT DV and similarly VT A,V = yVT D V. Recall
that VD,V = —2X,, where X; is the projected Gram matrix of Dy. Therefore,

e AT A viD\wv —yWTDv 1
T _ 1 1V _
S _CnD Cﬂ_ |:—')/VTD1V ’}/ZVTDIV:| - I: —y y2:| 2X1)
and , ,
- - - vip,v wipwv 1
+ _ AT v+ o 1 Y 1 _ Y
§T=GDCr= [yVTDIV yszplv} - [}/}/2} (=2%1).
Let

- -p-T I —y + _ ptptT _ [1 7’]
B =P P = ®Byand BT =P"P ® Bj.
[}’Vz] 1 S
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It is easy to see that the matrices [ ! —Y} and [ by } have the same eigenvalues,
-7 7 vy

namely > + 1 and 0. Consequently, B~ and B* are cospectral as well as S~ and §™.
Recall that X; and B; have the same nonzero eigenvalues. Let A1,..., A, be the
nonzero eigenvalue of B~ and let 4{,..., A/ be the nonzero eigenvalue of B;. Then

A=+ fori=1,....r

Moreover,
£ (0 =15 () = 0 I+ o), 619
where a; = —2A/ fori=1,...,r, or
s-(0) =25+ ) = (- [ Tlar— 1), (6.20)
where a; = —2A; for i = 1,...,r. Again (6.20) should come as no surprise since

P~ D ey, = P"D% ey, = 0. As a result, by Theorem 6.3, the characteristic polyno-
mial of D™ and D™ is given by

r

Xp- (1) = xp+ (1) = (=) "2 (y — 1) (2 — ) [P + D) — ),

i=1

where p; and (i are as defined in (6.18). Since 11, [, and a/’s are nonzero, it fol-

lows that rank(D ™) = rank(D™) = r+2 as expected since D~ and D™ are nonspher-

ical with embedding dimension r. Moreover, D~ and D™ are not isomorphic since

D; is not centrally symmetric. Clearly, this assumption on D cannot be dropped.
An example of two nonisomorphic cospectral EDMs is given next.

Example 6.7 Consider the regular EDM Dy = E —I. Then .7 (D) = J/2 and
2

eI'Die = n? —n. Thus, A = % eel +7vyJ and Ay = (YZHZ# eel — YJ.

Therefore, for y=2 and n =3, we have A| = 213 + E3 and A, = TE3 /3 —21. Hence,

p_ | EB-h 213+E3)]adD+{ Ez—L  —2L+7E3/3

B 215+ E3 4(E3 -5 -2+ 7E3/3 4(E3 — 13)

are two nonisomorphic EDMs. Moreover, the nonzero eigenvalues of By are A{ =
A} = 1/2. Hence, d| = d, = —1. Therefore,

ap (1) = xp+ (1) = (=12 (5+ V34— 1) (5= V34— u) (=5 — w)>.
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6.4 EDMs, Graphs, and Combinatorial Designs

We investigate in this section the connections among EDMs, adjacency matrices of
graphs and combinatorial designs. We begin by showing that the smallest eigenvalue
of the adjacency matrix of a graph, or of an EDM, can be used to construct a new
EDM.

Theorem 6.5 (Neumaier [152]) Let A be the n x n adjacency matrix of a graph G
and assume that its minimum eigenvalue A, = —o. < 0. Then D' = a(E — 1) — A is
a spherical EDM.

Theorem 6.6 ([153]) Let D an n x n EDM and assume that its minimum eigenvalue
M =—a <0.Then D' = o(E —I) — D is a spherical EDM.

These two theorems are simple corollaries to Theorem 4.2 since in both cases
oFE — D' is PSD. Note that the nonnegativity of d. ; for all i, j follows since, for
example in the EDM case, the nonnegativity of 2 x 2 principal minors of ¢E — D' =
ol + D imply that o > d;;. The reader should recall that, if D is an EDM, then
D" =¢€(E —1)+ D is a spherical EDM for any € > 0.

The number of distinct off-diagonal entries of an EDM D is called the degree
of D. Notice that the construction given in Theorem 6.5 yields EDMs of degree 2.
Recall that f[D] = (f(d;;)) denotes the matrix obtained from D by applying function
f to D entrywise. Thus, for a nonnegative integer &, [D]k denotes the matrix whose
(i, j)th entry is df;. Here, 0° = 1 by definition and thus [D]° = E and [D]' = D. An
n x n EDM D is said to have strength t if for every nonnegative integers k and [
where k+ [ <, there exists a polynomial fi;(x) of degree < min{k,/} such that

(IDI*ID)ij = fuldi)). (6.21)

The strength of D is a measure of its inner regularity. Notice that if D has strength ¢,
then D has strength ¢/ for all #' < ¢; and [D]*E = [D]¥[D]° = const E for all k <t since
fro(x) must have degree 0. Let fyo(x) = n, i.e., foo(x) is the constant polynomial 7.
Then for any EDM D, we have [D]°[D]° = EE = nE. Hence, every EDM D has
strength zero. The theorem that follows characterizes EDMs of strength one.

Theorem 6.7 (Neumaier [152]) Let D be an n x n EDM. Then D has strength 1 if
and only if D is regular.

Proof. An EDM D is regular iff DE = AE, where A = e’ De/n. Therefore, D is
regular iff [D]'[D]° = DE = AE. The result follows by setting fio(x) = A.
O

For instance, the EDM of the simplex EDM D = y(E —I), where y > 0, has
strength 1 since D is regular; i.e., DE = AE, where A = y(n—1).

A graph is said to be regular if all its nodes have the same degree. In particular,
G is k-regular if each of its nodes has degree k. Consequently, graph G is k-regular
iff its adjacency matrix A satisfies AE = kE.

We saw earlier how to construct a spherical EDM D from the adjacency matrix A
of a graph G. The following theorem shows that such D is regular iff G is a regular.
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Theorem 6.8 (Neumaier [152]) Let A be the n X n adjacency matrix of graph G.
Let A, the minimum eigenvalue of A, be equal to —ot < 0 and of multiplicity s.
Further, let D = a(E —I) — A. Then graph G is regular if and only if D is a regular
EDM, in which case the embedding dimension of D is equal ton — 1 —s.

Proof. D is regular iff DE = a(n — 1)E — AE = AE iff AE = kE, where
k=a(m—1)—A and A = e’ De/n. This proves the first part. Now the projected
Gram matrix of D is X = (D) = (al,—1 +VTAV)/2. Thus, the embedding di-
mension of D is equal to the rank of ouf, | + VT AV. Assume that G is k-regular and
let A = kee” /n+VAVT be the spectral decomposition of A, where the diagonal
entries of A = VT AV are precisely the n — 1 eigenvalues of A other than k. Hence,
the rank of otl,_; +VTAV isequal ton — 1 —s.
O
Notice that if G = K),, then A = E — I and thus o = 1 and s = n — 1. Therefore,
in this case, D = 0. A characterization of EDMs of strength two is given next.

Theorem 6.9 (Neumaier [152]) Let D be an n x n real symmetric matrix with zero
diagonal. Then D is an EDM of strength 2 if and only if

AA+a)

DE =)\E, D’+oD= E, (6.22)

for some positive scalars A and o, where A /o is an integer.

Remark 6.1 Suppose that D is a regular EDM with three distinct eigenvalues A >
0 > —o. Then it follows from Corollary 4.2 that D satisfies
D(D+al)

where A = e"De/n and f is the Hoffiman polynomial of D. Consequently, Condi-
tion 6.23 is identical to Condition 6.22.

Proof of Theorem 6.9. Assume that (6.22) holds and let B = AE /n— D. Then
B?=-AE/n+D*=—oaD+AoE/n=aB.

Therefore, the eigenvalues of B’ are either 0 or ¢. Hence, B’ is PSD since o > 0.
Observe that B’ = 2.7 (D) = —JDJ. Therefore, D is a regular EDM and thus has
strength 1.

Now, ([D]l [D]l),‘j = (Dz),‘j Zfll(d,'j), where f“(x) = —ch—i—),(), —i—Oc)/n. Also,
([DP?[D]°);; = (ID)’E);; = 3 d%. Moreover, (6.22) implies that (D?); = A(A +
a)/n, a constant. But (D?); = ¥ d3. Hence, [D]*[D]° = A(A + &) /n E and thus
fro(dij) = A(A + o) /n. Therefore, D has strength 2.

To prove the other direction, assume that D is an EDM with strength 2. Then
D has strength 1 and thus DE = AE where A > 0. Moreover, there exists a poly-
nomial fi1(x) = —ax+ B such that (D?);; = —od;; + . Thus D> = —aD + BE.
But on the one hand, D’E = —aDE +nBE = (—aA +nB)E, and on the other
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hand, D’E = A?E. Thus B = A(A + «)/n. To complete the proof we need to
show that o > 0 and A/ = k, where k is a positive integer. To this end, let
B' =27 (D) = AE /n— D. Therefore, B> = aB'. Thus, the eigenvalues of B’ are
either 0’s or a’s and hence o > 0. Moreover, let k be the multiplicity of the eigen-
value o. Then trace(B') = A = ko and thus A /o = k.
O
As we saw in the proof of Theorem 6.9, the Gram matrix B = .7 (D) of any
EDM that satisfies (6.22) has eigenvalues 0 or /2. Therefore, by Theorem 6.1, the
negative eigenvalues of such EDMs are all equal to (—o). Moreover, if k denotes
the multiplicity of the eigenvalue (— ), then k = A /¢ since trace(D) = A — kot = 0.

Example 6.8 The EDM of the simplex D = y(E —I) has strength 2. This follows
since D* = —yD+y?>(n— 1)E. Thus, D satisfies (6.22) with o = yand A = y(n—1).
Note that A /oo = n— 1 is an integer. In fact, D = y(E — I) has strength t for all
positive integers t. This follows since [D)* = ¥*~1D for all positive integers k. Thus,
[DI*ID]° = ¥*"'DE = ¥*(n—1)E and [DI*[D]' = y**'2D* = /""" 1D+ (n -
1)E for all positive integers k and 1.

We saw in the beginning of this section how to construct a new EDM D’ from an
old EDM D using the smallest eigenvalue of D. The following theorem shows that
this construction preserves the strength ¢ for r < 2.

Theorem 6.10 ([152]) Let D be an n x n EDM and let its smallest eigenvalue be
M =—a<0.Let D' = a(E—1I)—D. Then

1. D' has strength 1 iff D has strength 1.
2. D' has strength 2 iff D has strength 2.

Proof. D'E = a(n—1)E —DE. Thus, D'E = A'E iff DE = (a(n— 1) — M')E =
AE, where '+ A = o(n—1). This proves Statement 1.

To prove Statement 2, note that (D')? = —aD' +a?*(n—1)E —20AE +D*+aD,
where we substituted o/ = oE — D — D'. But

AMA +o)/n=0a*n—1)—200A+A(A+a)/n.

Thus,

(D')? = —aD' + 2 (M +a)E/n—A(A+a)E/n+ D>+ aD.
Hence, (D')? = —aD'+ A/ (X’ +«)E /nif and only if D> +aD—A(A + &)E/n=0.
Therefore, Statement 2 holds by setting o’ = or.

O
A similar result for D with strength > 3 is not true in general [152]. The fact
that o = o should come as no surprise since VD'V = —a,_; — VI DV. But the

nonpositive eigenvalues of D are exactly the eigenvalues of V7 DV. Therefore, if D
has eigenvalues (—or) with multiplicity k and zero with multiplicity n — 1 — k, then
D’ has eigenvalues 0 with multiplicity k and (— o) with multiplicity n — 1 — k.
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0242
2024
4202
2420
regular with eigenvalues 8,0,—4,—4 and with Hoffman polynomial f(x) = x(x+
4)/24. Thus, D* 4+ 4D = 24E and therefore D satisfies (6.22) with o = 4 and A = 8.
Hence, D has strength 2.

Example 6.9 Let D = be the EDM considered in Example 4.7. D is

0202
2020
0202
2020
eigenvalues 4,0,0,—4. Note that o' = o, and A" = 4. The Hoffman polynomial of D’
is f'(x) = x(x+4) /8. Therefore, (D')> +4D' = 8E. As a result, D' also has strength
2.

Now D' =o(E—1)—-D = . Hence, D' is also a regular EDM with

Next, we turn to combinatorial designs. Let & be a collection of subsets of
{1,...,n} called blocks, and let [ be a positive integer and k be an integer such that
2 <k<n—1.Then & is called an (n,k,1) 2-design if the following two conditions
hold.

(i) Each block has cardinality k.
(i) Each pair i and j is contained in exactly / blocks.

For example,
'@ = {{1’274}’ {2’375}7{3’4’6}’{475’7}7{175?6}7{2)677}7{1)377}}

is a (7,3,1) 2-design. Also, the edges of the complete graph K, is an (n,2,1) 2-
design. In this case, there are n(n — 1)/2 blocks, k = 2 since each edge contains
exactly two vertices and [ = 1 since each pair of vertices is contained in exactly one
edge.

Let b be the number of blocks. Then the n x b, (0 — 1) matrix A, where a;; = 1 iff i
is in block j, is called the incidence matrix of &2. Now AT e, = key, since each block
has cardinality k. Also, it can be proven that Ae, = re, where r is a positive integer
to be determined next. Thus, e} AT e, = kb and hence b = nr/k. Furthermore,

AAT = IE+(r— D1 (6.24)

since
Lifi#j
T _ _ )

(A4 = ;“”{“fk - {r ifi=j.
To find r, we calculate AAT ¢, in two ways. On the one hand, AT e, = ke, and thus
AAT e, = kAey, = kre,,. On the other hand, it follows from (6.24) that AAT e, = ((n—
1)l +r)e,. Thus r =I(n—1)/(k—1). Note that r # [ since k # n. Consequently,
AAT is nonsingular. Hence, null(AT) is trivial and thus AT has full column rank, i.e.,
rank(AT) = n. Therefore, n < b. For instance, in case of K,,, r = n — 1 since each
vertex is in n — 1 edges.
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Therefore,
D=rE—AAT = (r—I)(E-1) (6.25)

is a standard simplex EDM with y = r — . Note that (ATA); = Y, a;; = k. Thus
diag(ATA) = key,. Hence, D' = kE — AT A is a spherical EDM since kE — D' = ATA
is PSD.

6.5 EDMs with Two or Three Distinct Eigenvalues

The eigenvalues of a nonzero EDM D cannot all be equal since trace(D) = 0. As a
result, EDMs have two or more distinct eigenvalues. EDMs with two distinct eigen-
values are easily characterized as those corresponding to the standard simplex.

Theorem 6.11 Let D be an n x n EDM. Then D has exactly two distinct eigenvalues
if and only if D = y(E —I) for some positive scalar Y.

Proof. The sufficiency part is immediate since the eigenvalues of E — I are n — 1
with multiplicity 1 and (—1) with multiplicity n — 1. To prove the necessity part, let
D have two distinct eigenvalues, say A > 0 and —y < 0. Then A is the Perron eigen-
value and (—7¥) has multiplicity n — 1. Moreover, A = (n — 1)y since trace(D) = 0.
Let x be the normalized Perron eigenvector of D. Then D = y((n— 1)xx! —W,W/)
is the spectral decomposition of D. But WiW] = I —xx, thus D = y(nxx? —1).
Furthermore, since diag(D) = 0, it follows that nx? = 1 for i = 1....,n and hence
x =e/+/n. Therefore, D = y(E —1I).
O
There is no complete characterization of EDMs with exactly three distinct eigen-
values. Nevertheless, few partial results are known.

Theorem 6.12 Let D be an n X n EDM. Then D is singular with strength 2 if and
only if the distinct eigenvalues of D are A = e De/n, 0 with multiplicity n — 1 —k
and (— o) with multiplicity k, where 1 <k <n—2.

Proof. Assume that the distinct eigenvalues of D are A = e De/n, 0 with multi-
plicity n — 1 — k and (— o) with multiplicity k, where 1 <k <n—2. Then A = ko
and D is obviously regular and singular. Moreover, the spectral decomposition of D

isD=AE/n—VAVT, where A = o 0} . Therefore, D> = —aD+ A (A +&)E/n

00
and hence D satisfies (6.22).

To prove the other direction, assume that D is singular with strength 2. Then
the spectral decomposition of D is D = AE/n—VAVT, where A = 0. Moreover,
(6.22) implies that VA2VT = aVAVT and hence, A2 = atA, i.e., A; (A;i — o) =0 for
i=1,...,n.But A #0and A # o since diag(D) = 0 and D is singular. Therefore,
the nonpositive eigenvalues of D are (—or) with multiplicity k£ and O with multiplic-
ityn—1—kforsomek:1 <k<n-—2.

O
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Recall that the standard simplex EDM D = E — [ has strength ¢ for all positive
integer ¢. Hence, it has strength 2 and has two distinct eigenvalues namely, n — 1
and (—1). However, D is nonsingular. The following theorem follows from a more
general result of Neumaier. Recall that the degree of an EDM is the number of its
distinct off-diagonal entries.

Theorem 6.13 (Neumaier [152]) Let D be an n x n EDM of strength 2 and of de-
gree 2 or 3. Then any two rows (columns) of D are obtained from each other by a
permutation.

Proof. Assume that the degree of D is 3 and let its distinct off-diagonal entries be
B1, B2, and B3. The proof of the case where the degree is 2 is similar.
Fork=1,2,3,1let Ay = (afj) be the (0 — 1) matrix such that

k _{lifdij:ﬂka

i/ 71 0 otherwise.

Thus, D = B1A| + BoAs + B3A3 and A + Ay + A3 = E — I. Moreover, since D has
strength 2, we have De = Ae and

[D)?e = diag(D?) = %A()L +a)e. (6.26)
Thus,
(E—De=Aje+Are+Ase = (n—1)e,
De = ﬁlAle + ﬁzAze‘ + ﬁ3A3e = Ae,
[D]e = BEA1e+ BFAse+ BiAse = (A (A+a)/n)e.

Therefore, by grouping together the ith equation from each of the above three
systems we obtain fori =1,...,n

111 (Are); n—1
Bi B2 B3| | (Aze)i | = A
Bt B3 By | | (Ase)i A(A+a)/n

This system is Vandermonde since the f3’s are distinct and hence its solution is
unique. Therefore, for k = 1,2,3, (Age); is independent of i and thus Age = Ye.
That is, for k = 1,2, 3, the entry B, appears exactly }; times in each row. Note that
n+rt+p=n—1

O

Example 6.10 Let D be the regular EDM considered in Example 6.9. The eigen-
values of D are 8,0,—4,—4. Thus, oo = 4 and A = 8. Moreover, 1 =2, f, =4
and

0101 0010
1010 0001
Ar=lg101| @M= 11000

1010 0100
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Clearly, Aje =2e and Aye = e.
To illustrate the proof of Theorem 6.13 for this case, note that

L1 [(Are)i| _ |3 (Are)i] 1 4-1]1[3] 2
24 Lfney] = (8] emeom 6] =3[ 2 70) (3] 3]
So far, we considered regular EDMs with three distinct eigenvalues. Next, we use

Theorem 3.17 to construct nonregular EDMs with three distinct eigenvalues from
the simplex EDM D =F —I.

Theorem 6.14 Lett > (n—1)/2n, t # 1. Then

D — 0 tel
T |teE,—1,

is a nonregular EDM with exactly three distinct eigenvalues, namely [y, Ly, each
with multiplicity 1, and (—1) with multiplicity n — 1, where

Uy = %(nflJr (n—1)%+4n?)

and )
Uy = i(nf 1—1/(n—1)%+4nt?).
Proof. By Theorem 3.17, D’ is an EDM for all 11/n > (n—1)/2/n, i.e., for all

t>(n—1)/2n. Let
0— 0 10
T le/y/nOV |’
Then
n—1m'? 0
o'D'o=|m'”? 0 0
0 0 - n—1
and the result follows.
O
Observe that if # = 1 in the previous theorem, then D’ is the standard simplex

EDM of order n+ 1. Also, observe that in this case, D' has two distinct eigenvalues
since 4 =n and U = —1.

6.6 The EDM Inverse Eigenvalue Problem

Let (C) be a given class of matrices and let A;,..., A, be given scalars. The (C)
inverse eigenvalue problem [55] is the problem of constructing a matrix in (C) with
eigenvalues Ay,...,4,, or proving that no such matrix exists. In particular, if C is
the EDM cone 2", then the corresponding problem is known as the EDM inverse
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eigenvalue problem (EDMIEP). There is no satisfactory solution for the EDMIEP
for all n. More specifically, if n is an integer for which a Hadamard matrix of order
n exists, then there is an elegant simple solution for such order [105]. However, for
other orders, only partial results, based on Theorems 3.17, 3.18, 3.19 and 3.20, are
known [105, 117, 151]. In what follows, we present the Hadamard matrix based
solution.

A Hadamard matrix H, is a (1,—1)-matrix of order n that satisfies

H'H, =nl.

H, H;
H, —H;
matrices. In fact, it is an immediate consequence of the definition that the Kronecker
product of two Hadamard matrices is a Hadamard matrix. Consequently, Hadamard
matrices of orders 2¥ exist for every nonnegative integer k.

Another consequence of the definition is that Hadamard matrices are closed un-
der the multiplication of any column or row by (—1). As a result, we can assume
wlog that e is the first column of H,. This implies that n = 1,2 or 4k, for some
positive integer k, is a necessary condition for the existence of H,. Whether this
condition is also sufficient is an open problem. However, it has been a long-standing
open conjecture that there exists a Hadamard matrix H, for every n = 4k. The small-
est n for which the existence of H, is in doubt is n = 668 [120].

The EDM inverse eigenvalue problem is solved for all n for which a Hadamard
matrix of order n exists.

For example, H, = [} _i] and Hy = H, ® Hy = [ } are two Hadamard

Theorem 6.15 (Hayden et al. [105]) Assume that n is a positive integer for which
a Hadamard matrix of order n exists. Let Ay > 0> Ay > --- > A, be scalars such
that ¥} A; = 0. Then there exists a regular EDM with eigenvalues A1, ..., A,.

Proof. Assume that H, = [¢ H| is a Hadamard matrix and let Q = H,//n.
Let A = Diag(Ay,...,A,) and let D = QAQT = (Ajee’ + HAHT)/n where
A = Diag(Ay,...,A,). Then obviously D and A are cospectral since Q is orthog-
onal. Observe that D;; = Y} _, M(gin)? = (Xk—1Ak)/n =0 and thus diag(D) = 0.
Moreover, H = VA for some nonsingular A since the columns of H is a basis of
e*. Consequently, 7 (D) = —VT (Ajee” + VAAATVT)V /(2n) = —AAAT /(2n) is
PSD. Moreover, e/ De/n = A;. As a result, D is a regular EDM with eigenvalues
Ay Ay

O



Chapter 7 )
The Entries of EDMs Chack or

This chapter focuses on two problems concerning the individual entries of an EDM.
The first problem is how to determine a missing or an unknown entry of an EDM.
We present two methods for solving this problem, the second of which yields a com-
plete closed-form solution. The second problem is how far an entry of an EDM can
deviate from its current value, assuming all other entries are kept unchanged, be-
fore the matrix stops being an EDM. We present explicit formulas for the intervals,
within which, entries can vary, one at a time, if the matrix is to remain an EDM.
Moreover, we present a characterization of those entries whose intervals have zero
length; i.e., those entries where any deviation from their current values renders the
matrix non-EDM.

7.1 Determining One Missing Entry of an EDM

Suppose that one entry of an EDM of order n + 2 is missing or unknown. By re-
labelling the points if necessary, we can assume wlog that the missing entry is in
positions (1,n+2) and (n+2,1). More precisely, suppose that

0d" o
D=1|d D ¢
oacl o

is an (n+2) x (n+2) EDM, where D is of order n, and where o is an unknown
scalar. We first assume that n > 2 and later we consider the case n = 1. Let

0d’ D
Dl_{dD] andDz—LT(ﬂ.

Then obviously, D, Dy, and D; are EDMs of embedding dimensions, say, r, r1, and
ry, respectively. Clearly, r < ri,rp < r+1.
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We present two methods for determining ¢c. The first one is algorithmic and
rather intuitive. However, in case there are multiple values of ¢, this method has the
disadvantage of yielding only one such value. The second method is rather cumber-
some, but it obtains a complete closed-form solution of the problem of finding c. It
should be pointed out that a proof of the existence of a solution for this problem is
given in [31] together with a condition for its uniqueness. Also, it should be pointed
out that this problem has interesting consequences for the EDM completion problem
to be discussed in the next chapter.

7.1.1 The First Method for Determining o

Assume that D # 0 and let
1
B, = _E(I_e(&)T)D1 (I—éeT)

and |
By = —5 (I —e(e))Da(1—e'e)

be the Gram matrices of D; and D, where ¢! and e? are the first two standard unit
vectors in R"*!, Further, let

Epé%i ()"

_| V7 _[eH" _ : |7

I ‘[%}amﬂ‘<wﬂy‘ﬂwww}
(pn+1)T (p/n+2)T

be (n+1) x r; and (n+ 1) x r, configuration matrices of D; and D, obtained by
factorizing B; = P; PlT and B, = P2P2T . Observe that, as a result of the above choice
of the projection matrix on e*, the origin, in both systems of coordinates, is fixed at
the second point, i.e., p2 =0and p'2 =0.

Note that P and P’ are two “configuration matrices”! of D in R’ and R’2, where
D = ¢ (PPT) = ¢ (P'P'T). Also, note that ry, r», and r may be different. As a
result, we consider three cases:

Case 1: | = r, = r. In this case, p' lies in the affine span of {p?,...,p" "'} and
p""*2 lies in the affine span of {p’, ..., p""*1}. Since the origin is fixed at the second
point, it follows that P’ = PQ for some orthogonal matrix Q. That is, P’ is obtained
from P by an orthogonal transformation. Consequently,

! Recall that a configuration of D is obtained by factorizing .7 (D), the Gram matrix of D. Hence, all
configuration matrices of D have a full column rank which is equal to the rank of .7 (D). As aresult,
P and P’ are not configuration matrices of D in the technical sense. Nonetheless, D = .# (PPT) and
D= (PPT).
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PO = {(p;)QTQ] _ [(pllzfQ}

is a configuration matrix of Dj. Therefore, aligning the common points in both con-
figuration matrices implies that

[ ®HTe
P= P
(p/n+2)T

is a configuration matrix of D. Consequently,
a=p'|P+lp" 17 - 2(p") 0" 2. (7.1)

Observe that ||p!||> = D2 =d and ||p"*?|* = Dy (,11) = c1 since the origin is
fixed at the second point.

Case 2: r] # rp. Wlog assume that | < rp. Then obviously, ry =rand r, =r+1.
Hence, in this case, p! lies in the affine span of {p?, ..., p"*!}, while p"**2 is not in
the affine span of {p”?,..., p""*1}.

Let U’ be the matrix whose columns form an orthonormal basis of null(P’) and
let W’ be the matrix such that [W' U’] is orthogonal. Observe that U’ is n x 1.
Since configuration matrices are closed under multiplication from the right with an
orthogonal matrix, it follows that the n x r matrix P'W’ is a configuration matrix of
D. Hence, there exists an orthogonal matrix Q such that PW’ = PQ. As a result,

_[ehrel _[mhHTe con [ PW 0
PIQ—[ PO =1 pw andPZ[W U]— (p/n+2)TW/ (p/n+2)TU/

are configuration matrices of D; and D», respectively. Again, aligning the common
points in both configuration matrices implies that

i (H'o 0
P= P'W 0
(p/n+2)TW/ (pln+2)TUl

is a configuration matrix of D. Consequently, ¢ is given by
o= le ||2 + ||p/n+2| ‘2 _ 2(p1)TQW/Tp/"+2. (72)

Case 3: ri =r, =r+1. Let U and U’ be the matrices whose columns form or-
thonormal bases of null(P) and null(P’), respectively. Observe that U and U’ are
n x 1 since the embedding dimension of D is r. Let W and W’ be the matrices such
that the matrices [W U] and [W’ U’] are orthogonal. Hence, the n x r matrices PW
and P’'W’ are configuration matrices of D. Therefore, there exists an orthogonal ma-
trix Q such that P’W' = PW Q. Consequently,
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o g1 [0 e

and
P'W’ 0
(p/n+2)TW/ (p/n+2)TU/
are configuration matrices of D and D», respectively. Again, by aligning the com-
mon points in both configuration matrices, it follows that

[ eY'we (U
P=| PW 0
(p/n+2)TW/ (pln+2)TUl

PRW U= [

is a configuration matrix of D. Thus, & is given by
o= |Ip! P+ [1p" 2P = 2T (Wow'T +uUT)p" 2. (13)
Example 7.1 Consider the EDM

0125a
10141
21012,
54105
21250

]
I

where o is unknown. Then the embedding dimensions of D1, D, and D are ry =2,
ry =2, and r = 1, respectively. Hence, Case 3 applies. Then

01 0 0
_[eH"]_ |00 [P -V2-1N2
P1—|: P = 10 ansz— (pS)T _\/5 —\/E
20 —1/V2 1/V2
Consequently,
I |1 1
_ oy L
W Ul=15L and [W U}—ﬂ{ll].
Therefore,
0 0
PW=|1|,PW =|~1| andthus Q = —1.
2 -2
As a result,

~

I

I
SO = OO
—_0 O O =
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Therefore, o. = 4. Note that o is not unique. In fact, o can be any scalar between 0
and 4.

7.1.2 The Second Method for Determining o

This second method, unlike the first, obtains a complete closed-form solution of
the problem of finding «. To this end, Theorem 3.3 implies that D is an EDM
iff ed” 4+ de” — D is PSD, where, as always, e denotes the vector of all 1’s in R”,
Recall that, in the first method, the origin was fixed at the second point. Here we
fix the origin at the centroid of the generating points of D. Thus, B = —JDJ/2 and
X = VT BV are the Gram and the projected Gram matrices of D. Let X = WAWT
be the spectral decomposition of X where A is the diagonal matrix consisting of
the  positive eigenvalues of X. Also, let U be the matrix whose columns form an
orthonormal basis of null(X). Note that A = W VT PPTVW, where P = VWA'/2 is
a configuration matrix of D. Define the two orthogonal matrices

O1=[V %] and 0, = [Vg[é?]
Then Q) QT (ed” +de” —D)(Q1Q; is equal to

2A 0 VaWTVT(d —De/n)
0 0 VnUTVT (d—De/n)
Vi (d—De/n)TVW \/n(d—De/n)TVU  2eTd —e" De/n

Therefore, since D is an EDM and in light of Lemma 3.8, it follows that

D
zT(d—f) =0, (7.4)
where Z is a Gale matrix of D, and
) D D
2eTd - ¢ efg(dff)TBT(dff)ZO, (1.5)

where we have used Schur complement and the fact that B" = VWA ~'WTVT Tt is
important to note that equality holds in (7.5) if and only if | = r.
Similarly, since D> is an EDM, it follows that

D
ZT (e~ 25 =0, (7.6)
n
and
eTDe n De De

——)"B(c=—) >0, (7.7)
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where equality holds in (7.7) if and only if r, = . An immediate consequence of
(7.4) and (7.6) is that
ZT(d—c)=0.

Now Theorem 3.3 implies that D is an EDM iff

[deTJredTD d—c+ e

= 0.
dT —cT + ae” 20 ]_0

Define the two orthogonal matrices

/ V 0 / WUO
Ql_[oe/oﬁl] ande{o 012]'

Then, D is an EDM if and only if

deT +ed" —Dd—c+ae
Tl +oel 200

o o [ ] 0,05 = 0. (7.8)

But (7.8), using Schur complement, is equivalent to

I’lf(d,d) \/ﬁ(a_g>
[wwa—@ 20— }i“ 79
where T( ) - . b b
_ex+y_e e 1, Deqg i De
1, Depgo . e(d—c)
g=5(d==")B (d-e)- ==,
and |
h:E(d—c)TB*(d—c). (7.11)

The function f(x,y) plays an important role in determining . Moreover, it is
straightforward to verify that g and % can be expressed in terms of f(x,y) as fol-
lows.

h:2f(d,c)ff(d,d)ff(c,c). (7.13)
An immediate consequence of (7.5) and (7.7) is that f(d,d) > 0 and f(c,c) > 0.
Similar to the first method, we have to consider three cases.

Case 1: r; = r, = r. In this case, it follows from (7.5) and (7.7) that f(d,d) =
f(e,c) =0. Thus g = h/2. As aresult, it follows from (7.9) that D is an EDM if and
only if

h
a=g=3=f(d0)
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Therefore, in this case, o is unique and the matrix in (7.9) is zero. Hence, the em-
bedding dimension of D = r.

Case2: r; =randr, =r+1.Hence, in this case, f(d,d) =0and f(c,c) > 0. Thus
g > h/2. Consequently, D is an EDM if and only if

a=g=f(d,c).

Therefore, in this case, « is also unique and the matrix in (7.9) has rank 1. Hence,
the embedding dimension of D = r+ 1.

Case 3: r; =r, =r+ 1. Hence, in this case f(d,d) > 0 and f(c,c) > 0. Thus, by
Schur complement, (7.9) holds iff
Zchhf;wcfg)2 >0
f(d.d) B

or
o —20(g+ f(d,d)) +g*+ f(d,d)h < 0. (7.14)

In light of (7.12) and (7.13), the quadratic inequality (7.14) reduces to
o —2af(d,c)+ f(d,c)* — f(d,d)f(c,c) <O0.
Therefore, the roots are:
OtIZf(d,C)— f(d,d)f(C,C) and OCu:f(d,C)+ f(dvd)f(cac)

Observe that (7.11) implies that & > 0. Thus 2f(c,d) > f(d,d) + f(c,c). More-
over, by the arithmetic mean-geometric mean inequality, we have

fle,d) =/ f(d,d)f(c,c)

Hence, o4 > 0. Therefore, D is an EDM if and onlyif g < a < oy,
So far, we have considered the case where D is of order n > 2. We now consider
the case n = 1. Hence, D = 0 and thus

0do
D=1d0c
oac0

is 3 x 3 and d and c are scalars. Using triangular inequality, it is immediate that D is

an EDM iff
(Vd—e)* <o < (Vd+e)

However, in this case, Bf = 0 and hence f(d,c) = c+d, f(d,d) =2d and f(c,c) =
2c. Consequently,

ld,e)=V/F(d,d) f(e.c)=(Vd = /e)* and f(d,e)++/f(d,d) fe,c)=(Vd+ /).

As aresult, we have proved the following theorem.



152 7 The Entries of EDMs

0d7” D
Dl{dD] andDz{CT(C)}

be two given (n+ 1) x (n+ 1) EDMs of embedding dimensions ry and rp. Assume
that D is of order n and of embedding dimension r. Let B= —JDJ /2 be the Gram
matrix of D and let

Theorem 7.1 Let

0dT o

D=|d D ¢

ocl 0

Further let
T T

e (x+y) e De 1 De 7 . De
ST (- TR (- =),
f(xy) N ) 2(x n ) (v n )

Then D is an EDM if and only if oy < o < ¢, where

oy = f(dvc) - f((Ld)f(C,C) and oy = f(dac) + f(d,d)f(C,C).

Moreover, (i) the embedding dimension of D = r if and only if f(d,d) = f(c,c) =0,
(ii) f(d,d) =0 if and only if ry = r, and (iii) f(c,c) =0 if and only if r = r.

Example 7.2 Consider the matrix D of Example 7.1. Then c =d and ry = ry = r+ 1.

L[ 10—t
BTZZ 00 0
10 1

Therefore, f(c,d) = f(d,d) = f(c,c) =2 and hence oy = 0 and oy, = 4.

7.2 Yielding and Nonyielding Entries of an EDM

We saw in the previous section how to recover a missing entry of an EDM. Now
suppose that a given entry of an EDM D is allowed to vary, while all other entries
are kept fixed. In this section, we are interested in determining the interval within
which this entry can vary if D is to remain an EDM. Clearly, depending on D and
the given entry, this interval can have a zero or a nonzero length.

More precisely, let E/ denote the n x n symmetric matrix with 1’s in the (i, j) and
(j,i) positions and zeros elsewhere. Further, let /; 7 < 0and u;; > 0 be the two scalars
such that D+tE" is an EDM if and only if /;; <t < u;;. That is, D remains an EDM
iff its entry in the (7, ;) and (j,7) positions varies between d;; + I;; and d;; + u;j,
while all other entries are kept unchanged. The closed interval [/, u;;] is called the
yielding interval of entry d;;. Furthermore, entry d;; is said to be unyielding if its
yielding interval has zero length, i.e., if /;; = u;; = 0. Otherwise, if the yielding
interval of an entry d;; has a nonzero length, i.e., if [;; # u;;, then d;; is said to be
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yielding. Gale transform, which we revisit next, plays a crucial role in establishing
whether a given entry of an EDM is yielding or unyielding.

7.2.1 The Gale Matrix Z Revisited

In addition to the properties of Gale transform discussed in Chap. 3, more useful
properties are given in this subsection. We begin, first, with the following simple
proposition and its corollary.

Proposition 7.1 Let D be ann x n, n > 3, EDM of embedding dimension r <n—?2.
Let Z and P be, respectively, a Gale matrix and a configuration matrix of D, where
PTe=0. Then

null(PT) Nnull(ZT) = col(e).

Proof. This is an immediate consequence of the definition of Z.
O

Corollary 7.1 (Alfakih [15]) Let D be an n X n, n > 3, EDM of embedding dimen-
sion r < n—2. Let Z and P be, respectively, a Gale matrix and a configuration
matrix of D, where PTe = 0. Let i and j be two distinct indices in {1,...,n}.

1. If7 =0, then p' # 0 and p' is not in the affine hull of {p*,...,p"\{p'}.
2. If7 =7/ =0, then p' #0, p/ # 0 and p' — cp’ # 0 for all scalars c.
3. If7 40,7/ #£0and 7 = '7/ for some nonzero scalar ¢, then p* — ' p’ # 0.

Proof. To prove part 1, assume that 7zt = 0. Then ¢', the ith standard unit vector
in R", lies in null(Z”). Now, by way of contradiction, assume that p’ = 0. Then &'
is also in null(PT) and hence ¢’ € null(P”) Nnull(Z7), a contradiction since e’ # e
(n>3).

For ease of notation and wlog assume that i = 1, i.e., 7zl = 0. Now assume, to
the contrary, that p' lies in the affine hull of {p?, ..., p"}. Then there exist scalars

A2, ..., A, such that
1 n i
P | _ P
-z (1]

Letx=[—1 A, --- A,]7. Thus, PTx = 0 and e’ x = 0 and hence there exists & # 0 in
R~ such that x = Z&. Consequently, —1 = (z!)7&, a contradiction. Therefore,
p! is not in the affine hull of {p?,..., p"}.

To prove part 2, assume wlog that z! = z2 = 0. Then by part 1, p! # 0 and p> # 0.
Assume, by way of contradiction, that p! — c¢p* = 0 for some scalar ¢ and let x be
the vector in R” such that x = [I —c 0]7. Then x lies in null(P") N null(Z") and
X # e since x has at least one zero entry (n > 3). Thus, we have a contradiction.

To prove part 3, assume wlog that z! # 0, z2 # 0 and z' = ¢’z> for some scalar
¢’. Assume, by way of contradiction, that p! —¢/p?> = 0 and let x be the vector in
R” such that x = [1 —¢’ 0]7. Then x € null(PT) N null(Z”) and hence we have a
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contradiction since x # e.
O
It should be pointed out that in part 3 of Corollary 7.1, p' may be parallel to p/,
say p' = cp’, but ¢ cannot be equal to ¢’ as illustrated in the following example.

0011
. 0011 . . .
Example 7.3 Consider the EDM D = 1104 of embedding dimension 1.
1140
0
A configuration matrix of D is P = _(l) . Thus, a Gale matrix of D is
1
-2 0
0-2 3 4 3 . 3 4
Z = L1l Note that 77 = 7 and p°> = —p”; i.e, p° is parallel to p* but
1 1
c#c.

Next, we characterize the yielding entries of an EDM in terms of Gale transform.

7.2.2 Characterizing the Yielding Entries

We consider two cases, depending on whether or not the generating points of D are
affinely independent. Let r be the embedding dimension of the n x n EDM D.

We begin, first, with the case where r = n — 1; i.e., the case where the generating
points of D are affinely independent.

Theorem 7.2 Let D be an n x n EDM of embedding dimension r = n— 1. Then
every entry of D is yielding.

Proof. Let1<k<1[<n.ThenD+tE" isan EDM iff 2X — VT EF'V = 0, where

X is the projected Gram matrix of D and V is as defined in (3.11). But, X is PD

since X is of order n — 1 and rank(X ) = r = n— 1. Thus, obviously, there exists  # 0
such that 2X — VT E¥V = 0. Consequently, d; is yielding and the result follows.

O

Next, we consider the case where r < n —2; i.e., the case where the generating
points of D are affinely dependent. The following lemma is crucial for our results.

Lemma 7.1 Let D be an n X n nonzero EDM of embedding dimension r <n—2, and
let Z and P be a Gale matrix and a configuration matrix of D, respectively, where
PTe = 0. Further, let X be the projected Gram matrix D. Then 2X —tVTEXV = 0 iff

2(PTP)2 =t (P (p)T +p'(P)T) —t (PH(H)T + P! (&)T)

(DT (T — T T
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Proof. LetW and U be the two matrices whose columns form orthonormal bases
of col(X) and null(X), respectively, and thus Q = [W U] is orthogonal. Hence,
2X —tVTERY = 0 iff
2WTXW —t WIVTERYW —t WwTVTERYVU
T T ki
_ — = (.

QX —tVIETV)Q { — UTVIERYW 1TV ERYY | 5O

But, it follows from Lemma 3.8 that VU = ZA and VW = PA’, where A and A’
are nonsingular. Hence, 2X — VT EX'V > 0 iff

[2(PTP) t(P*(p ) +P( 1) =1 (P(z l)T+ l(k)T)] <0
=t (PN +IPNT) —t T+ T

O
Note that (PTP)? is PD since P has full column rank. As the following theorem
shows, the yielding entries of D are characterized in terms of Gale transform.

Theorem 7.3 (Alfakih [15]) Let D be an n x n nonzero EDM of embedding dimen-
sionr <n—2, and let 7',...,7" be Gale transforms of the generating points of D.
Then entry dy is yielding if and only if 7* is parallel to 7'; i.e., iff there exists a
nonzero scalar ¢ such that z¥ = cZ'.

Proof. Let 1 <k <[ < n. Entry dy is yielding iff there exists # # 0 such that
D +tEX is an EDM or equivalently, iff 2X — VT EKV > 0.

Assume that z¥ is parallel to 7, ie., 75 = ¢z for some nonzero scalar c. Then
KT + ()T =2¢7 ()T = 0 and p*()T + p'(5)T = (p*F +cp')(Z)T. Hence,
null(z/(z1)7) = null((z")T) C null((p* + cp’)(z))T). Consequently, it follows from
Lemma 7.1 that there exists 7 # 0 such that 2X — VT EXV > 0 and therefore dj; is
yielding.

To prove the reverse direction, assume that ZF and 7 are not parallel and assume,
to the contrary, that entry dy; is yielding. Therefore, there exists ¢ # 0 such that
2X —tVTEXV = 0. Thus, it follows from Lemma 7.1 that there exists # # 0 such
that —z8(Z)T + 7/ ()7 = 0 and null(z*(z")T +2/(z)T) C null(p* ()T + p' (7).
We consider two cases.

Case 1: z =0and 7/ # 0. Thus Z*(z")T +z 0. Moreover, by Corollary 7.1
(part 1), p* # 0 and thus p*(Z)T + ( ) = pk(z")T # 0. Hence, we have a con-
tradiction since null(0) Z null(p*(z ) ).

I Zk)T

Case 2: Both z¥ and 7' are nonzero. Again, in this case we have a contradiction
since Proposition 1.2 implies that zX(z/)” +z/(z")7 is indefinite. As a result, dy is
unyielding.

O

Example 7.4 Let D be the EDM considered in Example 7.1 with oo = 4. Then a
Gale matrix of D is
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1
-2
0
0
1

N

I

\
SN ~O

Therefore, entries di5 and dz4 are yielding, while all other entries are unyielding.

When the generating points of D are in general position, Theorem 7.3 implies the
following two corollaries.

Corollary 7.2 ([15]) Let D be an n x n EDM of embedding dimension r = n — 2.
Then D is in general position in R" if and only if every entry of D is yielding.

Proof. In this case, z',...,7" are scalars since 7 =n—r — 1 = 1. Assume that D

is in general position. Then it follows from Corollary 3.1 that z!, ..., 7" are nonzero.
Thus, z* is parallel to 7/ for all 1 < k < I < n, and hence every entry of D is yielding.

To prove the other direction, assume that one entry of D say, dy;, is unyielding.
Then Z* is not parallel to Z. Thus, either Z¥ = 0 or z/ = 0, but not both. Therefore,

Corollary 3.1 implies that D is not in general position.
O

Corollary 7.3 ([15]) Let D be an n x n EDM of embedding dimension r < n—3. If
D is in general position in R’, then every entry of D is unyielding.

Proof. Assume, to the contrary, that one entry of D, say dy;, is yielding. Thus, it
follows from Theorem 7.3 that zX = ¢Z' for some nonzero scalar ¢. Note that in this
case, 7 =n—r— 1 > 2. Hence, any 7 x 7 submatrix of Z containing (zX)” and (/)"
is singular. This contradicts Corollary 3.1 and the proof is complete.
O
Observe that if a matrix is nonsingular, then, obviously, every two of its columns
(rows) are linearly independent; i.e., nonparallel. However, the converse is not true;
i.e., if every two columns (rows) of a matrix are linearly independent, then this
matrix may be singular. Consequently, the converse of Corollary 7.3 is not true.

01491
10140
Example 7.5 Consider the EDM D= |4 101 1| of embedding dimension 1. A
94104
10140
configuration matrix and a Gale matrix of D are
—7 1 0 0
1 -2 -2 1-1
P=_ 3| andZ = 1-2 0
3|8 01 0
-2 0 0 1
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Obviously, D is not in general position in R! since p*> = p>. However, every entry of
D is unyielding.

Finally, the following important consequence of Theorem 7.2 and Corollaries 7.2
and 7.3 is worth pointing out. If an n x n EDM D of embedding dimension r is in
general position, then the entries of D are either all yielding (ifn=r+1orn=r+2)
or all unyielding (if n > r+3).

We determine, next, yielding intervals of the yielding entries of an EDM.

7.2.3 Determining Yielding Intervals

Let D be a given EDM and let B = —JDJ/2 be its Gram matrix. Further, let P
be a configuration matrix of D and hence PTe = 0. It is easy to verify that B =
P(PTP)2PT. Let B" = S87; i.e., let S = P(PTP)~!. As we show next, the yielding
intervals of D can be expressed in terms of S.

Let dy be a yielding entry of D. Then either r = n— 1 or zX is parallel to z’.
Consequently, to determine the yielding interval of dy;, we have to consider the
following three cases: (i) r =n — 1; (i) r < n—2 and z¥ = z/ = 0; and (iii)) r <n—2,
& #0, Z =0 and £ = ¢7 for some nonzero scalar c. As we will see below, in the
first two cases, 0 lies in the interior of the yielding interval, while in the third case,
0 is an endpoint.

Proposition 7.2 Let D be an n x n (n > 3) EDM matrix of embedding dimension
r=n—1 and let P be a configuration matrix of D such that PTe = 0. Let S =
P(PTP)~! and let (s')T be the ith row of S; i.e., s' = (PTP)~'pi. Then s* and s' are
nonzero and nonparallel for all k # 1.

Proof. Assume, to the contrary, that s¥ = 0. Then pk = 0 and thus PTef =0,
where ¢* is the kth standard unit vector in R”. Since P” ¢ = 0 and since ¢ and ¢* are
linearly independent, this implies that rank(PPT) = r < n — 2, a contradiction. To
complete the proof, assume, to the contrary, that s* = ¢s' for some nonzero scalar
c, where k # I. Then p* = c¢p' and thus PT(ek — ce!) = 0, and again we have a
contradiction.
O
The following theorem establishes the yielding interval in case (i), where r =
n—1.

Theorem 7.4 (Alfakih [15]) Let D be an n x n (n > 3) EDM of embedding dimen-
sion r =n— 1 and let P be a configuration matrix of D such that PT e = 0. Further,
let S = P(PTP)~" and let (s')T be the ith row of S. Then, the yielding interval of
entry dy is given by
2 2
ol

where Ay = (s)7s' + ||s"]] [1s'|| and 2, = ()" —[|s*]] [Is"||
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Proof. Let1 <k <! <nandletX be the projected Gram matrix of D. Let X =
WAWT be the spectral decomposition of X. Thus, A is PD and W is orthogonal
since r = n — 1. Hence, D +tE* is an EDM if and only if 2X — tVTEXV = 0 iff
2WIXW —tWTVTERYVW = 0. Bu WTXW = WTVT PPTVW. Thus, it follows from
Lemma 3.8 that 2WTXW —tWTVTENVW = 0 iff

2(PTP)? —tPTENP > 0. (7.15)
But Eq. (7.15) holds iff
21,1 —t(PTP)'PTEN P(PTP) ' =21, | —tSTE¥S - 0.

In light of Propositions 1.2 and 7.2, let A4; > 0 > A, be the nonzero eigenval-
ues of STEMS = s5(s")T 4 s(s*)T. Thus, 21, | — tSTE¥S = 0 iff 2 —tA; > 0 and
2 —tA > 0. As aresult, D+¢EX is an EDM iff 2/A, <t <2/A;.
O
Note that A; = B};I +14/ B}:kB}LZ. Consequently, the yielding interval in Theorem 7.4
can also be expressed as

m kl’m kz} (7.16)
Bkszz_BI [

where B = —JDJ /2. Observe that this yielding interval contains 0 in its interior.

Example 7.6 Let D = E — I be the EDM of the standard simplex of order n. Then
B =J/2 and hence B = 2J. Thus, for any 1 < k <1 < n, we have B i fBH =
2(n—1)/n and B'y; = —2/n. Consequently, the yielding interval of entry dy is
equalto [—1 | n/(n—2)]. As a result,

1
0<dy<2-—. (7.17)
n—2

Observe that Interval (7.17) could have been calculated using Theorem 7.1. In fact,
in this case f(c,d) = f(d,d) = f(c,c) = (n—1)/(n—2), where we replaced n in
Theorem 7.1 with (n — 2) to agree with the notation of this example.

0 1 5/2
Example 7.7 LetD=| 1 0 5/2|. Then D is an EDM of embedding dimen-
5/25/2 0
“1/2-1)2
sion 2. A configuration matrix of D is P = 1/2 —1/2 |. Thus, S = P(PTP)~! =
0 1
—1-1/3
1-1/3 =||s?||> =10/9 and ||s3||> = 4/9. Moreover; (s')T s> =
0 2/3

—8/9 and (s")7s> = (s*)Ts* = —2/9. Note that
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.o 1082
Bf=ssT=—_|-8 10 -2
—2-2 4

Consequently, the yielding interval of dy; is
[_1 ) 9]7
while the yielding interval of d13 is equal to the yielding interval of d»3 is equal to

[—V10+1, V10+1].

Note that, in this case, these intervals could have been calculated using triangular
inequalities.

Next, we turn to case (i), where r <n—2 and 7* = 7/ = 0.

Theorem 7.5 (Alfakih [15]) Ler D be an n x n (n > 4) EDM of embedding dimen-
sion r < n—2 and let Z and P be a Gale matrix and a configuration matrix of D
respectively, where PT e = 0. Further; let S = P(PT P)~! and let (s')T be the ith row
of S. If 7 = 2! = 0, then the yielding interval of entry dy is given by

22
A )

where Ay = (s)7s +[|s"|| [|s']] and 2 = (s)"s' — |Is"]| [Is"]]-

Proof. It follows from Corollary 7.1 (part 2) that s* and s are nonzero and non-
parallel. Moreover, in this case

{2(1"TP)2 =t (PP +p (1)) 1 ()T +p’(Z")T)}
—t (PN + (P 1 T+

reduces to

2(PTP)>—t PTEXP O
0 0

The proof proceeds along the same line as in the proof of Theorem 7.4.
Od
Finally, we turn to case (iii), where r <n—2, ZF #0, 7 # 0 and 7F = ¢7! for some
nonzero scalar c.

Theorem 7.6 (Alfakih [15]) Let D be an n x n (n > 3) EDM of embedding dimen-
sion r < n—2 and let Z and P be a Gale matrix and a configuration matrix of D
respectively, where PTe = 0. Further, let S = P(PTP)~" and let s' be the ith row of
S, i.e., s' = (PTP)~'pl. If both % and 7' are nonzero and z* = cz! for some nonzero
scalar c , then the yielding interval of entry dy; is given by

—4c
ol ife>o0,
[|sk—csf||2 ]’fc



160 7 The Entries of EDMs

and

[0 4|C|] ifc <0,

L st —es'|]?

Proof. Assume that z* and 7/ are nonzero and Z¥ = ¢z/, where ¢ #0.Letl <k <
I < n and let X be the projected Gram matrix of D. Then D + tE¥ is an EDM iff
2X —tVTEFV > 0. In light of Lemma 7.1, D +¢E* is an EDM iff

2(PTP? —1 (P*(P)" +p (P)T) =t (p* +ep!)()T)
@k ey D ey } 0. (7.18)

Assume that r=n—2,1i.e.,F=n—r—1=1. Then 7' is a nonzero scalar. Now Schur
complement implies that Eq. (7.18) holds iff

Lt —ep)(pF—cp) =0, (7.19)

tc <0 and 2(PT P)?
¢ <0and?2( )+2c

which is equivalent to
tc <0and 2I, + %C(sk —es)(sF —es)T > 0.
This in turn is equivalent to
tc<0and 2+ i”sk—csl”2 > 0.

The result follows from Corollary 7.1 (part 3) since s* — cs! # 0.
Now assume that r <n—3,i.e.,7>2.Let Q' = [HZ—IH M| be an 7 x F orthogonal

matrix and define the (n — 1) x (n— 1) matrix Q = [{) Q’} Thus, obviously Q is

orthogonal. By multiplying the LHS of Eq. (7.18) from the left with Q7 and from
the right with Q we get that D +¢E¥ is an EDM iff

2PTPY —1 ()T + P (PR 1 (o +epl) )
= I+ ep)T) Ll ] zo a

Again, using Schur complement we arrive at Eq. (7.19) and thus the proof is com-
plete.
O
The following example illustrates cases (ii) and (iii).

0011
0011
1102
1120
configuration matrix, a Gale matrix, and the Moore—Penrose inverse of the Gram
matrix of D are given by

Example 7.8 Consider the EDM D = of embedding dimension 2. A
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11 —1 1 1-1-1
11 | . 1 1-1-1
P=31 s_1[%=| o|™B =5|_1_1 2 o
1 3 0 1.1 0 2

Thus, entries diy and dz4 are yielding, while all other entries are unyielding. To
calculate the yielding intervals, note that

Lo L3171 [=1] 1[-1
SESEa 3| 1| T2 1|
2_ 1

—z', i.e., ¢ = — 1. Therefore, the yielding interval of dy is [0, 2].

On the other hand, (s*)"s*—||s3|| ||s*|| = B;r4 - \/B§3BZ4 = —1 and (s*)"s* +
[s®|| ||s*|| = 1. Therefore, the yielding interval of dz4 is [~2 , 2].

Moreover, z

We conclude this chapter by remarking that, for two unyielding entries in a col-
umn (row), one can define the notion of jointly yielding entries. Such notion is
defined and several results are presented in [15].



Chapter 8 )
EDM Completions and Bar Frameworks AL

This chapter has three parts. Part one addresses the problem of EDM completions.
Part two is an introduction to the theory of bar-and-joint frameworks. Such frame-
works, which are interesting in their own right, are particularly useful in the study of
various uniqueness notions of EDM completions. In the third part, we discuss stress
matrices, which play a pivotal role in the theory of bar-and-joint frameworks. The
chapter concludes with the classic Maxwell-Cremona theorem. We begin first with
EDM completions.

8.1 EDM Completions

Let G = (V,E) be a simple incomplete connected graph and let |V(G)| = n and
|E(G)| = m. An n x n matrix A = (g;;) is said to be symmetric G-partial if the
entry a;; is defined (or specified) if and only if {i, j} € E(G), and a;; = aj; for all
{i,j} € E(G). A G-partial EDM A is a symmetric G-partial matrix such that for
each maximal clique K of G, the principal submatrix of A indexed by the nodes of
K is an EDM. Evidently, the diagonal entries of a G-partial EDM are all zeros.

Let A be a given G-partial EDM. Then matrix D is said to be an EDM completion
of A if: (i) D is an EDM and (ii) d;; = a;; for all {i, j} € E(G); i.e, n(D) = m(A),
where 7 : " — R™ is the linear transformation defined in (5.3). The problem of
finding an EDM completion of A, or showing that no such completion exists, is
called the EDM completion problem (EDMCP). Let r be a given positive integer.
The rEDM completion problem (rEDMCP) is the EDMCP with the additional re-
quirement that the embedding dimension of D = r. The EDMCP is closely related
to the positive semidefinite matrix completion problem [98, 128, 129, 130].

Let G = (V,E,a) be a given edge-weighted simple graph, where edge {i, j} has
a positive weight a;;. A realization of G in R" is a mapping of the nodes of G to
points in R”, where node i is mapped to point p’, such that

1P — P/ = a;j for all {i, j} € E(G).

© Springer Nature Switzerland AG 2018 163
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The problem of finding a realization of G in R” is known as the r-graph realiza-
tion problem (rGRP). Likewise, the problem of finding a realization of G in some
Euclidean space is known as the graph realization problem (GRP). Clearly, the
rEDMCEP is equivalent to the rGRP and the EDMCP is equivalent to the GRP.

Saxe [164] proved that the ¥GRP, for graphs with positive integer weights, is NP-
hard for all r > 1. Observe that if G = C,, the cycle on n nodes, then the partition
problem reduces to the 1GRP. This establishes the NP-hardness of the 1GRP since
the partition problem is well known to be NP-hard [85]. Saxe also proved that the
1GRP remains NP-hard even if the weights g;;’s are restricted to 1 and 2. It should be
pointed out that the NP-hardness of the rGRP was independently proven by Yemini
[199].

The complexity of the EDMCP is unknown and its membership in NP is open.
However, for chordal graphs, the EDMCP can be solved exactly. On the other hand,
for general graphs, the EDMCP can be formulated as a semidefinite programming
problem (SDP) and thus can be solved approximately, up to any given accuracy, in
polynomial time. For more details on the complexity of the EDMCEP, see, e.g., [130].
Next, we discuss the EDMCP for chordal graphs.

8.1.1 Exact Completions

Let G be a connected chordal graph. Then there exists a sequence of connected
chordal graphs G = Gy, Gy,...,G; = K, such that, for i = 1,...,m, G; is obtained
from G;_; by adding one new edge [98]. To prove this, assume that 1,...,n is a
perfect elimination ordering of the nodes of G and assume that G # Kj,. Let j =
max{i € V(G) : {i,k} € E(G) for some k > i}. Hence, the set {i € V(G) : i > j},
which obviously contains k, induces a clique in G. Let

NE() ={i e V(G): {j.i} € E(G),i> j}.

Then Ng (j) is not empty since G is connected. Moreover, k is adjacent to all nodes
in N (j). Consequently, G; = GU{j,k} is a chordal graph since 1,...,n is also a
perfect elimination ordering for G;. Clearly, this process can be repeated until the
complete graph K, is obtained. An example of such sequence is given in Fig. 8.1.

Theorem 8.1 (Bakonyi and Johnson [31]) Let A be a G-partial EDM, where G is
a connected chordal graph. Then A admits an EDM completion.

Proof. Assume, wlog, that 1,...,n is a perfect elimination ordering of G and let
G = Gy, Gy,...,Gy = K, be a sequence of chordal graph such that G; is obtained
from G;_; by adding the new edge {j;,k;} as discussed above. The unspecified en-
tries of A will be determined, one at a time, in the following order: Aj k.., A k-

To determine A x,, wlog, assume that the partial submatrix of A indexed by the
nodes {1} UNZ (j1) U{ki } is
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3 3 3
| 2 : % %
4 4 4

G G Gy, =Ky

Fig. 8.1 A sequence of chordal graphs

0d"
D=1|d D
o

[N )

where o is the unspecified entry A, . Then « is determined by using Theorem 7.1.
The other unspecified entries A, , . .., Ak, are determined similarly.

O
01
1011 . .
Example 8.1 Let A = 102 be a G-partial EDM, where G is the chordal
120

graph depicted in Fig. 8.1. Then the unspecified entries of A are determined in the
following order: A3, A14. Applying Theorem 7.1 to the submatrix of A whose rows

01a
and columns are induced by {1,2,3}, namely | 1 0 1 |, yields that 0 < o < 4.
aloO
0128
. 1011
Choose oo = 2. Next, we apply Theorem 7.1 to the Gi-partial EDM 2102 |
B120

1-1

1 1} and thus Bt =

where [ is the unspecified entry A j,p,. In this case, B = % {

[ : _1]. Hence, f(c,d) = f(d,d) = f(c,c) = 2. Consequently, 0 < B <4 and

-1 1
0124
1011 ., . . .
hence D = 2102 | Bsan EDM completion of A. Obviously, A has no unique
4120
EDM completion.

Bakonyi and Johnson [31] also presented the following example, which shows
that for any nonchordal graph G, there exists a G-partial EDM A such that A has no
EDM completion. Let G be a nonchordal graph and assume that 1,2,...,k (k > 4),



166 8 EDM Completions and Bar Frameworks

is an induced chordless cycle of G. Let V; = {1,...,k} and Vo = {k+1,...,n}.
Consider the G-partial EDM A, where

ifli—jl=1andi,jeV,
if(i=1,j=kori=k,j=1),

if {i,j} €E(G) and i, j € V3,

if{i,j}€E(G)and (i Vi,jeVoorieVp, jeV).

Cl,'j:

— O = O

Let K be a maximal clique of G and let A be the submatrix of A whose rows and
columns are indexed by the nodes of K. Then K contains either zero, one, or two

nodes of V. Now if K does not contain any node of Vi, then Ax = 0. On the other
T

Oe } . Furthermore, if K
e 0
contains exactly two nodes in Vi, then either {1,k} is a subset of clique K, in which
01e" 00"
case Ax = | 1 0 e’ |;or {l,k} ¢ K, in which case Ax = [0 0 e’ |.Itis easy to
ee 0 ee 0
see that in all these cases Ag is an EDM. Consequently, A is a G-partial EDM.
Now the only nonzero specified entry in the kth leading principal submatrix of A
is 1 in the (1,k) and (k, 1) positions. Consequently, for any EDM completion of A,
we must have djp = dy3 = -+ = dy_1; = 0 and dj; = 1, an impossibility. Thus, A
has no EDM completion.
Next, we consider the EDMCP and the FTEDMCP for general graphs.

hand, if K contains exactly one node in Vi, then Ag =

8.1.2 Approximate Completions

Let A be a G-partial EDM . A fairly intuitive approach for solving the FEDMCP is
to formulate it as a global optimization problem. In particular, the FTEDMCP can be
posed as a global minimization problem where the objective function is

=3 (I =pIP—ay), (8.1)

ij:{i,jY€E(G)

where p!,..., p" are the unknown points in R”. Clearly, P solves the "EDMCP if and
only if f(P) = 0. The disadvantage of this approach is that finding a global minimum
of f is an intractable problem since f is not convex and has a large number of local
minima. For more details on this approach, see, e.g., [66, 106, 147, 148, 190, 77,
135, 100, 66]. In what follows, we focus on SDP approaches for the -EDMCP and
the EDMCP.
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SDP Formulations of the EDMCP

Let A be a G-partial EDM and let H be the adjacency matrix of graph G. Observe
that if G is disconnected, then the problem breaks down into at least two independent
problems of lower dimensions. As a result, assume that G is connected. Wlog, assign
0 to all unspecified entries of A. Thus A = n*(7(A)), where 7 and its adjoint * are
the linear transformations defined in (5.3) and (5.4).

The following is an intuitive formulation of the EDMCP as an SDP.

min 0
subject to Ho J#y(X) = HoA, (8.2)
X>0

where J# is defined in (3.16) and (o) denotes the Hadamard product. Note that the
feasible region of this problem is convex. SDP problems can be solved, up to any
given precision, in polynomial time by interior-point methods [198]. Since the ob-
jective function is 0, any feasible solution of Problem (8.2) is optimal. Furthermore,
if X* is an optimal solution of Problem (8.2), then D = %y, (X*) is an approximate
solution of the EDMCEP. It should be pointed out that Slater’s condition may fail in
Problem (8.2) which warrants the use of facial reduction. An SDP formulation for
the FEDMCP is obtained by adding the constraint rank(X) = r to Problem (8.2).
Unfortunately, the presence of this rank constraint, in general, makes the feasible
region nonconvex and renders the problem intractable.

The following quadratic formulation of the EDMCP, where Slater’s condition is
guaranteed to hold, was given in [21].

Let B = % (A) where . is defined in (3.17); and for X € . !, let

F(X)=||Ho(A— 5 (X))|7 = [|H oy (B—X)||F, (8.3)

where ||.||r denotes the Frobenius norm. Then, by Theorem 3.2, A has an EDM
completion if and only if there exists X > 0 such that f(X) = 0. As a result, the
EDMCP can be formulated as the following SDP problem

(P) u* = min £(X)
subjectto X > 0.

Evidently, u* = 0 iff A has an EDM completion. Observe that the feasible region of
this problem is rather simple since it is precisely ./ ﬁ_l, the cone of PSD matrices of
order n — 1. Put differently, all the complications of this problem lie in the objective
function. The optimality conditions of Problem (P) are derived next. Let

L(X,A) = f(X) —trace(XA) (8.4)
denote the Lagrangian of (P). It is easy to see that (P) is equivalent to

U =minmaxL(X,A) = minmaxL(X,A).
X0 A0 X A-0
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Note that the semidefinite constraint on X can be treated as redundant since the inner
max problem is unbounded unless X > 0. Also, note that Slater’s condition trivially
holds for (P). Thus, strong duality holds and

W =maxminL(X,A) = maxminL(X,A),
A=0 X0 A=0 X

and p* is attained for some A > 0. To obtain the dual problem, since the inner min-
imization is unconstrained, we differentiate with respect to X to get the equivalent
problem

= max X) —trace(XA).
AtO,Vf(X)—A:O.f( ) (XA)

Therefore, the dual problem is

(D) u* =max f(X)—trace(XA)
subjectto Vf(X)—A =0,
A 0(X =0).

For any two matrices X and Y, trace(YH o v (X)) = Xy jyer(c) Yij (v (X))ij =
trace(H oY J#y (X)) = trace(#,(H oY)X)). Therefore,

VF(X) =22y (Ho Jy (X - B)),

where ¢,/ is given in Lemma 3.5. Next, we show that Slater’s condition holds for
the dual problem.

Lemma 8.1 ([21]) Let H be the adjacency matrix of a connected graph G. Then
S (Hoty(I) =0

Proof. Clearly, % (I) = 2(E —I) and thus H o %, (I) = 2H. Hence, %, (H o
Ky (1)) = 4VTLV, where L = Diag(He) — H is the Laplacian of G. But L is PSD
and Le = 0. Moreover, rank(L) = n — 1 iff H is connected. Therefore, it follows
from the spectral decomposition of L that L = V@V, where @ is PD. Hence,
At (H o Ay (1)) = 4.
O
An immediate consequence of this lemma is that Slater’s condition holds for the
dual since there exists a positive scalar ¢ such that X = B+ a > 0. Therefore,
2 (Ho #y (X — B)) = A is PD. Consequently, the optimality conditions are:

X>0 primal feasibility,
2 (H o Hy (X —B))— A =0,A = 0 dual feasibility,
trace(XA) =0 complementarity slackness.

Now consider the following related problem known as the closest EDM problem
(CEDMP): Given any matrix A’, find the closest EDM to A’ in Frobenius norm
[21, 24,25, 23]. It is easy to see that the CEDMP can be formulated as a special case
of Problem (P), where H = E — I. In other words, the CEDMP can be formulated as
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= min [|A" = 24 (X)||}
subject to X > 0.

One special case of the EDMCP, which received a great deal of attention recently,
is the sensor network localization problem. This problem is discussed next.

The Sensor Network Localization Problem

Consider an ad hoc wireless sensor network in R” (r = 2 or r = 3) consisting of m
anchors and n sensors. The sensors are allowed to move freely, while the anchors
have fixed known locations. Hence, the distance between any two anchors is known.
On the other hand, the distance between any two sensors or between a sensor and
an anchor is known only if it is within a given range. The problem of determining
the positions of all the sensors is known as the sensor network localization problem
(SNLP). Clearly, the SNLP is a special case of the FTEDMCP.

Next, we present two approaches, based on SDP relaxation, for finding an ap-
proximate solution of the SNLP. The first approach [71, 122] makes no distinction
between anchors and sensors. More precisely, it treats the SNLP as an rfEDMCP,
(r =2 or 3) where G is a graph on m 4 n nodes and contains a clique of size m in-
duced by the nodes corresponding to anchors. In other words, the only role anchors
play in this approach is to induce a clique in G. Clearly, the presence of a clique in
G results in the failure of Slater’s condition. This failure is turned into an advantage,
via facial reduction, by reducing the size of the problem.

In the second approach [43, 179], the nodes corresponding to the anchors are
pinned down, and thus the only coordinates to be considered as those of the sen-
sors. Let ¢!, ..., ¢" be the known coordinates of the anchors and let p”*1,.. . p"*"
be the unknown coordinates of the sensors. Let CT = [c¢! .-+ ¢"] and PT =
[p"tl ... p™7]. Assume that the origin is fixed at the centroid of the anchors;
ie., CTe, = 0. Then the Gram matrix of the anchors and sensors is

Cliq o1 colf[r. PT][CTo
{P] ¢ P ]:[OIJ [PPPT] [0 1,,]' ®.5)
Yii Ynn
Y Yo
Y11 is of order r. We will identify Y;, as PT and Y, as a relaxation of PPT; ie.,
Yap — PPT = 0. Further, let E»(G) = {{i,j} € E(G) :i <m,j > m+ 1} and let
Ex»(G)={{i,j} €E(G):i,j > m+1}. Then, in this approach [43, 179], the SNLP
is formulated as

Let Y be an (r+n) x (r+n) symmetric matrix partitioned as ¥ = [ ] , Where
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min trace(0Y)
subject to Yw=1,
AT T ¢ | ..
(@ ey | ] = fora iy eEae, g
o 0 -
[0 (e’—e«’)T]YLi_ej =ajj forall {i, j} € Ex(G),
Y =0,

where ¢’ is the ith standard unit vector in R”. It should be pointed out that even
though Y is of order r + n, Slater’s condition may still fail in Problem (8.6), which
necessitates the use of facial reduction. Also, note that the rank of the optimal solu-
tion of Problem (8.6) is > r. Moreover, the SNLP has an exact solution iff the rank
of this optimal solution is 7, in which case, Y2, = Y51, = PPT.

The uniqueness of EDM completions [3, 134] is best studied in the context of
the rigidity of bar-and-joint frameworks. The remainder of this chapter serves as an
introduction to such frameworks, and the remaining chapters of this monograph are
dedicated to various notions of rigidity of bar-and-joint frameworks.

8.2 Bar Frameworks

A bar-and-joint framework (a bar framework or a framework for short)' (G,p)inR"
is a simple incomplete connected graph G whose vertices are points p!,...,p" in R",
and whose edges are line segments between pairs of these points. We will refer to
p=(p',...,p") as the configuration of (G, p). Framework (G, p) is r-dimensional
if its configuration p affinely spans R”. A bar framework can be viewed as a me-
chanical linkage consisting of rigid bars (edges) and universal joints (vertices). An
example of two frameworks is given in Fig. 8.2.

(G,p) (G.q)

Fig. 8.2 Two equivalent two-dimensional bar frameworks (G, p) and (G, q) in the plane, where
G = Cy, the cycle on four nodes

! In this monograph we are only interested in bar-and joint frameworks.
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Observe that if two adjacent nodes of (G, p) coincide, then these two nodes can
be merged into a single super node, with all possible multiple edges changed to
single edges, to create a new framework with one less node. Thus, wlog, we make
the following assumption:

Assumption 8.1 In any bar framework (G, p), there are no edges of zero length;
i.e., no two adjacent nodes coincide.

Clearly, each framework (G, p) defines an EDM D, = (d;; = ||p' — p/||?). Fur-
thermore, framework (G, p) also defines a G-partial EDM A in the natural way; i.e.,
a;; is specified iff {i, j} € E(G), in which case, a;; = d;;. In this monograph, we
always make the following assumption:

Assumption 8.2 The configuration of every given r-dimensional bar framework
(G,p) is in R". That is, the configuration p of (G,p) lies in R’, where r is the
embedding dimension of Dp.

Two r-dimensional frameworks (G, p) and (G, q) are congruent if D, = Dg; i.e.,
if the two configurations p and g are obtained from each other by a rigid motion
(translation, rotation, or reflection). On the other hand, an r-dimensional framework
(G, p) is said to be equivalent to an s-dimensional framework (G, q), s need not be
equal to r, if HoD, = HoDy; i.e., if each edge of (G, p) has the same (Euclidean)
length as the corresponding edge of (G, q). Observe that (G, p) and (G, q) are equiv-
alent iff 7(D),) = n(Dy), where 7 is the linear transformation defined in (5.3). An
example of two equivalent two-dimensional frameworks is given in Fig. 8.2. It is a
natural problem to characterize all frameworks that are equivalent to a given frame-
work (G, p). This problem is discussed in the following subsection.

8.2.1 The Cayley Configuration Spectrahedron

Viewing framework (G, p) as a mechanical linkage, let the Cayley configuration
space [176] of (G, p) denote the set of all possible distances between each pair
of nonadjacent vertices of (G, p) . Let A be the G-partial EDM defined by (G, p).
Evidently, characterizing the Cayley configuration space of (G, p) is equivalent to
characterizing all EDM completions of A.

Theorem 3.2 implies that (G, p') is equivalent to (G, p) iff

Ho (D, —D,)=0iff Hoty(X'—-X) =0, (8.7

where X' and X are the projected Gram matrices of (G, p') and (G, p), respectively.
We begin, first, by finding a basis of the kernel of H o . For i # j, let E' be the
n X n symmetric matrix with 1’s in the (i, j) and (j,) positions and zeros elsewhere,

and let .
M = Fy(EV) = —EVTEijV. (8.8)
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We will find it convenient to work with E(G), the edge set of the complement
graph G, i.e., the set of missing edges of G.

Lemma 8.2 ([1]) The set {M" : {i, j} € E(G)} is a basis of the kernel of H o .

Proof. Lemma 3.6 implies that %, (M"/) = E' since diag(E") = 0. Therefore,
Ho 2ty (M) =0 for each {i, j} € E(G).

Now let ¥;; a,-jM"j = 0. Then 2y (3;; OzijMij) =2 a,-jE"j = 0. Hence, ¢;; =0
forall {i, j} € E(G).

O

Let X be the projected Gram matrix of a given framework (G,p). Let m denote
the cardinality of E£(G) and let 2" : R™ — .#"~! be the linear transformation such
that

2y =X+ Y yM. (8.9)
{i./}eE(G)
Let i
={yeR": 2(y) = 0}. (8.10)

The set .7 is called the Cayely configuration spectrahedron of (G, p). As the follow-
ing theorem shows, 7 is a translation of the Cayley configuration space of (G, p),
and 2 (%) is the set of projected Gram matrices of all bar frameworks that are
equivalent to (G, p). An important point to keep in mind is that all congruent bar
frameworks have the same projected Gram matrix.

Theorem 8.2 (Alfakih [16]) Let % be the Cayely configuration spectrahedron of a
given r-dimensional bar framework (G, p) and let X' be the projected Gram matrix
of bar framework (G, p'). Then (G, p') is equivalent to (G, p) if and only if

X'e Z(F),
in which case, (G, p') is s-dimensional iff rank(X') = s, and
1P = p"|I> = 11p" = p’II* +yij for each {i, j} € E(G).

Proof. The first part is an immediate consequence of Lemma 8.2 and Eq. (8.7).
To prove the second part, note that

1P =PI = (X)) = (X)) + Y, (M),
{kI}€E(G)

But (A (MY));; = (EM);j = 8udy;. Consequently, ||p" — p"/||* = ||p' — p’[|> +yij
if {i, j} € E(G). Obviously, ||p" — p"||> = [|p' = p/|[* if {i, j} € E(G).
O
Evidently, Z is a closed convex set that always contains 0 since 2 (0) = X is
PSD. Moreover, an immediate consequence of Theorem 8.2 is that .% is bounded if
and only G is connected. An example of set .7 is given in Fig. 8.3.
The definition of the Cayley configuration spectrahedron given in (8.10) is con-
venient for theoretical purposes. However, for pencil-and-paper calculations and as
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we remarked earlier, it is more convenient to use matrix U defined in (3.10). Re-
call that V = US, where S is a nonsingular matrix given in (3.13). Consequently, a
simple calculation yields that the Cayely configuration spectrahedron of (G, p) is
equivalently given by

ﬁz{yeRm:—UT(Dp—i- Z yijEij)Uio, (8.11)
{i.J/}€E(G)

where D), is the EDM defined by framework (G, p).

Y24

(47 74)

Fig. 8.3 The Cayley configuration spectrahedron of Example 8.2

Example 8.2 Consider the framework (G, p) depicted in Fig. 8.2,> where

0154
1045
5401
4510

D, =

Thus,

2 24y13 —yu
—~UT(Dp+y3ER +yuE*)U = | 2+y13 10+2y13 8413
-y  8+y13 8

Since a symmetric matrix is PSD if and only if all of its principal minors are non-
negative, it is easy to see that the Cayley configuration spectrahedron of (G, p) is
given by

2 This example was discussed in Schoenberg [171] from a Cayley—Menger determinant point of
view.
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F={yeR?: —4<y;<4,
—4 <y <4,
(13 +y24) (V1324 +5(y13 +y24) + 16) < 0}.

Thus %, depicted in Fig. 8.3, is defined by

Sy13+16

Y24 < —=y13, and yr4 > — .
yiz+5

It is worth pointing out that framework (G,q) in Fig. 8.2 corresponds to y13 =
Y24 = —2 shown in Fig. 8.3. Also, the points (4,—4) and (—4,4) correspond to
the two one-dimensional frameworks obtained by “flattening” (G, p). Finally, it is
rather obvious that the origin corresponds to (G, p).

8.3 The Stress Matrix

Stresses and stress matrices play a key role in various rigidity problems of bar frame-
works. Stress matrices resemble Laplacians and can be interpreted in various ways.

A stress (also called an equilibrium stress) of bar framework (G, p) is a real-
valued function @ on E(G) such that

2 a)ij(p"—pj):0f0reachi:1,...,n. (8.12)
i, jYEE(G)

Clearly, the set of stresses is a subspace of R™. This fact will be elaborated on when
we discuss the rigidity matrix in the next chapter. Note that if 3. ;.1; neg(c) @ij # 0,
then point p’ can be expressed as an affine combination of its neighbors.
Let @ be a stress of framework (G, p). Then the n x n symmetric matrix €2,
where
*a)ij if {la.]} GE(G)v
Q= 0 if {i,j} € E(G), (8.13)
2k {ikyeE(G) @k ifi=J,

is called a stress matrix of (G, p). A point to keep in mind is that if € is a stress
matrix of (G, p), then so is (—Q).

Example 8.3 Consider the bar framework (G, p) depicted in Fig. 8.4. It is easy to
see that 01y = 3 =2, W14 = W34 =0, and w13 = —1 is a stress of (G, p). Hence,
the corresponding stress matrix is

1-2 10
2 4-20
Q=112 10

0 0 00
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1 3

Fig. 8.4 The bar framework of Example 8.3. Edge {1,3} is drawn as an arc to make edges {1,2}
and {2,3} visible

It should be noted that the two frameworks depicted in Fig. 8.2 have no nonzero
stress.

The following theorem is an immediate consequence of the definition of a stress
matrix.

Theorem 8.3 Let P be a configuration matrix of an r-dimensional bar framework
(G,p) and let Q be a symmetric matrix of order n. Then € is a stress matrix of

(G, p) if and only if
Qe=0,QP=0and Q;; =0 forall {i,j} € E(G). (8.14)

Proof. Assume that Q satisfies (8.14). Then, for all i = 1,...,n, we have ;; =
— 2k:{ikreE(G) $2ik- Hence,

(QP)j=Quipi+ Y, Qpi= Y Qu(-p'+p);=0 (815
k{i K} eE(G) k(i KYeE(G)

forall j=1,...,r. As aresult, ® = (w;; = —€;;) is a stress of (G, p) and ; =
Yke{ik}eE(G) Dik-

On the other hand, assume that  is a stress matrix of (G,p). Then the fact
that Qe = 0 and €;; = 0 for all {i, j} € E(G) follows immediately from (8.13).
Furthermore, (8.13), (8.12), and (8.15) imply that 2P = 0 and the proof is complete.

O

An immediate consequence of Theorem 8.3 is that the maximum possible rank
of a stress matrix is n — r — 1 since its null space contains e and the columns of P.
Stress matrices of maximal rank play a pivotal role in the following chapters, where
rigidity theory of bar frameworks is discussed.

The definition of projected Gram matrices necessitates the definition of projected
stress matrices. Thus, the matrix Q' = VT QV is called a projected stress matrix.
Evidently, Q = VQ'VT and thus Q is PSD of rank k iff Q' is PSD of rank k. Let
X and B = VXV be the projected Gram and the Gram matrix of (G, p). Then
VQ'XVT = QB and VT QBV = Q'X. Hence, Q'X = 0 iff QB = 0. As a result, a
symmetric matrix €’ is a projected stress matrix of (G, p) iff
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Q'X =0and (VQ'VT);; =0forall {i, j} € E(G). (8.16)

Let iy . o :
F=(e'—el)(e—e/)T, (8.17)

where ¢ is the ith standard unit vector in R”. Then, it readily follows that

Q= 2 (1),'J‘Fij7
{i.j}eE(G)

and -
(J (B))ij = trace(F"/B). (8.18)

The first interpretation of the stress matrix was already alluded to in (5.6). More
precisely, 2 = Diag(n*(w)e) — n*(®), where * is defined in (5.4). Hence,

Q= %Jif*(n*(a))) and Q' = %l/v*(n*(a))). (8.19)

The second interpretation of the stress matrix will be given after we discuss the
relationship between the stress matrix and the Gale matrix.

8.3.1 The Stress Matrix and the Gale matrix

The stress matrix €2 of a bar framework (G, p) has two aspects: a geometric one
dictated by the configuration p and a combinatorial one dictated by graph G. Equa-
tion (8.14) suggests a close connection between the geometric aspect of €2 and Gale
matrix Z. As is shown in the following theorem, these two aspects can be separated
by factorizing Q as Q = ZWZ", where the geometric aspect of Q is captured in Z
and the combinatorial one is captured in '¥.

Theorem 8.4 (Alfakih [9]) Let Z be a Gale matrix of an r-dimensional bar frame-
work (G, p) on n nodes, r < n—2. Then Q is a stress matrix of (G, p) if and only
if

Q=zv7"

for some symmetric matrix ¥ of order n —r — 1 such that
(Z)'W¥7/ =0 for all {i, j} € E(G).

Proof. Assume that 2 is a stress matrix. Then, by Theorem 8.3, 2 = ZA for

some matrix A. But £ is symmetric. Hence, Q = Z¥Z" for some symmetric matrix
Y. The reverse direction simply follows from Theorem 8.3.

O

An immediate consequence of Theorem 8.4 is that col(2) C col(Z). Hence, if 2

has maximal rank, i.e., if rank() = n— r — 1, then col(£2) = col(Z) and thus any

matrix whose columns form a basis of col(£2) is a Gale matrix of framework (G, p).
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Moreover, if in addition (G, p) is in general position, then we have the following
lemma, which we will use in Chap. 10.

Lemma 8.3 Ler (G, p) be an r-dimensional bar framework with n nodes, r <n—2.
Let Q be a stress matrix of (G, p) of rank n—r— 1. If (G, p) is in general position
in R, then any n x (n—r — 1) submatrix of Q is a Gale matrix of (G, p).

Proof. By the preceding remark, it suffices to show that any n — r — 1 columns
of €2 are linearly independent. To this end, assume to the contrary that this is not
the case and thus, wlog, assume that the first n — r — 1 columns of € are linearly
dependent. Then there exists a nonzero A € R"~"~! such that Qx = Z%¥Z7x = 0,
where x” = [AT 0]. But Z has full column rank and ¥ is nonsingular. Therefore,
Z"x = 0 and thus the first n — r — 1 rows of Z are linearly dependent, a contradiction
to Corollary 3.1.

O

8.3.2 Properties of PSD Stress Matrices

Evidently, a set of n points can affinely span a space of at most n — 1 dimensions,
where the maximum dimensional space is obtained when these points are affinely
independent. Let (G, p) be an r-dimensional bar framework on n nodes, where r <
n— 2. A natural question to ask is whether there exists an (n — 1)-dimensional bar
framework (G,q) that is equivalent to (G, p). In other words, it is of interest to
know whether (G, p), when viewed as a mechanical linkage, can be flexed to a
configuration in which its nodes are affinely independent. The following theorem
uses stress matrices to answer this question.

Theorem 8.5 (Alfakih [10]) Let (G, p) be an r-dimensional bar framework on n
nodes, r < n—2. Then there exists an (n — 1)-dimensional framework (G, q) that is
equivalent to (G, p) if and only if there does not exist a nonzero positive semidefinite
stress matrix Q of (G, p).

Proof. Let X be the projected Gram matrix of (G, p). By Theorem 8.2, there ex-
ists an (n— 1)-dimensional bar framework (G, g) that is equivalent to (G, p) iff there
exists y such that X +3¥¢; »cz (6 yiiM = 0. But by Corollary 2.3, such y exists iff
there does not exist ¥ = 0, ¥ # 0, such that trace(XY) = 0 and trace(YM"/) = 0
for all {i,j} € E(G). Now trace(XY) = 0 iff XY = 0 iff Y = U¥YU” for some
¥ > 0, where U is the matrix whose columns form an orthonormal basis of null(X).
Consequently, (G,q) exists iff there does not exist a nonzero ¥ > 0 such that
trace(UYUT M) = 0 for all {i, j} € E(G). But by Lemma 3.8, VU is a Gale matrix
of (G,p), i.e., VU = Z. Thus, trace(UYUTM") = —(Z¥Z");;/2 and hence the
result follows from Theorem 8.4.

O
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3

Fig. 8.5 The bar framework of Example 8.4. The set of missing edges is £(G) = { {2,4},{3,5} }

Example 8.4 To illustrate Theorems 8.4 and 8.5, consider the framework (G, p)
depicted in Fig. 8.5. A Gale matrix of (G, p) is

N

I
S~ o~
—o —OoN

To find a stress matrix Q, we have to find ¥ such that (z*)T¥z* = (3)T¥z> = 0.

Hence, ¥ = [(1) (1)} Consequently,

§-—2-2-2-2
-2 0 1 0 1
Q=z¥7z"=]-2 1 0 1 0
-2 0 1 0 1
-2 1 0 1 0

Observe that Q is not PSD and rank(Q2) = rank(¥) = 2. Therefore, there exists
a four-dimensional bar framework (G,q) that is equivalent to (G, p) since (G, p)
admits no nonzero PSD stress matrix. It is worth pointing out here that the Cayley
configuration spectrahedron of (G, p) is a square; i.e., is polyhedral in this case.

The following lemma establishes a connection between the stress matrix and the
degrees of the node of graph G.

Lemma 8.4 Let (G,p) be an r-dimensional bar framework with n nodes and as-
sume that (G, p) is in general position in R". Let  be a PSD stress matrix of (G, p)
of rank n —r — 1. Then deg(i) > r+ 1 for every node i of G.

Proof. By way of contradiction, assume that deg(v) < r for some node v and
let z/1,...,z/ be Gale transforms of the nodes of (G,p) that are not adjacent
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to v. Then k > n— 1 —r and thus, by Corollary 3.1, z/1,...,z/k span R"~!~7,
Hence, there exist scalars A1, ..., A such that z¥ = Zi»‘zl Aiz/i. Now by Theorem 8.4,
Q =27¥Z" where ¥ is PD. Thus (z")TWz/i = 0 for all i = 1,...,k. Consequently,
(2)TWz" = 3% | 4 (z)TWz/i = 0 which implies that z¥ € null(¥), a contradiction.
O

Lemma 8.4 will be strengthened in Chap. 10 (Lemma 10.5) by dropping the re-
quirement that Q is PSD.

Now we are ready to present the second interpretation of the stress matrix. Let X
be the projected Gram matrix of (G, p) and consider the SDP problem

(P) min 0 )
subject to X +X; yep(g)YiiM" = 0.

Thus, the projected Gram matrix of every bar framework (G,q) that is equivalent
to (G, p) is an optimal solution of (P) since the objective function is 0. The dual
problem of (P) is

(D) max —trace(XY)
subject to trace(M/Y) =0 for all {i, j} € E(G),
Y >0.

Let 2 be a PSD stress matrix of (G, p). Then, by Theorem 8.4 and Lemma 3.8,
Q =VUWUTVT where U is the matrix whose columns form an orthonormal basis
of null(X), and trace(UYUT M) = 0 for all {i,j} € E(G). Thus, the projected
stress matrix Q' = V7 QV = U¥UT is an optimal solution of (D) since XQ' = 0.
A similar observation in the context of sensor networks was made by So and Ye in
[178].

The following theorem presents another interesting property of PSD stress ma-
trices.

Theorem 8.6 (Alfakih [10]) Let Q be a stress matrix of bar framework (G, p). If
Q is positive semidefinite, then £ is a stress matrix of every bar framework (G, p)
that is equivalent to (G, p).

Proof. Let (G,p’) be equivalent to (G, p) and let X and X’ be the projected
Gram matrices of (G, p) and (G, p'), respectively. Then X' =X + X; 1cp(G) YijM"
for some y = (y;j) € R™. Let Q' = VT QV be the corresponding projected stress
matrix. Then, by Eq. (8.16), it suffices to show that Q'X’ = 0. To this end, we have
Q'X =0 and trace(2'M") = —trace(QE") /2 = —€;;/2 =0 for all {i, j} € E(G).
Therefore, trace(2'X’) = 0 and thus Q'X’ = 0 since both matrices Q' and X’ are
PSD. As a result, Q is a stress matrix of (G, p').
0O
The condition that €2 is positive semidefinite cannot be dropped in Theorem 8.6
as shown by the following example.

Example 8.5 Let (G, p) be the framework depicted in Fig. 8.5. Let (G,p') be the
two-dimensional framework obtained from (G, p) by folding (G, p) across the edges



180 8 EDM Completions and Bar Frameworks

{1,2} and {1,4} so that points 3 and 5 coincide. Clearly, (G,p') is equivalent to
(G, p) but Q is not a stress matrix of (G, p').

Now let (G, p) and (Gy, p') be the frameworks obtained from (G, p) and (G, p')
by adding edge {2,4}. Hence, {1,2,4} is a clique of Gy. Clearly, (G, p) and (G, p)
have the same configuration and hence the same Gale matrix Z. To find a stress
matrix for (Ga, p), W has to satisfy only (z°)TW¥4z> = 0. Therefore, (G2, p) admits a
(1) 8 . Here, Z | denotes
the first column of Z. One can easily verify that £, is also a stress matrix of (G, p').

PSD stress matrix , = Z¥ZT = Z.IZ.T1 by choosing ¥ = [

The following two corollaries are immediate consequences of Theorem 8.6.

Corollary 8.1 Let (G, p) be an r-dimensional bar framework on n vertices and let
Q be a positive semidefinite stress matrix of (G, p). Assume that rank(€2) = k and
let (G,p') be an s-dimensional bar framework that is equivalent to (G, p). Then
s<n—1-—k

Proof. Let X’ be the projected Gram matrix of (G, p') and let £’ be the corre-
sponding projected Gram matrix. Then rank(€2') = k and X'Q’ = 0. As a result,
rank(X') <n—1—k.

O

Corollary 8.2 Let (G, p) be an r-dimensional bar framework on n vertices and let
Q' be a nonzero positive semidefinite projected stress matrix of (G, p). Further, let
F be the Cayley configuration spectrahedron of (G,p). Then Z (%) is contained
in the hyperplane

H={Ac. 7" " trace(AQ") = 0}.

Proof. LetX € 2°(%), then X is the projected Gram matrix of a bar framework
(G, p') that is equivalent to (G, p). Hence, XQ' = 0.
O
In the theorem that follows, we characterize frameworks with a positive semidef-
inite stress matrix of rank one.

Theorem 8.7 (Alfakih [2]) Let (G, p) be an r-dimensional bar framework. Then
(G, p) admits a positive semidefinite stress matrix of rank one if and only if G has a
clique whose nodes are affinely dependent.

Proof. Assume that G has a clique whose nodes are affinely dependent and wlog
assume that this clique consists of the nodes {1, - ,k}. Thus, k >r+2.Let A = (4;)
be a nonzero vector in R¥ such that 2;‘:1 Aip' =0 and 2{-‘:1 A; = 0. Further, let

&= {)’0} € R". Then, it is easy to see that Q = EET is a PSD stress matrix of

(G,p) of rank 1.

To prove the reverse direction, assume that Q = EET is a nonzero stress matrix of
(G,p) andlet & = {i: & #0}. Then, PTE =0and e’ & =0 and thus ¥ & p' =0
and ¥,c & = 0. Hence, the points {p' : i € .#} are affinely dependent. Further-
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more, {i, j} € E(G) forall i, j € .# since Q;; # 0 for all i, j € .. Thus, the nodes
of G induced by .# form a clique and the proof is complete.
O

Example 8.6 Consider the framework (G,p) depicted in Fig. 8.4. Clearly, the
nodes {1,2,3}, which induce a clique in G, are affinely dependent. It is also clear
that (G, p) admits a PSD stress matrix of rank 1.

It should be pointed out that a bar framework can admit a PSD stress matrix of
rank > 2 without admitting a PSD stress matrix of rank one. See, e.g., the framework
(G, p) depicted in Fig. 10.4 of Chap. 10.

8.3.3 The Maxwell-Cremona Theorem

In this subsection, we assume that (G, p) is a three-connected two-dimensional pla-
nar bar framework, where no two of its nodes coincide, and where no two of its
edges cross. Hence, wlog, we assume that all inner faces of (G, p), as well as the
periphery, are convex polygons. Consequently, every edge separates exactly two dis-
tinct faces of (G, p). A polyhedral terrain is the image (graph) of a piece-wise linear
continuous real function of two variables. That is, a polyhedral terrain is a surface in
R3 consisting of connected polygonal faces, and thus it can be represented by a fam-
ily of affine functions. The Maxwell-Cremona Theorem [141, 142, 192, 193, 65]
establishes a correspondence between stressed two-dimensional planar bar frame-
works and polyhedral terrains.

Theorem 8.8 (Maxwell-Cremona) Every polyhedral terrain H that projects to a
three-connected two-dimensional planar bar framework (G,p) defines a stress @
on (G, p). Conversely, every stressed three-connected two-dimensional planar bar
Sframework (G, p) can be lifted to a polyhedral terrain H which is unique up to the
addition of an affine function.

f N
Vo YR

Fig. 8.6 A patch (i, j,L,R) and a Jordan curve in the interior of the faces of a face-cycle

The remainder of this subsection is dedicated to a proof of this theorem (see
[193, 65, 111, 159]). First, we begin with a few definitions. A face-path of (G, p)
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is a sequence of faces of (G, p), say Fy,F», ..., Fy, F;, such that any two consecutive
faces in this sequence have a common edge, and no face is repeated. A face-cycle
of (G, p) is a face-path that begins and ends at the same face, i.e., F; = F.

Evidently, every inner edge {i, j} separates exactly two inner faces of (G, p). By
orienting the edge {i, j}, we can denote these two faces by L (left) and R (right) as
in Fig. 8.6. The ordered quadruple (i, j, L, R) is called a patch. Clearly, (i, j,L,R) =
(j,i,R,L). Therefore, a face-path consists of successive patches (ix, ji, Ly, R;) where
the common edges {ix, ji } are properly oriented by the order of the faces in the face-
path.

Assume that (G, p) is embedded in the plane {p € R : p; = 1} of R?. Then
(G, p) can be lifted to a polyhedral terrain H by assigning a p3-coordinate, i.e., a
height (p), to each of its nodes such that the nodes of a face remain coplanar. Let
H be a polyhedral terrain lifted from (G, p), and let h(p) = (a*)" p+ oy = (@*)7 p
be the restriction of H to face F;, where

k i
—k a 3 - p 3
a —{ak]eR andp—{l]eR.

Then, since H is continuous on edge {i, j} of patch (i, j,L,R) , it follows that
(a® —ab)T (p' = pl) =0, (8.20)

that is, a®

let

—al is proportional to (p' — p/)*. As a result, for any patch (i, j,L,R),

a® = a"+ wy(p' x p’), (8.21)

i pi
where (x) denotes the usual cross product. Then af — at = w; [ E;; ; § ,-;2} and
—(p'=p'Nh

p
1

collinear with any edge {i, j}, i.e., the points 7°, 7' and p/ are affinely independent
forall i, j = 1,...,n. Recall that the signed area of the triangle defined by p°, p', p/
is given by

0
thus satisfies (8.20). Moreover, let p° = { } be an arbitrary point that is not

1 i J i
Edet([p pr (p]_pt)l (P'/—Pl)z :_7( 0—p)X(p' _p)

0 5 5]) = _;det({(Pq—Pl:)l (P()_—Pl:)z}) ;

The sign of this area is determined by the usual right-hand rule. For example, in a
patch (i, j, L, R), this area is positive if p° lies in the interior of L and negative if p°
lies in the interior of R. As a result, it follows from (8.21) that

o (éR_ﬁL)TpO
Y det([p P pY))

Note that @;; is the same for patches (i, j,L,R) and (j,i,R,L). Moreover, suppose
that q" is chosen in (8.22) instead of 130. Then (8.21) and (8.22) imply that

(8.22)
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"R ANT =0 _ o 0 i = _det(1° P P) ki
(@ —a")" 3" = wijdet([q° §' p]) = W(cf —a)Tp0.

Consequently,
det([g° p' p’])  det([p° p' p7])°
That is, w;; is independent of the choice of ﬁo.
Now let ¥ be a face-cycle around a node i; i.e., i belongs to every face of 4" and
let F; € €. Then (8.21) implies that

ad=dad+ Y  wpxp).
JH{i,J}YEE(G)

Thus, A A A . ‘
Yo o' xp)=( Y (P —p))xp'=0
JH{i,jYEE(G) J{i,j}eE(G)

since p' x p/ = —p/ x p' and p’ x p' = 0. But (p' — p/)3 = 0 and py = 1. Therefore,

Y. o' -p)=0.
ji/YEE(G)

As aresult, every polyhedral terrain that projects to (G, p) induces a stress in (G, p)
given by (8.22). This proves the first part of the Maxwell-Cremona Theorem.

To prove the second part, we need the following simple observation. Let V; be a
subset of vertices of (G, p) of cardinality > 2. Then since ®; ;= Oj;, it follows that

Y w;j(p' x p') =0. (8.23)
ieVy, jevi:{ij}€E(G)

Lemma 8.5 Let o be a stress of (G,p) and assume that @', the vector associated
with face Fy, is given. Then Eq. (8.21) consistently assigns vectors a'’s to all inner
faces F;’s of (G, p).

Proof. Let F; be an inner face other than Fj. It suffices to show that the vector @,
calculated by successive application of (8.21), is independent of the face-path from
Fi to F; we choose. Put differently, it suffices to show that @' = @' where @' is the
vector obtained by successively applying (8.21) to the face-cycle € = Fy, F, ..., Fi.

To this end, let ¢ be a Jordan curve through the interior of the faces of ¢ and
let Vi and V; be the sets of nodes of (G, p) inside and outside _#, respectively (see
Fig. 8.6). Then

al=a'+ D w;j(p' % p').
ieVy, jeVa{i,j}€E(G)

Now if |V|| =1, i.e., if V| = {i}, then



184 8 EDM Completions and Bar Frameworks

dll 1

=a+ Y 5P xp)
i /YEE(G)

=a'+( Y o —p)xp
i, /YEE(G)

a',

where the last equality follows from the definition of a stress @. Therefore, assume
that |V;| > 2. But in this case, Eq. (8.23) implies that

wij(p' x pl) = Z w;j(p' x p’)
ievy, jeVaili,j}€E(G) ievy.j:{i.jYEE(G)
YO Y i —p)xp
i€V) ji{ijYeE(G)
=0.

1 1

Hence, @' =a'.
0O
Therefore, every two-dimensional planar bar framework with a nontrivial stress
can be lifted, using Eq. (8.21), to a nontrivial polyhedral terrain. A polyhedral terrain
H is trivial if all faces are coplanar; i.e., H is affine on R2. Moreover, H is unique
up to the addition of an affine function. This proves the second part of the Maxwell—
Cremona Theorem.
The following lemma establishes the connection between the signs of the stresses

on the inner edges of (G, p) and the local convexity of H.

Lemma 8.6 Let (i, j,L,R) be a patch and assume that @;; > 0. Let p' and p" be two
points in the interiors of L and R, respectively. Then

h(p') = (@) p' < @)"p'

or equivalently

l r
where p* = {If } and p" = [11) ]
Proof. This follows from Eq. (8.21) since
(@) = (@) p' = wydet([p' p' p')) = — i (p' = p') x (P! = 1) > 0
by the right-hand rule.
O

As a result, the “mountain” (“valley”) edges in H correspond to the inner edges

of (G, p) with ;; > 0 (@;; < 0). It should be pointed out that in the literature, some

authors define the stresses j;;’s with the opposite sign from our definition in (8.21).
Consequently, their mountain (valley) stress correspondence is opposite to ours.



Chapter 9 )
Local and Infinitesimal Rigidities e

This chapter focuses on the problems of local rigidity and infinitesimal rigidity of
bar frameworks. These problems have a long and rich history going back at least as
far as Cauchy [51]. The main tools in tackling these problems are the rigidity matrix
R and the dual rigidity matrix R. While R is defined in terms of the underlying
graph G and configuration p, R is defined in terms of the complement graph G and
Gale matrix Z. Nonetheless, both matrices R and R carry the same information. The
chapter concludes with a discussion of generic local rigidity in dimension 2, where
the local rigidity problem reduces to a purely combinatorial one depending only
on graph G. The literature on the theory of local and infinitesimal rigidities is vast
[59, 57, 66, 97, 194]. However, in this chapter, we confine ourselves to discussing
only the basic results and the results pertaining to EDMs.

9.1 Local Rigidity

We start with the definition of local rigidity. Recall that D, is the EDM defined
by configuration p and H is the adjacency matrix of graph G. Also, recall that (o)
denotes the Hadamard product

Definition 9.1 Ler (G, p) be an r-dimensional bar framework. Then (G, p) is said to
be locally rigid if there exists an € > 0 such that there does not exist an r-dimensional
bar framework (G, q) that satisfies: (i) ||¢' — p'|| < € foralli=1,...,n, (ii) HoD, =
HoD, and (iii) Dy # D,

In other words, an r-dimensional bar framework (G, p) is locally rigid if there
exists a neighborhood of p such that any r-dimensional bar framework (G, g) that is
equivalent to (G, p) and within this neighborhood is actually congruent to (G, p). We
say that (G, p) is locally flexible if it is not locally rigid. Evidently, local rigidity has
two aspects: a combinatorial one dictated by graph G and a geometric one dictated
by configuration p. Furthermore, it is equally evident that one can find a graph G
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and two configurations p and ¢ in R” such that (G, p) is locally rigid while (G, q) is
locally flexible.

Assume that » = n — 1, i.e., framework (G, p) is of dimension n— 1 and, as al-
ways, assume that G # K},, where K, denotes the complete graph on n nodes. Then
X, the projected Gram matrix of (G, p), is PD. Hence, for a sufficiently small 6 > 0
and for some y € R™ such that |[y|| < §, we have

2y =X+ Y tyM7=0forallr:0<r<1.
{i.j}€E(G)

Therefore, (G, p) is locally flexible.

Let ., denote the set of real n x r matrices. Following Asimow and Roth [28,
29], for a graph G on n nodes and m edges, let fg = ( 'GJ ) : ™ — R™ be the function
defined by N

fd(P) = ||p = p’|| for each {i, j} € E(G),

where (p?)7 is the ith row of P. In other words, for framework (G, p),

f6(P) =n(Dp),

where 7 : /" — R™ is as defined in (5.3). f¢ is called the rigidity map of (G, p) or
the edge function of G. Hence, f;'(f6(P)) = f5' (n(D,)) is the set of all configu-
rations ¢ in R” such that (G, g) is equivalent to (G, p). Moreover, it readily follows
that f,;nl (fx,(P)) = f,;nl (D,) is the set of all configurations ¢ in R” such that (G, q)
is congruent to (G, p). Clearly

T (fx,(P)) € f5' (fa(P)).

Consequently, the structure of f;'(fg(P)) in a neighborhood of P is key to estab-
lishing the local rigidity or the local flexibility of (G, p). More precisely, (G, p) is
locally rigid if and only if there exists a neighborhood W of P in ."" such that

f6' (fa(P)NW = fig! (fx, (P)) NW.

We should point out that fj U (fk, (P)) is a smooth manifold. Moreover, fo Y(fe(P))
is a real algebraic variety and fi '(fk,(P)) is a subvariety of f;'(fG(P)). Set S in
" is a real algebraic variety if it is the zero set of a finite number of polynomials
with real coefficients.

Next, we present two other equivalent definitions of local rigidity and hence local
flexibility. Let 6 > 0 be sufficiently small. A continuous flex of (G, p) is a continuous
path y(¢) for all 7 : 0 <t < §, such that: (i) y(r) is n x r and (ii) ¥(0) = P. If, in
addition, y(¢) is analytic, then we say that y(¢) is an analytic flex of (G, p). As a
result, we have the following two definitions of local rigidity in terms of y(¢).

Definition 9.2 Bar framework (G, p) is locally rigid if every continuous flex of
(G,p) in f5'(fG(P)) lies entirely in f,;nl (fx,(P)).
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Definition 9.3 Bar framework (G, p) is locally rigid if every analytic flex of (G, p)
in £z (fc(P)) lies entirely in fEnl (fx,(P)).

Theorem 9.1 (Gluck [86]) The above three definitions of local rigidity are equiva-
lent.

Proof. Clearly, Definition 9.2 implies Definition 9.3. Now assume that framework
(G, p) is locally rigid by Definition 9.1 and assume that (G, p) is an r-dimensional
framework such that P’ € ;' (fo(P))\f¢'(fx,(P)). Then ||’ = pi|| > € for some
i. Hence, (G, p) is locally rigid by Definition 9.2.

On the other hand, assume that (G, p) is locally flexible by Definition 9.1. Then
for every neighborhood W of P, there exists an r-dimensional framework (G, p’)
such that P € W and P’ € fgl(fG(P))\flgql (fk,(P)). But fgl(fG(P)) is a real
algebraic variety and fi Y(fx,(P)) is a subvariety of f;'(fg(P)). Therefore, by
the curve selection lemma (see, e.g., Wallace [191, Lemma 18.3] and Milnor [145,
Lemma 3.1]), there exists an analytic flex of (G, p) in f;' (fG(P))\fEn1 (fk,(P)) and
thus framework (G, p) is locally flexible by Definition 9.3. Hence, Definition 9.3
implies Definition 9.1

O

Figure 9.1 depicts two bar frameworks. Framework (a) is locally flexible, while
Framework () is locally rigid. Note that Framework (a) is locally flexible since it
can be continuously deformed into a family of rhombi.

(a) )

Fig. 9.1 An example of 2 two-dimensional bar frameworks. Framework (a) is locally flexible,
while framework (b) is locally rigid

9.2 Infinitesimal Rigidity and the Rigidity Matrix R

The local rigidity problem turns out to be quite difficult. Therefore, instead of tack-
ling this problem directly, it is sensible to consider the relatively simpler problem
of infinitesimal rigidity. Infinitesimal rigidity is a linearized version of local rigidity
which readily lends itself to linear algebraic tools.
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Consider the process of smoothly deforming a bar framework (G, p) into a one-
parameter family of equivalent bar frameworks (G,q(r)), with ¢(0) = p, where
edges are allowed to pass through one another. It is helpful to think of the parameter
t as time. Obviously, during such a process, ||¢'(¢) — ¢/(¢)||> must remain constant
for each edge {i, j}. By differentiating with respect to 7 and setting t = 0, we get

(p'—p) (8" —8/)=0 forall {i,j} € E(G), ©.1)

where we have substituted ¢'(0) = p' and ¢"'(0) = &'. Any nonzero vector § =
[6‘T ... 8" in R™ that satisfies (9.1) is called an infinitesimal flex of (G, p).
An infinitesimal flex is called frivial if it results from a rigid motion of (G, p) and
is called nontrivial otherwise. Obviously, every bar framework (G,p) has trivial
infinitesimal flexes. If (G, p) has only trivial infinitesimal flexes, then it is called
infinitesimally rigid. Otherwise, i.e., if (G, p) has also nontrivial infinitesimal flexes,
then it is called infinitesimally flexible.

System of Eq. (9.1) can be written in matrix form as RS = 0, where R is the
m X nr matrix whose columns and rows are indexed, respectively, by the nodes and
the edges of G such that the (i, j)th row is given by

nodei --- mnode j

edge {i,j} |0---0 (p'=p/)" 0---0 (p/ = p")" 0---0 62

More specifically, R has r columns for each node and one row for each edge, where
the row corresponding to edge {i, j} has all zeros except (p' — p/)” in the columns
corresponding to node i and (p/ — p*)7 in the columns corresponding to node j. R is
called the rigidity matrix of framework (G, p). An important point to bear in mind
is that, by Assumption 8.1, no row of R has all zero entries.

Clearly, 6 is a (trivial or nontrivial) infinitesimal flex of (G, p) if and only if
6 € null(R). Evidently, there are r translations and r(r— 1) /2 rotations in R”. Hence,
trivial infinitesimal flexes form a subspace of R of dimension r(r+ 1) /2. Conse-
quently, dim(null(R)) > r(r+ 1)/2 and thus

1
rank(R) < nr— Er(r—i— 1).

As aresult, (G, p) is infinitesimally rigid if and only if the null space of R consists
only of trivial infinitesimal flexes; i.e., dim(null(R)) = r(r+1)/2.

Theorem 9.2 Let (G, p) be an r-dimensional bar framework on n nodes and let R
be the rigidity matrix of (G, p). Then (G, p) is infinitesimally rigid if and only if

rank(R) = nr

r(r+1)
=
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An immediate consequence of Theorem 9.2 is that if m < nr — r(r+ 1)/2, then
framework (G, p) is infinitesimally flexible. This is intuitively clear since the fewer
edges G has, the less likely that (G, p) is locally rigid.

Next, we establish the relationship between infinitesimal rigidity and local rigid-
ity. The Jacobian of the rigidity map fg at P, denoted by dfg(P), is the m X nr
matrix 5 i

dfc(P)=( a],;k Vi = 2R,

where R is the rigidity matrix. Let
k = max{rank(dfg(P)): P € S"}.

Pin 7™ is called a regular point of fg if rank(d fg(P)) = rank(R) = k and is called
a singular point otherwise. Let

g(P)= 2{(det(Ryj))2 Ry y is ak x k submatrix of R}.

Thus, P is a regular of f if and only if g(P) # 0. Consequently, the set of regular
points of fg is open and dense in .#""". As a result, “almost all” points of . are
regular.

The following theorem is a special form of the well-known implicit function
theorem.

Theorem 9.3 (Implicit Parameterization [30, p. 32]) Let f; : /" — R™ and as-
sume that g, for all {i, j} € E(G), are differentiable functions on a neighborhood
W of the point P in .#"". Further, assume that fg(P) = n(D,). If d f has a constant
rank k on W with k < nr. Then there exists a neighborhood U of 0 € R" % and a
differentiable mapping y: U — W such that

Y(0) = P and f6(y(y)) = n(Dy) for y € U.

Thus, the implicit parameterization theorem asserts that if P is a regular point
of ./, then by the lower semicontinuity of the rank function, rank(df) = k on
neighborhood W of P. Hence, f;' (f5(P)) is a smooth manifold of dimension nr —k
on W and f,;n' (fx,(P)) is a submanifold of f'(f5(P)).

As the following theorem shows, the notion of infinitesimal rigidity of a bar
framework is stronger than that of local rigidity.

Theorem 9.4 (Gluck [86]) If a bar framework (G, p) is infinitesimally rigid, then
it is locally rigid.

Proof. Assume that (G, p) is infinitesimally rigid and let P be a configuration ma-
trix of (G, p). Then rank(R) = rank(d fG(P)) =nr—r(r+1)/2. Hence, P is aregular
point and rank(R) is constant on a neighborhood W of P. Moreover, by the Implicit
Parameterization Theorem, nr —k = r(r+ 1) /2. Hence, f ' (fo(P)) = flgnl (fx,(P))
on W. That is, all bar frameworks in W that are equivalent to (G, p) are in fact
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congruent to it. Consequently, (G, p) is locally rigid.

The converse of this theorem is not true as shown by the following example.

2 4 3
5

4

Fig. 9.2 An example of a two-dimensional bar framework which is both locally rigid and infinites-
imally flexible

Example 9.1 Consider the bar framework (G, p) depicted in Fig. 9.2. It is easy to
see that 8| = & = 8 = &4 = 0 and 85 = [0, — 1] is a nontrivial infinitesimal flex.
Hence, (G, p) is infinitesimally flexible. On the other hand, it is also easy to see that
(G, p) is locally rigid. Moreover, P is a singular point of f¢ since rank(R) = 6 and
this rank increases to 7 if p° is slightly perturbed so that p*,p°, and p> are not
collinear.

As the following theorem shows, local rigidity and infinitesimal rigidity coincide
at regular points.

Theorem 9.5 (Asimow and Roth [28]) Let (G, p) be an r-dimensional bar frame-
work on n nodes. Let P and R be a configuration matrix and the rigidity matrix of
(G, p). Assume that P is a regular point of f¢ in #". Then (G, p) is locally rigid if
and only if
rank(R) = nr — M
2

As aresult, (G, p) is either locally rigid on all regular points or locally flexible
on all regular points [28].

The rigidity matrix R has more uses than just to establish the infinitesimal rigidity
of a given bar framework (G, p). In fact, while the null space of R contains the space
of infinitesimal flexes of (G, p), its left null space contains the space of stresses of
(G, p). More precisely, the following theorem is a direct consequence of the defini-
tions of a stress and R in (8.12) and (9.2).

Theorem 9.6 Let (G, p) be an r-dimensional bar framework and let R be its rigidity
matrix. Then @ € R™ is a stress of (G, p) if and only if @ lies in the left null space
of R; i.e., iff

o'R=0.
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Note that the left null space of R is null(R” ). Consequently, by the definition of the
rank of a matrix, we have that, for any bar framework (G, p), the dimension of the
space of stresses of (G, p) is equal to

1
m—nr+ Er(r—&- 1) + dim of the space of nontrivial infinitesimal flexes.  (9.3)

=

(a) (b)

Fig. 9.3 The two-dimensional locally flexible bar framework of Example 9.2

Example 9.2 Consider the framework (G, p) depicted in Fig. 9.3a, where

o g =BR[] L1

. , ; 0 3 2sin(t)
1 2 3
(G, p) is locally flexible since p* = [0}, p = {0},;9 = [ZC S(l‘)}’

4 |342sin(t) | 5 |cos(t)+sin(t) | ¢ |3+cos(t)+sin(r)
P = { 2008([):| - Los(l)—sin(t)] - [ cos(t)—sin(t)}

is a continuous deformation of (G, p) as shown in Fig. 9.3b.

The rigidity matrix R of (G, p) is 9 x 12 and of rank 8. Thus, the dimension of the
space of stresses is 1 and the dimension of nontrivial infinitesimal flexes of (G, p)
is also 1. Moreover, P is a singular point of fc since any slight perturbation of the
second coordinate of p® increases the rank of R to 9. Hence, (G, p") is locally rigid
on all regular points P" of fG.

Example 9.3 Consider the framework (G, p') depicted in Fig. 9.4. Similar to frame-
work (G, p) of Fig. 9.3a, rank(R) = 8 and thus P’ is a singular point of fc. But unlike
(G, p), framework (G, p') is locally rigid since any potential continuous deforma-
tion of (G, p") would increase the distance between p' and p'°.
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Ny
SN

1 2

Fig. 9.4 The two-dimensional locally rigid bar framework of Example 9.3

9.3 Static Rigidity

In this section we discuss the notion of static rigidity, which turns out to be equiv-
alent to that of infinitesimal rigidity. Let .Z denote the space of trivial flexes of
framework (G, p). Recall that .Z is a subspace of R™ of dimension r(r+1)/2. A
load on (G, p) is a vector

Fl
F=|:|eR"
F}’l
where F! ... F" € R" are external forces acting on the nodes of (G, p). A load is

said to be an equilibrium load if F € £, the orthogonal complement of . in R
To gain a better understanding of this condition, we first determine a basis of .Z.

As always, let ¢/ denote the jth standard unit vector in R” and let Q%' be the r x r
skew-symmetric matrix with 1 in the (k,[) position, (—1) in the (/,k) position and
zeros elsewhere. Further, let 7/ and pkl be the two vectors in R such that

Ej lep]
J— - kl _
/= :| andp™ = :
ej lepn
Then {7',..., 7"} and {p¥ : 1 <k <1 <r} are bases of the trivial infinitesimal flexes

resulting from the r translations and the r(r — 1)/2 rotations in R”, respectively.
Consequently,
(', u{pf1<k<i<r}
is a basis of .Z. As a result, the condition F € #+ amounts to two equalities. First,
(t)'F=Y (F)j=0forall j=1,....r
i=1

and hence,

’iFi =0.
i=1
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That is, the net force exerted by F on (G, p) is zero. Second,
n
P)TF =3 (p)Q"F' =0forall 1 <k<I<r 9.4)
i=1
Equation (9.4), for r = 3, is equivalent to the assertion
n . .
z pP'XF =0,
i=1

where (x) denotes the usual cross product in R3. That is, the net torque exerted by
F on (G, p) is zero. Therefore, a load is an equilibrium load if it results in a zero net
force and a zero net torque.

An equilibrium load is resolved by framework (G, p) if there exist scalars w;j,
for all {i, j} € E(G), such that

Fi—= Z wij(p"—pj) foreachi=1,...,n.
J{i,J}€E(G)

It should be pointed out here that a stress on framework (G, p) is a resolution of the
trivial zero load. Framework (G, p) is said to be statically rigid if every equilibrium
load is resolved by (G, p). That is, (G, p) is statically rigid if and only if the system

R'w=F, ©.5)

where R is the rigidity matrix of (G, p), has a solution w € R™ for every equilibrium
load F. Now System (9.5) has a solution for every F € £+ if and only if £+ C
col(RT) if and only if null(R) C .%. But .Z C null(R). Therefore, framework (G, p)
is statically rigid if and only if null(R) = .. Hence, we have proven the following
theorem.

Theorem 9.7 (Whiteley and Roth [195]) A bar framework is statically rigid if and
only if it is infinitesimally rigid.

9.4 The Dual Rigidity Matrix R

The rigidity matrix R is a function of p', ..., p" and hence it is not invariant under
rigid motions. Consequently, to establish the infinitesimal rigidity of a bar frame-
work, one has to take into account the space of trivial infinitesimal flexes, and hence
the factor r(r+ 1)/2 appears in Theorems 9.2 and 9.5. In this section, we discuss
an alternative approach [7] to infinitesimal rigidity which circumvents the need to
account for rigid motions. This approach is based on projected Gram matrices and
leads to a dual rigidity matrix R. Our presentation follows closely [7].

Let X be the projected Gram matrix of r-dimensional framework (G, p), r <
n—2, and thus X is PSD of rank r. Recall from (8.10) and (8.9) that
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F={yeR": 2(y) = 0}
is the Cayley configuration spectrahedron of (G, p), where

%(y)ZX-i- 2 yijMij.
{i,J}€E(G)

Also, recall that { 2" (y) : y € %} is the set of projected Gram matrices of all frame-
works that are equivalent to (G, p). No attention will be paid to rigid motions since
all frameworks that are congruent to (G, p) have the same projected Gram matrix X.
Let N
My)= Y, yM. (9.6)
{i.J}YeE(G)
Let { be a sufficiently small neighborhood of zero in R™. Since X = 27(0), it fol-

lows that
{Z(y):yel,Z(y) = 0and rank(Z") = r}

is the set of projected Gram matrices of all r-dimensional frameworks near (G, p)
that are equivalent to (G, p). To characterize such frameworks, we need the follow-
ing lemma which is an immediate consequence of Schur complement.

AB
=i ]

Lemma 9.1 Let

be a symmetric matrix, where A is an r X r positive definite matrix. Then matrix M
is positive semidefinite with rank r if and only if C—BTA~'B = 0.

Let U be the matrix whose columns form an orthonormal basis of null(X) and
let X = WAWT be the spectral decomposition of X, where A is the diagonal matrix
consisting of the r positive eigenvalues of X. Hence, Q = [W U] is an orthogonal
matrix of order n — 1. Moreover, 2 (y) is PSD with rank r if and only if

[A+Wla(yyw Wz (y)U
QT%()’)Q— UT///(y)é/ UTJ/()))})U

is PSD of rank r. Now A + W7 . (y)W = 0 for all y € {. Therefore, it follows from
Lemma 9.1 that for y € {, 2 (y) is PSD with rank r if and only if
o) =UT (WU -UT (WA +W .t ()W) "Wt (y)U=0. (9.7
Hence, the linearization of @(y) near y = 0 is given by
Ut (5)U =0. (9.8)

Therefore, (G, p) is infinitesimally flexible if and only if there exists a nonzero & in
R™ satisfying Eq. (9.8). Let
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Ey)= Y yjEY. (9.9)
{i,j}eE(G)

Hence, .#(y) = —VI&(y)V/2. The following theorem follows directly from
Eq.(9.8), Lemmas 3.8 and (8.8). Recall that (n — 1)-dimensional frameworks
are locally flexible.

Theorem 9.8 (Alfakih [7]) Let (G,p) be an r-dimensional bar framework with n
nodes, r < n—2. Let Z be a Gale matrix of (G, p). Then (G, p) is infinitesimally
flexible if and only if there exists a nonzero & in R™ such that

7T &(8)Z=0. (9.10)

The dual rigidity matrix R is derived by writing Eq. (9.10) in matrix form. To this
end, we need a few definitions.

Given an n X n symmetric matrix A, let svec(A) denote the w vector formed
by stacking the columns of A from the main diagonal downwards after having mul-
tiplied the off-diagonal entries of A by /2. For example, if A is a 3 x 3 matrix,

then
ary

V2 ay
V2 a3
ann

V2as

ass

svec(A) = 9.11)

Let B be an m X n matrix and let A be an n X n symmetric matrix. The symmetric
Kronecker product between B and itself, denoted by B ®; B, is defined such that

(B®; B) svec(A) = svec(BABT). (9.12)

For more details on the symmetric Kronecker product, see [27].

Definition 9.4 Ler Z be a Gale matrix of r-dimensional bar framework (G,p) and
let RT be the submatrix of Z @ Z obtained by keeping only rows corresponding to
E(G), the missing edges of G. Then the matrix R is called the dual rigidity matrix
of (G, p).

As always, let
r=n—1-—r
Recall that 7' is a Gale transform of p' given by the ith row of Z. Then the dual

rigidity matrix R is the w X i matrix whose columns are indexed by E(G),

where the (i, j)th column is equal to % svec(z'7/ Y ziT). For example, if £(G) =
{(ll 7j1)a (RRS] (lﬁﬂfﬁ’l)}’ then

R= [svec(zilzleJrzj'zilT) svec(zi""zj'“TJrzj'hzi'F’T)]. (9.13)

L
NG
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That is,
o o o
V2l o V2 L V2
1 1 I I 7 i 7 i
Lzl +2 g P 4R L 4 A

R= |z + 12 2z + 22 ... iz + 27 | 9.14)

i S o
V277 V2232 L V2707

where zi denotes the kth coordinate of vector z. A justification of the definition of

R is given in the following theorem.

Theorem 9.9 (Alfakih [7]) Let R be the dual rigidity matrix of an r-dimensional
bar framework (G,p). Then (G,p) is infinitesimally rigid if and only if R has a
trivial null space, i.e., if and only if

rank (R) = m. (9.15)

Proof. This follows from Eq. (9.10) and the definition of R since Z' & (8)Z = 0 if
and only if RS = 0.
O
Before presenting an example to illustrate the dual rigidity matrix R, we make the
following four observations. First, as the graph becomes denser, i.e., as the number
of edges of G increases, the number of rows in the rigidity matrix R increases, while
the number of columns of R decreases and vice versa. Second, R is a function of
Gale matrix and thus is invariant under rigid motions. Hence, unlike Theorem 9.2,
the term r(r+ 1) /2 is absent from Eq. (9.15). Third, R is in general sparse since the
Gale matrix Z can be chosen sparse. Fourth, the rank of R does change if the factors
of v/2 are dropped from the definition of R. These factors are kept in order to make
the definition of R in terms of the symmetric Kronecker product simple.

Example 9.4 Consider the framework (G, p) depicted in Fig. 9.2. A Gale matrix of
(G, p) is given by

1 0
0 1
Z=| 0 1
-2 0
1-2
Then
V2 0-2V2
R=|-2 0 4
02 0

where the columns of R are indexed in the order {1,5},{2,3},{4,5}. Note that the
rigidity matrix R of (G, p) is 7 x 10. Also, note that § = [2 0 1] is a basis of the
null space of R and x = [2 V2 0] is a basis of the left null space of R. Therefore,
(G, p) is infinitesimally flexible.
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Example 9.5 Consider the framework (G, p) depicted in Fig. 9.3a. A Gale matrix
of (G,p) is given by

Then
9v2 —3v20 0 0-15V2
9 —120 —-15 0 -21

i | 9 90 0 -3 6
- 0 00-6vV2 0 —6V2
0 09 -9-12 -3

0 00 09v2 92

The columns of R are indexed in the order {1,4},{1,6},{2,3},{2,5},{3,6},{4,5}.
Note that the rigidity matrix R of (G, p) is 9 x 12. Also note that

=21 -2 -1 -1 1]
is a basis of the null space of R and
x=[12v23vV2 -5 0 17

is a basis of the left null space of R. Therefore, (G, p) is infinitesimally flexible. In
fact, as we showed in Example 9.2, (G, p) is locally flexible.

Example 9.6 Consider the framework (G, p) depicted in Fig. 9.4. A Gale matrix of
(G, p) is given by

_—0 O ==

-1
-1 -

W W= =0 O

0
1
0
1_
2 —
4

Then
V2-v20 0 0-V2
1 —40 -1 0 1
F_ |-l 30 0 -1 -2
Tl 0 002v2 0 2V2
0 01 -3 -4 -5
0 00 03V23V2
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The columns of R are indexed in the order {1,4},{1,6},{2,3},{2,5},{3,6},{4,5}.
Note that _
6=21 -2 -1 -1 1"

is a basis of the null space of R and
x=[12v2 3v2 10 1)7

is a basis of the left null space of R. Therefore, framework (G, p) is infinitesimally
flexible. However, as we showed in Example 9.3, (G, p) is locally rigid.

9.4.1 Similarities and Dissimilarities Between R and R

We begin with the following theorem characterizing the left null space of R.

Theorem 9.10 (Alfakih [7]) Let (G, p) be an r-dimensional bar framework and let
R be its dual rigidity matrix. Further, let Z be a Gale matrix of (G, p). Then Q =
ZY¥Z" is a stress matrix of (G, p) if and only if (svec(¥))"R = 0.
Proof. By Theorem 8.4, Q = Z¥Z" is a stress matrix of (G, p) if and only if
(Z¥Z");; = 0 for all {i, j} € E(G). But, by the definition of the symmetric Kro-
necker product, svec(Z¥Z!) = (Z®; Z) svec(¥). Hence, Q is a stress matrix of
(G, p) if and only if ((Z®,Z) svec(¥));; = 0 for all {i, j} € E(G). However, by the
definition of R, this last statement is equivalent to R” svec(¥) = 0.

O

Example 9.7 Let (G, p) be the framework depicted in Fig. 9.2. We found in Exam-
ple 9.4 that x =2 V2 0] is a basis of the left null space of R. Moreover, it can be
shown that

w=(op=—103=—1,0u=4004=2,05=—1,04 =205 =—1)

is a stress of (G, p) with corresponding stress matrix

SYA VAR

N O == O

where ¥ = ﬁ (1)} Note that svec(¥) =x=1[2 v2 0]T.
The following theorem establishes the relationship between the null spaces and
the left null spaces of R and R.

Theorem 9.11 (Alfakih [7]) Let R and R be, respectively, the rigidity and the dual
rigidity matrices of r-dimensional bar framework (G, p). Then
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1. null(R") is isomorphic to null(RT).
. _ ) r(r+1)
2. dim of null(R) = dim of null(R) — —

Proof. The left null space of R is isomorphic to the space of stress matrices of
(G, p) which, by Theorem 9.10, is isomorphic to the left null space of R. To prove
Statement 2, note that

dim null(R) = dim null(RT) + nr —m

and o
dim null(R) = dim null(R”) + 171 — L;r)
But, since dim null(R”) = dim null(R"), we have
_ _— .
dim null(R) — dim null(R) = m +m —nr — ’”(’";‘ ) _ (r;— )

Next, we show that for each infinitesimal flex of (G, p), i.e., for each vector in
the null space of R, there corresponds a vector y in the null space of R, which can be
determined explicitly.

Theorem 9.12 (Alfakih [7]) Let 6 € R™ be an infinitesimal flex of (G, p) and let
=[8' --- 8", i.e, AT is an r x n matrix. Then, there exists a vector § in the
null space of R such that

&(8) = (PAT + APT).
That is,
&(8) = diag(PAT + APT)e" +e(diag(PAT +APT))T —2(PAT + APT), (9.16)
where P is a configuration matrix of (G, p) and & (y) is as defined in (9.9).

Proof. It is straightforward to verify that
2(p' = p/)T (8" = 87) = (PAT + AP )i+ (PAT + APT);; —2(PA" + APT);;.

Let . denote the space of n x n symmetric matrices A = (a;;) such that g;; = 0 if
i=jorif {i,j} € E(G). Then, since (p' — p/)T (6! — 8/) = 0 forall {i, j} € E(G), it
follows that the right-hand side of Eq. (9.16) belongs to .. Therefore, there exists
8 € R™ that satisfies Eq. (9.16) since the set {EV : {i, j} € E(G)} forms a basis of
#. Now multiplying Eq. (9.16) from left and right by Z and Z, respectively, yields
7" £(8)Z = 0. Thus, § belongs to null(R).

O

Now if & is a trivial infinitesimal flex resulting from a translation, then A7 =

e/el’, where e/ is the jth standard unit vector in R”. On the other hand, if § is a
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trivial infinitesimal flex resulting from a rotation, then AT = QX PT where Q¥ is
the skew-symmetric matrix defined above. It is easy to verify that in both of these
cases, the right-hand side of Eq.(9.16) is identically zero. Consequently, if 0 is
a trivial infinitesimal flex of (G, p), then § = 0. As a result, if & in Eq.(9.16) is
nonzero, then § is a nontrivial infinitesimal flex.

Example 9.8 Ler (G, p) be the framework depicted in Fig. 9.2, where 6; = & =
& =8 =0and 8 = [0,—1]7 is a nontrivial infinitesimal flex. Hence, Eq.(9.16)
yields that § = [4 0 2|7, where the missing edges are listed in the order {1,5},{2,3}
and {4,5}. This agrees with Example 9.4, where we found that § =2 0 1] isa
basis of null(R).

Example 9.9 Consider the framework depicted in Fig. 9.4, where the missing edges
are listed in the order {1,4},{1,6},{2,3},{2,5},{3,6},{4,5}, and where

O N R e}

We found, in Example 9.6, that
=21 -2 -1 -1 17

is a basis of null(R). On the other hand, one can verify that

o= [3e-[3]o- (3o Llo-[fmwe- (3]

is a nontrivial infinitesimal flex of (G, p). Consequently, Eq. (9.16) yields that

=542 1 -2 —1 —1 1"

9.4.2 Geometric Interpretation of R

Let (G, p) be an r-dimensional bar framework where r < n— 2. In this subsection,
we assume that the Cayley configuration spectrahedron % of (G, p) is full dimen-
sional; i.e., we assume that there exists § € % such that 2 (9) is PD. In other words,
we assume that there exists an (n — 1)-dimensional framework that is equivalent to
(G, p). Then the rows of R have a geometric interpretation in terms of the normal
cone of .7 at the origin [1, 2].

Lemma 9.2 ([1]) Let (G, p) be an r-dimensional bar framework on n nodes, where
r <n-—2, and let F be its Cayley configuration spectrahedron as defined in (8.10).
Assume that there exists § € F such that 2 (9) is positive definite. Then the normal
cone Nz (') is given by

Nz(y°) = {c € R™: ¢;; = —trace(M"Y), for some Y = 0 : trace(Z (y°)Y) = 0}.
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Proof. Let ¢ = (c;;) in R™, where ¢;; = —trace(M"Y) for some Y = 0 such that
trace(2 (y°)Y) = 0, and let y be any point in .%. Then
(50 ) = trace((A (y) — A4 (°))Y) = trace((2"(v) = 2°(*)Y) 2 0
since trace( 2" (y?)Y) = 0, and since both matrices 2 (y) and Y are PSD. Therefore,
c €Nz ().
To prove the reverse direction, let ¢ = (¢;;) € Nz (%) and consider the following
pair of dual SDP problems:

(P) max cly (D) min trace(XY)
s.t. X+.4(y) =0 s. t. —trace(MVY) = ¢;; for {i, j} € E(G),
Y >0,

where X is the projected Gram matrix of framework (G,p). Hence, y° is
an optimal solution of (P). Moreover, Slater’s condition holds by our as-
sumption. Consequently, by SDP strong duality, there exists ¥ = 0 such that
¢Ty? = trace(XY) and ¢;; = —trace(M"Y) for all {i,;} € E(G). The result fol-
lows since ¢”y° — trace(XY) = —trace(.# (y°) + X)Y) = —trace(2 (3°)Y) = 0.
O
The following corollary is an immediate consequence of Lemmas 9.2 and 3.8.

Corollary 9.1 (12]) Let (G,p) be an r-dimensional bar framework on n nodes,
where r < n— 2. Assume that there exists § € F such that 2 (9) is positive defi-
nite. Let Z be a Gale matrix for (G, p). Then

Nz(0) = {c e R™: ¢;; = trace(Z" EVZ®) for some ® € ] }. 9.17)

Proof. Set y = 0 in Lemma 9.2. Then trace(XY) = 0 implies that XY = 0
since both matrices X and Y are PSD. Let U be the matrix whose columns form
an orthonormal basis of null(X). Then ¥ = U®UT for some 7 x 7 PSD matrix
®. Therefore, —trace(MY) = trace(VI EVVU®UT) /2. The result follows from
Lemma 3.8.
O
As always, let e! ..., ¢" denote the standard unit vectors in R”. Then the follow-
ing 7(F+ 1)/2 matrices:

l//kk = ekekT forallk=1,...,F,

l,l/kl = L(ekelT —|—elekT) —|—ekekT —l—elelT forall 1 <k<I<F
V2
are obviously symmetric PSD and linearly independent. Thus, their conic hull is
a full-dimensional subset of .¥ L the PSD cone of order 7; i.e., the dimension of
their conic hull is 7(7+ 1)/2. Moreover, the conic hull of the 7(7+ 1)/2 vectors
M = (c}f) € R™, where
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1 .
M — — trace(ZT EVzZy*),

Cij = \/i
is a subset of N4 (0). But

M — V2 z};zi ifk=1
Y 2zl +zid+ V24 + V247 itk #1,
where z,l{ denotes the kth coordinate of the /th Gale transform z'. Hence,

« [ the (k,k)th row of R ifk=1,
¢ the sum of the (k,[)th, (k,k)th and (I,I)th rows of R if k # [,

Hence, if rank(R) = m, then dim Ng(0) = m. As a result, if a bar framework
(G, p), with full dimensional Cayley configuration spectrahedron .%#, is infinitesi-
mally rigid, then N4 (0) is full dimensional; i.e., dim Nz (0) = .

Example 9.10 Consider the two-dimensional framework (G, p) depicted in Fig. 8.2
and discussed in Example 8.2. In this case, F=1and Z=1[1 —1 1 —1]. Then
Nz(0)={ce R?:cp3 = 2y, coq =2y, where y > 0}.

Obviously, Nz (0) is one-dimensional in R* and (G, p) is infinitesimally flexible.
Note that the dual rigidity matrix in this case is R = [v/2 \/2).

Now consider the one-dimensional framework (G,p') corresponding to YW =
(y13 =4 and yy4 = —4) in Fig. 8.3. In this case, F = 2 and

1
2

Z=1 9
]_

N = = O

Then
0 ) 01 45
Nz (y’)={c€eR":c13 =rtrace( 10 V), c24 = trace( s _4 V), where y = 0}.

In this case,

11

R IR I O P

Obviously, Nz (y°) is two-dimensional and (G, p') is infinitesimally rigid. Note that
the dual rigidity matrix in this case is

22
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9.5 Combinatorial Local Rigidity

Suppose we restrict ourselves to bar frameworks with “typical” or generic configu-
rations, i.e., configurations possessing no special structure. Then in this case, as is
shown in this section, the local rigidity of framework (G, p) depends only on graph
G and not on configuration p. In other words, the local rigidity problem becomes
a purely combinatorial one [139, 97]. More formally, bar framework (G, p) is said
to be generic if the coordinates of p',..., p" are algebraically independent over the
rationals. That is, if p',...,p" do not satisfy any nonzero polynomial with ratio-
nal coefficients. Put differently, these coordinates can be treated as indeterminates.
Evidently, generic bar frameworks are regular points of the rigidity map f;. As a
result, the notions of local rigidity and infinitesimal rigidity coincide for generic
frameworks and such frameworks are either all locally flexible or all locally rigid.
In other words, local rigidity is a generic property of bar frameworks.

A graph G is said to be generically locally rigid in dimension r if there exists a
locally rigid r-dimensional generic bar framework (G, p). In this section, we char-
acterize generically locally rigid graphs in dimensions one and two. We begin first
with the one-dimensional case [128].

Theorem 9.13 Let (G, p) be a one-dimensional bar framework on n nodes. Then
(G, p) is locally rigid if and only if G is connected.

Proof. If G is not connected, then each connected component of G can be moved
relative to the other components and thus (G, p) is locally flexible.

To prove the reverse direction, assume that G is connected and note that the
rigidity matrix R in this case has rank < n — 1. Let M be the node-edge incidence
matrix of G. Hence, rank(M) = n — 1 since G is connected. Moreover, the rigidity
matrix of (G,p) is given by R = QMT, where Q is the m x m diagonal matrix,
whose diagonal entries are indexed by the edges of G, where the diagonal en-
try corresponding to edge {i,j} is equal to p’ — p/, up to a minus sign. Now by
Assumption 8.1, p' — p/ # 0 for each {i,j} € E(G) and thus Q is nonsingular.
Consequently, rank(R) =n — 1. As aresult, (G, p) is infinitesimally rigid and hence
is locally rigid since R has maximal rank.

O

Next, we turn to the two-dimensional case. Let G = (V, E) be a given graph and
let V' C V(G) and E' C E(G). We say that V' spans E’, or E' is spanned by V',
if ' = {{i,j} € E(G) : i,j € V'}. Furthermore, we say that G’ = (V',E’) is an
induced subgraph of G = (V,E) if V' spans E’. A graph G, with n nodes and m
edges, is called a Laman graph if it satisfies the following two conditions:

(i) m=2n-3.
(ii) Every induced subgraph with n’ > 2 nodes spans at most 2n’' — 3 edges.

We will refer to Conditions (i) and (ii) as Laman Conditions. An immediate conse-
quence of this definition is that a Laman graph G on n > 3 nodes cannot have a leaf,
i.e., a node of degree 1. This follows since if G has a leaf, say v, then the vertices
of G other than v span m — 1 > 2(n— 1) — 3 edges, a contradiction. Moreover, the
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nodes of G cannot all have degrees > 4. To see this, suppose that every node of G has
degree > 4. Then m > 2n > 2n — 3, also a contradiction. As a result, every Laman
graph on n > 3 nodes has at least one node of degree either 2 or 3. For example, the
complete graph K, is a Laman graph if n = 2 or 3, but not if n > 4.

We say that graph G admits a Henneberg construction [107] if there exists a
sequence of graphs K = Gy, Gy, ...,Gi_1,Gr = G such that G is obtained from
G; by either one of the following two steps:

H1: Add one new node and two new edges connecting this new node to two
existing nodes of G;.

H2: Delete an existing edge of G;. Add one new node and three new edges, where
two of these new edges connect the new node to the end nodes of the deleted
edge, and the third new edge connects the new node to any other existing node
of Gi.

The following lemma shows that Laman graphs are closed under H1 and H1 in
reverse.

Lemma 9.3 Let G; be a Laman graph with n > 3 nodes. If Gi+ is a graph obtained
from G; by Henneberg step HI, then G,y is also a Laman graph. On the other hand,
if G; has a node, say v, of degree 2, then there exists a Laman graph G;_ such that
G; is obtained from G;_1 by Henneberg step HI.

Proof. To prove the first part of the lemma, note that G, clearly satisfies Laman
Condition (i). Now let v be the node added by the H1 step. Then obviously deg(v) =
2. Let G’ be an induced subgraph of G;.1 where |V(G')| >2.1f v € V(G), then G
is an induced subgraph of G; and thus G’ automatically satisfies Laman Condition
(ii). Hence, assume that v € V(G’). Here we have to consider three cases: (a) V(G’)
contains v but none of its neighbors, (b) V(G’) contains v and one of its neighbors
and (c) V(G') contains v and both of its neighbors. Let us consider case (c) first.
In this case, the nodes of G’ other than v span at most 2(|V(G')] — 1) — 3 edges.
Thus, V(G’) spans at most 2(|V (G')| —1) —3+2 =2|V(G’')| — 3 edges. By a similar
argument, V(G’) spans at most 2|V (G’)| — 5 in case (a) and at most 2|V (G')| —
4 in case (b). Hence, in all these three cases, G’ satisfies Laman Condition (ii).
Consequently, Gy is a Laman graph.

To prove the second part, let G;_; be the graph obtained from G; be deleting
node v and the two edges incident with it. Then obviously, G;_; satisfies Laman
Condition (i). Moreover, any induced subgraph of G;_; is also an induced subgraph
of G; and hence automatically satisfies Laman Condition (ii). Consequently, G;_ is
a Laman graph.

0O

Laman graphs are also closed under H2 and H2 in reverse.

Lemma 9.4 Let G; be a Laman graph with n > 4 nodes. If Gi+ is a graph obtained
from G; by Henneberg step H2, then Giy1 is also a Laman graph. On the other hand,
if G has a node, say v, of degree 3, then there exists a Laman graph G;_ such that
G; is obtained from G;_1 by Henneberg step H2.



9.5 Combinatorial Local Rigidity 205

Proof. To prove the first part of the lemma, note that G,y obviously satisfies
Laman Condition (i). Now let v be the node added by the H2 step. Then obvi-
ously deg(v) = 3. Let G’ be an induced subgraph of G;;1 where [V(G')| > 2. If
v & V(G'), then G’ is an induced subgraph of G; and hence G’ automatically satis-
fies Laman Condition (ii). Hence, assume that v € V(G’). Consider the case where
all three neighbors of v are in V(G’). Then the nodes of G’ other than v span at most
2(|JV(G")|—1) — 4 edges since one edge between the neighbors of v is deleted. Thus,
V(G') spans at most 2(|V(G')| — 1) —4+3 = 2|V(G’)| — 3. The cases where one or
more of the neighbors of v are not in V(G’) also span at most 2|V (G’)| — 3. Thus,
G satisfies Laman Condition (ii) and consequently, G;y is a Laman graph.

To prove the second part, we need the following two claims. For i = 1,2,3, let H;
be an induced subgraph of G;_; with n; nodes and m; edges. Following [138], we
say that V (H;) is tight if m; = 2n; — 3.

Claim 1: Letboth V(H,) and V (H,) be tight and assume that |V (H,) NV (H,)| > 2.
Then V(H;) UV (H,) is tight.

A useful observation is that V(H,) NV (H,) spans the edges of E(H;) NE(Ha),
while E(H;) UE(H>) is a subset of the edges of G;_; spanned by V(H;) UV (H,).
This follows since an edge {i, j} where i € V(H]) and j € V(H,) is in the latter set
but not in the former one.

Proof of Claim 1: Letm' = |E(H|)NE(H,)|,n' =|V(H))NV(H,)|,m=|E(H;)U
E(Hy)| and n = |V(H;)UV(H2)|- Then m = my+my —m' and n =n; +ny —n'.
Moreover, m —2n+3 = —m’ +2n' — 3. But, m’ < 2n’ — 3 since n’ > 2 and thus
m>2n—3.Butm <2n—3 and hence m = 2n — 3.

Claim 2: Let i, j,k be the neighbors of v in G; and assume that i, j are in V (H;),
i,k are in V(H,) and j, k are in V(H3). Then, at least one of the sets V(H;),V (H;)
and V(H3) is not tight.

Proof of Claim 2: By way of contradiction, assume that V(H;),V (H), and V (H3)
are all tight. We need to consider two cases:

Casel: |V(H|)NV(H,)|=|V(H|)NV(H3)|=|V(H2)NV(H3)| =1.ThenV(H;)N
V(HQ) ﬂV(Hg,) =0.Letm= |E(H]) UE(Hz) UE(H3)|, then m = m| + my + ms.
Now let n = |V(H,) UV (Hp) UV (H3)|, thus n = nj + np +n3 — 3. Since by as-
sumption m; = 2n; — 3 for i = 1,2,3, it follows that m = 2(n+3) —9 = 2n —3;
i.e., V(H|) UV (H,) UV (Hj3) is tight. Consequently, the subgraph of G; induced by
V(H\)UV(Hy) UV (H3)U{v} spans > m+3 =2n > 2(n+ 1) — 3, a contradiction.

Case 2: At least one of the above three cardinalities, say |V (H,) NV (H2)|, is > 2.
Letm=|E(H|)UE(Hy)| andn= |V (H;)UV (Hy)|. Then {i, j,k} CV(H,) UV (H>).
Now by assumption V (H;) and V (Hy) are tight and thus, by claim 1, V(H;)UV (H,)
is tight. Therefore, the subgraph of G; induced by V (H,) UV (H,) U{v} spans > m-+
3=2n>2(n+1)—3, acontradiction. Hence, in both cases, we have a contradiction
and the proof of Claim 2 is complete.

Now assume that H is not tight and thus |[E(H;)| < 2|V (H,;)| — 3. By taking
V(H;) = {i,j}, we conclude that {i, j} & E(G;). Let G;_; be the graph obtained
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from G; be deleting node v and the three edges incident with it and adding edge
{i, j}. Then obviously G;_; satisfies Laman Condition (i). Now let G’ be an induced
subgraph of G;_;. If either i or j is not in V(G'), then G’ is an induced subgraph
of G; and hence automatically satisfies Laman Condition (ii). Therefore, assume
that both i and j are in V(G'). Thus, V(G') = V(H;) and E(G') = E(H) U{i, j}.
Consequently, |E(G")| = |[E(H;)| 4+ 1 < 2|V(G')| — 3 and thus G’ satisfies Laman
Condition (ii). As a result, G;1; is a Laman graph.
O
As the following theorem shows, Laman graphs are precisely those graphs which
admit a Henneberg construction.

Theorem 9.14 A graph G is a Laman graph if and only if it admits a Henneberg
construction.

Proof. This follows from Lemmas 9.3 and 9.4 since every Laman graph on n > 3
nodes must have either a node of degree 2 or a node of degree 3.
O

Next, we show that generically locally rigid Laman graphs are closed under HI1.

Lemma 9.5 Ler (G, p) be a generic two-dimensional bar framework with n nodes
and m edges, where G is a Laman graph. Assume that G is obtained from Laman
graph G' by Henneberg step HI. Further, assume that (G', p') is locally rigid, where
P is the restriction of p to G'. Then (G, p) is locally rigid.

Proof. Let R and R’ be the rigidity matrices of (G, p) and (G', p’), respectively.
Wlog assume that node 1 is the new node of G and that nodes 2 and 3 are adjacent
to node 1. Also, wlog assume that the first two rows of R are indexed by the edges
{1,2} and {1, 3}, respectively. Then

(' =) (P*-p)" 0 0.0
R=|(p'-pT 0 (P -pHT 0 - 0 |,
0 R, Ry R, R

.n

where R'; denotes the two columns of R’ associated with node j. Let ol =
[@ B AT], where o and f are scalars and A € R"2. Then o’ R = 0 implies,
by examining the first two columns of R, that & = B = 0 since p', p?, p* are not
collinear. Therefore, A = 0 since the rows of R’ are linearly independent. Conse-
quently, the rows of R are linearly independent and thus rank(R) = m.
0O
Generically locally rigid Laman graphs are also closed under H2.

Lemma 9.6 Let (G, p) be a generic two-dimensional bar framework with n nodes
and m edges, where G is a Laman graph. Assume that G is obtained from Laman
graph G' by Henneberg step H2. Further, assume that (G, p') is locally rigid, where
p is the restriction of p to G'. Then (G, p) is locally rigid.

Proof. Let R and R’ be the rigidity matrices of (G, p) and (G', p'), respectively.
Wilog assume that nodes 2, 3 and 4 are adjacent to node 1, the new node of G; and
that {2,3} is the deleted edge. Further, assume, wlog, that the first three rows of R
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are indexed by the edges {1,2}, {1,3} and {1,4}. Following [138], let us consider
configuration ¢ where ¢' = (¢*> +¢°)/2 and (q' — ¢*) is not parallel to ¢*> — ¢> (see
Fig.9.5). Obviously, g is nongeneric. To prove the lemma, it suffices to show that
R for (G,q) has rank m since this would imply that rank(R) > m for any generic
(G, p). To this end,

%(qtqzV %(qz—cﬁ)Tl 0 0 0 - 0

Re |2@=a) 0 5@-4)" 0 00
¢ =g 0 0 (¢=4"" 0 - 0 |’

0 R > R 3 Ry Rs5---R,

where R’ j denotes the two columns of R’, after deleting the row of R indexed by
edge {2,3}, associated with node j. Let ' = [oc B y AT], where a, B, and 7y are
scalars and A € R"~3, Then w” R = 0 implies, by examining the first two columns
of R, that o = B and y = 0 since (¢! — ¢*) is not parallel to ¢> — ¢>. Therefore,
®” R = 0 reduces to

- @=aH" 0 0 -0

jaj2 A7) | @) @) D0
R > R3 R4Rs---R,

=Jo/2 ATIR' =0.

Hence, & = 0 and A = 0 since the rows of R’ are linearly independent. Conse-
quently, the rows of R are linearly independent and thus rank(R) = m.
O
It should be pointed out that the proofs of Lemmas 9.5 and 9.6 amount to showing
that the considered frameworks admit only zero stresses. In fact, if (G, p) is a two-
dimensional framework with n nodes and m = 2n — 3 edges, then (9.3) implies that
the dimension of the space of stress of (G, p) is equal to the dimension of its space of
nontrivial infinitesimal flexes. As a result, framework (G, p) is infinitesimally rigid
if and only if it does not admit any nonzero stress.

2

Fig. 9.5 The bar framework (G, q) of Example 9.11. Note that (G, ¢) has one missing edge namely

{2,3}

Example 9.11 To illustrate the proof of Lemma 9.6, let (G,q) be the two-
dimensional nongeneric framework depicted in Fig. 9.5 and let R be its rigidity
matrix. Then G is obtained from Ks by an H2 step. Clearly, (G,q) admits no
nonzero stress and hence rank(R) = 5. Another way to see this is to note that the
dual rigidity matrix of (G,q) is R= /2, i.e., rank(R) = m = 1.
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Theorem 9.15 (Laman [127]) Let G be a graph with n nodes and m = 2n — 3
edges. Then G is generically locally rigid in dimension 2 if and only if G is a Laman
graph.

Proof. To prove the “only if” part, assume that G is not a Laman graph and let
(G, p) be a generic two-dimensional framework with rigidity matrix R. Then there
exists an induced subgraph G’ such that |[E(G')| > 2|V (G’)| — 3. Hence, the rows
of R indexed by E(G’) are linearly dependent. Therefore, the rows of R are linearly
dependent and thus rank(R) < m. Consequently, (G, p) is not locally rigid.

The “if” part is proved by induction on n with induction base n = 2 since K; is
obviously locally rigid. The induction steps use Lemmas 9.3, 9.4, 9.5, and 9.6 and
the fact that every Laman graph must have at least one node of degree either 2 or 3.

O
4 5 6 4 5 6
© o 2 ® > Q
G & O G S O
1 2 3 1 2 3
G] G2

Fig. 9.6 The graphs of Example 9.12

Example 9.12 Consider the two graphs depicted in Fig. 9.6. Graph G is a Laman
graph and thus is generically locally rigid in dimension 2, while graph G, is not a
Laman graph and thus is generically locally flexible in dimension 2. The subgraph
of G, induced by the nodes V' = {1,2,4,5} spans six edges and thus violates Laman
Condition (ii).

Let (G, p) be a two-dimensional locally rigid framework. We say that (G, p) is
minimally locally rigid if it becomes locally flexible upon the deletion of any of its
edges. Hence, if (G, p) is minimally locally rigid, then m = 2n — 3. Evidently, Laman
graphs are the generically minimally locally rigid graphs in dimension 2. Using
matroid theory, Lovdsz and Yemini [139] slightly generalized Laman theorem. Let
(G, p) be a generic two-dimensional bar framework. The generic degree of freedom
of a graph G, denoted by ¢(G), is defined as

¢(G) =2n—3 —rank(R),

where R is the rigidity matrix of (G, p). Hence, (G, p) is locally rigid if and only if
¢(G) = 0. A collection of nonempty subsets E',..., EX of E(G) is called a partition
of E(G) if EENE/ = @ whenever i # jand E'U---UE* = E(G).
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Theorem 9.16 (Lovasz and Yemini [139]) The generic degree of freedom of graph
G on n nodes, n > 2, is given by

k
¢(G) =2n—3—min Y (2n; —3) 9.18)
i=1
where the minimum is taken over all partitions E',... E* of E(G) and n; is the

number of nodes incident to E'.

Corollary 9.2 (Lovasz and Yemini [139]) Let (G, p) be a generic two-dimensional
bar framework on n nodes. Then (G, p) is locally rigid if and only if

k
2 2n;—3) (9.19)

for every partition E', ... E* of E(G), where n; denotes the number of nodes inci-
dent to E'.

Consider the partitioning of E(G) into m subsets each consisting of a single edge.
Then Y, (2n; — 3) = m. As aresult, any graph that satisfies Inequality (9.19) must
have at least 2n — 3 edges. Next, we show that Corollary 9.2 is equivalent to Laman
Theorem. Let G have n nodes and m = 2n — 3 edges.

Now assume that (G, p) is locally rigid by Corollary 9.2 and let G’ be an in-
duced subgraph of G with n’ nodes and m’ edges. Consider the partition of E(G)
into m —m’ + 1 subsets such that E! = E'(G’) and each of the remaining subsets
E2, ... E™ "+ consists of a single edge of E(G)\E'(G'). Let n; denote the num-
ber of nodes incident to E'(G’), then n; < n’ since both end nodes of every edge in
E'(G') are in G'. Therefore, Inequality (9.19) implies that

m<2n —3+m—m'.

Therefore, m’ < 2n’ — 3 and thus (G, p) is locally rigid by Laman Theorem.

To prove the reverse direction, assume that (G, p) is locally rigid by Laman Theo-
remandlet £',..., EX be a partition of E(G) where |E'| =m;. Fori=1,...,k,let V"
be the set of nodes incident to E* and let n; = |V"/|. Let G', ..., G’* be the subgraphs
of G induced by V'!,... V' respectively, and let m} = |E'(G'i)|. Then E* C E'(G")
and thus m; < m; Moreover, for eachi =1,...,k, we have mi < 2n; — 3. Therefore,

> m

M»

(2n;—3) >
1 i

-

1

Hence, (G, p) is locally rigid by Corollary 9.2.

We conclude this chapter by noting that generically locally rigid graphs in dimen-
sion 2, i.e., Laman graphs, can be recognized by a fast algorithm due to Jacobs and
Hendrickson [115] known as the pebble game (see also [133]). Laman graphs can
also be efficiently recognized by matroidal methods [157, 83, 139]. On the other
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hand, a characterization of generically locally rigid graphs in dimension 3 is not
known. In fact, the three-dimensional analogue of Laman Conditions namely:

() |E(G)| =3|V(G)| -6,
(i) |E(G")| <3|V(G")|— 6 for each induced subgraph G’ with [V (G')| > 3,

are not sufficient for generic local rigidity in dimension 3 as shown by the so-called
double banana graph [173, p. 14]. It should be pointed out that Condition (ii) triv-
ially holds if |V (G')| =3 or 4.



Chapter 10 )
Universal and Dimensional Rigidities s

In this chapter, we study the universal rigidity problem of bar frameworks and the
related problem of dimensional rigidity. The main tools in tackling these two prob-
lems are the Cayley configuration spectrahedron .%, defined in (8.10), and €2, the
stress matrix, defined in (8.13). The more general problem of universally linked pair
of nonadjacent nodes is also studied and the results are interpreted in terms of the
Strong Arnold Property and the notion of nondegeneracy in semidefinite program-
ming.

10.1 Definitions and Basic Results

Recall that D), is the EDM defined by configuration p and H is the adjacency matrix
of graph G. Also, recall that (o) denotes the Hadamard product.

Definition 10.1 Let (G, p) be an r-dimensional bar framework with n nodes. Then
(G, p) is said to be universally rigid if for any integer s : 1 < s <n—1, there does
not exist an s-dimensional bar framework (G,p') such that Ho D,y = H o D,, and
D,y # D,.

In other words, (G, p) is universally rigid if every bar framework (G, p’) that is
equivalent to (G, p) is actually congruent to it. Note that the notion of universal
rigidity is equivalent to the uniqueness of EDM completions, i.e., a given EDM
completion is unique if and only if the corresponding bar framework is universally
rigid. Moreover, from a geometric viewpoint, (G, p) is universally rigid if and only
if its Cayley configuration spectrahedron is a singleton, i.e., % = {0}. We should
remark here that the notion of unique localizability of So and Ye [179] is very close,
but not identical, to the notion of universal rigidity. Evidently, universal rigidity
implies local rigidity but the converse is not true. As a result, universal rigidity is a
stronger notion than local rigidity.

© Springer Nature Switzerland AG 2018 211
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As will be shown below, the notions of affine motions and dimensional rigidity
are indispensable for the study of universal rigidity. An affine motion in R" is a map
f:R"— R" of the form ' ‘

f(p") =Ap'+b (10.1)

for all p' € R”, where A is an r x r nonsingular matrix' and b is a vector in R”. Ob-
serve that if A is orthogonal, then the affine motion is a rigid motion. The following
lemma is an immediate consequence of (10.1).

Lemma 10.1 Let (G,p) and (G,p') be two r-dimensional bar frameworks on n
nodes. Then configuration p' is obtained from configuration p by an affine motion if
and only if the Gale spaces of (G, p) and (G,p') are equal.

Proof. The “only if” part is obvious. To prove the “if” part, assume that (G, p) and
(G, p') have the same Gale space and let P and P’ be two configuration matrices of
(G, p) and (G, p'), respectively. Then col ([P’ e]) = col([P ¢]). Hence, P’ = PA +eb”
for some r x r matrix A and some b € R”. Wlog assume that PTe = P'T¢ = 0. Then
b = 0 and thus A is nonsingular since both P and P’ have rank r.
O
Let (G, p) be an r-dimensional bar framework. (G, p) is said to admit a nontrivial
affine flex if there exists an r-dimensional bar framework (G, p') such that: (i) (G, p’)
is equivalent, but not congruent, to (G, p) and (ii) configuration p’ is obtained from
configuration p by an affine motion; in which case, we say that (G, p’) is obtained
from (G, p) be a nontrivial affine flex. For example, in Fig. 10.1, framework (a),
unlike framework (b), admits a nontrivial affine flex.

Lemma 10.2 Let (G, p) be an r-dimensional bar framework with n nodes, r < n—
2. Let X be the projected Gram matrix of (G, p) and let U be the matrix whose
columns form an orthonormal basis of null(X). Then the following two statements
are equivalent:

(i) (G, p) admits a nontrivial affine flex.
(ii) There exists a nonzero y € R™ such that

M (Y)U =0, (10.2)
where M (y) is defined in (9.6).

Proof. Assume that (G, p’) is obtained from (G, p) by a nontrivial affine flex. Let
X and X’ be the projected Gram matrices of (G, p) and (G, p’), respectively. Then

X'=X+.4y)

for some nonzero y € R™ and the Gale spaces of (G, p) and (G, p') are equal. There-
fore, by Lemma 3.8, . (y)U = (X' — X)U = 0 and thus Statement (i) implies State-
ment (ii).

1" Affine motions are often defined without the nonsingularity assumption on A. However, this
assumption is more convenient for our purposes.
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To prove the other direction, assume that there exists a nonzero y € R™ such that
A (y)U =0. Let X = WAWT be the spectral decomposition of X, where A is the
diagonal matrix consisting of the positive eigenvalues of X. Thus Q = [W U] is
orthogonal. Let X’ = X + .4 (y), where ¢ is a scalar. Now X’ is the projected Gram
matrix of an r-dimensional framework (G, p’) that is equivalent, but not congruent,
to (G, p) if and only if X’ is PSD of rank r. But

Twrn  |[A+WE ()W 0
0'X0= 0 0

Therefore, X’ is PSD of rank r for a sufficiently small ¢ > 0. Moreover, (G, p’) is
obtained from (G, p) by a nontrivial affine flex since X'U = 0.
O
In order to provide a geometric interpretation of Lemma 10.2, let .# denote the
Cayley configuration spectrahedron of (G, p) and recall that face(x,.#) denotes the
smallest face of .% containing x. Also, recall from Theorem 2.21 that the affine hull
of face(0,.%) is given by

aff(face(0,.7)) = {y e R™ : .#(y)U = 0}.

Consequently, (G, p) admits a nontrivial affine flex if and only if the dimension of
the affine hull of face(0,.%) is > 1; i.e., aff(face(0,.%)) # {0}.
Next, we turn to the notion of dimensional rigidity.

Definition 10.2 Ler (G, p) be an r-dimensional bar framework with n nodes, r <
n—2. Then (G, p) is said to be dimensionally rigid if for any integer s : r+1 <
s < n—1, there does not exist an s-dimensional bar framework (G,p') such that
H on/ =H ODp.

In other words, if an r-dimensional bar framework (G, p) is dimensionally rigid
and if (G, p') is equivalent to (G, p), then (G, p’) is of dimension r or less. Fur-
thermore, from a geometric viewpoint, (G, p) is dimensionally rigid if and only if
r >rank(Z (y)) for all y € .% if and only if 0 lies in the relative interior of .# (The-
orem 2.20). Clearly, universal rigidity implies dimensional rigidity but the converse
is not true. For example, in Fig. 10.1, framework (a) is dimensionally rigid since
it does not have an equivalent three-dimensional framework. Put differently, every
framework that is equivalent to (a) is of dimension 2 or 1. On the other hand, frame-
work (b) is not dimensionally rigid since it has an infinite number of equivalent
three-dimensional frameworks.

As the following theorem shows, the universal rigidity problem, i.e., the problem
of determining whether or not a given bar framework (G, p) is universally rigid, can
be split into two independent problems: the affine flexing problem, i.e., whether or
not (G, p) admits a nontrivial affine flex, and the dimensional rigidity problem, i.e.,
whether or not (G, p) is dimensionally rigid.

Theorem 10.1 (Alfakih [6]) Let (G, p) be an r-dimensional bar framework with n
nodes, r < n—2. Then (G, p) is universally rigid if and only if the two following
conditions hold.
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(i) (G, p) is dimensionally rigid.
(ii) (G,p) does not admit a nontrivial affine flex.

We present two proofs of this theorem, the second of which is geometric.
First proof. The “only if” part is obvious. To prove the “if” part assume, by way
of contradiction, that Conditions (i) and (ii) hold and (G, p) is not universally rigid.
Then, there exists a framework (G, p’) such that (G, p’) is equivalent, but not con-
gruent, to (G, p). Let X and X’ be the projected Gram matrices of (G, p) and (G, p'),
respectively. Then X' = 27 (y) = X + . (y) for some nonzero y in R™. Now, for a
sufficiently small § > 0, 2 (ty) =X +t.#(y) is PSD for all ¢ : 0 <t < §. More-
over, by the lower semicontinuity of the rank function, rank(.2 (ty)) > r for all
t:0 <t < 4. Hence, by Condition (i), rank(2Z"(ty)) = rforallz: 0 <t < §.

Let U be the matrix whose columns form an orthonormal basis of null(X) and
let X = WAWT be the spectral decomposition of X, where A is the diagonal matrix
consisting of the positive eigenvalues of X. Thus Q = [W U] is orthogonal. Hence,

[A+tWTa ()W e W #(y)U
O ZWC= "yt gy w Ut (U

is PSD and of rank r for all # : 0 <t < §. Therefore, U”.# (y)U = 0 and thus
WT # (y)U = 0. Consequently, .# (y)U = 0, which, in light of Lemma 10.2, con-
tradicts Condition (ii).

O
Second proof. Again the “only if” part is obvious. Now Condition (i) implies that
0 lies in the relative interior of .%, where .# denotes the Cayley configuration
spectrahedron of (G, p). Hence, by Theorem 2.20, face(0, %) = face(F, %) = %.
On the other hand, Condition (ii) implies that aff(face(0,.%)) = {0}. Therefore,
F = {0} and hence, (G, p) is universally rigid.

O

2

— e ———90

1 3 1 2 3
(a) (b)

Fig. 10.1 Two two-dimensional bar frameworks. Edge {1,3} in framework (a) is drawn as an
arc to make edges {1,2} and {2,3} visible. Framework (a) is dimensionally rigid and admits a
nontrivial affine flex. Framework (b) is not dimensionally rigid and does not admit a nontrivial
affine flex
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Consider the frameworks of Fig. 10.1. Both frameworks are not universally rigid
since framework (a) admits a nontrivial affine flex, while framework (b) is not di-
mensionally rigid.

Theorem 10.1 allows us to tackle the universal rigidity problem by tackling the
affine flexing problem and the dimensional rigidity problem separately.

10.2 Affine Flexes

We present two characterizations of bar frameworks that admit nontrivial affine
flexes. These characterizations are then used to identify four cases where a given
bar framework does not admit a nontrivial affine flex. As a result, in these cases,
universal rigidity coincides with dimensional rigidity. The first of these characteriza-
tions, given in the following lemma, is in terms of E(G), the edges of the underlying
graph, and the points p',..., p" of configuration p.

Lemma 10.3 (Connelly [61]) Let (G, p) be an r-dimensional bar framework. Then
the following two statements are equivalent:

(i) (G, p) admits a nontrivial affine flex.
(ii) There exists a nonzero symmetric r X r matrix @ such that

(p'=p)) @(p' = p) =0forall {i,j} € E(G). (10.3)

Proof. Assume that Statement (i) holds and let (G, p’) be a bar framework ob-
tained from (G, p) be a nontrivial affine flex. Then

1P = P11 = 1p" = PP = (p' — p))TATA(p! — p/) for all {i, j} € E(G).

Therefore, (p' — p/)T @ (p' — p/) =0 forall {i, j} € E(G), where @ = —AT A. Note
that @ is symmetric and nonzero since A is not orthogonal.

On the other hand, assume that Statement (ii) holds and observe that I — e® is
PD for a sufficiently small £ > 0. Then I — £® can be factorized as I — e® = ATA,
where A is nonsingular. Note that A is not orthogonal since € > 0. Let p" = Ap' for
i=1,...,n.Then ||p" — p"||> = (p' = p/)T (I - e®@)(p' — p/) = ||p' — p/||* for all
{i,j} € E(G). Hence, (G, p') is obtained from (G, p) by a nontrivial affine flex and
thus Statement (i) holds.

O

Let C be the m x (r(r+ 1)/2) matrix whose rows are indexed by the edges of
(G, p), where the row indexed by edge {i, j} is given by

(r'—p") @ (p'—p). (10.4)

Evidently, there exists an r X r nonzero symmetric @ satisfying (10.3) if and only if
C has a nontrivial null space. Few remarks are in order here. First, if a bar framework
satisfies Condition (ii) of Lemma 10.3, then we say that the edge directions of (G, p)
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lie on a conic at infinity [61]. Second, we saw earlier that (n — 1)-dimensional bar
frameworks are locally flexible. Now by Lemma 10.3, such frameworks actually
admit nontrivial affine flexes. This follows since for » = n — 1 and for incomplete
graphs, the null space of A is nontrivial since m < n(n— 1) /2. Third, as a result of
Assumption 8.1, any one-dimensional bar framework with at least one edge does not
admit a nontrivial affine flex. As a result, universal rigidity and dimensional rigidity
coincide on the line.

Using Lemma 10.3, we present, next, the first case where framework (G, p) does
not admit a nontrivial affine flex.

Theorem 10.2 (Connelly [61]) Ler (G, p) be an r-dimensional bar framework. If
(G, p) is generic and if deg(i) > r for every node i of G. Then (G, p) does not admit
a nontrivial affine flex.

Proof. First, note that, by the premise of the theorem, the number of edges of G is
m>nr/2>r(r+1)/2. Thus, matrix C as defined in (10.4) has at least as many rows
as columns. Also, note that it suffices to prove that the result is true for a particular
framework, not necessarily generic. The proof is by induction on r. For r =2, (G, p)
has at least 3 edges. If no two of these edges are parallel, then null(C) = {0} and
the assertion of the theorem is true.

Now assume that the assertion of the theorem is true for r = k and consider the
(k4 1)-dimensional bar framework (G, p), where p" = 0 and p',...,p" ! liein a
hyperplane, say [138] H = {p € RK¥*!: pTel = 1}, where e! is the first standard

unit vector in R¥*!, Thus, p’ = pl,,- fori=1,...,n— 1. Let G’ be the graph ob-

tained from G by deleting node n and the edges incident to it. Wlog assume that the
edges incident to node n are {1,n},...,{s,n} where s > k+ 1. Let (G, p’) be the
k-dimensional bar framework where p’ = (p'!,...,p""!) and assume that (G, p’)
is generic. Obviously, deg(i) > k for each node i of G'.

Let (p' — p/ )T ®(p' — p/) = 0 for all {i,j} € E(G) and assume that @ is par-
op’
p @/ )
E(G)=E(G")U{{l,n},...,{s,n}}.

Then, for all {i, j} € E(G'), the equation (p' — p/)T @(p' — p/) = 0 reduces to

titioned as @ = where @' is k< k, p € RF and o is a scalar. Clearly,

i . o T 0 ; . ; .
0 w1 5 || i i | =0T =0

Hence, by the induction hypothesis, @' = 0. Consequently, for edge {i,n}, the equa-
tion (p' — p/)T @(p' — p/) = 0 reduces to

190 | ] =1 e 5 o

As a result, for edges {1,n},...,{k+ 1,n}, the equation (p' — p/\T®(p' — p/) =0
reduces to
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1 ( pll )T
Do ["] —0. (10.5)
1 ( p/k+l )T
But since (G',p') is generic, the points p'',..., p**! are affinely independent.
Hence, the matrix in (10.5) is nonsingular and thus ¢ = 0 and p = 0. Therefore,
@ = 0 and the result follows.
O

The second characterization of bar frameworks that admit nontrivial affine flexes,
given in the following lemma, is in terms of £ (G), the missing edges of the underly-
ing graph, and Gale matrix Z of configuration p. This characterization allows us to
replace the generic assumption in Theorem 10.2 by a general position assumption
and a rank assumption on the stress matrix.

Lemma 10.4 (Alfakih [9]) Ler (G, p) be an r-dimensional bar framework with n
nodes, r <n—2. Let Z be a Gale matrix of (G, p). Then the following two statements
are equivalent:

(i) (G, p) admits a nontrivial affine flex.
(ii) There exists a nonzero y € R™ such that

vigy)z=o, (10.6)
where & (y) is defined in (9.9) and V is defined in (3.11).

Proof. Inlight of Lemma 3.8, this is just a restatement of Lemma 10.2.
O
By definition, if (G, p) admits a nontrivial affine flex, then (G, p) is infinitesi-
mally flexible. Thus, in light of Theorem 9.8 and Lemma 10.4, it should come as no
surprise that if V7 &(y)Z = 0 for some nonzero y, then Z' &(y)Z = 0.

Example 10.1 Consider the frameworks of Fig. 10.1. A Gale matrix of both frame-
works is Z=[1 —2 1 0]T. Note that VT &(y)Z = 0 is equivalent to &(y)Z = e(.
Thus, for framework (a), the system of equation &(y)Z = e(, i.e.,

000 yu4 1 ¢
000 O =21 |¢
000 yu | ¢
Y14 0y34 O 0 ¢
has a solution y14 = —y34 = 1, { = 0. Accordingly, framework (a) admits a nontriv-

ial affine flex. On the other hand, for framework (b), the only solution of

00y130 1 C
0000 |2 |¢
yz0 00| 1| |¢

0000 0 ¢



218 10 Universal and Dimensional Rigidities

is the trivial solution y;3 = § = 0. Accordingly, framework (b) does not admit a
nontrivial affine flex.

It is worth pointing out that matrix @ of Lemma 10.3 can be written explicitly in
terms of vector y of Lemma 10.4 and vice versa. To this end, Eq. (10.3) is equivalent
to H o # (P®PT) = 0. Hence,

POPT = &(y) +ae’ +ed”,

where 2a = diag(P@PT). Consequently, by multiplying this equation from the left
by VT and from the right by Z, we obtain Eq. (10.6). Moreover, assuming that PT ¢ =
0, we have

@ = (P'P)"'PTE(y)P(PP),
&) = f%%(P(DPT).

Lemma 10.4 is particularly useful when the framework (G, p) is in general po-
sition. In fact, Lemma 10.4 is used to identify several cases where a bar framework
does not admit a nontrivial affine flex. But before we proceed, let us prove a stronger
version of Lemma 8.4 by dropping the requirement that €2 is PSD.

Lemma 10.5 Let (G, p) be an r-dimensional bar framework with n nodes and as-
sume that (G, p) is in general position in R". Let Q be a stress matrix of (G, p) of
rank n—r— 1. Then deg(i) > r+ 1 for every node i of G.

Proof. Let Q =Z¥Z", then ¥ is nonsingular. By way of contradiction, assume
that deg(v) < r for some node v. Then the vth column of © must have at least
7 =n—1—r zero entries. Wlog, assume that v = n and that the first 7 entries of the
nth column of Q are all zeros; i.e., the first 7 entries of Z¥7" are all zeros. But by
Lemma 3.1, the square submatrix of Z indexed by the first 7 rows and columns is
nonsingular. Thus, we have a contradiction since ¥ is nonsingular and z" # 0.
O
Before we present another case of frameworks not admitting a nontrivial affine
flex, we need the following crucial lemma, which we will use repeatedly in the
sequel.

Lemma 10.6 ([16]) Let (G, p) be an r-dimensional bar framework on n nodes, r <
n—2, and let Q be a nonzero stress matrix of (G, p). Then the systems of equations
VIE(y)Q =0 and &(y)Q = 0 are equivalent, where & (y) is as defined in (9.9).

Proof.  Obviously, if &(y)Q = 0 for some y, then V7 &(y)Q = 0. Now assume
that VT & (y)Q = 0. Then &(y)Q = e{” for some { in R". Hence, to complete the
proof, it suffices to show that { = 0. To this end, recall that Q;; = 0 if {i, j} € E(G)
and &(y);; = O if either i = j or {i, j} € E(G). Therefore, for i = 1,...,n, we have
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n
(EM)Q)i = Y, E()ijQji

EWii+ Y, E0iyi+ Y, E()ijQi
i, j}€E(G) Jj{i,j}eE(G)

=0.

Thus, diag(&(y)R2) = =0.
O

Theorem 10.3 (Alfakih and Ye [20]) Let (G,p) be an r-dimensional bar frame-
work with n nodes, r < n—2. If (G, p) is in general position in R" and if (G,p)
admits a stress matrix Q of rank n — 1 —r, then (G, p) does not admit a nontrivial

affine flex.

Proof. Let 2 be a stress matrix of (G, p) with rank 7 =n—r — 1. Let Z be the
matrix consisting of the first 7 columns of €2. Then by Lemma 8.3, Z is a Gale matrix
of (G,p). Let VI &(y)Z = 0 for some y. Then, it follows from Lemma 10.6 that

EY)Z=0 (10.7)

But System (10.7) consists of n equations, one for each node of G, where the equa-
tion corresponding to node i is given by

> oy =0. (10.8)
J{i.J}EE(G)

Now, by Lemma 10.5, deg(i) > r+ 1 for every node i of G and thus the number of
nodes of G not adjacent to i is at most 7 — 1. Therefore, the LHS of (10.8) is a linear
combination of at most 7 — 1 of the Gale transforms z! ,...,Z". But by Lemma 3.1,
each 7 of the vectors z',...,7" are linearly independent. Consequently, the only
solution of Eq. (10.7) is y = 0 and the result follows.
O
Theorem 10.3 was strengthened and generalized in [17]. The third case of frame-
works not admitting a nontrivial affine flex is given in the following theorem.

Theorem 10.4 Let (G,p) be an r-dimensional bar framework with n nodes, r <
n—2. Assume that (G, p) is in general position in R". If deg(i) > r for all nodes i of
G and deg(v) = n— 1 for some node v, then (G, p) does not admit a nontrivial affine

flex.

Proof. Let &(y)Z = e{T for some { € R"'~" If deg(v) = n — 1, then the vth
row of &(y) has all zeros. Therefore, { = 0 and the rest of the proof proceeds as in
the proof of Theorem 10.3.
O
Finally, we present the fourth case of frameworks not admitting a nontrivial affine
flex.
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Theorem 10.5 Let (G,p) be an r-dimensional bar framework with n nodes, r <
n—2.If (G, p) has a clique of size r+ 1 and if the nodes of this clique are affinely
independent, then (G, p) does not admit a nontrivial affine flex.

Proof. Wlog assume that the nodes of this clique are 1,...,7+ 1 and thus
p',...,p""! are affinely independent. Let Z be a Gale matrix of (G, p). Then by

Lemma 3.7, we can assume that Z is of the form Z = [IZ} ,where F=n—1—r. As
F

always, let e, denote the vector of all 1s in R¥. Then, clearly erTHZ = —el. Assume
that &(y) is partitioned as

[0 &k
0) = [«%T(yl) @%@b} ’

where & (y;) is 7 x 7. Then, &(y)Z = e{T implies that
Ei(n) = err18" and & (v)Z+ & (32) = el

Hence, & (y2) = e;¢7 + Cel. But diag(&>(y2)) = 0. Therefore, { = 0 and thus
&1(y1) =0 and &(y2) = 0. Consequently, y = 0 and the result follows.
O

Consider the r-dimensional bar framework (G, p) representing an ad hoc wireless
sensor network. If the number of anchors of (G, p) is > r+ 1 and if these anchors
are affinely independent, then these anchors can be thought of as inducing a clique
of G. Consequently, by Theorem 10.5, framework (G, p) does not admit a nontrivial
affine flex.

Next, we turn to dimensional rigidity.

10.3 Dimensional Rigidity

The stress matrix € plays a crucial role in the dimensional rigidity problem. The
following theorem presents a sufficient condition for dimensional rigidity in terms
of 2. As Example 10.2 below shows, this sufficient condition is not necessary in
general. We will elaborate on this point later in this section.

Theorem 10.6 (Alfakih [6]) Let (G, p) be an r-dimensional bar framework with n
nodes, r < n—2. If (G,p) admits a PSD stress matrix Q of rank n — 1 —r, then
(G, p) is dimensionally rigid.

Proof. We prove the contrapositive statement. Hence, assume that (G, p) is not
dimensionally rigid and let X be the projected Gram matrix of (G, p). Therefore,
there exists y 7 0 such that 2" (y) =X +.# (y) = 0 and rank(.Z"(y)) > r+1. Let W
and U be the two matrices whose columns form orthonormal bases of col(X) and
null(X), respectively, and thus Q = [W U] is orthogonal. Hence,
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WIXW +WT a (y)\W WT o (y)U

T —

¢ re= v ow v | ="

Consequently, UT .7 (y)U = 0, 0 and null(UT .7 (y)U) C null(WT . (y)U).
Now by Lemma 3.8, UT.# (y)U = 0, 0 if and only if

Z'eyz=Y, )’ij(ZiZjT +zjziT) =0,#0. (10.9)
{i,j}€E(G)

But, by the homogeneous Farkas lemma (Corollary 2.4), (10.9) holds if and only if
there does not exist ¥ > 0 such that zi' ¥z/ = 0 for all {i,j} € E(G). Consequently,
in light of Theorem 8.4, (10.9) holds if and only if (G, p) admits no PSD stress
matrix  of rankn—1—r.
O
The reader is encouraged to find a simple geometric proof of Theorem 10.6. By
combining Theorems 10.6 and 10.1 we obtain the following sufficient condition for
universal rigidity.

Theorem 10.7 (Connelly [57, 60] and Alfakih [6]) Let (G, p) be an r-dimensional
bar framework with n nodes, r < n—2. If the following two conditions hold:

(i) (G, p) admits a PSD stress matrix Q of rankn—1—r.
(ii) (G,p) does not admit a nontrivial affine flex,

then (G, p) is universally rigid.

Theorem 10.7 will be strengthened below (Theorem 10.13). Also, combining
Theorems 10.6, 10.1 and 10.3, we have

Theorem 10.8 (Alfakih and Ye [20]) Ler (G,p) be an r-dimensional bar frame-
work with n nodes, r < n—2. If (G,p) is in general position in R" and if (G, p)
admits a PSD stress matrix Q of rank n— 1 —r, then (G, p) is universally rigid.

Recall that the maximum possible rank of a stress matrix is # — 1 —r. Now as
we mentioned earlier and as the next example shows, the converse of Theorem 10.6
is not true in general [6]. That is, if (G, p) is dimensionally rigid, then it may or
may not admit a PSD stress matrix of maximal rank. This issue will be investigated
in detail in this and the next section. An important point to bear in mind is that
if (G, p) is dimensionally rigid, then Theorem 8.5 guarantees that (G, p) admits a
stress matrix € of rank > 1. What is not guaranteed, however, is that rank(Q) =
n—1—r. In fact, by Theorem 5.10 and as will be discussed later in this section,
€ attains its maximum rank if and only if the singularity degree of .%#, the Cayley
configuration spectrahedron of (G, p), is 1.

Now suppose that (G, p) does not admit a PSD stress matrix € of rank n —r — 1.
Then, by Corollary 2.4, there exists a nonzero y such that UT .# (y)U is a nonzero
PSD matrix. However, it could happen, as illustrated in the following example, that
null(UT . (y)U) € null(W? # (y)U) and consequently we cannot conclude that
2 (y) =X+ .4 (y) is PSD, i.e., we cannot conclude that (G, p) is not dimensionally
rigid.
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1

Fig. 10.2 The bar framework (G, p) of Example 10.2. Edge {4,5} is drawn as an arc to make
edges {2,4} and {2,5} visible. (G, p) is dimensionally rigid, however, it does not admit a PSD
stress matrix of rankn—1—r=2

Example 10.2 ([6]) Consider the framework (G, p) depicted in Fig. 10.2. A config-
uration matrix and a Gale matrix of (G, p) are given by

-3 -5 2 0

1 2 0 2

P= O—-1|andZ=|—-6 O
2 0 3-—-1

0 4 1-1

Obviously, (G, p) is dimensionally rigid, in fact it is also universally rigid. In order
to find a stress matrix €2, we have to find a 2 X 2 symmetric matrix ¥ such that

le‘I’zz =0and z3T'f’z4 =0. Thus, ¥ = [O 0

01 ] and hence (G, p) does not admit a

PSD stress matrix of rankn—1—r=2.
Now let y1» = 1 and y34 = —2/3. Then

T T T T 240
Z'eMNZ=y(E'? +222" ) +yu@t +2477) = {0 0]

Moreover,

T T T T 10 -6
PIEWZ=yn(p's +p%" ) +yu(p’sh +p') = [ p 32/3]
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Clearly, null(Z'&()Z)/C null(PT&(y)Z), ie, nulllUT#(y)U)/C null
(W' (y)U).

Observe that the framework (G, p) of Example 10.2, obviously, is not in general
position since p?, p*, and p° are collinear. This raises the following question: Is

the converse of Theorem 10.6 true under the general position assumption? As the
following example shows [17], the answer is no.

3 3
1 (G,p) 1 (G.p)

Fig. 10.3 The bar frameworks of Example 10.3

Example 10.3 ([17]) Consider the framework (G, p) depicted in Fig. 10.3. A con-
figuration matrix and a stress matrix of (G, p) are given by

3+E3 —6L

and Q& =\ "7 o1 oL —2Es |

where Iz and E3 are, respectively, the identity matrix and the matrix of all 1’s of
order 3. Since deg(i) = 3 for each node i and since (G, p) is in general position, it
follows that, for each node i, the system of equations

> wi(p'—p)=0
i JYeE(G)

has a unique solution, up to multiplication by a scalar. Consequently, if we set Q1 =
—yp = 1, then Q is unique. Now (31z + E3) is PD and

1
(1213 — 2E3) — 613(31 + E3) ™! 613 = (1213 — 2E3) — 12(13 — 8E3) 0.

Hence, by Schur complement, Q is PSD of rank 3. Therefore, by Theorem 10.8,
framework (G, p) is universally rigid and thus dimensionally rigid.
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Now consider the framework (G',p') depicted also in Fig. 10.3. (G',p') is ob-
tained from (G, p) by adding one node, namely 7, and connecting it to nodes 2,3, and
6 such that (G',p') is in general position. Hence, (G, p') is also universally rigid
and thus dimensionally rigid. Let @' be a stress on (G',p') and set Q, = Q1> = 1.
Then, by the uniqueness of Q, it follows that Q{y = Qi3, Q{, = Qi4. Hence,
Q)5 = Qus and Q) = Que, which in turn implies that Q&, = Qs and QL = Qse.
Again by the uniqueness of Q, this implies that Qfy = Qg3 and Qf; = 0. Conse-
quently, £, = Q) = 0 and thus €}, = (3. As a result, the row and the column
of Q' corresponding to node 7 have all zeros. Consequently, Q' is PSD of rank 3.
Hence, the converse of Theorem 10.6 does not hold true under the general position
assumption.

Evidently, the genericity assumption is much stronger than that of general po-
sition and thus the following characterization of universal rigidity of generic bar
frameworks should come as no surprise.

Theorem 10.9 Let (G, p) be an r-dimensional bar framework on n nodes, r <n—2.
Assume that (G, p) is generic. Then the following statements are equivalent:

(i) (G,p) is universally rigid.
(ii) (G, p) admits a PSD stress matrix Q of rankn—r— 1.

The fact that Statement (ii) implies Statement (i) is an immediate consequence of
Theorem 10.7, Theorem 10.2 and Lemma 10.5. Also, it trivially follows from The-
orem 10.8. On the other hand, the fact that Statement (i) implies Statement (ii) was
conjectured in [9] and proved by Gortler and Thurston in [90]. The following is a
rough sketch of their proof. Assume that Statement (i) holds and let D, be the EDM
defined by (G, p). Let d = n(D,), where 7 is defined in (5.3). Then the embed-
ding dimension of D), is r and rank(X) < r for all X = 0 such that 7(%y (X)) = d.
Moreover, Theorem 5.9 implies that 7t(#, (77~ ')) = m(2") is closed. Thus, by
Theorem 5.10, it suffices to show that face(d, (%, (7~ "))) is exposed. But d is
generic since (G, p) is generic. Therefore, by Straszewicz Theorem (Theorem 1.43),
face(d, m(#y (1)) is exposed.

Connelly and Gortler obtained a characterization of dimensional rigidity without
the genericity assumption [63]. Before we present a refined version of this charac-
terization, we need the following definition. An n X n symmetric matrix €2 is said to
be a quasi-stress matrix of (G, p) if it satisfies the following properties:

(a) €;;=0forall {i,j} € E(G).
(b) Qe=0.
(c) PTQP=0, (10.10)

where P is a configuration matrix of (G, p) such that PTe = 0.

An immediate consequence of this definition is that if a quasi-stress matrix €2 is
PSD, then Q is a stress matrix since in this case PTQP =0 implies that QP = 0.
The following theorem is a refined version of the Connelly—Gortler characterization
of dimensional rigidity [63].
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Theorem 10.10 ([14]) Let (G, p) be an r-dimensional framework on n vertices in
R’, r < n—2. Let P be a configuration matrix of (G,p) such that PTe = 0. Then
(G, p) is dimensionally rigid if and only if there exist nonzero quasi-stress matrices:
QO Q... QK for some k < n—r—2, such that:

(i) Q°=0, #TQ'U% -0, ..., UT Q*U =0,
(ii) rank(Q°)+ rank(% T Q1)+ -+ rank(%T Q*U) =n—r—1,
(iii) PTQ'p; =0, ..., PTQ*p, =0,

where p1, ;. .., % and &y,...,& are full column rank matrices defined as fol-
QO
lows: col(py) = null(| PT |), col(&) = null(pl Q'p;), % =[P pi| fori=1,...,k
T
e

and piv1 = pi&i foralli=1,... . k—1.

Proof. Let 2°(F) = {X € 7' : n(H# (X)) = d}. Let F/ be as de-
fined in (8.17), ie., FU = (¢! —e/)(¢! —¢/)T. Then Z'(F) = {X € 7" :
trace(VI FiiVX) = d;; for all {i, j} € E(G)}. Therefore, by setting A’ = VT FV, it
follows from the semidefinite Farkas lemma (Theorem 2.22) that (G, p) is dimen-
sionally rigid iff there exist nonzero matrices Q°, ..., Q¥ such that:

(i) Q' = 2{i,j}eE(G) a)l-l/-F"j for/ =0,1,...,k for some scalars col-lj,
(i) VIQW =0, 2/"VIQ'vay -0, ..., %!"VT Qv -0,
(i) rank(V7 QOV)+ rank(%/ VI QVU) + -+ rank(2 VT QVUY!) = n -
r—1,
(iv) trace(PPTQ')=0forl=0,1,...,k,

where %{,..., %/, and #{, ..., #, are full column rank matrices such that: for i =
0,1,...,k wehave col(#;') = null(%/" VT QiVU)), Ul =2 W] and Uy =1, 1.
Letus set % =V%/ foralli=1,... k.

Since Q% = 0, it follows that VT Q°V is PSD iff Q0 is PSD and rank(V? Q°V) =
rank(Q°). Moreover, trace(PT Q°P) = 0 implies that PT QP = 0, which in turn
implies that Q°P = 0. Consequently, Q° is a PSD stress matrix of (G, p).

Now if rank(Q°) = n — r — 1, then we are done. Thus, assume that rank(Q°) =
n—r—1-38;, where 8 > 1. Let null(Q°) = col([P e pi]), where p; is n x
51, and assume that e’ p; = 0 and PTp; = 0. Since col(#}) = null(VT QV) =
null(2°V) and since PTe = 0, it follows that col([V'P VTpy]) is in null(Q°V).
But rank(V'Q%V) = n—r — 1 — §;. Therefore, dim(null(2°V)) = r 4 & and thus
Ul =Wy =[VIP VT p;]. Moreover, % = V% = [P p1]. Now since

T iy, | PTRPPTQIp,
W= |l ) =0

it follows that PTQ'P = 0 and plTQIpl > 0. But, trace(PPT Q") = 0. Therefore,
PTQ'P =0 and thus PTQ'p; = 0. Accordingly, Q! is a quasi-stress matrix of
(G,p).
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If pT Q'py is nonsingular, i.e., if it has rank &), then we are done. Otherwise, let
col(&;) = null(p/ 2'p;). Then

col(#7) = null(7, ' %) = null( [g pfsglpl ] ) = coll {é 501 ] -

Therefore, % = %/ W{ =[VTP VI pi& ] and thus % = VU =[P pi&] = [P pa).
The rest of the proof for Q2. ..., Q¥ proceeds along the same line.
O

Example 10.4 Let (G,p) be the dimensionally rigid framework depicted in
Fig. 10.2 and considered in Example 10.2. Then

Q=020 -1 —17[020 —1 —1]
and thus p1 = [6 4 —18 7 1]T. Therefore,

3-5 6
1 2 4
02/12[1’) p1]= 0—-1-18
2.0 7
0 4 1

To calculate Q' = (a)llj) set a)215 = a)‘}S =0. Hence, PTQ'P=0and PTQ'p; =0
is a system of five equation in six variables whose solution yields

2 0 -6 3 1
0 30-18-12 0
Q'=|-6-18 18 0 6
3-12 0 9 0
1 0 6 0-7

Therefore,
wTQ\w — [PTQIP PTQIpl} _ {0 0 }

prQ'P p1Q'p 0 10082

As a result, rank(Q°) + rank(%" Q') = 2. Note that Q' is not PSD and thus, it
is only a quasi-stress matrix.

We conclude this section by pointing out that unlike local rigidity, universal rigid-
ity is not a generic property of bar frameworks. That is, as shown in the following
example, for some graph G, there exist generic configurations p and p’ such that
(G, p) is universally rigid, while (G, p') is not universally rigid. It is worthy of note
that framework (G, p) admits a PSD stress matrix of rank 2, but it does not admit a
PSD stress matrix of rank 1.

Example 10.5 Consider the two frameworks depicted in Fig. 10.4. A configuration
matrix and a Gale matrix of (G, p) are
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al 2 b1 2
[ [ |
4 3 4 3

(G,p) (G,p)

Fig. 10.4 An example of 2 two-dimensional bar frameworks. Framework (a) is universally rigid,
while framework (b) is not universally rigid. Framework (b) has three- and four-dimensional equiv-
alent frameworks. Both frameworks are locally rigid

-2 1 30

1 1 0 3

P= 1—-1| andZ= 8 5
-2 -1 -5 -2

2 0 —6 —6

Thus, (G, p) has a unique, up to a multiplication by a scalar, stress matrix Q =Z¥VZ,

5-8

where ¥ = [—8 20

node 5 is not in the convex hull of the other four nodes, (G, p) is dimensionally rigid.
On the other hand, a configuration matrix and a Gale matrix of (G, p') are

. As a result, Q is PSD and with rank 2. In fact, as long as

-2 1 30

1 1 0 3

P = 1 -1 andZ' = 4 1
-2 -1 -1 2

0 0 —6 —6

Thus, (G, p') has a unique, up to a multiplication by a scalar, stress matrix Q' =
1 -4
! 7! !
Z'V'7Z', where W' = 4 2}
stress matrix and thus, by Theorem 8.5, there exists a four-dimensional framework
that is equivalent to (G,p'). As a result, (G,p') is not dimensionally rigid and re-
mains so, as long as node 5 lies in the convex hull of the other four nodes.

. Accordingly, (G, p) does not admit a nonzero PSD

10.4 (r -+ 1)-lateration Bar Frameworks

In this section, we investigate classes of graphs for which the converse of Theo-
rem 10.8 is true. In other words, we investigate classes of graphs whose correspond-
ing universally rigid bar frameworks in general position admit a PSD stress matrix
of maximal rank. We start first with the generalization of trilateration graphs.
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Definition 10.3 A graph G on n nodes, n > r+ 1, is said to be an (r + 1)-lateration
graph if there exists a permutation 1 of the nodes of G such that:

(i) The first (r+ 1) nodes, ©(1),...,w(r+ 1), induce a clique in G.
(ii) Each remaining node n(j), for j =r+2,...,n, is adjacent to exactly (r+1)
nodes in the set {r(1),...,w(j—1)}

As aresult, an (r+ 1)-lateration graph on n nodes has n(r+1) — (r+1)(r+2)/2
edges and the nodes 7(1),...,7(r+2) induce a clique in G. It should be pointed out
that in Condition (ii) of Definition 10.3, if the neighbors of (/) in {x(1),...,7(j—
1)} induce a clique, i.e., if 7(j) and its neighbors, for each j =r+2,...,n, induce a
clique of size r+ 2, then the (r+ 1)-lateration graph is called an (r+ 1)-tree graph
[39]. Note that 1-tree graphs are the usual trees.

Evidently, an r-dimensional bar framework in general position in R” whose un-
derlying graph is an (r + 1)-lateration graph is universally rigid [177, 201]. More-
over, the converse of Theorem 10.8 is true for such frameworks.

Theorem 10.11 (Alfakih et al. [22]) Let (G,p) be an r-dimensional bar frame-
work on n nodes in general position in R”, r < n—2, such that G is an (r+1)-
lateration graph. Then (G, p) admits a positive semidefinite stress matrix  of rank
n—1—r.

The proof of Theorem 10.11 is constructive, i.e., an algorithm is presented to
construct the desired stress matrix €2. Our proof follows closely the one given in
[13]. Recall from Theorem 8.4 that if there exists a symmetric matrix ¥ such that
(z¥Z");; =0 for each {i, j} € E(G), then Z¥Z" is a stress matrix of (G, p). Wlog,
assume that G has a lateration order 1,...,n. Thus, the nodes 1,...,r4+1,r+2 in-
duce a clique and for j = r+3,...,n, node j is adjacent to r + 1 nodes in the set
{1,...,j—1}. Asalways, letF =n—1—r.

Clearly, ZZ" is a PSD matrix of rank 7. Hence, if it happens that (ZZ7);; = 0
for each {i, j} € E(G), then ZZ" is the desired stress matrix and we are done. Oth-
erwise, we generate a sequence of matrices ZZ/ = Q" Q"1 ... Qk ... Q2
where each matrix Q¥ of this sequence satisfies: (i) QX = Z¥*Z" for some sym-
metric matrix ¥, (ii) Q* is PSD and of rank 7, and (iii) each entry in the last n — k
columns (rows) of Q* corresponding to a missing edge is zero. Consequently, Q72
is the desired stress matrix. In other words, the above algorithm repeatedly modifies
yk starting from " = I, in order to “zero out” the entries of Z¥*7ZT which should
be zero, but are not. This “zeroing out” is done one column (row) at a time, start-
ing from the nth column. Obviously, the algorithm terminates when the (r + 2)th
column (row) is reached since the nodes 1,...,r+ 2 induce a clique. That is, no
“zeroing out” is needed in the upper left (r+2) x (r+2) square submatrix of the
desired stress matrix.

For j > r+3, let

N(j)={ieV(G):i< jand {i,j} € E(G)}.

Thus, |N(j)| = j—r—2 since j is adjacent to r+ 1 nodes in the set {1,...,j—1}.
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We first show how to obtain Q" ! by “zeroing out” the entries, corresponding
to missing edges, in the nth column (nth row) of Q. Let Z" be the submatrix of Z
whose rows are indexed by the nodes in N(n) U {n}. Then Z" is a square matrix of
order 7 and thus nonsingular (Corollary 3.1 ). Let b" be the vector in R”, where

mn

bi=1 1 ifi=n,

1

{ —Qn ifie N(n)

and let &, be the unique solution of
ZhE, = b,
Then we have the following lemma.
Lemma 10.7 Let Q"' = Q"+ ZE ET7ZT = Z(I: + E,ET)ZT . Then

(i) Q" 'is PSD and of rankn—1—r.
(ii) Q' =0 for each i < n such that {i,n} € E(G).

Proof. Part (i) is obvious sin_ce I+ énénT is PD. Also, part (ii) is immediate since
for i < n such that {i,n} € E(G), we have Q"' = Q' +b!b" = QI + b = 0.

O
Similarly, we continue constructing Q"2,... QK ... Q"2 by, respectively,
“zeroing out” the entries of columns n— 1,...,r+ 3 corresponding to missing edges.

More precisely, suppose that Q* = Z¥*Z" is PSD and of rank 7 and that Qf; = 0

forall j=k+1,...,n such that {i, j} € E(G). Let Z* be the submatrix of Z whose
rows are indexed by the nodes in N(k) U {k,k+1,...,n}. Then Z* is a nonsingular
square matrix of order 7. Let bF be the vector in R”, where

—Qkifie N(k)
Pr=¢ 1 ifi=k
0 ifi=k+1,...,n

Now let & be the unique solution of
Z*E = bk
Lemma 10.8 Let Q%' = QX+ ZEETZT. Then
(i) Q% 'is PSD and of rankn—1—r.
(ii) Q!}’l =0 foreachi < jand forall j=k,...,n such that {i,j} € E(G).

Proof.  Part (i) is obvious. Now for each i < k such that {i,k} € E(G) we have
.Qi/;;l = .Ql.’;( —I—bfbi = 0. Moreover, for each i < j and j = k+1,...,n such that
{i,j} € E(G) we have Qikj*l = Qf +b}bk = Qf, = 0, i.e., the entries in columns
k+1,...,n of Q%! are unchanged from QF.

O
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Proof of Theorem 10.11. Clearly, the matrix
QP =Q 478 387" = Z(+ &8 + -+ E13813) 2T

is PSD and of rank 7. Moreover, _Ql.’]fz =0 forall {i, j} € E(G). Hence, Q"*? is the
desired stress matrix of (G, p).
O

As we show next, if the (» + 1)-lateration graph is an (r + 1)-tree graph, then a
PSD stress matrix of rank n —r — 1 can be obtained directly without the need for the
“zeroing out” steps in the above algorithm [22].

Let

Nk)={ieV(G):i<kand {i,k} € E(G)}

and for j=1,...,n—r—1, let x = (x;;) € R™! be the solution of the system of

equations

i J+r+l1

Y xij[ﬂ:—{p . ] (10.11)
i: ieN(j+r+1)

Note that the set {i: i € N(j+r+ 1)} has cardinality »+ 1 and thus under the

general position assumption, System of Eq. (10.11) has a unique solution. Now let
Z = (%) be the Gale matrix defined as follows:

1 ifi=j+r+1
0 otherwise.

We claim that if {i, j} € E(G), then 232 = 0 for every k. To see this, assume, to
the contrary, that Zj # 0 and Z;; # O for some k. Then we have either one of the
following four cases:

Casel: i=k+r+1and j=k+r+1. Thusi= j, a contradiction.
Case2: i=k+r+1and j€N(k+r+1). Thus j € N(i), a contradiction.
Case3: j=k+r+1andi€ N(k+r+1). Thus i€ N(j), a contradiction.

Case4: ic N(k+r+1)and j € N(k+r+1). Hence, it follows from the definition
of an (r + 1)-tree graph that the nodes i and j belong to a clique in G. Thus, {i, j} €
E(G), a contradiction.

Accordingly, let Q = ZZ". Then, for each {i, j} € E(G), we have

n—r—1

Q= Z ZiZjx = 0.
k=1

As aresult, €2 is the desired stress matrix.

Recall that chordal graphs have a perfect elimination ordering. Hence, with a
slight modification, the above procedure for ( + 1)-tree graphs can be used to con-
struct PSD stress matrices of maximal rank for universally rigid bar frameworks
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whose underlying graphs are chordal [11]. Finally, we point out that the universal
rigidity problem for complete bipartite bar frameworks is investigated in [118, 64].

3 5

Fig. 10.5 The framework of Example 10.6 whose underlying graph is a trilateration graph. Ob-
serve that in this case, G is a 3-tree graph

Example 10.6 Consider the bar framework_(G, p) depicted in Fig. 10.5, where G is
a 3-lateration graph with missing edges E(G) = {{1,5},{1,6},{2,6}}. A configu-
ration matrix and a Gale matrix of (G, p) are

-2 0 1 0 O

-1 1 01 0

-1 -1 0 0 1

P= 11 and Z = DD
1 -1 -2 —-1-2

2 0 3 2 2

Q6 =777 Thus, 78 is the square submatrix of Z whose rows are indexed by 1,2,
and 6. Therefore,

100 -3 -3
Z8=1010],0%= | -2, and hence £¢ = (Z°)"'p® = | —2
322 1 7

Consequently,
106 =21 —-11 16 O
5-14 -8 11 0
50 20-44 9

5_
@ = 18 —10 -9
45 —18
18
Hence, 7° is the square submatrix of Z whose rows are indexed by 1,5, and 6; and
-16 —-16
bp = 1 |. Therefore, E> = 17 | and thus

0 7



232 10 Universal and Dimensional Rigidities

266 —266 —133 133 0 O
294 105 —-161 28 O
9 —43-37 9

4
@ = 99 —19 -9
46 —18

18

is a PSD stress matrix of (G,p) of rank 3. On the other hand, since G is a 3-tree
graph, we have

20 0
21 0
L | -1-1 12
Z=1 1-1-102
01 -1
00 1

Hence, ZZ" is a PSD stress matrix of (G, p) of rank 3.

10.5 Universally Linked Nodes

The notion of universal rigidity applies to the bar framework as a whole. In this
section, we discuss the equivalent notion for a pair of nonadjacent nodes.

Definition 10.4 Let {k,l} be a missing edge of bar framework (G, p). Nodes k and
| are said to be universally linked if || p* — p'|| = ||¢* — ¢'|| in every bar framework
(G,q) that is equivalent to (G, p).

In other words, even though nodes k and / are nonadjacent, the distance between
them remains the same as if they are joined by an edge. Consequently, (G, p) is
universally rigid if and only if every pair of nonadjacent nodes of G is universally
linked.

The following lemma is an immediate consequence of the definition and Theo-
rem 8.2.

Lemma 10.9 (Alfakih [16]) Let .7 be the Cayley configuration spectrahedron of
bar framework (G,p) and let {k,l} € E(G). Then k and [ are universally linked if
and only if F is contained in the subspace {y € R™ : y;; = 0} of R™.

The fact that (G, p) is universally rigid iff .# = {0} follows as an immediate
corollary of Lemma 10.9. The following lemmas are needed to establish a sufficient
condition for universal linkedness.

Lemma 10.10 Let .% be the Cayley configuration spectrahedron of bar framework
(G, p) and let Q be a nonzero positive semidefinite stress matrix of (G, p). Then

QVE (VI =0foralyec 7,
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where 2 (y) is as defined in (8.9).

Proof. Letyec .Z.Then

trace(QV 2 (y)VT) = trace(QVXVT) — ! D yijtrace(QEY) = 0.
{i.j}€E(G)

Therefore, QV 2" (y)VT = 0 since both Q and V.2 (y)V! are PSD.
O

Lemma 10.11 Let % be the Cayley configuration spectrahedron of bar framework
(G, p) and let Q be a nonzero positive semidefinite stress matrix of (G, p). Then &
is contained in the subspace

{yeR™: Q& (y) =0},
where &(y) is as defined in (9.9).

Proof. Lemma 10.10 implies that QV .2 (y)V! = —QVVT&(y)VvT /2 =0 for
ally € Z. Thus, Q& (y)V = 0 since Q(I — ee! /n) = Q and since V7 has full row
rank. Hence, by Lemma 10.6, Q& (y) = 0.

O

The following theorem establishes a sufficient condition for universal linkedness.

Theorem 10.12 (Alfakih [16]) Ler (G, p) be an r-dimensional bar framework on
n nodes, r < n—2, and let {k,l} € E(G). Further, let Q be a nonzero positive
semidefinite stress matrix of (G, p). If the following condition holds

there does not exist yy # 0 such that Q& (y) =0, (10.12)

then nodes k and | are universally linked.

Proof.  Suppose that Condition 10.12 holds. Then, by Lemma 10.11, .% is con-
tained in the subspace {y € R™ : yy; = 0}. Therefore, the result follows from
Lemma 10.9.

O

An important point to bear in mind is that Condition 10.12 is equivalent to the
following condition

there does not exist yy; # 0 such that &(y)W = 0, (10.13)

where W is any matrix whose columns form a basis of col(£2).

Example 10.7 Consider the framework (G, p) depicted in Fig. 10.6. Then a basis
of a stress matrix of (G, p) is given by W = [—2 1 0 1 0]7. Thus &(y)W =0, i.e.,
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3

Fig. 10.6 The bar framework of Example 10.7. The edge {2,4} is drawn as an arc to make edges
{1,2} and {1,4} visible. Nodes 2 and 5; and nodes 3 and 4 are universally linked while nodes 3
and 5 are not universally linked

00 0 0O O -2 0
00 0 0 ys 1 0
00 0 ysuyss 0[=10
00 y4a 0O 1 0
Oysyss 0 0 0 0

has a solution y34 = yr5 = 0 and yss is free. Consequently, nodes 3 and 4; and
nodes 2 and 5 are universally linked, while nodes 3 and 5 are not universally linked.
Obviously, (G, p) is not universally rigid since it can fold across the edge {2,4}.

As a corollary of Theorem 10.12, we can strengthen Theorem 10.7 as follows.

Theorem 10.13 (Alfakih [16]) Ler (G, p) be an r-dimensional bar framework on n
nodes, r <n—2, and let Q2 be a nonzero positive semidefinite stress matrix of (G, p).
If the following condition holds:

there does not exist y # 0 such that Q& (y) = 0, (10.14)

then (G, p) is universally rigid.

Theorem 10.13 is stronger than Theorem 10.7 since £2 does not have to be of
maximal rank, i.e., rank(£2) need not be n — 1 — r. Moreover, if rank(Q2) =n—1—r,
then Condition 10.14 is equivalent to the assertion that the framework does not admit
a nontrivial affine flex (Lemmas 10.4 and 10.6 ) since any matrix whose columns
form a basis of col(£2) is a Gale matrix of (G, p).

Example 10.8 Consider the framework (G, p) depicted in Fig. 10.2. As discussed
in Example 10.2, (G, p) is universally rigid even though it does not admit a PSD
stress matrix of rank 2. Thus, the universal rigidity of (G, p) cannot be inferred from
Theorem 10.7. However, in this case &(y)W =0, i.e.,
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0yp 0 00 0 0
vy 0 0 00| 2 0
0 0 0 y340 0[=1]0
0 0 y4 00 -1 0
0 0 0 0O —1 0

has a unique solution y1» = y3a = 0. Accordingly, the universal rigidity of (G, p)
can be inferred from Theorem 10.13.

Condition 10.14 of Theorem 10.13 has interpretations in terms of the Strong
Arnold Property of matrices and in terms of the notion of nondegeneracy of semidef-
inite programming [26, 132].

Let G be a given graph and let A be a nonzero matrix in " such that A;; = 0
for all {i, j} € E(G). A is said to satisfy the Strong Arnold Property (SAP) [56] if
Y = 0 is the only matrix in . that satisfies: (i) ¥;; = 0if i = j or if {i, j} € E(G),
ie., Y = &(y) for some y, and (ii) AY = 0. Therefore, Condition 10.14 is equivalent
to the assertion that the stress matrix €2 satisfies the SAP.

Let Q be a nonzero PSD stress matrix of (G, p). Let % be the Cayley configura-
tion spectrahedron of framework (G, p) and consider the following SDP problem

(P) min 0
subject to X + . (y) > 0.

Thus, every y in % is an optimal solution of (P) since the objective function is
identically 0. Assume that (G, p) admits a nonzero PSD stress matrix €2. Then,
clearly, VT QV is an optimal solution of the dual SDP problem

(D) max  —trace(XY)
subject to trace(M/Y) =0 for all {i, j} € E(G),
Y = 0.

Let U’ be the matrix whose columns form an orthonormal basis of null(VT QV).
Then, by Eq. (2.5), 2 is nondegenerate iff

{#(y):yeRMIN{C:C=U'"dUT} = {0}
iff the only solution of the system
viQv.a(y) = —%VTQéa(y)V =0 (10.15)
is y = 0. Hence, by multiplying (10.15) from the left by V and using Lemma 10.6,

it follows that €2 is nondegenerate iff Condition 10.14 holds. As a result, Theo-
rem 10.13 follows from Theorem 2.15.



Epilogue

The primary focus of this monograph is on Euclidean distance matrices (EDMs).
Among the various aspects of EDMs discussed are: characterizations, classes, eigen-
values, geometry, and completions. As is well known, EDMs of order n are in one-
to-one correspondence with positive semidefinite (PSD) matrices of order n — 1. As
a result, a substantial portion of this monograph is dedicated to various aspects of
PSD matrices.

EDM completion problems are best understood in the context of rigidity theory,
which has a long history going at least as far back as Cauchy. Hence, the secondary
focus of this monograph is on rigidity theory. The use of Cartesian coordinates has
been the traditional and dominant approach in the study of rigidity theory. In partic-
ular, a configuration of »n points in r dimensions is usually represented as a vector in
rn dimensions. By exploiting the correspondence between EDMs and PSD matri-
ces, and by representing point configurations by their projected Gram matrices, this
monograph discusses a new approach to rigidity theory. This new approach gives
rise to alternative tools such as the dual rigidity matrix and Gale matrices. Also, this
approach puts the semidefinite programming (SDP) machinery at our disposal by
reducing the universal rigidity problem to an SDP problem.

Two topics in rigidity theory, namely global rigidity and tensegrity frameworks,
are notably absent from this monograph. An r-dimensional bar framework (G, p)
is globally rigid if every r-dimensional bar framework (G, p’) that is equivalent
to (G,p) is actually congruent to (G, p). In other words, (G, p) is globally rigid
if there does not exist a configuration p’ satisfying: (i) HoD, = Ho Dy, (ii) the
embedding dimension of D, = r, and (iii) D, # D,. Here, H is the adjacency
matrix of graph G, (o) is the Hadamard product, and D), is the EDM defined by
p’. Hence, a globally rigid r-dimensional bar framework can have equivalent bar
frameworks of dimensions > r+- 1. Consequently, the notion of global rigidity, while
stronger than that of local rigidity, is weaker than the notion of universal rigidity.

Restricting the embedding dimension of D, is equivalent to restricting the rank
of the corresponding projected Gram matrix. This renders the global rigidity prob-
lem nonconvex and thus not amenable to the SDP machinery. As a result, tackling
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the global rigidity problem requires tools different from those used in this mono-
graph. For a discussion of the global rigidity problem, the reader is referred to
[58, 61, 114, 91, 174, 183] and the references therein.

A tensegrity graph is a simple graph where the nodes are labelled 1,...,n, and
where each edge is labelled as either a bar, a cable or a strut. Thus, a tensegrity
graph is denoted by G = (V,BUCUS), where B is the set of bars, C is the set
of cables, and S is the set of struts. A tensegrity framework is a tensegrity graph
whose nodes are mapped onto points p', ..., p" in R”. In any flexing of a tensegrity
framework, the distance between the end points of a bar must stay the same, while
the distance between the end points of a cable (strut) can decrease (increase) or stay
the same, but not increase (decrease). Consequently, a bar is equivalent to a cable
plus a strut. Furthermore, a bar framework is a tensegrity framework that consists
only of bars. The various notions of rigidity for bar frameworks extend easily to
tensegrity frameworks. However, special care must be taken in the definition of a
stress matrix. In particular, whereas the stress on a bar can be either positive or
negative, the stress on a cable (strut) must be positive (negative). Rigidity theory for
tensegrity frameworks is not discussed in this monograph due to space limitations.
Instead, the reader is referred to [162, 158, 62] and the references therein.
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Affine motion, 212 r-completion problem, 163
Algebraic independence, 203 configuration matrix, 51
Analytic flex, 186 cospectral, 133
Antipodal, 92 degree of, 136
embedding dimension, 51
B isomorphic, 133
Bar framework, 170 multispherical, 111
congruent, 171 nonspherical, 89
equivalent, 171 regular, 97
spherical, 89
C strength of, 136

Cayley configuration space, 171 EDM completion, 163
Cayley configuration spectrahedron, 172 EDM entry

Cauchy interlacing theorem, 6
Cauchy—-Schwarz inequality, 2

Cayley—Menger determinant, 66

Clique, 164, 181
Clique sum, 14
Column space, 9
Combinatorial designs, 139
Cone, 15
dual, 35
of feasible directions, 26
normal, 25, 117
pointed, 15
polar, 23,35, 116
polyhedral, 116
tangent, 26, 116
Conic at infinity, 216
Continuous flex, 186

unyielding, 152

yielding, 153

yielding interval of, 152
Effective resistance, 106
Eigenpair, 4
Elliptope, 116
Equilibrium load, 192
Equitable partition, 127

F
Face path, 182
Facial reduction, 44, 48
Farkas lemma, 35
Feasible

region, 38

solution, 38

Coordinate shadow, 119 G
Gale matrix, 59-61, 63, 90, 91, 94, 100, 109,
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Gale space, see Gale matrix
Gale transform, see Gale matrix
Generic bar framework, 203
Generic degree of freedom, 208
Global rigidity, 237
Graph

adjacency matrix, 13

chordal, 13, 164, 230

Laplacian, 13, 168, 174

leaf, 13

planar, 14

regular, 136

series-parallel, 13, 106

tree, 13
r-graph realization problem, 164

H
Hadamard matrix, 143
Hadamard product, 12, 167, 185, 211
Henneberg construction, 204, 206
Heron’s formula, 69
Hoffman polynomial, 98, 137
Hull
affine, 15
conic, 15,116
convex, 15

I

Induced subgraph, 203
Inertia, 5

Infinitesimal flex, 188
Infinitesimally flexible, 188
Infinitesimally rigid, 188
Inner product, 2

Inner product space, 2

K

Kirchhoff law, 107

Kronecker product, 12,79, 96
symmetric, 195

L

Laman graph, 203

(r+ 1)-lateration graph, 228
Linkage, 170

Load, 192

Locally flexible, 185

Locally rigid, 185

Lower semicontinuous function, 11

M

Matrix
bordered diagonal, 104, 122
Cayley—Menger, 66

diagonalizable, 4
elliptic, 62, 64
Euclidean distance, see EDM
Frobenius norm, 7
Gale, 60
Gram, 32, 51
Householder, 56, 59
induced norm, 7
nonnegative, 7
norm, 7
oblique projection, 9
orthogonal projection, 9, 53
positive, 7
positive definite, 12,29
positive semidefinite, 12,29
primitive, 8
projected Gram, 57
projection, 9, 53
special elliptic, 62
stress, 120
submultiplicative norm, 7
symmetric partial, 163
Minimally locally rigid, 208
Minkowski sum, 15
Minor
kth leading principal, 3, 31
principal, 3, 32
Missing edges, 13
Moore—Penrose inverse, 9, 107
Multiplicity
algebraic, 6
geometric, 6

N
Node
degree of, 13
Node-edge incidence matrix, 13,203

Index

Normalized characteristic matrix of 7, 128

Normed vector space, 2
Null space, 9
left, 9

o
Operator 7, 52
Operator 7, 53

P
G-partial EDM, 163
Patch, 182
Perfect elimination ordering, 14, 164
Perron eigenpair, 8
Point
extreme, 18
interior, 15
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relative interior, 16
Points in general position, 60
Polyhedral terrain, 181
Polynomial

characteristic, 4

minimal, 7

monic, 7

Q

Quasi-stress matrix, 224

R
Real algebraic variety, 186
Regular point, 189
Rigid

universally, 211,213
Rigidity map, 186
Rigidity matrix, 188

S
Schur complement, 30
SDP nondegeneracy, 39
Semidefinite programming, 37
dual problem, 37
primal problem, 37
strong duality theorem, 38
weak duality theorem, 38
Sensor network, 169, 220
Separation
proper, 20
strong, 21
Set
minimal face of, 18
affine, 15
boundary of, 16
bounded, 15
closed, 15
closure of, 15
compact, 15
convex, 15
exposed face of, 20
face of, 17
open, 15
relative boundary of, 17
relatively open, 17
Singular point, 189
Singularity degree, 46, 221

Slater’s condition, 38, 42, 44, 167-170, 201

Spectrahedron, 41, 48

Spectral decomposition, 4
Spectral radius, 8
Static rigidity, 192, 193
Stress, 174
Stress matrix, 174
projected, 175
Strong Arnold property, 235
Submatrix, 3
kth leading principal, 3, 31
principal, 3
Subspace .}, 53
Subspace ., 53
Sylvester law of inertia, 6, 30

T
Tangent space, 39
Tensegrity framework, 238
Tensegrity graph, 238
Theorem
Cayley—Hamilton, 6
Jung, 96
Menger, 69
Moreau, 25
Perron, 7
projection, 21
Rayleigh-Ritz, 5
Schur product, 12
separation, 22
spectral, 4
Straszewicz, 28
strong separation, 21, 22
supporting hyperplane, 22
Weierstrass, 21
Transformation
adjoint, 3
(r+ 1)-tree graph, 228, 230
Transformation %y, 56
Transformation %, 56

U
Universally linked, 232
\Y%
Vector
k-block structure, 111
positive, 7

standard unit, 6
Vector space, 1
k-vertex connected, 13
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