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Preface

There are already many books on longitudinal data analysis. This book is unique
among them in that it specializes in autoregressive linear mixed effects models that
we proposed. This is a new analytical approach for dynamic data repeatedly
measured from multiple subjects over time. Random effects account for differences
across subjects. Autoregression in the response itself is often used in time series
analysis. In longitudinal data analysis, a static mixed effects model is changed into a
dynamic one by the introduction of the autoregression term. It provides one of the
simplest models that take into account the past covariate history without approxi-
mation and discrepancy between marginal and subject specific interpretation.
Response levels in this model gradually move toward an asymptote or equilibrium
which depends on fixed effects and random effects, and this is an intuitive summary
measure. Linear mixed effects models have good properties but are not always
satisfactory to express those nonlinear time trends. Little is known about what
autoregressive linear mixed effects models represents when used in longitudinal
data analysis.

Chapter 1 introduces longitudinal data, linear mixed effects models, and mar-
ginal models before the main theme. Prior knowledge of regression analysis and
matrix calculation is desirable. Chapter 2 introduces autoregressive linear mixed
effects models, the main theme of this book. Chapter 3 presents two case studies of
actual data analysis about the topics of response-dependent dropouts and
response-dependent dose modifications. Chapter 4 describes the bivariate exten-
sion, along with an example of actual data analysis. Chapter 5 explains the rela-
tionships with nonlinear mixed effects models, growth curves, and differential
equations. Chapter 6 describes state space representation as an advanced topic for
interested readers.

Our experiences with data analysis are mainly through experimental studies,
such as randomized clinical trials and clinical studies with dose modifications. Here,
we focus on the mechanistic aspects of autoregressive linear mixed effects models.
Dynamic panel data analysis in economics is closely related to autoregressive linear
mixed effects models; however, it is used in observational studies and is not cov-
ered in this book.
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Chapter 1 ®)
Longitudinal Data and Linear Mixed e
Effects Models

Abstract Longitudinal data are measurements or observations taken from multiple
subjects repeatedly over time. The main theme of this book is to describe autore-
gressive linear mixed effects models for longitudinal data analysis. This model is an
extension of linear mixed effects models and autoregressive models. This chapter
introduces longitudinal data and linear mixed effects models before the main theme
in the following chapters. Linear mixed effects models are popularly used for the
analysis of longitudinal data of a continuous response variable. They are an exten-
sion of linear models by including random effects and variance covariance structures
for random errors. Marginal models, which do not include random effects, are also
introduced in the same framework. This chapter explains examples of popular lin-
ear mixed effects models and marginal models: means at each time point with a
random intercept, means at each time point with an unstructured variance covari-
ance, and linear time trend models with a random intercept and a random slope.
The corresponding examples of group comparisons are also provided. This chapter
also discusses the details of mean structures and variance covariance structures and
provides estimation methods based on maximum likelihood and restricted maximum
likelihood.

Keywords Linear mixed effects model - Longitudinal - Maximum likelihood
Random effect - Unbalanced data

1.1 Longitudinal Data

Longitudinal data are measurements or observations taken from multiple subjects
repeatedly over time. If multiple response variables are measured, the data are called
multivariate longitudinal data. There are several interests to perform longitudinal data
analysis, including changes in the response variable over time, differences in changes
by factor or covariate, and relationships between changes in multiple response vari-
ables. Because measurements from the same subjects are not independent, analytical
methods that take account of the correlation or variance covariance between repeated

© The Author(s), under exclusive licence to Springer Nature Singapore Pte Ltd. 2018 1
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measures have been developed. For a continuous response variable, linear mixed
effects models are often applied, and this model treats differences across subjects
as random effects. In the 1980s, seminal papers about linear mixed effects mod-
els were published, such as that by Laird and Ware (1982). Since the 1990s, books
about longitudinal data analysis have been published and statistical software has been
developed. This book discusses the analysis of continuous response variables.

Analytical methods differ depending on the study designs. This can be illustrated
by three study designs with 100 blood pressure measurements. If the data were
measured once from 100 subjects, analytical methods such as ¢ test or regression
analysis are used. If the data were measured 100 times from one subject, analytical
methods for time series data are used. If the data were repeatedly measured five times
from 20 subjects, analytical methods for longitudinal data are used.

Figure 1.1a shows an example of longitudinal data which are hypothetical data
from a randomized controlled trial (RCT). The solid and dotted lines indicate the
changes in a response variable for each subject in two groups. In an RCT, groups
such as a new treatment and placebo are randomly assigned to each subject. Then the
distributions of the response variable at the randomization, baseline, are expected
to be the same between the two groups. We compare the response variable after
the randomization. The randomization guarantees comparability between groups, or
internal validity. Especially, it is important that the distributions of unknown con-
founders will be the same between groups. This is a strong point of RCTs compared
with observational studies. In observational studies, adjustment of confounding is
important and we cannot adjust unknown confounders. This book covers RCTs and
experimental studies rather than observational studies.

Figure 1.1b shows an example of time series data. Time series data usually have
a large number of time points. Typical longitudinal data have a large or moderate

=3

1.65~
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1.55

1.5

Nikkei average closing price (10,000 yen) ~

1.45

Fig. 1.1 aHypothetical longitudinal data from a randomized controlled trial to compare two groups.
Solid and dotted lines indicate changes in a response variable for each subject in two groups. b Time
series data of Nikkei average closing price
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number of subjects but a limited number of time points. There are also various cases
of longitudinal data such as data with a large number of subjects and a large number
of time points or data with a limited number of subjects and a large number of time
points.

Since the 1990s, many books on longitudinal data analysis have been published.
These include Diggle et al. (1994, 1st edn.), Diggle et al. (2002, 2nd edn.), Dwyer
et al. (1992), Fitzmaurice et al. (2004, 1st edn.; 2011, 2nd edn.), Fitzmaurice et al.
(2009), Gregoire et al. (1997), Hand and Crowder (1996), Jones (1993), Laird (2004),
Littell et al. (1996, 1stedn.), Littell et al. (2006, 2nd edn.), Tango (2017), Verbeke and
Molenberghs (1997, 2000), Vonesh (2012), Wu and Zhang (2006), and Zimmerman
and Nifiez-Ant6n (2010). The feature of this book is to discuss mainly autoregressive
linear mixed effects models which are rarely introduced in other books.

Section 1.2 introduces linear mixed effects models and marginal models.
Section 1.3 provides specific examples of these models. Section 1.4 shows mean
structures and variance covariance structures generally used. Section 1.5 discusses
the inference based on maximum likelihood.

1.2 Linear Mixed Effects Models

Linear mixed effects models are used for the analysis of longitudinal data of contin-
uous response variables. Let Y; = (Y,-l, Yin, -, Yi,li)T be the vector of the response
corresponding to the ith (i = 1, - - -, N) subject measured from 1 to n; occasions. Yj;
is the jth measurement. A7 denotes the transpose of A. Linear mixed effects models
are expressed by

Y, = X,’B+Zibi+€,’, (121)

where B is a p x 1 vector of unknown fixed effects parameters, X; is a known n; X p
design matrix for fixed effects, b; is a ¢ x 1 vector of unknown random effects
parameters, Z; is a known n; x g design matrix for random effects, and €; isa n; x 1
vector of random errors, & = (&1, &2, -, sml)T. It is assumed that b; and ¢; are
both independent across subjects and independently follow a multivariate normal
distribution with the mean zero vector, 0, and variance covariance matrices G and
R;, respectively. The distributions are expressed by

b; ~ MVN(0, G), (1.2.2)
g ~~ MVN(O, Ri), (123)

where G is a ¢ X g square matrix and R; is an n; X n; square matrix. In these matrices,
the diagonal elements are variance and the non-diagonal elements are covariance.
These matrices include unknown parameters and are assumed to be some structures.
Responses from different subjects are assumed to be independent.
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Following the above assumptions, the marginal distribution of Y; is a multivariate
normal distribution. The mean vector is the marginal expectation E(Y;) = X;$, and
the variance covariance matrix V; = Var(Y;) is

Vl' = Var(Zibi + Si) = ZZGZLT + Ri. (124)
The distribution is expressed by
Y; ~ MVNXB, V)), (1.2.5)

where V; is an n; X n; square matrix. The E(Y;) and the expectation for a typical
subject with b; = 0, E(Y;|b; = 0), are the same.

Correlations and unequal variances across responses are now allowed. Inclusion
of random effects and structures of a variance covariance matrix are extensions of
linear models. In linear models, the variance covariance matrix is usually assumed
to be an independent structure with equal variances.

The term “mixed effects” means including both fixed effects and random effects.
However, the models that assume some particular structures on R; without random
effects, V; = R; instead of V; = Z,-GZiT + R;, are also discussed in the framework
of linear mixed effects models. The models are

Yi = X,B + €;, (126)

where ; ~ MVN(0, R;), E(Y;) = X;B, and Var(Y;) = R;. They are called marginal
models. In marginal models, we model the marginal expectation of the response,
E(Y;), marginal variance, and correlation. We can define a multivariate normal dis-
tribution by the mean structure as the first moment and variance covariance structure
as the second moment. Linear mixed effects models can be transformed to marginal
models as (1.2.5). For discrete responses, such as binary and count data, however,
higher moments are required to define likelihood, and the generalized estimating
equation (GEE) is often used for marginal models. Furthermore, the interpretation
of fixed effects parameters f differs between mixed effects models and marginal
models.

1.3 Examples of Linear Mixed Effects Models

This section provides several specific linear mixed effects models and marginal mod-
els, which are simple and widely used. These include means at each time point with
a random intercept, means at each time point with an unstructured (UN) variance
covariance, and linear time trend models with a random intercept and a random slope.
Examples of these models for group comparisons are also provided.
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1.3.1 Means at Each Time Point with Random Intercept

In clinical trials and experimental studies, observation time points are often designed
to be the same across subjects. Time intervals between observations are not necessary
to be equal. If the observation time points are the same, we use the following model
with means at each time point with a random intercept,

Yj = 1 +bi+e
bi ~N(0,03) . (1.3.1)
& ~ N(0,07)

Here, u; is the mean at the jth (j = 1, - - -, J) time point. b; is a random intercept for
the ith subject. It is assumed that b; and a random error, ¢;;, independently follow a
normal distribution with the mean zero and the variances 0(2} and o2, respectively.

In the case of four time points, the model for the response, Y;, and the variance
covariance matrix of the response vector, V; = Var(Y;), are

Yi 1 000 1231 1 Eil
v :
Y, = 2 | _ 0100 M2 + 1 b+ €2 ’
Yis 0010 || ms 1 &
Yia 0001 MHa 1 Eia
V,‘ = ZlGZlT + R,‘

= Z,GZ! + 0?1,
1 1000
1 1

=, oG(1111)+0; 0100
1

2 2 2 2
0G 9G 0G 9G

1000
aéoéaéaé o2 0100

2 2 2 2 €
0 0§ 0 o 0010

0G 9G 0G 9G

2 2 2 2 2
O'G + O'E O'G (TG UG

2 2 2 2 2

B o; ogto; oG oG
- 2 2 2 2 2
o5 o5 o5+o; 0§

2 2
oG oG oG oG 'f'O'e
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(a) (b)
Y Y
120 120
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60 60 \‘“H_____
30 30

0o 1 2 & 6 8 0o 1 2 4 6 8

week week

Fig. 1.2 a Data for selected subjects from schizophrenia trial data. b Means at each time point with
a random intercept. Estimated means (thick line with closed circles) and predicted values for each
subject (thin lines)

Here, I, denotes an a x a identity matrix. The variance covariance structure, ZiGZ,-T,
induced by a random intercept, is a square matrix with all the same elements, cré.
The variance covariance matrix of the random error vector, UEZI,,,,, is added on to
this matrix for V; = Var(Y;). The diagonal elements of V; are Ué + 082 and the
non-diagonal elements are 0. o is called between-subject variance, inter-subject
variance, or inter-individual variance. ‘732 is called within-subject variance, intra-
subject variance, or intra-individual variance.

Figure 1.2a shows longitudinal data for selected subjects from schizophrenia trial
data in Diggle et al. (2002). We analyze the data in Chap. 3. Figure 1.2b shows an
example using the model (1.3.1). The thick line with closed circles indicates the
estimated means at each time point, /lj. The thin lines show the predicted values,
aj+ Bi, for each subject. The individual lines are parallel because a random intercept
means the assumption of mutual parallelism across subjects over time.

The above model, Y;; = u; + b; + ¢, is also expressed in another design matrix
with J — 1 dummy variables, xy;, - - -, x;_y;. Letx;; = 1if k = j — 1 and O otherwise.
The model is

Yij = Bo+ Bixij+ -+ Bjoixy_y + bi + g (1.3.2)

In the case of four time points, the model is
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Yii 1000\ [ Po 1 &i
Y 1100 || B 1 )
= + b; +
Y3 1010 B 1 &3
Yis 1001/ \ 1 €ia

Data with the same observation time points without missing values are called
balanced data. Data with different observation time points or data with missing
values are called unbalanced data. Even if there are missing values, we can analyze
all data without removing subjects with missing data. We discuss missing data in
Sect. 3.2.

1.3.2 Group Comparison Based on Means at Each Time
Point with Random Intercept

Here, we consider group comparisons based on the means at each time point with
a random intercept. When there are two groups (A and B), let x,; be an indicator
variable for the group, with xg; = 0 in group A and xg; = 1 in group B. The linear
mixed effects model with the main effects of time and the group with a random
intercept is

Yij = Bo+ Bixij+ -+ Bro1Xy—1j + BeXgi + bi + &

bi ~ N(O, aé) . (1.3.3)

e ~ N(0.02)

In the case of four time points, this model is

0
1 X11 X21 X31 Xg; p
Yil 11 A21 A31 Agi ﬁl 1 il
Y 1 x12 X202 X32 X 1 &n
= B2 | + bi +
Yi3 1 x13 X23 X33 Xg; 5 1 &i3
3
: &
Yiy 1 x14 X24 X34 Xgi B 1 “
3

The design matrices of the fixed effects for groups A and B are

10000 10001
X, = 11000 and X; = 11001
10100 10101

10010 10011
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In this case, Bz shows the differences between the two groups. The model assumes
that the differences are the same over time. The model may be inadequate in RCTs
in Sect. 1.1 and Fig. 1.1a, because the distributions of baseline at j = 1 are expected
to be the same between the groups but the distributions at j > 1 will differ.

When the interaction between time and the group is added because the differences
between groups are not constant over time, the model becomes

Yy = Bo+Bixij+ -+ Br1xs1j+ (Beo + Barxij + -+ + Bos 1% 1j)Xgi + bi + €.
(1.3.4)

In the case of four time points, X; for groups A and B and B in the model are

10000000 10001000
X = 11000000 andX; = 11001100 ’

10100000 10101010

10010000 10011001

B = (Bo. B1. B2: B3» Beos Bats Bers Bes) -

In this model, time courses are not assumed to be parallel between the groups.
The expected values at the last time point for groups A and B are

E(Y;4|xg,» = O) = ,30 + ,83,
E(Yiulxg = 1) = Bo+ B3 + Beo + Be3-

The expected difference at the last time point between groups A and B is
E(Yislxgi = 1) — E(Yialxgi = 0) = Boo + Be3-
To estimate the difference, we use the following contrast vector, L,
L=(00001001). (1.3.5)
Then, By + Be3 is

LB=(00001001)(Bo. B1. B, B3, Beos Bet. Pez: Bes)”
= Boo + Bg3- (1.3.6)

In Sect. 1.5.5, we discuss the estimation and test using contrasts.
Because the distributions of baseline at j = 1 are expected to be the same, we can
omit By from (1.3.4) in RCTs. The model is

Y= Bo+Brxy+ -+ Brorxs_ i+ (Baaxij + - - - + By 1xy1j)Xei + bi + €.
(13.7)

In the case of four time points, X; for groups A and B and @ are
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1000000 1000000
X, = 1100000 andX; = 1100100 ’

1010000 1010010

1001000 1001001

B = (Bo. B1. B2, B3, Bt Bz ﬂga)T-

The difference at the last time point between groups A and B is 3.

1.3.3 Means at Each Time Point with Unstructured Variance
Covariance

When there are missing data, the correct specification of the model, including not
only the mean structure but also the variance covariance structure, is important, as
described in more detail in Sect. 3.2. In the previous sections, we introduced means
at each time point with a random intercept. However, the variance covariance struc-
ture expressed by the random intercept assumes a constant variance and a constant
covariance. These assumptions are too restrictive. Means at each time point with an
unstructured (UN) variance covariance are often used recently, because this model
has no constraints on the parameters of the mean structure and variance and covari-
ance components. The model is

Yij = pj+e

. (1.3.8)
g ~ MVN(O, RUN[)
Here, u; is the mean at the jth (j = 1, - - -, J) time point, and Ryy; is the UN for R;. It
is assumed that a random error vector, g;, follows a multivariate normal distribution
with the mean zero and the UN, Ryy;.
In the case of four time points, the model for the response, Y;, and the variance
covariance matrix of the response vector, V; = Var(Y;), are

Y; 1000 1 il

Y; 0100 j2%) &n
Y = = + ,

Yis 0010 M3 &i3

Yia 0001 Ha &i4

2

0| 012 013 014
2

012 05 023 024

2
013 023 03 034

2
014 024 034 O}
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The UN is not parsimonious, and the number of parameters increases largely when
the number of time points is large.

For the two group comparison, the models corresponding to (1.3.4) and (1.3.7)
are

)

Y= Po+Bixij+- -+ Braxsij+ (Beo + Barxyj + -+ + Bor 1% 1)) Xgi + €
&; ~ MVN(0, Ryn;)

(1.3.9)

Y= Bo+Bixij+ -+ Broaxs_ij+ (Bgxij + - - - + Ber_1X-1j)Xei + €
&; ~ MVN(0, Ryn;)

(1.3.10)

We can assume different UN for each group, but the number of parameters is doubled.

1.3.4 Linear Time Trend Models with Random Intercept
and Random Slope

Linear time trend models are also often assumed for the mean structure and ran-
dom effects. For this assumption, changes per unit time are constant. Let Y;; be the
responses corresponding to the jth measurement of the ith (i = 1, ---, N) subject.
t;j is time as a continuous variable. The model is

Y = (Bo+boi) + (B1 + b1ty +&;

bo; 0 oy o601
%) ~ MVN ( > o . (1.3.11)
bli 0 0Go1 O‘él

& ~ N(0,07)

Here, by; and by; are random effects for the intercept and slope for the ith subject,
and are called a random intercept and a random slope, respectively. The random
effects, b; = (bo;, b1;)!, are assumed to follow a bivariate normal distribution with
the mean vector 0, variances o, and 03, and covariance oo . The random intercept
and slope may be assumed to be independent, that is, ogo; = 0. The variance of a
random error, g, is 052, and random errors are assumed to be mutually independent
and normally distributed.

In the case of four time points, the model and the variance covariance matrix of
the response vector are
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Yi 11 1t il
Y Ltn | Bo Lt | bio i
Y, = - N N ,
Yi3 Lz |\ B Ltiz |\ b i3
Yi4 I 14 I 14 €i4
V: = Z,GZ! +R;
Lt 1000
Lip | 960 ocot \ (1 1 1 1 L.2| 0100
Ltz |\ ogor 0, (l‘il tio 13 fi4> “loo10
114 0001

The diagonal element at the jth time in V;, that represents the variance, is

2 22 2
0Go + 20601t + oGt +o; -

The non-diagonal element at the j, kth time in V;, that represents the covariance, is
2 2
0G0 + 0Go1 (t,*j + tik) + oG tijtik -

Based on these equations, when covariate values of random effects are different
across time points, t; # tj for j # k, the variance is also different across time
points, Var(Y;) # Var(Yy), unless 04, = 0 and ogo; = 0. The covariance also
depends on the time.

When the time #; is the same across subjects, #; = t;, the variance covariance
structure is the same across subjects and it is included in the UN. When the time #;;
differ across subjects, the variance covariance structure differs across subjects and it
is not included in the UN.

Figure 1.3a shows a linear time trend model with a random intercept. We assume a
fixed slope (Ué1 =0, b;; = 0). Intercepts are different across subjects but the slopes
are the same. Figure 1.3b shows a linear time trend model with a random intercept
and a random slope. The variance in response increases with time. In some cases,
the variance decreases with time within the observation period.

This model shows a linear time trend and is called a growth curve model. Models
with a quadratic equation of time or higher order equations are also called growth
curve models. These curves show nonlinear changes according to time but are linear
in parameters. In contrast, nonlinear curves such as Gompertz curves and logistic
curves show nonlinear changes according to time and are nonlinear in parameters.
We discuss nonlinear growth curves further in Chap. 5. Furthermore, growth curves
for child development, such as height, weight, and body mass index (BMI), are
estimated by other methods.
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(a) (b)
Y Y
120 120

90

60

30

week week

Fig. 1.3 a Linear time trend model with a random intercept. b Linear time trend model with a
random intercept and a random slope. Estimated means (thick line with closed circles) and predicted
values for each subject (thin lines)

1.3.5 Group Comparison Based on Linear Time Trend
Models with Random Intercept and Random Slope

This section shows group comparisons based on the linear time trend model (1.3.11).
Consider models in which the covariates include time as a continuous variable, the
group as a qualitative variable, and an interaction of time and the group. When there
are two groups, groups A and B, let x,; be an indicator variable for the group, with
Xgi = 01in group A and x,; = 1 in group B. The linear mixed effects model with the
interaction is

Y = (Bo + Beoxei +boi) + (Bi + Baixgi + bii)ty + &

bo; o, o
%) ~ MVN <O>, Go 7601 . (13.12)
bli 0Go1 O‘él

g ~ N(O, 052)

For group A, the intercept is Sy and the slope is ;. For group B, the intercept is
Bo + Bgo, the slope is B1 + By1. The coefficient of xyt;;, Be1, is the interaction term
between time and the group, and shows the difference in the slopes between the
groups. In the case of four time points, the model is
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Yi U xgi tin Xgitit \ [ Bo 11 &l
Yo | | % fi2 Xgitia Beo . Ltn | { bio .|
Yo | | 1 xg tis Xeitis Bi 1tiz |\ b €i3
Yi 1 Xgi tig Xgitia Bl 1ty €i4

The design matrices for the fixed effects of groups A and B are

10t 0 111t tq
10,0 118
X; = : and X; = 2
10130 1113513
10140 1114ty

Here, the variance covariance parameters, O’éo, aél , 0Go1, and 082 are assumed to be
the same between groups. These can also be assumed to be different between groups.

The slope is often considered a summary measure and is used for group compar-
isons. Methods to estimate and test the difference in slopes, By, have been inten-
sively studied focusing on missing data and dropouts since the late 1980s. In contrast,
the asymptote or equilibrium is used in autoregressive linear mixed effects models,
and these are potentially useful interpretable summary measures. Funatogawa et al.
(2008) studied the estimation of asymptotes focusing on missing data.

1.4 Mean Structures and Variance Covariance Structures

Section 1.3 provides several specific linear mixed effects models that are widely used.
This section discusses details of mean structures and variance covariance structures
including variable transformation.

1.4.1 Mean Structures

Let p;; be the mean at the jth time of the ith subject. The mean structure of the model
with means at each time point as shown in Sect. 1.3.1 is u;; = u;, and the number of
parameters increases with the number of time points. In the linear time trend model
shown in Sect. 1.3.4, ;; = Bo + Bit;;, the number of parameters is two: the intercept
and slope. A quadratic time trend is

2
wij = Bo + Pitij + Bat.
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A quadratic equation has a maximum or minimum value, 8y — ,312 /(2B), at the
time, t; = —pBi/2p,. After this point, the response changes from an increase to
a decrease, or from a decrease to an increase, so that changes are not monotonic.
However, sometimes this is not a reasonable assumption, and the fit is not good for
later data points. Not only linear or quadratic equations of time but also higher order
polynomials of time are used. The /th order polynomial is

!
2
Wij = Zﬂktf,- = Bo + Bt + Batj; + - - + it

k=0

A piecewise linear function has linear trends and slope changes at some breakpoints.

In regression analysis, after transformation of a response variable or an explana-
tory variable, linear models may provide a good fit. Log transformation, y = logy,
is often used if the response variable follows a log normal distribution; a logarithm
of the response follows a normal distribution. In the area of pharmacokinetics, drug
concentrations follow right heavy-tailed distributions, and log transformation is often
used. When the variance depends on the mean, log transformation is used in order
to stabilize the variance.

The Box—Cox transformation is

A

y =1
YW= A0,
y* =logy, (A = 0).

Here, the following formula holds:

v =1

lim

A—0 - logy

In some cases, frameworks other than linear mixed effects models are more suit-
able. Autoregressive linear mixed effects models are discussed in the following
chapters. Nonlinear mixed effects models are discussed in Chap. 5. Nonparamet-
ric regression analysis and smoothing methods are also used.

1.4.2 Variance Covariance Structures

This section discusses variance covariance structures in detail. Table 1.1 shows sev-
eral variance covariance structures in the case of four time points. The variance
covariance matrix of the response vector Y;is V; = Z,GZiT +R; where Z,GZiT and R;
are induced by random effects and random errors, respectively. Variance covariance
structures induced by a random intercept are shown in Sect. 1.3.1. The unstructured
(UN) is shown in Sect. 1.3.3. Variance covariance structures induced by a random
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intercept and a random slope are shown in Sect. 1.3.4. The variance covariance struc-
ture induced by arandom intercept and a random slope with ( tHhtyly ) = (0 123 )
is given in Table 1.1o. Structures popularly used are independent equal variances,
UN, compound symmetry (CS), and first-order autoregressive (AR(1)).

The structure with independent equal variances is used together with random
effects. Since data measured from the same subject are usually correlated, the inde-
pendent structure is not used alone but used together with random effects that account
for correlations within a subject. When used with random effects, it is called condi-
tional independence given random effects. The independent structure with unequal
variances is also used.

The UN structure has no constraints on variance or covariance parameters.
Although this assumption is not strict, the UN is not parsimonious and inefficient.
The number of the parameters is large as the number of time points is large. When
the number of time points is n;, the number of parameters is n;(n; + 1) /2. When the
time points increase from »; to n; + 1, the number of parameters increases by n; + 1.

The CS is also called exchangeable. This structure has two parameters, variance
o2 and covariance o, which are the same across time points. With other parameters,
variance and correlation p are the same across time points, respectively. The corre-
lation p = o /0? is called the intra-class correlation coefficient. The CS includes the
structure induced by a random intercept and independent random errors as shown in
Sect. 1.3.1. The diagonal elements are the sum of the between-subject variance and
the within-subject variance, and non-diagonal elements are the between-subject vari-
ance. Although this structure constrains the covariance and correlation to be positive,
these of the CS can be negative. It is a narrower structure compared with CS. The
heterogeneous CS (CSH) structure has a CS correlation structure and heterogeneous
variances across time points.

The AR(1) structure has a typical serial correlation where the correlation decreases
as the time interval increases. The heterogeneous AR(1) (ARH(1)) structure has
an AR(1) correlation and heterogeneous variances across time points. The AR(1)
structure for R;, Rag;, is used in three ways: random errors alone as V; = Ragj,
with random effects as V; = Z,-GZiT +RaR, or with random effects and independent
errors as V; = Z,-GZiT + Ragr; + ozlni. There are several approaches to use random
effects, serial correlations, and independent errors simultaneously (Diggle 1988;
Heitjan 1991; Jones 1993; Funatogawa et al. 2007; Funatogawa et al. 2008). Jones
(1993) used serial correlations for continuous time.

The Toeplitz structure has homogeneous variances across time points and homo-
geneous covariances for equal time distance. The heterogeneous Toeplitz structure
has a Toeplitz correlation structure and heterogeneous variances across time points.
The j, kth element is ojoy p|j—|. The two-band Toeplitz structure constrains covari-
ances to be 0 if the time differs over two points. The similar structure is used in
autoregressive linear mixed effects models as shown in Sect. 2.4.1 and Table 2.3a to
take measurement errors into account.

Kenward (1987) used the first-order ante-dependence (ANTE(1)). The j, kth ele-
ment is
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Table 1.1 Variance covariance structures for four time points

(a) Independent equal variances
1000
,] 0100
0010
0001

(b) Independent unequal variances
620 0 0
00700
0 00?0
00 0a

(c) Unstructured: UN

2
o{ 012 013 014
2
012 05 023 024
2
013 023 03 O34

2
014 024 034 O}

(d) Random intercept

2 2 2 2
G 9G 9G 9G
2 2 2 2
G 9G 9G 9G
2 2 2 2
G 9G 9G 9G

2 2 2 2
G 9G 9G 9G

(e) Random intercept and independent
equal variances, inter- and intra-variances

O, (2; + 0 82 O, é O, (2; O é
02 oi+e? ofF  of
02 0% oi+o? of
O’é oé 0(2} o(% +0?

(f) Compound symmetry: CS,

variance and covariance
o2 o1 01 0

o1 62 01 o

o1 o1 62 o

o1 01 o1 02

(g) CS, variance and correlation
Lppp
elpep
pplp
pppl

(h) Heterogeneous CS: CSH
ol 0102p 0103p G104p
C102p G2 0203p 0204
01030 02030 0F  0304p

2
0104p 0204p T3040 O}

(1) First-order autoregressive: AR(1)

(j) Heterogeneous AR(1): ARH(1)

1 p p?p? o2 o1op o103p% o1040°
I R o? o1oap 03 0203p 0204p°

PP o 1op 0103p> 0203p  0F  0304p

pietpl o104p” or04p® 03040  OF
(k) Toeplitz (1) Heterogeneous Toeplitz

o2 o1 o o3

o1 02 01 0y

gy 0] (72 o1

03 02 O] 02

2

o 0102p1 010302 010403
2

010201 O) 020301 020402

2
010302 020301 O3 030401

2
010403 020402 030401 O

(continued)
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Table 1.1 (continued)

(m) Two-band Toeplitz (n) First-order ante-dependence: ANTE(1)?
6201 0 0 ol G102p1 1030102 0104010293
o1 0201 0 07 00302 0204P203
0 o 02 g 032 030403
0 0 o 02 af

(o) Random intercept and random slope with (n Hh 3 t4> = (0 123 )a
2 2 2 2
9G0 950 + 0Go1 950 + 20’(3()1 950 + 30'G01
2 2 2 2 2 2
9Go + 2(7(;01 + 9G1 9Go + 30’001 + ZUGI 9Go + 40(301 + 3UG1
02, +40oGo1 + 402, 02, + 50601 + 602
GO Go1 Gl 9G0 Go1 Gl

2 2
9G0 + 60’(;()1 + 9UG1

#Lower triangular elements are omitted

k—1
0j0k le-
I=j

When the number of time points is n;, the number of parameters is 2n; — 1. The
ANTE(1) is non-stationary, where the variances are not constant across time points
and the correlations depend on time points. In contrast, the AR(1), CS, and Toeplitz
are stationary, where the variances are constant across time points and the correlations
depend on only time distance.

Variance covariance structures using a stochastic process are applied. In the Orn-
stein—Uhlenbeck process (OU process), the variance and covariance between Y (s)
and Y (¢) are

Cov(Y(s), Y(1) = 0> Qo) 'e !,

This continuous time process corresponds to AR(1) for discrete time with p =
e~ “. The following process that integrates the OU process is called the integrated
Ornstein—Uhlenbeck process (IOU process),

t

W) = / Y (u)du.

0

The variance of W (¢) and the covariance between W (s) and W (¢) are

Var(W (1)) = o2 (at +e — 1),
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-1 . _ _ —ali—
Cov(W(s), W(1) = 0*(20”) " {2amin(s, ) + e * + e — 1 — e I},

Taylor et al. (1994) and Taylor and Law (1998) used the IOU process and Sy et al.
(1997) used the bivariate extension.

Variance covariance matrices are sometimes assumed to be different across levels
of afactor such as a group. If there are two groups, the number of parameters increases
by two times. Results of statistical tests or estimation may largely depend on this
assumption. The unequal variances in the analysis of covariance are discussed in
Funatogawa et al. (2011) and Funatogawa and Funatogawa (2011).

1.5 Inference

1.5.1 Maximum Likelihood Method

For the estimation of linear mixed effects models, maximum likelihood (ML) meth-
ods are often used. For simplicity, this section first explains likelihood for indepen-
dent data. Let Y follow a normal distribution with the mean p and variance o2. The
probability density function of Y is

! ex _l(Y—,u,)z (1.5.1)
s p 5 . . 5.

The probability density function is a function of a random variable Y given the

fx)=

parameters (i, 0%). It shows what value of ¥ tends to occur. Now, let Yy, - - -, Yy be
N random variables that follow independently an identical normal distribution with
the mean u and variance o2. Then, the probability density function of Yy, - - -, Yy is

1/Yi—u\>
F e Yy = ]—[Wexp{—§< G“) } (15.2)

Because of the independent variables, this is a simple multiplication of the above
probability density function. The likelihood function is algebraically the same as the
probability density function, but a function of parameters (i, o) given the data,
Y1, -+, Yn. The ML method maximizes the log-likelihood (//) for the estimation of
unknown parameters. The log-likelihood is

i = —]X log(2m) — —loga - = Z( M) (1.5.3)

Minus two times log-likelihood (—21I) is used for the calculation,
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N 2
Y —
—2lly. = N log(27) + N logo? + ) ( “) . (1.5.4)
o
i=1

The ML estimator (MLE) of wu is the arithmetic mean, Y = Zi\lzl Y;/N. The MLE

of a2 is Y| (Y; - )_’)2/N, and is biased because it does not take account of the
decrease of one degree of freedom by the estimation of the mean parameter. It is
known that the unbiased estimator of o' is Y r | (v; — 17)2 /(N —1). When N is
infinite, both converge to the same value. In this simple example, the MLE of o2 is
biased but consistent.

Next, the likelihood for longitudinal data is provided. In longitudinal data analysis,
data from different subjects are often assumed to be independent, but data from the
same subject are not assumed to be independent. In linear mixed effects models, the
marginal distribution of Y; is a multivariate normal distribution with the mean X;f
and variance covariance matrix V; = ZiGZiT + R;. Then, the probability density
function of Yy, ---, Yy is

N I ; 1
Sy, Yy) = 1_[(271)_2|V,~|‘2exp{—§(Y1~ — XV (Y — Xz’B)},
i=1

(1.5.5)

where |V;| is the determinant of V;. The marginal log-likelihood function, /i, and
—2llL are

=~ 221" g0y — | i logI Vi — = i(Yf ~XiB)'V; (Y — XiB)
2 2 i=1 2 i=1 l ’
(1.5.6)
N
—2lh. =Y _{mlog2m) +log|Vil +(Y; = X'V, ' (Y, = X;B)}.  (1.5.7)

i=1

The ML estimates are obtained from maximizing Ilyy, or minimizing —2Il\y, with
respect to unknown parameters. When variance covariance parameters are known,
the MLEs of the fixed effects parameters f§ obtained from minimizing —2/lyy, are

N - N
B = (Zx?vilx,) > OXIVIY;, (1.5.8)
i=1

i=1

@ 9

where the superscript means a generalized inverse. The variance covariance
parameters are usually unknown. To obtain the ML estimates of the variance covari-
ance parameters, f§ is concentrated out of the likelihood by substituting the equation
of ﬁ (1.5.8) in —2Ilyy, (1.5.7). Then, we minimize the following concentrated —2I1:



20 1 Longitudinal Data and Linear Mixed Effects Models

N

—2ll.cone = Y _{nilog(2) +log| Vi + ¥/ V; 'r;}, (1.5.9)
i=1

wherer; =Y, — X,ﬁ. We can reduce the number of unknown parameters by p. p
is the number of fixed effects parameters. Variance covariance parameters are not
usually solved explicitly and iteration methods such as the Newton—Raphson method,
the expectation-maximization (EM) algorithm, or the Fisher’s scoring algorithm are
used. The MLEs of the fixed effects parameters § are

N - N
f= (infvi-lxi) foV;IYi, (1.5.10)
i=1

i=1

where V; in Eq. (1.5.8) is replaced with the ML estimates Vi.

If V; can be written as 02V,;, o2 can be concentrated out of the likelihood. o2
has a closed form given f and V;, and it is substituted in —2/lyy . Vl._l in (1.5.8)
is replaced by V;l, and ﬁ is substituted in —2/l\;.. The unknown parameters in
—2llmLconc 18 V;l. This reduces further the number of optimization parameters by

one. The MLEs of the fixed effects parameters are

N - N
p= (fovalxi) > OXIVS'Y (1.5.11)
i=1 i=1

An example in the state space form is given in Sect. 6.5.2.

The ML estimates of variance covariance components are biased because these
do not take account of the decrease of degree of freedoms by the estimation of fixed
effects parameters. Therefore, the restricted maximum likelihood (REML) method
is used. The log-likelihood function for REML is

/—— _XiLin=p log(27) — liloglViI ~ Lhog ﬁ:XTV.—IX,
2 2 i=1 2 i=1 s
e R R
=) D (Y = XiB) V(Y - XiB). (1.5.12)
i=1

The REML method estimates the variance covariance parameters based on the resid-
ual contrast. The residual contrast is a linear combination of Y; that does not depend
on B. It is also called the residual maximum likelihood (REML) method. The resid-
ual contrast is shown in Sect. 1.6 using vector representations. The REML method
cannot be used to compare goodness of fit for two models with different fixed effects
because log-likelihoods of the two models use different residual contrasts.
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1.5.2 Variances of Estimates of Fixed Effects

When variance covariance parameters are known, the variance covariance matrix of
the ML estimates of fixed effects vector is

N - N N -
Var(B) = (Z X,TV;IX,) (Z XiTVi_1Var(Y,~)Vi_1X,~) (Z bl Vl.‘IXi>
i=1 i=1 i=1
(1.5.13)

If V,’ = Var(Yi),
N _
Var(B) = (Z X[V, 1X,-) : (1.5.14)
i=1
The variance and covariance are replaced by the ML estimates V.,
v _
Var(B) = (Z X,-Tvilx,) : (1.5.15)
i=1

Since this variance covariance matrix is based on likelihood, the mean structure, the
variance covariance structure, and the distribution assumption in the linear mixed
effects model need to be correct. The standard errors of ﬁ based on this equation are
underestimated because this equation does not take account of the uncertainty in the
estimation of the variance and covariance.

Even if V; = Var(Y;) is wrongly specified, the following sandwich estimator
provides a consistent estimator of Var(ﬁ):

Var(B) = (i X,.TV,.IX,) {inVil(Y,- - x,-B) (Yi - X,-é)TV,.IXi}
i=1

i=1
N _
(Z X,.TV,.—IX,) ) (1.5.16)
i=1

It is also called robust variance.

1.5.3 Prediction

The joint distribution of Y; and b is the following multivariate normal distribution:

Y; i Z,GZ,T +R;, Z;G
~mvn| (%P, . (1.5.17)
b; 0 GZ/ G
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From this distribution, the conditional expectation of b; given Y; is
E(b;|Y;) = GZI V' (Y; — XiB). (1.5.18)

Replacing V;, G, and p by the ML estimates, Vi, f}, and ﬁ, the predictors of random
effects are

A A

b = GZ, V(Y — XiB). (1.5.19)

When variance covariance parameters are known, f} in Eq. (1.5.8) is the best lin-
ear unbiased estimator (BLUE) and E(b;|Y;) is the best linear unbiased predictor
(BLUP). Since b; is a random vector, it is called a predictor but not an estimator. The
term “best” means the minimum error variance among linear unbiased estimators or
predictors. Since variance covariance parameters are unknown, these are replaced by
ML or REML estimates. ﬁ in Eq. (1.5.10) is called empirical BLUE (EBLUE) and b;
is called empirical BLUP (EBLUP). These are based on empirical Bayes methods.
The response profile Y, in the ith subject is predicted by

?i = Xlé + Z,‘f)i
=RV HXB+, — RV HY,. (1.5.20)

This is a weighted mean of the population mean X,-ﬁ and observed response Y;. It
is called shrinkage because the predicted values shrink to the population mean. The
extent of the shrinkage depends on the relative size of R; and V; = ZiGZiT +R;. The
larger intra-subject variance compared with the inter-subject variance results in the
larger weight on X,ﬁ. The larger inter-subject variance results in the larger weight
on Y;. The larger number of observations #; in the ith subject results in the smaller
shrinkage.

Similarly, the predicted values of the random effects b; in the ith subject are
a weighted mean of the REML estimates of the fixed effects parameter ﬁ and the
ordinary least square estimates of the corresponding parameters ﬁOLSi based on only
the data of the ith subject. When X; = Z; and R; = 021,,,., the estimator of B; = B+b;
is

éi = é’"‘f)i
= WiﬁOLSi +I; - Wi)é, (1.5.21)
where
2Ty =17
W, :G{G+a (2!'Z:) } . (1.5.22)

The larger inter-subject variance compared with the intra-subject variance results in
the closer estimates of §; to B;g;- The smaller inter-subject variance results in the
closer estimates of b; to 0.
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1.5.4 Goodness of Fit for Models

There are several indicators for the goodness of fit. Akaike’s information criterion
(AIC) and Schwartz’s Bayesian information criterion (BIC) are measures of goodness
of fit that put a penalty on an increase in the number of parameters. Let [y max
and llRemimax be the maximum value of the log-likelihood for ML and REML,
K = vazl n; be the number of data, p be the number of parameters for fixed effects,
and g be the number of parameters for random effects. For ML and REML, AIC and
BIC are

AICyL = —2llimas + 20 + 4, (1.5.23)
AlICremL = —2/IREMLmax + 29, (1.5.24)
BICmL = —2llvrmax + (P + @) log K, (1.5.25)
BICremr = —2/REMLmax + glog(K — p). (1.5.26)

The REML method cannot be used to compare two models with different fixed effects
as described in Sect. 1.5.1.

1.5.5 Estimation and Test Using Contrast

Let L be a 1 x g contrast vector and consider the estimation of L. L is assumed
to be estimable such that L = KE(Y) = kX for some vector of constants, K,
where Y = (Y7, .-, Y5)" and X = (X7, .-, X%)". The estimator is L8, and the
two-sided 95% confidence interval is

N
LB =+ 1,097, L(Z xfifylxi> L7, (1.5.27)

i=1

where 1,0.975) is the upper 97.5th percentile of the ¢ distribution with v degrees of
freedom (df). Using the contrast vector L, a ¢ test with the null hypothesis of L = 0
can be performed. The following test statistic approximately follows a ¢ distribution
with v degrees of freedom,

LB .
\/L(Zﬁv ] XiT\Af;IX,»yLT

(1.5.28)

The degree of freedom, v, usually needs to be estimated by an approximation.
There are several approximation methods such as the Satterthwaite approximation
(Satterthwaite 1946). The Kenward—Roger method (Kenward and Roger 1997) uses
an adjusted estimator of the variance covariance matrix to reduce small sample bias.
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When there are multiple contrasts using a k x p (p > k) full rank matrix L, an F
test with the null hypothesis of L = 0 can be performed. The following test statistic
approximately follows an F' distribution:

QTLT{L(Zﬁv 1 XiTViIX,)_LT} Lp

rank(L) (1.5.29)

The numerator degree of freedom is the rank of L, rank(L). The denominator degree
of freedom usually needs to be estimated using an approximation. When k£ = 1, the
test statistic of the F' test is the square of the test statistic of the  test.

1.6 Vector Representation

In the previous sections, linear mixed effects models are shown using the vec-
tor Y; for each subject. This section shows the representation using the vec-
or Y = (Y0, YO Lee X = (XI,---,X%)", b = (b,---,b}), and
g = (slT, e SE)T,Z = diag(Z;). The linear mixed effects models shown in Sect. 1.2

are expressed by

Y = XB+Zb +e, (1.6.1)
Y1 X] ,31 Z] 0---0 b1 €1
Y, X, B2 07, 0 b, €)
= ' e ) +|1 | (1.6.2)
YN XN ,Bp 00 ZN bN 2\

The variance covariance matrices, V = Var(Y), Gp, = Var(b), and R = Var(e), are

Vi0o -0
0V, 0
V =diag(Vi)) = | , (1.6.3)
0 0 Vn
G 0 ---0 GO ---0
0 G 0 0G 0

Gp = diag(Gi) = . = . ) s (164)
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R, 0 - 0
0 Ry 0

R =diagR) = | , (1.6.5)
00 Ry

where G; = G and V = ZGAZT +R.
—2ll, —2lremL, B, Var(B), and b shown in Sect. 1.5 are expressed by

N
Dy, = (Z ni) log(27r) +log|V| + (Y — XB)TV'(Y — XB),  (1.6.6)

i=1

N
—2llgpmL, = (Z n — p) log(27) +log|V| +log|X"V~'X|
i=1

+ (Y - XB)TV*‘ (Y — Xﬁ), (1.6.7)
B=(X"VIX) X'Vly, (1.6.8)
Var(B) = (X' V7'X)", (1.6.9)
b=GZ'V! (Y _ Xé). (1.6.10)

ﬁ and b; as shown in Sect. 1.5 can be also derived from the following mixed model
equation:

XIRTIX - XTRZ B (xR (1.6.11)
Z’R'X  Z'R'Z+G;'\ b Z’R'Y ) -

Now, we explain residual maximum likelihood (REML) in Sect. 1.5.1. Let K be
aY N mx (Zivzl n; — p) full rank matrix that satisfies KX = 0. K”Y is called
residual contrast. It follows a multivariate normal distribution with the mean vector 0

and variance covariance matrix K’ VK, and does not depend on B. The log-likelihood
of KTY is llREML-

References

Diggle PJ (1988) An approach to the analysis of repeated measurements. Biometrics 44:959-971

Diggle PJ, Heagerty P, Liang KY, Zeger SL (2002) Analysis of longitudinal data, 2nd edn. Oxford
University Press

Diggle PJ, Liang KY, Zeger SL (1994) Analysis of longitudinal data. Oxford University Press

Dwyer JH, Feinleib M, Lippert P, Hoffmeister H (eds) (1992) Statistical models for longitudinal
studies of health. Oxford University Press



26 1 Longitudinal Data and Linear Mixed Effects Models

Fitzmaurice GM, Davidian M, Verbeke G, Molenberghs G (eds) (2009) Longitudinal data analysis.
Chapman & Hall/CRC Press

Fitzmaurice GM, Laird NM, Ware JH (2004) Applied longitudinal analysis. Wiley

Fitzmaurice GM, Laird NM, Ware JH (2011) Applied longitudinal analysis, 2nd edn. Wiley

Funatogawa I, Funatogawa T (2011) Analysis of covariance with pre-treatment measurements in
randomized trials: comparison of equal and unequal slopes. Biometrical J 53:810-821

Funatogawa I, Funatogawa T, Ohashi Y (2007) An autoregressive linear mixed effects model
for the analysis of longitudinal data which show profiles approaching asymptotes. Stat Med
26:2113-2130

Funatogawa T, Funatogawa I, Shyr Y (2011) Analysis of covariance with pre-treatment measure-
ments in randomized trials under the cases that covariances and post-treatment variances differ
between groups. Biometrical J 53:512-524

Funatogawa T, Funatogawa I, Takeuchi M (2008) An autoregressive linear mixed effects model for
the analysis of longitudinal data which include dropouts and show profiles approaching asymp-
totes. Stat Med 27:6351-6366

Gregoire TG, Brillinger DR, Diggle PJ, Russek-Cohen E, Warren WG, Wolfinger RD (eds) (1997)
Modelling longitudinal and spatially correlated data. Springer-Verlag

Hand D, Crowder M (1996) Practical longitudinal data analysis. Chapman & Hall

Heitjan DF (1991) Nonlinear modeling of serial immunologic data: a case study. J] Am Stat Assoc
86:891-898

Jones RH (1993) Longitudinal data with serial correlation: a state-space approach. Chapman & Hall

Kenward MG (1987) A method for comparing profiles of repeated measurements. Appl Stat
36:296-308

Kenward MG, Roger JH (1997) Small sample inference for fixed effects from restricted maximum
likelihood. Biometrics 53:983-997

Laird NM (2004) Analysis of longitudinal & cluster-correlated data. IMS

Laird NM, Ware JH (1982) Random-effects models for longitudinal data. Biometrics 38:963-974

Littell RC, Miliken GA, Stroup WW, Wolfinger RD (1996) SAS system for mixed models. SAS
Institute Inc

Littell RC, Miliken GA, Stroup WW, Wolfinger RD, Schabenberger O (2006) SAS for mixed
models, 2nd edn. SAS Institute Inc

Satterthwaite FE (1946) An approximate distribution of estimates of variance components. Biomet-
rics Bull 2:110-114

Sy JP, Taylor JIMG, Cumberland WG (1997) A stochastic model for analysis of bivariate longitudinal
AIDS data. Biometrics 53:542-555

Tango T (2017) Repeated measures design with generalized linear mixed models for randomized
controlled trials. CRC Press

Taylor IMG, Cumberland WG, Sy JP (1994) A stochastic model for analysis of longitudinal AIDS
data. J Am Stat Assoc 89:727-736

Taylor JMG, Law N (1998) Does the covariance structure matter in longitudinal modeling for the
prediction of future CD4 counts? Stat Med 17:2381-2394

Verbeke G, Molenberghs G (eds) (1997) Linear mixed models in practice—a SAS oriented approach.
Springer-Verlag

Verbeke G, Molenberghs G (2000) Linear mixed models for longitudinal data. Springer-Verlag

Vonesh EF (2012) Generalized linear and nonlinear models for correlated data. Theory and appli-
cations using SAS. SAS Institute Inc

‘Wu H, Zhang J-T (2006) Nonparametric regression methods for longitudinal data analysis. Mixed-
effects modeling approaches. Wiley

Zimmerman DL, Nufiez-Antén VA (2010) Antedependence models for longitudinal data. CRC
Press



Chapter 2 ®)
Autoregressive Linear Mixed Effects e
Models

Abstract In the previous chapter, longitudinal data analysis using linear mixed
effects models was discussed. This chapter discusses autoregressive linear mixed
effects models in which the current response is regressed on the previous response,
fixed effects, and random effects. These are an extension of linear mixed effects
models and autoregressive models. Autoregressive models regressed on the response
variable itself have two remarkable properties: approaching asymptotes and state-
dependence. Asymptotes can be modeled by fixed effects and random effects. The
current response depends on current covariates and past covariate history. Three
vector representations of autoregressive linear mixed effects models are provided:
an autoregressive form, response changes with asymptotes, and a marginal form
which is unconditional on previous responses. The marginal interpretation is the
same with subject specific interpretation as well as linear mixed effects models. Vari-
ance covariance structures corresponding to AR(1) errors, measurement errors, and
random effects in the baseline and asymptote are presented. Likelihood of marginal
and autoregressive forms for maximum likelihood estimation are also provided. The
marginal form can be used even if there are intermittent missing values. We discuss
the difference between autoregressive models of the response itself which focused
in this book and models with autoregressive error terms.

Keywords Asymptote - Autoregressive
Autoregressive linear mixed effects model - Longitudinal - State-dependence

2.1 Autoregressive Models of Response Itself

2.1.1 Introduction

There are three major approaches for modeling longitudinal data: mixed effects
models, marginal models, and transition models (Diggle et al. 2002; Fitzmaurice
et al. 2011). Linear mixed effects models and marginal models with linear mean
structures are discussed in the framework of linear mixed effects models through

© The Author(s), under exclusive licence to Springer Nature Singapore Pte Ltd. 2018 27
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Chap. 1. We discuss nonlinear mixed effects models in Chap. 5. Mixed effects models
include both fixed effects and random effects, and random effects take account for
variability across subjects. Marginal models directly model the marginal distribution
of the response without random effects. The model with the unstructured variance
covariance in Sect. 1.3.3 is an example of marginal models. In the case of a linear
model, interpretation of the fixed effects parameter is the same between two models.
Although linear mixed effects models have good properties, they are not always
satisfactory to express nonlinear time trends. On the other hand, nonlinear mixed
effects models with nonlinear random effects parameters are complicated and there
is discrepancy between marginal and subject specific interpretation. Autoregressive
linear mixed effects models in this book simply express nonlinear time trends which
gradually move toward an asymptote without an approximation and the discrepancy
in interpretation. The marginal distribution is explicitly given, and it is useful because
more interest is often taken in the marginal profile than the profile conditional on the
previous response. The autoregression in the response itself changes a static mixed
effects model into a dynamic one. It provides one of the simplest models that take
into account the past covariate history.

There are two types of transition (autoregressive) models for continuous response
variables: autoregressive models of the response itself and models with autoregressive
error terms. Let Y; ;, X;,, and ¢; , be the response, a design vector, and an error term
for the subject i at time 7. In autoregressive models of the response itself, the current
response, Y; ;, is regressed on the previous response, Y; ;_1,

Yii=pYi 1 +XiB+ei,. (2.1.1)

In linear models with the first-order autoregressive error, AR(1) error, an error term,
i, 1S regressed on the previous error term, e, ,—i,

Yii=Xi:Be +8eis . 2.12)
Eeit = PEeijp—1+ Ny

As discussed in Sect. 1.4.2, AR(1) errors are used in linear mixed effects models
and marginal models, and classified into these models too. For example, the model
(2.1.2) belongs to marginal models. The interpretation of the fixed effects parameter
B. is the same with linear mixed effects models and marginal models. However,
transition models of the response itself provide different interpretations of the fixed
effects parameter. In this book, the autoregressive models of the response itself are
discussed in detail. The differences from models with AR(1) errors are discussed in
Sect. 2.6. If the response is a discrete variable, such as a binary or count variable, the
interpretation of the fixed effects parameter differs across the three major approaches.

Here, we describe the difference of notation from Chap. 1. In Chap. 1, Y; =
(Y,-l, Yio, -, Yl-,,,.)T is the n; x 1 vector of the response corresponding to the ith
(i =1,---, N) subject measured from 1 to n; occasions, and Y;; is the jth measure-
ment. In autoregressive linear mixed effects models, the baseline is an important
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concept, and we model the baseline measurement separately from the measurement
at later time points. For these models in the following chapters, we define Y; ¢ is a
baseline measurement, and Y;, (t =1, 2, ---, T;) is the rth measurement after the
baseline measurement. Y; = (Y,-,o, Yiti,Yio, -, Yi,T[)T is the (T; + 1) x 1 vector of
the response.

The regression models that regress the current response on the previous response
and covariates have been called by various names: autoregressive models (Rosner
et al. 1985; Rosner and Muiioz 1988), conditional models (Rosner and Muifioz
1992), conditional autoregressive models (Schmid 1996), state-dependence models
(Lindsey 1993), transition models (Diggle et al. 2002), dynamic models (Anderson
and Hsiao 1982; Schmid 2001), Markov models, autoregressive response models,
lagged-response models (Rabe-Hesketh and Skrondal 2012), and so on. We shall
call them autoregressive models in this book.

Although processes other than AR(1) are not used much in longitudinal data
analysis, other processes are used in time series analysis. We introduce related process
briefly. An autoregressive moving average process of order (p, g) (ARMA(p, q)) is

Yi=ptYia+ o +p, Vi p+&+0185 1+ +0,8

where Y, Y,_1, - -, Y;_, are observed values, &, &,_1, - - -, §_, are a random vari-
able with the mean zero and constant variance, pi, - - -, o, are autoregressive param-
eters, and 6y, - - -, 6, are also unknown parameters. The AR(1) is ARMA(1,0). An
autoregressive process of order p (AR(p)) is ARMA(p, 0) and

Yi=pYioi+---+p,Yip +&.
A moving average process of order ¢ (MA(g)) is ARMA(O, ¢g) and
Y, = & +0iE g+ 0.

In this book, we use only the AR(1) process.

Section 2.1 discusses autoregressive models for one subject. Section 2.2 intro-
duces random effects to account for variability across subjects in longitudinal data.
Section 2.3 introduces autoregressive linear mixed effects models with vector repre-
sentations which make clear many aspects of the models including the relationship
with linear mixed effects models. Section 2.4 provides details of variance covariance
structures. Section 2.5 provides estimation methods. Section 2.6 discusses models
with autoregressive error terms.

2.1.2 Response Changes in Autoregressive Models

This section shows how the response level changes in an autoregressive model and
the interpretation of parameters. For simplicity, we consider a case where there is
only one subject and neither random effect nor random error. First, we show an
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autoregressive model with an intercept. The response attime ¢ (t = 1,2,---,T), 17,
is a linear function of the previous response, Y;_;, as

Y: = pYi1 + Bins (2.1.3)
where p is a regression coefficient of the previous response and iy is an intercept.

These are unknown parameters.
Assuming p # 1, this model can be transformed as

Y, =Yy =(1—p>( B_p —YH). 2.14)

If Y;_, equals (1 — 02)" Bint, the change is zero, and (1 — p)’lﬂim = Yaq can be
interpreted as an asymptote if 0 < p < 1. Yaqy is a parameter. The response changes
with asymptotes are

Y, — Y :(l_p)(YAsy_Yt—l) (215)
Yasy = (1= p) 7 Bins ’ h
where Yaqy — Y;_; is the size remaining to the asymptote. The expected change
from Y;_; to Y; is proportional to the remaining size with a proportional constant
(1 — p). This interpretation is biologically important, and the model corresponds
to monomolecular (Mitscherlich) growth curves in continuous time. The curves are
nonlinear in the parameter p, and the relationship with nonlinear models is discussed
in Sect. 5.1. An asymptote is also called equilibrium or level at a steady state. Y, is
an internally dividing point that divides a segment line ¥;_;Yasy into 1 — p: p, as

Y, = pYii + (1 = p)Yay. 2.1.6)

Figure 2.1 shows a numerical example. The model is ¥; = 0.6Y;_; + 2 with
Yo = 1. The asymptote is (1 — p) !B = 5. Y] = 2.6, ¥, = 3.56, Y3 = 4.136,
and Y4 = 4.4816. As shown in the figure, autoregressive models represent a profile
with an initial sharp change, gradually decreasing rates of change, and approaching
to asymptote. For describing such phenomena, linear time trend models are not
sufficient. Although quadratic or higher order polynomial models sometimes show
adequate fit, their parameters are hard to interpret.

The model can also be transformed into the marginal form without the previous
response. Given Y, Y; is

t
Yi=p'Yo+) 0" B, 2.1.7)
=1

where Y)_, p'~' = (1 — p") /(1 — p). If Y, is modeled separately from Y, (¢ > 0)
as Yo = Pbase, the marginal form is
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YAsy = (1 - p)_lﬁint =5

Yo = pYeo1 + Bine = 0.6Y;_1 +2
Vi =pY 1+ (- p)YAsy
Yy = ptﬁbase +(1- pt)YAsy

s YO =.Bbase=1

8 10 ¢

Fig. 2.1 Autoregressive model, Y; = pY;—1 + Bint With Yo = Boase. Yasy = (1 — p)_lﬂim is the
asymptote. The change Y; — Y, is proportional to the size remaining to the asymptote Yagy — Y71
with a proportional constant (1 — p). Y; is an internally dividing point that divides ¥;_1 Yasy into
1 —p: pand BpaseYasy into 1 — p'ip

(a) 25 (b)15
p YAsy
201 0.8 10
10 '
154
oy g
i 0.6 5
s\ o S T
U T T T T T 0 T 1 I T I I
0 1 2 3 4 5 6 0 1 2 3 4 5 6 7
Yo =10 t Y, =12 t
Y = pYi—1 + Bint Yi=pY1+2

=Y =Q0- p)(YAsy = Yt~1)
YAsy =2/(1-p)
Fig. 2.2 Autoregressive model, Y; = pY;_| + Bin:. a Effects of the autoregressive coefficient p.

b Effects of the autoregressive coefficient p (0 < p < 1). p affects both the asymptote,
(1 = p)~! Bint, and the proportion of the change, (1 — p)

Y: = 0" Boase + (1 — p') Bint/(1 — p)
= 9 Brase + (1 - PZ)YAsy- (2.1.8)
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This equation also shows that the asymptote, Y5y, can be expressed by (1 — 2) " Bint,
because ¥; — (1 — p) ' Bine Whent — 00 if 0 < p < 1. ¥, isan internally dividing
point that divides a segment line Bpase Yasy into 1 — p" : p".

2.1.3 Interpretation of Parameters

Figure 2.2a shows how changes in the response over time depend on the autoregres-
sive coefficient, p, in the model, ¥, = pY;_| + Bin. When 0 < p < 1, as previously
described, the response level changes to the asymptote, Yaqy = (1 — 02)"! Bin.. When
p =1,Y —Y,_; = Bin and the change per unit of time is Bi,. This shows a
linear time trend with an intercept of Bp.se and a slope of Bi. When p > 1, the
response does not converge to an asymptote but instead shows a diverging trend.
When —1 < p < 0, the response becomes an asymptote with amplitude. In this
book, we consider only the case of 0 < p < 1. When there is no intercept term, Sin,
the equation is Y; = pY;_; and the response changes to 0if 0 < p < 1.

Figure 2.2b shows how changes in the response over time depend on the autore-
gressive coefficient, p, in the model, ¥; = pY;—; + Bin, under the constraint
0 < p < 1. The asymptote is (1 — p)~! Bin, and changes in the response are pro-
portional to the size remaining, with a proportional constant (1 — p). Therefore, the
smaller the value of p, the larger the absolute difference between the baseline value
and the asymptote, and the faster the approach to the asymptote. Thus, p affects
the value of the asymptote and also the speed, or proportion, of the change to the
asymptote.

(a)15 (b)15
ﬁbase
12
10 10
> 8 Xy
5 5 5
3
O T T T O T T T T
6 1 2 3 01 2 3 4
Yo = PBbase Yo=5
YE - 0.6Yt_1 + 2 Yt = 0.6}'}_1 + 6il‘lt
Vi =YY= 0'4(YAsy - Yt—l) Yo=Y 1= 0-4(YAsy - Yt—l)
YAsy =5 YAsy = 2.5Bint

Fig. 2.3 Autoregressive model, Y; = pY,_1 + Bint With Yo = Ppase- @ Effects of the baseline.
b Effects of the intercept. The asymptote, (1 — p)~! Bine, depends on the intercept
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In this book, the parameter p is a constant value and does not randomly change
across subjects. In more general situations, p can be a random variable. It should be
noted that the asymptotes change simultaneously as p changes, and that there is a
constraint of 0 < p < 1 in order to interpret the model as a representation of profiles
approaching the asymptotes.

Figure 2.3a, b shows how changes in the response depend on the baseline and
intercept, respectively, in the model, Y; = pY;_; + Bine With Yy = Bpase. The baseline
parameter defines the response at time 0, but the effect is diminishing. Because the
number of time points is limited in longitudinal data, the baseline is important. The
intercept defines the asymptote (1 — p)~! Bi,. The proportion of the change to the
asymptote is constant, (I — p), but the change itself is larger when the remaining
size is larger. The remaining size is

Yasy = Yic1 = 0" {1 = 0) ™" Bint — Bouse}
= pt_l {YAsy - ﬁbase}' 2.1.9)

Figure 2.4a shows how changes in the response depend on the time-independent
covariates inthe model, Y; = pY;_+Bin+BeovX. Asymptotes, (1 —0) " (Bint + Beovt),
linearly depend on the covariate, x, with the coefficient, (1 — £)"! Beov. The proportion
of the change to the asymptote is the same, (1 — p), but the change is larger if the
remaining size is larger. Figure 2.4b shows how response changes when time as
a continuous variable is the time-dependent covariate. In this case, the asymptote
changes linearly with time.

[3}15 (b]15
X YAS}"
0 125
10 .
1 10
a
2 7.5
B 3 5
0 T T T T T T 0
01 2 3 4 5 8 7 0 1 2 3 ali 5 é ;
Y, = 10 t Yo =5 t

Yﬁ = D'6Yt—1 + 5 - X
Y — Yoy = 04(Yasy — ¥i-1)
Yiey =12.5—2.5x

Y, = 0.6Y,_, + 4+ 2t
Ve = Ypo1 = 0.4(Yasy — Y1)
Vasy = 10 + 0.5¢

Fig. 2.4 a Autoregressive model, Y; = pY;_1+Bint+Bcovx . Effects of a time-independent covariate.
The asymptote, (1 — ,o)_1 (Bint + BeovX), linearly depends on the covariate, x, with the coefficient
(11— ,o)*1 By . b Autoregressive model, Y; = pY;_1 + Bint + Bcovt. The time-dependent covariate is
time, ¢, as a continuous variable
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(@)45 (b);s

><‘--.'
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0 T T T T T T 0 T T 0
0 1 2 3 4 5 6 7 0 6 12 18
% =10 ¢ Y, =125 t
Yf =0.6Y[_1+5_xt Yt 20.6Yt_1+5_xt
Y =Yooy = 0.4(Yagy — Yiey) Yy = Yooy = 04(Yasy — Yee1)
Yasy = 12.5 — 2.5x; Yasy = 12.5 — 2.5x,

Fig. 2.5 Autoregressive model, Y; = pY;—1 + Bint + BeovX: . Effects of a time-dependent covariate.
a Two time courses: the covariate changes at one time point and no covariate changes. b Response
changes to the new asymptote when the covariate value changes

Figure 2.5a, b shows how changes in the response depend on a time-dependent
covariate. For example, the response level will change depending on changes in
drug doses. Figure 2.5a shows two time courses in the response level: one is under
the covariate change at only one time point, while the other is under no covariate
changes. The response level depends not only on current covariate values but also
on past covariate values through the previous response in the model. This is called
state-dependence. Figure 2.5b shows response changes to the new asymptote when
the covariate value changes. If the covariate is changed temporally, this effect on the
response lasts for the time being and finally goes away. If the covariate is changed
and kept at some level, the responses gradually change to a new asymptote.

2.2 Examples of Autoregressive Linear Mixed Effects
Models

In Sect. 2.1, we considered the case of only one subject. In this section, we con-
sider longitudinal data in which there are multiple subjects, and take account of the
difference across subjects by random effects. We show several simple examples of
autoregressive linear mixed effects models. Hereafter, 8s are fixed effects parameters,
bs are random effects parameters, and ¢s are random errors. We discuss structures
of random errors in Sect. 2.4.1.
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2.2.1 Example Without Covariates

An example of autoregressive linear mixed effects models without covariates is

Yi,O = Brase + boase i + €i0

s 2.2.1)
Yii = pYii—1+ (Bint + binei) + &y, (> 0)

where by, ; and by, ; are random effects showing the differences across subjects,
and are assumed to be normally distributed. These equations can be represented by
the equation of baseline and that of response changes with the asymptotes,

Yi,O = Bpase + Dase i + &i,0
Yie = Yiio1 = (1 — p)(Yasyi — Yiuo1) + iy, (2 > 0). (2.2.2)
YAsyi =(1- p)il(lgint + Dint i)

These equations can also be represented by the marginal form,

Yi,O = Brase + Dbase i + €m i,0

: Lo , (2.2.3)
Yi,t = 0" (Boase + Dbase i) + Z O (Bint + binei) + &m ity (>0
=1
where ey, ; 1S
t
Emic =y P e (2.2.4)
1=0

In particular, e, ; 0 = € 0. Here, m in subscript means the marginal. The following
expression holds:

Emiyt = PEmit—1+Eig- 2.2.5)

Figure 2.6 shows examples where error terms are omitted. By including ran-
dom effects, we can represent the changes from a baseline response level to another
response level for each subject. These kinds of changes are seen in studies in which
the effects of intervention are examined. The variability across subjects at the base-
line and asymptote are Var(bpase ;) and Var((l — p) ' bine ,~), respectively. The mean
structures are the same between Fig. 2.6a and b. The variability across subjects is
larger at the baseline compared to later time points in Fig. 2.6a, but it is less at the
baseline in Fig. 2.6b. The correlation between the baseline and asymptote is large in
some cases and small in others. When the effects of an intervention are examined,
variability across subjects changes because of the differences in the response to the
intervention across subjects.
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(b) 15

g
5 -
O T T T T T 0
0 1 2 3 4 5
Yio = 10+bpase i t Yio = 10+bpase ¢ t
Yi,t = 0'6Yi,t—1 + 1'6+binti Yi,t = O'6Yi,t—1 + 1'6+binti
Yie = Yie—1 = 04(Yasy i — Yie—1) Yie = Yiee1 = 04(Yagy i — Yiee1)
YAsy i = 4+ Z'Sbint i YAsy i = 4+ Z'Sbint i
Fig. 2.6 Autoregressive linear mixed effects model—error terms are omitted, Y; o = Ppase +

bvaseis Yii = pYii—1 + Bint + binti- bpasei 1S a random baseline and bjy; is a random intercept.
a Larger variance in a random baseline. b Larger variance in a random asymptote, (1 — p)*1 binti

2.2.2 Example with Time-Independent Covariates

We provide an example of autoregressive linear mixed effects models with time-
independent covariates. We model the baseline and the later time points separately.
The value of the time-independent covariate in each subject remains the same over
time. In the example, the response changes are compared between groups A and B.
The covariates are dummy variables indicating each group. Let xpase; = 1 fort = 0
and the subject i in group B and 0 otherwise. Let xj, ; = 1 for ¢ > 0 and the subject
i in group B and 0 otherwise. The model is

Yi,O = ,Bbase + ,Bbase gXbase i + bbasei +&i0

. (2.2.6)
Yi: = pYi;—1 + Bt + Bint gXinti + binti +€iyp, (1> 0)
The asymptote of the subject i, Yaqy;, is
Yasyi = (1= )™ (Bine + Bint gXint i + bint 1) 227

The expected values of the asymptotes of groups A and B are

(=P Bins,
(1 - /0)_1 (,Bint + ﬁintg)-
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(a) 15 (b) 15

10
Ny ey
5 5 1
0 0 T T T T
0 1 2 3 4 5
Yi,O = 1O+bbase i ¢ Yi,O = 10+bbase i t
)/i,t = 0.6Y;:,t_1 + 1'6+bil’1ti Yi,f = 0'6}111,C—1 + 3'2+bil’lt i
Yi,t - Yi,t—l = 0-4(yAsy i Yi,t—l) Yi,t - Yi,t—l = 0-4(YAsy i~ Yi,t—l)
YAsy i = 4+ 2-5bint i YAsy i = 8+ Z'Sbint i

Fig. 2.7 Autoregressive linear mixed effects model under randomization—error terms are omitted,
Yio = Bbase + bbasei» Yir = pYir—1 + Pint + Bint gXg + binti- @, b The response changes in each
subject in two groups with xg = 0 in a and xg = 1 in b. Baseline distributions are similar between
groups but distributions at later times are not. The variances in a random baseline bp,ge; are similar
but the variances in a random asymptote (1 — p)*1 bint; are not

The expected difference between the asymptotes of groups A and B is

(1 - p)_lﬁintg-

An example of the comparison across three treatment groups including a placebo
group in a randomized controlled trial (RCT) is shown in Sect. 3.1. In some cases,
variance covariance matrices are assumed to differ across treatment groups. For
example, Fig. 2.7 shows an illustration of an RCT where error terms are omitted. In
RCTs, the distribution of the responses at baseline is expected to be similar between
the two groups, but the distribution of the responses at later time points may largely
differ. In this case, we can assume Bpase ¢ = 0, the equal variances of by i, and the
different variances of by, ; between the two groups.

2.2.3 Example with a Time-Dependent Covariate

As shown in Fig. 2.5, the asymptotes change according to changes in a time-
dependent covariate. An example of a time-dependent covariate is drug dosing in
a clinical study. Let x;,; be a drug dose for the subject i at time 7. The following
equations are an example of autoregressive linear mixed effects models with a time-
dependent covariate:
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Yi,O = ﬂbase + bbasei +¢&i0

, (2.2.8)

Yi,t = pyi,rfl + (Bint + Dint i) + (Beov + bcovi)xi,t + &its (>0
where b,y ;, a coefficient of the covariate x; ,, is an additional random variable. The
asymptote of the subject i at time ¢, Yaqy i s, IS

YAsy it — (1 - :0)71 {IBim + binti + (ﬁcov + bcov i)xi,t}- (229)

The asymptote depends on the covariate x; ,. The term (1 — 0) ' beoy i Tepresents the
difference in sensitivity to dose modifications across subjects. In some subjects, the
response level will change largely according to changes in dosing; in other subjects,
the response level will not change according to changes in dosing. In Sects. 3.3 and
4.3, examples of clinical studies in which the treatment dose is a time-dependent
covariate are shown.

2.3 Autoregressive Linear Mixed Effects Models

In this section, we introduce autoregressive linear mixed effects models (Funatogawa
et al. 2007, 2008a; Funatogawa et al. 2008b; Funatogawa and Funatogawa 2012a,
b). Similar to the example in Sect. 2.2.1, the model is represented in three ways:
an autoregressive form, response changes with asymptotes, and a marginal (uncon-
ditional) form. These representations are summarized in Table 2.1, along with the
nonlinear mixed effects models and differential equations in Chap. 5 and the state
space form in Chap. 6.

2.3.1 Autoregressive Form

LetY; = (Yi,o, Yii,Yio, -, Y,',T/.)T be the (7; + 1) x 1 vector of the response cor-
responding to the ith (i = 1, - - -, N) subject measured from O to 7;. Y; o is a baseline
measurement, and Y;,(t = 1,2, ---, T;) is the tth measurement after the baseline
measurement. A7 denotes the transpose of a matrix A. For the vector representation,
we introduce a (7; + 1) x (7; + 1) matrix F; whose elements just below the diagonal
are 1 and the other elements are 0. Then, F;Y; is the vector of the previous response
as

FY: = (0, Yo, Yir, -+, Yizio) - 23.1)

For T; = 3, F; and F;Y; are
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Table 2.1 Representations of autoregressive linear mixed effects models

Representation

(a) Autoregressive form

Y, = pF,-Y,- +X,‘ﬁ+Z,‘b,‘ +€;
Vi = Var(Z;b; +¢;) = Z;GZ! +R;

(b) Response changes with
asymptotes®

Y; —F;Y; = Ji(YBasc Asyi — FiYi) +&;
YBase Asyi = Xiﬂ* + Zib,'*
b; ~MVN(0, M.GM!)

e; ~ MVN(0, R;)
where B* = M, and b; = M_b;

(c) Marginal
(unconditional) form

Yi = — pF) ' (XiB+Zibi +¢:)
Y= Var(Y,-)
= Var{(§; — pF) ™" (Zib; + )}
— _I\T
= U = pF) " (2:62Z] +R) @ - pF) )

= U = pF)~'Vi{ = pF) ")

(d) Nonlinear mixed effects
models (without covariate)®

Yij = f(1ij. B, b;) +ei
F(tij. B, i) = (B1 +bii)e P47 + (By +bay) (1 — e P37

b; = (b1;, b2)T, b; ~ MVN(0, G)

T
& = (g1, . &n;) & ~MVN(0, R;)

(e) Differential equation
(with a time-dependent
covariate)?

dpi (1) /dt = k{2 + bai + (Be + bei)xi (1) — wi (1)}
i (0) = Bi + b
Yij = i () + &

b; = (b1, bai, bei)T . b; ~ MVN(0, G)

T
ei = (i1, &in;) > & ~MVN(O,R;)
(f) State space®
i, o Zi, Risoi Xi..B €(AR)i.1
b; 051 Igxq b; 041 0yx1
Yi, = (1 01><q) + EME)i,r
Si(—1]-1) = O(i+g)x1
E AR 2.0
(AR)i,0 OAR Vixq
Q0 = Var = 0(g+1)x(g+1), Qi,r =
qul 0¢7><1 qu‘i
0 0;
1x1 xq
ri; = Var(svpyic) = o Pic—1-1) =
0,1 G

4See Sect. 2.3.2 for the definition of J;, M, and M. bSee Chap. 5 for more details of the nonlinear mixed effects
models and differential equations. See Chap. 6 for more details of the state space representation
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0000
Fo— 1000} 232)
0100
0010
0000\ [ Yio 0
Y; Y;
Fy, - | 1000 i | e
0100 || v Yii
0010/ \ v, Yis

Autoregressive linear mixed effects models are expressed as
Y,‘ . ,OF,'Y,' + X,B + Zibi +€;, (233)

where p is an unknown regression coefficient of the previous response, fisa p x 1
vector of unknown fixed effects parameters, X; is a known (7; + 1) x p design matrix
of fixed effects, b; is a g x 1 vector of unknown random effects parameters, Z; is a
known (7; + 1) x g design matrix of random effects, and €; is a (T; + 1) x 1 vector
of random errors. It is assumed that b; and ¢; are both independent across subjects
and independently normally distributed with the mean zero vector and the variance
covariance matrices G and R;, respectively,

b; ~ MVN(0, G), (2.3.4)
e ~ MVN(0, R)). (2.3.5)

Let V; be the variance covariance matrix of the response vector Y; conditional on
the previous response F;Y;. As with the linear mixed effects models shown in Sect.
1.2, the variance covariance matrix is written as

V,‘ = Var(Z,-b,» + S,‘)
=7Z,GZ! +R;. (2.3.6)

The explicit difference from linear mixed effects models (1.2.1) is the inclusion
of the term pF;Y;. However, there are also differences in the interpretation of model
parameters, changes in the response level, and variance covariance structures. We
will see these points in the following sections.

Table 2.2a gives the vector representation of the model (2.2.8) of autoregressive
linear mixed effects models with a time-dependent covariate for 7; = 3. In this
example, X; = Z;. These are block diagonal matrices: the blocks correspond to the
baseline parts (f = 0) and the other parts (¢ > 0).
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Table 2.2 Three representations of an example of autoregressive linear mixed effects models for
Ti =3

Representation

(a) Autoregressive form Y; = pF;Y; + X;B + Z;b; + &; (2.3.3). Model (2.2.8)

Yio 0 10 0 10 0 £i.0
Yiv] Yi,O 01 Xi1 base 01 Xil bbasei €il
= + i + binei |+
Yio L Yi1 01 xi2 Bine 01 x2 me &2
Yis Yi2 0155 ) VP 01xs) N €3
0 PBbase + boase i €i,0
pYio Bint + bint i + (Beov + beov i)Xi 1 €i,1

= + +
pYii Bint + bint i + (Beov + beov i)%i 2 &2
pYi2 Bint + bint i + (Beov + beov i)%i,3 €i3
0000 0
Y
1000 0
where F; = and F;Y; =
0100 Yi1
0010 Yio

(b) Response changes with asymptotes Y; — F; Y; = J; (Ypase asyi — Fi Y;) + & with
YBase Asyi = XiMyB+Z;M;b; = X;B* + Z,-bl’f (2.3.13) where *(asterisk) shows the parameters for the
asymptote. Model (2.2.8) with the representation (2.3.7)

Yio 1 0 0 0 10 0
0 0 Brase
Yii—VYio 0l—p O 0 01 x 1
= 0d=p~ 0 Bint
Yio—Yi1 0 0 1I—-p O 01 xi2 .
Yi_3 B Yl'yz 0 0 0 1— 0 01 Xi3 0 0 (1 - p) ,Bcov
10 0 0 i
1 0 0 bhase i oo
01 xi1 0 - 0 Y Yio i1
HER Xi2 P » bmli | Yia " &2
01 Xi3 0 0 (1 — ,O) cov i Yiy2 &3
! 0 0 0 100 ﬁbasc + bbasci 0 &i0
01—p O 0 01 xi1 N Yio il
= + _
0 0 1— 0 0 01 Xi2 int bl:lz Yi,] + €in
00 0 1-p 01 x5 ) \ Poov ¥ Piovi Yia 6i3
Broase + Dbase i &0
1 —=p) lg;ll+b:ﬂl ( Cov+bu)v1)xivl - Yi,O} &i1
= +
(I —=p) mt+b1*ntt (ﬁcov+bc0vt)x12_yl 1} €i2
€i3
i

{

{8

{ m+b1*nn+ ﬁcov+bCOV,)Xz3 Yi,z}

(1 0 0 0 . 0
01—-p O 0 ] B

o 0o a-p

where J; =

(continued)
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Table 2.2 (continued)

Representation

(c) Marginal (unconditional) form Y; = (I; — pF,-)’1 XiB+Z;b; +¢;) (2.3.14).
Model (2.2.8) with the marginal form (2.3.19)

Yio 1 000 10 0 10 0 £i,0
100 X Boase X base i
Y o 01 xi 01 xi1 &il
= I binei | +
Yi.z p2 0 1 0 0 1 Xin /Sml O 1 Xin hlntt &in
Yi3 /73 pz p 1 01 x3 oY 01 xi3 ovt £i3
1 000
p 100
here (I; — pF;)~! =
where (I; — pF;) 2 p 10
0Pt pl

2.3.2 Representation of Response Changes with Asymptotes

The model (2.2.8) can be represented by response changes with asymptotes as

Yio = Bbase + Dbase i + €i0
Yii—Yii1=00- p)(YAsy it~ Yi,r—l) +&is, (t>0)
Yasyin =1 — p)_l{lgim + binti + (Boov + bcovi)xi,t}

= ﬂ:n +bj i — (ﬂ:ov + b::kov i)xisl

int i

, (2.3.7)

where * (asterisk) shows the parameters for the asymptote. The asymptote linearly
depends on the covariate.
Changes at each time point can be shown in the following vector representation:
Yio =XioB+Ziob; + &0
Yii—Yiior = (1 — p)(Yasyiv — Yiuo1) + €0y (£ > 0)
Yasyiv = (1= p)~' (XisB + Zi b;)
== Xi,tﬁ* + Zi,zb:f

, (2.3.8)

where X;, and Z;; are the corresponding 1 x p and 1 x g row vectors of X; and
Z;. We consider only the case that X; and Z; are both block diagonal matrices and
the blocks correspond to the baseline parts (+ = 0) and the other parts (f > 0). The
parameters Bs and bs are transformed into the new parameters §*s and b*s for the
asymptote by multiplying (1 — p)~!. For the vector representations of the parameter
transformations B* = M, p and b} = M_b;, we introduce a p x p diagonal matrix
M, and a g x g diagonal matrix M,. The diagonal elements of M, and M, are 1 for
the baseline parameters, and (1 — p)~! for the parameters of the later time points.
For example, there are three fixed effects parameters, Byase, Bint, Beovs in the model
(2.3.7), and M, is
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1 0 0
M,=|0d-p' 0 , (2.3.9)
0 0 (1—p)"

Changes at all the time points can be shown in the following vector representation:
Y; — FY; :Ji(XiMxB"'ZiMzbi _FiYi)+€i- (2310)

Y, — F;Y;isa (T; + 1) x 1 vector in which the first element is a baseline response,
Y; o, and the other elements are response changes, Y; ;, — Y; ;. For the vector repre-
sentation, we introduce a (7; + 1) x (7T; + 1) diagonal matrix J;. The (1, 1)th element
of J; is 1, which corresponds to the baseline (+ = 0), and the other elements are the
proportional constant (1 — p) which corresponds to the later time points (¢ > 0).
Thus, for 7T; = 3, J; is

1 0 0 0
0l—p 0 0
0 0 1—p O
00 0 l—p

J = (2.3.11)

Let Ypase asy i be the (T; + 1) x 1 vector, and the first element corresponds to the
baseline, and the other elements correspond to the asymptotes,
YBase Asyi = XiM. B +Z;M;b;
=X;B" +Z;b}. (2.3.12)

Then, the representation of response changes with asymptotes of autoregressive linear
mixed effects models (2.3.3) is

Y, -FY =] (YBase Asyi — FiYi) &

) (2.3.13)
YBase Asyi = XZB + Zlb;k

The expected value of Ypage Asy i 15

E(YBase Asy i) = EXiM,B +Z;M;b;)
=X; MXB
=X;p".
The expected change from Y; ,_ to ¥; , given random effects is proportional to the size

remaining to the asymptote, Ygase sy i — F; Y; except for the first element. Table 2.2b
gives the vector representation of (2.3.7) for 7; = 3.
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2.3.3 Marginal Form

The marginal form (unconditional form) of autoregressive linear mixed effects mod-
els (2.3.3) is

Yi = (I — pF) " (XiB +Zibi +e)), (23.14)
where I; is a (7; + 1) x (T; + 1) identity matrix. In this section, the subscript i of I;
indicates the subject i instead of the size of the identity matrix. The above equation
is derived from multiplying both sides of the following equation by (I; — pF;) ',

Y — ,OF,‘YZ' = X,B +7Z;b; +¢g;. (2.3.15)

For T; =3, (I; — pF:)~lis

-1

1 0 00 1 000
. -p1 00 p 100

@ — pF)~ ! = 0 —p 10 =12 10 (2.3.16)
0 0 —pl P p*pl

The expectation given random effects b; is E(Y;|b;)) = (I; — pF)'(XiB+Zb,),
and the marginal expectation is E(Y;) = (I; — pF;)~'X;B. The expectation for a
typical subject and the marginal expectation are the same, E(Y;|b; = 0) = E(Y;).
Subject specific interpretation and marginal interpretation are the same. Let X; be
the marginal variance covariance matrix of the response vector Y;. X; is

X; = Var(Y;)
= Var{(I; — pF;)) "' (Z;b; + &)}
= (L — pF) " (Z:GZ] +R,) {4 — pF)~'}'
= (I; — pF) "' Vi { (@ — pF) 7'} (23.17)

Given the marginal variance covariance matrix X;, the variance covariance matrix
of the autoregressive form V; can be expressed as

V= > — pF)X:(I; — pF)". (2.3.18)

The marginal form of the model (2.2.8) is
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Yi,O = ﬂbase + bbasei +Emi,0

Yi,t = pr(ﬂbase + bbase i)
, . (23.19)

+3 p’_l{ﬁim + bine i + (Beov + beoy i)xi,z} +émis (0 >0)
I1=1

where ey, ;;, = Zfzo ot &;.1. Table 2.2c provides the vector representation of (2.3.19)
for T; = 3.

2.4 Variance Covariance Structures

This section shows the variance covariance structures in detail. The variance
covariance matrix of the response vector in autoregressive linear mixed effects
models is V; = Z;GZ] + R; as (2.3.6). The marginal form is ¥; =
@ — pF) N (Z;GZ] +R;){ X — pF)! }T as (2.3.17). This matrix has two parts,
M — pF) " (Z:GZI){(4; — pF)) ™'} and (1; — pF) "' Ri{ (1 — pF)~'}". Given
Y, Vi=0, - pF)X;d; — pFi)T as (2.3.18). Section 2.4.1 shows structures of
random errors, in particular, the AR(1) error and measurement error, and the vari-
ance covariance matrices R; which are induced by the AR(1) error and measurement
error. Section 2.4.2 shows the structure of Z;GZ] which is induced by random
effects. Section 2.4.3 shows the variance covariance matrices V; and X; which are
induced by both random effects and random errors. Section 2.4.4 shows the variance
covariance matrix for asymptotes.

2.4.1 AR(1) Error and Measurement Error

In linear mixed effects models with random effects, an independent error is often
assumed for random errors. However, an independent error in an autoregressive form
is an AR(1) error in the marginal form. In actual data analysis, a measurement error
that is independent across time is often seen. An independent error in a marginal form
is a reasonable assumption, particularly when the measurement method is imprecise.
We consider the error structures induced by an AR(1) error and a measurement error
simultaneously. We consider two different assumptions for an AR(1) error term in
Yio.

First, &; o does not include an AR(1) error. The error structure in the autoregressive
form such as (2.2.1) is

€i,0 = EME)i,0
R 2.4.1)
Ei,t = EAR)i,t T EME)i,t — PEME)i,t—15 (>0
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where garyi; and e, independently follow a normal distribution with the mean
0 and the variances o*/iR and 01\245, respectively. Here, AR means autoregressive, and
ME means a measurement error. In the marginal form such as (2.2.3), this error
structure is

Emi,0 = E(ME)i,0

b . (2.42)
Emir =y P E@R),j + EME), (T > 0)
j=1

From these equations, we can confirm that &gy, 1S an independent error in the
marginal form. The variance of &y, is not constant and this AR(1) error is not
stationary.

Second, we consider a stationary AR(1) error. In the autoregressive form, the error
structure is

€i,0 = E(AR,ST)i,0 T EME)i,0
, (2.4.3)
Eit = EAR,ST)i,r T EMB)i,t — PEME)i,i—1, (t>0)

where &R sT)i.0, EarsTyr (f > 0), and ewmg)i, independently follow a normal

o . . —1
distribution with the mean 0 and the variances (1 — p?) 0ag 1> Oag s> and Oy,
respectively. Here, ST in subscript means stationary. In the marginal form, this error

structure is

t
Emiyt = Z ptijS(AR,ST)i,j + EME)it- 2.44)
j=0
The variance of &y, ;. is Var(em ;) = (1 — pz)_laﬁR’ST + o and it is constant.
The model (2.2.1) (¢ > 0) with the error structure (2.4.1) is

Yii = pYii—1 + (Bint + bint i) + EAR)i,r + EME)i,r — PEMEyi,i—1, (& > 0).

The following transformation makes clear that egg); ; is @ measurement error,

(Yi,t - E(ME)i,z) = p(Yi,tfl - E(ME)i,tfl) + (Bint + bint i) + €ARYi1 - (24.5)

Y — gy, 1s a latent variable which would be available if there were no measure-
ment errors. The state space representation in Sect. 6.3.1 uses this representation.

Now we show the variance covariance matrix of these error structures. Let Ry ;
be a variance covariance matrix of a measurement error, e ¢, in the autoregressive
form and X ; be a corresponding variance covariance matrix in the marginal form.
Because the error term is independent and has a constant variance in the marginal
form, ¥vg; = O‘I\%[Eli. Then the autoregressive form, Ry ;, is
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Table 2.3 Variance covariance structures for autoregressive linear mixed effects models in the

autoregressive form and marginal form for 7; =3

Autoregressive form
V; =Z,GZ] +R;

Vi = (1 — pF;)%; (1; — pF;)"

Marginal (unconditional) form
— T
z; = (L - pF;) lvi{(li - pF;) 1}

(a) Measurement error
1 —p O 0
. 1+p% —p 0
RME: = oy
0 —p 1+p> —p

0 0 —p l+p2

(b) Measurement error

1000
0100
0010
0001

— 52
IMEi = Oyg

(c) Non-stationary AR(1)

0000
,lo1o0

Rari =73R [ 01 ¢
0001

(d) Non-stationary AR(1)
00 0 0
S lor o» 02
TAR =0,
! AR 0 p l+p2 ,o+,o3
0 0% p+p% 1+p2+p*
When j is infinite, the (j, j)th element is

(1 _/’2)_1”/-2\12

(e) Stationary AR(1)

(f) Stationary AR(1)

1/(17/72)000 1 p p? o3
R — g2 100 Rest| 2! oot
AR,STi = OAR ST YARSTi = ’2
010 (=)0 0 1 o
001 LR
(g) Random baseline (h) Random baseline
.GzT -1 -nTr
2,6z, (1 - oF)) "' z;627 | (1 - o) '
2
1 oqn 000
o Go 1 p p?p?
_ 2 _| o o000
= 0000(1000)* o 23 ot
0 000 =g, s S
0 0 000 p? 0% p* P’
p3 p* pd p°

When j and k are infinite, the (j, k) th element is O

(i) Random baseline and random intercept

10
2
7627 — 01 %Go 9Go1 1000
L T ACARE
01

2
9Go 9GOl 9G01 9GOl

2 2 2
G0l %G1 %G1 °9Gl1

2 2 2
G0l °G1 °G1 °Gl1

2 2 2
G0l %G1 9G1 9Gl1

(j) Random baseline and random intercept
-1 T -n7
(i — pF;) ™ Z;GZ; {(Ii - pF;) }
The (j + 1, k + 1) th element is
pItho2 + (p_/ ok — zpj+k)(1 — oG +

(1=07) (1= pk)1 = 720,

When j and k are infinite, it is (1 — pz) 0(2;1
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Ryei = (I; — pF) Zye (4 — pF)’. (2.4.6)

Table 2.3a and b shows these matrices for 7, = 3. Ryg; is a structure similar to
two-band Toeplitz in Table 1.1m except for the (1, 1)th element.

Let Rar ; and Rag s1; be variance covariance matrices of AR(1) errors of e(aryi;
and &R s)i,r in the autoregressive form, and X sr; and X ar st; be corresponding
variance covariance matrices in the marginal form. Table 2.3c—f shows these matri-
ces. If the model has a random baseline effect by, ;, Wwe cannot decide whether
the AR(1) error is stationary based on the model fit, as mentioned in Sect. 2.4.2.
The parameter o7, depends on the unit time. The jth diagonal element of T ag;
is o3g (1 + p* + -+ -+ p?U~V). When j is infinite, it is (1 — pz)_laiR and does not
depend on the unit time.

2.4.2 Variance Covariance Matrix Induced by Random
Effects

Next, we consider the contribution of random effects to the variance covariance
matrices of the response vector. As shown in the model (2.2.1), let the baseline level,
bpase i (t = 0), and the intercept, biy ;(t > 0), be random effects. b; = (bvase i » Dint T
is assumed to follow a bivariate normal distribution with the mean zero vector and
the variance covariance matrix G with the variances o and 04;, and covariance
ogo1. It is expressed as

b se i 02 o
("“ )NMVN <O>, Go TOOL N (2.4.7)

binti 0 0Go1 0'(2;1

For T; = 3, the autoregressive form of the variance covariance matrix of the response
vector induced by the random effects is

Var(Z;b;) = Z;GZ}

2
10 0G0 0G01 0Go1 OGOl
2 2 2 2
_ 01 |[ 90 9Go (1 000) _ | ocor 9G1 0G; 96,
- 2 - 2 2 2
01 0Go1 0G 0111 0Go1 9G1 9G1 961

01 2 2 2
0Go1 0G1 9G1 961

This is a block diagonal matrix. The transformation to the marginal form is

Var((I; — pF)) ™' Z;by) = (I; — pF) "' Z,GZT {1, — pF) ™'}
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1 000 0G0 0Go1 IGo1 OGOl 1pp? p?
p 100 ) ocor 0§, 04 oG 01 p p?
P> p 10 gGo1 Gy OG 96 001 p
Prtel 0Go1 Uél UCZH U(_z}l 000 1

The (j + 1, k + 1)th element of this matrix is

. . . N
P2, + <:0J +pt — 2,0"+k)(76()1 + (1-p/)(1=p )Uc,l_
1—p (1—p)°

(2.4.8)

When both j and k are infinite, the (j, k)th element is (1 — pz)_laél; this value
represents the inter-individual variance of the random asymptotes. Table 2.3i and j
shows these matrices.

Next, we consider a case with three random effects. As shown in the model (2.2.8),
let the baseline level, by, ; (f = 0), the intercept, biy ;(f > 0), and a covariate effect,
beoy i, berandomeffects. b; = (bpase i» Pinti» Peov i) T is assumed to follow the trivariate
normal distribution,

Dpase i 0 G(_%:b OGbi 9Gbe
bini | ~MVN| | 0|, | oovi 0& oaic . (2.4.9)
bcov i 0

2
OGbc OGic O0G¢

For T; = 3, the variance covariance matrix of the response vector induced by the
random effects is

100 (72 OGbi OGb
01 xi, Gb i c 10 0 O
Var(Z;b;) = Z,GZ! = 01x, || o oG oGe [0 1 1 1
" 0xi1 xi2 xi3

. 2
01 Xi3 OGbe OGic OGc

Table 2.3g shows the autoregressive form of the variance covariance structure
induced by a random baseline, by, ;, for T; = 3. créo is the (1, 1)th element of
V;, and the difference in the assumptions between Rar ; and Rag st; is also on the
(1, 1)th element in Table 2.3c and e. Therefore, if the model has a random baseline
effect, we cannot decide whether the AR(1) error is stationary or not based on the
model fit. Table 2.3h shows the corresponding marginal form.
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2.4.3 Variance Covariance Matrix Induced by Random
Effects and Random Errors

We will now consider the variance covariance matrix of the response vector when
the random effects, bpaee; and biy i, an AR(1) error, earyi, and a measurement
eITor, £(ME)i.¢» are assumed simultaneously. First, we assume a non-stationary AR(1)
error with gar)i,0 = 0. For T; = 3, Table 2.4a shows the autoregressive form V; =
Z;GZ! +R;. Table 2.4b shows the corresponding marginal form X;, where A is a
4 x 4 matrix, and the (j + 1, k + 1) th element is (2.4.8). When j and k are infinite,
the random effects and the measurement errors produce a compound symmetry (CS)
structure with the diagonal elements being (1 — ,02) 710(251 +O’1\2,[E and the nondiagonal

. -1 .
elements being (1 — ,02) aél. Next, we assume a stationary AR(1) error ear, sty ¢
instead of (ary;,; - Table 2.4c shows the autoregressive form of the variance covariance
structure of the response vector V;. Table 2.4d shows the corresponding marginal
form X;.

Table 2.4 Examples of variance covariance matrices of the response vector induced by random
effects and random errors in the autoregressive form and marginal form for 7; =3

Representation, assumption on AR(1) error

(a) Autoregressive form V;, non-stationary AR(1)

0(2;0 0G0l 0G0l OGOl 0000 1 —p 0 0
r oGl 0% 0G 9G4 , o100 , | —P L+p* —p 0
Z;GZ; +Rar; +RME; = P N +OoME 2
9GOl 9G1 9G1 9G1 0010 0 —p l+p° —p
0001 2
oGOl aé] aé] ‘7(2}1 0 0 —p l+p

(b)*Marginal (unconditional) form X;, non-stationary AR(1)
— T
@ — pF) N ZGZT) (W — pF)7'}" + Zari + EnEi

00 O 0

1000
01 » o’ 0100
2 2
=A+05R N 3 +O0ME
0p l+p p+p’ 0010
0001

0 p p+pd 1+p%+p*

(c) Autoregressive form V;, stationary AR(1)

0y o601 TGo1 TGOl

—= 000
& oG o6 ’ pl+p® —p 0
0G0l 0G; OG1 9Gi _ _
Z;GZ! +Rarsti +Rup; = s a2 +0RR T 0 100|442, N
0Go1 9G1 9G1 9GI 0 010 0 —p l+p* —p
2
oGl oG 0G 94 0 001 0 0 —p l+p
(d)*Marginal (unconditional) form X;, stationary AR(1)
Loee 1000
2 2
- -nr oxrst | # 1 PP 0100
@i — pFi) I(ZiGZ?){(Ii - pFi) 1} + ZARSTi + EMEi = A+ > +odp
M=) 2 p 1 p 0010
0001
PP p?p 1

3The (j + 1,k + 1) thelement of A is p/** 62 + (07 + p — 2p7*)(1 = p)"'ogor + (1 — p/)(1 = p*)(1 = p) 203,
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2.4.4 Variance Covariance Matrix for Asymptotes

In Sect. 2.3.2, fixed effects and random effects parameters, f and b;, were multiplied
by matrices, M, and M, and transformed to the parameters for the asymptotes, f*
and b;. In this section, we consider the variance covariance matrix of b}.

First, we consider the case of two random effects, b; = (Pyase i+ bint i) » as shown in
the model (2.2.1). Let M, be a diagonal matrix with diagonal elements (1 ,(1— p)’l) .
Then, b; is transformed to b} = M;b;,

b i 1 0 Dbas i b ase i
br=( ) = ) = e . (2410
binti 0 (1 - P) binti (1 — ,0)_ binti

Here, * (asterisk) shows the parameters for the asymptote. b; and b} follow multi-
variate normal distributions,

b; ~ MVN(0, G), (2.4.11)
b} ~ MVN(0, M,GM!). (2.4.12)

The variance covariance matrix of b} is

1 0 0y oGl 1 0
Var(b}) = Var(M,b;) = M,GM! = S B
0(—p) 0Go1 U(%l 0(—-p)

_ ( G0 ¢! _P)]UGOI) (2.4.13)

(1= p)logor (1-p)~*0g,

(1 — p)~'ogo) is the covariance of the random baseline and random asymptote. The
correlation is

0Go1

Corr(boase i+ by ;) = (1 = p)oGoog:

(2.4.14)

Next, we consider the case of three random effects b; = (byase i, Pint i » Deov ,-)T as
shown in the model (2.2.8). Let M, be a diagonal matrix with diagonal elements
(1, (1= p)~', (1 = p)7'). b; is transformed to b} = M_b;,

Dbase i 1 0 0 Dpase i Dbase i
bj=| bhi |=|00=-p" 0 i | =| (= p) " bin
b:()vi 0 0 (- 10)71 beov i (11— p)_lbcovi

(2.4.15)
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The variance covariance matrix of b¥, M,GM! is

1 0 0 U(Z;b OGbi OGbe 1 0 0
M.GM! = | 0(1—-p)" 0 oo 0& oge || 00 —p1 0
0 0 (1-p! OGbe OGic 0. 0 0 (1-p!
oG (1= p)oge (1 — p)~'oGe
=| d—=p) o (1 —p) 2 (1—p) oG |- (24.16)

(1 — p)ogee (1 — p)2ocic (1 —p) 20

2.5 Estimation in Autoregressive Linear Mixed Effects
Models

Similar to the linear mixed effects models in Chap. 1, maximum likelihood (ML)
methods are used for estimation in autoregressive linear mixed effects models. There
are several ways to calculate likelihood. Sections 2.5.1 and 2.5.2 show likelihood of
marginal and autoregressive forms, respectively. Likelihood of the marginal form
can be also calculated using the Kalman filter in Chap. 6. Section 2.5.3 explains the
method to obtain indirectly the ML estimates from the autoregressive form using
estimation methods of linear mixed effects models.

2.5.1 Likelihood of Marginal Form

The marginal form of autoregressive linear mixed effects models is
Yi =@ — pF) T XiB+Zib; + 7). 2.5.1)
The response vector follows a multivariate normal distribution with the mean,
E(Y) = (I — pF)"'XiB, (2.5.2)
and the variance covariance matrix,
T =M — pF) 7'V — pF) '} (2.5.3)

Then, the marginal (unconditional) form of —2 log-likelihood (—2/) is
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N
2l = Z |:n,~ log(2m) + log|X;| + {Yi —{; - pFl.)—IXl.B}T):i—l{Yi —I; — pFi)—IX,-B}].

- (2.5.4)

When the variance covariance parameters and the autoregressive parameter, p, are
known, the ML estimators (MLEs) of the fixed effects are given by

@ — pF) X} =Y,
1

N -1
B= [Z (@ — pF) "X} 27— pFNXz}

N
i=1 -

l

(2.5.5)

To obtain the ML estimates of the variance covariance parameters and p, we substitute
B for B in —2/lyy (2.5.4). This concentrated —2Ily. conc is expressed as

N N N
—2llmL cone = Zn,- log(2m) + Zlog|zi| + ZY,T):;IY,-
i=l i=1 i=1
N
— 12 Y E @ - oF) X 1B, 2.5.6)
i=1

We can calculate —2/ly conc based on (2.5.6), and we can also use the modi-
fied Kalman filter presented in Chap. 6. We minimize —2I/yi conc by optimization
methods. If some elements of Y; are intermittently missing but the corresponding
elements of X; are known, we can use this equation deleting the missing part and the
corresponding parts of (I; — pFi)’1X,- and X;.

The standard errors of the ML estimates are derived from the Hessian of the log-
likelihood. To obtain the standard errors, the fixed effects parameters are included
in the log-likelihood. It is necessary to parameterize the intended parameters, such
as the asymptote, directly. The Hessian at the ML estimates can be obtained by
numerical methods. The random effects are predicted by

b = @{(Ii - sti)*lz,-}Tifl{Yi — - ﬁFi)*lxié}. 2.5.7)

2.5.2 Likelihood of Autoregressive Form

The autoregressive form of autoregressive linear mixed effects models given the
previous response is

Yi = pFiYi +X,‘B +Zibi +€;. (258)

The response vector follows a multivariate normal distribution with the mean pF;Y; +
X;B and the variance covariance matrix V;. Then, the autoregressive form of —2// is



54 2 Autoregressive Linear Mixed Effects Models

N
Dl a=Y {n,- log(2) + log|Vi| + (Y; — pFiY; — X;B)T Vi (Y; — pF, Y — X,ﬁ)}.
i=1

(2.5.9)

where log|V;| is equal to log| X; |. When there are no intermittently missing response
values, —2/lyr, (2.5.4) and —2ll\ o give the same value, and we can obtain the
MLE:s using either equation. However, when elements are intermittently missing,
we cannot calculate the autoregressive form (2.5.9). When the variance covariance
parameters and the autoregressive parameter, o, are known, the MLEs of the fixed
effects are given by

N
B= (ZXT \a IXf) SOXTVIN - pF)Y,. (2.5.10)
i=1

i=1

To obtain the ML estimates of the variance covariance parameters and p, we sub-
stitute B for B in —2Ily A (2.5.9), and minimize the concentrated —2Il\i. A conc by
optimization methods.

2.5.3 Indirect Methods Using Linear Mixed Effects Models

The autoregressive form (2.5.8) can be expressed by

Y, = X'p* + Z;b; +¢;, (2.5.11)

where p* = (87, ,o)T and X¥ = (X;, F;Y;). The —2lI of the autoregressive form
(2.5.9) is expressed by

N
L=y {n; log(27r) +log|V;| + (Y: — X!8*) V7 (Y, — ng#)}.

i=1

(2.5.12)

These are the same forms with linear mixed effects models (1.2.1) and (1.5.7) in
Chap. 1, but B# and V; include the unknown parameter p. However, in some covari-
ance structures such as the variance covariance structure in Table 2.4a and ¢, a known
V., does not specify the variance covariance parameters and p simultaneously. In these
cases, we can use an indirect method based on (2.5.12). When V; is known, the fixed
effects B and p are estimated by

N Y
g’ = (Z xf*TV;le) dOXITVIY (2.5.13)

i=1 i=1
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To obtain the estimates of the variance covariance parameters, we substitute ﬁ# for
B# in =2/l 1 (2.5.12) and minimize it using optimization methods.

In the variance covariance structure in Table 2.4a, the random baseline and the
random intercept are correlated and there are a measurement error and an autoregres-
sive error. Although there are six parameters, p, 0(2}0, aél, 0Go1» UI\Z/IE’ and aﬁR, there
are five distinct elements in V; : 0, + oy for (1, Dth, 6y + ozg + (1 + p?)ogg
for (j, j)th (j > 1), ogo1 — ,ool\z,[E for (j, j+ 1) and (j, j — 1)th, ogo; for (1, j) and
(j, Dth (j > 2), and oél otherwise. In this case, we can use the following modified
estimation method. First, we reparameterize V; as

Géf; 0G0l 0G0l 0GO1 Riiag Rsup O 0
2 2 2
0G0l 0G1 9G1 9G1 Rsub Rdiag Rwb 0
V= D I : (2.5.14)
0G0l 9G1 9G1 9G1 0 Rub Rdiag Rsup

oGl 05 G G 0 0 Rub Raung

where ogo; and aé | are common between the structures in Table 2.4a and (2.5.14)
2 2) .2 ) W _ _po 2 2 _

ar;d Rdm% = 0A§ -; (1 +p0 )‘71\/515’ ngb = pazME, and 05) = —Raiag + 050 + Oy =

0Go — Oar — P Oyg- Then, oy, o4, and o, are

oue = —Ranv/p. (2.5.15)
oar = Raig — (1+ 0°) o, (2.5.16)
08y = 0Gh + Oar + P ONE. (2.5.17)

If 0% 7 is assumed instead of o7y as the structure in Table 2.4c, the (1, 1)th

. . -1 o
element in V; is 0, + (1 - ,02) UiR‘ST + OE- U/iR,ST is given by (2.5.16) and 0,
is

—1
0o = oah — p*(1 = p?) " 0lps1 + P00 (2.5.18)

This method uses an estimation method for linear mixed effects models. It is use-
ful in practice, because standard software for longitudinal data analysis can be used
for the estimation if it supports these variance covariance structures. The ML esti-
mation of the SAS MIXED procedure, for example, is used. It uses a ridge-stabilized
Newton—Raphson algorithm for optimization. However, this method cannot be used
when the previous response or the covariates are missing. Furthermore, this method
does not provide the standard errors of the parameters directly. This method may be
useful to find initial values of parameters before optimization for Sects. 2.5.1 and
2.5.2.

Here, we provide the SAS code of the MIXED procedure to obtain the ML esti-
mates of the following model:



56 2 Autoregressive Linear Mixed Effects Models

Yii = pYii1 + Byint + binci + EARST)i ¢ + EME)ic — PEME)—1, (1 > 0)’
(2.5.19)

{ Yi 0o = Bg.base + Dbase i + E(AR,ST)i,0 + EME)i,0

where g = 0 for group A and g = 1 for group B. B pase and B inc With the subscript
g represent the parameters of the baseline and intercept, B0 bases B1.base> B0.int> and
B1.int for the two groups. Although we use a different notation and parameters from
(2.2.6), the assumed mean structure is the same. The dataset for the first subject with
g=1landY; = (93, 93, 49, 40, 46, 62)T is also provided below. Note that this code
indirectly provides the ML estimates and does not provide standard errors. This cord
can be used for more than two groups, because the class statement produces indicator
variables for the specified qualitative variable. This code is used for either variance
covariance structure in Table 2.4a and c.

id group time y ytl tl t2
110930 10
111939301
112499301
113404901
114464001
115624601

proc mixed method=ml;
class group id time;
model y=group*t2 group*tl ytl /s noint;
random t1 t2 / type=un sub=id;
repeated time / type=toep(2) sub=id;
run;

2.6 Models with Autoregressive Error Terms

In this section, we consider the difference between autoregressive models of the
response itself (2.1.1) and linear models with an AR(1) error (2.1.2). In the autore-
gressive models of the response itself, the baseline response, Y; g, is not necessarily
modeled explicitly. However, the changes in the response over time depend on the
assumption of the baseline response as shown in Fig. 2.3a. With a general model for
the baseline, X oBp, + €0, the marginal form of the model (2.1.1) is

Yio= Xi,OBbase +&i0

, (o fo . 2.6.1)
Yi,t =p Xi,OBbase + Z 1Y Xi,lB + Z P E&il, (t > 0)
=1 =i
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The marginal form of the model with an AR(1) error (2.1.2) is

Yii=Xi:Be +&cis

t
t—1 ’
Eeiyt = E P MNii
1=0

(2.6.2)

where ge; 0 = 1;,0. For a stationary process, we assume 7; , ~ N(O, 0,12) (t > 0) and
Eei0 ™ N(O, agze) with oi = (1 — p2)710,]2, then g, , ~ N(O, ai). In this model, the

baseline response is explicitly modeled. If we assume ¢; 9 ~ N(O, (l — ,02)71082),

both error structures are the same stationary AR(1) with the relationships €; ; = n; ;
ando} = 0.

When there are time-dependent covariates, the mean structures of the two mod-
els usually differ. The current response depends on both the current covariates and
the past covariate history in the model (2.6.1), but it depends only on the current
covariates in the model (2.6.2).

When there are no time-dependent covariates with X; ; = X; ;, the mean level
of the ith subject is constant in (2.6.2). On the other hand, the model (2.6.1) shows
the changes to the asymptote, X, ;(1 — p)~'B, from the baseline, X; oBp,se» and it is
not a linear model. Under the constraint that the baseline equals the asymptote as

Bbase =(1- )0)_]6, (261) is

t
Yii =X (1= p) "B+ p' i (2.6.3)
1=0

In this case, the mean level is constant, and the two models are the same with the
relationship (1 — p) = f.. However, without the constraint, the two models show
different response profiles over time. We assume a separate model for the baseline
response, apart from the later responses, throughout this book.

The autoregressive form of the model (2.1.2) is

Yio=XioBe + i
Yii=XiBe+p(Yiio1 — Xi—1Be) + i . (2.6.4)
=pY 1+ (Xi,t - PXi,tfl)Be + i, (t>0)

When there are no time-dependent covariates with X; ; = X , (2.6.4) is

Yio=XioBe +¢cio

. (2.6.5)
Yi, =pY -1 +Xi (1 = p)B. +1is, (t > 0)
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Chapter 3 ®)
Case Studies of Autoregressive Linear Gzt
Mixed Effects Models: Missing Data

and Time-Dependent Covariates

Abstract In the previous chapter, we introduced autoregressive linear mixed effects
models for analysis of longitudinal data. In this chapter, we provide examples of
actual data analysis using these models. We also discuss two topics from the medi-
cal field: response-dependent dropouts and response-dependent dose modifications.
When the missing mechanism depends on the observed, but not on the unobserved,
responses, it is termed missing at random (MAR). The missing process does not
need to be simultaneously modeled for the likelihood because the likelihood can
be factorized into two parts: one for the measurement process and the other for the
missing process. Maximum likelihood estimators are consistent under MAR if the
joint distribution of the response vector is correctly specified. For the problem of dose
modification, similar concepts are applied. When the dose modification depends on
the observed, but not on the unobserved, responses, the dose process does not need
to be simultaneously modeled for the likelihood. Here, we analyze schizophrenia
data and multiple sclerosis data using autoregressive linear mixed effects models as
examples of response-dependent dropouts and response-dependent dose modifica-
tions, respectively.

Keywords Autoregressive linear mixed effects model - Dose modification
Longitudinal - Missing * Time-dependent covariate

3.1 Example with Time-Independent Covariate: PANSS
Data

In this and next sections, we analyze data obtained from a schizophrenia trial (Marder
and Meibach 1994). This is a randomized controlled trial composed of placebo,
haloperidol, and risperidone groups. Although the risperidone group has four dose
levels, we combine the four dose levels into one as Diggle et al. (2002) did. The
primary response variable was the total score obtained on the positive and negative
symptom rating scale (PANSS). A higher score indicates a worse condition, and the

© The Author(s), under exclusive licence to Springer Nature Singapore Pte Ltd. 2018 59
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Fig. 3.1 Observed PANSS longitudinal data for each subject. a—c Completers, d—f subjects dropped
out. a, d Placebo, b, e haloperidol, ¢, f risperidone

drugs are expected to decrease the score. Treatment groups are a time-independent
covariate. The data are illustrated by Diggle et al. (2002).

The numbers of subjects who were measured just before and after the adminis-
trations were 85 for the placebo group, 85 for the haloperidol group, and 336 for
the risperidone group. Figure 3.1 shows the profiles of each subject in each group.
The data are divided into completers and subjects dropped out. In dropouts, all data
after some time points for each subject are missing. Although the PANSS score was
measured at weeks —1, 0, 1, 2, 4, 6, and 8 after initial administration, we do not use
the scores at week —1 in our analysis. The dropout proportions were 65.9% for the
placebo group, 51.8% for the haloperidol group, and 42.0% for the risperidone group.
The proportions differ among the three groups with the placebo group having the
highest dropout proportion. The most common reason for dropouts was inadequate
response (Diggle et al. 2002).

The schizophrenia trial data were analyzed as an example of data including
dropouts (Diggle et al. 2002; Funatogawa et al. 2008b; Henderson et al. 2000; Xu
and Zeger 2001). Quadratic polynomial time trend models were sometimes assumed
for the PANSS scores (Diggle et al. 2002; Xu and Zeger 2001). Diggle et al. (2002)
indicated that nonlinear models that express a profile approaching an asymptote may
be preferable on biological grounds.
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Funatogawa et al. (2008b) adopt the following autoregressive linear mixed effects
model to the schizophrenia trial data,

Yii = pYii—1 + Byt + binti + EAR ST)i e + EMEyit — PEME),—1, (1 > 0)
G.1.1)

i Yi0 = Bybase + Poasei + EAR,ST)i,0 T EME)i,0

where g is a subscript representing the three treatment groups (1, placebo; 2, haloperi-
dol; 3, risperidone). The random baseline, by, ;, and the random follow-up intercept,
bin i, are assumed to be normally distributed with the mean zero, variances, Uéo and
aél, and covariance, 0Go1. £(AR,ST)i,0» £(AR,ST)i,r>» and €nvE);,; are independently nor-
mally distributed with the mean zero and variances (1 — pz)_laﬁR,ST, Oar s> and
UI\Z,IE. Here, AR, ST means stationary AR(1) and ME means a measurement error. The
responses are expected to approach asymptotes (ﬁg,im + bimi) /(1 = p).bini /(1 — p)
is the random effect in the asymptotes. The model is the three-group version of the
model (2.2.6) with the error structure (2.4.3).

We analyze the data with r=0, 1, 2, 3, 4, and 5. We use the likelihood of the
autoregressive formin Sect. 2.5.2 and the SAS code of MIXED procedure for indirect
methods in Sect. 2.5.3.

The estimates of the fixed parameters are B pase = 92.4, B2.base = 93.6, B3 base =
92.4, Biint = 50.4, Brint = 46.7, B3ine = 42.7, and p = 0.451. The asymptotes,
Bg.int/(1 — p),are 91.8,85.1, and 77.8, respectively. The estimates for the covariance
are 0, = 199.0, 04, = 133.5, ogo1 = 107.7, O'KKST = 127.0, and oy = 0.4066.
The variance of the asymptote is 02, /(1 — p)* = 442.9. If o, is ignored in R;
because UI\Z/IE is much smaller than UKR, the change in —2 log-likelihood is less than
0.1. Therefore, R; would be expressed only by an AR(1) error.

We assume a stationary AR(1) error because it is popular in longitudinal data
analysis. However, it may be more natural to assume that the element of the AR(1)
error at baseline is zero. In this case, the marginal variance covariance matrix of
the response and estimates of the fixed effects are not changed. The variance of the
random baseline effect changes from 199.0 to 358.5 and the correlation between
the random baseline and the random asymptote changes from 0.66 to 0.48. The
assumption affects the Bayes predictions.

3.2 Missing Data

3.2.1 Missing Mechanism

In the schizophrenia trial data, many subjects dropped out. In the medical research
with human subject, problems of missing or dropouts in longitudinal data occur
frequently. The problem of missing responses in longitudinal data analyses has been
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studied extensively in the past several decades. In the problem, it is discussed whether
the missing process needs to be simultaneously modeled with the measurement
process.

Let r be a vector of indicator variables for the missing process, such thatr; , = 1
if ¥; ; is observed, and r; ; = O otherwise. Given r, the complete response vector Y
can be partitioned into Y = (Yops, Ymiss)> Where Yops is the observed responses and
Y i 1S the unobserved responses. We express Y and r as

F(Y,r[x,0,8) = f(Y|x,0)f(r]Y,x, §), (3.2.1)

where 0 and £ denote parameters for the measurement process and the missing
process, respectively, and x denotes covariates.

Based on the missing process, f(r|Y, X, §) = f(r|Yobs, Ymiss, X, £), we can hier-
archically classify missing mechanisms into the following three levels: missing com-
pletely at random (MCAR), missing at random (MAR), and missing not at random
(MNAR) (Little and Rubin 1987; Laird 1988).

When the missing mechanism does not depend on the measurement process as

f(r|Yost Y miss» X, E) = f(l‘|X, g)s (3.2.2)

itis termed MCAR. Usual standard analytical approaches provide consistent estima-
tors under MCAR.

When the missing mechanism depends on the observed responses, but not on the
unobserved responses,

f(l’|Y0bs, Y miss» X, E) = f(r|Y0bS7 X, E)? (3.2.3)

it is termed MAR. The missing process does not need to be simultaneously modeled
for the likelihood because the likelihood can be factorized into two parts for the mea-
surement process and the missingness process. The maximum likelihood estimators
(MLESs) are consistent under MAR if the joint distribution of the response vector is
correctly specified. However, non-likelihood-based methods, which do not specify
the joint distribution of the response vector such as a generalized estimating equation
(GEE) method, provide biased estimators under MAR.

When the missing mechanism depends on unobserved responses, that is MNAR,
MLEs that ignore missing mechanisms are biased. The missing process needs to
be simultaneously modeled with the measurement process, and several approaches
have been proposed. Selection models are based on the factorization (3.2.1) of the
missing process given the measurements Y and the measurement process. In contrast,
the pattern mixture models are based on the factorization of the measurement process
given the missing pattern and the missing process. In the shared parameter models,
random effects are shared in both the measurement process and missing process.


https://doi.org/10.1007/978-981-10-0077-5_3
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3.2.2 Model Comparison: PANSS Data

In the schizophrenia trial data presented in Sect. 3.1, the scores of some patients
increased just before dropouts as shown in Fig. 3.1. This feature resembles the results
of the simulation study under MAR dropouts (Funatogawa et al. 2008b). Some sub-
jects seem to dropout directly based on their observed values. The assumption of
MAR may be reasonable. In this section, we compare several models with different
mean and variance covariance structures to assess the influence of missing data.

For balanced data with no missing data, estimates of the discrete means at each
time point in each group are the same, irrespective of the variance covariance struc-
ture, and the differences in the variance covariance structures affect the standard
errors. If there are missing data, the estimates of means differ depending on the
variance covariance structure.

We compare the autoregressive linear mixed effects model (3.1.1) and the model
without the measurement error with several marginal models and linear mixed effects
models introduced in Chap. 1, and summarize them in Table 3.1. Table 3.1 shows
the number of parameters for the mean structure and variance covariance structure,
along with Akaike’s information criterion (AIC) for each model. We examine two
assumptions for each model, one in which the variance covariance matrices V; are
the same across all three groups and one in which they differ across the three groups.
In the autoregressive linear mixed effects model (3.1.1), the number of parameters
for the mean structure and variance covariance structure are 7 and 6, respectively.
Because the autoregressive parameter p is used in both mean and variance covari-
ance structures, the total number of parameters is 12. Under the different variance
covariance matrices, p differs across the three groups and the number of parameters
in the mean structure increases by 2.

We examine the marginal models with the discrete means at each time point in
each group,

Yij = tgj +&ij

, (3.2.4)
e; ~ MVN(0, R))

where g; = (851, Einy e, si,,i)T. This model is the three-group version of the model
(1.3.9) with some error structures. We examine several variance covariance struc-
tures: unstructured (UN), independent equal variance, independent unequal variance,
AR(1), heterogenous AR(1) (ARH(1)), compound symmetry (CS), heterogenous
CS (CSH), Toeplitz, heterogenous Toeplitz, first-order ante-dependence (ANTE(1)),
and ANTE(1) and a random intercept. The details of these structures are given in
Sect. 1.4.2 and Table 1.1. The discrete means with the CS correspond to means at
each time point with a random intercept, as discussed in Sects. 1.3.1 and 1.3.2. The
discrete means with the UN is discussed in Sect. 1.3.3. The discrete means with
the UN may be used as a reference because there are no constrains on the mean
and variance covariance parameters. However, the UN is not parsimonious using
6(6+1)/2=21 parameters under the same variance covariance matrices across the
groups and 21 x 3 = 63 parameters under the different variance covariance matrices.
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We examine linear mixed effects models of linear time trends with only a ran-
dom intercept and with a random intercept and slope. The latter model is the three-
group version of the model (1.3.12). We also examine linear mixed effects models
of quadratic time trends with a random intercept, time, and time?,

Yij = (Bgo +boi) + (Bg1 +bui)tij + (Bya + boi )1 + i

2
bo; 0 0Go 0G01 9G02
2
b | ~MN| [0 ]. | oo 02, o6nn : (3.2.5)
: 2
bai 0G02 0G12 05

e ~N(0.07)

The models with the same variance covariance matrices across groups were better
than the models with the different variance covariance matrices in all models based
on the AICs, so we discuss the results of the former. The autoregressive linear mixed
effects model with a random baseline and asymptote and AR(1) error showed the
best fit with AIC =19,892.3. Next to the two autoregressive linear mixed effects
models, the discrete means with the UN showed good fit with AIC=19,895.5. The
discrete means with the ANTE(1) and a random intercept (AIC=19,896.0) was
slightly worse than the discrete means with the UN but showed a comparable fit.
The discrete means with the AR(1), CS, or Toeplitz or the heterogeneous variance
versions of these structures did not show good fit. Linear mixed effects models of
linear or quadratic time trends did not show good fits.

Table 3.2 shows the estimates of marginal variances, covariances, and correlations
for the autoregressive linear mixed effects model with a random baseline and asymp-
tote and AR(1) error and the discrete means with the UN (Funatogawa et al. 2008b).
The estimate of the marginal variance covariance matrix of the autoregressive linear
mixed effects model is given by X;= (I; — pF)) "' (Z;GZ] +R;){{X; — pF))™" }T
(2.3.17). The estimates of the UN with 21 parameters were similar to those of the
autoregressive linear mixed effects model with 5 parameters. The variances increased
with time but attenuated at the end. Let corr;; be the j, kth correlation. Consid-
ering the correlations, corr; j_; (j =[+1,[+2,---,6), with the fixed time inter-
vals [, viewing diagonally, these were not constant. The correlation was larger for
the later time j, and the correlation with the first time point, corry,, ;, was par-
ticularly lower than the other correlations corr; ;_;. Considering the correlations,
corrj j; (I =1,2,---, j — 1), with the fixed time j, viewing vertically, the correla-
tion was smaller for the longer time interval /.

Figure 3.2 shows estimated marginal variance covariance matrices for (a) the
autoregressive linear mixed effects model with a random baseline and asymptote
and AR(1) error, (b) UN, (c) CS, (d) heterogeneous Toeplitz, (¢) ANTE(1) and a
random intercept, and (f) linear mixed effects model of quadratic time trends with
a random intercept, time, and time?. The darker color indicates the higher variance
or covariance value. All covariances were positive. The matrices (a), (b), (¢), and (f)
can express non-stationary structures. These showed similar matrices and expressed
the data well. However, the numbers of parameters of the UN and the ANTE(1)
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Table 3.2 Estimates of marginal variance, covariance, and correlation for PANSS data

Autoregressive linear mixed effects model with | Discrete means with unstructured (UN)?
random baseline and asymptote and GﬁR,STa

360 270 230 210 200 200 360 250 240 230 220 190

.69 430 380 350 340 340 .64 430 380 360 340 320

.53 .80 510 450 420 400 .56 .82 500 450 430 390

A7 .72 .83 560 480 450 51 .73 .84 570 510 480

44 .68 .76 .85 580 500 46 .65 .76 .86 620 560

43 .66 .73 .78 .85 590 41 .61 .70 .81 .89 620

Funatogawa et al. (2008b)
4Covariances are above the diagonal, variances are on the diagonal, and correlations are below the
diagonal

(@) (b)
@ (©
'-._.. '
C e——
200 400 600

Fig. 3.2 Variance covariance matrices of PANSS. The darker color shows the higher value.
a Autoregressive linear mixed effects model with a random baseline and asymptote and AR(1)
error, b discrete means with unstructured, ¢ discrete means with compound symmetry, d discrete
means with heterogeneous Toeplitz, e discrete means with ANTE(1) and arandom intercept, f linear
mixed effects model of quadratic time trends with a random intercept, time, and time?2

and a random intercept increase with the number of time points and these are not
parsimonious. The CS and heterogeneous Toeplitz showed different values from
these matrices. These stationary correlation structures in which the correlations with
fixed time intervals are the same were unable to express the data well. The CS whose
variances were the same across time points was too simple.

Figure 3.3 shows how the assumed models affect the estimates of means at
each time point in each group. The models examined are (a) the autoregressive
linear mixed effects model with a random baseline and asymptote and AR(1) error,
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Fig. 3.3 Estimated means of PANSS at each time point in each group: placebo (open circle),
haloperidol (closed circle), and risperidone (asterisk). a Autoregressive linear mixed effects model
with a random baseline and asymptote and AR(1) error, b discrete means with unstructured, ¢
discrete means with independent structures (simple means), d discrete means with compound sym-
metry, e discrete means with ANTE(1) and a random intercept, f linear mixed effects model of
quadratic time trends with a random intercept, time, and time?

(b) discrete means with the UN, (c) discrete means with independent structures,
(d) discrete means with the CS, (e) discrete means with the ANTE(1) and a random
intercept, and (f) linear mixed effects model of quadratic time trends with a random
intercept, time, and time?. The open circles, the closed circles, and the asterisk show
the placebo group, the haloperidol group, and the risperidone group, respectively.
The MLE:s are consistent under MAR if the joint distribution of the response vector
is correctly specified. The discrete means with independent structures, irrespective of
equal or unequal variance assumptions, provide the observed mean response profiles
which are the simple means of only observed values at each time point in each group.
The responses from a subject have usually positive correlations in longitudinal data
analysis, and the independent assumption is obviously incorrect. Because the subjects
with higher scores dropped out in this example, the estimates were biased downward.
On the other hand, the discrete means with the UN has the least assumption and
the bias is expected to be small under MAR. Compared with the discrete means
with the UN, the discrete means with independent structures were lower in each
group as expected. Although not as much as independent structures, the discrete
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means with the CS also showed lower means compared with the means with the
UN. The autoregressive linear mixed effects models and the discrete means with the
ANTE(1) and a random intercept provided higher values than the discrete means
with independent structures or the CS.

3.3 Example with Time-Dependent Covariate: AFCR Data

As an example of a time-dependent covariate, we show data from a placebo-
controlled, randomized, double-masked, variable dosage, clinical trial of azathio-
prine with and without methylprednisolone in multiple sclerosis (Ellison et al. 1989).
Heitjan (1991) applied a nonlinear growth curve to the data, and Lindsey (1993)
applied a linear mixed effects model of a quadratic time trend. Misumi and Konishi
(2016) applied a mixed effects historical varying-coefficient model. Funatogawa
et al. (2007) and Funatogawa and Funatogawa (2012a) applied an autoregressive
linear mixed effects model. The data are given in Lindsey (1993).

We introduce the analysis of dose-response curves for each patient and the popu-
lation in the group that received azathioprine without methylprednisolone (Funato-
gawa and Funatogawa 2012a). The response variable is absolute F, receptor (AFCR),
which is a measure of the immune system with a smaller value denoting better con-
ditions. The dose at the start, 2.2 mg/kg daily, is defined as one unit. Doses were
modified throughout the trial. Treatment continued for up to 4 years. AFCR was
measured prior to initiation of therapy, at initiation, at weeks 4, 8, and 12, and every
12 weeks thereafter. We followed Heitjan (1991) in using a square root transforma-
tion on the AFCR responses. The number of patients was 15, and the total number

30

i8]
o

Observed AFCR®®
=

Dose

A2 0 48 96 144 192
Weeks

Fig. 3.4 Observed AFCR? and dose in each patient. Funatogawa and Funatogawa (2012a)
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of the measurements was 244. Figure 3.4 shows the AFCR® and dose profiles for
each patient. The timings of dose modification and measurement were irregular and
differ among patients, as shown in the figure.

We applied the autoregressive linear mixed effects model (2.2.8) in Sect. 2.2.3
with the error structure (2.4.1) to the multiple sclerosis data,

Yi,O = Prase + boasei + €i0
Yii=pYii—1 + Bint + bine; + (Beov + bcovi)xi,t + &8ss (t>0)

, (3.3.1)
€0 = EME)i,0

Eit = EAR)i,t T EME)i,t — PEME)i,i—1, >0

where Y, , and x;, are the AFCR’ level and the dose of the ith subject at time
t, respectively. by ;, a coefficient of the covariate x;;, is a random variable. The
asymptote of the subject i at time 7, Yagy; s, is

YAsyi,t = (1 - /0)71 {ﬂint + binti + (,BCOV + bcovi)xi,z}‘ (3.3.2)

The asymptote depends on the covariate x;,. The term (1 — p)_lbcovi represents
the difference in sensitivity to dose modifications across subjects. Both the fixed and
random effects have the baseline, follow-up intercept, and follow-up dose effect. The
random effects b; = (bpaseis Pinti» Peovi)! are assumed to be normally distributed
with the mean zero and unstructured variance covariance matrix G. £(ary;,; and eg)i,;

are independently normally distributed with the mean zero and variances o2, and
2
O{iE-
We used the state space representation and Kalman filter in Chap. 6 to obtain the

likelihood. SAS IML procedure is used for the calculation and optimization.

Table 3.3 Parameter estimates, covariance, standard deviation, and correlation for the multiple
sclerosis data

Parameter Estimate SE Covariance, standard deviation and correlation
for random effects®
lgbase 17.0 0.9 bb ) binti bcovi
ase 1 P PE
I=p) "B | 96 13 l—p 1-p
(- p)_lﬂcov —2.2 1.2 bvase i 3.15 —0.62 4.71
b, .
0% 0.63 0.05 . ML _0.07 265 —7.59
-p
OME 2.48
—0s bewvig4g 001 313
oar(1—p?)" 7| 170 Il—p 7 ’ '

Funatogawa and Funatogawa (2012a)
2Covariance are above the diagonal, standard deviations are on the diagonal, and correlations are
below the diagonal
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Fig. 3.5 Fitted and observed AFCR%. a Solid and dashed lines are fitted and observed AFCR??,
respectively, in each patient. b—d Three representative patients. Upper and lower solid lines indi-
cate fitted AFCR?> and dose profiles, respectively. A dashed line indicates observed AFCR?.
Funatogawa and Funatogawa (2012a)

Table 3.3 shows the parameter estimates. Figure 3.5a shows the fitted and observed
values of AFCRY in all patients, and Fig. 3.5b—d shows fitted and observed values
with actual doses in three representative patients. The fitted values were calculated
from the predicted values of the random effects and actual doses for each patient. The
model well represents the gradual decreasing response levels and inter-individual
differences at baseline and later time points. The estimate of the autoregressive
coefficient for a time unit of 12 weeks is p% = 0.627. Patients usually showed an
increasing response level after stopping drug administration. Two patients, including
the patient in Fig. 3.5d, however, showed a decreasing response level after stopping
drug administration. Figure 3.6 shows the dose-response curves of the asymptotes in
each patient and the population mean with the estimates of baseline. The estimates of
population means are 17.0 for the baseline, and 9.6, 7.4, and 5.2 for the asymptotes at
doses of 0, 1, and 2 units, respectively. This figure represents well the dose-response
curves of the population mean and its inter-individual difference. The asymptotes
decrease according to the dose in all patients except two patients mentioned above.

Based on the Akaike information criteria (AIC), each of &Ry, €mmEyi,» and
random effects improves the fit, and there exists an inter-individual variability of



3.3 Example with Time-Dependent Covariate: AFCR Data 71

30

20

AFCRYS

10

0

baseline 0.0 0.5 1.0 1.5 20
Dose

Fig. 3.6 Estimated dose-response curves of AFCR?-3 asymptotes with estimated baseline. Thin and
thick lines indicate the estimates for each patient and the population mean, respectively. Funatogawa
and Funatogawa (2012a)

the dose effect and a significant dose effect as a population average. When random
effects are replaced with a random intercept, the fit is worse. If the previous response
is excluded from the covariates, thatis p = 0, and e(aR); ; is replaced with a stationary
AR(1) error, the fitis obviously worse. This is a linear mixed effects model. It assumes
that the current response depends on the current dose but not on the previous doses,
and the response changes to a new level without delay. In contrary, the response
changes to a new level gradually in the model (3.3.1).

We briefly introduce the analysis of three group comparison (Funatogawa et al.
2007). The three groups are azathioprine with methylprednisolone, azathioprine
without methylprednisolone, and placebo. The autoregressive linear mixed effects
model (3.3.1) with B pase, Bg.int» and By cov instead of Bpase, Bint, and Peoy is applied.
For comparison, the following linear mixed effects model with a quadratic time trend
is also applied,

Yij = Bgo + Baitij + ﬁthizj + BgaXij + BgaXijtij + boi + Eearyij + EME); -
Figure 3.7 shows the expected profiles of AFCR for each group based on each model

when the doses are 1.5 throughout the trial. The parameters in the quadratic time
trend are hard to interpret.


https://doi.org/10.1007/978-981-10-0077-5_3
https://doi.org/10.1007/978-981-10-0077-5_3
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Fig. 3.7 Expected profiles of AFCR for each group when the doses are 1.5 throughout the trial. AM,
azathioprine with methylprednisolone; AP, azathioprine without methylprednisolone; PP, placebo.
a Autoregressive linear mixed effects model. b Linear mixed effects model with a quadratic time
trend. Funatogawa et al. (2007)

3.4 Response-Dependent Modification of Time-Dependent
Covariate

The previous section provides an example of autoregressive linear mixed effects
models with a time-dependent covariate. Section 4.3 provides an example of analysis
based on bivariate autoregressive linear mixed effects models with a time-dependent
covariate (Funatogawa et al. 2008a), which is an example of response-dependent
dose modification. Active vitamin D3 is administered repeatedly for the treatment of
secondary hyperparathyroidism, and it decreases parathyroid hormone (PTH) levels.
The dose is adjusted in each patient according to the PTH and Ca levels and other
medical conditions. The PTH and Ca levels have target ranges defined by a clinical
guideline (KDOQI 2007). Even under these situations, we can estimate the dose-
response relationship.

For dose modification, Funatogawa and Funatogawa (2012b) applied similar con-
cepts with missing data mechanism in Sect. 3.2. Here, Y; ¢ is a baseline measurement,
and Y;,isthetth (t =1, - - -, T;) measurement after the baseline measurement in the
ith ( =1,---, N) subject. X;, is the dose between ¢ — 1 and ¢. ¥;, is measured
after the administration of X; ,. For simplicity, we consider no other time-dependent
covariates. Z; is the vector of time-independent covariates.

The joint density function of th}l = (Yio, Y1, -+, Yiz)" and de}’ =
(Xi1» Xin, -+, Xiz)" is expressed as f(Yf’hT)’,,XfflT)JZ,-,O, \Il>, where 0 and W
denote parameters for the measurement process and the dose process, respec-
tively. The superscripts (h) and (d) indicate the history of the responses and doses.
We are interested in the inferences regarding 0, particularly the parameters that
show how the response changes with the dose. Taking into account the sequence
between Y;, and X; ,, we factorize the likelihood corresponding to the ith subject,
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Li(0,¥)=f (Yl(h% , Xl(d% |Z;, 0, \Il), into two parts: the likelihood for the measure-
ment process,

T;

Li®) = £ (YiolZs, 0) [ ] £ (il Y- X 2. 6), (3.4.1)

t=1

and the likelihood for the dose process,
T;

Li(¥) = f(X;1Yi0. Z:. ®) [ | f(X,,,|Y§f;L LXY 7, \1:) (3.4.2)
=2

The likelihood is L; (0, W) = L;(0) x L;(¥).

If the parameters 0 and ¥ are separable in the above factorization, maximum
likelihood methods based on L;(0) alone are valid for the inferences regarding 6
without modeling the dose process. For example, 8 and W are separable if the next
dose is selected based on observed responses and the new response is generated
by the administered doses. This is similar to MAR. If the next dose depends on
unobserved parts of the measurement process, such as unknown parameters, given
the observed responses or the new response is generated by unobserved parts of the
dose process, 8 and ¥ are not separable. In this case, the two processes have several
common parameters, and the dose process needs to be simultaneously modeled with
the measurement process. This is similar to MNAR.

Diggle et al. (2002) showed similar factorization of likelihood for transition mod-
els of binary responses. However, Eq. (3.4.1) can be applied to more general models,
such as mixed effects models (Laird and Ware 1982; Funatogawa et al. 2007). Max-
imum likelihood methods for standard models can provide estimates of the dose-
response without modeling the dose process if the dose modifications are based on
observed responses and the assumed model of the measurement process is correct
(Funatogawa and Funatogawa, 2012b). As a merit of mixed effects models, these pro-
vide estimates of each patient’s dose-response curve. The dose modification based
on observed responses may be prespecified in a study protocol.

In the area of causal modeling in epidemiology, as another approach, marginal
structural models with an inverse probability of treatment weighted (IPTW) esti-
mators were used for flexible dose studies (Lipkovich et al. 2008). These require to
model the treatment process and to assume the probability of receiving each treatment
is bounded away from zero. If the treatment modification is determined according
to the same criterion, this assumption does not hold. Based on simulation studies
for flexible dose titration, the autoregressive linear mixed effects models may be
an appropriate modeling option in identifying the dose-response compared with the
marginal models (Xu et al. 2012).
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Another example of response-dependent dose modification is erythropoietin for
the treatment of renal anemia in hemodialysis patients. The drug is repeatedly admin-
istered and raises the hemoglobin (Hb) levels. A clinical guideline defines a target
range of Hb levels (National Kidney Foundation 2003). The doses are adjusted
according to Hb levels. As an example of a time-dependent covariate beside the
dose, the relationship between blood donation and Hb levels are analyzed by apply-
ing autoregressive linear mixed effects models (Nasserinejad et al. 2016).
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Chapter 4 ®)
Multivariate Autoregressive Linear oo

Mixed Effects Models

Abstract Previous chapters discussed linear mixed effects models and autoregres-
sive linear mixed effects models for analysis of longitudinal data. This chapter dis-
cusses multivariate extensions of these models. In longitudinal clinical studies, mul-
tivariate responses are often collected at each measurement time point from each
subject. When two response variables, such as an efficacy measurement and a safety
measurement are obviously correlated, there are advantages in analyzing the bivari-
ate responses jointly. Parathyroid hormone (PTH) and serum calcium (Ca) measure-
ments in the treatment of secondary hyperparathyroidism in chronic hemodialysis
patients provide an example in which joint bivariate responses are of interest. We
introduce multivariate longitudinal data and explain bivariate autoregressive linear
mixed effects models in which the current responses are regressed on the previous
responses of both variables, fixed effects, and random effects. The dependent bivari-
ate responses approach equilibria, and the equilibria are modeled using fixed and
random effects. These type of profiles are observed in long-term clinical studies. We
also explain bivariate linear mixed effects models.

Keywords Autoregressive linear mixed effects model - Equilibrium
Linear mixed effects model + Longitudinal + Multivariate

4.1 Multivariate Longitudinal Data and Vector
Autoregressive Models

4.1.1 Multivariate Longitudinal Data

In the case of multivariate longitudinal data, one objective of the analysis is to gain an
understanding of the relationship among the response variables. There are applica-
tions of bivariate longitudinal data in medicine: glomerular filtration rates (GFR) and
inverse serum creatinine in chronic renal disease (Schuluchter 1990); forced expira-
tory volume in 1 second (FEV;) and functional residual capacity (FRC) in chronic
obstructive pulmonary disease (COPD) (Zucker et al. 1995); blinks and heart rates

© The Author(s), under exclusive licence to Springer Nature Singapore Pte Ltd. 2018 77
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to auditory stimulation in school-age boy (Liu et al. 2000); body mass index (BMI,
weight/height?) and log-transformed fasting insulin levels in non-insulin-dependent
diabetes mellitus (NIDDM) (Jones 1993); CD4 and beta-2-microglobulin in AIDS
(Sy et al. 1997); PTH and Ca in chronic hemodialysis patients (Funatogawa et al.
2008); and adrenocorticotropic hormone and cortisol in chronic fatigue syndrome
and fibromyalgia (Liu et al. 2014). For other examples, see Shah et al. (1997), Zeger
and Liang (1991), and Galecki (1994).

One analytical approach is to relate two variables through the correlation of ran-
dom errors (Zeger and Liang 1991; Jones 1993; Sy et al. 1997). Another approach is
to relate two variables through the correlation of random effects. Schuluchter (1990),
Zucker et al. (1995), and Shah et al. (1997) were interested in the correlation of ran-
dom effects in linear mixed effects models, for example, the correlation between two
random slopes, that is, two linear time trends. In bivariate autoregressive linear mixed
effects models (Funatogawa et al. 2008), the relationships between two responses are
summarized by the autoregressive coefficients, the correlation of the random effects
for baseline and equilibria, and the correlation of the random errors.

Repeated-series longitudinal data are another class of data, wherein multiple series
of the same variable are measured in each subject. One example is intraocular pres-
sures of the right and left eyes in ocular hypertension and glaucoma (Heitjan and
Sharma 1997). The same variable is measured longitudinally under multiple condi-
tions (left and right eyes).

Section 4.1.2 discusses vector autoregressive models for one subject. Section 4.2
discusses multivariate autoregressive linear mixed effects models. Section 4.3 shows
an analytical example of PTH and Ca data. Section 4.4 discusses multivariate linear
mixed effects models. Section 4.5 is an appendix and explains the direct product and
parameter transformation.

4.1.2 Vector Autoregressive Models

This section shows how response levels change in multivariate autoregressive models.
For simplicity, we consider a case in which there is only one subject and no random
effect. Vector autoregressive (VAR) models are popular in time series analysis. A
simple first-order bivariate VAR model is

Y1 P11 P12 Y L £

"= (P (o (1> 0). 4.1.1)
Y2,t 021 P22 Y2,t—l IBZint 8271‘

Y1, and Y,, are the observed responses of the first and second variables at time

t. Biinc and Byine are the intercepts. €, and &, , are random errors, and are usually

assumed to be independent across time points. In later sections, a dependent error

structure will be considered to take account of measurement errors. The baseline
is not necessarily modeled explicitly in time series data analysis where the number
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of time points is large and stationarity is assumed. However, the baseline model is
important in longitudinal data where the number of time points is limited. In the
following model, the baseline is modeled separately,

Yio\ [ Bivase L&

Y20 B2 vase €2,0

Y P11 P12 Yy, i & '
AN A B int L6 (> 0)

YZ,t 021 P22 Y2,171 ﬂZ int €21

In univariate models in Chap. 2, |p| < 1 is the requirement for the response to
approach the asymptote. The corresponding requirement in the bivariate model is
that the absolute values of the roots of the determinantal equation |p — AL;| = 0 are
less than one, where I, means the a x a identity matrix,

0= P11 P12
p21 P2 )’

P —A P12
P21 P2 — A

4.1.2)

lp—AL| =

= (p11 — M) (P22 — A) — p12021
=A% — (p11 + P22)A + P11p2 — P12P21- (4.1.3)

In this case, the elements of p tend to 0 as / becomes large (Harvey 1993). Further-
more, when 0 < A < 1, the changes in the responses are monotonic. In the following
sections, we assume 0 < A < 1.

Given the existence of (I, — p)_l, it is expressed as

-1

6 — o' 10 P11 P12 1—pu —pn -
9 — —_ — —_
01 021 P22 —p21 1—p2
1 1—
_ P2 P12 ' (4.1.4)
(I = p1) = p22) — pr2p21 e 1 —pi

For the existence of (I, — p)’l, (1 — p11)(1 — p23) — p12p21 Must not be zero.



80 4 Multivariate Autoregressive Linear Mixed Effects Models

4.2 Multivariate Autoregressive Linear Mixed Effects
Models

In clinical studies, dependent bivariate continuous responses may approach equilibria
over time. Autoregressive linear mixed effects models for bivariate longitudinal data
in which current responses are regressed on the previous responses of both variables,
fixed effects, and random effects. The equilibria are modeled using fixed and random
effects. This model is a bivariate extension of the autoregressive linear mixed effects
models for univariate longitudinal data given in Chap. 2.

Section 4.2.1 shows a simple example of bivariate autoregressive linear mixed
effects models. Then, we introduce bivariate autoregressive linear mixed effects
models. Three representations are provided: an autoregressive form and a marginal
(unconditional) form in Sect. 4.2.2, and response changes with equilibria in
Sect. 4.2.3. Vector representations are provided for each time point in each sub-
ject or for all time points in each subject. Section 4.2.4 provides variance covariance
structures. Section 4.2.5 provides estimation methods.

4.2.1 Example of Bivariate Autoregressive Linear Mixed
Effects Models

An example of a bivariate autoregressive linear mixed effects model without covari-
ates is shown below. Let Y,; ; be the observed response of the rth (r = 1, 2) variable
fortheith (i = 1,---, N) subjectattime? (t =0, 1, ---, T;). As with the univariate
model (2.2.1) shown in Chap. 2, the models for the baseline and later time points are

Yiio B1 base D1 base i €1i,0
= + +
Y2i0 B2 base b3 base i €2i,0
Yy P11 P12\ [ Yy i Diinti €1i
) = R Prim T L I , (>0
Y2i,t 021 P22 Y2i,t71 ,32 int byinti €2i,1

42.1)

’

where p,,/ (r =1,2,r =1, 2) is an unknown regression coefficient of Y,;, on
Y,/i—1. Not using matrices, these equations can also be expressed as

Y10 = Bibase + D1 basei +€1i0
Y2i,0 = B2base + D2 base i +£2i0
Yiie = p11¥1ii—1+ p12Y2i,0-1 + Brine + b1inei + €1ip, (2 > 0)
Yair = 021 Y1ie—1 + 022Y2i0-1 + Baine + b2inei + €201, (¢ > 0)

4.2.2)
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. . T.
The vector representation using Y, = (Y1ir, Yai,r) " is

Yi0 = Boase + Poasei +€i0

, 4.2.3)
Yi:=pYii—1 + By + binei +&is, ¢ >0)

where the vectors are defined according to the above equations. As with the univariate
models, these equations are shown with the representation of response changes with

ey T .
equilibria, Yequi i = (Y Lequii,t> Y2 equi i,,) . The equations are

Yi0 = Boase + Poase i + €0
Yi,— Y1 =0 —p) (quui it — Yi,tfl) +g,, (>0)
quuii,t = - p)_] (Bim + binti)

_ Q* *
- Binl + bint

, (4.2.4)

where * (asterisk) shows the parameters for equilibria. The parameters B;,, and bjy;

are transformed into new parameters B, and b, for the equilibria by multiplying

by (I, — p)~'. The elements of the Eq. (4.2.4) are
Yiio B1 base b1 base i €1i,0
= + +
Yai0 B2 base b3 base i £€2i,0
Yiie — Yii—1 1—p11 —p12 Yiequiie — Yiii—1 Elit
= + ,(>0)
Yaiy — Yaig—1 —p21 1 —px Y2 equiir — Yain—1 2i,1
—1
Y1 equii _(l=pu —pn2 Bl int . b inti
Y2 equiit —p21 1—pn B2 int bainti

* *
Bline + D ints

* *
B3 int + 3 ine

(4.2.5)

The changes are also shown as

Yiig = Yiii—1 = (L = p10) (Y1 equi it — Y1i,—1) — p12 (Y2 equi iy — Yai—1) + €1is 4.2.6)
Yair = Yaim1 = —p21 (Y1 equiie — Y1ii—1) + (1 — p22) (Y2 equiine — Yain—1) + €200
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4.2.2 Autoregressive Form and Marginal Form

First, we show the representation for each time point in each subject. Let ¥,; ; be the
observed response of the rth (r = 1, 2) variable inthe ith i = 1, -- -, N) subject at
time ¢ (t =0, -- -, Tj). The bivariate autoregressive linear mixed effects models for
bivariate longitudinal data are expressed by

Yi, =pYi1 +XiB+Z; ;b +5,, (4.2.7)
T T
where Y;, = (Y11, Yair) . B = (B]. Bz , blT,, bz, L& = (€1000 210)
B <,011 ,012) <. X Zi, 0
“\pupn )T 0 XZth o 7,

Here, A is the transpose of a matrix A. p,(r =1,2,7 = 1,2) is an unknown
regression coefficient of Y,;, on Y,,; .1, B, is a p, x 1 vector of unknown fixed
effects parameters, X,; , is a known 1 x p, design matrix for fixed effects, b, ; is a
qr % 1 vector of unknown random effects parameters, Z,; , is a known 1 x g, design

matrix for random effects, and ¢,; ; is a random error. When ¢ is 0, Y;,_; is set to 0.

Itis assumed thatb; and &; = (s{o, cee, siT,Ti )T are both independent across subjects
and independently normally distributed with the mean zero and variance covariance
matrices G and R;, respectively. Although we focus on bivariate responses here, it
is straightforward to generalize the formulae for an arbitrary number of outcomes.

In the model (4.2.1), the parameter vector and design matrices of fixed effects are

B = (ﬂr base Br im), B= <,31 base B1int B2 base B2 im)T,

1000
X,i0=(10),Xi0= <0010>,

0100
X4 = X = .
ri,t (0 ])’ 1,1 (000 1)7(t >O)

b; and Z; , are defined in the same way.
Next, we show the representation for the response at all the time points in the ith

subject, Y; = (YZTO, Y/ Y, ) .Let F; be the (T; + 1) x (T; + 1) square matrix
in which the elements just below the diagonal are 1 and the other elements are O as
shown in (2.3.2). Then, the vector of previous response values is

F;, ®L)Y: = (0,0, Y/, Y/, Y ),

where ® means the direct product. For details of the direct product, see Appendix
in Sect. 4.5.1. Table 4.1a shows (F; ® I,)Y; for 7; = 2. The product of the
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Table 4.1 Vector representations in autoregressive linear mixed effects models for 7; = 2

(a) Vector of previous responses

000000\ [ Y10 0

000 000000 || Y200 0

Feby —1]100|e 10 v _ | 100000 Yiia || Yo

PR o1 117 [orooo00 || vai || Yoo
010

001000 || v, Yiia

000100/ | y,, o

(b) Product of matrix of autoregressive coefficients and previous response vector

100 P11 P12 000 10
(Ir 1 ®p)F L)Y, ={[010|® 100 |® Y;
001 P21 P22 010 01
pi1pi2 0 0 0 O 0 0
pmip22 0 0 0 O 0 0
0 0 piipi2 0 0O Y1i0 p11Y1i0 + p12Y2i0
1o o i pn 0 0 Yaio | = | p21Yiio +p0Yaio
0 0 0 0 p11p12 Yiia piYiin + p12Yain
0 0 0 0 p21 p22 Y2i1 p21Y1i,1 + p22Y2i 1
000 ( P11 P12
FeopYi={[100]® Y;
010 P21 P22
00 0 000)( Yo 0
0 0 0 000 Y2i0 0
ot pz 0 0 00 Y1 P11Y1:,0 + p12Y2i0
1 oupn 0 000 Yai 1 T | o2 Y100+ p22Yai0
0 0 p11p200 Yiio p1tYin+ p12¥ain
0 0 p21p2200 Yain p21 Y11 + p22Yain

matrix of the autoregressive coefficients and the previous response vector is
(IT‘.H ® p) (F; ® I,)Y;, and it equals (F; ® p)Y; because

(Ir+1 ®p)(F; ®L) =F,; ® p. (4.2.8)

The derivation of this equation is provided in (4.5.3). Table 4.1b shows
(Ir+1 ® p)(F; ® L)Y; and (F; ® p)Y; for T; = 2.
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The bivariate autoregressive linear mixed effects models are expressed by

Y = (I @ p)(F; L)Y, + X;B + Z;b; +5;
= (F, X p)Y, + X,B + Z,‘b,‘ + €;, (429)

T T T
where X; = (XiT.,O’ . X[TTI) V2 = (ZiT,O’ . Z[T’TI_) ,and g; = (eZm . ggﬂ) .
The variance covariance matrix of Y; is V; = Var(Z;b; +¢&;) = ZiGZiT + R;. The
model (4.2.1) for T; = 2 is

Yiio 0 1000
Y20 0 0010 B1 base
Yii p11Y1i0 + p12Y2i0 0100 Bl int
= +
Yai1 P21Y1i0 + p22Yai0 0001 B2 base
Yiin p1tYiin + p12Yain 0100 |\ Bim
Yai2 P21Y1i1 + paYain 0001
1000 €1i,0
0010 bl base i €2i.0
biinei &1i,
[ QLOOY Orimi o f10f (4.2.10)
0001 b2basei &2i,1
0100 byint i €1i,2
0001 .

The marginal form of Eq. (4.2.9) is
Y = (Lyso —Fi®p) " (XiB+Zb; +5)). “2.11)

This equation is derived from multiplying both sides of the following equation by
—1
(L —F®p) .

Yi — (F, ® p)Y, = X,B +Zibi +€;.

The marginal variance covariance matrix of Y; is

_ T
%= (bre - Fi @) (ZGZ +R)|(Lro -Fioe) '} . @212



4.2 Multivariate Autoregressive Linear Mixed Effects Models 85

The marginal form at each time point is

Yio=XioB+Z;ob; +ei0

! . 42.13
Y, =Y p"! (Xi,tﬁ +Z;b; + 8i,t)9 (>0 ( )
1=0

4.2.3 Representation of Response Changes with Equilibria

Here, we consider the case that B/ = ( ,Tbase ,Tequi ) and b7, = (brT base b,,Tequii )

B, base and b, pase; correspond to the baseline parts (+ = 0), and B, equi and b, ¢qui; cor-
respond to the other parts (¢ > 0), and these do not overlap. Bivariate autoregressive
linear mixed effects models are shown using the representation of response changes
with the equilibria at each time point,

Yio = X; 0B +Ziob; +&0
Yi,t - Yi,tfl = - p)(quuii,t - Yi,tfl) +&i, (t>0)

Yequiie = (b — p) 7' (X B+ Zi/b;)
= Xi,tB* + Z,-,,b:f

(4.2.14)

The expected changes from Y;,_; to Y;, is (I — p)(Yequiir — Yi.—1). As with the
univariate models, Ycq,i;; can be interpreted as the vector of the equilibria, and is
not observable. Yequii; — Yi,—1 is the size remaining to the equilibria, and p shows
how the responses approach equilibria. In particular, p;, and py; show the influences
of the other response variable.

The baselines depend linearly on fixed and random effects with the coefficients
B, base and by pasei- The equilibria depend linearly on the fixed and random effects,
with the coefficients .y, and by,;;, where 8" = M, and b} = M.b;, as in the
univariate case in Sect. 2.3.2. M, and M,, are described below. If the covariate values
are the same after time ¢, the responses would approach the equilibria gradually. If
the covariate values change, the responses would move toward new equilibria. The
expectations of the baselines and equilibria are X; of(= X; of*) and X; ,$*. The het-
erogeneity among subjects on the baselines and the equilibria is represented by the
vector of random effects parameters b} = M_b;, which are normally distributed with
the mean zero and variance covariance matrix G* = M, GMZT, b’ ~ MVN(0, G*).
The representation (4.2.14) makes the interpretation easier than the original autore-
gressive form (4.2.7) or marginal form (4.2.9). Biologically, *, b}, and G* could be
interpreted more easily than B, b;, and G.

The matrices M, and M, are designed to change f

* *
eters Br equi and br equii’

requi and b, equi; O NEW param-
but not to change Br base OT br basei - Mx can be defined as

M, =L®D; + (I, —p)" ' ®D,,. (4.2.15)
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D, is a p; x p; diagonal matrix whose first pjpaseth elements are 1, and whose
other elements are 0, where p; is the number of fixed effects, and pjpase is the
number of fixed effects corresponding to the baseline. D,, is a p; x p; diagonal
matrix whose first pjpaseth elements are 0, and whose other elements are 1. M, is
defined similarly. Table 4.2a and b shows an example of M, and B* = M, in
the case of three parameters of fixed effects for each response variable with B:‘T =

( Br vase By int Br cov ) The first element corresponds to the baseline, and the other

two correspond to later times. Let the elements of (I, — p)’1 be

_ Pa Pob
I — 1= .
(I —p) (pc pa)

Let bi = (bl base i s blintiv bl covis b2baseiv b2 intis b2 cov i)T- Then’ Mz = Mx~
Table 4.2c shows the random effects of baseline and equilibrium b = M_b;.
Table 4.2d shows an expression of G* = MZGMZT which is a 6 x 6 variance covari-
ance matrix of b}.

Although the representation of response changes at all the time points in each
subject (2.3.13) was given for univariate cases, only the representation at each time
point is given for multivariate cases in this section.

4.2.4 Variance Covariance Structures

The autoregressive form of the variance covariance matrix is V; = Z,»GZiT +R;,
where ZiGZiT and R; represent the between-subject variability induced by random
effects and within-subject variability induced by random errors, respectively. We
provide a particular variance covariance structure of R; induced by two types of
errors, an AR(1) error and a measurement error; this is a bivariate extension of the
variance covariance structures for univariate models in Sect. 2.4.1. We consider the
following model:

(Yi,o - S(ME)i,o) = X 0B + Z;i ob; + R0

(Yir — epyi) = 0(Yiio1 — empyiv—1) + Xi.iB + Zi b; + gaRyis (1 > 0) ’
(4.2.16)

where €aRyi,0, Ry (t > 0), and envg);,, are 2 x 1 random error vectors and are
assumed to follow normal distributions with the mean zero and 2 x 2 variance
covariance matrices raro, F'ar, and v, respectively. ; , in Eq. (4.2.9) corresponds
to

€i,0 = €(AR)i,0 T &ME)i,0
. 4.2.17)
€1 = €(AR)i,; T EME)i,r — PEME)i,i—1, (t > 0)
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Table 4.2 Examples of vector representations for equilibrium

(a) Matrix for parameter transformation

100 000
M,=L®|000]|+@m-—p'®]010
000 001
100000 00000 O 10000 O
000000 0pa 00p, O 0pa 00p, O
_ 000000 N 00 000 pp _ 00 0,00 pp
000100 00000 O 000100
000000 0pc 00pg O 0pc 00pg O
000000 00 p.00 pg 00 pc00 pg
where (I — p)*l = (,Oa pb)
Pc Pd
(b) Fixed effects of baseline and equilibrium
ﬂl base 10000 O ﬁl base ,31 base
Bl int 0pa 00pp O Bl int PaBlint + PbB2 int
8" = M,p = BT cov |00 P00 pp B1 cov _ PaPl1 cov + PbB2 cov
B2 base 000100 B2 base B2 base
B3 ine 0pc00p4 0 B2 int pePlint + pd P2 int
ﬂ%cov 00 p.00 pg B2 cov 0B cov + PdB2 cov

(c) Random effects of baseline and equilibrium M; = M,

b1 base i

b1 base i
Pab1inti + Pob2 inti

Pab1 covi + Pob2 cov i

b2 base i
Pcb1inti + £ab2 int i

Pcbi covi + Pab2 cov i

(d) Expression of variance covariance matrix of b, G* = MZGMZT

bl base i
*
bl int {
b v s
1 covi
G* = Var =
b2 base i

2
91b

O1b lint

2
O1b lint O jn¢

O1b 1c

2
Olb 2b Olint2b Olc 2b Oy 02b 2int  O2b 2¢

2
O1b 2int Olint 2int Olc 2int 92p 2ine 92.int O2int 2¢

O1b 2¢

Olint 1c

Olint 2¢

O1b 1c

Olint 1c Olint 2b Olint2int Olint 2¢

2
Ul,c

Olc 2¢

Olb2b Olb2int Olb2c

Olc2b Olc2int Olc2c

2
02b2c  O2int 2¢ 05 ¢
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In the autoregressive form (conditional form), € ar); , is the independent error across
time points. In the marginal form (unconditional form), it is a serially correlated
error, that is the bivariate AR(1) error with the autoregressive coefficient p. In the
marginal form, eqvg);,; is a temporal error that is independent across time points. The
autoregressive coefficients in p show how the responses exclusive of ), change.

If the model includes the random baseline effects for both variables, its 2 x 2
variance covariance matrix is at the same position with raro in V;, as in the univariate
case in Table 2.3c, e, and g. Thus, a constraint on ragrg is needed. If the process of
AR(1) starts long before t = 0, and is stationary, rago is constrained to be as follows
(Harvey 1993),

FARO = PTAROP +TAR. (4.2.18)

However, in clinical studies, treatments start at 1 = O and the process may not be
stationary, especially for some time after treatment initiation. Thus, the example in
Sect. 4.3 uses a non-stationary process with raro = 0 (€(aryi0 = 0).

4.2.5 Estimation

—2 log-likelihood (—2!I) of bivariate autoregressive linear mixed effects models is
given by the marginal form, based on Eq. (4.2.11) from the following multivariate nor-
mal distribution, assuming that the responses from different subjects are independent,

MYN( (Lrez — F, ® ) X8, % )- (4.2.19)

It is also given by the autoregressive form, based on Eq. (4.2.9) from the following
multivariate normal distribution,

MVN( (F; ® p)Y; +X;B, V; = Z,GZT + R,»). (4.2.20)

When there are no intermittent missing responses, both methods provide —2//. When
there are intermittent missing responses, but corresponding elements of the covari-
ates are known, —2// is still given by the marginal form. However, —2// using the
autoregressive form cannot be calculated, because previous responses, as covariates,
are missing.

When both p and V; are known, the maximum likelihood estimators (MLEs) of
the fixed effects ﬁ are given directly. To obtain the maximum likelihood estimates
of the variance covariance parameters and p, we substitute ﬁ in —2/I and minimize
the concentrated —2I/\conc using optimization methods. In Sect. 4.3, we use a
Newton—Raphson ridge method with finite difference approximations for first- and
second-order derivatives in the nonlinear optimization subroutines of the SAS/IML
software. The standard errors of the parameter estimates are derived from the Hessian
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of the log-likelihood. We restrict the parameter space of the eigenvalues of the p to
0<ir<l.

The above likelihoods are expressed by matrices whose sizes depend on the num-
ber of observations for a subject. When the number of time points increases, the
matrices become large in multivariate longitudinal data. The state space represen-
tation and Kalman filter, which can calculate the marginal likelihood without using
large matrices, are discussed in Chap. 6 (Funatogawa and Funatogawa 2008).

As with the univariate case in Sect. 2.5.3, an indirect method also exists. When
there are no intermittent missing data, we can consider the autoregressive linear mixed
effects models as linear mixed effects models by treating the previous responses as
fixed effects,

Yi = X?B# + Z,‘b,‘ + €;, (4221)

T
where % = (B”, p11, p12, P21, p22) ", X¥ = (Xi Xip),

0 0 0 0

0 0 0 0
Yiio Tao 0 0
0 0 Yiio Yao
Yin Yuu 0 0
X, = 0 0 Yii Yaun
Yiir,-1 Yair-1 O 0
0 0 Yiur- Yoz

Now Xf isa (2T; +2) x (p +4) matrix and B# is a (p +4) x lvector. Thus, when
there are no intermittent missing data, we can use the estimation methods of the linear
mixed effects models. The value of —21/ is calculated by the autoregressive form. If
it is assumed that rag is a diagonal matrix and ryg = 0, then standard software for
linear mixed effects models can be used for the estimation. However, this structure
is restrictive, and measurement errors are often observed in practice. If ryg = 0 is
assumed, an EM algorithm has been proposed (Shah et al. 1997). It is practical to
minimize the concentrated —2// using optimization methods, as mentioned above.
This indirect method may be used to obtain the initial values for the direct method.
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4.3 Example with Time-Dependent Covariate: PTH and Ca
Data

This section shows an example of bivariate autoregressive linear mixed effects models
with a time-dependent covariate using PTH and Ca data (Funatogawa et al. 2008).
A univariate autoregressive linear mixed effects model was also adapted to the PTH
data in Funatogawa et al. (2007). Changes in PTH and Ca are negatively correlated,
and active vitamin D5 causes the PTH level to decrease and the Ca level to rise. The
injection of an active vitamin D3 derivative is one therapeutic option for secondary
hyperparathyroidism in hemodialysis patients. It is effective in reducing the PTH
level. PTH and Ca have their respective target ranges, and it is clinically problematic
if their levels are either too high or too low. In a clinical study (Kurokawa et al. 2000),
an active vitamin D3 derivative was administered three times a week for 28 weeks
without control groups. PTH was measured biweekly and Ca was measured weekly.
There were weekly dose modifications within individuals, taking into account both
PTH and Ca levels and other medical conditions. The candidate doses were 0, 2.5,
5,75, 10, 12.5, and 15 pg. A clear improvement was defined as a 50% reduction
in PTH or a PTH level of less than 200 pg/mL without an associated Ca level over
11.5 mg/dL.

The profile of PTH, Ca, and dose in a typical patient is plotted in Fig. 4.1. In
the patient, 10 pg of the drug was administered first, then PTH decreased and Ca
increased. When the Ca level increased over 11.5 mg/dL, administration was stopped
for safety reasons. After the decrease in the Ca level was confirmed, administration
was restarted at a lower dose. Because there was large inter-individual variability in
both the severity of the disease and sensitivity to dose modifications, it was difficult to
infer the appropriate doses for each individual before treatment initiation. Therefore,

Fig. 4.1 Observed PTH PTH (pg/mL) Ca(mg/dL)
level (closed circle), Ca level 800 | "
(open circle), and dose ‘
profiles for a typical patient. 600 |
Funatogawa et al. (2008) ‘ / N\ A
- /S +13
‘ B AVARN B
200 L--\,/R y S . .__J‘ 1
o | 1 10
Dose (pg)
15
10 —‘
5 —l——--—-—--———--——v—L
o e R
o 4 8 12 16 20 24 28

Weeks
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dose modifications within each individual are often needed, taking into account both
PTH and Ca levels.

The objective of the analysis in this chapter is to describe the relationship between
the treatment dose and the PTH and Ca levels for each patient. The number of patients
was 149. The numbers of measurements was 2168 for PTH and 3910 for Ca. We use
a Box—Cox transformation, (Y%25 —1)/0.25, for PTH to stabilize the variance and
improve the model fitting.

The dose appears to follow a stochastic process, which may be interdependent with
the processes for PTH and Ca. However, here, PTH and Ca are modeled conditional
on the dose at a given time. If the dose is decided based on the observed levels of PTH
and Ca, but not unobserved parts, and the model is specified correctly, the estimates
are unbiased as discussed in Sect. 3.4 (Funatogawa and Funatogawa 2012).

Let Y);, and Y»; , be PTH and Ca levels, respectively. Let x; ; be a treatment dose
which is a time-dependent covariate. Both fixed effects and random effects include
this covariate. For error terms, both first-order autoregressive errors, € gy, and
measurement errors, ngy;,;, are assumed. €ar)i,(f > 0) and eE);; are assumed
to follow bivariate normal distributions with the mean zero vector and 2 x 2 vari-
ance covariance matrices rar and ryg, respectively. gary;0 = 0 is assumed. The
autoregressive form of the bivariate autoregressive linear mixed effects model is

Yiio B1 base b1 base i €1i,0
= + +
Y20 B2 base b base i €2i,0
Yii _ P11 P12 Yiii—1 N Brint +b1inti ' @3.1)
Yai 021 P2 Y2i11 Boint + D2 inti

,31 cov+blcovi Eli,t
+ Xig+ ,(t>0)
ﬂZ cov +bacovi €2it

The model is also shown using the response changes with equilibria,

Y10 B1 base b1 base i £1i,0
= + +
Y20 B2 base b2 base i £2i,0

Yiie — Yiig—1 1—p11 —p12 Yiequiic — Yiie—1 €l
= + , (> 0)
Yaip — Yair—1 —p2u 1 —pxn Y2 equiit — Y2ii—1 €2i,t

. * * * *
Y1 equiis Bi int+b1inti B cov+b1 cov i
= Xi,t
L. * * * *
Y2 equii e B int + D3inei B cov b3 cov i

(4.3.2)

The derivations of * = M,B, b¥ = M;b;, and G* = MZGMZT are described in
Sect. 4.2.3.

Table 4.3a shows the estimates of fixed effects and autoregressive coefficients
of PTH and Ca data. Figure 4.2 shows the expected mean profiles of PTH and Ca



92 4 Multivariate Autoregressive Linear Mixed Effects Models

Table 4.3 Estimates of a bivariate autoregressive linear mixed effects model for PTH and Ca data

(a) Fixed effects and autoregressive coefficients
Y1i0 = 16.7+ D1 base i +£1i,0

Y2i,0 = 9.9+ bavase i +€2i,0
Yiig — Yiir—1 = (1 = 0.82) (Y1 equiit — Yiii—1) — 0.13(Ya cquii — Y2ii—1) + €1ip, (t > 0)
Yais — Yais—1 = —0.005(Y1 equii — Yiii—1) + (1 — 0.81) (Y2 cquii — Yaii—1) + €2i4, (t > 0)
Yiequiie = (18.1+ 57 y;) + (=0.58 + 5] oy )it
Vaequiie = (9.7 +53500;) + (017 + b3 oy 1 )xie
P11 P12 0.82 0.13

P21 P22 0.005 0.81

(b) Covariance-SD-correlation for AR(1) error Far and measurement error Fyg®
0.71 —-0.10 0.80 —0.02
, TME:
(=0.77) 0.19 (—0.08) 0.32

TAR:

(c) Covariance-SD-correlation for variance covariance matrix of random effects Gra
bibasei 346 1080 040 -0.63 —0.15 —0.17

bfi; (087 360 013 —025 —0.21 —0.13
bfew: (034 (0.10) 034 003 007 —0.02

b2 pase i (—0.26) (—=0.10) (0.11) 0.71 0.35 0.01
b} i (=0.06) (=0.09) (0.31) (0.75) 0.67 —0.01

b3 v i (—0.52) (—0.40) (—0.73) (0.15) (—0.13) 0.09

Funatogawa et al. (2008)
4Covariances are above the diagonal, standard deviations are on the diagonal, and correlations are
below the diagonal

when each dose is administered continuously. At baseline, the mean PTH is 16.7
(717 pg/mL) and the mean Ca is 9.9 mg/dL. For example, when a dose of 10 pg
is administered continuously, the expected equilibria are 12.3 (276 pg/mL) for PTH
and 11.4 mg/dL for Ca. The changes from time O to time 1 are

Yiii —Yio=(0-0.82)(12.3 —16.7) — 0.13(11.4 — 9.9) = —0.99
{ i1 — Yiio = ( )( ) ( ) 433)

Yaii — Yaio = —0.005(12.3 — 16.7) + (1 — 0.81)(11.4 — 9.9) = 0.31 °

The estimates of p, and pp; show the influences of the other response variable. In
this case, the low Ca level relative to the equilibrium decreases the PTH level, and
the high PTH level relative to the equilibrium increases the Ca level. Nevertheless,
neither estimate was significant (P =0.21 and P = 0.41 by the Wald test).

Table 4.3b shows the covariance-SD-correlations for Far and Fyg. Covariances
are above the diagonal, standard deviations are on the diagonal, and correlations are
below the diagonal. The correlation in fagr is —0.77 (P < 0.001 by the Wald test).
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PTH (pg/mL) Dose (ug)  Ca (mg/dL) Dose (ug)

0

150

= 12
25 125
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12.5 0
15.0

oI T T T T T T gI T T T T T T

0 4 B 12 1 20 24 2 0 4 B 12 1 20 240 2
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Fig. 4.2 Expected mean profiles of PTH and Ca when each dose is continuously administered. The
doses are 0, 2.5, 5, 7.5, 10, 12.5, and 15 pg. Funatogawa et al. (2008)

This means that the high Ca level relative to the expected level is related to the low
simultaneous PTH level relative to the expected level. The current high Ca level
is also related to the high Ca levels and the low PTH levels at the neighborhood
times because the errors are correlated serially. The correlation in fovg) is small (P
= 0.13 by the Wald test), which means that the temporal errors of Ca and PTH are
not correlated. Table 4.3c shows the covariance-SD-correlation for G .

We show the mean changes in the equilibria of PTH and Ca caused by 2.5 png
dose rise and the 10th and 90th percentiles. For Ca, the mean change is 0.42 (mg/dL)
and the percentiles are 0.03 to 0.80. For PTH, the mean change from 700 pg/mL is
—180 pg/mL and the percentiles are —310 to —10. Because a Box—Cox transfor-
mation was used for PTH, the mean change depends on the response level. These
percentiles represent the heterogeneity of sensitivity to dose modification among
patients. The random dose effects of PTH and Ca were negatively correlated with a
correlation coefficient of —0.73 (P < 0.001 by the Wald test). Thus, Ca will increase
markedly in patients with a large decrease in PTH, and Ca will increase by a small
amount in patients with a small decrease in PTH. Figure 4.3 shows the expected dose
responses of PTH and Ca equilibria for the population average and some randomly
selected patients.

Table 4.4 shows the —2 log-likelihood (—2II), the total number of parameters,
and Akaike’s information criterion (AIC) of the assumed model, the models in which
rar, I'mg, or G is ignored, and the model in which p;,, 021, and all of the correlations
between PTH and Ca are set to zero. In either case, the fitis obviously worse compared
with the full model. The last model corresponds to the univariate models for PTH
and Ca. Thus, the bivariate analysis has an improvement over the univariate analysis.
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Fig. 4.3 Expected dose PTH (pg/mL)
responses of PTH and Ca 2000

equilibria for the population
average (closed circle) and

randomly selected patients \
(open circle). Funatogawa 1500 "'Qdose =75
et al. (2008)
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Table 4.4 —2 log-likelihood and AIC for PTH and Ca data

Model Number of -2 AIC

parameters log-likelihood

Full model 37 12,143.4 12,217.4
rAR ignored 34 12,597.9 12,665.9
ryE ignored 34 12,384.9 12,452.9
G ignored 16 15,403.3 15,435.3
Univariate models for PTH and Ca? 24 12,595.2 12,643.2

Funatogawa et al. (2008)
4012, p21, and all of correlations between PTH and Ca are set to zero

4.4 Multivariate Linear Mixed Effects Models

The main theme of this book is autoregressive linear mixed effects models, but we also
briefly describe the multivariate linear mixed effects models. Y;; is the rth (r = 1, 2)
response variable in the ith i = 1,---, N) subject at the jth (j =1, ---, n,;) time
point. #,;; is time as a continuous variable. Similar to univariate models, the models
can be represented as

Y, = XlB +7Z;b; +¢&;
b, ~ MVN(0, G) , “4.4.1)
&, ~ MVN(0, R,)

where Var(Y;) is V; = Z; GZ,-T + R;. When the model has no random effects, the
marginal model is



4.4 Multivariate Linear Mixed Effects Models 95

Table 4.5 Example of bivariate linear mixed effects models and marginal models

(a) Example of bivariate linear mixed effects models: linear time trend model with random
intercept and random slope. Y; = X; + Z;b; + &;, b; ~ MVN(0, G), &; ~ MVN(0, R;)

Yiin 10 i1 O £1i1
S : B int biinti
Yiiny 10 t1in; O B2 int by inti Eliny;
= + +
Yoi1 01 0 1 B1 slope b1 slope i £2i1
B2 slope by slope i
Yainy, 01 0 1iny £2iny;

2
O{int  Olint 2int Olint Is Olint 2s
o 2 . . 21 0
Olint 2int  O%ip  O2int 1s O2int 2s 0 lny;
G = ) R = )
Olint1s O2intls Ofgy Ols 2s 0 0y Inz,-

2
Olint2s O2int2s Ols 2s  Opg

(b) Example of variance covariance matrix of bivariate marginal model for three time points:
direct product of unstructured (UN) and AR(1). Y; = X;B + &;, &; ~ MVN(0, R;)

ol olp op? o1 onp o12p?

2 2 2
orp Of O;p 0120 012 0120

1 pp?
of o olp* olp o} opp’onp on
Ri = 2 @ P ! P = 2 2 2 2.2
g12 05 /)2 o 1 012 012p 01207 05 0P 050

2 2 2
gp2p 012 0120 0,0 0Oy 0P

2 2.2 2 2
O12p" 0120 012 05,p7 00 0)

Y =XB+e;
, (4.4.2)
e; ~ MVN(0, R;)

where Var(Y;) is R;.

Table 4.5a shows an example of bivariate linear mixed effects models, assuming
a linear time trend for each response variable. The random effects are random inter-
cepts and random slopes for the two variables. They follow a multivariate normal
distribution, with the mean vector 0 and 4 x 4 variance covariance matrix G. The
structure of G is assumed to be unstructured (UN). G is given in Table 4.5a. o2
is the covariance for the two random slopes by siope; and b jope i, and its correlation
is 01525/ (015025). The large absolute value of the correlation means that a subject
with large changes in one variable shows large changes in the other variable. If we
assume independent errors, the structure of R; is diagonal. R; is given in Table 4.5a.
Correlated error structures can be also assumed.
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In another approach with error terms, some structures are assumed on R;. Jones
(1993) assumed a bivariate continuous time AR(1) error structure with arandom inter-
cept for each variable. Sy et al. (1997) assumed a bivariate integrated Ornstein—Uh-
lenbeck (IOU) process with measurement errors. Zeger and Liang (1991) were inter-
ested in the feedback of one response on another. With continuous responses, they
used a bivariate AR(1) process for the error, but not for the response variable. Besides
these, there is an approach using a direct (Kronecker) product. An example of the
direct product of unstructured (UN) and AR(1) for the three time points is given in
Table 4.5b.

4.5 Appendix

4.5.1 Direct Product

The direct product of two matrices, an a; X a; matrix A, x4, and a by x b, matrix
By, b, is defined as

Cl11B alazB
Aulxaz &® Bb]xbz = s “4.5.1)

ag 1B - ag,4,B

where ay, is the k, Ith element of A, «4,. This is also called the Kronecker product.
The size of this matrix is a;b; x ab;. Direct products have many useful properties.
One property used in this chapter is

(A ®B)(C ® D) = AC ® BD, (4.5.2)

provided conformability requirements for regular matrix multiplication are satisfied.
‘We can obtain the following equation based on (4.5.2),

I+ ® p)(F; ® L) = I, F; ® pln
—F ®op. (4.5.3)

For details of the matrix algebra, see Searle (1982).

4.5.2 Parameter Transformation

This section gives a supplementary explanation of the parameter transformation in
Sect. 4.2.3. When X; , = Xy;;, X;; = I, ® X{; ;. We can obtain
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I = p) 7' Xi B =X, [l — )7 @1, }B, 4.5.4)
from the following equation:

L—p) X, =0L—p) "' (LX)
=L -p) "' Xy,
=L@ -p) ' ®Xy1,
= (LeXu){L-p ' L}
=X {@L—-p ' @I} (4.5.5)

To obtain this equation, we use the property (4.5.2). In the above derivation, only
the parts of {(Iz -0 '® I,,}B corresponding to X, and X7 are used as

1i,t,equi 2i,t,equi
coefficients for the equilibria, because all elements in X!, for # > 0 are zero except
X and X1,

T
1i,t,equi 2i,t,equi*

WhenX;; # Xy s 0rZy;; # Zo; s, theequilibrium Y, ;, canbe also defined as a
linear function of covariates. When Xy; , # Xy, ;, X, is represented as (12 ® x;‘j ,)Jx.
x; isalx p*(p* = pyand p* > py) matrix, which contains all covariates of fixed
effects. J, is a 2p* x (p; + p2) matrix, and the elements of which are 0 or 1. For

random effects, z7,, J;, and g* are defined similarly. We can obtain

L-p) ' XiB=(Lex){6L-p ' LB (4.5.6)
L—p)'Zib = (Loz,){L-p " L. Lb. (4.5.7)

Thus, the equilibrium depends linearly on both the fixed and random effects
with the covariate matrices, (I, ® x},) and (I, ® z},), and the parameter vectors,

{@ =)' @1, 0B and {(I, — p)~' ® L. }J:by.
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Chapter 5 ®)
Nonlinear Mixed Effects Models, Growth | =
Curves, and Autoregressive Linear

Mixed Effects Models

Abstract In the previous chapters, we discussed autoregressive linear mixed effects
models. In this section, we discuss the relationships between the autoregressive linear
mixed effects models and nonlinear mixed effects models, growth curves, and differ-
ential equations. The autoregressive model shows a profile approaching an asymptote,
where the change is proportional to the distance remaining to the asymptote. Autore-
gressive models in discrete time correspond to monomolecular curves in continu-
ous time. Autoregressive linear mixed effects models correspond to monomolecular
curves with random effects in the baseline and asymptote, and special error terms.
The autoregressive coefficient is a nonlinear parameter, but all random effects param-
eters in the model are linear. Therefore, autoregressive linear mixed effects models
are nonlinear mixed effects models without nonlinear random effects and have a
closed form of likelihood. When there are time-dependent covariates, autoregressive
linear mixed effects models are represented by a differential equation and random
effects. The monomolecular curve is one of the popular growth curves. We introduce
other growth curves, such as the logistic curves and von Bertalanffy curves, and gen-
eralizations of growth curves. Re-parameterization is often performed in nonlinear
models, and various representations of re-parameterization in monomolecular and
other curves are provided herein.

Keywords Autoregressive linear mixed effects model + Growth curve
Longitudinal - Monomolecular curve + Nonlinear mixed effects model

5.1 Autoregressive Models and Monomolecular Curves

This section discusses autoregressive models and monomolecular curves in a single
subject. These have neither random effects nor error terms. In Sect. 5.2, we consider
monomolecular curves with random effects and autoregressive linear mixed effects
models for longitudinal data. Section 5.3 discusses nonlinear mixed effects models.
Section 5.4 introduces various nonlinear curves. Section 5.5 discusses generalization
of nonlinear curves.

© The Author(s), under exclusive licence to Springer Nature Singapore Pte Ltd. 2018 99
I. Funatogawa and T. Funatogawa, Longitudinal Data Analysis, JSS Research Series
in Statistics, https://doi.org/10.1007/978-981-10-0077-5_5


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-10-0077-5_5&domain=pdf
https://doi.org/10.1007/978-981-10-0077-5_5

100 5 Nonlinear Mixed Effects Models, Growth Curves ...

In autoregressive models, the change is proportional to the distance remaining to
the asymptote when the autoregressive coefficient is 0 < p < 1. For example, for
the following autoregressive model

Y = Bine + pYi-1, 5.1.1)

the change is

Y- Yo =(1—p)( ﬁj“p —Y,_l), (5.12)

where error terms are omitted for simplicity, Y, is the response at time
t(@=1,---,T), B is the intercept, Bin/(1 — p) = Pasy is the asymptote, and
Bint/ (1 — p) — Y,_; is the distance remaining to the asymptote. Time is discrete in
autoregressive models. As described in Sect. 2.1.2, with the baseline response Byase,
the marginal form of the above autoregressive model is Yy = Bpase and

t
Y, = ptﬂbase + Z ptilﬂim

=1
= BrasePd' + Basy(1 — p'), (¢ > 0). (5.1.3)

Next, we consider monomolecular curves in which the change is proportional
to the distance remaining to the asymptote based on continuous time. Let o be the
asymptote as y(x — 00) = «. y is the response level and x is continuous time. With
k > 0 as a proportional constant, changes in the response level based on continuous
time are expressed by an ordinary differential equation,

j—y:/((a—y), (5.1.4)
X

where o — y is the distance remaining to the asymptote. Let oy be the baseline
response as y(0) = op. The general solution to this differential equation is

y(x) =a — (o —ag)e . (5.1.5)

This is also expressed as follows:
y(x) = age ™ + (1 —e™). (5.1.6)
This form is used in Sect. 5.2. The model has three parameters, and the correspon-

dence with (5.1.3) is ag = Bpase> & = Pasy, and e “ = p. The difference between
(5.1.3) and (5.1.6) is that x is continuous in time, whereas ¢ is discrete.
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(a) (b)
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e, == T
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2 | @ 2
= 54 5f/4log2/k >

Fig. 5.1 Monomolecular curves a y(x) = o — (¢ — ap)e™** with various «. The curves are also
expressed by a{l — e*K("*V)}. b Standard curve y(x) = S(x) = 1 — e~ (solid line), S(xx) with
various x (dotted lines), and S(x — y) with various y (broken lines)

Figure 5.1a shows the monomolecular curves with various . When the curve
exhibits growth (increase), the parameters are o > o > 0. This function can also
show a decrease. « is a scale parameter on x. When x = log2/k ~ 0.69314/k, the
response level is the midpoint between « and «g as

log 2
y(—og ) _ar% (5.1.7)
K 2

With re-parameterization, the general solution can be written in many ways. For
example,

y(x) =afl —e M} (5.1.8)

where y(y) = 0 and
-1 a — 0
y =k log| — ). (5.1.9)
o

Table 5.1 shows the relationships of parameters «, oy, and ¥ with other parameters.
Table 5.2 shows ordinary differential equations and several general solutions for the
monomolecular curve and other nonlinear curves discussed in Sect. 5.4.

Let S(x) = (1 — e’*’) be a standard curve. The curve (5.1.5) is then obtained by
shifting the standard curve vertically by ¢ and including the scale parameter x and
asymptote « as

Y(x) = oo+ (@ — o) S(kx)
=a— (@ —ap){l — Skx)}. (5.1.10)
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Table 5.1 Parameters of monomolecular curves

Parameter® Relationship with &, g, &
o Asymptote, y(c0)
oo Baseline response, y(0)
K Scale parameter on x

y(¥) =0 y =« 'log{(e — o) /at}
) Distance from baseline response to asymptote d=a—a
Bo Asymptote Bo=«
B Distance from asymptote to baseline response Bo+ p1 =ap

Bi = —(a — ap) = =8

P p=e" k= —log(p)

aMonomolecular curves are expressed by a — (o — ap)e ¥, oz{l - ef"("fy)}, a — de™*, and
Bo+ B1p* with0 < p < 1

On the other hand, the curve (5.1.8) is obtained by shifting the standard curve hori-
zontally by y and including the scale parameter « and asymptote « as

yx) =aSk(x —y)). (5.1.11)

Figure 5.1b shows S(x), S(kx) with various «, and S(x — y) with various y.
Another re-parameterization is

y(x) = a — e, (5.1.12)

where § = o — « is the distance between the baseline response and the asymptote.
If we use p instead of e, the curve is

y@x)=po+pip",0<p <1, (5.1.13)

where By = «, By = =6, and Bp+ B = @« — 8 = «ay. When x > 0, the
response changes from oy to «, from ¢ — § to «, or from By + B; to By. Other
re-parameterizations are

y(x) =a(l — Be™), (5.1.14)
y(x) = a — e b, (5.1.15)

This monomolecular curve is also known as Mitscherlich curve, asymptotic
regression (Ratkowsky 1983; Pinheiro and Bates 2000), asymptotic exponential
growth curve (Vonesh 2012), negative exponential curve (Singer and Willett 2003),
and so on. The form (5.1.13) or y(x) = By — Bi1p* is known as an asymptotic
regression model (Ratkowsky 1983; Pinheiro and Bates 2000). The differential equa-
tion (5.1.4) is known as Newton’s law of cooling, describing a body cooling over
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Table 5.2 Ordinary differential equations and solutions for nonlinear curves
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Nonlinear curves
Ordinary differential equations

Solutions

(a) Monomolecular/Mitscherlich

a yx) =a — (¢ —ag)e ™

Y _ b y(x) = age ™ + a1 — e7)

— =k —y),k >0

dx c.yx) =afl— e_"(x_y)}
d.y(x) =a —8e **
e.y(x)=po+pip",0<p <1
f.y(x) = oc{l — Be*”}
e y(x) o — e—(b+/cx)

(o =0) y(x) =a(l —e™*¥)

(b) Exponential a. y(x) = e<&=7)
d—y =Ky b. y(x) = ape**
dx

(c) Gompertz

d
d—y =ky(loga —logy),k > 0,00 >0
X

a yx) =« exp{—e*"()‘*y)}
b. y(x) = a(@g/a)™P )

(d) Four-parameter logistic

dy K
Fim e Gl VICE R
X  a —

a. y(x) =ay+ (0 —a{l +e*"("*3’)}71

b.y(x) = a2 — (2 — a1 +e"()‘*1’)}7l

(e) Three-parameter logistic, 0 < y,
(p =0in(d))
dy

&= e =o(-7)

a. y(x) = a{l +e K= 7)}
b.y(x) = Ol{l +elr— x)/¢}
y(x) = a(l + v,he_’”‘)

d. y(x) = afl +e_(ﬁ0“‘ﬁ”‘)}_1

e y(x) = aeﬁ0+ﬁ1x(1 + eﬁo+/31X)_1

(e}

(f) Two-parameter logistic, 0 < y < 1,
(¢ =1lin(e),; = 0and o = 1 in (d))

dy
— 1
1 =ky( y)

a. y(x) = {1 +e_"("_y)}_1
b y(x) = {1 +e¥—0/¢} 7!
¢ y(x) = (1+ye™x)™!

d. y(x) = {] _,_e*(l3o+ﬁ1)6)}_1

e y(x) = eﬂo+ﬁlX(1 + eﬁo+ﬁ1X)_1

time and stating that the rate of change in the temperature of an object is proportional

to the difference between its own temperature and the ambient temperature, i.e., the

temperature of its surroundings. When used to model crop yield in the response to

the rate of fertilizer application, it has been known as Mitscherlich’s law.
When we add the constraint oy = 0, the response level is

y(x) = Ot(l — e"‘"),

which is a two-parameter model for biochemical oxygen demand (BOD).

(5.1.16)
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5.2 Autoregressive Linear Mixed Effects Models
and Monomolecular Curves with Random Effects

Next, we consider a nonlinear mixed effects model for longitudinal data. ¥;; is the jth
(j =1, ---,n;)responsefortheith (i =1, - - -, N) subject. The explanatory variable
is time #;;, which is a continuous variable. Here, a nonlinear function, f (tij, B, b,~),
produces a monomolecular curve with three parameters. § is fixed effects parameters,
b; is random effects parameters, and ¢;; is an error term. The model is

Yij = f(t;.B.bi) + &
f(tij, B, bi) = (B +bi)e P + (B +by) (1 — e~ P10)

B= (B BBy , (5.2.1)
b; = (b1, ba)", b; ~ MVN(0, G)
e = (g1, -, Sin,)Ta g ~ MVN(0, R;)

where ] is a baseline value, which is the expected response at time 0, 3, is an asymp-
tote, which is the expected response at time 0o, and B3 is a scale parameter of time. by;
and b,; are random effects and represent the inter-individual variation. MVN(0, A) is
a multivariate normal distribution with the mean zero vector and variance covariance
matrix A. by; and by; are linear, and only the fixed effect parameter 85 is nonlinear.
Thus, the model is partially linear. The autoregressive linear mixed effects models
shown in Chap. 2 correspond to this model if there are no other explanatory variables.
The autoregressive coefficient p = e~ is a fixed effect. Furthermore, as discussed in
Sect. 2.4.1, the autoregressive linear mixed effects models assume an autoregressive
error plus an independent error, to take a measurement error into account,

&t = EAR)I,t T EME)i,t — PEME)i,i—1- (5.2.2)

When there is a time-dependent covariate, x;;, in the asymptote in (5.2.1), the
nonlinear function is

f(tij, xij, B, 0:) = (Br+bii)e P+ {(By + ba) + (Be + bei)xij (1 — e,
(5.2.3)

In this model, Y;; is expressed by the current covariate x;;, but not past covariates.
In contrast, the marginal form of the autoregressive linear mixed effects model with
a time-dependent covariate x; , shown in Sect. 2.3.3 was

t
Yi,t - pt(ﬁbase + bbase i) + Z pril{ﬂim + binti + (ﬂcov + bcov [)Xi,l} +Emis (524)
1=1
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for ¢t > 0.In this model, Y; ; is expressed by the current covariate and past covariates.
Therefore, the two models are different. If the covariate is not time-dependent, the
autoregressive model is

Yi,r = pt(lgbase + Doase i) + (1 - pt){lgint +binti + (ﬂcov + beoy i)xi} +E&miyx- (5.2.5)

The two models differ only whether time is continuous or discrete.

When the covariate is time-dependent, the autoregressive linear mixed effects
model corresponds to the following model with a differential equation, where time
is continuous,

duc{t(t) = «{Ba +bai + (Be + bei)xi (1) — wi (1)}

i (0) = B1 +by;

Yy = (i) + 5 : (5.2.6)
b; = (b1, bai, bei)', b ~ MVN(0, G)

& = (&1, -, Ein;)Ta g ~ MVN(0, R;)

In the following model, the random effect is only a random intercept, b;.
f(lijs B, bi) = Bre Pl 4 ﬁz(l - e_ﬁ3”’) + b;. 5.2.7)

In this model, one fixed effect parameter, 83, is nonlinear, but the random effect is
linear. This model assumes that changes among subjects are vertically parallel, as
described in Sect. 1.3.1.

5.3 Nonlinear Mixed Effects Models

5.3.1 Nonlinear Mixed Effects Models

Both fixed effects parameters § and random effects parameters b; are linear in the
following linear mixed effects models shown in Chap. 1,

Yi =XiB+Zibi +€;. (531)

Nonlinear mixed effects models have at least one nonlinear fixed or random effects
parameter. In the case of autoregressive linear mixed effects models (Funatogawa
etal. 2007, 2008a; Funatogawa et al. 2008b), all parameters are linear in the following
autoregressive form in Sect. 2.3.1,
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Y,’ = ,OF,‘Y,' + X,B + Z,‘bi + €;, (532)

where F; is a square matrix whose elements just below the diagonal are 1 and the
other elements are 0. However, the autoregressive parameter p is nonlinear in the
following marginal form in Sect. 2.3.3,

Y = (I — pF) ' (XiB + Z:b; + &), (5.3.3)

where I; is an identity matrix. Therefore, this is a nonlinear mixed effects model
without nonlinear random effects parameters. p is a nonlinear fixed effect parameter.

In linear mixed effects models, the expectation of the response Y; given random
effects b; for subject i is E(Y|b;) = X; + Z;b;. In nonlinear mixed effects models,
the expectation of the response Y; is the nonlinear function f(X;, Z;, 8, b;), and
cannot be expressed by X;B + Z;b;, which are easier to calculate. In autoregressive
linear mixed effects models, the expectationis E(Y|b;) = (I, — oF) 1 (X;B +Z;b))
and relatively easy to calculate.

In the mixed effects approach, the expected response of a typical subject with
random effects 0 is E(Y|b = 0). The marginal expectation, E(Y), is E,{E(Y|b)},
which is obtained by the integration of expectation given random effects b, E(Y|b),
with respect to b, as follows:

E(Y) = Ey{E(Y|b)} = / E(Y|b)dF, (b), (5.3.4)

where Fy, (b) is the distribution function of the random effects. In linear mixed effects
models and autoregressive linear mixed effects models, the expectation for a typical
subject and the marginal expectation are the same,

E(Y|b = 0) = E,{E(Y|b)} = X8, (5.3.5)
E(Y|b = 0) = E,{E(Y|b)} = (I — pF)"'Xp. (5.3.6)

Innonlinear mixed effects models with nonlinear random effects, however, the expec-
tation for a typical subject and the marginal expectation are not the same,

X, Z,8,b=0) #E{f(X,Z,8,b)}. (5.3.7)

Subject specific interpretation and marginal interpretation are not the same. A similar
discrepancy occurs in generalized linear models, in which a nonlinear link function
is used for the analysis of the discrete response variable.

In nonlinear mixed effects models, additive, exponential, or proportional errors
are often used. The error term ¢;; is assumed to follow a normal distribution with the
mean zero. The additive error is

Yij = f(ti;. B.b;) +&;. (5.3.8)
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Response levels which are always positive, such as blood drug concentration, often
show a right skewed distribution, and the following exponential error is used:

]Og Y,'j zlogf(t,-j,B,b,-)+8,»j, (5.3.9)
Y,’j = f(l‘,'j, B, b,-)exp(eij), (5.3.10)

where log Y;; is expressed with an additive normal error ¢;;. The model assumes a
log-normal distribution for ¥;;. When the variance of the error increases with the
mean, the following proportional error is also used:

Yij = f(tij. B. bi) (1 +&). (5.3.11)

This error has a constant coefficient of variation (CV), which is the standard deviation
divided by the mean. The distributions of the exponential and proportional errors are
log-normal and normal, respectively. Both have constant CVs, but their shapes differ.
Random effects also sometimes exhibit right skewed distributions. In such a case,
the distribution of random effects is assumed to follow a log-normal distribution,

n; = exp(B +b;), (5.3.12)
b; ~ MVN(0, G). (5.3.13)

5.3.2 Estimation

In the maximum likelihood estimation of parameters in nonlinear mixed effects mod-
els, it is common to use the marginal likelihood function, obtained by integrating the
simultaneous probability density function of the response variable and the random
effects with respect to the random effects. However, this function cannot usually
be expressed explicitly. Additionally, when there are multiple random effects, this
method becomes a multiple integration. Therefore, several approximation methods
have been proposed for nonlinear random effects. In contrast, linear mixed effects
models and autoregressive linear mixed effects models have closed forms of likeli-
hood (1.5.6) and (2.5.4).

One common approach is a linear first-order approximation using Taylor expan-
sion. The first-order method (FO method) uses a Taylor expansion around the aver-
age of the random effects (Beal and Sheiner 1982, 1988). The first-order conditional
estimation method (FOCE method) uses a Taylor expansion around the Bayesian
estimates of the random effects (Lindstrom and Bates 1990). These methods require
only a small calculation load. However, when inter-individual variation is large, the
bias of estimates based on the FO method is large, and when the number of mea-
surements is insufficient, the FOCE method does not work well. Compared with the
FO method, the FOCE method has a smaller bias but lower convergence rate in the
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optimization of the likelihood function, and requires more calculation. The FOCE
method based on Laplace approximation has also been proposed (Wolfinger and Lin
1997).

Software for analyzing nonlinear mixed effects models is characterized by approx-
imation methods, modeling time-dependent covariates, and the programming of dif-
ferential equations. Nonlinear mixed effects models are often used in specialized
fields, such as population pharmacokinetics. Software widely used in population
pharmacokinetics is NONMEM (Nonlinear Mixed Effects Model), and the main
approximation methods are the FO and FOCE methods. A recent version has incor-
porated the Markov chain Monte Carlo (MCMC) method.

When drugs are repeatedly administered to the same subject, the dose is a time-
dependent covariate. Blood drug concentration depends on the current dose as well
as the past dosing history. Models of blood drug concentration are more complicated
than those in which responses are simply regressed on the covariates at that time. In
NONMEM, programming is easy in the case of repeated administration. If there are
three or more compartments or pharmacokinetics are nonlinear, then solution for the
differential equations often cannot be found. In such cases, NONMEM can perform
the analysis using differential equations.

The main approximation methods in the NLMIXED procedure of SAS statis-
tical software are the numerical integration by Gauss—Hermite Quadrature, the FO
method, and the FOCE method based on Laplace approximation. Programming in the
form of differential equations is not possible, and programming for repeated admin-
istration is complicated. Alternative software for nonlinear mixed effects models
includes the nlme package in the SPLUS software.

For more details of nonlinear models for longitudinal data analysis, see Davidian
(2009), Pinheiro and Bates (2000), and Vonesh (2012).

5.4 Nonlinear Curves

The monomolecular curve is one of the popular growth curves. In this section, we
introduce other nonlinear curves. The change per unit time, dy/dx, is sometimes
called a change rate, as is (dy/y)/dx. In this section, we call dy/dx a change and
(dy/y)/dx a change rate. We use the following notation: y(x) is a response at time
X, o is an asymptote as y(00) = «, o is a response level at time 0 as y(0) = «y, k is
a constant of proportionality in a differential equation, and Sy and B, are regression
coefficients. Nonlinear curves are used when x is not time but another variable, such
as drug dose. For more details about nonlinear curves, see Lindsey (2001), Pinheiro
and Bates (2000), Ratkowsky (1983), Seber and Wild (1989), and Singer and Willett
(2003).
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Fig. 5.2 a Exponential functions y(x) = age“* with various k. b Gompertz curve y(x) =

o exp{—e*’((“'*y)} (solid line) with change dy/dx = ky(log — log y) (dotted line)

5.4.1 Exponential Functions

In an exponential function, the change is proportional to the current response level.
With a proportional constant «, the change is

dy_

=Ky. 5.4.1
el ( )

The change rate or growth rate is constant: (dy/y)/dx = k. Theresponse is expressed
in several ways:

y(x) =), (5.4.2)
y(x) = ape*”, (5.4.3)

where y(0) = e = « is the initial response. Figure 5.2a shows the curves for
various values of k. When « > 0, y increases, y(1/k) = age, and y(co) = co. The
increase is initially small but becomes larger with time. When « < 0, y decreases,
y(—1/x) = ap/e, and y(co) = 0. The decrease is initially large but becomes smaller
with time. The log transformation of y makes it a linear model,

logy(x) =kx —ky, (5.4.4)
log y(x) = kx +logayp. (5.4.5)

5.4.2 Gompertz Curves

In a Gompertz curve, the change is proportional to the current value of y and the
distance remaining to the asymptote « in a log scale, loga — log y. If we let k¥ be a
proportional constant, the change is
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d
ay — ky(loga — log y), (5.4.6)

where ¥ > 0 and o > 0. The response is expressed in several ways:

y(x) = aexp{—e ], (5.4.7)
_ a_O exp(—«x)
o =) (5.438)

where y(—o00) = 0, y(c0) = «, and y(0) = o exp(—e*") = «y. Figure 5.2b shows
the curve and dy/dx with time. y is a point of inflection, where the change is at a
maximum, and y(y) = «/e. This curve is asymmetrical about the point of inflection.
After the log transformation of y, the Gompertz curve becomes a monomolecular
curve. After any power transformation of y, the Gompertz curve is transformed to
another Gompertz curve. This curve is used to show population growth and animal
growth. Fukaya et al. (2014) applied an autoregressive model with random effects to
log-transformed responses, and this model shows Gompertz curves. This is a similar
approach with the autoregressive linear mixed effects models.

5.4.3 Logistic Curves

In a three-parameter logistic curve, the change is proportional to the current value of
y and the distance remaining to the asymptote, @ — y. Assuming « > 0, let k! be
a proportional constant. The change is then

dy «

d_ = —y(a—Yy). 5.4.9)
X o

Aconstantk* = ko~ 'isalsousedindy/dx = k*y(a — y). Various general solutions
are possible with re-parameterization. For example, the response is expressed as

o

y(x) = Torocan’ (5.4.10)
o

yx) = Teeo—7%" (5.4.11)

y(x) = * (5.4.12)

1 4+ e~ Bothix)’

where ¢V = ¢?/? = ¢, y(—00) = 0, y(00) = «, and y(0) = a/(1 +€7). See
Table 5.2e for other general solutions. y is the time required for the response to
become half of the asymptote, that is y(y) = «/2. y is a point of inflection, where
the change is at a maximum, and this curve is symmetric about this point. ¢ is a scale
parameter as follows:



5.4 Nonlinear Curves 111

VX =y —¢) = —— ~0268a ~ 2, (5.4.13)
l1+e

AR

where ¢ is the time required for the response to change from the 1/4 asymptote to
the 1/2 asymptote. When « is known, using the parameters 8, and 8; and the logit
transformation, log{y/(a — y)}, this becomes a linear model as follows:

y o {a(l + e~ Porbo 1) } 1

a—y  1+e Borhiv) 1 + e Bo+hBin) = o (othin)’

log(a - y) — o+ fix. (5.4.14)

In the two-parameter logistic curve with the constraint « = 1, the change is
dy/dx = ky(1 — y). The range of the response is 0 < y < 1. The general solutions
are shown in Table 5.2f. Using the parameters 3y and f; and the logit transformation,
it becomes a linear model as log{y/(1 — y)} = By + B x.

In a four-parameter logistic curve, there are two asymptotes, «; and o, for the
lower and upper bounds, respectively. Figure 5.3a shows this curve. This curve
is obtained by shifting the three-parameter logistic curve by «; vertically. Let
Sx) = (l + e”‘)71 be a standard curve. The three-parameter logistic curve is
y(x) = aS(k(x — y)). The four-parameter logistic curve is then

Q) — o)
yx) =+ (@ —a)Skx —y)) =a; + T o (5.4.15)
)y — o
y(x) Zaz—(az—m){l—S(K(X—V))}Zaz—m~ (5.4.16)
(a) M) ,
151%2 = 15|
a1+a2
107 2/
1

y(x)
S
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x|
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y(x)

a, = y=2

Fig. 5.3 Logistic curves a Four-parameter logistic curve o] + (ag—al)/{l+e*"("*y)},

—k(x — y) is also expressed by (y — x)/¢. b Standard curve y(x) = S(x) = (l + e*")_l (solid
line) and S(x — y) with various y (dotted lines)



112 5 Nonlinear Mixed Effects Models, Growth Curves ...

The change is shown in Table 5.2d and Fig. 5.3b shows S(x) and S(x — y) with
various y .

The probit curve under the constraint 0 < y < 1 is the cumulative distribution
function of a normal distribution. The probit curve has a shape similar to that of the
logistic curve.

5.4.4 E,.c Models and Logistic Curves

The Eh.x model, with X as an explanatory variable and the constraint y(X = 0) = 0,
is

aX
y(X) = T (5.4.17)

Figure 5.4a shows E.x curves for various values of «. In this model, y(oco0) = «.
When y = «/2, X is 7. When the parameters are changed as log X = x and
logt = y, the Eyx model is transformed as

a X o o o

y: = =

X e (/X TxeroeXten ~ [yerty O

This is the three-parameter logistic curve (5.4.10), with x as an explanatory variable.
When a common logarithm is used instead of the natural logarithm, log, (10) = 2.303
is incorporated as

| (b)
= =1
15 a =15 15 | |
N 10
5 o)
A =
5
‘ 0 sz

8 10 0.01

Fig. 5.4 a Ep,x curves y(X) = aX*/(t* + X¥) with various k. Michaelis—Menten equation when
k = 1. b Curves in a with the horizontal axis as a common logarithm. The curves are also expressed

by y(X) = a/{l + 2303« (logyo X—logyo ’)} and this is three-parameter logistic curves y(x) =

a/{1+e @)} withx =log X and y =logt
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o o
© 1+ erlogX—logr) — | | ,—2.303c(log; X—log;yT)

y (5.4.19)

The shape of the curve does not change. Figure 5.4b shows the curves in Fig. 5.4a
with the horizontal axis as a common logarithm.
When « = 1, the curve is

aX

y(X):‘(+X'

(5.4.20)

This is known as the Michaelis—Menten equation, which is used in enzyme kinetics.
T is known as the Michaelis parameter and y(r) = «/2. When both the response
variable and explanatory variable are transformed to their reciprocals, it becomes a
linear model,

= (5.4.21)

However, when a measurement error is the main source of errors and y follows a
normal distribution, the reciprocal transformation, y’1 , is not adequate.

When one more parameter is added to the Michaelis—Menten equation to shift the
curve vertically, the equation is

(@ —apX o — o o — o T +aX
— =ap+ =

X: + = — =
y(X) = oo +X /X +1 * /X +1 T+ X

’

5.4.22)
where y(X = 0) = «p. If (o, ag, T) are written as (Enax, Eo, ECsp), the equation is

Emax - EO

X) = Ep+ —mx — 20
YO = Eot T/ X

(5.4.23)

When the parameter y (X = 0) = «gisadded to the E,x model with the constraint
y(X = 0) = 0(5.4.17) to shift the curve vertically, the equation is
B T + a X® o —

— - (5.4.24)

X - .
Y( ) 'L'K +XK 1 + (T71X)K

This curve is known as the Morgan-Mercer-Flodin (MMF) curve.

5.4.5 Other Nonlinear Curves

The power function is y(x) = Ax*. With the proportional constant «, the change is
dy/dx = ky/x, which is proportional to the current response level y and inversely
proportional to the current time x. The elasticity, that is the ratio of the increase rate
of x to that of y, is constant as (dy/y)/(dx/x) = «. This function does not increase
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(a) (b)
30 = —1 =73 15
=1 =
K 10 1 k=4
20 -
g =
L x = 0.5 =
10 A
K=—4
0 . T
0 1 2 3 3 4 5 6

X X

Fig. 5.5 a Power functions y(x) = Ax* with various «. b Functions y(x) = A + « logx with
various k

as fast as the exponential curve. Figure 5.5a shows these curves for several values
of «. In this function, y(0) = 0, y(1) = A, and when ¥« > 0, y(o0) = oo. If
both y and x are logarithmically transformed, it becomes a linear model as log y =
log A+« logx.

For the function y(x) = A + x log x, the change is dy/dx = «/x and the elastic-
ity is (dy/y)/(dx/x) = «k/y. At larger values of y, the elasticity becomes smaller.
This function is linear in parameters and logx. y(1) equals A. Figure 5.5b shows
the curves for several values of «. The function y(x) = x/(ax — b) becomes a
linear function with inverse transformation of y and x, as y~! = a — bx~'. The
Michaelis—Menten equation (5.4.20) corresponds to this function. A rectangular
hyperbola with asymptotic lines x = band y = ais y = a + {k(x —b)}~!. The
function y(x) = a — (kx)~! shows the changes to the asymptote «. The inverse
quadratic function, y(x) = o — (K]X + K2x2)71 may also be used.

5.5 Generalization of Growth Curves

Table 5.3 shows ordinary differential equations and several general solutions for the
generalization of growth curves. The von Bertalanfty curve (von Bertalanffy 1957) is

dy s
— = —&y. 5.5.1
o =y (5.5.1)
The response is
1/(1-5)
y(x) = {g - (g - a(l)_‘S)e(l's)Ex} , (5.5.2)

where y(0) = op. This curve is used for animal, especially fish, growth. In the narrow
sense, the von Bertalanffy curve has § = 2/3 (Seber and Wild 1989).
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Table 5.3 Ordinary differential equations and solutions for generalized nonlinear curves

Nonlinear curves Ordinary differential equations
Solutions
dy s
(a) von Bertalanfty FP ny’ — &y
X
1/(1=8)
_1n n 1-6 | ,—(1-8)&x
o[t
& \& 7
dy 2/3
(narrow sense, § = 2/3) i =ny /3~ &y
X
y(x) = oz(l + 1//e*”)3
. . . dy K a7
(b) Richards/generalized logistic T 1s yil = —1:,8#1
8 = 0: monomolecular * - Y
& = 2/3: von Bertalanfty a y(x) = oc{l +(8— l)e*"("*V)}l/“_a)
(narrow sense) =3 1—s 1—s1 —r(x—xp)]1/(1=9)
8 = 2: logistic b.y(x) = [O‘ —{o! 7 =y 00)' e ]
8§ — 1: Gompertz c. y(x)lfé — gl _ (al—s _ a(l)—a oKX
d. y(x) = a1+ {(@p/a)' =% — 1}e=x]"/17?
e.y(x) =a(l+ 1//€7KX)7¢
d
(c) Modified generalized logistic & ky{g(a, 1) — g(y, 1)}
A = —1: monomolecular dx o
A =0 : Gompertz gy, A) = J ,A#0
A=1: longtIC g(y’ A,) — log(y), r=0
A — oo, gla, L) —> const. : . v -1/
exponential yx) = a[l +{(a/ap)* — 1}er X] LA#O
y(x) = a(ao/a)*P I, 1 =0
The Richards curve (Richards 1959) is
d il )" b s (5.5.3)
1o Sy y , . 5.
The response is
—x(x— 1/(1-6
Y = afl+ (@ — De eI 5 ), (5.5.4)

Depending on &, this curve includes the monomolecular curve (§ = 0), the von
Bertalanffy curve in the narrow sense (§ = 2/3), the logistic curve (§ = 2), and
the Gompertz curve (§ — 1). y is a point of inflection where the change is at a
maximum, and the response level at this point is y(y) = a8/4=9 When § < 0, the
curve does not have an inflection point. The response levels at the points of inflection
are 8« /27 = 0.296x (6 = 2/3), /2 = 0.5¢ (§ =2), and a/e = 0.368c (§ — 1).
The Richards curve re-parameterizes the parameters (£, n) in the von Bertalanffy
curve to (a, k), as @' % = /& and k = (1 — §)& = (1 — 8)na~1~9_ There are no
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constraints on the range of § in the Richards curve, and § > 1 is permitted, such that
it includes the logistic curve (§ = 2). The Richards curve becomes a monomolecular
curve when y is transformed as follows:

1-8
{y 0#D (5.5.5)

log(y), (8 — 1)

The curve may be written in various ways. The Richards curve with x = xy and
y(xo) is

y@) = [ = {a! 7 — y(ag) ' e ]V, (5.5.6)
With x = 0 and y(0) = «y, the curve is
y)' P =o' — (o' - aéf‘s)e—”. (5.5.7)

Another form is shown in Table 5.3. When the parameters (8, «p) of the Richards
curve are transformed to (¢, ¥) as ¢ = —1/(1 — &) and ¥ = (p/ar)' ™ — 1, the
curve is

o

yx) =
raising the denominator of the three-parameter logistic curve to the ¢th power. When
8 = 2/3, the von Bertalanffy curve in the narrow sense is

v = a(l+ye™)’. (55.9)

The modified version of the generalized logistic curve (Heitjan 1991) is

d
ay = kylg(e. ) — g(y. 1)}

A

y (5.5.10)

-1 .
gy, r) = ; L (L #£0)

gy, ) =log(y), (* =0)

In this case, the parameters (8, «) in the Richards curve are transformed to (X, k) as
A =—(1—28)and k = xa~*. With y(0) = «y, the solution is

N —1/a
y(x) = Ol|:1 + {(i) — l}e"“"k"j| , (A #£0)
o . (5.5.11)

o )exp(ka)

o =a(= , (. =0)
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The curve is defined by A and includes the monomolecular curve (A = —1), Gompertz
curve (A = 0), logistic curve (A = 1), and exponential curve (A — oo and g(c, A) —
constant).

The equation y(x) = a/[1 +exp{go + ¢1g(x)}], where g(x) is a function of x, is
also called a generalized logistic curve. For g(x), B1x + Box? + Bax? or (x* — 1)/A
is used. The five-parameter logistic curve is also called a generalized logistic curve.
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Chapter 6 )
State Space Representations oo
of Autoregressive Linear Mixed

Effects Models

Abstract The previous chapters discussed longitudinal data analysis using linear
mixed effects models and autoregressive linear mixed effects models. This chapter
discusses state space representations of these models. This chapter also introduces
the state space representations of time series data and the extension to multivari-
ate longitudinal data. We use the state space representations and the Kalman filter
as an alternative method to calculate the likelihoods for longitudinal data. In the
autoregressive linear mixed effects models, the current response is regressed on the
previous response, fixed effects, and random effects. Intermittent missing, that is the
missing values in the previous response as a covariate, is an inherent problem with
autoregressive models. One approach to this problem is based on the marginal form
of likelihoods because they are not conditional on the previous response. State space
representations with the modified Kalman filter also provide the marginal form of
likelihoods without using large matrices. Calculation of likelihood usually requires
matrices whose size depends on the number of observations of a subject, but this
method does not. In the modified method, the regression coefficients of the fixed
effects are concentrated out of the likelihood.

Keywords Autoregressive linear mixed effects model - Kalman filter
Linear mixed effects model - Longitudinal - State space

6.1 Time Series Data

State space representations are often used for the analysis of time series data
(Anderson and Hsiao 1982; Harvey 1993). This section discusses the state space
representations of time series data before introducing the state space representations
of longitudinal data in Sect. 6.2. We introduce the state space representations used
in longitudinal data analysis with univariate and multivariate autoregressive linear
mixed effects models in Sects. 6.3 and 6.4, respectively. We introduce the state
space representations of linear mixed effects models in Sect. 6.5.
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6.1.1 State Space Representations of Time Series Data

Time series data are composed of multiple time points ¢t = 1, ---, T. A state space
representation consists of two equations; a state equation,

Sty = PrnSe—n + £ + vy, (6.1.1)
and an observation equation,
Y, = Hsq) +£° +§,. (6.1.2)

In the state equation, s, is the state vector at time ¢, ® ., is the state transition

matrix from¢t — 1 to ¢, f,(s) is a non-random input vector, and v, is a random input
vector with a variance covariance matrix Q, = Var(v,). v, and Q, are also written
as Sv/(= v,), Q, = Var(v}), and Var(Sv)) = SQ/S(= Q,). In the observation
equation, Y, is the response vector at time ¢. In the case of univariate time series
data, Y, is a scalar. H, indicates which elements or linear combinations of the state
vector are observed, f,(o) is anon-random input vector, and §, is a random input vector
with a variance covariance matrix r; = Var(E,). f,(s) and f,(o) are often omitted from
the representations, but we follow Jones (1993) by including these. A state equation
can also be called a transition equation or a system equation, and an observation
equation can also be called a measurement equation.

The Kalman filter defined in the following section is a recursive algorithm that
produces linear estimators of the state vector. The one-step prediction or forecast,
which is the estimate of the state at time ¢ given the observations up to time ¢ — 1,
is denoted by s¢|,—1). The filter, which is the estimate of the state at time ¢ given the
observations up to time ¢, is denoted by s(,). Smoothing, which is not covered in
the following sections, is the estimate of a past state at time ¢ (f < T') from all of the
observations up to time 7. Let the variance covariance matrices of s¢|,—1) and sy
be P(—1) = Var(sq—1)) and Py, = Var(sq), respectively.

The state space representation of a model is defined by the state equation with the
variance covariance matrix Q,, the observation equation with the variance covariance
matrix r;, and an initial state s(o) with the variance covariance matrix P, which
are specified in Table 6.1a. The state space representation of a model is not necessarily
unique.
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We consider the state space representation of a stationary AR(1) error and a
measurement error (ME). The model is

Y, = b+ ecary + EME) 6.13)
Ee(AR)r = PEe(AR)i—1 T TI(AR): ’ o

with NAR): ™~ N(O, O—liR)’ Ee(AR)0 ™ N(O, O—KR(I — ,02)_1), and EME): ™ N(O, Ul\sz)’
where
Var(ge(ary) = PzVar(8e(AR)r71) + Var(nary)
= plode(1— )" +ok
= O'/iR(l — ,02)_1.

The subscript e in g.ar), means an AR(1) error instead of the autoregressive model
in the response. Table 6.1b shows a state space representation of this model.

6.1.2 Steps for Kalman Filter for Time Series Data

The Kalman filter calculates the following Steps 1 through 5 for each observation,
starting at the first observation and repeating until the last observation. The steps,
which are summarized in Table 6.2, are defined below.

Table 6.1 State space representations of time series data: (a) general and (b) with a stationary
AR(1) error and a measurement error (ME)

Equations and initial state ‘ Variance

(a) General
State equation Sty = Pur—1)Se—1) + f,(s) + vy Q; = Var(vy)
Observation equation Y, = Hysgy + £ +§, r; = Var(§;)
Initial state S(00) P(j0) = Var(s(o0))

(b) AR(1) and ME
State equation Ee(AR)r = PEe(AR)I—1 + N(AR) Var(r](AR),) = aﬁR
Observation equation Y = ge(aR) + b + EME) Var(s(ME),) = a,%,[E
Initial state s =0 Py = o2 (1 — pz)fl
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Step 1 [Prediction equations] Calculate the one-step prediction of the next state
and its variance covariance matrix,

Sitit—1) = Puu—1)Se—1)1—1) + f;(s), (6.1.4)
Pii—1y = q’(r;z—l)P(z—l|z—l)<I>(Tf;;_1) +Q:. (6.1.5)

Step 2 Predict the next observation vector,
Y-y = HiSpe—1y + £, (6.1.6)

where Y ;1) is the predicted value of Y, given the observations up to time ¢ — 1.

Step 3 Calculate the innovation vector e,, which is the difference between the obser-
vation vector Y, and the predicted observation vector Y ;,_1), and the variance covari-
ance matrix of this innovation, V, = Var(e,),

e =Y — Yq-n, (6.1.7)
V, = H,Py,—yH/ +r,, (6.1.8)

where e, is the prediction error.

Step 4 Accumulate the following quantities, which are used to calculate —2 log-
likelihood (—211),

M, =M, +e/V e, (6.1.9)
DET, = DET,_; + log|V,|. (6.1.10)

The initial values are My = 0 and DET( = 0. These quantities accumulate over all
of the observations.

Table 6.2 Steps for the Kalman filter

Steps Calculation
(1) Prediction equations Si—1) = Puu—1Se—111—-1) + ft(S)
Pii—1) = ®au—1)Pa—1- @, 1) + Q
(2) Prediction of Y; Y1 = Hysq—n + £
(3) Innovation e =Y, — Y-

Vf = H;P(m_])H,T +r;

(4) Accumulation M, =M,_| +e/ V; le,
DET, = DET,_ +log|V,|

(5) Updating equations Sty = S(t|i—1) + P(,‘,,l)H,TV,_Ie,
P(iy = Pty — Py B V7 H PGy
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Step 5 [Updating equations] Update the estimate of the state vector and its variance
covariance matrix,

Sty = Sqtj—1) +P(m_1)HlTV,’1e,, (6.1.11)
Py = Puj—1) — Po—nH V' H Py, (6.1.12)
where Py, H! V! = K, is the Kalman gain. When £ is omitted from the

observation equation, the estimate s is the weighted sum of the observed Y, and
predicted S¢;j;—1),

sein = K Y, + (T — KHp)sqyr—1y, (6.1.13)

where I is the identity matrix. This is the end of the steps.

6.2 Longitudinal Data

6.2.1 State Space Representations of Longitudinal Data

Longitudinal data are composed of values for multiple subjectsi = 1, ---, N over
multiple time points ¢t = 0,1,2,---, T, ort = 1,2, ---, T;. The state space repre-
sentation of longitudinal data is mostly the same as the state space representation
of time series data in Sect. 6.1.1 except for the subscript i. Longitudinal data are
represented by a state space defined by two equations: a state equation,

Sic) = Ri—nSig—1) + fi(j) + Vi, 6.2.1)
and an observation equation,
Yi: =Hi s+ fi(f:) +§; . (6.2.2)

In the state equation, s; is a state vector of the ith subject at time 7, ®;(,—1) is a
state transition matrix from ¢ — 1 to ¢, fi(j) is a non-random input vector, and v; ;
is a random input vector with a variance covariance matrix Q;; = Var(v,-' ,). In the
observation equation, Y; ; is the response vector, H; ; indicates which elements of the
state vector are observed, fi(f;) is a non-random input vector, and §; , is a random input
vector with a variance covariance matrix r; , = Var(E i‘,). The Kalman filter defined
in the following section is a recursive algorithm that produces linear estimators of the
state vector. The notations s;(;;—y and s;|,) denote the estimate of the state at time ¢
given the observations up to times ¢t — 1 and ¢, respectively. The variance covariance
matrices of Si(t)t—1) and Si(t|r) are Pi(tlt—l) = Var(s,-(,|,_1)) and Pi(t\t) = Var(si(,‘t)),
respectively.
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Table 6.3 State space representations of longitudinal data

Equations and initial state Variance
State equation Sitty = Piq—1)Si—1) +fi€j) Ny Qi,; = Var(vi,)
Observation Y =H i+ fi(,(z)) +&, ri; = Var(Ei.,)
equation
Initial state Si(0]0) OF P00 = Var(s,-(o‘o)) or
Si(—1]-1) Pi—1j-1) = Var(si—1)-1)

The state space representation of a model is defined by the state equation with the
variance covariance matrix Q; ;, the observation equation with the variance covari-
ance matrix r; ;, and the initial state with the variance covariance matrix, which are
specified as shown in Table 6.3. When observations start from Y; j, the initial state is
Sico|0)- The observation in autoregressive linear mixed effects models start from Y; o.
In this case, the initial state is s;(—i|—1).

6.2.2 Calculations of Likelihoods

For analysis of longitudinal data using linear mixed effects models or autoregressive
linear mixed effects models, the maximum likelihood (ML) estimates are obtained
by applying an optimization method to minimize —2//. We can obtain closed forms
for the ML estimators (MLEs) of the fixed effects parameters if the variance covari-
ance parameters and the autoregressive parameter are given. The fixed effects are
then concentrated out of —2//. The marginal and autoregressive forms of —2I/ for
autoregressive linear mixed effects models are defined in Sects. 2.5.1 and 2.5.2,
respectively, where the marginal form is unconditional on the previous response.
The marginal form of the model addresses the problem of intermittent missing val-
ues because it can be used even if there are missing values in the previous response
as a covariate. —2/[ for linear mixed effects models is defined in Sect. 1.5.1. It is
usually necessary to use matrices whose sizes depend on the number of observations
of a subject in likelihood calculations.

The state space representations and the Kalman filter provide us with an alternative
method for calculating —2// of linear mixed effects models (Jones and Ackerson
1990; Jones and Boadi-Boateng 1991; Jones 1993). The Kalman theory assumes that
the values of parameters are known (Kalman 1960). The Kalman filter is modified to
concentrate the fixed effects out of —2// (Jones 1986). In this modified method, the
filter is applied not only to the observation vector Y; but also to each column of the
fixed effects design matrix X; (Jones 1986, 1993; Jones and Ackerson 1990; Jones
and Boadi-Boateng 1991).

The state space representations and the modified Kalman filter are also used
(Funatogawa and Funatogawa 2008, 2012) in an autoregressive linear mixed effects
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model (Funatogawa et al. 2007, 2008a; Funatogawa et al. 2008b). The concentrated
—2l1 is calculated by applying the filter to Y; and (I; — ,oFi)’lXi.

The Kalman filter is one way of Cholesky decompositions (Jones 1986, 1993).
The inverse of the variance covariance matrix V; ! or ;! has a unique factorization
\'A 1 - LTL, where L is a lower triangular matrix. This factorization is called
the reverse Cholesky decomposition. Pre-multiplying the model by the matrix L
represents the steps of the Kalman filter (Jones 1986). We do not need a closed-form
expression for L because it will be generated recursively.

This method is suitable for datasets with large numbers of observations of a
subject. In the case of large time points or multivariate longitudinal data, these become
large. Funatogawa and Funatogawa (2012) used the state space representation and
the modified Kalman filter to analyze unequally spaced longitudinal data. The data
are treated as being equally spaced with large time points and intermittent missing
values by selecting a sufficiently small time unit. In Sect. 3.3, this method is applied.

6.3 Autoregressive Linear Mixed Effects Models

6.3.1 State Space Representations of Autoregressive Linear
Mixed Effects Models

We consider a state space representation of the autoregressive linear mixed effects
model defined in Sect. 2.3 with an AR(1) error and a measurement error (2.4.1). The
model is

Yio = Xi 0B + Zi ob; + enmp)i0
Yii = pYio1 + Xi B +Zi b +earyis + EME): — PEME),—1, (t > 0)
63.1)

with bi ~ MVN(O, G), E(AR)i,t N(O, O’KR), and EME)i,t ™ N(O, 0'1\2,“5), where
t=0,1,---, T, pis an unknown regression coefficient for the previous response, f§
isa p x 1 vector of unknown fixed effects parameters, X; ; is a known 1 x p design
matrix for fixed effects, b; is a ¢ x 1 vector of unknown random effects parameters,
Z;; is aknown 1 x g design matrix for random effects, and ear)i ; and ewg); ; are
random errors. £(ar)i,; 1S an autoregressive error and €(vg);,; 1S @ measurement error.
It is assumed that b; and ¢; are both independent across subjects and independently
normally distributed with the mean zero vector and variance covariance matrices G
and R;, respectively. For this model, the state equation, the observation equation,
and the initial state are
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Mi g o Zig \ [ Mis-1 X;.B E(AR)i1
= + +
bi qul Iq><q bi 0q><l 0q><1
Mi, ’
Yi: = (1 leq)( b't> + &ME)i.¢

Si—1)-1) = O(1+¢)x1

(6.3.2)

with variance covariance matrices,

E(AR)i,0 GKR 01
Qio = Var( ) = 0¢+1)xg+1)> Qir = ( fort > 0,

O‘IXI qul quq
O1x1 01
ri; = Var(e(ME)i,,) = O'I\Z/IE, Pi(,”,l) = ( q). (633)
0,1 G

Here, 1,,, denotes an a x a identity matrix, and 0, denotes a b x ¢ matrix whose
elements are equal to zero. u;, = Y;; — eavg)i,; 18 a latent variable for the true value
that we would observe if there were no measurement errors. In contrast, € (ARt is
a random input included in the true process of u; . and influences the later process.
We set an initial state and variance covariance matrix for each subject. The initial
estimate of the random effects b; is 0, because b; is assumed to be normally
distributed with the mean zero.

The correspondences between these and the definitions in Sect. 6.2.1 and Table 6.3
are

Mig o Zi, q X B E(AR)i.1
Siy = Bk Dii-1) = ,fi(,‘,) = l y Vi = s
b; 0q><l Iqxq qul 0q><1

H;, = (1 015q ) £ =0.8, = ey,

0 p 01x1 O1xq
Sic—11-1) = Oqegyx1, Pic1-1) = .
i q i Ole G

Next, we consider a specific example of a state space representation of the autore-
gressive linear mixed effects model with a time-dependent covariate (2.2.8) with an
AR(1) error and a measurement error. The model is

Yi,O = IBbase + bbusei + EME)i,0
Yi,r = )Oyi,tfl + (Bine + Dinei) + (ﬁcovxci,t + bcoviZci,t) + &ty (t>0), (634

i1 = EAR)i,r + EME)i,t — PEME),i—1, (& >0)
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with EAR)i,t ™ N(O, O'KR), EME)i,t ™~ N(O, UI\ZAE)’ and

2
bpasei 0 Ohase Obaseint Obase cov
2
binei ~ MVN 0 Obaseint  Ojpe  Ointcov

bcovi 0

. 2
Obasecov Ointcov  O¢gy

The equations are rewritten using dummy variables,
Yi,t = pYi,tfl + ﬂbasexbi,t + ﬁimxii,t + .Bcovxci,t + bbasezbi.t + bimiZii,t
+beoviZei +&ip, (& >0), (6.3.5)
where (xbi,r Xiit xci,t) are (1 0 0) for t = 0 and (0 1 xci,t) fort > 0, and

(Zbi,r Ziiye Zci,z) = (xbi,z Xii,t xci,z). If we have four time points, the response
vector is

Yio 0 Xbi,0 Xii,0 Xci,0 B

Yii Yio Xbi Xiil Xeil base

Yio | P Yiq " Xbi2 Xii2 Xci2 Bim

Y3 Yi2 Xbi3 Xii3 Xci3 Peov
2bi,0 Zii,0 Zci,0 boses E(ME)i,0
Zbi,1 Zii,1 Zci,l b E(AR)i,1 T EME)i,1 — PEME)i,0

* 2bi2 Zii2 Zci2 bm“ * E(AR)i,2 T EME)i,2 — PEME)i,1

Zbi,3 Zii,3 Zci,3 covi E(AR)i,3 + EME)i,3 — PEME)i,2

(6.3.6)

The state equation, the observation equation, and the initial state of this model are

His P iy Ziig Zeiy M1
bbasei _ 0 1 0 0 bbasei
bint i 0 0 1 0 binti
beoyi 00 1 beoyi
Xpi, t:Bbdse + Xii,t Bint + X i1 Beov €(AR)it
( 0 . 0 , (6.3.7)

0 0

0 0
T

Yi, = 1 00 0) M ¢ bvasei Dinti bcovz) + EME)ir
Si(—11-1) = 0451
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with variance covariance matrices,

52,000
T
Qio = Var(<8(AR)i.0 00 0) ) = 04x4,Qi; = 8 88 8 fort > 0,
0 000

0 0 0 0

2
b 0 Opase Obaseint Obase cov
;= Var(E(ME)i,z) = oygs Pi-1j-1y = 2 . (6.3.8)
0 Opaseint Ot Ointcov

2
0 Obasecov Tintcov Olov

6.3.2 Steps for Modified Kalman Filter for Autoregressive
Linear Mixed Effects Models

The modified Kalman filter is calculated by the following Steps 1 through 6 for each
observation. We begin the calculation by applying the steps to the first observation
of the first subject, then to each subsequent observation of the first subject, up to the
last observation. The steps are then repeated for each observation of each subject
until the last observation of the last subject. The fixed effects are concentrated out of
—211 by applying the filter to Y; and (I; — pF;)~'X;. For this procedure, we use a
state matrix S;(;y, with dimensions (1 +¢) x (p + 1) instead of the state vector s;(
with dimensions (1 + ¢) x 1. The values of (I — pF;)~'X; at time ¢ are calculated
recursively. The initial state matrix is S;j—1j—1) = 0(14+¢)x(p+1) for each subject, and
a variance covariance matrix, P;_j_p), is defined in (6.3.3). The following steps are
then applied to every observation.

Step 1 [Prediction Equations] Calculate a one-step prediction of the state matrix,
Siti—1) = Rai—1)Sic—111-1)- (6.3.9)

Because the fixed effects are concentrated out, we omit the vector fifi) in the modified
method. The variance covariance matrix of this prediction is

Pigi—1) = @1 Pig—1- @) + Qi (6.3.10)
Step 2 The covariate row vector of the fixed effects is

X7, = oX7,_ + X 6.3.11)
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The initial values for each subject are
X: =01y, (6.3.12)

This step produces

t

X = Z(pt_j)xi,j~ (6.3.13)
j=0

This step is particular to the modified version of the Kalman filter with autoregressive
linear mixed effects models.

Step 3 Predict the next observation,
[X?,(r\r—l) Yi,(tltfl)] =H; Si¢i-1), (6.3.14)

where the notation [A B] denotes the matrix A augmented by matrix B. Y; ;1

is the predicted value of Y; , given the observations up to time 7 — 1, and X}, ,_,) is
used to calculate —2/.

Step 4 Calculate the innovation row vector e; ,, which is the difference between the
row vector of X7, augmented by Y;, and the row vector of X}, _,, augmented by
Yi@i-1)

e, = [X,’f_t Y,-,t] - [XZ‘,W,D Yi,mt_n]. (6.3.15)
The variance of this innovation is
Vi =H; Py nyH], + 17, (6.3.16)

where r;, = o is a scalar.
Step 5 Accumulate the following quantities:
M, =M;,_+¢ Ve, (6.3.17)
DET;, = DET;,_; +log|Vi,|. (6.3.18)
The initial values of M; _; and DET; _; are 0(,+1)x(p+1) and O fori = land M, _; 1,_,

and DET,_; 7, , fori > 1. The quantities are accumulated over every observation of
every subject. The final values are required to calculate —2I1.

Step 6 [Updating Equations] Update the estimate of the state vector,

Sictiy = Sige—1) + Pi(t\r—l)H,‘T,,V,'Ttlei,t' (6.3.19)
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The updated variance covariance matrix of the state is
T y—1
Piciy = Pige—1) — Pigp-nH; , Vi Hi  Pigre—1)- (6.3.20)

This is the end of the steps.

If Y; ; is a missing observation, we skip Steps 3, 4, and 5 and set S;;r) = Si¢rr—1)
and P;(;y = P;(;—1) in Step 6. Now return to Step 1 and proceed to the next obser-
vation, repeating until the final observation.

At the end of the data, where (i, t) = (N, Ty), the matrix My 7, is

%{(I — pF) X} B @ — pF) X ﬁ{ai - pF) X} 2,
. 7
zY J 1 — pF)7'X; l;Y,-TY1
(6.3.21)
and
DETy 7, = Y _log|%il. (6.3.22)

My 7, and DETy 7, are used to calculate —2// with the following equation:

N N N
=21l =Y "n;log2m)+ Y log|Zi|+ Y Y/ Z;!
i=1 i=1 i=1

N
_ {nyz;' @I — pF)7'X; }é, (6.3.23)
with
R N - N
B= [Z{(I S IR b b ¢ —pF,-)—‘X,} S - pF) X} E1Y
i=l1 i=1
(6.3.24)

An optimization method is applied to minimize —2// and obtain the ML estimates
of the variance covariance parameters and p. The MLEs of the fixed effects, 8, are
the above equation where X; and p are replaced by their ML estimates.
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6.3.3 Steps for Calculating Standard Errors and Predicted
Values of Random Effects

The standard errors of the ML estimates are derived from the Hessian of the log-
likelihood. The fixed effects parameters are included in the log-likelihood calculation
to obtain the standard errors. The Hessian can be obtained numerically. The Kalman
filter was used to define the log-likelihood. Here, the state matrix S; ;) is replaced by
an original state vector s;(;, and the steps from Sect. 6.3.2 are modified slightly as
follows.

Step 1 [Prediction Equations] The fixed effects are included in the one-step pre-
diction,

Sitii—1) = P—Sig—1—1) + f,-(;)- (6.3.25)

Step 2 Skipped
Step 3 The prediction of the next observation is a scalar,

Yiai—1y = HisSiqri—1)- (6.3.26)
Step 4 The innovation is a scalar,

eir =Y —Yiqui-1- (6.3.27)
Step S M, , is now a scalar,

M, =M, +e, V' (6.3.28)

it Vit
The initial values of M; _; are O fori = 1 and M;_; 7, , fori > 1.
Step 6 [Updating Equations] Update the estimate of the state vector.

After the final observation, My 7, is

N
My, = 3 (Vi — @ — pF) ' X;B} 571 Y — (4 — oF)'XiB}.  (6.3.29)

i=1

—211 is obtained by substituting My 1, and DETy 7, = ZlNz | log|X;| into

N N
=211 =" "nilog2m)+ Y _log|%;]
i=1 i=1
N
3V — @ = pF) X} Y — (@ — pF) XL (6.3.30)
=1

L
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If the state vector includes random effects, b;, the updating equation s;( ;) in

Step 6 of the last observation for each subject is the predicted values of the random
effects b;.

6.3.4 Another Representation

The state space representation presented in Sect. 6.3.1 provides the marginal like-
lihood defined in Sect. 2.5.1 and uses the reverse Cholesky decomposition of Z;l.
The autoregressive linear mixed effects model with a stationary AR(1) error, no
measurement error, and given Y, , is represented as follows:

Yio\ ( rp Zi Y N Xi.:B N € (AR)i1
b,’ 0q><1 Iqxq b,’ qul qul

m,,:(lolxq)@i’) ’

Si—1)-1) = O(14+¢)x1

with variance covariance matrices,

& . 2 0 2 ) —1
(AR)i,t o Ix ol —p 0,
Qi,l = Var = AR 1 s Pi(0|0) = AR( ) Ixq
OIJXI 0q><1 quq qul G

In this form, Y; ; itself is included in the state vector. This representation provides
the conditional likelihood given the previous response defined in Sect. 2.5.2 and uses
the reverse Cholesky decomposition of V; L

6.4 Multivariate Autoregressive Linear Mixed Effects
Models

This section presents a state space representation of the bivariate autoregressive linear
mixed effects model defined in Chap. 4. We consider the following model:

Y0 =X 0B +Z;ob; + g0
Yii=pYiio1 +XiB+Zibi + &gy, + EME)L — PEME) 1, (t > 0)

(6.4.1)
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with bi ~ MVN(O, G), €AR)i,r ™ MVN(O, I‘AR), and €ME)i,r ™ MVN(O, rME)- The
state equation, the observation equation, and the initial state of this model are

Wie \ [ P Zi Wit ], Xi..B N €(AR)i.¢
bi 0q><2 Iqxq bi 0q><l qul

. . (642)
Y= (szz 0254 )( b”) + EME)i,¢

i

Si—1—=1) = 0+¢)x1

with variance covariance matrices,

€ ARy r,. 0
(AR)i,0 AR Y2xq
Q0 = Var = 0g2)x g2, Qir = forz > 0,
0,1 0,2 0yxq

_ 02><2 02><q
ri; = Var(eeyi ) = e, Pi1-1) = 0 G | (6.4.3)
qx2

The relationship between p; , in the state equation and the response vector is w; , =

Yi: — emEyis
Mo g Yy, — EMB)i
= ) (6.4.4)
Hojy Yy, — EvE)2i
I;, is a latent variable for the values that we would observe if there were no mea-
surement errors.

The correspondences between these and the definitions in Sect. 6.2.1 and Table 6.3
are

Wi P Zii\ Xi.B & (AR)i.1
S; = ’ ’<I)- g = ,f. = s Vi = s

H;, = (szz 024 ) £ =08, = eupyr-

Random effect b; is assumed to follow a ¢ variate normal distribution with the mean
vector 0. The initial estimate of random effect b; is 0, ;.

The following equations are a specific example of the state space representation,
corresponding to the model (4.3.1). The state equation and the observation equation
are
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Hiis P11 P12 Zniy Zijy Zeic 0 00 Hiii-
Hair paup2 0 0 0 zpisZiig Zein Hair-1
blbasei 0 0 1 0 0 0 0 0 blbasei
bimi | _1 00 0 1 0 0 0 0 Dtinti
bicovi 00 0 0 1 0 0 0 bicovi
b2basei 0 0 0 0 0 1 0 0 b2basei
byinti 00 0 0 O O 1 O byini
chovi 0 0 0 0 0 0 0 1 b2c0vi
xbi,rﬂlbase + Xii Blint + Xci Blcov EAR) it
Xoi,tBavase + XiitB2int + XeitB2cov E(AR)2i,1
0 0
+ 0 + 9O | 645
0 0
0 0
0 0
0 0
Moy
M2it
blbasei
Yi b inti € i
it :<10000000) v | [ Counic ) 6.4.6)
Yais 01000000/ bicovi £(ME)2i,1
beasei
boinei
b2covi

Here, zp;, and xp;, are 1 fort = 0 and O for ¢ # 0. z;;, and x;; , are O for = 0 and
1 fort #0.

6.5 Linear Mixed Effects Models

6.5.1 State Space Representations of Linear Mixed Effects
Models

The main theme of this book is autoregressive linear mixed effects models, but we
also briefly present the state space representations of linear mixed effects models
described in Chap. 1. First, we consider the following linear mixed effects model
with a stationary AR(1) error:
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Yii=XiB+Zbi +ecaryis . 6.5.1)
Ee(AR)i,t = PEe(AR)i,i—1 T N(AR)it

. -1
withb; ~ MVN(0, G), naryis ~ N(0, 025 ), and eearyio ~ N(o, o2 (1= p?) )
A stationary AR(1) error is discussed in Sects. 2.4.1 and 2.6. The state equation, the
observation equation, and the initial state of this model are

earic | [ P Oixg Ee(AR)L,1—1 . N(AR)i,¢
bi qul Iq><q b,‘ qul

Ee(AR; , (6.5.2)
e(AR)i,
Yi: = <1 Zi,t)( b ) +X;.,B

i

Si00) = 0q1+g)x1

with variance covariance matrices,

N(AR)i.1 o2y 01y o2 (1= p2) 7" 0y,
Qi =Var| o =( A ) Py = e ) O
gx1 0q><l oqxq 0q><1 G

(6.5.3)
There is no random input to the observation equation.
Next, we consider the following linear mixed effects model with a measurement
error:

Yii =XiB+Zi:b; + )i, (6.5.4)

with b; ~ MVN(0, G) and evE)i,; ~ N(O, 01\24E)- The state equation, the observation
equation, and the initial state of this model are

b; = b;
Yi: =Zib; +X; B+ emMp)i , (6.5.5)

sio0) = 0gx1

with variance covariance matrices,

ri, = Var(e(ME)i,,) = Ul%dE’ Pi(()|()) =G. (656)
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There is no random input to the state equation. Another state space representation of

this model can be constructed. The state equation, the observation equation, and the
initial state of this representation are

EME)i1 0 01 EME)i,i—1 EME)i,1
= +
bi 0q><1 Iq><q bi qul

EME): , (6.5.7)
it
Yi,t:<1 Zi,t)( b >+Xi,tB

i

Si0/0) = O(14+¢)x1

with variance covariance matrices,

E(ME)i, o2 01y 00
Q;,; = Var M = ME Tl . Piojo) = Pa . (6.5.8)
0q><l qu1 quq qul G

There is no random input to the observation equation.

6.5.2 Steps for Modified Kalman Filter

The steps for the modified Kalman filter for linear mixed effects models are almost
the same as those used for autoregressive linear mixed models, defined in Sect. 6.3.2.
The key differences are that we do not need to calculate X7, (6.3.11) and we can
omit Step 2. We replace X7, ,_;) and X7, in Steps 3 and 4 by X; (;—1) and X; ;. After
the steps have been applied to every observation, the matrix My 7, is

N N
LXIVIX XV,
. by

i=1 i

, (6.5.9)

N N
YYIVIX: Y YV,
i=1 i=1

i=

and

N
DETy 7, = Y log|Vil. (6.5.10)
i=1
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We use My 7, and DETy 7, to calculate —211,

—21l = XN:ni log(2m) + ilogwil + iY,.TleYi — <XN: Y,.Tvilxi)é,
i=1 i=1 i=1 i=1 (6‘5.11)
with
Sy

N
B = <ZX,.TV;1X,-> > OXIvY: (6.5.12)
i=1 i=1

When V; is written 02V, o2 is estimated as

N
62 = ZLH D (Y = XiB) V(Y — XB). (6.5.13)

i=1

67 is substituted into —217 in Sect. 1.5.1 to obtain

N N N N
=201 = n;logm)+ Y nilogs?+ Y log|Veil + Y ni. (6.5.14)
i=1 i=1 i=1

i=1

The modified Kalman filter was used to calculate —2!// in Jones (1993). V; and
P;(0j0) were replaced by V; and P 0) where Pjq0) = (TZPC,-(()‘()). The Cholesky
factorization of the upper part of My 7,

N N
|:ZX,.TV;.1X,» ZXiTV;'Yi:|, (6.5.15)
i=1 i=1
replaces the matrix by [T b], where T is an upper triangular matrix such that
N
Z X'V'X, =TT, (6.5.16)
i=1
and b is

N
b=(T7)" Y XV, 'Y, (6.5.17)
i=1
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Then, b”b and 62 are

N T /N -y
b= (Y XTVY ) (DOXTVIX ) Y OXIVIY, (6.5.18)
i=1 i=1 i=1
1 N
6= —— ZY?V;IYi —b™). (6.5.19)

N
D s i i=1

Hence, we obtain —21 (6.5.14) from 62 and ZlNzl log|Vl-
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