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Preface 

This book is an exploration of mathematics as applied to physiological 
systems. It is not a mathematics textbook per se, nor is it designed to 
provide a self-contained background in physiology. It is specifically 
aimed at the interface between these fields, and in particular is intended 
to address the question: why should I bother with a nonlinear-systems 
analysis of my physiological system, and how should I go about this 
analysis? The material, especially in the first 14 chapters, is essentially 
mathematical. Physiological applications are presented as case studies in 
later chapters. 

It is important to appreciate the role of mathematics in the analysis of 
physiological systems. In too many cases, mathematical tools (Fourier 
analysis, nonlinear dynamical analysis, computer modeling) have 
become so easy to use that they are easily misused1. All mathematical 
tools are based on assumptions, and at the very least the investigator 
should be aware of these assumptions when using the tools. (The use of 
statistical /-tests with data drawn from non-normal distributions is a 
pertinent example from another context.) This book will attempt to 
provide sufficient mathematical background so that the reader can avoid 
major mistakes in applying the tools presented here, while keeping the 
level of rigor firmly in check. 

The mathematical approach taken here can be summarized by two 
well-known quotations. The first is from renowned physicist Richard 
Feynman: "The next great era of awakening of human intellect may well 
produce a method of understanding the qualitative content of equations. 

' RM May (2004) Uses and abuses of mathematics in biology. Science 303:790-
793. 
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Today we cannot see that the water flow equations contain such things as 
the barber pole structure of turbulence that one sees between rotating 
cylinders. Today we cannot see whether Schroedinger's equation 
contains frogs, musical composers, or morality - or whether it does 
not."2. In fact it is this type of qualitative understanding that is stressed in 
this book, most obviously through the visualization of system trajectories 
in state space, and measurements based on these trajectories. The second 
quote is from mathematician and computer scientist Richard Hamming, 
in his book on numerical methods: "The purpose of computing is insight, 
not numbers"3. It will be good to bear this in mind, as some of the 
computational techniques presented here can produce numerical values 
which might give a false sense of confidence. The field of computational 
nonlinear dynamics is still at a stage where many of the numerical results 
should be viewed as estimates, best interpreted as relative values to be 
compared across conditions or across populations. 

The text will also provide some appropriate historical background 
from time to time. In the vast majority of undergraduate, and even 
graduate, education, material is presented in the form of revealed truths. 
Instructors often present the subject matter in a way that makes it seem 
as if it should be obvious to one and all, if only the student would take 
the time to think about it for a few minutes. Alas, this is not the way 
science works. It proceeds in fits and starts, there are debates about what 
the crucial questions are, there is contention as to the best approaches, 
and there is often little agreement even when solutions are proposed. 
This is a human endeavor, and although the end product is extremely 
reliable, having passed the tests of peer review and trial by fire, the 
process of getting there is not always straightforward. It is helpful to 
have a sense of how even today's most "obvious" scientific truths were 
once muddled in the fog of battle. 

This is not solely to indulge the author's personal interest in the 
history of science. The more important goal is to provide for the reader 

2 RP Feynman, RB Leighton, M Sands (1964) The Feynman Lectures on 
Physics, Vol. II. Reading MA: Addison-Wesley. 
3 RW Hamming (1962) Numerical Methods for Scientists and Engineers. New 
York: McGraw-Hill. 
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(especially young students) a sense of the evolution of ideas, the dead 
ends and unproductive paths, the overall somewhat haphazard nature of 
the development of a scientific field. This imbues a crucial perspective 
for anyone considering a career in research. First, it shows (hopefully) 
the excitement and grand adventure of the research endeavor, and 
indicates why many of us consider it a true privilege to be a member of 
the international community that engages in this mad pursuit. Second, it 
demonstrates that in any scientific field (and especially in one that is 
new, such nonlinear dynamics in the life sciences), the research literature 
must be read with a critical eye, until consensus is developed as to the 
important problems and the legitimate approaches to them. (Of course 
such consensus is subject to later upheaval, but most of us must for 
practical purposes be constrained by these limits for a time4.) Third, the 
historical perspective should provide some solace to the beginning 
researcher who feels overwhelmed with the mass of information already 
available, and must face the feeling that everyone else is faster, smarter, 
or at least better-funded. Even if these esteemed goals are not met, at 
least I hope that the occasional historical background will be enjoyable. 

Some readers may remember the intense enthusiasm generated in the 
past with the rise of interest in such areas as neural networks and expert 
systems in artificial intelligence. There was a great flurry of interest in 
each of these fields, associated with what we might graciously call "over-
enthusiastic claims." In each case, there was great temptation to believe 
that all existing computational/cognitive/modeling problems could be 
solved imminently, if only enough support and attention would be 
devoted to that particular field of endeavor. I recall that in the 1980s the 
case was made for the creation of distinct Neural Networks Departments 
in research universities, in order to make clear the separation from 
electrical engineering and the other progenitor fields. Things have 
calmed down considerably since that time, and now each field can be 
seen within a broader perspective. The shortcomings and difficulties of 
each have become more apparent, and their place in the wider intellectual 
landscape is both more certain and more circumscribed. 

4 TS Kuhn (1996) The Structure of Scientific Revolutions, 3rd edition. Chicago: 
University of Chicago Press. 
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And so it is with the topic of this book. In its early years (late 1970s 
to early 1980s), the promise of the "new" field of nonlinear dynamical 
systems (more correctly, the re-discovery of computational approaches to 
nonlinear dynamics) was often vastly overstated. Widely known as 
"chaos theory" at the time, many in the field were motivated by a mad 
rush to demonstrate chaotic behavior in a favorite system. With the 
passage of time, the difficulty of this specific task has become very clear, 
while at the same time its importance has been called into question. As 
reflected in the preferred designation of "nonlinear dynamics," the field 
has attained a broader perspective, improved its techniques, refined the 
scope of its inquiries, and moderated its rhetoric. In parts of this book 
this journey will be clear. 

The approach taken in this book is based almost solely on analysis of 
system trajectories in state space. By this I mean that we will consider 
properties of system behavior that can be derived from these trajectories. 
This is different from approaches based more directly on time-series 
analysis or bifurcations of dynamical equations. In particular this is not a 
mathematics text, nor is it a collection of articles from the research 
literature. Rather I have tried to tie together the various tools and 
techniques that have proven most useful to date, and to present the 
physiological results in a way that emphasizes the system not the tools. 

The computational techniques that form the heart of the book are 
recent by the standards of linear systems theory, but they may appear 
rather dated in light of the rapid development of nonlinear dynamical 
analysis. Nevertheless, the methods are by no means outdated. The 
emphasis on these techniques is deliberate, and based on several factors. 
First, these techniques are the most firmly established ones, especially 
for physiological analysis. Second, they serve as good illustrations of the 
underlying concepts and principles. Third, they are not very difficult to 
understand and are therefore appropriate for teaching and for developing 
intuition and insight. Fourth, more recent developments have almost 
invariably built upon these basic methods. Fifth, they are the methods 
that I have found to be the most useful in initial dynamical studies of the 
oculomotor system. 

Following on this last point, in many places throughout the text (and 
most notably in Chapter 5 on dimension estimation), practical 
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suggestions for implementation and interpretation of the computational 
tools are provided. This information is based on both published 
recommendations and personal experience. These passages provide the 
essence of a "user's guide" to some of the tools, which will hopefully 
make readers more comfortable in attempting their use. 

Deciding on the organization of the book was a difficult task. 
Coverage includes mathematical review material, advanced and recent 
techniques for analysis of systems and signals, and a review of progress 
in several different fields of physiology and life sciences. An obvious 
approach would have been to include pertinent physiological examples in 
association with the description of each computational technique. The 
problem with this is that many of the physiological systems have been 
analyzed with several techniques, and of course each technique has been 
applied to several different fields of physiology. I have therefore taken a 
different approach. Part I (Chapters 1-3) introduces basic concepts in 
signal processing, dynamics, and linear systems. In part II (Chapters 4-
14), each chapter is devoted to a single computational technique or 
dynamical concept; each computational tool is introduced and elucidated 
with appropriate examples. Then, in part III (Chapters 15-21), different 
physiological systems are addressed in turn as a set of case studies, and 
the range of techniques applied to each system can be shown together in 
a single chapter. This has allowed me to emphasize the physiological 
interpretations in part III rather than the tools themselves. 

The material selected for the case studies consists of examples chosen 
primarily for their didactic nature. These chapters do not contain 
comprehensive reviews in a given area of physiology, which would be 
unwieldy and quickly dated. Rather, they were selected for clarity in 
application and interpretation, and in some cases novelty and originality. 
Also note that the methods selected for presentation in the case-study 
chapters are not necessarily those that have the most promise for future 
research, or even those that have been most widely embraced, but those 
that can be understood and appreciated by the intended readers of this 
book. 

Associated with the book's organization is its anticipated appeal to a 
wide range of readers. The book is suitable as a text for graduate students 
or advanced undergraduates in such fields as biomedical engineering and 
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neuroscience. However, my hope is that others who wish to acquire a 
feel for this relatively new approach to physiology will also find the book 
useful, as a reference for the computational tools, as a primer on the 
types of physiological questions that can be addressed with these tools, 
and as an introduction to some key findings in a few physiological 
systems. These readers might be researchers in a specific field, or those 
wishing to survey recent advances in nonlinear dynamics. Those 
specialists interested in a specific physiological system may find the 
corresponding chapter in section III to be of particular use. 

To summarize, my main goal with this book is to provide a volume 
for reference and review, which can also help to develop intuition on 
how to approach nonlinear problems in physiology. The book will 
introduce computational techniques, and show through examples what 
can be done with them by life-science researchers. My hope is that this 
combination of reference material and applications will give the reader 
the background to make use of the material in his or her own research, 
and the confidence and insight that will be useful for further exploration 
and invention of new techniques. 

I recall vividly the day, when I was in graduate school, when my 
close friend and fellow student Dan Merfeld came into the lab shortly 
after reading the book Chaos: Making a New Science, by James Gleick. 
This popular book for non-specialist readers describes the modern rise of 
computational approaches to nonlinear systems (by and large the 
material covered in the present book), and gives a taste of some of these 
approaches. He said, "after reading this, I'm convinced that there are 
things in our data that we are missing." After reading the book myself, I 
felt the same way, and my hope is that after reading the book you are 
holding, you will feel the same way, and in addition will be armed with 
some of the tools with which to begin your investigation. 

In closing, I would like to express my thanks to the many scientific 
colleagues over the years who have inspired and encouraged me, in 
particular David Zee, David Robinson, Peter Trillenberg, Larry Young, 
and Chuck Oman. Dan Kaplan has been most generous in answering my 
questions on nonlinear dynamics. The students at Johns Hopkins who 
have taken my course on nonlinear dynamics over the years, and who 
have asked probing and insightful questions, have helped me greatly in 
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clarifying this material in my own mind. Those deserving of special 
mention include Scott Molitor, David Scollan, Sarah Plymale, Josh 
Cysyk, Chris Gross, Nabeel Azar, Olga Telgarska, Wilsaan Joiner, and 
Faisal Karmali. My dynamical systems research over the years has been 
supported by several organizations, to whom I am greatly indebted: 
NASA, The Whitaker Foundation, NSF, NIH (National Eye Institute, 
National Institute on Deafness and other Communication Disorders, 
National Institute of Biomedical Imaging and Bioengineering), and the 
Department of Otolaryngology - Head & Neck Surgery of The Johns 
Hopkins University School of Medicine. 

Thanks are also due to World Scientific for their help in the 
production of this volume, and Dan Shelhamer for proofreading portions 
of the manuscript. Portions of section 13.4 are reprinted from the journal 
Biological Cybernetics, volume 93, "Sequences of predictive eye 
movements form a fractional Brownian series - implications for self-
organized criticality in the oculomotor system" (M. Shelhamer), pages 
43-53, copyright Springer-Verlag 2005, with kind permission of Springer 
Science and Business Media. Some material in several other chapters, 
Chapter 15 in particular, is reprinted from Journal of Neuroscience 
Methods, volume 83, "Nonlinear dynamic systems evaluation of 
'rhythmic' eye movements (Optokinetic Nystagmus)" (M. Shelhamer), 
pages 45-56, copyright 1998, with permission from Elsevier. Portions of 
chapter 15, including Figures 15.1.1, 15.1.3, and 15.1.6, are reprinted 
from the journal Biological Cybernetics, volume 76, "On the correlation 
dimension of optokinetic nystagmus eye movements: computational 
parameters, filtering, nonstationarity, and surrogate data" (M. 
Shelhamer), pages 237-250, copyright Springer-Verlag 1997, with kind 
permission of Springer Science and Business Media. 

M. Shelhamer 
Baltimore MD 

March 2006 
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Chapter 1 

The mathematical analysis of physiological 
systems: goals and approaches 

Why should anyone bother with mathematical analysis of a physiological 
system? This is perhaps as much a philosophical question as a scientific 
one, and the answer at this point will be somewhat philosophical. We can 
do no better than to draw on the views of the physicist Eugene Wigner 
(1960) in his classic essay "The Unreasonable Effectiveness of 
Mathematics in the Natural Sciences," where he makes the case "that the 
enormous usefulness of mathematics in the natural sciences is something 
bordering on the mysterious and that there is no rational explanation for 
it." Quite a statement from one of the key physicists of the 20th century, 
but it serves well to show the awesome power of mathematics in 
describing physical reality. 

Of more practical interest, a mathematical description of a system 
serves to put our knowledge of that system into a rigorous quantitative 
form, that is subject to rigorous testing (Robinson 1977). In this sense a 
mathematical model serves as an embodiment of a hypothesis about how 
a system is constructed or how it functions. The model forces one to 
focus thinking and make inexact ideas more precise. You may think that 
you know how a system works, but creating a model of the system truly 
puts that understanding to the test. 

This book will deal with models of systems and their behaviors in a 
broad sense: is the system random or deterministic, linear or nonlinear, 
for example. These are broad areas of categorization, but they are also 
crucial questions that should be addressed before more finely structured 
hypotheses are evaluated. A major goal in this work is to identify these 
properties through the use of appropriate computational tools. Answering 

1 
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these questions can not only improve one's understanding of the system 
but also improve the ability to make diagnoses and apply the appropriate 
therapeutic intervention in case of pathology. 

One type of behavior - chaotic behavior - will be of particular 
interest. The concept of chaotic behavior is appealing because it shows 
that complex behavior can arise from simple models, lending hope that 
complex physiological behavior might have simple underlying laws. 

1.1 The goals of mathematical analysis in physiology 

Anyone reading this book probably does not need to be convinced of 
the value of a mathematical approach to physiological analysis. 
Nevertheless an outline of our goals - as related to the tools presented in 
this book - will give a sense of the direction in which we are heading. 

We might list as the first and most fundamental goal that of simply 
understanding how a system works. This goal is pure and laudable, and 
corresponds with what many investigators consider to be the defining 
characteristic of a true scholar: learning for the sake of learning. Of 
course this is not always appreciated by the public nor by those who fund 
research, but it is important and undoubtedly continues to be a prime 
impetus for many researchers, whether admitted or not. 

On a more practical (and fundable) level, there is the goal of being 
able to predict the future behavior of a system. Weather prediction is the 
prototypical example here, and indeed this example holds a prominent 
place in the history of nonlinear systems analysis. More correctly, we 
might say that it has a special place in modern nonlinear systems analysis 
- the use of computers and computational tools to analyze systems that 
are beyond the reach of conventional analytical methods. By this is 
meant roughly that they do not have closed-form solutions that can be 
obtained by solving differential equations, but rather their solutions must 
be found by approximation methods on a computer. We must be careful 
to make this distinction because, more than a century ago, 
mathematicians were already making great strides in the analysis of 
nonlinear systems. The work of Henri Poincare is most often cited in this 
regard. It is often said that Poincare was the last true mathematical 
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generalist - that is, he was able to grasp and make contributions to all 
then-extant subfields of mathematics, before specialization became 
rampant. Some of his most important efforts related to nonlinear systems 
include work on the fundamentals of topology and celestial mechanics. 
He was perhaps the first to point out that small uncertainties in the initial 
conditions can lead to very large uncertainties as a system progresses in 
time. This is now one of the hallmarks of chaos: sensitive dependence on 
initial conditions. 

He is also, by the way, the author of a set of fine books on the nature 
of mathematical investigation itself. These books are interesting for the 
insight they give into the mental processes behind mathematical 
discoveries. Like watching a great musician or athlete, one might find 
these works to be either motivational and inspiring, or depressing once 
the realization sets in that there are people whose abilities are well 
beyond the upper tail of the normal distribution. 

Another distinguished early figure in computational mathematics is 
John von Neumann, one of the great Hungarian scientists who came to 
the U.S. early in the 20th century and made major contributions to many 
fields of mathematical physics, including the calculations behind nuclear 
weapons and nuclear energy. (This, combined with his ground-breaking 
work on game theory and his vocal disdain for Soviet communism, made 
him the model for Dr. Strangelove in the movie of the same name.) von 
Neumann contributed to the design of the ENIAC, the first electronic 
digital computer (although the ABC computer by John Atanasoff also 
has claim to this title), during Word War II. In the course of this work, he 
thought deeply about the logical foundations of computing itself, and co-
wrote a key report that described what has come to be known as the "von 
Neumann machine": a computer that stores its instructions (software 
program) internally and makes no hard distinction between stored data 
and stored instructions, so that the computer itself can operate on its own 
instructions as easily as it can operate on data (von Neumann 1945). This 
of course describes virtually every computer that has been made since 
that time, and has made possible high-level languages and compilers, as 
just two examples. He was quick to recognize that many intractable 
problems of mathematical physics could only be solved by recourse to 
computer approximation methods, and laid out these ideas during the 
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early years of the electronic computer (von Neumann et al. 1995, 
Goldstine 1980). 

But let us return to the case of weather prediction. In the early 1960s, 
Ed Lorenz at MIT was carrying out a numerical investigation (i.e., 
computer solution) of a set of three partial differential equations that 
formed a simple model of atmospheric convection. He had run his 
simulation and found an interesting result, so he re-entered the same 
starting values and ran the program again. To his surprise, he found that 
after a short time, the old and new solutions greatly diverged. What had 
happened? It turns out that when he re-entered the values, he rounded 
them off to three rather than six decimal places - a seemingly 
insignificant change, and one certainly below the precision with which 
meteorological measurements could be made. In any case, it was 
expected that such a small change in initial conditions might lead to a 
slowly-increasing difference between the two computer runs, rather than 
the large non-proportional change that actually occurred. The recognition 
that this simple nonlinear system could produce such unexpectedly 
complex behavior is widely credited as the birth of modern chaos theory. 

The trajectories of the system's variables were plotted in a state space 
(this means of examining system behavior is the central theme of this 
book). This created a finely detailed structure known as an attractor for 
technical reasons that we will cover in due course. The work was 
published in a classic paper which is often cited but that likely few have 
read (Lorenz 1963) - indeed it is the much later references to this finding 
in more general works on nonlinear dynamics to which most writers 
refer. The results gave rise to the notion of the "butterfly effect," 
whereby a butterfly flapping its wings in one city today can influence the 
weather thousands of miles away a week from now. The shape of the 
Lorenz attractor coincides with the butterfly image. There are many 
reports of this now-legendary event, including one written by Lorenz 
himself (Gleick 1988, Lorenz 1996). 

From the ability to predict the future course of a system's behavior, 
the related goal of control follows naturally. Once we can predict the 
future, it is natural to want to try to control that future, in order to guide 
the system to a preferred state or keep it away from undesired states. 
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These basic goals of understanding, prediction, and control, are 
closely related to the practical clinical goals of diagnosis and treatment, 
which underlie much of the rationale for research into physiological 
systems. Understanding a system's behavior and how it is altered under 
pathological conditions is of course a form of diagnosis, and "control" is 
effectively just another word for "treatment." 

Some of the most advanced work on applying nonlinear system 
analysis to understanding the course of disease is to be found in the area 
of epidemiology, while much progress in physiological control is in the 
area of cardiology. We will return to these topics in later chapters. 

Significant progress toward the goals described here can be made 
with the tools that will be presented in this book, and in particular with 
the state-space approach that is the guiding theme of the work. 

Physiology, and the life sciences in general, has come a long way 
since the time of an anecdote related by the mathematician Ulam (1976, 
p. 160). Speaking to a group of biologists, his every attempt to posit 
some general statement about biology was met with a certain contempt 
and the reproach that there was an exception in such and such special 
case. "There was a general distrust or at least a hesitation to formulate 
anything of even a slightly general nature." Things have changed 
considerably, although the discovery of overriding principles in the life 
sciences has not occurred to nearly the extent as in physics, for example. 
While the computational tools presented in this book can provide some 
common ground in terms of how to approach some near-universal issues 
in physiology, the greater hope is that the concepts of nonlinear 
dynamical analysis themselves will help to establish a common way of 
thinking about such systems (Glass 1991). 

1.2 Outline of dynamic systems 

By dynamic system we mean one that can be defined by a set of 
variables whose values change with time. (Variables, not parameters -
see below.) The variables that thus describe the course of the system's 
behavior as a function of time are known as state variables, because 
collectively they describe the state of the system at any given time. This 
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powerful concept leads us to the state space, where the values of the state 
variables trace out trajectories over time. An example of a dynamic 
system is the regulation of car speed while driving. Clearly an automatic 
speed-control system fits the description of a dynamic system, but the 
interactive "human-in-the-loop" type of manual control is a dynamic 
system as well. Some of the state variables in this case might be 
instantaneous speed and foot pressure on the accelerator pedal. These are 
related in a direct but potentially complicated manner. A simple model 
might consider speed to be proportional to pedal pressure, while a more 
realistic model might make this a nonlinear function and include time 
delays resulting from engine dynamics and neural lag. Even more 
detailed models could include engine dynamics explicitly, as well as air 
pressure against the front of the car. Knowing which variables are 
important to include in the model is one of the keys to successful 
modeling, and this is in many cases more an art than a science. Indeed 
the realization that some previously ignored quantity actually is an 
important state variable is one way to gauge progress in modeling. 

We have described some of the state variables of this model. The 
interactions between the state variables are the essence of the model. 
Often these interactions are described in terms of differential equations 
(or difference equations if time is in discrete units rather than 
continuous). If you know these equations, you have tremendous 
knowledge about the system. If you do not know these equations, your 
knowledge is limited, and you typically will have to study and describe 
the system in terms of the variables that you can measure. This is where 
the material in this book will be most useful. The ability to proceed from 
these measurements and analyses on the variables, to the equations, is 
very difficult in general. We will have occasion to touch on this topic, for 
which no standard approaches yet exist, in Chapter 14. 

The model above describes the mostly mechanical aspect of 
maintaining a given speed, once you have decided on what speed you 
want. The model can be expanded to include this decision process, now 
including such state variables as road conditions, expected time of 
arrival, confidence in the integrity of the vehicles, and so on. This is a 
legitimate model, but now the variables become harder to quantify and 
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come under the domain of psychology rather than the physiology of 
sensorimotor control. 

A more purely physiological example is the control of cardiac inter-
beat intervals (heart rate). Here the important state variables are probably 
too numerous to list, and include the concentrations of several chemicals 
in the blood, metabolic rate, mental state, body temperature, and many 
others. Fortunately, some of these variable are more important than 
others, especially if the domain of the model is restricted - for example, 
if it is desired to know the effect of one type of drug or of a specific 
electrical intervention (external pacing). Such a practical restriction, and 
the tight coupling between many of the variables, means that significant 
progress can be made by considering some manageable subset of the 
entire set of state variables. 

With some cleverness, it is possible to describe as dynamic systems 
many behaviors that at first glance do not appear suited to this approach. 
Strogatz (1988) gives a playful example of the fateful lovers Romeo and 
Juliet. One state variable describes Romeo's feelings (love/hate) toward 
Juliet, and another state variable describes the feelings in the other 
direction. Based on the strengths of these feelings and the nature of their 
interactions, various interesting dynamic behaviors can be produced. It is 
an amusing exercise to consider what other state variables might be 
involved in this system. (An accessible exposition of this example can 
also be found in the excellent textbook by the same author (Strogatz 
1994).) 

As you might imagine, defining the state variables and measuring 
their values is of crucial importance in modeling and analyzing these 
systems. In many cases - indeed in most cases that we will consider - it 
is in fact not possible to identify and measure all of these variables. We 
will study some powerful techniques that will allow us to investigate 
such systems mathematically even under these restrictive conditions, as 
long as at least one variable can be measured on the system over time. 

In describing and analyzing systems, it is important to distinguish 
between variables and parameters. A parameter is a constant - a term in 
the equations that is fixed, as opposed to the variables, which change as a 
function of time to reflect the dynamics of the system This issue is 
closely related to that of statistical stationarity, which loosely speaking 
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means that the statistics of a process do not change with time. If you 
consider something to be a parameter and in fact it varies over the course 
of the investigation, then the system has become nonstationary, and you 
should consider treating the parameter as a state variable. 

Probably the best approach to this issue is first to decide on the 
dynamics that you want to study and model. If a quantity expresses 
these dynamics - if it changes with time in a manner that reflects these 
dynamics - then it is a state variable. If that quantity is fixed with respect 
to the dynamics in question, then it is a parameter. Clearly, what is a 
parameter and what is a variable depend on what is to be modeled or 
what behavior is to be analyzed. 

As an example, in the case of heart rate, if it is desired to study the 
effect of a specific short-term physical activity, then other things should 
be kept constant so that they can be considered as fixed parameters - the 
subject should not eat during the experiment and it should take place 
quickly enough so that circadian fluctuations do not have a significant 
effect. On the other hand, if it is desired to investigate the impact of time 
of day on the effects of exercise, then time of day becomes a state 
variable. Time scales such as these constitute one major factor in 
distinguishing between parameters and state variables. 

1.3 Types of dynamic systems - random, deterministic, linear, 
nonlinear 

We can now begin to get to the heart of the matter, by describing and 
classifying dynamic systems. A very broad categorization, which is 
nonetheless quite useful for our purposes, considers randomness and 
linearity. 

While intuitively the notion of randomness is clear to most of us, a 
rigorous definition is tricky. A deterministic system is the opposite of a 
random system. With a deterministic system, given perfect knowledge of 
the initial conditions and the system dynamics, the future behavior for all 
time can be determined. The French mathematician Laplace was a great 
believer in the concept of determinism as a ruling force in the universe, 
and made the claim that if given the present positions of all objects and 
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the forces acting on them, their entire future course of motion could be 
completely and unambiguously determined. He was a true proponent of 
the power of Newtonian mechanics. Most systems studied by engineers 
are treated as deterministic, with noise considered as a separate nuisance 
random process. 

The great value of a deterministic system is that, given sufficient 
knowledge about the dynamics and the values of the state variables at a 
given time (the state of the system at that time), the future course of the 
system can be predicted with some degree of accuracy. A random 
system, on the other hand, is ruled to some extent by chance. Given 
complete information on the dynamics and initial state, it is not possible 
to predict precisely the future course of the system (although it may be 
possible to determine the statistics of the future course - that is, the 
likelihood of the system being in particular states at particular times). 
One aspect of the rise of interest in nonlinear systems analysis is the 
recognition that very complicated behavior - that which is apparently 
random - can arise from a relatively simple deterministic system. This is 
another hallmark of chaos, discussed below. 

Although noise in the real world is ubiquitous and is the bane of most 
every experimenter, obtaining true randomness in numerical simulations 
and computations is much more elusive. This issue arises in the methods 
covered in this book because it is often necessary to generate random 
numbers, or to shuffle data into random order, as part of a test for 
randomness. In the 1950s, the need for such numbers was sufficient that 
a book was published just for the purpose of providing random numbers 
(RAND 1955). Of course, computer random number generators (RNG) 
are available today; these are based on deterministic equations and rely 
on the fact that they have a very long period - that is, the values they 
produce will typically repeat, but only after an extremely large quantity 
of numbers has been generated. In addition, the RNG must be initialized 
with a "seed" value, and if the seed is not changed the same sequence of 
"random" numbers will be generated. This can be useful when 
debugging a program, but for general use some means of randomizing 
the seed should be used, such as creating it from manipulations on the 
date and time at the instant that the program is run. A useful source of 
truly random numbers, which seems to be as random as it gets, is 
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radioactive decay. There are web sites from which one can obtain 
random numbers based on times of emission of radioactive particles, and 
such numbers have passed many tests of randomness (see Appendix). 

An extension of the points raised above is that no finite system is 
truly random. Understanding this point is crucial to properly applying the 
computational methods in this book. A basic concern in many situations 
is whether a system is random or deterministic. In fact, given a finite data 
set, a deterministic system can always be constructed that will generate 
that particular data - the system may have as many parameters or state 
variables as the data set, but it will reproduce that data set. This of course 
is a completely uninteresting type of model, and in general we require 
that a model be able to reproduce a data set while being as simple as 
possible. This might be a ridiculous example, but the point is subtle, 
especially in cases where there is a mix of deterministic and random 
properties. 

Let us now move on to linear versus nonlinear systems. A linear 
system is defined by two properties: scaling and superposition. Scaling 
means that, if a given input produces a given output, then doubling the 
size of the input will double the size of the output, and so on for any 
arbitrary scaling of the input: 

u(t) -> y(t) => a u(t) -»• a y(t) 

Superposition means that, if one input produces a given output, and a 
different input produces another output, providing the sum of these two 
inputs to the system will produce as output the sum of the two individual 
outputs: 

"iCO-^iCO 
u2(t)->y2(t) 

These properties make linear systems mathematically tractable, and a 
vast body of work has been devoted to the analysis of linear systems of 
many kinds. Even so, it should be recognized that, in the real world, 
there is no such thing as a true linear system. Scaling implies that a 
system will respond in proportion to the size of the input, but clearly this 
cannot happen for arbitrarily large inputs. Eventually, an input can be 
applied that is so large that the system cannot respond in a linear fashion 

K ( 0 + K 2 ( ')]->[ yi(t) + y2(t)] 
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- the system may saturate or even fail, and in general will produce a 
distorted output. Thus all physical (and physiological) systems are 
inherently nonlinear. Nonetheless, there is often a large range of inputs 
(amplitudes, frequencies, waveforms) for which the system will respond 
in a linear fashion, or close to it. The trick in carrying out a linear 
analysis is to know these limits and to restrict the inputs to this range. 

In all cases - whether it be an assessment of randomness versus 
determinism or of linearity versus nonlinearity - one can see that any 
categorization must take into account the domain over which the analysis 
is to take place. One must never lose sight of this fact, either during the 
investigation itself or in its later interpretation. 

1.4 Types of dynamic behaviors - random, fixed point, periodic, 
quasi-periodic, chaotic 

Having discussed some ways to categorize systems, we now turn our 
attention to categorizing different system behaviors. 

Random behavior is, as one might expect, unpredictable. But as 
mentioned above, once a given data set (typically a time series) has been 
obtained from a system, the data are no longer random but fixed. Thus 
the question of randomness in a data series is a relative one, and the 
methods in this book are designed to give insight into potential mixtures 
of determinism and randomness. Since noise is present in all physical 
measurements, determining if randomness is inherent in the system 
dynamics or in the measurement process is not always straightforward. 

Among deterministic behaviors, a, fixed point is the simplest. It is just 
what its name implies: a point or state of the system (set of variables) 
that, once attained, is not departed. A fixed point is sometimes a 
degenerate state of little interest - a pendulum with a frictional bearing, 
for example, will have oscillations that slowly decay until the pendulum 
comes to rest at the fixed point of hanging straight down (zero position, 
zero velocity), never to move from this state unless externally perturbed. 
There are more interesting fixed points. One simple nonlinear system is 
the logistic equation: 

x{n +1) = jux(n)[\ - x(n)]. 
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This equation is a simplified model of, among other things, the 
population of an organism from generation to generation, in the face of 
limited resources. The population at generation n is given by x{n), and 
the equation shows that the population will grow from one generation to 
the next until it becomes too large for the available resources (at 
x(n)=0.5), and then it will decrease, until it again is small relative to the 
resources, and this behavior will alternate (though not always in an 
orderly way) between these two modes. A fixed point for this system 
occurs when the population x(n) does not change from one generation to 
the next: x(n+l)=x(n). The solution to this is easily found: x =l-(l/u), 
where the asterisk indicates that it is a fixed point. The dynamics of this 
extremely simple nonlinear system are fascinating, and some of the 
original work in bringing this to the attention of the general science 
community was done by R May (1976). 

The next most complicated type of system behavior is periodicity. 
Mathematically, periodicity with period Tis expressed as: 

x(t + T) = JC(0 . 

This means that the behavior repeats itself after time T, and then repeats 
again and again. The classic example of periodic behavior is simple 
harmonic motion, often represented by a theoretical undamped 
pendulum, which will swing forever if not perturbed. 

Nonlinear systems can exhibit a form of periodic motion termed a 
limit cycle, which is an isolated periodic trajectory of the state (Strogatz 
1994). It can be stable, in which case nearby states are attracted to it, or 
unstable, so that nearby states are repelled. Various nonlinear oscillators 
have limit cycles as attractors (Andronov et al. 1987). Simple harmonic 
motion from a linear system, for example from a spring-mass or 
pendulum, does not produce a limit cycle, since nearby points in state 
space belong to oscillations of different amplitudes and are neither 
attracted to nor repelled from the limit cycle: the periodic orbit in this 
case is not isolated. 

A modification of periodic behavior is quasi-periodicity, which is a 
combination of periodic behaviors that have incommensurate periods -
that is, their periods cannot be expressed as a ratio of integers. An 
example is two sine waves, with periods of 1 and V2: 
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sm{t) + sm{t I J?) . 

This signal is not periodic because, each time the first sine returns to its 
starting value of zero, the second sine takes on a different value, and the 
two sines never "match up" because nt and nt/^12 (where n is the number 
of cycles of the first sine) will never be equal to each other for any 
integer value of n. 

Finally, we come to the behavior that motivated this entire field: 
chaos. For a long time - decades if not centuries - the behaviors listed 
above were recognized as the only ones possible from a dynamic system. 
Then came Poincare, and Lorenz and his weather prediction, and nothing 
has been quite the same since. There are three defining features of chaos: 

1. behavior that appears complicated or even random, 
2. sensitive dependence on initial conditions, 
3. determinism. 

The important point is that chaos arises from a deterministic system, 
yet is so complex in appearance that it might be mistaken for 
randomness. It is easy to see the importance of this, for once it is 
recognized that a potentially simple deterministic system can produce 
complex behavior, a wide array of complex-appearing behaviors come 
under investigation with a new view toward identifying the underlying 
system as being deterministic. If the underlying system is deterministic, 
then it follows rules, and this opens a whole realm of possibilities for 
understanding and controlling the system. 

We are careful in this discussion to distinguish between types of 
systems and types of behaviors. There is overlap, of course, as a random 
system can be expected to produce random behavior. But there is not in 
all cases a one-to-one correspondence between the two groups, as for 
example a nonlinear system can produce any of a variety of behaviors 
such as chaos and fixed points, depending on the system parameters and 
initial conditions. 

1.5 Follow the "noise" 

In 1932 Karl Jansky, a communications engineer at Bell Labs (which 
has since become part of Lucent Technologies) was given the task of 
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finding the source of radio static (noise) in transatlantic telephone 
circuits (which were carried over shortwave radio at that time, in addition 
to undersea cable). He determined that, although thunderstorms created 
much of the noise, there was another source, which varied throughout the 
day but was not precisely synchronized with the sun. He eventually 
determined that the source was the Milky Way galaxy, the variation 
being due to the fact that Earth is not at the center of the galaxy. This 
finding that stars and other astronomical objects emitted radio waves was 
the start of the entire field of radio astronomy. 

Years later, in 1965, Arno Penzias and Robert Wilson, also at Bell 
Labs, made a similar discovery. They were looking for the source of 
noise in some microwave measurements, and they noted a constant low-
level signal, without directionality or temporal variation. Little did they 
know at the time, this turned out to be the "cosmic background radiation" 
- a remnant of the big bang and convincing evidence for the big bang 
theory. For this they won a Nobel Prize in 1978. 

The point to these stories is this: follow the noise. In these cases, 
noise turned out indeed to be noise, but the source of the noise turned out 
to be most interesting and unexpected. In the research that forms the 
basis of chaos theory, it is often the exploration of variability and 
apparent noise - random-appearing signals from physical and 
physiological systems - that has been the starting point for progress. 

1.6 Chaos and physiology 

Probably the greatest appeal of chaos for physiology is the simple 
observation that so much physiological activity is highly variable, 
appearing random or noisy. A chaotic system can appear this way as 
well, but there is an underlying deterministic structure. The possibility of 
bringing systematic order to such highly variable phenomena holds great 
allure and fascination.. The ability to use a set of standard analytical and 
computational tools to do this only makes the appeal stronger. 

Associated with this on the mathematical physics side is the growing 
realization that even simple nonlinear deterministic systems can exhibit 
chaotic behavior, and in fact chaos may turn out to be more the rule than 
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the exception in these systems. For example, it has been demonstrated 
that there are chaotic solutions to cellular membrane equations (Chay 
1985, Chay & Rinzel 1985), which has spurred interest in finding 
experimental demonstrations. 

Two main forces drive the interest in chaotic descriptions of human 
movement control. First, apparently random behavior can arise from 
non-random systems. Second, variable (random-appearing) behavior can 
have a functional role (Riley & Turvey 2002). Related to this is the 
realization - not exactly new but growing - that random noise can have a 
complex structure of its own, as for example Brownian motion and 
fractional Brownian motion (Teich & Lowen 2005). There may be 
optimal levels of random noise and deterministic chaotic dynamics that 
use the best features of both in tailoring overall system performance. 

Conrad (1986) provides a list of some of the possible functional roles 
for chaos. One is the deliberate generation of diverse behavior, for a 
number of reasons including the facilitation of exploratory behavior. 
Another role might be the generation of unpredictable defensive behavior 
(butterfly motion is given as an example). A third possibility is that it is a 
metabolically efficient way to generate "noise" or variability, and so 
prevent the entrainment of different neural structures, so as to maintain 
flexibility and adaptability. 

These ideas all touch on the notion of the "attractor hypothesis" as an 
appealing paradigm for the rapid and flexible storage and processing of 
neural information, with advantages such as the avoidance of local 
minima and systematic exploration. (Similar arguments have been 
applied to genetic variation and population dynamics: Emlen et al. 1998.) 
The term "attractor" will be defined, with many examples, in Chapter 4. 
For now, we can think of an attractor as a geometric pattern generated by 
some measured physiological signal, such as a closed loop generated by 
plotting velocity versus position during periodic behavior. A more 
complex example is the higher-dimensional pattern formed by 
appropriate manipulations of electroencephalogram (EEG) signals. An 
attractor is an appealing depiction because it represents a type of stable 
definable behavior that is, if generated by a chaotic system, very flexible 
and easily altered. Chaotic systems can lead to very interesting attractors. 
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A paradigmatic though simple study of rhythmic limb movement 
demonstrates one of the characteristics of studies in this field (Mitra et 
al. 1997). Is the resulting pattern, for example in a graph of velocity 
versus position, due to an essentially simple periodic oscillation with 
additive noise, or to an inherently more complicated set of dynamics that 
are not adequately captured in a simple two-dimensional plot? While the 
question is still open, and indeed continues to drive much research, it is 
fruitful to consider the interactions and combinations of variability and 
determinism (Riley & Turvey 2002), in particular with the view that 
"more variable does not mean more random." Indeed variation from trial 
to trial or moment to moment may provide more information than the 
more time-invariant aspects of a behavior. (Chapter 16 has more on this.) 

Another example involves recordings from olfactory bulb EEG 
(Skarda & Freeman 1987). The authors claim that multiple simultaneous 
attractors encode different odors, which allows for rapid access to stored 
odors without the danger of entrainment into local minima. There is rapid 
convergence of ongoing chaotic activity to an attractor upon inhalation, 
yet the ability to acquire new odors/attractors. The attractors are not 
"fixed points" but dynamic entities reflecting continuing neural firing 
patterns and flexibility even in the case when an odor has been identified. 
Although the work is based on some simple chaotic measures which 
might be called into debate in light of subsequent advances, the "chaos 
paradigm" still resonates with appealing possibilities for the description 
of brain function. It might be considered a next step in brain modeling, 
after the digital computer paradigm and the connectionist (neural 
network) paradigm. 

One counterintuitive finding along these lines relates to the 
"complexity" of cardiovascular dynamics in aging populations (Kaplan 
et al. 1991). At this point we, like the authors of the cited study, use the 
term "complexity" in a rather loose manner to mean "more noise-like" 
and "less regular." This study found that complexity decreased with 
aging. In other words, there is such a thing as "healthy variability." A 
decrease in this variability can indicate a decrease in health. Based on 
this and similar results the interpretation came about that variability can 
endow a system with flexibility and hence the ability to respond and 
adapt to environmental stressors. (Whether this variability is random or 
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chaotic is a key question which will be addressed in various places in this 
text.) 

Clearly these are largely philosophical issues. They serve to 
demonstrate some of the great appeal of "chaos theory" in physiological 
modeling. Our aims in this book are somewhat more mundane. Although 
we will touch upon larger interpretations when appropriate, and attempt 
to provide background and historical perspective at times, the main thrust 
will be on the correct understanding, implementation, and interpretation 
of computational tools that can help to visualize and quantify nonlinear 
dynamics in physiological systems. An additional application that has 
been little explored to date is the use of these computational tools to test 
and validate mathematical models (Shelhamer & Azar 1997). 

One of the hopes of the recent application of nonlinear dynamical 
methods to physiology is that they can provide a general mathematical 
framework that has been missing from this traditionally rather qualitative 
field (Glass 1991). In the main section of this book we will see some 
tools that can be used to explore noise-like signals, determine if they are 
truly random or have a deterministic component, and allow us to draw 
some conclusions about the underlying system. In the rush to apply these 
methods, there have undoubtedly been many cases in which the apparent 
ease of the computational procedures has outpaced the users' 
understanding of the underlying mathematics (May 2004); it is with 
some hope of preventing further damage along these lines that this book 
was written. 
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Chapter 2 

Fundamental signal processing and analysis 
concepts and measures 

Before beginning the study of systems analysis per se, we first review 
some basic signal processing concepts and measurements. These topics 
arise in many areas of analysis and in many guises, but all too often it is 
simply assumed that they are generally known. This coverage is not 
meant to be a complete or exhaustive summary, but rather a primer or 
review of those measures and procedures that will be needed later. 

2.1 Sampled data and continuous distributions 

In the real world of data analysis (and the focus of this book), one 
must typically deal with sampled data. When discussing the probabilistic 
or statistical features of these data, it is common to call upon a theoretical 
construct in which the data are samples drawn from a larger underlying 
population. (This population may in reality not exist.) 

As an example, suppose that we wish to make some statements about 
the height of the residents of a certain city. Ideally, we would measure 
the height of each resident (ignoring uncertainties in these 
measurements), and then we would have all the necessary data. In 
practice this is not feasible, and a small sample of the residents is 
measured. The mean (average) and various other measures can be 
computed from this set of sample data, and used to make inferences 
about the population as a whole. But when this is done, it is important to 
remember that the quantities thus computed are in fact estimates of the 
true values which would result if we had access to the entire population. 
This is the basis of statistical sampling. 

20 
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Even if there is no actual underlying population, we can still make 
use of this model. Suppose, for example, that we measure a time series, 
such as a set of cardiac inter-beat intervals. We can think of this data set, 
conceptually, as one particular time series drawn from a larger ensemble 
of possible time series. Obviously, in this case, this underlying 
population or ensemble does not actually exist, but thinking in terms of 
this model allows us to use much of the statistical theory that has been 
developed around it. Measurements such as mean and variance are often 
made from a single such time series, and used to infer the mean and 
variance of the total ensemble of processes. This interchange of time and 
ensemble averaging can be performed, strictly speaking, if the process is 
ergodic, and this is most often assumed to be the case. 

2.2 Basic statistics 

Let the mean, or average, of a variable x(t) be denoted by E{x(f)}, 
where E means "expected value": 

E{x) = \xp(x)dx. 

This says that the average value is the sum (integral) of each value 
multiplied by its probability of occurrence (p). To relate this to the most 
common application where the number of occurrences rather than their 
probability is counted, note first that the probability of a specific value of 
x is the number of occurrences of that specific value divided by the total 
number of all values and all occurrences of x. Thus we can move from 
probabilities to counts and vice versa. 

The next step is to express the sample mean or average in terms of a 
discrete set of data values, now denoted as x{i) or xf. 

1 N 

x = — y x(i). 

A bar over the x indicates mean value, and specifies that we are 
dealing with a finite sample of data (as would be measured in an actual 
experiment) rather than a hypothetical continuous random variable x(t) 
with which much of the theory of random processes is developed. 



22 Nonlinear Dynamics in Physiology 

Although the nomenclature of continuous and discrete (sampled data) 
variables are interchanged rather loosely in common usage, it is good to 
keep in mind that, when dealing with actual experimental data, we are 
dealing with sample statistics and not true probability. One implication 
of this is that, while we can talk about the expected value of a random 
variable as a mathematical certainty with a specific value, when we talk 
about the sample mean we are dealing with a value that in itself has 
variability to it - the sample mean is an estimate of the true mean or 
expected value. 

One issue that we have neglected so far is the difference between 
probability and probability density. In the case of a discrete, or sampled, 
process, the probability of occurrence of particular values of x has an 
obvious meaning: it is simply the number of times that value occurs 
divided by the number of occurrences of all values. For a continuous 
random variable x(t), the probability of occurrence of a specific value is, 
strictly speaking, zero. This is because a continuous variable can take on 
an infinite number of different values, and so the probability of any 
specific value is some finite quantity divided by infinity, which is zero. 
Thus, when dealing with a continuous random variable we speak in terms 
of probability density, and integrate this density between two values in 
order to arrive at an actual probability. In other words, to find the 
probability that x(t) is between a and b (P{a<x<b}), we would integrate 
(sum) the probability density between these two values: 

P{a<x<b} = \bp(x)dx. 

We explore these matters in more detail below. 
The mean is a measure of central tendency; it is, in the absence of 

other information, what one might consider the "most likely" or "typical" 
value. The variance is a measure of the deviation of the data from the 
mean value. Again, it can be expressed in terms of the continuous 
random variable x(t): 

Var{x) = \[x - E{x}]2 p(x)dx. 

or in terms of the sampled data: 
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1 N 

a1 =—Y[x(i)-xf. 

Keep in mind that, as above for the sample mean x , the sample 
variance <r is an estimate of the true variance Var{x}. It turns out that a 
better estimate of the variance is the slightly modified version: 

1 N 

a2 = Y [ x ( z ) - x ] 2 . 

iV-ltf 
The second version is better because it is statistically unbiased. 

Remember that it is an estimate of the true variance and, based on 
sampled data, it has a mean and variance itself. The modified version has 
a mean that is equal to the true variance, and for this reason it is 
preferable to the first version. 

The standard deviation is more commonly used than the variance. It 
is in the same units as the mean, whereas the variance is in those same 
units squared. The standard deviation is the square root of the variance. 

As should be clear from the defining formula, the variance is the 
average of the deviations from the mean, squared. It is easy to see that 
this is a measure of deviation from the mean, but why are the deviations 
squared? Why not define variance simply as the sum of the deviations 
from the mean? The answer to this is trivial: positive and negative 
deviations from the mean could cancel each other, leading to 
misleadingly small values after summing. So why not take the absolute 
value of the deviations from the mean? There are several reasons why the 
deviations are squared. First, this gives more emphasis to the larger 
deviations, which has an intuitive appeal. Second, squaring the 
deviations makes them positive, so that positive and negative values will 
not cancel each other. Third, the mathematics of optimization based on 
minimizing the sum of the squared deviations produces tractable results, 
as shown below. Finally, the variance as defined here has a natural 
interpretation with respect to several common probability distributions. 
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2.3 Correlation coefficient 

The correlation coefficient is a measure of the degree of correlation or 
covariation between two variables. We first provide the "formal" 
definition in terms of continuous random variables, and then define the 
more familiar sample correlation coefficient that is used with sampled 
data from real experiments. 

We begin by defining the covariance of the two random variables x 
andj: 

Cov{x,y} = E{[x - E(x)][y - E(y)]}. 

This is an extension of the variance defined above, but now the 
average is found of the deviations of x from its mean, times the 
deviations of y from its mean. As the name implies, the covariance 
quantifies the extent to which the two variables x and y vary together. 
Using some basic facts from probability theory, this can be written as: 

Cov{x,y} = E{xy} - E{x}E{y}. 

If x and y are statistically independent, then the mean of their product 
is the same as the product of their means - there is no interaction 
between them: 

E{xy} = E{x}E{y}. 

This means that the covariance is zero when x and y are independent. 
The correlation coefficient is obtained by normalizing the covariance: 

Cov{x,y} 
r{x,y} = . 

Let us examine some of the properties of the correlation coefficient r. 
Think of the two variables x and y as functions of time. Since the 
covariance is zero when the two variables are independent, so is the 
correlation coefficient. If y is replaced with a linear function of y, 
y'=ay+b, then the value of r is not changed (a and b are constants). This 
is easily seen from the defining equation, since the mean of ax is equal to 
a times the mean of x, and likewise for the standard deviation and 
covariance: the factor a simply scales the result. 
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Now, if y is a linear function of x, y=ax+b, then the variables x and y 
are very strongly linearly correlated, and r takes on its maximum value 
of +1 for a>0 and its minimum value of -1 for a<0. Therefore r is a 
measure of the linear correlation between two variables. This is a crucial 
point. As an example, let JC=COS(7) and y=sin(7), for t over some specified 
range. No one could deny that x andy are strongly correlated in this case, 
both being derived from a common variable t by known fixed functions. 
However, the correlation coefficient is zero. (This is the theoretical value 
for continuous variables over whole cycles. For actual discrete data the 
value will be close to zero.) There are many other examples. One could 
explore this issue very simply by generating a sequence of 100 or so 
random values, and finding the correlation coefficient between that set of 
values and the squares of those values. Again these two data sets are 
intimately related, but the correlation coefficient will not in general be 
close to 1, and in fact it will vary depending on the actual data values. 
Nevertheless, r is still a useful tool for quantifying correlations between 
variables, as long as these properties are kept in mind. 

The foregoing discussion refers to the concepts of statistical 
independence and uncorrected variables. These are closely related, but 
they are distinct. Two quantities can be uncorrelated in the sense defined 
here (a linear measure) and yet be statistically dependent. On the other 
hand, if two quantities are statistically independent, they will be 
uncorrelated (r=0). 

2.4 Linear regression, least-squares, squared-error 

Another way the correlation coefficient r arises is in relation to linear 
regression. This procedure was developed in the early 1800s by the 
mathematicians Legendre and Gauss, who were attempting to determine 
planetary orbits from noisy (i.e., inexact) astronomical observations. 

Let us return to an example from Chapter 1, where the problem of 
modeling automobile speed control arose. One simplifying assumption in 
that model was that the relationship between accelerator pedal pressure 
and car speed was linear: double the pressure and the speed will double, 
and so on. Assume that, in attempting to test this assumption, you have 
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collected several data points by applying a series of known pressures to 
the pedal, and measuring the resulting speeds. The data can be graphed 
as in Fig. 2.4.1. 

Speed vs. Pedal Pressure 
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Figure 2.4.1. Car speed as a function of pedal pressure. 

We now want to know if, given the unavoidable error that is present 
in the measurements, this is a linear relationship, and if so, what its 
parameters are. To do this, we first assume that this is a linear 
relationship, which is eminently reasonable given the nature of the graph. 
Then we determine a line that describes the data in some "optimal" 
sense, and finally we determine if this line adequately describes the data 
in a statistical sense. 

Start by assuming a linear relationship between speed (y) and pedal 
pressure (x): y=ax+b. We are faced with the problem of determining 
values for a and b, given the pairs of data values (x;iy,), where z'=1...10. 
What exactly do we mean by "optimal" values for a and b? In this case, 
we will use the same reasoning as in the discussion of the variance of a 
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random variable, and choose to find estimates of a and b, denoted by A, 
that minimize the sum of the squared errors between the actual data and 
the linear equation. 

E = fJ[yi-yif =fJ[(axi+b)-yi]
2 . 

i=\ i=l 

Since we wish to find those values of a and b that produce the 
smallest error E, we can take the derivative of E with respect to a and 
with respect to b , set these equal to zero, and solve to find expressions 
for a and b : 

a =< y > -a < x > 

< xy > - < x >< y > 
b 

<x2 >-<x>2 

where <•> indicates the sample mean of the values between the brackets: 
1 N 1 N 

x >=—y^x, < 
N' 

1 N 

< y > = N ^ 
i=i 

< xy >= 

<x >= 

1 N 

1 N 

Nil ' <x> 
1 N 

Note that the formulas for a and b were derived by minimizing the 
deviations, or residuals, in the vertical direction (i.e., the distances 
between the actual and fitted y values). The linear regression line does 
not minimize the distance of each data point from the line (which would 
be measured perpendicularly to the line), but the vertical distances. 

These computations were carried out on the pressure-speed data from 
above, and the resulting regression line y = dx + b is plotted in 
Fig. 2.4.2. 
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Speed vs. Pedal Pressure 
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Figure 2.4.2. Data from Fig. 2.4.1 with linear regression line. 

How can we measure the quality of this regression line? How well 
does it fit the data? It is easy to see that the more the data fall along a 
line, the better the regression quality will be, and so a measure of 
regression quality will also be a measure of the extent to which the data 
are linearly related. Not surprisingly, then, the correlation coefficient r 
can be used to indicate the goodness of fit of a linear regression. In this 
case, r=0.99 and the fit is very good. 

There is one additional point regarding regression and r with which 
you should be familiar. Given a value of r computed from the data, how 
can we know if it is significantly different from zero, in a statistical 
sense? After all, r is derived from a set of sampled data, which 
conceptually are drawn from a larger population. Hence r itself is also 
but a representative value, a specific value based on the specific set of 
sampled data. Other sets of sampled data would in general produce 
different values of r. We will dispense with the details here and simply 

^ ^ _ 

\^^^ 

• 
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say that it is possible to perform a statistical test on r to see how likely it 
is that the true correlation differs from zero. 

2.5 Random processes, white noise, correlated noise 

We mentioned in the opening section of this chapter the notion of an 
underlying population or ensemble of data series. Then we discussed 
some aspects of random variables. Here we combine these two concepts 
by discussing random processes. A random process can be thought of as 
a time series x(t), where each point in time is itself a random variable. 
That is, the value x(t0) at time t0 is a random variable, with a certain 
probability distribution. This leads us back to our earlier discussion of an 
ensemble of random processes, where each sample process from the 
ensemble instantiates a particular value of x(t0) from this distribution. 

A particularly useful random process is white noise. This is a random 
process in which the values at each point in time are statistically 
independent from each other. The process has no "memory": past values 
have no impact on subsequent values. One variant of white noise that is 
very convenient mathematically is Gaussian white noise (GWN), which 
is white noise in which the probability distribution at each point in time 
is Gaussian (normal). White noise gets its name from the fact that white 
light is a combination of all other spectral colors of light, and likewise 
white noise contains all frequencies at equal intensities (obviously a 
theoretical mathematical construct). We will have more to say about 
frequency spectra in the next chapter. 

In distinction to white noise, there are various forms of colored noise. 
These are random processes in which the values at different points in 
time are not independent. Any filtering process applied to white noise (or 
to any other noise) will produce a colored noise. One such digital filter, 
expressed in discrete time, is: 

y(i)=[x(i)+x(i-1 )+x(/-2)+x(z"-3)]/4. 

This is a moving average (MA) filter, so-called because the output 
value y(i) at time i is the average of the (in this case) four most recent 
input values x(-). Clearly this will produce a time series y in which the 
values at consecutive times are related to each other. 
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2.6 Autocorrelation 

As the concept of a random process is an extension of random 
variables, there is a similar extension to the measurement of correlations. 
The correlation coefficient r quantifies correlations between random 
variables, while the cross-correlation function Rxy(x) quantifies the 
correlation between two random processes x(t) and y(t). Specifically, 
^ ( x ) indicates the correlation between x(t) and y(t) when they are 
shifted relative to each other by a time lag x. 

In our work, it is the autocorrelation function rather than the cross-
correlation that will be of most use. The autocorrelation is the cross-
correlation between a signal and itself. You can think of the 
autocorrelation function as a string of correlation coefficients, each one 
indicating how strongly the signal x(t) is correlated with a time-shifted 
version of itself. Thus white noise (Gaussian or otherwise) has an 
autocorrelation that has a peak at relative shift, or time lag, x=0, and 
immediately drops to zero when x is not zero: there is perfect correlation 
of the signal with itself, and there is no correlation at all of the signal 
with any shifted version. Filtered noise, as well as many other processes 
and signals, has an autocorrelation that decays more gradually as x 
increases from zero. Examples will be seen in the next chapter. 

2.7 Concluding remarks 

In this chapter we have discussed measures of linearity, and some 
aspects of random processes. These may seem to be strange topics with 
which to begin a book on nonlinear deterministic systems. Nevertheless, 
one must have an understanding of randomness and linearity in order to 
understand the true meaning of determinism and nonlinearity. (The next 
chapter covers linear systems in more detail.) Furthermore, the specific 
aspects presented here are useful in the computational techniques that 
will be presented for the analysis of nonlinear systems. For example, 
surrogate data techniques (Chapter 6) entail comparisons with random 
data, and assessments of the quality of nonlinear forecasting techniques 
(Chapter 7) make use of linear regressions between predicted and actual 
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values. These types of approaches are of course common features of the 
quantitative analysis of many systems. 
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Chapter 3 

Analysis approaches based on linear systems 

Before we can begin to talk in detail about nonlinear systems, we must 
learn some of the basic approaches to the analysis of linear systems. This 
will not only make apparent the difficulty of analyzing nonlinear 
systems, but will also provide us with a useful set of tools to augment the 
nonlinear techniques. As in Chapter 2, this is not a complete compilation 
of linear systems techniques, but only a brief review of those matters that 
will be of most use in applying and interpreting the methods described in 
the rest of the book. 

3.1 Definition and properties of linear systems 

What exactly is a linear system? Intuitively most of us will have some 
sense of a linear system as one that responds in a proportional manner to 
its inputs, and this is in fact the basis for the formal definition. A linear 
system is defined by two properties: 

1. Scaling. If an input x(t) produces an output y(t), then an input 
scaled by a factor a will produce an output scaled by that same 
factor: ax(t)—>ay(t). This means that outputs are proportional to 
inputs. 

2. Superposition: If an input X](t) produces an output yj(t), and a 
separate input x2(i) produces an output y^t), then the sum of 
the separate inputs will produce the sum of the separate 
outputs: Xi(t)+x£t)-^ y1(f)+y2(f). This means that the two input 
signals do not interact with each other when going through a 
linear system. This property allows us to determine the 
response of a linear system to a very complex input signal by 

32 
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first determining its response to a number of very simple input 
signals, which when combined (scaled and added) will produce 
the more complex input in question. This is the basis for 
Fourier analysis of linear systems (see below). 

A few minutes thought should convince you that there is no such 
thing as a linear system in the real world. Scaling says that, no matter 
how large the input signal, we can make it larger and the system will still 
respond in a proportional manner. Obviously, there will come a point 
where any real system will not be able to respond to an arbitrarily large 
input signal, and so all systems will have this type of saturating 
nonlinearity, among possibly other forms of nonlinearity. 

This does not mean that linear analysis is not of great value. It does 
mean that, when carrying out a linear systems analysis, one must be 
careful that the system is not being pushed into a range where it can no 
longer respond in a linear manner. This usually entails restricting the 
range of input signals in terms of amplitude, and possibly frequency as 
well. This is part of the art of systems analysis. 

3.2 Autocorrelation, cross-correlation, stationarity 

We introduced the correlation coefficient r in the previous chapter, as 
a measure of the degree of (linear) correlation between two random 
variables. This concept can be generalized to measure the degree of 
correlation between two functions of time, or signals, when one is shifted 
in time relative to the other. 

In analogy to the correlation coefficient, we define the cross-
correlation function between two functions x(t) and y(t) as: 

RXy{h,t2) = E[x{tl)y{t2)\. 

This defines a function Rxy in terms of the functions (signals) x and y 
at the specific times t\ and t2. But what does it mean to take the average 
(£"[•]) of x{t\) times yifi), at these specific times? Recall from Chapter 2 
that x and y are actually ensembles of particular processes; think of an 
underlying population of many different versions of x(t) and y(t). Then, 
what looks like a single value, x(t\), is seen as actually many different 
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values, extending over the ensemble rather than over time. Thus the 
average defined above is an ensemble average rather than a time average. 

Now, under certain statistical situations (that x and y are jointly 
stationary, a notion that we will not pursue here), the cross-correlation 
does not depend on the specific times t\ and t2, but only on their 
difference: 

The autocorrelation function will be more widely used in our work 
than the cross-correlation. The autocorrelation is the cross-correlation of 
a signal x(t) with itself (i.e., the cross-correlation Rxy withX0= x(0) : 

Rxx(T) = E[x(t)x(t + r)]. 

This is sometimes normalized to have a value of 1.0 at x=0, in analogy 
with the correlation coefficient r which has a value of 1.0 for perfectly 
correlated variables. Examples of autocorrelation functions are given 
below in section 3.4. 

A rigorous definition of autocorrelation as defined above must 
include the notion of a wide sense stationary (WSS) process. WSS has 
two defining features. First, the mean is independent of time: 

E[x(t)] = ju (a constant), for all t. 

Second, the autocorrelation function depends only on the difference 
between the two time values, as we implicitly stated above: 

Rxx(tl,t2) = Rxx(tl-t2) = Rxx(r). 

This definition of WSS effectively means that statistical moments of 
the process x(t) up to second order (mean, variance, autocorrelation, etc.) 
do not depend on time t. This assumption is very commonly made in 
statistical signal processing applications, and we make use of it in most 
of our applications as well. (One case in which the assumption is violated 
is that of fractional Brownian motion, which we will see in Chapter 13.) 



Analysis Approaches Based on Linear Systems 35 

3.3 Fourier transforms and spectral analysis 

A consequence of linearity is one extremely nice property: sinusoidal 
signals do not have their frequencies modified by a linear system. If the 
input is x(t)=sm((ot), then the output will be of the form y(t)=Asm(cot+§). 
The input sine has been modified by the system in two ways: its 
amplitude has been changed by a factor A and its phase has been changed 
by an amount §. The frequency co is unaffected. 

It is this property, and the property of superposition noted above, that 
underlies the power of the Fourier analysis of signals through linear 
systems. If we can describe how a linear system alters the amplitude and 
phase of an input sinusoid, and if we can decompose a more complicated 
input signal into a sum of sinusoids, then we know everything we need in 
order to determine the response of the system to that complicated input. 
Conceptually, we pass each individual sinusoid through the system and 
add the resulting outputs to obtain the output that would occur if the 
complicated input had been presented. The depiction of a linear system's 
sinusoidal response in terms of amplitude and phase is known as a 
transfer function. In graphical form it is a Bode plot. The fact that a great 
many complicated signals can be decomposed into sums (or integrals) of 
sinusoids was demonstrated by Fourier in the 19th century. We will not 
pursue this aspect of linear systems further, as there are many books 
available that describe such analysis. We take pains to point out, 
however, that although we have pointed out the benefits of Fourier 
analysis for linear systems, we can in fact find the frequency content of 
almost any arbitrary signal via Fourier analysis. Whether the signal is 
applied to a linear system or not is of no concern to the Fourier 
transform. 

The Fourier transform is defined mathematically as: 

X(aj) = T x(t)e~imtdt = P x(t)exp(-icot)dt, 
J—oo J—oo 
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where co is the frequency in radians/sec (CO=2TC/, where / is frequency in 
Hz) and i is the square root of -1. This transform is often derived from 
the Fourier series representation, where the expression of a periodic 
signal x{t) (with period T, ©0=1/7) as a sum of sinusoids is more 
apparent: 

00 CO 

x(t) = ̂ ak cos(ka>0t) + ^bk sm(ka>0t) . 

Here it is clear that x{f) is the summation of sines and cosines of different 
frequencies, and in general an infinite number of terms is required to 
reproduce x(t) perfectly. The coefficients of the expansion are given by: 

<*o= — J0 x(t)dt, ak= — Jo x(t)cos(ka>0t)dt, bk= — Jo x(t) sm(ka>0t)dt. 

The term a0 is the DC (zero-frequency) level of x(t). (Readers familiar 

with the fact that e,wt = cos(<2rf) + i sm(a>t) can begin to see how the 

integral definition can be derived from the series representation.) 
This form is useful when dealing with mathematical manipulations 

and continuous-time signals, but when dealing with sampled data it is the 
discrete Fourier transform (DFT) that is more useful: 

N-\ N-\ 

X(kAa>) = ]TxOX , 2 7 r M < u / A ' = 2xO -)exp(-i2^*Afl?yA/). 

Here, the spectrum X is defined only at discrete frequencies Moo, which 
are multiples of a fundamental frequency Aco. In other words, both the 
time series x and the spectrum X are in discrete form. The DFT is most 
often computed with a very efficient algorithm known as the Fast 
Fourier Transform (FFT), which takes into account trigonometric 
symmetries in the DFT to reduce the number of individual computations. 

One problem with the FFT is that it is so easy to use. It is easy to fool 
yourself into thinking that you are doing a legitimate spectral analysis by 
simply applying the FFT to your data. There are pitfalls, however, which 
we can only touch upon here. One which most users appear to be familiar 
with is the choice of appropriate sampling frequency when digitizing the 
time series; this should be more than twice the highest frequency in the 
signal, and is easily accomplished by analog filtering of the signal before 
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digitizing. A more subtle problem is that the DFT (and by extension the 
FFT) makes the implicit assumption that the time series is periodic, with 
a period as long as the time series itself. (This is implicit in the fact that 
sine and cosine functions are used to approximate the input time series, 
and these functions are periodic.) In other words, given a series x{i) of 
1000 points, the DFT treats this as an infinitely long signal that repeats 
itself every 1000 points. If the amplitudes at the beginning and end of the 
signal are very different (x(N)^-x(l)), then a discontinuity exists in this 
implicit periodic signal. Since a discontinuity has a large amplitude 
change in a very short time, an artifactual high-frequency transient is 
introduced, which will contaminate the computed spectrum. One of the 
ways around this is to "window" the data: multiply the signal x{i) by a 
function that tapers to zero at the beginning and end, to eliminate this 
type of discontinuity. Windowing has other valuable properties, and 
much has been written on the overall subject of "window carpentry," the 
design of windows with desirable features. Another way to approach the 
problem of transients in the time domain, or signals that begin and end at 
very different amplitudes, is to use a discrete approximation to the 
continuous Fourier transform, but an approximation that is not the DFT 
and so does not make the same periodicity assumption as the DFT 
(Harris 1998). 

Comparison of the defining equations for the Fourier transform and 
the cross-correlation is revealing. The Fourier transform at a particular 
frequency is essentially a cross-correlation between the time series x(f) or 
x(i) and a sinusoid (sines and cosines or a complex exponential) at that 
same frequency. In this sense we see that the Fourier transform indicates 
how well the input signal resembles a set of sines and cosines at different 
frequencies. 

The reason that the transform contains terms derived from sines and 
cosines, rather than only sines, is to be able to represent the phase offsets 
of the different sinusoidal components as well as their amplitudes. A 
simple trigonometric identity shows that a sine wave with arbitrary phase 
offset can be expressed as the sum of a sine wave and a cosine wave at 
the same frequency, with an appropriate ratio between the amplitudes. 
This is how the Fourier series above, expressed in terms of sines and 
cosines, can represent sine waves with different phases. Another way to 
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make this representation is with complex exponentials and Euler's 
equation: 

e,a* = exp(icot) - cos(cot) + i sin(cot), i = V-T • 

The details of this representation can be found in many books on linear 
systems or signal processing. 

We have alluded to the fact that the frequency components that make 
up a Fourier spectrum have different amplitudes and phases. It is this 
ability to decompose a signal into sine waves of appropriate amplitudes 
and phases that is the essence of Fourier analysis. However, the 
equations given above provide Fourier coefficients in a form that is not 
so directly useful. We can find the magnitude spectrum, which gives the 
amplitude of each of the component frequencies. For the Fourier series, it 
is: 

\X(k)\ = 4(al+b2
k) 

at each frequency k. For the DFT it is: 

\X(kAco)\ = -^ReiXikAo))]2 + Im[X(kAa)]2 

where Re[-] and Im[-] denote the real and imaginary parts of the complex 
quantity, respectively. 

Similarly we can find the phase spectrum: 

ZX(k) = tan~l[bk/ak] 

or: 

ZXikAco) = tan-l[lm[X(kAa))]/RQ[X(kAco)]]. 

The magnitude spectrum is very often expressed in terms of power 
rather than amplitudes. This is the square of the amplitude values given 
previously. A fact that we will use later is the relationship between 
autocorrelation and power spectrum: the power spectrum ^(oo) or <SU(/) 
is the Fourier transform of the autocorrelation function. Note that the 
power spectrum does not contain any information on the phases of the 
frequency components, only on their amplitudes. Likewise, the 
autocorrelation function does not contain phase information. Thus, many 
different time signals x(t) can have the same autocorrelation and power 
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spectrum; they will differ in their phase spectra. We make use of this fact 
in the generation of surrogate data in Chapter 6. 

3.4 Examples of autocorrelations and frequency spectra 

Autocorrelation functions and power spectra for several different time 
signals are shown in Fig. 3.4.1. In the left column are time series, in the 
center column are autocorrelations, and in the right column are 
corresponding power spectra. These represent the broad range of spectral 
types normally seen in physiological systems. 

The autocorrelation function of a 5 Hz sine wave is a cosine function 
at the same frequency. This is periodic, since a sine wave is perfectly 
correlated with a shifted version of itself every time the shift is equal to 
one period of the sinusoid. The corresponding spectrum is very nearly a 
single spike at the frequency of the sine. In general there may be some 
leakage of this single frequency to adjacent frequencies in the DFT 
(FFT). This may occur if an integer number of sinusoidal cycles is not 
contained in the time-domain signal, and can be reduced by windowing 
the data as discussed above. Another factor contributing to potential 
leakage is the fact that the sinusoidal frequency of the time signal might 
not coincide exactly with one of the discrete frequencies computed by 
the DFT; the power of the sinusoid is then "split" between the adjacent 
DFT component frequencies. These effects are common in spectral 
analysis of this sort. They would be easy to see in the case of a simple 
sine wave, but they are easily overlooked in more complex cases. 

The next example is the spectrum of a 5 Hz square wave, which is 
mathematically the sum of sines at odd harmonics of the fundamental 
frequency. This is very clear from the spectrum, where small spikes are 
present at 15, 25, and 35 Hz; since the amplitudes of the harmonics 
decay rapidly (as \lk where k is the number of the harmonic) they are not 
easily seen beyond that. Again, the autocorrelation reflects the fact that 
the signal is perfectly correlated with itself after every shift of one 
period. 

The third example is a physiologic waveform: optokinetic nystagmus 
(OKN). This is a signal that we will see several times throughout this 
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book. It is a signal that represents horizontal eye position, in response to 
a wide-field random visual scene that moves uniformly at constant speed 
in one direction. The eyes follow the moving pattern in one direction 
(slow phases) and intermittently move back rapidly (fast phases) to pick 
up and follow a new part of the pattern. The autocorrelation indicates 
that the signal has a strong nearly periodic nature, due to the fact that fast 
phases occur at about three per second. The spectrum has a dominant 
peak at about 3 Hz, corresponding to this near-periodic component. Since 
the signal is not strictly periodic, however, there is significant spectral 
energy at other frequencies as well. (The time signal has a large offset, 
such that the average value is not zero. This leads to a large spectral 
component at 0 Hz, which has been removed from the graph to make it 
easier to see the details of the rest of the spectrum.) 

In these three examples, the spectra have been plotted on linear axes. 
In cases of more complex spectra, it is common to use logarithmic axes 
for both magnitude (spectral power) and frequency, as in the next three 
examples. 

The next example, at the top of Fig. 3.4.1b, is Gaussian white noise 
(GWN). The time signal shows a great deal of variability, as expected. 
The autocorrelation is very nearly zero (completely uncorrelated) except 
at zero lag when the correlation is perfect. The power spectrum, in 
theory, is completely flat - constant power at all frequencies. That is 
approximately the case here, but since this is one sample from an 
ensemble of possible processes, we observe some statistical deviation 
from the ideal. If a large number of white noise processes were generated 
and their spectra averaged, the result would be much more like the 
theoretical ideal. 
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Figure 3.4.1a. Examples of signals in the time domain (left column), and corresponding 
autocorrelation functions (center column) and power spectra (right column). From the 
top, the signals are a sine wave, a square wave, and a type of reflexive eye movement 

known as optokinetic nystagmus (OKN). 
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AUTOCORRELATION POWER SPECTRUM 
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Figure 3.4.1b. Examples of signals in the time domain (left column), and corresponding 
autocorrelation functions (center column) and power spectra (right column). From the 

top, the signals are Gaussian white noise (GWN), filtered noise, and a variable from the 
chaotic Lorenz system. 
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The example below GWN is a type of filtered noise. It is GWN that 
has been passed through an integrator: each value is the sum of all the 
previous values from a GWN signal. This is a strong form of low-pass 
filtering; as seen in the time series, high-frequency variations have been 
substantially reduced. This is apparent as well in the spectrum, which 
drops in magnitude as frequency increases. (The specific shape of the 
spectrum has a decay rate that is proportional to the frequency squared: 
Sxx(f)~l/f 2. This is because an integrator is represented by 1/s in 
Laplace notation, and since s represents frequency and power spectrum is 
proportional to amplitude squared, the decay rate is proportional to lis2 

or \lf2.) The autocorrelation shows that the signal is well-correlated with 
itself at small time shifts, and these correlations decay very slowly. 

The final example is from a chaotic system, the Lorenz system 
described previously. The time series is the progression of one of the 
three state variables of the system, which is known to be chaotic. The 
autocorrelation decays relatively rapidly, showing that the signal has no 
strong periodicity, but it does have some regularity because some of the 
features of the time signal are repetitive. The spectrum has a complex 
shape, but eventually decays rapidly with frequency. It was thought for a 
time that this type of llfa shape was a sure sign of chaotic behavior, but 
many examples have been found of systems that generate signals of this 
general shape but which are not chaotic. We will not use spectral 
analysis alone as an indicator of chaos. 

3.5 Transfer functions of linear systems, Gaussian statistics 

One more point regarding spectral representations is of interest. If the 
transfer function of a system (the description of how the system modifies 
the amplitudes and phases of sinusoidal inputs) is / / ( / ) , and the power 
spectrum of an input signal is Sxx(f), then the power spectrum of the 
resulting output signal is: 

Syy(f) = Sxx(f)x\H(f)\2. 
Although we have not covered Gaussian statistics in any detail, there 

is one further property that will be useful to us. The sum of any number 
of Gaussian random variables is itself a Gaussian random variable. The 
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mean and variance will in general change due to summation, but the 
probability distribution will remain Gaussian. This has a practical 
implication when dealing with linear systems: if you apply a Gaussian 
signal to a linear system, you will get a Gaussian signal out. 

The especially nice amalgamation of the properties of linear systems, 
Gaussian statistics, and least-squares regression has led to one 
incarnation of the Engineer's Prayer. "Lord, please make the world 
linear, quadratic, and Gaussian." 

Alas we will find that it is not to be. 
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Chapter 4 

State-space reconstruction 

Having established some of the basics of linear systems analysis, we are 
now ready to move on to the analysis of nonlinear systems. We begin by 
describing, in some detail, the graphical-computational technique that 
underlies almost all of the subsequent methodology that we will study. It 
is based on the concept of state variables introduced in Chapter 1. The 
concepts and techniques presented in this chapter form a crucial basis for 
the subsequent material in this book. 

4.1 State variables, state space 

State variables were introduced in Chapter 1 as those quantities that 
change over time and reflect the behavior of a dynamic system. The 
concept of a state space was also mentioned briefly. This is a 
mathematical construction, in which each state variable is plotted along 
one of the axes. 

For a simple example of state space, consider a damped oscillator, 
such as a pendulum with friction. We represent the angular position of 
the pendulum at time t as x(t). The amplitude of the sinusoidal oscillation 
decays exponentially: 

x(t) = e~at sin(ctf). 

To create the state space for this system, we must first identify some 
appropriate state variables. It turns out that position and velocity are ideal 
variables in this case, with velocity given by: 

x(t) = a>e~at cos(tfrf) - ae~at sin(fitf). 

45 
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We will simplify the math for this example by setting a=\ and co=20. 
Since co is much larger than a we can approximate and ignore the second 
term in the derivative above: 

x(t) « coe~at cos(a>t). 

Now we can create the trajectory in the state space, by plotting x{t) 
and its derivative, as in the right side of Fig. 4.1.1. The time series x(t) is 
plotted to the left. 

State Space 

200 300 400 500 
time (sec) 

Figure 4.1.1. Damped oscillation. Time series (left) and state space trajectory (right). 

It is easy to understand the dynamics of the system from this state 
space trajectory. The trajectory begins at position x(t)=0 and velocity 
x(t)=20, its maximum value. As the sinusoid decays in amplitude, the 
trajectory spirals in toward (0,0), when the oscillations stop. 

This simple example reveals several general aspects of representation 
in the state space, sometimes also called the phase plane. No matter what 
the initial state, this system will always come to rest at (0,0); this point is 
called an attractor, since it attracts all trajectories. In general an attractor 
can be much more complex than this simple point, and many research 
papers speak loosely of "state-space attractors" when referring to sets of 
trajectories, whether or not they have been demonstrated to be true 
attractors. One experimental approach to confirming that a physical 
system contains an attractor is to perturb the system and see if the 
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trajectories return to some subset of the state space (Roux et al. 1983). 
Another feature of this simple example is that the trajectory does not 
cross itself. This in fact is a general feature of the state space for a 
deterministic system. If the trajectory crosses itself, and if the state of the 
system at a given moment is at the point of intersection, then it cannot be 
determined which path the trajectory will follow. This contradicts the 
concept of determinism. Therefore, if trajectories appear to cross, the 
system is either random, or the dimension of the state space is not high 
enough to depict the trajectories accurately. The second issue is one that 
will occupy much of our attention, in this and subsequent chapters. 

4.2 Time-delay reconstruction 

The example given above neatly avoided some crucial issues. How do 
we know what to use as state variables? How many do we need? What if 
we cannot measure the state variables from an actual physical or 
physiological system? Fortunately we have a way to address these issues. 
The technique is time-delay reconstruction or time-delay embedding, and 
its development is one of the keys to the resurgence of interest in 
computational approaches to nonlinear dynamics in the 1980s. 

Time-delay reconstruction is almost absurdly simple yet extremely 
powerful. Instead of using the actual state variables, such as x(t) and its 
derivatives, we use successively delayed values of x{i). Examples are 
given in Fig. 4.1.2, based on the damped oscillator. In each graph, the 
values of x{i) are plotted versus delayed values of x(t). In other words, 
the points on each graph are given by (x(?)pc(t-A?)). The left graph is for a 
time delay of 5 and the right graph for a delay of 20. 

One important point should be immediately obvious: the trajectories 
resemble the one obtained above that used the actual state variables. A 
more precise meaning for "resembles" is outside of the scope of this text, 
but we will discuss it briefly in the next section. Suffice it to say at this 
time that all of the plotted trajectories spiral in to a fixed point at the 
origin, and they do so without any self-crossings. The exact shapes of the 
plots are slightly different, depending on the value chosen for the time-
delay parameter in the reconstruction. 
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Reconstruction, delay=5 Reconstruction, delay=20 

Figure 4.1.2. Damped oscillation from Fig. 4.1.1, shown in the state space using time-
delay reconstruction with a delay of 5 (left) and a delay of 20 (right). 

If the original data points in the time series are represented by x(z'), 
then the reconstructed attractor consists of the M-dimensional points y(f), 
generated from the time series as follows: 

y(l)=[x(\), x(l+L), ..., x(l+(M-l)L)] 

y(2)=[x(l+J), x(l+J+L), ..., x(l+J+(M-l)L) ] 

y(N)=[x(l+(N-\)J), x(l+(N-l)J+L), ..., x(\+(N-l)J+(M-\)L) ]. 
Here N is the number of points on the reconstructed trajectory or 

attractor. M is the embedding dimension (the number of "state 
variables"); each trajectory point y(i) is composed of M values from the 
time series x(z'), separated by time L. (The M-dimensional points are 
sometimes referred to as "vectors" since they can be treated as vectors in 
an M-dimensional space.) J is the interval between first elements of 
successive attractor points, and is usually set to 1. 

A simple example will make these equations more clear. Assume a 
time signal x(z')={l,2,3,4,5,6,7,8,9}, and let M=3, L=2, and J=\. Then the 
points on the trajectory are: 

y{\) = [x(l) x(4) x(7)] = [ 1 4 7] 

j(2) = [x(2)x(5)x(8)] = [2 5 8] 

X3) = [x(3)x(6)x(9)] = [3 6 9]. 
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Although we refer to this as "time-delay" reconstruction, the 
formulation presented here actually represents "time-ahead" 
reconstruction. That is, the successive elements of each point y{i) are 
further ahead in time rather than behind in time. This makes no 
difference in the application of the methods in this book, but can lead to 
some confusion since it will still be referred to as "time-delay" 
reconstruction but the formulation presented here will be used. 

Proper selection of the parameters M and especially L turns out to be 
of prime importance in using this technique correctly; this is covered 
below. One might ask why this technique works - how does it preserve 
the essential dynamics of the system? We can make a plausibility 
argument. Recall that the definition of a derivative is: 

= df(x) = l[mf(x + h)-f(x) 
dt *-»« h 

This definition shows clearly that the derivative is based on the 
difference between two values of the function j{x) spaced close together 
in time. The time-delay reconstruction can be considered a form of this 
differencing operation, for a fixed and finite (rather than small and 
decreasing) value of the time difference (h in this case). (One might think 
from this definition that very small values of the time delay L are 
preferred in the reconstruction, but this is not typically the case, as we 
will see.) We have noted previously that in identifying state variables for 
a system, it is common to use successive derivatives of some measured 
quantity: position, velocity, acceleration, and so on. In many cases it can 
be demonstrated that these derivatives do indeed form a legitimate set of 
state variables, in the sense that they give complete information about the 
system state at all times. Since the successive derivatives are good state 
variables, and the use of consecutively time-delayed values approximates 
the differencing operation that defines a derivative, we can see that the 
use of time-delay reconstruction is a plausible means to recreate a set of 
trajectories in state space. 

An extremely attractive feature of the use of time-delayed values is 
that we can work in high-dimensional state spaces (M=10 is not 
untypical) without having to identify a large number of state variables 
and without having to take higher-order derivatives. The latter point is 
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especially important, since differentiation is a process that almost always 
enhances noise in real data. This is because the transfer function of a 
derivative with respect to time is H(s)=s, and so the magnitude of the 
transfer function increases without bound as frequency increases (the 
power spectrum is Sxx(f)=f2); since noise is typically a high-frequency 
phenomenon, differentiation amplifies the noise, oftentimes 
disproportionately to the signal of interest. Thus time-delay 
reconstruction allows us to deal with many state variables without 
introducing noise. 

One other seemingly magical aspect of the reconstruction should be 
addressed. The method allows us to obtain complete information on the 
state of the system through the measurement of a single variable. This 
can only be accomplished if all of the true state variables of the system 
are coupled in some way. There cannot be an isolated subset of states 
that evolves with a separate set of dynamics, independent of the 
dynamics that affect the variable that is measured and used in the 
reconstruction. 

The mathematical relationship between the classical concept of 
observability (the ability to reconstruct the system state from output 
measurements) and time-delay reconstruction has been investigated 
(Letellier et al. 2005). 

4.3 A digression on topology 

We have given a plausibility argument, but by no means a proof, for 
why time-delay reconstruction works. Such a proof is well beyond the 
scope of this book, and involves mathematical details of differential 
geometry, manifolds, and topology. Nevertheless a short digression on 
the pertinent topology will give some flavor of the mathematical proof. 

The basis of the proof is the Whitney embedding theorem (Whitney 
1936). In order to begin even our vastly simplified understanding of this 
theorem, we start with a few definitions from differential topology, 
which encompasses the study of calculus on multi-dimensional curved 
surfaces and spaces (as opposed to three-dimensional "flat" Euclidean 
space). 
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A manifold is a space with specific mathematical characteristics. It is 
sometimes easiest to think of a manifold as a curved surface (such as a 
saddle) within space, but in fact defining certain properties and 
operations on the surface make it into a space in the technical sense. This 
space (surface) can be of any finite dimension. A space is a manifold if, 
near every point in that space, the local region resembles Euclidean space 
(i.e., a local coordinate system can be defined). This means that we can 
specify locations and directions on the manifold. The concepts that 
follow from this allow us (or rather mathematicians) to perform calculus 
on manifolds, by making rigorous such concepts as smoothness, 
continuity, and inverse. 

Now assume that we have two such spaces or manifolds, Xand Y, and 
a function/that maps points in Xto points in Y. This function is called a 
homeomorphism if it has these properties: 1) each point inXis associated 
with one and only one point in Y (f is single-valued and has a single-
valued inverse / _1), 2) / is continuous, and 3) / _1 is continuous. By 
continuous we mean, intuitively, that the function is smooth (there are no 
abrupt breaks or jumps in the function). 

To help solidify the concept of homeomorphism, some simple 
examples are illustrated in Fig. 4.3.1. Each graph shows a time-delay 
reconstruction of the damped oscillation from Fig. 4.1.1, after it has gone 
through a mapping function / The reconstruction is carried out in each 
case with a delay of 20 as on the right side of Fig. 4.1.2. Four different 
mapping functions are examined. Although these examples are described 
in terms of a simple function of two variables (the function acts on the x 
mdy values of points on the original trajectory), a more inclusive way to 
think of this operation is that the function maps the first space (where the 
reconstructed trajectory exists) to a new space, by stretching or otherwise 
modifying the original space in one or more directions. The nature of 
these modifications determines whether or not the function or map is a 
homeomorphism. 

In panel A is the reconstruction after the map or transformation 
(xl5x2)—>-(JCI,5JC2) has been applied to the data; in other words, the values 
along the ordinate have been scaled up by a factor of 5. This simply 
stretches the trajectories vertically, as seen by comparison with 
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Fig. 4.1.2. The two-valued function/in this case is a homeomorphism, 
since all three properties given above apply. 

Panel B shows the reconstruction for the function (xlrx2)—Kxi>lx2|)-
This function is not a homeomorphism since, by virtue of the absolute 
value, two different points in the original trajectory space can be mapped 
to a single point in the new space. This leads to trajectory crossings in 
the new space. The function shown in panel C is (xi^)—Kxir*"22), which 
is also not a homeomorphism, for the same reason. In panel D is the 
function (xi,x2)—Kxi,X23), which is a homeomorphism; although the re­
mapped trajectories are compressed near the origin, there are no 
crossings, and since raising a number to the third power is continuous 
and invertible, the mapping is homeomorphic. 

The point of these examples is to develop some intuition as to what a 
homeomorphism looks like in this two-dimensional space. Although a 
homeomorphic map or function might distort the object (the trajectory) 
or the space in some way, it retains the overall shape or essential nature 
of the original. Abrupt alterations, tearing, rending, or folding are not 
allowed. There is a sense in which graphs A and D in Fig. 4.3.1 are more 
like Fig. 4.1.2 than are graphs B and C; the former are homeomorphisms. 

A diffeomorphism is a homeomorphism that preserves differentials 
(or increments, or derivatives): the mapping function/is differentiable 
and so is its inverse. In other words, there is no loss of differential 
structure in the mapping function. Loosely speaking, the flow of a 
trajectory - its motion in different directions at different points - is 
preserved in such a mapping. 

An embedding is a function or mapping from the space Xto the space 
Y that is a diffeomorphism and is also smooth (derivatives exist at all 
points). An embedding is also of course a homeomorphism, which means 
that the topological properties (such as connectedness and neighborhoods 
of points) of the two spaces are identical. 
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Reconstruction, (xv5x2) Reconstruction, (x^iXgl) 

C 1 

Figure 4.3.1. Examples of the effects of four different mapping functions. In each case, 
the indicated function is applied to the damped oscillation of Figure 4.1.2, and a time-

delay reconstruction of the transformed data is graphed. The transformations or maps in 
panels A and D are homeomorphisms. 

As an aside, we note that the spaces we are dealing with (topological 
spaces) surprisingly do not require a measurement specification -
distances per se between points are not important. Rather, the crucial 
element is the notion of the neighborhood of a point - is that point 
connected to other points or are there separate and disjoint subsets of 
points? Thus it is connectivity and not distance that is a primary 
topological characteristic. As an example, there is a homeomorphism 
between any closed curve and a circle. The surface of a cube is 
homeomorphic to that of a sphere. In each case, a "smooth" distortion 
can change one into the other. A homeomorphism will not, on the other 
hand, make the surface of a sphere into a donut (torus), because to do so 
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would require either separating points on the sphere that are close 
together, or placing together points that are initially separated. 

Homeomorphic means topologically equivalent. A topological 
property of one space or object is unchanged (invariant) in a space 
(object) that is homeomorphic to the first. So, if we can find something 
that is homeomorphic to the underlying unobserved true state space, and 
if it is easier to deal with, then we can make use of the new 
homeomorphic state space for further analysis. This is precisely the point 
of time-delay reconstruction. 

One useful topological property is dimension (see Chapter 5). As 
noted above, a topological property is one that is retained under 
transformations that can stretch, translate, or rotate an object, but cannot 
tear it or connect points or regions together that are not already adjacent. 
The critical part of this characterization is that important properties such 
as dimension are invariant under a topological embedding, and since 
time-delay reconstruction (performed properly) is such an embedding, 
we can use the reconstructed state space to measure properties that are of 
interest in the true (but often unobservable) state space. 

Now, the Whitney embedding theorem states (roughly) that any 
smooth m-dimensional manifold can be embedded in a conventional 
Euclidean space of dimension 1m. In other words, any «7-dimensional 
surface, no matter how complex, can be transformed into an object in 
familiar Euclidean space, and this transformed object will be 
topologically equivalent to the original. The new space (the embedding 
space) must be at least twice the dimension of the original space in order 
to guarantee a proper embedding (i.e., to guarantee that the 
transformation is a homeomorphism). 

Finally, we come to the specific theorem that makes time-delay 
reconstruction mathematically valid: the Tokens embedding theorem 
(Takens 1981). After the above, this theorem will appear anti-climactic, 
although it is of prime importance. It says, basically, that almost any 
function that meets certain very broad criteria can serve as an embedding 
function or map / These criteria are met by the time-delay reconstruction 
technique. Therefore, time-delay reconstruction creates a proper 
embedding from the original trajectory (actually, from the manifold on 
which the attractor trajectories lay) to the conventional Euclidean space 
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that we can work with. For this reason the method is also referred to as 
time-delay embedding. The reconstructed trajectory (or attractor) is 
topologically equivalent to the original if the embedding space has a 
dimension of at least 2m+l, where m is the dimension of the original 
space in which the attractor trajectories exist. 

Such is the magic of time-delay reconstruction. Rest assured that it is 
not in any way necessary to understand the details of the proof outlined 
here in order to make use of the method, any more than it is necessary to 
understand complex analysis in order to make use of Fourier transforms 
and the frequency domain. The beauty of the method is that it allows us 
to visualize and work in spaces of high dimension using simple 
mathematics (functions applied to multi-dimensional vectors). 

Proof of the validity of time-delay reconstruction assumes access to 
an infinite amount of noise-free data. Needless to say, we do not run into 
such a case very often in the laboratory. Thus, the practical application of 
time-delay reconstruction is much less straightforward than one might 
hope. Faced with finite, noisy data from real-world experiments, how can 
we know that we have a proper embedding? This question has occupied a 
vast amount to time and effort, and we take it up in the next section. 

4.4 How to do the reconstruction correctly 

Carrying out a proper time-delay embedding or reconstruction, with 
real data, can be thorny. The key parameters in the process are the 
dimension of the embedding space (the embedding dimension M), and 
the time delay L. In other words, how many state variables should there 
be, and how far apart in time should be the delayed elements of each 
point in the state space. We address each question in turn. 

The key idea in the choice of time delay L is that the elements that 
make up an attractor point y(i) should be close enough in time that they 
loosely approximate a derivative and are dynamically related, yet far 
enough apart in time that they are not repetitive. Each point y(i) should 
capture some dynamic information about the system, and if the elements 
x(z') of that point are too close together, the information they provide will 
be redundant. 
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One of the simplest and yet most effective suggestions for choosing L 
is that it should be a small multiple (2 or 3) of the correlation time of the 
signal x(t). The correlation time is the time shift T at which the 
autocorrelation function Rxx(x) of the time series x(t) has decayed to Me 
of its peak value. This is one way to quantify the notion that the 
consecutive x(i) values should be far enough apart in time to be 
somewhat but not completely independent (uncorrelated). This simple 
rule of thumb is a good starting point for the selection of L. 

Since the autocorrelation assesses linear correlations (see Chapter 2), 
a more general form of this same concept has been suggested, based on 
mutual information (Fraser & Swinney 1986). Mutual information is a 
statistical measure from information theory that indicates the amount of 
"information" about one random variable that is given by knowledge of 
another random variable. (By information we refer here to a specific 
technical definition, which is a measure of the entropy or statistical 
variation in a set of values.) Mutual information is a way to quantify the 
question: what does the distribution of x(z') tell us about the distribution 
of x(i+L)7 The mutual information between a time series x(i) and its 
shifted version x(i+L) is computed for various values of L until the 
mutual information is minimized. This value of L will provide 
consecutively delayed values of x(i) for the reconstruction that are 
independent and therefore, presumably, will provide the most overall 
information in the coordinates of the points y(i) on the attractor. 

Although promising in theory, mutual information is not trivial to 
calculate and its utility has been called into question (Martinerie et al. 
1992). Judicious application of the autocorrelation criterion, with two-
and three-dimensional plotting of the attractors reconstructed with 
candidate values of time delay L, seems to suffice in a great many cases. 

Selection of embedding dimension M is the other major issue. The 
embedding dimension M should be large enough that the attractor is 
properly embedded in the topological sense. In particular, there should be 
no trajectory crossings if the system is truly deterministic (although noise 
of various types can introduce apparent intersections which can often be 
safely ignored). 

A promising approach to both of these questions, which enjoys 
widespread use, is that of false nearest neighbors (FNN: Kennel et al. 
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1992). If an attractor is reconstructed in an embedding space with too 
small a dimension M, then points on the attractor that are actually far 
apart in space will appear artificially close together - the trajectories are 
compressed because the embedding space is not big enough for them to 
fully expand. These points that appear close together in M dimensions 
but are actually far apart in a higher-dimensional space are false 
neighbors. FNN quantifies this concept. 

To make this explicit, let us first define the distance between two 
points y(i) and y(J) in M-dimensional space: 

£M(U) = J I > * ( 0 - ^ ( y ) ] 2 . 
V k=\ 

Here, DM denotes the distance as measured in M dimensions, that is, 
with M delayed elements in each point y(i) and y(J). The subscript k to 
the right indicates that corresponding delayed elements are subtracted 
from each other in the distance calculation. This is nothing more than the 
well-known Euclidean distance measure, extended to M dimensions. 

A point y(j) is a false nearest neighbor of >>(/) if the distance between 
the two in M+\ dimensions is much greater than the distance in M 
dimensions: 

n ,. ., > Rth, 

Here, Rthr is a distance-ratio threshold. If the distance increases by 
more than this factor, then we call the corresponding points false 
neighbors. A value of approximately 10 for Rthr is suitable in many cases. 

In operation, an initial value for embedding dimension M is set. Then, 
each point on the attractor is taken in turn as a reference point. The 
nearest neighbor to each reference point is found by computing the 
distance in M-dimensional space between the reference and every other 
point and identifying the minimum distance. Then, the distance between 
these same two points in found in M+l dimensions. If the ratio of these 
two distances is greater than Rthn the points are false nearest neighbors. 
Across all reference points, the proportion of nearest neighbors that are 
false nearest neighbors is found, for the given dimension M. Then M is 
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increased by one, and the process repeated. Finally, the proportion of 
false nearest neighbors can be plotted as a function of M. 

Another criterion must be added for cases, such as noise, where the 
"nearest neighbors" are not in fact "near" to each other. Given a 
reference point, its nearest neighbor may be only "accidentally" near, 
rather than because of inherent dynamics and the geometry of a 
deterministic attractor. For any arbitrary set of points in M-dimensional 
space, a simple calculation reveals that, averaged across all pairs of 
points, the mean increase in inter-point distance that results from 
increasing the dimension to M+l is approximately two times the variance 
of the element being added to the distance computation, which is ^M+ICO-

Butyw+i(z') is Ju s t the original time series x(i), delayed by an amount ML. 
Therefore, an additional criterion for considering two points to be false 
nearest neighbors is if they are nearest neighbors in M dimensions, and 
the distance between them in M+l dimensions is much greater than the 
mean inter-point distance for an arbitrary distribution of points: 

> KA thr, DA = variance of x(i). 

Another way to address this same problem (the nearest neighbor not 
being really near) might be to specify a maximum distance criterion: 
points cannot be nearest neighbors unless they are closer together than 
this criterion distance, which could be specified as some small fraction of 
the largest inter-point distance (a measure of the maximum extent of the 
attractor). This has apparently not been investigated. 

The FNN concept is elucidated in Fig. 4.4.1, using only the first 
criterion in the discussion above. A time-delay reconstruction of the 
Lorenz attractor, using the x variable, is given at top left (M=2). Two 
points that are very close to each other in this two-dimensional 
reconstruction are marked by filled circles, at (0,2) on the graph (the 
points are so close together that the two circles overlap and appear as 
one). In the graph to the right, the attractor is reconstructed in a three-
dimensional embedding space (M=3), and the two points are now clearly 
distinguishable. A slight tilt of the attractor in the third dimension has 
revealed that these points are not, in three dimensions, as close together 
as they appear to be in two dimensions. Since in two dimensions there 
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are no points closer to either of these than they are to each other, they are 
nearest neighbors, and since they are artificially close together and 
spring apart in a higher-dimensional embedding space, they are in 
actuality false nearest neighbors. The graph at the bottom shows the 
proportion of nearest neighbors that are false nearest neighbors, as 
embedding dimension increases. Beyond the degenerate case of M=\ the 
proportion decreases rapidly, and by M=3 there are few if any false 
nearest neighbors. 

This result clearly indicates the value of the FNN method, but it also 
reveals one other practical aspect of attractor reconstruction. The 
embedding theorems guarantee that an embedding dimension of 2d+\ is 
sufficient to reconstruct an attractor of dimension d, but in practice this 
can be accomplished with a much smaller embedding dimension. In this 
case, it is known that the Lorenz attractor has a true dimension of slightly 
greater than 2 (we will discuss non-integer dimensions in the next 
chapter), and so M=5 is guaranteed to produce a proper embedding, but 
in fact the number of FNN indicates that M=3 may be sufficient in this 
case to "disentangle" the attractor. 

All of these various approaches to setting values for the parameters of 
the time-delay reconstruction are useful, and in particular the false 
nearest neighbor algorithm is an excellent example of the way in which 
simple mathematical manipulations can give insight into situations in 
high-dimensional space. Even with these methods, however, a "brute 
force" approach is often the most convincing: whatever is being 
measured (e.g., attractor dimension) should not change as embedding 
dimension is increased, or with small changes in time delay. Robustness 
of the quantity that is derived from the reconstructed attractor is still one 
of the most compelling arguments that the reconstruction was performed 
properly. 
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Figure 4.4.1. False nearest neighbor method applied to the Lorenz attractor. Top left: 
attractor reconstructed with M=2. Two points that are nearest neighbors are indicated 
with (overlapped) large dots. Top right: same attractor reconstructed with M=3. Two 

nearest neighbors are now distinguishable. Bottom: proportion of false nearest neighbors 
as a function of the embedding dimension M. 

It turns out that, at least for dimension computations, embedding 
dimension and time delay are related, as we will discover in the next 
chapter. 

4.5 Example: detection of fast-phase eye movements 

While not directly related to the dynamics of a system in the sense 
that has been discussed in the previous chapters, the example presented 
here shows how time-delay reconstruction can be used in a signal-
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processing task. The example we use is the identification of fast phases 
in a type of eye movement known as optokinetic nystagmus (OKN). As 
show in Fig. 4.5.1 A, OKN is a rhythmic (but not periodic) eye movement 
that is induced by presenting a wide-field visual scene that moves 
uniformly in one direction at a constant velocity. The eyes follow the 
visual scene on one direction with slow phases. Intermittently, the eyes 
move rapidly in the other direction with fast phases, to pick up and 
follow a new point on the scene. The alternation of slow phases and fast 
phases creates the characteristic sawtooth waveform called nystagmus. 
Note that there is considerable variability in OKN: the fast phases do not 
begin or end at the same locations, the slow phases are not all of the 
same duration, the fast phases are not all of the same amplitude. This 
variability is an issue addressed later in Chapter 15. 

Here, we wish to perform a simple signal-processing task: automated 
identification of the fast phases. In clinical and research settings, various 
OKN parameters are of interest which require separation of the slow and 
fast phases; examples are slow-phase velocities, fast-phase intervals, and 
fast-phase durations. These parameters can only be measured after the 
slow and fast phases have been parsed. In this specific example, the 
identification problem is not challenging, and a simple velocity-threshold 
algorithm can perform the task very well. Nevertheless, to show a simple 
application of time-delay reconstruction, and to provide a framework for 
fast-phase identification in more difficult nystagmus signals, the problem 
was addressed via time-delay reconstruction of the state space 
(Shelhamer & Zalewski 2001). 

A time-delay reconstruction of the OKN signal is shown in Fig. 
4.5.IB and C, viewed from two different angles. Since the signal was 
sampled uniformly at 500 Hz, the data points are 2 msec apart and their 
spacing can be used to judge eye velocity at various points on the 
trajectory. During slow phases, the points are close together and often 
form a continuous line. During the fast phases, the points are farther 
apart. In this state space, it appears that the slow phases are 
approximately aligned along a sheet or plane, with the fast phases 
projecting out of and back into that plane. We hypothesize that in even 
higher dimensions, the grouping of slow phases in a (hyper) plane might 
be even stronger. 
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Figure 4 .5 .1 . A) O K N eye-movement signal. B,C) Reconstruct ion of O K N trajectories 
with M = 3 , v iewed from two different angles . S low phases , where consecut ive points 
come close together in t ime, are roughly al igned, suggest ing that a high-dimensional 

plane might contain them and not the fast phases . D) Performance of algori thm to 
identify fast and s low phases . Slow phases so identified are plotted with circles. 

This suggests an algorithm for identifying the fast phases. First, 
manually select a few slow phases based on observation of the OKN 
signal. Then, use time-delay reconstruction to create the OKN trajectory 
in an M-dimensional state space. Fit a plane of dimension M-\ to those 
slow phases identified manually. Consider as fast phases any points that 
deviate from the fitted plane by more than a given amount. Based on this 
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identification of fast phases, fit a new plane to the remaining slow-phase 
points. Repeat the process, each time fitting a plane and rejecting points 
off of that plane, until no improvement is seen. Those points in and near 
the fitted plane belong to slow phases, and points farther from the plane 
belong to fast phases. An example of the performance of the algorithm is 
shown in Fig. 4.5.ID. 

It is obvious that several details have been left out of the description 
of this algorithm, such as the parameters of the time-delay reconstruction 
(M, L, etc.) and the distance threshold. However, it is not the intent here 
to describe the algorithm in detail, but rather to show one way in which 
time-delay reconstruction can be used to gain intuition about a problem 
and generate a solution. 

4.6 Historical notes, examples from the literature 

Analysis of systems in the state-space has a long history, both 
mathematically and physically. We can trace the fundamental concepts 
back to the work of Descartes, who (legend has it) while watching a fly 
buzz about, had the insight to realize that the location of the fly at a given 
point in time could be specified by three numbers, each giving the 
location along one of three directions in three-dimensional space. Hence 
was born the Cartesian coordinate system. We now would say that the 
fly's position can be given by a three-dimensional state vector. (A more 
general state vector would also include the fly's attitude: in which 
direction it was pointed, as specified by angles with respect to the three 
coordinate axes. The motion of the fly, if deterministic, could then be 
given by a state-transition matrix, which operates on the state vector to 
produce future values of the state vector, and hence the future course of 
motion. This is the basis of much of linear system analysis in the state 
space, and it is one reason that linear algebra is called what it is.) The 
beauty of the Cartesian conceptualization is that well-developed and 
powerful algebraic rules for the manipulation of numerical quantities 
could now be used to describe and analyze geometrical objects and 
motions in space: analytical geometry. 
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Many other contributions were made along these line through the 
years, but a special place in this history is reserved for Poincare, who, as 
noted in Chapter 1, contributed greatly to the mathematics of dynamic 
systems. Among other things, he envisioned the motion of trajectories in 
state space in analogy to fluid flow. He also developed the idea of the 
Poincare section, in which a plane is positioned to intersect the state-
space trajectories, and the points of intersection on this plane are 
analyzed for dynamical properties. This effectively reduces the 
dimensionality of the analysis by one. 

In a more applied vein, in the 1880s the French scientist Lissajous 
used light reflected from a mirror attached to vibrating objects to study 
the vibrations. Years later, his name is used to denote the patterns on an 
oscilloscope screen when two different signals are applied to the 
horizontal and vertical inputs; the shape of these Lissajous figures can be 
used to determine such things as the relative phase of the two signals. 
This is a two-dimensional state-space representation. 

Coming to more modern approaches in the area of nonlinear 
dynamics and "chaos," a key paper is that of Packard and colleagues 
(1980). This was apparently the first publication to suggest that time-
delayed values could be used to reconstruct a state space. Although this 
is a widely cited paper that can be credited with introducing the time-
delay approach, both this paper and David Ruelle (1990) point out that it 
was actually Ruelle's suggestion to use consecutively time-delayed 
values to reproduce the state space. (Before their work in dynamical 
systems, some of the authors of this paper attempted to use early 
microprocessors worn on the body to predict the outcome of a wheel spin 
in roulette, based on initial measurements of ball and wheel speeds and 
positions. They have since gone on to apply methods of nonlinear 
forecasting - a topic that we cover in Chapter 7 - to financial trading. 
These adventures are reported in two books by Bass (1985, 1999).) 

Using this time-delay method, a later paper (Roux et al. 1983) 
produced and analyzed the state space trajectories for the Belousov-
Zhabotinski reaction, which consists of more than 30 chemical 
components and maintains non-equilibrium spatial and temporal 
oscillations for long periods of time. Time-delay reconstruction was 
performed on measurements of the concentration of one of the chemicals 
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in the reaction. In a non-periodic state, the frequency spectrum of the 
time series of one of the reactants indicates broadband noise, suggesting 
that the system is random. But the state-space trajectories form patterns 
that instead suggest that the system, even in its non-equilibrium non-
periodic state, is deterministic. A Poincare section was created by 
"slicing" the attractor with a two-dimensional plane and plotting on that 
plane the points where consecutive trajectories intersect it. A smooth 
function could be fit to these intersection points, again suggesting that 
the underlying dynamics are deterministic. (A shortcoming of this study 
is that there is no indication as to how the plane that forms the Poincare 
section was chosen, and how representative of the entire attractor this 
particular Poincare section might be.) From the Poincare section, a 
Lyapunov exponent was computed, which indicates whether consecutive 
trajectories are pulled closer together or are thrown farther apart, the 
latter indicative of a chaotic system. This computation was "alarmingly 
sensitive" to the data and to some of the computational parameters. It is 
because of this and similar findings in some other studies that we will not 
make use of Lyapunov exponents in this book. There are more recent 
studies that suggest that reasonable Lyapunov exponent estimates can be 
produced, if great care is exercised. 

In order to be termed an "attractor," the state-space trajectories should 
converge to a well-defined region or object in the space. This was 
verified in the Roux study by applying mechanical and chemical 
perturbations to the reaction, and observing the behavior of the resulting 
trajectories. Since they indeed converged to a well-defined region, the 
term "attractor" could be correctly used to describe the grouping of the 
trajectories. (The reference to "strange attractor" in the title of this article 
refers to the fact that the attractor from a chaotic system is & fractal: it 
has infinitely detailed fine structure. Such a fractal attractor is termed a 
strange attractor. See Chapter 5 for more on this topic.) 

The critical issues of time delay and embedding dimension were dealt 
with in this study as well, but not in detail. Selection of the delay time L 
was addressed simply by plotting the state-space trajectories with 
different values, and seeing for which values the most structure in the 
attractor was revealed - a completely subjective approach that is 
nonetheless still valid. Selection of embedding dimension M was 



66 Nonlinear Dynamics in Physiology 

addressed in a similar manner. In principle, the attractor can be 
reconstructed in increasingly higher dimensional spaces "until additional 
structure fails to appear." In the next chapter we will see one way to do 
this objectively, but in this study this was only approached subjectively, 
by noting that "the character of the attractor is clear" with M=2. 
Nonetheless, trajectory intersections are easily seen in the two-
dimensional plots in the paper, and so an embedding dimension of at 
least M=3 is required. We note that this is considerably less than the 
dimension of 2iV+l=61 that is guaranteed to be sufficient by the Takens 
theorem (JV=30 being the number of independent chemical components, 
and therefore theoretical state variables, in the reaction). 

4.7 Points for further consideration 

It was pointed out previously that time-delay reconstruction based on 
measurement of a single variable x(z) is only effective if this variable is 
dynamically linked to all of the other system variables. There is another 
more subtle case where the reconstruction may lose its effectiveness. 
This is if one of the variables is only loosely coupled to the others or in 
some way does not faithfully represent the dynamics. These cases can be 
difficult to determine a priori. An example can be found in the Lorenz 
system discussed in Chapter 1 and presented in Fig. 4.7.1. The top graph 
shows the attractor plotted conventionally: the x, y, and z variables are 
plotted along orthogonal coordinate axes. On the bottom are two time-
delay reconstructions, one using the variable x and one using the variable 
z. It would be unfortunate if one made the choice of the z variable for the 
reconstruction. This is because the attractor is relatively "flat" along the 
z-direction, as seen in the top graph. Some advanced computational 
procedures have been proposed in an attempt systematically to counter 
such anomalous cases. In general, knowledge of the system under study, 
some understanding of the role of the different measured quantities, and 
comparison of attractor reconstructions from different system variables, 
can help to reduce the severity of this problem. 
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X(i) Z(i) 

Figure 4.7.1 Lorenz attractor, formed from the three state variables in the differential 
equations (top), and from time-delay reconstruction using the x or the z variable (bottom). 
Use of z in the time-delay reconstruction does not capture the dynamics as readily as does 

the use ofx or y. 

Another way to approach this problem is to augment standard time-
delay reconstruction with the use of multiple time signals. There are 
circumstances, such as multi-electrode EEG or EKG, where multiple 
simultaneous recordings arise naturally. Subsets of these multiple time 
series could be used in attractor reconstruction, instead of or in addition 
to time-delay reconstruction (e.g., Destexhe et al. 1988). 

An unexplored possibility which might be useful in special cases is 
reconstruction with unequal time delays. If the time series contains 
dynamics on very different time scales, then selection of the time delay L 
is problematic. It may be possible to capture these disparate dynamics in 
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the embedding by forming each attractor point from non-equally delayed 
values of the time series x(i), so that for example a sample point would 
be[x(/) x(i-L]) x{i-L2) x(i-L3) x(i-L4) ], where the L,.are different. (This 
is related to but distinct from uneven sampling of the original time series 
itself.) 

Up to this point we have been discussing time series generated as the 
output of a nonlinear system which spontaneously advances in time. In 
some cases, however, the system is explicitly driven by an input signal. 
In order to capture the dynamics of such a system in the state space, the 
input signal must be included when reconstructing the attractor. An 
example might be the response of sensory afferents when driven by 
stimuli of various types; clearly the output signal tells little about the 
system dynamics unless it is considered in conjunction with the input 
signal. A straightforward formulation of this situation (Casdagli 1992) 
involves the creation of augmented state vectors, which include time-
delayed values of both the input u{f) and the output x{t): 

y(/)=[x(l+(/-l)J), x(l+(z-l)J+Zo), ..., x(\+(i-l)J+(M-l)Lo)... 

u{\+(i-\)J), u(l+(i-\)J+Li), ..., u(\+(i-l)J+(M-l)Li) ]. 

This approach is valid even for stochastic (random) input signals, as long 
as they can be observed and measured. The problem of determining the 
time delays Lo and Li is now multiplied, since they should in general be 
different for the input and the output, but extensions of such techniques 
as False Nearest Neighbors can be applied (Walker & Tufillaro 1999). 

Another extension of the main theme of attractor reconstruction is the 
use of discrete event times, such as embodied in neural spike trains, as 
the time series x(i). When system information is contained in the timing 
of discrete events, it is known as a point process. It is possible to capture 
the dynamics of an underlying system through appropriate manipulations 
on a point process generated by that system. Simply put, we can use 
neural inter-spike intervals (for example) to study the dynamics of the 
underlying (continuous-time) neural system (Sauer 1994, 1995). The 
validity of this approach has been demonstrated by driving a simple 
integrate-to-fire model neuron with a chaotic signal (e.g., Lorenz), and 
showing that the resulting interspike intervals can be used to reconstruct 
the attractor that corresponds to the signal that drives the neuron. That is, 



State-Space Reconstruction 69 

replace the x(f) in the attractor reconstruction with the sequence of inter-
spike intervals: 

y(\)=[T, T2-Tx T3-T2 T4-T3 . . . ] 

y(i)=[Tx Ti+i-Ti Ti+2-Ti+l Ti+3-Ti+2 •••] 

where the T\ are the times at which the spikes occur. This approach also 
makes feasible the study of other discrete-time phenomena such as 
cardiac dynamics via heart-beat intervals and oculomotor dynamics via 
intervals between fast-phase eye movements as alluded to above. (An 
important caveat is that, for some computations based on such a 
reconstruction, the fidelity of the reconstructed attractor in reproducing 
the dynamics of the underlying signal depends on the average rate at 
which the events are produced. Too low a spiking rate, for example, will 
not adequately reproduce the underlying dynamics. See section 7.7.) 

Finally, we discuss an approach to noise reduction that is carried out 
in the state space (Kostelich & Yorke 1988, 1990). Unlike more 
conventional filtering, this approach does not assume time invariance or 
stationarity or a constant frequency spectrum; the "filtering" is not based 
on data points that are localized in time or frequency but rather are 
localized in the state space and are therefore dynamically related. The 
method is based on the assumption that that attractor can be described by 
local linear approximations: each small section of the attractor can be 
considered as a straight line and can therefore be modeled by a linear 
function. (The identical approach will be used later in the development of 
methods of nonlinear forecasting in Chapter 7.) To generate such local 
linear approximations, a reference point is selected, and its nearest 
neighbors in state space are used to generate a local linear fit to the 
attractor, via least-squares estimation in M dimensions. Then, a short 
trajectory segment is identified that passes near that reference point, and 
this segment is modified slightly so that it aligns more closely with the 
linear approximation. This works on the assumption that the local linear 
approximation, based on local spatial averaging, has better statistics than 
any individual trajectory path. This process is repeated for successive 
reference points. The entire procedure can be performed iteratively, with 
the modified trajectory paths replacing the original (noisy) version at 
each iteration. In practice, limits are placed on the maximum allowable 
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trajectory modification so as not to alter legitimate transients, and when a 
given data value is modified the time-subsequent data values are also 
adjusted so that the time-delayed vectors still "match up" (due to time-
delay reconstruction, the first element in one M-dimensional attractor 
point will appear as an element in another attractor point, and these 
should be identical). The result is an attractor (and a modified time series 
as well, if it is desired to recover such) that has been modified to be more 
"internally self-consistent" in terms of following local linear trajectories. 

This is another excellent example of how clear and straightforward 
consideration of behavior in high-dimensional state spaces can be put to 
effective use in system-analysis problems. We note that although this 
approach has an intuitive appeal, there are more general approaches and 
analyses that may be useful in especially noisy situations (Casdagli et al. 
1991). 

The majority of physiological studies that have made use of 
reconstructed state spaces have not, to date, had to resort to such noise-
reduction measures, since the signals have generally had high signal-to-
noise ratios. In particular, discrete events such as neural spikes and heart 
beats can be preprocessed to provide very low noise levels. Even in these 
cases, however, noise might be present in the form of timing jitter, due to 
sampling at a fixed and practical rate. Thus even in those cases where the 
"noise" as conventionally considered might be low, some improvement 
might be obtained with noise-reduction techniques due to event times 
being randomly displaced. 
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Chapter 5 

Dimensions 

The subject of the dimension of state-space attractors was one of the first 
to be considered in detail during the rise of "chaos theory" in the 1980s. 
Why should we care about dimension, and what is there to it? How hard 
can it be, after all, simply to increase the embedding dimension during 
time-delay reconstruction until there are no false nearest neighbors and 
no trajectory crossings, and to say that the attractor has the dimension of 
the least embedding dimension at which this occurs? 

Needless to say, there is much more to the concept and computation 
of dimension than this. Dimension is a critical property because it 
indicates how many independent state variables are required to reproduce 
the system dynamics in state space, and this in turn indicates how many 
state variables should be included in a mathematical model of the system. 
Aside from this practical issue, the dimension is an indicator of the 
degree of "complexity" of a system, and tracking any changes in 
dimension due to pathology or other manipulations to the system can be 
a useful diagnostic criterion. 

To fully embrace the power and usefulness of state-space and 
attractor dimensions, we must expand our conceptual basis for 
understanding and interpreting dimensions. In particular we will be 
dealing with non-integer dimensions and the dimensions of fractal 
objects (strange attractors). In addition to allowing us to address the 
practical aspects of dimension for system analysis, this excursion into the 
world of dimensions can open up a whole new way of thinking about the 
world and the physical processes within it. It is a fascinating intellectual 
adventure in its own right. 

73 



74 Nonlinear Dynamics in Physiology 

[Two brief notes on nomenclature will be useful at this point. First, as 
mentioned in Chapter 4, we will use the term "attractor" to refer to a set 
of trajectories in state space, recognizing that an attractor is more 
precisely an object {manifold) to which the trajectories are drawn, and 
that not all trajectories represent attractors (they may not be stable, for 
example). The second point is that extensive use will be made of 
logarithms in this chapter, which will be expressed in most cases simply 
as log. We will take this generally to mean logarithm to the base e, or In. 
Base 10 logarithms will be specified as logw. Logarithms in the two 
bases are related by a scale factor: ln(x)=logi0(x)-ln(\0)~23-log\Q(x). In 
many cases we will deal with the ratio of two logarithms, for which the 
base makes no difference since the scale factors cancel.] 

5.1 Euclidean dimension and topological dimension 

The dimension concept that is most familiar to us is Euclidean 
dimension. This is given by the number of independent coordinates 
required to specify a location on a given object (or, in the case of 
Euclidean space, the number of coordinates required to specify a 
location in space). Thus an idealized point in space has a dimension of 
zero, a line has a dimension of one, and a plane has a dimension of two. 
Our common experience of space (Einstein's non-Euclidean space-time 
notwithstanding) is that of Euclidean space with three dimensions, and 
the time-delay reconstructions that we met in Chapter 4 exist in M-
dimensional Euclidean spaces. 

A generalization of Euclidean dimension is topological dimension. 
One of the more accessible definitions (with some simplification) of 
topological dimension is that a point has dimension zero, and any other 
object has a dimension that is one greater than the dimension of a finite 
number of other objects that are required to cut it into separate pieces. 
This is a recursive definition. So, a line has dimension one, since a point 
of dimension zero can cut it into two pieces. A plane has dimension two, 
since a line of dimension one can cut it into pieces. These correspond 
with our intuitive sense of Euclidean dimension. 
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Now things get interesting. The topological dimension of a closed 
curve sitting on a plane (e.g., a circle) is one, not two which is its 
Euclidean dimension. This is because a finite number of points can cut a 
closed curve into pieces, the points have dimension zero, and 1=0+1. The 
surface of a sphere has a dimension of two (not three) since it can be cut 
by a line of dimension one. 

Topological dimension is a topological invariant. As discussed in 
Chapter 4, this means that the dimension of an object (such as an 
attractor in state space) is not altered if the object undergoes a 
homeomorphic transformation. 

5.2 Dimension as a scaling process - coastline length, Mandelbrot, 
fractals, Cantor, Koch 

How long is the coast of Britain? This is the title of a classic paper by 
Mandelbrot (1967), which describes some of the basics of what would 
become known as fractals (a term that he coined). Imagine measuring a 
coastline with a measuring stick that is one mile in length. This gross 
resolution means that smaller features such as inlets will be passed over. 
If the measuring stick is reduced in length, more of these features will be 
resolved. As the measuring unit decreases in length, the apparent length 
of the coastline increases. While we might not be able to answer the 
original question, we can, motivated by this behavior, pose a different 
and perhaps more insightful question: does the apparent length increase 
in a systematic manner as the size of the measuring unit decreases, and if 
so in what way? 

It turns out that there is an elegant mathematical law that describes 
this increase in apparent length. It is a form of power-law scaling: 

Noz£~D =\lsD. 

N is the total length, expressed as the number of units of basic length s. 
As s decreases, TV increases, and the rate of increase is determined by the 
value of the exponent D. 

If the data points for different pairs of (e, N) are plotted on 
logarithmically scaled axes and connected by a best-fit line, the line is 
determined by the equation: 
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log(TV) = \og(Ks-D ) = log(K) - D log(s), 

where K is a constant of proportionality. The equation shows that a line 
formed by plotting log(N) as a function of log(e) has a slope of -D. Thus 
the parameter D can be determined by this process. Values between 1 
and 2 have been found for various coastlines. (This power-law scaling is 
of course only true over a certain range of values of s, since s can 
become larger than the coastline itself or too small to make the 
measurements practical. Nevertheless the scaling range can span several 
orders of magnitude. For examples see page 33 in Mandelbrot (1983).) 

The power law reflects the fact that the coastlines in question are self-
similar. Qualitatively this means that, given an image of a coastline with 
no external length reference (like a person, a plant, or a ship), one cannot 
determine the length scale (magnification level) of the image. A great 
insight came from the realization that this self-similar property is a 
feature of a great many physical objects and natural processes. 
Computer-generated self-similar images have been used to mimic trees, 
mountains, and lightning. Similar characteristics have been found in 
many anatomical objects, although we will not go into detail on this 
matter (Bassingthwaighte et al. 1994). All of these self-similar objects 
are example offractals. 

Quantitatively, self-similarity means that if the measurement unit 
length s decreases by a factor of a, then the total length in terms of the 
number of e-units increases by a factor of a13: 

s' = sla -> N' = Ks'~D =K{slaYD = KaD sD = NaD . 

What makes this "self-similar" is that this property holds true no 
matter where we start - no matter what we choose for N and e. This gives 
power-law scaling its unique characteristics. As a counterexample, we 
might consider exponential scaling, where the number of £-sized sticks 
needed to cover an object is N - Ke s. In this case it can be shown that 
a decrease in the measuring length £ by a factor a will produce different 
increases in N, depending on what values of e and TV we start with. 

(While we will concern ourselves with measuring self-similar 
properties of state-space attractors, these concepts can be applied directly 
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to time series data. Some procedures for doing this will be discussed in 
Chapter 13.) 

The value of the exponent D in our power-law formulation is known 
as the fractal dimension. It shows, in its most general terms, how the 
"bulk" (length, size, mass) of an object scales as a function of the size of 
the reference unit used to make the measurement. Calling D a 
"dimension" may seem like a pure flight of fancy, but we can begin to 
make this believable by grounding it with some familiar cases. 

Let us use the defining equation for D to find the fractal dimension of 
a line that has length L. Clearly, if we measure the length of the line by 
comparing it to the length of a reference line of length e, it takes N=Lls 
of these reference lines to cover the line being measured. But: 

JV = L / £ = L£- f l azeD,ifD=l. 

This shows plainly that the fractal dimension of a line is 1, as is its 
Euclidean dimension and its topological dimension. The same reasoning 
shows that any simple closed curve (whether it exists on a plane or in 
thee-dimensional Euclidean space) also has a fractal dimension of 1, 
which matches its topological dimension (but not its Euclidean 
dimension). Similar reasoning shows that the number of e-sided squares 
(each with area e2) that are needed to cover a square with side of length L 
(area L2) grows as a power law with exponent 2. Thus the fractal, 
topological, and Euclidean dimensions of a plane are identical. A 
"twisted" plane, on the other hand (like a floppy sheet of paper), has 
fractal and topological dimensions of 2 but a Euclidean dimension of 3. 
A clear sign of the development of some topological intuition is if one 
can see how a twisted plane (or a curved line) is dimensionally 
unchanged from a flat plane (or a straight line). 

Clearly we do not need such an odd definition of dimension just to 
examine lines and planes. Let's move on to some objects with more 
interesting scaling properties, where normal concepts of length, size, and 
dimension start to break down. The middle-thirds Cantor set is one such 
object. Figure 5.2.1. shows its construction. Start, at step number zero, 
with a line segment of length 1. In step one, remove the middle third of 
the line segment, leaving two segments each of length 1/3. In each 
subsequent step n, remove the middle third of each remaining line 



78 Nonlinear Dynamics in Physiology 

segment, resulting in 2n segments each of length (1/3)n at step n. As the 
number of steps increases, we eventually reach a point where there is an 
infinite number of line segments, each of length zero, for a total length of 
zero. This is an infinite number of points that occupies no space. 

Now let's compound the angst over such an unusual object by 
inquiring as to its dimension. We would like to say that the Euclidean 
dimension is zero, since this is just a collection of zero-dimensional 
points. But there is an infinite number of them, so this is not very 
satisfying. The topological dimension does not help much since the set is 
already separated into disjoint elements and so can not really be "cut" by 
any other object. Fractal dimension provides a way to capture the bizarre 
nature of this creation. 

Referring back to the definition of fractal dimension as the exponent 
D in a power-law scaling process, we see that it fits precisely this 
situation. Here N is the number of segments and the length of each 
segment corresponds to e, the length of a line needed to measure those 
segments. We set N in the definition equal to the number of segments 
created in the construction at step n: 

N = 2" =[(1/3)"]"D =(l/3)-"D 

2 = (1/3)"D 

log(2) = -Dlog( l /3 ) = Dlog(3) 

D = log(2)/log(3)« 0.6309 

The fractal dimension turns out to have a fractional value. While this 
is a new development in terms of dimension values, it captures an 
intuitive sense that this infinite set of points with zero length is "more 
than a point" but "not quite a line." Thus the dimension falls between 
that of a point and that of a line. 
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step number segment total 
(n) of length length 

segments 

• ^ ^ " ^ • ^ ^ ^ " • " 1 2 1/3 2/3 

^ ^ m m m m 2 4 1/9 4/9 

" • • • • • • " 3 8 1/27 8/27 

N 2N (1/3)N (2/3)N 

00 00 0 0 

Figure 5.2.1. Construction of the middle-thirds Cantor set, or "Cantor dust," which has 
infinitely many points but zero length. 

There are many such self-similar fractal objects that can be generated 
with simple recursive rules. We will study one more before moving on to 
state-space attractors. Construction of the Koch curve is demonstrated in 
Figure 5.2.2. Begin with an equilateral triangle with sides of unit length, 
in step zero. In step one, remove the middle third of each side of the 
triangle and tack on a triangle with a side length of one-third the original. 
Repeat this procedure without bound. As the figure shows, the "curve" 
takes on finer and finer detail as the construction proceeds. It is truly 
self-similar, because if one small section is magnified (no matter how 
much), it will look like exactly like a larger section. The total length of 
the curve - the sum of the lengths of all of the tiny triangles - approaches 
infinity. Yet, the entire object can be circumscribed by a circle with a 
radius of less than one, and therefore the area is finite. It has infinite 
length yet is bounded in space. This gives a sense of how strange a 
fractal can be. 
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The dimension can be found as in the case of the Cantor set, by 
setting N in the dimension definition equal to the number of segments in 
the construction: 

N = 3 • 4" = [ (1 /3)T D = {\l3>ynD 

3-4" =(1/3)-"° 

log(3) + n log(4) = -nD log(l l3) = nD log(3) 

_ log(3) + wlog(4) _ 
D = — - — as n —> oo 

»log(3) 

g = i . m l o g ( 3 ) + K l o g ( 4 ) ^ j o g ( 4 ) ^ 2 6 1 9 

«->•» n log(3) log(3) 

Here use is made of the fact that the scaling is evident for small segment 
sizes, which means large values of the step size n. The dimension is 
between the topological dimensions of a line and a plane, again reflecting 
the intuitive sense that a line of infinite length is "more than a line" but 
"not quite a plane." 

We will not see such clear-cut examples as these mathematical 
constructions in our work on actual attractors generated from 
experimental data. Nevertheless, we will meet attractors that can be 
considered as fractal objects, with non-integer fractal dimensions. Such 
attractors can arise from systems with chaotic dynamics, and are termed 
strange attractors. They occupy a well-defined and bounded region of 
the state space. Yet the system behavior is aperiodic, so no matter how 
much data we acquire the attractor trajectory will never return to the 
same location in state space (within the limits of measurement resolution 
and smearing due to noise). How can we jam a (potentially) infinitely 
long trajectory, which never repeats or crosses itself, into a finite volume 
of space? One way to accomplish this is if the attractor forms a fractal, 
such that there is finer and finer detail as we look at it more and more 
closely; in this sense, no matter how "dense" the trajectory in any given 
area of the state space, there is always room to squeeze in another 
trajectory passage. (In fact, some early studies equated the finding of 
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non-integer dimension with the presence of chaotic dynamics, often 
erroneously as we shall see.) 

step number segment total 
(n) of length length 

segments 

1 12 1/3 12/3 

2 48 1/9 48/9 

3 192 1/27 192/27 

N 3 x 4 N (1/3)N 3x(4/3)N 

00 00 0 00 

Figure 5.2.2. Construction of the Koch curve, or "Koch snowflake," which has infinite 
length but finite area. 

5.3 Box-counting dimension and correlation dimension 

Given this new concept of dimension - fractal dimension as a scaling 
process - our job now is to apply it to determine the dimension of an 
attractor in state space. We will follow the reasoning above, where 
dimension is defined as the exponent in a power-law scaling process. 

o 
^7~\ 7 " ^ 
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The box-counting dimension implements the idea of power-law 
scaling in a more general form. Given an object in an M-dimensional 
space, count the number N of M-dimensional boxes, each with side of 
length s, that are needed to cover the object. (Another way to envision 
this is that the entire space is filled with a grid of £-boxes, and a box is 
included in the count N(e) if the attractor trajectory visits that box.) If N 
increases as a power law function of s, then we can define the dimension 
DB: 

N(£)oc(\/£)
D as £ - > 0 

log(JV) = log(fc) + £>log(l/£) as £ - > 0 

log(J\Q-log(fc) 
D = as £ —> 0 

log(l/£) 
log(AQ-log(fr) log(TV) 

D = lim :———— = lirrr ff->0 log(l/f) £->o log(l/s) 

Box-counting dimension has a clear relationship to power-law 
scaling, and hence an intuitive appeal. However, there is some debate 
both as to the computational feasibility of box-counting and also its 
usefulness in truthfully characterizing the spatial properties of an 
attractor (Greenside et al. 1982, Molteno 1993, are just two of the papers 
in this debate). In particular, as the box size gets smaller, fewer points are 
enclosed in each box, on average, yet each box is included in N no matter 
how many points it contains. Thus information regarding the probability 
of the attractor visiting certain boxes is lost. For these conceptual and 
practical reasons, box-counting dimension has been almost completely 
surpassed in most applications by the correlation dimension. (The reader 
should feel free to consider using the box-counting dimension, as it has 
its adherents. While computational details given here will not be directly 
applicable, the main points and applications will apply to both dimension 
estimates.) 

Box-counting dimension is one of a series of dimensions based on a 
more general form. The general form allows more or less weight to be 
placed on how often different locations in the state space are visited by 
the trajectories. The derivation of these dimensions will be outlined here, 
but this information is not needed in order to make use of dimension 
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measurements in practical applications, and so the reader is invited to 
skip ahead to the next section if these mathematical details are of no 
interest. 

The most general form of these Renyi dimensions is: 

1 log/(g,g) 
Di = 7 l i m — j — 7 — • 

q - 1 £->o logO?) 
Here, q indicates which in the series of dimensions is being considered 
(q=0 is the box-counting dimension), e is the size of a box as before, and 

/(^)=2>(c,)r 

The quantity n(ChT) is the amount of time that a trajectory spends in 
box C, in the time span from 0 to T. Hence, /u(C,) is the proportion of 
time that the trajectory spends in box C, (in the long run, as T increases), 
and this is essentially the probability that the attractor trajectory passes 
through box Ct. 

If q=0, note that //(Q) is raised to the power zero in the equation for 
I{q,s), so that \jx{Ci)\q is zero if C, is not visited at all, and one if it is 
visited by the trajectory no matter how briefly. In other words, I(q,e) is a 
count of the number of boxes Ct visited by the trajectory. Noting the 
similarity of the equation for Dq to that above for the box-counting 
dimension (and noting that log(l/e)=-log(£)), it is clear that D0 is indeed 
the box-counting dimension. 

Incrementing q to 1, the next in the series of dimensions, D\, is 
known as the information dimension. Although we will omit the details, 
the name derives from the fact that the expression for D\ resembles that 
for the information content of a data set, in the sense of Shannon 
information theory (Shannon & Weaver 1963). 

The next dimension, when q=2, is of by far the most interest to us. It 
is called the correlation dimension, and the equations above reduce to: 
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^ - • o log(£) 

In a paper that has become a true classic (cited by many, read by 
few), Grassberger and Procaccia (1983) showed that the summation in 
this equation could be approximated by a correlation integral which is 
much easier to compute from experimental data: 

S X t ^ i r E YJM{e,\yl-y]\) (i*j) 
- ' ' i j 

[l if | yi - y j \<£ 

' [O otherwise 

Although expressed as a discrete summation, the quantity on the right 
in the upper equation is known as a correlation integral. The operator 
U(-) is a step function; as expressed here, it is one if the distance between 
the attractor points y{ and yj are within distance s of each other, and zero 
otherwise. Thus, the correlation integral counts the number of pairs of 
points on the entire attractor that are within distance e of each other, and 
divides this by N2, the total number of pairs of points. 

The demonstration of this equality can be found in Grassberger and 
Procaccia (1983), but an intuitive argument can be made to justify it. If, 
at a given box size e, the (discretized) attractor visits box C, for P points 
out of a total number N of points on the attractor, then /u\C,)={P/N)2. On 
the other hand, in box C„ since there are P points there will be 
approximately P2 pairs of points - that is, box C, will contain P2 pairs of 
points within distance s of each other. By the definition of the function 
U, this means that C, will contribute an amount P2 to the correlation 
integral. Since this is divided by the total number of point pairs N2, this 
contribution {{PIN)2) is identical to that of the contribution of C, to the 
summation of ^2(C,), and the two quantities are equal. Actually, the 
equality is an approximation, largely due to the fact that the correlation 
integral is expressed in terms of inter-point distances and therefore 
implies a "ball" of radius s to establish the criterion distance s, while the 
original definition of the dimension is based on a cube with side length 
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of e. For most practical applications the approximation is close, and 
improves as ./V increases. 

Since it is so easy to compute, the correlation dimension has become 
a standard measure of the fractal dimension of attractors that have been 
reconstructed in the state space. It approximates, and is a lower bound 
for, the box-counting dimension (i.e., it is less than or equal to the box-
counting dimension, with equality in the case when all the boxes C, are 
occupied equally). Its use is simple in principle, but nontrivial in 
practice. We discuss the practicalities next. 

5.4 Correlation dimension - how to measure it correctly 

Now we turn our attention to the practical problem of measuring the 
fractal dimension of an attractor. To review, recall that we have 
determined that the correlation integral can be used to approximate the 
correlation dimension: 

r^o log(r) 

C(r) = ̂ ~ S SUW^-^I) (i*j) 

The notation has been changed to use r (radius) rather than e to designate 
the criterion distance; when two points yt and yj are closer together than 
r, they are "spatially correlated" and contribute to the correlation integral 
(actually summation) C(r). The divisor has also been changed to reflect 
the fact that, since the case i=j is always skipped in the summation (since 
the distance between yt and yj is zero when i=j and counting this does not 
accurately reflect how close different points are to each other), the total 
number of inter-point pairs being compared is N(N-X) rather than JV2. 

If C(r) increases as a power-law function of r, then C{r) versus r on a 
log-log plot should be a straight line, and the slope will be the correlation 
dimension D2. The construction of C(r) is even simpler than suggested 
by the equation: 

1. Reconstruct the attractor in an M-dimensional embedding space 
as described in Chapter 4. 
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2. Choose a reference distance r. 
3. Select a reference point yt on the attractor. (This corresponds to 

summation with index / held constant.) 
4. For every other point yj, find the distance between this point and 

the reference point yh and if this distance is less than r, add one 
to the correlation integral. (This corresponds to summation over 
indexy.) 

5. Choose the next point as a reference (increment /), and repeat 
step 4, comparing all points to this new reference point. 

6. Divide the summation, the accumulated number of point pairs 
that are closer than r, by N(N-l). 

7. Repeat steps 3-5 for another reference distance r. 
8. Plot log[C(r)] versus log(r). The slope is the dimension D2 (or 

• ^cony* 

The astute reader may note a discrepancy here between theory and 
practice. The definitions of dimension involve a limiting process, 
specifying power-law scaling as the criterion distance r or e decreases. 
Yet the correlation dimension is determined over a scaling region which 
does not necessarily include the smallest available values of distance r. 
The correct way to think of the limiting process is that it specifies the 
existence of power-law scaling over a range of distances, and only in the 
idealized case of a mathematical construction will the scaling hold for 
infinitesimally small distances. 

One immediate question is what range of reference distances (r) to 
use. Obviously one can increase r until all pairs of points are included 
and C(r)= 1.0. If an estimate can be made of the minimum inter-point 
distance, then it can be used as the smallest value of r. 

An example of correlation integrals from analysis of the Lorenz 
system is shown in Figure 5.4.1, in the top graph. The attractor was 
reconstructed from 8000 values with time-delay embedding, using 
embedding dimensions of 5 to 10. In the graphs, there is a line for each 
of the six embedding dimensions, although they overlap almost entirely. 
As shown in the figure, the correlation integrals C(r) have their 
maximum value when the criterion distance r is large enough to include 
all pairs of points; C(rmax)=l and so log[C(rraax)]=0. Power-law scaling is 
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evident as straight lines on this log-log plot, over a range of log10(r) from 
approximately-0.5 to 1.0. 

The smaller vertical lines near the left end of the graph give an 
indication of the smallest inter-point distances. For each correlation 
integral C(r) the minimum inter-point distance Qy(i)-y(j)\) was found for 
each reference point y(i), and the mean of these minima (across all 
reference points) was determined and plotted as a vertical marker. These 
markers indicate the distance r below which noise rather than attractor 
dynamics dominates the computation of C(r). Computing and graphing 
this information provides a diagnostic criterion when looking for scaling: 
any power-law scaling at r values below these is suspect. In the example 
here, it is clear that scaling breaks down before this lower limit is 
reached; this is not always so clear. 

The bottom graph in the same figure shows the slopes of the 
correlation integrals. The slopes are approximately constant over the 
range given by the thick horizontal line; this is known as the scaling 
region. The slope over this scaling region, averaged over all six values of 
M, is 2.05, which matches well the established dimension of this system. 

Several useful guidelines have been suggested to make these 
computations of Dm„ less subjective (Albano et al. 1988). There should 
be less than 10% variation in the slope of C(r) across the scaling region. 
There are different ways to interpret this; one approach is to expand the 
scaling region in small increments of r while any incremental changes in 
the slope are less than 10%, and take as the scaling region the largest 
such range of r. Ideally the scaling region should be at least one log unit 
in length (one factor of 10). When the scaling region has been identified 
from the slope graph, go back to the graphs of C(f) and find the slope 
over the scaling region with a linear regression. Finally, there should be 
less than 10% variation across consecutive values of M. 
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Figure 5.4.1. Correlation integrals (top) and their slopes (bottom), as steps in the 
determination of the correlation dimension of the Lorenz attractor. 

The embedding dimension in the case examined here was verified by 
finding the correlation dimension with different values of M until Dcon no 
longer increased with M, as shown in Figure 5.4.2. The false nearest 
neighbors method could be used as well. 

It is worth noting that although an embedding dimension of at least 
twice the attractor dimension is required to guarantee a proper 
embedding (reconstruction), in fact it has been shown (Ding et al. 1993) 
that an embedding dimension that is at least equal to the attractor 
dimension is sufficient for reliable computation of the correlation 
dimension. This has been shown mathematically (theoretically) and 
observed numerically, and holds for large data sets. For shorter data sets 
(just a few thousand points), larger embedding dimensions may be 
required before Z)corr reaches a plateau with M, although not necessarily 
as large as two times the attractor dimension. 



Dimensions 89 

o 1.1 
3> 
c 
E ,. 

! 

1 6 6 6 6 
h Q 1 — 1 _ [ + 

J.
 

l_
 

i I I I i i 

i i i I i I 

i i i I i I 

I i I I I I 

1 2 3 4 5 6 7 

embedding dimension M 

Figure 5.4.2. Saturation of the correlation dimension with increasing embedding 
dimension. 

The reconstruction time delay L was initially set based on the 
correlation time as discussed in Chapter 4. Correlation time for this 
system is 15 (in arbitrary units of sampled time), and so L=30 is a 
reasonable starting point. However, in practice these computations made 
use of a recommendation of Albano et al. (1988). Instead of determining 
a value for L and keeping it constant as M is varied, an embedding 
window Tw is established, and this is kept constant across changes in M. 
It is defined as rw=[M-l]Z. Recall from Chapter 4 that each point on the 
attractor is given by: y(i)=[x(i) x(i+L) x(i+2L) ... x(i+(M-\)L)]. The 
time spanned by the time-series values x(i) that make up a single attractor 
point y(i) is thus [M-1]Z, or Tw. The duration of the window Tw can be 
established based on the same reasoning as originally used for L: the 
window should span a time period that is long enough so that the 
elements of y(i) are not too close in time and therefore redundant, and 
short enough that they approximate a time derivative in the sense of 
capturing the flow of the trajectory. As recommended for L, a suitable 
value is some small multiple of the correlation time. As Mis increased in 
the course of the dimension estimation, L should be reduced in order to 
keep Tw approximately constant: L=Tw/[M-\]. 
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A final enhancement can be made to the dimension computations. It 
is our intent to measure the spatial properties of an attractor, as a 
reflection of the underlying temporal dynamics. The correlation 
dimension does this by finding points on the attractor that are close 
together in space. However, the attractor is created from a continuous 
trajectory that represents consecutive points in time, and these 
consecutive time points will in many cases also be close together in 
space along a given path of the trajectory. This can give rise to spurious 
correlations based on temporal rather than spatial or "dynamic" 
proximity. The way around this is to exclude from the computation of the 
correlation integral those pairs of points that are close together in time 
(Theiler 1986). As with many aspects of the determination of DC0IT, there 
is both art and science to selecting the duration of this "correlation dead 
zone," but a value close to the correlation time (time for the 
autocorrelation function to decay by l/e, see Chapter 4) is a reasonable 
place to start. 

As if these guidelines and precautions were not enough, there is yet 
another safeguard that should be applied after a Dcorr estimate has been 
made (Eckmann & Ruelle 1992). Assume that the attractor has Appoints, 
with a maximum extent of D in M-space. Let 3V(r) be the number of 
unique pairs of attractor points that are within r of each other (up to this 
point we have been counting the distance between y(i) and y(j) and the 
distance between y(/) and y(i) separately, here we consider them the 
same and count only one). So, when the distance r is large enough all 
point pairs are counted: !JV(D)=N2/2. We are assuming that power-law 
scaling holds, so that N(r)=krd. Then: 

N(D) = N2 l2 = kDd and k = N2/2Dd 

which means that 

W(r) = krd = (N2 l2Dd)rd = (N2 l2)(rlD)d. 

For sufficient statistics the sum 5V(r) should have "many" points: 

5V(r) » 1 => (N2/ 2){r I D)d » 1 

Substituting into this inequality the quantity p=rlD: 
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5V(r) = (TV2 /2)(r/D)d = (N212)pd » 1 

N2pd » 2 

2 log N + d log /? » log 2 

21og7V»log 2 -d log /? 

21ogN »dlog y cT 1 

= 2 l o g * 

"" logd/p) 
This sets a bound on the maximum value of Z3COrr, which is Jmax. Recall 
that the quantity p was defined above as r/D; it is, in words, the 
proportion of the total attractor size (maximum extent) over which 
power-law scaling is to be found. Clearly p cannot be too large or we will 
start to run out of attractor points in the summation. A reasonable choice 
for p is 1/10; that is, we do not expect to find scaling once we have made 
the criterion distance r more than 10% of the overall size of the attractor. 
(Note that even in the case of the well-behaved noise-free Lorenz 
attractor in Figure 5.4.1, the scaling region extends only to within about 
one logio unit, or factor of 10, of the maximum value of r.) This leads to: 

^ = ***» =^^ = 2logN 
max log(l/0.1) log(10) 

For JV=1000 this means that <4ax=6, and for #=100,000 we find that 
4nax=10. This limit provides a quick sanity check on values of Dcorr. 
(Note: there are published values that violate this bound, especially in the 
earlier papers.) 

Following these steps will help to assure that accurate and reliable 
dimension values have been obtained. Still, there are a few more 
guidelines for validating dimension estimates. Dcm should be relatively 
robust to variations in Tw, to changes in N, and to changes in the sample 
rate of the underlying signal. 

In summary, we can provide final a set of guidelines for the 
estimation of the correlation dimension: 

1. Set the embedding window 7W (possibly based on consideration 
of the correlation time). 
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2. Find Aon- using the method above, for different values of M, 
changing L in order to maintain Tw constant. 

3. Incorporate the dead-zone window to avoid spurious temporal 
correlations. 

4. Find the scaling region for each correlation integral based on a 
threshold of 10% variation in slope as the range of r is extended. 

5. Having identified the scaling region from the graphs of the 
slopes of log[C(r)] vs. log(r), perform a linear regression on the 
correlation integrals C(r) themselves over this scaling region in 
order to get the slope (~Dmn) for a given set of parameters. 

6. Verify that Dco„ does not change by more than 10% over several 
consecutive values of M, while verifying that Dcon has saturated 
with increasing M. 

1. Verify that the Eckmann-Ruelle limit of Z)corr based on N has not 
been exceeded. 

8. Finally, assess the robustness of Dcorr with respect to changes in 
N, Tw, and other parameters. Variations of 10% of more should 
be examined, depending on the particular situation. 

One of the stickiest issues is the establishment of "error bars" on 
dimension estimates. We cover this in the next section, although a 
different approach to establishing the reliability and aiding in the 
interpretation of Dco„ is provided by surrogate data techniques, covered 
in Chapter 6. 

5.5 Error bars on dimension estimates 

The problem with assigning confidence intervals (error bars) to 
dimension estimates is that of error propagation. Error estimates in linear 
regression, for example, can be obtained because the data manipulations 
in performing the regression are fully known and straightforward. If it is 
assumed that measurement noise has a Gaussian distribution, the mean 
and standard deviation of the data can be carried through the calculations 
to yield estimates of the statistical deviation of the resulting regression 
parameters. The situation with dimension calculations is not so simple, 
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because the data manipulations are complex and a model for the data is 
not generally available (otherwise there would be little use in performing 
dimension computations). 

Although there are methods available to make such error estimates, 
they are not widely used in practice. Instead, dimensions are generally 
compared across different conditions to look for changes, and the 
powerful techniques of surrogate data are used (see Chapter 6). 

Perhaps the most general theoretical approach to the problem is that 
taken by Theiler (1990), who showed that in many cases we can expect 
the variation in the dimension estimates to decrease as A/"0'5. Beyond that, 
it is difficult to determine much in the way of general rules since the 
variability depends on such details as the distribution of the points in 
space, the correlation time, and other particulars of the attractor. 

A more empirical approach (Ramsey & Yuan 1990) made use of 
extensive simulations carried out for several example systems. Variation 
in Dco„ estimates is due to both small sample sizes and high embedding 
dimensions: "the relative sparseness of the data at high embedding 
dimensions increases the sensitivity of the slope coefficient estimates to 
relatively small variations in the sampled spatial distribution of the data." 
This study presented equations for the mean and standard deviation of 
the DC0TT estimates as functions of N and M, and verified them with a 
number of standard examples. The equations are difficult to apply 
directly because their parameters depend very strongly on the properties 
of each particular attractor. However, the authors suggest an approach 
that might make the equations useful in practice. First draw small sub-
samples from the overall signal, and find Z)corr for each of these sub-
samples. Repeat this for different sub-sample sizes N and different 
embedding dimensions M (although the sub-samples for a given N 
should not overlap, so that the Dco„ estimates are statistically 
independent). From this empirical data, determine the mean and standard 
deviation of the Dmrr estimates at different values of N and M, and use 
these data to fit the parameters of the equation that describes the impact 
of N and M on the mean and s.d. of the Dmn estimates. Then, with the 
parameters determined, use these equations to estimate the mean and s.d. 
of the Dm„ estimate for the full data set of maximum length N. 
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The equation for the mean is rather involved, but the one for standard 
deviation is more approachable: 

log(s.d.) = log(oD) = ai + a2 log(iV) + a3 log(M) + a4 M/N. 

Since a4 is generally smaller than the other parameters, and M/N is small 
for typically large values of N, this equation is approximately: 

s.d. = crD oc Na2M"3 

which shows more clearly the relations involved. The value of a2 is on 
the order of-0.5 for several systems that were examined - s.d. decreases 
in proportion to the square root of sample size N. Values of a3, the 
variation with embedding dimension M, are much more dependent on the 
specific system. 

5.6 Interpretation of the dimension 

Interpretation of dimension values depends on what one is trying to 
demonstrate about the system in question. 

Many early studies applied the correlation dimension in an attempt to 
"prove" that the underlying system exhibits chaotic behavior. If the 
attractor had a fractional dimension, it was a strange attractor, and must 
have come from a chaotic system. The trick here - and it is not trivial -
is to determine, under the limitations of limited noisy data, when the 
dimension is truly not an integer. Given the fact that dimension estimates 
can depend on the specific computational parameters, that sufficient care 
was not always taken in showing robustness with respect to these 
parameters, and that there is no accepted means of setting confidence 
intervals on the dimension values, this was a highly suspect endeavor. 
Since the time of these early studies it has become much harder to 
demonstrate convincingly that a system is chaotic. 

This situation was exacerbated with the recognition that filtered noise 
can exhibit a finite correlation dimension, compatible with that from a 
chaotic system (Rapp 1993, Rapp et al. 1993). Purely random processes 
with power-law frequency spectra (spectra that decay as l/fa) can also 
yield finite dimensions (Osborne & Provenzale 1989). These are 
especially troubling because noise is infinite dimensional, and ideally the 
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correlation dimension should increase without limit with increasing 
embedding dimension. Clearly by the early 1990s it was time to take a 
step back and gain some perspective on what can be claimed based on 
dimension values. (As Paul Rapp put it at a conference at that time: "I 
am going to have a busy career in the 1990s correcting the mistakes that I 
made in the 1980s" - or words to that effect.) 

Even when the "chaoticity" or dimension cannot be determined with 
certainty, there are cases in which relative dimension values -
dimensions obtained under different stimulus conditions or health versus 
pathology - can be useful. (Rapp 1993). Also, by seeing how the 
dimension changes under certain data manipulations (surrogate data, 
Chapter 6), one can use it as a tool to examine the degree of nonlinearity 
and randomness in a system, among other properties. 

One of the more straightforward interpretations of the dimension is as 
the number of state variables needed to capture the dynamics of the 
system. This is a useful way to think of dimension, but it has practical 
limitations because even knowing the number of state variables one 
cannot generally work back to the equations that describe the system (see 
Chapter 14 for some attempts in this direction). There are also cases in 
which signals generated by horrendously large and complicated systems 
produce almost absurdly small dimensions. Some early studies on human 
EEG show this property, leading one to question what dimension means 
in a case like this. (Some of these studies did, however, violate some of 
the guidelines given here for reliable dimension estimates, casting some 
doubt on the numerical values reported.) Thus it seems that using the 
dimension to indicate a more general sense of "dynamic complexity" 
may be more fruitful. 

An apparent paradox can arise in attempting these interpretations. 
Consider for example a very simple linear dynamic system: a simple 
harmonic oscillator as discussed in Chapter 4, which can be described by 
the differential equation: 

x = —co2x 

or equivalently by the pair of equations: 
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Xl = CO X2 

X2 = -CO Xl 

What is the dimension this system? One can argue that it is either one 
or two. The first equation above shows that only a single state variable x 
is needed to describe the dynamics, which suggests that the dimension is 
one. However, two initial conditions are needed for this equation 
(specifying initial position and velocity), suggesting that the dimension is 
two, as does the fact that two first-order equations are needed. In the 
state space, as we know from Chapter 4, the trajectory forms a closed 
loop or ellipse, which has a topological dimension of one but a Euclidean 
dimension of two, and the correlation dimension is one as well. But it 
needs to be embedded in M=2 dimensions in order to avoid trajectory 
crossings. Is there a resolution? 

Like any good paradox, the value of this one is mainly in getting us to 
think more deeply about the meaning and implications of the underlying 
concepts. Nevertheless a case can be made that this system has one-
dimensional dynamics. In the state space, once the trajectory is 
established, in fact only a single phase variable is needed to specify the 
current state of the system. A simple model for such an oscillator is 
0=constant, which clearly involves only a single variable, the 
knowledge of which is sufficient to locate the current state of the system 
on the trajectory. The fact that the trajectory has to be embedded in two-
dimensional space (a plane) in order to avoid self-crossings simply 
reflects the fact that the embedding theorems stipulate an embedding 
dimension of at least twice the attractor dimension for a proper 
embedding (see Chapter 4). (The author is grateful to Dan Kaplan for 
helping to provide these insights, among many others. In turn I heartily 
recommend his 1995 book as a general introduction to nonlinear 
dynamics.) 

5.7 Tracking dimension over time 

The dimension is a global property of an attractor; it carries no 
temporal information. There are, however, cases in which it would be 
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helpful to track the "instantaneous" dimension of a system as its attractor 
evolves. 

The obvious way to do this is to compute a separate correlation 
integral C(r) for each reference point (y(i) in the defining equations 
above), instead of averaging over all reference points as is normally done 
in order to obtain better statistics. This has been called (Farmer et al. 
1983) the pointwise-D2 (or pointwise-Z)COrr in our nomenclature). In this 
way, although all points y(j) in the state space are compared to the 
reference point, it is possible to assign a specific dimension estimate to 
that reference point, and therefore to the point in time that is represented 
by that reference point. (Of course, due to time-delay reconstruction each 
M-dimensional reference point consists of M values from the time series 
x(i), but it is typical to assign as the "time" of the point y{i) the time of 
the first element x(i), that is, the time represented by index i.) 

A refinement has been suggested (Skinner et al. 1993), called point-
D2 or PD2. In this modification, only those reference vectors that lead to 
valid dimension estimates are used. This is established by two criteria. 
First, the correlation integral must exhibit power-law scaling for that 
reference point. Second, the dimension derived from the slope of the 
correlation integral must converge to a constant value as embedding 
dimension M is increased. This method has been used to track 
"instantaneous" changes in the dimension of heartbeat intervals as a 
predictor of imminent ventricular fibrillation (Chapter 19). 

5.8 Examples 

Good examples of the application of correlation dimension to 
physiology are difficult to present at this point, since the best and most 
recent studies make extensive use of surrogate data techniques, which we 
will meet in the next chapter. In fact it is difficult or impossible now to 
publish a research paper on the correlation dimension of an experimental 
system without also presenting corroborating surrogate data. We can, 
however, discuss a few early examples, somewhat for their historical 
interest but also because of the clarity of their presentations. 
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Among the earliest efforts to apply the correlation dimension to the 
study of human brain dynamics is that of Babloyantz & Destexhe (1986), 
which looked at dimensions during petit mal epileptic seizures. EEG 
samples recorded while subjects were awake, or during REM sleep, were 
of indeterminate dimension: the correlation dimension did not reach a 
plateau as embedding dimension increased to 10. This suggests that these 
brain states, at least as manifest in the surface EEG, have dimensions 
greater than 5 or are random. Stage 2 sleep, on the other hand, produced 
a dimension of about 5.03, and stage 4 sleep, 4.05. Epileptic EEG 
yielded the lowest dimension of all, 2.05. The low dimensions of these 
EEG recordings calls into question the interpretation in terms of the 
number of state variables needed to model the system. With billions of 
neurons interconnected in trillions of ways, what does it mean for the 
EEG to have a dimension on the order of 2 to 5? While this question 
remains open, one conclusion is clear and has continued to find 
experimental support: there is often a significant decrease in 
dimensionality in pathological conditions. As discussed in Chapter 1, 
these conditions might represent an unhealthy reduction in system 
flexibility and information-processing capability, reflected in low 
dimensions. 

These same authors went on to examine the dynamics of cardiac 
inter-beat intervals (Babloyantz & Destexhe 1988), a topic which we 
cover later in some detail in Chapter 19 on cardiac dynamics. The PD2 
algorithm for the detection of imminent fibrillation will be discussed 
there as well. 

While we will examine examples of neural dynamics in later 
chapters, one case here will serve to illustrate the state of the art of the 
initial round of research in this area (Rapp et al. 1989). EEG was 
recorded from human subjects while resting, performing mental 
additions by two, and performing mental subtractions by seven. 
Dimensions were computed from two-second EEG segments, sampled at 
500 Hz (#=1000, a typical lower limit for such studies). Although the 
high variability of the dimension estimates was emphasized, 
representative values were provided which show that the resting 
condition has the lowest dimension, with mental addition and subtraction 
of higher dimensionality (medians: 3.4, 4.8, 4.8, respectively). Resting 
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EEG was recorded between each arithmetic segment; the dimensions in 
these segments did not return to the original resting value obtained at the 
start of the recording session. This suggests that some remnant of the 
preceding mental activity may be retained in the intervening resting 
EEG, or it may simply be the result of nonstationarity even in the resting 
condition. The high dimension values, especially in the arithmetic 
conditions, are surely cause for concern, especially given the small sizes 
of the data sets. Although the careful application of the guidelines given 
here was stressed, also presented was the case for comparative 
measurements of dimension in different situations. Some relaxation of 
the strict computational guidelines was suggested in this case, with the 
understanding that the resulting individual dimension estimates cannot be 
considered definitive. Although it must be questioned what exactly is 
being measured in this case by the dimension computations (Rapp 1993), 
the ability to associate different mental states with a gross measure such 
as dimension, and the resulting ability to distinguish between these 
mental states, holds great promise for research and diagnosis. 

5.9 Points for further consideration 

Filtering is ubiquitous in data-acquisition and signal-processing 
applications. As mentioned above, filtered noise can yield a finite non-
integer dimension, which can be misinterpreted as arising from a chaotic 
system. Furthermore, low-pass filtering a chaotic signal can change its 
apparent dimension (Mitschke et al. 1988). Although low-pass filtering 
will make the signal "smoother" and therefore apparently "less chaotic," 
in fact such filtering can increase the dimension by adding a new state 
variable to the system, depending on the cutoff frequency of the filter. 
This behavior has been verified in the case of reflexive eye movement 
waveforms (Shelhamer 1997; see also section 15.1 of Chapter 5). 

A classic conundrum in the analysis of physiological signals involves 
potential nonstationarity. While there is a specific technical description 
(we touched on this in Chapter 3), for our purposes "nonstationarity" 
refers to a change in the properties of a system over time. Obviously all 
physiological systems are nonstationarity, for such is life. However, in 
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many cases it is possible to make measurements over a short enough time 
span with stimulus and environment held constant, so that the system can 
be considered to be operating in a steady state. Limiting the data 
acquisition process to this time period may allow an investigator to 
consider the system to be stationary. On the other hand, any 
measurements that might be made on the acquired signals will benefit 
from increased data-set sizes. Thus there is a tradeoff between the desire 
to obtain as much data as possible and the desire to treat the system as 
being in a steady state (these points were raised in Chapter 1). There is 
no clear general solution to this matter except for knowledge of the 
system under study, proper experimental procedure, and judicious 
application of the computational procedures. One example is to segment 
the data record and obtain independent dimension estimates from 
different epochs and see if they change with time. 

Given the desire to obtain as much data as possible, one might be 
tempted simply to increase the sampling rate Fs of the time series x(t). 
Clearly there is a lower bound on Fs, established by the Shannon 
sampling theorem and the Nyquist sampling rate (at least twice the 
highest frequency contained in the signal), but is there an upper bound? 
It turns out that in fact you do not get something for nothing, and too 
high a sample rate can increase the computational burden (more data to 
process) with no scientific return. Recall, for example, the "temporal 
dead-zone" described above for omitting points from the correlation 
integral that are temporally but not spatially correlated. Oversampling 
exacerbates this effect, leading in some cases to spurious low-
dimensional correlations that can impinge on the true scaling region and 
make it shorter and hence less reliable. (A thorough study of the effect of 
sample rate, number of points, time span of the data, and filtering, has 
been carried out for dimensional analysis of eye movements (Shelhamer 
1997).) 

The nomenclature for attractor reconstruction (Chapter 4) and many 
of the guidelines for computing the correlation dimension (earlier in this 
chapter) are drawn largely from the work of Albano et al. (1988). In this 
same paper, the authors introduce a method for improving the 
computation of the correlation dimension, which makes use of singular 
value decomposition (SVD), an idea put forward earlier by Broomhead 



Dimensions 101 

and King (1986). This is a mathematical procedure in which the 
variability of an M-dimensional object (matrix) is allocated along M 
orthogonal directions, in decreasing order of variability. Thus, the first 
singular value represents the largest variation, the second singular value 
represents the next largest variation, and so on, and the directions of 
these variation are orthogonal in M-space. The power of this procedure 
lies in the fact that these directions are not in general the cardinal 
directions of the space occupied by original object. In other words, given 
an attractor reconstructed in M dimensions, SVD determines a new set of 
coordinate axes along which successively decreasing amounts of the 
attractor exist. The application of this methodology to computations in 
the state space is perhaps apparent. The SVD parameters can be used to 
"rotate" the attractor so that it aligns with the newly identified coordinate 
directions. Those directions along which there is very little variation 
(those that have small singular values) can be considered to contain only 
noise, while the attractor dynamics per se will exist along the first few 
directions. Therefore, those coordinate directions with small singular 
values can be discarded, reducing the dimensionality of the attractor 
while hopefully retaining its dynamics. Subsequent computations can be 
carried out in this reduced space, with attendant improvements in 
computational speed. There will also be a reduction in the overall noise 
level; since noise is distributed across all dimensions, reducing the 
embedding dimension will remove those dimensions with more noise 
and less signal. In addition, we saw above that the statistical variability 
of dimension estimates increases with embedding dimension, and this 
also argues for carrying out computations with the smallest legitimate 
embedding dimension. 

Dimension estimation is a tricky business and gone are the days when 
one could report values of correlation dimension in a cavalier manner as 
"proof of chaotic dynamics. All hope is not lost, however, as more 
powerful techniques have come along to augment and to increase the 
utility of dimension estimates. Dimension should be seen as one of 
several parameters that can be used to characterize a dynamic system. Its 
specific usefulness in estimating the number of state variables that are 
needed to model a system remains valid. When coupled with surrogate 
data techniques, the correlation dimension can also address nonlinearity 
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and randomness, along with other hypotheses. It can also, as noted, be 
very useful in monitoring dimensional changes between different 
physiological states. 
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Chapter 6 

Surrogate data 

We come now to one of the most powerful techniques in our arsenal of 
computational tools. The methodology is directly applicable to 
dimension estimation (Chapter 5), nonlinear forecasting (Chapter 7), 
recurrence analysis (Chapter 8), and indeed as an adjunct to many 
quantitative measures. It is used to test such hypotheses about a system 
as the presence of nonlinearity and randomness, and can be extended to 
test many other specific hypotheses. Although developed for and applied 
to nonlinear dynamical systems, the concept of surrogate data has 
potentially very wide applicability. Based conceptually on bootstrap 
methods in statistics, we introduce the technique of surrogate data by 
analogy to the statistical Mest. 

6.1 The need for surrogates 

It should be very apparent from our discussion in Chapter 5 that 
dimension estimates, although useful, have serious limitations. Among 
the most serious is the lack of a standard and generally applicable way to 
assign confidence intervals (error bars) to dimension estimates. This is 
particularly acute if one is trying to determine if an attractor has non-
integer dimension, which is one of the hallmarks of a strange attractor 
and associated chaotic dynamics. 

Surrogate data addresses this problem in an indirect way. Rather than 
specifying statistical bounds on the dimension estimate from a given 
signal, bounds are instead established on a surrogate signal that has been 
generated based on some hypothetical process model. The surrogate 
embodies a hypothesis about the data. By generating many surrogates 
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from a single hypothesis, empirical statistical bounds can be placed on 
the dimensions of the surrogates. Then, the dimension of the original 
signal can be compared to the distribution of dimensions from the 
surrogates, and if they overlap, the hypothesis under which the surrogates 
are generated cannot be ruled out as an explanation for the data. 
Common hypotheses under which surrogates are generated are that the 
data are random or are from a linear system. As we shall see, other 
hypotheses about the underlying system can be tested as well. 

Another important role of surrogates is as a numerical control for 
dimension estimates. Surrogates allow us to ask the question: does some 
anomalous and unimportant aspect of the signal result in an artifactual 
value of dimension? 

6.2 Statistical hypothesis testing 

We approach the concept of surrogate data from the point of view of 
classical statistical hypothesis testing. The case of statistical testing with 
the Student ^-test is a well-known example. Let us say that we draw a 
sample of items from a larger population (the population may be 
hypothetical, or real but intractably large), and we want to determine if 
some quantity that is measured on this statistical sample is different from 
zero. The average (sample mean) of the sample can be found easily, but 
since it is based on only a subset of the entire population it is a random 
variable that itself has a mean and standard deviation. How far from zero 
does the sample mean have to be, in order to say that the true value of 
the measured quantity (that for the population as a whole) is not zero? 

Statistical hypothesis testing addresses this issue by first assuming a 
statistical structure for the underlying population, with an attendant null 
hypothesis. For the t-test, the null hypothesis is that the measured 
quantity in the population has a normal or Gaussian distribution with a 
mean of zero (although in general the mean can be non-zero). Now the 
question is this: given that we have drawn data samples from a larger 
Gaussian distribution, how likely is it that we would get a sample mean 
of a given value purely by chance? If this probability is very small, then 
we can reject the null hypothesis: it is very unlikely that we would get a 
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sample mean this large purely by chance under the null hypothesis that 
the population is truly zero-mean. 

Since we have assumed that the measured quantity in the population 
has a Gaussian distribution, we can derive analytically the probability 
distribution of some test statistic (the t value), which in this case is the 
sample mean scaled by the standard deviation. The distribution thus 
derived is the / distribution, and the test statistic follows this distribution 
under the null hypothesis. (The reason that the test statistic, based on the 
sample mean, does not simply follow a Gaussian distribution is because 
we have drawn samples from a population where the standard deviation 
is unknown. This impacts the derivation and makes the t distribution 
slightly broader than the Gaussian.) 

Now that we have a value of t, based on the sample mean, we can ask 
very specifically: how likely is it that we would get our particular value 
of this quantity, given that it has a t distribution with a hypothesized 
mean of zero? This can be determined from a table of t distribution 
values. If the sample mean is large, the test statistic will be large, and it 
will be unlikely that such a large value could be obtained from sampling 
a population with a mean of zero. Thus we would reject the null 
hypothesis. 

Note carefully the statistical language. If the observed value is 
unlikely, based on the null hypothesis, then we can say that our sampled 
data set is not consistent with the null hypothesis: we reject the 
hypothesis. This does not prove that the alternative hypothesis is true. 
There may be other explanations for the data that we obtained, it is just 
that we have gone a long way in ruling out one possibility. 

This detailed and somewhat pedantic explanation is included here 
because the surrogate data methodology follows the same line of 
reasoning. 

6.3 Statistical randomization and its implementation 

To apply this statistical reasoning to dimension estimates, we create 
several surrogate data sets, under a single null hypothesis. We find the 
correlation dimension of each surrogate, and thereby empirically 
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determine the distribution of dimensions under that particular null 
hypothesis. Then we compare the correlation dimension from the original 
data to this distribution. If the original dimension is very different from 
the distribution of dimensions under the null hypothesis, then we can 
reject the null hypothesis (the hypothesis is not compatible with the 
dimension of our data). If the original dimension is within the 
distribution of dimensions from the null hypothesis, then we can not 
properly reject the null hypothesis. 

The key to this usage is that many different surrogates can be 
generated under a single null hypothesis. This is because surrogates are 
generated by randomizing some aspect of the data, and this 
randomization can be carried many times with different results each 
time, but all based on the same null hypothesis. 

Perhaps the simplest null hypothesis is that the data are random and 
drawn from a population with a given set of values. The surrogate in this 
case (a shuffle surrogate) is generated by randomly shuffling the data 
values. This is done a large number of times to create many surrogates, 
and the dimension of the original data is then compared to the surrogate 
dimensions. A slightly more refined surrogate is that the data are random 
but specifically Gaussian, with a given mean and standard deviation. 
Surrogates are also commonly generated under the null hypothesis that 
the data come from a linear system with a particular autocorrelation 
function. These will be presented in turn below. 

The surrogates are random signals. They are generated by 
randomizing some aspect of the original signal. Pure noise has infinite 
dimension. Therefore, the surrogates should have dimensions that are 
greater than that of the original. In practice, it is common to generate 10 
to 100 surrogates of a given type, and to compare the original with the 
distribution of dimensions from the surrogates. The further the dimension 
of the original data is from the dimensions of the surrogates, the more 
justification there is for rejecting the null hypothesis that was used to 
generate the surrogates. In other words, if the dimension of the original is 
within the range of dimensions of the surrogates, then we have little basis 
for saying that the signal was generated by a process that is different 
from that used to generate the surrogates. 
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In making this comparison, one might just report how many of the 
surrogate dimensions are greater than the dimension of the original. 
Alternatively, we can make use of the probability of different chance 
arrangements of the resulting dimension values (Theiler & Rapp 1996). 
Let there be n-\ surrogates of a given type, for a total of n dimension 
values (one from the original signal). There are n\ distinct ways to 
arrange these n dimension values. In l/n of these arrangements, the 
dimension of the original signal (indeed any pre-selected dimension) will 
be less than all of the other dimensions. Thus, totally by chance, out of 
all possible arrangements of the dimensions, the dimension of the 
original signal will be less than all the others with a probability of l/n. If 
in fact the dimension of the original is less than all of the others, then this 
could have happened by chance with a probability of l/n, and this can be 
reported as a statistical significance level. As an example, with 39 
surrogates, w=40, and the significance level is 1/40=0.025. This 
represents a one-tailed test, where a priori we expect the original 
dimension to be less than those of the surrogates. If we adjust this to the 
case when we just want the dimension of the original to be outside the 
range of dimensions of the surrogates, in either direction, then the 
significance level is doubled. 

While we have described surrogates thus far in terms of their use with 
the correlation dimension, they can in fact be applied to other measures 
that we will meet in later chapters, and we will see their use in those 
applications. 

6.4 Random surrogates 

If we simply want to test the hypothesis that our signal is a randomly 
ordered set of fixed values, the shuffle surrogate can be used. To generate 
a shuffle surrogate, simply randomly rearrange the values in the signal. 
The null hypothesis is that the signal is a set of values in no apparent 
order drawn from a given finite population. This surrogate may seem 
trivial, but it is a good way to verify that some specific aspect of the 
distribution of values in the signal is not fooling the dimension 
algorithm. If the dimensions of these surrogates are not clearly greater 
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than the dimension of the original signal, then we cannot reject the 
hypothesis that the data can be modeled as a random process with a 
given set of values. This is the absolute minimum that we should expect 
of our signal if we expect to investigate it further for dynamical 
properties. 

Slightly more specific is the null hypothesis that the signal is random, 
with values drawn from a Gaussian distribution with a given mean and 
variance. The surrogates are generated by drawing values from a 
Gaussian distribution with the same mean and variance as the original 
signal. The null hypothesis is equivalent to that of a Gaussian white noise 
(GWN) process generating the signal. 

6.5 Phase-randomization surrogate 

Surrogates can be used to test for nonlinearity. Recall from Chapter 3 
that the autocorrelation function of a signal describes its linear 
correlation structure, and that the power spectrum is the Fourier 
transform of the autocorrelation function. Thus, we can generate a signal 
that has the same linear correlations as the original, but is otherwise 
random. We do this by retaining the power spectrum of the original 
signal in the surrogates, while randomizing the phases of the frequency 
components (the phase spectrum). Since the autocorrelation function 
carries no information about the phase spectrum, we can randomize 
phases without affecting the autocorrelation or power spectrum. The 
resulting surrogates are random, since their phase spectra have been 
randomized. The null hypothesis is that the signal comes from a linear 
process with the same autocorrelation function as the original. Rejecting 
this null hypothesis lends support to the notion that the original signal 
may come from a nonlinear system. 

To generate the phase-randomization surrogate, first take the discrete 
Fourier transform (DFT) of the signal. Then randomize the phases of the 
frequency components, either by randomly shuffling them or by 
replacing them with random phases drawn from (for example) a uniform 
distribution from 0 to 360 deg. Finally, take the inverse DFT of this 
frequency-domain signal to obtain a surrogate time-domain signal. 
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(The phase spectrum of a real (non-complex) time signal has odd 
symmetry. That is, the phase of the component at frequency/must be the 
negative of the phase of the component at frequency -f. This symmetry 
should be retained in the randomization.) 

This surrogate can give false identifications of determinism (Rapp 
et al. 1994) and should be used in conjunction with other surrogates, as 
for example the AAFT surrogate introduced next. 

6.6 AAFT surrogate 

A refinement of the phase-randomization surrogate tests the 
hypothesis that the signal is from a linear system, but then processed by a 
static monotonic nonlinear observation function. That is, there is a 
nonlinearity in the measurement procedure but not in the system 
dynamics. This nonlinearity is static, meaning that it operates only on the 
current value of its input - it has no memory or dynamics. It is 
monotonic, which means that while it modifies the amplitudes of the 
input values, it maintains their rank ordering - the largest of the input 
values will produce the largest of the output values, and so on. (An 
example of such a function is logarithmic compression - a log function -
applied to a signal from a linear system. The log-transformed data do not 
enter back into the linear system, which would make the dynamics 
nonlinear. Instead, the logarithm operation is "tacked on" after the linear 
dynamical system has generated its signal. A median filter does not meet 
the requirements since it depends on more than just the current value in 
generating an output, and the absolute value function does not meet the 
requirements since it is not monotonic.) 

The AAFT surrogate is formed by first creating a signal from 
Gaussian random numbers, with the same rank order of the values in 
time as in the original data. A phase-randomized version of this random 
signal is formed, as described above. Finally, the original data are 
rearranged to have the same rank order of the values in time as in the 
phase-randomized signal just generated. This rearranged data set is the 
AAFT surrogate (amplitude adjusted Fourier transform: Thieler et al. 
1992.) 
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The process used to generate this surrogate is non-intuitive, and so we 
belabor the point to some extent. In slightly more detail, the generation 
of this surrogate is based on the premise that there is an underlying signal 
y(t) that is linearly correlated Gaussian noise. This is the hypothesized 
source of our observed signal x(i) before passing through the 
nonlinearity. The observed signal x(t) is then y(t) processed by the static 
nonlinearity h(-): x(t)=h\y(t)]. The surrogate x'(t) is obtained by then 
shuffling the time order of x(t) while preserving the linear correlations of 
y(t)=h'l[x(t)]. The first step rescales x(t) so that the values are Gaussian-
distributed. Then the DFT is used to make a signal that has that same 
autocorrelation function and power spectrum as the rescaled x(t). This 
Gaussian surrogate is then rescaled to have the same amplitude 
distribution as the original x{t), generating x'{f). 

Finally, we describe this surrogate in excruciating detail, since the 
logic can be difficult to follow. 

1. Generate Gaussian signal (GWN) y{t). 
2. Reorder the values of y(t) to match the rank order of x(i). This 

produces y^{t), which "follows" x{t) (by effectively applying the 
inverse of the static monotonic transform /?(•) that generated x{t), 
or h'\-)), but is Gaussian. This is meant to represent the 
hypothesized "original" signal, call it xpK(t), before it was 
rescaled by h to become x(t). 

3. At this point, y^{t)=xVK{t)=h'1 [x(t)]. 
4. Now take the Fourier transform (typically using the DFT or FFT) 

of the signal xpre(/) or yR(t), randomize the phases as above, and 
take the inverse Fourier transform to get a random time series 
y'(t). This can be done any number of times to generate as many 
surrogates as desired. Each y'(i) is a random signal that 
represents a Gaussian linearly correlated time series before 
passing through /z(-). (Note that y^it) and y'(t) are linearly 
correlated Gaussian signals with identical autocorrelation 
functions and power spectra but different phase spectra.) 

5. Finally, reorder the values of x(t) so that they follow the rank 
order of the values of y'(t). This produces the surrogate x'(t), 
which has the same amplitude distribution as the original x(t) but 
mimics passing a linear Gaussian signal through h{-). 
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This rather convoluted procedure is necessary because a static 
nonlinearity will in general change the autocorrelation function and the 
power spectrum, and therefore multiple surrogates must be generated 
based on an underlying signal xpre(0 that represents linear Gaussian noise 
before passing through the nonlinearity /?(•). It is helpful to note that the 
nonlinearity h(-) is not random or arbitrary. The reason that x(t) is 
reordered to obtain the surrogate x'{f) is so that the function /?(•) that was 
hypothesized to generate x{t) in the first place can be re-applied to the 
underlying linear Gaussian signals yR(t) and y'(t), to get x'(t). So, x'(t) is 
linear Gaussian y'(t) put through /?(•). It is the initial re-ordering of y(t) to 
get jR(0, by matching the rank order of x(t), that established h'\-). (See 
section 19.3 for another approach to understanding this surrogate.) 

Although AAFT is a powerful surrogate, problems have been 
identified in its construction (Stam et al. 1998, Schreiber & Schmitz 
2000). The most prominent concern involves a signal that is periodic or 
has strong periodic components. If the length of the signal is such that it 
does not contain a full integer number of such periods, then a "virtual 
transient" will be introduced in the time signal, leading to errors in the 
Fourier transform process when obtaining the power spectrum (see 
section 3.3). Similarly, if any periodic signal components do not coincide 
exactly with discrete frequencies in the DFT or FFT, then "smearing" of 
these components will occur: their energy will appear at several adjacent 
frequencies. Subsequent randomization of the phases of these frequency 
components will disrupt the structure of these periodicities. Any phase-
randomization surrogate (including the AAFT) of a periodic signal 
should be another periodic signal, and this will not always be the case if 
the frequency components are disarranged in this manner. A slightly 
more complicated iterative surrogate construction scheme has been 
proposed to remedy these problems (Schreiber & Schmitz 1996). 
Another approach to surrogates for data with strong periodic components 
is described in the next section. 
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6.7 Pseudo-periodic surrogate 

The surrogates discussed above are not very useful in assessing 
signals that have strong cyclic or pseudo-periodic properties. This is 
because the null hypotheses for these surrogates are obviously false when 
strong periodicities are present. A more appropriate null hypothesis can 
be generated, which will allow a more realistic and useful assessment of 
pseudo-periodic signals. The resulting pseudo-periodic surrogates 
(Small et al. 2001, Small & Tse 2002) test the null hypothesis that the 
data can be modeled as a periodic process driven by uncorrelated noise 
(which may be manifest as changes in periodicity from cycle to cycle). 

The surrogate to test this hypothesis is generated in the M-
dimensional state space. In fact a surrogate attractor is generated, which 
matches the original attractor in the large scale (periodic and near-
periodic orbits) but disrupts its small-scale structure. The surrogate-
generation algorithm works by first randomly selecting a starting point 
on the original attractor as the first surrogate point; the next point on the 
surrogate attractor is the projection one step ahead of a neighbor of the 
starting point on the original attractor. This is repeated until enough 
points are generated on the surrogate attractor. In this way the large-scale 
flow around the attractor is maintained while any correlations between 
nearby points (noise or local dynamics) are disrupted. 

The surrogate is generated by the following procedure: 
1. Randomly choose one of the M-dimensional attractor points x(z') 

as an initial reference point for the M-dimensional surrogate. 
Call it s(l), the first surrogate point. 

2. Set i=l. 
3. Find all distances from reference point s(i) to the other points 

4. Proportional to their closeness to s(i), randomly select one of 
these other points x(-), let's say it is x(y'). 

5. Set the next surrogate point s(i+l) equal to the next point in time 
after the selected neighbor x(J). 

6. Increment i and repeat this process until i=N. 
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7. This creates a surrogate attractor. Now pick off the first 
component of each M-dimensional surrogate point s{-) as the 
surrogate time series y(-). 

The neighbors are chosen in step 4 with a probability inversely 
related to their distances from the reference s(i): 

Prob [choosing neighbor x(j)] oc exp 

Selection of the noise radius p is a key issue. If p is too large, then the 
dynamics of x(-) are not well captured by s(-), because neighbors can be 
too far from the reference. If p is too small, then x(-) and s(-) will be 
almost identical, since the neighbors will be constrained to be too close 
to the reference. A recommended choice for p is that value that 
maximizes the number of consecutive point pairs (but not longer 
segments) that are the same in the original data x(-) and the surrogate s(-). 

6.8 First differences and surrogates 

It is not uncommon to analyze first-differences of a time series x(i) 
rather than the time series itself: [x(i)-x(i-l)]. This procedure is useful in 
reducing slow drift and other linear correlations that might adversely 
affect computations (such as correlation dimension) by imposing 
artifactual temporal correlations unrelated to the shorter-term dynamics 
that are usually of more direct interest. (This is akin to the temporal 
dead-zone window presented in Chapter 5 that is intended to reduce 
temporal correlations in state-space data.) As an example, in 
investigating the year-to-year dynamics of disease epidemics, it would be 
helpful to eliminate any long-term trend that might be caused by steady 
improvements in public health reporting rather than by the disease 
dynamics themselves (Sugihara & May 1990). Differencing of the data 
also can increase the density of points in the state space, which may have 
computational advantages. 

For a signal with correlated random components, differencing may 
increase the dimension since it increases the noise level and removes 
linear correlations. As discussed in Chapter 5, certain filtered noises can 

P 
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mimic low-dimensional chaos, and differencing reduces or removes 
these correlations, "whitening" the signal - making it more like white 
noise which has infinite dimension. 

For a deterministic signal such as one that is chaotic, differencing 
should generally have no effect on the dimension, because any overall 
long-term dynamics are not altered, only local short-term trends. (Some 
care must be used because what appears as drift may of course be the 
consequence of a slow nonlinear process. This takes us back to the 
discussion of variables and parameters in Chapter 1.) We might think in 
terms of analogy to the use of position and velocity as state variables for 
simple harmonic motion as in Chapter 4. If each of these is replaced with 
its derivative, then velocity and acceleration become the state variables, 
and these are related to each other in the same way as position and 
velocity. Thinking of first-differencing as an approximation to 
differentiation, we can see the soundness of the differencing procedure. 

Having established the value of differencing in some cases, we now 
come to the issue of the appropriate surrogate for differenced data 
(Prichard 1994). There are two possibilities: generate surrogates based on 
the original data and then take first-differences of the surrogates, or take 
first-differences of the data and then generate surrogates based on the 
differenced data. The general recommendation is that surrogates be 
generated from the original signal, and then both the original and the 
surrogates should be differenced. Comparisons should then be made 
between the dimensions (or other derived quantities) of these differenced 
signals. This is especially pertinent to the AAFT surrogate which 
involves a static nonlinear transformation, since differencing and the 
nonlinear transformation are not necessarily commutative (the order in 
which they are applied matters, unlike the case for linear operations). 

6.9 Multivariate surrogates 

In section 4.7 we discussed the fact that inherently multivariate 
signals can be used in investigations of nonlinear dynamics. Examples 
include EEG or EKG signals recorded with multiple electrodes. In these 
cases it is useful to have surrogates that incorporate hypothesized 
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relations between signals. Such multivariate surrogates can be generated 
(Prichard & Theiler 1994). 

These surrogates are based on the hypotheses that each signal can be 
modeled as linearly correlated Gaussian noise, and that there are only 
linear correlations between the signals. These inter-signal correlations 
can be described by cross-correlation functions, just as linear correlations 
within a signal are described by the autocorrelation function. 

The cross-spectrum S^y{f) of two signals x(t) and y(t) is the Fourier 
transform of their cross-correlation function. It can be shown (although 
we will not do so) that if the power spectrum and phase spectrum of a 
signal x\{t) are, respectively, A\{f) and (j>i(/), then the magnitude (power) 
and phase components of the cross-spectrum of the signals X[(t) and xfo) 
are: 

\SXiXif)\=Ai{f)AJ(f) 

ZSXiXj(f) = <f>j(f)-0i(f). 
To retain the linear correlations within a signal x{t) as well as the 

linear correlations between signals X\(i) and x-Jtj), it is necessary to retain 
the cross-spectrum for all pairs of signals (for all ij pairs). At the same 
time we need to randomize the autocorrelation function of each 
individual signal x{{t). We can do both of these by adding the same 
random set of phases to the phase spectrum of each of the xit). In other 
words, for each signal x\(f), generate a phase-randomization surrogate as 
described in section 6.5. Randomize the phases in each case by adding a 
random set of phases to the phases obtained by taking the Fourier 
transform of each signal, adding the same random set of phases to all of 
the phase spectra. Since the linear correlations between signals are 
embodied in the cross-correlation function, and the cross-spectrum 
determines the cross-correlation, then we can retain the cross-
correlations by making sure that all cross-spectra are unchanged. This is 
achieved by generating surrogate signal pairs such that the phase portion 
of the cross-spectrum of each signal pair is not altered, and this is easily 
accomplished by modifying each individual phase spectrum <j>i(/) and 
<j)j(/) by the same amount so that their difference §-i(f)-§i(f) is not 
changed. This is the result of the surrogate generation process described here. 
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6.10 Surrogates tailored to specific physiological hypotheses 

By far the most frequent application of surrogates is to test for 
nonlinearity and randomness, and the surrogates described above are in 
common use for this application. One should not rule out the possibility, 
however, of generating other surrogates to address specific hypotheses 
about a given physiological system. 

As an example, Theiler (1995) studied surrogates generated from 
epileptic EEG waveforms. The signal consists of near-periodic spikes, 
with a brief wave-like pattern between each spike. Typically, the 
dynamics of spike timing are assessed by generating various surrogates 
based on inter-spike timing, ignoring the morphologic details of the 
signal. In this study, on the other hand, any dynamics embodied in the 
shape of the waveform itself were also of interest. To test the null 
hypothesis that there is no dynamical correlation from one spike-plus-
wave to the next, surrogates were created by dividing the signal into 
segments, each segment containing one spike and the subsequent wave, 
and these segments were scrambled. 

Kaplan and Glass (1993) took a similar approach to the generation of 
surrogate data on measles cases, by creating annual peaks with random 
amplitudes to represent the number of reported measles cases. 

Another example (Shelhamer 1997), which we will explore in more 
detail in Chapter 15, is the analysis of the structure of optokinetic 
nystagmus eye movements (OKN, described in Chapter 4). From Fig. 
4.5.1 A we can see that OKN is composed of alternating slow and fast 
phases. If we want to test the hypothesis that the properties of a fast 
phase are determined by the properties of the preceding slow phase, for 
example, then we can create a surrogate by separating the OKN signal 
into segments, each containing a fast phase and the preceding slow 
phase, and these segments can be put back together in random orders to 
generate surrogates. Then the dimensions of the surrogates can be 
compared to that of the original OKN. If the surrogate dimensions are 
greater, then randomness has been introduced by this scrambling process, 
and it is not solely these slow-fast segments that determine the 
dimension. 
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6.11 Examples of different surrogates 

Examples of four different types of surrogates were generated from 
the Lorenz x variable and are shown in Fig. 6.11.1. Clearly the pseudo-
periodic surrogate most closely resembles the original signal, because of 
its retention of cyclic structure. The phase-randomization surrogate is 
next closest qualitatively to the original, because it retains linear 
correlations in time. 

The correlation dimension was determined for each surrogate type. 
Normally, several surrogates of each type would be generated and their 
dimensions compared to that of the original signal. In this case, however, 
we present dimension results from only a single example of each 
surrogate type; the results are typical of those from multiple realizations 
of each surrogate. The results of the correlation dimension computations 
are shown in Fig. 6.11.2, for the surrogates given in Fig. 6.11.1. The 
results can be compared to those from the original Lorenz data in Fig. 
5.4.1. 

For the shuffle surrogate (top row), the slope of the correlation 
integrals increases as embedding dimension M increases from 5 to 10. 
The dimension computation does not converge, and no dimension can be 
assigned to this signal. (The computations could be extended to larger 
values of M, but even at M=10 any possible scaling region is very small 
(flat portion of top curve in the right column), and this trend does not 
improve as M increases.) This is consistent with a random signal, as we 
would expect from this surrogate. 

The same result is obtained from the Gaussian surrogate (second 
row), again as expected. 

The phase-randomization surrogate (third row) produces a different 
result. First, any possible scaling region is quite small, less than 0.25 
logio units. Second, to the extent that the slope of the correlation integrals 
converges, the asymptotic value is approximately 5.5, which is much 
greater than the correlation dimension of the Lorenz x variable itself, as 
we know from Chapter 5. Thus we have confirmed that the Lorenz 
system cannot be described as linearly correlated noise; linear 
correlations within the data are not sufficient to reproduce the dimension 
and hence a linear model of the process is not satisfactory. 
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Figure 6.11.1. Examples of surrogate data generated from 1000 values of the x variable 
of the chaotic Lorenz system (left column). In each row are two examples of four 
different types of surrogate data as described in the text. The shuffle surrogate is 

generated by shuffling the data values, the Gaussian surrogate consists of values from a 
normal distribution with the mean and standard of the original signal (note change of 

scale), the phase-randomization surrogate is generated by randomizing the phases of the 
frequency spectrum thereby preserving linear correlations in time, the pseudo-periodic 

surrogate maintains cyclic structure and its generation is described in the text. 
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Figure 6.11.2. Examples of correlation dimension computations carried out on surrogate 
data sets generated from the Lorenz system. Each row shows results for one sample of 
one of the surrogates shown in Fig. 6.11.1. Correlation integrals are shown on the left, 

and slopes on the right, for embedding dimensions from 5 to 10. 

Finally, the pseudo-periodic surrogate (bottom row) comes closest to 
the results from the original Lorenz data. However, the scaling region for 
the surrogate is much smaller, and the mean slope (Aon-) in the scaling 
region is 2.31, much greater than that of the original data. This confirms 
that the Lorenz system is not periodic with uncorrelated noise disrupting 
the periodicity. Rather, the variations in period from cycle to cycle are 
inherent in the deterministic dynamics. 
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6.12 Physiological examples 

Certainly the earliest systematic treatment of the concepts of 
surrogate data is the one cited above (Theiler et al. 1992). Shortly 
thereafter the first physiological applications appeared. Among them is a 
brief report on the correlation dimension of OKN (Shelhamer 1992), 
where an "artificial OKN" signal was examined as a type of surrogate 
data. This surrogate was created by generating an idealized sawtooth 
waveform, with fast phases randomly inserted; the mean and variance of 
the fast-phase amplitudes and intervals were identical to those of the 
original OKN. The dimension computations for this surrogate did not 
converge, while OKN itself had a dimension of about 2.8. 

An earlier (possibly the first) and more extensive physiological 
application of surrogates was to the H-reflex (Schiff & Chang 1992). 
This is a monosynaptic spinal cord reflex, electrically stimulated at the 
tibial nerve, with muscle activity measured at the gastrocnemius with 
surface EMG. Stimulus pulses were applied once per second, and five 
sequences of 1024 responses were recorded. The data series consists of 
the peak amplitude of consecutive responses. Correlation dimensions 
were computed for the original data sets and for surrogates based on 
them. The surrogates were the three types described above: shuffle, 
Gaussian, phase-randomization. The study was designed to look for 
dynamical correlations between the amplitudes of consecutive responses. 

Unfortunately the raw data series did not converge to a dimension 
value, so a 21-point moving average (MA) was applied (MA is a simple 
form of low-pass filtering, where each data point is replaced with the 
average of the surrounding points). The MA procedure was also carried 
out on the three types of surrogates. The dimension computations for the 
shuffle and Gaussian surrogates did not converge - the values increased 
with embedding dimension up to M=ll. The MA experimental data 
converged to a dimension of 2.6+0.02, while the MA phase-randomized 
data yielded a value of 2.3+0.004. (This is an unusual case in which the 
surrogate has a lower dimension than the original data.) The conclusion 
is that the sequence of H-reflex amplitudes cannot be distinguished from 
linearly correlated noise; there is no apparent nonlinear dynamical 
relationship of one response to the next. 
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Chapter 7 

Nonlinear forecasting 

Soon after the shortcomings of the correlation dimension started to 
become apparent, other approaches to the characterization of nonlinear 
dynamical systems began to be developed. Among them, nonlinear 
forecasting or prediction is among the most widely used. It is based on a 
simple principle: a chaotic system is deterministic, and therefore it 
should exhibit some predictability in the short term, even though this 
should decay rapidly. In fact this is one of the defining features of chaos: 
impossibility of long-term prediction. The presence of short-term 
predictability can be understood by reference to some of the state-space 
representations that we have seen so far; trajectories tend to be aligned in 
many regions of the state space, and so knowledge of the flow of one 
path might provide information on the flow of adjoining paths. This is 
the essence of the technique. Different types of systems exhibit different 
"signatures" of predictability, and this can be used to distinguish between 
different behaviors. Surrogate data techniques can be applied to 
nonlinear forecasting as well. 

Unlike the correlation dimension, forecasting results are often readily 
interpretable and point directly to the deterministic structure of the 
system under study. Useful results can often be obtained with much 
smaller data sets than is the case with dimension estimates (hundreds 
rather than thousands of points). 

7.1 Predictability of prototypical systems 

Details of the forecasting method will be given in the following 
section. In brief, a reference point is selected on the attractor in state 
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space. A set of trajectory paths close to that point is found, and these 
neighboring paths are used to create a local linear approximation to the 
trajectory flow. This approximation is then used to forecast the path of 
the reference point at future time steps. As the forecast is carried out 
further into the future, its quality will decay: the forecasts will become 
less accurate as they move further away from the reference point in time. 
The nature of this decay of forecasting quality is dictated by the 
dynamics of the system. 

Some examples are shown in Fig. 7.1.1. A purely random system 
(noise) has uniformly poor forecasting for all time steps. A 
"conventional" deterministic system, such as a sine wave, has uniformly 
good forecasting fairly far into the future. Adding noise to such a 
deterministic system degrades the quality of the forecasting equally 
across all time steps: the forecasting-quality curve is shifted downward. 
A chaotic system (the logistic equation from Chapter 1, in the chaotic 
regime) has good short-term forecasting that decays rapidly. 
Distinguishing between these broad classes of behavior on the basis of 
the forecasting signature is fairly straightforward. (There are 
complications, however, as certain types of noise also exhibit good short-
forecasting that decays rapidly; see section 7.6.) 

1 2 3 4 5 6 7 8 9 10 

Forecasting Step 

Figure 7.1.1. Forecasting results from different systems. Forecasting quality is shown as 
a function of the number of steps into the future at which the forecast is performed. 
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The forecasting procedure can be applied to relatively small data sets, 
which has great advantages for the analysis of physiological systems, 
which can be significantly nonstationary. As with the correlation 
dimension, there are cases in which relative rather than absolute 
measures of forecasting quality are valuable: indeed there are cases in 
which it may be more fruitful to ask "how predictable" a system is, rather 
than if it is random or deterministic per se (Rapp 1993). 

7.2 Methodology 

The forecasting process is carried out on an attractor that has been 
reconstructed with the time-delay procedure from Chapter 4. (A 
theoretical note. The Takens embedding theorem shows that topological 
properties of an attractor are preserved through time-delay 
reconstruction. Topological properties are based on concepts such as the 
neighborhood of a point and connectedness of points. A metric or 
measurement scale is not prescribed. Indeed topological transformations 
can involve stretching and bending operations, which clearly would 
change distances between points and thus affect any measurement scale. 
In order to carry out the forecasting procedures, distances between points 
must be specified, among other operations that call upon a scale of 
measurement. Thus strictly speaking forecasting carried out on a 
reconstructed attractor is not guaranteed to produce results identical to 
those from forecasting carried out on the true attractor in the actual state 
space. Unlike dimension, forecasting is not a topological invariant. 
Nevertheless, in practice the procedure is useful in characterizing system 
dynamics in the state space, and the usefulness of the results does not 
depend on their being referred back to a hypothetical "true" attractor.) 

Nonlinear forecasting (prediction) is a way to forecast subsequent 
values in a sequence, based on local approximations to the reconstructed 
attractor in state space. The procedure is illustrated on a portion of the 
Lorenz attractor, in Fig. 7.2.1. The top graph shows 400 points of the 
reconstructed attractor; the box indicates the region that has been 
expanded and plotted in the lower graphs. In the lower graphs, individual 
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points are indicated by small circles, and the general directional flow of 
the trajectory paths is indicated by the arrow to the lower right. A 
reference point has been denoted with a bold X; forecasting is carried out 
from this starting point, and the forecasts estimate the future path of this 
point. Those points on nearby paths of the attractor that are closest to the 
reference point have been identified and marked with large bold circles. 
In this case three such nearest neighbors have been identified. Note that 
these nearest neighbors are not selected from the same trajectory path on 
which the reference point lies; this would place them subsequent in time 
to the reference point, making the forecast a temporal extrapolation, 
rather than a dynamical approximation as desired. 

Each of the nearest neighbors is followed one time step into the 
future; these new points are indicated also with bold circles in the lower 
right graph. The nearest neighbors and their time course provide a 
template or model on which to make a forecast of the future time course 
of the reference point itself. A linear regression is carried out on the set 
of nearest neighbors and their one-step-ahead projections; this creates a 
local linear approximation to the attractor. The resulting linear 
regression line is shown as a thick line with thick filled circles in the 
lower right graph; the regression has been carried out for three time steps 
into the future, starting from the initial reference point. 

The one-step ahead forecast in this case is excellent: the forecast 
point on the bold regression line lies directly on top of the corresponding 
point on the attractor (the projection one time step ahead of the reference 
point). After that, since the forecasts follow the regression line in a 
straight path while the attractor curves upward, the forecasts become less 
accurate (the regression line deviates from the attractor). Forecasts two, 
three, and more steps into the future become progressively worse. 

This process is repeated for a large number of reference points on the 
attractor, each time selecting new nearest neighbors and creating new 
linear regressions. The larger the number of reference points, the better 
the statistics of the forecasting quality. 

To quantify the quality of the forecasts, a comparison is made 
between the actual values extending from each reference point, and the 
corresponding forecast values based on that point. This is accomplished 
by taking, for all forecasts carried out one step ahead, over all reference 
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points, the set of actual one-step ahead values and the set of one-step 
ahead forecasts, and finding the correlation coefficient r between these 
two sets. This is then carried out for two-step ahead values and forecasts, 
and so on. The behavior of the correlation coefficient as forecasting is 
carried further into the future, away from the reference point, indicates 
the nature of the system under study. 

A key parameter that must be chosen, in addition to those involved in 
the time-delay reconstruction itself (delay L and embedding dimension 
M), is the number of nearest neighbors. Too large a set of neighbors risks 
using neighbors that are not actually near the reference point, and so do 
not reflect the local flow of the attractor. Too small a set risks not having 
enough information with which to generate an adequate regression line. 
While different guidelines exist, choosing a number of nearest neighbors 
approximately equal to the embedding dimension M i s a reasonable 
starting point. As always, any a priori knowledge of the system should 
guide this choice, and a compulsive investigator might try several values 
and show that the results are not highly dependent on the specific value. 

It is helpful to keep in mind, in selecting parameter values and 
making other choices regarding the forecasting method, that we are not 
usually interested in optimizing the forecasting per se. Rather, we are 
most often interested in showing the decay in forecasting quality with 
time, and comparing forecasting ability from different systems or 
different situations. Thus an exhaustive search for the optimal forecasting 
algorithm is usually unnecessary. 

It is common and highly desirable in forecasting to choose nearest 
neighbors from one set of attractor points, and reference points from a 
different set of points. This is typically accomplished by dividing the 
attractor into two segments in time, an early segment and a late segment. 
The early segment is treated as a template of points (and trajectory paths) 
- it is this template on which the forecasts are based. The reference 
points, from which the forecasts emanate, are selected from the late 
segment. This ensures that forecasts are made out-of-sample rather than 
within-sample; the latter could artificially bias the quality of the 
forecasts. One approach to testing for stationarity of the data set is to use 
the early segment as a template for forecasts on the later segment, and 
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vice versa, and then compare the results. If the system is stationary, then 
the two sets of forecasts should be approximately identical. 

Lorenz attractor 

-20 -15 -10 -5 0 5 10 15 20 

X(i) 

Figure 7.2.1. Representation of the forecasting procedure carried out on a portion of the 
Lorenz attractor (boxed area in top graph, enlarged in bottom graphs). Scales on all 

graphs are identical. See text for description of the forecasting procedure. 

The forecasting procedure described above makes use of a single 
regression line, and subsequent points on this line form the forecast 
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values at subsequent time steps into the future. Another way to generate 
forecasts is in an incremental manner. In this case, the initial forecast is 
carried out only one time step into the future. Then, this one-step ahead 
forecast value is treated as an actual point on the attractor (rather than as 
a forecast value); it becomes the reference point for a new one-step ahead 
forecast, and so on. This generates a piecewise linear trajectory path, on 
which the forecast points lie. This process is computationally more 
involved but will generally produce better forecasts. 

In the example above the embedding dimension is two, and the 
regression line is the familiar two-dimensional version y=mx+b. In 
general the forecasting procedures are carried out in higher-dimensional 
embedding spaces. The generalization of linear regression to M 
dimensions is straightforward, and we now outline the procedure. 

It is perhaps best to formulate the problem in terms of matrices. 
Again using the nomenclature of Albano et al. (1988), consider the 
points on the reconstructed attractor as rows of a trajectory matrix: 

"<- yl ->" 

A- <- y2 -> 

J N x M 

The reference point is one of the points yu call it yTef. The k nearest 
neighbors of _yref are identified and placed into a new matrix: 

\ y neighbor 1 / 

\ y neighbor! I P = 

kxM 

The projections of these neighbors one step ahead gives a third matrix: 

\ y projectionX I 

\ y projection! I Q = 

kxM 

We desire to find a set of coefficients that, when applied to the 
nearest neighbors in P, will produce (with minimum squared error) the 
projected points in Q. That is, we want to solve this equation: 
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PC=Q 

where C is the MxM matrix of coefficients. Since we can choose the 
number of nearest neighbors arbitrarily, this represents a set of under-
determined or over-determined equations, which must be solved with 
least-squares techniques. While we will not go into detail on this point, 
there are many software packages that will solve this problem. (In 
MATLAB, for example, the command C=P\Q will provide a solution, 
the backslash operator being shorthand for the least-squares procedure.) 

Finally, we apply the set of coefficients to the reference point to 
obtain the one-step ahead forecast: 

./forecast ./ref ^ • 

7.3 Variations 

There are many ways in which forecasting can be carried out, 
although the one just described appears to be among the most common, 
at least in its essentials. As noted, one may generate a single linear 
regression for each reference point, or a set of regressions each one based 
on the previous forecast value. It is also possible to use more 
sophisticated local approximations instead of linear regression, such as 
local polynomials or neural networks. 

In the description above, the forecast was based on a set of nearest 
neighbors to each reference point. A more stringent requirement is to 
select the smallest simplex for a given reference point (Sugihara & May 
1990). This is a "ball" of k points with the smallest diameter which 
contains the reference point. That is, the reference point is surrounded by 
the points that form the simplex. In the simpler case of nearest neighbors, 
all the neighbors could in general be on one side of the reference point, 
for example, which might not provide as good a model for the path of the 
reference as would a simplex. Having identified a simplex or other set of 
neighbors, we might also weight their contributions to the forecast by 
their distance from the reference point; neighbors that are closer to the 
reference point would contribute more to the forecast than neighbors 
farther away. With the simplex method, the forecast point is determined 
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as the "center of mass" of the set of points in the simplex, projected one 
step ahead. 

Finally, we have used the correlation coefficient r to quantify 
forecasting quality, but a measure of forecasting error can be used 
instead, such as mean-squared error. 

The methods and variations presented here are adequate for many 
investigations. Much more general and sophisticated techniques are 
available (Weigend & Gershenfeld 1993, Casdagli 1989). 

Forecasting quality has also been used to determine embedding 
dimension M, in a manner similar to the use of the False Nearest 
Neighbors method in Chapter 4 (Sugihara & May 1990). Forecasting 
quality (r) at one step into the future is determined as a function of M. 
That is, forecasting is carried out on the same system, with the attractor 
reconstructed in increasingly higher embedding dimensions. When 
forecasting quality reaches a plateau or a peak, this indicates that an 
appropriate embedding dimension has been reached. 

7.4 Surrogates, global linear forecasting 

Since linear systems produce attractors that can be analyzed with the 
methods here, the demonstration of forecasting ability does not allow a 
claim to be made for nonlinearity in the system. (Note that a local linear 
approximation to an attractor does not imply that the system is linear. 
Even a simple periodic oscillator has a curved trajectory in state space, 
which would not be well-modeled by a local linear fit.) 

To this end, surrogate data techniques from Chapter 6 can be usefully 
applied to forecasting. If forecasting quality is unchanged in a given type 
of surrogate, then the hypothesis behind that surrogate cannot be rejected 
as an explanation for the data. Often it is sufficient in these comparisons 
to show forecasting plots (r versus prediction step) for the original data 
and the surrogates; if the difference is large enough it may be apparent 
without recourse to statistics. At other times, however, it may be 
necessary to perform statistical analyses on the surrogates, and in this 
case a sample of one-step forecasting quality (r(l)) can provide a useful 
quantity for statistical testing. 
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Another way to approach the question of nonlinearity is to compare 
nonlinear forecasting as presented here with results from a linear 
estimation method. One such method is to fit an ARMA model 
(autoregressive, moving-average, also known as Box-Jenkins models: 
Box et al. 1970). This models each data value as a linear combination of 
past data values (autoregressive) and values of a hypothetical (typically 
Gaussian white noise) input process (moving average): 

x(i)=a\x(i-\)+a2x(i-2)+aix(i-3).. .+b0u{i)+biu{i-l)+b2u{i-2)...+«(/). 

Here n(j) is a noise term. Since all of the data are used in determining 
the model parameters a, and bu the procedure is a global rather than a 
local fit. Thus it is possible to obtain good-quality forecasts even in 
nonlinear systems because all data are used, as opposed to local 
approximations. Keeping the order of the model (the number of terms) 
low in comparison to the number of data points helps in making a fair 
comparison with nonlinear forecasting, but in general good-quality 
forecasting from an ARMA model, with low residual error, indicates a 
high degree of linear structure in the data. There are established criteria 
for making this determination (Akaike 1979). 

7.5 Time-reversal and amplitude-reversal for detection of 
nonlinearity 

A type of surrogate data for testing of nonlinearity is based on 
reversibility of the data (Stam et al. 1998, Diks et al. 1995). The 
procedure was designed to address some problems associated with the 
AAFT surrogate (see end of section 6.6). These methods were developed 
for the case of periodic data {limit cycles in the case of nonlinear 
systems: essentially, periodic attractors), including however such cases 
as the Lorenz system which is nearly periodic over a limited range. The 
important point is that the probability distributions of the data values be 
approximately symmetric in amplitude (about the mean) and in time 
(moving forward and backward from a given point). Obviously periodic 
signals meet these criteria most strongly. 

The method is referred to as nonlinear cross-prediction. A set of 
amplitude-reversed data is generated from the original signal, by 
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removing the mean, inverting the data, and adding the mean back. A set 
of time-reversed data is also generated, by reversing the time order of the 
data values. Nonlinear forecasting is performed on the original data. 
Forecasting is quantified by correlation coefficient, comparing forecast 
and actual data (as usual). In addition, the same forecast values are 
compared to the amplitude-reversed data and to the time-reversed data. If 
the forecasting quality (correlation coefficient) of the amplitude-reversed 
data is degraded then the data are not amplitude-reversible, and if the 
forecasting quality of the time-reversed data is degraded the data are not 
time-reversible. Lack of amplitude symmetry about the mean leads to 
poor forecasting of amplitude-reversed data, and lack of time 
reversibility leads to poor forecasting of time-reversed data. 

A static nonlinear transformation will not affect time-reversal 
properties of the data (since the data will be approximately identically 
distributed before and after any selected point in time, and the static 
transformation will affect these two distributions identically). Linearly 
correlated Gaussian noise is time-reversible in the same sense. Therefore, 
if the data are not time-reversible, then we can rule out the possibility 
that the data were created by a static transformation of a linear Gaussian 
process. On the other hand, a static nonlinear transformation (in general) 
destroys amplitude symmetry, leading to lack of forecasting in the 
amplitude-reversed data, while forecasting of the time-reversed data 
remains good. 

A true dynamic nonlinearity leads to time irreversibility, and poor 
forecasting of time-reversed data (with or without a change in forecasting 
of amplitude-reversed data). However, not all nonlinear systems are 
time-irreversible; strong asymmetry is an indicator of nonlinearity, but 
lack of symmetry does not imply linearity. 

7.6 Chaos versus colored noise 

We have seen in Chapter 5 that certain types of filtered noise, or 
colored (as opposed to white) noise, can "fool" the dimension 
algorithms. That is, a finite and possibly non-integer dimension can be 
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produced from random data with certain temporal correlations. Such a 
problem exists with nonlinear forecasting as well. 

The specific types of noise that concern us here are those with a 
power-law spectrum. That is, the power spectrum decays in a manner 
proportional to frequency raised to some power: Sxx(f)~l/f a, where 
l<a<3; a can be non-integer. The corresponding autocorrelation 
function also decays as a power law, rather than as an exponential which 
is more common: R^^-I/T^. These noise processes are known as 
random fractal sequences, ox fractional Brownian motion (fBm). They 
are fractals (see Chapter 5) in the sense that they are self-similar, but in a 
statistical sense: statistical properties such as variance or range are 
related over different time scales by way of a power law. The properties 
of fBm are interesting in their own right, and we will see some of them in 
Chapter 13. 

For our present purposes, we are concerned with distinguishing 
between chaos and fBm. This is an important issue because, like chaos, 
fBm can produce forecasting that is good in the short term but decays 
rapidly as forecasting is carried further into the future (see Fig. 7.1.1). 

Correlations between points decay as a power law for fBm, and this is 
reflected also in forecasting, where the decay of forecasting quality 
decays as a power law. A power law expressed on a log-log graph 
produces a straight line, and so log(l-r(7)) versus log(7) is a straight line 
for fBm (T is the number of time steps into the future over which the 
forecasting is carried out, and r(T) is the average correlation coefficient 
at each forecasting time step 7). On the other hand, a chaotic system has 
exponential decay of correlations between points, due to exponential 
divergence of trajectory paths, and this is reflected as an exponential 
decay in forecasting quality: log(l-r(7)) versus T is linear. Thus the 
decay in forecasting quality is different for these two processes. These 
results were developed by Tsonis and Eisner (1992), based on work by 
Wales (1991). Such a diagnostic criterion has proven to be quite useful 
(e.g., Shelhamer 2005). 

Another approach to this problem has been proposed (Ikeguchi & 
Aihara 1997). Forecasting is carried out just one step ahead. The 
conventional correlation coefficient r is used to assess how well the 
forecast data match the actual data. In addition, a difference correlation 
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coefficient is computed, which compares the first differences of the same 
forecast and actual data. Since forecast data tend to follow trends in the 
original data, and first differences of power-law noise show more point-
to-point variability, the conventional correlation will be high for both 
signals while the difference correlation will be generally much lower 
(and even negative) for the noise signals. 

7.7 Forecasting of neural spike trains and other discrete events 

Forecasting of neural spike trains (and other point processes where 
the values represent times of occurrence of stereotyped events) presents 
some special problems. The data values are not evenly spaced in time, 
and forecasting carried out directly on inter-spike intervals (ISIs) actually 
shows the behavior of forecasting quality as a function of event number 
rather than time per se. This can complicate the discrimination of chaos 
versus colored noise, for example, as described above. 

One approach to this problem is to generate a smooth function that 
represents instantaneous event rate, which can then be sampled evenly in 
time. Such a function is described in section 7.8. 

Another issue arises in attempting to use nonlinear forecasting 
techniques to determine the dynamics of a signal (such as cell membrane 
potential) that drives the event generator. In Chapter 4 we described how 
neural inter-spike interval (ISI) data can be used to reconstruct an 
attractor with the time-delay method. The same study that demonstrated 
this (Sauer 1994) also showed that when a simple integrate-to-fire neural 
model is driven by a random signal or by chaos, the resulting ISI data 
have different forecasting qualities. In particular, the rate of decay of 
forecasting quality is able to determine whether the input signal to the 
neuron model is random or chaotic, as described previously in this 
chapter. An underlying chaotic signal generates chaotic ISIs, and a 
random signal generates random ISIs, and these can be distinguished by 
their forecasting signatures. 

However, and most crucially, this forecasting ability decreases as the 
"neuron" firing threshold increases - that is, as the spikes become further 
apart in time. This makes sense, since the spikes may be less evenly 
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spaced in time as their average rate decreases, and in any case they 
reflect the underlying dynamics of the integrated signal more poorly as 
their average rate decreases (in analogy to the Shannon sampling 
theorem). Intuitively, the intervals should be shorter than the time scale 
determined by the "forecasting horizon" (time into the future over which 
reasonably good forecasting can occur) of the underlying chaotic signal. 
Thus chaotic dynamics in an underlying signal are reproduced in the 
spike train if average firing rate is not too low, and if firing occurs over 
the entire range of the input signal so that there is no dead zone (Racicot 
& Longtin 1997). There appears to be no general solution to the problem 
of how random or chaotic inputs might be reflected in spike trains if the 
spike generator does not follow these rules. 

7.8 Examples 

Instructive and insightful examples of nonlinear forecasting applied 
to disease epidemics can be found in Chapter 20. Here we discuss a set 
of studies on neural dynamics. 

Dopamine neurons in the substantia nigra often exhibit an irregular 
firing pattern. They fire more regularly in vitro, but the irregular activity 
can be reproduced in a bath of apamin, which blocks calcium-activated 
potassium channels. Nonlinear forecasting was carried out on these spike 
trains, to investigate the dynamics of the neural firing. To avoid the 
problems noted above with unevenly spaced data values, a spike-density 
function (SDF) was created from each data set by placing a Gaussian 
(bell-shaped) curve at the time of each spike, and adding these functions. 
Since they overlap when firing rate is high, this creates a smooth 
function that represents instantaneous spike density or firing rate. This 
smooth function is then sampled to produce a time series with evenly 
spaced data points. Forecasting of the SDF was carried out using 
procedures described by Sugihara and May (1990) and referred to 
previously, including the construction of a simplex of points for each 
reference point, and generating the forecast values through a weighted 
average of the simplex points as they move forward in time. An 
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embedding dimension of three was used, and data sets contained several 
hundred spikes. 

The initial study of these data (Lovejoy et al. 2001) included careful 
and extensive simulations with artificial periodic data, chaotic data, and 
data from a neural model in a near-periodic pacemaker mode and in a 
chaotic mode. A Poisson-distributed random variable was used as noise. 
Forecasting quality for pure Poisson noise decayed the most rapidly, with 
some forecasting ability due to inter-point correlations imposed by the 
SDF. Driving the neural model in the pacemaker mode with Poisson 
noise resulted in forecasting that decayed approximately linearly (r vs. 
forecasting time T), consistent with correlated noise. The model driven 
with Poisson noise but in the chaotic regime yielded exponential decay 
(log(l-r) vs. Tis linear), consistent with the chaotic nature of the model. 

With actual neural data, irregular firing in vivo and apamin-induced 
firing in vitro both showed an exponential decay of forecasting quality r, 
consistent with chaos. An in vitro control (no apamin) showed linear 
decay of r, as for noise. From this the authors concluded that there is 
deterministic chaotic firing in vivo, and with apamin in vitro, and that 
this pattern of activity is not necessarily the result of random synaptic 
inputs but rather stems from dynamics intrinsic to the neuron. 

However, a later study by two of the same authors revisited this result 
(Canavier et al. 2004). In this later study, surrogate data sets were 
generated in an attempt to confirm the earlier finding of chaotic activity. 
However, shuffle surrogates (generated by randomizing the order of the 
spike intervals) showed the same exponential decay of forecasting 
quality r as did the actual neural data, for both the apamin in vitro and 
the spontaneous in vivo irregular firing. On the other hand, both shuffle 
and AAFT surrogates (see Chapter 6) were different from chaotic model 
data. The fact that the shuffle surrogates, which are clearly random, 
produced the same forecasting signature as the neural data, complicates 
the interpretation and calls into question the earlier results. 

These studies demonstrate a central point: no one approach should be 
relied upon in attempts to determine the type of dynamical behavior 
present in a given system. Judicious use should be made of all the 
computational tools at one's disposal, claims should be made carefully, 
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and results should be reexamined periodically in the light of new 
developments. 
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Chapter 8 

Recurrence analysis 

Time-delay reconstruction allows us to perform computations and 
analyses on systems and their attractors in high-dimensional spaces. In 
many cases our intuition from three-dimensional space can serve well in 
envisioning attractors in higher dimensions, and the computations that 
we have seen so far indeed have straightforward extrapolations into 
higher dimensions. Nevertheless, the ability to grasp qualitatively the 
structure of an attractor in high-dimensional space is somewhat limited 
for most of us. This is where recurrence plots can help. 

Originally developed as a qualitative method, recurrence plots reduce 
to two dimensions the features of higher-dimensional attractors, which 
can help us to visualize their structure. Shortly after their introduction, 
quantitative measures were introduced that are based on recurrence plots, 
leading to recurrence quantification analysis (RQA). 

8.1 Concept and methodology 

A recurrence plot is a graphical display of the spatial correlations in 
an attractor, in terms of time (Eckmann et al. 1987). It can give insight 
into periodicities, nonstationarity, and determinism in a signal. 

To generate a recurrence plot, an attractor reconstruction is first 
performed via time-delay methods. Then, a reference point x(j) is 
selected on the attractor, and a ball of radius r is centered on that point. If 
point x(j) on the attractor is within this ball (that is, within distance r of 
x(0), then a dot is placed at coordinates (/,/) on the recurrence plot. The 
procedure is repeated for all points x(j), and the entire process repeated 
for all reference points x(i). The recurrence plot has dimensions NxN, 
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where N is the number of points on the attractor. The coordinates (z, j) 
are the time indices of points on the attractor. 

It is obvious from the construction what the recurrence plot tells us. If 
the attractor trajectory at two different times i and/ comes close to itself 
- if the two points x(i) and x(j) are similar - then this is indicated by a 
dot at (ij) on the recurrence plot. Thus any near-repetitions, or 
recurrence, of the attractor can be clearly visualized. 

Typically, the threshold radius r is set so that there is a specified 
minimum number of neighbors x(j) within each ball, although the radius 
can also be fixed at a given value or selected so as to obtain overall a 
certain percentage of "recurrent points" (i.e., to obtain a desired plot 
density). A more objective approach to setting the threshold distance 
(Matassini et al. 2002, Nichols et al. 2006) asserts that a count of the 
number of diagonal lines with "significant" length (more than three 
standard deviations above the mean length) should be unchanged as r 
increases, and recurrent points should appear primarily in these lines 
(rather than in random recurrences). This helps to set r above the noise 
level. Within this constraint, r should be small so that the recurrence 
procedure will be sensitive to changes in system dynamics. 

Recurrence results can also be presented in a more general manner, 
with the graphical display of a recurrence matrix. Here, we plot the 
actual distances between pairs of points (x(i), x(j)) as a gray-scale (or 
colorized) image, with the gray level of each point (i,j) proportional to 
the distance \x(i)-x(j)\, rather than applying a threshold to the distances 
and plotting only those points which are within the distance threshold. 

A theoretical underpinning for the use of recurrence matrices 
(McGuire et al. 1997) is based on the observation that the two-
dimensional matrix of inter-point distances retains the unique topology 
(actually, geometry) of the original trajectories in state space. In other 
words, given a particular recurrence matrix, it is possible to reconstruct 
the state-space attractor. Knowledge of all inter-point distances serves to 
completely specify the attractor shape, no matter how high the 
embedding dimension in which the attractor exists. This is true except for 
a possible isometric transformation: translation or rotation - the attractor 
can be regenerated and it will have the correct shape, but it may be in a 
different place or oriented differently in the state space than the original. 
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It is not clear how this retention of geometry and dynamical states is 
affected by the thresholding that results in conventional recurrence plots. 

8.2 Recurrence plots of simple systems 

Examples of recurrence plots are shown in Fig. 8.2.1 for some simple 
systems. All plots are based on attractors reconstructed with embedding 
dimension M=5 and delay L=5. The threshold distance was set to provide 
plots with a density of 5% (5% of the NxN points are black dots). In each 
case, the abscissa and ordinate represent the time indices i and j , and a 
dot is placed at (ij) if \x(i)-x(j)\ is less than a threshold distance; such 
points are said to be recurrent. All points along the main diagonals have 
dots on them, since each point is recurrent with itself. Since distance is 
commutative, the recurrence plot is symmetric about the main diagonal. 

On the top left is a plot for Gaussian white noise (7V=1000). There are 
small hints at structure in this plot (related to imperfections in the 
algorithm that generates the random numbers), but overall there are no 
obvious patterns. This is typical of uncorrelated noise. 

On the top right is shown the result for a classic deterministic system: 
a pure sine wave (JV=200). There are strong diagonal lines parallel to the 
main diagonal, spaced approximately 60 units apart. This represents the 
period of the sine wave; for a period of K points, x(z') and x(i+K) will 
coincide and therefore be recurrent. The lines are parallel to the main 
diagonal because, with period K, if x(z') and x(i+K) are recurrent, then so 
are x(i+l) and x(i+l+K), and so on as each path of the trajectory follows 
the one before, separated in time by K points. The diagonal lines are 
slightly thick because the threshold distance allows not only perfectly 
coinciding points, but also those nearly so, to be considered as recurrent. 

To the lower left is a plot from the same sine wave, to which has been 
added noise and baseline drift which represents nonstationarity. The drift 
causes subsequent periods to become less recurrent, as reflected in 
shorter diagonal line segments at the upper left and lower right corners of 
the plot (where points maximally far apart in time are compared). Such 
nonstationarity in general is reflected in decreasing density as one moves 
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away from the main diagonal. Additive noise contributes an overall 
"fuzziness." 

The lower right plot is from the x variable of the Lorenz system 
(AM 000). As for the sine, deterministic structure leads to line segments 
parallel to the main diagonal. These segments are very short, reflecting 
rapid divergence of trajectories in the state space that come close to one 
another (a manifestation of sensitive dependence on initial conditions). 
Small regions of the plot resemble the recurrence plot from the sine; this 
is because over short time intervals the Lorenz system is approximately 
periodic (see lower left graph in Fig. 3.4.1b, and Fig. 4.4.1). 

In Fig. 8.2.2 we present some specific features that appear in 
recurrence plots, and show how they arise from characteristics of the 
attractor in state space. All examples are drawn from small sections of 
attractors (trajectory segments) in two-dimensional embedding space 
(M=2) for ease in visualization. (Of course the true power of the 
recurrence plot stems from its ability to present information from 
attractors in higher-dimensional embedding spaces.) 

The first example (top of Fig. 8.2.2.a) shows the presence of an 
isolated recurrent point in a random system. Nine points of a trajectory 
are shown. Points 2 and 6 (so labeled) are near each other, and so they 
are recurrent. Thus the recurrence plot shows isolated points at (2,6) and 
(6,2). 

The next example shows two segments of an attractor trajectory, from 
time indices 1-11 and 21-27. (Although separated in the graph, these 
segments are to be considered as parts of a larger attractor and connected 
by the missing points 12-20.) As point 23 comes close to point 6, the two 
paths follow each other closely, and so the corresponding points are 
recurrent as each path progresses in time for two more steps. The fact 
that points 6-8 and 23-25 are recurrent is reflected by dots at the 
appropriate points on the recurrence plot (connected by lines to 
demonstrate the pattern more clearly). The resulting diagonal line 
segment, parallel to the main diagonal, is representative of recurrent 
paths. This in turn is suggestive of determinism, since points that are 
close together lead to time progressions that are similar, at least for short 
time spans. 
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Figure 8.2.1. Recurrence plots from simple systems. Gaussian white noise (GWN, upper 
left) produces a recurrence plot with near-constant density at all locations; there are no 
obvious dynamical properties. A sine wave (upper right) produces strong recurrences 
parallel to the main diagonal, reflecting deterministic dynamics. The spacing of the 

diagonal lines reflects the periodicity of the sine wave. Adding noise and drift (a linear 
trend) to the sine (lower left) breaks up the strong periodic structure. The x variable of the 

Lorenz system (lower right) produces a rich structure that reflects deterministic 
dynamics, areas of near-periodicity, and rapid divergence of trajectories (reflected by the 

shortness of the diagonal line segments). 
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Figure 8.2.2a. Features of recurrence plots (right) and how they arise from features of the 
state-space attractor (left). Two trajectory segments that come close to each other at a 
single location produce an isolated recurrent point (top). If the two trajectory segments 
follow each other for a time, as is common for a deterministic system, diagonal lines 
result which are parallel to the main diagonal (center). If the two trajectory segments 

travel in opposite directions, then the diagonal lines are orthogonal to the main diagonal 
(bottom). 
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Figure 8.2.2b. Features of recurrence plots (right) and how they arise from features of the 
state-space attractor (left). A trajectory path that loops around an otherwise isolated point 

produces horizontal and vertical lines in the recurrence plot (top). A transient, or rapid 
change in dynamics, produces a gap in the recurrence structure (center); this is 

represented here by the shift between upper and lower lobes of the Lorenz attractor. An 
attractor that drifts in state space, for example due to nonstationarity, produces a 

recurrence plot that becomes less dense away from the main diagonal. 
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The bottom example in the figure is identical to the preceding one, 
except that the later trajectory segment is now reversed in time. This 
leads to lines in the recurrence plot that are orthogonal to the main 
diagonal. 

The top example in Fig. 8.2.2b demonstrates how horizontal and 
vertical line segments can be formed in the recurrence plot. This happens 
when an isolated attractor point (here point 25) is visited by the attractor 
at a later or earlier time, and this visitation lasts for several time steps 
(here from 5 to 9). This specific example shows one trajectory segment 
looping around the other, but this is not necessary and any behavior that 
keeps one path in the vicinity of a single point will produce the same 
effect. 

The next example shows how a transient in the data can lead to white 
bands of non-recurrence in the recurrence plot. This example is drawn 
from a small portion of the Lorenz attractor. The trajectory loops around 
the upper lobe of the attractor for several near-periodic cycles, and then 
moves to the lower lobe, and this sudden shift of the attractor in state 
space can be considered a transient for this demonstration. The 
recurrence plot correspondingly shows two regions of high recurrence, 
separated by a large white band (from indices 125 to 150) during which 
the attractor is shifting. 

The final example shows a sine wave with baseline drift (as in Fig. 
8.2.1). Normally the sine wave would produce an overlaid series of 
closed loops in the state space, but in this case the drift pulls apart the 
successive cycles. The recurrence plot, as before, shows periodic 
behavior that diminishes away from the main diagonal. 

We can summarize these properties as follows: 
• Isolated recurrent points can arise at random. 
• Periodic structure is evident in repeating patterns. 
• Diagonal line segments (parallel to the main diagonal) represent 

recurring paths, as in a deterministic system. 
• Diagonals orthogonal to the main diagonal represent nearby 

paths that move in opposite directions with time. 
• For chaotic systems, line segments are short due to rapid 

divergence of trajectories. 
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• Horizontal and vertical lines result from a path that is recurrent 
for several consecutive points with a single point at some other 
time, as in looping around a point. 

• Nonstationarity or drift is reflected in decreasing density away 
from the main diagonal. 

• A transient results in recurrence gaps. 
While there is much value in this level of qualitative characterization 

(especially in comparing recurrence plots from different attractors), these 
properties can be quantified, as we show in the next section. 

8.3 Recurrence quantification analysis (RQA) 

Although essentially a qualitative method, steps have been taken to 
provide quantitative measures of some of the properties of the recurrence 
plot. This is termed recurrence quantification analysis (RQA: Webber & 
Zbilut 1994). The original implementation identified five measures 
derived from the recurrence plot: 

1. Percent recurrence. This is simply the percentage of points that 
are defined as recurrent. Overall, periodic components should 
lead to more recurrent points. This alone can sometimes be a 
helpful discriminating statistic in comparing systems in different 
states. Of course care must be exercised in using comparable 
attractor reconstructions (M, L, etc.) and recurrence plot 
constructions (in particular selection of the threshold distance). 

2. Percent determinism. This is the percentage of recurrent points 
that are in line segments parallel to the main diagonal. It is a 
normalized representation of the number of recurrent points that 
are derived from trajectory paths that follow each other closely, 
as in a deterministic system. 

3. Entropy. This is a measure, based on information theory, of the 
"complexity" of a recurrence plot. It quantifies the distribution of 
the lengths of deterministic line segments (those parallel to the 
main diagonal). Shannon entropy is defined as: 

E = -YiPilog2(Pi) 
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where Pi is the probability of a line segment having a length that 
falls into bin i of a histogram of segment lengths. Entropy is a 
measure of "uncertainty," in the sense that a more even 
distribution of segment lengths has higher entropy than a 
distribution in which most of the segment lengths are within a 
small range. (With the broader distribution we are less "certain" 
of the size range of any given segment, a priori.) Computation 
with base-2 logarithms leads to entropy in units of bits. 

4. Ratio. This is the ratio of percent determinism to percent recurrence. 
5. Trend. This quantifies any reduction in plot density away from 

the main diagonal, due to attractor drift. The percentage is found, 
of recurrent points that are in diagonals parallel to the main 
diagonal, as a function of the distance away from the main 
diagonal. The slope of this curve (percentage of points in 
diagonals vs. distance from main diagonal) is the trend measure. 
Values near zero indicate systems with little or no drift 
(nonstationarity). 

Subsequent studies have added to this repertoire of quantitative 
measures. Several authors have pointed out that the lengths of the 
diagonal line segments are related to the time that it takes for trajectories 
to diverge. This is characterized mathematically by the Lyapunov 
exponent, which we do not cover in detail in this book because of the 
many subtleties in its extraction from experimental data. 

Although we have identified diagonal line segments (those parallel to 
the main diagonal) as indicative of deterministic structure, in fact they 
can also occur due to temporal correlations in the data (e.g., Gao & Cai 
2000). The recurrence in this case results from temporal proximity that 
leads to spatial proximity when the trajectory moves slowly, as when 
points are strongly correlated in time. 

The presence of horizontal and vertical line segments in recurrence 
plots - as in the top example in Fig. 8.2.2b - has attracted considerable 
attention. Marwan et al. (2002) have defined laminarity as the proportion 
of recurrent points that are in these line segments, which they claim can 
reflect the presence of transitions from one chaotic state to another, 
during which an isolated part of the trajectory creates these segments 
when it comes close to an otherwise isolated point. In this sense, such 
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points have also been termed sojourn points (Gao & Cai 2000), since 
they arise from a trajectory path passing near a point for a short time but 
not returning there on a regular basis (which would lead to periodic 
structures). 

8.4 Extensions 

Many extensions to the basic recurrence plot and RQA have been 
devised specifically to address transients and nonstationarities (Trulla 
et al. 1996, Gao 1999). Another extension is to use, instead of a 
threshold distance below which points are considered recurrent, a range 
of distances within which points are considered to be recurrent. In other 
words, if points are too close together in the state space, they are not 
considered recurrent. If the signal has not been oversampled in time, this 
method can be used to combat noise. 

Too small an embedding dimension can lead to false nearest 
neighbors in the state space, as we saw in Chapter 4. Since recurrent 
points are close neighbors, a series of recurrence plots at increasing 
values of embedding dimension M can provide a diagnostic for 
determining if a proper embedding (attractor reconstruction) has been 
achieved. Similarly, Gao & Cai (2000) point out that line segments 
orthogonal to the main diagonal - as in the second example of Fig. 8.2.2a 
- can only occur if there has not been a proper embedding, because a true 
deterministic system cannot produce a trajectory that loops back on 
itself. This then can also be used to assess whether a proper embedding 
has been achieved. 

Surrogate data sets, of course, can have great value when applied to 
recurrence plots, since in many cases it is possible actually to see the 
effects of different surrogate manipulations on the recurrence plot 
structure. Recurrence plots, with their ability to help visualize high-
dimensional features, are perfect for this type of exploratory data analysis. 

Finally, we note that extensions have been proposed to recurrence 
analysis for the investigation of two signals and their coupling (e.g., 
Zbilut et al. 1998, Marwan & Kurths 2002). This topic will be discussed 
in more detail in Chapter 9. 
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8.5 Examples 

Recurrence plots are widely used, in a surprising range of life 
sciences applications: word occurrences in English (Webber & Zbilut 
1996), respiration patterns (Webber & Zbilut 1994), neural spike trains 
(Kaluzny & Tarnecki 1993), cardiac dynamics (Zbilut et al. 1995), DNA 
coding (Xiao et al. 1993), and protein structure (Zbilut et al. 1998). Here 
we cover in some detail just one physiological application. 

An early application of recurrence plots was to the detection of 
muscle fatigue in surface EMG recordings (Webber et al. 1995). With 
the forearm horizontal and the upper arm vertical, a 1.4 kg mass was 
placed in the hand of a human subject for 60 seconds, after which the 
mass was changed to 5.1 kg and maintained until task failure. Analysis 
consisted of examination of consecutive overlapping one-second EMG 
segments (sampled at 1 kHz). 

Qualitatively, there is an organization of the recurrence plot into 
periodic structures late in the heavy loading epoch, relative to early in the 
light loading epoch. This is associated with an increase in the RQA 
measure of percent determinism (but not percent recurrence). To 
determine baseline values, 95% confidence intervals were obtained from 
a 60-second no-mass control condition. Deviations from this interval 
provide a basis for detecting physiological state changes due to muscle 
fatigue. Comparison of conventional linear and nonlinear measures was a 
central goal of the study. The measures of interest were fc, the center 
frequency of spectral power in each time segment, and percent 
determinism in each segment. 

Two major results came from this study. First, upon the transition 
from light to heavy arm loading, the attendant change in muscle state is 
detected by an increase in percent determinism in approximately half the 
time as it takes to detect by a decrease in fc. Second, the change in 
percent determinism is approximately five times as great as the change in 
fc. These results overall indicate that RQA measures can provide rapid 
and sensitive quantification of changes in physiological state. 
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Chapter 9 

Tests for dynamical interdependence 

A common problem in system analysis is the determination of coupling 
or interdependence between two measured quantities or two dynamical 
systems. Clearly this is an issue that arises in a great many cases in 
physiology, as for example in determining if a given signal produced by 
a system is functionally related to one of the system inputs. 

Unfortunately, there is no single all-purpose measure - like the 
correlation coefficient for linear correlation - that can be applied to 
assess nonlinear relationships. Instead, several methods have been 
developed, centered on the question: what can knowledge of one signal 
tell us about the other signal? Mutual forecasting (prediction) is one such 
approach: can we use one signal to forecast future values of a different 
signal? If so, then they are very likely functionally related. 

Another, somewhat more general, approach is to look for continuous 
mappings (topological transformations) between attractors generated 
from the two signals. This draws on the topological ideas presented in 
Chapter 4. The essence of the approach is that two points that are very 
close together on one signal's attractor should, through the nonlinear 
function that connects the two systems, lead to two points that are very 
close together on the other signal's attractor. This can be carried out in 
the reconstructed state space. 

We now review these and similar approaches to this important 
problem. In this chapter we use x(z') and y(i), or Xi(z') and x2(/), as two 
signals for which interdependence is to be assessed, or for their M-
dimensional representations as points on attractors in state space. The 
interpretation as a time-series value or as an attractor point will be clear 
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from the context. This nomenclature differs from that introduced in 
Chapter 4, where x(i) is a time series and y(i) are points on an attractor. 

9.1 Concepts 

The idea of coupling two chaotic systems so that their behaviors are 
identical might seem to be a logical contradiction, since a defining 
characteristic of chaos is that it is unpredictable (in a practical sense, in 
the long term). Nevertheless, there are conditions in which two identical 
chaotic systems can be coupled in this way. This situation has been 
studied extensively, as there is a direct practical application to the matter 
of secure communication over open channels (e.g., Cuomo & 
Oppenheim 1993). 

Two categories of such synchronization between identical chaotic 
systems can be defined (Abarbanel 1996). First is the case in which one 
system drives the other. The second case is when the two systems are 
mutually coupled through some of their variables; the systems progress 
in time so as to reduce the differences between identical variables from 
each system. This is analogous to an optimal observer in linear systems 
theory (Kailath 1980). 

A more general case - and one probably more relevant for physiology 
- is when we wish to detect coupling between two different systems. 
This more general condition is termed generalized synchrony (see below 
for a more restrictive definition). Here, inputs U\{i) and u2(i) produce 
outputs y\{i) andj>2(0> respectively, from the two systems, and we expect 
there to be a function <£> that connects these two outputs: ji(0=^)[);2(0]-
An important observation is that if this function exists, then j^z) should 
be predictable based on knowledge of y2(i); the converse should be the 
case if <D is invertible. Predictability (forecasting ability, as we termed it 
in Chapter 7) does not mean that we will necessarily know the function 
O, only that one signal can provide information to help forecast the 
behavior of the other. 

Generalized synchrony was first defined by Rulkov et al. (1995) as a 
special case of interdependence in unidirectionally coupled systems. In 
their terminology, given a driver system D which produces x, and a 



Tests for Dynamical Interdependence 157 

response system R which produces y, we expect there to be a function <J> 
such that y=<b{x). This represents a transformation from D to R. This is 
generalized synchronization if O is not a simple identity. The 
transformation <D can be considered a topological transformation 
between the attractors from the systems D and R. Thus, aspects of 
continuity (smoothness) and differentiability come into play in 
determining if this transformation exists (as in determining the presence 
of a proper time-delay reconstruction in Chapter 4). 

9.2 Mutual false nearest neighbors 

The method of Mutual False Nearest Neighbors (MFNN) is an 
extension of the False Nearest Neighbors concept, presented in Chapter 
4, for determining if the embedding dimension M is large enough for a 
proper time-delay attractor reconstruction. The underlying principle is 
that, for a "well-behaved" function O, points close together in the driving 
system x(n) will lead to points that are close together in the response 
system y(n). By "well-behaved" we mean that the function O is smooth, 
continuous, and invertible, so that points close together in the space of 
the driving system D should lead to points that are close together in the 
space of the response system R. The assumption is that QD, if it exists, 
"preserves the identity of neighborhoods in state space" (Rulkov et al. 
1995). (In this discussion we are referring to x{ri) and y(n) as points on 
reconstructed attractors in state space.) 

The basis of the procedure is the following. Choose a reference point 
x(n) in the driving system. Find its nearest neighbor; let's say that it has 
time index nnd, so that the neighbor is x{nnd). Now the point y{ri) from 
the response system, at the same time index n as x(n), should have y[nnd) 
as a near neighbor. (The closeness of the neighbors in x is preserved 
when transformed by cD to y.) Likewise we can find, at the same time 
index n, point y(ri) in the response system R, and its nearest neighbor 
y{nnf). Using the assumption that cD is invertible, the points in the 
driving system that led to these points by way of the function O are then 
x(n) and x(nnr). 
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(It is useful to think of this procedure in terms of a limit process, so 
that as inter-point distances become smaller in D they become smaller in 
R as well. With a finite amount of discrete data, the best approximation 
to this limiting condition is the use of nearest neighbors.) 

We can make a local linear approximation to the function O. In 
technical terms this is a Jacobian matrix [D]x(n), but we can simply think 
of it as a linearized version of <J> that is valid for small distances between 
points. Then, for the points x(n) and x(nnd) in the driving system: 

\y(n)-y(nnd)] = 0(x(«))-0(x(««J)) « [D]x(n) [x(n)-x(nnd)]. 
Similarly, for the points y(n) and y{nnr) in the response system: 

\y(n)-y(nnr)] = 0(x(«))-0(x(rc«r)) « [D]x(n) [x{n)-x(nnr)\. 
Note that the Jacobian in both cases is an approximation taken at the 

point x(n), although in one case it acts on points x(ri) and x(nnd) which 
are close in the driving system D, while in the other case it acts on points 
x{ri) and x(nnr) which are the points that project to y(n) andy(nnr) which 
are close in the response system R. 

In each case, [DX(n)] is the same approximation matrix. Rearranging 
these two equations to form expressions for [Dx(n)], and taking the ratio 
of the magnitudes of the two expressions for [Dx(n], leads to: 

I y(n) ~ y{nnd) 11 x(n) - x{nnr) \ 

| x(n) - x{nnd) \ \ y(ri) - y(nnr) \ 

This expression, since it is the ratio of two quantities that each define 
[Dx(n)], should be close to the value 1.0 if the function <D exists. 

A problem arises with this preliminary formulation. As embedding 
dimension increases, the average distance between nearest neighbors 
increases. This increases the magnitude of the denominator in the 
expression above, which can make the ratio artificially small. Also, as 
embedding dimension increases, nearest neighbors are not necessarily 
close together anymore, as we saw with the original False Nearest 
Neighbors method in Chapter 4. 

A revised version of this criterion ratio is created as follows. The 
response y(ri) is reconstructed in space RE of dimension MR, and this 
dimension is held constant. (MR must be sufficiently large for the 
reconstruction to be a proper embedding as described in Chapter 4.) Next 
we form a reconstruction of the driving system x{n) in space DE with 
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dimension MD. Pick a value of embedding dimension for the driver 
system: MD. Choose a point x(n) and find its nearest neighbor x(nnd) for 
the driver; this is done in the space of dimension MD, which may be too 
small, in which case these points are false neighbors. Next, find the 
values of these points after passing through the function O; these are y(n) 
and y(nnd), and again if x(n) and x(nnd) are not really neighbors then 
these will not be neighbors either. Finally, find the nearest neighbor 
yinnr) of the point y(n) for the response, in space MR. 

_\y{n)-y(nnd)\ 
"~FNN i / x / x i 

I y(n) — yynnr) \ 
defines a criterion for MFNN. 

If there is no synchronization, then <J> does not exist (or does not 
preserve local neighborhoods as in our definition). In this case, no matter 
how large we make MD, the fact that x(n) and x{nnd) are close together 
does not necessarily mean that y(ri) and y{nnd) are close together. On the 
other hand, since MR is sufficiently large for a proper reconstruction of 
the response system y(ri), the points y(n) and y{nnr) should be actual 
nearest neighbors and therefore close together. The numerator is large 
while the denominator is small, and RFNN will be large for all MD. 

If there is synchronization, then O exists and preserves local 
neighborhoods. For small values of MD, x{n) and x(nnd) will be false 
neighbors, and the argument above applies: the ratio RFNN is large. As MD 

increases to the point where there is a proper reconstruction of all 
attractors, the fact that x(n) and x{nnd) are close together now does imply 
that y(n) and y(nnd) are also close together, and so the numerator 
decreases in value, and the ratio decreases as well. Thus a criterion for 
the existence of C) is that the ratio above decreases with increasing MD. 

Distances in the MFNN equation are computed in the space with 
dimension MR, no matter how large MD becomes. (However, nearest 
neighbors x(n) and x(nnd) are found in the space MD.) This avoids the 
problem of near neighbors becoming artificially far apart in large 
embedding spaces. 

This ratio can be normalized to compensate for the fact that points 
will on average become farther apart as MD increases. This is done by 
forming the same ratio, using points from the driving system x(n): 
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| x{ri) — x(nnd) \ 

| x(n) — x(nnr) \ 

The final MFNN parameter is the ratio of these two ratios: 

P(n,MR,MD) = ̂ = ' yin)"y{nnd)' ' X(n)~X{nm)' . 
DFNN | y(n) - y(nnr) \ \ x(n) - x(nnd) \ 

As noted, the behavior of this parameter as a function of MD is a 
criterion to assess the existence of the function O. If O does exist, then 
the value will be large when MD is small, and will be approximately 
equal to one as MD increases. 

(Note that the equations above are correct in Rulkov et al. 1995 but 
incorrect in Abarbanel 1996. Also, the original formulation used squared 
distances to reduce the computational burden of taking square roots.) 

We note that the limiting process implicit in the derivation above can 
be made more explicit, and this is this basis for one method of detecting 
determinism in a single time series (Kaplan 1994); we will see this in 
Chapter 11. One should keep in mind that there is an asymmetry in the 
MFNN procedure, due to the fact that nearest neighbors in the driving 
system are determined at increasing embedding dimension MD, while the 
embedding dimension MR of the response system is held constant. This 
establishes the nature of the driver-response relationship and makes this 
implicitly a test for unidirectional coupling. 

9.3 Mutual prediction, cross-prediction 

Another approach to the problem of nonlinear coupling is based on 
the ability to use information from one system to forecast the future 
course of the other system. This is mutual forecasting or prediction 
(Schiff et al. 1996). (Although the term "prediction" is most often used 
for the procedure that we have termed "forecasting" in Chapter 7, we 
retain the latter term here also and refer to "mutual forecasting," even 
though it is also known as "mutual prediction.") As in the previous 
section, x(n) and y(n) here represent points on reconstructed attractors. 
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Begin by normalizing each time series by subtracting its mean and 
dividing by its standard deviation (this makes each time series zero-mean 
with unit variance). 

In conventional forecasting, nearest neighbors of a reference point in 
a single time series are used to predict the future course of that reference 
point (see Chapter 7). In mutual forecasting, a reference point in one 
system is found (call it x(n)), and the corresponding point at the same 
time is identified in the other system (y(n)). The nearest neighbors to the 
point y{n) are found; these points are y(nnyl), y(nny2), and so on. These 
same times indices are now used to identify points in x: xiyynT), x(yyn2), 
and so on. The future course of these nearest neighbors (y(nnyl), 
y{nny2),...) is used to forecast the future course of x(n). 

It is perhaps better to think of a reference time being identified (n). 
We wish to forecast from x(ri) using information in the y(i) attractor. So 
we find the neighbors of y(n), which is at the reference time n but on the 
y attractor. As with MFNN, if the systems are coupled via a function <5 
that preserves neighborhoods, then the time indices of these neighbors of 
y(n) should also be the time indices of the neighbors of x(ri). So we use 
these time indices (derived from nearest neighbors in y) to select points 
in x, and these points are used to forecast the time course of x(n). 

As in Chapter 7, either the forecasting error or the correlation 
between actual and forecast values can be used to quantify the quality of 
the forecasting. It is common, when using forecasting error, to normalize 
it, for example by dividing by the error that would be obtained if every 
forecast value was simply the mean of the data. 

With two time series we can produce four forecasts. Two of them are 
conventional forecasts as in Chapter 7: forecast x(z') based on x(z') alone, 
and forecast y(i) based on y(i) alone. The other two are mutual forecasts: 
forecast x(z') based on y(i) as above, and forecasty(i) based on x(z'). 

Generalized synchrony, as defined previously, implies that systems X 
and Y will exhibit mutual forecasting in each direction (X—»Y and 
Y—>X). This is because the function <£ is assumed to be smooth and 
invertible, and the forecasting procedures do not stipulate a direction of 
coupling (information flow). However, bidirectional mutual forecasting 
does not imply the presence of generalized synchrony (existence of O) 
unless the systems are coupled unidirectionally. In other words, 
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bidirectional coupling can lead to bidirectional mutual forecasting even 
without generalized synchrony. This is because, with bidirectional 
coupling, either of the systems X or Y contains all information about 
both systems. Recall that unidirectionally coupled systems exhibit 
generalized synchrony if the "well-behaved" function O exists and 
Y=cD(X). On the other hand, two systems can be bidirectionally coupled, 
with information flowing between them in both directions (the dynamics 
of X depend on the values of y and the dynamics of Y depend on the 
values of x). In this case, each system contains information about the 
other, but the connection between them is not necessarily smooth and 
invertible as in generalized synchrony. Again, for generalized synchrony 
one must show the existence of the transformation 0 . If we know that the 
systems are unidirectionally coupled, so that information flows in only 
one direction (X-»Y for example), then bidirectional mutual forecasting 
does imply the presence of generalized synchrony. 

In the case of unidirectional coupling between systems X and Y, we 
will be able to forecast x(i) from y(i) if X drives Y. This is because the 
dynamics of X are embedded in Y, so y(i) has information on jc(z') and 
can be used to forecast x(i). Not until the coupling is strong enough to 
establish generalized synchrony between the two systems (if this does 
happen) will there be mutual forecasting in both directions (X forecasts 
Y and vice versa). In this way, if we know in advance that there is 
unidirectional coupling (as in many neural systems, for example), then 
mutual forecasting can be used to determine the direction of coupling. 

An example of the use of mutual forecasting is found in the three 
accompanying figures. Following Schiff et al. (1996) we examine two 
coupled Henon systems (see section 9.6 for a description of this data set). 
In each graph, normalized forecasting error is plotted as a function of the 
number of time steps into the future over which the forecast is carried 
out. The error that would result from simply using the mean of the time 
series for each forecast value is equal to 1.0; values less than this indicate 
the ability to forecast future values (determinism). Forecasting is carried 
out by finding the 10 nearest neighbors of each reference point, and then 
finding the mean of the projections of these neighbors from one to ten 
steps into the future. 
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Figure 9.3.1. Mutual forecasting of two Henon systems, with no coupling (C=0). When 
each system is used to forecast itself, low error at small forecasting steps demonstrates 
determinism in each system. High error when forecasting from one system to the other 

demonstrates lack of coupling between them. 
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Figure 9.3.2. Mutual forecasting of coupled Henon systems, with low coupling (C=0.1). 
Ability to forecast X from Y (initial low error) demonstrates presence of X dynamics in 

Y, while lack of forecasting of Y from X (high error) shows that X contains little 
information on the dynamics of Y. This indicates unidirectional coupling. 
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Figure 9.3.3. Mutual forecasting of coupled Henon systems, with high coupling (C=0.9). 
Ability to forecast both X from Y and Y from X demonstrates generalized synchrony in 

this system, which we know from construction is unidirectionally coupled. 

Fig. 9.3.1. shows forecasting for the two systems when they are 
completely uncoupled (coupling parameter C=0). The top left graph 
shows the result of forecasting future values of the driver system X from 
values of x(i) only, and the bottom right graph shows the result for 
forecasting future values of the response system Y from values of y(i) 
only. Low initial error in these cases indicates that each system, on its 
own, has deterministic dynamics. There is complete lack of the ability to 
forecast values of the driver X from the response Y (top right) and 
likewise values of the response Y cannot be forecast from the driver X 
(bottom left): the forecasts in each case are no better than those obtained 
from using the mean value as each forecast value. These results indicate 
lack of coupling between the systems; although each is chaotic, their 
dynamics are independent. 

Fig. 9.3.2 shows forecasting when coupling between the systems is 
small (C=0.1); there is not yet generalized synchrony, so the coupling is 
unidirectional (information flows from driver X to response Y). Now 
there is some ability to forecast the future values of the driver X from 
values of the response Y, as shown by a reduction in the error (top right). 
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This demonstrates the unidirectional coupling: information on the 
dynamics of X appears in the response Y and can be used to forecast X. 
Lack of forecasting in the opposite direction is a result of the 
unidirectional flow of information. 

Finally, Fig. 9.3.3 shows forecasting when coupling is strong 
(C=0.9). In this case we have the ability to forecast in both directions (X 
from Y and Y from X), which tells us that the dynamics of each system 
are present in the other. We know from construction of the system that 
the flow of information is unidirectional (X—>Y). Therefore the dynamics 
have become "entrained": generalized synchrony. 

9.4 Cross-recurrence, joint recurrence 

One of the first uses of recurrence plots (see Chapter 8) to examine 
the dynamical relationship between two signals was in a signal-
processing context, as a way to detect a signal contaminated in noise 
(Zbilut et al. 1998). A probe signal is required, which resembles the 
noise-contaminated signal. This resemblance can be quite loose, 
however, as a square wave and a sine wave of different frequencies will 
exhibit some cross-recurrence, which can be used to identify one of the 
signals when hidden in noise. In this approach it is not always necessary 
to perform an embedding or time-delay reconstruction before the 
recurrences are found; distances can simply be measured between values 
in each time series as d(i,j)=\xi(i)-x2(j)\, and recurrence points for which 
(̂zj)<( t̂hreshoid plotted at point (i,j). The percentage of recurrent points is 

a measure of similarity between X\ and x2. Note that, in general, cross-
recurrence plots (CRP) are not symmetric. An example of a CRP is 
presented in Fig. 9.4.1, which shows cross-recurrence between the 
Lorenz x and y variables. This methodology was extended and 
generalized in later work (Marwan & Kurths 2002). 

Although a few quantitative parameters have been defined from these 
plots, this remains largely a qualitative approach. One shortcoming is 
that the two signals must "overlay" each other in the state space; even a 
simple shift (position offset) in one signal will move them apart and 
destroy the recurrences. Appropriate normalization of the signals can 
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help, but for example if two attractors are deterministically related but 
rotated relative to each other in the state space, their cross-recurrences 
will be poor. This is not as big a drawback if the two time series are 
examined directly, without embedding or reconstruction. 

Cross-recurrence: Lorenz x and y 

•y/////\ 

/ / / / / V//*'*'-/y//// 
' J J / / / 

- / / / / f •' J / / / / 
- / / / / -
- ' J / / y / 

/ , 

/ . 

/ . 

/ 
-

j > 

100 150 

x index 

Figure 9.4.1. Example of cross-recurrence between the x and y variables of the Lorenz 
system. 

A more refined mechanism for examining multi-variable recurrences 
is the joint recurrence plot (Romano et al. 2004). In this method, we 
begin by creating separate recurrence plots for the two variables in 
question, call them xx and x2. Then the joint recurrence plot is formed by 
placing a dot at location (i,j) whenever there is a dot at that location in 
the recurrence plots for both xx and x2. In other words, the joint 
recurrence plot identifies pairs of time indices at which the two signals 
are simultaneously (jointly) recurrent within themselves. 
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Mathematical construction of a joint recurrence plot is quite simple. 
Recall from Chapter 8 that the recurrence matrix for a given system 
contains all inter-point distances. A conventional recurrence plot is 
created by applying a threshold to these distances, which can be thought 
of as modifying the recurrence matrix to have only the values 1 (where 
the distance is less than the threshold) and 0 (otherwise); call this a 
recurrence plot matrix (RP). The joint recurrence plot matrix is created 
by multiplying the RP for xx by the RP for x2, on an element-by-element 
basis (i.e., not typical matrix multiplication). This places a 1 in the joint 
matrix whenever there is a 1 in both single-variable matrices at the same 
location. 

There is another approach to multi-variable recurrence (Nichols et al. 
2006), which might be termed a multivariate recurrence plot. It is 
created by concatenating the different signals to be analyzed {x,\(\...N\) 
and x2(l.. .N2), as described in section 4.7: 

z(i)=[JcO+O-iy,). *i(l+(MX/i+Ii), ..., x1(l+(i-l)J1+(M1-l)L1)... 
jc2(i-Ki-iy2), x2(i+(i-iy2+L2), ..., x2(i+(/-i)j2+(M2-i)z2)...]. 
The multivariate recurrence plot is created from this signal. Note that 

the lower left NixNi section of such a plot is just the single-variable 
recurrence plot for xu and the upper right N2xN2 section is just the single-
variable recurrence plot for x2, so only one of the other sections of the 
plot needs to be displayed to show the mutual recurrences. This 
procedure can be easily extended to more than two variables, and in 
general each can be treated with a different set of embedding parameters 
M, L, and J. 
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Figure 9.4.2. Examples of joint (center column) and multivariate (right column) 
recurrence plots. Data are from two Henon systems with different degrees of coupling, 

increasing from row two to row four. The top row shows the conventional recurrence plot 
for the x variable from one Henon system. 
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Examples of these two recurrence methods are provided in Fig. 9.4.2. 
The data sets are from two coupled Henon systems as in section 9.3 (data 
described in section 9.6). The top recurrence plot in the figure is from 
100 points of the Henon x variable; the diagonal lines indicate strong 
determinism. Each subsequent row in the figure contains results for 
different degrees of coupling between the two Henon systems: C=0 
(second row), C=0.1 (third row), and C=0.9 (bottom row). (This is 
analogous to Figs. 9.3.1, 9.3.2, and 9.3.3 above.) In each row, the 
recurrence plot for the associated Henon variable from the second system 
(call it y) is to the left, the joint recurrence plot is in the center, and the 
multivariate recurrence plot is to the right. 

As coupling strength increases, the number and average length of the 
diagonal lines in the joint recurrence plots increase as well, and there are 
relatively fewer isolated recurrent points (random joint recurrences 
become less common relative to deterministic joint recurrences). The 
multivariate recurrence plots are less easily interpreted, although 
generally the diagonal line segments become more prevalent as coupling 
increases. 

9.5 Mathematical properties of mappings 

The specific procedures described in this chapter are in large part 
practical implementations of concepts of continuity presented in more 
detail by Pecora et al. (1995). We will see some of these concepts again 
in Chapter 11 in the context of detecting determinism in a single time 
series. Here we review some of the main ideas. 

A straightforward approach to identifying a continuous nonlinear 
transformation between two time series is based on the concept that 
nearby points in one system (X) should not be transformed or mapped to 
points that are far apart in the other system (Y). We can test this by 
finding those points x(nnx{) within distance 8 of a reference point x(i) 
from system X, and those points y(nny{) within distance e of a reference 
point y(i) from system Y; the reference point has the same time index i in 
each case. In the case of continuity, all the yinny^ should be within 8 of 
y{i); we decrease 8 until this is true. Given a total of N points on the 
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attractor, Ns is number of points close to x(i), and Ns is number of points 
close to y(i). (The points JC(/) and y(i) themselves are not counted.) In 
general, JV6 might be greater than Ns, since points not close to x(f) may 
still map to points that are close to y(i). 

Under the null hypothesis of a random distribution of the y{i), the 
probability that all of the 8-neighbors in X will map to within 8 of y(i) is 
just the likelihood that any randomly selected set of NE points, out of a 
total of Appoints, would do so: ?(Ns)=(NJNfd. If this probability (of all 
Ns points mapping close to y(i) by pure chance) is small enough, then we 
can reject the null hypothesis, which implies (but does not prove) that the 
mapping from X to Y is continuous. In practice, a normalization of this 
probability value is suggested based on the maximum possible 
probability value that could be obtained from a binomial distribution 
under the null hypothesis. This method was developed and tested more 
fully by Netoff et al. (2004). 

Inverse continuity is assessed in the same way, reversing the roles of 
the X and Y systems. The next important property of a mapping 
(specifically a homeomorphism, see Chapter 4) is injectivity. That is, the 
mapping function should be one-to-one: a single value of x(z') should lead 
to only one value of y(i). This can be assessed by determining if the 
mapping function and its inverse are both continuous. If they are, then 
we have some confidence that the function is one-to-one. The continuity 
criteria above can be used for this test. 

Other features of a "well-behaved" function or mapping from X to Y 
are differentiability and preservation of dimension (rank invariance). 
These concepts and their assessment are more intricate and will be 
omitted here. Again the work by Pecora et al. (1995) can be consulted 
for details. 

9.6 Multivariate surrogates and other test data 

In section 6.9 of Chapter 6 is described one type of multivariate 
surrogate data, which could be applied to verify algorithms for nonlinear 
interdependence such as those presented above. 
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It is also possible to create coupled data sets from systems with 
known dynamics. The examples presented in sections 9.3 and 9.4 made 
use of data from two coupled Henon systems (Schiff et al. 1996). This 
system (Henon 1976) is a two-dimensional discrete-time mapping, and is 
a commonly used example system, much like the continuous-time 
Lorenz system that we have seen several times. The Henon system is 
known to be chaotic for some parameter values. 

A set of coupled Henon systems is: 

driver X : x(i +1) = 1.4 - x2 (/) + 0.3«(z) 

u(i +1) = x(i) 

response Y : y(i +1) = 1.4 - [Cx(i) + (1 - C)y(i)]y(i) + Bv{i) 

v(i + l) = y(i) 

The top set of equations, for the driver system X, is a conventional 
Henon system, which maps two-dimensional points (x(z'),w(z)) from one 
generation i to the next. In the coupled systems, the response system Y is 
identical to the X system if parameter B is 0.3 and the coupling 
parameter C is zero. The value of B can be changed to examine coupling 
of non-identical systems. When C is non-zero, some of the dynamics 
from X are introduced into the Y system, leading to unidirectional 
coupling. Similar manipulations can be made with other chaotic systems 
(e.g., Rulkov et al. 1995). Such coupled data sets provide excellent test 
cases for algorithms that are meant to assess nonlinear coupling and 
interdependence. 

9.7 Examples 

Several studies have examined the dynamics of human EEG data, 
especially with respect to the detection of imminent epileptic seizures. 
We will review some of this material in a later chapter. Here, we present 
the outline of one such study, which used mutual forecasting to look for 
interactions between different cortical areas during normal EEG activity 
(Breakspear & Terry 2002). 

This particular study used a mutual forecasting procedure that is very 
much like that described in section 9.3, with some simple modifications. 
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The False Nearest Neighbors algorithm (section 4.4) was used to set the 
embedding dimension M, and instead of nearest neighbors, each forecast 
was based on a simplex of 2M points with the contributions of the points 
in the simplex weighted inversely to their distances from the reference 
point (Sugihara & May 1990, also see Chapter 7). Also, instead of 
comparing forecasts to those formed from the mean of the time series (as 
above), random forecasts were generated based on a random set of points 
and their distances from a randomly selected reference point. 

This algorithm was then applied to multichannel EEG data. 
Specifically, coupling of EEG activity between cerebral hemispheres was 
assessed by analysis of data taken at the same time from electrode pairs 
on the right and left sides of the head. Forecasting results were compared 
to those from bivariate surrogate data sets which preserve the amplitude 
distribution, power spectra, and cross-spectra; comparison with 19 
samples of each surrogate provided a significance level of 0.05 (see 
Chapter 7). Epochs of 2.048 sec were extracted from 130 sec trials with 
the eyes open and 130 sec with the eyes closed, from 40 normal subjects. 
In approximately 3% of eyes-open epochs and 5% of eyes-closed epochs, 
there was some nonlinear interdependence (ability to forecast data from 
one hemisphere using data from the other). Far fewer epochs showed 
mutual forecasting in both directions. 

This finding led to a more detailed investigation of those epochs in 
which nonlinear interdependence was identified. It was found that there 
is a tendency for the phases of different frequency components to 
synchronize, across the two hemispheres, in the interdependent epochs. 
This cross-frequency effect is a nonlinear phenomenon (see Chapter 3). 
The finding of nonlinear coupling was used to categorize the data for 
further analysis, which revealed in more detail the characteristics of the 
interdependence. 
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Chapter 10 

Unstable periodic orbits 

This and the next three chapters will deal, briefly, with subjects that are 
slightly off the main track of our exposition. These can be considered 
advanced topics and, in some cases, represent methods that have not seen 
as much widespread use as those in the preceding chapters. 

10.1 Concepts 

In the state space, the trajectories of a deterministic system, even a 
chaotic one, are not haphazard. Recall that a chaotic system is 
deterministic but aperiodic - the trajectory never repeats itself. Yet the 
(potentially) infinitely long trajectory occupies only a finite portion of 
the state space. This leads to the fractal nature of the strange attractor of 
a chaotic system. (These concepts were discussed extensively in previous 
chapters.) 

Another aspect of these geometric characteristics is that the state-
space attractor can often be decomposed into a set of almost-periodic 
orbits, where the trajectory almost returns to a previous location. Such 
orbits are unstable, meaning that points that are not on a given orbit are 
not attracted to that orbit, and the orbit does not last forever but rather 
dissipates. 

While recognizing that actual state-space orbits may be only 
approximately periodic, we nevertheless will refer to them as unstable 
periodic orbits. Thus we can think of a given attractor as being 
composed of a substrate of such periodic orbits, each one unstable. 
Furthermore, there is a hierarchy of these orbits with increasingly longer 
periods, as we will see in the next section. 

175 
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10.2 Example 

Here we follow the example of Lathrop and Kostelich (1989) to 
demonstrate the concepts of periodic orbits in experimental data. The 
data set is from the Belousov-Zhabotinskii chemical reaction (see 
Chapter 4). In Fig. 10.2.1, at the upper left, 7000 points from this data 
series are plotted as a 2-dimensional time-delay reconstruction of the 
attractor. (Obviously, to avoid trajectory crossings, the actual state space 
must have dimension of at least three.) The other panels in this graph 
each show a single example of a near-periodic orbit. Periodicity is 
defined as the trajectory returning to one of its previous values, within 
some small tolerance. This can be seen by the small gap in some of the 
plots, where the trajectory has almost but not quite returned to its earlier 
location. The period 1 orbit is approximately 125 points long. Applying 
the same criterion to identify near-recurrence (when the trajectory has 
returned close to one of its previous locations) leads to the identification 
of other orbits of higher periodicity; orbits of period 2 (-250 points) and 
period 3 (-375 points) are shown. (In the cases of period 2 and period 3, 
although it appears that the trajectory revisits itself at an earlier time than 
that used to delineate the orbit, these apparent trajectory crossings are 
due to the fact that the high-dimensional attractor is being viewed in a 
two-dimensional projection.) 

These orbits can be characterized more completely by setting a 
threshold to determine when the trajectory has returned (almost) to its 
previous location. Each point on the attractor was selected, in sequence, 
as a starting point, and the distance of every point in time beyond the 
starting point was determined, until a point was found that was within the 
threshold distance of the starting point. This identified a near-periodic 
orbit, and the time interval between the starting point and the return point 
is the period. These periods are plotted as a histogram in Fig. 10.2.2. This 
simple analysis reveals the existence of a number of orbits with periods 
that are nearly multiples of the period-1 orbit of approximately 125 
points. 

In practice, after identifying these orbits, their stability properties are 
usually assessed. This is accomplished by determining, each time the 
orbit completes one period, if the resulting periodic points are drawn 
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closer together (indicating a stable orbit) or thrown farther apart 
(indicating instability). It is also possible, in some cases, to extract 
dimensions and other measures from the properties of the periodic orbits 
(Auerbach et al. 1987). 

1 4 i , , , , , 1 141 , . . . . 1 
14 15 16 17 18 19 20 14 15 16 17 18 19 20 

Figure 10.2.1. State-space attractor reconstructed with data from the Belousov-
Zhabotinskii chemical reaction, showing unstable periodic orbits of various periods. 
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Figure 10.2.2. Distribution of the periods of unstable periodic orbits in the Belousov-
Zhabotinskii attractor. 

A very practical application of periodic orbits is in the area of chaos 
control, where small perturbations to the system are applied in order to 
move the state onto an orbit with the desired properties (Garfinkel et al. 
1992). There is a large and growing volume of literature on this subject. 
(See Chapter 12.) 

10.3 Physiological examples 

The majority of recent practical applications of the concept of 
periodic orbits make use of a data transformation that groups the data 
closer to the periodic points (So et al. 1996). Making use of this 
transformation, a related study found periodic orbits (an indicator of 
deterministic dynamics) in neural spike intervals from rat hippocampus 
and in human EEG (So et al. 1998). 

Following this same path, another study (Le Van Quyen et al. 1997) 
similarly found unstable periodic orbits (UPOs) in human EEG in a 
patient during ongoing focal epileptic activity. After presentation of a 
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visual stimulus, there was a change from one to three or four periodic 
orbits. This shows the influence of cognition on neural dynamics even 
within epileptic activity, and confirms that collective neural dynamics 
organize into a "coherent oscillatory state" due to processing of a sensory 
stimulus (Skarda & Freeman 1987, see also discussion in Chapter 1). 
These findings of UPOs and increasingly organized neural dynamics 
during epileptic activity form the basis for chaos control approaches as a 
therapeutic intervention for epilepsy (see Chapters 12 and 18). 

A study that did not make use of this data transformation, but instead 
used the simple recurrence approach of section 10.2 to identify periodic 
orbits, investigated human cardiac rhythms (Narayanan et al. 1998). Here 
again, there was an increase in the number of UPOs from healthy to 
pathological, increasing from 3-4 to 10 or more in the case of ventricular 
fibrillation. This measure in some cases demonstrated a change with 
pathology when other measures such as dimension and spectrum did not. 
The number and distribution of UPOs thus might provide a characteristic 
signature of different pathological conditions. 

We note that the use of surrogate data (Chapter 6) is essential in these 
studies in order to provide a measure of statistical reliability. 
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Chapter 11 

Other approaches based on the state space 

In this chapter we continue our brief summary of assorted approaches 
based on the concept of state space. This material should be treated as an 
introduction and guide to the research literature, as opposed to most of 
the previous chapters which are largely self-contained presentations of 
the most widely used computational tools. In some cases the material 
presented here is very promising but has yet seen little application to 
physiology. 

11.1 Properties of mappings 

In section 9.5 we discussed, in the context of multiple time series, the 
ideas of continuity and differentiability in mappings (functions taking 
one time series or attractor to another). A general and fruitful idea based 
on continuity is that points that are close together should map to points 
that are also close together (that is, two state-space points in one system 
should be transformed by a smooth continuous function to two state-
space points that are close together in the second system) (Pecora et al. 
1995). The same concept can be applied to test for continuity, and by 
implication smoothness and determinism, in a single system. Again the 
idea is that if two points are found in the state space that are very close 
together, then these points should lead in the future to two points that are 
also close together: if x(j) and x(k) are two attractor points that are very 
close together, then x(j+l) and x{k+\) should also be close together, 
relative to the distribution of inter-point distances on the attractor. Part of 
the practical problem in implementing this idea comes from defining 
"closeness," and determining when points are closer together than would 
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be expected by chance. The simple notion of continuity is also made 
difficult in practice by finite data sampling, so that the idealized limiting 
case of identifying points that are arbitrarily close together runs into 
problems. 

Here we present one example of a computational tool that has been 
proposed to test for continuity. The method of exceptional events in 
section 11.3 below is another implementation of the same general idea. 

A novel way to assess continuity was suggested by Wayland et al. 
(1993). This method begins by choosing a reference point x0(y) on the 
attractor, and finding a set of A: nearest neighbors x;(/), i=\...k. The idea 
is that if all of these points are sufficiently close together, all of their 
projections one time step ahead should be of approximately the same 
size. (Most continuity tests are based on the assumption that these 
projected points should remain close together.) So, the projections of 
these points one step ahead, Xj(/+1), are determined, and the lengths of 
these projections, or translations, is computed: for the z'th neighbor x;(j) 
and its projection x;(y'+l), the translation distance is di=\xi(j)-Xi(j+l)\, 
where the vertical bars indicate Euclidean distance in the M-dimensional 
embedding space. 

It is a simple matter to compute the average translation amplitude: 

1 k 

<d>= V d-

(where d0 is the translation of the reference point itself), and the 
translation error: 

1 y^\dt-<d >\2 

translation 7 •* / J . ? 12 

k + l~^ \<d>\ 
The translation error represents the deviations of the translation 

amplitudes from the mean, normalized by the mean. For a deterministic 
system the translation amplitudes should all be approximately equal, and 
t̂ranslation will be small. This local measure is made into a global measure 

by finding etransiation at several reference points randomly spaced on the 
attractor, and taking the median of these values. 
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11.2 Parallel flows in state space 

In Chapter 10 the observation was made that, with a deterministic 
system, trajectories in the state space tend to form a coherent structure 
rather than a haphazard tangle. Another aspect of this property is that 
trajectory paths in any small part of the state space tend (on average) to 
be aligned with each other. This is obvious in the case of the Lorenz 
attractor, for example; in the right panel of Fig. 11.2.1, in any small 
volume of the state space the paths are approximately parallel to each 
other. 

This property can be quantified by finding local "vector fields" that 
correspond to the average trajectory "flow" in a small volume (Kaplan & 
Glass 1992, 1993). This is done by dividing the state space into discrete 
regions ("coarse-graining") and finding the average trajectory direction 
in each region. To do this, a unit vector is established in each region 
every time that the trajectory passes through it; the length of the vector is 
one, and the direction is determined by the locations where the trajectory 
enters and exits the region. After a unit vector is assigned to each 
trajectory pass through that region, the average of these unit vectors is 
computed, and its length determined. If the multiple trajectory passes 
through a given region are highly aligned, the unit vectors will be nearly 
parallel to each other, and the resultant average vector in that region will 
have a length close to one. If the trajectory passes through a region are 
not aligned, then the resultant average vector will have a length much 
less than one. The lengths of these average vectors as a function of the 
number of times that the trajectory passes through a region provide a 
measure of the degree of alignment of the paths; as the number of 
trajectory passes increases, the resultant average length will decrease 
rapidly for random data and slowly or not at all for a deterministic 
system. Thus the statistics of the lengths of these average vectors, 
relative to a null hypothesis of random behavior, can give an indication 
of the degree to which the trajectory paths are aligned, reflecting in turn 
the deterministic nature of the underlying system. (This approach was 
later generalized by Sal vino and Cawley (1994).) 

A depiction of the concept can be found in Fig. 11.2.1. To the right is 
a two-dimensional time-delay reconstruction of the x variable of the 
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Lorenz system, with a 20x20 grid overlaid to create the coarse-grained 
regions. The length of the vector average in each of these regions is 
shown in the graph to the left. In regions where the trajectory paths are 
closely spaced and aligned - near the extremes of each lobe - the 
average vectors are large. Near the center of the attractor, where the 
trajectory paths go in both directions within close proximity, the average 
vectors are smaller. The same presentation for Gaussian random data is 
in Fig. 11.2.2, where the average vector lengths are shorter due to the 
haphazard arrangement of the trajectory paths as they near each other. (In 
these graphs, the data have been normalized to a range of 0-20 so that the 
coarse-grain regions can be formed from a grid of unit-size boxes in each 
case.) 

While it provides an interesting example of intuitive reasoning 
applied to the state space, this technique has not seen wide use in 
physiology. One of its problems is that deterministic structure is often 
best revealed by those relatively rare occurrences of two points on the 
attractor, separated in time, being close together. The vector-averaging 
technique does not make good use of these point pairs, since they can 
easily fall into different regions when the state space is subdivided (DT 
Kaplan, personal communication). 
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Figure 11.2.1. Lorenz attractor (right) and average vector field (left). 
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Figure 11.2.2. Random data "attractor" (right) and average vector field (left). 

11.3 Exceptional events 

An alternative approach to detecting determinism is the method of 
"exceptional events," or the "delta-epsilon" method (Kaplan 1994). This 
method rectifies one of the drawbacks of the vector-average method of 
section 11.2, which does not make effective use of nearby points which 
are important in providing information as to determinism. Here, points 
on the reconstructed attractor that are very close together are identified; 
these points are then each projected one time step into the future, and the 
new points examined to see how close together they are. (By projecting 
one time step into the future, we simply mean taking the next point in 
time along the same trajectory.) In the limiting case, as the initial points 
get closer together, the projected points should also get closer together, if 
the system is deterministic. (The name "exceptional events" comes from 
the fact that the occurrence of points that are extremely close together 
will be relatively rare, or exceptional, and it is the behavior of these 
points that is of interest.) 

Alternatively, if one assumes that the data set is generated by a 
random process, a suitable random model can be created and several 
surrogate data sets generated from it. Points close together in the random 
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data set are then each projected one time step ahead, as for the actual 
data set. The projected points may again get closer together as the 
original points get closer together, but only to a certain extent; in a 
random system the distance between the projected points will not 
converge to near zero in the limit, because of the presence of the 
significant (relative to any deterministic structure) random component. 

By selecting appropriate stochastic models as null hypotheses (see 
Chapter 6), the likelihood that the original data set was generated by a 
system with deterministic dynamics can be approximated. Fig. 11.3.1 
shows an analysis of a deterministic sine wave (top) and random noise 
(bottom). The deterministic case is distinguished by the fact that the 
curve drops toward zero at low values of initial distance (delta, 8), 
indicating that points that are close together (small 8) project to future 
points that are also close together (small epsilon, e). 
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Figure 11.3.1. Example of Exceptional Events analysis of a random signal and a 
deterministic sine wave. For the deterministic system, as distance between two initial 

points (8) decreases, so does distance of one-step ahead projections of those points (e). 

11.4 Lyapunov exponents 

Informed readers may notice the conspicuous absence of Lyapunov 
exponents throughout this text. Lyapunov exponents quantify the rate of 
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divergence of nearby trajectory paths in the state space, giving a measure 
of sensitive dependence on initial conditions, which is a hallmark of 
deterministic chaos. Algorithms exist to make these measurements (that 
in Wolfe? al. 1985 is among the first). Some of the earliest papers that 
attempted to make use of Lyapunov exponents remarked on the difficulty 
of finding good estimates for the values of the exponents, and the 
sensitivity of the values to the computational parameters used to produce 
them. Although the methodology has improved and Lyapunov exponent 
values appear regularly in the research literature, it is the author's 
contention that this remains an area for more advanced investigators and 
so is outside the scope of this work. 

One recent approach based loosely on the notion of Lyapunov 
exponents has been proposed as a test for determinism (Binder et al. 
2005). This is based on the fact that, for a chaotic system, the distance 
between two trajectory paths that are initially a distance d0 apart will 
increase with time as d(t)~d0e

Xt. This is the basis of the definition of the 
Lyapunov exponent, roughly equivalent to X. For a chaotic system, the 
distance d(t) should increase linearly with initial distance d0, while for a 
random system d{t) will be independent of d0. Promising results were 
found with as few as 100 data points. There is an obvious similarity of 
this approach to the method of Exceptional Events above. 

11.5 Deterministic versus stochastic (DVS) analysis 

Another approach to assessing the relative amount of deterministic 
dynamics in a system is based on the ideas of nonlinear forecasting 
(Chapter 7). It has come to be known as deterministic versus stochastic 
(DVS) analysis (Casdagli 1992). 

In this method, one-step ahead forecasting error is computed as a 
function of the number of nearest neighbors k used to form the forecast. 
As k increases, for a random system the forecasting improves, while for a 
chaotic system the forecasting becomes progressively worse. This is due 
to the fact that, with chaotic sensitive dependence on initial conditions, 
as more neighbors of the starting point are taken, more of these 
neighbors are farther from the starting point, and they will yield worse 
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rather than better forecasts. For a random system, on the other hand, 
more neighbors (larger k) results in better statistics for the forecasting. 

An example of the method is shown in Fig. 11.5.1, applied to data 
from the Lorenz system (top) and to random noise (bottom). As expected 
from a chaotic deterministic system (Lorenz), forecasting error increases 
as the number of neighbors increases. The opposite trend holds for the 
random data. 

In practical applications, this procedure would be carried out over as 
wide a range of k values as possible, and repeated for different 
embedding dimensions. 
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Figure 11.5.1. Example of the DVS test, applied to the Lorenz x variable (top) and to 
uncorrected noise (bottom). In each case, the mean forecasting error is plotted as a 

function of the number of neighbors k used in the forecast. 
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Chapter 12 

Poincare sections, fixed points, and control of 
chaotic systems 

In this chapter we introduce the concepts of Poincare section and fixed 
points. Although we have not made use of them so far in our exposition, 
these are important fundamental concepts. They are introduced here in 
the context of chaos control. The topic of chaos control is so vast, and is 
proving to be so useful, that we can only touch on the main points. This 
is one of the most active research areas in nonlinear dynamics, as the 
practical applications hold tremendous promise. 

12.1 Poincare section 

The Poincare section (or surface of section) is one of the more 
powerful devices for both qualitative and quantitative exploration of the 
dynamics of a system. In three dimensions, it is created simply by slicing 
the attractor with a two-dimensional plane, and indicating on the plane 
the locations where the attractor trajectory pierces it. (The extension to 
higher dimensions is straightforward, in each case the plane being one 
dimension less than the attractor.) 

An example (that is unfortunately not very graphically interesting) is 
shown in Fig. 12.1.1. This is a Poincare section from the Lorenz 
attractor. In the top panel the Lorenz attractor is shown, reconstructed 
with the time-delay technique. (Although the axes are labeled x, y, and z, 
these are in fact delay coordinates.) A plane is seen slicing the attractor at 
the level of z=-12. This plane is reproduced in the bottom panel, and the 
places where the attractor trajectory has pierced the plane (in the 
positive-going direction) are denoted by each plotted symbol (this creates 
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a Poincare map). Next to each symbol is the time order in which that 
point was created (the order in which the attractor crossed the plane at 
that point). Although the points lie almost on a straight line in this 
example (since the attractor is almost flat in this region), some interesting 
observations can be made about the dynamics based on the time order of 
the points. Note first that the first five points in time (labeled 1 to 5) 
move monotonically outward, toward larger values. This indicates that 
each time the trajectory returns to the bottom lobe of the attractor, it 
moves along a path that is farther away from an imaginary point near the 
center of that lobe. This expansion or stretching of the attractor is 
responsible for the sensitive dependence on initial conditions that is one 
hallmark of chaos. Also note that after the fifth point, they no longer 
progress monotonically along the plane, but instead move back and forth 
somewhat haphazardly. This shows that the attractor cannot expand 
forever but must from time to time be pulled back lest it expand to 
occupy all of the state space (this is what makes it an attractor). 

It is important to observe that in creating the Poincare section we 
have reduced by one the dimension of the system with which we are 
working. This can make further analysis easier, especially in a case like 
this one where the section is two-dimensional and easily comprehended. 
Of course the entire set of dynamics of the original system has not been 
retained in the reduced dimension of the Poincare section, but in many 
cases it will capture important features and allow further analysis. This is 
especially the case for systems that are near-periodic, so that the plane 
crossings occur at near-constant intervals. In section 12.3 we will see 
how analysis of dynamics on the Poincare section can provide a basis for 
control of a chaotic system. 
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Figure 12.1.1. Example of a Poincare section of the Lorenz attractor. Time-delay 
reconstruction of the attractor is shown (top), with intersecting plane at z=-12 shown in 

gray. This plane is reproduced in the bottom panel, showing the points where the 
trajectory has crossed the plane in the positive-going direction. 
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12.2 Fixed points 

One of the principal ways to characterize a dynamic system is to 
identify its fixed points. As the name implies, a fixed point is a value (or 
a set of values making up a point in the state space) at which the system 
will stay, once having attained that point. (This is analogous to the notion 
of eigenvectors for a linear system. We will see this connection in the 
next section on control.) A fixed point can be stable or unstable. A stable 
fixed point will attract nearby points, while an unstable fixed point will 
repel nearby points. A simple one-dimensional example should help to 
make these concepts clear. In Chapter 1 we briefly saw the logistic 
equation, which is a one-dimensional mapping of the value at time i to 
the subsequent value at time z'+l: 

x(i +1) = /Jx(i)[\ - x(i)]. 

This map is shown in the top panel of Fig. 12.2.1, for the parameter 
value u.=2. Also on the graph is the identity line x(i)=x(i+l); obviously 
the fixed point must be on this line. The fixed point indeed is at the 
intersection of the map and the identity line, at xF=0.5. This value of the 
fixed point xF can also be found analytically by setting x(i)=x(i+\) in the 
defining equation above, and solving for x. This defines the fixed point 
since it is the value that does not change from time i to time z'+l. (Fixed 
points for continuous-time systems are found by setting the derivatives 
dx/dt to zero, for the same reason, and solving for x (or for the multiple 
values that make up the state variables).) 

We can find the stability of the fixed point by linearizing the function 
near the fixed point. In doing this we are assuming that the map can be 
described by a straight line near the fixed point. We find the slope of this 
line. If the slope is larger than 1.0 in magnitude, then points close to the 
fixed point will be thrown farther away from the fixed point on 
subsequent iterations, while if the slope is less than 1.0 the nearby points 
will move closer to the fixed point on subsequent iterations. ("Close" 
here means within the range where the linear approximation holds true.) 
Taking a little time to be sure that this is clear will be very useful in the 
long run. 
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So, let us take the derivative of the function that defines the 
progression of x(i), that is, we find a linear approximation to the map that 
takes x{i) tox(/+l): 

cxi 

We then evaluate the derivative at the fixed point xF=0.5, which 
results in a value of 0. Since this is less than 1 in magnitude, the fixed 
point is stable. This local linear approximation (slope) is shown as the 
tangent line to the map at the fixed point in the figure. 

Now we carry out this procedure for a parameter value u=4. In this 
case, the map is shown in the next panel of Fig. 12.2.1. The fixed point is 
identified as before, xF=0.75. However, this time the derivative evaluated 
at xF is -2 , which has magnitude greater than 1.0, and hence the fixed 
point is unstable at this parameter value. (The behavior of the values and 
stabilities of the fixed points, as |j, varies, is a fascinating aspect of 
bifurcation analysis. The bifurcation diagram for the logistic map is 
almost as famous - and visually appealing - as the Lorenz attractor. 
Strogatz (1994) is the place to see this described simply and elegantly 
and in more generality.) 

These stable and unstable behaviors are clearly seen in the bottom 
two panels in the figure, where the time series for \x=2 and u=4 are 
plotted. Even though both series start at the initial point x(l)=0.1, for u=2 
the function quickly reaches and stays at the stable fixed point, while for 
u=4 the fixed point is never actually attained (in fact the system is 
chaotic for this parameter value). 

A slightly more complex example will help to solidify these points 
and provide the basis for the control example in the next section. At this 
point we need to delve into some more detailed mathematics than has 
been typical in this book. In Chapter 9 we saw the Henon system, which 
is a two-dimensional discrete-time map: the values of x and y at time i 
are mapped to their future values at time i+1: 

x(i + l) = A-x\i) + By(i) 

y(i + l) = x(i). 
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Let us use the values ,4=1.4 and 5=0.3. The resulting state-space map 
for the x andy components of this system in shown in Fig. 12.2.2. 

Logistic map, \i = 2 Logistic map, n = 4 

0.2 0.4 0.6 
x(i) 

Time series, n = 2 

0.2 0.4 0.6 0.8 
x(i) 

Time series, n = 4 

200 200 

Figure 12.2.1. Examples of the logistic map x(i+l)=\ix(i)[l-x(i)], for parameter values 
u=2 (left) and u=4 (right). For u=2 the map has a stable fixed point at x=0.5. Stability is 
demonstrated by the slope of the map (zero) at the fixed point (top left); the time series 

x(i) rapidly converges to the fixed point and stays there (bottom left). For u=4 the system 
is chaotic (right). The fixed point is unstable; the slope of the map has magnitude greater 

than 1.0 at the fixed point (top right). The time series (bottom right) exhibits chaotic 
behavior. 
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Henon attractor, x & y 

Figure 12.2.2. x-y map of the Henon system. 

The diagram shows the behavior of the two variables on successive 
iterations of the map. Note however that time information is lost in this 
plot: the point (x(/+l),y(2+l)) at time i could be far removed from the 
immediately preceding point (x(i),y(i)). That is why this is a map rather 
than a trajectory - consecutive points are not connected in a smooth 
curve as in the state-space trajectory of a continuous-time system. 

Figure 12.2.3 is a first-delay map for the x variable from the same 
system. This shows how the value x(i) is mapped to the subsequent value 
x(i+l). It is analogous to the time-delay reconstruction of an attractor, 
with delay value set to one time step, but here as in the previous figure 
the points are distinct and should not be interpreted as a smooth 
trajectory in time. (There is an underlying smooth curve, which can be 
created by connecting the points. This curve is however still a map that 
defines subsequent iterated values, rather than a trajectory with respect to 
time. The curve is a fractal, as might be expected for this chaotic 
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system.) This function appears to be multi-valued; that is, a particular 
value of x(i) appears to map to several subsequent values x(/+l). This is 
not actually the case - the y variable serves to resolve any ambiguity in 
the function, and information on y is missing from this graph. 

Henon attractor, delay map 

x(i) 

Figure 12.2.3. First-delay map of the Henon system, showing how x(i) maps to the next 
value x(z'+l). The identity line x(i+l)=x(i) indicates where fixed points must lie. 

As with the logistic map, the identity line x(i+l)=x(i) is also shown. 
The fixed points must lie on this line. Setting x(i+l)=x(i) in the defining 
equations for the Henon system, and solving the resulting quadratic 
equation, yields xF=0.8839 as the fixed point. (The other solution to the 
quadratic equation is xp=-1.58, but the map does not visit this point.) This 
fixed point is one of the points of intersection of the map and the identity 
line in the figure. (Since the map is a fractal in this region, there are 
many other points of intersection of the identity line and the map. Not all 
of them are fixed points, however, because the map for the y variable 
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must be at its fixed point at the same time as x is at one of these potential 
fixed points, and this is in general not the case.) 

Henon attractor, x & y 

x(i) 

Figure 12.2.4. x-y map of the Henon system, showing fixed point at (0.88, 0.88), and 
identity line y(i)=x(i) which defines fixed points for this particular system (but not in 

general). The arrows show the "flow" of the variables at each point on the map; a point 
(x(i),y(i)) will move to subsequent point (x(i+l),y(i+l)) along the direction of the arrow at 

(x(i),y(i))-

Another way to visualize the effect of the fixed point is to plot the 
local discrete "flow" in the x-y plane, as in Fig. 12.2.4, along with the x-y 
map. Here, an arbitrary grid is created, with spacing of points in each 
direction at intervals of 0.2. At each of these (x,y) points, the values are 
plugged in to the Henon equations, and the subsequent iterated point is 
found. The difference between the first and second points defines a local 
vector that shows in which direction, and by approximately how much 
(on a relative scale), the point (x,y) will move on the next iteration. These 
vectors are plotted for each starting point. This presentation is somewhat 
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artificial because not all of the points on this grid are visited by the map. 
Nevertheless, it shows dramatically how the map acts to move points 
through the space toward the fixed point. This effect is very strong along 
an axis from approximately (2,-2) to (1,1), as indicated by the large 
arrows pointing almost directly to the fixed point (large circle) along this 
direction. 

In order to characterize more fully the stability of this fixed point we 
must work in two dimensions. As before, we desire to find the derivative 
of the mapping function, to see if points near the fixed point are moved 
away from it or closer to it on subsequent iterations of the map. To do 
this we need a "two-dimensional derivative." The Jacobian is such an 
object. It is a matrix that shows the rate of change (derivative) of each 
state variable as a function of each of the other state variables. In two 
dimensions the Jacobian is: 

J = i ^ i 

_ dx, dyi _ 

This is where the mathematics begin to get more involved, especially 
for those readers without previous experience with multi-dimensional 
linear systems. A complete understanding of stability and control (next 
section) requires familiarity with such concepts as eigenvectors and basis 
functions. The exposition to follow draws on these concepts but leaves 
out much detail. Hopefully all readers will be able to get a feel for the 
concepts sufficiently well to grasp the methodology of chaos control. 

We now evaluate the Jacobian for the particular case of the Henon 
map with A=\ .4 and 5=0.3, at the fixed point x=0.8839: 

-1.7678 0.3" 

1 0 

In order to make use of this local derivative information in the space 
of the Poincare section, we reduce this description to one with a more 
immediate geometric interpretation. This is done by finding the 

J = 
-2xi 

1 

B 

0 



200 Nonlinear Dynamics in Physiology 

eigenvalues and eigenvectors of the Jacobian. For a matrix A, the 
eigenvalues X and eigenvectors e are defined by this relation: 

Ae = /le. 

This equation means that multiplication of an eigenvector e by the 
square matrix A (which produces another vector) reproduces the 
eigenvector, scaled by the factor X. Let us interpret the vector e as 
describing a direction in space. Then, multiplication by A reproduces that 
same direction, with a magnitude altered by X. Think of this operation in 
terms of the x-y space of the Henon attractor (or on a Poincare section). 
If the matrix A is in fact a Jacobian of some (in this case) two-
dimensional function, then multiplication by A reflects the linearized 
function, defined by the Jacobian, operating on some point in space. 
Recall that we evaluate the Jacobian at the fixed point, and so this 
linearized approximation (multiplication by A) reflects the original 
function (map) operating on a point, and this approximation is valid near 
the fixed point. 

The eigenvectors of the Jacobian matrix J determine "primary" or 
"special" directions in the x-y space (from the German "eigen," meaning 
"proper" or "inherent"). The eigenvectors define directions that are 
unaltered by iteration of the linearized function J. If a point lies along an 
eigenvector that originates at a fixed point of the map, then subsequent 
iteration of the function will move that point along that same vector, 
either toward or away from the fixed point (depending on whether the 
associated eigenvalue X is greater than or less than 1.0 in magnitude). 
This will be true as long as the points are close enough to the fixed point 
for the linear approximation to remain valid. (These directions and 
operations are described in reference to the fixed point because the 
Jacobian was evaluated at the fixed point; the general features of eigen-
directions are applicable throughout the x-y space but are of particular 
interest because of the importance of the fixed point.) 

An important fact regarding eigenvectors in this application is that, 
for a two-dimensional system and a fixed point that is contained on the 
attractor, there will be an unstable and a stable eigenvector. Stability is 
determined by the eigenvalue associated with each eigenvector. If both 
eigen-directions were stable, the system would be attracted to the fixed 



Poincare Sections, Fixed Points, and Control of Chaotic Systems 201 

point and that would be the extent of the attractor. If both eigen-
directions were unstable, the attractor would diverge and likewise not be 
very interesting or useful for the control aspects to follow. 

The directions defined by the stable and unstable eigenvectors are 
usually described as the stable and unstable manifolds of the two-
dimensional system. The traditional image is that of a saddle with the 
fixed point in the center. Along one direction the saddle slopes toward 
the center, so that a marble placed along that axis will move toward the 
fixed point. Along the perpendicular direction the saddle slopes away 
from the center, and a marble on that axis will move away from the fixed 
point at the center. 

Now we see that the eigenvectors define the directions along which 
the system will continue, once placed there (analogous to a fixed point 
but in two dimensions, so a "fixed vector" in some sense). The associated 
eigenvalues tell us whether or not deviations from the fixed point along 
each eigenvector will be toward the fixed point (magnitude less than 1.0) 
or away from the fixed point (magnitude greater than 1.0). 

The eigenvectors for the Henon system fixed point are shown as thick 
lines overlaid on the x-y map in Fig. 12.2.5, and labeled as eu and es for 
the unstable and stable directions, respectively. Also shown is the local 
vector flow as in Fig. 12.2.4 but only for points actually on the map. 

It may seem counterintuitive, but the unstable eigenvector (associated 
with the eigenvalue with magnitude greater than 1.0) is along the 
direction with the largest arrows, where the (linearized) function acts the 
most strongly to pull points toward the fixed point. One might think that 
these large arrows, indicating strong flow toward the fixed point along 
that direction, would point along the stable eigenvector. However, the 
large arrows indicate instead that a point along this line will actually tend 
to overshoot the fixed point on the next iteration, rather than slowly 
converge to the fixed point. Movement along the stable eigenvector 
direction is more gradual. Fig. 12.2.3 shows this. For example, a value of 
x(i) near 0 maps to subsequent values of 0.9 or greater (depending on the 
corresponding value of y), while a value near 1.5 maps to negative 
values, in each case overshooting the fixed point at 0.88. 
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Henon attractor, x & y 

Figure 12.2.5. x-y map of the Henon system, showing fixed point at (0.88, 0.88). As in 
Fig. 12.2.4, the arrows show the "flow" of the variables at each point, but only at those 

points actually visited by the map. The stable and unstable eigenvectors of the 
linearization at the fixed point, es and eu, are also shown. 

We end this section on fixed points and their stability by pointing out 
that a fixed point on a Poincare section represents a periodic orbit of the 
larger attractor: each time the orbit crosses the Poincare section it does so 
at the same location. The stability of the periodic orbit can be assessed by 
assessing the stability of the fixed point in the Poincare section, as we 
have just shown. This observation is the basis for chaos control, which 
involves manipulating the system in order to place its state along a stable 
eigenvector and so lead it toward the fixed point, and periodic behavior. 
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12.3 Chaos control 

As noted above, chaos control is one of the most active and 
promising lines of research stemming from the concepts of nonlinear 
dynamics and the state space. Control of a chaotic system is based on the 
observation (discussed in Chapter 10) that a chaotic attractor contains 
many (theoretically infinite) unstable periodic orbits (UPOs). These 
orbits, if they were stable, would create fixed points on a Poincare 
section. If such a fixed point can be identified, and the behavior of the 
nearby points determined, then it may be possible to stabilize the 
unstable orbit (and fixed point) by making a small modification to some 
available system parameter. That is, when a point on the Poincare section 
is close to the fixed point, we perturb the system to as to place the 
subsequent point at the fixed point, or along the stable manifold 
(eigenvector) that will lead to the fixed point. 

Since a chaotic attractor is made up of many UPOs of different 
periodicities, we can pick one with desired properties and choose to 
stabilize it with this approach. We thereby make the system periodic. A 
subsequent small change in the system parameter can then be used to 
stabilize different orbits as desired. Therefore the presence of chaos 
allows great flexibility in choosing the desired performance as a 
consequence of these small control perturbations. This is not the case for 
non-chaotic systems, and there are obvious implications for how the 
brain may use neural chaos to perform some tasks1 requiring rapid 
selection from a large store of potential actions or perceptions. 

The specific chaos control technique we describe here is the OGY 
method, named after the authors who first described it (Ott et al. 1990). 
The initial description (and the one we follow here) reflects a simplified 
version of the real world, because we assume that we have access to the 
defining equations of the chaotic system, and so can make all the 
necessary calculations analytically and ahead of time. In the real world, 
these quantities must be approximated from measured values before the 
control strategy can be computed. Nevertheless the concept and 
demonstration are significant steps in understanding and applying 
nonlinear dynamical concepts. 
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As in the previous section, this section is necessarily more 
mathematical than the rest of this book. Very nice summaries, in more 
detail and not as terse as the original paper, can be found in the 
wonderful book by Flake (1998), and in Spano and Ditto (1994). 

We start by assuming that we have available to us a suitable Poincare 
section (or other discrete-time map) from the system to be controlled. 
Here, we assume that such a map has been extracted from the system, 
and that the appropriate measurements can be made to characterize the 
dynamics on the map. In the specific derivation to follow, we pretend 
that the Poincare section is described by a Henon map (or that a discrete 
map such as this is what we wish to control), for which we also happen 
to have all the necessary measurements (derived from the defining 
equations). We also assume that the desired fixed point xF (or xF in vector 
notation) is zero; this simplifies the derivation without loss of generality. 

Our goal is to derive a control strategy that places the system at the 
fixed point. We use the Jacobian, evaluated at the fixed point JCF, to 
approximate the behavior of points on the map near the fixed point: 

[ x . + 1 - x ' F ] « J [ x . -x ' F ] 

where 

x. = point on Poincare map at time i 

x .+1 = point on Poincare map at time i +1 

xF = new fixed point (after control perturbation) 

J = Jacobian matrix. 

We need to know how the fixed point will change due to small 
changes in the system parameter, which we call p in general (it is the 
Henon parameter A in our particular case). The change in the fixed point 
as a function of the parameter/? is given by: 

dxp 

so that (since xF=0): 

x ' F «A/7g. 

Inserting this expression into the first equation and rearranging: 
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x.+1 « A p g + J [ x , . - A p g ] . 

In a completely non-obvious manner (see Flake 1998, Spano & Ditto 
1994), we can expand the matrix-vector product on the right, to yield: 

x,-+i * AP g + t ^ e A + 4,eMf „][x, - A/7 g] 

where Xs, A,u, and es, eu are the (stable and unstable) eigenvalues and 
eigenvectors of J, and fs and fu are a set ofcontravariant basis vectors: 

f , - e „ = f 1 1 - e I = 0 

f s - e s = f „ - e „ = l . 

For our purposes there are just a few things that we need to know about 
these new vectors fs and fu. First, they allow us to express the 
multiplication in the equation for x,-+i above in a particularly useful way. 
Second, they are orthogonal to the original eigenvectors (first set of 
properties above). Finally, they are scaled appropriately to yield a dot 
product of 1.0 (second set of properties). 

We know, through analytical derivation as here or through actual 
measurements, the values of the quantities in the equation above. In 
particular, we are going to use the control strategy to modify the 
parameter A of the Henon system in order to stabilize the fixed point. We 
need to know the value of g, the vector that tells us how the fixed point 
changes if we modify^: 

dx¥ 

6xE dxT 

dp 8A 
8A 

8A 

0.405 

0.405 

Here now is the key to the control strategy. At time i we determine 
the point x; where the trajectory crosses the Poincare section. If this is 
suitably close to the desired fixed point xF, we can calculate the required 
perturbation to be applied to the parameter A. ("Suitably close to the 
fixed point" is defined by the maximum allowable perturbation to A that 
we are willing to apply.) The perturbation is such that the subsequent 
point Xj+i is placed at the fixed point or on the stable manifold given by 
es. In order to accomplish this, we want to place the point xi+i so that its 
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directed distance from the fixed point (that is, the vector from xi+i to the 
fixed point) is orthogonal to the unstable direction given by fu, and this is 
done by making their dot product equal to zero: 

We make use of this new fact in the last equation above for xi+1: 

f„ • x/+1 = 0 * Ap g • fH + fu • [Asesfs + XueJu ][x,. - Ap g] 

A p g - f ^ - t O + ^ f J ^ . - A p g ] 

Apg-fu[\-AJ = -AJu-xi 

Ap k. 

4 , - 1 g-f„ 
It is this final expression for Ap that is the crucial equation that defines 
the OGY control strategy. (Some details of vector-matrix manipulations 
have been skipped in this abbreviated derivation.) When xj is close to the 
desired xF, the parameter p is adjusted by the amount Ap for one time 
step. This places xi+1 along the stable manifold leading to xF. 

1.3 

1.25 

Figure 12.3.1. Example of OGY control applied to the Henon system. Top plot is the x 
variable, bottom plot is the controlled system parameter A. Control starts at time i=200. 
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A demonstration of this control strategy in action can be seen in Fig. 
12.3.1. The Henon system is controlled so as to stabilize the fixed point 
at 0.88. The system is allowed to run for 200 iterations, and then the 
control law is applied. In fewer than 100 additional iterations, 
stabilization of the fixed point is evident in the top plot of the x variable. 
The bottom plot shows the history of the controlled parameter A, with a 
nominal value of 1.4. Just a few small perturbations to this parameter are 
sufficient to stabilize the fixed point, after which further control is 
unnecessary (in the absence of noise and on this time scale with high-
resolution arithmetic computations). 

x(i) 

Figure 12.3.2. Example of OGY control applied to the Henon system, showing action of 
the control strategy on the x-y map. 

Figure 12.3.2 depicts the control action on the x-y map (acting as a 
Poincare section in our demonstration). Those points marked by large Xs 
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depict the time course of one set of control perturbations, starting when 
an intial point is close enough to the desired fixed point (0.88, 0.88) for 
the control action to take place. As a result of perturbations to parameter 
A at each of the times corresponding to these points, the subsequent 
points move toward the fixed point, along a line that is orthogonal to the 
vector fu, which itself is orthogonal to es - in other words, along a line 
approximately collinear with stable eigenvector es. The amplitudes of the 
perturbations are also appropriate to place the new points near the fixed 
point. 

As we pointed out above, the field of chaos control is extremely 
active and several other control strategies have been devised. Control of 
actual mechanical systems has been demonstrated (e.g., Ditto et al. 
1990). In a remarkable physiological application, Garfinkel et al. (1992) 
applied a strategy similar to OGY to a small piece of rabbit heart in vitro. 
On a first-delay plot of heart-beat intervals, the stable and unstable 
directions (manifolds) were identified. Given an interval A71;, an 
electrical stimulus was applied to induce a "premature" beat such that 
(A71, A î+i) was on the stable manifold. The method works only in those 
cases where shortening the next anticipated interval will move the state 
point to the desired location, since obviously the same intervention can 
not be used to lengthen an interval. This technique perturbs the state 
directly, rather than a system parameter as in conventional OGY control. 

We note that chaos control techniques have also been successfully 
applied to nonchaotic systems (Christini & Collins 1995a,b). 

12.4 Anticontrol 

A clever and counterintuitive variation on this general notion is that 
of anticontrol of chaos (In et al. 1995, Yang et al. 1995). Recall from 
Chapter 1 that one of the true insights revealed by nonlinear dynamics in 
physiology is that variability is normal and healthy, and a reduction in 
variability may be a sign of pathology. (The key of course comes in 
properly defining and quantifying variability.) Anticontrol takes 
advantage of this observation by applying chaos control techniques in 
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order to keep the system on a chaotic attractor, rather than on a limit 
cycle or other pathologically low-variation trajectory. 

One such anticontrol paradigm has been performed in rat 
hippocampal slices. This is one site of epileptic activity (Schiff et al. 
1994), and hence an anticontrol strategy might prevent pathological 
entrainment and periodicity which could lead to a seizure. In this study, 
the authors were able to control the dynamics in a variety of ways with 
electrical pacing stimuli. Most notably, in a demonstration of anticontrol, 
they were able to keep the system away from a fixed point, and so avoid 
periodicities. 

It remains to be seen to what extent these techniques will be more 
generally useful in complex biological situations where noise and high 
dimensionality impose significant complications. 
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Chapter 13 

Stochastic measures related to nonlinear 
dynamical concepts 

Even more than the previous chapter, this one is a departure from the 
main theme of the book, which is nonlinear deterministic systems. Here 
we discuss some specific types of random (stochastic) systems. There are 
three main reasons for this digression. First, fractional Brownian motion 
(fBm) - a type of random process - can often mimic chaotic data. 
Second, many physiological systems have been found to exhibit fBm. 
Third, exploration of a system with the goal of finding deterministic 
dynamics sometimes leads to investigation of the random properties of 
that system as well. 

13.1 Fractal time series, fractional Brownian motion 

Just as a chaotic attractor forms a fractal object in state space, a time 
series itself can be a fractal. Here we consider the self-similar character 
of a fractal, in a statistical sense. This discussion will concentrate on a 
random fractal time series known as fractional Brownian motion (fBm), 
which is a generalization of conventional Brownian motion. 

In 1828 botanist Robert Brown published his observations on the 
motion of microscopic particles within pollen grains. These motions 
were random, resembling the motion of dust particles suspended in air. 
Einstein, in one of his classic 1905 papers, provided some of the first 
mathematical descriptions of this Brownian motion, along the way 
establishing firmly the argument in favor of the atomic structure of 
matter: random bombardments of molecules could explain the properties 
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of Brownian motion. (See review by Hanggi & Marchesoni 2005, and 
references therein.) 

Mathematically, Brownian motion, or noise, can be thought of as the 
integral of Gaussian white noise (GWN). A random walk is such a 
motion in two dimensions. Fractional Brownian motion is a 
generalization, which can be created by the fractional integration of 
GWN. Needless to say, we will not delve into the mathematics of 
fractional integration and differentiation (Granger & Joyeux 1980). 

fBm with a parameter H, which we term 5H(/), has the following 
property: Bn(af)=anB(i), where = in this case means that the two 
processes have the same probability distribution: they are statistically 
self-similar. This defines the random fractal property of fBm. Another 
way to write this property is: By{t)=diiB{at), which says that if you 
adjust the time scale of the process by a factor a, then you must adjust 
the amplitude of the process by the factor a'H in order to retain the 
original statistical properties, such as probability distribution. 

The parameter H is known as the Hurst exponent; it can take on a 
value between zero and one. A value of H=0.5 produces conventional 
Brownian motion. Values greater than 0.5 yield a persistent process, 
which means that large values tend to follow large values, and small 
values tend to follow small values, on the average over many different 
time scales. On the other hand, a value less than 0.5 yields an anti-
persistent process, in which large and small values tend to alternate, 
again on the average over different time scales. Fig. 13.1.1 demonstrates 
this with some examples of fBm with different values of//. 

It may seem odd, but the definition of fBm stipulates that BH(t) at any 
time / is Gaussian with zero mean. Therefore, the mean of an fBm 
process is also zero at all times. However, the standard deviation varies 
with time as a function of tH (this can be seen in the figure, where the 
fluctuations of fBm increase with time). In a similar manner, the 
autocorrelation function Rxx(ti,t2) is proportional to [|̂ i|2H+|?2|2H-kr?2|2H]-
That is, both the standard deviation and the variance depend on the 
specific time at which a measurement is made. In the case of the 
autocorrelation, the value depends not only on the difference between 
two times (as with stationary processes that we saw in Chapter 3), but 
also on the particular times tx and t2. In other words, fBm is statistically 
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nonstationary: its statistics change with time. However, the increments 
of such a process are stationary, and they have a Gaussian distribution 
(fractional Gaussian noise, FGN). Since the fBm process is not 
stationary, the power spectrum is hard to define in a rigorous manner. 
Nevertheless, a term |27t/f"(2H+1) appears in the frequency spectrum 
(actually the Wigner-Ville spectrum rather than the Fourier spectrum per 
se), and this leads to a power-law decay of the spectrum. 

White Noise 
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Figure 13.1.1. Examples of Gaussian white noise (GWN, top row), Brownian noise 
(center row), and fractional Brownian motion (fBm, bottom row). Sample time series are 

on the left, power spectra in the center column, and autocorrelations to the right. 

As is the case with many deterministic measures, actual quantitative 
evaluation of the parameters of an fBm process can be challenging. In 
general terms these properties are often vastly simplified to the notion 
that both the autocorrelation and the power spectrum decay as a power-
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law function. Instead of decaying with an exponential envelope (~em) as 
is common with many linear Gaussian systems, the autocorrelation 
decays as a power-law function of time (~x"a). Likewise, the power 
spectrum decays as a power-law function of frequency (~/~(2H+1)). 

Signals such as fBm exhibit some strange properties. For example, 
there is the question of its very existence in a strict mathematical sense, 
since fBm does not have a proper derivative, and this implies that FGN 
(increments of fBm) can't exist. The derivative doesn't exist because, by 
the self-similar property, there are variations on all scales, no matter how 
small, and so continuity and differentiability are adversely affected. 

It appears that, to a very high degree of fidelity, internet traffic can be 
described as a power-law process. There is an enormous literature on this 
topic (e.g., Cappe et al. 2002). It should be pointed out that l/^-type 
processes are not necessarily generated solely by nonlinear systems 
(Voss 1978). 

13.2 fBm, correlation dimension, nonlinear forecasting 

One of the reasons that fBm is of concern is that it can mimic chaotic 
dynamics in some measurements. This is because some chaotic systems 
do produce power-law spectra, as do power-law random processes. For 
example, when the correlation dimension came into widespread use after 
the work of Grassberger and Procaccia (1983), it was more or less 
assumed that a random system, being of theoretically infinite dimension, 
will not yield a finite value of correlation dimension. This in fact was 
often used de facto as an indication that a given system was deterministic 
and not random. This bubble was burst when it was shown that certain 
types of random systems can yield finite values of correlation dimension 
(Osborne & Provenzale 1989): as embedding dimension is increased, the 
correlation dimension reaches an asymptote, as for a deterministic 
system, rather than increasing without bound. 

The particular type of system that produces this anomalous scaling is 
one with a power-law spectrum, such as fBm. The reason that the 
dimension algorithm is "fooled" by this type of signal is that its state-
space trajectory forms a random fractal curve, although not a fractal 
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attractor. The correlation dimension does not depend on the order of the 
points in time, only on how they congregate in space, and so cannot 
distinguish between a random time series that produces a random fractal 
curve, and a deterministic time series that generates a fractal attractor. 
For the former the time ordering is random, but time order does not enter 
into the correlation dimension. We should note that this specific problem 
is not an artifact of the embedding method or limited amount of data; it is 
much more fundamental. 

Theiler (1991) suggests some practical approaches to the issue of 
discriminating between chaos and power-law random processes. First is 
the observation that dimension measures should only properly be applied 
to a data set that is much longer than the "dominant period" of the 
system. For example, for the Lorenz system, one would expect to have 
data that covers both lobes of the attractor, otherwise the spatial 
properties are not sufficiently well represented. This is a problem for a 
system with strong power-law scaling, however, since there is effectively 
no dominant periodicity - power at low frequencies increases without 
bound (see the center column of Fig. 13.1.1). Thus, in principle, one 
cannot acquire enough data to adequately represent the system behavior. 

Also, it is proposed that proper application of surrogate data 
techniques (Chapter 6) can help to distinguish between deterministic and 
random systems with power-law spectra. In fact, in the original study by 
Osborne and Provenzale, power-law scaling was analyzed by generating 
several random data series with specific power-law spectra - this is the 
generation of surrogate data, and the fact that the dimension estimates for 
these surrogates converge to finite values indicates that these estimates 
are not to be trusted (since it is known that they are random signals). 

Another common analysis procedure, nonlinear forecasting, fares 
better in this regard. This was covered in section 7.6 of Chapter 7. To 
summarize, there is a distinct difference in the decay (with increasing 
forecasting step) of forecasting quality, depending on whether the system 
is chaotic or fBm. 
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13.3 Quantifying ffim: spectrum, autocorrelation, Hurst exponent, 
detrended fluctuation analysis 

The two properties described in section 13.1 - power-law form of the 
spectrum and of the autocorrelation function - are often, in practice, used 
to define or at least to suggest that a given process is fractional Brownian 
motion. It is also common to measure the Hurst exponent by assessing 
the rescaled range: R/SocTH, where R and S are the range and standard 
deviation of the integrated data in a window of length T (Addison 1997, 
Bassingthwaighte et al. 1994). 

It can be shown that H=(\+a)l2, which expresses the relation between 
time-series scaling exponent H and frequency scaling exponent a 
(Rangarajan & Ding 2000). (This relationship holds strictly for fractional 
Gaussian noise, which is the sequence of increments of fBm.) In practice, 
to avoid false positive indications of such scaling behavior, which can 
arise from the use of either Hot a alone, both values should be computed 
and compared for agreement with the expression above. 

Another way to quantify this scaling is with detrended fluctuation 
analysis (DFA: Peng et al. 1995, 2000). The data series is integrated, and 
a straight line is fit via linear regression to the integrated data within a 
time window of a given size. The RMS variation about the fitted line 
gives the fluctuations F(ri) for window size n. The slope of F(n) versus n, 
on a log-log scale, gives a scaling exponent that is akin to H. DFA 
removes local trends through the least-squares regression fit, and so is 
relatively immune to nonstationarity, which might yield spurious long-
term correlations. 

This methodology has been applied to heart-beat intervals (Peng 
et al. 1995, 2000) and stride intervals in human walking (Peng et al. 
2000, Hausdorff et al. 1995). A general finding is that, analogous to 
dimension results in deterministic systems, there is a breakdown of 
normal healthy power-law scaling in pathology. 

While these methods are simple and practical, and have been used to 
good effect in many published studies, it should be noted that the 
rigorous measurement and quantification of such statistically 
"troublesome" signals as fBm is a vast and mathematically sophisticated 
topic (Fischer & Akay 1996, Pilgram & Kaplan 1998, Cappe et al. 2002). 
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13.4 Self-organized criticality 

A concept related to power-law scaling is self-organized criticality 
(SOC: Bak 1996, Bak et al. 1987, 1988). A system that exhibits SOC is 
self-organizing - the system is not directed by an external "teacher" to its 
final state, but arranges itself naturally. It is also critical - it is 
dynamically balanced between rigid inflexibility and randomness: there 
is structural stability in response to perturbations, but at the same time 
the ability to react quickly and appropriately to perturbations. It has been 
proposed that such self-organization "on the edge of chaos" can endow 
sensorimotor systems with the ability to respond rapidly to changes in 
environmental conditions (Skarda & Freeman 1987). This is an appealing 
conception, but it is still controversial. 

Some of the defining characteristics of SOC are scale-invariance, 
self-similarity, and a 1//spectral signature. These properties are related, 
since by scale invariance we mean that there is no preferred spatial or 
temporal scale - fluctuations occur on all scales. This of course can lead 
to self-similarity, of which a power-law spectrum is one sort. 

SOC has been found in physical systems that can be modeled as the 
operation of many independent units, with local interactions that can 
extend globally. Supporting evidence for this view in the nervous system 
comes from a study of amplitude fluctuations in 10 and 20 Hz brain 
oscillations (Linkenkaer-Hansen et al. 2001); the fluctuations exhibit 
power-law scaling over several minutes. The authors conjecture that 
SOC can explain these properties, and that SOC may allow for the 
creation of "neural networks capable of quick reorganization during 
processing demands." Freeman has found similar extended 
spatiotemporal correlations in multi-electrode recordings of rabbit EEG 
(Freeman 2004). 

In the specific case of the oculomotor system, at least one study has 
claimed evidence for SOC in the neural system that generates sequences 
of predictive eye movements (saccades) in response to periodically 
alternating visual targets (Shelhamer 2005). The distributed nature of the 
neural pathways that implement predictive saccades lends some credence 
to this claim (Gagnon et al. 2002, Gaymard et al. 1998). This is similar 
in nature to the proposition cited above, that other distributed brain 
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structures might produce fractal scaling in the EEG. The different neural 
structures that implement predictive saccades may operate over different 
time courses (Ding et al. 2002) and so lead to the scale-invariance which 
is a feature of SOC. 
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Chapter 14 

From measurements to models 

The topic of this chapter is the holy grail of data analysis - the system 
identification problem. Given a set of data, and some measurements 
made on those data, can we come up with a mathematical model (the 
differential or difference equations) to describe the system? The brevity 
of this chapter should be an indication that this problem has not been 
solved, at least not in general. We must satisfy ourselves with a few 
broad comments. 

14.1 The nature of the problem 

The system identification problem has been addressed with great 
success for linear systems (e.g., Box et al. 1970, Ljung 1987). Although 
it is still difficult, restricting the possible models to those that are linear 
vastly simplifies the problem. Linear models are in the form of linear 
differential or difference equations, and once the input and output 
variables are identified, along with suitable state variables, system 
identification consists of finding the parameters of these equations. There 
are many ways to do this, and linear regression, which we discussed in 
Chapter 2, is one simple example. Even within the limited class of linear 
systems, however, there are still important distinctions, such as those in 
which the current output is a function only of past inputs (moving 
average, MA), those in which the current output is a function of past 
outputs (autoregressive, AR), or a combination of the two (ARMA). Of 
course the underlying issue of identifying the inputs, outputs, and state 
variables is still crucial and relies more on the investigator's knowledge 
and intuition than on any mathematical algorithms. Finally, the issue of 
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noise presents its own set of difficulties. Although it is common to 
assume additive Gaussian noise that is independent from sample to 
sample (GWN), other forms are possible, and again a basic 
understanding of the system to be modeled is often as important as any 
mathematical tools that can be applied. The underlying theory of the 
overall process is greatly aided by the existence of the Wold 
decomposition theorem, which states that a random system (such as a 
linear system with noise) can be divided into a linear deterministic 
component and a random component that is a linear function of previous 
uncorrelated values of a random variable (Gershenfeld 1999). 

The nonlinear identification problem is infinitely more complicated. 
The basic problem is that there is an infinite number of different classes 
of nonlinear systems - how to know if a system is best modeled by 
polynomials, logarithms, or other nonlinear functions? Although there 
has been progress in fitting parameters to a given system model once it 
has been chosen, and in determining the model order (number of 
parameters), the model selection problem remains critical. 

14.2 Approaches to nonlinear system identification 

One of the most widely-applied general approaches to nonlinear 
system modeling is the so-called Volterra-Wiener approach (Marmarelis 
& Marmarelis 1978, Rugh 1981), in which the system response is 
modeled by a series of integral equations of successively higher order 
(containing polynomial terms of the input signal). While this method has 
been very successful in many applications, it is a nonparametric 
technique that assumes little or no knowledge of the underlying system. 
(Recent attempts have been made to relate this approach to parametric 
models: Zhao & Marmarelis 1998.) 

Another general approach of this type (in fact the Volterra-Wiener 
approach is a subset) is the use of basis functions to describe a time 
series (e.g., Crutchfield & McNamara 1987, Judd & Mees 1995). Again, 
it is the choice of basis functions that is a key, and that depends on the 
user's knowledge of the system under study. 
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The problem remains, then, of selecting the best model. An 
interesting approach to this issue has been proposed (Yadavalli et al. 
1999), which uses a genetic algorithm. A genetic algorithm is an iterative 
optimization procedure motivated by biological reproduction. An initial 
problem solution is proposed, which is given by a sequence of 
parameters. In this case it is a sequence of constants, variables, and 
operators (addition, multiplication, sine, log, etc.), chosen and assembled 
randomly. A population of these candidate solutions is generated, all 
following the same structure but randomly generated. Each candidate 
solution is tested for how well it models the data. The best candidates are 
selected and used to create the next generation of solutions, by "mating" 
solutions in pairs: parameters of one solution are combined with 
parameters from another solution, repeatedly until a new population is 
formed. Random "mutation" is then applied to each new solution by 
randomly varying some of the parameters. This methodology has the 
promise of being able to explore an extremely wide variety and size of 
models, at the expense of considerable computational burden. 

None of these methods make use of the state-space approaches that 
have been described in this book, but rather operate on the data series 
itself without reference to spatial properties (although time-delay 
embeddings are sometimes used in order to deal with unknown and 
possibly high dimensionalities). It remains unclear if doing so would 
present an advantage in solving the general nonlinear system 
identification problem. 

14.3 A reasonable compromise 

We see that to address fruitfully the system identification problem we 
would do well to reduce our ambitions to an acceptable level, at least in 
the context of the present work. Perhaps we can make use of the methods 
described in previous chapters to make some assessments of which 
behavior in a system might be random or deterministic, and its 
dimension, and proceed from there. This might not yield a model in the 
way that we would prefer, but it can tell us what system variables might 
be subject to modeling, and the approximate order of the model. At that 
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point, physiological insight will be needed to propose a specific model 
form - knowledge of the system under study is still the best source of a 
model structure. Then, some of the techniques mentioned in this chapter 
might be used to find the actual equations that reproduce those properties 
that were found to exhibit significant nonlinear determinism. 

We are not aware of any extensive studies using this hybrid approach. 
A simple example of how one might begin comes from an analysis of 
optokinetic nystagmus eye movements (this reflexive eye movement 
response was described in section 4.5 of Chapter 4, and will be discussed 
in detail in Chapter 15). Referring to Fig. 4.5.1 A, observe that OKN is 
made up of alternating slow and fast phases. Sequences of different 
parameters can be extracted from OKN, as for example fast-phase 
intervals, fast-phase end points, fast-phase start points, and slow-phase 
durations. Nonlinear forecasting was carried out on each of these 
sequences (Shelhamer & Gross 1998). It was found that the only 
sequence with any potential deterministic component is the sequence of 
fast-phase end points. This has an interesting biological interpretation, 
and serves to confirm previous studies on OKN, as we will see in the 
next chapter. In terms of system identification, it tells us that we might 
fruitfully devote some effort to finding a deterministic model for fast-
phase end points, with the other parameters modeled as random 
processes. 

References for Chapter 14 

M Akay (1994) Biomedical Signal Processing. San Diego: Academic 
Press. 

GEP Box, GM Jenkins, GC Reinsel (1970) Time Series Analysis: 
Forecasting and Control. San Francisco: Holden-Day. 

JP Crutchfield, BS McNamara (1987) Equations of motion from a data 
series. Complex Systems 1:417-452. 

N Gershenfeld (1999) The Nature of Mathematical Modeling. New 
York: Cambridge University Press. 

K Judd, A Mees (1995) On selecting models for nonlinear time series. 
Physica D 82:426-444. 



224 Nonlinear Dynamics in Physiology 

L Ljung (1987) System Identification: Theory for the User. Englewood 
Cliffs, NJ: Prentice-Hall. 

PZ Marmarelis, VZ Marmarelis (1978) Analysis of Physiological 
Systems: The White-Noise Approach. New York: Plenum Press. 

WJ Rugh (1981) Nonlinear System Theory: The Volterra/Wiener 
Approach. Baltimore: The Johns Hopkins University Press. 

M Shelhamer, CD Gross (1998) Prediction of the sequence of 
optokinetic nystagmus eye movements reveals deterministic 
structure in reflexive oculomotor behavior. IEEE Transactions on 
Biomedical Engineering 45:668-670. 

VK Yadavalli, RK Dahule, SS Tambe, BD Kulkarni (1999) Obtaining 
functional form for chaotic time series evolution using genetic 
algorithm. Chaos 9:789-794. 

X Zhao, VZ Marmarelis (1998) Nonlinear parametric models from 
Volterra kernels measurements. Mathematical and Computer 
Modelling 27':37'-43. 



Chapter 15 

Case study - Oculomotor control 

In this chapter we begin the presentation of recent research results on a 
few specific physiological systems. The presentation starts with a survey 
of the author's own work on one type of reflexive eye movement. This is 
not to imply that there are no other studies on the nonlinear dynamics of 
oculomotor control. In fact several recent studies (Clement et al. 
2002a,b, Akman et al. 2005), have made explicit use of nonlinear 
dynamical concepts in modeling and analysis of specific aspects of eye-
movement control. Another study more similar in character to those of 
the author is also discussed in this chapter. 

15.1 Optokinetic nystagmus - dimension, surrogates, prediction 

We present here the analysis of reflexive eye movement data. The eye 
movements under study are known as optokinetic nystagmus, or OKN. 
This reflexive motion occurs when a visual scene moves homogeneously 
over the subject's entire field of view. In the laboratory, this is 
accomplished by sitting the subject inside a large drum, which rotates 
about an earth-vertical axis. The inside of the drum is covered with a 
random or a striped pattern. The eyes reflexively attempt to track the 
pattern, generating nystagmus. OKN is a common clinical measure of 
vestibular and oculomotor function. 

The OKN samples analyzed here were obtained from normal human 
subjects with a visual field velocity of 60 deg/sec. An example eye-
position signal was shown in section 4.5 of Chapter 4, and its main 
features are described there as well. The most obvious feature is the near-
periodic alternation of fast phases and slow phases. It is obvious that 
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OKN is not periodic. The slow phases are somewhat stereotyped, and we 
understand them as an attempt to stabilize vision by compensating for 
head and/or world motion. The logic in the timing of the fast phases and 
their interaction with the slow phases, however, is intriguing and has not 
been explained in a completely deterministic manner. Deciphering to 
what extent OKN is deterministic and nonlinear is an important step in 
the mathematical modeling of OKN. 

Fig. 15.1.1. Stereo view of OKN attractor, reconstructed from 4 seconds (2000 points) of 
data, with time-delay embedding. Time delay is 0.3 sec, sample rate 500 Hz. 

A three-dimensional stereo view of the OKN attractor, reconstructed 
from 2000 points of the signal sampled at 500 Hz, is shown in Fig. 
15.1.1. A vivid three-dimensional effect can be obtained by holding an 
index card between the two plots, resting one's nose on the card, and 
defocusing the eyes slightly as though looking at a distance. After a few 
seconds the plots should merge into a single view with a perception of 
depth. (A stereoscopic viewer may also be used.) Some of the features of 
this attractor were described in section 4.5, such as the high-density 
"sheet" of slow phases along the diagonal from upper left to lower right, 
and the fast phases that project out of this sheet with high velocity 
(points farther apart). 

We present here an analysis of the OKN eye-position signal, as well 
as the analysis of various parameters extracted from OKN. These 
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parameters are: slow-phase velocity, fast-phase amplitude, fast-phase 
interval, fast-phase starting position, and fast-phase ending position. 

Recurrence analysis 

A recurrence plot from 500 sample points (5 sec) of OKN data, 
sampled at 100 Hz, is shown in Fig. 15.1.2. The dominant feature of this 
plot is the large number of line segments that are almost parallel to the 
main diagonal. These line segments are caused by adjacent orbits on the 
trajectory that run close to one another for a period of time that is 
reflected in the lengths of the lines. These are due largely to the slow 
phases of the OKN signal; Fig. 15.1.1 shows that the slow phase 
trajectories are often parallel to one another for significant periods of 
time. The line segments are, however, in many cases longer than the 
typical time between fast phases (about 0.3 sec), and so the trajectories 
are parallel even across one or more fast phases. 

A larger recurrence plot, from longer OKN recordings (Fig. 15.1.3), 
reveals other interesting features. There is large-scale structure in the 
form of small squares of high density, created from regions of the 
attractor in which the trajectory remains for a time, before moving on to 
a different region. A specific example might be the sheets of slow phases 
that are apparent in Fig. 15.1.1; presumably the high density of the slow 
phases creates such a pattern, while the fast phases take the trajectory 
from one such region to the other. Overall, there is also a decrease in 
density with increasing distance from the diagonal, in the larger 
recurrence plot, indicating that the long-term autocorrelations in OKN 
are weak and that OKN is not strictly periodic. 

Recurrence matrices (recurrence plots without thresholding) for two 
of the parameter sequences are shown in Fig. 15.1.4. Each data set shows 
good stationarity (the plot density does not vary systematically as one 
moves away from the main diagonal), and little or no periodicity (no 
regularly-occurring diagonal dark bands). Occasional short diagonal line 
segments appear in the fast-phase end-point graph; this is indicative of a 
small amount of possibly deterministic structure in this data set. 
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Figure 15.1.3. Recurrence plot of 6500 points (65 sec) of OKN. 
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Figure 15.1.4. Recurrence matrices for OKN fast-phase end points and intervals. 

Correlation dimension 

An extensive analysis was performed to determine the computational 
parameters that provide the most reliable and consistent estimates of the 
correlation dimension. The values of several computational parameters 
were varied, to see their effects on the estimation of the correlation 
dimension: 1) sampling rate; 2) number of points; 3) time duration of the 
OKN segment; and 4) window length, (M-l)L, or the "embedding 
window," in the time-delay reconstruction. Obviously, these parameters 
are not independent. 

Embedding windows of 0.3 sec and 0.6 sec were used. The first 
minimum of the autocorrelation function occurs at 0.18 sec; a window of 
2 to 3 times this value is in the range 0.3 to 0.6 sec. The mean interval 
between fast phases - a kind of "pseudo-period" - is also on the order of 
0.3 sec. As a check that the dimension estimates were robust with respect 
to changes in the length of the embedding window, additional windows 
ranging from 0.25 to 1.00 sec were tested on a portion of the OKN 
signal; dimension results were largely unaffected (less than ±10% 
variation). 

A modification of the Grassberger-Procaccia algorithm, suggested by 
Theiler (1986), was also investigated. The modified algorithm does not 
consider points that are closer together in time than a certain threshold 
value when calculating the correlation integral. This avoids spurious 
correlations of points that happen to be temporally close rather than 
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"dynamically" close on the attractor. The effect of this "Theiler window" 
(from 0.1 to 0.6 sec) was negligible (less than 10%). 

At a sampling rate of 50 Hz, the correlation dimension has a tendency 
to increase with embedding dimension, indicating undersampling. This 
indicates the presence of a random component in the signal, which 
causes the attractor to expand as more dimensions become available in 
the embedding space. This random component is likely due to the 
undersampling, which destroys the deterministic relations between 
consecutive points. 

At 100 Hz sampling, the .0.3 sec window provided the best overall 
results. We drew a 30-second sample with a dimension of 3.46 for 
further analysis. 

Surrogate data 

Several types of surrogate data were studied, based on the selected 
OKN sample; they are summarized in Table 15.1.1 and displayed in Fig. 
15.1.5. Some of these surrogates serve as statistical controls on the 
dimension computations. They include: 1) Shuffle: created by shuffling 
the individual samples in the original OKN (to test the hypothesis that a 
random signal with the same amplitude distribution as OKN has the 
same dimension), 2) Gaussian: a Gaussian random process with the 
same mean and variance as the OKN (to test the hypothesis that a 
random process with identical second-order statistics has the same 
dimension), 3) Phase-randomize: formed by randomizing the phases of 
the frequency components in the spectrum of OKN (to test the 
hypothesis that a process with the same power spectrum or 
autocorrelation has the same dimension), 4) AAFT: adds the possibility 
of a static monotonic nonlinearity, and 5) Pseudo-periodic: assumes a 
noisy periodic structure for OKN. These surrogates give dimensions 
significantly removed from that of the original OKN data (Table 15.1.2). 
Therefore we reject the hypotheses given above, and conclude that OKN 
dimension values are not artifactual (i.e., not due to some random 
property of the data samples). Specifically, the third surrogate indicates 
that OKN is significantly different from linearly-correlated random noise 
(a random process with the same power spectrum as OKN). This is 
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compatible with the hypothesis that OKN is a low-dimensional chaotic 
(nonlinear) system, but it is in no way a proof of this hypothesis. 

Other surrogates tested specific hypotheses about the structure of 
OKN. They were created from the OKN data by shuffling fast and slow 
phases, to create three surrogate types: 1) Fast-slow Shuffle: segments 
containing a fast phase and the subsequent slow phase were randomly 
shuffled, 2) Slow-fast shuffle: segments containing a slow phase and the 
subsequent fast phase were randomly shuffled, 3) Fast & slow shuffle: 
fast and slow phases were shuffled independently. These surrogates are 
designed to test straightforward hypotheses about what in the structure of 
OKN determines its dimension (fast-slow coupling, slow-fast coupling, 
or the population of slow and fast phases). These three surrogates had 
dimensions not significantly different from that of the original OKN. 
Thus it is possible that OKN can be adequately modeled by one of the 
three processes that created these surrogates. Apparently, an essential 
property of OKN is the population of fast and slow phases, rather than 
any particular relationship between adjacent fast and slow phases. 

The remaining surrogates consist of artificially generated signals that 
are meant to resemble OKN. The Periodic surrogate is simply a fast-
slow combination, repeated several times to create a perfectly periodic 
waveform. The dimension algorithm did not yield a smooth scaling 
region with the attractor-reconstruction parameters used for the original 
OKN. This is because with successive periodic trajectories, the attractor 
points overlay each other completely, effectively producing an attractor 
with only as many points as it takes to complete a single cycle or orbit 
(about 7V=300). This results in substantial discretization of the correlation 
integral as criterion distance r increases. Resampling this surrogate at 
500 Hz results in a dimension estimate near 1.0, as expected for a 
periodic signal. The Random surrogates are completely artificial and 
retain the second-order statistics (mean and standard deviation) of 
selected OKN parameters (see Table 15.1.1). The fact that the 
dimensions of these surrogates are less than that of the original OKN 
suggests that there are important dynamical properties that are not 
captured by these surrogates. In particular, temporal correlations in the 
fast-phase and slow-phase sequences are not retained in these surrogates, 
and this seems to be an important aspect of OKN (see below). 
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Name 

Shuffle 

Gaussian 

Phase-
randomize 

AAFT 

Pseudo-
periodic 

Fast-Slow 
shuffle 
Slow-Fast 
shuffle 
Fast & Slow 
shuffle 

Periodic 

Random 1 

Random 2 

Construction 
Shuffle the data points 

Surrogate has a Gaussian 
distribution with mean 
and variance of original 
Surrogate phases have a 
Gaussian distribution 
with mean and variance 
of original 
Surrogate phases have a 
Gaussian distribution 
with mean and variance 
of original; amplitude 
ranks match original 
Surrogate attractor orbits 
resemble original, fine 
structure is disrupted 
Scramble (fast-slow) 
segments 
Scramble (slow-fast) 
segments 
Scramble fast and slow 
segments independently 

Repeat a single (slow-
fast) segment 
Artificial signal: fast-
phase timing, amplitude, 
velocity, and slow-phase 
velocity have same mean 
and sd as original 
Same as Random 1 
except that all slow-phase 
velocities identical 

Hypothesis 

OKN = random process 
with same values 
OKN = Gaussian with 
same statistics 

OKN = process with 
same linear correlations 

OKN = process with 
same linear correlations 
and static monotonic 
observation nonlinearity 

OKN is periodic with 
uncorrelated noise 

Slow-phase properties set 
by preceding fast phase 
Fast-phase properties set 
by preceding slow phase 
Population of fast and 
slow phases more 
important than their 
chronology 
OKN is periodic 

Statistics of fast-phase 
timing, amplitude, 
velocity, and slow-phase 
velocity determine OKN 

Statistics of fast-phase 
timing, amplitude, and 
velocity determine OKN 

Table 15.1.1 OKN surrogate types. 
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Fig. 15.1.5. One example of each ofthe OKN surrogates listed in Table 15.1.1. 
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Surrogate 

OKN 
Shuffle 
Gaussian 
Phase-randomize 
AAFT 
Pseudo-periodic 
Fast-Slow shuffle 
Slow-Fast shuffle 
Fast & Slow shuffle 
Periodic 
Random 1 
Random 2 

Correlation 
dimension 
(mean+sd) 

3.46 
— 
— 

5.10±0.21 
— 

4.15±0.13 
3.43±0.08 
3.47±0.06 
3.31±0.06 

— 
2.88±0.11 
2.69±0.16 

Magnitude relative to 
original OKN 

— 
— 

10/10 > 3.46 
— 

10/10 > 3.46 
3/10 > 3.46 
6/10 > 3.46 
10/10 < 3.46 

— 
10/10 < 3.46 
10/10 < 3.46 

Table 15.1.2 Correlation dimensions from ten of each of the surrogate types in Table 
15.1.1. The last column indicates how many of each surrogate produced a dimension that 

was higher or lower than that of the original OKN. 

Filtering 

The frequency spectrum of OKN has a large low-frequency 
component due to slow baseline drift, and a broad peak near 4 Hz 
corresponding to the near-periodic fast-phase intervals. A 10-second 
segment with a dimension of 3.07 was extracted in order to examine the 
effects of filtering on the dimension. 

Several software digital low-pass filters were constructed and applied 
to this OKN segment, and the dimensions of the filtered segments were 
computed. Both recursive and nonrecursive filters were used, either 
applied twice in the standard manner, or applied once in the forward 
direction and once in the time-reverse direction in order to cancel phase 
changes induced by the first pass. The correlation dimension changes 
with the cutoff frequency of the filter, as shown in Fig. 15.1.6 and as 
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predicted due to the fact that filtering adds a state variable to the system 
dynamics (see section 5.9). 
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Figure 15.1.6. Effects of low-pass filtering on OKN dimension. 

Nonlinear forecasting 

Several data sets were extracted from a large segment of OKN, and 
future values of each sequence were forecast. The sequences are: slow-
phase velocity, amplitude of each fast phase, time between fast phases, 
position of the eyes at the start of each fast phase, and position of the 
eyes at the end of each fast phase. Nonlinear forecasting was carried out 
as described in Chapter 7. There was little or no ability to forecast future 
values of the sequence of successive fast-phase intervals or sizes, or 
slow-phase velocities. There was some ability to forecast sequences of 
fast-phase starting positions and ending positions - there is some pattern 
to the eye positions at which fast phases begin and end. (These 
forecasting results are represented by bold lines in Fig. 15.1.7.) 

Surrogates were generated from each of these sequences. These were 
phase-randomization surrogates, intended to help determine if the 
forecasting ability of these parameters reflected deterministic dynamics 

Recursive filter (twice) 
~ 0 ~ Recursive filter (forward-backward) 

• Nonrecursive filter (twice) 
—o— Nonrecursive filter (forward-backward) 
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(in which case forecasting would be destroyed by the surrogates) or a 
correlated random process (in which case forecasting might be retained 
in the surrogates). Results from forecasting the surrogates (ten of each 
type) are represented as dotted lines in Fig. 15.1.7. It is apparent that 
forecasting of the surrogates and the original data are equally poor for 
fast-phase amplitudes and intervals, which demonstrates convincingly 
that these are uncorrelated random processes. On the other hand, the 
surrogates do not change the ability to perform short-term forecasting on 
fast-phase beginning and ending positions, which suggests strongly that 
these are correlated random processes. 
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Figure 15.1.7. Nonlinear forecasting of sequences of OKN parameters. Forecasts were 
carried out from 1 to 10 steps ahead (abscissa). Correlation between actual and forecast 

value (r, ordinate) shows forecasting quality. 
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Mutual forecasting 

Finally, an analysis was carried out to determine if there is dynamical 
coupling between any two of the OKN parameters. Since fast-phase 
beginning and ending points show some forecasting structure, emphasis 
was placed on these quantities. Mutual forecasting was carried out on 
pairs of OKN parameters. As described in section 9.3, in this procedure 
the points in one system (parameter sequence) are used to forecast the 
future course of a reference point in the other system. If this can be done, 
then the attractor of one system contains information about the other, and 
the two systems are dynamically coupled. 

Results from mutual forecasting of fast-phase beginning and ending 
points are shown in Fig. 15.1.8. Here, instead of the correlation between 
actual and forecast values, the mean forecasting error is plotted, as a 
function of forecasting step. The upper left and lower right graphs show 
the results of forecasting within each data set, as in standard nonlinear 
forecasting. The upper right and lower left graphs show mutual 
forecasting: the ability of one data set to forecast the other. Surprisingly, 
the quality of the mutual forecasts is almost identical to that of the 
within-sample forecasts. This shows that these two OKN parameters are 
tightly coupled: one sequence provides significant information about the 
other. The identical forecasting procedure was carried out on phase-
randomized surrogates of these two data sets. The results are shown in 
Fig. 15.1.9. Forecasting within each signal is unchanged, while mutual 
forecasting ability is completely destroyed (high error across all 
forecasting time steps). This is easy to understand when one realizes that 
the two parameter sequences were randomized independently, and then 
compared. Linear temporal correlations within each sequence are 
important, and they impart the ability to forecast future values; these 
correlations are retained in the surrogates. However, any mutual 
temporal structure - between the two sequences - is not retained in the 
surrogates. The beginning and ending positions are related to each other 
on a one-to-one basis and not merely in a distribution or population 
sense. 
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Figure 15.1.8. Mutual forecasting carried out on OKN fast-phase beginning and ending 
points. In each graph, the normalized mean forecasting error is plotted, as a function of 

the number of times steps into the future for which the forecast is carried out. 
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Figure 15.1.9. Mutual forecasting carried out on phase-randomized surrogates of the 
OKN parameters analyzed in Fig. 15.1.8. 
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Physiological interpretation 

These analyses show that OKN eye movements may have some 
nonlinear and deterministic component, but also that randomness is a 
large part of the observed behavior. Surrogate analysis applied to the 
correlation dimension of OKN suggests that the population of slow and 
fast phases is more important than any specific relationship between 
adjacent slow and fast phases. 

There was little or no ability to forecast the sequence of successive 
fast-phase intervals or sizes, or slow-phase velocities. There was some 
predictability in the sequence of fast-phase starting positions and ending 
positions - there is some pattern to the eye positions at which fast phases 
begin and end. This has some biological meaning, since the eyes make 
fast phases in order to pick up and track a portion of the visual field in 
which it is expected that something interesting will appear (Chun & 
Robinson 1978). This result lends some support to the idea that the fast 
phases of OKN are not programmed merely to interrupt the slow phases 
to keep them from exceeding the limits of eye rotation. Rather, the fast 
phases have an important role of their own - to choose an interesting and 
important point in the visual field at which to begin the next slow phase 
tracking. The essentially random (but correlated) structure of the end 
points suggests that a random strategy is well-suited for visual 
exploration, in the absence of better information. One way for the system 
to generate such a random-appearing sequence would be through the use 
of low-dimensional chaos, but it seems that this is not the case. However, 
it might be the case that the statistics of the end points attempt to match 
the statistics of contrast borders in the visual scene, in which case a more 
consistent and repetitive visual field (rather than the random rectangles 
used here) might change the end-point statistics. 

15.2 Eye movements and reading ability 

Although the literature on eye movements and reading is vast, there 
have been very few studies that have taken a nonlinear dynamics 
approach. In one such study (Schmeisser et al. 2002), the authors 
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examined power spectrum, time-delay reconstructions, and correlation 
dimension of eye movement record obtained during reading. 

Unfortunately, some of the classic shortcomings pointed out in 
previous chapters are present in this work, especially concerning the 
computation of the correlation dimension. Furthermore, as we have seen, 
these measures are not at all definitive in demonstrating the presence of 
deterministic chaos. Nevertheless, one interesting results does emerge, 
and that is that the dimension may be related to reading ability: the single 
dyslexic subject produced a low dimension (~2.1), while dimensions 
from the other subjects were larger. (The authors suggest that values 
from normal readers are in the range of 3.4-3.7, but examination of the 
results suggests instead that the dimension algorithm may not have 
converged to a finite value for these cases.) 

The power spectra show a l//*form, which as we have seen may be an 
indicator of chaotic dynamics, but might instead reflect randomness. It 
should be noted that other studies have found evidence for a l/ftype of 
power spectrum in oculomotor fixations during visual scanning (e.g., 
Aks et al. 2002). 

Even with these limitations, the authors' overall conclusions are 
appealing and likely have some merit: "This suggests that the oculomotor 
behavior of subjects who read poorly is simplified and less free to vary 
or to adjust itself to task demands relative to the eye movements of 
normal readers. The loss of freedom to vary, demonstrated by this fractal 
analysis of eye movements, is quite analogous to that seen in epilepsy, 
cardiac dysrhythmia, and other disease states." 
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Chapter 16 

Case study - Motor control 

In this chapter we will discuss two aspects of human motor control, that 
is, the control of body and limb motion. The general outline of this 
material is drawn from an excellent review by Riley and Turvey (2002). 

16.1 Postural center of pressure 

Even when standing still, there are continuous variations in upright 
posture due to involuntary body sway. This sway can be measured by 
pressure sensors in a platform on which the subject stands, yielding a 
center-of-pressure (COP) signal (related to but not identical to center-of-
gravity, since COP includes many other components of neuromuscular 
activity such as those arising from attempts to correct for large changes 
in center of gravity). Although the correlation dimension of COP profiles 
has been determined (Newell et al. 1993 found decreased dimension in 
the movement disorder tardive dyskinesia), we will concentrate here on 
other approaches to the dynamics of the postural control system. 

Collins and De Luca (1993, 1994) investigated the COP profile from 
normal subjects as a "random walk," in which the mean-square 
displacement of COP as a function of time follows the same rule as for 
diffusion of a particle in space: E(Ax2)=2Z)A/, where Ax is the change in 
COP along a given direction in the time interval At. The value of the 
diffusion coefficient D is easily determined by finding the slope of a 
graph of E(Ax2) vs. At, and dividing by 2. These graphs, for the case of 
static standing posture, exhibit two distinct scaling ranges or slopes, one 
at small time intervals (approximately one sec or less), and one at larger 
intervals. This suggests that there are different modes of control for 
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short-term and long-term postural adjustments. Using techniques 
outlined in Chapter 13, the scaling exponent / /was also determined for 
each of these ranges. In the short-term range, scaling exponents are large, 
indicating positively-correlated (persistent) variability. In the long-term 
range, smaller exponents indicate negatively-correlated (anti-persistent) 
variability, such that large deviations in one direction are corrected by 
motion in the other direction, as expected from closed-loop control. 
These scaling exponents also indicate that there are correlations over 
longer periods of time in this range, which might result from 
deterministic dynamics. This simple analysis suggests that there is a 
mixture of open-loop and closed-loop control over different time 
intervals, and possibly a mixture of random and deterministic dynamics 
as well. (However, see Peterka 2000 for an alternative interpretation.) 

A later study by this group (Collins & De Luca 1995), as well as 
studies by others, showed that COP variability time series are less 
correlated (closer to white noise) with the eyes open than with the eyes 
closed. There is more instantaneous control and less reliance on past 
sway history with the eyes open. More extensive correlations over time 
with the eyes closed might reflect more determinism. 

Further investigations of this phenomenon made use of recurrence 
quantification analysis (RQA, see Chapter 8). Riley and colleagues 
(1999) applied RQA to recurrence plots that were generated from 
reconstructed attractors, separately for COP data in the sideways 
direction (medio-lateral, ML) or the fore-aft direction (anterior-posterior, 
AP). The percent determinism measure (%DET) from RQA was between 
0% and 100%, indicating that postural control is neither completely 
random nor completely deterministic. Postural variability (RMS sway) 
increased with the eyes closed, but so did %DET. In other words, with 
the eyes closed there is more sway but less of it is random. This may 
reflect a strategy in which the control system maintains tighter restraint 
on sway variation under this condition where vision cannot be used to aid 
stability, and so less random variation is allowed. 

Balasubramaniam et al. (2000) followed up on this result by asking 
subjects to minimize their body sway in order to keep the projected spot 
of a laser pointer (attached to the body) within a target region while 
standing. The target was 1.1, 2.2, or 3.3 m distant, providing three levels 
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of task difficulty (Index of Difficulty, ID). In Fig. 16.1.1 is the 
recurrence plot for one of these trials, showing patterned structure 
indicative of non-random dynamics. As seen in Fig. 16.1.2, performing 
the task decreased the amount of sway along the controlled direction 
(ML in this case, with the subject controlling the projected spot on the 
facing wall). Sway decreased more as the task got harder (increasing ID), 
and sway along the orthogonal AP direction increased as ML sway 
decreased. In Fig 16.1.3, decreased sway along the controlled direction is 
associated with a decrease in %DET, that is, a reduction in the amount of 
variability that can be attributed to deterministic dynamics. Although the 
effect is not large the trend is apparent. The need for increased precision 
in the task thus led to less sway but more randomness (relative to the 
total amount of sway). These effects reversed directions when the task 
was changed so that AP sway had to be controlled in order to accomplish 
the task. One interpretation of these results is that the deterministic 
component is reduced to a near-minimum value along the controlled 
direction, leaving only the random component and hence decreasing the 
%DET value. 

300 aoo isoo 2100 

i index 
Fig. 16.1.1. Recurrence plot of sway variability (RMS) in the ML direction. (From 

Balasubramaniam et al. 2000.) 
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Fig. 16.1.2. Sway variability (RMS) in the AP and ML directions, while subjects 
attempted to control body sway in the ML direction with a laser-pointer task of three 
difficulty levels (ID). As task difficulty increased, sway along the controlled direction 

decreased (ML, right). (From Balasubramaniam et al. 2000.) 
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Fig. 16.1.3. Percent determinism (%DET), from recurrence quantification analysis 
(RQA), for the COP data from Fig. 16.1.2. As task difficulty increased and sway 

decreased, the percentage of the variability that could be attributed to deterministic 
dynamics increased (right, ML direction). (From Balasubramaniam et al. 2000.) 
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16.2 Rhythmic movements 

A conceptual concern in movement control is how the very large 
number of potential degrees of freedom (neural firing patterns, multiple 
neuromuscular junctions, several muscles) are collectively reduced to a 
small number of observed degrees of freedom. (Here we will think of 
these observed degrees of freedom as the dimensionality of the 
behavior.) Related to this is the question of whether the dynamics of a 
rhythmic movement are periodic with additive noise, or if variability 
arises from deterministic (possibly chaotic) dynamics. Here we discuss 
some approaches to estimating the degrees of freedom (dimension) 
exhibited by a simple rhythmic behavior. 

A natural approach to the problem of dimensionality of a behavior is, 
of course, to measure the correlation dimension of the associated 
attractor in state space. The next largest integer should tell us the number 
of state variables - the degrees of freedom - that would be needed to 
model that behavior. A study along these lines was performed by Kay 
(1988), who had subjects make repetitive paced single-finger 
movements. Time-delay reconstruction was used to generate the attractor 
from finger-position data, and the correlation dimension was found to be 
about 1.17. Based on the uncertainties in dimension computations and 
the unavoidable effects of high-dimensional noise, the author concluded 
that this dimension value was consistent with one-dimensional dynamics: 
a periodic limit-cycle attractor with added noise. In particular, there was 
no pronouncement of chaotic or other high-dimensional nonlinear 
dynamics to explain this behavior. 

Using a different approach to the dynamics, Mitra et al. (1997) 
performed experiments in which subjects made rhythmic wrist 
movements while holding rods (36 or 66 cm long) that changed the 
effective limb inertia. The dimension of the resulting dynamics was 
assessed with False Nearest Neighbors (FNN) methods (see Chapter 4). 
FNN showed that the attractor was fully reconstructed in an embedding 
dimension of either three (for the long rod) or four (for the short rod). In 
other words, the movement behavior could be modeled with either three 
or four variables, depending on inertia. The relative lack of significant 
high-dimensional noise suggested that the dimension greater than 1.0 



Case Study - Motor Control 247 

noted by Kay (1988) was in fact due to true dynamics, and not due to a 
noisy limit-cycle oscillator. (If the dynamics were a noisy limit cycle, 
then the number of false nearest neighbors would not drop to near-zero, 
as it does in this case.) Similarly, Goodman et al. (2000) showed a very 
small difference in required embedding dimension, using FNN, between 
wrist/rod movements at resonance and non-resonance. 

These results were extended to the case of dynamical changes during 
learning of a behavioral task (Mitra et al. 1998). Subjects made 
simultaneous wrist motions while holding weighted rods to increase 
inertia. The task to be learned was making these motions 90 degrees (1/4 
cycle) out of phase (between hands). There were three training and data-
recording sessions over three days. As above, FNN was used to 
determine the number of active degrees of freedom - the dimension of 
the required embedding space. Although there was some change in FNN 
with learning, it was small. 

A more convincing case was made by applying a modification of 
FNN: local False Nearest Neighbors (Abarbanel & Kennel 1993). The 
idea behind local FNN is that, in any small region of the attractor, the 
local dynamics may be adequately represented in a smaller space than is 
required to reconstruct the entire attractor. (It is this latter dimension -
that required to reconstruct the entire attractor - that is determined by the 
conventional global FNN method. It is also the minimum acceptable 
embedding dimension M. The embedding dimension M is sufficient to 
properly reconstruct the entire attractor, while in any small region the 
dynamics may not require a dimension as large as M.) 

To determine this smaller local dimension, dL, first find the k nearest 
neighbors (the local region) of a reference point on the attractor, and 
project them into a smaller space dL. (This process of treating the M-
dimensional points as points in JL-dimensional space can be thought of 
as simply dropping the appropriate number of components of the M-
dimensional point, but there are some interesting complications that 
should be considered and are described in Abarbanel & Kennel (1993).) 
In this new dL, use the original set of nearest neighbors to create a local 
forecast of the future course of the reference point (as in Chapter 7). 
Then, determine how accurate this forecast is, and label it a bad 
prediction (or forecast) if the error is greater than some threshold value 
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(the threshold based on a percentage of the overall attractor size). 
Increase dL and repeat this procedure, and also repeat for different values 
of k, until the proportion of bad predictions reaches an asymptote with 
increasing dL and k. The value of <iL at which the asymptote occurs is the 
dimension that allows a proper reconstruction of the local dynamics. 

In Fig. 16.2.1 are data acquired at various times during the learning of 
the wrist-coordination task. Moving from early to late (panels A to D, in 
order), we see that first the right hand achieves a stable rhythm, followed 
more gradually by the left hand. Local FNN analysis on these same data 
are in Fig. 16.2.2. In all cases, as the local dimension increases, the 
proportion of bad predictions decreases. There is a large additive noise 
component in the task variability during early learning (manifest by the 
fact that there continues to be a large proportion of bad predictions even 
at high local dimensions, where noise dominates). This dissipates as the 
task is fully learned (panel D), when deterministic dynamics are 
dominant. There is also a reduction in the effective number of degrees of 
freedom (dL where asymptote occurs), as determined from the inflection 
point in each curve (the inflection indicates that any deterministic 
dynamics have been fully unfolded, and errors at higher dL are largely 
the result of random noise). In particular, from panel C to panel D there 
is a change in inflection point from dL=5 to c4=4 for the right hand, while 
remaining at 5 for the left hand, showing that not only is the noise 
decreasing with learning, but the dynamics are decreasing their 
dimensionality. This novel approach to examining the dimensionality of 
the attractor avoids some of the problems in computing the correlation 
dimension. 
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Figure 16.2.1. Motions of the right and left hands during learning of a coordination task 
(rhythmic motions 90 deg out of phase). Data samples are shown from four separate 
experiment sessions (chronologically A to D), showing the acquisition of learning. 

Movements become smoother and less variable as learning progresses. (Reprinted from 
Human Movement Science, vol. 17, Mitra, Amazeen, Turvey, Intermediate motor 

learning as decreasing active (dynamical) degrees of freedom, pp 17-65, Copyright 1998, 
with permission from Elsevier.) 
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Â*****̂  

Right Hand Left Hand 

• 40 neighbors 
• 60 neighbors 
* 80 neighbors 
• 100 neighbors 

Dimensions Dimensions Dimensions Dimensions 

Figure 16.2.2. Results of local False Nearest Neighbors analysis applied to the data of 
Fig. 16.2.1. As learning progresses, the proportion of bad predictions at high dimensions 
decreases, indicating the decreasing effect of random noise. Once the task is fully learned 
(D), the dynamics can be reconstructed in a space with dimension of either 4 (right hand) 

or 5 (left hand). (Reprinted from Human Movement Science, vol. 17, Mitra, Amazeen, 
Turvey, Intermediate motor learning as decreasing active (dynamical) degrees of 

freedom, pp 17-65, Copyright 1998, with permission from Elsevier.) 
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Chapter 17 

Case study - Neurological tremor 

This chapter provides an instructive example on the search for nonlinear 
dynamics in human hand tremor. Although there is an extensive 
literature on mathematical approaches to tremor, we restrict ourselves 
here to a small set of studies that applied the techniques in this book. The 
initial studies found preliminary evidence for chaotic dynamics in 
pathological tremor, while later studies with more careful computational 
procedures (by the same investigators) reversed this result. This is not the 
only case in which initial promising claims had to be tempered as 
procedures improved, but it is one of the more clear-cut. 

17.1 Physiology background 

Tremor is an involuntary rhythmic movement of a limb. There are 
several types. Physiologic tremor exists normally as a small, usually 
unnoticed, background tremor in normal subjects. Essential tremor might 
be thought of as an amplified form of physiologic tremor; easily visible, 
it develops slowly and is manifest in most cases as arm tremor of 4-12 
Hz. ("Essential" refers to the fact that it has no apparent cause.) 
Parkinsonian tremor is one symptom of Parkinson's disease, a 
progressive movement disorder caused by dopamine deficiency. It is 
typically in the range of 4-6 Hz. Its early diagnosis is important because 
beneficial treatments are available. 

The exact causes of these tremors are unknown. However, given the 
many feedback pathways in the body, and the time delays engendered by 
synaptic transmission times and axonal propagation delays, one might 
consider it surprising that such unwanted oscillations are not more 
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common. (Feedback systems, with high enough gains, are a sure way to 
generate oscillatory behavior.) Essential tremor may arise from abnormal 
functioning of, or transmission from, a "central oscillator" in the inferior 
olivary nucleus, and almost certainly altered function of motor pathways 
through the cerebellum, brainstem, thalamus, and cortex are involved 
(e.g., Pinto et al. 2003). Problems in this same neural pathway might also 
explain Parkinsonian tremor, which likely also involves degeneration or 
abnormal functioning of the basal ganglia (Bergman & Deuschl 2002). 

Characterization of the different types of tremor is important in order 
to gain insight into their neural mechanisms and, perhaps more 
importantly, for possible diagnostic purposes. As we will see, in 
particular, discriminating between essential tremor and Parkinsonian 
tremor has some difficulties, yet this ability would be very useful 
clinically. The nearly rhythmic nature of the different tremors lends itself 
well to power spectrum analysis, but other approaches have been used as 
well to gain more insight and discriminative power. 

17.2 Initial studies - evidence for chaos 

Examples of physiologic, essential, and Parkinsonian tremor are 
shown in Fig. 17.2.1, and formed the data set for an initial study into the 
dynamics of hand tremor (Gantert et al. 1992). Movements of the 
outstretched hand (loaded and unloaded) were measured with an 
accelerometer, sampled at 300 Hz for 35 seconds consecutively 
(N= 10240 points in a data set). 

Several lines of evidence showed that physiologic tremor has random 
and linear dynamics; that is, the signal can be represented as linearly 
filtered Gaussian white noise. A finite correlation dimension could not be 
found, suggesting a random signal, and a linear autoregressive model fit 
the data and could be used to forecast future values with high accuracy, 
suggesting linearity. Thus, one might interpret normal tremor as resulting 
from a damped linear oscillator (due to limb dynamics) driven by 
additive uncorrelated noise (due to random motoneuron firing). 

The correlation dimension for Parkinsonian tremor was finite, ranging 
from 1.4 to 1.6, suggesting deterministic nonlinear dynamics and 
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possibly chaos. The slopes of the correlation integrals for Parkinsonian 
tremor are shown in Fig. 17.2.2 (left) for M=2-5. With a main spectral 
peak below 10 Hz, and a sampling frequency of 300 Hz, there may be 
some concern as to the robustness of the results. In particular, the 
possibility of oversampling exists, which can introduce spurious 
correlations at small distance scales (e.g., Shelhamer 1997); this is the 
range (small r) over which power-law scaling exists in the figure. In 
addition, the time delay L used in the attractor reconstruction was 1/150 
sec, which seems rather small given the sample interval of 1/300 sec, and 
no justification was given for this choice. As seen in Chapter 5, there are 
recommended procedures for choosing this parameter. 

For essential tremor, the correlation dimension did not converge, as 
seen by the slopes of the correlation integrals given in Fig. 17.2.2 (right). 
This again suggests the presence of randomness. Also, the bispectrum of 
this signal was not zero, which is consistent with the dynamics coming 
from a nonlinear system. (The bispectrum (Bruce 2001) is a measure of 
correlation between two different frequency components. It should be 
zero for a linear system driven by white noise, since such a system will 
not create interactions between frequencies. (See Chapter 3.) The 
possibility remains that the system could be linear and driven by other 
than uncorrected noise. Thus, with some exceptions, if the bispectrum is 
not zero for all frequency pairs, then the system is possibly not linear.) 

Using a different set of measures, the same research group (Timmer 
et al. 1993, Deuschl et al. 1995) confirmed that the distinction between 
linear and nonlinear dynamics could be used to categorize normal and 
pathological tremors, respectively, while assessing different aspects of 
nonlinear dynamics was needed to separate different classes of 
pathological tremor (essential and Parkinsonian). 
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Figure 17.2.1. Examples of physiological tremor (top), essential tremor (center), and 
Parkinsonian tremor (bottom). (From: Timmer, Gantert, Deuschl, Honerkamp. 

Characteristics of hand tremor time series. Biological Cybernetics, vol. 70, 1993, Fig. 1, p 
76, with kind permission of Springer Science and Business Media.) 
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Figure 17.2.2. Slopes of correlation integrals for Parkinsonian tremor (left) and essential 
tremor (right). (From: Gantert, Honerkamp, Timmer. Analyzing the dynamics of hand 

tremor time series. Biological Cybernetics. Vol. 66, pp 483, 484, Figs. 4 and 6, with kind 
permission of Springer Science and Business Media.) 

17.3 Later studies - evidence for randomness 

Following up on this work, Timmer and colleagues (2000) 
endeavored to characterize in a more careful way the pathological 
tremors (essential and Parkinsonian). While the initial study described 
above showed that they were not likely to be noisy linear oscillators, it 
was unclear if their dynamics were either chaotic or produced by a 
random nonlinear oscillator (leading to non-periodic oscillations). Also 
unclear was whether or not the two tremors could be distinguished based 
on dynamical measures. 

Data for this study consisted of hand tremor recordings, sampled at 
1000 Hz for 30 sec (N=30000 points). The time delay L in the attractor 
reconstruction was selected as the first zero of the autocorrelation 
function, giving a value of about 50 time steps or 0.05 sec (compare this 
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to 1/150 or 0.007 sec for the previous study discussed above). 
Reconstructed attractors can be seen in the left column of Fig. 17.3.1. 

Power spectra of both tremor types exhibited broad peaks and 
harmonics, indicative of nonlinear oscillations with random variability 
(temporal variations in the periods of the oscillations broaden the spectral 
peaks, and harmonics indicate non-sinusoidal and hence non-linear 
oscillations). 

To provide a basis for interpreting the measures of nonlinear 
dynamics, simulated data sets from two model systems were also 
examined. The first was the Lorenz system, which we have seen is 
chaotic with a dimension slightly greater than two. The second is the van 
der Pol oscillator, which is a nonlinear oscillator, to which has been 
added process noise (i.e., the noise enters into the dynamics and is not 
simply tacked on at the end as measurement error). These were meant to 
be representative of two possible explanations for pathological tremor -
chaos versus a nonlinear random oscillator - and helped serve as a check 
on the discriminative power of the suite of computations. 

Attempts to measure the correlation dimension of each tremor type 
were unsuccessful, as the algorithm did not converge but rather the 
slopes of the correlation integrals increased as the embedding dimension 
increased (Fig. 17.3.1, right column, panels c and d). This was true as 
well for the noisy van der Pol oscillator (panel b), while the Lorenz 
computations converged for sufficiently high embedding dimension 
(panel a). Thus neither type of tremor, in this improved analysis (relative 
to the initial study) seems to exhibit low-dimensional chaos. Likewise, 
the Poincare sections and first-return maps from the tremor attractors did 
not show any of the well-defined structures that would indicate low-
dimensional deterministic dynamics. 

The data were also assessed with the method of Exceptional Events, 
or the 8-8 method (see section 11.3 in Chapter 11). Recall that this 
proceeds by finding those pairs of attractor points within distance 8 of 
each other, then finding the distance s as these points are projected ahead 
in time by one step. For a deterministic system with low noise, s should 
go to zero as 8 decreases, indicating that nearby points project to nearby 
points. Randomness disrupts this convergence. 
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Figure 17.3.1. Left: reconstructed state-space attractors for essential tremor (top) and 
Parkinsonian tremor (bottom). Right: Slope of correlation integrals for: a) Lorenz system 

(low-dimensional chaos), b) noisy van der Pol oscillator, c) essential tremor, d) 
Parkinsonian tremor. (Reused with permission from J. Timmer, Chaos, 10, 278 (2000). 

Copyright 2000, American Institute of Physics.) 
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As seen in Fig. 17.3.2a, for the chaotic Lorenz system (and 
embedding dimension greater than 2), 8 indeed converges to near zero as 
8 decreases, at the left end of the graph. For the van der Pol oscillator 
(panel b), essential tremor (panel c), and Parkinsonian tremor (panel d), 
projected distance e did not converge to near zero as initial distance 5 
decreased, suggesting the presence of significant randomness. 
Furthermore, the S-e pattern within each system was unchanged for 
embedding dimensions of 2 or more, suggesting that although noise is 
present, a second-order (two-dimensional) embedding is sufficient to 
capture the characteristics of the noise. 

These and other tests applied in the study all lead to the conclusion 
that, contrary to the earlier report, Parkinsonian tremor does not appear 
to be chaotic. Indeed it is in many ways indistinguishable from essential 
tremor, which is a disappointing conclusion as far as clinical diagnosis. 
These tremors instead appear to be nonlinear (as determined in the 
previous study, and indicated by spectral properties) and random (as 
determined by lack of convergence of the correlation dimension and the 
8-8 algorithm). 
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Chapter 18 

Case study - Neural dynamics and epilepsy 

There is an absolutely enormous and rapidly expanding literature on the 
application of nonlinear dynamics in neuroscience, and in particular to 
the analysis and prediction of epileptic seizures. No single chapter (or 
even entire book) can hope to survey all of this material and do it justice. 
We focus here on the issue of seizure prediction - is there some feature 
of an EEG record that can be measured that will indicate, ahead of time, 
that an epileptic seizure is about to occur? The benefits of such an ability, 
made available in an implanted device, are obvious for patient health and 
welfare. While there are many approaches to this problem, we discuss 
two, one with some identified problems and the other seemingly more 
promising. This problem is by no means solved. 

We begin with a general introduction and a brief survey of some early 
dynamical approaches to EEG analysis. 

18.1 Epilepsy background 

Epilepsy is a major worldwide health problem with debilitating 
consequences for length and quality of life (see for example reviews in 
Iasemidis 2003, Lopes da Silva et al. 2003). It is manifest as recurring 
seizures, during which there can be changes in cognitive state, undesired 
automatic movements, and convulsions. It can be congenital, or acquired 
through disease or trauma. 

The accepted cause of a seizure is abnormal synchronous neuronal 
firing in one or several cortical areas. The resulting ictal spikes in the 
EEG are the result of this hypersynchronized cortical activity. The 
epileptogenic focus might be localized to a small area or more widely 
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distributed, and may be due to the coupling of spatially disparate neuron 
pools. This leads to a general decrease in the "degrees of freedom" (or 
"dynamical dimension") of neural activity. 

The transition from normal brain state to seizure can be smooth and 
continuous, or sudden. A smooth transition means that there is a period 
of time when, in principle, neural changes are taking place that might be 
detectable by the proper monitoring procedure. The presence in some 
cases of an aura - a subjective perception that precedes a seizure - also 
supports the idea that there are neural changes preceding the seizure 
itself. 

Possible seizure interventions include the administration of 
appropriate drugs, surgery, or electrical stimulation to disrupt the 
hypersynchronization. A timely warning of an impending seizure would 
provide sufficient time for drug administration or electrical stimulation, 
especially from implanted devices. Long-term monitoring for dynamical 
changes could also provide a means of assessing chronic medication 
levels. 

Nonlinear dynamics provides a conceptual framework for 
understanding and recognizing spatial-temporal dynamics and patterns as 
might result from the type of neural synchronization that leads to a 
seizure. An appealing conceptual framework posits that there are 
transitions to and from chaotic behavior as the effective number of 
degrees of freedom changes. While the new approaches brought about by 
the application of dynamical thinking to this field may allow for the 
detection of imminent seizures even without a complete understanding of 
the neural mechanisms, it is likely that these methods will lead to 
enhanced understanding as well. 

18.2 Initial dynamical studies 

Babloyantz and Destexhe (1986) were apparently the first to analyze 
epileptic EEG using the nonlinear methods that we consider. They 
showed a reduction in the correlation dimension from 4.05 during sleep 
to 2.05 during epileptic seizure. The study is interesting for its foresight, 
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despite some shortcomings in this early application of the computational 
procedures (some noted soon thereafter (Dvorak & Siska 1986)). 

Shortly afterward, a study was performed on EEG records from 
normal human subjects (Rapp et al. 1989), which found median 
correlation dimensions of 3.4-4.3, 4.8±0.9, and 4.8 ±0.2 for subjects at 
rest, counting upward by two, and counting backward by seven, 
respectively. These results were almost too good, showing a clear 
relationship of EEG "complexity" to the prevailing mental task. Indeed, a 
later study (Theiler & Rapp 1996) reexamined these results, and did find 
them too good to be true. The later study imposed stricter requirements 
on the dimension computations (as described in Chapter 5), including the 
Theiler window to avoid temporal correlations, a limit on the maximum 
allowed dimension value based on the number of attractor points, and a 
minimum acceptable scaling region corresponding to a factor of five 
from minimum to maximum distance values. With these new standards, 
none of the original EEG records gave a finite dimension value. The 
scaling region standards were then relaxed, and dimensions were 
compared to those of phase-randomized surrogates. With this test, the 
hypothesis of linearly correlated Gaussian noise could be rejected for a 
subset of the EEG records. However, given the relaxed criteria for these 
dimension computations, the evidence for low-dimensional deterministic 
dynamics in these normal EEG samples is equivocal at best. 

Similarly, another early study (Frank et al. 1990) found a correlation 
dimension of about 5.6 in a single human epilepsy sample. This result 
was then examined in more detail with surrogate data (Theiler 1995, this 
example described briefly in section 6.10 of Chapter 6). Two surrogates 
were tested: phase-randomized, and random shuffling of data segments 
each consisting of a spike and the subsequent "wave" before the next 
spike. In this case the dimension estimates did not converge with 
increasing embedding dimension, for either the original data or the 
surrogates, again providing an equivocal result. 

A more promising early result was found during induced seizures in 
rat hippocampus (Pijn et al. 1991). Correlation dimensions were high or 
unobtainable (no convergence) during rest or locomotion, with no 
difference from phase-randomized surrogates. The induced seizures, 
however, produced a low dimension (2-4) which was significantly 
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different from that of the corresponding surrogates. The surrogate result 
in particular is important since it shows that a change in the frequency 
spectrum itself does not produce the change in dimension with seizure. 

Despite the lack of firm results from many of these pioneering early 
studies, they did lay the groundwork for further studies by showing the 
great care that must be taken in computing dimensions (and other 
dynamical measures) from EEG data. This spurred later studies in 
several ways: claims were made more circumspect, procedures were 
made more thorough, and less ambitious goals were set in cases where 
only relative or comparative measures are sufficient. Prediction of 
imminent epileptic seizures is an obvious case of the last point. 
Prediction of course leads to the possibility of therapeutic intervention, 
even possibly the use of chaos control strategies as discussed in Chapter 
12. Before there is real success in this endeavor, however, the 
confounding issues of noise, natural changes in physiological state, and 
difficulty in identifying a clean reference state, need to be addressed in 
detail. 

18.3 Dimension as a seizure predictor 

Based on some of the early studies on changes in EEG dimension in 
different brain states, it was natural to focus attention on dimension 
changes that might predict the onset of a seizure. The problem lies in 
making a dimension estimate rapidly and with limited data, and then 
tracking temporal changes in the dimension; these are requirements for a 
practical real-time (rather than post hoc) seizure predictor. 

One approach to this problem (Lehnertz & Elger 1995, 1998) is to 
define an "effective dimension," Deff, based on the correlation dimension, 
but greatly simplified. The process begins by reconstructing the attractor 
with embedding dimensions M=\ and M=30. The correlation integrals 
and their slopes are found in the usual way, as described in Chapter 5. 
Automated determination of the scaling region (range of distances r over 
which the slopes of the correlation integrals are constant) is the key to 
this approach. First, the upper bound ru is defined at the value of r where 
the slope of the correlation integral decreases below a value of ~ 1 , for 
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M=\ (this occurs when the criterion distance r has encompassed the 
entire data set). Then, starting at ru, the slope of the correlation integral 
at M=25 (where presumably the attractor has been properly 
reconstructed) is examined at decreasing values of r, until the slope at a 
particular value of r deviates by more than 5% from the value at ru. This 
defines the lower bound r{, and the slopes at those value of r between rx 

and ru (for M=25) are averaged to obtain DeS. If these steps do not yield a 
value, then DeS is set to an upper bound of 10. 

The quantity DeTl was computed for consecutive half-overlapping 
EEG segments, each 30 sec in duration (at 173 Hz sampling rate, 
7V=5190 points per segment). Changes in Delf were monitored over time, 
looking for a reduction of large magnitude and duration as reflecting a 
reduction in neural "complexity." An example is shown in Fig. 18.3.1, 
which shows De{{ tracked over 35 minutes at three electrode sites. Large 
and consistent reductions are seen several minutes before seizure onset at 
24 minutes (dashed line). 

These changes in DeS were distributed across recording sites, but 
were greatest near the epileptic focus, which shows the distributed nature 
of the neuronal recruitment leading to a seizure, and suggests that this 
approach could be used to help localize the site of epileptogenesis. 

The authors take pains to make clear that Defl should not be construed 
as a dimension estimate per se, but only as a relative measure related to 
"dynamical complexity." The computations leading to DeS are somewhat 
arbitrary, yet objective, and could easily be incorporated into an 
automated seizure prediction algorithm. The transient decrease in Deff 

that precedes a seizure indicates a loss of complexity, a reduction in the 
prevailing "degrees of freedom," consistent with many other studies 
which generally show a reduction in "complexity" with pathology. In 
this specific case it is likely due to recruitment and synchronization of 
separate neuronal populations. 
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Figure 18.3.1. Effective dimension versus time, from three recording sites. Deff exhibits 
large and sustained reductions several minutes prior to seizure onset at the first dashed 
line. (Reprinted with permission from Lehnertz & Elger, Phys Rev Lett 80:5019-5022, 

1998. Copyright 1998 by the American Physical Society.) 

This promising result was later called into question by several 
investigators. Aschenbrenner-Scheibe et al. (2003) applied the same 
method to longer-term recordings (24-hour), and found a serious 
degradation in prediction ability caused by now having to deal with large 
variations due to nonstationarity from natural changes in physiological 
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state (sleep, rest, wake). Sensitivity could be as high as 30-40%, but only 
by allowing an unacceptably high false-positive rate. The measure DeS is 
also sensitive to linear autocorrelations (Osorio et al. 2001, Harrison et al. 
2005). Given the difficulty in measuring dimension and the shortcuts that 
need to be imposed for practical implementation, it is not surprising that 
some flaws will exist in approaches based on correlation integrals. 

In a related technique (Lerner 1996), the value of the correlation 
integral at a fixed distance r was tracked over time and found to decrease 
before a seizure. However, this measure is extremely sensitive to signal 
amplitude (Osorio et al. 2001, Harrison et al. 2005), since larger signals 
will have points that are farther apart in the state space, and no amplitude 
normalization is performed. This severely limits the applicability of this 
method for long-term monitoring of nonstationary EEG data. 

18.4 Dynamical similarity as a seizure predictor 

A more general approach is to track dynamical changes leading to a 
seizure (Le Van Quyen et al. 2001a, 2005, Martinerie 1998). This 
assumes that there is a slow sub-threshold recruitment of separated 
neural pools leading up to a seizure, and that subtle dynamical changes 
as this occurs can be detected in the EEG. This does not assume 
stationarity of the EEG, but rather attempts to identify nonstationarity as 
reflecting a change in dynamics. (The approach is based on ideas 
developed in Manuca & Savit 1996.) 

The algorithm was first developed on epileptic patients with 
implanted electrodes (Le Van Quyen 1999). First, a quiet EEG epoch is 
selected as a reference, distant in time from any seizure activity. A time-
delay reconstruction is used to create a reference attractor, but instead of 
using the raw EEG samples, the data consist of time intervals between 
threshold crossings of the EEG signal (positive-going zero-crossings). 
This produces a data set that is roughly analogous to a Poincare section, 
is insensitive to signal amplitude and noise, and provides a dramatic 
reduction in the amount of data. (The process of attractor reconstruction 
from such time-interval data was discussed in Chapter 4 (see also Sauer 
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1994).) An embedding dimension of M=16 was used, using the time 
intervals as data values. 

At this point a singular value decomposition was applied, in order to 
reduce the dimensionality of the reconstructed attractor, by identifying 
and retaining only those directions in the state space along which 
significant activity occurs. (See brief discussion in section 5.9 of Chapter 
5.) Understanding of this step is not critical to understanding the overall 
procedure; it is largely introduced with a view to the reduction of 
computational burden, for eventual real-time monitoring applications. 

Having identified a reference attractor composed of the points X(Srej), 
a set of test segments is found, by selecting consecutive non-overlapping 
EEG records, each 25 sec in duration. For each test segment, the attractor 
is reconstructed as above, with time-interval data, forming the points 
X(St). (These attractors are processed with the same singular value 
decomposition as for the reference segment.) 

At this point, the cross-correlation integral is found, for each test 
segment compared to the reference segment. This is a modification of the 
standard correlation integral (Chapter 5) used in the computation of the 
correlation dimension. It is defined as: 

C(Sref,St,e)= \i £ f ; U ( * , | X , . ( S r e / ) - X y ( S , ) | ) (i*j) 
Nref Nt <=1 7=1 

(1 if [XAS^-XASJlKe 

The value of the integral, C(-), provides a measure of the "dynamical 
similarity" between the two attractors X(Sref) and X(St). It is the 
likelihood of finding attractor points from the reference and test sets that 
are closer to each other than the reference distance e (e is set to 30% of 
the cumulative distribution of the inter-point distances in the reference 
set). (Nref and N, are the number of points in a given reference and test 
attractor, respectively.) 

In practice, the value of the integral is normalized to give a similarity 
index between 0 and 1, with 1 indicating high similarity: 
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r(sref,st) = c(sref,st) 
^jC(Sref, Sref )C(St, St) 

For the validation study (Le Van Quyen 1999), the algorithm was 
tested on 13 patients with middle temporal lob epilepsy. After selecting 
the reference segment, the first ten 25-second EEG segments were 
analyzed to provide a baseline for non-seizure variations from the 
reference: the mean and standard deviation of the resulting ten values of 
y were used to evaluate the statistical significance of y excursions 
(reductions in similarity relative to the reference) below this level in 
subsequent EEG test segments. 
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Figure 18.4.1. Results of analysis of dynamical similarity applied to a single epileptic 
EEG recording. Graph shows time course of similarity measure y, with large decreases 
(loss of similarity) indicated by arrows. Seizure begins at arrow f. Based on statistical 
criteria in cited study, seizure is anticipated by interval Ta. (Figure 1, bottom, from Le 

Van Quyen et al. 1999, with permission.) 

A typical result is shown in Figure 18.4.1, which graphs the value of 
y for a single subject for several minutes before the onset of a seizure (at 
arrow f). Each of the arrows labeled a-e indicates a sharp reduction in 
similarity index y, until there is a large and prolonged reduction 
immediately preceding the seizure. Using statistical criteria from the 
validation study, these excursions would have indicated the impending 
seizure more than 200 seconds in advance, which is sufficient time for an 
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appropriate intervention. In general, seizure predictions were made 
several minutes in advance. Furthermore, changes in y were present at 
several different recording sites, indicating that neural assemblies 
distributed over several cortical regions were being jointly recruited in 
the period leading up to the seizure. This opens the possibility of using 
such spatial information explicitly in extensions of this procedure. 

These promising results were later verified with surface EEG 
recordings (Le Van Quyen 2001). This algorithm, like any of its sort, 
needs to be validated by appropriate surrogates and by ascertaining how 
often the critical reductions in similarity index occur very far in time 
from a seizure (false positives), especially since EEG records used in the 
cited study were always within 20 minutes of a seizure. Further 
investigation should also determine what specific dynamical aspects are 
measured by the similarity index (the basis on zero-crossing times 
suggests that it might be sensitive to frequency changes). 

18.5 Validation with surrogates, comparison of procedures 

One approach to statistical validation of a given prediction algorithm 
(Andrzejak et al. 2003) is to generate seizure-time surrogates, by 
discarding the actual seizure times in a long EEG record and 
"pretending" that the seizures actually occurred at other random times. 
Any viable prediction scheme should not predict these surrogate seizures 
since they are not (in general) preceded by a true pre-seizure state. The 
null hypothesis for this surrogate test is: The transition from the interictal 
to the ictal state is an abrupt phenomenon. An intermediate preictal state 
does not exist. ("Ictal" refers to a seizure; "interictal" is the time period 
between seizures.) 

A more sophisticated extension of this idea is a measure profile 
surrogate (Kreuz et al. 2004). The times of the seizures are maintained. 
The measure profile is randomized. The measure profile is the time 
series of values that is produced by the prediction algorithm (such as 
effective dimension or dynamical similarity, in the examples given 
previously). The randomization is carried out so as to maintain certain 
desirable statistical properties of the measure profile, such as temporal 
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correlations. Whatever statistical criterion has been developed to 
determine when a significant change in the measure has taken place (e.g., 
reduction in dimension by a certain amount for a certain duration), is 
applied to the rearranged measure profile. The detection level should be 
significantly worse for the surrogate than for the original measure profile 
if the measure is indeed a good one for predicting seizure onset. 

Statistical considerations for a viable seizure prediction algorithm, 
such as allowable false-positive rate, desirable prediction horizon, and 
related parameters, have been incorporated into a quantitative "seizure 
prediction characteristic" for testing of proposed methods (Winterhalder 
et al. 2003, Maiwald et al. 2004). 

Several investigators have conducted studies that compare the 
performance of different seizure prediction methods (e.g., Jerger et al. 
2001, Mormann et al. 2005). A general finding is that most of the 
procedures can be made to work to some extent, although such practical 
considerations as false-positive rate and false-negative rate are still 
problematic. The methods also perform better the more specifically 
tailored they are to a given situation - by allowing a baseline reference 
measure for each data channel and each seizure record, for example. 

Another general finding is that linear measures perform the same or 
better than nonlinear measures. This is surprising, given the 
unquestionably nonlinear nature of neural dynamics. The disappointing 
performance of the nonlinear methods might be because the dynamical 
nonlinearities in the data stream are too complex to be picked up by these 
methods, so that the nonlinear methods are really measuring linear 
properties. It may be that much better and more extensive data will be 
needed in order for the nonlinear methods to show their full potential 
(Jerger et al. 2001). It is also possible that the great complexity of normal 
neural functioning leads to "averaging out" of largely uncorrected 
nonlinear aspects, leaving more well-behaved linear properties (see end 
of section 20.2 for a similar effect in epidemiological modeling). This 
possibility would suggest that the reductions in "complexity" identified 
by some seizure-prediction methods might reflect a transition from high-
dimensional linearly correlated noise to low-dimensional nonlinear 
determinism, as neuronal assemblies become synchronized. It is also 
worth noting that among the most promising of the methodologies are 
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those that detect phase-synchronization of EEG patterns in different 
cortical areas (e.g., Le Van Quyen 2005), which is not necessarily an 
inherently nonlinear phenomenon. 

These studies do, however, show without doubt that there is a 
detectable pre-seizure state, which is not an insignificant finding. 
Without such a state the entire endeavor of predicting seizure onset 
would be impossible. 
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Chapter 19 

Case study - Cardiac dynamics and fibrillation 

Given the prevalence of cardiovascular disease and its consequences, the 
need for improved diagnostic tools is obvious. The ability to predict the 
onset of imminent fibrillation, for example, would have great public 
health benefits. After presentation of some preliminary material on heart-
rate variability and its dynamics, we discuss two nonlinear dynamics 
approaches to the prediction of imminent fibrillation. A definitive 
presentation of this work is difficult, since much of it seems to have gone 
"underground" and become proprietary. 

19.1 Heart-rate variability 

Analysis of heart-rate variability (HRV) is a simple, non-invasive 
method for monitoring changes in cardiac function as a result of exercise, 
aging, pathology, or stress (Tsuji et al. 1996, Huikuri & Makikallio 
2001). Although the resting heart rate is approximately constant, there is 
some beat-to-beat variation, and larger variations due to the processes 
just listed. These variations come about largely though the extensive 
autonomic innervation of the heart (Pumprla et al. 2002). 
Parasympathetic activity expressed through acetylcholine causes a rapid 
and relatively short-acting decrease in rate, while sympathetic activation 
through noradrenaline increases the rate and acts more slowly. The 
difference in response times of the two subsystems enables some 
differentiation of their influence, through frequency analysis of HRV. 
There are also modulations in rate due to respiration and blood pressure, 
as well as changes in posture and other activities. These many and varied 
influences lead to a rich dynamical complexity in beat-to-beat control. 

276 
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Degradation of these normal modulatory influences can have adverse 
health consequences, and can in some cases be detected in altered 
measures of HRV: "Lower variability is often an indicator of abnormal 
and insufficient adaptability of the autonomic nervous system" (Pumprla 
et al. 2002). "Abnormalities of autonomic input to the heart, which are 
indicated by decreased indices of HRV, are associated with increased 
susceptibility to ventricular arrhythmias" (Stein et al. 1994). 

In particular, the promise of HRV to predict upcoming life-
threatening ventricular fibrillation (rapid irregular and ineffectual heart 
activity) has great appeal and drives much current research. "The 
relationship between reduced HRV and prognosis in patients with 
cardiovascular disease may in part be related to the role of the autonomic 
nervous system in regulating myocardial electrical stability. Sympathetic 
activation favours the onset of life-threatening ventricular 
tachyarrhythmias, whereas parasympathetic activation exerts a protective 
and antifibrillatory effect, and abnormalities of HRV reflecting adverse 
changes in autonomic activity have been demonstrated immediately prior 
to the onset of ventricular tachyarrhythmias" (Pumprla et al. 2002). 

HRV measures are based on inter-beat intervals as derived from EKG 
(electrocardiography) recordings of heart activity. The large and 
predominant QRS complexes of the EKG occur with each beat, and it is 
usually a simple matter to detect the R wave and so derive R-R intervals 
(inter-beat intervals). 

Conventional measures of HRV include standard deviation, 
frequency content in various ranges, and other more sophisticated 
measures derived from linear principles and random-process theory, and 
which generally assume stationarity. Many HRV studies until recently 
have been retrospective, and show that these conventional measures are 
useful as long-term predictors of mortality in patients who have already 
had a heart attack, while their utility for warning of imminent fibrillation 
is less certain (Vybiral et al. 1993). Given the complex nature of the 
subsystems that determine heart rate, and their interactions, it is not at all 
unlikely that HRV will contain a significant amount of nonlinear 
dynamical activity. Nonlinear measures of HRV, therefore, might be 
expected to have great promise as indicators and predictors of cardiac 
health and disease. 
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19.2 Noisy clock or chaos? 

An early study of the dynamics of normal cardiac inter-beat intervals 
(Babloyantz & Destexhe 1988) found correlation dimensions from 3.6 to 
5.2, using the entire EKG signal (not inter-beat intervals). This study also 
used attractor reconstruction and Poincare sections to make a case for 
deterministic and possibly chaotic structure. The basic question 
addressed in the study is a simple one, but one which has continued to 
occupy many subsequent researchers: is the heart rhythm a noisy clock, 
or is it chaotic? In the first case, the dynamics are classically 
deterministic, and variability is due to imposed noise. In the second case, 
the dynamics are deterministic but the variability arises from the fact that 
the dynamics are chaotic; the variability is inherent in the dynamics. This 
key question underlies many of the physiological applications of the 
methods presented in this book. 

Resolution of the question is complicated by the fact that there is 
undoubtedly some variation introduced by measurement procedures, as 
well as by physiological factors not inherent to the heart itself. An 
example of the latter is the respiratory sinus arrhythmia, which is the 
normal variation in heart rate with respiration, mediated through 
sympathetic activity in the vagus nerve (this small increase in rate upon 
inspiration can often be detected by monitoring the pulse on the wrist 
while inhaling deeply and then holding the breath). 

A slightly more modern study along the same lines came just a few 
years later (Kaplan & Cohen 1990). These authors were specifically 
interested in the question of whether or not fibrillation is chaotic (in the 
technical sense: irregular but deterministic, with finite non-integer 
dimension). This is a reasonable question, based on the simple fact that 
ventricular fibrillation "looks" turbulent and "chaotic." Dimensions from 
phase-randomized surrogates and from fibrillation were 
indistinguishable: there was no convergence up to an embedding 
dimension of 15, suggesting a large role for randomness in this situation. 

A subsequent study (Govindan et al. 1998) also examined the entire 
EKG signal, using dimension analysis, with surrogates. These results 
suggest that EKG may have some deterministic dynamics and might 
even be chaotic, in normals as well as in various pathologies. There was 
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not, however, much discriminatory power between the patient groups, 
except that the dimension for ventricular fibrillation was much higher 
than for the other groups. Forecasting results were consistent with these 
findings: forecasting quality decayed rapidly with time step. Quality was 
good for times less than that of an inter-beat interval, which questions the 
relevance of this study for understanding the more extensive inter-beat 
interval analyses, such as those presented in the next section. 

Heart transplantation entails a major disruption of descending neural 
influences on heart rate, and so measurement of HRV in transplant 
patients is one way to assess the role of these pathways. Bogaert et al. 
(2001) measured the correlation dimension of inter-beat intervals from 
normal subjects and transplant patients, finding little difference between 
the two groups, although the dimension values did not converge for most 
transplant patients (dimensions 2.12-5.53 in healthy normals, 2.10-5.6 in 
patients). Surrogates had higher dimensions than the actual data in both 
cases, showing that there is some nonlinear structure. The data records in 
this study were relatively short (700-850 intervals), which although not 
explicitly violating the 2 log(jV) rule for dimensions, do come close. It is 
not clear how long after transplantation these patients were tested. 

An different study (Guzzetti et al. 1996) measured HRV in patients 
six months after transplantation. This study also showed a reduction in 
dimension in patients, and a simpler structure in the first-return maps. 
Dimension values were still quite large (from about 7 in normals to about 
4 in transplant patients). These data sets were large (about 20,000 
points), but this apparently introduced nonstationarity in the data records 
which may have contributed to the high dimension values. 

In contrast, using a different algorithm that can determine 
instantaneous dimensions and track temporal changes (Meyer et al. 1996, 
see section 19.4 below), dimensions in transplant patients were found to 
be much lower. This method is less influenced by nonstationarity, which 
invariably increases the apparent dynamics of long EKG records. 
Average dimension values in this study were reduced after 
transplantation, from 5.4 in normal control subjects to 1.1 ±0.1 in patients 
within a year of transplantation, with gradual increases thereafter. In one 
patient the mean value was 3.7 within 2 weeks of transplant. These 
results indicate that, indeed, the time at which the data are recorded 
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matters a great deal, as immediate loss of innervation leads to a high 
dimension (possibly due to increased randomness or reorganization as 
noted below), after which recovery of normal innervation patterns is 
reflected in a gradual (but incomplete) return of the dimension to lower 
levels. 

Some suggestions for reliable automated computation of the 
correlation dimension from entire EKG signals have been made 
(Casaleggio & Bortolan 1999). 

19.3 Forecasting and chaos 

An extensive study of HRV dynamics (Lefebvre et al. 1993) 
approached the issue from the forecasting pbrspective: can nonlinear 
forecasting be used to distinguish between healthy and pathologic 
populations? Four groups of subjects were examined: young healthy 
(YH), older healthy (OH), patients who had had a heart attack and were 
being treated with beta-blocker medication (B), and heart-attack patients 
not being treated with this medication (NB). 

Data sets were drawn from 45 minutes of resting EKG, taking 1001 
beats from what appeared to be a steady-state rhythm. First differences 
were taken to remove any gradual trends. An attempt was made to 
measure the correlation dimension, but there was no clear convergence 
of the dimension estimates with increasing embedding dimension; there 
was some suggestion of a dimension between 5 and 6 but it was not 
robust. Dimension values this high are also questionable with this few 
data values (see Chapter 5). 

One interesting aspect of the dimension computations in this study is 
worthy of comment. The data were sampled with a time resolution of 1 
msec. This means that inter-beat interval values are subject to noise 
(round-off error) due to this finite resolution. In the time-delay 
reconstruction, therefore, each component k of each M-dimensional 
attractor point has an error (standard deviation, sd) on the order of 1 
msec, which we will term e. Recall that the Euclidean distance between 
two attractor points X 0 andXy)1S'-
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Assume that we have two points on the attractor that are so close 
together that this noise term dominates the distance computation. Since 
these components are subtracted term-by-term in the distance 
computation, the sd of each term is just the sd of the sum of two random 
variables, each with an sd of s: this value is 21/2e (the variances add 
directly, and a square root is taken to obtain sd). There are M 
components in computing the distance between these two points, and so 
the uncertainty (sd) of the distance is: 

dist s.d. = £ [V2s ] 2 = ^M[4lef = ^2Ms . 
V k=\ 

These values were plotted on the correlation integral curves, at each 
value of M, in order to verify that the scaling region was not affected by 
this source of noise. This is an excellent example of the kind of 
numerical control that should accompany any such investigation. 

The forecasting method of Sugihara and May (see Chapter 7) was 
then applied to the interbeat-interval data, with very slight modifications. 
Results are summarized in Fig. 19.3.1. As usual, there is a decrease in 
forecasting ability with time step, for all subject groups. The first-step 
forecasting ability and forecasting decay rate (slope of correlation 
coefficient versus time step) were then measured. 

First-step forecasting for the YH group (panel a) was better than that 
for the OH group (panel b) (mean correlation coefficient 0.63 vs. 0.47). 
This is surprising, given the increasing evidence for a reduction in 
dynamical complexity (and hence an increase in forecasting ability) with 
age. 

On the other hand, there was a difference in forecasting decay rate 
between the OH group and both patient groups, and this difference was 
statistically significant in the case of comparison with the non-beta-
blocker group (panel d). The decay in forecasting quality was more rapid 
for the OH group, which suggests that the patients have, on average, 
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more low-dimensional deterministic structure. This is a central finding of 
the study. 
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Figure 19.3.1. Nonlinear forecasting results: correlation coefficient between actual and 

forecast values (p) versus forecasting time step (p), for four subject groups: a) young 
healthy, b) older healthy, c) heart-attack patients taking beta-blockers, d) heart-attack 
patients not on beta-blockers. (Reused with permission from Lefebvre et al., Chaos, 3, 

272 (1993). Copyright 1993, American Institute of Physics.) 

One might ask if the differences in forecasting quality between 
groups were simply due to differences in the standard deviation of the 
inter-beat intervals, a more conventional measure unrelated to any 
considerations of nonlinear dynamics. This was apparently not the case, 
since first-step forecasting quality and sd were not significantly related, 
nor were decay rate and sd. Thus nonlinear forecasting may be able to 
detect physiological changes resulting from heart attack which cannot be 
detected with more standard measures. 

Forecasts were then carried out on the data by fitting a linear model to 
all of the data (an autoregressive model). Surprisingly, this linear fit 
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performed slightly better than the nonlinear forecasting method. This 
would seem to suggest that there is not significant nonhnearity in the 
data, and therefore no chaotic dynamics. The good performance of the 
linear predictor could be due to the fact that it uses all of the data, while 
nonlinear forecasting performs only small local approximations using 
small segments of the data in each forecast. It might also be that a more 
sophisticated nonlinear forecasting algorithm would perform better. 

As another attempt to assess nonhnearity in these data, phase-
randomized surrogates were then generated. Forecasting was carried out 
on these data sets. Then, rather than generate an AAFT surrogate (see 
Chapter 6), the original time series was transformed to a Gaussian signal, 
by generating a random Gaussian signal and re-ordering the values to 
match the rank order of the original data. This was done because the 
surrogates are Gaussian as well. This procedure simulates the hypothesis 
that the original data were generated by a static monotonic nonhnearity 
applied to Gaussian data. The surrogates exhibit slightly but consistently 
less forecasting quality (more randomness) than the transformed original 
data, again suggesting some degree of nonhnearity in the original data. 

The general conclusion of this study is that the inter-beat interval data 
for these subjects is composed of a small amount of nonlinear 
determinism, plus noise. This is also indicated by the fact that even the 
first-step forecast values are rather low (mean correlation coefficient 0.47 
to 0.63). 

19.4 Detection of imminent fibrillation: point correlation dimension 

Our final example is the point D2 or PD2 algorithm, mentioned 
briefly in section 5.7. This computational procedure is based on a 
dimension algorithm for nonstationary data (Mayer-Kress et al. 1988), 
which was subsequently modified by Skinner et al. (1991, 1993, 1994) to 
track temporal changes in dimension. 

Recall that in the conventional correlation dimension computation, 
many (possibly all) attractor points are used as reference points, and the 
correlation integrals from all reference points are added together to find a 
single correlation integral for the entire attractor. The slope of this 
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correlation integral over a suitable range of distances r is the correlation 
dimension. For the point-wise dimension, PD2, a correlation integral is 
again computed for each reference point, but the slope of each of these 
correlation integrals is determined independently. This produces a 
dimension estimate corresponding to each point on the attractor (when 
that point is used as a reference point). For PD2, then, the dimension can 
be considered as a function of time. (This is so in an unusual sense, since 
the points that are used in the correlation integral for a given reference 
point could have occurred later in time than that reference point -
therefore there is time dependence, but the computation for PD2 at a 
given point in time may include points that come later in time.) 

Given the extreme care that must be taken in finding a conventional 
correlation dimension (Chapter 5), one might imagine that extracting a 
dimension estimate (PD2) from a single correlation integral is a tricky 
proposition. Recall from Chapter 5 that the scaling region is the range of 
distances r over which there is power-law scaling of the correlation 
integral C(r), or linear scaling of log(C(r)) vs. log(r). The key to the PD2 
algorithm is in the criteria that are adopted to aid in determining the 
scaling region from a single correlation integral, and in defining 
convergence of this slope with increasing embedding dimension M. If 
these criteria are not met, then no PD2 value is generated for the 
reference point that corresponds to that correlation integral. 

The following procedure is used to find the scaling region and 
associated slope of C(r), for a given reference point and embedding 
dimension. Start with an initial distance r and find the slope of C(r) over 
the ten r values starting at that value. Then add one more value at a time, 
each time finding the new slope, until the slope has changed by more 
than 15% from that of the initial ten points. Pick the next value of r as a 
starting point, and repeat the process for each starting value of r. Find the 
longest segment of all of these slopes, as long as it is at least one logio 
unit in length (log(rupper)/log(rloWer))>10). To be sure that the algorithm is 
assessing a local dimension, the scaling region must occur or begin 
within the first 15% of the logarithm of the total number of values in a 
given correlation integral. In other words, for JV=1001, there are 1000 
inter-point distances in the correlation integral for any single reference 
point. Since log(1000)=3, the scaling region must begin before log(C(r)) 
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reaches a value of 0.15x3=0.45. If a scaling region is found under these 
criteria, then the slope of the correlation integral C(r) over this scaling 
region is the PD2 value for that reference point. 

To assess convergence with M, first define a minimum acceptable M 
value as 2xD2+l, where D2 is the correlation dimension of the entire 
attractor. This minimum M is based on the fact that the Takens 
embedding theorem applies strictly only for embedding dimensions of 
more than twice the dimension of the attractor (see Chapter 4). The 
estimated PD2 values at the next four increasing M values must have a 
standard deviation of less than 0.4 in order to be acceptable, and the final 
PD2 value is the mean of these values. 

This algorithm has been shown to track the instantaneous dimension 
of a data set formed by concatenating segments with different dynamics. 
The example in Fig. 19.4.1 shows the concatenation of a sine wave, data 
from the Lorenz system, more of the sine wave, data from the Henon 
system, and more of the sine wave. The dimension of each signal on its 
own is indicated above each corresponding data segment in the top part 
of the figure (1.00, 2.06, 1.00, 1.26, 1.00). In the lower panel, the PD2 
values are plotted for reference points selected from within each of these 
data segments, and the mean of the values from within each segment is 
also shown (1.03, 2.14, 1.03, 1.22, 1.03). The algorithm tracks the 
changes in dimension with fair accuracy, but the important point is that it 
adequately tracks dimensional changes over time. Thus even if a specific 
dimension value is not highly accurate due to poor statistics in the 
correlation integral, the overall trend of any dimensional changes may be 
highly useful. 

This algorithm has been applied in a number of studies of brain 
function (Molnar & Skinner 1992, Molnar et al. 1997, Aftanas et al. 
1998, Skinner & Molnar 1999, Sammer 1999, Aftanas & Golocheikine 
2002, Toth et al. 2004). Here we discuss some of its applications to 
heart-rate variability, and in particular to the detection of imminent 
fibrillation. 
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'SINE" LORENZ "SINE HENON SINE 
100 2.06 1.00 1.26 1.00 

PWSD 1.03 4.16 1.04 3.73 1.03 
D2-F 0.92 1.96 0.92 0.79 0.92 

Figure 19.4.1. Demonstration of the PD2 algorithm in tracking the dimension of several 
concatenated signals. The signals and their individual dimensions are shown at the top, 

and the PD2 values and their means within a given signal segment are at the bottom. 
(From Skinner et al. 1993.) 

To test the algorithm on physiological data, a study was carried out 
with controlled occlusion of the coronary artery in pigs (Skinner et al. 
1991). Epochs of 500 sec were recorded during quiet control conditions, 
and during occlusions. There were 1200 to 1500 inter-beat intervals in 
each epoch, which formed the data sets for each sequence of PD2 
computations. PD2 values were normally 2.50±0.81, and with complete 
artery occlusion decreased to 1.58±0.64 in the first minute of ischemia, 
and then to 1.07±0.18 in the minute preceding ventricular fibrillation. 
These large and consistent decreases in PD2 only occurred in the time 
period immediately preceding ventricular fibrillation. Artifacts and 
transient arrhythmias were automatically rejected, through the scaling 
criteria described above. Partial artery occlusions produced lesser 
reductions in PD2 and no fibrillation. Stress and sleep stage also reduced 
PD2 somewhat, but these factors might also have an effect on 
vulnerability to fibrillation. PD2 was not significantly correlated with the 
standard deviation of heart rate. 
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A subsequent study (Skinner et al. 1993) applied the PD2 algorithm 
to long-term EKG recordings from human subjects. Data were extracted 
from 24-hour ambulatory recordings; three 6.5-minute segments were 
selected, one from the start of the recording, one preceding fibrillation, 
and one in between, and these segments were concatenated for analysis. 
Patients who experienced (sometimes fatal) ventricular fibrillation during 
the study were compared to cardiac-high-risk control subjects. As with 
the animal study above, there was a significant reduction in PD2 
immediately preceding fibrillation. Specifically, there were increasingly 
frequent excursions of PD2 below the value of 1.2 leading up to 
fibrillation, as shown in Fig. 19.4.2. These episodes were rare in the 
high-risk patients who did not exhibit fibrillation during the course of the 
experimental recordings. 
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Figure 19.4.2. PD2 values leading up to ventricular fibrillation in one patient. Top: 
Heart-beat intervals during three segments of a long-term EKG record. The final segment 
begins 13 minutes before ventricular fibrillation (VF). Bottom: PD2 values over the same 

time periods as the inter-beat intervals. Low-dimensional excursions become more 
frequent immediately before fibrillation. (From Skinner et al. 1993.) 
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Subsequent studies were performed in an effort to determine what 
cardiac characteristics PD2 actually measures. After heart transplant 
(Meyer et al. 1996), PD2 values are near 1.0 in most patients (decreased 
from a normal value of about 5.4). This low dimension is presumably 
due to a loss of neurocardiac influence. There is eventually partial 
recovery of the dimension, suggesting intrinsic reorganization of neural 
pathways or reinnervation of higher-level autonomic control. 

A study of isolated rabbit heart (Skinner et al. 1996) found a transient 
increase in PD2 during ischemia and anoxia, as the cardiac system 
changed from a strategy of output preservation to one of energy 
preservation. The temporary dimension increase was thought to reflect 
increased dynamic complexity during the course of this reorganization of 
the intrinsic innervation. Analysis of subintervals (intervals between 
EKG components other than the dominant R waves) showed interesting 
dynamics as well, which suggested that there are periods when different 
subsystems are coupled (have the same PD2), and subsequently became 
uncoupled, during the course of the dynamical reorganization. Analysis 
of surrogate data sets in this study showed that there is some nonlinear 
structure, which allows for the prospect of chaotic dynamics. (This was 
also found in PD2 analysis of surrogate data from normal human subjects 
(Storella et al. 1998).) A further study in rats (Skinner et al. 2000) used 
ketamine to block NMDA receptors and decrease neurocardiac 
regulation. Subsequent hemorrhagic shock led to a reduction in PD2 with 
erratic oscillations, again likely due to degraded control from higher 
neural levels. 

These various studies suggest that PD2 (and inter-beat-interval 
dimension in general) is most likely reflective of complex and 
widespread neural influences (both intrinsic and extrinsic) on cardiac 
function. Pathologic reduction in the richness of these descending 
influences could lead to a reduction in the ability of the organism to 
respond in an appropriate and healthy manner to external stressors, and 
this reduction in dynamical complexity would also be manifest in 
decreased dimension values. 

The PD2 algorithm produces a dimension estimate associated with a 
point in time. For real-time applications, the data that enter into the 
computation of a PD2 value at a particular point in time must have 
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occurred earlier in time. This limitation does not exist for off-line 
analysis. It is likely that PD2 estimates would more accurately reflect the 
underlying attractor if points both preceding and anteceding the reference 
point could be included in the correlation integral. This can be done by 
delaying the PD2 estimate until sufficient data are acquired, but this 
would then cut into the warning time before fibrillation. 

It is not clear from these published studies how far in advance of 
fibrillation the low-dimensional PD2 excursions occur. These studies 
examined limited data before fibrillation. It could be that significant low-
dimensional episodes occur transiently at intervals of days or weeks 
preceding fibrillation, and these could lead to false-positive indications. 

The PD2 algorithm, incidentally, has been patented, which indicates 
its potential or at least anticipated use in a commercial fibrillation-
detection device (US patents 5,720,294 and 5,709,214). 
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Chapter 20 

Case study - Epidemiology 

As far as nonlinear dynamical approaches are concerned, the field of 
epidemiology is slightly unusual, in that there is a relatively small 
number of studies almost all of which are of very high quality. We begin 
this chapter with a brief overview and background of dynamical 
approaches in this field, followed by a more detailed description of 
specific nonlinear forecasting approaches. Overviews of some of the 
major issues of dynamics in ecology, including spatial dynamics not 
discussed in this book, have been provided by May (1995) and Rai and 
Schaffer (2001). A review pertaining to population dynamics in general 
is also worthwhile (Bjornstad, & Grenfell 2001). In this regard it is worth 
noting that chaotic dynamics have been demonstrated in a laboratory 
population of flour beetle (Cushing et al. 2001). 

20.1 Background and early approaches 

There is a long and distinguished history of mathematical modeling in 
this field (see May 1995 for short review). Among the first studies to 
look for deterministic explanations for seemingly random variations in 
childhood disease epidemics (measles, chickenpox, mumps) is that of 
Yorke and London (London & Yorke 1973, Yorke & London 1973). 
They estimated contact rates (fraction of susceptible individuals that an 
infective person exposes in a given time period) from monthly reporting 
of disease cases, and used these rates as one parameter of a simple 
model. Their results implied a possible deterministic cause for systematic 
variations in outbreaks in large populations, while random effects could 

. explain these variations in smaller populations. 

292 
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In a theme that we see repeatedly throughout works on deterministic 
chaos, the authors of one review point out the appeal of a deterministic 
dynamical model versus a completely stochastic one (Hamilton et al. 
1997): "Therefore, deterministic models hold promise for greater realism 
in description, more parsimonious explanation and for providing a more 
authentic model with which to test hypothetical control techniques." 

Solidifying the concept that a simple deterministic model could 
generate random-appearing variability in such data, May (1976) showed 
that the single-parameter logistic equation can have very complex 
dynamics. Recall from Chapter 1 that the logistic equation, or map, is 
often used as a simple model of population dynamics: 

x(n +1) = jux(n)[\ - x(n)]. 

Here, x(n) is the population in season n, and [i is a parameter that can 
take on a value between 1 and 4. "Population" here could also refer to a 
proportion of individuals in a population who show symptoms of a given 
disease. See section 1.4 for a discussion of the interpretation and some of 
the properties of this equation, which has been studied extremely widely 
(see Strogatz 1994, among many others). Depending on the parameter//, 
the dynamics of x(n) can result in a fixed point, periodicity, or even 
chaos. This was explained beautifully in May's classic work. 

In the context of the state-space approaches that are of more interest 
to us, Schaffer (1985) was among the first to look at field data (Canadian 
lynx population) in terms of phase portraits. When the reconstructed 
attractor is sliced by a plane, the resulting trajectory intersections (the 
Poincare map: see Chapter 12) lie approximately along a line. This 
implies that the dynamics on the section are one dimensional, and a first-
return map that predicts the location of an intersection along this line, 
based on the previous intersection point, is single-humped and roughly 
triangular. Yearly peaks in the number of lynx trapped for fur show a 
similar first-return map. The equation x(n+l)=ax(n)2exp(-bx(n)), when fit 
to the map, indicates a change in dynamics of the fitted functions (a 
bifurcation), possibly due to a change in trapping efforts, in the early 
1800s. 

Similar analyses were then applied to time series of monthly measles 
cases in New York City (Schafer & Kot 1985a, 1985b), with roughly 
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similar results. The attractor trajectory flowed mainly along a curved 
two-dimensional surface, and again the Poincare section indicated one-
dimensional dynamics with a single-humped first-return map, suggesting 
a dimension of two to three for the attractor overall. While we discuss a 
specific extension of these results below, other recent developments can 
be found in the edited volume by Perry and colleagues (2000). 

The implications of these studies for epidemiological research are 
many, but one that demonstrates the change in viewpoint that is 
engendered by considering dynamical concepts is the following: "Field 
experiments ... remain valid only if one knows at the outset where the 
system happens to be in phase space. When one considers that the time 
scale for ecological attractors often exceeds that of research grants, the 
difficulties in interpretation become obvious" (Schaffer & Kot 1985a). 

20.2 Nonlinear forecasting of disease epidemics 

In order to address questions of periodicity (seasonal variation), 
randomness, and nonlinear dynamics, Sugihara and May (1990) carried 
out a series of studies using nonlinear forecasting to characterize the 
dynamics of various disease epidemics. In addition to devising a 
simplified forecasting technique, they were able to identify differences in 
dynamics between different diseases, and to relate these differences to 
known biological properties of the diseases. 

The two main data sets in their first study consisted of monthly 
reports of measles infections in New York City from 1928 to 1963 
(iV=432), and monthly reports of chickenpox in the same location from 
1949 to 1972 (JV=532). All time-series data were first-differenced to 
remove linear trends, and hence to make the data more dense on the 
attractor (essentially identical results were obtained without this step). 

Forecasting was carried out with the method that was outlined briefly 
in section 7.3 of Chapter 7. The time delay L for the attractor 
reconstruction was set to 1, and embedding dimensions M from at least 1 
to 10 were used. For a given starting point, or reference point, the M+l 
nearest neighbors were found which form the smallest simplex (i.e., the 
neighbors must surround the reference point, and have the smallest 
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diameter of any such set). These neighbors were followed p steps ahead 
in time, and the location of the reference point within this new projected 
simplex was determined, based on exponential weighting of the distances 
from the neighbors to the reference ("weighted center of mass"). This 
forecasting was carried out for a range of reference points and 
forecasting steps. The correlation coefficient quantifies the 
correspondence between actual and forecast values, as a function of 
forecasting step p. Typically, each time series was separated into two 
halves, and forecasts were carried out on the second half based on the 
template of points in the first half (i.e., reference points were selected 
from the second half, nearest neighbors from the first half). 

One secondary observation was that the one-step-ahead (p=l) 
forecasting quality often deteriorated as M increased. This is presumably 
because, as M increases and the number of nearest neighbors increases, 
not all of the nearest neighbors are necessarily close to the reference 
point, and they detract from the forecasting quality. This presents another 
way - possibly more robust than the correlation dimension - to estimate 
the approximate dimensionality of the reconstructed attractor. (See 
description of the related DVS technique in section 11.5.) 

The authors noted that colored noise presents a problem in 
interpretation, and they suggest that comparison to a linear predictor, 
which should do worse for chaotic dynamics, would help distinguish 
noise from chaos. (See section 7.6 for a more promising development on 
this topic, which arose after the epidemiology work was published.) 

For the measles data, the one-step forecasting quality was best at an 
embedding dimension M of 5 to 7, consistent with an attractor dimension 
of 2 to 3 (since embedding dimension must be at least 2D+1 for a proper 
reconstruction, at least in theory: see Chapter 4). This is consistent with 
previous work that also suggested a dimension between 2 and 3 (Schafer 
& Kot 1985a, 1985b). Fig. 20.2.1 shows forecasting quality for these 
data, using data from the first half to forecast the second half (solid line), 
and also using the same data for both reference points and neighbors 
(dashed line). Similarity between the two sets of forecast suggests that 
there are no significant temporal trends (the data are stationary). The 
forecasting quality starts high and decays rapidly with time step, 
consistent with chaotic dynamics. In addition, forecasting with the 
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method described above was better than that from a linear forecasting 
method (fitting a linear difference equation to the entire data set), again 
indicating the presence of nonlinearity. 

For the chickenpox data, one-step forecasting quality was best with M 
equal to 5 or 6. Fig. 20.2.2 shows good, near-constant quality, 
forecasting across time steps, consistent with non-chaotic determinism 
such as a strong seasonal cycle. Here, the linear predictor does about as 
well as the method described above. These results together suggest that 
chickenpox exhibits noisy periodic dynamics. (Refer to Chapter 7 for a 
review of forecasting and its interpretation.) 

These results were interpreted in light of the known properties of 
measles and chickenpox. Measles has a high reproductive rate, and an 
infected individual is infectious for a time but then immune and non­
infectious for life. The resulting intrinsic dynamics, interacting with 
annual patterns (such as transient increases in population density during 
school semesters) can lead to two-year cycles and other complex 
dynamics (Grenfell et al. 1994). Chickenpox is less reproductive, and the 
major dynamics are due to seasonal periodicity (e.g., school semesters). 

d '* 

"3 

c 
o 
"3 
£ 0.4-
D 

# 3 1 6 » HI 11 

Prediclton T»me(Tp) 

Figure 20.2.1. Nonlinear forecasting of monthly New York City measles data, suggesting 
chaotic dynamics. (Reprinted by permission from Macmillan Publishers Ltd: Nature 

344:734-741, copyright 1990 (Sugihara & May, Fig. 4d).) 
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Figure 20.2.2. Nonlinear forecasting of monthly New York City chickenpox data, 
suggesting noisy seasonal dynamics. (Reprinted by permission from Macmillan 

Publishers Ltd: Nature 344:734-741, copyright 1990 (Sugihara & May, Fig. 5d).) 
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Figure 20.2.3. Nonlinear forecasting of England and Wales measles data, suggesting 
noisy seasonal chaotic dynamics. (From Sugihara et al. 1990, Fig. 5c, with permission.) 
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Extending this work, the same analysis was applied to measles time 
series data from England and Wales (Sugihara et al. 1990). These were 
smaller data sets and so the time series were not segmented as above. 
Unlike the results for New York City, the dynamics in this case appeared 
to reflect a noisy and deterministic but non-chaotic cycle (Fig. 20.2.3). 
Why then the difference between these data and those from NYC? One 
possibility is that the EnglandAVales data are from a much more broadly 
dispersed population, and we must now consider the spatial dynamics of 
the disease. To investigate this, the authors created a simple model 
consisting of a combination of different cities, each with disease 
dynamics represented by a logistic equation plus sinusoidal seasonal 
variation. Each logistic equation had a different parameter JU. When the 
time series from each city were added together, the chaotic (logistic) 
components were "averaged out" as uncorrelated noise, while the 
seasonal sinusoids were retained, yielding results that reflect noisy 
periodicity. The more terms (cities) included in the sum, the less 
effective was nonlinear forecasting relative to linear forecasting, 
reflecting a relative increase in the linear (periodic) dynamics versus the 
nonlinear chaotic dynamics. Against this background, the England/Wale 
data were separated into data sets from seven major British cities; 
forecasting carried out on these separate data sets yielded results that 
reflect chaotic dynamics (as for NYC). The combined data thus look like 
a noisy periodic cycle while the individual cities look chaotic. 

Based on these studies, Tidd and colleagues (1993) made extensive 
use of surrogate data (random models) and models based on theoretical 
considerations of disease propagation. This included the clever use of 
model data as a template from which to forecast the course of actual data, 
as a means of testing a given model. These mechanistic models 
performed better than the stochastic ones that were based on surrogate 
data. Although convincing evidence of chaotic dynamics was not 
presented, these models forecast best when in the chaotic regime, 
suggesting that chaos may be present in the actual data. Although 
forecasting quality decayed so rapidly that its practical usefulness is 
questionable, the forecasting of yearly peaks is better and could be 
beneficial in planning vaccination schedules. Further work along these 
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lines (Grenfell et al. 1994) addressed some of these issues, and examined 
the effects of embedding parameters and vaccinations. 

Elmer and colleagues (Ellner et al. 1995) pointed out some problems 
with these types of dynamical studies in epidemiology, and made some 
suggestions for improvements. Specifically, they recommended the 
generation of appropriate surrogates. The choice of a proper surrogate for 
these data is not trivial, especially since these time series may have 
strong seasonal trends (periodicity). An improved surrogate is created by 
adding a seasonal trend to linearly filtered Gaussian white noise 
(possibly with a transformation). A number of measures were used in this 
study, including forecasting in reverse time. The overall conclusion was 
that measles does indeed have nonlinear dynamics, although other claims 
of chaotic disease dynamics could not be validated. 

In confirmation of these studies, Olsen and Schaffer (1990) fit 
parameters to the standard SEIR (susceptible-exposed-infected-
recovered) model for chickenpox and measles, and demonstrated from 
the model data that chickenpox is well-modeled as a periodic variation, 
while seasonal measles variations are chaotic. The correlation 
dimensions of the measles model data ranged from 2 to 3. 

We close by noting that, given some understanding of the dynamics 
of a given population, chaos control techniques (Chapter 12) might be 
applicable to stabilize desired dynamics. This could be done through 
system perturbations by such methods as immigration control and (for 
animal populations) selective trapping and hunting (e.g., Constantino 
et al. 1997, Doebeli & Ruxton 1997, Gamarra et al. 2001, Hudson et al. 
1998). The effects of random noise on the dynamics make the 
implementation of control methods such as these far from routine. 
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Chapter 21 

Case study - Psychology 

We end this section of the book, on case studies, with an area in which 
some of the applications of nonlinear dynamical approaches must be 
regarded as speculative. We begin with an overview of the appeal of 
nonlinear dynamics for psychology, and then discuss in more depth the 
dynamics of mood swings and schizophrenia symptoms, and the ability 
of humans to predict future values of chaotic sequences. Readers 
interested in pursuing this general area further might want to peruse 
some recent copies of the journal Nonlinear Dynamics, Psychology, and 
Life Sciences, published by the Society for Chaos Theory in Psychology 
and Life Sciences. 

21.1 General concepts 

The ideas of nonlinear dynamics and chaos have great appeal for 
those attempting to place psychological constructs on a mathematical 
foundation. The idea that seemingly complex behavior can be exhibited 
by a rather simple system, following deterministic and therefore 
explicable rules, provides hope that often convoluted and inexplicable 
human behavior might also follow some comprehensible rules. The 
dynamical notions of stability, complexity, and especially chaos, are 
appealing metaphors for the constant change and apparent self-
organization that are frequently seen in the behavior of individuals and 
groups. These behaviors exhibit many of the qualities that we have seen 
in chaotic systems: changes in response that are not proportional to 
changes in a control variable, uncertainty and unpredictability, and 
sensitivity to initial conditions such that repetition of identical stimuli 
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does not lead to identical responses. In clinical settings especially, there 
is a strong desire for testable quantitative models, in order to aid in the 
design of effective strategies for patient treatment. 

Guastello (2001) has outlined in general form some of the ways in 
which nonlinear dynamical concepts might come into play in the various 
subfields of psychology. Among these ideas is the generation of creative 
solutions to a given problem through chaotic dynamics - what might 
otherwise appear to be randomly generated candidate solutions may 
instead be thought of as chaotic (and therefore unpredictable) outcomes 
of a deterministic system (human thought processes or group dynamics). 

It is as yet unclear as to how reliable many of the studies in this area 
are, especially those in patients which are necessarily limited in data 
quality and quantity. To quote from a published abstract: "A review of 
how chaos theory is used in psychology reveals two relatively distinct 
efforts: chaos as a mathematical model of psychological phenomena and 
chaos as a metaphor for psychological phenomena. A discussion of 
recent articles reveals that most chaotic analysis fails to respect the 
minimum qualifications for data subjected to such analysis. Further, uses 
of chaos as an analogy for psychological phenomena are rife with. 
misunderstandings of chaos" (Kincanon & Powel 1995). 

With this sobering thought in mind, we now discuss two areas in 
which nonlinear dynamical approaches have been applied with at least 
some semblance of rigor, where the dynamical approach can provide 
possibly useful new interpretations of a psychological phenomenon, and 
where these interpretations might lead to testable hypotheses. 

21.2 Psychiatric disorders 

It is potentially important to understand the dynamics and causes of 
the time course of different psychological and psychiatric symptoms, so 
that appropriate treatments can be based on the underlying causes. Two 
prevalent models for mood swings in bipolar disorder suggest either an 
inherent periodicity, or a steadily increasing frequency as abnormal 
episodes become more spontaneously triggered with disease progression. 
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Gottschalk et al. (1995) designed a study to examine the dynamics of 
bipolar disorder, to see if chaos or other dynamical models would 
provide a better explanation for observed mood variations than would 
these two existing models. Time series in this study consisted of average 
daily mood reports, on a scale of 1 to 100, from seven patients and 28 
control subjects. Qualitative observation of these self-report data 
suggests that there is neither a dominant periodicity nor a steadily 
increasing rate of occurrence of mood swings, although the patients do 
show intermittent episodes of periodicity. There are obvious differences 
between the patients and the normal control subjects, with more changes 
in pattern in the patients. Visual examination of two-dimensional state 
space (time-delay plots) also show a difference between normals and 
patients. / 

There are broadband frequency spectra from the data in both groups, 
although the spectra are flatter in normals, indicating long-term 
correlations, which might be either chaotic or random (see Chapter 13). 

Correlation dimension estimates converged only for six of the seven 
patients; that is, the dimension estimate reached a plateau as embedding 
dimension increased. This was true for none of the normal control 
subjects. Patient dimensions ranged from 1.1 to 4.8. Although this is a 
troublingly large range if attempts to model the underlying dynamics are 
to be made, at least dimension estimates could be found for the patients. 
This is the main result of the study, the implications of which are 
discussed below. 

A number of procedures were used to validate these findings. The 
authors checked for variation in the dimension as a function of the time 
delay (L) used in the attractor reconstruction. Although relatively 
constant, the dimension in most patients spanned an integer value, which 
the authors rightly interpreted to mean that the dynamics are not 
necessarily chaotic but might instead reflect noisy periodicities or quasi-
periodicities (see Chapter 1). They also checked the data for stationarity, 
visually with recurrence plots, to ascertain that there was not significant 
change due to patient treatment over the course of the examined time 
series. Three types of surrogates were also tested (see Chapter 6): 
random-shuffle, phase-randomization, and amplitude-adjusted Fourier 
transform (AAFT). In all cases the surrogates did not yield dimension 
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estimates: there was no convergence with increasing embedding 
dimension. 

While the exact dimension values may be questionable due to the data 
acquisition methodology (daily self-reporting) and the small data sets 
(several hundred points), there nevertheless appears to be a clear 
difference between the patients and the control subjects in this study. In 
particular, there is a more organized temporal structure in the bipolar 
patients. The meaning of this is unclear, but it could reflect altered 
coupling between internal oscillators, or between internal processes 
(such as circadian rhythms) and external stressors. The possible existence 
of chaotic dynamics in this disorder raises the enticing prospect that 
nonlinear forecasting and chaos control strategies could be useful as 
assessment and treatment strategies. 

This appealing result was later called into question by Krystal and 
Greenside (1998), who cited a theoretical study that suggests that a truly 
chaotic system should exhibit a region of exponential (rather than power-
law) spectral decay. The original authors' response was that variability in 
the spectral estimates did not allow the acceptance or rejection of either 
spectral model. 

Roughly similar results have been found in schizophrenia patients 
(Tschacher et al. 1997). In this study of 14 patients, the data consist of 
daily staff ratings of symptom levels on a 7-pont scale. Each time series 
is 200 to 770 points. Since the data are limited in amount and resolution, 
the authors purposefully avoided dimension estimation and instead used 
nonlinear forecasting methods (modified versions of the methods 
presented in Chapter 7). They also forecast randomized surrogate data, 
phase-shuffled surrogate data, and data from a linear autoregressive 
model fit to each time series. Of the 14 patients, eight had evidence of 
nonlinear dynamics, four of linear dynamics (ability to forecast data from 
the corresponding linear model), and two of randomness (near-constant 
poor forecasting). Nonlinearity, when present, was suggestive of chaotic 
dynamics: short-term forecasting ability that decayed rapidly. In 
supporting work, the authors showed that forecasting could indeed be 
carried out on such small discretized data sets. They did not, however, 
examine the decay rate of forecasting quality as a means to distinguish 
between chaos and randomness (section 7.6 in Chapter 7), nor 
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demonstrate that such a distinction could be made with limited data of 
the type that they analyzed. 

In apparent contrast with this result, which suggests a lower 
"complexity" (better forecasting), and hence possibly lower dimensions, 
in schizophrenics relative to normals, Koukkou et al. (1993) found 
increased dimensionality of the EEG in schizophrenics. This lower-level 
phenomenon (recording of neural activity) may reflect activation and 
separation of different neuronal assemblies, leading to difficulty in 
establishing a cohesive mental picture. This could then lead to a 
decreased dimension of higher-level processes which would reflect a 
consequent inability to respond coherently to stress or other external 
stimuli (Tschacher et al. 1997). 

Other studies have noted impaired temporal processing in 
schizophrenia (see Paulus & Braff 2003), which might reflect either 
chaotic or random dynamics, but nevertheless indicates impaired 
temporal structure as a feature of the disease process. 

21.3 Perception and action 

Human behavior is rife with unpredictability. Even so, it is well 
known that humans cannot generate random sequences reliably 
(Wagenaar 1972). This apparent reluctance to deal with true randomness 
is also evidenced by the well-known "gambler's fallacy": humans expect 
that a long losing series "should be" shortly followed by a win in order to 
maintain randomness, while in fact for a truly random game of chance 
the past history has no effect on the outcome of subsequent trials (Ward 
& West 1998). This raises the question of whether or not apparently 
unpredictable human behavior might arise from chaotic dynamics in 
neural and psychological processes. This in turn leads to the question: are 
humans "sensitive to chaos"? Specifically, can they reproduce or forecast 
a chaotic sequence, better than an appropriate random control sequence? 

A number of recent studies have examined the ability of humans to 
forecast or generate chaotic sequences. As we will see, even if subjects 
do not always match the desired chaotic process, they often produce a 
sequence that has nonlinear deterministic structure. A low-dimensional 
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chaotic mechanism might be one way for the brain to generate 
unpredictable behavior, which can have such advantages as engendering 
creativity, aiding in problem-solving by generating non-obvious 
solutions, and avoiding enemies through evasive actions (Neuringer & 
Voss 1993). 

In one of the first studies in this area (Neuringer & Voss 1993), 
subjects were asked to predict the future locations of a point along a line 
segment; the locations were governed by the chaotic logistic map 
(Chapter 1), so that although the sequence of positions might appear 
random, it was in fact completely deterministic. Error feedback (the 
difference between predicted and actual locations) was provided on each 
trial. Subject performance in this task was improved in a second set of 
trials, evincing a possible learning of the chaotic dynamics during the 
first set. Furthermore, the one-step-ahead predictions made by the 
subjects matched the general form of the logistic equation or map (see 
Fig. 12.2.1 for a depiction of this equation, which maps values from one 
time step to the next). The simplest interpretation of this result is that 
subjects could learn simple chaotic dynamics. 

Metzger (1994) questioned this interpretation, suggesting instead that 
the results could be due to paired-associate learning, in which subjects 
learned approximate stimulus-response pairs, without any need to 
approximate or detect an underlying set of dynamics. Could the human 
prediction results, in other words, simply reflect a heuristic learning 
approach? 

To address this question, in a subsequent study (Ward & West 1998), 
subjects were again asked to forecast position along a line, controlled by 
the one-step-ahead logistic map, with errdY feedback on each trial. After 
a set of learning trials, subjects were given a starting value and asked to 
iterate several steps ahead without feedback, in an attempt to reproduce 
the learned map. Delay-time plots show that subjects could produce 
maps that resembled the logistic function, but not exactly. Equations fit 
to the reproduced maps yielded values for the logistic equation parameter 
/u that correspond to a limit cycle (periodic behavior), rather than to the 
actual chaotic dynamics asked for in the learning sessions. A 
computational forecasting method due to Casdagli (1992), and described 
in section 11.5, was applied to the subjects' iterated predictions, and 
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showed that their predictive behavior likely has a nonlinear deterministic 
component and is not completely random. Although a noisy logistic 
model reproduced some of the subject results, a fuzzy memory-pair 
model was even better. In this latter model, learned memory pairs (a 
given value and the subsequent predicted value) were modified by 
adding noise, in effect suggesting that subjects learned fuzzy groupings 
of sets of data rather than precise pairs. Thus, the learning of chaotic 
dynamics per se was likely not an explanation for the results, given the 
good performance of this alternative model. However, the presence of 
nonlinear determinism, as revealed by nonlinear forecasting, does 
suggest that there is a nonlinear deterministic process operating during 
the task, and that this process might be chaotic and could even be the 
source of the noise terms. Overall, the results suggest that the learning of 
a chaotic map can be accomplished at least in part with a heuristic 
approach. 

More recently, Heath (2002) showed subjects eight values from a 
Henon system, and had them predict the subsequent four values, with no 
error feedback. (These data were, however, heavily processed: rescaled 
and truncated.) Prediction ability was compared to that from an AAFT 
surrogate (Chapter 6), to see if human prediction ability is based on 
linear stochastic correlations in the data. Prediction of the chaotic data 
was better than that of the surrogate, indicating that the human prediction 
is "sensitive to chaos," although a heuristic learning pattern could not be 
ruled out. 

A similar study by Smithson (1997) is interesting because of its 
implications for human decision making. Subjects were asked to 
forecast, one step ahead, both persistent and anti-persistent (see Chapter 
13) nonlinear deterministic processes (chaotic), and random processes 
with the same distributions (created by shuffling the order of the values 
in each sequence). Prediction performance with the chaotic sequences 
was better, with greater accuracy and less under-dispersion. "Less under-
dispersion is important because it indicates that subjects are less likely to 
under-estimate the extreme fluctuations in a chaotic process than they are 
in a random one, thereby rendering them better prepared for extreme 
outcomes.... these results suggest that our judgmental heuristics may 
have been shaped by nonlinear dynamical processes rather than 
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stochastic ones, and evolved accordingly." In other words, the problem 
that humans have in generating random sequences, and in erroneously 
believing the gambler's fallacy, may result from inexperience with truly 
random processes, which have independent trials. Rather, heuristic rules 
may have developed through exposure to natural processes that do 
exhibit correlations, either persistent or anti-persistent, and possibly 
deterministic and chaotic. 

Finally, Gilden et al. (1995) demonstrated that the error sequence in 
estimating spatial or temporal intervals has a 1// form. This does not 
necessarily indicate the presence of chaos but is related to concepts in 
Chapter 13 on temporal structure and long-term correlations. 

In closing, recall from Chapter 4 that an attractor can be reconstructed 
from discrete-event spike-train data, which will reflect the underlying 
continuous dynamics that trigger the spikes (with some reasonable 
assumptions on the integrate-to-fire mechanism). Thus it might be better 
to examine patient and other psychological data, which has been highly 
discretized (into a small number of categories), as discrete events, the 
times of which coincide with the rating exceeding a certain critical value. 
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Chapter 22 

Final remarks 

Readers who have made it to this point, having read through the case 
studies, may have a growing sense of frustration or disappointment, 
stemming from the fact that it is hard to find definitive results in the area 
of nonlinear dynamics applied to physiological systems and data. 
Investigations are often equivocal, with more or less indication of 
nonlinearity or determinism, which seems to change with the next 
generation of studies. This reflects the relative youth of the field and the 
difficulty in studying living systems. 

Nevertheless some progress has been made. Perhaps one of the most 
important points of progress is a change in viewpoint - the recognition 
that complex dynamics and apparent randomness can result from simple 
underlying rules, and that these rules and the resulting dynamics might 
change as a result of pathology. Closely related to this is the notion of 
"healthy variability" and "dynamical diseases," the latter of which might 
reflect a decrease in "complexity" or degrees of freedom 
(dimensionality). 

A second very important consequence of the recent emphasis on 
nonlinear dynamics is the development of computational tools, which 
enable the investigation of hypotheses based on these new viewpoints. 
This book has emphasized these computational tools, although hopefully 
the last several chapters have given some sense of how the tools might be 
applied in the context of these new views of dynamics and physiology. 

Many studies in this field look like the proverbial "fishing 
expedition," wherein a large number of computational tools are applied 
to a system of interest, to see if any interesting results are obtained. 
While typically the death knell for a grant proposal, this is an approach 
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that must be taken seriously in this field, given the possible artifacts that 
can arise from the use of any single procedure. 

There is some irony in the fact that some of the most successful 
applications of nonlinear dynamics to physiology have made use of the 
concepts behind the computational tools, as opposed to the strict 
definitions of the underlying mathematics. Examples include the 
identification of eye-movement fast phases by fitting to a high-
dimensional plane (Chapter 4), and the use of the cross-correlation 
integral to detect the onset of epileptic seizures (Chapter 18). The latter, 
in particular, is a good example of a case in which the precise meaning of 
the dynamical measure is unclear; it is not a dimension per se, but a 
measure of "dynamical similarity," which can encompass quite a lot of 
effects. 

There are of course many other fields of study which have begun to 
feel the probing of nonlinear dynamics approaches. These are beyond the 
scope of the present book, but brief list will give an idea of the broad 
applicability of the concepts and the range of fields in which traditional 
linear methods are reaching their limits. These fields include economics 
and finance, seismology, fluid turbulence, and meteorology. In the case 
of weather, an interesting series of articles appeared in the journal Nature 
wherein a scholarly debate of sorts ensued over the validity and 
interpretation of low-dimensional attractors derived from climate data. 
(Citations to these articles appear below.) 

One of the chief goals of this book is to provide the reader - whether 
student, teacher, or researcher - with sufficient knowledge to be able to 
read and critically assess the growing literature on nonlinear dynamics. 
This is especially important in life sciences applications, which are 
saddled with the problem of having limited amounts of noisy data. Even 
if the reader does not apply these computational tools in his or her own 
work, it can still be of great value to be able to judge the validity of the 
claims made in the research literature. It is of course also the author's 
wish that the material in this book would encourage readers to try these 
methods in their own research. 
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Suggested references for further study 

There are several important topics that could not be covered in this 
book, with its emphasis on didactic presentation of the most standardized 
techniques. Some of these topics are spatiotemporal chaos, Lyapunov 
exponents, and recent improvements in the design of surrogate data. In 
the future, one can expect to see further refinement of the computational 
techniques covered here (and others), with a continuing emphasis on 
applications to short, noisy, nonstationary data sets. Two areas that 
appear especially ready for new developments are the use of nonlinear 
dynamical measures as a way to test and refine mathematical models, 
and the objective incorporation into the computational tools of pre­
existing information on the system under study. 

For those interested in pursuing further some of these ideas, as well as 
those covered in detail in this book, the following books are 
recommended. 

HDI Abarbanel (1996) Analysis of Observed Chaotic Data. New York: 
Springer-Verlag. Overview of theory and techniques, with somewhat 
the same flavor as the present volume. 

RH Abraham, CD Shaw (1992) Dynamics: The Geometry of Behavior. 
New York: Addison-Wesley. Beautiful picture-book of dynamics 
and attractors, with mathematical commentary. 
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JB Bassingthwaighte, LS Liebovitch, BJ West (1994) Fractal 
Physiology. Bethesda MD: American Physiological Society. 
Describes the application of fractal concepts in physiology. 

DJ Bell (1993) Mathematics of Linear and Nonlinear Systems. New 
York: Oxford University Press. More mathematical than the other 
recommended texts but still accessible. Places dynamical systems 
into the context of set theory, vector spaces, and other mathematical 
structures. 

GA Edgar (1990) Measure, Topology, and Fractal Geometry. New York: 
Springer-Verlag. Provides rigorous mathematical background for 
understanding fractal geometry. 

K Falconer (2003) Fractal Geometry: Mathematical Foundations and 
Applications, 2nd edition. Hoboken NJ: John Wiley & Sons. 
Provides rigorous mathematical background for understanding 
fractal geometry, with applications. 

GW Flake (1998) The Computational Beauty of Nature: Computer 
Explorations of Fractals, Chaos, Complex Systems, and Adaptation. 
Cambridge MA: MIT Press. A clever book covering the topics listed 
in its subtitle. Fun and educational. See the web site at 
http://mitpress.mit.edu/books/FLAOH/cbnhtml/home.html 

D Kaplan, L Glass (1995) Understanding Nonlinear Dynamics. New 
York: Springer. Undergraduate-level text that introduces basic 
aspects of dynamical thinking. 

BB Mandelbrot (1983) The Fractal Geometry of Nature. New York: WH 
Freeman and Co. A true classic by the "inventor" of fractals. 

E Ott (2002) Chaos in Dynamical Systems, 2nd edition. New York: 
Cambridge University Press. Another fine mathematically oriented 
text. 

E Ott, T Sauer, JA Yorke (1994) Coping with Chaos: Analysis of 
Chaotic Data and The Exploitation of Chaotic Systems. New York: 
Wiley-Interscience. Volume of reprints of early papers in the field. 

S Strogatz (1994) Nonlinear Dynamics and Chaos. New York: Addison-
Wesley. Excellent mix of mathematical theory, geometrical intuition, 
and application examples. A perfect starting point for those with a 
basic background in college mathematics. 

http://mitpress.mit.edu/books/FLAOH/cbnhtml/home.html
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JR Weeks (2002) The Shape of Space, 2nd edition. New York: Marcel 
Dekker. A beginning topology book with a strong emphasis on the 
intuition behind the mathematics. 



Appendix 

MATLAB Example Code 

This appendix presents a few simple examples of how some of the 
computational tools presented in this book can be implemented in 
computer code. We have chosen to use the MATLAB™ software 
platform, since it is easy to learn and use, and ubiquitous in signal-
processing applications. Even if you are unfamiliar with MATLAB, the 
close correspondence between the code and the underlying mathematics 
should make these examples instructive. 

The examples here are presented mainly for initial explorations and to 
develop intuition. More advanced applications would require some 
modification and extension of these routines. The reader is of course 
welcome to modify and augment these samples as desired. As an 
alternative, at least one commercial software package is available for 
performing some of these computational tasks, and an internet search 
will quickly yield a number of sites where dynamicists are willing to 
share their own software for specific computations. 

Please note that these program examples come with no guarantees as 
to their correctness or suitability for any particular use. They are intended 
as educational tools only. Most of these programs are rudimentary, in 
that they do not check for invalid or nonsensical input values, nor will 
they provide error messages. (Note that % indicates that the following 
text is a non-executable comment, in the MATLAB code.) 

A.1 State-space reconstruction 

dplot simply generates a two-dimensional state-space plot, using x(i) 
and x(i+d). 
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function dplot(x,N,d,tp) 
% dplot(x,N,d,'type') 
% Plot array x on x-axis, delayed version of x on y-axis. 
% Delay is by d points. 
% 'type' is line type:'-', 'o', etc. 
plot(x(l :N),x(l+d:N+d),tp) 
grid 
return 

dplot3 is identical to dplot except that it is in three dimensions. The 
MATLAB view command can be used to change the viewing angle. 

function dplot3(x,N,d,tp) 
% dplot(x,N,d,'type') 
% Plot array x on x-axis, delayed version of x on y-axis, 
% double-delayed version of x on z-axis. 
% Delay is d points. 
% 'type' is line type:'-', 'o', etc. 
plot3(x( 1 :N),x( 1 +d:N+d),x( 1 +2*d:N+2*d),tp) 
grid 
return 

dplot3d is similar to dplot, except that two versions of the state-
space attractor are plotted, one in red and one in green. One version is 
rotated (by the argument thetd) about the vertical axis, creating a 
stereogram. A three-dimensional view can be produced by viewing the 
graph with red/green spectacles (a red lens over one eye and a green lens 
over the other). An offset of theta=3 should work well. 

function dplot3d(xx,N,d,theta) 
% dplot3d(xx,N,d,theta) 
% Plot array x on x-axis, delayed version of x on y-axis. 
% Delay is d points. 
% Also plot rotated version, 
% rotated by theta degrees around vertical axis. 
x=xx(l:N); 
y=xx(l+d:N+d); 

z=xx(l+2*d:N+2*d); 
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x2=x + z.*tan(theta*pi/180); 
plot(x,y,'r') 
hold 
plot(x2,y,'g') 
hold off 
return 

dplot3d2 is similar to dplot3d, except that the two versions of the 
state-space attractor are plotted next to each other. A three-dimensional 
view can be produced by placing an index card between the two graphs, 
resting your nose on the card, and defocusing as if looking at a distance. 
The two graphs should merge into a single view with a perception of 
depth. (A stereoscope may also be used.) 

function dplot3d2(xx,N,d,theta) 
% dplot3d2(xx,N,d,theta) 
% Plot array x on x-axis, delayed version of x on y-axis. 
% Delay is d points. 
% Also plot adjacent rotated version, 
% rotated by theta degrees around vertical axis. 
x=xx(l:N); 
y=xx(l+d:N+d); 
z=xx(l+2*d:N+2*d); 
x2=x + z.*tan(theta*pi/180); 
subplot(231) 
plot(x,y) 
axis square 
subplot(232) 
plot(x2,y) 
axis square 
return 

makeal is the basis of several other routines. It generates the 
"trajectory matrix" A (see Chapter 4). This matrix contains the points of 
the reconstructed attractor along its rows. 

function A=makeal(x,N,M,J,L) 
% Create trajectory matrix. 
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% A=makeal(x,N,M,J,L) 
% x=data vector 
% N=number of points on trajectory (rows) 
% M=embedding dim: number of putative state variables (columns) 
% J=increment in starting values for each attractor point (typically 1) 
% L=time delay (lag) 
fori=l:M 
A(:,i)=x(l+(i-l)*L:J:l+(N-l)*J+(i-l)*L); 
end; 
return 

FFN1 computes the proportion of False Nearest Neighbors in the 
attractor represented by matrix A (from makeal), over the range of 
embedding dimensions from 2 to M (where M is the embedding 
dimension used in the creation of the matrix A). A distance ratio (when 
going from dimension M to M+1) greater than Rtol defines a false 
neighbor; a value of about 10 is a good place to start. 

function pffn=FFNl(A,Rtol) 
% pffn=proprtion of false nearest neighbors 
% A=trajectory matrix (from makeal) 
% Rtol=tolerance level for detecting neighbors 
% 

% initialize values 
N=size(A,l); 
Mmax=size(A,2); 
pffh=zeros( 1 ,Mmax-1); 
% 
% cycle through the embedding dimensions 
forM=l:Mmax-l 

% pick reference point 
for iref=l :N 
ref=A(iref,:); 
% go through all other points and compare to reference 
% to find nearest neighbor 
dst=inf; 
forj=l:N 



320 Nonlinear Dynamics in Physiology 

dd=0; 
fork=l:M 
dd=dd+(A(iref,k)-A(j ,k))A2; 
end 

dd=sqrt(dd); 
if(j~=iref & dd<dst) dst=dd; inear=j; end 

end 
% for this M and iref, nearest neighbor index is inear, distance is dst 
% calculate distance at next higher M 
dst2=sqrt(dstA2 + (A(iref,M+l)-A(inear,M+l))A2); 
if(dst2/dst > Rtol) pffn(M)=pffn(M)+l; end 
end % end iref loop 

end % end M loop 
pffn=pffn/(N-l); 
return 

A.2 Correlation dimension 

This is perhaps the most dangerous of the samples in this appendix, 
since as noted in Chapter 5 reliable computation of the correlation 
dimension involves a great deal of care and attention. Nevertheless, this 
routine will allow for the exploration of some simple systems. It 
produces correlation integrals; the slope of the correlation integral is an 
estimate of the dimension, and this step is left to the reader, as are the 
myriad other details outlined in Chapter 5. This correlation dimension 
routine is slow, with an execution time proportional to N2; faster 
algorithms are available, and execution can also be faster if the algorithm 
is written in a language such as C. Note that the program uses the 
maximum norm to define distance, because of its speed advantage (to 
find the distance between two vectors using the maximum norm, subtract 
corresponding elements of the vectors, and take the magnitude of the 
largest of the resulting values). To change the values of embedding 
dimension M, delay time L, and number of points TV, specify these 
parameters when making the matrix A with makeal. The distances over 
which the correlation integral is to be computed are in the array r; a 
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logarithmically spaced set of values can easily be produced in MATLAB 
(for example, this command will produce 100 values ranging from 0.1 to 
100, that is, from 10"1 to 102: r=logspace(-l,2,100).) The values of the 
correlation integral are returned in array Cr, and can be plotted with: 
loglog(r,Cr). The "Theiler window" Twin was defined in Chapter 4, and 
is the time period over which consecutive points are not considered in the 
computations, in order to avoid counting pairs of points with spurious 
temporal correlations in the integral. 

function Cr=DcorrBasic(r,skip,A,Twin) 
% Calculate number of points on trajectory within 
% certain distance of given reference point, and repeat 
% using evenly-spaced reference points, separated by skip 
% (i.e. to use all points as reference, set skip=l). 
% Cr=correlation integral estimate array 
% r=distance criterion array 
% skip=increment in choosing reference points 
% A=trajectory matrix (each row is a point on the trajectory) 
% Twin="Theiler window" length 
% 
[N,M]=size(A); 
rsize=length(r); 
k=zeros(rsize,l); 
nn=N/skip; % number of ref points 
iref=0; 
kount=0; 
% 
% Loop to pick reference point 
forj=l:skip:N 
AA=A-ones(N,l)!|cA(j,:); % subtract point j from others 
AA=max(abs(AA')); % distance from j to others (max norm) 
AA(max( 1, j -Twin): min(N, j+Twin))=... 
inf* ones( 1 ,length(max( 1, j -Twin) :min(N, j +Twin))); 

% substitute inf for pts in Twin 
kount 1 =N-length(max( 1, j -Twin): min(N, j +Twin)); 

kount=kount+kountl; 
iref=iref+l; 
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% 
AA=sort(AA'); 
AA=AA(find(AA~=inf)); 

% 
il=fmd(r<min(AA)); 
i2=find(r>max(AA)); 
k(i2)=k(i2)+kountl*ones(size(i2))'; 

% 
i2=min(i2); 
i=max(il); if(isempty(i)) i=l; end 
for ii=l :length(AA) 

if(AA(ii)>r(i)) 
k(i)=k(i)+ii-l; 
i=i+l; 
if(i=i2|i>length(r)) break; end; 

end 
end 

end; 
Cr=(k')/kount; 
return 

A.3 Surrogate data 

The simplest surrogate consists merely of shuffling the data points, 
which can be done conveniently with this routine. 

function y=shuffle(x) 
% Random shuffle of the input values. 
i=rand(size(x)); 
[i,is]=sort(i); 
y=x(is); 
return 

A more sophisticated surrogate is created by randomizing the phases 
of the frequency components in the frequency spectrum, which is 
accomplished by this routine. Randomization of the time series can be 
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verified by plotting the input and output: y=phase_randl(x); plot(x); 
plot(y). The fact that the power spectrum has been retained can be 
verified by plotting the two power spectra: Fx=fft(x); Fy=fft(y); 
subplot(211); loglog(abs(Fx(l:end/2)).A2); subplot(212); 
loglog(abs(Fy(l:end/2)).A2). 

function xx=phase_randl(x) 
[nl,n2]=size(x); 
if(n2~=l) x=x'; end 
N=length(x); 
fx=fft(x); 
fx=fx(l :round(l+N/2)); % positive freq only 
ph=2*pi*rand(round(l+N/2),l); % get new phases 
ph=exp(ph* sqrt(-1)); % convert to complex 
ph( 1 )= 1; % don't change DC component 
fxx=abs(fx).*ph; % apply new phases to old magnitudes 
fxx=[fxx(l:round(l+N/2))' conj(fxx(round(N/2):-l:2))']'; 
% reassemble with odd-symmetry phase 
ifxx=ifft(fxx); 
xx=real(ifxx); 
return 

A.4 Forecasting 

NLF performs nonlinear forecasting on the attractor in trajectory 
matrix A. See the comments in the program code for a description of the 
input arguments and the method. For a given reference point (starting 
point), the nearest neighbors are selected from the first Ntemp points. 
There are irefn reference points, starting at point irefl (irefll must be 
greater than Ntemp). The program uses a subroutine that appears below, 
and the final results are determined and plotted with the final routine in 
this section. 

function [pred,err]=NLF(A,Ntemp,irefl ,irefn,k,nstep) 
% Find prediction error for 1 to nstep steps ahead. 
% Method: for each subsequent prediction with the 
% same reference point, treat the previous prediction 
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% as an actual point, and repeat the prediction 
% procedure (iterative prediction). 
% pred(ij)=prediction from ref pt i, at j steps ahead 
% err(ij)=prediction error (i=ref point, j=steps ahead) 
% A=trajectory matrix (each row is a point) 
% Ntemp=nr of template points from which to choose predictors 
% irefl=first reference point (predictee), >Ntemp 
% irefn=number of reference points 
% k=number of neighbors to use in each prediction 
% nstep=maximum steps ahead to predict at each predictee point 
% 
if(irefl<=Ntemp) 
disp('Error - irefl must be > Ntemp'); 
return; 
end 
% 
[N,M]=size(A); 
if(N<irefl +irefn+nstep) 
disp('Error ~ not enough points in A matrix') 
return 
end 
% 
for i=l:irefh 
iref=i+irefl-l; 
AA=A; 
% do this loop for each ref pt 
forj=l:nstep 

Aref=AA(iref,:); % ref pt 
nextref=iref+j-l; 
if(j>l) AA(nextref,:)=Aref; end; 
[idx,dst]=NearNbr(AA,iref,k, 1 ,Ntemp); 

% find k nearest neighbors 
grpl=AA(idx,:); % domain 

idx2=idx+j; % project j steps ahead 
grp2=AA(idx2,:); % range 
coeff=grp 1 \grp2; % L-S solution 

file:///grp2
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guess=Aref* coeff; 
pred(i, j )=guess(M); 

Aref=guess; % base next pred on this pred 
actual=AA(iref+j,:); 
err(ij)=norm(guess-actual); % distance error 

end; 
end; 
return 

This subroutine finds nearest neighbors for the forecasting routine above. 
function [idx,dst]=NearNbr(Ajref,k,ifirst,ilast) 
% Calculate the k nearest neighbors to the point on the 
% trajectory that is indexed by jref. 
% Neighbors must be between indices ifirst and ilast. 
% A=trajectory matrix (each row is a point on the trajectory) 
% idx=indices of the k nearest neighbors 
% dst=distances 
% 

% Set reference point 
xref=A(jref,:); 
% Truncate trajectory; only include pts between ifirst and ilast 
NN=ifirst:ilast; 
AA=A(NN,:); 
% Compare points to reference point 
AA=AA-ones(max(size(AA)), 1 )*xref; 
AA=AA.A2; 
AA=sum(AA')'; 
% Let's search distA2, otherwise put this in: AA=AA.A(.5); 
[dst,idx]=sort(AA); 
dst=dst(l :k).A(.5); % return distances, not squared 
idx=idx(l:k); 
return 

Having computed the predicted values pred(ij) from reference point 
with index i, to j steps ahead, now find the correlation coefficient when 
comparing the predicted and actual values at each forecasting stepj. This 
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routine returns the value of this correlation coefficient for/=l to nstep 
steps ahead. It assumes that the value J was equal to 1 when the matrix A 
was generated by makeal. To see the results: plot(rho). 

function rho=CorrPred(x,pred,irefl ,M,L); 
[irefn nstep]=size(pred); 
ML=(M-1)*L; 
fork=l:nstep 

aa=corrcoef(x(irefl+ML+k:irefl+ML+irefn+k-l), pred(:,k)); 
rho(k)=aa(l,2); 

end 
return 

The forecasting routines can be tested with a deterministic sine wave 
as follows: 

s=sin(l:1000); 
As=makeal(s,900,3,l,3); 
[preds,errs]=NLF(As,300,301,300,5,10); 
rhos=CorrPred(s,preds,301,3,3); 
plot(rhos) 
Forecasting of a random signal can be tested as well: 
r=randn(1000,l); 
Ar=makeal(r,900,3,l,3); 
[predr,errr]=NLF(Ar,300,301,300,5,10); 
rhor=CorrPred(r,predr,301,3,3); 
plot(rhor) 

A.5 Recurrence plots 

RecMat generates a recurrence matrix (matrix of inter-point 
distances) from a trajectory matrix A (see makeal above). 

function RM=RecMat(A) 
[N,M]=size(A); 
forj=l:N 
AA=A-ones(N,l)*A(j,:); 
AA=sqrt(sum(AA'.A2)); 
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RM(j,l:N)=AA; 
end 
return 

Having produced a recurrence matrix with RecMat, the next routine 
will normalize the distances and apply a threshold (0-1), then create the 
resulting recurrence plot. 

function RecPlt(RM,thr) 
% RM=recurrence matrix 
% thr=threshold (0-1) 
% Distances less than thr are dots, greater than thr are white. 
% Distance is scaled from 0 to 1 and thr is based on that scale. 
a=RM; 
amin = min(min(a)); 
amax = max(max(a)); 
a = ((a-amin)/(amax-amin)); 
idx=zeros(size(a)); 
idx(find(a>thr))=0; 
idx(find(a<=thr))=l; 
cmap=[l 1 1;0 0 0]; 
colormap(cmap); 
imagesc(idx); 
set(gca,'ydir','normar); 
axis square 
return 

A.6 Periodic orbits 

The identification of periodic points involves, at its simplest, finding 
attractor points that are close together (recurrent points). This routine 
does that, taking as its input the trajectory matrix A. The argument gap 
tells the program not to look at points closer together in time than this 
value, so that points along a single trajectory path do not appear as 
recurrent simply because they are close in time. 

function Porbits(A,tol,N,gap) 
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% A=trajectory matrix 
% tol=distance tolerance that defines recurrence 
% N=number of points to examine 
% gap=don't test points closer together than this 
% 
for iref=l:N-gap 
for itest=iref+gap:N 

Aref=A(iref,:); 
Atest=A(itest,:); 
if(norm(Aref-Atest)<tol) m(iref )=itest-iref; break; end 
end 
end 
hist(m,100) 
return 

A.7 Poincare sections 

poinb generates a Poincare section from the attractor in trajectory 
matrix A. The coordinates of the points on the section are given by (a,b). 
It is assumed that the attractor is three-dimensional so that the section is 
two-dimensional. 

function [a,b]=poinb(A,N,plane,val,dir) 
% Poincare section. 
% Plot points that cross plane determined by 'plane'=val. 
% (i.e. plane='x' and val=10 plots all points y and z where 
% x=10), going in direction specified by 'dir'. 
% Interpolates to get plane-crossings. 
% A=trajectory matrix 
% dir: positive=through plane from - to + (positive-going) 
% dir: negative=through plane from + to - (negative-going) 
% 
% Get values from the trajectory matrix. 
x=A(l:N,l); y=A(l:N,2); z=A(l:N,3); 
% Find indices where trajectory crosses plane. 
pl=eval(plane); 
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pl=pl-val; pl=sign(pl); pl=diff(pl); 
% 
if(dir>0) ijk=find(pl==2); end 
if(dir<0) ijk=find(pl==-2); end 
% pl=abs(pl); 
% 
if(plane='x') 
apre=y(ijk); apst=y(l+ijk); 
bpre=z(ijk); bpst=z(l+ijk); 
cpre=x(ijk); cpst=x(l+ijk); 
end 
% 
if(plane='y') 
apre=x(ijk); apst=x(l+ijk); 
bpre=z(ijk); bpst=z(l+ijk); 
cpre=y(ijk); cpst=y(l+ijk); 
end 
% 
if(plane='z') 
apre=x(ijk); apst=x(l+ijk); 
bpre=y(ijk); bpst=y(l+ijk); 
cpre=z(ijk); cpst=z(l+ijk); 
end 
% 
del=(val-cpre)./(cpst-cpre); 
a=apre+del.*(apst-apre); 
b=bpre+del.*(bpst-bpre); 
plot(a,b,'o') 
return 
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A.8 Software packages 

MATLAB 
The MathWorks, Inc. 
3 Apple Hill Drive 
Natick, MA 01760-2098 
508-647-7000 
General mathematics and numerical analysis program, very extensive, a 
de facto standard for signal processing. Highly recommended. 
www.mathworks.com 

Mathcad 
Mathsoft Engineering & Education, Inc. 
101 Main Street 
Cambridge, MA 02142 
Fax: 617-444-8007 
800-628-4223 
Another general mathematics package in wide use. 
www.mathsoft.com 

Chaos analysis software 
Developed by Mike Banbrook 
Department of Electrical Engineering 
University of Edinburgh 
Free software, designed for a graphical interface (Xwindows), written in 
C. Includes: Time series embedding, Mutual information, Singular value 
decomposition, Lyapunov exponents, Poincare sections. 
http://www.see.ed.ac.uk/~mb/analysis_progs.html 

http://www.mathworks.com
http://www.mathsoft.com
http://www.see.ed.ac.uk/~mb/analysis_progs.html
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Chaos Data Analyzer 
Physics Academic Software 
940 Main Campus Drive 
Suite 210 
Raleigh, NC 27606-5212. 
800-955-8275 
http://webassign.net/pas/index.html 
Student and professional versions available. The same organization has a 
number of other chaos and dynamics related programs for education and 
research. Includes: Probability distributions, Polynomial fitting, Power 
spectra, Hurst exponent, Lyapunov exponent, Capacity dimension, 
Correlation dimension, Correlation function, Correlation matrix, Phase-
space plots, Return maps, Poincare movies, Nonlinear prediction, 
Surrogate data. 

Dataplore 
ixellence GmbH 
+49 (0) 33 75 - 508 616 
+49(0)7 21-151 553 084 
info@ixellence.com 
Commercial package. Includes: Delay plots, Statistics, Surrogate data, 
Fourier analysis, Linear filtering, Wavelets, Recurrence plots, 
Correlation dimension, Lyapunov exponents. 
http://www.ixellence.com/ 

Recurrence Quantification Analysis (RQA) 
CL Webber 
Department of Physiology 
Loyola University Chicago 
2160 South First Avenue 
Maywood, IL 60153 USA 
http://homepages.luc.edu/~cwebber/ 

http://webassign.net/pas/index.html
mailto:info@ixellence.com
http://www.ixellence.com/
http://homepages.luc.edu/~cwebber/
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Time Series Analysis: TISEAN 
R Hegger, H Kantz, T Schreiber 
Institut fur Physikalische und Theoretische Chemie, Universitat 
Frankfurt (Main), and Max-Planck-Institut fur Physik komplexer 
Systeme, Dresden 
Popular free package for time-series analysis, extremely extensive. 
http://www.mpipks-dresden.mpg.de/~tisean/TISEAN_2.1/index.html 
R Hegger, H Kantz, T Schreiber (1999) Practical implementation of 
nonlinear time series methods: The TISEAN package. Chaos 9:413-435. 

TSTOOL 
C Merkwirth, U Parlitz, I Wedekind, W Lauterborn 
Free MATLAB-based package. 
Includes: Time-delay reconstruction, Lyapunov exponents, Fractal 
dimension, Mutual information, Surrogate data, Poincare sections, 
Nonlinear prediction and forecasting. 
http://www.physik3.gwdg.de/tstool/ 

Visual Recurrence Analysis (VRA) 
E Kononov 
Free package with many routines, derived mostly from recurrence 
analysis. Includes: Recurrence plots, Recurrence quantification analysis, 
Average mutual information, False nearest neighbors, Correlation 
dimension, Nonparametric modeling. 
http://pweb.netcom.com/~eugenek/download.html 

Keeping in mind the caveats noted at the beginning of this appendix, the 
author might be persuaded to share electronic versions of his routines if 
contacted by email (mjs@dizzy.med.jhu.edu, as of date of publication). 

http://www.mpipks-dresden.mpg.de/~tisean/TISEAN_2
http://www.physik3.gwdg.de/tstool/
http://pweb.netcom.com/~eugenek/download.html
mailto:mjs@dizzy.med.jhu.edu
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A.9 Sources of sample data sets 

Those readers who wish to try their hand at the analysis methods 
covered in this book - or who wish to develop their own - are fortunate 
that there are many internet archives of data on which to test these 
techniques. This is a great resource for the research community and the 
author salutes those investigators who maintain these sites and make 
their data so freely available. 

A quick search of the World Wide Web for "chaotic data sets" will 
provide many such archival sources. Some are maintained specifically 
for access by researchers, while others are meant to provide data for 
university-level homework assignments. In addition, many published 
papers will list an internet archive of data used in the paper. 

A particularly good site for physiological data (and many other 
computational resources) is PhysioBank, at the PhysioNet web site: 
http://www.physionet.org/. 

Random numbers provide an important test case for many algorithms. 
Probably the most reliable random numbers that are easily available are 
those generated from radioactive decay times, available at: 
http://www.fourmilab.ch/hotbits/. 

http://www.physionet.org/
http://www.fourmilab.ch/hotbits/
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amplitude adjusted Fourier transform 

surrogate (AAFT), 110, 112, 115, 
133, 138, 230, 283, 304, 308 

amplitude-reversal, 133, 134 
angst, 78 
anoxia, 288 
anticontrol, 208, 209 
antifibrillatory, 277 
anti-persistent, 212, 243, 308 
apamin, 137, 138 
aperiodic, 175 
arrhythmias, 277, 286 
artifacts, 286 
astronomy, 14 
Atanasoff, John, 3 
attractor, 4, 15, 16, 46, 48, 54-60, 

65-70, 73-75, 80-96, 104, 113, 
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attractor reconstruction, 100, 151,254, 
256,278,318 

aura, 263 
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56, 107,109,112, 116, 135,212, 
213,216,229,230,256 

autonomic, 276, 277, 288 
autoregressive, 133, 220, 253, 282, 305 
autoregressive moving average 

(ARM A), 133,220 
average, 20-24, 29 
axonal propagation, 252 

basal ganglia, 253 
basis functions, 199,221 
beat-to-beat variation, 276-289 
Bell Labs, 13, 14 
Belousov-Zhabotinski reaction, 64, 176 
beta-blocker medication, 280, 281 
bifurcation, 194, 293 
big bang, 14 
binomial distribution, 170 
bipolar disorder, 303-305 
bispectrum, 254 
blood pressure, 276 
bootstrap, 104 
botany, 211 
box-counting dimension, 82 
brain, 203, 217 
brain function, 285 
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brainstem, 253 
Brown, Robert, 211 
Brownian motion, 15, 211,212 
butterfly effect, 4 

Canadian lynx, 293 
Cantor set, 77, 79, 80 
cardiac, 152, 276-291 
cardiac dysrhythmia, 240 
cardiac rhythms, 179 
cardiovascular disease, 276-289 
Cartesian coordinate system, 63 
center frequency, 152 
center-of-gravity, 242 
center-of-pressure (COP), 242 
cerebellum, 253 
cerebral hemispheres, 172 
chaos, 2-4, 9, 22, 13-17, 43, 80, 94, 99, 

101,104,115,124,125,134-138, 
148, 150, 187, 190, 191, 203, 208, 
239, 240, 253, 254, 257, 293, 295, 
298, 302, 303, 305, 306, 308, 309 

chaos control, 178, 179, 190, 199, 
202-208, 265, 299, 305 

chaotic, 156, 164, 171, 175, 187, 190, 
191, 194, 196,203,211,214,215, 
246, 252, 256, 257, 260, 263, 278, 
283, 288, 292, 293, 299, 302-308 

chaotic attractor, 203, 209 
chaotic data sets, 333 
chaotic dynamics, 252, 292, 295, 298, 

306 
chaotic sequence, 306-309 
chaotic system, 203 
chickenpox, 292, 294, 296, 299 
childhood disease, 292 
circadian rhythms, 305 
climate, 312 
clinical diagnosis, 260 
closed-loop control, 243 
coarse-grained, 183, 184 
coast of Britain, 75 

coastlines, 76 
cognition, 179 
cognitive state, 262 
coherent oscillatory state, 179 
collinear, 208 
colored noise, 29, 134, 295 
communication, 156 
complex dynamics, 293, 296 
complexity, 73, 95, 149, 264, 266, 272, 

276,281,288,302,306,311 
computer code, 316-333 
confidence intervals (for dimension 

estimates), 92-94, 104 
continuous, 51, 52, 61, 68, 155, 157, 

169, 170, 181, 182 
continuous-time, 171, 193, 196 
contravariant basis vectors, 205 
convulsions, 262 
coronary artery, 286 
correlated, 236, 239,243 
correlated noise, 138 
correlation coefficient, 24, 25, 28, 30, 

33,34, 128, 132, 134, 135, 155, 
281, 283, 295, 325 

correlation dimension, 81-101, 106, 
108,114, 118, 121, 124, 126,214, 
215, 229, 230, 234, 239, 240, 246, 
248, 253, 254, 257, 260, 263-265, 
269, 278-280, 283-285, 295, 304, 
320,331,332 

correlation integral, 84-87, 90, 92, 97, 
100, 229, 231, 254, 257, 265, 268, 
269, 281, 283-285, 289, 320 

correlation time, 56, 89-91, 93 
cortex, 171,253 
cortical, 262, 271, 273 
coupled systems, 156, 162, 171 
coupling, 151, 155-172, 231, 237, 288, 

305 
covariance, 24 
creativity, 307 
critical, 217 
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cross-correlation, 30, 33, 34, 37, 116 
cross-correlation integral, 269, 312 
cross-recurrence plot, 165 
cross-spectrum, 116 

data sets, 333 
degrees of freedom, 246-248, 263, 266 
delay, 126, 136 
delta-epsilon, 185 
derivative, 194, 199 
Descartes, 63 
determinism, 141, 144, 150, 152, 160, 

162, 169, 181, 185, 187,296,311 
deterministic, 1, 8, 10, 11, 13, 14, 47, 

56, 58, 63, 65, 110, 124-126, 138, 
143, 148-151,164,169,211, 
213-216, 
221-223, 226, 227, 230, 235, 239, 
240, 243, 244, 246, 248, 278, 282, 
292, 293, 298, 302, 303, 306-308 

deterministic dynamics, 178, 243, 244, 
245, 248 

deterministic system, 143, 148, 149, 
151, 175, 182, 183, 188 

deterministic versus stochastic (DVS), 
187, 188 

detrended fluctuation analysis (DFA), 
216 

diagnostic, 276 
diffeomorphism, 52 
difference correlation coefficient, 136 
difference equation, 6, 220, 296 
differentiability, 157, 170, 181 
differential equation, 2, 4, 6, 220 
differential geometry, 50 
diffusion coefficient, 242 
dimension, 47, 48, 51, 54-60, 62, 65, 

73-108,114, 115,117, 118,121, 
158-160, 170, 222, 242, 246, 247, 
263-266,268,269,312 

dimensionality, 246, 248, 295, 311 
disappointment, 311 

discrete events, 309 
discrete-time map, 194, 204 
discrete-time, 171 
disease, 240, 292-299, 303, 306 
divergence of trajectories, 144, 148, 

187 
DNA, 152 
dominant period, 215 
dopamine, 252 
dot product, 205, 206 
drift, 114, 115, 143, 148-150,234 
dynamic system, 5, 7, 8 
dynamical disease, 311 
dynamical nonlinearity, 134 
dynamical similarity, 268-271, 312 
dyslexia, 240 

economics, 312 
edge of chaos, 217 
EEG, 15, 16,67,95,98, 115, 117, 171, 

172, 178, 217, 218, 262-275, 306 
effective dimension, 265-268, 271 
eigenvalues, 200, 201, 205 
eigenvectors, 193, 199-201, 205 
Einstein, 211 
EKG, 67, 115, 277-280, 287, 288 
electrical stimulation, 263 
embedding, 48-65, 73, 85-89, 96, 97, 

142-144, 151, 
157-160,165,167, 172,214,215 

embedding dimension, 55, 56, 59, 65, 
93-95, 98, 101, 128, 130, 132, 138, 
142, 143, 151, 157-160,172,214, 
230,246,247,294,295,319 

embedding window, 89, 91, 229 
EMG, 121, 152 
energy preservation, 288 
Engineer's Prayer, 44 
England, 297, 298 
ENIAC, 3 
ensemble, 21, 29 
entrainment, 209 
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entropy, 149, 150 
epidemics, 114, 137, 292-301 
epidemiology, 292-301 
epilepsy, 98, 171, 178, 179, 209, 240, 

262-275,312 
error bars (for dimension estimates), 

92-94, 104 
error sequence, 309 
essential tremor, 252-261 
Euclidean dimension, 74, 75, 77, 78, 96 
Euclidean distance, 182, 280 
Euclidean space, 50, 51, 54 
evasion, 307 
Exceptional Events, 182, 

185-187,257 
exercise, 276 
existence (mathematical), 214 
expected value, 21, 22 
exponential, 135,138, 214 
eye-movement (also see oculomotor), 

312 

False Nearest Neighbors (FNN), 56-60, 
68,132,151,157,158, 172,247, 
248,319 

feedback, 253 
fibrillation, 179, 276-279, 283, 

285-287, 289 
filtered noise, 43, 94, 99, 134 
filtering, 69, 99, 121, 234 
finance, 64, 312 
first-delay map, 196 
first-differences, 114, 115, 280, 294 
first-return map, 257, 293,294, 279 
first-step forecasting, 281, 282 
fixed point, 11, 12, 190, 

193-205,207-209,293 
flow (trajectory), 198, 201 
fluid turbulence, 312 
forecasting, 124-140, 155, 156, 

160-165,172, 214,215,235,279, 
281,282,283,305,306-309 

forecasting horizon, 137 
Fourier, 33-38, 44 
Fourier analysis, 33, 35, 38, 44 
Fourier series, 38 
Fourier spectrum, 213 
Fourier transform, 35, 37, 55, 109, 111, 

112,116 
fractal, 65, 75, 76, 135, 196, 197, 211, 

212,214,218,314 
fractal attractor, 215 
fractal dimension, 77 
fractal time series, 211 
fractional Brownian motion 

(fBm), 15,34,135,211-216 
fractional Gaussian noise (FGN), 213, 

216 
fractional integration, 212 
frequency spectrum, 265, 304 
frustration, 311 
functions, 181 
fuzzy memory-pair model, 308 

gambler's fallacy, 306, 309 
Gauss, 25 
Gaussian, 40, 43, 44, 105-107,109-

112, 116, 184,212,214,283 
Gaussian noise, 264 
Gaussian surrogate, 118, 121, 230 
Gaussian white noise (GWN), 29, 40, 

109,111,143,212,221,253,299 
generalized synchrony, 156, 161, 162, 

164, 165 
genetic algorithm, 222 
global fit, 132,133 
goodness of fit, 28 
group dynamics, 303 

hand, 252, 253, 256 
harmonic oscillator, 45-48, 51-53, 95 
healthy, 279, 280, 288 
healthy variability, 16, 208, 311 
heart attack, 277, 280, 282 
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heart rate, 276-289 
heart transplantation, 279, 288 
heart-beat intervals, 69,208,216 
heart-rate variability (HRV), 276-291 
Henon attractor, 200 

Henon system, 162,169,171,194, 197, 
199, 201, 204, 205, 207, 285 

heuristic learning, 307-309 
hippocampus, 178, 209, 264 
homeomorphism, 51-54, 75, 170 
horizontal and vertical line segments 

(recurrence plot), 148 
horizontal line segments (recurrence 

plot), 150 
H-reflex, 121 
human behavior, 302-309 
hunting, 299 
Hurst exponent, 212,216 
hypersynchronization, 262, 263 

ictal, 262, 271 
immigration, 299 
increments, 213, 214, 216 
independent trials, 309 
inferior olivary nucleus, 253 
information dimension, 83 
information theory, 83, 149 
injectivity, 170 

input-output reconstruction, 68 
instability, 177 
instantaneous dimension, 279, 285 
integral equation, 221 
integrate-to-fire, 136, 309 
inter-beat intervals, 98, 276-289 
interdependence, 155-172 
interictal, 271 
internet, 214, 316, 333 
inter-spike intervals, 117,136 
interventions, 263 
invariant, 54 
invertible, 156, 157, 161 

ischemia, 286, 288 
isometric transformation, 142 

Jacobian, 158, 199,200,204 
Jansky, Karl, 13 
joint recurrence plot, 166-169 
joint recurrences, 169 

Kaplan, Daniel 96 
ketamine, 288 
Koch curve, 79-81 

laminarity, 150 
Laplace, 8, 43 
learning of chaotic dynamics, 306-309 
least-squares, 25,131 
Legendre, 25 
limb, 242, 246, 252, 253 
limb movement, 16 
limit cycle, 12, 133, 209, 246, 247, 307 
linear, 125, 127, 130-135, 138,253, 

254, 256, 257, 277, 282, 284 
linear approximation, 193, 194, 200 
linear correlation, 109, 111, 114, 116, 

118,155,230,268,308 
linear estimation, 133 
linear forecasting, 296, 298 
linear function, 24-25, 221 
linear measures, 272 
linear model, 118, 305 
linear predictor, 283, 295, 296 
linear process, 109 
linear regression, 25-28, 127, 130, 131, 

216,220 
linear system, 32-35, 38, 43, 44, 105, 

107, 110, 132, 156,193,220 
linear trend, 294 
linearity, 8, 253 
linearize, 193,200,201 
linearly correlated, 111, 116, 118, 121, 

134,230,264,272 
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linearly filtered, 253, 299 
Lissajous figure, 64 
literature, 312 
local approximation, 126, 131, 133, 

283 
local dimension, 247-248, 284 
local dynamics, 247-248 
local False Nearest Neighbors, 247-248 
local interactions, 217 
local linear approximation, 69, 125, 

127, 132, 158 
locomotion, 264 
logarithm, 221 
logarithmic compression, 110 
logistic equation, 11, 125, 193, 197, 

293, 298, 307 
long-term correlation, 216, 227, 243, 

304, 309 
Lorenz attractor, 126, 183, 190 
Lorenz system, 43, 58-60, 66-68, 86, 

91,118, 120,133,143,165,171, 
184, 188,215,257,260,285 

Lyapunov exponent, 65, 150, 186, 187, 
313 

Mandelbrot, Benoit, 75, 76 
manifold, 50, 51, 54, 74, 201, 208 
map, mapping (functions), 51, 53, 155, 

169-171, 181, 182, 193-201, 204, 
207, 307 

mathematical model, 73, 220, 303 
mathematical modeling, 226, 292, 313 
mathematics, 1, 3, 17 
MATLAB, 316-333 
maximum norm, 320 
mean, 20-24,26, 27 
measles, 117, 292-296, 298, 299 
measure profile surrogate, 271 
medication, 263 
mental picture, 306 
mental task, 264 

metaphor, 303 
meteorology, 312 
model, 1-3, 6, 17, 221-223 
mood, 302-306 
mortality, 277 
motoneuron, 253 
motor control, 242-251 
moving average, 121, 133, 220 
multi-variable, 166, 167 
multivariate recurrence plot, 167, 

169 
multivariate surrogate data, 115, 170 
mumps, 292 
muscle fatigue, 152 
mutation, 222 
mutual false nearest neighbors 

(MFNN), 157-160 
mutual forecasting, 155, 160-165, 171, 

237 
mutual information, 56 
mutual recurrence, 167 

natural processes, 309 
nearest neighbors, 127, 128,130,131, 

157-162, 172, 182, 187, 247, 294, 
295, 319, 323, 325, 332 

neighborhoods, 157,159,161 
nervous system, 217 
neural dynamics, 179, 272 
neural firing, 137, 262 
neural firing patterns, 246 
neural networks, 217 
neural pathway, 253, 288 
neural processes, 306 
neural spike trains, 68, 69, 117,136, 

152,178 
neurocardiac, 288 
neuromuscular, 242, 246 
neuronal assemblies, 272, 306 
neuroscience, 262 
New York City, 293, 294, 298 
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NMDA receptors, 288 
noise, 9, 11, 13-15, 50, 55, 56, 58, 65, 

69, 70, 80, 87, 91, 92, 94,101,125, 
133-138,143, 151,165,278,280, 
281,283,295,298,299 

noise radius, 114 
noise reduction, 69, 70 
nonlinear, 155, 160, 169-172, 211, 214, 

252-254, 256, 257, 260, 283, 296 
nonlinear dynamics, 254 276, 282, 294, 

299,302,305,311,312 
nonlinear forecasting, 64, 69, 124-140, 

187, 223, 235, 280, 282, 283, 292, 
294, 298, 305, 308, 323 

nonlinear function, 221 
nonlinear system, 109,221 
nonlinearity, 95, 101, 104, 109, 110, 

117, 132, 133,311 
nonparametric, 221 
nonrecursive, 234 
nonstationarity, 213, 216, 267, 268, 279 
nonstationary, 99, 126, 141, 143, 

149-151,279,283,313 
noradrenaline, 276 

observability, 50 
observation function, 110 
oculomotor, 39, 61, 68, 117, 121, 217, 

223, 225-241 
OGY (method of chaos control), 203, 

204, 206-208 
one-step forecasting quality, 132, 295, 

296 
one-step-ahead forecasting, 127, 130, 

132, 135, 187 
one-step-ahead predictions (human), 

307 
one-to-one, 170 
open-loop control, 243 
optimal observer, 156 
optokinetic nystagmus (OKN), 39, 61, 

117,121,223,225-239 

orthogonal, 205, 206, 208 
oscillations, 252, 256, 257 
oscillator, 253, 256, 257, 260, 305 
out-of-sample, 128 
output preservation, 288 
oversampling, 254 

paired-associate learning, 307 
parallel flows, 183-185 
parameter, 5, 7, 220-223 
parametric, 221 
parasympathetic, 276, 277 
Parkinson's disease, 252 
Parkinsonian tremor, 252-261 
pathological, 252, 254, 256, 257, 280 
pathology, 179, 208, 209, 216, 266, 

276,311 
pathology (and dimension), 98 
PD2 (see point correlation dimension) 
Penzias, Arno, 14 
percent determinism, 149, 152, 243 
percent recurrence, 149, 150, 152 
period, 143, 257 
periodic, 132, 133, 138, 144, 148, 149, 

151, 152, 191, 202, 203, 209, 225, 
227, 234, 246, 293, 296, 298, 299, 
307, 327 

periodic components, 112 
periodic orbits, 113, 175-179, 327 
periodic surrogate, 231 
periodicity, 12, 141, 176, 227, 294, 

296, 298, 299, 303, 304 
persistent, 212, 243, 308 
perturbation, 178, 203, 205, 207, 208, 

217,299 
phase spectrum, 109, 110, 116 
phase-randomization surrogate, 109, 

110,112,116, 118,121,230,235, 
237, 264, 278, 283, 304, 305, 332 

phase-synchronization, 272, 273 
physiologic tremor, 252-253 
physiological, 223, 252, 253 
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physiological interpretation, 239 
physiological state, 152, 265, 268 
physiological system, 211,311 
physiology, 2, 5, 7, 14, 311, 312 
piecewise linear, 130 
Poincare section (or map), 64, 65, 

190-192, 199, 200, 202-205, 207, 
257, 268, 278, 293, 294, 328 

Poincare, Henri, 2, 64 
point correlation dimension (point D2, 

PD2), 283-289 
point process, 136 
point-wise dimension, 97, 284 
pollen, 211 
polynomials, 221 
population dynamics, 292, 293 
posture, 242-245, 276 
potassium channels, 137 
power law, 135,213-217 
power spectrum, 109, 111, 112, 116, 

213,230,240,253,257,323 
power-law noise, 136 
power-law scaling, 75, 76, 78, 81, 82, 

86,87,90,91,97,215,284 
power-law spectrum, 135, 213-215, 

217,305 
predict, 276, 277, 302, 308 
prediction, 124-141, 155, 160, 307 
prediction, seizure, 265 
predictive eye movements, 217 
pre-seizure state, 271, 273 
probability, 21-24, 29 
problem-solving, 307 
proportional, 302 
protein structure, 152 
pseudo-period, 229 
pseudo-periodic, 113, 118, 120 
pseudo-periodic surrogate, 118, 120 
psychiatric disorders, 302-306 
psychiatric, 303 
psychology, 302-209 

QRS complex, 277 
quasi-periodicities, 12, 304 

R wave, 277, 288 
R-R intervals, 277 
radio, 14 
radioactive, 10 
radioactive decay, 333 
random, 47, 56, 65, 68, 105, 107, 109, 

110-112,114,116-118, 125, 126, 
135-138, 143, 144, 148, 169, 170, 
172,182, 183, 185-189,211,212, 
214, 215, 221-223, 225, 230, 236, 
239, 242-244, 248, 253, 256, 257, 
260, 292, 293, 298, 299, 304, 
306-308 

random dynamics, 306 
random fractal, 211,215 
random fractal sequence, 135 
random noise, 188 
random number generator, 9 
random numbers, 333 
random process, 21, 29, 30, 94, 185, 

277 
random sequences, 306, 309 
random signal, 326 
random system, 211, 214, 215, 221 
random variables, 24, 29, 30, 105 
random walk, 212, 242-243 
randomization, 106, 107, 110, 112 
randomness, 8, 9, 11, 13, 17, 95, 102, 

104, 117, 217, 254, 256, 260, 278, 
280,283,294,305,306,311 

range, 150, 151 
Rapp, Paul, 95 
Ratio (recurrence analysis), 150 
reading, 239, 240 
reconstruction, 158, 159 
recruitment, 266, 268 
recurrence analysis, 141-154 
recurrence matrix, 142, 227, 326, 327 
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recurrence plot, 141-154, 165, 166, 
169, 227, 243, 244, 304, 326, 327, 
331,332 

recurrence plot matrix, 167 
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