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Foreword

The Digital Revolution in Society and in School

I want to turn to a metaphor I used in a publication in 2007 in which I compared the
information society to a kind of black hole that was involving all activities that, even
just once or in a small part of their scopes, needed to use a technology that would
activate bits.

I also argued that school should position itself as a driver of change and as fun-
damental for the development of the information and knowledge society. If the
school is able to accept and promote within it the new available tools and methods,
students who take advantage of them will surely become better prepared citizens.

Similarly, back in the beginning of the century, Manuel Castells has advocated
that there is a world before and a world after the emergence of the Internet and that
this was (is) a revolution comparable to the first and second industrial revolutions.
Eventually it will be even a more vehement and striking one in the life and well-
being of citizens.

The professions have changed in their environments, technologies, techniques
and methods. In fact, there are jobs that have changed more than others. Interestingly,
the teaching profession was one of the least changed. Today, the classroom differs
little from the classroom of the beginning of the twentieth century. There are changes
actually, but those changes have not been very apparent. Therefore, it is vital and
imperative that changes not only happen but become increasingly evident.

Many studies that we may find and confront on the added value of digital tech-
nologies in the learning processes already give us a very favourable image of its use.
This is not only because students learn the content better when undergoing new
paradigms of learning, but mainly because they acquire skills pertaining to a digital
literacy that is clearly needed in a competitive world as ours is and will be.

These research studies seek to understand whether or not there is a positive
impact of ICT on student learning. A central question is whether, by using ICT,
students learn more and better. Existing literature is not very conclusive about the
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effectiveness of the use of digital technologies, but it confirms that there is greater
involvement and motivation of the actors, especially the students. Even parents,
when requested to express their opinion, indicate that children have a more positive
attitude towards homework and begin to talk more about school activities when
digital technologies are involved.

Schools cannot stop the digital world from entering their domain or the class-
room. The students’ portable technologies (mobile phones and tablets) may not be
forbidden in the name of the school and of academic order that is more or less self-
centred and very little open to what is happening outside. Students cannot be denied
what is good about the information society to which they have access beyond the
school gates.

Policies need to change, though the effort has to be huge: global incentive poli-
cies and local policies facilitating and promoting innovation and creating learning
schools will be the steps of a journey that we are already undertaking. However,
there should be an eye to the fact that technologies do not have just a positive face
and that its use is not deprived of risk. Now, it is mainly up to the school to alert the
children and adolescents about the risks that exist when using the Internet and its
various services. Virus attacks, access to unreliable information and contacts with
unidentified persons are some of the dangers. Furthermore, we must raise awareness
that in this new Internet world full of information, we should use it according to the
principles of ethics and responsibility, by realising that any content has its author
and therefore has to be properly referenced when used on schoolwork, whatever
may be its breadth.

Definitely, the school cannot remain outside of the reality, pretending that the
world out there does not change.

The Cyber Youngsters

In the digital world, we are concerned with global and local policies, widespread
access, digital divides, trained actors, etc. Interestingly, when we speak of actors,
there are very few times that we identify them with students. Since Prensky coined
the term digital natives, it has been assumed that youngsters were equipped with
skills provided by these instruments of the information society. They type at impres-
sive speeds on their mobile phones, they talk on Skype with friends, and they write
on their Facebook walls and on their friends’ whom they have never seen. As
Tapscott would say, these youngsters are the Net Generation.

Our students are “digital natives” because they were born in a digital age, but
what is happening is that, like the “digital immigrants”, they do not truly dominate
much of the affordances of the tools made available by the information society and
the Internet. This raises the issue of what we should do so that students reach the
“digital wisdom”, as Prensky later rethought the previous terminology.

Today’s educational paradigms may not be the same as they were a few decades
ago. Nobody dares to say that the so-called traditional methods have no place. But
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in fact, the classroom should be ever more a place where students feel comfortable,
with a real desire to learn and with access to tools that provide them with knowl-
edge. ICT have to actually enter the school and, further than the school, the stu-
dent’s learning process whether inside or outside the classroom environment.

When we look carefully, as has been shown in some research we carried out with
students in the first years of higher education, their digital skills are much lower than
we would suppose. In essence they have communication skills in social networks
and research skills through the use of Google search engines. However, if students
are asked to perform proper and rigorous text editing, or calculations in Excel, or
even the production of a good PowerPoint presentation, the situation gets compli-
cated. Indeed, the situation worsens still more when we ask them if they have, or
they use, a blog, or a website, or a portfolio of their works in digital form, or if they
know how to use conceptual maps or software for the production of timelines.

Basically, the conclusion we, as teachers, reach is that these students, who we
might label as digital natives and who we presume would know more than we do
about these new technologies, have not properly acquired their digital literacy after
all. This is not their fault; it is more the fault of adults who have assigned labels to
them and expected skills from them that in reality are not spontaneously learned.
Even the multitasking features to which Don Tapscott refers should be considered
carefully. Our digital natives may be doing many things simultaneously, but some-
times the degree of commitment may not be very deep. Contrarily, Tapscott refers
in a somewhat candid and contextualised way to this new generation having positive
preferences. According to him, the youth of the Net Generation cherish freedom
and the freedom of their choices; they want to adapt things in terms of their owner-
ship; they act collaboratively and prefer talking to listening to a teacher’s lecture.
They prefer to work and study with associated fun. This somewhat romantic version
cannot be extrapolated beyond the context of observation where it was built. Many
young people around the world do not use and do not feel technology this way—far
from it, because they live in completely different contexts. This is why schools have
the role of levelling between technology “haves” and “have-nots”, between those
who know and those who also want to know.

Projects such as the Problem @ Web, which is embodied in this book, can be used
to safely improve these skills not only of youngsters to whom the project is
addressed, but also of their teachers and parents themselves, who will need to catch
up and understand that there are now new ways of overcoming the challenges of
learning mathematics or any other area of knowledge.

I am convinced that digital literacy and the proper use of digital tools can also be
a family learning context, provided that parents have the attitude and the digital
skills. If children see their parents working on computers, reading magazines and
digital newspapers on their tablets and seeking answers to questions by searching
with Google or on Wikipedia, then, somehow, they are being subjected to a model
that will naturally condition and enhance their future behaviour.
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The Immigrant Teachers, Innovation and Comfort Zone

Being a teacher in a digital world is becoming an arduous task. Students are full of
technology in their personal worlds but attend classrooms that often, too often, offer
few technological opportunities. Teachers in Portugal, for example, today show a
high rate of computer ownership and daily use (over 95 %). Yet the movement of
technology from the personal sphere to the learning environment becomes a com-
plicated process and sometimes with less than positive results. Teachers themselves
state their reasons, the first of which is the lack of training and the second the lack
of specific software for their school subjects. In fact, it seems that these reasons do
not have much underlying basis. One reason why this move does not occur has to do
with what some have called a “moral panic” of teachers who feel that they know less
than their students about the digital world. This causes many of them to have feel-
ings of unwarranted insecurity.

Even so, many teachers make some effort to learn how to use the personal com-
puter and know how to do the basics with productivity tools. They venture into the
use of the PowerPoint as a support tool for their teaching. Yet they may not be put-
ting digital tools to the service of the genuine construction of their students’ learn-
ing. Teachers know a lot more technology than they themselves think. After all, they
are proficient with Word, PowerPoint and Excel. And it is enough to engage stu-
dents in activities involving at least these tools.

From the analysis of many of the mathematical problems by the Problem @ Web
project, it appears that students invent and reinvent the use of digital technology for
expressing their mathematical thinking and solving the problems, often in different
ways. This raises the question of why teachers are not more daring in these
approaches. On the one hand, it can be said that there is some fear of failure and
showing digital ignorance in front of the so-called digital natives. On the other hand,
there is some difficulty in getting out of the comfort zone and being innovative, to
innovate in practices and strategies not confined to teaching but aiming at creating
contexts and learning pathways where technology can play at least a significant role.

This project posits, however, a fascinating idea. When there is freedom of choice
of digital tools, students use those that they know better or they are more comfort-
able with, but even those who use the same software feature differentiated paths and
solutions. Here the mathematical thinking is aided by the intelligent and innovative
use of digital technologies. Simultaneously, the context pushes the students forward
and enhances their skills, not only mathematical but also digital. The Problem@
Web evidence shows that our students, very much involved in communication con-
texts and social networks, are also able to use other digital tools once they realise
that this will help their reasoning and the presentation of their work.

And here is an important role for teachers—in daily practice to serve as a model
of the personal use they make of ICT and constantly to challenge their students to
conduct their work with the aid of digital tools, whenever appropriate.

As it says in this book, the spontaneous use of technology changes and reshapes
the solving of mathematical problems. However, this spontaneity, which is found
useful and fertile, can and should also be induced by the daily practice of teachers.
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Are Mobile Technologies the Future?

There are interesting references in the book on the progress that students have made
in the use of technology throughout the various editions of the online competitions
that were studied. From scans of the resolutions made on paper, students went to
utility programs. Word processors, drawing programs and spreadsheets had the hon-
our of extensive use, especially from the older students. Other more specific soft-
ware such as GeoGebra has also appeared. So what does the future hold?

Today we are aware that a new world opens to education with the rise of the first
technologies capable of giving meaning to the concept of mobile learning. This is
beyond what apparently the laptop failed to achieve—portability and the existence
of a countless number of applications able to solve problems of various kinds and
related to almost all content matters.

Tablets are enabling as never before the existence of one computer per student,
allowing the teacher, for the first time, to take advantage of this tremendous educa-
tional potential. It does not matter the model of access to technology; what matters
is that its use is transparent and oriented to solve problems more effectively and with
increased quality.

This development, which is expected in the area of mobile technologies, will
surely change the way the students of the future will present their solutions to the
problems suggested in the Problem @ Web project, being certain that such solutions
will be innovative, creative and often unexpected.

Lisbon, Portugal José Reis Lagarto
May 3, 2015






Preface

This book brings together the development of a theoretical argument and its transla-
tion into an extensive empirical context as a result of the research work carried out by
the Problem @ Web project. Through the 3 years of the project, we studied youngsters
engaged in mathematical problem-solving using digital technologies of their choice
and to which they had personal access. Problem @Web, the compact name given to
our project, alludes directly to the research context, that of youngsters solving math-
ematical problems in their own time and with their own choice of digital technology.

The origins of the project arose in the experiences during the SUB12 and SUB14
web-based mathematical problem-solving competitions that have been taking place
annually in the south of Portugal since 2005. Organised by the Mathematics
Department of the Faculty of Sciences and Technology of the University of Algarve,
SUBI12 aims at 5th and 6th graders (10-12-year-olds), while SUB14 addresses stu-
dents in 7th and 8th grade (12—14-year-olds). These are examples of the kind of
mathematical competitions that it is important to know more about; they run online,
they are inclusive aiming to support wide participation, and they involve what we call
“moderate” mathematical challenges. We expand on all these features in the book.

This book is designed to offer new views that extend the knowledge on how
today’s youngsters tackle mathematics problems using the technology they have at
their disposal. Through our analysis, we want to see how the current generation,
who are growing up with digital technologies, have skills and performances that
might be quite different from earlier generations. What we uncover is at odds with
what some may think; the young people we studied are highly competent in solving
mathematical problems through using digital technology and seem to have knowl-
edge that is distinct to their parents and many older educated people.

Opening a window on the world of these young people through offering them
challenges where the digital technology is the mediator turned out to be a way to
reach them successfully. Mathematical challenges and beyond-school online com-
petitions, such as SUB12 and SUB14, can succeed with young people. In doing so
the data we gathered have provided an unparalleled opportunity to better know how
youngsters engage in mathematical problem-solving and express their mathemati-
cal thinking. This book offers readers the opportunity to know the richness and

xi
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quality of mathematical knowledge produced by young people with the digital tech-
nologies they freely choose to use.

Primarily looking at a beyond-school context where students explore their “natu-
ral” learning resources, some of which may not always be available at school, we
investigate what young people show as their spontaneous ways to express ideas and
mathematical thinking. We believe that this knowledge can make a valuable contri-
bution to understanding, and foreseeing, the school and the learning of mathematics
in a noticeably digital age.

In the first of eight chapters, we begin by providing an introduction to research
relating to youngsters’ mathematical problem-solving with technology, together
with an overview of the Problem@Web project including its rationale, aims and
methods. The chapter also explains the methodological procedures developed in
several of the subsequent chapters in which we concentrate on addressing our analy-
sis of real data from youngsters mathematical problem-solving.

The second chapter presents fieldwork data mainly from interviews and digital
material on the experiences of the youngsters who were involved in problem-solving
within the web-based mathematical competitions. It offers a portrait of such young-
sters as technology users, namely, when they utilise commonly available techno-
logical tools; it also illustrates the ways in which their technological competences
are placed at the service of their mathematical problem-solving and expressing.

The third chapter presents additional data from interviews on the perspectives of
the teachers regarding their students’ participation in beyond-school projects that
are directly related to the use of technologies in mathematical problem-solving,
namely, web-based competitions. Issues related to students’ unforeseen and creative
strategies of solving problems and communicating their solutions and, in general, to
the development of new teachers’ views on these youngsters in the mathematics
classroom are addressed.

In Chap. 4 we develop a theoretical argument about the unity between solving
and expressing in problem-solving as a central construct that can be meaningfully
correlated with the inseparability between the subject and the digital tool. This theo-
retical stance evolved from concepts such as humans with media and coaction. In
framing the study of a specific and relatively new phenomenon, that of youngsters
solving mathematical problems with the digital technologies of their choice, the
theoretical tools and constructs that are reviewed and discussed lead to creating new
constructs that we use to guide a better interpretation of what young people are able
to do in a digital communication context (in the case of the Problem @ Web project,
finding the solution to a mathematical problem and its explanation within the scope
of an online mathematical competition). Our aim is to understand how the young-
sters find effective ways to achieve the solution of a problem and to communicate it
mathematically, based on the digital resources they have at their disposal in their
daily life, most cases in their home environment but also in school, including in the
mathematics classroom.

Chapter 5 develops around two fundamental ideas, namely, (1) that the percep-
tion of the affordances of a certain digital tool is essential to solving mathematical
problems with that particular technology and (2) that the activity thus undertaken
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stimulates different mathematising processes which, in turn, result in different con-
ceptual models. Looking thoroughly, from an interpretative perspective, at four
solutions to a particular geometry problem completed by youngsters who decided to
use the dynamic geometry software GeoGebra at some point in their solving activ-
ity, our main purpose is to illustrate the ways in which the same tool affords differ-
ent approaches to the problem in terms of the conceptual models developed by the
youngsters for studying and justifying the invariance of the area of a triangle. Their
different ways of dealing with the tool and with mathematical knowledge are inter-
preted as instances of youngsters with media engaged in a solving-with-GeoGebra
activity, enclosing a range of procedures brought forth by the symbioses between
the affordances of GeoGebra and the youngsters’ aptitudes. The evidence shows
that different youngsters solving the same problem with the same media and recog-
nising a relatively similar set of affordances of the tool produce different digital
solutions, but they also generate qualitatively different conceptual models for, in
this case, the invariance of the area of a geometric shape.

In Chap. 6 we describe and analyse a number of examples of 7th and 8th graders
presenting diverse ways of expressing their mathematical thinking in solving alge-
braic problems with a spreadsheet. Our research purposes are concerned with
youngsters’ approaches to situations where quantity variation is involved in finding
an unknown value under a set of conditions that frame a problem situation. The use
of the spreadsheet is thoroughly examined with the aim of highlighting the nature of
problem-solving and expressing in the digital tool context as compared to the for-
mal algebraic context; moreover, the ways in which students take advantage of the
tool (being guided by and also guiding the spreadsheet distinctive forms of organis-
ing and performing variation in columns and cells) are important indicators of their
algebraic thinking within the problem-solving activity.

Chapter 7 focuses on a motion problem that concerns the co-variation of dis-
placement and time in a relative motion situation. The decision to focus on a motion
problem has to do with the fact that a problem involving motion—while relating the
variables space, time and speed—requires some kind of understanding of the
dynamic nature of the problem situation and finding suitable models for their repre-
sentation. We therefore look at the problem-solving and expressing of the young-
sters when facing a motion problem, especially how most participants use some
form of digital medium to express their thinking.

The final chapter summarises the overall findings of the project and considers the
implications. Here we reveal how the youngsters that we studied had domain over a
set of general-use digital tools and while they were less aware of digital resources
with a stronger association with mathematics, they were able to gain many capabili-
ties by tackling the mathematical problems and seeking expeditious, appropriate
and productive ways of expressing their mathematical thinking. In particular, we
review how they were able to harness their technological skills while simultaneously
developing and improving their capacity to create and use a range of mathematical
representations.

In sum, we present in this book an in-depth study of youngsters’ mathematical
problem-solving strategies and approaches that they demonstrate as they tackle
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mathematical problems in their own time and with digital resources of their own
choice. Overall, our book provides the following:

* Numerous examples of moderately challenging mathematical problems.

* Many instances of student solutions, together with the students’ explanations of
how they achieved their solution; these student solutions are both a revelation
and a valuable resource showing what youngsters can do in their own time and
with their own choice of technology.

* A well-developed theoretical framing that integrates the use of technology into
mathematical problem-solving.

 Insightful analysis of the young participants and their teachers and families and
of the youngsters’ mathematical problem-solving; the latter involving the math-
ematics of invariance, variation and co-variation.

It is our hope that this book contributes to the continuous development of research
in mathematical problem-solving by unveiling the actual ways in which young stu-
dents engage with challenging mathematical problems with the digital technologi-
cal devices of their choice.

It is timely to acknowledge that the main ideas in this book are the outcome of
the joint work of the authors while members of the Problem @ Web project. Particular
contributions were developed by Hélia Jacinto and Sandra Nobre based on the
research they developed within their doctoral dissertations at the Institute of
Education of the University of Lisbon. The book could not be produced without the
support of the Fundacdo para a Ciéncia e Tecnologia that funded the Problem @ Web
project under the grant Nr PTDC/CPE-CED/101635/2008 and of the University of
Algarve and the Institute of Education of the University of Lisbon which hosted the
Problem @Web project. We would like to express our special thanks to Isa Martins,
Jaime Carvalho e Silva, Juan Rodriguez, Nuno Amaral, Rosa Tomds Ferreira and
Silvia Reis who were members of the project team for their contributions, commit-
ment and friendship throughout the project. We wish to thank all the teachers, the
parents and the participants in SUB12 and SUB 14 mathematical competitions who
always supported us and so significantly engaged in this project; plus we thank
those who took photographs during the competition finals and agreed for some of
these to appear in this book. We would also like to thank Melissa James, from
Springer, for her invaluable help and enthusiasm in pursuing this book; Dragana
Martinovic and Viktor Freiman, editors of the MEDE Series; and Gerry Stahl for his
insightful comments when reviewing the chapters of the book. We are honoured that
José Lagarto (Universidade Catélica Portuguesa, Portugal) provides the foreword
and that Ménica Villarreal (Universidad de Cérdoba, Argentina) the afterword.

Susana Carreira
Keith Jones
Nélia Amado
Hélia Jacinto
Sandra Nobre
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Chapter 1
Mathematical Problem-Solving

with Technology: An Overview
of the Problem @ Web Project

Abstract Today’s youngsters are growing up in an era of rapidly advancing digital
technologies. While young people in this generation are undoubtedly active users of
digital technologies, the issue of whether their digital competency levels are neces-
sarily well developed is a topic of debate. This chapter provides an introduction to,
and an overview of, the Problem@Web project, a project that grew out of our interest
in understanding how Portuguese youngsters participated in two online mathematical
problem-solving competitions. These online competitions have allowed youngsters
in any suitable place, and at any suitable time, to engage themselves in tackling
mathematical problems by utilising solving strategies with any digital tools that
they have available. During the project, we analysed numerous problem solutions
submitted throughout three editions of the competitions and interviewed a sample
of young participants, mathematics teachers and youngsters’ parents and relatives.
The chapter captures the contribution that the Problem@Web project makes to
understand youngsters’ mathematical problem-solving with technology.

Keywords Digital technologies ® Mathematical problem-solving ¢ Online mathe-
matics competitions ® Problem@ Web project

1.1 Introduction

We live in an era of deep changes mediated by digital technologies. In recent times,
there has been the launch of the smartphone and the tablet computer. Not so long
ago, these words would have been written using a typewriter—until the advent of
digital word processing which little by little began to enter into working lives and
routines and then into the home. Young people born more recently have not felt
these changes in the same way as their parents; today’s youngsters were born, and
are growing up, in the midst of a rapidly advancing technological environment.
Today’s youngsters did not witness the emergence of digital technologies; they were
born in the midst of them and with them. Digital technologies are part of life for
many of the generation that has variously been called digital natives (Prensky, 2001,
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2006), Generation M (Roberts & Foehr, 2005) or the Net Generation (Tapscott,
1998, 2009). What these terms imply is that young people across many parts of the
world are among the most active users of digital technologies.

Such an implication is confirmed by evidence from, for example, the 2013
International Computer and Information Literacy Study (ICILS) (Fraillon, Ainley,
Schulz, Friedman, & Gebhardt, 2014) which found that today’s youngsters make
“widespread and frequent use of digital technologies when outside school” (p. 251).
Grade 8 students (aged 13—14) in most of the ICILS participating countries typically
said that they had been using computers for 5 years or more and reported using digital
technologies for “study, communication, information exchange, and recreation”
(ibid, p. 164). Such findings accord with Tapscott’s (2009) claim that, at any one
time, today’s youngsters may be doing as many as five things simultaneously: texting
friends, downloading music, uploading videos, watching a movie on a small screen
and doing who-knows-what on social media. Such evidence might suggest that
today’s youngsters are active processors of information, accomplished computer
gaming strategists and proficient social communicators.

Yet while young people are undoubtedly active users of digital technologies, the
issue of whether their competency levels are necessarily well developed is being
queried (see, e.g. Bennett, Maton, & Kervin, 2008; Helsper & Eynon, 2010). As
Bennett et al., (2008, pp. 783-784) conclude, “The picture beginning to emerge
from research on young people’s relationships with technology is much more complex
than the digital native characterisation suggests” such that what is needed is “‘considered
and rigorous investigation that includes the perspectives of young people and their
teachers, and genuinely seeks to understand the situation”. This is what the
Problem@Web project sought to do by focusing on the case of the SUB12 and
SUB 14 mathematics competitions. These online competitions have allowed young-
sters in any suitable place, and at any suitable time, to engage themselves in tackling
mathematical problems by utilising solving strategies with any digital tools that
they have available.

In this book, our purpose is to provide a contribution to understanding the future
of education through analysing the way that the digital generation tackles mathe-
matical problems with the technologies of their choice at the time of their choice.
This particular chapter provides an introduction to research relating to youngsters’
mathematical problem-solving with technology, along with an overview of the
Problem@Web project—a project that grew out of our interest in understanding
how the youngsters of today tackle and solve moderately challenging mathematical
problems using the digital tools of their choice.

1.2 Young People with Technology

In recent years there have been numerous discussions around the usage of digital
technologies by today’s young people. Parents and educators have sometimes
expressed concern about the so-called digital natives’ incessant use of technology
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(e.g. see Byron, 2008; Davies & Eynon, 2012). Worries about the amount of time
that today’s youngsters spend using digital technologies to play or communicate
with friends are often voiced, and there is the concern that not only are young peo-
ple dependent on technologies, but relentless use of technology means that they are
socially inept and do not study, thereby causing conflict in families (Huisman,
Edwards, & Catapano, 2012). Simultaneously, a range of authors and reports (such
as Clark-Wilson, Oldknow, & Sutherland, 2011; Heiden, Fleischer, Richert, &
Jeschke, 2011; OECD, 2012; Taborda, 2010) provide a different perspective, recog-
nising that young people learn much through their everyday use of digital
technologies.

Across the 21 countries that took part in the 2013 ICILS (Fraillon et al., 2014),
the most extensive weekly use of software applications by Grade 8 students was
“creating or editing documents” (28 % of students at least once a week) (p. 132).
Use of most other applications was much less frequent, with “only 18 percent of the
students... using education software designed to help with school study” (p. 251).
Even so, Furlong and Davies (2012) found that many of the young people they stud-
ied had “access to a far wider range of digital resources to support their learning
when working at home than in school or college” with these digital resources
including “using their ICTs for organising, sharing and transporting their work
(using personal or shared desktop folders, memory sticks); using electronic recom-
mendation systems (e.g. Amazon, StumbleUpon); and publicly and commercially
available learning-support materials (BBC Bitsize, Sparknotes)” (p. 55). What is
more, Furlong and Davies found that if young people had “the necessary technical
expertise to access a range of different technologies and platforms”, and many of
them did, along with “networking and collaborative skills”, which again many of
them had, then they could access “a far wider array of resources and ways of learn-
ing than is often available in school” (p. 60). As such, today’s youngsters often
acquire various competences through out-of-school experiences, including from
extra school activities, free summer courses, when travelling with family or friends
or via the Internet (Carreira, 2009).

These various considerations have prompted efforts by school systems to address
the challenges raised by the increasing availability of various digital technologies.
As a result, over recent years many countries have been making efforts to equip
schools with new technologies (see Ranguelov, Horvath, Dalferth, & Noorani,
2011, for examples of this from across the European Union). Portugal, for instance,
joined this movement through the Lisbon Strategy (March 2000) and the Lisbon
Treaty (December 2007) which triggered a range of measures for technological
development never seen before. The Educational Technological Plan enacted in
Portugal enabled schools to be provided with cutting-edge equipment (desktop
computers, laptops, wireless connection and interactive whiteboards). It enabled all
schools in Portugal to have high-speed Internet connection, and it established a
teacher training plan to certify teachers’ technological competences.

This equipping of schools with computers and the Internet is paralleling the
growth of digital technologies in the home. All this is enabling youngsters to access
the world of online mathematics competitions such as SUB12 (for 10-12 years) and
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SUB 14 (13—14 years) described later in this chapter. These examples of mathematical
problem-solving competitions take place at a distance through the Internet in a way
that aims to attract the interest of today’s youngsters. To find a mathematical prob-
lem on the Internet, to tackle it using the digital technologies at hand and to send a
solution via the web (via online form or by e-mail) are some things that fit with the
ways of being and communicating of today’s young people. What is less clear is
how the youngsters find effective and productive ways of thinking about mathematical
problems and how they achieve a solution and communicate it using the digital
resources that they have at hand. That is what the Problem@Web project sought to
investigate.

1.3 Young People’s Mathematical Problem-Solving
with Technology

The work of Polya (1945, 1962) on mathematical problem-solving, taken to be the
finding of a solution to a mathematical problem for which the solution strategy is
not clear, inspired a very fruitful period of mathematics education research on the
topic. Nowadays, mathematical problem-solving is featured as a central idea in
defining the mathematics curriculum in many countries. Nevertheless, after this initial
flourishing, the amount of research studies on mathematical problem-solving faded
somewhat (English & Sriraman, 2010; Lester & Kehle, 2003; Lesh & Zawojewski,
2007). In this age of digital technology, there is a pressing need to renew the investiga-
tion of mathematical problem-solving. Being frequent users of new technologies and
with likely extensive gaming and social media experiences, the characteristics of
today’s young people change the premises on which research investigations take
place and require a new perspective.

At the same time, as is clear in recent initiatives promoted by the OECD (the
Organisation for Economic Co-operation and Development), the demands of today’s
society are more and more in tune with problem-solving. This is borne out by
problem-solving becoming an assessment domain in the OECD’s Programme for
International Student Assessment (PISA). For PISA 2012, for example, an assessment
framework for problem-solving was devised and additional assessment methods
implemented. What is more, the assessment of problem-solving for PISA 2012 was
computer based allowing the real-time capture of students’ capabilities, with student
interactivity with the problem becoming “a central feature of the assessment”
(OECD, 2013, p. 3).

The number of voices who are arguing for the use of computer technology in
problem-solving, in any context, is increasing (Kim & Hannafin, 2011). These
voices also turn to the distinct interaction that seems to exist between the problem-
solver and the tools that the problem-solver may be using. This is especially in
terms of the role of technologies as scaffolding resources, as expressed here:
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Problem solving involves situated, deliberate, learner-directed, and activity-oriented efforts
to seek divergent solutions to authentic, personally meaningful problems through multiple
interactions amongst problem solvers, tools, and related resources. (Kim & Hannafin, 2011,
p. 404)

It is the nature of these interactions that are addressed by our Problem@ Web
research project as we study students solving mathematical problems whether in
their home environment or in their classroom or other place where the computer is
present, accessible and seen as useful by the solver.

The online nature of the qualifying rounds of the SUB12 and SUB14 competi-
tions allows the possibility of reading each new proposed problem through the
window of the computer (see Fig. 1.1 for a screenshot of the SUB12 and SUB14
homepage). This “window” is the immediate access to each new challenge but can
also be the vehicle to start drawing a strategy of resolution, individually or with
friends through social networks or e-mail. This variety of options seems to appeal to
today’s young people. The participants know the “rules of the game” and, therefore,
know that to solve each problem correctly is not enough, but what is needed, above
all, is to find ways of expressing their reasoning and make visible their strategies to
the eyes of the organisers. In order to accomplish that, the participants know that
they can use any of the digital tools that they have at their disposal and that they
consider useful in their problem-solving. The requirement that the youngsters, in
their digital submissions to the competition, provide a narrative of their problem-
solving strategy, and of the path leading to their solution, reveals important forms of
their exploratory and explanatory discourse closely aligned with mathematical
thinking.

There is strong evidence that the use of digital technologies, mainly computers,
changes the nature of the problem-solving activity (Lee & Hollebrands, 2006;
Lopez-Real & Lee, 2006). One clear impact is that a mathematical question may no
longer be so much a “problem” if the solver has a relevant computer tool available.

Matematica 5 Estrelas

Departamento de Matemitics
Faculdade de Cléncias & Tecnologls
Eagho 10129013

SUBLZ | Sl | Qlimphadas | Contactos |
Ediglies anteriores: | 04/05 | 03/00 | 00/07 | Q2/08 | 08091 09410 | 10/11 | 10442

Fig. 1.1 The SUB12 and SUB14 homepage (edition 2012-2013)
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This indicates that there is still much to learn about the connection between the use
of technologies and the process of solving mathematical problems. Two research
topics are the types of problem-solving approaches that might be possible through
the use of digital technologies (such as visualisation, experimentation and simula-
tion) and the different types of mathematical representations available and afforded
by technologies that can be used to express and carry out mathematical thinking.
The fact that young people familiar with digital technologies can learn and do math-
ematics in quite different ways from earlier generations reinforces the importance of
studies into how today’s youngsters tackle and solve mathematical problems. This
is especially the case in out-of-school contexts in which the youngsters have the
freedom to choose to use any digital technology that they have at hand.

Building on significant studies about mathematical problem-solving that were
conducted during the twentieth century, research on mathematical problem-solving
needs to find new ways to understand the nature of humans’ approaches to mathe-
matisable situations—especially as digital technologies are changing the
approaches that youngsters are using to solve and communicate mathematically
(Martinovic, Freiman, & Karadag, 2013). This entails acknowledging the exis-
tence of a new generation of learners —youngsters who are developing, mostly out
of school, a set of competences that might help to underpin the skills and the
sophistication required to learn beyond the school boundary. In the specific context
of digital mathematical competitions (such as SUB12 and SUB14 described
below), participants can communicate their reasoning about the mathematical
problems in a creative way and can utilise any type of technological tool that they
have at hand. This can add competences that, at times, school may neglect or over-
look (Jacinto, Amado, & Carreira, 2009).

As Santos-Trigo (2004) argues, the use of technology can offer students an
important window to observe and examine connections and relationships that
become relevant during the process of solving a mathematical problem. The use of
different tools, such as a spreadsheet or dynamic geometry software, offers young-
sters the possibility of examining situations from perspectives that involve the use
of various concepts and resources. Digital technologies also offer, as Jones, Geraniou
and Tiropanis (2013) show, more possibilities for communication and collaboration
during mathematical problem-solving.

1.4 The Research Focus

Informed by the overview of research relating to youngsters’ mathematical
problem-solving with technology, we now turn to providing an outline of the
Problem@Web project including its rationale, aims and methods. The project grew
out of our interest in understanding how youngsters participating in the SUB12 and
SUB14 mathematics competitions tackle and solve what we term problems with
“moderate” challenge (for two examples of such problems, see Figs. 1.2 and 1.3)
and how they communicate their solutions—all mediated by the digital tools of
their choice. An important aspect of these problems is that typically they are open
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L A
How many rectangles can you build inside the polygon given in the figure by joining verti-
ces?
Do not forget to explain your problem solving process!

Fig. 1.2 Problem #3 of SUB12 (edition 2012-2013)

Four consecutive even numbers were distributed on the vertices of a tetrahedron. Each face
of the tetrahedron was assigned the sum of the three numbers on its vertices. Then the
numbers assigned to the faces of the tetrahedron were added and the total was 132. What
were the numbers that were placed at the vertices of the tetrahedron?

Do not forget to explain your problem solving process!

Fig. 1.3 Problem #3 of SUB14 (edition 2010-2011)

to several alternative conceptual models serving as scaffolds for their resolution.
At the same time, the multiple affordances of various digital tools are crucial to
supporting thinking in terms of the different models that can lead to the solution,
including models that young people would not likely produce without those tools.
These affordances include imagery, pictorial and diagrammatic approaches sup-
ported by drawing and editing tools; tabular, numerical and relational algebraic
thinking based on the spreadsheet tools; as well as measuring, constructing and
manipulating geometrical figures with dynamic geometry software.

From the start of the competitions in 2005, we were surprised with solutions
submitted by the young participants that showed a wealth of ways to represent
and express mathematical reasoning. As educators we were motivated by the
emergence of new ways of mathematical thinking and problem-solving by
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youngsters who engage in mathematical thinking via the computer. The solutions
to the problems that we received over the years are a huge and varied database
composed of images, textual written compositions, drawings, diagrams, tables,
graphs, Excel, GSP or GeoGebra files that inspired us to try to understand and
interpret the vastness of alternative models to approach a mathematical problem
stemming from the interconnection of mathematical reasoning and digital flu-
ency that was being revealed.

Our research project, Mathematical Problem Solving: Perspectives on An
Interactive Web-Based Competition, which we call Problem@Web, had three main
research foci:

(a) Strategies for solving mathematical problems, modes of representation and
expression of mathematical thinking and the use of digital technologies in
problem-solving

(b) Attitudes and emotions related to mathematics and mathematical problem-
solving, both in school and beyond-school activities, considering students, par-
ents and teachers

(c) Creativity expressed in mathematical problem-solving and its relation to the use
of digital technologies

In this chapter, as with this whole book, we focus on the first of these; the think-
ing and strategies for tackling and solving mathematical problems, the modes of
representation and expression of mathematical thinking of young participants and
the uses they made of digital technologies in mathematical problem-solving.

1.5 The SUB12 and SUB14 Mathematics Competitions

The mathematical problem-solving competitions SUB12 and SUB14 are regional
online competitions, covering the southern region of Portugal, that have been running
annually since 2005. Organised by the Mathematics Department of the Faculty of
Sciences and Technology of the University of Algarve, SUB12 aims at 5th and 6th
graders (10-12-year-olds), while SUB14 addresses students in 7th and 8th grade
(12—14-year-olds).

The two web-based competitions are presented on a single website (http://fctec.
ualg.pt/matematica/Sestrelas/), have similar rules and run in parallel on a yearly
basis. Each competition entails two distinct phases: the Qualifying and the Final.
The Qualifying phase progresses entirely online (using the competition website and
through digital remote communication) by proposing a series of ten mathematical
problems, one posted online each fortnight, while the Final is a half-day on-site
contest held at the campus of the University of Algarve.

During the Qualifying phase, youngsters may choose to participate individually
or in small teams of two or three. They send their answers to the problems by e-mail
or through the electronic message editor available on the website; in either case,
they can propose their solutions and attach any kind of files they wish. Our experi-
ence has been that many of the submitted answers are contained in files in Word,
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Twelve colleagues agreed to have lunch together in a restaurant that was close to their of-
fice. Eight of the colleagues ordered the soup. Six of the colleagues ordered the mini beef.
Four of the colleagues ordered the salad. All of them asked for some dish but none of them
ordered exactly two dishes. How many colleagues asked for three dishes?

Do not forget to explain your problem solving process!

Fig. 1.4 Problem #7 of SUB14 (edition 2011-2012)

Resposta_SUB12 %

SUBL2 Campeonato 17-00-2003 Agdesw
Para L

oS Liat
Retubarmos 3 ud reiposta 30 problema | que w3t INCOMPLETA porgque falts expiicares de forma mas completa 0 processo de resohuco. Explica como
chegaste ao resultado.
a tua resposta
O teu nimera de camisela é: 18
N30 be wiguegas de ditar SEMPRE o bvu nimero de camiscla,
A tabela de resuados do problema segd afixada ra pigna do campecnato.
Cont; an ¢,

Sub 12 / S .-
~—
~—

r i
1 Hi Lial !
I We received your solution to problem 1. It is INCOMPLETE because you need to explain in |
1 more detail your problem solving process. Please explain how you achieved the solution. i
i We look forward to your new answer! !
! Your shirt number is: 18. i
i Don’t forget ALWAYS to mention your shirt number. i
! The league table will be posted at the competition webpage. !
i We’re counting on your participation in the competition. i
L Sub 12 !

Fig. 1.5 Reply to a participant to their first submitted answer showing the assignment of a “shirt
number”

Excel, Paint and GeoGebra or together with other means such as digital photos or
scans of hand-written work.

Each problem proposed to participants in the Qualifying phase is displayed on
the webpage and can be downloaded as a PDF file. As shown by the example prob-
lems in Figs 1.2, 1.3 and 1.4, every problem statement ends with the prompt “Do not
forget to explain your problem-solving process!” as the request to include an expla-
nation of each participant’s thinking about the problem is a key rule of the competi-
tion. Students’ answers that are submitted by e-mail or via the competition website
are received in e-mail accounts specifically devoted to that purpose.

All messages sent by the participants receive a reply from the organisation of the
competitions within 1 or 2 days. Figure 1.5 illustrates how the organisation acknowl-
edges the submission of a solution to the first problem and welcomes the participant
with an individual “shirt number” (like a player in a sports team, as per the competition
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logo in Fig. 1.1). The “shirt number” identifies the participant throughout the online
Qualifying phase until the moment of the on-site Final.

The organising team, composed of senior mathematics teachers, continues to
exchange e-mails with all the participants throughout the competition, offering for-
mative and encouraging feedback, suggesting revisions when needed and offering
hints to help in overcoming obstacles or just praising good answers and cheering the
progress made. The feedback is matched to each case and to each solution, follow-
ing the competition principles of being inclusive, constructive and motivating.
Figures 1.5, 1.6 and 1.7 provide some examples of feedback sent to some partici-
pants in different situations and moments. The participants can also see the “league
table” published on the website after each completed round. The table shows the
records of correct, wrong, incomplete or absent answers to the problems posed
since the beginning of the competition.

During each qualifying stage, students are allowed to submit revised solutions as
many times as needed within the respective deadline, as the e-mail message in
Fig. 1.8 reveals about a youngster who initially had trouble in solving one of the
problems proposed by SUB 14 involving relationships between sets. As students get
regular feedback, they are prompted to present their ways of thinking about the
problem in their own words and by whatever means they choose, or else to elaborate

Resposta_SUB14

- e E === ]

E i ampeenr 0.4 i Well done David! i
) 1 Your solution to problem 9 is totally right! !

Multe bem, David i Would you still be able to solve problem 10? i
ot S * We will be waiting... i
Ficamos b espera... i Hope to hear from you soon, H
Até brave, 3 SUB14 i

Subld 1

Fig. 1.6 Feedback to a participant with one well-explained solution and one still to do

whld campeonato 0304201
Par Vany (5P3M w

Ol Vanyl

Recebemos atua resolageo do problema 6, que vamos considerar correts,

Paodiaster justFicado um pouco mehor & tua estrategia... fica atento bs resolugies que vames publicand na phging do Subld pasa ficares a
conhecer £gi justificam o3 locinios.

Contames contigo na préwima jomadal Cada vermalsperto da Final..
Até breve, S~
wate -~
u! & -~
~~s
~~

Hi Vasyl! i
We received your solution to problem 6, which we are accepting as correct. i
However you could have justified a little better your strategy... take a look at the solutions we !
have been publishing at the competition webpage so that you can see the strategies of other |
contestants and also get an idea of how they explain their reasoning. i
We’re counting on you in the next round. Closer and closer to the Final... H
Hope to hear from you soon, i
SUB14 !

Fig. 1.7 Feedback to a participant with a satisfactory solution and a recommendation to improve
the explanation given
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Resposta_SUB14

m b4 eampeanats 1753

Ol Maran,

Recabemes atua resolagio do problema 10, mans vals ter que penia maisum poucs.

AQUI VA UMADICA 0O SUBL4:
Comegar por organizar o8 diclon & uma entelente ek, sipecialment s sm probiemas deste tioa |

Mas encontrimos uma gratha loge no inido, que depols tem cossequincias no resto do tew radocinio..

om Malnese: Maknesesmastards § Maios tehup / Malonetesmont sdasketchup

2arda. 0 teu cdiculo parmite te descateir o amburgers que thm Makonesesketchun &

Hi Mariana,

We received your answer to problem 10 but you’ll have to think a little more.

HERE IS A HINT FROM THE SUB14

Starting by organizing the data is an excellent idea, especially in this kind of problem!

We found a flaw at the very beginning that has consequences in your subsequent reasoning.
Notice that you can have three different combinations with Mayonnaise: Mayonnaise + mustard
/ Mayonnaise + ketchup / Mayonnaise + mustard + ketchup.

Being 17 the number of burgers with Mayonnaise + mustard, your calculation allows you to find
the number of burgers with Mayonnaise + ketchup and with Mayonnaise + mustard + ketchup!
There is a strategy that helps to solve these problems: a Venn diagram. Do you know it?
(http://pt.wikipedia.org/wiki/Diagrama_de_Venn)

We look forward to your corrected answer.

Hope to hear from you soon,

SUB14

Fig. 1.8 Feedback to a participant with an unsatisfactory solution and some clues to help in solv-
ing the problem

more on their solutions. The absence of a convincing and clear explanation of the
solution achieved means an incomplete or faulty answer to the problem.

The number of students participating in the two competitions has grown over the
years, and recently, it has reached almost 2000 children in SUB12 and 800 in
SUB14. As the Qualifying phase progresses, it is usual to notice a fall in the number
of persisting competitors, mostly caused by attrition. This is more pronounced
around the middle of the competition. Usually, about 10—15 % of the initial number
of participants reaches the Final phase.

The Final is a half-day on-site contest held at the campus of the University of
Algarve where the finalists, their families and teachers are welcomed. At the Final,
the young competitors are each given a set of five problems to be solved in 2 h
(Fig. 1.9a, b). In the meantime, parents, teachers and other accompanying guests
attend a workshop, a seminar or other forms of interactive activities related to math-
ematics and mathematical problem-solving. The Final culminates with the award
ceremonies for the three winners of each of the two competitions (Fig. 1.10a, b).

Throughout the history of this competition, a number of distinctive characteris-
tics have stood out: (1) it proposes non-routine mathematical problems, usually
allowing several ways to be solved (see two more examples in Figs. 1.11 and 1.12);



12 1 Mathematical Problem-Solving with Technology...

Fig. 1.10 Photos of the final ((a) the awarding ceremony; (b) the first prize awarding)

(2) problems are not intended to fit any particular school curricular topic; (3) the
main trend is on moderate mathematical challenges; (4) the competition explicitly
requires participants to disclose the process of finding the solution; (5) it is close to
teachers and families in the sense that it encourages their support of the young par-
ticipants (see Fig. 1.13); (6) opportunities for reformulating and resubmitting
answers are offered to all participants; (7) all types of media used to find and develop
solutions are welcome (see Fig. 1.14); (8) communication and interaction are car-
ried out through digital web-based and e-mail infrastructures; (9) interesting and
diverse proposed solutions are published on the competition website; and (10) the
competitive component is concentrated within the Final phase of the competition
rather than throughout.

Up to this point, we have displayed a few of the many problems posed in the two
competitions, always different from edition to edition. Throughout the book, we
return to some of them and bring in several more, but what interests us, above all, is
to discuss and dissect a variety of solutions produced by young participants that
reveal their ingenious ways of solving the problems and conveying their mathemati-
cal reasoning through the digital tools they choose to use. The example in Fig. 1.14
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Two identical coffee pots are full of latte (coffee with milk). In the blue coffee pot, 3/5 of
the /atte is milk and the rest is coffee. In the brown coffee pot, 3/4 of the latte is milk and
the rest is coffee. From the blue coffee pot, half of the latte was consumed. Then this coffee
pot was refilled using the /atte that was in the brown coffee pot. After that, what percentage
of coffee was in the latte in the blue coffee pot?

Do not forget to explain your problem solving process!

Fig. 1.11 Problem #6 of SUB12 (edition 2012-2013)

N

Mr. Boniface has a tank in his garden that needs to be filled regularly and he may use two
taps with different flow rates. One of the taps fills the tank in 6 hours and the other tap fills
the same tank in 3 hours. Early in the morning, Mr. Boniface saw that the tank was empty
and opened the first tap (which pours less). When the tank was half of its capacity he also
decided to open the second tap (which pours more). How long did it take to fill the tank,
since he opened the first tap?

Do not forget to explain your problem solving process!

Fig. 1.12 Problem #3 of SUB14 (edition 2011-2012)

O Campeonato de
Resolugdo de Problemas Apoio aos atletas
5UB14 é para alunes do 7° et

e B° ano de escolaridode, Durante a fase de apuramento, os participantes
do Algarve e do Alentejo.

During the Qualifying phase, partic-
ipants may seek the help of family,
friends, teachers, and also of the Or-
ganization of SUB14.

Fig. 1.13 A snapshot of the competition website, showing an informative post about help
seeking
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To solve this problem, I made a representation of the content of each coffee pot.
Then I added half of the content of the blue coffee pot to half of the content of
the brown coffee pot and I looked at the result.

Resposta: 7 emmmmmmmm e
Para resolver este problema, fiz a representagdo do que ha em cada cafeteira.

Depois juntei metade da cafeteira azul com metade da cafeteira castanha e fui ver o resultado.

St

Cafeteira Azul Cafeteira Castanha Mistura

O]
oo

TJOTOT[ S [T
O [E [ [~ |
LSaI=
LSEI=
LA
L=a s

After filling
up the blue
coffee pot, 1
_.--" checked the
Depois de voltar a encher a cafeteira azul, fui verificar o conteddodecafé <<___ amount  of
coffee in it.

(2/5x1/2)+(1/4x1/2)=2/10+1/8=1/5+1/8=13/40

Passou a haver 13/40 de café e 27/40 de leite, —~====--- 1 13/40 of coffee and 27/40 of milk

13/40=32,5/100=32,5% k
Depois de voltar a encher a cafeteira azul, a percentagem de café passou a ser 32,5%

After refilling the blue coffee pot, the percentage of coffee was 32,5%.

Fig. 1.14 A creative solution in a Word file to the problem of the coffee pots (Problem #6 of
SUBI2, edition 2012-2013)

illustrates that an interesting solution can be produced with common digital tools
(see the “coffee pots” problem in Fig. 1.11). The solution consisted of a Word file
used to create a schematic representation of the content of each pot, based on two
tables and on colours that represent the coffee and the milk and on a third table that
draws on the previous ones to illustrate the ratio of coffee and milk after the
mixing.
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1.6 Methodological Issues

One of the primary goals of the Problem@Web project was to understand how
today’s young people solve moderately challenging mathematical problems using
the technology of their choice. Given the context of the SUB12 and SUB 14 compe-
titions, and our overall research objectives, we chose to conduct the major part of
our research using a qualitative methodology. In terms of our qualitative data
sources, we interviewed many young participants, as well as some former partici-
pants, several mathematics teachers who followed the competitions and also young-
sters’ parents and relatives; we collected all the e-mails and answers submitted
throughout three editions of the competitions, and other informative data was
obtained through observation, photos and videos, namely, during the Finals.

To complement the qualitative methodology, we found it important to accom-
pany our qualitative data with some quantitative and statistical data aimed at provid-
ing a multi-dimensional characterisation of the people involved in our study: the
youngsters who are participating in the competitions and their preferences, experi-
ences and views on technologies and problem-solving. We therefore carried out a
survey, after the 2011-2012 edition of the competitions, by supplying an online
questionnaire at the end of the school year to all students of 5th to 8th grade from
the Algarve region of southern Portugal, for which the project was assisted by the
Algarve Regional Department of Education. The response rate of the respondents
who participated in the competitions on the 2011-2012 edition was close to 20 %,
corresponding to a total of n=350 individuals.

The questionnaire was composed of 25 closed questions, divided into four sec-
tions: the youngsters’ relationship with technologies, their relationship with math-
ematics, their relationship with problem-solving and a final section only for those
involved in the competitions on their views on participating in SUB12 or SUB14.
These quantitative data were processed through various statistical methods from
descriptive statistics to multivariate statistical analysis. The analysis of these data
allowed the generation of interesting results when combined and coordinated with
the qualitative data, in particular from the interviews and observations we con-
ducted. We also expected that these data would provide useful information to help
the characterisation of the youngsters involved in the competitions, in terms of the
experience they had with a number of home digital tools that are today widely avail-
able and disseminated.

As qualitative research is necessarily concerned with understanding symbolic
material, it requires some degree of interpretation (Delamont, 2012). Qualitative
content analysis (Mayring, 2004; Schreier, 2012) is particularly appropriate when
dealing with rich and authentic empirical data that can be addressed by selecting
theoretical concepts and theory-driven analytical tools against which the reading
and interpretation of the material is produced. In adopting this method, we do not
change the materials selected but we understand them in the context where they
originated and search for the meaning they bring to the questions and problems
under study. So it is important to note that the context in which this research takes



16 1 Mathematical Problem-Solving with Technology...

place cannot be ignored; on the contrary, in qualitative research, the data collected
cannot be independent of the context of research.

It is precisely the context in which these competitions develop, with their own
and distinctive features, that makes them meaningful as a research context and the
empirical data rich as information sources. Thus, we consider that this research
takes on a naturalistic design in that it analyses a phenomenon in a particular context
that is significant from the point of view of purpose, function, institutional framing,
social and educational setting, etc., in which, as researchers, we choose not to inter-
fere regardless of our proximity to the competition environment (Schreier, 2012).

Even so, we know from accounts from the teachers of youngsters participating in
the SUB12 and SUB 14 competitions that the mathematical problems published on
the website were widely used in schools, both in mathematics classes and in other
school contexts such as libraries, mathematics after-school clubs or supervised
study classes. The recognition by teachers of the importance of the resource pro-
vided by the competition website was particularly important for the research team
as this provided the opportunity to extend our research to the school context.

Thus, it was possible to complement the information gathered in the online and
beyond-school competitions, with information from classrooms, thereby allowing
us to develop a more rounded understanding of the phenomenon of youngsters solv-
ing non-routine mathematical problems with technology in the school context. This
meant, for example, that we could obtain data from an 8th grade class (of 13—14-year-
olds) where students spent a number of lessons tackling various problems given in
SUB14. Here the research took more of the form of a teaching experiment (Steffe &
Thompson, 2000). The knowledge gained through the data collected in the class-
room was particularly important for our project because we were not able to observe
youngsters within the online phase of the competition. As such, data collection in
the school setting provided important information to help us understand how young-
sters think and act on these problems in school where the use of digital tools was
available to them.

As each edition of the qualifying phase involved ten problems on various math-
ematical topics (such as geometry, algebra and number, combinatorial and logical
reasoning), the number of digital documents collected over the years, including
e-mails and attached files, became increasingly large. To select the data to be anal-
ysed, it was necessary to establish some criteria. One of these was the possibility of
comparing students’ productions in the competition with their efforts in the school
context.

To develop our data analysis, we chose problems from different mathematical
topics. These can be considered, in a sense, as a trilogy, as they address the major
concepts of invariance, quantity variation and co-variation. This choice allowed us
to give a very broad idea of the wealth of possibilities that technology use can pro-
vide in problem-solving and in problem-driven conceptual development.

The process of analysing these data was a process of constructing meaning for
the youngsters’ productions gathered in various forms such as images produced in
PowerPoint or Word files, or constructions in GeoGebra, or tables and formulas in
Excel. This was a complex process that usually involved a sequence of stages.
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The encoding of the data is extremely important in qualitative content analysis,
where coding is usually considered as a conceptual device. Some encoding tech-
niques involve integrating data-driven codes with theory-driven ones (Fereday &
Muir-Cochrane, 2006). Conducting a data-driven encoding entails a form of pattern
recognition within the data, where emerging themes become the categories for anal-
ysis. In contrast, theory-driven coding is based on a preliminary set of categories
developed a priori, based on the research question and the theoretical framework. In
our research we followed this combined approach at various times. For example,
looking for patterns and themes from a set of solutions to a problem involving
quantity variation led to ways of ranking different spreadsheet-based solutions
revealed in those solutions; in addition, we used theoretical concepts, like the idea
of co-action between the solver and the tool, to complement the first encoding and
generate evidence of the relationship between the resolution of the problem and the
use of Excel, thus reaching a second level of interpretive understanding (Fereday &
Muir-Cochrane, 2006). Schreier (2012) considers that encoding is a device that
helps us think through our concepts by reference to our data, and as such, the pro-
cess creates a trail of evidence that legitimates and corroborates the codes. In this
way, conceptual coding involves creating links between data and concepts, between
concepts and between data. This is how, by looking at our data from new and differ-
ent angles, we discovered new aspects and new ways to question and discuss the
data. It is through this process that we have sought to generate analytical theory and
extend pre-existing theory from our data.

1.7 Concluding Comments

In this chapter we have provided an introduction to research relating to youngsters’
mathematical problem-solving with technology, together with an overview of the
Problem@Web project including its rationale, aims and methods. The research
project has its origin in the steady-growing evidence from earlier editions of the
competitions that the SUB12 and SUB 14 problem-solving competitions are unique
and highly valuable contexts in which to conduct studies on the ways students use,
as they decide, the digital resources they have at their disposal to solve moderately
challenging problems with their own strategies and mathematical representations.

So far, research has not been able to say in detail exactly what difference the use
of technology can make in effective learning. There are results suggesting that it is
how the technology is used that is more important than what technology is used. In
taking forwards the research, Higgins, Xiao and Katsipataki (2012) consider that it
is vital to understand better what makes a particular use of technology really deci-
sive for the success of learning, arguing that it is important to look closely at prom-
ising uses of technology by youngsters:

We need to know more about where and how it [the technology] is used to greatest effect,
then investigate to see if this information can be used to help improve learning in other
contexts. We do not know if it is the use of technology that is making the difference.
(Higgins et al., 2012, p. 3)
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Importantly, we must not forget that the use of technology in learning, particularly
mathematics, is no longer confined to school, and this means that we also need to
learn more about how today’s youth develops technological skills and problem-
solving skills in unexpected and often unknown ways outside school. In our project
we embraced this goal: to scrutinise and analyse numerous solutions to mathemati-
cal problems solved with the mediation of some digital tool, in looking at the strate-
gies, forms of expression and capability to take advantage of such tools that many
youngsters are demonstrating.

It is not about terms such as digital natives or equivalents; such labels correspond
to a generic, imperfect and possibly sketchy idea of the new generation. What really
matters is to see how the experience of today’s youngsters might illuminate our
knowledge of the productive relationship they can establish between digital tech-
nologies (that are certainly appealing to many of them) and their successful mathe-
matical problem-solving. In agreeing that “just because young people have grown
up with technology it does not mean they are experts in its use for their own learn-
ing” (Higgins et al., 2012, p. 20), we think it is important to find ways to unveil
youngsters’ powerful conceptual models and effective ways of expressing mathe-
matical thinking on non-routine problems through the use of commonly available
digital tools.

The mathematical competitions SUB12 and SUB 14 are not only an online prob-
lem-solving environment and are not just about digital technologies. We have
described the competitions by a set of particular characteristics that are in line with
supportive and inclusive learning environments. Communication with the competi-
tors is conducted remotely yet aims at being supportive, helpful and encouraging.
The mathematical problems posed during the competitions are, in any case, a chal-
lenge to young people who are willing to experiment and make use of commonly
used digital tools, such as Excel, or GeoGebra, or Word, or Paint.

The next chapter gives a first idea of who these young people involved in the
competitions are (whether fans or not of digital technologies), what they claim to
know about the use of digital tools and what they say about their use in mathemati-
cal problem-solving in this beyond-school context. This is one component of what
we offer in this book of a “considered and rigorous investigation that includes the
perspectives of young people and their teachers, and genuinely seeks to understand
the situation” (Bennett et al., 2008, p. 784).
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Chapter 2

Youngsters Solving Mathematical Problems
with Technology: Their Experiences

and Productions

Abstract Over several years of the SUB12 and SUB14 online mathematical
competitions, we became aware of the technological fluency of many of the young
participants. We draw on quantitative data from a survey that was administered
online by inviting all participants to respond. The data show how the participants
describe themselves in terms of their experience with several digital tools. We have
found that they feel comfortable with the use of text and presentation editors and
know how to use several tools for writing, creating tables and constructing diagrams
and visual representations. In contrast, they seem to be less capable with spread-
sheets (especially as a mathematical tool) and dynamic geometry software. Some
participants preferred to submit copies of their hand-written answers to the problems
as scanned images or digital photos. In reporting the results of our survey, we present
a selection of solutions covering a palette of examples that help to exemplify the
skills and fluency of the competition participants. They unveil a particular trait of
this mathematical problem-solving activity since these digital solutions bring
together problem-solving and the expressing of mathematical thinking.

Keywords Digital technologies ¢ Mathematical texts e Mathematical tables
* Mathematical images and diagrams ® Spreadsheets ® Dynamic geometry software
* Technological fluency

2.1 Introduction

Our experience in the Problem@Web project has been that throughout the various
rounds of the web-based mathematical competitions SUB12 and SUB 14, the young
participants revealed their digital fluency in the use of home digital technologies to
solve the problems that were posed during the online phase. Many of the solutions
submitted by the participants showed use not only of general tools such as text editors,
spreadsheets, presentation editors, image processing tools, file converters, scanning
hardware, digital cameras, smartphones and online repositories, but also specialised
tools such as dynamic geometry software and programming languages.
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We became aware that while this technological fluency was clearly applicable
across various uses, it had some important differences within the universe of the
young participants. This led us to investigate the following question: who are these
youngsters that are engaging in these online mathematical competitions?

In this chapter, we provide a picture of those youngsters who participated in the
SUB12 and SUB 14 mathematical competitions during the lifetime of the Problem@
Web project. This picture is constructed from an analysis of data collected through
an online survey of the participants, interviews with some of the youngsters, solutions
submitted during the competitions and e-mail messages exchanged between the
youngsters and the organisation. The questionnaire consisted of two parts, the first
of which was given to all school children in grades 5-8 in the Algarve, whether or
not they were participating in the competitions. In this first part, general descriptive
data were gathered: gender, age, school and grade and attainment level in mathe-
matics. Following this there were questions about the youngsters’ relationships with
technology, both at home and at school, and with mathematics and mathematical
problem-solving. The second part of the questionnaire was completed only by
youngsters who had participated in at least one of the competitions; it focused on
their participation. Most questions in this second part were Likert-type questions
answered on a scale with four or five levels. The number of respondents was n =350,
corresponding to a return rate of around 20 % (see Chap. 1, Sect. 1.6 for more
details of the questionnaire methodology). We performed a descriptive statistical
analysis in order to obtain a general characterisation of the sample in terms of their
familiarity with technology use. We supplement this statistical analysis with an
analysis of a sample of submitted solutions to problems in order to illustrate the
youngsters’ ways of using various digital tools.

To begin their participation in the competitions, youngsters only have to send their
solution to Problem #1, indicating their full name, grade and class and the name of
the school and its location. No subscription is necessary to become enrolled in the
competition and continue to send the solutions to the problems. To submit an answer
to a problem, the participants can choose to use an online form provided at the
competition webpage or they can use their personal e-mail as long as they include all
the requested identification data. The online form available at the competition webpage
(Fig. 2.1) provides a simple text editor for the inclusion of the solution to the problem
and allows the attaching of files. Participation may be individual or in groups of two
or three youngsters, preferably of the same grade and class.

2.2 The Participants in the Mathematical Competitions
SUB12 and SUB14

The web-based mathematical competitions SUB12 and SUB 14 are primarily aimed
at youngsters in Portugal and specifically from the south region of the country, com-
prising the Algarve and the Alentejo. Having been run annually since 2005, the
number of youngsters participating in the two competitions grew over the years.


http://dx.doi.org/10.1007/978-3-319-24910-0_1
http://dx.doi.org/10.1007/978-3-319-24910-0_1#Sec6

2.2 The Participants in the Mathematical Competitions SUB12 and SUB14 23

Fig. 2.1 Image of the online form available at the competition webpage for submitting a solution

By 2013 it reached about 2000 participants per year in SUB12 and 800 per year in
SUB14, roughly 60 % from the Algarve and 40 % from the Alentejo. The contrast
between SUB12 and SUB14 could be due to several factors, possibly the result of
an increase in the number of school subjects in the transition from Grades 5-6 (the
2nd cycle of basic education in Portugal) to Grades 7-9 (the 3rd cycle). More school
subjects involve more study and naturally less time to participate in extracurricular
activities. The e-mail database from the competitions shows that the participants
sometimes themselves justified a delay in sending their answers to the competitions
due to school assessment tests. Another reason for the differing participation could
be that youngsters are finding new interests and new activities as they grow older.

Relevant statistics for Portugal (PORDATA, October 2013) show that over the
past decade, the number of Portuguese male youngsters aged 10-14 was slightly
higher than the number of Portuguese female youngsters of the same age, with the
respective percentages in 2012 being 52 % boys and 48 % girls. Our data about the
participants in SUB12 and SUB14 show a slightly different demography: nearly
55 % of the respondents were girls and about 45 % were boys (Fig. 2.2). Throughout
the various editions of both competitions, the number of girls was always higher
than the number of boys.

The ages of our survey respondents ranged between 10 and 15 years old (Fig. 2.3).
This might be anticipated given that SUB12 aims at S5th and 6th graders (10-12-year-
olds), while SUB 14 addresses students in 7th and 8th grade (12—14-year-olds). This
data is consistent with the fact that the youngsters begin participating in Grade 5 at
about 10 years of age.

The 11-year-olds seemed to be the most enthusiastic for these competitions. As
Fig. 2.3 shows, about 33 % of respondents were aged 11 and were attending 5th or
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Fig. 2.2 Gender Gender
distribution of the (n=350)
respondents to the SUB12

and SUB14 survey

Male Female

Age
(n=350)

10years 11years 12years 13 years 14years 15years

Fig. 2.3 Age distribution of the respondents to the SUB12 and SUB14 survey

6th grade. They may be participating for the first or second time. Beyond the age of
12 years, there is a decrease in the number of respondents. The percentage of
respondents decreases as the school grade increases (Fig. 2.4). Youngsters attending
the 5th grade were the most represented. The reasons for this enthusiasm may be
varied; using the computer and the Internet is likely to be one of the aspects that
motivated the younger children, as some participants mentioned when interviewed.
For example, Rui, a young boy who participated in the competitions over a 4-year
period, two in SUB12 and two in SUB 14, stated in an interview:

Rui: It was something different, that of being over the Internet. I enjoyed using the computer.

It is also interesting to consider the school mathematics attainment of youngsters
who participate in these competitions. The inclusive character of the SUB12 and
SUB14 competitions, with freedom on how to obtain solutions and express them,
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Fig. 2.4 School grade School Grade
distribution of the (n=350)
respondents to the survey
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Fig. 2.5 Mathematics Attainment level in mathematics
attainment of the (n=350)
respondents to the survey 35.4%
470
30,3%
25,4%
6%
2,3%
) . ) 1
4 5

the constructive feedback and the extended time that each participant has to solve
the problems including correcting any faults, may be some of the aspects that con-
tribute to their wide scope of interest. As is evident in Fig. 2.5, the competitions do
not just attract the most talented and the most successful youngsters in school math-
ematics. On a scale of attainment from 1 to 5 (with 5 being the highest), there was a
considerable proportion of youngsters who may be considered as average or low
attaining in mathematics (around 34 % were at level 3 or lower).

Thus, we have a first overall sense of who these youngsters, interested in partici-
pating in moderately challenging mathematical problem-solving competitions tak-
ing place in an online environment, appear to be. They are just about evenly
distributed by gender, although with a small prevalence of female participants. The
contestants who seem to more enthusiastically adhere to the competitions are
attending 5th and 6th grades, therefore being engaged in SUB12 and being also the
youngest ones. In addition, it seems plausible that this kind of environment which
encourages the use of the computer and the Internet is motivating for the youngest
ones, who may see in it an opportunity to get in touch with digital technologies.
Finally, we may say that the youngsters involved in these competitions, whether or
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not they complete the entire Qualifying phase and get selected for the Final, are
heterogeneous in terms of their school mathematics attainment, which tells us that
these beyond-school projects meet a diversity of youngsters in regard to their math-
ematical abilities.

In what follows, we delve more deeply into the youngsters’ capabilities and
skills with regard to their use of digital technologies, acknowledging their different
preferences on solving mathematical problems with technologies.

2.3 The Participants and the Use of Digital Technologies

Participation in the mathematics competitions SUB12 and SUB 14 requires the use
of a computer with Internet connection to access the website. The existence of these
technological resources is indispensable to get engaged in the competitions; the
participants access the webpage where they find each new problem that is launched
every fortnight, and they send their answers electronically as well, either using their
personal e-mail or resorting to the tools provided by the website.

Besides the development of youngsters’ problem-solving competences, a major
goal of the competition organisers was the development of the youngsters’ techno-
logical fluency. In other words, participation in SUB12 and SUB 14 was expected to
contribute to the education of the twenty-first century youngsters in an integrated
manner by supporting the development of skills that are needed to respond effec-
tively and creatively to the challenges of an increasingly technological, competitive
and demanding world.

During the first edition of the competitions, in 2005, there were some reported
difficulties concerning the unavailability of the necessary technological resources.
Some participants found it difficult to access a computer in order to submit their
answers to the problems through e-mail. In some cases, the lack of a computer or
Internet access at home, or at school, prevented the use of e-mail and necessitated
the participants’ parents sending submissions on paper via post or fax, with the
added fear that their children’s answers would not arrive on time. A couple of years
later, the situation had improved quite significantly, and more recently, the
Technological Plan for Education, approved in 2007 by the Portuguese state, helped
to provide Internet connection to all the Portuguese schools.

Most recently, national statistics (Statistics Portugal, 2013) have shown that the
availability of computer and Internet connection in Portuguese households is rea-
sonably common, being close to 67 % for computer access and 62 % for Internet
access. Moreover, the official data also reveal that among the households with chil-
dren below 15 years of age, the percentage with access to ICT (computer and
Internet) has reached close to 90 % (92 and 86 %, respectively, for computer and
Internet availability).

The chart in Fig. 2.6 shows that the percentage of respondents to our survey who
had a computer, Internet connection and his/her own e-mail is, respectively, about
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Computer, Internet and e-mail

(n=350)
98,6% 95,4% 96,6%
1,4% 4,6% 3,4%
yes no yes | no yes | no

Do you have computer |Do you have an Internet| Do you have your own
at home? connection at home? e-mail?

Fig. 2.6 Computer, Internet and e-mail availability at home of the respondents to the survey

99, 95 and 97 %. Thus, only a very small proportion of participants did not have
these resources at home. In any case, participants can submit their solutions from a
computer at school, or possibly from the home of another colleague or friend,
because they are allowed to participate in small groups. We know that some teachers
occasionally submitted the answers of their students who did not have a computer
or Internet connection. Some parents did the same by sending their children’s
answers from an existing computer at their workplace. A very small number of
participants also used the e-mail of their parents to send their answers.

In 2012, a mathematics teacher of grades 5 and 6, who had followed the SUB12
competition from the very beginning, said in an interview:

Teacher I: In the early years of the SUB12, many youngsters did not have their own e-mail.
Now if we ask about it in a class, we find only one or two youngsters who do not have their
own e-mail.

Among the respondents to our survey, we did not find any participants who could
not use the Internet (Fig. 2.7). It is precisely when browsing the Internet that these
youngsters feel more confident. Some of them appear to do better than adults when
Internet searching. In this regard, a teacher explained how she had learnt from her
youngsters how to check the tables with the scores of all participants in each prob-
lem published on the competition webpage.

Teacher A: In the class, I project everything on the screen. When the answers come [the
teacher refers to the solutions selected by the organization that are published on the web-
site], we all look at them... For example, I did not know I could use the “binoculars” [the
Adobe Acrobat search button], so the first time I was there scrolling up and down and say-
ing, “Oh, class 6C, ah, it is not us” (laughs). And the kids told me “Oh, teacher, you skipped
it already...” and it would take a lot of time. They explained to me that the binoculars were
useful to find the names; now I just search the names of the youngsters from my class and
then we see everyone, and it’s done!
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Knowledge of Internet and e-mail
(n=350)

m Use Internet 87,1% 84,9%
1 Use e-mail
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Fig. 2.7 Knowledge of Internet and e-mail use of the respondents to the survey

The fact that these competitions were undertaken through the Internet and required
the use of the computer was a motivating factor that could bring some benefits to
young people. Rui, a visually impaired student who took part in the two competitions,
recognised several benefits in using the computer, especially in his case.

Rui: The computer helped me because of my difficulties. It allowed me to participate. The
use of computers was important because I did not write and had many difficulties to read. I
could not write by hand. The computer magnified the statements, which allowed me to read.
In terms of writing, it was much easier to do it on the computer. The computer also helped
me to discover new resources. I am also indebted to the SUBs for the passion I have for
computers.

To this young boy, the computer facilitated his participation. In fact, the option
offered by the computer to magnify the characters and images enabled his reading of
the problems. Furthermore, the difficulty in writing experienced by Rui was overcome
by the possibility of typing and use of other digital tools provided by the computer.

As for Jonas, one of the other interviewees who also took part in the competitions
for four successive years, the computer was something almost inaccessible when he
was in his 5th grade. The computer belonged to the adults in his home, so his
participation in the competitions was a way of getting permission to use it and, at
the same time, a challenge for him to learn alone how to make use of it. As he said:

Jonas: It was hard, it was quite a struggle. I had to review over and over again and to think
more... | sent the solutions on the last day, at the last minute, because it took me a week to
think about how to create my answer on the computer.

This testimony reveals that for some of the youngsters, participation in the
SUB12 and SUB 14 online competitions opened the doors to the digital world; in the
case of Jonas, in spite of the initial difficulties felt, he reported the satisfaction of
having gained access to the computer, which was one of his aspirations as a child at
that time.
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Having examined the nature of the participation, we turn to the productions of
participants while solving the problems with digital tools.

2.4 The Participants’ Productions with Digital Technologies

The diversity of solutions submitted to the competitions is remarkable, which made
our selection of examples a laborious task. In this section, we present a series of
solutions in which technologies were always involved. For this purpose, we created
several categories based on the various technological tools commonly used by the
participants. These categories emerged from the ways of expressing the solutions to
the problems and were grouped in the following way: (1) use of text; (2) use of
tables; (3) use of images and diagrams; (4) use of numerical outputs; and (5) use of
geometrical constructions. Although these productions have been sent to the com-
petitions by two different means—the online form at the website or the participant’s
e-mail —this has no bearing on establishing the categories. It is however clear that
most of the categories are not entirely exclusive in the sense that several solutions
integrate the writing of text with diagrams and images or with tables and other rep-
resentational elements. To some extent none of the categories, except the use of text,
occurs as exclusive. For example, in many of the solutions showing tables, we can
also find images or diagrams or symbols. As such, it would be possible for a number
of submissions to be included in one or another category.

The sequence of productions presented below is organised from plain text using
just paper and pencil to the more technologically sophisticated solutions that are
based on the use of specific software tools (e.g. Excel or GeoGebra).

2.4.1 From the Use of Paper and Pencil to Writing with Word
and Excel

Participation in the SUB12 and SUB 14 competitions was carried out, as we have seen,
through written communication. This communication required that participants made
a considerable effort to convey all the mathematical reasoning involved in solving the
problems that were posed. Mathematical written communication goes far beyond writ-
ing numbers, symbols and mathematical operations. Although many studies show that
the prevailing view about mathematics and mathematical communication is based on
numbers and formulas (Shield & Galbraith, 1998), participants in these competitions
frequently also make use of images, diagrams, tables, etc. In fact, there is nowadays a
growing demand on youngsters to use forms of mathematical expression that include
not only the mathematical symbolism but also verbal sentences in everyday language
or other representational forms. International recommendations have stressed the
importance of the development of youngsters’ competence in the use of symbols and
mathematical representations and have emphasised the centrality of argumentation and
justification in mathematical tasks (see, e.g. NCTM, 2000; Ntenza, 2006).
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The answers submitted to the mathematical problems posed by the SUB12 and
SUB14 competitions showed a great variety of ways to communicate and express
mathematical thinking. Participants used multiple representations that reflected
their reasoning processes and the knowledge they put into action to generate conceptual
models and formulate mathematical results. These representations can be seen as
inherent to the development of mathematical models that underpin youngsters’
approaches to the problems through concrete, verbal, numerical, graphical, contextual,
pictorial and symbolic elements, thus depicting aspects of such models. At the same
time, these creations are also allowing communicating and presenting mathematical
ideas and the explanations for the solutions achieved.

The mathematical competitions SUB12 and SUB14 have contradicted in some
way the prevailing view about what it means to write a mathematical solution to a
problem or, in other words, about what it means to express a solution mathematically.
This stems from the fact that the statement of each problem posed on the competition
website is accompanied by a mandatory requirement: “Do not forget to explain your
problem-solving process” for the answer to be considered correct and accepted as
complete. The explanation of the reasoning, and the presentation of the process
undertaken to reach the solution or solutions of the proposed problem, was a crucial
requisite. When the answer did not provide a clear explanation, the participant
received feedback in which it was stated that even though the answer was correct,
it could not be considered as such without the explanation of the whole reasoning
developed to achieve it.

The written communication thus became another challenge within the challenge of
the competition itself. Each participant was always given complete freedom to present
the solution process, as long as it was feasible to send it via e-mail to the organisation.

In researching the SUB12 and SUB 14 competitions, we found that the participat-
ing youngsters often displayed great creativity in meeting the challenge of solving
and cleverly expressing the solutions to the mathematical problems that were posed.
The ingenuity of the participating youngsters often surprised the organisation, their
teachers and their families.

The ways of presenting the solution and the reasoning process ranged from scan-
ning hand-written work to submissions that were fully supported by technological
tools. In the case of solutions made with paper and pencil, participants generally
took one of two options; either they sent a digital photograph taken with a
mobile phone or digital camera or they attached a PDF file or image file of a scanned
page of their work. Using technologies or not for the preparation of the report of the
problem-solving process was equally accepted. From the very beginning in 2005,
the SUB12 and SUB 14 competitions were cast as inclusive competitions. So, among
other characteristics, the work made with paper and pencil was accepted on equal
terms with productions using technology.

Our first example shows a solution submitted to Problem #8 (Fig. 2.8) of SUB12
from the 2012 to 2013 edition that was totally produced using paper and pencil. As
Fig. 2.9 portrays, this participant decided to take a scan of her work and send the
image file as an attachment to the e-mail submission.



Mrs. Guida took her four children shopping on a Saturday afternoon and promised them a
toy, an ice cream and a drink if they behave well. For each child, find the name, the ice
cream, the beverage, and the toy chosen! Use the following information.

1. Ana asked for a caramel ice cream and did not choose an orange juice.

2. Sofia got a set of Dominoes and did not choose an iced-tea.

3. The boy who got a toy car also chose a strawberry ice cream.

4. One of the girls got a doll, one of the boys had chocolate ice cream, one of the boys is
named Carlos and one of the girls drank Cola.

5. The boy who got a pack of cards drank a bottle of water and did not choose vanilla ice
cream.

6. The child who drank iced-tea did not choose a doll.

7. Leonel did not choose water.

Do not forget to explain your problem solving process!

Fig. 2.8 The statement of the Problem #8 from the SUB12 (2012-2013 edition)
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Fig. 2.9 Digital scan of a solution produced with paper and pencil to the Problem #8 of SUB12
(2012-2013 edition)
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Fig. 2.10 Example of a scanned page with pie charts drawn by hand for Problem #6 of SUB12
(20122013 edition)

Other cases of youngsters’ work using paper and pencil, sometimes in notebook
sheets or on blank sheets or even on a page printed with the problem from the website,
tended to share characteristics. As illustrated in Figs. 2.10 and 2.11, some may have
calculations, diagrams or other notations and everyday language (see the problem
in Fig. 1.11 in Chap. 1).

A scanned or photographed hand-written submission was far from being the
most common among the forms of solutions submitted during both competitions. In
general, youngsters turned to Word for word processing, often combining text with
the insertion of diagrams, tables, images or other elements that they may consider
using. Less frequently, there were also cases where the youngsters used Excel as a
writing device in which they inserted text and images to present their solving
process, as in the example of Fig. 2.12 that was a submitted solution to the problem
of the children who went shopping with their mother (see Fig. 2.8).

Data from our survey showed that all participants claimed to know how to write
text using Word, with only a very small proportion (<3 %) claiming to have little
knowledge of this Microsoft Office component (Fig. 2.13). In terms of use of Excel,
our data revealed a contrasting situation that may indicate a very limited knowledge
of its features. As shown in Fig. 2.13, about 30 % of the respondents to our survey
declared that they knew nothing or very little about Excel as a tool to write with. In
the same vein, only 40 % of the respondents said that they knew very well how to
use Excel for writing text.

The data from our survey were consistent with what we know from the submission
to the SUB12 and SUB14 competitions, year on year, regarding the use of these two
components of MS Office. Over time, the number of submitted Word files has
consistently been much higher than the number of Excel files. Indeed, a large number of
submissions consisted solely of written text within the e-mail rather than being submit-
ted as an attachment. For some received solutions, these were, in essence, quite detailed
descriptions of the youngster’s reasoning in natural language. For this form of expres-
sion, the participants preferred to use the Word processor. Sometimes they also used
colours to differentiate or highlight data or any information they considered relevant.
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Fig. 2.11 Example of a photographed hand-drawn solution to Problem #6 of SUB12 (2012-2013
edition), illustrating how advantage was taken of squared paper for the diagrams
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Fig. 2.12 Example of a solution produced in an Excel sheet where the cells are used as text boxes
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Knowledge about text editing in Word and Excel
(n=350)

m Write text in Excel
1 Write text in Word

I don’t know | know a little | know well | know very well

Fig. 2.13 Knowledge of the respondents to the survey on text editing with Word and Excel

Giving detailed descriptions of the youngster’s reasoning in natural language
was used by a large number of participants in an early phase of learning how to create
and edit text with Word. As Mara, one of the participants, confessed, it was during
her participation in the online competition that she developed her technical skills in
writing with Word. Although she started to write at a quite early age, and began to
write the numbers on the computer with her father by the time she was 2 or 3 years
old, she was not at all familiar with writing and editing mathematical symbols in
Word as she explained:

Mara: At the beginning, I did it all on that reply box, but later I started doing it in Word. Still
it turned out that... my best effort was to solve and explain it in a good written way... (...)
There was a phase when I did not know where to find the appropriate symbols in Word. I
needed symbols because with just words, I could not explain it, and I had a hard time find-
ing them. I was not familiar with the use of mathematical symbols [in Word] because it had
never been necessary before.

With time, we have witnessed the development of these youngsters’ digital
competences. We found evidence that many of the participants who began in the
early stages of SUB12, and continued to participate in the subsequent years,
developed their skills in using software and other digital means to express their
ideas and solve the mathematical problems. The example in Fig. 2.14 shows how
a youngster in the 8th grade was fully capable of producing an explanation for
the solution of a problem using plenty of symbolic mathematical language. In
fact, the solution showed how this girl could establish a system of linear equa-
tions and present all the steps to obtain its solution (see the given problem in
Chap. 1, Fig. 1.4).
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Fig. 2.14 A solution to Problem #7 of SUB14 (2011-2012 edition) submitted as a Word file
attached to an e-mail that illustrates the use of symbolic language

2.4.2 The Use of Tables

Creating tables was a fairly common strategy in the solutions submitted to several
of the problems proposed in the SUB12 and SUB14 competitions. Over time, the
creation and use of tables became more sophisticated and effective as the participants
acquired more experience and confidence in their participation. The importance of
the use of tables was quite evident in these competitions. In this regard, one of the
interviewed participants noted:

Jonas: In the beginning what I did was describing, I described all the steps. It was a boring
thing to be always describing. My father eventually taught me how Excel works and I
started to send the tables in Excel to SUB14. Some [problems] had to be actually solved
with tables.

Although the problems do not always call for the use of tables, the participants
seemed to be quite skilful in their use for a diversity of purposes.

Through the survey, we sought to know how the participants understood their
expertise in creating tables in Word and Excel. As shown in Fig. 2.15, there was a
noticeable difference between knowing about making tables in Excel and in Word.
A large percentage of the participants seemed to be able to create tables in Word,
while in Excel the numbers were definitely lower. As Fig. 2.15 illustrates, the per-
centage of participants who declared to know very well how to create tables in Word
was almost twice the percentage of youngsters who say they knew very well how to
create tables in Excel. Likewise, a relatively high percentage of participants admit-
ted not knowing or hardly knowing how to create a table with Excel (around 34 %).

The solutions received in the competitions throughout the several editions were in
tune with these data. In fact, the solutions considered in the category of “table use”
revealed a predominance of tables built with a text editor. In many cases, participants
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Use of tables with Word and Excel
(n=350)

m Create tables in Excel
4 Create tables in Word

I don’t know | know a little | know well | know very well

Fig. 2.15 Knowledge of the respondents to the survey on creating tables with Word and Excel

used colours to highlight a particular aspect, including a variety of symbols, characters
or images, which became part of the construction of such tables and contributed to the
expressive and clear solutions submitted by the youngsters, such as that in Fig. 2.16.
Here, the youngster submitted a solution in which a Word table was filled with
coloured shapes representing the different dishes in the menus chosen by several
friends at lunch (see the given problem in Chap. 1, Fig. 1.4). The role of the Word
table was to organise, in a pictorial way, different hypothesis and highlight the correct
option. Although the participant also included some text to describe the content of the
problem, the pictorial nature of the table clearly depicted how the solution was devel-
oped and obtained.

Other solutions using tables combined the use of written language and colours
with other elements. These included drawings or pictures that represented the con-
crete elements referred to in the problem. In Fig. 2.17, for example, the solution has
a clear resemblance to the one in Fig. 2.9 that consisted of a table produced by hand,
namely, that of signalling the correct and incorrect hypotheses. The distinctive fea-
ture of the example made in Word was the presence of significant visual elements
that made the answer more noticeable and dramatic (see the given problem in
Fig. 2.8).

Although Word emerged as a privileged instrument to construct tables, we found
many youngsters, even quite young ones, who used Excel to create tables, especially
as a way of organising information, representing a problem in schematic form or
systematic counting. Many participants did not make use of the mathematical affor-
dances of the spreadsheet but, instead, took advantage of the grid structure. For some
of the problems, tables were a way of devising an underpinning pattern (sometimes
a numerical one); having a handy way of creating and visualising a table became an
important resource to support the reasoning that led to the solution.
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Fig. 2.16 Solution based on the construction of a table in Word using colours and shapes, submit-
ted to Problem #7 of SUB14 (2011-2012 edition)

The Excel table in Fig. 2.18 shows how the organisation of elements in a grid
provided a good form of systematic counting in a problem concerning the number
of possible combinations of colour, size and style in pairs of jeans.
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Fig. 2.17 Solution based on the construction of a table in Word using pictures; submitted to
Problem #8 from the SUB12 (2012-2013 edition)

In contrast, the solution in Fig. 2.19 concerns the determination of the first number
belonging to a later line of a numerical pattern that was exemplified solely by its initial
sequence. Using an Excel table, this participant laboriously completed the entire pattern
line by line until reaching the desired line. Clearly, this strategy is not the most efficient
one to solve the problem, but it was perfectly acceptable to the competition organisers.
Moreover, it tells us that this participant saw the use of Excel as suitable for the purpose
of generating the entire set of numbers belonging to the numerical pyramid. The lengthy
task of inserting the numbers in the cells one by one could have been simplified by
using Excel to generate linear sequences by dragging the “fill handle” to extend auto-
matically a series of numbers, either along columns or along rows.

Unexpected solutions that resorted to the use of Excel have led us to look for
a better understanding of how these youngsters learnt to use Excel and how they
perceived the usefulness of the spreadsheet. We found that most of the interview-
ees learnt to use Excel at home, either with the help of parents or by exploring it
on their own. However, it is clear that they identified it as a school tool mainly
useful for their teachers. In one of the interviews with a 10-year-old participant,
we realised some interesting facts about how he created his solutions on the
computer at home.

Interviewer: ~ Why do you use Excel?

Radl: I think it’s easier [to solve and present the problem in Excel]. The last prob-
lem, I did it using Word —but most of the time I have to do tables and it is
easier with Excel.

Interviewer: ~ And what else can you do with Excel?

Raul: I do not know much, I know that teachers use it to make their grading grids
and to make other tables.

Interviewer:  How do you know that teachers use Excel to make grids?

Radil: It was my mother who showed me.
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Fig. 2.18 Solution based on the construction of a table in Excel to count the number of combina-
tions in Problem #7 from the SUB12 (2011-2012 edition)
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Fig. 2.19 Solution based on the construction of a table in Excel to present a sequence of numbers
in Problem #8 from the SUB12 (2011-2012 edition)

2.4.3 The Use of Images and Diagrams

There was plentiful use of images in the solutions presented to the mathematical prob-
lems of the SUB12 and SUB14 competitions, including many cases where partici-
pants resorted to MS Paint. The graph in Fig. 2.20 illustrates the participants’ answers
to the survey questionnaire in relation to their knowledge about how to insert images
and the use of Paint. As can be seen, inserting images is a competence that participants
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Use of images with Word and Paint
(n=350)

m Insert Images in Word
1 Use Paint (or other Drawing programs)
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Fig. 2.20 Knowledge of the respondents to the survey on using images with Word and Paint

considered having in full. In fact, the use of images to convey ideas and reasoning was
widely applied in the solutions received within files in Word and even Excel.

The participants showed their creativity in the expression of their solutions,
through using images in interesting ways. This was perhaps one of the aspects that
most clearly showed a move beyond regular problem-solving routines and proce-
dures in the school classroom; the use of images is a natural consequence of Internet
access that enables the search for pictures, signs and illustrations that convey ideas
and objects that are relevant and useful in solving the problem and expressing ideas
about the ways of obtaining the answer.

Our evidence illustrates ways in which many of the youngsters who engaged in
SUB12 and SUB 14 for a time span of 4 years underwent a remarkable evolution in
their technological skills. Rui is such an example of the phenomenon of starting to
use images to present his ideas and reasoning in solving the problems of the compe-
titions. Noticeably, Rui was a youngster with writing difficulties as the result of a
visual impairment who reported to us that he acquired many of his digital skills
during his participation in the competitions.

In Problem #1 of SUB14 posed during the 2011-2012 school year, Rui used a
diagram reproduced in Fig. 2.21 competition (see Chap. 7 for an in-depth analysis
of this motion problem). In his solution, Rui used MS Paint to express his reasoning
by including two different images of faces to represent the two friends walking
towards each other, as mentioned in the problem.

Another participant in the SUB12 competition, in answering Problem #6 of the
2012-2013 edition that involved the combination of blends of coffee and milk in
different proportions (see the problem shown in Chap. 1, Fig. 1.11), sent an attach-
ment in Word that was composed of several images together with text boxes dis-
playing the relevant results and arrow shapes to describe the blending of different
mixtures and finally presenting the solution (see Fig. 2.22).


http://dx.doi.org/10.1007/978-3-319-24910-0_7
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Fig. 2.21 A solution using pictures to present a diagram with Rui’s approach to a motion

problem
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Fig. 2.22 A solution using a diagrammatic description of the reasoning in Problem #6 from
SUBI2 (edition 2012-2013)
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The strength of visual expression in the collected solutions was so substantial that
we even found the use of Excel for creating diagrams rather than for tables or for
calculations. In fact, we have seen that situation in cases where Excel was used to
express ratios in iconic and rather creative ways. For example, filling a tank with two
taps, A and B, having distinct flow rates (see the given problem in Chap. 1, Fig. 1.12)
was translated figuratively by coloured cells from an Excel sheet, as shown in Fig. 2.23.

Also with regard to the use of schemes, images, diagrams and other visual and
iconic representations, we observed that PowerPoint was a commonly chosen
instrument by many participants to deliver their solutions. When analysing the
answers received over several editions of the competitions, we recurrently found a
number of solutions presented as PowerPoint files. In general, there was a group of
participants who frequently used this resource to display and send their solutions.
The questionnaire data presented in Fig. 2.24 show that the participants claimed to

I torneirasA+B I

Fig. 2.23 A solution using a visual representation of ratios in Problem #3 from SUB14 (edition
2011-2012)

Use of PowerPoint
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Fig. 2.24 Knowledge of the respondents to the survey on using text and images in PowerPoint


http://dx.doi.org/10.1007/978-3-319-24910-0_1
http://dx.doi.org/10.1007/978-3-319-24910-0_1#Fig12

2.4 The Participants’ Productions with Digital Technologies 43

know very well how to use PowerPoint. Additionally, the number of participants
who did not know or barely knew this tool was residual (around 6 %), both in terms
of creating text in a slide or inserting images to illustrate ideas and explanations.

Figures 2.25a—c show an example of a solution submitted by a participant who
often sent her solutions as PowerPoint files. Her answer to a problem related to fill-
ing a tank with two different taps was presented as a sequence of three slides (see
the given problem in Chap. 1, Fig. 1.12). The first two slides situated the context of
the problem and identified the relevant given data. The third slide described the
solution process based around a schematic picture where the combination of the two
taps was accurately explained and represented.

This category of solutions, embedded in a visual and pictorial form of solving
and expressing, seems to be persistent in all the editions and across all ages of par-
ticipants. Accompanying this there were particular cases of youngsters who showed
a clear progression and developing perfection in the presentation of their solutions
in visual and diagrammatic ways. Such solutions encompassed a great diversity of
skills and many different technological tools, not all of them obvious for the produc-
tion of pictorial representations.

Problema 3

menos), Guando ¢ lanque estava a meka da sua capacidade decidiu abrir também a i
segunda lomesra

{que deita mais) para ser mais ripido.

T

Re

A tomeira 1 (que deita menos) enche o tanque em Bh. Isso significa que em 3
horas, enche metade do tanque. Assim, numa hora enche 173 (x) do tanque.
Depaois de o tanque estar cheio até meio, o Sr. Bonificio abriu a tomeira 2 (que
deita mais), para enche-lo mais rdpido. A lomeira 2 enche o tanque em 3 horas,
ou seja, em metade do tempo que a tomeira 1 enche. Assim, se numa hora a
tomeira 1 enche 1/3, a lomeira 2 enche 2/3 (y), ou seja, o dobro, 2/3 + 1/3 =313
(metade do tanque). Portanto, numa hora, a 2* metade do tanque fica chela.
R: Assim, o tanque enche em 4 horas (2h+1h).

Fig. 2.25 (a) First slide of a PowerPoint file in a solution to Problem #3 from SUB14 (edition
2011-2012). (b) Second slide of a PowerPoint file in a solution to Problem #3 from SUB14 (edi-
tion 2011-2012). (¢) Third slide of a PowerPoint file in a solution to Problem #3 from SUB14
(edition 2011-2012)
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The solutions reproduced here are a sample from a range of very different problems:
one on motion, a problem on ratios and a problem about combined flow rates.
Across this variety, young participants found several ways to translate their thinking
into visual forms and schemes that they built with various digital tools. This showed
a significant willingness to take advantage of digital technologies to solve and
express the solutions to the problems posed during the SUB12 and SUB 14 competi-
tions through the use of images, diagrams and pictorial representations.

2.4.4 The Use of Numerical Software

The participants’ use of a spreadsheet shows a certain progress over the years, since
the beginning of the SUB12 and SUB 14 competitions in 2005. This should be under-
stood at two levels. On the one hand, we have witnessed the growth in the number of
participants who use Excel in some way to present their solutions. On the other hand,
we should also point to how such use has been developing. Not only did the number
of Excel files increase, but the type of affordances used also evolved. Nevertheless,
as mentioned previously, there remained a large percentage of Excel users that only
took advantage of the possibility of quickly creating a table with text entries.

Increasingly, however, we found more use of Excel to construct numerical rela-
tions through the use of formulas and other numerical and mathematical features of
the spreadsheet. The use of graphics (e.g. pie charts) also emerged in some solutions.
In most cases, the use of Excel as a mathematical tool for calculating and modelling
algebraic relationships appeared to be supported by teachers, particularly in cases
where the young participants were encouraged to work on the proposed problems in
the mathematics classes or in other school settings.

The data from our survey that is displayed in Figs. 2.26 and 2.27 show that Excel
was not fully familiar to many of the young participants, despite a moderate percentage
being able to use the spreadsheet as a means to carry out numerical calculations; yet
this percentage decreases when it comes to using the spreadsheet more productively,
including creating formulas to describe relations and analyse variable values that
are dependent on others.

An example of a solution (see the problem given in Chap.1, Fig. 1.3) that takes
advantage of the Excel functions based on the use of formulas and variable columns
and wherein an algebraic solution to the problem is obtained by inspecting the values
generated by replication of the generator formula is shown in Fig. 2.28.

Another resolution which also makes use of formulas and is based on the con-
struction of the variable-columns is shown in Fig. 2.29. This solution refers to a
classical algebraic problem that establishes conditions for relating the ages of
individuals in the present and some years later.

The use of Excel in problems involving quantity variation has proved very
significant to our project and has led us to pay special attention to this powerful digital
resource in problem-solving and expressing with technologies. Chapter 6 is devoted
entirely to the study of a variety of solutions collected in the SUB12 and SUB14
competitions and seeks to give a perspective on how this digital tool supports the
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Fig. 2.26 Knowledge of the respondents to the survey on using Excel to make calculations

Use formulas in Excel
(n=350)
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Fig. 2.27 Knowledge of the respondents to the survey on using Excel to generate variable values
through the use of formulas

youngsters’ conceptual models and how it can be interpreted in light of the
co-action between the subject and the tool in problem-solving.

2.4.5 The Use of Geometrical Software

Currently, GeoGebra, a form of dynamic geometry software that allows the combin-
ing of geometry and algebra, is fairly used in mathematics classrooms. The advan-
tages and potentialities of dynamic geometry software in the teaching and learning
of mathematics are well recognised and have received specific attention from
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Fig. 2.28 A solution with Excel to Problem #3 of SUB14 (edition 2010-2011) involving several
variables that are inter-related
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Fig. 2.29 A solution with Excel to another algebraic problem involving unknown quantities
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researchers in mathematics education (Baccaglini-Frank & Mariotti, 2010; Iranzo
& Fortuny, 2011; Jones, 2011; Jones, Mackrell, & Stevenson 2009). Accordingly,
and given that there were a limited number of solutions using this software through-
out the SUB12 and SUB14 competitions, we tried to find out whether the respon-
dents know and actually use GeoGebra. Answers to our survey show a high
percentage (around 59 %) of participants that do not know or know only a little
about this software (Fig. 2.30). Of the 41 % who were familiar with GeoGebra,
20 % say that they know it well and around 21 % that they know it very well. The
answers reporting a good or very good knowledge of this tool obviously are not a
guarantee that those participants in fact use GeoGebra in their mathematics daily
tasks; the numbers tell us little about the significance of the knowledge claimed in
the youngsters’ answers. However, the solutions that were received in the SUB12
and SUB 14 competitions with this digital tool mirror a certain fluency that is mostly
related to an awareness of the tool’s usefulness for constructing rigorous geometri-
cal figures, to manipulate them, and use the dragging mode. Moreover, some of the
participants were also conscious of the possibility of creating x—y graphs by means
of plotting ordered pairs inserted in a table.

The solutions making use of GeoGebra show that the number of young people
who employed this software to produce and communicate their mathematical think-
ing was small. GeoGebra was used by the participants to solve mostly geometry
problems and one or two others where the graphing of functions was useful. In a
variety of cases, GeoGebra was simply used as a drawing tool for creating simple
figures (that could also be produced with other tools for drawing in many different
software packages). Such use can occur, for example, for the drawing of a schematic
representation of fractions by marking areas in a rectangle with various colours.
Another similar situation was the construction of a diagram that represents a linear
displacement and shows plotted points in a straight line more accurately than in a
rough sketch, as illustrated in Fig. 2.31 (see the given problem in Chap. 7, Fig. 7.1).

Use GeoGebra

(n=350)
39,4%
O,
19,1% 20,3% 21,1%
I don’t know I know a I know well I know very
little well

Fig. 2.30 Knowledge of the respondents to the survey on generally using GeoGebra
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Fig. 2.31 A schematic representation of the solution to a motion problem where GeoGebra is a
tool to make a sketch of the different positions along a straight line
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Fig. 2.32 A solution with GeoGebra to Problem #3 of SUB12 (edition 2012-2013) showing the
drawing of several types of rectangles that are being overlaid

Over the years, the number of submissions to the SUB12 and SUB14 competi-
tions using dynamic geometry software, such as GeoGebra, has been relatively
small. Surprisingly, the solvers who chose this tool appeared to have some expertise
in using it for solving the problems. This finding, together with the current impor-
tance of this software in mathematics learning and teaching, justifies our attention
and deserves our close attention.

The examples presented in Figs. 2.32 and 2.33 are submitted solutions to Problem
#3 from the 2012-2013 edition of SUB12 that illustrate the use of GeoGebra. The
problem involved the systematic counting of the number of rectangles that can be
formed using the vertices of a 12-sided regular polygon (see the given problem in
Chap. 1, Fig. 1.2). This is a problem in which the diversity of representations used
to present the reasoning, and express the solution obtained, was very evident.
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Fig. 2.33 A solution with GeoGebra to Problem #3 of SUB12 (edition 2012-2013) showing
another way of identifying the several types of rectangles

GeoGebra was one of the tools used by a number of youngsters with great effective-
ness, which again reinforces our conviction that youngsters’ participation in such
activities enriches and stimulates the simultaneous development of mathematical
and technological skills.

Several participants chose to trace all possible rectangles, thus facing some
difficulties in maintaining the visibility of individual rectangles due to the large
number of lines in the figure. Some of the youngsters who picked GeoGebra to
solve the problem realised they could do this overlapping of rectangles using a
sequential process in which they introduced new rectangles to the previous figure.
Other youngsters preferred to identify the various possible types of rectangles
according to the lengths of the sides, recognising the existence of three different
types and thus lessening the tangle of lines in the figures.

GeoGebra was also useful to some of the participants in other problems. Both in
SUB12 and SUB 14, some participants used GeoGebra to tackle geometry problems
that required determining a specific measure (e.g. an angle or a length).

For instance, Problem #5 of SUB12 (edition 2012-2013) showed a square with
an inscribed equilateral triangle and was asking for the size of a particular angle.
Some participants decided to construct the figure using GeoGebra. The answer in
Fig. 2.34, submitted by a 6th grader, shows the detailed description of the whole
process from the construction of the square and the triangle to the moment where he
found the size of the angle that was required.

Other uses of GeoGebra have also appeared in the SUBI14 competition.
Figure 2.35 shows the solution to another geometry problem involving areas and
lengths. Looking at the construction protocol of some of these GeoGebra files opens
up a very useful way to get an idea of how these youngsters are able to tackle problems
in ingenious and original ways by being aware of the software’s affordances.
For instance, this solution was obtained by means of the construction of the
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Fig. 2.34 A solution with GeoGebra to Problem #5 of SUB12 (edition 2012-2013) showing the
construction together with a detailed explanation of the reasoning
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figure: firstly the larger square, then the inner square, followed by the four triangles
and some measurements (area of the smaller square and lengths of segments). They
were all constructed by placing points on the grid provided by GeoGebra’s graphic
view, which means that despite not being a “robust construction,” it supported the
finding of a solution to the problem.

In fact, when asked about how they learnt about GeoGebra, some participants
claim to have discovered it at school but became enthusiasts by downloading and
exploring its potential at home, on their own, while solving the competition problems.
Furthermore, they were well aware of the usefulness of this software in the devising
of a strategy for obtaining the solution to a particular problem and combining its use
with that of other digital tools. As Jessica explained:

Jessica: Hum... usually I look for the notepad and a pen, then [go to] Word and then
Ialways... well I always use GeoGebra or some other software to add some-
thing to the text, for presenting a more complete work.

Interviewer:  So... you use it [GeoGebra] only after you solved the problem?

Jessica: Yes, but... it depends. If GeoGebra or some other tools would help me
understand the problem, then I'd use it firstly and later I'd move to Word.

Interviewer: Ok, so you also use it while you’re still looking for the solution...

Jessica: Yes, for instance, in this case [points at a particular problem] I started by
going to GeoGebra to understand it properly, and then I discovered “Oh, that
is a triangle right there, therefore I have to subtract the area of that triangle.”
In that case, I started with GeoGebra for a better understanding.

The availability and usability of this dynamic geometry software seem to be
promoting powerful mathematical approaches to the competitions’ problems that
refer to geometrical notions. Chapter 5 presents an analysis in greater depth of the
solutions of the participants to a geometry problem using GeoGebra, where the
participants not only show different levels of expertise in using the software but also
how such knowledge blends with the development of a conceptual model underly-
ing the solution.

In general, all the interviewed youngsters recognised the importance of their
participation in the SUB12 or SUB 14 competitions in the development of their tech-
nological skills as much as, or possibly more than, their progress in solving mathe-
matics problems.

2.5 Concluding Comments

In this chapter, we presented the profile of the youngsters who participate in these
online competitions, by combining data stemming from a survey that reports their
levels of expertise in using certain technological tools with selected productions that
highlight the quantitative results.

Overall, our results show that these youngsters are far from being all alike or to
have the same preferences and experiences in the digital world. In fact, many of
these participants feel quite comfortable with solving the problems by hand writing,
using paper and pencil, making their sketches or using more formal mathematical
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processes with conventional means. Then they photograph, digitalise or send
scanned pictures of their work. Wonderful solutions have been presented in this
style during the competitions. But there are many others for whom the possibility of
using the computer is a challenge, an opportunity and even the fulfilment of the
desire to use it. We are conscious that this is part of the attraction of the competi-
tions to many of the participants.

There is strong evidence that these youngsters are quite familiar with the most
commonly used technologies, including text editors, image editors and presentation
editors. We note lesser ease with the spreadsheet and specific programs for mathe-
matical work, such as GeoGebra. However, there were also several examples that
reported the use of these technical tools to devise very interesting solutions, namely,
from the younger participants.

The combination of these different types of data provides a strong indicator of
the role of digital technologies both in solving these mathematical problems and in
expressing the mathematical thinking developed during that process. Furthermore,
and in line with previous research, the development of technological skills seems
associated with the representation, innovation and creativity, thus not limited to a
trivial use of technology (Jacinto & Carreira, 2008). The mathematical problem-
solving developed within SUB12 and SUB14 is an activity that puts the expression
of thinking at its centre, making it difficult to separate the solving phase from the
reporting stage. The solutions presented earlier in this chapter depict these two
closely linked aspects of mathematical problem-solving, which become more rele-
vant and visible when digital tools are available to support such processes.

When we argue that the expression of thinking is an integral part of mathematical
problem-solving, we are pushed to understand how such an expression takes place
today, in digital environments, as expressing mathematical thinking is inseparable
from the means to achieve it.

In later chapters, with some selected problems, we examine in detail the use of
various digital tools chosen by the participants in the two online competitions.
Chapters 5, 6 and 7 focus on the students’ ways of using digital tools around the math-
ematics of invariance, variation and co-variation during the joint process of solving a
problem and expressing the strategy and mathematical thinking being developed at
the same time.

Throughout the various editions of the two online competitions, many mathe-
matics teachers who supported their students during this time (including using the
problems in their classes) have attributed great value not only to the engaging nature
of the problems but also to the opportunities to develop the mathematical communi-
cation and expository discourse of their students. For many of the teachers, the fact
that youngsters were describing the process of achieving the solution to a problem
was seen not only as one of the challenging aspects of the competitions but also a
feature that provided an opportunity for them to innovate their teaching in terms of
exploring different mathematical representation systems and taking advantage of tech-
nological affordances to convey mathematical meaning through problem-solving.

In the next chapter, we address the perceptions of teachers and their practical
support and encouragement to students, showing how the competitions SUB12 and
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SUB 14 represent, in many ways, useful educational resources that helped to bolster
the bond between the youngsters and their social network of family, friends and
teachers.
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Chapter 3

Perspectives of Teachers on Youngsters
Solving Mathematical Problems

with Technology

Abstract This chapter offers the perspectives of teachers on youngsters solving
mathematical problems with technology during the SUB12 and SUB 14 mathematics
competitions. Drawing on a series of interviews with teachers who have supported
the participation of their students over several editions of the competitions, we iden-
tified what they see as the competitions’ most significant features. The teachers spoke
about the different kinds of support that are available to youngsters throughout the
successive stages of the competitions, from the initial dissemination, to the online
Qualifying phases, and lastly to the on-site Final. Based on their statements, the teach-
ers say that they value the type of problems they characterise as challenging, real prob-
lems, appropriate for all students and useful as pedagogical resources. They make a
distinction between such non-routine and extracurricular problems and the more
school-like problems presented in mathematics textbooks. They are favourable to the
use of technologies within the competitions, even when admitting initial
difficulties that they nevertheless seemed to have overcome over the years. Some of
these teachers enthusiastically describe how they sometimes integrated the competi-
tion problems into their class teaching and how they helped and encouraged students
to use digital technologies for solving and expressing the solutions they submitted.
The need to develop mathematical communication is seen as another challenge, and
this, say the teachers, gave them the opportunity to explore different mathematical
representations with their students. As a final point, several teachers highlighted the
fact that youngsters’ participation in the competitions was a motivating factor, con-
tributing to their enjoyment of mathematics and feelings of inclusion in a community
gathering many youngsters, parents and teachers around mathematical challenges.

Keywords Teachers’ practices ® Teachers’ views on competitions ® Participation
* Mathematical problem-solving ® Technology use ¢ Challenge ®* Moderate challenge

3.1 Introduction

In recent years, there have been several activities in Portugal dedicated to mathe-
matics with the aim of involving young people and increasing their appreciation for
mathematics. With the mathematical competitions SUB12 and SUB 14, these various
activities have come to the attention of students to a great extent through their
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mathematics teachers. The growing impact of these types of activities in and out of
school has sparked the interest of several researchers, and we can say that a new
strand is emerging in research in mathematics education.

This chapter presents empirical data, mainly resulting from semi-structured inter-
views with several teachers, on the perspectives of mathematics teachers regarding
their students’ participation in beyond-school projects that are directly related to the
use of technologies in mathematical problem-solving, namely, web-based competitions.
More specifically, we present and discuss the perspectives of some teachers on
youngsters’ participation in the SUB12 and SUB14 mathematical competitions.
Despite the fact that the competitions take place beyond school, teachers play a key
role here. The teachers in their respective schools are the main links between the
organisation of the competitions and the potential participants. As we show further
below, the teachers of the young participants have had an influential role in the success
of these mathematical competitions. Thus, there are strong reasons for a chapter
dedicated to teachers in a project that has, as one of its research foci, the views held
by individuals that directly or indirectly become engaged and strengthen the affective
string connecting youngsters and mathematical problem-solving.

As we report in earlier chapters, the mathematics teachers of the 2nd and 3rd
basic education cycles (grades 5-9) of the local schools are an essential bond
between the University of Algarve and the elementary schools involved in these
competitions. Through their teachers, students have had access to the publicising
flyers that are sent annually to schools. In this sense, knowing the perspectives of
teachers about this enterprise and the relevance that it can bring to their students’
learning is of the utmost importance for research.

The teacher’s role in the education of their students and, in particular, in their
mathematics education is undeniable. In today’s society, such a role is very demanding
and requires different kinds of knowledge and the ability to perform a variety of tasks.
Alongside our aim of understanding the perspectives of the teachers about these
competitions, we wish to express our gratitude for the commitment, support and
help from the teachers to their students. The efforts of all the teachers have gone far
beyond the duties and skills required of them in the usual performance of their pro-
fessional duties. This acknowledgment, that we want to emphasise in this book, is
also shared by many parents and students in several statements that we have had the
opportunity to collect over the years.

While we have been gaining awareness of the important role of teachers in these
competitions, we have realised that different schools were creating different dynamics
around this beyond-school project. Thus, our aim is to give a brief account of how
these dynamics have developed in particular schools and with some teachers we
deem to be laudable examples. This is of significance because it can make an important
contribution to the future involvement of other groups of teachers in activities of this
kind, which, as we know, are increasingly present in the current educational context
and digital world.

First, we seek to identify the most outstanding characteristics pointed out by the
teachers about these competitions, those which they see as an added value for their



3.2 The Role of the Teachers in the Mathematical Competitions 57

students and which lead them to stimulate and encourage the participation of the
youngsters. Another aspect that has been discussed very often between the organisation,
the teachers and the families is the question of helping the participants. As we have
argued in previous chapters, our perspective is that offering help to the participants
makes sense. We believe it is necessary to nurture problem-solving and that means of
course providing help and support to young people in an initial phase until they can
progress on their own. Therefore, it seems important to find out how teachers see the
idea of help providing and how they put it into practice. Still on the subject of provid-
ing support, we believe in the importance of giving the participants a new opportu-
nity to resubmit their solution. If we look at the classroom practices, this situation
does not occur in a generalised way. Students who fail to solve a problem or a task
correctly may develop a sense of failure and inability; usually, they get a negative
assessment but are rarely given the opportunity to redo their work. Yet another aspect
that distinguishes participation in the competitions from the classroom daily routines
has to do with the issue of time. The time available to solve the problems in the com-
petitions is more extended; participants have 2 weeks to produce their solutions to a
problem, while in the classroom the time to solve a task is much shorter. This has clear
reflections in the results, and it is quite noticeable that students can cleverly propose inter-
esting and creative solutions as can be seen in several productions presented throughout
this book. We are interested in understanding how the teachers see and interpret these
differences, and we also want to get a sense of what they think about the proposed
problems and the ways in which they present them to their students.

In addition, since the competitions promote the use of technologies for solving
and expressing the solutions and require electronic communication, it is useful to
know how teachers see and encourage the use of technology in problem-solving.

3.2 The Role of the Teachers in the Mathematical
Competitions

The many mathematics teachers of almost 150 schools in the southern region of
Portugal have had a decisive role in the success of this project. Every year they are
requested to collaborate in disseminating these competitions, in their classrooms and
among their students. This is the first task in which they are involved, but certainly
one of the most crucial tasks. We collected various statements from participants that
illustrate how the words of the teachers in the classroom are vital to motivate young
students. Jenny, Rui and Mara are three youngsters living in different cities who
participated from their 5th grade to their 8th grade in the two competitions. Their
testimonies reveal the importance of the words of their teachers in motivating them
to engage in these competitions.
Jenny: The school teacher advised me. She said that an activity called SUB12 that was on

mathematics was going to start and that anyone who wanted to participate could join. I
wanted to participate and I took part in it.
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Fig. 3.1 Image of the flyer of the mathematics competitions SUB12 and SUB14

Also Rui, a participant from another distant school, explained how he learned
about this initiative. His mother stated that she will not forget the enthusiasm and
brightness in his son’s eyes the day he received the flyer with the information about
the competition and the address of the website (Fig 3.1).

Rui: I saw a poster in the school but did not care much. My math teacher explained, in a
class, what it was and asked us if we wanted to participate. I came home with a great desire
to participate.

A few kilometres away, Mara, who is a student from yet another school, recalled
how she learned about the mathematics competitions SUB12 and SUB14.

Mara: Oh... it was the teacher who said in the class that it was something that happens from
January to June; there are problems we have to solve within the period of 2 weeks, and she
said it was through the computer and gave us the essential information and passed on that...
flyer... and that was it. I found it interesting to try... The teacher also said that in the end
there would be a Final.

As shown by the words of the participants, the information given by their math-
ematics teachers in the classroom was very important. Although the advertising of
this initiative takes place in several ways, including the posting of a poster in the
students’ room in each school, this appeal seems to be less effective than the
discourse of the mathematics teacher.

However, the role of many teachers far exceeded the transmitting of information
about the competitions. Many teachers took as their own the task to actively engage
their students in this activity. Some chose to initiate students in solving problems
posed during the first weeks, pushing them to participate later autonomously, while
others followed the entire course of the competitions until the last stage, even being
together with their students at the University of Algarve in the Final of each compe-
tition. One of our purposes in this chapter is to show how this path was followed and
why the teachers supported their young students.
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3.2.1 The Support of the Teachers: From the First
Round to the Final

The way the teachers supported their students varied considerably from case to case.
Some teachers just ensured the delivery of the flyers to their mathematics classes, as
requested, leaving the participation in the competitions in the hands of the students;
others took a more active role by engaging more intensively in the process of dis-
cussing the problems and helping and coaching students. The dynamics of each
school is sometimes related to the involvement of teachers; therefore, we find
schools in which adherence was quite broad, reflecting a certain attitude or policy of
the school; in other situations, the involvement was more limited depending on only
one or two of the more enthusiastic teachers.

Here, we offer a few examples that illustrate high levels of involvement of the
teachers. In the course of each edition, we have met many teachers who might rep-
resent a variety of situations in the support and incitement given to their students for
participating in the competitions. By personal contacts, e-mail exchanges or phone
conversations, we were able to identify and select a few teachers that we decided to
interview with the purpose of understanding the ways and reasons of their involve-
ment. Therefore, we carried out several semi-structured interviews with teachers
from different schools. These were also complemented with data collected over
other episodes involving e-mails or phone calls from teachers themselves to the
organisers of the competitions.

Let us first present Mr. Z, a teacher of 2nd cycle of elementary education (5th to
6th grade) who introduces these competitions to his students in 5th grade. Mr. Z is
a dedicated teacher who seeks to encourage his students to participate in various
initiatives, particularly related to mathematics. The SUB12 is one of the activities
that he chooses to offer his students, encouraging them to participate, and further-
more whenever he can, he supports the organisation by collaborating in the Finals.
Mr. Z explains his strategy in the first weeks of the competitions:

Mr. Z: In the beginning, I bring the problem [to the class], explain what’s going on, show
them the webpage and explain what the competition is. I try to point out some of its advan-
tages in order to encourage them and then explain how it works and try to support them too.
From then on, although they do not use it much, I tell them that before sending the solution
to the SUB12, they may send it to me and then if I think it’s okay I recommend them to send
it; if I think it’s not good, then I give a suggestion; I don’t give them the solution but I give
a suggestion and tell them to check their work better. They don’t use it a lot, but some do.
That’s in short what I do... And also in class, I read their work on the problems and if it’s
fine I say: “Look, you can send it”. If it’s not correct I may give a suggestion: “Look, see
this part here”, “Look, explain this better”, so that they are the solvers; the idea is that they
are the ones who solve it.

He added that this monitoring, in a more intense way, takes place in the early
rounds, but then each student is responsible for their participation. However, he
claims to be always available to help when needed, during class or outside the class-
room. He suggests that students send him their solution by e-mail so that he could
correct it or give suggestions about how to improve it.
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Mr. Z: Typically, the first two or three problems, I solve them in the class... when I say
solve them I mean that after the students try to unravel a problem, they sometimes take it
home in order to think more about it... Later on, I end up solving the problems in class
mostly to encourage the students. After they start progressing, I try to encourage them to
solve a problem more on their own, with less help. Sometimes I select some [problems] that
seem most appropriate for classroom work; there are others that I just leave to them, to
those who participate in the competition...

Mr. H is perhaps one of the most enthusiastic teachers about the competitions.
Since the first edition, he has closely followed the competitions, always very atten-
tive. He has unfailingly kept track of each new problem as soon as it was published
on the competition website. Mr. H prints it and then makes copies to bring to the
classroom so that all students have access to the statement of the problem. Thus he
seeks to give equal opportunity to all, ensuring that no one will be prevented from
participating due to the lack of Internet access at home. If the organisation is delayed
in releasing the new problem, Mr. H is the first to alert the organising team with care
and attention. Sometimes he chose to contact the organisation to discuss the problem
with great passion, the same passion with which he discussed it with his young stu-
dents. In the early rounds of each edition, Mr. H ensures that all his students partici-
pate. If some students had difficulty in accessing the Internet or in sending the
solution to the problem by e-mail, Mr. H always found a way. He considered all
contingencies so that no student failed to participate. This teacher was always present
at the Finals, being beside, and supporting, his young students. One child’s mother
made the following remark about the participation of her daughter in the Final:

Mother: All this is to the teacher’s credit. It’s him that inspires and mobilises them.

In another town, there has been another teacher who has also been a great sup-
porter of the mathematical competitions SUB12 and SUB14 since the first edition.
Mrs. A has spoken of these competitions and the participation of her students with
great joy. As with Mr. H, Mrs. A has also been a regular presence in the Finals,
sometimes collaborating with the organisation. Since the first edition, her school
has in its development agenda the goal to involve and encourage their students to
participate in the mathematical competitions SUB12 and SUB14. The importance
that this school has devoted to the involvement of the students was reflected in the
award of a diploma for their participation (Fig. 3.2).

Mrs. A: In our group [of mathematics teachers], we try to ensure that kids participate...
participate...

She explained how the mathematics teachers committed themselves, from the
very beginning, so that all students had the opportunity to participate.

Mrs. A: At that time, we still didn’t have the rooms equipped with computers and with a

video projector, so what we did was make copies of the problem, and I remember that we

put them always in the library and in the teachers’ room. We put copies in the students’
room too, and we always made copies for all the teachers.

Mrs. A and her colleagues solved the problems before going to the class, and she
confessed that often when they met in the teachers’ room, they asked each other:
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Fig. 3.2 Image of a merit diploma that is awarded for participation in the competition

Mrs. A: Have you already solved the SUB14? Listen, what’s the answer...?

She explained how she encouraged the participation of her students every year.

Mrs. A: 1 can tell you how we do it; in principle... this is how. The first thing, sometimes in
a supervised study class and other times in a mathematics class, the problem is displayed
and they all copy it, all of them... Often, I even deliberately pretend that I did not read the
problem before... I enjoy going along with them and grasping... And I say: let’s all solve it
together. So some of them finish reading it and immediately say: Oh, Teacher, I know, 1
know, I know... And then I say: Yeah, okay, you’re going to think again because I won’t tell
you just now if the answer is right... Then they go home and the next week we will see who
thought about the problem and came to any conclusions. They often have difficulties... and
then we discuss a little, each one tells their thoughts about the problem and how to explain
it. I help a little and ask “So how did you think?” “Come here and tell the class...” and so
they do. In the first problem, we help more; I usually go to those who have more difficulties:
“So, where are you having trouble?”

At the same time as helping her students, the teacher encouraged them to do their
own work. For example, after a discussion in a class, she told them to solve it at
home, and the next week, before the submission deadline, she asked them about
their difficulties and tried to help them to finish the problem. She was aware that
many have parental support at home, but still she questioned them, as she explained:

Mrs. A: Then in the second part, I have no control, right? So they go home and have to find
the answer, either they send it or not and either they get it or not. I mean there were several
proposals and various justifications presented in class, right? Each of the students has to
realise what the solution is; I don’t give it, right? And then, when they get their answers, we



62 3 Perspectives of Teachers on Youngsters Solving Mathematical Problems. ..

review them and I might say, “So how is this solved? Does this have anything to do with
some of the ways we considered? Can you remember?”

In all rounds, Mrs. A follows the same procedure: in the first week, they begin
the discussion on the problem, later they take it home and the next week conclude
the resolution and pose questions. The submission of the answers via e-mail is the
responsibility of students at home.

3.2.2 The Social Part of the Competitions: The Meeting
at the Final

In the introduction to Challenging Mathematics In and Beyond the Classroom,
Barbeau (2009, p. 4) emphasises the importance of mathematical challenges in
modern education:

In many mathematical situations, children with their curiosity and mental agility are in a
position of equality with adults. In particular, mathematical challenges become not only a
way in which they can feel intellectually alive and productive, but also something that can
be shared outside of their own age group.

To participate in the Final is something that motivates both the young partici-
pants and their teachers that often join them even if this event occurs at the weekend.
Mrs. I reported that she escorted her students to the Final on several occasions. She
noted that it was very important to be present in that event, in particular for the
recognition of the work done by the participants:

Mrs. I: Because it is much more interesting if they manage to get there [to the Final], I think
so... for the child... to be there and then receiving the award and so on, this is very attrac-
tive to them... I think they like to go to the Final; they like to solve the problems correctly
in the Qualifying and feel very happy to be there in the end.

The enjoyment and happiness are, as mentioned by several authors, some of the
advantages identified in the research, resulting from the participation of young peo-
ple in mathematical competitions (Amado, Ferreira, & Carreira, 2014; Freiman &
Applebaum, 2011). Those affective aspects identified by this teacher are currently
shown by research studies as important to the motivation of young people to the
study of mathematics. On the meaning of the awards, Mrs. I added that these are
also important for young people:

Mrs. I: 1 think it’s important that they receive awards because, after all, people like to be
rewarded when they perform a task properly... but one thing is the prize and another is the
value of the prize. Being awarded the prize... is the recognition. The value of the prize, I
don’t think it’s important. So if it’s one hundred euros or five hundred euros, I think it’s not
relevant. But of course they like to have a small prize, to be the 1st winner. Everyone likes
it, but it’s not really the importance of the monetary value itself. I don’t think so.

The meeting that takes place during the Final was highlighted as a particularly
important moment and one that makes youngsters aim for the Final. In this respect,
another teacher stated that the participation in the snack break is a very important
social fact for her students:
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Mrs. D: The snack break. This is very important. The snack break is one of the things I
realised that encourages students to participate in the Final. And believe me, a joke or not,
some students said that one of the reasons to go to the Final was the snack break.

This social and cultural character of beyond-school projects is also referred to in
the literature, and such dimensions of engaging with mathematics are increasingly
necessary to promote a less harsh and cold view of mathematics among students and
the community in general:

Competitions and mathematics enrichment activities can be viewed as events that provide
impetus for subsequent discussions among students (as well as among their teachers,
friends and parents). From the viewpoint of acquiring new mathematical knowledge (facts
and techniques) these “after competition discussions” might be as important as the prepara-
tion for and the competition itself. Many mathematicians owe a significant part of their
knowledge to just such “corridor mathematics.” From this point of view, the social pro-
grams organized after competitions provide additional importance. (Kenderov et al., 2009,
p. 64)

Learning should be seen in a social perspective of participation in a community.
The participation of young people in mathematical competitions with an inclusive
character is an opportunity for youngsters to participate in a social activity, sharing
the same context with their families, friends and teachers, a situation that is not
usual in school mathematics. Some teachers seem to pay special attention to this as
an important factor to encourage many students to participate. Indeed mathematics
is sometimes seen as a difficult subject only accessible to a limited number of stu-
dents and that rarely offers collective moments of socialisation. However, the Finals
of these competitions allow a large number of students to meet and share with each
other the pleasure of participating in such events. This seems to be an important
issue for this age group; the enthusiasm and joyfulness that they demonstrate reveal
that participation in activities related to mathematics can foster the enjoyment of
mathematics.

The SUB12 and SUB14 Finals were alive and crowded with a large number of
students, because the selection is not tight: participants just have to get eight of the
ten proposed problems correct to reach the Final. Another very relevant fact was
that the call for teachers, parents and families to attend was widely supported every
year. This was an expression of appreciation for the role of this event by the com-
munity and young participants. In Figs. 3.3 and 3.4, we can see a teacher who was
present in all the Finals, together with a group of his students (Fig. 3.3) and conviv-
ial moments during the snack break with youngsters and parents sharing the same
lively atmosphere (Fig. 3.4).

3.3 Perspectives of Teachers About the Mathematical
Competitions SUB 12 and SUB14

Research in the area of mathematical challenges for young students has proposed
two distinguishable types of competitions in view of their more inclusive or exclu-
sive characteristics (Protasov et al., 2009), although they should not be seen as
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Fig. 3.4 Convivial moments with youngsters and parents in the cafeteria during the snack break
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incompatible. While the International Mathematical Olympiad (IMO) and other
national competitions are exclusive competitions, we can find today examples like
the SUB12 and SUB 14 that are involving a wide range of students. Several academic
studies (Jacinto & Carreira, 2011; Kenderov et al., 2009; Stahl, 2009a; Wedege &
Skott, 2007) have revealed that such activities performed beyond school have
important results in the development of problem-solving ability, mathematical com-
munication skills, the emotional attachment of young people and families to math-
ematics and in discovering interesting uses of digital technologies to tackle
mathematical problems. The purpose of the Problem@Web project is to contribute
to this advancing knowledge thus reporting, in this chapter, on the perspectives of
teachers who supported students in the school and in the classroom. We seek to
know the advantages that teachers identify in the involvement of students in the
SUBI12 and SUB14 competitions, in particular with regard to the learning of
mathematics.

We begin with the views of Mrs. I, a teacher working in the second cycle of
education (grades 5-6), who since the first edition supports and closely monitors her
young students as they take part in the competitions. She spoke of what she found
most appealing when she began to get involved in this initiative.

Mrs. I: I found it very interesting because it was the first time that students would be able to
solve problems with enough time to think about it, to try to define several strategies if need
be, etc... They would have enough time to look into the problem and simultaneously it was
a period where the use of the computers wasn’t yet very commonplace, isn’t that so?! And
so, for them, it was also the beginning of dealing with e-mails or even working with their
computer for submitting their own solutions to the problems, so they were not used to doing
things online, they used to do it all by hand.

This teacher emphasised various aspects that she recognised as important for the
learning of her students: the issue of time for solving the problems and the idea of
development of technological skills, in particular concerning the use of the elec-
tronic mail and of the computer to produce the answer to a problem.

Regarding the time factor, it should be stressed that students have 15 days to
solve each problem and send the solution; this feature is a noticeable distinction
between what problem-solving means in the classroom and in this beyond-school
context. Usually, classroom time is limited to 50 or 90 min for solving tasks pro-
posed by the teacher. The school puts students under a controlled time to solve a
problem or whatever mathematical task. In contrast, in the competitions youngsters
have their own time to think and develop a solution to a problem. This radically
changes problem-solving to the extent that this activity is not compatible with a
short time; rather, a real problem-solving activity requires that students have enough
time to create a strategy, reflect on their work and express adequate reasoning. In
fact, during each round of the SUB12 and SUB 14 mathematical competitions, par-
ticipants have several days to think and prepare their solution and may even refor-
mulate and resubmit it. This option of extended time is reflected in the sophistication
of some of the students’ productions, as can be seen over the several chapters of this
book. The teachers who followed their students throughout the competitions identi-
fied this significant difference, also stating that in the classroom this extended time
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is not possible under the pace at which they are obliged to comply with the official
curriculum and because of the existence of examinations at the end of the 6th grade.
As such, Mrs. I, for example, considered this opportunity for reformulation and
resubmission that the competitions offered to be very important not only for her
students but for all students, as she explained:

Mrs. I: I really try to give time to all students and give them an opportunity... I help students
to solve some problems; it is a way to integrate them, you know? It can’t be all at once... If
they work, if we give them a hand, they won’t get stuck, they will advance; this is a good
thing as all students may be integrated and will progress.

For this teacher, it was useful that all students had the opportunity to tackle the
problems in the classroom, leaving the subsequent decision to participate or not in
the competition to the individual student. This view aligns with Barbeau (2009) who
argues that there should be freedom for students to decide on their participation in
extracurricular activities; the success of participation of each student depends on the
extent to which they really wish for it:

... the mathematician or the teacher who introduces challenges into an environment must
be aware of the particular circumstances. In the classroom, it is important to be as inclusive
as possible, while the extracurricular activities were participation is voluntary, the educator
cannot force anyone to take part and must select material carefully to ensure success.
(Barbeau, 2009, p. 13)

The problems introduced in the SUB12 and SUB 14 competitions were one of the
most highly valued elements by several of the teachers interviewed. In this regard,
Mrs. A said:

Mrs. A: At school, we always embraced problem-solving. For many years, we had the
problem of the fortnight. Then there were years when we were a bit tired, in which students
did not react so much... So when your problems appeared, it relieved us from searching [for
problems], because it’s not easy to find problems that are meaningful... Because there are
many problems that are only riddles and that are not rich enough to be explored in the
mathematics classroom. I do not mean they can’t have some interest... from the simplest to
the most complicated, they always have some interest, but of course when compared with
the SUB12 and SUBI14. There the problems are very specific, have a very enriching
approach to content which is always one of the aspects that we find important in
problems...

For this teacher, who has always been a believer in problem-solving, the exis-
tence of the competitions made her job easier at the school in that it gave her a set
of problems that she considers interesting and relevant to her students’ work in the
classroom.

As for Mrs. I, the quality of the problems is also the characteristic that most
stands out in these competitions, saying:

Mrs. I: To me, it’s precisely the problems. In fact, I think there has been significant care in
selecting very comprehensive problems, so they may have to do with the area of logic, oth-
ers more with the area of geometry, others in which there are several connections and so on.
So to me, it’s all about the problems and the challenge that the problems pose to the stu-
dents, right? So it’s rather that part of the challenge itself... and as I say, most of them, as
they are very diverse, allow developing many skills, so I think they are very rich. The com-
petitive side is not everything, at least not to my students...
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This teacher also identifies several aspects that distinguish these competitions
from others that are available to her students.

Mrs. I: There are several differences... In fact they usually participate in the Mathematics
Olympiad, they also participate in the Kangaroo, and they participate in the SUB12 and
SUB14 competitions. In spite of all being, in the end, problem-solving contests, they are
quite distinct. So, the Olympiad is really to try to determine which students are truly excep-
tional in problem-solving. Of course there are students who are most exceptional; others are
not... Anyway you have to motivate students to learn the subject. The SUB12 differs essen-
tially from others. As for me, this is the main question; it’s very important to motivate stu-
dents to mathematics. There is also another important aspect which is the involvement of
parents themselves and siblings or relatives...

Mr. Z also referred to other competitions stating that it is not a question of
labelling them as better or worse, but of understanding that they are diverse, have
different purposes and are intended for different audiences.

Mr. Z: I do not know many other competitions. This is a competition that I've already got
used to; it doesn’t mean that you think it’s better or worse than others. For example, in the
Olympiad, they get there, they have limited time to get the answers and it may be more dif-
ficult for some students to move forward... Okay, they have different characteristics, this
doesn’t mean they are necessarily better or worse, they just have different characteristics.

Mrs. I, and to some extent Mr. Z, differentiated the SUB12 and SUB 14 competi-
tions (in which their students regularly participated) from other competitions. They
recognised, for example, that the nature of the problems posed in the SUB12 and
SUB 14 competitions was unlike that of other competitions, something that fits with
what is known from the literature on curricular enrichment projects. In particular,
and in contrast to exclusive and selective competitions such as the Mathematics
Olympiad that aim primarily at detecting potential new talents for mathematics
(Kenderov et al., 2009), inclusive competitions have other goals much more related
to engaging a diversity of students in mathematical activities that suit their interests
and capabilities. As argued by Stockton (2012, p. 51-52):

The founding of team competitions and competitions for students from outside the special
mathematics classes reflect a possible shift in the focus and purpose of competitions away
from a strictly talent-search model to a more inclusive “enrichment” approach.

In fact, inclusive competitions like SUB12 and SUB 14 are targeted at all students
and are designed to motivate them for mathematics, to increase their problem-
solving capability and to contribute to their learning of mathematics beyond their
school learning.

The teachers we questioned believed that the problems posed in the SUB12 and
SUB14 competitions were suitable for working with all students in the classroom.
They regarded them as an important classroom resource, as mentioned by Mrs. A:

Mrs. A: It is how the contents appear... almost without knowing that we are working on
them... because often kids can retrieve different contents or use their everyday knowledge.
That’s what I think to be an important aspect of the problems; they are different from the
problems that we all end up using at the completion of a chapter, that are basically an appli-
cation and not much more, right? So, one of the really good things about the problems of
the SUBs is that they are filling, say, a major gap. Students, for example, when they take the
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final examination, they often can’t get the answer to a question and ask themselves “Which
content is this about?”” And even ourselves, if we are given a problem, we may not know. Is
this about similarity? Is this about the circumference? Is it trigonometry? Is it Pythagoras?
We ourselves, we end up solving the problems that we come across in this way: “Oh, it’s
this content matter, and therefore we can solve it this way...” And besides, many teachers,
regardless of how well they prepare for their classes, often don’t show a great openness in
terms of the capability to integrate something else when they are delivering a certain topic...

Mrs. A revealed awareness that solving problems in the classroom, often supported
by the textbook, typically meant working on tasks aimed at reinforcing curriculum
content. In fact, an issue greatly discussed in mathematics education research is to
know how to integrate problem-solving in the teaching of various topics, sometimes
as a starting point for learning new concepts, or as a context to work on representa-
tions and mathematical procedures, or as experiences promoting the development of
mathematical reasoning and the activity of doing mathematics (Schoenfeld, 1991;
Stanic & Kilpatrick, 1989). Still, mathematical problem-solving is a very important
goal in the school mathematics curriculum in many countries. The relevance of
mathematical problem-solving was influenced by several recommendations over
time, recently reinvigorated by the frameworks of international large-scale studies
such as PISA. In Portugal, within the mathematics curriculum for basic education
published in 2007 (Ministério da Educacdo, 2007), problem-solving emerged for
the first time as a competence to be developed in all the years of schooling. This
guiding principle, following international trends, consists of establishing problem-
solving as an organising axis of the mathematics teaching and learning process.
However, this is not an easy task; one of the difficulties that many teachers face is
that of finding real problems, as mentioned by Mrs. A or Mrs. I. The majority of the
problems in textbooks are word problems, closed and routine, like most of the prob-
lems presented to students in the classroom. In this sense, the problems from SUB12
and SUB14 are somewhat different and new, as revealed by the data collected in
interviews with the teachers.

One further aspect that many of the teachers we interviewed mentioned was the
challenging character of the proposed problems. Throughout her interview, Mrs. A
declared that not only did she feel challenged by the proposed problems but that all
the mathematics teachers in her school also did. She confirmed that every 2 weeks,
the conversation in the teachers’ room included discussion about the problems.

Mrs. A: Of course it’s a challenge... and it still remains so for all of us. Some of us already
have over 30 years of teaching...

This teacher displayed a great concern for all her students. She wanted to give to all
students the same opportunity to participate in the mathematical competitions SUB12
and SUB14. This is a concern shared by the competition organisers—to involve a vari-
ety of students in the competitions and not only students with special liking for math-
ematics or the gifted ones. As described in Chap. 2, these competitions actually
involved a diversity of students regarding their attainment in mathematics. While being
concerned with all her students, Mrs. A identified the characteristics of the problems,
which she describes as challenges, as a major benefit of these competitions.
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Another teacher, Mrs. P, also defined the problems of the competitions with a
single word—challenge —and readily explained the reason for this attribute:

Mrs. P: Because I think that every problem is a new challenge that they have to solve, they
have to face. I think it’s very interesting. Sometimes they look as really simple things... but
sometimes it’s hard, even for us. We look at the problem and think, “My God, how do I do
this?” Then we start to think and... “Ah, this is very easy after all” and sometimes they are
very simple things but we... Because they are different from those we usually do.

Again, we can notice the contrast with what is done in the classroom, the so-
called content application problems in which the student knows beforehand the con-
cepts to be used. It is the kind of problems that have to do with what the teacher did
in recent lessons in terms of the delivered content. In this regard, we refer to an
episode that happened with Mr. H, one of the interviewed teachers. Once one of the
problems of the SUB12 was published, Mr. H called the organisation, raising a
question:

Mr. H: Look, the SUB12 problem which came out now, it requires knowing the greatest
common divisor, but the kids haven’t learned it yet.

SUBI12: No, it doesn’t. This is a true problem! They can solve it; they don’t need to
know the greatest common divisor. They need to think and they will get there.

The idea that the problems of the competitions are different from the problems of
the classroom is unanimous among all the teachers we interviewed. Mrs. P, who has
several of her students participating in the competitions, acknowledged that these
are not the typical classroom problems and as such students have to find different
ways to solve them.

Mrs. P: Because they have to strive to solve problems that are different, so they have to get
different ways to solve them, not those usual ways they use in the classroom.

An interesting question that could lead to new studies has to do with something
we find teachers claiming when seeing a solution of their students: I did not expect
this solution from this student. We found that sometimes the young participants
worked out solutions that surprised everyone and in particular their teachers. The
classroom organisation and the limited time available may not allow students to
show what they are capable of. Mrs. P recognises that it is not always the best stu-
dents in the classroom who are the higher performers in the competitions, which
sometimes causes astonishment in the teachers. In her opinion, this fact is related to
anumber of aspects that shape the school activity. From our point of view, it is fairly
explained by the fact that the activity in the classroom includes a low diversity of
activities. This contrast between the in and the beyond the classroom can reinforce
the idea shared by various researchers on the need to diversify the type of tasks in
the mathematics classroom (Ponte, 2007; Stein, Engle, Smith, & Hughes, 2008).

Teachers who attempt to use inquiry-based, student-centered instructional tasks face chal-
lenges that go beyond identifying well-designed tasks and setting them up appropriately in
the classroom. Because solution paths are usually not specified for these kinds of tasks,
students tend to approach them in unique and sometimes unanticipated ways. (Stein et al.,
2008, p. 314)
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In other words, it is not enough to insist on drill and practice exercises to recap
the content taught; instead, a rich activity with problem-solving is absolutely vital
as it has been advocated for more than three decades.

Mrs. P: The school gives greater value to the more rigorous and disciplined students. Maybe
this is not very wise, but the truth is that it is so. Because there are deep-rooted patterns in
our society and people are still governed by these very principles.

Creativity is not always easy to reconcile with a short time to solve a problem
and with the characteristics of many problems that are presented in the classroom,
usually associated with a particular mathematical topic, or with drilling and practis-
ing on calculations, as Mr. E emphasised:

Mr. E: Most of the problems of the SUBs are formulated so that they are accessible to all
students. I think that problem-solving is stimulating... Students often get to 5th grade and
practically they have not solved any problem by then. They were not encouraged to solve
problems; there isn’t such a habit! Students get to the 5th grade and just want to do calcula-
tions. They just want to know: is this to add or to subtract? They were not encouraged to
solve problems, to think...

To Mr. E, the problems posed in these competitions were within the reach of
most students. This teacher believed that, at least in Portugal, there was no regular
practice of solving problems in classes and in primary school students are too
focused on performing calculations. Like the previous teachers, Mr. E associated
the word challenge with the SUB12 and SUB14 mathematical competitions when
asserting:

Mr. E: I think it’s a challenge. Challenge may be the right word, the more appropriate one.
Because students are then challenged to solve problems, to show not only their knowledge
but their reasoning, to compete with themselves, to have goals... to have the goal of solving
that problem. To me it is basically challenge.

Mr. Z stated his point of view on the problems of these competitions, explaining
how he sometimes used them in his classroom:

Mr. Z: Sometimes there are problems, some of them from previous years, that you can use
in class. There are always two points of view; it can be a problem that uses some knowledge
that we are dealing with at the time, some content... but it can also be the other way, they
must see that they do not need to use any stuff. I approve the two perspectives: it can be for
them to practise the skills they have acquired, but it can also be a different thing and call
their attention to the fact that it’s not always like this, that you must think differently. I guess
the two perspectives are valid.

And he referred to what he considered to be the functions of the problems in his
teaching activity:

Mr. Z: There is one problem from SUB12 that is one of the oldest, but I think it requires a
good level of reasoning from them; they manage to discuss it and exchange ideas. It’s not
something that they can do right away, and this leads them to think a little more. I believe
that many of the problems of SUB12 have this characteristic. I generally like them and think
they are reasonable; if I didn’t think they were appropriate, I would not use them with my
students. I suppose the key is the thinking. There is another important point—we can use
them both to introduce contents and to practise contents, and both are valid for me. But the
most important thing is actually getting away from routine and to think, to think. Between
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the routines there must always arise something different for them to wake up and see: “Hold
on, this is different”. I find this important.

Mr. Z, like other teachers, noticed that the mathematical activity in the classroom
was fairly driven and needed to be more diversified for students to develop their
skills further. In his classes, he sought to introduce problem-solving from a perspec-
tive that was in tune with the type of non-routine problems of the competitions.
Moreover, he commented on his problem-solving practice with students in the class:

Mr. Z: Generally, I propose the problems and give them time to think and solve. But before
that I did some work on problem-solving with them. Thereon they should be aware —at least
I would hope so—that when they read a problem and can’t immediately find the answer, they
will have to read and reread it several times, and they will have to try —all those stages, so to
speak, of problem-solving. As I say: It’s one more problem, only this time you have this
competition; that’s an extra motivation. So I usually let them move on, I give them some time
for reading individually and for a few minutes I do not answer to anyone so that they take
time and insist on reading, understanding and trying to do something. Sometimes I may give
them a small hint, then there is a stage where they can exchange ideas between them and,
eventually, when some have managed to solve it, there are students who propose solutions to
the class and I usually ask the opinions of others and steer the discussion. Sometimes it may
be carried on as homework, and in that case I only have the discussion the next day so that
they realise that it’s not a quick solution and that it requires more than a short time. And
finally I end up validating the answers but I try... not to give them answers and I question
even those that are well done. I want them to justify and to argue... “Let’s see if this is really
correct” to see if they are also confident of what they did.

The teacher believed that not all problems of the competitions should be linked
to some specific curricular content and considered it to be a sensible option also
because the SUB12 is devoted to students from both 5th and 6th grades.

Mr. Z: (...) Because they [the problems] do not always appeal very directly to certain con-
tent knowledge, you notice that they are even designed for students of two consecutive
grades. So, if they appealed only to school knowledge, it would seem that the 6th graders
would be a little in advantage, maybe... There are parents who have already questioned me:
“Oh my son is a fifth grader and will compete with the sixth graders!” I just tell them to take
it easy!

The teacher also believed that the problems of the competitions were quite rea-
sonable to the extent that they provided students with a different activity from what
was typical in the classroom and he found benefits for the mathematics learning of
his students, as highlighted in his words:

Mr. Z: It is the nature of the problems that leads students to a form of work that is different
to usual. Students who work on such problems learn; it improves their learning.

By definition, a challenge entails an element of difficulty and creates the need to
overcome an obstacle. Barbeau (2009) elaborated on the idea of challenges in math-
ematics education, noting that the mathematical challenges deliberately encourage
the recipient to seek a solution. A good challenge is one for which the individual has
the necessary mathematical apparatus but is forced to deal with it in an innovative
way; it generates emotions that are close to those of mathematicians when tackling
authentic problems. Such mathematical challenges are usually seen by students as
different from their school tasks, and even when perceived as intricate, they boost
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feelings of pleasure (Jones & Simons, 1999, 2000). Therefore, we propose a subtle
difference between the idea of mathematical problem and the concept of challeng-
ing mathematical problem. A mathematical problem, usually conceived as a situa-
tion from which the initial and the final states are known but the process to move
from the first to the last is not immediately available, has its grounds in the cognitive
components of the problem-solving activity. In turn, a challenging mathematical
problem includes a strong affective appeal by involving curiosity, imagination,
inventiveness and creativity, therefore resulting in an interesting and enjoyable
problem not necessarily easy to deal with or to solve (Freiman, Kadijevich, Kuntz,
Pozdnyakov, & Stedgy, 2009).

The research has highlighted the need for attention to the degree of challenge of
the problems posed to students, and the idea of moderate challenge has been pro-
posed (Turner & Meyer, 2004). The propensity to perform a task seems to decrease
in two situations: when expectations about getting success are very high (too easy) or
very low (too difficult). The choice rests upon the situations in which the expected
success is around 77 % (Turner & Meyer, 2004). Interestingly, it is reported that
students who are given moderate challenges tend to reveal lower avoidance of help
seeking. Moreover, the use of moderate challenge is most effective when help seek-
ing is seen as legitimate and when the presentation and explanation of thinking are
requested. These two aspects are clearly present in the SUB12 and SUB 14 competi-
tions and are essential categories of practices that, according to Turner and Meyer
(2004), are intended to be challenging. This helps to understand why the mathemati-
cal competitions SUB12 and SUB14 are regarded as challenging environments
where young people can expose and develop their skills in the field of mathematics.

3.4 Mathematical Communication: An Additional Challenge

The need for students to express their ideas and their reasoning in writing is an
essential feature of the SUB12 and SUB 14 mathematical competitions. Their solu-
tions are only validated and accepted when conveying a clear account of the reason-
ing process that led to the answer. We recall that all proposed problems are followed
by the prompt: “Do not forget to explain your problem-solving process!”

This requirement has become very stimulating also for the teachers engaged in
helping their students. In the same way as the young participants, their teachers felt
equally challenged and motivated by this requisite of the mathematical competi-
tions SUB12 and SUB14. One of the interviewed teachers recognised that mathe-
matical communication is a strong feature of these competitions. This teacher
highlighted the uniqueness of the written component as a factor that initially can
represent a greater demand for young students.

Mrs. I: (...) Explaining the reasoning... that part of the mathematical communication, espe-
cially in writing... When orally they are fairly able to explain it, but when it turns to writing,
it’s very complicated for so many students, especially those who are very fond of mathe-
matics; they like to write very little. So they like mathematics because with mathematics
they do everything very briefly, right?! When we are moving from natural language, for
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example, to mathematics, it gets really shorter... For something that is said in a large
phrase, we get there and write three or four little things and that’s it... the symbols. So they
are used to mathematics being a lot shorter and when I want them to do the opposite
(laughs), I mean, that they use everyday language, it takes a lot of work to write, to con-
struct the sentences and explain... The sentence construction that’s the least when express-
ing exactly the reasoning that they made... Yes, they write sentences but can they tell how
have they reasoned? It’s very difficult for them to explain how they have reasoned.
Sometimes I say “Well, but how did you get this number?” and then they try to explain it,
and I understand it... I mean, I understand because I’m a mathematics teacher. If someone
else was trying to understand, that person wouldn’t understand anything. In fact, I some-
times try to explain what they write to their classmates, and they don’t get anything... and
I know that the student was saying it correctly; it means that the reasoning was all very well,
but it was poorly expressed.

The issue of mathematical communication is also referred to by Mrs. A. This
teacher also explains the difficulties that teachers faced:

Mrs. A: One of our concerns was to provide guidance to the kids on how they could make
a diagram, on how they could... send attachments, so even we had trouble suggesting to
students how they could justify, because they didn’t master it and it’s difficult, isn’t it?!
Explaining everything... We are talking of some kids that are in the 5th or 6th grade... We
ourselves had to develop as well when we wanted to help students to explain, give an ade-
quate explanation of the situation and then I often needed to write it down. The kids were
not used to explain, were not used to pick up a sheet and explain everything from beginning
to end. So this forced us to find easy ways to explain things so that the paths they followed
were clear to the people who read it.

The development of mathematical communication is one of the soft skills that
the mathematics curriculum for basic education has been advocating for quite some
time. Teachers found in these competitions a stimulus to help students in the devel-
opment of mathematical communication, but were also challenged to find new ways
to help students to express their ideas and mathematical reasoning. This has been
recognised by Mrs. A who revealed that frequently she discussed with other math-
ematics teachers about strategies for working with students on the question of math-
ematical communication in the classroom.

Mrs. L, another teacher who followed the competitions, recalls that at various
times she led students to elaborate diagrams for expressing their ideas and their
reasoning as an alternative to the specific symbolic language of mathematics, know-
ing that not always the formal mathematical language is the better way to address a
problem. She explained how she tries to help in her classes:

Mrs. L: (...) Diagrams, I value the diagrams. I advise them to consider: “Look, you can also
get there this way”. There are groups of students who already have more structured ideas
and get there doing calculations. But so that others will not give up, I always say: “But you
can do it with drawings, don’t give up...” Because... if the student is able to schematise,
then he catches the essential... he is able to solve any problem... and I think it helps in other
disciplines. If students have the ability to analyse a table, to analyse a chart... when they are
in sciences and are confronted with a graph, or a table... they will also know how to read it,
and in history they will know too, and so on. I always say to my students that I don’t just
want the answer, I want what they have made, the reasoning they have made... For the
person may have a wrong answer only because at some point they made a mistake some-
where... so, what’s more important is the reasoning, to know why I’'m doing this, this and
this. If the answer is correct, okay, it’s because there were no errors in the meantime.
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In general, there seems to be some consensus among the various interviewees
about the differences in communicating mathematically in the classroom and in
these competitions. Mrs. I believes that the issue of mathematical communication in
the competitions is more difficult than in the classroom due to the characteristics of
the problems themselves. In the classroom, problem-solving tends to emerge asso-
ciated with a particular mathematical topic which means that students immediately
link the resolution of that problem to something that was recently handled in class.
That does not happen in the competitions, as she explained:

Mrs. I: It’s this thing: they are on that topic... they are given a problem and they soon pre-
sume and they are impeded, isn’t it?! They just think it to be about something that they had
recently learnt, while with these problems this doesn’t work; at the outset, those [prob-
lems]... are not integrated in anything at all, it’s a new kind of problem for them to solve.
So they will have to find the way they see fit and make diagrams or whatever they choose...
It’s different, it’s different...

Mrs. I recalled an episode that happened a short time ago regarding the different
ways of approaching the same problem by students of different grades. She noted
that not everyone knew how to use multiplication of fractions but that did not stop
them finding ways of representation that were useful for supporting the resolution:

Mrs. I: [With the current problem] what is happening with my students in 5th grade is that
they are doing it with geometric figures, using the knowledge they have because they have
learnt about rhombi and they also know percentages. I don’t know if any of them used per-
centages, or the size of angles, and so on. For example, the 6th grader who has already
showed me a solution has solved it using only the operations with fractions but not the oth-
ers [in 5th grade]; the others are doing diagrams and getting there...

Mrs. I added that whenever a new problem is published, she will soon access the
webpage to solve it before their students. She admits that teachers have a tendency
to use more formal procedures than those of the students, and she is happy by being
surprised with solutions from her students she never imagined.

Mrs. I: When a new problem gets out, the first thing I like to do is to solve it right away.
Therefore when a problem gets out, I will go there and solve it at once. Of course we tend
to solve it in a certain way; sometimes I solve it in two different ways. I say, “What if I try
that way...?” But most of the time I am surprised by the students, because students actually
end up having very different ways from those I expected. Sometimes those ways eventually
correspond or are basically consistent with what I expected but often there are very different
resolutions, and I'm wonderfully surprised. Indeed I have learned a lot from them.

3.5 The Use of Technology: The Sharing of Experiences
Between Teachers and Students

The use of technology has been widely recommended for several years in the teach-
ing and learning of mathematics, but its integration into the mathematics classroom
has not been yet adequately accomplished. Despite the many efforts and recommen-
dations, there seems to be a strong resistance to the use of technology in the
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teaching and learning of mathematics, regardless of the rest of the world being more
and more dependent on the use of various technological resources. As the OECD
(2012) report mentions, technology is everywhere, except at school. Not surpris-
ingly, many of the teachers we interviewed revealed having some difficulties with
handling digital technologies.

One of the purposes of the SUB12 and SUB14 competitions, in addition to the
development of mathematical skills, was the development of technological skills
associated with the use of computers to tackle problems and communicate mathe-
matically on the ways to get the solution. These competitions can be considered
pioneers in the way they promote an enduring connection between the target audi-
ence and the organising committee responsible for the publication of the problems
and the feedback provision to the participants. From the very beginning, the two
competitions reach the participants through the Internet, and electronic mail is the
communication medium between each participant and the organising team. Visiting
the website to access the problem is essential, but this requires having a computer,
tablet or smartphone with Internet access. In 2005, when the competitions began,
schools did not have the technological resources they currently have, which some-
how hindered the work of the teachers. Mrs. A explained how she and her col-
leagues overcame those former difficulties, using printed copies of the problems
that were being posted on the website.

The use of photocopies was the way to bring the problem to all the students and
teachers of the school, in the early years of the competitions. But it was not just the
lack of resources in the schools; the obstacles also included experiencing difficulty
with the use of the computer by students and by teachers. One of the requirements
for participation was that each student had a valid e-mail address in order to send the
answers and receive feedback from the organisation. Many of the students who
started their participation, especially in 5th grade, did not have an e-mail address at
the time. Some teachers took on the task of creating e-mail accounts for their stu-
dents; others asked the parents to do it or asked for support from the administrative
staff of the school. Mrs. A briefly described how this took place in the first editions
of the competitions:

Mrs. A: I remember that in the early years I didn’t even handle the computer, I didn’t even

know how to create e-mail accounts. I didn’t know... It had to be a staff member from the

secretariat or a colleague who created the e-mail accounts for kids participate because we
didn’t know; we were all insecure... with over 30 years of profession...

The teacher admitted that at the time the competitions began, her skills on the use
of technologies were insufficient to meet the required needs. Many of the teachers
of her school had a long teaching experience but had few technological skills as
their training never included this area of knowledge. However, we should point out
that this fact was not an impediment to them in embracing the challenge and encour-
aging young students. On the contrary, they bypassed all the difficulties as seen in
Mrs. A’s words. For example, to create the e-mail accounts, they requested support
from colleagues, which shows the commitment of the whole school to the involve-
ment of the students in the competitions, something we should mention and praise.
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Over the years, these difficulties have been settled, particularly with the rise of
the National Technological Plan that in addition to equipping schools with tech-
nological resources also promoted the training of Portuguese teachers and the
development of some practical skills on the use of technological tools. At the
same time, hiring young teachers with more advanced technological competences
also contributed to helping the more established teachers in computer use, as
described by Mrs. A:

Mrs. A: Now there are many young teachers being hired, but at that time we all had about
30 years of teaching, or close to that, and had little knowledge of technology, so that was all
anovelty. And we also counted a little on the families who already had an e-mail account...
So that was more or less how things worked...

It was not only in the school where Mrs. A taught that difficulties were felt. Mrs.
I also acknowledged that it was not easy in her school and explains what her role
was in the first years. This teacher, as she said in her interview, thought it was very
important that students began to learn how to write their own e-mails and solve the
problems on the computer to send them to the competition.

Mrs. I already showed a certain ease with using the computer, back in 2005. The
organising team of the competitions began receiving several solutions from her stu-
dents through the teacher’s own e-mail account. This never caused any problems to
the organisation, because the resolutions had been made by her students, sometimes
with paper and pencil and after digitally scanned, with others sent as attached files.
A few years later, when we interviewed this teacher, we had the opportunity to learn
in detail about her work and her dedication in enabling the participation of her
students.

Mrs. I: I went with three [students] at a time [to the computer] for them to create their own
e-mails and they all got e-mail accounts. But then there was another problem in the school,
often the Internet did not work... At this stage, the Internet did not always work, and some
kids had no Internet at home and therefore it ended up being me who sent the solutions that
they produced... It was like that. Now most of the youngsters already have their own
e-mail... sometimes what they don’t have is the Internet... for financial reasons... In the
early years of the SUB12, many youngsters did not have their own e-mail. Now if we ask
about it in a class, we find only one or two youngsters who don’t have their own email.

The emergence of technological resources in schools has brought some interest-
ing changes that are relevant to consider. From the moment the classrooms began to
be equipped with video projector and computer, Mrs. A and her students began to
see, in the classroom, the scores’ tables and the published solutions of some of the
participants. As reported by the teacher, these moments with her students enabled
the sharing of knowledge between teachers and students, as she recalled:

Mrs. A: We open the website of the competitions, and we display the table and the solutions
that are visible there. And then one of the things they really like is when they see... It’s a
joy to see their names in the answers and even in the table of scores, it’s a joy because they
like to show up, right, when we project it... In the class, I project everything on the screen.
When the answers come [the teacher refers to the solutions selected by the organisation that
are published on the website], we all look at them...
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The teacher told us, quite amused, how she has learned from her young students
to search the table and to use some computer tools. She added her memories of an
episode where students actually suggested to her to use Excel to solve one of the
problems:

Mrs. A: In fact, once there was this problem and I wanted to explain something, and at some
point one of the students asked me, “But can’t we use Excel?” And I couldn’t do it in Excel,
but then there was one of the kids who came to the computer and did it!

Mrs. A recognised that everything is easier with regard to access to technologies
both at school and at home, but she acknowledged that:

Mrs. A: It’s still nice, in the classroom, when they can see their names in the table and when
there is [on the webpage] the resolution of one of them, the technology allows that, doesn’t it?

Another teacher who taught in grades 7-9 said that in her school she had the
chance to use a computer room to teach her mathematics lessons and periods of
supervised study, allowing student’s access to the Internet to see the competition
webpage:

Mrs. S: My students had the opportunity to go directly to the SUB12 and SUB14 webpage

to read the description of the problem and see the resolutions of other problems that were
selected by the coordinating team.

This teacher encouraged her 8th grade students to solve the problems in class
and, if possible, to send the answers still during the class, as some of her supervised
study lessons were dedicated to addressing the problems from SUB 14. She explained
that initially the students solved the problems with paper and pencil though they had
a computer at their disposal.

Mrs. S: Initially most of the students solved the problems with pencil and paper; however,
as we had no scanner in the room and they had to send the solution by e-mail, they typed
their resolutions directly in the reply window —if it was short—or in a word document. In
this case, often the resolution sent wasn’t quite the same as the one made with pencil and
paper. Some students tried to use images where they put captions, others tried to use vari-
ables and carried out calculations and used mathematical language. In general, they tried to
send a more formal resolution than the one they had originally done.

The teacher also thought that the use of the computer had become very important
for student learning, enabling the development of many different skills:

Mrs. S: Using the computer proved to be important for students in different aspects: in the
mathematisation process, in learning and using digital representations in the problem-
solving process and other skills on computers.

Mrs. S, like other teachers of young participants in the competitions, was a great
believer in using Excel and as such sought to implement the use of this tool with her
students in the classes. Some students were very keen about Excel and used it quite
often.

Mrs. S: Throughout the competitions ,I encouraged the students to use the spreadsheet in
solving numerical or algebraic problems and thereafter some of the students began to use
the computer as a tool to solve problems and not only as a means to express their answers
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and send them. On the other hand, the use of computers has made the spreadsheet known to
the students and allowed students, less used to it, to submit attachments.

Interestingly, since the first edition, we found several participants who showed
great appreciation for the use of Excel; sometimes they resorted to Excel without
any apparent reason, almost as if they were using a Word document, as illustrated in
Fig. 3.5, which was basically produced using the insertion of shapes into an Excel
sheet.

Another teacher claimed that the fact the competition takes place over the Internet
only has advantages and considers that at the present time it would be meaningless
if it were otherwise.

Mrs. P: Well, because it’s a practical way; it’s a medium that kids usually use and master
well and that they like. Maybe if it were on paper, we would have more difficulty, because
we must always send the solutions, it would be more complicated and nonsensical.

We believe that technology can make an important contribution to the learning
of mathematics. Initially, as we have seen, either teachers or students felt some dif-
ficulties, but the use of technology has become more readily accessible, particu-
larly to students, who quickly become attached and learn to take advantage of its
potential. Many of the solutions produced by the students over time reveal a level
of effectiveness and creativity that would not be possible without the use of tech-
nology. Nevertheless, it is interesting to note how several teachers, with different
levels of technological skills, opened their minds to taking advantage of the com-
puter by supporting youngsters throughout the competitions. We can only praise
the role of these teachers who have given us really significant testimonies as they
are examples of how the teacher can offer students a mathematically stimulating
and fruitful environment.
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Fig. 3.5 A solution from a group of two girls to problem #3 of SUB12 (edition 2010-2011)
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3.6 Overview and Conclusion

Throughout this chapter, we have reported on the involvement of teachers in the
participation of their young students in the mathematical problem-solving competi-
tions SUB12 and SUB14. Teachers have played a very important role in the dis-
semination of these competitions. Without their contribution, it would have been
impossible to have achieved the massive participation of youngsters observed
throughout the various competition editions. The evidence we collected show that
this invitation to participate respects the freedom of every youngster to choose to
participate or not in the competitions, which meets the recommendations offered by
Barbeau (2009)—no youngster should be forced to participate in beyond-school
activities. Nevertheless, it seems clear that teachers know how to motivate and
inform students and even select, according to their principles and perspectives, the
competitions that they consider most appropriate to youngsters. Further, this invita-
tion appears to be made in a very effective manner taking into account the number
of participants achieved. Although the mathematics teacher takes most often the
role of promoter and motivator for participation in this activity, several teachers
have an enduring engagement, following the course of this competition throughout
the Qualifying and also, in some cases, being present, alongside the students, in the
Final which takes place at the University of Algarve, in June each year. Several of
the interviewed teachers used, in their classes, the problems proposed in the various
rounds of SUB12 and SUB14. The resolution of the problems of the competitions
in the classroom is indeed a strategy followed by many teachers. In fact, some indi-
cated that the problems from the competitions are an interesting educational
resource for their teaching practice, saving them the effort to seek and find good
problems elsewhere. In some cases, introducing those problems in the classes was
also the grounds to promote the use of technology, in different modalities, in math-
ematics teaching.

Various reasons were mentioned by the teachers to justify their commitment to
this project: first, they mentioned the problems themselves as an educational
resource that was valued as challenging and real problems that were different from
the traditional problems posed in the classroom, namely, the problems taken from
the end of each chapter in the textbook. The SUB12 and SUB 14 problems were seen
by the teachers and their students as distinct problems from the specific content-
reinforcing problems aimed at practising recently taught topics. The teachers found
that the problems were an important means of both introducing new mathematical
topics and consolidating topics already studied, given that the problems were not
intended to fit any specific content and therefore could lead students to make con-
nections between different curricular topics and several mathematical ideas.

In addition to the challenging nature, other characteristics were also pointed out,
in particular, the fact that mathematical communication is likely to be developed
within the context of solving and expressing mathematical problems. Teachers rec-
ognised that, like their students, they were challenged to improve their skills and
their communication strategies. The requirement set by the competition of sending
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the solution and the reasoning involved in solving the problem led teachers to devise
and use different strategies in the classroom. Teachers felt the need to foster the
development of several representational forms, namely, the use of drawings, dia-
grams or tables. Finally, the teachers all agreed that their students’ participation in
this type of inclusive competition promoted their fondness and enjoyment for math-
ematics as argued by several authors (Amado et al., 2014; Freiman & Applebaum,
2011). Signs of happiness and joy from youngsters participating in the SUB12 and
SUB 14 Finals were clearly revealed and acknowledged by the teachers who saw it
as another valuable attribute of these competitions. This was also reflected on their
willingness to collaborate, attend and join their students in the social and public
moments, where parents and relatives are also included, such as the snack break or
the awarding ceremony.

We conclude this view on the role of teachers, and their positioning in relation to
proposals that extend beyond the classroom, by emphasising the importance they
attached to such projects as sources of learning and accomplishment of their stu-
dents. To a large extent, the statements of the teachers we heard echo the words of
Stahl (2009b), referring to a vision of his Virtual Math Teams project:

Students learn math best if they are actively involved in discussing math. Explaining their
thinking to each other, making their ideas visible, expressing math concepts, teaching peers
and contributing proposals are important ways for students to develop deep understanding
and real expertise. There are few opportunities for such student-initiated activities in most
teacher-led classrooms. (p. 24)

After having carried out, over two chapters, a rich description of the youngsters
who engaged in SUB12 and SUB 14 and the perspectives of their teachers who pro-
moted and stimulated their activity as mathematical problem-solvers with technol-
ogy, we move forward to a theoretical conceptualisation around the concept of
solving and expressing and the inseparability between technology use and mathe-
matical approaches to problem-solving. Our purpose is to develop theoretical tools
to inform a sharpened analysis of how these youngsters made their ideas visible
with and through digital technologies and particularly of how they expressed pow-
erful conceptual models of specific problems of the competitions by ingeniously
utilising digital tools of their choice.

References

Amado, N., Ferreira, R., & Carreira, S. (2014). A relagdo afetiva dos jovens e suas familias com a
matemdtica e a resoluc¢do de problemas no contexto de competicoes matemdticas inclusivas.
Unpublished Monograph of the Problem@Web Project.

Barbeau, E. (2009). Introduction. In E. J. Barbeau & P. J. Taylor (Eds.), Challenging mathematics
in and beyond the classroom: The 16th ICMI Study (pp. 1-9). New York, NY: Springer. http://
dx.doi.org/10.1007/978-0-387-09603-2_1.

Freiman, V., & Applebaum, M. (2011). Online mathematical competition: Using virtual marathon
to challenge promising students and to develop their persistence. Canadian Journal of Science,
Mathematics and Technology Education, 11, 55—66. http://dx.doi.org/10.1080/14926156.2011
.548901.


http://dx.doi.org/10.1007/978-0-387-09603-2_1
http://dx.doi.org/10.1007/978-0-387-09603-2_1
http://dx.doi.org/10.1080/14926156.2011.548901
http://dx.doi.org/10.1080/14926156.2011.548901

References 81

Freiman, V., Kadijevich, D., Kuntz, G., Pozdnyakov, S., & Stedgy, 1. (2009). Technological envi-
ronments beyond the classroom. In E. J. Barbeau & P. Taylor (Eds.), Challenging mathematics
in and beyond the classroom: The 16th ICMI Study (pp. 97-131). New York: Springer. http://
dx.doi.org/10.1007/978-0-387-09603-2_4.

Jacinto, H., & Carreira, J. (2011). Nativos digitais em atividade de resolugdo de problemas de
matematica. In A. Andrade, C. Lajoso, J. Lagarto, & L. Botelho (Eds.), COIED 2011 — 1.“
Conferéncia Online de Informdtica Educacional (pp. 69-77). Lisboa: UCP. http://www2.
coied.com/2011/ebook/.

Jones, K., & Simons, H. (1999). Online mathematics enrichment: An evaluation of the NRICH
project. Southampton: University of Southampton. http://eprints.soton.ac.uk/11252/.

Jones, K., & Simons, H. (2000). The student experience of online mathematics enrichment. In
T. Nakahara & M. Koyama (Eds.), Proceedings of the 24th Conference of the International
Group for the Psychology of Mathematics Education (Vol. 3, pp. 103—110). Hiroshima, Japan.
http://eprints.soton.ac.uk/41271/.

Kenderov, P, Rejali, A., Bussi, M. G., Pandelieva, V., Richter, K., Maschietto, M., et al. (2009).
Challenges beyond the classroom: Sources and organizational issues. In E. J. Barbeau &
P. Taylor (Eds.), Challenging mathematics in and beyond the classroom: The 16th ICMI Study
(pp- 53-96). New York, NY: Springer. http://dx.doi.org/10.1007/978-0-387-09603-2_3.

Ministério da Educagdo. (2007). Programa de Matemdtica do Ensino Bdsico. Lisboa: Direcdo
Geral de Educagao.

OECD. (2012). Connected minds: Technology and today’s learners, educational research and
innovation. Paris: OECD Publishing. http://dx.doi.org/10.1787/9789264111011-en.

Ponte, J. P. (2007). Investigations and explorations in the mathematics classroom. ZDM:
International Journal on Mathematics Education, 39(5-6),419-430. http://dx.doi.org/10.1007/
s11858-007-0054-z.

Protasov, V., Applebaum, M., Karp, A., Kasuba, R., Sossinsky, A., Barbeau, E., et al. (2009).
Challenging problems: Mathematical contents and sources. In E. Barbeau & P. J. Taylor (Eds.),
Challenging mathematics in and beyond the classroom: The 16th ICMI Study (pp. 11-51).
New York: Springer. http://dx.doi.org/10.1007/978-0-387-09603-2_2.

Schoenfeld, A. H. (1991). What’s all the fuss about problem solving? ZDM: International Journal
on Mathematics Education, 91(1), 4-8.

Stahl, G. (Ed.). (2009a). Studying virtual math teams. New York, NY: Springer. http://dx.doi.
org/10.1007/978-1-4419-0228-3.

Stahl, G. (2009b). The VMT vision. In G. Stahl (Ed.), Studying virtual math teams (pp. 17-29).
New York, NY: Springer. http://dx.doi.org/10.1007/978-1-4419-0228-3_2.

Stanic, G., & Kilpatrick, J. (1989). Historical perspectives on problem solving in the mathematics
curriculum. In R. I. Charles & E. A. Silver (Eds.), The teaching and assessing of mathematical
problem solving (pp. 1-22). Reston, VA: NCTM and Lawrence Erlbaum.

Stein, M., Engle, R., Smith, M., & Hughes, E. (2008). Orchestrating productive mathematical
discussions: Five practices for helping teachers move beyond show and tell. Mathematical
Thinking and Learning, 10(4), 313-340. http://dx.doi.org/10.1080/10986060802229675.

Stockton, J. C. (2012). Mathematical competitions in Hungary: Promoting a tradition of excellence
& creativity. The Mathematics Enthusiast, 9(1 & 2), 37-58. http://www.math.umt.edu/tmme/
vol9noland2/TME_2012_vol9nosland2_ppl_232.pdf.

Turner, J., & Meyer, D. (2004). A classroom perspective on the principle of moderate challenge in
mathematics. Journal of Educational Research, 97(6), 311-318. http://dx.doi.org/10.3200/
JOER.97.6.311-318.

Wedege, T. & Skott, J. (2007). Potential for change of views in the mathematics classroom? In
D. Pitta-Pantazi & G. Philippou (Eds.), Proceedings of the Fifth Congress of the European
Society for Research in Mathematics Education (pp. 389-398). Larnaca, Cyprus. http://www.
mathematik.uni-dortmund.de/~erme/CERMESb/.


http://dx.doi.org/10.1007/978-0-387-09603-2_4
http://dx.doi.org/10.1007/978-0-387-09603-2_4
http://www2.coied.com/2011/ebook/
http://www2.coied.com/2011/ebook/
http://eprints.soton.ac.uk/11252/
http://eprints.soton.ac.uk/41271/
http://dx.doi.org/10.1007/978-0-387-09603-2_3
http://dx.doi.org/10.1787/9789264111011-en
http://dx.doi.org/10.1007/s11858-007-0054-z
http://dx.doi.org/10.1007/s11858-007-0054-z
http://dx.doi.org/10.1007/978-0-387-09603-2_2
http://dx.doi.org/10.1007/978-1-4419-0228-3
http://dx.doi.org/10.1007/978-1-4419-0228-3
http://dx.doi.org/10.1007/978-1-4419-0228-3_2
http://dx.doi.org/10.1080/10986060802229675
http://www.math.umt.edu/tmme/vol9no1and2/TME_2012_vol9nos1and2_pp1_232.pdf
http://www.math.umt.edu/tmme/vol9no1and2/TME_2012_vol9nos1and2_pp1_232.pdf
http://dx.doi.org/10.3200/JOER.97.6.311-318
http://dx.doi.org/10.3200/JOER.97.6.311-318
http://www.mathematik.uni-dortmund.de/~erme/CERME5b/
http://www.mathematik.uni-dortmund.de/~erme/CERME5b/

Chapter 4

Theoretical Perspectives on Youngsters
Solving Mathematical Problems

with Technology

Abstract Given that solving mathematical problems entails developing ways of
thinking and expressing thoughts about challenging situations where a mathemati-
cal approach is appropriate, this chapter unveils a theoretical framework that aims
to guide a better interpretation of students’ capability to solve mathematical prob-
lems with digital technologies, in the context of online mathematical competitions.
The main purpose is to provide a way of understanding how students find effective
and productive ways of thinking about the problem and how they achieve the solu-
tion and communicate it mathematically, based on the digital resources available.
By discussing several theoretical tools and constructs, a theoretical stance is devel-
oped to conceptualise problem-solving as a synchronous process of mathematisa-
tion and of expressing mathematical thinking in which digital tools play a key role.
This theorisation draws on the role of external representations and discusses how a
digital-mathematical discourse is used to express the development of the conceptual
models underlying the solution. In this conceptualisation, a symbiotic relation
between the individual and the digital tools used in problem-solving and expressing
is postulated and outlined: the inseparability of humans and media sustains the idea
that students and tools are agents performing knowledge in co-action, while
approaching mathematical problems. Looking at the solution to a problem is seeing
a fusion of the solver’s knowledge and the tool’s built-in knowledge, rather than an
aggregate of both or a complementarity between them.

Keywords Problem-solving and expressing * Conceptual model ¢ Problem-driven
conceptual development * Mathematical thinking ¢ Mathematisation ¢ Digital-
mathematical discourse * External representations « Humans-with-media * Co-action

4.1 The Theoretical Stance

In this chapter, we provide the theoretical perspectives which frame the study of a
specific and relatively new phenomenon, that of students solving mathematical
problems with the digital technologies of their choice. With that purpose in mind,
the theoretical tools and constructs that are reviewed and discussed lead to creating
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new constructs which are expected to guide a better interpretation of what young
people are able to do in a digital communication context (in our case, finding the
solution to a challenging word problem and its explanation within the scope of an
online mathematical competition). Our aim is to understand how they find effective
ways to achieve the solution of a problem and to communicate it mathematically,
based on the digital resources they have at their disposal in their daily life, most
cases in their home environment but also in school, including in the mathematics
classroom.

The background of the study is centred on a particular theoretical stance from
which we consider the problem-solving process as a synchronous process of math-
ematisation and of expressing mathematical thinking; such perspective is addition-
ally supported by two specific research backings: (a) the role of external
representations in problem-solving and expressing and (b) the symbiotic relation
between the individual and the digital tools in a problem-solving and expressing
technological context.

As illustrated in the previous chapters, the problems that are regularly proposed
in the mathematical competitions SUB12 and SUB14 represent moderate mathe-
matical challenges and share the attribute of allowing the construction of several
conceptual models. Our Problem @Web project, therefore, focused on the extent to
which young participants use conceptual models to approach a mathematical prob-
lem. This is especially important when problems are intentionally open to multiple
alternative models.

Those who defend the idea of problem-driven conceptual development have
argued that problem-solving needs to be treated as a way to put students in a process
of developing conceptual models which include, within them, mathematical con-
cepts and models of real situations and the thinking frameworks for a certain class
of problems (English & Sriraman, 2010; Lesh & Doerr, 2003a). The problem-driven
conceptual development theory dates back to the days in which Lesh and his col-
laborators stressed, for example, the relevance of the applied problem-solving as a
fertile ground for conceptual models. A central aspect of this perspective is that the
conceptual models organise themselves and develop, to a great extent, around
lower-order concepts, many of which can be materialised through physical and
manipulative objects and materials. As Lesh explains:

These conceptual models contain ideas from which a maximum number of lower order
concepts can be derived and which can be applied in a maximum number of situations.
(Lesh, 1981, p. 245)

In the competitions that are the basis for our research, problem-solving is not con-
fined to giving students the opportunity to apply what they have learnt at some point
earlier. Their problem-solving is rather about them recognising and treating a problem
by means of some mathematical approach that proves adequate to solve it and that
allows various mathematical explorations and generating mathematical knowledge.
This has to do with understanding problem-solving as a ground to develop mathemat-
ical understanding (or equivalently to promote the development of mathematical
concepts) and even as a more transversal mathematical capability—that of knowing
how to deal with mathematisable situations (Doorman & Gravemeijer, 2009;
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Francisco & Maher, 2005; Gravemeijer, 2002, 2007; Gravemeijer, Lehrer, van Oers,
& Verschaffel, 2002; Lesh, 2000; Lesh & Doerr, 2003a, 2003b; Lesh & Harel, 2003;
Lesh & Zawojewski, 2007; Lester & Kehle, 2003; Santos-Trigo, 2004, 2007;
Zawojewski & Lesh, 2003).

Based on this theoretical background, we intend to isolate a range of essential
concepts which inform the direction of this study. We therefore establish a starting
point: mathematical problem-solving means ways of thinking and expressing
thoughts about challenging situations where a mathematical approach is appropri-
ate, even if the problem-solver may not recognise such thinking as being a typical
mathematical activity or may not draw on school mathematics knowledge. In a way,
we assume that lower-order concepts are key anchors in young learners’ problem-
solving. Following this first assumption, we look for ways to theoretically reflect on
what is involved when youngsters are using digital tools to think about and tackle
mathematical problems. We recognise that digital tools provide affordances to sup-
port thinking about problems in terms of different models, including models that
students would not immediately produce without these tools. The identification and
understanding of these new models is one of the main motivations for the develop-
ment of a theoretical framework sustaining the research on students’ problem-
solving supported by their use of technology. We are interested in the relationship
that takes place between the solver and the digital tool as a potential form of address-
ing youngsters’ digital skills as actual mathematical ways of thinking, modelling
and expressing ideas and concepts. Abundant imagery based on the use of pictures
created with drawing tools or the possibility of using images available on the
Internet, the construction of tables in Word and Excel, the production of active cal-
culations in Excel formulas, the precision drawings and many other representational
possibilities of GeoGebra are among the set of elements that we want to theorise in
discussing the idea of solving and expressing with digital tools. Another focus of
the theoretical development refers to the mathematical thinking verbalised in the
solver’s narrative involved in the solution of a problem. The SUB12 and SUB14 are
characterised by requiring forms of narrative presentations of solutions, which pro-
mote important forms of exploratory and explanatory discourse aligned with math-
ematical thinking. The narratives highlight (for students and researchers) the models
used by the students in devising productive ways of thinking about the given prob-
lems. Therefore, the notion of mathematisation, as a basis for the search of produc-
tive models to solve problems, needs to be complemented by the expression of
mathematical thinking with digital tools and thus leads to the idea of an emerging
digital-mathematical discourse.

4.2 Problem-Solving as Mathematisation

Problem-solving considered as an activity which prompts the development of con-
ceptual models is a way of describing the process of mathematisation or modelling (in
the sense of building conceptual models). As noted by Gravemeijer (1994, 1997), this
is actually the great inspiring breath of Realistic Mathematics Education (RME): to
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face mathematisation as an activity which requires, first of all, to organise and to
structure a situation. As such, “Mathematizing, which stands for organizing from a
mathematical perspective” (Doorman & Gravemeijer, 2009, p. 200) is the core activ-
ity that Freudenthal proposed to characterise the guided reinvention of mathematics
while students engage in meaningful problems. The consequence of such activity is,
in a first sense, a conceptual model that is a way to deal efficiently with the problem
and, in a second sense, a mathematical model or a mathematical skeleton that is the
basis of the solution to the problem.

However, in this type of activity, the model which arises from the mathematisa-
tion process does not always have the level of sophistication that we would imme-
diately call a mathematical model. The conceptual model has, many times, an
unsophisticated appearance, an informal tone and a situation-framed aspect. As
Gravemeijer (1997) explains, in a well-chosen example, students’ informal models
are context-specific and often contain details and inscriptions that are tied to the
concrete situation and reflect their ways of acting on it rather than being just super-
fluous and ornamental minutiae.

Echoing the example presented by Gravemeijer (1997, p. 394) about a student’s
solution to a problem about the division of sweets by three children—where “the
informal character of the model is underlined by the fact that the student even tried
to copy the children’s portraits faithfully”—we offer a solution presented by a sixth
grader participating in SUB12 to a combinatorial problem using the computer
(Fig. 4.1). The problem mentions a girl, Isabel, who is departing to live abroad and
says goodbye to her six best girl friends; at the airport she takes a photo of each pair
of girls, including herself, and the question is to find the number of photos taken.

The solution to the problem was given in a PowerPoint slide, and it involved the
use of colour, written words, calculations, diagrammatic arrangements and digital
drawing. In particular, the faces of the seven girls mentioned in the problem were
drawn and designed with Paint and then copied and pasted to small squares suggest-
ing actual photos. Each girl’s face is different and has several distinctive details,
namely, the colour and the look of the hair. As Gravemeijer points out, this is a good
example of how “at the referential level, the model refers to the situation sketched
in the problem statement” (1997, p. 394). Nevertheless, as Lesh (2000) stresses,
conceptual models only work in full when they are expressed through a variety of
external representations, many times, simultaneously. These representations can be
wide ranging, from written symbolic forms to graphical forms, from real and con-
crete models to the metaphors based on experiences, or yet to the dynamic and
touchable images on computer screens.

When we observe the digital solution presented to the problem, we can recognise
the conceptual model which gives sense to the situation and to the way of achieving
the solution: list all the elements, set the first element and consider all the pairs that
can be made with this fixed element and then remove this element, set the second
element and count all the pairs that can be formed with the fixed element and so on
until the last pair.

The conceptual model underneath shows the process of listing, counting and
calculating, which can later be generalised and translated into a more formal and
symbolic mode:
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Fig. 4.1 Example of a solution produced with the computer by a sixth grader to a combinatorial
problem proposed in the competition SUB12

Given n individuals, the number P of pairs of individuals that can be made for the complete
set of photographs is given by P=(n—1)+(n-2)+...+2+1.

An instantiation of this conceptual model appears in the account given on the
Wolfram MathWorld webpage to explain the solution C(n,2) =n(n— 1)/2 to the well-
known handshake problem:

To see this, enumerate the people present, and consider one person at a time. The first per-
son may shake hands with other people. The next person may shake hands with other
people, not counting the first person again. Continuing like this gives us a total number of
handshakes, which is exactly the answer given above. (Retrieved from http://mathworld.
wolfram.com/HandshakeProblem.html)

The experience conceived by the student, be it real or imaginarily, when trans-
lated into ways of thinking about a situation, is one of the central ingredients of the
problem-driven conceptual development.

Lesh and Zawojewski (2007) put it clearly by stating that a problem may be any
situation or task where the problem-solver feels the need to find a productive way
of thinking about it. Productive ways of thinking do not necessarily mean direct
paths between the givens and the goals of the situation; on the contrary, they are the
result of seeing the situation in effective ways that may involve several iterations of
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interpreting, describing and explaining. The proponents of the Models and
Modelling Perspective (MMP) have provided a range of evidence that students are
able to create conceptual models while devising ways of thinking about a situation.
A result of productive thinking is a conceptual model of the situation that includes
explicit descriptive or explanatory systems. It is the descriptive and explanatory
quality of the thinking that makes it function as a model, an externalisation of the
ways in which individuals are actually interpreting a situation and developing
means to achieve a problem solution. As Lesh and Doerr (2003a) explain:

Students produce conceptual tools that include explicit descriptive or explanatory systems
that function as models which reveal important aspects about how students are interpreting
the problem-solving situations. (Lesh & Doerr, 2003a, p. 9)

This is the fundamental reason why conceptual models usually become expressed
in several different representational systems that students may resort to, like images,
diagrams, symbols and concrete representational materials, all explicit elements
that give visibility to their understandings as, for example, the quantities they think
about, the rules they consider, the relationships they establish and so forth.

4.3 Problem-Solving as Expressing Thinking

In the view of problem-solving endorsed here, it is crucial to replace the notion of
getting an answer to the problem with the idea of creating an explanation for your
answer—a more useful construct that encapsulates both the looked-for answer and
the process of finding it. This is an important point since it leads to seeing problem-
solving as an activity that includes expressing thinking at its core. Rather than sepa-
rating the solving stage from the reporting stage, we propose that these are two
intimately connected aspects of problem-solving and that such connection is even-
tually deeper when the use of digital tools is available to support the expression of
thinking. Therefore, descriptions, illustrations, explanations and all the material
incorporated in the final product are actually the path taken for the product to
become a product, as argued by Lesh and Doerr:

...descriptions, explanations, and constructions are not simply processes students use on
the way to “producing the answer,” and, they are not simply postscripts that students give
after the “answer” has been produced. They ARE the most important components of the
responses that are needed. (Lesh & Doerr, 2003a, p. 3)

Seeing problem-solving in this light is also a consequence of the underlying
assumption that it necessarily involves mathematisation—or rather, developing a
model and externalising it in some or several ways (Reeuwijk & Wijers, 2003). Thus
a mathematical representation, such as an equation or a tree diagram, should not be
taken as the reasoning even if it is a key part of the solution process. Instead, it has to
be placed within a descriptive story that contains both the particular mathematical
representation and the original context of the problem, which is echoed in the follow-
ing conception of mathematical understanding, as Lester and Kehle (2003) explain:
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...a blurring of task, person, mathematical activity, nonmathematical activity, learning,
applying what has been learned, and other features of problem solving. (Lester & Kehle,
2003, p. 516)

Thus, when looking at problem-solving, we should be looking primarily at math-
ematical understandings or, more precisely, mathematical ways of understanding
problem situations.

To presuppose that the expression of thinking is an integral part of mathematical
problem-solving leads us to consider how such expression takes place today, in digi-
tal environments, because expressing mathematical thinking requires a consider-
ation of the means to achieve it.

So, for instance, the photos or the handshake problems referred above reveal a
slightly different conceptual structure if the solver chooses to start with the simpler
case (two individuals) and increase successively the number of people, like in the
following reasoning: two friends take a photo, if another arrives they take two more
photos than in the previous case, if another friend arrives they take three more pho-
tos than in the previous case, etc. Here, a useful tool to express this thinking would
be a spreadsheet that allows the implementation of a relational formula based on a
recursive model (Fig. 4.2).

Back in the early eighties, Lesh (1981, p. 254) stated: “research has failed to
clarify how technological devices can contribute to the acquisition of the conceptual
models that are the most important goals of mathematics instruction; and it has
failed to clarify the processes that are needed when mathematical models and tech-
nological tools are used to solve problems in real situations”. Much more recently
Hegedus and Moreno-Armella (2009a) and Santos-Trigo (2004, 2007) have been
dealing with this particular issue when addressing problem-solving performance in
face of the usage of new digital resources or new representational and communica-
tive infrastructures.

Santos-Trigo has launched a set of questions while arguing that they represent an
important direction to current research. Among them, we stress the following: what
type of mathematical reasoning do students develop as a result of using computational
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technology in their problem-solving approaches? What is the students’ process of
transforming a device, the software, into a mathematical problem-solving tool?

Starting by a case study which documents the solution for a problem by using
dynamic geometry software, Santos-Trigo concluded that the systematic use of
computer tools can enhance students’ problem-solving approaches. He adds that
different tools offer different ways to perform and explore mathematical problems
and it ends by stating that it will be useful to understand which types of reasoning
are developed by students when they use different computer tools.

Hegedus and Moreno-Armella (2009a) documented the usage of representation
and communication infrastructures in the mathematics classroom, stressing the new
mathematical representational expressivity. According to these researchers, one of
the most remarkable aspects within the technological environments is the way
expressivity is transformed: there is a new representational expressivity because
students can profit from the various software functionalities that permit “natural
ways” of expression—metaphors, informal records and deixis (the use of indexical
expressions which require a reference to the non-linguistic context of the situation)
as well as gestures and movements. In Hegedus and Moreno-Armella’s data, actions
which seem to be directly connected with the use of technological devices stand out:
colouring in strategic ways, using visual gestalts or inserting dots, aiming at under-
lying the mathematical system. As they claim, “students express themselves in vivid
ways, both informally and formally” (2009a, p. 405) which brings new connotations
to the act of representing and communicating mathematically in the twenty-first
century.

4.3.1 Expository Discourse in Problem-Solving

Problem-solving as a background for mathematisation requires, as said before, a
considerable emphasis in the expository and explanatory feature of the developed
solutions. Most of the research around problem-solving has approached a large vari-
ety of issues: strategic thinking, domain-specific knowledge and metacognitive
behaviour are just a few. In the case of the present study, our focus is on the expres-
sion of mathematical thinking and, more precisely, on the production of solutions to
word problems through the use of technological devices in the context of students’
independent computer use.

Some studies have observed the forms of students’ written mathematics, some-
times connected with classroom tasks or with assessment assignments. These stud-
ies refer to the mathematical writing done with the traditional tools—paper and
pencil—and not with another type of tools, such as the computer. Nevertheless, they
allow us to have an enlightening vision of some factors that permeate mathematical
writing as a way to express thinking in mathematical tasks.

The idea to consider writing as a learning activity was claimed by Shield and
Galbraith (1998), supporting themselves on curriculum recommendations from the
United States of America and Australia, in the sense that students need to learn how
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to communicate in a mathematical way and to develop a suitable language to convey
what they are learning. In the study they carried out, in three classes of eighth grad-
ers, they tried to describe the expository writing of the students prompted by two
types of tasks: “write a letter to a friend” and “respond to a student’s difficulty”.
When they define expository writing, they state that this type of writing intends “to
describe and explain mathematical ideas” (Shield & Galbraith, 1998, p. 29). While
they stress the importance of the prompt to explain, they consider that students’
mathematical writing can be seen as an entrance door to check the understanding of
particular mathematical ideas held by the students.

One of the indicators of this understanding seems to be the presence of connec-
tors between knowledge units, something that is related to the idea of elaboration.
Based on the coding of the written productions done by the students, the results
obtained showed that they have, predominantly, an algorithmic style of writing,
“with a focus on doing a procedure as an algorithm with few other characteristics of
an effective explanation” (Shield & Galbraith, 1998, p. 43).

Shield and Galbraith also concluded that this style can be strongly influenced by
the mathematics classroom social context and it can be the reflection of what stu-
dents consider adequate as mathematical writing, that is to say, with a minimum
elaboration. In what concerns the visibility of the students’ understanding through
the writing they produce, the results were not very conclusive and suggested the
need to investigate more about the features of an explanation that can better indicate
the students’ understanding level.

Ntenza (2006) also calls attention to a growing demand on students to do more
writing which includes not only mathematical symbolism but also verbal sentences
in ordinary language. The international recommendations have been pointing out
this way, when they include a relevant place to the mathematical communication
(either as communicational interaction in the classroom or as the development of
the competence of using symbols and mathematical representations or else as argu-
mentation and justification in investigative tasks and in mathematical proofing).
Ntenza presents a review of the research conducted in the United Kingdom, the
United States, Australia and South Africa, showing the following: a very limited use
of mathematical writing in mathematics, although such writing becomes more
visible when there is the introduction of investigative tasks in the curriculum or the
practice of journal writing; most mathematics teachers share a vision that the writ-
ing has little to do with mathematics and they do not know for sure the benefits of
mathematical writing in students learning; and finally, most of the mathematical
writing developed by students is nothing beyond copying and transcribing
information.

In his own study of six schools, Ntenza (2006, p. 332) found that “in the majority
of schools there were many written pages of mathematics consisting of mathemati-
cal symbols rather than some indication of extended mathematical writing”. What
Ntenza calls mathematical writing (something distinct from symbolic writing)
proved to have a limited expression, mainly in terms of a creative use of language.

For the purpose of the present research, the referred results about students’ math-
ematical writing offer some important clues, namely, the importance of a prompt
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which leads the student to explain his/her thinking and the results he/she obtains,
the conception that mathematical writing is much more than symbolic writing and
the acknowledgement that expository and explanatory power goes side by side with
understanding (or the development of productive ways of thinking about a problem
situation).

What we also wish to stress is that mathematical writing can be, as in other
school subjects, a form of multimedia writing. This means that communication has,
today, several mediational digital tools, very different from the paper and pencil in
many ways. It seems to be more adequate to speak of a new mathematical dis-
course—a digital-mathematical discourse—performed by young people who com-
municate with digital tools and for whom writing (perhaps typed using a keyboard)
continues to be one of the discourse elements, though not the only one, neither
necessarily the most evident.

The study developed by Stahl and his collaborators on Virtual Math Teams
(Stahl, 2009a) is particularly helpful in offering clues to develop the idea of a
digital-mathematical discourse. The Virtual Math Teams project (VMT) consists of
one of the many online services offered by the quite well-known Math Forum web-
site, currently accessed by millions of visitors a month. The VMT service has grown
out of another service in the Forum, the Problem of the Week (PoW), where chal-
lenging mathematical problems are posted and students can send their solutions and
receive feedback for improvement. The VMT is a way of working on open-ended
problems, in a collaborative mode, with students interacting in groups of peers in
mathematical discussion chat rooms. Specific software tools available in the VMT
environment allow for maintaining group coordination and mathematical problem-
solving, such as the case of the digital whiteboard for graphical representations or
the tools to edit mathematical symbols.

Following the research of Stahl and his team, the concept of expository discourse
(which they distinguish from exploratory discourse and see as complementary in
their data analysis) is an important tool for an analysis of problem-solving as
expressing thinking. As Stahl (2009b) describes it, expository discourse is the tell-
ing of a story about how a problem was solved, usually providing a sequential
account of the essential elements that constitute the problem-solving process.

From this perspective, a large number of signs, considerably propelled by the use
of digital tools, become significant as part of an expository discourse: the use of
colour, natural language, mathematical language, highlighters, drawings, pictures,
photos, icons, diagrams, labels, codes, pre-symbols, symbols, tables, text boxes,
outputs of specific software (spreadsheets, dynamic geometry systems, graphing
tools) and many others.

Medina, Suthers, and Vatrapu (2009), also reporting on a study about VMT,
have considered the question of students’ representational group practices and
have realised how inscriptions become representations in students’ problem-
solving attempts. From looking at a group of students engaged in finding a for-
mula to translate a geometrical pattern, the authors highlight how students’
inscriptions in the whiteboard guided the group’s activity and how they were
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converted into representational resources with the ability of working as indexical
signs to the problem-solvers and to the potential readers.

Other analyses produced within the VMT project focused even more on explor-
atory discourse, where the mathematical problem was collaboratively formulated,
explored and solved in the team discourse itself (Stahl, 2013). In particular, analyses
of teams using collaborative GeoGebra showed how technology was enacted
through a series of group practices that the team adopted in their problem-solving
interactions (Stahl, 2015).

This team discourse is obviously quite different from the one-way speech pro-
duced through e-mail by the participants in SUB12 and SUB14. However, common-
alities are found in the ways of solving and expressing solutions to problems when
making use of the computer (Amado, Carreira, Nobre, & Ponte, 2010; Carreira,
2015; Jacinto & Carreira, 2012; Jacinto, Carreira, & Amado, 2011; Nobre, Amado,
& Carreira, 2012). Their expository discourse tends to be rich in inscriptions with
strong indexical value. For example, in a problem referring two persons walking
towards each other with different speeds, one student’s diagram is corroborated with
the verbal sentence “the arrows indicate opposite directions of walkers”. In fact
most of such pieces of information are meaningless without the original context of
the problem and outside of the complete story of the problem-solving. But they
actually have a profound role not just as a postscript of the problem-solving process
but as part of the representational practices students engage in to express their
thinking.

4.3.2 Technology Used for Expressing Thinking
in Problem-Solving

In discussing the unique contributions of computers to innovative mathematics edu-
cation, Clements (2000) calls attention to the present scenario of using computers in
the classroom, and in this “picture” he shows that the contributions of computers are
minor and almost have no role in the developing of mathematical creativity in the
following activities: mathematics as problem-solving, mathematics as communica-
tion, mathematics as reasoning and making mathematical connections.

It is important to note that all these variants of mathematical activity are relevant
in our conception of problem-solving as integrating the expression of thinking.
Although problem-centred innovative approaches in the classroom may still be in an
insufficient number, the research results about the use of different types of software
and of computer tools permit the conclusion that the advantages of using computers
can be significant or large, either in problem-solving or in the development of rea-
soning or still in the learning of content material. Some of the computer potentiali-
ties are related to the possibility to emphasise conceptual development and
problem-solving, allowing students to build on initial intuitive visual approaches and
on informal strategies, promoting a link between formal and visual representations
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and facilitating the combining of natural language and mathematical language. For
example, Clements (2000) refers to the case of using the spreadsheet to generalise
patterns in which the language concerning the cells’ references and the relations
settled by means of formulas becomes a means used by students to express their
mathematical reasoning. Thus, it is important to know what happens when students
are free to choose the digital tools they have at their disposal to express their math-
ematical reasoning in solving problems. It is crucial to understand if the tools of
general and multipurpose use are recognised and used in an efficient way by the
students to develop conceptual models, to take advantage of initial strategies and
visual approaches and to establish bridges between the natural language and the
symbolic one.

Cook and Ralston (2005), for example, study the role of diagrammatic software
in helping young children to create bridges between ideas and visual recording,
through story maps or semantic maps. The study involves mainly the use of sym-
bolic, iconic and textual representations, and although it does not pertain to the
realm of mathematics education, it highlights important notions related to features
of digital expressive technological tools: colour and imagery represent important
attributes that impel clarity, attractiveness and immediacy. The students’ need to
express an idea on the screen, and the search for the best way to accomplish this
with the graphic organiser tool was one of the effects of trying to represent visually
the thinking developed within the task; as Cook and Ralston (2005, p. 221) say,
“The efforts children made to search for images which illustrated their perception,
support the view that they were trying to make a visual link”.

Other examples of the different nature of expressivity with digital tools, com-
pared to the conventional paper-and-pencil approaches, are offered in different set-
tings by the research developed by Hoyles, Noss and collaborators. Healy and
Hoyles (1999, p. 59), for example, reflect on the movement towards more visual
and image-related mathematical reasoning activated by new technology’s visual
possibilities of expression:

The evolution of technology has opened up new possibilities for visual expression in the
process of mathematical reasoning. Images now can be externalized through computer con-
structions, rendering more explicit previously hidden properties and structures. A visual
image can be made open to inspection, an object of reflection, which can serve as a building
block in an argument—something concrete rather than transitory and fleeting.

One of their aims was to capture students’ responses in terms of the visual and
symbolic strategies observed and the connections made between them in tasks refer-
ring to pattern generalisation, in different settings—the computer integrated in the
task or the computer as a supplementary aid—and with different technological tools
(a spreadsheet and a Logo Microworld). In terms of the expressive power of tech-
nology, they arrived at a dialectical relation in the computer environments between
the means of expression and the expression itself, which the authors claim to be not
so apparent in the paper-and-pencil case. In a more recent work, Noss et al. (2009)
developed another microworld (called eXpresser) that aimed at offering a medium
to think about and express generalisation from visual tilling patterns. Again, one of
the main purposes was to create significant means for students to express general
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laws of pattern formation with a language that is not the standard algebraic language
but has all the conceptual meaning underneath it. With eXpresser, students are
invited to create conceptual models about the generalisation of number patterns and
to express them at the same time: solving and expressing are fused together through
the digital medium, one that is an expressive medium to think with. As Noss et al.
(2009) put it:

The eXpresser is designed to enable students to interact with and create figural patterns of
tiles and express relationships that pertain to them, that involve the construction of a lan-
guage that is not algebra, but could—we hope—be subsequently mapped by the students to
algebra. (p. 496)

Expression is seen as something that evolves in combination with reasoning and
with the tools that shape reasoning. Therefore, as models evolve, language is
expected to evolve, and the expression of thinking is indeed part of models’
development.

In connecting their theoretical perspectives to Kaput’s fundamental idea of rep-
resentational infrastructures, Hoyles and Noss (2008) have provided a strong argu-
ment to explain how digital technologies in fact shape the mathematics that students
may reach, explore and learn. Such explanation relies heavily on the ways that digi-
tal media provide new and unconventional means of expression that are tightly
connected to the medium in which mathematical ideas are explored. Examples of
such digital media can be found in the autoexpressive microworlds designed to
make mathematical ideas embedded in the tool that simultaneously expresses
mathematics in non-standard ways and suggests to the user new forms of expressing
mathematical thinking in problem-solving. Noss et al. (2009) clarify:

This knowledge, or rather the ways in which it is expressed, may not look or sound like
standard mathematical discourse: indeed, if the representational system underpinning the
tool is non-standard, it follows that the knowledge will be similarly non-standard. This is
what the notion of situated abstraction seeks to address: it allows us to recognise and legiti-
mate mathematical expression even when it is remote from (or not represented by) standard
mathematical discourse. The notion is particularly salient in computational environments,
since it is the nature of interactive, dynamic representations that they encourage expression
(and therefore, initially at least, conceptualisation) that diverges from standard mathemat-
ics. (p. 92)

The initial conceptualisations, usually very distinct from the standard approaches
in mathematics, contrast with the latter in terms of the visual, informal, figurative,
intuitive and contextual elements and immediately resonate with the idea of
problem-solving and expressing being shaped by computational environments of all
sorts (pro-expressive tools as well as autoexpressive tools) that students may resort
to in developing their conceptual models of problem situations.

An important point to underline is that digital and multimedia environments
place the student in a much more enlarged world of experience when compared with
the predominant forms of work done through paper and pencil. This essential fea-
ture is well documented by studies which focus on the role of multimedia tools with
which students express and present their mathematical thinking (Gadanidis &
Geiger, 2010; Stahl, 2009a; Villarreal & Borba, 2010). A common feature to these
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different environments is their multimedia character, which, in turn, means more
and more multi-representational expressivity. The digital-mathematical discourse is
not possible just with one language, a single performance system, a unique display
support or a sole expository discourse mode. If, since in the 1980s, the introduction
of multiple external representations in the learning of mathematics is a matter of
study and if the advantages of making students able to move between several repre-
sentations have been defended, the present multimedia digital technologies empha-
sise the relevance of the representational practices.

4.4 Multiple External Representations

The work of Ainsworth (1999, 2006) gives an important contribution to understand
how the external and multimedia representations can, in different ways, support
learning. Ainsworth (1999) reports, for example, that in solving algebra word prob-
lems, the students can show six external representations associated to four strate-
gies. Though the multiple external representations may reveal not only strengths but
also constraints, we know that the fact that students can use their own external rep-
resentations allows them to suppress difficulties with a certain strategy or specific
representation.

They can compensate for this weakness with the change to another one, more
affordable or common. Besides, they have the possibility to combine several repre-
sentations and explore this combination as a way of not feeling themselves limited
by the characteristics of just one.

On the other side, multiple external representations can answer to different
details of a task, and each of them can contribute to express different information.

The students’ individual characteristics are also considered by Ainsworth (2006).
There are several individual features which can influence the way people deal with
representations: the familiarity with the representation, to be comfortable with the
activity domain, age and cognitive style.

When we look at the ways a great range of students participating in the competi-
tions SUB12 and SUB14 express their mathematical thinking to solve problems,
using digital tools, the familiarity with the affordances of different tools to develop
certain strategies and representations is, certainly, inevitable. It is clear that for a
student who is not much used to a spreadsheet and is more used to tools for text
editing and drawing, it will be easier to use the last ones because he/she understands
“the format and operators of representation and the relation between the representa-
tions and the domain” (Ainsworth, 2006, p. 191).

Nistal, Van Dooren, Clarebout, Elen, and Verschaffel (2009) warn that the choice
of the representation(s) depends not only on a good matching with the features of the
task to solve but also of the characteristics of the individuals as well as of the context
in which the representations are produced. This way, in studies that pay attention to
the technological media available for the students “because technology has the
potential for broadening the representational horizon”, representational fluency is in
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the foreground of technology-based mathematical activity, problem-solving and
student-centred learning (Zbiek, Heid, Blume, & Dick, 2007, p. 1193).

Another important issue is the interaction between external representations and
strategies for problem-solving. Strategies and representations are not two separated
entities; it is not to develop a strategy and then choose a representation that supports
the strategy nor taking a representation and then pick out a strategy. Strategies and
representations form the two sides of the same coin. Nistal et al. (2009) argue that
research has been more assertive in showing that certain representations trigger the
use of certain strategies than consider cross-fertilisation between multiple external
representations and the choice of strategies. When they try to join the idea of flexi-
ble representational choice to the idea of adaptive strategy choice, they elaborate on
a set of factors which influence the choice of a representation; this choice does not
always fit the one which would be the best in regard to the hypothetical match
between representation and the characteristics of the task. Consequently, the idea
that there are representations that would be the best to certain tasks collapses. The
context is one of the decisive conditions. If the students feel obliged to use predeter-
mined representations (by curriculum prescription or by the own task determina-
tion), their flexibility becomes certainly restricted as the individual particular
features and the nature of the task sit on the sidelines.

These authors consider that future research about the role and the features of the
context in the choice of representations will improve if researchers pay more atten-
tion to the choice of the strategies. The results from our research project have
already pointed out that an overall image of representational fluency flows from the
expository discourses of the participants in an online competition and such fluency
is strongly interlinked with their use of digital media. For example, Jacinto, Amado,
and Carreira (2009) looked at how participants in such a competition perceived the
role of the technological tools they used during their online participation. The par-
ticipants valued the opportunity of communicating their reasoning in an inventive
way as they could resort to any type of attachments, in particular those they felt
more comfortable with or found adequate to the problem itself. They chose mainly
the text editor Word, but also the Paint and the Excel, all examples of home digital
technology. The use of images was often a result of intentional efforts of expressing
their reasoning. Moreover, we noticed consistency between their representations
and the way in which they revealed their reasoning. Nobre et al. (2012) also reported
on how students dealt with one of the competition problems with the use of a spread-
sheet. It was clear that students interpreted the problem in light of their mathemati-
cal knowledge and of their knowledge of the digital tool. When the problem was
later explored in the classroom with their mathematics teacher, the relationship
between the language of the spreadsheet and the algebraic language has shown to be
clear to the students.

Computers change the status of visualisation in mathematical activity and bring
in new tools to express ideas through visual forms. The media used by students to
develop visual representations in problem-solving goes much further than just
embellishment. The ways in which students see the problem and express it with digi-
tal media supports the statement: “what we see is always shaped by the technologies
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of intelligence that form part of a given collective of humans-with-media, and what
is seen shapes our cognition” (Borba & Villarreal, 2005, p. 99).

The expression of thinking in mathematical problem-solving mediated by stu-
dents’ freely incorporated home computer technologies is therefore pushing the
ongoing research to identify the strategies and representations that demonstrate
their productive ways of thinking about a problem situation.

In addressing the case of spatial tasks, Nistal et al. (2009) make a reference to
the work of Vessey (1991), indicating that such tasks would be facilitated by the
use of graphs as those would be more in line with the purpose of dealing with
spatial information. However, the data produced within our research project
reveal that strategies and representations are variously combined by different stu-
dents in their digital environments for problem-solving and expressing. This
clearly disrupts the idea of “optimal” strategy and “optimal” representation to
match the task.

4.5 Humans-with-Media and Co-action with Digital Tools

Borba and Villarreal (2005) emphasise the fact that it is impossible to separate peo-
ple from technologies, requiring us to think of them as a unit—humans-with-media.
From this point of view, humans are constituted by technologies, in the sense that
these transform and modify their reasoning but, at the same time, humans are con-
tinuously transforming technologies. As a result of this, some dichotomies lose their
meaning: subject/technology, technology/knowledge and internal/external
representation.

Another significant idea, proposed by Borba and Villarreal, is that our experience
with certain media, either present or past, is part of the unit humans-with-media,
even if the referred experience may not be available at a certain time. The experi-
ence becomes an integral part of a way of cognition, and the computer does not limit
itself to assist or help in the accomplishment of certain mathematical procedures but
transforms the nature of what is done with its that is to say, it changes the essence
of the mathematical activity itself. So, if we think about visualisation, for instance,
we should have in mind that what we see is shaped by the technologies of intelli-
gence which are intrinsically part of the unit humans-with-media and, on the other
side, what we see shapes also our cognition.

Evidence that the union between technologies and mathematical activity is
something deeply transformative can be noticed in the ways that different computer
tools shape the processes of mathematical problem-solving (Carreira, 2003, 2009;
Carreira et al., 2012; Nobre et al., 2012).

The transformative nature of technologies in the human and cultural procedures
is largely discussed by Shaffer and Kaput (1999), who talk about the virtual cul-
ture we are dealing with, in which we participate and that is changing us in the
most varied ways—a strong concept of mediation that posits the distribution of
intelligence among people and objects.
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The technological media are creating new ways of cognitive activity and, with
them, a new cognitive culture. For instance, the research reported by Nobre, Amado,
Carreira and Ponte (2011) highlights the structure of students’ algebraic thinking
expressed in a particular representation system shaped by the use of an electronic
spreadsheet. It provides a clear display of how students interpreted a problem in
light of their mathematical knowledge and of their knowledge of the technological
tool. In particular, it highlights the ways in which different modes of creating and
exploring rules among cells and columns yields different ways to get the solution.
In another study (Nobre et al., 2012), it was possible to observe the prevailing role
of the spreadsheet in students’ processes of variable identification and understand-
ing of the problem conditions, in their numerical approaches to algebraic models
and experimental approaches to solving equations. In the students observed, one
could see the phenomenon widely discussed and documented by Borba and
Villarreal (2005, p. 98): “the mathematics produced by humans using only paper
and pencil will be different from that produced by humans-with-computers”.

The same phenomenon was referred by Santos-Trigo (2004) concerning the
solution of a problem by 12th graders who had access to Excel, to Cabri-Geometry
and to the symbolic calculator, in weekly technology sessions with a problem-
solving approach. According to the results of the study, “the use of technology
became a powerful tool to explore properties and relationships that did not appear
in paper and pencil approaches” (Santos-Trigo, 2004, p. 16).

Changing, reshaping, reorganising and affording are some of the keywords that
recent research has been embracing to describe and explain the impact of digital tools
in our society. Noss (2001) speaks of the representational transformation as a feature
centrally placed at the heart of post-industrial societies and discusses how computa-
tional representations are reshaping the nature of mathematical knowledge. There is
an increasing awareness of the mediational role of technological-mathematical rep-
resentations and of how they influence the semiotic registers involved in mathemati-
cal activity: mathematical knowledge is inextricably linked to the tools—physical,
virtual and cultural—in which it is expressed (Hoyles & Noss, 2009). Accordingly,
the role of technology cannot be reduced to the mathematical treatment of a problem
within a particular semiotic register or to the conversions between semiotic registers,
as Artigue and Bardini (2010) noted in their study. Instead, in describing how stu-
dents solved a mathematical problem with TI-Nspire CAS, they found that “there is
a sophisticated interplay between different instruments belonging to the students’
mathematical working space” (Artigue & Bardini, 2010, p. 1179). This is then
described as a delicate harmony between the mathematical and the instrumental
activity expressed in complex semiotic games that are not simply transitions between
representations. Using a different way of addressing the same kind of phenomenon,
Hegedus, Donald, and Moreno-Armella (2007) speak about the exploration space in
connection to the use of dynamic geometry software and make reference to an emer-
gent distributed intelligence from the co-action between the student and the digital
tools: “the complete action-reaction loop exhibited by the co-action of the student
and the digital environment, forces cognition to be distributed in the space defined by
the agent (the student) and the environment” (p. 1420).
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The fundamental point overseeing such observations can be summed up in the
idea that individuals and technologies cannot be understood as disjoint sets. The
technologies have an impact on the ways to create knowledge which is not consis-
tent with the notion of juxtaposition of persons and technologies or with the per-
spective of seeing technologies as an addition to the human skills. This is Borba and
Villarreal’s (2005) overall thesis: to overtake the dichotomous vision between
humans and media and proposing a new unit of analysis—the human-computer
system.

As we analyse this inter-shaping relationship between the user and the digital
tool, we understand how the way of expressing mathematical thinking, that is, the
way of transmitting ways to solve problems (students’ models) (Santos-Trigo,
2004), is an activity in which the intentionality interacts with the executability of
digital representations (Hegedus & Moreno-Armella, 2009b; Moreno-Armella &
Hegedus, 2009).

We find a clear example of this type of inter-shaping relationship in the solution
proposed by a student to a problem from SUB14 which describes a cat chasing a
mouse till grabbing it (Jacinto et al., 2011). The problem states that two steps of the
cat make up the same distance as twelve steps of the mouse, and it also mentions
that the time spent by the mouse to carry out ten of its short steps is the same as the
time spent by the cat to carry out three of its large steps. Besides, when the pursuit
starts, the mouse has an advantage of 88 of its short steps on the cat. The problem is
to find out how many steps the cat must run to catch the mouse.

Leonor, a 7th grade student, presents the solution in a Word file attached to her
e-mail. The answer to the problem includes a description of her way of thinking
about the situation.

After having explained, using her own words, all the conditions that must be
satisfied to solve the problem, she engages in “creating a diagram” (Fig. 4.3).

The construction of the diagram starts with the drawing of the 88 little steps of
the mouse that separate it from the cat, coloured in dark blue small dots: “the first
88 small dark blue dots stand for the 88 little steps advantage that the mouse had
over the cat”. The dots and lines were created with the software tools that allow
inserting and formatting shapes in a page. Instead of drawing the 88 little dots along
a single straight line, Leonor arranges the trajectory around a spiral of squared lines
and thus she is able to condense the diagram in a considerable small area. Moreover,
she signals each set of six small dots by introducing little separators between them.
With this she has a representation of the distance covered by six steps of the mouse
and equivalently the distance covered by one step of the cat (12 steps of the mouse
are equivalent to 2 steps of the cat). By juxtaposing one big dot to each set of six
small dots, she devises a way to represent the respective positions of the cat and of
the mouse in the run. Moreover, she makes a fundamental use of colours in her
drawing. The colours displayed in the little dots and in the big dots have an extremely
relevant meaning to expose and explain the solution of the problem. By matching
the colour of one set of three big dots with the colour of one set of ten small dots,
she is able to display the cat’s position in relation to the mouse’s position in each
moment of the pursuit (Fig. 4.4).
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Fig. 4.3 Leonor’s diagram in her solution to the problem of the cat and the mouse

The example illustrates not only a simple and clever way of solving the problem,
using a concrete visual and iconic approach, but it also reveals an inter-shaping
relationship between the solver and the digital tool, where intentionality (depicting
the problem situation by means of a diagram) is merged with executability (the
iconic representations are associated with manipulation, formatting, customising,
setting up, imparting meaning and conveying the solver’s thinking). It becomes
essential to look at the user and the tool as being a single unit and to understand how
that unit operates while solving and expressing problems, namely, by acknowledg-
ing the role of visual solution methods and other experimental-like approaches. It
elucidates the pairing of individuals’ intentionality with the executability of digital
representations, in the sense that Hegedus and Moreno-Armella (2009b, p. 398) put
it: “Today, besides their traditional spaces, symbols are digital and that means that
intentionality becomes blended with the executability of their digital
representations”.

Another way of looking at the unity between the solver and the digital tool in
students’ problem-solving and expressing activity concerns the new possibilities
found in all sort of technological devices related to imagery and visualisation
modes; interactive and manipulative approaches to objects; expressivity in the use
of colour, icons and formats; and communication in sound, video, symbols and
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Fig. 4.4 Interpretation of Leonor’s thinking embedded in her diagram, emphasising the way in
which the cat and the mouse are positioned one relative to the other

pictures. Thinking and communicating are becoming more and more blended under
the plasticity of digital artefacts. The evolution from static digital objects to dynamic
digital objects has been related to the concept of co-action between the user and the
medium where she/he operates (Hegedus & Moreno-Armella, 2009a, 2009b, 2010,
2011; Moreno-Armella & Hegedus, 2009; Moreno-Armella, Hegedus, & Kaput,
2008). The idea of co-action suggests that the individual can be guided or led by a
selected digital tool to carry out a certain activity and simultaneously can guide and
direct the tool to achieve the purposes at hand. For example, the use of a spreadsheet
to solve a problem involving the sum of the first elements of a linear sequence may
prompt different ways of thinking; but at the same time, the solution to the problem
can be a consequence of the tool guidance to express the thinking as well.

An illustration of these possibilities is given by different approaches to a problem
about a staircase posed by SUB12 in 2008-2009 (Fig. 4.5):

The user may decide to create a list with the first even numbers and then use the
function SUM, thus guiding his thinking by the possibility of generating linear
patterns and using a particular spreadsheet mathematical function to add a certain
range of cell values.
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We can build a staircase stacking cubes as shown in
the picture. If we want the height of a staircase to be
11 cubes, how many cubes are needed to build that
staircase?

Do not forget to explain your problem solving
process!

Fig. 4.5 Problem #5 from the 2008-2009 edition of the competition SUB12

CoTTTTTT T E e i
Neste exemplo que nos é dado nds desco- E In the given example, we have found that H
brimos que o degrau mais baixo das escadas ! the lowest step would have 2 cubes and we 1
teria 2 cubos, e vimos também que nos de- /' have also seen that the following steps
graus a seguir tinha mais 2 cubos e depois ~ ,*  would have 2 more cubes and then 2 more
mais 2 cubos e assim sucessivamente. N\ cubes and so on.
2+4=6 . 2+4=6
6+6=12 N 6+6=12 !
12+8=20 1 12+8=20 i
20+10=30 20+10=30
30+12=42 30+12=42
42+14=56 42+14=56
56+16=72 56+16=72
72+18=90 1 72+18=90 !
90+20=110 1 90+20=110 |
110+22=132 110+22=132 i
Sao necessarios 132 cubos para formar essa There will be 132 cubes needed to make the
escada. staircase.

Fig. 4.6 Solution of a SUB12 participant using the successive partial sums

But the recursive working of formulas may also suggest the user that it is possi-
ble to generate a column with all the successive partial sums, just by continuously
adding the following term to the previous partial sum, as shown in a 6th grader’s
approach to the problem (Figs. 4.6 and 4.7).

Still another user may take advantage of the rectangular grid to highlight how
the staircase is arranged on the grid and finding out an alternative way of rear-
ranging the pattern into a new geometrical figure—a rectangle. And this may
result in a new way to generate a formula which calculates the area of the rect-
angle with lengths n and n+ 1, as in the case of another 6th grader’s reasoning
(Figs. 4.8 and 4.9).

As Moreno-Armella et al. (2008) describe it, these are some of the immense
choice of actions that can be performed with a spreadsheet to accomplish a particu-
lar task. These actions are transformed into observable expressions of the solution
that are in fact co-actions between the user and the media. What becomes fundamental
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A B C
1 Number of steps Number of bricks Sum of bricks
2 1 2 =B2
3 2 4 =C2+B3
4 3 6 =C3+B4
5 4 8 =C4+B5
6 5 10 =C5+B6
7 |6 12 =C6+B7
g 7 14 =C7+B8
9 8 16 =CB8+B9
10 9 18 =C9+B10
11 10 20 =C10+B11
12 11 22 =C11+B12

Fig. 4.7 A possible approach to compute the sum of elements of a linear sequence with a spread-
sheet, using a recursive formula

Eu reparei que para saber o nimero de cubos I noticed that to get the number of cubes of
de cada escada, tenho que multiplicar o nu- each staircase, | have to multiply the num-
mero de degraus pelo numero que vem a se- e ber of steps by the number that follows it:
guir: N\ staircase of I step— 1 x2=2

escada de 1 degrau—1x2=2 staircase of 2 steps —2x3 =6

escada de 2 degrau—2x3 =6 staircase of 3 steps —3 x4 =12

escada de 3 degrau—3 x4 =12 staircase of 4 steps —4 x 5 =20

escada de 4 degrau —4 x 5 =20 staircase of 5 steps — 5 x 6 =30

escada de 5 degrau — 5 x 6 =30 And now you just need to do the calcula-
E agora s6 ¢ preciso fazer os calculos para 11 tions for 11 steps:

degraus: staircase of 11 steps — 11 x 12 =132
escadade 11 degrau—11x 12 =132 Ans.: On a staircase of 11 steps one uses up
R.: Numa escada de 11 degraus usa-se 132 132 cubes.

cubos.

Smmm———n

P

Fig. 4.8 Solution of a SUB12 participant using the product of two successive integers

is the nature of the feedback offered by the digital environment. Another important
aspect of co-action is associated with its strongly framed sociocultural nature.
Drawing on the well-known Vygotsky’s notion of zone of proximal development,
Hegedus and Moreno-Armella (2010) propose the construct of zone of proximal
development of the artefact to emphasise how the environment dynamically changes
with the humans as it opens up new ways of developing knowledge and cognition.
This type of co-action generates a zone of proximal development (ZPDA) for the artifact

that will be realized (in human activity) as long as the artifacts are stable and full of visibil-
ity in the cultural/technological medium. (Hegedus & Moreno-Armella, 2010, p. 31)
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Fig. 4.9 The rectangular grid of the spreadsheet as a means to visualise a rearrangement of the
sum of the first elements of a linear sequence and its translation into the formula for the area of a
rectangle

Co-action has another central element that stands on intentionality. Both the
human and the media are carrying a load of intentionality. The hammer is intended
to hammer, and it can be used in a number of different ways; the user who wants to
drive a nail on the wall has an intention that adjusts to the intentionality of the ham-
mer, but the tool does not react to the user’s intentionality and therefore it is just a
question of a one-direction matching. With digital and particularly with dynamical
tools, a large part of the intentionality of the tool is to react to the user, thus becom-
ing a plastic environment, as opposed to the inert hammer that will not react back
to the action of the user. The difference is that the user and the environment
both become actors and re-actors. They act and re-act on each other and it is such
co-action that constitutes a distinctive feature of the unity between user and tool.
The symbiosis of humans-with-media is expressed and becomes visible through the
development of co-actions.

Gill and Borchers (2003) also consider the notion of knowledge in co-action and
relate it to social intelligence. They argue that tools and technologies can be seen as
dynamic representations of knowledge which become invisible, like an extension of
the self, when one understands how to use it. This entails seeing cognition as a
dynamic system that co-evolves through the interaction between mind, body and
environment. The development of knowledge in co-action means that the person is
able to understand and react to the representations of his/her actions in a way that is
suitable and useful to the pursued goal. Co-action does not occur solely in front of
a computer or other technology in a solitary activity; it is happening with the envi-
ronment where other individuals are acting too, where an important role of the tool
is to enable humans to engage with each other, to communicate and to create
knowledge.
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A challenge for designing mediating interfaces is for them to afford us our human skills of
engaging with each other, communicating information and forming knowledge. (Gill &
Borchers, 2003, p. 54)

The idea that tools and humans evolve together is essential to grasp the impor-
tance of co-action in a digitally permeated environment of youngsters solving math-
ematical problems, as it is the case of the empirical context of the present research.
It hinges on the perspective of seeing cultural tools becoming cognitive tools in the
thinking and expressing of many of our young students. Rejecting the separation
between humans and media, when looking at the ways in which students approach
mathematical problems with digital tools, also means that students and tools are
agents performing knowledge in co-action. There is knowledge embedded in the
digital environment, which the user can explore, interpret, understand and use in
co-action. The product is always an effect of a co-action, and it is also an exposure
of the tool’s built-in mathematical, spatial, computational, graphical and other kinds
of knowledge and of the solver’s knowledge. The resultant knowledge is a fusion of
both, and it becomes a unit, rather than an aggregate of both or an extension of any
of them.

Humans have been saturating the environment through their artifact-mediated-activi-
ties. The outcome is a medium that reflects humans because the environment is re-cre-
ated through these activities. But humans are not cognitively immune through this
process: they are subjected to ever-deeper enculturation. (Moreno-Armella & Hegedus,
2009, p. 518)

Another way of placing this perspective is to accept that the environment has
now more participants: digital and human (Moreno-Armella et al., 2008). The digi-
tal tools are now an infrastructural part of a learning environment (Hegedus &
Moreno-Armella, 2010). They embody knowledge that can be executed through
co-action. Such knowledge may be conceived as a sort of invisible hand or invisible
intelligence that projects intentionality. To understand such intelligence (in many
cases, this means to understand a set of rules or constraints of the tool together with
mathematical properties, symbols and objects that are crystallised in the tool’s
setup) entails deliberately acting and re-acting on it with the conscious idea that it
also acts and re-acts on oneself by means of intentionality. The emergent knowledge
from a digital medium is inextricably linked to the mediating artefact, which is all
but a neutral one.

4.6 An Outlook

Bearing in mind the digital communication context in which the mathematical
problem-solving competitions are anchored, this chapter has brought forth the theo-
retical perspectives that are considered particularly relevant for describing, analys-
ing and understanding the phenomenon under study, that of students solving
mathematical problems with the digital technologies of their choice. Based on a
critical review of the literature, the most significant conceptual tools that frame the
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distinctive features of that problem-solving activity are intertwined, leading to a
new well-suited approach for the interpretation of how young participants are able
to find the solution to a word problem and express their reasoning using digital
tools.

Solving mathematical problems within the online competitions’ context is firstly
equated as a mathematisation activity, where students develop a productive way of
thinking about the situation which, in turn, opens the way to a conceptual model.
These conceptual models, yielding the solutions to the problems, often become
expressed in several different representational systems that, due to discourse ele-
ments that the digital tools allow to incorporate, are instances of a new communica-
tion system, named digital-mathematical discourse. Problem-solving is, thus,
conceptualised as a concurrent process of mathematisation and of expressing math-
ematical thinking or, in a condensed manner, as a solving and expressing activity.
The subjects that are responsible for carrying out such tasks have to be regarded in
light of their symbiotic relationship with the technological tools chosen for solving
and expressing and a closer analysis of that activity can be reached if one considers
the students and the tools as both being agents performing knowledge in cycles of
co-action.

We will next present several cases documenting the new approaches of young
people who develop powerful conceptual models and express their mathematical
thinking through a close relationship with digital technologies. It is that close rela-
tionship that encapsulates much of what matters for research in mathematics educa-
tion: to learn more about how students use their digital skills, no matter their level
of proficiency, for seizing productive ways of thinking and engaging in digital-
mathematical discourses around problem-solving.

We again stress the idea of positing a unity between solving a problem and
expressing mathematical thinking. Awareness of this unity has an important effect
on the way we view the production of solutions to problems in the online mathemat-
ical competitions SUB12 and SUB14: the digital product that is presented as an
answer to a problem accounts for such solving and expressing and is not seen as the
student’s translation of a strategy or model into a digital medium. Therefore, the
attention given to the form of using a digital tool, however simple and commonplace
or more sophisticated, derives from looking at technology as more than a presenta-
tion device. It entails also endorsing another unity: that of the subjects and the tools
being co-agents in the construction of conceptual models, ranging in levels of
sophistication, abstraction and generality and integrating a multiplicity of external
representations in a close relation to the potentialities that each individual draws
from them.

The following three chapters are characterised by a strong emphasis on the analy-
sis of empirical data gathered in the context of the online competitions. They intend
to highlight the many ways in which students can achieve the solution to a problem
and communicate it mathematically with the technological tools they have at their
disposal, either in their home environment or in their mathematics classroom. Those
data reveal, moreover, that problems are open to multiple alternative conceptual
models which clearly intersect with the affordances of the technologies used.
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The main theoretical constructs presented so far are exploited onwards in the
subsequent chapters. At the same time, the use of this framework, almost as if it
were a “tool box”, required a further development of some of those concepts and
even the introduction of new theoretical perspectives accordingly to the research
questions and the specific features of the data considered in each analysis.
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Chapter 5
Digitally Expressing Conceptual Models
of Geometrical Invariance

Abstract This chapter develops around two fundamental ideas, namely, that (1) the
perception of the affordances of a certain digital tool is essential to solving mathe-
matical problems with that particular technology and that (2) the activity thus under-
taken stimulates different mathematising processes which, in turn, result in different
conceptual models. Looking thoroughly, from an interpretative perspective, at four
solutions to a particular geometry problem from participants who decided to use
dynamic geometry software at some point of their solving activity, our main pur-
pose is to illustrate the ways in which the same tool affords different approaches to
the problem in terms of the conceptual models developed for studying and justifying
the invariance of the area of a triangle. Their different ways of dealing with the tool
and with mathematical knowledge are interpreted as instances of students-with-
media engaged in a “solving-with-dynamic-geometry-software” activity, enclosing
arange of procedures brought forth by the symbioses between the affordances of the
dynamic geometry software and the youngsters’ aptitudes. The analysis shows that
different people solving the same problem with the same digital media and recog-
nising a relatively similar set of affordances of the tool produce different digital
solutions, but they also generate qualitatively different conceptual models, in this
case, for the invariance of the area.

Keywords Affordances ¢ Humans-with-media ¢ Mathematising ¢ Conceptual
models ® Geometrical thinking ® Dynamic geometry ® GeoGebra * Invariance

5.1 Main Theoretical Ideas

Nowadays, we live in an e-permeated society (Martin & Grudziecki, 2006) which
is also mathematised at the highest level (Noss, 2001). The impact of digital tech-
nologies is felt mainly on the ways of representing knowledge. Noss (2001) sug-
gests that the capacity to deal with these new representation forms, which are
changing the very nature of mathematical knowledge, may include analysis and
critical skills, which are needed to deal critically with digital representations or to
develop mathematical modelling of different daily situations.
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Adding to the recognition of the more and more meaningful role that mathe-
matics plays in society, there is an increasing concern with the development of
technological tools shown to be masking or hiding direct access to mathematical
knowledge. One of the effects of this technological revolution consists, precisely,
in the fact that technology is less and less open to inspection and understanding: it
is no longer possible to find out how a digital watch works just by opening it.
Technologies that, some time ago, could have been easily looked into by curious
children are nowadays, in a way, impervious to them (Noss, 2001).

5.1.1 Perceiving Affordances of Digital Tools

The term affordance has been used to define the set of special characteristics associ-
ated with a certain technological tool, which invite the tool user to execute an action
with it (Artigue, 2007; Noss, 2001). The concept has been used according to very
different perspectives, mainly to deal with questions related to the person-machine
interactions, but it is also found in the literature referring to the usage of technolo-
gies in mathematical education (Brown, Stillman, & Herbert, 2004; Drijvers,
Godino, Font, & Trouche, 2013; Trouche, Drijvers, Gueudet, & Sacristan, 2013).

The word “affordance” was coined by Gibson when he tried to understand what
motivates human behaviour, adopting an ecological approach which determines that
the environment’s perception necessarily motivates any type of action (Martinovic,
Freiman, & Karadag, 2013). Gibson (1986), in opposition to the cognitive perspec-
tives of the time (Greeno, 1994), used key ideas derived from the gestalt psychological
approach to explain that the way we perceive the meaning or the value of something
is as immediate as the perceiving of its colour: “each thing says what it is... a fruit says
‘Eat me’; water says ‘Drink me’; thunder says ‘Fear me’” he states, quoting Koffka
(Gibson, 1986, p. 138). Nevertheless, and to the psychologist Koffka, this required
character is liable to undergo changes if the observer needs change. The valence of the
object, almost as a physiognomy trait, is recognised by the observer’s experienced
needs (e.g. water invites to drink if the observer is thirsty). Although Gibson recog-
nises that his concept of affordance derives from others, such as that of valence, invita-
tion or demand, he stresses that it contains a crucial difference since the affordance of
something does not change according to the observer needs as he “may or may not
perceive or attend to the affordance, according to his needs, but the affordance, being
invariant, is always there to be perceived” (p. 139). Brown et al. (2004) illustrate this
feature of the affordance invariance: if we observe a rectangular table from different
angles, the table does not change, but what we perceive of the table changes. This set
of invariabilities of an object, which is understood by the observer, represents the
information that specifies the affordance of the object.

Gibson (1977) thinks of an affordance as a previous condition for enabling an
activity; that is to say, it defines a set of possible actions between the object and the
subject, although the existence of affordances does not always determine that an
activity takes place. He then assumes that the affordances are interactions between
the subject and the environment, in the same way as Greeno (1994) who names
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them “agent-situation interactions” (p. 338). The conditions that make possible the
interaction between an agent and another system include, necessarily, some proper-
ties of the agent and some properties of that system. Greeno (1994) also stresses that
if the word affordance refers to something that exists in the system which contrib-
utes to the type of interaction that occurs, then it becomes necessary to use another
expression that designates something that exists in the agent that also contributes to
the same situation—suggesting the words “ability” or “aptitude” (p. 338). It is
equally interesting and useful to recognise the impossibility of separation between
the system’s affordance and the agent’s aptitude, i.e. the affordance and the aptitude
are not specifiable in the absence of one of them. Later, we return to this question.

Meanwhile, we illustrate the sense to be given to the concept of affordance based
on the experience which has permitted us to look closely into the ways the partici-
pants in the competitions SUB12 and SUB14 use digital tools to their advantage.

The organising committee emphasises the freedom to choose the tools the par-
ticipants may use to solve the problems and present their strategies. Their option is,
normally, prompted by the degree of familiarity they have with certain tools, that is
to say, to their own perception of how a particular tool will contribute to obtain the
solution or express, as faithfully as possible, the process of finding it.

The solution that Marco (one of the participants in SUB14) sent as an answer to
the problem “United and Cropped” (Fig. 5.1), by using a dynamic geometry pro-
gram, illustrates this issue.

Marco decided to use GeoGebra in his approach to the problem (see Fig. 5.2). A
short analysis enables us to state that Marco recognises a range of affordances in
this computational tool. At first, he seems to have recognised great potentialities in
the combination of two affordances of the graphics view —the rectangular axes and
the square grid—that provide a visual support on which he will build the sequence
of squares mentioned in the problem statement. This construction starts by marking
the vertices of the eight squares, using the tool “new point”. Each point is marked
on a grid, considering its coordinates and the dimensions of the sides of each square.

After marking the 25 points, he draws the segments that represent the sides of the
various squares using the tool “segment between two points”. To conclude the

-

Consider a sequence of squares of sides 1, 2, 3 ... 4 cm, arranged so as to be joined to each
other, as shown in the figure. Once together, we cut up all the squares along a line from the
lower left corner of the smaller square to the upper right corner of the larger square. What is
the area above the cutoff line if the sequence has 8 squares?

Do not forget to explain your problem solving process!

Fig. 5.1 Problem #5 from the SUB14 competition (edition 2011-2012)



116 5 Digitally Expressing Conceptual Models of Geometrical Invariance

i Bl ™ / Nl wea Merver o folha de desenho ¥ .
T - et 2. ool ® Nl —— Agrasie a folha de Gesenho ou um o (Shift + Arrastar) 1 'l 1
1 14 | area of the § squares 204 : =
H !
1 15 | area of ther rectangle 288 I
i
| 15 | area above the cut line 60 I
° i t
| 17 | area of haif rectangle 144 : 1 1
1 L2 4
& Lo o o “ pu——y 9
~ ¥
s N
[ CHIY 'l' 5 5
o ALY S
4 K L 12 7
J " 13 LI
Jl. ek e, 14 | breados 8o 204
2 o-;—-—4 15 | drea do rectanguio 288
S, 16 | Area acima & inha ]
LI | 17 | area de 144
o - L] ® ] " " » o » ] » x » » 18
19 | 208 204-04
20 144-84=60
4 Fil

Fig. 5.2 Solution sent by Marco (8th grader)

representation of the situation, he draws a ray starting on the origin and passing
through the right superior vertex of the larger square. In the properties of the object,
he changes the colour of the ray to orange, and immediately, he determines its inter-
sections with the sides of the squares.

In the following phase, Marco considered it relevant to show the spreadsheet
view where he registered the length of the sides and the area of the corresponding
square (columns A and B).

Later, he built the upper side of the rectangle, bounding the sequence of squares,
and inputted its area on the spreadsheet. He also filled in the intermediate values,
which allowed him to determine the answer to the problem: the area occupied by the
eight squares, the area of the bounding rectangle and its half as well as the area outside
the sequence of the squares and inside the bounding rectangle. The solution is given
by the difference between the area of the semi-rectangle, which is above the cutting
line and the previously determined measure, which he uses to fill the cell B19.

Hence, Marco recognises a certain convenience in using GeoGebra to solve this
problem; that is to say, the affordances he can perceive allow him the activity of organ-
ising a strategy and getting a solution. Besides the affordances that are directly related
to the construction, this solution presents two others with special relevance in the
youngster’s activity: on one hand, the grid promotes a “materialisation”, almost imme-
diate, of the squares’ vertices; on the other hand, the spreadsheet allows him to record
every step of his strategy, which includes his reasoning and the procedures taken.

The intentional choice of this program is based on an explicit knowledge of the
software potentialities, of its language and tools and of the user’s skills, that is, of
the things that the participant is able to do with GeoGebra and within GeoGebra to
solve this problem.

In spite of the fact that Gibson initially suggested that the affordances are
resources that the environment offers to the subject who has the capacity to per-
ceive and use them, several authors in the field of ecological psychology have
developed this theory further. More recently, Chemero (2001, 2003) proposes that
the affordances neither are properties of the environment nor are found in the envi-
ronment. Actually, he argues that perceiving the affordances of an environment is
placing features in the environment. By admitting that to locate them physically
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may not be an easy task, he considers that they are “perfectly real and perfectly
perceivable” (Chemero, 2003, p. 191), and he adds that “perceiving affordances is
placing features, seeing that the situation allows a certain activity” (p. 187).

Stoffregen (2003) recognises that the affordances are central to an ecological
approach of the perception and of the action and proposes a formal definition of the
concept with the assumption that affordances are properties that arise from the
animal-environment system. However he alerts:

For living things, the conjunction of particular properties of the animal with particular prop-
erties of the environment does not lead to the involuntary actualization of the action
afforded. Affordances are what one can do, not what one must do (Stoffregen, 2003, p. 119,
italics in the original).

This relation, between environment and subject, objectified in the notion of “sys-
tem” was already present, though in an embryonic stage, in Gibson’s (1986) per-
spective. Besides, Gibson recognised that the concept of affordance allows the
overcoming of some issues related to the dichotomist nature which still persisted in
some psychological perspectives.

An affordance cuts across the dichotomy of subjective-objective and helps us to understand
its inadequacy. It is equally a fact of the environment and a fact of behavior. It is both physi-
cal and psychical, yet neither. An affordance points both ways, to the environment and to
the observer (Gibson, 1986, p. 129).

This claim supports the perspective of several authors who maintain that the
affordances, not only being a set of characteristics of the object, arise from the inter-
actions between the agent and the object (Chemero, 2003; Stoffregen, 2003).

The idea of indivisibility between the subject and the context, a salient feature of
the ecological perspectives in rejecting the duality person/environment, has appeared
in other fields of investigation. Various key points found in Gibson’s theory have
been addressed in the literature concerning different aspects of mathematics educa-
tion, but especially in what concerns the use and impact of technological tools on
the production and development of mathematical knowledge.

5.1.2 The Indivisibility Between the Subject and the Context

Assuming a similar perspective to that of Gibson and informed by Lévy (1990),
Tikhomirov (1981) and Borba and Villarreal (2005) argue that technological tools
neither replace nor merely complement human beings in their cognitive activities.
The authors claim that the procedures mediated by technologies lead to a reorgan-
isation of the human mind and their standpoint in that knowledge itself results from
a symbiosis between humans and the technology they act with. This close relation-
ship generates a new entity which they name humans-with-media (Borba &
Villarreal, 2005). Accordingly, this metaphor aims to emphasise how mathematical
thinking is reorganised in the presence of the technologies of intelligence or, in
other words, to point out the transformations which may occur in the practical activ-
ity of this new entity.
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Borba and Villarreal (2005) use two fundamental ideas to support the notion of
humans-with-media: while they consider the social and collective nature of cogni-
tion, they also assume that cognition includes the tools that mediate the production
of knowledge. These ideas sum up a central feature of their theory: the media are
considered a constitutive part of the subject and cannot be seen as merely aids or
complements of the activity.

This entails a sociocultural perspective of the human mind, in a close sense to
that proposed by Wertsch (1991) when he assumed that all the “action is mediated
and it cannot be separated from the milieu in which it is carried out” (p. 18). In fact,
by trying to understand the human mind, Wertsch (1991) proposes the unit
“person(s)-acting-with-mediational-means” as the agent who undertakes an action,
and he explains that, from this point of view, “any tendency to focus exclusively on
the action, the person(s), or the mediational means in isolation is misleading”
(p- 119). In a certain way, he emphasises the action, and he seems to assume that the
affordances do not depend exclusively on the artefact but mainly on the way the
subject uses it during the activity, i.e. aptitude.

It is possible, therefore, to accept that the technological tools used to communi-
cate and to produce or represent mathematical ideas influence the type of mathemat-
ics, the mathematical thinking and the mathematical representations which result
from that activity. It is in this sense that Borba and Villarreal (2005) recognise that
the notion of humans-with-media can be articulated with the theory of multiple
representations but only when we agree that graphical representations drawn with
paper-and-pencil are qualitatively different from those produced on the computer
with some given software. This way, the introduction of a certain tool in the humans-
with-media system impels changes in the activity, which means that the collective of
humans-with-media changes according to the type of media that it incorporates. So,
this notion allows overtaking the dichotomy which prevails on the subject of inter-
nal/external representations. Both constructs are so interconnected that the duality
no longer makes sense and the frontier of the cognising subject is not clear at all.

It is important to note that the same authors consider that the previous experi-
ences with certain technological tools are part of the system humans-with-media
(Borba & Villarreal, 2005). By observing some students, during a certain experi-
mental activity with a graphic calculator, they witnessed that those students used
metaphors related to their background experiences with other technological devices
(e.g. students mentioned that the zoom of the calculator operates the same way as
the zoom of a microscope). Borba and Villarreal (1998) thus conjecture that the
previous activity and the resulting knowledge with such technology (microscope)
have integrated the humans-with-media unit.

This means that different collectives of humans-with-media originate different
ways of thinking and knowing; for instance, the mathematical knowledge produced
by humans-with-paper-and-pencil is qualitatively different from that produced by
humans-with-a-spreadsheet which, in its turn, is also different from that produced
by humans-with-dynamic-geometry.

This brief theoretical discussion aimed to offer an insight into the production
of mathematical knowledge by means of technological tools, assuming that the
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individual is immersed, socially and culturally, in a technological environment,
which shapes and is shaped by their action. The following section envisages the
features of the mathematical thinking, representations and expressions, modified
or changed as a result of the humans-with-technologies’ activity.

5.1.3 Humans-with-Media Mathematising

Several authors have proposed conceiving mathematics as being essentially a human
activity. Hersh (1997) is convinced that all mathematics results from social phenom-
ena and it soaks up the culture and history of humankind to the point that it is only
possible to understand its essence in the light of the surrounding social contexts.
Freudenthal (1973, 1983), whose ideas are the foundational basis of the Realistic
Mathematics Education (RME) perspective, considered mathematics as a human
construction and recognised the role of common sense as fundamental in that activ-
ity; that is to say, the experience of the individual and their interpretation of reality
are two fundamental features in the construction of mathematical knowledge.

These features have a strong presence in the solutions developed by the partici-
pants in this study while solving each of the problems of the competitions. In fact,
the way they unveil and build the path to the solution is often deprived of formal
mathematical techniques, highlighting their vision and interpretation of the problem
from the point of view of their daily common experience, which involves, as well,
their use of technological tools. The competitors use their informal mathematical
knowledge, expressed through what the researchers call mathematical thinking
(Mason, Burton, & Stacey, 1982), which, according to Schoenfeld (1994), includes
the development of a mathematical point of view and of mathematical skills, by
using tools. This engagement that Schoenfeld advocates as necessary to the practice
of mathematical thinking is consistent with what Freudenthal (1973) named math-
ematising processes—reflections on reality which lead to its understanding and
alteration, through the (re)construction and the (re)organisation of mathematical
contents or methods. In short, these procedures allow describing phenomena
in mathematical terms, in order to deal with reality and accordingly be able to act
upon it.

Based on Freudenthal, Treffers (1987) introduced two concepts which were rec-
ognised and integrated in the RME perspective: horizontal mathematisation consists
of the process of exploring and interpreting real situations and problems, which lead
to the establishment of mathematical concepts, while vertical mathematisation
arises as a formalisation and relationship among these concepts, through its organ-
isation, classification and generalisation. Thereby, mathematics arises as a natural
process in which mathematicians interpret and organise reality according to their
needs and preferences. In the same way, it is possible to state that children mathe-
matise, that is, they reinvent mathematics in their own ways, according to their
individual characteristics and under the influence of the environments in which they
are immersed, currently being technologically rich and diverse.
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Chapter 4 (see Sect. 4.2) considered problem-solving as an activity of mathe-
matisation and discussed how solving contextualised problems promotes the devel-
opment of conceptual models, i.e. models that have underlying mathematical ideas
and relations and which facilitate the construction and development of a problem-
solving strategy. According to RME, the models are “representations of problem
situations, which necessarily reflect essential aspects of mathematical concepts and
structures that are relevant for the problem situation, but that can have different
manifestations” (Van den Heuvel-Panhuizen, 2003, p. 13). Hence, these conceptual
models can comprise a textual or oral description of the problem conditions, dia-
grams, drawings or tables or expressions which involve mathematical symbols.
These models of specific problem contexts appear, initially, as a way to represent
the problem and to provide a meaning for it (Gravemeijer, 2005), and they can con-
sist of informal strategies, based on common sense knowledge and on the student’s
experience.

Nevertheless, the role of these models is likely to change because as young peo-
ple are becoming used to similar problems, they can start focusing on the mathemat-
ical objects, relations and procedures that characterise vertical mathematisation.
The model is no longer being used solely to represent the situation; it becomes the
basis of a mathematical reasoning which focuses itself on the relations involved, in
a way uprooted from the context. As it is described by Gravemeijer (2005), “a
model of informal mathematical activity develops into a model for more formal
mathematical reasoning” (p. 95). While in the construction of an informal model,
the student focuses on the relation between the contextualised situation and the
mathematical procedures or concepts, the development of a formal model involves
moving away from the context, focusing on the search of symbolisation, of more
formal relations and strategies, which support reasoning. The conceptual model
assumes, gradually and progressively, “a more object-like character” (p. 95) modi-
fying itself until it has “a life of [its] own” (p. 98).

It is in this sense that we intend to analyse the development of conceptual models
by young participants; that is, we aim to know to what extent the recognition of the
affordances of a technological tool is crucial in the construction of a model during
the problem-solving process, which eventually acquires “its own life” in the sense
proposed by Gravemeijer.

5.1.4 Mathematisation with Dynamic Geometry Software

Dynamic geometry software (DGS) has brought a new impetus to the introduction
of digital technologies in the teaching and learning of mathematics, due to its prom-
ising potentialities in geometry education (Laborde, Kynigos, Hollebrands, &
Strasser, 2006; Watson, Jones, & Pratt, 2013).

Two main aspects come into play regarding the development of geometrical
thinking in educational settings: the spatial aspects, which include spatial thinking
and visualisation, and the aspects that relate to the ability of reasoning with theo-
retical concepts from the field of geometry, also including deductive reasoning
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(Watson et al., 2013). Following Battista’s (2007) perspective, spatial reasoning
“provides not only the ‘input’ for formal geometric reasoning, but critical cognitive
tools for formal geometrical analyses” (p. 844). By spatial reasoning, Battista means
“the ability to ‘see,” inspect, and reflect on spatial objects, images, relationships, and
transformations” (p. 843). In addition, Watson et al. (2013) clarify that “spatial rea-
soning is a form of mental activity which makes possible the creation of spatial
images and enables them to be manipulated in the course of solving practical and
theoretical problems in mathematics” (p. 96). The authors emphasise two main
activities when tackling geometry problems that often require such capability —to
create and to manipulate.

Diagram generation and exploration are frequently recognised as the main affor-
dances of dynamic geometry software that are now more powerful than ever, allow-
ing the rapid combination and connection between geometry, measurement and
algebra objects. These environments not only allow the construction of drawings,
which can relate intimately to the correspondent figures due to the set of theoretical
geometry rules incorporated in the DGS, as they also urge manipulation in that it
becomes difficult for the user not to respond to the numerous possibilities for
actions: to drag and to test, to conjecture and to verify.

In fact, dynamic geometry software can serve a double purpose: while it helps
geometry concepts and ideas come to life by providing them with contextualised
meaning, it may also guide students on a journey from informal ideas to more for-
mal geometrical notions. The first purpose is well described by Leung (2008) when
he states that one of the DGS main features that makes them so appealing for class-
room use is to “visually make explicit the implicit dynamism of thinking about
mathematical geometrical concepts” (p. 135). Accordingly, research has shown that
dynamic geometry software is helpful in visualising geometric concepts and under-
standing rules, but also in making conjectures and generalisations, and finding rela-
tions among concepts (Baccaglini-Frank & Mariotti, 2010; Jones, 2000).

What is more, dynamic geometry software seems to play an important role when
a modelling approach to a geometrical situation is required. It stimulates a movement
from informal, context-dependent thinking to a more formal type of thinking, which
results in the development of conceptual models. Several studies have shown that,
when solving a problem using a DGS, students perceive and make use of the soft-
ware affordances in order to model the situation: they undertake a construction,
revealing how they are interpreting the problem and depicting some of the mathemat-
ical relationships underneath; they then explore and investigate properties, which
may drive transformations at the level of their reasoning processes, hence, of their
geometrical thinking (Holzl,2001; Iranzo & Fortuny, 201 1; Jones, 2000; Mousoulides,
2011). A particular study, reported by Chen and Herbst (2013), aiming to understand
how the interaction with diagrams influenced students’ capacity to evaluate the rea-
sonableness of a conjecture, elected diagrams as “key resources in students’ geo-
metrical reasoning” (p. 285). They also stated that “different kinds of interaction with
diagrams may engage students in particular ways of thinking” (p. 286).

Manipulating the geometrical objects on a DGS, whose rules were set upon
Euclidean geometry, seems fundamental in revealing the “implicit dynamism” men-
tioned by Leung (2008). Dragging is one of the most studied affordances of these
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dynamic environments, and nowadays, it is known that it inspires conjecture genera-
tion and, therefore, may activate geometrical thinking (Baccaglini-Frank & Mariotti,
2010; Leung, 2008). This activity of conjecture generation is triggered by the obser-
vation and perception of the properties of a certain figure that remain invariant under
dragging and culminates with the establishment of connections to the theoretical geo-
metrical concepts. However, looking for patterns and for invariants, considered “a
major activity in mathematical thinking” (Leung, Baccaglini-Frank, & Mariotti,
2013, p. 440) and the very “essence of dynamic geometry environments” (Laborde,
2005, p. 22), demands a combination of empirical observation and theoretical ideas
that may stimulate the necessity of a proof of the emergent geometrical properties. As
regarding the proving activity, one should expect the production of a “sequence of
statements that logically justifies a conclusion as a consequence of the ‘givens’
(Battista, 2007, p. 853). However, it has been reported that the easy and rapid produc-
tion of a large amount of verifications afforded by DGS can lead students to be satis-
fied by “quasi-empirical arguments” (Watson et al., 2013; Holzl, 2001), especially
when the conjectures to be proven arise from measurement activities.

Previous work by Jones (2000) also draws on the idea of moving from informal
knowledge to formal geometrical-driven notions and relations. The author reports a
study where he analysed students’ given interpretations and explanations for geo-
metrical properties of figures constructed with a DGS. The research pointed out a
change in the students’ patterns of thinking which were developed from “imprecise,
‘everyday’ expressions, through reasoning mediated by the software environment to
mathematical explanations of the geometric situation” (p. 80). Since the teaching
unit built to support the classroom’s work had a design that favoured progressive
mathematisation, the study showed that different students were able to progres-
sively mathematise by means of a DGS.

These findings are consistent with the assumption that the malleability of DGS
environments allows students to solve geometry problems, despite their different lev-
els of mathematisation. Different humans-with-DGS are likely to produce different
mathematisation when they engage in solving a geometry problem. Such differences
may be related to their individual geometrical thinking skills, whereas the perceiving
of the actions afforded by the software also plays an important role in that process.
Bearing this in mind, we argue that dynamic geometry software allows each student,
in their own level of mathematisation, to undertake particular actions, build distinc-
tive pathways and find different results, while effectively solving the problem.

5.2 Context and Method

From the theoretical discussion included in the previous sections and from the wider
framework developed in Chap. 4 (see Sect. 4.5), it is possible to think of these
young participants as humans-with-media, since they convey a set of experiences
and knowledge related to the use of a variety of technological tools.

Based on that assumption, we aim to understand, to a greater extent, the nature of
mathematical problem-solving activity with a DGS, in a beyond-school context,
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conjecturing that the effectiveness of each solver bears a tight relationship with their
perception of the affordances of the technological tool. We analyse, at first, the recogni-
tion of the affordances of GeoGebra by several participants and then understand how
this perception supports and shapes the development of suitable conceptual models
which allow solving a geometrical invariance problem and communicate its solution.

By analysing the affordances of a dynamic geometry program, such as GeoGebra,
in what concerns the competitors’ aptitudes in the competitions, we are driven to the
identification of the program’s characteristics that inform the users about its poten-
tialities of interaction, that is to say, the signals in the interface that inform the user
about what can be done and how it can be done.

Having in mind the participants’ productions and the general knowledge about
the program, six possibilities for action are identified in GeoGebra, as a geometry
exploring environment, and some examples, which help to clarify the designations
used, are presented, without any intention of thoroughly listing a complete set of
characteristics of the program—these are shown in Table 5.1. This categorisation
serves the purpose of organising the analysis of the solutions of a geometrical prob-
lem, sent by the competitors who used GeoGebra in some point of their processes.

The empirical data used in this study come from the collecting of digital answers
sent by the participants in the SUB14 (7th and 8th graders) to a geometry problem,
whose context refers to the changing of the triangular shape of a certain flower bed
and to the effect of this change on the area of the triangle (see Fig. 5.3).

We collected all the solutions to this problem sent by the participants as well as
the e-mails exchanged with the organisation of SUB14, which contained an appre-
ciation of the work submitted.

An initial analysis of the 227 solutions obtained allowed an organisation accord-
ing to their correctness and still according to the file format which was used as a
basis for the work submitted by the participants. Then, we selected the answers of
the participants who used GeoGebra at some point during their problem-solving
process. Afterwards, we produced a more refined analysis of these cases by describ-
ing the strategies used based on all the information available, namely, the descrip-
tions they sent of their own reasoning and the GeoGebra files that contain the
construction protocol. Notably, the construction protocol allows us to “rewind” the
processes back from the final product and observe, step-by-step, the sequence of
procedures used by the participants.

Table 5.1 Possibilities of action with GeoGebra

Affordance Examples
IC Immediate constructions Place a point/draw a segment
M Measurement Length/perimeter/area
RC Referential constructions Draw a straight line perpendicular to a segment/

draw a circumference with a radius of 2 cm

SP Setting properties Bold, dotted, change the colour, hide an object,
define rounding of measure units, use labels

PC Constructions using Use a selector to make the length of a segment vary
parameters or variables

DE Drag and explore Drag a point and exploit the geometrical properties
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Rose explained to her gardener that she would like to make a triangular area of flowers in
her rectangular lawn garden. The worker picked up a stick 2 meters long, stretched it
perpendicular to one of the sides of the garden, in a random point. Then, with a string,
drew a line through the end of the stick (F) and joining the two opposite sides of the
rectangle, getting, this way, the inner triangle [EGH].

A E B
H

G F

D c

The following day Rose looked at the triangle and did not like it, she displaced the stick to
another point at random on the garden edge and she got a different triangle [EGH].

A E B

D c

When the gardener came back he protested, saying that the area for flowers had
diminished. But Rose assured him that it did not. Who is right and why?

Do not forget to explain your problem solving process!

Fig. 5.3 Problem #6 from the SUB14 competition (edition 2010-2011)

5.3 Data Analysis

In this section, we present the analysis of the solutions of a geometrical problem
proposed in 2010-2011 in the SUB14, which directs the exploration of the invari-
ance of an area, by changing the geometrical figure.

5.3.1 The Problem: Building a Flowerbed

When this problem was proposed, there were 126 students from 7th grade and 101
students from 8th grade persisting in the competition. From these, some 67 com-
petitors from 7th grade (=53 %) and 35 from 8th grade (=35 %) answered correctly.
The number of participants that did not try to answer the problem or sent incorrect
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answers (about 55 % of the total), together with the feedback that was sent asking
for an explanation for the strategy used or a justification of the solution, is a strong
sign of the difficulties felt by the competitors in this problem.

If we consider only the solutions accepted as correct, we observe that the competi-
tors used a range of tools to solve and express the given problem. However, we notice
that the use of a text editor is predominant (used by 47 % of the competitors) to paste
pictures from the statement or to take advantage of the automatic shapes, text boxes,
brackets and mathematical symbols or just to explain their procedures in writing.
Almost one-third of the participants preferred to use only an electronic message, so they
typed a description of their reasoning and presented the calculations required directly on
the message box. The percentage of competitors from 8th grade who preferred to send
the answer in that way is roughly double the percentage found in 7th grade.

We must also highlight that around 14 % of the competitors chose to send a pic-
ture showing the solution, resulting from a digitalisation of their paper-and-pencil
work or showing a geometrical construction with an explanation of their reasoning
created on a picture editor (e.g. paint). This percentage is higher in the 7th graders.
There were also two competitors who presented their solution through a presenta-
tions editor and one in PDF (though each seems to have used a text editor to com-
pose it). A total of nine 7th graders, some organised in small teams, submitted a
GeoGebra file containing their solution to this problem. Since two files convey simi-
lar approaches, we selected the remaining four solutions for a deeper analysis which
we present in the following section.

5.3.2 Zooming in: The Participants’ Productions

In this section, we present the four solutions to the problem “building a flowerbed”
produced by seven participants (two teams, one with two and the other with three
students, and two competitors who applied individually), all of them attending the
7th grade. These participants used GeoGebra in at least one of the different steps of
their approach to the problem; hence we aim to describe in detail the main features
that characterise their activity.

5.3.2.1 Exhibit A: The Solution of Marta and Miguel

Marta and Miguel sent an initial answer to the problem, presenting their reasoning
in a text document. As it was not correct, the organising committee sent them back
an appreciation concerning the triangle analysis obtained when a triangular flower-
bed is divided in two triangles, using the stick. The second answer received con-
sisted of a file in GeoGebra format (Fig. 5.4).

The construction protocol allowed us to reconstruct the participants’ procedures
during the initial task of reproducing the statement conditions (Table 5.2).
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Fig. 5.4 Construction in GeoGebra, sent by Marta and Miguel

Table 5.2 Sequence of actions and affordances perceived by Marta and Miguel

Actions Affordances
Place A, B and draw segment AB IC
Place C, exterior to AB 1C
Draw b, a line parallel to AB passing through C RC
Draw c, a line perpendicular to b passing through A RC
Draw d, a line parallel to ¢ passing through B RC
Find the intersection of b and c; b and d, and name it D and E, respectively 1C
Build segments DE, AD and BE 1C
Hide the lines b, c and d SP
Place F on AD IC
Draw h, perpendicular to AD passing through F RC
Draw circumference of centre F and radius 2 units RC,M
Find G, one of the intersections of the circumference and h 1C

Place H on the right exterior side of the drawing, build j passing through Gand H |IC, RC
Find the intersections of DE and j, and name it I, and of AB and j, and name itJ |IC

Build the polygons JGF and FGI, changing colours IC, SP
Measure the area of each polygon M
Determine the sum of the two areas and name it “areatotal” M, SP

This process shows that the competitors recognise and respond to GeoGebra’s
invitations to action, namely, to represent rigorously the conditions of the problem
and to obtain a solution by calculating the areas of the considered regions. Marta
and Miguel conclude that Rosa was right and that the area would not change, so
this finding may have been achieved by dragging the vertex F, simulating the
changing in the stick’s position and checking that the total area is invariant despite
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the alterations in the partial areas. They fail to submit a mathematical justification
for the invariance of the area, which may result from the “certainty” they seem to
get from dragging F.

We observe that these youngsters use GeoGebra with the purpose of elaborating a
representation of the situation that allows them to manipulate and measure; i.e. it sup-
ports the construction of a conceptual model of a particular situation. The effective
recognition of some of GeoGebra’s affordances impels an activity based on represen-
tation, observation and interpretation of the situation, so that it enables dealing with
the problem, in a reasonably effective manner. This approach discloses a horizontal
mathematisation activity, in which more elementary concepts are put in action
through objects that acquire dynamism, converging in the organisation and develop-
ment of a conceptual model. The solution presented by this team is based on the
construction of an “informal model”, where they use mathematical concepts and pro-
cedures that “become alive” through the construction and manipulate them to infer
the solution. As these competitors did not present any attempt to justify their conclu-
sions, we consider that GeoGebra was used to bring to life the conceptual model that
supports the problem-solving, with the purpose of obtaining the solution.

5.3.2.2 Exhibit B: The Solution of Andreia, Lucas and José

Andreia, Lucas and José sent a solution that includes a GeoGebra construction, also
allowing an analysis of the corresponding construction protocol. They included a
short text in order to justify the conclusion which was obtained through the manipu-
lation of the construction (Fig. 5.5).

The construction process carried out by this team differs slightly from that
described previously, mainly in terms of the sequence of actions (Table 5.3).

The short text (Fig. 5.6) sent by the competitors reveals their attempt to justify
the invariability of the area that they were observing: “triangles with the same base
and the same height have equal areas”. That conclusion arises from the manipula-
tion of the vertices E and G “to match situations described in the problem”.

This solution provides another example of how the recognition of GeoGebra’s
affordances drives a rigorous representation of the context described, to reach the
solution. These competitors are able to perceive a wide range of affordances and to

Area EGH = 13 Area EGH =13

Fig. 5.5 Two instances of a dynamic geometry construction sent by the team of Andreia, Lucas
and José
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Table 5.3 Sequence of actions and affordances perceived by Andreia, Lucas and José

Actions

Place A, B and draw segment AB

Place E on AB

Draw circumference of centre E and radius 2 units

Draw h, perpendicular to AB, passing through E

Draw b, perpendicular to AB, passing through B

Place Con b

Draw c perpendicular to AB passing through A

Draw d, parallel to AB passing through C

Find D as the intersection of the lines ¢ and d

Build segments BC and DC

Find I and F as the intersections of h and the circumference
Build the segments AD and EF (the stick)

Measure the distance between E and F

Place G on AD and draw j, a line passing through G and F
Name H to the intersection of j and BC

Build the segments GH, EG and EH

Build the polygon EGH, obtaining its area

Measure the area of the polygon EGH

Hide lines and points that are no longer needed

Affordances
IC

IC
RC,M
RC
RC

IC

RC
RC

IC

IC

IC

IC

M

IC

IC

IC

IC

M

SP

Resposta:

Triangulos com a mesma base e a mesma
altura tém areas iguais.

No seguinte ficheiro geogebra movendo
unicamente os pontos E e G para as
situacdes descritas no problema, facilmente
se constata que o valor da 4rea se mantém
inalteravel. Por isso o jardineiro ndo tem
razdo quando diz que a area diminuiu, pois
a area mantém-se igual.

ANEXO (ABRIR NO PROGRAMA
GEOGEBRA)

Answer:

Triangles with the same base and the same
height have equal areas.

In the following geogebra file moving only
the points E and G to match the situations
described in the problem, it is easily
verified that the area remains unchanged.
That is why the gardener isn’t right when

he says that the area is smaller, because the
area remains the same.

ATTACHMENT (OPEN WITH
GEOGEBRA)

Fig. 5.6 Written explanation sent by Andreia, Lucas and José

take advantage of them to construct their own conceptual model, by resorting to one
step constructions and referential constructions, by setting properties of geometrical

objects, by using measurement tools and by dragging objects.

A closer and attentive look offers some evidence about how the activity with the
technological tool can influence the development of a “model of this specific situa-
tion”, mainly because these youngsters are already trying to include a mathematical
explanation in their resolution. Solving this problem, that is to say, developing this
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conceptual model, is not confined to the representation of the statement conditions,
but, beyond that, it brings together the geometric representation, the manipulation
and the search for a justification, whose necessity seems to be stemming from the
verification of the invariance of the area.

The “invisibility” of the mathematical ideas, mentioned in the literature, is
noticeable in this production. The competitors naively accepted the result given by
GeoGebra and used it to attempt a mathematical justification without a deliberate
analysis of such an outcome. In fact, dragging E and G causes the segment GH to
change its length, but the measure given by GeoGebra remains the same. This is,
probably, due to the type of rounding established —to the unit in this case—and,
therefore, it is likely that Marta and Miguel did not realise it. They lack a certain
critical sense in their analysis of the digital representations affecting their capacity
to transform information into knowledge (Noss, 2001). Overall, it is the use of the
technological tool that supports the search for a mathematical sense for the problem
and for the answer obtained, so we can consider that these participants are using
GeoGebra to interpret the solution.

5.3.2.3 Exhibit C: The Solution of Sara

Sara appears to have experienced some difficulties solving this problem, especially
when she needed to “put it in words”. That is the reason why she decided to com-
plete the justification by sending a picture (print screen) of her construction in
GeoGebra. As she did not send the GeoGebra file, it was not possible to use the
construction protocol to reconstruct her procedures. Nevertheless, we included the
analysis of this case because the participant’s description of her reasoning is quite
detailed. In any case, it is not possible to present a list of her sequence of actions and
the corresponding affordances, as in the previous examples.

As she explains (see Fig. 5.7), Sara starts by “imagining” that the rectangle
would be 12 cm length (which she names width) and she creates a representation of
a lawn garden and a flowerbed, following the statement conditions.

Based on the construction on the left of Fig. 5.8 and some calculations to deter-
mine the area of the triangle, Sara observes that this value matches with that she
attributed to the length of the side of the rectangle (Fig. 5.9). She aligns the larger
side of the triangle EFG with the larger side of the rectangle, so that they are paral-
lel, suggesting that it is a reference position, allowing her to test other positions.

When Sara proceeds to the second construction (Fig. 5.10), besides changing the
position of the triangle, she divides the triangular flowerbed into two interior trian-
gles, ONM and OMK, indicating that she is trying to make sense of the invariance
of the area and is looking for a plausible mathematical reason. Although she claims
to have determined those two areas, the picture sent neither contains its explicit
calculation using the measurement tools nor its result.

Sara explains that the 2 m long stick represents the base of each of these trian-
gles, ONM and OMK, and she reproduces their heights (relative to the vertical
stick) through two segments, which are identified as al and b1l. She states that the
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Resposta:

A senhora Rosa é quem tem razdo, a area
dos triangulos é a mesma.

Para explicar também enviei em anexo.
Fui imaginar que o rectangulo tinha 12
cm de largura, a formula da area de um
triangulo ¢ base x altura a dividir por
dois.

No primeiro triangulo a area ¢ 12, porque
a sua base ¢ 12, 12x2=24 ¢ 24 a dividir
por 2 vai dar 12.

Area=12

No segundo dividi-o em dois triangulos,
onde calculei a area de cada um e depois
somei e voltaria a dar 12, desenhei uma
linha recta correspondente a area de cada
parte do triangulo que dividi em dois,
depois juntando as duas rectas, com uma
regua medi e dava 12, concluindo assim
que era verdade.

Também usei o geogebra para resolver,
como era dificil explicar por palavras
reduzi a este pequeno texto e enviei um
anexo com mais das explicagdes.

-,
-

o

=
-
-
s

Answer:

Mrs. Rosa is right; the area of the triangles
is the same.

I sent an attachment that explains.

T imagined a rectangle with 12cm of width,
the formula of the area of a triangle is base x
height divided by two.

In the first triangle the area is 12, since its
base is 12, 12x2=24 and 24 divided by 2
equals 12.

Area=12

In the second one, I divided it into two
triangles, I calculated the area of each one
and then added it up and it totals 12; T drew
a straight line with a length corresponding
to each of the areas of the two parts of the
triangle that was divided into two, then by
joining the two lines, I measured it, like
with a ruler, and I saw it measured 12, thus
concluding it was true.

I used geogebra to solve it and since it was
difficult to put it in words, I just
summarised this small text and sent the
attachment with more explanations.

Fig. 5.7 Written explanation sent by Sara, by e-mail
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o branguio [EGF] a area & de 12 porque FG=12
1252 Sepois B deide por 7 vk dar 12 vai-8e mulpScar por 2 porue & & slurs

Asea do prmein inangulo 12
R

1 SURLE S Campeonat

Fig. 5.8 Picture sent by Sara
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N awamdamﬂ?r AB=12 .
£ "l b f, G
#l barra de 2 m
AC=6 |b ’
DB=6
c ]
9 T
Tz j The area of the triangle [EGF]
_--"is 12 because FG=12.
Ne triangulo [EGF] a area & de 12 porque FG=12 Sse 12x2 and then divided by 2
12x2 depois a dividir por 2 vai dar 12 vai-se multiplicar por 2 porque & a altura equals 1 2; the multiplication
Area do primeiro triangulo 12 by 2 refers to the height of the
R s triangle.
_ 4 The area of this first triangle is
RS=12 12'

Fig. 5.9 Extract of the picture sent by Sara, in detail
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sendo os triangulos iguais 1 part it makes 12, therefore !
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. l _ & 1 the triangles are equal. !
PQ=12 i 1
e —————

Fig. 5.10 Extract of the picture sent by Sara, in detail
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area of each of the triangles has precisely the same value as the length of each of the
segments and justifies it with the length of the altitude being 2. Finally, she refers
that by “joining” the two segments—that is to say, the heights of the two interior
triangles—the result is 12 cm, the same as the length of the rectangle. As the values
of the lengths are equal to the values of the areas, then the area of the triangular
flowerbed will always be 12 (the length of the rectangle), independently of the posi-
tion and the shape of the flowerbed.

This case shows a participant who, similarly to the previous cases, recognises a
significant amount of affordances of GeoGebra and is able to answer to those invita-
tions to action in order to represent a particular case of the situation described in the
problem. As the young girl uses the tool to build a model with the concrete dimen-
sions that she chose, the solution found is also concrete and specific, as it corre-
sponds only to that particular problem.

The development of this conceptual model is promoted, as happened in the pre-
vious cases, by the recognition of the affordances of GeoGebra. Nevertheless, in the
second part of her work, Sara continues to be engaged in the use of GeoGebra to
draw a convincing justification, and this activity shows her own way of thinking
about the problem with this tool and, particularly, about the conclusion attained in
the first approach. In a way, this case shows a solving-and-expressing activity as the
participant understands the need mathematically to validate her observation and
undertakes the development of the conceptual model instantiated from elementary
mathematisation processes.

This conceptual tool, developed in close articulation with the technological tool,
provides “explicit descriptive or explanatory systems” (Lesh & Doerr, 2003, p. 18)
which reveal the mathematical thinking that shapes the interpretation of the result
(solution) and transforms this production in an effective model.

As the development of this conceptual model runs in two moments —one of rep-
resentation, manipulation and verification and the other of drawing a mathematical
justification, which can almost be considered a geometrical proof, though it is cen-
tred in a particular case —we consider that this use of GeoGebra contains an inten-
tion to confirm the solution.

5.3.2.4 Exhibit D: The Solution of Jessica

Jessica also used GeoGebra to reproduce the construction of the rectangular lawn
garden and of the triangular flowerbed (Fig. 5.11).

The text that Jessica sent in her e-mail (Fig. 5.12) allows us to understand thor-
oughly how she arrives to the recognition that the area of the triangular flowerbed
matches the value chosen to the length of the side of the rectangle. The movement
of the “stick” along the side of the rectangle was decisive in understanding that it
divides the triangular flowerbed in two triangles.

The GeoGebra construction shows that Jessica was working from the point of
view of the geometric properties and of the relationships that the conditions of the
statement impose, rather than with the purpose of measuring or calculating. This is
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Fig. 5.11 Three steps of Jessica’s construction

Resposta:

O tridngulo amarelo (zona de flores) esta
dividido em dois tridngulos pela vara de 2
metros que o jardineiro colocou. Sabemos
que a base desses dois tridngulos mede 2
metros - o comprimento da vara.

Para medir a drea de um tridngulo, fazemos a
seguinte conta: altura x base / 2

Para medir a area desses dois tridngulos, sera
entdo altura x 2 /2. Ora, estd claro que 2 /2 =
1, portanto, a area desses dois tridngulos ¢é
igual a sua altura.

Podemos afirmar que a soma das alturas dos
dois tridngulos ¢ igual ao comprimento do
rectangulo (jardim de relva). Portanto, a area
da zona das flores ¢é igual ao comprimento do
jardim de relva rectangular.

Se o comprimento do rectdngulo (jardim de
relva) ndo muda, entdo a area do triangulo
(zona de flores) também se mantém. Por
outras palavras, a Rosa tem razdo.

133
4 L3 J K
-—e L
Vara do jardineiro
A
* -
-

The yellow triangle (flowerbed area) is

r
! Answer:
i
i
! divided into two triangles by the 2 m stick

Y placed by the gardener. We know that the

base of those two triangles measures 2
meters - the length of the stick.

In order to measure the area of a triangle,
we use the calculation: height x base / 2

In order to measure the area of those two
triangles we will have height x 2 / 2. Well, it
is clear that 2 / 2 =1, therefore the areas of
those two triangles are equal to their
heights.

We can say that the sum of the heights of
the two triangles is equal to the length of the
rectangle (lawn garden). Therefore the area
of the flowerbed is equal to the length of the
rectangular lawn garden.

If the length of the rectangle (lawn garden)
doesn’t change, then the area of the triangle
(flowerbed) remains unchanged. In other
words, Rosa is right.

Fig. 5.12 Written explanation sent by Jessica, by e-mail

the work of a participant who recognises a large range of GeoGebra affordances;
namely, she shows she is able to respond to the invitations to action in order to
establish her solution (Table 5.4). This case sustains, once more, the strong belief
that problem-solving is an activity of permanent solving and expressing, supported by
a multiplicity of “descriptive or explanatory systems” (Lesh & Doerr, 2003, p. 18).
According to the way she expresses herself in written words, it is equally recog-
nised that the construction and the manipulation of the construction, enhanced by
the use of GeoGebra, motivates the development of a productive way of thinking
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Table 5.4 Sequence of actions and affordances perceived by Jessica

Actions Affordances
Place A, B and draw a line a passing through them IC
Place C on a, but exterior to AB 1C
Draw b, a line perpendicular to a passing through C RC
Place D on a IC
Draw c, a line perpendicular to a passing through D RC
Place E on a, and through it draw d a line perpendicular to a RC
Find F, G, and H—the intersections of ¢ and b, a and b; ¢ and d, respectively 1C
Build the quadrilateral CEHD IC
Place I on HD IC
Draw f a perpendicular line to HD passing through I RC
Place J and K outside the rectangle and build the segment JK IC
Draw a circumference with centre I and radius equal to the segment JK (slider) PC
Find L, one of the intersections of the circumference and f 1C
Build the segment LI, the stick IC
Place M on HE and draw the line j passing through L and M IC
Find N, the intersection of j and DC 1C
Build the polygons NIM, ILM and ILN, colouring their interior IC, SP

about the problem. Consequently, the organisation and the interpretation of the situ-
ation, from a mathematical point of view, that is to say, the horizontal mathematisation
of the situation, triggers the development of a very powerful conceptual model that
is quite different from those previously analysed both because they have a less
sophisticated structure or they are quite informal and because they are situation
framed. The fact that Jessica recognises a particular affordance of this dynamic
geometry environment—using parameters or variables in the constructions — grants
the simulation of a slider that controls the length of the stick. This new geometric
element spurs a new activity, which is the analysis of a variable that is not explicit
in the statement of the problem; hence the participant’s exploration goes far beyond
what was requested in the problem.

During Jessica’s construction activity, GeoGebra acquires the role of a tool-to-
think-with rather than that of a tool-to-calculate-with as there are no evidences of
Jessica having used the measurement tools. The solution is complete after the inclu-
sion of a detailed justification, where she explains her reasoning and points out the
calculations she considers necessary, those that aim “to demonstrate” the truthful-
ness of her general finding. Although the construction respects the statement condi-
tions, the use of a segment that simulates a slider, the existence of a moveable point
located near the right inferior vertex of the rectangle which allows the regulation of
the dimensions of the rectangle and the absence of measures and calculations are
signalling an intention to formalise and generalise. The manipulation of the variable
“height” of each smaller triangle that results from changing the position of the stick
suggests a vertical mathematisation activity in which the student develops a textual
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proof. She apparently translates the change of the heights to an algebraic recognition
of their role in the area of the flowerbed.

If, at a first stage, the invariance of the area may not be obvious to the students,
the representation of the situation through GeoGebra triggers the emergence of a
conceptual model that comprises, simultaneously, the perception of the stick as the
shared base of the two smaller triangles and the calculation of the corresponding
areas. It seems that the interactive activity with the tool, that is to say, the manipula-
tion and observation, supports the development of a conceptual model to solve the
problem, with outlines of a formal mathematical model. So, in this case the con-
struction performed with GeoGebra induced obtaining a proof of the solution.

5.3.3 Zooming Out: Comparing and Contrasting

Looking back at these solutions from a wider perspective allows the identification
of common general features, as well as of the singularities in these young competi-
tors’ activity, while they appropriate the problem and try to develop a productive
way of thinking about it.

These four cases, analysed in the light of the metaphor “humans-with-media”
(Borba & Villarreal, 2005), illustrate some symbiotic relationships among the
youngsters who solve the problems and the technologies in use. Their activity
results from a combination between mathematical knowledge and procedures, par-
ticularly geometrical and analytical, and knowledge about the tools used, especially
about GeoGebra but also the e-mail and the text editor.

The conscious option for this dynamic geometric environment, to solve this par-
ticular problem, is not detached from the purposes and intentions of each student. In
fact, the kind of activity that GeoGebra is enabling does not replace, nor simply
complement, any other kind of activity, for instance, a paper-and-pencil solution. It
results rather from the expectation these competitors have that GeoGebra offers
them the possibility to give life to the static model presented in the problem, sup-
porting the development of a solving strategy which supports them, with some cer-
tainty, to achieve the solution.

The high proficiency of these students-with-media is revealed in the way they
answer the emergent invitations to take action with GeoGebra. They perceived, at
first, the convenience and relevance of the dynamic geometry environment to repre-
sent the situation described in the problem, foreseeing that the reproduction of the
frozen images and ideas presented in the statement would transform them into
dynamic images and ideas (Leung, 2008), providing a greater freedom in their
manipulation.

These youngsters’ familiarity with the software is quite visible as all of them
demonstrate the capability to recognise a diversity of GeoGebra’s affordances. They
all started by setting a plan which consisted of representing a rectangular lawn
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garden, and so they identified the GeoGebra affordances that grant them, on one
hand, the perpendicularity of the sides and, on the other hand, that the opposite sides
will have the same length. Besides undertaking one step constructions (points, seg-
ments and straight lines), the participants recognize the need to use referential con-
structions (such as perpendicular or parallel lines) to obtain a ‘robust’ rectangle (that
means that even after manipulating the objects, the geometric features remain inten-
tionally incorporated). In order to represent the triangular flowerbed, they use a range
of quite similar affordances and define the length of the stick by using a circumfer-
ence whose centre is a free point on one of the rectangle sides and whose radius is
fixed, in the three first cases, and variable upon the length of a selector, in the last
case. This referential construction comprises knowledge about GeoGebra’s specific
mechanism which allows defining distances with a concrete or variable value.

Hence, these students-with-media have a clear notion that the constructions that
are convenient and useful to solve the problem are those that allow them to change
the shape of the triangular flowerbed, although all the other attributes of the con-
struction remain the same, as the garden does not change and the stick has a fixed
dimension.

In their productions, another common feature is related to the solution’s appear-
ance: not all the objects which were constructed are effectively visible in the file
they sent as a solution. At a certain point of the solution process, these students-
with-media used the option “setting properties” to hide the geometric elements that
were used as support to others, for example, the straight lines on which segments are
constructed or the circumferences that are only used to set the length of the segment
that represents the stick. The participants know that those auxiliary constructions
are essential and they cannot be eliminated even though they have already served
their function. They have a rather deep insight into GeoGebra since they perceive a
double purpose in this affordance: on one side, to hide an object, which is used to
generate others, allows them to clean the construction, diminishing the number of
visible entities and to focus the attention on those which are really needed during
the development of the strategy; on the other side, cleaning the construction makes
it more elegant, simpler and more attainable to those who are going to analyse it.
The “setting properties” tool, or in this concise case the “show/hide object” tool, is
a resource used for solving, but it is also a very important resource for expressing
the solution.

In general, all these participants combined one step constructions (points, seg-
ments, straight lines), with referential constructions (perpendicular or parallel lines,
a circumference defined by a point and a radius) setting properties (to hide objects),
with the manipulation of certain free objects to analyse their effect through “drag-
ging and exploring”.

Considering that, at this stage, all the participants have constructed a representa-
tion similar to the scheme presented in the statement, although dynamic and
manipulable, the way they interact with it influences the development of a concep-
tual model. In the two first cases, the solution arises from the usage of measurement
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tools; consequently, measuring becomes a vital action and encompasses all the
justification presented. In the third case, the conjecture, based on a particular case,
drives the search for a geometrical proof, which is sought and accomplished in
GeoGebra and with GeoGebra. In the last production, the incorporation of a larger
degree of freedom in some objects triggers a more global understanding of the
problem and leads to the search of a general solution, a proof.

The absence of a justification or a proof of the solution obtained may find its
source in a certain “invisibility” of the mathematical ideas brought by the vast quan-
tity of particular cases experienced and the intermediate results that GeoGebra pro-
vides. Indeed, in the first case, the invariability of the values obtained by measuring
seems to have produced a sense of total evidence, thus overshadowing the need to
find a mathematical proof. In contrast, the participants in the second presented case
yield themselves to the evidences they observe from the manipulation of the con-
struction and seem to accept naively that the length of the longer side of the triangu-
lar flowerbed does not change. This idea emerges from their written observation
regarding the areas of triangles with the same base and height and the fact that, in
the GeoGebra construction, the length of the longer side of the triangular flowerbed
maintains under dragging. So they only use this result in their assessment, without
trying to justify it in a mathematical way, apparently lacking the sense of critical
analysis of the digital representations, as referred by Noss (2001), which influences
their capacity to transform the information obtained with GeoGebra into under-
standing and knowing mathematically the situation.

The problem-solving activity in which all these students-with-media involve
themselves present very similar features to the point that it is possible to consider
that they are inseparable from GeoGebra. Solving-with-GeoGebra encloses a range
of procedures which come out through the symbiosis between the affordances of
GeoGebra and the youngster’s aptitudes: the construction is essential to interpret the
initial conditions; the dragging influences the identification of a strategy and the
formulation of a conjecture; in one of the cases, the construction becomes crucial
again to find out a geometrical explanation, while, in the other case, the symbolic
manipulation demonstrates the conjecture.

Considering the conceptual models developed by these participants, it is possible
to say that they are different, depending on the considered unit of analysis, i.e. the
different collectives of “students-with-media”. Nevertheless, those different concep-
tual models interweave some mathematical contents and procedures with some affor-
dances of the tool. The constructions, the strategies, the findings and justifications
presented in each case sum up a conceptual model of the invariance of the triangle’s
area and expose the activity of these students-with-media, who we could describe as
“students-with-GeoGebra”. Therefore, we have evidence supporting that this tool —
which is used in some cases to construct and measure, in others to conjecture, to
verify or to think with—influences the type of mathematical thinking produced
(Villarreal & Borba, 2010) which, in turn, influences the conceptual model that is
developed.
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5.4 Discussion and Conclusion

The data presented illustrate the diversity of ways of thinking and modes of action:
four groups of solvers, who certainly have very different learning experiences,
attend different schools and live in different places, realise and recognise the poten-
tial relevance of a single tool, GeoGebra, in solving this problem.

The solutions previously described and discussed highlight different mediation
features, made possible through the mathematical and technological representa-
tions, namely, in the construction of conceptual models to (a) get a solution, (b)
interpret a solution, (c) check a solution and (d) prove the solution.

The data suggest that the differences found are strongly related to the dynamic
nature of the mathematical representations afforded by the tool, in depicting the
problem conditions. For example, the introduction of additional elements to the
figure led to powerful understandings of the problem, the generalisation and for-
malisation. In one production, the invariance of the area is not only numerically
recognised but also geometrically explained; in another situation, the free elements
allow seeing the answer to the given problem as a particular case of a more general
statement; yet another case draws on the geometrical configuration in order to pro-
duce a formal mathematical model of the invariance of the area.

Regardless of their prior level of mathematisation, the use of GeoGebra empow-
ers each participant during the problem-solving activity. These students-with-
GeoGebra are able to recognise a sufficiently large set of affordances that allow
them to obtain an acceptable solution to the problem. Yet again, the main difference
among the solutions presented lies in the relationship between the aptitude of the
solvers and their perception of the affordances. Even though they all recognise the
affordances of the tool, some engage in a more elementary and less elaborate activ-
ity, while others engage in a more advanced and sophisticated activity. This range is
also noticeable when looking at the mathematical production itself. In particular, the
conceptual models developed by these students-with-GeoGebra also range from a
horizontal mathematisation, very much attached to the context and to the obvious
confirmation provided by the tool, to a form of vertical mathematisation where the
student abandons the situational context and proceeds to create a mathematical
proof that validates the model, as shown in the last exhibit.

According to Villarreal and Borba (2010), different people with different media
produce qualitatively different mathematical knowledge. We are here offering evi-
dence that different students solving the same problem with the same media and
recognising a relatively similar set of affordances of the tool produce different digi-
tal solutions, but they also generate qualitatively different conceptual models, in this
case, for the invariance of the area. This distinction in terms of the mathematical
thinking developed is somewhat built on the symbiotic relationship between the
aptitudes of the solvers and their perception of the affordances of the tool.

The example provide solid evidence of how the spontaneous use of technology changes
and reshapes mathematical problem-solving. The spectrum of the problem solutions
also highlight the effectiveness of the use of digital tools to structure, support and extend
mathematical thinking, meaning-making and knowledge in students’ problem-solving.
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Chapter 6
Digitally Expressing Algebraic Thinking
in Quantity Variation

Abstract In this chapter, we describe and analyse a number of examples of 7th and
8th graders showing diverse ways of expressing their mathematical thinking in solv-
ing algebraic word problems with a spreadsheet. Different youngsters’ approaches
to situations where quantity variation is involved are characterised. The problems
require finding an unknown value under a set of conditions that frame a problem
situation. The use of the spreadsheet is thoroughly examined with the aim of high-
lighting the nature of problem-solving and expressing in the digital tool context as
compared to the formal algebraic method; moreover, the ways in which students
take advantage of the tool (being guided by and also guiding the spreadsheet distinc-
tive forms of organising and performing variation in columns and cells) are impor-
tant indicators of their algebraic thinking within the problem-solving activity.
Finally, we pay attention to indicators of “co-action” in students’ work on the
spreadsheet as it tends to be more related to structuring solutions by means of creat-
ing variable-columns than with tentative ways of generating inputs in recipient cells.

Two data sources are used: the online competition collection of participants’
solutions and in-class observations of 8th graders working on the same problems.
Our analytic approach is a parallel analysis of solutions from the two settings,
assuming that both data sources illuminate each other’s differences and similarities.
Our overall purpose is to acquire a view of youngsters solving and expressing alge-
braic problems concerning quantity variation in terms of their various uses of the
spreadsheet.

Keywords Technology * Problem-solving ® Algebra ¢ Algebraic thinking ® Variable
* Variable-column ¢ Spreadsheet ® Co-action

6.1 Main Theoretical Ideas

The electronic spreadsheet, despite being a tool widely used in financial and man-
agement areas, has also proved to be an educational resource with great potential
both in mathematical problem-solving and in the study of algebraic topics.
Hegedus (2013) reinforces the idea that technological affordances must become
mathematical affordances and argues that meaningful integration of new learning
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environments can be developed through mathematisation of technological affor-
dances. In the same study, Hegedus presents a set of future design principles (exe-
cutable representations, co-action, navigation, manipulation and interaction,
variance/invariance, mathematically meaningful shape and attributes, magnetism,
pulse/vibration, construction and aggregation) and anticipates that these could pro-
vide innovative insights for researchers in the future. The idea of co-action, one of
the features on this list, is an aspect to which we devote attention as we argue it is
particularly pertinent to the study of algebra problem-solving with a spreadsheet.

6.1.1 Digital Representations in the Spreadsheet

The spreadsheet allows integrating different types of representations, such as
natural language, through text, input of numbers and formulas and the creation of
graphs, besides allowing objects produced by other technologies, for example, an
image editor, to be included.

One feature that distinguishes the spreadsheet from other computing environ-
ments is the fact of supporting the connection between different registers (numeric,
relational and graphical). The selection and dragging of the “fill” handle of a cell (or
set of cells) is an operation that allows the generation of numerical linear sequences.
These sequences can have different characteristics according to their origin and may
have null increase, constant increase or others, according to the selected numbers or
the formulas introduced and replicated. Such possibility of purposefully filling
down a column is a way of creating what may be called a variable-column.

When handling a spreadsheet, students have the opportunity to discover and
understand the meaning of a cell, a column and a formula and what it means to drag
down the handle of a cell with a formula, as they automatically receive numerical
feedback returned by the computer. This kind of vocabulary, which is characteristic
of the spreadsheet, is far from the language commonly used in mathematics —“the
vocabulary in the spreadsheet is far from the mathematical one, the user must even
create it by himself [sic], there is no official reference to help him [sic]” (Haspekian,
2003, p. 123). According to Haspekian (2005), “communicating with a spreadsheet
requires that pupils use an interactive algebra-like language, which focuses their
attention on a rigorous syntax. This is why it is said that spreadsheets help to trans-
late a problem by means of an algebraic code” (p. 113).

We claim that in the case of algebra problems, the spreadsheet can help students
find and express relationships between variables in a given problem. In addition, it
provides controlled means based on instantaneous and constant numerical feed-
back, which allows experiments to support establishing conjectures and may even
help finding possible mistakes.

The numbers in the cells of the spreadsheet can have different natures. A number
can be a numeric input, an output of a formula or an output of a linear number
sequence with a given increase, automatically generated by the spreadsheet. In the
case where the number is an output of a formula, the appearance of the current
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cell is just a number. However, the cell may temporarily show the appearance of a
formula—which occurs when the formula is introduced or thereafter, when the
cursor is placed over the cell and one observes the formula bar. Thus, an important
feature of the worksheet is to cover the formulas (i.e. the algebraic part) while main-
taining the numeric always visible (Haspekian, 2003).

In solving a mathematical problem, especially under the perspective of the unity
of solving and expressing (see Chap. 4), the capability to record and organise infor-
mation and the clarity in expressing ideas and in building a solid argument are
important capabilities. Representations are a fundamental means to contribute to
such clarity and to the expression of mathematical knowledge. However, the sys-
tems of representation can be transparent or opaque. This distinction, made some
time ago by Lesh, Behr, and Post (1987), means that the representations may be
closer to the ideas they are intended to illustrate or be further apart when stressing
just some aspects of these ideas while fading others. This transparency/opacity of
representational systems has been expanded by Zazkis and Liljedahl (2004) who
have suggested that there is a certain degree of opacity in any mathematical repre-
sentation. In the case of the representational register of the spreadsheet, the first
contact with it in the educational environment suggests a large opacity, which nev-
ertheless tends to dissipate as students gain either familiarity with the specific lan-
guage of the spreadsheet or greater agility in keeping a connection between algebraic
thinking and the operations performed with and by the spreadsheet.

Figure 6.1 shows the spreadsheet table for the solution of a problem about find-
ing the ages of three siblings, under conditions that relate them, where a student
(Monica; all names are pseudonyms) enters the numbers manually without using
formulas. This solution shows that there is a large opacity in the student’s spread-
sheet representations for solving the problem. On the other hand, in Jodo’s spread-
sheet solution, shown in Fig. 6.2, the choice of the independent variable as well as
the establishing of the given relationships is visible. The representations created by
Jodo show a lower degree of opacity than Monica’s.

Product of the ages of Ei Square of the age

e |

the brothers i of Ana
Produto das
idades dos Quadrado da
Carlos Ana Ricardo irmdos idade de Ana
0 1 2 0 1
1 2 3 3
2 3 4 8 9
3 4 5 15 16
4 5 6 24 25

Fig. 6.1 Monica’s solution in the spreadsheet
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Product of the i

mm——————T

ages > 1 age of Ana
L B et \ ommmet

=E4+1 =D4*F4 =E4*E4

2 =ES+1 =DS*FS  =ES*ES

3 =E6+1 =D6*F6 =E6*E6

4 =E7+1 =D7*F7  =E7*E7

Fig. 6.2 Jodo’s solution in the spreadsheet
6.1.2 Algebraic Thinking

According to Kieran (2004), the work in algebra can be divided into three areas
according to the nature of the mathematical activities involved: generational, trans-
formational and global/metalevel activities. Generational activities correspond to
the construction and interpretation of algebraic objects. Transformational activities
include simplifying algebraic expressions, solving equations and inequalities and
manipulating expressions. Finally, global/metalevel activities involve problem-
solving and mathematical modelling, including pattern generalisation and analysis
of variation.

The nature of algebraic thinking depends on the age and mathematical experi-
ence of the students. Students at a more advanced level may naturally use symbolic
expressions and equations instead of numbers and operations. However, for students
who have not yet learnt algebraic symbolic language, the more general ways of
thinking about numbers, operations and notations may, in effect, be considered
algebraic (Kieran, 2007). Contexts that involve numbers, functional relationships,
number patterns and regularities and other properties are an essential foundation for
the understanding of algebraic structures. For instance, writing symbolic numerical
relations may favour the use of letters. However, the use of technological tools
allows other representations for such relations, as well as new forms of exploration
of such relations, which may be seen as analogous to generational and transforma-
tional activities in algebra. Thus, it seems appropriate that such new representations,
and the mathematical thinking associated with them, are included in the field of
algebra (Kieran, 1996). Moreover, Lins and Kaput (2004) claim that algebra can be
treated from the arithmetic field stance, since there are many properties, structures
and relationships that are common to these two areas. Therefore, arithmetic and
algebra may be developed as an integrated field of knowledge.

According to Zazkis and Liljedahl (2002), the term algebra encompasses two
distinct aspects, algebraic thinking and algebraic symbolism, stressing that the pres-
ence of algebraic symbolism should be taken as an indicator but that the absence of
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algebraic notation should not be judged as an inability to think algebraically. This
idea is in the spirit advocated by Radford (2000) whereby students are able to think
algebraically even when they do not resort to algebraic symbolism in their written
productions.

In our research, we adopt this perspective, considering algebraic thinking as a
broad way of thinking that is not limited to the formal procedures of algebra. This
entails separating algebraic thinking from algebraic symbolism (Kieran, 2007;
Zazkis & Liljedahl, 2002).

6.1.3 Problem-Solving with the Spreadsheet
and the Development of Algebraic Thinking

The spreadsheet has proved to be a powerful tool in mathematical problem-solving
and particularly in the development of algebraic thinking through problem-solving
activities as highlighted by several authors (e.g. Ainley, Bills, & Wilson, 2004;
Dettori, Garuti, & Lemut, 2001; Rojano, 2002). One of the gains of connecting
algebraic thinking and the use of spreadsheets is the creation of a significant envi-
ronment to induce students into an algebraic language that facilitates the construc-
tion of algebraic concepts, especially in what concerns working with functional
relations, sequences and recursive procedures.

Using the spreadsheet in the context of problem-solving emphasises the need to
identify the relevant variables involved in a problem situation and fosters the search
for variables that depend on other variables, resulting in composites of relations
between variables. The definition of intermediate relations, by means of spread-
sheet formulas in intermediate dependent columns, meaning the decomposition of
more complex relations in chained simpler ones, is a special feature inherent to the
use of the spreadsheet that amounts to important results in solving algebraic con-
textual problems (Carreira, 1992; Haspekian, 2005). Moreover, as noted by
Haspekian (2005), a spreadsheet also allows an algebraic organisation of appar-
ently arithmetical solutions, and this kind of hybridism, where arithmetic and
algebra naturally cohabit, becomes an educational option that may help students in
moving from arithmetic to algebra (Kieran, 1996). Spreadsheets can act as a bridge
between arithmetic and algebra by helping students generalise patterns, develop an
understanding of variable, facilitate transformation of algebraic expressions and
provide a space to explore equations (Tabach, Hershkowitz, & Arcavi, 2008). In
addition, spreadsheets support students to focus on the mathematical reasoning by
freeing them from the burden of calculations and algebraic manipulations (Ozgun-
Koca, 2000).

However, as Dettori et al. (2001) have noticed from their research on 13—14-year-
old students’ work with spreadsheets on algebraic problems, “spreadsheets can start
the journey of learning algebra, but do not have the tools to complete it. Being able
to write down parts of the relations among the considered objects, but not to synthe-
size and manipulate the complete relations, is like knowing the words and phrases



146 6 Digitally Expressing Algebraic Thinking in Quantity Variation

of a language, but being unable to compose them into complete sentences” (p. 206).
What still remains a research issue is to understand the scope of the spreadsheet
contribution in going further than just the recognition and manipulation of relations
among objects to a broader understanding of the algebraic foundations of the meth-
ods for solving algebraic conditions.

6.1.4 Expressing Algebraic Thinking and Co-action
with the Spreadsheet

Co-action is an idea proposed by Moreno-Armella, Hegedus, and Kaput (2008) to
explain and describe the changes that the use of digital technology brings into stu-
dents’ mathematical activity. This idea of co-action is related to the fact that stu-
dents are at the same time guiding and being guided by the dynamic and interactive
digital environments, like the spreadsheet. Moreno-Armella and Hegedus (2009)
state it as follows: “the student and the medium re-act to each other and the iteration
of this process is what we call co-action between the student and the medium”
(p- 510). The productions are thus the result of a collaborative work between stu-
dents and the media provided by the technological tool.

With a spreadsheet, like with other tools of a dynamic and interactive nature,
such as the case of GeoGebra, through a simple command, there is access to how
the subject interacted with the tool. In particular, there is data on how the relation-
ships between the cells, columns or rows were conceived and what is the computa-
tional process translated by the formulas introduced (MS Excel allows the user to
switch between displaying formulas and their values on a worksheet). In the case of
defined intermediate relations, there is access to the order in which the relations
were created. This feature of the spreadsheet is important because in the analysis of
a worksheet whose construction has not been witnessed, there may be evidence of
the type of co-action that may have existed during the activity between the subject
and the tool.

The spreadsheet provides a learning environment in which problem-solving can
be explored in a dynamic way, when compared with pencil and paper. The transition
from inserting symbols in a static environment to interacting with a dynamic envi-
ronment brings out new forms of symbolic thinking. In this regard, Moreno-Armella
et al. (2008) consider five distinct stages of computational development: the first
two relate to stages of static non-computational environments; the third corresponds
to a stage in which the representations are static but originating from a computa-
tional environment, such as a calculator; the fourth stage is called discrete dynamic,
having the example of the spreadsheet where you can create a list or a chart and act
on them interactively and where action can coexist; and the fifth and last stage is
called continuous dynamic and is based on the above, where computational environ-
ments are very sensitive to the actions of the user, letting you drag or move objects,
look into their mathematical properties and permanently reorient your perspectives
about what is happening.
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The work with the spreadsheet transforms the nature of the interactions that
students have with mathematical representations to the extent that those become
encapsulated in a medium with specific characteristics. The solution of a problem in
the spreadsheet arises from the student’s ongoing collaboration with the tool; both
the student and the spreadsheet act and react to each other throughout the activity
(Moreno-Armella & Hegedus, 2009). This type of work has significant conse-
quences for the expression of students’ mathematical thinking, particularly of alge-
braic thinking, during their problem-solving and expressing.

In solving a problem with the spreadsheet, the co-action between the student and
the tool begins with the need for structuring the conditions of the problem in
columns or cells that are assigned particular roles. This procedure allows connect-
ing a set of numbers (e.g. in a column) with a single name (or column heading)
which is consistent with an idea of variable, and it is an action that pushes students’
reflection and helps them to understand the mathematical meaning of the relations
among variables (Wilson, 2007). The introduction of numerical data in different
cells, which may or may not include the use of formulas, becomes part of establish-
ing the relationships described in the problem situation. Furthermore, students can
analyse the immediate feedback provided by the spreadsheet and redirect their
actions in a permanent flow of interactions with the spreadsheet. This work, based
on the identification and materialisation of functional relationships, induces an alge-
braic organisation in the way of addressing the problem (the creation of a concep-
tual model of the situation) that apparently has a numerical look (Haspekian, 2005).
Students are then able to inspect their table to get the solution supported by the
results shown in the spreadsheet.

Problem-solving with spreadsheet and the co-action involved provide a stimulat-
ing working environment that fosters a greater understanding of the relationships of
dependence between variables and encourages students to submit solutions gradu-
ally more algebraic rather than purely arithmetic (Rojano, 2002).

6.2 Context and Method

In the remainder of this chapter, we describe and analyse how students from 7th and
8th grades (12—14-year-olds) express their mathematical thinking in solving
problems with the spreadsheet. We set out to know more about students’ digital
representations in solving quantity variation problems, in relation to their algebraic
thinking and their problem-driven algebraic models; another issue that we expect to
be related to the previous ones brings us to the attempt of unveiling the co-action
between the student and the spreadsheet while solving a problem.

The data analysed refer to the solutions given to two algebraic word problems,
involving whole quantity variation, proposed in the Qualifying phase of the compe-
tition SUB14 (see Chap. 1). Besides considering the data provided by all the solu-
tions submitted by students who were engaged in the online competition, the same
two problems were also given to a class of 8th graders as part of their periods of
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supervised study (non-curricular classes) in a public middle school located in the
south of Portugal. Such class periods took place, from January to May, during the
school year 2009-2010, on a regular basis, once a week, for 90 min.

Solving the two selected problems by a formal algebraic approach (namely using
inequality solving techniques and systems of simultaneous linear equations) was
beyond the reach of the students’ school grades in terms of the topics comprised in
the official school mathematics curriculum. Therefore, the use of the spreadsheet in
the classroom was expected to provide the chance to see which avenues would be
opened by this particular technological tool in students’ development of their initial
conceptual models and in their ways of expressing such models with this digital
medium.

In the empirical context of the 8th grade classroom, five students were selected
for this study: two of them were working as a pair and the other three individually.
The students were given the freedom to choose whether they wanted to work in
groups or individually as part of the didactical contract established in the classroom.
In both cases, the teacher frequently engaged in dialogue with the students and
asked questions whenever necessary to appreciate students’ reasoning and
approaches. They had previously obtained some experience in solving word prob-
lems with a spreadsheet in their regular mathematics classroom, from which they
acquired the basics of the spreadsheet functioning.

Many of the problems that were explored with this class were chosen from the
ones proposed at the competition SUB14. The problems were solved in school, and
afterwards the students could send their answers to the competition, if they wished
so. This was consistent with what the competition promoted: allow and encourage
discussion of the problems with parents, teachers and fellow participants. The
teacher of this class felt that the problems of the competition were important for
students’ mathematical learning, and she decided to use them in supervised study
periods as it would mean more time to work with the computer and to discuss the
problems.

The possibility of participants sending their answers to the competition in differ-
ent digital formats (including spreadsheet files) was seen as an inducement to
engage students in working on word problems with the use of the spreadsheet and
an opportunity to develop students’ algebraic thinking.

In the classroom, the detailed recording of students’ processes was achieved with
the use of Camtasia Studio. This software allows the simultaneous collecting of the
students’ dialogues and the sequence of computer screens that show all the actions
that were performed on the computer. Thus, we were able to analyse students’ con-
versations while we observed their operations on the spreadsheet. This type of com-
puter protocol is very powerful as it allows the description of the user’s actions in
real time on the computer (Weigand & Weller, 2001).

The decision to collect data from a classroom setting in addition to the solutions
obtained online in the competition SUB14 relates to the fact that many mathematics
teachers see the competition as a potential resource for mathematics learning in
their classes (see Chap. 3). We think that such live data can provide evidence of how
the process of problem-solving and expressing can also happen in out-of-school
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environments. Moreover, the data serve the purpose of looking at possible benefits
of spreadsheet use for the expression of mathematical reasoning and at the ways in
which it may enhance the developing of algebraic thinking without demanding the
use of algebraic symbolism and formal algebra techniques.

After collecting all the digital solutions submitted to the SUB14 competition
containing Excel files, we analysed how students used the spreadsheet to solve the
problem: how the columns were generated, how the relations were set (with or with-
out the use of formulas) and the diversity of complementary representations used.
From this analysis, we found typical solutions (or apparent categories). After this
categorisation, we analysed the solutions produced in the classroom with the use of
Excel and tried to establish a correspondence between solutions in the same cate-
gory from the two sources. In the case of the solutions obtained in the classroom, we
also looked through the audio and computer screen recordings in order to track
students’ actions during their work with the computer. If we found solutions from
the classroom that were different from those coming from the competition, they
were subject to further categorisation.

In presenting the results, we also look to establish a hierarchy of solutions in
terms of the generality of the conceptual model involved and its closeness to the
algebraic formal language.

6.3 Data Analysis

6.3.1 The First Problem: The Treasure of King Edgar

The first problem contains several conditions that relate to each other, and the
statements “gets more... than” and “receives fewer... than” involve an element of
ambiguity and make the problem complex, for understanding it, for translating into
algebraic language and for solving it (Fig. 6.3).

King Edgar of Zirtuania decided to divide his treasure of a thousand gold bars among his four
sons. The royal verdict is:

1 - The 1%t son gets twice the bars of the 2" son.

2 - The 3™ son gets more bars than the first two sons together.

3 - The 4™ son receives fewer bars than the 2" son.

What is the largest number of gold bars that the 4th son may receive?

Do not forget to explain your problem solving process!

Fig. 6.3 Problem #2 from the SUB14 competition (edition 2009—2010)
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A possible algebraic approach to the problem is presented in Fig. 6.4.

Among the 276 participants in the SUB 14 competition that sent correct answers
to the problem, only nine made use of the spreadsheet. In the classroom, we obtained
ten solutions to the problem produced with the spreadsheet.

We now analyse four solutions in detail, two from each environment—the com-
petition and the classroom—that are representative of all the solutions that were
produced by resorting to the spreadsheet.

We start by presenting one solution outlined by a group of three students in 7th
grade, Abel, Bruno and Carlos, who were participating in the competition. The
group made use of the spreadsheet to prepare a table and organise their trials to
obtain the answer to the problem. Students named four columns, one for each son
and two other columns that were defined to compute the sum of bars given to the
four sons and to compute the difference between that sum and the total of 1000 bars,
as seen in Fig. 6.5.

Fig. 6.4 A possible .
symbolic algebraic Sp+S8, £8;+85, = 1000
approach to the problem g =2
1 2
(max A )
S, >8 +5,
S, <5,

s, —number of bars of son i(i =1...4)

15t son i 2nd son i 34 son i 4t son i i Difference
. - - g net e e
Primeiro Filho Segundo filho Terceiro filho Quarto filho

100 50 151 49 total: 350 Diferenca: 650
150 75 226 74 total: 525 Diferenca: 475
200 100 301 99 total: 700 Diferenca: 300
250 125 376 124 total: 875 Diferenca: 125
260 130 391 129 total: 910 Diferenca: 90
270 135 406 134 total: 945 Diferenca: 55
272 136 409 135 total: 952 Diferenca: 48
276 138 415 137 total: 966 Diferenca: 34
280 140 421 139 total: 980 Diferenca: 20
282 141 424 140 total: 987 Diferenca: 13
284 142 427 141 total: 994 Diferenca: 6
286 143 430 141 total: 1000 Diferenca:

Fig. 6.5 Excerpt of Abel, Bruno and Carlos’s solution (participants in the competition)
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Along with the table, students provided a rationale of their own procedures
written in natural language in the spreadsheet cells:

We carried out a table in which the first son, as said in the problem, has twice the bars of the
second son. The third child (in our table) has just one more bar than the sum of the first and
second sons’ so that there are more gold bars left for the fourth child. The fourth son has
always (in our table) one bar less than the second son so that he will get the largest possible
number of gold bars. Initially we chose the number 100 as a basis to start our table regard-
less of the outcome for the total of bars is 1000 or not. After we had our first “trial” we
started making adjustments always increasing by 50 the number of gold bars of the first son.
But we always calculated the difference so that when we would approach the sum of 1000
we would change the increase by 50 to an increase by 10 or by 2, depending on whether
being closer to 1000 or not. In the last row of our table we kept the 141 gold bars for the
fourth child because we could not further increase this number and still meet the problem
conditions. Therefore in order to have no bars being left (the 6 remaining bars), we “gave”
two more bars to the first son, “gave” one more bar to the second (for the second son must
have half of the bars of the first son) and we “gave” the three remaining bars to the third son.

The students’ expression of the solution includes an explanation of how they
built the columns and of their decision making, such as the distribution of the six
remaining bars among the sons. This group uses the organisation, in columns,
afforded by the spreadsheet to make explicit the conditions given in the problem.
Their strategy was to use trial and refinement to obtain successive approximations
to the solution.

In considering the way they use the spreadsheet, there is a certain degree of
opacity in the representations provided in the spreadsheet, since they did not resort
to formulas, which would have facilitated the calculations and the nearly automatic
filling of the table itself, as it is illustrated in Fig. 6.6.

However, as seen in the figure, we can understand the relationship between
students’ work on the spreadsheet and the conditions of the problem statement written
in algebraic language. The fact that students solved the problem without resorting to

20d gon 31 son

4th gon i Difference

m———

Primeiro Filho Segundo filho Terceiro filho Quarto filho
100 50 151 49 total: 350 Diferenca: 650

H

Sl = 2S2

=Sl i N | S

S3=S1+S2+1

S4 = S2 —1
total = S] S5y +53+58y
Diferenca =1000— total

Fig. 6.6 A translation of the group’s model on the spreadsheet into symbolic algebraic language
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formulas did not prevent them from correctly establishing the relationships between
the variables in the problem, by means of the spreadsheet columns. Their solution,
which includes the table and the explanation in natural language, allows us to
understand what their conceptual model of the situation was and how it expressed
their mathematical thinking, in particular the establishment of the algebraic rela-
tionships and the strategy (trial/refinement) to achieve the solution.

Next, we present a solution which was developed in the classroom and is close to
the one given by the previous group of participants in the competition.

Marcelo is one of the students in the class who has worked individually. After
reading the problem, he began by introducing manually in column A of the
spreadsheet the multiples of 100 up to 1000, but he never went back to using this
column. Next, Marcelo assigned and named a column to each of the four sons and a
fifth column to the total of gold bars distributed. In that last column, he entered a
formula to compute the sum of gold bars and used it as a way to check his mental
calculations (Fig. 6.7). Then, row after row, he started writing values in the cells
corresponding to the four sons. In doing this, he used two different strategies for
assigning values to the four sons. Sometimes he worked in the following order:
second, first, fourth and third. The input of the values went on as follows: choosing
a value for the second son and then mentally doubling it for the first son and then
subtracting one unit to the second son’s number of bars to get the value for the
fourth son; add the three values corresponding to the second, first and fourth sons
and calculate the difference to 1000 in order to find the third son’s number of bars.
Otherwise, he used a different order: second, first, third and fourth. He started
choosing a value for the second son and then doubling it for the first son and then
adding the first two and increasing the result by one unit to get the third son’s num-
ber of bars; add the number of bars of the three first sons and calculate the difference
to 1000 in order to know the fourth son’s number.

Marcelo did not display the relationships between the numbers of bars of the four
sons—using formulas or otherwise —but he kept them always present in his thinking.

r T ; P
! 1stson ii 2nd son 3rdson i,i 4thson i ! Istson 2ndson 3rdson j,: 4thson
i o g o~ . - L Jef
\~‘4 ~ }g,— lr/ SSU) Mo pecias prie
12filho  2¢filho 3¢filho 4efilho Total 12 filho 22 filho 32 filho 42 filho Total
200 100 601 99 1000 200 100 601 99 =D2+E24F24G2
300 150 4s1 99 1000 300 150 451 99 =D3+E3+F34G3
240 120 s21 119 1000 240 120 521 119 =DA+E4+FA+G4
260 130 481 129 1000 260 130 481 129 =DS+ES+FS+GS
280 140 a1 139 1000 280 140 441 139 =D6+EG+F64G6
290 145 436 129 1000 290 145 436 129 =DT4ET+FT4G7
284 142 433 141 1000 284 142 433 141  =DS+ES+FB+GB
286 143 430 141 1000 286 143 430 141  =D9+E9+F4GY
288 144 433 135 1000 288 144 433 135 =D10+£10+F10+G10
xis file xls file (command “show formulas™)

Fig. 6.7 Excerpt from Marcelo’s solution (student from the classroom)
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The task required a great effort for the student, since in each attempt he had to recall
the conditions to observe while carrying out the calculations mentally.
During his work, and after several tests, he called the teacher.

Marcelo: Teacher, I found the best! [The value 139 was obtained in a cell of the column
assigned to the fourth son]. If I choose 150 bars [in the column of the second son] it won’t
do. I’'ve tried it.

Teacher: But is it the maximum number of bars that the fourth may get? Is it?

Marcelo: I went from 100 to 150 [for the second son], and it turns out that 150 gets worse
because the other gets over 450 but the last one falls to 99.

The teacher suggested Marcelo do some more experiments to which he replied
that he had already made some, for example, with the values 160 and 170 for the
second son. So she made another suggestion:

Teacher: Here you already got an excellent value, and it increased significantly from 130 to
140 [referring to the column of the second son]. So, try around these values.

Marcelo: I’ll do it with 145.

Teacher: Did it turn out any better?

The student continued to make trials, but he took a while to do the calculations
mentally, and the teacher asked:

Teacher: But why don’t you make Excel to do the computations?

The student did not seem to know what to answer, probably indicating that his
mastery of the tool was not strong enough. So he continued to make trials, always
doing the calculations mentally. Finally, he found the solution 141 bars, confirming
that it was the highest possible number of bars for the fourth son. In his answer to
the problem, the student wrote: “I solved this problem taking into account the
conditions of the problem, making four columns, one for each son, and trying to find
a higher number for the 4th”.

We claim that Marcelo has developed algebraic thinking by focusing on depen-
dence relationships between different variables to find the optimal solution. As the
student stated, he took into account the five conditions of the problem and expressed
them in the spreadsheet columns. From the standpoint of an algebraic approach, the
student began by choosing an independent variable (the second son’s number of
bars) and established relationships to express the number of bars for each of the
other sons.

The diagram in Fig. 6.8 summarises the symbolic translation of the student’s
algebraic thinking in solving the problem and shows how the spreadsheet allowed
dealing with several simultaneous conditions and manipulating them, by means of
numbers rather than letters and symbolic algebra. It is important to note that the
student understands that there were two different ways to try to maximise the number
of bars of the fourth son: one way was to assign the fourth son just a bar less than
the second son; the other way was to assign the third son just one bar over the sum
of the first and second sons’ bars. The student alternates between these two strate-
gies in making trials to find the highest value for the fourth son’s bars. The fact of
using the two strategies led him to find two different solutions with the same maxi-
mum number of bars for the fourth son.
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N\ 1.

s,
X

19 filho 22 filho 3¢ filho 4@ filho Total
200 100 601 99 =D2+E2+F2+G2

S; =25, J

S3=1000—(S; + S, +S4)
Sy=S,-1
S1+S2+S3+S4:1000

15t son 2 son 31 son T son

300 150 451 99 =D3+E3+F3+G3
S| =25, J
S3 = Sl + S2 +1
Sy =1000— (S, +S, +53)

Sj+Sy + 53+ =1000

Fig. 6.8 A translation of Marcelo’s model on the spreadsheet into symbolic algebraic language

The capture of the computer screens and student’s speech allows us to reconstruct
Marcelo’s activity and to corroborate that his problem-solving was the product of a
weak co-action between him and the spreadsheet. The student performs an intense
computational work (in his trials and checking), whereas the spreadsheet only pro-
vides a control over the total of bars and also a way of organising the variables. In a
sense, the spreadsheet is used in a static way, similar to an enhanced calculator, sug-
gesting a use of the tool corresponding to the characteristics of the third stage of
computational development described by Moreno-Armella et al. (2008).

The solutions presented above (one from the online competition and one from a
classroom) have some similarities but also some distinctions. The similarities con-
cern the construction of the two initial columns; the distinctions are related with the
way the conditions in the problem are represented and explored on the spreadsheet,
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including the way in which the column for the total of bars is used (as a variable or
a constant).

Another answer from the classroom that we examine is that of Ana’s, who like
other classmates, undertook the construction of a table. On the spreadsheet, she
started to write the column headings, “gold bars” and then “first son”, “second son”,
“third son” and “fourth son”, one in each column upper cell. In the first column, just
under the heading “gold bars”, she inserted one after the other the integers up to 9
and dragged the sequence down until the value 1000. This suggests that those col-
umns were identified as the variables of the problem, which means that the student
considered that the number of bars of gold could be a variable between 1 and 1000.
However, the student never used this column again, probably by having realised that
it would not work as an independent variable.

Then she inserted the values 2 and 1 on the first row of the columns referring to
the first son and the second son (cells D4 and E4), respectively. Then she inputted
the values 4 and 2 in the following row of the correspondent columns (D5 and ES5)
and the values 6 and 3, again in the next row of the same columns (D6 and E6).
Thus, she established the beginning of a number pattern by a certain increment in
each of the columns D and E. Next, she dragged the fill handle, extending the
sequences until reaching the row corresponding to the value 1000 in the column
used for the total of bars. In cell F4 (corresponding to the third son), she entered the
formula “=D4+E4”, and, with the cursor still on the cell, before completing the
operation, she asked for the teacher’s help. The following is a transcript of the dia-
logue that took place:

Ana: And now, teacher, shall I do enter?

Teacher: The third son gets more bars than the first two sons together... You may wonder
how many more... But you must understand that the fourth son... [The teacher does not
conclude the sentence and turns herself to address the whole class.]

Teacher: You must not forget that we are looking for the highest possible number of bars
that the fourth son can get.

Later, Ana called the teacher again as she apparently had come up with a different
idea on the formula to use and the dialogue resumed.

Ana: The third son gets more bars than these two. [She was pointing to the first and second
sons’ columns while writing the formula “=E4+D4+1” in cell F4.]

Teacher: And now, what do you need to do?

Ana: Drag it down.

Teacher: And now?

Ana: The fourth son will get fewer bars than the second one. So, if the second one starts
with 1, here I have to start with 0.

Teacher: And how are you going to make it? Would it be possible to create a formula?
Ana: Yes, it’s this one here [she was pointing to cell E4] minus 1.

The student inserted the formula and then dragged the fill handle.

Teacher: And now, what are you going to do next?

Ana: I am going to add them all.

The student enters the formula “=G4 +F4 +E4+D4” in cell H4 and drags the fill
handle, extending the column up to a certain value, as she almost immediately
realised to have exceeded the limit of 1000 bars.
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Ana: It already exceeds. [The total of bars had exceeded 1000.]
Another student: This gives me 1001.
Ana: Me too, it gives me 1001.

Ana called the teacher once again as she was unsure of the answer to the problem.

Ana: This is wrong, isn’t it?

Teacher: There’s a brother who is receiving one bar more than he should, isn’t there? Which
one can he be?

Ana: This one, the fourth brother... 142, then he will get 141!

The student pointed out the solution, coloured the cells and explained her reason-
ing directly on the spreadsheet cells. An excerpt of the table created by Ana with the
spreadsheet can be seen in Fig. 6.9.

In the end, the student deleted all the table rows that contain unnecessary infor-
mation (which far exceeded the total number of bars). She also gave a detailed
explanation of her problem-solving process on the spreadsheet, as follows:

The largest number of bars that the fourth child may receive is 141 gold bars. As the king
decided to divide his treasure of a thousand gold bars among their children I decided to
solve the problem in Excel. In the first column I have put the number of gold bars and
dragged. Then I made two columns for the 1st and 2nd sons knowing that the relationship
between them is that the Ist son gets twice the number of gold bars of the 2nd son. In the
3rd column it was the 3rd son and he was receiving more bars than the 1st and 2nd sons
together, so I added the 1st and 2nd sons plus 1. The result was: 1st son=286 bars, 2nd
son= 143 bars and 3rd son=430 bars. But what matters is the 4th son and as he gets fewer
bars than the 2nd one, I did: (2nd son’s bars)— 1, that equals to 0, and I dragged. Then I
made the total and it showed 1001 but since the king had only 1000 bars I picked the result
that came before that 142, which was 141. The maximum number of gold bars that the 4th
child may receive is 141.

The data obtained from Ana’s solving process show that either their language or
their actions are steeped in the language and operation mode of Excel. The student
knows that selecting and dragging some sequential numerical values in a column, or
dragging a cell with a formula, produces a variable-column.

As we saw in the first two examples presented above, Ana also managed to
express the problem in terms of relationships between columns in the spreadsheet
(Fig. 6.10). However, Ana did so by using the automatic generation of sequences
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1 2 1 a 0 7l 2 1 =E4+Dd+1 =E4-1  =GA+F4+E4+D4

2 4 2 7 1 1412 4 2 =E5+D5+1 =E5-1 =G5+F5+E5+05
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143 286 143 430 142 1001|143 286 143 =E146+D146+1 =E146-1 =G146+F146+E146+D146
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xls file xls file (command “show formulas™)

Fig. 6.9 Excerpt from Ana’s solution (student from the classroom)
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Fig. 6.10 A translation of Ana’s model on the spreadsheet into algebraic language

A B c

1 20 31

2 50 76 TOTAL = 1000

3 100 151

4 200 301

5 202 304

6 204 307

7 240 361 ] 2X X >3X| X
8 250 376 T

9 260 391 u

10 280 421 859

al - e o 1000-859-141
12 284 427

13 28 430
=2*(B1) =(A1+81+1) (A1+B1+C1+D1)
=2"(B2) =(A2+B2+1) {A2+B2+C2+D2)
=2*(B3) =(A3+B3+1) =(A3+B3+C3+D3)

xls file and formulas Diagram

Fig. 6.11 Excerpt of David’s solution (participant in the competition)

(by means of the Autofill feature of the spreadsheet) and inserting formulas, which
allowed her to have her thinking more focused on the relations established than in
the computations that she left to the computer.

We now turn to the analysis of David’s solution, a participant from the 8th grade
in the competition, who had enrolled individually. This student’s answer to the
problem contained a combination of representations with different characteristics
and origins. He used a spreadsheet to prepare a table where he also featured a match-
ing diagram showing some algebraic language, created with a drawing editing tool.
These two pieces are clearly associated, as seen in Fig. 6.11 and as revealed in the
student’s explanation of his answer.

His explanation was presented in the following text sent as part of his e-mail
message:

Explanation/Reasoning: After reading the problem I thought of a way to solve it. I thought
I would get it by trials, so I decided to do it. For this, I used Excel (attached is a diagram and
an Excel table), using formulas as follows. The 2nd son would have X bars; the first would
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have 2X, as the problem says that the 1st child gets twice the 2nd son’s bars. The 3rd would
have >3X (greater than 3X), as the problem says that the 3rd son will have more bars than
the first two together and the fourth child would have <X (less than X), as the problem says
that the 4th would have fewer bars than the 2nd son. By trial, I calculated until reaching the
total of 1000 gold bars. I did not get to 1000, but I got to 1001, so I removed one bar to stay
in 1000. At the end, the 4th son had 141 bars.

As he says, the student used the spreadsheet to make his trials to get the solution.
Column B, referring to the second child’s number of bars, is used as a container for
putting values at his will; it is a column which works as the independent variable.
The remaining columns refer to the number of bars of the other three sons and to the
total of bars used. For its construction, the student used formulas expressing depen-
dency relationships that allowed him to get, apparently with some ease, the required
solution. In the scheme, the student displays with algebraic symbols the conditions
of the problem, that is, the way in which the distribution of gold bars among the four
sons is made. In his explanation, he shows to have established a connection between
the spreadsheet language and the algebraic symbolic language. We can also observe
that the order and roles of the columns in the spreadsheet coincide with the order
and roles of the variables (independent and dependent) translated into algebraic
language. This is revealing of how the student used the two digital representations
in a complementary way to exhibit his model of the problem situation and how this
model is showing a skeleton of a more standard mathematical model to solve the
problem. We emphasise that the scheme and the type of symbolism used by the
student are close to what would be a standard mathematical solution (with pencil
and paper), while the solution produced in the spreadsheet retains unique character-
istics, which could hardly be performed with pencil and paper, since there is a trans-
formation of the algebraic variable into numbers, making it possible to stay with
concrete numerical values.

Given the characteristics of his strategy of trial and refinement, the student suc-
ceeds in finding the two situations in which the fourth child will receive the maxi-
mum of 141 gold bars.

David is himself making an algebraic language translation of the work done in
the spreadsheet, as can be seen in Fig. 6.12.

TOTAL = 1000

2x X 3
=2*(81) ~(A1+B1+1)

Fig. 6.12 David’s translation into algebraic language of the relationships established in the
spreadsheet
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We see that the student knew some of the features of the spreadsheet, like naming
columns and writing formulas involving one or more cells, either input container
cells or cells with values already derived from previously introduced formulas.

A key aspect to solve this problem is to make the number of bars assigned to the
second son’s change. In the four solutions presented, all students have adopted this
strategy and appointed and selected either a variable-column or a column of
container cells for the number of bars of the second son. This column operates in
all cases, as the independent variable. The remaining columns are built up, with
formulas or with direct inputs, expressing dependency relationships, some of
which become composite relationships. In this way, students were able to observe
the variation of the number of bars for each son, in particular for the fourth son,
while checking the total number of bars assigned, and thus finding the answer to
the problem.

It may however be noted that in the above first two and in the fourth solutions, a
clear trial and refinement approach prevails, resulting from the fact that the cells of
the column for the second son work as recipient cells where it is possible to test
values and examine the outputs in the remaining cells. By contrast, in the third solu-
tion, the column for the second son works as a variable-column; that is, Excel is
used to cycle through a sequence of values and to obtain the corresponding results
on the remaining dependent columns.

In all the solutions, we can observe that the students chose to present, in addition
to the table prepared in the spreadsheet, and as an integral part of the process of
solving and expressing, an explanation in natural language and, in the latter case,
even a diagram revealing a more symbolic algebra approach to the problem.

Revisiting the four solutions analysed, we can establish a hierarchy based on a
progression from the use of recipient cells (numerical inputs) to the use of variable-
columns (using formulas or the automatic generation of sequences). This ranking
puts the solutions as the diagram in Fig. 6.13.

Abel, Bruno

and Carlos Marcelo David | Ana
Numerical Both styles Formulas
inputs/ and Autofill/
Recipient- Variable-
cells columns

Fig. 6.13 A possible hierarchy of the analysed solutions



160 6 Digitally Expressing Algebraic Thinking in Quantity Variation

6.3.2 The Second Problem: The Opening of the Restaurant
“Sombrero Style”

The second problem, presented in Fig. 6.14, has characteristics that were seen as inter-
esting to be explored with the spreadsheet, namely, due to the fact that it may be solved
by a numerical approach. To a certain extent, it proved to be different from other prob-
lems solved by the students in the classroom and in the competition. One of its features
relates to the fact of being placed in the form of a narrative, which makes it pretty close
to a real situation, where conditions are steeped in the story, thus requiring a very care-
ful reading to identify those which are relevant to solving the problem.

A possible formal algebraic approach to the problem is presented in Fig. 6.15.
Solving this problem through a formal algebraic approach, namely, using a system
of three equations with three unknowns, such as presented, was beyond the curricu-
lar algebra content of 8th grade students.

In the competition, after a period of about 4 months from the start, the usual attri-
tion shown in the Qualifying and the elimination of contestants had already
decreased the number of participants. There were 42 correct solutions to problem
#8, among which six were obtained with the spreadsheet. From the classroom, we
got eight answers to the problem using the spreadsheet.

Gil, a participant in the competition from grade 8, sent his answer in two attached
files, one prepared in Microsoft Word with the explanation of its procedures and
reasoning and another in Microsoft Excel that he named as “Calculations”.

The restaurant Sombrero Style was opened yesterday and I was there
having dinner with three friends. The maximum capacity of customers
— said the manager — is 100 people. Luckily I had booked a table for
four, because when I got there several tables were already full with

four people and one table had only three people. While I was waiting
for the waiter to take us to our table, I counted the women and men who were in the restaurant
and the number of women was exactly twice the number of men. What could have been the
maximum number of people already in the restaurant when I came in?

Do not forget to explain your problem solving process!

Fig. 6.14 Problem #8 from the SUB14 (edition 2009-2010)

Fig. 6.15 Possible w-numberof women, m -numberof men, y -total of persons,
approach to the problem in x -numbersof tables of 4 persons
algebraic language w=2m
=w+
yEwem (max y)
y=4x+3

0<y<100
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In his explanation, written in natural language, the student states:

To arrive at the answer to this problem I used the Excel file that I also sent attached. First I
calculated the multiples of 4 and the multiples of 3 until about 100. Then I saw that the

maximum number of people that could be there would be 96 because this was the total

capacity of customers (100) minus the 4 people who have booked a table. Then I added 3 to
all the multiples of 4, so that the table with three people mentioned in the problem was
already added to all those multiples. From those numbers that I got, I began to look for
those which were divisible by 3 (in numbers less than 96), since the number of women had

to be twice that of men. The largest number that divided by 3 yielded an integer was 87.
Therefore when that person who had booked a table entered the restaurant, there were

already 87 people inside.
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In this way, the student explained how the columns were devised in his spread-
sheet and justified the reasoning that led him to find the solution (Fig. 6.16). In his

spreadsheet table, no formulas were used.

In Fig. 6.17, we can see the correspondence between how Gil expressed the prob-
lem conditions on the spreadsheet and how they can be stated in algebraic language.

As can be seen, Gil found a simple way to address the problem and to get the
solution easily, in particular by expressing the first two conditions of Fig. 6.15 in a
single column of the spreadsheet: “mult 3” (multiples of three). So, this column was
used in conjunction with the third column (multiples of four plus three).

Fig. 6.16 Excerpt from
Gil’s solution on the
spreadsheet (participant in
the competition)

mult 3 mult4 mult 443

3 4 7
6 8 11
9 12 15
12 16 19
15 20 23
57 76 79
60 80 83
63 84 '
66 88 91
69 92 95
72 96
75 100
78 104
81 108
84 112

116
90 120
93 124
96 128
99 132

102 136
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Fig. 6.17 A translation of

Gil’s model on the mult3 mult4 mult4+3

spreadsheet into algebraic

language w=2m e
y=w+m &«
y=4x+3

Returning to the classroom setting, when this problem was given, the students
had already developed a considerable experience with the use of the spreadsheet to
model relations within contextual algebraic problems. Therefore, some of them
chose to use this tool to solve the given problem, engaging in the process of translat-
ing relations between variables and combining them in chained formulas.

However, the students expressed many difficulties in understanding the problem,
particularly on the question about the maximum number of people seated in the
restaurant before the last group of four people arrived. There were other obstacles
that relate to the number of simultaneous conditions describing the distribution of
persons by tables of three and four and also the division of clients by gender.

Maria and Jessica were working together in the classroom; they were one of the
cases of students that chose to use the spreadsheet to solve the problem. Their
spreadsheet table looked as shown in Fig. 6.18.

Maria and Jessica began by addressing the condition on the number of people
seated at tables of four, as shown in the top of Fig. 6.18. In this process, the students
identified the variable “number of tables of four” and in the next column generated
the number of people sitting at these tables (multiples of four), using the Autofill
feature to produce the sequence increasing by four. Then Jessica entered the
constant-valued column referring to the three people which were seated at one of
the tables (repeating the three in the following cells) and after created a column to
compute the total number of people by using the formula “=H11+G11”.

Afterwards, they separately represented the condition concerning the separation
of clients by gender, as shown in the bottom of Fig. 6.18. The shaded row in each of
the tables shows that the students sought to identify the solution by comparing the
columns of totals in the two separate tables.

The work done by these students shows how the spreadsheet has helped them
overcome the initial difficulties, in that it enabled them to work separately on the
different conditions through independent tables and afterwards relate the feedback
from each one to get the solution. The establishment of the first partial relations
represented a transitional phase which facilitated the subsequent expression of the
whole set of conditions stated in the problem.

In Fig. 6.19, we can see the correspondence that exists between Maria and
Jessica’s work on the spreadsheet and the problem conditions written in algebraic
language. The students initially separated the conditions in two unconnected tables,
but then, by inspecting the results for the total of people in both tables, they actually
made the necessary connection in order to get the solution. Given the way they
expressed the conditions in the spreadsheet, these students were even able to get
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xls file (command “show formulas™)

[l H : i
i tables of 4 i i people i people
'“-“““,' ______ 4 '—-\‘ R ey
mesas de 4 pesgoas Ipessoas ITotaI
1 4 3 7
2 8 3 1
3 12| 3 15
4 16/ 3 19
5 20| 3 23
| 20 80 3 83
21 84 3 87
22 88 3 91
23 92 3 95|
24 96 3 99
25 100 3 103
xls file
[
women || men
________ , _,__I S—
mulheres homens Total
2 1 3
4 2 6
6 3 9
8 4 12
52 26 78
54 27 81
56 28 84

xIs file

il I
tables of 4 H people i people
_________ B i NN

mesas de 4 |pessoas |pessoas Total

1 a 3 =H11+G11
2 8 3 =H12+G12
3 12 3 =H13+G13
4 16 3 =H14+G14
5 20 3 =H15+G15
20 80 3 |=H30+G30
\r:a 8413 =h31G31
22 |88 3 |=H32+G32
23 92 3 |=H33+G33
24 CEE |=H34+G34
25 100 3 =H354G35

men
....... D p—

_mu[heres homens |Total

2 1 =M12+112
4 2 =M134L13
6 3 =M14+L14
8 a =M15+L15
52 26 =M37+L37
54 27 =M38+L38
56 28 '=M39+4L39

xls file (command“show formulas™)
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Fig. 6.18 Excerpts from Maria and Jessica’s solution in the spreadsheet (students from the

classroom)

tablesof4 people i people women i men
mesas de 4 | pessoas |pessoas |Total mulheres [homens |Total
1 4 3 =H11+G11 2 1 =M12+L12
y=4x+3 /I\
w=2m
y=w+m

Fig. 6.19 Translation into algebraic language of the students’ model on the spreadsheet
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additional information beyond the strict answer to the problem (namely obtaining
the number of women and the number of men already in the restaurant).
The following is an analysis of the production of Carolina, another classroom
student, who, as with her classmates Maria and Jessica, also organised the condi-
tions by separating them in two distinct tables, as shown in Fig. 6.20.
The student also includes a lengthy explanation of her problem-solving process:

The maximum number of people who were in the restaurant when I got there is 87 people.
Being the restaurant’s maximum capacity of 100 persons, and taking into account that one
of the tables only had 3 people this reduces the maximum possible number to 99. Given that
I also had not entered this reduces the possibilities to 98 or less. Since the number of women
is exactly twice the number of men, it can be concluded that the total of persons is represented

1/3 Men + | ; : ;
2/3 Women i1 Men i Women | Men i Women
Jer e ) aer = oW
1/3 Homens + 1/3 Homens +
2/3 Mulheres TOTAL Homens Mulheres 2/3 Mulheres TOTAL Homens Mulheres
3 98 32,667 653333 3 98 =C2/B2 =D2*2
3 97 32,333 64,6667 3 a7 =C3/B3 =D3*2
3 96 32 64 3 96 =C4/B4 =D4"2
3 95 31,667 63,3333 3 95 =C5/B5 =D5*"2
3 94 31,333 62,6667 3 94 =C6/B6 =D6*2
3 93 3 62 3 93 =C7/B7 =D7*2
3 92 30,667 61,3333 3 92 =C8/B8 =D8&*2
3 91 30,333 60,6667 3 91 =Co/B8 =D9*2
3 90 30 60 3 90 =C10/B10 =D10*2
3 89 29,667 59,3333 3 89 =C11/B11 =D11*2
3 88 29,333 58,6667 3 88 =C12/B12 =D12*2
3 87 29 58 8 87 =C13/B13 =D13*2
3 86 28,667 57,3333 3 86 =C14/B14 =D14*2
xls file xls file (command “showformulas™)
""""""""" i ey ¥
Tables of 4 |{ Tables of 3 Tables of 4 1} Tables of 3
__________,,//,__.: E"7 ___________________ 3 : P
Mesas 4 Mesas 3 Total Mesas 4 Mesas 3 Total
4 3 7 4 3 =H2+G2
8 5 i 8 3 =H3+G3
12 3 =H4+G4
b : by 16 3 =H5+G5
80 3 83 80 3 =H21+G21
84 3 87, 84 3 =H22+G22}
88 3 o1 88 3 =H23+G23
02 3 05 92 3 =H24+G24
o6 3 [+1s] 96 3 =H25+G25
xls file xls file (command “showformulas™)

Fig. 6.20 Excerpt of Carolina’s solution in the spreadsheet (classroom student)
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as 3-thirds, being one third of men, and two thirds of women. The 1st column thus refers to
the 3-thirds mentioned. The 2nd column refers to the possibilities of the total of persons
already in the restaurant, taking into account the reasoning explained above. The 3rd col-
umn with the formula “C2/B2” has to do with the possible totals divided by 3 to get one
third, according to the reasoning explained above. The 4th column with the formula “D2%*2”
is about calculating two times the number of men, taking into account the reasoning
explained above. In the final part, I have two columns for the tables of 3 and of 4 people. I
have the multiples of four in a sequence, because there were several tables with 4 people.
And as there was only one table with 3 persons, then the number three just repeats. Then
finally I have the total of people sitting in tables, which brings us to the answer... So we
have to return to the previous total number of people, and find an integer that matches a total
number of people sitting at the tables.

Carolina begins her reasoning by making the separation of customers by gender.
In a column, she generates a descending sequence of integer values for the total
number of people in the restaurant. By starting with 98, she takes into account some
of the problem givens although she does not consider the fact that one table for four
would be still available. In the next column, she calculates the division by three of
the totals, in order to get one-third of the totals (the number of men). In another
column, she calculates twice the previous results (the number of women). In the last
three columns, another condition of the problem is addressed, namely, the
distribution of customers by tables of three and of four. The successive multiples of
four represent the varying number of people in tables of four, and as there was only
one table with three people, the number three is repeated along another column.
Then she adds the values in the previous two columns, which yields a column for
the total of people. Comparing the two columns with the totals, she finds the number
appearing in both columns, which gives her the number of people in the restaurant.

In solving the problem, the student uses the idea of proportion to “separate” the
customers by gender, as mentioned in her answer: “Since the number of women is
exactly twice the number of men, it can be concluded that the total of persons is
represented as 3-thirds, being one third of men, and two thirds of women”. She also
uses the notion of multiples of four to define the number of people sitting at tables
of four and a column with the fixed number three to act as a constant standing for
the three people seated at one table.

It is apparent that using the spreadsheet pushed her to identify all the relevant
variables and constants and encouraged the search for dependency relations. In
addition, it led to a strategy that allowed addressing the two conditions involved in
the problem separately and later making their connection by finding equal outcomes
in the two independent tables created (Fig. 6.21).

Ana, in the same class, took a different approach from those of her classmates, as
illustrated in Fig. 6.22.

Ana began by considering the condition that relates the number of men with the
number of women, and after, in a third column, she obtained the total number of
people by adding the values of the previous two variable-columns. The student con-
cluded that the totals were multiples of three. Then she subtracted three from the
total of persons to account for the fact that only one table had three individuals and
divided the result by four (thus distributing the resulting numbers by tables of four).
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1/3 Men + E i
2/3Women | Men ii Women i i
"""""" oot ntnintns Wil vininimsinigt i Tablesof4 { i Tablesof3
1/3 Homens + Lo c ey -
2/3 Mulheres TOTAL Homens Mulheres Mesas 4 Mesas 3 Total
3 98 =C2/B2 =D2*2 4 3 =H2+G2
vy e 1
3
w=2m
y=4x+3

Fig. 6.21 Translation into algebraic language of Carolina’s model on the spreadsheet

r i ; i i
inumber ! number number of Ei number number i number i number of i number
fof men | of people i of tables of men Hof i people i of tables
i . i ! [ |
R women without the 3ii of 4 TR ! women iw1thout the 3 : of 4

XY AP Lnlsisisininininin N 2T T s | S—— ‘\,’ m et e T -1 .

\ n2 de ne de ’ ne de ne de
n2de n2?de pessoas mesas n2de nede pessoas  mesas
homens mulheres total semas3 ded homens mulheres total semas3 ded

1 2 3 0 o] |1 2 3 =F4-3 =H4/4
2 4 6 3 0,75| |2 4 6 =F5-3 =H5/4
3 6 9 6 1,5 3 6 9 =F6-3 =H6/4
4 8 12 9 2,25| |4 8 12 =F7-3 =H7/4
27 54 81 78 19,5| |27 54 81 =F30-3 =H30/4
28 56 84 81  20,25| |28 56 84 =F31-3 =H31/4
30 60 90 87 21,75( |30 60 90 =F33-3  =H33/4
31 62 93 20 2251 |31 62 93 =F34-3 =H34/4
32 64 96 923 23,25( |32 64 96 =F35-3 =H35/4
33 66 929 96 241 |33 66 99 =F36-3 =H36/4
xls file xls file (command “show formulas™)

Fig. 6.22 Excerpt of Ana’s solution in the spreadsheet (classroom student)

In cell H3, Ana entered the title “Number of tables of 4”, and in the line below, she
created the formula “=G4/4” and then dragged the fill handle of the cell. This way,
she was finding the number of tables of four people that were in the restaurant.
Finally, she just had to inspect the values in column H to look for integers and to find
the highest number that would correspond to a total of people not above 100.

In her answer, Ana wrote: “The maximum number was 87 for this was before the
4 friends came, if I considered the number 99 and added the 4 friends I would get
103 in total but the capacity of the restaurant is 100 people, which means it is not
the solution”. Her ingenious thinking allowed her to get even more information than
the previous solutions could achieve: the number of men, the number of women, the
number of tables of four people and the total of people already in the restaurant.
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—— . number of |,
number i i number of i people not i number of
of men i i women E countingthe 3 ! tablesof4

i n? de ne de
n2 de n2 de pessoas mesas
homens mulheres total semas3 de4d
1 2 3 =F4-3 =H4/4

w=2m Q T
y=w+m
_r-3

X
4

Fig. 6.23 Translation into algebraic language of Ana’s model in the spreadsheet

In Fig. 6.23, we can see how Ana expressed the conditions in the spreadsheet and
how they were chained in a particular arrangement without separating them, as was
the case in the previous examples. We can also compare Ana’s work in the spread-
sheet with the corresponding conditions written in algebraic language.

The several solutions presented show the importance of the identification of all
the variables in the problem and the conditions connecting them. The work with the
spreadsheet enables students to deal with different conditions’ formulation and to
experimentally determine the solution of a system with several equations. In the
four cases analysed, we find a clear image of how it is possible to generate different
equations that may translate the given problem into algebra.

Our claim is that it demonstrates how the spreadsheet offers a rich environment
to develop different and productive conceptual models in dealing with many inter-
connected variables involved in the conditions that frame the problem situation.
Each of those conceptual models is reflected in a specific way when expressed
through the computational tool. Devising different approaches and models with the
use of the spreadsheet is an important step in the development of subsequent sym-
bolic approaches and standard algebraic models. As different equations may repre-
sent the same problem, this means a promising path to engage students in realising
how they can be transformed into others and thus uncovering instances of algebraic
transformations in a set of conditions.

When trying to rank the solutions to this problem based on the criterion used
before, we conclude that it is an insufficient criterion to distinguish them. In fact, all
the examined solutions show that students made use of variable-columns, which
indicates a more advanced appropriation of the tool and a more efficient use of the
number variation feature offered by the use of the spreadsheet. Nevertheless, other
possible criteria would be imaginable to undertake the task of creating a progression
in types of solutions, which is foreseen as part of our future research development.
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6.4 Discussion and Conclusion

The two problems that were proposed in the competition SUB14 are examples of
the kind of global/metalevel activities considered by Kieran (2004), insofar as
they involve functional reasoning and pattern-finding strategies. They both have
in common the search for a maximum value, leading to some difficulties when a
purely algebraic approach is envisioned. However, a spreadsheet provides alterna-
tive approaches to both problems that may make them clearer to students, facili-
tating their solution process and efficiently providing a path to the solution. We
have examined the digital representations used by the students (in and out of
school) as well as how they coped with them to get the solutions. On the other
hand, we also recognised relevant aspects of algebraic thinking in students’ activ-
ity and productions.

When analysing the various solutions made in the spreadsheet, we find a pattern
of similarities, even with students acting in very different contexts (in the classroom
or out of school within a web-based mathematical competition). All of them include
a table with a certain “organisation” fostered by the affordances of the spreadsheet.
In each of the solutions presented, the students identified the conditions that framed
the problem situation and expressed them in the specific language of the spread-
sheet. They recognised the relevant variables and through the definition of variable-
columns or recipient cells expressed the relationships connecting several variables,
some depending on others, in sometimes composite relations. Furthermore, it is
possible to observe a correlation between each of these conditions expressed numer-
ically in the spreadsheet and the algebraic conditions that make a system of equa-
tions with inequalities of integers also involved.

In addition, all students, whether in the classroom or participating in the online
competition, include an explanation/justification of their procedures as an integral
and fundamental part of their problem-solving and expressing, which crystallise
students’ conceptual models of the problem situations (Lesh & Doerr, 2003). These
explanations/justifications concern mainly the assignment of variable-columns or
recipient-columns, the establishment of relationships between columns by means of
formulas and the inspection of the table values in search for the solution. In some
cases, as in the scheme presented by one of the students, it becomes clear how the
work in the spreadsheet connects and gives meaning to its translation into algebraic
language, thus leading to expressing in algebraic formal mode.

We have been able to unfold students’ problem-solving and expressing with the
spreadsheet, sometimes combined with other commonly used digital tools, within a
digital-mathematical expository discourse—a discourse where operations per-
formed with the spreadsheet come to the fore but where, at the same time, the tool
is the main medium for developing and expressing the mathematical (namely alge-
braic) thinking. We therefore consider these students as instances of humans-with-
media, in the sense that their conceptual models are intrinsically shaped by the tool
they chose to resort to but also in the sense that such models are portrayed (expressed)
through a particular computational structure.
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For example, decisions such as the ways of defining variable-columns are intrinsically
connected to the individual’s conception of the way in which variables depend on
other variables and to the interpretation leading to the choice of independent and
dependent variables. Therefore, the different spreadsheet organisations appearing in
a particular problem are a consequence, among other things, of conceptual choices
and decisions and constitute a powerful mirror into students’ productive ways of
conceiving the problem situation. Such decisions have to be seen as a permanent
interaction between the subject and the tool that makes it impossible to separate
the two. Evidence of such interdependence is quite clear when we observe students
in their face-to-face ongoing problem-solving activity and likewise are well in sight
on the answers given online by the competition’s participants, as long as we look at
them as solving and expressing products.

In the first problem, in all of the students’ models, four columns corresponded to
the four sons’ number of bars, and the column attributed to the second son’s number
of bars was intended for the introduction of initial values (the inputs), representing
a variable-column that works as an independent variable. The remaining columns
were constructed through relations of dependence, in some cases by using formulas
and in others just by manually entering values after calculations were performed
externally. Either using trial and refinement or creating a continuous sequence of
integers for the second son’s number of bars, the students carried out the inspection
of a control column assigned to the total number of delivered bars, which meant
checking one last condition in the problem (1000 is the total number of bars to be
distributed among the four).

In the second problem, we found a greater variety of approaches. On the one
hand, we have solutions in which students turn to a strategy where they consider all
the conditions of the problem globally (one single system of equations), and on the
other hand, we have other students using the strategy of separating two sets of con-
ditions (two subsystems of equations) and then comparing the numerical values for
the same quantity, in each set of columns, to find the common numerical result.

In general, we found that the spreadsheet helped students to deal with intricate
algebraic problems, beyond their formal and technical mathematical knowledge, by
means of sophisticated numerical approaches based on translating relations between
variables into numerical sequences, namely, through the use of variable-columns.
We claim that algebraic thinking was fostered by the affordances of the spreadsheet
in structuring and giving a medium to express the rules inside the problems. This
result resonates with other studies such as Ainley et al. (2004), but it also underlines
the structure of students’ algebraic thinking expressed in a particular representation
system. It provides a clear indicator of how students interpreted the problems in
light of their mathematical knowledge and their knowledge of the tool.

The analysis allows us to make inferences about what is gained in using the
spreadsheet to solve algebraic problems and helps us to understand an enormous
plasticity in the relationship between the symbolic language of the spreadsheet and
the symbolic language of algebra. The use of Excel can be seen as a means to fill the
gap between the algebraic thinking and the ability to use algebraic notation to



170 6 Digitally Expressing Algebraic Thinking in Quantity Variation

express such thinking. The kind of algebraic thinking that emerges from the use of
the spreadsheet is the kind that belongs to global algebraic activities (Kieran, 2004).

Finally, some of the features and roles of the spreadsheet in algebraic problem-
solving should be reiterated

1. The spreadsheet environment proves to be a useful environment to anticipate
complex algebraic problems; our study shows how the spreadsheet allowed 7th
and 8th graders to solve two problems before they had the formal knowledge of
specific algebraic topics. On the other hand, it anticipated forms of algebraic
reasoning involved in the problems that were elicited by the representation sys-
tems embedded in the spreadsheet.

2. The spreadsheet and the user are involved in a co-action process in constructing
relations between the several variables involved and in expressing conditions and
restrictions appropriately. These were mainly crystallised in the language of the
spreadsheet but inducing a quasi-symbolic algebraic language.

3. The spreadsheet offered a digital approach, in the sense that it means a numerical
character and an experimental approach to an algebraic problem, especially
visible in students’ ways of representing the problem through numerical
variable-columns.

The use of the spreadsheet in problem-solving can offer a bridge between arith-
metic and algebra as it offers an environment that the two fields naturally cohabit. It
strengthens the understanding of variation and variable, including ways of thinking
about the relation between a set of inputs and a set of outputs and of formulating
relations that are a composition of other relations.

In the work of students in the classroom, it was quite apparent that most of the
problem-solving was the result of a permanent co-action with the spreadsheet.
Howeyver, there are situations where the observed co-action is somehow limited, as
it was apparent in the first problem, in which some of the students did not use for-
mulas and most of the calculations were done outside the spreadsheet by the stu-
dents themselves.

In general, the various forms of co-action revealed by students’ solutions can be
identified with specific types of co-action that are typical of different stages of com-
putational development in the light of the proposal made by Moreno-Armella et al.
(2008). Thus, we would put the types of co-action shown as typical of the third and
fourth stages.

After reviewing the two problems and taking into account a number of other
studies (e.g. Ainley et al., 2004; Carreira, 1992; Dettori et al., 2001; Haspekian,
2005; Nobre, Amado, & Carreira, 2012; Rojano, 2002; Tabach et al., 2008), we
have an empirical basis to conclude that the affordances of the spreadsheet can be
mathematised, as suggested by Hegedus (2013), and we can also add that such har-
nessing is actually done by young students (as we have shown with 7th and 8th
graders) that deliberately make the choice of using this digital tool, both inside and
outside the mathematics classroom.
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After addressing the points we set out to investigate, we are ready to raise new
questions and make suggestions that may direct future research. One point that we
could not address, and one that would be worthy of deeper attention, is to look for
possible connections between students’ mathematical knowledge, particularly in
the field of algebra, and the degree of complexity of their use of the spreadsheet and
the degree of generality of their solutions (something close to the idea of formal
models). Another possibly useful effort would be the development of a classifica-
tion of different types of word problems according to the opportunities they offer in
terms of the development of algebraic concepts and symbolic language and simul-
taneously according to its suitability to some affordances of the spreadsheet, thereby
providing a resource for teachers and teacher educators.

Finally, we have proposed a first attempt at possible ways of ranking different
spreadsheet-based solutions. This preliminary suggestion was able to indicate a
hierarchy in a set of solutions to the first problem ranging from using recipient cells
to using variable-columns. Other criteria are obviously possible and may be com-
bined with the former in a way that may extend our knowledge on the ways young
students use the spreadsheet to solve problems on quantity variation. This is a fur-
ther step that we are aiming to take in our future research.
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Chapter 7
Digitally Expressing Co-variation in a Motion
Problem

Abstract Co-variational reasoning has received particular attention from researchers
and mathematics educators because it is considered of paramount importance for
the understanding of concepts such as variable, function, rate of change, derivative,
etc. Some of the critical issues that have been identified in several studies consist of
the difficulty in interpreting the simultaneous variation of two quantities, particu-
larly in overcoming coordination problems of two variables changing in tandem.
A relevant question in the study of co-variational reasoning concerns representing
the joint variation of quantities and performing translations between different repre-
sentations. Problems of motion involving variation over time are strongly linked to
the concept of co-variation and require the ability to translate a dynamic situation
by means of mostly static representations. Those problems require the construction
of a conceptual model that, in some way, visually contains dynamism. In taking
solving and expressing as a unit of analysis and focusing on the ways in which com-
monly available digital technologies are used by youngsters as tools in problem-
solving, we analyse the approaches used by the participants in SUB14 to a motion
problem. Some surprising results of the content analysis of over 200 answers indi-
cate that the textual/descriptive form of presenting a model of the situation had a
clear dominance. The use of tabular representations along with pictorial/figurative
content was also present in a high percentage of solutions. Furthermore the use of
digital media was decisive in producing visuality, i.e. ways of depicting the dis-
placement with time (quasi-dynamic representations).

Keywords Co-variation * Co-variational reasoning ® Motion problem ¢ Conceptual
models ¢ Representation modes ¢ Visuality ¢ Pictorial/figurative representations
* Common usage digital tools

7.1 Main Theoretical Ideas

The mathematical competitions SUB12 and SUB14 each offer a variety of chal-
lenging problems to the young competitors along their two phases (see Chap. 1).
The choice of the problems posed within the competitions is not subordinate to the
official mathematics curricula nor is it constrained by the national curricular targets
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or formal assessment. An important criterion behind the choice of the problems
concerns the moderate challenge that is deliberately intended; another is envisaging
ways in which students may tackle the problems apart from conventional and formal
mathematical knowledge learned in school. This means that some problems may
belong to areas of mathematical knowledge that participants are likely to encounter
only much later in their school attendance—as part of specific content matter or
curricular topics (like the case of combinatorial, only taught in secondary school)—
but considered to be within the reach of the youngsters through informal processes
emerging from their mathematical thinking and conceptual models development
upon contextual problem situations.

In this chapter, we focus on a motion problem, involving the co-variation of dis-
placement and time in a relative motion situation, posed during the online phase of
the SUB14. The decision to focus on a motion problem, among many other prob-
lems proposed along the SUB14 editions, has to do with the fact that a problem
involving motion—while relating the variables space and time—requires some kind
of understanding of the dynamic nature of the situation and finding suitable models
for their representation. We therefore examine the problem-solving and expressing
of the young participants when facing a motion problem, especially taking into
account that most participants employ some sort of digital medium to express their
thinking.

The data refers to all the digital solutions submitted by the 8th graders participat-
ing in SUB14 in the 2011-2012 edition of the competition. Besides the fact that the
whole set of answers (covering both 7th and 8th graders) was found too extensive to
allow a feasible qualitative data analysis, it was decided to focus only on 8th graders
because those students, compared to 7th graders, are expected to have gained more
training and ease with algebraic methods in their school mathematics (namely, on
establishing and solving equations). This suggested the possibility of receiving
more answers using algebraic methods, namely, equation-based solutions, from 8th
graders than from 7th graders. That was seen as a relevant factor when looking at
the different strategies and ways of solving the problem presented by the partici-
pants. In fact, 7th graders may not choose to deal with equations in solving the
problem because of a limited knowledge on how to use equations, and this could
become the main reason for devising another solution process, whereas 8th graders
are expected to be more apt to do equations and thus would have more mathematical
tools to consider when deciding on their approach to the problem.

Our aim in this chapter is to describe and characterise youngsters’ approaches to
a problem situation where there are two bodies starting from opposite ends and
moving towards each other, with different speeds, along with particular conditions
that allow determining the time at which the bodies meet. We also want to examine
students’ modelling of a motion situation in relation to the technological tools they
have used to express their understanding of the problem.

The data analysis was planned to be developed in two stages: first, the problem
was solved by a group of experts (mathematicians) and their solutions were catego-
rised according to the strategies developed and the conceptual models imbedded in
their approaches to the problem, and then the a priori categories were used to sort
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and classify the 8th graders’ solutions. The interpretation of the participants’
categorised data is expected to generate insights into students’ prevalent conceptual
models. Students’ models and strategies in solving the motion problem were also
investigated in connection to the technological tools they employed in their solving
and expressing of co-variation.

We now expand on the idea of modelling motion and, in particular, the notion of
co-variation. We then say more about visualisation when tackling motion problems.

7.1.1 Co-variation and Modelling Motion

Creating models of continuously changing events or understanding dynamic func-
tional situations are examples of capabilities that may be subsumed under the notion
of co-variational reasoning (Zeytun, Cetinkaya, & Erbas, 2010). This type of math-
ematical reasoning is mainly concerned with developing good images that involve
coordinating simultaneous changes of more than one variable. According to studies
conducted on understanding change, rate of change, functional variation, derivative
and other related concepts, one of the key difficulties involved in co-variational
reasoning is to grasp the simultaneous change of different quantities and the effects
of changing one quantity on another quantity. Such findings have supported peda-
gogical recommendations to anticipate the study of functions to earlier ages and to
address the teaching of functions and change from the point of view of co-variational
thinking (Carraher, Martinez, & Schliemann, 2007).

An important point about the difficulties associated with co-variational reason-
ing in mathematics teaching and learning is that teachers tend to consider this kind
of reasoning and the modelling of dynamic situations as very complex and not eas-
ily accessible to their students. For example, the study by Zeytun et al. (2010)
showed that teachers are more accustomed to thinking of functions as a correspon-
dence than as a co-variation; also their predictions about students’ failure in co-
variation tasks matched the high level of difficulty they themselves experienced on
those tasks.

While acknowledging the complexity of co-variation, other researchers have also
argued that developing students’ conceptual models to interpret, represent and
model dynamic situations is an important pathway to overcome coordination prob-
lems of two variables changing in tandem (Carlson, 2002; Carlson, Jacobs, Coe,
Larsen, & Hsu, 2002; Carlson, Larsen, & Lesh, 2003). Some specific tasks have
become well known for their use in investigations that focus on issues of coordina-
tion of the variables changing with respect to each other and coordination of con-
tinuous changing rate: such is the case of problems on graphing the water level
changing while imagining the filling of a bottle with a particular shape. Carlson et al.
(2003) have adapted these prototypical tasks to create model-eliciting activities
designed to promote conceptual development of co-variational reasoning and con-
cluded that the solutions given by pre-service elementary teachers revealed they were
able to develop and refine a general model for analysing the dynamic situation involved.
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Rather than concentrating on plotting point after point to construct the graph, they
used the rate of change as the way to make sense of the dynamic situation, drawing
on informal thinking in exploring the problem.

One central aspect of co-variational reasoning, according to Carlson et al. (2002),
is its close connection to mental imagery in the sense that co-variation requires
constructing images of dynamic, changing, moving phenomena, grounded on phys-
ical actions and bodily movements, like higher or lower, rising or declining, faster
or slower, closer or further away, etc., which are carriers of metaphorical meaning
about the changing of variables in tandem with each other. Moreover, as the results
of their study showed, individuals often try to “simulate” the dynamic situation,
enacting the problem through the use of objects, body and gestures. The following
were findings revealing how such materialisation of the dynamic situation became
apparent in participants’ answers to the problem of describing the speed of the top
of a ladder sliding down a wall as the bottom is pulled away at a constant rate:

When one of these students (Student B) was prompted to explain his correct response, he
performed a physical enactment of the situation, using a pencil and book on a table. As he
successively pulled the bottom of the pencil away from the book by uniform amounts,
he explained, “As I pull the bottom out, the amount by which the top drops gets bigger as it
gets closer to the table” (...). Student A provided a similar response, except that her enact-
ment involved using her hand and a book to model the situation. She began by pressing her
flat hand against the book and successively moved the bottom of her hand away while
watching the amount by which the top of her hand dropped down. (Carlson et al., 2002,
pp- 371-372)

Therefore, co-variational reasoning appears to be strongly related to developing
real and kinaesthetic images of the dynamic situations being modelled. The use of
physical enactment was pointed out by Carlson (2002) and Carlson et al. (2002) as
a powerful representation tool to support co-variational thinking. Likewise, Matos
and Carreira (1997) have studied students’ making sense of co-variation on a mod-
elling problem involving the calibration of a double-coned-shaped log glass. The
study suggested that students’ thinking and meaning-making concerning the simul-
taneous change of variables such as level, volume and time were permeated by
multiple instances of metaphorical and analogical reasoning.

Although the co-variation of two quantities does not always require the notion of
time, the metaphor of the exact time for the location of a moving point has often
been helpful to discuss and analyse co-varying quantities. In summary, co-variational
reasoning holds a consistent connection with the creation of dynamic mental images,
metaphorical reasoning, physical enactment and bodily referents.

The mathematics of change, namely, concepts involving variables and functions,
is also characterised by the many interrelated representation systems that allow cap-
turing different meanings and notions depicting variation, namely, tables, graphs
and plots. The coordination as well as the conversion between these different repre-
sentational systems is at the heart of functional and co-variational reasoning.

Passaro (2009) developed a study with students aged 13—14 where she proposed
a problem on studying the co-variation between “distance travelled” and “displace-
ment” during a certain walk to be defined on a map of a neighbourhood, assuming



7.1 Main Theoretical Ideas 177

that the independent variable should be the distance covered. In solving the problem,
the students were asked to give a written description of the co-variation and to pro-
duce a visual representation of the phenomenon described. This case is of impor-
tance for the present study because it involves a motion problem and also because it
gives particular attention to visualisation and forms of expressing in students’
answers, to which the researcher refers as students’ spontaneous representations
(Passaro, 2009). The results were prominent in revealing a large variety of visual
forms for representing the situation:

First of all it is interesting to observe the variety of representations presented. In fact,
students had to be creative to be able to visually represent the phenomenon of covariation.
(Passaro, 2009, p. 68)

Moreover, in that study, the several collected representations were distinguished
and grouped according to their degree of abstraction. The three levels that came out
of the analysis evolve from a level that tries to depict the situation, including irrel-
evant details of the walk and limited information on the variables, to a level of more
schematised representations, including sound information concerning the two
variables.

Finally, the study brought in striking results on the effectiveness of the two
representation modes, i.e. verbal description and visual registers, by showing that
visual representations were an obstacle to students’ expressing the distinction
between the two variables and even more ineffective in considering the simultane-
ous change of the variables.

As to the written descriptions, it appears that more than half of the students seem to identify
and distinguish two variables (27 students out of 50), but less than a quarter (7 out of 50
students) establishes a dependency relationship between these two variables. In what con-
cerns the visual representations, they show a poorer perception of these significant elements
as only 12 students visually represent the two quantities considered and 2 are able to repre-
sent dependency. (Passaro, 2009, p. 71)

Even though the above problem involves a dynamic situation, i.e. motion, it is
noteworthy that the variable time is omitted and it only implicitly has an effect on
the ways in which the variables change in relation to each other. In this respect, the
study from Matos and Carreira (1997) has revealed that using composite functions
provided a useful tool to develop clearer images of co-variation. In the example of
the co-variation between displacement and distance in the walk situation, if one
admits that distance increases with time at a constant rate, s(¢), then picturing the
change of displacement with time, r(f), will help in creating a reasonable image of
the change of displacement with distance, r(s).

Existing research thus points to several critical aspects of co-variational reason-
ing. The greatest difficulties are centred on the need to identify the relevant vari-
ables, the importance of coordination and the requirement to create images of the
effect of changing one variable in relation to the other. The way motion is repre-
sented seems to be decisive and closely linked to the construction of visual images,
often supported by gestures and physical enactment.
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What is not clear, however, is the role of different representational means and
tools in helping students to express co-variational reasoning. In particular, further
thinking on the visualisation component involved in the mathematisation of motion
and dynamic functional situations is apparently needed.

7.1.2 Visualisation in Motion Problems

Research on co-variational thinking has been recognising the centrality of the rep-
resentational issues, particularly in studies concerning solving algebraic problems
and also the mathematical modelling of dynamic situations by functions and equa-
tions. Our own research aims also converge to the inspection of representational
elements in youngsters’ solving of a motion problem, by considering their strategies
and the nature of the representations they create in their processes of achieving a
solution.

As pointed out by Izsdk and Findell (2005), a problem involving relative motion,
where data concerning speed and relative positions of two moving bodies are given
and the time taken for the two bodies to meet is wanted, can be seen as an algebraic
problem where students need to shift attention from a varying quantity in a situation
to a specific value of that quantity (traditionally seen as finding the unknown through
formulating an equation and solving it). One of the problems discussed in their
study refers to the total number of bags of popcorn sold over time, during a day. An
important shift of attention was required between considering the total bags sold at
a particular time (the cumulative quantity) and the number of bags sold each hour
(the rate quantity). The representational features that were considered to support
adaptive interpretations were rooted on arithmetic representations such as using the
number line and horizontal arrows (vectors) to represent changes per hour, which in
turn could suggest x—y graphs where the increments on the y-axis could be pictured
in the form of vertical distances (vertical arrows or vectors). Adaptive interpreta-
tions are examples of representational features that seek to connect students’ experi-
ences in algebra with earlier experiences in arithmetic in problems involving
co-varying quantities (Izsak & Findell, 2005).

The idea of developing forms of representing co-variation rooted in more arith-
metical ones, as in the case of a horizontal timeline, suggests a form of visualisation
and of coordination that is of particular relevance to our analysis of students’ spon-
taneous representations when they employ commonly used technological tools.
In students’ digital solutions to motion and dynamic problems included in our
empirical data, the use of arrows, lines, dots, captions, labels, etc. has been seen to
be one of the usual ways that students find to digitally express movement and related
mathematical ideas. If understood as a certain facet of the digital world and the digi-
tal gaming that many youngsters intensively manipulate, this type of adaptive inter-
pretation may reflect their own ways of linking co-variational thinking to earlier
experiences.
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Monaghan and Clement (2000) have also addressed students’ gains in producing
mental imagery during the solution of relative motion problems when using a com-
puter animation tool. When comparing a group who had an animation treatment
with a group who had a numerical with static graphic treatment, the researchers
found many imagery indicators in the first group, which included self-projection,
depictive hand motions and verbal descriptions of relative speed and position.
Furthermore, the data on the numerical treatment group showed “evidence for the
construction and use of faulty mechanical algorithms, a striking contrast to the men-
tal imagery evidenced by animation students” (Monaghan & Clement, 2000, p. 319).

As a conclusion of the study, the focus on numerical data tend to prompt mechan-
ical algorithmic approaches in solving relative motion problems, whereas the use of
visual animations fosters visualisation even when motion problems are solved with-
out the use of the computer animation. This is significant for our research purposes
since we are looking at students’ expression of relative motion through the use of
technological tools, although not with the support of animation tools but rather
taking advantage of their own daily technological resources.

Of no less importance is the perspective brought to the forefront by Sherin (2000)
who set forth the study of the representations of motion that young people invent,
taking into account the whole representational background they get since child-
hood. In the view of Sherin, we must look at what students invent, create and
produce, in light of their representational experience. Indeed, we support the claim
that today’s young generation has acquired a representational experience that is not
inconsiderable when it comes to scrutinising the representations they create on their
personal computers to express motion.

From the time they are infants young children are exposed to a wide variety of representa-
tions. Thus, whenever students learn to use a new representation, it is learned against this
background of experience. What is missing in our accounts, I believe, is an attempt to see
the learning of representations in this broader light. I refer to the new approach as “genetic,”
because it attempts to understand representational learning within the broader context of the
genesis of representational competence. (Sherin, 2000, p. 400)

The researcher’s priority of looking at children’s capabilities rather than at their
difficulties or deficits is also of interest. It is echoed in his remark on the tendency
to underestimate the drawings and the pictures used by children to represent motion,
often regarded as not useful and contrary to standard scientific representations:

But I believe that such a negative attitude toward drawing is not justified, and that there is
much that the ability to draw can contribute to the use of the standard scientific representa-
tions. (Sherin, 2000, p. 414)

Sherin’s genetic analysis of students’ drawings in representing motion and rela-
tive motion resonates with much of the evidence we have collected from students’
work on motion problems making use of ordinary technology, such as Paint, the
drawing tools in Word, or PowerPoint items to create diagrams. Like in the case of
the drawings, temporal sequences and graph-like representations found in his study
(Sherin, 2000), the ways in which the participants in SUB12 and SUB14 combine
dots, lines, arrows, pictures, images, labels and colours in their digital productions,
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are indicators that student-invented representations can be important factors of
meaning-making in motion problems, supporting visualisation and coordination in
co-variational thinking.

As Sherin (2000) has claimed, we want to consider students as designers of rep-
resentations and to look thoroughly at how such creative representations are integral
parts of the skeletons for their conceptual models of relative motion:

(...) inventing representations can do more than help students to understand existing represen-
tations; the ability to invent representations can be a useful skill in its own right. This is par-
ticularly true given the increased prevalence of technological tools. The wide availability of
computers has allowed an expansion in the quantity and variety of representations that people
are faced with on a daily basis, and in the opportunities for individuals to create their own
representations. We want students to have the skills to negotiate this representational fray, and
themselves to become disciplined designers of representations. (Sherin, 2000, p. 438)

7.2 Context and Method

The aim of the analysis presented in this chapter is to understand how the conceptual
models and types of mathematical representations that students used to solve and
express a motion problem are related. It is important to emphasise that the documen-
tary data analysed (the solutions sent by e-mail by the participants) present the ways in
which students express their processes to reach the solution of the problem as this is a
requirement imposed by the competition rules for an answer to be considered correct.

Surely, the modes of explanation, i.e. the expository discourse of young partici-
pants vary in aspects such as the degree of development of the explanation submit-
ted, the more or less formal character of mathematisation (from the point of view
of mathematical language), clarity, organisation, etc. However, the answers under
analysis satisfy the requirement of providing an account of the process carried out
to achieve the solution. It should also be noted that participants are never asked to
find more than one approach to the same problem and, as such, it is extremely rare
to obtain answers that include more than one form of solving the problem. Finally,
it should be noted that participants may have reached the correct and complete solu-
tion after more than one submission as they always receive feedback by e-mail and
have the opportunity to refine and resubmit their answers.

The research purpose is to know how students deal with a problem that concerns
space and time co-variation, paying particular attention to their ways of modelling
the situation and to the features of their mathematical representations within the
media they choose to express their thinking.

The motion problem was launched early in the SUB14 competition, being the
first of the problems proposed in 2011-2012. Given the large volume of answers
received from all participants involved in the competition, which makes it excessive
for a comprehensive qualitative analysis, the choice was to focus the analysis on the
answers received from the participants attending 8th grade. This decision limited
the dataset analysed to a total of 254 answers to the problem. Of these answers, 220
were classified as correct, all containing a full explanation of the process used to
obtain the solution. The remaining ones were incorrect or did not include any
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Alexander and Bernard live at a distance of 22 km from one another and want to meet but
have only one way to make the journey... it is by walking! On a holiday morning they de-
cided to walk towards one another to get together. Alexander left his home at 8 a.m. and
went walking at a speed of 4 km per hour. Bernard left his home an hour later and walked
at a speed of 5 km per hour. Neither of the two friends took his watch but we can know the
time they met each other. What time was it?

Do not forget to explain your problem solving process!

Fig. 7.1 Problem #1 from the SUB14 (edition 2011-2012)

grounds on how the solution was achieved. Although this was the first problem of
the season, many of the participants were already used to sending attached files with
their presentation of the solution (from previous years). The different formats that
were obtained in terms of the digital tools used include, in order of prevalence, text
editor, presentation editor, image editor, spreadsheet and GeoGebra. There were
also several PDF files sent, most of which appear to result from an original file in
Word or another word processor.

The problem mentions two individuals walking towards each other with different
speeds and different departure times that will meet each other eventually. The prob-
lem statement is concise and includes an illustrative picture, following the usual
format of the problems presented throughout the competition (Fig. 7.1).

In order to create categories to describe students’ ways of thinking and represen-
tational practices, we adopted a strategy also developed in other research studies
(e.g. Santos-Trigo, 1996, 2004). We started by looking for different solutions to the
problem to steer the identification of strategies and models and suggest clues
to develop the categorisation of students’ answers. Our approach was to ask five
experts to solve the problem. These five experts were chosen among university
mathematics teachers from two Portuguese universities under the criteria of being
openly interested in challenging mathematical problems and enthusiastic about the
value of problem-solving in mathematics education.

The task proposed to each of the five experts had the following two
requirements:

1. Solve the problem in the way that is most obvious and immediate to you (using
paper and pencil or using any other tool, if wished).

2. After having the most direct way of solving the problem, think of other possible
ways and present them (possibly one or two).

The five experts sent their answers by e-mail or handed them out written on paper.
None of them used any technological tool to solve or express the problem, except the
e-mail device itself when the answers were not handed out. However, one of them
mentioned in the e-mail that it would be possible to think of a way of producing an
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animated solution for the problem by using the software Mathematica. They were all
asked to deliver the solutions within 1 week. According to the order of reception of
their solutions, the experts were assigned the letters A, B, C, D and E, for anonymous
referencing.

7.3 Data Analysis

In what follows, first an analysis of how the problem was solved by a group of
experts (mathematicians) is presented. Next, a categorisation is developed of the
solution strategies used by the experts. Finally, the categorisation is used to sort and
classify the 8th graders’ solutions. In examining the 8th graders’ solutions, our
focus is on identifying the students’ prevalent conceptual models and on their mod-
els and strategies with the technological tools they employed in their solving and
expressing of co-variation.

7.3.1 The Experts’ Solutions to the Problem

The five experts delivered, on the whole, 16 solutions: each one has produced three
solutions, except for expert D who has presented four solutions. Thus, we have the
following solutions: Al, A2 and A3 from expert A; B1, B2 and B3 from expert B;
C1, C2 and C3 from expert C; D1, D2, D3 and D4 from expert D; and E1, E2 and
E3 from expert E. Of the whole set, the solutions Al, B1, C1, D1 and E1 are those
which the experts considered to be the most immediate for them. We now start by
presenting a summary of the overall characteristics of the 16 solutions received
from the experts.

Except in the case of expert C, who did not provide any type of drawing or dia-
gram, all the others’ first solutions begin to show a diagram consisting of a line
segment limited by points A and B (all admitted that the trajectory of the friends
Alexander and Bernard would be straight; only one expert made this assumption
explicitly). Two of those diagrams show two arrows with opposite directions (vec-
tors) originating from A and B and the respective speed values of 4 and 5 km/h.

In all the more immediate solutions (five solutions), the experts used an algebraic
approach, establishing a linear equation, considering ¢ as the unknown and getting
the solution by standard algebraic methods. In all these algebraic solutions, the
experts identified the variables space and time, and their equations reflected the
direct proportionality between the distance travelled and the time elapsed. All solu-
tions took as the central idea the fact that the sum of the distances travelled by
Alexander and Bernard was equal to 22 km.

Only two of the experts (A and D) showed another type of approach beyond
the algebraic algorithmic method to solve the problem. Expert A presented the solu-
tion A3 that combines a tabular representation and a schematic representation.
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Expert D presented the solution D2 based on a tabular representation; expert D
further proposed the solution D3 which concentrates on an algebraic representation
but is complemented by a graphical representation—this solution was the only pro-
posal that included an x—y graph to express the variation of space with time; and
finally expert D offered the solution D4 that solely uses verbal statements to express
the reasoning developed in finding the answer to the problem.

From the set of solutions presented, we identify two major conceptual models or
ways of thinking about the problem situation (Santos-Trigo, 1996). These two mod-
els have in their basis a fundamental distinction: (1) to imagine the journey under-
taken by the two friends as being already complete (i.e. they have already met at a
certain point and time) and seek to obtain the elapsed time from the start until the
moment they met, which means looking to the past, or (2) to imagine the journey
undertaken by the two friends as it were happening chronologically (i.e. sequen-
tially reconstruct the time and position of each of the two friends from the start) and
seek to find the time and the position in which they will eventually meet, which
means looking to the future. One expert refers to the second way to solve the prob-
lem as being “more constructive”, and this reflects the fact of conceptually trying to
recreate the journey undertaken by the two friends walking, step by step, rather than
imagining it as being already completed or accomplished.

Thus, we propose two major categories of conceptual models that underpin the
process of solving the problem:

Model 1: The completed journey (looking at the past)
Model 2: The developing journey (looking at the future)

With respect to model 1, of the completed journey, which predominated in the
experts’ solutions and was the basis of all the solutions that seemed more straight-
forward or immediate to them (i.e. Al, B1, C1, DI and El), their expression of the
model occurs primarily through algebraic representations. It should be noted how-
ever that the algebraic representations, usually complemented by brief and concise
textual representations, show variations in the ways of thinking about the situation.

Thus, we present a general outline of the various algebraic representations used
in the expression of model 1, totalling six forms of algebraic representation.
Although it is obvious that the equations used are equivalent to each other from a
purely algebraic point of view, it is possible to observe that they express two distinct
approaches. In one approach, it is quite clear the separation between two parts of the
journey—the part where only Alexander walked (4 km walked and 1 h elapsed) and
the part where the two friends walked together (after the first hour elapsed). In
another approach, the separation between the two parts of the journey is not explicit,
but instead it is a relationship established between the time taken by Alexander and
the time taken by Bernard until they met (1 h of difference between the time they
spent) (Table 7.1).

Model 1 also appeared in a solution of expert D (solution D4), which is identical
to the solution in the second row of Table 7.1, but expressed through textual repre-
sentations in everyday language, in a textual explanation of the mathematical rea-
soning, as follows: “At 9.00 Alexander has already walked 4 km and Bernard starts
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Table 7.1 Summary of approaches and algebraic representations used with model 1

Model 1: the completed journey (looking at the past)

Experts’
Type of approach solutions Algebraic representation
Journey divided in Al 4+ (4 4 S)Z =22
two phases El
Combined speed after
the first hour
Bl 4t+5t =18
Cl
D4

Distance walked by

the two friends after

the first hour

(D4: Informal algebra) “At 9.00 Alexander had already
walked 4 km and Bernard was starting. The distance
between them was then 18 km

and the speed of approaching each other was 9 km/h
(4 km/h+5 km/h). Therefore, after 2 h, they have met
each other, which means they met at 11.00”

E2 444¢+5t=22
— Y’

Distance walked by
Bernard from the
moment he starts

Distance walked
by Alexander after
4 km made

B3 —7)_
i 4+4t=22 éﬁ—’

E3 : Distance walked by
Distance walked Bernard  from  the

by Alexander after
A T il moment he starts
Relating the times D1 _
taken by each of B2 4(1 + 1)+ 5t=22
the two friends 3
Alexander walks
one hour longer
than Bernard
A2
= 4t +5(t—1)=22

—

Bernard walks one
hour less than Alex-
ander
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Table 7.2 Summary of approaches and representations used with model 2

Model 2: the developing journey (looking at the future)

Experts’
Type of approach solutions Tabular and diagrammatic representations
Numerical and A3 1st hour 4 km
geometrical 2nd hour 4+9=13 km
3rd hour 449+49=22 km
[4km 4 km 4 km 5 km Skm\
L 1 1 1 1 1
| | | 1 1 1
1st hour 2nd hour 3rd hour  3rd hour 2nd hour
Numerical D2 Time (hours) Sa SB Sa+Sp
8.00 0 0 0
9.00 4 0 4
10.00 8 5 13
11.00 12 10 22

walking. The distance between them is then 18 km and the speed of approaching
each other is 9 km/h (4 km/h+5 km/h). Therefore, after 2 h, they have met each
other, which means they met at 11.00”.

Regarding model 2, the developing journey, only the experts A and D have con-
veyed it, and it just appeared in some of their alternative solutions, as in both cases
this model was not the basis of their most immediate and direct approaches for solv-
ing the problem. This model appears in the solutions A3 and D2 of experts A and D,
respectively (Table 7.2).

Table 7.2 shows in summary the approaches and representations used by the two
experts, based on model 2, of the developing journey, where the underlying idea is
to recreate the movement of the two friends from the beginning until reaching the
meeting point (when the distance covered by the two will be 22 km).

Expert A used a tabular representation combined with a schematic representation
to illustrate a sequential path that starts at the initial moment and where he signals
the elapsed time and the sum of the distances travelled by the two friends over each
consecutive hour. In his answer, he explains that he combines a numerical way to
get to the answer with a geometrical form of describing the path of the two friends.
The expert D only presents a table showing separately the distances travelled by
each of the friends and the sum of these distances, over each hour, from the initial
moment. He explains that the problem can be dealt with based on the construction
of a table. In each of the representations, it can be seen the centrality of the time
variation (independent variable) and the co-variation between time and distance.
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7.3.2 Definition of Categories

From the analysis of the conceptual models that were present in the five experts’
solutions, we concluded that one could basically distinguish two general models on
which the solution relies: the completed journey model and the developing journey
model. Each of these models could, in turn, reveal different thinking perspectives
and result in the use of different mathematical representations.

It would appear from this attempt to categorise the solutions that model 1 is
clearly associated with algebraic representations and possibly with a form of textual
description, which we may call informal algebra. Although one of the experts have
used an x—y graph in one of his solutions (D3), the function of the graph was to
illustrate the intersection of two linear functions or, in other words, to illustrate
the graphical resolution of a system of two linear equations (space as a function of
time).

In the case of model 2, we anticipated the possibility of finding representation
modes that are not algebraic nor symbolic, like the use of tables or tabular represen-
tations for the sequence of times and distances and the use of diagrams for sketching
and expressing abbreviated elements of the problem situation and relations between
them. Apparently, model 2 is less likely to be coupled with algebraic and symbolic
representations (more precisely, with the formulation and solution of linear equa-
tions using the variable time as the unknown).

Thus, we examined the solutions of the students to the given problem, from
devising a first set of categories. These preliminary categories were defined as
follows (see Table 7.3):

Model 1 (The Completed Journey)

(a) Algebraic/symbolic representation
(b) Textual/descriptive representation

Model 2 (The Developing Journey)

(a) Tables/tabular representation
(b) Diagrammatic/schematic representation

We envisioned that this a priori categorisation could not exhaust all the possibili-
ties of models and forms of representation produced by the students participating in
the online competition. At the same time, it was presumed that any of the predefined
categories could turn out to be absent in the solutions taken from the competition.
Thus, we left the possibility open to include new categories and to eliminate others,
as well as the chance to improve and refine the previous categories, based on the
actual data.

The encoding of all the participants’ solutions was done in three phases. Initially,
a researcher carried out a codification of the 220 digital solutions under analysis,
noting the distinctive elements of the category assigned to each examined
solution: model 1 (a or b) and model 2 (a or b). The solutions that did not fit the pre-
defined categories or raised doubts because they included elements that intersected
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Table 7.3 Description of the categories defined in advance to code forms of representation

Models
Model 1 Model 2
Categories Algebraic/symbolic Tables/tabular representations:
defined a priori representations: use of letters tables of numbers,
to define variables, use of correspondences in tabular
equations, symbolic format, spreadsheet tables,
expressions, notations and forms of displaying sequences
algorithms and counting
Textual/descriptive Diagrammatic/schematic
representations: use of representations: use of diagrams;
everyday language, presenting indicative labels; simplified
ideas and processes in words, elements, like segments, points,
reference to numbers, arrows, letters and brackets; and
operations and computations, graphs to represent functions
informal algebra, etc. and rules

two categories were coded with the letter X (uncertainty). In a second stage, a sec-
ond researcher checked the coding already done for the solutions that have not
caused uncertainties and validated all encodings that did not differ from the first
encoder; the remaining solutions were identified with D (disagreement). In a third
phase, the first two researchers and a third researcher examined together, only the
solutions designated by X and the solutions designated by D. In the case of the solu-
tions referred to as X, for having raised doubts about the best category to include
them, a consensus was reached on the category that could better characterise each
solution or, in certain cases, on the need to extend the set with new categories to
accommodate those solutions that did not fit any of the previous categories; in the
case of the solutions identified with D, the third researcher acted as a decision
referee between two competing hypotheses of coding (rate of disagreement of
around 1 %).

The process of coding and refinement of the categories proved to be sufficiently
flexible and efficient, giving a sign that the initial categories worked reasonably in a
large number of solutions. The formulation of new categories and the adjustment of
initial encodings were also swift.

7.4 Analysis of the Students’ Solutions to the Problem

A global aim of this analysis is to produce a mapping of students’ ways of thinking
in solving a motion problem in a beyond-school digital environment by identifying
the conceptual models that underlie their solutions. Simultaneously, we seek to
understand how children express their models with different forms of mathematical
representation when using common digital tools and to find out how the use of such
digital media is shaping their sense-making of a dynamic situation involving
co-variational thinking.



188 7 Digitally Expressing Co-variation in a Motion Problem

In our data analysis, the unit of analysis was the solving and expressing of a
mathematical problem, under the assumption that the digital mathematical dis-
course (delivered through digital media) is an integral part of the problem-solving
activity of the participants in an online competition, in line with the perspective
outlined in our theoretical framework (see Chap. 4).

The 220 solutions that were considered correct (which means that the solution
was found and the process to achieve it has been submitted) for the motion problem
posed on the SUB 14 edition of the 2011-2012 competition forms the corpus of data
under analysis.

7.4.1 Conceptual Models Involved in the Participants’
Problem-Solving and Expressing

The coding of the solutions allowed us to observe that the largely predominant con-
ceptual model in students’ approaches was model 2—the developing journey. Thus,
there were far fewer solutions supported by model 1—the completed journey.

Only 18 solutions based on model one were found (approximately 8 %). Among
them, there are nine solutions that use algebraic representations very close to those
expressed by the majority of experts in their more immediate solutions (model 1-a),
and the remaining nine solutions matched the type of textual/descriptive representation
that arose in a single solution (D4) proposed by one of the experts (model 1-b). Such
textual/descriptive representations resemble a quasi-algebraic language, generally
comparable to an algebraic approach in establishing relationships between variables,
such as equations, but devoid of the usual symbolic formalisation; they rely primarily
on verbal language and may include some references to number operations or display-
ing an informal symbol use. In most of these cases, the participants began by noting
that after Alexander had walked 4 km, the two friends would be 18 km away from each
other. Then as they approached each other, their relative speed would be 9 km/h
(the sum of the two individual speeds); finally, the time elapsed was calculated dividing
the distance by the speed. This is similar to the solution D4 that is shown in the sum-
mary of the experts’ solutions, given in Table 7.1, where no formal use of equations and
unknowns is found.

Therefore, the initial category was subsequently refined to better address these
representations related to model 1, so as to emphasise the quasi-algebraic language
involved. While the textual/descriptive representations submitted by the students
suggest nearing an algebraic approach, the solution with similar characteristics by
one of the experts was one of several alternatives he found after the most immediate
one and therefore seemed to be an attempt to give another “appearance” (perhaps
more informal and naive) to the solution.
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Thus, the categories to be considered in model 1 to classify the participants’
solutions became the following (see Table 7.4):

Model 1 (The Completed Journey)

(a) Algebraic/symbolic representation (a priori)
(b) Textual/descriptive/quasi-algebraic representation (refined a posteriori)

Regarding model 2, quite a few solutions were obtained that used tabular repre-
sentations, i.e. model 2-a (51 solutions representing around 23 % of the total), and
also a large number of answers that fell into the category of diagrammatic/schematic
representations, i.e. model 2-b (44 solutions which correspond to 20 % of the total).
However, these two categories previously established for the codification of the
solutions based on model 2 were found insufficient to classify all the answers.
Consequently, two other categories were created as explained below.

In students’ solutions based on model 2, it was observed that the most widely
used representation mode was the textual/descriptive representation (87 answers
corresponding to approximately 40 % of the total), which had only appeared in the
experts’ solutions connected to model 1. This suggested the definition of a new
category for model 2 characterised by the use of textual/descriptive representations.
Clearly, many of the students made their thinking explicit by using everyday lan-
guage, giving descriptive verbal accounts of the process followed, explaining how
they imagined the two friends moving towards each other and recording the dis-
tances travelled by them, hour after hour, until the sum of these distances were
22 km. In all cases, the idea is well reflected that the summed distances should make
up 22 km and also the fundamental idea that the distance travelled by each of the
friends changes with time at constant rates. In many of these solutions, the students
chose the variant of separating two stages of the journey: the stage where only
Alexander walked and the stage where the two friends walked together in opposite
directions. The use of the e-mail window or the text window of the online form
available at the competition webpage, without involving any other digital resources,
was the most common situation in the solutions submitted by the participants who
chose to express their thinking through textual/descriptive representations. The
online form offers the facility to perform text formatting, as well as drawings and
tables, among other features. Although not comparable to a common text editor, this
device proved to be adequate and appropriate for many students to solve and express
the problem.

Another set of solutions that emerged from the data with a considerable scale
(20 solutions, corresponding to 9 % of the total) contains in a salient form a profu-
sion of pictorial/figurative elements that proved decisive in the expression of the
reasoning produced. We thus differentiated two of their essential characteristics for
defining a new category in model 2. On the one hand, it is about representations that
include a strong visual component reflecting change and coordination as a funda-
mental part of the expression of the reasoning performed; in other words, the visual
elements such as icons, pictures, drawings, colours and other pictorial elements are
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Table 7.5 Summary of the results of the codification of students’ solutions

Solutions
Model Category Number (%) Total
Model 1 Algebraic/symbolic 9 4 18 (8 %)
Textual/descriptive/quasi-algebraic 9 4
Model 2 Table/tabular 51 23 202 (92 %)
Diagrammatic/schematic 44 20
Textual/descriptive 87 40
Pictorial/figurative 20 9

not simply an added embellishing element to the solution presented but rather a key
aspect to convey the co-variational thinking. On the other hand, these solutions are
characterised by visually suggesting a dynamic process (i.e. relative motion) in suc-
cessively depicting the relative positions of the two friends along the way. To this
type of representational character, we attributed the qualification of quasi-dynamical.
Therefore, we obtained a new category related to model 2, which is characterised by
the use of pictorial/figurative representations.

In brief, two new categories were created to describe the modes of representation
used by participants who addressed the problem under model 2, becoming four
the number of categories for coding participants’ solutions based on this model (see
Table 7.4):

Model 2 (The Developing Journey)

(a) Table/tabular representation (a priori)

(b) Diagrammatic/schematic representation (a priori)
(c) Textual/descriptive representation (a posteriori)
(d) Pictorial/figurative representation (a posteriori)

Before we move into a more detailed analysis of the solutions that fall into each
category, we present below a table of quantitative results that summarises the data
obtained in accordance with the models and categories defined after the second
phase of adjustment and category expansion (Table 7.5).

Next, we examine each of the categories through selected prototypical examples
in order to better understand the models and associated representations involved in
students’ approaches to the motion problem with digital tools.

7.4.2 Forms of Representation in Students’ Digital
Productions

We begin by referring to the slightly refined category used to describe some of the
representations used in model 1. This category, related to the textual/descriptive/
quasi-algebraic representations, was visible in some solutions, in which the reasoning
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Problema n°® 1 Problem n. 1

Resposta: eles encontraram-se as 11 horas. Answer: they met at 11 am.

Resoluc¢do: Eu comecei por pensar que pas- [, Solution process: I started by thinking that
sada uma hora eles estavam a 18 km de dis- ¢ after one hour they were 18 km away from
tancia, porque s6 o Alexandre tinha andado. %\  each other because only Alexander had
Depois reparei que passada uma hora com os [\  walked.

1
dois a andar faziam 9 km de distancia. ‘: Then I noticed that in each hour, with the i
Dividi os 18 km (distancia) por os 9 km que [ ! two walking, they would make 9 km of dis-
eles andavam numa hora (velocidade) e ob- tance.
tive 2 horas (tempo) que a somar com a que o I divided the 18 km (distance) by the 9 km
Alexandre andou sozinho vai dar 3 horas. per hour (speed) and I got 2 hours (time),
Depois foi s6 somar as 8 h que foi a hora que which when added to the one-hour Alexan-

o Alexandre abalou e cheguei a conclusio
que eles se encontraram as 11 horas.

der had walked alone gives 3 hours.

Then it was just adding it to the 8 am, which
was the time when Alexander left, and I
concluded that they met at 11 am.

Fig. 7.2 Example of a solution using a quasi-algebraic type of representation with model 1

resembles a standard algebraic approach, although not containing symbolic algebraic
language, i.e. variables and equations, written symbolically. The following are two
examples that are included in this category, both making reference to the relevant
variables in the problem and explicitly using direct proportionality between the trav-
elled distance and the time.

In the first example (Fig. 7.2), the student realises that after the first hour the
distance yet to cover by the two friends is 18 km and grasps the idea that the com-
bined speeds of the two friends mean a relative speed of 9 km/h. Then the ratio
between distance and speed is computed to get the elapsed time. There is no indica-
tion that the journey undertaken by the two friends was imagined as being in devel-
opment, which is why it fits a solution based on model 1 using a textual/descriptive/
quasi-algebraic type of representation.

The second example shows an analogous reasoning, but this time explicitly refer-
ring to the sum of the speeds of the two friends (Fig. 7.3). Like the previous one, it
also indicates the division between distance and speed and openly provides other
arithmetical operations enabling the finding of the distance travelled by each of the
friends, the time each of them has walked and the elapsed time until they met. Here
too, there is no use of symbolic algebra or formal equations, but simply natural lan-
guage and the indication of computations that allow achieving the unknown value.

To complete the model 1-based solutions, we present two examples of answers
to the problem that rely on formal algebraic language. In the first example (Fig. 7.4),
the participant does not use any type of diagram or scheme and begins by defining
variables, assigning them letters. Afterwards, an algebraic equation is formulated
and solved to determine the time elapsed until the meeting.

In the second solution presented, which was sent as an attached image file (PNG
format) probably created with an image editing software, the participant uses a dia-
gram that represents the route and shows that after 1 h the remaining distance to be
covered is 18 km (Fig. 7.5) and then algebraically sets down an equation that allows
obtaining the elapsed time (represented by the variable x) and solves it.
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Resposta: Answer:

Os dois amigos encontraram-se as 11 horas. The two friends metat 11 am.

Os dois amigos, em total, tinham de camin- ,»  The two friends, altogether, had to walk

har 22 KM, como o Alexandre sai de casa 1 %\ 22km; since Alexander leaves home one
hora depois do Bernardo, sabemos que s6 fal- [,  hour after Bernard, we know that they have
ta 18 KM (22 -4) depois de 1 hora, agora os only 18km (22 -4) left to walk after the first
dois amigos estdo a caminhar portanto po- hour; then the two friends are both walking
demos somar a velocidade dos dois. and therefore we can add their speeds.
4km/h+5km/h=9km/h; 18/9=2; 1+2=3 4km/h+5km/h=9km/h; 18/9=2; 14+2=3

O Alexandre caminha 12 KM (4x3) em 3 Alexander walks 12km (4x3) in 3 hours, and
horas, e o Bernardo caminha 10KM (5x2) em Bernard walks 10km (5x2) in two hours.
duas horas. 10+12=22KM; 8+3=11; 9+2=11
10+12=22KM; 8+3=11; 9+2=11

N,
—————

-

PSP R ———

nardo 2h encontraram-se, isto €, as 11h. Bernard walked 2h the two met, which

means at 11 am.

e mmm - .
Resposta: i Answer: i
tempo que o Alexandre leva a fazer o percur- | Time that Alexander takes to make his i
so=t ,#' part of the course=t !
tempo que o Bernardo leva a fazer o percur- f\' Time that Bernard takes to make his part |
so=t-1 . of the course=t-1 i
percurso feito pelo Alexandre= 4t ', Distance covered by Alexander= 4t !
percurso feito pelo Bernardo= 5(t-1) 1 Distance covered by Bernard= 5(t-1) i
a soma destes percursos=22km i The total of the distances=22km i
4t+5(t-1) =22 L oAtS(t-1) =22 i
4t+5t-5 =22 i4tk5t5=22 H
9t=27 i 9t=27 i
t=3 Lt=3 i
R: Quando o Alexandre andou 3h e o Ber- E Ans.: After Alexander walked 3h and !

: i

i i

Fig. 7.4 Example of another solution using an algebraic type of representation with model 1

Turning to the solutions that were coded as belonging to the model 2 approach,
our first observations go to the two new categories introduced in the primary list—
the textual/descriptive and pictorial/figurative representations—and to their inspec-
tion within the empirical data. The textual/descriptive representation is characterised
by the use of text, mostly containing verbal and everyday language. It is used by
participants as a way to describe their reasoning in words while making the recon-
struction of the journey undertaken by the two friends (the moving bodies) over
time. Often, this type of solution begins with the presentation of the information
given in the problem (different speeds and different times of departure of the two
friends). Then it continues with a description of the route undertaken, as time
elapses, culminating with the conclusion that the distance of 22 km was covered by
the two friends together at exactly 11 a.m.

An illustrative example of a solution in this category is shown in Fig. 7.6.
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V=5km/h
V=4km/h
£ <A
4km 18km
J
1h !
8h 9h
22km
4x+5x=18
9x=18
X=2 9=2=11h .
1
/I They will meet at 11 o’ clock
R:As 11h eles se vao incontrarse. R

Fig. 7.5 Example of another solution using an algebraic type of representation with model 1
(misspelling in the original answer)

Answer:

H
Resposta: i
i They were separated by 22km.

Ambos estavam a 22 km separados.
10 Alexzndrzli: stavat a l(lima I]l;)ra de davang:o, ¢ walked 4km before Bernard started to walk,
ogo andou 4km antes de o Bernardo \ thus b ine 18k ot
comegar, ficando assim a 18 km de distancia. \ s becoming m apa

Na h . Al g P isa I In the next hour, Alexander walked over
a hora seguinte, o \lexandre andou mais %\ 4km and Bernard started and in that same
km e o Bernardo partiu e nessa mesma hora

andou 5 km, ficando a 9 km de distancia, hour he walked 5km, thus both becoming

1
1

1

1

1

1

,~ Alexander was one hour ahead, so he !
1

1

1

1

1

1

1

1

1

1

i

9km apart. 1
Na hora seguinte, o Alexandre anda mais 4 P H
1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

: In the next hour, Alexander walks over an-
km e o Bernardo anda mais 5 km, encontran- other 4km and Bernard walks over Skm
do-se. more, thus meeting each other.

]?emoraram 3 horas a encontrar.em-se, apat- From 8 am it took 3 hours for them to meet,
tir das 8 horas ou 2 horas a partir das 9 horas.

ind q or otherwise from 9 am it took 2 hours.
Ainda podemos acrescentar que o Alexandre We can also add  that Alexander walked
andou 12km e o Bernardo 10km.

. 12km and Bernard walked 10km.
Encontraram-se as 11 horas. They met at 11 am.

Fig. 7.6 Example of a solution using a textual/descriptive type of representation with model 2

Another example is also given in Fig. 7.7, where the student actually creates a
kind of story to describe the two friends’ actions and their developing journey until
they met.

Another solution sent as an attachment in JPEG format, which contains an exten-
sive and detailed description of the reasoning produced is given below (Fig. 7.8).
Although the picture sent does not contain any kind of diagram or picture, it attempts
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Resposta: Answer:

Resposta ao problema 1 Solution to problem 1

O Alexandre sai de casa as 8 horas da manha Alexander leaves home at 8 o'clock in the

e vai andando a 4 km por hora. Chegam as 9 /' morning and goes walking at 4 km per hour.
horas da manha ¢ o Alexandre ja percorreu 4 { When it’s 9 o'clock in the morning and Al-
km e o Bernardo acaba de sair de casa e vai exander has already travelled 4 km Bernard
andando a 5 km por hora. Chegam as 10 just leaves home and goes walking at 5 km
horas da manha e o Alexandre ja percorreu 8 per hour. At 10 o'clock in the morning Al-

-
-

km e o Bernardo Skme 8 +5=13 e como a exander has already travelled 8 km and Ber-
distancia entre as casas deles ¢ de 22 km nardo 5 km, and knowing that 8 +5 =13

ainda ndo se encontraram. Chegam as 11 and as the distance between their homes is
horas da manha e o Alexandre ja percorreu 22 km, they still haven’t met. At 11 o'clock !
12 km e o Bernardo 10 kme 12+ 10=22¢ in the morning Alexander has already trav- !

elled 12 km and Bernardo 10 km, and
knowing that 12 + 10 = 22 and as the dis-

como a distancia entre as casas deles é de 22
km ja se conseguiram encontrar e isto

aconteceu as 11 horas da manha. tance between their homes is 22 km they fi-
R: Eram 11 horas. nally managed to meet and that happened at
11 o’clock.

Ans.: It was at 11 o’clock.

Fig. 7.7 Example of another solution using a textual/descriptive type of representation with model 2

to make an initial organisation of the information into two zones, one on the path of
Alexander (left side) and another on the path of Bernard (right side). There follows
an analysis of the relative positions of the two friends and, finally, the answer.

A fourth solution belonging to this category shows that the textual/descriptive
representations include, in many cases, more abbreviated, schematic and synthetic
forms of expressing the reasoning developed. In the following figure, it may be
observed that there is an abbreviated indication of the sum of the distances travelled
by the two friends, over each passing hour (Fig. 7.9).

With regard to the other category that has emerged from the data, which we have
named pictorial/figurative, one of its most obvious features is the ability to transmit
a dynamic situation through a static figure, either through the use of colours, icons,
drawings or images. It clearly projects the visual nature of the representations used
to deal with the motion problem.

A good example of a pictorial/figurative solution is shown in Fig. 7.10. The solu-
tion presented by this participant was sent as a PowerPoint file attachment. The
straight path between the two friends’ homes is represented by a line segment
divided into intervals of 2 km, and the small circles of two different colours show
their positions, relative to one another and to each of their respective homes, every
half hour. The variation of time is recorded on the left margin, showing that each of
the positions of the two circles is corresponding to each of the successive instants.
The two overlapping circles show the meeting point, and the final answer is given in
a short phrase: “They will meet at 11 a.m.”.

Another solution that has the same type of characteristics, namely, the quasi-
dynamic aspect, is shown in Fig. 7.11. This solution was also sent as a file attach-
ment, this time in a Word document that includes several objects constructed with
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. Alexandre O Bernardo I_I =2 Km

-

R: Encontrar-se-do as 11 h ,..g_-::_--! They will meet at 11 am.

Fig. 7.10 Example of a solution using a pictorial type of representation with model 2

]

1Km

.- . 22Km
! 8 am: Alexander left home. !
1 1

~ D

~~“~~":\\~ Casado Casado

[ TTTR L Aleandre Bernards
! 9 am: Alexander moved 4km. Bernard ™3~
o Al {1
1 . H 8 horas: O Alexandre saiu de casa

--__--~'¢:-:-

il EEEEEEEENEEEEEN

. 1
10 am: Alexander moved 4km more. i S hore! O AlGms T TR
1
H

Bernard moved Skm.

-

—
- o
- S

,.
q
"

. e
11 am: Alexander moved 4km more. | 10 RoFoiE O Al Toveaas Fals AR O DEFAGIGS oveiie
Bernard moved Skm more. Alexander | Skm.
N,
and Bernard met each other. N
Ny
T 1
Answer: Alexander and Bernard met : 11 horas: O Alexandre moveu-se mais 4Km. O Bernarde moveu-se
h oth 11 10 k f 1 mais 5Km. O Alexandre e o Bernardo encontraram-se.
cach other at am, m away Irom : Resposta: O Alexendre e o Bernardo encontraram--se és 11
L3

Bernard’s home and 12 km away from ==<~~ horas, a 10Km da casa do Bernardo e a 12Km da casa do

-

Alexander’s home. " Alexandre.

Fig. 7.11 Example of another solution using a pictorial type of representation with model 2
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the tools that let you insert, set and format shapes. The small squared cells are
obtained by using a table (with a single row and 22 columns) that works as a corri-
dor of squares, which are successively appearing shaded through the formatting of
the background colour of the cells. In this case, the use of colour is important,
because filling the cells with distinct colours on each side of the path both shows the
relative position of the two friends over time, the distance that they each have
already walked and also the distance that still separates them. This representation
uses units of 1 km to show the progression along the route and uses the time change
in intervals of 1 h.

Some of the facets that are quite prominent in this category of solutions are the
use of colours and of small textual captions and notes, as well as a clear choice of
use of pictures that enable the creation of an enlightening picture of the situation to
be modelled. As with the solution presented above in Fig. 7.10 (which uses the cir-
cles of two colours), the following solution was also produced in a PowerPoint file
and also introduces images to recreate the homes of the two friends and to spot the
positions where each friend starts walking (Fig. 7.12). In this third solution, there is
again the presence of pictures that illustrate the two friends. Moreover, different
lengths of arrows are used (for the progress of Alexander and the progress of
Bernard), indicating the different distances travelled by each one, hour after hour,
combined with labelling in text captions. The pairs of arrows suggesting the two
friends simultaneously walking are also signalled, showing that each pair of arrows
is relative to a time period of 1 h.

In any of these solutions, that visually reflect model 2, it is quite clear how the
digital representations are effective means of realising the idea of a developing jour-
ney from the initial moment until the moment of the meeting, i.e. giving a picture of
a conceptual model of co-variation between the distance travelled and time and also
between the displacement of each friend and time.

Next, some examples of tables/tabular representations will be shown, which con-
stituted the second largest category of representations used in the solutions that
were supported on the model 2. We considered the common layout of tables (rows
and columns) but also other forms of representation showing a tabular organisation
though not clearly displaying the separation of the lines and columns.

In several cases, as in the solution pictured in Fig. 7.13, the tables are accompa-
nied by explanatory text on how they were constructed. The solution from this par-
ticipant was sent as an image (PNG format).

The solution in Fig. 7.14 was submitted using the online form available on the
competition website that provides a table editor. In this solution, the table contains
a column for the cumulative distance covered by the two friends together, under the
heading of “total of kilometres covered”.

Figures 7.15 and 7.16 illustrate two other representations of a tabular form: the
first is obtained by simple tabulations of the text made in the online form window
(Fig. 7.15); the second shows the construction of two lists of pairs of values (time-
displacement covariance), both working in conjunction to verify if the total distance
is covered at a given moment, as it is highlighted in bold (Fig. 7.16). While the first
list of pairs shows the progress of Alexander’s journey relative to his initial position,
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Casa Alexandre 22km Casa Bernardo
08:00h 05:00h
4Km/h SKm/h

Resposta: Eles encontram-se ao 11:00h, porque a esta hora o total de km percorridos foi de 22km.

Fig. 7.14 An example of tabular representation with model 2

1
Resposta: i Answer: H
Alexandre 4 8 12 7 Alexander 4 8 12
Bernardo 0 5 10 . Bernard 0 5 10
Soma de Km 4 13 22 Total of Km 4 13 22
Hora do dia 9 10 11 Hour 9 10 11

1
Ans.: Alexander and Bernard met at 11 i

>

o’clock.

R: O Alexandre ¢ o Bernardo encontraram-se
as 11 horas.

Fig. 7.15 Another example of tabular representation with model 2

the second list indicates the progress of Bernard relative to his initial position and
additionally his position relative to Alexander’s starting point. This example points
out that both friends are walking in opposite directions relative to a reference frame:
Bernard’s travelled distance is translated into his position relative to Alexander’s
point of departure, which entails that the distance to that point is decreasing (Fig. 7.16).

In the case of the solutions that presented diagrammatic/schematic representa-
tions, it is clear that how the diagrams produced disclosed the underlying concep-
tual model. In the figures that follow, participants’ productions are similar to the
kind of diagrammatic representation proposed in the solution A3 of expert A. Typical
of this kind of representation are elements like lines, points, dashes, indicative
labels, use of simple shapes, arrows, curly brackets, letters and numerical informa-
tion (Figs. 7.17, 7.18 and 7.19). It should be recalled that this was the third most
abundant category in the solutions that were based on model 2, immediately after
the category denoting the table/tabular representation. This is, obviously, a strong
contrast with the rare presence of such diagrams in the experts’ solutions. Students’
co-variational reasoning is apparently not only linked to a conceptual model that
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Answer:
Alexander: 9h-4km, 10h-8km, 11h-12km,
12h-16km, 13h-20km

Resposta:
Alexandre: 9h-4km, 10h-8km, 11h-12km, ./
12h-16km, 13h-20km *

\
N

7

Bernardo: 10h-5km (ficou nos 17 km),
11h-10km (ficou nos 12 km)

Bernard: 10h-5km (he got to 17 km), 11h-
10km (he got to 12 km)

R: encontram-se as 11 horas. Ans.: they meet at 11 o’clock.

Fig. 7.16 Another example of tabular representation with model 2

WZ 13141516171819202122

‘QhHloh‘ 11hl

i
- .
‘ Quando os dois colegas se encontram ""’": When the two friends met
i

S

r- - ; il . r- ===
i Alexander: lhisequalto | i Bernard and i i Bernard: 1h is equal to |
I 4km. He leaves at 8 am i | Alexanderat | ! 5km. He leaves at 9 am i
H - . _ ! E 11 am i i
-
Alexandre: 1h é -~ N
igual a 4 Km. Sai de AN
casa as 8h. Alexandre Bernardo e
oo .. 310h Alexandre s
1 Alexanderat - 11h
! 10 am ! A‘ X

-

l,/
| | éigualaumkm

Fig. 7.18 Another example of diagrammatic representation with model 2
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R: Os dois amigos encontraram-se &s 11:00 horas da manhd.
/‘\\\

012345678 910111213141516171819202122

| || [ | || I | | | % 1 1 ) o ) ) O PO
| |
Casado 8h h 10h 11h 10h oh Casado

Bernardo

Alexandre

Fig. 7.19 Another example of diagrammatic representation with model 2

stands on the notion of a developing motion but also it is largely expressed by
means of tables (sequentially ordered numerical information) and diagrams reveal-
ing sequentially organised visual information.

7.5 Discussion and Conclusion

We set ourselves the task of scrutinising the approaches used by a high number of
participants in SUB 14 to a motion problem (all solutions submitted by 8th graders).
Our effort concerned not only understanding their conceptual models but also look-
ing at the ways in which their uses of digital technologies were associated with such
models.

Our results strongly support the view that problem-driven conceptual models are
powerful windows to make sense of how young people put into action their resources
and their abilities to reason mathematically in effective ways. Moreover, the postu-
lated conjunction between solving a problem and expressing the underlying model
of the problem situation appears evident from the results of the analysis of the 220
solutions considered.

As shown from the categories defined to describe the different models and forms
of representation that were associated to them, the same conceptual model can be
expressed in different ways and can appeal to quite distinct types of inscriptions and
communication vehicles.

At the same time, it was possible to see how young people can take advantage of
common usage digital tools, with which they seem comfortable and accustomed to
deal, for serving their attempts of getting a convenient way to express their mathe-
matical models.
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The proposed problem is an opportunity to understand the participants’ ability
(12-14-year-olds) to engage in co-variational reasoning in a situation of relative
motion. Although these students had previous school learning in algebra and alge-
braic procedures (such as solving linear equations), the data revealed that their
use of formal algebra was very sparse. The interesting thing is that this appears to
be closely associated with the fact that they have largely developed a model that,
unlike the more common model in experts’ solutions, is not very compatible with
the algebraic symbolic methods to describe the situation. This is not completely
unknown to research. In fact, Greeno and Hall (1997) observed that more than half
of the subjects working on a motion problem (students, teachers and engineering
undergraduates) tried representation systems other than algebraic expressions.

The representational work that people do often uses nonstandard forms, which are
constructed for the immediate purpose of developing their understanding. In most practices,
people generate representational forms in ways that serve immediate local purposes.
In addition to being representations of something, they are for something. (Greeno & Hall,
1997, p. 365)

In our participants’ approaches, we could distinguish two main conceptuali-
sations: one is thinking of the journey undertaken by the two friends as being
completed and the meeting having been consummated (model 1) and the other is
imagining the journey as being in progress with the two friends changing their rela-
tive positions over time until they will eventually meet (model 2). We have pro-
posed two opposite ideas to characterise the two models, being the first one described
as looking at the past (one needs to find out the elapsed time) and the second one as
looking to the future (one needs to reconstruct sequentially the relative motion). The
coding of the solutions collected showed a strong prevalence of the model 2,
amounting to 92 % of the answers pertaining to this model category.

This overall result provides a clear indication of how the participants’ co-
variational reasoning was generally produced and expressed. The simultaneous
change of displacement and time was strongly associated with the idea of continu-
ous evolving change. Model 2 reflects such continuous change in an unequivocal
way and shows in a number of different ways how the co-varying variables per-
sisted in students’ images of the situation. As Carlson et al. (2002) have argued, this
phenomenon is at the core of co-variational reasoning, and it comes down to the
fundamental issue of coordination.

We may thus conclude that the participants’ models were essentially focused on
coordinating and maintaining control over the simultaneous variation of time and
space: either through verbal narratives in reconstructing the journey, through tables,
through diagrams or via figurative visual registers, many of them displaying a picto-
rial sequence of frames.

In a way, this result suggests that students’ non-formal and non-algorithmic
mathematisation of the relative motion is grounded in a seeming perception of the
important role played by coordination and this has an effect on the kind of adaptive
interpretations they have developed, in line with the concept referred to by Izsdk
and Findell (2005). Evidence suggests that these youngsters engaged in various
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adaptive interpretations that drove them away from the classical algorithmic
perspective of focusing on a specific value of a variable, that is to say, finding the
unknown (the algebraic modelling of the dynamic functional event), to using other
representational forms, which supported their understanding and visualisation of
change over time.

Furthermore, the data also indicated how the distribution of different forms of
representation was associated with participants’ prevalent model. Four subcatego-
ries were obtained in connection to model 2, giving strong support to the idea that
the textual/descriptive representations were important tools for a large number of
solvers (Passaro, 2009). The diversity shown in youngsters’ creative representations
comes as a huge contrast to the relatively few forms of representation suggested by
the five experts who collaborated in the study.

When we consider the fact that for many participants the narrative, the language
of everyday life and the explanation based on words and number operations repre-
sented an appropriate way to express their conceptual model, then we have reason
to believe that the most common digital tools available on a computer work well to
solve and express the given problem. Thus, just resorting to a text editor or to a text
online window becomes a good choice for many. The same is true if we consider the
use of tables and tabular representations. It is apparent in our data that a large num-
ber of participants are competent in using, creating, formatting and drawing tables
or just arranging information in a tabular disposition. And this was manifestly
another important tool to express and solve the problem of the two friends walking
towards each other.

Finally, the graphical character of a high percentage of answers to the problem was
very relevant. In addition to the representations of a more schematic or diagrammatic
nature, we must emphasise the figurative/pictorial representations that are indicative
of a digital enactment of the problem. Drawing on Sherin’s (2000) view of the value
of students’ invented ways of representing motion and of Monaghan and Clement’s
(2000) considerations about enactment and self-projecting in conceptualising relative
motion, we may be able to suggest that such particular solutions represent a digitally
expository discourse that not only included enactment and a sense of physical move-
ment but also a convincing image of co-variation in a dynamic situation. The forms of
representation involved are consistent with other studies that also detected the draw-
ing of successive states in motion, the use of a table that organises intermediate quan-
tities during those states or oral narratives that coordinated time and distance across
the motion trajectory (Greeno & Hall, 1997).

We found out that various digital tools supported this kind of highly visual
expression of relative motion, as in the case of text editor, the presentation editor,
the drawing software and in general all means of creating multimedia documents.
It is has to do with using pictures and other digital objects, many of them displaying
a pictorial sequence of frames that present themselves full of dynamism, colour,
detail, realism and offer immediate insight and reading. We claim that this particular
solving and expressing of a motion problem is in line with the concept of visuality
developed by Presmeg (2006) and is consistent with some of the insightful “ways in
which drawings are adapted to deal with the requirements of representing motion”
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(Sherin, 2000, p. 416). It is, in this case, a distinctive visuality, consistent with the
multimedia language that digital technologies infuse in our world and undoubtedly
in young people’s world.

This digital visuality is a significant trait of the pictorial/figurative representa-
tions observed in a particular subcategory of the solutions based on model 2. Those
represent prototypical instances to envisage how, in the case of solving a motion
problem, young participants in the competition are performing as humans-
with-media (Borba & Villarreal, 2005) in solving and expressing their mathematical
reasoning and in developing concepts which are rooted in their common sense rea-
soning (Doorman & Gravemeijer, 2008). In any case, even the non-figurative, the
textual or the tabular representation forms also appear interconnected with a variety
of digital home technologies and give a coherent view of how young children make
use of technology in dealing with moderate challenging motion problems.

Finally, in future studies, it will be possible to extend the analysis to other motion
problems which have been proposed over several editions of the competitions. It must
be pointed out that the problem discussed here may be seen as limited, especially due
to the fact that it only requires working with whole numbers. Therefore, it would be
reasonable to hypothesise that the model of the developing journey would not be as
effective if the solution were a decimal number or a fraction.

In addition to consider other versions of motion problems, it will be interesting
to extend the analysis to the solutions that were produced by the young competitors
in the Final, where they only used paper and pencil. In terms of research develop-
ment, a step forward might be to compare the conceptual models involved in solv-
ing a motion problem with and without digital tools.
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Chapter 8
Youngsters Solving Mathematical Problems
with Technology: Summary and Implications

Abstract The final chapter summarises the overall findings of the Problem@Web
project and considers the implications of the findings in terms of how the youngsters
of today tackle mathematical problems and communicate their mathematical
problem-solving. With data from the youngsters’ participation in two online math-
ematical problem-solving competitions that were characterised by moderately chal-
lenging problems, we found that the youngsters we studied had domain over a set of
general-use digital tools and while they were less aware of digital resources with a
stronger association with mathematics they were able to gain many capabilities by
tackling the mathematical problems and seeking expeditious, appropriate and pro-
ductive ways of expressing their mathematical thinking. In this respect, they were
able to harness their technological skills while simultaneously developing and
improving their capacity to create and use a range of mathematical representations.
We explain this as co-action between the tool and the solver, with this interconnect-
edness leading to jointly developed technological skills and mathematical skills that
result in the capacity of mathematical problem-solving with technology. Given the
possibility of youngsters developing this capacity, a key issue is how this can be
harnessed to promote the success of youngsters in mathematics in our digital era.

Keywords Co-action ¢ Digital-mathematical discourse ¢ Digital tools * Humans-
with-media  Mathematical problem-solving and expressing ® Mathematics teachers’
involvement ® Moderate-challenging problems ¢ Problem@ Web project * Students’
technological competencies ® Web-based competitions

8.1 Introduction

There continues to be much discussion about the uses made of technologies by
youngsters born into the current digital era. Some express worries about the amount
of time today’s youngsters might be spending using digital technologies; others
point to young people learning much through their everyday use of digital technolo-
gies. School systems across the globe have, over recent years, sought to address the
challenges raised by the increasing availability of various digital technologies. As a
result, many countries have been making efforts to equip schools with ever-better
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technologies. At the same time, the availability of digital technologies at home has
been growing to such an extent that youngsters’ home access to new projects and
initiatives taking place through the Internet is superior to their school access.

This growing dissemination of digital technologies accentuates the necessity of
investigating how today’s youngsters find effective and productive ways of thinking
about mathematical problems and how they might achieve a solution and communi-
cate it using any digital resources that they have at hand. While there has been
something of a decline in more traditionally orientated research on students’ math-
ematical problem-solving (English, 2008; English & Sriraman, 2010; Lesh &
Zawojewski, 2007), several international trends, many connected with the OECD’s
Programme for International Student Assessment (PISA), are repositioning
problem-solving in a privileged position in mathematics learning (Anderson, Chiu
& Yore, 2010; Torner, Schoenfeld & Reiss, 2007).

All this means that there is still much to learn about the connection between the use
of technologies and the process of solving mathematical problems. That is what the
Problem@Web project sought to investigate. In this project, our main research topics
were the youngsters’ types of problem-solving approaches (such as visualisation,
experimentation and simulation) through the use of digital technologies and the dif-
ferent types of mathematical representations available and afforded by technologies
that youngsters are creating to express and carry out mathematical thinking.

As we argued in Chap. 1 of this book, a major challenge remains to reveal the
impact of the widespread accessibility of digital technologies on young people’s
capability to use them for learning and for problem-solving. In this chapter, we
summarise the contribution to understanding youngsters solving mathematical
problems with technology that we have made through the Problem@Web project. In
this project, we analysed the way in which today’s young people tackled mathemati-
cal problems with the technologies of their choice when having an extended time
for finding and communicating their solutions.

In what follows, we provide a brief outline of the Problem@ Web project and the
methodology we used for the project. We then examine the youngsters who partici-
pated and the views of their teachers. We then outline the theoretical stance that we
developed for the project and summarise the findings in terms of the major mathe-
matical concepts of invariance, quantity variation and co-variation. Following a dis-
cussion of the findings, we conclude with the implications of our project and
suggestions for further research.

8.2 The Problem @Web Project

Our research project, Mathematical Problem Solving: Perspectives on an interac-
tive web-based competition, which we call Problem@Web, grew out of our interest
in understanding how the youngsters of today tackle and solve moderately challeng-
ing mathematical problems using the digital tools of their choice. This interest
was fuelled by our experience of two online mathematical problem-solving
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| Pedro, David and Joana are playing with marbles. Altogether, the three friends have 198
i marbles. Pedro has 3 times more marbles than Joana and David has 2 times less marbles than
! Joana.
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How many marbles has each of the friends?

Do not forget to explain your problem solving process.

Fig. 8.1 Image of Problem #10 of SUB12 (edition 2010-2011) as it was posted on the webpage
and of the typical buttons for opening the digital form and for downloading the problem

competitions, called SUB12 (aimed at 10—12-year-olds) and SUB14 (aimed at
13—14-year-olds), and the youngsters who chose to participate in them (Fig. 8.1).
From the very beginnings of the competitions in 2005, the solutions submitted by
the young participants showed a wealth of ways of representing and expressing
mathematical reasoning. We were intrigued by the evidence of innovative ways of
mathematical thinking and problem-solving by youngsters who engaged in mathe-
matical thinking via the computer in order to participate in the online competitions.
There were digital images, textual written compositions, diagrams, tables and
graphs using various file formats including Word, Excel, GSP and GeoGebra
(Fig. 8.2). This inspired us to try to understand their approaches to mathematical
problem-solving.
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#+Se o David tem metade dos berlindes da Joana, ent3o a Joana tem o dobro dos berlindes do
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2 x 22 = 44 berlindes

Fig. 8.2 Resolution of Problem #10 of SUB12 (edition 2010-2011) sent in a Word file showing a
written composition combined with pictures and a small table exhibiting the ratios between the
three children and the calculations done to find the three quantities of marbles

Our Problem@Web project had three main research foci:

(a) The youngsters’ strategies for solving mathematical problems, modes of repre-
sentation and expression of mathematical thinking and the use of digital tech-
nologies in problem-solving

(b) The youngsters’ attitudes and emotions related to mathematics and mathemati-
cal problem-solving, both in school and beyond-school activities, considering
students, parents and teachers

(c) The youngsters’ creativity expressed in their mathematical problem-solving
and its relation to the use of digital technologies

In this book, we focus on the first of these foci. In this, a main sources of data for
us were the solutions to the problems that we received over the years. This resulted
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in a huge and varied database. We also collected all the emails and answers submit-
ted throughout three editions of the competitions, together with other informative
data. Furthermore, we interviewed many young participants, as well as some former
participants, several mathematics teachers who followed the competitions and also
youngsters’ parents and relatives.

In addition to this qualitative methodology, we conducted an online survey of
participating youngsters in the Sth to 8th grades from the Algarve region in southern
Portugal. The response rate was close to 20 %, having obtained 350 answers. The
questionnaire focused on the youngsters’ relationship with technologies, their rela-
tionship with mathematics and problem-solving and their views on participating in
the SUB12 or SUB 14 online mathematics competitions.

As we were aware that the mathematical problems published on the competi-
tions’ website were widely used in schools, both in mathematics classes and in other
school contexts such as libraries, mathematics after-school clubs or tutorial classes
(also known as supervised study classes), this provided the opportunity to extend
our research to the school context. As a result, we complemented the information
gathered in the online and beyond-school competitions with information from class-
rooms, thereby allowing us to develop a more rounded understanding of the phe-
nomenon of youngsters solving non-routine mathematical problems with technology
in the school context. This meant, for example, that we could obtain data from an
8th grade class (of 13—14-year-olds) where students spent a number of lessons tack-
ling various problems given in the SUB14 competition.

Given this very large corpus of data, it was necessary to establish some criteria
to select the data to be analysed. One of these criteria was the possibility of compar-
ing students’ productions in the competition with their efforts in the school context.
To develop our data analysis, we chose problems from different mathematical topics
to, in a sense, be considered as a trilogy as they address the major concepts of invari-
ance, quantity variation and co-variation. This choice allowed us to give a very
broad idea of the wealth of possibilities that technology use can provide in problem-
solving and in problem-driven conceptual development.

The analysis of the selected elements of data utilised both data-driven encoding
(a form of pattern recognition within the data where emerging themes become the
categories for analysis) and theory-driven coding (where a preliminary set of cate-
gories are developed a priori based on the research question and the theoretical
framework). For example, looking for patterns and themes from a set of solutions to
a problem involving quantity variation led to ways of ranking different spreadsheet-
based solutions revealed in those solutions; in addition, we used theoretical con-
cepts, like the idea of co-action between the solver and the tool to complement the
first encoding and generate evidence of the relationship between the resolution of
the problem and the use of the spreadsheet, thus reaching a second level of interpre-
tive understanding (Fereday & Muir-Cochrane, 2006). This is how, by looking at
our data from new and different angles, we discovered new aspects and new ways to
question and discuss the data. It is through this process that we have sought to gen-
erate analytical theory and extend pre-existing theory from our data.
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In the next section, we provide a characterisation of the youngsters who participated
in the SUB12 or SUB 14 online mathematics competitions and whose submitted solu-
tions are the basis of the analysis presented in subsequent sections.

8.3 The Youngsters Solving Mathematical Problems
with Technology

Throughout the various editions of SUB12 and SUB14 competitions, we have
realised that the participants resorted to various technological tools of daily use,
commonly available on personal computers, such as text editors or image editors
and spreadsheets, among others. In any case, over the years, there were always sub-
missions that the participants had done with paper and pencil and then scanned or
photographed and the files sent as attachments. Likewise, not all young people sent
files as attachments as some preferred to use the text editing tool embedded in the
provided online form to present their solution and to describe the process of solving
the problem.

Such plurality, together with the fact that the competitions take place through the
Internet and require a digital and asynchronous communication by e-mail or through
the website, motivated a strong interest in knowing in more detail who are the
youngsters that engage in these competitions and what kind of relationship they
have with digital technologies, especially in terms of what they are capable of doing
with them when dealing with mathematical problems and communicating
mathematically.

With this aim, our option for gathering data was to apply an online questionnaire
to the participating youngsters where we inquired about their knowledge (from
knowing nothing to knowing very well) about digital tools, including those of a
multipurpose and communicational nature and those more specialised for mathe-
matical purposes. Besides, we were able to complement and connect the results
from the online questionnaire with other qualitative data originating from interviews
with participants and former participants and also with some of the teachers who
have followed the competitions over time, and mostly with samples of digital solu-
tions collected over the 3 years lifespan of the Problem@ Web project. We now high-
light some of the most significant results obtained from the analysis of those data.

Our respondents’ sample corresponds to a return rate of about 20 % of the young-
sters who were participating in the competitions that lived and attended school in
the Algarve region. We have obtained a balanced distribution in terms of gender, but
on the school level the 5th grade was predominant, followed by the 6th grade. Also
on age, most of the respondents were 11 years old followed by the 12-year-olds.
This reflects the prevalence of younger students in the competitions, especially in
the 5th and 6th grades, which seem to be the more enthusiastic and those who more
easily adhere to these challenges, possibly because of a lower load of school sub-
jects or due to a more playful experience with mathematics and a lesser fear of
failure when compared to the older students in 8th grade.



8.3 The Youngsters Solving Mathematical Problems with Technology 215

The questionnaire showed that computer availability, Internet access and access
to an e-mail account were virtually universal in the homes of participants. In addi-
tion, almost all respondents considered that they knew well or very well how to use
the Internet and e-mail, revealing that the youngsters were perfectly able to use
online communication in order to participate in the competitions, something that
was not completely true early in 2005. At that time, many parents and teachers gave
support and served as transmission belts between the youngsters and the organisa-
tion of the competitions.

Some interview data also showed that computer use has been for many of them
an attractive factor that motivated them to participate in the online competitions.
Some of the youngsters actually reported that over the years of their participation in
the competitions, they had learnt to take advantage of the potential of several digital
tools that initially they had only slight knowledge. It is noteworthy that one of the
interviewed youngsters, with visual impairments, was confident in stating that the
use of the computer in the competitions helped him to overcome difficulties with
writing and reading and gave him the will and the tools to get involved with and
enjoy solving mathematical problems.

With regard to analysing the skills in using technological tools, we organised our
analysis from the use of written text to solve and express the solutions to the prob-
lems, through the use of diagrams, tables and images, to the use of features of more
specific software directly linked to mathematical procedures such as algebraic rela-
tions and geometric constructions.

As we have already noted, there remained participants who preferred to use
paper and pencil to prepare their solutions, with the solutions being digitalised after-
wards using a digital camera or a scanner. Nevertheless, the vast majority of respon-
dents said that they knew about text editing with Word and about 70 % knew about
writing text in Excel.

Over time, various solutions were presented by the participants in a clear, consis-
tent and effective way; in essence, these were quite detailed descriptions of the
solving process and strategy presented through natural language. The use of colours,
icons or arrows to highlight specific information or results was also common as well
as other ways of using editing add-ins to make a more interesting or effective expla-
nation (see the solution presented in Fig. 8.3 where the “heart” operation between
numbers had to be discovered based on some given cases).

We also sought to know the capability that youngsters felt they had in the con-
struction of tables, both in Word and in Excel. In fact, the use of tables was quite
often chosen by many participants in several of the proposed problems. In many
cases, such tables were created with the text editor or with the spreadsheet or even
with the online form in the website. We found that youngsters considered them-
selves better able to work with tables in Word than in Excel. Indeed, the knowledge
of Excel seemed relatively low, and this became more accentuated as the functionality
of using Excel in computational aspects such as the use of formulas or the creation
of graphs was considered. An interesting aspect that emerged from many of the
resolutions presented in Excel was that youngsters used the grid to create quite
varied ways of organising, schematising and analysing the elements contained in
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Fig. 8.3 Solution sent as a Word file submitted to Problem #4 of SUB12 (2010-2011 edition)

various problems. In many cases, they filled cells with colour, inserted images or
created visual representations that revealed patterns, for example. Another indicator
that we obtained through the interviews was that youngsters seemed to learn to use
Excel more at home than at school and it was often parents who helped and encour-
aged learning of the use of the spreadsheet.

The use of images, pictures and diagrams was also an element very much present
in the youngsters’ answers to the problems, and this revealed much of their repre-
sentational capability in solving and expressing. They used images that they sought
out to illustrate their ideas and their reasoning. They did this with Word, with Paint
or with PowerPoint, among others. When answering the questionnaire, a large per-
centage of the participants claimed to have a very good knowledge of the use of
images with Word, Paint and PowerPoint. In short, the category of using images and
diagrams was heavily rooted in a visual and pictorial form of solving and expressing
and seemed to persist in all the editions of the competitions and across all ages of
participants (see Fig. 8.4 for an example of a solution in Word where the pictorial
form of exposing the solution is significant and speaks for itself).

In contrast, the use of numerical software was less common than the previous
categories of tool use, but participants who employed Excel used it for constructing
numerical relations with formulas and took advantage of other computational and
mathematical features like the construction of graphs (e.g. pie charts).

Reliance on geometry software appeared much less in solution examples. GeoGebra
was unknown to almost 60 % of respondents. Participants who opted for GeoGebra
used it mainly to solve geometry problems, usually for the construction of figures, for
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Fig. 8.4 Solution sent as a Word file to Problem #7 of SUB12 (2010-2011 edition)

creating diagrams, measuring or plotting a function. Some of the interviewed partici-
pants admitted to having had their initial contact with GeoGebra at school, but they
said to have developed their knowledge of the software independently at home.

Through these different types of data, it can be seen from the profile of the
youngsters who participated in the online competitions that digital technologies
played an important role both in their solving of the mathematical problems and in
their ways of expressing and communicating their mathematical thinking as it
developed during that process.

We can conclude that the youngsters’ capacity to put forward their mathematical
thinking through natural language, through tables and various forms of visual repre-
sentation (pictures, colours, diagrams, images, icons, etc.), is strongly linked to their
problem-solving capability and thus their digital discourse is a digital-mathematical
discourse that reflects the affordances that young people spontaneously identify and
effectively use within the competitions. We must not fail to notice that much of their
digital fluency is still far from the more technical and mathematical tools aimed to
deal with numerical or graphical processes. Moreover, it is important to retain that
respondents seemed to learn more about specific mathematics-related technological
tools at home than at school. The SUB12 and SUB14 competitions are clearly an
opportunity for the youngsters to disclose their knowledge, develop it and put it into
practice in solving and expressing moderate mathematical challenges.

In the next section, we illustrate the perspectives of teachers on youngsters solv-
ing mathematical problems with technology during the SUB12 and SUB 14 mathe-
matics competitions. Drawing on a series of interviews with teachers who have
supported the participation of their students over several editions of the competi-
tions, we focus on what they see as the competitions’ most significant features.
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8.4 The Perspectives of the Youngsters’ Teachers

Various interviews with teachers who accompanied their students during the com-
petitions generated a set of relevant information that allows us to characterise: (1)
their role among the youngsters in engaging in this context, (2) the main aspects of
the competitions that they consider pedagogically important for the development of
competencies in their students and (3) what they draw as the more meaningful expe-
riences from supporting and encouraging their students.

We can conclude that the involvement of teachers varied, often depending on the
momentum of their schools and their peer groups and on the value they attach to the
participation of youngsters in beyond-school projects and to the importance of
attracting students to mathematics by stimulating their abilities and enriching their
learning experience. In general, all the teachers accepted with pleasure and dili-
gence the task of informing their students about the SUB12 and SUB14 competi-
tions, motivating them, giving information, distributing posters and flyers and
referring the benefits that students can get by engaging in mathematical problem-
solving work (Fig. 8.5).

The level of involvement of a certain cluster of teachers went far beyond this
mission of encouragement and information. These are the teachers who systemati-
cally followed their students in their participation, providing support, discussing the
problems and giving clues and help at various times. Many of these teachers used
the problems of the competition in their classes (whether in mathematics classes or
in supervised study lessons), leaving students the decision to engage or not in the
contest. This illustrates how the teachers considered that many of the proposed
problems were relevant and useful for work in the classroom. Finally, there are
teachers who were even more committed through the various phases of the competi-
tions and who got in touch with the organising team, accompanied their students to
the Final and offered their collaboration (see Fig. 8.6 of a teacher together with one
of her students at the Final of SUB14). This is a fact of great importance that leads
us to recognise the commitment and interest of teachers as one of the major factors
for the success of these competitions. Given, as we said earlier, that these are inclu-
sive competitions that seek to include students of different attainment levels, the
statements of the teachers help to confirm that the SUB12 and SUB 14 competitions
count as enrichment initiatives that work in a friendly and supportive way and are
close to schools and families offering an opportunity to engage youngsters in mod-
erate mathematical challenges.

Teachers clearly indicated that one of the elements they valued most in the com-
petitions was indeed the problems proposed. They found them suitable for their
students with a degree of difficulty that they see as fitting, interesting to work in the
classroom, different from the typical school problems in textbooks and allowing a
wide variety of approaches and strategies to address them.

The interviewed teachers described how they used the problems of the competi-
tion in their classes. Some said they could be useful either for introducing a certain
mathematical topic or for practising a given content, or could serve as a means to
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Fig. 8.6 Photograph taken
at the awarding ceremony
of a teacher with one of her
students who was ranked
first at the Final of Sub14

develop mathematical reasoning and the construction of mathematical connections
between various concepts. They mentioned that the problems were a pedagogical
resource for their teaching practice and particularly liked to solve them, often as soon
as they were posted on the website. For several of the teachers, the word that best
describes the nature of the problems is the word challenge. They felt challenged and
believed the problems to be stimulating for the youngsters too. They liked to think of
several ways to solve the problems before they discussed them with their students but
admitted they were often surprised by the unexpected and original strategies and
ideas of their students, quite different from those that are associated with standard
approaches based on curricular content. In this sense, they acknowledged in their
students not only the capability to deal with the problems but also their mathematical
creativity that allowed them to find relevant ways to achieve a solution and to think
mathematically regardless of whether they already learnt this or that content.

The support from teachers to their students was marked by the willingness to
help students to improve their problem-solving capability and instigate them to
think and try to reach a solution on their own. The interviewed teachers were unani-
mous in saying that they did not show the students how to get the correct answer.
Rather, they promoted discussion among the students in class, provided clues,
instructed them to think more at home. Subsequently in the classroom, they said that
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they compared the strategies of several students or used the problems to move for-
ward to other mathematical questions. Some also reported that they made them-
selves available to offer any assistance to any student who needed this both in class
and outside the class or even by e-mail. In many cases, they checked if the problem
was correctly solved before the student submitted their answer to the competition.
While responding to the possibility of participants seeking help that is clearly advo-
cated by the SUB12 and SUB14 competitions, teachers interpreted the problem-
solving activity as a learning situation that required the engagement of youngsters
and was powered by exchanging ideas, using heuristics and the capacity to think
mathematically. Therefore, they placed the autonomous work of the student as a
primacy of their teaching of problem-solving.

Highly valued by the teachers was also the importance of mathematical commu-
nication and expression during the competitions. Solving and expressing the whole
process that leads to the solution of a problem was a demanding task for youngsters,
and teachers were aware of that fact. For teachers themselves, it was a challenge to
help students and give them tools and tips on the activity of presenting the resolu-
tion in a clear, explicit and mathematically correct way. For some interviewees,
there were students for whom learning mathematics was synonymous with explain-
ing things briefly and condensing everything in calculations or algorithms. Leading
students to present their ideas, to expose their reasoning and to use forms of present-
ing their strategies was a challenge for the teachers who started to invest more in the
development of mathematical communication in their practices. For example, some
teachers began to explore further the use of diagrams and other representations or
the use of natural language to describe the solving processes in detail. They stressed
however that there are several possible ways to present the resolution of a problem
and, accordingly, shared the aim of giving participants in the competitions freedom
to decide on how to solve and express a problem and on the tools they deemed most
effective for that end.

The teachers saw the centrality of the expression of mathematical thinking as a
distinctive feature of these competitions. Along with the type of problems proposed,
which are considered challenging but not selective, they found that the SUB12 and
SU14 competitions were closer to the students and to the nurturing of their skills
than other competitions to which they also attribute value.

The other point that is highlighted by the teachers was undoubtedly the usage of
technology and the Internet as a means of connecting the participants to the compe-
titions. Some stated the difficulties they faced at the beginning, almost a decade ago,
with technical details such as Internet access and the creation of e-mail accounts for
their students. They genuinely reported what they learnt from their students over the
years and referred to parental help as having been equally important to the partici-
pants on this matter. They also believed that youngsters were able to handle ICTs
very expeditiously to address and express their solutions to the problems.

It is important to note that some of these teachers felt unprepared for a fruitful
use of technology with their students, but this did not stop them from encourag-
ing students and sharing with them the possibilities offered by technologies that
have become more available in schools over the course of time. It is reasonable to
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conclude that these teachers faced, without any resistance, the use of technology
by their students and that they actually collaborated in this perspective. In fact
there were several times when the resolutions submitted by the participants even
explained how the digital tool worked, as in the example of Fig. 8.7 where two
students used Excel and explained how the formulas should be introduced and
asked the SUB14 organising team to try this out.

Like the organising team of the competitions, the teachers appreciated the sug-
gestions that came from the students, and in other cases they themselves gave a push
for the use of technologies. Clearly, the teachers realised that the use of technology
was very much involved in the SUB12 and SUB14 competitions and that digital
technologies were put to use for solving problems and concomitantly expressing the
underlying processes.
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In this section, we recognise the work and involvement of the participating teach-
ers, through their contribution in the different stages (dissemination, qualifying and
final). We collected evidence that the teachers played a decisive role in the success
of the online competitions. Not only did they promote the participation of their stu-
dents in the competitions, they also strongly valued the mathematical problems
posed during the various rounds of the competitions.

In the next section, we provide the theoretical perspectives that framed the
Problem@Web project’s study of a specific and relatively new phenomenon, that of
youngsters solving mathematical problems with the digital technologies of their
choice.

8.5 Theoretical Framework

The background of the study is centred on a particular theoretical stance from which
we consider the problem-solving process as a synchronous process of mathematisa-
tion and of expressing mathematical thinking; such a perspective is additionally
supported by two specific research backings: (a) the role of external representations
in problem-solving and expressing and (b) the symbiotic relation between the indi-
vidual and the digital tools in a problem-solving and expressing technological con-
text (see Fig. 8.8 for a diagram of the fundamental theoretical components).

The rationale from which derives this theoretical framework lies in the research
setting and in the type of data that we planned to analyse. We wanted to know more
about the way the young participants in these online competitions find effective and
productive ways of thinking about various problems and communicate mathemati-
cally their solution processes based on the digital resources that they choose for
some reason. We saw above in the youngsters’ answers to a questionnaire, in inter-
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views with participants and teachers as well as through the solutions submitted dur-
ing the qualifying phases of the competitions that there was a great familiarity of
youngsters with some digital tools of widespread use. Nevertheless, we also saw
that for other more specific tools and those more aimed at mathematical processes,
the fluency of the youngsters was less. In any case, it stands out that there is an
important role of technology in the development and exposure of the solutions to the
problems, whatever tool may be used.

Leaving out those solutions that participants produced with paper and pencil and
submitted as photos or scanned images, we are left with a variety of ways of explain-
ing different approaches to the proposed problems that are also expressed with vary-
ing digital tools. We have, so to speak, multiple narratives produced by youngsters
who illustrate and display their way of thinking embodied in multimedia representa-
tions and discourses. We consider that these narratives offer a digital-mathematical
discourse that has several distinctive marks, including the capability to use the rep-
resentational expressiveness of digital technologies and a strong link between how
to think mathematically and the use of the chosen technology. This allows us to
envisage solving a mathematical problem as a synchronous process of mathematisa-
tion and expression of mathematical thinking in which digital tools play a key role.

As extensively illustrated in the earlier chapters of this book, the proposed prob-
lems in these competitions are characterised by having a moderately challenging
nature that gives the possibility of various forms of resolution. Each of these differ-
ent forms results from viewing the situation from a mathematical perspective and
unravelling a conceptualisation of that situation that includes understanding and
representing it. We therefore focus on the mathematisation of problem situations
and draw on the development of problem-driven conceptual models (English &
Sriraman, 2010; Gravemeijer, 2002, 2007; Lesh, 1981, 2000; Lesh & Doerr, 2003a,
2003b; Lesh & Zawojewski, 2007).

A conceptual model of the situation includes explicit descriptive or explanatory
systems. It is that descriptive and explanatory quality that makes it function as a
model, i.e. an externalisation of the ways in which individuals are actually interpret-
ing a situation, even if the solver may not draw on formal, school subject knowl-
edge. The use of pictures created with drawing digital tools, or the construction of
tables with text editors or spreadsheets, as well as the use of dynamic calculations
with Excel or geometrical constructions made with dynamic geometry systems are
a fundamental part of the representational expressivity of youngsters’ narratives and
of their conceptual models of the situations. Thus we argue that strategies and
representations are variously combined by different youngsters in digital environ-
ments for problem-solving and expressing. This clearly disrupts the idea of “opti-
mal” strategy and “optimal” representation to approach a particular problem and
rather increases the awareness that different tools offer different ways to solve and
explore mathematical problems (Barrera-Mora & Reyes-Rodriguez, 2013; Hegedus
& Moreno-Armella, 2009a, 2009b; Santos-Trigo, 2004, 2007).

The context of youngsters’ independent use of the computer, having as essential
elements the choice of the tool and the youngsters’ recognition of affordances in the
tool tuned with their ways of thinking in search of a solution, also requires addressing
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the relationship between technological media and cognitive activity. Following the
theoretical perspectives of humans-with-media (Borba & Villarreal, 2005) and co-
action between the individual and the digital tool (Moreno-Armella & Hegedus,
2009; Moreno-Armella, Hegedus, & Kaput, 2008), we endorse the vision described
by Moreno-Armella and Sriraman (2010) on the computer’s dual role in youngster’s
cognitive activity: a mirror which reflects actions and an agent who acts:

The computer will be transformed, gradually, into a cognitive mirror and a cognitive agent
from which students’ learning can take considerable profit. It is not anymore the simplistic
idea “the computer is doing the task of the student” but something new and radical: provid-
ing students with a cognitive partner. (p. 224)

The indivisible unity of the solver and the tool is strongly supported by the
research on the use of interactive tools for learning mathematics, but it can be rein-
forced and further justified by the new possibilities of communication and expres-
sion provided by digital technologies —imagery, visualisation, manipulating objects
on the screen, formatting, editing, using colour and highlights, organising informa-
tion and structuring schemes involving symbols, pictures or sounds are examples of
a host of possibilities. The thinking and the communication of the thinking are
becoming more and more blended under the increasing flexibility of digital tools.

The inter-shaping relationship between the user and the digital tool in expressing
mathematical thinking, i.e. the way of transmitting a conceptual model, is an activ-
ity in which the intentionality interacts with the executability of digital representa-
tions. Digital solutions submitted by participants in the competitions are therefore
more than a transposition of a conceptual model to a digital medium. The use of
digital tools, either the simpler and more earthly or the more sophisticated and
robust, is more than a vehicle; it represents the co-action between the subject and
the tool in the construction of conceptual models and concomitant expression of
mathematical thinking in solving problems.

Based on this theoretical view, we use the framework synthesised in the previous
figure (Fig. 8.8) as a kind of a toolbox to illuminate the analysis of some selected
problems. In each case, due to varying nature of the problems, we integrated an
additional theoretical background that provides ideas and more specific concepts,
judged useful for a detailed analysis of the data obtained.

In the following section, we report the analysis of three problems, widely varied
in terms of the mathematics involved: a problem of invariance in geometry, a
problem of quantity variation in algebra and a problem of co-variation in a relative
motion situation.

8.6 Digitally Expressing Mathematical Problem-Solving

This section summarises our analysis of how the youngsters expressed and com-
municated their mathematical problem-solving through their use of digital tools of
their choice. Using the theoretical frame outlined above (and captured by Fig. 8.8)
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and using both data-driven encoding and theory-driven coding (as noted further
above), we conducted a set of three analyses that involved, in turn, the mathematics
of invariance, variation and co-variation. Full details of these analyses are presented
in the previous three chapters of this book. Here, we condense the main points.

8.6.1 Digitally Expressing Conceptual Models of Geometrical
Invariance

Drawing on the theoretical ideas above, we add some additional arguments relevant
to analysing data concerning the usage of GeoGebra for solving geometry problems
posed during SUB14. We focus on the perception of the affordances of a digital tool
as a crucial element for its effective use, i.e. the perception of how a particular tool
will help in solving the problem and expressing its solution; we also argue that the
perception of affordances emerges from the interactions between the solving agent
and the tool, which means that the tool’s affordances and the individual’s aptitude
cannot be determined in the absence of one of them. This assumption has implica-
tions for the way of looking into the data collected in that it requires noticing the
types of GeoGebra’s utilities that youngsters were using to solve a problem of
invariance. Consequently, a set of categorised affordances that were repeatedly used
by youngsters who submitted answers with GeoGebra was built as a starting point
for describing the type of underlying approach. This approach was then further
analysed in light of the kind of robustness of the conceptual model underpinning the
solution achieved.

Drawing on the metaphor “humans-with-media” that encapsulates the idea of the
indivisibility between the solvers and the tools with which they solve problems, we
also aimed to show how the technological tools used to communicate and produce or
represent mathematical ideas influence the type of mathematical thinking and math-
ematical representations that result from this activity. Different groups of humans-
with-media originate different ways of thinking and knowing. In fact, participants
who submitted resolutions produced in GeoGebra revealed different approaches to
the same problem, and our goal was to differentiate these approaches despite the fact
that they all used the same technological tool. A step forward in this direction was
provided by analysing the mathematisation activity in terms of the shift from an
informal model (where the solver focuses on the relation between the context and the
mathematical concepts or procedures) to the development of a more formal and gen-
eral model (detached from the context) focusing on symbolisation and abstraction.

We analysed four solutions to the problem “Building a Flowerbed”, which
encompasses exploring the invariance of the area of a changeable triangle, by modi-
fying the geometrical figure. The data was selected from a diversity of answers
offering evidence of the use of GeoGebra.

We started by zooming in on the participants’ productions and, by using the con-
struction protocols whenever possible, we traced back every step of the construction
thus allowing us to identify the affordances perceived in each case to construct the
figure given in the problem situation and produce a conceptual model of the situation
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to obtain the required answer. Then we made a zoom out over the four solutions by
comparing and contrasting them according to the levels of mathematisation involved
and the consequent robustness of the underlying conceptual models. In what fol-
lows, we present a summary of the main results of our analysis. Here, all solvers
perceived the convenience of GeoGebra to represent the situation described, foresee-
ing the transformation of the static images in the statement into dynamic figures and
ideas (e.g. the changeable triangle associated with moving the position of the stick).

Solving-with-GeoGebra was clearly exhibited in the analysed answers in that the
solution and its presentation, justification or explanation come out through the sym-
biosis between the affordances of GeoGebra and the youngster’s aptitude in dealing
both with the tool and the aim of the problem. Thus, the constructions, the strate-
gies, the results and justifications presented in each case sum up a conceptual model
of the invariance of the area and expose the activity of these “youngsters-with-
GeoGebra”. The digital tool, GeoGebra, was used differently in each of the cases:
(1) to construct and measure, (2) to conjecture, (3) to verify and (4) to think-with.
This shows how the digital tool influences the type of mathematical thinking pro-
duced which, in turn, influences the conceptual model that is developed. The con-
ceptual models developed by these youngsters-with-GeoGebra ranged from a
horizontal mathematisation (attached to the context and to the obvious confirmation
provided by the tool) to a form of vertical mathematisation (where the youngster
creates a mathematical proof that validates the model).

These findings illustrate the ways in which GeoGebra affords different approaches
to one problem in terms of the conceptual models developed for studying and justify-
ing the invariance of the area of a changeable triangle. We interpret the different ways
of dealing with the tool and with the mathematical knowledge as instances of young-
sters-with-media engaged in a “solving-with-dynamic-geometry-software” activity,
enclosing a range of procedures brought forth by the symbioses between the affor-
dances of the dynamic geometry software and the youngsters’ aptitudes. The analysis
showed that different youngsters solving the same problem with the same digital
media and recognising a relatively similar set of affordances of the tool produce dif-
ferent digital solutions, but they also generate qualitatively different conceptual mod-
els, in this case, for the invariance of the area. This is solid evidence of how the
spontaneous use of technology changes and reshapes mathematical problem-solving.

Below, we pursue the same line of analysis by trying to identify how youngsters
within the classroom and within the SUB14 solve algebraic problems of quantity
variation when they decide to make use of the electronic spreadsheet.

8.6.2 Digitally Expressing Algebraic Thinking in Quantity
Variation

The two problems we have selected from SUB14 regarding variation and varying
quantities involve, from the formal algebra point of view, solving inequalities and
systems of simultaneous equations. The youngsters participating in SUB 14 lacked
this formal algebraic knowledge and had to tackle them using other means and
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forms of mathematisation; nevertheless, some of them have chosen to use the
spreadsheet to devise a way to get the solution.

In studying the youngsters’ approaches, we first looked at aspects which related
to the use of an algebraic-like syntax elicited by the use of spreadsheet columns and
formulas. In particular, we aimed to understand how the use of this digital resource
was reflected in representations that maintained a strong connection to the algebraic
thinking of the participants. Therefore, we decided to translate systematically the
relations expressed by the students in the spreadsheet (by using formulas, automatic
generation of sequences, variable-columns or variable cells) to an algebraic sym-
bolic language. This provided us with a clear way to appreciate the conceptual
model (a productive way of thinking mathematically about each of the problematic
situations) underlying the search for the solution.

We complemented the theoretical framework outlined above with a focus on
algebraic thinking and its essence, especially stressing that the use of algebraic sym-
bolism does not necessarily capture the capability to think algebraically. This
means, for example, that the absence of symbolic algebraic language does not pre-
vent understanding the role of variables (independent and dependent) or the estab-
lishment of relations between them, often involving several composite
relationships.

One relevant concept that we further developed was the concept of co-action,
based on which we have focused on the way that students are at the same time
guided by and guiding the interactive environment of the spreadsheet. In particular,
we observed how the participants defined their problem variables, how those were
organised in the table, how they set dependencies and how they inspected the
numerical outputs, interpreting them in light of the restrictions given in the prob-
lems. We therefore observed that the solution to each of the problems emerged from
a student’s partnership with the tool. It allowed them simultaneously developing
productive ways of thinking and expressing such thinking on variation through the
digital media, while recognising and using the affordances of the tool.

Besides considering the data provided by all the solutions submitted by the stu-
dents who were engaged in the online competition, the same two problems were
also given to a class of 8th graders as part of their periods of Supervised Mathematics
Study (i.e. non-curricular classes) in a public middle-school located in the south of
Portugal. In the classroom, we had the opportunity to record the voices of the stu-
dents and their actions in the computer with screen-recording software while they
were solving the problems, some in pairs and others individually as they preferred.

In the case of the first problem, it was evident a certain progression in the types
of resolutions found, taking into account a criterion which quickly became evident:
the increasing use of variable-columns instead of the use of recipient cells just
aimed to introduce number inputs with which operations were carried out. This
allowed us to depict a certain progression or a kind of hierarchy of the solutions
analysed and the respective conceptual models of the situation. However, in the
second problem, this criterion proved to be ineffective because the variations that
occurred, although many, did not rely on this feature of the use of the spreadsheet.



8.6 Digitally Expressing Mathematical Problem-Solving 229

Other ways to distinguish the different strategies and ways of organising the inputs
and outputs in the spreadsheet have to be considered, and this is an open field that
future research should continue. As a feasible possibility, we simply suggest that the
greater or lesser number of intermediate relationships between variables created by
the solvers —something that has become highly visible in various resolutions, some-
times with the use of two independent tables that were related at the end with the
goal of finding common values—may be a promising avenue. Undoubtedly, we can
conclude that the various proposed solutions have shown the importance of stu-
dents’ ability in identifying all the variables (and constants) and all the conditions
connecting them and the restrictions involved.

The results strongly support the idea that the spreadsheet was, for the youngsters
who chose to use it, a suitable and productive environment for the development of
their conceptual models; each of the problems on quantity variation and the condi-
tions that shaped it were understood in very different ways and led to the concatena-
tion of relevant functional relationships describing the variation of quantities subject
to restrictions. In summary, the spreadsheet offered a dynamic environment for the
exploration and solution of such problems (quantity variation problems) and for the
expression of students’ algebraic thinking, namely, through the spreadsheet-based
representations.

It was apparent (namely, from the data collected in the classroom) that the devel-
opment of different conceptual models is related with the co-action between the
user and the tool. We have seen that the spreadsheet provided a means of experi-
mentation, of trial and refinement, a context that although involving variables
expresses data numerically, making the results of experimentation easier and more
immediate to evaluate and therefore more inducible to reaction from the student.

The data from the classroom were important to understand in more detail the
ways students approached the problems, their attempts, discussions and the
co-action that takes place in the process of problem-solving and also to see how the
expression of the algebraic thinking emerged associated with each production.

Different equations and dependency relationships between variables can trans-
late the same problem and that means an important step for understanding algebraic
transformations. Therefore, the level of fluency of the solvers who used the spread-
sheet on the two problems represents an indicator that this digital tool has great
potential within the youngsters’ modes of reasoning, despite an overall lack of
familiarity with this tool that youngsters have reported as revealed by the results of
our research (see Chap. 2).

The spontaneous choice and use of the spreadsheet revealed by the youngsters
whose solutions we have analysed have shown that their productions with the
spreadsheet can relate with formal algebra and may well support the learning of
algebra.

We next turn to a problem involving co-variation and of the common-usage digi-
tal tools that youngsters used for translating their conceptual models of relative
motion, showing that such models are quite distinct from the formal algebraic mod-
els used by mathematicians.
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8.6.3 Digitally Expressing Co-variation in a Motion Problem

In concentrating our attention on a problem involving motion (i.e. requiring relating
the variables space and time), we had to expand our theoretical toolkit in order to
integrate perspectives on co-variational reasoning and the modelling of dynamic
situations by means of suitable representational modes.

Co-variational reasoning has to do primarily with the coordinating of the simul-
taneous changes of several variables. Research has shown that youngsters face dif-
ficulties in this type of coordination and in the modelling of dynamic situations and
it is also something that teachers define as being complex (Carlson, 2002; Carlson,
Jacobs, Coe, Larsen, & Hsu, 2002; Carlson, Larsen & Lesh, 2003; Zeytun,
Cetinkaya, & Erbasg, 2010). One aspect to consider is that co-variational reasoning
is strongly related to the development of kinaesthetic images of problem situations,
a fact that reflects the importance of building mental images of motion, engaging
with metaphorical thinking, physical enactment and bodily references. This seems
to be of importance in youngsters’ identification of the relevant variables and in
their sense-making of the effect of changing one variable over another one. We also
began a discussion about visualisation insofar as this capacity is closely associated
with the construction of effective representations to express the coordination of two
variables changing in tandem. In fact, some studies have shown that youngsters
have a great capacity to invent their own ways of representing and translating motion
situations into visual forms of representation.

The aim of our analysis was to understand the conceptual models and types of
mathematical representations that youngsters used to solve and express a motion
problem and how their models were related to the digital tools to which they
resorted. The motion problem was launched early in the SUB14 competition,
being the first of the problems proposed in the 2011-2012 edition. Given the large
volume of answers received from all participants involved in the competition, we
chose to focus only on the answers received from the participants attending 8th
grade. First, an analysis of how the problem was solved by a group of experts
(mathematicians) was undertaken. Next, a categorisation of the solution strategies
used by the experts was developed. Finally, the categorisation was used to sort and
classify the 8th graders’ solutions. In examining the youngsters’ solutions we
aimed at identifying the youngsters’ prevalent conceptual models and at relating
them with the technological tools they employed in their solving and expressing
of co-variation.

We found that the dominant conceptual model in the resolutions of youngsters
(that we called model 2) may be described as “the developing journey”, which
means looking into the future and reconstructing the motion step by step as time
goes on. In contrast, experts have tended to use model 1 that can be described as
“the completed journey” wherein one imagines the journey already completed and
looks back seeking to determine the elapsed time.

Within model 2, the forms of representation that were identified in youngsters’
answers to the problems were tabular representations, diagrammatic representations,
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verbal representations and pictorial representations, with the verbal representations
being the most frequent. The third more often used representation form was the dia-
grammatic one, with a percentage very close to the amount of tabular representa-
tions. It represents a strong contrast with the rare presence of diagrams in the experts’
solutions, and it showed how youngsters sought to show information visually organ-
ised and denoting the idea of a temporal sequence of the relative positions of the two
moving bodies. The fourth type of representation was one that was not revealed at all
in the experts’ solutions, and it refers to pictorial displays of movement involving
pictures, the use of colours and captions in a way that aims to capture the dynamic
characteristic of the situation thus providing a quasi-dynamical expression of the
solution to the problem.

Using technology as opposed to formal algebraic language for solving and
expressing co-variational reasoning was clearly the option of the large majority of
youngsters and proved very effective in youngsters’ approaches. The type of repre-
sentations used by the youngsters highlight the visual aspect as inherent and funda-
mental in the problem-solving process (quite noticeable in schematic approaches
where the reconstruction of the motion is performed). The schematic/diagrammatic
representations and the pictorial/figurative ones are static representations but allow
depicting a dynamic situation, thus revealing the youngsters’ capability to coordi-
nate the co-variation of time and space. These seem to be indicators of a special kind
of visuality, consistent with the multimedia language of everyday digital technolo-
gies that youngsters apparently are comfortable with and accustomed to use. This
digital visuality is a very clear attribute of the pictorial/figurative representations
observed in a number of solutions. In any case, throughout the several categories of
representations pertaining to model 2, it is possible to envisage how, in the case of
solving a motion problem, young participants in the competition were performing
as humans-with-media. Our results indicate that youngsters lay hold of the tools that
are more easily available to them, which in many cases simply means the use of a
word processor or of the e-mail window. There were also many participants who
proved to be fluent in the construction and formatting of tables or in presenting data
in tabular form with common tools. Finally, the nature of many graphical represen-
tations reveals a digital enactment of co-variation as if the situation were being
described by way of frames. This kind of visual, graphical and pictorial expression
was supported by the efficient use of multimedia documents created from word
processors, PowerPoint slides and other software that allows editing of drawing
objects.

In the following final sections of this chapter, we outline a global view of the
results of the project, seeking to highlight the most relevant conclusions from
the broader perspective on the experiences reported by youngsters and teachers
in solving problems with technology over the competitions, to the tighter focus
on the approaches generated by participants in certain mathematical problems
with digital technologies (GeoGebra, Excel and also multipurpose digital tools).
We then look to the implications of the findings and suggestions for further
research.
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8.7 Discussion of the Findings

In our Problem@Web project, our aim was to produce a global picture of the young
participants in the mathematical competitions SUB12 and SUB14 regarding their
knowledge and reported usage of technologies as a background to investigating
what they were capable of achieving when using digital technologies in problem-
solving and in expressing their solutions mathematically. Notwithstanding the
many reports already published around the world on the digital literacy of twenty-
first-century youngsters (including Biagi & Loi, 2013; Fraillon, Ainley, Schulz,
Friedman, & Gebhardt, 2014; Kadijevich, 2015), it seems that an accurate percep-
tion of this digital generation is still not fully achieved. In particular, there seems to
be indicators that these youngsters surrounded by digital technologies reveal some
weak skills in using technology as a means for learning, tending to be more resource-
ful in uses related to social communication and retrieving online content for fun and
recreation.

Our data showed to some extent that this is also the reality of the youngsters we
have questioned. They have domain over a set of general-use digital tools, but it
appears that they are less aware of the digital resources with a stronger association
with mathematical knowledge and procedures. Meanwhile, we also realised that the
young participants in these competitions discovered many of the capabilities of their
computers by getting involved in solving problems and seeking expeditious, appro-
priate and productive ways of expressing their mathematical thinking. In fact,
although their technological skills were mostly directed to other activities, they
were able to harness them for the production of their problem resolutions and were
simultaneously developing and improving their capacity to create and use several
mathematical representations (pictorial, schematic, tabular, textual and so on).

The large number of problem resolutions that we analysed over the Problem@
Web project became therefore a clear revelation and provided evidence of what
youngsters can do in their own time and with their spontaneous choices of digital
tools. An important aspect we want to highlight is the distinction between these
digital productions and those that are more common in the mathematics classroom
using paper and pencil. In many cases, these digital productions reflect a strong
interaction between the tool and the way the youngster approached the problem to
arrive at the solution and communicate it to the organising team. In addition to
depicting the result of this interaction as a digital-mathematical discourse, we were
also able to explain it as a result of the co-action between the tool and the solver
(Hegedus, Donald, & Moreno-Armella, 2007), thereby illustrating this reciprocity
as an instance of the humans-with-media unity (Borba & Villarreal, 2005). This
interconnectedness between the technology and the mathematics involved in a prob-
lem leads to jointly developed technological skills and mathematical skills, result-
ing in the capacity of mathematical problem-solving with technology, as we depict
in Fig. 8.9.

The in-depth analysis we have performed with three very different kinds of
problems —invariance, quantity variation and co-variation—has allowed us to
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Fig. 8.9 Mathematical problem-solving with technology as an output of the joint development of
technological skills and mathematical skills

understand more clearly what is at stake in solving mathematical problems with
technology. We found that there is a strong cohesion between the conceptual
models that youngsters develop to find the solution of a problem and the affor-
dances they perceive in the tools they have chosen in each case.

Different uses of GeoGebra showed different ways of thinking and expressing
mathematical ideas on the invariance of the area of a triangle; also different uses of
Excel have provided different models that led to the solution of problems with an
unknown under various restrictions; finally, the resolution of a motion problem
demonstrated the effectiveness of the use of several multipurpose digital tools to
express a predominant conceptual model of time and displacement changing in
tandem.

The results of our analyses also show the centrality of the representational power
of digital technologies that youngsters clearly dominate and exploit. The represen-
tational expressivity emerges from the productions of the youngsters when we iden-
tify the concomitant and inextricable processes of solving and expressing in
mathematical problem-solving (rather than looking at those as isolated processes).
The solving and expressing in youngsters’ productions is therefore largely associ-
ated with their spontaneous uses of technologies and became a distinguishing qual-
ity of many of the creative solutions they have presented.

One of the aspects seen as crucial by the teachers we interviewed was the nature
of the problems posed in the competitions. The greatest significance that teachers
assigned to these competitions was due to the proposed challenges. For teachers,
these are real problems that deviate from those that usually appear in textbooks.
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They find them suitable for their students; they feel the willingness to solve and
discuss the problems with their colleagues and see them as a useful resource for
their teaching practice. The teachers that we interviewed considered the problems
appropriate to the diversity of students in the classroom, which is an idea that cor-
roborates our claims that the proposed challenges are moderate, and these competi-
tions are inclusive. Note that this view of the teachers is in line with the diversity of
students participating in the competitions in terms of school performance, as con-
firmed by the results of the questionnaire that we have reported. This is an added
value of these competitions compared to the most exclusive ones intended for the
gifted students.

We know however that the involvement of teachers varied from case to case and
from school to school. We have identified and interviewed teachers with high
involvement, who have accompanied their students from the Qualifying phase to the
Final that revealed their ways of working on the problems either in mathematics
classes or in other moments, such as supervised study classes. Noteworthy is the
way in which they provide support to the students, by permanently encouraging
them to arrive themselves to the solution.

The different degrees of involvement that we identified in teachers do not dimin-
ish the role of the teachers as fundamental to the dissemination of these competi-
tions among their students (Fig. 8.10). The vast majority of the mathematics teachers
collaborated in the announcement of the competitions by distributing flyers and
giving information in their classes. Others went further and gave timely assistance
when students requested it. Finally, there are those who actively engaged them-
selves and closely followed the competitions and took advantage of them for the
mathematics learning of their pupils; many of the schools in the region saw the

Closely
follow the
competitions;
support students
throughout the
competitions

Encourage students to

participate and give
support when requested

Dissemination in the classroom

Fig. 8.10 Teachers’ levels of involvement in the competitions
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SUB12 and SUB 14 competitions as curriculum enrichment projects and attested to
that in their annual activity plans.

Even in cases where teachers did not introduce technologies in their mathematics
teaching process but worked on the problems of the competition in the classroom
using other means, there was a positive and open attitude towards the use of technol-
ogy by the students in their problem-solving and expressing for the competitions.
Moreover, there were teachers who used the problems to teach mathematics to their
students by resorting to technological tools. In short, the involvement of teachers in
the competitions was a lever for a closer relationship between problem-solving and
the use of technology.

8.8 Implications and Suggestions for Further Research

The research carried out during our Problem@Web project clearly shows that
today’s youngsters are able to put together into action their technological and math-
ematical skills when they have the opportunity and the freedom to decide on the
digital tools to use and how to make them work productively. Yet our project shows
above all that we are not that well-informed about how this happens. We know that
the most appropriate way to promote the development of technological and mathe-
matical skills is to work towards an articulated and comprehensive knowledge on
the use of digital tools for mathematical purposes. However, the use of technology
for the learning of mathematics in today’s schools still means the overcoming of
many barriers.

What we have seen in our results is that youngsters do use several digital tools
they have access to for addressing and expressing their solutions to non-routine
mathematics problems. Moreover, when we look closely at the way they do this, we
realise that they are able to develop this articulated knowledge and discover the suit-
ability of the tools to their ways of thinking mathematically. We have put the empha-
sis on these different and relevant ways of thinking by focusing on the analysis of
their problem-driven conceptual models. From this point, we may need to start
thinking about technology problem-driven conceptual models to the extent that
technology is an integral part of the approach to a problem and that the technology
representational expressivity increases the possibilities to think, communicate and
represent in mathematics.

In the digital era, we cannot conceive problem-solving as indifferent to the use
of the technological tools we have at our disposal. Today, in any profession and
in any activity, we use technology to solve the problems of everyday life. The
learning of mathematics and, in particular, problem-solving cannot turn off the
digital tools. The results we have obtained reinforce and corroborate the numer-
ous recommendations for the use of technology in mathematics learning. Yet our
results also give some clues as to what we can do. We can start by thinking about
broadening the notion of problem-solving and its role and place in the learning of
mathematics.
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It is worth mentioning the challenge that teachers face in trying to provide real
and stimulating problems that are accessible to the diversity of the students in the
classroom. The problems from the SUB12 and SUB14 competitions were seen by
the teachers we questioned as distinct from the content-reinforcement problems
such as those more commonly presented in textbooks. Indeed, these teachers recog-
nised the need for this more creative, non-routine, open to connections and chal-
lenging form of problem-solving. Our findings reinforce the need to truly implement
the kind of problem-solving in school that requires individuals to be able to mobil-
ise their mathematical knowledge and technological knowledge, not as separate or
compartmentalised but as united. Support for this sort of development can be found
in the findings of a recent business survey by the Economist Intelligence Unit
(2015), which had problem-solving as the top skill that companies said that their
employees needed, with this need expected to grow in importance over the coming
years, and also in the recent announcement from the OECD’s Programme for
International Student Assessment (PISA) that problem-solving is now a PISA
assessment domain (OECD, 2013).

It seems important that the school system acknowledges the increasing number
of available activities taking place beyond the school as partnership opportunities
and a means of curriculum enrichment activities for students. Teachers have shown
they are willing to, and manage to, turn those proposals into good resources for their
mathematics classes, particularly by turning ideas into challenging and suitable
tasks for their students. Therefore, it is important to think of ways of improving and
encouraging collaboration with teachers by consulting and involving them.
Activities such as the SUB12 and SUB 14 mathematical problem-solving competi-
tions are cherished and supported because of the contribution they offer to schools
and to parents and their youngsters. At the same time, research should look into
these beyond-school resources and lead the way in helping teachers develop strate-
gies to make bridges between beyond-school environments and the classroom. This
implies, for example, a rethinking of the ways to disseminate and recommend
problem-solving with the use of technology to teachers and schools.

Another aspect that we should ponder is related to the need to create places or
periods in schools when students can freely try solving problems with technology
without the limitations of time. Problem-solving is the kind of activity that requires
experimentation, exploration, investigation, trial, reflection and discussion, some-
thing not always fully considered in the school curriculum. School priorities can all
too often be overly concerned with time-limited tasks, with the consequence that
there is limited possibility to do things differently and to be creative and innovative.
The formation and nurturing of mathematics clubs or other additional activities (as
in the case of supervised study lessons) where students have the opportunity to par-
ticipate in projects such as inclusive mathematical competitions of a similar nature
to SUB12 and SUB14 are thus possible recommendations.

Notwithstanding the strong and consistent research field on mathematical
problem-solving built during the latter part of twentieth century, which helped us
dive into this new context of problem-solving, the research on problem-solving is
today facing new challenges with the use of digital tools. We can say that the new
digital context considerably changes the problem-solving process as we have
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highlighted in this book. In connection to mathematical thinking with technol-
ogy, there are new representational forms supported by technological tools, and
there is a new digital-mathematical discourse and a mathematical creativity that
must be studied.

The conceptualisation of new frameworks to describe and characterise problem-
solving with technology seems to deserve greater attention from researchers. A par-
ticular question is whether “understand, plan, implement and verify” fit well to the
processes that young people perform when they solve problems with the digital
tools that they pick.

The research carried out in the Problem@Web project has succeeded in observ-
ing and examining the use of digital tools in the classroom for solving some of the
problems of the competitions. It even managed to enter the home environment of
some of the participants and their families. Yet the study of this complex activity —
solving and expressing the solution of a non-routine problem —needs new empirical
contexts. Some of the ways to continue forward is to think of conducting focused
observations of students in a laboratory environment or widening the scope to vir-
tual interactions between researchers, teachers and the students while they solve
problems with digital tools. Beyond that, we are quite aware that from the theoreti-
cal and analytical points of view, there is a large horizon to explore in searching for
ways to integrate the social and emotional aspects involved in problem-solving
(Carreira, Amado, Jones, & Jacinto, 2014). This is a huge challenge that further
research may also consider.

The milieu of the SUB12 and SUB14 online problem-solving competitions is a
very rich and broad one, in its multiple facets and variety of undergoing motiva-
tions, relationships, social groups and perspectives. Searching and inquiring the
views of parents and other groups such as policy-makers or educational sponsors
will certainly be important. It is also essential to know more about the contribution
of mathematical competitions and other similar undertakings to the learning of
mathematics. Some evidence of the contribution to mathematics learning from
beyond-school activities is provided by Barbeau and Taylor (2009) and more
recently by the project reported by Sullenger and Turner (2015). A key issue for
further research is how these mathematical activities beyond the school, which wel-
come and favour technology usage, can be harnessed and help to promote the suc-
cess of youngsters in mathematics in our digital era.
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Afterword

In 2013 I had the opportunity of reading the colourful and vivid booklet entitled Um
olhar sobre uma competicao matemdtica na web: Os SUBs (A look over a mathe-
matical competition in the web: The SUBs), written by the organising team of the
Portuguese regional competitions called SUB12 and SUB 14 (Carreira et al., 2012).
This was my first contact with these particular competitions. Written in a friendly
and deeply sensitive way, this publication showed how the environment of these
competitions could be considered as a rich landscape for researching about mathe-
matical problem-solving, taking into account many questions, perspectives and
actors. In this context, the Problem@Web research project emerged and it was
developed alongside the competitions.

In 2014 I had a second opportunity to know more details about the Problem @
Web project when I attended the Problem@Web International Conference held at
Vilamoura between 2nd and 4th of May (Carreira, Amado, Jones, & Jacinto, 2014).
On this occasion three strands were proposed as main themes for the conference;
technology, creativity and affect in mathematical problem-solving. Rich data
extracted from the SUB12 and SUB14 competitions concerning each one of these
strands were presented during the conference, among them are amazing solutions
and beautiful explanations of the youngsters, emotive words from their parents and
reflexive involvement of the students’ mathematics teachers.

Finally, I had a third chance to know more about the Problem@Web project,
namely, an invitation to write the afterword for this book.

The authors declare that their purpose is “...to provide a contribution to
understanding the future of education through analysing the way that the digital
generation tackles mathematical problems with the technologies of their choice at
the time of their choice” (p. 2). In particular, they analyse and discuss the ways the
youngsters use different digital technologies to solve and to express the solutions of
some mathematical problems. The examples included in the book address the stated
purpose, allowing the reader to imagine school scenarios in which collectives of
students with technologies solve problems and express their thinking.
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The authors declare a theoretical stance that coherently intertwines different
resonant perspectives related to (a) problem-solving as “a concurrent process of
mathematization and of expressing mathematical thinking” (p. 107), (b) multiple
external representations as ways of supporting learning and providing strategies for
solving problems and (c) the symbiotic relation between humans and digital tools,
considering the notions of humans with media and co-action with digital tools.
Theoretical considerations about the role of representations and technologies during
problem-solving and expressing activities provide a solid framework to analyse
students’ solutions and thinking.

The authors selected different mathematical problems that address three major
concepts identified as invariance, quantity variation and co-variation, respectively,
emphasising geometrical thinking, algebraic thinking and co-variational reasoning.
The students’ solutions for these problems were analysed using the theoretical
framework, and this allowed the authors to characterise the conceptual models
developed by the students, to see the ways in which the uses of digital technologies
were related to those models, to know how the affordances of a technological tool
influence the problem-solving process and to see the representations designed and
the strategies produced by collectives of students with media while solving and
expressing mathematical problems.

During the reading of these pages, I paused and spent time solving some of the
problems presented in the book, I also discovered new ways of thinking about other
problems and once more I verified the amazing things youngsters are able to do if
we let them make their own mathematical decisions and choose different digital
media to solve and express their solutions.

As I said above, I had three opportunities of approaching the SUB12 and SUB 14
competitions and the Problem@Web project. Based on my different experiences
during these three opportunities, I emphasise some special features of the competi-
tions and summarise some aspects of the research project in order to raise some
special keywords that, in my opinion, represent the spirit of the competitions and
the project, aside of the obvious keywords: problem-solving and digital technolo-
gies. Such singular keywords are inclusiveness, supportiveness, mathematical
communication, freedom and inspiration, and 1 think they should be seriously
considered in any mathematics learning environment.

* The SUB12 and SUB14 competitions started in 2005 and invited fifth to eighth
grade students (10—14-year-old students) from the southern regions of Portugal to
participate in solving a set of mathematical word problems and sending their solu-
tions through the Internet. During the first online phase, the students solved one
problem every 15 days, over a period of 6 months. At the end of this first phase,
there was a final on-site individual competitive phase that takes place at the
Universidade do Algarve (Portugal). These competitions have special features
that, from my point of view, make them distinctive from other mathematical com-
petitions, and I would like to highlight some of them: (1) they are online competi-
tions, which means that students from different places can participate without
attending a predetermined institution to get and solve the problems; (2) the stu-
dents can work in groups, which means that the competitions admit collaboration
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among pairs; (3) the students have enough time to solve the problems, which
means that they are not pressed to give quick answers; (4) the students receive
friendly feedback, suggestions or recommendations from the organisers if the
answer is not correct, which means that the students can rethink their answers and
learn from their mistakes; and (5) the students can freely select the digital media
to solve the problems and present their solutions, which means that the students
have the opportunity of using the technological devices at their disposal. All these
features are evidence of a deep concern with inclusiveness and supportiveness in
mathematics education and show the educational positions of the teachers and
researchers involved in the organising team of the competitions. These are the first
two keywords that I associate with the SUB12 and SUB14 competitions.

* The online environment of the SUBs competitions implies that the students had to
send their answers through the Internet, and this fact opens a scenario that invites
new digital media to help the youngsters, not only to send the solutions but also to
solve, express and write their solutions. The students were always told: Do not for-
get to explain your problem-solving process. This request allowed the organisers of
the competitions to understand the students’ solutions. At the same time, it allowed
students to reflect about their solutions and make the effort of writing an explana-
tion of their procedures and strategies to someone who was not directly observing
their solving process. From my point of view, this is an excellent exercise of math-
ematical communication which is not always common in a mathematics classroom
and which is a natural request in this online environment. In this way, the develop-
ment of written mathematical communication skills was an essential feature of the
competitions, and so for me, mathematical communication is another keyword in
the context of the competitions. All the students’ written explanations of their prob-
lem-solving processes are a very rich database for the researchers and teachers and
allow them to become aware of the youngsters’ mathematical potentialities.

* The youngsters participating in SUB12 and SUBI14 were instigated and
challenged by the problems, and they tried to solve them in many creative ways
using technologies. From my perspective, the results presented in the book give
clues about the necessity of creating a learning environment inside the mathe-
matics classrooms to include all students in problem-solving activities in col-
laboration with their colleagues, having enough time to think and choosing the
technologies they would like to use. What this book shows is that the students
will always surprise us if we give them freedom to make decisions. The more
freedom they have, the more creative they become. So, for me, freedom is another
keyword that I associate with the environment of the competitions.

* The teachers interviewed in this study recognised that the problems posed in the
competitions were suitable for all students and useful as pedagogical resources.
They also considered that the problems were challenging and different from the
well-known applied problems proposed in the school, in which the students
know in advance the mathematical topic to be used in order to solve them.
So, I think that this book is also an inspiring source for teachers to create new
learning scenarios in their classes so that students can work with the special type
of freedom enjoyed by the competition participants. In this way, I think that
inspiration is another keyword that I associate with the Problem @ Web project.
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I am sure that this book can inspire mathematics teachers and researchers to
think about ways of creating inclusive, supportive and free learning environments in
school contexts, in which the students can develop and promote mathematical com-
munication skills while solving problems and expressing their thinking with differ-
ent digital technologies.

To finish this afterword, I would like to make some brief considerations related
to possible future research issues.

The delightful and amazing students’ mathematical productions analysed in the
book made me think about new research questions in the context of the SUB12 and
SUB14 competitions or in any context in which students solve problems and also
have access to digital technologies. Why do the students decide to choose certain
software to solve a given problem? What are the characteristics of those problems
that the students prefer to solve using digital tools?

The book also offers evidence about how the use of digital tools allows
youngsters to solve problems before having the specific mathematical knowledge
that the teachers think they need to solve such problems. This characteristic of digi-
tal environments offers the possibility of thinking about a curricular reorganisation
at schools. New problems, such as those coming from SUB12 and SUB14, could be
proposed at schools if digital technologies were understood as a tool to mathematically
think with. Which are the necessary conditions at schools to incorporate, in the daily
school activities, problems such as those proposed at the SUBs competitions?

Regarding the organisation of the competitions, I wonder: what would happen if the
students were allowed to use digital technologies at the final phase of the competitions?

Finally, I propose to look the other way around and ask: which problems would
the youngsters pose if they knew they could use digital resources to solve them?
Problem posing within digital environments inside or outside the school context
seems to be a challenging landscape to research.

Reading the book and writing this afterword was a pleasant experience for me,
considering experience in the sense of the Spanish author Jorge Larrosa (2003): “a
journey in which the starting point was ordinary, familiar, and well-known for me,
but when I left it, I arrived to a strange and unknown place that surprised me and
from which I came back, transformed, to my original place”.

Mbénica E. Villarreal

Coérdoba, June 2015
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