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Series Preface

The major goal of earthquake engineering is to limit seismic-induced structural damages at reason-
able cost. To achieve this goal, one of the most effective approaches to reduce structural response
is to utilize supplemental dampers, provided such a damping system is properly designed. In this
sense, understanding structural damping is critically important for successful seismic design. This
book Structural Damping: Applications in Seismic Response Modification is a valuable addition to
the Advances in Earthquake Engineering Series for it serves the goal of optimal response control.
The book was written under the direction of Dr. George C. Lee, SUNY distinguished professor,
who had served as chair of the Department of Civil Engineering, dean of the School of Engineering
and Applied Science, and director of the Multidisciplinary Center for Earthquake Engineering
Research. He and his coauthors have integrated the essential materials developed by his research
team in the past 20 years. The key features of this book may be briefly summarized as follows:

1. The book provides an integrated systematic presentation of the dynamic response of struc-
tures with nonproportional or nonlinear damping, as well as with overdamped vibration
modes. This theoretical base is important for understanding the dynamic behavior of
structures with large damping, prior to the development of aseismic design using damping
devices.

2. This volume is a pioneering work to provide comprehensive design principles of structural
damping, including design procedures and guidelines for aseismic design of structures
with enhanced damping.

3. Based on a comprehensive formulation, limitations of current design practice for large
damping are clearly illustrated, and improvements to handle enhanced damping are given.

4. This volume offers a discussion of the safety issues of structures with enhanced damping,
based on theoretical formulation and practical design consideration.

This book is useful not only in the practicing engineering community but also to researchers and
educators, because numerous research and development challenges remain to be pursued.

XV






Preface

Today, earthquake engineering research is devoting a major effort toward establishing seismic per-
formance requirements associated with large inelastic deformations of the structure. At the same
time, structural response modification systems (certainly, passive energy dissipation and seismic
isolation systems) have been widely used. It is reasonable to expect that the next research emphasis
in performance-based engineering is to integrate both frontiers for more optimal seismic perfor-
mance of structures. As far as safety, performance, and cost for both components of inelastic defor-
mation and structural response control are concerned, structural damping is a core knowledge area.
In this book, recent advances in structural damping are presented and their applications to the design
of passive structural response modification devices are given to complement the current supplemen-
tal damping design practice for high-level damping. Integration with seismic performance require-
ment is not addressed in this book.

Aseismic design using supplemental dampers has steadily gained popularity in the earthquake
engineering profession over the past several decades. Many practical applications of various damp-
ers can be found worldwide and, in the United States, damper design has been included in building
codes. To date, damping design is primarily based on the concepts of the energy equation, effective
proportional damping, and simplified linear single-degree-of-freedom (SDOF) response spectrum.
These concepts, along with their associated underlying assumptions, support the idea that installing
supplemental dampers in structures will dissipate energy. Nonlinear damping is presented by an
effective damping ratio through linearization schemes, and the damping coefficients of structures
are assumed to be classic damping matrices in order to establish a procedure for damping design.
In addition, it is assumed that statistical procedures that use earthquake records can be carried out
through proportional scaling of their amplitudes.

These assumptions have enabled us to develop a design procedure for supplemental dampers.
However, it is not well understood that some of these assumptions work well only when the amount
of damping in structures is within a specific low level. The first main objective of this book is to
provide a theoretical foundation on the role of damping in the dynamic response of structures, espe-
cially when the level of damping is high or when nonlinearities become important design issues.
The second main objective is to provide response spectra—based design principles and guidelines
for practical applications of damping devices to reduce earthquake-induced structural vibration.

Generally speaking, structural responses under seismic excitations are dynamic processes. There
are three resisting force components to counter the earthquake load, one of which is the damping
force. While damping technology has been developed and advanced in a range of mechanical and
aerospace engineering applications over many years, it has become a popular approach in structural
engineering only in the later part of the twentieth century.

While the development and application of energy dissipation devices in structural engineer-
ing continue to expand, there are a number of fundamental issues related to the dynamic behavior
of structures with supplemental damping as a system that require further study. Limitations and
impacts of using energy dissipation devices need to be clarified and established. This book intends
to fill the knowledge gap by helping earthquake engineers to better understand the dynamic behav-
ior of structures and to more effectively use the design codes for dampers.

The key elements in this book are summarized as follows.

A straightforward concept often advocated in damping design is that “more energy dissipated
by the added dampers will result in less vibration energy remaining in the structure, and thus
the structural response is reduced.” This is not always true. A higher level of damping may not
effectively reduce the responses of a given structure. In some cases, high-level damping may even
magnify the responses, because the level of structural response depends not only on local energy
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dissipation, but also on energy input and its redistribution. Thus, minimizing the conservative
energy of the vibrating system in structures with supplemental damping is a more appropriate
general guiding principle.

Several other basic issues in structural damping are carefully reviewed. These include the maxi-
mum energy dissipation principle under preset damping force and allowed structural displacement;
the damping adaptability of devices that can operate in a large dynamic range of earthquake loads;
the viscoelastic behavior of any damping elements that take the supporting stiffness as well as
installation practice into consideration; nonproportional damping that needs to be minimized as
much as possible in design practice; the limitation of using damping force that provides a practical
engineering limit beyond which adding more damping provides diminishing gains; and the problem
of damping and stiffness nonlinearity that cannot be accurately approximated by today’s design
approaches. In addition, a design principle based on energy distribution is discussed, which may be
useful for generally damped multi-degree-of-freedom (MDOF) systems.

The characteristics of nonlinear damping and nonlinear structures are complex issues to address
in damping design. In this book, nonlinearity is considered in three cases. The first case involves a
linear structure with small nonlinear damping, the second case is for a linear structure with larger
nonlinear damping, and the third case applies when both the structure and the damping are non-
linear. In the first case, because the damping force is rather small, almost any type of linearization
can be used without causing any significant design discrepancies. In the second case, care must be
taken to choose proper linearization; employing nonlinear design spectra can often be a reasonable
approach. In the third case, linearization methods, though adopted by many building codes, can pro-
vide highly inaccurate results. Methods such as the equal displacement approach (using R-factors),
equal energy approach, and pushover approach all have their limitations. Since the nonlinear design
spectra approach requires too many response spectra, not only for specific damping and stiffness,
but also for specific levels of ground excitations, it is not useful in practice. Thus, nonlinear time his-
tory analysis must be used. This latter method, though always workable for the first two cases, can
yield an unacceptable computation burden, making it unattractive for use in day-to-day practical
damping design. For this reason, time history analysis is not emphasized in all discussions.

Two types of design approaches are provided in this book. The first is the design response
spectra approach. Specifically, the design is modified by a simplified factor, the damping ratios
of the first several vibration modes of the structure. For readers familiar with the design response
spectra method for an SDOF linear system, this approach provides a good design when damping is
small and for structural responses in elastic ranges. The modified approach addresses cases where
damping is large and nonlinear. Examples of how to modify the response spectra design are also
provided.

The second type of damper design is based on time history analysis, for which several issues are
important. These issues include how to select and scale earthquake records to be consistent with the
response spectra, accuracy of modeling of dampers as well as the structure—damper system both as
elastic and inelastic systems, and interpretation of response time histories and peak values.

There are many issues related to the role of large damping in the design of earthquake protective
systems. Some involve fundamental theories, while others focus on practical details, such as device
installations. Inthis book, focusis first given to the fundamental issues. Detailed technical descriptions
and step-by-step design procedures are developed based on the basic principles. These fundamental
issues are limited to areas within the scope of structural dynamics principles, although attention is also
given to related topics of damper selection, damper specifications, and damper installation.

The arrangement of this book is as follows. Part I provides a foundation for generally damped
MDOF systems by emphasizing damping force, energy dissipation, and structural impedances,
which are important in structural dynamics and damping control. In Chapter 1, the necessary back-
ground of linear SDOF systems, including the concepts of natural frequency and damping ratio, is
introduced. Free and forced harmonic vibrations are discussed, and the concepts of damping force
and energy dissipation are systemically explained. The effect of damping on free and harmonic
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vibration is reviewed. Effective damping, as systemically described by Timoshenko, is the funda-
mental formula in currently used damper design. This concept is analyzed and an alternative force-
based approach for linearization of damping is also provided.

In Chapter 2, arbitrary excitations for SDOF systems, including periodic, transient, and random
excitations, are considered and the earthquake responses of structures are examined. Parallel with
the description of these three types of arbitrary excitations and the corresponding responses of
SDOF systems, mathematical tools are introduced. In particular, Fourier series and Fourier/Laplace
transforms, which are basic approaches to represent vibration signals, are reviewed. The integral
transforms allow a different idea to be considered; that is, the view in the frequency domain is seen
as a modal vibration model, whereas the direct response of the system provides the response model
in the time domain. Furthermore, to account for random vibrations, the concepts of correlation
analysis and spectral analysis are introduced. These necessary mathematical tools are used in the
rest of the book. In the last section of this chapter, earthquake response is discussed with a primary
focus on the response spectrum. Again, the effect of damping is emphasized.

In Chapter 3, linear MDOF systems with proportional damping are introduced. First, the
undamped system is examined and the fundamental approach of eigen-decomposition is consid-
ered. The concept of the Rayleigh quotient is introduced as the foundation of modal analysis. Then,
proportional damping is discussed, followed by modal analysis and system decoupling. For practi-
cal applications, modal participation, modal truncation, and modal parameter estimation, as well as
several forms of proportional damping matrices, are presented.

Nonproportionally damped and overdamped systems are discussed in Chapter 4. Although most
structures are more or less generally damped, only the equations that are needed for practical use
are presented. Theoretical developments on generally damped MDOF systems are not covered here
in significant depth, but are available elsewhere (e.g., Liang et al. 2007). Instead, explanations for
engineering application of the theoretical principles and design examples are provided.

Part II introduces some design principles and guidelines for damping control. The focus is on
using damping force more accurately and effectively in the design of structures with supplemental
damping. In Chapter 5, the basic principles of damper design and damping devices are given. The
first group of principles are associated with various dampers. These include generic modeling of
damping force for dampers and damping parameters of structures with added dampers; conven-
tionally used Timoshenko effective damping ratio based on energy and an alternative approach for
the effective damping ratio based on damping force; maximum energy dissipation per device per
cycle, which leads to the rectangular law that provides a method for optimal damping design and
the upper limit of damping vibration control; damping adaptability, which provides another basic
rule for damper selection; damping ratio affected by the physical parameters of the total system
and the effectiveness of the structural parameters in affecting the damping ratio; similarity and
difference of response spectrum and dynamic stiffness, which provide an alternative rule other
than response spectrum as a design criteria; and the relationship between damping and stiffness,
which is an often overlooked issue in practical damper design.

Chapter 6 is a continuation of the discussion on design principles, but the focus is on the nonlin-
earity and damping irregularity of the total system of structures with supplemental damping. The
pros and cons of currently used simplified damper design procedures are presented and discussed.
In the simplified design procedure, the designers do not have to obtain the exact mode shapes for
modes higher than the fundamental one, nor do they have to calculate the exact first mode shape.
However, for systems with larger damping, special considerations must be given. These consider-
ations result in modifications to the currently used simplified approach based on the design spectra
approach. These suggested modifications are presented in the NEHRP (2009) provisions and are
discussed in Part III.

In general, Part III provides more detailed design procedures based on the classification of spe-
cific damping devices. In this book, dampers are classified based on their linearity and rate depen-
dency to facilitate the subsequent development of design guidelines in a logical manner, rather than



XX Preface

on their displacement dependency and velocity dependency. Chapter 7 deals with linear damping
and linearized nonlinear damping. When the supplemental damping is not sufficiently large, this
approach can greatly reduce the computational burden, yet provide reasonable accuracy. The sim-
plified design approach of current codes is introduced. While the design logic is virtually identical
among these codes, some improvements are suggested to enhance the design procedure. The first
part of Chapter 7 presents an approach for using SDOF systems, which is directly related to the
design spectrum. This serves as the basis for the entire simplified design process, as well as provides
an initial estimation of whether supplemental damping should be used. The multiple-story-single-
period (MSSP) structures and multiple modes are then introduced as the main platform for develop-
ing design guidelines. Chapter 7 also presents more general linear damping.

When the added damping is sufficiently large, to avoid the errors introduced by the linearization
process, nonlinear damping needs to be considered. This is examined in Chapter 8. One typical
nonlinear response is the parallelogram-form force—displacement relationship, referred to as the
bilinear damper. To estimate the structural responses, specific bilinear response spectra are used.
To further obtain the response vectors of nonlinear MDOF systems, separation of the displacement
and acceleration is performed and the combination of the first several effective “modes” is rendered.
In Chapter 8, another important type of damper, the sublinear damper, is discussed and expressed
by the sublinear response spectra. Unlike bilinear damping, in which all the effective “modes” of
interest can be treated as bilinear, sublinear damping rarely contributes accurate information for
higher “modes.” Therefore, an alternative approach of an equivalent linear MDOF system, which
likely will be generally damped, is used. Detailed design steps on mode shape normalization, gen-
eral damping indices, and response computation, as well as selecting damper specifications, are
discussed. For sublinear systems, an iterative design procedure for a nonlinearly damped structure is
also suggested. This includes the identification of the model, initial design, and response estimation.
Note that the spectra-based estimation proposed in this chapter provides simplified calculations with
considerably less computational burden. It should be used together with time history analysis for
design safety, efficiency of damper use, and cost-effective optimizations.

The materials covered in Part III are incomplete. Much remain to be fully developed. Because
most design professionals are familiar with the current design codes (e.g., NEHRP 2009), an
approach that follows the NEHRP provisions with added “notations” and “recommendations” is
followed in presenting the materials in Chapters 7 and 8. It is hoped that this information will be
useful as a supplement to the existing NEHRP provisions. It is obvious that many research and
development challenges remain to be faced by the earthquake engineering research community and
codification professional groups. This book will hopefully also help clarify some of these future
research needs.

The materials presented in this book were gradually developed by the authors during the past
20 years in conjunction with their research activities sponsored by the National Science Foundation
and the Federal Highway Administration through the National Center for Earthquake Engineering
Research and subsequently, the Multidisciplinary Center for Earthquake Engineering Research.
The authors would like to acknowledge these funding agencies for the opportunity to work on struc-
tural damping—related subjects, and the Samuel P. Capen Endowment fund of the University at
Buffalo, State University of New York, for partial financial support. They would like to express their
appreciation to professors Joseph Penzein of the University at California, Berkeley, and Masanobu
Shinozuka of the University of California, Irvine, for helpful technical discussions and to many of
their colleagues at the University at Buffalo, in particular, professors Michael Constantinou, Andre
Filiatrault, Andrei Reinhorn, T. T. Soong, and Andrew Whittaker, for their inspiring discussions and
pioneering research efforts in damping design and related areas that greatly benefited this writing
effort. In addition, the authors are indebted to the following individuals for their invaluable assis-
tance in technical editing and formatting of the manuscript: Jane Stoyle Welch, Shuchuan Zhang,
Nasi Zhang, Yihui Zhou, Hao Xue, Dezhang Sun, and Chao Huang. Last but not the least, the authors
express their sincere appreciation and affection to their wives, Yiwei, Grace, Andrea, and Li, for
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their patience, encouragement, and love, as the authors devoted countless evenings and weekends
while this book was being written.
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Part |

Vibration Systems

In Part I, the fundamental concepts for modeling of structures under dynamic excitation are
presented. Structural systems represented by linear single- or multiple-degree of freedom models,
under both free and forced vibrations, are considered. The corresponding eigen-problem is examined
in some detail for both the proportional and nonproportional damping cases.

Part I only presents necessary theories and formulae for damper design. In order to systemati-
cally explain the basic concept of structural dynamics, especially for multi-degree-of-freedom sys-
tem with large damping, the materials discussed are arranged to follow self-complete logics, in both
mathematics and vibration theories.






’I Free and Harmonic
Vibration of Single-Degree-
of-Freedom Systems

The major focus of this book is on the theory, principles, and procedures for the design of earthquake
response modification technologies or earthquake protective systems. In particular, special empha-
sis is placed on the application of various damping devices in the seismic vibration control of civil
engineering structures.

In this chapter, several fundamental concepts and governing equations of single-degree-of-
freedom (SDOF) systems are reviewed, which serve as basic knowledge for advanced damping
concepts and structural dynamics in general. While the presentation is intended to be reasonably
self-contained, some detailed derivations and explanations, which can be found in standard structural
dynamics reference books, are not included (Inman 2007; Chopra 2006; Clouph and Penzien 1993).

1.1 MODEL OF LINEAR SDOF VIBRATION SYSTEMS

1.1.1 EqQuaTtioN oF MoTION AND BAsic DYNAMIC PARAMETERS

When a structure or a system is subjected to dynamic load, that is, subjected to time-varying load, it
will have time-varying responses. The amplitudes of the responses not only will depend on external
excitations, but will also be a function of the system itself. This system has three types of internal
forces: the inertial force, the damping force, and the restoring force, which may be conceptually
explained by a linear single mass-damper-spring (m-c-k) system displayed in Figure 1.1a or a one-
story building model shown in Figure 1.1b. Generally, such a system, which contains only one
mass and therefore has only one displacement variable, is known as an SDOF system. This simple
dynamical system is the focus of this chapter.

1.1.1.1  Equilibrium of Vibration Forces

The linear SDOF m-c-k system can be further modeled as shown in Figure 1.1c. By using the
D’Alembert principle, the summation of all the forces acting on the mass must be balanced, where
the product of mass m and acceleration X is treated as an inertial force. That is, mathematically, the
linear SDOF vibration can be described by the equation of motion obtained through balancing the
various forces, that is

mX (t)+cx (t) +kx (t) = (1) (L.1)

in which, m, c, and k are mass, linear viscous damping coefficient, and stiffness, respectively. It is
assumed that all three are constants in Equation 1.1, and that in Figure 1.1b the parameters ¢ and k
represent the damping coefficient and stiffness of the structure respectively. Meanwhile, X(t), X(t),
and x(t) are the acceleration, velocity, and displacement, respectively. The superposed dots, (.) and
(+), stand for the first and second derivatives respectively with respect to time t. On the right side,
f(t) represents the external forcing function. In earthquake engineering, x(t) denotes the relative
displacement between the mass and the ground. Since the acceleration, velocity, displacement, and

3
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FIGURE 1.1 (a—c) SDOF vibration system.

forcing function are all temporal variables, the symbol (t) is used here. In the following text, for
simplicity, the symbol (t) may be omitted at times. Note that Equation 1.2 is a linear, second-order
ordinary differential equation with constant coefficients.

In Equation 1.1, the left side consists of three internal forces, which must balance the external
force f. The sum can be called the fotal internal force, f,, that is,

fi = mx (t)+cx (t) + kx(t) (1.2)
Several other groupings of the vibrational forces are also of interest. For example, the combina-

tion of forces other than those associated with the external excitation and the force generated by
acceleration can be called the structural force, fg. Thus,

fs = ci((t)+kx(t) (1.3)
Similarly, the inertia force is given by, (m > 0)
£ (t) = mx(t) (1.4)

In the context of earthquake engineering, f;(t) is the inertia force generated by the ground excita-
tion. The damping force can also be written in the form of linear viscous damping as (c = 0)

£y (t) = cx(t) (1.5)
Furthermore, the linear spring or restoring force may be given as (k > 0)
f(t)=kx(t) (1.6)

Comparing Equations 1.5 and 1.6 with Equation 1.3, it is seen that the structural force is a com-
bination of the damping and restoring forces. The stiffness and damping of the structural members,
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along with any added dampers, contribute to this structural force. In a later section, it will be seen
that the structural force is used to resist the earthquake load generated by the absolute inertia force,
an important concept in the design of dampers.

1.1.1.2 Basic Parameters of the Physical Model
Since m # 0, the monic and homogeneous form of Equation 1.1 can be written as

R(0+ S 5(0+x(1)=0 (17)

Since both m and k are positive, the ratio of k to m can be denoted by a positive term ®2,

S = (1.8)
m

The term 2&w, is used to denote twice the ratio ¢/m. Thus,

‘£ _ 28w, (1.9
m
or
¢ =2&m,m (1.10)
along with
k =m;m (L.11)

Here & is the damping ratio and ®, is the angular natural frequency of the system described in
Equation 1.7. From the relationships above,
o, = [k (1.12)
m

C C

&= 2+/mk - 20,m

and

(1.13)

The nature of the m-c-k system can be studied without considering the external force, and the
m-c-k model is often referred to as the physical model.

In addition to the angular natural frequency ®,, the natural frequency £, is also often used to indi-
cate how many cycles the system vibrates per each unit of time, usually measured in seconds. Thus,

f=—o, 1.14
P (1.14)

In many cases, for convenience, as ®, and f, are so closely related, they are only distinguished as
described in Equation 1.14. They are both defined as the natural frequency. Note, however, that the
unit of ®, is radian per second (rad/s) and that of f, is 1/second (1/s) or hertz (Hz). The reciprocal of
f, has unit seconds (s) and is defined as the natural period, that is,
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T, = I/f, (1.15)

For SDOF systems, it is seen that the basic parameters are the mass m, damping c, and stiffness
k coefficients.

Of course, the natural frequency is a very important parameter in describing an SDOF vibration
system. From Equations 1.8 through 1.12, it is further realized that the magnitude of the natural fre-
quency is solely determined by stiffness k, which is related to potential energy, and mass m, which
is related to kinetic energy, when the system vibrates. In other words, a system vibrates because the
exchange of potential and kinetic energies exists.

Example 1.1

Suppose a building can be modeled as an undamped SDOF system. When equipment weighing
100 (t) is moved into the building, the corresponding natural period is measured to be T, = 1.46
(s). When an additional 100 (t) of equipment is moved in, the natural period is increased further to
T,=1.50 (s). Determine the mass and the stiffness of the SDOF building system.

The mass and stiffness of the building are denoted as m and k, respectively. The first 100 (t)
mass is denoted as m;, and the total additional 200 (t) mass as m,. Also, the natural frequencies
of the building alone, the building with the first 100 (t) mass, and the building with the additional
100 (t) mass are denoted as ®,, ®,, and ®,, respectively. Then,

k

:0)1
m+m;
k
:([)2
m+m,

Thus,

k=(m+m,)o}
and
k=(m +m,)0}
Therefore, from the above two equations,
(m+m,)of =(m+m,)w;
or

_mef-m,w; mT-m,T? mT-m,T
m = 2 2 - -2 -2 - 2 2 =1,700 (t)
5 — 7 T T -1

Furthermore,

4n?
T?

k:(m +m1)0)f:(m +m1)

=33343 (kN/m)
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Therefore, the natural frequency of the building alone is

k
=
m

W, 1 |k
=—=—}—=0.7 H
5 2t 2t \m ( z)

so that

Example 1.2

Suppose a base isolated building can be modeled as an underdamped SDOF system with
k=18,935 (kN/m) and m=2,000 (t). (In later sections, the concept of an underdamped system
and base isolation system will be explained in detail.) With the isolation bearings, the damping
ratio is measured as 13%. However, according to the design, a 30% damping ratio is needed.
Therefore, the design engineer decides to use a linear viscous damper to increase the damping
ratio. Calculate the required damping coefficient.

The original damping coefficient can be calculated as

Co=2x0.13/mk =1,600 (kv -sn)
The ratio of the original damping ratio &, to the required damping ratio édesign is
¥ =Eo/Eaesn = 0.13/03=043

Therefore, the required damping coefficient ¢ can be calculated as
c=c, (1—1} 1600x13077 =2,0933 (kN -sfn)
Y

1.1.1.3 Characteristic Equation and Modal Model
To seek possible solutions of the homogeneous differential equation, assume that

x(t) = AeM (1.16)
where A is a displacement amplitude. Then, substituting Equation 1.16 into Equation 1.7, it can be
determined whether a possible solution described by Equation 1.16 exists. The idea of using the

assumption such as described in Equation 1.16 is referred to as the semidefinite method. Here, A is a
complex number whose physical meaning is discussed later. With the help of Equation 1.16,

x(t)=2rAe™ and X(t)=2"Ae™ (1.17)
Substituting Equations 1.16 and 1.17, as well as Equations 1.8 and 1.9, into Equation 1.7 yields

(A +280,1+ ) )Ae™ =0 (1.18)

Since AeM does not equal zero, each side of Equation 1.18 is divided by this factor and results in

A +2bmA+o; =0 1.19)
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Equation 1.19 is referred to as the characteristic equation of the system. Solving Equation 1.19
for A gives:

A=—Lo, /82 -1 o, (1.20)

From Equation 1.20, it is seen that when the damping ratio & is smaller than 1, that is,

<1, (1.21)
Equation 1.20 can then be rewritten as
Mo =-Em,tjy1-E 0, (1.22)

where
j= \/_71 (1.23)

In Equation 1.22, A, and A, are complex conjugates. Both A, and A, belong to two distinct vibra-
tion modes, which implies the aforementioned energy exchange. In fact, the energy exchange occurs
between the potential and the kinetic energies. Once again, a vibration system does not exist without
the energy exchange. Furthermore, the energy exchange is described if and only if the inequality
shown in Equation 1.21 holds. In this case, the system is underdamped. In engineering practice,
underdamped systems are more common. In fact, & can be much smaller than 1. In that case, no
matter what type of damping forces (e.g., viscous, viscoelastic, hysteretic, quadratic) actually exist,
the response x will not be greatly influenced by the same “effective” damping ratio (see Section 1.3).
The assumption of viscous damping can provide fairly accurate results of responses. The approach
of using linear equations should be, from a mathematical standpoint, the most convenient. This will
be examined in more detail in Chapter 5, where specificities about the various damping devices are
first presented.

From the above discussion, it is seen that the damping ratio and natural frequency are param-
eters of the system itself, which will not be affected by external conditions. They are referred
to as the basic dynamic parameters or eigen-parameters of the system; therefore, the term A
is called the eigenvalue. Figure 1.2 depicts the eigenvalues for the undamped case in the com-
plex plane. Furthermore, the model described by Equation 1.19 is referred to as the modal model
because it can be described by the complex conjugate modes determined by parameters & and ,.
Additionally, & and ®,, the damping ratio and the natural frequency, are referred to as the modal
parameters.

Note that there are three basic parameters of the physical model for the SDOF system, whereas
for the modal model there are only two.

When the dynamic behavior of linear multi-degree-of-freedom systems is studied, a complete
set of modes or a modal model can be used to represent the entire system. This is discussed in
Chapters 2 and 3. Here, for the SDOF system, there is only one mode for consideration in engineer-
ing practice. Complex conjugates modes do not need to be distinguished in particular and are usu-
ally referred to as a single identical mode.

On the other hand, when

E=1, (1.24)
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FIGURE 1.2 Eigenvalues of an underdamped system.
Equation 1.20 can be rewritten as
>\.]YZ = —&(Dn (125)

Thus, the characteristic equation has two identical real-valued solutions, and the corresponding

system is said to be critically damped. From Equation 1.13, it is known that when = 1, ¢ = 2+/km.
To denote the critically damped case, this particular damping coefficient is shown with subscript
“Cr” as

o = 24/km (1.26)

With this notation, the damping ratio for a general system with damping coefficient ¢ can be rewrit-
ten as

C

= ==
2vkm ¢y

(1.27)

Thus, the damping ratio is formally referred to as the critical damping ratio in many references.
In addition, from Equation 1.27, it is seen that the damping ratio denotes the ratio of the damping
coefficient ¢ and twice the geometric mean of the mass m and the stiffness k, namely, 2\/5 .
Lastly, when

E>1, (1.28)

Equation 1.20 can be rewritten as

Ma=—E0, +4JE -1 0, (1.29)
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Thus, the characteristic equation has two distinct real-valued solutions, and the corresponding
system is said to be overdamped.

Notice that in both the critically damped and the overdamped cases, complex-valued eigenvalues
no longer exist. The systems are reduced to two first-order real-valued pseudo modes, and there will
be no energy exchange between the two modes. In other words, both types of systems are no longer
vibration systems. Although in these two cases, the mass can still be made to oscillate from external
forces, these systems will no longer be able to oscillate in free vibration.

Example 1.3

Suppose a characteristic equation is given by
mA*+ch+k=0

Find the quantities of A4, and A, + A,, where A, and A, are the solutions of the above equation.
From the general properties of the quadratic equation, it is known that

>\41>\42 = E
m
and

Mtdy=—"
m

The above expressions are always true regardless of whether the system is underdamped or
overdamped. However, if the system is underdamped, then

A = €, + §/1- &0,
Therefore,

My = AL =02 = &
m

where superscript * stands for the operation of taking the complex conjugate. In this case, it is
easily seen that

X o
m
Furthermore,
Mt d; = =8, + (L0, )= —2£0,
Thus,
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or

. 28m,
m

1.1.2 HOMOGENEOUS SoLUTION, FREE-DECAY VIBRATION, AND THE RESPONSE MODEL

The solutions of Equation 1.1 represent the vibration responses, which can be classified as: (1) the
transient response, including free-decay vibration and forced vibration excited by the transient forc-
ing function; (2) periodic vibration, the steady-state response due to periodic excitations; and (3)
random vibration, due to random excitations.

It is understandable that the system will not vibrate unless a certain external input is applied.
The input can be either the initial condition of velocity and/or displacement or the forcing func-
tions. Note that a forcing function can also cause a forced initial condition. If the input is the initial
conditions only, then free-decay vibrations will occur. That is, Equation 1.1 can have a free-decay
solution, if the system, e.g., the cart in Figure 1.1a, is excited by an initial force, or has an initial
velocity or displacement; and after the initial excitation, no external force is added to the system. In
this case, Equation 1.7 will be used. An SDOF vibration system with m =2, k = 100, and initial unit
velocity is used as an example. Suppose there are two cases of damping magnitude, the first with
a 5% damping ratio and the second with a 50% damping ratio. The responses of the two systems
are plotted in Figure 1.3. It is seen that the vibration levels continuously decrease in both cases.
However, the vibration with a larger damping ratio decays much faster.

Using the above mentioned semi-definite method, the free-decay displacement under certain
initial conditions is written as follows:

x(t) = Ae " sin(oyt + @) (1.30)
with the initial conditions
0)=d
x0)=d, (131)
x(0) = v,

Comparison between free-decay responses
0.2

E —5% damping free decay curve
E ==50% damping free decay curve
0.15 f---- (ot FE 5% damping free decay envelop curve

""" 50% damping free decay envelop curve

0.1 f----1 N

0.05 -~

Displacement (m)
o

—0.05 [---i-=- - N
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FIGURE 1.3 Free vibration with decay.
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Here, d, and v, are, respectively, the initial displacement and velocity, and

oy = J1-E0, (1.32)

is called the damped natural frequency, which is the imaginary part of the eigenvalue described in
Equation 1.22. In Equation 1.30, A and ¢ are, respectively, the amplitude and phase angle constants
and can be determined by the initial conditions given in Equation 1.31. That is,

A= (DL \/(vo +E0,dy)” +(0gdy )’ (1.33)
d
and
®.d
=tan'| —9% _ |+h, 1.34
(p an (VO + é(l)“do j ¢ ( )

Note that the period of the tangent function is 7, and the arctangent function has multiple val-
ues. However, the period of the sine and cosine functions is 2. Therefore, the Heaviside func-
tion, h,, cannot be arbitrarily chosen. Based on the fact that most computational programs, such
as MATLAB®, calculate the arctangent by limiting the values from —7/2 to + /2, h,, is defined as

0. vo+Ew.dy >0
h(p:{ Vo +End, (1.35)

1, Vo + &(l)ndo <0

As shown in Figure 1.4, the phase angle ¢ can have four cases, namely, the combination of w,d,,
and v, + &w,d, to be positive and negative numbers. Despite the values of ®,d,, it is seen from
Figure 1.4 and Equation 1.35 that the sign of v, + Eo,d, determines the choice of h,,.

From Equation 1.30, it is seen that the vibration will have an envelope of Ae ™9 As time goes
on, the level of the free vibration will decrease. The rate of the decay per cycle depends on the value

Im
7z g > N
7 Y
7/ \
/ \
(l)ddo >0 , [0 \
1 \
| (PZ \
T T Re
\ 1
\ 1
wady <0y /
\ /
N 7/
Ay 7
N .
~ -
Vo +&wpdy<0|vy+Em,dy>0

FIGURE 1.4 Phase angle ¢.

* The mathematical software package MATLAB is often referenced throughout this book. The reader is encouraged to
become familiar with this useful tool, which is used in many of the exercises.
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of the damping ratio. In Figure 1.3, it is seen that the responses of the systems with a 5% damping
ratio and with a 50% damping have corresponding envelopes.

In addition, when the damping ratio is larger, the first peak value is smaller. Furthermore, the
peak value appears earlier and the corresponding damped frequency is smaller.

Taking the time derivative of the displacement in Equation 1.30, the velocity becomes

x(t) = Aw,e cos((ont+(p+9) (1.36)

where

-
0=ta [ﬁ} (1.37)

Comparing Equation 1.30 and Equation 1.36, it is seen that the time variables are sine and cosine
functions. The two functions, sin(®yt + ¢) and cos(®yt + ¢ + 0), are trigonometric functions with a
phase difference of 90° + 6.

In many civil engineering structures, the damping ratio is a rather small number, therefore,

O~tan'(E) =& (1.38)

Furthermore, the velocity and displacement will have a phase shift 0 close to 90°. That is, since
the damping ratio is a small number, in the case of free-decay vibration, the velocity and the dis-
placement will have a nearly 90° phase difference, and the smaller the damping is, the closer to 90°
the phase difference will be. Note that the above discussion is only for linear systems. This conclu-
sion can be visualized by using the examples of free vibration decay shown in Figure 1.5. In Figure
1.5a, the damping ratio is taken to be 0.01 and in Figure 1.5b, the damping ratio is 0.3. Under initial
conditions of d, = 0.1 (m) and v, = 0 (m/s), the velocity (shown in broken lines) of the system with a
lower damping ratio is close to 90° ahead of the corresponding displacement (shown in solid lines).
Meanwhile, for the more heavily damped system, velocity noticeably leads displacement by <90°.

Example 1.4

Suppose the free-decay peak responses of an SDOF system measured at the second cycle and the
tenth cycle are, respectively, 20 and 0.1 (mm), whereas the damped natural frequency is 1 (Hz).
Find the damping ratio.

Denote the peak response at the second cycle and the tenth cycle to be x, and x,,, respectively.
Also, denote the corresponding time points to be t, and t,,. From Equation 1.30,

X, = Ag ot sin(0gz +9) =20 (mm)
and
Xi0 = A€ =" sin (4o + @) = 0.1 (mm)
Thus, the ratio of x, to X, is further taken to be

Xz/xlo — eﬁwn(tm*tz) =200
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Free-decay response (damping ratio = 0.01)
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FIGURE 1.5 Free-decay velocities and displacements (a) £=0.01 and (b) £=0.30.
Therefore
(x,/%10) = E0n (0 — &) = 1n(200) = 5 298
Hence,

]n(xz/xm) _ 5298
On(to—t) On(to—1t)

£ =

Note that from t, to t,,, there are eight complete cycles, with each cycle occupying the duration
of one period 2n/my. Therefore,
_2n(10-2)  16m

mn(tm_ﬁ)— \/1_&‘2 = \/1_&'2

The damping ratio is calculated to be 10.5%.
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Example 1.5

Consider two cases of an SDOF system with different initial conditions. The first case has a zero
initial velocity (v, =0), while in the second case, zero displacement (d, = 0) is imposed. Find the
relationship between the damping ratio and amplitude A as well as the peak values of the cor-
responding displacements for these two cases.

The first case when the initial displacement is d, is examined. From Equation 1.33,

A= (,Tld\/("o +E0,0) +(0d)” = ﬁéz ) [H g;J ®

Therefore, the amplitude of displacement A is approximately proportional to the term 1 + £%/2.
In other words, the larger the damping ratio, the larger the resulting amplitude A is in this case,
despite the common sense notion that larger damping will always result in decreased response
amplitude.

Note, however, that a larger amplitude A does not mean that the response will have a larger
value, since the free-decay response due to initial displacement only will never be larger than the
initial displacement. This can be proven by taking the derivative of the displacement described in
Equation 1.38 while assigning v, =0 and solving for time t. In fact, the left side of Equation 1.36
can be zero to locate the extreme value; that is,

Awe " cos(w,t+@+0) =0

or cos(m,t + @ + 6) =0, which gives ot + ¢ + 8 =1/2. However, with v, =0,

(P+9:’anl[vlgg“z]+13nl[\/f?]=ﬂ/2

Therefore, t must be zero in order to obtain the extreme value, which is understood to be the
peak value of the displacement, denoted by x,,... Additionally, when t=0, the displacement is
nothing but the initial displacement d,. That is,

Xmax:do

In other words, with zero initial velocity, the peak value of the displacement is always the initial
displacement, independent of the value of the damping ratio. However, the damping ratio affects
the amplitude A, and larger damping yields larger amplitude.

The second case, when the initial velocity v, is nonzero, is examined next. From Equation 1.33,

L : 2_[vol_ ¥l
A=— +&m,dy ) + dy) =—=—F—7——
04 (Vo E_,(D 0) ((Dd 0) 0q — {;Z(Dn

and from Equations 1.34 and 1.35 with positive v,
¢=0
Thus, from Equation 1.30, the displacement is given by

x(9= ;—Ze‘é"’“tsin(wd
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To find the peak value of the displacement, the derivative of the above equation is taken and

Lx(9] = Y [(~€ wa)e ™ sin(@at) + & 5wy cos(@at)] = 0

(OF]

From which,

sin(0ag _ W

cos(o)df)

This equation yields time t when the displacement reaches peak value, which is

and with a small damping ratio the corresponding peak value of the displacement, x.,.,, is

Hnax =

&e—gwn(ﬂ/wd)tanfl(@/g)) S]l’l[wd 1 mn—ll_{:'zJ

(QF

(OF] £

v AN pe{hgk) —
o Tt Vi-¢
_ Vo e‘((é/ g Jen (o) = Yo e

W, ®n

From the above equation, the peak displacement of the SDOF system with initial velocity only
is approximately inversely proportional to its natural frequency ®, and directly proportional to the
amplitude of the initial velocity and the term e-%". That is, the larger the damping of the system,
the smaller the peak response.

1.1.3 Forcep ViBrRATION WITH HARMONIC EXCITATION

When the external input to the system continues to be applied, the system will vibrate in a forced
vibration mode. The case when the linear system defined by Equation 1.1 is excited with harmonic
forcing functions is discussed in the following subsections.

1.1.3.1 Steady-State Response
First, the steady-state response is considered, namely, when a harmonic forcing function is applied
with sufficiently long duration. Letting f = f;sin(®;t), where f, and ®, are, respectively, the ampli-

tude and the driving frequency of the forcing function; the steady-state solution x,, is given by

Xps = X sin((x)ft + ¢) (1.39)
Thus, the velocity is

Xps = O¢Xg Cos((oft + ¢) (1.40)
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and the acceleration is
e 2 .
Xps = —O7 X sin (ot +0) (1.41)
Substituting Equations 1.39 through 1.41 into Equation 1.1 with f = f;sin(w,t) yields
2 . . .
—ofmx, sin (@t + 0)+ @zcx, cos (ot + ¢) + kx, sin (ot + ¢) = £, sin (;t)
Dividing both sides of the above equation by m results in
—m7X, sin ((oft + (])) +2Em;m, X, oS (mft + (])) + w?x, sin ((oft + (])) = fy/msin ((th)
Furthermore,

fy/m-sin (mft)

[sin (ot+¢— q))] Xo = \/

(0} - o )2 +(280,0)°

Since sin(oyt) cannot always be zero, the amplitude x,, for Equation 1.39 is derived as

fo/m
\/(mﬁ -} )2 + (2&(0,,@)2

Xo =

(1.42)

Meanwhile, the angle ¢ stands for the phase difference between the excitation force and the
response displacement, which can be written as

4| 2&m,w
o= tan ‘[w%_w;}hq,n, O, # O (1.43)
-1/2, o, = O

Mathematically, the expression of angle ¢, as described in the second line of Equation 1.43, does
not have to be written. However, for practical computations, when ®, = ®;, the term in the bracket
will have a denominator of zero, which is often not allowed in practical computational programs. In
addition, the arctangent function has multiple values, whereas most computational programs only
provide the solution in one or two quadrants. (For example, MATLAB provides the solution in the
first and the fourth quadrants.) Therefore, a Heaviside function, hq,, is used to handle this situation,
which is defined as follows:

h¢=

{0, ®, < Of (144

-1, o, > o

In the next subsection, the amplitude x, and the phase ¢ are studied as functions of the frequency
and damping ratio. Here, from the time history of the steady-state solution, the velocity is found
to always be 90° ahead of the displacement. Accordingly, in the case of the steady-state harmonic
response, the damping force will also be 90° ahead of the restoring force.
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1.1.3.2 Method of Complex Response for Steady-State Displacement
The system mX + ¢ x + kx may be subjected to the aforementioned excitation f = f;sin(®t). It may
also have another harmonic excitation, f = f,cos(®t). In the latter case,

Xps = Xg cos(u)ft + ¢)

It is easy to see that the amplitude x, and the phase ¢ in the above equation can also be expressed
by Equations 1.42 and 1.43, respectively, similar to the case of f = f,sin(®t).

Since the vibration system is linear, when a forcing function is written as a complex combination
of

f = £, cos @yt )+ jf, sin (yt) = fre’™" (1.45)
the response can be written as

Xps = X COS (wft + d)) + jXo sin((x)ft + ¢) = x0T = xel%e/ = x e’ (1.46)

Here, x,, is the complex-valued amplitude of x,,,

Xp0 = Xo€”
namely,
[Xp0] = Xo (1.47)
and
Z(xp0)=0 (1.48)

In Equation 1.47, the symbol |)| stands for the absolute value of the complex variable (-). In
Equation 1.48, the symbol Z() stands for the angle of the complex variable (-). It can be shown
that the amplitude x, and the phase angle ¢ can also be represented by Equations 1.42 and 1.43,
respectively.

Figure 1.6 shows the relationship between the real and the imaginary parts of the forcing
functions and the responses. The forcing function, f(t), can be represented by a rotating vec-
tor with amplitude f, and angular speed m;, whose projection on the real axis, marked “Re,” is
fycosmt, and on the imaginary axis, marked “Im,” is mf,sinm;t. At any time t, the angle mt,
being the product of the driving frequency ®, and time t, can be seen as a special angle, as
shown in Figure 1.6.

Furthermore, the restoring force kx(t) can also be represented by a vector, with amplitude kx, and
phase angle ¢ compared to force f(t). The restoring force also has the identical angular speed . It is
seen that it has the projection kx,cos(®;t + ¢) on the Re axis, as shown in Figure 1.6. Its projection
on the Im axis must be kx,sin(mgt + ¢), which is not shown.

Similarly, the damping force cx(t) can also be represented as the third vector with amplitude
cmx, and phase angle /2 compared to the force kx(t). The damping force also has the identical
angular speed ;. It is seen that it has the projection cmgx,cos(®,t + ¢) on the Re axis, also shown in
Figure 1.6. Its projection on the Im axis is cox,sin(®;t + ¢), which is not shown.
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FIGURE 1.6 Vector quadrilaterals at time t.

The inertia force mX(t) can be represented as a fourth vector with amplitude —mm?x, and phase
angle /2 compared to damping cx(t). The inertia force also has the identical angular speed mjt. It
is seen that it has the projection —mw?}x,cos(®;t + ¢) on the Re axis, again shown in Figure 1.6. Its
projection on the Im axis is —m?x,sin(w;t + ¢), which is not shown.

Figure 1.6 shows that once the position of the vector that represents the forcing function is deter-
mined, the vector quadrilateral is determined for a specific m-c-k system. This means that both
the amplitudes and the phase differences for the restoring force, the damping force, and the inertia
force are determined. Determination of the amplitudes can be obtained through x,, in Equation 1.42.
Determination of the phase angles can be obtained through ¢ in Equation 1.43.

These parameters can also be obtained by plotting the vector quadrilateral, such as that shown in
Figure 1.6, which is then referred to as the geometric method for the steady-state responses.

When Equations 1.42 and 1.43 are derived, the responses either on the Im axis or on the Re
axis are used. Figure 1.6 shows that once the position of the vectors of the forces is determined,
so are their projections. Namely, on the Re axis, the cosine functions, and on the Im axis, the sine
functions, are established. On the other hand, once the cosine functions on the Re axis are known,
together with the angle w;t and the phase difference ¢, the force vectors and the sine functions can
be known on the Im axis and vice versa. These facts imply that the cosine functions or the sine func-
tions or their complex-valued combinations can all be used to represent the steady-state solutions. In
other words, once one set of functions (cosine, sine, or complex) is determined, so are the other two
sets of functions. Thus, these three sets of representations are uniquely related.

In many cases, response calculations using complex functions can be simpler. Whenever the real-
valued formulas are needed, either the real or the imaginary part of the complex functions can be
taken without loss of information, since the real and imaginary portions are uniquely related. This
is referred to as the method of complex response.

1.1.3.3 Response of Harmonic Excitation with Zero Initial Condition
In the literature, when the initial conditions are zero, namely

mX +cX +kx =1 cos((x)ft)
x(0)=0 (1.49)
x(0)=0
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the response caused by the forcing function f,sinw;t only is called the particular solution of
Equation 1.49, which will not only have the steady-state solution described by Equation 1.40a, but
will also have a transient solution X, that is,

x(t) = Xp (t)+xps (t) (1.50)

For Equation 1.49, the transient solution x,(t) can be written as

Xpe (1) = Ae ™" sin (wyt + D) (1.51)
where
2 . 2
—XpCosp _ XO\/((Dd cos¢) + (?’;0),, cosh — s1n¢) 0% /2
A= sin® (O] (1.52)
_ Xo®r o=-m/2
(QF]
and the phase @ is
®=tan™ 4 €059 oot (1.53)
Ew, cosh— g sind 2 2
In Equation 1.50, the steady-sate solution x,, (t) can be written as
Xps(t) = Xo cos(w¢t + 0) (1.54)

For Equations 1.53 and 1.54, the amplitude x, and angle ¢ are defined, respectively, in
Equations 1.42 and 1.43. The total particular solution x,(t) can be written as

%, (£) = xp0 () + x5 (t) = %o [_scionsie&m“l sin(@qt + @) + cos(ayt + ¢)} (1.55)

At the resonance point, when ®; = ®,, Equation 1.55 should be rewritten as
e—&wnt
t)= t)+x,(t)= —————sin( w4t )+ sin (w;t 1.56
xp (1) = Xp0 (6) 4305 (1) = %o Msm(d) sin(ot) (1.56)

In both cases, since the transient responses of x,(t) will soon fade out, the steady-state solution will
prevail so that the velocity will also lead displacement by a 90° phase difference, as mentioned before.

For the transient process, a special effect of damping is realized by examining the terms @, ¢,
and et in Equation 1.55.

It is seen that the steady-state response x,(t) is periodic. In fact, it is the simplest of periodic
responses. In the following, x(¢t) is studied in more detail.

First, consider the effect on the phase angles. If ®; < ®,, ® will have a positive sign. As o
increases from rather small values and approaches ®,, the angle ® gradually decreases from the
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FIGURE 1.7 Phase angle ® vs. frequency ratio.

value of ©/2. The smaller the damping ratio, the closer the original limited value 7/2. In addition,
the larger the damping ratio, the slower the rate of decrease. On the other hand, with a smaller
damping ratio, the rate of decrease becomes faster. These phenomena can be shown by using an
example, where the natural frequency is set to be 3 (Hz). In Figure 1.7, the values of the phase angle
@ are plotted vs. the frequency ratio of ®/®,, where three curves are shown, corresponding to the
damping ratios of 0.01, 0.1, and 0.7, respectively.

The value of ¢ will decrease from zero when the frequency ratio is increased. The rate of the
increase is also affected by the value of the damping ratio. In Figure 1.8, the values of the phase
angle ¢ are plotted vs. the frequency ratio of ®/®,. Again, three curves are shown, corresponding
to the damping ratios of 0.01, 0.1, and 0.7, respectively.

Next, the effect of the damping ratio on the phase angle is considered. In Figure 1.9a, the
values of the phase angle @ are plotted vs. the damping ratio of &. In Figure 1.9b, the values of
the phase angle @ are plotted vs. the damping ratio of &. In each figure, four curves are shown,
corresponding to the frequency ratios r = o/m, of 1/2, 1/1.5, 1.5, and 2, respectively. From these
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FIGURE 1.8 Phase angle ¢ vs. frequency ratio.
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FIGURE 1.9 Phase angle vs. damping ratio (a) ® and (b) ¢.

plots, it is seen that when the damping ratio increases, the phase angles will change their values
accordingly.

When the damping ratio is small, the phase angle @ is close to =m/2. When the damping ratio
becomes larger to near 1, the phase angle is close to zero. That is, the trends of changing angle ®
can be decreased or increased, depending on whether the frequency ratio is greater or smaller than
1. On the other hand, when the damping ratio is small, the phase angle ¢ is close to 0 or —t. When
the damping ratio becomes larger, the phase angle ¢ approaches zero. That is, the trend of change of
the angle ¢ can also be decreased or increased, depending on whether the frequency ratio is smaller
or greater than 1. The variation trends of angles ® and ¢ are similar.

When the damping ratio is sufficiently small, at the resonance point when ®; = ®,, Equation 1.51
can be written as

X, (t) = Xp (t) + X (t) =X, (1 - e’i‘”“t)sin (mnt) (1.57)

Next, the transient response in the case where the driving frequency is close to the natural frequency
is considered. In Equation 1.57, the term (1 — e~ is found, which implies an increasing amplitude
with respect to time. In Figure 1.9, a system with a natural frequency of 3 (Hz) or 6x (rad/s) with excita-
tion frequency 3.03 (Hz) is used to show the transient responses (assume m = 1 and f, = 1 for simplicity).
Comparisons between the vibratory responses and the growing signal x,(I1 — ") are made in Figure
1.10. In Figure 1.10a, the damping ratio is taken to be 0.50 and in Figure 1.10b, the damping ratio is 0.05.

In these plots, the broken lines are the increasing amplitudes and the solid lines are the vibra-
tional responses. From Figure 1.10, the increasing signal can be approximately seen as an envelope
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FIGURE 1.10 Transient responses (a) E=0.50 and (b) £=0.05.

of the vibratory responses. And, when the damping ratio is smaller, the increasing signal is closer
to the envelope of the peak vibrations. However, when the damping is larger, at the beginning, there
can be a large difference. Next, it is observed that when the damping ratio is large, the vibration
reaches its steady state quicker than with smaller damping. A third observation is that large damp-
ing ensures a smaller vibration amplitude of the steady-state responses.

1.1.3.4 Responses with Nonzero Initial Conditions

Now, the harmonic excitation together with the nonzero initial conditions x(0) and x(0) is further
considered. That is,

mX + cx + kx =, cos(mft)
x(0)=d, (1.58)
X(O) = VO
The solution of Equation 1.58 can be written as

X (t) = e ot [A sin ((odt) + Bcos(o)dt)] + X, cos((oft + (1)) (1.59)
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Here, amplitude x, and angle ¢ are also defined, respectively, in Equations 1.42 and 1.43; addi-
tionally, in Equation 1.59,

_ Vo +&m,B+m;x,sin¢
(O]

A

(1.60)

and

B=d,—xycosd (1.61)

From Equation 1.59, the damping effect on the general harmonic response can be seen. First, the
effect on the steady-state portion of the response is the same as discussed before, which is further
explored in the next subsection.

Secondly, the transient part has the common term e %" which quickly reduces the displacement
caused by the initial condition. The larger the damping ratio of the system, the quicker the decay
occurs.

At the same time, this term will also affect the growth of the particular response until it
reaches steady state. Similarly, the larger the damping ratio of the system, the quicker its growth
will be.

Since the transient responses of e st [A sin(®yt) + B cos(mw,t)] decay quickly, the steady-state
solution prevails so that the velocity is 90° ahead of the displacement, as previously mentioned.

From the above discussion, the sine and cosine time variables of the displacement and velocity,
respectively, mean that during the vibration, the velocity and the displacement have a 90° phase
difference. That is, the velocity is 90° ahead of displacement. For a linear time-invariant system,
both the damping coefficient ¢ and spring coefficient k are constants. In Equation 1.5, the product of
the damping coefficient and velocity is the damping force. Also, from Equation 1.6, the product of
the spring coefficient and displacement is the restoring force. Therefore, the damping force and the
restoring force also have a 90° phase difference.

Under earthquake or other random excitations, the response of the system is also random.
However, for an SDOF system, the relationship described above can be approximately used.
Figure 1.11a shows certain structural steady-state responses for short time durations. This structure
has a damping ratio of 5% and is under sinusoidal excitation. Figure 1.11b shows the responses of
the same structure under Northridge earthquake excitations. The solid lines are velocities and the
broken lines are displacements. From these figures, it is seen that under random excitation, the
response is no longer pure sinusoidal signals. Therefore, the concept of phase cannot be used to
describe exactly the relationship between the velocity and the displacement. However, maximum
displacement always happens when velocity reaches zero; and, in most cases, maximum velocity
occurs when the displacement is close to zero. It is still seen that the velocities have a nearly 90°
phase ahead of the displacements.

1.1.4 GROUND EXCITATION

1.1.4.1 Governing Equation

Figure 1.1a shows a case that is subjected to an external force, and in the previous sections, the
response when the external force is harmonic was discussed. However, in Figure 1.1b, the SDOF
system is excited by ground accelerations, as opposed to an external force excitation. Now, only
harmonic ground excitation is considered. In fact, this case relates to earthquake excitations.

Denote the ground acceleration as X, , and the absolute acceleration of the mass shown in Figure
1.1b is written as
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