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Preface

The material in this monograph has sprung out of my own research and courses I
have given on the undergraduate and graduate levels at Linkdping University
during the last couple of decades.

The book is about dispersion interactions, also known as van der Waals and
Casimir interactions. Most scientists know at least a little about van der Waals
interactions but not so many have even heard of Casimir interactions. About seven
decades ago, the Casimir forces were predicted to exist but the large interest they
initially attracted faded away due to lack of reliable experimental verification. They
had a renaissance about two decades ago when experimental technique had
improved to such an extent that one could make quantitative comparison between
theory and experiment. The interest then virtually exploded and Casimir interac-
tions is now a research field of its own, across the globe. Both the van der Waals
and Casimir interactions are of electromagnetic origin; they are induced interac-
tions; one can say that they are siblings or two sides of the same coin, or limiting
results of the same phenomenon. These interactions are important in physics,
chemistry, biology, medicine, colloidal science, food industry, cosmetic industry,
paint industry, construction industry (concrete reinforcement), and mining industry
(gold enrichment using flotation); they are also important in, e.g., water purification
and water desalination, and even in cosmology (dark energy). Since these inter-
actions are active in so many different fields of science and technology, the for-
malism has developed in many parallel branches. This leads to a confusing diversity
in the notation and in whom to give credit for each step in the development.

I derive the interactions beginning with the forces between individual atoms or
molecules in gases and ending up with interactions in macroscopic structures. Force
between objects is just one manifestation of the interactions; surface tension, sur-
face energy, cohesion, adhesion, capillary forces, and binding of an object are other
effects. I have limited the material to planar, spherical, and circular cylindrical
structures. The formalism is based on electromagnetic normal modes. In this for-
malism, the van der Waals and Casimir forces originate in different types of modes:
van der Waals forces involve surface modes; Casimir forces involve vacuum
modes. The van der Waals interactions are obtained if one neglects retardation
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effects, i.e., effects of the finite speed of light. In doing so, the formalism becomes
much easier to handle. In the overwhelming majority of situations, one obtains
good enough results in this approximate treatment. This has motivated me to devote
one part of the book, Part II, to this approximate formalism, producing van der
Waals interactions. Another part, Part III, treats the full formalism producing dis-
persion interactions, where van der Waals and Casimir interactions are found as
different limiting cases. The intention is to have a self-contained book. Therefore, I
have included a part, Part I, containing material needed from electromagnetism,
complex analysis, statistical physics, and a chapter discussing the concept of normal
modes in general and of electromagnetic normal modes in particular. This part also
contains a chapter, Chap. 6, with a brief description of other approaches, not based
on the normal modes.

This book is aimed at M.Sc. and Ph.D. students, last year M.Sc. students,
Postdocs, teachers, and professional scientists. The book is suitable as the main text
of a course, complimentary to more general courses in electromagnetism, surface
physics, and condensed matter. Since the formalism is based on electromagnetic
normal modes and I show how these are obtained, the book is also useful for
scientists interested in the modes themselves, like those involved in plasmonics and
nanoantennas. It may also be useful for physicists wanting to broaden their fields in
the direction of biology and chemistry; this is in line with the general trend that the
scientific focus shifts away from physics toward these other disciplines and espe-
cially toward interdisciplinary work.

Linkdping, Sweden Bo E. Sernelius
May 2018
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Chapter 1 ®)
Introduction Check for

This book is about (electromagnetic) dispersion forces. These forces appear between
all objects in the universe. They are weak but may still be the dominating forces on the
micrometer and nanometer scales. They were first discovered empirically, for atoms
and molecules, by J. D. van der Waals [1] in the 1870s in his research on liquids
and gases. The origin of the forces was not understood until much later. F. London
[2], gave the explanation in terms of fluctuating dipoles in 1930, an explanation that
prevails today. The forces were named after van der Waals. The potential varies with
distance, r, as r° and the attractive force as . The idea of intermolecular forces
was not new and the correct distance dependence was predicted already by T. Young
[3]in 1805; the correct origin of the interactions was proposed by P. N. Lebedev [4] in
a speculative manner in 1894, inspired by the work by H. Hertz [5]. Generalization
of these forces are acting between larger objects of mesoscopic and macroscopic
size. Here, they are caused by fluctuations in the charge- and current-densities in the
objects. The force depends on the shape and material of the objects. If the objects
are submerged in a fluid the force can even be repulsive [6—8]. Even with vacuum
in between the objects the force can in principle be repulsive for metamaterials of
chiral type but the initial suggestions that the sign of the force in vacuum could be
altered by metamaterials turned out to be unrealistic [9].

Two decades later than the date of London’s explanation one realized that the
forces drop off faster with distance beyond some separation value, characteristic of
each system. This realization had its origin in the Netherlands in the 1940s where
J. T. G. Overbeek performed experiments on suspensions of quartz powder. In order
for the theory, that he and E. J. W. Verwey had developed for the stability of colloids,
to work the long range forces had to fall off faster than as »~’. He gave the problem
to his students H. B. G. Casimir and D. Polder and they explained [10] it, for a pair
of atoms, to be an effect of the finite speed of light.

Casimir was intrigued by the effect and wanted to explore it further by studying
the most simple of systems. In 1948 he made a gedanken experiment [11] where he
studied two ideal (totally reflecting) metal plates in vacuum. He found there is an
attractive force between them. This force is called Casimir force. For real metal plates

© Springer Nature Switzerland AG 2018 1
B. E. Sernelius, Fundamentals of van der Waals and Casimir Interactions,

Springer Series on Atomic, Optical, and Plasma Physics 102,
https://doi.org/10.1007/978-3-319-99831-2_1
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2 1 Introduction

Fig. 1.1 Schematic

. . o Casimir
illustration of the variation of T

the force between two asymptote

objects with separation, d,
on a log-log plot. This is the
typical behavior for most van der Waals

systems at in.termediate and range van der Waals
large separations. For very asymptote
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this same force is found for large separations, beyond the characteristic separation
value where retardation effects are in effect.

For a general system we call the interaction Casimir interaction at separations
large enough for retardation effects to be in place; for shorter distances we call it
van der Waals interaction.! When we refer to the interaction covering both the van
der Waals and Casimir regions we refer to dispersion interactions. For atoms the
interaction in the whole range with van der Waals and Casimir regions is called
Casimir-Polder interaction.

When temperature is increased from zero, effects are noted first at very large
separations; the interaction is enhanced. When the temperature is further enhanced the
separation above which temperature effects are seen moves toward lower and lower
values. The typical variation? of the force between two objects with separation, d, in
alog-log plot is shown schematically in Fig. 1.1; in the Casimir gedanken experiment
there is no van der Waals range; in the non-retarded treatment there is no Casimir
range.

This was a very brief historical background of dispersion interactions. We refer
the reader to review articles [12—16] and books [17-26] for a fuller presentation.

The present text is divided into three parts: background material, Part I, the non-
retarded formalism, Part II, and the fully retarded formalism, Part III.

I"This notation is not universal. Some call the Casimir interaction retarded van der Waals interaction
and some call the van der Waals interaction non-retarded Casimir interaction.

2There are rare exceptions to this behavior. In the case of two pristine graphene sheets the van der
Waals and Casimir asymptotes have the same slope.
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Part I contains background material, material included to make the book as self-
contained as possible. It includes some electromagnetism, some complex analysis,
and some statistical physics. It furthermore contains a brief description of alternative
methods to find the interactions. It ends with a chapter on normal modes in general and
the electromagnetic normal modes in particular. It consists of six chapters, Chaps.
2-7. Chapter 2 treats electromagnetism and defines our electromagnetic notation
and unit system; Chap. 3 is devoted to complex analysis and introduces the concept
of analytic functions, discusses contour integration in the complex plane, the argu-
ment principle and its extensions, and the analytic properties of response functions;
Chap. 4 presents a brief discussion of the various thermodynamic potentials that
may be defined in a system of equilibrium, and gives the distribution functions for
massive and massless particles; Chap. 5 introduces the concept of normal modes in
general and of electromagnetic normal modes in particular, demonstrates how the
modes lead to interactions, discusses modes of different types, and ends with the
example of a system consisting of two half spaces separated by a gap; Chap. 6 is a
compilation of alternative methods to attain the dispersion forces, ranging from the
summation of pair interactions, especially useful in diluted systems, to the proximity
force approximation that comes very handy at small distances between the objects,
where other methods run into trouble; Chap. 7 does not really belong to the back-
ground material but it had to be placed here since it is the foundation on which the
material in both Part IT and Part III are built. This very short chapter sets the notation
and gives a detailed prescription for how the normal modes can be found in a large
number of layered structures. In the following parts this method is applied to three
important examples, viz., planar, spherical, and circular-cylindrical layered systems.

Part II is devoted to the non-retarded formalism. This approximate formalism is
much easier to use than the fully retarded formalism. In the majority of situations the
non-retarded formalism produces good enough results. Part I contains four chapters,
Chaps. 8-11.In Chap. 8 the equations of state for ideal and non-ideal gases are derived
since this is where the interaction was discovered in the first place, followed by the
derivation of the van der Waals interaction between two polarizable atoms. This last
derivation is done in line with the general methods of Chap. 5 using both (5.57)
and (5.59), with the same result. Numerical results are presented for some alkali-
metal dimers. Chapters 9, 10, and 11 are devoted to planar, spherical, and cylindrical
structures, respectively. Each chapter begins with an adaptation of Chap. 7 to the
specific geometry in neglect of retardation. Then follows the treatment of the basic
structure elements: a single interface; a layer; a 2D film; a diluted gas film. A general
structure can be formed by stacking these basic elements on top of each other in the
planar case; concentrically in the spherical case; coaxially in the cylindrical case.
Two of these basic structure elements might need some comment: a 2D film could
represent a very thin metallic layer, e.g., a metallic coating or a graphene or graphene
like sheet; a diluted gas film is very useful as we will find later. It can be used to
find the interaction experienced by an atom somewhere in the structure. At the end
of Chap. 9 we have added three extra sections. In the first, Sect. 9.11, we present
alternative derivations of the normal modes for some specific planar geometries; in
the second, Sect. 9.12, we rederive the expression we found in Sect. 8.3 for the van
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der Waals interaction between two atoms by applying the method of summation of
pair interactions on the geometry of two half spaces; in the third, Sect. 9.13, we study
the effects of spatial dispersion. Appendix A consists of two tables, Table A.1 and
Table A.2. In Table A.1 we have compiled the power laws for the van der Waals
interaction of objects and compared them to the prediction from the summation of
pair interactions.

Part 1T is devoted to the fully retarded formalism. It contains five chapters, Chaps.
12-16. Chapter 12 begins with the derivation of the Casimir-Polder interaction
between two polarizable atoms followed by the equation of state for a Casimir-
Polder gas. The interaction is derived in line with the general methods of Chap. 5
using (5.59). Numerical results are presented for some alkali-metal dimers. In this
chapter we also take the opportunity to discuss quantum and classical contributions.
At zero temperature the dispersion interaction is a purely quantum mechanical effect.
At finite temperature there is also a classical contribution. At very high temperatures
and/or very large separations between two objects the classical contribution dom-
inates. The interactions at finite temperature are derived in line with the general
methods of Chap. 5 using (5.64). Chapters 13, 14, and 15 are devoted to planar,
spherical, and cylindrical structures, respectively. Each chapter begins with an adap-
tation of Chap. 7 to the specific geometry. Then follows the treatment of the basic
structure elements: a single interface; a layer; a 2D film; a diluted gas film. A general
structure can be formed by stacking these basic elements on top of each other in the
planar case; concentrically in the spherical case; coaxially in the cylindrical case.
Two of these basic structure elements might need some comment: a 2D film could
represent a very thin metallic layer, e.g., a metallic coating or a

graphene or graphene like sheet; a diluted gas film is very useful as we will find
later. It can be used to find the interaction experienced by an atom somewhere in
the structure. At the end of Chap. 13 we have added three extra sections. In the first,
Sect. 13.11, we present alternative derivations of the normal modes for some specific
planar geometries; in the second, Sect. 13.12, we rederive the expression we found in
Sect. 12.1 for the Casimir interaction between two atoms by applying the method of
summation of pair interactions on the atom-wall geometry; in the third, Sect. 13.13,
we study the effects of spatial dispersion. At the end of Chap. 14 we have added
an extra section, Sect. 14.12, where we rederive the full Casimir-Polder interaction
between two atoms by applying the method of summation of pair interactions on the
atom-ball geometry. Appendix A consists of two tables, Table A.1 and Table A.2.
In Table A.2 we have compiled the power laws for the Casimir interaction between
a number of objects and compared them to the prediction from the summation of
pair interactions. Before the appendices we have added an extra chapter with a brief
summary and some remarks.

Appendix B consists of Table B.1 which shows how expressions in CGS units
translate into corresponding expressions in SI units. We have included this table to
make life easier for readers that are unfamiliar with the CGS unit system. Appendix C
specify our definition of the Fourier transform. There are several different varieties in
the literature. They differ in the placement of factors of 27 and/or sign conventions;
we could have had a factor of \/E in the denominator of both the Fourier transform
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and in the inverse Fourier transform to increase the formal symmetry; the convention
in optics is to have a minus sign in the exponent inside the integral defining the tem-
poral Fourier transform and a corresponding plus sign in the inverse transform; our
opposite sign convention is more convenient for us since then a Fourier component
characterized by (q, w) is for positive w a plane wave moving in the q direction;
with the other sign convention it would move in the opposite direction. Appendix
D lists a number of useful analytical expressions for dielectric functions used in the
numerical calculations in the book.
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8 Background Material

The main material of this book is found in Part II and Part III. In order to have a
reasonably self-contained presentation we have included this background part.

The formalism we use throughout is based on electromagnetic normal modes.
The interactions we derive are all of electromagnetic origin. This demands that the
reader has a solid knowledge in electromagnetism. We have included a chapter,
Chap. 2, on electromagnetism to refresh the readers knowledge or to fill in any
gaps. In many text books on electromagnetism metals are treated in an idealized
way, where the conduction carriers screen out all electric fields. Here we have had
to go beyond that simplified view and treat metals on the same footing as all other
materials. The response of different materials, not the least metals, when subjected to
electromagnetic fields of various frequencies is an important part of the formalism.

In many situations in our derivations we perform contour integrations in the com-
plex frequency plane, e.g., when we use the argument principle to find the interac-
tions. A solid course in complex analysis is not compulsory in the curriculum of
every physics education. We have included a chapter, Chap. 3, on this subject and
hope that this will add a new very useful tool to the readers toolbox, if it is not already
there. It is also needed in the description of the analytical properties of the response
functions of different materials.

We have also added a short chapter, Chap. 4, on statistical physics. This is needed to
justify the origin of the zero point energy and why it is important for the interactions. It
is also important for the motivation for what state functions determine the interaction
at zero and at finite temperature.

One chapter, Chap. 3, is devoted to normal modes in general and electromagnetic
normal modes in particular. The dispersion interactions at zero temperature is a
quantum effect. We show why quantum effects appear in quantum systems and not
in classical systems.

A short chapter, Chap. 6, briefly describes competing or complementing tech-
niques used to find the dispersion interactions, not involving electromagnetic normal
modes.

The last chapter, Chap. 7, describes our technique to find the normal modes in lay-
ered structures. It is valid for both the non-retarded and the fully retarded formalisms.
This is the reason for placing the chapter here before the material is divided into those
formalisms. Later the material is limited to the three most common geometries, viz.,
the planar, spherical, and circular cylindrical. Our technique can be applied to many
more geometries.
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Chapter 2 ®)
Electromagnetism i

Abstract Since the interactions treated in this book all are of electromagnetic origin
this chapter on electromagnetism takes a central part of the background material. We
start, in Sect. 2.1 by discussing Maxwell’s equations; we give these on differential
form and also on Fourier transformed form. Then we motivate our choice of unit
system, in Sect.2.2. Next, in Sect.2.3, we treat the constitutive relations relating
the auxiliary fields, D and H, to the true fields, E and B; here we also discuss
the different versions of the auxiliary fields depending on the book keeping of the
sources. In derivations, it is often easier to handle potentials instead of the fields
themselves. This motivates the section, Sect.2.4, on potentials in which we also
discuss gauge transformations and in particular the Coulomb and Lorentz gauges. A
very important factor for the formation of the normal modes of the system is how
the fields behave at the boundary between regions. This is governed by the boundary
conditions, Sect.2.5. These, result in the Fresnel equations, Sect.2.6. We have added
a section, Sect.2.7, on how to handle 2D sheets in the system. Finally, we end with
the fields from time-dependent electric and magnetic dipoles, in Sect.2.8; these are
needed in the derivation of the Casimir-Polder interactions between atoms.

2.1 Maxwell’s Equations

In principal, all we experience in our every-day life is of electromagnetic origin. At
present, we believe that there are four fundamental interactions or forces in nature.
These are the weak and strong nuclear forces, the gravitational force and the electro-
magnetic force. The nuclear forces are of very short range and are negligible outside
the atom nucleus. The gravitational force is very weak and the force between two
objects is negligible if not at least one of the objects is big as a planet. So here
on earth all objects are attracted by earth but the attraction between the objects are
negligible. The moon is big enough to cause the tide. Apart from these sparse gravita-
tional effects all other effects are due to electromagnetism. Despite the huge variety

© Springer Nature Switzerland AG 2018 9
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of effects electromagnetism is governed by a handful of fundamental equations,
Maxwell’s equations.

James Clerk Maxwell summarized the knowledge in electromagnetism in the form
of four equations [1] that has come to be known as Maxwell’s equations (MEs). They
are relations between four fields, the electric field (E), the displacement field (D), the
magnetic induction (B), and the magnetic field (H); two are fundamental fields, E and
B, and two are auxiliary fields, or help fields, D and H. The standard form of MEs is

V-D=47T,0f

V:-B=0 o1
1 0B .

VXH—%%—?Z%J}%

where c is the speed of light in vacuum and the sources py and J; are the charge
and current density, respectively. The subscript f denotes free and indicates that the
sources include the external ones and the conduction sources if any; bound sources
are not included. The total charge and current densities in the system can in general
be divided into three groups,

Pt = Pext + Pc + Pb,
2.2
Jz =JCXt+JC+Jb7 ( )

where the subscripts 7, ext, ¢, and b stand for total, external, conduction, and bound,
respectively. The fields and source densities are all macroscopic averages; they are
averaged over a volume as small as possible but still large compared to the volume
per charge.

ME:s and the D and H fields depend on how we look upon the different contribu-
tions to the charge and current densities; which are sources and which are part of the
system itself. In the most extreme choice one considers the system be the vacuum
and all charge and current densities be sources. Then the D field is identical to the E
field and the H field is identical to the B field. The corresponding version of MEs is'

V-E =4mp,

V:-B=0

VxE+ 1% =0 2.3)
VxB—%%:%ﬂJ,.

We want to be able to treat metals on the same footing as insulators so we let p,
and J, belong to the system and the only external sources are ey and Jex. The D and
H fields are then different from what they are in the standard treatment. We denote
this by entering a tilde above these vectors. Of course the true fields, E and B, are
the same whatever version of MEs one chooses. The form we will use throughout is

The microscopic version of MEs looks exactly like this but the fields and source densities are then
not macroscopic averages.
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V'l~):4ﬂpext
V-B=0 54
1B .
VXE+18 0 2.4)
5 19D _ 4
VXH_EW_TJBXP

Before we continue we aught to say some words about the unit system. The
observant reader has noticed that we are not using the conventional SI unit system.

2.2 Unit System

We use Gaussian units, also known as CGS-units. This is not due to retrograde rea-
sons. There is a very strong reason. This unit system is so much better when treating
the fundamentals of electromagnetism. The SI unit system is good for electronics.
Since SI units are the conventional ones we use them when we present numerical
results; sometimes we use other systems more proper for the specific situation at
hand, like atomic units or eV for energy and A for distance.

Some readers may be so attached to the SI system that they may feel lost. For
those we have included a table in the appendix, Table B.1, with a prescription for
how to transform an expression in CGS units into the corresponding expression in
SI units.

First we compile a list of benefits from using the CGS units instead of the SI units,
also known as rationalized MKSA units. Then we give a brief description of how
unit systems are constructed.

Advantages of CGS Compared to SI:

e Factors of speed of light appear explicitly and appropriately. We are helped by
this in our formalism. When neglecting retardation effects we just let (w/cq) go
toward zero, with the result that terms drop out from MEs and the formalism gets
simplified; if we neglect magnetic effects we just let ¢ go toward infinity in all
expressions.

e E and D, as well as H and B, become identical in vacuum. There are no “strange”
&o or (o appearing. This means that the difference between the auxiliary fields and
their corresponding true fields is fully due to the medium. In ST units the auxiliary
field and its true field are quite different in size and have different units.

e E and B have the same amplitudes for plane waves in vacuum. This is very bene-
ficial for the readers intuition since half of the energy carried by the wave is stored
in the electric field and half in the magnetic field.

e It is easy to convert into atomic units: just let e, m, and 7 be unity. Atomic units
are very favorable for condensed matter physicists doing actual calculations on a
computer; one has not to be afraid that numbers become too large or too small for
the computer to handle. In all steps of the calculation the numbers are of the order
of unity. When the calculations are done one just puts back the three constants.

e Relativistic electrodynamics is easily formulated.
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Fig. 2.1 Experiments used (a) (b) .
to determine unit systems: a
Force between charges QO
and Q»; b Force between
currents /1 and /. See the
text for details Q, Q,
- -
<4—o ) F F L
F F I 4 Al
R > v

The only advantages of SI as compared to CGS are that SI is chosen as the system
of legal metrology and that most people have gotten so used to it.

How are unit systems constructed?

One starts from two experiments:

1. The force between two charges QO and Q», the distance r apart, Fig.2.1a.

F=k (2.5)

0102
e }’2
2. The force between two long, parallel, current carrying wires, of length L, the

distance R apart, Fig.2.1b.
25 1,
F = kaL (2.6)

The parameters k, and k,,, are two constants, where k, / k,, = ¢ and c is the speed
of light in vacuum. One of the constants may be chosen at will.

In the construction of the SI system one chose the value of k,,, by determining the
unit of current, Ampere, by stating that the force per meter wire, for wires separated
by 1 mis 2 x 1077 N, when the current of 1 A is running through both wires. This
seems like an odd choice to make! With this choice the currents running in our
everyday wires are of the order of 1 A. This was the only reason for making that
choice. This leads to k,, = 107 Vs /Am which in turn leads to k, = 1077 ¢*Vs /Am.

These are awkward constants to carry around in the equations. Instead one intro-

duced
{ k, = 1/47‘[80;

km = /‘LO/47T — Hofo = 1/C2’ (27)

where gy = 8.8541878 x 10712 As / Vm, the dielectric constant of vacuum and g =
41 x 1077 Vs / Am, the magnetic permeability of vacuum.
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These numbers have nothing to do with some physical properties of vacuum. They
are simply the result of the definition of the ST unit system. In CGS one chooses k, = 1
and no mysterious &, or 1y appears. The basic units in SI are m, kg, s and Ampere.
The basic units in CGS are cm, g, s and statcoulomb.

2.3 Constitutive Relations

The auxiliary fields are related to the true fields according to the constitutive relations.
The D and H fields are defined as

D =E +4xP,
H=B—-47zM, 2.8)
where P and M are the polarization and magnetization of the medium, respectively.
In most media there is a linear relation between P and E and between M and H as
long as the fields are not too strong. These relations are in general not local. In a
homogenous and isotropic medium the relations are

P,oy=[[d*di'x. (x —x',t —t)E (¥, 1), 2.9)
M, t)= [ [d*dt y, (r =¥, t —t')H(x, 1), :

where y, and y,, are the electric and magnetic susceptibilities, respectively. These
relations are so-called convolution integrals. They show that the polarization and
magnetization depend on the electric field and the magnetic field, respectively in all
points in space and in principle at all times. Now, we believe in causality which means
that the polarization and magnetization can not depend on the electric fields at later
times, in the future, only on present or past times. This means that x. (r, ) o 6 (¢)
and y,, (r,t) o 0 (1), where 6 (¢) is the Heaviside step function. This is common for
all so-called time-correlation functions describing the response of the system to a
perturbation. The convolution integrals have the very nice property that

p (q, w) = xe (q, w)E (q, w),
M(q, ®) = xu (q, 0) H(q, ®), (2.10)

i.e., the Fourier transforms (C.1) have this very nice multiplication rule. For this
simple relation to hold in “r and t” space the Fourier transforms of the dielectric
function and susceptibility must be constants, i.e., independent of frequency and
momentum. This is a good approximation in some limited regions of the wg plane.
For dielectrics (semiconductors or insulators) it is valid for small momenta and
frequencies.
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Now,

D(q.0) =[1+47x (q.0)|E(q.0) =¢(q. 0) E(q, 0),

(2.11)
B(q, ®) =[1 447 xn (q, ®) |H(q, w) = 1 (q, 0) H(q, w),
where the dielectric function and magnetic permeability are defined by:
e(qw)=14+4nx (q, ), (2.12)

If the system is anisotropic the susceptibilities are tensors. Then the dielectric function
and magnetic permeability are also tensors and the term 1 in their definitions above
is replaced by a unit tensor.
All vector fields, F (q, w), can be divided into a longitudinal, F || q, and a trans-
verse, F_Lq, part,
F=F; +F,.,
V-Fr =0, (2.13)
V x FL =0.

The response of the system is in general different for longitudinal and transverse
fields. This means that the dielectric function and magnetic permeability both have
longitudinal and transverse versions. In the limit of small ¢ the versions coincide.
Most, but not all, electromagnetic problems occur in this limit since the relevant
photon momentum is so extremely small. We will in the main part of the text drop
the subscript L or 7' on the material functions but we should keep in mind that in
relations involving longitudinal and transverse fields the longitudinal and transverse
versions, respectively should be used.

It is useful to have the relation between the magnetization and the magnetization-
current-density and between the polarization and induced charge density. So far we
have only considered bound charges and for these the relations are

1
vx My = oJp (2.14)
V-Py=—pp.
Note that the magnetization-current-density is a transverse vector field. When we
discuss the unbound carriers in conducting media we find the analogous relations for
these by just replacing the subscript b with c.
We need two more equations. The first is the equation of continuity,

% L v.y=0 (2.15)
- —0. .

This equation is valid for the total densities, or for the separate parts of the densities.
Then in particular

dpc

at

+Vv.J.=0. (2.16)



2.3 Constitutive Relations 15

Let J. from now on denote the polarization current in the unbound carriers. The
magnetization current will carry a superscript m.
The second equation is Ohm’s law,

Jo(q,w) =0 (q,w)E(q, w), (2.17)

where o (q, w) is the conductivity.

Because of the non-local character of the response functions it is often favorable
to work in Fourier space. MEs and other differential equations will also be more easy
to handle. Transformation to Fourier space is done using the transformations given
in (C.2).

Let us now start from (2.3) after the MEs have been Fourier transformed,

iq~E=47T,0t =47 (Pext + Pb + 2c),

iq-B=0,

iqx E— 2B =0,
quB—Fl?wE:%Jtz%(J{)n“‘Jén‘I'Jext“‘Jb‘l'Jc)

(2.18)

Note that we have included the magnetization currents from bound and unbound
carriers. Next we make the substitution p, = —iq - P}, in the first equation and J, =
—iwPy, in the fourth and combine with E on the left side. We furthermore make the
substitution J;' = ciq x M in the fourth line and combine with B on the left side

qu = 47Tpf =4 (pext +;0c)7
iq-B =0,
iq x E— 2B =0, (2.19)

igx H+ 2D = 42J; = 42 (J7 + Jo\ + Jo).

Next we make the substitution p. = —iq - P, in the first equation and J, = —iwP,
in the fourth and combine with D on the left side. We furthermore make the substi-
tution J' = ciq x M, in the fourth line and combine with H on the left side

iq’f)=4nloext,

iq-B =0,

igx E— 2B =0,
igx D+ 2D =],

(2.20)

The constitutive relations for the two formalisms is summarized in the following
equation:
D=E+4nP, =¢E,
H=B—47M, = B/p,
D =E + 47P, + 47P. = ¢E + 47P, = ZE,
H=B—47M, — 47M. = B/u — 47M, = B/]i.

2.21)
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Now we determine the dielectric function & using Ohm’s law and the equation of
continuity. Ohms law gives that the substitution we made in the fourth line becomes
—iwPc (q, w) = Jc (q, w) = 0 (q, w) E(q, w) and 47 P, (q, w) = (47i/w) 0 (q, ®)
x E (q, w). The substitution in the first line becomes p. (q, w) = q - J. (q, ®) /o =
o0 (q,w)q-E(q, w) /o. Both demonstrate that the full dielectric function for a con-
ducting medium is

~ 4mi
£(q, ) =¢(q, w) + o ° (q. o). (2.22)

Letus now distinguish between longitudinal and transverse functions. The first two
equations in (2.20) involve longitudinal fields. The third can be separated into two,
one transverse and one longitudinal; the longitudinal just gives B, = 0, i.e. redundant
with the second equation. The fourth can be separated into two, one transverse and
one longitudinal. The longitudinal is (iw/c) D L = (4m/c) Jext,.. We operate on both
sides with (c/w) q- and find iq - ﬁLz (4m/®) q - Jext.L = 47 pext, 1.€. identical to the
first equation. In the last step we used the equation of continuity in (2.15). Thus we
have .

iqD;, = 198, Er = 47 pext,
iqB, =0,

iq x Er—“2Br =0, (2.23)
iq x Hy + 2Dy = iq x By /fir + 287Er = ZJex 1,
where ~ i
sL(q,w)==sL(q,w)+-};oz(q,w), (2.24)

ér (q, w) = e7 (q, w) + o7 (q, 0) .

2.4 Potentials

In many cases it is easier to deal with potentials than with the vector fields. So we
devote this section to potentials. Let us now start from the two homogeneous MEs.
The first equation,

V-B=0, (2.25)

is fulfilled if we let?
B=V xA. (2.26)

Let us now make use of this relation in the second of the homogeneous MEs

1 0A
Vx|E4+-—)=0. (2.27)
c ot

2The divergence of a curl is zero.
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This is fulfilled? if what is inside the parentheses is the gradient of a scalar, ®. Thus
for a choice of potentials the fields are obtained from the relations

E=-Vo 13,
B_vxa - (2.28)

From these relations we see that the B-field is always purely transverse. Further-
more, the first term of the E-field is longitudinal and the second term can have both
longitudinal and transverse parts.

We still have a rather large flexibility to choose the potentials to fit our particular
problem, but a change in the scalar potential, ®, has to be accompanied by a change
in the vector potential, A, and vice versa. Let us assume that we have made a choice
of A and ®. Adding a gradient of a scalar function to A will not change B. We are
allowed to change the potentials in the following way:

A—)A,:A+VA,
> P =01

c dtr

(2.29)

These transformations are called gauge transformations. The fields, the real quan-
tities, are not changed with such transformations; only the potentials, the auxiliary
functions, are. Let us now turn to the remaining MEs, the inhomogeneous ones. For
simplicity we assume vacuum, or use the version in (2.3). We have

V- (VO +18) = —dgp,

. ) - (2.30)
VX (VxA)+ 172 4 104 _ dny
which may be rewritten as*
2 19 _
Vot (Vz' ¢ TvaiﬂpH PA _ 4x (2.31)
V(V-A) -V A+ET+C_2W:TJ’
and after rearrangements in the second one we have
Vip + 12 (V. A) = —4np,
cot (2.32)

2A
VA-LEA V(A1) =4
These are two coupled differential equations; each of them contains both A and
®. They can be decoupled by proper gauge transformations. In Coulomb gauge or

transverse gauge we choose
V-A=0. (2.33)

3The curl of a gradient is zero.
“4For Cartesian coordinates V x (V x A) = V (V- A) — V2A is a valid replacement.
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With this choice the vector potential is purely transverse. This means that the first
equation in (2.28) can be seen as a separation of longitudinal and transverse parts
for the E-field; the first term is longitudinal and the second transverse. The scalar
potential satisfies Poisson’s equation:

V20 = —4np. (2.34)

This means that the scalar potential is instantaneous. There are no retardation effects
for the scalar potential. So if for example someone on the moon were to play around
with some charges, the potential would here on earth change immediately, without
any time delay as if information could be transferred faster than with the speed of
light. We will now get rid of the scalar potential from the equation for the vector
potential. Let us take the time derivative of Poisson’s equation. We have

V. <V8£> = —4718—'0. (2.35)

The equation of continuity, is valid for the free charge densities and currents, for the
induced quantities, and for the total ones. Thus we have

P
V. <V¥) =47V -J. (2.36)

This means that the longitudinal parts of Vo®/d¢ and 47 J are the same. Since the
first is purely longitudinal, in the present choice of gauge, we have

P

We have divided the current density into transverse and longitudinal parts:

J=Jr+JL.
vV.-Jr=0, (2.38)
\ XJL =0.

Thus the decoupled differential equations for the potentials are in Coulomb gauge:

V2d = —4mp,
" (2.39)
R
From this follows the corresponding Fourier transformed relations,
D(q, ) = LG
! (2.40)

_ 4nlr(q.0) 1
AQ ©) = = o
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Another common gauge is the Lorentz gauge. In this case we put

100
V- A+ -——=0, (2.41)
c ot

and get
Vo~ 458 —

2 1 3%A _ 4
VIA - LPA - iy

2 or?

(2.42)

On Fourier transformed form the equations are

— 4o 1.
Q. @) = =5 g (2.43)

_ 4n)(q,0) 1
A(q.w) = cq>  1-(w/cq)®”

We note that in Lorentz gauge the scalar potential and all Cartesian components
of the vector potential obey the wave equation and show retardation effects.

We should keep in mind that the potentials are auxiliary functions, help functions.
The real functions are the E- and B-fields. These are the same whatever gauge we
choose and show retardation effects. Note that it is the factor 1/ [1 —(w /cq)z] in
(2.40) and (2.43) that make the potentials retarded. Letting (w/cq) go toward zero
removes the retardation effects.

2.5 Boundary Conditions

In this section we will derive the very useful boundary conditions at an interface
between two media.

Throughout this book we make the basic approximation that the interfaces are
perfectly smooth in the parallel directions and perfectly abrupt in the perpendicular
direction. We assume that the material parameters, ¢, &, i, and i, are valid all the
way up to the interface so that the constitutive relations for the fields can be used
very close to the interface. This is clearly an approximation since the fields and the
material parameters are macroscopic quantities.

We will now use the result we have found for Maxwell’s macroscopic field equa-
tions in the case of charge- and current-distributions to find the boundary conditions
for the fields at boundaries between regions of different materials.

We start with the D-fields and Maxwell’s first equation, Gauss’ law, (all three
versions),

vV-D
V-D=dmpy, (2.44)
V-E
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Fig. 2.2 A Gaussian
“pillbox” of volume V,
height /4 and bottom-and-top
area Aa placed over the
interface between regions 1
and 2

N AreaAa

Height &

and integrate the equations over a small pillbox of volume V centered on the interface
with its two flat surfaces parallel to the interface as illustrated in Fig.2.2

551~)-ndS=<_ fV'l~)=f4npexti| = 47T Gext
s Ly v N

fD-ndS=_|[V-D= f47'[,0f] =4nqys (2.45)
5 v

:V -

fEndS:H fVEzfé‘-j'[pth :47[qt
S LV \4

—

The notation we use here means the following: we start with the main equation inside
the brackets; then in general we perform derivations and simplifications of the right
hand side in one or several steps in the right direction; the derivations of the left hand
side is performed in the left direction. In this example we only need one derivation in
each direction. The one to the right is trivial; in the one to the left we use the Gauss
(divergence) theorem.’

Let the height / be very small so that the area of the curved surface of the cylinder
is negligible compared to those of the flat surfaces. This gives for a small “pill box”

I:ﬁz n— f)l . Il] Aa = 47T(ps)extAa’
[D; -n—D;-n]Aa =47T(Ps)an’ (246)
[E;-n—E; -n] Aa = 47 (p,), Aa.

After eliminating Aa we find

I:f)Z - l31] ‘N =47 (05)exes
[D; —Di]-n=4n(py);, (2.47)
(E; —E|]-n=47(p,), = 4mps.

Thus, we find that if there is no external charge density at the interface the normal
component of D is continuous across the interface. If, on the other hand, there is an

3Gauss’ divergence theorem: [, V - Adv = §¢ A - ndS.
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Fig. 2.3 A Stokesian A
rectangle at the interface n A
2

between regions 1 and 2

external charge density at the interface there is a jump in the normal component equal
to 4 times the external surface-charge density. Similarly, if there is no free surface
charge density at the interface, which is most often the case at an interface between
two dielectrics, the normal component of D is continuous across the interface. For
metallic systems there are, with high probability, free surface charge densities at the
interface and then the jump in the normal component of the D-field is just 477 times
the free surface-charge density. Finally, if the total surface-charge density, i.e., the
contribution from external charges, conduction charges and bound charges, reduce
to zero the normal component of E is continuous across the interface. Otherwise, the
jump is equal to 47 times the total surface-charge density.
Next we turn to the B-field and Maxwell’s second equation,

V-B=0. (2.48)

There are no sources in this case. We may use exactly the same derivations as for the
electric fields and find that the normal component of B is always continuous across
an interface.

Now we are done with the normal components and continue with the tangential
components. We begin with the E-field and Maxwell’s third equation, Faraday’s law.
We start with static fields,

V xE=0. (2.49)

We apply the Stokes (curl) theorem® on the Stokesian rectangle given in Fig.2.3.

%Ew{l:/(VxE)-noda:O. (2.50)

r K

The rectangle is chosen such that the interface normal n lies in the plane of the
rectangle and is parallel to the short sides. The normal to the rectangle is ny (points
into the paper in Fig.2.3) and I" denotes the contour around the rectangle. We let the
length of the short sides go toward zero and their contributions to the line integral
can be neglected. We find that

6Stokes’ curl theorem: Js(VxA) ndS=f.A-dl
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(E;—E|) -(nyg xn)dl = —[(E; —E) xn]-nydl =0, (2.51)

where dI is the length of the long sides, and
(E; —E|)) xn=0. (2.52)

The rectangle can be rotated an arbitrary angle around n and at every choice (2.52)
is fulfilled. Thus, the tangential component of the E-field is continuous.
Now, for time dependent fields there is an extra term in the third Maxwell equation

and
1 oB
%E-dl:f(VxE)moda:——/<¥>~n0da. (2.53)
c N

r —_—

—0

The extra term will not change the results since the area of the rectangle goes to zero
when the length of the short sides goes to zero.

Finally we treat the H-field for static fields and the derivation is completely anal-
ogous to that for the E-field but now we have a surface current density linking the
Stokesian rectangle at the interface,

(ﬁz — ﬁ1> Xn= _%Kext
H, —H)) xn= —‘%’Kf (2.54)
(B, —B)) x n = —*ZK,.

The tangential component of the H-field is continuous across the interface only if
there is no external surface current at the interface; the tangential component of the
H-field is continuous across the interface only if there is no free surface current at the
interface; the tangential component of the B-field is continuous across the interface
only if there is no surface current at all at the interface.

Now for time dependent fields we have

oD
lfH.dl:{(VxH)-nodazﬁfs(E>'nOda (2.55)

—

—0

JE
fB~dl=f(VxB)-noda=%/<¥>-noda,
r N s

— ——

—0

and the extra terms do not change the results.
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We can summarize the boundary conditions in the following way:

e Always:
Tangential component of E continuous.
Normal component of B continuous.

o In absence of free surface densities (charge and current):
Tangential component of H continuous.
Normal component of D continuous.

e In absence of external surface densities (charge and current):
Tangential component of H continuous.
Normal component of D continuous.

2.6 The Fresnel Equations

In this section we will study how a plane wave behaves when impinging on an
interface between two media and derive the “Fresnel Equations” with which we here
mean the equations for the amplitude reflection and transmission coefficients’; the
coefficient r is the ratio of the reflected wave’s complex electric field amplitude to
that of the incident wave; the coefficient 7 is the ratio of the transmitted wave’s electric
field amplitude to that of the incident wave. We make some basic assumptions. The
interface is flat with unlimited extent (to avoid edge effects); there are no external
charge- or current-densities at the interface. We make no further restriction on the
two media than that they are isotropic and linear (the constitutive relations hold).
They may be dielectrics or metals and even magnetic. We start by looking at normal
incidence

2.6.1 Reflection and Transmission for Normal Incidence

We let the interface lie in the xy-plane. The incoming wave moves in medium 1 in
the z-direction toward the interface. There will be a reflected wave and a transmitted.
This is illustrated in Fig.2.4. Subscript 0, 1 and 2 represent incident, reflected and
transmitted wave, respectively. We have introduced the refractive index, n; = /&; fi;,
and the wave impedance, 7; = /[i;/&;. The tilde above the material functions and
H-fields indicate that we treat metals on the same footing as dielectrics. We need one
electric and one magnetic field to characterize the waves. We have choosen the E-

"The Fresnel Equations can also mean the equations for the power reflection and transmission
coefficients.
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Medium 1: Medium 2:
£=§,
u=p

n= fz2

}/=772

€

Fig.2.4 Normalincidence. Anincoming wave in medium 1 is moving perpendicular to the interface
separating medium 1 and medium 2. There is one reflected wave and one transmitted

and H-fields since these have the same boundary conditions, viz. that the tangential
components are continuous across the interface.
We make the ansatz

EO = €y E(())ei(qlz—wt)
E; = —e, EVel-a1zen (2.56)
E, = e EJel@ien

The scalar amplitudes, E?, are time-independent and may be complex valued,
allowing for a phase difference between the waves.

qr =117 =/j11&2,
S —¢ (2.57)
G2 = N2 = v/ 227

From the third ME we have H = 77! x E and
ﬁo — evﬁl—lEgei(QIZ—wt)’
H, = e,ij, ' EVei-nz—en, (2.58)
H, = e,7, | EQeie:-on)

The boundary conditions for tangential components give

Ey— E) = EJ, (2.59)

and ~ ~ ~
H) + H) = H), (2.60)
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or
~—1 (10 0y _ ~—170
' (Ep + EY) =iy ' E;.
This gives
a1 _L
0 __ N —M 0 _ m—mn 0
Ef= iy i Ey = m+i 0
27" 10 2% 10
EO — 1 — 2 F
27 5t T0 T it 00
and hence o
r = m—n
i+’
t = 21
TR

In the non-magnetic case we have

fip—

ﬁzj’fll ’
2}1]

ny+ng

r =
=

Now, we continue with oblique incidence.

2.6.2 Oblique Incidence

We make the ansatz )
EO = Egel(qf)‘r*wf)’

Ho = i 'Go x Eo,
E, = Elei@r—on,
H, =i 'q x Ey,
E, = Egei(qz-r—wt)’
H, = ﬁz_lflg x E,.

25

2.61)

(2.62)

(2.63)

(2.64)

(2.65)

Note that we again use the H fields instead of the fundamental B fields because
the boundary conditions for these fields are the same as for the E fields. Now, the
tangential components of the fields have to be continuous across the boundary. For this
to be possible the periodicities of the field vectors have to be equal at the boundary:

qo -€x = (1 - € = (2 - €.

(2.66)

For symmetry reasons all three propagation vectors are coplanar, i.e. are in the
same plane, the plane of incidence (the surface normal n is also in this plane).

This means that

q0 sin@o = {1 sin@l ={q> sin 92 =k.

(2.67)
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This can also be viewed as conservation of the momentum parallel to the interface.
This conservation holds if the interface is smooth. A rough interface or an intention-
ally created periodic structure at the interface can relax this condition. Momentum
parallel to the interface can then be absorbed from, or provided to, the reflected and
refracted waves.

Now,

qo = q1 = 6y = 0, (2.68)

and
i1 sin@; = fip sin#,, Snell’s law. (2.69)

Now we have determined the propagation direction of the reflected and refracted
waves. The amplitudes of the field components are obtained from using the boundary
conditions. It is enough to use the boundary conditions for the tangential components
of the E and H fields. The conditions for the normal components of the B and D
fields give no more information.

The boundary conditions are:

(Eo+E)) xn=E; xn,

(I:Io + I:Il> Xn= ﬁz X M. (2.70)
The last can be rewritten in terms of the electric field vectors and we have
(E0+E1)xn=E2><n, (271)

(176 x Eo+ 7, '@; x Ey) xn= (7@, x E2) x n.

Any plane wave impinging on the interface can be written as a linear combination
of two waves, one with the electric vector polarized parallel to the plane of incidence
(p-polarized), and one with the electric vector perpendicular to the plane of incidence
(s-polarized). We may treat these components separately. We begin with s-polarized
waves.

2.6.2.1 E Perpendicular to the Plane of Incidence

The geometry is illustrated in Fig.2.6. All E-vectors are in the negative y-direction,
i.e., pointing into the paper. This means that the first boundary condition makes:

E)+ EY=E). (2.72)

8Note that in metallic systems and in regions with dissipation ¢; and sin §; may both be complex
valued but their product is real valued. The complex valued “angle” 6; in that case does not have
the simple geometric meaning of the angle of reflection or angle of refraction.
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Fig. 2.5 Oblique incidence: Medium 1 Medium 2
A plane electromagnetic x

wave comes in from the left

in medium 1 toward the

interface between medium 1

and 2, the xy-plane, at the qo
angle of incidence, 0. There

is a reflected wave at the

angle of reflection, 6, and a 0o n
refracted wave at the angle o 2
of refraction, 6,. The wave 0, 0,
vectors of the incident, the
reflected, and the refracted
waves are qo, qi, and qa,
respectively q: @
The second we expand using the triple curl product’
n x (Go x Eo) +n x (q, xE])z%nx(szEz)
do (n - Eg) —Eq (n- q,).
N—— ——
0 cos b ~ ) (2.73)
+G, (n-E)—E (n-q,) = g—;flz (n-Ey) —%Ez (n-q,),
—— —— ——— ——
0 —cos 6 0 cos 6
or B
1
Egcosfy — E;cos6; = 7Z—Ez cos 6, 2.74)
n2
or since 6; = 6p we have
(EQ — EY) cosfy = 2L E0 cos . 2.75)
Uy
Combining the two relations gives
EO — c0s 6o —(171/72) c0s 6> 10
I ™ cosfy+(71 /i) cos6p, —0° (2.76)

0 __ 2 cos By 0
By = cos By+(171/12) cos 62 Eg.

Thus the Fresnel equations for the amplitude- reflection and -transmission coef-
ficients are

9The triple curl product: A x (B x C) =B(A-C) — C(A - B).
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Fig. 2.6 The same as
Fig.2.5 but now for a specific
polarization, viz. s-polarized
waves, where the E vectors
are perpendicular to the
plane of incidence. They are
pointing into the page

For our purpose it is more favorable to express the

r
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s _ 0s6—(i1/72) cos 6>

2 cos by

cos 90+(ﬁ1/ﬁ2) costh*

Medium 1 x  Medium2
H,
> ”
Eo
6o n
-
01 0 1, ’
L Ei
q: H,
 cos O+ (i [i12) cos 6’ .77)

coefficients in terms of the

conserved wave number, &, in the plane of the interface. We have

sin (6;) = k/q; = ck/ (n;w),

cos (6;) = m =

and the final results are'®

r (K, ©) =
(K, w) =

vi=41-— (iiw/ck)?,

V1= (ck/iw)® = i(ck/ii;o) y;, (2.78)

@)y (Ko)—i @)y (K )

2/ (@)1 (K@)

(@)1 (ko)+i @)y ko)’ (2.79)

For non-magnetic materials this simplifies into

r*(k, w) =
! (k,w) =

nko)—y ko)

yi(k.w)+y (k)
2y1(k,w)

1k o)+y(kw)”

(@)1 (ko) +i (@)y2 (ko)

(2.80)

10Here we neglect spatial dispersion [2], i.e. we neglect the q-dependence of the material response
functions & and fi. Taking spatial dispersion into account is possible but the formalism becomes
much more complicated [3]. Neglecting spatial dispersion has also the effect that the transverse and
longitudinal versions of the response functions are equal (neglecting spatial dispersion means that
one takes the small-g limit and in that limit the longitudinal and transverse versions are equal).



2.6 The Fresnel Equations 29

Now we continue with p-polarized waves.

2.6.2.2 E Parallel to the Plane of Incidence

The geometry is illustrated in Fig.2.7. Now all H-vectors are pointing in the y-
direction, i.e., out of the plane of the figure.

We can make use of our results from the s-polarized case. We just change the
electric fields to the electric fields divided by the wave impedance in the condition
for the E-fields:

1 1
E)+E'=E) > a(E(<;+E?) =%Eg, (2.81)

and in the condition for the H-fields we change the electric fields divided by the wave
impedance to the electric fields:

(E§ — EY) cos by = @Eg costh = (E) — E}) cosfy = EJ cos b, (2.82)
12

from which we obtain o
EY = 0s 6o —(772/711) c0s 6> EO
I ™ cosfy+(i2/M)cos6p, ~0° (2 83)
0 2 cos By 0 :
2 7 cosby+(1/M2) cosfp 0*

Thus the Fresnel equations for the amplitude-reflection and -transmission coeffi-
cients are

Fig.2.7 Thesameas Medium 1 x  Medium?2
Fig.2.5 but now for a specific
polarization, viz. p-polarized E,

waves, where the H vectors
are perpendicular to the
plane of incidence. They are
pointing out of the page

T

0 qo

6o

ey=

01
{H

=3

q1 E, €@
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P o= cos 0y —(712/71) cos 6>

T cosbo+(2/M) cos 6, (2 84)
P = 2 cos by :

T cosb+(771/72) cos b

We proceed as for the s-polarized case and express the amplitude reflection coef-
ficient in terms of the conserved wave-number, k, in the plane of the interface. We
find

P _ S(@nko)—&(@pkw)
r’ (K, ©) = Z kot @k’
271 (@)% @)/ Tir @) iy (@)1 (K, )
P _
17 (K, 0) = = 0 ka0 n ko

(2.85)

For non-magnetic materials this simplifies into

» _ B0 ko) @)ynko)
(K ®) = £ kot @nko)

(@) (2.86)
t’ (k, w) = zmyl (k,w)

S0y (kw)+é (@) (ko)

Thus we have found that for isotropic materials and in neglect of spatial dis-
persion the Fresnel equations for the amplitude-reflection and -transmission
coefficients at an interface between medium 1 and 2 are

r ko) = T o
ko) = ﬂz(w)ylzétgml(lk(ﬁ)n(k,w) i
) = HEREELEEke
o) = RS

(2.87)

2.6.3 Anisotropic Media

In an anisotropic medium the dielectric function and refractive index have tensor
properties. If a thin film is made from a material that is isotropic in bulk form it still
tends to become anisotropic with different properties in the direction perpendicular
to its interfaces as compared to in a direction parallel to its interfaces [4]. Then the
Fresnel equations are modified. Fresnel amplitude reflection coefficients for a wave
impinging at an interface between an isotropic medium i and an anisotropic medium
J, from the i-side are [5]



2.6 The Fresnel Equations 31

s i cos 0, — /712, —ii}sin’6;
T = Gi+n/2, —isin’6; "
n; cost+./n; s sin
' ! 2.88
rp . n”,,m J 0050 n, ( )
ij Ty, jfzz,j cos@;-&-ﬁ;\/ﬁ?jvj n
where the refractive index tensor for the film is
fin; O 0
0 7w, 0 |. (2.89)
O O nzz,j

Heren,, jandn,, ; are the refractive indices of medium j in the plane of the interfaces
and perpendicular to the interfaces respectively. From the j-side we have

ri= =T, (2.90)
rjl.’i = —ri[]’.. (2.91)

We have let the film be parallel to the xy-plane. We use the identities (2.78)

cos; = in/1—(fi;0/ck)?
- G /ck) (2.92)

sm@ = G

=t 3_1

to find the alternative expressions

s V=G /ck)* =\ 1= (i, jo/ck)?
ry. = - s
H «/1—(ﬁ,-w/ck)2+\/1—(ﬁm,w/ckf

) er jiiee i/ 1= (i) ck)2—; /[1—(537‘,60/(-1()2] (2.93)

re

Vo i 1—<ﬁiw/ck)2+5,-\/[1—(ﬁz;,jw/ck)z] .

Now, let us find out what the amplitude reflection coefficients will be at an interface
between two isotropic media where one of them now has an anisotropic coating of
the type we just discussed. For a system 1|2|3 where media 1 and 3 are isotropic and
medium 2 is anisotropic we have:

o iyt
123 147,75, 25
P (2.94)
r T
=
- 1+rhrle! 8

where

Bs = @d [i% 5 — i3sin’6) = ikd\/1 — (i 20/ck)’,

c xx,2

r ® g2 2 S0 20 ap gl ~ 2
B = cdn;z, Pz — ySinc6, _1kdm 1—- (nzz,za)/ck) ,

(2.95)
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and d is the thickness of medium 2.

2.7 Special Considerations for 2D Sheets

In many cases we have to deal with very thin layers or sheets. Sometimes these
can be considered to be two-dimensional (2D). They can be thin coatings on an
object or free standing thin films like graphene sheets. We have devoted this section
to systems containing sheets like this. Here, we need to modify and specify our
notation. We let the 2D sheet be parallel to the xy-plane and the three-dimensional
(3D) and 2D spatial vectors be denoted by R and r, respectively. Thus, R = (r; z) =
XX + yy + zz. The corresponding vectors in Fourier space are q and k, respectively,
ie., q=(k; q;) = kX + k,¥ + q.z. We follow rather closely an earlier published
presentation [6] of this material but have here extended it to include the effects of
magnetic permeabilities.

2.7.1 Fourier Transforms of a Special Function

The Fourier transform of the function F (R) = 1/R appears in different versions in

what follows so we compile the results in this subsection. This function is basically

the Coulomb potential between two electrons, v (R) = ¢?/R, but without the charges.
The 3D spatial Fourier transform is

| 4
F(q) = f crem =T

7 ; (2.96)

the 2D Fourier transform performed over a plane the distance z from the xy-plane is

Fk;2) = [dre™ F (r;2) = [dPre™" s = e 2.97)

the 2D Fourier transform performed over the xy-plane is

_ 2 . .—ik-r _ 2 —ikrl __ 2w
F (k)= [d*re ™ F (r) = [d*re L= (2.98)
These versions appear in expressions involving the scalar potential in Coulomb
gauge and when retardation effects are negligible. When retardation is important the
function has a temporal dependence, F (R, t) = § (t — R/c) /R. Then the following
Fourier transforms are important: The 3D spatial and temporal Fourier transform,

o0
3 —i(qR-w) 8G=R/) _ 4z 1 .
F(qo)=[d R_{O dieiaRoon O — 47— (2.99)
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the 2D Fourier transform performed over a plane the distance z from the xy-plane,

. % eran SV )
F(k, 2, (,()) = fdzre lkrF(r; Z’f) = fd2}"_‘£o dte itkr wt)W
_ 2ge Qo |
T kyO%e)
(2.100)

the 2D Fourier transform performed over the xy-plane,

o0
F(koo)= [dre ™ F(r,0)= [d’r [ dremikr-ond=rio
( ) f 0 f 7{0 " (2.101)
2
= Ok’

where in the last two equations

YO (k, w) = /1 — (w/ck)>. (2.102)

One further relation is useful to have, viz.

IF(k;z,w) _ (0) ﬂzne—ky(o)(kvm)\zl | —ky O (k,0)|2|
o =~k ko) T T, =~ 2me . (2.103)

2.7.2 Method of Images

When there is a 2D layer carrying charge- and/or current-densities next to a wall,
it is useful to be able to find the image charge- and current-densities produced in
the wall. This is what we focus on in this subsection. We start from a given time
dependent charge- and current-density in the 2D layer, calculate the potentials and
from these the E- and B-fields. We first make an ansatz for the image densities and
then determine these by using the standard boundary conditions. We use the Lorentz
gauge in which the scalar and vector potentials are given in (2.43).

4rp(q,
®(q. ) = TR

I=(@/e)”? (2.104)
A(Q @) = = o

The electric field in terms of the potentials was given in (2.28). This leads to the
following relation between the Fourier transforms

E(q, ) = —iq® (q, ») + %‘”A (q, ). (2.105)

Thus,
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47p (q, w) iw 4nJ(q, w)

E(q,0) =—iq [q2 — (w/c)z] ol [q2 — (a)/c)z]' (2.106)
Now, in our system the charge- and current-densities are surface densities,
TR DKo, @107
and y o5
T0e o) ~Kleand . (2108
which means that
P (@) = pi ko), (2.109)

J(q,0) =Kk, w).

Thus, we have for the electric field from surface charge- and current-densities, con-
fined to the xy-plane

L drp ko) o 47K (ko)
E(q, ) = —iq =] T @ = e (2.110)

in vacuum. If the source densities are embedded in a medium with dielectric function
&mn (w) and magnetic permeability i, (w) the electric field is

1 4 ps (K, w) n o, 47K (K, w)

E(q, w) = —iq— ; > = (2.111)
B |2 = Gino/er’] < [g = Ginw/o)]
The magnetic induction is
1 47K (K,
B(q.0)=iqx A@o) =itqx oD o)
¢ [¢? = (0/0)]
in vacuum and . 4K (K
B(q o) =ilngx KK 2.113)
c

(42 = Ginw/?]

in a medium. The electric field is expressed in terms of the charge- and current-
densities, while the magnetic induction is expressed in terms of the current density,
only. It is possible to express also the electric field in terms of the current density,
only.

We may use the equation of continuity to eliminate p, (k, @) infavor of K (k, w).
The equation of continuity reads
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dp (R, 1)
V-J(R,t)+T=O. (2.114)
The relation for the Fourier transforms becomes
iq-J(q, ®) —iwp (q, ) = 0. (2.115)

In the present system with surface densities we have from (2.109)

iq - Kk, w) = iwp, Kk, o) . (2.116)
Since K is in the plane we get

ik - Kk, w) = iwp; (k, 0) . (2.117)

The scalar product picks out the longitudinal part of the surface current density. Thus
we have
ps (K, w) = (k/w) Ky (k, ®) . (2.118)

We use this relation to eliminate the charge density from the field relations. To be
as general as possible we from now on assume that the 2D layer is embedded in a
medium. Without losing generality, we choose the x-axis to point along k. A general
vector quantity has a component normal to the planar interfaces. We attach a subscript
n to this component. The in-plane part of the vector has a longitudinal and a transverse
part. The longitudinal is parallel and the transverse perpendicular to k. We attach the
subscripts || and L, respectively, to these components. The current density has no
normal component. To summarize we have

K” = Kx)e; E” = Ex)e; B” = Bx)e;
KL:K}]}A}; ELZE},}A); BL:B},)’\}; (2119)
K,=0z; E,=E.z; B,= B,

In the source plane the field components are

E|(k, 0) = —izZ (k/w) ym (k, 0) K| (k, ®)

Em ()

E, Kk, o) = iwﬂgz’(w) kymz(jltc,a)) K, Kk w),
Eﬂ (ka C()) = 07
2.120
B (k,w) =0, ( )
B, (k,w) =0,
_ i hm(@) 27K (K,w)
B (k, ) =127 = 0005

where y,, (k, w) = \/ 1= [fin (@) 0/ck]’.
In a plane parallel to the source plane (xy-plane) and at the distance z we have
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Ey(k; 2z, 0) = —igots (k/@) vy (k, 0) e EOREK (K, w),
E, (k:z,0) = Wiy 27 o —yu(k.0)klz AK | (K, w),

cz kYo (k)
E, Kk z,0) = (w) \zle —¥m(k, w)k|2|p (&, w)

— 2z ka—ymk, w)k\leH (k, w),

En(@) \zl ®

By (K; 2, ) = yin (k, @) k5 e 2L Q) o=y kbl .121)

= |;\ Mcm 27TKL (k (,())e Y (k,w)k|z \

. _ fim 27K (K, 0) e~ Vn(kwklz|
BJ_ (k, Z, w) Ym (k w) km ¢ ymkw)k

= ___27-[ K| (k, o) e~ vmk.0)klz]

. i 27K (K w) —ym(k,w)klz\
By (6 2, 0) =152 550 :

where we have used (2.118) in the third relation.

Now, we turn to the image densities. In the spirit of image theory we assume
that the fields outside the substrate can be reproduced by the fields from the actual
source densities in the 2D layer (the distance d from the interface) plus the fields
from the mirror densities (the distance d from the interface on the opposite side ),
both sources embedded in the medium with dielectric function &,, (w) and magnetic
permeability fi,, (w). The field inside the substrate we assume can be reproduced by
another mirror density at the position of the 2D layer embedded in the medium with
dielectric function &; (w) and magnetic permeability fi; (). The mirror densities of
the first kind is indicated by a prime and those of the second kind by a double prime.

We begin with the longitudinal current densities. The boundary condition that the
in plane electric field is continuous across the medium-substrate interface gives

Ym (k, @) o Tnk.okd

g [K) ko) + K| (k,w)]= M nkokd g1 (K )
Em (@)

& (o)
5 (2.122)
The condition that the normal component of the displacement field D = €E is con-
tinuous across the interface gives

e mEOMTK (K, 0) — K| (k, 0)] =e MK (K, 0) . (2.123)
Combining these two equations results in the two mirror densities

Ky (ko) = 2L2le Ky (ko)

28, Y —(Vm s
KH” (k, (1)) = m (¢7 V)de” (k, C()) .

(2.124)

Now, let us continue with the transverse current densities. The boundary condition
that the in plane transverse electric field is continuous across the interface gives

s (@)
Vs (k )

fm (@)

. (k w) —yx(k,w)deJ_// (k, (1)) )

(2.125)

e kM (K| (K w)+ K, (k, 0)] =



2.7 Special Considerations for 2D Sheets 37

Then we use the condition that the in plane longitudinal component of the H-field is
continuous across the interface. Since H = B/ /1 this gives

ek [k (K ) — K\' (K, )] = e #EOMK " (K ). (2.126)
These two equations result in the mirror densities

KJ_, (k, C()) — l}:}’m_l}ml’s KJ_ (k’ Cl)) ,
s Vi Vs (2 127)

K\ (k) = ek~ (n=wh g | (k, ).

In later sections we will need the single primed mirror densities in (2.124) and
(2.127).

2.7.2.1 Non-retarded Treatment

If we want to be general and also include magnetic effects in the non-retarded treat-
ment we cannot just put ¢ = oo everywhere. Retardation effects disappear if we put

w/cq = 0. Now, (2.111) and (2.113) become

4 py (q, @) " ity (w/cq) 4K (q, w)

1
E (q’ C()) = _1q~_

gt (1= Guofeq)?] 4 1= Ginw/ea)’]
1 47 p, (q,
= —iq— Y (2q w), (2.128)
En g
and A
B(q o) = i—"q x K (k, o), (2.129)
cq

respectively. Note that ¢ still remains in (2.129).
We now proceed just like in the fully retarded treatment and find the field com-
ponents in the source plane,

E|(k 0) = —igm% (k/ow) K (k, ),

EJ_ (k’ (U) = 07

E, Kk, w) =0,

By (ko) =0, (2.130)
By (k,w) =0,

By (k, w) = il K| (k, w),

and in a plane parallel to the source plane,
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E (ki z,0) = © )(k/w)e—k‘flkH k, ),
E,(k;z,0) = 0,
2
E, (K z,0) = —— e *lp (k, )
Em (@) |z
2 -k
= — T i—e_ka” (k, 0)),
Em () |z| @
m (@) 21K, (K, w) .
By (k;z,a))—kiu () 2 K ( w)e klzl
Izl ¢ k
- |Z| P @) K | (k) et
Z
n 2 K k’ —
B, (k;z,0) = —kiul(w) 7K ( w)e klz|
Izl ¢ k
_i/lm ()

2 27K (K, w) e F!
Z

ar lum (@) (w/ck) 27 ps (K, w) e M = 0,

27T [y,
By (k; z, ) = Miﬁ (k, w) e H2l. (2.131)

Note that we found that B, vanishes in the non-retarded treatment by substituting
K in favor of p, according to (2.118), a substitution producing a factor of (w/ck).

Now we follow the derivation in the previous section. We first use the boundary
condition that the in plane electric field is continuous across the medium-substrate
interface. This gives

1

e MK, (k, w). (2.132)
Em (@)

e MKk o)+ K (ko) =

& (o)

Then we use the condition that the normal component of the displacement field
D = €E is continuous across the interface. This gives

e MK (ko) — K| (ko) =e K"k o). (2.133)
Combining these two equations results in the mirror densities

KH/ (k, a)) E'” £$ K” (k a))

K" (k, 0) = Ejj&gy e MK, (k, w).

(2.134)

Now, we turn to the magnetic fields. We first use the boundary condition that the
in plane magnetic field is continuous across the medium-substrate interface. This
gives
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2 2
Tt Ky (ko) — K'y (ko) = e K" | (k ), (2.135)
C C

or
K (ko) —K (Ko =K" (K o). (2.136)

Then we use that the normal component of the magnetic induction is continuous
across the interface,

27 iy (o)

iMe’k”’ (KL (ko) + KL (ko)]=i"—""—K", (ko )e*
¢ (2.137)
or
fim (@) [KL (K, 0)+ KL (K 0)] = [, (@) K" (ko). (2.138)

Combining these two equations results in the mirror densities

K. (ko) = BOZBO €| ()
fis (@) + [ (@) (2.139)

1 _ zﬂm(w)
K" (k) = 72Ky (K, ).

2.7.3 Screening Functions in a 2D System

The expression for the dielectric function, &, in terms of the dynamical conductivity,
0, is different in 2D and 3D systems. The relations are

#P(q,0) =1+a&°° (q, w) =1+ 47i5°P (q, 0) /o,
o) _ ~2D _ .~ 2D (2.140)
e ko)=14a" Kk, o) =14+2rmi6"" k,w) k/w,
where @ is the polarizability. The relations between the induced current densities and
the electric field are .

J(@.0) =6"(q.0)E(q, »),
Kk, ) =6 (k,w)E (k, w) . (2.141)
The tilde above the polarizabilities and conductivities indicates that both bound and
conduction carriers, if any, contribute to these functions. Sometimes it is convenient
to introduce another correlation function, x, the polarization bubble (in the language
of Feynman diagrams), or lowest order contribution to the density-density correlation
function,

P (q, w) = =0’ (q) x°P (q, 0) = —47e’ 1P (q. w) /g°,

@ (k, w) = —v?° (k) x2° (k, 0) = —272 x> (k, ») /k. (2.142)
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In different places in this book we give numerical results for systems containing
graphene or 2D electron gases. Let us first discuss the dielectric function of graphene.
We begin with an undoped graphene sheet. In a general point, z, in the complex
frequency plane, away from the real axis the density-density correlation function
is [7] ,

2D 8 k
x— Kk, 2) = T6h Voo — o (2.143)

where v is the carrier velocity which is a constant in graphene (E = +hvk), and g
represents the degeneracy parameter with the value of 4 (a factor of 2 for spin and a
factor of 2 for the cone degeneracy). In our numerical calculations here and in earlier
works [8—13] we use the value [14] 8.73723 x 10° m/s for v.

Doping the graphene sheet leads to a much more complicated dielectric function.
However it has been derived by several groups [9, 14-16].

The density-density correlation function in a general point in the complex fre-
quency plane, z, away from the real axis is [9]

1204k, 2) = Do 1+ A= [ - f . D]}
f(x,2) = asin (12 )+asm(1“) (2.144)

=1 /1_ ﬂ 4ol /1_(Z+_1)2,

where Dy = /gn/mh?v? is the density of states at the Fermi level and 7 is the doping
concentration. We have used the following dimension-less variables: x = k/2kp;
y="hE/2Ep; 2 = hz/2EF.

The same result holds for excess of electrons and excess of holes. The results have
been derived within the so-called conical approximation where the conduction and
valence bands consist of two sets of cone-pairs; in each cone-pair (see Fig.2.8) the
valence band is represented by a cone with its point pointing upward and the conduc-
tion band is represented by an identical cone but with its point pointing downward;
they are vertically aligned with their points coinciding, meaning zero band-gap. In
the undoped case this point is where the Fermi-level is; in the n-doped case the
Fermi-level is further up in the conduction band; in the p-doped case the Fermi-level
is further down in the valence band.

In the calculations one often uses the function at the imaginary frequency axis.
We have [9, 10] derived a very useful analytical expression valid along the imaginary
axis, an expression in terms of real valued functions of real valued variables:
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Fig. 2.8 The two cone-pairs in the interesting part of the graphene band-structure. The lower cones
with their points pointing upward are the top of the valence bands; the two upper cones are the
bottom of the conduction bands. The band gap has zero value. In pristine (undoped) graphene the
Fermi surface consists of two points in the Brillouin zone; in n-doped graphene it consists of two
rings encircling the occupied electron states; in p-doped graphene it consists of two rings encircling
the unoccupied electron states

P (i6y=-Do |1+ i n = gl
g(x, y) = atan [h(x, )k (x, )] +1(x, y),
2’|:x2(y2_1)+(y2+l)2]2+(2yx2)2] /
\/(x2+y2—l)2+(2y)2—(yz+l) ’ (2.145)

. 2yx?
k(x, y) = sin {%atan [m“ ’

—2x2(y2=1)=2(y*=6y2+1)+2(y2+1 )\/x4+2x2(y2—])+(y2+1)2
2 k)

h(x,y) =

L(x,y) :\/ -
where the arcus tangens function is taken from the branch where 0 < atan < 7.
The density-density correlation function on the imaginary frequency axis has been
derived before in a compact and inexplicit form (see [17] and references therein).
Here we have chosen to express it in an explicit form in terms of real valued functions
of real valued variables.

The 2D polarizability of an electron gas in the Random Phase Approximation
(RPA) is given by [18]

aZD(Q,iE)zé{l —&[\/(Q“— 52—Q2)2+(ZEQ2)2

(2.146)
12
+(0* -2 - 0% }
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where . e .
_ ome- . m __ fe . _ k.
YE W = g th; Zhr (2.147)
=2mn?P; Ep = 5.t

These analytical expressions will be used in the numerical derivations in later
chapters.

2.8 Fields from a Time-Dependent Electric or Magnetic
Dipole

For the derivation of the Casimir-Polder interaction between two polarizable atoms
we need the complete expression for the electric field from a time-varying electric
dipole. If one wants to include also magnetic effects one needs the complete expres-
sion for the magnetic fields as well and for the electric and magnetic fields from a
time-varying magnetic dipole.

It is possible to derive the complete fields [19, 20] from a linear electric dipole
in the limit d < r, where d is the linear extent of the dipole. Heald and Marion
[19] based their derivation on the so-called Hertzian-dipole model; Kort-Kamp and
Farina [20] used a multipole expansion of an arbitrary but localized charge and
current distribution, with an arbitrary time dependence, to find the fields.

The fields for an electric dipole at the origin, pointing in the z-direction, are

cr?

2 2[p
E(r, t)—( r[p]+ CEf?) soe +([p]+@+@>sin9e9, (2.148)

B(r, 1) = ([p]+[p]>sin9e¢. (2.149)

The square brackets means that the time argument is the retarded time, t — r/c.

The terms varying as 1/r are the radiation fields. The effects of the time dependence
of the charge and current densities are two fold; one is the time delay of the response;
the other is that time derivatives enter the expressions.

For completeness we also give the total fields from a time-dependent magnetic
dipole. These can easily be obtained using the duality in electromagnetic theory.
With our notation this means that in absence of external sources all relations are
valid even after the following replacements:
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E—>I:I, H—- —E

13—>B, B— -D

P—-M M- —P

p— m, m— —p (2.150)
E—> i, L— &

Xe = Xms Xm —> Xe

o[a.t. N ,Bat', IBat. _)aat..

The MEs and the constitutive relations are the same after the replacements. They
pairwise replace each other. These replacements may be used even in the presence
of sources if these are dipoles.

The fields from a time-varying magnetic dipole are

[m] [\ .
E(r,t) = — (F + 62—r> sinfe,, (2.151)
and
B(r, 1) = <2[_r3n] + 2[—’7;]) cosfe, + ([33] + % + [Zl—]> sinfey. (2.152)
r Ccr r Ccr Cc°r
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Chapter 3 ®)
Complex Analysis ez

Abstract Complex analysis, the theory of functions of a complex variable, is one of
the most powerful mathematical instruments of applied mathematicians, engineers,
and physicists. We benefit greatly from large segments of this theory. In this chapter
we discuss those areas of complex analysis that we need in order to make the pre-
sentation as self-contained as possible. We will keep the treatment brief and will not
present any proofs of statements or theorems. Instead we demonstrate that the claim
holds for specific examples and thereby making the statement at least believable.
The interested reader is referred to Churchill (Complex variables and applications,
1960) [1] for further reading. We start by introducing basic concepts like analytic
functions, singular points, poles, residues, and contour integration. Then we con-
tinue with response functions. A fundamental property that all physical systems have
and that is needed for the interactions treated in this book to occur is that the system
responds to an external perturbation. The response of the system to various pertur-
bations are described by response functions, correlation functions. The differential
equations all show time-reversal symmetry but the response functions are all retarded
time-correlation functions which means that the response comes after the perturba-
tion; they obey the causality principle. This means that they have some characteristic
properties in the complex frequency plane. We show how this is handled starting
from the simplest of systems, the vacuum.

3.1 Analytic Functions

The Fourier transformed functions that we have discussed so far are complex valued
functions of two real valued variables, e.g., f (q, ®), where the (angular) frequency
is real valued. One can gain much by letting the variable be complex valued. We will
find in Sect. 3.4 that by moving up an infinitesimal distance above the real axis will
make the response functions casual. One can say that physics occurs on the real axis
or just above. However, mathematical calculations can be performed throughout the
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hole complex frequency plane where a general point is represented by the coordinate
z. The response functions are much more well-behaved on the imaginary frequency
axis than on the real frequency axis. This fact alone makes it worth trying to perform
as much of the calculation as possible along that axis. Let us now concentrate on
the time- and frequency-dependence of the functions and suppress the spatial and
q-dependence. First we need to define what we mean by analytic functions.

The complex-valued function, f (z), of the complex variable z is analytic at a
point zq if its derivative f’(z)! exists not only at zo but at every point z in some
neighborhood of zj. It is analytic in a domain of the z plane if it is analytic in every
point in that domain.

If a function is analytic at some point in every neighborhood of a point z, except
at the z itself, then z is called a singular point or singularity, of the function.

If there is some neighborhood of a singular point zo throughout which f (z) is
analytic, except at the point itself, then z is called an isolated singular point.

Now, the function 1/z is analytic everywhere except at z = 0 where it has an
isolated singular point. The function |z|* is nowhere analytic and has no singular
points.

Let us now discuss some elementary functions that will appear later in the for-
malism. We begin with the exponential function that is defined by

exp(z) =e* (cosy +isiny), (3.1)

where z = x 4 1iy. It is analytic in the whole z plane, which makes it an entire
Sfunction. The exponential function is periodic with the period 27ri which means that
its inverse, the logarithm, has branches.

The hyperbolic sine and cosine functions are defined as

I _ a2
sinhz = =% 3.2)
2
and . .
coshz = % 3.3)

respectively. They are entire functions since an entire function of an entire function
is also entire.
The hyperbolic cotangent is defined by

et +e*

cothz = ,
eZ i e*Z

3.4)

and the function has isolated singular points at z = inw where n is an integer. At
those points the denominator vanishes.

L () = AlziI_I}o f(Z+AA23—f(Z).
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The hyperbolic functions will appear when we calculate the interactions at finite
temperature. The last elementary function we will treat here is the logarithmic func-
tion. It will appear when we use the argument principle both at zero and finite
temperature. It is defined as

Inz=Inr +1i6, (3.5)

where we have expressed z on polar form, z = re?, and In r is the ordinary logarithm
of a real variable. Unless otherwise stated we stick to the principle branch of the
function which means that the angle 6 is limited to —7 < 6 < z. The function
is analytic in the domain z # 0, —7 < 6 < 7 and all points on the negative real
axis are singular points; there is a branch cut along the whole negative real axis.
The singular point z = 0, common to all branch cuts for the multivalued logarithm
function, is a so-called branch point.

3.2 Laurent Expansion and Residues

Theorem 3.1 Let 7y be an isolated singular point of the function f (z). There exists
a positive number ry such that the function is analytic in every point z for which
0 < |z — zo| < r1. In that region the function may be represented by a so-called
Laurent series:

by by by
_ + _ 2 _ 3
z0  (z—2z0) (z — 20)

f(Z):Zan(Z—ZO)n+Z L. (3.6
n=0

The parameter b is called the residue of f at the isolated singular point zg.

The Laurent series consists of two parts, one with positive exponents and one with
negative. The part with negative exponents is called the principle part. Suppose that
the principle part consists of a finite number of terms. If the highest negative power
is m the singular point is called a pole of order m of the function f. A pole of order
m = 1is called a simple pole. When the principle part of f about the point zy has an
infinite number of terms, the point is called an essential singular point of f.

3.3 Contour Integration in the Complex Plane

Contour integration is, as we shall see, a very useful tool in many situations. We start
be stating the Cauchy-Gorsat theorem.

Theorem 3.2 If a function f is analytic at all points interior to and on a closed
contour C, then

/f (z)dz =0. (3.7)
c
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Fig. 3.1 A closed contour in

the complex plane. The c
arrows indicate the direction

of integration. The contour

encloses the gray region

which is the interior of the

contour. The interior is

always to the left when one

follows all parts of the

integration path

An example of a contour and its interior is shown in Fig. 3.1. According to the theorem
a contour integration around a region where the integrand is analytic produces a zero
result. What happens when the integrand is not analytic? This is what we will discuss
next and we start by demonstrating what the result is when we integrate around a
singular point.

3.3.1 Integration Around a Pole

We let the function f(z) have an isolated singular point, a pole, in zo and place a
circular contour, Fig.3.2, of radius r centered around zo. We express the relative
coordinate on the contour on polar form, z — zo = r exp(if) and use the Laurent
expansion of f(z) as given in (3.6). Thus we have

f@ =" ayr"exp(nd) + Y byr" exp(~inf). (3.8)
n=0 n=1

All terms are of the type r" exp(inf) where n is an integer, positive or negative. The
term’s contribution to the contour integration is

[ ™ exp(ind)dz
C

2
= [ r" exp(inf)r exp(if)ido
0 (3.9)

2

i1 [ expli(n 4 1)61d6
0

{0, n#—1

27i, n = —1.

Fig. 3.2 Circular integration
path around an isolated
singular point
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Fig. 3.3 Contour consisting
of C and small circles, C;, c

around each pole i
el

Only one term survives the integrations and we find that

f f(2)dz = 2miby = 2mwiRes (29) . (3.10)
C

Let us now study Fig.3.3 where the function f(z) is analytic in all but a few
points, denoted by X, of the interior of contour C. We draw small circles around
each singular point. The function f(z) is analytic in the interior of the contour made
up from C and all circular contours in the figure so the contour integration around
this contour is zero,

/f(z)dz+/f(z)dz+/f(z)dz+~-~+/f(z)dz=0. (3.11)
C C Cy C,

Thus we find

[f@dz= [ f(@dz+ [ f(dz+--+ [ f(2)dz
c - -G ~Cy (3.12)
=2mi[Res (z1) + Res (z0) + - - + Res (z,)],

where with —C; we mean C; taken in the opposite direction. The integration around
C; is done in the clockwise direction and the one around —C; in the counterclockwise
direction. Now, we have more or less proven the next theorem, the Residue Theorem.

Theorem 3.3 Let C be a closed contour within and on which the function f is

analytic except for a finite number of singular points 71, 22, . . ., 2, interior to C. If

K1, Ky, ..., K, denote the residues of f at those points, then
/f(z)dz=2ﬂi(K1+Kz+~-~+Kn), (3.13)
c

where the integral is taken counterclockwise around C.

This is a very useful theorem. We end this subsection with another one, establishing
the Cauchy’s integral formula.
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Theorem 3.4 Let f be analytic everywhere within and on a closed contour C. If 7
is any point interior to C, then

1
£ = —— S @

- dz, (3.14)
2ri ) z—20
C

where the integral is taken at the positive sense around C.

3.3.2 Argument Principle and Its Extension

The argument principle, or rather its extension, will turn out to be very helpful in the
normal-mode formalism. We state this as a theorem here.

Theorem 3.5 Let the function f be analytic in the interior of and on a closed contour
C except for at most a finite number of poles interior to C. Furthermore, let f have
no zeros on C and at most a finite number of zeros in the interior of C. Then

1 d
~— | —Inf(z)dz =Ny — No, (3.15)
2wi ) dz

C

where Ny and N, is the total number of zeros and total number of poles, respectively,
of finside C. A zero of order my is counted m times and a pole of order m , is counted
Moo times. The contour integral is assumed to be performed in the positive sense,
i.e., counterclockwise.

The argument principle has gotten its name from that the integral produces the
change, in units of 27 radians, in the argument of the function f(z) as the point z
makes a cycle about C in the positive sense.

Let us now make this result believable. Let us choose the function f(z) =
(z — 20)™/(z — Zoo)™>. This function has one zero of order m at zo and one pole
of order m, at zo.. We assume that these points are inside C. Then we have

ﬁg%lnf(z)dz

= % [moln (z — z0) — M In (2 — 200)]dz (.16
B ﬁg(zlf_go_z’f_?JdZ: 5 27 (o — mo)

where in the last step we used the residue theorem (3.13). Everything is fine.
The generalized argument principle can be stated in the following way:

Theorem 3.6 Let the function f be analytic and have no zeros on the closed contour
C and have at most a finite number of zeros and poles inside C. Let another function
@ be analytic on and inside C. Then
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1 d
%/wwd—zlnf(z)dz: PACOED I ACASE (3.17)
C

where the sums on the right hand side run over the zeros and poles of f. A zero of order
my is counted my times and a pole of order m, is counted mo, times. The contour
integral is assumed to be performed in the positive sense, i.e., counterclockwise.

Here we use the same function f(z) as in the previous example and find

e [o@ LI f(2)dz
C

_ L mog(z) _ meop(z)
2mi - z—20 Z—Zo0o

(3.18)
) dz = mop (20) — Mo (Zoo) »

where we in the last step used the Cauchy integral (3.14). Everything is fine.

3.4 Analytic Properties of Response Functions

In this section we will discuss the analytical properties of the correlation functions that
describe the response of the system to various perturbations. From these properties
we can derive the very useful Kramers Kronig dispersion relations. We begin with
the simplest example, the response to the introduction of a charge density or current
density in vacuum. We start with the potentials in static electromagnetism, i.e. we
let the charge density be static and the current density stationary. Then we have

V2 (r) = —47p (1)

VZA(r) = -2 (). (3.19)

The scalar potential and each component of the vector potential satisfy the same type
of differential equation. We can concentrate on one of them, the scalar potential say.
Fourier transformation gives

(i9)°® (q, w) = —47p (q, w) . (3.20)
Thus,

4
?(q, )= ?p (q, ), (3.21)

o 2 47re?
D (q,0) =v(q, ) p(q o)/ vig o) = 7 (3.22)
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where v (q, ) is the Fourier transform of the Coulomb potential, the potential energy
between two electrons a distance r apart. Thus, we obtain the following convolution
integral relating the potential to the charge distribution:

& (r,1) = elz / /d3r’dt’v (r—rt—1)p(x'. 1) (3.23)

The function v (r, t) is obtained from its Fourier transform, v (q, ®), above using
the inverse Fourier transform. Note that its Fourier transform is independent of w.
This means that the function will be a delta function of time. The Coulomb potential
is instantaneous. Let us now show that this really is the case. We have

d3
2n)?

v(r,t) =

rd
,/ =2y (q. w) elar=en

3 2
_ d°q d_a) dre ci@r—on

@en)' ) 27 q?
—00

_ d3q 4ﬂezei(q-r)/ dw ei-on)
Qn)’ 4? 2

—00

/d 4nezeiqrx
qZ

d dre? 1 .
za(t)f q327Tq2 7-[26 ._elqrx l]
2m) q- 1gr -
0

22 [ si
:S(I)i/dqsm(qr)
Tr q

2 2
—5(1) %% —5(1) 67 (3.24)

Thus

2
@(r,t):el—Q//d%’dt’S (t—1) |re_r/|p(r/,t/)
— 3. 1 ’ _/ 3/,0(1‘,)
—/dr|r_r/|p(r,t)— dr|r—r’|’ (3.25)

since the charge distribution was assumed to be static. If we repeat the same procedure
for the vector potential we get
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Ar) = %/d%/ ) (3.26)

Ir —r'|
We now continue with the same examples but in dynamic electromagnetism. We
have to specify the gauge. We chose the Lorentz gauge (2.42). We have

V2p — L8P . _pn,
@ o P (3.27)

ot

2 A 4

VA -G =
Both potentials satisfy the same type of equation, the wave equation. We concen-

trate on the equation for the scalar potential

., (—iw)?
(i@)*® (g, ©) = —5—® (g, ©) = —47p (q, ) . (3.28)

Rearrangement gives

477 e? 1
q* 11— (a)/cq)z'

Before we continue let us return to the wave equation above. It is quadratic in
the time derivative, which means that it describes a system that has time inversion
symmetry.

This means that if we are not careful we will find that the potential at a certain
time will depend on the charge distribution not only at preceding times but also at
future times. This is in conflict with causality. We believe that the response always
comes after the perturbation. Note that the response function has poles at = *cq,
both on the real axis. The causality is achieved by adding a positive infinitesimal
imaginary part to the frequency in the response function, u (q, ). This is equivalent
to moving the poles down to a position at an infinitesimal distance below the real
axis (see Fig. 3.4)a,

®(q,0) =u(g,w)p(Q /e ug o) = (3.29)

_ 2ne? 1 _ 1
u(q, w) = q? [w/cq+i§+1 w/cq+i871i|

zzn_[ L1 ] (3.30)

= [ T e
+% [—8 (w/cq + 1) + 6 (w/cq — 1)] .

The poles of retarded correlations functions are always below the real frequency
axis in the complex frequency plane. If we do not add these imaginary parts half of
the response to a perturbation will be in the form of a retarded response and half in
the form of an advanced response.
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Now, we have

d3

u(r,t) = on )3

[ do
/ —u(q, w)e @, (3.31)

—00

or
u(r, 1) =uy (r, 1) +u (r, 1)
0 [ e i@r—o 3.32
=/ (3733 J g_n [Lh (q, w) +uz (q, w)]e @r-on ( )
—00
where
_ 2ne? 1 . 1 .
u (‘27 Cl)) q? I:w/cq+1 w/cqfl] s (333)
u (q, w) = rrel[_S(w/cq-i-l)—i—é(a)/cq_l)]_
Thus,
d3 0 dw 2762 1 , (o
up(r,1) = (27;;3 kS E% I:“’/C‘H'l - ‘”/Cq—l:le (qr—ot)
= [w — wcq]
dow 2me’c 1 Qo —cowm
=& o ETq [Z — o letare
4712 quqZI f dxeldrx f dw [% _ ﬁ]eficqwt
—00
=i fd q2s1n<qr) f da)le_“q“” [eld" — e~ical]
(3.34)

qu sin (gr) 2isin (cqt) fda) [—2isin (cqwt)]

271 r
2“ f dg [ cos (gr —cqt) — 5 cos (qgr + cqt)] Fsign (cqt)
4mszgn (1) f dq [cos (gr — cqt) — cos (qr + cqt)]

rszgn ) [27S (r —ct) — 27 (r 4 ct)]
= %[8(V—ct)+8(r+ct)]
=[5t —r/e)+8+r/o)],

47r
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and
uy (r,1) = @&qu_ i[5 (ofcq +1) +8(w]cq —1)]ei@r—eD
= [w = wcq]
o d“”;”"[ 8 (@ +1) + 8 (@ — Del@r—
00 1 . .
21%/' qq éf 1qrx [_elcql +eflcqt]
o -
= f dqqZSm(‘”) [—2isin (cq1)] (3.35)
) .
€

o0
[ dg sin (gr) sin (cqt)
0

__ ce
4rr

f dg [cos (qgr — cqt) — cos (qr + cqt)]

= 47” [2718 (r—ct)—=2n5(r +ct)] =

=ﬁ[5(r—ct)—8(r+ct)]

=[5t —r/c) =8t +r/c)].
Thus, we end up with

ur,t)=uy(r,t)+uy(r,t)
LSt —r/c)+ 8 +r/)]+ S8t —ric) =8t +r/c)]

(3.36)
= er—28 (t—rlc),
and
& (r, 1) = ffd3 ‘di'u(r—x' 1t — 1) p (', 1)
= el_szd3 /dt,\rer’| (t—1— }r —r"/c)p (r'.7)
= [ [drdr L |r7r| S(t—1'—|r=rx|/c)p(r. 1) (3.37)
:fd3r’p(r i=fr=r|/c)

Ir—r'|

Treating the vector potential in the same fashion we arrive at

1 J(r',t—|r—r'|/c
A(r, 1) =— /d3 A | / ). (3.38)
Ir —r|
If we had chosen Coulomb gauge instead of Lorentz gauge we would have
obtained

& (r,1) :fd3 rp(r'.1)

Tl
A, =1 [apielerl/o

[r—r']

(3.39)

So, in Lorentz gauge both potentials are retarded but in Coulomb gauge the scalar
potential is instantaneous. Even though the pair of potentials look quite different in
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(@ A (b) A
Retarded Advanced

Fig. 3.4 The position of the poles for a retarded response function (a), and for an advanced function

(b)

(a)

Time ordered T=0

A

(b) A

Time ordered T # 0

[XXXXXXXXXXXXXXXXXXXXXX

Fig. 3.5 The position of the poles for a time-ordered response function at 7 = 0 (a), and for a
time-ordered response function at 7 # 0 (b)

the two gauges they produce exactly the same electromagnetic fields and these are
retarded.

Now we have discussed a response function of the simplest system, viz. the vac-
uum. The most important response function for the topic of this text is the dielectric
function. For a metallic system we may write

£(q.0) =¢(q.0)+a(q, o), (3.40)
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where ¢ (q, w) is the contribution from the bound electrons and the polarizability,
o (q, w), is the contribution from the conduction electrons.

For a metallic system the RPA (Random Phase Approximation) often works very
well. The result for the polarizability can be written as

d*k

@ (q, ) = v—gz Wﬂ(k)[l —nk+q)]
x ! - ! (3.41)
w+ % (8k+q - Ek) w— % (8k+q - Ek) ’ .

where the integral is the limit of a summation over the electron states characterized
by the momentum, k, and the spin. The factor of two in front of the integral comes
from the summation over spin. The electron energy in state k is denoted by ¢k and
n(k) is the occupation number of state k. All poles of this function are found on
the real axis. The retarded version, the one that represents the actual behavior of
the real system when it is exposed to a perturbation, is obtained by, as in Fig. 3.4a,
shifting the poles down an infinitesimal distance below the real axis. This is done
by adding an infinitesimal imaginary part to @ in both terms of the integrand. Other
versions can be useful mathematically. Adding negative imaginary parts produces the
advanced version, as in Fig. 3.4b, which gives aresponse that always comes before the
perturbation. The time-ordered version is very useful in diagrammatic perturbation
theory based on Feynman diagrams. This is achieved by adding a negative imaginary
part to w in the first term and a positive in the second, which results in the position
of the poles shown in Figs. 3.5a and 3.5b.

3.4.1 Kramers Kronig Dispersion Relations

In this section we will derive the Kramers Kronig dispersion relations. These are
very important and useful in physics. Just to give an example: assume that we in an
experiment can measure one of the imaginary or real parts of a response function
for all frequencies. Then we may with these relations find the other part for all
frequencies.

The true response functions, the retarded versions, have all poles in the lower half
of the complex frequency plane. We may use the contour shown in Fig.3.6 and the
integrand of (3.14) where now zy = w( and perform the contour integration. The
radius of the large semicircle is assumed to go to infinity and the radius of the small
semicircle to zero. The integrand is chosen such that the integration along the large
semicircle produces zero. Some of the response functions go toward unity for large
frequencies. For these we subtract unity. Thus the function f(z) then may represent,
e.g.,&(z) — 1, ia(z) — 1,n(z) = 1,0(2), xe(2), xm(2), @(z), and B(2).

In the present case zg is not inside the contour so the result of the integral is zero.
The contribution from the straight part is
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Fig. 3.6 The contour used A
for the Cauchy integral to
find f(zp) when zg is
situated on the real axis

0o
[e%e) wy—¢& o0
P/da) 5@ im /de+ / dol @ | (3.42)
w — wy e—0 w — Wy w — Wy
—00 —00 wo+¢€

where the P denotes the principle value. The contribution from the small semicircle is
—imf (wp). The integrand has a simple pole at wy, the center of the small semicircle,
and from (3.9) we see that an integration the angle 6 around the circle in clockwise
direction gives —if f (wg) and here & = . The contribution from the large semicircle
is zero. Thus we have

P / dw f_( ) —imf (wp) =0, (3.43)
and -
f (wo) = ,iP f de. (3.44)
17T w — W

Separation of real and imaginary parts gives

w—w

o0
Re f(wo) = 1P [ do™l@)
o (3.45)
Im f (wp) = — %P f dwRef(‘“).

—0Q

We may limit the integration to the positive frequency axis by using the fact that the
real part of f(w) is an even function and the imaginary part an odd function. The
results are

oo
Re f (w0) = 2 P [ do 22l
0 (3.46)
P [ doeRef(@)

2
Imf (CL)()) i wz_(wo)Z

0\8
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Often one performs calculations along the imaginary axis. In the finite temperature
formalism one ends up there. Also at zero temperature it can be favorable to stay on
the imaginary axis since the response functions are more well-behaved there. To find
the value of the function at a point i§ at the imaginary axis we can use (3.14) and
let the contour be the same as in Fig. 3.6 except that now the small semicircle is not
present. The point i€ is now inside the contour. We find

S @)
7z —1i&

1
&) =-—[dz
2ri
c

_ L / a0
2mi —i&

L[ f@@+ie)
27_” o—— o 1 &2 (3.47)

1 /d wilm f (w) + iéRe f (w)
i w? + &2

0
1 /oo wlm f () + ERe [ ()
— | dw

T CL)2+€:2
0

)

where we again have made use of the fact that the real part of f (w) is an even function
and the imaginary part an odd function. Both terms in this integral give the same
contribution. Let us now show that the second term gives the same result as the first.
We have

oo
' ﬁzRef( )
1

o0
~t Jas et Jaotets
12 7 5 (3.48)
= —-= [ doolm f () P/da) .
" ) (@) 48]0 - @)]

_x
2(w?+£2)

wlm f ()

1 oo
= P .({lda) (w2+€2).

In the first line we changed dummy variables, in the second we used (3.46), and in
the third we changed the order of the two integrations. Thus we have shown that
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1 ERef () 1 /d wlm f () (3.49)

) Crre)  x) (e rer)
0 0

and hence we have three different versions for the Kramers Kronig dispersion rela-
tion, generalized to the imaginary frequency axis, viz.,

1 /°° ol () + €Ref ()
T

[ @8 = P : (3.50)
0
2 [ ERef (@)
f &) = /dw(w2+€2), (3.51)
and -
v % wlm f (w)
fi§) = - O/dw—(w2+s2)' (3.52)
Reference

1. R.V. Churchill, Complex Variables and Applications, 2nd edn. (McGaw-Hill, New York, 1960)
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Statistical Physics ez

Abstract The formalism we use throughout this book in the description of dis-
persion interactions is limited to systems in thermodynamic equilibrium. In some
situations like when we want to find the force between two objects these may be con-
sidered to be part of the boundary of the system of electromagnetic normal modes. In
other situations like when we want to derive the equation of state for a gas of atoms
both the normal modes and the atoms are part of the same system in thermal equilib-
rium. Equilibrium systems are often described by thermodynamic potentials like the
internal energy, the Helmholtz energy, and the Gibbs energy. Which of the potentials
are most favorable to use depends on the boundary conditions for the system. To
make the reader familiar with thermodynamic potentials we have included a section,
Sect.4.1, where all common potentials are discussed and how one transforms from
one to another using Legendre transformations. Another section, Sect. 4.2, contains a
compilation of distribution functions for massive fermions and bosons, for massless
bosons and for classical particles. The last section, Sect. 4.3, contains a determination
of which potential is suitable to use when calculating the force between two objects
in a system of massless bosons in thermal equilibrium at finite temperature.

4.1 Thermodynamic Potentials and Legendre
Transformations

The thermodynamic state of a system is determined by a number of variables. How
many variables that are needed depends on the complexity of the system. Let us
as an example choose a one-component gas, i.e., a system composed of a large
number of atoms of one kind. The system is surrounded by a boundary that divides
it from its surroundings. The boundary can have different properties that affects
the behavior of the system. For an open system both energy and particles can pass
through its boundaries; in a closed system energy (heat and work) but not particles
can pass through its boundaries; in an isolated system neither particles nor energy
pass through the boundaries. For an open system of a one-component gas one needs
three variables to specify the state of the system. These span a 3D space. Each point
in this space represents one state of the system.
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Just like in electrostatics it is useful to introduce potentials. In electrostatics with
a conservative electric field one introduces the scalar potential, @, which satisfies
4.1)

%ddﬁ:o,

where d@ is the exact differential. We have
4.2)

20) dx+ (%)“dy + (%)wdz

do = (—X
=Vo.dl=-E-dl,
and
%E -dl=0. (4.3)
For a thermodynamic system one may introduce several potentials by changing
the variables defining the coordinate system. Let us study one of them, ¥,
jﬁ dv =0. 4.4)
The integrand is an exact differential,
d¥ = A(x,y,2)dx + B (x,y,2)dy+ C (x,y,2)dz 4.5)
where
— (%
A (-xv ya Z) - ( X ))’,Z’
_ (2w
By =(5) . (4.6)
C.y.0=(5),,
For exact differentials follows that
B
4.7)

(%)x y = (%)y,z’
dB aC
(W>x z

Now we are ready to discuss the thermodynamic potentials for the open system
of a one-component gas. We start with the internal energy, E. The three natural
coordinates for E(S, V, N) are the entropy, S, the volume, V, and the number of
(4.8)

particles, N. The exact differential is
dE =TdS — pdV + ndN,
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E is the energy that is overall conserved; it cannot be destroyed or created; it can be
transformed between different forms and it may leave or enter the system through
its boundaries. The other potentials have the dimension of energy but need not be
conserved.! The first term, TdS, in the differential is the heat flow into the system, the
second, pdV, is the work done by the system, and the third term, d N, is the energy
added to the system from adding particles. For a gas with several components one just
adds aterm u;dN; for each additional component; for each additional component the
dimension of the system increases with one unit. (For a closed system the udN drops
out and we would have a 2D system.) Now, T, S, p, V, u, and N are all candidates
for variables spanning the 3D space. They come in conjugate pairs where one is
extensive and one is intensive; S, V, and N are extensive, i.e., scales with the size of
the system; 7', p, and p are intensive, i.e., independent of the system size.

We have the differential for E. Can we find the expression for E? Yes we can!
All three variables are extensive and scales with the size of the system, This means
that for any positive number o we have

where

aE(S,V,N)=E (aS,aV,aN). (4.10)
Now take the derivative with respect to « on both sides of the equation. We find

IE AE JE
E(S,V,N) = S(ﬁ)VN + V(W)SN + N(W)sv
= ST (aS,aV,aN) —Vp(aS,aV,aN) + Nu (oS, aV,aN) “4.11)
=T @S, aV,aN)S —p(aS,aV,aN)V + pu (xS, aV,aN) N.

This is valid for any «. Choose o = 1. This gives
E(S,V.N)=T(S,V,N)S=p(S.V.N)V+pu(S,V,N)N, (4.12)

or more compact
E(S,V,N)=TS — pV + uN. (4.13)

We can now find all other thermodynamic potentials by using a Legendre transfor-
mation, just like in classical or analytical mechanics. This means that we subtract
one of the terms in the expression of a potential. The effect is that the variable in that
term is replaced by its conjugate variable and we have a new potential. We start from

1Some words about the adjective “free” traditionally attached to Gibbs free energy and Helmholtz
free energy: this indicates that it is a part of the energy (internal energy), the part that can be used
to produce work with the given boundary conditions. At a 1988 TUPAC meeting, to set unified
terminologies for the international scientific community, the adjective “free” was banished. This
standard, however, has not yet been universally adopted and it can be quite useful to keep the word
free to indicate that these free energies are not energies that are overall conserved.
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the Internal Energy:

E(S,V,N) =TS — pV + uN

dE = TdS — pdV + pudN (4.14)
JIE

_ . _ AE

T = (as)wv’ —P= (av)szv’ H= (a_)SV'
We subtract the 7S term and find
the Helmholtz (Free) Energy:

S(T,V,Ny=E —-TS=—pV +uN
d¥ = —SdT — pdV + udN (4.15)

_S_( )VN; —r= (gg)TN n= (%)TV'

Next, we subtract the —pV term from the Helmholtz energy and find
the Gibbs (Free) Energy:

G(T,p,N)=F+pV =uN
dG = —=8dT + Vdp + udN (4.16)

=5 =(58),00 V= (%), m=(9)y,

If instead we subtract the N term from the Helmholtz energy we find
the Thermodynamic Potential:

dQ = —SdT — pdV — Ndpu (4.17)

—5= (), —p= (1), —N=(32) .

Let us now return to the internal energy and subtract the —pV term to find
the Enthalpy:

H(S,p,N) = E+ pV =TS+ uN
dH = TdS + VdP + pdN (4.18)

7= ()i V= (5)5 4= (R

Now we have specified the five most common thermodynamic potentials which
have been given names. There are two more that have not been given names. The
first we find by subtracting the term N from the internal energy. The result is

one Unnamed Potential

FFS,V,u)=E —uN =TS —pV
dFF =TdS — pdV — Ndu (4.19)

T = (%)v,ﬁ —pP= (837)5#. N = (%)SV'
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The last potential is obtained by subtracting the term uN from the Enthalpy. We find
another Unnamed Potential

GG(S,p,uw) =H —uN =TS

GG . _ [ GG . _ [ 9GG
T= (50, V=(%), ~N= (W)s,,-

We have so far generated seven state functions. The internal energy is a function
of only extensive variables. The other six are functions of a mixture of extensive and
intensive variables. To find a potential that depends on only intensive variables we can
subtract N from the Gibbs energy, subtract — pV from the thermodynamic potential
or subtract 7'S from the last unnamed potential. The result is a trivial potential equal
to zero. However its exact differential is the Gibbs-Duham relation:

0= SdT — Vdp + Ndu. 421

We will make use of E and § in the calculation of the interactions at zero and
finite temperatures. Gibbs energy, G, will be used in the derivation of the ideal and
non-ideal gas laws.

4.2 Distribution Functions

Microscopic particles like the electrons are indistinguishable; we can not detect any
difference when two electrons are interchanged. Since all measurable quantities are
related to the absolute value of quantum-mechanical wave-functions there are two
types of indistinguishable particles: one type, fermions, where the wave function
changes sign when two particles are interchanged; one, bosons, where the sign does
not change. From this difference between fermions and bosons follows the difference
in how the particles are distributed over the particle states.
The distribution function for fermions, the Fermi-Dirac distribution function, is

n(e)=1/[e!“M +1], (4.22)
and for bosons, the Bose-Einstein distribution function, is
n(e)=1/[e!E M —1], (4.23)

where p is the chemical potential. The value of u is determined from the relation

N=Y n(). (4.24)
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where N is the total number of particles. The number of particles in the system is
assumed to stay constant for massive particles, i.e., particles having a rest mass.

There are other particles lacking a rest mass, like photons, phonons and the normal
modes we are concerned with in this book. These are so-called massless bosons. They
obey the distribution function for massless bosons,

n(e) =1/ —1]. (4.25)

Here, the chemical potential is zero. The number of this type of particles are not
conserved.

For classical, macroscopic, distinguishable particles the distribution is given by
the Boltzmann distribution function,

n(g) =ng (&) = 1/ePEH, (4.26)

Even for indistinguishable atoms if the temperature is not extremely low the term
+1 in the denominators of the two distribution functions for massive particles is
negligible compared to the exponential term. Dropping this =1 term gives for both
massive fermions and massive bosons the Boltzmann distribution function.

4.3 Internal Energy and Helmholtz Energy for System
of Mass-Less Bosons

In this section we will discuss the energies important for our formalism and show
what energy governs the interaction in the system. We start with the internal energy,
E. It can be written as

E = Zé‘i [I’l (&) + %]

. 4.27)
= Yo [ + 1| = e [ | = Lk coth (e /2),

where i runs over the particles.
Next we derive the Helmholtz energy, §. To do that we need to introduce the
partition function, 3,

1
—B7éi
_ —BH\ __ _ﬂgi(”+%> _ e "2 _ 1
L =tr (e ) = IiZ E e = 17 [ —ofa = 17 2 sinh (Ber/2)’ (4.28)

where now # is an integer. The eigenvalues of the number operator are integers. The
n (¢;) in (4.27) is the expectation value of the number operator of particle i with
energy &;. The expectation value is not an integer. Now,
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1 1 1
3= 3 InP = -3 Z —1In[2sinh (Bg;/2)] = Z 3 In [2sinh (Be; /2)].
(4.29)
It can be difficult to realize which energy to use for finding the interaction in
a system[1]. Let us study two objects the distance r apart. The system is kept at
constant temperature, 7. We want to calculate the interaction potential V (r), such
that the force between the objects is F (r) = —dV (r)/dr. We want to determine
what energy function V (r) is. For every r-value there will be a number of modes
with energies that depend on r. The total energy is

E(r)= Z {n [ (r)] + %} & (r) = Z [n,- r) + ﬂ & (r). (4.30)

1

Let us now see what happens when we change r with dr. It is enough to study one
of the modes. Thus we have

dE (r) =d{[n () +1/2]& (r)}
=[n(r)+1/21de (r) + & (r) g’;g;de (r) 4.31)
= dO +do.

The first term is due to mechanical work, which is the energy we are interested in,
and the second to heat exchange with the surroundings. At zero temperature the force
is F = —dE (r)/dr; at finite temperature the force is F = —d® (r)/dr, where © is
the free energy.

What free energy is involved? Let us find out. We start by calculating the other
energy term,

e(r)
®(r)= [ &(r) GEDde (r)

&(r)
=le(r)n]e (r)]]g(’) _ f n[e (r)]de (r) + constant (4.32)

=e(r)nle (] — zn (1 —e ),
and
O=E—-®
e(r){nleM+3}—enle (] + %m (1—e o)
= %s (r)+ %ln (l - e*ﬁa(r)) = %111 (eﬂs(r)/z) + éln (1 _ efﬁs(r)) (4.33)

= %1n (ePe()/2 — e=PeI/2) = Zn[2sinh (Be (r) /2)]
=3

1
B

Thus, from (4.29) we see that this free energy is the Helmholtz energy.
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Chapter 5 ®)
Electromagnetic Normal Modes e

Abstract Normal modes appear in all physical systems. In this chapter we explain
what is meant with normal modes and what are their properties. Furthermore we
discuss the differences in classical and quantum systems. Then we move on to elec-
tromagnetic normal modes, the key subject of this book. We show in detail how they
lead to interactions in all systems, even in vacuum, and to forces between objects.
Given the modes, we demonstrate how the interactions can be derived in a system in
thermal equilibrium, at zero as well as at non-zero temperature. In a system of macro-
scopic objects in vacuum one finds three types of mode: bulk modes, surface modes,
and vacuum modes. The bulk modes are responsible for the stability and binding of
the objects themselves; we demonstrate that they lead to the well-known exchange
and correlation energy of metals; these energies are due to longitudinal modes but we
show that there are also a transverse counterpart although much weaker. The surface
modes give rise to surface tension for liquid objects and surface energy for solids;
they are also responsible for the van der Waals interaction between the objects. The
vacuum modes are responsible for the Casimir force.

5.1 Normal Modes and Their Properties

We are all surrounded by normal modes in our daily life; sometimes they are a
nuisance; sometimes a blessing. If you were to drive in an old car and gradually
increase the speed you could experience that when you reach a certain speed the car
starts to vibrate and make unwanted noise. Then you have excited a normal mode
in the system car. Similar annoying experience you could have from a humming
heat pump or refrigerator. On the other side of the spectrum is when you listen to
a nice piece of opera or to your favorite music instrument. Here normal modes are
also excited. Other examples are: soldiers who are in step across a bridge can hit the
right resonance frequency and make the bridge oscillate; for each step they take the
amplitude of oscillation increases and the bridge may eventually collapse. According
to the legend of the walls of Jericho the attackers were blowing in horns and made the
walls collapse. These examples are all from mechanical systems but normal modes
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Fig. 5.1 A mass m attached

to a spring of spring constant

k. The spring is attached to a

horizontal wall. The k
coordinate x is relative the
equilibrium position when
the spring has been stretched
due to the gravitational force x

appear in all types of physical system e.g. in electromagnetic systems, the topic of
this book. We keep to mechanical systems for a while and turn to mathematics.

Each physical system is governed by a system of coupled differential equations.
The normal modes of a system are solutions to the system of homogeneous equations,
i.e., the equations in absence of external sources. The normal modes can be chosen
as bases functions. Hence any excitation of the system can be expressed as a linear
combination of these functions.

Let us give some simple illustrating examples of mechanical systems. In a simple
mechanical system the key equation is Newtons second law, i.e., F = ma. The force
equals the mass times acceleration. The first example, Fig. 5.1, is a mass, m, attached
to a spring of spring constant k. The spring is attached to a horizontal wall. The mass
is pulled downward in the gravitational field. We let the spring stretch until the spring
force equals the gravitational force. This is the equilibrium point. If we express x as
the displacement from the equilibrium point we have the equation of motion as

mxX +kx =0, 5.1)

where a time derivative is indicated by a dot. A double dot means a second order
derivative with respect to time. This is just Newton’s second law where we have
moved the two quantities to the same side of the equal sign.

On Fourier transformed (C.2) form it is

(—w*+k/m)x =0, (5.2)
with a non-trivial solution for

w=+k/m. (5.3)

For two masses, Fig.5.2, and two springs we have

w10 = vVk/m = wy,
w20 = «/Zk/m = \/Ea)o,

where the first frequency is the frequency with which the lower mass is oscillating
if we keep the upper in fixed position; the second frequency is the frequency with

54
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Fig. 5.2 Two equal masses,
m, connected by a spring of
spring constant k, attached to
an identical spring which in
turn is attached to a
horizontal wall. The
coordinates, x;,i = 1, 2, are
relative the equilibrium
positions when the springs
have been stretched due to
the gravitational force

which the upper mass is oscillating if we keep the lower in fixed position. When we
let them both loose we have the two normal modes from the coupled equations

mx, + 2kx; —kx, =0,

mxs + kx, —kx; =0, (5.5)

where x; and x, are the displacements of the upper and lower mass, respectively,
from the equilibrium positions. Fourier transforming gives (C.2)

—mw? + 2k —k X1
( —k —mw? + k) (xz =0. (5.6)

There are non-trivial solutions if the determinant of the matrix is zero so the
condition for modes is

‘ —mw? + 2k —k

"L _mw2+k‘:0. (5.7)

This gives

(=maw® 4 2k) (—mw® + k) — (—k)* =0, (5.8)

2
o — o (ﬁ) n <E) _o0. (5.9)
m m

and substitution of k/m in favor of a)g,

and after rearrangement

ot = 30’0} +wy =0. (5.10)
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Fig. 5.3 A general number of n masses along a line connected to each of their nearest neighbor
with a spring of spring constant k. The equilibrium nearest neighbor distance is a and the total
length of the system is L = na

This equation has two (positive) solutions,
(5.11)

Thus the system has two normal modes. In the first mode the two masses move in
the same direction and in the second, with higher frequency, they move in opposite
directions.

Next we study a variable number of masses attached to springs as in Fig.5.3. We
find for one mass'

wo = +/2k/m, (5.12)

J1-1/42
1 ,
J1+1/42

V1—+3/v2

JI=1/2
Wy X 1 , (5.14)

JVI¥I/2

V1++3/2

for three masses,

wp X (5.13)

for five masses,

and for seven masses,

INote that the wy is different from in the previous example. Here, wy is the frequency of oscillation
of a mass when the neighboring masses are kept at fixed positions. All masses are attached to two
springs.
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()

m/a q

Fig. 5.4 The dispersion curve for a chain of masses connected with springs. The equilibrium
distance between the masses is a. The results are for 3, circles, 5, squares, and 7, plusses, masses,
respectively. The insets show, for each of the three modes in the three-mass chain, how the atoms
move. What is shown is the displacements at the two turning points of the oscillations

V1—=v2+4++/2)2
V1=+2/2

1—vV2-42)2
wo X 1 . (5.15)

1+vV2-+2/2

J1++2/2

1+V2++2/2

If we were to plot all these modes in acommon figure as functions of mode number,
i =1,2...n, they would give a rather unorganized impression. If we on the other
hand were to plot them as functions of ¢ = 27 /A = im /L all points would fall on one
and the same curve, @, = 2./k/m sin (qga/2). Curves like this are named dispersion
curves. In Fig. 5.4 we give the results for three masses, circles, five masses, squares,
and seven masses, plusses. In the insets are shown how, for the case of three masses,
the masses move when these modes are excited. What is shown is the displacements
at the two turning points of the oscillations. We see that in the mode with lowest
frequency all three masses move back and forth in the same direction. In the second
mode the middle mass stands still and the other two move in opposite directions. In
the mode with highest frequency the outer masses move in the same direction and the
middle one in the opposite. The displacements we discuss here are along the springs,
so the excitations are longitudinal. The system also has transverse excitations which
we do not consider here.
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In general a dispersion curve is a curve that describes the relation between the
angular frequency, w, and a variable that characterizes the mode; in this case
the wave number, g, or wave length, A. If the dispersion curve is a straight
line we say that it shows no dispersion; if it is curved it shows dispersion. The
light dispersion curve in vacuum is a straight line. In a medium it is curved.
The dielectric function and refractive index both increase monotonically with
frequency in between all regions of absorption. This is true for all media and
means that light of higher frequencies, shorter wavelengths, is refracted more
than light of lower frequencies. This is why light is dispersed, spread out, in
a glass prism and different colors are separated. This effect made London [1]
coin the name dispersion forces for the forces treated in this book. (This effect
is also why the sky is blue and the sunset red.)

In aclassical treatment, as apposed to quantum mechanical, the amplitude of oscil-
lation is a continuous variable. The energy of the system increases with amplitude. In
general one may obtain the normal modes of the system with a classical treatment.
This is very fortunate. Let us now treat the system of a single mass attached to a
spring quantum mechanically. The system can be viewed as a particle of mass m
in a potential V = kx?/2. This is a classical problem in quantum mechanics, the
Harmonic Oscillator problem.

5.1.1 The Quantum Mechanical Harmonic Oscillator

In solids the vibrational modes of the atoms are quantized because of first quantiza-
tion. These quantized vibrational modes are called phonons. An electron can scatter
and emit a phonon which later is absorbed in a scattering process involving a second
electron. This causes an indirect interaction between the electrons. This is an exam-
ple of second quantization. Phonons in solids can usually be described as harmonic
oscillators. The one-dimensional harmonic oscillator has the Hamiltonian
p2 k 2
H = o +2x . (5.16)

To solve it we introduce the dimensionless coordinate &:

£ = x(me)'?, (5.17)

where
w=+k/m, (5.18)
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Fig. 5.5 The harmonic 12 ‘ ‘ ‘ ‘ ‘ ‘ \ \
oscillator potential and the 11 \ \L /\L
quantum mechanical S NS
solutions. The wave 10+ ]
functions are plotted with 9 \//\\/
their energy eigenvalues as = 8t \ /\L N
base lines E 7 P
— \./
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g > N_
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3
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1
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g
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hw ]
H=—|-—F5+¢&"). 5.19
7 (5 tE (5.19)

The harmonic oscillator Hamiltonian has a solution in terms of Hermite polyno-
mials. In Fig. 5.5 we have plotted the first six wave functions. The states are quantized

such that |
, = how (n + 5) On (5.20)

where 7 is an integer.
It is customary to define two dimensionless operators as follows:

mw\1/2 i
a:L/(é'Fas)_(_h)/ (x—i—%) ’
1 ] mw\1/2 i
aT:z—/@ as)_(_h) (x—ﬁ)~
They are Hermitian conjugates of each other. They are sometimes called raising

and lowering operators, but we shall call them creation (a) and destruction
operators (a). The Hamiltonian may be written in terms of them as

(5.21)

H = %[aa*—i—a*a]
:hTw( a§2+$>

For any function f (§) we have

(5.22)



76 5 Electromagnetic Normal Modes

[a,a"] f(&) =[aa" —a'a] f(&) = F(&),
[a,a] f(§) = [aa —aa] f(§) =0, (5.23)
[a",a"] f(&) = [a’a’ —a'a’] f(&) =0,

which can be written as

[a,a] =0, (5.24)
¥

These three commutation relations, plus the Hamiltonian

H = hTa) [aaT + aTa] = %U [aaT —a'a+ 2aTa] = hw [a*a + 1/2] ,  (5.25)

completely specify the Harmonic oscillator problem in terms of operators. With these
four relationships, one can show that the eigenvalue spectrum is indeed (5.20), where
n is an integer. The eigenstates are

A\
In) = % o) (5.26)

where |o) is the state which obeys
alo) =0, 5.27)

and where the n! is for normalization. If one operates on this state by a creation
operator, one gets

1

(nh'/?

1/2
(m)n+1 lo) = %(a%)nu lo) = (n + 1)1/2 n+1) ,
' (5.28)

the state with the next higher integer. Thus the only matrix element between states is

a'ln) =

(n'[a’n)y =+ D28y - (5.29)
If we take the Hermitian conjugate of this matrix element,
(nlaln’y =0+ D8y pi1 . (5.30)
and exchange dummy variables n and n’, we obtain
(n'|aln)y = @)'"28, o1 . (5.31)

or
aln) =M n-1) . (5.32)
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So the destruction operator lowers the quantum number. Thus operating by the
sequence
alalny =a" " In-1=m)"?a" n=1 =nln) , (5.33)

gives an eigenvalue n, which verifies the eigenvalue (5.20). The description of the
harmonic oscillator in terms of operators is equivalent to the conventional method
of using wave functions ¢, (§) of position.

In the Heisenberg representation of quantum mechanics, the time development of
operators is given by

0(r) = efl"'h e i/ (5.34)
so that the operator obeys the equation

ho O(1)
at

=i[H, O] . (5.35)
For the destruction operators, this becomes

d . . + ¥ . T .

Ea =i/h[H,a] = iw [a aa —aa a] = iw [a ,a]a = —iwa, (5.36)

which has the simple solution A
ait)=e"'q . (5.37)

The reference point of time may be selected arbitrarily, so that the operators have
an arbitrary phase factor associated with them. This phase is unimportant, since it
cancels out of all final results. The Hermitian conjugate of this expression is

a'(r) =e“at . (5.38)

Thus using (5.21) we can represent the time development of the position operator
as

A 1/2 ‘ '
x(t):(%> (ae™" +a'e"). (5.39)

This result for x (#) will be used often in discussing phonon problems.

In a solid there are many atoms that mutually interact. The vibrational modes
are collective motions involving many atoms. Some experience can be gained by
studying the normal modes of a one-dimensional harmonic chain:

k

2
N P ) N2
H= Z ety Z (i — xi1)? (5.40)
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The quantum mechanical solution begins by defining some normal coordinates,
assuming periodic boundary conditions:

_ igal _ 1 1(1[
xl—Nl/ZZeq Xq > Xqg = y2 Y e

1
P = N1/2 Zefiqalpq , Dg = NL Z lqal ) (541
4 ]

This choice maintains the desired commutation relations in either real space or
wave vector space:

[xla pm] = 1h51 m s
iy 5.42
[xq, pqr] =1ihé, 4 . ( )

The Hamiltonian becomes in wave vector space

1 m
=5 Z pqp_q—l—z Za)g XgX_g , (5.43)
q q
where m
, 4k ., (qa
wy = —sin (7) ) (5.44)

The Hamiltonian has the form of a simple harmonic oscillator for each wave
vector. We define

mwy \1/2 i
a; = () (xq + @p*q) ;

. o /2 ‘ (5.45)
a," = (F) (x—q - @1’4) ’
which obey the commutation relations,
[ag. ag "] = 844,
[aq, ay ] 0, (5.46)
[aqT, ag ] 0,
and the Hamiltonian can be written as
H =Y ho,[a;'a,+1/2]. (5.47)

q

These collective modes of vibration are called phonons. They are the quantized
version of the classical vibrational modes in the solid. These are the same commutator
relations and Hamiltonian, as in the simple harmonic oscillator. Each wave vector
behaves independently, as a harmonic oscillator, with a possible set of quantum
numbers n, = 0, 1, 2, ... The state of the system at any time is
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¢ = [ng1, nga ccoongn) = [ ] |ng) ]_[ 1/2 o), (5.48)
q q '

so that the expectation value of the Hamiltonian is

= hoy [(ng) +1/2]. (5.49)

In thermal equilibrium the states have an average value of n, which is given in
terms of the temperature 8 = 1/kgT,

(ng) =Ny = =ng(w,) . (5.50)

efhos — |

The system fluctuates around this average value. The position operator in wave
vector space, and real space, is

12 _ .
Xq(1) = (2mhwq> (aqe_lw"t + “iqe]wqf) ’

172 . PR
x() =3 (ngw) elae! (aqe"‘”‘f’ + alqe"”fl’).

q

(5.51)

In 3D the result is similar in the harmonic approximation and for one atom per
unit cell

o\ e
Qq,x(t)=l<m) Eq.n (aq,xe_"”‘” +a,q,)\elw“'*) ,

172 ; b . (5.52)
. K iwg i iwast iR
Qi(t) = lq,ZA (m) Eq.;\ (aq’)\e q.1 ! +a—q,xe q, I)eqR(O) ,
and
= ﬁ ( arPoqa + Mzw?l,,\ Qq,AQ—q,A>v
qx (5.53)
hawg (aq,xaq,k + 1/2) .
q.A
The polarization vector is real valued and &_q ), = —&4»

To summarize:

The normal modes are massless bosons. The Hamiltonian is

H=Y"(afa;+1/2) hos (5.54)
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where al-T a; and hw; are the number operator and energy of mode number i,
respectively. The energy can be written as

E=Y"(n+1/2) ho . (5.55)

The occupation number for mode number i, ;, can be the result of an external
stimuli or it can be due thermal excitations. If the system is in thermal equilib-
rium the expectation value of the number operator is the distribution function
for massless bosons,

ni =1/ (exp (Bhw;) — 1) , (5.56)

where B = 1/kpT.

5.1.2 Classical Versus Quantum Systems

We found that for a system of masses connected by springs the number of modes
were equal to the number of masses. Each mode oscillates with a specific frequency,
the mode frequency. This is true for both the classical and quantum mechanical
treatments. In the classical treatment the total energy and the amplitude of oscillation
are continuous variables. In the quantum mechanical treatment there is an energy
quanta, Aw;, for each mode i and the total energy and amplitude of oscillation are
discrete variables, see Fig.5.5. Macroscopic systems are usually treated classically.
Quantum mechanics is a theory that is superior to classical mechanics and is also
valid for macroscopic objects. How come then that we do not see energy quanta in
a macroscopic mass-in-a-spring system? We illustrate this in Table5.1, where we
compare various quantities for a macroscopic mass of 15 g in a macroscopic spring
of length 50 cm and spring constant 2.94 N/m with the microscopic system consisting
of a carbon monoxide molecule attached to a surface, see Fig.5.6. The carbon atom
moves in a potential that is parabolic in a region around the equilibrium position.
Thus it behaves as if a spring was connecting the carbon and oxygen atoms. We see
that the energy quanta in the macroscopic system is as small as 10~ eV which is
much too small to be observed, or resolved. In the quantum system it is 166 meV.
On the third row from the bottom of the table are shown how many quanta on
the average are excited at room temperature. In the classical system one trillion> of
quanta are excited while in the quantum system not even a single quanta is excited.
On the last two rows of the table we show result from applying a constant force
field so strong that the spring is stretched by 10%. The relaxation energy is then
2.3 x 10'® eV and 504 meV in the classical and quantum case, respectively. The

2one trillion in the short scale corresponding to one billion in the long scale.
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Table 5.1 Comparison between a macroscopic (classical) and a microscopic (quantum mechanical)
mass-in-a-spring system. See the text for details

Quantity Classical Quantum mechanical
Spring length: / 50 cm 1L.13A

Mass: m 15¢g 2 x 10720 kg
Spring constant: k 2.94 N/m 1264 N/m
Angular frequency: wo 14571 2.5 x 1014571
Frequency: v 2.23Hz 4 x 1083 Hz
Energy quanta: E = hw 9.218 x 1071 ev 166 meV
Number of quanta excited at | 2.8 x 102 1.6 x 1073
300 K

Relaxation energy: 2.3 x 10%evV 504 meV
Eretax = k(AD?/2

Number of quanta: 2.5 x 103 3.0

ng = k(AD?/2E

Fig. 5.6 A schematic @
illustration of a carbon

monoxide molecule

adsorbed on a solid surface.

The oxygen atom is stuck to

the surface and the carbon
atom is sticking out . . ‘ . . .

number of excited quanta is in the classical case as high as one nonillion® while it is
just three in the quantum system.

Thus the reason quantum effects are not observed in a macroscopic system is
that the energy quantum is so extremely small that there is no way to observe the
discreteness in the energy and amplitude of oscillation.

5.2 Interaction from Normal Modes

At zero temperature the interaction energy, or Casimir energy, of a system can be
expressed as the sum of the zero-point energies of all electromagnetic normal modes
of the system.*

30ne nonillion in the short scale corresponding to one quintillion in the long scale.

41t is rather the shift of the zero-point energies when the interactions, one is concerned with, are
“turned on” that should appear in the equation. See Chap. 3 of [2].
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E=Y" L (5.57)
i 2

In a simple system with a small number of well-defined modes this summation may
be performed directly; this method is called the mode-summation method. In most
cases it is more complicated. The complications can e.g. be that the modes form
continua or that it is difficult to find the zero-point energies explicitly. An extension
of the so-called argument principle [2—4] can then be used to find the results (see
Sect.3.3.2).

In what follows we let z denote a general point in the complex frequency plane,
w a point along the real axis, and i a point along the imaginary axis, respectively.

Let us study a region in the complex frequency plane where two functions are
defined; one, ¢(z), is analytic in the whole region and the other, f(z), has poles
and zeros inside the region. The following relation holds for a counterclockwise
integration along a contour around the region:

1 d
i f Q2 @) I f (@) =D 0 G = D ¢ ) - (5.58)

where zo and z, are the zeros and respectively, of function f(z). If we choose the
function f(z) to be the function in the defining equation for the normal modes of the
system, f (w;) = 0, the function ¢ (z) as hz/2, and let the contour enclose all the
zeros and poles of the function f(z) then (5.58) produces the energy in (5.57). The
second term on the right-hand side is just the subtraction of the zero-point energies
in absence of the interactions as discussed in the note below (5.57). In the original
argument principle the function ¢ (z) is replaced by unity and the right-hand side then
equals to the number of zeros minus the number of poles of the function f(z) inside
the integration path. By using this theorem we end up with integrating along a closed
contour in the complex frequency plane. In most cases it is fruitful to choose the
contour shown in Fig.5.7. We have the freedom to multiply the function f(z) with
an arbitrary constant without changing the result on the right-hand side of (5.58). If
we choose the constant carefully we can make the contribution from the curved part
of the contour vanish and we are only left with an integration along the imaginary
frequency axis:

E = i / déIn f (i&) , (5.59)
4

where the result was obtained from an integration by parts. At finite temperatures it
is Helmholtz’ free energy,

5= Sho (1) + éln (1—e o) = 3 % In (z sinh %ﬂ%) . (5.60)

i
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Fig. 5.7 Integration contour A
in the complex z plane suited Imz
for zero temperature

calculations. Crosses and

circles are poles and zeros,

respectively, of the function

f(z). The radius of the circle Y
is let to go to infinity.
Adapted from [2]

\J

X0 X 0X (4]

Rez

that is of interest (see Sect.4.3). Also here we may use the generalized argument
principle but now with In [2 sinh (8Az/2)] / B instead of hz /2 for ¢(z) in the integrand
[2, 5]. There is one complication. This new function has poles of its own in the
complex frequency plane. We have to choose our contour so that it includes all poles
and zeros of the function f(z) but excludes the poles of ¢(z). The poles of function
©(z) all fall on the imaginary frequency axis. The same contour as in Fig.5.7, is used
but now we let the straight part of the contour lie just to the right of, and infinitesimally
close to, the imaginary axis. We have

e (5.61)
=L [ d&coth (3BRi&)In f (i) .

The coth function has poles on the imaginary z-axis and they should not be inside
the contour. The poles are at

i, = i 2" 0,41, +2 (5.62)
n =15y =1——; n =04, s e s .
z "B

and all residues are the same, equal to 2/78. The integration is performed along the
imaginary axis and the path is deformed along small semicircles around each pole.
The integration path is illustrated in Fig.5.8. The integration along the axis results
in zero since the integrand is odd with respect to £. The only surviving contributions
are the ones from the small semicircles. The result is
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Fig. 5.8 Integration contour

in the complex z plane suited Imz
for finite temperature

calculations. Crosses and

circles are poles and zeros,

respectively, of the function

f(z). The small semi circles

are centered at the poles of

the coth function in the

integrand. The radius of the

large semi circle is let to go oo >
to infinity. Adapted from [2] Re z
h 2mi 2 . 1 . 2nn
§= H;T%mmm = ﬁszlnfosn); fn= g n=0.£L2 .

(5.63)

Since the summand is even in n we can write this as

1 , ) 2mn

§=52./Inf ) &= Fzin=012... (5.64)

&

where the prime on the summation sign indicates that the n = 0 term is multiplied
by a factor of one half. This factor of one half is because there is only one term
with |n| = 0 in the original summation but two for all other integers. When the
temperature goes to zero the spacing between the discrete frequencies goes to zero
and the summation may be replaced by an integration:

', hB1 [ , [ de _
S=E; In f (&) — EE/délnf(lé‘)=ﬁ/E1nf(lé)=E, (5.65)
En 0 0

and we regain the contribution to the internal energy from the interactions, the change
in zero-point energy of the modes.

Sometimes the integrand is less well behaved when integrating along the imag-
inary frequency axis. Then it might be better to use a contour shown in Fig.5.9.
One integrates along the whole real axis, just below the poles and zeros and then
back again just above the axis. This contour can be used both for zero and finite
temperature.
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Fig. 5.9 Integration contour

in the complex z plane suited ‘
for both finite and zero Imz
temperature calculations

when the integrand is not

well behaved along the

imaginary axis. Crosses and

circles are poles and zeros, ~]
respectively, of the function fX o X Ox 5 ) —
f(2). The integration is P Re z

performed along the whole
real axis, just below and just
above. Adapted from [2]

To summarize so far, at zero temperature the internal interaction energy is obtained
from (5.59) and at finite temperature the Helmholtz free interaction energy is obtained
from (5.64). The only input from the system is the mode condition function, f(z).
Casimir forces, pressures, surface tensions, works of adhesion and cohesion, and so
on are obtained from how these energies vary when parameters of the system are
changed.

All derivations of the mode conditions are simplified if retardation effects are
neglected. The forces obtained if this is done are van der Waals (vdW) forces. If
retardation is included in all steps the result span the whole separation region covering
both Casimir and van der Waals forces. Since the non-retarded derivations are so
much simpler to perform, the results so much simpler to handle and since the distances
in the system often are small enough for retardation effects to be negligible we
derive the results both without and with retardation effects included. The treatment
in this work is limited to objects of a certain class of geometrical shape. One of
the coordinates of a proper chosen coordinate system should be constant at the
interface between two media. The fully retarded treatment is based on solutions to
the Helmholtz equation while in the non-retarded treatment the Laplace equation
takes its role. There are 11 coordinate systems in which the Helmholtz equation is
separable and 13 for the Laplace equation, so there are quite a few shapes where
the treatment is applicable. One should note that the thickness of the layers are not
constant in all geometries. They are in the three specific geometries that we apply
the theory to here.

5.3 Different Mode Types

In this section we will derive the electromagnetic normal modes in three simple
geometries: in empty space, vacuum; in the bulk of a medium; at a flat interface
between two media. These modes are called Vacuum Modes, Bulk Modes and Surface
Modes, respectively. The normal modes are obtained by solving Maxwell’s equations
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in absence of external sources, i.e., solving the homogeneous equations. To find the
surface modes we also need to involve the boundary conditions at the interface.

5.3.1 Vacuum Modes

The vacuum modes were found to be responsible for the Casimir force. This force
was found by Casimir [6] to act between two ideal (totally reflecting) metal plates
in vacuum. They can also be responsible for the Dark Energy in the Universe. When
we look for the modes we have a system absent of any external sources. Thus we
start from (2.4) without external sources. Now the equations we start from are

0 )

-E
-B=0,

I

B _ o (5.66)

;. =

=0,

4 444

|5

x E
x B —

S b= o=

5

t

since in vacuum D = E and H = B. It is favorable to use the Fourier transformed
(C.2) versions,

q-E=0,

q-B=0,

qxE—2B=0, (5.67)
qxB+2E=0.

From the first two equations we see that both fields are transverse; there is no lon-
gitudinal solution. From the third equation we find that B = (c/w) q x E. Here we
see that B is perpendicular to both E and q. Next we substitute this expression for B
in the forth equation and find

qx(qxE) +(/c)’)E=0. (5.68)
————

q(q - E) -E@qg=—¢E
~——

0

Thus
[(@/c)* —¢*]E=0. (5.69)

Had we instead extracted the E field from the fourth equation and made the sub-
stitution in the third equation we would have obtained the same results but with B
replacing E. There is a trivial solution to (5.69) viz. that E is zero from which follows
that also B is zero. The nontrivial solution, the normal mode, is found by letting the
factor in front of E be zero. Thus, the normal mode in vacuum has the dispersion
curve w = cq and the fields form a transverse plane wave.
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When neglecting retardation one lets the speed of light in vacuum, ¢, go to infinity.
If we had done that in (5.66) we had found there are neither longitudinal nor transverse
solutions. Thus, there are no vacuum modes in the non-retarded treatment.

5.3.2 Bulk Modes

Bulk modes are modes in the interior of a macroscopic object where the effect of
its boundaries can be neglected. These modes are responsible for the stability and
binding of the object. The exchange and correlation energy of a metal, e.g., can be
obtained from how these modes change when the object is formed.

We have found that the interaction energy is just the change in the zero-point
energy of the normal modes of the system caused by the interaction. Thus if we
know the dielectric properties of the system we can determine the normal modes
and the interaction energy without involving the complicated many-body theory and
even without the use of quantum mechanics. We may get away with using the theory
of classical electromagnetic waves, the Maxwell’s equations.

If we have a continuum of excitation modes like in a free-electron system there
is a normal mode squeezed in between each nearest pair of single-particle excitation
modes, and these come infinitely close to each other. Thus it is in practice impossible
to keep track of all individual modes and how their energies change with interaction.
Then we have to rely on the extension of the argument principle. However, often
one may to a good approximation replace the continuum with one or a few discrete
modes and the simple approach can be applied. We should note that in the interacting
system there are no longer any pure single-particle excitations; in each excitation,
characterized by a change in momentum and frequency all electrons are involved;
when an electron is promoted from one state to another, all other electrons adjust to
this change. Thus all excitations are really collective and in principle not different in
this respect from the plasmon excitation. The difference is that all but the plasmon are
still bound to the original region of the single-particle continuum; only the uppermost
mode is pushed away a finite distance in energy and becomes the plasmon. We should
also remember that all objects are finite in size. This means that there are no true
continuum of single-particle excitations, all regions are discrete. When we make
calculations on a macroscopic object we let the size go to infinity and the distance
between the excitation energies goes to zero. In Fig.5.10 we show the excitation
spectrum for a metal (Be) treated within RPA. The single-particle excitations occur
within the shaded area. To the left in the figure one may see the plasmon dispersion
curve. There are also transverse modes not shown in this figure. Just like in the
longitudinal case there is one transverse mode squeezed in between each nearest
pair of single-particle excitations. Then there is one mode above the light-dispersion
curve in vacuum.’ We have not shown this in the figure because this upper mode

5 Actually these transverse modes are each a pair of modes, degenerate in isotropic systems, because
there are two independent polarization directions for transverse modes.
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Fig.5.10 The longitudinal-excitation spectrum for Be metal in RPA. All single-particle excitations
occur within the shaded area. The plasmon dispersion curve is pushed out from the continuum for
small momenta but merges with the continuum for larger momenta. If we follow the vertical line
to the left from small energies toward higher we move through a very dense region of modes, the
continuum. There is one longitudinal mode squeezed in between each neighboring pair of single-
particle excitations. Then there is a break followed by a single mode, the plasmon

comes much higher in energy. The light dispersion curve in vacuum is so steep that
if plotted in Fig.5.10 it would not be separated from the vertical axis.

To illustrate what happens with the modes when the interaction turns on we study a
simple model dielectric function, which gets its contributions from the four excitation
energies, 1, 2, 3 and 4 with weights 1, 2, 3 and 2, respectively

8A(w)=1—k|: Ly 2 2 2
w—1 w-2 w-3 w-4
1 2 3 2
+_w_1+_w_2+_w_3+_w_4}, (5.70)

where A is the coupling constant. When A = 1 we have full interaction and when
A = 0 there is no interaction at all. Figure5.11 illustrates the dielectric function.
This can be viewed as modeling of the dielectric function in Fig. 5.10 along the thick
vertical line to the left in the figure. The four excitation energies are then single-
particle excitation-energies for a given wave number.

To find the modes we start from Maxwell’s equations (2.4) in absence of external
sources

B _ (5.71)
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It is favorable to use the Fourier transformed (C.2) versions,

eq-E=0,
q-B=0,
qu—%B:O,
qx%B+%§E=0.

(5.72)

We see that the first two equations concern longitudinal modes and the last two
transverse. The dielectric function in the first equation is consequently the longitu-
dinal version and the magnetic permeability and dielectric function in the forth are
the transverse versions. We begin with the longitudinal modes.

5.3.2.1 Longitudinal Modes

Now, the second line of (5.72) shows that there is no mode with a longitudinal B-
field. On the other hand from the first line we find that the condition for a longitudinal
E-field is

e(q,w) =0. (5.73)

Thus, the mode-condition function for longitudinal modes is

f@.o)=¢(q.0) . (5.74)

InFig.5.11 we notice that in a system represented by the model dielectric function
of (5.70) there are four modes. The three left most modes are supposed to represent
the continuum and the forth the split off plasmon mode. The normal modes are
shifted from the white to the black positions indicated in the figure by circles. The
solid curve is for A = 1 and the dotted one is for A = 0.01. We note that the zeros
when A goes to zero are at the positions of the poles for A = 1. The model dielectric
function could approximate a real function for a specific q, like along the vertical
line in Fig. 5.10. The modes are characterized by q, but we see that each q has several
modes, i.e. there are several branches of modes.

The contribution to the interaction energy (per unit volume) from longitudinal
modes is then

(271) /—lns(q,lé) (5.75)

This energy contains the self-energy of the electrons. If we treat the electrons as
point particles this energy is infinite. We subtract this energy by making a correction
to the wave-vector integration,
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Fig. 5.11 The dielectric 10
function with A equal to /
unity, solid curve, and equal

to 0.01, dotted curve. The

interaction shifts the

longitudinal modes toward 5

higher energies, from open B
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—00

where n is the electron density and v, = 4me®/q?, the Fourier transform of the
Coulomb potential.

For a metal the interaction energy in (5.76) is the exchange and correlation energy
per unit volume. The exchange and correlation energy is the change in the interaction
energy when the solid is formed. So the reference system is a system where all
electrons are very far apart so that they do not affect each other. The interaction energy
in the reference system is the number of electrons times the interaction energy for a
system consisting of a single electron in vacuum. Both the longitudinal and transverse
contributions to this energy diverges if one does not introduce a cut off in the wave-
vector integration and/or the frequency integral. The longitudinal contribution is just
the energy stored in the electric field emerging from the electron. If we assume
that the electron is a true point particle this energy diverges; if we assume that the
electron has a finite radius the energy is finite; if the radius is chosen to be the
classical electron radius the energy equals m,c?, the electron rest-energy (this is how
the classical electron radius has been defined). A finite electron radius is equivalent
to a wave-vector cutoff.

5.3.2.2 Transverse Modes

From the third line of (5.72) we find B = (c¢/w) q x E. Substituting for B in the

fourth line gives
2

axqxE+2FIE=0, (5.77)
e’ C

—¢’E
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30

25 | cq=5

Fig. 5.12 The dielectric function with A equal to unity, solid curve, and equal to 0.01, dotted
curve. The interaction shifts the transverse modes toward lower energies, from open circles to filled
ones. The highest mode is shifted toward higher energy. The modes are obtained from the relation
g(w) = (cq/ w)?. Note that we have chosen a nonrealistic cq-value. For a realistic system it would
be several orders of magnitude larger; then the shifts of the modes bound to the continuum would
be much smaller

and
[¢/i0® — (cq)’]E=0. (5.78)

Thus the condition for transverse modes is

(2@ ) (@ 0) o — (cq)’] =0. (5.79)

The dominating majority of materials are non-magnetic. For these materials
o (q, w) = 1. We will let it (q, ) = 1 in most of our examples. We still keep the
[ (q, w) in the formulas to leave open for the possibility of finding interesting mag-
netic effects.

In Fig. 5.12 the filled circles indicate the modes for A = 1. The open circles give
the modes when the interaction goes toward zero. We see that four of these modes
appear where the mode-condition function for A = 1 has its poles. However, now
there is a fifth open circle. It appears at w = cq, i.e. at the light dispersion curve
in vacuum. This illustrates the fact that we have to be cautious when applying the
calculation scheme based on the generalized argument principle.

The contribution to the interaction energy (per unit volume) from transverse modes
is then

hof & /°° de ln[ﬁT(q7i§)5r(q7i§)$2+(0®2:|
2) @ny ) 2n £2 4 (cq)? ’

E=2

(5.80)
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where we have taken care of the fifth open circle by introducing the denominator in
the argument of the logarithm. The extra factor of two in front of the integral is from
a summation over the two independent polarization directions of transverse modes.
Note that we have added a subscript 7 on the material functions to indicate that they
are the transverse versions of the functions.

This result is not yet fully complete. As it stands it is divergent. We want the
interaction energy relative the reference system where all electrons are so far apart
that they do not affect each other. Let us assume that we have N electrons in the
system of a large volume 2. Thus we subtract the corresponding energy when there
is only one electron in the volume. We make this subtraction N times. The transverse
dielectric function for a one-electron system is®

4re? 1
er(i§) =14 —— e 52 . (5.81)
The interaction energy in the one-electron system is
o 4me 2
_ dg (Hmm 52)5 +eq)?
=25/ ¢, Gy f ln{ £t (cg)’
S i (5.82)
=28 f(zﬂ) f nln{1+§g+(cq) } .
The total energy for N such systems is
hop &g T ode | e
EZZE (27_[)3_{0 N In 1+9m
& &) de 4me? N
— q : 1 e
=h W_{len [1 +§§2+(L'q)2}
g T | e (5.83)
=N Gy 7{0 wIn |1+ gy

o Tt
@n 2w 7+ cq)”

d*q }Odé In|1+ (’1’171)
@)} % 2r E4(cq)? |

where we have used the fact that 2 is very large and have introduced the plasma
frequency, w,; = y/4mne?/m,. We subtract this energy and obtain

SThis expression resembles the Drude result for the longitudinal dielectric function of a metallic
system but it is the exact transverse dielectric function for a system with a single electron in state
k=0.
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—9h f In £1(q,i6)E>+(cq)’
el 27r [£2+ a7 [ 1+(op) /[E+"]]

Oq T e Eraingre? |
@)’ 27 | 24’ Hop)”

(5.84)

This result is convergent. Note that it is very important to use the transverse dielectric
function. The transverse and longitudinal versions are equal for small momenta but
differ substantially for large momenta. It is the large-momentum region that makes
the original result divergent.

Thus to get a convergent result we have subtracted the transverse contribution to
the self-energy of each electron. This contribution to the self-energy is obtained as
the interaction energy when there is a single electron in vacuum. The transverse part
appears in Feynman’s [7] derivation of the Lamb shift for hydrogen. Both Feynman
and Bethe [8] subtracted the contribution from the free electron in the treatment of
the Lamb shift but in that problem the singularity does not fully go away. Still a
logarithmic singularity remains. They both used a cutoff to get finite results.

The appearance of singularities in quantum electrodynamics is quite common.
Fortunately most properties of interest involve the difference in value when the
system changes state and this difference is finite. The reason this did not work out
for the Lamb shift is that one used a non-relativistic treatment of the electron, an
approximation that broke down for high frequencies. We were more lucky here. We
too have treated the electron non-relativistically but the integrands vanish long before
we reach regions were this matters.

For a metal the transverse contribution to the correlation energy is much smaller
that that from the longitudinal modes, see Fig.5.13. The transverse contribution is
neglected. The dominating contribution is the exchange energy,

243\ 1
E, = (32 2) —Ry~0916 Ry, (5.85)
4 Ys

where the density parameter r, = (3/4mn)'/3/ao.

5.3.3 Surface Modes

Surface modes are bound to the surface of objects or to interfaces between two
media. They are to a large extent’ responsible for surface tension at liquid surfaces
and surface energy at solid surfaces. We find them by solving MEs in the two media

TThere are also other contributions to this energy. In most solids it takes energy (chemical energy) to
break up bonds when the solid is split into two pieces. There is also an energy gain from relaxation;
the distance between the outermost atomic layers may vary after the splitting and for a metal the
conduction electrons may spill out a little into the vacuum, both effects leading to a reduction in
energy.
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Fig. 5.13 The different contributions to the dispersion energy in an electron gas, in RPA. The
longitudinal exchange-energy contribution, £, dominates; the longitudinal correlation energy, E,
comes next in size (Ey. = Ex + E.); the transverse interaction energy, Eansy., 1S negligible. All
energies are negative and per electron. They are plotted as functions of the density parameter rg
expressed in Bohr radii

on both sides of the surface or interface and then use the standard boundary conditions
at the surface. Let us orient the coordinate system so that the surface is in the xy-
plane, the in-plane wave vector Kk points in the x-direction and the z-axis is along the
surface normal pointing from medium 1 into medium 2. We let a superscript indicate
at what side of the surface a quantity is valid.

We use the version of MEs given in (5.72) together with the matching conditions
(MCs) at the interface,

Dl — B2,
B! — B2,
Eﬁ _ Eﬁ, (5.86)
I:Il _ I:IZ

[N

and from the orientation of the coordinate system we have ' = (k, 0, q;)

Itis enough to find the relations for one electric and one magnetic field. We choose
the E- and H-fields and make use of the constitutive relations while we make use of
the MEs and MCs. We find

kE'+g¢lEl =0,
MEI :{kE5+ZZ2EZ2=o (5.87)
X 272 ’
[kH] +q/H =0,
ME2: 4 (5.88)
X z2°7°z ’
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ME3 :

ME4 :

and

gE} + (juw/c)H! =0,

q2E2 + (jaw/c) H: =0,

qlE! —kE! — (Liw/c) H! =0,
G2E? = kE? = (low/c) HY =0,
kE} — (liw/c) H! =0,

kE? — (flaw/c) H2 =0,

g!H — F10/c)El =0,

q?H} — (Br0/c) E2 =0,

qlH! —kH! + (1w/c)E} =0,
q?H? — kH? + (B,0/c) E2 =0,
kH! + (F10/c) E! =0,

kH? + (220/c) E2 =0,

Mllel —zﬁsz,
E. =FE;,
MC : E‘l, — E% ’
A— A
i i
y y

95

(5.89)

(5.90)

(5.91)

We find that E,, E,, and I:I_\, couple to each other. They form TM (transverse

magnetic) modes. Furthermore, ﬁx, I:IZ, and E, couple. They form TE (transverse
electric) modes. We start with the TM modes.

5.3.3.1 Transverse Magnetic Modes

We have six coupled field components. Let us systematically express all in terms of

E!. We find

El=E!,
E! = kE'
Z__q_; x
1\2 2
~1_(qz) +k°
Hy=—""——E,,
qlihw/c
E}=E!,
k
2 1
EZZ__ZEX’

q:

(5.92a)

(5.92b)

(5.92¢)
(5.92d)

(5.92¢)



96 5 Electromagnetic Normal Modes

2\2 2

~ q:) +k
A} = (§)~—E; : (5.92f)

q; How/c

Equation (5.92a) is trivial; (5.92a) is obtained from the first line of (5.87); (5.92a)
from the third line of (5.89); (5.92a) from the third line of (5.91); (5.92a) from the
second line of (5.87); (5.92a) from the fourth line of (5.89).

Now, from the first line of (5.90) and the third line of (5.92a) we find (qzl)2 +
k* = j1,&,(w/c)*. From the second line of (5.90) and last line of (5.92a) we find
(qzz)2 + k% = [128,(w/c)?. Finally using these relations and the last line of (5.91) we
obtain g2 = q.&.

Now, in order for the solution to be a surface mode the fields have to decay away
from the surface. Thus, we let

1 .
g, =ikyr, 503
g2 = —iky: 659
Then we have
i =1 — iEi(w/ck)’, i =1,2, (5.94)
and
V€1 = —Yyi1€2 . (5.95)

This is the mode condition and the mode condition function is
Sk (@) = ya (k, w) €1 (@) + 11 (k, ) & () , (5.96)

and the 2D wave vector k in the plane of the surface is the quantum number that
characterizes the mode.

5.3.3.2 Transverse Electric Modes

Now we repeat the same procedure as in Sect.5.3.3.1 and express all six fields in
H.

We find
7' =H!, (5.97a)
ag! k ag!
H'=—-—H, (5.97b)
q;
E) = —— (lhw/c) H (5.97¢)
q;

H>=H, (5.97d)
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- k ~

H=-—H, (5.97¢)
9z
1 -

E} = —— (jw/c) H, . (5.971)
9z

Now we use the third and forth lines of (5.90) and the second line of (5.91). We
find

(@) +K = &1/ (@/e)? =0,
(61?)2 + k2 — &j(w/c)* =0, (5.98)
L1g? = fag! .

Thus using (5.93) we regain (5.94) and now

Y2it1 = —Vifi2 . (5.99)

This is the mode condition and the mode condition function is

fi (@) = y2 (k, w) i1 (@) + y1 (k, ) [z (@) (5.100)

and the 2D wave vector k in the plane of the surface is the quantum number that
characterizes the mode. We note that for a non-magnetic system there are no solution,
so we only find surface TM modes at a single interface for non-magnetic systems.
However, as we will find later on, if we have more than one interface in the system
there will be TE modes also in non-magnetic systems.

5.4 Modes for a Gap Between Two Half Spaces

Now, we study the simplest geometry with more than a single interface, viz., a
geometry with two parallel planar interfaces. This geometry can represent a slab or a
gap between two half spaces. We use brute force to find the normal modes. We solve
the MEs in the three regions defined by the interfaces and use the boundary conditions,
in analogy with the preceding sections. We will find that even for this simple geometry
the derivations are quite cumbersome. For geometries with a growing number of
layers this approach quickly becomes too cumbersome. Then the approach described
in Chap.7 comes very handy. We treat the most general case where the materials in
the three regions defined by the interfaces are all different. The geometry is specified
in Fig.5.14.
We make the following ansatz for the fields in the three regions:

(EBRekyzz +EBLe—kyz(z+d)) eilkx—or) c—d<z<0

E = | ERenieitks—on . - > (5.101)
ELetkn Gtd)zeitkx—wr) c 7 < —d
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_

d z

Fig. 5.14 Two half spaces
separated by a gap of width d

and

fBRekrz +ﬁBLefkyz(z+d)) eiki—on . _g <. <0
ﬁ = ﬁRefkylzei(kxfwt) ©7>0 (5.102)
I':ILe+kV3(z+d)zei(kx7wt) s z7<—d

for a mode moving in the x-direction.
We insert these relations into the Maxwell’s equations (5.72) and use the matching
conditions at the interfaces:

IN)ER + f)ﬁLefkyzd — ﬁf

Df_L + DJBiRefkyzd — DJL_

B 4Bt pd

B +B{%e "¢ =B

E%R + E%Le—kyzd — E% (5103)
BL BR .—ky,d _ wL

Ef" +EMe™ =K

AR 4 [BLetnd = AR

AL 4 APRe-tnd — AL

From the first ME we get

EBL (ik) — EBE (ky,) =0
EBR (ik) + EBR (ky,) =0
ER (k) + EF (—ky3) =0
EL (k) + EE (ky1) =0,

MEI : (5.104)
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from the second _ y
HEE (ik) — HEE (ky,) =0
HPR (ik) + HPR (kys) = 0
HE (ik) + HX (=ky;) = 0
HE (ik) + HE (ky)) =0,

ME2 : (5.105)

from the third o
—EXR (kyy) = ”‘T??Hxli’e

—EP (—kyy) = 222 HPE

—E (—kys) = B2 HE

—Ej (ky) = B2HE
EJR (kyy) — EZR (ik) = 22 HPF
EBL (—ky,) — EBE (ik) = 22 HBE
Ef (=kys) — EX (k) = P22
E} (kyy) — EL (i) = B2 HY

EfR (ik) = UfT%wI:IZBR

EPL (k) = P2 AP

Ef (ik) = 22 HE

EL (k) = 12 HL,

MES3 : (5.106)

and from the forth

—HPR (kys) = —128, EEF

—HPL (—kyy) = 28, EPE

—H (~kys) = & Ef

—H] (ky) = =28 Ey

HPR (kya) — HER (ik) = 25, EFF
HPE (—kys) = HP (k) = —25,EP"
Hf (—kys) — HE (k) = ~"2&Ef
H (ky) — Hf (k) = —%8 E}
AP Gh) =~ 5, 07

HY® (ik) = — & EZ

Hyf (k) = —283Ef

AL (ik) = —25 EL,

ME4 : (5.107)
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From the matching conditions at the interfaces we find

MC:

|
ty

D‘J Dj
ENEy RN Ry

")
(EBL +e—kyodEB )
(EBR + e—kyszBL)
(EBE e *rdEBR) = E

i (I:IZBR + e—kyzdﬁzBL — i HE

) : (5.108)
(FIZBL +e—ky2dHZB ) — 4 HL

BR +e—ky2dHB ) _ NXR
APL 4 e knd fBR ) — Al
HBR T efkydeBL)

BL —ky>d BR
HEE 4 emhrd ] )

/‘\/‘\/‘\/‘\

TR
y
7L
y -

As before the equations couple into two sets of equation. The so-called TM modes
are obtained from the equations that couple E,, E,, and I:Iy to each other. The
equations that couple the three other vectors have the so-called TE modes as solutions.
These last modes do not survive in the non-retarded treatment if the materials are
non-magnetic; thus they do not contribute to the van der Waals interaction; they are
important for the Casimir force, though; they are of a different type not exponential
in region 1 but oscillating standing wave type. We need to address them both.

5.4.1 Transverse Magnetic Modes

We start with the equations leading to TM modes. We have

MET1 :

EBL (ik) — EBL (ky,) =0
EBR (ik) + EBR (ky,) =0
ER (k) + ER (—ky3) =0
EL (ik) + EF (ky1) =0

(5.109)
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EBR (kyy) — EBR (ik) = (iw/c) HER
EBL (—ky,) — EBE (ik) = (ifia0/c) HE"
ER (—kys) — ER (ik) = (iis0/c) HF
EL (ky) — EE (ik) = (ifii0/c) HE

ME3 : (5.110)

—HER (ky,) = — (iw/c) & EER

—HPL (=kyy) = — (iw/c) & EPL

—HE (—kys) = — (iw/c) HER

—HE (ky)) = — (io/c) &1 EL

ME4 : I-NI}?’)* ) = — (o)) 52 EPF (5.111)
HPL (ik) = — (iw/c) &, EB

HR (ik) = — (iw/c) & ER

HE (ik) = — (iw/c) & EL.

By (EBR 4 e *nd EBL) = 5
52 (EfL + e—kyszZBR) g
(EPR 4 el Ell) = Ef
MC : (EEL + efkyszfR) EL
(AR 4 ekt fBL) = A

7BL —ky»d ;7BRY _ 1jL
(H.v +emt Hy )_Hy

(5.112)

Thus we have 22 equations involving 12 field components. We start by expressing
all components in the four £, components. This we can easily do by using the four
ME]1 equations and the last four of the ME4 equations. We find

EBL = (ky,/ik) EE*
EBR = — (ky,/ik) EER
= (kys/ik) ER

EL = — (ky,/ik) EF
HER = — (w/ck) &, EER
HPL = — (w/ck) &, EBL
HR = — (w/ck) & EF
H} = — (0/ck) & EF

(5.113)

Next we make these replacements in the remaining 14 equations and find
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[(12)* = 1 + jiaér(w/ck)*] EER =

[(1)? = 1 + fiér(w/ck)*] EBL =

[(»3)* = 1 + [1383(w/ck)*] EF

[(1)* = 1+ &1 (w/ck)*] EF

[0] EBR =0

[0] EBL =0

[0] ER =0 (5.114)

[0] EL =0

EBR + efkyszBL (83/82) E

EBL + e’kV?dEBR (81/%2) E

—EBR + efk”dEBL (v3/v2) ER
E5L+—e*ndEBR th@)EL

EBR + e—kyszBL (83/82) E

EBL + e—kyszBR (81/82) E

Some of the equations are redundant and some of the trivial form 0 = 0. We are

left with

(n)? =1— & (w/ck)*

(12)? =1 — & (w/ck)*

(y3)? = 1 — i383(w/ck)*

EBR—l—e_kyszBL = (&3/8&7) ER (5.115)
EBL + efkyszBR (81/82) E

—ER e IEBL = (y3/y2) EF

_EBL + e—kyszBR (Vl/VZ) E

The first three equations give the functional form of the y;, i = 1, 2, 3. The remain-
ing four equations give the condition for modes. We write them on matrix form

— (83/8y) e krd E!
O 1 e_k}’zd E,R
—(fyy ekrd 1 || BB [ =0 (5.116)
0 —1 e krd EBR
Zz

The non-trivial solution to this matrix equation is found when the determinant of
the four-by-four matrix is zero. We find

(81782 + yvi/v2] [83/82 + v3/v2] — e 274 [81/8: — v/ 2] [83/82 — v3/72] = 0,

(5.117)

and the mode condition function is

Jk(@,d) =

[21/82 + v1/v2] [83/82 + va/v2] — e 272 [81 /8 — y1 /2] [E3/32 — v3/v2] -

(5.118)
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The contribution from TM modes to the interaction energy between the two half
spaces is

™ a2k
E™ (q) = / /( S In fi (i€, ), (5.119)

where

fk (w,d) = fk (o, d) - _e*2kyzd [5]]’2 —52)/]] [537/2_52]/3]

Jk (o, [E1y2 + 8211] [B32 + E213]

_ 1 _ a=2kyd.p P
=1l—e 5173

(5.120)

5.4.2 Transverse Electric Modes

Now, we continue with the TE modes. The equations involving Hy, H., and E, are

HPL (ik) — HPE (ky,) =0
HER (ik) + HER (ky,) =0
AR (k) + AR (~kys) =0
HE (k) + AL (ky) =0,

ME2 : (5.121)

—EBR (kyy) = (ijiaw/c) HER
—EBL (—kyy) = (ijiow/c) HE*
—ER (=ky3) = (ijisw/c) HF
—EL (ky) = G(fw/c) HE
EJR (ik) = (ijia0/c) HP®

EBL (ik) = (ifio0/c) HE®

ER (ik) = (iisw/c) HF

EL (k) = (ifuw/c) HE

ME3 : (5.122)

HER (kyy) — HER (ik) = — (iw/c) &, EBR
HEL (—kyy) — HPE (ik) = — (iw/c) &, EB*
AF (—kys) — BE (ik) = — (iw/c) HEF
AL (ky) — HE (ik) = — (iw/c) & EL

ME4 : (5.123)
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(E)l)?R + efkysz;?L) ER

(E)BL + e—kysz)l}?R) EL

,112 I:IZBR +e_ky2deBL — ll I:]R

MC.: fiz I:IZ{SL+efky2dI:12‘13R — i 7 (5.124)

(HXBR +e—ky2deBL) _ HxR
~ knd T ~

(AZ:4etnd gBR) = AL

I

Thus like in derivation of the TM modes we have 22 equations involving 12 field
components. We start by expressing all components in the four H. components. This
we can easily do by using the four ME2 equations and the last four of the ME3
equations. We find

HP' = — (iy2)

= (i) A"
Hf = —(iys) Hf
H{ = (iy) B!

EJR = (faw/ck) HPF

EJ' = (faw/ck) HP*
¥ = (aw/ck) I:IZR
= (fuw/ck) A

(5.125)

Next we make these replacements in the remaining 14 equations and find
) HP® =0
(0)HEL =0
0) HE =0
0)H:=0
[(72)* =1+ faEa(w/ck)’]
[(72)* = 1+ 2E2(w/ck)’]
[(73)? = 1+ AsE3(w/ck)’]
[(1)? = 1+ Ei(@/ck)’]
HER 4 e fnd ABL = (fi3/j1,) AR
AP 4 e krd ABR = (1, /jir) HE
HBR + e—kydeBL (fis/12) HR
HPL e nd ABR — (i, /fip) HE
HER — o krd gBL = — (y3/y,) AR
—HBL + efk”dHBR /v H

HPR
HPY
HR =0
AL =0 (5.126)

rall
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Some of the equations are redundant and some of the trivial form 0 = 0. We are
left with

()2 = 1= féi (@/ck)?

(y2)2 =1- ﬁzéz(w/Ck)z

() =1 = [i383(w/ck)’

HPR 4 e nd ABL — (i3/fip) AR = 0 (5.127)
APE 4 e {BR — (1, /ji) HE =0

—HER e knd HBL _ (3 /y,) HR = 0

_HZBL + e—kVZdeBR — ()/1/)/2) HZL = O

The first three equations give the functional form of the y;, i = 1, 2, 3. The remain-
ing four equations give the condition for modes. We write them on matrix form

0 —(s/f2) e 1 gL
—(1/12) 0 1 e—knd IiR

0 —(ya/yn) e*krd —1 || ABL =0 (5.128)
—n/r) 0 —1 e hnd I:I;BR

The non-trivial solution to this matrix equation is found when the determinant of
the four-by-four matrix is zero. We find

(21 /i +ni/va] 302 + va/va] — e 2272 [ /i — y1 /2] [f23 /2 — v3/v2] =0,
(5.129)
and the mode condition function is
S, d) = [/t +wn/va] [3/ itz + v3/ 72 (5.130)

e 1 11/ iy — yi/v2] [23/ 2 — v3 /7] -

The contribution from TE modes to the interaction energy between the two half
spaces is

2
E™ (a) = / dg f (dk In fi (i, d), (5.131)

where

r _ flod) __ 1 — e2rd By —itayi H3yp—iays
fulw,d) = Jelw.00) — ¢ myatitoyr | | Bavetitays

—2y>2d .8
r 1”23

(5.132)
=1-—e¢
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5.4.3 Modes in Non-retarded Treatment

When we neglect retardation effects the mode condition functions become simpler
and more easy to handle. The TM mode changes into another type of mode, with
mode condition function

_2kd [51 (a)) - g2 (w)] [53 (w) - g2 (a))]
[£1 (@) + & ()] [&3 (@) + & (0)]

fEw=1-e (5.133)

where the electric field vector lies in the x z-plane like for TM modes but here there are
no magnetic component. The field is purely electric which motivates the superscript
E. If we neglect magnetic effects, i.e., let i = 1 in all regions this is the only mode.
If we take the weak magnetic effects into account we find another mode type, with
mode condition function

i1 (@) — iz (w)} [lh (w) — iz (w)}

M () = ] — o2k [
(@) © i i3 () + fiz ()

- (5.134)
11 (@) + o (w)

where the magnetic field vector lies in the xz-plane like for TE modes but here
there are no electric component. The field is purely magnetic which motivates the
superscript M.

We now derive an expression for the interaction energy between two planar inter-
faces (two half spaces) with negligible magnetic effects, £, in the non-retarded
case. We need this for the discussion of the proximity force approximation (PFA) in
Sect. 6.2. The energy per unit area is

o0
_ @k _oka [F1G8)-52(06)] [53(15)—5205)]]
Ep(d) = f = Qny? ln[ T e B e

_ e—2kd [21G8)—82GE)] [&3(iE)— 82(15)]]
- 8,,2 f dgf dick ln[ [£1G8)+82(8) | [53GE)+52(06) ]

[ B G 5 6] [5 68) — & ()]
= d dxx1 *
e f EO/ ”n[ [61GE) + £ (i8)] [3 (i8) + &2 (6)]

- Z 1 [ [E166)=5G®)] [E3G5)-50)] 1"
— [E1GO)+5,®)] [F3GE)+a,(E)]

(5.135)
where

P {[E -] [6 66 — & @) |
n) = d — - - — . 5.136
won=| 5{ (61 G6) + &2 (6)] [&3 ) + &2 6] 150
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Chapter 6 ®)
Different Approaches e

Abstract The underlying theme of this book is the derivation of interactions based
on the electromagnetic normal modes. In the present chapter we have compiled a
number of competing or complementary methods for deriving the interactions. We
start with two methods that we will make use of later in the text. The first is the
summation of pair interactions which is an approximate method that can be useful
for predicting the results in certain limits. The second, the PFA (Proximity Force
Approximation), is a very useful method that is used for calculating the interactions
between objects at very small separations; it is often used when experimental results
are compared to theoretical. Next we treat a specific system, viz. two parallel 2D
sheets, with many-body theory and show that the van der Waals interaction energy
we are dealing with in PartII is nothing but what is called the correlation energy in
that field; we further extend the treatment by, apart from the Coulomb interaction
between the charged particles, including the interaction mediated by photons; then
we obtain the fully retarded interaction energy, treated in Part III. We end with a brief
compilation of other approaches.

6.1 Summation of Pair Interactions

A much faster way to obtain results for the interaction energy is to just sum over
pair interactions [1]. One treats the systems as composed of polarizable atoms or
molecules and sums the contribution from all pairs; one atom or molecule belongs
to one of the objects and the other belongs to the other object. This gives, in general,
results that have the right distance dependence' but the strength is not quite right.
The forces are not strictly additive. The result is asymptotically correct for diluted
systems.

1A note of caution is in order here. There are exceptions where it leads to an incorrect separation
dependence.
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We will now perform calculations for a number of structures. These approximate
results will later be compared to our full results; the van der Waals results in Table A.1;
the Casimir results in Table A.2.

Let us begin with such a calculation for two layers of thickness §;, and §,, area
A, and separation d. We perform a general calculation that is valid both in the non-
retarded and in the retarded limits. Let the interaction energy between two atoms or
molecules be

V=—-Bd7, (6.1)

where d is the distance between the atoms and B a constant. In the van der Waals
limit y = 6 and in the Casimir limit y = 7. First we consider one atom a distance
d from a layer of thickness &, and atom density n,. We place the coordinate system
with the origin at the atom and the z-axis pointing toward the layer. In the integration
we let distance to the z-axis be denoted by r. The atom-layer potential becomes

dik 2.(,2 2\~v/2
Vu(d) = —Bn, f dzfd r(r +z ) 6.2)

d
_ Bny2m —(y=3 —(y-3
__(}/Tz()/—&[d =3 _(d+68)" " )].

From this we can get the result for an atom next to a film, the atom-film potential, by
letting 6, go toward zero,

Vap (d) ~ — B2 [d=0=3) — g~ =3 (1 — (y —3)8,/d)]

(-3
__ __ Bn2m —(y-3) o _ _ _Bmé2rm
= T =23 [d (J/ 3) 82/d] — T =2)dv D (63)
_ B2mn?
— T (y—2dv >

where n?P = n,6, is the 2D atom density of the film.

We may also get the result for an atom next to a half space from (6.2) by letting
8, go toward infinity. Then the second term in the integral vanishes. We find the
atom-wall potential is

Bl’lzzﬂ

D= T s ar

(6.4)

The result of (6.2) can further be used to find the results for two layers. We sum
the contributions from all atoms in one layer interacting with the other layer. The
layer-layer potential is

5
Vir(d) =niA [dz [ M] [(@+27" —@d+8+2)""Y]
0

T -3
_ _ Bn2amA -1 —(y—4 _ —(y—4) 8
=050 555 [@+2) (d+é&+2) Io (6.5)
— Bn227rn1A

T 0-0H
x[@ P —(d+8) "V —@+8) TV @+8 +8) Y],
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and the interaction potential per unit area is

<

d) _ Bnoni 2w
T -H - 6.6
@7 —d+8) "V —d+8) TV H(d+8 +8) Y] 66)

1

— >

X
From this result we may find the interaction energy between two half spaces by
letting &; and §, go to infinity. Thus,
th (d) . Bn2n127r 1
A =23y -4dr—*

The result for two parallel thin films we get by letting §; and &, approach zero. Thus,

(6.7)

Vird) _ — Bmpn2m(y=3)(y =4)8:8,

A T D=3 (y—4Hdvhd?
__ B2mnyn 816, B27n3Pn3P (6.8)

77 e v 7

where n3P and n3P are the two dimensional atom densities in film 1 and 2, respectively.
While we are at it we derive the result for a thin film next to (and parallel to) a half
space (or wall). This we find by letting one of the §s go to infinity and one approach
zero. We find the film-wall potential is

th (d) _ Bn2n12n81 _ Zﬂanl’lZD
A =D =AY T (v =) (y =3)dY

(6.9)

where 73 and n, are the two dimensional atom density in the film and the three
dimensional atom density in the half space, respectively.

Next we calculate the interaction energy for an atom at the distance R from a
spherical shell of radius R,. The closest distance between the two objects is d =
R — R,. The atom—spherical-shell potential is

E (R) d+f2R2d B 47‘[R2 n2 _ _47rR22n%DB d+f2R2dZ 1
rV 2Ry 2Ry J 22+R227(R72)2y
d+2R, d+2R, o
= —27Rn3PB f dz——~ "y = 27 Rn"B j dz(R)®> — R +2Rz)”
q/R227R2+2Rz
_ d+2R2
_ 2D 2 v/2+1 1
= —27 Ryn2 B[(Rz — R? 4 2Rz) e,
rrRzn%DB 1 1 :|
T R(—=y/2+1 =2 = )
V2D | R R 2RATARR, VR2_R*+2Rd
_ _ rRu®B [ 1 1 ]
- =2 =2
R=y/2HD) L v/R:2—R2+2R(R—R2)+4RR;" VRE—R*12R(R—Ry)
_ nRznz B I 1 1 ]
R 2+1 -2 =
YD | R R 2RRs VRAAR—2RRs
7 Rn3P B [ 1 1 ]
T R(— y/2+1) (R+R2)V*2 (R,Rz)ny

(6.10)
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In the first line we made use of the fact that if we cut slices, of equal thickness,
of a spherical object, each slice has equal part in the area of the spherical surface.
This means that in our example a slice of thickness dz contains 47 RzznéDdz /2R,
number of atoms. Because of the axial symmetry all atoms of the slice are at the

same distance from the external atom, r = \/ 224 R> — (R —2)°.
In the limit of large separations, R, we find

E (R) ~ —ZRn™B [1—(y—2><Rz/R> _ 1+<y;3{<2R2/R>]

T R(—y/2+1D) R7—2 6.11
TnPBAR; B AR B prShell ©.1D
- RY ~— Rv 3 - Rr'"2 .

where N3"!! is the total number of atoms in the spherical shell of radius R,.

From (6.10) we find the interaction between an atom and a ball by summing
over concentric spherical shells of thickness dR, filling a ball of radius R;. Then
n*P — n3PdR, and we have for the atom-ball potential

27rn%DB

Ry
E(R) = —%a5, Ode2R2 I:(R+1;z)y_2 N (R—I;N'Z]
L
- -HR+R) T (-HR-R) |
_ deR 1 [ -1 i ]
bf 203 [R+RY T T R-R)

__2:1112DB R -1 _ 1
T TR | L RIRY T T —3)(R—Ry)

B . L Ry (6.12)
=3 [ R+R)F  (R-R)" ]

__2]'[}1%[)3 -1 . 1
T TR ML RRY T T -3)(R-R)

- <y73)1<y74> [<R+112>V*4 o (R—I:ZW]}
B 272130 B {R—Rz(y—3) _ R+R2()/—3)}
RC=)(y=3)—=4 | (R—R)"™ (R+Ry)" ™
_ 27030 B 1-2y-3  1+24-3)
T enH-HRT (17%)%3 B (H%)H

In the limit of large separations we find

E@®R ~ 27n3PBR32 B 4nR3ny® B N 6.13)
- R 3 R 3 RTY '
where N, is the total number of atoms in the ball.
This can be generalized to the interaction between two balls at large separation.
Itis

B
E(R) = =2 NiNa, (6.14)
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where N is the total number of atoms in the ball number 1 and N, is the total number
of atoms in the ball number 2. For general separation it becomes more cumbersome
to derive. The non-retarded result was first derived by Hamaker [2]. The result for
the non-retarded ball-ball potential is

E(R) = —n’n{’n3’B} 6.15
2R\ R, 2R\ Ry R? —(Ri+Ry) :
x [R2—<R,+Rz>2 + R2—(R|—Ry)’ +In R*—(R,— Rz)z]'

In the large separation limit one finds

B 47niPR; 4 DR3 _BN\N
E(R) ~ —— - ! L2 (6.16)
RS 3 3 RS

where N is the total number of atoms in the ball number 1 and N, is the total number
of atoms in the ball number 2. This agrees with (6.14). We also need the limiting
result for small separations. The closest distance, d, is d = R — R — R;, and the
interaction energy expressed in this variable is

3D 2R/ R, 2R\R
E(d)=—n’n{’n}"B} [d2+2d(lR1+Rz) + PR +RIFIRES
-2 (6.17)
+1n -, +2d(R1+R>)
d>4+2d(R\+Ry)+4R Ry
In the small d limit we find
R|R 11
E(d) ~ —n*niPnPB—12 " _ (6.18)
(Ri+ Ry 6d

The interaction energy for a ball-wall geometry we find by letting one of the ball
radia in (6.17) go toward infinity, R, say. Then we find

1TR R d
Ed) =-anPB- | 2=+ —2_4+In . (6.19)
6l d " d+2R, d+ 2R,

For small separations this is

1R
E(d) ~ —7’nPn 3DB6 d2 (6.20)

Alternatively we may express (6.19) in terms of the distance, r, between the center
of the ball and the wall, i.e., r = d + R,. Then we have

1 R2 R2 r — R2
E —7*ni°n3° B— In : 6.21
(r) = nl "2 6 r—R2+r—|—R2+ r+ Ry ( )
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In the limit of large values of r we find

4 Ry? 147 R°n3P 1 _7ni’N, B
~ 3D 3D 2 3D 2 _ 1 2
E(r)~ —n? ny n; B18 = —7n B6Tr3 =

(6.22)
This is just N, times the result for one atom the distance r from a wall, which is
exactly what one would expect to find. See (6.4). Next we move on to cylinders. It is
difficult to treat a general y. We start by the van der Waals case, i.e. y = 6. For an
atom at the distance d from a string of atoms we find the non-retarded atom-string
potential is

oo oo
B 1 37 B
Ed)=-n'"B dx——= = n'P — | x5 = n'? 22 5
/d? + x2 d /. (1+x2) 8 d
(6.23)

where n'? is the number of atoms per unit length along the string. For an atom far
from a cylinder of radius a we have non-retarded atom-cylinder potential,

E w22 B 6.24
(r) = —n wa’ <5 (6.24)
The van der Waals energy per unit length between two parallel cylinders of radius a
and b, respectively, is

3 3D, 3D 2b2 B
2,023 B 3mniny a’h” B (6.25)

E(r)= —n1 Pra g 75 3 p;

This result agrees with (6.41) of [3].
We continue with the Casimir case i.e. ¥ = 7. For an atom at the distance d from
a string of atoms we find the retarded atom-string potential is

oo

nlD D B

E(d) B f d W - _6 f (l+ 2)z+|/z
o0

_ nlD B Z 26-2n— 12’3'(2n)’ (6.26)

«/ ©)!(n)* (x2+1)"
— _plDpB 252v%' _ 1D B 16
= 25 or = U E s

where n'? is the number of atoms per unit length along the string. For an atom far
from a cylinder of radius a we have the retarded atom-cylinder potential is

16 B
E (r) = —nPrwa? 5 (6.27)

The retarded interaction energy per unit length between two parallel cylinders of
radius R; and R;, respectively, is then
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B 16 B 16 167%n1n,RIR3 B
_ _, 1D, 1D _ 3D p2) (3D, p2 _ 15
Ed) = -nPn}P 2 =~ (nl an) (n2 nRz) S (6.28)
where n; and n, are the 3D atom densities in cylinder 1 and cylinder 2, respectively.
In principle one can use this approximate method for all geometries but we now
have all we need so we stop here. Next we study a method that is useful for small
separation between objects.

6.2 Interactions Between Objects at Small Separations:
The Proximity Force Approximation

If one wants to calculate the interaction between objects of general shapes there
are sophisticated techniques to do this numerically (see Sect.6.5); the draw back
is that these calculations are tedious. For objects of finite size at large distances
one may use a simpler technique, viz. multipolar expansions [4]. In the asymptotic
limit only dipolar interactions contribute and the two objects can be treated as two
spheres. However, for small separations one needs to keep more and more terms
in the expansion the smaller the distance; eventually one reaches a limit when the
method is no longer feasible to use. In the experimental situation one often ends
up in this region of small separations; the force is weak and dies off quickly with
separation. Then another method comes handy in this situation, viz. the Proximity
Force Approximation (PFA). This approximation relies on the van der Waals and
Casimir interactions between two half spaces of the materials the two objects are
made of. These interactions are not very difficult to calculate (see Sect.5.4). PFA
was used for the first time already in 1934 [5] in connection with coagulation of
aerosols. It is a very powerful and widely used approximation for the interaction at
short distances between two objects. It is difficult to say how good the approximation
is but it has gained a wide-spread acceptance in recent years. Some attempts have
been made to show its validity in some specific cases. However, the lack of a general
and rigorous proof still remains, as well as estimates of the level of accuracy at all
distances.

The basic idea of the approximation is that the interaction potential between
the objects is an average interaction energy between parallel planar interfaces. The
surfaces of the objects are discretized and the interaction energy is averaged. When
the discretization becomes more and more fine-grained the averaging procedure
transcends into an integral,

V(z) = Z [S wis)) =S W) Ep (W) — fs dSE, (w), (6.29)

1

where E, (w) is the interaction energy per unit area between planar interfaces a
distance w apart. The variable z is the closest distance between the two objects. An
example with a coarse-grained discretization is shown in Fig. 6.1. It shows an oblate
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Fig. 6.1 Example of
coarce-grained discretization
of the surface of an oblate

spheroid AA

spheroid above a substrate, or next to a wall. The surface of the spheroid is replaced
by the set of rings whose cross sections here appear as horizontal bars. The surface
S coincides with the projection of the spheroid on the substrate.

In the standard PFA of the interaction between two objects one only takes into
consideration the surface of each object that is facing the other object. The function
E, (w), in (6.29), is the energy per unit area for two half spaces, made up from the
materials of the two objects, separated by the distance w. With this treatment the
backsides of the objects have no effects at all. One gets, e.g., the same result for
two spheres as for two half spheres. We know that the normal modes contributing
to the interaction may extend through the objects and continue on the other side.
Thus, the backside may well have important effects on the results. One may extend
the treatment by using £, (w) from a planar structure with four interfaces instead of
two; two for the frontsides and two for the backsides. Another more severe limitation
with the traditional PFA is that coated objects are treated as solid. This could easily
be handled by having eight interfaces instead.

Deviations from the PFA results have been observed [6] in experiments on spheres.
These deviations might be due to the thin coatings of the objects. However because
of limitations in the experimental and theoretical parameters one can not say conclu-
sively that the PFA calculations for coated plates give better predictions than PFA
for solid and infinitely thick plates.

Now, let E, (w) be the energy per unit area for two half spaces, made up from
the materials of the two objects, separated by the distance w. We may express the
potential as

z+A
ds
V(z)=/dSEp w) = fdw T E,(w), (6.30)
s ’ L
g(w—z)
and find the force as
AV z+A d ( )
gw—z
F ()= T —8A)E,(z+A4)+g0) E,(2) — / dwd—ZEp (w).

6.31)
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In many cases g (A) vanishes, like in the illustrating example in Fig.6.1. Here we
have a spheroid above a substrate. The surface S is defined through the projection of
the object onto the substrate. When g (A) vanishes we have

z+A
1 d*s
F@=¢OE,(2)| 1+ m / dmel’ w) |, (6.32)

where the first part is what one usually means with PFA. The remaining part, within
brackets, is a correction factor depending on the geometry. This factor is often
dropped without any motivation at all or with the argument that the resulting error
is of the same order of magnitude as the error in PFA itself.

In [7-9] the traditional PFA was extended in two ways; the correction factor in
(6.32) was retained; the finite coat thickness of coated objects was taken into account.
The effects of these extensions were demonstrated and comparisons were made to
numerical results from more accurate calculations.

In next section we give a compact general result for the traditional PFA expression
for the most common geometries.

6.2.1 General Expression for Half Spaces, Cylinders
and Spheres

For solid objects in neglect of the geometrical correction in (6.32) one may find the
following general expression for half spaces, cylinders and spheres [1, 10]:

AL i| o i @ (6.33)

E@)=— AL e
@ =-3 R+ R, B

2727 (1+1/2)

F(l+n/2)|:

=1

where n = 0 for spheres, n = 1 for cylinders, and n = 2 for half spaces. The quantity
() was given in (5.136). If the objects are in vacuum we have

r e -1][Ed@-1])
= d . .34
o= 5{[::105)“] [ (&) + 1] ©39

The result is for the interaction energy in case of spheres, the interaction energy
per unit length for cylinders and the interaction energy per unit area for half spaces.
The variable z is the closest distance between the objects. Thus, for two half spaces
we have

A 00
E(Z)Z—WZ(CIU—;)ZEP(Z), (6.35)
=1
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for two cylinders of radii R and R;,

h 27TR1R2 172 & <C()[> 27TR]RQZ
E@=-—=asT Q)| 22| S _r @y [T R
@)= =350 0" &/ )[R1+R2] s O\ R r B

(6.36)
and for two spheres of radii R; and R; the result is
h [27RiRy] < (o) 27 R Rz
@ =—3 [Rl " Rz] ; = Rk |Er@ (6.37)

To get the result for a cylinder of radius R above a substrate we let R, go to infinity
and replace R; with R in (6.36). This results in

E(z)=—————T3/2)v27R Z =T (3/2) V27 RZE, (z). (6.38)

T 3272732 7372

To get the result for a sphere of radius R above a substrate we let R, go to infinity
and replace R; with R in (6.37). This results in

E(z)=—

oo
3ZZZZ271R 121: <‘l“—3’> =27RZE, (2). (6.39)
Next, we have included two sections where we demonstrate that the dispersion
interactions between objects is the correlation energy. The first is a non-retarded
treatment of two parallel 2D metallic sheets. Here Coulomb interactions between
the carriers give rise to the interaction. In the second fully retarded treatment also
photons take part in the processes.

6.3 Many-Body Approach in Non-Retarded Treatment

Here we will discuss a specific geometry, viz. two parallel 2D sheets. For this system
the derivation in the language of many-body theory becomes very simple, espe-
cially when retardation effects can be neglected. In the two-sheet system the inter-
action energy is nothing but the inter-sheet correlation energy [11]. In diagrammatic
perturbation theory the Feynman diagrams representing the correlation energy are
given in Fig. 6.2. To get the inter-sheet contribution we can either subtract the intra-
sheet part or subtract the total result when the separation between the sheets goes
to infinity (at that limit only the intra-sheet contribution remains). For simplicity
we let the two sheets be identical. The treatment can easily be extended to differ-
ent sheets. Each ellipse represents a polarization bubble (2.142), x (k, w), and the
number inside an ellipse indicates in which sheet the process occurs. A dashed line
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Fig. 6.2 Feynman diagrams
for the correlation energy in

the two 2D sheet system.
The ellipses represent
polarization bubbles and the
dashed lines the interactions;
the double lines represent the

screened interactions in == ==

(6.42). The numbers 1 and 2
V.

refer to which sheet the 11 ‘iz

carrier belongs to. Adapted

from [11]. See [11] for

details v
"2 12

denotes the Coulomb interaction and a double dashed line the interaction screened by
the carriers in both sheets. Each of the four Feynman diagrams, FD;;i = 1,2, 3, 4,
represents an infinite series of diagrams. For identical sheets the contributions from
the diagrams in the second row are equal to those from the diagrams in the first row.
We can keep the first row diagrams and multiply the result with a factor of two. The
interaction energy per unit area can now be written as [12]

E. (d) =

@n )2/ f_z[”’l (k,i€; 1) + F Dy (k. i&; 1)), (6.40)

where d is the distance between the sheets, A is the coupling constant and the factor
of two has been inserted. The subscript ¢ denotes correlation energy. Now, from
Sect.2.7.1 we have that v;; = v*P (k, w) and v, = exp (—kd) v2P (K, w), respec-
tively, where v2P is the 2D Coulomb interaction, v?P (r) = ¢%/r. Note that with
identical sheets vyp = vy and v2; = vy3. The exponential factor in the second poten-
tial is the result from taking the 2D Fourier transform of the Coulomb potential in
a plane the distance d from the center of the potential, see (2.97). A double dashed
interaction lines represents a series of terms, with zero, one, two ... number of
polarization bubbles. This can be expressed as
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v (k, @) = v (k) + v (k) x (k, ®) 11 (K, ®)
+exp (—kd) v?P (k) x (k, w) V12 (K, ®)

V12 (k, @) = exp (—kd) v (k) +v?° (k) x (k, ©) V13 (k, w)
+ exp (—kd) v?® (k) x (k, ) 711 (K, ),

(6.41)

where we have closed the two infinite series. This system of equations can be solved
and the result is

vP (k) [1+ & (k, @) (1 — exp (—2kd))]
[1+a Kk o] —exp(—2kd) & (k,w)
v2P (k) exp (—kd)

b1 (K, w) = - > - , (6.42)
[14 &k, »)] —exp(—2kd) @ (k, )

v (K, @) =

where we have used the relation & (k, w) = —v?P (k) x (k, w) in accordance with
(2.142). When we interpret the Feynman diagrams in Fig. 6.2 we find that the square
brackets in (6.40) are [Vy1vi; x* + Viaviax? — (v*°/e) v?Px?]; the last term comes
from the subtraction of the intra-layer correlation energy. Everywhere there is a factor
of e? appearing explicitly or implicitly in the expression is multiplied by the coupling
constant, A. Performing the integration over coupling constant gives

d2k ol @ kig) T

Here, we assumed that the two 2D sheets were identical. If they are not the result is

E.(d)=h[-L

oo
do “kd [ _ay(kiw) & (k.i)
27) ({ 2 I {1 —e I:l+ii](k,iw):| [1+§2(k,iw)]} : (6.44)

This is the result from non-retarded diagrammatic perturbation theory within the
random phase approximation (RPA). In next section we extend the derivation to a
fully retarded treatment.

6.4 Many-Body Approach in Fully Retarded Treatment

We refrain from performing a detailed derivation here, we just scetch how this can
be done. We follow the derivation in [11] and refer to that work for more details. We
have chosen to work in Coulomb gauge (see Sect.2.4). In this gauge one part of the
interaction between the electrons is in the form of the instantaneous, longitudinal
Coulomb interaction (scalar potential) and the other part is via transverse photons
(vector potential). The Hamiltonian for the system is
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1 i 2 1 eie; T
H=3 gepi = CAR) + 3250 + 3 hag (aqkaqk + 1/2), (6.45)
i i q,

where the first term is the kinetic energy that contains the interactions via the vector
potential, A. The second term represents the scalar potential interaction and the last
term is the free photon Hamiltonian. The operators a;,\ and ag; are creation and
annihilation, or destruction, operators, respectively, of photons of wave vector ¢ and
polarization A (note that this A is not the coupling constant). The non-retarded results
are obtained by letting the speed of light tend to infinity. From the Hamiltonian we see
that this corresponds to neglecting the vector-potential interaction completely. Now,
in the specific system we consider here, the electrons are only free to move in a plane
(see Sect.2.7). Only one longitudinal and one transverse electric field can exist in a
plane; an electric field normal to the plane cannot lead to a current. It turns out that
the longitudinal electric field and the p-polarized photons combine into one field that
is longitudinal in the plane. The induced charge and current densities resulting from
such a field will also produce a field that is longitudinal in the plane. The s-polarized
photons produce an electric field that is transverse in the plane. The current induced
by such a field results in a field that is transverse in the plane.

The two types of interaction involving longitudinal and transverse electric fields
in the planes defined by the two sheets will not mix and the energy is given by a
sum of two sets of diagrams of the type given in Fig. 6.2, one set for the longitudinal
interaction and one containing only transverse interactions.

Let us first discuss the longitudinal interaction. The coupling to the longitudinal
field and p-polarized photons is given by the scalar potential and the p - A terms in
the Hamiltonian. This results in the interaction energy per unit area

o0

s 2
I+p _ A% ode =2y Ok igykd [ v O kO (k.i§)
E-Pd=hf o 4 hln{l ey kg Ty O G618, (.16 . (6.46)

where the superscript / + p indicates the contribution from interactions mediated
by longitudinal Coulomb interactions and s-polarized photons. We see that in com-
parison with the non-retarded result in (6.43) the polarizability has attained a factor
y© (k, iw) in front; this is in agreement with the polarizability obtained by Stern
[13]. Furthermore, the factor appearing in the interlayer interactions is modified with
the same factor in the exponent.

Now, the response to an s-polarized field is an induced transverse current. The
response is determined by the transverse conductivity, which is dominated by the
contribution originating from the A”-term in the Hamiltonian. Also the p - A terms
in the Hamiltonian give a contribution to the transverse conductivity, in the form
of the current-current correlation function. This interaction results in the interaction
energy per unit area

o]

- . 2
_ &k [ ode =2y Ok ig)kd —(/ck)*a, (k.iE)
Eed)=nf @) 21 . {1 e Fomie+e/iancm | [+ 64D
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where the superscript s indicates the contribution from interactions mediated by
s-polarized photons.

We have here shown that the van der Waals and dispersion interactions in the
present formalism is, in the field of many-body theory, just the correlation energy
and its extension. In next section we give a very brief compilation of other methods
to find the interactions.

6.5 Brief Compilation of Methods or Approaches

Balian and co-Workers calculate Casimir energies by a multiple-scattering expan-
sion of the Green’s function [14—17]. Sophisticated path-integral methods [18-29]
allows one to obtain Casimir forces to arbitrary precision by numerical computation.
The scattering approach [30-32] is a good tool for describing the Casimir force
in realistic experimental configurations taking surface roughness into account and
also for calculating the lateral component of the force. All the above approaches are
closely related. The relation between them is discussed in [33].

In simpler geometries where the interacting objects are spheres, ellipsoids or
spheroids one may use simpler versions of the above [4, 7-9] methods, viz. multipolar
expansions.

An alternative approach to calculate the Casimir interaction is to use the Stress
Tensor. This was exploited on the Casimir set-up by Brown and Maclay [34] and later
extended by Gonzdles [35]. To solve problems when the objects are in a medium is
more complicated due to the so-called Abraham-Minkowski controversy [36-38].

In the main treatment in this book the electromagnetic fields are classical fields
and the quantum effects enter through the quantization of the normal modes. Another
approach to dispersion forces is to handle them in Quantum Electrodynamics (QED)
[11, 39] where the fields themselves are quantized.

The dispersion forces we treat in this book originates from electromagnetic inter-
actions. Similar effects are expected to arise from all other types of basic interactions.
These are then handled in Quantum Field Theory (QFT). Sometimes a combination
of derivations from different fields can be fruitful [40]. The Word-Line Approach
[41] to the Casimir effect is a string-inspired approach to quantum field theory and
its numerical realization with Monte-Carlo techniques.

Interesting Semiclassical Treatments have been performed by Schaden and Spruch
[42, 43]. The classical term in the thermal Casimir effect has been investigated with
the Bohr-van Leeuwen theorem by Bimonte [44] in connection with a controversy
regarding dissipation effects in metallic systems.
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Chapter 7 ®)
General Method to Find the Normal oo
Modes in Layered Structures

Abstract A general scheme for finding the electromagnetic normal modes in a large
class of layered structures is being laid out. In the non-retarded formalism it can be
used for 13 geometries and in the fully retarded formalism for 11. This chapter is the
foundation on which Part II and III are resting.

7.1 The Scheme

In this chapter we introduce our general method to find the electromagnetic normal
modes in a layered structure. We first discussed this in [1] and here we follow rather
closely that presentation. Later on in Part II and III we adapt the method to planar,
spherical and circular cylindrical structures in the non-retarded and fully retarded,
respectively, formalisms.

The retarded version of the formalism is based on solutions to the Helmholtz
differential equation, or wave equation, which in the non-retarded version coin-
cides with the Laplace equation. The Helmholtz differential equation can be solved
by separation of variables in 11 coordinate systems. These are cartesian, confocal
ellipsoidal, confocal paraboloidal, conical, cylindrical, elliptic cylindrical, oblate
spheroidal, paraboloidal, parabolic cylindrical, prolate spheroidal, and spherical
coordinates. Laplace’s equation is separable in two additional coordinate systems,
viz., the bispherical and toroidal coordinate systems.

For a given layered system the procedure is to choose a coordinate system where
the interfaces separating the layers are best represented by the surfaces where one
of the variables, defining the coordinate system, has a constant value. Different
interfaces correspond to different constant values. Just to give some examples: the
parabolic cylindrical coordinates can be used in the case of an edge with rounded
off corner or for a wedge; the paraboloidal coordinates are well suited for a needle,
a paraboloid of revolution. Let us now turn to the general procedure.
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o 1 2 3 n-1 n N-1 N

— > — — —
«— | |e— |« - «— [«—
0 72 3 .. no o N N+I

Fig. 7.1 Schematic illustration of the layered structure. The numbering of the N + 2 media are
indicated at the bottom of the figure and the numbering of the N + 1 interfaces at the top. In the
general solution of Maxwell’s equations there are one wave moving toward the right and one toward
the left inside each medium. If a normal mode is excited there is no wave moving to the right in
medium O which is the ambient medium,; if the medium number N + 1 is unlimited there is no wave
moving to the left in that medium. See the text for more details. Adapted from [1]

Let the structure we study have N layers. A layer is a region bounded by two
interfaces. In the system there are two more regions, each with just one boundary, a
boundary in common with one of the layers. Of these two we choose the ambient to
be the neighbor to layer number 1. Thus, there are N layers, N + 1 interfaces and
N + 2 media. This is illustrated in Fig.7.1. The layers are numbered from 1 to N,
the media from O to N + 1 and the interfaces from O to N. This means that layer
number 7 is filled with medium number » and interface number 7 is the interface to
the right of layer number . In the general solution of Maxwell’s equations there are
one wave moving toward the right and one toward the left inside each medium. If a
normal mode is excited there is no wave moving to the right in medium O which is the
ambient medium; if the medium number N + 1 is unlimited there is no wave moving
to the left in that medium. We have here somewhat extended the concept of moving.
When we say that a wave moves in a direction it either really moves or its amplitude
decreases in that direction. In the retarded treatment there are transverse electric (TE)
and transverse magnetic (TM) modes. In the planar and spherical geometries these
are not mixed when crossing an interface. Then we may solve for these mode types
separately. In other geometries like the circular cylindrical they do mix. Then we
will have two modes, one TE and one TM, moving toward the right and two moving
toward the left in each medium.

Let us start with the general procedure when the TE- and TM-modes do not mix.
We denote the variable that is constant on each interface by x. Then in a general
medium n we have the wave a”" R (x) + b" L (x). The boundary conditions at each
interface are the standard ones that the tangential components of E and H and the
normal components of D and B are continuous across the interface. Only two are
needed; the other two lead to redundant results. Making use of the boundary con-
ditions at interface n gives rise to two equations, one for each boundary condition.
The left-hand side of each equation is a linear combination of a” and b”, where the
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coefficients depend on the dielectric function and magnetic permeability of medium
n. The right-hand side of the same equation is a linear combination of @"*! and »"*!,
where the coefficients are formally the same as on the left-hand side but now depend
on the dielectric function and magnetic permeability of medium » + 1. These two
equations can be expressed on matrix form as

~ n o n+1
AAM»(;)=AHmMy(;H>, (7.1)

where A, is a 2 x 2 matrix, that depends on the dielectric function and magnetic
permeability in medium n. Operating from the left with the inverse of this matrix

gives
a ~ anJrl
<bn> =M, - (an ) , (7.2)
where B ~ ~
M, = A () - A () (7.3)
We may now find a relation between the coefficients in the left-most and right-most
media 0 Nl
a -~ (a
<b°)=M'<bN“)’ (7.4)
where

v v My, M12>

1\4:1\40.1(41...1{4N:(M21 e (7.5)

Now, we want to find the relation between a” and b°. This relation depends on the
boundary conditions at the outermost interfaces in Fig.7.1. In order to have self-
sustained fields or normal modes we must not have any incoming fields from outside
the object. In all cases this means that a° = 0. In the planar case also the rightmost
interface is the boundary to the outside which means that Y *! = 0. In the spherical
and cylindrical cases the rightmost region is the core and the boundary condition is
that the waves are finite. What effect this has on the amplitudes of the waves depends
on the choice of functions we make. In our non-retarded treatment it turns out that also
for spherical and cylindrical objects b¥*! = 0. This leads to a® = b° (M,,/M>;). In
our retarded treatment on the other hand bV *! = a"*! follows from the condition of
finite fields. This leads to a® = b° [(My; + M15) / (Ma; + M2,)]. The only way we
can have a non-zero b° at the same time as a” vanishes is that the factor multiplying
b° vanishes. Thus the function f () in the mode condition is

f () =My, bV =0,

f (@) = My + My, bV = VTl (7.6)
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Let us now continue with the general procedure when the TE- and TM-modes do mix.
Then in a general medium n we have the wave aj R (x) + b L (x) + a5 R, (x) +
b3 L, (x), where the subscript 1 and 2 refers to TM- and TE-waves, respectively.
Making use of the boundary conditions at interface n gives

al a{'“

- bn ~ bn+1

An (xn) : 111 = An+1 (xn) : ;11+1 s (77)
ajy a,
bg bg-‘rl

where A, is now a4 x 4 matrix, that depends on the dielectric function and magnetic
permeability in medium n. Operating from the left with the inverse of this matrix
gives

a’ll allH—l
b}il g qurl
ag - Mn : angl > (78)
blzl b121+1
where B _ _
M, = A" (x,) g () - (7.9)

We may now find a relation between the coefficients in left-most and right-most
media

Cl? a{VH
bO ~ bN+l
aé =M- a}VH , (7.10)
bg bZV+1

where
My My, M3 My
~ - - - M1 Moy Moz Moy
M=M,-M.--Myv —
0 N M3 M3y M3z M3y
My My Maz Myy

(7.11)

bO
2 2
on if = O or not. If it is, like in the planar case and in the non-retarded spherical
and cylindrical cases, then

al\ _ (M M My M\~ bY
) = . (). (7.12)
ay M3 M33 My My by

It blN = aiN *1 like in the retarded spherical and cylindrical cases then

0 0
Now we want to find the relation between (Zb) and (bl ) This relation depends

N+1
bi
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<a(1’> . ((Mn + M) (M3 + M14)>
ad ] = \ (M3 + M3) (M35 + Mag)
,<(M21 + M) (M2 + Mz4))_l ) <b(1))
(Myy + Myo) (Myz + M) by )"

(7.13)

In order to have self-sustained fields or normal modes we must not have any incoming
fields from outside the object, i.e., a? and ag must be zero. The only way we can have

a non-zero b? and/or bg at the same time as a? and a‘z) vanish is that the determinant
0

of the matrix in front of <Z(1)
2

) vanishes. Thus, the condition for modes is
My My

=0, 7.14
M3 Ms3 (7.14)

if b’ =0 and
(M1 + Myp) (M3 + Myy)

—o. 7.15
(M3 + M3p) (M33 + M3y) (7.15)

if bN +1 — aN +1

1 1 *

Now we will describe how the waves we have discussed are obtained. We treat
metals and dielectrics on the same footing, i.e., induced current and charge den-
sities have contributions from both bound electrons and conduction electrons. The
dielectric function for a metallic system is (2.22)

& (w) = ¢ (w) + 4rio (w) /o, (7.16)
where & (w) would be the dielectric function if it were not for the conduction carriers.

These contribute to the screening through the dynamical conductivity, o (w). With
this choice the Maxwell’s equations (ME) read (2.4)

\'B ]~)=47Tpexf

V.B=0 .
19B .

Vx E_—zm

V x ] 4”J(‘xt+ ldD'

c ot

The external charge and current densities are absent in our system. Furthermore since
we are concerned with normal modes the time dependence of each field is given by
a factor exp (—iwt) and we have

(7.18)
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We assume non-magnetic materials but try to be as general as possible and keep
[ # 1, where [1 is the magnetic permeability; we are not interested in longitudinal
bulk modes and assume that £ (w) 7# 0 and [t (w) # 0. We want to keep one electric
and one magnetic field. Since the E- and H-fields have the same boundary conditions
at an interface we keep these. Thus we have

V-E=0
V-H=0

V x E =ifi (w) (w/c)H (7.19)
V x H = —i¢ () (w/c) E.

Neglecting retardation means letting the speed of light go to infinity. Then the MEs
reduce to

V-E=0,
V-H=0,
V xE =0, (7.20)
VxH=0.

Equations (7.19) and (7.20) are the basic equations we are starting from in all
structures, (7.19) in the fully retarded calculations and (7.20) when retardation is
neglected.

In the non-retarded treatment, since V x E = 0 the E-field is conservative and we
may define a scalar potential, @ such that E = —V®. Using the first line of (7.20)
then leads to Laplace’s equation,

Vip = 0. (7.21)

So, when we neglect retardation effects we just solve Laplace’s equation in each
medium and use the proper boundary conditions at each interface to find the normal
modes.!

In the fully retarded treatment we take the curl of the last two lines of (7.19) and
make use of the other relations to find

VE + [i @) w/c] E =0 (7.22)
V*H + [t (w) /c] H = 0.

Thus both the E- and H-fields obey the vector wave equation, the vector Helmholtz
equation. In the planar case it is straight forward to solve these in each region but
in other geometries it is not a trivial task. One can solve the problem by introducing
Hertz-Debye potentials 77 and 5. They are solutions to the scalar wave equation,

' A word of caution is in place here: When using the boundary conditions for potentials, spurious
modes may result[2]. One should keep in mind that the potentials are just auxiliary functions
introduced to simplify the treatment; the real functions are the electromagnetic fields.



7.1 The Scheme 131
21 21 / —iwt 2 ~ 2
Vn'+qgn=0; m=ne™; g =[n(a))a)/c]. (7.23)
We let ; be the potential that generates TM modes and 7, be the potential that
generates TE modes.

Now we are done with the general formalism. We will make use of this when we
treat planar, spherical and cylindrical geometries in Part II and Part III.
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Johan Diderik van der Waals (1837-1923) graduated on his thesis: On the continuity
of the gaseous and liquid states, in 1873. He found deviations for real gases to the
ideal gas equation of state. He found empirically ( p+a/ Vz) (V—=b) = NkgT
instead of the ideal equation: pV = NkgT. The correction constant b is due to the
fact that the gas atoms take up a finite fraction of the volume, thus reducing the
free volume. The factor a, which is of interest here, is due to the attractive force
between the atoms, reducing the pressure exerted on the walls of the container. He
was awarded the Nobel Price in 1910 for this and similar work on the equations of
state for gases and fluids. Van der Waals’ force was found on empirical grounds.

The most surprising result was that there is an attractive force even between closed-
shell atoms, where the charge distribution is spherically symmetric. One would imag-
ine that two spherically symmetric, neutral atoms would not interact as they were
so far apart that their electron wave functions were not overlapping. Still, there is
a force. This remained a mystery for a long time. In 1930, Fritz Wolfgang London
(1900-1954) gave a realistic explanation for this force in terms of fluctuating dipoles.

This interaction can be generalized from the microscopic system of individual
atoms to mesoscopic and macroscopic geometries. The force between larger objects
is due to fluctuations in the charge and current densities in the objects. The force is
still called the van der Waals force.

For very large separations, the force is modified due to retardation effects, effect
of the finite speed of light. These effects are treated in PartIIl. Here, we neglect
retardation effects and use a non-retarded formalism. In the non-retarded formalism,
one lets (w/cq) go to zero. This corresponds to omitting the terms in MEs con-
taining time derivatives of the fields. Then, Maxwell’s equations (2.4) simplify into
V.-D= 47 pext, V- B=0,VXE =0, and V x H= (47 /c) Jex;- The coupling
between the electric and magnetic fields is lifted. There are no longer any transverse
bulk modes; there are no vacuum modes; there are longitudinal bulk modes and sur-
face modes. The interaction between objects is fully determined by the overlapping
surface modes.

Even though this is a very drastic approximation that has profound effects on
the electromagnetic normal modes, in an overwhelming majority of situations, the
non-retarded formalism produces good enough results for the interactions. We saw
in Sect.5.3.2.2 that the contribution from the transverse modes to the exchange and
correlation energy in metals were completely negligible. Retardation effects on the
interaction between two objects often appear only for very large separations.

This fact and that the formalism are so much simplified motivated us to devote a
separate part to the non-retarded formalism.


http://dx.doi.org/10.1007/978-3-319-99831-2_2
http://dx.doi.org/10.1007/978-3-319-99831-2_5

Chapter 8 ®)
Van der Waals Force Becit

Abstract We derive the equation of state for an ideal gas in 3D, pV = NkgT, and
in2D, 7 A = NkpT. We then show how these gas laws are modified for areal gas and
derive the result found by van der Waals for 3D, (p + a/Vz) (V —b) = NkgT. We
also derive the 2D version, (n +a/ A2) (A — b) = NkgT. The correction constant
b is due to the fact that the gas atoms take up a finite fraction of the volume, thus
reducing the free volume. The factor a, which is of interest here, is due to the attractive
force between the atoms, reducing the pressure exerted on the walls of the container.
We derive the result for an attractive potential between the atoms of a general power
law form. We end by deriving the van der Waals interaction-potential between two
atoms, both at zero temperature and at finite temperature. We give numerical results
for alkali-metal dimers.

8.1 Equation of State for Ideal Gas

Anideal gas is a system consisting of a low concentration of non-interacting atoms or
molecules each of zero spatial extent. These point particles are in thermal equilibrium
and the only energy contribution is the kinetic energy of the individual particles. The
variables that characterize a gas are three extensive,! N, V,and S, and three intensive,
p, T, and w. For an ideal gas we let the temperature, 7', and number of gas molecules,
N, be constant. The volume, V, can vary. We will derive the equation of state, or
ideal gas law,

N
pV = E=NkBT, (8.1)

where kp is the Boltzmann constant and 8 = 1/kpT.

The equation of state is a relation between four state variables out of the possible
eight that we discussed in Chap.4. There are three independent variables and one
dependent. The suitable state function to work with is one where its three independent

1 An extensive variable scales with the size of the system, while an intensive does not.
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136 8 Van der Waals Force

variables are among these four. There are two choices, the Gibbs free energy? in
(4.16), G(p, N, T), and the Helmholtz free energy in (4.15), §(V, T, N). The best
choice is G since it consists of one term only, G = uN. The forth variable we get

from G ouN 0
- <_> - (“_> = N<_“> (8.2)
/) o Jrn /)N

The chemical potential is set by equating the number of gas molecules, N, with
the summation over all states weighed by the Boltzmann distribution function (4.26),

ng(k),

N=Yngt)=V [ Eny k)
k

o0
V [ k2 exp [—ﬁ (% _ M)]
0

= Lexp(Bn) [ akkexp [ 5 (22)]
2w o 2m (83)
3 ®
=5 |: 2mi| /dkk2 exp [—k*],
0
— ———
JE
4
with the result |
w=g In (n23.), (8.4)

where Ar = /2 h%B8/m is the so-called thermal wave length and n = N/ V is the
particle density.

Now )
= p — dp w
_of n[a ] fdn[a ] NrLon ]NT
=0fdn|: :| I:aP]NT:o/dn%:%:%kBT’ ®-5)
1/(ﬁn) 1/"
or
pV = NkpT, (8.6)

and the derivation is complete.

2IUPAC recommended name: Gibbs energy or Gibbs function.
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8.1.1 2D Version

We proceed in analogy to Sect.8.1. We base the derivation on the 2D version of
Gibbs free energy, G (r, N, T), where r is the 2D pressure, the force per unit length.
The volume in 3D is here replaced by the area A. We have

G ouN 0
(), (), (), o
am T.N om T.N am TN

and the chemical potential, x, is obtained from

N=Xm® =4[ Lo (k)
=A Zodk ézl)‘z exp [—,3 (% - M)]
e B | e -5 (55)] .

= % exp (Bur) }%Tn}a / dkk exp [—kz]

0
—_—
1

2
_ m__ __ Aexp(Bu)
= Aexp (Bur) WRE — a2

We extract u and find

1
W= 3 In (n*PA7) . (8.9)

nZD
= fdn2D[ on ] /[a—“]
0 an?P |y Lom | yy (8.10)
————

leads to the equation of state,
wA = NkgT. (8.11)
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8.2 Equation of State for Non-ideal Gas

‘We now treat the gas more realistically. We let the atoms> have a finite radius, ro, and
an attractive interaction. We will see in Sect. 8.3 that the van der Waals interaction
potential (energy) between two atoms is of the form, V = —Br~", where B is a
constant characteristic of the atoms and y = 6.

The finite radius leads to a smaller free volume in which the atoms can move,

V=V —N4drnd}/3=V (1 —ndndy/3) =V (1 — Cn), (8.12)

where dj is the atomic diameter. We have subtracted the volume taken up by the
atoms themselves. *

The interaction between the atoms leads to an energy shift for each atom. For a
gas one may sum over pair interactions,

[e ]
AE = [drdwr’n (—Br7
dy ( ) (8.13)
— 4%3};!/73 — _Dn
(J’*3)do

We have introduced the constants C and D to make the derivation that follows more
transparent. We will now determine the chemical potential for the gas and from this
obtain the equation of state. The chemical potential is determined from the relation

N=Yngk) =V [E5n, k)
k

(8.14)

o0
=V fdk?z’;k; exp [—ﬂ (@z—r’f + AE — ,u)],
0

where on the right-hand side we have summed over all states weighted by the Boltz-
mann distribution function (4.26). The above equation can be rewritten as

n 1 o e
T = Fexp[—ﬁ (AE—M)]/dkk exp(—F= - ). (8.15)
0

and rearrangement gives

3We have here assumed that the gas consists of separate atoms. The treatment is still valid for
molecular gases. In that case read molecule instead of atom.

4Note that an atom can not come closer to another than the atom diameter. This means that a
spherical volume of radius dj centered around each atom is excluded from the free volume in which
other atoms can move.
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27“n ex AE ? 2k2
W [ dkk? exp (—ﬂhzk )
S\ 0 .\ (8.16)
v h T
= ( Tf) Ofdkkzexp(—kz) = ( M{‘) iy
Thus we have
exp[—B (AE — )] = A} T—cn (8.17)
and the final result is 5
1 A
M:—Dn+Eln<1”_2n>. (8.18)
We continue along the lines of Sect. 8.1 and find
_ n n o
p=Janl3] = ra] [%],,
ZJ” [ } [ } _{dn[ Dn + ga= cm] (8.19)

D+ﬁ( +ie Cu)

i 1
=—D’2 ﬂcln(l—Cn).

To get further we have to make use of the fact that Cn is much smaller than unity,
which is fulfilled for a gas. We expand the logarithm and keep the two lowest order
terms

=-D% — —~In(1— Cn)N—D" + Cn—+1 5(Cn)
ey ’31 L)~ — D2 pe { ) (8.20)
- 7+E( +3Cn) ~ +ﬂ(1—%Cn)’

and rewrite this expression as

< +D ’ ! 1C —_1 8.21
p 7]><__§) -, (8.21)

—|—D2 N NC —_N 8.22
(p 7)<;_5) _,3’ (8:22)

N2 N
p+D2V2 V—?C = NkgT. (8.23)

Now we may identify the parameters in the van der Waals equation of state[1]
(p+a/V?) (V —b) = NksT,

or

or
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N2 27 BN? 27 BN?
a=p— = _"20 T2 (8.24)
2 (y —3)d; 3dy
and
N N2nd}
b= EC =— (8.25)

This completes the derivation of the van der Waals equation of state for non-ideal
gases.

8.2.1 2D Version

We now treat the gas more realistically than in Sect.8.1.1. We let the atoms> have a
finite radius, r(, and an attractive interaction. We will see in Sect. 8.3 that the van der
Waals interaction potential (energy) between two atoms is of the form, V = —Br™7,
where B is a constant characteristic of the atoms and y = 6.

The finite radius leads to a smaller free volume in which the atoms can move,

A=A—Nndj =A(1 —n"rd]) = A(1 - C*n?), (8.26)

where dj is the atomic diameter. We have subtracted the volume taken up by the
atoms themselves.’

The interaction between the atoms leads to an energy shift for each atom. For a
gas one may sum over pair interactions,

o0
AE = [dr2mrn®® (=Br77)
do . (8.27)
_ 271311%2 — _DZDnZD
(y=2)d,

We have introduced the constants C?° and D" to make the derivation that follows
more transparent. We will now determine the chemical potential for the gas and
from this obtain the equation of state. The chemical potential is determined from the
relation

N=Ynpk)=A[ ghns k)
k

i Ty 2nk i (8.28)
= Afdk(z’TT)2 exp [—,3 (W + AE — ,u)],
0

SWe have here assumed that the gas consists of separate atoms. The treatment is still valid for
molecular gases. In that case read molecule instead of atom.

SNote that an atom can not come closer to another than the atom diameter. This means that a
spherical volume of radius dj centered around each atom is excluded from the free volume in which
other atoms can move.
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where on the right-hand side we have summed over all states weighted by the Boltz-
mann distribution function (4.26). The above equation can be rewritten as

n2D 1 r k2
0
and rearrangement gives
2mn?P exp[B(AE—)] ?dkk 22
cmm = exp (=875,
L oo 0 , (8.30)
I I
=15 Ofdkkexp (—k%) = ZL1
Thus we have
2w h?B n?P 5 n?P
exp[—B (AE = )] = == = M. (83D)
and the final result is
1 HZD)\.Z
_ 2D_ 2D T
We continue along the lines of Sect.8.1.1 and find
n21) nZD
_ 2D 9 _ D[ a )
= { dn D[anZD]NT - ‘({l dn D[ﬁ]NT[Gnl;D]NT
n2D
for o), 5]
0 anP |y r o1 Iyt
(8.33)

11 c2D 1/n%P
~0P+ i (ot =G /

nZD
= dn2P [_DanzD T
0

1

2
= —pP U L (1 - ),

To get further we have to make use of the fact that C?Pn?P is much smaller than
unity, which is fulfilled for a gas. We expand the logarithm and keep the two lowest
order terms
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2
7= —DzD@ — s In (1= C?Pn?)
2D
~ _D2D ("2) + ﬂClZD (CanzD T %(CZDnZDf) 50
2D\ 2 .
~ _ DD (";) + % (14 1c2op0)
~ _p (™) n2°
~ —D 2 + ﬁ(l—%CZDHZD)’
and rewrite this expression as
2D)2
n (1) I 1 py_ 1
(n—i—D ; )(ﬁ ) =4 (835)
or
2D)2
w®)\ (NN o\ _N
(n +D 7 ) <n2D > C =5 (8.36)
or
N? N
<7r + DZDm> (A - ECZD) = NkjT. (8.37)

Now we may identify the parameters in the van der Waals equation of state,
(n +a/A2) (A —b) = NkpT,

DZDNZ 7 BN? 7 BN? (8.38)
a = _——= = B .
2 y-2dT A
and )
N Nnd
b=CP = % (8.39)

This completes the derivation of the van der Waals equation of state for 2D non-ideal
gases.

8.3 Van der Waals Force Between Two Atoms

The van der Waals attraction between gas atoms was found empirically by van der
Waals in his studies of the equation of state of real gases. The cause of this attraction
was at that time a mystery. It was not until much later that London [2] resolved this
mystery and gave the explanation in terms of fluctuating electric dipoles. He used
a model of the atom pair where each atom was represented by three perpendicular
dipoles. We will here use a different approach[3] which is more in line with the
formalism presented in this book.



8.3 Van der Waals Force Between Two Atoms 143

For simplicity we choose the coordinate system such that atom 1 is at the origin
and atom 2 on the z-axis at the distance r from atom 1. A static dipole moment p
gives rise to an electric field,” E,

E=— [3 - M] . (8.40)

73 73

When retardation effects are neglected the same relation holds also for a time depen-
dent dipole moment for each instant of time,

t 3 t) -
E(t)=—|:p(3)— ®© r)r] (8.41)
r r
If there is an induced dipole, p;, in atom 1 it gives rise to an electric field
t 3 t) -
E(t):—[plg)— ®1 ) r)r] (8.42)
r r
Alternatively it can be expressed in terms of the dipole-dipole tensor, ¢,
E=—¢ pi, (8.43)
where the elements of the three by three tensor are
S, 3rur
by = rLB - r"s ’. (8.44)

Note, that the tensor is symmetric, i.e. ¢, = ¢,,,. The field at the position of atom
2 caused by the dipole of atom 1 is

E” =—¢"".p, (8.45)

where with our choice of coordinate system

5 1 (100
P = 1010 |. (8.46)
" \oo-2
This field will polarize atom 2 and
p2 = a4'E'%, (8.47)

"Note that we here use an alternative way to express the field compared to in (2.148).
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Here, we should be a little more careful. What was said about convolution integrals
in Sect. 2.3 also holds here. Thus,

[e¢]

P (1) = /dm;” (t —1)E (¢ (8.48)

—00
and the simple relation in (8.47) is valid for the Fourier transformed quantities,
P (@) = a5 (0)E? (w). (8.49)

So from now on the dipole moments and electric fields refer to their Fourier trans-
formed (with respect to time) versions.
The field at the position of atom 1 caused by the dipole of atom 2 is

E’ = —¢* . p,, (8.50)

where

o = p'2. (8.51)
Now, this field induces a polarization of atom 1
pi = of'E”, (8.52)

and if this polarization is what we started from we have found self-sustained fields.
A normal mode has been excited. We have

pr = ol B2 = qi . (_q;zl ~p2) v [_q;zl (o _Elz)]

- - (8.53)
I [aﬁ’ ) <_¢12 ) Pl)] )
From the two end relations we have
[0 @) 6" - @) 62 = T]-p1 =0, (8.54)

where 1 is the unit tensor.

This equation has a trivial and a non-trivial solution. The trivial solution is that
p1 = 0. For the non-trivial solution which we are interested in we have that the
determinant of the matrix operating on p; is zero, i.e.,

Det [a;” @) -3 ot () $'2 — T] —0. (8.55)
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For anisotropic atoms the polarizabiities are tensors and the expression has to be
kept as is. We will now limit ourselves to isotropic atoms where the polariizabilities
become scalars. Then the equation simplifies into

Det [a;” (@) o' () $* — i] =0, (8.56)

where, with our choice of coordinate system, we have

i 100
$*=—1010]. (8.57)
" \oo4

The condition for modes in the case of isotropic atoms is
[1— o (@) af (@) /r®] [1 — 40 (@) &' (@) /r®] =0, (8.58)
and the mode-condition function is

f@=[1—a" @ ad ) /r[1 — 4 () ad (2) /r]. (8.59)

8.3.1 Zero Temperature

If we can find a simple analytical expression for the atomic polarizabilities we might
be able to find the normal modes. Then by summing over the zero point energies
we may find the interaction energy and force. This approach is called the mode-
summation method. London [2] used an approximation which has been named after
him. In the London approximation the atomic polarizability for atom i is

a (0) (w;)?

R (8.60)

o () =" (0)/[1 — (w/0)?*] =

where o (0) is the static polarizability and w; is a characteristic frequency of the
atom. It need not be the first ionization potential. Thus there are two parameters only
and they may be used as fitting parameters.

There are six solutions to (8.58),

wi o = a),»,/l + 20[41 (O) /F3,
’ / 8.61
w34 = wss = wiy/TE£a (0) /r3. (8.01

It is interesting to note in passing that
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Fig. 8.1 The variation of the 2
frequency of the six modes [
with atom separation, in

Bohr radii (ag), for two 15
Li-atoms. The two arrows

placed next to each curve

indicate how the two induced

dipoles are aligned relative g 1 I
each other. See the text for
details
05 [ ]
0"H‘1Hux““x““x““x““
0 5 10 15 20 25 30

r (29)

6 2
> (@) = 6@
=l (8.62)
Z w; < 66{)[.
j=1
That the sum of the squares of the frequencies is unaffected by the interaction is
typical in the non-retarded treatment. That the sum of the frequencies is reduced
causes the net attraction. The modes are shown in Fig. 8.1 for two Li-atoms, where
we have indicated with arrows how the oscillating dipoles are oriented. In mode 1
they are along the z-axis and are pointing in the direction opposite to each other; this
is a repelling mode. In mode 2 the dipoles are also aligned along the z-axis, but now
the dipole moments are “moving” in phase; this is an attractive mode. Modes 3 and
5 are repelling modes where both the dipoles are perpendicular to the z-axis. In one
of them they are along the x-axis and in the other along y-axis. The dipoles of the
two atoms are pointing in the same direction. Modes 4 and 6 are attractive modes
where the dipoles of the two atoms are pointing in the opposite direction relative each
other. Modes 3 and 5 are degenerate and so are modes 4 and 6. Now, the interaction
potential is

6
V (r) =§” Y wj — 6w;
j=1
8.63
~ b [2 — (" (0) /r?)’ +4 = Lo () /1) - 6] (869
a;A/(O)Z

_3
4 r°

= haw;,

where we have expanded the square root and kept three terms in the expansion. The
expansion is made under the assumption that the separation between the atoms is
large enough for the van der Waals attraction to be week compared to the ionization
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Fig. 8.2 The van der Waals
interaction potential for two Li-Li
lithium atoms from (8.63),
solid curve; the London
approximation was used for
the atomic polarizability. The
curve with filled circles is the
full result from a
quantum-mechanical
calculation including both F —e— Full Pot E
retardation effects and 3 3
multipole contributions [4]. E W E
The deviation for small
separations are due to 10 ¢ e
multipole contributions 10! 10 103

r(a,)

107 ¢ E,,=0.06934 a.u. 1
0,,(0)= 16382 au.

100 |

Potential (Hartree)

potential of the atom. The result for two lithium atoms is shown in Fig.8.2. The
London approximation was used for the atomic polarizability and the parameters
are given in the figure. Thus we have determined the parameters used to repre-
sent the atom interaction in the equation of state for a non-ideal gas in Sect. 8.2 to
be B = 3hw;cr:(0)%/4 = 3E ;01:(0)?/4 and y = 6, respectively. The curve with
filled circles is the full result from a quantum-mechanical calculation including both
retardation effects and multipole contributions [4]. The deviation for small separa-
tions are due to multipole contributions; we are in the van der Waals range so the
retardation effects will appear at larger separations.

For a dimer with two different atoms we proceed in the same way and find the
modes are

_ @)+ (@) 4 (@)= (@)? 4a" (0)as! (0) (1) (2)*
wl,z—\/ 7 T T o=@

— _ @)+ @)’ (@)% = (@)” ‘)‘m(o)“[z”(o)(wl)2<m_2)2
W35 = W46 = \/ ) + 2 1+ lrﬁ[(wl)zf(wz)z]

(8.64)

These modes are shown in Fig. 8.3. The notation is the same as in Fig. 8.1. Note that
the two repulsive modes approach the highest of the two characteristic frequencies
while the attractive modes approach the lowest frequency for large separations. Thus
there is an energy gap where there are no modes.

The interaction potential between two non-equal atoms becomes

3a" (0) o' (0) howth
V(r):——al()gz() wrhw,
2 r hwi + hw,

(8.65)
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Fig. 8.3 Same as in Fig. 8.1
but now for a Na-K dimer.
The upper modes approach
the characteristic frequency
for the Na atom in the large
separation limit and the
lower approach that for the K
atom. See the text for details

Fig. 8.4 Same as in Fig. 8.2
but now for a Na-K dimer

o/[(0;+®,)/2]
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8 Van der Waals Force

2 T
r Na-K
15[ i
1L
05| ]
ol A R
0 2 8 10
r (ag)
B ‘ ‘I\‘Ia—K 3
Ey, =0.07810 a.u.
105 | Oy (0) = 15906 au.
b E, = 0.06007 a.u.
F 0y (0) =292.37 a.u.
100 |
3 —e— Full Pot 3
E vdW —?
10—15 ? o ) ?;
10! 102 103
r (ay)

These results are identical to the results found by [2]. He used perturbation theory.
We think that the present derivation is more straight forward and simple. The result

for a Na-K dimer is shown in Fig. 8.4.
If the expression for the atomic polarizability is not simple we put the mode-
condition-function in the integral in (5.59) and find

E=q [ dElnf (i)

= %_f déIn {[1 — ¥ (i£) ad! (i) /;»6]2 [1 — 4o (i&) o' (i) /r6]} (8.66)

%

—2s [ déaf’ (&)

1) =

[ déaf (i) o5 (i),
0
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Table 8.1 Cg-coefficients in atomic units (Hartree - ag®) for the alkali-metal dimers. Vygw =
—Cg/r®. The parameters needed for the calculation, i.e. the polararizabilities and characteristic
frequencies were obtained from fitting of the retarded result to the full result in [4]

Li Na K Rb Cs
Li 1395.6
Na 1435.6 1482.0
K 2312.4 2368.6 3851.1
Rb 2491.4 2550.3 4152.5 4477.9
Cs 2967.7 3029.0 4964.2 5356.2 6423.1

where we once again have assumed that r is large enough so that the logarithm can
be expanded. If we now use the London approximation for the polarizability we find

af'(0)  ag(0)
mﬁ f 4 o 1+ /w1)* 14(E/an)?

_ 3 Out'©) / £ !
T ST e T € (8.67)
1 _ojo
2 o)t

3 ' (0)e5" (0)  hw, hon
2 76 hwi+ha,

This method was even simpler to use albeit less transparent. The results for the
alkali-metal dimers are summarized in Table 8.1.

8.3.2 Finite Temperature

We have so far concentrated our treatment to zero temperature. For finite tempera-
tures things are more complicated. When we calculate the force between two objects
at finite temperatures, from how the energy changes with separation, it is important
to know how the objects are thermodynamically connected to the rest of the world. In
most cases the temperature effects are very weak. However, there is an exception: lig-
uids like water with permanent dipole moments have important contributions to their
dielectric functions for very small frequencies. This leads to important temperature
effects. When we gradually increase the temperature from 0 K the temperature effects
first appear at large separations only, and then at smaller and smaller separations.
If the objects are completely isolated with no heat exchange, no particle exchange
and if they do not perform any work, except on each other, all work performed by the
force between the objects goes to the change of the internal energies of the objects;
thus in this case we should calculate the internal energy as function of separation and
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from this variation obtain the force. It should be noted that in this case the temperature
will change with separation.

If the objects are in contact with a heat bath, so that heat is freely exchanged
with the surroundings, some of the work that otherwise would go into the change of
the internal energy now leaks out (or in) in the form of heat; in this case we should
calculate the Helmholtz free energy as function of separation and from this obtain
the force; this is the most common situation.

If the objects also can exchange particles with the surroundings, energy is leaking
out of the objects also via this channel. In this case we should calculate the thermo-
dynamic potential. This situation occurs when two particles are in equilibrium with
their solution or when two liquid droplets are in equilibrium with their vapor phase.

Often the volume of the objects stays unchanged as well as the surrounding pres-
sure. In this case we can use the internal energy and the enthalpy interchangeably;
this also holds for the Helmholtz and Gibbs free energies. In our problem the inter-
action is for finite temperature obtained from the Helmholtz free energy (7', V, N)
(see Sect.4.3),

5= _% I, (8.68)

where ‘3 is the partition function,

Pour (et =TT x D)

i = (8.69)
= l_[ ¢ ﬁznwx ;)eiﬂhwin - l_[ E_ﬁzhwi lfg’lﬂh‘”i :
Thus we have
§= —% Z [—ﬁ%hwi —In(1-— e’ﬁh‘”")] = Z [%hw, + %ln (1- eﬂh""‘)i|.
l l (8.70)

Before we derive the result using the method in (5.64), based on generalized
argument principle we stay with the mode-summation method for a while. When
using the argument principle the physics is somewhat obscured by the mathematics.

The internal energy for our system of two atoms in thermal equilibrium is

1 1
E(r)= Z (n - 5) & (r) = Z (n [w; ()] + 5) haooi (1), (8.71)
where the sum runs over the normal modes, six in our case. Thus we have

E(r) =Y (nlo; (N]+ 3) heoi (1),

S = Z [ hoy (r) + § n (1 — e—ﬁﬁwi(r))]. (8.72)
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At zero temperature the force is

dE

Fo_YE0O (8.73)

dr

and at finite temperature,

d§
F=--2". (8.74)

dr

The force is obtained by a direct derivation with respect to r,
53X 8w (r) for, T =0,

F = (8.75)

B3 {nlw; ()] + 1/2) [0, () for] T #0,

We note that a mode with a positive slope in the mode energy as function of r
contributes with an attractive force and one with negative slope gives a repulsive
contribution which is fully in line with what we claimed in connection with Figs. 8.1
and 8.3.

Now, if we can find the modes in a simple way like here by using the London
approximation for the atomic polarizability we may find the interaction potential
directly from (8.70). If not we use (5.64) and arrive at

5= &)
2

at ut n 8.76
=—§EZ od (i&,) o' (i&,); g,,:zh—ﬁ; n=20,1,2,.... (8.76)
&n

To be noted is that the van der Waals interaction potential follows a simple power
law; the same power law for both zero and finite temperature. The potential varies
as r~® and the force as 7. The temperature effects start to appear first at very high
temperatures in the present problem, viz. when 8 is of the order of the inverse of the
characteristic energy of the atoms. This means that the temperature is thousands of
Kelvins.
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Chapter 9 ®)
Van der Waals Interaction in Planar G
Structures

Abstract After a section in which we adapt the general formalism presented in
Chap. 7 to planar structures in neglect of retardation we start by introducing the basic
structure elements: a single interface, a layer, a 2D film, and a thin diluted gas film.
A general planar structure can then be constructed by stacking these elements side
by side. The thin gas layer is special; it is used to find the interaction on an atom at a
general position in the planar structure. Then we go through some common structures
and present illustrating examples; the examples involve gold half spaces, gold slabs,
graphene, 2D metal films and lithium atoms. Then we discuss alternative ways to
find the normal modes in a planar structure. Next we rederive the van der Waals
interaction between two atoms from using the summation over pair interactions. We
end with a section on spatial dispersion.

9.1 Adapting the General Method of Chap.7 to Planar
Structures and to the Neglect of Retardation

We assume that the spatial extension of the interfaces is very large compared to the
thickness of the layers so that we may treat the interfaces as infinite in two directions.
If the thickness of the object is finite the rightmost medium, n = N + 1, in Fig. 7.1
is the ambient as well as the leftmost, n = 0. If not we have a multiple coated half
space. In both situations the modes are solutions with the boundary conditions that
there are no incoming waves in the two outer regions, i.e. there is no wave moving
toward the right in medium » = 0 and no wave moving toward the left in medium
n = N + 1. The fields are self-sustained; no fields are coming in from outside.
In the non-retarded treatment Maxwell’s Equations in (2.4) become

V-D=0
V-B=0
VXE=0 ©-1)
VxH= 0,
© Springer Nature Switzerland AG 2018 153
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in absence of external charge densities. We note that the electric and magnetic fields
are decoupled. There are both electric modes and magnetic modes but in general the
effects from the electric modes are much more important when we limit the treatment
to non-magnetic systems, i.e. we let it (w) = 1.

Since V x E = 0 the E-field is conservative and we may define a scalar potential,
@ suchthatE = —V@®.Now, forV - D=V.2 (w) E = 0 there are two possibilities.
Either & (w) = 0 which defines the longitudinal bulk mode of the mediumor V - E =
0. We are not interested in the bulk modes here. Inserting E = —V @ into the equation

V - E = 0 then leads to Laplace’s equation,
Vi =0. 9.2)

So, when we neglect retardation effects we just solve Laplace’s equation in each
medium and use the proper boundary conditions at each interface to find the normal
modes.!

In the non-retarded treatment of a planar structure we let the waves represent solu-
tions to Laplace’s equation, (9.2), in cartesian coordinates, for the scalar potential,
@. The interfaces are parallel to the xy-plane and the z-coordinate is the coordinate
that is constant on each interface. The solutions are of the form

Dy (1, 7) = ket 9.3)

where k is the two-dimensional wave vector in the plane of the interfaces. We let z
increase toward the right in Fig.7.1. We want to find the normal modes for a specific
wave vector k. Then all waves have the common factor exp (ik - r). We suppress this
factor here. Then

R()=e*; L(z)=e™. (9.4)

Using the boundary conditions that the potential and the normal component of the
D-field are continuous across interface n gives

ae K + blekin — gntle—kz + pt1ekza

- - - - 9.5
angne—kzn — bngnekzn — an+18n+1e—kzn _ b”+18n+1ekz”, ©.5)
and we may identify the matrix 1&,1 (zn) introduced in (7.1) as
—kz, kz
. ek ekan
A =1 . - , 9.6
n (Zn) <8nekz” _é\nean ) 9.6)

'From the symmetry of (9.1) we can deduce that we may introduce a scalar potential for H and
obtain an analogous Laplace’s equation for the B-field. The whole procedure for finding the magnetic
modes is identical to the one for finding the electric modes. The only thing one has to do in the final
result is to replace & with fi.
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Adapting the General Method of Chap.7 ...

and the matrix 1\71,1 in (7.3) as

~ 1 -y = 2kzy (5 _ &
M,, (e &n+ En+1 € (871 gn+l)) ) (97)

= A= —2kz, (& P P P
28,1 ' (811 - SnJrl) En + En+1
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Now we have all we need to determine the non-retarded normal modes in a layered
planar structure.

Summary of key relations for the derivation of van der Waals interactions
in planar structures:

In a planar structure the 2D wave vector k is the proper quantum number
that characterizes a normal mode. The dispersion curve for a mode can have
several branches, i, w = a){(. They are solutions to the condition for modes,
Jx (@) = 0, where fx (@) is the mode condition function. When finding the
interaction energy of the system one has to sum over both k and i. Since we
often let the layers have unlimited extension in the layer plane it is appropriate
to calculate the interaction energy per unit area. For zero temperature it is

E=332 [ mlnf)— BIEL [ EmAG, 98

and at finite temperature
1 1w : 1 Sk :
3"=gzk:/§zo In fx (i&,) — ngZO In fx (i&,) (9.9)

where A is the area of the system and &, = 2w n/hB. The arrows indicate what
happens when we let A go toward infinity. In the non-retarded approxima-
tion fx = M), where M is the matrix for the whole structure. The matrix for
interface n is given by

Y 1 g‘n 3 gnJrl eZkZ" (gn - g‘n+1)
M, = — [ _,°n T &l i . 9.10
28, <e 2 By — Bnp1) Bt Bt ©.10)

Often it is appropriate to give the energy relative a reference system. Then
fx is replaced by fi in (9.8) and (9.9), where fi = fi/ flzef'. Note that if one is
interested in magnetic modes, in a non-magnetic system, and/or the very small
effects these have on the interaction the magnetic modes are found by using
another matrix where all € are replaced by ji. The electric and magnetic modes
are completely decoupled from each other in the non-retarded formalism.



156 9 Van der Waals Interaction in Planar Structures

9.2 Basic Structure Elements

A general planar structure can be generated by stacking a number of basic structure
elements next to each other. The most basic element is a single planar interface.
Sometimes it is convenient to use layers as elements. A special layer is a 2D planar
film. Another is a thin diluted gas layer which we will use repeatedly in the derivation
of the interaction between atoms and the planar structure. We now discuss these basic
elements one by one. We start with the single planar interface.

9.2.1 Single Planar Interface

For a single interface, as illustrated in Fig.9.1, at z = a between two media having
dielectric functions &, and &; we have from (9.10)

v v 1 g0+ & e (&) — &)
M=M)=— - - - - . 9.11
07 2% (e‘z’“’ (Eo—&) & +& ©-11)
If this is the whole structure the mode condition is
& (w) + &1 (w) = 0. (9.12)

Here, and in several more places we give the condition for modes of a single
interface. If we use the corresponding mode condition function to calculate the energy
in principle we obtain the surface energy or interface energy. However, to get a
realistic result we need to include spatial dispersion[1], i.e., we need a momentum
dependence of the dielectric function, otherwise the energy diverges. Furthermore

0
<+ —»
& | &
0 1
z=a

Fig. 9.1 The geometry of a single planar interface located at z = a. The material to the left of the
interface has the dielectric function £y (w) and the material to the right £; (w). If this is the whole
structure there are only waves moving away from the interface, as indicated by the arrows. Adapted
from[10]
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this is not the full story. The surface energy is the energy per unit area of a newly
created surface. To be more specific itis half the energy needed to split the solid in two
along a plane and to separate the two halves to infinite distance. The “1/2” comes from
the fact that we create two new surfaces. When we split the solid we create surface
modes at the surface or rather bulk modes are pealed off and form surface modes.
This change in collective modes costs energy. This energy constitutes, an important
part of the surface energy. Other effects that contribute to, or modify, the energy is
possible surface reconstruction, surface relaxation and for metals that the conduction
electrons spill out into the vacuum. We refer the reader to an illustrative derivation
by Schmit and Lucas [2] which attracted much attention when it was published. A
very similar calculation was performed independently by Craig[3]. The derivation
is valid for both polar semiconductors or insulators and metals. Here we do not need
to bother about these complications. We do not create interfaces. We just move them
around.

9.2.2 Planar Layer

For alayer, Fig. 9.2, with interfaces at 7 = a and z = a + d made of a medium having
dielectric function &; sandwiched in between a medium having dielectric function
€0 and a medium having dielectric function &, we have from (9.10)
= 4z dka (5 _ =
~ PR g+ ¢ e (gg— ¢
M=M, M = L 72kao:i- o (8o —&1)
o \e ™ (89 — &) &0t &

~ ~ ~ ~ 9.13
€1 &1+ & et d) () — &) ©-13)
28 \ e—2k(a+d) (51 — 52) g‘l + &

0 1
4’_
—>

& & &

0 1 2

z=a z=a+d

Fig. 9.2 The geometry of a planar layer of thickness d and first interface located at z = a. The
material to the left of the layer has the dielectric function &y (w) and the material to the right of the
layer & (w). The layer material has the dielectric function & (). If this is the whole structure there
are only waves moving away from the layer, as indicated by the arrows. In the layer itself there are
waves moving in both directions. Adapted from[10]
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If this layer constitutes the whole structure the mode condition becomes

[20 (@) + &1 ()] [61 (@) + & (@)] — e 2 [5) (@) — &1 ()] [£2 (@) — & ()] = 0.
(9.14)

This is the geometry of a slab. If we let the medium in the middle be vacuum the
geometry represents two half spaces separated by a gap of width d.

9.2.3 2D Planar Film

In many situations one is dealing with very thin films. These may be considered 2D
(two dimensional). Important examples are a graphene sheet and a 2D electron gas.
In the derivation we let the film have finite thickness § and be characterized by a 3D
dielectric function &°P. We then let the thickness go toward zero. The 3D dielectric
function depends on 8 as P ~ 1/8 for small § and §8°° — 2&*P/k as § goes toward
zero[4, 5]. &P (k, w) is the 2D polarizability of the film. We use the expression for
a layer in (9.13) and let £, go toward infinity and the layer thickness § go toward
zero. Then we obtain

Mop = My - M,
g Eot+& M @E—8)) , kew 1 et
=25 | a2ka (z. _x == + 7% ~2ka
2% \ e (o — &) &+ & 28 \ —e -1 (9.15)
1 &0+ & g2ka (8o — &2) PE) 1 g2ka
=5 ke~ = = = + % —2ka :
2% \ e (8o — &) &yt & & \ —e -1
If the 2D layer is the whole structure the condition for modes is
1426 (k, 0) / [& (@) + & (@)] =0, (9.16)

where the modes are the 2D plasmons.
If the 2D film is inside a medium having dielectric function £y () (9.15) simplifies

" Vo = M M, = ((L0) 4 G0 K@) (1 e 9.17
o =Mo-Mi=1{,, +W _e2%a _q )> .17

and if the medium is vacuum we find
~ ~ ~ 10 5 1 2ka
Mop = M, - M, = <0]>+a2D (k"“)<—e—2’w e_] ) (9.18)

Note that spatial dispersion is taken into account for the film without complica-
tions.
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9.2.4 Thin Planar Diluted Gas Film

It is of interest to find the van der Waals force on an atom in a layered structure. We
can obtain this by studying the force on a thin layer of a diluted gas having dielectric
function &, (w) = 1 + 4wna® (w), where « is the polarizability of one atom and n
the density of atoms (we have assumed that the atom is surrounded by vacuum; if not
the 1 should be replaced by the dielectric function of the ambient medium and the
atomic polarizability should be replaced by the excess polarizability). For a diluted
gas layer the atoms do not interact with each other? and the force on the layer is just
the sum of the forces on the individual atoms. So by dividing with the number of
atoms in the film we get the force on one atom. The layer has to be thin in order to
have a well defined z-value of the atom. Since we will derive the force on an atom
in different planar geometries it is fruitful to derive the matrix for a thin diluted gas
film. This result can be directly used in the derivation of the van der Waals force on
an atom in different planar geometries.

We let the film have the thickness 6 and be placed in the general position z. We
only keep terms up to linear order in § and linear order in n. We find the result is

1\N/Igaslayer = 1\7[0 ' 1\7[1
10

0 2kz
- (o 1) + (8n) @ (w) 4k (_e_ZkZ eo )

10 0 2kz
- (0 1) + 02 () 4k (_e_ZkZ eo ) ,

where 1n?P is the 2D atom density. Now we are done with the gas layer. We will use
these results later in calculating the van der Waals force on an atom in planar layered
structures. We have also gone through all basic structure elements we need. Now we
turn to some real structures. We begin with two half spaces.

(9.19)

9.3 Two Half Spaces

For a gap, of size d, filled with a medium having dielectric function &, between two
half spaces, one of a material having dielectric function £; and one of a material
having dielectric function &, we may reuse the above result in (9.14) with the proper
change of dielectric functions. We find

[51 + 50] [5‘2 + 50] — e 2K [51 - g‘o] [52 - 50] =0, (9.20)

where all dielectric function arguments, (), have been suppressed. Equation (9.20)
can then be used to find the zero temperature van der Waals energy per unit area
as(5.59)

2It is more correct to say that the effect of the interactions is negligible.
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E=1 25 [ £ n A &) —In £ (i)
Ny (9.21)

2 ~ .
=55k [ A,
—0o0
and the finite temperature result as (5.64)

5= ;3 (gjr]; Z [In fi (i&) — In £2° (i) ]

_% (2) Z/lnfk(lfn) Enzz”” n=0,1,2,.

(9.22)

respectively, where f,>° () is the mode condition function at infinite separation and

o [F1 ) — 80 @] [E () — & ()]
[21 () + &0 ()] [£2 () + &0 (2)]

@ =1- (9.23)

is the mode condition function divided by the function at infinite separation. The
expressions in (9.21) and (9.22) mean that we have chosen the reference system
to be the system when the gap is infinitely wide. This result agrees with the result
in e.g.[6]. In what follows we will indicate when we refer to this modified mode
condition function, that produces the energy zero when the objects are at infinite
separation, by putting a tilde above the function.

The van der Waals force per unit area is obtained as minus the derivative of these
energies with respect to the separation d.

The mode condition function for this geometry where we have two half spaces
with vacuum in between is obtained from (9.23) by letting &9 = 1. Thus the energy
per unit area between two half spaces as function of separation is (9.21) with the
mode condition function given by

o2kd [51 (2) — 1] [52 (2) — 1]
[51 (2) + 1] [gz (2) + l]

flz)=1- (9.24)

9.3.1 Interaction Between Two Gold Half Spaces

Now we will present results for a specific system, viz., two gold half spaces. Then
the mode condition function is

C_de [a (Z)]z

, 9.25
[ (z) +2]° ©-23)

fim) =1~
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where « (i§) is shown in Fig. 9.3 and the energy per unit area is

o0
V) _ &k [ dg _ —2kd _[aG®)P?
a=hy @m)* o 27 ln[l ¢ [a(is>+2]2]

h T T [(i6))® (.26)
= ot Ofdxx Ofdg In [1 —e [a@m]z],

where we on the last line have made the variable substitution x = 2kd. The result
for two gold half spaces is shown in Fig.9.5.

The gold polarizability in Fig. 9.3 was obtained in the following way: the experi-
mental data for the imaginary part of the dielectric function as given in [7] was used;
these data points are shown in Fig.9.4 as filled circles. The data were extrapolated
on both the small and large frequency sides; these extrapolations are shown as a
dotted curve and a thin straight line, respectively; at the large frequency side the
extrapolation was a power law, ~w~>; at the low frequency side the extrapolation
was in the form of a function,

& (w) = 4—n+, (9.27)

® p? 4 (47'ra)/x2)2

where p is the experimental static resistivity (2.611 x 107'8 s) and x is an adjustable
parameter used to get a smooth transition to the experimental points. For x = w,,
(9.27) is the Drude expression with dissipation. Then we used one version, (3.52) of
the Kramers Kronig dispersion relations,
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Fig. 9.4 The imaginary part
of the dielectric function of
gold used as input to
generate Fig.9.3. The filled
circles are the experimental
values from [7]. The dotted
curve is the low frequency
extrapolation consistent with
the static resistivity. The
solid straight line is the high
frequency extrapolation of
~w~3 type. See the text for
details

Fig. 9.5 The van der Waals
interaction energy between
two gold half spaces as
function of separation d. The
result was obtained from
using (9.26) with the gold
polarizability « (i€) as
shown in Fig.9.3
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(9.28)

to find the polarizability on the imaginary axis. In performing the calculation we used
cubic spline interpolation of the data on a log-log plot and the integration variable

was chosen to be In(w).
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9.4 Two Slabs

We will make this as simple as possible and let the slabs be of the same material
having dielectric function &, be of the same thickness, A, and be placed in vacuum.
The slabs are separated by the closest distance d. We let the interfaces of the first
slab be at z = 0 and z = A; then the interfaces of the second are at z = d + A and
atz =d + 2A.

We can write the matrix for the structure as

M=A-B,
i_ 1 1+8 1-5 g1 4+1  e*2E -1

= 13 _ —2kA (7. _ = >

1 -8 1+¢ e -1 & +1

ﬁ . 1+ 81 CZk(dJrA) (1 — g‘l) (929)

= 48 e—2k(d+4) 1-&p) 148

. g +1 e2k(d+24) (51 -1

e 2k(d+24) (51 -1 g +1 ’

where A and B are matrices for slabs or planar layers according to Fig.9.2. The
matrices are obtained from (9.13) with the proper choice of dielectric functions
combinations and positions.

To find the condition for modes and the mode condition function we only need
the matrix element M. It is

My, = 1615% {[(81 F 1P — e A — ])2]2 B (5% B 1)26_2kd[e—2kA . 1]2 7
and the condition for modes is
[(51 +1)7 —e A E — 1)2]2 — (@ —1) e M 1P =0.  (931)
The mode condition function then becomes

[22 () — 1]} (e — 1)
(5@ -+ 1] —e24[5 0)-1)

fe@=1—e -, (9.32)

or

2
Ei1()—1 —2kA _ 1)?
okd [él(z)+l:| (e 1)
e .
B e 2
_ a—2kA| E1(2)—
{1 € I:gl(z)+l:| }

To find this result we have divided the left-hand-side of (9.31) with the correspond-
ing result for d = co. Thus the energy per unit area between two slabs as function of

h@=1- (9.33)
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separation is (9.21) with this mode condition function inserted. The corresponding
van der Waals energy at finite temperature is obtained by using this function in (9.22)
instead. The force per unit area is in both cases found by taking minus the derivative
of the energy with respect to d.

9.4.1 Interaction Between Two Gold Slabs

The result for two gold slabs is shown in Fig. 9.6 for slab thickness ranging from
0.001pm to infinity; the thinner the slabs the lower the energy. To find the result
we have inserted the mode condition function from (9.33) in (9.21). The dielectric
function & (i£) = 1 + «(i§) with the gold polarizability « (i§) as shown in Fig.9.3.
We notice that when the distance between the slabs is much smaller than the slab
thickness the result is that for two half spaces; when the separation is much larger
than the slab thickness the result has a steeper slope. If we had used the simple Drude
approximation, £ (i§) = 1 4 w7, /£, for the gold dielectric function we would have
have found the fractional power law [9], ~d —5/2 characteristic of two 2D metal films.
With the experimental dielectric function of gold the resulting slope is somewhat
steeper.

9.5 Two 2D Films

The maErix fgr a system of two parallel 2D films becomes M = 1\7[0 ;1\7[ 1 1\712 . 1\7[3,
where My - M, is the matrix for one of the two thin films, and M, - M3 is the matrix
for the other. These matrices are given in (9.15) the first for z = 0 and the second
forz =d.
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The matrices are

~ ~ 10 - 1 1
My M, = (01>+a2D<_1 _1>;

i ) 10 . | ek (9.34)
M2'M3:<01>+OI <—62kd _1),
and the element of interest to us is
My =14 2a% 4 (1 — e~2d) (2P 2
" ( ) (@) (9.35)

=(1+ 5[2D)2 _e—2kd (dzD)2_

The first term produces the modes in the two thin films if they are so far apart that they
are not affecting each other. We choose as our reference system the system when the
two films are at infinite distance from each other. To get the mode condition function
we divide M, with the first term. The mode condition function becomes

~ 2
Fom1—e 2 @\ (9.36)
1 + &P

From this we find the energy per unit area

0 P £ (i
E=4) gk | Enliao)
B _d% ;ooods 2kd @ ki) ) o
_ [% 21
oo

This agrees completely with the results of [8].

9.5.1 Interaction Between Two Graphene Sheets

The first example where we use the results for two 2D films is two graphene sheets.
Graphene is one very promising material in modern nano-technology. We will give
results both for pristine (undoped) and for doped graphene. The separation depen-
dence becomes very simple for pristine graphene. We need the 2D polarizability.
From (2.143) we get

x (K, i§) = - L
e VEEE 9.38)
o (k. i§) = 55—

We note the peculiar scaling property o (k/d, & /d) = « (k, i§). Thus if we plot
the polarizability on a k& plane and then change units with the same factor on both
axes nothing changes. Thus making the substitutions k — k/d and § — £/d in
(9.37) gives
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Fig. 9.7 Interaction energy (a) and force (b) per unit area, respectively, between two graphene
sheets a distance d apart. See the text for details

oo

2 v, 1 2
g [ 9k / @ [1 _ e‘”‘(M) } , (9.39)
2d° ] @en)* ) 2n 1 +a(k,i&)

—00

and the interaction follows a simple power law E ~ d—3. The force varies as F ~
d~*. In the doped case a*” (k, i§) = —v;°x*" (k, i§) where x* (k, i) is given
in (2.145). Here, we do not benefit from the above substitutions and use (9.37)
instead. The results are shown in Fig.9.7 both for pristine graphene and for doped
graphene; the deviation from the result for pristine graphene increases with doping
concentration. In the doped case the effects of the doping carriers show up gradually
for larger separations. The energy approaches asymptotically a fractional power law
with E ~ d=5/> and F ~ d~"/%. The extra interaction from the free carriers decreases
gradually for small separations. This behavior is caused by spatial dispersion. Next,
we turn to two thin metal films.

9.5.2 Interaction Between Two 2D Metal Films

In calculating the interaction between two 2D metal films we use (9.37) with the
polarizability for a 2D electron gas in (2.146). The results are shown in Fig. 9.8. The
carrier concentration in each film varies from 10'* to 10'* cm~2; the higher the con-
centration the higher the interaction energy. The energy approaches asymptotically
a fractional power law with E ~ d=>? and F ~ d~"/>.



9.5 Two 2D Films 167

(a) (b)

2

T T T

T T T 'g 108 i
10° — a0 2|1 & 10" cm?|]
107 cm - 10° " )
— a2 o — 100 ecm™ ]
= 107 107" cm™ | | e . s
§ — 102 cm2 g 10 I (U
b Q 3 >4
= a7 —_— 03 a2 S 2l — 10" cm?|]
% 10 10" em™ | | 5 10 i ]
P r = 10} B
E 10} 5 101 1
B S 02 1
g ol | gL ]
-1 L =]
& 10 5 10% |
F a L
103 . . \ § 10 L L :
10° 10! 10° 10° 10t & 10 10 10° 10° 10*
d (&) d(A)

Fig. 9.8 Interaction energy (a) and force (b) per unit area, respectively, between two 2D metal
films a distance d apart. See the text for details

To see how this power law comes about we note that the exponential factor e ~>*¢ in
the integrand in (9.37) means that for large separations only small k-values contribute
to the momentum integral. The 2D dielectric function (see (2.146)) in the small
momentum limit is

9D . 27n?Pe? k
e ki)~ 14+ ——. (9.40)
m, &
So if we make the substitutions k — k/d, and & — £/+/d in (9.37) we find
2 2D 2 k
g2D (k/d, is/«/E) ~1+ 2 (9.41)
me &

i.e. the ds in the dielectric function cancel out and no d remains in the integrand. We
have

[e¢]

L I @ ig) N’
E~2d5/2/(2n)2 / Eln |:1—e <1+&2D (k,i§)> ) (9.42)

—0Q

The only remaining d-dependence lies in the factor d~/2, which is the result of the
substitutions in d?k and d&. For smaller separations the energy and force no longer
follow simple power laws. For more details of the fractional power dependence see [8,
9]. Now we are done with examples of 2D films and turn to the film-wall geometry.
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9.6 Film-Wall

We let the film be at z = 0 and the wall interface at z = d. We assume that the film is
surrounded by vacuum. The matrix for the film-wall geometry we find by multiplying
the matrix for a 2D film (9.18) for a = 0 with the matrix of a single vacuum-medium
interface (9.11), i.e.,

M=A.B,

N 0 11

A=< 1) —-1-1)° (9.43)
Bl (1+2) e*a-g)

“2le™a-a) a+d) )

where £; (w) is the dielectric function of the wall.
We are interested in the matrix element M. It is

My =3{a+&)+a&P[1+&)+e (1 -g)]}

. . ord @ F—1 (9.44)
=5 (1 +&) (1 + ZD){l_e 2kd1+&2D§:+1}'
The condition for modes is M;; = 0 and the mode condition function is
~2D ~
72kd o (k» Z) &1 (Z) —1 }

z — — 9.45
fu@ = { 1+ (K.2) 8 (2) + | 04

and the van der Waals interaction energy per unit area between a film and a wall is

=4/ [ £l fiao)
- (9.46)

_ ko % 7° 40 [ o2k _@Pie) ziGo)-1
“2) e ) T+a (k.if) 7 GE)+1 | *

Again we illustrate the result with two examples where the film is a graphene sheet
and a 2D metal film, respectively. We begin with graphene next to a gold wall.

9.6.1 Interaction Between Graphene and an Au-Wall

To find the interaction between graphene and a gold wall we insert into (9.46) the
polarizability of graphene, &% (k, i&) = —vZP x?P (k, i€) where x 2P (k, i&) is taken
from (2.145) and the dielectric function of gold, &; (i§) = 1 + @ (i), where & (i§) is
shown in Fig. 9.3. The result is shown in Fig. 9.9 for both pristine and doped graphene.
The d dependence does not follow a simple power law. Next example is a 2D metal
film next to a gold wall.
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9.6.2 Interaction Between a 2D Metal Film and an Au-Wall

To find the interaction between a 2D metal film and a gold wall we insert into (9.46)
the polarizability of a 2D electron gas from (2.146) and the dielectric function of
gold, &, (i) = 1 + a (i), where & (i§) is shown in Fig.9.3. The result is shown in
Fig.9.10 for different doping levels. The d dependence does not follow a simple
power law. We move on to the atom-wall geometry.
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Fig. 9.11 The two planar 0 1 2
layer geometry. This
geometry is used to find the
atom wall interaction as
illustrated by the cartoon in -— - - —
the lower right corner. We
start from the gas layer wall
geometry in the upper right _ _

corner. Adapted from[10] €=1 & €=1 &

9.7 Atom-Wall

The multiple layer results can be used to solve other problems like in this case the
atom wall interaction. We start from the two layer structure in Fig.9.11. We let the
ambient be vacuum. The first layer is a thin layer, of thickness §, of a diluted gas of
atoms of the kind we consider. Its dielectric function is &, (w) = 1 + 47na® (),
where o is the polarizability of one atom. The density of gas atoms, 7, is very low.
We let the first interface be at z = 0 and hence the second at z = §. The second layer
is a vacuum layer of thickness d. The remaining medium is the wall which we let be
infinitely thick and have the dielectric function & (w). In what follows we only keep
lowest order terms in é and in 7.

The matrix becomes M = 1\7[0 . 1\7[1 . 1\712 = Mgaslayer . 1\7[2 where Mgaslayer is given
in (9.19) with z = 0 and

Y 1 (55 + 1) —62]“1 (gs - 1)
M.=3 (—e—z’“’ G—1) G+ ) ' ©47)

Now, the matrix element of interest is
My, = % [Gs + 1) —dmka®sne ™ (&, — 1], (9.48)
and the condition for modes is
(& + 1) — dwka® sne=* (8, — 1) = 0. (9.49)

The first part of the mode condition function is what one would have in absence
of the atom. It gives the surface modes of the wall. We find

2 — 1]

ooy at “2kd
fik @) =1 —4mka® (z) Sne Gori]

(9.50)
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where we have chosen the reference system as the system when the atom is at infinite
distance from the wall. The interaction energy per atom is

mS = s / (27[)2

x In [l — 4k (IE) Sne—2kd [éx(ig),l]]

[&G&)+1]

—2kd f dé ot ( S) Eiig;ﬂ

~ }‘L

(2 )
(9.51)

o0
2n.—2kd h & ar [5,G&)—1]
/dkk 2e 7. 271 T (&) 5o
0

I

243

o0
_ _ h dE at ey [E:GE)—1]
=~ J 32" (&) [Gae+1]°

where we have divided the energy per unit area with the number of gas atoms per

unit area resulting in the energy per atom. We have furthermore let the number of

atoms per unit area go toward zero and expanded the logarithm [In (1 + x) — x].
Thus, the force between an atom a distance d from a wall is at zero temperature

A L i LEs G8) — 1]
F =5 / ) G e 7 1] ©52)

0

and at finite temperature it is

_ 3.1 /at e [és (l‘i:n) - ]]
F(d) = Y ; o (i&,) —[Es e 1] (9.53)

n

9.7.1 Li-Atom—Au-Wall Interaction

As an example of atom-wall interactions we show in Fig. 9.12 the interaction between
a Li atom and a gold wall. The polarizability for Li was obtained from the London
approximation (8.60) with the parameters given in Fig.8.2. The d-dependence fol-
lows a simple power law, E ~ d =3, and F ~ d~*.

It is of interest to know how atoms interact with the walls when passing through
narrow channels. A first step in such an investigation can be to study an atom in a
planar gap. This is what we do next.
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Fig.9.12 The van der Waals interaction between a Li atom and a gold wall as function of separation,
d. a The interaction energy; b The force

Fig. 9.13 The three planar 0 1 2 3
layer geometry. Adapted
from[10]
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9.8 Atom in Planar Gap

We study an atom in a gap of width D between two thick plates (or half spaces). We
refer to Fig.9.13 and let the first interface be located at z = 0 separating one plate
having dielectric function &; from the ambient medium which we let be vacuum. Next
interface, at z = d, is the left interface of the gas layer having dielectric function ¢,
and thickness §. Thus the third interface is at z = d + §. The forth interface is located
at z = D and separates vacuum from the second plate having dielectric function
&. Just as in the previous section we only keep lowest order terms in § and in n.
The matrix becomes M = MO M] M2 M3 = Mo Mgaslayer M3 where Mgaslayer
is given in (9.19) with z = d and

g _ 1 (E+DE-DY.
m‘%(@—n@+n»

9.54
M, = ! < (&2 +D —e*P (&, — 1)) . O

2P @B -1 G+
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Now,

- M3
M[l = (Mlol M?Z) 'Mgaslayer : (M131> ) (955)
21
where we have moved the matrix subscript to the superscript position to make room
for the element subscripts. The matrix element of interest is

My =g {[E+DE+1D) —e P E -1)(E - D]
—dka®Sn [e" () — 1) (82 + 1) (9.56)
+e *P=D & + 1) (& — D]}

The mode condition function after division with the function in absence of the gas
layer is

~2d E1=D) 4 o=2k(D=d) B2=D)
fu =1—A4nka™sn ED &
k=1-

, 9.57
1 — e—2kD E1=DE=1 ( )
E1+D(E+D
and the interaction energy per atom becomes
E n &k T ods = .
Loh L [ EnlAds]
—00
N R T e
~ I a8 at ért i+l
~ T2 (27_[)247'[]( -[ % [] e—Zka] (9.58)
—00 [GEDICER))
00 00 a [ —2kd 251 I;Jrefzk(n —d) Esz lg]
_ 2 d§& _ar E+1 iyt
=—h[dki* [ e [l CpE ]
0 —00 (E1+1) (5 +1)
Thus, the force on the atom is
F (d) = —4h fdkk3 f % pat (ig)
[FH'E) 1] —de _ 211 k-0 (9.59)

[é1(15)+1] Fz(léHl]
_[E@-1][566)-1] ,_xp ’
T E @+ [ER 0@+ ]

and at finite temperature it is

F](ifn)—q —2kd __ FZ(iS")_I%e_Zk(D_d)

_ 3 / _at &1(1&,)+1 & (1&,)+1

F(d) = f dkk’ Z (i€:) IR D
(51 Gen 1] (266 +1]




174 9 Van der Waals Interaction in Planar Structures

Fig. 9.14 The geometry of a 0 1 2 3
thin gas layer the distance d
from a thin film. This

geometry is used to find the

interaction between an atom - — — pars —
and a thin film. Adapted
from[10]
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9.9 Atom-Fllm

In this section we derive the van der Waals interaction of an atom near a very thin
film. We start from the three layer structure in Fig. 9.14. We take the limit when the
thickness of the film goes to zero. The matrix becomes M = MO M1 1\712 1\7[3,
where MO M1 is the matrix for the thin film, and M2 M3 is the matrix for the gas
film. These matrices are given in (9.15) and (9.19), respectively.

The matrices are

~ ~ 10 - 1 1
M, -M,; = 01 +012D<_1 _1>;

9.61)
- 10 ) 0 o2k (
M2 . M3 = 01 + ((S}’l) o t47Tk (—e2kd 0 B
and the element of interest to us is
M =1+a&%° — 6n) a”4mka*Pe 2k, (9.62)

The first two terms produce the modes in the thin film alone and are not affected by
the atom. We choose as our reference system the system when the atom is at infinite
distance from the film. To get the mode condition function we divide M;; with the
first two terms. The mode condition function becomes

;o a @0
fk =1- (81’1) drko me . (963)

From this we find the energy per atom is

o0
E _ h d’k dg o
s = s J Gy f 3 10 [fk (1%')]

_hfdka —2kd f dg ad (i £) 105 D(k,iﬁ')

+a?P(k,i&)°
—00

(9.64)
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and the force on the atom is

o0

< ~D (1,
F(d) = —2h / dkk3e=%d / %a‘” (i&) ; o (k, if) (9.65)
0 —00

+ a0 (k,i&)

Once again we apply this to a graphene sheet and a 2D metal film. We start with
the graphene sheet.

9.9.1 Li-Atom—Graphene-Sheet Interaction

In Fig.9.15a we show the results for the interaction between a Li atom and a graphene
sheet from using (9.64). The lowest curve is for pristine graphene; the deviation from
this curve increases more and more with higher doping concentration. The results do
not follow simple power laws. However, for large separations the undoped graphene
result approaches the d—* power law. This can be understood in the following way:
the substitutions k — k/d and & — &/d leave &°P (k, i) unchanged in (9.64) and
we have

(a) (b)
107 Li-atom-graphene ] 10 Li-atom-2D-metal-film 1
107 1 107 1
T 100 ] 810" i
£ £
g 3 18 3
E ]0—11 L ] E 10—12 -
=, — =
% 3 undoped ] & E 110" em?
Q 10" em™ 2 —_ 2
G 10"k L G 10 F | 710" e
- 10 cm” - B
3 b oo E 10" em™
10 “em” B
105 F o, 1010 F 107 em”
10 "cm ™
107 10
10—19 L L L 10»20 L L L
10° 10' 10° 10° 10* 10° 10! 10° 10° 10*
d (nm) d (nm)

Fig. 9.15 The van der Waals interaction energy between a Li-atom and a 2D film a distance d
apart. a Li atom and a graphene sheet. b Li atom and 2D metal film
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o0
_ d 2D k
— 2 [ dkk?e=2 f Lot (i&/d) 1+a25></ffs>
0 700

(9.66)

~ -

B d M
dkk2e—2k /‘ $aat (0) 1+a2|()(];51)5)’

0\8

for large enough d-values. Next we continue with the 2D metal film.

9.9.2 Li-Atom-2D-Metal-Film Interaction

InFig.9.15b we show the results for the interaction between a Li atom and a 2D metal
film from using (9.64). The interaction energy increases with carrier concentration
so the lowest curve is for the lowest carrier concentration and the uppermost curve
for the highest carrier concentration. For large separations the result approaches the
d~7/? power law. This can be understood in the following way: the substitutions
k — k/d and & — &/+/d leaves @ (k, i£) unchanged in (9.64) in the small k-limit
and we have

h T arr2e—2k e ar @ (k.i6)
= g [ Ak [ Lo (ig/Vd) e
0 e (9.67)

242k [ d& _ar &P (k,i§)
dkk<e f ﬂa” (O) H‘&TW’

~ —

o
ar

—00

for large enough d-values. This is in agreement with [11].

It is of interest to know how atoms interact with the walls when passing through
narrow channels with thin walls. It is furthermore of interest to understand the inter-
actions in intercalation processes [12—14]. A first step in such an investigation can
be to study an atom between two films. This is what we do next.

9.10 Atom in Between Two Planar Films

Here we let the first 2D film be located at z = 0, the thin diluted gas film at z = d,
and the second 2p ﬁlrg at Q ThNere is vacuum between the three films. Thus the
matrix becomes M = My - M| - M,, where

v _ 10 ~2D 1 1 .
- (10 " 0 X\
M] = (O 1) +5n0£ 4k <—e_2kd 0 N (9.68)

10\ | op( 1 ¥
(01)“‘ (—e_2kD -1 )

M,
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The matrix element of interest is

~2D —2kD (52D)2
My =(1+a ) — e P (g?P) 9.69)
_Snaat4j.[ka2D (1 + &ZD) (e—de + e—Zk(D—d)) .
The first term is the mode condition for the two films at infinite separation in absence
of the gas layer. The first two terms is the mode condition in absence of the gas layer
[see (9.35)]. The mode condition function after division with the function in absence
of the gas layer is

&P [ —2kd +e—2k(D—d)]

fio = 1 — dka® sn e —. (9.70)
_ a0
|:1 —¢ 2kD<1+&2n) :|
and the interaction energy per atom becomes
E_ n o[ & T & 10 [ 7
w5 = 28 ) 2ay f n| fi (i§)
- h dzk dE a[ |+a2D [e 2kd+e—2k(l')—d)]
A <Ak
@m)* f [l_efzkn(lizlz)]) )2] 9.71)

) ) d Zzlgk i) [e2d o2k P=a)]
— —hfdkkz f Eaat (i&€) 1+62D (k.i€) .
0 —00 [1 e*zw( @0 (.i8) ) :|

14+a2D (k,i§)

Thus, the force on the atom is

0 =) d . 52D ki e—2kd _ o—2k(D—d)
Fd) = —4h/dkk3f Z—Ea“f (&) ~2§> :? [ ]2 ’
J T + a®P (k, &) |:1 _efsz( &0 (k. i£) )

146D (k,i§)
(9.72)
and at finite temperature it is

[e—2kd _ e—2k(D—d)]

, a® (k,i&,)
F(d) = / dkk® Y (1€,) T 3
: 1+ a?P (k,i&,) [1 B e_sz< &0 (k,i&,) )
Z T (ki)

(9.73)

We have now gone through and applied our general method to a number of simple
planar geometries. The derivations can easily be extended to more and more compli-
cated planar structures by introducing more and more new interfaces. In next section
we present some complementary methods to find the normal modes in some of the
planar structures we have already treated. It is always neat to have several alternative
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ways to derive things. It furthermore gives a better feeling for and a deeper knowledge
of what goes on.

9.11 Alternative Derivations of the Normal Modes

In this section we give several complementary ways to derive the normal modes in
specific planar geometries. The geometries we consider are two parallel 2D films, a
2D film next to a wall, and two half spaces. The common idea is to generate self-
sustained induced sources, fields or potentials. One way to do this is to start from
an induced source in one of the objects (film or half space); this source induces a
source in the other object which in turn induces a source in the first and so on; with
the right frequency the result is self-sustained sources, with the wrong, destructive
interference will diminish the sources. A different but equivalent approach is to solve
Maxwell’s equations in the whole system and use the proper boundary conditions
at all interfaces and the condition of no incoming waves from the exterior. A third
approach is to introduce a small perturbation in the system; if the response in terms
of fields, potentials at the interfaces, or sources diverges the frequency of the pertur-
bation is a mode-frequency. For the geometries containing 2D films we rather closely
follow the treatments in [5]. We begin with the modes in a system consisting of two
parallel 2D films.

9.11.1 Two 2D Films

Here we use three alternative derivations to find the normal modes. In the first
approach we let the modes be generated from coupled induced sources; in the second
approach we solve Maxwell’s equations in the three regions separated by the two
films and use the standard boundary conditions at the boundaries defined by the films;
in the third approach we find the modes by finding the frequency at which the inter-
action potential between the carriers diverges. We start with the method involving
coupled sources.

9.11.1.1 Coupled Induced Sources

We will now go through one possible way to find the normal modes and their
zero-point energies in the geometry of two parallel 2D films. Let film 1 have
the induced charge distribution, p; (K, w). This charge distribution gives rise to a
potential in both films. The resulting potential is® v (k, w) = v?° (k) p; (k, w) and
exp (—kd) v?P (k) p1 (k, w) infilms 1 and 2, respectively. There are free and/or bound

3see Sect.2.7.
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carriers in film 2. These are affected by the potential and are redistributed; expressed
in another way they screen the potential. The resulting potential in film 2 after screen-
ing by the carriers is exp (—kd) v?P (k) p (k, ) / [1 + as (K, a))], where @5 (K, ) is
the polarizability of film 2. This potential gives rise to an induced charge distribution
in film 2,

o1 (k, w)

o206 @) = 1o (6 @) ™0 ) R
2 )

(9.74)

In complete analogy, this charge distribution in film 2 gives rise to a charge distribu-
tion in film 1,

P2 (k’ w)

_ —kd 2D PR S S —
p1(k, @) = x1 (K, w) eV (k) [1+a ko]

(9.75)

To find the condition for self-sustained fields, normal modes, we let this induced
charge density in film 1 be the charge density we started from. This leads to

_ —kd 2D x2 (K, @) e %P (k)
o1 (k, w) = x1 (k, w) e VP (k) [1+a &k o)][l+a Kk o]

o1 (K, ),

(9.76)
and after rearrangements

—a(k,w) —as (k,w)

o2V () i (k) v () xo (K, ©)
[1+a (k)] [1 4@ & )]

p1 (kK w) |1

=0. 9.77)

In order to have a non-zero p; (k, w) the expression within the brackets has to vanish.

Thus, ~ ~
1 _ e—de [ alfkﬂ (1)) i| |: a2~(kv (,()) i| — 0’ (978)
1+ (k,w) 1+ a; (k, w)

and

(9.79)

fk (a)) -1 672kd |: 5(1 (k, a)) i| |: 5[2 (k, (,()) :|

1+a (ko || 1+a (ko

Inserting this function into (9.8) leads to exactly the same energy as in (6.44) and
also in (9.37) if we extend that result to two different films. The result in (6.44)
was derived using many-body theory and in that derivation there were no talk about
zero-point energies at all; the result in (9.37) was derived using our general method.
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9.11.1.2 Maxwell’s Equations and Boundary Conditions

We now solve MEs in the three regions separated by the two 2D films and treat the
induced charge and current densities in the 2D films as external to our system. With
vacuum in between the films our system is vacuum and the D and H fields are equal
to the E and B fields, respectively. In the non-retarded treatment it is enough to study
the E-field. We follow the procedure in[15] and make the following ansatz:

EBRekz 1 EBLe—k(z+d)) gitky—on —_ g < - <

E = { ERekeitk—on 0 < - (9.80)
ELek(Zer)ei(kxfwt)’ 7 < —d.

Note that the fields die off exponentially away from the region bounded by the two
films. Thus, there are no incoming waves from the outside. The two MEs involving
the E-field, V-E = 0,and V x E = 0, both give

EBR _ _'EBR.

EBL EBL

kg, 9.81)
Z X

EL — —iEL.

The boundary conditions are that the x-components of the fields are continuous (2.52)
across the two interfaces and there is a jump in the z-component (2.47) equal to 47 p;.

We find
EBR + e—kdEBL ER

7kdEBR + EBL EL (982)

which on matrix form is
1 efkd EBR ER
(ekd 1 ) (EBL> (E’f> , (9.83)

EBR + e—kdEBL +47Tp5? _ ER,
—kdEBR + EBL EL + 477)05

and
(9.84)

Now, we eliminate the z-components in favor of the x-components using (9.81) and
furthermore use that p; = kK /w = ko E . /w. For simplicity we assume that the two
films are identical. We find

EBR — ek EBL — _ER (1 +idrmké Jw);

—e KEBR 4 EBL — _FL (1 +idnké Jw), ©.85)
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or on matrix form

1 _ a—kd EBR . ER
<_ekd el >'<E)IC3L>=_(28_1)<E{,>' (9.86)

Combining (9.83) and (9.86) gives that the condition for having normal modes is
that the determinant of the matrix

1 _efkd . 1 efkd
(_ekd 1 ) +Q@2e-1 (ekd 1 )

B 2% 2@F—1)e M
= (2 G—De 25 ) ©.87)

_5 14+ @& ae
B ae ¥ 1 +a
vanishes. Thus, the mode condition function becomes

fi(@)=1—e" k) 7 (9.88)

K l+ak o) '
To arrive at this result we have taken as reference system the system when the two
films are at infinite separation. This means that we have divided the mode condition
function with the corresponding result when d is infinite. If the two films are different

we instead find

(9.89)

fk(w)zl_Gde[ a (k, o) H @ (k, ) ]

1+ (ko) | |1+ Kk o)

which agrees with the results we found in the previous section.

9.11.1.3 Coupled Potentials

Yet another way to obtain the normal modes is to seek the frequency where the
potential between carriers in the same film or in different films diverges. This means
that the condition for modes is that the denominators in (6.42) are equal to zero. This
leads to the same mode condition function as in (9.79) and (9.89) when we again use
as reference system the system when the 2D films are at infinite separation.

9.11.2 A 2D Film Next to a Wall

Here we will use two alternative derivations to find the normal modes. In one approach
the modes are generated from coupled induced sources; in the other approach we
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solve Maxwell’s equations in the three regions separated by the film and the wall
surface and use the standard boundary conditions at these boundaries. We begin with
the method involving coupled sources.

9.11.2.1 Coupled Induced Sources

Let us have a 2D film the distance d from a wall. We proceed in a way very similar to
that in Sect. 9.11.1.1. Here we start with an induced mirror charge density, p; (K, o),
inside the wall at a distance d from the surface. The induced charge density in the
2D film, p; (K, w), is then given by the same expression as in (9.74) except that now
the distance between the mirror charge and the 2D film is 24 instead of d,

L1 (ky a))

. —2kd 2D _—
P2 (k, @) = x2 (K, w) e™ v (k) [1+a (k )]

(9.90)

The mirror charges can be obtained from (2.118) to (2.124) and agree with the
traditional results for the mirror charges at a planar vacuum dielectric interface [16].
Equation (9.75) is thus replaced by

(k. ) = —p (k, ) 22! ©.91)
,w) = — , W) ——————, .
L1 P2 (@) + 1
and the condition for normal modes becomes
| — e_2kd ak w) & —1 _ (9.92)
1+ ak, o) & (w)+1 ’
Hence, the mode condition function is
x (K, & —1
fulw) =1 — ek 20 & @ (9.93)

1+a (k)& (@) + 1’

where @, (k, w) and &; (w) are the polarizability of the film and dielectric function
of the wall material, respectively. This agrees with (9.45).

9.11.2.2 Maxwell’s Equations and Boundary Conditions

In Sect. 9.11.1.2 we had a geometry with two interfaces, one at z = —d and one at
z = 0. There were a 2D film at both interfaces. We use the same geometry here but
there is a 2D film only at z = —d. Again, we treat the induced charge and current
densities in the 2D film as external to our system. At z = 0 we place the vacuum-wall
interface. Thus we have
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EBRekz + EBLefk(Zer)) ei(kxfwt)’ —d <z< 0

E = { ERe*zeikx—on (<, (9.94)
ELek(z+d)ei(kx—wt)’ 7 < —d.

The two MEs involving the E-field, V - E = 0, and V x E = 0, both give

EBR IEBR

B =iE: 9.95
ER =iER}; 059
EL = —iEL.

The boundary conditions are that the E,-components of the fields are continuous

(2.52) across the two interfaces, there is a jump in the E,-component equal to 47 pg

(2.47) at the 2D film and the D,-component is continuous at the wall surface (2.47).
Thus we have

EBR + e—kdEBL ER

—kd EBR + EBL EL

1 e—kd EBR ER
() () - (3) oo

EBR 4 e MEBL = & () EX;
7kdEBR + EBL EL + 47T10¥

(9.96)

or on matrix form,

and

(9.98)
Next we eliminate the z-components in favor of the x-components and use p; =
kK /w = ko E Jw leading to

BR —kd ;BL _ _ z pR.
EX® —eME? = —&.E7,

9.99
—e MEBR 4 EBL — _EL (1 4+ id7kG Jw), ©99)

or on matrix form

1 —ek EBR & 0 ER
<_e—kd 1 > <EBL>=_(0 2§—l>.<Ei)' (9.100)

Combining (9.97) and (9.100) gives that the condition for having normal modes is
that the determinant of the matrix
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1 —e n & 0 1 e
—e K 028, —1) \e* 1|

g+ 1 (Bs — 1)ek
2(8 —1)e ™™ 28,

&+ E—1e ™
— \ 26 2g;

is zero. Thus, the mode condition function becomes

o ka | 2k ) g (w) —1
fi@)=1-e [l—i—&(k,w)} [g (w)+1]’ (9.102)

(9.101)

which agrees with what we found in the previous sections. Our last geometry is that
of two half spaces and this is what we treat next.

9.11.3 Two Half Spaces

We have already in Sect. 5.4 derived the modes by solving the MEs and using the
boundary conditions at the interfaces. We will here use another approach based on
coupled induced sources. We use the notation in Fig.5.14. In Sect.2.7.2 we derived
the mirror current densities caused by current densities in a 2D sheet embedded in
a medium next to a wall. The results were given in (2.134) and (2.139). Here the
sources are not coming from a 2D sheet. They are from self-induced mirror densities
in the two half spaces. We should keep in mind that the actual current densities are
at the interfaces and not inside the half spaces. One way to proceed would be to start
from an image inside 1 at the distance d from the surface. It would produce an image
in 3, now at the distance 2d from the surface; its image in 1 would be at the distance
3d from the surface and so on.

We will do it in an alternative way. In each step we will replace the mirror image
with an effective image at the surface. Let us start with the longitudinal currents and
begin with a mirror-image current-density in 3, K 3" (k, ») the distance d from the
surface. Remember that this has the effect on 1 as if this current density were at
the position 2d from 1 and embedded in the medium 2. The same effect would the
current density e */ K 3’ (k, w) placed at the distance d have. Thus we have from
(2.134)

’ &) — & ’ —kd
K”’l (k, a)) = = = KH;3 (k, a))e . (9103)
&+ &
In the same way we find
K||‘3/ (k, a)) = 275 K\\,l/(kv a)) C_kd. (9104)

£+ &3
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Substituting this result in (9.103) we find

& — &1 & — &3

Kii/(kKo)=="———""0FK Kk w)e >, 9.105
11 (K, w) 5 15515 11 (K, o) ( )

and ~ s ~
[1 _ema2 A2 T ‘f3] Ky (ko) =0. (9.106)

&+ €186+ &3

A non-trivial solution demands that

_ e,zkdgz - gl lg‘2 - g3

1 ——
&st+ée&+¢8;

=0, (9.107)

which is the mode condition. Thus, the mode condition function is

—2kd & (w) — &1 (o) & (w) — &3 ()

E — 1 —
f @) == T 5 @) 8 @) 1 5 @)

(9.108)

This agrees with (9.23) which we obtained with our general method. Only electric
fields are associated with these modes. These fields lie in the xz-plane just as for
TM modes but here there are no magnetic fields perpendicular to this plane. Thus we
can not call them TM modes. We have attached a superscript E to indicate that the
modes are purely electrical. If we neglect any magnetic effects this is all. If we take
the small magnetic effects into account we find another set of modes. Proceeding in
an analogous way with the transverse current densities we find the mode condition
function

_oka 2 (@) — iy (@) fiaz (@) — i3 (@)

M
= 1 - ’
fk (w) € o (@) + ity (@) iy () + (i3 (o)

(9.109)

Only magnetic fields are associated with theses modes. These fields lie in the xz-
plane just as for TE modes but here there are no electric fields perpendicular to this
plane. Thus we can not call them TE modes. We have attached a superscript M to
indicate that the modes are purely magnetical.

Now, we are done with the alternative derivations of the normal modes in some
planar structures. Next, we derive a bonus result from our results for planar structures,
viz., the van der Waals interaction between two polarizable atoms.

9.12 Interaction Between Two Atoms from Summation
of Pair Interactions

We derived the van der Waals interaction between two atoms in Sect. 8.3. Itis possible
to find this result via a short-cut, viz. by using the result from the summation over
pair interactions in Sect. 6.1. The procedure is the following: choose a geometry with
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two objects of different material; calculate the result using the summation over pair
interactions; calculate the result using the full formalism and take the diluted limit;
compare the two results and identify parameters.

We choose to apply this procedure on two half spaces each of one atomic species.
‘We make the ansatz that the interaction between the atoms is given by the potential
V = —Br~° and we intend to identify the coefficient B. The result from summation
over pair interactions (6.7) with this ansatz is

th (d) anl’llﬂ 1

=T (9.110)

We have assumed that there is vacuum in between the half spaces. The condition for
modes in the full formalism (9.20) is

[+ 1][B2+1]—e[& - 1][&2— 1] =0, (9.111)
and the mode condition function is

= 1 a2k [B@-1][B@-1]
fe@ =1 = el (9.112)
~ 1 —e MM 2ania (z) 2rnoas (2)],

where we on the last line have taken the diluted limit. We have used the expression
& (z) = 1 4+ 4mn;«; (z) for the dielectric function for a gas of atoms of species i. We
have chosen as reference system the geometry when the gap between the half spaces
goes to infinity and divided by the corresponding mode condition function. Now the
the interaction energy per unit area is

UMCINN {hf ;ié In[1—e #Q2m)*n im0y (€) s (5)]}

e

Ch [ 0 [1 - e Qm) nimoay (§) o §)]

~—h [ £ { S2e M 2n) ninyan (§) a2 (6)
dkk

) (9.113)
) — x/2d
= —hnlngbf 2kd / déal (5)052 (é) ’ d)C/Zd’
=~ [dxxe_xofdgo:l ) a (§) = =57 hofdfm () a2 (§).
0

Equating the results from (9.110) and (9.113) gives

ood 0) ay (0) 012 9.114
/ oy (18) an (i8) = —051( ) o ( )m, ©. )
0
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where we in the last step have used the London approximation (8.60) for the atomic
polarizability. Thus we find

3 o (0) (6%) (O) ha)lhwz

E = .
2 ro hw; + haws

9.115)

This result agrees with (8.67). The procedure we have just gone through is a short-cut
for finding the van der Waals interaction between two atoms. It furthermore acts as
a test of the consistency of our formalism.

9.13 Spatial Dispersion

Often the dielectric function is treated as a constant in elementary text books on elec-
tromagnetism. Often this crude approximation works well. The Fresnel coefficients
describing the reflection and refraction of light in a glass prism can be calculated
quite accurately. In other situations it works less well. The group and phase veloc-
ities, w/q and dw/dq, respectively, would be equal, there would be no so-called
surface modes, [15], and the van der Waals attraction between objects would not be
obtained. The frequency dependence of the dielectric function has to be taken into
account, i.e. temporal dispersion has to be included in order to incorporate these
effects. Now, the dielectric function also depends on the momentum, i.e. there is
spatial dispersion. Now, what happens when an electromagnetic wave impinges on
an interface between two media? Frequency is conserved but not momentum. This
means that the Fresnel coefficients can be used to determine the resulting waves even
if the dielectric functions on the two sides of the interface are frequency dependent,
but not in systems where the spatial dispersion is important. Spatial dispersion is only
important at rare occasions. This is very fortunate for us and our formalism. The pla-
nar 2D films that we include in many geometries are handled correctly with respect
to spatial dispersion; it enters naturally without any complications. For thicker layers
we neglect spatial dispersion.

Spatial dispersion was mentioned in the literature for the first time in 1811 when
Arago [17] discovered the rotatory power of quartz. It has since then become a whole
research field of its own. The interested reader is referred to a rather recent book:
Spatial Dispersion in Solids and Plasmas[18], edited by P. Halevi, which is fully
devoted to this topic. Two chapters in the book: Surface Polaritons[19], edited by
V.M. Agronovich and D. L. Mills are of interest here: one by Lagois and Fischer [20]
and one by Agronovich[21]. The spatial dispersion problem for metal surfaces has
been extensively studied in the past[22, 23] as have the non-local effects on the
surface-normal-modes, the surface-plasmon-polaritons [24, 25].

For a metallic system spatial dispersion may be important in some specific fre-
quency regions. These regions are regions where the dielectric function starts to have
an important momentum dependence already at small momentum. One region where
spatial dispersion may be important is near the plasma frequency. Another region is
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near the threshold for interband transitions. A third region is the microwave region
where the anomalous skin effect is such a manifestation of spatial dispersion; here
the single-particle continuum comes close to the frequency axis in the wg-plane.
There are also recent published work [26, 27] about the effects of spatial dispersion
on the Casimir force. We have developed a formalism [1] for planar systems that we
will outline here within the non-retarded treatment and in Sect. 13.13 within the fully
retarded formalism.

9.13.1 The Formalism

The sources for electromagnetic fields are charge- and current-densities. One scheme
[15] for finding the electromagnetic normal-modes of a system is the following: Start
with a reasonable guess for a set of external charge- and current-densities that obey
the equation of continuity; find the resulting electromagnetic fields; find the proper
combination of @ and q for which these fields can survive even if the amplitudes of
the external densities go toward zero. If one succeeds one has found the dispersion
curve, w (q), of a normal mode.

Here we use another scheme: Start from valid charge- and current-densities at the
interface, i.e. densities that obey the equation of continuity, find the resulting fields,
use boundary conditions that force the densities to be induced and not external. This
leads to two solutions: one is the trivial solution when the densities and fields are all
zero; the other solution is one where the densities and fields are in harmony with each
other—we have self-sustained fields or equivalently self-sustained, induced charge-
and current-densities.

Let us now study the interface between two materials 1 and 2 medium 1 to the
left and 2 to the right, see Fig.9.16a. We use, consistently, the idealization that the
interface is perfectly sharp; the dielectric function on each side is represented by
the bulk function all the way up to the interface; all potentials on either side of the
interface are screened by the corresponding dielectric function. This means that the

(a) (b) ()

Fig. 9.16 a A single planar interface separating medium 1 to the left from medium 2 to the right;
b The fields to the left of the interface are generated by effective 2D charge and current densities
at the position of the interface calculated as if the whole space were filled with medium 1; ¢ The
fields to the right of the interface are generated by effective 2D charge and current densities at the
position of the interface calculated as if the whole space were filled with medium 2
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charge- and current-densities that produce the self-sustained fields, the key element of
an electromagnetic normal mode, are two-dimensional charge- and current-densities
at the plane of the interface. Keeping strictly to this idealization there is no need to
introduce any so-called ABC's (Additional Boundary Conditions) [28]. The ABC
problem, i.e. that there are discrepancies between the results obtained from using
different ABC's, has been eliminated before, then with a proper choice of surface
potential [29].

The charge- and current-densities can now be divided into two classes: the strict
two-dimensional charge- and current-densities located at the interface, p; and K,
respectively; the induced charge- and current-densities in the bulk of the materials on
either side of the interface. Each of these separately obeys the equation of continuity.
We let the xy-plane coincide with the interface and let the z-direction point to the
right. To get the fields in material 1, i.e., to the left of the interface we assume that
these are generated by charge- and current-densities at the position of the interface,
and calculated as if the whole space were filled with medium 1, see Fig.9.16b. To
get the fields in material 2, i.e., to the right of the interface we again assume that
these are generated by charge- and current-densities at the position of the interface,
and calculated as if the whole space were filled with medium 2, see Fig.9.16c. These
two sets of charge- and current-densities need not be the same. This is in analogy
with the mirror-charge formalism. The equation of continuity demands the presence
of accompanying surface-current-densities.

The modes at an interface are characterized by the 2D (two-dimensional) wave
vector, K, in the plane of the interface. We neglect any effects from imperfections
of the interface. This means that the in-plane momentum is conserved. Thus k is a
good quantum number for the modes. For isotropic materials there is no preferred
direction in the xy-plane. We arbitrarily choose the propagation of the mode to be in
the x-direction. We let a general wave vector be denoted by ¢, and K is then the in-
plane component, i.e.,q = k 4+ ¢,Z = kX + ¢.Z. In analogy a general position vector
is denoted by R, and r is then the in-plane component,i.e., R =r + zZ = xx + yy +
zZ. For functions of the spatial coordinates and time the function arguments can be
written in the equivalent forms (R, 7) = (r, z; t) = (x, v, z; ) and for the Fourier
transformed versions they may be written as (q, w) = (K, g;; ®). In our treatment of
the interfaces the charge- and current-densities are strictly 2D and with our orientation
of the coordinate system the Fourier transformed functions are

p(q, @) = ps (k, = 0) = py (K, 0), (9.116)

and
J@ o) =J. @ o) +Ir @ o) =Kk =0 .
=K(k,a))=K||(k,a))+Kl(k,a)), )
respectively. The subscripts L and T denote longitudinal and transverse, i.e. parallel
and perpendicular to q, respectively. The subscripts || and _L denote in plane vectors,
parallel and perpendicular to k, respectively.
When neglecting retardation the Coulomb and Lorentz gauges coincide and there
is only one scalar potential,
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477/)(’) @.0) _ 4mp (k. w)

2V (q.0) = 20 0 (9.118)
Qo) ¢ Qo)
where the index i =1, 2 specifies the medium.
The vector potential is
) 4 i (q.0) (i)
A" (q. w) T J (q. ) (9.119)

From now on we drop the superscript, (i), representing the medium on the poten-
tials and fields. The result is valid on each side of the interface, we just add the proper
superscript at the end.

We are interested in the electric and magnetic fields associated with the charge-
and current-densities. The electric field in neglect of retardation is

E=-Vo, (9.120)

and its Fourier transform is

E Kk, g;; ) = —iq® (k, ¢;; w)
‘ ki, 9.121)

EACTON

= —idm p; (K, )
The magnetic induction in neglect of retardation is

B (k. ¢ @) = iq x A (k.g:; )
4;,,1 (q ) (Rk +2g:) x [K; (k, 0) + KL (k, 0)]
471# (qw [0+ 2K (k, @) + $9.K) (k. 0) — 2q.K | (k, 0)]
47m (q ) [k — %q.] K1 (k, 0).

(9.122)

The current K (k, ) will not contribute to B in the non-retarded treatment. See the
discussion after (2.131).
To summarize we have the fields

E (K, g;; w) = —idmkps (K, @) ——— 7 (q "
D|| (K, g;; w) = —idwkp;s (K, w) el

E, (k, gz 0) = —idn o5 (K, ) 577025 7 T
Dy (k, q:; w) = —idmpy (k, @) &,
BH K, g.; ) = 47TKL(k ) gz ur(q w)

q’
HH (k q7’ C()) 47TKL(k ) q2 ,

c
B, (K, q.; w) = 4ﬂk’ﬁ(kw) Mr(qw)

q?
4 kK k,
H, (k, g3 ) = i7ELE0

(9.123)

’

)
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Two functions appear repeatedly when we apply the boundary conditions and we
give them names to make the expressions simpler. We need the following functions:

d 1
g (k, ) = 2k qz— (9.124)

D) )

2T qE (q, )
for the electric modes and

°°d ~ (i)
hO (k, w) =2k/ e @) (9.125)

7T q

—00

for the magnetic ones.
The prefactor has been chosen such that the g- and k-function are unity in vacuum:

15

o0
8 (k) =2k [ S5,
(9.126)
ho (k, w) = 2k / 2—L2=1.

This result is easily found from the standard integral:

o0

/ ﬁeirs; = Le—“'s‘. (9.127)
27 r24a?>  2a

—0Q

It can be useful to introduce faster converging integrals,

£7(q.0)

o0
@ oy =2k [ bl —1],
—o0 4 (9.128)
A (k,w) =2k [ %qlz[,ﬂ;) (q,a))—l].
—0oQ

We also need the functions with neglect of spatial dispersion. If we neglect spatial
dispersion, indicated by an extra subscript 1, we have

g (k, w) = 2k f %qzé(’l)(u)) = @
i (9.129)
h(l)l (k w) =2k f dg; p(w) (a)) “‘(i) (0)) .

Note that here we have dropped the subscripts on the dielectric function and magnetic
permeability since the transverse and longitudinal versions are the same in neglect
of spatial dispersion.
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We will limit the derivations to two important geometries, viz. a single interface
between two media and a gap between two half spaces.

We begin by determining the normal modes at a single interface. If the weak
magnetic effects (paramagnetic and diamagnetic) are neglected there are only electric
normal modes at a single interface in the non-retarded treatment. We want to be as
general as possible and have included a discussion of the magnetic effects. This is
done in Sect.9.13.3. Then also purely magnetic normal modes appear. We start with
the electric modes.

9.13.2 Electric Modes at a Single Interface

We now derive the condition for having a surface-normal-mode from the standard
boundary-conditions for the fields at the interface: the continuity of the in-plane
components of the E- and H-fields and the normal components of the D- and B-
fields; these boundary conditions are valid if there are no external charge- or current-
densities at the interface, only induced densities from the self-sustained fields.

We need the E-components on the two sides of the interface. We have from
(9.123) that

1
E| (k, z; w) = —idmkp; (K, a))/ 4 “f'~—. (9.130)
9% (g, w)

Just to the left of the interface this becomes
E) (k, 0~; a)) —1271,0(1) (k, w) g(l) (9.131)
and just to the right the result is

E) (k, 0"; a)) 1271,0(2) (k, w) g(z). (9.132)

We furthermore need the D,, -components on the two sides. We have

0 ~
D, (k,z; w) = —idmp; (K, ) [ %e“’zz—qu"(’]’”)
—00

q%8L(q,0)
44 q:
= —idmkps (K, w) / g9
qz (9.133)
—(_/
iz a—klzl
0

= 2mkps (k, ) G,

where we have used the standard integral:
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o0
/ s T L ien (s e, (9.134)
27 r24a?2 2
—00

Just to the left of the interface we find
D, (k,07; w) = —27p" (k, ®), (9.135)
and just to the right we have
D, (k,07; w) = 271p® (k, w). (9.136)

To make the expressions for the fields more compact we introduce the common
factors A and B, not to be confused with the vector potential and magnetic induction,

A, =2mpM (K, ),

B, =27p? (k, w) . (©.137)
Then the continuity of the Ej-component gives
—ig" (k, w) A, +ig$ (k, w) B, =0, (9.138)
or
gtV (k.w) A, — g (k, ) B, = 0. (9.139)
The continuity of the D,-component gives
A.+ B, =0. (9.140)

Thus, we have obtained the following system of equations:

1 1 A, 0
<g§,” k. w) —g® (k. w)) (3) = (0) ©-141)

This system has the trivial solution that A, = B, = 0. It has also non-trivial solu-
tions which are the modes we are looking for. The condition for normal modes is
found as

’ ! (9.142)

1 =0
gl (k,w) =gl (k,w)|

or
gV (k, w) + g? (k, w) = 0, (9.143)
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or

o0
dg. 1 1 1

/ﬁ_z - + —0, (9.144)
g7 &) (q.0) & (q )

—00
Neglecting spatial dispersion we arrive at
FV (@) +8? (w) =0, (9.145)

which is the standard condition for having a normal mode in the neglect of spatial
dispersion and retardation [15].

We have now derived the general conditions for having surface-normal-modes
at an interface between two media with and without spatial dispersion taken into
account. We will here study the effect from spatial dispersion on the surface-plasmon-
dispersion, i.e., the over-all effect on the kr scale.

Now we determine the normal mode, a surface plasmon, at a metal vacuum inter-
face. We let medium 1 be a metal and medium 2 vacuum. In neglect of retardation
effects the condition for modes is

8" (k, ) + g (k. w) =0, (9.146)

or
gD (k) +1=0, (9.147)

or
g (k,w)+2=0. (9.148)

The tilde over a g-function means the g-function calculated inside the medium
minus the corresponding function calculated in vacuum. The tilde versions of the g-
functions were introduced in (9.128) since they represent faster converging integrals.
To benefit from this the two integrals in each tilde version of a g-function should be
combined into one.

Thus, the mode condition function is

[ dg. 1 1
fk(a)):2+2k/ P |:~(i)——1:|. (9.149)
v, q° | &, (q, )

In[1] we found the surface-plasmon modes for simple metals for the three differ-
ent approximations of the dielectric function, the hydrodynamic, the plasmon pole
and the RPA. For the two first approximations the g,-function can be obtained ana-
lytically. The RPA g,-function has to be found numerically. Here we present the
results for the most accurate function only, the RPA function.
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Fig. 9.17 The 0.7
surface-plasmon
dispersion-curve for gold as
a result from taking spatial 06 7
dispersion into account. The o™
results were obtained using T o5l i
the RPA dielectric functions 23
of Sect.D.1. Neglecting b5
spatial dispersion would [5 04 + B
produce a dispersion-less I
horizontal curve at the value B
where the present curve starts 03 7]
out from the frequency axis . . . 1
02 ‘ ‘ Slngl?—partlcle c‘ontmuum
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The result for gold is shown in Fig.9.17. We find the surface-plasmon dispersion-
curve start out at the frequency obtained at the neglect of spatial dispersion, and
then initially varies linearly with momentum. The thick solid curve is the boundary
of the single-particle continuum in the in-plane direction of the surface plasmon.
Experimentally it turns out that band-structure effects like those from interband
transitions, neglected here, are very important and may actually lead to a negative
slope of the dispersion[30-33]. Thus the treatment here is not good enough for
obtaining quantitative dispersion curves. However we find that spatial dispersion is
one very important component, although not the only one, influencing the dispersion
of the surface modes. Now, we turn to the magnetic modes.

9.13.3 Magnetic Modes at a Single Interface

If the weak magnetic effects (paramagnetic and diamagnetic) are neglected there are
only electric normal modes at a single interface in the non-retarded treatment. These
were discussed in Sect.9.13.2. Here we treat the purely magnetic modes that appear
at a single interface when the weak magnetic effects are included. The results for
magnetic systems are outside the scope of this book.

We need the Hj-components on the two sides of the interface. We have from
(9.123) that

o0
Hy (k, z; 0) = —i 7Kk f %eiqzzq—gz zhilew) e,
Joamq ‘ (9.150)
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where we have used the standard integral:

o0 .

/ dr irs r . () —als|

— € 7 = —signi(s)e .
27 r24a?> 2 §

—00
Just to the left of the interface we have

27K (k, w)

H (k,07; 0) = — c

and just to the right the corresponding result is

21K (k, w)

H (k,0%; 0) = c

We furthermore need the B,,-components on the two sides. We have

4nk1q (K, ®) dqz lq,ur (g, w)

B, (K, z; w) = e
Just to the left of the interface this becomes
- 2K (ko)
B, (k, 0-; ) = E hy,’,
and just to the right it is
21 K? (K,
B, (k, ot; a)) — inl—(a))hg).

c

9.151)

(9.152)

(9.153)

(9.154)

(9.155)

(9.156)

To make the expressions for the fields more compact we introduce the common
factors A,, and B,,, not to be confused with the vector potential and magnetic induc-

tion,
A, = 2711(11) k, w) /c,
B, =27K? (k, 0) /c.
Then the continuity of the H-component gives
Am + Bm =0.

The continuity of the B, -component results in

iA,h" —iB,h? =

(9.157)

(9.158)

(9.159)
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or
hYA,, —h?PB, =0. (9.160)

Thus, we have obtained the following system of equations

1 1 An) _ (0
(4 eoor ') (3) = (5)- o160

This system has the trivial solution that A,, = B,, = 0. It has also non-trivial
solutions which are the modes we are looking for. The condition for normal modes
is found as

1
‘ h k0) ~h® (k) 0162
or
hY (k, w) + 1P (k, w) =0, (9.163)
or
oo
da: 1 10 2 9.164
2——2 (q. o)+ iy (g, ) (9.164)
—0o0
For convergence reasons it is more beneficial to use a modified function,
[ dg. 1
A (k, w) = ﬁ_z [[Lg) (g, ) — 1], (9.165)
2w q
—0Q
in terms of which the condition for modes becomes
Y (k, @) +hP (k, w) +2 = 0. (9.166)
Neglecting spatial dispersion we arrive at
AV (@) + 1P (@) =0, 9.167)

which is the standard condition for having a normal mode in the neglect of spatial
dispersion and retardation [15].

We have now derived the general conditions for having surface-normal-modes
at an interface between two media with and without spatial dispersion taken into
account. We found that one mode type involved electric fields, only, and one only
magnetic fields. The “electric” mode was associated with surface charge densities at
the interface and the “magnetic” mode with surface current densities at the interface
of the type that is perpendicular to k, i.e., K| . We could have chosen to say that the
“electric” modes were associated with surface current densities of the type that is
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parallel to k, i.e., K|, since the surface charge density is intimately connected to this
type of current density. If one is present then is the other and the relation between
them is very simple, see (2.118). The benefit from doing that is that the outline would
be more symmetric with the two surface mode types generated from the two surface
current types. We make this choice when treating spatial dispersion in the retarded
treatment in Sect. 13.13.

Let us now turn to a more complicated geometry, viz. a vacuum gap between two
half spaces. We can imagine that we split the system of Fig. 9.16a along the interface
and move the pieces apart the distance d.

9.13.4 Electric Modes Associated with a Gap Between Two
Half Spaces

Here, we have three regions, the left with medium 1, the gap with vacuum, and the
right with medium 2, see Fig.9.18a. We start with the gap region and assume that
there are source densities at the two interfaces. The source at the left interface gives
rise to a mirror source in the right region at the distance d from the right interface.
This mirror source itself produces a mirror source in the left region at the distance 2d
from the left interface which in turn gives rise to another mirror source in the right
region and so on. Thus the source at the left interface generates an infinite number
of image sources. In analogy the source density at the right interface also generates
an infinite number of mirror sources, see Fig.9.18b. All these sources and mirror
sources produce the fields in the gap region. Each of the mirror sources in the right
region can be shifted to and be replaced by a source at the right interface, a source
that produces the same fields as the original mirror source. The source density at the
interface is the same as the mirror density apart from that it is multiplied by a factor
exp (—kd;) where d; is the distance the mirror source is shifted to get to the right
interface. All mirror sources in the right region can be moved to the right interface
and be combined into one. In analogy, all mirror sources in the left region can be
moved to the left interface and be combined into one. Thus we end up with two

(@) (b) (c)

Fig. 9.18 a A gap separating medium 1 to the left from medium 2 to the rightt; b The sources at
the two interfaces give rise to mirror sources to the left of the left interface and to the right of the
right interface; ¢ The fields in the gap are generated by effective 2D charge and current densities at
the position of the two interfaces calculated as if the whole space were filled with vacuum
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(a) ) _(b) ()

Fig. 9.19 a A gap separating medium 1 to the left from medium 2 to the right; b The sources at
the two interfaces give rise to mirror sources to the right of the right interface. The fields to the
left of the left interface are generated by the sources and mirror sources calculated as if the whole
space were filled with medium 1; ¢ The sources and all mirror sources can be combined into one
source at the left interface. The fields to the left of the left interface are generated by this source
and calculated as if the whole space were filled with medium 1

sources, one at each interface, for the fields in the gap region, see Fig. 9.18c. For the
problem at hand we do not need to perform these manipulations explicitly. We just
postulate that we have effective source densities at the two interfaces. The boundary
conditions takes care of the rest.

We study the modes generated by the same type of charge- and accompanying
current-densities on the two interfaces. In this more complicated geometry with more
than one interface, we need to define two new factors:

C, =2mp " (k, w) ; D, =2mp 8" (k, w). (9.168)

The first superscript represents medium 0, which is vacuum. The second represents
which of the two interfaces the charge distribution is located at, the one to the left or
the one to the right.

Let us now turn to the sources generating the fields in the left region, see Fig.9.19a.
The fields to the left of the left interface are generated by the sources at the two
interfaces and all mirror sources in the right region, see Fig.9.19b. All these sources
and mirror sources can be modified, shifted and combined into one effective source
at the left interface, see Fig.9.19c.

In analogy, the fields in the right region, Fig.9.20a, are generated by the sources
at the two interfaces and all mirror sources in the left region, see Fig. 9.20b. All these
sources and mirror sources can be modified, shifted and combined into one effective
source at the right interface, see Fig.9.20c.

The fields inside the left half space are generated by charge- and current-densities
at the left interface, and the fields inside the right half space by ones at the right
interface. The fields in the middle region, in vacuum, are generated by densities
at both interfaces. We have here chosen to express the sources as surface charge
densities. One should keep in mind that these surface charge densities are intimately
connected to current densities, K| (k, w), through the equation of continuity. Both
these sources contribute in general to the fields, but not when retardation is neglected
so it feels more natural to choose the charge density to represent the source.
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(a) (b) ()

Fig. 9.20 a A gap separating medium 1 to the left from medium 2 to the right; b The sources at the
two interfaces give rise to mirror sources to the left of the left interface. The fields to the right of
the right interface are generated by the sources and mirror sources calculated as if the whole space
were filled with medium 2; ¢ The sources and all mirror sources can be combined into one source
at the right interface. The fields to the right of the right interface are generated by this source and
calculated as if the whole space were filled with medium 2

We start by studying the boundary conditions for E. The continuity of the x-
component of the E-field at the left interface gives

AgV (k, w) = C.gl? (k. w) + D.gl” (k, w)e™, (9.169)
or
g‘(ll) (k,w) A, = Ce + e_dee~ (9.170)

The corresponding equation from the right interface gives
¢? (k,0) B, =e7*C, + D,. 9.171)

We will here limit ourselves to having the same material on both sides of the gap.
Then we may combine the results into

—kd
gV (k, w) (2) - (elkd el ) (IC)) (9.172)

Next we use the boundary condition for the D-field at the left and find
—A,=C,—eXp,. (9.173)
The corresponding result to the right gives
B, =e¢*C, - D,. (9.174)

All the boundary conditions have resulted in the following system of equations:
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A\ ( —1 e C.\ .
B, )]~ \e* — D, )"’

A 1 ek
8&a (k’a))<B:> = <ekdel )(g:),

where we have dropped superscripts indicating the medium. We have a system of
equations consisting of four equations and four unknowns. We could write this in
the form of one matrix equation with a 4 x 4 matrix and end up with the condition
for mode being that the determinant of this matrix is zero. However, it is easier to
first eliminate the two unknowns A, and B, in favor of C, and D, and end up with
a2 x 2 matrix. The elimination leads to

gk, @) +1 e =g ko)) (C) _ (0
(e-kd[l—ga(k,w)l %0 (k) + 1 )(DJ‘(O)‘ ©-176)

The condition for self-sustained fields is that the determinant of the matrix van-
ishes, i.e.,

9.175)

g k) +1 e[l - g,k w)]

[l — g k)] galkw)+1 | (9.177)

On the dispersion curves, defined by this equation, fields may appear spontaneously
without any external charge- and current-densities at the interfaces. The equation
results in the following condition for normal modes

[8a (k, @) + 177 — e [g, (k, ) — 1] = 0. (9.178)
This may be generalized to the case of two different materials and results in

8" (k. 0) +1] [ (k. 0) +1] = e [¢f" (k. ) = 1] [¢? (k) = 1] =0,
(9.179)
or

(2 (k, ®) + 2] [82 (k, ®) +2]—e gD (k, 0) g2 (k, ) =0.  (9.180)

Let us now find out the corresponding result when spatial dispersion is neglected.
Then, since

8 (k, w) = (9.181)

£0 (w)’
our condition is reduced into

[2V (@) + 1] [6? (@) + 1]—e [V (0) — 1] [E? (@) — 1] = 0. (9.182)
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Two gold half spaces
d=10A

kd

Fig. 9.21 The dispersion curves for the two normal modes in the gap between two gold half
spaces in the non-retarded formalism. The dashed curves are the result when spatial dispersion is
neglected [15]; the solid curves are the result when spatial dispersion is included within RPA. The
upper dotted curve is the surface-plasmon dispersion-cuve of Fig.9.17 re-plotted with the present
choice of axes scaling. The gap between the half spaces is 10 A. The dashed curves are unaffected
by the gap value

This is the well-established condition (9.24) for TM-modes when spatial dispersion
is neglected [15].

In Fig. 9.21 we show the two surface-modes for two gold half spaces separated by
a gap of 10 A. When spatial dispersion is neglected, dashed curves, the two dispersion
curves approach wy, the surface plasmon frequency, for large momentum and/or large
gap value, d. With spatial dispersion, solid curves, they instead approach a curve with
positive slope. In both treatments one of the modes starts out from zero frequency
at zero momentum and the other from the plasma frequency, w,; = V2w;. With this
choice of axes the dispersion curves in neglect of spatial dispersion are independent
of the d-value. The curves when spatial dispersion is included depend on the d-value;
the smaller the gap the larger the effect is.

If we were neglecting magnetic effects and retardation effects there would be
no more modes so we would now be done. The magnetic effects are very weak for
ordinary non-magnetic materials so they are often neglected. Here we want to include
them for sake of completeness. We derive these in the next section but let us first
present a scheme for finding the actual sources and fields when a mode is excited.
We do not need to know these for finding the interactions in the systems but could
be of interest to others.

One first determines the sources. One cannot get all four sources directly; one
can get three expressed in terms of the fourth. Let us rather arbitrarily choose the
fourth to be D, (K, wg). One first finds A,, B,, and C, expressed in D,. Then one
may determine all fields in the three regions expressed in terms of D,. From the
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fields one gets the energy stored in the fields. The energy density of the fields is
¢ = (ﬁ -B+E- ﬁ) /8m. Integrating this energy density over all space gives the

total energy stored in the fields. Then D, (k, wy) is found by equating this energy with
huwy. The fields are found from (9.123) and an inverse Fourier transform with respect
to g.. This involves, due to spatial dispersion, calculating z-depending generalizations
of the g- and Ah-functions. This is outside the scope of this book so we are here content
to find the relation between the sources.

From (9.178) we find the two modes as solution to

[ga (k. i) + 1] = e [gq (k. 3) = 1. (9.183)
Inserting these relations into (9.176) gives
C.=FD.. (9.184)
Using (9.175) we find for the first mode that

A, =[1+e*] D,
B, =—[1+e*]D, (9.185)
_D€7

e
[

or i
A ko) = [1 4] M (k)

P (k, ) = —[14 7] p*M (k, ), (9.186)
P k) = =™ (k).

For the second mode we find

A, = — [1 - e’kd] D,,
B, =—[1—-e*]D,, (9.187)
C. = D.,

or .
PV (ko) = = [1= 7] ol k)
P2 (k) = = [1— e ] o (k, ) (9.188)
P (ke o) = o (e, )

Now we have found the relation between the sources for the two “electric” normal
modes. Next we derive the “magnetic” normal modes originating from the weak
magnetic effects in non-magnetic materials.
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9.13.5 Magnetic Modes Associated with a Gap Between Two
Half Spaces

We study the modes generated by the same type of charge- and accompanying current-
densities on the two interfaces. In the more complicated geometry, treated here, we
need to define two new factors:

Cn =22K""" &, ) Jc ; Dy =21K""" Kk, 0)/c. (9.189)

The first superscript represents medium O, which is vacuum. The second repre-
sents which of the two interfaces the current distribution is located at, the one to the
left or the one to the right. The fields inside the left half space are generated by the
charge- and current-densities at the left interface, and the fields inside the right half
space by the ones at the right interface. The fields in the middle region, in vacuum,
are generated by both sets of densities. We start by studying the boundary conditions
for B.

The continuity of the z-component of the B-field at the left interface gives

iAnh D (k, ) =iCyh© (k, ®) +iD,h© (k, w) e ™, (9.190)
or
h,(;U (k, w) Am = Cm + e_dem- (9191)

The corresponding equation from the right interface gives
h1(12) (k, w) B,y = e_kdcm + Dy (9.192)

We will here limit ourselves to having the same material on both sides of the gap.
Then we may combine the results to

A 1 e*\ [(C,
hD (k, w) (B ) - <e—kd el ) (D ) (9.193)

Next we use the boundary condition for the H-field at the left and find
— Ay =Cp—e D, (9.194)
The corresponding result to the right gives
B, =e*C, — D,. (9.195)

All the boundary conditions have resulted in the following system of equations:
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A —1 e X cm> _

B, ) \e™* —1 D,

- ' (9.196)
oo ()= (L) ()

where we have dropped superscripts indicating the medium. We have a system of
equations consisting of four equations and four unknowns. We could write this in the
form of one matrix equation with a 4 x 4 matrix and end up with the condition for
mode being that the determinant of this matrix is zero. However, it is easier to first
eliminate the two unknowns A,, and B,, in favor of C,, and D,, and end up with a
2 x 2 matrix. The elimination leads to

hy (k, w) +1 e 1 —h, (k, )] Ch\ _ (O (9.197)
e 1 —h,(k,w)]  hyk,»)+1 D,) \0)’ '
The condition for self-sustained fields is that the determinant of the matrix van-

ishes, i.e.,

he b, ) +1 e *[1 —h, (k, )]
e %1 —h, (k,w)] hyk,w)+1

‘ 0. (9.198)

On the dispersion curves, defined by this equation, fields may appear spontaneously
without any external charge- and current-densities at the interfaces. The equation
results in the following condition for normal modes

(e (k, ) + 117 — e [ h, (k, w) — 11> = 0. (9.199)

This may be generalized to the case of two different materials and results in

(1" (k. ) + 1] [ (k. ) +1]
—e 2 [hV (k, w) — 1] [AP (k, @) — 1] = 0,

(9.200)
or

[fzf,” (k, w) + 2] [fzf? (k, w) + 2]—e—2’<dfz§}> k. ) h? (k,w) =0.  (9.201)

Let us now find out the corresponding result when spatial dispersion is neglected.
Then, since

hD (k, w) = 1" (w), (9.202)
our condition is reduced into

(27 (@) + 1] [2? (@) + 1]—e 2 [aD (@) — 1] [&® (@) — 1] =0. (9.203)
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Now we have completed the derivation of the condition for normal modes asso-

ciated with a gap between two half spaces. These conditions can be used to find the
van der Waals interaction between two half spaces. This we do in the next section.

9.13.6 Van der Waals Interactions Between Two Half Spaces

In the previous sections we found that the condition for modes between two half
spaces separated by a vacuum gap of thickness d is

[30 (k, ) +2]° — e g, (k, w)? =0, (9.204)
for electric modes and

- 2 -

[ha (k, ) + 2] —e ] (k. w)? =0, (9.205)

for magnetic. From this the interaction energy is found to be (5.59)

9]
_ g d% _a—2kd __ &a(k.i&)*
E(d) = hof 2w J ) [ln {1 ¢ kil }

o (9.2006)
Find1— e _fuki&)
[futkie)+2]
with spatial dispersion and
[o.¢] . )
— d& r _d% _—2ka [Ea©)-1]
E@ _h{h @) [ln{l © [5<is>+1]z}
(e 1]’ (9.207)
_ a—2kd | AG8)—
+ In {1 e TG ” ,

neglecting spatial dispersion. The effects of spatial dispersion on the interaction
energy is very small. The exponential factor in the integrands have the effect that
only small kd values contribute. We see in Fig.9.21 that in the limit of small kd the
effects on the normal modes become increasingly small. To see this in a more clear
way we may imagine using the mode-summation method (5.57) and study Fig.9.21.
The contribution from a specific k is the average of the values on the two solid curves
minus the value on the upper dotted curve. The corresponding contribution in neglect
of spatial dispersion is the average of the values on the two dashed curves minus the
value on lower dotted curve (horizontal straight line). We see that spatial dispersion
has the effect to move the solid curves upward but the upper dotted curve is also
moving upward, thus cancelling much of the effect.



9.13 Spatial Dispersion 207

References

AR M

14.
15.
16.
17.
18.

19.

20.
21.

22.
23.
24.
25.

26.
217.
28.
29.
30.
31.
32.
33.

Bo E. Sernelius, Phys. Rev. B 71, 235114 (2005)

J. Schmit, A.A. Lucas, Solid State Commun. 11, 415 (1972)

R.A. Craig, Phys. Rev. B 6, 1134 (1972)

Bo E. Sernelius, Graphene 1, 21 (2012)

Bo E. Sernelius, Casimir effects in systems containing 2D layers such as graphene and 2D
electron gases. J. Phys. Condens. Matter 27, 214017 (2015)

N.G. van Kampen, B.R.A. Nijboer, K. Schram, Phys. Lett. 26A, 307 (1968)

E.D. Palik, Handbook of Optical Constants of Solids (Academic Press, New York, 1985)
Bo E. Sernelius, P. Bjork, Phys. Rev. B )

M. Bostrom, Bo E. Sernelius, Phys. Rev. B 61, 2204 (2000)

Bo E. Sernelius, Phys. Rev. B 90, 155457 (2014)

. M. Bostrom, Bo E. Sernelius, Phys. Rev. A 61, 052703-052711 (2000)
. M. Bostrom, Bo E. Sernelius, Phys. Rev. A 85, 012508 (2012)
. U.A. Schroder, M. Petrovié¢, T. Gerber, A.J. Martinez-Galera, E. Grinds, M.A. Arman, C.

Herbig, J. Schnadt, M. Kralj, J. Knudsen, T. Michely, 2D Mater. 4, 015013 (2017)

Bo E. Sernelius, Phys. Rev. B 91, 045402 (2015)

Bo E. Sernelius, Surface Modes in Physics (Wiley, Berlin, 2001)

J.D. Jackson, Classical Electrodynamics, 3rd edn. (Wiley, New York, 1999), p. 156

D.F. Arago, Mém. Cl. Sci. Math. Phys. Inst. France 1, 115 (1811)

P. Halevi, Spatial Dispersion in Solids and Plasmas, vol. 1, ed. by P. Halevi. Electromagnetic
Waves: Recent Developments in Research (North-Holland, Amsterdam, 1992)

V.M. Agronovich, D.L. Mills, in Surface Polaritons: Electromagnetic Waves at Surfaces and
Interfaces, vol. 1, ed. by V.M. Agronovich, D.L. Mills. Modern Problems in Condensed Matter
Sciences (Oxford, North-Holland, Amsterdam, New York, 1982)

J. Lagois, B. Fischer, Surface Exciton Polariton from an Experimental Viewpoint, pp. 69-92
V.M. Agranovich, Effects of the Transition Layer and Spatial Dispersion in the Spectra of
Surface Polaritons, pp. 187-238

W.L. Schaich, W. Chen, Phys. Rev. B 39, 10714 (1984)

K.L. Kliewer, Surf. Sci. 101, 57 (1980)

R. Fuchs, K.L. Kliewer, Phys. Rev. B 3, 2270 (1971)

A.F. Alexandrov, L.S. Bogdankevich, A.A. Rukhadze, Principles of Plasma Electrodynamics
(Springer Series in Electrophysics (Springer, Berlin, New York, 1984))

R. Esquivel, C. Villarreal, W.L. Mochan, Phys. Rev. A 68, 052103 (2003)

R. Esquivel, V.B. Svetovoy, Phys. Rev. A 69, 062102 (2004)

S.1. Pekar, J. Phys, Chem. Solids 5, 11 (1958)

R. Ruppin, R. Englman, Phys. Rev. Lett. 53, 1688 (1989)

K.-D. Tsuei, E.-W. Plummer, P.J. Feibelman, Phys. Rev. Lett. 63, 2256 (1989)

K.-D. Tsuei, E.-W. Plummer, A. Liebsch, K. Kempa, P. Bakshi, Phys. Rev. Lett. 64, 44 (1990)
H. Ishida, A. Liebsch, Phys. Rev. B 54, 14127 (1996)

V.M. Silkin, E.V. Chulkov, P.M. Echenique, Phys. Rev. Lett. 93, 176801 (2004)



Chapter 10 ®)
Van der Waals Interaction in Spherical e
Structures

Abstract After a section in which we adapt the general formalism presented in
Chap. 7 to spherical structures in neglect of retardation we start by introducing the
basic structure elements: a single spherical interface, a spherical shell, a thin diluted
spherical gas film, and a 2D spherical film. A general spherical structure can then be
constructed by stacking these elements concentrically. The thin gas layer is special; it
is used to find the interaction on an atom at a general position in the spherical structure.
Then we go through some common structures and present illustrating examples; the
examples involve gold spheres, spherical gold cavities, spherical graphene shells, and
lithium atoms. We furthermore rederive the van der Waals interaction between two
atoms by comparing the full result in the diluted limit with that from the summation
of pair interactions.

10.1 Adapting the General Method of Chap. 7 to Spherical
Structures and to the Neglect of Retardation

For a spherical object the rightmost medium, » = N + 1, in Fig. 7.1 is the core. The
leftmost, n = 0, is the ambient. The boundary condition is that there are no incoming
waves, i.e. there is no wave moving toward the right in medium n = 0. The fields
are self-sustained; no fields are coming in from outside.

In the non-retarded treatment of a spherical structure we let the waves represent
solutions to Laplace’s equation, (7.21), in spherical coordinates, (r, 6, ¢), for the
scalar potential, @. The interfaces are spherical surfaces and the r-coordinate is the
coordinate that is constant on each interface. The solutions are of the form

+
@ (r.0.0)=r Ut Dy, 0.0, (10.1)
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where the functions Y;,, (8, ¢) are the so-called spherical harmonics. We let r
increase toward the left in Fig.7.1. We want to find the normal modes for a spe-
cific set of / and m values. Then all waves have the common factor Y; ,, (6, ¢). We
suppress this factor here. Then

R(r)y=r"s L(r)=r""D, (10.2)

Using the boundary conditions that the potential and the normal component of the
D-field are continuous across an interface n gives

antrlz 4 bnr”—(l+1~) — an+lr’l1 + bn-‘rlrn—(l-‘rlj )
aEnlrl=t — b"g, (I 4+ 1) r; 2 = @, L lri=t — b1, (4 1) 02
(10.3)

and we may identify the matrix A, (ry), defined in (7.1), as

- yl p— D)
A, (ry) = (gnl:l_l _3, { :_ 1 r_(l+2)> . (10.4)
The matrix 1\7[,1, defined in (7.2), is

Y 1 g'n (l+1)+§n+ll (l+ 1)(§n _511+1)rn_(21+])
" (ZZ + 1) gn l(gn - 5’1+l)r21+1 §n+l (l + 1) + gnl

n

) . (10.5)

Since the function L () in (10.2) diverges at the origin it is excluded from the core
region and hence we have no wave moving toward the left in that region. According
to (7.6) this means that

Jim (@) = M. (10.6)

Before we end this section we introduce the 2/ pole polarizabilities a; and a;’(z) for the
spherical interface since these appear repeatedly in the sections that follow. The first
is valid outside the interface and the second inside. The polarizability o) = —b" /a"
under the assumption that b"*t! = 0. One obtains o = —M>; /M, and from (10.5)

one finds -~
n l ~n - ~n
o = T LE = Enn)) (10.7)
En (L + 1)+ 8,41l

The polarizability 017(2) = —a"T'/p"*! under the assumption that a” = 0. One
obtains al"@ = M5/ M and from (10.5) one finds

@ A+ D @ = E)
’ B+ D)+ Ernl

(10.8)

Sometimes it is convenient to use an alternative form of the matrix M,,,
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1 A+ D En=Eurra @0
M, — &nl+D+énl Ea (I D +Enrtl
n QI+1)&, 1(Ey—&py)r2 ! Bpi1 (+1) 48,1
En(l+1)+Epp1l En(l+1)+E,411

(10.9)

2)

1 ol

_ n 1

= Mj, (_an Eut (D)4l | -

L& (+D+Enl

Now we have all we need to determine the non-retarded normal modes in a layered
spherical structure. We give some examples in the following sections.

Summary of key relations for the derivation of van der Waals interactions
in spherical structures:

In a spherical structure / and m are the proper quantum numbers that character-
ize anormal mode. The dispersion curve for a mode can have several branches,
i,w= a)}m They are solutions to the condition for modes, f; ,, (w) = 0, where
fi.m (w) is the mode condition function. When finding the interaction energy
of the system one has to sum over both /, m and i. For zero temperature the
interaction energy is

B o l v d 00 l ood
15 = 52 > / %lnﬁ,m(ié) =hy > f—ilnﬁ,m(ig:),
1=0 m=—I_ 1=0 m=—1{

(10.10)
and at finite temperature

oo [ [e9)
F=>>. %Z/lnﬁ,m(i&); Sn=2}%¢. (10.11)

In the non-retarded approximation f; ,, = M;; where M is the matrix for the
whole structure. The matrix for interface n is given by

- 1 aln(2)
M, = M7, gt B @EDAEL ) (10.12)
L&+ D)+E, 1l

where . _
En U+ 1) + &l

M =
i QL+ 1) &,

: (10.13)

and the polarizabilities o' and al"(z) are

o = _rn21+]l (gn - §n+1) (10 14)
! En (U + 1)+ 8pal '
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and _ _
o' ra”FED A+ 1) Gy — Eny)

LT & U+ D+l

, (10.15)

repectively. Often it is appropriate to give the energy relative a reference
system. Then f; ,, is replaced by flm in (10.10) and (10.11), where fl,m =
frml fow-

Note that in the non-retarded treatment the matrices do not depend on m so
the summation over m just renders a factor of (2/ + 1).

10.2 Basic Structure Elements

A general spherical structure can be generated by stacking a number of basic structure
elements concentrically around each other. The most basic element is a solid sphere,
or ball. Sometimes it is convenient to use layers as elements. A special layer is
a 2D spherical film. Another is a thin spherical diluted gas layer which we will
use repeatedly in the derivation of the interaction between atoms and the spherical
structure. We now discuss these basic elements one by one. We start with the solid
sphere.

10.2.1 Solid Sphere or Ball

The structure that corresponds to a single interface between two media in the planar
case is here a solid sphere. For a solid sphere of radius a and dielectric function
€1 (w) in an ambient of dielectric function & (w), as illustrated in Fig. 10.1, we have

Fig. 10.1 The geometry of a 0
solid sphere, or ball, or a
solid cylinder of radius a in
the non-retarded treatment.
This is the less complex
version of Fig.7.1 with just a
single interface. In the case
of a normal mode a single
wave is moving away from

the interface, on both sides. 80 81
Adapted from[1] 0 ]
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v v 1 Eo(l+1)+&1 (A+1)@E)—&)a @D
M=My=——— . - - , (10.16
0 (y+¢ﬁo<u%—eole B+ 1) + &l (1010
and the condition for modes is &; (w) /&y (w) = — (I + 1) /1. This result covers both

solid spheres and spherical cavities. For a solid sphere of dielectric function & (w)
in vacuum and for a spherical cavity in a medium of dielectric function & (w) the
condition for modes is £ (w) = — (I + 1) /1 and & (w) = —1/ (I + 1), respectively.
In passing we give the expression for the 2/ pole polarizability from (10.14),

a2l+ll (go _ gl)

— —. 10.17
NS (10.17)

o) =

Next we turn to a spherical shell.

10.2.2 Spherical Shell

Here we start from a more general geometry namely that of a coated sphere in a
medium and get the spherical shell and gap as special limits. For a solid sphere of
dielectric function &, with a coating of inner radius a and outer radius b, Fig. 10.2,
made of a medium with dielectric function &; in an ambient medium with dielectric
function £, we have

M =M, M,
_ a1 (BU+D+El S
@+Déo \ | (50 — 5‘1) b21+l 51 (l + 1) + g‘ol

L (B D+ DR
CHDE N\ (B — &) a5+ 1) +81)

(10.18)

X

From direct derivation of the M, element the condition for modes becomes

Fig. 10.2 The geometry of 0 Vi
a coated sphere or cylinder in
the non-retarded treatment.
Adapted from[1]




214 10 Van der Waals Interaction in Spherical Structure

<g)2’+‘ <§:_1+<z+1>)(§_z+<z+1>>:_<z+1> (@_1> (gq)'
a g [ & l / ) &1

(10.19)

Alternatively we may elaborate using the matrix version in (10.12)

0@
My = M) M|, (1 —al( )all

— 0 1 _ b= (4 D) (Eo—)) X G —E) | _
= MMy, [1 BUtD+al  Ed+Dh+al | =

(10.20)

Let us now study a spherical shell of inner radius a, outer radius b and of a
medium with dielectric function & (w) in a medium of dielectric function £y (w). The
condition for modes we get from (10.19) by the replacements &, (w) — &y (w) and
€1 (w) — & (w). For a spherical gap of dielectric function &, (w) in a medium of
dielectric function & (w) we instead make the replacements &; (), &; (@) — & (w)
and &; (w) — &y (w). For both these geometries we find the same condition for
modes, viz.

(1) [& (@) 1 + & (@) L+ D] [fo (@) 1 + & (@) { + 1] (10.21)
=1+ 1) [E @) — & @]

Next in the pipeline is a diluted gas film.

10.2.3 Thin Spherical Diluted Gas Film

It is of interest to find the van der Waals force on an atom in a layered structure. We
can obtain this by studying the force on a thin layer of a diluted gas with dielectric
function &, (w) = 1 + 4wna® (w), where a is the polarizability of one atom and
n the density of atoms (we have assumed that the atom is surrounded by vacuum;
if not the 1 should be replaced by the dielectric function of the ambient medium
and the atomic polarizability should be replaced by the excess polarizability). For a
diluted gas layer the interactions between the gas atoms are negligible compared to
all other interactions and the force on the layer is just the sum of the forces on the
individual atoms. So by dividing with the number of atoms in the film we get the
force on one atom. The layer has to be thin in order to have a well defined r-value of
the atom. Since we will derive the force on an atom in different spherical geometries
it is fruitful to derive the matrix for a thin diluted gas shell. This result can be directly
used in the derivation of the van der Waals force on an atom in different spherical
geometries.

We let the film have the thickness 6 and be of a general radius r. We only keep
terms up to linear order in § and linear order in n. We find the result is
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Mgaslayer = MO ' Ml

(10 at 0 (+1Dr @+ (10.22)
= (0 1) + (6n) 4w (—lr(z” 0 .

Now we are done with the gas layer. We will use these results later in calculating
the van der Waals force on an atom in spherical layered structures. Next we address
2D films.

10.2.4 2D Spherical Film

In many situations one is dealing with very thin films. These may be considered 2D.
Important examples are a graphene sheet and a 2D electron gas. In the derivation we
let the film have finite thickness § and be characterized by a 3D dielectric function
#3P. We then let the thickness go toward zero. The 3D dielectric function depends
on 8 as &P ~ 1/8 for small 8. In the planar structure we could in the limit when
8 goes toward zero obtain a momentum dependent 2D dielectric function. Here we
only keep the long wave length limit of the 2D dielectric function[2, 3]. We obtain

- - 10 SEP)I(1+1) 1 @+
Myp = M, - M, = (0 1>+%(—r(21“) ) (10.23)

Two examples where these results can be applied are a sphere made of a graphene
like film and a thin metal film, respectively. Then [2, 3]

2 .
—gfg‘ , graphene like film
4n*Pe?
m*mesz ’

8830 (i) ~ 8o’ (i&) ~ (10.24)

metal film.

The final result is independent of § and is the 2D limit.

We will also need the 2 pole polarizability of the thin spherical shell in vacuum.
It can be obtained from (10.23). The polarizability is —5°/a’ under the assumption
that b' = 0. One obtains o> = — My /M. We find

8831 (1 + 1) a¥*!
Ql+Da+688PI1+1)

af’ (a; 0) = (10.25)

where we have reserved the first argument before the semicolon for the radius of
the spherical film. Note that for a perfectly reflecting thin spherical shell the 2! pole
polarizability, «’® = a?*!, coincides with that for a perfectly reflecting sphere of
the same radius [compare with (10.17)] and the interaction is the same. This is what
one would expect. It is further convenient to define the 2! pole susceptibility [4] as
the polarizability stripped by the factor a**!,
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8&3PL (1 + 1)
QI +1Da+68801(1+1)

1 (a5 0) = (10.26)

The 2! pole polarizability “seen from inside the shell” we get from (10.23). The
polarizability is —a'/b' under the assumption that a® = 0. One obtains «; > =
MIZ/M” and

880) 1 (1 + 1) a—@+D
2P (g: o) = (6&P)la+1

@+ Da+ (88P)1(1+1) (1027)

Note that it is the same as the ordinary 2/ pole polarizability (10.25), for a thin spher-
ical shell except that now the radius of the sphere has been inverted in the numerator.
Thus &° (a; w) = a* ™ %P (a; w) and aIZD(z) (a; ) = a= D ¥ 2P (a; ).

Sometimes it is convenient to use an alternative form of the matrix Myp,

(88%°) 1+ 1)r— @D

Mo — Q@I+D)r+(88°P)1(1+1) ! QI+1Dr+(8&%P)I1(1+1)
D= e | EED)WH Y @i r—(3ER)1a+1)
Q@I+ r+(88%P)1(+1)  QI+1)r+(8830)I(1+1) (10.28)
)

1 o200
_ MZD ! i
=Mii"| _op @rrvr—@EP)iaty |-
Y @D (ER) A+

Now we are done with the list of basic elements and are ready to give examples
of different geometrical structures. We start by studying the interaction between an
atom and a ball.

10.3 Atom-Ball Interaction

We let the atom be at a distance d from the ball of radius a and at a distance b from the
center of the ball. We start from the two layer structure in Fig. 10.3. We let the ambient
be vacuum. The first layer is a thin layer, of thickness §, of a diluted gas of atoms of
the kind we consider. Its dielectric function is &, (w) = 1 + 4wna® (w), where a®
is the polarizability of one atom. The density of gas atoms, n, is very low. We let the
first interface be at r = b + § and hence the second at r = b, where b = a + d. The
second layer is a vacuum layer of thickness d. The remaining medium is the sphere
of radius a with the dielectric function &; (w). In what follows we only keep lowest
order terms in § and in n.

The matrix becomes M = 1\7[0 . 1\7[1 . 1\7[2 = Mgaslayer . 1\7[2 where Mgaslayer is the
matrix in (10.22) now for the r value b and

(10.29)

1 <(l+1)+§1l (l+1)(1—§1)a‘(2’+1)>
M, ,

T2+ n L —g)adt B U+1)+1
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Fig. 10.3 The geometry of 0 1 2
a thin gas layer the distance d
from a sphere or cylinder of
radius a in the non-retarded

treatment. Adapted from [1] -— - -

r=a+d+d r=a+d r=a

the matrix in (10.16) with the replacement &y — 1. The matrix element of interest is

I+ D +&1—@n)dral(+ )b H2a? 3 - D].

(10.30)
The mode condition function when the reference system is that when the atom is at
infinite distance from the sphere then becomes

M, ~ L [
" er+

(10.31)

f =1 (Sn) 4naat [l (l =+ l)b—(21+2)a2[+1 (51 _ 1):|
Im =1

(+1D+&!

The interaction energy per atom we get by dividing the energy with the number of
atoms in the gas shell. It is

[e¢} [e%e)
E h & z .
b0 — dmben of 2 IZ(:) lln [ﬁ,m (lf)]
=0m=—
00 o) 1
~ h dé: t l(l+1)b7(21+2)a21+1(§ _1)
N g | o 2 L Amna 8[ Ry ]
0 7 i=0m=—I
X g X LTERT P
— dé t ey QIEDA+D) @ TH[EGE)—-1]
- _h-({ E Z(:)O[a (lg) p20+2) (l+1)+§1(i§)l (1032)
_ _p [ eSS QDD ar (&) o (@
- 2 b0+ ay (a; i&)
1=0

4§ [l @ i ait)
2Rl e

where b = a + d, and

a®t1[& (&) — 1]

o (a;18) = +1)+2 G081

(10.33)
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isthe 2! pole polarizability, given in (10.17), now for a sphere in vacuum ([5], (5.68)).
In the second line of (10.32) we have expanded the logarithm and kept the lowest
order term. Note that the [ = O term does not contribute to the interaction.

The force on the atom is obtained as minus the derivative of the result in (10.32)
with respect to d, i.e.

F () =—h

T

+2)

[ de S0+ 20! a (i) o (a; i&)
/ Z S . (10.34)
0 1=

Now we give a specific example.

10.3.1 Li-Atom—Au-Ball Interaction

As an example of atom-ball interactions we show in Fig. 10.4 the interaction between
a Li atom and a gold ball. The polarizability for Li was obtained from the London
approximation (8.60) with the parameters given in Fig.8.2. For gold we used the
polarizability as shown in Fig.9.3. The b-dependence follows a simple power law,
E ~ d~° for large separations. This comes from dipole-dipole interactions. Higher
order multipole contributions become important when the objects are in near contact
or to be more specific when the distance is of the order of the ball radius. Next we
investigate the interactions when the atom is inside a spherical cavity.

Fig. 10.4 The interaction 107! ]
energy for a Li atom next to 103 1
a gold sphere of radius L i
a = Inm. The distance 107 - b
between their centers is 107 L ]
denoted by b. The results < 10°[ ]
were obtained from (10.32). 1] uF B
The result shows that the first § 10 C i
term in the summation over [ 108t E
gives the whole result for :%0 105 [ ]
large b-values and that higher 5 107 [ ]
order multipole contributions LS 1o F i
start to be important when = 10 C ]
the objects are near contact 1021 L 4

102 [ ]

107 [ ]

]()'277 il M| M| N

10° 10! 10% 10° 10*
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Fig. 10.5 The geometry of 0 Ji 2
a thin gas layer at radius d

inside a spherical or

cylindrical cavity of radius a

in the non-retarded -—
treatment. Adapted from [1]
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10.4 Force on an Atom in a Spherical Cavity

We let the atom be at a distance d from the center of the spherical cavity, of radius a.
We start from the two layer structure in Fig. 10.5. We let the medium surrounding the
cavity have dielectric function &; (w). The first layer is a vacuum layer. The second
is a thin layer, of thickness 8, of a diluted gas of atoms of the kind we consider. Its
dielectric functionis g, (w) = 1 + 4wna® (w), where ' is the polarizability of one
atom. The density of gas atoms, n, is very low. We let the first interface be at r = a
and hence the second at r = d 4 § and the third at r = d. In what follows we only
keep lowest order terms in § and in n.

The matrix becomes M = 1\7[0 . 1\7[1 . 1\7[2 = 1\7[0 . Mgaslayer where 1\7[0 is obtained
from (10.16) with the replacements &, — 1 and &y — &;. Mgaslayer is obtained from
(10.22) with r = d. We find

at

I+ DIE -1 (d/a)? .

(10.35)
The mode condition function when the reference system is that in absence of the
atom is

- dra
Eld+D+1)—dén

My, p

1
Nm+na[

: at GHDIE D@/
Jim 2 1= ) 4w = (10.36)

=1— (6n)4ma®a® (a; w)1d¥,
where we have identified the new 2/ pole polarizability that was given in (10.15),

A+ DA =8 (1/a)!
I+&d+1

, (10.37)

041(2) (a; w) =

for the spherical cavity of radius a “as seen from the inside.”
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From this we find the interaction energy per atom becomes

E o Fae S«
A
dnd®on — dmd’en f I Z Z [ﬁ m (15)]
0

=0 m=—
o] [ee) 1
N b [ S dn (Sn)a (i6) o (a; i€) Ld”
0, [F0m=l (10.38)

= —hf Za‘” (i&) o (a;i€) 21 + 1) 1d>=D

21+11! . 2 L —
= —hf 25 e (§) e (a; i§) 7Y,

where we on the second line have expanded the logarithm and kept the lowest order
term. The force on the atom is

Pl et
h/Zn ;[ 1— 1]v[2]v2(l Dd™ " a® (i§) o™ (a;i8) . (10.39)
5 —

Note that the / = 0 and [ = 1 terms do not contribute to the force.

10.4.1 Force on a Li-Atom in a Spherical Gold Cavity

As an example of interactions on an atom in a cavity we show in Fig. 10.6 the
interaction on a Li atom in a gold cavity. The polarizability for Li was obtained from

Fig. 10.6 The interaction 102 —
energy for a Li atom in a F
spherical gold cavity of
radius ¢ = 10nm. The atom |
is at the distance d from the 3
centre of the cavity. The 10 3
results were obtained from i
(10.38). The closer to the §
cavity wall the atom is the § [
more terms in the summation = 10 E
over [ is needed Eﬁ r
8
g L
105 L
10
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the London approximation (8.60) with the parameters given in Fig. 8.2. For gold we
used the polarizability as shown in Fig.9.3. There is no dipole contribution to the
force; the first contribution is a quadrupole term (! = 2); the dipole-dipole interaction
contributes a constant to the potential. Higher order multipole contributions become
important when the atom is close to the cavity wall.

10.5 van der Waals Interaction Between Two Atoms

Here we may use the result from the previous section to derive the van der Waals
interaction between two atoms. We let the atom outside the sphere be of type 1. We
let the spherical core of the structure be made up of a diluted gas of atoms of type 2.
Then we let the density of the gas go toward zero and at the same time let the radius
of the sphere go to zero (b goes toward d). We furthermore only keep the / = 1 term
in the expansion; we are only interested in dipole-dipole interactions. So we divide
the energy in (10.32) further with the number of atoms of the other species contained
in the sphere and take the limits

E P S—
4nb28n1(n247ra3/3) bz(n24na3/3) 0

(E) 324 [47”’20‘2 (15)]

(10.40)
6h T

% [ Lot (i) a8’ (i8),

0

~ —

which is the van der Waals result (8.67) ([5], (6.39)).

10.6 Force Between Two Spherical Objects

In Sect. 10.3 we obtained the force between an atom and a spherical object. We kept
contributions from dipolar fluctuations in the atom, only. The dipolar and all higher
order fluctuations of the sphere were included. This means that the results are valid
for separations large compared to the size of the atom. Equation (10.32) is the first
term of the more general expression,

w i~ 21]v[21/]v d2a+r+n

[ de S & [20+20] o) GE) e ()
—h/ —= ZZ L L (10.41)
s I=
which is valid for all spherical objects. Here d denotes the distance between the
centers of the spheres. Note that the superscripts 1 and 2 indicate object number 1
and object number 2, respectively, not an interface number, like in (10.14). The 2!/
pole polarizability for a layered spherical object number i is (xli = —M;,/M,, where
the matrix elements are elements of the the full matrix, 1\71, for the spherical object.
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Fig. 10.7 The interaction 107 R R R
energy for two gold balls of [ 7]
radius @ = 10nm the 1073 i
distance d apart. The results L
were obtained from (10.41). 105 L
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Each curve is for a different E 107 1
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10.6.1 Interaction Between Two Gold Balls

As an example of ball-ball interactions we show in Fig. 10.7 the interaction between
two gold balls. We used (10.41) with the gold polarizability as shown in Fig.9.3.
The d-dependence follows a simple power law, E ~ d~ for large separations. This
comes from dipole-dipole interactions. Higher order multipole contributions become
important when the objects are in near contact. The results are valid for distances
larger than the contact value 2a = 20 nm indicated by the vertical line in the figure.
The closer to contact the more multipole terms one needs to include. Near point of
contact it is favorable to use PFA. The dotted curve is the result from (6.33) with
n=0.

10.6.2 Interaction Between Two Graphene Spheres

Another example, Fig. 10.8, of spherical objects is two graphene or rather graphene-
like spheres, i.e., two 2D spherical shells. Then (10.41) becomes

oo

d& S [20+ 2] o (a3 i8) e (b1 i6)

_h/_n/zolz 2[ ![21/]1 A2U++D) ’ (1042)
J 2m 2

~

where ¢ 2D (g; i£) is the 2/ pole polarizability of one of the spheres of radius a and
D (b; i&) is the 2" pole polarizability of the other of radius b. The polarizabili-
ties were given in (10.25) and 8&°P (i&) entering the polarizabilities was taken from
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Fig. 10.8 The interaction 4 T T T
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(10.24). The d-dependence follows a simple power law, E ~ d~° for large separa-
tions. This comes from dipole-dipole interactions. Higher order multipole contribu-
tions become important when the objects are in near contact. The results are valid for
distances larger than the contact value a + b = 20nm indicated by the vertical line
in the figure. The closer to contact the more multipole terms one needs to include.

10.7 Force on an Atom in a Spherical Gap

It is of interest to study the interactions on atoms in narrow channels. Here we study
an atom in a spherical vacuum gap with the outer and inner radii b and a, respectively.
The medium outside the gap has dielectric function &; (w) and the medium inside
the dielectric function &, (w). The atom is at a distance r from the center. The matrix
for this geometry is M = 1\7[0 . 1\7[1 . 1\7[2, where

0(2)
Mo _ EU+DH 1 o

— Q+DE 0 (D& s
I E(+1)+
- 10 0 (+ 1)r7(21+2) '
M, = (0 1) + (8n) 4o (_lr(zl) 0 ; (10.43)
2@

: 1
(+1)+8:1

M =" | L2 awins

I (+D)+&1
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The matrix element of interest is

My = MM {1 = i = my e [+ D@20 + @) ]

(10.44)
This leads to the following proper mode condition function
[(l 1) @2 lr(zl)alo(z)]
fim =1—(8n) dma® — el , (10.45)
oy

where the reference system is the spherical gap in absence of the atom. The two 2/
pole polarizabilities o7 and 9%) defined in (10.7) and (10.8), respectively, are

2 _ 1E=Da?t!,

o, = =
i Sl+(1+1)

o0® — _ Ubd—Ea ! (10.46)
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The energy per atom is
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where we on the second line have expanded the logarithm and kept the lowest order
term. The force on the atom is

. . oodg: o0 [21 + 2] 2L+ 4) 012 —QI+5) _ 2l —2) 1+_1 0(2)r21 3
(r)=- 0/2_ ; 20 [2]! 1~ a?a®® .

(10.48)
Next we continue with an atom outside a thin spherical shell.

10.8 Force on an Atom QOutside a 2D Spherical Shell

In this section we derive the van der Waals interaction experienced by an atom outside
a very thin spherical shell. We start from the three layer structure in Fig. 10.9. We take
the limit when the thickness, 8, goes to zero. The 3D dielectric function of the shell
material then goes to infinity. We follow the procedure in Sect. 10.3 but now there is
one extra matrix. The matrix becomes M = MO Ml M2 M';, where MO Ml is
the matrix for a gas layer in (10.22) withr = b = a + d and M, - Mj; is the matrix
for a thin film in (10.28) with r = a. The matrix element of interest for us is
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0 1 2 3
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Fig. 10.9 The geometry of a thin gas layer the distance d from thin spherical or cylindrical shell
of radius a in the non-retarded treatment. Adapted from [1]

(2l+1)a+(8§3D)l(l+1)[
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(10.49)

The mode condition function when the reference system is that in absence of the
atom is

frm (&) =1 — (8n) dmwa® (&) & (a;i&) 1 + 1) b~ *+2, (10.50)

We may identify the 2/ pole polarizability of the thin spherical shell in vacuum given
in (10.25). The energy per atom is

l ~
- % n[ fin(i6)]
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where we on the second line have expanded the logarithm and kept the lowest order
term. The force on the atom is

Fde S0 42112(+2) iy §
F (b) = _hO/_’TIZ G o (i&) &® (a; i€). (10.52)

Next we treat as an example an atom outside a graphene-like sphere.
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10.8.1 Interaction Between a Li-Atom and a Graphene
Sphere

As an example we give the results for a Li-atom outside a graphene sphere in
Fig. 10.10. The results are from using (10.51). The polarizability for Li was obtained
from the London approximation (8.60) with the parameters given in Fig. 8.2 and for
the spherical shell the §3P (i&) entering alzD (a; i) was taken from (10.24). The b-
dependence follows a simple power law, E ~ d~° for large separations. This comes
from dipole-dipole interactions. Higher order multipole contributions become impor-
tant when the objects are in near contact or to be more specific when the distance is
of the order of the sphere radius. Next we find out what happens when the atom is
inside the thin spherical shell.

10.9 Force on an Atom Inside a 2D Spherical Shell

In this section we derive the van der Waals Interaction experienced by an atom inside
a very thin spherical shell. We start from the three layer structure in Fig. 10.11. We
take the limit when the thickness, &, goes to zero. The derivation is analogous to the
one in Sect. 10.8. The matrix becomes M = 1\7[0 . 1\7[1 . 1\7[2 . 1\713, where 1\7[0 . 1\7[1 is
the matrix for the thin film, given in (10.28) for r = a, and 1\7[2 . 1\713 is the matrix for
the gas film, given in (10.22) for r = d. The matrix element of interest for us is
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Fig. 10.11 The geometry of a thin gas layer at radius d inside a thin spherical or cylindrical shell
of radius a in the non-retarded treatment. Adapted from [1]
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The mode condition function when the reference system is that in absence of the

atom is _
fim GE) =1 — (dn) dma® (&) o°? (a; if) 1dY, (10.54)

where we have introduced the 2/ pole polarizability for a thin spherical shell as “seen
from the inside,” given in (10.26). The energy per atom is
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where we on the second line have expanded the logarithm and kept the lowest order
term. The force on the atom is

_ °°d$ . (20 +1] _ 201-3 _at 2D(2)
h/ . ; 2100 2],2(1 Dd*Pa (&) ey (a;i8) . (10.56)
0 =

Note that the / = 0 and / = 1 terms do not contribute to the force, just as in the case
of an atom in a spherical cavity in Sect. 10.4.
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Fig. 10.12 The interaction 102 .
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10.9.1 Force on a Li-Atom Inside a Graphene Sphere

As an example we give the results for a Li-atom inside a graphene or rather graphene-
like sphere in Fig. 10.12. The results are from using (10.55). The polarizability for
Li was obtained from the London approximation (8.60) with the parameters given
in Fig. 8.2 and for the spherical shell the §23P (i£) entering afD(z) (a; 1&) was taken
from (10.24). We note that the results are very similar to the results for a Li-atom in a
gold cavity in Fig. 10.6. The dipole-dipole contribution to the potential is a constant
and consequently does not contribute to the force.

Next instead of an atom we place another thin spherical shell inside the shell.

10.10 Interaction Between Two 2D Concentric Spherical
Shells

We consider two concentric thin spherical shells. The outer shell has radius b and
the inner radius a. Here the matrix is M = My - M; where

M. = 10 (58°)1(+1) 1 p= @D
=101 QI+ Db _pa+h ; 057
M _ 10 (5§3D)l(1+1) 1 a_(21+l) ( 0.5 )
1=\o1) T @ma | _ga+n 4 ,
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and the element of interest is

SEPVI(U+1) (1 1 sEYVa+D 1 2041
M“=1+M<_+_>+{M}_[l_(z)+]

2l+1) a b 2I+1) ab b
(10.58)
The proper mode condition function becomes
PR 88301 (1+1) 58301(1+1) a)\2l+1
Jim (1) =1— |:a(21+f)+5§3Dl(1+1):| [b(21+f)+5531>1(1+1)] (Z) (10.59)

=1 — o (a;i8) *? (b; i§),

where q; is the 2 pole polarizability of a thin spherical shell of radius a in vacuum
according to (10.25) and 041(2) is the 2/ pole polarizability of a thin spherical shell
of radius b in vacuum as seen from inside according to (10.27). We have chosen as
reference system a system where the two shells are separated from each other and at
infinite distance from each other. The energy obtained by using this mode condition
function is the energy change when bringing the two shells at infinite separation
together and putting the inner shell inside the outer shell. The energy is

tn [ fim ()]

—l

4D In[1-a (@ i6) o™ b i6) | (10.60)

3
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BlF ==z
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o—go—3g

~
Il
=}

—h dg §(21_+_ Din|1— 8&3P (i)l (14-1)a?*! 5830 (ig)1(14+-1)b~ @ +D
o 21 = n QI+ 1)a+85D(&)I(I+1) QI+D)b+8PGE)(I+1) |

Note that here we cannot safely expand the logarithm and keep the linear term only.
The linear term is not necessarily very small. Thus, we keep the logarithm as is. As
an example we treat two concentric graphene-like shells in next section.

10.10.1 Interaction Between Two Concentric Graphene
Spheres

As an example we give in Fig.10.13 the interaction energy for two concentric
graphene spheres. We let the radius, a, of the inner sphere be 10nm and let the
radius, b, of outer sphere vary between 10nm and 100nm. We have treated the
graphene spheres as strictly 2D spherical shells with the effective dielectric function
given in (10.24). Each curve is for a different truncation of the summation over /. The
smaller the value of b the more terms are needed in the summation. The reference
system is one where the smaller inner sphere has been taken outside the larger outer
sphere and the two are at infinite distance from each other. The energy in Fig. 10.13
is the energy gain when the smaller sphere is brought to and inserted into the larger
sphere. The energy in (10.60) is negative.
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10.11 Force on an Atom in Between Two 2D Spherical
Films

Here we study an atom in between two spherical films in vacuum. The outer and
inner films are of radii b and a, respectively. The atom is at a distance r from the
center. The matrix for this geometry is M = My - M| - M, where

1 D) (4.
v @1+1)b+(88%P)1(I+1) o " (b w)
My="—"F+7—" QI+Db—(58P) A+ |
QI+1)b —o?P (b; w) =
l ’ QI+1)b+(8830) I (1+1)
~ 10 0 (+1)r @+
M, = 4 ; 10.61
1 <01>+(3n) T (_lr(Zl) 0 ’ ( 06 )
D), .
~ @I+ Da+(58°)1(I+1) 1 o (a; w)
M, ="——F—"—" 2D Q@+Da—(582)ia+1) | -
Ql+1a —o (Cl' w)
l ’ @I+1)a+(8&30)1(1+1)

The matrix element of interest to us is

Mo — QI+1)b+(88°)1(141) 2I+1)a+(88°P)I(+1)
= QI+1)b Q@I+1a

X {1 — ozlzD(z) (b; w) aZZD (a; w) — (8n) dmwa (10.62)

X [alzD (@; w) (L + 1) r~@+2 4 aIZD(Z) (b; w) lr(zl)]} ,

which results in the following, proper mode condition function:
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o (a3 i€) (L+ 1) =D 4 0P (b i) Ir?!
1—a”? (b; i) P (a i€)

Fim GE) = 1 — (8n) dma™ (i) =

(10.63)
From this we obtain the interaction energy of the atom. It is
E B 00 d 00 !
% — dnrien f b Z Z [ﬁ m (IE)]
0 1=0 m=——
o0 0 . —@142) 4 2D@) ) ey 2
~ __h dg at @ (@;i)(I+Dr +a; (b;i&)lr
T 7on Of 2 ; ; mona 1= (b3i6)aP @3 )
~ 1 . (10.64)
— _5 dg Z Z [ a,m(aglé)(l+1)r_2”+2) o) @ (b:ig)1r20-D ]
- o 1= rig)aP@ie) | 1-a]"? (i) (asi)

[
1—a/? (b;i€)a® (a;i€) + l-a 2D(2>(b,l§)0t12D(a,lE)
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I
>
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O
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! _ 20410 2D(2)
[ I[211‘+I2]l' 2D (g3i8)r2042) 2 Tmlzv (bsig)yr20- 1>i|

Jl&
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—
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where we on the second line have expanded the logarithm and kept the lowest order
term. Note that this expression agrees formally with the results for an atom in a
spherical gap, (10.47), but the 2/ pole polarizabilities are of course different. The
force on the atom becomes

2012 _
1-0;°% (b:i8)a® (a:i£) 1-0;"? (0;i6)af® (a3i€)

) 0 [121+2 20420 (@sif)r= [zf'Tﬁ[J;]VZ(l l)aZD(z)(b;iS)r2”:|

(10.65)

We end this chapter by rederiving the van der Waals interaction of (8.66) between
two polarizable atoms in an alternative way.

10.12 Force Between Two Atoms from Summation of Pair
Interactions

We derived the van der Waals interaction between two atoms in Sect. 8.3. Itis possible
to find this result via a short-cut, viz. by using the result from the summation over
pair interactions in Sect. 6.1. The procedure is the following: choose a geometry with
two objects of different material; calculate the result using the summation over pair
interactions; calculate the result using the full formalism and take the diluted limit;
compare the two results and identify parameters.

We choose to apply this procedure on an atom of species 1 at the distance R from
aball of atomic species 2. We let the ball have the radius R, and the atom density 73"
We make the ansatz that the interaction between the atoms is given by the potential
V = —Br~° and we intend to identify the coefficient B. The result from summation
over pair interactions (6.13) with this ansatz is

B 47 R3n3D
E(R) = _FTz' (10.66)
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We have assumed that there is vacuum in between the objects. The condition for
modes in the full formalism (10.32) is

oo oo
d 2042]! e (i i
ER)=—h[ £y Bl

0 =0
~ _h?’ 4] o (e (Rasi€) 1234 h?odé ot (i€)ery (Rasi€)
27 21121 R0+ = T 121227 R20+2)

(10.67)

oo
3 ' (e) R[6266)-1] 3 a‘"(na R3[4 oy’ (i6) ]
—ah [ENRE R Y e hfdf ‘ 3

_4n R3n?
3

13p
67r

déaf’ (i§) a5’ (i&) .

0\8

For large separations the / = 1 term dominates. We have only kept this term, used
that o (a; i) = R [&, (i§) — 1] /[2 4 & (i§)] and taken the diluted limit . We
have used the expression &; (z) = 1 + 47 n;«; (z) for the dielectric function for a gas
of atoms of species i. We have chosen as reference system the geometry when the
distance between the atom and the ball goes to infinity and divided by the corre-
sponding mode condition function. Equating the results from (10.66) and (10.67)
gives

o)
w13

3 3h
B = —h/dém (i&)on (&) = —oq (0) a2 (0) ———, (10.68)
T 2 w1 + W

0

where we in the last step have used the London approximation (8.60) for the atomic
polarizability.

The procedure! we have just gone through is a short-cut for finding the van der
Waals interaction between two atoms. It furthermore acts as a test of the consistency
of our formalism.
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Chapter 11
Van der Waals Interaction in Cylindrical | o
Structures

Abstract After a section in which we adapt the general formalism presented in
Chap.7 to cylindrical structures in neglect of retardation we start by introducing
the basic structure elements: a single cylindrical interface, a cylindrical shell, a thin
diluted cylindrical gas film, and a 2D cylindrical film. A general cylindrical structure
can then be constructed by stacking these elements coaxially. The thin gas layer is
special; it is used to find the interaction on an atom at a general position in the cylin-
drical structure. Then we go through some common structures and present illustrating
examples; the examples involve gold cylinders, gold cavities, graphene shells, and
lithium atoms. We furthermore rederive the van der Waals interaction between two
atoms by comparing the full result in the diluted limit with that from the summation
of pair interactions.

11.1 Adapting the General Method of Chap.7
to Cylindrical Structures and to the Neglect
of Retardation

The system we consider here is a layered cylinder consisting of N layers and an inner
cylindrical core. We have N + 2 media and N + 1 interfaces. Let the numbering be
as follows. Medium 0 is the medium surrounding the cylinder, medium 1 is the
outermost layer, medium N the innermost layer and N + 1 the innermost cylindrical
region (the core). Let r,, be the inner radius of layer n. The boundary condition is
that there are no incoming waves, i.e. there is no wave moving toward the right in
medium n = 0 in Fig.7.1. The fields are self-sustained; no fields are coming in from
outside.

In the non-retarded treatment of a cylindrical structure we let the waves represent
solutions to Laplace’s equation, (7.21), in cylindrical coordinates, (r, 8, z), for the
scalar potential, @. The interfaces are cylindrical surfaces and the r-coordinate is the
coordinate that is constant on each interface. The solutions are of the form
© Springer Nature Switzerland AG 2018 233
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Dpm (1,0, 2) = I, (kr) €™ e** and K, (kr) e™?e!*?, (11.1)

where the functions 7, (z) and K,, (z) are so-called modified Bessel functions. The
first is bounded for small z values and the second for large. They are solutions to the
modified Bessel equation[1],

220%w/07% + 20w /37 — (m2 + zz) o =0. (11.2)

Note that the variable z here denotes a general complex variable and should not be
mistaken for the spatial z-variable in (11.1). We let r increase toward the left in
Fig.7.1. We want to find the normal modes for a specific set of k and m values. Then
all waves have the common factor e”?el¥?, We suppress this factor here. Then

R(r)=1,(kr); L(r) =K, (kr). (11.3)

Using the boundary conditions that the potential and the normal component of the
D-field are continuous across an interface n gives

a" Iy (kry) +b" Ky (k) = a" ™ L, (kry) + 6" Ky (kry)
a 8nk1 (krn) + bnsnka (krn) - an+1~n+lk1m (krn) + bn+1§n+le (krn)
(11.4)
and we may identify the matrix An (ry) as

A _ Im (krn) Km (krn)
An () = (énlm/(km Ko <krn)) ' (1)

The matrix 1\7[,, is

A n+1
_ 8n+11 Koy — Enln K’ (Bt — 8n) KK ) s (11.6)
Ws,, (Sn - 8n+1) ImIm gnlm/Km - §n+lIme/

where we have suppressed the argument (kr,) of all modified Bessel functions and
their derivatives. As before the derivative is with respect to the argument. We have
made use of the Wronskian of the two modified Bessel functions:

WKy (X) s L ()] = Ky (%) I (x) — K (%) Ly (x) = 1/x.

Since the function L (z) in (11.3) diverges at the origin it is excluded from the core
region and hence we have no wave moving toward the left in that region. According
to (7.6) this means that

Jiem (@) = M. (11.7)
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Before we end this section we introduce the two multipole polarizabilities o, and

"<2) for the cylindrical interface since these appear repeatedly in the sections that
follow. The first is valid outside the cylindrical interface and the second inside.
The polarizability ¢, = —b" /a" under the assumption that b"*! = 0. One obtains
a,’c”m = —M>1 /M, and from (10.5) one finds

= _z ’
o, (ry; ©) = = Entt 8”)]"’["’ . (11.8)
" 8n+llm/Km - SnIme/

The polarizability a,i'(jl) —a"*! /b under the assumption that a" = 0. One

obtains ak = M,/ Mj; and from (10.5) one finds

n(2) (gn-‘rl - gn) Km Km/
(r; @) = F K —E LK (11.9)

The suppressed argument of the modified Bessel functions in the multipole polariz-
abilities above is (kr,,). Sometimes it is convenient to use an alternative form of the
matrix M,,,

1 an(2>
~ k.
M" = M?l _an 5/11nx/K/11_§’:q+]Ime/ : (11'10)

ko &yt Ly’ Kin—&n In K’

Now we have all we need to determine the non-retarded normal modes in a layered
cylindrical structure. We give some examples in the following sections.

Summary of key relations for the derivation of van der Waals interactions
in cylindrical structures: In a cylindrical structure &, the wave number along
the cylinder axis, and m are the proper quantum numbers that characterize a
normal mode. The dispersion curve for a mode can have several branches, i,
W= wk m* They are solutions to the condition for modes, fi ,, (@) = 0, where
Jem (w) is the mode condition function. When finding the interaction energy
of the system one has to sum over both &, m and i. Since we often let the system
have unlimited extension along the cylinder axis it is appropriate to calculate
the interaction energy per unit length. For zero temperature the interaction
energy is

h1
E=37)
k m=—00

Y /2_5 nfkmasm-/gmzz [ 30 fim )

(11.11)
and at finite temperature
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o0 o0 1

> 532" In i (1) ei %mzzwﬁgm Fean (i),

m=—00 n=0

1

§=Z;

(11.12)
where L is the length of the system and &, = 2wn/hf. The arrows indicate
what happens when we let L go toward infinity. In the non-retarded approxi-
mation f ,, = M), where M is the matrix for the whole structure. The matrix
for interface n is given by

M, = Wen (gn - §n+1) ImIm/ gnlm/l<m - gn-HIme/

1 @ (11.13)
— M" _ k,m
- 11 n Enln' Kin—Ent1 L K 2

- k‘m g‘nJrlIm,Km_g'n]me/

\/ 1 (§n+llm/Km - g‘nImI{m/ (§n+1 - g‘n) Kme/ )

where W is the Wronskian,

WKy (x), Ly ()] = Ky (x) L' (x) — K" (x) Iy (%) = 1/x,  (11.14)

and the polarizabilities ¢}, and a,':fi) are
(§n+l - En) ImIm/
§n+1 Im/Km - gn Im Km/ '

(11.15)

Oy (s ) =

and _ _
(8n+1 - 8,,) Kme/

gn-&—l Im/Km - gnIme, ’

2 (ry; w) = (11.16)

respectively. We have suppressed the argument (kr,) of all modified Bessel
functions and their derivatives. The derivative is with respect to the argument.
Often it is appropriate to give the energy relative a reference system. Then fi ,,
is replaced by ﬁm in (11.11) and (11.12), where fk,m = fk,m/f,f,i'.

11.2 Basic Structure Elements

A general cylindrical structure can be generated by stacking a number of basic
structure elements coaxially around each other. The most basic element is a solid
cylinder. Sometimes it is convenient to use layers as elements. A special layer is a
2D cylindrical film. Another is a thin cylindrical diluted gas layer which we will
use repeatedly in the derivation of the interaction between atoms and the cylindrical
structure. We now discuss these basic elements one by one. We start with the solid
cylinder.
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11.2.1 Solid Cylinder

For a solid cylinder of radius a and dielectric function & (w) in an ambient of
dielectric function &y (), as illustrated in Fig. 10.1, we have

(11.17)

Y ]2 glIm/I(m - g‘Olml{m/ (él - EO) Kme/
(50 - 51) Imlm/ g()Im/I(m - g‘lImI<m/

where the suppressed arguments are (ka) for the modified Bessel functions and ()

for the dielectric functions. The condition for modes is
&1 (w) _ I, (ka) K.’ (ka)
Eo (@) L' (ka) K (ka)’

(11.18)

Three important quantities for this structure are

M.l = 765 [81 () L) (ka) K, (ka) = & () 1, (ka) K" (ka)],
[81()—&0 (@) |1 (ka) 1,/ (ka)
e 5 (a3 0) = &1 @)1 (ka) Ky (ka)— 0 (@) I (k) Ko (ka) * (11.19)
@, [&1 (@) 8 (@) ] K (ka)K,, (ka)
U (@ 0) = 51 Ray K, ka) o (@) Iy (k) Ky (o)

where we have placed the superscrip cyl. on the polarizabilities to indicate cylinder.

11.2.2 Cylindrical Shell

Here we start from a more general geometry namely that of a coated cylinder in a
medium and get the cylindrical shell and gap as special limits. For a solid cylinder of
dielectric function &, with a coating of inner radius a and outer radius b, Fig. 10.2,
made of a medium with dielectric function &; in an ambient medium with dielectric
function &y we have

M =M, M,
= %2 {&,1,/ (kb) K, (kb) — &Ly, (kb) K,/ (kb)]

&0

0(2)

1 %o
XN _ 0 Boln (kb Ky (kb)—&) Ly (kD) K, (kb)
X, 71,7 (kb) K (kb)—Z0 Ly (kb) K’ (kD)

X % (821, (ka) K, (ka) — &1, (ka) K,/ (ka)]

12)
1 (o7
X 1 B k) K (k) =82 1 (ka) K’ (kat)

ko &1, (ka) Ky (ka)—&1 Iy (ka) K’ (ka)

(11.20)

and from direct derivation of the M;; element the condition for modes becomes
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— 02) 1
0= (1 = Y (11.21)
=1— (81=80) Kin (kb) K, (kb) (B2=81) L (ka) I,y (ka) ’

&1y (kb) Ky (kb)—&0 1y (kD)K. (kD) &2 1) (ka) K,y (ka)—&1 1y (ka) K ' (ka)

Let us now study a cylindrical shell of inner radius a, outer radius » and of a
medium with dielectric function & (w) in a medium of dielectric function £y (w). The
condition for modes we get from (11.21) by the replacements &, (w) — & (w) and
g1 (w) — € (w). The result is

2Ky (ka) _ = Kl | [20/Gb) = 1,0 | _ oz 232
[8 I,/ (ka) — €0 1m<ka>] [8 K./ (kb) — €0 Km<kb>] = (E—%0)". (11.22)

For a cylindrical gap of dielectric function &y (w) in a medium of dielec-
tric function & (w) we instead make the replacements &, (w), & (w) — & (w) and
g1 (w) — & (w). The condition for modes is

|:~ Ky (ka) . K, (ka):| |:~ L, (kb)  _ L, (kb)

(522
‘ In (ka) —e L, (ka) gKm (kb) — €0 Kn' (kb)j| = (€ —¢&)". (11.23)

11.2.3 Thin Cylindrical Diluted Gas Film

It is of interest to find the van der Waals force on an atom in a layered structure. We
can obtain this by studying the force on a thin layer of a diluted gas with dielectric
function &, (w) = 1 + 4wna® (w), where a® is the polarizability of one atom and n
the density of atoms (we have assumed that the atom is surrounded by vacuum; if not
the 1 should be replaced by the dielectric function of the ambient medium and the
atomic polarizability should be replaced by the excess polarizability). For a diluted
gas layer the interaction between the gas atoms can be neglected and the force on the
layer is just the sum of the forces on the individual atoms. So by dividing with the
number of atoms in the film we get the force on one atom. The layer has to be thin
in order to have a well defined r-value of the atom. Since we will derive the force
on an atom in different cylindrical geometries it is fruitful to derive the matrix for a
thin diluted gas shell. This result can be directly used in the derivation of the van der
Waals force on an atom in different cylindrical geometries.

We let the film have the thickness § and be of a general radius r. We only keep
terms up to linear order in § and linear order in n. The matrix for the gas film is
1\710 . 1\7[1 where

- 10 at L, (kr) K,, (kr) K, (kr) K,/ (kr)
Mo = <O 1> etk <_Im (kr) L, (kr) =1, (kr) K, (kr)) - (11.24)

Now,

M, = <(1)(1)> — dna™k (r — 8) <£1 Ij’”/ f}"%,) (11.25)
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where the suppressed arguments of all modified Bessel functions are k (r — ).
Expansion in é and keeping the terms up to linear order gives

Mes = M, - M, = é (1) + 47 (8n) a®'k
d[(kr) 1, K]  d[(kr) K, K (11.26)
x d(kr) d(kr)
( d[(kr)1,' 1, ] d[(kr) 1, K,'] ) ’
D) D)

where now the arguments of all modified Bessel functions are (kr). Performing the
derivatives and using the modified Bessel equation, (11.2), we find

~ 10
Mgaslayer = (0 1)

4na”’[m2+(kr)2] Ime Km Km
+ (0m) z ly —In Ko
Im,Km/ Km,Km/
1,1, —1,/K, |

(11.27)

-

Three important quantities for this structure is

at

My = 1+ 6n) Z&A[m? + (kr)?] Ly (kr) Ko (kr) + (k)21 (kr) K, (k1) Y,
gas . _ 4z a (w) 2 2 2 ’ 2
o (15 0) = (8n) 752 {[m + (kr)? | L (k)P + [(kr) L' (kr)] }

afn® (rs ) = 6 X 2 4+ ()] (K k)P + [kr) K G0
(11.28)
where we have introduced the superscript gas on the polarizabilities to indicate gas
film. Note that only terms up to linear order in (§n) are kept. Now we are done with
the gas layer. We will use these results later in calculating the van der Waals force
on an atom in cylindrical layered structures.

11.2.4 2D Cylindrical Film

In many situations one is dealing with very thin films. These may be considered 2D.
Important examples are a graphene sheet and a 2D electron gas. In the derivation we
let the film have finite thickness § and be characterized by a 3D dielectric function
&3P . We then let the thickness go toward zero. The 3D dielectric function depends
on 8 as &P ~ 1 /8 for small é. In the planar structure we could, in the limit when
8 goes toward zero, obtain a momentum dependent 2D dielectric function. Here we
only keep the long wave length limit of the 2D dielectric function [2, 3]. The matrix
is M2D = 1\7[0 . 1\7[1 . Before we derive these matrices it it convenient to introduce two
auxiliary matrices,
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9

s (1 k) Ky (k) Ky (k) K (k)

Bl = (—Im (k) I, (kx) — L, (k) K., (kx)) 1120

C( )=k -1, (kx) K, (kx) —K,, (kx) K,,,’ (kx) (11.29)
PEE b ko) ) ex) L k) K (k) )

Using the Wronskian for the modified Bessel function we find these matrices have
the following properties:
B +Cw =T,
B(x)-B(x)=B(x);

~ 11.30
Cw € =Cw: (1130
B(x)-C(x)=0.
Now, we have
1. _ z3DR . .
Mo =B )+ C(); 1130
M =5%B@Fr—-98+C@Fr-9),
and using (11.30) and the modified Bessel equation, (11.2), we arrive at
M2P = M, - M,
— I _ 8§3D m>+(kr)* _Ime _Kme (1132)
r IITIIITI Ime ’

where the suppressed arguments of the modified Bessel functions are (kr).

We will also need the multipole polarizability of the thin cylindrical shell in
vacuum. It can be obtained from (11.32). The polarizability is —5°/a° under the
assumption that b' = 0. One obtains a?®, = —M,,/M,;. We find

k,m

o, iy = — 2 L G LU P (1133)
" r 4 880 [m? + (kr)?] Ly (kr) K,y (kr)
where we have reserved the first argument before the semicolon for the radius of the
cylindrical film.
The multipole polarizability “seen from inside the shell” we get from (11.32).
The polarizability is —a' /b under the assumption that a° = 0. One obtains a,fgfz) =
M2/ My, and

8830 [m? + (kr)*] [Ky (kr)]?

2D(2)
o4 (r;w) = = . (11.34)
o r 4+ 8830 [m2 + (kr)*] L (kr) Ko (kr)
Sometimes it is convenient to use an alternative form of the matrix 1\7[2'3,
2D 2 ! azl’z’m
~oD 2D ,
M = Mi 2D TSP [ k)2 ) K hr) (11.35)

~%em 748830 [m2+(kr)* |1y (kr) Ky (kr)
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Now we are done with the basic structure elements and turn to some geometries
of common interest. We begin with an atom outside a cylinder.

11.3 Force on an Atom Outside a Cylinder

In this section we derive the van der Waals interaction between a polarizable atom
and an infinitely long solid cylinder of dielectric function &; (). We assume, for
simplicity, that the atom and cylinder are in vacuum. The geometry of the problem
is shown in Fig. 10.3. The radius of the cylinder is a and the atom is at a distance
b = a + d from the cylinder axis. To obtain the results we proceed as follows. We
introduce a thin shell defined by the radii » and b + §. We let the medium of the shell
have the dielectric function e, = 1 + o = 1 + 4wna™ where o is the polarizability
of the atom. Furthermore, L is the length of the cylinder which we let go to infinity at
the end. We assume that the medium of the shell is very diluted. We let o go toward
zero and keep only terms up to linear order before we let § go toward zero.

The matrix of the problem is just the matrix of the thin gas shell, (11.27), multi-
plying that for the cylindrical core, given in (11.17), M = M2 . M®" . The element
of interest is

My = MESMY + ME MS). (11.36)

The mode condition function becomes

gas Mcyl
=1+ g dr
fk m + Mgl M;:{l
gas(2) cyl. .
=1- (b; w) a,, (a; )

5 (137
= 1= ) 5 {2 + (b)) (K kD) + [(KkD) K/ (k)]

[E(@)—1]1u(ka) 1, (ka)
[E(@) 1" (ka) K, (ka)— Iy (ka) K ' (ka) |

where we have taken as reference system a system where the gas shell and the core
are well separated from each other.

Now, the non-retarded (van der Waals) interaction energy between the gas shell
and the cylindrical core of length L is given by

L[ )]

m oo
0 o0 o]
=ﬁf% > L[ Em[1-afs? Gie) e @ ip)] (11.38)
0 m=—00 —00
~ R [ SY T kO e el
Mo X szj, i (01i6) &,y (a3 8),

where we on the third line have expanded the logarithm and kept the lowest order
term. The energy per atom we get by dividing by the number of atoms in the gas
film. We find
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anf(zSn) 27:%%5,,) g_gm;w{ SJI; /%ansfz) (b;ié)a,fﬁ; (a; i)
= 27{%1?%811) 2:1 m;w{ 2k (5 ) 47roz" e
{[m +(kb) 2| (K., (kb)Y + [(kb) K (kD)] }a,iy; (a: i) (11.39)
o0
-2 Of S A2 4 (kb)] [K (k)T
m=—0oQ

kD) Ky G0} [ £ (i8) o7 a i),
0

where

[ (&) = 1] I (ka) 1) (ka)

cyl. e _
o (18 = G 1 k) Koy (k) — Iy k) K ) 2
or expressed in a different way
aZy,ln( ey — (ka) [& (&) — 1] I, (ka) I’ (ka) (141)

(ka) [ (i€) — 1] I, (ka) K, (ka) + 1’

is the multipole polarizability for a cylinder in vacuum, (11.8). See [4], (5.77). The
force on the atom is F (b) = —tdE(b)/db.

11.3.1 Force Between a Li-Atom and a Gold Cylinder

As an example of atom-cylinder interactions we show in Fig. 11.1a the interaction
between a Li atom and a gold cylinder. The polarizability for Li was obtained from
the London approximation (8.60) with the parameters given in Fig. 8.2. For gold we
used the polarizability as shown in Fig.9.3. The b-dependence does not follow a
simple power law, E ~ b=, predicted by the summation over pair method (6.24).
In Fig. 11.1b we give the result for a non-metallic cylinder and here the result com-
plies with the prediction. We made a rough model of a cylinder of densely packed
lithium atoms of density #n = 10?3 cm~3 and represented the dielectric function by
the expression & (w) = 1 4+ 4wnay;. The figure contains two sets of curve. The lower
set is the result when using (11.40) or (11.41) for the cylinder polarizability. From
(11.41) we see that the result is not directly proportional to the density of polarizable
atoms in the cylinder material. The denominator in (11.41) represents the screening
of the interaction. Thus, the three lower curves are the results when screening is in
effect. The upper set of curves is the result when we remove the screening by replac-
ing the denominator with unity. The solid black curve (straight line) is the result from
the pair-summation method in (6.24). Comparing the screened m = 0 contribution,
solid blue curve, with the unscreened, dashed blue curve we find that the screening
is effective at small separations but not at large. The screening has large effect on the
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Fig. 11.1 a The interaction energy for a Li atom next to a gold cylinder of radius a = 10nm. The
distance between the atom and the cylinder axis is denoted by b. The results were obtained from
(11.38). The result shows that the first term in the summation over m gives the whole result for
large b-values and that higher order multipole contributions start to be important when the objects
are near contact. b The same result but for a non-metallic cylinder. The black solid straight line
denoted by PI is the result from the summation of pair interactions (6.24). See the text for details

m = %1 contribution also for large separations. When screening is included these
contributions are negligible for large separations while in the screening free case
they contribute together with three times as much as the m = 0 term. For large sep-
arations with the neglect of screening only the m = 0 and m = +1 give appreciable
contributions and the relative strength is one quarter for m = 0 and three eights each
form = —1 and form = +1.

11.4 Force on an Atom in a Cylindrical Cavity

In this section we derive the van der Waals interaction between a polarizable atom
inside an infinitely long cylindrical vacuum cavity in a medium of dielectric function
€1 (w). The geometry of the problem is shown in Fig. 10.5. The radius of the cavity
is a and the atom is at a distance d from the cylinder axis. To obtain the results we
proceed as follows. We introduce a thin shell defined by the radii d and d + §. We
let the medium of the shell have the dielectric function ¢, = 1+« = 1 4+ 47na
where o is the polarizability of the atom and L is the length of the cylinder which
we let go to infinity at the end. We assume that the medium of the shell is very diluted.
We let o go toward zero and keep only terms up to linear order before we let § go
toward zero.

The matrix of the problem is just the matrix of the cavity, (11.17), multiplying
that for the diluted gas film, given in (11.27), M = M- . M&% . The element of
interest is
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My = MY MES + M3 M5E. (11.42)

The mode condition function becomes
~ M- Mg S
fk,m = 1 + Mlcg\ Mzgils
2
=1- azdrvn( ) (a; ) ag (d; )

-1 [1-81(@) | Kn (ka) K, (ka) (11.43)
= ' L/ (ka)Ky(ka)—& ()], (ka)K,, (ka)

x (8n) @) {[m2 + (kd)2] U (k) + (kd)*[ 1 (kd)]z} ,

where we have taken as reference system a system where the gas shell and the cavity
are well separated from each other.

Now, the non-retarded (van der Waals) interaction energy for an atom inside a
cylindrical cavity is given by

E  _
2xdLén — h

£ 5 L] Ewfinkis]

TR S 1n[1—ag“ (k. i&) e (a: if;‘)]
2xdLdén o 2 ’

m=—0o0 —00

0\38

o0 o0
~ —MZZ;" m_Z_oo20f o, (k. i€) o, (a:i8)
L T ST o) dma (i8) o (a3 i) (11.44)

" 2mdLénd 2w
0 m=—00 (

{[m2 + (kd)z] U k)P + (k) [ 1’ k)]’
= f [ + ) U1 ()P + (ka1 )T’}

x f £ o (i) ), (a3 i) ,
0

where we on the third line have expanded the logarithm and kept the lowest order
term. The multipole polarizability,

O (g1 gy = 0 —E100) Ky k) Ko (Re) (11.45)
' I, (ka) Ky, (ka) — &1 (i§) 1, (ka) K, (ka)

or expressed in another way

a0 gy = — KO @ ) Ky k) Ky k)
’ 1— (ka) o (lé) Im (ka) Km (k(l)

is the multipole polarizability for inside a cylindrical vacuum cavity, (11.9). The
force on the atom is F (d) = —tdE(d)/dd.
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Fig. 11.2 The interaction 107 —
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11.4.1 Force on a Li-Atom in a Cylindrical Gold Cavity

As an example of interactions on an atom in a cavity we show in Fig.11.2 the
interaction on a Li atom in a gold cavity. The polarizability for Li was obtained
from the London approximation (8.60) with the parameters given in Fig.8.2. For
gold we used polarizability as shown in Fig.9.3. The m = 0 and m = %1 terms are
dominating at the center of the cavity. Higher order multipole contributions become
important when the atom is close to the cavity wall.

It is of interest to study the interaction on atoms in narrow channels. A first step
of such a study could be to find the interactions on an atom in a cylindrical gap. This
is our next topic.

11.5 Force on an Atom in a Cylindrical Gap

Here we study an atom in a cylindrical vacuum gap with the outer and inner radii b
and a, respectively. The medium outside the gap has dielectric function &, (@) and
the medium inside the dielectric function &, (w). The atom is at a distance r from
the center. The matrix for this geometry is M = M- . M . M and the matrix
element of interest is
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Mgas Mgas Mcyl.
_ cav. cav.y . 11 12 . 11
o = i) (8 18 ) ke

2)
1 Olgas( 1
_ cav. A s8as 3 scyl. cav(2) k.m_
= MMy, My (1’ak,m ) gt Mn e (11.47)
ak,m Mlgi" k,m
_ cav. 3 s8as 7 scyl. cyl. cav.(2) gas _cav.(2)
=M My My 1 — o0, — a0,
cyl. gas(2) cav.(2) M‘zgé“
= o, M -1 .

This leads to the following proper mode condition function

gas
gas cav.(2) | oyl [ gas(2) | cav.(2) [ M3,
Lem@em Tm | Yem +%%m Mlgzl\s_]

fk,m =1- I—a g™
~enChon (11.48)
gas _cav.(2) cyl. gas(2) cav.(2) gas
~ 1 L@ TUm (ak,m 205, (M5 _1))
~ - 1 cyl. _cav.(2) )
T %komSk,m

where the reference system is the cylindrical gap in absence of the atom. The functions
appearing in the expression are

o A (5n) i) {[m2 + (k)] U )P + k)21 (kr)]z} :
af® ~ (o) = [ 4 (k)] (K k)P + )2 (K k)]

k,m
ME —1 =~ — (sn) 2@
x {[m*+ (kr)*] Ly (kr) Ky (kr) + (kr)* L, (kr) K’ (kr)} s
. @ o~ [1=E(@)]Kn kB)K, kD)
U = %m (B3 0) = J e a5 @) (o K )

[E2(0)=1] (kD) 1, (kD) L, (kb)
14+ &2()—1] (kD) K,y (kD)1 (kD) *

(11.49)

cyl.
O = e (@3 ©) =

Before we write down the expression for the energy per atom we make the factor
(6n) 4o (w) explicit, a factor that is common for all terms after 1—in the expression
for fi . We have

cyl. cav.(2)
% m %km

o1 =00 T ([ )

x [y @ (k)P + i (K k)P

k,m

— 20 (kr) K (k1) (11.50)

+ kr)? [ @ [’ ) + a2 [K ()]
20O L (k) K (kr)]] .

k.m“k,m

Now, the energy per atom is
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X {[m2 + (kr)z] [af)’n‘(z)[lm (kr)J?
+ (K, (k)1 = 208%™ P L, (k) K (kr)]
+ (kr)? [a;?;-(z)[lm/ *n)]’ + oK, (er)]
26 oD (k) K, (kr)]} .

k,m“k,m

where we on the second line have expanded the logarithm and kept the lowest order
term. The force on the atom is F (r) = —rdE(r)/dr. Next we address the van der
Waals interaction between two parallel cylindrical objects.

11.6 Force Between Two Cylindrical Objects

The van der Waals interaction between two parallel cylinders of radius R; and R; is

(5]

00
— _ L [ dE | E(8)—E0(iE) E2(16)—Ee(iE)
E(d) = hd f 27 I:E“l(i&)—go(ié) 520-’3)—50(15)]
o w0 . ) , ) (11.52)
m+m’'+ Ri\2m /R, \2m'
x Zl Zl m!(m—l)!m’!(m’—l)!(j) (72) ’
m'=1m=

where d denotes the distance between the cylinder axes.

11.6.1 Interaction Between Two Gold Cylinders

As an example of cylinder-cylinder interactions we show in Fig. 11.3 the interaction
between two gold cylinders in vacuum. We used (11.52) with the gold polarizability
as shown in Fig.9.3. The d-dependence follows a simple power law, E ~ d~> for
large separations. This comes from the m = m’ = 1 term. Higher order multipole
contributions become important when the objects are in near contact. The results are
valid for distances larger than the contact value 2a = 20 nm indicated by the vertical
line in the figure. The closer to contact the more multipole terms one needs to include.
Near point of contact it is favorable to use PFA. The dotted curve is the result from
(6.33) withn = 1.
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11.7 Force on an Atom Outside a 2D Cylindrical Shell

In this section we derive the interaction between an atom and a very thin cylindrical
shell, Fig. 10.9. It could approximate the interaction between an atom and a nano tube.
We let the shell have the thickness 6 and let § be very small so that one keeps only
terms linear in §. The 3D dielectric function of the material will then be inversely
proportional to §[2, 3]. The derivation proceeds along the lines in Sect. 11.3 and
the matrix M is replaced by M?. The matrix of the problem is just the matrix
of the thin gas shell, (11.27), multiplying that for the 2D shell, given in (11.35),
M = M . M?P. Note that the radius of the 2D cylindrical film is a and the atom is
at a distance d from the film and distance b from the cylinder axis. The element of
interest is

My = MEPMP + M5 M3P. (11.53)

The mode condition function becomes

; Miy M3P @ 2
as
Jem =1+ MES 2D =1- Oll%,m k,m> (11.54)
11 11

where

5 = (o) At ) {[mz + (kb)*] [K, (KD)]* + (kb)z[Km’(kb)]Q},

k,m
2D 880 () [m*+(ka)* | U (ka)]*

Yem = a+88% () [m2+(ka)* | Iy (ka) K (ka) *

(11.55)
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Now, the non-retarded (van der Waals) interaction energy between an atom and a 2D
cylindrical shell is given by

T XD, Tk gas) o
I~ as dk 8 D
E~ —5 5 f 2 > L 2w %%m Yiem
0 m=—00 0
an T de i": fdk ¢
=—-3) % - (i&)
I (11.56)

x [[m2 + (kb)Y (Ko (kD)P? + (kDY2[K, (kb)]z}
8830 (i&)[m?+(ka)? | (1 (ka))
a+8830 (i&) [m2+(ka)* | Iy (ka) K, (ka) *

where we from the outset expanded the logarithm and kept the lowest order term.
The force on the atom is F () = —rdE (b)/db.

Two examples where the results apply are a cylinder made of a graphene like
film and a thin metal film, respectively. Then the expressions for 8¢ (i£) as given in
(10.24) can be used [2, 3]. We treat the graphene example in the next section.

11.7.1 Interaction Between a Li-Atom and a Graphene
Cylinder

As an example we give the results for a Li-atom outside a graphene like cylinder in
Fig. 11.4. The results are from using (11.56). The polarizability for Li was obtained
from the London approximation (8.60) with the parameters given in Fig. 8.2 and for

Fig. 11.4 The interaction
between a Li atom and a

. 107
graphene cylinder as a
function of distance b. The 107
radius, a, of the cylindrical
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i >
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o 107
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the cylindricall shell the 8237 (i&) entering &?? (a; i€) was taken from (10.24). At
large distances only the m = 0 and m = =£1 terms give important contributions and
follow the power law ~ b~>. Next we move the atom inside the cylindrical shell.

11.8 Force on an Atom Inside a 2D Cylindrical Shell

In this section we derive the interaction of an atom inside a very thin cylindrical
shell, Fig. 10.11. It could approximate the interaction of an atom inside a nano tube.
We let the shell have the thickness 6 and let § be very small so that one keeps only
terms linear in §. The 3D dielectric function of the material will then be inversely
proportional to § [2, 3]. The derivation proceeds along the lines in the previous section
and the matrix of the problem is just the matrix of the 2D shell, (11.35), multiplying
that for the thin gas shell, given in (11.27), M = M2® . M, Note that the radius of
the 2D cylindrical film is @ and the atom is at a distance d from the cylinder axis.
The element of interest is

My = MIPMS + M M5, (11.57)
The mode condition function becomes

2D pr838
Mig Mo _ | 22 (11.58)

fkm_1+ 2D 2835 kom %kom>
Mll Mll

where

ot = @m G [ 4 (k)] U k)P + k[ I’ hD)]')

D@2) _ 3FEP(@)[mP+ka)* (K (ka)T?
Xem = G550 (@) m+ ka)? I ke Ko (kat)

(11.59)

Now, the non-retarded (van der Waals) interaction energy of an atom inside a thin
cylindrical shell is given by

o0
~ 2h dk _2D(2) gas
Ex _2mhsLn Z L[ 27 %kem Fem
m_—oo 0
dk yat
,,,_Z,OO{ i£) (11.60)

{[m + k)] U (k) + k)2 (1 (k)]
88%P (&) [m*+ (ka)* ][ Kon (ka) I
a+8830 (i&)[m?+(ka)* |1, (ka) K, (ka)’

where we from the outset expanded the logarithm and kept the lowest order term.
The force on the atom is F (d) = —tdE(d)/dd.
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Two examples where the results apply are a cylinder made of a graphene like
film and a thin metal film, respectively. Then the expressions for §& (i§) as given in
(10.24) can be used [2, 3]. We treat the cylinder made of a graphene-like film in the
next example.

11.8.1 Force on a Li-Atom Inside a Graphene Cylinder

As an example we give the results for a Li-atom inside a graphene cylinder in
Fig. 11.5. The results are from using (11.60). The polarizability for Li was obtained
from the London approximation (8.60) with the parameters given in Fig. 8.2 and for
the cylindrical shell the 8&3” (i£) entering otIZD(Z) (a; 1&) was taken from (10.24). We
note that only the m = 0 and m = =1 terms give appreciable contributions when the
atom is at the center of the cylinder.

11.9 Interaction Between Two 2D Coaxial Cylindrical
Shells

We consider two coaxial thin cylindrical shells, one outer of radius b and one inner
of radius a. The matrix for the system is M = M?P° . M?P! and the matrix of interest
is
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M11 — M]Z})OMIZ})l + M2D0M2Dl
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where all appearing functions are
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If one wants to find the electromagnetic normal modes of the system one finds the
solutions to M;; = 0. If one wants to find the energy it takes to bring the two thin
cylindrical shells from infinite separation together and place the inner inside the outer
one uses the proper mode condition function,

Fom (i8) =1 - ;P (b;i&) a2, (a3 i8) . (11.63)

The energy per unit length is
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Note that here we cannot safely expand the logarithm and keep the linear term only.
The linear term is not necessarily very small. Thus, we keep the logarithm as is.

11.9.1 Interaction Between Two Coaxial Cylindrical
Graphene Shells

As an example we give in Fig. 11.6 the interaction energy for two coaxial graphene
cylinders. We let the radius, a, of the inner cylinder be 10nm and let the radius, b, of
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using (11.64) and each curve
is for a different truncation
of the summation over m.
See the text for details

10°
102

10 |

[Energy per unit lengthl (Hartree/nm)

108 €
10! 10?
b (nm)

outer cylinder vary between 10 and 100nm. We have treated the graphene cylinders
as strictly 2D cylindrical shells with the effective dielectric function given in (10.24).
Each curve is for a different truncation of the summation over m. The smaller the
value of b the more terms are needed in the summation. The reference system is one
where the smaller inner cylinder has been taken outside the larger outer cylinder and
the two are at infinite distance from each other. The energy in Fig. 11.6 is the energy
gain when the smaller cylinder is brought to and inserted into the larger cylinder.
The energy in (11.64) is negative. We note that for b large the m = 0 and m = %1
terms dominate the energy contribution.

Next we address the problem of an atom in between two thin coaxial cylindrical
films. The problem could be intercalation of atoms in multi-wall nano tubes.

11.10 Force on an Atom in Between Two 2D Coaxial
Cylindrical Films

Here we study an atom in a cylindrical vacuum gap between two 2D cylindrical films
with the outer and inner radii » and a, respectively. The ambient medium in which
the films and the atom reside is vacuum. The atom is at a distance r from the center.
Here we may make use of the results in Sect. 11.5. The matrix for this geometry
is the product of those for the outer 2D film, the gas shell and the inner 2D film,
M = M?P° . M . M2Di| and the matrix element of interest is
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This leads to the following proper mode condition function
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where the reference system is a system where all three shells are well separated from

each other. The functions appearing in the expression are

£~ (om) S [ (k)] U k)P + [ 1 (e}
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o~ (m) T [ 4 (k)] (Ko (k) + k)2 [Ko ()] |5
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Before we write down the expression for the energy per atom we make the factor
(8n) 4w a” (w) explicit, a factor that is common for all terms after 1—in the expression

for fi.m. We have

Fem = 1= (8n) % {[m?+ (kr)*]

x [t @ Ly ()P + 2K (k)P

—2a22a?° [ (kr) K, (kr)]
2Di
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i 1 ) K k)]
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(11.68)

—2a

Now, the energy per atom is
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(11.69)

where we on the second line have expanded the logarithm and kept the lowest order
term. The force on the atom is F (r) = —tdE(r)/dr.

References

1. M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables (Wiley, New York, 1972)

2. Bo E. Sernelius, Graphene 1, 21 (2012)

3. BoE. Sernelius, J. Phys.: Condens. Matter 27, 214017 (2015)

4. Bo E. Sernelius, Surface Modes in Physics (Wiley-VCH, Berlin, 2001)

5. D. Langbein, Theory of Van der Waals Attraction (Springer, New York, Heidelberg, 1974)



Part 111
Fully Retarded Formalism: Casimir



258 Fully Retarded Formalism: Casimir

It all started in the Netherlands in the 1940s. J. T. G. Overbeek performed experiments
on suspensions of quartz powder. He and E. J. W. Verwey had developed a theory
for the stability of colloids. The theory relied on the long range interaction between
the particles. The experiments suggested that the long range forces did not fall off
as r~7, which is the standard van der Waals interaction, but faster. H. B. G. Casimir
and D. Polder were given this problem. They first studied two atoms and found that
retardation effects, effects from the finite speed of light, made the force for very large
separations vary as r ~® instead of as r ~’ (interaction energy as r~ instead of as r ).

They continued and studied the force between two colloidal particles in a cav-
ity and the force between a particle and the cavity wall. They did this by solving
Maxwell’s equations and summing the zero-point energy of all modes in the cavity.
Both the particles and wall were assumed to totally reflect electromagnetic waves.
Here they went from fluctuations in the charge density of the atoms or colloidal
particles to fluctuations in the fields. Casimir was intrigued by the simplicity in the
actual expression for the force. He thought a lot about these things for a long time.
He decided to study the simplest system, the empty cavity. He studied two perfectly
reflecting metal plates in vacuum, summed the zero-point energy of all modes, and
found that there is a force between the plates. The Casimir force was born.

In the Casimir gedanken experiment the modes are vacuum modes. For real metal
plates the force is of van der Waals type for small and intermediate separations. Here
the contributing modes are surface modes. For large separations, beyond a separation
value characteristic of the metal in question, the force is the Casimir force and the
contributing modes are the vacuum modes.



Chapter 12 ®)
Casimir Interaction Creck for

Abstract We derive the Casimir-Polder interaction between two polarizable atoms
with a method based on electromagnetic normal modes found by generating self-
sustained fields. Numerical results are given for the alkali-metal atoms. We give
results for both zero temperature and finite temperature. In connection with the
finite temperature derivations we discuss classical and quantum contributions. We
furthermore derive the equation of state for a Casimir-Polder gas and show that the
corrections from going beyond van der Waals interactions are small.

12.1 Casimir-Polder Interaction Between Two Atoms

In this section we will derive the dispersion interaction between two polarizable
atoms, atom 1 and atom 2, by finding self-sustained fields. We put atom 1 at the
origin and atom 2 at r. Now, let atom 1 have a time dependent dipole moment p;.
This dipole moment gives rise to an electric field.! We denote the electric field caused
by atom i at the position of atom j by E¥/. Thus, p; produces the field E'? (r) at the
position of atom 2. The field induces a dipole moment in atom 2,

p = o5'E"”, (12.1)

where a‘z” is the atomic polarizability of atom 2. Here, we should be a little more
careful. What was said about convolution integrals in Sect. 2.3 also holds here. Thus,

[e¢]

p: (1) = / dra' (t —t')E™ (¢) (12.2)

—00
and the simple relation in (12.1) is valid for the Fourier transformed quantities,

p2 (@) = a5 () EP (). (12.3)

! Also a magnetic field is produced but we neglect magnetic effects here.
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So from now on the dipole moments and electric fields refer to their Fourier trans-
formed (with respect to time) versions.
The dipole moment p, gives rise to a field E! at the position of atom 1. This field
polarizes atom 1 and
P (@) =af () E* (0) . (12.4)

To find self-sustained fields, normal modes, we close the loop and assume that this
induced dipole moment in atom 1 is the dipole moment we started from.

Before we proceed we need the expression for the E-field due to a time dependent
dipole, p, at the origin (2.148)

cr?

E(, 1) = (% + %) cosfe, + <[r£3] + @ + %) sin fey. (12.5)

Remember that the square bracket means that the time argument of the function
inside is the retarded time, t — r/c.

We want the Fourier transform with respect to ¢. The Fourier transform of p (¢)
is p (w); the Fourier transform of p (f — r/c) is €“’/°p (w); the Fourier transform
of p (¢) is (—iw) p (w); the Fourier transform of p (t — r/c) is (—iw) e“’/°p (w); the
Fourier transform of p (t — r/c) is (—iw)*e*’/“p (w). Thus we have

E(r,0) = 2[1 + (=ior/c)] %2 (p (@) - 1)1

—[1+ (—iwr/e) + (—ior/c)’] < b — L (@) ‘]
= —[1 - Gor/0)]1 < [p— 2 @ -1)r] — (wr/o) < [p— L @],

(12.6)
where we have made the identifications cosfe, = (f) . f') r; sinfey =
—[p—(p-1)F].

We prefer the matrix notation. Then E and p are column vectors, and

E(r,0) = —[1 — (iwr/c)]€“/“¢ (r) - p () — (iwr/c)*e/“P (r) - p (w),

_ 12.7)
where ¢ (r) is the dipole—dipole tensor,
S Tuly
D) = a2 (12.8)
and ¥ (r) is the tensor
Spv  Tuly 1
PO =3~ 5 (12.9)

We note the following properties of the these tensors:

¢(-r)=¢ (), (12.10)
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D (-r) =70 (r), (12.11)
~ S rurv
P*(r), = == + 35 (12.12)
<5 1 -~
92 (r) =<9 (1), (12.13)
P
and |
é () -0 (r)= r—3{9 (r). (12.14)

We may now find the modes. To be more general we allow the atomic response
to be anisotropic. The atomic polarizabilities then are tensors which we indicate by
a tilde. Thus we have

P (@) =& () - E*' (),
B (@) = |~ [1 = (or/o)]e27} (1) = (or/0) e D (-1} - p2 (@),
P (@) =& (0) - EP (0),
E" () = {— [1 — (iwr/c)] €< /e (r) — (iwr/c)2e® /<D (r)} 1 ().
(12.15)
Now, first we eliminate E?! by using the first two equations and E'? by using the

remaining two. This results in two new equations. Next, we eliminate p, from these
equations and find

[T - &' @ | =11 = dor/c)1ewq () = Gor/cPe /<5 m)]

&' (@) - =11 = (r/c)]e¢ @) = (or/c)at’ @) ©)}]-pi @ =0.

(12.16)
The non-trivial solution is found for
’A( —0, (12.17)
where
A=1-a" () {— [1 — (iwr/c)] €97/¢d (r) — (ior/c) 2@ /H (r)}
(12.18)

& (@) - {— [1 — (iwr/c)]€“/e (r) — (iwr/c) el () D (r)] .

Now, we limit the treatment to isotropic atoms. Then the polarizabilities become
scalar and A is reduced to
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A=1- o (@) af' (w) ei2er/e {[1 (wr/c)] 202 (r) + (iwr/c) 492 (r)

(12.19)
+2[1 — (iwr/c)] (iwr/c)2d () - (r)}
We have the freedom to rotate the coordinate system so that atom 2 lies on an
axis, the z-axis say. Then r = rZ and the tensors become as simple as possible. We
find

~ 1 100
p)=—=1010 |, (12.20)

" \o00-2

y 1 100
== (010], (12.21)

" \oo4

y 1 100
d)=—=|010], (12.22)

" \ooo0

5 100
Pm=—(010], (12.23)

" \ooo

and
3 ~ 1. 1 100

() -d@)==9@)=—=-1010]. (12.24)

re r

000
With these tensor forms the determinant equation becomes
2
1- ) o S — (wr/e) + (ior/c)?]

[1-at" @ag @ S [1 = Gor/o) + ( /)]] (1225

ei2or/c

x[l daf’ (w) af' () “5—[1 — (iwr/c)] ]

where the first factor of the left-hand-side is A;;, the second A,;, and the third
Assz. Thus the mode condition function in the upper half of the complex frequency
plane is

i2zr/c

f(z)=[1—a (2) &' (2) S [1—(izr/6)+(izr/6)2]2]2

- (12.26)
x {1 daf’ (2) @' (z) S [1 — (izr/o)] }

We also need the corresponding expression in the lower half. We have to make
an analytical continuation. The function we have is a retarded function. We need
the time-ordered version. It is even in z. Now let the f, (z) = f (2). Then f; (z) =
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f(z*)*, where the subscripts u and / denote upper and lower half plane respectively.
This means that on the imaginary frequency axis we have

—20¢lr/c 2
£ (i) = {1 —at (&) ag’ (§) =3[ 1+ (&l /) + (g1 /)]’ |

o2/

x {1 — dat? (i6) 08" (&) (1 + (& r/0)P )

(12.27)

Now we have all we need to calculate the interaction energy between two atoms.

12.1.1 Zero Temperature Casimir-Polder Potential Between
Two Atoms

The zero temperature interaction potential (5.59) becomes

® ~2lelr/c 2
vin=15/ %ln[[l —af" (i) g €) S [1+ (gl /) + (81 r/0°])

—00

e 2lElr/c

x {1 —datt (§) g (i) (1 + (g1 r/0P .

(12.28)
Along the imaginary axis the integrand is even and we can limit the integration to
the upper part and multiply by two:

e—26r/c

00 2
v<r>=hf%ln[{1—af’ (&) ag’ (i§) 7 [1 + Er/c) + Er/or]]

0
e—25r/r

x {1 — 4ot (iE) ot (&) el + (.gr/c)]2}] :

(12.29)
For large distances the logarithm may be expanded and only the lowest order term be
kept. With large distances we here mean that they are large enough for the interaction
to be weak. Then we find:

Vep (r) = —2% [ dEaf’ (i§) o' (&) e 27/

0 (12.30)
x [3+6(&r/c) +5(Er/0)* +2(5r/c) + (Er/c)']

This is the Casimir-Polder interaction and it gives the van der Waals result for
intermediate separations and the retarded result for large separations.

In Figs. 12.1 and 12.2 we give some examples of results for alkali-metal dimers;
in Fig. 12.1a for two Li atoms; in Fig. 12.1b for two Na atoms; in Fig. 12.2a for two
K atoms; in Fig. 12.2b for a Na-K dimer. In all cases the London approximation for
the polarizabilities was used,

a; (0)

o (&) = WS/E‘)Z’

(12.31)
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Fig. 12.1 a The Casimir Polder interaction potential for two lithium atoms from (12.30), solid
curve; the atomic polarizability in the London approximation was used. The filled circles show
the full result[1] from a quantum-mechanical calculation including both retardation effects and
multipole contributions and the full expression for the polarizabilities. b The same as in (a) but for
the Na dimer
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Fig. 12.2 Same as Fig. 12.1 but now for the K homonuclear dimer in (a) and Na-K hetereonuclear
dimer in (b)

with the parameters indicated in the figures. These parameters were determined in
the following way: The «; (0) was obtained first. We assumed that the full result
had fully reached the Casimir limit for r = 10° ao, the highest separation value
quoted in [1], and for each homonuclear alkali-metal dimer we equated this result
with the Casimir result of (12.34) for homonuclear dimers, —23%ce; (0)*/ (47r7).
Having determined «; (0) we now turn to the parameter E; = fw;. At the separation
r = 10% gy all multipole and magnetic contributions have died out. We assume that
at this separation the potential is still in the van der Waals region.We equate the
full result with the van der Waals result from (8.63), —3c; (0)*1iw; / (4r°). The same
parameter values were used for all combinations of heteronuclear alkali-metal dimers
with the same agreement as in Fig. 12.2b. This demonstrates the robustness of the
approximation.
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The open circles in Fig.12.1 is a result from an interpolation approximation,
V =~ 1/(1/Vyaw + 1/ Vcasimir), to be used in Sect. 12.2.

We will now demonstrate in a more direct way that the two limiting potentials
are obtained. Let us first start with the van der Waals limit. Assume that £r/c is
small compared to unity. The expression in the square brackets reduces to 3 and the
exponential prefactor to unity:

V ~ 3h 1 d i&) s’ (i 12.32
er (), =~ | deat () ). (12.32)
0

This is the van der Waals result. To find the other limiting result we make the
substitution u = &r/c. Then we have:

oo
h
Vep (r) = ——C7 / duaf’ (15) as’ (15) e 2 (3 + 6u + Su + 2u® + u*).
Tr r r
0
(12.33)
The exponential factor guarantees that only small u values contribute to the integral.

If r is big enough we can replace the polarizabilities with the static ones and move
them outside the integral. Then we have:

at at 0
Vep (1) i _ P 003 © f due™ (3 + 6u + 5u* + 2u® + u*)

r’

_ hea{' (0)as' (0) 23 — 23h£ [ (O) Ol (O)] £,

r! 4

(12.34)

which is the Casimir result. Thus we see that for intermediate separations, in the van
der Waals range, the potential goes as r~® and for large separations, in the Casimir
range, as r .

12.1.2 Finite Temperature Casimir-Polder Potential Between
Two Atoms

The finite temperature interaction potential (5.64) becomes

Vep (r) = ﬁ,(,z/ o’ (i&y) o' () e /e

X [3+ 6 (Ear/c) + 5ar/c) + 2(5ur/c)’ + (Ear/c)']
— i (0) a5 (0) = 55 Y af (i&) of' (i§) e /°

X [3+ 6 Er/c) + 5Ear /e + 2Ear/cf + Eur/0)*].

(12.35)
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where we have separated out the first term in the original summation. This first term
is special. It does not depend on /. All other terms depend implicitly on A through &,,.
A way to find the classical limit of a quantum mechanical result is to let & go toward
zero. If we do that here the first term (n = 0) remains unchanged while all other terms
go toward zero. Thus we can say that the first term is the classical contribution to the
potential while the rest of the terms are the quantum contribution. The classical term
is proportional to T. Thus at zero temperature there are only quantum contributions.
If we start from zero K and gradually increase the temperature the classical term
increases but at the same time all £, shift toward higher frequencies and the quantum
contribution decreases at the same rate as the increase of the classical term. Thus
for very low temperatures there is no temperature dependence. To find an estimate
of the temperature at which the transition from quantum to classical results occurs
in the Casimir range we equate the n = 0 term with the zero temperature result
and find T ~ 23hc/12wkgd. In the van der Waals range the corresponding result is
T = hwp;/4kpg. Note that the critical temperature depends on d in the Casimir range
but is independent of d in the van der Waals range.

In Fig. 12.3a we show the results for two lithium atoms.? The temperature effects
begin first at large separation, in the Casimir range; the lowest dotted curve is for 4 K;
when temperature increases the onset of temperature effects move closer and closer
to the van der Waals region; when this region is reached temperature effects appear
in the whole region at once. In Fig. 12.3b we see that the potential is temperature
independent for low temperatures until the temperature reaches a critical value after
which the potential increases linearly with temperature. Then we have moved into
the classical region. In the Casimir range the critical temperature is d-dependent; the
larger d-value the smaller the critical temperature. In the van der Waals range the
critical temperature is the same for all separations.

To better understand how this comes about we have included Fig.12.4. In
Fig.12.4a we give the integrands normalized to unity for a number of d-values.
The first curve, thick solid black, is the van der Waals integrand; it is independent
of d. Then follows two curves in the van der Waals range, for d = 10nm (blue thin
curve) and d = 100 nm (read thin curve); we find that these integrands are virtually
identical to the van der Waals integrand. Next follows a d-value that is in between
the van der Waals and Casimir ranges, d = 1000 nm (black thin curve). Then come
two curves in the Casimir range, for d = 10* nm (blue thin curve) and d = 10° nm
(read thin curve). At the bottom of the figure we have indicated the energy position
of the first quantum term in the summation. This demonstrates that for high enough
temperature all summands in the quantum summation vanish and the total result is
classical. In Fig. 12.4b we have plotted the integrands on a log-log plot. Here the
curves in the van der Waals range separate. We have also indicated the quantum
terms at room temperature. To get a better feeling for these contributions we have
replotted the curves on a lin-lin plot in Fig. 12.5.

2Here we should point out that we have not been strictly stringent. We have neglected the temperature
dependence of the polarizabilities. For the very highest temperatures we have included, these are
bound to be important. The atoms might even be ionized at these temperatures.



12.1 Casimir-Polder Interaction Between Two Atoms 267
(a) (b) ‘

1072 [ ] 1070 F 10 .
1074 £ ] 1012 F Li-Li ]
106 £ ] 10 ]

-18 ] -16 [ ]

1078 ] 1071 1100 1

1077 + q 108 [ ]
10-22 C ] 20 q

~ 24| 1 o 107 | b
o 107"+ ] 1] 22 [ ]
210 L 1 £ 10" 1 1000 1
2105 ] £ w2t 1
ST sl
102 ] 102 L .
103 | ] 100 10000 ]
1026 F ] 3T 1
103 F 1024 K 10° ;/;
e 4096 K 1034 [ ]
102 L 16384 K 10 £100000 1
104 L | | | | ]()'38 L L L L -

10! 10 10° 10* 10° 10° 10 10 10° 10*
d (nm) T (K)

Fig. 12.3 a The interaction potential as function of separation, d, between two lithium atoms at
finite temperature; the temperature effects begin first at large separation, in the Casimir range; the
lowest dotted curve is for 4 K; when temperature increases the onset of temperature effects move
closer and closer to the van der Waals region; when this region is reached temperature effects appear
in the whole region at once. b Here each curve is for a fix d-value; the numbers indicate d in nm. The
four upper curves belong to the van der Waals range; here, we see that the potential is independent
of temperature up to a specific temperature common to all four; above that temperature the potential
increases linearly with temperature. The rest of the curves belong to the Casimir range; here, the
onset of the linear temperature dependence is different for the curves, starting first for the curve
with highest d-value
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Fig.12.4 The normalized integrands for the Casimir Polder interaction between two lithium atoms.
a Here we use a lin-log plot. The solid thick curve is the van der Waals integrand; it is independent
of d. The next two curves, for 10nm and 100nm, are in the van der Waals range and almost
indistinguishable from the vdW curve. The rest of the curves are for d values in the Casimir range.
At the bottom of the figure we have indicated the position of the first (n = 1) quantum contribution
for different temperatures; here we see e.g. that for 7 > 10* K there are no quantum contributions
for any d values; for T > 103 K there are no quantum contributions for neither d = 10* nm nor
d = 10° nm. b Here we have used a log-log plot. Then we see that the curves for the two lowest d
values, both in the van der Waals range, really deviate from the vdW integrand. We have furthermore
indicated with open circles the terms in the summation of quantum contributions in the case of room
temperature
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Fig. 12.5 The same as 1.1 ———
Fig. 12.4b but on a lin-lin 1 Li-Li ]
plot. Here we get a better 0.9 300K
feeling for the relative 5
contributions to the § 038
interaction at room e 0.7
temperature for the different E 0.6
terms; remember that the 2 05
n = 0 term should be N
reduced by a factor of 1/2 g 0.4
5 03
Z 02
0.1
0

Energy (eV)

12.2 Equation of State for Casimir-Polder Gas

In this section we derive the non-ideal gas law for a gas of atoms or molecules taking
the retarded interaction between the atoms into account. This is done in analogy with
the non-retarded derivation in Sect. 8.2. It is interesting to see if retardation effects
lead to important corrections.

We let the atoms® have a finite radius, ro, and an attractive interaction. We have
the interaction potential for small separations

3hwoa (0)2 1
Veaw (r) = —OT();, (12.36)

and for large separations,

23hca® (0)? 1

7 (12.37)

Veasimir () = —
These are shown as dotted asymptotes in Fig. 12.1. We will use an approximate
interpolation formula between these asymptotes,

Vi, = 1/ (l/VvdW + l/VCasimir) . (1238)

The results using this formula is shown as open circles in Fig. 12.1. The agreement
with the full result, solid circles, is good enough for our purpose. The reason we
do this approximation is that then we find analytic results for the equation of state
constants. Thus, we let

3We have here assumed that the gas consists of separate atoms. The treatment is still valid for
molecular gases. In that case read molecule instead of atom.
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Table 12.1 The B-coefficients in the interpolation scheme for the alkali dimers, where V (r) =
(—Blr_e‘) / (1 4+ Bar). Also the van der Waals radii [2], o, and diameters, dp, are given

rolao] dolao] B [Hartree ap®] | Balap™'] Bydy
Li 4.97 9.94 1396 0.207 x 1073 [2.06 x 1073
Na 5.23 10.47 1482 0.234 x 1073 [2.45 x 1073
K 5.71 11.41 3851 0.180 x 1073 [2.05 x 1073
Rb 5.95 11.91 4478 0.176 x 1073 [2.10 x 1073
Cs 6.24 12.47 6422 0.159 x 1073 | 1.98 x 1073

3hwoa® (0)? 1 1

V= =(=Bir % /(1 + Byr), 12.39
e, (=Bir™%) /(1 + Bar) (12.39)
where
__ 3hwa™ (0)?
PP (12.40)
2= 3¢t

The values of these constants are given for the alkali dimers in Table 12.1. In the
table is also collected the van der Waals radii and diameters. There is some spread in
these values in the literature. We have chosen the recommended equilibrium values
quoted in Table9 of [2].

The finite radius leads to a smaller free volume in which the atoms can move,

V =V —Ndrndj/3 =V (1 —ndndy/3) =V (1 — Cn), (12.41)

where dj is the atomic diameter. We have subtracted the volume taken up by the
atoms themselves. *

The interaction between the atoms leads to an energy shift for each atom. For a
gas one may sum over pair interactions,

o0
AE = [drdswr?n (—Bir=°) /(1 + Bor)
do

o0
—4mnBi(By)® [ drr i (12.42)
Bydy

— B (62— 3x 42— 67 In 1+ 1)]

= —Dn,

where

27TBl 2 3 1
= 3 6x°—3x+2—6x"In{14+—]{, (12.43)
3(do) x

4Note that an atom can not come closer to another than the atom diameter. This means that a
spherical volume of radius dy centered around each atom is excluded from the free volume in which
other atoms can move.
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and x = Bydy. The x-values for the alkali metals are given in the last column of
Table 12.1. We have introduced the constants C and D to make the derivation that
follows more transparent. We will now determine the chemical potential for the gas
and from this obtain the equation of state. The chemical potential is determined from
the relation

N=Xnpk)=V [ Eny k)
5 (12.44)

where on the right-hand side we have summed over all states weighted by the Boltz-
mann distribution function. The above equation can be rewritten as

n 1 2k2
2
0

and rearrangement gives

272 AE— k2
g nexlp[_ﬂén w1 _ j‘ dkk? exp ( ,3 )

-3 % -3 (12.46)
h2 h2
= ( 2—,f> Ofdkk2 exp (—k?) = ( Tj) iy
Thus we have n
—B(AE — = 12.47
exp[—p (AE — w)] = Ay — (12.47)
and the final result is
Dt L niz (12.48)
=—-Dn+—-1In . .
’ g\ 1=cn
We continue along the lines of Sect. 8.1 and find
anl %], L]
p=[olil, =] .
o [2], 2]
— [dn |2H e dn[ Dn + ]
of [an NT ap vy of B~ Cn) (12.49)
—— ——

D+/3(1+] Cn) 1/n
2

n 1
=-D% — ﬁcln(l—Cn).

To get further we have to make use of the fact that Cn is much smaller than unity,
which is fulfilled for a gas. We expand the logarithm and keep the two lowest order
terms
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p=-D% —F-In(1 - Cn)~ —D% + L (Cn+ 1(Cn)?)
~ n? n 1 ~ n? n (1250)
N =D 45 (14 3C0n) ~ =D + 5res,
and rewrite this expression as
AV AN (12.51)
PrE5 a7 2%) T8 '
or 5
2\ (N N N
p—)(=-=c)==, 12.52
(” 03 ) (n 2 ) 5 (1252
or
+DN2 v-Ne) = vk (12.53)
P oy 2 ) T '

Now we may identify the parameters in the van der Waals equation of state,
(p+a/V?) (V —b) = NksT,

N? 2w BN? 3 ) 3 1
a=D7= 3d8 |:1—§x+3x —3x ln(l+)—c>j|, (12.54)

where the bracket is the correction factor due to retardation. Retardation gives a
small reduction in a, of the order of, but smaller than, one percent for the alkali metal
atoms. The other parameter,

b:EC:sz-[dg

12.55
2 3 7 ( )

is unchanged. This completes the derivation of the equation of state for non-ideal
gases when retardation is taken into account. We have learnt that retardation effects
have negligible effect on the equation of state for real gases.
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Chapter 13 ®)
Dispersion Interaction in Planar i
Structures

Abstract After a section in which we adapt the general formalism presented in
Chap. 7 to planar structures we start by introducing the basic structure elements:
a single interface, a layer, a 2D film, and a thin diluted gas film. A general planar
structure can then be constructed by stacking these elements side by side. The thin
gas layer is special; it is used to find the interaction on an atom at a general position
in the planar structure. Then we go through some common structures and present
illustrating examples; the examples involve gold half spaces, gold slabs, graphene,
2D metal films and lithium atoms. Then we discuss alternative ways to find the normal
modes in a planar structure. Next we rederive the Casimir interaction between two
atoms from using the summation over pair interactions. We end with a section on
spatial dispersion.

13.1 Adapting the General Method of Chap. 7 to Planar
Structures

In the planar geometry nothing is gained by introducing the two Hertz-Debye poten-
tials, r; and ;. Instead, we study the fields themselves. The solution to the vec-
tor Helmholtz equation is a field with the spatial variation exp (ik - r) exp (£y;kz),
where k is a two dimensional wave vector in the plane of the interfaces, r is the two
dimensional component of the position vector in the xy-plane and

Y = \/W§ (13.1)
y© = /1= (w/ck). '

We will make use of the Fresnel coefficients (2.87). The amplitude transmission
and reflection coefficients for waves impinging on an interface between medium i
and j from the i-side are

© Springer Nature Switzerland AG 2018 273
B. E. Sernelius, Fundamentals of van der Waals and Casimir Interactions,

Springer Series on Atomic, Optical, and Plasma Physics 102,
https://doi.org/10.1007/978-3-319-99831-2_13


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-99831-2_13&domain=pdf

274 13 Dispersion Interaction in Planar Structures

Fig. 13.1 The amplitudes of
the waves at the interface
number n. Adapted from [1]
bn
an+1
bn+l
an
= ety
i,j jni cosG;Jr;/:,»n, cosf; wjvitiiy;’
e fijn;costi—iin;cost;  iyi—iiy;,
iJ fjni cosO;+iin; cosb; &jvitikiy;’ (13.2)
t'P' — 2n; cos 6; — 2\ /EEj N i/ iy | ’
ij nj cos 6;+n; cos6,; _EjYitEy; ’
p __ njcosOi—n;cost; _ E;yi—&y;
hij = njcost+n;cost; — &;yit+E&iy;’

where s and p stands for s- and p-polarization, respectively or TE and TM, respec-
tively. Now the wave in Fig.13.1 with amplitude a"*! gets contribution from a
transmitted part of the wave with amplitude a” and a reflected part from the wave
with amplitude »"*'. Similarly the wave with amplitude 5" gets contribution from
a transmitted part of the wave with amplitude »"*! and a reflected part of the wave
with amplitude a”. The Fresnel coefficients are valid in our formalism if the interface
is at z = 0. Then we have

a"t! = antn,lH—l + bn+1rn+l,n

b" = anrn,n+l + bn+1tn+1,n ’ (133)

and after rearrangement and making use of the general relations #, ,11t,+1., —
Tnon+1rn+in = 1 and Tnon+1 = —Tp41,n WE find

(1” _ 1 1 T+l an+1
<b"> o [ (rn,n+l 1 Aot ) (13.4)

Now, with the position of the interface at z = z,, we have
_ 1 .—
a'teVnkzn o 1 Funtl ) a'tle=Varikz (13.5)
brevikan | Tt Fungl 1 pritlevarikzn | )

n - n+1
(Z) =M, (Z"“)’ (13.6)

or
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where

Kt 1 e~ Vur1=va)kz, e Va1 +va)kz ot ] (13.7)
n = fun i1 ef(y,mer,,)lcz,,rn’n+l eVnr1—=va)kz, : :

Now we have all we need to determine the fully retarded normal modes in a layered
planar structure. We give some examples in the following sections.

Summary of key relations for the derivation of the dispersion interactions
in planar structures:

In a planar structure the 2D wave vector k and the two polarization types,
s and p, are the proper quantum numbers that characterize a normal mode;
the s-polarized mode is called a TE mode and the p-polarized is called a TM
mode. The dispersion curve for a mode can have several branches, i, ® = wj..
They are solutions to the condition for modes, fx(w) = 0, where fx () is the
mode condition function. When finding the interaction energy of the system
one has to sum over both k, the mode type, and i. Since we often let the layers
have unlimited extension in the layer plane it is appropriate to calculate the
interaction energy per unit area. For zero temperature it is

E=722 ) % Mn £™ (i€) + In £TE (i6)]

" oo (13.8)
= 3/ & [ 5 n AN Ga® +In 4T 69)],
and at finite temperature
= £33 2 Tin M i) + In AT G5
kon=0_ (13.9)
-3/ 55 7 2 [In A ) +In 7 G,

where A is the area of the system and &, = 2wn/hB. The arrows indicate what
happens when we let A go toward infinity. In the planar case fx = M, where
M is the matrix for the whole structure. The matrix for interface » is given by

(13.10)

n

I Yn+1—Vn kzn n+ n)kZn
M ( e ( ) e()/ Y ) rn s )

= = Var1+yn)kzn et =V )kZn
T G )

where the fresnel coefficients for TE modes (s-polarized) and TM modes (p-
polarized) are
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5. = 2’2—!)/’

LT RYitiiy®

R lfjl’i*lfi)’j.

i,J Yty (13.11)
P = 2\/EEjN/ILj] iV :

L _ EjYitEiy; ?

pP = LYiZtv

iJj &jvitéiy;’

and
yi =41 = (iw/ck)’. (13.12)

Often it is appropriate to give the energy relative a reference system. Then
fx is replaced by fi in (13.8) and (13.9), where fx = fk/flzef'.

13.2 Basic Structure Elements

A general planar structure can be generated by stacking a number of basic structure
elements next to each other. The most basic element is a single planar interface.
Sometimes it is convenient to use layers as elements. A special layer is a 2D planar
film. Another is a thin diluted gas layer which we will use repeatedly in the derivation
of the interaction between atoms and the planar structure. We now discuss these basic
elements one by one. We start with the single planar interface.

13.2.1 Single Planar Interface

For a single interface at z = a between two media with dielectric functions &y and
€1, as illustrated in Fig.9.1, we have

. . 1 eo—rka oo tyka,, |
M=M, = E (e(}’f‘*?")karo,l e—(n—7nka ) (13.13)
For TE modes the condition for modes is
iy () yo (k, w) + fip () y1 (k, w) = 0. (13.14)

This equation has no solution in absence of magnetic effects so there are no TE
modes at a single interface in that case. For the TM modes the condition for modes
is

&1 () yo (k, w) + & (@) Y1 (k, ) = 0. (13.15)
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This equation has solutions, so there are TM modes at a single interface even in
neglect of magnetic effects. Let us now continue with next basic element, the planar
layer.

13.2.2 Planar Layer

For a slab (see Fig.9.2) with interfaces at z = a and z = a + d made of a medium
with dielectric function £; and magnetic permeability fi; in an ambient medium with
dielectric function &y, and magnetic permeability (1, we have

N 1\7[ 1\7[ | e(o—yka e(VU‘*‘V‘)k“rO,])
= 0 =

U= o \ e=otykay, | e=(n=yka
e=0n—yRa+d)  gOutykatd)y | (13.16)

1 )
X (e—(V0+V1)k(u+d)rl 0 e(o—yk(a+d) ) ’

and the matrix elements are

— _1 —(o—ykd —(o+y)kd .
My = fo.111.0 [e +e rO,lrl,O]a

dygka _
M, = ;)I_tl() [C(Vo-"_y])kdrl,() + e yl)kdrO,l] :
—(Yo—y1)kd - kd .
[e o—v1) ro1+e (roty1) rl,O] :

o ayika (13.17)
e(l’o-‘rlfl)kdro’1r1’O + e(Vo—J/l)kd] .

5
I

fo,111,0

S
I

fo,111,0 [

For TE modes we have

(v + foy)® — e 2™ (L yy — figy)* = 0, (13.18)

and the mode condition function is

HE (@) = [ @) yo (k, ) + fio (@) p1 k, )]

13.19
—e O [ (@) yy (k, ) — fi1 (@) yo (k. )] ( :

Note that we, as before, have identified the mode condition function as the numerator
of the expression in the condition for modes.
For TM modes we have

E1vo + Eoy1)” — e M @y — o) = 0, (13.20)
and the mode condition function is

™ () = [ (@) y0 (k, @) + & (@) yi1 (k, )]’

13.21
—e O[5y () yy (k, @) — &1 () Yo (k. )] ( :
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For a gap, of size d, filled with a medium with dielectric function &, and magnetic
permeability [ty between two half spaces of material with dielectric function &; and
magnetic permeability fi; we may reuse the above result with the interchange of the
two dielectric functions. We note that in this case, when retardation is included, the
result will change. It did not in the non-retarded treatment. We have

HE () = [ﬁl (@) 0 k, @) + fio (@) 11 (k, )]’
e 20Ok [ () 1y (K, @) — i1 (@) o (k, )]
S () = [sl (w) Yo (k, @) + & (@) 71 (k, )]
—e 20k [ () y, (k, @) — &1 (@) yo (k, »)]".

(13.22)

If the half spaces are made up from two different materials with &, fi; and &, i1,
we find

[ (@) = [t (@) yo (k, ©) + fio (@) 1 (k, )]
x [z (@) vo (k, ) + fig (@) 2 (k, ©)]
’2”’(" Ok iy () y1 (k, @) — i1 (@) o (k, ®)]
x [0 (@) 2 (k, w) = fia (@) yo (k, )] ; (13.23)
[M (@) = [51 (@) v (k, ) + & (@) n1 (k, 0)] '
x [&2 (@) yo (k, w) + & (@) 2 (k, )]
72}’“(" Ok (70 () 1 (k, ©) — & (@) Yo (k, ©)]
x [0 (@) y2 (k, w) — & (@) yo (k, w)].

When we want to calculate the Casimir energy between two half spaces we choose
the reference system to be the system when the separation is infinite. Then the mode
condition functions are

— ] — e—2nkd [oyi—iiyo ][0y —itaw]
f (@) = e [NIVO+HOV1][M2VO+M0 J
=1— e—ZVokd — 1 — e 2k

r5 o rs 2

2,112,3>
fTM () =1— e—ZyOkd 50)/1—51)/0][507/2—82)/0] (13.24)
k [E1v0+8011 |[E2v0+E072

72}/0/((1 P ) — 72}/(];(1 p p
Fiahs, =1—e 1723

=1-e

where we have used the amplitude reflection coefficients from (13.2). We have sup-
pressed the argument w from all functions. These results agree with the standard
Lifshitz formulation [2—4].

Now, let the two half spaces be ideal metals. We let the dielectric functions of
the half spaces go to infinity. The amplitude reflection coefficient for a vacuum
ideal-metal interface is —1 for s-polarized waves and +1 for p-polarized waves,
respectively. Then
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[ee]

E=5 )k [ S m AN+ i Gs) |
—00
[e¢]
B T i1 - ) (1 - o))
—00

T dkk [ den [1—exp (—2v/T+ /ck)ka) |
0 0

letk — k/2d
leté — £/2d

= A [ dkk [ d€ In [1 —exp (—W)]
0 0

__ _ hen?
- 720d3

(13.25)

which is the Casimir classical result for the interaction energy between two ideal
metal half spaces[5].
We now move on to next element, which is a 2D film.

13.2.3 2D Planar Film

In many situations one is dealing with very thin films. These may be considered
2D (two dimensional). Important examples are a graphene sheet and a 2D electron
gas. In the derivation we let the film have finite thickness § and be characterized
by a 3D dielectric function . We then let the thickness go toward zero. The 3D
dielectric function depends on 8 as &3P ~ 1/6 for small § and §&3” — 2a?P /k as §
goes toward zero [6, 7]. We may now start from (13.16) use the proper reflection and
transmission coefficients for the mode type under consideration and let § go toward
Zero.
For the TM modes we obtain

- 10 y Ok(55°0) 1 ek
Mgg = (0 1) + -2 e72y(°’kz -1

13.26
B 10 N &ZD o 1 _CZV(O)kz ( )
=\o1 Vol e 2v% ’
and for the TE modes we find
~ 10 S50V k(w/ck)? 1 e2r ks
MIE — _ (8P)k(w/ck)
2D 01 2y ©® _e—2y‘0)kz -1
(13.27)

_ 10 2D (a)/ck)z 1 e2y<0)k2
=\o1)~ o U eV .

We are now ready to move to our last basic structure element, the thin diluted gas
film.



280 13 Dispersion Interaction in Planar Structures

13.2.4 Thin Planar Diluted Gas Film

It is of interest to find the force on an atom in a layered structure. We can obtain
this by studying the force on a thin layer of a diluted gas with dielectric function
g (w) = 1+ 4mna®™ (w), where a® is the polarizability of one atom and n the
density of atoms (we have assumed that the atom is surrounded by vacuum; if not
the 1 should be replaced by the dielectric function of the ambient medium and the
atomic polarizability should be replaced by the excess polarizability). For a diluted
gas layer the interaction amongst the gas atoms is negligible and the force on the
layer is just the sum of the forces on the individual atoms. So by dividing with the
number of atoms in the film we get the force on one atom. The layer has to be thin
in order to have a well defined z-value of the atom. Since we will derive the force
on an atom in different planar geometries it is fruitful to derive the matrix for a thin
diluted gas. This result can be directly used in the derivation of the force on an atom
in different planar geometries.

We let the film have the thickness 6 and be placed in the general position z. We
only keep terms up to linear order in § and linear order in n. We find the result up to
linear order in § is

o+ |:1+(’0«1)2i| _ 2niroa o 2yokz

~ ~ 10 fo,111,0 fo.171,0
Mo-M; = (7 ) +3k )
271001 o —2v0k + (0.1
foA:tlo.OI e oy |: fo.111,0

] . (13.28)

To go further and find the result to lowest order in n we have to specify the mode

type.
For TM modes we get

2 2 ©0)
- 10 ~(2) —[2- (&) ]
MTM _ ( ) 4 (6n)2mka 2/f| k

gaslayer 1 y® ) —2y O )2 >
’ P-@r]er s (@)
(13.29)
and for TE modes
~ 1 O Sn)2mka® (w/ck 2 _1 —ezV(U)kZ
M;Elayer B (0 1)+ % e*2y(0>kz 1 . (13.30)

Now we are done with the gas layer. We will use these results later in calculating the
force on an atom in planar layered structures. We move on to some general structures
and begin with two half spaces.
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13.3 Two Half Spaces

The interaction between two half spaces with dielectric functions &; and &, is easily
obtained from Sect. 13.2.2. The mode condition functions were given in (13.23) and
with our choice of dielectric functions they are

KE @) =y @) +n @] [y @) + ()]
—e O [y (@) =y @ ()] [12 (@) — 7 @)]:
[N @) = [E1 @)y (@) + 71 (@)][E2 @)y (@) + 12 ()]
—e VM [y (0) = £ () YO (@)][12 (@) = & (@) ¥ (@)],
(13.31)
where we have assumed that vacuum occupies the gap between the half spaces.
Choosing the reference system to be the system when the half spaces have been
brought to infinite separation we find

FTE 1 a2y wpkd (@ =y Q@ ][r@-r P @)].
fi @=1-e [[V“’)(w)-H/n @][y O @)+ @]’ (13.32)
M (@) =1 — e 2V @kd N @)= @y @][r@-&@y @] )

Kk = [E1@r O @+n @][E@r O @+n@]

We now apply these results to two gold half spaces.

13.3.1 Interaction Between Two Gold Half Spaces

The interaction energy per unit area between two gold half spaces is obtained as
(13.8)

_h d’k dg . .
=3 /(2n)2/ [In ™ (&) +1In AP (6], (13.33)

with the mode condition functions,

FTE (i) = 1 — e~2r"oka [y ]

[yAu(lé)JFV(O)(lE)] (1334)
f;FM (i) =1— o—2r " iE)kd [y i) =244 i)y @ (5)]*

[Vau (&) +Eru (&)Y © (15)]

inserted. For finite temperature the corresponding results are (13.9)

k - / ™ TE /-
/(27_[)2”2(:) [In ™ (&) + In f" (€a)]. (13.35)
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Fig. 13.2 The dispersion energy between two gold half spaces as function of separation d; both the
zero temperature, thick solid curve with filled circles, and room temperature, open circles, results
are given; the experimental results by Lamoreaux, filled circles, van der Waals asymptote, dotted
line with smallest slope, and Casimir asymptote, dotted line with steepest slope, are also shown

The results are shown in Fig. 13.2 both for zero temperature and room temperature.
We see that the thermal effects appear at separations of the order of 1 wm and larger.
The experimental points by Lamoreaux [8], cluster of filled circles, are clearly in the
Casimirrange, i.e. to the right of the bend in the curve. The results were obtained from
using (13.34) and (13.35) with the gold polarizability « (i€) as shown in Fig.9.3.

A half space is an idealization of a very thick plate. Next we will see how the
results are modified for plates of finite thickness.

13.4 Two Slabs

We will make this as simple as possible and let the slabs be of the same material
having dielectric function &, be of the same thickness, A, and be placed in vacuum.
The slabs are separated by the closest distance d. We let the interfaces of the first
slab be at z = 0 and z = A; then the interfaces of the second are at z = d + A and
at z = d + 2A. We may write the matrix of the whole structure as the products of
the matrices of two planar layers,

M =M, -Mj;. (13.36)
We do not need all eight elements of the matrices, only four, since we have

My = M{\ME + M{,M2. (13.37)
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From (13.17) we find

A _ _1 —(yO—y))ka —(yO4n)ka .
My = s |e (rO=mha o= (kAR 1ry g
B _ _1 —(yQ—y)ka —(yO4n)ka .
Mll T foitio € (V }’1) +e (V V]) ro,171,0 | 5
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My = o e Hr)kay o 4 e(r® kA, |
B _ e ket [ (,0 kA —(yO4p)ka
M5, === e (=) roq +e€ (rO+n) ol
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Inserting the expressions for the amplitude reflection coefficients we find

fi=1-

(”V( )’Vl) [1 efzylm]
FTM _ 1 — e—Zy(O)kd (F17(0)+71)

k 7,
[1 (FW(O)’”) 72y11<Aj|

(€1y(0)+yl)
(V( )’“) [] C—ZylkA]
FTE — | — g2k ()’ )
|: (V(o) Vl) 2y1k4:|
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Next we apply these results to two gold plates.

13.4.1 Interaction Between Two Gold Slabs

283

(13.38)

(13.39)

(13.40)

(13.41)

The result for two gold slabs is shown in Fig. 13.3. To find this result we have
inserted the mode condition functions from (13.41) in (13.8). The dielectric function
£1(1&) = 1 4+ a(i&) with the gold polarizability « (i) as shown in Fig.9.3. We find
that in comparison with Fig.9.6 the curves for the slabs of finite thickness have
more difficulties in separating from the result for two half spaces. This is because
retardation makes all curves bend down for large separations and merge with the
classical Casimir result (13.25) for two ideal metal half spaces. Next we address two

parallel 2D films.
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13.5 Two 2D Films

In this section we derive the Casimir interaction between two thin films. We proceed
along he lines of the preceding section. We start from the three layer structure in
Fig.9.14. We take the limit when the thickness of the film goes to zero. The matrix
becomes M = MO M - M2 M3, where Mo M1 is the matrix for one of the thin
films, and M2 . M3 is the matrix for the other.

We start with the TM modes. The matrices from (13.26), one for z = 0 and one
for z = d, are

10 1 -1
™ ™ _ 2D, (0)
M M <Ol)+oz y (1_1),

13.42)
L 10 1 ek (
MM. MM = (0 1>+0t2DJ/(0) (e—2y<°)kd -1 '

The matrix element of interest to us is
My = (1 +a?Py©)’ — (@?Py ) e 2k, (13.43)

and the mode condition function for TM modes is

™M e—”‘”d—( r%) (13.44)
(1+0a20y@)" '

Now, we continue with the TE modes. The matrices from (13.27), one for z = 0 and
one for z = d, are
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MTE . MTE — (1 (1)) _ 2D /e (_11 1

0 " - (13.45)
NTE . NTE — (1O _ 20 @rek? 1 ek '
2 37\01 y© _672y(0)kd -1 :
The matrix element of interest to us is
k 2\ 2 k 2\ 2
M = (1 - aZD—(w/(CO)) ) - (aw—(a)/(co)) ) e 2k, (13.46)
14 14

and the mode condition function for TE modes is

2D (@/ck)?* |
y(U)

JFTE =1— 672y(°)kd (

i\ (13.47)
(1 — W)

From this we find the energy per unit area. It is

E=b & [ [fvae]+m ] an)])

hop &k o —2yOgykd (&P i)y O kie) )2
_ J |1 e ( ’ : ) (13.48)
—00

—2J @2n)? 1+620 (k,i€)y O (k,iE)

o ~2 . 2 2
4 b ek I dg 1 [1 _e—2y‘°)(ié)kd< —a?? (k,i&) (£ /ck) ) ]
2w .

2 @ry v O (k,i&)+aP (k,i&) (5 /ck)*
This agrees completely with the results of [9, 10]. Now let us illustrate the results
with two numerical examples. We start with two graphene sheets.

13.5.1 Interaction Between Two Graphene Sheets

The first example where we use the results for two 2D films is two graphene sheets.
The results are shown Figs. 13.4 and 13.5. Figure 13.4 is for pristine graphene where
(a) is for zero temperature and (b) for room temperature. We see that the TE modes
give very small contributions and at room temperature these contributions is further
reduced in the distance range where the temperature effects are important. Com-
parison between Figs. 13.4a and 9.7 shows that the retardation effects are negligible
for pristine graphene. This anomalous behavior can be explained in the following
way. The retardation effects can be regarded as the results from that the curves are
forced to stay below the curve for two ideal metal half spaces. In a normal system
the non-retarded asymptotic power law for large separations has a smaller negative
exponent that that for the metal case. This means that the two curves will sooner or
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Fig. 13.4 Interaction energy per unit area between two pristine (undoped) graphene sheets a dis-
tance d apart. The contribution from TE modes, dashed curve, TM modes, filled circles, and the
total result, solid curve, are given. For comparison the result for two ideal metal half spaces, upper
solid curve, is also given. a Undoped graphene sheets at zero temperature; b Undoped graphene
sheets at room temperature. Adapted from [10]
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Fig. 13.5 Interaction energy per unit area between two doped graphene sheets a distance d apart.
The contribution from TE modes, dashed curve, TM modes, filled circles, and the total result, solid
curve, are given. For comparison the result for two ideal metal half spaces, upper solid curve, is
also given. a Doped graphene sheets with doping concentration n = 10'3 cm~2 in each sheet at
zero temperature; b doped graphene sheets with doping concentration n = 10'3 cm~? in each sheet
at room temperature. Adapted from [10]

later cross. In the graphene case the power law is the same as that for the ideal metal
case and the curves will never cross.

The situation is somewhat different in the doped case. Figure 13.5 is for doped
graphene with doping concentration n = 10'3 cm~? in each sheet where (a) is for
zero temperature and (b) for room temperature. At zero temperature we find that
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when the doping begins to show effects the TE modes start increase in importance
and eventually give the same contribution as the TM modes. We also see that there are
retardation effects for large separations. Figure 9.7 shows that for large separation the
curves for doped graphene has a non-retarded asymptotic power law with a smaller
negative exponent than that for the ideal metal case. This means that the curves
would cross at some point and doped graphene has a more normal behavior. At room
temperature, Fig. 13.5b, the TE modes again become negligible in the range where
the temperature effects are important and the doping has also a very small effect on
the results (compare Figs. 13.4b and 13.5b). Next we turn to our second example,
two parallel 2D metal films.

13.5.2 Interaction Between Two 2D Metal Films

In calculating the interaction between two 2D metal films we use (13.48) with the
polarizability for a 2D electron gas in (2.146). The results are shown in Fig. 13.6.
There are three characteristic separation regions; for very large separations all curves
follow the Casimir result; in the intermediate region the curves separate but follow a
common fractional power law; for small separations spatial dispersion effects emerge
and the curves flattens out with smaller slopes. The energy approaches asymptotically
a fractional power law with E ~ d—>/2. For very large separations all curves follow
asymptotically the classical Casimir result(13.25) for two ideal metal half spaces
with the power law E ~ d 3.
Next we study the interaction between a thin film and a half space or wall.

Fig. 13.6 Interaction energy 102 I I
per unit area between two 2D L 0 2 117
metal films a distance d 102 £ 10" cm ]
apart. The curves are for _ o F — 10" em? |1
different carrier “g 107 B
concentrations; the results ) 10 F —10"%em” |1
are, counted from below, for 3 1077 ¢ T, ]
the carrier densities 10'0, % 1014 E 10 "ecm ™ E
10'1, 102, and 10'3 cm2, g B —Ideal metal | ]
respectively. The thick = 1018 [ ]
straight line is the classical = F ]
Casimir result (13.25) for & 107 Ff ]
two ideal metal half spaces e F 1
m 102 L ]
10730 E E

]0’34 Lol ol vl vl i vl vl vl il il




288 13 Dispersion Interaction in Planar Structures

13.6 Film-Wall

We start from the two layer structure in Fig.9.11. We let the ambient be vacuum.
The first layer is the 2D film treated in Sect. 13.2.3. We place it at z = 0. The second
layer is a vacuum layer of thickness d. The remaining medium is the wall which we
let be 1nﬁn1tely thick and have the dielectric function &; (w). The matrix becomes
M = Mo M1 M2 M2D M2 where we already know the first matrix. It is (13.26)
and (13.27) for TM modes and TE modes, respectively with z = 0. Now, for the TM

modes we obtain
~ 10 - 1 -1
Mgg[_<01> awV(O)(l—l)

4,0 13.49
— 52D, (0) 1 Hugﬂ—"];/“)) ( )
= (1 +oa "y ) &Py 1_g20y0 |

T+a20y® T1+420y O

and for the TE modes we find

~ 10 . a1 1
My = (0 1) azD(w}f(O)) (—1 —1>
—&2P (w/ck)® ) (13.50)

1 & Wjer)

~ 2 ©—q2D (o /ck)2

= (1-&"(/ck)*/y ") ( P/l YOk
}/‘0)—612[’(a)/ck)2 y(o)-&-&w(a)/ck)z

The matrix M, we obtain from (13.13) and with the proper parameters we have

- ) e~ (B—wkd  o(ys+y2)kd
2= hs e~ (st+r)kd

2.3

3 e(vs—r2)kd

A L T

= s 13.51
Ry \ e ety )y, o o(rm <0>)/<d (13.51)
ef(wv(o))kd 1 Zkadr2,3
- 3 e—2r® )kd Q2(r—yO)kd | -
For TM modes it becomes
) ( o) 1 2%1“16}/(0J
VITM — Ev Tty o—(re—y @ )kd Ey Oy,
M;™ = 2y © ,zy(O)kdg y(m,% 2y | (13.52)
Oty
and for TE modes
(0) ( 0 ) 1 ezyxk" —y(o)_%
TE — v +¥ o —(vs—y@)kd QNS
M2 - zy(m‘e e—2y<°)kd yO_y 62()4—)/‘0))1«1 (13.53)
Oty
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So the condition for TM modes is

| e—2rVkd @y @ TEy© —y ] 0 (13.54)
1+a®yO [gy©@ 4y, | 7 '
and for TE modes
02520 O _
e [” & } =0. (13.55)
y© —(w/ck)y*@*P Ly @ +ys

This agrees with the results in [10].
The mode condition functions become

™ (iey — 1 _ a2y O kis)kd _&°kiy O k,i&) [ &GOy (k,i&) =y (k,i§)
ko () =1-e ke k8 | ey Ok |0 (13-36)

for TM modes and

TE (16 — 1 _ a2y O(ki)kd —(E/ck)*&@Pk.i€) | y©Ok.if)—ys (k.iE)
K () =1-e 1-(&/ck)%a® (ki) | ¥ O K&+ (ki6) | ° (13.57)

for TE modes, respectively. The interaction energy per unit area is found by inserting
these functions in (13.8) at zero temperature and in (13.9) at finite temperature.

13.6.1 Interaction Between Graphene and an Au-Wall

In the first numerical example we treat a pristine, or undoped, graphene sheet next to
a gold wall. The results are shown in Fig. 13.7a for zero temperature and in Fig. 13.7b
for room temperature. The corresponding results for doped graphene, with the dop-
ing concentration 10'3 cm~2 are shown in Fig. 13.8a, b. The results were found from
inserting the mode condition functions from (13.56) and (13.57) in (13.8) at zero tem-
perature and in (13.9) at finite temperature. For &P (k, i&) we used the polarizability
for graphene as given in (2.143) for the pristine case and in (2.145) for the doped case.
For & (i&) we used the function for gold. The polarizability « (i§) = &; (i€) — 1 was
shown in Fig. 9.3. The discussions in Sect. 13.5.1 concerning the interaction between
two graphene sheets can be applied here as well.

13.6.2 Interaction Between a 2D Metal Film and an Au-Wall

In the second numerical example we treat a 2D metal film and a gold wall. The results
are shown in Fig. 13.9. The results were found from inserting the mode condition
functions from (13.56) and (13.57)in (13.8). For &P (k, i&) we used the polarizability
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Fig. 13.7 Interaction energy per unit area between an undoped graphene sheet and a gold wall at
the distance d. The contribution from TE modes, dashed curve, TM modes, filled circles, and the
total result, solid curve, are given. For comparison the result for two ideal metal half spaces, upper
solid curve, is also given. a Zero temperature; b room temperature. Adapted from [10]
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Fig. 13.8 Interaction energy per unit area between a doped graphene sheet with doping concen-
tration n = 10'3 cm~2 and a gold wall at the distance d. The contribution from TE modes, dashed
curve, TM modes, filled circles, and the total result, solid curve, are given. For comparison the
result for two ideal metal half spaces, upper solid curve, is also given. a Zero temperature; b room
temperature. Adapted from [10]
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Fig. 13.9 Interaction energy 102 RO T T
per unit area between a 2D 10° F —100em2 |
metal film and an Au wall at 102 & 1
a distance d; the results are, “ 10:2 K — 10" cm™? ]
counted from below, for the g 10_8 L —102cm2 |1
carrier densities 1010, 10!, = 1(_)]0 u ¢ ]
10'2, and 10"3 cm—2 8 18_12 . — 108 cm?  |]
respectively. The thick s 1014 £ ——1Ideal metal |1
straight line, added for 5 10716 [ half spaces |]
comparison, is for two ideal 5 10718 C ~ 1
metal half spaces S 100 F ]
Z 1022 ]
g5 1024 L ]
S -26 [ ]

1030 [ ]

1032 £ R

10-34 Cotvnd vl vl v vl il v el il ol 1l

10 102 10* 106 10%8 10 10®2

d@A)

of a 2D electron gas from (2.146) and the dielectric function of gold, &, (i§) =
14 (i§), where & (i) is shown in Fig. 9.3. Next geometry is an atom next to a wall.

13.7 Atom-Wall

We start from the two layer structure in Fig.9.11. We let the ambient be vacuum.
The first layer is the thin gas layer treated in Sect. 13.2.4. We place it at z = 0. The
second layer is a vacuum layer of thickness d. The remaining medium is the wall
which we let be 1nﬁn1te1y thick and have the dielectric function &; (w). The matrix
becomes M = Mo Ml Mz Mgaq]ayer M2 where we already know the first matrix.
It was derived in Sect. 13.2.4 for a general position z. Here z = 0, and for TM modes
we get

2 2
10 - -[2- @)
MTM — < ) + (8n)2mka®" (1358)
gaslayer O w\2 w\2 s
01 -] &)
and for TE modes

v 1 0 at 2 _1 _1
TE (6n)2mka” (w/ck)

Mgaslayer - <0 1)+ . 7@ ( 1 1 ) . (1359)

Now, M, we find in (13.52) and (13.53) for TM- and TE-modes, respectively.
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So, the condition for TM modes is

((Sl’l)ZTl.’kOlm w\?2 —2yOkd w2 gSV(O)_yS _
1_—{(_) e 2 (L) |22t =0, (1360

r© ck Er @+
and for TE modes
a O _
- (8n) 2mka™ (w/ck)? | 4 o2k L — (13.61)
y© v O+ v

The mode condition function for TM modes is

™ _ | _ (6n) 2mwka® (2)2 s P (3)2 &y -y
k y© ck ck/ JEyO+y ]’

(13.62)
and for TE modes
e _ g On) 2nka;f(w/ck>2 V) At (13.63)
y© V<°> +%
Note that the first part in each mode condition function,
2k (w/ck)?
fO=1-(sn) a“’%. (13.64)
14

does not depend on the distance of the atom to the wall. It is the effect of the
contribution from the atom to the screening and the resulting change of the dispersion
curves for the vacuum modes. This type of interaction was used by Feynman to derive
the Lamb shift of the hydrogen atom[11]. We see that it contributes the same in both
type of modes. We divide with this function since it leads to a constant energy,
independent of the atom distance to the interface. So the relevant mode condition
functions relative infinite separation are

FTM _ 1 (8”) at 2”k[2 (‘U/Ck) ] —Zy(o)kd EyO—y.
e rrkwp? 2,0y (13.65)
Kk =1-0n) “alTe_ Y YOy
The interaction energy per atom becomes
2 ® ~ . by .
S=k s [ A 6] v ao )
_ at ~2y O (ie)kd 13.66
2hf(2)2kf % o (ig) e (13.66)

o | E/er? y‘“’(ns) %) | [246/ch)’] yie)—¢, &)y Gie)
YO &) y© &)+ (i§) yO &)y (i5)+E 1)y O (&)



13.7 Atom-Wall 293

where we have taken the limit when (§n) goes toward zero. The force on the atom is

df at -2y O @g)kd
at (i§)e™
et 0 (13.67)

2y 0 66)—y, i€) 27 1)~ (i€)y ) (i£)
X [(‘5/ k) e T 2+ G/R ] S i

F(d) = 4mh [ &

At finite temperature it is

F(d) =% (g;zlﬁz o (igy) 278

(13.68)

2y g, — 3( n) 5 (16n) — S(Sn) “’)( n
x [<sn/ck> LUt 4[24 (6, /ck)?] LGBl e |

These results are in complete agreement with the results in[12].

13.7.1 Li-Atom—Au-Wall Interaction

As an example of atom-wall interactions we show in Fig. 13.10 the force between
a Li atom and a gold wall. The polarizability for Li was obtained from the Lon-
don approximation (8.60) with the parameters given in Fig.8.2. The d-dependence
follows a simple power law, F ~ d—*, for small and intermediate separation and
F ~ d = for large separations. The next geometry we consider is an atom in a planar

gap.
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13.8 Atom in Planar Gap

We refer to Fig. 9.13 and let the first interface be located at z = 0 separating one wall
with dielectric function £; from the ambient medium which we let be vacuum. Next
interface, at z = d, is the left interface of the gas layer with dielectric function &, and
thickness 8. Thus the third interface is at z = d + §. The forth interface is located at
z = D and separates vacuum from the second wall with dielectric function &,. The
matrix becomes M = 1\710 . 1\711 . 1\7[2 . 1\7[3 = 1\7[0 . Mgaslayer . 1\713 where Mgaslayer is
taken from (13.29) or (13.30) for TM modes and TE modes, respectively, and

19[0:L 1 ro");

for \ron 1
~ e~ (v KD o(rtr)D,, (13.69)
M; = 4 e—(}/x+y(0))kDr374 e(yﬁ—y‘o’)kD .
Now,
0 MmO V M131
My = (Mll Mlz) 'Mgaslayer \ s ) (13.70)
21

To find a general expression valid for both mode types we use the expression in
(13.28) for Mggglayer- It is the expression to linear order in § but before the lowest
order in n is taken. Then

—(rs—y©®
o ()i —2yOkD
M = YT Y 1+e 7 10,173 .4

+ 8k [(Vg _ y(O)) (1 _ e_zy(O)kDr0,1r3,4) (13.71)

0 ~2yOkd 2y Ok(@d—D
= 2yr; (e 7Kg — P )1’3,4)]}-

The condition for modes is

1+ efzy(O)kDr0,1r3,4
+8k [(J/g — ) (1 _ 672”(0)"0’"0,173,4) (13.72)

_2)/(0),,2’3 (e_zy(mkdro,l _ ezV(U)k(d_D)r3,4>] =0.
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The mode condition function is

ﬁ(=1+ Sk

14e- 2 OkDrg 11 g

X [(Vg -y ) (1 - e_zy(O)kD”O,1"3,4)

0 —2yOa 2y Ok(d—-D
—2yOry3 (e vk — e )73,4>]

Skna® (13.73)
]

X [—27‘[ (w/ck)? (1 - e_z"(O)kDro,lrsA)

=20 (32) (e - 0 )],

n

Just as for the atom next to a wall a part of this function does not depend on the
position of the gas layer. The energy change is due to the screening of the vacuum
caused by the polarizable atom. It is interesting to note that this effect is modified by
the presence of the two planar surfaces. We divide with the function

5k(l—e’2V(0)kDrU 13 4)

0 _1_ M o _

he=1 142 kD 17y (J/ Vg)
5 (l_e,zym)wmﬂ“) (13.74)

=1- Skna‘”%(ﬂ)

ck (1+e’zy(0)wro‘173‘4) '

For the energy this means that we subtract a term that is independent of the position
of the atom and will not affect the force on the atom. We find

2,0 O ja—
~ [72(}/(0))(’”213/”0{&1)(6 2 Okdp | _2v Ok D)rH)]

fx =1+ 8kna“ [ m] ) (13.75)
and the interaction energy per atom is
E a2k [ d . .
el e A (RO E R RER
0
where . .
™ (k. )= o 2k[2—(@/ck?][e2r VHd e 2 Vo=, Ty
’ yO[ 14¢-2vOkn, M, ’
O (13.77)

9,0 2, p—
t2nk(w/ck)2[e 2y )k‘iroﬂf:fe 2Ok d)r_;rﬁ]

—2,Op TE TE
V(O)[1+e ZV kn’m’_m]

I™E (k, w) = o

The explicit expressions for the entering reflection coefficients are obtained from
(13.2). They are
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rm (k, ) = \/1—51(w)(w/ck)z—sl<w>«/1—<w/ck)2;
V1-81@) @/ck)? +E1 @)/ 1—(/ck)?

B2 () 1—(w/ck) =/ 1=52 (w/ck)* .
B2 1—(w/ck)+x/1=Ex(w/ck)? (13.78)
FTE (k. ) = N 1=F1(@)(@/ck)> =/ 1—(/ck)* .

0.1 V181 @/ck)’++/1=(@/ck?’
PTE (k. ) = \/lf(w/ck)zfx/lféz(a)/ck)z'

3.4 1= (/) ++/ 1=Er(w/ck)?

rg4 (k, w) =

Thus the force on the atom is

F(d)=h (gf[’;z E[I™ (k,iE) + J™E (k,i8)], (13.79)
0

where

L R e | e R e

—2yO)kp . TM . TM
Ie2r Py s d

J™ (k, w)= a®

s

4nk2(w/ck)2|:e—2y(0>kd TE+ —2y<0)k(D—(/]rTE] (13'80)
JTE k, w) = adt 34
’ [l+e y(O)kDrTErTE] ’
and at finite temperature it is
1 &’k ™ (p TE (}
F(d) = 7] ao Z [J™ (k,i&) + J'F (k. i&)]- (13.81)
&n

We do not give any numerical examples here. Instead we continue with the next
geometry, which is an atom next to a thin film.

13.9 Atom-Film

In this section we derive the Casimir interaction of an atom near a very thin film.
We proceed along he lines of Sect.9.9. We start from the three layer structure in
Fig.9.14. The matrix becomes M= MO M1 M2 M3, where MQ M1 is the matrix
for the thin film, and Mz M3 is the matrix for the gas film. These matrices we have
derived before. We have two mode types, TM and TE.

We start with the TM modes. The resulting matrices for the two thin layers were
given in (13.26) and (13.29), respectively. They are
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M, - M, = 10 n yOk(8837) (1 —1);

01 2 1 -1
Y v 10 (8n)2mwka
Mo Ms={g, )+ - (13.82)
_(3)2 _ezy(o)kd [2_ (2)2
ck ck
—2y Ok )2 w2 ’
ek [ — ()] (2)
and the resulting matrix element that interests us is
Ok (8830 a2
My = 14 PO ominia () (1383
a 23 w2 —2y©® w2 :
— (e ke (550) { ()" + e (262 - (5)°) ]
The TM mode condition function becomes
» Gk (8830) (2— (2 2\ 2y Oa
fl’(rM (a)): ] - [ON 532” (8 )( (k) )e
1 ZCE) ot (232 sz (5570) ()
R e e (13.84)

1+V(0)k(5531))

(5}‘!)27{/{0!’” ZD(k LD)|: (u) ] —2yOka
1+y O a2 (k,w) .

For the TE modes the matrices for the two films from (13.27) and (13.30), respec-
tively are

M, - M, — <1 0) _(5F2)k(w/ck) < 11

01 2y® -1 -1 (13.85)
1\7[2 . 1\7[3 — 10 _ () (/ck)*2mka® 1 . e2y‘°’kd ’
= 01 y© _e_zy( Vkd 1 )

and the resulting matrix element that interests us is

8830k (w/ck)? k)*2mk(Sn)a!
My =1- ¢ 2)(0) _ (w/ch2mk(na

+ (a)/ck)4rrl}</2 Sn)a (863D) ( V_ e—2y(0)kd> (1386)
o7 '
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The TE mode condition function is

(@/cky* k2 (myat (353[’) 2y Oy
AE ()= 1— Lol
k | (5330 )@/ b2 (5 (e amkaar | (m@/cbrk2aa (533D)
2y O - y©@ + [y(U)]2
~ () (@/cky*mkPa (58°°)  _p, 00y (13.87)

583D Y k(w/ck)?
y(ﬂ) (y(f)), %

—1— (8n)2mka™&@*P (k,w)(w/ck)* efzy(O)kd
- (rO)[(r©) -3 (ko) (@/ck)’] '

The interaction energy per atom is

hmn g s [ o] en i)
[TM(lg) 1] [ E(iE)—l]

~ d’k
h (27'[) né
(13.88)
— _E f dka f d%-aal (IE) &ZD (k, lé) 672\/ 14(& /ck)*kd
0
% [2+(/ck)’] i (&/ck)’*
T/ THE k2@ (ki) 16/ /14 €k +32P (ki) € /ek? ] [
and the force on the atom becomes
o0
F(d)=—"1 [ dkk3 fdgam (i) @ (k, ig) =2V 1+ (E/cbkd
(13.89)
[2+(E/ch)* ]/ 1+ /ck) + (/ck)*
144/ 148 /ck)*a2P (k.iE) [\/1+(E/ck)2+&20(k,is)(é/ck)z]

For this geometrical example we give numerical illustrations. We begin with a
lithium atom next to a graphene sheet.

13.9.1 Li-Atom-Graphene-Sheet Interaction

The first example of the dispersion interaction between an atom and a 2D planar
film we present is the interaction between a Li atom and a graphene sheet. The
results are shown in Fig. 13.11a for a number of doping densities. The results do
not follow simple power laws. However, for large separations the undoped graphene
result approaches the d~* power law just as it did in the non-retarded treatment in
Sect.9.9.1. This can be understood in the following way: the substitutions k — k/d
and £ — £/d leave &P (k, i) unchanged in (13.88) and we have
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Fig. 13.11 The dispersion interaction energy between a Li atom and a 2D film a distance d apart.
a Li atom and a graphene sheet; the results are, counted from below, for the doping densities 0,
109,10, 102, and 103 cm 2, respectively. b Li atom and 2D metal film; the results are, counted
from below, for the carrier densities 1010, 101, 10!2, 1013, and 10'* cm~2, respectively

ns T 2md®

E _ h f dkk? }odé_-aat (i&/d) 2P (k, i&) e 2 14+(&/ck)*k
0

% [24¢E/ck)’] (&/ch)*
/16 /e3P (i6) /146 ok /16 fck) 320 (ki) € ok ? |

o0
N = [dkk? [ dEa® (0) &3P (k, iE) e 2V 1€/
0

(13.90)

2

[2+/ck7] (&/ck)*
X
/16 /%@ (i) V1960?16 /) +32P (ki) (¢ ek

for large enough d-values. Once again we see that d only appears in the prefactor.

For doped graphene retardation effects are more important. The effects of the dop-
ing appear first at intermediate separations. Then the curves follow d~7/? asymptotes
until they approach the atom—ideal-metal-film-result (thick solid curve in Fig. 13.11).
Then they follow this result. The atom—ideal-metal-film-result we find by letting the
film polarizability go toward infinity,
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00
Eideal — — lim % fdka f dEOlm (1%-) &ZD (k, 15) e—Z«/ 14+(&/ck)"kd
0

a*P—o0

[2+E/ch)’] (&/ck)*
x + ' 13.91
[ I/ 1€ ek PP (i6) /1€ /e /16 [k P62 (ki) € ok | (1390

_% fdka ?déaat (&) e 2V 1+(E/ck)2kd2 1+ (%’/Ck)z
0

The large d asymptote becomes

Fideal _ _2£7O fd%‘ocm (i&) e 2 1+(&/ck)? kd2 1+ (§/c k)z k — ZZ‘
0

[o¢]

K2 [ dga (i€ /d) e 2V IHEDT2 /1 1 (¢ jck)?

0
—h;";';? f dge >V 1HED KL /T4 (E/ck) = |€ — &ck]
= b @ fdkk3fdge—2 14+ 82 = ‘k — k/2y/1 +52]

art 1 art

_ hca® (0) 3 .~k _ 3 hea® (0)

T /dkk ¢ /dé( +$2)3/2 =78 ad -
0 0

6 1

A

0\8

(13.92)
The same asymptotic result is obtained for an atom next to an ideal metal wall. This
result is in agreement with [13, 14]. Next numerical example is a lithium atom next
to a thin metal film.

13.9.2 Li-Atom-2D-Metal-Film Interaction

‘We show the results for the interaction between a Li atom and a 2D metal film for a
number of carrier concentrations in Fig. 13.11b. The ideal film result is identical to
that in Fig. 13.11a and the large d asymptote of (13.92) is valid also here. The results
are different compared to the doped graphene case in that the carrier concentration
affects the results already for the smallest d-values; spatial dispersion effects show
up at the small-d limit and then gradually diminish; then the curves follow d~7/2
asymptotes until they approach the ideal film result.

In next geometry we add another film and study the interaction on an atom in
between two films. This is the last geometry we treat in this chapter.
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13.10 Atom in Between Two Planar Films

Here we let the first 2D film be located at z = 0, the thin diluted gas film at z = d,
and the second 2D film at D. There is vacuum between the three films. Thus the
matrix becomes M = 1\7[0 . 1\7[1 . 1\7[2. These matrices we have derived before. We
have two mode types, TM and TE.

We start with the TM modes. The resulting matrices for the two 2D films were
given in (13.26) and for the gas film in (13.29), respectively. They are

01 1 -1
Y 10 n)2mwka®
= (10 4 oz
(& -[-@rfen) g

|:2 . (%)2] e_zy(o)kd (%)2 s

v 10Y | - 1 —e"kD
™ _ 2D, ,(0
M] _<01>+a y<><e_2y(mk0 )

The matrix element of interest is

MM = (14 y©aP)? [1 - 2t (4)°]

_e—2y<0>kD(y(O)&2D)2 [1 + 2711;8((1]1)&"’ (%)2]
+ 2ﬂ;(/%,)am {e_zy(o)k([)_d) (y(O)&ZD) [(y(O)&zu) + 1] [(ﬁ)z 9

ek (y 032) [(,0520) + 1] [ () ~2])

(13.94)

The first term is the mode condition when all three films are at infinite distance
from each other. The mode condition function after division with the part of the
function that is independent of the position of the gas layer is

2y Okp-d) 4 o2y Oka'|[ ( 2?2 y©a2D
£T™M __ 1+ 2wkdna’ (w) [e ! O (&) 2 14y ©a2D (13.95)
ke r® 1—e-2rOkp (_r©a2D : ’ :
—¢ (Hy(m&zn)

where the suppressed function arguments are (k, w). If we instead had divided by
the function in absence of the atom we would get one extra energy term that is
independent of the position of the atom and does not affect the force. It gives a
different contribution to the energy than the result from (13.64) due to the presence
of the two 2D sheets. It means a modification of the atom self-energy. The interaction
energy per atom from the TM modes becomes
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ETM

. 2
=—hfdkk2 f e () [ (5)” +2]
MOF 2D [ ZV(O)’“’Jre’ZV(O)"(D’d)] (1396)

14+y©g2D

|—e-2rOup (02D \? ’
Ty ©g2D

where the suppressed function arguments are (k, i§). Thus, the force on the atom
from the TM modes is

™ T3 T oA ar g £\2
F™ (d) = —h [ dkk® [ Lo (i) [(J) +2]
y 052D [e(izy(0>kd7;j.zoy(°)k<l)—d)] (1397)

1+y©g2D
1—e-2rOkp (_y©a2D 2 ’
1+y©®g2D

and at finite temperature it is

F™ (d) = -2 f dkk® 3 e ) [ ()" +2]
oo 1] OO o (13.98)

14y 052D
2O 2D \? ’
[lfe 2y AD(liy(O)&ZD) }
where the suppressed function arguments are (k, i&,).

Now, we continue with the TE modes. The resulting matrices for the two 2D films
were given in (13.26) and for the gas film in (13.29), respectively. They are

10Y | ~apjw2a (—1-1Y.
MTE (01)_'_&20(&) W( 11 ),
. 10 a on2f —1  —erkd
M* = (0 1) + T (%) (e—2V(°)kd Nk (13.99)

10\ . 2 —1 —e"kD
TE __ 2D ( w 1
M; <0 1)"‘“ (%) 70 (e—zy‘°>k1) 1 '

The matrix element of interest is

TE 720 ( 1) o-2r0kD
M =|1-«a c y“” P (& _’ ¢
_ (m2rka® (w2 G20 2
e () [1 () 5w (13.100)
_ (m)2rk 2~2p 2y Oq —2yOk(D—d ’
n)y(ﬂma (ﬁ) o (ﬂk) y(o) (e ! +e Tl ))

4 ke (%)2[ D(2) ] [ ~2yOkd _ o=2y0kD efzy(o)k(Dfd)] .
V4 C

The first term is the mode condition when all three films are at infinite distance from
each other. The mode condition function after division with the part of the function
that is independent of the position of the gas layer is
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52D 2
o (%) (672}/(0)1«1+ef-y(0)k(D7(1))

kTE - (Sn)}%(no)]{a[” (J) 52D (@ )? 2 ’ (13101)
- (%) e-2rOiD
7020 (5
where the suppressed function arguments are (k, ).
The interaction energy per atom from the TE modes becomes
R
TE at 14 @
£ = —hfdkk2 f Som(5) — - . (13.102)
1— ZD(T) e—2rOkn
y @ 442D ( )

where the suppressed function arguments are (k, i§). Thus, the force on the atom
from the TE modes is

@0 (& ) ( 2,(0),(,,76,2“0;“07[,))
F™ () = —2h7°dkk3 70 g gar (£ [("’*“2”(7)]
= - : i ,
0 —0 2 k - |:D(7k)2:| C’ZV(O)“’

y© 452D ( )
(13.103)
and at finite temperature it is
&21)(5)2 (e—2y(0)kd_e—2y(0)k(l7—d))
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@) = =1 [k Y- da (%) (13.104)
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where the suppressed function arguments are (k, i&,). Now we are done with the
selection of planar geometries. In next section we present some complementary
methods to derive the normal modes in some of the geometries we have discussed
above.

13.11 Alternative Derivations of the Normal Modes

In this section we give several complementary ways to derive the normal modes
in specific planar geometries. A non-retarded version was given in Sect.9.11. The
geometries we consider are two parallel 2D films, a 2D film next to a wall, and two
half spaces. For the geometries containing 2D films we rather closely follow the
treatments in [7]. We begin with the modes in a system consisting of two parallel 2D
films.
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13.11.1 Two 2D Films

We will use two alternative derivations to find the normal modes. In one approach
the modes are generated from coupled induced sources; in the other approach we
solve Maxwell’s equations in the three regions separated by the two films and use
the standard boundary conditions at the boundaries defined by the films. We begin
with the method involving coupled sources.

13.11.1.1 Coupled Induced Sources

This approach could be executed in several different ways. One option would be
to proceeded in a way analogous to how we derived the modes in the non-retarded
treatment in Sect.9.11.1.1. Then we would start with a current density (longitudinal
or transverse) in film 1. This current density would give rise to an electric field in
film 2; this field would induce a current density in film 2; this current density in
film 2 would give rise to an electric field in film 1, which would cause an induced
current density in film 1. Letting this current density be the one we had started with
would have close the loop and produce self-sustained fields, normal modes. When
the current densities and electric fields are longitudinal' the modes are of TM type
and the TE modes are the results when the current densities and fields are transverse
(see Sect.2.7).

To make the presentation more interesting ad varied we proceed in a slightly
different way. We start with two films, 1 and 2. The electric field in film 1 has contri-
butions from both films and the induced current density in film 1 is the conductivity
of film 1 times the electric field in film 1. The corresponding is valid for film 2.

We begin with the TM modes. The longitudinal field in film 1 is according to
(2.120) and (2.121) in vacuum given by

E! (k) = —i27 (k/@) y© (k, ) [Kul (k, @) + ek g2 (1 w)] ,
(13.105)
and the induced current density is

K|k o) =5k o) E| K 0)
= —i5! (&, @) 27 (/) ¥ (k, ) [Kul (k, @) + =7 "ok K2 (I, a))]

= —& (k) y© (k, 0) [KHI (k, @) + e "Rk K2 (I a))] ,

(13.106)
where we have made use of the relation between ¢ and @ obtained from (2.140). The
induced current density in film 2 is obtained by interchanging the superscripts. Thus
we have

'With longitudinal and transverse fields we here mean in-plane components that are parallel and
perpendicular, respectively, to the in-plane wave vector k.
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K (ko) =~} (k o)y (ko) | K| & o) +e7"CHMKE K o) |;

K? (k, 0) = —&7 (k, @) y© (k, ) [e 7" ER KL (K, 0) + KT (K, )|
(13.107)
On matrix form this becomes

LGl O ] _erkdgl, © Kl
—y‘°>|1|<31/~2 ©) %) ((I)I)V : (Kg> =0. (13.108)
—e apy™ =1 —ajy i

We have omitted all function arguments, (K, w). To get the non-trivial solution to
this system of equations we let the determinant of the matrix be equal to zero. The
mode condition function then becomes

7O (k)] (k,0)y© (k.0 (k.0)
[1470 a0 [ 1470 h0)a (k)]

fl;FM (0)) =1 e—2y(0)(k,w)kd (13109)

where we have let the reference system be standard one in which the films are at
infinite separation.

For the TE modes we need the transverse fields. They are according to (2.120)
and (2.121) found to be

El (ko) = 97— | K| (ko) + 7" COMKD (I 0) |; (13.110)

; ., (0
El (ko) = Qi e EOMK (ko) + KT (ko) |,

and the induced current densities are in analogy with (13.106) given by

(w/ck)*a)

K| (ko) = S5 | K] (ko) + o7 COkKR (K 0) | ;

22
Ki (k, w) = % e—y(0>(k.w)del (k, o) + Ki (k, )|,

(13.111)

or on matrix form

(@/ck?d! e tkokd (4 /ck)2G1 |
v k.0) ! rO k) . K% (ko)) o, (13.112)
(o/ck)*@] oV Otkwkd  (@/ckra] K7k, o)
YO k,0) y Ok, 0)
The condition for TE modes is found by letting the determinant of the matrix be zero.
This results in the mode condition function,

TE 1 =2y wkd [@/cky’a! |[(@/ck)’a ]|
ho@=1-e OG-/ [k -@aa] 13113
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where we have chosen as reference system the geometry when the films are infinitely
apart.” Now we continue with the second approach.

13.11.1.2 Maxwell’s Equations and Boundary Conditions

The normal modes can be found from self-sustained charge- and current-densities,
from self-sustained potentials or from self-sustained fields. With the present approach,
we find self-sustained fields. To do that we solve the MEs in all regions of the geom-
etry and make use of the standard boundary conditions at all interfaces between the
regions. For two 2D parallel films we need a geometry consisting of three regions
and two interfaces, 1|2|3. This geometry gives the mode condition function

fi=1—e2rkdp por, (13.114)

where r;; is the amplitude reflection coefficient for a wave impinging on the interface
between medium i and j from the i side, d is the thickness of region 2, and y; =

\/ 1 — 71; (w) (w/ck)*. The function 71; (w) is the index of refraction for medium i. We
are interested in two free standing 2D films but we take the opportunity to be more
general and allow all three media separated by the films be of different materials. At
the end we let them all be vacuum.
At an interface where there is no 2D sheet the TM and TE amplitude reflection
coefficients are (2.87)[2]
™ _ EiYi &Y

™ — 2 ) (13.115)
! EiYi + &iVj
and . ~
pre = Bl Y (13.116)
Wivi + Wiyj
respectively. Note that r;; = —r;; holds for both mode types.

The presence of a 2D film at the interface modifies the amplitude reflection coeffi-
cients. We treat the 2D film at the interface as external to our system which means that
fields will induce external surface- charge and current-densities at the interface. Two
of the boundary conditions are enough to determine the modified Fresnel coefficients.
The other two are redundant. We choose the following two (see Sect.2.5):

(E; —E)) xn=0,

(I:IZ_I:I1> an_ét_{rKextz_%a'nX(EXn), (13117)

2Note that we here have been a little more careful and distinguished between transverse and lon-
gitudinal polarizabilities. They become equal in the limit of zero k, which is the limit taken when
spatial dispersion is neglected. However, like in the present case, when spatial dispersion is included
the difference could have a minor effect on the results.
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where & is the conductivity of the 2D sheet. The modified amplitude reflection
coefficient for a TM mode is [10]

g i_gi i 2i i
ri’EM — ~]7/ - Vj + yyj")fH , (13118)
Ejvi T &y +2yiv;o)

where the polarizability of the 2D sheet is obtained from the dynamical conductivity
according to (2.140). For TM modes the tangential component of the electric field,
which will induce the external current, is parallel to k, so the longitudinal 2D dielectric
function of the film enters. The bound charges in the 2D sheet also contribute to the
dynamical conductivity and the polarizability.

The modified amplitude reflection coefficient for a TE mode is[10]

r;l}E _ l}j]/i - I:I«j)/j +2(w/6k)z‘%i’ (13.119)

Lvi + iy — 2(w/ck) @y
where the polarizability of the 2D sheet is obtained from the dynamical conductivity
according to (2.140). For a TE wave the electric field is perpendicular to k, so the
transverse 2D dielectric function of the film enters. The bound charges in the 2D
sheet also contribute to the dynamical conductivity and the polarizability.

These results are very useful. When we have geometrical structures with 2D films
at some of the interfaces we just substitute the new reflection coefficients at the
proper interfaces. Note that the relation r;; = —r; is no longer valid so one has to be
careful when making the substitutions. One might have used this relation to arrive at
the starting expression. For the three regions system 1|2|3 we find the most general?
mode condition functions as

fi=1—e 2%y rp;
];FM () = 1 — g~2rkd [%lyzfg“zyHrZVlefft"‘L‘:I [%3Vz*§2]/3+2)’2)/30:1£j| .
EintEyi+2ning Eyt+E2731+2n Y
fTE () =1-— e—2rkd P:Lle—l:tz}/l+2(w/Ck)2€tf] I:litz)/z—lu:bzl/3+2(w/0k)2€lfi|
k fuyation —2(w/ck)’at | | isvatiiays—2w/ck)’af |°

(13.120)

where we assumed that there are 2D sheets at both interfaces. These sheets may be
different so we have put the superscripts L and R on the polarizability of the left and
right sheet, respectively.

It is straight forward to find the results for two freestanding 2D sheets from our
geometry by letting all three media be vacuum. Then the mode condition functions
in (13.120) reduce to

fTM (w)=1-— 672y(0)kd V(m&\} (k.w) V(O)&\%(k‘w) .
k 1+yO&| (ko) 1+yO&] (ko) |°

TE 1 a2y Oa [ (@/ck)’E] (ko) (w/ck)*a3 (k,w)
hio(@=1-e [y(m_(w/ckfai(k,w) YO —(@/ch’al (k) |

(13.121)

3Note that we have not excluded possible magnetic effects, i.e., we have allowed fi to be different
from unity.
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These mode condition functions agree with what we found in (13.44) and (13.47),
respectively.
Next we treat the geometry of a 2D film parallel to a wall.

13.11.2 A 2D Film Next to a Wall

Also here we will use two alternative derivations to find the normal modes. In
one approach the modes are generated from coupled induced sources; in the other
approach we solve Maxwell’s equations in the three regions separated by the film and
the wall surface and use the standard boundary conditions at the boundaries defined
by these interfaces. We begin with the method involving coupled sources.

13.11.2.1 Coupled Induced Sources

When a 2D film is placed next to a wall there will be induced current densities at the
interface. The effect of these densities can be obtained in a much simpler way using
mirror images. How these mirror images look like was derived in Sect.2.7.2 for a
more complex system where the 2D film is embedded in a medium. For our system
the mirror-image current-densities are

- 0)
Ky (ko) = LSHOLE K (K, @) ;

il 0 _
K\ (k o) = B K, (K o),

(13.122)

when K| (k, w) and K | (k, w) are the actual longitudinal and transverse, respectively,
current densities in the 2D film. These mirror images are at a distance d from the
wall surface and inside the wall. We have suppressed the argument (k, @) in all y-
functions. The coupled longitudinal current densities give rise to TM modes and the
transverse to TE modes.

We start with the TM modes. The resulting longitudinal electric fields from a
longitudinal current density was derived in (2.120) and (2.121). The field in the 2D
film is

Ey k) = —i27 (kjw) y© (k, ) [K” (k, ) + e~ 27"k K (K, a))] . (13.123)

We close the loop by noting that the current density in the 2D film is the conductivity
times the electric field. Thus,

K” (k, (,()) = 6‘H (k, (,()) E” (k, a))
= —27i6) (k, w) (k/w) y© [K” (k, w) +e MK (K, a))]

(13.124)
&H(k,w)

~ 0 —2yOkd y, =& (@)y©
= i) (K, )y [1 + e ¥ HEROIT K (K w),
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where we have used (13.122) in the last step to eliminate the mirror density. We may
now use the first and last parts of this equation to find

{1 + iy (K, w) y© [1 + e*ZV‘mkd%]} K (k. @) = 0. (13.125)

This equation has the trivial solution that the current density is zero. There are non-
trivial solutions, the normal modes, if what is inside the curly brackets is zero. This
leads to the mode condition function for TM modes,

_2y©® Og, (k,») E @)y Y~y
fkTM () =1—e "k [11;/(0)‘('31”(1(,50)] [gfw;gw;] , (13.126)
where we have chosen as reference system the system when the 2D film is at infinite
distance from the wall. This is in agreement with (13.56).
Now, we proceed with the TE modes. The resulting transverse electric fields from
a transverse current density was derived in (2.120) and (2.121). The field in the 2D
film is

v 2w

EL ko) =500

[Kl &, ) +e "MK 7 (K, a))] (13.127)

We close the loop by noting that the current density in the 2D film is the conductivity
times the electric field. Thus,

K, (k w) =01 Kk, o) E, Kk, o)
25, (K, ) (k/w) [Kl (k, ) +e "MK (K, )]

a (k,w)

~ k)2 Y () is Oy,
=a. (ko) [1 +e ¥ "“—Z;EZ§$U>+Q] K| (k ),

= e

(13.128)

where we have used (13.122) in the last step to eliminate the mirror density. We may
now use the first and last parts of this equation to find

k 2y Okq fis Oy,

{1 0 w) @ [1 4 ermalorion k) (cw) =0, (13.129)
This has the trivial solution that the current density is zero. There are non-trivial
solutions, the normal modes, if what is inside the curly brackets is zero. This leads
to the mode condition function for TE modes,

(w/ck)a k, o)  jis (@) y® —
y© — (a)/ck)zdL K, ) iLs (@) y© + y,

STE (@) =1 — e 2"k . (13.130)

where we have chosen as reference system the system when the 2D film is at infinite
distance from the wall. This is in agreement with (13.57) in absence of magnetic
effects.
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13.11.2.2 Maxwell’s Equations and Boundary Conditions
We obtain a freestanding 2D film next to a wall from our geometry in Sect. 13.11.1.2

by letting media 1 and 2 be vacuum, medium 3 be the wall and let &gz = 0. Then the
mode condition functions in (13.120) reduce to

™ 1 a2y [y Va (k) E(@yP—y |.
k (@=1-¢ 1+y9g, ko) | | &@yO+y |°

TE () = | — -2 "kd (@/ck)?a ko) | fs(@y®—y
K yO—(w/cky’@L (ko) | As@)y©+y

(13.131)

If retardation effects are neglected there are no TE modes and the mode condition
function for TM modes is reduced further to

™ 1 .—2kd a (k, ®) & () — 1
fter=1=e [1+& (k,w)][mw)ﬂ] (13132

which is fully in line with what we obtained starting from the non-retarded theory.
Our last geometry is that of two half spaces and this is what we treat next.

13.11.3 Two Half Spaces

We have already in Sect.5.4 derived the modes by solving the MEs and using the
boundary conditions at the interfaces. We will here use another approach based on
coupled induced sources. We use the notation in Fig.5.14. In Sect.2.7.2 we derived
the mirror current densities caused by current densities in a 2D film embedded in
a medium next to a wall. The results were given in (2.124) and (2.127). Here the
sources are not coming from a 2D film. They are from self-induced mirror densities
in the two half spaces. We should keep in mind that the actual current densities are
at the interfaces and not inside the half spaces. One way to proceed would be to start
from an image inside 1 at the distance d from the surface. It would produce an image
in 3, now at the distance 2d from the surface; its image in 1 would be at the distance
3d from the surface and so on.

We will do it in an alternative way. In each step we will replace the mirror image
with an effective image at the surface. Let us start with the longitudinal currents and
begin with a mirror-image current-density in 3, K| 3’ (K, w), the distance d from the
surface. Remember that this has the effect on 1 as if this current density were at
the position 2d from 1 and embedded in the medium 2. The same effect would the
current density e kg 13" (K, w) placed at the distance d have. Thus we have from
(2.124)

271 — &1

Ky (ko)== —
H &Y+ ey

K3 (k, w)e . (13.133)

In the same way we find
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E2y3 — €312

K3 (ko) = -
H &Yyt &

K1 (ko) e 7. (13.134)

Substituting this result in (13.133) we find

EoY1 — E1V2 E2y3 — E3nn

K (k) == — = =
&2Y1 T €12 23 + E302

Ky (k, w)e 1k, (13.135)

and

|:1 o 2r2kd E2y1 — €12 &23 — €32

= —— = - :|K.l/(k,a))=0. (13.136)
&y1 &1y 8213+ &30

A non-trivial solution demands that

_ o2nkd E2V1 — €1Y2 E2V3 — €3)2

1 = —— = —
ayitéav: &yt ey

=0, (13.137)

which is the mode condition for TM modes. Thus, the mode condition function is

™ _ 1 _ 2 kw)kd E2(@)y1 (Ko)—&1 (@) y (ko) &(@)ysk o) =& @)y ko)
fk (@) =1-e & (w)y1(k,w)+E1 ()2 (k,0) & (@)y3(K,0)+E3(0)ya (ko) ° (13.138)

Proceeding in an analogous way with the transverse current densities we find

fTE (w)=1-— e 2r2(kwkd @)y (k)= (@) yr (K,0) i (w)ys(k,o)—is(w)y: (ko)
k (@1 (ko) +it (@) y2(K,w) f2(w)ysko)+is @)y ko)

(13.139)

Now, we are done with the alternative derivations of the normal modes in some

planar structures. Next, we derive a bonus result from our results for planar structures,
viz., the Casimir interaction between two polarizable atoms.

13.12 Casimir Interaction Between Two Atoms from
Summation of Pair Interactions

We derived the Casimir interaction between two atoms in (12.34). Rather elaborate
derivations were needed to arrive at the result. We can find this result via a short-cut,
viz. by using the result from the summation over pair interactions in Sect.6.1. The
general procedure is the following: choose a geometry with two objects of different
material; calculate the result using the summation over pair interactions; calculate
the result using the full formalism and take the diluted limit; compare the two results
and identify parameters.

We could have chosen to apply this procedure on two half spaces each of one
atomic species. However, in order to make the derivation simpler we choose to apply
it to the atom-wall geometry. We make the ansatz that the interaction between the
atoms is given by the potential V = —Br~’ and we intend to identify the coefficient
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B. The result from summation over pair interactions (6.4) with this ansatz is

Bl’lzﬂ
10d*

Ed)=—- (13.140)
We have assumed that the atom is in vacuum. In the full formalism there are two
mode types, TE and TM. The total interaction energy was given in (13.66) and with
proper notation we have

E(d) = 27Th_f (2].[)2 f at (l?;:) e—ZV(O)(iS)kd (13141,

x | &/l yOio -y e | [2+<€/Ck>2] 1 (i6) £, (£)y (i)
YO8 yO )+ ) YO a0 @)

Now, we expand the result in n, and keep only the lowest order term. We find

E(d) = —2nh at (1%.) ef2y<0)(i5)kd 2mnad! (i6)[2+2(8 /ck)? +(& /ck)* ]

(2 ) yOGO[1+E/ch)’]
(13.142)
Next we make the substitutions k — kd and £ — &d and obtain
_ n 0, 7 —2 O (ig )k 2rnaed’ (€ /d)[242( /ck)>+ (& /ck)*]
E(d) = =2mhgs [ 5hok [ 5" (E/d)e YO &) [1+E/ch)’] :
(13.143)

We are interested in the large d limit,

Ed) = M/dkszdg a0 [2 26 /ck)? + (§/ck)’]

[1+ (€/ch)?]"”
(13.144)
Now we make a new substitution & — £ck and find
e <0>a2 ) 2 —2./1+&2k [2420)°+®)*]
E(d) 7 e— fdkk Ckfdfe —[]+(§)2]3/2
— e (0)0:2 () [2+2($> +&)']
f (/178 ) [1+©?]"
x® 4
pemetr e 03 [ g [2+2©)° + ©)] (13.145)
= d48 [1 + (5)2]7/2
23/15

. nya’ (0)ers’ (0)23
he 440 ’
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where we first performed the integration with respect to k and then with respect to
&. Now it remains to equate this result with (13.140),

By _ . maf' (0) o5’ (0)23

= , 13.146
104+ ¢ 4*40 ( )
and we find the correct result for B:
23hcat (0) ot (0
p = et Oy O (13.147)

4

The procedure we have just gone through is a short-cut for finding the Casimir
interaction between two atoms. It furthermore acts as a test of the consistency of our
formalism.

13.13 Spatial Dispersion

In Sect.9.13 we discussed spatial dispersion in the non-retarded formalism. In order
to avoid too much overlapping material we have here refrained from repeating the
introductory part and the description of the formalism. We refer the reader to that
section. Both here and in Sect.9.13 we follow rather closely the formalism that we
developed in[15]. Effects of spatial dispersion mean effects from the momentum
dependence of the dielectric functions and magnetic permeabilities of the media.
When an electromagnetic wave impinges on an interface between two media and
results in a refracted and a reflected wave the frequency is conserved but not the
momentum. The Fresnel coefficients are no longer valid. This may look like an unsur-
mountable problem to solve. However, it can be solved with the proper assumptions
but things become more complicated.

The main reason for including spatial dispersion in this book is to show how it
affects the Casimir force between real metal plates. There are two quite different
predictions in the literature regarding the room-temperature Casimir-force for large
separations. In one version[16] the result is equal to the ideal-metal result; in the
other version [3, 17-22] the result is one half of that result. The reason is that in the
last version the TE mode does not contribute in this particular limit. The result is very
sensitive to the behavior of the transverse dielectric function in the zero-frequency
limit [2]; thus, the matching conditions of the fields in the low frequency limit are
crucial and this is one of the regions where spatial dispersion can have important
effects. We will follow rather closely the presentation of our formalism for spatial
dispersion given in[15].
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Let us study the interface between two materials 1 and 2; medium 1 to the left and
2 to the right, see Fig.9.16a. We use, consistently, the idealization that the interface
is perfectly sharp; the dielectric function on each side is represented by the bulk
function all the way up to the interface; all potentials on either side of the interface
are screened by the corresponding dielectric function. This means that the charge-
and current-densities that produce the self-sustained fields, the key element of an
electromagnetic normal mode, are two-dimensional charge- and current-densities at
the plane of the interface. The charge- and current-densities can then be divided into
two classes: the strict two-dimensional charge- and current-densities located at the
interface, p and J, respectively; the induced charge- and current-densities in the bulk
of the materials on either side of the interface. Each of these separately obeys the
equation of continuity. We let the xy-plane coincide with the interface and let the
z-direction point to the right. To get the fields in material 1, i.e., to the left of the
interface we assume that these are generated by charge- and current-densities at the
position of the interface, and as if the whole space were filled with medium 1, see
Fig.9.16b. To get the fields in material 2, i.e., to the right of the interface we again
assume that these are generated by charge- and current-densities at the position of the
interface, and as if the whole space were filled with medium 2, see Fig.9.16c. These
two sets of charge- and current-densities need not be the same. This is in analogy
with the mirror-charge formalism. The equation of continuity demands the presence
of accompanying surface-current-densities.

The modes at an interface are characterized by the 2D (two-dimensional) wave
vector, K, in the plane of the interface. We neglect any effects from imperfections of
the interface. This means that the in-plane momentum is conserved. Thus k is a good
quantum number for the modes. For isotropic materials there is no preferred direction
in the xy-plane. We arbitrarily choose the propagation of the mode to be in the x-
direction. We let a general wave vector be denoted by ¢, and k is then the in-plane
component, i.e., ¢ = K + ¢,Z = kX + ¢;Z. In analogy a general position vector is
denoted by R, and r is then the in-plane component, i.e., R = r+zz = xx + yy +z2Z.
For functions of the spatial coordinates and time the function arguments can be
written in the equivalent forms (R, ) = (r, z;¢) = (x, y, z; t) and for the Fourier
transformed versions they may be written as (q, w) = (K, g;; ®). In our treatment of
the interfaces the charge- and current-densities are strictly 2D and with our orientation
of the coordinate system the Fourier transformed functions are

P (Qq, ) = ps (K, = 0) = ps (K, ®), (13.148)

and
J(q,0)=J.(q,0) +Jr(q,0) =Kk, —; )

=Kk, 0) =Kk 0)+ K| (ko). (13.149)
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respectively. The subscripts L and 7 denote longitudinal and transverse, i.e. parallel
and perpendicular to q, respectively. The subscripts || and L denote in plane vectors,
parallel and perpendicular to k, respectively.

In Coulomb gauge the surface charge- and current-densities give rise to the fol-
lowing potentials [2]:

0] _ 41p0@o) _ 4rp ko).
@ @) e @og’ e @o)g
AD (q, ) = Ol @O

c[qz—(ﬁ(r')(q,w)w/c) :|

kK )| (ko) 0

an i (q.0) | Ky ko) +KL ko)-q - K (K, ®) 4-q- K, (k, w) %

(13.150)

c|:q2— (ﬁ(ri)(q,w)w/c)~:|
a i) (@) 2K k.9 K L (k)25 K (.0) 2 4% K .o

Je-Graond]

. 2
4 i3 (q,0) [)? Z—z K (k,w)+3K | (k,w)fi%’Ku (k,w)}

c|:q2—<ﬁ(ri)(q,w)w/(‘)2:|

’

where the index i = 1, 2 specifies the medium. In Coulomb gauge the vector potential,
A, is transverse and depends only on the transverse part of the current density. Note
that the transverse part of the current is orthogonal to q and not necessarily to k.
Let us, in what follows, drop the superscript representing the medium, on the
potentials and fields. The result is valid on each side of the interface, we just add
the proper superscript at the end. The potentials depend on both the surface charge
density and surface current density. These are not entirely independent. They are
coupled via the equation of continuity. Let us express the potentials in the surface
current densities only. We have the equation of continuity on Fourier transformed
form,
wp (q, w) —q-J(q, ) =0, (13.151)

and

wp; (k, ) — | k- Kk, 0)+g.J;:(q,0) | =0, (13.152)

kK (k,0) 0




316 13 Dispersion Interaction in Planar Structures

or

05 (K, w) = SKH k, o). (13.153)

We are interested in the electric and magnetic fields associated with the charge-
and current-densities. The electric field is

10
E=-Vd - -——A, (13.154)
c ot

and its Fourier transform is

E (k. ¢.; 0) = —iq® (k, ¢.; 0) — (F2) A (k, ¢.; @)

47TkKH(k w)
= —i (kx +4q:2 ) W

4niad (qw) [x LK) (k) +IK 1 (K, w)—7k"z K (k, m)]

+1? c'|:q —(n(T’)(q,w)a)/c) ]
(13.155)
~ (i)
— —ifdw K, (k B el iy (g.)
beam K (k, @) e @wog® 4 |:42,(n(r"(q,w)w/c)2}
~ (i)
—iz4n K| (k, o) w(—+ iy K, (k, w) % wk AL (9.0 _
7 [qz—(ﬁ(r”(q,w)w/c) }
Similarly, the magnetic induction is
B =V xA, (13.156)

and its Fourier transform is
Bk, ¢::0) =iq x A (K, g.: ®)
. A N 4. ~ (i) SK(k SK 1 (k
= l(kx +qzz) o driy (qo)[# .H( L)+ ZL( )]
C[qu(ﬁf;)(q,w)w/c) i|
4rjif (q.0)

=i——rr 8 (k% +q.2) x [2K) (k, 0) + §K 1 (k, 0)]
C[qz—(”“)(q w)w/c) }

) g K (K, o) § + K| (k@) + kKL (ko) 2]
C|:q 7(an‘)(q,w)w/c) :|

=i

(13.157)
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To summarize we have the fields

: K2 1
Ey (K, gz 0) = —idn Ky (&, 0) & [ b
? ir(q,o) u)_2 AT (q,0)

— -

) g2 @/ T ¢ g2t @ow/e’]
~ _ .
Dy (k, g;; w) = —id4n K (k, ) %

& Q@) | o Er@e)ir@e) ]

~ [qz—(ﬁr(q,w)a)/c)z] 2 qz[qz,(ﬁr(q,w)w/c)z]
EL(k g 0) = idn Ky (ko) 4000 ___
1 (K, g5 w) o) [42—(ﬁr(q,w)w/ﬂ>2]

D (kg ) = 4K (k, ) 4 LraQiie)
g2~ (it (@.0)0/0)’

E’:n Kk, q;; w) = _i47TKH (k, w)g(qk+z)quv (13.158)
D, (k, q;; w) = —i4n K| (k, a)) s
By (K, q.: w) = — 471K¢(k,w) 9: i1 (q,0) i
1 gz ) < [e-Gr@oorr’]
Hy (k. ¢;; 0) = —i7ELke) «

¢ e-Graewe’]
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&dae ¢ Je-Gr@oo/]
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n (4 0) ¢ |e-Gir@ooer’]
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[¢2—Gr@ww/e? |

Many functions will appear repeatedly when we apply the boundary conditions
and we give them names to make the expressions simpler. We need the following
functions:

i _ 1
g (k, ) = 2kf I

<l)(q w)
dq, i (q.0) .
gbt) (k, ) = Zy(o)k /' 2_?{%’
“oo [qZ—(nT (qww/c) ]
j 2w/ky® T dg. i (q.0)
gél) (k, w) = '(wl/f;/(og/ 2_17]{ ~T(i) 37
—o0 42[427("1' (qu)w/C) ]
o - (13.159)
@ g:e"<°
gy k,w)=-2i Sz

“0 2” [qz_(ﬂm(q,w)w/c)z}’
hD (k, w) = 2k j da. %

() . dg. i (g, w)q.e0"
Y (k, w) = —=2i %—MT fl(l)wq T
“oo [qu(nT (qwo/c) ]
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O =70k w) = 1 - (@/ek) (13.160)

The prefactors have been chosen such that all g- and A-functions are unity in vacuum:

where

8o (k) =2k | o

27 g2

1;

gb k, w) =2y Ok f Sk —[q ~ @] =1;

2(w/6)2k)/(°) .
gc (ky 0)) 1— y<0) f 27r (/2[(1 _(w/t) ] 1
(13.161)
0 (k, w) = —2i —L 1;
8a {5 s 27 [ —@/o] —
0 _ —1-
hy, (k, w) = 2kf 2”q__l,
0 . q. eldz ot
hy (k, w) = 21 2n o] = =1.
These results are easily found from the standard integrals:
T oar i 1
= ' (13.162)
f g_er irs rz_rmz — ’zsign (s) e—alsl
—00

We also need the g- and h-functions with neglect of spatial dispersion. If we
neglect spatial dispersion, indicated by an extra subscript 1, we have

o0
) _ dg; 1 -1 .
Za (k, w) =2k f 2 PF0(@) — ()’
—00

o0 .
D (f — 9,00 dg, A (w) _ v .
,w)=2yVk [ £ = ;

so1 (b @) =2y ,£o 7 g2 (0 @w/c)’] Vi
¢ (k, ) = 2ellkr® Tde  i%0) y<°(><w/ck>;ﬁ<f><w>.

c ’ - 1—y 2 2l 2— (D (o /e 217 v(1=y©O)A+y)

o % [‘; (0 @nre)’] (13.163)

g kow) = —2i [ S L

—oo 27 [ 2_(,1(1‘)(,,))0)/0)2]
h® (k, w) = 2k f 920 = i ()

(l) o (k, w) = —=2i b __ﬁ“’(w)qze"‘“”_ =19 (w)
VNS 2 [ Zf(fz(i)(w)w/c)z] ’

where

i = vi (k. w) = \/1 + (7D (0) w/ck)’. (13.164)
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The g4-functions are calculated just to the right of the interface and have all the value
unity. The corresponding value to the left of the interface is minus unity.
We will furthermore need the following combinations of g-functions:

(V)
GO™ (k) = g0 (k. ) — CLK) gy (ko) + #2700k,
’ V<0) 8a © oy f B
(y©)* (@)
(13.165)
and
GO (ko) = g (k. ). (13.166)

The overall scaling of these functions has been chosen such that the functions are
unity in vacuum, i.e.,

GO™ (k wy=1; GOTE (k@) =1. (13.167)

If we neglect spatial dispersion these functions become

(i), T™M N0 (=r?) ,® (/e o )
G, k, w) = 70841 (k, ) + () 8 (k@) = (v “’))7 81 (k@) (13.168)
e (V] LR /L A
T O D@ T yOydty) Oy Y0 ()’

and 0
7/( )

G(li),TE k. w) = g(l) k, w) = (13.169)

respectively. In the first function we have used the fact that the longitudinal and
transverse dielectric functions are equal in the limit of vanishing momentum.

In [15] we used three different model-dielectric-functions. Here we will only
use the RPA functions. The RPA dielectric functions, on the real frequency axis,
expressed in the dimension-less variables Q = g /2kp, K = k/2kp, W = hw/4EF,
W, = hw, /4EF and y = m,e? /h*kp. are

e, r(Q, W) =1+0a,7(Q, W), (13.170)
where the longitudinal and transverse polarizabilities are [23]

@0, W) = (0, W) = £ {1+ R E =

0= (W+0?)° In [ Q+(W+Q2)]
40° or(w+?) |[°

(13.171)
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and
ar(Q, W) = ap(0, W) = 5= G gyim
0*-(w-0*)" —(W-0
x{—(Q“+Q2+3W%4—[ ]1nL?fo)J

(13.172)

[QL(WJFQZ)Z]Z1 —0+(W+0%)
el el
respectively. The logarithm in these expressions is taken from the branch for which
larg[In(z)]| < .

These results are in neglect of dissipation. Including dissipation, or damping, in
a simple way leads to the following modifications [24]:

(W+iA)a(Q, W +iA)

ar(Q, W, A) = W+iA[ad(Q, W +in)/e?(Q,0)]

(13.173)

and [25] Wotin
i

ar(Q. W, 4) = ) (Q. W +iA), (13.174)
respectively.

For the force calculations we need the polarizabilities on the imaginary frequency
axis. There, they are

, _ . 2240%—0* 0+0? 2+Ez
(0, 8)=aY(0,i8) = g {1+ ( 2 ) 1n EQQ2;2+E{| 13.175)

[tan*1 (Q%Qz) + tan~! (Q+Q2> } ,

(][9]

and

a?'(Q, B) = a9(0,i8) = y 5= {— (3587 - 0* — 0*%)
(2202’ —(82+02-0Y)° | | (0+0?)*+&2
+ 4Q3 ln (Q—Q2)2+EZ

P s () o (2]

(13.176)

respectively. The inverse tangent functions are taken from the branch where their
absolute values are less than /2.
Including dissipation we now have

(E+2)aY (0,5 +4)
E+4[a (0.5 + )/ (0.0)]
(13.177)

a'(0,E,A) =a,(Q,iE, A) =
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and
g+ A

=
=

ar'(Q, E,4) =ar(Q,iE8, A) = (0,5 + A, (13.178)

respectively.

‘We have now laid out the notation and will in what follows use this material to find
the electromagnetic normal modes for a single interface and for a gap between two
half spaces. We have two momentum scales in the present problem; one is defined by
the Fermi-momentum, & r; one by the surface mode frequency divided by the speed
of light, w,/c. These scales are quite different and w,/c < kp. Different effects
are visible on the two scales and one has to view them separately. The first scale is
important if we are interested in the surface energy or the interaction between objects
at small separations, the van-der-Waals force. The second scale is important for the
interaction at larger separations, in the Casimir range. Retardation effects, effects
from the finite speed of light, enter for very small in-plane momenta and should be
viewed on the second scale.

13.13.1 Modes at a Single Interface

We now derive the condition for having a surface-normal-mode from the standard
boundary-conditions for the fields at the interface: the continuity of the in-plane
components of the E- and H-fields and the normal components of the D- and B-
fields; we only need the first two. These boundary conditions are valid if there are
no external charge- or current-densities at the interface, only induced densities from
the self-sustained fields. We see from (13.158) that £, E,,, and B, all depend on K
and will be involved in one of the modes, the TM mode. We also find that £, By,
and B, all depend on K and will be involved in the other mode, the TE mode.

We begin with the TM modes and use the boundary condition that E| is continues.
We have

o0
i 2 dg. .ig, 1
E| (K, z;0) = —idn K (k, w) & Lew[ ,
1 (k, z; @) I ( )‘”!{o pE T

(13.179)

—(2 )2 i (q.0) o? i (q.0)
ck |:

qz,< ;,)(q,w)w/c)z} + C_zqz [qu(ﬁ;f)(q,w)w/c)z}

Just to the left of the interface the field becomes
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o0
Ey (k.07 0) = —idn K" (k, ) £ %[ !
—00

27 | i (q.0)q?

~(1) 5

(2)2 iy (9,0) o* ity (q.0)

+¢
=@ @onwre) | - @onre) |
= —idn K" (k) £

o 2 1 R (13.180)
ez 0 (C"l) s (o) + el (ko)
= —14JTK( ) (k, a)) =
[t o — (2 Ll () 4 %0 )
70 8a @ &) <o>)°gb O <0>)2g0 @
. (0)
= —idn K" (k, w) Lo GO™,
In analogy we find for the electric field just to the right of the interface
ky©
Ey (k,0%; 0) = —idnK? (k, ) ;—G(Z)’TM. (13.181)
w
Now we do the corresponding for the H-fields. We have
4 K (k,
Ay k. gzo) =i L) & - (38
[qz - (ﬁ(T” (q. ») w/C) ]
and
47 Ky (k d
A (k2 0) = M/ 1z gig. e . (13.183)
[q2 - (ﬁ(T') (q, ) w/c) ]
Just to the left of the interface the field becomes
M 00 S
HL (k7 07; w) — i4JTK”C(k,CU) /‘ %elqzo - 9z >
o0 |~ ( o) | (13.184)
471K“)(kw) o) 271K()(kw) o)
c ( 121) <_gd ) c 84
and just to the right of the interface
27K? (k, w)
Hi (k0" o) =" " Z,® (13.185)

c

To make the expressions for the fields more compact we introduce the common
factors A and By, not to be confused with the vector potential and magnetic induc-
tion,
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27K, (k, w) 27K (k, )
Aj=—-~>1 7. =" (13.186)
C C

Then the continuity of the H | -component gives
gV (k,w) Ay = —gP (k,w) By — A+ B =0, (13.187)

since the g; functions are unity. The continuity of the E-component gives

ky ky©
—i241c=~ G<1>TM+123HC 5 G ™ =, (13.188)
w

or
Gy, _ GO ™MB . (13.189)

Thus, we have obtained the following system of equations

1 1 Ay _ (0
<G<1),TM k, ) —GO™ (k, w)) (B) = <O) . (13.190)

This system has the trivial solution that Ay = B = 0. It has also non-trivial
solutions which are the modes we are looking for. The condition for normal modes
is found as

1 1

‘G(D,TM (k, ) —GO™ (&, @) (13.191)
or
GO™ (k, w) + GP™ (k, w) = 0. (13.192)
Neglecting spatial dispersion we arrive at
yVe® (0) + yPeM () = 0, (13.193)

which is the standard condition for having a TM normal mode in the neglect of spatial
dispersion [2].

The magnetic effects give rise to another type of mode, the TE mode. These
involve surface current densities perpendicular to k. We continue with the TE modes
and use the boundary condition that E is continues. We have

da. . A% (q,
E; Kk, z;0) =i4nK, kK, ) — > / 2‘7]; oid:2 (q, w) :
s [qz N <ﬁ<Tl> (q ) a)/c) }

(13.194)
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Just to the left of the interface the field becomes

M T i (q,0)
l(k, 0_;a)) i4n K| (k, a)) Sde  Hr 9®)

R [qZ—(ﬁ;”<q,w>w/c)2]

(13.195)
14JTK(1) k,w) 4 b Zy:U)k gbl) (k, w)
14711((1) (k, ) % 517 GOE (k, @) .
In analogy we find for the electric field just to the right of the interface
+ (2) (2).TE
Now we do the corresponding for the H-fields. We have
~ 47K, (K,
Ay k, g: ) = —i T KL K@) 4 — (13.197)
¢ 2 (=0
[q (nT (q, w) w/C) }
and
47K | (k dg.
A &z 0) = ”L—(w) f 1z gig.: e . (13.198)
[qz - (ﬁ(r’) (q, ) w/c) ]
Just to the left of the interface the field becomes
i _. anKO ko) T dg. iq,0 q.
U e el B AT ——
-0 [q *(ﬂ (g, w)w/C) ] (13.199)
7KV (ko T No)
= St ) (L) (oD (k) = ~ZELED 0 ),
and just to the right of the interface
. . 21K (k, 0) )
Hy (k, 0" 0) = —F———¢ 7 (k,0). (13.200)
c

To make the expressions for the fields more compact we introduce the common
factors A and B, not to be confused with the vector potential and magnetic induc-
tion,

27KV (k, w) 21K P (k, w)

Al=—=—""; B =——"~, (13.201)
C C
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Then the continuity of the H |-component gives
¢V kw)AL =g (k,w)B, - A, + B, =0, (13.202)

since the g, functions are unity. The continuity of the E | -component gives

i k) (k, w) 2m GOTE (k) —idn KD (k, ) zm GOTE (k, w) =0,
(13.203)
or
GOTE (k) A, — GPTE (k, w) B, =0. (13.204)

Thus, we have obtained the following system of equations

1 1 A 0
(G(l),TE k, ) —GTE (k, w)> <3i> = <0> . (13.205)

This system has the trivial solution that A} = B, = 0. It has also non-trivial
solutions which are the modes we are looking for. The condition for normal modes
is found as

‘ G(l),TE1 k, ) _G(Z),TIE (k, ) (13.206)
or
GO (k, w) + GPE (k, w) = 0. (13.207)
Neglecting spatial dispersion we arrive at
iV (@) + nia? (@) =0, (13.208)

We have now derived the general conditions for having surface-normal-modes
at an interface between two media with and without spatial dispersion taken into
account. We will here study the effect from spatial dispersion on the surface-plasmon-
dispersion, i.e., the over-all effect on the ky scale, and the effect on the surface-
plasmon-polariton-dispersion, i.e., on the w;/c scale.

13.13.1.1 Retardation Effects at Long Wavelengths

Retardation effects will modify the surface plasmon dispersion at the long wavelength
range. The modes are given as solutions to the equation

GMH'™ (k,w) +1=0, (13.209)

or expressed in modified g-functions, the “tilde-functions”, as
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Fig. 13.12 The surface-plasmon dispersion-curve for gold, solid curve, in the range where retarda-
tion effects are visible. The dashed curve is the universal result when spatial dispersion is neglected.
The retardation effects push the surface-plasmon dispersion-curves down below the dispersion curve
for light in vacuum, dotted straight line

2 ()
_ (w/ck) gél) k. o) + (1 14 )

y© (y©)?

Remember that the tilde over a g-function means the g-function calculated inside
the medium minus the corresponding function calculated in vacuum. In Fig. 13.12
we show the results in the range where the retardation effects are important. We find
that spatial dispersion has very small effect on the results here. The figure gives the
result for gold, solid curve, in comparison with the result without spatial dispersion,
dashed curve.

Next we study the modes and possible effects of spatial dispersion for the geom-
etry of two half spaces.

1 .
_g(l) k, w)

© 8a g0 (k,w)+2=0. (13.210)
y

13.13.2 Modes Associated with a Gap Between Two Half
Spaces

Here, we can imagine that we have taken the geometry of a single interface and
separated the two half spaces so that a gap of width d has opened up, see Fig.9.18a.
We have two interfaces; the left interface separates the left half space, of medium 1,
from the gap which is assumed to be vacuum; the right interface separates the right
half space, of medium 2, from the gap. The fields in the left half space are generated
by surface current densities at the left interface; the fields in the right half space
are generated by surface current densities at the right interface; the fields in the gap
are generated by surface current densities at both interfaces. In this geometry there
will be TM and TE modes even in neglect of magnetic effects. We proceed in the
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same way as we did for a single interface and express the sources in terms of the

two types of surface current density, one parallel to k, producing TM modes, and

one perpendicular to Kk, producing TE modes. This is a little bit different from the

treatment in [15] where we derived the TM modes from surface charge densities.
We need to define four additional factors,

C = 20 K" (k)

C
2 K(O,leﬂ) k.
C, = ”Lf(‘”)

2JrK(()Aright) (k w)
. — Il ’
s Dy= ——(——

; Dy =

(13.211)

c. ’
27 K O (k)
- .

We begin with the TM modes and use the continuity of £ and H, across the
two interfaces. The E| component at the distance z from the source was given in
(13.179). We may reuse part of the results from the single interface study. Just to the
left of the left interface we have

ky©

kv ©
Ey (k07 0) = —idr K" (k, ) ;’—GU%TM = —ide-L GOy,
)
(13.212)
The field just to the right of the left interface has two terms; the first coming from
the current density at the left interface; the second coming from the current density

at the right interface. The first contribution we can write down directly. It is

@

Ey(k. 0% 0), = —i2m K[ (k) HEGO™ =
)

. . 0)
= —i27 K" (k, w) 2 = —ic ¢y
Il ) ®

(13.213)

The second is

. 00 )
Ey(k, —d; ), = —idn K" (k, 0) £ [ Yeeiod
—o0o

1 )2 1 »? 1
x [? - () [4*—(@/c)] + c_qu[qZ—(w/cf]]
o0

2
s (0,right) K dg. —indi
= —14n K, k, ) 5 7{(} 2 © [42— (/)]

— (0.right) 2,02 T g oig.d 1
= —ir K ko) SOO) S e (13.214)
o0

i d d
= —i87 K """ (k, ) £ (y©) f 2_51; Czos (q.d) :
0 [(qz) + (ky©) ]

e—ky©d
4k;/(0)

. 0,right ky© 1y, - ky© g,
= —127TK|? K w) et = _je—e kD)

The E| component is continuous across the left interface if

GO™Y, — ¢y —e* " p, =0. (13.215)
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In analogy we find that the £ component is continuous across the right interface if
GO™pR, — %, — D, =0. (13.216)

Next we continue with the H | component. The H | component at the distance z

from the source was given in (13.183). We may again reuse part of the results from
the single interface study. Just to the left of the left interface we have

) 2 2
(k0 0) = —K" k) =Kk (ko) =4 (13217
- K K

The field just to the right of the left interface has two terms; the first coming from
the current density at the left interface; the second coming from the current density
at the right interface. The first contribution we can write down directly. It is

- 2 2
Hl(k, 0t “))1 _ __jTK‘TO,left) (K, ») g{(jO) _ __”Kl(lo,leﬂ) (k, ) = —C}.
c C
(13.218)
The second is
- KT ko) R g .
H, (k, —d; w), = lﬂl‘f f %e 4= [qz,(q(;)/c)Z]
—0o0
[o¢]
— i—4nK‘(‘0"gh[) (k,w) / %eilqzd qZ
= - ) N 2 (13.219)
27 [@r s oy
_%e,ky(om
_ z_ne_ky(O)dK(O,righl) (k w) — e_kV(O)dD
¢ I b Il
The H, component is continuous across the left interface if
AH + CH — e_kV(O)dD“ =0. (13.220)

In analogy we find that the #, component is continuous across the right interface if
B —e " + Dy =0. (13.221)

Thus we have found that the following system of equations should be fulfilled for to
have TM modes:
GV™A — ¢ —e "Dy =0
G(Z)‘TMB” — e_ky(O)dC” - D=0
AH + CH — e—ky<0)dDH =0
By —e"Cy+ Dy =0.

(13.222)
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We eliminate A and By in favor of C} and D and find

_ [G(l),TM + 1] C” 4 [G(l),TM _ 1] efk]/(ﬂ)dDH =0,

13.223
[GO™ _ 1]er"dc) — [GO™ 1] Dy =0, ( )

or on matrix form

—[GM™ 4 GO™ _ (e~ (¢, 0
<[G(2),[TM _ l]e—k)lo)d [ B [G(2>,T1v!+ 1] ) <D) = (0> . (13.224)

The non-trivial solution demands that

_ [G(l),TM + 1] [G(l),TM _ 1] e—kr¥d

‘ [GO™ _1]e k" _[GO™ 4 1] =0, (13.225)

or

[G(l),TM + 1] [G(Z),TM + 1] _ 672ky(0’d [G(l),TM _ 1] [G(z),TM _ 1] —0.
(13.226)
Let us now find out the corresponding result when spatial dispersion is neglected.

Then, since
Vi 1

(i), T™M _ Y
G, (k, w) = O 50 (@)’ (13.227)
our condition is reduced into
D (w) v (k,w) () v (k,w)
[ Tt yww] [ Tt y<°’<k:w>] (13.228)

_e VU oikd | V@ _ nke) |[eP@  phko) | _
1 y O (k,w) 1 yOk,w) | —

This is the well-established condition for TM-modes when spatial dispersion is
neglected [2].

We are now done with the TM-modes. The TM-modes have both longitudinal
and transverse character and both types of dielectric function enter the formalism.
The fields involved in the TE modes on the other hand are genuinely transverse
in character and only the transverse dielectric function enters the relations. Let us
now continue with the TE modes, and use the continuity of £, and Hj across the
two interfaces. The E; component at the distance z from the source was given in
(13.194). We may reuse part of the results from the single interface study. Just to the
left of the left interface we have

-\ ) w 1 mre @ 1 (1),TE
E; (k,0;0) =i47K ' (K, ®) = —Zy(o)kG =i _y<0>kG Al
(13.229)
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The field just to the right of the left interface has two terms; the first coming from

the current density at the left interface; the second coming from the current density
at the right interface. The first contribution we can write down directly. It is

Ei(k 0% 0) =i2r K" (k 0) 4 57 GOTE =

) (13.230)
= —i27 K(O left) k, o s V‘})’k = 1% y(‘l))kCJ-’
The second is
Ey(k, —d: 0), = idn KO (k ) & [ Yemind __L__
) » W)o 1 ’ c? s 21 [42—(@/c)*]
o0
_ iSJTKJ(f),right) . o / dg; cos (g.d) .
J 27 [ + (ron)’] (13231)
v Okd
4y Ok
— i K(O ,right) (k a)) - (mke —yOkq —i yw)ke y<o)deJ_.
The E; component is continuous across the left interface if
GOTEA ) — e—y“”kaiDL =0. (13.232)

In analogy we find that the £ component is continuous across the right interface if
GOTER, —e®"Cc, — D, =0. (13.233)

Next we continue with the ﬁ” component. The ﬁ” component at the distance z
from the source was given in (13.198). We may again reuse part of the results from
the single interface study. Just to the left of the left interface we have

~ 27 2
Ay (k,07;0) = —TKil) k, ) g} = —71(11) k,w)=—A,. (13.234)

The field just to the right of the left interface has two terms; the first coming from
the current density at the left interface; the second coming from the current density
at the right interface. The first contribution we can write down directly. It is

21

~ 2
Ay (k0% 0), = =K (k) g = =

K(o lefi) k,w)=C,. (13.235)
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The second is

; . A KO k) T dg. —igd _ a.
Hy(k, —d; 0); = —i==——= [ Shem sy

—00
o0

A K010 (1 ) dg: _i,.4 q:
i [ e 13.236

—00

i,—ky©®a
Te~kr

—ky©® 0,right —ky©®
= kg O (k) = —e 7D, .

The ﬁ” component is continuous across the left interface if
AL +CL—e*"p, —o. (13.237)
In analogy we find that the H, component is continuous across the right interface if
B —e®%c, + D, =0. (13.238)

Thus we have found that the following system of equations should be fulfilled for to
have TE modes:

GOTEA, —C, —e "M p, =0,

G(Z),TEBL _ efky(o’dcl - D, =0,

13.239
AJ_+CJ_—e_ky(O)dDJ_:O, ( )
B, — e_kV(U)dCJ_ + D, =0.
We eliminate A | and B, in favor of C; and D, and find
_ . TE (1),TE _ —ky©d —
[GOTE+1]CL +[G 1]e D, =0, (13.240)

[G(Z),TE _ 1] e—ky“”dcL _ [G(Z),TE 4 1] D, =0,

or on matrix form

—[GOTE+ 1] [GOTE —1]e "N (€, 0
([G(z),[TE _ l]e—kJ(md [ _ [G(Z),TE]+ 1] ) (DJ_> = <0) (13.241)

The non-trivial solution demands that

_ [G(l),TE + 1] [G(l),TE _ 1] e—ky‘(”d

‘ [G(Z)’TE _ 1] e_ky(O)d _ [GQ)’TE + 1] == 0, (13242)

or

[GDTE L 1][GPTE 4 1] — e 27 [GDTE _1][GPTE — 1] = 0. (13.243)
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Let us now find out the corresponding result when spatial dispersion is neglected.
Then, since

A UN
GOTE (&, w) = V—M(') (@), (13.244)

our condition is reduced into

[)/(O)M(l) (@) + J(/ol)] [V(O)M(z) () + )/2] (13.245)
—e=2 O kd [0 M () — ] [y Ou® (@) — 2] = 0.

This is the well-established condition for TE-modes when spatial dispersion is

neglected [2], generalized to take magnetic effects into account. So in summary

we have the two mode types from the relations

[G(l),TM.TE (k, w) + 1] [G(Z),TM,TE (k, a)) + l]
_672y(k,w)d [G(l),TM,TE (k, a)) _ 1] [G(2),TM,TE (k, (1)) _ 1] —0.
(13.246)
We here just note in passing that the relation between our G-functions and the
so-called surface impedance can be found from the relations above. The surface
impedance for p-polarized and s-polarized waves are

ZP =E|/H, = [—WG(")‘TM (k,a))AH] / [85) (k, w)An]

. 5O )™ (13.247)
= i GO™ (k)
and
(w/ Ck) (@K coe (13048

Z'=E /Hy=i—5"GC"PAL ) (A = —i—5~
y© 4

respectively. One should be a little careful with the sign. It is understood that the
z-direction is into the interface. So to find the relation here we have used the fields
at the left interface. If we had used the fields at the interface to the right we would
have had to change sign.

In Fig. 13.13 we show the two TM-modes for two gold half spaces separated by
a gap of 0.1 wm. In the region where retardation is important the spatial dispersion
is once again negligible. This is also the region which is important for the force in
the Casimir range. From these findings one would guess that spatial dispersion has
negligible effect on the Casimir force. We will show later that this is actually what
we find for the contribution from TM-modes, but not from the TE-modes at room
temperature. At the high momentum side of the figure we note that the frequency
of the mode has increased a little beyond the value unity. This very modest effect is
caused by the spatial dispersion. Now, one of the two TM-modes seems to end at the
light-dispersion curve in the figure. It actually continues on the other side, but is not
a true surface mode there. There the fields do not decay exponentially away from
the metal. Instead they form standing waves between the two surfaces. This mode
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Fig. 13.13 The two
TM-surface-mode branches 1
for two half spaces of gold

separated by a gap of t i
0.1 wm. The upper solid cd =

curve is just that part of a 08 ?Kd—?n:)(?esl Hm
branch where the mode is a j
true surface mode in that the i
fields decay exponentially 06 | wdc=4.1 B
away from the two interfaces i *

on both sides. The dotted
straight line is the light 04
dispersion curve in vacuum.
See the text for more details.
Adapted from [15]
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has one node between the surfaces. There are also modes with 2, 3 ... nodes. All the
TE-modes come in the region to the left of and above the light dispersion curve. They
have 0, 1, ... number of nodes. There is a larger number of modes present the larger
the separation between the surfaces.

In Fig. 13.14 we show the results for a little larger separation and now in neglect
of spatial dispersion. In this case there are six TM-modes and four TE-modes. One of
the TM-modes is a true surface mode; one is for a part of the dispersion curve a true
surface mode and for the rest of the dispersion curve a standing-wave type or wave-
guide type. The four remaining TM-modes and the four TE-modes are wave-guide
modes. The upper solid curve is the boundary of the continuum of bulk-polariton
modes. Above this curve the metals can no longer keep the modes in the gap, they
can propagate freely through the geometry and do not contribute to the dispersion
forces. The larger the separation between the surfaces the larger the number of modes
between the light dispersion curve and the bulk-polariton continuum.

13.13.3 Dispersion Interactions Between Two Gold Plates in
Vacuum

In the previous section we found that the conditions for the two mode types between
two non-magnetic metal half spaces separated by a vacuum gap of thickness d are

[GTMA,TE k, ®) + 1]2 _evd [GTM,TE (k, w) — 1]2 =0, (13.249)
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Fig. 13.14 The complete set of normal modes between gold surfaces (obtained in neglect of spa-
tial dispersion) for roughly twice the separation of the setup in Fig. 13.13. The upper thick solid
curve is the boundary for bulk-polariton-modes and the lower thick solid straight line is the light-
dispersion-curve. The thin solid curves are the true-surface-mode-type-modes, the dotted curves are
the standing-wave-type TM-modes and the dashed curves the standing-wave-type TE-modes. Note
that one of the TM-mode branches changes character when crossing the light-dispersion-curve.
Adapted from [15]

where

~ —Y) = w/c)® ~
G™ (k, 0) = £3, (k, 0) + 5. (k, 0) — “LEg, (k, ) + 1;

13.250
G™ (k, w) = g (k, w) + 1. ( )
From this the interaction energy (13.9) is found to be [2, 3]

AE (@) = 155 T dikin |1 — e2vibisga [ ki1

— 218 5 [G™ (k,ig)+1]
| ” T 2y (kigy)d [GT (ki) =11 (13.25D)

. — y(k,ign)d L& "K18) 1]

oty itk {1 arieou [ (k’i&m]z} ,
where )

gn—h%”; n=0,1,2,... (13.252)

The prime on the summation sign indicates that the n = 0 term is multiplied by
the factor 1/2. For zero temperature the summation is replaced by an integration:



13.13 Spatial Dispersion 335

2.5 T T T T T T T T
r =—=—- Perfect metal (Casimir) OK
© = — = Perfect metal (Casimir) 300K ¢
''''''' Full Experimental Diel. Func. 0K ya
Full Experimental Diel. Func. 300K e
2 === Drude (no dissipation) 0 K 7

(©) Drude (no dissipation) 300 K e
@ Experimental Lamoreaux 4
A

RPA spatial dispersion o

Energy Correction Factor

d (um)

Fig. 13.15 Energy correction factor as function of separation between two gold plates. The dash-
dotted curve is the Casimir ideal-metal result at zero temperature; it is by definition constant with
value unity. The long-dashed curve is the corresponding result at room-temperature. The solid curve
is the room-temperature result from using the experimental dielectric function and the dotted curve is
the corresponding zero-temperature result; these results include the effect of dissipation but neglect
the spatial dispersion. The short-dashed curve is the simple Drude result, & (w) = 1 — a)il /o2, at
zero temperature and the open circles indicate the corresponding room-temperature result; these
results neglect both dissipation and spatial dispersion. The triangles is the present result including
spatial dispersion; dissipation is neglected but inclusion of dissipation leads to an overlapping result.
The solid circles with error bars is the experimental result by Lamoreaux [8]. Adapted from [15]

1 rd
N h/ g (13.253)
T
0

The results are presented in Fig. 13.15. All results in the figure are the interaction
energy divided by the zero-temperature (Casimir) result (hcr?/720d?) for an ideal
metal as given in (13.25). The filled circles with error bars is the experimental result
by Lamoreaux [8]. The solid curve is the result [3] from using the experimental
dielectric properties, given in Fig.9.3. This means that dissipation was included
but no spatial dispersion. Very similar results are obtained from using the Drude
expression, including dissipation, for the dielectric function [2, 3]. The momentum
dependence of the dielectric function can not be obtained experimentally so when
taking spatial dispersion into account one is forced to use theoretical expressions for
the dielectric functions. The triangles show the result when (13.251) was used. Thus
spatial dispersion was taken into account and the RPA dielectric functions were used
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with polarizabilities from (13.175) and (13.176). Taking also dissipation into account
by using the polarizabilities in (13.177) and (13.178) lead to very small additional
corrections. Itis very interesting to note that the result with spatial dispersion included
is almost identical to the result[3] where the dramatic effect came from dissipation.
Itis not completely surprising that spatial dispersion has the effect that the TE modes
do not contribute to the thermal Casimir effect. We found in the work [9, 26] on the
Casimir force between two quantum wells, a problem where the inclusion of spatial
dispersion is a necessity, that the contribution from the TE modes dropped out for
finite temperature and large separation. Besides we have met this result before in this
book at several places. We found it for two graphene sheets, in Fig. 13.4b for pristine
graphene and in Fig. 13.5b for doped graphene. We also found it for a graphene sheet
next to a gold wall, in Fig. 13.7b for pristine graphene and in Fig. 13.8b for doped
graphene.

Furthermore, the failure of the TE-modes to contribute at finite temperature and
large separations is not that surprising. For them to contribute the transverse dielectric
function has to diverge as £ 2 when the frequency goes toward zero. When dissipa-
tion is included and spatial dispersion neglected it goes as £ ! (see Fig.9.3). It is not
equally obvious when spatial dispersion is included instead of dissipation. Here the
formalism becomes more involved. The TE-contribution does no longer asymptoti-
cally completely vanish but becomes very small as compared to the TM-contribution.
It completely vanishes if dissipation is included in the dielectric function, i.e. using
the polarizabilities in (13.177) and (13.178). Thus we have seen that dissipation
and/or spatial dispersion has very dramatic effects on the thermal Casimir effect.*
The dramatic effects are absent at zero temperature. The negligible effect of spatial
dispersion at zero temperature is in accordance with recent publications [28, 29].

There has been a controversy in the literature as to if the TE modes should con-
tribute or not. The cluster of data points for d ~ Ium and experimental results
by R. S. Decca et. al [30] support the view that TE modes should contribute. There
are however, new [31] experimental data with a more detailed analysis taking patch
potentials into account, that support the view that TE modes should not contribute.
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Chapter 14 ®)
Dispersion Interaction in Spherical i
Structures

Abstract After a section in which we adapt the general formalism presented in
Chap. 7 to spherical structures we start by introducing the basic structure elements: a
single spherical interface, a spherical shell, a thin diluted spherical gas film, and a 2D
spherical film. A general spherical structure can then be constructed by stacking these
elements concentrically. The thin gas layer is special; it is used to find the interaction
on an atom at a general position in the spherical structure. Then we go through
some common structures and present illustrating examples; the examples involve
gold balls, spherical gold cavities, spherical graphene shells, and lithium atoms. We
furthermore rederive the Casimir interaction between two atoms by comparing the
full result in the diluted limit with that from the summation of pair interactions.
We even rederive the full expression for the Casimir-polder interaction between two
atoms by studying the atom-ball geometry in the diluted limit.

14.1 Adapting the General Method of Chap. 7 to Spherical
Structures

To find the normal modes for a layered sphere including retardation effects we need
to solve the wave equation for the electric and magnetic fields in all layers and use
the proper boundary conditions at the interfaces. To solve the vector wave equation
the vector Helmholtz equation, (7.22), is not a trivial task. Instead one may solve the
problem by introducing Hertz-Debye potentials r; and ;. They are solutions to the
scalar wave equation, (7.23). We let 7| be the potential that generates TM modes
and m, be the potential that generates TE modes. In a spherical system the TM
mode has its magnetic field perpendicular to the radial direction and the TE mode
has its electric field perpendicular to the radial direction. Separation of variables,
T =R(r)® () D (¢), leads to one differential equation for each of the variables,

ELROL 4 (g2 = LD (R (] = 0;

: (~) - e 2
ﬁ%[sm@d%g)]—l— PG+ 1) — S;g—ze]@(e)zo; (14.1)
2
CoP 4 m*® (¢) =0,
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where g = [ (0) w/c].
The angular equations lead to spherical harmonics and for the radial part » R(r)
is a solution to the Ricatti-Bessel equation [1],

2C0 2 i D=0 (14.2)
S dz2 Y ' '
The Ricatti-Bessel equation has many different solutions:

e Ricatti-Bessel functions of the first kind:
S ) = 2ji (1) = V/m2/2Ji012 (1) = ¥i (1) : (14.3)
e Ricatti-Bessel functions of second kind:
Ci(2) = —23i (1) = V7z/2Yit12 (2) = xi (2) 3 (14.4)
e Ricatti-Bessel functions of the third kind:

&) =2V (2) = \/”Z/ZHi(Bl/Z (2)
=8 (z) —iCi (2) = zji (2) +1izyi (2);

G () = 2hi® () = VAZ2H 5 ()
=8 (2) +iCi (z) = zji (2) —izyi (2) .

(14.5)

Let us study a layered sphere of radius r( consisting of N layers and an inner spherical
core. We have N + 2 media and N + 1 interfaces. Let the numbering be as follows.
Medium 0 is the medium surrounding the sphere, medium 1 is the outermost layer,
medium N + 1 the innermost layer, and medium N + 2 the innermost spherical core
region. Let r, be the inner radius of layer n. This is completely in line with the system
represented by Fig.7.1.

We will use the two Hankel versions in(14.5) since they represent waves that
go in either the positive or negative r-directions. We assume a time dependence of
the form ™', With this choice the first Ricatti-Hankel function, &, (gr) e 7"
el@—) represents a wave moving in the positive radial direction (toward the left
in Fig. 7.1) while the second, ¢, (gr) e ™" oc e 1@+ represents a wave moving in
the negative radial direction (toward the right in Fig.7.1). Thus the general solution
for the potentials is

o) 1
rr=Y" Y Lty (qr) + big (qr)] Yo 0, p)e ™. (14.6)
=1 m=—I

From the potentials we get the fields [2—4]
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E, = Ei, + Ey = "0 4 g2rm; 40

_ 1 0 (rm) w_ 1 90m).
E9 - Ew + Egg — r 0rof c rsinf ¢ °

. 1 3%(rm) iw19(rm).
E¢ = E1¢+E2¢ rsinf E)raq&] + cr 392 ’ (14 7)

H le + H2r = O + 8 (rnz) +q rio;
H9 ng —+ H20 = iwé 1 ‘)(”Tl) 41 1 02(}'7[2).

¢ rsinf r drr)zé ’
_ w1 3(r711) 97 (rmo)
H¢ - H1¢ + H2¢ cr + Sine rqm(? ardgp °

Let us now use the boundary conditions that the tangential components of E and H
are continuous at the interface between layer n and n + 1. We get

@/9r) [re"] _ = @/0r) [ra"*] _
@/0r) [rn],_ = @/dr) [rn2t]
(E"iw/c) [V?Tln]r”:r” = (&"iw/c) [rnf“]r:r"; (14.8)
(w/c)[rnf]r:r" = (w/c)[rnzn“]r:rn.
This gives
qn [ail{[, (qnrn) + brfq[fl, (Qnrn)]
= qur [a17'8" (@uiirn) + B17E (Gurirn)] s
qdn [a21§l (Qnrn) + b lé‘_l (Qnrn)]
= qn+1 [azz &' (qnyrrn) + bn_Hgl (CInJrlrn)]
9 [augl (qnrn) + busl (('Inrn)]
= q;%.H [a;ljlgl (4n+1"n) + b?jlgl (Qn+lrn)] ;
[alzlqlé‘l (gnrn) + bg,[gl (ann)]
= [ag:}_lé‘l (Gn+17) + bgjl%.l (Qn+1rn)] )

(14.9)

where a prime on a function means the derivative with respect to its argument.
Let us first assume pure TM-modes. That means keeping 7, only. Then we have

a;l,lqngl/ (ann) + btﬁ]‘]n%.l/ (Qnrn)
= a11 "1 (Guritn) +b11 Gn+1&1" (@n17n) 5

n 14.10
@l 14751 @ur) + b114351 @) (14.10)
= a],l qn+1§l (Gns17n) + b[,] CI,%HSI (Gn+17n)

and we may identify the matrix A, () as
ATM 7)) = <Qn§l/ (qnrn) Qnsll(ann)> 7 14.11
" ( ) qr%CI (ann) q,%fl (ann) ( )

and the matrix 1\7[n as

r+ et r+ Ie +
M™ — g ( qn&18 e qnr1& E/z qn&i& o qn+181'6 ) ’ 14.12
G\ - q,00" " + o1 0’4" — @&+ G GET ( )
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where we to save space have omitted the function arguments. All functions with
a + added as a superscript have the argument (g,+17,) and the ones without the
superscript have the argument (g, 7,,). We have also made use of the Wronskian of the
two Ricatti-Bessel functions: W [ (x), & ()] =& (X)) g (x) — & (x) &' (x) = 2i.
Now we repeat the derivation for TE- modes. That means keeping 7, only. Then
we have
a;JCIngl/ (Qnrn) + ngCIn";:l/ (Qnrn)
= agj_lqn-‘rICZ/ (Gny1ra) + bgjlqn+l‘§l/ (Gn+1rn) ; (14.13)
ag,]é‘l (qnrn) + ng%‘l (Gnn) ’
= a5 ' G (nrara) + D51 E (Gniara) »

and we may identify the matrix A, (r,) as

L TE A qnll (gurn) qu& (Gnrn)
A “’”‘( G (Gur) & (Gur) ) (14.149)

and the matrix 1\7[,1 as

MTE —1 <_Qn$l/§l+ + Guii&i' T — @ EET + Cln+1~§1$/+> C(14.15)

T e@\ g0 0" — g8’ @tET — g G&

Of the solutions to the Ricatti-Bessel equation in (14.2) the Ricatti-Bessel function
of the first kind is the function that is regular at the origin. Thus this is the function
we should use in the rightmost region of Fig.7.1. Now, since the function ¥; (z) =
[& (z) + & (2)] /2 we have that by | = ayy1. According to (7.6) this means that

fl,m (w) = My + M. (1416)

Before we end this section we introduce the 2' pole polarizabilities ¢ and al"(z) for
the spherical interface since these appear repeatedly in the sections that follow. The
first is valid outside and the second inside. The polarizability «;' = —b" /a" under
the assumption that 4" ™! = a"*'. One obtains o] = — (M5, + M3,) / (M}, + M},)
and from (14.12) one finds that for TM modes

TM.n _ 4u8i(G@u? )V (G@ut170) =Gn1 61 (GuTn) Y1 (@1 70)
a] T @& (@)Y @1 70) =G & (Gur) i (G ) (14'17)

In the same way one finds from (14.15) that for TE modes

TE.n _ 4u8t' @ur) Y1 (Gus17) =Gnr1 8 (Gn ) Y1 (Gur17n)
% T @& @)V (Gn1Tn) = Gur 1 E1 (@) V1 (G 7n) (14.18)
The polarizability a;’(z) = —a"*!'/p"*! under the assumption that a" = 0. One

obtains otl"(z) = M5/ Mj; and from (14.12) one finds that for the TM modes

TMn(2) __ qu&1(gnrn)& (Gni17) =Gni1E (Gurn)E (Gni17n)
& T @& @) 8 (Gu1 ') =G 1 & (Gn ) S (GgiTn) (14.19)
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From (14.15) one finds that for TE modes

TE,n(2) _ &' Gnr)E (G 170) = Gn161(@n )& (Gui17n)
% T @& (@) 8 Gnr 1) =G 181 GnTn) G (G 1) (14.20)

When we calculate the energy by an integral along the imaginary frequency axis
the arguments of the Ricatti-Bessel functions become imaginary. It may be favorable
to have real-valued arguments, (§a/c), and (y/€ (i§)éa/c) instead of (ia/c) and
(V€ (i&)ia/c), respectively. To achieve real valued arguments we transform the
functions. The transformation rules are: [1]

£ (ix) = 7 V27 x K1 (1) 5
g (ix) = i"'2mx [T p (0 + 2 (= D' Kip1 0 (0]
Yy (ix) =i V2 x Dy (6) 5
& (i) = 2 IV2mx [ Kipip (0 4+ K12 (0] (14.21)
g (%) = i'V2rx {3 [L10 0) + 2 (=DK1 0 (0)]
+ L2 6) + L= D'K 1412 0]} 5
Y (ix) = i1 3V27x [ Do (0) + L e (6)]

where the functions / and K are modified Bessel functions.
Now we have all we need to determine the fully retarded normal modes in a
layered spherical structure. We give some examples in the following sections.

Summary of key relations for the derivation of the dispersion interactions
in spherical structures:

In a spherical structure the azimutal quantum number, /, the magnetic quantum
number, m, and the two polarization types, TM and TE, are the proper quantum
numbers that characterize a normal mode. The TM mode has its magnetic
field perpendicular to the radial direction and the TE mode has its electric field
perpendicular to the radial direction. The dispersion curve for a mode can have
several branches, i, @ = j ,,. They are solutions to the condition for modes,
Jfi.m (@) = 0, where fj ,, (@) is the mode condition function. When finding the
interaction energy of the system one has to sum over both /, m, the mode type
and i. For zero temperature it is

|

Il

2
1t

7 & [In ;™ (i&) + In £TE (i&)]

fl=

% [in ™ (i) + In £TE (i&)],

=
Il
N

(14.22)
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3
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M8 wi=
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o—3

and at finite temperature
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e’} l o0
3= ZZ Z In £™ (i&,) + In £ (i&,)]: én_z;i’—;. (14.23)

In the fully retarded treatment f; ,, = M1, + M, where M is the matrix
for the whole structure. The matrix for interface n is given by

Y L ( &0 — @ &' 0T @EE T — qun&ET )

TG\ =00 + e80T — @ntE T+ G §ET
(14.24)

for TM modes, and

CTE 1 <—61n-’§/€1+ + Gui1&18 T — @ EET + qn+1§1-’§/+> .

" T e\ .00 — g8t Gl'ET — g &
(14.25)

for TE modes, where we to save space have omitted the function arguments.
All functions with a + added as a superscript have the argument (g,+17,)
and the ones without the superscript have the argument (g, r,), where g, =
V&n (w)w/c. We end with some useful Wronskians:

Wi al=&8 &' =—
W, ol =g’ —v'a = —i; (14.26)
Wy, &1 = &' —vi's =1,

where

291(2) = 51(2) + §1(2) (14.27)

14.2 Basic Structure Elements

A general spherical structure can be generated by stacking a number of basic structure
elements concentrically around each other. The most basic element is a solid sphere.
Sometimes it is convenient to use layers as elements. A special layer is a 2D spherical
film. Another is a thin spherical diluted gas layer which we will use repeatedly in
the derivation of the interaction between atoms and the spherical structure. We now
discuss these basic elements one by one. We start with the solid sphere.
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14.2.1 Solid Sphere or Ball

For a solid sphere of radius a and dielectric function ?3 1 (@) inan ambient of dielectric
function &g (w), as illustrated in Fig. 14.1, we have M = M), and for the TM modes
we find

My + My = 2%% {9081 (qoa) [&/ (q10) + &' (q1a)]
— & (qoa) [& (q10) + & (q1a)]}

= 32 {4081 (900) 201" (q10) — @18 (qoa) 2v1 (q10)}

= %éh [[5o(w/c)2ah,(1) (qoa)] [q1aji (q1a)]

— [a0ahi"” @) | [e1(@/cPa (q1a>]},

(14.28)

where we have used the relations between the different solutions to the Ricatti-
Bessel equation given in (14.3) and (14.5). We have furthermore used the relations
42 = &o(w/c)* and ¢} = & (w/c).

The mode condition function for TM modes is

/
S = (8 @) 1" (@) | (@@ ji @) =[ @) b @a)] B @) i @a)].
(14.29)
This result agrees with the result of Ruppin in (43) on page 353, in [6]. For the TE
modes we find

M+ My = 5 {= 908’ (q0a) &1 (q10) + & (q10)]
+ q1& (qoa) [&' (q1a) + &' (q1a) ]}
= {—a0&’ (q00) 21 (q10) + q1& (q0a) 291 (q1a)}

= —igia {— [a0ai” @o) | 1t @1

+ [1" @ | [@as @1},

(14.30)

Fig. 14.1 The geometry of a 0
solid sphere or cylinder of
radius a in the fully retarded
treatment. Adapted from [5]
-— —
-—
& &
0 1
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Fig. 14.2 The geometry of a 0 1
coated sphere or cylinder of
radius a in the fully retarded
treatment. Adapted from [5]

and the mode condition function for TE modes is

= [1 o] (@) i @ar-[ @ i @) | Ui @al. 143D

This result agrees with the result of Ruppin in (34) on page 351, in[6]. The results
of (14.29) and (14.31) can also be used for a spherical cavity in a medium if the two
dielectric functions are interchanged.

14.2.2 Spherical Shell

For a spherical shell of inner radius a and outer radius b, Fig. 14.2, made of a medium
with dielectric function £; in an ambient medium with dielectric function &, we have
M = M, - M. This geometry covers the problem of a vacuum gap in the shape of a
spherical shell inside an infinite medium, as treated in [7].

We do not need all elements of the two matrices. We have

M + M,
M + M!
— MO,MO . 11 12
orhoaet) - (3L 30
0 . X 0 1 (14.32)
=M11(M11+M12)<1’0‘1 ) —a}

= M, (M}, + M) (1 - af®af).

We want to end up with expressions for the mode condition functions that are suitable

to use on the imaginary frequency axis. This demands some manipulations. First we

note that 1 — alo( )all =0—- 1/0[10(2) — Olll = 0 and for TM modes we have

9081(q00) 8" (916) =18 (q0b) 61 (91D) _ q18(q1) ¥ (qo@) —qoll (1) Vi (qoa) 0 (14.33)
q0&1(qob)&’ (q1b)—q1&1' (qob)é1 (q1b) Q& (q1a) ¥’ (qoa)—qo&’ (q1a) Vi (qoa) : :

We may use the relation 2y, = ¢; + & to find
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2quz(qoh)lﬂ/'(qlb)—lhé/'(qoh)l/'/(lhb) 11— 26111//1(6/1!1)1//1'(11011)—1101///'(111!1)1!/1(qoa) +1=0
q081(q0b)&)’ (q16)—q1&1" (qob)éi(q1b) q1&(qra)yn’ (qoa)—qo&’ (q1a) i (qoa) (14' 34)

We find the following mode condition function for TM modes

JZTM (@) =1-— 01 (qob) i’ (q10)—q1&' (qob) ¥ (q1b)
Lm q01(qob)E (q1b)—q1& (o)1 (41 b) (14.35)
q161(q1a) ¥’ (qoa) —qo&i (g1 a) Y (goa) :
q1¥i(qia)¥n’ (qoa)—qovi’ (q1a)¥i(goa)’

and analogous manipulations for the TE modes give

f‘TE (@) =1-— 908" (qob) ¥ (q1b)—q1& (qob) V1" (91b)
Lm f/of/’(t],ob)gl(fllb)—thfl(%b)f//(ﬂhl]) (14.36)
918" (q1a)¥i(g0a) —qo&i (q1@) ¥’ (qoa) .
@ ¥ (qra) Y (qoa) —qovi (qra) ¥’ (qoa) *

In these equations, qq is /&o (w)w/c and g, is /€| (w)w/c, respectively. We have
expressed the mode condition functions in terms of & and v; since these are easier to
transform from functions of imaginary arguments into functions of real arguments
by following (14.21). For the vacuum gap treated in[7] one should put &y = & and
€1 = 1. Our results agree with those in[7].

14.2.3 Thin Spherical Diluted Gas Film

It is of interest to find the Casimir force on an atom in a layered structure. We can
obtain this by studying the force on a thin layer of a diluted gas with dielectric
function &, (w) = 1 + 4wna® (w), where a® is the polarizability of one atom and n
the density of atoms (we have assumed that the atom is surrounded by vacuum; if not
the 1 should be replaced by the dielectric function of the ambient medium and the
atomic polarizability should be replaced by the excess polarizability). For a diluted
gas layer the interaction between the gas atoms can be neglected and the force on the
layer is just the sum of the forces on the individual atoms. So by dividing with the
number of atoms in the film we get the force on one atom. The layer has to be thin
in order to have a well defined r-value of the atom. Since we will derive the force
on an atom in different spherical geometries it is fruitful to derive the matrix for a
thin diluted gas shell. This result can be directly used in the derivation of the Casimir
force on an atom in different spherical geometries.

We let the film have the thickness é and be of general radius r. We only keep
terms up to linear order in é and linear order in n. We find the result for TM modes
is

MM = (1 0) — (8n) 2 a® g
gaslayer 01 qol
g6 + &5 D [51/]2 + [&171 ) (14.37)

(qor)* (qor)*

(qor)* (qor)*
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where we have suppressed the argument (gor) in all Ricatti-Bessel functions. For TE
modes we find

~ 10
M:;fellislayer “\o1

« <$1 (qor) &1 (qor) [& (qor) ]
—[& (qor)* =& (qor) & (qor)

) — (8n) 2w a® goi
) (14.38)

We may also need the 2! pole polarizabilities, o and «®**, for the gas layer. The
first is valid outside and the second inside. The polarizability o/ = —5°/a° under
the assumption that ' = a'. One obtains algas = — (M + M») /| (M, + M) and

from (14.37) one finds that for TM modes

1—<5n>2na“'qoi[—[;/]2—[;/12—’““’ &0 ~&0 }

algas,TM __ (a0r)? (a0r)?
1*(Bn)Zﬂa“’qoi[Ez’é“z'+$:4“zﬁ;[&’]zﬂélzﬁ} (14.39)
~ t, : i 210(1+1)
~ =1 — (m) 2 qoi [4[wr T + 4w PLER ).
In the same way one finds from (14.38) that for TE modes
TE 1-@m2raqoi[ ~laP~&a] .
A = T ]~ 1~ G 2maguidyi . (14.40)
The polarizability algas(Z) = —a'/b" under the assumption that ¢ = 0. One obtains

algas(z) = Mi>/ M1, and from (14.37) one finds that for the TM modes

*(“"ﬂ”“”’%i[[Ez’]zﬂsz]zM}

agas(2),TM _ (90)?
: =
1—(an>2rmmqoi[s/;/+s;c,(’;’U%;’z} (14.41)
~ . 2 1(+1
~ = (om) 2maqoi | [6] + (6P ).

From (14.38) one finds that for the TE modes

as(2), —(8n a® qoi 2 a .
af TP = SOl (5) 2o gl 2. (14.42)
In (14.39) and (14.40) we have used the relation ¥; (z) = [& (2) + & (z)] /2. Now we
are done with the gas layer. We will use these results later in calculating the Casimir
force on an atom in spherical layered structures. We move on to next structure, a 2D
spherical film.
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14.2.4 2D Spherical Film

In many situations one is dealing with very thin films. These may be considered 2D
(two dimensional). Important examples are a graphene sheet and a 2D electron gas.
In the derivation we let the film have finite thickness § and be characterized by a 3D
dielectric function 3P, We then let the thickness go toward zero. The 3D dielectric
function depends on 8 as &3P ~ 1/6 for small §. In the planar structure we could in the
limit when § goes toward zero obtain a momentum dependent 2D dielectric function.
Here we only obtain the long wave length limit of the 2D dielectric function [8, 9].
We obtain for TM modes

Mgg[ _ < 1 O) 58P (g/ (qor) {ll (qor) [51’ (Clor)]2 ) i (14.43)

01 2 —[&/ @]’ —&' (qor) &' (qor)

and for TE modes

e (10 _553%1(51(610?){1 (qor)  [& (qor)T? )
MzD‘(Ol) =\ Sl @n? —&@na@n )

We will also need the 2’ pole polarizabilities «® and aIZD(z) for the thin spherical
film since these appear repeatedly in the sections that follow. The first is valid outside
and the second inside. The polarizability «?® = —b°/a” under the assumption that
b' = a'. One obtains a?® = — (Ma; + Ma,) / (M1 + My,) and from (14.43) one
finds that for TM modes

aZD,TM _ _2+553D(10i[(1’(‘10’)2-"'51'(qor)il'(flor)]
! - 2—553D401[51/(4%)2-Ft'((Ioi’)%/(élor)]
488°Pqoi[ ¥ (qor)
=1 - WPwilparr] (14.45)
2—388qoi &' (qor)*+&' (qor) &1’ (qor) |
-1 288 qoi[ ¥/ (g0r)*]

- 1-38&°Pqoi&" (qor)¥n’ (qor) *

In the same way one finds from (14.44) that for TE modes

2D TE _ _ 2488 qoi[(qor)’ +& (qor)ti (qor) ]
l 2—553qui[51(q%g)2+[51(qor)§/2(jior)]
4887 qoi| Y (qor)
- - 14.46
288 qi[ & (qor)*+& (qor) 21 (qor) | ( )
-1 268 qoi[ 1 (qor)’]

T T=3880q0i& (qor) ¥ (qor) *

The polarizability ;> = —a'/b' under the assumption that a° = 0. One obtains

aIZD(Z) = M,/ M;; and from (14.43) one finds that for the TM modes

~ . 2
o™ _ —588%Pqyi&’ (qor)

_ _ 14.47
! 2 — 883Pqyi&’ (qor) &' (qor) ( :
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From (14.44) one finds that for TE modes

oPOTE _ —5§3DCI0i§1 (qoi”)2
: 2 — 8&8%0qqit; (qor) & (qor)

(14.48)

14.3 Coated Sphere in a Medium

The result for a coated sphere in a medium is obtained trivially from Sect. 14.2.2.
One just replaces ¢y in the last factor in (14.35) and (14.36) with ¢, = /&2 (w)w/c,
where &, (w) is the dielectric function of the sphere medium.

14.4 Atom-Ball Interaction

We let the atom be at a distance d from the sphere of radius @ and at a distance b
from the center of the sphere. For this problem we start with the geometry given in
Fig. 14.3, where we let the shell be a very thin gas layer. We have two layers and
three interfaces. The matrix M = 1\7[0 . 1\7[1 . 1\7[2. Here we could instead of the first
two matrices have used the matrix for a thin diluted gas shell as given in(14.37)
and (14.38). To vary the derivations to some extent we refrain from doing that. The
left-hand side of the condition for modes is

(14.49)

- M? + M?
My + My, = (M, M?Q)'Ml'( i 2,

2 2
My, + M,
where we have moved the matrix subscripts to superscripts to make room for the

element indices. We now list all elements needed in the above equation. We begin
with the matrices for TM modes. The elements of the first matrix are

Fig. 14.3 The geometry of a 0 1 2
thin gas layer the distance d
from a sphere or cylinder of
radius a in the fully retarded
-— -— - |-
treatment. Adapted from [5] - - |
E=1 & E= E;
0 1 2 3 o

r=a+d+6 r=atd r=a
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MY =2 {E g0 b+ )18 [qe (b +0)]
—ng&i' (90 (b +8)12 [g, (0 + 8)]} ; (14.50)
MYy = 2= {& (g0 0+ )& [ge (b + )] '
—n&' [q0 b+ )& [q, b+ )]},

and of the second

M}, = 5 [n,& (q4b) & (qob) — &' (q4b) & (qob)]
M}, = 55 [ (qob) &' (qob) — &' (q4b) & (qob)] ;
M3, = 5[4/ (5b) & (qob) — ngti (q4b) & (qob)]:
My, = 5[4/ (q5b) & (qob) — ng&i (q5b) &' (qob)] .

1
n
i

vcw

&)
—_
ES

(14.51)

[~
-3
o3 19|

[~
S|=
o5 19|

and of the third

M}y + M=% [& (q00) &' (q1a) — mi& (g0a) & (q14)
+& (QOa) &' (qra) — m&’ (qoa) & (q1a)]
= in1 [& (q00) ¥ (q1a) — m &' (qoa) ¥ (q1a)]; (14.52)
M3 + M3= 5 [n18 (qoa) & (q1a) — & (qoa) &' (q1a) ’
+m& (qoa) & (q1a) — & (qoa) &' (q1a) ]
= iny [m&' (qoa) ¥i (q1a) — & (qoa) ¥’ (q1a)] .

where n, and n are the refractive indices of the gas layer and the sphere, respectively.

We now make a series expansion of the first matrix up to linear order in §. The
other matrices do not depend on 8. The zeroth order term multiplied with the second
matrix produces the matrix (1 0), so it contributes with M7, + M7, to the condition
for modes. We then expand in «,, the polarizability of the gas. There is no zeroth
order term in the term linear in 8. The lowest order term is linear in «,. This means
that we do not need to expand 1\711 in a,. The zeroth order term is just the unit matrix.
Thus if we denote the term of the matrix M that is linear in both § and ag with M,
the condition for modes can be written as

(M) + M) +8MY, (M} + M) + SM, (M3, + M3,) =0, (1453)

and the mode condition function is
FTM -1 5M0 (M3, +M3,)— (M7 +M,)
fr ey =1+ (5, +M7%,) (14.54)

0 ~m ¥ (Qa)¥i(qia) =i (goa) i’ (q1a)
=1- 8M 2 n1&' (qoa)¥i(qia)—& (qoa)¥i' (q1a) °

where

2
i+ D& (qob)] } . (14.55)

0o _ _ !
MY, = —8a,q0 [[51 (90 b)] (qub)?
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To obtain the mode condition function in (14.54) we have divided the function (the
left-hand side of (14.53)) both with the corresponding function for the sphere alone,
M?, + M3, and for the spherical shell alone, 1 + §M?, + §M?,. Note that the final
expression does not contain any elements of matrix M, and just one of §M.

Now, we proceed with the TE modes. The elements of the first matrix are

MY =3 {—&"[q0 b+ 8)1¢ [, (b +8)]
+ngsz [g0 (b +8)1¢ [g, b+ )]} (14.56)
MYy =53 {-&"[q0 b+ 8))& [q, b+ )] '
11 o (b + D)1& [g¢ (b + )]}

and of the second

!/

M111 = [ ngé (

M, = 5 [—n &' (q,b) & (qob) + & (qb) &' (qob)];
M} = 5 [ne8)' (a5b) & (qob) — & (q4b) &' (qob)];
M3y = 5 [ne61' (a¢b) 1 (q0b) — & (44b) &' (qob)] .

¢b) &1 (qob) + & (q4b) & (qob)];
(14.57)

and of the third

M7y + Mpp= 5 [~& (q00) & (q10) + mi& (qoa) &' (q1a)
- El' (qoa) & (q1a) + n1& (qoa) &' (q1a)]
[ &' (qoa) Vi (q1a) + m& (qoa) Vi (q1a)]; (14.58)
M3 + Mzz— 118/ (qoa) & (qra) — ni &y (qoa) &' (q1a) '
+ C/ (q00) & (q1a) — n15 (qoa) &' (q1a) ]
=i[¢ (qoa) Y1 (q1a) — 14 (qoa) ¥ (q1a)] .

where ng and n; are the refractive indices of the gas layer and the sphere, respectively.

We now make a series expansion of the first matrix up to linear order in §. The
other matrices do not depend on 8. The zeroth order term multiplied with the second
matrix produces the matrix (1 0), so it contributes with M7, + M, to the condition
for modes. We then expand in «,, the polarizability of the gas. There is no zeroth
order term in the term linear in 8. The lowest order term is linear in «,. This means
that we do not need to expand M} in a,. The zeroth order term is just the unit matrix.
Thus if we denote the term of the matrix 1\7[0 that is linear in both § and o, by 81\7[0
the condition for modes can be written as

(M7, + M) + MY, (MF, + M) + 8MY, (M5, + M5,) =0, (14.59)

and the mode condition function is
ZTE _ o (M3 +M3)— (M} +M,
@) =1+Mp (M}, +M7,) (14.60)

_ 0 ~ W' (qoa) i (gia)—n1 ¥ (goa) Vi’ (q1a)
=1 SM 2 =& (qoa)¥i (qra)+n1&(qoa) ' (q1a)
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where ]
1
M7, = —batgqo & (gob) & (gob)] (14.61)

To obtain the mode condition function in (14.60) we have divided the function (the
left-hand side of (14.59)) both with the corresponding function for the sphere alone,
M3, + M3, and for the spherical shell alone, 1 + §M?, + §MY,.

The interaction energy per atom is

W = b | 5 L DI | MG T )

R 25 f Z QL+1) {[flTM (i) — 1] + [f]TE (i£) — 1]}

= w; f Z(2l+1)4nngam (i&) 6 LE2/)

4 LDl GED/OF
o |~ [l& dsbro + e |
o vy (&a/o)n(Enia/c) = (€a/c) i (€niajc) (14.62)

ni&'(ia/c)y(iEnia/c)—& (&a/c)y (iEnia/c)
- 2 i'(i€afo)p(enaje)—n Yy (Ea/c)y' (Ena/c)
2081 GEB/ O ZgrGaserys GEmajerim & Geajoris GEmao) ]
[o¢]

9]
=B [EY @+ D (i§) L2
0

1=1
_ : LA+ D& b/
[[51 (1§b/c)] BT ]
X '11l//l'(iéa/f)vll(iénlfl/C)*Wl(iEa/C)'/H'(if’lla/c)
mé&'(&a/c)y(iEniajc)—& (&a/o)yn' (iEnia/c)
. 2 Yi'(Ea/o) Y (Enia/c)—niyy(iEa/c) P’ (iEnia/c)
+1& (i&b/c)] —&'(iEa/c)Y(iEnya/c)+n & (Ea/c)y (iEna/c) ]

where now n, is the density of gas atoms in the gas shell. The force on the atom
is F (b) = —rdE(b)/db. In next section we illustrate the result with the interaction
between a lithium atom and a gold ball.

14.4.1 Li-Atom—Au-Ball Interaction

As an example of atom-ball interactions we show in Fig. 14.4 the interaction between
a Li atom and a gold ball. The polarizability for Li was obtained from the London
approximation (8.60) with the parameters given in Fig.8.2. For gold we used the
polarizability as shown in Fig.9.3. The b-dependence follows a simple power law,
E ~ b~ for large separations. Retardation effects make the curve fall off faster with
separation, from a b%- to a b~"-dependence. This is in line with the typical behavior
we discussed in Chap. 1 and sketched in Fig. 1.1. We should also mention that the
TM-contributions dominate completely. For large b values the fully retarded result
approaches an asymptote that can be found from using (12.34), where one of the
static polarizabilites is that of the lithium atom, oy; (0), and one is the gold ball
polarizability, aaypan (0). The polarizability for the gold ball we get from (10.14),
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Fig. 14.4 The interaction energy for a Li atom next to a gold ball of radius ¢ = 1nm. The distance
between their centers is denoted by b. The results were obtained from (14.62). The first term in the
summation over / gives the whole result for large b-values and higher order multipole contributions
start to be important when the objects are near contact. The dotted curve is the non-retarded van
der Waals result from Fig. 10.4. The thin curve with circles is the room temperature result

a2t [gn (@) — Eny1 (a))]

En (@) U+ 1) + &1 (@)1

o (w) = — (14.63)

with &,41 = €gotd, &n = 1,1 =1, rp 2t = g3 and w = 0. Since the static dielectric

function for gold diverges aaypan (0) = a>. Thus the large b asymptote is

23hcan; (0) aauan (0) _ 23hc (163.8245) (a*)

E®) = - 4nb 4nb

(14.64)

This asymptote is given as the thin straight line in Fig. 14.4. We have furthermore
added the room temperature result (T = 300 K) at the large b end of the figure, the
thin curve with circles. Next we see what happens when we put the atom inside a
spherical cavity.

14.5 Force on an Atom in a Spherical Cavity

We let the atom be at a distance d from the center of the spherical cavity, of radius a.
We start from the two layer structure in Fig. 14.5. We let the medium surrounding the
cavity have dielectric function &, (w). The first layer is a vacuum layer. The second
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Fig. 14.5 The geometry of a 0 1 2
thin gas layer at radius d
inside a spherical or
cylindrical cavity of radius a — | = - |
in the fully retarded
treatment. Adapted from [5]
& E=1 & E=1
0 1 2 3

is a thin layer, of thickness §, of a diluted gas of atoms of the kind we consider. Its
dielectric function is &, (w) = 1 + 4w Na® (w), where a«* is the polarizability of
one atom. The density of gas atoms, N, is very low. We use upper case N for the
density here to distinguish the densities from the refractive indices that we denote
by lower case n. We let the first interface be at »r = a and hence the second at
r = d + 6 and the third at = d. In what follows we only keep lowest order terms in
dandin N.

Just as in Sect. 14.4 the matrix becomes M = 1\7[0 -1\7[1 -1\7[2 and the left-hand
side of the condition for modes is given by (14.49). In this section gy = w/c, q; =
Ve (w)w/cand g, = /g, (w)w/c.

We now list all elements needed in (14.49). We begin with the matrices for TM
modes. The elements of the first matrix are

MY, = ot (& (@1a) &' (q0a) =& (010) & (q0a) }

MY, = 5 {m& (q1a) & (qoa) &' (1) & (qoa)}}, (14.65)

and of the second

Ml =2 & (g0 d + 818 [g, (d +8)]
_”ggll [q0 (d + )18 [CIg (d+ 8)]} ;

My =% & (g0 (d + 8)1& [q, (d + 8)]
—n&' [qo (d + 8)1& [q, (d + 8)]}:

My, = % {ng& [q0 (d + 8)1 G (g, (d +8)]
— & lgo(d+ 818" (g, (d + )]}

M}, = % {ne)' [qo (d + ))& [g (d + 8)]
—algod+ 81 [ge(d + )]}

(14.66)

and of the third
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M}, + Mpy= 5 [n461 (4ed) &' (qod) — &' (q¢d) ¢ (qod)
+ngsz (2,d) &' (qod) — &' (q,d) & (qod)]
= [ne8i (a0d) W' (god) — &' (45d) Y1 (qod) ] : .
M2+ M= [t/ (40d) & (o) — s (4,) & (a0d) (1467
+4' (q5d) & (qod) — 1481 (q5d) &' (qod) ]
= = [&' (ged) V1 (god) — ng&i (g5d) ¥i' (qod)]

where n, and n, are the refractive indices of the gas layer and the surrounding
medium, respectively.

‘We now make a series expansion of the second matrix, (14.66), up to linear order
in §. The other matrices do not depend on 6. The zeroth order term multiplied with

} , 50 it contributes with M?, + MY, to the
condition for modes. We then expand in «, the polarizability of the gas. There is no
zeroth order term in the term linear in 8. The lowest order term is linear in o,. This
means that we do not need to expand the third matrix in «,. Thus if we denote the
term of the matrix 1\7[1 that is linear in both § and «, by 81\711 the condition for modes
can be written as

the third matrix produces the matrix

(M}, 4 MD,) + MY, (M), +5M},)

MY, (8M}, +8My,) = 0. (14.68)
To get mode condition function we first rewrite this as
(M}, + MY,) + (M7, + MY,) (5M}, +5M12) (14.69)

+ MY, [(8My; +85My,) — (5M11 +oMp)] =
and the proper mode condition function becomes

M N o (8My+5M)y)—(sM] +5M},)
i (w) =14+ Mp,—2 (1512?1+2M,7)“ l
= 1+ 4rNoidqo { [’ (@od)] + 011 (o) P (14.70)

(g0d)’
n1&(q10)&" (qoa)—&' (q10)&1(q0a)
mé& (g’ (qoa)—&' (q1a)¥i(qoa) *

To obtain the mode condition function in(14.70) we have divided the function
(the left-hand side of (14.69)) both with the corresponding function for the cavity
alone, M ?1 + M ?2, and for the spherical shell alone, 1 + §M 111 +6M 112.

Now, we proceed with the TE modes. The elements of the first matrix are

MY, = = {—m& (910) & (qoa) + & (q10) &' (qoa)} ;

A {—mE (@) & (@) + & @) & @)} (1471

5o
Il

and of the second
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M, =5 {-&"[q0(d + 818 [qs (d + 8)]
+ng&lqo(d+ 818 (g, (d +8)]} ;
My =3 {—&[q0(d + 8)]& [q, (d + )]
+ 148 [qo (d + 8)1& [qq (d +8)]}; (1472)
M3y = 5 {=nytilao @ + 918 [g,d +8)] :
+&' g0 (d +8)1& [qe (d + )]}
My, = 3 {—nytilq0 (d + 1& [g,(d + )]
+&' g0 (d + 8)1& [q, (d + )]},

and of the third

M3y + Miy= 5 [—ng&’ (4ed) & (qod) + & (q¢d) &' (qod)
1€ (q,d) & (qod) + & (9¢d) &' (qod)]

= t [—n,& (qd) Vi (qod) + & (9,d) ¥ (q0d)]

M3, + M3,= 211_% [—21 (90d) &' (qod) + ng8)’ (q¢d) &1 (qod)
=01 (94d) &' (qod) + ngt (9¢d) & (qod)]

= [—¢i (g5d) Vi’ (qod) + &)’ (q5d) Y1 (qod)]

(14.73)

where n, and n, are the refractive indices of the gas layer and the surrounding
medium, respectively.

We now make a series expansion of the second matrix, (14.72), up to linear order
in §. The other matrices do not depend on 6. The zeroth order term multiplied with

} , s0 it contributes with M{, + MY, to the
condition for modes. We then expand in «,, the polarizability of the gas. There is no
zeroth order term in the term linear in 8. The lowest order term is linear in o,. This
means that we do not need to expand the third matrix in «,. Thus if we denote the
term of the matrix 1\711 that is linear in both § and «, by 81\7[1 the condition for modes
can be written as

the third matrix produces the matrix

(MY, + MY,) + MY, (SM{, + M) +MY, (5My, +8M3,) =0.  (14.74)
To get the mode condition function we first rewrite this as

(M) + Mpy) + (M7 + MY,) (8M]; + 6M,) (14.75)
+MY, [(8My, + 8My,) — (8M, +5M},)] =0, ‘

and the proper mode condition function becomes
FTE _ 0 (M +8My,)—(8M,+6M}y)
fl (w) =1+ M12 (MY +MY, (14.76)

_ at: 2 [—m&/ ()& (qoa)+& (q10)& (qoa) ]
= 1+ 4 Na®idqo[Y1 [qod]] [—ni& (qra)¥i(qoa)+& (qra) ¥’ (qoa) ]
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To obtain the mode condition function in (14.76) we have divided the function
(the left-hand side of (14.75)) both with the corresponding function for the cavity
alone, M, + MY,, and for the spherical shell alone, 1 + §M/|, + §M/,

The interaction energy per atom is

o0

47521\(/‘?28 = 47r1:/id28 { 12% 21+ 1) n [szM (i&) f'® (IE)]

h T e g at FEAY IS i€\
2‘7{_52(2””“ %:H[‘/" (57)] ((*Ed)) [1/”(5 )] }
ma (M4 )a (%) -/ (" )a ()
ma (M4 o ()= ("4 )n ()

[ (ﬁ)]Z me (M )a ()6 (" ) () ]

L e (M () (M ) ()

U

(14.77)

X

where we have let §, the thickness of the gas layer, go to zero when passing from the
first to the second line. The force on the atom is F (d) = —tdE(d)/dd. To illustrate
the results we show in next section the interaction on a lithium atom in a gold cavity.

14.5.1 Force on a Li-Atom in a Spherical Gold Cavity

As an example of interactions on an atom in a cavity we show in Fig.14.6 the
interaction on a Li atom in a gold cavity. The polarizability for Li was obtained from

Fig. 14.6 The interaction 102 .
energy for a Li atom in a F
spherical gold cavity of
radius a = 10nm. The atom | ]
is at the distance d from the 3
centre of the cavity. The 10 E E
results were obtained from i ® 1
(14.77). The closer to the g A
cavity wall the atom is the E [ ""
more terms in the summation = 10 = J A
over [ is needed E‘D b 1
=
E L
10° |
107
0 2 4 6 8 10
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the London approximation (8.60) with the parameters given in Fig.8.2. For gold
we used polarizability as shown in Fig. 9.3. There is no dipole contribution to the
force. The / = 1 contribution to the energy is a constant. The first contribution to
the force is a quadrupole term (I = 2). Higher order multipole contributions become
important when the atom is close to the cavity wall. We note by comparing with
the corresponding result in the non-retarded derivation that retardation effects are
completely negligible in this example. In order to find retardation effects one would
have to study a much larger cavity. The agreement between Figs. 14.6 and 10.6 can
be looked upon as a verification of the correctness of the two derivations and their
final results.

Next we take the opportunity to rederive the Casimir-Polder interaction between
two polarizable atoms using the spherical geometry.

14.6 Casimir-Polder Interaction Between Two Atoms

Here, we start with the geometry in Fig. 14.3. We let the thin shell consist of a diluted
gas of atoms of type 2 with density N, and the sphere consist of a diluted gas of atoms
of type 1 with density N;. We use upper case N for the density here to distinguish the
densities from the refractive indices that we denote by lower case n. The thickness
of the shell, §, and the radius of the sphere, a, we let go toward zero at the end.
This means that the interaction energy becomes the sum of the interaction energy
between all pairs of atoms of type 1 and 2, all with the separation b = a + d. To get
the energy for one atom pair we divide the result by the number of atoms of type
1 and by the number of atoms of type 2. Since we let the thickness of the layer, §,
go toward zero we may expand the logarithm in the integrand and keep the lowest
order term, In (1 + x) &~ x. We are furthermore only interested in the dipole-dipole
interactions which means that only the / = 1 term is kept in the integrand.
Both the TE and TM contributions have the same structure,

[ 9B (a)
E _hf o AHEDAGN IS (14.78)
0

where
A (b) = MY, (b), (14.79)

and 2 2 2 2
(M3, + M3,) — (M7, + M})

Fa= (12 + )

) (14.80)

respectively. Now,
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3B (a)
N,

1 0B
= N1—4T[0l1
N;=0 2 8n1

' (14.81)

n1=1

In the contribution for TE modes we have

ATE (b) = =5, () £4[&) (@)]2= Satg (i8) %e—%b/c[%ﬂc]{ (14.82)

c

and
TE (,\— » ¥ (Ea/OYi(iniga/o)—my (Ea/O)Y (ini§a/c)
B (a)=2 &' (Ea/oyy(imEa/c)—m & (Ea/c)yn (imga/c) (14.83)
Now,
dB™E (a
BT@l (14.84)
E)nl =1

so there is no TE contribution to the dipole dipole interaction between two polarizable
atoms. In the contribution for TM modes we have

™ _ at (e i€ i e 2 | 104DI&GED/O)
A™ (p) = —847 Nras' (1&)75[[51 (iEb/o)]” + W]

= —847 Npad' (i€) %%me%b/c (14.85)

x [346(Eb/c) +5(6b/c)* +2(Eb/c)* + (£b/c)*],

and
™ __ymyi/(€a/o)y(iniga/o) =y (iEa/c)yn (ini£a/c)
B @) ==25 e Gea/er tmiajo) 6 Gajers mEa/o) (14.86)
Now,
dB™ (g 8
B 7@ = —(€a/c)’, (14.87)
81’11 =1 9

so the energy per atom pair is

o0
E _ h dé 2 A TM 9B™(a)
(N3 3) (No078) — (Nydra 3) (No79) Of w3AT (O NI

Ni=0

- (N|4nu3)(91§g4nb28)2n €2 Ebje)
x Nigdmaf (i§) $(Ea/c) e %0/ (14.88)
x [3+6(5b/c) +5(5b/c)* +2(6b/c)* + (5b/c)']
= —5t [ déay’ (i&) )’ (iE) e %0/

0
x [346(Eb/c) +5(6b/c)* +2(Eb/c)’ + (£b/c)*].

[ desdn Nyag' (i&) &1 1
0

It is interesting to note that we reproduce the Casimir-Polder interaction (12.30)
between two polarizable atoms[10, 11]. Thus we have three quite different methods
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to derive the Casimir-Polder interaction that produce identical results. To be noted
is that only the TM modes contribute.

14.7 Force on an Atom in a Spherical Gap

Let the outer radius be b, the inner radius a and the radial position of the atom be
r. The medium surrounding the vacuum gap has the dielectric function € (w). This
geometry involves four interfaces and in a straightforward approach the final matrix
would be the product of four matrices. The matrix elements in this retarded treatment
are rather bulky and difficult to put in print. We will use three matrices, where the
middle one is that for the thin diluted gas shell, and take advantage of (14.49). To
make the expressions even more compact we make use of the two types of 2/ pole
polarizabilities, introduced in Sect. 14.1. Thus, the matrix is M= 1\710 . 1\711 . 1\7[2 and

~ 1
My + My = MY (M% + M%) (1)@ ) - M, - <_a2) : (14.89)
i
Now, let us introduce 81\711 so that
- 10 -
M, = 01 + M. (14.90)

Then
~ MlllJF"‘/O(Z)A’Izll*"‘/2 (M112+°‘10<2)M2]2)
Im =

(1=a/®a7 ) (M, +01,)
| omb[1+a? (1-a) | -a) @ s 4o (11,5}, )

02) 2 ’
(l —a; o )

(14.91)

where we have kept terms up to linear order in the atom density. We have chosen
as reference system a system with the spherical gap and the gas shell well separated
from each other. Thus we have divided our mode condition function both with that
for a free gas film and that for the spherical gap.

For TM modes we have

(qor)* (qor)*

—[Cz’]2 — [P gy — )

(qor)* (qor)*

)

/ot 1+ 12 21041
3MTM=—(6N)2quoi< S+ 8 6] + L& )

2,TM __ &(qo®) ¥’ (gna)—n&’ (qoa) Y1 (gma) . (14.92)

% &)V (qua)—n&l (qoa) i (gna)’
aO(Z),TM — 1&(Gmb)& (qob) =& (gmb)&i(q0b)
l 1€ (gmb) &' (qob) =& (qmb)&i (qob)

where gy = w/c, g, = nw/c,andn = /e. All Ricatti-Bessel functions in the matrix
have the argument (gor).
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For TE modes the functions are

2
v . r r r
SM']TE = —(8N) Zﬂaathl ";:l (qO )Cl (6102 ) [51 (610 )] :
=& (qor)]”  —& (gor) & (qor)
o> TE — 8 @a)Vi(gna)=nti(qoa)¥i (gna) . (14.93)
! &'(q0a) ¥ (qma)—n& (qoa) V' (gma) ’
a0(2),TE — 1§ (gnb)&(qob) =& ()& (gob)
l n&' (gnb)¢i(qob)—&1 (qmb)&i' (qob) ©

Here one may take the opportunity to check the results. If we let alo(z) = 0 we regain

the results for an atom outside a solid sphere, in Sect. 14.4. If we instead let af =-—1
we regain the results for an atom in a spherical cavity, in Sect. 14.5.

Next we study the interaction between an atom and a thin spherical shell. We
begin with placing the atom outside the shell.

14.8 Force on an Atom Outside a 2D Spherical Shell

We start from the geometry in Fig. 14.7. We use already from the outset the matrices
for a gas layer at r = b = a + d and a spherical 2D film at r = a. These were given
in(14.37), (14.38), (14.43), and (14.44). We find

™ =1 6mydmaqui [ [& @ob)]” + 16 (qob) P10 |

(q0b)’
« 8% qoi[ Y1’ (qoa) ] 0 (1459
[1-88Pq0i& (@oa) ¥’ (g0a)]*
and
§53D; 2
FTE = 1 — (6m) daigoles (gob) o dol 1 (0] (14.95)

1 — 8&3Pigo [& (qoa) Y1 (qoa)]

We have also derived these results in the alternative way followed in the preceding
sections. The interaction energy per atom is

Fig. 14.7 The geometry of a 0 1 2 3

thin gas layer at distance d
from a thin spherical or
cylindrical shell of radius a -— |5 -— “— “—

in the fully retarded

treatment. Adapted from [5]
e=1|¢ | e=1|8&0 | €=1
o
0 1 2 3 4
=da

r=a+d+8 r=a+d r=a+é6 r
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(14.96)

where we have let §, the thickness of the gas layer, go to zero when passing from

the first to the second line. The force on the atom is F (b) =
this result to a lithium atom outside a graphene like sphere in next section.

14.8.1 Interaction Between a Li-Atom and a Graphene

Sphere

—tdE (b)/db. We apply

As an example we give the results for a Li-atom outside a graphene sphere in
Fig. (14.8). The results are from using (14.96). The polarizability for Li was obtained
from the London approximation (8.60) with the parameters given in Fig. 8.2 and for
the spherical shell the 883D (ig) entering o 2D (q: i&) was taken from (10.24). We have
added the non-retarded result from Fig. 10.10 to illustrate the effect of retardation.

Fig. 14.8 The interaction ]
between a Li atom and a 107 ]
graphene sphere as a 107 B .
function of distance b. The 10° [ ]
radius, a, of the spherical 1001 [ i
shell is 10nm. The results 2 108 [ 7]
are from using (14.96) and L 1075 [ B
each curve is for a different 5 1k 4
truncation of the summation T 10 C i
over /. For comparison we Eﬁ 10" C ]
have shown the non-retarded 5 107 [ 8
result, dashed curve, from LS 108 [ ]
Fig. 10.10. The thin curve T A ]
with circles is the room 1027 7]
temperaturebresult. See the 0200 |- non-ret 7
text for details 41 F | —— asymptote N

107 - | s T=300K &

1033 ... Ll

10! 10 10° 10 10°



364 14 Dispersion Interaction in Spherical Structures

For large b values the fully retarded result approaches an asymptote that can be
found from using (12.34), where one of the static polarizabilites is that of the lithium
atom, o (0), and one is the polarizability of the graphene sphere, gra sph. (0). The
polarizability for the graphene sphere we get from (10.25),

8832 ()1 (I + 1) a®t!

QI+1Da+8832 (w)I(+1) (14.97)

2D
a;” (a; w) =

with / = 1, and w = 0. Since the static value of §&3” (w) diverges Qgra.sph. (0) = a’.
Thus the large b asymptote is

_ 23hcan; (0) dgrasph. (0) 230 (163.8243) (a?)

E®) = 4nb 4mb

(14.98)

This asymptote is given as the thin straight line in Fig. 14.8. We have furthermore
added the room temperature result (T = 300K) at the large b end of the figure, the
thin curve with circles. Next, we move the atom inside the spherical shell.

14.9 Force on an Atom Inside a 2D Spherical Shell

We start from the geometry in Fig. 14.9. We use already from the outset the matrices
for a spherical 2D film at r = a and a gas layer at r = d. These were given in (14.37),
(14.38), (14.43), and (14.44). We find

+OMy,) — (M| +3M}y)

~ 5M1
fM=1 +M?2( N

M?]+M?2( 1 1 ) ( 1 1 )

_ ; ~3D 1 [g/ 2 (8My +6Mp, ) — (M, +3M,

=1 16]033&;[ 5[5 ](z‘loa)] 1—igod&°Py’ (qoa)& (qoa) (14.99)
_ iqo8&°°[&' (qoa) | 4m Na" Sigo ’ 2 I1+)) 2
=1- 1=iq082 Py (qoa)&l (qoa) {[WI (QOd)] + (qo_d)z[l/fl (q()d)] }’

and

Fig. 14.9 The geometry of a 0 1 2 3

thin gas layer at radius d
inside a thin spherical or
cylindrical shell of radius a -— | - - -
in the fully retarded

treatment. Adapted from [5]
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FTE _ 0 (8Mj+6M3,)—(8M{+8M},)
fim=1+M; MY, +MY,

— igosE3P L 2 (8My +5M;,) —(5M1,+8M},)
= 1 =908 3151 (o) I =1z e avay (14.100)
=1— 1‘10583”[51(40”)] 47 No 8igo [ (god)]

1—-igo88°P ¥ (q0a)& (g0a)

The interaction energy per atom is

% = T of 2_E E @I+ 1Dln [JFZTM (i&) f;'® (if)]
=—2 :fo% Q1 + 1) a™ (i£)88°P (i§) (§)2

=1
O -[en] }[g )] (14.101)
e ) ()6 (1) v (1)

s [ne] }

—

s Ge)(5) & (5w ()]

where we have let §, the thickness of the gas layer, go to zero when passing from the
first to the second line. The force on the atom is F (d) = —rdE(d)/dd.
We illustrate this result with a lithium atom inside a graphene-like sphere.

14.9.1 Force on a Li-Atom Inside a Graphene Sphere

As an example we give the results for a Li-atom inside a graphene sphere in Fig. 14.10.
The results are from using (14.101). The polarizability for Li was obtained from
the London approximation (8.60) with the parameters given in Fig. 8.2 and for the
spherical shell the §&3P (i£) entering Q 2D@) (a; &) was taken from (10.24). From
comparison with Fig. 10.12 we see that the retardation effects are negligible for this
example. We can view this comparison as an extra test of the formalism and of our
derivations. Next we turn to two concentric spherical shells.

14.10 Interaction Between Two 2D Spherical Shells

We consider two concentric thin spherical shells in vacuum. Since the films are in
vacuum ¢o = w/c. The outer shell has radius b and the inner radius a. Here the
matrix is M = My - M; where for TM modes
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Fig. 14.10 The interaction
on a Li atom inside a
graphene sphere as a
function of distance d from
the center. The radius, a, of
the spherical shell is 10 nm.
The results are from using
(14.101) and each curve is
for a different truncation of
the summation over /. See
the text for details
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and the condition for modes is

[Energyl (Hartree)
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23D g0i / /
MM + MIM =1 — 559 (5 (gob) &' (qob)

8230 goi 2 / / , ,
+(252) & @oh) &' (@b &' (00) & (G0)

For TE modes the two matrices are

s = (10) -

01

2

1072 E T T T T T T T T T T T T
1073 k
10* L
107 k
10°° k
107 ' PR S N Lo L L L
0 2 4 6 10
d (nm)
& o) & aob)  [& @]’ .
—[&' (@b)]” —&' (qob) &/ (;lob) (14.102)
&' (qoa) &' (4020) [&' (qoa)]
—[&' (@a)]” —&'(qa) &' (qoa) |
+[& @b + &' @) & @) + [& @a)]’]
(14.103)
- & (QOb)]Z[C/ (400)]2] =0.
£ (qob) & (402b) [& (qob)]? )
—[& (qob)]”  —& (qob) & (qob) )’ 14.104
& (qoa) & (qoa)  [&1 (qoa)]? ) (14.104)
—[¢ (qoa))*  —& (qoa) & (qoa) )

s = (1)

01

2

and the condition for modes becomes
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MIE + MIF = 1= 5508 5 (gob) ¢ (qob)
g (qob)] +& (00) &1 (q0a) + [& (g0a) ]
(P25 18 (gob) & (o) &1 (900) & e
—[& (qob)PP[¢ (qoa))*] =

(14.105)

The mode condition function for TM modes is

[58Pg0i ' [v1' (o) '[&' (q0b)]’
1 —8830qqi [&' (qob) ¥’ (qob)]] [1 — 82°Pqoi [&' (q0a) ¥’ (q0a)]]

FM gy =1 — [

(14.106)
and for TE modes
T ) — | [62Pg0i]"[v1 (qoa) (&1 (q0b) P
IR -

[1 — 883Pqoi [& (qob) Vi (qob)]] [1 — 8830 qoi [€ (goa) Vi (qoa)]]
(14.107)

Here, our notation may unfortunately cause some confusion. Note that £ is the
variable along the imaginary frequency axis and & is a Ricatti-Bessel function. We
have chosen to express the mode condition functions in terms of the functions & and
Y, to simplify the transformation into real valued functions of real valued arguments
according to (14.21).

We have chosen as reference system a system where the two shells are separated
from each other and at infinite distance from each other. The interaction energy is
what it takes to bring the shells together and putting the inner shell inside the outer
shell. The interaction energy is

E=n] €55 w (e AT )
o ;m:f (14.108)
LT S b () + (7 )

1=

~

—_

where we have made use of the fact that the integrand is independent of m. The
summation over m then just adds a factor of (2/ + 1).

14.10.1 Interaction Between Two Concentric Graphene
Spheres

As an example we give in Fig.14.11 the interaction energy for two concentric
graphene spheres. We let the radius, a, of the inner sphere be 10nm and let the
radius, b, of outer sphere vary between 10nm and 100nm. We have treated the
graphene spheres as strictly 2D spherical shells with the effective dielectric function
given in (10.24). Each curve is for a different truncation of the summation over /. The
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Fig. 14.11 The interaction 10" .
between two concentric E
graphene spheres as a
function of the radius, b, of
the outer sphere. The radius,
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10° [

106 L

10' 10
b (nm)

smaller the value of b the more terms are needed in the summation. The reference
system is one where the smaller inner sphere has been taken outside the larger outer
sphere and the two are at infinite distance from each other. The energy in Fig. 14.11
is the energy gain when the smaller sphere is brought to and inserted into the larger
sphere. The energy in (14.108) is negative.

14.11 Force on an Atom in Between Two 2D Spherical
Films

Here we may reuse the results from Sect. 14.7. The only difference is the expressions
for the 2/ pole polarizabilities. The mode condition function is

]g M111+0‘12D0<2)M2]1_QIZDZ(Mll2+a12DO(2)M212)
l, =
" (1-a™®a2) (a1}, +0})
) oM 1402 (1-7 ) | =a?™ P 50 +07™ P a2 (51,51}, )

2002 ’
(lial 0( )alzm)

(14.109)

where we have kept terms up to linear order in the atom density. We have chosen as
reference system a system with the spherical films and the gas shell well separated
from each other. Thus we have divided our mode condition function both with that
for a free gas film and that for the thin spherical films.

For TM modes we have
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z(1+1) 12 21(1+1)
SNV — — (5N) 20 o &'+ &0 @’ [&'] + &1 -
_ 201+ £ l(l+1)
(o] - L& v R i L e
a2D2 ™ _ 2+853Dqgi[{1’(qoa)2+§l (qoa)&' (qoa)] | (14.110)
1 T 2208040 (qoa) +E (qoa)t (qoa)]
QD0 T™ . —65Pqoity (qob)?
l T 2-88%Pqi& (qob) & (qob)

where go = w/c. All Ricatti-Bessel functions in the matrix have the argument (gor).
For TE modes the functions are

CTE _ & Qor) & (qor) (& (qor)]? )
OM™ =~ (ON) 2mr qm( 16 @ —& (qor) & (qor) )’

QD2TE _ 24+88%P qoi[ 41 (g0a)*+& (qoa)ti (qoa) ] | (14.111)
! T 2-680qoi[&(g0a)’ +E1(q0a) i (qoa) ]

QDO@.TE _ 55 gsit (qob)”
1 T 2-8&°Pqi& (qob) &1 (qob)

Now we are done with the spherical geometries and end the chapter by calculating
the Casimir interaction between two atoms.

14.12 Force Between Two Atoms from Summation of Pair
Interactions

We derived the Casimir interaction between two atoms in Sect. 12.1. It is possible
to find this result via a short-cut, viz. by using the result from the summation over
pair interactions in Sect. 6.1. The procedure is the following: choose a geometry with
two objects of different material; calculate the result using the summation over pair
interactions; calculate the result using the full formalism and take the diluted limit;
compare the two results and identify parameters.

‘We choose to apply this procedure on an atom of species 1 at the distance R from a
ball of atomic species 2. We let the ball have the radius R, and the atom density n3P
We make the ansatz that the interaction between the atoms is given by the potential
V = —Br~ and we intend to identify the coefficient B. The result from summation
over pair interactions (6.13) with this ansatz is

ER) =-2 4m R’ (14.112)
- RT3 7 ‘
We have assumed that there is vacuum in between the objects. The corresponding
result in the full formalism (14.62) is
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E(R) = f Z @l+1) aat (i&) 1(1§R/c)
=1

| MEDIEGER/OP | navi! 6 Ro/e) U (iEms Ra/e) i (i€ Ra /) (naRa )
{[[51 (iER/ C)] G&R/C) ] 128 GE Ry /)1 (En2 Ry /)~ & Ry /)i i€z Ra [ )
: 2 Y/ (ERy /)Y (ina Ry /c)—na (i Ry /)Y’ (iEna Ry /)
+ 18 GER/OT iR, fonpiGens RoJ)—mot GE Ry ) Gem Ra/)

(14.113)
We may here make use of the derivation we performed in Sect. 14.6. We study (14.88).
Since we now are interested in the interaction energy between the atom and the whole
ball we do not divide with the number of atoms in the ball. We have

L34™ (b) Ny LET@

(N24nb26) (N24rrb’8) f o Ny=0

=T 4nb23)2n f d§d4m Nyas! (i) ¢ c2 (Shl/c)

x N tdmos! (15) 8(&a/c) e 20/
x [3+6(&b/c) +5(§b/c)2 +2(Eb/c)® + (£b/c)]
=1& — &/b|

= — L dna? N'/ déag' (iE/b) o' (i&/b) e /¢
x [346 (s/c> +5(/0)” +2(&/c)* + (Eb/c)'].

(14.114)

Now, letting the distance b go toward infinity we have

E (R) ~ _L47TR2 n’ fd%'Ol (0) O{?t (0) 6725/5
x [3+6(/c)+ S(E/c)? +2(6/0) + /0]

_ _ _ heat' et (0) 4w R n?P
- |§ g §C| - Rt 3

? (14.115)
x / dée ™ [346(8) +5(8)° +2(6)° + (6)*]

0

23/4
_ 23hcay’ (0)i" (0) 47 Ry*n*P
47 R’ 3 ’

where we have replaced b with R and a with R, to be consistent with the notation
we used in the summation over pair interactions. Equating this result with the result
in (14.112) we find
23hcas” (0) af (0)
B 4 '

(14.116)

This agrees with what we found with the corresponding derivation in planar structures
in (13.147).

The procedure we have just gone through is a short-cut for finding the van der
Waals interaction between two atoms. It furthermore acts as a test of the consistency
of our formalism.
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Chapter 15 ®)
Dispersion Interaction in Cylindrical e
Structures

Abstract Afterasectionin which we adapt the general formalism presented in Chap.
7 to cylindrical structures we start by introducing the basic structure elements: a single
cylindrical interface, a thin diluted cylindrical gas film, and a 2D cylindrical film.
A general cylindrical structure can then be constructed by stacking these elements
coaxially. The thin gas layer is special; it is used to find the interaction on an atom
at a general position in the cylindrical structure. Then we go through some common
structures and present a limited number of illustrating examples; the examples involve
gold cylinders, cylindrical graphene shells, and lithium atoms. The derivations are
much more cumbersome in the cylindrical structure compared to in the planar and
spherical cases.

15.1 Adapting the General Method
of Chap. 7 to Cylindrical Structures

To find the normal modes for a layered cylinder including retardation effects we need
to solve the wave equation for the electric and magnetic fields in all layers and use
the proper boundary conditions at the interfaces. To solve the vector wave equation
the vector Helmholtz equation, (7.22), is not a trivial task. One can instead solve
the problem by introducing Hertz-Debye potentials 7r; and . They are solutions
to the scalar wave equation, (7.23). We let w; be the potential that generates TM
modes and m, be the potential that generates TE modes. In a cylindrical system
the TM mode has its magnetic field perpendicular to the cylinder axis and the TE
mode has its electric field perpendicular to the cylinder axis. Separation of variables,
m = R(r)® (0) Z (2), leads to one differential equation for each of the variables,

rd/dr [rdR (r) /dr] + [(¢* — h*) r* = m*][R ()] = 0;
d’>® (9) /0% + m?>O (8) = 0; (15.1)
d*Z (z) Jd2> + h*Z () = 0.

The variable £ is the projection of the incoming momentum on the cylinder axis and
q= [ﬁ () w /c]. The general solution for the potentials is expressed in terms of
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T = [Ru (Va7 =1r) ][] ["] [e7'], (15.2)

m=0,%x1,+2 ...

The radial part R(r) is a solution to the Bessel equation,

d’w dw
2 2 2 —
Z—d2+zdz+(z —v)w=0. (15.3)

The Bessel equation has many different solutions:

e Bessel functions of the first kind: J4, (2).

e Bessel functions of the second kind: Y, (z) (Weber’s function, Neumann’s func-
tion).

e Bessel functions of the third kind: H(V (z), H® (z) (Hankel functions).

Each is a regular function of z throughout the complex z-plane cut along the
negative real axis. They are related to each other according to

Y, (z) = [Jy (2) cos (vr) — J_, (2)] / sin (v7r) ;
HY (2) = J, (2) +i%, (2); (15.4)
Hu(z) (Z) =J, (Z) — 1Y, (Z) .

Let us study a layered cylinder of radius ry consisting of N layers and an inner
cylindrical core. We have N + 2 media and N + 1 interfaces. Let the numbering
be as follows. Medium O is the medium surrounding the cylinder, medium 1 is the
outermost layer, medium N the innermost layer, and N + 1 the innermost cylindrical
core. Let r, be the inner radius of layer n. This is completely in line with the system
represented by Fig.7.1.

We will use the two Hankel versions since they represent waves that go in either
the positive or negative r-directions. We assume a time dependence of the form e ',
With this choice the first Hankel function, H," (kr)e™ " oc e!®" =" represents a
wave moving in the positive radial direction (toward the left in Fig.7.1) while the
second, H,® (kr)e™®" oc e7ik"+@D represents a wave moving in the negative radial
direction (toward the right in Fig.7.1). Thus the general solution for the potentials is

o0
= mH(Z) k b H(l) k imf gihz g —iot
7= 2 lan i k) + (knJemete (15.5)

k= o =i,

Let us now use the boundary conditions that the tangential components of E and H
are continuous at the interface between layer n and n 4 1. We get[1]

(8/8r) w4 (imh/qur) 73] _ = [@/0r) 7™ + (imh/qui1r) n§+l]r=r’l;

(62— )] =g :>_]

Gn (8/8r) ) — (imh/r) m] _ = [ann (a/ar)n"“ — (imh/r) 7]
[( n )/q”] 772]r =r, [[(‘1;14—1 —h )/Qn+1]772+1]r=rn,

r=r,’

e

(15.6)
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where g, = n, (w) (w/c).
This gives

a?,mk" Hn(zZ), (knrn) + b’llmkn Hn(11)/ (knrn)
i () B () + 6 (2) D (o)

qn'ln 4nn

= a?,zlanHn?)/ (kn+lrn) + bn+lkn+1Hp£ll)/ (k”Jrlr")

1,m
1 i 1 i
+a£’jn (—q:l]hrn) H? (kyi17) + bgfn (_q:,flhr) HY (kyi1r2)

a}  k2HP (knry) + b}, k2HD (kyry)

1,m

= a?j;ll k}%JrlHigIZ) (kVH'lrﬂ) + brll,-::kZJrlHrill) (k”'Hr”) ;
—ai, (22) B2 Gear) = b7, (22) HD ) (15.7)

Tn 'n
+a§,mf1nan,f12)’ (knrn) + bg,mann Hn(ll)/ (knry)
= a3 (L) H (i) — b (22) B ream)
+a;;}‘]n+1kn+1H,£,2)/ (knJrlrn) + bgjnlqn+1kn+1H’£l])/ (k,,Hr,,) )
n (%) B (o) + b2, (42) HO
aZ,m qn m ( ’lr”) + 2,m \ g, m ( nrn)

@2 1(k
= ! (522) H e + 0550 (52 ) Y Garara)

qn+1

This may be arranged as

n n+1
al,m al,lnl
N < b"
1,m _ 1.m
An a’ - An+1 n+1 ’ (15-8)
2,m 2,_:211
n n
b2»m b2,m

and we may now identify the matrix

by HO' Ry H' mh @) imh gy ()

Gnln M qnln M
~ RH®  2HD 0
A, = _i::;hHrflz) _i;;;hH’;l) Gukn H?' gk HV' |- (15.9)
' ' ko kga
0 0 SHP  HY

where we have omitted the argument (k,r,) in all Hankel functions and their deriva-
tives.

For the special case when 7 = 0 we see that the matrices are on block form:

kaH>' k,HD' 0 0
5 KH® 2gO 0 0
A, = n Om n Om Gukn H?' g, HV' |- (15.10)

ki 772 ks rr(1
0 0 EH,E) EH,;)
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which means that the TM and TE modes decouple for h = 0. !
Now, the resulting matrix Mn = A An+1 becomes too large to write down in
matrix form. Instead, we list each element.

My, = Wk3 [k2H Dk HOY — by HO'K2 HP T
My, = Wk3 [k2H Mk, HOT — Ky, H“ngHHrf,‘H],
Mz = 5= HOHPT (imh/quiary) [kK2 — k24

My = l H(I)H(1)+ (lmh/qll+lril) [ kn+1]

My = qu [ K2H @k, HOF + k, H(z)/kz HO;
Mn = Wk* [—ky H Pkt HDV + K, H(z)’ngr HT];
My = sz HPHD (imh/q,11,) [ n+1 kﬁ] :

My = g HOF HD imb /gy 172) [ 2 -k

M3 = 1 HOH®+ (1mh/q,,r,,)[ n+l krzl]

My = 1 H(I)H(1)+ (lmh/ann)[ 2 ki]

M33 = Wk‘ [(kz/Qn) H,;(7 )Qn+lk11+lH(2)+/ annH,ff)/ (sz,»]/qlerl) Hr(r:2)+] ;
M3y = Wk* [(kz/CIn) H,,(ll)qn+1k,1+1H,$1 " anan(ql)/ (k5+1/51n+1) Hn(ql)+] ;
M4l = H(Z)H(2)+ (lmh/ann) [

21
n+1] ’
My = Wkn H(lHHn(zz) (imh/qura) [k — k]

M43 = W;kg [_ (kz/q'l) Hn(1 )qn+1kﬂ+1Ht£12)+, + annHrSlz), (krzt-‘rl/qu-l) Hn(12)+] ;
My = Wlk’.} [ (k /qn) m anrlknJrlH,f, W + annH,;,z)/ (kﬁ+1/qn+l) H,;l)+] .
(15.11)
We have suppressed all arguments of the Hankel functions and their derivatives.
All functions with a + added as a superscript have the argument (k,r,) and the
ones without the superscript have the argument (k,r,). W is short for the Wron-
skian, W [H" (x) . HP (x)] = H (x) H@' (x) — H" (x) HP (x) = —4i/7x.

m m
Now, we have all we need to determine the fully retarded normal modes in a layered

cylindrical structure. We give some examples in the following sections.

Summary of key relations for the derivation of dispersion interactions in
cylindrical structures:

In a cylindrical structure /4, the wave number along the cylinder axis, and m are
the proper quantum numbers that characterize a normal mode. The dispersion
curve for a mode can have several branches, i, v = wh - They are solutions to
the condition for modes, fj.,, (w) = 0, where fj, (a)) is the mode condition
function. When finding the interaction energy of the system one has to sum
over both &, m and i. Since we often let the system have unlimited extension
along the cylinder axis it is appropriate to calculate the interaction energy per
unit length. For zero temperature the interaction energy is

I'This also happens for m = 0.
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Bl > 7 de hopdh T de
E=272 Y [ pmsm@—3 [ Y [ S,
h m=—00_", —59 m=—00_"r
(15.12)
and at finite temperature

e & 1S [dn &1 8
F=7 X X g M) > [ 51 2 Y Infum e
h m=—o0 n=0 —69 m=—00 n=0
(15.13)
where L is the length of the system and &, = 2wn/hf. The arrows indicate
what happens when we let L go toward infinity. In the fully retarded treatment

_ | (M + Mi2) (Mi3 + Ms)

= ) 15.14
Fim (M31 + M3p) (M33 + M3y4) ( )

where M is the matrix for the whole structure. The matrix for interface n is a
4 x 4 matrix where the elements contain the two Hankel functions and their
derivatives. The matrix is too spacious to be written down here. The Wronskian
for the two functions is

WHD @), H? 0] = HP (1) B (x) — B (x) HP (x) = —4i/mx.

(15.15)

The relation between the Bessel function of the first kind, J,,, and the Hankel
functions, H™, is

2Jn(2) = HY ) + HY (2) (15.16)

15.2 Basic Structure Elements

A general cylindrical structure can be generated by stacking a number of basic
structure elements coaxially around each other. The most basic element is a solid
cylinder. Sometimes it is convenient to use layers as elements. A special layer is a
2D cylindrical film. Another is a thin cylindrical diluted gas layer which can be used
in the derivation of the interaction between atoms and the cylindrical structure. We
start with the solid cylinder.
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15.2.1 Solid Cylinder

For a solid cylinder of radius a and dielectric function & (w) in an ambient of
dielectric function & (), as illustrated in Fig. 14.1, we have M = M, and the type
of combinations of matrix elements that appear in the mode condition are:

My + My = Wk; [k2H(1)k1J ! koH(l)/k%Jm];

Mz + My = Wk*H(l)J (imh/qia) [k§ — k1] ;

My + My = Wk3 [ k2H(2)k I +kOH(2)/k2 ] .

M3 + Moy = szH<2>J (imh/qa) [k} — k2] ;

M3+ M3, = Wk3H<1>J,n (imh/qoa) [k} — k3] ; (15.17)
Mzs + May = Wk3 [(k5/90) HYqi1k1Jn' = qoko HYY' (k3 /q1) ] ;

My + My = szH<2>J (imh/qoa) [k3 — k7] ;

My + My = Wki [— (K3 /q0) HP q1ki I’ + qoko HP' (kT /q1) Jn] .

where we have used the relation 2J,, (z) = H'" (z) + H? (z). We have suppressed
all arguments of the functions. The suppressed arguments are (koa) for the H-
functions and their derivatives and (kja) for the J-functions and their derivatives.

The condition for modes is according to (7.15) (M + M) (M33 + M3s) =
(M3 + My4) (M3, + Ms3y), which leads to

2
Ldh/taa) _ 1 H ko) (45 Ju' ki) _ 45 B o)\ _ (mhjay*(L — L
ki Iy (kia) ko 7D (koa) ki Jw(kia) ko H (koa) )] k2 k2

(15.18)
This is in complete agreement with Ruppin in (107) on page 389 in [2]. When either
m or h or both are zero the TM and TE modes decouple. If they are decoupled letting
the first factor on the left-hand side be equal to zero defines the TE modes and letting
the second factor be equal to zero defines the TM modes.
Next we move on to a thin diluted gas film.

15.2.2 Thin Cylindrical Diluted Gas Film

Here we proceed in the same way as in Sect. 11.2.3 but the matrices are now much
more involved. Here both « and § appear in the arguments of the functions. In the
non-retarded case only § did. We first expand the matrix for the gas layer in o and
keep terms up to linear in . We have

Mgaslayer = MO M~l ’ B »
My~ 1+aM}; My ~ 1+aM}; (15.19)
Mgaslayer ~ 1 +o (M(l) + M{)
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The elements of M} are in the first row

iko (b+4) : D @)y D@
My = OT(Z—S) [HVHP —2HV HP
+ ko (b + 8) (Ig,f})H,ffW — HV'H®");

My, = Th®+) 21_3> [—H HD

8 (15.20)
+ko(b+8) (HVHD" — HV'HM) ]
My = "F H(])Hn(lz)lz) (Z—E);
M= = HOHDE (2),
in the second row
My, = lﬂko(b‘HS)(kO) [H®'H®
_ kO (b + 5) ([{2&2)1_]’22)// _ Hn(/lZ)/Hrf?)/)] :
My, = Tho®td) (%3) [-HOHD + 2B HD (1520
_ kO (b + 5) (H(Z)Hrﬁll)// _ Hn(12)/Hn(ql)/)] :
Mo =~ HP B L ()
h
Moy = —%H;UH,,?)E Z—g) :
in the third row
h .
My = —"THHD & (Z—g) ;
h .
M3, = f%H,ﬁ,”H,ﬁ,”R (Z—g) ;
My = Thid) { ) @ (D @)
(15.22)

2
() [0 HR 210

+ ko b+ ) (P B~ HY HP)])
Msy = 9 O 4 (1)«

(—HD ko (0 + ) (HD B =i D)),
and in the fourth row

My = MHQ)H(Z)l Z_g :

1‘442 — mr[ H(I)H(Z) h qo .
My = —‘”kog’+5> {2H(2)H(2)/ (w/cko)*x
(AP + ko (b +8) (HP HP" — HO'H')]}: (15.23)
Myy = _”Tkoz(# {H&2)Hr£ll)/ + Hr(nz)/HrE:l)
+(#) (a2 m —2mP B
+ ko(b+8) HPHD" — HP'HM'} .
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The suppressed arguments are in all elements ko (b + §). The elements of 1\7[% are in
the first row

. 2
My, = mlgoh (%2) [HO'H® + (kob) (H'HR — HO"H®)];

) 2
My = 5 () THOHD" + (kob) (HD H'— D HP")]

(15.24)
My =—"tHVHD L (Z—g)
M14 = _%Hi;l)Hrgll)]i_lo (Z_g) 5
in the second row
A 2
May = =2 ()" [HP B + Gob) (HP'HE — HP HY)]:
4 2
My = — 7 (Z—g) [HOHP' + (kob) (HY'HP'—HP HP')]; (15.25)
Moy = P B L (£);
My = %Hrgll)Hrfqz):_o (2’—2) ;
in the third row
M5 = %Hrgzl)H,;z):_o (%2) ;
M32 = %Higzl)Higll)]?_o 2_2 s
i kob
M33 = WTOZ{_Hrgll)H}’E’?),_Htgll)/Hn(g) (1526)
() THHE + Gob) (1 HE—HY B}
it kob
Ma = 2 (00—
() HS D + oy (H H— B HP)])
and in the fourth row
_ Db ().
My === BPHD L (£);
My = —"THVHD E (L),
Man — kb [ (b gy g gr(h
o = 5 H HL S H (15.27)

_(Z—) [H2'HP + (kob) (HP'HP'—HP"HP)]} :

0 m

My = 552 {H) HD+ HDHLY'
_(Z_O> [HDHP + (kob) (H'HP'—HDHP")]} .

0

The suppressed arguments are in all elements (kob). Next we expand Mgaslayer from
(15.19) in é up to and including the linear term. We note that the zeroth order term
of M} exactly cancels M]. Thus
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- - M} 8 By
Mgaslayer ~ 14 ad W =1+ aéB.
§=0

The elements of the introduced matrix B are in the first row

. 2
B = %(Z—g) (HOH® —2H H
+ (kob) (3H(1)H(2)” 3H(1)/H(2)/ 2H(1)//H(2))
+(k0b)2 ( (1)//H(2)/ + H(I)H(z)w)} :
. 2
B, = %(ﬁ) [-H HD
+ (kob) (HVHD" — 3HD HD")
+ (ko b)z( H(l)’H(l)” + H(I)H(l)///) .
Bz = "2 [HO'H® + HVHP'] L <k0

m

in the second row

o = i ()’ (O B
0
) (HPHE" 312 )

(kob) ( : (2)/H(2)//+HI(2)H(2)///)] :
By = —”Tko(k—> {HYHD — 25 HD
0

m

~+ (kob) (3H(2)H(l)// _3H@ g _ ZH(Z)”H(I))
+ (kob)2 (_H(Z)//H(l)/ + H(2)H(l)///)} :

ki
Byy = =" 2HPHP'] 0 (#

mk 1 2 1 2 h [ q
324 = o [H( )’H( ) + H( )H( )’] E <k2> ’
in the third row

By = "2l [HOV O + HOHP'| L <Z—§)
_ k Dy

By = —"Z0 [2HVH) )’] e

By = Th [H<1>H<2>/ + H(l)rHa)
+ (k b) (Hn(zl)H(z), + 2H(1)/H(2)/ + H(l)//H(Z))]
+1n(8k0)(k0) [HOH — 25D HO

(1) m(2)// _ Mg _ ()7 gy (2)7
+ (kob) (3Hm Hm 2HV"HP —3HM' HP')

(D17 g2y M g@ryy .
B34 — mko [2H(1)H(l)/

(kob) (H'HD +2HP HD]
+M(_)2 [~HDHD'

+ (kob) (HPHD" — 3HM HM
+ (kob)* (— (”/H“)”+H“)H(1>”’)],

)

(15.28)

(15.29)

(15.30)

(15.31)
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and in the fourth row

By =" 2HPHP'| <k0>’
By = mnko [HO'H® + HO HO'] :_0 (21_2>

m
B43 = %ko [2H}1(12)H"(12)/
+ (kob) (ZHH(?’HH(E)’ + 2Hn(12)Hn(12)”)]
+ 1718( 0) (Z_E) [_H’f’[Z)H'SlZ)/
+ (kob) (H,512) Hn(lZ)/ _ 3H,£12)/Hr£12)’) (1532
+ (kob)Z (—HO'H®" + HO HO")];
By =" [HPHY + HG HD
+ (kob) (Hn(12)H;(nl)” + 2H’(1$)/H’(1p/ n Hﬁf)”Hn(}))]

. 2
() [P HY 20 Y
+ (kob) BHP HD" —2HP"H —3HD' HD)

+(kob)? (—H®"HD' + HOHD")] .

The suppressed arguments are in all elements kob = ko (a + d). Now we have
derived the matrix for a thin diluted cylindrical gas shell. The next element is a 2D
cylindrical film.

15.2.3 2D Cylindrical Film

In many situations one is dealing with very thin films. These may be considered 2D.
Important examples are a graphene sheet and a 2D electron gas. In the derivation we
let the film have finite thickness § and be characterized by a 3D dielectric function

D We then let the thickness go toward zero. The 3D dielectric function depends
on § as &P ~ 1/8 for small 8. In the planar structure we could, in the limit when
8 goes toward zero, obtain a momentum dependent 2D dielectric function. Here we
only keep the long wave length limit of the 2D dielectric function[2, 3]. Here, the
matrices are much more complicated than in Sect.11.2.4 so we cannot give an as
elegant derivation. We let the layer have radius r and thickness §, which we let go
toward zero.

The matrix is M?P = Mo M1 We let Mo be at r + § and M1 be at r. We could
equally well have let MO be at r and M, be at r — 8. We expand the matrix in §
and keep in mind that &3P goes toward infinity when § goes toward zero in such
a way that §2°” stays finite. The derivation is rather tedious since &*” appears in
many places in both matrices. One further complication is that it appears also in the
function arguments. After much work we arrive at the following matrix elements:
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My =1—20g2583P HO [kor] H? [kor],
My = =22 g3s83P HY [kor] HY' [kor],
M3 = 222 25830 HV [kor] HP [kor],
My = 252208830 HD [kor] HYY' [kor],
Moy = 5Lq388%P HY Tkor] HP' Tkor]
My = 1+ Z2g25530 HOY [kor] HRY [kor],
My = —222 05830 HD [kor] HP [kor],
Moy = —Z20 205530 H D [kor] H' [kor],
My = —22 05830 HY [kor] HP [kor],
My = ™ 905530 B [kor] HY [hor]

My =1 =i [ 7820 4 23y | 5230 Y tkor) B hor],

© R

M3y = —i [N(Mh)z L+ %kér] 8§3DHr§1) [kor] Hr&ll) [kor],

kr
My = 22225830 HD [kor] HP' [kor],

Th 0§30 HV' [kor] HP [kor ],

IS
I

. 2 =
May =i 80k 4 2k3r | 08° B ko) H [kor,

My =1 +i[”<'+’“2 -+ %kgr] 8&3P HY [kor] HP [kor] .

w2
kor

383

(15.33)

To arrive at this result we have made use of (15.15) in all elements and (15.3) in

some. We will need the following element pairs:

My +Mp=1- WTrqg(SEBDHg)’ [kor] I [kor],

Mys + My = 50 L88P HLD' [kor) J kor]

Moy + Moy = 1+ 52 q388* P HY [kor] J [kor]

Moy + Moy = —%Z—gﬁgwh’ﬁf)’ [kor] I Lkor] ,

M3y + M3, —#2—3553DH,§,1) lkor] Jn' Tkor ],

Mz + Msy = 1 —i% [(mh)> + k3r] 883P HV [kor] J, Tkor 1,

My + Myy = ZRDEP HD [kor] J, [kor],

M+ My = 1 +i2 [(mh)zkz% n kgr] 8830 H® [kor] J Tkor ],
0

(15.34)

where we have made use of (15.16). Now we are done with the basic structure
elements and turn to the list of common structures. We start with an atom outside a

cylinder.



384 15 Dispersion Interaction in Cylindrical Structures

15.3 Force on an Atom Outside a Cylinder

The geometry of this problem is illustrated in Fig. 14.3. We have M=M, M, -
Mz Mgaslayer M2 In (15.28) we found the matrix for Mgaslayer We introduce
some short-hand notation. Let

A= Mz;

C=B-A=[5¢] & (15.35)
~ ~ 1 §=0

M~ A + 5aC.

Expressed in terms of the elements of these matrices the condition for modes becomes

[(A11 + A2) + 8 (Cpp + C12)1[(Az3 + Azg) + S (C33 + C34)]

—[(A;3+ A1) +8a (Ciz + C19)1[(Az1 + Azp) + 8 (C31 + C32)] =0, (15.36)

and to linear order in §

(A1 + Ap) (A3 + Azg) — (A3 + Arg) (A3 + A3p)
+oa [(A1r + A2) (C33 + C34) — (A3 + Ag) (C31 + C3p) (15.37)
+ (Ci1 +Cr2) (A3 + Ag) — (C13 + Cia) (A31 + A3)]=0

From this we find the mode condition function is

f=1+68a[(A11 + A1) (C33 4+ C34)

— (A3 + A1) (C31 + C32)+ (Cpy + Cr2) (Azz + Azg)

—(C13+ Cu) (A31 + A3)]/ (15.38)
[(A11 + A2) (A3z + Azg) — (A3 + Arg) (A3 + Az)]

—8a (B11 + Bia + B3z + Big),

or expressed in the A and B elements

f =140 {B3 [(A11 + A1) (Axz + Ars)

— (A3 + Ag) (A2 + A)]
+B34 [(A11 + A1) (Agz + Aga) — (A3 + Arg) (A1 + Agp)

— (A1l + A) (A3 + Azg) + (A3 + As) (A3 + Az)]
+B12[(Azz + Azg) (A21 + Ax) — (A3 + A3n) (Az + A2g)

— (A + A1) (Asz + Azg) + (A3 + A (A3 + Azp)]
+B14 [(A3z + Azg) (Ag1 + Ag) — (A31 + A3) (Asz + A}/
[(A11 + A1) (A3 + Azg) — (Aiz + A (A3 + Az)].

(15.39)

Note that we have chosen as reference system a system of two independent ones,
one with the solid cylinder alone and the other with the thin cylinder alone. The
calculated energy is then the interaction energy between the two objects.

Now, the retarded (Casimir) interaction energy between an atom and a cylinder
is given by



15.3 Force on an Atom Outside a Cylinder

E=h[% 5 Lf P n [ fy (h,iE)]
0 m=—00 7oo
~hfE Y Lf [fn (h,i8) — 1]
0~ m=—00
%ﬁof% z . gh2an

X {B3 [(A11 + A12) (A3 + Az) — (A3 + A1) (A + A)]
+ B34 [(A11 + A1) (Agz + Aga) — (A3 + A1) (Agr + Agp)

— (A + Ap) (Asz + Asg) + (A3 + An) (A3 + Az)]

+B12 [(A3z + Azg) (A2; + Ap) — (A31 + Az) (Axz + Asg)

— (A1 + A) (Asz + Azg) + (A3 + Arg) (As1 + Az)]
+B14[(A33 + Azg) (Ag1 + Agp) — (A31 + A3p) (Agz + A}/
[(A11 + A2) (A3z + Azg) — (A3 + Arg) (A3 + A3)],
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(15.40)

where we have used that @ = 2’/ (bL§). Remember that b = a + d is the distance
to the atom from the cylinder axis and d is the closest distance from the atom to the
cylinder. The radial coordinate in the A elements is a and in the B elements is b. The
A elements are equal to the M elements in (15.17) and the B elements are given in
(15.29)—(15.32). Next we give the actual expressions for all these combinations of

matrix elements.

(A + A212) (A + Apn) — (A3 + Ang) (Azl + A2)
414
= (_Wzkg) ik [k—z - k—z] RiW (mh/a) J,

4190
2 papa
= () s, )P 22 Gmhje) [ - &),

4190

(A1 + A1) (Apz + Ay) — (A3 + Ar) (Ay + Ag)
— (A + A12) (A33 + A3zq) + (A3 + A1) (A3 + A3)

(15.41)

_ 2 kik} 1) 1 J/'(ka) 1 Hy (ko)
_ _(W) AL L (1) PRHD (ko) T (koa) { [ 1 Jtbaed — L B

qoq1
2 2
41 Ju' ki) 45 Ju'e@) | 1 _ 1
x [H Intha) Jm(koa):l (mh/a) [kg kf] }

(A33 + Aszg) (A1 + Ap) — (A3 + Az) (A3 + Ay)
—(An + A12) (A33 + Azg) + (A3 + A1) (A3 + Azn)

(15.42)

=_(L) KK (1) P2HD (ko) Iy (koa) [g_ Lo/ Gaa) _ﬁﬂmm]

Wk3 ) qoq

2
| Ju'taa) 1 Ju/ (ko) of1 1
x [kl Tt Jm<kfa>] — (mh/a) [E - E] ;
(As3 + A34) (Ay1 + Agp) — (A31 + A3) (Agz + Agy)
- _<W2k3> . kO LI (kla)]Z:ZéJa (mh/d) [é B é] ’

41490

ko HSY (koa)

(15.43)

(15.44)
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and

(A + Ap) (Asz + Azg) — (A + A) (A3 + Az)
2 4714 1
(2 \ ki 27 (1) 21 dw'taa) 1 Hy' (ko)
= (wkg) oy U (1@ P[HLD (ko) {[kl Tt " ko H,f,“(k:s) (15.45)

2
at Jn'a) 4§ Hy (ko) 211 _ L
x [kl Inta@ ko B thkoa) | T (mh/a) ki ki

We have suppressed all arguments of the functions. The suppressed arguments are
(koa) for the H-functions and their derivatives and (kya) for the J-functions and
their derivatives. Note that the factor (2/ W3)” in common of all three A expressions
cancels out in the integrand of (15.40).

The B elements in (15.40) become

B = =5 () {0 @] + Gob [ oD T}

Bu = ZomH (kob) HY (kob) h (Z”—’;) ;

By, = —Z2mH.D (kob) H' (kob) h (%) ; (15.46)
By = A [m® = kob)?] [HD tkob)]* + Chob) [HLY" kot

i (1) LB wob) ] + kb [HY (o)

To arrive at these expressions we have made use of the modified Bessel equation and
its derivative to rid us of second and third oder derivatives of the Hankel functions.

Now, the arguments of the functions are all imaginary on the imaginary axis.
It may be favorable to have real-valued arguments, (yoha), (yiha), and (yohb)

instead of (koa), (kja), and (kob), respectively, where yp (w) = /1 — (@ /ch)? and
Y1 (w) = \/ 1— [ﬁ (w)w/ ch]z, respectively. On the imaginary frequency axis these
become real valued, yy (i&) = +/1 + (§/ch)? and y; (i&) = \/1 + [7 (i) é/ch]z,

respectively. To achieve real valued arguments we transform the functions to the
modified Bessel functions /,, (z) and K,, (z). The transformation rules are [3]:

H" (ix) = 2 555 Ky (x) ;

H (ix) = =2 LK,/ (x);

H? (ix) = 2i"S,, (x);

H,g,z)/ (IX) = 2im_l Sm/ ()C) )

Ju (ix) =1i"1, (x); (15.47)
Jm/ (Lx) = im_llm/ (x) 3

HD (ix) T (ix) = —2iK,y (x) Iy (x) 5

H? (ix) Jyy (ix) = 2(=1)" Sy (x) Ly (x);

HD (ix) H? (ix) = —2iK,, (x) Sy (x)
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where we have introduced the complex valued function, S, (x),
I,
S (x) = ;1(_1)me (x) + Ly (x). (15.48)

The modified Bessel functions of real valued arguments are real valued. With these
transformations and after the removal of a common factor,

2 \'Kgk
— ) — I (15.49)
Wky /) q190

that cancels out in (15.40) the factors containing A elements in (15.40) become

(A + Ap) (A + A24) — (A3 + A1) (Ay1 + Ap)

= id €O oy 1 (15.50)
=17 Gwha)? (,,,w)z (iha)* |’

(A + A) (Agz + Aga) — (A3 + Arg) (Ag + Ag)
— (A1 +Ap) (Azz + Azg) + (A3 + A) (A3 + Az)

_ -4 —1_ L,/ (y1ha) 1 K./ (wha)
= iz Kin (voha) I (voha) {[(mha) InGnha) T Goha) Km(yfhm] (15.51)

2
(ii€a/o)’ In'(nha) _ (5a/o)* L/(wha) | _ ] B
X[ iha)  Tu(nha)  (oha) 1m<yoha>] (mha) [(mha)z (ylha)Z] }

(A33 + Azg) (A2) + Ap) — (Azr + A3p) (A3 + Any)
— (A1 +Ap) (Azz + Azg) + (A3 + A) (A3 + Az)

=i£K,, (yoha) I, (yoha) {[_ (i€a/0? I/ (nha)  (Ea/c)’ Km’woha)] (15.52)

Wiha)  Tunha) "+ (oha) Kn(wha)
2
1 L/nha) 1 L/(wha) 1
x [(ylha) Tu(nha) — Groha) 1,,l<yoha>] (mha) [(yoha) (ylhaﬁ] }

(A33 + Ass) (Ag1 + Asn) — (A3 + Az) (Agz + Agy)
_j4 G0 g [ 1 1 (15.53)

7 (yoha)? wha)’ ~ (nhay |
and
(A + A1) (Ass + Azg) — (A3 + Arg) (A3 + Az)
= (=1)" £ [Kn (Voh“)] {[(yllh@ Ilm&lﬁ; - (J/olha) Iliméﬂz;] i (15.54)
, .
« [(nlsa/c) I/ (nha) _ (a/c)’ Ky (Voha)] (mha) [(yo;m) ;] }

(n1ha) T (yiha) (voha) K (yoha) (y1ha)?
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The B elements in (15.40) become

(=" 2 ’
Bio = i 2K, ()| + b Ko o)

b (hyob)?

o m 2mh (qob)
Bl4 - 1(_1) T (hyob)

— _i(—1)"2mh (q9b)
B32— 1( 1) 7 (hyob)

By

Km (hy()b) Km/ (hVOb) P

K (hVOb) Km/ (hy()b) >
—i(=1" & (b { [ K (o) ] |

(1" &5 @ob)* {[Kn iyod) ]|

+ 1] + K (hyob)]z}
] + K (hyob)]z} .

(15.55)

To arrive at these expressions we have made use of the modified Bessel equation and
its derivative to rid us of second and third oder derivatives of the modified Bessel

functions.

Since the derivations are rather involved one should make as many checks as
possible. We have checked our results by taking the non-retarded limit of the resulting
integrand in (15.40) and have reproduced the integrand of (11.38). In the following
section we make a direct, numerical, check by calculating the interaction between
a lithium atom and a gold cylinder. The results should agree with the non-retarded
results in the small-separation limit.

The force on the atom is F (b) = —rdE (b)/db.

Fig. 15.1 The interaction
energy for a Li atom next to
a gold cylinder of radius

a = 10nm. The distance
between the atom and the
cylinder axis is denoted by b.
The retarded result, solid
curves, was obtained from
(15.40). The non-retarded
result, dashed curve, is from
Fig. 11.1. The thin curve with
circles is the room
temperature result. See the
text for details

|[Energy! (Hartree)

10

108
10710
1072
10714
10716
10718
10%
1022

10-24

10!
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15.3.1 Force Between a Li-Atom and a Gold Cylinder

As an example of atom-cylinder interactions we show in Fig. 15.1a the interaction
between a Li atom and a gold cylinder. The polarizability for Li was obtained from
the London approximation (8.60) with the parameters given in Fig. 8.2. For gold we
used the polarizability as shown in Fig.9.3. The b-dependence does not follow a
simple power law, E ~ b~°, predicted by the summation over pair method (6.27).
The retarded result has a slightly steeper slope than the non-retarded beyond a certain
distance. Thus, both the non-retarded and retarded results for metal cylinders deviate
from the behavior predicted by the summation of pair interactions as described in
Sect. 6.1. We should also note that the negative slope does increase with less than one
power unit when retardation sets in. We have furthermore added the room temperature
result (T = 300K) at the large b end of the figure, the thin curve with circles.

15.4 Force on an Atom Outside a 2D Cylindrical Shell

In this section we derive the interaction between an atom and a 2D cylindrical shell.
It could approximate the interaction between an atom and a nano tube. The geometry
is illustrated in Fig. 14.5. The derivation proceeds along the lines in Sect. 15.3 and
the matrix A is replaced by M?2P with the elements given in (15.33) and with r = a.
The combinations of element we need are

(A1 + A1) (A3 + A) — (A3 + Arg) (A2 + A2) 15.56
= -7 (mh) (%) 8§3DJm/me ( ‘ )

(A1 + A) (Agzs + Ags) — (A3 + Ag) (Agr + Agp)
— (A + Ap) (Asz + Azg) + (Ais + A (A3 + As) (15.57)
= i [ )k + K] 8830 T d + 5 qih3a> (58P HIY o o,
(As3 + Azq) (A1 + An) — (A3 + A3p) (A3 + Ang)
— (A1 +Ap) (Asz + Azg) + (A3 + A) (A3 + Az) (15.58)
— inaqds&P 1, 1 + 5 [k2a2] (90)* (8&3P) HV g ' T,

(Azz + Azg) (Ag1 + Agp) — (A3 + A3) (Agz + Ay) 15.59
=7 (mh) (1) 8% I (15:59)

and
(A + Ap) (Asz + Azg) — (A3 + Arg) (Az + Az)
=1-i88°P% {qgaH,(nl)’Jm’ + [(mh)zkgLa + kga] H,,gl)Jm} (15.60)

—(58°2)* (%) g2 (koa)* HO J,, HD' 7,
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1012 8
10-I4 :
10716 i
2 108 [
] L
5 107}
E 2 [
_>\‘ 10 I mmax
5 102 [ 0
= N
= 100 |—1
- e (OvdW
-28
10 i o | vdw
103 | | ——T = 300K
[0’327 il M el . .
10? 10° 10* 10° 10°

b (nm)

Fig. 15.2 The interaction between a Li atom and a graphene cylinder as a function of distance
b. The radius, a, of the cylindrical shell is 10nm. The results are from using (15.40) and for two
truncations, m = 0 and m = 1, of the summation over m. We see that the m = 1 contribution is
negligible except for a very small region to the left in the figure. The solid circles are the results
from the non-retarded treatment and we see that these results tie nicely on to the retarded results.
The thin curve with circles is the room temperature result

The argument of all the above Bessel functions is (koa).
On the imaginary frequency axis these combinations of element become

(A + A) (A3 + A) — (A3 + Ay) (Agg + A2)

= i (—1)" ) (¢ 0) 5530 (i) 1, (voha) Iy (voha) (1560
(A1 + A1) (Az + Ay) — (A3 + Ar) (A + Ag)
— (A1 + A) (A3 + Azg) + (A3 + Arg) (A3 + Azp)
= —i(= 1"} [ 4 (pha)? ] 620 1 (roha)? (1562
H(=1)"7 (5 /0)* (voha)*[58°P &) ' K. (voha) L)' (voha) L (yoha)?,
(A33 + Azg) (A2) + Ap) — (Az + A3p) (A3 + Any)
— (A + Ap) (A3z + Aszg) + (A3 + Ay) (A3 + Aszp) 15.63
— i(—1)"7a(§/c) 58P (&) I (yoha)® (15.63)
(=17 (yoha)> (6 /)*[85% (€)]* K (oha) Ly (woha) L, (voha)?,

(A33 + Azg) (Ag1 + Ag) — (A3 + A3p) (Agz + Ag)
(15.64)

= —i(=1)"7 (242) (/) 8 (i€) L (yoha) L (voha) .
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and

(A + Ap) (A3z + Azg) — (A3 + Ay) (A3 + Az)
=1-088% (&) {(¢/c)’aK.,)’ (yoha) L)' (yoha)

| ey na)?| LK, (voha) I (voh
(yoha)? Yo a) o Bm Yo (1) m(VO a)

—[6830 (i&)]* (€ /0)*(yoha)* K. (yoha) L, (voha) K.’ (voha) L, (yoha) .
(15.65)

To find the interaction energy between an atom and the thin cylindrical shell we
use (15.40) with the factors containing A elements from (15.61)-(15.65) and the B
elements from (15.55).

Two examples where the results apply are a cylinder made of a graphene like
film and a thin metal film, respectively. Then the expressions for 8¢ (i£) as given in
(10.24) can be used [4, 5].

We have checked our results by taking the non-retarded limit of the resulting
integrand in (15.40) and have reproduced the integrand of (11.44).

15.4.1 Interaction Between a Li-Atom and a Graphene
Cylinder

As an example we give the results for a Li-atom outside a graphene like cylinder
in Fig. 15.2. The results are from using (15.40) with the combination of A elements
from (15.61)—(15.65) and the B elements from (15.55). The polarizability for Li
was obtained from the London approximation (8.60) with the parameters given in
Fig.8.2 and for the cylindricall shell the 883D (ig) entering oclw (a; &) was taken
from (10.24). At large distances only the m = 0 and m = =£1 terms give important
contributions and follow the power law ~b~>. We find that the retardation effects
are negligible in this case. This is very interesting. We have found that retardation
has negligible effect on the interaction between two planar, pristine graphene sheets,
between one planar, pristine graphene sheet and a metal wall, and here between an
atom and a cylindrical, pristine graphene shell. We found, however, that retardation
affected the interaction between an atom and a spherical, pristine graphene shell. The
room temperature result (T = 300K) is given as the thin curve with circles. Here it
modifies the result at a relatively small b value.
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Chapter 16 ®)
Summary and Outlook ez

We have presented a general formalism for determining the electromagnetic normal
modes in layered structures. We have furthermore shown how to calculate the dis-
persion energy and forces for these structures, both at zero and finite temperature.
For the convenience of the reader we have derived in detail what is needed to address
the three most common geometrical classes viz. the planar, spherical and cylindrical.
We have presented both non-retarded and fully retarded treatments. We have also
given the resulting relations for a large number of illustrating examples.

Systems with a general number of layers can be handled and the thickness of each
layer can have any value; even 2D layers are allowed which means that graphene,
graphene-like, and 2D electron gases can be treated.

Within the formalism it is possible to obtain the force on an atom inside or outside
the layered structures. We have given many examples of this in the text. We have
even derived the van der Waals and Casimir-Polder interactions between two atoms
using the formalism for spherical structures in Sects. 10.5 and 15.6, respectively.

Throughout this work we have been careful to define our system and used as
boundary condition that outside the system there are only outgoing waves and no
incoming waves toward the system. All normal modes included in the treatment are
caused by time dependent charge- and current-densities within the system. Now,
incoming waves are also solutions to Maxwell’s equations but would be caused by
objects outside our system. The energy of these could change when objects within our
system are moved relative each other and hence affect the force between the objects.
However, the influence of the external objects decreases with the distance between
these objects and our system and can be neglected if the distance is big enough.
As a gedanken experiment we could in the planar case put the whole system inside
a cubic box of finite size and with totally reflecting walls. We now let the box be
included in our system. Then there are incoming waves towards the original system
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but not towards our new system. This approach is used in the standard derivation'
of the Casimir effect. When we let the size of the box go to infinity the effect of the
box vanishes. That we reproduced the Casimir classical result in (14.25) using our
boundary conditions with no incoming waves supports the approach we have used
throughout this book. The approach has also been thoroughly scrutinized and tested
in many other places in the book.

We end by giving a handful of suggestions for further studies in the field of
dispersion interactions.

We have here focused on the three most common geometries. As we mentioned
in Chap. 7 our general method can be used in 13 geometries within the non-retarded
formalism and in 11 within the retarded. Of interest could be, e.g., edges, wedges,
and needle shaped objects. The ground is laid for further exploration.

We have not been dwelling on a controversy in the thermal Casimir effect in
metallic systems; we only touched upon it briefly in Sect. 14.13. It has not been fully
resolved yet and it is not clear if the problems lie in the experimental or theoretical
part. Work still remains to be done.

‘We have not considered colloidal systems containing electrolytes like many bio-
logical systems. In those systems the interactions cause the materials to loose their
homogeneity. This cannot be handled in a simple way within our formalism. The
charged particles are there polarizable ions. We can handle polar and ionic crystals
where the polar atoms or ions are just shifted slightly from their equilibrium positions
but not allowed to move throughout the whole material. There are ways though, to
approach these problems like invoking the Poisson-Boltzmann equation.

Another interesting topic is possible effects of electromagnetic fields on the inter-
action between biological cells and on other biological tissue. One possible negative
result is effects from using cell phones. Other, positive effects could be the possibility
to use light therapy of various sorts.

We have studied dispersion interactions based on electromagnetism. The corre-
sponding induced interactions based on the other fundamental interactions should
be investigated.

There is a struggle going on in finding geometries and material combinations that
lead to repulsive forces. Repulsive forces are preferable in e.g. construction of nano
machines since stiction is a common problem in nano technology.?> Meta-materials
of chiral type were a possible candidate for a while but the repulsive components
were found to be too week. The search continues.

1See Bo E. Sernelius, Surface Modes in Physics (Wiley-VCH, Berlin, 2001), Sect. 4.3.

2The dispersion forces are relatively strong on the nano scale. Small structures have a tendency to
stick to surfaces and it is sometimes impossible to free them without breaking the structure. This is
called stiction.
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We have here only treated systems at thermodynamic equilibrium. Much work
goes on for systems out of thermal equilibrium. One interesting possibility could
be to manipulate the forces by finding alternative ways than thermal to populate the
normal modes.

We believe that the future lies in interdisciplinary work involving medicine,
biology and technology and hopefully this book can help, stimulate and inspire.



Appendix A
Interaction Power Laws Depending on Shape
and Orientation

In this appendix we present comparisons between the asymptotic power laws found
with the formalism in the book and with the method of pair interactions; the van der
‘Waals limit in Table A.1; the Casimir limit in Table A.2.
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Table A.1 Asymptotic power laws in the van der Waals limit (law for the interaction energy)

Geometry Power law From pair interactions
Metal-half-space—metal-half-space d? d~? (half-space—half-space)*
Pristine graphene—metal-half-space no d=3 (film—half-space)®
Doped graphene—metal-half-space no d=3 (film—half-space)®
2D-metal-film—metal-half-space d=52 d~3 (film-half-space)®
Pristine graphene—pristine graphene d-3 d=* (film-film)©

Doped graphene—doped graphene no d~* (film-film)°
2D-metal-film—-2D-metal-film d=5/2 d—* (film-film)®
Atom-metal-halfspace d-3 d~3 (atom-half-space)?
Atom-pristine graphene d—* d~* (atom-film)®
Atom—doped graphene no d—* (atom-film)®
Atom—-2D-metal-film a2 d—* (atom-film)®
Atom-atom d-° d=o( atom—atom)f
Atom-spherical shell d-° d~% (atom-spherical shell)
Atom-ball d-* d~5 (atom-ball)?
Ball-ball d=° d~° (ball-ball)!
Atom—cylinder a3 d = (atom-cylinder)
Cylinder—cylinder d=> d= (cylinder-cylinder)®

46.7) forh =6
56.9) for A =6
€(6.8) for. =6
d6.4) forr =6
€6.3)forr =6
f6.1) forr =6
8(6.11) forA =6
h6.13) fora = 6
16.16) for . = 6
§(6.24) for . = 6
k(6.25) forr =6



Appendix A: Interaction Power Laws Depending on Shape and Orientation

Table A.2 Asymptotic power laws in the Casimir Limit (law for the interaction energy)

399

Geometry Power law From pair interactions
Metal-half-space—metal-half-space d-3 d—3 (half-space—half-space)?
Pristine graphene—metal-half-space d-3 d~* (film-half-space)®
Doped graphene—-metal-half-space d—3 d~* (film-half-space)®
2D-metal-film-metal-half-space d-3 d~* (film-half-space)®
Pristine graphene—pristine graphene d-3 d= (film-film)®

Doped graphene—doped graphene d—3 d= (film-film)°
2D-metal-film—2D-metal-film d-3 d=3 (film-film)©
Atom-metal-halfspace d—* d~* (atom-half-space)?
Atom-—pristine graphene i d= (atom-film)®
Atom—doped graphene d—* d~ (atom-film)®
Atom-2D-metal-film d—* d=3 (atom-film)®
Atom-atom d-7 d~7 (atom—atom)f
Atom-spherical shell a7’ d~7 (atom—-spherical shell)2
Atom-ball d-7 d~7 (atom-ball)!
Ball-ball a7 d~7 (ball-ball)!
Atom—cylinder no d~° (atom—cylinder)

Cylinder—cylinder

d~° (cylinder—cylinder)*

46.7) for . =17
56.9) for » =7
€(6.8) for . =17
d(6.4) for . =7
€6.3) for . =17
f6.1)forr =7
8(6.11) forA =7
h6.13) fora =7
16.14) for . =7
i6.27) forx =7
k(6.28) for» = 7



Appendix B
Transforming Between Unit Systems

Table B.1 If we have an expression in CGS units and want the corresponding expression in SI
units we just replace all quantities in the middle column with the corresponding quantity in the
rightmost column

Quantity CGS SI
Velocity of light c NI
Electric field E JameoE
Potential o) JaAmeg®
Voltage 1% VamegV
Displacement D VA JegD
Charge density 0 NAVEE T
Charge q V1/4meoq
Current density J NAVEET |
Current I JV1/4megl
Polarization P J1/4meoP
Magnetic induction B NZE T |
Magnetic field H Vam oH
Magnetization M V1o/4rM
Conductivity o o/4meg
Capacitance C C/4meg
Dielectric function e e/eo = &
Magnetic permeability m W/ o = iy
Resistance R 4megR
Impedance VA dregZ
Inductance L dmegL
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Appendix C
The Fourier Transform

The Fourier transform can be defined in different ways. We define the Fourier trans-
forms with respect to position and time and their inverses in the following way:

f=[dreirfm,
f@O =52 f@=[ 55 f (@),
q

fw)y= [ die f (@0,
f@= 7 doe=iof f (w), (C.1)

f(q o) = [dr 73 dre1@r=D £ (r t),

fe o) = [L0 [ dogiaron £ g o),

@)’ e 2

where 2 on the second line is the volume of the system, if finite. For an infinite
system the summation over discrete wave vectors goes over into an integral over a
continuous variable.

With these sign conventions, Fourier transforming differential equations has the
following substitutional effects:

d

V- —iq- (C.2)
Vx — iqx
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Appendix D
Dielectric Functions

The dielectric function in a 3D system is
e(qw)=1+a(q, o) =1-1v,x(q, w), D.1)
where o (q, w) is the polarizability. In 2D the corresponding relation is
ek, ) =1+a*’ (k,w) =1- 0 x*P(k, w). (D.2)

In what follows we present different versions for the polarizability.

D.1 Longitudinal Function for Electron Gas

The longitudinal polarizability for an electron gas in RPA is

ar(q,2) = —vyx(q, 2)
=22 [ Lo [1—nk+q)] [

1 ] 7 (D.3)

1 —_—
z+%(8k+q—€k) Z—%(Skﬂl—sk)

where the factor 2 in front of the integral comes from the summation over spin. This
function is analytic everywhere off the real frequency axes and a straightforward
calculation yields for T =0

ar(Q,72) = ﬁé {1 + 0*—(z2-0%) ln[ 0-(2-0%) ]

40’ -0-(z-0?
) N ( ) (D.4)
0= (2+0?) In -0+(2+0%)
40° o+(z+0%) ||~
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where

F

2
_ me’ . _
Y=t L= 4Er

The logarithm is taken from the branch for which |arg In (z)| < 7. From this function
the different forms are for T = 0 obtained according to

af(Q, W) =ar(Q, W +in)
@ (Q, W) = ar(Q, W —in) (D.6)
af (Q, W) =ar[Q, W +insign (W)],

where W now is a real quantity and 7 is infinitesimal. The time ordered function is
even with respect to W. The real part of all three functions are even and equal. The
following relations are valid:

ReozL(Q W) = ReaL(Q W) = ReaL(Q W)

—ReozL(Q —-W) = ReozL(Q W)= ReaL(Q —W)

ImaL(Q W) = ImozL(Q -W) D.7)
ImaL(Q W) = —ImotL(Q —W) _stgn(W)ImotZ(Q W)

Imot (o,W) = —Imoz Q,-W) = —stgn(W)Ima (Q,W).

We stress that (D.6) and (D.7) are only valid for T = 0. We note that it suffices to
study the time ordered or retarded function for W > 0.

Rea ' (Q. W) = 57 {1 + Qz_%:Qz)z In ‘ g;%:gg D8

_o=(w+0?)’ I 0—-(W+0%)
403 0+(W+02)

The imaginary part can be written in the following compact way

Ima;” (Q W) = —gh {2W + W + 1[0+ (W/Q) — 1]|

D.9
—|w- [Q2+(W/Q)2—1]|}. (B9

All the different forms of the polarizability were obtained by calculating the
function in (D.4) either just above or just below the real frequency axes. We will also
in some calculations need the expression for this function on the imaginary axes. It

is
2+ 2 4 52+ 2 1+ 2
ar(Q,i8) = 5- Q2 {1 + = 4%3 “n [548221—32]
-2 [tan’l 00+0) 4 -t Q(IE—Q)]} ’

(D.10)
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where

S

me* . o= __ _hE | _ k. _
Y= §=ag Q=550 Er =

Pk (D.11)

2m

The function tan~! is taken from the branch where —7/2 < tan™! < /2.

D.2 Transverse Function for Electron Gas

The transverse polarizability for an electron gas in RPA is

- ) — 250%) = (5240 0*)? 2)2 4 52
ar (Qsla):#ﬁ (Q2+Q4—3G2)+( %) gQSJrQ 2 In Egtgzizisz

+25 (22 + > — oY) [tan! (22) +tan! (252 ]},

(D.12)
where
m —_ 3 272 1/3
)’:nz_ii;d=%i Q=211§_F§ EFZ%; kF=(37T2")/' (D.13)
The function tan~! is taken from the branch where —n/2 < tan™! < 7/2.
D.3 Longitudinal Function for 2D Electron Gas
The longitudinal polarizability for a 2D electron gas in RPA is
= : - 2 2
P (0,i5) = 3 {1 - [\/(Q“ — 82— ) + (2807
(D.14)

A k h2k2
y:ﬂ; E:—S; Q=—; Er = F. kp=~27n?D, (D.15)
F m
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D.4 Longitudinal Function for Graphene

The longitudinal susceptibility for graphene in RPA is

Pristine graphene at T = 0:

k2 oo 1K
soxp ki) = ————r\
4h g (k, i)

1P (k, z) = _ L (D.16)

4h g (k, 2)
where
8k 2) = VUk2 — 27, D.17)
g (k,i&) = U2 + €2, ‘

Pristine graphene at T # 0:

1
2
X (k,z) = -5 —g(,iz) + Sz [dxp K,z X)] ,
0

X (D.18)
. 2 .
Xt ki) =~ | smm + mow Ofdxp (k, 1s,x>} ,
where
p (& z,x) = g In[1+2cosh (ifzx) e o) 4 em2rkan]
_ hz (1—2x) sinh(hBzx)
2 cosh 07 (k,z,x)+cosh(hBzx)
_ (1 —x) hiz?_ cosh(hpzx)+e 1k
X 2(K,2) cosh 07 (k,z,x)+cosh(Rfzx)* ' (D.19)
p (&, i§, x) = 5 In[1 + 2cos (ABEx) e rkisD) 4 e 20rkiEn] ‘
_h& (1 —2x) sin(fiBEx)
2 coshGr(k,ié,x)vLcos(hﬂgxg{ -
he? cos(hpEx)+e 0T kiEx
+Vx (1 =x) 2(K,iE) cosh 07 (k,i&,x) T-cos(RBEx) *
and
r (k. 2,x) = hg (k.2) Vx (1 —x), (D.20)

Or (k,i&, x) = hBg (k,i&) /x (1 —x),

where the functions g (k, z) and g (k, i§) are given in (D.17).
Doped graphene:

In the equations for doped graphene we use dimensionless variables: x = k/2kp,
y = hé€/2EF and Z = hz/2EFr, where kr = «/mn and Ep = hvkp are the fermi
momentum and fermi energy, respectively.

In a general point in the complex z-plane we have
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X (k,2) = — [

fx2)= asm(;z 'n( £ ) (D.21)

and along the imaginary axis,

xi° (k,i§) = —Do{1+ W[” (x,y)]};
g(x,y) = atan [h(x, y)k (x, )] +1 (x, y/)

2[00+ )T ey’
=) 0= (2+1)

h(x,y) = (D.22)

2yx?
2 (2D +(2+)’

—2x2(y2—l)—2()'4—6y2+l)+2(y2+l)\/x4+2x2(y2—l)+(y2+l)2
l ()C, y) = x2 )

where Dy = \/4n/mh%v2.

k (x,y) = sin %atan

D.5 Transverse Function for Graphene

The transverse susceptibility for graphene in RPA is
Pristine graphene at T = 0:

X2 (k,2) = 75 (k. 7).

2 D.23
13 (K, i6) = — 7oz (K, i) (B2

where the functions g (k, z) and g (k, i&) are given in (D.17).
Pristine graphene at T # 0:

1
Pk, z)= 47” |:g (K, z) — ﬁfdxh (k,z,x):|,
(D.24)

13 (K, i6) = — [g k. i§) — S fdxh (k. ié. x)}

where
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h(k,z,x)= _é_; In[1 + 2 cosh (ABzx) e frkzs) 4 e=2rkzn]
- [282 (k,2) + Zz] 50 =20 55 er(lilth;(c})ifzzh(hﬂzx)
HVEAT=08" (k. 2) oGl e

h(k, i€, x) = f 51n [1 + 2 cos (hBgx) e frkin) 4 o= 20rkiit.n]
—[28% &, i8) - E ] (1 —2x) cosher(él?s(;jcfig)s(ﬁﬁéx)
VX (T = 08" (k. i8) o e coige

(D.25)

where the functions g (k, z) and g (k, i) were given in (D.17) and the functions
or (k, z, x) and 67 (k, i€, x) were given in (D.20).
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