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Preface

It is now almost 30 years since the first edition of my book together with John
Morrison, Atomic Many-Body Theory [6], appeared, and the second edition ap-
peared some years later. It has been out of print for quite some time, but fortunately
has recently been made available again through a reprint by Springer Verlag.

During the time that has followed, there has been a tremendous development
in the treatment of many-body systems, conceptually as well as computationally.
Particularly the relativistic treatment has expanded considerably, a treatment that has
been extensively reviewed recently by Ian Grant in the book Relativistic Quantum
Theory of Atoms and Molecules [2].

Also, the treatment of quantum-electrodynamical (QED) effects in atomic
systems has developed considerably in the last few decades, and several review
articles have appeared in the field [7, 11, 13] besides the book by Labzowsky et al.,
Relativistic Effects in Spectra of Atomic Systems [5].

An impressive development has taken place in the field of many-electron systems
by means of various coupled-cluster approaches, with applications particularly on
molecular systems. The development during the last 50 years has been summarized
in the book Recent Progress in Coupled Cluster Methods, edited by (vjérsky, Paldus,
and Pittner [14].

The present book is aimed at combining atomic many-body theory with quantum-
electrodynamics, which is a long-sought goal in quantum physics. The main prob-
lem in this effort has been that the methods for QED calculations, such as the
S-matrix formulation, and the methods for many-body perturbation theory (MBPT)
have completely different structures. With the development of the new method for
QED calculations, the covariant evolution operator formalism by the Gothenburg
atomic theory group [7], the situation has changed, and quite new possibilities
appeared to formulate a unified theory.

The new formalism is based on field theory, and in its full extent the unification
process represents a formidable problem, and we can in this book describe only
how some steps toward this goal can be taken. This book is largely based upon
the previous book on Atomic Many Body Theory [6], and it is assumed that the
reader has absorbed most of that book, particularly Part II. In addition, the reader
is expected to have basic knowledge in quantum field theory that is explained in
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viii Preface

books such as Quantum Theory of Many-Particle Systems by Fetter and Walecka [1]
(mainly parts I and II), An introduction to Quantum Field Theory by Peskin and
Schroeder [12], and Quantum Field Theory by Mandl and Shaw [10].

The material of this book is largely based upon lecture notes and recent publi-
cations by the Gothenburg Atomic-Theory Group [3,4,7-9], and I want to express
my sincere gratitude particularly to my previous coauthor John Morrison and to
my present coworkers, Sten Salomonson and Daniel Hedendahl, as well as to the
previous collaborators Ann-Marie Pendrill, Jean-Louis Heully, Eva Lindroth, Bjorn
Asén, Hans Persson, Per Sunnergren, Martin Gustavsson, and Hakan Warston for
valuable collaboration.

In addition, I want to thank the late pioneers of the field, Per-Olov Lowdin, who
taught me the foundations of perturbation theory some 40 years ago, and Hugh
Kelly, who introduced the diagrammatic representation into atomic physics — two
corner stones of the later developments. Furthermore, I have benefitted greatly
from communications with many other national and international colleagues and
friends (in alphabetic order), Rod Bartlett, Erkki Brindas, Gordon Drake, Ephraim
Eliav, Stephen Fritzsche, Gerald Gabrielse, Walter Greiner, Paul Indelicato, Karol
Jankowski, Jirgen Kluge, Leonti Labzowsky, Peter Mohr, Debashis Mukherjee,
Marcel Nooijen, Joe Paldus, Vladimir Shabaev, Thomas Stohlker, Gerhard Soff T,
Joe Sucher, Peter Surjan, and many others.

The outline of the book is the following. The main text is divided into three parts.
Part I gives some basic formalism and the basic many-body theory that will serve as
a foundation for the following. In Part II, three numerical procedures for calculation
of QED effects on bound electronic states are described, the S-matrix formulation,
the Green’s-function, and the covariant-evolution-operator methods. A procedure
toward combining QED with MBPT is developed in Part III. Part IV contains a
number of Appendices, where basic concepts are summarized. Certain sections of
the text that can be omitted at first reading are marked with an asterisk (*).
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Chapter 1
Introduction

1.1 Standard Many-Body Perturbation Theory

The quantum-mechanical treatment of many-electron systems, based on the
Schrodinger equation and the Coulomb interaction between the electrons, was
developed shortly after the advent of quantum mechanics, particularly by John
Slater in the late 1920s and early 1930s [58]. Self-consistent-field (SCF) schemes
were early developed by Slater, Hartree, Fock, and others.! Perturbative schemes for
quantum-mechanical system, based on the Rayleigh—Schrodinger and Brillouin—
Wigner schemes, were developed in the 1930s and 1940s, leading to the important
linked-diagram expansion, introduced by Brueckner [13] and Goldstone [28] in
the 1950s, primarily for nuclear applications. That scheme was in the 1960s and
1970s also applied to electronic systems [31] and extended to degenerate and
quasi-degenerate energy levels [10, 35]. The next step in this development was the
introduction of “all-order methods” of coupled-cluster type, where certain effects
are taken to all orders of the perturbation expansion. This represents the last —
and probably final — major step of the development of a nonrelativistic many-body
perturbation theory (MBPT).? The first step toward a relativistic treatment of many-
electron systems was taken in the early 1930s by Breit [11], extending works made
somewhat earlier by Gaunt [25]. Physically, the Gaunt interaction represents the
magnetic interaction between the electrons, which is a purely relativistic effect.
Breit augmented this treatment by including the leading retardation effect, due to
the fact that the Coulomb interaction is not instantaneous, which is an effect of the
same order.

A proper relativistic theory should be Lorentz covariant, like the Dirac single-
electron theory.’ The Dirac equation for the individual electrons together with the

! For a review of the SCF methods, the reader is referred to the book by Froese-Fischer [24].

2 By MBPT, we understand here perturbative methods based upon the Rayleigh-Schrodinger per-
turbation scheme and the linked-diagram expansion. To that group, we also include nonperturbative
schemes, such as the coupled-cluster approach (CCA), which are based upon the same formalism.
3 A physical quantity (scalar, vector, tensor) is said to be Lorentz covariant, if it transforms accord-
ing to a representation of the Lorentz group. (Only a scalar is invariant under that transformation.)

I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 1
Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_1, © Springer Science+Business Media, LLC 2011
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instantaneous Coulomb and Breit interactions between the electrons represents for a
many-electron system all effects up to order o> H(artree atomic units) or a* m.c2.*
This procedure, however, is NOT Lorentz covariant, and the Breit interaction can
only be treated to first order in perturbation theory, unless projection operators are
introduced to prevent the intermediate states from falling into the “Dirac sea” of
negative-energy states, as discussed early by Brown and Ravenhall [12] and later by
Sucher [62]. The latter approach has been successfully employed for a long time in
relativistic many-body calculations and is known as the no-virtual-pair approxima-
tion (NVPA).

A fully covariant relativistic many-body theory requires a field-theoretical ap-
proach, i.e., the use of quantum-electrodynamics (QED). In principle, there is no
sharp distinction between relativity and QED, but conventionally we shall refer
to effects beyond the NVPA as QED effects. This includes effects of retardation,
virtual pairs, and radiative effects (self-energy, vacuum polarization, vertex correc-
tion). The systematic treatment of these effects requires a covariant approach, where
the QED effects are included in the wave function. The main purpose of this book
is to formulate the foundations of such a procedure.

1.2 Quantum-Electrodynamics

Already in the 1930s deviations were observed between the results of precision
spectroscopy and the Dirac theory for simple atomic systems, primarily the hydro-
gen atom. Originally, this deviation was expected to be due to vacuum polarization,
i.e., spontaneous creation of electron—positron pairs in the vacuum, but this effect
turned out to be too small and even of the wrong sign. An alternative explanation
was the electron self-energy, i.e., the emission and absorption of a virtual photon
on the same electron — another effect that is not included in the Dirac theory. Early
attempts to calculate this effect, however, were unsuccessful, due to singularities
(infinities) in the mathematical expressions.

The first experimental observation of a clear-cut deviation from the Dirac theory
was the detection in 1947 by Lamb and Retherford of the so-called Lamb shift [34],
namely the shift between the 2s and 2p;,, levels in atomic hydrogen, levels that
are exactly degenerate in the Dirac theory [17, 18]. In the same year, Bethe was
able to explain the shift by a nonrelativistic calculation, eliminating the singularity
of the self-energy by means of a renormalization process [5]. At the same time,
Kusch and Foley observed that the magnetic g-factor of the free electron deviates
slightly but significantly from the Dirac value —2 [32, 33]. These observations led

An equation or a theory, like the theory of relativity or Maxwell’s theory of electromagnetism, is
said to be Lorentz covariant, if it can be expressed entirely in terms of covariant quantities (see, for

instance, the books of Bjorken and Drell [7, 8]).

4« is the fine-structure constant 2~1/137 and m.c? is the electron rest energy (see Appendix K).
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to the development of the modern form of the quantum-electrodynamic theory by
Feynman, Schwinger, Dyson, Tomanaga, and others by which the deviations from
the Dirac theory could be explained with good accuracy [20,22,23,56,64].

The original theory of QED was applied to free electrons. During the last four
decades, several methods have been developed for numerical calculation of QED
effects in bound electronic states. The scattering-matrix or S-matrix formulation,
originally developed for dealing with the scattering of free particles, was made
applicable also to bound states by Sucher [60], and the numerical procedure was
refined in the 1970s particularly by Mohr [38]. During the last two decades, the
method has been extensively used in studies of highly charged ions to test the QED
theory under extreme conditions, works that have been pioneered by Mohr and Soff
(for a review, see [39]).

The Green’s function is one of the most important tools in mathematical physics
with applications in essentially all branches of physics.® In 1990s, the method
was adopted to bound-state QED problems by Shabaev et al. [57]. This procedure
is referred to as the Two-times Green’s function and has recently been extensively
applied to highly charged ions by the St Petersburg group.

During the first decade of this century, another procedure for numerical QED
calculations was developed by the Gothenburg atomic theory group, termed the
Covariant-evolution-operator (CEO) method [36], which has been applied to the
fine structure and other energy-level separations of helium-like ions.

1.3 Bethe-Salpeter Equation

The first completely covariant treatment of a bound-state problem was presented
in 1951 by Salpeter and Bethe [6, 52] and by Gell-Mann and Low [26]. The
Bethe—Salpeter (BS) equation contains in principle the complete relativistic and in-
terelectronic interaction, i.e., all kinds of electron correlation and QED effects.

The BS equation is associated with several fundamental problems, which were
discussed in the early days, particularly by Dyson [21], Goldstein [27], Wick [65],
and Cutkosky [16]. Dyson found that the question of relativistic quantum mechanics
is “full of obscurities and unsolved problems” and that “the physical meaning of
the four-dimensional wave function is quite unclear.” It seems that some of these
problems still remain.

The BS equation is based upon field theory, and there is no direct connection
to the Hamiltonian approach of relativistic quantum mechanics. The solution of
the field-theoretical BS equation leads to a four-dimensional wave function with
individual times for the two particles. This is not in accordance with the standard

3 For the history of the development of the QED theory, the reader is referred to the authoritative
review by Schweber [55].

® For a comprehensive account of the applications, particularly in condensed-matter physics, the
reader is referred to the book by Mahan [37].
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quantum-mechanical picture, which has a single time variable also for many-particle
systems. The additional time variable leads sometimes to “abnormal solutions” with
no counterparts in nonrelativistic quantum mechanics, as discussed particularly by
Nakanishi [40] and Namyslowski [41].

Much efforts have been devoted to simplifying the BS equation by reducing it
to a three-dimensional equation, in analogy with the standard quantum-mechanical
equations (for reviews, see [9, 15]). Salpeter [51] derived early an “instantaneous”
approximation, neglecting retardation, which led to a relativistically exact three-
dimensional equation, similar to — but not exactly equal to — the Breit equation.
More sophisticated is the so-called quasi-potential approximation, introduced by
Todorov [63], frequently used in scattering problems. Here, a three-dimensional
Schrodinger-type equation is derived with an energy-dependent potential, deduced
from scattering theory. Sazdjian [53, 54] was able to separate the BS equation into
a three-dimensional equation of Schrodinger type and one equation for the relative
time of the two particles, serving as a perturbation — an approach that is claimed
to be exactly equivalent to the original BS equation. This approach establishes a
definitive link between the Hamiltonian relativistic quantum mechanics and field
theory. Connell [15] further developed the quasi-potential approximation of Todorov
by introducing series of corrections, a procedure that also is claimed to be formally
equivalent to the original BS equation.

Caswell and Lepage [14] applied the quasi-potential method to evaluate the hy-
perfine structure of muonium and positronium to the order a® m.c? by combining
analytical and perturbative approaches. Grotch and Yennie [9, 30] have applied the
method to evaluate higher-order nuclear corrections to the energy levels of the hy-
drogen atom, and Adkins and Fell [1,2] have applied it to positronium.

The procedure we shall develop in the following is to combine the covariant-
evolution-operator method with electron correlation, which will constitute a step
toward a fully covariant treatment of many-electron systems. This will form another
approximation of the full Bethe—Salpeter equation that seems feasible for electronic
systems.

A vast literature on the Bethe—Salpeter equation, its fundamental problems and its
applications, has been gathered over the years since the original equation appeared.
Most applications are performed in the strong-coupling case (QCD), where the fun-
damental problems of the equation are more pronounced. The interested reader is
here referred to some reviews of the field, where numerous references to original
works can be found [29,40-42, 54].

1.4 Helium Atom: Analytical Approach

An approach to solve the BS equation, known as the external-potential approach,
was first developed by Sucher [59, 61] to evaluate the lowest-order QED contribu-
tions to the ground-state energy of the helium atom, and equivalent results were at
the same time also derived by Araki [3]. The electrons are here assumed to move
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in the field of the (infinitely heavy) atomic nucleus. The relative time of the two
electrons is eliminated by integrating over the corresponding energy of the Fourier
transform, which leads to a Schrodinger-like equation, as in the quasi-potential
method. The solution of this equation is expanded in terms of a Brillouin—Wigner
perturbation series. This work has been further developed and applied by Douglas
and Kroll [19] and by Zhang and Drake [69, 70] by considering higher-order terms
in the o and Z« expansions. This approach, which is reviewed in Chap. 11, can be
used for light systems, such as light helium-like ions, where the power expansions
are sufficiently convergent. The QED effects are here evaluated by means of highly
correlated wave functions of Hylleraas type, which implies that QED and electron-
correlation effects are highly mixed. A related technique, referred to as the effective
Hamiltonian approach, has been developed and applied to helium-like systems by
Pachucki and Sapirstein [43—45].

A problem that has been controversial for quite some time is the fine structure of
the lowest P state of the neutral helium atom. The very accurate analytical results
of Drake et al. and by Pachucki et al. give results close to the experimental results
obtained by Gabrielse and others [68], but there have for quite some time been
significant deviations — well outside the estimated limits of error. Very recently,
Pachucki and Yerokhin have by means of improved calculations shown that the
controversy has been resolved [46,47, 66, 67].

1.5 Field-Theoretical Approach to Many-Body
Perturbation Theory

The methods previously mentioned for numerical QED calculations can for compu-
tational reasons be applied only to one- and two-photon exchange, which implies
that the electron correlation is treated at most to second order. This might be suffi-
ciently accurate for highly charged systems, where the QED effects dominate over
the electron correlation, but is usually quite insufficient for lighter systems, where
the situation is reversed. To remedy the situation to some extent, higher-order many-
body contributions can be added to the two-photon energy, a technique applied by
the Gothenburg and St Petersburg groups [4,48].

In the numerical procedures for standard (relativistic) MBPT, the electron corre-
lation can be evaluated effectively to essentially all orders by technique of coupled-
cluster type. QED effects can here be included only as first-order energy corrections,
a technique applied particularly by the Notre-Dame group [49]. To treat electron
correlation, relativity and QED in a unified manner would require a field-theoretical
approach.

The above-mentioned methods for QED calculations are all based upon field-
theory. Of these methods, the covariant-evolution method has the advantage that
it has a structure that is quite akin to that of standard MBPT, which has the con-
sequence that it can serve as a basis for a unified field-theoretical many-body
approach. The QED effects can here be included in the wave function, which will
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make it possible to treat the QED and correlation effects in a more unified way.
To solve this problem completely is a formidable task, but it will be a main theme
of this book to describe how some steps can be taken in this direction, along
the line that is presently being pursued by the Gothenburg atomic theory group.
The covariant evolution operator, which describes the time evolution of the rela-
tivistic state vector, is the key tool in this treatment. This operator is closely related
to the field-theoretical Green’s function. It should be mentioned that a related idea
was proposed by Leonard Rosenberg already 20 years ago [50], namely of including
Coulomb interactions in the QED Hamiltonian, and this is essentially the procedure
we are pursuing in this book.

The covariant evolution operator is singular, as is the standard evolution operator
of nonrelativistic quantum mechanics, but the singularities can be eliminated in a
similar way as the corresponding singularities of the Green’s function. The regu-
lar part of the covariant evolution operator is referred to as the Green’s operator,
which can be regarded as an extension of the Green’s-function concept and shown
to serve as a link between field theory and standard many-body perturbation the-
ory. The perturbation used in this procedure represents the interaction between the
electromagnetic field and the individual electrons. This implies that the equations
operate in an extended photonic Fock space with variable number of photons.

The strategy in dealing with the combined QED and correlation problem is first to
construct a field-theoretical “QFED potential” with a single retarded photon, contain-
ing all first-order QED effects (retardation, virtual pairs, radiative effects), which —
after proper regularization and renormalization — can be included in a perturbative
expansion of MBPT or coupled-cluster type. In this way, the QED effects can — for
the first time — be built into the wave function and treated together with the elec-
tron correlation in a coherent manner. For practical reasons, only a single retarded
photon (together with arbitrary number of Coulomb interactions) can be included in
this procedure at present time, but due to the fact that these effects are included
in the wave function, this corresponds to higher-order effects in the energy. When
extended to interactions of multiphoton type, this leads for two-particle systems to
the Bethe—Salpeter equation, and in the multireference case to an extension of this
equation, referred to as the Bethe—Salpeter—Bloch equation.

In combining QED with electron correlation, it is necessary to work in the
Coulomb gauge, in order to take advantage of the development in standard MBPT.
Although this gauge is noncovariant in contrast to, for instance, the simpler Feyn-
man gauge, it can be argued that the deviation from a fully covariant treatment will
have negligible effect in practical applications when handled properly. This makes
it possible to mix a larger number of Coulomb interactions with the retarded-photon
interactions, which is expected to lead to the same ultimate result as a fully co-
variant approach but with faster convergence rate due to the dominating role of the
Coulomb interaction.

The procedure can also be extended to systems with more than two electrons,
and due to the complete compatibility between the standard and the extended pro-
cedures, the QED effects need only be included where they are expected to be most
significant.
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In principle, also the procedure outlined here leads to individual times for the

particles involved, consistent with the full Bethe—Salpeter equation but not with
the standard quantum-mechanical picture. We shall mainly work in the equal-time
approximation here, and we shall not analyze effects beyond this approximation in
any detail. It is expected that — if existing — any such effect would be extremely
small for electronic systems.
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Part I
Basics: Standard Many-Body
Perturbation Theory



Chapter 2
Time-Independent Formalism

In this first part of the book, we shall review some basics of quantum mechanics and
the many-body theory for bound electronic systems that will form the foundations
for the following treatment. This material can also be found in several standard text
books. The time-independent formalism is summarized in the present chapter' and
the time-dependent formalism in the following one.

2.1 First Quantization

First quantization is the term for the elementary treatment of quantized systems,
where the particles of the system are treated quantum-mechanically, for instance,
in terms of Schrodinger wave functions, while the surrounding fields are treated
classically.

2.1.1 De Broglie’s Relations

As an introduction to the quantum mechanics, we shall derive the Schrédinger equa-
tion from the classical relations of de Broglie.

According to Planck—Einstein’s quantum theory, the electromagnetic radiation is
associated with particle-like photons with the energy (£) and momentum (p) given
by the relations

E =hv=owh

p=h/A=hk" @D

!'This chapter is essentially a short summary of the second part of the book Atomic Many-Body
Theory by Lindgren and Morrison, and the reader who is not well familiar with the subject is
recommended to consult that book.

I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 13
Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_2, (© Springer Science+Business Media, LLC 2011



14 2 Time-Independent Formalism

where h = h/2m, h being Planck’s constant (see further Appendix K), v the cyclic
frequency of the radiation (cycles/s) and w = 2z v the angular frequency (radians/s).
A = ¢/v (c being the velocity of light in vacuum) is the wavelength of the radiation
and k = 27/ A the wave number.

De Broglie assumed that the relations (2.1) for photons would hold also for ma-
terial particles, like electrons. Nonrelativistically, we have for a free electron in one
dimension

2 hzkz
S or  ho= : (2.2)
2me 2m.
where m. is the mass of the electron.
De Broglie assumed that a particle could be represented by a wave packet
x(t,x) = / dk a(k) el*x—eD, (2.3)

The relation (2.2) then leads to the one-dimensional wave equation for a free

electron
(e, x)  h* 9x(t.x)

ot 2m. 0x2
which is the Schrodinger equation for a free particle. This can be obtained from the
first of the relations (2.2) by means of the substitutions

i (2.4)

., 0 ., 0
E —ih e p — —ih PP (2.5)

2.1.2 The Schrodinger Equation

We can generalize the treatment above to an electron in three dimensions in an
external field, vex(x), for which the energy Hamiltonian is

p?
E=H= + Vexe(x). (2.6)
2me
Generalizing the substitutions above to”
p— p=—-iaV and X > X =x, (2.7)

where V is the vector gradient operator (see Appendix A.1) leads to the Hamilton

operator
D .2 N

o h
H = p + Vext(x) = — \& + Vexe (%) (2.8)
2me 2me

2 Initially, we shall use the ‘hat’ symbol to indicate an operator, but later we shall use this symbol
only when the operator character needs to be emphasized.
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and to the Schrodinger equation for a single electron

2

0 A /)
o) = () = (—2

Mme

V2 + Vext(x)) x(t,x). (2.9)

For an N -electron system, the Schrodinger equation becomes correspondingly?
., 0 .
1h§)((t;x1,x2, coexn) = Hy(t;x1,x2,--xn), (2.10)

where we assume the Hamiltonian to be of the form H = H 1+ 1:12 [see Appendix
(B.19)1*

N 52 N
H, = —— V2 4y (x =: hi(n),
1 Z( T2+ veln)) = D)
n=1 n=1
~ N ez N ~
Hy =Y ——— =) hy(m.n). (2.11)
4wey Fmn
m<n m<n
Here, r,, is the interelectronic distance, ry, = |X;,; — X, | and vey represents the

external (essentially nuclear) energy potential.

Generally, the quantum-mechanical operators A, B that represent the corre-
sponding classical quantities A, B in the Hamilton formulation (see Appendix E)
should satisfy the quantization condition

[A,B] = AB — BA = ih{A, B}, (2.12)

where the square bracket (with a comma) represents the commutator and the curly
bracket the Poisson bracket (E.10). For conjugate momenta, like the coordinate
vector x and the momentum vector p, the Poisson bracket equals unity, and the
quantization conditions for the corresponding operators become

[5‘\:’ pAX] = [.)7’ pAy] = [2’ ﬁz] = lh, (213)

which is consistent with the substitutions (2.7).

We shall be mainly concerned with stationary, bound states of electronic sys-
tems, for which the wave function can be separated into a time function and a space
function

X x1,-xN) = F(O)¥(x1,x2, - xN).

3 Note that according to the quantum-mechanical picture the wave function has a single time also
for a many-electron system. This question will be discussed further below.

4 The symbol “=:” indicates that this is a definition.
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As shown in standard text books, this leads to a separation into two equations, one
for the time part and one for the space part. The time equation becomes

LY
1h§F(Z)—EF(Z),

with the solution '
F(r) e—lEl/h,

and the space part is the standard time-independent Schrodinger equation

HW(xy,--xN)=EW¥(x1,--xN). (2.14)

Thus, for stationary states the time-dependent wave function is of the form
xxyxy) = e EM Uy, (2.15)

The separation constant E is interpreted as the energy of the state.

2.2 Second Quantization

2.2.1 Schrodinger Equation in Second Quantization*

In the following, we shall consistently base our treatment upon second quantiza-
tion, which implies that also the particles and fields are quantized and expressed in
terms of (creation and absorption) field operators (see Appendices B and C). Here,
we shall first derive the second-quantized form of the time-dependent Schrodinger
equation (SE) (2.9), which reads

d
ihglx(l)) = H|x@)). (2.16)

With the partitioning (2.11), the operator becomes in second quantization (B.12)

A 1
H=cl (ilhj)e;+ Ecjcj (ijlhalkl) cicx 2.17)

and the state is expressed as a vector (C.4). The equation (2.16) is by no means
obvious, and we shall here indicate the proof. (The proof follows largely that given
by Fetter and Walecka [19, Chap. 1].)

For the sake of concretization, we consider a two-electron system. With the co-
ordinate representation (C.19) of the state vector

x(x1,x2) = (x1,x2/x(2)) . (2.18)
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the SE (2.16) becomes

., 0
lhg(xlsle)((l)) = (x,x2|H|x(1)). (2.19)
We consider first the effect of the one-body part of the Hamiltonian (2.17) op-
erating on the wave function (2.18), and we shall show that this is equivalent to
operating with the second-quantized form of the operator (B.19)

H=c¢ (ilh]j) ¢, (2.20)
on the state vector|y(z)).

We start by expanding the state vector in terms of straight products of single-
electron state vectors (f; = t, = t)

|x(@©)) = aki (@) |k)|I), (2.21)
(ax; = —ajx)- The coordinate representation of this relation is
x(x1,x2) = (x1,x2|x(1)) = axi(t) (x1]k) (x2[l) . (2.22)

We now operate with the single-particle operator (2.20) on the state vector ex-
pansion (2.21)

Hi|x(0) = ¢] (ilnlj) ¢ ari @) [)]I) . (2.23)

For j = k, the electron in position 1 is annihilated in the state k and replaced by an
electron in the state 7, yielding

(ilh1lk) axi () [i)1) .
The coordinate representation of this relation becomes
(x1|2) (ilhalk) aki (1) (x2ll) = (xq|hi|k) axi(t) (x2|)

using the resolution of the identity (C.12). The right-hand side of (2.23) can also be
expressed

hi(x1)er(x 1)@ (x2) ag(t) = hyi(x1) x(x1, x2).

Together with the case j = [ this leads to

(x1, x2[Hy| (1)) = (h1(x1) + h1(x2)) x(x1.x2) = Hyx(x1,x2).

Thus, we have shown the important relation

(x1,x2|Hy|x(2)) = Hyy(x1,x2). (2.24)
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A similar relation can be derived for the two-body part of the Hamiltonian, which
implies that

(x1,x2|H|x(1)) = Hyx(x1,x2) (2.25)

and from the relation (2.19)

., 0

ihos (X1, 220 x(0) = {x1, x2[H|x(1)) (2.26)
This is the coordinate representation of the Schrodinger equation (2.16), which is
thus verified. It should be observed that (2.16) does not contain any space coordi-
nates. The treatment is here performed for the two-electron case, but it can easily be
extended to the general case.

2.2.2 Particle—-Hole Formalism: Normal Order and Contraction

In the particle-hole formalism, we separate the single-particle states into particle
and hole states, a division that is to some extent arbitrary. Normally, core states
(closed-shell states) are treated as hole states and virtual and valence states as parti-
cle states, but sometimes it might be advantageous to treat some closed-shell states
as valence states or some valence states as hole states.

If time increases from right to left, the creation/annihilation operators are said
to be time ordered. Time ordering can be achieved by using the Wick time-ordering
operator, which for fermions reads

A(t1)B(2) (11 > 12)

TAGBOI= pepyawm) (1 <n)

(2.27)

The case t; = t, will be discussed later.

The creation/annihilation operators are said to be in normal order, if the
particle-creation and hole-annihilation operators appear to the left of the particle-
annihilation and hole-creation operators

clepency (2.28)

where p,h stand for particle/hole states.

e A contraction of two operators is defined as the difference between the time-
ordered and the normal-ordered products,

|;j/ = T[xy] — N[xy]. | (2.29)
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In the following, we shall use curly brackets to denote the normal product [38]

Nlxy] = {xy}. (2.30)

From these definitions, it follows that the nonvanishing contractions of the electron-
field operators (B.28) are

I—l hA * —ié‘p(tl—tz)/h
W+(X1)Wl()€2) = _WL(XZ)W+(X1) — { ?p(xl)(pp (xz)e 2 zZ ’
1 1
()Y () = =¥l () - (x1) = { 0 ‘ h>t
- - Pn(x )P (xp) e iEnCi=)/h 4 <y
(2.31)

Here, @i represents the positive-/negative-energy part of the spectrum, respectively,
and ¢, and ¢y, denote particle (positive-energy) and hole (negative-energy) states,

respectively.
The results can be summarized as
1 1

V()T (x2) = =0T () (x1) = ¢ (x 1)} (x2) e DA (2.32)

if 1; > f, for particles and #; < #, for holes with all other contractions vanishing.

2.2.3 Wick’s Theorem

The handling of operators in second quantization is greatly simplified by Wick’s
theorem [80] (for an introduction, see, for instance, Fetter and Walecka [19, Sect. 8]
or Lindgren and Morrison [40, Chap. 11]), which states that a product of creation
and annihilation operators A can be written as the normal product plus all sin-
gle, double ...contractions with the uncontracted operators in normal form, or
symbolically

AN

A ={A} + {4}. (2.33)

A particularly useful form of Wick’s theorem is the following. If A and B are op-
erators in normal form, then the product is equal to the normal product plus all
normal-ordered contractions between A and B, or formally

—]

AB={AB}+{AB). (2.34)

With this formulation, there are no further contractions within the operators to be
multiplied. This forms the basic rule for the graphical representation of the operators
and operator relations to be discussed below.
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2.3 Time-Independent Many-Body Perturbation Theory

2.3.1 Bloch Equation

Here, we shall summarize the most important concepts of standard time-
independent many-body perturbation theory (MBPT) as a background for the
further treatment. (For more details, the reader is referred to designated books, such
as Lindgren—Morrison, Afomic Many-Body Theory [40].)

We are considering a number of stationary electronic states, |[¥*) (¢ = 1---d),
termed farget states, that satisfy the Schrodinger equation

H|WY) = E*|0%) (@ =1---d). (2.35)

For each target state, there exists an “approximate” or model state, |l1/8‘) (¢ =
1---d), which is more easily accessible and which forms the starting point for the
perturbative treatment. We assume that the model states are linearly independent
and that they span a model space. The projection operator for the model space is
denoted P and that for the complementary or orthogonal space by Q, which to-
gether form the identity operator

P+0Q=1I (2.36)

A wave operator is introduced — also known as the Mgller operator [53] — which
transforms the model states back to the exact states,

W) = QUE) (@=1---d) (2.37)

and this operator is the same for all states under consideration.
We define an effective Hamiltonian with the property that operating on a model
function it generates the corresponding exact energy

Hex|W§) = EX\WS) (a=1---d), (2.38)

with the eigenvectors representing the model states. Operating on this equation with
£2 from the left, using the definition (2.37), yields

QH|V5) = E*|WY), (2.39)
which we compare with the Schrédinger equation (2.35)
HQ§) = E¥|we). (2.40)

Since this relation holds for each state of the model space, we have the important
operator relation

| 2HP = HQP,| (2.41)

which as known as the generalized Bloch equation.
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The form above of the Bloch equation is valid independently on the choice
of normalization. In the following, we shall mainly work with the intermediate
normalization (IN), which implies

(Fg|lw*) =1, (2.42a)

W) = PY?) (@=1---d). (2.42b)

Then we have after projecting the Schrédinger equation onto the model space
PHQW§) = EX|PE) (2.43)

and we find that the effective Hamiltonian (2.38) becomes in IN

| Hyr = PHQP. | (2.44)

Normally, the multidimensional or multireference model space is applied in con-
nection with valence universality, implying that the same operators are used for
different stages of ionization (see further Sect. 2.5).

2.3.2 Partitioning of the Hamiltonian

For electrons moving in an external (nuclear) potential, ve, the single-electron
(Schrodinger) Hamiltonian (2.8) is

hz
hs = ~3 V2 4 Vext. (2.45)

The corresponding Schrédinger equation

hs ¢i (x) = &; ¢i(x) (2.46)

generates a complete spectrum of functions, which can form the basis for numerical
calculations. This is known to as the Furry picture. These single-electron functions
are normally referred to as (single-electron) orbitals — or spin-orbitals, if a spin
eigenfunction is adhered. Degenerate orbitals (with the same eigenvalue) form an
electron shell.

The Hamiltonian for a many-electron system (2.11) is

2 N 2

N
h e
H = E —— V2 4 v + E R 2.47
~ ( 2me Y l)n 4mey rum ( )

n<m
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where the last term represents the interelectronic interaction. For the perturbation
treatment, we separate the many-electron Hamiltonian into

H=Hy+V, (2.48)

where Hy a model Hamiltonian that is a sum of single-electron Hamiltonians

N 2

A N
Ho=)_ (—2—me V2 4 Vex + u)n =: Y ho(n) (2.49)

and V is a perturbation

N N 2
e
V=- S — 2.50
Zun * Z dmeg rpm (2.50)
n n<m

The potential u is optional and used primarily to improve the convergence properties
of the perturbation expansion.

The antisymmetrized N -electron eigenfunctions of Hy can be expressed as de-
terminantal products of single-electron orbitals (see Appendix B)

Ho®@u(x1.x2--xy) = Ef ®4(x1.x2- - xp),

Pa(x1, X2 xN) = 1/V/N! Al (x )da(x2) - dn(xn)}, (251

where A is an antisymmetrizing operator. The determinants are referred to as Slater
determinants and constitute our basis functions. The eigenvalues are given by

N
Eg=) & (2.52)
n=1

summed over the spin-orbitals of the determinant.

Degenerate determinants form a configuration. The model space is supposed to
be formed by one or several configurations that can have different energies. We
distinguish between three kinds of orbitals

e Core orbitals, present in all determinants of the model space
o Valence orbitals, present in some determinants of the model space
e Virtual orbitals, not present in any determinants of the model space

The model space is said to be complete, if it contains all configurations that can
be formed by distributing the valence electrons among the valence orbitals in all
possible ways. In the following, we shall normally assume this to be the case.

With the partitioning (2.48), the Bloch equation above can be expressed

| (RH — Ho2) P = VQP. (2.53)
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With Hy of the form (2.49), it commutes with the projection operator P. Then, we
find that

Hy = PHyP + PVQ2P (2.54)

and we shall refer to the second term as the effective interaction

Vet = PV S2P. (2.55)

e The partitioning leads to the commonly used form of the generalized Bloch
equation [36,37,40]

[[2.Hol P = Q (V2 — 2Verr) P. | (2.56)

which is frequently used as the basis for many-body perturbation theory (MBPT).
The last term appears only for open-shell systems with unfilled valence shell(s)
and is graphically represented by so-called folded or backwards diagrams, first
introduced by Brandow in nuclear physics [7], (see further below).

If the model space is completely degenerate with a single energy Ey, the general
Bloch equation reduces to its original form, derived in the late 1950s by Claude
Bloch [4, 5],

(Eo — Hy) 2P = VQP — QVuy. (2.57)

This equation can be used to generate the standard Rayleigh—Schrodinger perturba-
tion expansion, found in many text books.

The generalized Bloch equation (2.56) is valid for a general model space, which
can contain different zeroth-order energy levels. Using such an extended model
space represents usually a convenient way of treating very closely spaced or quasi-
degenerate unperturbed energy levels, a phenomenon that otherwise can lead to
serious convergence problems. This can be illustrated by the relativistic calculation
of the fine structure of helium-like ions, where a one-dimensional model space leads
to convergence problems for light elements, a problem that can normally be reme-
died in a straightforward way by means of the extended model space [50, 62]. But
the extended model space can also lead to problems, due to so-called intruder states,
as will be further discussed below.

With an extended model space, we can separate the projection operator into the
corresponding energy components’

P =Y Ps: HoPs = & Ps. (2.58)
£

31In the case of an extended model space, we shall normally use the symbol & for the different
energies of the model space.
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Operating with the general Bloch equation (2.56) on a particular component, then
yields
(E—Ho)R2Ps = Q (V2 — 2Vy) Ps. (2.59)

Expanding the wave operator order-by-order
2=1+20+0@ ... (2.60)

leads to the recursive formula

(€= Ho) 2" P = 0 (V2™ — (2Ve)™) Pe (2.61)
or
2Mpe = Iy (&) (V.Q("—U - (m/eff)('“) Pe, (2.62)
where
v — pyo®-vp, (2.63)
Here,
rE) = 2.64
€)= (264
and
I'o(€) =0rI(¢) (2.65)

are known as the resolvent and the reduced resolvent, respectively [45].

The recursive formula (2.62) can generate a generalized form of the Rayleigh—
Schrodinger perturbation expansion (see [40, Chap.9]), valid also for a quasi-
degenerate model space. We see from the form of the resolvent that in each new
order of the perturbation expansion there is a denominator equal to the energy dif-
ference between the initial and final states. This leads to the Goldstone rules in the
evaluation of the time-ordered diagrams to be considered in the following section.

Even if the perturbation is energy independent, we see that the wave operator
and effective interaction will still generally be energy dependent, due to the energy
dependence of the resolvent. In first order, we have

2Wpe = Tp(E)VPe (2.66)
and in second order

QO @E)Pe = Ip(€) (Vsz(l)(f;) - 9<1>(5’)P5/Ve§)) Pe, (267)

where Ve(fp = PVP. Note that the wave operator in the last term operates on the
projection operator Pgs and therefore depends on the corresponding energy £'. We
now have

§2W(E)  8rp(é) y - Te (&) —Io(©) |,
8 8 - & -
—Tp(£)2W (&) (2.68)

=-To(E)E)V
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and we note that the last folded term in (2.67) has a double denominator. We can
express the second-order Bloch equation as

§2MW (&)

QO EVPe = TpE)VRW(E)Ps + —— T

VD (&) Pe. (2.69)

In the limit of complete degeneracy space, the difference ratio, of course, goes
over into the partial derivative. We shall show in later chapters that the second-order
expression above holds also when the perturbation is energy dependent (6.77).

2.4 Graphical Representation

In this section, we shall briefly describe a way of representing the perturbation
expansion graphically. (For further details, the reader is referred to the book by
Lindgren and Morrison [40].)

2.4.1 Goldstone Diagrams

The Rayleigh—Schrodinger perturbation expansion can be conveniently represented
in terms of diagrams by means of second quantization (see above and Appendix B).
The perturbation (2.50) becomes in second quantization

n 1
V=cle;Gilflj)+ c*cT crcx (iflglkl) (2.70)

where f is the negative potential f = —u and g is the Coulomb interaction between
the electrons. When some of the states above are hole states, the expression (2.70) is
not in normal order. By normal ordering the expression, zero-, one-, and two-body
operators will appear [40, Eq. 11.39]

V="Vo+Vi+ Va, (2.71)

where

hole hole

VOZZ i1fli) + Z[mgw (jilglkD)],

V= {C Cj} (ifveeel /)
Va = —{c Tererd (ijlglkl) . (2.72)
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In the one- and two-body parts, the summation is performed over all orbitals.
Here,
hole

(ilverl /) = G1F17) + ) iklgl jk) — (kilgl jk)] (2.73)
k

is known as the effective potential interaction and can be represented graphically as
shown in Fig. 2.3. The summation term represents the Hartree—Fock potential

hole

(ilvuelj) =D liklgljk) — (kilgljk)] . (2.74)
k

where the first term is a “direct” integral and the second term an “exchange” in-
tegral. In the Hartree—Fock model, we have u = vyp, and the effective potential
vanishes [40].

We can now represent the perturbation (2.72) by the normal-ordered diagrams
in Fig. 2.1. The zero- and one-body parts are shown in more detail in Figs.2.2 and
2.3. In our diagrams, the dotted line with the cross represents the potential interac-
tion, f = —u, and the dotted line between the electrons the Coulomb interaction,
g = e?/4meg ri2. We use here a simplified version of Goldstone diagrams. Each
free vertical line at the top (bottom) represents an electron creation (absorption) op-
erator but normally we do not distinguish between the different kinds of orbitals
(core, valence, and virtual) as done traditionally. There is a summation of internal
lines over all orbitals of the same category. We use here heavy lines to indicate

V=V+ [—®+ -

Fig. 2.1 Graphical representation the effective-potential interaction (2.72). The heavy lines rep-
resent the orbitals in the Furry picture. The dotted line with the cross represents the potential —u
and the dotted, horizontal lines the Coulomb interaction. The zero-body and one-body parts of the
interaction are depicted in Figs. 2.2 and 2.3, respectively

G 5O -

Fig. 2.2 Graphical representation of the zero-body part of the effective-potential interaction
(2.72). The orbitals are summed over all core/hole states
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Fig. 2.3 Graphical representation of the effective-potential interaction (2.73). For the closed or-
bital lines (with no free end), there is a summation over the core/hole states. The last two diagrams
represent the “Hartree—Fock” potential, and the entire effective-potential interaction vanishes when
HF orbitals are used

that the orbitals are generated in an external (nuclear) potential, i.e., the bound-state
representation or Furry picture.

By means of Wick’s theorem, we can now normal order the right-hand side
(r.h.s.) of the perturbation expansion of the Bloch equation (2.62), and

e Each resulting normal-ordered term will be represented by a diagram.

The first-order wave operator (2.66)
QWPe = Tp(E) VP = I'o(E) (Vi + Vo) Pe (2.75)

becomes in second quantization (2.72)

Wpe — o fere t Sileli) Ve v oy Giflelkl)
W pe Q[{ci c]} 5 — & +2{ci CjCle} ek +e—e&—¢j Pe.
(2.76)

This can be represented in the same way as the open part (V7 + V>) of the pertur-
bation (2.70) (Fig. 2.1), if we include the extra energy denominator according to the
Goldstone rules, summarized below.

In second order, we have from (2.67), using Wick’s theorem (2.34),

2@ = ro(@) ({val’} + {val’} - {2l P viP} - (28 P VDY) Pe.
2.77)

where the hook represents a contraction. The first uncontracted term is represented
by combinations of the diagrams in Fig. 2.1, such as

(2.78)

considered as a single diagram. This diagram can be of two types.
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210, HO U

Fig. 2.4 Examples of second-order wave-operator diagrams, excluding folded diagrams

e If, on the one hand, both disconnected parts are open, the diagram is referred

to as linked.® If, on the other hand, at least one of them is closed, the diagram
is referred to as unlinked.

In the unlinked part of the second term in (2.77), the closed part represents Ve(f; ) and
since the order of the operators in the normal product is immaterial, this unlinked di-
agram appears also in the third term and is therefore eliminated. The last contracted
term survives and represents the “folded” term. Here, the wave operator depends on
the energy (€’) of the intermediate state, which might differ from the energy of the
initial state (£). We can then express the second-order wave operator by

2@pe = Ip(E) (mgn —eWp, Ve(f;))r na (2.79)
INKEH
where only linked diagrams are maintained (see Fig.2.4).

The diagrams in Fig. 2.4 are second-order time-ordered Goldstone diagrams. In
these diagrams, time is supposed to run from the bottom (although the formalism
is here time independent). The diagrams are evaluated by the standard Goldstone
rules with a denominator after each interaction equal to the energy difference be-
tween the (model-space) state at the bottom and that directly after the interaction
(see Appendix I and [40, Sect. 12.4]). (In later chapters, we shall mainly use Feyn-
man diagrams, which contain all possible time orderings between the interactions.)

2.4.2 Linked-Diagram Expansion

2.4.2.1 Complete Model Space
Written more explicitly, the second-order wave operator (2.79) becomes

RO pPe = (I'g(E) V)V —To(E) I'o(E)VPe V), . Pe. (2.80)

linked

6 A closed diagram has the initial as well as the final state in the model space. Such a diagram can
— in the case of complete model space — have no other free lines than valence lines. A diagram that
is not closed is said to be open.
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Here, the second term has a double resolvent (double denominator, which might
contain different model-space energies), and it is traditionally drawn in a “folded”
way, as shown in the left diagram below (see, for instance, [40, Sect. 13.3])

r L SN}
i C Pg/ A d
“a@p 1P 2.81)

The reason for drawing the diagram folded in this way is that the two pieces —
before and after the fold — should be evaluated with their denominators indepen-
dently. In the general case, by considering all possible time-orderings between the
two pieces, together with the Goldstone evaluation rules, it can be shown that the
denominators do factorize. In a relativistic treatment, which we shall employ for the
rest of this book, the treatment is most conveniently based upon Feynman diagrams,
which automatically contain all possible time-orderings, and then it is more natural
to draw the diagram straight, as shown in the second diagram above. Factorization
then follows directly. The double bar indicates that the diagram is “folded.” In such
a diagram, the upper part has double denominators — one denominator with the en-
ergy of the initial state and one with that of the intermediate model-space state. The
second-order wave operator can then be illustrated as shown in Fig. 2.5. Note that
there is a minus sign associated with the folded diagram.

The general ladder diagram (Fig. 2.5) may contain a (quasi)singularity, when the
intermediate state lies in the model space and is (quasi)degenerate with the initial
state. This singularity is automatically eliminated in the Bloch equation and leads to
the folded term. Later, in Sect. 6.6 we shall discuss this kind of singularity in more
detail in connection with energy-dependent interactions, and then we shall refer to
the finite remainder as the model-space contribution (MSC).

We have seen that the so-called unlinked diagrams are eliminated in the second-
order wave operator (2.79). When the model space is “complete” (see definition
above), it can be shown that unlinked diagrams disappear in all orders of pertur-
bation theory. This is the linked-cluster or linked-diagram theorem (LDE), first

r A T4 S r A L
b ----4 - - - - - 4 - - - - -4
¢ P—}-Q‘ d = ci 0 d + c » ' Wi
- - - - - ¢ - - - - - 4 - - - - - ¢
a P W) a A P b a A Pg W)

Fig. 2.5 Removing the singularity from a ladder diagram leads to finite remainder, represented by
a “folded” diagram (last). The double bar represents a double denominator (with a factor of —1)
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demonstrated in 1950s by Brueckner [9] and Goldstone [21] for a degenerate model
space. It holds also for a complete quasi-degenerate model space, as was first shown
by Brandow [7], using a double perturbation expansion. This was demonstrated
more directly by Lindgren [37] by means of the generalized Bloch equation (2.56),
and the result can then be formulated’

(2, Ho] P = (V2P — 2Veft)inkea P- (2.82)

This equation is a convenient basis for many-body perturbation theory, as developed,
for instance, in [40]. It will also constitute a fundament of the theory developed in
this book.

2.4.2.2 Incomplete Model Spaces

When the model space is incomplete, i.e., does not contain all configurations that
can be formed by the valence orbitals, the expansion is not necessarily completely
linked. As first shown by Mukherjee [41, 56], the linked-diagram theorem can still
be shown to hold, if the normalization condition (2.42a) is abandoned. As will be
discussed later, a complete model space often has the disadvantage of so-called
intruder states, which destroy the convergence. Then also other means of circum-
venting this problem will be briefly discussed.

2.5 All-Order Methods: Coupled-Cluster Approach

2.5.1 Pair Correlation

Instead of solving the Bloch equation order-by-order, it is often more efficient to
solve it iteratively. By separating the second-quantized wave operator into normal-
ordered zero-, one-, two-,. .. body parts

=820+ 821+ 82, +--- (2.83)

7 The Rayleigh-Schrodinger and the linked-diagram expansions have the advantage compared to,
for instance, the Brillouin—-Wigner expansion, that they are size-extensive, which implies that the
energy of a system increases linearly with the size of the system. This idea was actually behind the
discovery of the linked-diagram theorem by Brueckner [9], who found that the so-called unlinked
diagrams have a nonphysical nonlinear energy dependence and therefore must be eliminated in
the complete expansion. The concept of size extensivity should not be confused with the term
size consistency, introduced by Pople [64, 65], which implies that the wave function separates
correctly when a molecule dissociates. The Rayleigh—Schrodinger or linked-diagram expansions
are generally not size consistent. The coupled-cluster approach (to be discussed below) does have
this property in addition to the property of size extensivity.
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with

21 ={cf ;) ¥

To.f

25 = = {c cjel ck} X (2.84)

1
2
etc.

the Bloch equation can be separated into the following coupled n-particle equations

[‘le HO] P = (V'Q - 'QW)linked,l P,
[92, H()] P = (VQ - 'QW)linked,Z P, (2.85)

etc., where
W =V = PVSR2P (2.86)

is the effective interaction.

Usually, the two-body operator dominates heavily, since it contains the important
pair correlation between the electrons. Therefore, a good approximation for many
cases is

2 ~14 21+ 22, (2.87)

which yields

(21, Hol] P = (V1 + V§1 + V$§22 — 21 W)jinkea, 1 P
(22, Hol P = (Va2 + V&1 + V22 — 21 W — oW1 — $22W2) ke, 2 P (2.88)

where

Wi = V1 4+ V121 dosed, 1 »
W, =WV + V82 + V‘QZ)closed,Z . (2.89)

We see here that the equations are coupled, so that £2; appears in the equation of £2;
and vice versa. This approach is known as the pair-correlation approach. Solving
these coupled equations self-consistently is equivalent to a perturbation expansion
— including one- and two-body effects — to essentially all orders. It should be noted,
though, that each iteration does not correspond to a certain order of the perturbative
expansion.

As a simple illustration, we consider the simplified pair-correlation approach

2 =52, (2.90)
omitting single excitations. (This would be exact for a two-electron system using
hydrogenic basis functions, in which case there are no core orbitals, but is a good

approximation also in other cases.) The equation for £2, is
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= 44+ + ¢----4 +--- +folded

Fig. 2.6 Graphical representation of the pair function (2.96)

Operating on an initial two-electron state of energy £, the solution can be expressed
§2:Ps =To(E) (V + V82 — 2o Wa)jinkea Pe- (2.92)
Solving this iteratively leads to

QW pe = Iy (E)VPs, (2.93)
2 P = 1o (&) (Vi — 25" PewyV) Pe

=T E)VIg(E)VPs —To(E)p (ENVPe VPs,
etc., (2.94)

where all terms are assumed to be linked. This leads to the “ladder sequence,’
illustrated in Fig.2.6. Note that in the expression above, all energies of the first
term depend on the initial state, while in the folded term the wave operator depends
on the energy of the intermediate state (£) (c.f., the “dot product,” introduced in
Sect. 6.6).

Operating with §25 in (2.84) on the initial state|ab) leads to the pair function

$2alab) = xgplrs) = pap(x1.x2). (2.95)
which inserted in (2.88) leads to the pair equation

(6a + &b — ho(1) — ho(2)) pap(x1.x2) = (|rs) (rs|V]ab) +|rs) (rs|V|pap)
—lpea) (cd|Walab))jpgeq - (2.96)

(For simplicity, we work with straight product functions — not antisymmetrized —

in which case we sum over all combinations of r, s (without the factor of 1/2) with

S __ __ ST
Xap = xab')

We can also express the pair function as

|lpap) = T (€) I™"|ab). (2.97)
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Fig. 2.7 Graphical representation of the self-consistent pair equation (2.99). The last diagram
represents the “folded” term —£2, W,. The double line represents the double denominator (double
resolvent)

where I'g(€) is the reduced resolvent (2.65) and £ is the energy of the initial state
lab). 174" represents the ladder sequence of Coulomb interactions (including folded
terms), corresponding to the heavy line in Fig. 2.6, and including the resolvent (final
denominator) leads to the pair function |pgp). The effective interaction W, can be
expressed as

Wy = Pe I Py, (2.98)

which can be represented by the same diagrams as in Fig. 2.6 (with no final denom-
inator) if the final state (with energy £’) lies in the model space. The pair function
(2.92) can now be expressed

FoE) P Pe =To(E) (V + V&)™ — Ip(E) ™ Per 1™ Pe) Pe. (2.99)

This relation can be represented graphically as shown in Fig. 2.7.

2.5.2 Exponential Ansatz

A particulary effective form of the all-order approach is the Exponential Ansatz or
Coupled-Cluster Approach (CCA), first developed in nuclear physics by Hubbard,
Coster, and Kiimmel [12, 13,23, 33, 34]. It was introduced into quantum chemistry
by Cizek [11] and has been extensively used during the last decades for more de-
tails. (The reader is referred to a recent book “Recent Progress in Coupled Cluster
Methods” [79], which reviews the development of the methods since the start.) The
CCA is a nonlinear approach, and the linear all-order approach (2.85), discussed
above, is sometimes inadvertently referred to as “linear CCA”(!) — a term we shall
not use here. In the exponential Ansatz, the wave operator is expressed in the form
of an exponential

1 1
Q:eS=1+S+§SZ+§S3+---, (2.100)
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S is the cluster operator (in chemical literature normally denoted by 7). It can then
be shown that for a degenerate model space the cluster operator is represented by
connected diagrams only.® This implies that the linked but disconnected diagrams
of the wave operator are here represented by the higher powers in the expansion of
the exponential.

For open-shell systems (with unfilled valence shell), it is convenient to represent
the Ansatz in the normal-ordered form, introduced by Lindgren [38, 40],

.Q:{es}z1+S+%{Sz}+—{S3}+---. (2.101)

This form has the advantage that unwanted contractions between the cluster oper-
ators are avoided. The cluster operator is completely connected also in this case, if
the model space is complete [41], which can be formulated by means of the Bloch
equation

[S.Hol P = Q (VRP — 2Vieit)omn - (2.102)

Expanding the cluster operator in analogy with the wave-operator expansion (2.83)
in terms on one-, two-,. .. body operators,

S=81+S8S+85+--- (2.103)

yields

1 1 1 1
2={5}= L S1+ S5 (ST H81S234 5 {S3) 45 {STSa) 45, (ST} 4+

(2.104)
With the approximation
S =81 +92, (2.105)
the cluster operators satisty the coupled Bloch equations
[Sls HO] P = (VQ - QW)conn,l p
[S2, Hol P = (V2 — 2W)eomn 2 P (2.106)

illustrated in analogy with Fig. 2.7 in Fig. 2.8. These equations lead to one- and two-
particle equations, analogous to the pair equation given above (2.96). Also these
equations have to be solved iteratively, and we observe that they are coupled, as are
the corresponding equations (2.88) for the full wave operator.

8 The distinction between linked and connected diagrams should be noted. A linked diagram can
be disconnected, if all parts are open, as defined in Sect. 2.4.
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+
+
H

_Wl

Fig. 2.8 Diagrammatic representation of the equations for the cluster operators S; and S, (2.106).
The circle with a cross represents the “effective potential” in Fig. 2.3. The second diagram in the
second row and the diagrams in the fourth row are examples of coupled-cluster diagrams. The

last diagram in the second row and the three diagrams in the last row represent folded terms (c.f.
Fig.2.7)

The normal-ordered scheme is usually combined with a complete model space —
or complete active space (CAS) — and the valence universality. This might lead to
problems due to intruder states to be discussed further below.

For atomic systems with essentially spherical symmetry, on the one hand, the
cluster equations can be separated into angular and radial parts, where the former
can be treated analytically and only the radial part has to have solved numerically
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(see, for instance, [40, Chap. 15]). For molecular systems, on the other hand,
analytical basis-set functions of Slater or Gaussian types are normally used to solve
the coupled-cluster equations, as described in numerous articles in the field.

As mentioned, the advantage of the normal ordering of the exponential Ansatz is
that a number of unwanted contractions between open-shell operators is avoided.
More recently, Mukherjee has shown that certain valence-shell contractions are
actually desired, particularly when valence holes and strong relaxation are in-
volved [26]. He then introduced a modified normal ordering

2 = {{exp(8)}}. (2.107)

where contractions involving passive (spectator) valence lines are reintroduced com-
pared to the original normal ordering.

2.5.3 Various Models for Coupled-Cluster Calculations:
Intruder-State Problem

The early forms of coupled-cluster models were of single-reference type (SRCC)
with a one-dimensional (closed-shell) model space. In the last few decades, vari-
ous versions of multireference (MRCC) models with multidimensional model space
have appeared (for reviews, see e.g., [2,41, 58]). These are essentially two ma-
jor types, known as valence-universal multireference (VU-MRCC) [38, 57] and
state-universal multireference (SU-MRCC) [27, 28] methods, respectively. In the
valence-universal methods, the same cluster operators are being used for different
ionization states and therefore particularly useful for calculating ionization ener-
gies and affinities. In the state-universal methods, specific operators are used for a
particular ionization stage and particularly used when different states of the same
ionization are considered or in the molecular case for studying potential energy sur-
faces (PES).

A serious problem that can appear in MBPT with a multireference model space
is what is known as the “intruder-state-problem.” This appears when a state out-
side the model space — of the same symmetry as the state under consideration —
has a perturbed energy between those of the same symmetry originating from the
model space. This will destroy the convergence of the perturbation expansion. This
problem was first observed in nuclear physics [74], but it was early observed also in
atomic physics for the beryllium atom [69]. Here, the ground state is 152252 1S, and
the excited state 152 2p2 1S has a low unperturbed energy, while the true state lies
close to the 2s ionization limit. This implies that when the perturbation is gradually
turned on, a large number of “outside” states, 152 2s ns, will cross the energy of the
1522p? 1S state, and there will be no convergence beyond the crossing point.

The convergence problem due to intruders is particularly serious in perturbation
theory, when the states are expanded order-by-order from the unperturbed ones.
In the coupled-cluster approach, which in principle is nonperturbative, it might be
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possible to find a self-consistent solution of the coupled equations without reference
to any perturbative expansion. It was first shown by Jankowski and Malinowski [24,
25,48] that it was in fact possible to find a solution to the beryllium problem with a
complete model space. Lindroth and Martensson [44] solved the same problem by
means of complex rotation.

Several other methods have been developed to reduce the intruder-state prob-
lem. One way is to reduce the model space and make it incomplete. It was shown
by Mukherjee [56] that by abandoning the intermediate normalization (2.42a), the
linked character of the diagram expansion could still be maintained. The criteria for
the connectivity of the coupled-cluster expansion have been analyzed by Lindgren
and Mukherjee [41].

Another approach to avoid or reduce the intruder-state problem is to apply an
intermediate-effective Hamiltonian, a procedure developed by the Toulouse group
(Malrieu, Durand et al.) in the mid 1980s [15]. Here, only a limited number of roots
of the secular equation are being looked for. A modified approach of the method
has been developed by Meissner and Malinowski [51] and applied to the above-
mentioned beryllium case.

A third approach to the problem is the state-specific multireference (SS-MRCC)
approach, where a multireference is used but only a single state is considered [47].
This approach can be regarded as an extreme of the intermediate-Hamiltonian ap-
proach and is frequently used particularly for studying potential-energy surfaces.

All the coupled-cluster approaches can also be applied in the relativistic formal-
ism, although applications are here still quite limited. We shall return briefly to this
problem in Chap. 8.

2.6 Relativistic MBPT: No-Virtual-Pair Approximation

In setting up a Hamiltonian for relativistic quantum mechanics, it may be tempting
to replace the single-electron Schrodinger Hamiltonian in the many-body Hamilto-
nian (2.11) by the Dirac Hamiltonian (see Appendix D)

hp = cat+ P + Bme? + vexs (2.108)

which with the Coulomb interaction between the electrons

2

N
Ve=Y —° (2.109)

dreg rij
i<j 0%ij

yields the Dirac—Coulomb Hamiltonian

N
Hpc =Y hp(i) + Ve. (2.110)

i=1
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This Hamiltonian, however, has several serious shortcomings. First, it is not bound
from below, because nothing prevents the electrons from falling into the “Dirac
sea” of negative-energy electron states. A many-electron state with a mixture of
negative-energy and positive-energy electron states can then be accidentally degen-
erate with a state with only positive-energy states — a phenomenon known as the
Brown—Ravenhall disease [8]. In Chap. 6, we shall derive a field-theoretical many-
body Hamiltonian that will be used in the further development. In this model, there is
no “Dirac sea,” but the negative-energy states correspond to the creation of positron
states, which are highly excited. Then there can be no Brown—Ravenhall effect.

Within the conventional many-body treatment, the Brown—Ravenhall effect can
be circumvented by means of projection operators [78], which exclude negative-
energy states, leading to the projected Dirac—Coulomb Hamiltonian

N
Hpcproj = A+ [Z ho (i) + VC:| Ay (2.111)
i=1

Including also the instantaneous Breit interaction (see Appendix F)

2 P . PR . P .
Vo= Z[“’ vy L "’f)i"‘f r”)], (2.112)

87‘[60 rij rij

i<l

where «; is the Dirac alpha matrix vector for particle i (see Appendix D), leads to
the projected Dirac—Coulomb—Breit Hamiltonian

N
Hyven = A4 [Z ho(i) + Ve + VB}A+, (2.113)

i=1

which is known as the No-Virtual-Pair Approximation (NVPA).
With the partitioning (2.48)

H=Hy+V, (2.114)

we choose the model Hamiltonian to be

N N
Ho=) (hp+u); =) ho(i) (2.115)
i i
and the perturbation
N
V:—Zu(i)—l—Vc—i-VB. (2.116)

i
The Dirac—Coulomb and Dirac—Coulomb—Breit Hamiltonians, which are valid
only in the Coulomb gauge (see Appendix G.2), have been extensively used in
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relativistic MBPT calculations and particularly in self-consistent-field calculations
of Dirac—Fock type. In the latter type of calculations, the projection operators can
often be left out, since the boundary conditions usually excludes negative-energy
solutions (see the book by I.P. Grant for a modern review [22]).

NVPA is a good approximation for many purposes, and it includes all effects to
order «? H, but it is not Lorentz covariant (see definition in the Introduction). In
later chapters, we shall consider a more rigorous many-body Hamiltonian, based
upon field theory.

2.6.1 QED Effects

As mentioned, we shall refer to effects beyond the NVPA as QED effects, although
this separation is to some extent arbitrary. These effects are of two kinds

e Nonradiative effects, representing effects due to negative-energy states and to
retardation of the Breit interaction, shown in the upper line of Fig.2.9. These
effects are also referred to as the Araki—Sucher effects [1,76,77].

e Radiative effects, represented by the lower line of Fig.2.9, which are “true
quantum-electrodynamical effects due to the electron self-energy (first diagram),
vacuum polarization (next two diagrams), or vertex correction (last diagram) (see
further Chap. 4).

Fig. 2.9 Nonradiative (upper line) and radiative (lower line) “QED effects.” These diagrams are
Feynman diagrams, where the orbital lines can represent particle as well as hole or antiparticle

states (see further Chap. 4). The second diagram in the first row is reducible (there is an interme-
diate time with no photon), while the remaining ones are irreducible

. tE)
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The QED effects can also be separated into reducible and irreducible effects, where
a reducible effect is represented by a diagram that can be separated into two le-
gitimate diagrams by a horizontal cut, such as the second nonradiative diagram in
Fig.2.9.” Remaining diagrams are irreducible.

2.7 Some Numerical Results of Standard MBPT
and CC Calculations, Applied to Atoms

In the book Atomic Many-Body Theory [18, Sect. 15.5] a brief summary is given of
the situation in the late 1970s concerning the numerical application of many-body
perturbation theories. Most effective at that time to handle the electron-correlation
problem were various pair-correlation approaches, based on works of Kelly [32],
Meyer [52], Sinandglu [75], Nesbet [59], Kutzelnigg [35], and others. Coupled-
cluster methods were available at that time but still relatively undeveloped. Also
methods of treating open shells and the quasi-degenerate problem, using the ex-
tended model space [37] (2.56), were available but not particularly well known.

In the three decades that have followed, a dramatic development regarding nu-
merical implementations has taken place. All-order methods, in particular, coupled-
cluster methods, have been developed to a stage of “almost perfection.” Also, the
open-shell techniques have been further developed and are now routinely used.
Here, two main lines have emerged, based upon multireference or single-reference
states. The latter technique has been developed mainly to circumvent the intruder
problem, although there are methods of dealing with this problem also in the mul-
tireference case, as was briefly mentioned above. We shall in no way try to review
this immense field here but limit ourselves to some comments concerning develop-
ments that are most relevant for the theme of this book. (We refer to the previously
mentioned book, edited by Cérsky et al. [79], for more details.) We also call atten-
tion to a comprehensive review of all-order relativistic atomic calculations that has
recently been published by Safronova and Johnson [67].

The coupled-cluster approach was early applied to various molecular systems,
particularly by Cizek, Paldus, and coworkers in the Waterloo group [60, 61]. Ex-
tensions of the method and extensive calculations have been performed by Bartlett
and his collaborators at Gainesville [3, 66]. The paper by Purvis and Bartlett [66],
together with the simultaneous publication by Pople et al. [63], represent the first ap-
plications of CCA with both single and double excitations (CCSDs). Bartlett et al.
have later extended the technique to include part of triples, CCSD(T), and quadru-
ples, CCSD(TQ), techniques that are now widely spread.

° Unfortunately, different definitions of reducible and irreducible diagrams occur in the literature.
We use in this book the original interpretation of the concepts, due to the pioneers Feynman, Dyson,
Bethe, Salpeter, and others [16,73].
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In molecular calculations, functional basis sets of Slater or Gaussian-type are
normally used. For atomic systems, it is normally preferable to use numerical inte-
gration of the radial coordinates. Such techniques have been developed and applied
particularly by the groups at Notre Dame, Gothenburg, and Tel Aviv.

The Notre-Dame group has for a long time performed relativistic many-body cal-
culations on atomic systems by applying and further developed the spline technique
with piece-wise polynomial fitting [29]. This was first used for calculations to sec-
ond order (third order in energy) of the helium atom, and the sodium isoelectronic
sequence [30]. The method was then extended by Blundell et al. [6] to an all-order
technique (linear with singles and doubles) and applied to the Li atom and the Be™
ion and by Plante et al. [62] to a sequence of helium-like ions. In Table 2.1, we repro-
duce from the latter work the contributions to the ground-state ionization energies
due to (a) all-order Coulomb interactions, (b) same with one instantaneous Breit in-
teraction, (c) same with TWO instantaneous Breit interactions, (d) first-order QED
contribution (from [14]), (e) total ionization energy. Later, the Notre—-Dame group,
partly together with Safronova, has extended the technique to full relativistic CCSD,
including also some triples, CCSD(T), and applied it extensively to various atomic
and ionic systems [46, 67] (see Tables 2.2 and 2.3).

The Gothenburg group developed numerical nonrelativistic all-order and
coupled-cluster approaches in the late 1970s and early 1980s. Martensson (Pen-
drill) [49] developed an all-order pair program (LD) — linear with doubles without
coupled clusters — based upon the first-order pair program developed by Mor-
rison [20, 54], and first applied it to the helium atom. This technique was later

Table 2.1 Contributions to the ground-state ionization energies of helium-
like ions. From [62] (in Hartrees)

Z Coulomb  Breit Double Breit QED Total

10 43.962  0.010708 0.000048 —0.004610 43.946
20 188.636  0.096696  0.000433 —0.054905 168.485
40 792.126  0.83482  0.00409 —0.57860 790.717
60 1,855.119  2.97236  0.01528 —2.22984 1,849.832
80  3,472.330  7.51789  0.03914 —5.89519  3,458.965
100 5,841.499 16.0999 0.0836 —12.9704 5,812.513

Table 2.2 Binding energies of the two lowest states of
the lithium atom (in wWH)

Lithium atom
228 22p References

Expt’l 198 159 130246

Hartree-Fock 196 304 128 637

Difference 1854 1 609

LSD 1855 1 582 Blundell et al. [6]
CCSD 1850 1584 Lindgren [39]

CCSD 1835 1534 Eliav etal. [17]




42 2 Time-Independent Formalism

Table 2.3 Correlation energy of some low-lying states of the sodium
atom (in pH) (from [68])
Sodium atom
328 32P;;; 32P;, 425 References
Expt’l 6825 2121 2110 1415
LSD 6835 2118 2108 1418 Safronova et al. [68]

CCSD 6 458 Salomonson-Ynnerman [72]
CCSD 6 385 Eliav et al. [17]
CCSD(T) 6 840 Salomonson-Ynnerman [72]

Table 2.4 Correlation energy of the ground state of
the beryllium atom and the negative lithium ion (in
pwH) (from [10])

Beryllium atom and negative lithium ion

Be Li— References
CCD —92.960 —71.148 Bukowski et al. [10]
CCD —92.961 71.266 Salomonson-oster [70]
CCSD —93.665 72.015 Bukowski et al. [10]
CCSD —93.667 72.142  Salomonson-Oster [70]

converted into a coupled-cluster program with doubles (CCD) by Salomonson [42]
and applied to various atomic systems. It was also applied to open-shell sys-
tems [55, 69] — in the second paper (concerning the beryllium atom) the famous
intruder problem, mentioned above, was probably observed for the first time in an
atomic system. The procedure of the Gothenburg group was extended to the full
CCSD procedure and applied by Lindgren [39] (see Table 2.2) and Salomonson
et al. [70,72] (see Tables 2.3 and 2.4).

A relativistic version of the linear all-order pair program (LD) was developed
by Eva Lindroth [43], and applied to the helium atom. This was extended to a
relativistic coupled-cluster program by Salomonson and 6ster, who also devel-
oped a new numerical, highly accurate technique, referred to as the discretization
technique [71]. This technique was early applied relativistically as well as nonrela-
tivistically to a number of atomic systems [70,72] and is used also in all later works
of the group.

In Tables 2.2-2.4, we have compared some all-order calculations for the lithium,
sodium, and beryllium atoms as well as for the Li~ ion. The calculations on Be and
Li~ demonstrate clearly the importance of single excitations in this case. The results
for sodium show the importance of triple excitations in this case. (The results by
Safronova et al. are probably fortuitous, indicating that effects of nonlinear coupled-
cluster terms and triples accidentally cancel.) The accurate results from numerical
integrations by Salomonson et al. are sometimes used as benchmarks for testing
calculations with finite basis sets [10].
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The Tel-Aviv group has applied the relativistic coupled-cluster technique with
singles and doubles (CCSD) particularly to very heavy atoms and simple molecules
(see, for instance, the review article by Kaldor and Eliav [31], as well as Tables 2.2
and 2.3).
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Chapter 3
Time-Dependent Formalism

In this chapter, we shall summarize the fundamentals of time-dependent perturbation
theory. Although we shall be only concerned with stationary problems in this book,
it will be advantageous to apply time-dependent methods. We restrict ourselves in
this chapter to the nonrelativistic formalism and return to the relativistic one in later
chapters.

3.1 Evolution Operator

It follows from the second-quantized Schrédinger equation (2.16) that the state vec-
tor evolves in time according to

xs(t)) = e HETOA o (1)) . 3.1)

This is known as the Schrodinger picture (SP), indicated by the subscript “S.” In an-
other representation, known as the interaction picture (IP) [see Appendix B, (B.23)],
the Hamiltonian is partitioned according to (2.48), H = Hy + V, and the state vec-
tors and the operators are transformed according to

@) = et ys@)y; On) = elHot/t Og e71Hot I, (3.2)

This implies that the state vectors are normally much more slowly varying with
time, and most of the time dependence is instead transferred to the operators that
are normally time independent in SP.

The Schrédinger equation is in IP transformed to

., 0
i) = KO L), (33)
with the solution
st
1
Lxi(0)) =|X1(fo))—z/ dry Vi(th) (1)) - (3.4)
fo
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Vi(t) is the perturbation in the interaction picture, which is assumed to be fime
independent in the Schrodinger picture.

For a stationary state of energy E, the time dependence (2.15) is e “£#/% It then
follows that the state in the IP is of the form

L)) = e HEHOR 5 = 0)). (3.5)

The time-evolution operator in 1P, Uy(t, ty), is defined by the relation

0()) = Uit 10) [11(to)) (¢ > 10).| (3.6)

Evidently, we then have

Ui(t,1) = 1, (3.7)
Ui(t, 1) Ur(ty, t2) = Ui(t, t2). (3.8)

From the relation (3.1), it follows that the corresponding evolution operator in SP is
Us(t, 1g) = e 1HE10)/h, (3.9)

Transforming (3.2) to IP then yields'

Ul(t, tO) — eiH()Z/h e—iH(Z—Z())/h e—iH()t()/h‘ (310)

This evolution operator satisfies the differential equation

ih;—t Uiz, 10) = Vi(2) Un(z, 1o), (3.11)

which leads to the expansion?

: t
Ult. 1) = 1—%/ diy V(ty) Uty to)

o

i t —i\2 t 131
-1 / an Vi) + () / dty Vi) / 4t V(1) Ulta. 10).
h to h to to

(3.12)

iH()t/fle

!t should be noted that generally e —illt/h o o=iVi/h since the operators do not necessarily

commute.
2 Unless specified otherwise, we shall in the following assume that the evolution operators always
are expressed in IP and leave out the subscript .
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etc. By extending the second integration from 7y to ¢, this can be expressed [2,
Fig.6.1]

i L—=iN2 [ [
U(z,to)zl—g/todtl V(tl)+§(;) /zodtl /todzz T[V(t1)V(12)] U(t2, 10).
(3.13)

where T is the time-ordering operator, which orders the operators after decreasing
time (without any sign change). This leads to the expansion

. t
1
Ui(t,t0) = —z/ dry V(t1),
t

0

1 /—i\2 t t
Us(t,10) = 5(;) /, dtlft di, T[V (1) V(1)) (3.14)

etc., which can be generalized to [2, Eq. 6.23], [4, Eq. 4-56]

o

Ulto) =Y %(%‘) /ztdtl .../ttdx,, T[Vn)... V)] (3.15)

0

(We have here included the term n = 0 to replace the unity.)
We introduce the Hamiltonian density H(x) by

V(t) = / d3x H(t, x). (3.16)

We do not have to specify the perturbation at this point, but we shall later assume
that it is given by the interaction between the electrons (of charge —e) and the elec-
tromagnetic radiation field (see Appendix E.3)

H(x) = —@T(x)eca“AM(x)lﬁ(x). (3.17)

Here, o is the Dirac operator (see Appendix D) and A, is the covariant radiation
field [Appendix (G.2)]

h ik —ik
Ap(x) = YooV ;SW [azr e ™ +ag,e™ "]. (3.18)

The evolution operator (3.15) can now be expressed

0 0

00 1 —i\n [t t
U(t,to)zz_%a(c—;) /tdxf.../z dxt T[H(x) .. H)]. | (3.19)
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The factor of ¢ in the denominator is due to the fact that we now use the integration
variable xo = ct. The integrations are performed over all space and over time as
indicated. Alternatively, this can be expressed

Ut,te) =T [exp (Clg / "y H(x))]. (3.20)

The evolution operator can be represented graphically be means of Goldstone
diagrams in the same way as the wave operator, discussed previously. As a simple
example, we consider the first-order interaction with a time-independent potential
interaction v(x). In second quantization, the evolution operator becomes

. t
UD(t,19) = —% / dr C,T (riv(x1)|a) cq (3.21)
fo

or after summing over the states

UOG 1) =~ / d / G T EvE) P, (.22)
to

which is illustrated in Fig. 3.1 (left).

The two-body interaction can be given by a contraction of two perturbations
(3.17), corresponding to the exchange of one virtual photon, v(x1, x2), as will be
further discussed in Chap. 4. The corresponding, second-order evolution operator
then becomes (Fig. 3.1, right)

1 /—1\2 !
) — _(—
U(t ty) = 2<h> //to dty di,

« / / By Py 91 0en) U1 (e2) v, x2) Px) $ (). (3.23)

In higher orders, the operator can have connected as well as disconnected parts
and can be separated into zero-, one-, two-,...body parts. The connected one- and

il
X1 ¢----X
V4a

to _L___

Fig. 3.1 Graphical representation of the evolution operator for first-order potential interaction and
single-photon exchange
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|
i
Via

to - L___

Fig. 3.2 Schematic graphical representation of the connected one- and two-body parts of the evo-
lution operator

two-body pieces are schematically illustrated in Fig.3.2. Expressions with uncon-
tracted photons fall in an extended photonic Fock space, as will be further discussed
in later chapters.

3.2 Adiabatic Damping: Gell-Mann-Low Theorem

For the mathematical treatment, we shall find it convenient to apply an “adiabatic
damping factor” to the perturbation,

V() = V(t)e ", (3.24)
where y is a small, positive number, which implies that
H — Hy as t— —oo. (3.25)

The expansion (3.19) then becomes

Uy(t.t0) = ) n (E)
0

n=

t t
X/ dxf.../ dx:T[H(xl)...H(xn)]e_y(‘“|+|’2"'-+“”|).
t t

0 0

(3.26)

The damping is adiabatically ‘switched off” at the end of the calculation. The evo-
lution operator satisfies now the equation (3.11)

ih;—tU,,(t,to) = (V(1) Fiy) Uy (t.10), (3.27)

where the upper sign is valid for # > 0.
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3.2.1 Gell-Mann-Low Theorem

The damped perturbation (3.24) vanishes, when y¢# — =oo, and the perturbed
(target) state vector approaches in these limits an eigenstate of Hy,

lxy (D)) =|®). (3.28)

which we call the parent state. Gell-Mann and Low have shown that for r = 0 and
in the limit y — 0, the state vector

1 0) =1 . =:|¥ 3.29
is a solution of the time-independent Schrédinger equation
(Ho + V)I¥) = E|¥), (3.30)

where Hj is the model Hamiltonian (2.49) without the interaction. Here,

(@12 Uy (0, —00)|P)
(DU, (0, —00)|®)

E = Eo + ihyA (3.31)

This is the famous Gell-Mann—Low theorem (GML) [3], [2, p. 61], [10, p.336],
which represents one of the fundamentals of the theory presented here. The pertur-
bation, V, must in the limit y — 0 be time independent in the Schrodinger picture,
which is the case with the interaction (3.17).

3.3 Extended Model Space: The Generalized Gell-Mann-Low
Relation

The original Gell-Mann-Low theorem (3.29) is valid only in the single-reference
case (one-dimensional model space). The time-dependent MBPT was in 1960s and
1970s further developed by several groups [1,5,6,8,9,11], mainly in connection with
nuclear calculations. We shall extend this treatment here and prove a generalization
of the Gell-Mann-Low theorem for an arbitrary model space. This treatment follows
mainly that performed in [7] (see also [2, Sect. 6]).

We choose the parent states to be the (normalized) limits of the target states for
finite y as t — —oo0, as introduced by Tolmachev [11],

|@05): c“ ,_lil_nooua)y (Oé = 1’2...d), (3.32)
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where C'“ is a normalization constant. The parent functions are then eigenfunctions
of H, 0,

Hy |9%) = E§ |@°). (3.33)

but generally we do not know which eigenvalue a specific target state will con-
verge to.
In analogy with the single-reference case (3.29), we construct the state

wy) = Uy (0. =00) | ] (3.34)

v = (W& U, (0, —00)| @)

which is normalized in the intermediate normalization, (¥§ | @%).
We shall now demonstrate that this state is in the limit y — 0 an eigenstate of
the time-independent Hamiltonian of the system for all values of «,

(Ho + V)|w*) = E*|w*) (@=1.2,--d). (3.35)

e This is a generalization of the original Gell-Mann—Low relation (3.29), and it
holds also for a quasi-degenerate model space with several energy levels [7].

In order to prove the theorem, we consider one term in the expansion (3.26)

1 —iyn [
) _ N
U (1, —o0) n!(h) /_Oodz,,

t
x/ Aty - T[V(tn)V(tn—r) -+ | ¥ C1F2Fm) 0 (3.36)

—0o0

(As long as t does not approach 400, we can leave out the absolute signs in the
damping factor.) Using the identity

[Ho, ABC ---] = [Hy, A]BC -+ A[Hy, B]C -+ + -+,

we obtain, noting that in IP Vj(¢) = efo/n g e=itHo/h and that V is assumed to be
time independent in the SP,

% = i[Hp, V12(1)] (3.37)

and

[Ho. V(tn)V(ta—1)---] = —ih(i +

™ aln_l+---)V(tn)V(tn_1)..._ (3.38)
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This gives

(n )
[Ho. UM (1, —00)] = : / / dty_y -
)

X T[(a(r:n + T + - )V () V(tn-1) - ]

x e¥ U1tz +in)

When integrating by parts, each term gives the same contribution, yielding
[Ho. UM (t.—00)] = =V () UV (1, —00) + ikny UM (t,—00),  (3.39)

where the last term originates from derivating the damping term. Introducing an
order parameter, A,
H = Ho+AV(1), (3.40)

the result can be expressed

[Ho. Uy (t,—00)| = =V (t) Uy (1, —00) + ihyA — g

35 Ur(t.—0). (3.41)

By operating with the commutator on the parent function (3.32), utilizing the fact
that the parent state @ is an eigenstate of Hy, we obtain fort = 0

(Ho - E§ + V) Uy (0, —o0) |®%) = 1hy)t 9 Uy(o —o0) [®%), (3.42)

where V' = V/(0) or with the state (3.34)

LU, (0, —c0)|@%)
(W |Uy (0. —00)| @)

(Ho +V — E§)|¥5) = ihyA (3.43)

(Note that at # = 0 the Schrédinger and interaction pictures are identical.) We note
from the relation (3.34), that

il a)_i Uy(0.—00) |®%) £ U,(0.—o00) |®?)
AV A (W Uy (0. —00)| @) (WE Uy (0. —00)| )

vy %Uy(o,—oo)‘w) Uy (0, —00) | W)
(U, 0.—00)[ @) (g [U, (0, —00)[ @)’

(3.44)

Therefore, the r.h.s. of (3.43) can be expressed

LU, (0, —00)|0%)
(wg |U, (0. —00)| @)

9
ihyA = AEY W) +ivd o[ ¥y),
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where
we |2y, —oo))cpa
AE)‘f:ihy)L< L )
(‘1’0 |UV(0’_°°)|¢OI>
and this yields
. 0
(Ho—l— V—Eg—AE)‘f)}lII)‘f)zlhy)u a—k}lll)‘f‘) (3.45)

Provided that the perturbation expansion of | lI/)‘,") converges, the r.h.s. will vanish as
y — 0. Then

e The generalized Gell-Mann—Low (GML) relation reads

U, (0, —oc0)|®“
|w®) = lim | @) = lim (0. —00)| @) . (3.46)
y=0 =0 (¥ |Uy (0, —00) | @2)
This state vector will satisfy the time-independent Schrodinger equation
(Ho + V(0)) |[w*) = E*|w*), (3.47)

where Hj is the model or independent-particle Hamiltonian 2.49 and V is the
perturbation (3.16).

This relation is derived in the interaction picture with # =0, which implies that
it holds also in the Schrodinger picture (SP). The perturbation must be time-
independent in SP, apart from possible damping, as is the case with the perturba-
tion (3.17).

The energy eigenvalue corresponding the Gell-Mann—Low state (3.46) becomes

o GRS
E® = lim | Eg +ihyA-—G—0o
y—0 (W& |U, (0, —00)| @%)

(3.48)

This expression is not very useful for evaluating the energy, since the eigenvalue
E§ of the parent state is generally not known. The procedure is here used mainly
to demonstrate that the functions satisfy the Schrodinger equation. Instead, we shall
derive an expression for the effective Hamiltonian (2.54), which is the natural tool
for a multilevel model space.’

In the one-dimensional model space, singularities appear in U for unlinked
terms. In the general multidimensional case, singularities can appear also for

31t should be noted that a necessary condition for the proof of the theorem given here is that the
parent state (3.33) is an eigenstate of the model Hamiltonian H, [see (3.42)]. This is in conflict
with the statement of Kuo et al. [6], who claim that it is sufficient that this state has a nonzero
overlap with the corresponding target state.
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linked diagrams that have an intermediate state in the model space. The remaining
diagrams are regular. In addition, so-called quasi-singularities can appear —1i.e., very
large, but finite, contributions — when an intermediate state is quasi-degeneracy with
the initial state. All singularities and quasi-singularities are eliminated in the ratio
(3.46) — in analogy with the original Gell-Mann-Low theorem, although in the
general case there is a finite remainder, so-called model-space contribution (MSC).
The elimination of these quasi-singularities represents the major advantage of the
procedure using an extended model space. We shall see how this procedure can also
be applied in quantum-electrodynamical calculations in the following sections.
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Part 11
Quantum-Electrodynamics:
One-Photon and Two-Photon Exchange



Chapter 4
S-Matrix

In Part I, we have considered methods for treating atomic many-body systems within
the standard relativistic MBPT and coupled-cluster schemes, in what is known as the
no-virtual-pair approximation (NVPA). In the second part, we shall include effects
beyond this approximation, which we shall refer to as quantum-electrodynamical
(QED) effects. We shall describe three methods for numerical calculations of QED
effects on bound states, developed in the last few decades, which are all based upon
field theory.!

In this chapter, we present the most frequently applied scheme for bound-state
QED calculations, namely the S-matrix formulation. In this chapter, we also come
into contact with the important question of the choice of gauge. The Maxwell
equations are invariant under a certain class of gauge transformations, as shown
in Appendix G. So far, practically all QED calculations have been performed us-
ing what is known as covariant gauges, particularly the Feynman gauge, where the
expressions involved are particularly simple. However, for bound-state problems,
where the Coulomb interaction often dominates, it would be more advantageous to
use the Coulomb gauge. It has been demonstrated by several authors [1, 14] that it is
perfectly legitimate to use the Coulomb gauge also in QED calculations and that this
leads to results that are renormalizable and completely equivalent to those obtained
using covariant gauges.

In the next chapter, we consider the Green’s-function method, which is frequently
used in various fields of physics. In Chap. 6, we shall present the recently introduced
covariant-evolution operator method, which will form the basis for the unified ap-
proach we are developing in the following chapters.

! From now on we shall for simplicity set # = 1 but maintain the remaining fundamental constants.
In this way, our results will be valid in the relativistic or natural unit system as well as in the Hartree
atomic unit system. They will also be valid in the cgs unit system, as long as we stay consistently to
either the electrostatic or the magnetic version, but they will NOT be valid in the Gaussian system
that is a mixture of the two. With our choice, it will still be possible to perform a meaningful
dimensional analysis (see further Appendix K).

I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 59
Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_4, (© Springer Science+Business Media, LLC 2011
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4.1 Definition of the S-Matrix: Feynman Diagrams

The scattering matrix or S-matrix was introduced by Wheeler [18] and Werner
Heisenberg in 1930s, particularly for studying the scattering processes between ele-
mentary particles. The formalism is not particularly suited for bound-state problems
but has in the last few decades been applied also to such problems in connection
with QED calculations (see, for instance, the review article by Mohr, Plunien, and
Soff [11] for a modern update).

The S-matrix relates the initial state of a particle or system of particles, @; =
®(t = —00), before the interaction has taken place, to the final state after the inter-
action is completed, @ = @(t = +00),

D(t = 4+00) =S P(t = —00). 4.1

We know that the time evolution of the state vector in the interaction picture is
governed by the evolution operator (3.6), which leads to the connection

S = U(co, —00).| (4.2)

This is assumed to hold also relativistically (see, for instance, Bjorken and Drell [2]).
With the expansion (3.26), this becomes

01 =iy _
S = Z_;ﬁ<7) /dx;*.../dx;‘ T[H(x1) ... H(xy)]e (il
"= (4.3)

Here, x is the four-dimensional coordinate vector x = (ct, x), which explains the
factor of ¢ in the denominator. The S-matrix is — in contrast to the evolution oper-
ator for finite times — Lorentz covariant (see footnote in the Introduction), which
is manifestly demonstrated by its form given here. We shall normally assume that
the perturbation density is given by the interaction between the electrons and the
electromagnetic radiation field (3.17)

H(x) = —@T(x)eca“AM(x)vﬁ(x). 4.4)

The S-matrix can conveniently be represented by so-called Feynman diagrams.
Feynman has in his famous papers from 1949 [5, 6] developed a set of rules for
evaluating the S-matrix for various elementary processes (see Appendix H), and
this has formed the basis for much of the developments that followed in quantum-
electrodynamics and field theory in general (see, for instance, the books by Mandl
and Shaw [10, Chap. 7] and Peskin and Schroeder [13]). This has also formed the ba-
sis for the diagrammatic representation of many-body perturbation theory (MBPT),
discussed earlier [8].
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In order to represent the S-matrix by means of Feynman diagrams, this has to be
transformed into normal order, which can be performed by means of Wick’s theo-
rem (see Sect.2.2). This leads to all possible (zero, single, double ...) contractions
between the perturbations H and to diagrams of the type shown in Fig. 2.9. (Details
of this process are found in standard text books, e.g., Fetter and Walecka [4]
or Lindgren-Morrison [8].) Below we shall illustrate this by a few simple
examples.

Even if the S-matrix formulation was initially set up for scattering problems, we
shall here be mainly concerned with applications to bound-state problems. Since
the final time of the scattering process is t = + oo, we cannot directly apply the
Gell-Mann—Low theorem [(3.31) and (3.46)]. Sucher [16] has, however, modified
the Gell-Mann-Low energy formula so that it can be applied also to the S-matrix.
With the S-matrix expanded in a perturbation series

§=3"8" (4.5)
n

the energy shift can be expressed

i (m)
AE = lim 7 21 (@IST|®)

y—02  (®|S|D) (4.6)

This energy formula can also be applied to a degenerate multistate model space —
but not in the case of quasi-degeneracy, when there are several distinct energy levels
within the model space. Furthermore, in the S-matrix formulation no information
can be derived for the corresponding change of the state vector or wave function.
For these reasons, the S-matrix formulation is not suited as a basis for a unification
with many-body perturbation theory that is our main concern in this book. We shall
return to this problem in later chapters.

Before we consider some physical processes, we shall define two very impor-
tant concepts, namely the Feynman electron and photon propagators that will be
frequently used in the following.

4.2 Electron Propagator

The contraction between two electron-field operators is defined as the difference
between the time and normal orderings (see Sect.2.2)

PO ) = T [P ) | = N [Tt @)
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® i Sp(x1,x2)

Fig. 4.1 Graphical representation of the (bound-state) electron propagator. As before, we shall let
thick vertical lines represent electron propagators in the bound-state representation (Furry picture)
and thin lines in the free-electron representation

Since the vacuum expectation value vanishes for every normal-ordered product, it
follows that the contraction is equal to the vacuum expectation of the time-ordered
product’

Ve YT (x2) = (0T [y (x1) ¥ (x2)]]0)
= (0]0(t1 — 12) Y (x) VT (x2) — Ot —11) YT (x2) ¥ (x1)[0)  (4.8)

considering that the electron fields operators are fermions that anticommute. @ is
the Heaviside step function [Appendix A, (A.29)].

e The Feynman electron propagator is defined (see Fig. 4.1)°

YD)V (2) = (0T [ (x) ¥ (x2)]]0) =21 Se(x1. x2). (4.9)

Separating the field operators into particle (p) and hole (%) parts, 1/Af = 1/A/+ + 1/A/_,
above and below the Fermi surface, respectively, it follows that the expression (4.8)
is identical to

(0lo@ — 1) 1ﬁ+(xl)lﬁi(x2) — O(t2 — 1) ¥l (x2)¥—(x1)[0)
= Ot — 1) dp(x )] (x2) 172 — Otz — 1) ] (x2) (1) e~

2 In field theory, the vacuum state is normally the “true” vacuum with no (positive-energy) particles
or photons present. In the Dirac picture, this implies that the negative-energy states or “hole” states
of the “Dirac sea” are filled. In many-body applications without reference to field theory, the “vac-
uum” is normally a closed-shell state related to the system (finite or infinite) under study, obtained
for instance by removing the valence or open-shell single-electron states. Single-electron states
present in this vacuum state are referred to as hole states and those not present as virtual or particle
states. In our unified approach, we shall let hole states include negative-energy (antiparticle) states
as well as core states.

3 Note that we define here the electron propagator, using lﬁ* rather than @ = @T B, which is more
frequently used. We find the present definition more convenient in working with the combination
of QED and MBPT.
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Fig. 4.2 Complex integration of the electron propagator (4.10)

using the time dependence of the field operators in IP in Appendix B (B.28). As will
be demonstrated below,

o The electron propagator can be expressed as a complex integral

. T
do  ¢j(x1)¢;(x2) e—io(t—12)

, 4.10
2w w —¢e; +insgn(e;) (4.10)

Se(x1,x2) =

where 7 is a small, positive number.

In order to verify the integral formula (4.10), we first consider the case #; > f,.
Here, the integrand vanishes exponentially as @ — —i 0o, and we then integrate over
the negative half-plane, as illustrated in Fig. 4.2. Here, the poles appear at ® = ¢;
when this is positive. The contribution to the integral from this pole is —2i times
the pole value — with the minus sign due to the negative (clockwise) integration — or
—ip;(x1) ¢; (x2) ™€ t1=12) Similarly, when #; < t,, we integrate over the pos-

itive half plane with the result +i¢; (x1) d)} (x2) e 8/ 1712) when g; is negative.
It then follows that iSg, as defined by the integral, is identical to the time-ordered
vacuum expectation (4.8).

o The Fourier transform of the electron propagator with respect to time is

¢j(x1) ¢7 (x2)
Se(w;x1,x2) = ———— , (.11)
w—¢g; +insgn(e;)
which can be regarded as the coordinate representation (see Appendix C)
A 7Y (il
Sp(w;xl,xz) = (x1|Sp(a))|x2) = ( 1|]> <j| 2> (412)

w—¢j +insgn(e;)
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of the operator*
lj) (/1

S =1 4.13
F(®) o, (1—in) (4.13)
Using the relation in Appendix (D.49), this can also be expressed
A 1
Sp(w) = —————, (4.14)
w — I’lD (1 - 177)

where le is the Dirac hamiltonian operator (see Appendix D).

The contraction has so far been defined only for #; # t,. For the bound-state
problem, it is necessary to consider also equal-time contractions. We then define
the time-ordering for equal time as

vy )] = 5 [P0y )~ @] (=n). @19)

In this case we have

1
Y)Y () = (0] T[y(x)y T (x2)] 10)

3 {01 ¥t ) — ¥ 2w () [0)

1 1
5 2 px) ] (x2) = 2 D" du(x 1)y (x2)
p h
1
=3 D san(e)) ¢)(x2) ¢;(x1),
J

where j as before runs over particles and holes. This can still be expressed by the
integral above, as can be seen from the relation

1 _ £j—z insgn(e;)
ej—z—insgn(e;) (e —2*+n* (5, —2* +7?

=P

+im sgn(e;) 8(e; — 2), (4.16)

J

P stands for the principal-value integration, which does not contribute here. There-
fore, the electron-propagator expression (4.10) is valid also for equal times.

4 As stated before, we use the ‘hat’ symbol to emphasize that the quantity is an operator. In cases
where this is obvious, the hat will normally be omitted.
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4.3 Photon Propagator

The exchange of a single photon between the electrons corresponds to a contraction
(2.29) of two photon-field operators (3.18), defined as in the electron-field
case (4.7),

1
Au(x1) Ay (x2) = (0|T[Au(x1) Ay (x2)]]0)
= (0|01 — 1) Ap(x1) Ay (x2) + Otz — 11) Ay (x2) A (x1)]0),
4.17)

(the photon-field operators commute in contrast to the electron-field operators), and
in analogy with the electron propagator we have

o The Feynman photon propagator is defined (see Fig. 4.3)

1
Ap(x1)Ay(x2) = (0|T[Ap(x1)Av(x2)][0) =11 Dppy (x1,x2). | (4.18)

We shall also sometimes for convenience use the short-hand notation
Dp(xl,xz) = a“a”DFW(xl,xz) (419)

using the summation convention.
With 4,, = Aj; + A, we see that (4.17) is identical to

(00 — )[4 (x1). 47 (x2)] + O(2 — 11)[ AT (x2). A7, (x1)]] 0).

where the square bracket with a comma between the operators represents the com-
mutator (2.12) and noting that the photon-field operators do commute.

Before evaluating the photon propagator, we have to make a choice of gauge
(see Appendix G.2). In so-called covariant gauges, the field components are re-
lated by a Lorentz transformation. Most commonly used of the covariant gauges is
the Feynman gauge, because of its simplicity. In our work with combined QED and
electron correlation, however, it will be necessary to use the noncovariant Coulomb
gauge in order to take advantage of the development in standard many-body pertur-
bation theory. We shall demonstrate that this is quite feasible, although not always
straightforward.

Z .
I»I’L [ a0 AVt } ]),2 1DFUM(x2,x1)

Fig. 4.3 Graphical representation of the photon propagator
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4.3.1 Feynman Gauge

In the Feynman gauge we have, using the commutation rule in Appendix G (G.11),

1

+ _ _ —ilkx1 —k'x7)
[AM(M),AU (x2)] = YesV emewf[akr, ) e
1 .
— _ 80 18 e—lk()C]—xz).
2epwV B Ok Or.r

With kx; = koxi10 —k - x1 and k'x2 = kyxzo — k' x5 (xg = ct, o = ckyp), this
yields for the vacuum expectation in (4.18)

(0T [A,.(x1) Ay (x2)]|0)
O(t; — 1) e ik (x1—x2) + Ot —11) eik(X1—X2)]

1
- 2606k0V 8 [

1 © (e
_ E k[t — 1) e ko(x10-x20)
v 260Ck()V [ ( 1 2)

+ O(ty — 1y) eFoi07x20)], (4.20)
with r 15 = x1 — x». The sign of the exponent k - r, is immaterial.

The expression in the square brackets of (4.20) can as in analogy with (4.10) be
written as a complex integral

. . ® dg e~i4(¥107x20)

O(t) — tp)e H*ox10=x20) 4 ©(z, — ¢,)elko(x10=x20) — 2jf / 4

(t1 —12) (2 —11) 0 Ty g
4.21)

Thus (see Appendix, Sect. D.2),
dq e—1a(x10—x20)

oI LA A ]l = iz St [ 5L SE o

1 d3k er s /°° dg e17(x10=x20)

e —_—

(27t)3 0 27 q2 —k? +1in
(4.22)

- - guv

with ko = |k|, and the photon propagator (4.18) becomes in the Feynman gauge [c.f
Appendix (F.62)]

_gMU d3k eik-rlz /00 d_(] e_iq(XIO_XZO)
ceo J (2m)3 00 27 g2 — k% +1ip
3 —iz(t| —t2)
Sy d_k361k"‘12 /oo % elz—lzz_, (4.23)
(2m) 00 27 72— c?2k* +in

D}}j/w (x1,x2)

where z = cq is the energy parameter. It then follows that
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e The Fourier transform of the photon propagator with respect to xo = ct

becomes in Feynman gauge

g d3k eik"'l2
Dguv(q;xlst) = —ﬂ/

€0 (2n)® ¢2 — k> +in

and the inverse transformation becomes

d Gt
Diy (31, %2) :/% Dfyuy (g1 x1,3x2) e 40107320,

After integration over the angular part (see Appendix J), this becomes

v /°° 2k dk sinkria
0

DE 1X1,X2) = — ,
Fun (45 %1, %2) 4m2cenria q? — k2% +1in

(4.24)

(4.25)

(4.26)

where k = |k|, and ¢ = k¢ is now decoupled from |k|.> Fourier transforming

(4.25) with respect to space yields

guv 1
ceo g2 — k% +ip

Dg;w(q;k) ==

or in covariant notation

v 1
ceg k2 +in’

DEM (k) =—

where k is the four-dimensional momentum vector, k2 = k& — k.
The Fourier transforms with respect to time are similarly

g d3k eik-r12
Dfju(erixn = -2 [

e J @n)3 ¢2—k*+in
_ v /°° 2k dk sinkria
C 4m2eorin Jo 22— 22 +in’

8w !

DF sk = - S 5 A, .
P (2 60) €0 72— +1ipy

(4.27)

(4.28)

(4.29)

(4.30)

3 In some literature |k| is denoted by k, but here we introduce a new notation (k), reserving k for

the four-dimensional vector, in order to avoid confusion.
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which differ from the previous transforms with respect to momentum (4.26) and
(4.27) by a factor of ¢ (see Appendix K.2). z = cq is the energy parameter. The
inverse transformation is here

dz

Dy (x1,X2) = / 3 Phuw(@x1.x2) e i1—12), (4.31)

4.3.2 Coulomb Gauge

Above we have found an expression for the photon propagator in the Feynman
gauge, and by means of the formulas for gauge transformation in Appendix G.2,
we can derive the corresponding expressions in other gauges.

In the Coulomb gauge (G.19), the scalar part (uv = 00) of the photon propaga-
tor is
1

DS (k) = ——.
FOO( ) C€0k2

(4.32)

Transforming back to four-dimensional space yields according to (4.23)

e~ iko(xo1—x02)

1 d3k  eikriz /dko
ceo ) 2n)d k2 27

oo .
1 / 2k di sinkrys /dko o iko(x01—x02)
4m2cegria Jo K2 2

Dgoo(xl’ X2) =

using the relation (J.17). With xo = ¢t and z = cko, this can be expressed

1% dz -
Digo(x1, x2) = —= /Ee (t1=12), (4.33)

e2c?

where V¢ is the Coulomb interaction (2.109). With the damping factor, the integral
tends to a delta function (A.15)

7
Dfoo(x1.x2) = ﬁ 5(ty — 1), (4.34)

but we shall normally use the more explicit expression (4.33).
From the relation (4.33), we find that the Fourier transform with respect to time
becomes

- (4.35)

D ( ) 1 ® 2k dk sinkryp Ve
,X1,X2) = .
FOO \%» ’ 0 K2 €2C2

42c2€9112
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The vector part of the propagator is according to (G.19) (¢ = ko)

1 kik;j
DS (k)= ——nr——(gij + —L 436
rij () ceo(k? +in) (gu + k> ) (5=6)
and transforming back to three-dimensional space yields
1 d*k elkriz kik;j
DE 1X1,Xp) = ——— i+ —
Fl_](q 1 2) ceo (27_[)3 q2 — k2 T 17’] (gl] k2 )
1 ® 2k dk sinkrip kik;
=—— > 5 (gij + — 21)
ceo Jo q°—k*+1n k
= cD}% (z3x1,%2) (z=cq). (4.37)

4.4 Single-Photon Exchange

We consider now the exchange of a single photon between the electrons, represented
by the Feynman diagram in Fig. 4.4 (left). We start with a general covariant gauge,
such as the Feynman gauge, and consider then the noncovariant Coulomb gauge.

4.4.1 Covariant Gauge

The second-order S-matrix (4.3) is given by

1 /—iy2
§@ — 5(_) / / d*xp d*oxy T[H(x2) H(xy) ] e InHI2D - (4.38)
c

With the interaction density (4.4), this becomes

S )2 [ |
§@ = (167)// d*x, d*x; T[(WT(x)oz”Av(x)xﬁ(x))z(l/ﬁ(X)Oé”Au(x)l/f(x))1]

x e—7(n H—\tz\), (4.39)

c d
Z=cC
|7 a 2v = +
a b

Fig. 44 The Feynman representation of the exchange of a single, virtual photon between two
electrons. This contains two time-orderings
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where the contraction between the radiation-field operators yields the photon
propagator, iDgy,,, (4.18), or with the short-hand notation (4.19),

)2
S@ — % / / d*xy dhxy o)yt ()
X iDg(x2, X1) Y (x2) ¥ () e v {InlFIERD, (4.40)

Identification with the second-quantized form (see Appendix B)
s@ — %CICZ; (cd\S(2)|ab) ChCa (4.41)

yields a particular matrix element of the S® matrix

(cd|S@|ab) = —// d*xpd*x; ¢Z(X1)¢Z,(x2) ie2 Dp(x2. x1)
X Py (x2)Pa (1) eV T 1HI2D

d
/ ﬁ (cd|— ie? DF(Z’x2’x1)|ab)

y / / C2d1ydey et Ca=ee =) gmit2(ep—ea+2) o=r(In|+lr2)

(4.42)

using the Fourier transform (4.31). After performing the time integrations (A.14)

(cd}S(Z)}ab):/;—Z (cd|—ie*c® De(z. x2. x1)|ab)
X2mwA (g —2—€c) 2 Ay (ep + 72— €4). (4.43)

o We introduce the single-photon interaction

I(x1,x2) = Vip(x1, x2) = e*c?at’ @y Dgy (x1, x2) = e¢? Dg(x1, x2)
(4.44)
with the Fourier transform with respect to time
[(z:x1,X2) = €20} @) Deyy (23 X1, x2) = €*? Dp(z: X1, x2),  (4.45)

which has the form of an energy potential. We shall generally express the Fourier
transform of the interaction with respect to time as

2¢%k di f(k,x1,%2)
22— 22 +1in

1(z;x1,X2) = e*c?at' @y Dy (2 X1, %2) = /

(4.46)
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where f(k,x1,x5) is a gauge-dependent function. This transform, as well as the
function f(k,x1,x7), has the dimension of energy (or s~1 with our convention
with s = 1).°

With the notation above the S-matrix element (4.43) becomes

(cd|S(2)}ab) =/dz (cd|-il(z)|ab) 2m Ay (sa —z—&c) 2 Ay (8 + 72— £4).

(4.47)
In Appendix A.3.2, it is shown that
/ — 27 Ay (a—2)2nA, (b —2) +
CoK” 417
— 2 Ay (@ — b) (4.48)

22— +1iy’
where we observe that the infinitesimally small quantity n, appearing in the prop-
agators to indicate the position of the poles, is replaced by the adiabatic damping
parameter, Y, which is a finite quantity (that eventually tends to zero). This gives

(cd|SP|ab) = 21 Az, (¢4 + £ — £c — a) {cd |~i1(2)| ab) (4.49)
with z = ¢q = ¢4 — &.. This can also be expressed

(cd|S@|ab) = 27 Ay (Ein — Eow) (cd|— il (2)|ab), (4.50)

where Ej, and E,, are the incoming and outgoing energies, respectively. Using the
Sucher energy formula (4.6) and the relation (A.17)

lim 2wy Az, (x) = éx,0, 4.51)
y—0

the corresponding energy shift becomes
AE(l) = 8EinsEout ((,d|](z)}ab> (452)

Assuming that Qo = Pj, = P is the antisymmetrized state

|®) =[{ab}) = —[Iab —lba)|.

QI

the first-order energy shift becomes

AE = (®|1(2)|®) = (ab|l(2)|ab) — (ba|l(z)|ab), (4.53)

®The constants of the expressions can be conveniently checked by dimensional analysis (see
Appendix K.2).
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which is consistent with the interpretation of the interaction 1(z) as an equivalent
energy-dependent perturbing potential.
We have seen here that the time integration — in the limit y — 0 — leads to

e Energy conservation at each vertex with the propagator energy parameters
treated as energies.

Due to the energy conservation of the scattering process, only diagonal (‘“on-
the-energy-shell””) matrix elements are obtained from the analysis of the S-matrix.
Therefore, the technique cannot be used for studying quasi-degenerate states by
means of the extended-model-space technique (see Sect. 2.3). Off-diagonal elements
needed for this approach can be evaluated using the covariant-evolution operator
technique, demonstrated in Chap. 6.

4.4.1.1 Feynman Gauge

With the expression (4.29) of the photon propagator in Feynman gauge, the
corresponding interaction (4.45) becomes (z = cq)

e? 2k di sinkria
I"(zx1,x0) = ———— o /— 4.54
(Z ! 2) 47'[2601’12 *1 % q2_K2 +i77 ( )
The corresponding f function in (4.46) then becomes
fF( ) e? “ Sinkris e? (a ) Sinkrip
K,X1,X2) = ————oaja = — —ar-a .
! 2 471’260 152 riz 471’260 ! 2 ri2

(4.55)

Evaluating the integral in (4.54), using the result in Appendix J, we obtain

2
IF(zx1.x0) = ——— (1 —ay - o) eFn2/e, (4.56)
47'[60]’12

which agrees with the semiclassical potential (Appendix F.73).

4.4.2 Noncovariant Coulomb Gauge

In the Coulomb gauge, we separate the interaction into the instantaneous Coulomb
part and the time-dependent transverse (Breit) part,

1€=IS+ 1. (4.57)

The transverse part of the interaction can be treated in analogy with the covariant
gauges. According to (4.44) we have

ITC(x1 LX) = ezcza’ia{ DFCij (x1,x2), (4.58)
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which with (4.37) yields

2 d’k -k ok ikerio
I£(zx1x2) = (al. (@1 - k) (e )) e

e ] 2n)3 k? g2 —k*+ip

62 d3k ( (061 . Vl) (062 . Vz)) eik-r12
010y —

e ] 2n)3 k? g2 —k*+ip

e? /ZKdK SinK71o ( (1 +Vy) (a2 -Vz))
o1 -0y —

471’26()7'12 (]Z—K2+i77 K2
(4.59)
and the corresponding f function becomes (4.46)
> si Y Y
FEU, X1 x2) = — sinlkriz) |:oc1 ) 1)2(“2 2] . (4.60)
4 €0 ri2 K

Performing the « integration in (4.59), using the integrals in Appendix J, yields for
the transverse (Breit) part

2

c e ellalriz
It (zx1,x2) = e |:061 2 o (oy - Vi)(a2 - V2)

ellalriz _
q%r12 i|
4.61)

This agrees with the semiclassical result obtained in Appendix F.2 (F.54).
The instantaneous Breit interaction is obtained by letting ¢ = 0, (Fig. 4.5)

Breit __ plnst __
1 =B} =

2 [1 (al-i‘lz)(“l"’lz)} (4.62)

- | za1 - +
4]1’601’12 2 21‘12

which is the interaction in the Dirac—Coulomb-Breit approximation (NVPA)
(2.112) and agrees with the expression derived in Appendix F (E.55).

c d c d
Via B
Fig. 4.5 Instantaneous 1¢----92 1fe'e'detr
Coulomb and Breit
a b a b

interactions between the
electrons
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The (instantaneous) Coulomb part of the interaction becomes, using the relations
(4.33) and (4.39),

e? 2k dk sinkryp dz ... _
1EG1x2) = / - / & iy
d .
= Vc/ had e it1—12) (4.63a)
2w

I§(zix1,%2) = = V. (4.63b)

e? 2k di sinkria
2

47'[2607‘12
This leads to, using (4.43),

(cd|$®|ab) = / ;—fr (cd|—iVc|ab) 2m Ay (ea —2—£c) 2m Ay (8 + 2 — £4)

and in analogy with (4.49)
(cd|S(2)|ab) = (cd|—iVc|ab) Agy(ea + &) — €c — €a).

The Sucher energy formula (4.6) then gives the expected result for the first-order
energy shift

AEW =§p g (cd|Vc|ab), (4.64)

where, as before, Ej, = &, + ¢ is the initial and E,y = €. + &4 is the final energy.
Again this demonstrates that the interaction (4.45) represents an equivalent interac-
tion potential and that the energy is conserved for the S-matrix.

4.4.3 Single-Particle Potential

Finally, we consider in this subsection the simple case of an interaction between a
single electron and a time-independent external field, 4, (x) (Fig.4.6). Here, the
scattering amplitude becomes from (4.3) with the interaction density (4.4)

S = je / d*x T () @ Ay (x) 9 (x) e 77N (4.65)

Fig. 4.6 Diagrammatic

representation of the b
interaction between an
electron and an external field.
The heavy lines represent a
electronic states in the

bound-interaction picture

X----
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with A, = (¢/c,—A) according to (F.6) in AppendixF. In analogy with the
previous cases, this yields (dxo = ¢ dr)

(b|SWVla) = iec (bla* A, la) 2mA, (4 — £p). (4.66)

We consider a scalar energy potential, V(x) = —e¢(x) and A9 = —V/ec, which
with is given by and the S-matrix element then becomes

(b|SWla) = 2 A, (4 — €3) (b|—iV]a). (4.67)

The Sucher energy formula (4.6) then yields the expected result

AED =5, . (b|Vl]a). (4.68)

4.5 Two-Photon Exchange

4.5.1 Two-Photon Ladder

We consider next the exchange of two uncrossed photons in a covariant gauge,
such as the Feynman gauge, illustrated in Fig. 4.7 (left). Again, this is a Feynman
diagram, which contains all relative time orderings of the times involved, still with
the photons uncrossed.
As before, we consider first this problem using a general covariant gauge, such
as the Feynman gauge, and then we shall consider the Coulomb gauge, in particular.
In analogy with the single-photon exchange, the S-matrix becomes

. N4
§@ = (1:—') //// d*x1d*xd*x3d*xg YT (x3) U7 (xa) 1DR(x4, x3)

X iS}:(X3, xl) iSp(X4, XZ) iDF()Cz, xl)g@(xz)lﬁ(xl) e_y(ltl ‘+‘t2|+|t3|+|t4\)’

(4.69)

where Dk is defined in (4.19).

ct d oy, td

3 e~ e 4 3¢----94

t (1)126024 u t a)lza)g.u

1 e 2 1K 2% 2% W]

a b a b
Eo Eo

Fig. 4.7 The Feynman representation of the two-photon exchange. The left diagram represents a
Coulomb and a transverse photon interaction in Coulomb gauge
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The vertices can here be permuted in 4! ways, and this leads to pairwise identical
diagrams, related only by a reflection in a vertical plane. The 12 pairs represent
equivalent but distinct terms in the expansion, and by considering only one of them,
we have

s o\4
S(4) = % //// d4x1d4x2d4X3d4X4 }}T(X3)@}T(X4) iDF(X4,X3)

X iSF(X3, xl) iSF()C4, )Cz) iD}:()Cz, xl)lﬁ(xz)lﬁ(xl) e_y(‘” |+|Z2H—‘t3‘+‘t4‘).
(4.70)
Identifying with the second-quantized expression and performing the time integra-

tions as in the single-photon case (4.43), using the interaction (4.44), the matrix
elements becomes’

dz d7 d d
(cd|SP|ab) = // < & // @1 a)z (cd|(=) (2 x4,x3)iSp(w1; X3, x1)
2w 2w 2 2
X iSp(wa; X4, X2) (—1)1(z: X2, x1)|ab) 2w A, (eq — 2 — w1)

X 2w Ay(ep + 2 — 02)2m Ay (w1 — 2 — 60)27 Ay (w2 + 7 — €4).
Integrations over wy, w, then yield

dz d7
(cdlS(4)|ab):/ it
27 21

XiSg(ep 4 23 %4, X2) ()1 (z: X2, x1)|ab)
X2 Azy(6q —6c —2—2)2m A2y (ep — g +2+ 7). (471)

(cd |(=D) (i x4, x3)iSp(eq — z: X3, %1)

(As shown before, the n parameter in the electron propagators should here be
replaced by the adiabatic damping parameter y.) After integration over 7/, we have

d
(cd|SWab) = / S led|(=D(ea — gc =z 2. x4)iSe(ea — Z 2. x1)
v/

X iSp(ep + 2: X4, %2) (=) (z: X2, x1)|ab)
X 2w Asy(€q + €p — €c — €4)- 4.72)

To evaluate this integral is straightforward but rather tedious, and we shall not
perform this here (see, for instance, [9]).

Next, we shall consider the special case, where we have one instantaneous
Coulomb interaction and one transverse-photon interaction (Fig.4.7, right), using
the Coulomb gauge.

7 We have here an illustration of the general rules for setting up the S-matrix, given in Appendix
H, that there is (1) factor iSg for each electron propagator, (2) a factor —i/ for each single-photon
exchange and (3) a A factor for each vertex.
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Separating the interaction according to (4.57), we now have
4) dz N 7C .
(cd|SPab) = T (cd|(—)IE(z: x4, x3)iSp(ea — 2 %3, %1)

X iSp(ep + 23 x4, X2) () I (2: X2, x1)|ab)
X2 Ay (8qa — €c —2) 2 Asy (60 + €p — ¢ — €4). 4.73)

Inserting the expressions for the electron propagators (4.10) and the interaction
(4.46), this yields

d 1) (t
(cd|SDlab) = (cd| VC/_Z AU ) (]
2w eq—z—& +1yr €p +2— & +iYu
2ic c2dic £ (k)
X/ 2 C2K2T+ in ‘ab> 21 Asy(eq + € — €c —&4), (4.74)

where V¢ is the Coulomb interaction £ (4.63b) and £ is given by (4.60). The
products of the propagators can be expressed

1 1
Ea— 27— & +1iyr ep +z2— &, + 1Yy
1 1 1
= [ — + - } (4.75)
Eo—ée —¢ey | &a—2—& +iyy & +2—8,+1iy,

with Eg = &4 + &p. The poles are here at z = ¢, — & +iys, 2 = &, — &p — iy, and
7z = £(ck —in). Integrating the first term over the negative half plane (z = cx —in)
and the second term over the positive half plane (z = —c«k + in), yields®

|tu) (tu|

(cd|S@|ab)y = —i(cd) Ve g
— ¢t T ¢Cu

Vi )ab> 27 Aay(Eo — Eow).  (4.76)
where

(tulVilab) = <tu

[ ca s

! ! b 4.77
X|:€a—8z—((,'l(—i]/)t+€b—8u—(CK—i]/)ui| )a> @77

is the transverse-photon potential. The corresponding energy shift becomes in anal-
ogy with the single-photon case (4.53)

|tu) (tu]

AE :(qb‘ Ve g

Vi ‘qb). (4.78)

This holds when particle as well as hole states are involved.

8 This is an illustration of the rule given in Appendix H that there is a factor of —i for each “non-
trivial” integration, not involving a A factor.
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In principle, the adiabatic damping has to be switched off simultaneously at all
vertices. If the intermediate state is not degenerate with the initial state, the damping
can be switched off at each vertex independently, which leads to energy conservation
at each vertex, using the orbital energies of the free lines and the energy parame-
ters of the propagators. The degenerate case, which leads to what is referred to as
the reference-state contribution, is more complicated to handle [3, 9], and we shall
not consider that further here. This kind of contribution is easier to evaluate in the
covariant-evolution-operator formalism that we shall consider in Chap. 6.

4.5.2 Two-Photon Cross

For two crossed photons (Fig. 4.8), the S-matrix becomes

dz d7 dw; dw
(cdlslab) = [[ 5555 [ G2 G2 leal-biC s wa)iSe@rixax1)

X iSp(w2: X2, x3) (—i)1(z; x2. x1)|ab) 27 Ay (¢4 — 2 — w1)
X2 Ay(ep — 7 — w2)2m Ay (w1 + 7 —ec)2m Ay (w2 + 72— £4).

Integrations over w, w, yield

dz d7
(cd|S(4)|ab // S d|( D) I(Z;x4,%3)iSp(eq — 2, X4, X1)

X ISF(Sb —23x2,%3) ()1 (z: X2, x1)|ab)
X2 Agy(6q —c —2+7)2m Aoy (ep —eq +2—72).  (4.79)
Again, we consider the simpler case with one Coulomb and one transverse in-

teraction (Fig.4.8, right), using the Coulomb gauge. Then the diagonal element
becomes

(ab|slab) = (ab| Ve / 4 0 Ju) (u

2 £q — 27— & iy €g —2— &y + iy,

2¢*k dx fT (x) ‘
x [ S a— [ab) 2440 4.80
/Z—CK2+1 71'4)/() ( )
¢ d
44 2
4
w1 L uwy
74
Fig. 4.8 The Feynman 1¢ 3
representation of the a b

two-photon cross Ey
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using the fact that ¢, + €5 = &, + &4. Integration over z leads in analogy with
4.77)to

[tu) (tu]
a— & — & t+ &y

(ab|S@ab) = i <ab) Ve - X )ab> 2w A4y (0),  (481)

where V¥ is the potential

(tulVX|ab) = <m

/cd/c fTC(K)

x ! _ ! b). (4.82)
[8a—st—(c1<—iy), ed—su—(cx—iy)u:| ‘a > ’

If &; and ¢, have the same sign, the denominators in the expression (4.81) can be
expressed

1 1

ca—& — (ck —1y); eq — &y — (ck —iy),

which is in agreement with the evaluation rules for time-ordered diagrams, derived
in Appendix I.

The two-photon ladder and the two-photon cross have been studied in great detail
by means of the S-matrix technique for the ground-state of helium-like systems by
Blundell et al. [3] and by Lindgren et al. [9]. Some numerical results are given in
Chap. 7.

4.6 QED Corrections

In this section, we shall consider how various first-order QED corrections — be-
yond the no-virtual-pair approximation (see Sect. 2.6) — can be evaluated using the
S-matrix formulation. With this formulation, only corrections to the energy can be
evaluated. In Chap. 6, we shall demonstrate a way of including these effects directly
into the wave functions, which makes it possible to incorporate them into the many-
body procedure in a more systematic way. Some QED effects contain singularities
(divergences), which can be handled by means of regularization and renormaliza-
tion, as will be discussed in Chap. 12.

4.6.1 Bound-Electron Self-Energy

When the photon is emitted from and absorbed on the same electron, we have an
effect of the electron self-energy, illustrated in Fig.4.9. This forms the major part
of the Lamb shift, discovered experimentally by Lamb and Retherford in 1947 [7].
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Fig. 4.9 Diagram representing the first-order bound-electron self-energy. The second diagram
represents the Coulomb part of the self-energy in Coulomb gauge

This was the starting point for the development of modern QED (see the book by
Schweber [15]). The second most important part of the Lamb shift is the vacuum
polarization, to be treated below.

We treat first the self-energy and start with a covariant gauge and then consider
the noncovariant Coulomb gauge.

4.6.1.1 Covariant Gauge

For the electron self-energy (Fig.4.9), we can set up the expression for the S-matrix
in analogy with the single-photon exchange (4.40),

)2
Ss = (132) // doa d*xy 9T () 1SF (o, x1) iDp (2, 200) ¥ (y) 77 (112D,
(4.83)
Considering the equivalent case with 1 <> 2, the matrix element becomes
dz dew ) .
wissela) = [[ 552 (b iSe(@iwa.x0) 1w x) o
2w 2w
X2 Ay (eq —2— @) 2w Ay (w0 + 2 —€p) (4.84)
and after integration over @
(DISsela) = 2w Azy (e — €5) (b|— 12 (¢q)|a)
with
. [ dz
Y (eq) =1/ZSF(£,; —2x2,x1) [(z:x2,%1) (4.85)

being the self-energy function.
The Sucher energy formula (4.6) yields the corresponding energy shift

AEsg = )}1_1)1}) iy (b|Ssela) = by, (b] X(€a)la) (4.86)
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using the relation between the Dirac delta function and the Kroenecker delta factor
in Appendix (A.17).

With the expressions for the electron propagator (4.10), the bound-state self-
energy becomes

1
2nea—£,—z+1n,

/ / 2¢%k di f(k)
= ifar 5 lra)
2w gq — & —z +in J 72— 242 +1in

@Iz ola) = ifar] [ 3% I(x2.x1) Jra)

(4.87)
using the f function defined in (4.46).
In the Feynman gauge, we have
1 2c%kdi fF
(a|X(eq)la) =1 at‘/ / cTiede f ) ta>,
2w g — & —z+1in J 22 —c2k? +in
(4.88)

where fF is given by (4.55). Performing the z integration yields

(a2 (sa)la) = (m) / ¢ d/T(x) )m) (4.89)

gq — & — (ck —in);

and

ta> | @.90)

2 w .
e oy o cdk sinkr
O el | 2
4m2¢q r12 B — (ck —in);

4.6.1.2 Coulomb Gauge

In the Coulomb gauge, the transverse part can be treated in analogy with the co-
variant gauge (4.89)

(a|E(8a)|a)TranS=<at‘/8a cdicfi ) ‘ta> 4.91)

—& — (ck —in);

or with (4.60)

e? < . 1 / cdk sinkria
S a [—
472¢ ri2 ) &a—& — (ck —in);
(a1 -Vy) (Olz'Vz] ) >
ta).
2

(alz(ga)|a>Trans =

x [ocl oy — (4.92)
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For the Coulomb part, we insert the expression for ICC in (4.63b) into (4.85),
yielding

. 2 .
ie dz 2Kk dk sinkr
2 (ea)coul = 2—/—Sp(ea—z;x2,x1)/—2”
42egrin 2w K
. dz
- 1/—SF(ea—z;x2,x1)Vc (4.93)
2

and

dz 1

— W ‘ta>. 4.94
2w eq —z7— & + 1 ¢ ( )

(@l X (ea)|a)com = i<at‘ /

The integral can be evaluated as a principal integral (which vanishes) and half a
pole, yielding the result —i sgn(e;)/2. The self-energy then becomes

(a2 (e)|a) cou = %sgn(st)<at) Ve ‘m). (4.95)

The electron self-energy is divergent and has to be renormalized, as will be dis-
cussed in Chap. 12. Some numerical results, using the Feynman gauge, are given in
Chap. 7.

4.6.2 Vertex Correction

The vertex correction, shown in Fig. 4.10, is a correction to the single-potential in-
teraction in Fig. 4.6, and the S-matrix becomes in analogy with the self-energy

dz dw
Gisvela) = [ 5252

X (bu) iSp(w; x2, x3)iec ag A (x3)

iSp(w; x3,x1) ()1 (z; x2,x1) ‘ta>

X2t Ay(eqg —2— ) 2w Ay (@ + 2 — €p) (4.96)
b
2v
uf o A7 X=---
A° x----930 z
t w 1
L
Fig. 4.10 Diagram a
representing the first-order a
vertex correction
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and after integration over @
(bu|Svc|ta) = 2w Asy (8 — €p) (bu|—iec Ag (84, £4) A% (x3) |ta) , (4.97)

where

. dz
Ag(eq,8q) = —iag / gSF(ga —2,%2,x3) Sp(eq —z3x3,x1) [(z;x2,%1)

(4.98)

is the first-order vertex-correction function.

4.6.2.1 Covariant Gauge

With the expression for the electron and the photon propagators in a covariant gauge,
we have

. dz 1 1 2¢2k dic f(k)
Ag(8q,8a) = =i | — - ; 2 2,2 1 i
2w eg —€ey— 2+ 1,80 — & — 2+ 10 72 —Cc%k* +1n
d
— / ¢ de J (k) : (4.99)
(6q — &y —ck +1n)(eq — & — ck + 1)

assuming positive intermediate states. The corresponding expressions of the partic-
ular gauge is obtained by inserting the expression for f(k) in that gauge.

Comparing with the self-energy above, we find for the diagonal part, t = u, what
is known as

o The Ward identity (see also Chap. 12).

%2(5@) = Ao(ea,€q)- (4.100)

Also, the vertex correction is singular and has to renormalized, as will be dis-
cussed in Chap. 12.

4.6.2.2 Coulomb Gauge

The transverse part in Coulomb gauge is analogous the expression in the covariant
gauge, using the corresponding f function. For the Coulomb part, we insert the
Coulomb interaction (4.63b) in expression (4.98), yielding

—i(u) 0 [£ : ! Ve )x)

Ag(eq, € Py i i
o(€a,€a) o 2meq —€y—2+ 1N, 80 — & — 2+ 11

= —<u‘ sgn(e;) % i t> (4.101)

t —&Eu
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provided &; and ¢, have different sign. If &, = ¢, this vanishes, which is consistent
with the Ward identity, since the corresponding self-energy contribution is energy
independent.

4.6.3 Vacuum Polarization

The field near the atomic nucleus can give rise to a “polarization effect” in the
form of the creation of electron—positron pairs, an effect referred to as the vacuum
polarization. The first-order effect, illustrated in Fig.4.11, forms together with the
first-order self-energy (Fig. 4.9) the leading contributions to the Lamb shift.

In order to set up the S-matrix for the leading vacuum polarization (first diagram
in Fig.4.11), we go back to the relation (4.39) for single-photon exchange

[ ' |
- [[ atrdtn 7@ a4, p00), (5 ea A, 0w ),

oY1+

leaving out the factor of 1/2, since we can interchange 1 and 2, and inserting the
contraction between the creation and absorption electron-field operators at vertex 2
to represent the closed orbital loop. Explicitly writing out the spinor components,
we have at this vertex

[ I [ I
Yh (2)eay Ay (k)Y (x2) = Tr [y (2)ea” Ay (x2)¥(x2) |

b X
T -X  + + .-
a X

Fig. 4.11 Diagram representing the first-order vacuum polarization according to (4.107). The
closed loop contains summation over all orbitals (particles and holes). The first and third dia-
grams on the r.h.s. of the first row vanish due to Furry’s theorem (see text). The first diagram in
the second row represents the Uehling part and the final diagrams the Wickmann—Kroll part. The
heavy lines represent the bound-state propagator and the thin lines the free-electron propagator
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where “Tr” stands for the trace of the matrix, i.e., the sum of the diagonal elements.
The contraction leads here to —iSg(x3, x2), according to the definition (4.9). We
then have the S-matrix element

—e? // d*xz d*x1 e Dryy (X2, 1) Tr[eg (<) Se(x2, xp) ] e77 (1 1F12D,

With the Fourier transforms Sg(w; x2,x2) and Dry,(z; X2, x1), the time depen-
dence is

et ep—ea—21)=ylt1| g—itz(@—w+2)—ylt2]
and this leads after time integrations to the S-matrix element

(b|S(2)|a) = 2nA, (¢4 —€p —2) ZnAy(a) —w+72)

dw dz
// o E a‘l‘DFw(z;xz,xl)Tr[aﬁsF(w;xz,xz)] ‘a>
(4.102)

and in the limit y — 0, using the relation (A.28) in Appendix A,
(BISPa) = 27 Agy (4 — e3)
2 do 1 v
xet | - (b) ) Dy (0: x2, x 1) Tr[o Sp(w: x2, x2)] ‘a>.
(4.103)
According to Sucher’s energy formula (4.6), we have in second order

AE = lim iy (@|S@|®) (4.104)
)

and using the relation (A.17)
AE = —ib(eq, €p)

d
er/ ﬁ (b) OliLDFvu(O;xz,xl)Tr[aESp(a);xz,xz)] ‘a>. (4.105)

It can furthermore be shown that only v = 0, i.e., «” = 1 will contribute here [12].
The vacuum polarization contribution is divergent and has to renormalized, which
in this case turns out to be not too difficult (see below).

The bound-state electron propagator, Sg(w), is in operator form (4.14)

N 1
Sp(w) = —————. (4.106)
@ — hpgy (1 —1n)
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Expressmg the Dirac Hamiltonian for an electron in an external (nuclear) potential
Vext A8 hbau = hfree +Vext, Where hfree is the free-electron Hamiltonian, the propagator
(4.102) can be expanded as

1 1 1 1
~ . = ~ . + ~ . V n .
Z_hbau(1 _177) Z_hfree(l _177) Z_hfree(l _177) Z_hfree(l _177)
1 1 1
= —V < —Vx— — +
- hfree(l - 177) - hfree(l —in) Z_hfree(1 —in)
1 1 1
= ~ . + ~ . V n .
Z_hfree(l _177) Z_hfree(l —in) Z_hfree(l _177)
1 1 1
. Vo Vo —
Z_hfree(l _177) Z_hbau(1 —in) Z_hfree(l _177)

(4.107)

which leads to the expansion is illustrated in Fig.4.11.

The first and third diagrams on the r.h.s. in the first row in Fig. 4.11 vanish due to
“Furry’s theorem”. According to this theorem, a diagram will vanish if it contains a
free-electron loop with an odd number of vertices [10, Sect. 9.1]. The first diagram
in the second row represents the Uehling part [17], and the second part is the so-
called Wickmann—Kroll [19] part. The Uehling part is divergent, but Uehling was
already in 1934 able to handle this divergence and derive an analytic expression
for the renormalized potential. The Wickmann—Kroll part is finite and has to be
evaluated numerically.

Both the Uehling and the Wickmann—Kroll effects can be expressed in terms of
single-particle potentials that can be added to the external potential, used to gen-
erate the single particle spectrum, and in this way the effects can be automatically
included in the calculations to arbitrary order (see, for instance, Persson et al. [12]).
In Table 4.1, we show the result of some accurate vacuum-polarization calcula-
tions. The diagrams above for the vacuum-polarization and the self-energy can
be compared with the corresponding many-body diagrams, discussed in Sect.2.4
(Fig.2.3). In the MBPT case, the internal lines represent core orbitals only, while in
the present case they can represent all orbitals — particle as well as hole states.

Table 4.1 Vacuum- 5Kr  Uehling —1.35682
polarization effects in the Wickmann-Kroll 0.01550
ground stat.e of some . wXe Uehling 73250
hydrogen-like systems (in Wickmann-Kroll 0.1695
eV) (from Persson et al. [12]) ) :
70Yb  Uehling —23.4016
Wickmann-Kroll 0.8283
»U  Uehling —93.5868

Wickmann-Kroll 4.9863
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1u 30 4t 2v

Fig. 4.12 Diagram representing the first-order photon self-energy

4.6.4 Photon Self-Energy

The interaction between the photon and the electron—positron fields can give rise
to another form of vacuum polarization, illustrated in Fig.4.12. The S-matrix
for this process can be obtained from that of single-photon exchange (4.40) by
replacing —ie?a)’ Dy, (x1, X2) o) by

// d*x3d*xy (—iez) oc’fDFlw (x1, x3) 117" (x3, x4) (—iez) oy Drry (x4, X2),

(4.108)
where
197 (x3, x4) = of wf (x3)¥ (x3) ¥ (x4)xg(x4)az
] L ]
= aZ P (x3) ¥ (xa) UF (e3) P (xa) )
= —TI'[Olg iSF()C3, )C4) iSp(X4, X3) OlX] (4109)

is the first-order polarization tensor [10, Egs. (7.22) and (9.5)]. The contractions
lead here to the trace as in the previous case, and there is also here a minus sign due
to the closed loop.

The photon self-energy is (charge) divergent and requires a renormalization, as
is discussed further in Chap. 12, and after the renormalization there is a finite re-
mainder.

4.7 Feynman Diagrams for the S-Matrix: Feynman Amplitude

4.7.1 Feynman Diagrams

We have in this chapter constructed S-matrix expressions for a number of Feynman
diagrams, and we summarize here the rules that can be deduced for this con-
struction. We also introduce the so-called Feynman amplitude, introduced by
Richard Feynman in his original works on quantum-field theory, which we shall
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find convenient to use also in other procedures to be discussed later. These rules are
also summarized in Appendix H.
The S-matrix is given by (3.26) and (4.3)

o0 _i\n 1
S = Z%( ‘) n—!/dx;*.../dx;; T[H(x1) ... H(xy)] e 7 Uikl
n=

c
with the interaction density (4.4)

H(x) = —@T(x)eca“AM(x)vﬁ(x).
This leads to the following rules: There is

e An electron-field creation/absorption operator, 1}7 / g@, for each outgoing/-
incoming electron orbital.

e An electron propagator (4.10) (times imaginary unit) for each internal orbital
line

n n dw .
Iﬁ(xl)v,ﬂ(xz) = iSF()Cl,Xz) = 1/ 2— Sp(a);xl,xz) e_lw(zl_tz).
s

o A single-photon interaction [(4.44) and (4.45)] (times negative imaginary unit)
for each single internal photon line

d .
I(xlvxz):/ﬁ(—i)](z;xl,xz)e—lz(ll—tz),

where the interaction is given by (4.46)

2c%k di f(k,x1,x2) . / 2k di f(k,x1,Xx2)
2—c2+in q> — k2 +in

I(z;x1,x2) = /

(k = |k|,z = cko = cq).

e At each vertex a space integration and a time integral 2m A, (arg), where the
argument is equal to incoming minus outgoing energy parameters.

e A factor of —1 and a trace symbol for each closed orbital loop.

4.7.2 Feynman Amplitude

The Feynman amplitude, M, is
e For the S-matrix defined by the relation

(cd|S|ab) = 278(Em — Eou) (cd|M]ab), 4.110)

where Ej,, Eqy are the incoming and outgoing energies, respectively.
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o The first-order energy shift is given by

AE =g, E

out

(cdliMlab). | @4.111)
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Chapter 5
Green’s Functions

The Green’s function is an important tool with applications in classical as well
as quantum physics (for an introduction, see particularly the book by Fetter and
Walecka [5, Chap. 3], see also the book by Mahan [8]). More recently, it has been
applied also to quantum-electrodynamics by Shabaev et al. [12]. As a background,
we shall first consider the classical Green’s function.

5.1 Classical Green’s Function

The classical Green’s function, G(x, x¢), can be defined so that it describes the
propagation of a wave from one space-time point xo = (Zy, X¢) to another space-
time point x = (¢, x), known as the Huygens’ principle (see, for instance, the book
by Bjorken and Dell [4, Sect. 6.2])

x(x) = /d3x0 G(x, x0) x(xo). 5.1

The retarded Green’s function is defined as the part of the functions G (x, xo) for
which t > 1y

G4 (x,x0) = Ot — o) G(x, Xo), (5.2)
where O () is the Heaviside step function (Appendix A.29), which implies

O — 1) 1(x) = / x0 G (x. x0) x(x0)- (5.3)

We assume now that the function y(x) satisfies a differential equation of
Schrodinger type

.0
(18_1 —H(x) ] x(x) =0. (5.4)
I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 91

Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_5, (© Springer Science+Business Media, LLC 2011
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Operating with the bracket on (5.3) yields

i8(t —1o) x(x) = /d3xo(ia% - H(x)) G4 (x, xg) x(xo)

using the relation (A.31), which implies that

o the retarded Green’s function satisfies the differential equation

(i;—t — H(x)) G4 (x,x0) = i8*(x — xo). (5.5)

— A relation often taken as the definition of the (mathematical) Green’s function.

The Green’s function can be used for solving inhomogeneous differential equa-
tions. If we have

(ia% - H(x)) V() = fx). (5.6)

then the solution can be expressed

U(x) = /dx’ G (X', x) f(x)). (5.7)

5.2 Field-Theoretical Green’s Function: Closed-Shell Case

5.2.1 Definition of the Field-Theoretical Green’s Function

e [nthe closed-shell case, the field-theoretical single-particle Green’s function can
be defined [5]"
(00 |7 [0 (v0) ]| 0n)

G, x0) = (On| On)

. (5.8)

where T is the Wick time-ordering operator (2.27) and @H, Iﬁ:[ are the electron-
field operators in the Heisenberg representation (HP) (B.27). The state|Oy) is the
“vacuum in the Heisenberg representation,’ i.e., the state in the Heisenberg repre-
sentation with no particles or holes. In a “closed-shell state,” the single reference
or model state is identical to the vacuum state (see Sect. 2.3).

! Different definitions of the field-theoretical Green’s function are used in the literature. The def-
inition used here agrees with that of Itzykson and Zuber [7], while that of Fetter and Walecka [5]
differs by a factor of i.
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The Heisenberg vacuum is time independent and equal to the corresponding vac-
uum state in the interaction picture at # = 0, i.e.,

where U(t, tp) is the evolution operator (3.6) and |0) is the unperturbed vacuum or
the IP vacuum as t — —oo [c.f. (3.28)].
Using the relation between the electron-field operators in HP and IP (B.25)

() = U0.0)§(x) U, 0). (5.10)
we can transform the Green’s function (5.8) to the interaction picture

(0|Ue0. 0T V0.0 (1)U 0V, 1)) (x0)U (10, 0)| U0, ~ox)| )

G, x0) = (010 (0. —0)]0)
(5.11)
For t > ty, the numerator becomes
(0 )U(oo, )9 (U, 1) (x0)Ulto, —oo)) 0> (5.12a)
and for ¢t < fp
(o )U(oo, 10) ¥ (x0)Ulto, )0 (x)U(1, —oo)) o) (5.12b)

using the relation (3.8). From the expansion (3.15), we obtain the identity

Ult,t0) = l)v/ dry .. /dzv [V(tr)... V()] e vt l+le2l-)

v= 0

/dll /dt,, V(ll) Vi, )] —y(lt1|+e2]+)

> _1 m 13 1
X Z ( ) /t drsy .. /z dt,, T[V(tl) V() e—y(\t1|+|t2|,.,)]’

0

(5.13)
where we have included the unity as the zeroth-order term in the summation. If we

concentrate on the v:th term of the first sum, we have the identity (leaving out the
damping factor)

— / dr .. / dty T[V(t1) ... V(t)]
= > m!n!/t dry .. /n dan[---]/ttldzl.../ttldzmT[---]. (5.14)

0 0
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We can now apply this identity to the first part of the numerator (5.12a),
U(oo,t) ¥ (x)U(t,t9). The interaction times of U(oo,t), ¥(x) and U(t, o) are
time ordered, and hence the result can be expressed

—/ dn .. / ey T [V(zl)...V(xU)&(x)]. (5.15)

The same procedure can be applied to the rest of the expression (5.12a) as well as to
the other time ordering (5.12b). With the perturbation (3.16), the numerator of the
single-particle Green’s function (5.11) then becomes [5, Eq. 8.9]

(o r (e o) = = 35 (Z)" [t [t
(0|7 [0 ) -+ Hxa) 9 (0) | 0) vl (5.16)

with integrations over all internal times. In transforming the time-ordering to normal

ordering by means of Wick’s theorem, only fully connected terms remain, since the

vacuum expectation of any normal-ordered expression vanishes (see Sect. 4.41).
The denominator in (5.8) becomes, using the relation (5.9),

(Ou|0) = (0]U(00, —00)[0) = (0]S10).

where S is the S-matrix (4.2). Then

o the Green’s function can be expressed

<0H ‘T [VAfH(X)‘HL[(XO)]‘ 0H>

Glx, %0) = 0IS[0)

(5.17)

We see that this expansion is very similar to that of the S-matrix (4.3), the main
difference being the two additional electron-field operators. Therefore,
e the Green’s function can also be expressed as

(0|7 [ (yUo0. —o0yi (x0) | 0)

Glx, %0) = 0IS[0) ’

(5.18)

where the time-ordered product is connected to form a one-body operator. This
leads to
o0

O|S|0 an(:) /d4x1'“/d4x"

n=0

< 0|7 [y ) -+ H) ()| 0) €77 rlE. - (5.19)

G(x,x9) =

The Green’s function is like the S-matrix Lorentz covariant.
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The two-particle Green’s function is defined in an analogous way

(O1T [ () ¥ (") Bl ) T o) | 0)
(01510}

G(x,x";x0,x) = (5.20)

and transforming to the interaction picture leads similarly to

| R [ S
’. o 4y 4
G(x,x";x0,x9) = —(0|S|0) E_O: n!( ; ) /d X1 /d Xn

X (0T [ ()P (x) H(x1) - H(xn) ¥ ()T (x0)]j0) eIl (501

and analogously in the general many-particle case. Note that the coordinates are
here four-dimensional space-time coordinates, which implies that the particles have
individual initial and final times. This is in contrast to the quantum-mechanical wave
function or state vector, which has the same time for all particles. We shall discuss
this question further below.

We can transform the time-ordered products above to normal-ordered ones by
means of Wick’s theorem (see Sect.2.2.3). Since normal-ordered products do not
contribute to the vacuum expectation value, it follows that only fully contracted
contribute to the Green’s function. The contractions between the electron-field op-
erators and the interaction operators lead to electron propagators (Sg) (4.9) on the
in- and outgoing lines as well as all internal lines (see Fig. 5.1).> This allows time to
run in both directions, and both particle and hole states can be involved.

5.2.2 Single-Photon Exchange

The Green’s function for single-photon exchange in Fig.5.2 can be constructed in
close analogy to that of the corresponding S-matrix in Sect. 4.4,

G(x,x', xp,xp) = // d*x, d*xq iSp(x, x1) iSE(x’, x2)

x(—i)e? Dp(xa, x1) iSp(x1. X0) 1Sk (xa., x}) e ¥ (111F12D (5 22)

X X x!
Sk Sk NS
] | |

N3 Sk A
X0 X0 x(’)

Fig. 5.1 Graphical representation of the one- and two-particle Green’s function. The orbital lines
between dots represent electron propagators

2 In our notations, an orbital line between heavy dots always represents an electron propagator.
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Fig. 5.2 Green'’s function X x’

for single-photon exchange
SF w3 W4 SF

Sp4 w1 w24 Sg

Y& g X

With the transforms (4.10) and (4.31), this becomes after integrating over the inter-
nal limes [using the relation (A.17)]

. s . .
G(x,x/,x(),x(/)) —e 1t w3 e it w4 eltoa)l e1t0w2 // d3x1 d3x2/
da)1 dw2 dz
// —1SF(w3,x x1)
21

da)3 da)4
2n 2w

2 27
X iSp(w4; X', x2) (—1)e? Dp(z; X2, x 1) iSp(w1: X1, X )
X 1Sp(w2; X2, x0)2w Ay (01 — 2 — w3) 2 Ay (w2 + 7 — wa).
(5.23)
In the equal-time approximation, where the particles have the same ini-
tial and final times (r =¢' and f9= t(/)), the external time dependence becomes
e it (@3+wa) gito(@1+@2) Tp the limit y — 0, we have after z-integration w; + wy =
w3 + wy, and if we consider the diagram as a part of a ladder, this is equal to the
initial energy Ey.
We define the Feynman amplitude for the Green’s function as the function with
the external time dependence removed. This gives

G(x,x', x0, X)) = Mgp(x,x"; x9, x}y) e 10710 Eo (5.24)
and

da)3 da)4 da)1 da)z
sex'ixoxg) = [[@vae [[ 5252 [[ 052
Mip(x, x75 X0, xo) // Trax 2m 2w 2n 2w

X iSp(wa; x', x2) (=) [ (01 — w3; X2, x1) iSe(w1: X1, X0)
X iSp(w2; X2, X0)27w Azy (01 + w2 — w3 — w4) (5.25)

using the definition (4.44).

5.2.3 Fourier Transform of the Green’s Function

5.2.3.1 Single-Particle Green’s Function

Assuming the Heisenberg vacuum state |Oy) to be normalized, the single-particle
Green’s function (5.8) becomes
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G(x, x0) = (Ou|T [Fa(x) ¥ (x0) ] |On)
= O(t —19) (Oﬂll/}H(x)K&ﬂ(xojoﬂ) —O(to —t) (OHll/Af:I(Xo)l/AfH(XXOH)-

(5.26)
The retarded part (5.2) is then, using the relation (B.27) in Appendix B,
Gy (. x0) = (On[ i (6) ¥ (x0) | On)
= (Ou|(e P (x) e 7H) (704 (x ) e 7H10) | On) (5.27)

Inserting between the field operators a complete set of positive-energy eigenstates of
the second-quantized Hamiltonian H (2.17), corresponding to the (N + 1)-particle
system

H |n) = E, |n) (5.28)

yields the Lehmann representation

G (x,x0) = Z(0H|61Ht¢s(x)}”) e 1 En(t=to) (”WST(XO) e Hoy) (529

n

summed over the intermediate states of the (N + 1) system. The ground state as
well as the inserted intermediate states are eigenstates of the Hamiltonian H, and
setting the energy of the former to zero, this yields

G (x,x0) = Z(OHWS(X)}”) e iEn(t~0) (UWST(XO)}OH)- (5.30)

n

Performing a Fourier transform of the Green’s function, including the adiabatic
damping e” 7" (see Sect.3.2), yields (r =t — 19 > 0)

(Ou] s (¥)[n) ]/ (x0)|0n)
E—E, +iy

o0
Gi(E;x,x0) = / dr elf® Gi(t,x,x9) =1
0
(5.31)
using
o] ) i
/ dte“ e’ = ——. (5.32)
0 o+ 1y
Analogous results are obtained for the advanced part (t < to) of the Green’s func-
tion, corresponding to a hole in the initial system.
The expression (n W/; (x)|0H) represents a state ¥, (x) of the (N + 1) system in
the Schrodinger picture, and an equivalent expression of

e the Fourier transform of the Green’s function becomes

W ()% (x0)

i Tn 207 5.33
E—E,+iy (5.33)

Gi(Eix.xo) =iy



98 5 Green’s Functions

This implies that

e the poles of the retarded/advanced single-particle Green’s function represent
the true energies of the vacuum plus/minus one particle, relative to the vacuum
state.

In order to show that the definition (5.8) of the Green’s function is compatible
with the classical definition [(5.1) and (5.5)], we form the reverse transformation

W (x) ¥y (x0)

—. (5.34)
E—-FE, +iy

dE —iET :
G+(x,x0)=G+(t,x,xo)=/§e ! lzn:
We then find that

0 dE —iET : E — Ep *
(15 - H(x)) G (x. x0) = / B Y gy P i)
(5.35)

Letting y — 0 and using the closure property (C.27)
D W (x) ¥y (x0) = 8% (x — x0)
n

and the integral

/ 9B eiEe = 50 = 80— o).
2

we confirm that the retarded part of the Green’s function (5.8) satisfies the
relation (5.5)

(ia% - H(x)) G+ (x, x0) = i8*(x — xo). (5.36)

5.2.3.2 Electron Propagator

We consider now the zeroth-order single-particle Green’s function (5.19)

Go(x. x0) = (0| T ()" (x0)] 0) . (537)

where the vacuum and the field operators are expressed in the interaction picture.
Then we find that

e the single-particle Green’s function is identical to the Feynman electron prop-
agator (4.9) times the imaginary unit i

Go(x, xg) = iSp(x, xg). (5.38)
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The retarded operator can be transformed in analogy with the Lehmann
representation above

Got(x.x0) = Y (O s (0) | n® 7 EH0n® [l () 0w). (5.39)

wherelno) are eigenstates of the zeroth-order Hamiltonian for the (N + 1)-particle
system (B.22)

H0|n0) = E2|n0)

and E? are the energies relative the vacuum. Performing the time integration yields
the Fourier transform

Got(x.x0.E) =1y _ E Sty (5.40)
n
The corresponding advanced function becomes
o () {n°1x o)
Go—(x,x9,E) =— —_ 541
0—(x, %0, E) IZE—E,(Z)—IJ/ (541
n
Both of these results can be expressed by means of a complex integral
dE (x[n°)(n®xo) _
Go(x,x0) = iSp(x,x0) =i [ —— ———Lt—— e E(=I0), 5.42
o(.x0) = iSe(r. ) =1 [ 7 AT e (542

where y,, has the same sign as E?, i.e., positive for particle states and negative for
hole or antiparticle states.

The zeroth-order Green’s function or electron propagator can also be expressed
in operator form as

i

Go(E) = iSe(E) = ———— .
o(E) = i8K(E) = 5

(5.43)

5.2.3.3 Two-Particle Green’s Function in the Equal-Time Approximation

Setting the initial and final times equal for the two particles, 1 = ¢" and 7o = 1, the
retarded two-particle Green’s function (5.20) becomes

G (x,x"3 %0, x5) = {On| Y (x) Yra(x') Y (x5) Vs (x0)| O

= (Ou| ("4 (x) s (x/)e ™ )
x (e 4l () il (x0)e7H10) |0g) . (5.44)
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We introduce a complete set of two-particle states (5.28), which leads to the
Lehmann representation

G (v, X3 %0, x0) = Y (0n [ s 0) Pis(x") | m) €2 0=10) i [ ) 07 (x0) )

with the Fourier transform (5.45)

(On[ s (x) W (x")|m) (|95 (. 07 (x0)) [ Ow)
E—E, tiy

Gy(E;x,x"ix9,xp) = Z
n

(5.46)

with the upper (lower) sign for the retarded (advanced) function. Here, (n |1@§ (x0)

1/A/§ (x6)|0H) represents a two-particle state ¥, (x,x’) in the Schrodinger picture,
which yields the Fourier transform

lIln(xsx/) lll;zk(x()s x;))

G+(E:x,x"1x0.x() =i
+(E;x,x";x0,xp) 12 E—FE, iy

n

(5.47)

This implies that also in this case the poles of the Green’s function represent the
exact eigenvalues of the system, relative to the vacuum. Note that this holds in the
many-particle case only in the equal-time approximation, where there is only a sin-
gle time coordinate T =t — t.

5.3 Graphical Representation of the Green’s Function *

We shall now demonstrate how the expansions of the Green’s-functions [(5.19) and
(5.21)] can be conveniently represented by means of Feynman diagrams [6], dis-
cussed in the previous chapter, and we start with the single-particle case.

5.3.1 Single-Particle Green’s Function

The zeroth-order Green’s function is (with our definition) identical to the Feynman
electron propagator times the imaginary unit (5.38) or equal to the contraction (4.9)

A A
Gotx.x0) = (0|7 [T o) || 0) = F0p o). (5.48)
which we represent graphically as in Fig.4.1.
X
Go(x,x0) = 4

Xo (5.49)
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This contains both time orderings, i.e., j represents both particle and hole/
antiparticle states.
In next order, the numerator of the Green’s function (5.16) has the form

52 [ / / a1 da T HEDH) $ )] o). (5.50)

The photon fields have to be contracted, which leads to a two-particle interaction, in
analogy with the single-photon interaction Vi, (4.44),

1
H(x1)H(x2) = v(x1,x2) (5.51)

with the Fourier transform with respect to time v(z; x1, X2), which we represent

graphically as
>1vwb~/w2<

The vacuum expectation (5.50) can then be illustrated by the following picture
b
1 2
(U1 ([
X0 l

where the vertical lines represent the electron-field operators. The procedure is now
to transform the time ordering to normal ordering (see Sect.2.2), which we can do
by means of Wick’s theorem (2.34). This leads to a normal-ordered totally uncon-
tracted and all possible normal-ordered single, doubly, ...contracted terms. In the
vacuum expectation only fully contracted terms will survive.

We can here distinguish between two cases: either the electron-field operators
are connected to each other and disconnected from the interaction or all parts are
connected to a single piece. The former case leads to the diagrams

o0 |

(5.52)

(5.53)

(5.54)
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where the disconnected, closed parts represent the closed first-order S-matrix

diagrams
1 _
s = O + @ (5.55)

The diagrams in (5.54) can then be expressed GoS, c(ll)'
Connecting all parts of the expression (5.53) leads to the diagrams

(5.56)

These diagrams are quite analogous to the S-matrix diagrams for vacuum polar-
ization and self-energy, discussed in Sect.4.6, the only difference being that the
Green’s-function diagrams contain in- and outgoing electron propagators. We note
that all internal lines do represent electron propagators, containing particle as well
as hole states.

We can now see that the disconnected parts of the diagrams (5.54) are eliminated
by the denominator in the definition of the Green’s function (5.8). Therefore, we
can then represent the Green’s function up to first order by connected diagrams
only (Fig.5.57).

(5.57)

We shall now indicate that this holds also in higher orders.
Next, we consider a Green’s-function term with two two-particle interactions.

(5.58)

(orr [ M 110)
"N

We can here distinguish different cases.
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We consider first the case where both interactions are disconnected from the
electron-field operators. Leaving out the latter, we then have

ot 7 o
o

(5.59)

This corresponds to the vacuum expectation of the second-order S-matrix and leads
to connected diagrams

(5.60)
and to the disconnected diagrams

O-~0O0~0 O~00 O

(5.61)

We denote these diagrams by Sc(l2 ) = (01S®@]0). In addition, we have the free
electron-field operators, which combine to the zeroth-order Green’s function Gy.
Therefore, we can express the corresponding GF diagrams as G S, 0(12 ).

Next, we consider the case where one of the interactions in (5.59) is closed by
itself, while the remaining part is connected. This leads to disconnected diagrams,
where the disconnected part is the closed first order (5.55) and the connected part
is identical to the connected first-order diagrams in Fig. 5.56, which we can express
the disconnected diagram as Gél)Sc(ll).

Finally, we have the case where all diagram parts are completely connected,
shown in Fig. 5.3, which we denote by G(Z)

Going to third order, we find similarly that we can have Gy = G® combined

with the closed diagrams S © Gél) combined with §? G(Z) combined with S (1)

cl cl

and finally completely connected Gé ) diagrams. This leads to the sequence

GO

GO 4 GO

G(z) " G(”S(” + GO

Gé” + Géz)Sc(ll) + G(I)S(z) + G(O)S(3’
etc.,

which summarizes to

GO +6 462+ )1 +5P + 8P +..) = (Go+ Ge)(1 + Sa). (5.62)
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4

:8 )

B

-O-O O )

Fig. 5.3 Second-order connected diagrams of the one-body Green’s function, assuming a two-
body interaction

where G¢ represents all connected diagrams of the numerator of the GF expression
(5.21) and S, represents all closed S diagrams. But the last factor is the vacuum
expectation of the S matrix to all orders

(0[S]0) =1 + S, (5.63)

which implies that this is canceled by the denominator in the definition (5.8). Hence,

o the single-particle Green’s function can in the close-shell case be represented
by completely connected diagrams

o0
iG(x,x9) = [Z%C—;)n/“'/d“xl"'d“xzn
n=0 "

x (0T [ () H(x1, %2) -+ HOx2n-1, 320) W(xo)]O)}

(5.64)

This can also be expressed

G(x.x0) = (On|T [ ()1 (x0)]| O, - (5.65)

The connectedness of the Green’s function can also be shown in a somewhat differ-
ent way. If we remove the two electron-fields operators and the denominator from
the Green’s function expansion (5.19), then we retrieve the vacuum expectation of



5.3 Graphical Representation of the Green’s Function 105

the S-matrix (4.3) (0]S|0). Therefore, if the field operators are connected to each
other and the interactions among themselves, the result (after including the denom-
inator) is simply the zeroth-order Green’s function iG®. If the field operators are
connected to one of the interactions, they form the connected first-order Green’s
function iGc(égn and the remaining interactions again form (0|S|0). Continuing the
process leads to

G =GO + G + G® 4o, (5.66)

conn conn
which proves that the single-particle Green’s function is entirely connected.
5.3.1.1 One-Body Interaction

We shall now consider the case when we, in addition to the two-body interaction,
have a one-body interaction of potential type

The graphical representation can then be constructed in the same way as before,
and we then find in first order the additional diagrams

(5.68)

o

The first diagram is unconnected, and the closed part is a part of (0|S|0) and hence
this diagram is eliminated by the denominator of (5.19), as before. It is not diffi-
cult to show that the single-particle Green’s function is represented by connected
diagrams only, when we have a mixture of one- and two-body interactions. The
additional connected diagrams in second order are shown in Fig. 5.4.

5.3.2 Many-Particle Green’s Function

We now turn to the two-particle Green’s function (5.21). The zeroth-order Green’s
function is in analogy with the one-particle function (5.49) represented by

X x’

Go(x,x";x0,x5) = l l = iSk(x, x0) iSr(x’, x3)
I
X0 xo

(5.69)

or a product of two Feynman electron propagators.
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R |9 o

- | .

LN

Fig. 5.4 Additional second-order diagrams of the single-particle Green’s function — in addition to
those in Fig. 5.3 — with a combination of one- and two-body interactions

As mentioned earlier, the (initial and final) times of the two particles in principle
can be different, although we shall in most applications assume that they are equal,
as will be further discussed in the following.

In first order, we have in analogy with the single-particle case (5.53)

[
OIT[  rme 0)
l l (5.70)

This can lead to disconnected diagrams, composed of the zeroth-order function
(5.69) and the closed first-order diagrams (5.55). Another type of disconnected
diagrams is the combination of zeroth-order single-particle GF and the connected

first-order GF
{ | (5.71)

It should be noted that both parts are here consider as open (not closed).® Finally,
we can have an open two-particle diagram

3 Generally, a diagram is considered closed if it has no free lines/propagators, like the diagrams in
(5.60) and (5.61), while an open diagram has at least one pair of free lines, like those in Fig. 5.3.
An operator or a function represented by a closed/open diagram is said to be closed/open.
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(5.72)

In second order, we can have the zeroth-order two-particle Green’s function,
combined with second-order closed diagrams, SC(Z), and connected first-order di-

agrams combined with first-order closed diagrams, Sc(ll). In addition, we can have
disconnected diagrams with two open first-order single-particle diagrams (5.56).

Continuing this process leads formally to the same result as in the single-particle
case (5.62) — the diagrams with a disconnected closed part are eliminated by the
denominator. Formally, the diagrams can still be disconnected, like (5.71), since
there is a disconnected zeroth-order Green’s function part. We shall refer to such
diagrams as linked in analogy with the situation in MBPT (Sect. 2.4). The result is
then expressed

G(x, x's X0, x) = [i % (;—j)n/d“xl ---/d4in 0|7 [Feoi )
o

n=

X (X1, %2) V(2o X2) B ()T (Xo)]0)>:| L (5.73)

linked

a result that can easily be extended to the general many-particle case.

The two-body interactions used here correspond to two contracted interactions
of the type (4.4). Uncontracted interactions of this kind cannot contribute to the
Green’s function, since this is a vacuum expectation. Therefore, the results above
can in the single-particle case also be expressed

G(x,x9) = i%(%i)n/d%l.../(ﬁxn
n=0 """

x <O ‘T[Iﬁ(x) H(x1) - H(xn) @&T(XO)]

ocmm> (5.74)

including even- as well as odd order terms, and similarly in the many-particle case.
This can also be expressed

G(x.x0) = (0| T [Jra ()P (x0)] On). ., (5.75)

and in the two-particle case

G(x. x5 0, x0) = (Opt]| T [m () i VP (e Uy ()| Ont)y g - | (5276)




108 5 Green’s Functions

The linked character of the Green’s function can also in the two-particle case be
shown as we did at the end on the single-particle section. If all interactions of the ex-
pansion (5.21) are connected among themselves, they form the vacuum expectation
value of the S-matrix, canceling the denominator, and the electron-field operators
form the two-body zeroth-order Green’s function G;O). If one pair of field operators
are internally connected, then the remaining part is identical to the single-particle
Green’s function G, which has been shown to be connected. The result GgO)Gl is
disconnected but since both parts are open, this is linked with the convention we
use. If one pair of field operators are connected to some of the interactions and the
other pair to the remaining ones, the result is GG, which is also disconnected
but linked. Finally, all field operators can be connected to the interactions, which
leads to the connected two-particle Green’s function G2 ¢onn. The remaining inter-
actions form (0|50}, canceling the denominator, and the result becomes G2 conn- In
summary, the two-particle Green’s function becomes

GZ = Gé()) + Gl,conn Gl,conn + G2,conn’ (577)

which can be disconnected but linked. This argument can easily be generalized,
implying that

o the many-particle Green’s function in the closed-shell case is linked.

5.3.3 Self-Energy: Dyson Equation

All diagrams of the one-particle Green’s function can be expressed in the form

G(x. x0) = G(x.x0) + / / d*dx1d*dixs Go(x. x1) (—i) 5 (x1. x2) Golxa. x0).
(5.78)

where X'(x5, x1) represents the self-energy. This can be represented as shown in
Fig.5.5, i.e., as the zeroth-order Green’s function plus all self-energy diagrams.

Some of the second-order self-energy diagrams in Figs. 5.3 and 5.4 have the form
of two first-order diagrams, connected by a zeroth-order GF. All diagrams of that
kind can be represented as a sequence of proper self-energy diagrams, X*, which
have the property that they cannot be separated into lower-order diagrams by cutting
a single line. This leads to the expansion of the total self-energy shown in Fig. 5.6,
where the crossed box represents the proper self-energy. The single-particle Green’s
function can then be represented as shown in Fig.5.7, which corresponds to the
Dyson equation for the single-particle Green’s function.

G(x,x9) = Go(x,x0) + // d*x1d*x2 Go(x, x2) (=) Z*(x2. x1) G(x1., X0).

(5.79)



5.3 Graphical Representation of the Green’s Function 109

Green’s function expressed in

Fig. 5.5 The single-particle
terms of the self-ener:
gy l +

Fig. 5.6 Expansion of the )

total self-energy in terms of

proper self-energies. The _

crossed box represents the - @ + t-

proper self-energy X*

Fig. 5.7 Graphical
representation of the Dyson
equation for the = 1 +
single-particle Green’s
function (5.79), using the
proper self-energy X*

X x/
X x' X x/
X2 X5 . , ,
B, 2T (o xgxxp)
+ X1 Xy
/. ’
— G(x1, x{; X0, X0)
X0 x6 X0 x6 ’
Xo X
0

Fig. 5.8 Graphical representation of the Dyson equation for the two-particle Green’s function
(5.80). The crossed box represents the proper two-particle self-energy

Similarly, the Dyson equation for two-particle Green’s function becomes

G(x,x";x0,x5) = Go(x, x5 x0,x0) + //// d*xyd*xpd*x) d*x)
X Go(x,x": x2,x35) (=1) X" (x2, x5: X1, x})
x G(x1,x]; X0, Xp)- (5.80)

This equation is illustrated in Fig. 5.8, where the crossed box represents the proper
two-particle self-energy.
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Table 5.1 Electron affinity of Ca atom (in meV)

4pi)n 4p3)» Reference
Theory 19 —13 Salomonson [11]
Theory 22 —18 Avgoustoglou [3]
Theory 49 —18 Dzuba [3]
Expt’l 24.55 —19.73 Petrunin [10]
Expt’l 18.4 Walter [13]
Expt’l 17.5 Nadeau [9]

5.3.4 Numerical Illustration

Here, we shall illustrate the application of the Green’s-function technique for many-
body calculation by the electron affinity of the calcium atom (Table 5.1). The
negative calcium ion is a very delicate system, with a very feeble binding energy, and
it has been quite difficult to determine this quantity experimentally as well as theo-
retically. It is only recently that it has been possible to obtain reasonable agreement.

The calculation of Salomonson et al. is performed by means of the Green’s-
function method, that of Dzuba et al. by many-body perturbation theory and that of
Avgoustoglou by all-order pair-correlation method.

5.4 Field-Theoretical Green’s Function: Open-Shell Case *

In this section, we indicate how the Green’s-function concept could be extended
to the open-shell case, when the model states are separated from the vacuum state.
It is recommended that Chap. 6 is first studied, where the treatment is more akin
to the normal situation in MBPT, discussed in Sect.2.3. We leave out most details
here and refer to the treatment of the covariant evolution operator and the Green’s
operator, which is quite equivalent. In this section, we +in particular look into the
special approach due to Shabaev [12].

5.4.1 Definition of the Open-Shell Green’s Function

In the general open-shell case, singularities of the Green’s function can appear also
for connected diagrams, as in the covariant-evolution operator (see below). If we
consider a sequence of ladder diagrams of single-photon exchange, V', as discussed
in the next chapter (Fig. 6.3), considering only particle states (no-pair), the Feynman
amplitude for the Green’s function is the same as for the covariant evolution operator
(6.20) with no model-space states,

M =1+ Tg(Ey) V(Eo) + I'g(Eo) V(Eo) I'o(Eo) V(Eo) +---.  (5.81)
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where

0 _ |rs) (rs|
Eo— Ho +iy  Eo—¢& —&5+iy

I'g(Eo) =

is the reduced resolvent (2.65) and Ej is the energy parameter (of the Fourier
transform) of the Green’s function. The GF becomes singular, when there is an
intermediate state|rs) of energy Ey. Including the residuals after removing the sin-
gularities (model-space contributions) leads as shown below (6.117) to a shift of the
energy parameter, Eg —> E = Eo + AE,

M=14+To(E)V(E)+ To(E)V(E)Tg(E)V(E)+---. (5.82)
This is a Brillouin—Wigner perturbation expansion, and it can be summed to

1 n) (n|
- _ 5.83
M= e Tty " E—E,+ 1y (5:83)

with H = Ho+ V(E) and|n) represents the exact eigenstates of the system with the
energy E,. This agrees with the Fourier transform of the GF derived above (5.47),
demonstrating that the transform has poles at the exact energies. Consequently, this
holds also in the open-shell case.

The Green’s-function technique yields information only about the energy of the
system. This is in contrast to the Green’s-operator formalism, to be treated in the
next chapter, which can give information also about the wave function or state vector
of the system under study.

5.4.2 Two-Times Green’s Function of Shabaev

The use of the Green’s-function technique for atomic calculations has been further
developed by Shabaev et al. [12] under the name of the “Two-times Green’s func-
tion” (which is equivalent to the equal-time approximation, discussed above). This
technique is also applicable to degenerate and quasi-degenerate energy states, and
we shall outline its principles here.

We return to the extended-model concept, discussed in Sect.2.3. Given are a
number of eigenstates (target states) of the many-body Hamiltonian

H|W%) = E*|0%) (@ =1---d). (5.84)

The corresponding model states are in intermediate normalization the projections
on the model space

W) = PIw?)  (a=1---d). (5.85)
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The model states are generally nonorthogonal, and following Shabaev we
introduce a “dual set” {}lllg )}, defined by

78) we1= |8 (T5] = sus. (5.86)
Then the standard projection operator becomes
P=3 [T = X W) (¥ (5.87)
BeD BeD

with the summation performed over the model space D. We also define an alterna-
tive projection operator as

o L RS ol ST
BeD B

Then
P7g) = |og) and  P|eg)=[@5) (5.89)

The Fourier transform of the retarded Green’s function is generally (5.33)

x|lI/ '1/ |x0)

, 5.90
E—-FE, +iy ( )

G+(E X, xo) = IZ

where we let x, x( represent the space coordinates of all outgoing/incoming parti-
cles. It then follows that

b 4E G (i x0) = <21 (x104) (Bl (5.91)

and

¢ EdE G4+ (E;x,x0) = =27 (x|¥,) En (Wylx0), (5.92)

n

where [, is a closed contour, encircled in the positive direction and containing the
single target energy E;, and no other pole. (This holds if all poles are distinct. In the
case of degeneracy, we can assume that an artificial interaction is introduced that
lifts the degeneracy, an interaction that finally is adiabatically switched off.) This
yields the relation [12, Eq. (44)]

$r, EAE G (E;x,x0)
" f dEGL(E:x,x0)

(5.93)
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Following Shabaev, we also introduce a “projected” Green’s function by

G

g+(Eix.xo) =iy E—EF+iy

BeD

which is the coordinate representation (see Appendix C.3) of the corresponding
operator

ﬂ B B\(yh
)| PlwP)W PP
g (E)=i Z =iy ——— (5.95)
E—EB+iy _ EB
ﬂeD —EP +1iy ﬂeDE EP 4+ iy
operating only within the model space.
The effective Hamiltonian (2.54) is defined by
Hee|¥5) = E*|¥5)
and we can then express this operator as
Hew = Y |8 )EP (5| = P, (5.96)
BeD
where
Har= Y = )wgf)Eﬂ (wf ‘ (5.97)
BeD
From the definition (5.94), it follows that
1
Her =~ 5 EdE g(B). (5.98)
2

where the integration contour contains the energies all target states. As before, we
assume that the poles are distinct.
Expanding the effective Hamiltonian (5.96) order-by-order leads to

Her = HO + HY —HQPD 4 ... (5.99)

The first-order operator H.g becomes

1
MG = “om f]g EdE gQ(E). (5.100)
b4
where
O (. (o) (9 o) s 101
g+( ,X,xo)—IZm- (5.101)

BeD
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The effective Hamiltonian above is nonhermitian, as in the MBPT treatment in
Sect.2.3. It can also be given a hermitian form [12], but we shall maintain the non-
hermitian form here, since it makes the formalism simpler and the analogy with the
later treatments more transparent.

5.4.3 Single-Photon Exchange

We shall now apply the two-times Greens function above to the case of single-
photon exchange between the electrons, discussed above (Fig.5.2). We shall eval-
uate the contribution to the effective Hamiltonian in the general quasi-degenerate
case. In the equal-time approximation, the (first-order) Green’s function (5.25) is
given by

GV (x,x", x0,xp) = m(x x'ixg, xp) e @3t gilo(@ite2) (5 1()

and the first-order Feynman amplitude is given by (5.23)

. dwsz dw dw; dw
MP (x.x":x0.x5) = —1//2—;2—7://2—;2—25p(w3,x x1)
X Sp(wa; x', x2) I(w1 — w3;x2,x1) Sp(w1: X1, X0)
X Sp(w2; X2,x0) 27 Azy (01 + w2 — w3 — ws), (5.103)

after integrations over z.
The Fourier transform of the Green’s function with respect to ¢ and 7y is

de dtg .5/, -
G(l)(E/,E) — // o 2]3 1E telEto G(l)(x,x/’xo,x(/))

= Ay (E'—w3—w4) Ay (E— a)l—a)z)/\/l(l)(x,x/;xo,x{)) (5.104)

or

dwsz d
GW(E'E) = —1/ ﬁﬂSF(a)3,x x1) SE(E' —w3;x', x2)

x I(w1 — w3:x2,x1) Se(w1:x1,%0) SE(E — w13 X2, X)
x 27 Asy (E' — E), (5.105)

after integrations over w», 4. With the expression for the electron propagator
(4.12), the matrix element of the Green’s function becomes
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/ da)3 da)1 1 1
27 2w w3 —&r +iy, BN — w3 — &5 4 1ys
1 1

" - tu
w1 — & +iyy E—w) —g, +iy, >
X 2y, (E' — E). (5.106)

(rs\G(l)(E’, E)|tu) = <rs

x (w1 — w3)

With |rs) and |zu) in the model space, this is the same as the matrix element of
the projected Green’s function (5.94), considering only poles corresponding to the
relevant target states. We define the single-energy Fourier transform by

dE’
G(E) = / — G(E',E), (5.107)
2
which yields

(rs|G(l)(E)itu) = —i <rs

dws do
Rt ¢ _
/ 2w 2w (@1 —@3)

1 1 1
X — + -
E_sr_gs|:w3_8r+lyr E_w3_83+1)’si|

1 1 1
X —+ - tu).
E —¢g —¢g, |:CO1—8;+1)/t E_a)l_gu'i‘l)/uiH >
(5.108)

We assume here that the initial and final states lie in the model space with all
single-particle states involved being particle states. The relevant poles are here

EFE=¢+¢=FE, and E =& + &5 = Eou.
The contribution of the first pole is

—i da)3 da)1

_ St B ¢ _

2mi <rs '// 2w 27w (@1 —3)
X

in 1 1
— + :
Ein — Eout |:w3_8r+13/ Ein_w3_8s+lyi|

1 1
X tu). 5.109
|:a)1—8t+i)/+Ein_a)1_5u+iy:| “> ( :

The last bracket yields —27iA, (w1 — &), and integration over w; yields

i<rs

).

(5.110)

/ 1( ) Ein 1 n 1
w Er—w
? ' ? En—FEou |03 —& +iy Epn—w3—& +iy
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Similarly, the other pole yields

d
i<rs /ﬂ I(w; — &)
2

Eout [ 1 1 :|
X — + p
Eipn— Eou Lw1 — & + 1y Eou — w1 — &, +1y

tu>. (5.111)

The matrix element of P(!) is similar with E;, and Eoy in the numerator re-
moved. The matrix element of Hégf)P(l) is obtained by multiplying by Ey, and the
first-order contribution then becomes

da)3
[ 52 16—
21

<rs )He(flf) lu> = i<rs
[ : : :|
X — + -
w3 —¢&r +iy  Ep—w3—&; +1iy

m>. (5.112)

The photon interaction is in the Feynman gauge given by (4.46)

2c%kdi fF(k;x1,x2)
I(q;x1, = . 5.113
(q:x1,x2) / = 2k 1 in ( )
with fF given by (4.55). This gives
2 2 d Fq,. ,
er — ws) = [ 26K S” (ix1 x2) (5.114)

(& —w3)? — 2?2 +in

with the poles at w3 = & + (—in). Integrating the relation (5.112) over w3 then
yields

(rs|He(fp|tu) = <rs

' F 1 1
/““f[a—a—wam+%—a—w—w”my
(5.115)

This agrees with the result obtained with the covariant evolution operator (CEO)
method in the next chapter (6.16). The CEO result is more general, since it is valid
also when the initial and/or final states lie in the complementary Q space, in which
case the result contributes to the wave function or wave operator.

In contrast to the S-matrix formulation, the Green’s-function method is appli-
cable also when the initial and final states have different energies, which makes
it possible to evaluate the effective Hamiltonian in the case of an extended model
space and to handle the quasi-degenerate case.

The two-times Green’s function has in recent years been successfully applied
to numerous highly charged ionic systems by Shabaev, Artemyev et al. of the St.
Petersburg group for calculating two-photon radiative effects, fine structure separa-
tions, and g-factors of hydrogenic systems [1,2, 14, 15]. Some numerical results are
given in Chap. 7.
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Chapter 6
Covariant Evolution Operator
and Green’s Operator

The third method we shall consider for numerical QED calculation on bound states
is the covariant-evolution-operator (CEO) method, developed during the last decade
by the Gothenburg group [9]. This procedure is based upon the nonrelativistic time-
evolution operator, discussed in Chap.3, but it is made covariant in order to be
applicable in relativistic calculations. Later, we shall demonstrate that this proce-
dure forms a convenient basis for a covariant relativistic many-body perturbation
procedure, including QED as well as correlational effects, which for two-electron
systems is fully compatible with the Bethe—Salpeter equation. This question will be
the main topic of the rest of the book.

6.1 Definition of the Covariant Evolution Operator

In the standard time-evolution operator (3.6), U(¢, ty), time is assumed to evolve
only forwards in the positive direction, which implies that 7 >7,. Internally,
time may run also backwards in the negative direction, which in the Feyn-
man/Stiickelberg interpretation [6, 15] represents the propagation of hole or
antiparticle states with negative energy. However, all internal times (#;) are limited
to the interval t; € [t, tp].

In the S-matrix (4.2), the initial and final times are ty = —oo and t = +o00, re-
spectively, which implies that the internal integrations do run over all times, making
the concept Lorentz covariant.'

In order to make the time-evolution operator covariant also for finite times, it has
to be modified. This leads to what is referred to as the covariant evolution operator
(CEO), introduced by Lindgren, Salomonson, and coworkers in early 2000s [7-11].

The CEO is, as well as the S-matrix and the Green’s function, field-theoretical
concepts, and the perturbative expansions of these objects are quite similar. The
integrations are performed over all times, and therefore, these objects are normally
represented by Feynman diagrams instead of time-ordered Goldstone diagrams, dis-
cussed earlier (Sect. 2.4).

! See footnote in the Introduction.

I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 119
Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_6, © Springer Science+Business Media, LLC 2011
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The evolution operator contains generally (quasi)singularities, when it is un-
linked or when an intermediate state lies in the model space. Later in this chapter,
we see how these singularities can be removed for the CEO, leading to what we
refer to as the Green’s operator, since it is quite analogous to the Green’s function,
which is also free of singularities.

As mentioned earlier, the covariant perturbation expansion we shall formulate
here leads for two-particle systems ultimately to the full Bethe—Salpeter (BS) equa-
tion [10]. In principle, the BS equation has separate time variables for the individual
particles, which makes it manifestly covariant. This is also the case for the CEO as
well as for the Green’s function. In most applications, however, times are equal-
ized, so that the objects depend only on a single time, which is known as the
equal-time approximation. This makes the procedure in line with the standard
quantum-mechanical picture, where the wave function has a single time variable,
W(t,xq1,x5---), but the covariance is then partly lost. Here, we shall mainly work
with this approximation in order to be able to combine the procedure with the stan-
dard many-body perturbation theory.

As a first illustration, we consider the single-photon exchange with the stan-
dard evolution operator (Fig. 6.1, left), the Green’s function (middle), and the CEO
(right). In the standard evolution operator only particle states (positive-energy
states) are involved in the lines in and out. Therefore, this operator is NOT Lorentz
covariant. In the Green’s function, there are electron propagators on the free lines,
involving particle as well as hole states (positive- and negative-energy states), and
the internal times can flow in both directions between —oo and 400, which makes
the concept covariant. In the CEO electron propagators are inserted on the free lines
of the standard evolution operator with integration over the space coordinates, mak-
ing it covariant. This implies that we attach a density operator [3] to the free lines

p(x) = PT ()P (x) (6.1)

with integration over the space coordinates. We can also see the CEO as the Green’s
function, with electron-field operators attached to the free ends.

t X -@------ - X’
-, — Y+ Y4t S
] Part. z
Particles 1 e~ 2
I Holes . )
1Yy g ¥
to X) - ------ - X,
R WSSRRTAY B

Fig. 6.1 Comparison between the standard evolution operator, the Green’s function, and the co-
variant evolution operator for single-photon exchange in the equal-time approximation
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e We generally define the Covariant Evolution Operator (CEO) in the single-
particle case by the one-body operator’

UL (t.10) = / / &x P 1 () (Ou| T[T (o) |08 (x0). | (6.2)

We use here the same vacuum expectation in the Heisenberg representation as
in the definition of the Green’s function (5.8) with two additional electron-field
operators, @T(x) and g@(xo), with space integrations over x, x¢. In contrast to
the Green’s function, we shall assume here that the number of photons does not
need to be conserved. When this number is conserved, the vacuum expectation is
a number and represents the corresponding Green’s function. The space integra-
tion makes the electron-field operators attached to this function, as illustrated in
the figure below (c.f. Fig. 5.1, left).

e In analogy with the expression (5.18) for the Green’s function, we can also ex-
press the covariant evolution operator as

Ulo (2, 10) = / / d>x d>xo p(x) U' (00, —00) p(x), (6.3)

where the density operators are connected to the standard (one-body) evolution
operator or S-matrix.
e In expanding the S-matrix [see (5.16)], we obtain

UClov([vl()) = Z %// d3x d3x0 (—?1)” /d4xl .../d4xn
n=0 """
X T[p00) Her) -+ o) plxg) | 70 (64

where the operators are connected to form a one-body operator.

2 An “n-body operator” is an operator with n pairs of creation/absorption operators (for particles),
while an “m-particle” function or operator is an object of m particles outside our vacuum. In prin-
ciple, n can take any value n < m, although we shall normally assume that n = m.
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e Similarly, the two-particle CEO becomes — in analogy with the corresponding
Green’s function (5.21) and Fig. 5.1 (right)

o0 .
1 —i\"7
vty =3 [[[[ exevers ()
n=0 "

x/ﬁ%y~/&MTpumuvH@omH@a

X plp)p(xo) | eIk, 6.5)

6.2 Single-Photon Exchange
in the Covariant-Evolution-Operator Formalism

We shall now consider the exchange of a single photon between the electrons in
the covariant-evolution-operator formalism. We consider here a general covariant
gauge (see Sect. 4.3), such as the Feynman gauge, and we shall later consider the
noncovariant Coulomb gauge.

We assume here that the initial state is unperturbed and return to the more gen-
eral situation in Chap. 8.

The CEO for the exchange of a single photon (Fig. 6.1, rightmost) is in the gen-
eral case given by

A 1
Uy (t, 1’510, 1)) = // d3x d3x’ // Bxodxh ¥ ()P () { 5// d*x; d*x,

X iSp(x, x1) iSp(x’, x2) (—i) e Dr(x2, x1) iSe(x1, Xo)

X iSg(xa, xp) eI “2)} ¥ (xp) ¥ (xo) (6.6)
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[with Dg defined in (4.19)] in analogy with the corresponding S-matrix and
Green’s-function expressions. The expression in the curly brackets is the corre-
sponding Green’s function (5.22) (the denominator does not contribute in first
order). The CEO contains additional electron creation/annihilation operators and
integration over the space coordinates at the initial and final times. This makes the
CEO into an operator, while the Green’s function is a function.

When the initial state is unperturbed, it implies with the adiabatic damping that
the initial time (fo. #;...) is —oo. From the definition of the electron propagator
(4.8), it can be shown that, as tg — —o0,

/ B0 iSe(x. x0) ¥ (x0) = P (x). ©67)

when the incoming state is a particle state. Therefore, we can leave out the propaga-
tors on the incoming lines, as illustrated in the first diagram of Fig. 6.2, correspond-
ing to the expression

Ugp(t,1';—o0) = // dx d3x/1/AfT(x)1/AfT(xl){%// d*xy d*x21 Sk(x, x1)

X i Sp(x', x2) (—i)ezDF(xz,xl)e—“"l“2')} ¥ (x2) ¥ (x1).
(6.8)

Identification with the expression for the second quantization (Appendix B) leads to
the matrix element

(rs|Ugp(t, 1" —o0)|ab) = glltert+i’es) // dt,dt, (rs\x,x/) (x,x/|iSF(x,x1)

X iSp(x’, x2) (—i)e® Dp(x2. X1)|x1. X2) (X1, x2||ab)

x e i(t1ea+t2ep) o=y (01 H—\tzl),

where we for clarity have indicated the integration variables (see Appendix C.3).

r gyt

X -@------ - x' X -@------ - X' X -@------ - X’

E() EO EO

Fig. 6.2 The evolution-operator diagram for single-photon exchange
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The external-time dependence is here e (@1—¢r) g=it'@2=¢r) " ywhich in the
equal-time approximation (t = t') becomes e #(@1+®27¢7=¢5) Since in the limit
y => 0 w1 +wy = g4 + & = Ey is the initial energy and ¢, + &5 is the final
energy, we have in this limit

(rs|Usp(t, —o0)|ab) = e E0=er=es) (r5| M |ab) (6.9)

or

Ugp(t, —00)|ab) = e 1E0=HO) |15} (15| My|ab) (6.10)

where M, represents the Feynman amplitude. This is defined as the operator with-
out the external time dependence, in analogy with the Green’s function (5.23) (see
also Appendix H.2). This yields

dw; d
(rs|Mgplab) = <rs // @1 G2 —1Sp(w1,x x1)iSp(w2; x’, x2)
2

o2 21
x (=) [(z;x2,x1)2w Ay (8¢ —2— 1)
W27 Ay (65 + 2 — 02) ab> ©.11)

and after integration over w;, w; in the limit y — 0

(rs|Mgplab) = rs) / — iSp(sq —z:x,x1)iSk(ep + z;x, x2)
x (=) I(z;x2,x1) 2w A2y (e + €p — 01 — @2) )ab>. (6.12)

Inserting the expressions for the propagator (4.10) and the interaction (4.46) then
yields

dz 1 1
2 eq— 27— & + 1Yy €p + 72— &5 + 1Ys

i

(rs|Mgplab) = <rs

x/ 2¢%k dk f(k)

2 =22 +1n

ab>. (6.13)
With the identity (4.75), this can be expressed

(rs|Msplab) = (rs|Viplab) (6.14)

Eo—&r — &5

or

Mg (x. x)ab) = Viplab) . (6.15)

Ey— Hy
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where V, is the potential for single-photon exchange (4.77),

(rs|Vplab) = <rs oocdlc fx)

1 1
X - + . ab).
|:€a—8r—(CK—1)’)r €b—8s—(CK—1V)s” >
(6.16)

The evolution operator (6.10) then becomes

—it(Eo—Ho)

Ey—

€

Ugp (1, —00)|ab) = Viplab) . (6.17)

The results above hold in any covariant gauge, like the Feynman gauge. They
do hold also for the transverse part in the Coulomb gauge by using the transverse
part of the f function (4.60).

The result (6.16) is identical to the Green’s-function result (5.115), when the final
state,|rs), lies in the model space. In the CEO case, the final state can also lie in the
complementary Q space, in which case the evolution operator contributes to the
wave function/operator.

The CEO result can be represented by means of two time-ordered Feynman dia-
grams, as shown in Fig. 6.2. We then see that the denominators are given essentially
by the Goldstone rules of standard many-body perturbation theory [5, Sect. 12.4],
i.e., the unperturbed energy minus the energies of the orbital lines cut by a horizon-
tal line, in the present case including also —k for cutting the photon line.’

When the initial and final states have the same energy, the potential (6.16) above
becomes

® 2kd
(cd|Viglab) = < ‘/ K /czf(/c)
q* — K2 +1iy

ab>, (6.18)

where cq = ¢, — & = &4 — €p, which is the energy-conservative S-matrix result
(4.46) and (4.52).

We have seen here that the covariant evolution operator for single-photon
exchange has the time dependence e *(Eo=Ho) which differs from that of the
nonrelativistic evolution operator (3.11). We shall return to this question at the end
of this chapter.

31t should be observed that a Goldstone diagram is generally distinct from a “time-ordered Feyn-
man diagram,” as is further analyzed in Appendix I.
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6.2.1 Single-Photon Ladder

We can now construct the covariant evolution operator for some ladder-type interac-
tions provided no hole states are appearing in the intermediate states (see Chap. 8).
The diagram in Fig. 6.3 represents two reducible single-photon interactions with an
intermediate time (') that separates the interactions. The Feynman amplitude is then
obtained by combining two single-photon interactions (6.16) with corresponding
resolvents,

MPg = T(€) Vip(€) IT'(€) Vip(E) Pe. (6.19)

where (see 8.11)

(rs|Vip(&)|tu) = <rs‘ /Ooocd/c f(K)[g - 1 N 1 ]

g —es—ck E—& —&,—CK

tu>

P¢ is the projection operator of the part of the model space with energy &, and I"(€)
is the resolvent (2.64).
This procedure can be repeated to a general single-photon ladder

MuraaaPe = I'(E) Vp(E) I'(E) Vip(E) -~ T'(E) Vip(E) Pe . (6.20)
The corresponding part of the evolution operator is according to (6.10)
Uo(t, —00)Laaa Pe = e EHO M 14 Pe, (6.21)

where subscript “0” is used to indicate that there are no intermediate model-space
states (see further below). This evolution operator can be singular due to inter-
mediate and/or final model-space states, which can be eliminated by means of
counterterms, leading to “folds” (model-space contributions, MSC), as we shall
demonstrate below.

It should be observed that

e In the equal-time approximation the interactions and the resolvents as well as
the time factor of the ladder without folds all depend on the energy of the ini-
tial, unperturbed state.

The folds will affect the time dependence, as will be discussed in Sect. 6.9. In Part
III, we shall treat the ladder in the presence of virtual pairs and higher-order inter-
actions and see how the procedure can be fitted into a many-body procedure.

A
t -@------ -
A
G NN NNE
A
I -
A
Fig. 6.3 Feynman diagram ) SN
representing second-order )

ladder diagram (6.19) &



6.3 Multiphoton Exchange 127

6.3 Multiphoton Exchange

6.3.1 General

We shall now briefly consider the general case of multiphoton exchange. We can
describe this by means of a general many-body potential, which we can separate
into one-, two-, ... body parts,

V=V1+V+V;+-.-- (6.22)

and which contains all irreducible interactions.* By iterating such a potential, all re-
ducible interactions will be generated. In Figs. 6.4 and 6.6, we illustrate the one- and
two-body parts of this potential, including radiative effects — vacuum polarization,
self-energy, vertex correction (see Sect. 2.6) — which, of course, have to be properly
renormalized (see Chap. 12).

The one-body potential contains an effective-potential interaction (Fig.6.5) in
analogy to that in ordinary MBPT (2.73). In the effective potential here, however,
the internal lines can be hole lines as well as particle lines. This implies that the
second diagram on the r.h.s. in Fig. 6.5 contains the direct Hartree—Fock potential as
well as the radiative effect of vacuum polarization and the last diagram the exchange

Vi
--Q = __--+ __-- + + ...

Fig. 6.4 Graphical representation of the one-body part of the effective potential (6.22), containing
the one-body potential in Fig. 6.5 as well as irreducible one-body potential diagrams, including
radiative effects

Fig. 6.5 Graphical representation of the “extended” effective potential interaction. This is analo-
gous to the effective potential in Fig. 2.3, but the internal lines represent here all orbitals (particles
as well as holes). This implies that the last two diagrams include the (renormalized) vacuum polar-
ization and self-energy

4 Concerning the definition of the concepts “reducible” and “irreducible,” see Sect. 2.6.
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Vs

AR

Fig. 6.6 The two-body part of the effective potential (6.22) contains all irreducible two-body
potential diagrams

part of the HF potential as well as the and electron self-energy (both radiative effects
properly renormalized). All heavy lines here represent orbitals in the external (nu-
clear) potential, which implies that the vacuum polarization contains the Uehling
potential [16] (see Sect.4.6) as well as the Wickmann—Kroll [17] correction, dis-
cussed earlier in Sect. 4.6.

6.3.2 Irreducible Two-Photon Exchange*

We consider next the general two-photon exchange, illustrated in Fig. 6.7, still as-
suming the equal-time approximation and unperturbed initial state.

6.3.2.1 Uncrossing Photons

Generalizing the result for single-photon exchange (6.6), we find that the kernel of
the first (ladder)diagram becomes

iSp(X, X3) iSF()C/, )C4) (—i)ezDF(x4, X3) iSF()C3, xl)

X iSp(x4. X2) (—i)e® Dr(x2. x1). (6.23)
This leads to the Feynman amplitude in analogy with (6.11)

dw; dw, dws dws dz d7 .
Mp(x,x";x0, x¢ =////———_//__S 1 X
sp(¥, ¥ X0, Xo) 2n 2m 2w 2w 2w 2w iSp(@s:x, x3)

X 1Sp(w4; x', x4) (—1)1(2; x4, x3) iSp(w1: x3,x1)

X iSp(w2; x4, x2) (=) 1(z;x2,x1) 2w Ay (6 — w1 — 2)
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Fig. 6.7 Covariant-evolution-operator diagrams for two-photon ladder and “cross”

X 2w Ay (ep — w2 +2) 27 Ay (w1 — 7 — w3)
X 2w Ay (w2 + 7 — wa). (6.24)

Integration over w1, w, leads to

dws; dw dz d7
Mgp(x,x") = // 2—]: 2—]:// T Tm iSp(ws: x, x3) iSp(ws: x', x4)

x (=) 1(Z; x4, x3)iSp(ca — 23 x3,x1) iSp(ep + 20 X4, X2)
x (—i)I(z; X2, %1) 2w A2y (80 — 72— 7 — @3)

X 2w Agy(ep + 2+ 7 — wa) (6.25)

and over ws, wy4

dz d7
Mp(x, x)—/ —Z—ZIS}:(é‘a—Z—Z x,x3)iSp(ep + 2+ 75x",x4)

X (—)1(Z;x4,%x3)iSp(6q — 2, %3, X 1)

X iSg(ep + 75 x4, %x2) (=) (z;x2,Xx1). (6.26)

Integration over 7z’ leads to the denominators

1 1 1
- + :
5_8r_5s|:8a_5r_Z_(CK/_IV)r Ep — & +Z_(CK/_1V)S:|

and the remaining part of the integrand is

1 1 1 1
— + - —.
5—8;—8u|:8a—8t—2+1)/t 8b+Z+1)/u:|Zz—C2K2+177
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6.3.2.2 Crossing Photons

For the crossed-photon exchange in Fig. 6.7 (right), the corresponding result is

dw; dw, dws dws dz d7 .
Mp(x, x"; ,’=////————//——S ix,
sp(¥, ¥ X0, Xo) 2n 2m 2w 2w 2 27r1 P33 X, x4)

X iSp(wa:x', x2) (1)1 (21 x4, x3) iSp(w1: X4, %1)

X iSp(w2; X2, Xx3) (—i)1(z;%2,%1) 21 A, (84 — 01 — 2)

X 2w Ay (ep —wp —7) 21 Ay (01 — 7 — w3)

X 2 Ay (w2 + 2 — ws). (6.27)

Integration over the omegas yields

dz d7 . .
Mgp(x,x") = / - iSp(eq +7 —2;x,x4)iSp(ep + 2— 21", x2)

X (—)1(Z;x4,%x3)iSp(6q — 2, X4, X 1)

X iSg(ep —z;x2,x3) ()1 (z; x2,x1). (6.28)

Integration over 7’ leads to the denominators

1 1 1
- + -
E—¢&r —e |:8a — & —z2— (ck’ —1iy), Ep — &s +Z_(CK/_1V)S:|
and the remaining part of the integrand is

1 1 1
Ca— & —Z+ iy &b —6u—z+ iy, 22— 22 +in

To evaluate the integrals above is quite complicated, but they are considered in
detail in [9, Appendix B] and in the thesis of Bjorn Asén [2]. The two-photon ef-
fects have been evaluated for helium-like ions, and some results are shown in the
following chapter.

6.3.3 Potential with Radiative Parts

Two-photon potentials with self-energy and vacuum-polarization insertions can also
be evaluated in the covariant-evolution-operator formalism, as discussed in [9]. We
shall not consider this any further here, but return to these effects in connection with
the MBPT-QED procedure in Chap. 8.
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6.4 Relativistic Form of the Gell-Mann-Low Theorem

We have in Chap. 3 considered the nonrelativistic form of the Gell-Mann-Low the-
orem, and we shall now extend this to the relativistic formalism. This theorem plays
a fundamental role in the formalism we shall develop here.

We shall start with

e aconjecture that the time evolution of the relativistic state vector is governed by
the CEO in the equal-time approximation (in the interaction picture), in analogy
with the situation in the nonrelativistic case (3.6) (c.f. [4, Sect. 6.4]),

X% (1)) = Uco(t. 10)| 1%, (10)) - (6.29)

We shall later demonstrate that this conjecture is consistent with the standard
quantum-mechanical picture (6.120) [see also (9.13)]. It should be noted that the
evolution operator does not generally preserve the (intermediate) normalization.

It can now be shown as in the nonrelativistic case in Sect. 3.3 that the conjecture
above leads to a

e relativistic form of the Gell-Mann—Low theorem for a general quasi-dege-
nerate model space

. UCOV(O’ _OO)}(DO[ )
o O _ l]/a _ 1 Rel ,
|XRel( )) | Rel) yl—rﬁ) ('Ilogell UCOV(O’ _OO) |¢I({)il)

(6.30)

which is quite analogous to the nonrelativistic theorem (3.46). Here, | P 1) is, as
before, the parent state (3.32), i.e., the limit of the corresponding target state, as
the perturbation is adiabatically turned off,

g} =C® lim |xz, (). (6.31)

(C* is a normalization constant) and|11/0gel) = P|llflfil) is the (normalized) model
state.

e The state vector |€l/1‘fel) satisfies a relativistic eigenvalue equation, analogous to
the nonrelativistic (Schrodinger-like) Gell-Mann—Low equation (3.35),

(Ho + Ve)lwg) = E*198), 632

where Vg is the perturbation, used in generating the evolution operator (6.5).

In proving the relativistic form of the GML theorem, we observe that the
covariant evolution operator differs from the corresponding nonrelativistic operator
particularly by the replacement of the electron-field operators by the corresponding
density operators (6.1). It then follows that the commutator of Hy with the covari-
ant operator is the same as with the nonrelativistic operator, which implies that the
proof in Sect. 3.3 can be used also in the covariant case.
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A condition for the GML theorem to hold is as in the nonrelativistic case that the
perturbation is time-independent in the Schrodinger picture (apart from damping),
which is the case for the perturbation we shall use here (see further below).

6.5 Field-Theoretical Many-Body Hamiltonian

In the unified MBPT-QED procedure, we shall apply the Coulomb gauge in order to
be able to utilize the developments of the MBPT procedure. In this gauge, we sepa-
rate the interaction between the electrons in the instantaneous Coulomb interaction
and the transverse interaction, with the Coulomb part being (2.109)

N 6‘2
Vo= —_— 6.33
¢ Z47t60 rij ( )
i<j

The exchange of a virtual transverse photon is represented by TWO perturbations
of the one-body perturbation

vr(t) = /d3x H(t, x), (6.34)

where the perturbation density given by (4.4)
H(x) = H(t,x) = =¥ T (x) ecat A, (x) ¥ (x) (6.35)

with 4, being the quantized, transverse radiation field (see Appendix F.2). The total

perturbation is then
630

The perturbation (6.35) represents the emission/absorption of a photon. There-
fore, with this perturbation the GML equation works in a photonic Fock space,’
where the number of photons is not preserved. (The perturbation above is not time
independent in the Schrodinger picture as required by the GML relation, but it can
be transformed into equivalent, time-independent interactions, as will be demon-
strated in Sect. 10.1).

The model many-body Hamiltonian we shall apply is primarily a sum of Dirac
single-electron Hamiltonians in an external (nuclear) field (Furry picture) (2.108)

hp = ca+ P+ Bmc? + vex. (6.37)

3 Also, the Fock space is a form of Hilbert space, and therefore we shall refer to the Hilbert space
with a constant number of photons as the restricted (Hilbert) space and the space with a variable
number of photons as the (extended) photonic Fock space (see Appendix A.2).
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[As before, we may include an optional potential, «, in the model Hamiltonian (2.49)
— and subtract the same quantity in the perturbation — in order to improve the con-
vergence rate for many-electron systems. ]

However, since the number of photons is no longer constant in the space we work
in, we have to include in the model Hamiltonian also the radiation field, Hg.q [see
Appendix (G.12) and (B.20)], yielding

Hy = ZhD + Hgaa. (6.38)

The full field-theoretical many-body Hamiltonian will then be

|H = Hy + Vi = Ho + Vc + v (6.39)

sometimes also referred to as the many-body Dirac Hamiltonian. This leads with
the GML relation (6.32) to the corresponding Fock-space many-body equation®

(640

In comparing our many-body Dirac Hamiltonian with the Coulomb-Dirac—Breit
Hamiltonian of standard MBPT (2.113), we see that we have included the radiation
field, Hrad, and replaced the instantaneous Breit interaction with the transverse field
interaction, v, in addition to removing the projection operators.

Using second quantization (see AppendicesB and E),

o the field-theoretical many-body Hamiltonian (6.39) becomes

H= /d3x &T(x)(coc D+ Bme? 4 veu(x) — eCOlMAu(X))Iﬁ(x)

1
+Hrag 5 / / @1 & 7 o) 7 o) e ) D),

(6.41)

where vex (x) is the external (nuclear) field of the electrons (Furry picture).

We have here assumed that the Coulomb gauge is employed, and therefore the
operator A, (x) represents only the transverse part of the radiation field. (As
mentioned previously, it is quite possible to use the Coulomb gauge in QED
calculation, as demonstrated by Adkins [1], Rosenberg [13], and others.)

6 This equation is not completely covariant, because it has a single time, in accordance with the es-
tablished quantum-mechanical picture. This is the equal-time approximation, mentioned above and
further discussed later. In addition, a complete covariant treatment would require that also the inter-
action between the electrons and the nucleus is treated in a covariant way by means of the exchange
of virtual photons (see, for instance, [14]).
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e By treating the Coulomb and the transverse photon interactions separately,
a formal departure is made from a fully covariant treatment. However, this
procedure is, when performed properly, in practice equivalent to the use of a
covariant gauge.

We define the wave-operator in analogy with the nonrelativistic case (2.37)’
W) = 2g) (@=1---d) (6.42)

but now acting in the extended photonic Fock space.
The effective Hamiltonian has the same definition as before (2.38), which leads to

H.gs = PHS2P (6.43)
and the effective interaction is defined by
Vett = Hesr — PHo P = P(H — Hy)S$2P (6.44)

or using the Hamiltonian (6.39)

Vet = PVR2P = P(VC + VT).QP. (6.45)

This is a Fock-space relation, and the corresponding relation in the restricted space
without uncontracted photons is given by (6.123).

By solving the many-body equation (6.40) iteratively, all possible perturbations
will be produced. This is the basic principle of the covariant relativistic many-body
perturbation procedure we shall develop in this book. How this can be accomplished
will be discussed in the following. First, we shall treat the simple case of single-
photon exchange.

6.6 Green’s Operator

6.6.1 Definition

The vacuum expectation used to define the Green’s function (5.8) contains singu-
larities in the form of unlinked diagrams, where the disconnected parts represent
the vacuum expectation of the S-matrix. This is a number, and it then follows that
the singularities could be eliminated by dividing by this number. For the covariant

7 In the following, we shall leave out the subscript “Rel.”
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evolution operator (CEO) (6.2), the situation is more complex, since this in an
operator, and the disconnected parts will also in general be operators. Therefore,
we shall here proceed in a somewhat different manner.

As mentioned,

e we shall refer to the regular part of the CEO as the Green’s operator — in the
single-particle case denoted G(¢, tp) — due to its great similarity with the Green’s
function. We define the single-particle Green’s operator by the relation®

|U(t.10)P = G(t.19) - PU(0. 1) P, | (6.46)

where P is the projection operator for the model space, and analogously in the
many-particle case. Below we shall demonstrate that the Green’s operator is
regular.

The definition of the Green’s operator contains the important concept of a heavy
dot, which is defined in the following way.

If the operators are disconnected, there is no difference between the dot product
and an ordinary (normal-ordered) product. If the operators are connected to a dia-
gram of ladder type in Fig. 6.3 (6.20), then we have seen that all interactions in an
ordinary product depend on the energy of the initial state. We now introduce the con-
vention that in a dot product the operators do not operate beyond the heavy dot.’

The definitions above imply that the interactions and the resolvents to the left
of the dot depend on the energy of the unperturbed state at the position of the dot.
If we operate to the right on the part of the model space Pg¢ of energy £ and the
intermediate model-space state lies in the part Pes of energy &', we can express the
two kinds of products as

[ | [ |
APg/BPe = A(E) Pe B(E) Pe

(6.47)

A+ PerBPe = A(E') PerB(E) Pe

with the energy parameter of A equal to £ in the first case and to £’ in the second
case. By the hooks we indicate that the operators must be connected by at least one
contraction. We shall soon see the implication of this definition.

8 The Green’s operator is closely related — but not quite identical — to the reduced covariant evolu-
tion operator, previously introduced by the Gothenburg group [9].

° This can be compared with the situation in the MBPT Bloch equation (2.56), where — using the
heavy dot — the folded term could be expressed £2 - P Vg P, indicating that the energy parameters
of the wave operator depend on the intermediate model-space state.
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6.6.2 Relation Between the Green’s Operator and Many-Body
Perturbation Procedures

From the conjecture (6.29) and the definition (6.46), we have in the limit of vanish-
ing damping

[x*(t)) = NoU(t, —00)|@%) = NoG(t, —00) - PU(0, —0c0) P|®*), (6.48)

where N, is the normalization constant

1
(we[U(0, —co|®2)

Ny = (6.49)

making the state vector intermediately normalized for ¢ = 0. Here,|®*) is the parent
state (6.31), and|¥?%) = N U(0, —00)|®%) is the target state (for # = 0). The model
state is

W) = P|W%) = Ny PU(0, —00)|P%) .

This leads directly to

e the relation

|x*(1)) = G(t, —00)| &), (6.50)

which implies that the time dependence of the relativistic state vector is gov-
erned by the Green’s operator.
e Therefore, the Green’s operator can be regarded as a time-dependent wave op-
erator —but it is NOT an evolution operator in the sense, discussed in Sect. 3.1.
e For the time ¢ = 0, we have the covariant analogue of the standard wave oper-
ator of MBPT (2.37)

|x*(0)) =[¥*) = Lcoy|¥T) 6.51)

with

[ 2co = G(0.—00). | (6.52)

It follows directly from the definition (6.46) that
PGO,—c0)P =P (6.53)

and the relation above can also be expressed

| 2cov = 14+ 0G(0. —00). | (6.54)
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We note here that it is important that the Green’s operator is defined with the dot
product (6.46). The definition of the wave operator (2.37) can be expressed

|W%) = Qcoy - P|¥) = 2coy - PU(0, —00)| %) (6.55)

indicating that the energy parameter of the wave operator depends on the interme-
diate model-space state.

We shall also define a covariant effective interaction, analogous to the operator
of MBPT (2.55). The time dependence of the relativistic state vector is formally the
same as that of the nonrelativistic one (2.15) [which is verified below (6.120)], i.e.,
in interaction picture

|7%(0)) = e HEHO| y2 (0)) = e~ ET—Ho) |y (6.56)
or a
= |x*(1)) = (E* — Ho)|x* (1)) . (6.57)

With the relation (6.50), this yields for the time t = 0
(0 (0
(G leo)) 19 =i 500 -00) ) = B 9. 659)
t =0 dt =0

Here, the r.h.s. becomes, using the GML relation (6.32) and the wave-operator rela-
tion (6.51),
(H — Ho)|¥*) = Vp|¥®) = VeS2col|¥g) - (6.59)

These relations hold for all model states, which leads us to the important operator
relation for the entire model space

i(3 Q(l,—oo)) P = ViSQcoy P, (6.60)
ot =0

which we refer to as the reaction operator. Projecting this onto the model space,
yields according to the definition (6.44) to

e the covariant relativistic effective interaction

ad
I/e(;,fov — PVFQCOVP = P(lg g(t, —OO)) P. (661)

t=0

This is a relation in the photonic Fock space, closely analogous to the corre-
sponding relation of standard MBPT (2.55) [c.f. the relation (6.123)].

Our procedure here is based upon quantum-field theory, and the Green’s operator
can be regarded as a field-theoretical extension of the traditional wave-operator
concept of MBPT, and it serves as a connection between field theory and MBPT .
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6.7 Model-Space Contribution

We shall now demonstrate how the singularities of the covariant evolution operator
can be eliminated in the general multireference case. We assume that the initial time
is tgp = —oo. We also work in the equal-time approximation, where all final times
are the same.

We work in the restricted Hilbert space with no uncontracted photons and
consider a ladder of complete single-photon interactions (6.21), transverse and
Coulomb parts (see Fig. 6.3). (We shall later expand this to more general, irreducible
interactions.)

We start by expanding the relation (6.46) order-by-order, using the fact that
u®op =P,

UOnp =690 - PuQO)P =6Q0)P
uD@yp =gV P +691) - PuM ()P
UPn)P =¢P0)P +6V@1)- PUD )P +6O1)- PUP(O)P
U0 P =GP0 P +GP0)- PUDO)P +G6D(1)- PUP(0) P
+G91) - PUP 0P, (6.62)
etc.
It follows from (6.21) that the time dependence of the ladder is given by
e i (Ei“_Ef’“‘), where Ej, and Ey represent the incoming and outgoing energies.

When operating on the part of the model space of energy £, the operator can be
expressed as

U(t) Pe = e #(E=HO 1y(0) Py (6.63)

Solving the equations (6.62) for the Green’s operator, we then have

GOwP =UO@w)p

GO0 P =UD@)P —GO®) - PUD ()P

G20pP =U@@)P -GO%)- PUP )P -GV(t)- PUD(0)P

PP =U90P-690) - PUP )P -GV01)- PUP(O)P
-G . PUD 0P, (6.64)

etc. We shall demonstrate that the negative terms above, referred to as counterterms,
will remove the singularities of the evolution operator.

It follows directly from the definition of the dot product above that the singulari-
ties due to disconnected parts are exactly eliminated by the counterterms. Therefore,
we need only consider the connected (ladder) part, and we consider a fully con-
tracted two-body diagram as an illustration (Fig. 6.3). It is sufficient for our present
purpose to consider only positive intermediate states, as in (6.20).
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6.7.1 Lowest Orders

From the above, it follows that the zeroth-order Green’s operator is
GO, )P =UO(1,E)Pe = e #E-HI p. — P (6.65)

(For clarity, we insert the energy parameter in the operator symbol.)
In first order, we have from (6.64)

GV, & P = UD(1,E)Pe — GO(1,&) P UD(0, E) Pe, (6.66)

where we observe that the Green’s operator in the counterterm has the energy
parameter £’, due to the heavy dot in the expression (6.64). The first term is (quasi)-
singular, when the final state lies in the model space, and we shall show that this
singularity is eliminated by the counterterm.

From (6.63), we have

PeUMD (1, ) Pe = PorGO (1, &) UD(0,€) P

(with the energy parameter £ in the Green’s operator) and hence the corresponding
part of the Green’s operator (6.66) becomes

PerGO(1, ) Ps = (g“’)(x, £) -3¢0, 5’)) P UD(0, €) Pe 6.67)

(P commutes with Hp). According to (6.20)

1 Vip(£)
PerUM(0,E) Pe = PerT(E) Vip(E) Pe = Pgr ———— Vip(E) Pe = Per =2 P
e (0,E)Pe = P I'(E) Vip(E) Pe 58_H0‘p()£ e o be
(6.68)
and hence we can express the first-order Green’s operator (6.66) as
8GO . &€
G (1. &)Pe = QU £y pe + 2T E2E) P/ Vi Pe, (6.69)

s&

where QU (t,6) = GO(t,£)p(E)V(E) Ps. We assume here that there is a
summation over &', so that the entire intermediate model-space is covered. The dif-
ference ratio above is defined

860w, .8 GO, - G0V, ¢) N GO (¢, 8)
8 - E-¢& E

(6.70)
which turns into a derivative at complete degeneracy. Furthermore,

Pe/Vip Pe = Per VD Pe 6.71)
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G0 G0N
- - - - --=-==-= -
U(l)(g) - U(l)(E) Pg/
[ SaVal _VaVaX ]
Pe

Fig. 6.8 Illustration of the elimination of singularity of the first-order evolution operator, due to
a final model-space state. The double bar represents the difference ratio/derivative of the zeroth-
order Green’s operator (c.f. Fig. 6.9)

is the first-order effective interaction, which is in accordance with the Fock-space
expression (6.45) [see also (6.123)].

The first-order elimination process is illustrated in Fig. 6.8.

In second order, we have from (6.21)

UP (1, &) aaaPe = U (1.£) UM (0, €) Pe. (6.72)

This can be (quasi)singular, if the final or intermediate state lies in the model space.
If there is a model-space state only at the final state, the counterterm will lead —
in complete analogy with the previous case (6.69) — to the contribution

56O 1,7, €)

(2) 7
P 7 [/‘/ P ’, 6 3
§E £ 0 & ( )

where
Pen Wy Per = PerVip(€) g (€)Vip(€) Pe (6.74)

is the second-order effective interaction without any intermediate model-space state.
If there is an intermediate model-space state in the second-order evolution oper-
ator (6.72), we have

Per
UM, 6) P UM (0.€) Pe = Up(t, €) ngg/ Vip(E) Pe. (6.75)

The singularity will here be eliminated in a similar way by the corresponding
counterterm (6.64). If also the final state lies in the model space, there is an addi-

tional singularity, which is eliminated by replacing Uél) (t, &) by the corresponding
Green’s operator (6.69), yielding for the entire second-order Green’s operator

8GO (1.£".8)

2
Pern Wy P,
SE & 0 &

GP1,6)Pe = GO, )T (E)VE(E)VE) Pe +

§GW(t,&,8)

Per Vi, Pe. 6.76
5E e Vep Pe (6.76)
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—:r —————— @ - —:r —————— @ - - - -
g(l)(g) 4 0 g(l)(g/) 4 0 0
| NV ] = | NV ] :> [ N ]
udeE) 4 Py udeE) 4 Py Pge/
| NV ] | ANV | [ VAN |
A A
Pe Pe Pe

Fig. 6.9 Elimination of singularity of the second-order evolution operator, due to an intermediate
model-space state. This leads to a residual contribution that corresponds to the folded diagram in
standard many-body perturbation theory (Fig.2.5). In addition, there can be a singularity at the
final state, as in first order (see Fig. 6.8)

—:r —————— > - —:r —————— > - - 4‘»—
gheE) 4 P+0 +P+0 P+0 4
[ AV AV | :> [ AV AV | + [ N .
ueE) 4 P+0 + 0 P
[ AV AV | [ AV AV | [ AV AVY
) ) )

Fig. 6.10 Elimination of the singularity of the second-order evolution operator due to an interme-
diate model-space state

The second-order elimination process, due to intermediate model-space state,
is illustrated in Fig. 6.9, and the corresponding part of the Green’s operator is il-
lustrated in Fig.6.10. This process is quite analogous to the appearance of folded
diagram, discussed in connection with standard MBPT (2.81). Since we are here
dealing with Feynman diagrams, it is more logical to draw the “folded” part straight,
indicating the position of the “fold” by a double bar from which the denominators
of the upper part are to be evaluated. (The elimination process in first order has no
analogy in standard MBPT, since there final model-space states do not appear in the
wave function.)

Fort = 0, we have from (6.76)

56, &,8)

5e Per VP Pe.

6.77)

0GP(0,€) Pe = T'p(E)Vep(E)T0(E)Vep(E) P + Q

which is quite analogous to the corresponding second-order wave operator in ordi-
nary time-independent perturbation theory (2.69). The only difference is here that
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the derivative of the first-order Green’s operator leads in addition to the standard
folded term to a term with the energy-derivative of the interaction. The latter term is
sometimes referred to as the reference-state contribution [12], but here we shall re-
fer to both terms as the model-space contribution (MSC), which is more appropriate
in the general multireference case.

We have assumed so far that in the ladder the interactions are identical. If the
interactions are different, some precaution is required. We see in the second-order
expression that the differential/derivative in the last term should refer to the SEC-
OND interaction, while if we treat this in an order-by-order fashion, we would get
the differential of the FIRST interaction. If the interactions are in order V; and V5,
then last term above becomes

5(IoVa)

P/ Vi P 6.78
5e V1 Pg (6.78)

(leaving out the arguments). This issue will be further discussed below.

6.7.2 All Orders*

The procedure performed above can be generalized to all orders of perturbation
theory. We still consider a two-particle system in the ladder approximation. The
treatment here follows mainly those of [10, 11] but is more general.

We consider an evolution operator in the form of a ladder (6.21) with a general
interaction, V' (&), and with all intermediate model-space states removed, including
also the zeroth-order term,

Uo(t,E)Pe = GO, &) (1 + TEWV(E) + TEWV(EN(E)V(E) +--+) Pe,
(6.79)

which may have a final model-space state. The corresponding Green’s operator is
according to (6.64)

Uo(t.€)Ps — GO(1,€) - Per (Up(0,€) — 1) Pe. (6.80)
which can be expressed
QUo(t,E)Ps + 8GO (1, E) + Per (Up(0,E) — 1) Pe. (6.81)
But in analogy with (6.68), we have

PeWo(E) Pe

Per (Up(0.€) = 1) Pe =~ 5

(6.82)
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where W, is the effective interaction without intermediate model-space states or
folds, in analogy with (6.74),

Wo(E)Pe = (V(E) + V(E)TQ(E)V(E) +-++) Ps. (6.83)
Then the relation (6.81) becomes

56O ¢, &€
QUy(t,E) Ps + % Per Wy Ps. (6.84)

The second term eliminates the singularity due to the final model-space state, and
we shall refer also to this as a folded contribution, in analogy with those eliminating
intermediate model-space singularities.

The Green’s operator with no folds (intermediate or final) is

Go(t,E)Pe = GO (t,E) Pe + QUo(t, &) Pe
=G00.& (1 + IpE)V(E) + ToE)V(E)@(E)V(E) +-++) Pe.
(6.85)

The evolution operator with exactly one intermediate model-space state can be
expressed (G (0) = 1)

OUo(t, ) Per(Up(0,E) — 1) Pe (6.86)

and the folded part of (6.84) provides a final fold, yielding the Green’s operator with
one intermediate or final fold,

8Go(t,E,E")
3E

The evolution operator with two intermediate folds can be expressed in analogy
with (6.86)

Gi1(t,€) = Per Wy Pe. (6.87)

Ua(t,€) Pe = QUo(t,E) Per(Up(0,€) — 1) Per (Up (0, &) — 1) Pe. (6.88)

The two leftmost factors represent the Green’s operator (6.86) with one intermediate
fold, and including also a final fold we can replace this by the operator (6.87)

gl (ng/)Pf”(UO(ng) - I)PE

This represents the operator with exactly two intermediate or final model-space state
with the singularity due to the leftmost one being eliminated. Eliminating also the
second fold leads to the Green’s operator with two folds

§G1(t, & E
Go(0,6)Pe = L) b (e e (6.89)
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Continuing this process leads to (with somewhat simplified notations)

G(t,E)Ps = (Golt.€) + G (1, €) + Go(t,€) + - ) Pe

= [go(t,E) + (‘Sg"(t’g) ;s ) Wo}Pg.

8E s&

This yields

8G(t,€)

G(t,E)Ps = Go(t,E)Ps + 52

Wo Ps. (6.90)

Here, the second term represents all intermediate/final folds (model-space contri-
butions). This relation is valid for the entire model space and it is consistent with
[11, Eq. (6.54)] but more general. The expressions given here are valid for all times
and for the final state in P as well as Q spaces. The corresponding wave-operator
relation is obtained by setting ¢ = 0.

We can find an alternative expression for the folded term in (6.90) by considering

G§G=Go+G1+G +---.

From the expressions above, we find

3G
G = 8_80 Wo
_8G1 ., 8 (8Go _8Go .0, G0 SWo
92 = %e WO_(SS(SS WO) Mo= %2 Wo t 55z 5 o
82Go 8Go
=W+ =W 6.91
sez ot ae (©51)
with
SWn—l
= )
W = St o (6.92)

being the effective interaction with exactly n folds. Similarly, '’

8_9’ — gg_gg/. i(&_gv) — (%%)SVg—(%%)g,Vg/
8 E—¢g 0 seNsE c—¢

= (%%)SV*S — (%%)S,Vg + (%%)5/‘/5 — (%%)E’Vf’ _ 86 5G 8V

=Ty 2
c—¢ 522 T se s
§ § Ve — Ver 1%
— V2= —VenVe = Ven =V—.
5& s €E T Y e g 5&

This can be generalized to
n

§"(AB) _ §mA §"™"B
sen Z s§em §en—m

m=0

(see further [11, Appendix B]).
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3G
Gs = 5—; Wo
83Go 5  §%Go 5Wo 529 590 5W1
- W2 Wy Wo + W
se3 10 1 ez sg Mot e Mot e e o
or
83Go 82Go 3Go
- A ) il
G = 55 Wo + gz MM+ 5 Wa

Summing this sequence leads to

g=g0+@(WO+W1+W2+“')
2g0 83Go

852 (WO +2WoWy +---) + 5E3 (WO )40 (6.93)
It can be shown by induction [10] that this leads to
G=¢G "Go (Wo + W1 + W, " 6.94
o+§:8&1 o+ Wi+ Wat ) (6.94)
Here,
Vetr =Wo+ Wi + W + - (6.95)
is the total effective interaction, which leads to
§"Go(1,€) n
t,E)Pg = t,E)P —— (Verr) Ps. 6.96
G(t,&)Ps = Go( )£+HX=; 5 (Verr)" Pe (6.96)

This relation is consistent with the results in [10, Eq. (100)] and [11, Eq. (61)], where
more details of the derivations are given. As the previous relation (6.90), it is valid
Jor all times and with the final state in Q as well as P space. In case the interactions
are different, the derivatives should be taken of the latest interactions.

We can generalize the treatment here and replace the single-photon potential by
the two-body part of the complete irreducible multiphoton exchange potential (6.22)
in Fig.6.6,V = 1V, = V.

It follows from the treatment here that the counterterms eliminate all singularities
so that the Green’s operator is completely regular at all times.
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6.7.2.1 Linkedness of the Green’s Operator

All parts of the expansions above are linked, so this demonstrates that

The Green’s operator is completely linked also in the multireference case.
e The linkedness of the single-particle Green’s operator can be expressed, us-
ing (6.4),

g1(z,[0) = [Z%//d%d%o (;) /d4x1.../d4xn
n=0 "

x (0| T[p(x) H(x1)- - H(xn) p(x0)]]0) &7 |+|z2|m)}
linked+folded
(6.97)

and similarly in the many-particle case.
e This represents a field-theoretical extension of the linked-diagram theorem of
standard many-body perturbation theory (2.82).

6.8 Bloch Equation for Green’s Operator*

We now want to transform the general expression above for the Green’s operator into
a general Bloch-type of equation (2.56) that, in principle, can be solved iteratively
(self-consistently). Iterations can be performed, only if the in- and outgoing states
contain only particle states of positive energy (no holes). Therefore, we assume this
to be the case. If we have an interaction with hole states in or out, we can apply a
Coulomb interaction, so that all in- and outgoing states are particle states, as will be
discussed further in later chapters.

We still work in the restricted Hilbert space with complete single-photon (or
multiphoton) interactions.

We want to have an equation of the form

[6™, Ho]P = VG"™V P + folded (6.98)

or
G p. =GO P, 4 FQ(Vg<”—” + folded) Pe, (6.99)

where V' is the last interaction.
We start from the relation (6.90),

8
G =Go+ é Wo. (6.100)

where
G=G+G1+G+---
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and G, is the operator with exactly m intermediate/final folds,

8gm—1
8&

gm = Wo.

Furthermore, the total effective interaction is (6.95)
Vir =Wo+ Wi +Wo + -+, (6.101)

where W, is the effective interaction (6.92) with m folds and

8Wm—1
6&

The folded contribution of order n > 0 is according to (6.99)

Win = Wo. (6.102)

g(n) _ FQ Vg(n—l) _ g(O) — g(()n) _ 1" Vg(n—l) _ g(O) + gfn) _ FQ Vgin_l)
(n) ¢ 1)
+G," =TV G

We then see that in the case of no folds we have (6.85)
G —rovgi P —g© =, (6.103)
In the case of a single fold, we have

8Go 8Go (n—1)
8E 5E W) '

Here, all terms cancel except those where the last factor of I'g V' is being differen-
tiated in the first part of A; and, in addition, terms with a fold in the final state.
Obviously, those terms do not appear in the second part of the difference. This
yields'

L= gin) _ FQngn—l) _ ( WO)(n) FQV(

A = (8;?’ Wo)(n), (6.104)

1 Distinguishing the various interactions, we can write

Go = GO+ IpVi+ ToVilgVa+-+)
9% 8Go _18g© §(IgV)

A= [55 oW SE]WO_[ e T e (1+FQV2+"')]W°
. 8%GiT8%Go §2Go
T ose [882 ~Toh SEZ]WO

§*(I'pV1)
52

(14 IoVa+---) +6© (14 ToVa+--+)

_ | 8260 | 560 8(Ip W)
T se2 s 8¢

8(FpVy) 8(IpVa)

L 8%Gy
8€ 8€ ’

©)
+g T

(1+FQV3+---)+--1%=
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where we have introduced the notation §*, with the asterisk indicating that the
differentiation applies only to the last interaction, including the associated resol-
vent, I'gV,

8*(IoValoVp-++)  8(I'gVa)
— oV 1
5e 5e oVh (6.105)

and, in addition, differentiation of G(® in case there is no I'oV factor.
In the case of two folds, we have

. o §G (n) §G (n—1)
Ay =G — v gi b = (—1 Wo) —ToV (5_51 WO)

3 § (8Go (n)
= [% (E W°) W"}

(n-1)
—IpV [i (Sg" Wo) Wo}

se\ s
SZgO ) (n) 8290 R (n—1)
=[552 (Wo)] _FQV[(SSZ (Wo) :|
8Go 1" 8Go ,, 17"
= —ToV | = .
+[55 Wl} Qv[se Wl}

With the convention above, we can express the folds

S*QO (n) 5*91 (n)
Az—(&g Wl) +(55 Wo) .

Continuing this process leads to the total folded contribution

8*Go  6*Gi _ 9
(55 + 52 _|_..._|_...) (W0_|_W1_|_...)_ 5e Vete

with differentiation with respect to the last factor of I'9V and to G ©) when no

Jactor of I'pV appears.

o We then have the generalized Bloch equation for an arbitrary energy-dependent
interaction (V)

G=G6© 4+ rovg+ %—gg Vetr, (6.106)

where veg 1s given by (6.101).
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e This equation is valid also when the interactions are different, and then it can
be expressed more explicitly as (n > 0)

Ggm
G = Vg™ + Z (Vear) "™, (6.107)

where V, is the last interaction and the operator G is formed by the m last
interactions.

We can check the formula (6.106) by considering the first few orders,

GO — oit(E=Ho)

8G©
W = rovg® + = w®
g oVG™” + T
56O §*g@
@y %Y @ L Y ) |
g QVg + 85 I/eff + 85 WO N (6 08)
where the last term becomes
§*gWm §(IoV §2g©
g W _ (I'o )g(O) w57 g (WO(I)) . (6.109)

s 0 8E &2

This can easily be shown to reproduce the expansions (6.90) and (6.96).

We can also illustrate the validity of the generalized Bloch equation (6.106)
by considering the third-order case with different interactions, Vi, V>, V3, (see
Fig.6.11). For simplicity, we assume ¢ = 0 and therefore make the replacement
g— 2.

If there is no model-space state directly after the first interaction (Fig. 6.11a), the
contribution becomes

8(IoVs3)

2@rovip = (FQV3FQV2 + =2

PVZ) oW P

using the second-order expression (6.78) with the last two interactions (V3, V3).

a b
1 1
BT ge S e EE
V prrnnnd Vogprrmnng I
Vi g Vigd 1
P P

Fig. 6.11 Third-order Green’s operator with different interactions
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With a model-space state directly after the first interaction (Fig. 6.11b), the con-
tribution is

§2@ yo_ 8 § )
s e T sE 8E
8o Vs 8oV,  82IoVs
= ToVa+ V- PV,
(55 e T TR
8oV 8V,

5e PEP) PV P.

(PQV3FQV2 = PVZ) PV, P

We can now identify the terms above with the Bloch equation (6.106), where the
differentiation should apply to the last interaction. Then we have

§(Io V-
FQV3.Q(2)ZFQV3FQV2FQV1P+FQV3%PV1P
§*2@ )y  8IoVs §2IoVs

= ToVs PV, P PV, PV, P
sg e = g 1oV2 PP+ —eem= PV PV

§*QW o §loVs 2 2
20 0 5120 (0 )
5oV
8

(PVzFQVlP + P%PVlP) ,
s&
the sum of which is identical to the sum of the two previous expressions.

In most applications, we want to have an expression for the wave operator in the
form of a Bloch equation, where we start from a wave operator §2 and then add an
interaction V' that might be different from those involved in £2;. The Bloch equation
is then of the form

QP = (2 + I'p(E)V2 + folded)P,

where we want to find the form of the folded part. We then make the replacement
20 = oV §210 in the expression (6.96), where §2y9 is the wave operator without
folds, yielding

§"(FoV 2
2= Z (San ©) (14", (6.110)

The sum can be reformulated as, noting the modified differentiating rules given
above,

" (FQ V.QI()) &M FQV m 8" 210 n—m
@ = Z 5E ,;)mzo sem Vo) g (Ven)
oM I V g2 - MgV
= SgrQn Ver)" 4 W_mlo (Verr)" ™ = 883 21 (Verr)™,
n=m m=0

6.111)
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and this leads to the relation

Q= FQVQI+Z

n=1

——— 2 (Verr)". (6.112)

Since the full wave operator appears only on the left-hand side, this equation does
not have to be solved self-consistently.

We can understand the appearance of the sequence of difference ratios above in
the following way. Each model-space contribution (MSC) should contain a differen-
tiation of all the following interactions. In £2y, the last interaction, V, is not involved,
and therefore a differentiation of I'g V' for each interaction in 2y is required.

We can illustrate the formula above with the third-order case considered pre-
viously (Fig.6.11), now assuming that we have two Coulomb interactions (V(),
followed by an energy-dependent potential (V'). Then, we have instead

QP = IoVIoVelgVeP + ——— PVcloVeP

SFQ 52 FQV
5e I'oVePVeP — FQVFQVCPVCP+

which can be expressed

PVcPVCP,

STV
QP = reve®p 4+ =2
2 + S5

2OV + 2@ Ve(f?))
8oV o) (1M
+— 85 QI( )<I/eff ) )
where

20 =rove  v¥ =rvep
2@ = roVelgVe —I3VePVeP VR = PVelpVeP.

This is in agreement with the general formula (6.112).

6.9 Time Dependence of the Green’s Operator. Connection
to the Bethe-Salpeter Equation*

6.9.1 Single-Reference Model Space

Operating with the relation (6.96) on a model function, ¥, of energy Ey, yields

G(t, Eo)|Wo) = [go(x &)+ Z il gg"g(; £) (AE)”] ). (6.113)

E=Ey
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‘We have here used the fact (6.44) that
Vett| Wo) = (E — Eo)|Wo) = AE|Wo) . (6.114)

The expansion (6.113) is a Taylor series, and the result can be expressed

| G(t. Eo)|Wo) = Go(t. E)|W0) . | (6.115)

where Gy is the Green’s operator without model-space states (6.85). This implies
that the sum in (6.113), representing

e the model-space contributions (MSC) to all orders, has the effect of shifting
the energy parameter from the model energy E to the target energy E .

From the relations (6.21) and (6.64), we have the Green’s operator for the ladder
without MSC in the present case, including also the zeroth order and the time factor,

Go(t. Eo)lwo) = &0~ 1 4 g (Eo) V(Eo)
+ Ip(Eo) V(E)To(Eo) V(Eo) + -+ |I#o) . (6.116)

The result (6.115) then implies that the Green’s operator with model-space contri-
butions (MSC) becomes

G(t. Eo)|Wo) = Go(t, E)|Wp) = e #(E—Ho)
x 1+ o (E) V(E) + To(E) V(E)Tg(E) V(E) + -+ ||wa).

(6.117)
o shifting also the energy parameter of the time dependence.'”
From this, it follows that
.0
is,; 9 Eo)|%o) = (E — Ho) G(t, Eo)| %) (6.118)
and, using (6.52),
.0
s G(t, Ep) |¥o) = (E — Ho) 2|W). (6.119)
t=0

12We observe here that also the zeroth-order term has changed its time dependence, which is
a consequence of the fact that the zeroth-order Green’s operator, G*), is being modified by the
expansion (6.96).
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According to (6.50), the Green’s operator has the same time-dependence as the
state vector, in the interaction picture

Ix(0)) = e E-H) ) (6.120)

(with|¥) =|x(0))), which implies that the result above — which is a consequence
of the initial conjecture (6.29) — is in accordance with the elementary quantum-
mechanical result (2.15) and (3.2).

Setting the time ¢ = 0 yields with the identity (6.52), £2|¥) = G(0, Eo)|¥),
the corresponding relation for the wave operator

|¥) = 2|Wo) = [1 + T'o(E) V(E) + T'g(E) V(E)Tg(E) V(E) + -+ ||W),
(6.121)

which is the Brillouin—Wigner expansion of the wave function.
From the relation (6.83), we have that the effective interaction without folds is

Wo(Eo)|Wo) = P (V(Eo) + V(Eo)To(Eo)V(Eo) +---)|%). (6.122)

It can be shown in the same way as for the wave function that inclusion of the folds
(MSC) leads to the replacement Eqg — E (see [10]) and to the expression for the
full effective interaction (6.95)

Veit|Wo) = Wo(E)|Wo) = P(V(E) + V(E)Tg(Eo)V(E) + ---)}%).

But according to the definition (6.44), Vo = P(H — Hy)$2 P, which gives

Verr|Wo) = P(H — Ho)2P = PV(E)2|¥). (6.123)

This is an expression for the effective interaction in the restricted Hilbert space
with no uncontracted photons, equivalent to the photonic-Fock-space relation (6.45).
This is analogous to the MBPT result (2.55), but now the perturbation is energy
dependent.

We can generalize this treatment by replacing the single-photon potential V' by
the irreducible multiphoton potential in Fig. 6.6, V = V, = V. Then we have from
(6.117)

G(t, Eo)|Wo) = Go(t, E)|W) = e *(E—Ho)
x[1+ To(E)V(E) + I'g(E)V(E)Tg(E)V(E) + -] }‘1’0)
(6.124)

and

Veit| Wo) = P(E — Ho) 2|W) = PV(E)2|Wo). (6.125)
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From the relation, (6.118) we have

0 (18% Q(Z,Eo)) |Wo) = Q(E — Ho) 2|¥y)
1=0

= Q [V(E) + V(E)Tg(E¢) V(E) + -+ ]|%)
= QV(E) 2|W).

Combining this with (6.125) leads to the Schrodinger-like equation in the restricted
space

|(Ho + V(E)|¥) = E|¥) | (6.126)

and an energy-dependent Hamilton operator

|H = Ho + V(E).| (6.127)

These relation can be compared with the corresponding GML relations (6.32) and
(6.39) in the photonic Fock space. The equation (6.126) is identical to the effective-
potential form of the Bethe—Salpeter equation (9.20).

6.9.2 Multireference Model Space

We shall now investigate the time dependence of the Green’s operator in a general,
quasi-degenerate model space. We can express the relation (6.96), using the general
perturbation, as

ad 5"90(1,5)

G(t.E)Pe = Go(t.E)Pe + Y o (Verr)" P, (6.128)
n=1

valid in the general multireference (quasi-degenerate) case, where Pg is the part of
the model space with energy £ and Ve is given by (6.138). This can be formally
expressed as an operator relation

[e.]

G, )P = o, Hgyp + 3 V0 )
n=1

n
S ( :ff) P, (6.129)
valid in the entire model space. We have here introduced the symbol 4*, which im-
plies that the operator A operates directly on the model-space state to the right.
Thus, Hy BPs = EBPs = BH{ P¢. Similarly, H;&BPPS‘) = E"‘B|llf(‘)") =
BH;;AKI/S[).
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In analogy with (6.45), we have
Verr| W5 ) = P(E* — Ho)2|¥g) = PV(E*)2|¥§) (6.130)
or in operator form
P = P(HJj— Ho)2 P = PV(H}3)2P. (6.131)

The relation (6.129) is a Taylor expansion in analogy with (6.115), yielding

|G HY) P = Go(t, H) P | (6.132)

using the fact (6.44) that
H} = PH{ P + V. (6.133)

From (6.116), it follows

Go(t, &) Pe = e " EHI[1 4 T (E) V(E) + T (E) V(E)0(E) V(E) + -] Pe
(6.134)

or in operator form

Go(t, HY)P = e " Ho—Ho) [1 4 o (H) V(HE)
+To(HY) V(HF)To(HY) V(HS) + -] P. (6.135)

This leads in analogy with (6.117), using the relation (6.115), to

G(t, HY)P = Go(t, Hly) P = e "= Ho) [ 4 [ (H) V(HZ)
+To(Hiy) V(HGy) To(Hig) V(HE) +---] P (6.136)

From this, we conclude that

o the general time dependence of the Green’s operator is given by

d
i G HE)P = (Hy— Ho) G(t. Hi)P. (6.137)

This gives with (6.133)

P (1% G, H;)) P = V%P, (6.138)

t=0

which is the expected result.
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In analogy with the single-reference case, the effective interaction becomes
Vet = PV(H)S$2 P (6.139)

and the Schrodinger-like equation [10, Eq. (113)]

| (Ho + V(E®)|w®) = E*)|v?). | (6.140)

This agrees with the equation derived in [10, Eq. (133)] and it is equivalent to the
Bethe-Salpeter—-Bloch equation, discussed in Chap. 9 (9.30).
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Chapter 7
Numerical Illustrations to Part I1

In this chapter, we shall give some numerical illustrations of the three QED methods
described in Part II, the S-matrix, the two-times Green’s function, and the covariant-
evolution-operator methods.

7.1 S-Matrix

7.1.1 Electron Self-Energy of Hydrogen-Like Ions

In the early days of quantum-electrodynamics, the effects were calculated analyti-
cally, applying a double expansion in & and Z«. For high nuclear charge, Z, such an
expansion does not work well, and it is preferable to perform the evaluation numer-
ically to all orders of Z«. The first numerical evaluations of the electron self-energy
on heavy, many-electron atoms were performed by Brown et al. in late 1950s [14]
and by Desiderio and Johnson in 1971 [18], applying a scheme devised by Brown,
Langer, and Schaefer [13] (see Sect. 12.3).

An improved method for self-energy calculations, applicable also for lighter sys-
tems, was developed and successfully applied to hydrogen-like ions by Mohr [34,
39-42]. The energy shift due to the first-order electron self-energy is conventionally
expressed as:

AE = & Z
T n3

F(Za)mc? (7.1)

where 7 is the main quantum number. The function F(Z«) is evaluated numerically,
and some results are given in Table 7.1.

Performing accurate self-energy calculations for low Z is complicated due to
slow convergence. Mohr has estimated the first-order Lamb shift (self-energy +
vacuum polarization) by means of elaborate extrapolation from heavier elements
and obtained the value 1057.864(14) MHz for the 25 — 2p;/, shift in neutral hy-
drogen [40], in excellent agreement with the best experimental value at the time,
1057.893(20) MHz. More recently, Jentschura et al. [26] have extended the method
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Table 7.1 The F(Za) Reference F(Za)
function for the ground state Desiderio and Johnson [18]  1.48
of hydrogen-like mercury
Mohr [38] 1.5032(6)
Blundell and Snyderman [9]  1.5031(3)
Mobhr [34] 1.5027775(4)
Eablg 7}.ff G;([)luréd'“atel.k Correction Value Reference
b Stk of hyerogen-iise Nuclear size 198.82
uranium (in eV, mainly from )
[43]) First-order self-energy 355.05 [34,45]
Vacuum polarization —88.59 [49]
Second-order effects —1.57
Nuclear recoil 0.46
Nuclear polarization —0.20
Total theory 463.95
Experimental 460.2(4.6)

of Mohr to calculate directly the self-energy of light elements down to hydrogen
with extremely high accuracy. Accurate calculations have also been performed for
highly excited states [27].

The original method of Mohr was limited to point-like nuclei but was extended to
finite nuclei in a work with Gerhard Soff [45]. An alternative method also applicable
to finite nuclei has been devised by Blundell and Snyderman [9, 10].

7.1.2 Lamb Shift of Hydrogen-Like Uranium

In high-energy accelerators, like that at GSI in Darmstadt, Germany, highly charged
ions up to hydrogen-like uranium can be produced. For such systems the QED ef-
fects are quite large, and accurate comparison between experimental and theoretical
results can here serve as an important test of the QED theory in extremely strong
electromagnetic fields — a test that has never been performed before.

The first experimental determination of the Lamb-shift in hydrogen-like uranium
was made by the GSI group (Stohlker, Mokler et al.) in 1993 [56]. The result was
429(23) eV, a result that has gradually been improved by the group, and the most
recent value is 460.2(4.6)eV [55]. The shift is here defined as the experimental
binding energy compared to the Dirac theory for a point nucleus, implying that it
includes also the effect of the finite nuclear size. In Table 7.2, we show the various
contributions to the theoretical value. The self-energy contribution was evaluated by
Mohr [34] and the finite-nuclear-size effect by Mohr and Soff [45]. The vacuum po-
larization, including the Wickmann—Kroll correction (see Sect. 4.6.3), was evaluated
by Persson et al. [49]. The second-order QED effects, represented by the diagrams
in Fig. 7.1, have also been evaluated. Most of the reducible part was evaluated by
Persson et al. [48]. The last two irreducible too-loop diagrams are much more elabo-
rate to calculate and have only recently been fully evaluated by Yerokhin et al. [60].!

I See Sect. 2.6.
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TT6T 66
7

Fig. 7.1 Second-order contributions to the Lamb shift of hydrogen-like ions (c.f. Fig. 5.3)

The main uncertainty of the theoretical calculation on hydrogen-like uranium
stems from the finite-nuclear-size effect, which represents almost half of the entire
shift from the Dirac point-nuclear value. Even if the experimental accuracy would
be significantly improved, it will hardly be possible to test with any reasonable ac-
curacy the second-order QED effects, which are only about 1% of the nuclear-size
effect. For that reason, other systems, like lithium-like ions, seem more promising
for testing such effects.

7.1.3 Lamb Shift of Lithium-Like Uranium

The 2s — 2py/, Lamb shift of lithium-like uranium was measured at the Berkeley
HILAC accelerator by Schweppe et al. in 1991 [54]. The first theoretical evalu-
ations of the self-energy was performed by Cheng et al. [15] and the complete
first-order shift, including vacuum polarization, by Blundell [7], Lindgren et al. [31],
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Table 7.3 2s — 2p;/» Lamb shift of lithium-like uranium (in eV)

Correction Ref. [7] Ref. [48] Ref. [58]
Relativistic MBPT 322.41 322.32 322.10
First-order self-energy —53.94 —54.32

First-order vacuum polarization (12.56) 12.56

First-order self-energy + vac. pol. —41.38 —41.76 —41.77
Second-order self-energy -+ vac. pol. 0.03 0.17
Nuclear recoil (0.10) (—0.08) —0.07
Nuclear polarization (0.10) (0.03) —0.07
Total theory 280.83(10) 280.54(15) 280.48(20)
Experimental 280.59(9)

Fig. 7.2 Feynman diagrams
representing the two-photon
exchange (ladder and cross)
for helium-like ions

and Persson et al. [48], the latter calculation including also some reducible second-
order QED effects. Later, more complete calculations were performed by Yerokhin
et al. [58]. The results are summarized in Table 7.3.

In lithium-like systems, the nuclear-size effect is considerably smaller than in
the corresponding hydrogen-like system and can be more easily accounted for. The
second-order QED effects in Li-like uranium are of the same order as the present
uncertainties in theory and experiment, and with some improvement these effects
can be tested. Therefore, systems of this kind seem to have the potential for the
most accurate test of high-field QED at the moment.

7.1.4 Two-Photon Nonradiative Exchange in Helium-Like Ions

Accurate S-matrix calculations of the nonradiative two-photon exchange for
helium-like ions (ladder and cross), corresponding to the Feynman diagrams in
Fig.7.2, have been performed by Blundell et al. [8] and Lindgren et al. [30]. The
results are illustrated in Fig. 7.3 (taken from [30]). In the figure, the contributions
are displayed versus the nuclear charge, relative to the zeroth-order nonrelativistic
ionization energy, Z2/2 (in atomic Hartree units). The vertical scale is logarithmic,
so that —1 corresponds to o, —2 to o2, etc.

As comparison, we show in the top picture of Fig. 7.3 the energy contribution due
to first-order Coulomb and Breit interactions as well as the first-order Lamb shift,
corresponding to Feynman diagrams shown in the top line of Fig. 7.4.

For low Z, the first-order Coulomb interaction is proportional to Z, the first-
order Breit interaction to Z3a?, and the first-order Lamb shift to Z*a3. For high
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One- and two-photon exchange

4

a

Fig. 7.3 Various contributions to the ground-state energy of He-like ions. The fop picture repre-
sents the first-order contributions, the middle picture the second-order contributions in the NVPA
as well as the screened Lamb shift, and the bottom picture contributions due to retardation and
virtual pairs (see Fig. 7.4). The values are normalized to the nonrelativistic ionization energy, and
the scale is logarithmic (powers of the fine-structure constant «)
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Fig. 7.4 Feynman diagrams representing the one- and two-photon exchange, separated into
Coulomb, instantaneous Breit and retarded Breit interactions

Z, we can replace Za by unity, and then after dividing by Z2, all first-order effects
tend to « as Z increases, as is clearly seen in the top picture of Fig. 7.3 (see also
Fig. 10.9 and Table 10.1).

An additional Coulomb interaction reduces the effect for small Z by a fac-
tor of Z. Therefore, the Coulomb—Coulomb interaction, i.e., the leading electron
correlation, is in first order independent of Z and the Coulomb—Breit interaction
proportional to Z2a?. The screened Lamb shift is proportional to Z3a> and the
second-order Breit interaction (in the no-pair approximation) to Z*a*. After di-
vision with Z2, we see (second picture of Fig.7.3) that all second-order effects
tend to o?. The corresponding Feynman diagrams are shown in the second row of
Fig.7.4.

The third picture in Fig. 7.3 shows the effect of the retarded Coulomb-Breit and
Breit—Breit interactions without and with virtual pairs, corresponding to diagrams
in the bottom row of Fig.7.4. For low Z, these effects are one order of o smaller
than the corresponding unretarded interactions with no virtual pairs, while for high
Z they tend — rather slowly — to the same «? limit. It is notable that for the
Coulomb-Breit interactions the retardation and virtual pairs have nearly the same
effect but with opposite sign. For the Breit—Breit interactions, the effects of sin-
gle and double pairs have opposite sign and the total effect changes its sign around
Z = 40.
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Table 7.4 TWO—phOIOl’l 7 2 3Sl 2 3 PO 2 31:)2
effects on some excited states

. . . 30 MBPT —49541 —88752 —75352

of helium-like ions (in
\Hartree, from [44]) QED —8.7 145 77.6
50 MBPT -—-53762 —123159 —79949
QED 64 1340 767
80 MBPT —66954 —251982 —93
QED 966 9586 5482

Table 7.5 Two-electron effects on the ground-state energy of helium-like
ions (in eV, from [50])
Z Planteetal. Indelicatoetal. Drake  Perssonetal. Expt’l

32 652.0 562.1 562.1 562.0 562.5£1.5
54 1,028.4 1,028.2 1,028.8 1,028.2 1,027.243.5
66 1,372.2 1,336.5 1,338.2 1,336.6 1,341.6+4.3
74 1,574.8 1,573.6 1,576.6 1,573.9 1,568£15
83 1,880.8 1,886.3 1,881.5 1,876£14

More recently, Mohr and Sapirstein have performed S-matrix calculations also
on the excited states of helium-like ions and compared with second-order MBPT
calculations to determine the effect of nonradiative QED, retardation, and virtual
pairs [44], and some results are shown in Table 7.4.

7.1.5 Electron Correlation and QED Calculations on Ground
States of Helium-Like Ions

The two-electron effect on the ground-state energy of some helium-like ions has
been measured by Marrs et al. at Livermore Nat. Lab. by comparing the ionization
energies of the corresponding helium-like and hydrogen-like ions [33]. (The larger
effect due to single-electron Lamb shift is eliminated in this type of experiment.)
Persson et al. [50] have calculated the two-electron contribution by adding to the
all-order MBPT result the effect of two-photon QED, using dimensional regulariza-
tion (see Chap. 12). The results are compared with the experimental results as well
as with other theoretical estimates in Table 7.5. The results of Drake were obtained
by expanding relativistic and QED effects in powers of « and Z«, using Hyller-
aas type of wave functions [20]. The calculations of Plante et al. were made by
means of relativistic MBPT and adding first-order QED corrections taken from the
work of Drake [52], and the calculations of Indelicato et al. were made by means of
multiconfigurational Dirac—Fock with an estimate of the Lamb shift [25]. The agree-
ment between experiments and theory is quite good, although the experimental
accuracy is not good enough to test the QED parts, which lie in the range 1-5eV.
The agreement between the various theoretical results is very good — only the results
of Drake are somewhat off for the heaviest elements, which is due to the shortcom-
ing of the power expansion.
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7.1.6 g-Factor of Hydrogen-Like Ions: Mass of the Free Electron

The Zeeman splitting of hydrogen-like ions in a magnetic field is another good test
of QED effects in highly charged ions. The lowest-order contributions to this effect
are represented by the Feynman diagrams in Fig. 7.5.

The bound-electron g-factor can be expanded as [51]:

2
gJ=—2%%[1+2\/1—(Za)2]+%(%+(Za) +)} (72)

12

where Z is the nuclear charge. The first term represents the relativistic value with
a correction from the Dirac value of order o?. The second term, proportional to «,
is the leading QED correction, known as the Schwinger correction, and the follow-
ing term, proportional to &3, is the next-order QED correction, first evaluated by
Grotsch [23].

Numerical calculations to all orders in Za have been performed by Blundell
et al. [11] [only self-energy part, (b,c) in Fig.7.5] and by the Gothenburg
group [6,51] [incl. the vacuum polarization (d,e)]. The results are displayed in
Fig. 7.6, showing the comparison between the Grotsch term (the leading QED cor-
rection beyond the Schwinger correction) and the numerical result. (The common
factor of 2¢/7 has been left out.) More accurate calculations have later been per-
formed by the St Petersburg group, including also two-loop corrections and the
nuclear recoil [59, 61].

The g-factors of hydrogen-like ions have been measured with high accuracy by
the Mainz group, using an ion trap of Penning type [4, 24]. The accuracy of the
experimental and theoretical determinations is so high that the main uncertainty
is due to the experimental mass of the electron. Some accurate dates for H-like
carbon are shown in Table 7.6. By fitting the theoretical and experimental values,
a value of the electron mass (in atomic mass units) m. = 0.0005485799093(3)
is deduced from the carbon experiment and the value m. = 0.0005485799092(5)
from a similar experiment on oxygen [4]. These results are four times more ac-
curate than the previously accepted value, m. = 0.0005485799110(12) [37]. The
new value is now included in the latest adjustments of the fundamental constants
[35,36].

a b c d e
Fig. 7.5 Feynman diagrams representing the lowest-order contributions to the Zeeman effect of

hydrogen-like ions. Diagrams (b) and (c) represent the leading self-energy correction to the first-
order effect (a, d and e) the leading vacuum-polarization correction
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Fig. 7.6 The first-order, numerically evaluated, QED correction to the g; value of hydrogen-like
ions, compared with the leading analytical (Grotsch) term (7.2). Both results are first-order in «
but the numerical result is all order in Zc, while the Grotsch result contains only the leading term
(from [51]). A common factor 2«/7 is left out

Table 7.6 Theoretical

bt he o.f Correction Value

t t to t -fact

CONTIDUHONS 10 the &actor Dirac theory 1.998 721 3544

of hydrogen-like carbon o )

(mainly from [5]) Finite nuclear-size corr. -+0.000 000 0004
Nuclear recoil +0.000 000 0876
Free-electron QED, first order +0.002 322 8195

Free-electron QED, higher orders +0.000 003 5151
Bound-electron QED, first order  +0.000 000 8442
Bound-electron QED, higher orders —0.000 000 0011

Total theory 2.001 041 5899

7.2 Green’s-Function and Covariant-Evolution-Operator
Methods

7.2.1 Fine-Structure of Helium-Like Ions

The two-times Green’s function and the covariant-evolution-operator methods have
the important advantage over the S-matrix formulation that they can be applied also
to quasi-degenerate energy levels. As an illustration, we consider here the evalu-
ation of some fine-structure separations of the lowest P state of helium-like ions
(see Table 7.7). The calculations of Plante et al. [52] are relativistic many-body
calculations in the NVPA scheme (see Sect.2.6) with first-order QED-energy cor-
rections, taken from the work of Drake [20]. The calculations by Asén et al. [2,29],
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Table 7.7 The 1s2p 3 P fine structure of He-like ions. (Values for Z =2, 3 given in MHz and the
remaining ones in pWHartree)

Z 3P, =P, 3p,—3p, P,—P Ref. Expt’l Ref. Theory
2 29616.95166(70) 2291.17759(51) Gabrielse et al. [62]
29616.9527(10) Giusfredi et al. [22]
29616.9509(9) Hessels et al. [21]
2291.17753(35) Hessels et al. [12]
29616.9523(17) 2291.1789(17) Pachucki et al. [57]
3 155704.27(66) —62678.41(65) Riisetal. [53]
—62678.46(98) Clarke et al. [16]
155703.4(1,5) —62679.4(5) Drake et al. [20]
9 701(10) 5064(8) 4364.517(6) Myers et al. [46]
680 5050 4362(5) Drake et al. [20]
681 5045 4364 Plante et al. [52]
690 5050 4364 Asén et al. [2,32]
10 1371(7) 8458(2) 7087(8) Curdt et al. [17]
1361(6) 8455(6) 7094(8) Drake et al. [20]
1370 8469 7099 Plante et al. [52]
1370 8460 7090 Asén et al. [29]
12 3789(26) 20069(9) 16280(27) Curdt et al. [17]
3796(7) Myers et al. [47]
3778(10) 20046(10)  16268(13) Drake et al. [20]
3796 20072 16276 Plante et al. [52]
3800,1 20071 Artemyev et al. [1]
14 40707(9) Curdt et al. [17]
8108(23) 40708(23)  32601(33) Drake et al. [20]
8094 40707 32613 Plante et al. [52]
40712 Artemyev et al. [1]
18 124960(30) Kukla et al. [28]
124810(60) Drake et al. [20]
23692 124942 101250 Plante et al. [52]
23790 124940 101150 Asén et al. [29]
124945(3) Artemyev et al. [1]

using the recently developed covariant-evolution-operator method, was the first nu-
merical evaluation of QED effects (nonradiative) on quasi-degenerate energy levels.
It can be noted that the energy of the 152p 3 Py state, which a linear combination
of the closely spaced states 1s2p;/, and 1s2py;3, could not be evaluated by the
S-matrix formulation (see, for instance, the above-mentioned work of Mohr and
Sapirstein [44]). Later, calculations have also been performed on these systems by
the St Petersburg group, using the two-times-Green’s-function method [1], where
also the radiative parts are evaluated numerically.

The accuracy of the experimental and theoretical fine-structure results is not
sufficient to distinguish between the first-order energy QED corrections and the
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Table 7.8 The transition

125 1S — 15293 P § Reference
Hse_fike (351 (inSCI{r)l _1)1 or Exptl 7230.585(6) Myers etal. [19]
Theory 7231.1 Plante et al. [52]
7229(2) Artemyev et al. [1]
Table 7.9 Two-photon
calculations on tlI:e Z 250 2’8, 2’8,
1s2s 1S, 3S states of 10 MBPT —116005 —47 638
helium-like ions (in pHartree, QED 6.2 —-1.2
first two columns from Asén 18 MBPT —119381 —48 158
et al. [3], last column from QED 3.8 4.6
Mohr and Sapirstein [44]) 30 MBPT —128349 —49542 —49 541
QED 93 6.9 8.7
60 MBPT —177732 —57025 —57023
QED 2358 216 224

numerical evaluation of Asen and Artemyev. On the other hand, the experimen-
tal accuracy of the separation of Fluorine (Z = 9) seems to be sufficient to test even
higher-order QED effects. Here, present theory cannot match the experimental ac-
curacy, but this might be a good testing case for the new combined QED-correlation
procedure, discussed in the following.

As a second illustration, we consider the transition 1s2s 1Sy — 1s2p3P; for
He-like silicon, which has recently been very accurately measured by Myers
et al. [19] (see Table 7.8). Corresponding calculations have been performed by
Plante et al. [52], using relativistic MBPT with first-order QED correction, and by
Artemyev et al. [1], using the two-times Green’s function. Here, it can be seen that
the experiment is at least two orders of magnitude more accurate than the theoreti-
cal estimates. Also here the combined MBPT-QED corrections are expected to be
significant.

7.2.2 Energy Calculations of 1s2s Levels
of Helium-Like Ions

The covariant-evolution-operator method has also been applied by Aén et al. [2, 3]
to evaluate the two-photon diagrams in Fig.7.2 for the first excited S states of
some helium-like ions. The results are compared with relativistic MBPT results,
to determine the nonradiative QED effects, as in Table 7.4 above. The results are
shown in Table 7.9, where comparison is also made with some results of Mohr and
Sapirstein [44].
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Part 111

Quantum-Electrodynamics Beyond
Two-Photon Exchange: Field-Theoretical
Approach to Many-Body Perturbation
Theory



Chapter 8
Covariant Evolution Combined
with Electron Correlation

In Part I, we have considered some standard methods for many-body calculations on
atomic systems. These methods are well developed and can treat certain electron-
correlation effects to essentially all orders of perturbation theory. In Part II, we have
considered three different methods for numerical QED calculations on bound sys-
tems, which have been successfully applied to various problems. All these methods
are, however, in practice limited to one- and two-photon exchange, implying that
electron correlation can only be treated in quite a restricted way. For many systems
the electron correlation is of great importance, and to evaluate the QED effects ac-
curately, it may be necessary to take into account also the combination of QED and
correlational effects, which has not been done previously.

In Part III, we demonstrate that one of the methods presented in the previ-
ous part, the covariant-evolution-operator method, forms a suitable basis for a
combined QED-MBPT procedure.' This leads to a perturbative procedure that is ul-
timately equivalent to an extension of the relativistically covariant Bethe—Salpeter
equation, valid also in the multireference case and referred to as as the Bethe—
Salpeter—Bloch equation. In this work, we normally use the Coulomb gauge, and
we shall apply the equal-time approximation, discussed in Chap. 6. In Chap. 10, we
illustrate how this procedure can be implemented and give some numerical results.

8.1 General Single-Photon Exchange

In the treatment of single-photon exchange in Chap. 6, the incoming state was
assumed to be unperturbed. We shall now generalize this treatment and allow the in-
coming state to be perturbed, involving particle as well as hole states. As mentioned,
we shall deal particularly with the Coulomb gauge, where the total interaction is ac-
cording to (4.57) separated into a Coulomb and a transverse part (see Fig. 8.1).

1€ =18 +If. (8.1)

! The treatment in Part III is largely based on [3,6, 7] and the thesis of Daniel Hedendahl [2].
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Fig. 8.1 In the Coulomb ) )
gauge, the. smgle-photgn X oo - X oo 4+
exchange is separated into o o o o

A A
a Coulomb and a transverse "1 ‘15 "1 2 s
(Breit) part l¢----92 1 ¢~y 2

AW W4 u t AW Wy
X0 -@------ & - x(/) X0 -@------ & - x(/)
A A
& &

The corresponding single-photon potential is similarly separated into:
Vip = Ve + V1. (8.2)

We start with the transverse part and consider the Coulomb part later.

8.1.1 Transverse Part

The kernel of the transverse part of the single-photon exchange in Coulomb gauge
according to (6.6) is given by:

i Sp(x, x1) i Sp(x’, x2) (=) 1€ (x2, x1) i Sp(x1, X0) i Sp(xz, x4) e ¥ 11 F12D (8 3)

The external time dependence is (with the notations in Figs. 8.1 and 8.2) in the
equal-time approximation in analogy with the previous case (6.9):

e it (@3tw4—er—es) Gito(@1+wa—er—ey)

As before, we can argue that in the limit y — 0 w; + w2 = w3 + wq4 = &, ie.,
equal to the initial energy, and the dependence becomes:

e_it (5—8,« _83‘) eit()(g_af _su) X
‘We then have the relation:
Ur(t. to) = e " E~HO) My gltoE=Ho), (8.4)

where M is the corresponding Feynman amplitude, defined as before (6.11). This
yields:

1 dw; dw, dws dws dz .
it [ 552 5 i
T(¥, X7 X0, %) = 3 3w 2% 2n 2m ) 2x SF@3ExD)

X iSp(wa: x', x2) (=) I (2 %2, X 1) iSe(@1: %1, X0)
X 1Sp(w2; X2, x0)27 Ay (01 — 2 — w3) 2 Ay (w2 + 72— w4)
(8.5)
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Fig. 8.2 Time-ordered At AR
g X R r A ‘//ﬂ: ]//:l: s rA 1//:|: Wi s
evolution-operator diagrams X - S X -t i S
for single-photon exchange, wih s r 4
transverse part r4 Jiv/iéfj 2 1 H‘k\zv\‘ s
1 WA u t A 2
[ MO u
X0 -@------ & - x(/) X0 -@------ & - x(/)
gy bpu Lrv+ vgu
& &

leaving out the internal space integrations. (The factor of 1/2 is, as before, eliminated
when a specific matrix element is considered.)
After integrations over @, w3, w4, the amplitude becomes:

d d
Mr(x,x', x9,x5) = // had} —ZlSF(wl 2x,x1)iSp(€ — w1 —z:x',x2)

x (=) If(z; %2, %1) iSp(w1: X1, x0) 1SE(E — w15 X2, X().
(8.6)

Inserting the expressions for the electron propagator (4.10) and the interaction
(4.46), a specific matrix element becomes:

d 1 1
(rs|Mrlab) = <rs —1/ o1 -

27r wy—z2—¢&r +iyr E—w1 +7— &5 +1ys

1 / 2¢%kcdic (k)
X . —lab ),
w)—& +iy, E—wy —e,+iy, J 22— +1ip

(8.7)

where fTC is the transverse part of the f function in Coulomb gauge (4.60). Integra-
tion over z now yields — in analogy with the treatment in Chap. 6

My = (—i)? / cdi £ (k)

times the propagator expressions

1 1 1
— +
E—er — &g [wl—sr—(CK—IV)r E—wr —&5—

(ck — iV)s:|

and

1 1 1
— + — |.
E—¢e —¢y |:a)1—8t+1y, 5—0)1—8u+1)/u:|
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We have now four combinations that contribute depending on the sign of the
orbital energies (after integration over wy ):

sgn(er)
& —&r — (ck —1iy)r
sgn(ey)
E—e —e5— (ck —1y)s

sgn(er) 7# sgn(e;) :

sgn(es) = sgn(er) :

sgn(ey)
E—ter—e,— (ck —1iy),

sgn(ey) = sgn(er) :

sgn(e,) # sgn(ey) : p— sg_ngiz)_ ) (8.8)

times (—1i).
The Feynman amplitude for the transverse part of the single-photon exchange
now becomes:

Mr =T(E)iVr(E) I(E). (8.9)

where I"(€) is the resolvent (2.64). This yields for the present process:

(rs|Mr(E)|tu) = <rs) Vi (€) ‘m} 5; (8.10)

1
E—&r —s —& — &y

where Vr(€) is now the generalized transverse-photon potential:

(rs\VT(5)|tu) = <rs

1+54 U+T+ U+ ST
+ +
E—¢e—eFexk E—¢e —e,Fek  g,—& ek

/cd/c FE (k) [iL

& —&r £k

+

tu>. (8.11)

Here, 74 etc. represent projection operators for particle/hole states. The upper
or lower sign should be used consistently in each term, inclusive of the sign in the
front, but all combinations of upper and lower signs in the four term should be used,
corresponding to the 16 time-ordered combinations, shown in Fig. 8.3.

It should be noted that the expression above is valid also for the entire interaction
in any covariant gauge, using the appropriate f function.

We shall now illustrate the potential (8.11) by giving explicit expressions in a
few cases.
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No pairs

Fig. 8.3 All 16 time-ordered diagrams corresponding to the transverse single-photon exchange
given by (8.11)

No virtual pairs

The potential becomes here:

(rs|Ve(&)|tu) = <rs

[ eac st

1 1
t 8.12
x |:£—sr—eu—c1c+5—st—es—c1<:| M> ( )
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and the Feynman amplitude agrees with the previous result (6.16). This agrees with
the result of the evaluation of the corresponding time-ordered diagram according to
the rules of Appendix I.

Single hole in (t)

The potential becomes here:

-1 1
/CdKfTC(K)[ — + :|
g —& —ck E—& —&,—CK

tu>,

(rs\VT(5)|tu) = <rs

(8.13)
which can also be expressed
sl Vi@in) = & e, =) {rs | [ cae £60
1 1
X tu) (8.14)
& —&r—Ck £ —8&r — &, — CK
and the denominators of the Feynman amplitude become:
1 1 1

— . (8.15)

E—¢ —&5 & —6 —Ck E—8& — &, —CK

This agrees with the evaluation rules of Appendix I. We see here that one of the
resolvents in (8.9) can be singular (“Brown—Ravenhall effect”), which is eliminated
by the potential.

Single hole out (r)

The potential (8.11) becomes:

(rs\VT(5)|tu) = <rs /cd/c fTC(K)

1 1
tu). (8.16
X|:8,—8r+ck+8—st—ss—c1<:| M> ( )
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The denominators can here be expressed as:

1 1
E—¢g —¢ 8.17
( g S)St—8r+CK5—8t—8s—CK ( )

and the denominators of the Feynman amplitude becomes:

1 1 1
, (8.18)
g —& +ck E—&g—e5—ck E—& — &, —CK
which agrees with the evaluation rules of Appendix I.
Double hole in t,u
&
The potential (8.11) is here:
c -1 -1
(rs|Ve(©)|tu) = (rs | | cdk fr (k) + tu) (8.19)
& — & —CK &, — &5 —CK
and the denominators of the Feynman amplitude become:
- : + : 1 (8.20)
E—¢er—es|ler—e—ck e —es—ck | E—e—ey ’

We shall demonstrate explicitly here that this agrees with the evaluation rules of
Appendix I. With one time-ordering 34 > #, > t > —oo0 and 00 > f34 > fp, the
time integrations yield:

—00 o) —00
(_1)3 / dtz e—ldztz / dt34 e—1d34t34 / dtl e—ldltl . (821)
134 1 %]

Together with the alternative time ordering 1 <> 2, this becomes:

~1 11
[ + } (8.22)

diozadsa | di  do
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with the notations of Appendix I, which is identical to the result (8.20). Note that
this is NOT in agreement with the standard Goldstone rules of MBPT [4].

Single hole in and out (t,s)

The potential (8.11) yields:

-1 -1
d C
/C . fr () |:£,—£,—CK +5—8;—ES+CK

(rs|Ve(&)|tu) = <rs

).

(8.23)

1 1
+ - }
E—ey—& —Cck  &,— &+ Kk

Using the notations of Appendix I:
di=¢ —¢& —ck; dy=¢6,—¢6+ck; d3=¢4—8 —ck;
do =¢p—¢e,+ck; dig=E—¢& — &,
dizg =E—¢er—ey—ck; dyza=E—er—es+ck;  dinza = E—gr—¢y,

the bracket above becomes:

1 1 1 1 d1234d34 [ 1 1 :|
I L 8.24
di dyzsa  dr  diza  dizadaza | dr  di (824

and the denominators of the Feynman amplitude (8.10):

I [1 1}_ I [1 1} 925
disadrzs | dr  di|  didy [diza  daza |’ i

which agrees with the rules of Appendix L.
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No pairs

r s

Fig. 8.4 Same as Fig. 8.3 for the Coulomb interaction

8.1.2 Coulomb Interaction

The Coulomb part of the interaction is obtained in a similar way (see Fig. 8.4). In
analogy with (8.5), we now have:

dwq d d
/ SO 503 —Z iSp(w1) iSE(Eo — w1)
2m 2w

x (—i)I§ iS(w3) ISF(EO —w3)

leaving out the space coordinates. After z integration, using (4.63b), and with the
explicit form of the propagators this leads to:

/ da)1 dw3 1 1
—i hantBheedcl
2n 2w wy — & +1iyr Eo— w1 — &5 + Y5

.

ab>, (8.26)

(rs|Mclab) = <rs

- <,s

where V¢ is the Coulomb interaction (2.109). Here, the plus sign is used if
sgn(e;) = sgn(e,) = sgn(e,) = sgn(es) and the minus sign if sgn(e;) =
sgn(eu) # sgn(er) = sgn(es).

1 1
w3 —& +iy; Eo—w3 —&, +1iy,
i 1
C
Eo—&r — &5 Eo—& — &,

X VC

+

8.2 General QED Potential

We shall now see how the potential above can be extended to include also crossing
Coulomb interactions as well as various radiative effects.

8.2.1 Single Photon with Crossed Coulomb Interaction®

We start by considering a transverse photon with a crossing Coulomb interaction
(Fig. 8.5), using the Coulomb gauge.
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Fig. 8.5 Feynman diagram
representing the exchange of
a retarded covariant photon
with crossing Coulomb
interaction

The Feynman amplitude becomes for the left diagram:
X iSp(w3; X, x4) iSp(wa: X', x2) iSp(w1; X4, X 1)
X iSp(w2; X2, X3) iSk(ws; x 1, X0) iSr(we; X3, X ()
X (=) I (z: X4, %3) (=) Ve(x2. 1)
X 2w Ay (w1 —z2—w3) 2w Ay (w6 + 2 — w2)
X 2w A (€ — ws — we) 2 Ay (w1 4+w4 — w5 — w2).  (8.27)
Integrations over w3, w4, w5, we lead in the adiabatic limit to
w3=w1—2, w4g=E—w1+z ws=E—wr+27, we=wr—2

and to

d d
M(x,x";x9,xp) = // con —Z iSp(w1 — 2: X, x4) iSF(€ — w1 + 2 X7, x2)

X ISF(U)Ux4sxl)iSF(w2§x2»x3)iSF(g —wy +2;X1,X0)

X iSp(wz — z: X2, %) () If (2 X2, x3) (=) Ve x4, X3).
(8.28)

More explicitly the electron propagators become:

1 1 1 1
p — + -
(w1 — &, +1in,) (6—8,—85)[(0)1 —z—¢& +iy) (E—w+z—8 +1ys)]

1 1 1 1
x . — + — |
(0 —=w 4 iny) (€ —& — &) |:(€_w2+1—5t+1)’t) (Q)Z_Z_gu"'lyu)]

(8.29)
The integrations over w1, w; lead in analogy with (8.8) to
r r
sgn(e,) # sgn(e,) : 4 =*F . TF
& —z—& F1y ar
$ s
sgn(ey) = sgn(es) : =+ VS .S

E—e, +z—es+iy by
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Wil4+ Wil
w) = w) : + — = +
sgn(ew) = sgn(ew) E—ep+z—8 iy c+
sen(e,) # sen(e,) : £t = £ (339
8W_Z_5u:|:1y d:F

times (—i)z. Here, the first two terms should be combined with the last two, and the
propagators (8.28) reduce to:

1 1 y |::|:v:|:r:|: i Visii|
Eu

E—¢e —& E—& — as by
t t
iWi + - WxlF + Wi UT - WFU4 8.31)
C+ Cx d:F di

Upper or lower sign should be used consistently in all four operators in each
product. We use here the notations:

A:tzgv_gr:FCK ai:gV—Z—Srﬂ:iV

By =€—¢ —esFck by =E—& +z—6s iy
Cr=&C—6,—& Fck ct =E—e,+z—e iy (8.32)
Dy =ey—euFck di =&, —7—¢&, X iy.

The photon interaction has one pole in each half-plane, and for the combinations
where the electron propagator poles are in the same half-plane the z integration
leads directly to the replacement a1 — A4 etc. This part then becomes 1/(€ —&, —
er)1/(E — & —g,) times

(8.33)

V4TIF ViS4 W4l4 W4 UF
Ver = .

A | Bi Cs D=

Again, upper or lower sign should be used consistently in all four operators in
each product. Expressing the Feynman amplitude in analogy with (8.10),

i 1
(rs|M(@)[1u) = 5= ™ (rs) Vic(€) ‘m) e (8.34)
the corresponding part of the potential becomes:
(rs|Vre)1ltu) = /c dic £ (k) (vs|Veltw) (rw|Ver|vu) . (8.35)

When the electron propagators have one pole in each half-plane, we have to sep-
arate the propagators as before. For instance, the product

ViFrF WFUF V4rF WEltF

as CcF e —z—& Fiy E—¢ep+z—8 Fiy
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is rewritten as

Varsw=t 1 1 Varsw=xt 1 1
_virE :F:F|:_+_:|:>_:I::F :F:F|: n }
a—+c a a—+c

F CF Az | Cx

after z integration, or

VATrFWEIF |: 1 1 :|

+
E—¢e,—¢6 +e,—¢& |e,—e ek  E—¢,—8& Tk

Similarly,
Vily Wxigy V4TI WFxu+
B ax d+ __sv—z—sr:Fiy &y — 27— &, iy
is rewritten as
VArFWTUL |:L 3 i] _, VarEwEus [L 3 Li|
a—d ar d+ a—d Ax Dy |’

But Ax — D1 = a — d; so this can also be written as:

V4L TrFWxUu+
Ax Dy
All similar combinations lead to
VATrFWElF 1 1 VATFWF UL VLS4 WFIF
Vor=-E0E Ly | -

a—+c A:F C:F A:F Dy By C:F

V4 S+ WFUL 1 1

—_—— |+ —, 8.36

b+d |:B:|: D:I::| ¢ )

where upper and lower sings are used consistently in all four operators in each term.
The notations are defined in (8.32). This complete expression is quite complicated,
particularly due to the denominator a + c.

Equations (8.33) and (8.36) represent the complete potential for all 64 time-
ordered diagrams, corresponding to the Feynman diagram in Fig. 8.5:

(rs|Vrc|tu) = /ch FE @) (vs|Veltw) (rw|Ver + Vea|vu) . (8.37)

We can simplify the results above by assuming that the incoming orbitals 7, u are
particle states. Then (8.33) reduces to

Vyr— VSt | waly V_ry V_S_ | w_uy
8.38
[A- B+}C+ [A++B-]D+ (838
and (8.36) to
V_rywgly 1 1 VyS4W_Uy 1 1
S e I e o e ) P 8.39
a-+c |:A++C+:| b+d |:B++D+:| ( )
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With no pairs, we then have:

VS wyly VySEWily
By Cy (E—g,—&5—ck)E—8y—& —CK)

with single pair (v)

V_rywqgly 1 1 V_Tr4Wwylty
- R + —_— = —
a+c Ay  Cy E—¢e,—6+e&, —6&r

1 1
X
[SV—E,—CK + 8—8W—5,—c1<}
and double pairs (v, w)

V_Fr4+ W_u4 V_Ir4w_uy

A+ D-‘r B (Sv_sr_CK)(sw_gu_CK)'

This corresponds to the time-ordered diagrams shown below, and the results are
in agreement with the evaluation rules for time-ordered diagrams. Also here some
diagrams are complicated to evaluate, due to the denominator a + c.

Another, probably more reasonable approximation is to assume that the inter-
mediate states v, w are particle states. Then only the simpler term (8.33) survives,
yielding

Vyr— VSt Wyly Wiu_
Vi = 8.40
o [A— B+}[ Cy D- } (840
and the potential
(rs|VTE|tu) = /CdK fTC(K) (vs|Veltw) (rw|Ver+|vu) . (8.41)

This part of the potential can be generated by iterating the pair equation, as discussed
in Chap. 10. This is true also for repeated Coulomb crossings.
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8.2.2 Electron Self-Energy and Vertex Correction

Next, we shall see how some radiative effects, previously treated in the S-matrix
formalism (see Sect. 4.6), can be included in the QED potential. Since we are using
the Coulomb gauge, we have to treat the Coulomb and transverse parts separately
as in Sect. 4.6.
We start with the fransverse part, illustrated in Fig. 8.6 (left). The kernel is here
(c.f. 4.84):
i Sp(x, x2) 1 Sp(x2, x1) (=) If (x2, x1), (8.42)

where ITC is the transverse part of the interaction (4.59). The Feynman amplitude
becomes in analogy with previous cases (8.4)

dw; dw, dz . . .
Msg(x) = / 2—7; 2—7: o iSE(wa; X, x2) iS(w1; X2, x1) (=) IF (2 X2, %1)
X2 Ay (g — w1 —2)2n Ay (w1 — w2 + 2) (8.43)

integrated over the internal space coordinates and with the energy parameters given
in the figure. After integration over the omegas, this becomes:

dz . . .
MSE(x)/ o iSr(eq; X, X2) iSp(eq — 23 X2, %1) () IS (z; %2, x1). (8.44)

The matrix element of the evolution operator is:
(rlUse(0)la) = e*Ca™e (rt|Msp(x)|ta) . (8.45)

which we can express

e it (ea—¢r)

(r}USE(Z)|a) = . (r|—i2(8a)}a), (8.46)

where X (g,) is the self-energy operator (4.85)

(r|X(ea)la) = <rt

dz .
/ZlSF(ea —zx2,%1) I£ (X2, %1)

m>. (8.47)

X --9--
Fig. 8.6 Diagram rye2
representing the transverse 2
a‘nd Coulomb Pans of the 1
first-order self-energy of a
bound electron in the 1
covariant-evolution-operator a
formalism (c.f. Fig. 4.9)
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Inserting the explicit expressions for the propagators, yields

/ cdi fE(x)

€qa — & — (Ck —in);

(|2 (ea)|@) teans = <rt ta> (8.48)

consistent with the diagonal S-matrix (4.89).

It should be noted that the self-energy is diagonal in energy in the S-matrix for-
mulation, due to the energy conservation, while also nondiagonal parts will appear
in the covariant-evolution formulation. As we shall see, only the diagonal part is
divergent and has to be renormalized, as will be discussed in Chap. 12.

The Coulomb part of the self-energy (Fig. 8.6 right) becomes in analogy with the
S-matrix result (4.95)

| e2 2Kk dk sinkrqa
(V| (Sa)la)Coul 2 <I‘ 47[2601’12 / K2 a>
1
— 5 Sgn(st) (r[ |Vcl Z(l) (849)

with summation over positive- as well as negative-energy states.

8.2.2.1 General Two-Electron Self-Energy
We consider now a general self-energy operator (transverse part) in analogy with the

general single-photon exchange in Sect. 8.1, illustrated in Fig.8.7. (The Coulomb
part can be treated similarly.) The kernel is now

i Sp(x, x2) i Sg(x, x1) (=) IS (x2. x1) 1 SE(x1, x0) i S(x’, x{) e 77 (112D

(8.50)
- - x/
[aF Wi
Fig. 8.7 General
two-electron self-energy
with incoming and outgoing - X

electron propagators
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and the Feynman amplitude

dwy dw, dws dws dz

!/ !/

s ; s _— —_—— — —— — 5
Mese(x,x";x9 xO)—/// " I Im 2 7 iSp(ws; x, x2)

X 1Sp(w4; X2, x1) iSp(w1: X1, x0) iSr(w2; x', x7)

x () I (2 x2,%1) 2 Ay (01 — 2 — w4)

X 2w Ay (w4 + 72— @3) 2w Ay (€ — w1 —w2).  (8.51)
After integrations over w,, w3, w4, this becomes

dw; dz
Msg(x,x',x0,x() —/ —1—1Sp(a)1,x x,)iSp(w; —7;x2,Xx1)

x (1) IF (2 X2, %1)iSE(w1; X1, X0)iSE(E — w13 %, x})
(8.52)

as before, leaving out the internal integrations. Integration over z now yields

b= (- / ¢ de £E(0)

times the propagator expressions

1 1 1
& — &, — (—iy), [a)l —&r + iy, - w1 — &, — (ck —iy)vi|

1 1 1
|: — + - ] (8.53)

E—er—eylon—e +iyy  E—wr—et+iy

and

The integration over w; yields another factor of —i, and this leads in analogy with
(8.10) to:

i

(rulMse(€)]ru) = —— (rulVsp(&) | 1) ————. (8.54)
&r — & — (ck —iy)y E—e—ey
where Vsg(€) is the potential
t
(rs|Vsg(E)|tu) = <rs cdic £E(x) [:i: £F T
e —& E—&r—gy
I+vr ViUt

tu). 8.55
:Fet—ev:tCK S—eu—sv:ch} u> ( )
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If all states are particle states, we find that the bracket above becomes:

1 1 & — &y, —CK

E—¢e —gy - E—¢e,—&,—cCk - (E—¢er—e)(E—e,—6,— k)
and the Feynman amplitude

i 1
E—er—e)E—en—ey—ck)E—er—e,

(8.56)

in agreement with the evaluation rules for time-ordered diagrams, derived in
Appendix 1.

Next, we consider some specific cases with virtual holes, and, as before, we apply
the potential to a Coulomb interaction.

Hole out (r) (remaining ones particle states)

The Feynman amplitude (8.54) becomes:

i 1 1 1 (8.57)
&r—& —ck |es—e E—e,—e,—ck | E—81—¢e, ’

This corresponds to the two time-ordered diagrams in the marginal.

Hole in (t)
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The Feynman amplitude becomes:

i 1 1 1
- - -
& — &, —CK &g —8& E—& —& & —8& —CK

1 1
— , 8.58
5_8u_5v_Ck:| E—¢& —ey ( )

which can also be expressed as

i ! + ! X ! .
(er —e)er—&y—ck)  (E—e —e)E—eu—& —ck)| E—e—ey
(8.59)

After some additional algebra, this can be shown to be identical to

—1 1 1
8.60
(St—SV—CK)((‘:—Sr—Su)|:5—8u—8v—CK+8t—8,-:| ( )

corresponding to the time-ordered diagrams in the marginal.

8.2.2.2 General Vertex Correction

The general vertex correction (transverse part), illustrated in Fig. 8.8, leads to

dw; dw dz . .
bt —iSp(w3;x,Xx2) iSk(ws — 7; X2, X3)
2w 2w 2

va(xaxlﬁx()’x()) :/
XiSE(E — w31 x’, x4) (=) £ (2 X2, X 1)
x (=) Ve (x4, x3) iSp(w; — 7, X3, %1)

X iSp(w1; %1, X0) iSF(€ — w1; X4, x7). (8.61)

Fig. 8.8 General vertex
correction with incoming and
outgoing electron propagators
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More explicitly, the electron propagators become:

1 1 1 1
I SR
E—er—esw3—&,—2—iyy L3 — & +iyy E — w3 — &5 + iy

times

1 1 1 1
|: + :| . (8.62)

5—€t—€uw1—€v—l—i% w1—8z+i)’t g_wl_8u+iyu

If the energies of the orbitals v and w have the same sign, then the integration over
z leads to:

My = —i/cd/c @)

times

1 1 1 1
: — + p
E—& —e5w3—g,— (ck —iy)y |:w3_5r+13/r g_w3_8s+1)’si|

and

1 1 [ 1 1 } (5.63)

- — + -
E—g—egy01—&,—(ck —1y), w1 —& +1yy € —w1 — &, + 1Yy

and to the Feynman amplitude, in analogy with (8.54):

i 1
(rs\va(é‘)\tu) = m <rs‘ va(g) tu> m, (864)
where Vyx(€) is the potential
(rs|Vx(&)|tu) = <ws Ve|vu) (rv}/cd/c L)

<+ rews SEWi

e —eptck  E—e5—¢, Fck
t

x|£—EF 4 Tl wt).  (8.65)

g —¢& ek  E—¢e,—8& Fck

If the orbitals v and w are of different kind (particle or hole), the evaluation becomes
more complicated. This case is expected to be less important.
If all states are particle states, we find that the brackets above become:

1 1
E—es—6ep—ck E—e,—8& —CK’




192 8 Covariant Evolution Combined with Electron Correlation

in agreement with the evaluation rules for time-ordered diagrams. If r is a hole state
and the others particle states, we have instead

1 1 1
— + X
[ & — &y — CK S—SS—SW—CK:| E—¢e,—&, —cCKk
E—&r — & 1
X .
(6r —ep—ck)(E—e5—6y—ck) E—6&,—&, —CK

This leads to the denominators of the Feynman amplitude (8.64)

1
_(sr —ep—ck)E—e5—ep—cK)(E —e,— 8, —ck)(E — & — &)

and corresponds to the time-ordered diagram.

8.2.3 Vertex Correction with Further Coulomb Iterations

The Coulomb interactions of the vertex correction can be iterated before the
photon interaction is closed, in the same way as for the retarded photon with
crossed Coulomb, treated above, leading to diagrams of the type shown in Fig. 8.9.
Assuming that the intermediate states v,w, as well as the states between the
Coulomb interactions are particle states, the corresponding analytical expression is
obtained from (8.64) by replacing the matrix element (ws|Vc|vu) by:

[xy) (xy]

(ws|Vem——————
E—ex—ey—ck

Velvu) .

Fig. 8.9 Vertex correction
with double Coulomb
interactions £
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Fig. 8.10 Feynman diagram representing the “QED potential,” VP in (8.66). The first diagram
on the r.h.s. includes the Coulomb potential

8.2.4 General Two-Body Potential

We can now form a general “two-body QED potential” by adding the contributions
derived above:

VED = Vi, + Vac + Vg + Wi, (8.66)

where Vp, as before, represents the combined Coulomb and transverse-photon ex-
change (8.2). This is illustrated in Fig.8.10. Here, particle as well as holes are
allowed in and out.

8.3 Unification of the MBPT and QED Procedures: Connection
to Bethe—Salpeter Equation

We shall now see how the general QED potentials, derived above by means of
the field-theoretical Green’s operator, can be combined with the standard MBPT
procedure, leading to a unified MBPT-QED procedure. The procedure is valid for
an arbitrary (quasi-degenerate) model space and equivalent to an extension of the
standard Bethe—Salpeter equation, referred to as the Bethe—Salpeter—Bloch equa-
tion, briefly mentioned in Sect. 6.9 and further discussed in the next chapter (see
also [5]). The procedure is also applicable to systems with more than two electrons,
as will be briefly discussed at the end of this chapter.

8.3.1 MBPT-QED Procedure

The general potentials derived above — with possible hole states on the in- and
outgoing lines — cannot be used iteratively in the way discussed in Chap. 6. There-
fore, it cannot be used directly in a Bloch equation, like that in (6.106). For that
purpose, we shall insert one extra Coulomb interaction, when holes are present,
leading to the replacements

VD — pQED 4 yQED Py (EYVe + Vel (E)VEP + Velp(E)VEP T (E) Ve
(8.67)
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-g----—- -

A VP A

- ---—-- & -

Fig. 8.11 Illustration of the modified potential (8.67), which can be iterated. It has only positive-
energy states in and out and is free from the Brown—Ravenhall effect

ED §* QQED
VQ+ L1
(QQED pQED

eff

Fig. 8.12 Graphical representation of the single-photon Bloch equation (8.68). The last diagram
represents the “folded” term, i.e., the last term of the equation. This equation can be compared with
the Bethe—Salpeter equation in Fig. 9.4, valid only in the single-reference case, where there is no
folded contribution. The order-by-order expansion of this equation is illustrated in Fig. 8.13

illustrated in Fig.8.11. This potential has only particle states (positive energy) in
and out, and can therefore be used iteratively in a Bloch equation.

When we have a single negative-energy state in the output, we can have a
vanishing denominator of the final resolvent, which leads to a singularity of the
Brown—Ravenhall type [1]. As demonstrated, though, at the beginning of this chap-
ter, such singularities cancel when combined with the general potential. But then it
is of vital importance that the potential and resolvent appear in “matching pairs.”
This will always be the case when the modified potential (8.67) is applied.

Inserting the modified potential (8.67) into the Bloch equation (6.106) leads to

5*QQED
QQED =14 FQVQEDQQED 4 VQED

e V- (8.68)

where VI = pyQED(F*)QQED P s the corresponding effective interaction

(6.139). In the last folded term only the last interaction, with the corresponding re-
solvent, is differentiated [see (6.105)]. The modified potential (8.67) is here regarded
as a single unit. This equation is illustrated graphically by the Dyson type of equa-
tion in Fig. 8.12. The iterative expansion of the equation is displayed in Fig. 8.13.
Solving the equation iteratively is equivalent to solving the corresponding version
of the Bethe—Salpeter—Bloch equation [see (6.140) and (9.30)].

The potential discussed above represents the dominating part of the QED ef-
fects. In order to get further, also irreducible combinations of transverse interactions
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+ .-+ + folded

Fig. 8.13 Graphical representation of the order-by-order expansion of the Bloch equation in
Fig.8.12

Fig. 8.14 Graphical representation of the Bloch equation (8.70), where a standard pair function
(£2) is combined with a QED potential

should be included (see Fig. 6.6). Formally, we can express the corresponding Bloch
equation:

§* QQED ED
QUED — | 4 [P QQED | Tvgf , (8.69)
where VQEP is the QED potential, based on the generalized multiphoton poten-

tial, used previously (Fig. 6.6), and ng D is the corresponding effective interaction
(6.139). This corresponds to the full Bethe—Salpeter—Bloch equation (without sin-
gles). For the time being, though, it does not seem feasible to go beyond a single
transverse photon. However, the two-photon exchange can be approximated by in-
cluding one retarded and one instantaneous transverse (Breit) interaction.

The potential (8.67) can also be combined with standard pair functions without
virtual pairs (Fig. 2.6). This leads to the Bloch equation

S*QQED

QU = @+ TV IP R + —

yEP (8.70)

illustrated in Fig. 8.14 (and analogously in the generalized case). This implies that
the Coulomb interaction is iterated to much higher order than the transverse in-
teraction. But since the Coulomb interaction normally dominated heavily over the
transverse interaction, this procedure usually represents a much faster way of gen-
erating a perturbative scheme than that represented by (8.68) and Fig. 8.12.

In the next section, we shall describe how the QED potential (8.67) can be used
in a coupled-cluster expansion, in analogy with the standard procedure of MBPT,
described in Sect. 2.5. Then also single-particle effects can be included in a system-
atic way, and the procedure would, in principle, be fully equivalent to the complete
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Bethe—Salpeter—Bloch equation with singles, applicable also to open-shell sys-
tems. This approach will also make it possible to apply the procedure to more than
two electrons.

In the next chapter, we analyze the Bethe—Salpeter and the Bethe—Salpeter—Bloch
equations further. In Chap. 10, we discuss how the iterative procedure discussed here
with a single transverse photon can be implemented and give some in numerical
illustrations. The renormalization procedure is discussed in Chap. 12.

8.4 Coupled-Cluster-QED Expansion

With the interactions derived above, we can construct an effective QED-Coupled-
Cluster procedure in analogy with that used in standard MBPT, described in
Sect. 2.5 (see [7]). Considering the singles-and-doubles approximation (2.105)

S=5851+5,, (8.71)

the MBPT/CC equations are illustrated in Fig.2.8. In order to obtain the corre-
sponding equations with the covariant potential (6.6), we make the replacements
illustrated in Fig. 8.15, which leads to the equations illustrated in Fig. 8.16.

The CC-QED procedure can also be applied to systems with more than two elec-
trons. For instance, if we consider the simple approximation (2.101)

1
Q=1+8+ 5{322},

then we will have in addition to the pair function also the coupled-cluster term,
illustrated in Fig. 8.17 (left). Here, one or both of the pair functions can be replaced
by the QED pair function in Fig. 8.12 (right) to insert QED effects on this level. In
addition, of course, single-particle clusters can be included, as in the two-particle
case discussed above (Fig. 8.15).

FH HH

Fig. 8.15 Replacements to be made in the CC equations in Fig. 2.8 to generate the corresponding
CC-QED equations (c.f. Figs. 6.4 and 6.5). The wavy line in the second row represents the modified
potential (8.67) with only particle states in and out
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1
o

Sli

Fig. 8.16 Diagrammatic representation of the QED-coupled-cluster equations for the operators S
and S,. The second diagram in the second row and the diagrams in the fourth row are examples
of coupled-cluster diagrams. The last diagram in the second row and the three diagrams in the last
row represent folded terms (c.f. the corresponding standard CC equations in Fig. 2.8)

b
b

Fig. 8.17 Diagrammatic representation of the QED-coupled-cluster term %Szz with standard pair
functions (left) and one and two inserted QED pair function, defined in Fig. 8.12, (right)




198 8 Covariant Evolution Combined with Electron Correlation

We can summarize the results obtained here in the following way:

o When all one- and two-particle effects are included, the MBPT-QED proce-
dure is fully compatible with the two-particle Bethe—Salpeter(-Bloch) equation
—including singles.

e The advantage of the MBPT-QED procedure is — thanks to the complete com-
patibility with the standard MBPT procedure — that the QED potentials need
to be included only in cases where the effect is expected to be sufficiently
important.

The procedure described here is based on the use of the Coulomb gauge (6.41),
and therefore not strictly covariant. As mentioned, however, in practice, it is equiv-
alent to a fully covariant procedure, and, furthermore, it seems to be the only
feasible way for the time being to treat effects beyond two-photon exchange in a
systematic fashion.
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Chapter 9
The Bethe—Salpeter Equation

In this chapter, we discuss the Bethe—Salpeter equation and its relation to the
procedure we have developed so far. We start by summarizing the original deriva-
tions of the equation by Bethe and Salpeter and by Gell-Mann and Low, which
represented the first rigorous covariant treatments of the bound-state problem. We
demonstrate that this field-theoretical treatment is completely compatible with the
presentation made here. The treatments of Bethe and Salpeter and of Gell-Mann and
Low concern the single-reference situation, while our procedure is more general.
We, later in this chapter, extend the Bethe—Salpeter equation to the multireference
case, which will lead to what we refer to as the Bethe—Salpeter—Bloch equation in
analogy with corresponding equation in MBPT.

9.1 The Original Derivations by the Bethe—Salpeter Equation

The original derivations of the Bethe—Salpeter equation by Salpeter and Bethe [15]
and by Gell-Mann and Low [9] were based on procedures developed in late 1940s
for the relativistic treatment of the scattering of two or more particles by Feyn-
man [7, 8], Schwinger [18, 19], Tomanaga [23] and others, and we here summarize
their derivations.

9.1.1 Derivation by Salpeter and Bethe

Salpeter and Bethe [15] start their derivation from the Feynman formalism of the
scattering problem [7, 8], illustrated in terms of Feynman graphs. A Feynman di-
agram represents in Feynman’s terminology the “amplitude function” or “kernel”
for the scattering process, which in the case of two-particle scattering, denoted
K(3,4;1,2), is the probability amplitude for one particle propagating from one
space-time point x; to another x3 and the other particle from space-time x, to x4.
For the process involving one irreducible graph G™, i.e., a graph that cannot be

I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 199
Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_9, (© Springer Science+Business Media, LLC 2011
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3 4
3 4
( )5 ’
n
()5 0 ¢ 7 8
n
G . . A SRR
G | ol
1 2

Fig. 9.1 Examples of Feynman graphs representing scattering amplitudes in Egs. (9.1) and (9.2)
of the Salpeter-Bethe paper [15]. The first diagram is irreducible, while the second is reducible,
since it can be separated into two allowed diagrams by a horizontal cut

3 4
T G *
,,,,,,
K(3.4:1,2 = + E O+ +..-
“““
|
1 2

Fig. 9.2 Graphical representation of the expansion of the Feynman kernel in terms of irreducible
graphs

separated into two simpler graphs, as illustrated in Fig. 9.1 (left part), the kernel is
given by (in Feynman’s notations)

K™3,4;1,2) = —1//// dts---drg Kya(3,5)K15(4, 6)
x G (5,6;7,8) K4a(7, 1)K 15(8.2). 9.1)

where K., K1, represent free-particle propagators (positive-energy part). For a
process involving fwo irreducible graphs, the kernel illustrated in the right part of
the figure becomes:

K®™(3,4;1,2) = —1//// ds---dtg K4a(3,5)K15(4.,6)
x G™(5,6;7,8) K™ (7,8:1,2). (9.2)

This leads to the sequence illustrated in Fig. 9.2, where G * represents the sum of all
irreducible two-particle self-energy graphs. From this, Salpeter and Bethe arrived
at an integral equation for the total kernel

K(3,4:1,2) = K4a(3, 1)K+b(4,2)—i//// drs -+ -drg K4a(3,5)K4p(4,6)
x G*(5,6:7,8) K(7,8:1,2). (9.3)
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X x’
X _x/ X x/
X) G X5 , ,
v, x| X (x, X35 X1, X7)
G(x1, X715 X0, Xg) = + ,
. G (X, X1 X0, X()
7 /7
Xo X0 Xo X

Xo x4

Fig. 9.3 Graphical representation of the integral equation (9.3) for the Feynman kernel of Salpeter
and Bethe — identical to the Dyson equation for the two-particle Green’s function (Fig. 5.8)

This is the equation for the two-particle Greens function (5.80) in the form of a
Dyson equation, in our notations written as:

G(x,x’;xo,x{)) _ Go(x,x/;xO,Xf)) + //// d4x1d4x2d4x/1d4x;
X Go(x, x5 x2, x5) (1) 2*(x2, x5 x1, x7) G(x1, x7; X0, Xg)
(9.4)

and depicted in Fig. 9.3 (see also Fig. 5.8). Note that the two-particle kernel K in the
terminology of Feynman and Salpeter—Bethe corresponds to our Green’s function
G, and the irreducible interaction G* corresponds to our proper self-energy X*.
The proper (or irreducible) self-energy is identical to the irreducible two-particle
potential in Fig. 6.6. Furthermore, the electron propagators are in the Feynman—
Salpeter—Bethe treatment free-particle propagators. Note that the intermediate lines
in Fig. 9.3 represent a Green’s function, where the singularities are eliminated.

Salpeter and Bethe then argued that a similar equation could be set up for the
bound-state wave function. Since the free lines of the diagrams in the Feynman
formulation represent free particles, they concluded that the first (inhomogeneous)
term on the right-hand side could not contribute, as the bound-state wave function
cannot contain any free-particle component. This leads in their notations to the ho-
mogeneous equation:

W(3,4) = —1//// dts -+ -dtg K4a(3.5) K45(4,6) G*(5.6;7,8) W(7.8).

9.5)
This is the famous Bethe—Salpeter equation. In the Furry picture we use here,

where the basis single-electron states are generated in an external (nuclear) po-
tential, the inhomogeneous term does survive, and the equation becomes in our

notations
U(x,x") = d(x,x") + //// d*xd*xpd* X d*x)

X Go(x,x"; x2,x5) (—1) Z* (x2, x5 x1, x7) ¥(x1, x7). (9.6)
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Fig. 9.4 Graphical representation of the inhomogeneous Bethe—Salpeter equation (9.6). X* repre-
sents the proper self-energy, which contains all irreducible interaction graphs and is identical to the
irreducible two-particle potential in Fig. 6.6. This equation can be compared with that represented
in Fig. 8.12, valid also in the multireference case

This is the inhomogeneous Bethe—Salpeter equation we shall use, and it is
graphically depicted in Fig. 9.4.

9.1.2 Derivation by Gell-Mann and Low

The derivation of Gell-Mann and Low [9] starts from the “Feynman two-body ker-
nel,” used in the definition of the Green’s function (5.20) (in their slightly modified
notations):

K(x1,x2:x3, X4) = (Wo \T[K}H(Xl)@H(M)KM(M)KM(M)]|‘1/0) N CN))

T is the time-ordering operator (2.27) and @H, g@;} are the particle-field operators
in the Heisenberg representation. ¥ is the vacuum (ground state) of the interacting
system in the Heisenberg picture,|Oy).

In an Appendix of the same paper, Gell-Mann and Low derive a relation between
the interacting (¥y) and the noninteracting (@) vacuum states (both in the interac-
tion picture):

U(0, —00) ®o
(@o|U(0, —00)|Po)

Wy = (9.8)

which is the famous Gell-Mann—Low theorem (3.29), discussed previously. Here, ¢
is a normalization constant (equal to unity in the intermediate normalization that we
use). This can be eliminated by considering

(Po|U(00, —00)|Po)

t= 0l = @l U oo, 010) (@0lU . —o0) @0}

(9.9)
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Inserting the expression (9.8) into the kernel (9.7), using the relation (9.9), yields:

(@olU (00, 0)T [y (x1) Vst (x2) Yk (xa) ¥y (x3)]U (0, —00)| o)

K(x1,x2:x3,X4) =
(x1,X2; X3, X4) (Po|U (00, —00)|Po)

’

(9.10)

which is equivalent to the field-theoretical definition of the Green’s function
G(x1,Xx2; X3, x4) in (5.20).

Gell-Mann and Low then conclude that expanding the expression above in a
perturbation series leads to the two-body kernel of Feynman in terms of Feynman
diagrams, as we have performed in Chap. 5. This is identical to the expansion given
by Salpeter and Bethe, and hence leads also to the integral equation (9.3). Gell-
Mann and Low then use the same arguments as Salpeter and Bethe to set up the
Bethe—Salpeter equation (9.5) for the wave function. In addition, they argue that
single-particle self-energy parts can easily be included by modifying the single-
particle propagators.

The derivation of Gell-Mann and Low, which starts from the field-theoretical
definition of the Green’s function, has a firm field-theoretical basis. This is true, in
principle, also of the derivation of Salpeter and Bethe, which is based on Feynman
diagrams for scattering of field-theoretical origin.

In Sect.9.1.3, we shall see how the Bethe—Salpeter equation can be motivated
from the graphical form of the Dyson equation in Fig. 9.3.

9.1.3 Analysis of the Derivations of the Bethe—Salpeter Equation

We can understand the Bethe—Salpeter equation graphically, if we let the Dyson
equation in Fig.9.3 act on the zeroth-order state, @(xo, x6), which we represent
by two vertical lines without interaction. (The treatment can easily be extended to
the situation, where the model function is a linear combination of straight prod-
ucts.) From the relation (6.7), we see that the electron propagator acting on an
electron-field operator (with space integration) shifts the coordinates of the oper-
ator. Therefore, acting with the zeroth-order Green’s function on the model function
shifts the coordinates of the function according to:

D(x,x') = // dPxod>xy Go(x, x'; x0, X}) P(x0, Xp). (9.11)
This is illustrated in Fig. 9.5 (left) and corresponds to the first diagram on the right-

hand side of Fig.9.4. Similarly, operating with the full Green’s function in Fig. 9.5
on the model function leads to

¥(x,x') = // dxod>xy G(x, x; xo, x5) P(x0, xp) 9.12)

illustrated in Fig. 9.5 (right). Then the entire equation (9.6), illustrated in Fig. 9.4, is
reproduced.
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Fig. 9.5 Graphical illustration of Egs. (9.11) and (9.12)

The equation (9.12) is consistent with the definition of the classical Green’s func-
tion (5.1), which propagates a wave function from one space-time point to another
— in our case from one pair of space-time point to another. This equation can also
be expressed as an operator equation

|W(r,1")) = G(t, 1110, 10) | (10. 1)) . (9.13)

where G is the Green’s operator, introduced in Sect. 6.6. The coordinate represen-
tation of this equation

(x.x'|w(r,1")) = (x.x'|G(t,1": 10, 15)|x 0, x) (X0, X|¥ (t0.1)) (9.14)

is identical to (9.12).
This implies that:

e The Green’s function is the coordinate representation of the Green’s operator.
e The four-times Green’s operator represents the time propagation of the two-
particle Bethe—Salpeter state vector.

In the equal-time approximation, this is consistent with our previous result (6.50)
and with our conjecture (6.29).

Itis of interest to compare the Bethe—Salpeter equation (9.6), depicted in Fig. 9.4,
with the Dyson equation for the combined QED-electron correlation effects in
Fig.8.12. If in the latter more and more effects are included in the QED potential,
then the Coulomb interactions, represented by the standard pair function, become
insignificant. Then, this equation is identical to the Bethe—Salpeter equation. Solv-
ing the original BS equation iteratively, however, is extremely tedious and often
very slowly converging, due to the dominating Coulomb interaction. As mentioned
in the previous chapter, the QED-correlation equation is expected to be a faster
road to reach the same goal. One- and two-photon exchange in the QED potential
will very likely yield extremely good results, while such effects in the BS equa-
tion will often be quite insufficient (c.f. the discussion about the QED methods in
Part IT).
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9.2 Quasi-Potential and Effective-Potential Approximations:
Single-Reference Case

In the equal-time approximation, where we equalize the times of the two particles in
the Bethe—Salpeter equation (9.6), we can make a Fourier transformation of it with
a single energy parameter as in the treatment of the single-particle Green’s function
in Sect. 5.2.3. The Q part, falling outside the model space, then leads to:

QW(E) = Q Go(E) (=) T (E) W(E) (9.15)

leaving out the space coordinates and integrations.
Replacing the zeroth-order Green’s function with the resolvent (5.43)

Go(E) = E_Hy' (9.16)
we obtain
O(E — Ho) W(E) = Q£*(E) W(E). 9.17)
If we identify the proper self-energy with the generalized potential (8.11)
V(E) = X*(E), (9.18)
the equation above leads together with the relation (6.125)
P(H — Hy)QW¥(E) = PV(E)¥Y(E) (9.19)
to
o The effective-potential form of the Bethe—Salpeter equation
[(E — Ho)l¥) = V(E)|¥) | (9.20)

frequently used in various applications. This equation was also derived above, using
the Green’s operator only (6.126).
The equation (9.20) can also be expressed

|¥) =|¥) + V(E)|Y), (9.21)

E—Hy

where ¥, is the model state Yo = PW¥. This is equivalent to the Lippmann—
Schwinger equation [12], frequently used in scattering theory. Formally, the equa-
tion (9.20) can also be expressed in the form of the time-independent Schrodinger
equation

HY = EVY, (9.22)
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where H is the energy-dependent Hamiltonian
H(E) = Hy + V(E). (9.23)

Equation (9.20) operates entirely in the restricted Hilbert space with constant
number of photons. This can be related to the equivalent equation (6.32), derived by
means of the Gell-Mann—Low theorem, which operates in the photonic Fock space.
We can then regard the equation above as the projection of the Fock-space equation
onto the restricted space.

9.3 Bethe-Salpeter—-Bloch Equation: Multireference Case

We can extend the treatment above to the general multireference case. From the
expression (6.117), using the fact that the Green’s operator at time ¢ = 0 is identical
to the wave operator (6.52), we have in the single-reference case (one-dimensional)
model space

W) = QW) = [1 + Ip(E)V(E) + To(E) V(E)To(E) V(E) + ---]}%),

(9.24)
where| W) is the model state,|Wy) = P|¥), and
Fo(E) = - _Q o
is the reduced resolvent (2.65).
Operating on (9.24) from the left with Q (E — Hy) now yields
Q(E — Ho)|¥) = QV(E)|¥), (9.25)

which is identical to the equation (9.17) with the identification (9.18).
For a general multidimensional (quasi-degenerate) model space, we have
similarly

Q(E® — Ho)|¥*) = QV(E")|¥*) (9.26)
and
P(E® — Hy)|¥*) = PV(E%)|W%). (9.27)
This leads to
(E* — Ho)|¥*) = V(E*)|¥®) (9.28)

or in operator form
(Hj— Ho)2P = V(Hg) 2P (9.29)
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using the notations introduced in Sect. 6.9. But
H;;f.QP = QH.zP = QHyP + 2V P,

which yields the commutator relation

[2, Ho|P = V(H) Q2P — 2PV P, (9.30)

where according to (6.139) Ve P = PV(H)$2 P. Here, the energy parameter of
V(H}) is given by the model-space state to the far right, while the energy param-
eter of §2 of the folded term depends on the intermediate model-space state (see
footnote in Sect. 6.6). This equation is valid in the general multireference (quasi-
degenerate) situation and represents an extension of the effective-potential form
(9.20) of the Bethe—Salpeter equation. Due to its close resemblance with the stan-
dard Bloch equation of MBPT (2.56), we refer to it as the Bethe—Salpeter—Bloch
equation. This is equivalent to the generalized Bethe—Salpeter equation, derived in
Chap. 6 (6.140).

In analogy with the MBPT treatment in Sect. 2.5, we can separate the BS-Bloch
equation into

[91, HO]P = (V(He?f)‘QP - ‘QPVeff(H;)P)linked i

(22, Ho P = (V(HZ) 2P — 2PVer(H§)P) 9.31)

linked,2”

etc. It should be noted that the potential operator V(HJ,) is an operator or matrix
where each element is an operator/matrix. In the first iteration, we set Hege = Ho and

in the next iteration Her = Ho + Ve(é) etc. Continued iterations correspond to the
sum term in the expression (6.96), representing the model-space contributions. The
two-particle BS-Bloch equation above is an extension of the ordinary pair equation,
discussed in Sect. 2.5 (Fig. 2.6).

The Bethe-Salpeter—Bloch equation leads to a perturbation expansion of
Rayleigh—Schrddinger or linked-diagram type, analogous to that of standard MBPT
expansions. It differs from the standard Bloch equation by the fact that the Coulomb
interaction is replaced by all irreducible multiphoton interactions.

Solving the BS-Bloch equation (9.30) is NOT equivalent to solving the single-
state equation for a number of states. The Bloch equation (9.30) leads to a
Rayleigh/Schroédinger/linked-diagram expansion with folded terms that is size
extensive. The single-state equation (9.20), on the other hand, leads to a Brillouin—
Wigner expansion (see footnote in Sect. 2.4), that is not size extensive.

Due to the very complicate form of the potential of the Bethe—Salpeter—Bloch
equation, it is very difficult to handle this equation in its full extent. In the previous
chapters, we have considered a simpler way of achieving essentially the same goal.
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9.4 Problems with the Bethe—Salpeter Equation

There are several fundamental problems with the Bethe—Salpeter equation and with
relativistic quantum mechanics in general, as briefly mentioned in the Introduction.
Dyson says in his 1953 paper [6] that this is a subject “full of obscurities and un-
solved problems.” The question concerns the relation between the three-dimensional
and the four-dimensional wave functions. In standard quantum mechanics, the
three-dimensional wave function describes the system at a particular time, while the
four-dimensional two-particle wave function describes the probability amplitude for
finding particle one at a certain position at a certain time and particle two at another
position at another time, etc. The latter view is that of the Bethe—Salpeter equation,
and Dyson establishes a connection between the two views. The main problem is
here the individual times associated with the particles involved, the physical mean-
ing of which is not completely understood. This problem was further analyzed by
Wick [24] and Cutkoski [4] and others. The relative time of the particles leads to
a number of anomalous or spurious states — states that do not have nonrelativistic
counterparts. This problem was analyzed in detail in 1965 by Nakanishi [13],
and the situation was summarized in 1997 in a comprehensive paper by
Namyslowski [14].

The Bethe—Salpeter equation was originally set up for the bound-state problem
involving nucleons, such as the ground state of the deuteron. The equation has
lately been extensively used for scattering problems in quantum chromodynamics,
quark—quark/antiquark scattering. The equation has also been used for a long time
in high-accuracy works on simple atomic systems, such as positronium, muonium,
hydrogen, and helium-like ions. The problems with the BS equation, associated with
the relative time, are most pronounced at strong coupling and assumed to be neg-
ligible in atomic physics, due to the very weak coupling. One important question
is, of course, whether this is true also in the very high accuracy that is achieved in
recent time.

To attack the BS equation directly is very complicated, and for that reason vari-
ous approximations and alternative schemes have been developed. The most obvious
approximation is to eliminate the relative time of the particles, the equal-time ap-
proximation or external-potential approach. The first application of this technique
seems to be have been made in the thesis of Sucher in the late 1950s [20, 21] for
the evaluation of the leading QED corrections to the energy levels of the helium
atom. This work has been extended by Douglas and Kroll [5] and by Drake, Zhang,
and coworkers [25,26], as will be further discussed in the Chap. 11. Another early
application of an effective-potential approach was that of Grotch and Yennie [11] to
obtain high-order effects of the nuclear recoil on the energy levels of atomic hydro-
gen. They derived an “effective potential” from scattering theory and applied that in
a Schrodinger-like equation. A similar approach was applied to strongly interacting
nucleons in the same year by Gross [10], assuming that one of the particles was “on
the mass shell.” Related techniques have been applied to bound-state QED prob-
lems among others by Caswell and Lepage [2] and by Bodwin et al. [1]. A more
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formal derivation of a “quasipotential” method for scattering as well as bound-state
problems was made by Todorov [22], starting from the Lippmann—Schwinger scat-
tering theory [12].

Several attempts have been made to correct for the equal-time approximation.
Sazdjian [16, 17] has converted the BSE into two equations, one for the relative
time and one eigenvalue equation of Schrodinger type. Connell [3] has developed
a series of approximations, which ultimately are claimed to lead to the exact BSE.
The approaches were primarily intended for strong interactions, but Connell tested
the method on QED problems.
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Chapter 10
Implementation of the MBPT-QED Procedure

with Numerical Results

In this chapter, we shall see how the combined covariant-evolution-QED approach
developed in the previous chapters can be implemented numerically. In principle,
this is equivalent to solving the complete Bethe—Salpeter equation perturbatively,
but in practice, of course, approximations have to be made. We shall consistently
work in the Coulomb gauge.'

We shall restrict ourselves here to the exchange of a single transverse photon
together with a number of Coulomb interactions. We shall first apply the procedure
in the no-pair case, and later a different procedure in the presence of virtual pairs
will be applied. We work in the photonic Fock space, and initially we shall derive
some relations for that space.

10.1 The Fock-Space Bloch Equation

We have seen earlier that with the perturbation (6.35)
H(x) = H(t. x) = =T (x) ecat A,,(x) ¥ (x), (10.1)

the wave function partly lies in an extended photonic Fock space, where the number
of photons is no longer constant. According to the Gell-Mann-Low theorem, we
have a Schrodinger-like equation (6.32) in that space

(Ho + Vp)|¥®) = E¥|W%), (10.2)

where Vg is the perturbation (6.36) with the Coulomb and the transverse parts,
Ve = Vc + vr. We shall demonstrate below that, for single-photon exchange, this
leads to a perturbation that is time-independent in the Schrodinger picture, which is
a requirement for the GML theorem. Furthermore, in working in the extended space

! This chapter is mainly based on [3,5] and, in particular, on the thesis of Daniel Hedendahl [1].

I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 211
Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_10, (© Springer Science+Business Media, LLC 2011
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with uncontracted perturbations, it is necessary to include in the model Hamiltonian
(Hyp) also the energy operator of the photon field (6.38)

Hy = Ho + cxca] (k) a; (k), (10.3)

where k = |k|.
The wave operator is, as before, given by the Green’s operator at ¢ = 0 (6.52),
which may now contain uncontracted photon terms

W) = QU . (10.4)

|lI/3‘) = P|W¥¥) is the corresponding model state, which lies entirely within the re-
stricted space with no uncontracted photons.

From the GML equation (10.2), it can be shown in the same way as for the
restricted space that the standard Bloch equation (2.56) is still valid also in the ex-
tended space

[2. Ho|P = (V2 — 2Verr) P. (10.5)

The effective interaction is here given by Ve = PVp$2P (6.61). The equation is
formally the same as in the standard MBPT (2.56), but the operators involved now
have somewhat different interpretation.

The expressions for single transverse-photon exchange are given by (8.11). In
the Coulomb gauge, these expressions involve the functions fTC, given by (4.60)

e? sin(kr sin(kr
60 = 15 [ ey ) o9 (@) %} (10.6)
T<€Q r12 K“T12
By means of the expansion theorem
sinkr >
2 =371+ D jilkr) ji(kr2) €' (1) - €' (2), (10.7)
KTrip —o

where jj(xr) are radial Bessel functions and C' vector spherical harmonics [4],
we can express the function fTC as a sum of products of single-electron operators
[5, Appendix B]

o0

F£E6) = 2 [Vhter) - ViGers) + Viter) - Viera) ] (108)
=0
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where

Vikr) = 27[36,/,((21 D) jikr)aCl, (10.92)

1 _ € K . I+14]
Vitr) = = sy [VEF DR i en) 'ty
VI =) ji_y (cr) {acl—l}l] . (10.9b)

In (10.6), the first term represents the Gaunt interaction and the second term the
scalar retardation, which together form the Breit interaction (see Appendix F.2.2).
Each term in the expansion — which are all time independent in the Schrodinger
picture — will together with the Coulomb interaction (Vo = e?/4mry,) form the
(time-independent) perturbation

Ve = Ve + Vikr) + VEir). (10.10)

10.2 Single-Photon Potential in Coulomb Gauge:
No Virtual Pairs

We consider first the case where no virtual pairs are present. Inserting the perturba-
tion (10.10) into the Bloch equation (10.5) yields

[2.Ho|P = (Ve + V') 2P — 2 Vg, (10.11)
where we use V! as a short-hand notation for the Gaunt and scalar-retardation parts
in (10.10). We consider first a number of instantaneous Coulomb interaction, form-
ing a standard pair function (2.97), including also the zeroth order,

21Ps = [1+ Ip(E)I™] Pe. (10.12)

This includes also the folds and is represented by the first diagram in Fig. 10.1. Then

we can perturb this by one of the '/ terms, representing part of the transverse Breit
interaction, leading to the equation

[22!, Ho|Pe = VI21Pe — 2! Per 1™ P (10.13)

or

(& = ho(1) = ho(2) — cx)|9;b> = V! 21p) —|szgd> (cd|IPab),  (10.14)
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Fig. 10.1 Expansion of the Bloch equation (10.11) in the Fock space, no virtual pairs, leading to
single-photon exchange, including folded diagrams

(€,&' are here the energies of the unperturbed states |ab) and |cd ), respectively).
This equation has the solution

Vl
E—¢er—e,—Ck
Vl
—&r—&y,—ck)(E —er —&,— k)

(ru|.§2éb> = <ru

_ <m

where £2; ,, represents a pair function (10.12) starting from the state| pg). Here, the
first term is represented by the second diagrams in the Fig. 10.1 and the last term by
the third “folded” diagram. The double bar indicates here the double denominator,
which yields the first-order derivative (difference ratio) of the potential.

By adding a second perturbation V!, we can complete the single-photon ex-
change between the electrons, which corresponds to solving the pair equation

‘Qlab>

‘Qlcd>(cd|1Pair|ab), (10.15)

(€ —ho(1) = ho(2)) 25 Pe = V' 2! Pe — 2, Per IP"Pe. (10.16)
This yields

(rs|Vru) (rulV!|Quap)
(E—¢er—e5)(E—er — ey — k)

(rs|§2gplab) =

(rs|Vru) (rulV!|Ricq)
(E—¢er—es)(E—er—ey—ck)E —&r — &, — CK)
(rs|2eplcd) (cd|I™"|ab)
E—¢er —& ’

x (cd|1Pair|ab) -
(10.17)

This is illustrated by the last two diagrams of Fig. 10.1 (except for the final folded
contribution).
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Summing over « and /, including the Gaunt as well as the scalar-retardation
parts and considering photon emission from both electrons, we see that the result is
in agreement with the Bloch equation (8.68) to first order

§(I'gVsp)
5E
= T'o(E)VypS21Ps + o ()

Pg/ IPair 1_‘)‘g

§Vip
5
—To(E)Io(E)Vey PeI™ Pg (10.18)

-QspPS = FQ(‘CJ’)VSPQIPS +

Pg/ IPair P{;‘

with (the first part of) the potential (6.16),

(rs|Vsp(Eo)|tu) = <rs /Ooocdlc £E0)

1 1
X + t 10.19
|:E0—8,-—EM—CK Eo—Et—Es—CK:| M> ( )
(the second part of the potential is generated by emitting a photon from the second
electron.)
We see that

e the energy dependence of the potential is generated by an energy denominator
and the energy derivative (difference ratio) by a folded contribution (double
denominator), when operating in the extended space (10.15).

After the first interaction Vll, it is possible to add one or more Coulomb inter-
actions, before closing the photon, corresponding to the first diagram in Fig. 10.2.
This can be achieved by another iteration of the pair equation (10.14)

(€ —ho(1) — ho(2) — ck) 2! Pe = V2! Pe — 2! Pe/ 17 Py (10.20)

Instead of closing the uncontracted perturbation on the other electron, it can be
closed on the same electron as the emission occurred from. This leads to a self-
energy interaction, represented by the first diagram in Fig. 10.3. This is a radiative
effect (see Sect.2.6), which is infinite and has to be renormalized, as discussed in
Chap. 12.

Yy
r/ u/
r JmT .,JJ
t ! L~
A
a b
g 4

Fig. 10.2 Crossing Coulomb interactions before closing the retarded interaction (left). Continu-
ing the process leads to the single transverse-photon exchange combined with high-order electron
correlation, including crossing Coulomb interactions (right)
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Fig. 10.3 Second-order contribution to the wave operator in the extended Fock space

A second perturbation ¥/ can also be applied without contracting the first one,
leading to diagrams indicated by the second and third diagrams in Fig. 10.3. Closing
these photons lead to irreducible two-photon interactions, discussed in Sect. 8.2.

10.3 Single-Photon Exchange: Virtual Pairs

10.3.1 Illustration

The iterative procedure of the previous section works well in the no-pair situation,
when the repeated single-photon exchange leads to reducible diagrams of ladder
type, which means that they can in time-ordered form be separated into legitimate
diagrams by horizontal cuts.

In the presence of virtual pairs, we have to use a different procedure. As we
have seen above (Sect. 8.3), we have to combine the general potential with Coulomb
interactions (8.67) to be able to treat the potential in an iterative process. This will at
the same time eliminate the so-called Brown—Ravenhall effect of vanishing energy
denominators.

This potential (8.67) can be used directly in the Bloch equation (8.68). In prin-
ciple, we can use the corresponding full potential with QED effects (8.67), but for
simplicity we shall consider only the pure single-photon part.

We use pair functions (10.12) as input, and perturbing this with the potential
(8.67) leads in next order to

§(Ig VD)

QP = (FQ VEPQ 4 5E

2 PIP“ir) P. (10.21)

For the evaluation we use, as before, the expansion (10.8)

o0

(rs| AL G eu) =Y " [ (sIVE (kra)lu) - (r|VE ()l
=0

+ (sIVEero)u) - (rIVEGery)le) ] (10.22)

~
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N
PPN I/sp
usp{l‘ VP u

y----9 Vc

-Qlab
al b

As an illustration we consider the second term in Fig. 8.11 (shown above), when
there is a single hole (¢) [c.f. (8.13)]. Then (10.21) becomes

S(I'oUsp)

Qo P = | F'ols,$2
p (Qup 1+ sE

2 PIP"‘ir) P, (10.23)

where Uy, = Vi, I'p Vi represents the transverse photon (V) with a Coulomb inter-
action. Here, only the first and the third terms of the potential V;, (8.11) are relevant,
yielding for the first term

Irese) | (s lViug) (e V! |e=) N (s 1V ug) (re V! ]22)
E—&r — & & — & —CK E—¢& —&,—CK

o (t—uy |Vc|$21ap)

10.24
E—¢e—&y ( )

where again V'’ represents the Gaunt and the scalar-retardation potentials for the
two electrons.

In order to evaluate the expression above, we first perform an additional iteration
of the pair equation (10.12)

(€ —ho(1) — ho(2))|2;) = VelS21ap) — ToVelS2ica) (cd |17 |ab)  (10.25)

yielding a new pair function with a single hole output. The solution can be expressed
in analogy with (10.15)

(tuy |Ve|$1ap) (1—us |Ve|$21cq)
E—e —ey (€ —er—e)(E —&r —eu)

(t-uy|R5) = (cd|I™|ab).

(10.26)

The first part of the solution, illustrated in Fig. 10.4 (a), represents the last factor in
the expression (10.24). The second folded part will be used later in constructing the
complete folded contribution.

In evaluating the first term within the square brackets of (10.24), we first multiply
the pair function (10.26) without folded contribution by

_ (r+|V1l|t—>
& — & —CK
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a1 teo ot te ot te at te

Fig. 10.4 (a—c): Generating a pair function with a hole output (10.25), combined with a single-
particle perturbation V}, and closed with a perturbation V5. The last diagram contains a crossing
Coulomb interaction, as discussed at the end of the section

yielding

(ral Vi) s 25) (V) (tmug Vel Riap)

1
reus|82°,) = — =
{rus|205) & — & — CK g —& —ck E—& —¢y,

and represented by the diagram (b) in Fig. 10.4. Then we close the photon by multi-
plying with (s |V21 |u+) and including the final denominator, yielding

(s V3 lug) (reVEIeZ) (—ug | Vel Qiap)
E—e —e58—&—ck E—¢& —¢g,

(rys4|2gplab) = — , (10.27)
which agrees with the corresponding part of (10.24) (Fig. 10.4c¢).

The second term in the brackets of (10.24) is evaluated in a similar way with a
different denominator.

The folded contribution is in lowest order from (10.21)

8(F Z/{s) air S(F Vs I V) air
=0 Q1eq) (ed|I7Vab) = =222 |@14) (cd|I™|ab) .
& &
(10.28)
Here,
§(ToVey oV, ST 8V S(To Vi
§(IoVypl'oVe) . VoloVe + To—2 T'pVe + FQ‘/SpM- (10.29)

8 o0& o0& o0&

The difference ratio 6(1"g V)/8€ is obtained from the folded part of (10.26) (V¢
is energy independent). Similarly, the difference ratio of the relevant part of Vjp, is
obtained by including an extra factor

E —e —e,—cCk’
Finally, the difference ratio of I'g is

Srp I
8 (& —er—e)(E—er —gy)
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It should be noted that the last term in (10.29) is combined with the pair function
(10.26) with folded contribution, while the other terms are combined with that
function without that contribution. This is important to avoid the singularities of
Brown—Ravenhall type, mentioned above.

10.3.2 Full Treatment

We shall now generalize the treatment above and consider all 16 combinations of
the single-photon exchange (8.11) (see Fig. 8.3) essentially in one single step.

To begin with, we leave out the folded contribution. Then, the expression to eval-
uate is

(rV'Ie) (sV"|u) (tulVe|$2iap)

E—&r — &
t+r 1485+ U1+ ULS
x |+ 4 + + S
g —¢& ek E—¢e—eFexk E—¢e—g,Fcek &, —&s Tk

(10.30)
If we in this expression make the substitution 7r <> us, we get an identical result

but with @ and b interchanged. Therefore, we can replace the expression above by
the much simpler expression

(rIVey (sIV!u) (tulVelRiap + 2iba)

E—& — &g
t
x| +—EF 4 i . (10.31)
& —& ek E—¢& —¢, Fck

The last expression can be evaluated in the following way. We first evaluate the
matrix element (fu|Vc|$21,5) by iterating the pair equation (10.25) once, allowing
negative-energy states as output. We can separate the solutions into four block, de-
pending on the signs of the outgoing orbital energies, as illustrated in the matrix in
Fig.10.5.

Next, we evaluate the matrix elements (r|Vi|t) for each value of x and /, and
separate them in a similar way, shown in Fig. 10.6.

We now multiply the matrices in Figs. 10.5 and 10.6 (in that order), leading to
the matrix in Fig. 10.7. Here, we include the two denominator terms in the brackets
of (10.31) and sum over all ¢, particle as well as hole states.

Finally, we multiply the result by (s|V>|u) and sum over « and /, corresponding
to closing the photon (c.f. Fig. 10.4c), and apply the final denominator in (10.31).

If the input orbitals a, b are different, the procedure is repeated with a <> b.

The folded contribution in (10.21) is evaluated in a similar way [c.f. (10.28)].
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Fig. 10.5 Representation

of the pair function in (10.25)
iterated one extra time and
separated into four blocks,
depending on the signs of the
outgoing orbital energies

Fig. 10.6 The matrix
elements (r|V;|t), separated
in analogy with Fig. 10.5

Fig. 10.7 Result of
multiplying the matrices in
Figs. 10.5 and 10.6. The ¢ line
represents particle as well as
hole states
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Fig. 10.8 The Feynman diagrams representing a single transverse photon exchange combined
with high-order electron correlation (heavy horizontal line). The internal vertical lines represent
electron propagators with particle and holes. The numerical evaluation of this diagram is given
below

10.3.3 Higher Orders

In most of the cases treated above, it is possible also to insert Coulomb interaction
before the photon interaction is completed, as discussed in the no-pair case. This
is the case when the orbitals u, r or t,s are of the same kind (particle or hole), as
indicated in Fig. 10.4d. This corresponds to including another part of the potential
in (8.60).

After the completion of the single-photon exchange, the iteration process can be
continued with further Coulomb interactions, leading to the complete single-photon
exchange with electron correlation, including all combinations of particles and
holes, as illustrated in Fig. 10.8.

10.4 Numerical Results

10.4.1 Two-Photon Exchange

In Chap. 7 (Fig. 7.3), we showed the results of two-photon exchange for the ground-
state of helium-like ions, calculated using the S-matrix formulation. In Table 10.1,
we compare these results with those obtained by Hedendahl et al. [1, 3], in testing
the new covariant method described in the present chapter. The agreement, which is
found to be very good, is also displayed in Fig. 10.9, where the solid lines represent
the old S-matrix results and the squares the new covariant method. As before, the
scale is logarithmic and the norm is the nonrelativistic ionization energy.

10.4.2 Beyond Two Photons

Calculations have also been performed of the effect of electron correlation beyond
two-photon exchange for the ground state of helium-like ions by Hedendahl et al.
[1-3]. Some results are shown in Table 10.2 and also displayed in Fig. 10.10.



222 10 Implementation of the MBPT-QED Procedure with Numerical Results

Table 10.1 Comparisons between two-photon effects for He-like ions ground
states, evaluated with the S-matrix and the covariant-evolution-operator methods (in
\wHartree) (see Fig.7.3)

Coul.—Breit Coul.—Breit. Coul.—Breit

Z Method NVPA retard. VP uncrossed.
6 S-matrix —1,054.2 314 —10.1
6 CEO —1,054.9 31.5 —10.0
10 S-matrix —2,070.4 122.3 —45.9
10 CEO —2,071.0 122.4 —45.9
14 S-matrix —5,515 292.8 —121.5
14 CEO —5,517 292.8 —121.2
18 S-matrix —8,947 553.1 —247.3
18 CEO —8, 950 553.3 —248.2
30 CEO —23,632 1,909.9 —1,010

1,5 T T T T

) 10 2 Z 30 40 4)
20 —>tt > C(aulomb—"Breit IN:JVPA = ” 2
25 Cc:ulomb-Breit rgatardecl R

//::" Coulomb-Breit virt. pairs
3,0 P ad

3,5

| Two-photon exchang_e,

4,0 ot

Fig. 10.9 Comparison of some two-photon exchange contributions (Coulomb-Breit NVPA,
Coulomb-Breit retardation, and Coulomb—Breit virtual pairs, no correlation) for the ground-state
of some helium-like ions obtained by S-matrix calculations (see Fig.7.3) (heavy lines) and by
means of the covariant-evolution procedure (squares), described in this chapter (see Table 10.1,
c.f. Fig. 7.3 in Chap. 7) (from [1,3])

The top line of the figure, representing the Coulomb—Breit interaction with corre-
lation without virtual pairs, contains the instantaneous as well as the retarded Breit
interaction. The former part lies within the no-virtual-pair approximation (NVPA)
and is therefore NOT a QED effect with the definition we have previously made. In
order to obtain the pure QED effect, the instantaneous part is subtracted, yielding the
retarded part, represented by the second line of the figure. The next line represents
the same effect with Coulomb crossings, and the bottom line represents the effect
of electron correlation on the Coulomb-Breit interaction with virtual pairs and no
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Table 10.2 Contributions
due to electron correlation
beyond two-photon exchange

Beyond two-photon Coul.—Breit
Unretarded Retarded Virt.pairs

for the ground state of some 6 137 =17 2.7

helium-like ions. This can be 10 223 —40 7.3

compared with the 14 301 —68 13

corresponding two-photon 18 372 —100 21

exchange in Table 10.1 30 553 —210 46

(in pH) 42 688 —322 71
20 - . : - o’

ll 10 20 Z 30 40 0

25 \ Coulomb-Breit NVP (ret. and unret.)

a— v 4

Coulomb-Breit virt. pairs

35 Do, -retarded two-photon exchange
|Beyond two-photon exchangé i
40 e
- 1 o y
I

Fig. 10.10 The effect of electron correlation beyond two-photon exchange — Coulomb-Breit
NVPA, Coulomb-Breit retardation with and without Coulomb crossings, and Coulomb—-Breit vir-
tual pairs, all WITH electron correlation, for the ground-state of helium-like ions (c.f. Fig. 10.9)
(from [1,3]). For comparison, the effect of pure retarded two-photon exchange without additional
correlation is also indicated

crossing Coulomb interactions. The corresponding Feynman diagrams are shown at
the bottom of the figure. This represents the first numerical bound-state calculation
beyond two-photon exchange.

In the figure, we have for comparison also indicated the effect due to doubly
retarded two-photon interactions (thin black line), estimated from the S-matrix
results. This comparison demonstrates the important result that — starting from
single-photon exchange — for light and medium-heavy elements the effect of
electron correlation is much more important than a second retarded photon in-
teraction.
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10.4.3 Outlook

The results presented here are incomplete and represent only the nonradiative part
of the QED effect in combination with electron correlation. The corresponding ra-
diative effects with a single transverse photon are also possible to evaluate. Such
calculations are underway by the Gothenburg group. The effect due to double trans-
verse photons is presently beyond reach, but the effect can be estimated by replacing
the second transverse photon by an instantaneous Breit interaction.

The calculations performed so far with the procedure described here concern the
ground states of helium-like ions [3]. By extending the calculations to excited states,
it will be possible to make detailed comparison with experimental data. For instance,
very accurate data exist for some helium-like ions, as shown in Tables 7.7 and 7.8.
In some of these cases, the experimental results are at least two orders of magnitude
more accurate than the best theoretical estimates made so far. Furthermore, it seems
that standard procedures applied until now cannot be significantly improved in this
respect, so — to be able to make significant progress — there might be a need for
a new, improved procedure, like the MBPT-QED procedure presented here. Then,
it might be possible for the first time to observe the combined effect of QED and
electron correlation.
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Chapter 11
Analytical Treatment of the Bethe—Salpeter
Equation

11.1 Helium Fine Structure

The leading contributions to the helium fine structure beyond the first-order
relativistic contribution (NVPA, see, Sect.2.6) were first derived in 1957 by
Araki [1] and Sucher [6, 7], starting from the Bethe—Salpeter (BS) equation [5]
and including the nonrelativistic as well as the relativistic momentum regions.
Following the approach of Sucher, Douglas and Kroll [2] have derived all terms of
order a* H(artree)!, where no contributions in the relativistic region were found.
The same approach was later used by Zhang [8, 12] to derive corrections of order
o loga H and of order o® H in the nonrelativistic region and recoil corrections
to order a*m/M H (see also [10]). Later some additional effects of order o® H
due to relativistic momenta were found by Zhang and Drake [11]. The radiative
parts are treated more rigorously by Zhang in a separate paper [9]. Using a different
approach, Pachucki and Sapirstein [4] have derived all contributions of order o> H
and reported some disagreement with the early results of Zhang [8].?

We shall here follow the approach of Sucher in his thesis [7]. This is based di-
rectly on the BS equation, which makes it possible to identify the contributions in
terms of Feynman diagrams and therefore to compare them with the results obtained
in the previous chapters. This approach of Sucher is closely followed by Douglas
and Kroll [2] and by Zhang [8], and we shall in our presentation make frequent ref-
erences to the corresponding equations of Sucher (S), Douglas and Kroll (DK), and
Zhang (Z).

"H(artree) is the energy unit of the Hartree atomic unit system (see Appendix K.1). In the rela-
tivistic unit system, the energy unit is mc?> = o2 H.
2 This chapter is largely based on the paper [3].
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11.2 The Approach of Sucher

The treatment of Sucher starts from the Bethe—Salpeter equation (9.5), which in our
notations (9.6) reads, leaving out the inhomogeneous term (S 1.1, DK 2.5),

U(x,x') = //// d*x1d*xpd*x d*x,
x Go(x, x5 x2,x5) (=) Z*(x2, x5 x1, X)) W(x1,x)). (111

G6 is the zeroth-order two-particle Green’s function, dressed with all kinds of
single-particle self-energies. X' * is identical to the irreducible potential V (Fig. 6.6).
The undressed zeroth-order Green’s function is, using the relation (5.38),

Go(x,x";x2,x5) = Go(x,x2) Go(x', x5) = iSp(x, x2) iSp(x’, x5)  (11.2)
and the corresponding dressed function is then
Go(x, x5 x2,x5) = G(x,x2) G(x', x5) = iSE(x, x2) iSE(x', x5), (11.3)

where G is the full single-particle Green’s function, generated in the field of the
nucleus (Furry representation) (see Fig.5.1), and S} the correspondingly dressed
electron propagator. The Green’s functions satisfy the relation (5.36) (S 1.5)

(i;—t—hl) G(x.x0) = i (x — xo). (11.4)

which leads to (S 1.6, DK 2.19)
(i;’_z - hl) (lg - hz) Wi x) =i / / / / a1 a4, a5 — xa)
><54(x/—x/2) E*(xz,x/z;xl,x/l)lll(xl,x/l)

= 1// d4xld4x/12*(XvX’;x1,xi)lI/(X1,X/1), (11.5)

where £ » are the Dirac single-electron Hamiltonians for electron 1 and 2.
We assume that the wave function is of the form

Y, x)=¥(T,t,x,x")=e EFT w(r,x,x'), (11.6)
where T = (¢t + t')/2 is the average time and T = ¢ — ¢’ is the relative time. Then
. a / . a /
i—P(x,x)=[E/24+i— | ¥(x,X),
ot at

.0 N .0 ,
1Wl1/(x,x)—(E/2 18T)l1/(x,x)
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leading to (S 1.9, DK 2.23)

d 0
E2+i——h |(E/2—i——hy ) ¥(t,x,x)
at at
= i/ dry // d3x1d3x’1 X x,x s, x 0, x) W (T, x L, x))(11.7)
leaving out the average time.
Sucher then transfers to the momentum representation, but we shall here still
work in the coordinate representation with a Fourier transform only of the time

variables.
We define the Fourier transform with respect to time

F(e) = /dr T F(1) (11.8)
and the inverse transformation
F(r) = / ;—; e €7 F(e). (11.9)
Fourier transforming (11.7) with respect to 7 yields
(E/24+€—h1)(E/2—€—hy) ¥(e,x1,x7)

:i/dtl //d3x1d3x’l Y€, x,x"s Ty, x 0, x) W(t1, x 1, x). (11.10)

Performing the Fourier transform of the right-hand side with respect to 7; yields

de) de ey .
1 1 —je' 7 —iejt) v* ’or / /
/dn //de 1T eI 3% (e, x,x"; €1, x1,x]) W€, x1,x7)

de] d

//ﬂﬂhré’(el—i-el)l (e, x,x"5e, x1,x ) W(er, x1,x))  (11.11)
or (S 1.16)
(E/2+€—h1)(E/2—€—hy) ¥(e, x1,x))
d

=i/§//d3x1d3x’l T*(e,x,x"i—er, x1,x)) W(er, xq1,x)). (11.12)

b4

Following Sucher, we express the relation (11.10) in operator form

Flo) =g|w). (11.13)

The operator F has the (diagonal) coordinate representation

(e.x.x'|Fle.x.x') = (E/2+ € —h1) (E/2—€ — h2) (11.14)
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and the operator g has the (nondiagonal) representation
(€.x. x'|gler, x 1. x)) = i (e,x,x’|§*|el,x1,x’1). (11.15)
We expand the interaction into
g =8 +28a, (11.16)

where g, represents the Columbic part of &

A

Ge=— I, (11.17)

i
2

and /. is the Coulomb interaction with the (diagonal) coordinate representation

2
e.x. x| |e.x. x') = ——— (11.18)
4|x — x1
& 4 represents the remaining part of &
A =87 + 8Txc + &rxe2 + 8Txr + - + &, (11.19)

where g7 represents a single transverse photon, g7x. and gr,.2 a transverse pho-
ton with one and two crossing Coulomb interactions, respectively, g7« with two
irreducible transverse photons, and finally g™ all radiative corrections. This corre-
sponds to the diagrams are shown in Fig. 11.1.

With the decomposition (11.16), the relation (11.13) becomes (S 1.30, DK 3.6)

W) = (f—éA) e W) (11.20)

with the coordinate representation

N -1
(e, x,x'|W¥) = (e,x,x/|(]—'—§A) |ez,x2,x/2)

x (€2, %2, x5|8cl€r. x1. x]) (1, x1,x4[¥)  (11.21)

Fig. 11.1 Diagrammatic representation of the approximation in (11.19), used by Sucher
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or noting that the representation of g, is diagonal

R ~1
(e,x,x'|W) = (e,x,x/|<]:—g4) |el,x1,x/1) &e (e1,x1,x|¥).

Sucher defines the equal-time wave function (S 1.32, DK 3.8)
D(x,x') = / de¥(e,x,x")

or in operator form
|@) =€) (e]¥).

which gives with (11.22)

N —1
(e,x,x'|@) = (6,x,x’|(f—§A) Ix1.x7) ge (x1.x|P).
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(11.22)

(11.23)

(11.24)

(11.25)

Summing over € with the replacement (11.17), this can be expressed as (S 1.34)

@) =i [ 5= (F=2a) " LIo).

Using the identity (S 1.35, DK 3.11)

(A-B)y'=a14+4'BA-B)",
the BSE (11.26) becomes (DK 3.12)
B N N P )
@) =i [ = [F +F e F - g fel@).
The inverse of the operator OF is

o 1 1
E/2+¢e¢—hy E/2—e—hy

which is a product of electron propagators in operator form (4.14)
Ft = Se(E/2+€) Sp(E/2~ o).

In the coordinate representation (4.12),

{(x1j) (Jlxo) (xlj) (lxo) , \ (xlj) (Flxo)

Sp(w; x,x9) = =

w—g; +insgn(ej)_ w—¢j+in + w—¢g; —in

(11.26)

(11.27)

(11.28)

(11.29)

(11.30)

A_.

(11.31)
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Integration over € then yields (S 1.44, DK 3.24)

d '  Xg
/_e}__l _ _i(x,x |rs) (rs|xo, xg) (Ayr—A_). (11.32)
27 E —¢& —&g

which is also the negative of the Fourier transform of the zeroth-order Green’s func-
tion —Go(E;x,x0:x’, x{), or in operator form

de ~_,4
— Fle _Gy(E)= ———————— (A A_). 11.33
/2N o(E) E_h h2(++ ) ( )

Equation (11.28) then becomes (S 1.47, DK 3.26)°

d
|:]’l1 + hy + (A++ —A__)Ic + Di/ i]‘-_lgA(]:—gA)_llc} b =FEOQ,

(11.34)
where
D =E—hy—h;. (11.35)

This is the starting point for the further analysis.
The operator on the left-hand side can be written in the form H. + Ha, where

He=hi+hy + Ay lc Ay (11.36)
is the Hamiltonian of the no-(virtual-) pair Dirac-Coulomb equation (Z 16)
H VY. =E. Y, (11.37)
and

Cf de __ _
Hpa= A4 (1= Apqp)— A+ Dl/ 5}' 'ea(F —ga)7 ",
— Hp + Hay (11.38)

is the remaining “QED part” (S 2.3, DK 3.29, Z 17). The first part H a; represents
virtual pairs due to the Coulomb interaction and the second part effects of transverse
photons (Breit interaction).

In order to include electron self-energy and vacuum polarizations, the electron
propagators (5.37) are replaced by propagators with self-energy insertions X'(¢),
properly renormalized (DK 2.10),

Ir) (r|

§'(e) = €—¢& + BX(e) +in,

(11.39)

Also renormalized photon self-energies have to be inserted into the photon lines.

3 In the following, we leave out the hat symbol on the operators.
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11.3 Perturbation Expansion of the BS Equation

The effect of the QED Hamiltonian (11.38) can be expanded perturbatively, using
the Brillouin—Wigner perturbation theory,

AE=E—E, = (¥|V+VIV +VIVILV +--|¥)

= (¥l r [¥e) (11.40)
I Tl ‘
where I' is the reduced resolvent (2.65)
1 —|¥.) (Y 1 —|¥,.) (¥,
PO A e 72X 23 B e 5 122 IR
E—-H, E—-H, D,
with
D.=E—-H,. (11.42)

The unperturbed wave function is in our case one solution of the no-pair Dirac—
Coulomb equation (11.37), ¥,, and we can assume that the perturbation is expanded
in other eigenfunctions of H,.. Q is the projection operator that excludes the state
Y, (assuming no degeneracy). This leads to the expansion (S 2 19-21, DK 3.43,
7 28)

AEW = (W |Hp|¥,) . (11.43a)
AE® = (W |HATHp W) . (11.43b)
AE® = (W |HATHATHp W), (11.43c)

etc.
Since A4 |¥.:) =|¥,.) and A__|¥,.) = 0, it follows that (¥, |Ha;|¥.) = 0,
and the first-order correction becomes (DK 3.44)

. de _
AED = (W, |Hpo| W) = (WADI/EJ: YIFTL W) (11.44)

and (DK 3.45)
J=ga(l—F 'ga)". (11.45)

The second-order corrections are (DK 3.46)*

AEP = (We|Hat I' Hm|We) = — (Welle AT A__I|¥).  (11.46a)

#Note that the two I, in (11.46a) are missing from [2, Eq. 3.46]. Equation (11.46b) agrees with
[8, Eq.3.30] but not with [2], where the factor /. £ + should be removed.
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d
AE;Z) = (ll/cHAl FHAZ) lpc = <l1/cIcA—— DFI/ 2_€f_ljf_11€w6>’
T
(11.46b)

d
AE® = (W.Hpy I Hpy) e = <WCD1/ i]—"‘ljf_llc FA__ICWC>,
(11.46¢)

AEY = (W.Hps T Ha) Ve
cfde Cfde
=(¥.Di 2—.7: JF 1. I'Di 2—.7: JF 1. Y. ). (11.46d)
7 7

These formulas can be simplified, noting that

Y
E - H,

A__T'D = A__ (E — hy — hy), (11.47)

which, using the relation (11.42), becomes (DK 3.41)

(11.48)

Apil A
A__I'D=A__ (1 T M) —A__.

E—-H,

According to DK AE(?), AEC(Z) and AE® do not contribute to the fs in order
a* (Hartree). This holds also in the next order according to Zhang, but AE® will
contribute to the singlet energy in that order. In the relativistic momentum region,

the second-order part AELEZ) contributes to the energy already in order o> H and to
the fine structure in order o> H [8, p. 1256].

Using the relation (11.42), we have E. — H. = D, — A4+ D A4, and the
no-pair equation (11.37) can be written (DK 3.51)

(De — Ay 1) ¥ = 0. (11.49)
Then the second-order correction AE 152) (11.46Db) can be expressed as
. de __ _
AEP = (WC|(IC—DC)1/Z]-" VIF ). (11.50)
This can be combined with the first-order correction AEM (11.44), yielding

d
(e (I + AE)i/ i]-“ljf_llchlfc) (11.51)
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with
AE=FE—E.=D—-D,. (11.52)

Here, the AE term differs in sign from (DK 3.54) and (Z 37).
The reason for the discrepancy between our result here and those of DK and Z
seems to be that the latter make the replacement (DK 3.48)

1 S1+ 952

—1 -1 -1\~
=515 =81+ 52) (S S = -
F 182 = (S1 4+ 82) (S7' +5;,1) T

=D (81 + 52,
(11.53)

which follows from (11.30), and then approximate D with D, in the second-order
expression.

11.4 Diagrammatic Representation

To continue, we make the expansion (DK 3.45, Z 32)
J=ga(0=F lga) " =ga+gaF 'ga+--, (11.54)

where the first term represents irreducible terms and the remaining ones are
reducible. Furthermore, we make the separation (DK 3.53,Z 12)

ga = gr + Ag, (11.55)
where gr represents the interaction of a single transverse photon and Ag the

irreducible multiphoton exchange of (11.19). The first-order expression (11.44) be-
comes

. de _ _
AEW = (WC|D1/E}" "[er +grF 'gr + Ag+ -+ | F W) (11.56)

and the leading terms are illustrated in Fig. 11.2. The first term can be expanded in
no-pair and virtual-pair terms (a—c)

. de __ _
AEW = (WC|D1/E}‘ Lor F Y A+ AL+ A +A_ )| . (11.57)

The second term in (11.56) represents in lowest order two reducible transverse
photons (d) and the third term irreducible (inclusive radiative) multiphoton
part, (e-h).
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Fig. 11.2 Diagrammatic representation of the first-order expression (11.56)

Fig. 11.3 Diagrammatic representation of the second-order expressions (11.58a)—(11.58d)

Similarly, the second-order expressions above become

AE® = — (W |I.A__ T A__I|¥,), (11.58a)

. f de __ _ _
AEIEZ) = <lI/CICA__1/ Z}" ! [gT +grF lgr + Ag + ]]—" IIC'I/C>,
(11.58Db)

. de _ _
AEP :<“’C‘/Ef "[er +grF ler + Ag+ -] F L A__Icwc>,
(11.58¢)
@ [ de 1
AEG =(WeDi | —F er +--1F e
T

[ de —1

xI'Di 2—f lgr + - 1 F 1.9, ). (11.58d)
T

This is illustrated in Fig.11.3. The first second-order contribution (11.58a)
represents two Coulomb interactions with double pair (Fig.11.3a) and the next
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contribution (11.58b) in lowest order a transverse photon and a Coulomb interaction
with double pair (b). The third contribution represents in lowest order one transverse
photon and two Coulomb interactions with a double pair (c). The last term repre-
sents two reducible transverse photons with at least one Coulomb interaction (d).

11.5 Comparison with the Numerical Approach

In the previous chapter, we have described an approach that is presently being
developed by the Gothenburg group of treating the Bethe—Salpeter equation numer-
ically. This is based on the covariant-evolution approach and the Green’s-operator
technique, described previously, and to a large extent upon the numerical techniques
developed by the group and applied to numerous atomic systems (see Sect.2.7).
This new technique has the advantage over the analytical approach that all relativis-
tic effects are automatically included in the procedure. This simplifies the handling
appreciably, and it corresponds to the treatment of the entire Sect. 4 of Douglas and
Kroll [2] or to Sect. VII in the paper of Zhang [8].

The numerical technique of solving the Bethe—Salpeter equation, described in the
previous chapter, is presently only partly developed, but the effect of one transverse
photon with arbitrary number of crossing Coulomb interactions can presently be
handled as well as virtual pairs. This corresponds to most of the terms gr + g7 xc +
gT7xc2 + -+ of the expansion in (11.19) and to the numerous formulas of Sect. 5 of
Douglas—Kroll and of Sect. IV of Zhang.

Also part of the multiphoton effect can be treated numerically by iterating re-
ducible interactions with a single transverse photon, corresponding to the operator
grFgr in the formulas above with crossing Coulomb interactions. These ef-
fects are treated in Sect. 6 of Douglas and Kroll. The irreducible interaction with
several transverse photons cannot be teated at present with the numerical tech-
nique, but this can be approximated with one retarded and one or several unretarded
photons (instantaneous Breit). Also radiative effects can be handled with the same
approximation.
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Chapter 12
Regularization and Renormalization

(See, for instance, Mandl and Shaw [17, Chap. 9] and Peskin and Schroeder [23
Chap. 7].)

In previous chapters, we have evaluated some radiative effects in the S-matrix
(Chap.4) and covariant-evolution operator formulations (Chap. 8). In this chapter,
we discuss the important processes of renormalization and regularization in some
detail.

Many integrals appearing in QED are divergent, and these divergences can be re-
moved by replacing the bare electron mass and charge by the corresponding physical
quantities. Since infinities are involved, this process of renormalization is a delicate
matter. In order to do this properly, the integrals first have to be regularized, which
implies that the integrals are modified so that they become finite. This has to be done
so that the process is gauge-independent. After renormalization, the regularization
modification is removed. Several regularization schemes have been developed, and
we shall consider some of them in this chapter. If the procedure is performed prop-
erly, the way of regularization should have no effect on the final result.

12.1 The Free-Electron QED
12.1.1 The Free-Electron Propagator

The wave functions for free electrons are given by (D.29) in Appendix D

P, (1) = )2y (p) ¥ e Er! (12.1)
$p_(x) = (271)_3/2 u—(p) elPrx iEpt .

where p is the momentum vector and p represents positive-energy states (r = 1,2)
and p_ negative-energy states (r =3,4). E, =cpo = 1/ ¢c?p? + m?c*. The coordi-
nate representation of the free-electron propagator (4.10) then becomes

X1 X2) _
(1|55 xs / ¢P For(*1) fpr (¥2) IorD) o (1)
—epe(l— )
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where 8266 is the energy eigenvalue of the free-electron function (£, = |s§§°°|). The
Fourier transform with respect to time then becomes

¢p,r (x1) ¢$,r (x2)

w — gfee (1 —1in)

(x11SExa) = Z
p.r
elP(x1—x2)

= [ S wwam
(2n)? & rip)Ur P w — gftee (1 —in)

- f ()} [“*“’) ) i
1

—:| elP(x1—x2)
o+ Ey(1—in)

+ u—(p) ul (p)

The square bracket above is the Fourier transform of the propagator, and using the
relations (D.35, D.36), this becomes'

1 1 1
Sfree , — _
PR =5 [w—Ep(l—in) N w+Ep(1—in)}
Lcep + Bmc? |: 1 1 i|
2po w—Ey(1-in) o+ Ep(1—in)
_w+co-p+pmc? w + co - p + fmc?
 wr—El+in 02— (c2p?—m2ct) (1—in)
1

= 12.3

w—(ca-p+ pmc?)(1—in) (12.3)

with E’% = ¢2p2 = ?p? + m*c* and e = —Ba. This can also be expressed
free 1
Sg(w,p) = (12.4)

o —hiep) (1—in)’

where hgee (p) is the momentum representation of the free-electron Dirac Hamilto-
nian operator (D.21), Ae¢(p).

Formally, we can write (12.3) in covariant four-component form with @ = cpg
with ¢ pg disconnected from E, = /c?p? + m2c* — known as off the mass-shell.
Then we have’

1
SIS0 = eSS D) = e

!'In the following, we shall for simplicity denote the electron physical mass by m instead of m..
2 The factor of B appears here because we define the electron propagator (4.9) by means of 1}*

instead of the more conventionally used @ = lﬁT B.
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with p = y5p° = Basp® = B(po—a-p) = (po+a-p) P (see Appendix D). Note
that the two transforms differ by a factor of ¢ (c.f. Sect. 4.3, see also Appendix K).

12.1.2 The Free-Electron Self-Energy

The S-matrix for the first-order free-electron self-energy (Fig. 12.1) is obtained from
(4.84) and (4.44) with the momentum functions (12.1) after time integrations

d -
SQ)((D;p’,r’,p,r) — €2C2/2—Z// d3x d3x/ui,(p/) e—lp X
T

xa'iSI(w — z;x’, x) alu, (p) €P* iD pyy (2, X' — x).

(12.6)
The relation between the momentum and coordinate representations is
free , . ./ d3q free iq-(x'—x)
SE(w;x’, x) = 23 S (w,q) e , (12.7)
d3k Tee ik-(x'—x
Drop(zx',x) = WDévM(z,k) et '), (12.8)

Integration over the space coordinates then yields

22 d3q d3k

S@(w;p', 1, p,r) = e*c oy | @ Fp-q-k)&P -q—k)

d
sul, (p)) / ﬁa“s‘gee(w — 2. k) a* DI (2. k) ur (p)

(12.9)
and integration over ¢
SO :p'r' pr) = 80 =P ul (0) (DE™@.p)ur(p).  (12.10)
where
dz d3k
fi 3,22 ad v ¢f _ W
Y (w,p) = ie“c /271 o) o’ SE(w — z. k) o Dy (2, k).
p/r/ @
v
qs 7k
Fig. 12.1 Diagram "
representing the first-order
free-electron self-energy Priw
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In covariant notation we have, using z = cky,

T (p) = iee f S €SI (p = D@ D). (1201

which is the free-electron self-energy function. With the expression (12.5) for the
free-electron propagator, this becomes expressed in terms of gamma matrices

— ¥+
B (p) = iec /(2H)4 v(p_’i)zfm:g“n Y Dryu(k) | (12.12)

or

ek 1
o)tV B W —me+in

Y Dy (k). (12.13)

ﬂzfree(p) 1€2C2 /

With the commutation rules in Appendix (D.58), this becomes

2
B (p) = —21ezc2/(2ﬂ)4 T ﬁk)zk mc+ in Y v Deppu(k) | (12.14)

and with the photon propagator (4.28) we have in the Feynman gauge

2ie?c d*k p— K —2mc 1

Efree — .
p (P) €o Q2r)* (p—k)2 —m?2c2 +in k%2 +in

(12.15)

{As mentioned above, the factor of 8 is due to our definition of the electron propa-
gator [c.f. (12.5)]}.

12.1.3 The Free-Electron Vertex Correction

We consider first the single interaction with an external energy potential
(Appendix D.41) —eas A® (Fig. 12.2 left). The S-matrix is given by

SO (', w:p'r', pr,q) = iec / Erul,(p) e ag A% (x) ur(p) T (12.16)

or

SO (o', 0;p'r, pr.q) = iec 8*(p — p') ul, (p) 2o A° (p — ') ur (p),  (12.17)

where A (q) is the Fourier transform of A% (x).
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A%(q) o A7(q”)

Fig. 12.2 Diagram representing the first-order free-electron vertex correction

The vertex-modified free-electron self-energy diagram in Fig. 12.2 (right) be-
comes similarly

d -
SO w:p'r pr) = (ie)3c2/ 2—2/// dAxy dPxyd>xs Mi/(P/) e P
b

xa”iSi(w —z,x", x" Yoy A (x") ot

X 1SE(w — z, x”, %) ur (p) €P* iD ppuy(z, X — X).
(12.18)
In analogy with (12.9), this becomes
d3 d3 4 d3 " d3k
SO w:p'r pr) = —e3c? 9 g K (p )

en? ) eap ) el e

xFPp-q-k)&F@P -9 -k)&*q-q +q")
dz v ree / /

X/EC{ Sé (0" —2z,q)

x g A%(q") & SE(w — 2, q) ur(p) D ppuv (2. k)

(12.19)
and after integrations over q, q’, and q”

SO, 0 p'r',pr) = ie 8 (p—p)ul, (p) Ao (@', @;p', p) A% (p — ) r (P),

(12.20)
where
A (0, w;p,p) = ie%c / / &k o’ St (o' — z,p' — k)
o ’ ’ ’ (2][)3 F ’
X Qg SE(w — z,p — k) o Dy (2, k) (12.21)

is the vertex correction function. In covariant notations, this becomes in analogy
with (12.10)

a’ S (p' — k) ag ST(p — k) at Dryy (k) (12.22)

d*k
— ip2
As(p', p) = ie C/ 2n)
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In the Feynman gauge, this becomes

ie? d*k 1
As(p',p) = ——
o(p'. p) o (27n)* V/Llﬁ "~} —mec +in Vo
1 w1

. 12.23
Xp—k—mc+inyk2+in ( )

Comparing with the self-energy function (12.15), we find the Ward identity
(4.100) [17, Eq.9.60]

ad
dcp®

X(p) = Ao(p, p)- (12.24)

Obviously, this relation holds independently of the gauge.

12.2 Renormalization Process

We shall here derive expressions for the mass and charge renormalization in terms
of counterterms that can be applied in evaluating the QED effects on bound states.
The process of regularization will be treated in the next section.

12.2.1 Mass Renormalization

We consider now a bare electron with the mass mg. The corresponding free-electron
propagator (12.5) is then

1

_— 12.25
pc—moc? +in ( )

SFbare(w’ p) — :3

with w = ¢py.

We now “dress” the bare-electron propagator with all kinds of self-energy in-
sertions in the same way as for the bound-electron propagator in Fig.5.7. This
corresponds to the S-matrix in operator form?

iS}:((I), p)
1 - E(CU, p) SF(wv p)’
(12.26)

iSp(w, p) +iSr(w, p)(—i) ¥(w,p)iSp(w,p) +--- =

3 Note that X (w, p) has the dimension of energy and that the product X (w, p) Sg(w, p) is dimen-
sionless (see Appendix K).



12.2 Renormalization Process 243

" U5 ‘EF'

I
I

I I
¢ ¢

Fig. 12.3 Dyson equation for the dressed bare-mass electron propagator

sep= [T] = } +<> + <> oo

Fig. 12.4 Expansion of the proper self-energy operator for a bare electron

which leads to

1

S bare,dressed , —
F ((1) p) 'Bﬁc—mocz_ﬁzgare(w’p)—i_in

(12.27)

illustrated in Fig. 12.3. Here, the box represents the irreducible or proper self-energy
insertions, X.* (w, p), illustrated in Fig. 12.4. We shall in the following refer to this

bare
as the free-electron self-energy, ™ (w, p),

Zpe(@.p) = ™ (0, p). (12.28)

To lowest order, the free-electron self-energy is in analogy with (4.85)

d
(0, p) = i / S SE(@.p) ™™ (@:p). (12.29)

where 7°% is the interaction (4.44) in the momentum representation with the elec-
tronic charge replaced by the bare charge, eq.

The bare-electron propagator itself is also associated with a bare-electron charge
(ep) at each vertex. The dressing of the electron propagator leads to a modification
of the electron mass as well as of the electron charge. One part of the free-electron
self-energy is indistinguishable from the mass term in the electron propagator, and
another part is indistinguishable from the electronic charge, and these parts give
rise to the mass renormalization and the charge renormalization, respectively. The
modification of the electron charge is here compensated by a corresponding mod-
ification of the vertex (to be discussed below), so that there is no net effect on the
electron charge in connection with the electron self-energy. On the other hand, there
is a real modification of the electron charge in connection with the modification of
the photon propagator, as we shall discuss later.
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Instead of working with the bare-electron mass and charge with self-energy in-
sertions, we can use the physical mass and charge and introduce corresponding
counterterms (see, for instance, [13, p. 332]). The free-electron propagator with the
physical electron mass, m, is

1

Se™ (w.p) = ﬁm (12.30)

and it has its poles “on the mass shell,” p = mc [see Appendix (D.19)]. The dressed
propagator (12.27) should have the same pole positions, which leads with

m=mgy—+dm (12.31)

to

§me? = I (0, p)|,_,.- (12.32)

This is the mass-counterterm. We can now in the dressed operator (12.27) replace
2
moc” by

ch _ ﬁzfree(ahp)lp/:mc’

which leads to

1
KY free,ren , — , 12.33
F (w,p) 'BﬁC—mcz—ﬁZ'rferﬁe(w,p)—i-in ( )
where
Zni(@,p) = E7(,p) = Z™(@.P)|, e (12.34)

This represents the mass-renormalization. Both the free-electron self-energy and
the mass counterterms are divergent, while the renormalized self-energy is finite.

12.2.2 Charge Renormalization

12.2.2.1 Electron Self-Energy

The pole values (residues) of the dressed bare electron propagator should also be
the same as for the physical propagator, including the associated electronic charges.
The physical propagator (12.30) with the electronic charge

e2

e*SE(w,p) = 5m
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has the pole value Be?/c. The dressed propagator (12.27) with the bare electron
charge is
5 e _ 5 e;
pc—moc? — pXiee(w, p) +in pc—me?—pEiee(w,p) +in

and its pole value at the pole p = mc is

lim B eg(p —mce) _ B e;
J—me ¢ pc—mc? — BXi(w,p)+inp ¢ 1 — ﬁaq/ Erferﬁf:(a),p)ll/:m +in

using I’Hospital’s rule. This gives us the relation

2

2 0
e? = (12.35)
11— ﬁ%/zrferﬁe(w’ p) L/:mc
or
2 free ..
e? = (1 + ﬂ—a D) L/=mc ) . (12.36)

Here, the second term, which is divergent, represents the first-order charge renor-
malization.
It is convenient to express the free-electron self-energy as
i, p) = A+ B(pc—me?) + C(pc —mc?)?. (12.37)
It then follows that the constant A is associated with the mass renormalization,

A= szee(w,p)]l/=mc = BSmc? (12.38)

and B with the charge renormalization,

a free
B = ” 152 (@.p),_, (12.39)

From (12.36), it follows that for the charge renormalization due to the dressing of
the electron propagator becomes

e=eo(l+B/2+--). (12.40)

The constant C represents the renormalized free-electron self-energy that is
finite.
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12.2.2.2 Vertex Correction

The modification of the vertex function shown in Fig. 12.2 can be represented by

ieo Iy (p, p') = iegays —iegBAs(p, p'), (12.41)

where e is the “bare” electron charge. The vertex correction is divergent and can
be separated into a divergent part and a renormalized, finite part

Ao(p,p') = Lag + AZ™(p, p)). (12.42)

The divergent vertex part corresponds to a charge renormalization, in first order
being
e =eop(1—pBL). (12.43)

But this should be combined with the charge renormalization due to the dressing of
the electron propagators (12.40), which yields

e =eo(1 —BL + BB), (12.44)

since there are two propagators associated with each vertex. Due to the Ward identity
(12.24), it then follows that the charge renormalization due to the electron self-
energy and the vertex correction exactly cancel. This holds also in higher orders.

12.2.2.3 Photon Self-Energy

We first transform the first-order photon self-energy (4.108) to the momentum rep-
resentation, using

d4k —ik(x1—x3)
Drypu(x1,x3) = (27)4 € 173 DFvu(k),
d*k
Dryp(x4,x2) = (27)4 e Ik (xa xz)DFm(k/)’
d* i (xa
S}:(X3,X4) = / # € iq(x3 x4)S}:(q),
d4q —iq’ (x4—x3) ’
et ) = [ e e, (12.45)

The space integrations over x3 and x3 give rise to the delta functions §*(k — g + ¢’)
and §*(k’ — g + q'), yielding with the bare electron charge e,

d*k . T D b
/ (27)4 16(2,05’1LDF,,M (k) 1173,4(k) 16(2)0{2 Dgyy (k)

d*q
(2m)*

I35 (k) = / Tr [ig Se(g) i Se(g — k)] . (12.46)
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Yo 4 20 3L,

Fig. 12.5 Diagram representing the first-order vacuum polarization of the single photon (first-
order photon self-energy)

The photon self-energy represents a modification of the single-photon exchange,
illustrated in Fig. 12.5,

ied Dy, (k) = ied Dyyy (k) + ied Dyyo (k) iT°7 (k) ied Deey (k) + -+ . (12.47)

With the form (4.28) of the photon propagator in the Feynman gauge, this becomes

_ie(z) 8grv
ceg k2 +in’
(12.48)

—18(2) gy —leg Sy _le(z) 8uo
ceo k% +1in ceg k% +in ceg k% +1in

197 (k)

From the Lorentz covariance, it follows that the polarization tensor must have
the form

I1°7 (k) = —g°T A(k?) + k°k* B(k?) (12.49)

and it can be shown that in this case only the second term can contribute [4,
p- 155], [17, p. 184]. This reduces the expression above to

—ie% 8uv N —ie% 8uv 1_ i A(k?)
cey k%2 +1in ceo k2 +1in ceg k2 +in
—ie2
= % f‘” . (12.50)
ce .
O k24 (e—f:)) A(k?) +in

The expression above represents the modification of the photon propagator due
to the photon self-energy. It is infinite and can be interpreted as a change of the
electronic charge — or charge renormalization — in analogy with the mass renor-
malization treated above.

The photon propagator has a pole at k? = 0, corresponding to the zero photon
mass [c.f. the free-electron propagator in (12.5)], and the pole value is proportional
to the electron charge squared, eg2. If

A(k* =0) =0, (12.51)
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then also the modified propagator has a pole at the same place with a pole value

proportional to

2
€o

€5 dAk?)
I+ % dk? lk2=0
This cannot be distinguished from the bare charge and represents the physical elec-
tron charge,

2 2 2
2 ey 2 ey dA(k?)
= ~ 1-— s 12.53
‘ 1+ idA(k2)| ‘0 |: cep dk? ik2=0 ( )
ceg dk2 lk2=0

(12.52)

which is the charge renormalization.
The polarization tensor may have a finite part that vanishes at k? = 0, ey,
which is the renormalized photon self-energy. This is physically observable.

12.2.2.4 Higher-Order Renormalization

The procedure described above for the first-order renormalization can be extended
to higher orders. A second-order procedure has been described by Labzowsky and
Mitrushenkov [14] and by Lindgren et al. [15], but we shall not be concerned with
that further here.

12.3 Bound-State Renormalization: Cutoff Procedures

Before applying the renormalization procedure, the divergent integrals have to mod-
ified so that they become finite, which is the regularization procedure. Details
of this process depend strongly on the gauge used. Essentially, all QED calcula-
tions performed so far have been carried out in the so-called covariant gauges (see
Appendix G), preferably the Feynman gauge. In the remaining sections of this chap-
ter, we shall review some of the procedures used in that gauge, and also consider the
question of regularization in the Coulomb gauge.

Several regularization procedures have been developed, and the conceptually
simplest ones are the cutoff procedures. The most well known of these procedure
is that of Pauli-Willars and another is the so-called partial-wave regularization. A
more general and more sophisticated procedure is the dimensional regularization,
which has definite advantages and is frequently used today. We shall consider some
of these processes in the following sections.

12.3.1 Mass Renormalization

When we express the Dirac Hamiltonian (2.108) with the physical mass

hp = cot + P+ Bmc? + vexis (12.54)



12.3 Bound-State Renormalization: Cutoff Procedures 249

Fig. 12.6 Diagram

~

representing the 2 r
renormalization of the
first-order self-energy of a t -

bound electron

we have to include the mass counterterm (12.32) in the perturbation density (6.35)
H(x) = —ecy T (x) at A, (x) U (x) = 8mc? YT (x) By (x). (12.55)

The bound-electron self-energy operator is given by (8.47)

(r|Z(ea)la) = <rt la> (12.56)

dz . ou
/—15}? (6a —z3Xx2,%1) I(z;%2,%1)
2

and subtracting the corresponding mass-counterterm yields the renormalized self-
energy operator

ren

(r|ZX(eq)la) = (r | 2" (sa) — BSmc?|a) (12.57)

illustrated in Fig. 12.6. Here, both terms contain singularities, which have to be elim-
inated, which is the regularization process.

In the regularization process due to Pauli and Villars [21], [17, Eq.9.21], the
following replacement is made in the photon propagator

1 1 1
= - B
k2+in k2= A2+4+1in k2—A%2+ip

(12.58)

which cuts off the ultraviolet and possible infrared divergence.

12.3.2 Evaluation of the Mass Term

(See Mandl and Shaw [17, Sect. 10.2].)
On the mass shell, j = mc, the free-electron self-energy (12.15) becomes [17,
Eq.10.16]

Smc? =

,2e2/ d*k K + mc 1

B
xtee —me = — . (12.59
(P) |]f—mc 1 (2n)4 k2 — 2pk +in k2 + in ( )

C €0
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In order to evaluate this integral, we apply the Pauli—Villars regularization scheme,
which we can express as

N 1 1 B /Az dt (12:60)
k2+in T k2—=22+in k2—A2+in  J;2 (k2—t+in?’ '

By means of the identity (J.4) in Appendix J witha = k?> —t and b = k? — 2pk
we can express the mass term

4i d*k
sme> = B¢ / dr / dx (f + me)x . (12.61)
@m)* /e 0 [k2 —2pk(1 —x) —1x]3
With the substitutions g = —p(1 — x) and s = —tx, the k integral becomes, using
the integral (J.8) and (J.9) and p = mc,
d*k (K+me)x i me x(2 —x) (12.62)
Q)4 [k2 +2gp + 513 3272 m2c2(1 — x)2 + tx '
yielding
2 2 2 2
e“mc A%x +m?c?(1 —x)
§mc* = / dx (2 —x)1 . 12.63
me 82¢g Jo *(2-x)ln A2x + m2c2(1 — x)? ( )
This is logarithmically divergent as A — oo with the leading term being
sme? = £MC /1d 2-x 1 A (12.64)
mc* = x2—x)[In—4+h——]. .
812eg Jo m?2 (1—x)?
To evaluate the second part of the integral, we need the following formulas
x?Inx  x?
dxInx =xlnx —x dxxlnx = T (12.65)
which leads to
I /ld (2 —x)ln—> 3 (12.66)
= xQ2=-x)In—— =-. .
0 (1 — X)2 4

In all unit systems with # = 1, the factor e? / 4mweg = ca, where « is the fine-
structure constant (see Appendix K), and the mass term (12.59) becomes

2
Sm(A) 2 = Some (ln (i) n l) . (12.67)
27

mc 4
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12.3.3 Bethe’s Nonrelativistic Treatment

Bethe’s original nonrelativistic treatment of the Lamb shift [3] is of great historical
interest, and it also gives some valuable insight into the physical process. Therefore,
we shall briefly summarize it here.

From the relation (4.90), we have the bound-state self-energy, using the Feynman
gauge (4.55),

2 (o) :
e“c dk sinkria
(a2l = ) =~ (sl [ (tlox 1),
deg 1z 0 &q — & — CK sgn&;

(12.68)
where rj2 = |x; — x3|. For small k values and positive intermediate states, this
reduces to

2 00
e“c Kk di
Eb"“(ga) = ——Zau|t)/ — {t|o™. (12.69)
4r?¢€g 0 &a—& —Ck

The scalar part of oz, " cancels in the renormalization, leaving only the vector part
to be considered,

e*c ® kdk
Ebou(f)a) = mall) '/0 m (l|oc (1270)
a— ¢t

The corresponding operator for a free electron in the state p,_ is

e’c o0 Kk dk
3 free = — . _ 12.71
(p4) 4n260°‘|Q+> /0 Eo, — fq, — CK (Q+|°5 ( )

restricting the intermediate states to positive energies. In the momentum representa-
tion, this becomes

2 Kk dk

/ free _ e-c / . o
(0 |Z"(p3)|py) = o (0 leclq) /0 Pp—— (a4 leclp).
(12.72)

But since & is diagonal with respect to the momentum, we must have q = p = p’.
Thus,

ree e’ 2 [
(P =" (P+)}P+):_53’,pm}(P+|‘¥|P+)}/0 dic. (12.73)

Obviously, this quantity is infinite. Inserting a set of complete states, this becomes
2

ree € *©
(|2 py)lpy) = —53/,pm (pyleelt) - (tlalp+)/0 di.  (12.74)
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The free-electron self-energy operator can then be expressed as

2

o0
free _ 3 €
) (p+) = _Sp/,p m oc|t) '/0 dk (t|oc, (1275)

which should be subtracted from the bound-electron self-energy operator (12.70).
We can assume the intermediate states {z} to be identical to those in the bound case.
This gives the renormalized self-energy operator

shou(g ) < It) /wdx fa T8y (12.76)
gq) = —5—alt) - — (t]e. .
ren 14 4m2¢ 0 &4 — & — CK

The expectation value of this operator in a bound state|a) yields the renormalized
bound-electron self-energy in this approximation, i.e., the corresponding contribu-
tion to the physical Lamb shift,

2 &

(alalr) - (t]ec|a) /0 die —fa "%

Eq — & — CK

{al Zeo'(ea) la) =

ren

o p— (12.77)
This result is derived in a covariant Feynman gauge, where the quantized radia-
tion has transverse as well as longitudinal components. In the Coulomb gauge, only
the former are quantized. Since all three vector components above yield the same
contribution, we will get the result in the Coulomb gauge by multiplying by 2/3.
Furthermore, in the nonrelativistic limit, we have &« — p/c, which leads to

2
(al Z'(ea) la) =

ren

(alplt) - (tlpla) /0 dKLE’K, (12.78)

6m2c%€y 112 Eq— 6t —C
which is essentially the result of Bethe.

Numerically, Bethe obtained the value 1,040 MHz for the shift in the first excited
state of the hydrogen atom, which is very close to the value 1,000 MHz obtained
experimentally by Lamb and Retherford. Later, the experimental shift has been
determined to be about 1,057 MHz. Bethe’s results was, of course, partly fortuitous,
considering the approximations made. However, it was the first success perfor-
mance of a renormalization procedure and represented a breakthrough in the theory
of QED.

We can note that the nonrelativistic treatment leads to a linear divergence of
the self-energy, while the relativistic treatment above gives only a logarithmic
divergence.

12.3.4 Brown-Langer—Schaefer Regularization

The bound-state electron propagator can be expanded into a zero-potential term, a
one-potential term, and a many-potential term
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Fig. 12.7 Expanding the bound-state self-energy in free-electron states according to (4.107)

S (w, X2, %1) = SF(w, X2, X1)

+ [ xS x 2 xS @, 3,50
+ /d3x3d3x4 Sgee(w, x2, X 4) v(x4)
><Sll:’°“(a),x4,x3)v(x3)S1£ree(w,x3,x1), (12.79)

which leads to the expansion of the bound-electron self-energy, as illustrated in
Fig. 12.7,

d
(al=*ela) = ar| [ 52 SI(ew— 2wz x0) Iesxaxo) Ja)
d
—i—(al‘ /d3x3/—zS}§m(ea —Z:X2,Xx3)v(x3)
21
free . . 3 3
+Sp(ea —zx3,x1) [(z3x2,%1) )ta><at’ /d x3d x4

d
X /Z_Z /d3x3d3x4 Sgee(a),xz,x4)v(x4)
11

X Sp(@, X4, %3) v(x3)SE (0, X3, %1) I(z: %2, X1) ‘ta>,

(12.80)

where /(z; x,, x1) represents the single-photon interaction (4.45). We can then ex-
press this as

(@|Z*(eq)|a) = (a|Z"(eq)la) — (alec A7 A= (eq)|a) + (a| Zmpla) .
(12.81)

Here, the first term on the right-hand side is the average of the free-electron
self-energy in the bound state |a), the second term a vertex correction (4.98) with
v(x) = —eay A%, and the last term the “many-potential” term.
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We can now use the expansion (12.37) of the free-electron self-energy in (12.81),
where the first term (A) will be eliminated by the mass-counterterm in (12.57). We
are then left with the average of the mass-renormalized free-electron self-energy
(12.34), which is still charge divergent. If we separate the vertex operator in a di-
vergent and a renormalized part according to (12.42), it follows from (12.44) that
the charge-divergent parts cancel, and we are left with three finite contributions,
the mass-renormalized free-electron self-energy (12.34), the many-potential term
(12.79), and the finite part of the vertex correction (12.42)

(r|Zp(ea)la) = (r|Zt(ea)la) — (rleA AT (eq)la) + (r|Zmpla) .
(12.82)

This is the method of Brown et al. [6], introduced already in 1959. It was first applied
by Brown and Mayers [7] and later by Desidero and Johnson [10], Cheng et al. [8,9],
and others. The problem in applying this expression lies in the many-potential term,
but Blundell and Snyderman [5] have devised a method of evaluating this terms
numerically with high accuracy (and the remaining terms analytically).

We can also express the renormalized, bound self-energy (12.57) as

(r|Zt(ea)la) = ((r|Z*(ea)la) — (r|Z" (eq)la))
+ ((r| X" (eq)la) — (r|BSmc?|a)). (12.83)

where the second term is the renormalized free-electron self-energy (12.34), eval-
uated between bound states. This is illustrated in Fig. 12.8. The mass term can be
evaluated by expanding the bound states in momentum representation

(r|Bsmc?la) = (rp’.r') (p, | =™ (e p)Ip. 7) (P, 7|a) (12.84)

as illustrated in Fig. 12.9. The relation (12.83) can then be written as

(rI =X (ea)la) = (r| 2™ (ea) — " (ea)|a) + (r|p’,r") (p', 1|27 (e0)
=X (ep)|p. r) (p.r|a). (12.85)

where we note that in the last term the energy parameter of the self-energy operator
is equal to the energy of the free particle.

r T A T A
2 2 r
(t = 1A ) + (zA - )
1 1 1 a i
a a A a A

Fig. 12.8 Illustration of the method of Brown et al.
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a 1

p.r

Fig. 12.9 Expansion of the mass term in momentum space

In this way, the leading mass-divergence term is eliminated, while the parts are
still charge-divergent, but this divergence is cancelled between the parts. The elimi-
nation of the mass-renormalization improves the numerical accuracy.

Mohr has developed the method further and included also the one-potential
part of the expansion in the two parts, thereby eliminating also the charge diver-
gence. In this way, very accurate self-energies have been evaluated for hydrogenic
systems [18-20].

12.3.5 Partial-Wave Regularization

An alternative scheme for regularizing the electron self-energy is known as the
partial-wave regularization (PWR), introduced independently by the Gothenburg
and Oxford groups [16,24].

12.3.5.1 Feynman Gauge

Using the expansion (10.7)

Sinkrin

=Y @+ Djilker)jiler2) €'(1)- €' ). (12.86)
KFri12 =0

the expression (4.90) for the bound-state self-energy in the Feynman gauge can be
expressed as

¢ > 1(cr)Ce) - (el ji(kr)C!
Ebou(ga) - _ ez Z(zl + 1)/ cic dic O{MJ](KI") | ) ( |Ol Jl(Kr)
43¢ = 0 £q — & — Ck sgn(ey)

(12.87)
with a summation over the intermediate bound state |¢). Similarly, for the free
electron

i SRV /fK g 20 Cla, 5) - (. sk i (kr) C!
0

2ep ®—eq— ck sgn(eq)

Efree — _
@ =~
=0
(12.88)
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summed over free-electron states|q, r). Here, w is the free-running energy parameter
and &, represents the energy of the free-electron state |q,s). On the mass shell,

® = &, = /c2p? + m2c4, this becomes

am(w)qu, $) - (@ sp i er) €T

varee e —
(€r) — &4 — ck sgn(ey)

c d

(12.89)

The PWR can be combined with the Brown-Langer—Schaefer method discussed
above by expanding the remaining terms in (12.83) in a similar way.

The free-electron self-energy is diagonal with respect to the momentum p, when
all partial waves are included, but this is NOT the case for a truncated sum. Further-
more, it has nondiagonal elements with respect to the spinor index r.

12.3.5.2 Coulomb Gauge

The partial-wave regularization has not yet been applied in the Coulomb gauge,
but to be able to include the self-energy in a many-body calculation this will be
necessary.

In analogy with the Feynman-gauge result (12.87), the transverse part of the
self-energy in Coulomb gauge becomes

Ebou,tram(ga) — _ ck di

L Lien)Cle) - (i () €' = (@ - V) juter)Cle) (el(e - V) juer)CY /2
&q — & — Ck sgn(ey)
(12.90)

using the expression (4.92). The corresponding mass term becomes in analogy with
(12.89)

Efree,trans (Sp) —

e2 0 00
_4n2€0 E)(Zl + 1)/0 ck dk

21 (er)Clg.5) - (. slejy (er)CT = (@ - V)1 (kr)Cllas) (a0 sl(@ - V)jy(er)CT /i
ep — &q,s — Ck sgn(eq) '

(12.91)
The Coulomb part in Coulomb gauge is obtained similarly from (4.93)

2
X (Ea )bou ,Coul __

sgn(e;) Z(Zl +1)

=0

x/ 26 dic ji(kr) CHe) + (t]ji(kr)C? (12.92)
0

871’26 r12
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using the value —isgn(g;)/2 for the integral, and the corresponding mass term

2 oo
free,Coul __ e
D)™ = g sgn(e,)l;)(zz +1)

o0
x/ 2 dic ji(kr) Cllq. s) - (q. s|ji(kr)CL. (12.93)
0

The main advantage of the PWR is that the bound- and free-electron self-energies
are calculated in exactly the same way, which improves the numerical accuracy,
compared to the standard procedure, where the mass term is evaluated analytically
(12.67). Since all terms are here finite, no further regularization is needed. The
maximum L value, Ly, is increased until sufficient convergence is achieved. This
scheme has been successfully applied in a number of cases [16,24].

It has been shown by Persson et al. [22] that the method of PWR gives the correct
result in lowest order with an arbitrary number of Coulomb interactions, while a
correction term is needed when there is more than one magnetic interaction. This is
due to the double summation over partial waves and photon momenta, which is not
unique due to the infinities involved. This problem might be remedied by combining
this method with dimensional regularization, as will be briefly discussed at the end
of the chapter.

12.4 Dimensional Regularization in Feynman Gauge*

The most versatile regularization procedure developed so far is the dimensional reg-
ularization, which is nowadays frequently used in various branches of field theory.
In treating the number of dimensions (D) as a continuous variable, it can be shown
that the integrals of the radiative effects are singular only when D is an integer. Then
by choosing the dimensionality to be 4 — €, where € is a small, positive quantity, the
integrals involved will be well defined and finite. After renormalization, one lets the
parameter € — 0. This method has been found to preserve the gauge invariance and
the validity of the Ward identity to all orders. The method was developed mainly
by t’Hooft and Veltman in the 1970s [27] (see, for instance, Mandl and Shaw [17,
Chap. 10], Peskin and Schroeder [23, Chap. 7] and Snyderman [25]).

Most applications are made in so-called covariant gauges, where the procedure is
now well developed. For our purpose, however, it is necessary to apply the Coulomb
gauge, and here the procedure is less developed. Important contributions have been
made more recently, though, by Adkins [1, 2], Heckarthon [11], and others.

Here, we shall first illustrate the method by evaluating the renormalized free-
electron self-energy, using the Feynman gauge. The problem with the Coulomb
gauge will be discussed in the next section.
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12.4.1 Evaluation of the Renormalized Free-Electron
Self-Energy in Feynman Gauge

We start now from the form (12.12) of the free-electron self-energy in the Feynman
gauge and the photon propagator in momentum space (4.28)

nw
)t k2 —m2c2 +in) k241

p— K+ mc
Efree v 35 . k
ﬂ (p) le c / (27[)4 )/ (p _k)2 —m202 + 177 y F M( )
ie2c [ d*k p— K+ mc 1

(12.94)

Using the Feynman integral (J.2) (second version) witha = k? and b = (p —k)? —
m?c?, this can be expressed as

BE™(p) =

1e c / / (d4k Yu (B — ¥ + mc) y* (12.95)

27m)* [k2 + (p? — 2pk — m2c?)x]*

We shall now evaluate this integral using nonintegral dimension D = 4 — e,

BE"(p) =

e c/ / dPk Yu (B — K +me) y*
Qm)P k2 + (p2 — 2pk — m2c2)x)?

_ &%/ldx/ dPk (1—€/2)(p — K) — (2 —¢€/2) mc
B Qm)P k2 + (p? — 2pk — m2c?)x]?
(12.96)

after applying the anticommutation rules for the gamma matrices in Appendix D.59.
With the substitutions ¢ = —px and s = (p? — m?c?)x, this becomes

ﬂzfree(p) —

)

2ie?c /1 dx/ dPk (1—€/2)(p — ¥) — (2 —€/2) mc
€ 2n)P (k2 + 2kq + s
(12.97)

which is of the form of (G.23) and (G.24). This leads to

BT (p) = —

2e%c(mc)~¢ /1d I'(€/2)
o@mP? Jy, T T@)

. €/2
<[ =e/2(6— p) - - e/ me) (o)
(12.98)
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with w = g% —s = [m*c¢* — p?(1 — x)] x. The Gamma function can be expanded
as (see Appendix G.3)

2
I'(e/2) = ;—J/E—i-"'
with yg = 0.5722 ... being Euler’s constant, and furthermore

1
(4m)P/2 " (4)?

m2c2\</? L€ ( w )+
= —_—— n —_—
w 2 m2c?

<1+§1n47r+———),

This yields
/2
I(e/2) (m?c?\° 1
(47)P/2 ( w T (4m)? (2/e—ye+--+)
€ € 2
X (1 + §1n471+---) (1—5 ln(w/m c )+)
1 w
= G [A_ln (WJF)] (12.99)
where
2
A= ;-)’E+1n47t+"'- (12100)

This leads to
1
free _ w
BE(p) = —zzc[/o & (5= px—2me) [A—tn (s 4]

—/oldx (ﬁ—ﬁx—i—mc)}

(12.101)
with
e’ Pa
Ce(4m)? 4
We write the denominator in (12.98) as
2
w=m?>c*xX; X=1- -5 (1—x)=—[p+ (1 -p)x]
m?c
with ) -
p=b —M¢ (12.102)

m2c2
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We then express the integral (12.101) as 2K(A + B + C) with

1 1
A:—/O dx(lﬁ—lﬁx—ch)A+/o dx (p — px —mc),

1
B:/ dx (p — px —2mc) Inx,
0

C:/Idx(‘é—ﬁx—ch) In[p+ (1 —p)x].
0

To evaluate this integral, we can use the formulas (12.65), yielding

1 1
/ dxIn(1 —x) = —1 / dxxIn(1 —x) = -3/4,
0 0

1
1
/dxln[p—i—(l—p)x]:—l—fnp,
A Z
fldxxln[p+(1—p>x]= P (lenp)— L (14202 p—p?),
0 (1—p) 1—p/) 4(1—p)

which gives
A=—p/2-2mc) A+ (p/2—mc)

B=-3p/442mc

1
C - Vs (1+pnp

y v
“-p 1—p)+4(1—p>2 (1+20%np =)

—(p—zm)(1+‘1’lﬁ)

1 plnp 0*Inp 1+p
=p |:— (l—i- )+ +
(1-p) l—p) 2(1-=p? 4(1-p)
|
+2mc(1+pnp).
l—p

Subtracting the on-the-mass-shell value (p = m, p = 0) yields for the A and B
terms

(A+Byn=—2 ;mc (A+%).

For the C term, the on-shell value is 5mc /4, yielding

p(2—p)lnp P 3 2plnp 3
CI’CH:_ —_ —_— f— .
P\ Ta-p T T = T
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The total on-shell value (mass-counter term) becomes

20{
BA+4+-). (12.103)

Sme? =

Collecting all parts, we obtain the following expression for the mass-
renormalized free-electron self-energy

fee, o0 B p . p2—p)np
BEX(p) = yp |:(15 mc)(A+2+1_p+ (l—p)z)

: 2—-3
4 P (1— P lnp):|
1—p 1—p

(12.104)

with p = (p2 — m?c?)/m>c?. This agrees with the result of Snyderman [25,26].

12.4.2 Free-Electron Vertex Correction in Feynman Gauge

Next, we consider the free-electron vertex correction (12.23)

Ay )_ieZ/ d*k p'— K+ mc
o P,p - €o (27{)4 )/M (p/_k)z_m2c2+in yU
p— K+ mc w1

. 12.105
(p—k)z—m262+iny k2 +in ( )

The Feynman parametrization (J.4), similar to the self-energy case, a = k2, b =
(k — p)?> —m2c?, and ¢ = (k — p')? — m?c?, yields

1—x d4k
As(p'.p) = —/dx/ dy @y

YuB'— K +me)ys(p — ¥ + me)y*
[k2 + (p2 = 2pk —m2c?)x + (p2 —2p'k —m2c2)y)?

With g = —(px + p'y) and s = p%x + p’?y —m?c?(x + y), the denominator is
of the form k2 + 2kq + s

;2 X 4Dk (B K mEYye(p— K+ me)yt
Aa(p.p) / / m)P (K2 + 2kq +9)°
216

1—x
= / dx/ dy [Co+ Ci1 + C3].
CeqQ
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where the index indicates the power of ¥ involved,

APk y (B’ + me)yo(p + me)y*

C =
0 2n)P (k2 + 2kq + s5)3

[ APk (= Bye (B A+ moy + v (B + me)ye (— K)y*
) @n)P (k2 + 2kq + 5)3 ’

_ [ 9Pk Kys K"
(2m)P (k2 + 2kq + 5)3°

The coefficients Cyp and C; are convergent and we can let ¢ — 0. With the
formula (G.23) (n = 3) and the contraction formulas (D.59), we then have

Ci

C>

i (P +mA)ys(p' +mo)

C =
07 (4n)2 W

with
w=s—qg>=s5—(px + p'y)>.

Similarly, we have for the numerator in Cy

Yu(= ) yve (b +meyy  +y (B +me)ys (— )y" =2(Bvo ¥+ Kyo b')—8mcks

and with (G.24)

i Pve d+ dve B’ —4meqs

C =
T 42 w

The C; coefficient is divergent and has to be evaluated with more care. Then the
situation is analogous to that of the self-energy (12.98). The numerator becomes

Vi Kve Ky = —Q2 =€) Kyo K — KVo K

and

APk (2—e) Kyo K+ KVoK

C=— ,
2 Qm)0 (k2 + 2kq + 5)?

which can be evaluated with (G.25).
The evaluation of the integrals above is straightforward but rather tedious. The
complete result is found in [25].
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12.5 Dimensional Regularization in Coulomb Gauge*

12.5.1 Free-Electron Self-Energy in the Coulomb Gauge

For our main purpose of combining MBPT and QED, it is necessary to apply the
Coulomb gauge to take advantage of the developments in standard MBPT.

We shall first follow Adkins [1] in regularizing the free-electron self-energy in
the Coulomb gauge by expressing the bound states in terms of free-electron states.
We then start from the expression (12.12)

p— K+ mc
(p— k)2 —m2c? +ip

ﬂzfree(p) 1€ ¢ /(2 )4 Vv ]/MDFWL(k)’ (12106)

For the photon propagator, we use the expressions (4.32) and (4.36)

1 SM,OSU,O
ceo k?

kik;j 1
DFuv(k k)= —8y,i6v,; (gij + %) m} . (12.107)
The three terms in the propagator correspond to the Coulomb, Gaunt, and scalar-
retardation parts, respectively, of the interaction (4.59).

The Coulomb part of the self-energy becomes

ie2c [ d*k  y°(p— K +mc)y° 1

12.108
Crf (p-kP-mic i ki
ie>c [ d*k 7k 1
_ lefe pfkame (12.109)
2m)* (p—k)> —m2c? +in k> +in
2 2 2

using the commutation rules in Appendix (D.58). Withg = —p and s = p“—m~c
the denominator is of the form k2 + 2kg + s and we can apply the formulas (G.26)
and (G.27) without any further substitution (n = 1). This gives with kK — ¢° =
—p° ki = qiy = —piy, vk =—y'ki — —y-py,andw = p>y> + (1 = y)ypj —
(p? —m?c?)y

ie?c (me)€ / dPk 7 —k 4+ me 1
€0 m)D k2 + 2kq + s +in k% +

- - ﬂ
€ (47t)D/2 / Sy el =) el (w/m2c2)e/2”

Using (12.99), this yields the Coulomb contribution

K / D yp (= y) +me) (A —In(yX))
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with K = e2c/(eg (4m)?) and w = m?c?y X, X = 1 + (p>/m>c?)(1 — y). This
leads to

K/ol % ((y-p(l—y)+mc)(A—1ny—1nX)

and the Coulomb part becomes (times K)

(gy-p+2mc)A+(39 p+4mc) /—((yp(l— y) +mc)In X.

(12.110)

The Gaunt term becomes, using (12.106) and the second term of (12.107),

ie?c [ d*k  yi(p — K+ me)y! 1
Qm)* (p—k)? —m?c?2 +in k2 +1i

(12.111)

The denominator is here the same as in the treatment of the self-energy in the
Feynman gauge, and we can use much of the results obtained there.*
In analogy with (12.95), we then have

e c/ / d*k vi (B— K+ me)y!
Qm)* [k2 + (p? — 2pk — m2c?)x]?
e c/ / Pk G-emc—Q—-@—K-P+k
(2m)* k2 + (p? —2pk —m2c?)x)* '

(12.112)

after inserting the Feynman integral (J.2) and applying the commutation rules in
Appendix (D.59).

With the substitutions k — —¢ = px and s = (p? — m?c?)x, the equation
above leads after applying (G.23) and (G.24) in analogy with (12.98) to

1e c dPk (3—e)mc—(2—6)(15—k)—ﬁ+%
Sl

27)P (k2 + 2kq + 5)]?
e?c I'(e/2)
= W/o dx[B—emc—Q2—-e) p(1—x)—p(l —x)] ——= v/
_ ek /1dx[ (1—x)(3y° ) + 3me
I'(€/2)
+€((1 —X)Iﬁ —mc)] W,
4We use the convention that W, v,...represent all four components (0,1,2,3), while i, j,... rep-

resent the vector part (1,2,3).
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where w = g% — s = p?x? — (p? — m?c?)x = m?c?xY . This yields (times K)

1
—/ dx {[(1 = x) (3y°po — y-p) — 3mc][A — In(xY)]
0
—2((1—=x)p —mc)}
using the relation (12.99) and the fact that ¢ A — 2 as € — 0. Then the Gaunt

part becomes

1 5 1
[—5 (3y°po—yp) — 3m6} A=< ¥°po — Jyptme

1
+/ dx [(1—x)(3y°po — y-p) —3mc]|InY. (12.113)
0

Finally, the scalar-retardation part becomes similarly, using the third term of
(12.107) and the commutation rules (D.57),

_@ d*k y"ki(ﬁ—k—i-mc)yfkjl 1
Q2m)* (p—k)>—m?c? +in k2 k? +1in

ﬁ d*k  y'kiy k;j(p— K—me) =2y ki(k! pj—k’ k) 11
(2m)* (p—k)2 —m2c2 +1in k* k% +1in

ie2c [ d*k p —k—mc+2ykikipi/k* 1
(2m)* (p—k)?—m2c2+in k2 +in

with y'k;y/k; = —k? = —k;k;. With the same substitutions as in the Gaunt case,
this becomes

1ec/ /de Iﬁ—k me + 2y'k; k’p]/2
(

(12.114)
2m)P (k2 = 2pkx + (p? — m2c?)x)?

With the substitutions k — —g = px and s = (p? — m?)x the first part is of the
form (G.23) and (G.24) and becomes

e%c ! — T'(e/2)
W/O dx [[5 —px—mc] WG/Z (12115)

and with (12.99)

1
K/ dx[p —Px —mc] (A—1In(xY)) (12.116)
0
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with K = e 2¢/(€o (47)?) and w being the same as in the Gaunt case, w = g —s =
p2x? — p?x + m?c?x = m?c?xY.
The second part of (12.114) is of the form (G.28) and becomes (k;k’ —>qqu

2 = p; p/ x?y? in first term, —>—ng = é8]1nsecond)

1 1
S (1 +€/2) o T'(e/2)
K/O dx/0 dy /y %ZV’PiPl PjP]W—VJPj wel2

L 2'pipipi xy
K/ dx/ dyﬁ{#g—yfpjm—ln(xyzn},

_K/ dx/ dy f{z“"’ = +yp(a- 1n<xyZ)>§

with w = xy[—p?xy + pdx — p> + m?c?] = xy[p*(1 — xy) — p3(1 — x) +
m?c?] = m?c?Zxy.
Integration by parts of the first term yields (times K), noting that dZ/dy =
—p’x,
1 1 1
—/ dx [ﬁyZy—pan](l) + 3/ dx/ dy J/yyphZ.
0 0 0

The total scalar-retardation part then becomes (with Z(y = 1) =Y)

1 1
/ dx[p —Px —mc] (A—ln(xY))—/ dx2y-plnY
0 0
1 1 1 1
+3/ dx/ dy /yyp an+/ dx/ dy /Yy yp(A—In(xyZ))
0 0 0 0
or
1 1
/ dx (yopo(l —x) —y-p(l +x) —mc) (A—Inx) —I—/ dy J/yypA
0 0
1
—/ dx (y°po(1 —x) —p-p(l —x) —mc) InY
0
1 1 1 1
—/O dX/O dy V/y yp In(xy) +2/0 dX/O dy V/y yp In(xy)
1 1
—3/ dx/ dy/yyphZ,
0 0
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which gives’

Lo > mc A+3 0 > mc
27170 6}’P 4J/P0 3671)

1
—/ dx ()/Opo(l—x)—y-p(l—x)—mc) InY
0
1 1
—3/ dx/ dy J/yyphZ.
0 0

Summarizing all contributions yields the mass-renormalized free-electron self-
energy in Coulomb gauge

2

e%c 1, 19 L gy
— |- -me)A—= Zyp-| —= (ypQ- In X
60(47,)2[ # —me) A=y po+ = yp /O ﬁ(yp( y) +mc)In

1 1 1
+2/ dx [(l—x)lﬁ—mc]lnY—}—/ dx/ dyﬁZy-pan:|,
0 0 0

(12.117)

where we have subtracted the on-shell (5 = mc) value, mc(3A + 4). (The expres-
sions for X, Y, Z are given in the text.) This is in agreement with the the result of
Adkins [1].

The treatment of the vertex correction is more complex and will not be repro-
duced here. Interested readers are referred to the papers by Adkins.®

12.6 Direct Numerical Regularization of the Bound-State
Self-Energy

As an alternative to the regularization procedure discussed above, we shall consider
a new more direct procedure, where the regularization is performed directly in the
bound state, without any transformation to free-electron states. This is presently
being tested by the Gothenburg group [12].

1 1 1 1
10 1
/ dx/ dy /y In(xy) = ——; / dxx/ dy /y In(xy) =——
0 0 9 0 0 18
1 1 9
/ dxx/ dyy/y In(xy) = ——.
0 0 50

6 A complete treatment of the vertex correction is being published separately in arXiv:quant-ph.
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12.6.1 Feynman Gauge

The bound-state self-energy in the Feynman gauge is from (8.48)

d F
(r| 2 (eq)la) = <rt / cde f ) ta>, (12.118)
eqa — & — (ck —in);
where k = |k| and the function fF is given by (4.55). The integral over « is con-

vergent, while the summation over ¢ is (logarithmically) divergent.
With 3 — € dimensions of the k-vector space, we make the substitution

d3k / / K2€dk
@n) (2m)3~€
and the self-energy becomes

e?(2m)¢ <at

4%260

w —€ o
oy an cdk k™ €sinkrip
(a|Xe(ea)la) = — Lr /

gq — & — (ck —in);

ta,> (12.119)
r12

which would make the expression convergent for € # 0. In a similar way, the the
free-electron self-energy can be expressed. In analogy with the expression (12.85),
this leads to the renormalized bound-state self-energy

(r|Zen (ea)la) = lim ((r| 2 (ea) — £ (ea)]a)

( ip , (p r izfree(ga) Eefree(gp)

p.r)(p.r|a)).
(12.120)

12.6.2 Coulomb Gauge

The transverse part of the self-energy expression in Coulomb gauge is in analogy
with the Feynman expression (12.118)

/ ¢ dic £ ()

8q — & — (ck —1in);

(r12(ea)la)trans = <rt

m>, (12.121)

where fTC is given by (4.60). The Coulomb part is given by (8.49)

e? / 2k di sinkrys

1
(b|2(8a)|a)Coul = 5 Sgn(gt) <bt K2

t 12.122
471’2607'12 a> ( )

and the renormalization can be performed as in the Feynman gauge.
The procedure of direct numerical regularization outlined here is presently being
tested by the Gothenburg group.
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Chapter 13
Summary and Conclusions

The all-order forms of many-body perturbation theory (MBPT), like the
coupled-cluster approach (CCA), have been extremely successful in calculations on
atomic and in particular on molecular systems. Here, the dominating parts of the
electron correlation can be evaluated to essentially all orders of perturbation theory.

A shortcoming, however, of the standard MBPT/CCA procedures is that
quantum-electrodynamics (QED) can only be included in a very limited fashion
(first-order energy). Particularly for highly charged systems, QED effects can be
quite important. Certain experimental data on such systems are now several orders
of magnitude more accurate than the best available theoretical calculation. It is
believed that this shortcoming is due to the omitted combination of many-body and
QED effects in presently available theoretical procedures.

The procedure presented in this book, which is based on quantum-field theory,
describes — for the first time — a road toward a rigorous unification of QED and
MBPT. The procedure is based on the covariant evolution operator, which describes
the time evolution of the relativistic wave function or state vector. The procedure is
for two-electron systems fully compatible with the relativistically covariant Bethe—
Salpeter equation, but it is more versatile.

The procedure is — in contrast to the standard Bethe—Salpeter equation — appli-
cable to a general multi-reference (quasi-degenerate) model space. It can also be
combined with the coupled-cluster approach and is, in principle, applicable to sys-
tems with more than two electrons.

The covariant evolution operator contains generally singularities that can be
eliminated. The regular part is referred to as the Green’s operator, which is a gen-
eralization of the Green’s-function concept.

In principle, the Green’s operator — as well as the Bethe—Salpeter equation — has
individual times for the particles involved. Most applications, though, use the equal-
time approximation, where the times are equalized, to make the procedure consistent
with the quantum-mechanical picture.

The Green’s operator for time ¢+ = 0 corresponds to the wave operator used in
standard MBPT, and the time derivative at t = 0, operating within the model space,
to the many-body effective interaction. This connects the field-theoretical procedure
with the standard MBPT.

I. Lindgren, Relativistic Many-Body Theory: A New Field-Theoretical 271
Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1_13, (© Springer Science+Business Media, LLC 2011
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The formalism presented here has been partially tested numerically by the
Gothenburg atomic theory group, and in cases where comparison can be made with
the more restricted S-matrix formulation, very good agreement is reported.

A big challenge is the renormalization of the radiative effects, which generally
has to be performed using the Coulomb gauge, to take advantage of the develop-
ments in MBPT/CCA. Schemes have been developed for this process but so far not
been implemented in a QED-MBPT procedure.

When the procedure is more developed, critical tests can be performed to find
out to what extent the new effects will improve the agreement between theory and
accurate experimental data.



Appendix A
Notations and Definitions

A.1 Four-Component Vector Notations

A four-dimensional contravariant vector is defined as’
x=x* =% xx% x%) = (% x) = (e, %), (A.1)

where u=0, 1,2, 3 and x is the three-dimensional coordinate vector x:(x1 ,x2 x3 )
= (x, ¥, z). The four-dimensional differential is

d*x =cdt —d®x and d*x =dxdydz
A corresponding covariant vector is defined as
Xy = (X0, X1,X2,X3) = guvx’ = (X0, —x) = (ct,—x), (A2)
which implies that
X=x0 x'=-x (i=1,23), (A.3)

guv 1s a metric tensor, which can raise the so-called Lorentz indices of the vector.
Similarly, an analogous tensor can lower the indices

xt = gMx,. (A.4)

These relations hold generally for four-dimensional vectors.

There are various possible choices of the metric tensors, but we shall use the
following
0

0
0

[y

— ohv —

Euv =

0
0
0 (A.5)

—_—

0 -1

SO O =

0
0

"'In all appendices, we display complete formulas with all fundamental constants. As before, we
use the Einstein summation rule with summation over repeated indices.
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Approach, Springer Series on Atomic, Optical, and Plasma Physics 63,
DOI 10.1007/978-1-4419-8309-1, (© Springer Science+Business Media, LLC 2011
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The four-dimensional scalar product is defined as the product of a contravariant
and a covariant vector:

ab =a"b, = a®bhp—a-b, (A.6)
where a - b is the three-dimensional scalar product
a-b=axby +ayb,+ab,.

The covariant gradient operator is defined as the gradient with respect to a con-
travariant coordinate vector:

19
= ==V A7
O dxt (c o’ ) (A7)

and the contravariant gradient operator analogously

d 19
H=—=-—,-V), A8
0xy (c at ) (A8)
V is the three-dimensional gradient operator

V =

where (€, €, €.) are unit vectors in the coordinate directions.
The four-dimensional divergence is defined as

104°
9, A" = P + V.4 =VA, (A.9)
c

where V « A is the three-dimensional divergence

LA 04, 04,

V-A — .
0x dy 0z

The d’Alembertian operator is defined as

“ 1 02 ) )
O=290 8M:C—28t—2—V = V-7, (A.10)
where ) 5 5
0 d d
V=A== S+-—5+—

is the Laplacian operator.
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A.2 Vector Spaces

A.2.1 Notations

X,Y,...are sets with elements x, y, .. ..

x € X means that x is an element in the set X.

N is the set of nonnegative integers. R is the set of real numbers. C is the set of
complex numbers.

R" is the set of real n-dimensional vectors. C" is the set of complex n-dimensional
vectors.

A C X means that A is a subset of X.

AU B is the union of Aand B. AN B is the intersection of 4 and B.

A = {x € X : P} means that 4 is the set of all elements x in X that satisfy the
condition P.

f X — Y represents a function or operator, which means that f maps uniquely
the elements of X onto elements of Y.

A functional is a unique mapping f : X — R (C) of a function space on the space
of real (complex) numbers.

The set of arguments x € A for which the function f : A — B is defined is the
domain, and the set of results y € B which can be produced is the range.

(a,b) is the open interval {x € R : a < x < b}. [a,b] is the closed interval
{xeR:a <x<b}

sup represents the supremum, the least upper bound of a set

inf represents the infimum, the largest lower bound of a set.

A.2.2 Basic Definitions

A real (complex) vector space or function space X is an infinite set of elements, x,
referred to as points or vectors, which is closed under addition, x + y = z€ X, and
under multiplication by a real (complex) number ¢, cx = y € X. The continu-
ous functions f(x) on the interval x € [a,b] form a vector space, also with some
boundary conditions, like f(a) = f(b) = 0.

A subset of X is a subspace of X if it fulfills the criteria for a vector space.

A norm of a vector space X is a function p : X — [0, co] with the properties

o (1) p(Ax) = [Alp(x)
e (2) px+y) < p(x)+ p(y) forallreal A (A e R)andall x,y € X
e (3)that p(x) = 0 always implies x = 0

The norm is written as p(x) = ||x||. We then have ||[Ax|| = |A|||x]], ||x + y|| <
[Ix]| + |l¥]], and [|x|| = 0 = x = 0. If the last condition is not fulfilled, it is a
seminorm.
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A vector space with a norm for all its elements is a normed space, denoted by
(X, |II])- The continuous functions, f(x), on the interval [a,b] form a normed
space by defining a norm, for instance, || f|| = [f: dr | f(£)|?]"/2. By means of
the Cauchy—Schwartz inequality, it can be shown that this satisfies the criteria for a
norm [4, p.93].

If fis a function f : A — Y and A C X, then f is defined in the
neighborhood of xo € X, if there is an € > 0 such that the entire sphere
{x € X :||x — x¢|| < €} belongs to A [4, p.309].

A function/operator f : X — Y is bounded, if there exists a number C such

that
[||fx||] e
o£xex L 1x]]

Then C = || f|| is the norm of f. Thus, || fx|| < ||fIl ||x]].

A function f is continuous at the point xo € X, if for every § > O there exists
an € > 0 such that for every member of the set x : [|x —x¢o|| < € we have
[|fx — fxol| <38 [4, p.139]. This can also be expressed so that f is continuous at
the point xo, if and only if fx — fxo whenever x, — xo, {x,} being a sequence
in X, meaning that fx, convergesto fxo, if x converges to x¢ [5, p. 70].

A linear function/operator is continuous if and only if it is bounded [4, p. 197,
213], [2, p. 22].

A functional f : X — R is convex if

Jax+ @ =1y) =tf(x) + =D f(),

forall x,y € X andt € (0,1).

A subset A C X is open, if for every x € A there exists an € > 0 such that
the entire ball B,(x) = {y € X|||y — x|| < €} belongs to A4, i.e., Br(x) C A [l,
p-363], [4, p. 98], [5, p. 571.

A sequence {x,}, where n is an integer (n € N), is an infinite numbered list
of elements in a set or a space. A subsequence is a sequence, which is a part of a
sequence.

A sequence {x, € A} is (strongly) convergent toward x € A, if and only if for
every € > 0O there exists an N such that ||x, — x|| < € forall n > N [4, p.95,
348].

A sequence is called a Cauchy sequence if and only if for every € > 0 there
exists an N such that ||x, — x,|| < € forall m,n > N.If a sequence {x,} is
convergent, then it follows that forn,m > N

1¢m = Xnll = [|(xn — %) + (x = Xm)[| = [[xn = x[|[ + [|Xm — x|| < 2€,
which means that a convergent sequence is always a Cauchy sequence. The opposite

is not necessarily true, since the point of convergence need not be an element of
X [3, p.44].
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A subset A of a normed space is termed compact, if every infinite sequence of
elements in A has a subsequence, which converges to an element in A. The closed
interval [0,1] is an example of a compact set, while the open interval (0,1) is non-
compact, since the sequence 1, 1/2, 1/3...and all of its subsequences converge to
0, which lies outside the set [5, p. 149]. This sequence satisfies the Cauchy conver-
gence criteria but not the (strong) convergence criteria.

A dual space or adjoint space of a vector space X, denoted as X *, is the space
of all functions on X.

An inner or scalar product in a vector space X is a function (-,-) : X x X — R
with the properties (1)

(x.Aiyr + Aayz) = A{x, 1) + Aa(x, y2) . (x.y) = (¥, x),

forall x,y,y1,y2 € X andall A; € R, and (2) (x,x) =0 onlyif x = 0.

A.2.3 Special Spaces

A.2.3.1 Banach Space

A Banach space is a normed space in which every Cauchy sequence converges to a
point in the space.

A.2.3.2 Hilbert Space

A Banach space with the norm ||x|| = +4+/(x, x) is called a Hilbert space [1,
p.364].

A.2.3.3 Fock Space

A Fock space is a Hilbert space, where the number of particles is variable or un-
known.

A.3 Special Functions

A.3.1 Dirac Delta Function

We consider the integral

L2
/ / dx e’ (A.11)
—L/2



278 A Notations and Definitions
Assuming periodic boundary conditions, e "'1¥/% = ¢L*/2 limits the possible k

values to k = k, = 2mn/L. Then

1 L/2 )
T /L/ dxe®n* =5 o = 68(kn.0). (A.12)
—L/2

where 8, , is the Kronecker delta factor

1 if m=n
8n,m—% 0 if mtn (A.13)

If we let L — oo, then we have to add a “damping factor” e=?*!, where y is a
small positive number, to make the integral meaningful,

*© ikx —y|x| 2)/ k
_oodxe e =12 e =2 A, (k). (A.14)

In the limit y — 0, we have
o0

1 .
lim Ay (k) = >— lim dx e** eVl = §(k), (A.15)
y—>

2w y=0 J_o

which can be regarded as a definition of the Dirac delta function, (k). Formally,
we write this relation as

/ X ik _ (k). (A.16)
—oo0 2T

The A function also has the following properties
lim 7y Ay (x) = dx.0.
o0
/ dx Ay (x —a)Ay(x —b) = Ayyp(a —b). (A.17)
o0

In three dimensions, (A.12) goes over into
1 .
7/ dx e*rr = §3(k,, 0) = 8(knx, 0) §(kny, 0) 8(knz, 0). (A.18)
v

In the limit where the integration is extended over the entire three-dimensional
space, we have in analogy with (A.16)

d3x

ikex __ @3
Erkii §3(k). (A.19)
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A.3.2 Integrals over A Functions

We consider the integral

/_00 dxé(x —a) f(x) = }}1310 _00 dx Ay (x —a) f(x)
= L im [T ax 2y f£(x). (A20)

27 y=>0 ) oo (x —a)? + y2

The integral can be evaluated using residue calculus and leads to

/00 dxé(x —a) f(x) = f(a) (A.21a)

provided the function f(x) has no poles. In three dimensions, we have similarly

/ dx 8(x — xo) f(x) = f(xo) (A21b)

integrated over all space.

The relations above are often taken as the definition of the Dirac delta function,
but the procedure applied here is more rigorous.

Next, we consider the integral over two A functions

1 2y 2n
/dXAy(x_a)A’l(x_b) = @T)Z/dx (x—a)2+y2 (x—=0b)2+n?

1 / 1 1
= - | dx — — .
4m2i X—a—iy x-—a-+iy

2n
b t+inx—b—in
o 1 I
N Z_ni[b—a—i(y+77)_b—a+i(y+77)}
1 2(y +1n)

TR e

after integrating the first term over the negative and the second term over the positive
half plane. Thus,

/ dx Ay(x —a) Ay(x —b) = Ayyy(a—b) (A.23)

and we see that here the widths of the A functions are added.
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Now, we consider some integrals with the A functions in combination with
electron and photon propagators that are frequently used in the main text.

First, we consider the integral with one A function and an electron propagator
(4.10)

1 dw 1 2
/dw—.Ay(sa—w)z 2 : L
w—¢g;+in 2r w —¢e; +in (g —w)* +y

/da) 1 2y
S 2rw—¢gj+in(es — o +iy)(eq — 0 —iy)

The pole of the propagator yields the contribution A, (¢, — €;), which vanishes in
the limity — 0,if e, # ¢;. Nevertheless, we shall see that this pole has a significant
effect on the result.

Integrating above over the positive half plane, with the single pole g, + iy, yields

1
gq —&j +iy +in

and integrating over the negative half plane, with the two poles ¢; —in, &, — iy,
yields
2iy 1
(ea —&j +iy +in)(eq —e; —iy +in) + gqa—€j —iy +1in
1
Ceg—egj +iy +in’

which is identical to the previous result. We observe here that the pole of the prop-
agator, which has a vanishing contribution in the limit y — 0, has the effect of
reversing the sign of the iy term.

The y parameter originates from the adiabatic damping and is small but finite,
while the 1 parameter is infinitely small and only determines the position of the pole
of the propagator. Therefore, if they appear together, the y term dominates, and the
n term can be omitted. This yields

1 1
/da)—, Ay(eg—w) = ——— (A.24)
w—¢j+1n &q —&j + 1y

noting that the n parameter of the propagator is replaced by the damping
parameter y.
Second, we consider the integral with the photon propagator (4.31)

1 1 dw 1 1
do ———— Ay(gg—0) = — | — — — -
w? — k2% +in 2 ) 2n |lw—Kk+in w+k—in

X 2]/
(6a —w +iy)(eq — 0 —iy)
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1 1 1
N ﬂ[sa +i)/—/c+in_sa—iy+/c—in}

1
— A25
e2 — (k —iy —in)? (A:23)

or, neglecting the 7 term,

1 1
do —— A —-—0) = —5——F>F— A.26
/ wa)z—lc2+in y(Ea =) &2 — k2 +iy ( )

noting that « > 0.
Finally, we consider the integrals of two A functions and the propagators. With
the electron propagator, we have

1
/da) m Ay(Sa —a)) Ay(Sb —C())

1 /d 1 1 1
= — w —_
(2mi)? w—¢j+in g —w—1iy & —o +1iy

1 1
X - .
&p—w—1iy &p—w + 1y

Here, three of the combinations with poles on both sides of the real axis contribute,
which yields

1 1 1
- : — + - -
27r1[(eb —¢&j +iy)(ea —ep —2iy)  (ea —¢j +1iy)(ep — a — 2iy)

1
(ea—ej +iy)(er—ej + iy)]

The last two terms become

1 1 1 1
ga—&j +iy |:sb—sa—2i)/ _Sb—8j+i)/:| - (ep — €a — 2iy)(ep — & +1iy)

neglecting an imaginary term in the numerator. This leads to

1 1
do —— A, (e —0) Ay(ep —w) ~ ————— Ay (84 — €p).
[ @0 Gy Ao =) By ) > By =)

(A.27)
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Similarly, we find for the photon propagator

A2y (8a — €p).

1 1
/dwm Ay(&‘a —(l)) Ay(Sb —a)) A m

(A.28)
Formally, we can obtain the integral with propagators by replacing the A func-

tion by the corresponding Dirac delta function, noting that we then have to replace
the imaginary parameter 1) in the denominator by the damping factor y.

A.3.3 The Heaviside Step Function

The Heaviside step function is defined as

Ot)=1 t' >t
=0 ¢ <1 (A.29)

The step function can also be given the integral representation

© dw e—iwt

O(t) = lim i — A.30
® eglz)l/_wZna)+ie ( )

from which we obtain the derivative of the step function

de(r) . ®do o
— =1 — wE— §(¢ A31
dr eg%/_OOZna)—i-iee ®) ( )

where §(¢) is the Dirac delta function.
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Appendix B
Second Quantization

B.1 Definitions

(See, for instance [2, Chap. 5], [1, Chap. 11].) In second quantization — also known
as the number representation — a state is represented by a vector (see Appendix C.1)
|nq,n2,---), where the numbers represent the number of particles in the particular
basis state (which for fermions can be equal only to one or zero).

Second quantization is based on annihilation/creation operators c j/C;, which
annihilate and create, respectively, a single particle. If we denote by|0) the vacuum
state with no particle, then

cilo) =1)) (B.1)
represents a single-particle state. In the coordinate representation (C.19), this corre-
sponds to the wave function

¢j(x) = (x[j) (B.2)

satisfying the single-electron Schrodinger or Dirac equation. Obviously, we have
c;j|0) = 0. (B.3)
For fermions, the operators satisfy the anticommutation relations

{cj,c;} = cjc; + cj.cl.T =0,
{ci.c;} =cicj +cjci =0,

{c;,cj}:c;cj—I—cjclT:S,-j, (B.4)
where §;; is the Kronecker delta factor (A.13). It then follows that

cjcle) = —c}c?lO) , (B.5)
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284 B Second Quantization

which means that ciT cl.T |0) represents an antisymmetric two-particle state, which we
denote in the following way'

cfejloy =1 ). (B.6)

The antisymmetric form is required for fermions by the quantum-mechanical rules.
A corresponding bra state is

(Olerex = ({k. 13 (B.7)

and it then follows that the states are orthonormal.
In the coordinate representation, the state above becomes

(el 1) = —= [gr(x )y (x2) — b (21 (x2)] (B.8)
7

Generalizing this to a general many-particle system leads to an antisymmetric prod-
uct, known as the Slater determinant,

1
(xl,xz,---xN|c2cZ---C}LV|0) = —— Det{a,b,---N}

VN!
$1(x1) ¢1(x2)---P1(xn)
_ 1 | $a(x1) $2(x2)--¢a(xn) 9
v A TREO T @)
dn(x1) on(x2) PN (xN)

For an N -particle system, we define one- and two-particle operators by

F=Yfu (B.10)
=1
n
G= > gmn: (B.11)
m<n=1

respectively, where the f;, and the g,,, operators are identical, differing only in the
particles they operate on. In second quantization these operators can be expressed
(see, for instance [1, Sect. 11.1])?

I'We shall follow the convention of letting the notation |i, j )} denote a straight product function
li, j) = ¢i(x1)¢;(x2), while|{i, j }) represents an antisymmetric function.

2 Occasionally, we use a “hat” on the operators to emphasize their second-quantized form. We also
use the Einstein summation rule with summation over all indices that appear twice. Note the order
between the annihilation operators.
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F=cl (i1f1)) s

cle] Gijlglkl) crci. (B.12)

1

N | —

etc. (note order between the operators in the two-particle case). Here,

(1717) = [ 5167000 £ 9500
7lglk) = [ [ @1z 97 (08700 g delepi(). (B3
We can check the formulas above by evaluating

A 1 .
(ted}[Gl{ab}) = {{ed}|5 cfc] {ijlglkl) cic|{ab))
3 (Olcace cf el (ijlglkl) cex cief]0). (B.14)
Normal-ordering the operators yields

crex ele}|0) = 8.ab1p — 81,08k

and similarly
(Oleace e[l = 848 — 87810

Then we have .
({cd}|Gl{ab}) = (cd|glab) — (dc|g|ab)

which agrees with the results using determinantal wave functions (see, for instance
[1, Eq.5.19])
N 1 ~
({cd}|G|{ab}) = 3 (cd — dc|G|ab —ba). (B.15)

We define the electron-field operators in the Schrodinger representation (3.1) by
Ps(x) =c; ;) Pix) =] pF(x). (B.16)

Then, the second-quantized one-body operator can be expressed as
Fe[@xdaro fep o= [ Exilo s @

and similarly

~ 1 R R .
G = 3 // dx1dx, Iﬁg(xl)g(xz)gws(xz)lﬁs(xl). (B.18)
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The nonrelativistic Hamiltonian for an N -electron system (2.11) consists of a
single-particle and a two-particle operator

N »2 N
Hy=Y" (—%v,f + vm(x,,)) =Y hi(n).

n=1 n=1

N 2 N

e
Hy=Y ——— = hym,n), B.19
1=y pr— > ha(m.n) (B.19)
m<n m<n

and in second quantization this can be expressed as

H = /d3x1@;(x1)h11/75(x1)

1 A o o R
+§//d3x1d3x2 W;(xl)wg(xz)hz Ys(x2) ¥s(xy).  (B.20)

B.2 Heisenberg and Interaction Pictures

In an alternative to the Schrodinger picture, the Heisenberg picture (HP), the states
are time independent and the time dependence is transferred to the operators,

) =[Ws(c = 0)) = A Mg (1)) ;O =M Ose A (B21)

In perturbation theory, the Hamiltonian is normally partitioned into a zeroth-
order Hamiltonian Hy and a perturbation V (2.48), which using second-quantized
notations becomes

H=~Hy+V. (B.22)

We can then define an intermediate picture, known as the interaction picture (IP),
where the operators and state vectors are related to those in the Schrodinger picture
by . X .

(1)) = eHot P ug(r)) ;. On(r) = eHot/h Og e Hot /A, (B.23)

The relation between the Heisenberg and the interaction pictures is
W) = eiﬁz/he—iﬁoz/hlwl([)) : Ou(t) = ciH1/hg~iHot /h O oiHot /ho—iHt/h
(B.24)
Using the relation (3.9), we then have

W) = UO,)|¥(1)):  Oult) = U(0,1) O1U(t,0). (B.25)

3 Note that H and Hy generally do not commute, so that in general eiflt/he=iflot/h oL ¢iVi/h
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The state vector of time-independent perturbation theory corresponds in all pictures
considered here to the time-dependent state vectors with ¢ = 0,

|¥) =[¥u) =|¥s(0)) =[¥1(0)). (B.26)
In the Heisenberg picture (B.21), the electron-field operators (B.16) become
Pu(x) = Ty e T gl = AL )R (B27)
and in the interaction picture (IP) (B.23)

Yi(x) = eiﬁot/hlﬁs(x) e~iHot/h — eiﬁ"t/hcj ¢j(x) o—iHot /h
=i ¢i)e M =c; ¢;(x)
U = ¢ @7 () e = T ), (B.28)

where ¢; (x) is an eigenfunction of Hy. We also introduce the time-dependent cre-
ation/annihilations operators in the IP by

cj()y =cie ity taymy = cleit/h, (B.29)
which gives
) =0 ¢ I @) =l gl (B.30)
From the definition (B.23), we have
ai Oty = - [eiﬁof/h Os e—iﬁof/h] =i [Ho, o}(z)] . (B.31)
t ot
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Appendix C
Representations of States and Operators

C.1 Vector Representation of States

A state of a system can be represented by the wave function or Schrodinger func-
tion ¥(x), where x stands for all (space) coordinates. If we have a complete basis
set available in the same Hilbert space (see Appendix A.2), {¢;(x)}, then we can
expand the function as

U(x)=a;p;(x) (C.1)

with summation over j according to the Einstein summation rule. If the basis set is
orthonormal, implying that the scalar or inner product satisfies the relation

(1) = [ axg7 6,00 = 8. ©2)
then the expansion coefficients are given by the scalar product

w=/Mﬁwm=mw. C3)

These numbers form a vector, which is the vector representation of the state ¥ or
the state vector,
(11¥)
(21¥)
) = . (C.4)

(N1¥)

Note that this is just a set of numbers — no coordinates are involved. N is here
the number of basis states, which may be finite or infinite. [The basis set need not
be numerable and can form a continuum in which case the sum over the states is
replaced by an integral.] The basis states are represented by unit vectors |j)
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S = O

etc. (C.5)

The basis vectors are time independent, and for time-dependent states the time
dependence is contained in the coefficients

(@) =a;0lj), (C.6)
|@) is a ket vector, and for each ket vector there is a corresponding bra vector
(v[= (af.a3.--), (&)
where the asterisk represents complex conjugate. It follows from (C.1) that
a = (w]j). (C8)

The scalar product of two general vectors with expansion coefficients a; and b,
respectively, becomes
(W|@) =a’b; (C.9

with the basis vectors being orthonormal. This is identical to the scalar product of
the corresponding vector representations

by
(W|®) = (af.a3. ) b2 (C.10)
The ket vector (C.4) can be expanded as
) =17) (j1¥). (C.11)

But this holds for any vector in the Hilbert space, and therefore we have the formal
relation in that space

) (JjI=1], (C.12)

where [ is the identity operator. This is known as the resolution of the identity. Us-
ing the expression for the coefficients, the scalar product (C.9) can also be expressed
as

(W]@) = (1)) (/1) (C.13)

which becomes obvious, considering the expression for the identity operator.
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C.2 Matrix Representation of Operators

The operators we are dealing with have the property that when acting on a function
in our Hilbert space, they generate another (or the same) function in that space,

OWw(x) = ®(x) (C.14)

or with vector notations
o) =|o). (C.15)

Expanding the vectors on the left-hand side according to the above yields
1) (G 1017) (1) =|). (C.16)
Obviously, we have the identity
O =li) (i01j) {/. (C.17)

The numbers (i |(’§| J ) are matrix elements
(101) = [ ax 4700450 18

and they form the matrix representation of the operator

~ (o) (1o2) ---
0= | 2101) (2(0p) -

Standard matrix multiplication rules are used in operations with vector and matrix
representations, for instance,

- (1) (1))
) (o) (1102) -\ | @) (2l)
Ow) =lo) = | @O o - || - |=| - |

(N|) (N|®)

where .
(k|®) = (k|O])) (j|P)

summed over the index ;.
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C.3 Coordinate Representations

C.3.1 Representation of Vectors

The coordinate representation of the ket vector|¥) (C.4) is denoted as (x|¥), and
this is identical to the corresponding state or (Schrodinger) wave function

xX|W) = ¥(x):  (W)x) = &*(x). (C.19)

This can be regarded as a generalization of the expansion for the expansion coef-
ficients (C.1), where the space coordinates correspond to a continuous set of basis
functions.

The basis functions ¢ (x) have the coordinate representation (x|j), and the co-
ordinate representation (C.1) becomes

(x|¥) =a; ¢j(x) =a; {x[]). (C.20)
The scalar product between the functions ¥ (x) and @(x) is
(V]®) = /dx U*(x) @(x), (C.21
which we can express as
(¥|P) = /dx (V]x)(x|P) . (C.22)

We shall assume that an integration is always understood, when Dirac notations of
the kind above are used, i.e.,

(W[P) = (¥lx) (x]®) (C.23)

in analogy with the summation rule for discrete basis sets. This leads to the formal
identity
|x) (x|= 1, (C.24)

which is consistent with the corresponding relation (C.12) with a numerable
basis set.

C.3.2 Closure Property

From the expansion (C.1), we have

U(x) = /dx’ 7 ()W (x") P (x). (C.25)
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This can be compared with the integration over the Dirac delta function
U(x) = /dx/c?(x —x) ¥ (x"), (C.26)

which leads to the relation known as the closure property

¢; (XN (x) = 8(x —x') (C.27)

(with summation over j). In Dirac notations, this becomes

(x[j) (") = 8(x = x)

or

(x/I]x") = 8(x — x'), (C.28)

which implies that the delta function is the coordinate representation of the identity
operator (C.12). Note that there is no integration over the space coordinates here.

C.3.3 Representation of Operators

The coordinate representation of an operator is expressed in analogy with that of a
state vector

O = (x|0x) = O(x, x). (C.29)

which is a function of x and x’. An operator o acting on a state vector|¥) is repre-
sented by

(xOl¥) = (x|OX) (x'|W) = / dx’ O(x, x") w(x'), (C.30)

which is a function of x.



Appendix D
Dirac Equation and the Momentum
Representation

D.1 Dirac Equation

D.1.1 Free Particles

The standard quantum-mechanical operator representation

s 0 . . .

E—>E=1h§; p— p=-ihV;, x > x =x, (D.1)
where E, p, x represent the energy, momentum, and coordinate vectors, and
E, p, x the corresponding quantum-mechanical operators, was previously used
to obtain the nonrelativistic Schrodinger equation (2.9). If we apply the same
procedure to the relativistic energy relation

E? = c*p* + m2c*, (D.2)

where c is the velocity of light in vacuum and m. the mass of the electron, this
would lead to
Pyx) _

W25 = (97 4 miet) v, (D.3)

which is the Schrodinger relativistic wave equation. It is also known as the
Klein—-Gordon equation. In covariant notations (see Appendix, Sect. A.1), it can
be expressed as
(7?0 + m2c?) ¥ (x) = 0. (D.4)
In contrast to the nonrelativistic Schrédinger equation (2.9), the Klein—-Gordon
equation is nonlinear, and therefore the superposition principle of the solutions can-
not be applied. In order to obtain a /inear equation that is consistent with the energy
relation (D.2) and the quantum-mechanical substitutions (D.1), Dirac proposed the
form for a free electron

L 0Y(x)
lh—at =

(ca-p+ Bmec?) ¥ (x), (D.5)
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where a and B are constants (but not necessarily pure numbers). This equation is

the famous Dirac equation for a relativistic particle in free space.
The equivalence with the equation (D.3) requires

(ca+ p+ Pmec?)(ca - p + Pmec?) = 2 p* + m2c*,
which leads to

2 _ 2 _ 2 _ 2 _
ay =a, =oa; =p° =1,

x y
axay +oyo, =0 (cyclic),
af + Ba =0, (D.6)

where “cyclic” implies that the relation holds for x — y — z — x.
The solution proposed by Dirac is the so-called Dirac matrices

0 , (10
“Z(ao)’ '3_(0—1)’ ©.7)

where 0 = (0%, 0y, 0;) are the Pauli spin matrices

01 . (0= . (10
w=(00): o=(0): ==(5)  ®9

The Dirac matrices anticommute
af + Ba = 0. (D.9)

With the covariant four-dimensional momentum vector (A.2) p, = (po.—p),
and the corresponding vector operator

= Go =) = (589, ©.10)
the Dirac equation (D.5) becomes
(cpo—ca-p—Bmec®) Y(x) =0 (D.11)
or with
at = (1,a) (D.12)

and o* p,, = po—a - p we obtain the covariant form of the Dirac Hamiltonian for
a free particle

Hp = —ca’ p,, + Bmec? (D.13)
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and the corresponding Dirac equation

(ca pu — Bmec?) Y(x) = 0. (D.14)

With the Dirac gamma matrices
yH = Bat, (D.15)

this can also be expressed as (82 = 1)

(7" P =mee) Y (x) = (b —mee) y(x) = 0. (D.16)

where 27 is the “p-slash” operator
b =v"pu=pa"pu=p(po—o-p). (D.17)

It should be observed that in the covariant notation pg is normally disconnected
from the energy, i.e.,

po # /D> +m2c2, (D.18)

This is known as off the mass shell. When the equality above holds, it is referred to
as on the mass shell, which can also be expressed as

~

PP =pt—pP=m2? or p=mec. (D.19)

In separating the wave function into space and time parts,
Y (x) = ¢p(x)eert/h, (D.20)

the time-independent part of the Dirac equation (D.5) becomes

RS (D) ¢ (x) = £ hp(x), (D.21)
where
hiee = ca - p + Bmec? (D.22)

is the free-electron Dirac Hamiltonian. The Dirac equation can also be expressed
as

(,3%” — pa b= mec) gp(x) = 0. (D.23)

Here, ¢, (x) is a four-component wave function, which can be represented by

Pp(x) = P Pdp(x) =poy(x). (D.24)

% ur(p)e
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(Note the difference between the momentum vector p and the momentum operator
p). e'P"* represents a plane wave, and u, (p) is a four-component vector function of
the momentum p. For each p, there are four independent solutions (r = 1,2, 3, 4).
The parameter p in our notations ¢, and &, represents p and r or, more explicitly,

Gp(x) = Ppr(x); €p = Ep,r-

With the wave function (12.1), the Dirac equation (D.23) leads to the following
equation for the u, (p) functions

(B2~ pa-p—mec) u (@) =0

or

(Ep/c _Amec —0 - p ) ur(p) — O, (D.25)
o:-p —ep/c—mec

where each element is a 2 x 2 matrix. This equation has two solutions for each
momentum vector p:

u+(p)=N+(8”/C+mec); u—(p)=N—( o ) (D.26)

g-p —&p/C + mec

corresponding to positive (r = 1,2) and negative (r = 3, 4) eigenvalues, respec-
tively. Defining the momentum component py — to be distinguished from the
corresponding operator component po (D.10) — by

lepl = Ep =cpo; Po = /P> + m2c? (D.27)

gives

ur(p) = Ny (p°+mec); u_(p)zN_( P ) (D.28)
o-p Po + mec

The corresponding eigenfunctions (12.1) are

! ip-¥ o 1 ipex i
oy (1) = —=us(P)e?T e E g, () = —=u(p) e Bt/

JV JV
(D.29)

including the time dependence according to (D.20) and (D.27).
The vectors

u(p) = u4+(p) and v(p) = u_(—p) = N- ( P ) (D.30)
Po + mec
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satisfy the equations

(p—mec)u(p) =0 and (p + mec)v(p) =0, (D.31)
where pg is given by (D.27). Note that the negative energy solution corresponds
here to the momentum —p for the electron (or +p for the hole/positron).
Normalization

Several different schemes for the normalization of the u matrices have been used
(see, for instance, Mandl and Shaw [1, Chap. 4]). Here, we shall use

ul, (p) ur (p) = 8 1, (D.32)

which leads to

—+ meocC
us(®) = [N+ 12 (po + mec, - p) (”" ‘ )

o-p
= |N42(po + mec)* + (0 - p)*> = [N4|*2po (po + mec) (D.33)

using (o + p)? = p? = p2 — m?2c?. This gives

L= ! (D.34)

V2po (po + mec)

and the same for N_.
With the normalization above, we have

—+ mec
NP (p" ) (o + mec, @ -p)
G-p

ut(p) ' (p)

ZL(poerec o-p )=p°+°"p+ﬁm°c (D.35)
2po 0P Po—MeC 2po
and similarly
—(a-p+ pmec
u_(p)u (p) = Lo REP) (D.36)

2po

which gives

ut (p) ul (p) + u_(p)ul (p) = L. (D.37)
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D.1.2 Dirac Equation in an Electromagnetic Field

Classically, the interaction of an electron with electromagnetic fields is given by the
“minimal substitution” (E.15), which in covariant notations can be expressed as'

Pu — ﬁ/,(, + eAM (D38)
with the four-dimensional potential being

Ayu(x) = (@,—A (x)) . (D.39)

This implies that the Dirac Hamiltonian (D.13) becomes

Hp = —ca’(py + eAy) + Bmec? (D.40)

and that the interaction with the fields is given by the term

| Hip = —eca A, | (D.41)

D.2 Momentum Representation

D.2.1 Representation of States

Above in Sect. C.3 we have considered the coordinate representation of a state vec-
tor, pg(x) = (x|a). An alternative is the momentum representation, where the state
vector is expanded in momentum eigenfunctions. A state|a) is then represented by
¢q(pr) = (prla), which are the expansion coefficients of the state in momentum
eigenfunctions

(xla) = (x|pr) (prla) (D.42)

with summations over p and r. The expansion coefficients become
1 —ip-x
orla) = [ & rlx) (vla) = | [ e il @rgu). 049

In the limit of continuous momenta, the sum over p is replaced by an integral and
V replaced by (27)3.

!'In many text books, the minimal substitution is expressed as p, —> p, + ¢ A, because a mixed
unit system, like the cgs system, is used. In the SI system — or any other consistent unit system — the
substitution has the form given in the text. The correctness of this expression can be checked by
means of dimensional analysis (see Appendix K).
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Note that the momentum representation is distinct from the Fourier transform.
The latter is defined as

1 .
(pla) = ur(p) (prla) = \/; / dPx e 7P ¢y (x)
— (27)73? / x e P g, (x) (D.44)

using the identity (D.37).
In analogy with (C.23), we have

(alb) = (alp.r) (p.rb). (D.45)

which yields
p,r) (p.r|=1 (D.46)

with implicit summation/integration over p and summation over r.

D.2.2 Representation of Operators

Coordinate representation of an operator O: O(x2,x1) = (x2|0|x1).
Momentum representation of an operator O: O(p,7r2,p;71) = (P2r2|0|p;71).
Transformation between the representations

©ar2lOlpyr) = [[ Ex2dx1 orafea) (alOxr) (ealpyra). @47
The corresponding Fourier transform is according to (D.44)

try (P2) (P272/Olpy 1) u, (py). (D-48)
Any operator with a complete set of eigenstates can be expanded as
O =1j)e; (j| where Olj)=¢;lj). (D.49)
This gives the coordinate and momentum representations

(x2]0lx1) = (x2lj)e; (jlx1). (D.50a)

(p2r210Ipy 1) = (Pa.121j) &) (jlp1r1)- (D.50b)
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D.2.3 Closure Property for Momentum Functions

In three dimensions, we have the closure property (C.27)

¢7(x)pj(x") =8 (x — x) (D.51)

and for a continuous set of momentum eigenfunctions this becomes

[ €0 850 80 = 85 =) (D.52)
with summation over r. This can also be expressed as
(xlpr) (prlx) = 8 (x —x') (D.53)
also with integration over p. From the closure property (D.51), we have

¢ (p.r)¢;(p.r') =88 (—p). (D.54)

which leads to
(p.r1j) (JIp' 1) = 88> (0 — p). (D.55)

D.3 Relations for the Alpha and Gamma Matrices

From the definition of the alpha matrices and the definitions in Appendix A, we find
the following useful relations:

ooy, =1 —a?=-2,
otaw, = acta, = 2a,
ooy, = f—afa = 4B,
a’Ba’ = B+ afa = 28,
ot Aoy, = o Bag A%, =4 4, (D.56)

where A is defined in (D.17). The gamma matrices satisfy the following anticom-
mutation rule:

vyt vty =281,
AB+ B A=2A4B. (D.57)
This leads to

Yy vu = 2y,
Yy Ay = -2 4,



Reference

J/MVIL =4,
Vv vn = =2y,
yH Ay = =24,
Yo =y =1,
yoy® = %77,
#Ay° = y'4,
yoyy® =77,

YO AY® =4,
yoyoyeyt =77,
y° A By’ =AB.

yorPyyy? =Py,

y°4 B ¢y°=14BC,

where 4 = Y049 —y'A; =y%49+y- A
With the number of dimensions being equal to 4 — €, to be used in dimensional
regularization (see Chap. 12), the relations become

Y vu

Y vy

yH Ayu
YveyTyu
YA By
Yy Py Y v
Viv'

Yiv°y'

Vi 4y’
viv’y'y'
vid By'
vivPyyty!
ViAB €y

Reference

1. Mandl, E, Shaw, G.: Quantum Field Theory. John Wiley and Sons, New York (1986)

4—e,
_(2_6)3/05
_(2_6) Av
4gar_€yayr’
4AB — € 4 B,
=2y"y%yP + ey
3—k¢,
—-2—-ey? =757,

—Q2—e) A4,
4g0"[_")70'7'[_€)/0')/t’
4AB—AB —€ A B,
—2y"yyP PPV + ey

Byoyr,

Byoyr,

=20 BA-ABC +e¢4 B Q.
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Appendix E
Lagrangian Field Theory

Concerning notations, see Appendix A.

E.1 Classical Mechanics

In classical mechanics, the Lagrangian function for a system is defined as
L=T-Y, (E.1)

where T is the kinetic energy and V' the potential energy of the system. Generally,
this depends on the coordinates ¢;, the corresponding velocities g; = %f-, and
possible explicitly on time (see, for instance [2, Sect. 23])

L(t;qi,q2--- ;41,42 +). (E.2)

The action is defined as
1= [aL@anaigua, €3)

The principle of least action implies that

81(q1.92++* :q1.42+++) = 0, (E.4)

which leads to the Lagrange equations

d (dL\_dL _ ©3)
dt \dgi ) dqi '

The Hamilton function can be defined as

H = p;iq; — L, (E.6)
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where p; is the canonically conjugate momentum to the coordinate ¢;

oL

=3 (E.7)

Di

It then follows that
oH . 0q;

oH _ . %4 ES8
o T Ty (E.8a)

Furthermore, from the definitions above and the Lagrange equations, we have

OH

— = —p;. E.8b
94; Di ( )

These are Hamilton’s canonical equations of motion.
We consider a general function of time and the coordinates and canonical mo-
menta f(¢; pi,qi). Then the rotal derivative with respect to time becomes

af _f o day 0 dpy O Of OH _ of o

= = ——— —. E.9
dr ot dq; Ot dp; Ot ot aq; dp; ap;i 0q; (E-9)
With the Poisson bracket of two functions A and B, defined by
04 0B 0B 04
{A.B} = S——— —————. (E.10)
dq; dpi  9q; Op;
the derivative can be expressed as
df _of
- =L CHY. E.11
2 =L E11)

For a single-particle system in one dimension (x), the kinetic energy is 7" =
p?/2m, where m is the mass of the particle, which yields
2 mv?

L=—-V=—-V,
2m 2

where v = X is the velocity of the particle. Furthermore, p;§; = px = p?/m =
mv?, yielding with (E.6)
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which is the classical energy expression. The canonically conjugate momentum
(E.7) is then

_JdL 9L

P=% "~

which is the classical momentum.

mv,

E.1.1 Electron in External Field

The Lagrangian for an electron (charge —e) in an external field, A, = (¢(x)/c, —A),
is [1, p.25]

L(x,%) = %m:'cz—eA X+ ep(x), (E.12)

where the last two terms represent (the negative of) a velocity-dependent potential.
The conjugate momentum corresponding to the variable x is then according to (E.7)

pi > p=mx —eA. (E.13)

Using the relation (E.6), we get the corresponding Hamilton function
: 1 .2 1 2
H:p-x—Lzme —ep(x) = 2—(p+eA) —ep(x). (E.14)
m

We see that the interaction with the fields (¢, A) is obtained by means of the substi-
tutions

H — H —e¢(x) p—p+ed (E.15)

known as the minimal substitutions.
The corresponding equations of motion can be obtained from either the La-
grange’s or Hamilton’s equation of motion. We then have

d [JL d .
and oL
F — —eV(A -x)+eVep(x).
qi

The same equations are obtained from the Hamilton’s equations of motion (E.8b).
The fotal time derivative can in analogy with (E.9) be expressed as

d_9 dd 0 o
dr 9 dr 9x TR
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giving

d d0A
da i — e VA
” (mx —eAd) =mx —e o e(x-V)A

From the identity

Ex(VxA)=V(A-%)—(x-V)A,

we then obtain the equations of the motion

04
mjc'=eV¢(x)+e$—efcx(VxA)=—e(E +vxB)

E Lagrangian Field Theory

(E.16)

with v = x being the velocity of the electron. This is the classical equations of
motion for an electron of charge —e in an electromagnetic field. The right-hand side
is the so-called Lorentz force on an electron in a combined electric and magnetic

field. This verifies the Lagrangian (E.12).

E.2 Classical Field Theory

In classical field theory, we consider a Lagrangian density of the type

L= £(¢r’ au¢r)’

where ¢ = ¢,(x) represents different fields and

aud)r =

The requirement that the action integral

= / d*x L(pr. )

be stationary over a certain volume leads to the Euler—Lagrange equations

39,

xh’

o, or _
I 0@upr)

The field conjugate to ¢, (x) is

mr(x) =

L
g,

(E.17)

(E.18)

(E.19)

(E.20)

(E.21)
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where the “dot” represents the time derivative. The Lagrangian function is defined
as

L(t) = / &x L(¢r, 0,9r). (E.22)
The Hamiltonian density is defined as
H(x) = 7 (X)r (x) — L(Dr. 0, r). (E.23)

In quantized Lagrangian field theory, the fields are replaced by operators, satis-
fying the Heisenberg commutation rules at equal times [1, Eq.2.31]

(6000 72" ()| = i 80087 (x = x') (E.24)
with the remaining commutations vanishing. In our applications, the quantized field

will normally be the electron field in the interaction picture (B.28) or the electro-
magnetic field (G.2).

E.3 Dirac Equation in Lagrangian Formalism

From the Dirac equation for a free electron (D.14), we can deduce the corresponding
Lagrangian density

L(x) =T (x) (ihc a9, — Bmec?) Y (x). (E.25)

Using the relation (B.17), the space integral over this density yields the correspond-
ing operator

L= /d3x L(x) = ihc atd,, — Bmec? = cat p, — Bmec? (E.26)
(with p,, = ik d,,) and the corresponding Hamilton operator (E.6)
H=—L=—ca"p, + Bmec?, (E.27)
since the fields are time independent. This leads to the Dirac equation for a free
electron (D.14).

We can also apply the Euler-Lagrange equations (E.20) on the Lagrangian
(E.25), which leads to

0L e
a"a(a—m =9, (w (x)lhcot“),
9 Pt pmec?,

oy
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and . .
it c T (x) + Bmec?yT(x) =0

with the hermitian adjoint
(—ihc atd, + Pmec?) ¥ (x) =0, (E.28)

which is consistent with the Dirac equation for the free electron.
In the presence of an electromagnetic field, we make the minimal substitution
(D.38)

DPu — Pu +eAu(x) or 0y — 0y — %Au(x), (E.29)

which leads to the Lagrangian density in the presence of an electromagnetic field

L(x) = 9T (x) (ca”pu — Pmec? + ecal A, (x)) ¥ (x). (E.30)

This gives the the corresponding Hamiltonian density

H(x) = ¥ (x) (—cat pu + Bmec® — ecat Ay (x)) V(x), (E.31)

where the last term represents the interaction density

Hin(x) = =T (x) ecat 4, (x) P (x). (E.32)

The corresponding Hamilton operator can then be expressed as

H = /d3x1 ¥i (1) (e ot pu + Bmec? — ecat A,(x)) ¥r(x1).  (E33)

References

1. Mandl, E, Shaw, G.: Quantum Field Theory. John Wiley and Sons, New York (1986)
2. Schiff, L.I.: Quantum Mechanics. McGraw-Hill Book Co, N.Y. (1955)



Appendix F
Semiclassical Theory of Radiation

F.1 Classical Electrodynamics

F.1.1 Maxwell’s Equations in Covariant Form

The Maxwell equations in vector form are'

V-E =p/eop, (F.1a)
V x B L 9 + j (F.1b)
XB =—— .
2 or HoJ:
V-B =0, (F.1c)
0B
VxE+5=O, (F.1d)

where p is the electric charge density and j the electric current density. Equation
(F.1c) gives
B=VxA, (F2)

where A is the vector potential. From (F.1d), it follows that the electric field is of

the form

04
E=-"vy. (F.3)

where ¢ is the scalar potential. The (F.1a) and (F.1b) give together with (F.3) and
(F2)

ad .
—V2¢—a—tV'A = p/eo = cpo j°

1 9%4 1 d¢
2 \vJ —/ | = — / 4
(VA_C_ZW)_V( 'A+c_zat)_ Ho J &4

! As in the previous Appendices, the formulas are here given in a complete form and valid in any
consistent unit system, like the SI system (see Appendix K).
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using the vector identity V x (V x A) = V(V - A) — V2A. Here, j® = cp (with
€ojto = ¢ 2) is the scalar or “time-like” part of the four-dimensional current den-
sity

j=J"=p.j), (F5)

where the vector part is the three-dimensional current density j. Similarly, the four-
dimensional vector potential

At =(p/c.A)  Ay=(p/c.—A) (F.6)

has the scalar part ¢/c and the vector part A. With the d’Alambertian operator
(A.10), these equations can be expressed as’

ad
D¢ - (VA) =cuo J° (E7)
OA+V(VA) =poj. (F.8)

which leads to Maxwell’s equations in covariant form

(0A—V(VA) = po | (F.9)

or
9,0 A — (3, AY) = o j ™. (F.10)

F.1.1.1 Electromagnetic-Field Lagrangian

We introduce the field tensor [2, Eq. 5.5]

FHY =gV A" — 9" A", (F.11)
Then we find for instance
ap/c  0Ax
FOl _ g1 40 _ 90 41 _ _ _ ’
ox dct *
F12=82A1—81A2=%—MJ=B2,
dy ax '

etc., leading to the matrix

0 Ex/cEy/cE,/c

—Ex/c 0 By -—B
EyJc —B. 0 B,
—-E, By —-By O

FH = (F.12)

2 Concerning covariant notations, see Appendix A.1.
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The Maxwell equations (F.10) can now be expressed as [2, Eq.5.2]
W F™ = po j* (F.13)

using the identity
0yt A* = 919, A",

With ¢, = A4,,, the Euler-Lagrange equations (E.20) become

oL oL

——0,— = 0. F.14
A, V0,4, E19

Using the field tensor (F.11) and the form of the metric tensor (A.5), we have

Fuy F* = (3,4, — 0,A4,) (9" A" — 9" A)
= (0vAy — 0,A)) (877058 Ay — g7 058" Ax).  (E15)

Here, p and v are running indices that are summed over, and we can replace them
with u’ and v’, respectively. The derivative with respect to fixed u and v then gives

a % / ’ 4 /
——Fyw F*Y = F* — F"" + Foyg" Vgt — FypghVgh ¥ = 4FHY.
(0 Ap)

(F.16)
We then find that with the Lagrangian
1 wy _ ip
E:—mFMF —j"* Ay, (F.17)
the Euler-Lagrange equations (F.14) lead to the Maxwell equations (F.13).
With the same Lagrangian, the conjugate fields (E.21) are
L 1 9L
at(x) = — = (F.18)

04, c9(°4,)

where the dot represents the time derivative and 8° = % = %;—z = do. Using the
relation (F.16), this yields

1
ah(x) = ——— FHO(x). (E.19)
HoC
The Hamiltonian is given in terms of the Lagrangian by [2, 5.31]
H = / dx sN{mH(x) A, (x) — L}, (F.20)

where N {} represents normal order [1, Chap. 11] (see Sect.2.2).



314 F Semiclassical Theory of Radiation

F.1.1.2 Lorenz Condition

The Lorenz condition is>

19¢

VA=0,A*=V.- A+ —-——=0 F21
H +c2 ot E21)

and with this condition the Maxwell equations get the simple form

OA = 1o J. (F.22)

Then also the electromagnetic fields have particularly simple form, given in (G.2).

F.1.1.3 Continuity Equation
Operating on Maxwell’s equations (F.9) with V yields:
V({OA4) - VV(VA) = uoVj.

Since 0 = V? and V commute, this leads to the continuity equation

|Vj:@JM=0| (F23)

F.1.1.4 Gauge Invariance
A general gauge transformation is represented by

A= A+ VA, (F24)

where A is an arbitrary scalar.

Inserted into the Maxwell equations (F.9), this yields:
O(VA) —V(VVA) =0(VA) — V(@A) =0,

which shows that the Maxwell equations are gauge invariant.

3 This condition is named after the Danish physicist Ludvig Lorenz, not to be confused with the
more well-known Dutch physicist Hendrik Lorentz.
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F.1.2 Coulomb Gauge

F.1.2.1 Transverse and Longitudinal Field Components

The vector part of the electromagnetic field can be separated into transverse
(divergence-free) and longitudinal (rotation-free) components

A=A+ Ay; VA, =0; VxA4;=0. (F25)
The electric field can be similarly separated

04 | 04
T, ; E = . — V k]
o1 | TR
while the magnetic field has only transverse components due to the relation (F.2).

The separated field equations (F.4) then become

E=E, +E; E, =

Vet %V-A” — _p/eo, (E262)
1 024 1 9¢
2 I .
(V A~ 55, )—V(V'AnJrc—zg):—Moln» (F.26b)
, 102 .
Ve — 295, Al =—pojr- (F.26¢)

The longitudinal and the scalar or “time-like” components (A, ¢) represent the
instantaneous Coulomb interaction and the transverse components (A | ) represent
retardation of this interaction and all magnetic interactions, as well as the electro-
magnetic radiation field (see Sect. F.2.4).

The energy of the electromagnetic field is given by

Era = %/d3x [i}B}z +60}E}2}
1

1 1
§/d3x [%}B}Z—i—eo}El}z} + §/d3x wolEy[>.  ®27)

The last term represents the energy of the instantaneous Coulomb field, which is
normally already included in the hamiltonian of the system. The first term represents
the radiation energy.

Semiclassically, only the transverse part of the field is quantized, while the lon-
gitudinal part is treated classically [3, Chaps.2 and 3]. It should be noted that the
separation into transverse and longitudinal components is not Lorentz covariant and
therefore, strictly speaking, not physically justified, when relativity is taken into ac-
count. It can be argued, though, that the separation (as made in the Coulomb gauge)
should ultimately lead to the same result as a covariant gauge, when treated properly.
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In a fully covariant treatment also the longitudinal component is quantized. The
field is then represented by virtual photons with four directions of polarizations. A
real photon can only have transverse polarizations.

The Coulomb gauge is defined by the condition

V.A(x) = 0. (F28)

Using the Fourier transform
A(x) = / d*k A(k) ek, (F.29)

this condition leads to

i
oA _ / d*k A" (k) (=)k; e 7** =0
dx!

or
A(k) -k =0. (F.30)

This is also known as the transversally condition and implies that there is no longi-
tudinal component of A. Maxwell’s equations then reduce to

V3¢ = —p/eo. (F31)
This has the solution

$(x) = L/d%’ p) (F32)
dreg |lx — x|

which is the instantaneous Coulomb interaction.

In free space, the scalar potential ¢ can be eliminated by a gauge transformation.
Then the Lorenz condition (F.21) is automatically fulfilled in the Coulomb gauge.
The field equation (F.4) then becomes

1 9’4
2 —

The relativistic interaction with an atomic electron (D.41) is then in the Coulomb
gauge given by
Hy=eca-A| (F.34)

and in second quantization (see Appendix B)

Hip = Zc}‘ (ileca-AL|j) cy, (E.35)
ij
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where ¢, ¢ represent creation/annihilation operators for electrons. In the interaction
picture, this becomes

Hiua() = > ¢ (ileca- Ay|j) cjeCime)t/h, (F.36)
ij

F.2 Quantized Radiation Field

F.2.1 Transverse Radiation Field
Classically the transverse components of the radiation field can be represented by
the vector potential [3, Eq. 2.14]

2

A =YY [apep @0 e, e e 0| (BT
k p=1

where k is the wave vector, @ = c|k| the frequency, and ¢k /c;, represents the
amplitude of the wave with a certain k vector and a certain polarization & ,. The
energy of this radiation can be shown to be equal to [3, p.22]

2 % 2 (.*x N Lk
Erd = 260 Za) ChpChp = €0 Za) (ckpCrp + crrei,p) - (F.38)
kp kp

By making the substitution

h 4 o h i
Chp — a and ¢, — a, .
kp 2eowV kP kp 2egwV kP

where a,t P’ /akp are photon creation/annihilation operators, the radiation energy
goes over into the hamiltonian of a collection of harmonic oscillators

1
Hpam.osc = 5 Z hw (akp a;:p + azp akp)-
kp

Therefore, we can motivate that the quantized fransverse radiation field can be rep-
resented by the operator [3, Eq. 2.60]

ho _— i G
ALx.n=) T > [anpep @0 taf e, e o0 ]| (R39)
k p=1
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F.2.2 Breit Interaction

The exchange of a single transverse photon between two electrons is illustrated by
the time-ordered diagram (left) in Fig. F.1, where one photon is emitted at the time
11 and absorbed at a later time 7,. The second-order evolution operator for this
process, using the interaction picture, is given by (see Sect. 3.1)

2 0 0
U2 (0,—00) = (7‘) / dty Hin1(t2) / dry Hipi(11) e?@F2) | (E40)
- —00

(o]

where y is the parameter for the adiabatic damping of the perturbation. The in-
teraction Hamiltonians are in the Coulomb gauge given by (F.36) with the vector
potential (F.39)

. h 2 .
g — _© . il . —1k-x)
Hin1(11) kgl Yol plEZI c! (r}(akp eco-gppe 1|a)

X Cq e—itl(eg—ap—hwl)/h,

R h 2 e
Hin1(t2) = %: YegwnV p22=:1 ‘/’sT (r\(ak,, eco-eppe x)2|a)

X Cp e_it2(3b_8»V +hw2)/h’ (F41)

which leads to the evolution operator

62(,'2

2h €0V4/601602

X Z (rs|(axp o - &pe*™), (a}:p a-e, e_ik”‘) lab) x I,
P1p2 !

U)fz) (0,—00) = —clcqcies Z
k

(F42)

where [ is the time integral. The contraction between the creation and annihilation
operators (G.10) yields (o = w1 = w)

2 r s
r B
24 --7- 41
b
1 a b

Fig. F.1 Diagrammatic representation of the exchange of a single, transverse photon between two
electrons (left). This is equivalent to a potential (Breit) interaction (right)
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> (rs|(aapa-epe®), (a}:p a-ep e‘””‘)l |ab)

p1p2

2
Z (rs|(a-ep)o(@-ep)1e™m12 (rip=x;—x2). (F43)
p=1

The time integral in (F.42) is

0 5]
I = / dt, e—itz(sb—ss+hw+iy)/h/ d, e—itl(eg—ar—hw+iy)/h

—00 —00
1
= — F44
(cq + cq’ + 2iy)(cq — w + iy) ( )

with cq = (g4 — &r)/h and ¢q’ = (g5 — &5) /h.

The result of the opposite time ordering #; > t, is obtained by the exchange
1 & 2 (r12 < —riz),a < b,and r < s, and the total evolution operator,
including both time-orderings, can be expressed as

2.2 2
@ ot . €€

Uy (O, —OO) = C,.CaCsCp W Zk: pz=:1 (I’S|((x . €p)1((¥ . €p)2 M}ab)

(E45)
with
e—ikrin . oikr i

T (cq +cq' +2iy)(cqg—w +1iy)  (cq + cq’ +2iy)(cq —w +iy)’

(F.46)

This can be compared with the evolution operator corresponding to a potential in-
teraction B, between the electrons, as illustrated in the right diagram of Fig. F.1,

_. 0 . .
Uf)(o, —00) = ¢fcacicy (rsiBralab) (?1)/ dr et (Eatep—er—estin/h
—0Q

cleacley  (rsiBislab)

= . F.47
h cq +cq’ +in (£47)
Identification then leads to
€2C2 e_ik"’l2 eik‘rl2
By, = - -& . (F48
2 2ep0V kzl;(“ Ph(@-€p) [cq—a)+iy+cq’—a)+iy} (F48)

We assume now that energy is conserved by the interaction, i.e.,

cqg—6& =65—€, of q+q =0. (F.49)
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It is found that the sign of the imaginary part of the exponent is immaterial (see
Appendix J.2), and the equivalent interaction then becomes

82 eik‘rl2
B, = — oa-¢e o-€ _ E.50
with w = ck.
The €, vectors are orthogonal unit vectors, which leads to [3, Eq.4.312]
3
D@ i@y =ar e (ESD)
p=1
This gives
2
D (rep)i(@-ep)r = arar— (o1 k) (e -k) (F.52)
p=1

assuming €3 = k to be the unit vector in the k direction. The interaction (F.50) then
becomes in the limit of continuous momenta (Appendix D)

e2 d3k o N ikeri
By = — [“1'“2_(a1'k)(“2'k)]

< | Gy (F.53)

qg>—k2+1iy’

With the Fourier transforms in Appendix J, this yields the retarded Breit interac-
tion

Ret e2 ellalriz ellalriz _
Bl = — R — (@1 V(@2 Vo) 5 | .| (E54)
dmeg r12 q-riz

Setting ¢ = 0, we obtain the instantaneous Breit interaction (real part)

2
) e o] -0 1
B3 = — —= + (a1 - Vi)(a2- Vo) 7
12 Ireo [ " 2( 1+ V)(ez - V2) 121|
or using
oy -0 (o - r12)(er - r12)
(@1 Vi)(a2- Vo) rip = — + 5 ;
ri2 r12
we arrive at
e? 1 (o - r12)(ar - r12)
BInsl — _ o s E.55
12 47‘[60 ri2 I:Zal 2 + 27‘12 :| ( )

which is the standard form of the instantaneous Breit interaction.
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F.2.3 Transverse Photon Propagator

s r
r 2 1 K r K
+ =1 2
1 b a 2 a b
a b

Fig. F.2 The two time-orderings of a single-photon exchange can be represented by a single
Feynman diagram

We shall now consider both time-orderings of the interaction represented in Fig. F.2
simultaneously. The evolution operator can then be expressed as

N2 40 0 . .
U0, ~00) = = / dry / Aty T [ Aipa (12) B () | 7700102,
v h —00 —00 , ,
(F.56)
where

. A Hin1(t2) Hing1(t1) 12 > 1
T [Him,l(fz) Him,[(fl)] =3 A ) (F.57)

Hin1(t1) Hin1(12) 11 > 12

In the Coulomb gauge, the interaction is given by (F.36) and the vector potential is
given by (F.39). The evolution operator for the combined interactions will then be

5 ezcz 0 0
U 0. ~00) = ~cleacler - [ d [ an Tl 4@+ 412
h —00 —00
x e~ it (a—er+iy)/h =itz (ep—es+iv) /T (F.58)
Here
Tl A (@-Ar)] = ; roey @ ep(@ep)

gTilkixi—on) gitkaxa—0wn) 4 5 4
e—i(kz-xz—a)tz) ei(kl-xl—a)tl) >t

orwithri, =x1—xzandti;p =1t — 1

2

h 1
Tl A Al =3 (@-epie-ep )

p=1 k

e:Fi(k-r 12—0)[12)

3

2w

(F.59)
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where the upper sign is valid for #, > #;. This yields

e2c?
U(z)(O —00) = —¢ cacch7 dt2/ dry Z(a ep)(-€ep)2
Fi(k-r12—wt12)
X l e threTenz e—icatia oy (i +12) (F.60)
|4 p 2w

using the energy conservation (F.49).
The boxed part of the equation above is essentially the photon propagator (4.23)

e:Fi(k-rlz—wtlz) d3k e:Fi(k-rlz—wtlz)

1
Dp(l,Z)ZVZk:T:' IsE o . (F61)

This can be represented by a complex integral

&k /dz el

ikeria F.62
E e 2, (F.62)

be(1.2) =i 27 2 —w? +ip
where 7 is a small, positive quantity. As before, the sign of the exponent ik - r 5 is
immaterial. The integrand has poles at z = +(w — in), assuming w to be positive.
For t, > t;, integration over the negative half plane yields ﬁ el@hi2 gik'r12 and for
f1 > 1 integration over the positive half plane yields 5-e @12 ¢r12_ which is
identical to (F.61). The evolution operator (F.60) can then be expressed as

U(z)(O —0) = —c cac cp —/ dt2/ dry

X Z(a ve,)1 (0~ €,)s Dp(1,2)e ic0t2/h gyitinh,
p=1
(F63)

F.2.4 Comparison with the Covariant Treatment

It is illuminating to compare the quantization of the transverse photons with the
fully covariant treatment, to be discussed in the next chapter. Then we simply have
to replace the sum in (F.42) by the corresponding covariant expression

2 3
Z (akpo-ep)h (aZpa “€p)2 = Z (akp @™ eup) (azp a’gyp)a.
p1p2=1 P1p2=0

(F.64)
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The commutation relation (G.10) yields

3

Z (akp 0™ eup) (a;':IJ a’eyp)2 =g - — 1. (F.65)
p1pP2=0

We then find that the equivalent potential interaction (F.50) under energy conserva-
tion is replaced by

Py L y e (F.66)
= —— —Q10)) ———— .
12 € J 2m)3 VU Ty
and with the Fourier transform given in Appendix J.2
e? .
Vieo= —— (1 —ay ~ap) elldlnz, (F.67)
47'[60 ri2

We shall now compare this with the exchange of transverse photons, treated
above. We then make the decomposition

1 — oy - k)(az - &)
1l—oaq-0r = (F.68)

—ay ey + (k) (aa - k)

The last part, which represents the exchange of transverse photons, is identical to
(F.52), which led to the Breit interaction. The first part, which represents the ex-
change of longitudinal and scalar photons, corresponds to the interaction

2 3 ik-r
e d°k N - elkeriz
Ve =—— —[1— -k -k]—. F.69
c w ] @ (ay - k) (a2 - k) -ty (F.69)
This Fourier transform is evaluated in Appendix J.3 and yields

eZ d3k q2 eik-rlz eZ d3k eik-rlz
Ve = 2 1-=)|-—=—| — ——— (E70)

e ] @) k2) g2 —kZ+iy e ) Qm)3 kZ—iy

provided that the orbitals are generated in a local potential. Using the transform in
Appendix J.2, this becomes

62

Veou = (F7 1)

4 €012 '
Thus, we see that the exchange of longitudinal and scalar photons corresponds to
the instantaneous Coulomb interaction, while the exchange of the transverse pho-
tons corresponds to the Breit interaction. Note that this is true only if the orbitals
are generated in a local potential.
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If instead of the separation (F.68), we would separate the photons into the scalar
part (p = 0) and the vector part (p = 1,2, 3),

1
1— o] -0y = s (F72)
—01 -0
then the result would be
2
e .
pRet _ elldlriz
Coul 4160 ri2
Ret e? ila]
| Z Y P UL F.73
Gaunt 47T€0 12 ( )

which represents the retarded Coulomb and the retarded magnetic (Gaunt) inter-
action. This implies that the longitudinal photon represents the retardation of the
Coulomb interaction, which is included in the Breit interaction (F.54).

If we would set ¢ = 0, then we would from (F.73) retrieve the instantaneous
Coulomb interaction (F.71) and

62

o1 0y, (F.74)
dreg

which is known as the Gaunt interaction. The Breit interaction will then turn into the
instantaneous interaction (F.55). This will still have some effect of the retardation
of the Coulomb interaction, although it is instantaneous.

We shall see later that the interactions (F.73) correspond to the interactions in the
Feynman gauge (4.56), while the instantaneous Coulomb and Breit incinerations
correspond to the Coulomb gauge.
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Appendix G
Covariant Theory of Quantum ElectroDynamics

G.1 Covariant Quantization: Gupta-Bleuler Formalism

With the Lorenz condition (F.21) d,A* = 0, the Maxwell equations have a
particularly simple form (F.22)

OA4 = poj. (G.1)
In this case, the covariant electromagnetic radiation field can be expressed in anal-

ogy with the semiclassical expression (F.39) and represented by the four-component
vector potential [4, Eq.5.16]

_ [ h . .
Ap(x) = AI(X) + AM(X) = 2weqV Zgur [akr e kY ¢ a;:r elkx] .
kr

(G.2)

However, different equivalent choices can be made, as further discussed in Sect. G.2.
Here, we use the covariant notations

k =k* = (ko k); ko=w/c=|k|; kx=wt—k-x

defined in Appendix A.1, and r = (0, 1, 2, 3) represents the four polarization states.
Normally, the polarization vector for » = 3 is defined to be along the k vector —
longitudinal component — and for r = 1, 2 to be perpendicular — transverse compo-
nents. The component r = 0 is referred to as the time-like or scalar component (see
Sect. F.1.2).

The electromagnetic fields components are Heisenberg operators and should sat-
isfy the canonical commutation (quantization) rules (E.24) at equal times

[Au(t,x), 7" (1, x")] = ihd,, 8 (x — x), (G.3)

where 7V (x) is the conjugate field (E.21). With the Lagrangian (F.17) the field 7°
vanishes according to the relation (F.19), which is inconsistent with the quantization
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rule (G.3). In order to remedy the situation, we add a term —2170 (9,A4")? to the
Lagrangian (F.17), where A is an arbitrary constant [3, Eq. 1-49, Eq. 3-98]

1

L=——0
4o

A
Fuy FW — = (3,4")* — j* A, (G.4)
210
We can rewrite the extra term as
A’ vo v
_2M0 (avg Ao) (avA )

Then the conjugate field (F.19) becomes [3, Eq. 3-100]

oL 1 A
FHRO _ Z g0y, 4Y (G.5)

IL = —_——m—-—  ——
T = @Ay T T’ o

and 770 #£ 0 for A # 0.

The extra term in the Euler-Lagrange equations (F.14) leads to

A d A
— 0y —— (0,g"7 Ay) (0, A7) = — 0, 8" (05 A°
2o va(avAM) (dvg o) ( ) o vg M (05 A7)

A
= —0,8"" (0,4%) = A " (0, A47) .
Mo

The Maxwell equations (F.10) then take the modified form [3, Eq. 3-99]
dy0” AH — (1 — A1) 0*(9,A”) = poj*. (G.6)

Setting A = 1, we retrieve the same simple form of Maxwell’s equations as with
the Lorenz condition (G.1) — without introducing this condition explicitly. This is
usually referred to as the Feynman gauge.

The Lagrangian (G.4) is incompatible with the Lorenz condition, and to resolve
the dilemma this condition is replaced by its expectation value

(W]3, AM|W) =0, (G.7)

which is known as the Gupta—Bleuler proposal [4, 5.35].
In the Feynman gauge, the commutation relations (G.3) become [4, 5.23]

[Au(t, %), A (t,x")] = ic? pohguw 8w 83 (x — x). (G.8)

To satisfy this relation, we can assume that the polarization vectors fulfill the or-
thogonality/completeness relations [4, Eq.5.18,19]

Epurpr’ = &rr’»
Zgrrgurgvr = guv; (G.9)

r
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and the photon creation and absorption operators the commutation relation [4,
Eq.5.28]

I:akl‘aalt/r’jl = _Sk,k/ grr,’ (GIO)

Considering that the g-matric (A.5) used is diagonal, this leads to

Z [Eurakr, 8vr’a;:/r/] = Zgurgvr’ [akr,a;:/r/] = _gu,vgk,k/ (G.11)
rr’

rr’

and then it follows that the field operators (G.2) satisfy the commutation relation
(G.9).

With the Lagrangian (G.4) and the conjugate fields (G.5), the Hamiltonian of the
free field (F.20) becomes in the Feynman gauge (A = 1) [4, Eq.5.32]

Hgaa = — Z ho grr ) air. (G.12)
k,r

G.2 Gauge Transformation

G.2.1 General

The previous treatment is valid in the Feynman gauge, where the Maxwell equations
have the form (G.1), and we shall here investigate how the results will appear in
other gauges.

The interaction between an electron and the electromagnetic field is given by the
Hamiltonian interaction density (D.41)

Hine = ju A", (G.13)

where j,, is the current density. The Maxwell equations are invariant for a gauge
transformation (F.24) A = A + V A, which transforms this interaction to

A
Hiy = ju A" = (A“ + —) Ju-
0xy,

Integration over space leads after partial integration to

24 9
/d3x—ju=—/d3an—MA=O.

0xy Xy
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Since A is arbitrary, it follows that

A
—:8“’ :V:O,
9x,0 Ju J

which is the continuity equation (F.23). In analogy with (F.30), the corresponding
relation in the k space is
Juk) k" = 0. (G.14)
The single-photon exchange is represented by the interaction (4.44)
2.2 K v

I(x2,x1) = e“c oy oy Dy (X2, x1), (G.15)

which corresponds to the interaction density j* Dg,, j”. In view of the relation
(G.14), it follows that the transformation

DFU/L(k) = DFU/L(k) + kp,fv(k) + kaM(k)s

where f, (k) and f, (k) are arbitrary functions of k, will leave the interaction un-
changed.

G.2.2 Covariant Gauges

In a covariant gauge, the components of the electro-magnetic field are expressed in
a covariant way. We shall consider three gauges of this kind.

G.2.2.1 Feynman Gauge

The photon propagator in the Feynman gauge is given by the expression (4.28)

B 1

Dtk = — ceg k2 +in’

(G.16)

G.2.2.2 Landau Gauge

With | r
k)= ——t
Jul®) ceo (k% + in)?

the propagator (G.16) becomes

Dy (k) = ! ! Kuky (G.17)
Fup i) = ceo k2 +1in S k2 +in)’ '
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This leads to k* Dgy,, = 0, which is consistent with the Lorenz condition (F.21)

VA = 0"4, =0.

G.2.2.3 Fried-Yennie Gauge

With

= Loy ke
fulk) = 50 =0

the propagator (G.16) becomes

1 1 k. k
Drp (k) = —— —— —(1=1)—=£L ). G.18
() C€0k2+in(gm ( )kzm) (G.18)

With A = 1, this yields the Feynman gauge, and with A = 0 we retrieve the Lan-
dau gauge. The value A = 3 yields the Fried—Yennie gauge [2], which has some
improved properties, compared to the Feynman gauge, in the infrared region.

G.2.3 Noncovariant Gauge

We consider only one example of a noncovariant gauge, the Coulomb gauge, which
is of vital importance in treating the combined QED-correlation problem. Here, the
Coulomb interaction is treated differently from the transverse part.

G.2.3.1 Coulomb Gauge

With
1 1 ko 1 I ki
e — —’ ;= —— — 5 .=1,2,3,
fo 2ceq k2 + in k2 /i 2ceq k2 +in k2 ¢ )
the propagator (G.16) can be expressed as
1
1 (= 0
Droo(k) = — ( *° | ki, \ |- (G.19)
ceo \ 0 m(m- kz')

where the first row/column corresponds to the component i = 0 and the second
row/columnto u = 1,2, 3.
This leads to k! Dg; ;7 = 0, which is consistent with the Coulomb condition (F.30)

V-A=04=0 (i=12073).



330 G Covariant Theory of Quantum ElectroDynamics

The formulas above can be generalized to be used in dimensional regularization
(see Sect.12.4), where the number of dimensions is noninteger (mainly from
Adikins [1], see also t’Hooft and Veltman [6]).

Following the book by Peskin and Schroeder [5], we can by means of Wick rota-
tion evaluate the integral

d?i L [ 9 1
/(2;;)0 (12— Aym i=D /(Zn)D (12 + Aym

et Jo F(Z+ A

We have here made the replacements [® = i/% and I = I and rotated the inte-
gration contour of /g 90°, which with the positions of the poles should give the
same result. The integration over dP /g is separated into an integration over the
D-dimensional sphere £2p and the linear integration over the component l%. This
corresponds in three dimensions to the integration over the two-dimensional angular
coordinates and the radial coordinate (see below).

Q)P (k2 +s+ip"  (4m)P/2 '(n) s*D/2° (G.20)
k™
4 — Y =
/d ¢ st (G20
dPk kH* kY _ (=" I'(n— D/2— 1) 1 )
Qm)P (k2 +s +inm — (4m)P/2 I'(n) gn—D/2—1" .

G.2.3.2 Covariant Gauge
Compared to Adkins [1] (Ala), (A3), and (ASa):
P — —q; M? > —s; w—>D/2;a—n E—n Q=p—>—q Au = Guv;

A—w=gqg%—5,

dPk 1 _i(=D" 1 I'(n—D/2) 623
Q@m)P (k2 4+ 2kqg +s +in*  (4n)P/2 C(n) wrn=D/2 7 (G.23)
dPk Kkt _ 1(_1)n 1 . F(l’l _ D/2)
/ m)D (k2 +2kqg +s+in"  (4m)P/2 ['(n) 4 — Db (G.24)
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dPk ket kv
@)D (k2 + 2kq + s + in)"
_ =y v [, ,L(n=D/2) g™ I'n—1-D/2)
= (47[)D/2 1"(”) |:q q wn—D/2 - 2 W . (G.25)

G.2.3.3 Noncovariant Gauge
Compared to Adkins [1] (A1b), (A4), and (A5b):

p——q; M?> > —s; 0w > D/2; a > n; B—1; E >n+1; k2 > —k?%;
Q = py —> —qy:
1—
Auv — guv + SM,OSV,OTy; (AQ)M d _qlby - 8M0 (1 - y)qo’

A—>w=g*y?+ (1 -y)ygd—sy+1*(1—y)
=—q’y> + yq5 —sy + A*(1—y),

dPk 1 1
2m)D (k2 + 2kq + s +in)" k2 — A2
i=n" 1 L e T +1-D/2)
= —_— G.26
(4N)D/2 rah+1) J, Yy wht1-D/2 ( )
dPk k™ 1
2m)P (k2 4+ 2kq + s + in)" k* — A2
i=n" 1 ! —1-1/2 I'(n+1-D/2)
= @2 T Jy dy y" [q"y +5u,oqo(1—)’)]w,
(G.27)
K= —dy—v"q00~y)=r-ay—7°,
/ dPk ki k? 1
Q2m)P (k% 4+ 2kq + s +in)"* k? — A2
i=p* 1 ! —1-1/2
= — d n I 5 1 —
@0P T Jy 7 {lg"y +8u0q0(1 = y)]
) r'(n+1-D)2)
x[q"y + 8v,0q0(1 — )]} —afiDbi2
(I I'(n—D/2)
-5 {[&"" + 81,080,001 = ¥)/¥]} — D2 i| (G.28)
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1
K — y-qy —y°qo in first part and ¥ ¥ — —3 [V“)’u +(1-— y)/y] in second.

dPk kiktk 1
()P (k2 + 2kq + s + in)" k% — 12
i—np* 1 ! i P w P
= @z e J 1 ”2[{Q’q“q’y3—rq’q“qJSMo(l—-y)yz}

r(n+1-DJ2) 1 . S
K O + 5 & + £+ ")

2
iy I'(n—DJ/2)
G.3 Gamma Function
The Gamma function can be defined by means of Euler’s integral
o0
I'(z) = / dr 7 te ™. (G.30)
—00
For integral values, we have the relation
I'n)y=m-1)! (G.31)
and generally
I'z)=@—-DI'z—-1). (G.32)
The Gamma function can also be expressed by means of
L = zeV® ﬁ (1 + E) e~/ (G.33)
I'(z) il n

where yg is Euler’s constant, yg = 0.5772. ..
The Gamma function is singular, when z is zero or equal to a negative integer.
Close to zero, the function is equal to

1
Fe)=-—re+0(). (G.34)

which follows directly from the expansion above. We shall now derive the
corresponding expression close to negative integers.
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G31 z=-1-¢

- 1
=-(1+ee 9] (1 _lxe 6) eltte/n (G.35)
n

I'—1-—¢) fulie?

The first few factors of the product [ | are (to orders linear in €)

—eelte = —cel(1 + o),
T+e\ avan_ 1 1/2
I—T € 25(1—6)6 (1+6/2)9

1 2
(1 - %) e1e/3 = e —€/2)e'P(1 +¢/3),

1 3
(1 - :6) elta/4 — s —€/3)e(1 + ¢/4),

which in the limit becomes
—" (1 +e[l—1/2—1/2:3)=1/(3-4) —--]) =~ —®
using the expansion
1+1/2+1/3+1/44---+1/M = InM + yg. (G.36)

This gives
1
I'-1—-¢) = E—i—yE—I—i—(’)(e). (G.37)

This can also be obtained from (G.32).
G32 z=-2—¢

1 = 2
e —@2+ e eI (1 - j) e@Fa/n, (G.38)
-2 —€ n

n=1
The first few factors of the product [ | are (to orders linear in €)

—(I4+ee*t =—(1+e)e*( +e),

—€/2eC)/2 = _¢/2el (14 ¢/2),
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> 1

(1 - %) BHIS = S (1= (1 +¢/3),

(1 — Zi) e@tea/4 —
4

2 3
(1 - i) e@TI5 = = (1 —¢/3)e?/5(1 + ¢/5),

5

which in the limit becomes
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5

%(1 —¢/2)e**(1 +¢/4),

e (1+€[5/2-2/(1-3) =2/(2:4)=2/(3-5) —--]) ~ (1 +¢).

This gives

F(—2—e)=—% [é+)/5—1—1/2+(9(6):|.

This is consistent with the formula

@2z = ey V25120 iz +1/2).

The step-down formula (G.32) yields

[(-3—¢) = ;—3[§+y5—1—1/2—1/3:|,

which can be generalized to

I'(—N —¢) =

(—DN!

N

|

1
€

N

Zl

n=1

]
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Appendix H
Feynman Diagrams and Feynman Amplitude

In this appendix, we shall summarize the rules for evaluatiig Feynman diagrams of
the different schemes, discussed in this book. These rules are based on the rules
formulated by Feynman for the so-called Feynman amplitude, a concept we shall
also use here.

H.1 Feynman Diagrams

H.1.1 S-Matrix

The Feynman diagrams for the S-matrix have an outgoing orbital line for each
electron-field creation operator

¥ (x)
and an incoming orbital line for each electron-field absorption operator

~

¥(x)

and a vertex diagram

m MAM ieca* A4,

for each interaction point.
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This leads to an electron propagator for each contracted pair of electron-field
operators:

A
w V()Y (x2) = iSp(x2.x1) =1 [ §2 Sp(w: x2.%1)

1
and a photon propagator for each contracted pair of photon-field operators:

1
oo 2 Au(x1)Ay(x2) =i Druy (X2, X1) =i [ 5= Dpypu(z: X2, X1).

Thus, there is a photon interaction (4.45), including the vertices,

w1 N .2 f%(—i)I(z;xz,xl):fdz(—i)ezczafa‘z’Dpw(z;xz,xl)
for each photon exchange, and a corresponding diagram

2

. _ e
1 -0 2 IVC - 147[607‘12

for each Coulomb interaction, V¢, between the electrons, and a potential diagram

o —iV

for each energy potential, V' (Fig. 4.6).

H.1.2 Green’s Function

The Feynman diagrams of the Green’s function are identical to those of the S-matrix
with the exception that all outgoing and incoming lines represent electron orbitals.
H.1.3 Covariant Evolution Operator

The Feynman diagrams of the Covariant evolution operator are identical to those of
the Green’s function with the exception that there are creation/absorption operator
lines attached to all outgoing/incoming orbital lines.
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H.2 Feynman Amplitude

The Feynman amplitude, M, contains

e An electron propagator (4.10)
do
/ 5 iSp(w;x2,x1)
2

for each internal orbital line.
e A photon interaction

dz . dz .
/ e x) = / (i) ¢ 0} Dz 32, x1)

for each photon exchange, including the vertices.

e At each vertex space integrations and a time integral 2w A, (arg), where the
argument is equal to incoming minus outgoing energy parameters.

e A factor of —1 and a trace symbol for each closed orbital loop.

e The integration over the energy parameters leads to a factor of —i for each “non-
trivial.” (The integral is considered to be “trivial,” when it contains a A function
from the time integration.)

The S-matrix is related to the Feynman amplitude by (4.110)
S =27 §(Ein — Eou) M, (H.1)
which gives the energy contribution (4.111)
AE =8, £, ( iM]). (H.2)

The Green’s function is in the equal-time approximation related to the Feynman
amplitude, M, by (5.25)

G(x,x"; x, xp) = e 1E0=HO A(x x':xg, x}) el0(Eo~Ho) (H.3)
and analogously for the covariant-evolution operator (6.10)
U(t, —oco)lab) = e "Eo=HO) |15y (rs|iM]ab) elfoEo~Ho), (H.4)
In this formalism, the contribution to the effective interaction is

(1Verl ) = (IM]). (H.5)
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Illustrations
- & -
iSp iSp iSp iSp
—1 I/Sp VNN B Kp
1Sk iSg
B R < -
A:—i B:1 Ci
A A
ER S -
A A A A
Y SO, & - _iIPair _iIPair
iSF‘ iSF iSF A iSF iSF‘ A ISF
N | Vsp NN —iVSp SO o —iVSp
iSF‘ iSF iSF b A iSF ISF‘ A ISF
—il Pair _iIPair —il Pair
4 4 4 4
D:1 E:—i F:1

Diagram A is a first-order S-matrix (Sect. 4.4), and the Feynman amplitude is
M = _iVsp(EO)-

Diagram B is a first-order covariant evolution-operator diagram with the unper-
turbed state as input and with outgoing electron propagators (Sect. 6.2). Here, there
are three energy parameters and two subsidiary conditions. This leaves one nontriv-
ial integration, giving a factor of —i. This gives a factor of i%(—i)?> = 1 and

M = I'(Ey) Vip(Eo).

Diagram C is a first-order covariant evolution-operator diagram with incom-
ing and outgoing electron propagators (Sect. 8.1). Here, there are five parameters

and three conditions, leaving two nontrivial integrations. This gives the factor
i*(—i)> =iand (8.9)

M = T'(E¢)iVip(Eo) I'(Eo).

Diagram D is a first-order covariant evolution-operator diagram with incoming
pair function (Sect. 6.2.1). This gives i*(—i)* = 1

M = I™I(Ey) Vip(Eo) " (Eo) I™".
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Diagram E is an S-matrix diagram with incoming and outgoing pair functions
(Sect. 6.2.1). This gives i*(—i)° = —i and

M = —I™ T (Eo) Vip(Eo)I" (Eo) ™.
Diagram F is a first-order covariant evolution-operator diagram with incoming
and outgoing pair functions (Sect. 6.2.1). Here, there are seven parameters and four

subsidiary conditions, yielding i®(—i)® = 1 and

M = T'(Eo) I™ T (Eo) Vip(Eo)I"(Eo) I™".



Appendix I
Evaluation Rules for Time-Ordered Diagrams

In nonrelativistic (MBPT) formalism, all interaction times are restricted to the
interval (¢, —00), and the Goldstone diagrams are used for the graphical representa-
tion. In the relativistic (QED) formalism, on the other hand, times are allowed in the
entire interval (0o, —00), and then Feynman diagrams, which contain all possible
time orderings, are the relevant ones to use.

For computational as well as illustrative purpose, it is sometimes useful also in
the relativistic case to work with time-ordered diagrams. It should be observed,
though, that time-ordered Feynman diagrams are distinct from Goldstone diagrams,
as we shall demonstrate here.!

When only particles states (above the Fermi level) are involved, time runs in the
positive direction, and the time-evolution operator can be expressed as (3.12)

t t

13
U(t,—o0) = 1—1/ de; V() + (—i)2/ dy V(ll)/ d V(ta) + -,

—0o0 —00
I.1)
where V(¢) is the perturbation in the interaction picture (3.16)
V() = — / Bx P (x)ecar 4, (x) ¥ (x). 1.2)

Core states and negative energy states are regarded as hole states below the Fermi
level with time running in the negative direction. Then, the corresponding time in-
tegration should be performed in the negative direction.

! The treatment here is partly based on that in [2, Appdices C and D].
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I.1 Single-Photon Exchange

t —_——

Q=

We consider first the time-ordered diagram for single-photon exchange with only
particle states involved. The time restrictions are here

t>1 >1 > —00,

which corresponds to the evolution operator (I.1)
t . 12 .
(—i)? / dt, V(ty) e 242 / dty V() e e, (L3)
—00 —0o0

The contraction of the radiation-field operators gives rise to a photon propagator
(4.18)

.
Ay (x2)Ap(x1) =1 Dppp(x2, x1)

and this leads to the interaction (4.46)

dz  _ 2c¢2k dk fk;x1,x2)
— 52,2 M _ (t2—t1)
I(x2,x1) = e“c ay &y Dryu(x2, X1) —/—2n e 27l / Z ki tin

The time dependence at vertex 1 then becomes e 191 where
dy =€ —¢&r—z+1y.

This parameter is referred to as the vertex value and given by the incoming minus
the outgoing orbital energies/energy parameters at the vertex. Similarly, we define

dy=¢€p—65+7+1y
dipo=di+dr =€ — &, — & (L.4)

with & = ¢4 + €p. This leads to the time integrals

t ) t ) —itdyip 1
(—i)? / dry e 7242 / dry eindr = & —. (L5)
oo oo dip di
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Together with the opposite time ordering, t > #; > t, > —o0, the denominators
become

1 1 1 1 1 1
— |+ )= — + — . (16
diz (d1 dz) E—er — & (Sa—Sr—Z-l-l)/ eb—£s+z+1y) (1.6)

This leads to the Feynman amplitude (6.11)

. dz 1 1 1
Mgp=1i[] — — + ;
2r E—er—65 \Ea—6&r—2+1y ep—&s+z+iy

2c%k dk f(k
% / c S( ) (1.7)
2 —c2k? +ip
or
Mylab) = ——— Vep(E)lab 1.8
(rsiMuplab) = 5 —— (rslVa(E)lab) (L8)
with
Vi (8)—/cdkf(k) ! + ! 1.9
PR gqg—& —ck +iy  sp—eg—ck +iy )’ ’
If the interaction is instantaneous, then the time integral becomes
t s od e—itdlz e—it (E—er—ey)
—i dtjpe 12412 = = , 1.10)
/—oo dr2 E—¢&r —es

which for ¢t = 0 is the standard MBPT result.

I.2 Two-Photon Exchange

Next, we consider the diagrams in Fig. I.1.
We extend the definitions of the vertex values:

di=¢s—8—72;, do=sp—ce,+z;, di=¢—e—7 di=¢e,—85+7,

dio=di+dr=E—¢e—ey: diz=¢4—6—72—7; dos=¢p—65+27+7,
/. /.

dis=E—¢e—e,—7: dina=E—e—e5+7; dizza=E—¢& —¢s,

i.e., given by the incoming minus the outgoing energies of the vertex. There is a
damping term =iy for integration going to Foo.
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r N r \)
t ---@------ -*>--- { ---@------ *---
r \)
r N
[ 12

E=¢e,t e & &

Fig.I.1 Time-ordered Feynman diagrams for the two-photon ladder with only particle states (left)
and with one and two intermediate hole states (right)

1.2.1 No Virtual Pair

We consider now the first diagram above, where only particle states are involved.
We assume that it is reducible, implying that the two photons do not overlap in time.
Then the time ordering is

1 >14>13>1>1>—00.

This leads to the time integrations

t . t4 . 13 . 12 .
(_1)4 / dt4 e—1t4d4 / dt3 e—1t3d3 / dtz e—ltzdz / dtl e—ltldl
—00 —00 —00 —00

e itdi234

= 1.11)
di1234 d123 d12 dy (

Changing the order between #; and #, and between 73 and 74 leads to the

denominators
1 ( 1 n 1 ) 1 ( 1 n 1 ) (1.12)
di2za \dizz  diza) dix \di  da)’ '

Here, all integrations are being performed upward, which implies that all denomi-
nators are evaluated from below.
If the interaction 1-2 is instantaneous, then the integrations become

t ty t3 —it d1234
) _ _ . e
(_1)3/ dise 1t4d4/ dise lt3d3/ dijpe2dia =~
—o0 o0 o0 d1234 d123 d12

(1.13)
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and together with the other time ordering

e7itdizze (] 1 1
+ —. (L14)

di2zsa \di2z diza ) di2

If both interactions are instantaneous, we have

t ed 134 od e itdi234
(—i)2/ dtzg e 1134 34/ dtjpe 2412 = — (1.15)
% — di23adi2

consistent with the MBPT result [1, Sect. 12.2].

L1.2.2 Single Hole

Next, we consider the two-photon exchange with a single hole, represented by the
second diagram above. We still assume that the diagram is reducible, implying that
the two photons do not overlap in time. The time ordering is now

I >14>13>1 >—00 and o0 > 11 > g,

but the order between #; and ¢ is not given.
If this is considered as a Goldstone diagram, all times (including ¢, ) are restricted
to t, < t, which leads to

—00 ) 131 . 14 . 13 .
[anenn [ g [* agenns [ ge
t —00 —00 —00

e itdi234
& (L16)
d1234 dr34 dr3 d>

Note that the last integration is being performed in the negative direction, due to the
core hole. This is illustrated in Fig. 1.2 (left).
Considered as a Feynman diagram, the time t; can run to 400, which leads to

|7 . t . |7 . 13 .
[Fanen [ et [ et [ e
o0 —00 —00 —00

e itdi234

¢ = (L17)
di23s dy da3 d>

Here, the last integration is still performed in the negative direction, this time from
400 to 24, and this leads to a result different from the previous one. In the Goldstone
case all denominators are evaluated from below, while in the Feynman case one of
them is evaluated from above (see Fig. 1.2, right). For diagrams diagonal in energy
we have dj234 = 0, and hence d; = —d»34, which implies that in this case the two
results are identical.
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R Rt EE ---- L Bt EE e ----

Goldstone Feynman

Fig. 1.2 Time-ordered Goldstone and Feynman diagrams, respectively, for two-photon exchange
with one virtual pair. In the latter case, one denominator (at vertex 1) is evaluated from above

Let us next consider the third diagram in Fig. I.1, where the time ordering is
t>14>10>13>1>—00.

Here, all times are limited from above in the Goldstone as well as the Feynman
interpretation, and this leads in both cases to

t . —o0 A 31 . 13 )
/ dty e_1t4d4 / d e—ltldl / drs e—1t3d3 / dt, e—ltzdz
- t4 —00 —oo

et d1234

= 1.18
di234 d123 dr3 d> (L18)

1.2.3 Double Holes

The last diagram in Fig.I.1, also reproduced in Fig. 1.3, represents double virtual
pair. Considered as a Goldstone diagram, the time ordering is

I >1 >0 >14 >13>—00,
which yields

t . 12 ) 151 . 14 .
[ e [* e [ et [ e
—00 —00 —00 —00

e~itd1234

= dissadisadasds 119
d1234 d134 d34 d3 (L.19)
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{ --—-¢------ *--- { --—-¢------ *---
r s di23a r s di23a
[ [
2 2
s i
e
1<J~ di4 1<J~ di |
NIFEO N NI
) N ) 1 . N ) ¥
Goldstone Feynman

Fig. 1.3 Time-ordered Goldstone and Feynman diagrams, respectively, for two-photon exchange
with two virtual pairs. In the latter case, two denominators (at vertices 1 and 2) are evaluated from
above

This is illustrated in Fig. 1.3 (left).
Considered as a Feynman diagram, we have instead co > #, > t;, which leads to

t . |7 . 14 . 131 .
/ dty e—1l4d4 / dt3 e_lt3d3 / dny e—1Z1d1 / dt, e_ltzdz
—o0 —o0 %) 00

et di1234

e 1.20
di23s d3di2 d> (120)

where two integrations are performed in the negative direction.

1.3 General Evaluation Rules

We can now formulate evaluation rules for the two types of diagrams considered
here. For (nonrelativistic) Goldstone diagrams, the rules are equivalent to the stan-
dard Goldstone rules [1, Sect. 12.2]

e There is a matrix element for each interaction.

e For each vertex, there is a denominator equal to the vertex sum (sum of vertex
values): incoming minus outgoing orbital energies and z + iy for crossing photon
line (leading to —ck after integration) below a line immediately above the vertex.

e For particle/hole lines, the integration is performed in the positive/negative
direction.
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For the relativistic Feynman diagrams, the same rules hold, with the exception
that

e For a vertex where time can run to +00, the denominator should be evaluated
from above with the denominator equal to the vertex sum above a line immedi-
ately below the vertex (with z — iy for crossing photon line, leading to +ck).
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Appendix J
Some Integrals

J.1 Feynman Integrals

In this section, we shall derive some integrals, which simplify many QED calcula-
tions considerably (see the books of Mandl and Shaw [1, Chap. 10] and Sakurai [2,
Appendix D]), and we shall start by deriving some formulas due to Feynman.

We start with the identity

11 [ta a1
ab  b—al), t? '
With the substitution t = b + (a@ — b)x, this becomes
1 ! dx ! dx
— = = . J.2)
ab o b+ (a—Db)x]? o la+ (b —a)x]?
Differentiation with respect to a yields
1 5 /1 xdx 03
a?b " Jo b+ (a—b)x]? '

Similarly, we have

1 1 X 1
=2 d d
abe /o x/o Ya+ 0—a)x+ (c—byP

d 1—x 1
22/0 "/0 VTt c—anl a9

Next we consider the integral

/d“k; = 47r/|k|2d|k|/oo __dk
(k> +s+in? oo (K2 +5 +1in)3’
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The second integral can be evaluated by starting with

/oo dk() _ i
oo k2= k2 +s+in  JIk?—s

evaluated by residue calculus, and differentiating twice with respect to s. The inte-
gral then becomes

/d4 1 _ 3ix? k|2dk|  in?

= = —. 1.5
(k%2 + s +in)3 2 (k|2 +5)%/2 25 (1)

The second integral can be evaluated from the identity

x2 1 s

(X2 4+ 5)5/2 ~ (x2 4 5)3/2 - (x2 + 5)5/2

and differentiating the integral

/ dx —ln(x+ x2+s)
Vx?+s
yielding
/ x? 1
(x2 45)5/2 35’

For symmetry reason, we find

/d“kL—O J.6)
(k> +s+in3 '

Differentiating this relation with respect to k, leads to

k*kY gt 1 im2ghv
Atk ————— = d*k = 1.7
/ (k2 + s + in)* 3 f (k2 + 5 +in)3 65 3.7

using the relation (A.4).
By making the replacements

k=k+q qnd s=s5—q°

the integrals (J.5) and (J.6) lead to

/d“k ! __in? (1.8)
(k2 +2kg + s +in)3  2(s—q?)’ )

/ d*k s =— / d*k 4" __ i
(k2 + 2kq + s +in)3 (k2 + 2kq + s +in)3 2(s —q?)
J.9)
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Differentiating the last relation with respect to ¢, leads to

/d4k kKT = i [ g™ + 244" 2 (J.10)
2 )4 —_ 2 —22 | :
(k2 + 2kq + s + in) 12 [s—¢q (s —q?)

Differentiating the relation (J.8) with respect to s yields

/ d*k ! __ i (.11
(k2 4+ 2kq + s +in*  6(s —g2)*’ '

which can be generalized to arbitrary integer powers > 3

1 L, (n=3)! 1
d* =in? . 12
/ g (k2 +2kq + s +in)" o (n—=1!(s—qg?)"2 (012

This can also be extended to nonintegral powers

1 ., (n=2) 1
4 — 2
/d k kg tsrim - Tw) G—gi2 (J.13)

and similarly

Kk ,T(n=2) g*
d*k = —in? , J.14
/ (k2 + 2kq + s + in)" o L(n) (s—q*»"2 (I.14)
/d4k k" kY . L, I(n=3)(2n—-3)q"q." g
(K2 +2kg+s+in' 2T | G—g)2 " (s—q?r3 ]

J.15)

eik"‘lz

d3k
.2 Evaluation of the Integral
J:2 Evaluati 5 f(Zn)3q2—k2+in

Using spherical coordinates k = (1,60,¢), (n = |k|), we have with d*k =
n?dn sin®@dO@d® and rjp = |x; — x5

d3k ik-(x1—x2) oo 24 k4 )
/ © = (27)? / T / dO sin @ ¢i*712 €5 @
0 0

(27)3 ¢2 — k> +ip g2 —Kk2+1in
i /oo r di (eiKI‘12 _ e—il{l‘]z)
4727115 Jo g% — k2 +1in

i /oo r di (eiKI‘12 _ e—il{l‘]z)

=— , J.16
872r12 J-oo q> — K> +in (10
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where we have in the last step used the fact that the integrand is an even function
of k. The poles appear at k = +q(1 +in/2q). e“"12 is integrated over the positive
and e *"12 over the negative half-plane, which yields —e*712 /(47 ry,) with the
upper sign for g > 0. The same result is obtained if we change the sign of the
exponent in the numerator of the original integrand. Thus, we have the result

A3k etik(ri—x2) 1 /°° 2k dic sin(kr12) ellalrz
0

= = - . J.17
(27[)3 qz_k2+i77 47-[2’,.12 qZ_K2+iﬂ 4 rin ( )

The imaginary part of the integrand, which is an odd function, does not contribute
to the integral.

J.3 Evaluation of the Integral
d3k ~ ~ eik-rlz

Tk ( . k) v -
(2m)3 (al ) % q?—k? +ip

The integral appearing in the derivation of the Breit interaction (F.53) is

d3k eik-r12
I = — (¥ 'k o 'k
2 (21r)3( 1 k) (a2 )qz—k2+1
d3k eik-r12
= — Y Y . J.18
(a1 - Vi) (a2 2)/ @) K@% — K2 +in) (J.18)
Using (J.16), we then have
o) dK 1Kr12 _ e—ilcrlz)
I, = \Y v
2 =g (051 DICoR 2)/ q T i)
> 2k dk sin(kryz)
= \Y \% _ J.19
47r2 (Ol1 D(az - 2)/ 22— k2 + in) (J.19)

The poles appear at « = 0 and k = £(q +1in/2q). The pole at k = 0 can be treated
with half the pole value in each half plane. For ¢ > 0, the result becomes

1 eiquz—l

4 riz q2

and for g > 0 the same result with —¢g in the exponent. The final result then becomes



J.3 Evaluation of the Integral | % (ozl i lg) (ozz 12) qze_']‘k—;lj_m 353
d3k eik'rlz 1 ein‘I‘lz—l

LN S o1 - Vi)(es - Vo) S
(27[)3(1 ) (o2 )qz—kz—l—ir) 47tr12(1 1)(e2 - V2) 7

1
= it (- Vi)(az+ V2)
® 2 dk si
/ Kk dk s1n(/cr1.2) ' (1.20)
o K(g*—«?+in)

Assuming that our basis functions are eigenfunctions of the Dirac hamiltonian

A

hp, we can process this integral further. Then the commutator with an arbitrary
function of the space coordinates is

i, f)] = ca-p () + U F@)]. (.21
The last term vanishes if the potential U is a local function, yielding
[ﬁp,f(x)]=coc-f)f(x)=—icoz-Vf(x). J.22)
In particular
[ﬁp,eik’x] = —ica-Vek* = co- ke, (J.23)
We then find that
(@-V)i(a-V)ek™ = Ciz [hp.e* ], [hp.e*¥], (J.24)
with the matrix element
(rs| (- V)i(a- V)2e** |ab) = g% ** J.25)
using the notation in (F.49). The integral (J.18) then becomes
3 iker 3 2 iker
L= % - R)ea ) - = (i:;a 5o e >
J.26)

provided that the orbitals are generated by a hamiltonian with a local potential.
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Appendix K
Unit Systems and Dimensional Analysis

K.1 Unit Systems

K.1.1 SI System

The standard unit system internationally agreed upon is the SI system or System
Internationale." The basis units in this system are given in the following table:

Quantity SI unit Symbol
Length Meter m
Mass Kilogram kg
Time Second S
Electric current Ampere A
Thermodynamic temperature Kelvin K
Amount of substance Mole mol
Luminous intensity Candela cd

For the definition of these units, the reader is referred to the NIST WEB page (see
footnote). From the basis units — particularly the first four — the units for most other
physical quantities can be derived.

K.1.2 Relativistic or “Natural” Unit System

In scientific literature, some simplified unit system is frequently used for conve-
nience. In relativistic field theory the relativistic unit system is mostly used, where
the first four units of the SI system are replaced by

U'For further details, see The NIST Reference on Constants, Units, and Uncertainty
(http://physics.nist.gov/cuu/Units/index.html).
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Quantity Relativistic unit Symbol Dimension
Mass Rest mass of the electron m kg

Velocity Light velocity in vacuum c ms™!

Action Planck’s constant divided by 27 # kg m?s™!
Dielectricity Dielectricity constant of vacuum €, A%s*kg™'m™3

In the table, the dimension of the relativistic units in SI units are also shown. From
these four units, all units that depend only on the four SI units kg, s, m, A can be
derived. For instance, energy that has the dimension kg m~2m~2 has the relativistic
unit m.c?, which is the rest energy of the electron (~511keV). The unit for length is

h

mecC

= A/2m ~ 0,386 x 107 % m,

where A is Compton wavelength and the unit for time is 2mwc/A ~ 7,77 x 1074 s).

K.1.3 Hartree Atomic Unit System

In atomic physics, the Hartree atomic unit system is frequently used, based on the
following four units

Quantity Atomic unit Symbol  Dimension

Mass Rest mass of the electron m kg

Electric charge =~ Absolute charge of the electron e As

Action Planck’s constant divided by 27 h kgm?s~!

Dielectricity Dielectricity constant of vacuum times 4meg A’s*kg'm™?
4

Here, the unit for energy becomes

me4

1H = ———,
(4meg)?h3

which is known as the Hartree unit and equals twice the ionization energy of the

hydrogen atom in its ground state (x27.2 eV). The atomic unit for length is

47T€0h2
ag = ———
me?

known as the Bohr radius or the radius of the first electron orbit of the Bohr hydro-
gen model (~0.529 x 1071% m). The atomic unit of velocity is cc, where

e2

= — K.1
* 4regch (K.1)
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is the dimensionless fine-structure constant (~1/137,036). Many units in these two
systems are related by the fine-structure constant. For instance, the relativistic length
unit is adg.

K.1.4 cgs Unit Systems

In older scientific literature, a unit system, known as the cgs system, was frequently
used. This is based on the following three units:

Quantity cgs Unit Symbol

Length  Centimeter cm
Mass Gram g
Time Second s

In addition to the three units, it is necessary to define a fourth unit to be able to de-
rive most of the physical units. Here, two conventions are used. In the electrostatic
version (ecgs), the proportionality constant of Coulombs law, 4e€g, is set equal
to unity, and in the magnetic version (mcgs) the corresponding magnetic constant,
Wo/4m, equals unity. Since these constants have dimension, the systems cannot be
used for dimensional analysis (see below).

The most frequently used unit system of cgs type is the so-called Gaussian unit
system, where electric units are measured in ecgs and magnetic ones in mcgs. This
implies that certain formulas will look differently in this system, compared to a sys-
tem with consistent units. For instance, the Bohr magneton, which in any consistent
unit system will have the expression

_ eh
MB—zm

will in the mixed Gaussian system have the expression

eh

re = 2mce

which does not have the correct dimension. Obviously, such a unit system can easily
lead to misunderstandings and should be avoided.

K.2 Dimensional Analysis

It is often useful to check physical formulas by means of dimensional analysis,
which, of course, requires that a consistent unit system, like the SI system, is being
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used. Below we list a number of physical quantities and their dimension, expressed
in SI units, which could be helpful in performing such an analysis.

In most parts of the book, we have set # = 1, which simplifies the formulas.
This also simplifies the dimensional analysis, and in the last column below we have
(after the sign =) listed the dimensions in that case.

[electric potential] = V = —
electric field, E] = V/m = =
[ = V/m= 53

[magnetic field, B] = Vs/m? =

[vector potential, A] = Vs/m =

[current density, j] =
[10] = N/A? =

[eo] = [1/p0c®] = kgm’ =

k 1

[force] = N = g = —,

s ms
kem? 1
[energy] =J = Nm = gm = -,
s2 $

k 2
[action, 7] =Js = em =1,
S

J kg m? 1

As  As® - As?
kgm 1
A8 Ams?’
1

e
As? Am?s’
kgm 1
g g ’
As

Ams
kgm 1

[momentum, p] = — = —,

S m

A
[charge density, p] = —:,
m

E )

kgm 1
A282 7 A2ms’
AZs? A?s3

m .

Fourier transforms

dz (e
Dy (X1, X2) Z/ZDF\JM(Z;XI,XZ)e iz(t2=11)

[A(w, x)] = s[A(x)],

[A(w. k)] = sm’[A(x)].

[A(k)] = m*[A(x)].
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Photon propagator

[Drpyu(x, x)] = A2
(€0 Druu (v, )] = —.
[é0 Drvy (k)] = sm,
[0 Druyu(ko. )] = —.
o Dr 1, 1)) = —.

2
S
[GODFV[L(Z,x)] = E = Ck(),

[€0 Dy (2, k)] = %,

1
[e*c*Dryyu(z, x) = 1(z,x)] = 3’
e’] m
6| s’

Electron propagator
§p(x, X) = s,
1
SF('X’ x) = _3’
m

Se(z.x) = —5.
m
S}:(Z, k) = S,
Se(k) = m.

S-matrix

g(x,x) =1,
S(z,x) = s,
S(z.k) = m*,
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Self energy

A~ 1
X)) = -,
S
1
Y(x) = —3.
s m
1
E(Z,k) = g,
k) = =
S

Vertex

Az, k) =1,

m
A(p.p) = <



Abbreviations

CCA
CEO
GML
HP

IP
LDE
MBPT
MSC
NVPA
PWR
QED
SCF
SI

SP

Coupled-cluster approach
Covariant evolution operator
Gell-Mann—Low relation
Heisenberg picture
Interaction picture
Linked-diagram expansion
Many-body perturbation theory
Model-space contribution
No-virtual-pair approximation
Partial-wave regularization
Quantum electrodynamics
Self-consistent field
International unit system

Schrddinger picture
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A

Adiabatic damping, 51
all-order method, 30
annihilation operator, 283
antisymmetry, 22

B
Banach space, 277
Bethe—Salpeter equation, 3, 119, 193, 199, 225
effective potential form, 205
Bethe—Salpeter—Bloch equation, 6, 156, 173,
193, 199, 206
Bloch equation
for Green’s operator, 146
generalized, 20, 23
bra vector, 290
Breit interaction, 38, 73, 318
Brillouin—Wigner expansion, 153
Brown—Ravenhall effect, 2, 38, 178, 194, 216,
219

C

Cauchy sequence, 276

closure property, 292

complex rotation, 37

configuration, 22

conjugate momentum, 15, 306

connectivity, 37

continuity equation, 314

contraction, 18

contravariant vector, 273

coordinate representation, 63, 292

counterterms, 138

coupled-cluster approach, 30
normal-ordered, 34

coupled-cluster-QED expansion, 196

covariance, 1

covariant evolution operator, 3, 119
covariant vector, 273

creation operator, 283

cut-off procedure, 248

D

d’ Alembertian operator, 274
de Broglie’s relations, 13
density operator, 120
difference ratio, 139
dimensional analysis, 355
dimensional regularization, 163
Dirac delta function, 277

Dirac equation, 1, 295

Dirac matrices, 296

Dirac sea, 38

Dirac-Coulomb Hamiltonian, 37
discretization technique, 42

dot product, 135

Dyson equation, 108, 201, 243

E

effective Hamiltonian, 5, 20
intermediate, 37

effective interaction, 23, 31

Einstein summation rule, 289

electron field operators, 285

electron propagator, 61, 98

equal-time approximation, 96, 120, 124, 173,

205, 208

Euler-Lagrange equations, 308

evolution operator, 47

exponential Ansatz, 33
normal-ordered, 34

external-potential approach, 4, 208
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F
Feynman amplitude, 88, 96, 124, 174, 335
Feynman diagram, 28, 60, 87, 125, 335
fine structure, 165
first quantization, 13
Fock space, 133, 277
photonic, 6, 51, 132, 211
fold, 126
folded diagram, 23
Fourier transform, 63
functional, 275
Furry picture, 21, 27
Furry’s theorem, 86

G
g-factor, 164
gamma function, 332
gauge
Coulomb, 59, 68, 76, 81, 315, 324, 329
covariant, 59, 65, 122, 125, 328
Feynman, 59, 65, 66, 81, 324, 326, 328
Fried-Yennie, 329
Landau, 328
non-covariant, 329
gauge invariance, 314
gauge transformation, 327
Gaunt interaction, 213, 217
Gell-Mann-Low theorem, 51
relativistic, 131
Goldstone diagram, 25
Goldstone rules, 24, 28, 125
Green’s function, 3, 91
projected, 113
Green’s operator, 119, 134
Grotsch term, 164
Gupta-Bleuler formalism, 325

H

Hamiltonian density, 309
Hartree—Fock model, 26
Heaviside step function, 282
Heisenberg picture, 202, 286
Heisenberg representation, 92
helium fine structure, 225
Hilbert space, 277

hole state, 119

Hylleraas function, 5, 163

I
instantaneous approximation, 4
interaction picture, 47

Index

intermediate normalization, 21
intruder state, 23, 36
irreducible diagram, 40, 127

K

ket vector, 290
Klein-Gordon equation, 295
Kronecker delta factor, 278

L

Lagrange equations, 305
Lagrangian function, 309

Lamb shift, 2, 79, 84, 157
Laplacian operator, 274

Lehmann representation, 97

linked diagram, 28, 107
Lippmann—Schwinger equation, 205
Lorentz covariance, 1, 39, 60, 94, 119
Lorentz force, 308

Lorentz transformation, 1

Lorenz condition, 314

M
many-body Dirac Hamiltonian, 133
matrix elements, 291
matrix representation, 291
Maxwell’s equations, 311, 312
metric tensor, 273
minimal substitutions, 307
model space, 20

complete, 22

extended, 23
model state, 20
model-space contribution, 29, 56, 126, 138,

142

momentum representation, 300
MSC, 56, 126
multi-photon exchange, 127

N

no-virtual-pair approximation, 2, 37
non-radiative effects, 39

norm, 275

normal order, 18

P

pair correlation, 30
parent state, 52, 131
partitioning, 21



Index

Pauli spin matrices, 296
perturbation
Brillouin—Wigner, 111
Rayleigh—Schrodinger, 1, 24
photon propagator, 65
Poisson bracket, 15, 306
polarization tensor, 87
principal-value integration, 64

Q

QED effects, 39, 59, 79

QED potential, 181

quantization condition, 15
quasi-degeneracy, 23, 56
quasi-potential approximation, 4
quasi-singularity, 56

R
radiative effects, 39
reducible diagram, 40, 127
reference-state contribution, 78, 142
regularization, 79, 237
Brown-Langer—Schaefer, 252
dimensional, 257
partial-wave, 255
Pauli—Willars, 248
renormalization, 79, 237
charge, 244
mass, 242
resolution of the identity, 290
resolvent, 24
reduced, 24

S
S-matrix, 3, 60, 157
scalar potential, 311
scalar product, 274
scalar retardation, 213, 217
scattering matrix, 60
Schrodinger equation, 15
Schrodinger picture, 47
Schwinger correction, 164
second quantization, 16, 283
self energy

electron, 39
self energy, 108

electron, 79, 157, 186, 239, 244

photon, 87, 246

proper, 108
sequence, 276
set, 275
size consistency, 30
size extensive, 207
size extensivity, 30, 207
Slater determinant, 22, 284
spin-orbital, 22
spline, 41
state-specific approach, 37
state-universality, 36
subset, 275
Sucher energy formula, 61

T

target states, 20

time-ordering, 49
Wick, 18

trace, 85

transverse-photon, 77

two-times Green’s function, 3, 111

U

Uehling potential, 86, 128

union, 275

unit system, 355
cgs, 357
Hartree, 356
mixed, 300
natural, 355
relativistic, 59, 355
SI, 355

unlinked diagram, 28

A\%

vacuum polarization, 2, 39, 84, 87
valence universality, 21, 36
vector potential, 311

vector space, 275

vertex correction, 39, 82, 186, 240, 246

W

Ward identity, 83, 242

wave operator, 20

Wick’s theorem, 19
Wickmann-Kroll potential, 86
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