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Introduction

Welcome to the second volume of the treatise “Mean fields models for spin
glasses”. You certainly do not need to have read all of Volume 1 to enjoy
the present work. For the low-temperature results of Part II, starting with
Chapter 12, only (the beginning of) Chapter 1 is really needed. This is also
true for Chapter 11.

In the first part of this volume we continue, at a deeper level, the study
of four of the models that were introduced in Volume I. Chapter 8 continues
the study of the Shcherbina-Tirozzi model of Chapter 3; Chapter 9 continues
the study of the Perceptron model of Chapter 2. Both chapters culminate
in the proof of the “Gardner formula” which computes the proportion of
the sphere (respectively the discrete cube) that belongs to the intersection
of many random half-spaces. Chapters 8 and 9 are somewhat connected.
They could in principle be read with only the previous understanding of the
corresponding chapter of Volume 1, although we feel that it should help to
have also read at least a part of each of Chapters 2 to Chapter 4, where the
basic techniques are presented.

Chapter 10 continues and deepens the study of the Hopfield model of
Chapter 4. We achieve a good understanding for a larger region of param-
eters than in Chapter 4 and this understanding is better, as we reach the
correct rates of convergence in 1/N. This chapter can be read independently
of Chapters 8 and 9, and in principle with only the knowledge of some of the
material of Chapter 4.

Chapter 11 provides an in-depth study of the Sherrington-Kirkpatrick
model at high temperature and without external field. As this is a somewhat
simpler case than the other models considered in this work, we can look
deeper into it. Only (the beginning of) Chapter 1 is a prerequisite from this
point on.

In my lecture in the International Congress of Mathematicians in Berlin,
1998, I presented (an earlier form of) some of the results explained here.
At the end of the lecture, while I was still panting under the effort, a man
(whose name I have mercifully forgotten) came to me, and handed me one of
his papers with the following comment “you should read this instead of doing
this trivial replica-symmetric stuff”. To him I dedicate these four chapters.



XII Introduction

The second part of this volume explores genuine low-temperature results.
In Chapter 12 we describe the Ghirlanda-Guerra identities and some rather
striking consequences. This chapter can be read without any detailed knowl-
edge of any other material presented so far.

In Chapters 13 and 14 we learn how to prove a celebrated formula of
G. Parisi which gives the value of the “limiting free energy” at any tem-
perature for the Sherrington-Kirkpatrick model. A very special case of this
formula determines that high-temperature region of this model. We present
first this special case in Chapter 13. This seems to require all the impor-
tant ideas, and these are better explained in this technically simpler setting.
Parisi’s formula is believed to be only a small part of a very beautiful struc-
ture that we call the Parisi Solution. We attempt to describe this structure in
Chapter 15 where we also prove as many parts of it as is currently possible.
Chapter 15 can be read without having read the details of the (difficult) proof
of Parisi formula in Chapter 14, and is probably the highlight of this entire
work. We also explain what are the remaining (fundamental) questions to be
answered before we reach a really satisfactory understanding.

In the final Chapter 16 we study the p-spin interaction model, in a case not
covered by the theory of Chapter 14. The approach is based on a clear phys-
ical picture of what happens in the phase of “one step of replica-symmetry
breaking” and new aspects of the cavity method.

I am very much grateful to Sourav Chatterjee and Albert Hanen who
read this entire volume, sometimes in several versions in the most difficult
parts, and also to Dmitry Panchenko and Marc Yor who read most of it.
Each suggested countlessly many improvements, sometimes correcting serious
errors. Special thanks are also due to Wei-Kuo Chen. I claim full responsibility
for all the remaining mistakes.
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Advanced Replica-Symmetry



8. The Gardner Formula for the Sphere

8.1 Introduction

In this Chapter we continue the study of the Shcherbina-Tirozzi model of
Chapter 3 with Hamiltonian given by (3.1), i.e.

— Hym(o) = Z u(\/—lﬁ Zgi,km) +h Z gioi — k|la|? . (8.1)

k<M i<N i<N

As usual we write S = N—1/2 Y i<n 9ik0i. In Theorem 3.3.2 we have
succeeded in computing -

1
li li E—1 -H do ¢ .
expu—1>r{1{w>T}{N_>OO711VIH1/N_>a N og/exp( N um(o)) 0'}

Our first goal is to prove that it is possible to exchange the limits in this
relation. Writing

Uk 2:{5k27}:{29¢,k0i27m}7

i<N

we will be able, in Theorem 8.3.1 below, to asymptotically compute the typ-
ical value of the quantity

1
— log/ exp(—,%||0'||2 +h E gioi) do . (8.2)
N N<nm Uk

i<N

In this quantity, let us think of adding the sets Uy one at a time. That is, if
we denote by aps the quantity (8.2), we have

1 1
aM+1 =AM = log G(Upr41) = N 1OgG<{;Vgi,M+10'i > TW}) ;

where G is the probability measure on Ni<nrUp with density proportional
to exp(—« ||| + >, < 5 gi 0i). We then see the importance, given a Gibbs
measure G, of the quantity
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G{o; o-g>1VN}), (8.3)

where g is a “fresh” Gaussian random vector, i.e. independent of the ran-
domness of G. This quantity should typically not be too small, otherwise it
would be unlikely that the quantity (8.2) remains bounded independently of
N. For our analysis, we need to know a stronger property, namely that it
is extremely rare that the quantity (8.3) is very small. This implies that in
the expression (8.2) the influence of each single set Uy is rather moderate.
As these sets are independent, we can then expect the quantity (8.2) to have
small fluctuations. This is indeed the case, as is shown in Proposition 8.3.6
below, and this is a crucial step in the computation of this quantity (8.2).

8.2 Gaussian Processes

In this section we prove the fundamental fact of this chapter: under rather
general conditions for a Gibbs measure G, given a “fresh” random vector
g, it is very rare that the set {o;0 - g > 7v/N} has a very small measure
for G. The result is stated in Proposition 8.2.6 below. It will be deduced
from general properties of Gaussian processes. The main fact is that a jointly
Gaussian family (ug)e<p of r.v.s is “large” as soon as for some number a
we have E(uy — up)? > a? for £ # {'; more specifically, such a family is in
some sense “as large as a family (£¢)s<, of independent Gaussian r.v.s with
E¢Z = a?”. (Note that E(& — &»)? = 2a?, but the factor 2 is unimportant
here).
Given a number s, for x = (x¢)s<y, we consider the function

F(x) =log Z exp STy - (8.4)
<n
Lemma 8.2.1. We have
0*F O*F
For every £ and ¢’ # ¢, a—x% >0; D200 <0 (8.5)
Proof. We define Z = },_, exp sz, so that
a_F _ XD STy
&w o A
0*F _ 2 eXPsTe (exp S$@)2
oz Z Z ’
which is > 0 because exp sxz¢/Z < 1. For £ # ', we have
0%F _ 2 exp s(xp + xp) <0. O

63:,363:4/ Z2
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Proposition 8.2.2. Consider two jointly Gaussian families u = (ug)e<n,
v = (V¢)e<n, and assume

VO, Eul > Ev}; YO #£ L, Eupup < Evpvp . (8.6)

Then
EF(u) > EF(v). (8.7)
Proof. Combine (8.5) and Lemma 1.3.1. O

As an application of Proposition 8.2.2, an example of fundamental impor-
tance is the case where, for some numbers b > ¢ > 0 we have

V0 # 1 Eugup < c < b < Euj.

Then (8.6) holds if vy = 2v/c+&\/b — ¢, where z, &, are independent standard
Gaussian r.v.s; indeed Ev} = b and Evpvy = c if £ # ¢'. Thus (8.7) implies

EF(u) > EF(v) = ElogZexp(sx/b —c&yp) . (8.8)

<n

The right-hand side involves only independent r.v.s, so with some work
we will be able to find an explicit lower bound for it. This is what is done in
the next argument. The proof is elementary but a bit messy. It would be nice
to have a clean argument, but it is not certain that such an argument exists:
we are working in “the hard direction”. The function log is concave and we
bound from below the quantity ElogY for a certain r.v. Y.

Lemma 8.2.3. There exists a number L with the following property. Con-
sider independent standard Gaussian 1.v.s (§¢)e<n. For L < s < /logn/L,

we have )

ElogZexp s& > logn + % . (8.9)

<n

Proof. We consider a number ¢ to be chosen later, and

X=card{{<n; {E >t} = Z Ligi>ty

<n

so that EX = nd where § = P(§ > t). We note that by independence, for
€ # ' we have Elgg, >3 14¢, >4 = 0°. Thus

EX? =né +n(n—1)6>

and therefore
nd >1=EX? < 2n%5% = 2(EX)? .

The Paley-Zygmund inequality (A.61) implies that when nd > 1
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Px=%) =5
2 8

Since ), exp s& > X exp st, taking logarithms we havelog )", exp s& >
st 4+ log X, and therefore -

no 1
p(1 >st+log( 22)) > 2 8.10
(oggeXps&_s + og( 5 )) > 3 (8.10)

We observe (by computing the gradient and using trivial bounds) that the
quantity log >, exp s, when seen as a function of (§),<, € R", has a
Lipschitz constant s, so that Theorem 1.3.4 implies that for any u > 0

u2
P( >u> <2exp<—4—2) .
s

In particular, taking u = 4s, and since e > 2,

log Z exp s& — Elog Z exp s&y

l<n <n

1
P(logZexps& > ElogZexps& +48) < 3

L<n <n

and combining with (8.10), then, when nd > 1, we have

ElogZexps& > st —4s+ log(%é) .

<n

We now use the crude fact that § > 2exp(—t?) for t > L (see (A.5)), and
we choose t = s/2 to obtain that the right-hand side of the above inequality
is > st —4s — t2 + logn = s?/4 — 4s + logn and this is > s2/5 + logn for
s > 80. a

Combining (8.8) and (8.9), we have obtained a lower bound for F'(u) under
rather general conditions. As made precise in the forthcoming theorem, this
bound implies that, typically, many of the terms u, are large. To understand
the statement of this theorem, one should keep in mind the case where the
quantities u, are independent standard Gaussian r.v.s. In that case, we expect
that about nP(£ > s) terms uy will be > s. It is unlikely that we can do as well
under general conditions, but when the r.v.s u, are not too much correlated
we can still guarantee that about nexp(—Ks?) terms uy will be > s.

Theorem 8.2.4. Consider d > b > ¢ > 0, and assume moreover that d >
1/(b — ¢). Then there exists a number K = K(d), depending on d only, with
the following property: Consider a jointly Gaussian family u = (ug)e<n, and
assume that

Ve<n, b<Eul<d (8.11)
VO£, Eupup <c. (8.12)
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Then for K < s < \/logn/K we have
2
s B s
<n: > — 1 < — < —— . .
P (card{é_n TUp > K} < nexp(—Ks )) < Kexp( K) (8.13)

The unusual condition d > 1/(b — ¢) allows to use the single parameter d
to control both the size of (us) and the fact that b and ¢ are not too close,
since b — ¢ > 1/d.

Proof. Let as usual F(x) =log}_,, exp sz, We first claim that

2

Vt >0, P(|F(u) — EF(u)| > t) < 2exp (—4252> . (8.14)
This is a consequence of Theorem 1.3.4. To see this, we note that for 1 <n
we can find vectors z, € R™ such that the sequence (u¢)¢<, has the same
distribution as the sequence (zg - g)s<n, where g is an independent standard
Gaussian sequence. (This simple statement is proved in Section A.2, but is
not really needed since when we will apply this theorem, the family (u¢)e<s,
will already be given in this form.) We have ||z¢||? = Eu? < d, so that the
gradient of the function

X — logZexpSZg~x
<n

has a Lipschitz constant < sv/d, which implies (8.14).
Next, using (8.8) and then (8.9) for sv/b — ¢ rather than s, we have
s2(b—c)
5 b
provided s satisfies L < sy/b — ¢ < y/logn/L. We combine (8.15) with (8.14)
for t = s2(b — ¢)/10, to obtain

P(ZGXPSW > nexp 82(?70_C)> =P (F(u) > logn + M)

= 10

EF(u) > logn + (8.15)

>1-P (F(u) < EF(u) — 32(1140_0))

>1- 2exp(—¥) . (8.16)

Also, using (A.1) and (8.11),

E Zexp 2s5uy = Z exp 282Eu§ < nexp2s’d

l<n <n

which, by Markov inequality (A.2) implies
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P(Z exp 2suy < nexp 352d) > 1 — exp(—s2d) . (8.17)
<n
Consider the (typical) event {2 given by
2= { S exwsuc> 52<b‘c>}ﬂ{z 25 < nexp3std} | (5.19)
= exp Sty > nexp ————= exp 2suy < nexp 3s , (8.
£ psue = P 10 Z P 0> P

so that combining (8.16) and (8.17) and recalling that b —c¢ > 1/d, we obtain

P(2) > 1—2exp (—W) — exp(—sd)
> 1—3exp (—%) : (8.19)

We now study the generic sequence (u,) when 2 occurs. Consider the uni-
form probability space U,, = ({1,...,n},Py) , and denote by Ey expectation
with respect to the probability Py. Consider the r.v. X on the probability
space U,, given by X ({) = exp suy, so that EgX = 1/n)", ., expsuy etc. It
follows from (8.18) that -

s'(b—c)

EoX > exp > T EoX’ <exp3s’d.

Since we assume sv/b — ¢ > L, we may also assume EgX > 2exp(s?(b—c)/20)
and the Paley-Zygmund inequality

EoX\ _ 1(EpX)?
> — | > — .
P°<X =7 ) = 1 Eyx? (A.61)
implies
card {€ <mniup > S(b26 ) } > nexp(—3s2d) .

This occurs whenever {2 occurs. Consequently,

2

s(b— C)} < nexp(352d)> < Sexp(f%> ;

P (card{f <n;up>
which proves the theorem. a

Corollary 8.2.5. Consider numbers b,c,d and a Gaussian family u as in
Theorem 8.2.4. Then there exists a constant K = K (d), depending on d only,
with the following property: for every e with n= /% < ¢ < exp(—K71?)/K

P(card{¢ <n;u; > 7} <en) < KelE (8.20)
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Proof. It follows from (8.13) that for s > K, s > K7, s < y/logn/K we

have
2

P(card{f <n;u > 7} <nexp(~Ks?)) < KeXP(‘%) '
Setting € = exp(—Ks?), we obtain (8.20). O

The relevance of Theorem 8.2.4 to spin glasses is shown by the following
statement, where we recall that g denotes a standard Gaussian random vector
in RV,

Proposition 8.2.6. Consider a probability measure G on RN . Assume that
for some numbers 0 < c <b<d,d>1/(b—c) we have

Gl{o; BN < [lo|?> <dN}) > 1— exp(—%) (8.21)
G ({(o!,0%); lo'-a?| <eNY) > 1 —eXp(—%) : (8.22)

Then, for any T > 0 the following implication holds,

Kexp(f%) <e< %exp(—KTz) = P(G({a ; % > T}) < 5)
Kel/K | (8.23)

IN

where K depends on d only.

As hinted at with the notation, this will be applied when G is a Gibbs
measure. The single parameter d is also used to control the size of the excep-
tional sets (8.21) and (8.22).

Proof. The idea behind this proof is very simple. Consider generic points
ol ...,0™ chosen independently according to G. Then (8.21) and (8.22)
show that unless n is very large (or we are very unlucky) the Gaussian r.v.s
up = o' - g/v/N satisfy the hypothesis of Corollary 8.2.5. Therefore, from
(8.20), it is likely that a significant proportion of them is > 7, which implies
that the set {o ;g -0 > 7v/N} cannot be very small for G.

To implement this idea, let

Qn=1{(c',....,0"); VL <n bN < ||o*||* < dN ;
V1§E<€'§n,|ae~a[\§cN},

so that (8.21) and (8.22) imply

G®"(Qn) > 1—n’exp <—%> > % (8.24)

provided 2n? < exp(N/d). For (ot,...,0m) € Q,, we define the event
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Qc',...,0") = {card{t <n; ol -g>1VN} < en} .
When n~ V% < ¢ < exp(—K7?)/K, condition (8.20) implies that
P(2(c',...,0") < Ke'/K

where K depends on d only. Thus, the expectation of

Y :Y(g) = / 1{9(0.1”0.71)}(16:(0'1)dG(O'n)

is
EY = P(R(c',...,6")dG(c") - -dG(e") < Ke/K
Qn

and Markov’s inequality (A.2) implies
1
P(Y > Z) < KeV/K (8.25)

Now by definition, Y also equals

e-
Y = Gén ({(01,...,0")€Qn; card{ﬁgn;a gZT}SnS}) ,

so that, recalling (8.24), we obtain

/ d{€< o8 }dG( LY. dG(e™)
= [ car n; > o) o
o v N
>n€G®"({(a’1 o) eq 'card{€<n'ae.g>7}>ns}>
ye ey n = ) /fN -
ne
> — .
— 4

Therefore, whenever Y < 1/4, it holds that G({e ; o -g > 7V/N}) > ¢/4.
In summary, recalling (8.25) it follows that if 2n? < exp(N/d) and
n~VEK <& <exp(—K7?%)/K, then

(ol o< ) e
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This concludes the proof, by taking n as large as possible so that 2n? <
exp(N/d). O

We now show that the hypotheses of Proposition 8.2.6 are easily satisfied
by the Gibbs measures considered in Chapter 3.

Theorem 8.2.7. Consider a concave function U < 0 on RY, numbers 0 <
Ko < k1, numbers (a;);<n. Consider a convexr set C of RN . Consider ko <
k < k1 and the probability measure Go on RN given by

VB, G¢(B) = %/B Cexp(U(a) —ko|? + Z aiai>da
n

i<N

where Z is the normalizing factor

Z:/Cexp(U(O')—HU||2+Zaiai>da'.

i<N
Assume that for a certain number a we have
Z > exp(—Na) (8.26)
> a4} < Na*. (8.27)

i<N

Then G¢ satisfies (8.23) for a number K depending only on a, ko and K.

Proof. In this proof, K denotes a number depending only on kg, k1 and a,
which does not need to be the same at each occurrence. We will prove that
conditions (8.21) and (8.22) are satisfied for numbers b, ¢, d such that d = K
(= K(a, ko, k1)). We denote by (-) an average for the probability G¢ or its
products.

First, recalling that Ry, = N7' Y.y afof/ we prove that

1

(Ri1) — (Rip2) = e (8.28)

We observe that

1
(R11) = (R12) = 5 (llo = (o)) .
We shall prove that there exists a number d’ > 0, depending on a and & only,
such that if B is any ball of radius d’v/N, we have G¢(B) < 1/2. Using this
for the ball centered at (o) shows that (|| — (a)|?) > Nd?/2 and proves
(8.28). To bound G¢(B) we simply write, completing the squares and using
(8.26) in the last line,
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1
Ge(B) < —/ exp(—fi||0'|2+ aiai)da
¢ an ;v
1 a? a;\2
= Eexp(;vﬂ>/lgexp<—ﬁ;v(ai—ﬂ> )da
2

< expN(a + Z_/@) / exp(—«lle||?)do
BI

where B’ is a ball of radius d’v/N. The last integral is maximum when B’ is
centered at 0. (This statement is left as an exercise, since the use of Fubini’s
theorem allows to reduce it to the case N = 1.) We then make a standard
computation as follows. Considering A > 0, we write

/ exp(—kl|le]|?)de < exp )\d’QN/exp(—()\ + &)||le||?)do
B/

NVE
< APN) | ——
<waen)(357)
using (3.23). Therefore, since 7 < e? and A + x > X\ we have
a2
Go(B) < A-N/2 expN(a + & a2 1) . (8.29)
4Kk
We then choose e.g. A = exp2(a+ a?/4r +3) and d’ = A~/? to deduce from

(8.29) that then G¢(B) is very small.
Next, we prove that

<expg||a'\|2> <expNK . (8.30)

For this purpose, we simply follow the proof of (3.26), using the bound 1/Z <
exp N K rather than Lemma 3.1.6. Third, we show that for £ < N we have

k
(Ryz — (Ri2))™) < (%) (8.31)

k
(Ruy — (Ru)?*) < (va’“) . (8.32)

For this, we simply repeat the arguments of Theorem 3.1.11, replacing B* by
KN throughout. It is in this proof that (8.30) is used.

An inequality such as (f?¥) < (Kk/N)* for k < N implies an exponen-
tially good control of certain deviations; indeed we write

2k k
Getlfl = < U5l < (55

2N

and we choose for k the smallest integer > ZCQN/KC to obtain
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22 < Ke = Go({lf] > 2}) < exp (—KN ) . (8.33)

Denoting by Ko the constant of (8.28) we then take ¢ = (R;2) + 3/K( and
b= <R171> —3/K0, so that 1/(()—8) S 3K0. Using (833) for f = Rl,g — <R1,2>

we obtain
®2 N
Ge{(o1,02); |[Ri2 — (Ri2)| > 3/Ko} < exp %)

so that .
G%Q{(Ul,UQ) 5 ‘R1,2| > c} < exp <_E>

which proves that G¢ satisfies (8.21). The proof that it satisfies (8.22) is
similar. O

8.3 The Gardner Formula for the Gaussian Measure

We recall some notation from Chapter 3. We define
N(z)=P(z>1z),

where z is standard Gaussian; for 0 < ¢ < p we define

T = 2\/q 1 ¢ 1
F(q,p) = aElo N( >—|—— + ~log(p —
(¢, p) g Timq) T20=0 2 g(p—q)
2

— Kp+ %(p —q). (8.34)

In Theorem 3.3.1 we proved that when 7 > 0 and o < 2 the system of two
equations

%—Z = 2—1; =0 (8.35)
have a unique solution (qo, po). As in Chapter 3 we define
RSo(a) = F(qo, po) , (8.36)
and we further define
RSG(a) = F(qo, po) + %log(2e7r) , (8.37)

where “RS” stands as usual for “replica-symmetric” and G stands for Gaus-
sian. These quantities also depend on x and h, but this dependence is kept
implicit. We recall that Sy, = N=Y/23°._\ gi xo; and Uy = {S), > 7}.
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Theorem 8.3.1. Assume that 7 > 0. Consider 0 < kg < K1, hg > 0, ag < 2
and e > 0. Then there is a number K, depending on ko, k1, hg, a9 and € only,
such that if N > K, whenever kg < k < k1, and whenever h < hg and
M < agN we have

1 M
P(‘—log/ exp(—m||0'||2+h g gim)da—RSG (—) ‘2 5)
N Ne<nm Uk i<N N

< Kexp<f%> . (8.38)

That is, we have succeeded in computing the typical measure, for the Gaus-
sian measure of density proportional to exp(—xl||o||? +h >,y gio;) of the
intersection of the M random half-spaces (Uk)r<ns- -

Research Problem 8.3.2. (Level 2) Find out what happens for 7 < 0.

The technical difficulty is that we no longer know that the equations (8.34)
have a unique solution.

Exercise 8.3.3. Prove that

1
lim — log/ exp (n lo||? + h E gi oi) do = —o0. (8.39
N—oo N mngNUk ’LSN

~—

Hint: Reduce first to the case 7 = 0. Prove then that lim,_.o RSo(a) =
—oo. For this observe that by Corollary (3.3.12) b) we have F(pg,qo) <
max, infy F'(q, p), and study the proof of Lemma 8.4.8 below. Then argue as
in the few lines following this lemma.

The following might be easier than Problem 8.3.2.

Research Problem 8.3.4. Does (8.39) remain true for 7 < 07 And what
happens if instead we normalize by N¢ for some « > 17 If, as is plausible,
the limit is then 0, is there a normalization factor that ensures a finite limit?

Research Problem 8.3.5. Find a rate of convergence in Theorem 8.3.1.

For example, one may wonder whether

P(’% log/ exp (—%HUH2 +hy gm) do —RSG (%) ’ = E(N))

k<M Uk i<N

=0 (8.40)

whenever Ne(N) — oo. Other possible formulations will be given below.
None of these formulations is as simple as one might wish, due to the fact
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that (<, Ur = 0 with a positive probability. This makes these formulations
a bit awkward, because we cannot compute Elog Y when P(Y = 0) > 0. There
is however no real difficulty, because the event (), ., Ur = 0 is so rare (its
probability is exponentially small in N) that it has no influence. This is not
yet obvious, but follows e.g. from (8.76) below

In order to be able to keep computing expectations, given a number A > 0
we define

log 4 = log max(z, e~ ) = max(log z, —A) ,

so that log, 0 = —A.
The overall scheme of proof of Theorem 8.3.1 is as follows. First, given
any a > 0 (very large) the fluctuations of the random quantity

1
— logaN/ exp (Ii||0‘|2 +h g¢0i> do (8.41)
N ﬂkSM Uk Z

i<N

around its expectation are small; namely, for any ¢ > 0 it is very rare that
the difference between (8.41) and its expectation is > ¢.

Second, given a > 0, if the concave function w is such that expwu is a
sufficiently good approximation of 1;,>,}, the expectation of the quantity
(8.41) is nearly

1
NElogaN/exp(—HN)M(a))da (8.42)
where Hy ar is the Hamiltonian (3.1), i.e
—Hym(o) = Z u(Sk)—Fthiai—mHa'HQ . (8.43)
k<M i<N

Third, given such a function u, the quantity

%log/exp(—HN,M(U))dO' (8.44)

has itself small fluctuations around its mean (observe that the log is not
truncated here). By Theorem 3.3.2 this means that

%Elog/exp(—HN,M(U))dU (8.45)

is nearly RSG(M/N), so that the quantity (8.44) is nearly always very close
to RSG(M/N). Thus if a is large (say a > —RSG(M/N) + 1) the quantities
(8.45) and (8.42) are nearly the same (i.e. the influence of the truncation
is very small), and the quantity (8.42) is nearly RSG(M/N), so that the
quantity (8.41) is nearly always very close to RSG(M/N); and finally the

quantity
— log/ exp(—/-i||o'||2 +h Z giai) do

k<M Uk i<N
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itself is nearly always very close to RSG(M/N).
The estimates in the different steps all ultimately rely on Theorem 8.2.7
above.

Proposition 8.3.6. Consider 7 > 0. Consider 0 < kg < K1, hg > 0, a > 0.
Then there is a constant K, depending only on kg, k1, ho,a and T such that,
if ko < k < K1 and h < hy, whenever u < 0 is a concave function with

z>7 = u(z)=0 (8.46)
we have
VN ,VM < 10N ,Vt >0, (8.47)
S Z EL) Z >t) <2 N'(t2t)
N 084N 4N,M N OguN 4N,M| = < 2exp Kmm , ,
where

Znm = /GXP< Z u(Sk) = kllo||* +h Z 9i0i> do

k<M i<N

= /eXp(—HNyM(O'))dO' .

This statement includes the situation where exp u(x) = 1{;>-}, in which case

ZNM = / exp (— K||o||® +h Z giai>da' . (8.48)
mkgM Uk

i<N

Lemma 8.3.7. If 0 < x,z <1, we have

|[log, © —logy 2| < ‘logA (f)’ . (8.49)
z
Proof. Assuming without loss of generality that z < xz, we have 0 < z < x <
1 so that
0<logyx—logyz<—logyz<A

and also "
|log 4z —log 2| < |logz —logz| < ’log—‘ .
z

Consequently,

|10gAx—logAz|Smin(A,‘log%D:llogA (g)‘ O
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Lemma 8.3.8. Consider a r.v. V > 0 and assume that for certain numbers
C,D >1, and a we have

P(V >expNa)=0 (8.50)

1 N
<t < — — >4 < V¢ ]
D_t_CWM%CJ = P(V >1t)<Ct (8.51)
Then we can find a number A > 0 depending only on a,C and D for which
EVA*<(D+2+2C). (8.52)

Proof. We start with the formula
EVA = /\/ APV > t)dt
0

and we will show that this implies (8.52). Since V' < exp alN, setting tg = D,
t; = C~lexp(N/C) and ty = expaN we have

/\/ APV > t)dt =T+ T4 11T,
0

where . .
0 0
I= )\/ APV > t)dt < A/ At =ty
0 0

tl tl

I = )\/ APV > t)dt < CA/ 1104t
t() tO

t

t2 2
111 = )\/ APV > t)dt < AP(V > tl)/ A lar < otV

tl tl
Since ¢ /“#) = CV/C exp(—N/C + ANa) and since C*/C < 2, when Aa <
1/C, then III < 2C'. Moreover II <2 for A <1/2C and I< D for A<1. O

Proof of Proposition 8.3.6. The term h)_,_\ gio; creates only secondary
complications, and the most interesting situation is when h = 0. For this
reason, although we had the nerve to state Theorem 8.3.1 with this term
hy~,<n 9i0i, we will prove it only when h = 0.

The idea of the proof is to apply Bernstein’s inequality (A.41) to a suitable
martingale difference sequence. We denote by =, the o-algebra generated by
the r.v.s (gi ) for i < N, k < m. We denote by E™ conditional expectation
given =,,, so that E = EY. We set

W e 3 s - wlol? o

k<M

and we write
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M
1 1
7 108y W — Elog,y W = mZ::l X
where
m 1 m—1 1
Xn=E N log,yW | —E N log,n W | . (8.53)

Thus X,, is =,,-measurable and E""1X,, = 0, i.e. (X,,,) is a martingale
difference sequence. In order to deduce (8.47) from Bernstein’s inequality
(A.41), we will prove that for each m we have

gm—1 N‘X7n| <2,

exp (8.54)

where K depends only on kg, k1 and a. This suffices since the bound (A.41),
when used for A = K/N and M instead of N is

5 . (N*2 Nt < N in(e2.1)
exp min MK K < Z2exp Krnln s

for M < 10N. The proof of (8.54) occupies the rest of the argument.
We define

Wm:/exp< 3 u(Sk)—KJHUHZ)dU, (8.55)

k#m, k<M

so that W, does not depend on the r.v.s (g;m)i<n, and since u < 0 we have
W < W,,. In the case where expu(z) = 1>}, the definition of W, is

W, :/ exp(—klle|?)do ,
Cm

where C,,, = mk#chSM Ug.
Using (8.49) we get

‘ 1OgaN W — 1Og(i,N Wm' <

w
log,n (W—)‘ -

Since W < W,,, the left-hand side is 0 for W,, < exp(—alN), since then
log,n W =log,ny Wm = 0. Therefore,

[log,n W —log,xn Win| <Y = 1w, >exp(—anN)}

log, x (v%)‘ . (3.56)

Since W, does not depend on the r.v.s (g; m)i<n, we have E™ log, xy Wi, =
E™!log,ny W, and thus
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N|X,,| = |E™log,y W — E™ !log, xy W|
= |Em (logaN W — 1OgaN Wm) - Emil(logaN W — logaN Wm)|
< E™|log,y W — log,y Win| + E™ log,y W — log,x Wl
<E™Y 4+ E™ Y.

Given A > 0, we have, using Jensen’s inequality in the last line,

E™ texp AN [X,| < E™ Hexp(AE™Y) exp(AE™ 1Y)
= expAE™ 1 Y)E™ Hexp \E™Y)
< (E™lexpAY)?Z. (8.57)

Let us denote by E,, integration in the r.v.s (g; m)i<n only, so that E™~1 =
Em~LE,,, and therefore

E" lexpAY =E™ 'E,,exp\Y .

To conclude the proof it suffices to show that there exists some A > 0
depending only on kK1, k2, a, 7 for which

EnexpAY < K . (8.58)

Indeed, Holder’s inequality then shows that E,, exp AY/K < 2 and using
(8.57) for A\/K rather than for A proves (8.54).

To prove (8.58) we work at given values of (g; k)kxm, we write E for E,,
and we denote by P the corresponding probability. We can and do assume
that W, > exp(—Na), for otherwise Y = 0.

Let us consider the probability measure G on RM with density propor-
tional to exp(D ;< s pom W(Sk) — k|la||?). (In the case where expu(x) =
1i2>-y, G is simply the probability on C,, with density proportional to
exp(—k|a||?).) Let us write g, = (gi.m)i<n, and let us observe the iden-
tity

Wﬂm - /expu(Sm)dG(U) :

Therefore, using (8.46), we have

1> Wﬂm = /expu(Sm)dG(cr) = /expu (gm : a) dG(o)

> G({g“\;'ﬁ” > T}) . (8.59)

We then use Theorem 8.2.7 with a; = 0, U(o) = >_,_,, u(Sk), so that since
Z = Wy, > exp(—Na), condition (8.26) holds. Therefore (8.23) holds, and
together with (8.59) it follows that
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m

N 1
Kexp(—E) <e< Eexp(—KTg) = P (WK < 5) < Kel/K .

Setting € = 1/¢, it follows that V := expY = min(exp aN, W,, /W) satisfies
the conditions of Lemma 8.3.8 with D = Kexp(K72) and C = K. This
proves (8.58). O

Proposition 8.3.9. Consider 0 < kg < K1, hg > 0, a > 0, € > 0. Then
there is a number € > 0 with the following property. Consider any concave
function u < 0 that satisfies (8.46) together with

expu(r —e’) <& (8.60)
Then, if M < 10N, kg < k < k1 and h < hg we have

1
E—logN/ exp(—ls:||0'2—|—h giai>d0'
N ‘ mkgMUk' Z

i<N

<e, (8.61)

1
- ENIOgNa/eXp(_HN,M(U))dU

where of course Hy ps is as in (8.43).

Lemma 8.3.10. If z,y,z < 1, we have

|log a2z —log s yz| < [logs @ —10g a4 Y[ 1 (z>exp(—A)} -

Proof. The result is obvious if z < exp(—A), since both sides are 0. So we
assume z > exp(—A4).

If log 4y x = —A, then log, vz = —A, and the result follows since —A <
log 4 yz < log 4 y. The same argument works if log 4y = —A. And if log4 z =
log z, log 4 y = logy, then

|log 4 zz—log 4 yz| < |logzz—logyz| = |logz—logy| = |logy x—log, y| . O
Lemma 8.3.11. If 0 <y <z <1, then, for any ¢ > 0,

|z —yl
|log gz —logs y| < [logyl Liy<ey + P

Proof. Since log, y < logyz < 0, we have [log, x —log, y| < [log, yl. If
y > ¢, we have |logz — logy| < |z — y|/c. 0

Proof of Proposition 8.3.9. The idea is simply to replace the factors 1y,
by exp Sk one at a time. Given m < M, we consider the quantity

Vm:/ exp( Z u(Sk)/sHUerthiai)da
Cm

m<k<M i<N
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where
Con= () U (8.62)

k<m

The left-hand side of (8.61) is thus
1 1
EN logNa Vl — EN logNa VM+1

1
S N E |E10gN(L Vm+1 — ElogNa Vm| . (863)
1<m<M

Let us fix m and denote by E,, expectation only in the r.v.s (g;m)i<n. We
are going to bound

En|logng Vint1 — logag Vinl - (8.64)

Zm, = / €Xp<
Cm

where C,, is given by (8.62). Let us consider the Gibbs measure G,, on RY
given by

1
GulB) =5 [ e X utsi) = sl + 03 g Jdo
m m

m<k<M i<N

Let

> u(s) = wllol? + b g Jao

m<k<M i<N

Denoting by (-) an average for G,,, we observe the identities

Vin = Zm(exp u(Spm))
Vinr1 = Zn(10,,) = ZinGm(Un) = ZinGu({Sm > 7}) -

Since u < 0, we have Vi, Vi1 < Zp,, so that the quantity (8.64) is 0 unless
Zm > exp(—Na), and to bound this quantity we can and do assume that
Zm > exp(—Na). Since u(x) = 0 for z > 7, we have

Y = Gn({Sm > 7}) < X = (expu(Sp)) ,

and using Lemmas 8.3.10 in the first inequality below and 8.3.11 in the second
one yields that for any ¢ > 0,

|1OgNa Vm+1 - 1OgNa Vm| < |10gNaX - 1OgNaYr|

1
< |logng Ylgy<ey + SIX = Y. (8.65)

We appeal to Theorem 8.2.7, noting that (8.26) holds since Z,,, > exp(—Na).
Therefore (8.23) implies
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N 1 2 1/K
K exp % <t< e exp(—K7°) = P(Y <t) <Kt , (8.66)

where P denotes the probability corresponding to expectation E,,. We will
then first deduce from (8.66) that we may choose ¢ small enough so that

Enllogy, Y|liy<e <€, (8.67)
¢ depending only on kg, k1, ho, a and 7. For this we simply observe that
[logn, Y| =logV",

where
V = min(exp Na,1/Y)

satisfies the conditions of Lemma 8.3.8 for C, D = K. Since V > 1 we have
logV < K(\)V? for any A, and Lemma 8.3.8 implies

E(logV)? = E(logy, Y)? < K ,
so the Cauchy-Schwarz inequality yields
Enml|logn, Y|liy<e < KP({Y <c})'/2.
Together with (8.66) this implies (8.67).
Next we show that E,,,| X —Y| can be made arbitrarily small if ¢’ in (8.60)
is small enough. Using (8.60),
0<X-Y <&+ (Lees, <))

so that
Em‘X - Y| < e+ <Em1{775'§3m§7}> : (868)

If z is a Gaussian r.v., then for 71 < 75 we have

P <z<m) < ! /T2 e dt
TS 2<T9) < W i exp )

L(TQ — T1)
Since S, is a Gaussian r.v. with E,,S2, = ||&||?/N we deduce from (8.69)

that

Eml{r—a/gsMST} < lem )

and since this quantity is at most one we get

(Emlircrcsy<n) < LVE + <1{naus¢?N}> :
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To control the last term (considering again only the case h = 0) we simply
write that

1
Yorevrm ) S 7 | expl(nlol)do
< Uel<verNy) = 70 | oy

and we check as in (8.29) that the integral is < &’ exp(—Na) provided &’ is
small enough (depending only on a, k1 and ka).

In this manner, if we choose ¢ as in (8.67) and then &’ is small enough,
then (8.65) implies

Erllogng Vinte1 — logng Vinl| < 2¢,
so that
|E10gNa Vm-‘,—l - ElogNa Vm' < EEm' 1OgNa Vm+1 - 1OgNu, Vm' <2 ’

and since M < 10N the left-hand side of (8.61) is < 20e. a

Proof of Theorem 8.3.1. We fix a large enough so that for k1 < kK < kg,
h < hg, a < ag we have
RSG(a) > —a+1. (8.70)

Next, we use Proposition 8.3.9 to find &’ small enough that whenever u is a
concave function, v < 0, which satisfies (8.46) and (8.60), then (8.61) holds.
Moreover, if &’ is small enough, Theorem 3.3.2 shows that we can fix such
a function u, which is moreover four times differentiable with bounded first
four derivatives, so that (3.127) holds. Since log, x > logx, we see that for
N large enough, we have, using from (3.127) in the first inequality and (8.70)
in the second one,

1 1 M
E~-1og v, Zvar > Ex-log Zyy > RSG(N> —e>—atl-¢,

where we write for simplicity Zy v = fexp(fHMM(o'))da'. Assuming, as
we may, that ¢ < 1/4, so that N~*Elogy, Zn.a > —a+ 3/4, we obtain from
(8.47) that

P(2) < K exp (-%) (8.71)

where

1
.Q = {NlogNa ZN,M S CL} = {ZN,M S exp(fNa)} . (872)
Next, we claim that for N large enough we have

1 1
‘ENlogNaZNwMENlogZMM‘ <e. (8.73)
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Since on {2 we have logy, Zn,m = —a and on 2° we have logy, Znm =
log Zn ar, the left-hand side is

1
’E1Q(a+ ~ log ZN,M)’. (8.74)
It should be obvious from the bound of Lemma 3.1.6 that N ~2E(log Zy )% <
K, so that
1 2
E(a + N IOgZNJu) <K.

Using (8.71) and the Cauchy-Schwarz inequality in (8.74) then proves (8.73).
Combining (8.73) with (3.127) and (8.61) (and recalling (8.37)) we see that
if V is large enough and M < agN we have

1 , M
EﬁlogNa/ " exp(—/-f||0'|| +thiUi)do—RSG(ﬁ)

k<M i<N

and combining with (8.47) for expu(z) = 1>} and t = ¢ we get

1 ) M
P<|N logNa/ eXp(—ﬁ||G|| +h Z giai)da — RSG (F)

<3,
k<M Uk i<N

§45>
> 12 (N)
>1—-2exp|—=) .
K

However, since RSG(a) > —a + 1 > —a + 4e, when the event on the left
occurs, logy, and log are equal, and this completes the proof. a

8.4 The Gardner Formula for the Sphere

Theorem 8.3.1 computes the Gaussian measure of (), -, Uk, i.e. the propor-
tion of the Gaussian space that belongs to (), <, Uk- Let us denote by Sy

the sphere of radius v/ N,
Sy ={o e RV ; |o|®> = N}

and by pn the uniform measure on Sy. Gardner’s formula computes the pro-
portion of Sy that belongs to (), ,,; Us. Throughout the section we assume
that h = 0. B

Theorem 8.4.1. (Shcherbina-Tirozzi [86]) Consider T > 0, and define

1

T E max?(z + 7,0) (8.75)

a(r)
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where z is standard Gaussian. Then if ag < a(T), given € > 0, for N large

enough, we have
M 1 M N
gaoéP<|loguN<ﬂ Uk>RS(> 25)§exp<)
N N fe AT N K
(8.76)

where K depends on 7 and ag only and where

RS(a) = min <aElogJ\/( \/14[) +5 1— +5 L log(1 — q)) . ®77)

Moreover given any number a (taking possibly very large negative values) we
have, for N large enough

% > a(r) = P(%logm\;< ﬂ Uk> > a) < exp (%) . (8.78)

k<M

Here as usual AV (z) = P(z > z). The reader will not confuse the definition
.36

x
(8.77) with the definition (8.36).
Research Problem 8.4.2. (Level 1) Extend (8.78) to the case 7 < 0, «
small.

Research Problem 8.4.3. (Level > 2) Understand what happens for any
7T<0,a>0.

Congecture 8.4.4. (Level 2) If M/N > ag > «(1), for large N the set Sy N
ﬂkgM Uy, is empty with probability at least 1 — exp(—N/K).

Research Problem 8.4.5. (Level 2) Find the correct rate of convergence
in Theorem 8.4.1.

We will deduce Theorem 8.4.1 from Theorem 8.3.1, and we explain first
the overall strategy. We define

C=Cnu= () Uk

k<M

and )
Fn (k) = N log exp(—k ||lo||?)do , (8.79)
CN,Mm
a quantity we have studied in Theorem 8.3.1. It is now clearer to indicate in
the notation that the quantity (8.37) depends on &, so that we denote it now
by RSG(a, k). The content of Theorem 8.3.1 is that Fiy a(k) ~ RSG(e, k),
hence
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/ exp(—kl|e]|?)do ~ exp(NRSG(a, k)) . (8.80)
Cn,Mm

Let us denote by Vol A the N-dimensional volume of a subset A of RV, It
follows from (8.80) that for any x we approximatively have

exp(—Nr)Vol(Cy ar N {[lo]| < VN}) < exp(NRSG(a, &)) ,

and thus
1
7 log Vol(Cary N {ller]| < VN}) < k4 RSG(a, k) .
If the function k — RSG(«, k) is convex, we can expect that
1 .
N log Vol(Car.y N{|lo]| < VN}) ~ 1Ef{n +RSG(a, k) } . (8.81)

This should be natural to the reader familiar with (elementary) large devia-
tion theory; a simple proof will be given below.
We observe from (8.37) and (8.35) that

3}
&RSG(OQK) =—po,

and thus the value of x that achieves the infimum in (8.81) is the value for
which po = po(a, k) = 1. Interestingly one can show that in Theorem 8.3.1
the Gibbs measure nearly lives on the sphere of radius VN po- Therefore it
is quite natural that the case where py = 1 should give information on the
left-hand side of (8.81). Of course, if one can compute the left-hand side of
(8.81), one should be able to compute pn(Cn,ar) because in high dimension,
only the region very close to the boundary really contributes to the volume
of a ball.

We start by performing the calculus necessary to show that the previous
program has a chance to be completed. We recall the solutions gg = go(a, k)
and pg = po(a, k) of the equations (8.35).

Proposition 8.4.6. We have

9o

o <0 (8.82)

lim po(e, k) = p(a) := inf {p >0; aEmax? (z—|— L,O) < 1} . (8.83)
KR— 00 \/ﬁ

Proof. Making the change of variable ¢ = px/(1 + x), we have F(q,p) =
G(z, p), where G(z,p) is given by (3.149). In Proposition 3.3.11 we proved
that at every point we have
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0?°G 0 <x+18G>
- | >0.

Let us define z¢ by go = pxo/(1 + xo), so that by Theorem 3.3.1 (xq, po) is
the unique point at which

oG 0G
%(xmpo) = 8—p($0,p0) = . (885)

We obtain from (8.84) that

0*°G 0?°G

8_p2<0’w>0 (8.86)

where now, as in the rest of the proof, it is understood that G and its partial
derivatives are computed at the arguments xo and pg. We write p’ = dpg/0k,
x’ = dz0/0k. Differentiating with respect to & the relations 9G/9p = 0 and
0G /0x = 0 we get respectively

o %G +p’82G+ %G _
Opdx 0p%  Okdp
,0°G ,0*°G 9*G 0
Ox? +p Opdx + okdxr

0

T

Since 8?°G/0kdp = 1 and 9°G/dkdx = 0, combining these relations to
eliminate the mixed derivative 92G/0pdx we get
0?°G 0?°G
/ /2 12
=p " == -2 <0 8.87
o2 T a2 < (8.87)

by (8.86). This proves (8.82).
To prove (8.83), we recall from Lemma 3.3.13 that

oG aty/1+ xg <T\/1+£CO ) 1
o, po) = 0= TNV T A (IV2ITI0 ) o) 4 — =92k (8.88
8p( 0:P0) pg/Q NG 0 % ( )
and
20+ 108G a NS 2
2 B = ——E _— ]_ = .
v Oz (z0, po) o A ( = z\/x()) + 0, (8.89)

where A(y) = ¢ ¥"/2/(v/2rN(y)). When 7 = 0, (8.88) implies that py =
1/2k, so (8.83) is obvious in this case because p(«) = 0 since o < 2. Thus we
assume 7 > 0, in which case p(a) > 0 is defined by

aEmaX2<z+ L,O) =1,
pla)
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or, equivalently, changing z into —z,

oE max2< - z,0> =1. (8.90)

p(a)
By (8.84) and (8.85) for z > x( we have

x+10G
T %(%PO)>O’

2
a TV14+x

Since A > 0 and A(v) > v by (3.133), we have A(v) > max(v,0), and thus

so that, by (8.89)

« TV1+x
—E max 2 (— —z\/5,0> <1.
z vV Po

Letting © — oo implies
-
aE max? (— — z,O) <1
vV Po

and therefore py > p(a) by (8.90). As k — oo, the left-hand side of (8.88)
must go to oo. Since py > p(a) > 0, we must have zy — 0o0. Let po =
limy o po, that exists by (8.87). From (8.89) we have

LEA(a(r)? =1, (8.91)
Ty
where -
_nitm o
a(k) = NS Vo
Since
a(k) T

lim —= = -z,

=00 \/Z0 vV Poo
as k — oo we have a(k) — oo when 7/,/poc — 2 > 0, while a(x) — —oo when
T/\/Poo — # < 0. Writing (8.91) as

a(k)® Ala(r))?

=1
zg  a?(k)

aE

)

and since A(v)/v — 1 as v — oo and A(v)/v — 0 as v — —oo we get in the
limit K — oo that
-
aEmax? (— — z,O) =1

Poo
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Le. poo = pla). O
We denote by RSg(a, k) the quantity (8.36), to bring out the fact that it
depends on . We recall that from (8.35) and (8.36) we have
0

&RSo(a,ﬁ) = —po(a, k) . (8.92)

Lemma 8.4.7. If o < a(T) (given by (8.75)), there is a unique value Kk =
k(a) for which po(a,k) = 1. The function f(k) = k + RSp(a, k) attains
its minimum at this value of k, and this minimum is the quantity RS(a) of
(8.77).

Proof. When a < a(r) we have p(a) < 1 so that by (8.83) we have
po(a, k) < 1 for large k. Also, by (8.88) and since A > 0 we have pg > 1/2xk
so po > 1 for k < 1/2. By (8.82) there is a unique £* for which pg(«, £*) = 1.
Since by (8.92) we have f/(k) = 1 — po(a, ), (8.82) proves that (k) > 0,
so that f(k) attains its minimum at x = x* and by (8.34) and (8.36) this
minimum is U(qo), where

B T —2,/q 1 ¢ 1
Ulq) = aElogN< NieT > to1o p +5 log(1 —q) . (8.93)
Since U(q) = F(1,q) + k, and since, because pg = 1,
dU oF
_— = — = O
dq (QO) 8(] (P07QO) ’

it follows from the second part of Corollary 3.3.12 that the function U(q)

attains its minimum for ¢ = go, so that U(qo) is the quantity RS(«a) of (8.77).

O

We now settle a side story. We will prove that (8.78) follows from (8.76).
This relies on the following.

Lemma 8.4.8. We have
lim RS(a) =—o0. (8.94)

a—a(T)

Proof. We observe that, since N (z) = P(¢ > z) < exp(— max?(0,z)/2), we
have, given any ¢ < 1, and using (8.75) in the last line,

Elog N <T_1—\/Z_\/qa) < —ﬁ E (max?(7 — 2,/g,0))

— _ﬁ E (max2 <z+ k,o))

q 2
< RTi) E (max*(z + 7,0))

4q
2a(7)(1 —q)
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so that
T —2,/q 1 gq 1
< z z _
RS(a)aElogN( 1—q)+21— +210g(1 q)
q « 1
< 1— —log(1 —
< gty (170 * el

As o — a(7), we get

1
limsup RS(a) < 5 log(1 —q) ,

a—a(T)

and this proves the result since q is arbitrary. a

To prove that (8.78) follows from (8.76), consider a number a as in (8.78),
and a1 < a(7) such that RS(a) < a for a1 < a < a(r). Consider «p with
a1 < ap < a(7). Then for oy < M/N < ap and N by large, by (8.76) the
right-hand side of (8.78) holds true, and this implies that (8.78) holds true
since pn (Cn ar) decreases as M increases.

Let us denote by Area A the (N — 1)-dimensional area of a subset of A
of vSy, for any v > 0 . Thus, for any set A we have

Area ANSy
A= ——m———
p(4) AreaSy
so that
i1 (A)*ll Area (ANS )fil AreaS (8.95)
v loguw = 7 log Area N) — 7 log AreaSy )
and (classically)
lim - log AreaSy = - log(2er) (8.96)
Jim - log AreaSy = o log(2er) . )

We recall that C = Cn p = [\<as Uk A simple observation is that, since
7 >0, if v > 1 we have -

UUk:{SkZ’UT}C{Ssz}:Uk,
so that vC C C, and if v < 1 we have vC' D C. Thus
v>1= Area (C NvSy) > Areav(C NSy) = vV 1Area(CNSy) (8.97)

v < 1= Area(CNwvSy) < Areav(C NSy) = v 'Area (CNSy) . (8.98)

Proof of Theorem 8.4.1. To prove (8.76) we show that given a < a(r),
given £ > 0, then if N — oo, M = |aN |, for N large enough we have
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P 1 1 | | RS(a)| > < N (8.99)
— U, | — xXpl —— | . .
og UN k )|l =2 & | S exp

k<M
The claim that the same value of N achieves (8.76) for all M < ag N follows
by a simple argument from the fact that pn (Cn ar) decreases as M increases.
We recall the content of Theorem 8.3.1: Given € > 0 and x > 0, for N
large enough (and M = |aN|) we have

P (|Fov.as () — RSG(a, )| > £) < exp (-%) . (8.100)

Consider w > 1, and observe that
/Cexp(—/i||0'||2)d0' > exp(—sNw?) Vol(CN{e; N < ||lo||* < Nuw?}).
Using (8.97) in the second line we get
Vol(CNn{o; N < |o|?® < Nuw?}) = \/N/lw Area(C NvSy) dv
> \/Lﬁ (w" — 1) Area(C N Sy) .
Now we take w = 1+ 1/kN, so w" — 1 > 1/k, and hence

1
e —kllel|?de > —— e —kNw?)Area(CNSy) .
/Cxpwnm > = exp(—rNu?)Area(C 5y)

Recalling (8.79) and taking logarithms yields

1 1
Fnou(k) > —rw? + N log Area(C NSy) — N log(kVN) .

Since kw? = 2/N + 1/kN? + K, we get
1
NlogArea(CﬂSN) < Fnum(k)+k+en, (8.101)

where

. _ log(kV'N) er 1
NTTON N kN2

Combining with (8.95), we obtain

1 1
Nlog,uN(C) < Fnm(K)+K— NlogAreaSN +en .

Consequently,
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1
P (N log un(C) > RS(«) + 5)
1
< P(FN,M(,%) + K- i log AreaSy + en > RS(«) +5)
1
= P<FN7M(/-@) > RS(a) — K+ N log AreaSy + ¢ — sN) .

Let us use this for the value x = x(«) for which RSy (a, k(@) +k(a) = RS(«).

We have, setting ey = % log AreaSy — %log(Qew),

1 1
RS(a) — k(a) + N log AreaSy = RSo(a, k() + N log AreaSy

1
= RSo (o, k() + 3 log(2em) + €'y
= RSG(a, k(a)) + &y .

Therefore
1
P (N log un (C) > RS(a) + 5)
<P (FN’M(H(CV)) > RSG(a, k(a)) + e —en + 6§V> ,

and combining with (8.96) and (8.100), we obtain that for every ¢ and N
large we have

P<% log 11 (C) > RS(a) + 5> < exp (_%) .

To prove a lower bound on uy (C'), consider the function f(k) = RSo(a, k) +
. This function attains its minimum at k¥ = k(). Considering v < 1, for
small § we have

F(r(a)) < f(r(a) +6) 5 f(k(a) +6) > fk(a) +26) = (1 —v*)d

the second statement resulting from the fact that limgs_o(f(x(a) + 0) —
f(k())/é = 0. Setting £ = k(a) + 6 where § > 0 is as above, these in-
equalities are equivalent to

RSo(a, k — &) — & < RSo(a, k) ; RSo(a, & + &) + dv? < RSp(a, k) . (8.102)

We observe the inequalities (recalling (8.79))

Il = /
cnfllel=vN}

< exp(*N(S)/CeXP(*(“ —0)|le]*) do
= exp(N(—6 + FM,N(KJ - 5)))

exp(—# ||o|*) do
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I : = exp(—k ||o|?) do

/Cﬂ{lalﬁvx/ﬁ}
< exp(V6) [ expl-(x-+0) o) do

C
= exp(N(6v? + Fyn(k+9))) (8.103)

and thus

/ exp(—+k ||o|?) do > / exp(—k|o||*)do — I, — I,
Cn{oVR<lol|<V/F} c

>exp N Fyrn(K)
—expN(=0+ Fy,n(k—9))
—expN(6v® + Farn(k+96)) .

The left-hand side is at most
exp(—k 0> N)Vol(C n{|la||; [lo] < VN}).

Now, using (8.98),
1
Vol(C A {l|o]: I|e]| < VI}) = \/N/ Area(C' N vSy) d
0

1
< \/N/ vV "1Area(C' N Sy) dv
0

= \/LN Area(C'NSy) .

Thus we proved the bound

Area(CNSy) > \/Nexp(Nm;2)(exp NFy N(K) (8.104)
— exp N(=0 + Farn(k —6)) — exp N (60 + Fyn(k +6)))

The first part of (8.102) implies

(RSG(a, k) — (RSG(a, k — 6) — 6)) > 0.

g =

Wl =

Using (8.100) for ¢ = &’ shows that for N large enough, with probability
>1— Kexp(—N/K) we have

Fu.n (k) > RSG(a, k) — '

Fun(k—36) <RSG(a,k—6) +¢

and therefore

Fyun(k) = Fun(k—06) > RSG(a, k) — RSG(a, ks —0) — 28" = —6 + &' .
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Consequently,
Fyn(k) > Fyn(s—06)—6+¢

and for N large enough we have
exp NFy n(k) > dexp N(—d + Fun(k —9)) .

Proceeding in a similar manner for the other term in (8.104), we obtain that
for N large, with probability > 1 — K exp(—N/K),

exp NFy n(K) > 4exp N(0v? + Fun(k+9)),
and therefore
exp NFar v (k) > 2exp N(—0 + Farn(k—6)) +2exp N(6v® + Farn(k+9)) .

Therefore (8.104) implies that

B

Area(CNSy) > exp N (Farn (k) + kv?) |

and thus
1 2
N log Area(C NSy) > kv® + RSG(a, k) .

Lemma 8.4.7 implies that RSo(a, k) + & > RS(«), and hence
1
RSG(a, k) + k > RS(a) + 5 log(2er) .

Using (8.95) and (8.96) we obtain that with overwhelming probability, for
large IV, it holds true that

%loguN(C) > RS(a) = 2(1 —v*)k

and this concludes the proof since v < 1 is arbitrary. O

8.5 The Bernoulli Model

In this model we replace the independent Gaussian r.v.s g; ;. by independent
Bernoulli r.v.s 7; 5, P(1;x = £1) = 1/2; so the basic Hamiltonian is now

—Hym(o) =) u(\/—lﬁ > m,m) —wlol?+n > gioi.  (8.105)

k<M i<N i<N

One expects the behavior of this model to be very similar to the behavior
of the model with the Gaussian r.v.s. Proving this is, however, another matter,
in particular because so far we have used specifically Gaussian tools. It is
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rather unfortunate to find in the published literature papers considering in
the introduction Hamiltonians such as (8.105), and then stating that “for
simplicity we will consider only the case where the r.v.s 7, ; are Gaussian”.
The uninformed reader might form the impression that it is just a matter of
a few details to extend the Gaussian results to the Bernoulli case. This is not
true, in particular for the Shcherbina-Tirozzi model.

Research Problem 8.5.1. (Level 2) Prove that Proposition 3.1.17 holds
true with the Hamiltonian (8.105).

Rather than studying in detail the system with Hamiltonian (8.105), we
will carry on the easier program of proving that Theorem 8.3.1, and therefore
Theorem 8.4.1, remain true for this Hamiltonian (8.105). This still requires
a rather significant amount of work.

The nature of this work is essentially to show that certain (large) families
up = Y . @i¢n; of r.v.s behave somewhat as Gaussian families when the
r.v.s 1; are Bernoulli and the coefficients a; ¢ are not too large. The general
idea is very familiar, but the results required here are certainly not within
the reach of standard tools of probability theory. (In particular because the
number of variables (uy) grows exponentially with N.) A physicist might find
that the work of the present section lacks glory (since there is no reason to
doubt the result in the first place), but the mathematics involved are rather
challenging. In the general direction of comparing large families of r.v.s of
the type ug = >,y ai¢m; with Gaussian families of r.v.s, some of the most
important and natural questions have been open for a rather long time [107].

We define

1
plz)v,M = NElog/eXp(—HN,]VI(U))dU

where Hy ys is the Hamiltonian (8.105) and py, , is the corresponding quan-
tity for the Hamiltonian with Gaussian r.v.s g; , rather than n; ;.

Theorem 8.5.2. Assume that the function u is concave, and
ve<4, WP <D. (8.106)

Then
b g M
|pN,M _pN,Ml < N_QK(Dvaah) . (8.107)

As a consequence when we assume (8.106), Theorem 3.3.2 remains true for
the Bernoulli model (here and in the rest of the section, we refer to the
Hamiltonian (8.105) as the Bernoulli model, and to the Hamiltonian (8.1) as
the Gaussian model), and we can prove this without studying the Bernoulli
model in detail.

We could prove Theorem 8.5.2 by interpolation between the Bernoulli and
the Gaussian models, but for the pleasure of change we will use a slightly
different method, called Trotter’s method in the West (it was invented to
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prove central limit theorems without using Fourier transform, and it seems
to have been discovered much earlier by J. Lindeberg). The basic idea is that
to compare

EU(g1,...,9n) and EU(m,...,nN)

where g1, ...,gn are independent standard Gaussian r.v.s and 7y,...,nyN are
independent Bernoulli r.v.s, we replace the g; by the 7 one at a time: that
is, we define

Uk(z) =EU(g1,. -, gk—1,%, Mkt1,- -, 1IN ) , (8.108)

and we observe that

[EU (g1, 9n) — EU(n1, .. ,nn)| < Y |[EUk(gx) — EUk(ni)| . (8.109)

k<N
Now, if we define
.1‘2 1‘3 (3)
Ry (x) = Ug(x) — Ux(0) — 2U(0) — 5 i (0) — 370 (0, (8.110)
we have
|EUk(9r) — EUk(nx)| = |ERk(gr) — ERy (1) (8.111)

< E|Rk(gx)| + E[ Ry ()]

because ng; = Eni for £ = 0,1,2,3. Since Ry is a “fourth order term”, we
expect the right-hand side of (8.109) to be small provided U does not depend
too much on the k-th variable.

To implement the idea of (8.108) and (8.109) in the setting of Theorem
8.5.2, “we replace the variables g; by the variables n; ;, one at a time”. By
symmetry we may assume ¢ = N, k = M. We consider Hamiltonians of the

type

H,(o) = Z u(\/% Z §i7kcri> — kllo||®* +h Z gioi (8.112)

k<M <N <N

where the & for (i,k) # (N,M) are independent r.v.s that are either
Bernoulli or standard Gaussian, and where {3 = x. We consider the func-
tion

1
V(z) = NElog/exp(—Hw(a))da .
To prove Theorem 8.5.2 it suffices to establish a bound

K(D)
N3

EV(9) —EV(n)| < (8.113)

where ¢ is a standard Gaussian r.v. and 7 is a Bernoulli r.v.s. Let us denote
by (-), an average for the Hamiltonian (8.112). We compute V® (). “Each
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derivation brings out a factor N~/2”_ Using (8.106) and Holder’s inequality,
it is straightforward to reach a bound

K(D)

V()] < =5 Eloh)s - (8.114)

The difficulty is to control the last term. For this we must revisit the proof
of Lemma 3.2.6. We write

Zfz kOi -

z<N
We recall that p = (01,...,0n-1), and we consider, as in (3.85), the function
flon) = log/exp< Z u(Sk) — k Z UZ-Q +h Z giai>dp.
k<M i<N-1 i<N-1

Proceeding as in (3.87) it suffices to control E{(ox)%, and proceeding as in

(3.86) shows that

x)

E(on)z < K(7,h)(1+Ef(0)") .

Zka (Sk,0)) +

k<M

Now

where (u/(Sk0)) are certain Gibbs averages. We recall that £y a = x, while
for (i, k) # (N, M) the r.v §  is either standard Gaussian or Bernoulli. We
gather those of these variables that are Bernoulli, and we use the subgaussian
inequality (A.17) to obtain that Ef’(0)* < K(D)(1+z*/N?), and finally from

(8.114) that
K(D zt
V(@) < <§3)<1+<N2>.

Let us define

3
iv(?ﬁ(g) )

R(x) = V(@) = V(0) = aV"(0) = TV"(0) - 5

Proceeding as in (8.110) we get
[EV(g9) — EV(n)| < E|R(g)| + E[R(n)] -
Using the bound

[R(z)| < sup [VW(y)|,

ly|<l|z|

we then obtain (8.113) and conclude the proof. O

The rest of this section is devoted to adapt the arguments of the previous
three sections to prove how to deduce Theorem 8.3.1 from Theorem 8.5.2
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in the case of the Bernoulli model. Most of the work is devoted to find an
appropriate substitute for Theorem 8.2.7. The mathematics are beautiful, in
particular in Proposition 8.5.3 below. Still, this is somewhat special material,
reserved for the reader who has already mastered the previous three sections.
An obvious idea is that a r.v. of the type >,y a;7; is more likely to look
like a Gaussian r.v. when the coefficients a; are all small. Given a number
@ > 0 (that remains implicit in the notation) we consider the truncation

function
¥(z) = Yg(r) := max(—a, min(z,a)) , (8.115)

so that [ (z)| <@ and

[(z) —¥(y)| < |z —yl. (8.116)
We recall the function F(x) =log_,.,, exp sz, of (8.4).

Proposition 8.5.3. Consider numbers (a;¢)i<n.e<n and consider the r.v.s
U = Y ;o i eNi, where (1;)i<n are independent Bernoulli r.v.s. Let u) =

Zigjv Y(a;e)ni. Then
EF(u) > EF(u'). (8.117)

It will be easier to work with the family u’ than with u because all the
coefficients ¢ (a; ¢) are bounded by @, that will be chosen small.
Proof. Let us fix the numbers (1;);<n, and let us define
wp = exp (s Z ai,gm) .
i<N

We will prove that

[\)

1 1
—log <Z Wy exp saMg) + 3 log <Z wy exp(—saNyg))

L<n I<n
1 1
> §log<;w5 eXpS’lﬂ(aN7g)) + §log<;w5 exp(—sz/J(aN,g))) )

Taking expectation in the r.v.s (1;);i<ny proves that EF(u) decreases if we
replace the numbers ay ¢ by ¥(an ) and leave the numbers a;, (i < N)
unchanged. Iterating the process yields (8.117).

Writing a, rather than ay ¢, we want to prove that

ng exp say Zwe exp(—say) > ng exp s (ag) Zwe exp(—st(ag))

<n <n <n <n
(8.118)
We will prove that for any r.v. X we have
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Eexp sXEexp(—sX) > Eexp sy(X)Eexp(—sy(X)) . (8.119)

Now (8.119) implies (8.118) by considering the probability on {1,---,n} that
gives a mass proportional to wy to £ and the r.v. X such that X ({) = a,.

To prove (8.119) let us consider an independent copy X~ of X, so that,
since the r.v. X — X~ is symmetric,

EexpsXEexp(—sX) =Eexps(X — X~) =Ech(X — X7) = Ech|X — X[,
and, using this for ¢(X) rather than X, we get

Eexp sy (X)Eexp(—si(X)) = Eexp [¢(X) — (X7)],
and (8.119) follows from (8.116). O
The following should be compared to Proposition 8.2.2.

Proposition 8.5.4. Given b > 0 consider for £ < n, i < N consider num-
bers b; ¢ such that |b; ¢| < b. Define the r.v.s

ug = bimi,

i<N

where (1;)i<n are independent Bernoulli r.v.s. Consider a jointly Gaussian
family (ve)i<n, and assume that

Ve, > b = Eups VEEL Y bighiw < Evevp (8.120)

i<N i<N
Then, if u = (u¢)e<n and v = (v¢)¢<n, we have

EF(u) > EF(v) — LN(sb)*. (8.121)

Proof. We set u(t) = vtu+ /1 — tv and

¢(t) = EF(u(t))

so that ¢(1) = EF(u) and ¢(0) = EF(v), and

’ 1 Uy Vy oF
¢ = 338 (- i) g o)
We compute this quantity by integrating by parts in vy, and by using the
“approximate integration by parts” of (4.197) for the variables 7;. The “main
terms” resulting of this integration by parts are the same as if the r.v.s n;
were Gaussian, and the contribution to ¢’(t) of these terms and of the terms
coming from vy is > 0 (which is what the proof of Proposition 8.2.2 shows).
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The issue is to control the error terms. Let us fix ¢ < N, all the r.v.s n;, j # ¢
and the r.v.s vy, £ < n. Consider the function v(z) given by

1 oF
v(z) = Tﬂgbi,ea—w(u(tax» ;

where u(t, x) means that in the expression u(t) every occurrence of 7; has
been replaced by x. Approximate integration by parts in 7); is the evaluation
of En;v(n;), and the error term is bounded by

E sup |[v®)(z)] .
jel<1

Thus it suffices to prove that sup), <, [v®) (z)| < L(sb)*, where b = sup |b; |.
Computing v® makes it obvious that

@ @) <s >

£1,€2,03,64<n

o'F
8@1 8565281'[3 8xe4

(u(t, )|,

and the special form of F ensures that the quadruple sum is bounded by Ls*.
02
(To understand why, the reader should first check that »_, , |%(x)| <
’ 1 2

Ls?%) O

Proposition 8.5.5. Given d > 0, there exists a constant K = K(d) with the
following property. Consider numbers 0 < ¢ <b<d,a<d, with1/(b—c) <
d, and the function ¢ of (8.115). Consider numbers (a; ¢)i<nN <n and assume
that

Ve<n, Nb<> ¥(aig)* <Y al, <dN (8.122)
i<N i<N
VE£L Y d(aie)(aie) < eN . (8.123)
i<N

Consider the r.v.s uy = Y,y aiymi/\/ﬁ, where (n;)i<n are independent
Bernoulli r.v.s. Then if B

g

logn
K )

K<s< Ks*< N (8.124)
we have

2
P (card {E <n;u > %} < nexp(—Ksz)) < Kexp (—%) . (8.125)

Proof. Let uj, = ZiSNdJ(ai,g)m/\/N, so that EF(u) > EF(u’) by Propo-
sition 8.5.3. Consider a Gaussian family v/ = (v¢)e<p, such that vy =
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2/q+ T = g€, where as usual z and ¢ are independent standard Gaussian
r.v.s. We apply Proposition 8.5.4 with b; ¢ = ¢ (a;¢)/VN and b = d/vVN
to see that EF(u’) > EF(v') — Ls*d*/N. Lemma 8.2.3 implies that if
K < s</logn/K, where K depends on d only, then

2

S
EF(v') >1 —.
(V)_ogn+K

Combining these inequalities, we see that

2

S

EF(u) >1 —
(w) > logn+ 7

provided K < s < +/logn/K and Ks? < N, where K depends only on d.

If we think of F'(u) as a function of the real numbers (7;);<n, it has two
fundamental properties. First the condition ),y af’z < dN implies (as in
the case of Theorem 8.2.4) that its Lipschitz constant is < ds. Second, for
any number a the set of (7;) for which F(u) < a is convex. Thus, according
to the principle explained in Section 6 of [91], the inequality (8.14) remains
valid. The remainder is as in Theorem 8.2.4. O

Proposition 8.5.6. Under the conditions of Proposition 8.5.5, assume that
we are moreover given numbers (b;)i<n with Y-,y b7 < Nd, and consider

the rv. ug = ) bini/V'N. Then the constant K can be chosen so that
under (8.124) we have

2

s 9 s
<n: >2lc — < _
P(card{é_n,W—l—uo_K}_neXp( Ks ))_Kexp( %
(8.126)
Consequently, for
1 N
e< 174 exp(—K7%); e>n"VE, e>exp <K> (8.127)
we have s
P(Card{fgn; ue—i—uozg}gsn) < VK (8.128)

Proof. Denoting by Kj the constant of (8.125), we consider the events

2
2, : card {E <n;u > fs} < nexp(—4Kys?)
0

S
Qo up > ——
2-70= g,

2 :card {f <n;u+ug > Ki} < nexp(—4K052) .
0

We will prove that
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QC U, (8.129)

This proves (8.128) since the subgaussian inequality (A.16) implies P(£25) =
P(up < —s/Kjp) < exp(—s%/2d?KZ), and because we control P(§2;) by (8. 125)
used for 2s rather than s. To prove (8.129) we simply observe that if ug >
—s/ Ky we have

> _S = + > N
u u (')
¢ K() ¢ K()
and thus
d<l < > — 5 < d</l < + > — O
car n,;u car n;u U
= 3 L = Fr = 4 0 Fr

Proposition 8.5.7. Given a number d, there exists a constant K = K(d)
with the following properties. Consider numbers 0 < c<b<d,d>1/(b—c),
@ < d. Consider a probability measure G on RN, and assume that for a certain
b = (b;)i<y € RY, the following occurs, where 1 is the function (8.115):

({ Z;ﬁ’ >bN})21—exp<—%> (8.130)

G ({o: lol? < an}) = 1-oxn (-7 ) (s.131)
6**({(e"o): 3 wlol —bawiot - < v}) sz

o1 ( N)
>l—exp|—— | .
d

Then, for any 7 > 0, we have

N 1
Kexp <_E) <e< V% exp(—K71?)

= P(G({ \/_ Z o > T}) < g> < KeY/E | (8.133)

Proof. We follow the proof of Proposition 8.2.6, defining now
Qn = {(al,...,a") VE<n, [lof)? <dN, BN <Y (o — bi)?
i<N

VO£ S (ot~ bb(ol —b) < cN} |

i<N
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and using now (8.128) for up = >,y ni(of — b;)/V'N, so that ug + up =
doi<N niot/v/N. Since we consider only values of n < exp(N/K), and of
e > n~ YK the restriction € > exp(—N/K) of (8.128) is immaterial. O

Before we move on, we need a simple lemma.

Lemma 8.5.8. Consider a probability measure p on R with density propor-
tional to expw(xz) with respect to Lebesque measure, where w s a concave
function with w"” (x) < —c, where ¢ > 0. (The case where w 1is finite only on
an interval and is —oo elsewhere is permitted.) Assume that [ xdp(xz) = 0.
Then, if a > L/\/c and if X is a r.v. of law p,

1

E(y(X) — E(X))* > —E(X —EX)? = %EXQ (8.134)

where v is given by (8.115).

1

In words, we can witness a proportion of the variance of X by looking at
¥(X) instead of X. It is because of the requirement [ zdu(z) = 0 that the
vector b is needed in Proposition 8.5.7. This Proposition will be used with
b = (o), and (8.134) will be used to prove that

(i = (o:))?) -

SIG

(o = bi) = (P(oi — bi)>)2> >

Proof. Consider the unique point z* where w(z*) is maximum; without loss
of generality we assume that w(z*) = 0, so that w(z) < 0 for all . Define
now z1 < z* < z2 by w(x1) = w(xe) = —1; thus

/exp w(z)dx > /I2 expw(x)dx > %($2 —x1) . (8.135)

1

We prove that
/(m — 2" expw(z)de < L(zg —21)% . (8.136)

Indeed, by concavity of w, for > xo we have w(z) < —(z — z*)/(x2 — =¥),
and thus, since w(z) <0,

/ (z — 2*)? expw(x)da

< / (@ — )2 exp w(z)de + / (& — o) exp w(z)de

x* X9

< (22 —x*)3—|—/oo(:ﬁ—x*)2exp <— vo )dx

*
o To — T

< L(zp —z%)°,
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and proceeding similarly for the other half proves (8.136). Comparing (8.136)
and (8.135) we get

L
— 1
E (8.137)

/(x —2*)2dp(z) < L(xg —x1)* <

because (z2 — z1)? < L/c since w”(z) < —c. Since [ zdp(z) = 0, we have

z*? = (/(x - x*)du(x)>2 < /(Jr — ")’ dp(z) <

so that |2*| < L/+/c and since 1 < z* < 29 and 29 — 21 < L/+/c we have
|z1], |za] < L/y/c. Therefore |x1|,|z2| < @ provided @ > L/+/c. Next, we
prove that when |z1],|z2| < @, then

ot~

E(W(X) ~ Bp(X)) > 1

First we notice that, as in (8.136), we have

(2o —x1)%. (8.138)

/exp w(z)dr < L(xg — x1) .

Also, for [a,b] C [x1, 2], and since w(z) > —1 on [a, b], it holds

b
/ expw(n)d(z) > ~(b—a)

and therefore

_ Jyepw@dr | b-a
p(la; b)) = Jexpw(x)dz = L{zg — 1)’

which implies (8.138). Finally, (8.137) implies that
E(X —EX)* <E(X —2%)? < L(zg — 11)?,

and comparing with (8.138) completes the argument. O

Theorem 8.5.9. Consider a concave function U(o) on RN with U < 0,
numbers 0 < ko < k1, numbers (a;);<n and a convez set C of RYN. Consider
K with kg < Kk < k1 and the probability measure G on RN given by

1
VB, G¢(B)= E/B Cexp(U(a) — k|la||® + Z aiai)da' ,
n

i<N

where Z is the normalizing factor. Assume that for a certain number a we
have
Z >exp(~Na); Y a} <Nd®. (8.139)
i<N
Then we may find a number K, depending only on a, kg and Kk, such that
Ge satisfies (8.153).
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Proof. We shall show that conditions (8.130) to (8.133) are satisfied for
numbers @, b, c withe <b<d,a<d, 1/(b—c) <d, b= [odGc(o), where
d depends only on a, kg and k1. Define

Tia(o Nzw 42;T120' o’ Nzw Y(o? —b;),
i<N i<N
(8.140)
so that, denoting by (-) an average for G¢ or its products, we have
(T11(0) = (Tialer. o) = 5 { S (600300 = (0l ~b)?) - (s.140)
' 2N

i<N

We first prove that

(T11(0)) — (Tya(o!,0%) > =

= (8.142)

where K depends only on a, k1, k2. In the proof of Theorem 8.2.7 we have
shown that

1
)y > —=. .14
(Ri,1) = (Ri) = QNZ;V > = (8.143)

In Lemma 3.2.5 we have shown that the law of o; — b; under G¢ is of the
type considered in Lemma 8.5.8, with ¢ = 2x. Thus, if @ > L/,/k1, we deduce
from (8.134) that

((loi — be) ~ (blos — bi))?) = 2ol — o0))?)
and therefore (8.141) and (8.143) imply (8.142).

It is very simple to see that the Lipschitz constant of the functions (8.140)
is < La/v/N. Thus (3.16) yields

[ e 1 (Tia(o) - (110)*dGe(o) < 1.

and therefore

Gello s [Tiafe) = (Tl =) < Loww (- ) -

We observe that moreover the measure G%2 on R2Y corresponds to the Hamil-

tonian Hy ar(o!) + Hy,a(0?), which satisfies (3.4) on R?Y. Therefore as
previously (3.16) implies that

2
GE*({(e!,0?); [Tip(0t,0%) = (Th2)| > t}) < Lexp <Nt> :
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We then continue as in the proof of Theorem 8.2.7. O

Even though it was harder to prove, Theorem 8.5.9 is a perfect substitute
for Theorem 8.2.7. We leave to the reader the task to prove that, once we
have obtained Theorem 8.5.9, the proof of Theorem 8.3.1 carries through with
essentially no changes in the case of the Bernoulli model, with the exception
of the proof of Proposition 8.3.9 from (8.68) on. The difference there is that
S, = N~1/2 ZKN 7i,m0; is no longer Gaussian. What is required to make
the proof work is to show that given €, we can find &/ > 0 and Ny such that
for N > Ny and each m we have

(Emlr—cr<s, <)) €.

First, we prove that given ¢’ there is Ny such that if N > Ny, given numbers
a; with |a;] < N4, then for each number z,

ailli ’ / N ’
P( E[x—sw]) <Ley | == +2¢. (8.144)
i<N VN ZiSN a;

Since the left-hand side is < 1, it suffices to consider the case where
Sienai > 2N, As we detail now, this statement follows from the one-
dimensional central limit theorem. Indeed, if ¢ = 3",y a?/N, the r.v. X =
V23" aini/ VN satisfies EX? = 1, and since ¢~ /2|a;|/vV/N < N~V/4 /¢,

for large N we have for each z that

P(X <z)-Pg<a)<e,

where g is standard Gaussian. Therefore |P(cX < z) — P(cg < z)| < €', and
by (8.69) it holds
P(cX €[z —€',z]) <P(eg € [x — &', x]) + 2
Le' N
< —€+26'§L5’ = +2.
c Zigzv a;

Next, let

5’7’71:\/—% Z i

loi|<N1/4

where the summation is taken over all i for which |o;| < N4 and let
S!' =S, — SI. be the sum of the other terms. Observe that S/, and S)/, are
independent r.v.s. Since

T <S,<17 = S, e[r-8S/, -, 7-8],

we deduce from (8.144) that for N > Ny we have
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N
+2¢/,

E,.lr _. < Le
{r—e'<Sm<ry S LE a(o)

where a(0)® = Y2,y 0715, j<n1/4}- Continuing as in the proof of Proposi-

tion 8.3.9, it suffices to prove that if &’ is small enough we have
/ exp(—kl||o||?)do < & exp(—Na) .
a(o)<Ve'N

This uses standard methods: Denoting by v is the probability with density
proportional to exp(—k||a||?), we bound y({a(co) < z}) by

il/{fexp)\a:/exp(—/\a(o'))d“Y(U);

the computations are a bit tedious.
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9.1 Overview

This chapter continues the work of Chapter 2. We study the Hamiltonian

—Hyalo)= 3 u(Si); Sk = Si(o) = %N S s (9.)

k<M i<N

We are concerned mainly with the case where exp u(x) is nearly 1;,>,) for a
certain number 7 (which is fixed once and for all). We assume the following

u<0; z>7 = u(z)=0. (9.2)

Since it is very desirable that u be differentiable, we assume that u(3) exists,
and that for a certain number D

1<¢<3 = Y9 <D. (9.3)

The difference between the work of Chapter 2 and the work we are go-
ing to present is that the dependence on D of our estimates will be much
weaker; every occurrence of D in the estimates will now be multiplied by an
exponentially small factor exp(—N/L). This will allow to have D depend on
N. The overall content of the present chapter is that there exists a(r) > 0
such that if M/N < «(7) and (9.3) holds for D = exp(N/L) then we un-
derstand very well the system governed by the Hamiltonian (9.1). The very
weak requirement (9.3) for D = exp(N/L) allows to find (given N and M) a
function w satisfying this requirement and for which expu(z) is a very good
approximation of 1g,>7y. It is worth repeating this. We will approximate
the function 1y,>7y by a function u which varies with N. What makes the
argument work is that condition (9.3) for D = exp(N/L) becomes very weak
for large V.

At this point it is probably wise to make explicit a rather important
difference between the way we look at spin glasses and traditional statistical
mechanics. In spin glasses, there is no “limiting system” as N — oo, and the
object under study is really the system considered for a given large value of
N. With this in mind, it is quite natural to try to approximate the function
1;.>-y by a function u that depends on the situation under study, i.e. on N.

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der 49
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern

Surveys in Mathematics 55, DOI 10.1007/978-3-642-22253-5_2,

(© Springer-Verlag Berlin Heidelberg 2011
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The central difference between the situation of Chapter 8 and the present
situation is that we no longer have a magic proof of the fact that Ry =~
(R1,2), and we will have to work very hard to prove that R; o ~ Const. (On
the other hand, the fact that the spins are bounded removes several minor -
yet irritating - sources of complications.)

The overall approach is the same as in Chapter 2, and it would be very
helpful for the reader to have Sections 2.2 and 2.3 at hand while proceed-
ing. We use the smart path of Section 2.1, and we attempt to show that the
terms I and II of Proposition 2.2.2 nearly cancel out. This is done though the
“cavity in M” method of Section 2.3; what we need is a better estimate than
Lemma 2.3.2 provides. In the remainder of this section we try to outline the
general strategy that will achieve this. Since we describe the overall structure
of the approach, we do not recall the definitions of the various quantities in-
volved in complete detail, as these details are irrelevant now and will be given
in due time. For the time being, we recall that the average (-); ~, corresponds
to the Hamiltonian (2.30) (i.e. when M has been replaced by M — 1), while
V¢, is given by the formula

<f exXp Zégn U(S£)>t7~
(Ecexpu(Sy))p.

where E¢ denotes expectation “in all the r.v.s labeled £”. At first sight the
above formula differs from the formula (2.35). This is simply because in (2.35)
we made the convention that the expectation E¢ is built-in the bracket (-); ~.,
while in the present chapter we find it more economical to write explicitly this
expectation instead of constantly reminding the reader of this convention.

Given a function f on X%, and B, = 1 or B, = u/(S})u/(S2), we want
to bound %Vm(BU f). After differentiation and integration by parts, this
quantity is a sum of terms of the type

Vew(f(RL 2 — a)A) (9.4)

where A is a monomial in the quantities u/(SY), v (S%), u"'(S%) and where
Ri, = N1 (X, cyolof +toyok). Of course it does not matter that we
have R‘LQ rather than R; 2. The problem is that A might take huge values,
because the derivatives of u can be very large (which could not happen in
Section 2.3) and we have to show that somehow these huge values cancel out.
With the notation of Section 2.2 we have

<f(R§,2 — q)E¢Aexp Zegn U(S£)>t’~
(Ec expu(Sy))i~
, <f(R§,2 —q)E¢Aexp Zegn U(S£)>LN
(E¢expu(Sy))7~

where E’ denotes expectation only in the randomness of the S*. This ran-
domness is independent of the randomness of (-); .. We then separate the

Vi (f) =

vio(f(Rl o —q)A) = E

=EE

, (9.5)
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numerator and the denominator using the Cauchy-Schwarz inequality

<f(R27e' —q)EcAexp Zegn U(Sf»tw

E’ <IxII 9.6
[EcoxpulSHY. < (©6)
where
5 N\ 1/2
1= (B (7L~ OBcaesp T u(s))” ) (97
<n o~
and
1 1/2
II=(F . .
( <Egexpu<sg>>%:z> ©8)

We will bound both terms separately. To bound the denominator in (9.8)
from below we cannot do better than

<E§ expu(55)>t,~ > <E§1{S%ZT}>t-,~ :

This quantity is closely connected (in particular when v = 1) to the quantity
(1{s,>7})t,~, & random variable for which we have obtained the estimate
(8.23). This estimate is however insufficient, even if we consider only the case
n = 6. Indeed, given a random variable X > 0, to obtain the integrability of
X 12 it does not suffice to know that P(X <e) < El/L, we need something
like P(X <€) < & for a > 12. So we will have to improve on the estimate
(8.23), and this will be the purpose of Section 9.3.

To control the term (9.7), if A = A((S%)e<n), let A’ = A((S5")1<,) and
define a replicated version f’ of f similarly. Then

E’<f(R’i,2 —q)EcAexp )y u(sfi>>2

<n t,~

= <ff/(Rfi,2 - Q)(warl,nw - Q)E/EEAA/ eXp Z U(Sﬁ)> - (9.9)

<2n )

To control this quantity, we will prove the following. There is an exponentially
small set of configurations (o', ..., 0%") such that, outside this set, we have

E'EcAA  exp Z u(SY)

£<2n

<L.

The reason for this is simply that when there is enough independence among
the r.v.s (S%)s<2n, one can eliminate the derivatives of u occurring in A and
A’ through integration by parts (and these were the cause for A to be large).
On the exceptionally small set of configurations we use (9.3) to control |A|.
In this manner we will prove that the quantity (9.9) is at most
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LA RL s = all R — al)en + R
= L(flIR12 —ali~ +R

where R is exponentially small. Therefore
I< L<|f‘|R§,2 —q)e~+R

which (modulo the fact that we have (-); . rather than (-);) is very much
what we are looking for. We should also point out that it does not work to
use the Cauchy-Schwarz inequality on the whole of E in (9.5); this would
yield a bound E(|f[|R} 5 — q|?)*/?, which is useless.

Learning how to perform integration by parts will occupy Section 9.4.

There is a further complication. Each of the two bounds previously de-
scribed needs the knowledge that the average (-);~ is not pathological. We
know how to prove this when Zy ar = > exp(—Hn (o)) is not too small.
We will prove a priori that this is the case with overwhelming probability,
provided o = M/N is not too large.

Once these obstacles are overcome, we can recover the results of Section
2.4 when Lo exp L72 < 1, but this time under the much less stringent condi-
tions (9.3) with D = exp(IN/L). This will be done in Section 9.5. The main
estimate is obtained in Proposition 9.5.5. Roughly speaking, this Proposition
replaces the estimate

i T1\1/71 _|T2\1/72 i
‘dvytﬂ)(B?)f)’ S K(D) (Vt,v(|f| ) Vt,v(‘Rl,Q (J| ) + NVt,v(|f)>
of Lemma 2.3.2 by the estimate

d

‘aytv“(vi)‘ < Lexp Lt (Vtvv(|f|ﬁ)I/Tll/t,v(|R1,2 —q|™)Y™

+ %Vt7v(|f|) + max|f\D4 exp (_%>> .

From this, we will be able, in Section 9.6, to deduce the Gardner formula
for the cube when Laexp L2 < 1 by repeating (in a simpler manner) the
arguments of Section 8.3. We will also, in Section 9.8, show the surprising fact
that, in the end, the differentiability of u is largely irrelevant. In the remainder
of the chapter, we will prove a central limit theorem for the overlaps, and
we will investigate the Bernoulli model, when the Gaussian randomness is
replaced by coin-flipping randomness.

9.2 A Priori Estimates

We already have the tools to prove that Zy s is typically not too small. This
will be done in Theorem 9.2.3 below. We start by a simple observation.
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Lemma 9.2.1. Consider a probability measure G on Xy ; assume that G has
a density proportional to W < 1 with respect to the uniform measure on Xy,
and assume that for a certain number t > 0 we have

7= Y Wie) 22 e (-N;) . (9.10)

Then we have

2
G ({(6',0%); Ria>1}) <exp <NTt) : (9.11)

Proof. Using that W < 1 in the second line and (9.10) in the third line, we
obtain

1
GZ({(o'0%): Rip=t}) = o5 > W(e)W(e?)
Ry 22>t
1
< ﬁcard{(al,oj) i Ry >t}
—2N N_t2 12y,
<2 exp 1 card{(c",0°) ; R12 >1t}.

Now, if (1;)i<n are independent Bernoulli r.v.s,

272N card{(a',0?) ; Rio > 1} = P(Z 7 > tN)
i<N

by the subgaussian inequality (A.16) used for a; = 1. O

Lemma 9.2.2. There exists a number L and a number \g > 0 with the
following property. Consider a probability measure G on Xy ; assume that G
has a density proportional to W < 1 with respect to the uniform measure on
YN, and assume that

Z = ; W(e) > 2N exp <?])\;> . (9.12)

Then, for independent standard normal r.v.s (g;)i<n we have

N 1
Lexp (_f> <e< I exp(—L7?%)

= P(G({G; %ZQW}ZT}) S€> <el/t. (9.13)
i<N
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Moreover the r.v.

V= ! (9.14)

max(exp(—N/?)?),G({O' ; \/—% > i<n 9i0i = T}))

satisfies
EV* < Lexp L72 . (9.15)

Of course the value 1/32 is just a convenient choice. We write

1
a= g b* = exp(—aN) = exp(—N/32)

throughout this chapter.

Proof. From (9.12) and Lemma 9.2.1, we see that (9.11) holds for ¢t = 1/2.
Thus (9.13) follows from Proposition 8.2.6 used for b = 1 and ¢ = 1/2, d = 32.
The r.v. V satisfies

t>expaN = PV >t)=0

1 N
Lexp(LT?) <t < 7 XD (f) = P(V>t) <Lt ¥/,

and the conclusion follows from Lemma 8.3.8. O

We recall that Sy, is defined in (9.1) and we state the main result of this
section.

Theorem 9.2.3. There exists a number L with the following property. If
b > b* = exp(—aN), then

P(card{o ; Vk < M , Sp(o) > 7} <b2V) < b /L exp(LM (1 +72)) . (9.16)

This inequality is of interest only for b < 1 so the larger the value of L, the
weaker the inequality. If we take b = b* = exp(—N/32), the right-hand side is
exp(L1 M (1+72) — N/Ly), which is exponentially small as soon as 2L2a(1 +
72) < 1. This might be the place to remind the reader that by L we always
denote a number, that does not depend on any parameter whatsoever, but
that need not be the same at each occurrence. With this convention, the short-
hand way to write the previous claim is that “when b = b* = exp(—N/32),
the right-hand side of (9.16) is exponentially small when La(1 + 72) < 17
The reader will then understand by herself that the constant L occurring in
this inequality is a new number that depends only on the (different) number
L occurring in the right-hand side of (9.16).
Since u(x) = 0 for z > 7, we have

Zny > card{o ; Vk < M, Sip(o) > 71},

and the previous result shows that Zy as is typically > 2NV exp(—aN) when
La(1 + 72) < 1. Therefore in that case the Gibbs measure typically satisfies
(9.13).
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Research Problem 9.2.4. (Level 2) Can the main results of this chapter
be proved under the condition La(1472) < 1 rather than under the condition
LaexpL7t? <17

Apparently solving this problem requires finding a different approach.

Research Problem 9.2.5. (Level 2) Extend the results of this section to
the case of the Hamiltonian

Hyn(o)= > u(Se)+h ) o (9.17)

k<M i<N

where h is large.

The point of this problem is that the influence of a large external field
will make R, 2 typically close to one, while our arguments constantly require
that “R; o be typically small”, so the solution of this problem is also likely
to require a different approach. Also one often gets the feeling (but maybe
this has no basis) that adding an external field can only improve matters.

Let us also note that it should be obvious to the reader, once she under-
stands our arguments, that for 7 < 0, the condition La < 1 suffices.

Proof of Theorem 9.2.3. We set
Vir =2 Neard{o ; Vk < M , Si(o) > 7}

so that
Vi < V-1 <1

Let us denote by G the probability measure on X'y of density W(eo) =
1N, ..., Ux (o) with respect to the uniform measure on Xy. It satisfies the

condition (9.12) of Lemma 9.2.2 provided V1 > b*. Also,

Vr
Var—1

=G({o; Su(o) =7} .

It then follows from (9.15) that if Ej; denotes expectation only with respect
to the r.v.s g; ar, we have

1

Vi1 20" = Ey < LexpLt? <expL(t?+1).
max (b*, VM/VM_l)AO ( )

(9.18)
When Vi;_1 > b* we further have, since Vy;_1 <1,

b* Vr
max(b*, V) = Vy—1max | ——, ———
( M) M-t (VM—l VM—l)

> max(b*, Var—1) max (b*, Vit >
V-1
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and combining with (9.18) yields

1 1

< L(1+7%).
M max(b*, Var)*o ~ max(b*, Va_1)20 exp L{1+77)

This relation remains true when Va;_1 < b* because then the left-hand side is
< b*~*0 while the right-hand side is > b*~ 2o Tteration of this relation yields

1

E— < LM(1+ 72
max(b*, Vag)ro = exp ( )
so that, if b > b*,

P(Viy <b)b~ <exp LM(1 4 72). 0

Throughout the chapter we use the notation
U, = {Sk > ’7‘} .
Later it will be of fundamental importance that the r.v.

card{o ; Vk < M , Si(o) > 7} = card ﬂ Uy
k<M

has small fluctuations. Since the argument is close in spirit to the previous
one, we present it now, but the result itself will not be used before Section
9.6. We recall that a = 1/32 and from Chapter 8 the notation

log 4 () = max(—A,logz) . (9.19)

Proposition 9.2.6. There exists a number L with the following property.
Consider any function u satisfying (9.2) and let

Z=7Z(u)=Zynu(u)= Zexp Z u(Sk(o)) . (9.20)

k<M

Then for each t > 0 we have

1 _ 1 _
P (’ngaN(Q Nz) - NElogaN(Q NZ)‘ > t)

1 N?t? Nt
<2 ——mi . 21
< exp( me(M(l—&—7'2)’1—|—7'2>> (9.21)

This result includes the case expu(z) = 1{z>7}-

Proof. We follow the proof of Proposition 8.3.6. Denoting =,,, the o-algebra
generated by the r.v.s (g; %) for i < N, k < m and by E™ the conditional
expectation given =, we write
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1 _
+ l0gan (2 N7y - NElogaN 2 Nz)= Z X

where 1 )
X = E” log, n(27V2Z) — NE"’*1 log,y(27VZ) . (9.22)

Using Bernstein’s inequality for martingale difference sequences (A.41), it
suffices to prove that

Xm
Eexp | Xm| <2. (9.23)

Let us define

and P
Y = l{Zmzb*} logaN 7171 .

Denoting by E,, expectation in the r.v.s (gim)i<n only, it suffices (as in
(8.58)) to prove that
E,.exp2)\Y <2 (9.24)

for A = 1/L(1 + 7%). To prove this we may assume Z,, > b*, for otherwise
Y = 0. The probability measure G on Xy with density proportional to
W = exp (Zk#mu(sk)) then satisfies the conditions of Lemma 9.2.2, and
thus, by (9.15) we have

1

m < LexpLt?. 2
e G = exp Lt (9.25)

ZuGUn) = Y exp(z > ZQXP<Z

ocUp, k#m k<M

Su(a))) = 2
because u(S;,) = 0 on U,,. Thus, using in the last equality that ¥ =
log,n Zm/Z = max(aN, Z,,/7Z), we get

1 min | expaN 1 > min [ expalN Zm
- = X R X —
max(b*, G(Un)) PeN Gy ) © Pai. 7

=expY

and (9.25) implies
E,.expAoY < Lexp L% < exp Lo(1+ 72) ,

from which (9.24) follows through Hélder’s inequality for A = A\g/2La(1+472).
O
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9.3 Gaussian Processes

The goal of this section is to bound the quantity (9.8). It should help the
reader to look again at Section 8.2, up to Proposition 8.2.6. The arguments
here are similar, just a bit more elaborate.

Theorem 9.3.1. There exists a number L with the following property. Con-
sider 0 < ¢ < 1/2 and a jointly Gaussian family (we)i<n; assume that
Ewg =1 and that

Ve #£ L, Ewowe <c. (9.26)

Then if nc > 2 and L < s < y/log(nc/2)/L we have
2
P(card{é <n;w >s}< nexp(—Ls2)) < Lexp (—%) . (9.27)

The point of (9.27) is that if we set ¢ = exp(—Ls?) the bound is Le'/*¢, and
the exponent will be large for ¢ small.
The proof relies on an elementary geometrical lemma.

Lemma 9.3.2. Consider a number ¢ > 0, and vectors (X¢)e<n n a Hilbert
space. Assume that ||x¢|| <1 and x¢-xp < ¢ whenever £ # {'. Then, for any
vector X we have

1
card{l ; x-x, > ||x||v2¢} < =

Proof. Assume that x-x, > ||x||\/2_c for ¢ < k. Then

bxvEe < x- (S ) < el Ex

)

<k <k
and )
Yoxel| =D Il + Y xexe <k ck(k—1).
<k <k (A0
Thus
kN2e < \/k + ck(k — 1) < VEVI + ck ,
so that 2ck <1+ ck ie k< 1/c m]

The following useful fact is a consequence of Theorem 1.3.4. We denote
by g = (¢:)i<n a standard Gaussian vector.

Lemma 9.3.3. Consider a closed subset B of RN, and
d(x,B) = inf{d(x,y); y € B},

the FEuclidean distance from x to B. Then for t > 0, we have

f 2
P (d(g,B) >t+2,/log @) < 2exp (—tz) ) (9.28)
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Proof. The function F(x) = d(x, B) satisfies (1.45) with A = 1, so that for
all t > 0 by (1.46) we have

2
P(ld(g, B) — Ed(g, B)| > 1) < 2exp (’54) | (9.29)

If t = Ed(g, B), then

and combining with (9.29) we get

2
t=Ed(g,B) = P(g€ B) <2exp <tz) ,

2
Ed(g, B) < 2“10g|3(g763) .

and combining with (9.29) gives (9.28). O

so that

Proof of Theorem 9.3.1. We consider vectors x, in RY such that the
sequence (wg¢)e<n has the same law as (x¢ - g)r<n. (The existence of these
vectors is proved in Section A.2 but will be obvious in the situation where we
will apply the lemma.) Using (8.13) with b =1, ¢ = 1/2, d = 2 (and changing
s into sL) yields that for L < s < \/logn/L we have

2
P(card{¢ < n; wy > s} > nexp(—Ls®)) >1— Lexp (_SZ)
ie. if
B={xeR"; card{{ <n;x x> s} >nexp(—Ls*)}, (9.30)
then
2
Plge B)>1— Lexp (f) )

Consequently, there exists a large enough constant L3 such that for s > L3
we have P(g € B) > 1/2. (Of course, according to our conventions about
the meaning of the symbol L, we should simply say that s > L implies that
P(g € B) > 1/2.) It then follows from (9.28) that for ¢ > 0 we have

t2
P(d(g,B) >t+4) < 2exp <_Z) ’
and setting v = t + 4, it follows that for ¢ > 0, it holds

02
P(d(g, B) > v) < Lexp <8> . (9.31)
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Let B, = {x; d(x,B) < v}, so that (9.31) implies

2
P(g€ By)>1— Lexp <7’8> . (9.32)

By definition of B,, for g € B, we can find g’ € B with ||g — g'|| < v. We
note that x - xp = Ewywy < ¢ for £ # £’ so that by Lemma 9.3.2 we have

card{¢ <n; (g —g) x> vV2c} < %

On the other hand, since g’ € B, recalling the definition (9.30) of B we have
card{f <n; g -x; > s} > nexp(—Ls?)

and thus

1
card{{ < mn; g-x¢ > 5 —vV2c} > nexp(—Ls?) — =
c

because g’ - x; > s and (g’ — g) - x; < vv/2c imply g-x; > s — v\/2c. Taking
v = 5/2\/%, we have shown that

1
ge B, = card {Z <n;g- x> %} > nexp(fLSQ) —-—=> nexp(fLSQ)
c

provided s < y/log(ne/2)/L. Combining with (9.32) this completes the proof.
O

Corollary 9.3.4. There exists a number L and a number ¢ > 0 with the
following property. For a jointly Gaussian family (w¢)e<, with Ew} =1 and

E#El = Ewpwy <€,
then for any number T > 0 and
1
In YVt <e< I exp(—LTQ)

we have
P(card{( <n;w >7}< an) < L&t (9.33)

Proof. From (9.27) we obtain
P(card{ﬁ <njw>7h< nexp(—LsQ)) < Lexp <_Z—26)
provided s > 7, s > L, s < \/log(n¢/2)/L. Letting ¢ = exp(—Ls?) we have
Lexp (;;) = Lel/la® = [

if ¢ =1/24L,. This completes the proof. O

The meaning of the quantity ¢ remains as above in the remainder of this
chapter.
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Proposition 9.3.5. There exists a number L with the following property.
Consider a probability measure G on Xy, and a family (w(o))scxy of jointly
Gaussian r.v.s such that Ew?(o) =1 and

G ({(e",0?) ; Ew(o w(o?) > 2}) < 32exp <_%> (9.34)

for a certain number d. Then for any number T > 0 we have
N 1 2 24
Lexp ~Td <e< EeXp(_LT ) = P(G({o; w(o)>71}) <e) < Le**.
(9.35)

Proof. We copy the proof of Proposition 8.2.6, using now Corollary 9.3.4
instead of Corollary 8.2.5. Let

Qn={(c",....,a"); VL £, Ew(e')uw(c") <7},

so that since there are at most n(n — 1)/2 < n?/2 choices for ¢ and ¢ it
follows from (9.34) that we have

N 1
32n? exp (d) <1 = G"(Q,) > 3
For (o!,...,0m) € Q,, consider the event

Qet,...,o") = {card{{ < n; w(e’) > 7} <en},

so that Corollary 9.3.4 implies
1
Ln Yt <e< I exp(—L7?) = P(2(ct,...,0")) < Le**.
Thus if we define

Y = / 1{_(2(0.1)._"0.n,)}dG(0'1) s dG(O’n) s

n

we have

EY = [ P(R(c',...,6")dG(c") - -dG(c") < Le?* |
Qn

and therefore by Markov’s inequality P(Y > 1/4) < Le?*. Now
Y =G®"({(a!,...,0™) € Qn; card{l < n; w(o’) > 7} < ne})

so that
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1
Y < 1 = G®"({(o},...,0™) € Qp; card{l < n; w(o’) > 7} > ne})
1 1

= G®H(Qn) -Y >

1

51" 1

In that case,

G{o; w(o)>71}) = /card{E <n; w(e’) > 7}dG(a?) - --dG(a™)
> nsG®"({(U1 o") € Qy ; card{f < n;
( y>Th> nzs})

> ]
- 4

so that we have proved that
1
YSZ = GH{o; w(o)>71}) >

and therefore
= Y >

G({o; wlo) =27} <

In conclusion, if 32n2 < exp(N/d) and ¢ satisfies

=1 m

1
Ln YVl <e< I exp(—L7?)

we have
P(G{o; w(o) >T1}) <e/4) < Le** .

We conclude by taking n as large as possible.

Corollary 9.3.6. There exists a constant L with the following property.
Consider a probability measure G on Xy and a family (w(o)) as in Propo-

sition 9.3.5. Then if b= Lexp(—N/Ld), for any number 7 > 0 we have

1
B (6, G ({5 w(o) = )

< LexpL7?. (9.36)

Proof. We define b = Lexp(—N/Ld) where L is the constant of (9.35). Let

Y = max(b,G({o ; w(e) > 7})), so that by (9.35) we have
1
e<egg:= 7 exp(—LTQ) = PY<eg< Le*t |
because P(Y <¢) =0 if ¢ < ¢. We use that
1 *° _
EW = 12/0 P(Y <e)ePde
€0 o0
< L/ etlde + 12/ e 1de
0 €0

< L5(1)2 + 5612 < Lexp L3 ,
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and this completes the proof. a

We recall the definition of Sy, given in (9.1). If we define w(o) = Sk(o),
then Ry = ESk(0!)Sk(0?) = Ew(o!)w(a?). Here is a simple situation
where (9.34) is satisfied in this case.

Proposition 9.3.7. Assume that
N Né?
card{O'eZN; Vek< M-—1, SkZT}ZQ exp 5 ) (9.37)
Consider the Gibbs measure G with Hamiltonian — 3, -\, u(Sk(o)). Then
®2 12 - Ne?
G?*({(c",0%); Rip >7¢}) <exp - (9.38)
Proof. Use Lemma 9.2.1 with t =¢ and W(o) =exp)_, ), u(Sk(o)).

O

We must now take care of some (tedious and unsurprising) details in order
to be able to apply the above principles to our interpolating Hamiltonians.
We recall the notation

5H0) = <= 3 gaci = Sulo) - B

<N
o ¢ 1t
Ski(o) = Sp(o) + NINKON T\ €N

where &, are independent standard Gaussian random variables (independent
of all the other r.v.s already introduced). It is of course almost certain that
replacing Sy by Sk in the interpolating Hamiltonian cannot really change
anything, but we must nonetheless check this. This occupies the rest of this
section.

Lemma 9.3.8. If we have La(l + tau?®) < 1 for a large enough constant L
then the following two events

—2
card{a; Vk< M, Sp(o)>7+ 3} > 2N exp (]\{g) ; (9.39)

Vk<M, |gnil <VN. (9.40)
occur with probability > 1 — Lexp(—N/L).

Proof. We use Theorem 9.2.3 with 7+3 instead of 7 and b = exp(—N¢*/16).
O
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Lemma 9.3.9. If N > 10, the following holds true. Let us assume that
(9.39) and (9.40) hold true. Then, for any number y we have

=2

EgZexp<Z (Ski(o ))+oNy) > 2N exp <A{g) chy,  (9.41)

k<M
where E¢ denotes expectation in the r.v.s §.
Proof. Let
A={o;Vk<M, S)(o)>T1+2}.

Let us assume that
V<M, |&] <VN. (9.42)

Then using that |gn x| < VN in the first line and that |gn | < VN and
|€x| < /N in the second line yields

S%(o) > Si(o) — 1 (9.43)
Spi(a) > S (o) — (Vt+V1—t) > S)(a) — 2. (9.44)

Since u(z) = 0 for x > 7 we have u(Sk (o)) = 0 if SY(o) > 7 + 2. Conse-
quently for o € A we have

exp( > u(Ska(o)) + aNy> =expony ,

k<M
so that
7= Lewo( 3 ushelo) +owy) = Xew( 3 ulsile)) +ow)
k<M k<M
= Zexp ony = cardAchy , (9.45)
A
because the set A is invariant under the transformation (o4, ...,0ny-1,0n8) —

(01,...,0n-1,—0nN). Also, (9.39) and (9.43) imply that
cardA > 2V exp(—Né*/16) ,

and thus by (9.45), under (9.42) we have Z > 2V exp(—N&?/16)chy. Since
& is standard Gaussian, we have P(|¢,] > v/N) < 2exp(—N/2), so that for
N > 10 the event {2 described by (9.42) occurs with probability > 1/2 and
this completes the proof since

EcZ > Ec(10Z) > P(2)2" exp(—Nc*/16)chy . O

We recall the notation R} , = N~ (3, olo? +toyo).
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Proposition 9.3.10. For N > 10 the following occurs. Assume (9.39) and
(9.40), and consider the measure G on X' given by

/ 146 = Lo S (@ exD (Ticy ulSia(o) + ony) (9.46)

Z E¢exp (X g« pr u(Ski(0)) +ony)
Then

G*®? <{(a’ o) [R5 > (11Nt> z}) < 32exp <J\gc2) . (9.47)

Proof. Let Rj, =N~ so that (for N > 10)

<N z 27

Therefore if 7 is as in (9.45), we have

o {orr s (-5)7)

1
- > ewuleh k)
IR} o|>(1-(1-t)/N)e

1
< m Z eXpy(UJl\f""UIQV)
¢ \R;2|>36/4

3c
< h? =
= (EEZ)zc ycard{(a ) |R1 2| > 4 } )

because the condition |Ry ,| > 3¢/4 does not depend on the value of o} and
0% Now (A.18) implies

card{(al,UQ) s[RIl > %} < 22N+ exp <—932C )

=2
S 22N+1 exp <M) ,

4

and we conclude using (9.41). O

The following will allow to control the term (9.8).

Proposition 9.3.11. There exists a number qo > 0 and a number L with
the following properties. Assume that (9.39) and (9.40) hold. Consider the
probability measure G given by (9.46) and denote by (-) an average for G.
Consider any number 0 < q < qg. Consider independent standard Gaussian
r.v.s z,&, and set
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w(o) = VoSu(o) + V1—v(zy/q+&/1—q). (9.48)

Denote by E' expectation in the r.v.s g; pr and z. Then, for b= Lexp(—N/L)

we have
A

1
7 Lexp L7? | 4
max(b, E¢ (exp u(w(o))))'? < p (9.49)

where E¢ denotes expectation in &' and Enr.

Proof. Be begin the proof by a few observations. Let us denote by E,
expectation in the r.v.s g; o only (given z). Let

ooy _ 1 ! N A
w'(o) = \/ﬁ (\/—N KZ]:V%,MOZ + \/;QN,MUN> .

The purpose of the factor 1/4/1 — (1 —t)/N is to ensure that E,w’(0)? =1
in order to apply Proposition 9.3.5. We have

1
E ' (oM )w'(0?) = mRiQ }
It follows from Proposition 9.3.10 that the family w’'(o) satisfies the condi-
tions of Proposition 9.3.5 for the probability measure G given by (9.46) and
for the value d = 8/¢2. Since d is a universal constant, the number b in (9.36)
is of the type L exp(—N/L) and will from now on be denoted by b. Therefore
by (9.36) for any number 7/ > 0 we have

1
Ey max(b, G({o ; w'(a) > 7'}))

/2
5 < Lexp LT'". (9.50)

We now start the proof of (9.49). We observe that

w(o) = Vi1~ (o) + vy T e VI e+ €T ).
(9.51)
Case 1 We have v > 1/2. We set

()

where N(s) = P(¢' > s). Let us define

’ T

T (=N

Then (9.51) implies

2T

€=

G20, w(@)z 7 = w(e) T > expulule)) = 1.
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Therefore, if w'(o) > 7/, we have

=V
Vi—q

E¢expu(w(o)) > P(f' > — v > 0) =d,

and thus
Ee(expu(w(a))) = (Egexpu(w(a))) > dG({w'(a) > 7'}) , (9.52)
so that (9.52) yields, using (9.50),
1 1 1
E,—— e p—
max (b, E¢ (expu(w(o))))t2 ~ d max(b, G({w'(o) > 7'}))12

L
< iz exp L7

L
< S P L%, (9.53)

since 7/ < 27. Now, using the rough estimate A(s) > exp(—s?)/L, we have
—12 2
1 2:\/q 12z4q
— =2BN (- —2= <L
d? ( \/1—Q> N eXp(lrJ)’

so that if ¢ < g9 we have Ed~'? < L and taking expectation in z in (9.53)
the result follows.

Case 2 We have v < 1/2. Then (9.51) implies

5’2—\/%—&—27; Ev >0, w(oe)>0 = wloe)>T,

and thus (9.52) holds now for

;L AV
=0, d—/\/( m—!—%’),

and we proceed as before, using that

2,/q 2
Eexp12 <27’ — > < Lexp L7?
Vi—=q

if ¢ < qo. 0

9.4 Integration by Parts

If g is a standard Gaussian r.v. and U is a smooth function (of moderate
growth), the size of EU’(g) is governed by the size of U rather than by the
size of U’ because, by integration by parts,

|EU'(9)| = [EgU(9)| < Elgl|U(g)| < Lsup|U] .

More generally, we have the following elementary fact.
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Lemma 9.4.1. Consider independent standard Gaussian 1.v.8 hy, ..., h,, a
smooth function V' of n variables, and integers ki,... ky. Let k=7, k.
Then B
‘Eakiv(h ha)| < Clka, k) sup V] (9.54)
axlfla(l,‘]fln 1y---sltn)| > 1y---5hn P 3 .

where the number C(ky,...,ky) depends only on ki,...,kn. In fact, more
generally, if {1,...,¢, are integers > 0 then

okv

dxkr . g

(h17--~7hn) S C(kl,...,kn,él,...,fn)sup|V| .

(9.55)

‘Eh{l - hin

Proof. The proof goes by induction over k. For k = 0 the result is ob-
vious. Assuming that (9.55) has been proved for k — 1 (and all values of
Oy, . by, k1, ... ky such that >°, ki = k — 1) we prove it for k. we may
and do assume that k; > 1, and we simply write, using integration by parts
in hy, that

orv
ERt okl — = (hy,... Iy
1 n 8x’f1~~8xf§"( 1 )
oV
— £1+1 ln
—_ Ehll .~~hn 633’1“7183:’52 "'85[757’" (h17...7hn)
_ oF-v

— (ERSTL gt (hi,..., hn) s

dxtr 1ok . gl

and the proof is complete. a

We proved (9.54) when hq, ..., h, are independent. Certainly (9.54) will
not hold without any condition on hq, ..., h,. For example, at the opposite
from the independence situation consider the pair (h, k), a function f of one
variable and U(z1,z2) = f(z1 — x2), so that

0*U "
83)183’:2 (.Tl,,fCQ) - _f (1'1 _xQ)
and e
U ey

is certainly not controlled by sup |f]. Still, it turns out that (9.54) will hold
provided there is enough independence between the r.v.s hy,...,h,. To see
this, assume that there is a linear invertible operator T': R® — R"™ such that

T(hl,...,hn):(wl,...,wn) y (956)
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where the sequence (w1, ..., w,) consists of independent standard Gaussian
r.v.s. That is, T' is given by a invertible matrix (ag¢ ), and (9.56) means that
Wy = Y <, eerhy. Consider the function V= U o T~ of n variables, so
that U = V o T. Each term

kU
E—(h1,...,h,
k... Qi (hn )
is a linear combination of terms
kv

7 7
Oxy' - - Oz

where ¢ + ...+ /4, = k. The coefficients of this linear combination are deter-
mined by the coefficients of the matrix 7. Using (9.56) and (9.54), each term
(9.57) is controlled by sup |[V| = sup |U|. Thus

okU

m(hh vy hn)| SOk, ..ok, || T]) sup U] (9.58)

where ||T'|| is the size of the largest coefficient of the matrix T" and the quantity
C(k1y...,kn,||T||) depends only on ky,...,k, and ||T.

Here is a simple condition under which one can control ||T||.

Definition 9.4.2. A jointly Gaussian sequence (hy, ..., hy) is widely spread
if for each £ < n we have Eh? < 1 and there exists a Gaussian r.v. z; with
Ez? <1, Ez¢hy > 1/8 and Ezghy =0 for £ # (.

Of course here we assume that the whole family (hy,..., hy,21,...,2,) is
jointly Gaussian. Equivalently, we may assume that the r.v.s z, belong to the
linear span of hy, ..., h,. The choice of the constant 1/8 is quite arbitrary.

It often helps to think in geometrical terms. This is the case here: con-
sider the space W of linear combinations h = >, a¢hs provided with the
scalar product (h,h') = Ehh'. Given ¢ < n, consider the linear span W, of
h1, ey hg_l, hg+1, ey hn. Then

sup{(z,h¢) ; z€ W ; lz|?=1;VL#L, (2,hp) = 0}

is the distance from hy to Wy. So, the sequence (hy, ..., h,) is widely spread
if and only if for each ¢ this distance is > 1/8.

When
w= E aghe
'<n

and if 2, is as provided by the hypothesis of Definition 9.4.2, i.e. Ez? < 1,
Ezohe > 1/8 and Ezghy = 0 for £ # ¢/, we have
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)

a
el > (e, w)] = lar(ze. )| = |5

so that |ae| < 8]jw||. It should be obvious that W is n-dimensional. Consider
any orthonormal basis wy,...,w, of W, so that the sequence w1, ..., w, is
i.i.d. standard normal. We have just shown that the matrix of the map T
such that (9.56) holds satisfies | T'|| < 8. Thus we have proved the following.

Proposition 9.4.3. If the sequence (h¢)e<n s widely spread then

okU

m(hl,---,hn) < C(k)sup|U], (9.59)

where C(k) depends only on k =ky + -+ ky.
We now show that widely spread sequences occur naturally.

Proposition 9.4.4. Consider a probability measure G on Xn = {—1,1}¥
and assume that

N N
N . 2 < L __
vx € R™ G({a, E lo; — a;]” < 16}) §4eXp( 32> . (9.60)

i<N—1
For o in Xy, let h(o) = N"Y23",_\ gio;. Then
G ({(a!,...,a™); (h(e),..., h(c™))is widely spread })

>1—L"exp (—3%) . (9.61)

Proof. As a first step, given o',...,0""! € Yy we show that G(A) >
1 — L™ exp(—N/32), where

A={0; 32, Ex*=1,Ezh(o)>1/8; V{<n—1, Ezh(o'e):()},

and where z is a Gaussian r.v. that belongs to the linear span of (g;)i<n-
To prove this statement we consider the space RN ! provided with the dot
product (x,y) = N~'Y", v, @;y; and the associated distance. The condi-
tion o € A° means that p = (01,...,0n5_1) is at distance < 1/8 from the
linear span W of p',..., p" !. According to Proposition A.7.1 we may find
a subset F' of W with cardFF < L™ such that any point of the unit ball of W
is within distance 1/8 of F'. Then if the distance of p to W is < 1/8, since p
is of norm < 1, p is within distance 1/8 of the unit ball of W, so is within
distance < 1/4 of F. Thus

N N
¢y < . . ]2 < D < L7 -
G(A%) < G({U, dxeF; g lo; — ;] < 16}) <L exp< 32>

i<N-—1
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by (9.60) and this completes the proof that G(A) > 1 — L™ exp(—N/32). We
then use Fubini Theorem to obtain that if

B, ={o',--o™; 3z, Ez* =1, Ezh(o™) > 1/8, ¥ < n—1, Ezh(a’) =0},
then

N
n >1_]" _
G®"(B,) > 1— L"exp < 32) ,

and therefore

G ({(a!,...,a™); (h(e!),..., h(e™))is widely spread})

N
>1—nL"exp <—§> ,

which completes the proof. a
Condition (9.60) itself occurs naturally, as the following shows.

Proposition 9.4.5. Assume (9.39) and (9.40), and consider G as in (9.46).
Then G satisfies (9.60).

Proof. If Z is as in (9.45), then

G({o-; > (oi—x)? < %}) < E%Z%:expym , (9.62)

i<SN—1
where the summation is over the set
B = ; — 1) < ﬁ} .
{0‘ Z_S;_l(az x;) T
Since B does not depend on the last coordinate, we have
Z expyon = chycardB
B

and by (9.41) the right-hand side of (9.62) is < exp(N¢2/16)2~ V¥ +lcardB.
Next we proceed to bound cardB. Consider A = 1/2, so that exp(—\) <
1—=X/2 and 1+ exp(—A) < 2(1 — A/4). Since for each i either |1 — ;| > 1 or
|14 x;| > 1, we have

ex -2 (IIJl — Ji)2

Yoo 3 o)

=2 J] (exp(=A(1+2:)%) + exp(=A(1 — z;)%))
i<N—1

< 2(1 + exp(=A)N !
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so that

i.e., since A = 1/2,

cardB < oN+1 exp (—1—]\(/;) .

Since we may assume ¢ < 1/2, we have
exp(Ne?/16)2 N FlcardB < L exp(—N/32)

and the result follows. O

Our final technical result will allow us to deal with r.v.s such as in (9.48).
Proposition 9.4.6. Assume that the sequence (h¢)e<n is widely spread.
Consider a number ¢ < 1/2 and Gaussian r.v.s hg,z,ff. We assume that

the r.v.s (h}) are independent of the r.v.s (hy), and that the r.v.s z,£¢ are
independent of the r.v.s hy and hj,. Then the sequence

we = V1 —v(2/q+ /1 = ¢¢) + Vu(he + b))

s widely spread.
Proof. Since the sequence hy is widely spread, by definition, for £ < n there

exists a Gaussian r.v. z; with Ez7 = 1, Ezphy > 1/8, Ezghy = 0 if £ # (/. we
may assume that Ez&[ = Ezhj), = 0 for each ¢. The Gaussian r.v.

ge = V1 — v + oz

satisfies Eg? = 1, Egowe = (1 — v)/T — ¢ + vEz¢hy > 1/8 and Egewy = 0 if
'y 0

9.5 The Replica Symmetric Solution
We have built the tools necessary to accomplish the program outlined in

Section 9.1, and now we will perform the steps of this program in detail. We
recall the number 7 of (9.2).



9.5 The Replica Symmetric Solution 73

Theorem 9.5.1. There exists a number L with the following property. Con-
sider a function u that satisfies (9.2), and assume that

N
v&1§£§5,hMN§ew<f>. (9.63)

Consider o with
LaexpLt®> <1. (9.64)

Then, if z and & are independent standard normal r.v.s, the system of equa-
tions with unknown (r,p)

_ 9 _ o« Ecéexpu(f) 2
q = Eth®(2y/Tr) ; r_l—qE<EgeXpu(9)) , (9.65)

where 0 = z,/q + §/1 —q has a unique solution. Moreover, consider the
system with Hamiltonian (9.1). Then if « = M/N satisfies (9.64) and if q is
as in (9.65) we have

L
v((Ri2—q)%) < N (9.66)

The control of the first 5 derivatives in (9.63) is assumed as a blanket as-
sumption for further use. The reader can check that to prove (9.66) it would
suffice to control the first three derivatives.

Let us first study the system of equations (9.65). To compare with the
equations (2.66) we recall that by integration by parts we have

) 1 Ec& expu(f) 27 Ecu'(6) exp u(6) 2
o= (Ean) “EChamam ) - 00

Let us define
v T —2\/q
Vv1—gq '

We will prove first that

Ec€expu(6)\’ 2
(wa@)gMY+n. (9.68)

Since u < 0 and
E>Y=0>7=u(f) >0,

we have
Ecexpu() > Pe(€>Y), (9.69)

denoting by P, the probability corresponding to E¢. Thus (9.68) is obvious
when Y < 1, since |[Ecexpu(f)| < E|§] < L and Egexpu(d) > 1/L. When
Y > 1, it holds
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|Ec€expu(f)| < E¢lyei<yylélexpu(f) + Eclygsyy|€ expu(f)
< YEeexpu(0) + Eelgesyvrlé] -
Therefore

E¢ expu(0) E¢ exp u(0)
We observe that

.132

“genlil= 7 [ ree( = o= el

= — xex r=——=exp|—— |,
EH{IEI>Y} o Jy p 2 o p 9
and that, by (3.136) and (9.69) we have

E 0>+ 1 y?
cexpu(f) > 1+Y2\/ﬂeXp 5 )

so combining with (9.70) we obtain

Ec& expu(f) YZ+1
—— L <Y+ L——<LY+1.
’ Ecexpu(f) | ~ * Yy -~ *

This implies (9.68) and thus, going back to (9.67), we have

~ L(1+72)
M) < —~ .
@ (1-¢)?
Therefore 1
¢<5 = Flg<L+7),
so that if the constant in (9.64) is large enough then
bl i< !
=3 =3

and since Eth?(zy/r) < Ez?r < r the continuous function

q— (q) = Eth?(21/a7(q)) (9.71)

maps the interval [0, 1/2] into itself; so the equation ¢ = 1)(¢) has a solution.

To show that this solution is unique, one simply works harder along the
same lines to prove that |¢)'| < 1. There is no point however to complete the
details, since our argument will show that (9.66) holds for any solution of
(9.65), and that therefore this solution is unique.

We turn to the proof of (9.66). We fix once and for all a solution (g, r) of
the equations (9.65) and recalling (9.67) we set 7 = 7(q). As we explained in
Section 9.1, the key to the results of the present chapter is a better estimate
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than (2.40) when using the “cavity in M” method; and we turn to this now.
We think of ¢ as fixed, and given a function f on 4 replicas, we recall that

<fE5u’(Sﬁ)u’(S£/) exp ng4 U(S?)%,N

AT A
Vi (fu/ (S (SY)) = E (Ec exp(SD)) ’

(9.72)

where E¢ denotes expectation in the randomness of the variables I3 Efw,
where

Sy = Su(0",&4y) = VoSari(a®, €4y) + VI —v(zy/g + €/1—q) (9.73)
Sai(o,§) = Z \/Lﬁgi,MUi + \/%QN,MUN + %5 )

i<N-—-1

and where (-);. is the Gibbs average corresponding to the Hamiltonian
(2.30).

Proposition 9.5.2. Consider a function f on X%, and
p(v) = v (P (S)U'(SY) or 9(v) = vu(f) (9.74)
Assume that D is as in (9.3), and that (9.64) holds. Then

|so'<v><LexpLT2( S Efl R — dl)in
£1,£2<6,01F#L>

+%E<\f|>~ + max | f|D* exp (_%) ) . (9.75)

Proof. We observe the very important fact that, if £ # ¢/, we have

82
a.%'ga.%'g/

' (zo)u' (ze) exp Z u(Tm) =

m<4

exp Z u(xm,) - (9.76)
m<4

To compute ¢'(v) we differentiate the relation (9.72) and we integrate by
parts in all the Gaussian r.v.s occurring in S%. We recall the notation

1 t
¢ _ L 12, U 1 29
R172— NK%;loiai —l—NUNUN.

Setting S¥ = 95! /v, (a quantity that should not be confused with S¥) we
see that ESYS! = (R} s — q)/2. We have explained in great detail in the
proof of Lemma 2.3.2 how to compute ¢’ (v) using integration by parts. This
argument shows that ¢'(v) is a linear combination of terms

<f(R21,e2 - Q)E5V>t,~
(Ecexpu(Sy))f .

(9.77)
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where

=V(S),....59)

and

ok

V(z,...,x6) = — kﬁ exp Z w(Tm) ,
8x1 ...

for integers ki,...,kg with k = Emgb’ km < 4, and k,, < 3. Specifically,
k=2 when ¢(v) = vy,(f) and k = 4 when @(v) = vy, (fu'(S)u'(SY)).

Consider the (exceptional) event (2 that (9.39) or (9.40) fail. Using Lemma
9.3.8 we obtain that if the constant in (9.64) is large enough, then

o< oo ()

On the other hand, since V < LD*exp(}_,, < u(S;")), we have

(EcV)i~ < DYEcexp Y ulST))i~ = (EcexpulSy))f .
m<6
so that
eS| < el g < Emesl D"
Therefore (07%)
e10] Y i?feip . (2;5;?/’1“” < Lmax |f|D*exp <%> . (9.79)

This controls what happens on the exceptional event {2 and we turn to the
control of what happens on the “generic” event £2¢. Let us denote by E’ the
expectation in the randomness of z and of the g; a7, ¢ < N. This randomness
is independent of {2 so that

Ry, —q)EcV)n R, —q)EcV)yn
Elge <f( £y, q) 3 - >t, _ E].QCE/ <f< 01,02 q) 3 . >t, (980)
(Ec expu(Sy))e (E¢ expu(S;))7
Comparing (9.73) and (9.48) we obtain from (9.49) that
1
= < LexpLt?. (9.81)

max(b, (E¢ expu(St))s )12

In particular if £/ = 2°¢N {(E¢ expu(S!)); ~ < b}, we have (with the obvious

notation that P’ denotes the probability corresponding to E’)

P/(2) < Lb exp L2 (9.82)
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so that since b is exponentially small in N, 2’ is another exceptional event.
We observe that, using (9.78) and (9.82), we have

<f(R21,€2 B q)E§V>tv~
(Ecexpu(S)))? ~

10-E'10 <L max|f|512D4 exp L2

N
< max|f|D*exp LT% exp <_f> .

Having controlled what happens on the exceptional event {2’ we turn to
the control of what happens on the generic event 2. We note that (9.81)
implies
1 1

< 1gF —
EcexpulSHIL = 7 max(b, (E¢ exp u(Sh))~ )12

< Lexp L2 .

].QC El].Q/c

Combining this with the Cauchy-Schwarz inequality we get
(f(RE, 0, = DEV)en
(Ec expu(S}))7 -
< lgeLexp L*(1o<E'(f(RY, 4, — 9)EeV); )2 . (9.83)

l_Qc E,]__Q/c

The remainder of the proof consists in controlling the expectation of the
quantity (9.83). This is the main argument. We consider a replicated copy f’
of f; that is, if f = f(a!,...,0%), we set f'(a!,...,0'?) = f(o7,...,0'%)
and we consider

fN = ff/(Rzl,ZQ - Q)(R21+6,Z2+6 - Q) .

Thus
(f(R, 0, — DEV)i o = (fYEW )i (9.84)
where
W(SL,....S) =V(S},...,SOV(SI, ..., S¥%).
In particular W is of the type
W(z! r'?) = ak exp Z
ey 3x ' k12 .,

for integers ki,...,ki2 with >~ 15 kmn < 8 (and k,, < 3). From (9.84) we
have -

LoeE'(f(RY, 4, — QEV)? L = oo (fE'E¢W)s =1 +11, (9.85)

where I is the contribution to (-); . of all the configurations for which the
sequence S}, ..., S'? is widely spread, and II is the contribution of the other
configurations. That is, if
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A={(e!,...,0'?); SL ..., S is widely spread} ,

I=10:(1af"E'EW)in

=10 (Lacf"EEW)~ .

We use Proposition 9.4.3 with U(z1,...,212) = exp ), .15 u(Zp,), so that
0 < U <1 and we obtain B

L LA e~ < LASIIRE, 4, — al)im -

The essential point of the proof is that only the bound for U, and not the
much larger bound for W occurs here.

We recall that by definition of the event (2, conditions (9.39) and (9.40)
hold on £2¢, and the probability G on X'y corresponding to the averages ()¢ ~
is of the type (9.46). Propositions 9.4.5 and 9.4.4 then imply that the set of

configurations (o, ...,o'?) for which the sequence hy,- -, his is not widely

spread is exponentially small for G, where

1
he = h(c) = N Z gi M0t

<N

We then use Proposition 9.4.6 with

t 1-—1t
h;z =1/ N!}N,Mgfv +4/ ng/[

to obtain that the set A° of configurations (a!,...,a'?) for which the se-
quence S}, ..., 8% is not widely spread is exponentially small, and since
|W| < LD® exp > <12 W(Tm) We get

II < Lmax|f|exp <—%) D¥ |
so that (9.85) implies
Loe (' (f (R, 4, — OBV )" < LASIIRE, 4, — alen
+ Lmax|f|exp (—%) D*. (9.86)
Finally, we write

1
(1R, 0, = e < (S Re e = e + 3 Dem s

and we combine this estimate with the previous ones to conclude the proof
of (9.75). O

We can now fix the constant L of (9.63) once and for all so that (9.75) becomes
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Yol <tepi( S EflIRus — dl)n
£1,£2<6,01F#L>
+ LD + max|flexp (2 (9.87)
N t,~ +max|f|exp i . .

To obtain the estimate (9.87) is the main effort in proving Theorem 9.5.1.
However we would like however to have (-); rather than (-); . occurring on
the right-hand side, and we now learn how to compare these.

Lemma 9.5.3. If La(l1+72) <1 and f > 0 is a function on X%;, we have

E(f)e < Lexp L72 (W( £) + (max f) exp <_JZ>) . (9.88)

Proof. Let us denote by E’ expectation in the r.v.s g; ar, ¢ < N. Since u < 0,
we have

Vt(f) =E

E£<f exp Y ycg “(Szgw t)>t <
= B S E( fE'Ecexp Y u(S§ >
Eclexpu(ST, )% - cexp 2 (S

~
3

(9.89)
Consider a number d > 0, to be determined later, and

A={(a",...,0%) ;YL AL | |Rpp| <d}.

In Lemma 9.5.4 below we show that we can choose d (which is a universal
constant independent of any other parameter) so that

1
(0',...,0% A = FEE eXpZu(SﬁM) = exp(—L7?) . (9.90)
<8
Thus
1
E(fEEcep T u(Sin) ) > 1 expl(-LrELaT)n
t,~

<8 ,

\

> %GXP(—LTQ)(EU%W — (max f)E(Lac)e,~) -

Since d is a universal constant we may and do assume that ¢ < d. It then
follows from Lemma 9.3.8 and Proposition 9.3.10 that if La(1+72) <1 (and
using (9.47) for ¢t = 0) we have E(14¢)¢ . < Lexp(—N/L). This concludes
the proof, modulo the proof of (9.90), which is given in the next lemma. 0O

Lemma 9.5.4. There exists a number d > 0 with the following property. If
we consider Gaussian 1.v.s (we)e<s, such that Ew} = 1, |Ewewe| < d for
L+, then for any value of T we have

1

PWVE<8, wpg>71)> 7 exp(—L7?) . (9.91)
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When applied to the case w, = Sﬁ“, this proves (9.90) since u(z) = 0 for
r>T.

Proof. It should be obvious that one can choose d > 0 so that the hypothesis
on (wy) implies that we can find i.i.d. Gaussian r.v.s (v;)e<s with

= E 01V

<8

where for each £ we have |1 —age| + 32,4 |ace| < 1/3. Consequently,
1
wyp > vp — 3 max |ver| (9.92)
To prove (9.91) we may and do assume that 7 > 1. Then on the event

VE<8, 21 <wp, <37, (9.93)

we have wy > 7 by (9.92); and the event (9.93) is of probability greater than
or equal to (1/L)exp(—L7?). O

Let us summarize what we have proved.

Prop051t10n 9.5.5. Under (9.63), and if La(1l + T ) 1, for any function
fon X4 and if either p(v) = vio(fu' (S’ (SY)) o ( ) = vio(f) then
whenever 1/m+1/ro=1and 0 <v <1 we have

[¢'(v)] < Lexp L7* ((Vt(frl)l/ﬁVt(Rl,z —q|™)"/™
1 N
+ )+ maxlflexo (<5 ) ) (9.9
Proof. We combine (9.87) and (9.88) and we use Holder’s inequality. O

Research Problem 9.5.6. Is it true that (9.94) holds with a term L(1+72)
rather than L exp L72?

Corollary 9.5.7. Under (9.63) and if La(l + 72) < 1, for any function f
on X%, whenever 1/11 + 1/m2 = 1 we have

wn(fu (Shrn' (S51.0) — Tre(f))]
< Lexp L7? <(Vt(|f|ﬁ)l/Tth(|R1,2 —q|)t/m

+ gyl maxflesp (- ) ) (9.95)
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Proof. If B denotes the right-hand side of (9.94) then
p(0) =) < B. (9.96)

Now ¢(1) = Vt(ful(Sﬁ/[,t)Ul(SfC[,t)) and using (2.38) we see that ¢(0) =
TE(f)t,~, so that

| (fu (S5 )0 (Shr0)) = TE(f)en| < B (9.97)

Using again (9.96) in the case ¢(v) = vy, (f) yields | (f) — E(f)i,~] < B,
and combining with (9.97) finishes the proof. O

Proposition 9.5.8. Under (9.63), and if La(l + 72) < 1, for any function
f on X%, whenever 1/11 + 1/72 = 1 we have

V()| < Laesp L7 (Vt(f|ﬁ>1/”Vt(R1,2 gy

1 N
+ Nl/t(|f|)+max|f|exp <_f>) . (9.98)
Proof. Combine (9.95) with (2.23). O

Lemma 9.5.9. Assume Laexp L2 < 1. Consider a function f on X%, f >
0. Then

Vi, wv(f) <2v(f)+ Lmax|f|exp (—%) . (9.99)

Proof. Using (9.98) for 7 = 1, 75 = 0o we obtain

lvi(f)] < Loexp L2 (l/t(f) + max | f|exp (%)) (9.100)

and we integrate using Lemma A.11.1. a

Now it is straightforward to check that one can prove (9.66) by following
the steps of the proof of (2.67). Theorem 9.5.1 is proved.

Proposition 9.5.10. Under the conditions of Theorem 9.5.1 we actually
have

k
V=1, v(Ris— ™) < (%ﬂ) , (9.101)

Proof. We copy the proof of Theorem 2.5.1. In (2.96)we get an extra term
Lmax |f|exp(—N/L) < 22) exp(—N/L). Now, for z > 0 we have

(az)” > exp <1>

ae
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Lok\* . AN
Lok o [NV
aN ) =P\ T e

and if Ly is large enough we have

N Lok \*
22k o < L
oo (-7)= (%)

and the proof of Theorem 2.5.1 carries forward with no other changes. O

We recall that ¢ and r are defined as in (9.65). We recall the notations (2.11)
and (2.72):

so that

pv.ar(u) = %ElogZexp(fHN,M(a'))

p(u) = *g(l — q) + Elog(2ch(2y/7)) + aElog E¢ expu(z,/q + £y/1 — q).

(9.102)
Theorem 9.5.11. Under the conditions of Theorem 9.5.1 we have
L
|pv () —p(u)l < - (9.103)

The proof follows the approach of the second proof of Theorem 2.4.2. We
recall the identity

PN 1 (w) = pyov(u) = %Elog<expu<\/% ;Vgi,M+10i>> :
We define
S = \/%Z ginroi + VI =805 05 =2/q+¢/T—q,
i<N
p(s) = %Elog Ee(expu(Sh)) .

The excuse for using the same notation here and in (9.104) below as in (9.73)
is of course that they serve the same purpose. By (2.89) we have
) - L2 = (S (52 explu(sh) + (D)

2 (Ec{exp u(S1)))?

(9.104)

As in the proof of Theorem 2.4.2 one needs to control |¢'(0)| and |¢"(s)].

Since ¢'(0) = —(7/2)v(R1,2 —q), we have |¢'(0)] < L/N as a consequence
of the next Lemma, that we will prove when we study central limit theorems
in Section 9.7.
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Lemma 9.5.12. Under the conditions of Theorem 9.5.1 we have

L
W(Raz =)l <y

To control ¢”, we compute it from (9.104) using integration by parts; this
brings a new factor (R — ¢) in each resulting term. To bound the resulting
quantity is not obvious a priori, because the denominator can be small, and
the derivatives of u can be huge. But we simply repeat the steps of the proof
of Proposition 9.5.2: we separate the numerator from the denominator using
the Cauchy-Schwarz inequality, we integrate by parts, and so on. The proof
is quite simpler than that of Proposition 9.5.2, because we do not have to
be concerned with the pesky interpolating averages (-); ~. The reader who
really likes to understand the previous techniques should carry out the detail
of the proofs, as suggested by the following exercise.

Exercise 9.5.13. If Laexp L2 < 1, prove the inequality

l¢"(s)| < Lexp L7? (y((Rl,g —q)%) + Lexp <—%>) . (9.105)

Combining (9.105) and (9.66), we have
L
()] < = expLe?
and since |¢’(0)| < L/N by Lemma 9.78 we have reached the bound
1 L ,
N m+1(u) — oy v (u) — NElog Ecexpu(0)| < N &P Lr*,
and as in Theorem 2.4.2, summation over M (and the fact that M <

LN exp L7?) yields (9.103).

9.6 The Gardner Formula for the Discrete Cube

We recall the notation

ez /2
Up={o; Sk(o) >7}; N(z) =P >2); A(JU):\/LQ—WN@) .

In the case expu(x) = 1{;>} the equations (9.65) become

2
I _ o« T — 24
q = Eth*(2y/7) ; rl_qEA(m) , (9.106)

where z is a standard Gaussian r.v.
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Theorem 9.6.1. There is a constant L with the following property. Consider
7 and M with Laexp L2 < 1. Then fort >0 we have

P<|% log (2Ncard ﬂ Uk> —RS(a)| > t) (9.107)
k<M

< Le —lmin N Nt N
=P T2 M(1+22))

where

RS(a) = —g(l — q) + Elog ch(z/q) + aElog N (%/ZT\/;) . (9.108)

where « = M/N and g and r are solutions of the equations (9.106).

If one does not care about the dependence on 72 (which is unlikely to be
sharp anyway) one can simplify (9.107) as
1 Nt?
P (‘N log (Q_Ncard m Uk> — RS(O{) Z t) S Kexp (-7)
k<M
for t < 1, where K depends on 7 only.

The existence of a solution to the equations (9.106) where Lavexp L72 < 1
was actually obtained in the proof of Theorem 9.5.1, because this part of the
argument never used (9.63), so it remains valid in the case expu(z) = 1¢;>}.
A bit of extra work would show that these solutions are unique.

The following is a rather weak consequence of Theorem 9.6.1. The main
motivation for proving it is that it was announced in Section 2.1.

Corollary 9.6.2. When 7 = 0 there exists ag < 1 such that

p( N U :@) > 1—Lexp<—%> : (9.109)

’CS(X{)N

Proof. The difficulty is that Theorem 9.6.1 holds only for v < 1/L while we
are trying to prove something for « close to 1. As a first step we prove that
for a > 0 we have

RS(o) < —alog?2 . (9.110)

Let us denote by F(q,r, «) the left-hand side of (9.108) when we consider g, r
and « as unrelated variables. Then the conditions (9.106) mean that

oF oF
8_(,](Q7T’a) - E(%ﬁa) =0 )

so that
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’ d —Z\/q
RS () daRS(a) og N Ny
Now, Jensen’s inequality implies
—2\/q —2/4
Elo N<7> <lo EN( ) , 9.111
B\ V=) =TT A

and since N (z)+N(—z) = 1, the expectation in the right-hand side of (9.111)
is equal to 1/2. There cannot be equality in (9.111) unless ¢ = 0, and this
does not occur for a > 0 as is apparent from the equations (9.108). Thus we
have proved that RS'(a) < —log?2 for a > 0 and (9.110) follows.

Consequently, we can find «; small enough so that Theorem 9.6.1 holds
for ov; while we have

RS(a1) = —(o1 +46)log 2, (9.112)
where § > 0. We are now going to prove that if g =1 — ¢ then
—6N N
Plcard( () Ux) <4x2 >1-Lexp(—7 ). (9.113)
k<aN
This implies (9.109) since
card< N Uk) < 1:>card( N Uk> =0.
k<aoN k<aoN

To prove (9.113) we first observe that by Theorem 9.6.1, for any integer M
with LM exp L72 < N it holds

M N
< 9N(1+4/2) - >1_ S I
P<Cardk<M U, <2 eXpNRS(N>> 1 Lexp( )

Thus if M = [a; N] and

V=) U,

k<M
it follows from (9.112) that

, N
P(cardV < 2N(1=1=39)) > 1 _ Lexp <f> . (9.114)

Moreover given any set V and any integer M’ > M we have

Ecard(Vﬂ ﬂ Uk> = oM=M'cardV ,
M<k<M’

because any point of V' has a 50% chance to belong to each set Uy. Therefore
by Markov’s inequality we have
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/ N
P(card(Vﬂ m Uk> < QM-M +6NcardV) >1- Lexp(—f> ,

M<k<M’

and if we combine with (9.114) we see that

P<card< ﬂ Uk> < 2MM'<25+0‘1>N) >1 Lexp(]z> .

k<M’

Taking M’ = |agN| this proves (9.113) since M < oy N + 1 and M’ >
NOéO — 1. O

Exercise 9.6.3. Prove from (9.108) that RS(0) = 0 and RS'(0) = N (7).
Offer an intuitive explanation for this fact.

As in Chapter 8, the key to Theorem 9.6.1 is that the fluctuations of
the random quantity log (2’N card (< Uk) are very small, so that it will
be sufficient to compute its expectation (after suitable truncation), using
Theorem 9.5.1.

Proof of Theorem 9.6.1. We will use a function u that satisfies (9.2), but
such that exp u approximates well the function 1(,>.y. We will require that,
for a certain number 7/ depending on N, with 7/ < 7 we have

/

<71 = wu(r)=-N.

In order to be able to use Theorem 9.5.1, we want u to satisfy (9.63), and yet
7 — 7’ to be as small as possible. It is obvious from scaling arguments that
u can be found with |u(e)\ < NL(t —7/)~* for 1 < ¢ < 5, so that we may
achieve (9.63) with

N
T —71 < Liexp (——) (9.115)
Ly

for a certain number L;.
Let us define

V=2Ncard{o € £y ; Ik <M ; 7' < Si(o) <7}.

This r.v. is very small, since, if g is standard Gaussian r.v.

EV < MP(r' < QST)SM(TT/)SLQexp<£V>
2

since M < N. In particular, if we consider the event

-fveen(- )}
2
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Markov’s inequality implies

N
P(1) > 1— Loexp <_2—Lg) .

Consider also the event

N
_ N
(2 = {2 card ﬂ Uk>exp< 2L2)}

k<M

We use (9.16) with b = exp(—N/2Ls) to obtain that
9 N
La(l147°%) <1 = P(fy)>1—Lexp -7 (9.116)

Let us define

Zexp > u

k<M

and prove the inequality
Neard () Uy <27V Z(u) < 2Ncard< N Uk) +V+e ™. (9117
k<M k<M
The left-hand side inequality is obvious since u(x) = 0 for © > 7, so that
oc m U, = eXpZuS
k<M k<M
To prove the second inequality we consider the sets

A:ﬂUk; B={o;3k<M, 7 <S(o) <7}
k<M

C={o; k<M, Silo)<1'}

so that Xy C AU BUC. For any o we have that exp } 3, -y, u(Sk(0)) < 1

since u < 0; moreover if o € C' we have exp >, -3, u(Sk(0)) < e because
u <0 and u(xz) = —N if < 7/. Therefore -

Z exp Z ) < cardA + cardB + 2Ve™V
k<M

and this proves (9.117) since V = 2~ NcardB.
The point of introducing the events {21 and {25 is that on the event 2, N2y

we have N
V <exp (2—112) < 27 Ncard ﬂ Uy ,
k<M
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and, since without loss of generality we may assume that Ly > 16 the right-
hand side inequality above implies that, recalling the notation a = 1/32 of
(9.19),
e N < exp(—aN) < 2= Ncard ﬂ U .
k<M

Therefore, using (9.117), on 21 N {25 we have

exp (—aN) < 2= Ncard ﬂ U, < 2_NZ(u) < 3(2_Ncard ﬂ Uk) ,
k<M E<M
(9.118)

and then
<2.

‘log(QNZ(u)) —log (2Ncard N Uk)

k<M

Recalling the notation (9.19), by (9.118) we also have log, (2" VZ(u)) =
log(2=N Z(u)) on £2; N (25 and thus using (9.21) in the last line before (9.119)

below,

1 _ 1 _
P(‘Nlog<2 Neard m Uk> —NElogaN(Z NZ(u))

k<M

< P(‘lelog(zNZ(u» - }VElogaN@NZ(u))‘ z t)

< P(2{U %) +P (‘% g (27 2(0) = Elogn(2¥2(0)| > t)

-7 N L, 1. N2t2 Nt (9.119)
X - X —— min . .
R ) “P\TL M1+ 72)2" 1472

Also, since 3, ; u(Sk) > —NM, we have log(2=VZ(u)) > —M N and

1 1
‘NElogaN(QNZ(u)) - NElog(2NZ(u))’ < MP(2 N Z(u) < exp(—Na))
N L
<L _) <z
=P < L) =N
using (9.16). Finally, Theorem 9.5.11 implies
. (9.120)

%Elog(Q’NZ(u)) —p(u) + logQ‘ <

Therefore from (9.119) we get
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1 L
P<|N10g(2Ncard ﬂ Uk) —p(u) +log2| >t + N)
k<N
1 Nt N?t?
<L ——mi N . 121
< exp( me( ’1+72’M(1—|—72)2)> 9 )

Recalling the definition (9.102) of p(u) we observe that quantities p(u) —
log2 and RS(a) are computed by the same procedure, that is applied to
the function u in the case of p(u) and to the function 1y,>,} in the case of
RS(«). Therefore we expect that these quantities are exponentially close to
each other. However proving this rigorously is no fun, one has to perform
the tedious estimates required to prove that the function v of (9.71) satisfies
|| < 1/2, after which it is not so difficult to see that the unique solution of
the equations (9.65) depends smoothly on the parameters. A simpler way to
proceed is to fix a solution (g, r) of the equations (9.106) and to define

, e Ec& expu(6) 2
r = E
1—g¢q E¢ expu(f)

where 0 = z,/q + &/T — g, so that 7' —r is very small, and g — Eth®(zv/7) is
very small.

Then, nothing needs to be changed to the proof of (9.104) if one uses the
values (g, ') rather than a solution of the equations (9.65), so that instead
of (9.121) one obtains directly

%Elog@’NZ(u)) —RS(a)| < % ,

and then as in (9.121) one gets

1 L
P( N log <2Ncard ﬂ Uk) —RS(a)| >t + N)
k<N
1 Nt N2
<L ——min [ N
= exp( me< T2 M(1 +72>2)>
from which (9.107) follows. O

Should the reader find none of the two above arguments above convincing,
another possibility is to look for a refund of this book. One may also observe
that the rate L/N in (9.120) is not critical since the right-hand side of (9.107)
becomes small only for ¢ about 1/v/N.

Theorem 9.6.1 is much more precise than Theorem 8.4.1. This suggests
the following.

Research Problem 9.6.4. (Level 1) For o small, improve Theorem 8.4.1
to a statement as precise as (9.107).

Of course, (see Research Problem 8.3.5) the case of a < ap < 2 is even
more interesting, but it is no longer level 1.
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9.7 Higher Order Expansion and Central Limit
Theorems

The main result of this section is probably Theorem 9.7.12 below. The basic
idea is simple, and has been used many times. If ¢(v) is given by (9.74) (re-
produced in (9.123) just below) then (9.95) is a consequence of the inequality
lo(1) — ¢(0)] < sup|¢'(v)]. Instead of the “first order expansion” we will
use a “second order expansion”, |¢(1) — ¢(0) — ¢'(0)] < sup |¢”(v)]. If we
roughly describe the action of taking the derivatives of ¢ as “bringing out a
factor Ry 2 —¢” then we expect that taking the second derivative “brings out
another such factor” and increases accuracy by a factor N~1/2.

We recall the notation S* of (9.73).

Proposition 9.7.1. There exists a number L with the following property.
Consider a function u that satisfies (9.2), as well as

N
Ve, 1<0<5, |u<‘>|§epr. (9.122)
Consider a function f on X%, consider ¢ # (' < 4 and consider either
p(v) = v (Ju/ (S (SY) or @(v) = 1, (f) - (9.123)
Then if La(l + 72) < 1, we have

¢"(v)] < (Lexp L72>(ut<f2>1/2ut<<R1,2 —q")'?

+ gl maxlrless (<) )

Proof. We differentiate twice the relation (9.72), which brings out a second
factor of the type (Rﬁll2 — ¢) in each term. We then repeat the proof of
Proposition 9.5.5 with the following small difference: we need to control a
few more replicas, since ¢”(v) depends on 8 replicas while ¢'(v) depends
only on 6 replicas. a

(9.124)

Corollary 9.7.2. Under the conditions of Proposition 9.7.1, and if moreover
Laexp LT? < 1, we have

l¢” (v)| < Lexp L7* (%y(‘f?)l/Q + max | f| exp <—%)) . (9.125)

Proof. This is a consequence of (9.124). Using (9.101), we have v((R1,2 —
q)")Y/? < L/N, and using (9.99) we have v;((Ry 2 — ¢)*)'/2 < L/N and

vi(f2) < Lu(f?) + Lmax(f?) exp(~N/L) . 0
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At this stage we realize that we are facing a nasty unsolved technical prob-
lem. While controlling “a few more replicas” (i.e. any finite number rather
than 4 only) by increasing the value of the number L of Proposition 9.5.2 is
easy, we do not know how to control all the replicas at the same time. Here
is the precise version of the problem.

Research Problem 9.7.3. Given 7 > 0, does there exists a number L and
a number Ko (7) depending on 7 only such that if u satisfies (9.2) and (9.122),
then for M Ky(7) < N, any n and any function f on X%, we have

1 N
0] < K (2 s max(fes (7)) @120
where K (7,n) depends only on 7 and n?

There is nothing specific about the second derivative here. It is probably
the same problem to ask whether we have

/ 1 211/2 N

01 < K (o) s max(fhess (<)) - @a20)
The difficulty lies with our method of “separating the numerators from the
denominators” using the Cauchy-Schwarz inequality. When we work with n
replicas rather that 6 replicas, we have to replace the exponent 12 by 2n in
(9.81). It is not difficult using Theorem 9.3.1 to see that given n, we can
control |¢”(v)| as in (9.126) for all f on X%, provided aK(r,n) < 1 but
K(1,n) — 00 as n — oo. It is reasonable to think that the previous research
problem is closely related to Research Problem 9.2.4. Here is a less technical
question.

Research Problem 9.7.4. Can one prove a central limit theorem in the
spirit of Theorem 1.10.1 under a condition of the type aK (1) < 17

More precisely, we would like to prove such a theorem where O(k) denotes
a quantity A = Ay, with N*/2 A bounded independently of N and of the
choice of u satisfying (9.2) (and maybe a mild condition such as (9.122)).
At present we know how to prove a central limit theorem for all overlaps
only when assuming that « is “bounded from below independently of N”.

Proposition 9.7.5. There exists a constant L with the following property.
Assume as usual that u satisfies (9.2) and (9.122), and moreover that

—C<u<0. (9.128)

Then for each n and each function f on X7, we have, with the notation
(9.123), that, whenever 1/7y +1/79 =1, and Laexp L2 < 1
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¢'(v)] < K(C,n,7) (Vt(lflﬁ)l/“l/t(lRl,z —q|™)tm

+ gl + maxiflexs (<)) (9.129)

0] < K(Con) (a2 maxlfles (<)) 0130

where of course K(C,n,T) depends only on C, n and 7, and not N, u, or

anything else.

Proof. The proof follows the lines of Proposition 9.5.2, but is much simpler.
We use that expu(S}) > exp(—C) rather than (9.81) and

w(f) > Eg<fexpzu<sf;,,t>> > exp(—nC){f).n
2<n tr

rather than (9.89). Only minor changes are needed for the remainder of the
proof. O

Corollary 9.7.6. Under the conditions of Proposition 9.7.5, for any func-
tion f >0 on Xy we have

w(f) < K(Cym,7) (u(f) + max || exp <_%>) . (9.131)

Proof. We copy the proof of (9.99), using now (9.129) instead of (9.94) to
obtain

N
()] < K(Con,r) (1) + maxl o (<))
and we integrate as usual. a
Proving central limit theorems requires the explicit computation of ¢’(0).

Lemma 9.7.7. Assume that f is a function on X%, and that, with our usual
notation,

p(v) = vy (fu/ (SW(SE)) (9.132)
where £ # {'. Then
©(0) =TE(f)e,~ (9.133)
¢’ (0) = Z c(ly, a3 €, 0 VE(f(RE, 4y — ) em
1<l1<t2<n
-n Z c(élvn + 1;& KI)E<f(Rz1,n+1 - q)>t,~
£1STL
n(n+1) , £
+ ———cn+1,n+200)E(f(Ryi1 42 — D)t~ (9.134)
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where

c(ly, lo; 0,0") = c(card({ty, b} N {L,0'}))

__(EUO\ _ _EU"(0)(EcU'(9))?
C@)‘E(Eiwo)) ) =B Doy

_ (U0
©-¢(Er)
for U(z) = expu(z) and, as usual, 0 = z,/q + &1 —q.

Moreover if now
o(v) =v0(f) (9.135)
then we obtain ¢(0) = E(f);~ and

ga’<o>=?( S (R - @)in

1<l <l2<n
-n Z E Rel n+1 )>t1N
1<n
n(n+1
# O (R s~ i) (9.136)

Proof. The proof of (9.133) is done in the course of the proof of Proposi-
tion 2.3.5. To prove (9.134) we proceed as follows. We observe that U'(z) =
u'(x)U(z), and as in (9.72) we write

<fE§ Hrﬁn U(k:(r)) (S;‘)>t,,v
(E¢ exp(S)))7n

where k(r) = 1 if either r = £ or » = £', and k(r) = 0 otherwise. Let us define

<f(R51,22 - q)EE Hr§n+2 U(k(r7el7€2))(517).)>t7~

(E¢ exp(S5)))7 e ’

were k(r, 01,02) = k(r)+1ifr = ¢; or r = £y, and k(r, £1,¢3) = k(r) otherwise.
Then differentiation of (9.137) and integration by parts as we have learned
to do in the proof of Lemma 2.3.2 yield the formula

v (fu/ (SO (S5)) = E , (9.137)

Wby, ) =

OEESY Wy(fl,éQ)—nZWv(gl7n+1)+wwv(n+l7n+2)

1< <b2<n £1<n

Proceeding as in the proof of (9.133) we then obtain that

Wo(éhé?) = C(€17£2v€7 él)E<f(RZ,zz - Q)>t,~ .
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The proof of (9.136) is similar but simpler, taking now k(r) = 0 in (9.137).
O

We do not really like to deal with the averages E(-); . in (9.134), and
would rather deal with v, instead. Relating these two averages is made easier
by the small factor Rzl’ ¢, —4- There, and everywhere else in this section, there
are really two situations we can handle. Either a small number n of replicas
is involved (say n < 8), or else we assume that u bounded from below as in
(9.128) and we can control any number of replicas. To lighten the exposition,
we will state only the results in the second case, but we will remember when
we need to prove Lemma 9.5.12 that it is then not needed to assume that u
is bounded from below.

Lemma 9.7.8. Under the conditions of Proposition 9.7.5, for a function f
on X3 we have

e (f (Rey e, — @) — E(F(RE, 4y — @) en]

<K (;u(ﬂ)lﬂ + max(| f|) exp (ﬁ)) : (9.138)

Here and below, K is permitted to depend on C,n,7, but not on
N nor f.

Proof. Let ¢(v) = Vt,v(f(th[Q —q)), so that (1) = Vt(f(the2 —q)),
©(0) = E(f(Rzl,ez —q))t,~. Since

vi(I£1)

v (Rer s — @) = el F (R, — )] < 2050

we get
R = ) = B,y = o] < 50010 )] + 00(11])

Next we use (9.129) for 7 = 4, 71 = 4/3, and f(Rj, ,, — ) rather than f, to
get

()] < K(utuf(Rz,p Y (Run — )

+ gl 4 maxl e (<) ).

Then we use again Holder’s inequality to get

1/3
ve(IF13IRE, 4, — al*?) < w12 Pn((REy oy — ')

and the Cauchy-Schwarz inequality to obtain that v;(|f|) < v¢(f?)'/2. Finally
we use Corollary 9.7.6 to replace v; by v and (9.101) to see that v((Ry, ¢, —



9.7 Higher Order Expansion and Central Limit Theorems 95
¢)*) < K/N? and v((R}, ,, —q)*) < K/N?. Combining these estimates yields
the result. O

Another nice feature is that we can change the value of ¢ in the term
vi(f(Re, 4, — q)) without creating a large error.

Lemma 9.7.9. Under the conditions of Proposition 9.7.5, for a function f
on X% and 0 <t <1, we have

il ey~ )| < (o) e e (<7 ) ) - 0130

As a consequence, if 0 < ¢, <1 then

o (Rt = ) = v (B = )] < K ()

+ max(|f]) exp (_%» . (9.140)

This will allow us in particular to replace the computation of v4(-) by that of
vo(+), for which one can take advantage of the decoupling of the last spin.

Proof. Using (9.129) as in Corollary 9.5.7 implies that for a function f on
2% it holds

e (o' (Sige) (Sire)) = Pa(f)] < K<Vt(|fﬁ)1/”Vt(|Rl,z —q|™)

# ) +maxisles (<) ). @)

Using this for f(Re, ¢, — ¢) rather than f and using Hélder’s inequality
as in Lemma 9.7.8 we get

i (f(Rey o — @)/ (Sip)u' (Shre)) = Pua(f (Re e — @)

< K(%Vt(fz) + max | f| exp (%) > .

Combining with Proposition 2.2.2 and (9.131) we can bound |v;( f (Re, ¢, —q))|
as in (9.139). O

In the proof of a central limit theorem for the overlap, there is the aspect
of controlling the error terms, and the matter of handling the algebra, which
are rather distinct. In order to illustrate the basic procedure before we get
into algebraic complications, we prove Lemma 9.5.12 (as was promised when
this lemma was stated). The method of proof should certainly not come as
a surprise. Throughout the proof O(2) denotes quantity A such that N|A]
remains bounded independently of N.
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Proof of Lemma 9.5.12. We have v(R;2 — q) = v(f) for f = 162 — q.
We have vy(f) = 0, and we compute v;(f) using (2.23). For each term of the
type vi(fesepu/ (S, )u/(Sh,,)) we consider the function

(V) = Vi (feeon (SU'(SY)) |
so that by (9.130) we have
@(1) = ¢(0) + ¢'(0) + O(2) . (9.142)

Using (9.133) and (9.134) we see that ¢(0) = TE(fesep )i~ and that ¢’(0)
is a linear combination of terms of the type E<Ez€¢/f(Rzl,€2 — q))t,~- The
coefficients of these terms are all the type +c(j) for j = 0, 1,2. Using Lemmas
9.7.8 and 9.7.9 we get successively

E(ever (R, 4, — @))t.n = vi(evew (2162 — ) (Rey 0, — q)) + O(2)
=g (erer (e182 — @) (Rey 0, — q)) + O(2)
=1 (6[6@/ (e1e2 — @) (Ry, 4, — q)) + 0(2)
= vo(eeer (182 — @))wo(Ry, 4, — @) + O(2)
= vo(eeer (162 — q))vo(Rey e, — a) + O(2)
= vo(eeer (6162 — q))v(R12 — ¢) + O(2) . (9.143)
In this manner we obtain from (9.142) that

v, (fagag/u’(Sﬁ)u’(Sfl)) = ofE{fewep )i~ + Av(R12 —q) + O(2) ,

where A is a sum of terms of the type +ac(j)vo(erer (e162 — q)).
We collect the terms in (2.23). We associate each quantity oFE(ferep ) ~
with the corresponding term in (2.25), and we get

vi(f) =1+11+0(2),

where I is a sum of terms of the kind +r(E(esep )i, — vi(eoep f)) and II =
Av(Ry2 — q), with A a sum of terms of the type tac(j)vo(ceer (€162 — q)).
To control the term I we will control separately each difference

E<€g€g/f>t,~ — Vt(géff’f) .

For each such difference we consider the function ¢(v) = vy (ferer) and we
use (9.142) again, together with the second part of Lemma 9.7.7, so ¢(0) =
E(eeer f)e~ and ¢'(0) is given by (9.136). Proceeding as in (9.143) if follows
from vy(e162 — ¢) = 0 that

E(f(Rl, 1, — @)t~ = vo(e162 — QV(R12 — q) + O(2) = O(2)

so that T = O(2).
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In conclusion we have shown that
vi(f) = Av(Ri2 —q) +0(2) ,
and since vy(f) =0,
n(f) =v(Riz2 —q) = Av(Ri2 —q) + O(2) .

This implies that v(R12 — q) = O(2) (the desired result) provided we can
show that |A| < 1/2. To prove Lemma 9.5.12 we need to know this is the case
under a condition of the form Laexp L2 < 1. It suffices to show that the
quantities 7, ¢(0), c(1),¢(2) are all < exp L72. We have obtained this bound
for 7 in the proof of the uniqueness of the equations (9.65); the case of ¢(j)
is entirely similar. O

We now turn to the “algebra”. We consider the numbers
d0)=q-¢*; d(1)=q-¢*; d2)=1-¢,
where ¢ = Eth?(zy/7) and § = Eth*(zy/r). We observe the formula
vo((e182 — q)e1e2) = d(card{1,2} N {¢,¢'}) . (9.144)

We consider the numbers

bo(0) = ¢(2)d(0) + ¢(0) d(2) + 4 (1) d(1) — 8 (1) d(0) — 8 ¢(0) d(1)

+ 10¢(0) d(0) (9.147)
and finally
b(2) = aby(2) — ar?(d(2) — 4d(1) + 3d(0)) (9.148)
b(1) = abo(1) — ar?(d(2) — 4d(1) + 3d(0)) (9.149)
b(0) = aby(0) — ar?(d(2) — 4d(1) + 3d(0)) . (9.150)

Despite the fact that the previous formulas look a bit complicated, there
definitely exists some structure (that is not entirely elucidated). The next
lemma seems to indicate that, somewhere, we take the product of two op-
erators. Clarifying what really happens seems related to Research Problem
1.8.3.
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Lemma 9.7.10. We have
b(2) — 2b(1) + b(0) = a (¢(2) — 2¢(1) + ¢(0))(d(2) — 2d(1) + d(0)) (9.151)
b(2)—4b(1)+3b(0) = a (c(2)—4¢(1)+3 ¢(0))(d(2)—4d(1)+3d(0)) . (9.152)

Proof. Straightforward algebra. O

One should also mention that d(2) — 4d(1) + 3d(0) is the quantity 1 —
4q + 3¢, that already occurred in Section 1.8 (see e.g. (1.235)).

Theorem 9.7.11. There exists a number L with the following property. As-
sume that u satisfies (9.2), (9.122) and (9.128). Then if Laexp L2 < 1,
given a function f~ on X% _,, which is a product of k functions of the type
R,y —q, L,0' < n, and given integers x,y < n, we have

vl(Eeey —0f )= 3, WLy (Ree =)
1<t<t/'<n
—n Z b(l,n+ 1z, y)v(f~ (Rent1 — Q)
<n
Wb(())y(ff(}fn.kLn-;-Q -q))

L Ok +2), (9.153)

where b(¢,0'; z,y) = b(card({¢, ¢’} N {x,y})) and b(4), 1 =0,1,2 are given by
(9.148) to (9.150).

Here, O(k+2) is a quantity B such that |B| < K(C,n,7)N~(*+2/2 when
K(C,n,7) is independent of n (and in fact also of the choice of u).

Once this theorem is proved, we can copy the proof of Theorem 1.10.1 in
the present setting. Repeating the computations of Section 1.8, the values of
A, B, and C are now given by

1-2¢+7q
N(1— (b(2) — 2b(1) + b(0)))

2 _ 1 1 IR 9
B = 10— ab() + 30(0)) (N(q — @+ (1) = b(0)A )

R 41b<1> 1 36(0)) (% (= ¢°) +b(0)A” + (4b(1) — 6b<o>>32)'

A2 =

Theorem 9.7.12. There exists a number L with the following property. As-
sume that u satisfies (9.2), (9.122) and (9.128). Then if Laexp LT2 < 1, the
following occurs with the values of A, B,C given above. Consider an integer
n. For 1 < £ < ¢ < n consider integers k(¢,£'). For 1 < ¢ < n consider
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integers k({). Set k1 = > 1 pcpen k(0 L), ko = 37y, k(£), consider an
integer ks and set k = ki + ko + k3. Then T

ke, k(e
V<H1<€<Z’<n T hcoen T )Tk3)
= ITicocrcn k(6 0) [T < o<, alk(0)alks) AR B¥2CFs + O(k + 1) .

So, it remains only to prove (9.153). The scheme of proof is as follows. we
may assume x = 1, y = 2, we use that vy((e162 — q¢)f~) = 0, so that

v((ere2 —q)f7) = /O1 vi((e1g2 — ) f7)dt .
We compute v;((e1e2 — ¢)f~) using (2.23). For each term of the type
vi((ere2 = ) f ~erer (S (Sire)) -
we consider the function
() = viu((er02 — @) f “ereed (S (SY) -

We know from (9.101) that v((R;, — ¢q)**) = O(2k), so that from (9.99) we
have vy ((Ry 5 — q)?*) = O(2k) (uniformly in ¢) and we know through (9.130)
that ¢”(v) = O(k + 2), so

©(1) = p(0) + ¢ (0) + O(k +2) . (9.154)

We compute ¢'(0) using (9.134). According to Lemmas 9.7.8 and 9.7.9, within
error O(k + 2) we may replace the terms

E((e1e2 — @) f "eoce (RY, 40, — @)t~
by

vo((e162 — @) f ~eer (Rey e, — q))
= vo(erer (e162 — @))vo(f~ (Rey e — q))

and we may in turn replace vo(f~ (Re, .0, — ¢)) by v(f (R e, — q)) using
Lemma 9.7.9 again. The terms ¢(0) = TE((e162 — ¢)eeer [~ )1,~ regroup with
the corresponding terms of the quantity IT of (2.23). To compute the difference

E((e1e2 — @)ecee f )i — i((e182 — q)evee f7)

we introduce the function ¢(v) = vy, ((€162 — q)ewee f ), we use (9.154) and
(9.136) to compute ¢’(0). Within an error O(k + 2) we reach as previously
that this difference is a sum of terms
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+o((e162 — q)eeee )W(f " (Rey 0y — q)) -

By this procedure we have obtained that within an error O(k + 2),
v((e1e2 —q)f~) is a certain sum of terms of the type Cy, o, v(f ™ (Rey 0, —q));
and to complete the proof it remains to perform the algebra: the computation
of these coefficients Cy, ¢,. This computation will require carefully counting
terms in certain formulas. This could look tedious, unless of course one keeps
marveling, as one should, about why the relations we find can be at all true.
For the computation of the terms Cy, ¢,, it helps to use the quantities of
(1.226), i.e.

ol —b)- (¥ —b)
N ’ N ’ N
for b = ((0;))i<n. We start with a general identity.

TZ’Z/ = (

Lemma 9.7.13. Consider numbers a(0),a(1) and a(2). Given two integers
£,0 < n we define

a(ly, ) = a(card{l1, 6} N {(,¢'}) .

Then for any function f on X} we have the identity

Z a(£17€2)y(f(RZ1,£2 - q))

1<t <t2<n
—-n Z a(li,n+ v(f(Reynt1 — q))
ZISTL
n(n—+1
%a(n +1L,n+2)v(f(Rutrins2 —q))

= Z a(£17€2)y(fT51,f2) + Za’l(gl)y(fTﬁ)
£y

01 <la
+ (a(2) — 4a(1) + 3a(0))v(fT) (9.155)

where
2a(1) — 3a(0) if ¢1 ¢ {¢,0'}
a(f) = {a(2) —9a(1) if 6y € {00}
The reader observes that the range of summation need not be specified for
£y and {5 in the right hand side of (9.155), because v(fTy,) is zero if f does
not depend on replica ¢;, and similarly for v Ty, o,.

Proof. We substitute the relation
Reoy —a=Tp0, +Tp, + To, + T (9.156)

in each of the terms in the left-hand side of the seeked relation (9.155), and
we simply count how many times each term occurs in order to get the right-
hand side of (9.155). This is straightforward but requires a bit of patience.
The coefficient of v(fT) is



9.7 Higher Order Expansion and Central Limit Theorems 101

S altnt)-n S altin+ 1)+ wam) . (9.157)

1<t1<2<n 1<n

In the first sum above, one term exactly is a(2). There are (n — 2)(n — 3)/2
terms for which {1,425} N {¢,¢'} = 0, and which are equal to a(0). Since the
sum has n(n — 1)/2 terms, there are exactly
n(n—1) (n—2)(n—23) B
5 5 1=2n-4
terms for which card( {¢1, 62} N{¢,¢'}) = 1, and which are equal to a(1). The
second sum of (9.157) is 2a(1) + (n — 2)a(0) so that (9.157) is

(n—2)(n—3) n(n—i—l))

—n(n—2)+

a(2) — 4a(1) + a(0) ( ; >

= a(2) — 4a(1) + 3a(0) .

To compute the coefficient of v(fTy, ), we may assume ¢; < n, for otherwise
v(fTy, ) = 0 since (fTy,) = 0. This coeflicient is then

Z a(l1,02) —na(ly,n+1).

Lo<n, la#£l,
When ¢4 ¢ {¢,0'}, this is
2a(1) + (n — 3)a(0) — na(0) = 2a(1) — 3a(0) = a1(¢1) ,
while if 41 € {¢,¢'} this is
a(2) + (n —2)a(1l) — na(l) = a(2) — 2a(l) = a1(¢1) . O
Lemma 9.7.14. Under the conditions of Proposition 9.7.5, if f~ is a prod-
uct of k functions of the type R,y —q 0,0 <n and
I =cwev(erea—aq)f ™,
we have
vi(f"u (Sr)u (Sar.e)) = TE(f )1
+ Y el 0, ) (T, )

£y1<Ls

+ 3 el 6,0 (f'Ty,)
£y

+ (e(2) = 4c(1) + 3c(0)v(f'T)
+ Ok +2) (9.158)

where
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o [ 2e(1) = 3¢(0) if £y ¢ {6, 0}
(b 6, 0) = {0(2) —2¢(1) if £ € {£,0). (9.159)
We also have
v (' (Shy )W (Shre)) = FE(F ) + Agr + O(k + 2) (9.160)
where
App = d(u’)( S el sl ) (f Ty ) + Y el 8w (fT,)
01 <ls 01
+ (e(2) — 4c(1) + 30(0))y(f‘T)) (9.161)

for d(£,0") = d(1,2;£,0") = d(card({1,2} N {£,£'})).

Proof. We first show that (9.158) implies (9.160). For this we simply write
(using Lemma 9.7.9) that
V(f'Tey0,) = v((ere2 — @)eeer [~ Tuy 0s)
= vo((e182 — q)ecer [ Tuy ) + O(k + 2)
= wvo((e182 — Q)evee o ([~ Toy 0,) + O(k + 2)
v (f~ Ty, 0,) + O(k +2)
(6w (f Teye,) + Ok +2) .

Passing from the second to the third line goes via Lemma 2.2.1, using as
an intermediate step if one wishes that T, o, = T, , + (o8 — (on)) (0% —

(on))/N, where T, , does not depend on the last spins. In a similar manner
we get
v(f'Ty,) =dl, 0 w(f Ty) + Ok +2),
and
v(f'T)=d,0)w(f~T)+0(k+2).

Substituting these relations in (9.158) proves (9.160).

To prove (9.158) we deduce from Lemmas 9.7.7and 9.7.8 (handling the
error terms as already explained) that

ve(f'u (Sh ) (Shrs)) = FE(f hem
+ Y el s 0 (f (Rey ey — )

1<t <l2<n
-n Z c(br,n+ 10,00 (f (Rey nt1 — q))
len

1
2D ot 1+ 2O (R = )

+O0(k+2).
We then use Lemma 9.7.13 with a(j) = ¢(j) to get the result. O
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Lemma 9.7.15. Under the conditions of Proposition 9.7.5, if f~ is a prod-
uct of k functions of the type Ry, —q, £,€' <n, and if f' = esep(e162—q) f ™,
we have

vi(f') = E(f )t~ + Bew +O(k +2) , (9.162)
where
Byy = Fd((, 1) ( S v T -y v(me) : (9.163)
0 <ty 04

Proof. This is entirely similar to Lemma 9.7.14, using (9.136) rather than
(9.134). In fact, there is no need to reproduce the computation since the right-
hand side of (9.136) is obtained from (9.134) simply by replacing everywhere
each of the terms ¢(0), ¢(1) and ¢(2) by 7. O

Recalling the numbers bg(j) of (9.145) to (9.147), we define

bo(ﬁl,gg) = bo(card{ﬁl,ﬁg} N {1, 2}) .

Lemma 9.7.16. Let Ay and By be given by (9.161) and (9.163) respec-
tively. Then the following identities hold:

n+1
S A Y Apa 2D

1<e<t'<n <n
= Y bl (Ress — )
1<l <l2<n
-n Z bo(l1,n+ D)v(f™ (Rey nt1 — q))
Zlgn
+1 _
D b 0~ (R sz — ) (9.164)

and

(n+1
Z Bé o —n Z By n+1 + )Bn+1,n+2

1<0<t'<n <n 2
= 7(d(2) — 4d(1) + 3d(0)) < > v (Rey s, — )
1<t <l:<n
- Z v(f~(Rey 1 — ) + wy(f_(Rn+l,n+2 - CI))>~ (9.165)
l1<n

Proof. We prove (9.164) first. We use Lemma 9.7.13 with a(j) = bo(j) to
see that the right-hand side of this quantity is
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D bollrlo)r(f ™ Tey ) + ) ba()w(f~ Tiy)
&

£1 <l
+ (bo(2) — 4bo(1) + 3b0(0))v(f~T) , (9.166)

where
[ 2bo(1) — 3be(0) if €1 ¢ {1,2}
bl(g) = {b0?2) _ 2b0?1) if 4 € {152}

We will show that the coeflicients of v(f~ Ty, ¢,), v(f Ty, ) and v(f~T) are
the same in (9.166) and in the left-hand side of (9.164). That is, recalling
(9.161), that d(¢,¢") = d(card({¢, ¢} N {1,2}) and (9.159), we have to prove
the relations

S el 0y, Ly)d(0, ) =0 e(lon+ 13, L)d(0n + 1)

1<e<t'<n <n
1
+ n("Tﬂc(n +1,n+4+ 201, 0)d(n+1,n+2) =by(l1,€2) ;  (9.167)

S et 0,0)d(,0) =0y e(ly; bn + 1)d(6,n + 1)

1SZ<ZIS”’ Zgn
1
N n(n2+ )C(él;nJr 1,n+2)d(n+1,n+2) =bi(f1) ; (9.168)

(¢(2) — 4c(1) 4 3¢(0)) ( doode,ly—nd dl,n+1)
1<4<t’'<n <n

n(n+1)

Td(n +1,n4+2) | =bo(2) —4by(1) + 3bo(0) . (9.169)
To prove these relations we may assume that n > ¢1,/¢5. This is because
in (2.23) we may increase n if we wish, since the extra terms this creates
cancel out. The proof is completely straightforward, but it requires real pa-
tience. The impatient reader may jump ahead directly to the proof of Theo-
rem 9.7.11.

Proof of (9.167). ‘ Case 1: {l1,42} = {1,2}.‘

There are respectively

(n—2)(n-23)
2

choices of 1 < £ < ¢ < n for which card({¢,¢'}N{1,2}) = 2, 1, or 0. Therefore
the term >, ., <, in the left-hand side of (9.167) is

1; 2n—4

¢(2)d(2) + c(1)d(1)(2n — 4) + ¢(0)d(0) < (n—Q)QM ) |
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There are respectively 2 and n — 2 choices of ¢ < n for which card({¢,n +
1}n{1,2}) =1 or 0, and the term },_ in the left-hand side of (9.167) is

2¢(1)d(1) + (n — 2)c(0)d(0) .

Therefore the left-hand side of (9.167) is

dmam+dnan@n_@+dmam(ﬁtﬁgzzﬁ)
— n(2¢(1)d(1) + (n — 2)¢(0)d(0)) + Mc(o)d(o)

— ¢(2)d(2) — 4e(1)d(1) + 3¢(0)d(0) = bo(2) = bo(1,2) = bo(f1, ) -

‘ Case 2: card({1,2} N{¥l1,42}) = 1. ‘

Without loss of generality we assume ¢; = 1, 3 = 3. The sum >, ., <,
in the left-hand side of (9.167) is best computed by first calculating the sum
over ¢’ for £ = 1,2,3. This sum is as follows.

If ¢ =1:

e(1)d(2) 4+ ¢(2)d(1) 4+ (n — 3)e(1)d(1)
corresponding respectively to the case £/ =2, ¢/ =3, ¢/ > 4.

Ife=2:
c(1)d(1) + (n = 3)c(0)d(1) ,
corresponding respectively to ¢/ = 3, ¢’ > 4.

If¢=3:
(n —3)c(1)d(0) .

Moreover, the sum Y, _,_, -, is

WC(O)d(O) .
The sum >, is
e(1)d(1) 4 ¢(0)d(1) + ¢(1)d(0) + (n — 3)c(0)d(0) ,

the terms corresponding of course to the cases ¢ =1, ¢ =2, ¢ =3, { > 4.
Collecting the terms and using that

(n—=3)(n—4)
2

n(n+1)
2

—n(n—3)+ =6

to compute the coefficient of ¢(0) d(0), we get a total contribution of

e(2)d(1) + e(1)d(2) — 2¢(1)d(1) — 3¢(0)d(1) — 3¢(1)d(0) + 6¢(0)d(0) ,
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and this is bo(l) = bo(gl,gg).
| Case 3: {{1,6,} N {1,2} = 0. |

We first compute the sum ), ,_, ., in the left-hand side of (9.167).
There are 6 pairs 1 < £ < £’ < n such that {£,¢'} C {1,2,01,05}, for a total
contribution of

e(2)d(0) + ¢(0)d(2) + 4e(1)d(1) .

There are
nn—1) (n—4)(n—5) 6 dn—16
2 2
choices of 1 < £ < ¢ < n for which card({¢,¢'} N {1,2,¢1,¢5}) = 1, for a total

contribution of

(2n — 8)(c(0)d(1) + ¢(1)d(0)) .
Thus the sum ), .,_,,, in the left-hand side of (9.167) is
c(2)d(0) + ¢(0)d(2) + 4c(1)d(1) 4 (2n — 8)(c(0)d(1) 4 ¢(1)d(0))

(n—4)(n—-05)

* 2

c(0)d(0) .

Next we compute the sum ), in the left-hand side of (9.167). We distin-
guish the cases where ¢ = 1,2, 7;, > to obtain that this sum is

2¢(1)d(0) + 2¢(0)d(1) + (n — 4)c(0)d(0) .
Thus the left-hand side of (9.167) is

¢(2)d(0) + ¢(0)d(2) + 4c(1)d(1) + (2n — 8)(c(0)d(1) + ¢(1)d(0))

+WC(OM(O) — n(2e(1)d(0) + 2¢(0)d(1) + (n — 4)e(0)d(0))
LIS
Using that
(n74)2(n75) )4 n(n2+1) 0
this is

¢(2)d(0) 4+ ¢(0)d(2) + 4¢(1)d(1) — 8(c(0)d(1) + ¢(1)d(0)) + 10¢(0)d(0) ,
which is bo(0) = b)(¢1,£2), and we have proved (9.167).

Proof of (9.168). We set /(1) = ¢(2) — 2¢(1), ¢(0) = 2¢(1) — 3¢(0), so that
by (9.159) we have c(¢1;¢,¢') = ¢/ (card({¢1} N {¢,¢'})).

Case 1: .
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Without loss of generality we assume that ¢; = 3. To compute the sum
> 1<t<pr<n of the left-hand side of (9.168), we again compute first the sum
over ¢’ for £ =1,2,3.

resr Z(0)d(2) + ¢ (1)d(1) + (n — 3)(0)d(1) ,
corresponding respectively to the values £/ =2, ¢/ =3, ¢ > 4.
If £ =2:

d(1)d(1) + (n —3)c'(0)d(1)
corresponding respectively to the values ¢/ = 3 and ¢’ > 4.

If¢=3:
(n —3)c(1)d(0) .

Moreover the sum 3, ,_pc,, is

wc'm)d(m .

The sum _,_,, is
2¢/(0)d(1) + ¢ (1)d(0) + (n — 3)c'(0)d(0).

The first term is the contribution of the values ¢ = 1,2, the second term is
the contribution of the values ¢ = 3 and the third term is the contribution of
the values ¢ > 4. Collecting the terms we find a total contribution of

2¢/(1)d(1) + ¢ (0)d(2) — 3¢ (1)d(0) — 6¢'(0)d(1) + 6¢/(0)d(0) .

Substituting the values of ¢/(1) and ¢/(0), algebra yields the following expres-
sion

2(c(2)d(1) + ¢(1)d(2)) — 3(c(2)d(0) + ¢(0)d(2)) — 16¢(1)d(1)
+ 18(c(1)d(0) + c(0)d(1)) — 18¢(0)d(0)

and this is indeed 2by(1) — 3bo(0) = b1 (¢1).

Case 2: .

Without loss of generality we assume that /; = 1. The contribution of the
sum Yoy p<, for the various values of £ is as follows.
Ife=1:
(1)d(2) + (n —2)c'(1)d(1) ,

corresponding to the terms ¢ =2 and ¢ > 3.

If ¢ =2:
(n —2)'(0)d(1) .
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The sum of the contributions for 3 < ¢ < n is

WC’(OM(O) .

The sum »_,_,, is
d(1)d(1) + ¢ (0)d(1) + (n —2)c'(0)d(0) ,

corresponding to the cases { =1, / =2, and ¢ > 3.
Collecting the terms, the total contribution is

d(1)d(2) — 2¢'(1)d(1) — 2¢'(0)d(1) + 3¢/ (0)d(0) ,
and substituting the values of ¢/(1), ¢/(0) this is indeed bg(2) —2bo(1) = b1 (¢1).
We have proved (9.168).
Proof of (9.169). Tt is simpler than the previous one. As in (9.151) we have

bo(2) = 2bo(1) +bo(0) = (c(2) = 2¢(1) 4 ¢(0))(d(2) — 2d(1) + d(0)) ,

so it suffices to show that

oA ) - ditn+1) + waz(m 1,n+2)
1<e<t'<n <n

= d(2) — 4d(1) + 3d(0) .

The computation has been done many times and is left to the reader.

We have proved (9.169), (9.168) and (9.167). Therefore we have proved
(9.164).

To prove (9.165), we simply notice that we obtain By, from Ay by
replacing each of the quantities ¢(2),¢(1) and ¢(0) by 7: this replaces each of
the quantities bg(2),bp(1) and by(0) by 7(d(2) — 4d(1) + 3d(0)). O

Proof of Theorem 9.7.11. We apply (2.23) to the function f = (e162 —
q)f~. We apply (9.160) to each term vy (eep (€162 — q)u' (S )/ (Shr) 7).
Setting

Dy = E((e162 — @)evee )i~ —vi((e162 — @Q)eece f7)

and, combining with the contribution of the term II of (2.23) we get

n(n + 1
vi((e1e2 = q)f < > Ape—nd Avpn+ )An+1,n+2>
1<t<t'<n <n
n + 1
( Z Dy — ”Z Dy g1 + >Dn+1,n+2)
1<é<t'<n <n
L O(k+2).

By (9.162) we have Dy ¢ = —By ¢ +O(k+2), and combining with (9.164)
and (9.165) proves (9.153). O
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9.8 An Approximation Procedure

In the previous sections we worked with functions u such that
0 N
Ve, 1<¢<5, [u’|<exp ) (9.170)

In the present section we show that this condition is not really necessary.
The method consists of showing that, given a function u (that does not take
excessively large values) we can find a function v that satisfies (9.170), for
which the Gibbs measures associated to u and v are nearly identical. This
shows that in the end the differentiability of w is really irrelevant and it
makes one wonder whether we have used the correct approach. Throughout
the section we assume (9.2).

Let us give an example of what can be achieved.

Theorem 9.8.1. There exists a number L with the following property. As-
sume that the measurable function u satisfies

N
*f§u§07

and consider the solution q of the equations (9.65). Then if Laexp L2 < 1
we have

LE\*
wzl,wmm—ﬁﬁg(ﬁ>.

Again, no differentiability of u whatsoever is necessary here.
We now describe the basic approximation procedure. We assume that

-D<u<0, (9.171)

and we will specify D later. Let us consider a (very small) number b. This
parameter controls the quality of our approximation of w.

By scaling arguments, there exists a function ¢ supported by the interval
[—b,b], with ¢ > 0, and such that

/ C(2)dz = 1

L

vaogzga\GM§ﬁﬂ. (9.172)
We define the function v by
expv(z) = (xexpu(z) = /exp u(t)C(x —t)dt , (9.173)

so that —D < v < 0. Moreover, if u(xz) = 0 for > 7, we have
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r>7+b = ov(z)=0. (9.174)
We claim that

Ve, 0<0<5, [v9]<L

28
e’q; (9.175)

This follows from (9.173) and computation of the derivatives of v. For exam-
ple, v’ expv = ¢’ * expu, and since ¢’ is supported by [—b,b] and |('| < L/b,

| x expu| < /\C'(m)|dx < 2bb—2 .

Lemma 9.8.2. For any number x and any Gaussian r.v. g we have

|[Eexpu(g+ ) — Eexpv(g + )| < (9.176)

Eg2

Proof. The function
W(z) = Eexpu(g + z)

satisfies (using integration by parts in the second line),

1
W'(z) = Eu'(g + z) expu(g + ) = £ —5Egexpu(g+ z)
so that E| | )
g
w’
WIS gl <

and thus |W(z) — W (z — t)| < b/(Eg?)/? for |t| < b. Now, the left-hand side
of (9.176) is

W () — oW (a)| = \W(x) - [wi- t><<t>dt'

- | [ W@ - Wi ocoa

< ez [ 0=

and this completes the proof. a

Lemma 9.8.3. For any subset A of X' we have

E(Z (exp Z u(Sk(o)) —exp Z U(Sk(U))>)

oc€A k<M k<M
< 2cardA + b2 N M?(cardA)? . (9.177)
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Proof. The left-hand side of (9.177) is

> EB(o)B(o) (9.178)

o,0' €A
where
= exp E ) — exp E
k<M k<M

In the sum (9.178) we bound separately the terms for which o = +o’. For

these, we use the trivial bound |B(o)| < 2. Next, consider a pair (o, o’) with

o # *o'. Since o # —o’, there exists a coordinate ¢ with o; # —o}, ie.

o; = 0}. Since o # o', there exists a coordinate j with o; = —o}. Without

loss of generality, we assume that o1 = o], 0o = —05. Let us denote by Eg

integration in the variables g; 1, £ < M, ¢ = 1,2, all other r.v.s being fixed.
The key observation is that all the variables of the type

/ !
0191,k +02092k and 0 g1k + 0392k = 01 91,k — 0292,k

are independent as k < M, so that, under Eg, the r.v.s B(o) and B(o’) are
independent, and

Eo(B(o) B(c')) = EgB(o) EgB(d”).

Now

EoB(o)= [[ X»— [] ¥, (9.179)

k<M k<M

where

Xk = Epexpu(Sk(0)); Yr = Egexpv(Sk(o)) .
We use Lemma 9.8.2 with

(0191.k + 0292.)

Z 0iGi,k

2>3

g:

H-

and we obtain
| Xy — Y| <0VN . (9.180)

Next, we use that for numbers (z)rw<nr, (Yi)e<n, if |2g], |yr] < 1, then

ka_Hyk

k<M k<M

Z [Tk — Ykl (9.181)

k<M

to deduce from (9.179) and (9.180) that
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|EoB(o)| <bVNM .
The same inequality holds for ¢’ rather than o, and thus
> E(B(0)B(c”)) < b’ NM?(cardA)”

where the summation is over o # +o’, 0,0’ € A. This finishes the proof. O

The Cauchy-Schwarz inequality and (9.177) imply the following.

Corollary 9.8.4. We have

E< Z (exp Z u(Sk(o)) — exp Z ’U(Sk(O'))) D

ocA k<M k<M
< 2V/cardA + bv/N McardA . (9.182)

We use the notation (-),, and (), to distinguish the Gibbs measures as-
sociated to uw and v.

Corollary 9.8.5. Assume that u(x) = 0 for x > 7. Given any subset I of
{1,...,N} and d > exp(—N/32), we have

(M), (I,

Proof. Consider the set

< Ld"" exp LM(1+7%)

L Lb
+ ETN/Q + Fx/NM : (9.183)

so that
<Ha> = (La)u — (Lac)y = 2(1a)u — 1
el 1
and
(o) ~(Toe) | <21 - @l
iel u iel v
We define
Sy = Z exp Z Zy = Zexp Z (9.184)
ocA k<M k<M

(and similarly we define S, and Z,). Thus (9.182) yields
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E|S, — S,| < 2/ L b/ NM2N (9.185)
E|Z, — Z,| < 2N/* o/ NM2N | (9.186)

Since (14)y = Su/Zy, we have (14), = S,/Z,, and

- Su Sv - Su — Sv S’U(Z’U - Zu)
[(La)u = (La)o| = Zu  Zol ‘ Zn ZuZy
|Su — Sul | | Zu — 2]
< 1
g s (9.187)

since S, < Z,. Consider the event 2 = {Z, < d2V}. It follows from (9.16)
that P(£2) < d'/Fexp LM (1 + 72). Then (9.187) implies

—N

2
[(La)u = (Lajo] < 1o+ ——=(1% = Sol +[Zu = Z0]) -

Taking expectations and using (9.185) and (9.186) completes the proof. O

Proposition 9.8.6. There exists a constant L such that if Lacexp L% < 1
and the function u satisfies u(x) =0 for x > 7 and

N
*D:*ZSUS()a

then given any subset I of {1,..., N} we have

(1), (1),

el i€l

< Lexp <_%> . (9.188)

Proof. If L; denotes the constant in (9.170) we assume

N
T 10L,

(9.189)

so that, if b = Lgexp(—N/10Ly) where Lo is large enough, (9.175) proves
that the function v satisfies (9.170). We then choose d = exp(—N/20L;) so
that if L'M (1 + 72) < N for L' large enough the bound in (9.183) is of the
type Lexp(—N/L). O

Lemma 9.8.7. Under the conditions of Proposition 9.8.6, the following oc-
curs. Consider for 1 < { < <n integers k(¢,¢'). Then

(I ()

1<e<e'<n 1<0</<n,

< Lnexp (—%) . (9.190)
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The surprising part of this result is that here we study functions on n
replicas; one would think that having to deal with the quantity Z,, of (9.184)
occurring at power n in denominators will create trouble; the content of the
lemma is that this is not the case.

1 /
R&g/ = N Z O'f O'f

i<N

k(e,0')
Ré o NW %) Z k<gw Oi(e.0 k) Uz(é o.k)

Proof. We write

so that

where the summation is over all choices of (¢, ¢, 1),...,i(¢,¢' k(¢,¢")) of
integers smaller than or equal to N. Thus

H Ri ef = Nk Z H H ZZ/ z(é oK) (9.191)

< L<l! k<k(£,0)

where k = >, <, k((,{') and where the sum is over the N* choices of
indices 1 < i(, ¢, k) < N for 1 < ¢ < ¢ <n, k<k{{). A product of
any collection of spins of, £ < n,i < N (each of them occurring possibly

several times) is of the type Hl<n Hzel(e) © (where I(¥) is a certain subset
of {1,...,N}). This is simply because (crf) = 1. This is in particular the

case of the double product in (9.191). Therefore

(M) = ST o)

<t t<n Viere)y wu

where the sum contains N* terms. Thus to obtain (9.190) it suffices to bound
the quantities

EH< 11 Ug> —H< 11 05> |
t<n Vier(ey v e<n Vierey v
This follows from (9.181) and (9.183). |

Proof of Theorem 9.8.1. Let (g, ) be a solution of the equations (9.65)
for u. First, we show that the pair (g, r), where

o oF (Egv'(e) expv(0)>2

E¢ expv(8)

(and where 6 = z,/q+&/1 — q) is very close to be a solution of the equations
(9.65) for v, and thus v,((R12 — ¢)%*) < (Lk/N)* by (9.101), from which
the result is deduced for v, by expanding the power (Ri 2 — q)?* and using
(9.190) on each term. The details are straightforward. O
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9.9 The Bernoulli Model

In the Bernoulli model the Gaussian r.v.s g;  are replaced by independent
random signs 7;  and the Hamiltonian is now

—Hym(o) =Y u(\/—lﬁ > m,koi> . (9.192)

k<M i<N

Throughout this section v refers to this Hamiltonian. This model is harder
to study than the Gaussian model, because we cannot use special Gaussian
tools, such as integration by parts or more importantly Lemma 9.3.3. We
must replace integration by parts by “approximate integration by parts” (as
defined in Section 4.6, equation (4.198)). The error terms introduced by ap-
proximate integration by parts depend on the size of the derivatives of w.
In order to be able to say anything at all about the structure of the Gibbs
measure we essentially need to control the size of these derivatives uniformly
over N. On the other hand, the problem of approximating px,ar(u) is easier:
one can expect that it will suffices to approximate u by a smooth function
(independent of N), for which one can understand the system for large V.

Theorem 9.9.1. Assume that the function u of (9.192) satisfies (9.2), and,
moreover
Ve, 1<0<5, W9 <D.

Then there is a number N(D) and a number L such that if Laexp LT? < 1
and N > N(D) we have (9.66), i.e.

2| =

v((Ri2—q)°) <
and (9.108), where q is solution of the equations (9.65).

On the other hand, if u is not differentiable, we know very little about
Gibbs’ measure.

Research Problem 9.9.2. (Level 2) Assume that u(z) = —f81,<0y. If 8
and « are small enough, is it true that

li li Riso—¢)?3) =0 9.193
NEHOOM/}\IIILQV(( 1.2 q)) ( )

where ¢ is given by the equations (9.65)? And is it true that

sup Nv((Ri2 — q)%) < o0
N

if a = M/N < ap (small enough)?
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This problem, and (9.193) in particular, is a very good case for the “what
else could happen?” argument. It illustrates well the substantial gap between
heuristic arguments (however convincing) and mathematical proofs.

We turn to the proof of Theorem 9.9.1. This proof is obtained by suitably
modifying the proof of Theorem 9.5.1, so that this theorem must be mastered
first before attempting to read the next two pages. The reader interested only
in Gardner’s formula should skip to Theorem 9.9.4 below.

Proposition 9.9.3. The conditions of Proposition 2.2.2 imply
vi(f)=T1+1I1+R, (9.194)

where I and 1T are as in Proposition 2.2.2 and
@
R| < K, Dyw(lf) (9.195)

Proof. We repeat the proof of Proposition 2.2.2, replacing integration by
parts by “approximate integration by parts” as defined in (4.197). The main
terms are the same as in the Gaussian case, and create the term I+ II. The
issue is to prove that the error term satisfies (9.195). This error term occurs
when performing “approximate integration by parts” in the term IIT of (2.28)
(with nn ar instead of gar). This is as simple as can be, and we have already
dealt with a more complicated situation in Chapter 4 when we introduced
this method of approximate integration by parts. Still, there is no harm in
repeating the argument in the case of the typical term

vi(nareeu! (Shy o) f) = Enae (et (Shp ) e s (9.196)

where np; = 1y . We consider the function v(x), obtained by replacing
each occurrence of 1y, in the explicit expression of (g, v’ (Sﬁg )¢ by z, and
assuming all the other r.v.s n; ; fixed. Since each occurrence of n;; in the
explicit expression of (equ/(S§;,)f)¢ is multiplied by a factor \/t/N, each
derivation brings out this factor, and it should be obvious that

£3/2

'UZ/(:L‘” S W

K(n)D*(|f )i » (9.197)

where (-);, means that in the explicit expression of (-); each occurrence of
n is replaced by z (so that ve(z) = (e,u/(S;,) f)tz). We want to relate
(|f1 ¢,z with (| f]):. For this we simply observe that

K(n)D
VN

0
|52 (e < (1)t

so that, by integration

sup (|f])t.e < K(n, D)(|f[)e1 -

lz]<1
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Since

(Do + 1 fldecon
(17er < 20 ,

and since expectation averages n,s over =1, we get

U Des + e
2

so that E(|f|}¢1 < 2v(]f|) and therefore

=u(|f1)

E sup (/e < K, D1 (9.198)

Combining with (9.197) we get

t3/2

E m < ——=K(n,D .
|il‘1§pl lvg’ ()] < N2 (n, D) (| f1)

It follows from (4.197) and (4.199) that the error term occurring in the ap-
proximate integration by parts of the quantity (9.196) is at most
t3/2
WK(’%D)W(UD :
Despite the coefficient 1/ N/t in the definition of the term III of (2.28) this
implies that the error term created while performing approximate integration
by parts in this term satisfies (9.195), and this completes the proof. O

Proof of Theorem 9.9.1. The proof of (9.66) is based on the computation
of v(f) using Corollary 9.5.7. We face the problem to evaluate

v, (fu’(Sf ' (S / ) = E<fE§U/(Sﬁ/[,t)U/(Sﬁ;I,t) exp Zm§4u(5ﬁ>t)>tvw
’ — b)
M.t Mt <E5 exp U(Sjl\47t)>£4,~
(9.199)

where now

1 Vi VI—1t
Siy=—— E ol + ~—nnok + ——
Mt = T £ 7T g INGN T

<N

3%

for n; = m;,ar. For this purpose we simply compare the quantity (9.199) with
the similar quantity where SJZ\M is replaced by its “Gaussian version”

1 \/Z V1I-t
g9t — iaf + Y gyob + X , 9.200
M= ZéNg \/—gN N ~ Emr ( )

with (g;);<n independent standard Gaussian r.v.s. For this we use Trotter’s
method described in the proof of Theorem 8.5.2. If we fix the randomness in
(-)1,~ and think of the quantity
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<fEfu/(SJZV[,t)u/(S]eVI,t) exp Zm§4 U(Sﬁ,t)>t7w
(E¢ expu(Syy )i~

as a function U(ny,...,nn), it is immediate that the fourth order partial
derivatives of U are bounded by a quantity of the type

K(D)

(F e~

so the error made while replacing Sfmt by S%t is at most K(D){|f])¢,~/N.
Thus, within this error term, it suffices to study the right- hand side of (9.199)
when the quantities S% ¢ are replaced by the quantities S ;- This study has
been done in Sections 9.3 to 9.5, and we leave it to the reader to check that
the conclusion of Corollary 9.5.7 remains valid with the extra error term
K(D){|f)t.~/N, and that the proof of (9.66) carries through. O

We now turn to the proof of Gardner’s formula.

Theorem 9.9.4. There exists a constant L with the following property. Con-
sider a number T and € > 0. Then there is a number N(e,7) such that if

N > N(g,7) and LM exp LT> < N, we have
1 _
P(‘Nlog<2 Neard ﬂ Uk) —RS(a) >E>
1 N2¢? Ne
< ——mi . .
Lexp( me(M(l—FTQ)’l—FTQ)) (9.201)

k<M
Here Uy, = {Sk > 7} = {XienMikoi > 7VN}, a = M/N and RS(a) is
given by (9.108). a

In words, as expected, the Gardner formula is the same as in the Gaussian
case, but we do not know how to prove as good a convergence rate.

Research Problem 9.9.5. (Level 2) Find the rate at which the conver-
gence takes place in (9.201). For example, how fast does the median of
N~1log (Q_Ncard( ﬂkSM Uk) converge to its limit?

The first major ingredient to the proof of Theorem 9.9.4 is the following.

Proposition 9.9.6. There exists a constant L with the following property.
Consider a probability measure G on Xy, and assume that

G*®? ({(01,02) i Rio < %}) > 1 —exp (—%) : (9.202)

Then for any T > 0, we have
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exp(—L7'2) =

1=

N
Lexp <_f> <e<

P<G<{ \/_ z;vmm > T}) < a) < gk (9.203)

Proof. This is a special case of Proposition 8.5.7, when b = 0, a = 1, so
'I/J(O'Z) = 0; for g; = +1. O

Let us point out that the special case of Proposition 8.5.7 used above is
much easier than the general case. It does not require in particular Proposi-
tions 8.5.3 or 8.5.6.

The second major ingredient to the proof of Theorem 9.9.4 is a weak form
of (9.103). There is a simple approach to this result, that does not require
a detailed study of the system with Hamiltonian (9.106), and in particular
does not require Theorem 9.9.1. It is to use Trotter’s method directly on the

quantity
PNM :—ElogZepo
k<M

If we think of the right-hand side as a function U (n; ) of the variables #; x, all
forth order derivatives of U are bounded by K(D)N 3 (each differentiation
brings an extra factor N1/ 2) and Trotter’s method immediately implies that
(with obvious notation)

M
[P, a1 (W) = % ()] < K (D), (9-204)

which is not as good as (9.103) but will be sufficient for our purposes. The
third major ingredient of the proof of Theorem 9.9.4 is the following, where
a=1/32.

Proposition 9.9.7. Consider € > 0. Then there is a number &' > 0 with the
following property. Consider a function u satisfying (9.2) and

expu(t —¢') <¢'. (9.205)

Then, for N large enough and any M with LM exp LT> < N, we have

1
EN log, n ( Z exp Z ) logaN <2Ncard ﬂ Uk>
k<M k<M

(9.206)

Proof. The proof is very similar to that of Proposition 8.3.9, but slightly
simpler. We repeat the argument for the convenience of the reader. Let C,,, =

ﬂk<m Uk’ and
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V=27V 3" exp( > u(S’k)>

a€Chm, m<k<M

so that the left-hand side of (9.206) is

‘ElogaN Vi— 1OgaN VM-‘rl‘

2l=2=l=

< > |Elog,y Vims1 — Elog,y Vol -

1<m<M

Let us fix m and denote by E,, expectation only on the r.v.s (1;m,)i<n. We
are going to bound

|Es log,n Vint1 — Em log,n Vinl - (9.207)

Let

T =Y exp< > u(Sk)>.

ocCp m<k<M

Let us consider the probability measure G on Xy given by

G(B):% > exp< > u(Sk)>.

oEBNC, m<k<M
Denoting by (-) an average for G, we observe the identities

Vi = 27N Z (expu(Sy,))
Vm+1 = 27NZM<1{SMZT}> ES 27NZmG({Sm 2 T}) .

Since u(x) = 0 for z > 7, we have
Y =1y, )=G{Sm > 7}) < X := (expu(Sn)) ,
and using Lemmas 8.3.10 and 8.3.11 we see that for any ¢ > 0 we have
1
|log,n Viny1 —1og,n Vin| < |log,n Y1y <oy + ElX -Yl. (9.208)
Since Vi, Ving1 < 277, the left-hand side is zero unless 2=VZ,, >

exp(—alN), so we may assume that this is the case. Then (9.202) holds by
Lemma 9.2.1, so Proposition 9.9.6 implies

N 1
Lexp (L) <t< ZeXp(fLTQ) = P(Y <t)<Lt'/!,

where P is the probability in the r.v.s 7; ; only. It is then straightforward to
see that one can choose ¢ > 0 (depending on € and 7 only) with
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3
Em|1ogaN Y|1{Y§c} < 5 .

All that remains to prove is that E,,|X — Y| can be made < ec¢/2 if &’ in
(9.205) is small enough. Now we observe that X =Y =1 if Sy; > 7, while
0<X<eandY =0if Sj; <7 —¢, and thus

0< X-Y < E/ + <1{T7€/§SM§T}> )

EmXY|§s’+P<Ta <—Zm_ )

1<N

so that

where (7;);<n are random signs. For large N, by the central limit theorem,
the right-hand side is < &' +2P(r — ¢’ < g < 71) < 3¢'. m|

Proof of Theorem 9.9.4. Without loss of generality we may assume that
€ < a/10. We consider &’ given by Proposition 9.9.7, and we find a function
u that satisfies (9.2), (9.205), and

IRS(a) — (p(u) — log2)| < e (9.209)

(where RS(«) is given by (9.108) and p(u) by (9.102)), and such that for a
certain number D we have [u(Y)| < D for 0 < ¢ < 5. It follows from (9.204)
and Theorem 2.4.2 that for N > N(D, 1) and Laexp L72 < 1 we have

1
NElog(2_NZ) — (p(u) —log2)| <€ (9.210)
where Z = 3 _exp ), oy u(Sk). Thus

1 1
NElogaN@*NZ) > NElog(Q*NZ) > p(u) —log2 —¢.

Since RS(0) = 0, without loss of generality we may assume that
RS(a) > —a/4 (9.211)

because this is the case for o small, and since we assume Laexp L72 < 1 for a
large enough constant L. Since € < /10, (9.209) implies that p(u)—log 2—e >
—a/2, and therefore

1 _ a
NElogaN(Q Nz)> -5

Since log, () = —aN for < exp(—aN), we deduce from (9.21) by taking
t = a/2 that

1
P2 NZ< exp(—aN)) < P(N logaN(Z_NZ) < —a)
<P L1082V 2) — Exlog,p (2N 2Z)| > &
— N aN N alN —_ 2
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Since 2=V Z > exp(—M D) we obtain that for N large enough

1 v LMD N
NE(1{2*NZSexp(—aN)}I‘JgaN(2 Z)) < N GXP<—L(1+72))

<e

and thus ) .
’NElog(QNZ) - NElogaN(2NZ)‘ <e.

Combining with (9.210) and (9.209) yields

Elog,x(27VZ) —RS(a)| < 3¢

1
N
and using (9.206) implies

1 _
’NElogaN (2 Ncard ﬂ Uk>—RS(a) <4e. (9.212)

k<M

Recalling (9.211) and since 5¢ < a/2 we then get

1 _
‘NlogaN<2 Ncard ﬂ Uk)—RS(a) < 5e

k<M

1 _
= NlogaN(Q Ncard ﬂ Uk)> —a
k<M

1 _ 1 _
= NlogaN(Q Neard ﬂ Uk>: Nlog(2 Necard ﬂ Uk)

k<M k<M

1
= ‘Nlog<2_Ncard m Uk>—RS(a) < be

k<M

and therefore, using (9.212) in the third line,

1
N10g<2Ncard N Uk> —RS(a)| > e

k<M

> be

1 .
= NlogaN (2 Ncard ﬂ Uk) —RS(«)
k<M

1 _ 1 _
= NIOgaN(2 Ncard m Uk)_NEIOgaN (2 Necard m Uk>
k<M k<M

>e.

The probability of the event above is exponentially small by Proposition
9.2.6, which remains valid in the present case, because this is the case of
(9.13), as is proved by (9.203). O



10. The Hopfield Model

10.1 Introduction

In Chapter 4 we investigated the Hopfield model, with Hamiltonian

N
—Hy m(o ﬁ Z mi (o) + hNmy (o),

k<M

where my (o) = N=1 > -y mikoi, min = 1 and (;x)i<n k>2 are independent
random signs. In the present chapter we revisit this model. We will be able
to analyze it through the cavity method in a larger region of parameters
than in Chapter 4, and this analysis we will be more accurate, getting the
correct rates of convergence. This seemed impossible to achieve by the Bovier-
Gayrard method of Section 4.4. To illustrate the gain in accuracy over the
results of Chapter 4, one of the statements of Theorem 10.7.1 below (one of
the main results of this chapter) is that in a certain region of parameters we
have (for a certain number r)

(5 3 memien ) )<,

2<k<M

while the method of Chapter 4 can reach only a bound of K/v/N. In the
last section of the chapter we will also investigate a non-trivial variation of
the model. We will not use all the material of Chapter 4, but it would still
be useful for the reader to have this chapter at hand. The reader will find
many instances of notions introduced there, such as the expression “with
overwhelming probability”, which, once again, means with a probability >
1 — K exp(—N/K) where K does not depend on N.

The author considers the present chapter as one of the highlights of this
volume, and, in fact, of his entire working lifetime. A number of subtle ideas
interlock to yield very precise results. Studying this chapter may require some
effort, but the reward should be ample.

We recall that for 8 > 1 and h > 0 there is a unique number m* given by

* = th(Bm* + h). Given a number L, let us define the admissible region
of parameters (¢, 3, h) as the region
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*4
{(a,ﬂ,h);h>0,1<ﬂ§2,ang }
0

1
U{(a,ﬁ,h);h>O,ﬁ22,a§Lologﬂ}. (10.1)

Of course the number 2 does not have any special meaning. The point of the
previous definition is that for 3 close to 1, values of a up to order m** are
permitted, while for § large, values of « up to order 1/log 3 are permitted.
We will show that once the number Lj has been chosen large enough, then for
(o, B, h) in the admissible region (10.1), we can analyze the Hopfield model
precisely as N — oo and M/N — a.

Given g, the challenge is to control the model for values of « as large as
possible. The admissible region (10.1) provides a control for 0 < a < (),
where ao(B8) = m* /Ly if 3 < 2 and ap(B8) = 1/(LologB) if B > 2. We
show that in this region the model exhibits “replica-symmetric behavior”.
According to the heuristic work of the physicists (see e.g. [14]) the admissible
region has the correct shape (at least in the limiting case h = 0). More
precisely, there exists a number L such that when oo > Loy (), the model does
not exhibit “replica-symmetric behavior”. Proving that the model exhibits
replica-symmetric behavior for o < a(3) where o*(3) is the largest possible
value such that this is true is likely to be a very difficult problem. And
describing what happens for a > a*(3) should be even more difficult.

The reader observes that by definition we have h > 0 in the admissible
region.

It seems useful to stress that through the entire chapter, we think of
the number Ly defining the admissible region as a parameter, that can be
adjusted as large as we wish. In our computations all dependences on Lg
are explicit. In particular, when we write “L” for a universal constant, this
means that the value of L has been determined through calculations that do
not depend on the value of Ly.

It is useful to note right away that in the admissible region (10.1) we have

Lm*4

< 10.2
« — LO ’ ( )

as is obvious by considering separately the cases § < 2 and 3 > 2.

10.2 The Replica-Symmetric Equations

Defining as usual & = M/N, in Section 4.5 we have put forward the following
equations, where as usual z denotes a standard normal r.v.

q = Eth®(B(zv/r + 1) + h) (10.3)
= Eth(B(zv/r + p) + h) (10.4)
r— 9 (10.5)

(1-p1-q)*
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They are called the “replica-symmetric equations”. The goal of this sec-
tion is to study this system of equations for suitable values of «, 6 and h. To
lighten the exposition we will say “the replica-symmetric equations” when we
actually mean “the system consisting of the replica-symmetric equations”.

Theorem 10.2.1. There exist numbers Ly and Lo with the following prop-
erty: If the number Lo has been chosen large enough, then for («,[,h) in
the admissible region (10.1), the replica-symmetric equations (10.3) to (10.5)
have a unique solution (q, u,r) such that

*2 *

% m

Ly
We do not know whether there exist solutions to the replica-symmetric
equations (10.3) to (10.5) that do not satisfy (10.6). The uniqueness of the
solutions is not important for our approach, but their existence is quite es-
sential.
To lighten notation we write

Y =p8EVa+p+h,

so that equations (10.3) and (10.4) become respectively ¢ = Eth?Y and
w = EthY. Fixing h > 0 once and for all, we consider the functions

lg = m**| <

&(r,n) = Eth?Y (10.7)
@(r,n) = EthY (10.8)
(10.9)

so that the equations (10.3) to (10.5) now read

q=2(r(q),p) ; p=¥0(@)u) ; r=r(qg.

The principle of the proof is to show that for a certain distance d on the
domain (10.6) the map

(g, 1) = (@(r(q), 1), ¥ (r(q), 1))

is a contraction, hence it has a unique fixed point. It does not seem possible
to achieve better than an estimate of the type

*2

A2 (@) 0.2 < (1- 75 g, (10.10)

where, as usual, L denotes a universal constant. When £ is close to 1 (and
h close to 0), m*? is small, and the “contraction coefficient” 1 — m*?/L in
(10.10) is close to 1. For this reason, we must prove all our estimates with



126 10. The Hopfield Model

errors at most of the type m*?/L (rather than, say m*/L), and this requires
some care. The proof of Theorem 10.2.1 is however completely elementary,
and gives a new dimension to the word “tedious”. The author is aware that
it might be difficult for the reader to get the motivation to go line by line
through these computations. To ensure that this tedium does not discourage
the reader, the proof of Theorem 10.2.1 has been moved to the last section
of the chapter, despite the fact that at times it does contain a first version of
several of the ideas that are subsequently needed.

From now on, given (a, 3, h) in the admissible region, (g, y, r) will always
denote the unique solution of the replica-symmetric equations (10.3) to (10.5)
that satisfies (10.6).

We will need further information on these numbers. We list this infor-
mation now. It will be proved only in the last section of this chapter, while
proving Theorem 10.2.1. The relevance of these inequalities will become clear
only later. Of course the numbers 9 and 10 are only convenient choices.

Lemma 10.2.2. In the admissible region (and if Lo is large enough) we have

. Lm*
lp—m*| < LoB10 (10.11)
y Lm*Q
g —m*| < o510 (10.12)
L . L
|r —a| < 7 i r—am®?| < P (10.13)
L
r< mf; (10.14)
m*2
1-6(1—q) 2 — (10.15)
T _<q 10.16
1-p(1-q) ~ (10-16)
m*Q
Bl —2u%+q) <1— T (10.17)

10.3 Localization on Balls with Random Centers

The main result of this section, Theorem 10.3.1 below, is one of the central
ideas of this chapter. Like the Bovier-Gayrard localization Theorem 4.3.2, it
provides some “a priori” information about the Gibbs measure. This informa-
tion is a key technical result for all the subsequent work. This is little difficult
to explain in detail now, but should become clearer after its first critical use
in Theorem 10.4.1 below. The proof of Theorem 10.3.1 is somewhat in the
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spirit of the proof of the Bovier-Gayrard localization theorem. It does not
use the cavity method, and can be skipped by the reader who is interested
only in following the main story.

We recall the notation m(o) = (my(0))r<m € RM, and that |- || denotes
the Euclidean norm on RM. We define

c= (m*N—l > nk) , (10.18)
k<M

i<N

and we recall that o = M/N. We recall also that in Chapter 4 (see Definition
4.2.3 and the discussion afterwards) we defined a negligible set A C X to
be a set A for which EG(A) < K exp(—N/K) where K depends only on 3
and h.

Theorem 10.3.1. If 3 > 2 and h > 0, then for o < 1/(LologB) (and Lo
large enough) the set

A={o: mo) ol = ;|

s negligible.

Of course, there is nothing specific about the power 10. Let us recall the
notation @ = ¢ — m*eq, so that @ = (6x)g<n, where §; = 0 and 6, =
m*N=E3" ik for k> 2.

It turns out that the length of 0 is nearly constant. Indeed,

o =" > () = >

2<k<M i<N 2<k<M

where Y}, = N2 Z,-#j 0i,k7;,k- 1f follows from a result of C. Borell [20] that
Eexp(N|Y|/L) < 2 and Bernstein’s inequality (A.34) implies that given any
e >0,

with overwhelming probability |||0H2 -m*Va| <e. (10.19)

The content of Theorem 10.3.1 is that the relevant values of m(o) are
contained in a ball of small radius centered at the random point ¢ = m*e;+86,
and the radius of that ball is often much smaller than [|@]]. (The Bovier-
Gayrard localization theorem, Theorem 4.3.2, provides essentially the best
possible result as far as localization on a ball of fixed radius is concerned.)

Let us spell out a specific consequence of Theorem 10.3.1 that will be
critical in the proof of Theorem 10.4.1 below: typically we have |mq (o) —
m*| < L/B°. This certainly is less precise than the fact (that we will prove
later after considerable work) that mq(o) ~ pu (where p is obtained through
the replica-symmetric equations (10.3) to (10.5))), but it is a key step in
obtaining this later result.
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Let us also mention that it is possible (with essentially the same proof)
to obtain a version of Theorem 10.3.1 that is true for h = 0, by considering
the set

L m*
{o o)~ el = . Im(e) e < |

instead of A.

A first observation is that to prove Theorem 10.3.1 we may assume that
B > By, where [y is a number which does not depend on any parameter.
This is because by Lemma 4.5.7 there exists a constant L* such that the
set {0 ; ||m(o) — c| < L*} is negligible, and L/3'° > L* if B < By and
L > Bi°L*. The key to this theorem is the following.

Proposition 10.3.2. If 8 > [y and h > 0, then for a < 1/(Lologf) and
Lg large enough the set
.2
Alz{UGEN; mi(o) <m —W}

is negligible.

Of course the term 2571Y is just a convenient choice. The reason why
Proposition 10.3.2 implies Theorem 10.3.1 is the following simple but unex-
pected fact.

Lemma 10.3.3. With overwhelming probability we have

. 2 L
Vo, mi(o)>m"— — = Hm(a')—cﬂgﬁ,

/6’20

To formulate things differently, this means that with overwhelming probabil-
ity the set

« 2 L
o; mi(o) >m ~ G Im(e) —cf| < 310
is empty. Before proving this we state a simple fact.
Lemma 10.3.4. Consider numbers (p;)i<n. Then
2 t
(5 (D) 2] cxen( ) o
2<k<M “Ni<N i<N Pi
Proof. We use (A.19) to see that

2
(Zigzv i,k Pi) <32

E exp <
4 Zig]v P?
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so that, by independence,

2
Z2§k§]\/[ (ZigN i,k pi) < oM/2
4 Zigzv P} B ,

and the result follows by Chebyshev’s inequality. O

Eex

Proof of Lemma 10.3.3. Let

U:{a;m1(0)>m*—%}.

For o € U, let p;(0) = 0; — m*, so that

2 *
ZP?(U)ZN(l—% Ui+m*2>

i<N i<N
= N(1 —2m*my (o) + m*?)
4m* LN
< =
320 ) = 320

using that m*2 > 1 — LB~2° from (4.37). Using Lemma 10.3.4, for ¢ > 0 and
any o € U we have, since M < N,

i M/2 t3* t3%0
P 2<§<:M<Z Ui,kpi(o')> >t] <2%/%exp <—m> < exp <N_m> )

i<N

§N<1m*2+

Taking t = L'’N2372° for I’ large enough (and recalling that M < N), we
obtain with overwhelming probability

> LN?
VocU, Z (Z ni,kpi(a)) < W .
2<k<M “Ni<N
Now, for k > 2, let us define ¢, = 6y = m*N~'Y .\ nik so that
Zz’<N nikpi(0) = my(o) — ¢ and hence -

(Z Ui,k/)i(ﬂ))Q =N* Y (mi(o) — ).

2<k<M Ni<N 2<k<M

Consequently, with overwhelming probability,

Vo eU, m(o)—c|?=|mi(e)—m* P+ > (mu(o) - ci)?
2<k<M

< |mi(o) —m* > + (10.21)

@ .
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Now for o € U, we have

*

m <my(o) <1

2
-~
so that, using again that 1 —m* < 23720 by (4.37) we obtain

|mi(o) — m*| < max @,1—m §@,

and, combining with (10.21), this completes the proof. O

It remains to prove Proposition 10.3.2. For this we will need some tools
from Section 4.2, and we recall the appropriate notation. We denote by G’
the probability on RM™ which is the image of Gibbs’ measure G under the
map o — m(co). We denote by v the Gaussian measure on RM of density
proportional to exp(—3N||z||?/2) and by G = G’ * g the convolution of G’
and 7.

Proposition 10.3.5. If 3 > (o, then when («, 8, h) belongs to the admissible
region (10.1), and when the constant Lo has been chosen large enough, the
set

1
B= {z eRM: 2y <m* — ﬁ} (10.22)

is negligible for G, that is EG(B) < K exp(—N/K) where K depends only on
B and h.

Given 3 and h, the set of values of « such that («, 3, h) belongs to the
admissible region is an interval [0, ag(3)], and the bound for EG(B) is uniform
for « = M/N in this interval. This feature is shared by many statements in
the chapter.

Proof of Proposition 10.3.2. Consider the sets

620

1
Then, recalling (10.22), for z € B and z' € By we have z + z' € B so that,
since by definition of convolution, G is the image of G’ ® v under the map
(z,2') — z+ 7', we have

2
Blz{zeRM;zl<m*——}

G(B) > G'(B1)y(Bs) .

Now By is “one-dimensional” so v(Bz) = P(|z| < 872°) where z is Gaus-
sian with Ez? = 1/(8N). This quantity is bounded below independently



10.3 Localization on Balls with Random Centers 131
of N or M. Therefore we have G'(B;) < KG(B). By definition of G we
have G'(B;) = G(Ay), so EG(A;) < KEG(B), and moreover EG(B) <
K exp(—N/K) by Proposition 10.3.5. O

We consider the function
&(z) =logch(Bz + Bm* + h) —logch(Bm™ + h) — Bzm™ . (10.23)

To begin the proof of Proposition 10.3.5, we start with the following rather
natural bound for G(C}), where we recall that n; = (7; k) k< -

Lemma 10.3.6. For a subset C of RM we have

G(C+c) <exp( > &m0 )/exp( > cniw ) ~(w) . (10.24)

i<N i<N
Proof. We recall that by Lemma 4.2.1 the probability G has a density
WQNZX,}M exp ¢ (z)

with respect to Lebesgue measure, where

viz) = "Ll + Y ogeh(Bmi -zt by, (1025)
i<N

and

M/2
w=(30) o Zww=ew( Ao,

Proposition 4.3.4 implies that
N
Znm = 2N exp (Nb* + 7ﬁ|0||2> :
where b* = log ch(3m* + h) — fm*2/2, so that for a subset D of RM we have
_ N
G(D) < Wexp <Nb* - 25||0||2> / exp 1)(z)dz
D
and hence for a subset C' of RM we have, setting z = w + c,
6 * Nﬂ 2
(CH+c)<Wexp|—Nb*— 7||0|| expt(w+c)dw.  (10.26)
c

Now since ¢ = m*e; + 6 and 7,1 = 1 we have

ni-c=m"+mn;-0
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so that
Bni-(w+c)+h=pm"+h+pn;-(w+86),
and by definition of the function £ (see (10.23)) we get
logch(Bn; - (W + ¢) + h) = logch(Bm™* + h) + fm*n; - (w + )
+&mi- (w+8)) .

Thus
_ BN 2 * * )
W(w +¢) = ==~ +el* + Nlogch(Fm" + h) + 5 m* Y i ) - (w+6)
i<N
+ > Emi-(w+9)),
i<N
and since Nc = m* ZigN 7; this means that
BN
w<w+c>=—7\|wu2 || I+ BNe -0+ &mi- (w+))
i<N
+ Nlogch(fm* —|— h)
_ ﬁN 2 2 \
=~ lwl” + ||9H + Y &mi- (W+6))+Nb

i<N

because ||c||? = m*? + [|0||? and ¢ - 0 = ||0||>. Thus (10.26) implies that

Ge o) <w [ e~ w4 X el (w0 Jaw

i<N

_/exp<Z£ W+0)>dfy(w).

i<N

To conclude it suffices to observe that the function £ of (10.23) is convex, so
that

(o +y) < 3 (620) +E2)) o

To use (10.24) we need to control quantities such as ), £(2n; - w). It
will certainly help to gain some further understanding of the function £. We
use the notation

x~ = max(0, —x) .

Lemma 10.3.7. We have

&(x) < Lexp (-%) 22+ B(1+2z)" . (10.27)
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Thus, (for large 8) we may think of {(z) as the sum of a very small
multiple of 22, and of a term that is equal to 0 for z > —1/2. It seems that
for our purposes this lemma really captures the behavior of the function &.

Proof. We observe that £(0) =0, £(0) = 0 and
62

') = ChQ(ﬁx + Bm* + h) ’

we may assume that fy is large enough so that m* > 3/4 for 5 > (. Hence
if x > —1/2 we have

" ﬁ2
§'(x) < W

Moreover, since [£'(x)| < 20, whenever < —1/2, we have

< Lexp(—B/L) .

€0 < €1/ vy e —ccym a2 (54e) . o

The first term in (10.27) will not be a problem, because the coefficient is
very small, but controlling the second term requires a real effort. In the case
of the sum ), &(2m; - 0) occurring in (10.24) this control is achieved by
the following result.

Lemma 10.3.8. Consider 0 < ¢ < 1/8. Then if a < ¢ with overwhelming
probability it holds

_ 1
2(1 +4n;-0)" < LN exp <_E> .
i<N

We will comment and prove this technical fact last. First, we combine it
with (10.24) in the next corollary.

Corollary 10.3.9. Consider 0 < ¢ < 1/8. Then, if a < ¢, with overwhelm-
ing probability, for any set C C {||w]| ; ||w| < 1} we have

G(C+ec) < eXpLN(eXp (—%) + Bexp (-i) )

X /(jexp(%Z(l—i—élmww)_)d'y(w). (10.28)

i<N
Proof. We recall that from (A.51) we have with overwhelming probability

v, S (s w)? < LN||wl?, (10.29)
i<N
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so that in particular

> (n:-0)* <LN||0|*,

i<N

and with overwhelming probability [|@]|?> < L (as follows from (10.19)), so
that combining with (10.27) and Lemma 10.3.8, with overwhelming proba-

bility,
g]:vf@m -0) < LN (exp <—%) + Bexp (—i)) .

Also, using (10.27), (10.29) and since ||w|| < 1 for w in C, with overwhelming
probability

1 B ., B _
welC = §Z§(Qni~w)§LNexp<Z)+§Z(1+4m—~w) ,
<N i<N
and the conclusion follows from (10.24). O

To apply Corollary 10.3.9 we must learn how to control the sum

> (1440 -w)~

i<N
which occurs in (10.28). This is our next goal.
Lemma 10.3.10. We have
(I4+2)” < |2[lges1y < 211y - (10.30)

For any x € R the function a — (a + x)~ is non-increasing. (10.31)
Proof. Since (1+2)~ =0 for > —1, to prove (10.30) we may assume that
x < —1. But then (14 2)” = —x — 1 < —x = |z|. This proves (10.30) and
(10.31) is obvious since

y—y =max(0,~y)

is non-increasing. m]
Lemma 10.3.11. There exists a number L with the following property. Con-

sider numbers 0 < d < 1/L, 0 < ¢ < 1/2. Then if a < ¢, with overwhelming
probability

1
- 2
lwl|<d = ZéN(l +4n;-w)” < LNd <c+ exp <Ld2)> . (10.32)
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Unfortunately it is not easy to provide an intuitive explanation for the
somewhat unusual terms that occur in the right-hand side of (10.32). The
author feels that these terms are not necessarily an artifact of his approach
but might rather capture the true behavior of the left-hand side.

Proof. We observe that for ||w|| < d inequality (10.30) yields

(I +4n-w)” <16 > |mi-wl*,

i<N I(w)

where
. 1 . 1
rw) = {i < ¥ owl = 3 b e gy i= {i < ¥ ewl = gl }

Recalling the constant L; of Proposition 4.2.6, consider now b = 1/4d and
define a by

1
2
a” = C+46Xp (-W) .

If ¢ < 1/2 and d < 1/8L;, we have a> < 1. Moreover, since 2/a <
exp(1/16L2d?), the inequality

2 1 1
Liy/log— < L1y ——5==-—=0
LR L ="\ 160242 ~ 4d

holds. We can then use Proposition 4.2.6 for these values of @ and b and this
concludes the proof. O

Proposition 10.3.12. If 5y and Lo are large enough, then for 8 > By and
a < c:=1/Lolog B the set C + c is negligible, where

1 1
c={wi msmi=}.

Proof. Consider d as in Lemma 10.3.11, and define

C’d—{w;

Combining (10.32) with Corollary 10.3.9 yields that with overwhelming prob-
ability

N

< wl < d} .

G(Cy+c) < (exp LNS)v(Cy) (10.33)

esfosmm(p)) oo () e1on ()

where
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On the other hand, it is shown in (4.55) that if o < 3d?/16, then

Y(Cq) <~ ({llwll2 > d{}) < exp (— Ngid2) . (10.34)

Let us assume that d > 1/(2y/B). Then for a < 1/(2°log 8) and 3y > e, it is
true that o < 276 < 3d?/16 so that (10.34) holds. Combining with (10.33)
we see that with overwhelming probability

G(Cy+c) <expN(L™5 — Bd*/L™),

where L™ is a new constant. Now we observe that if 8 > [y large enough, Lg
is large enough and if d < 1/Lg, ¢ < 1/Lglog 3, we have

c+e L < !
P\ Ia2) < e

1 Bd?
2
) )<
d ﬂ(c—l—exp( Ld2>> < GL~2°

and therefore

and also 8 s
1
_7) <« < 7
eXp( L) = 1202 = 6L3°
1 1-Lo/L 1 Bd?
—— < 0 < < — .
ﬂexP( cL> =P =120~ = 6L3

Consequently we have L~§ — 3d?/L~ < 0.
We have proved that the set Cy + c is negligible provided 1/(2/8) < d <
1/L. A few sets of this type cover C + ¢, so the set C + c is negligible. O

Proposition 10.3.12 shows that from now on we may only concern our-
selves with the case |[w|| < 1/4y/3. In that case, the next argument will give
a better control than Lemma 10.3.11.

Lemma 10.3.13. If [|[w]|| < 1/(4y/() then
Eexp g(l +4n;-w)” <1+exp <_§) . (10.35)
Proof. Using (A.32) we have
Eexp g(l +4n; -w)” =1+ g /000 exp %P((l +4n; -w)” > t)dt

and, by the subgaussian inequality (A.16),
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P(1+4m;-w)” >1) =P <m'W = —(lit)> = o (_é12||+vf|)|z>

< o (2L

so that

ﬁ/ooexp%P((1+4m -w)T > t)dt < g/mexp (—ﬁ - %) dt

20 0

= (5)
=exp (-5 |,

which finishes the proof. a

Proposition 10.3.14. If 5y and Lo are large enough, for 8 > By and a <
c:=1/(LologB), the set C + c is negligible where

- {w; a0 w] < ﬁ} .

Proof. Lemma 10.3.13, the inequality 14+x < exp x and independence imply

E/Cexp§Z(1+4m-w)*dfy(w):/CEexp§Z(1+4m-w)*dfy(w)

<N i<N

<o v (-3)) 00

so that with overwhelming probability

Lew s X+ anwdriw) < esp (25w (-5 ) ) 2(0).
¢ i<N
and by Corollary 10.3.9 we have
G(C+c) < (expLN§)v(C)

where now

mon(-2) e (1) <o (-G ot

Moreover since the law of z; under v is Gaussian with variance Ez = 1/8V/N,
using (A.4) we have
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_ NGB,
(C) < alfns o< —67) e (T2 |
To conclude the proof, we observe that if 3 > Gy and Ly > 41L, we have

Ls < p739)2. 0

Proof of Proposition 10.3.5. Combining Propositions 10.3.12 and 10.3.14
we have shown that the set C' + c¢ is negligible for G, where

1 1
C:{Z; ||Z||<Z7,Zl<—@}7

so that

- ) 1 " 1
C+c=14z; ||zfc||§L—l, z1 <m G
Since ¢ = m*e; + 0 and since with overwhelming probability we have ||0] <
2y/a <2/y/Lolog 8 < 1/2L; when 8 > (y and [, is large enough, we have

C D || —-m* ||<—1 < *——1
+c Z; (|z—m e z m
’ ! 72L1’ ! 620

and thus this latter set is negligible for G. Therefore it suffices to prove that

the set )
Dy = i ||z — m* > —
1 {z, ||z me1||_2L1}
is negligible for G.

By Theorem 4.4.4 (used for pg = 1/4L;, and since o < 1/(LglogB) <
m*2p3/L for > 2 and Lg large enough) the set

1
Dy=1z: |lz—m'e| > —
9 {z, ||z me1||_4L1}

is negligible for G'. Now, by definition of G = G’ * v we have
G(Dy) =G @v({(z,w); z+w € Di}) . (10.36)

Ifz+w € Dy, ie. ||z4+w — m*ey|| > 1/2L, either ||w| > 1/4L; or else
Iz — m*e1|| > 1/4L4, so that then z € Dy and hence

6’99 ({(aw) s 24w e 1)) < G0+ ({Iwl = - }) -

By (10.36), and since y({||lw|| > 1/4L;1}) is very small, D; is negligible for

G. a

Finally we can complete the proof of Theorem 10.3.1 by proving Lemma
10.3.8.
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Proof of Lemma 10.3.8. Given a vector x with ||x||? < 2¢, it is not very
hard to see that with overwhelming probability we have

Z(l +4n; -x)” < LN exp (—i) . (10.37)

i<N

Therefore, for the typical realization of (n;)i<n, very few such vectors x
will fail to satisfy (10.37). It seems very unlikely that 6 is one of these, and
this is what we shall measure. The technical difficulty is that the quantities
(ni-0);<n are dependent, and that it is hard to work without independence.
This makes the proof rather technical, and needless to say, a special gift for
the really motivated reader.

As usual, the basic idea is to bring out some independence. For a subset
Iof {1,...,N} we define

1
0r = Z(m —e) (10.38)
i€l
so that 6 = 0, ny. We have
1 2
||01||2 = Z (N ZUi,k) )
2<k<M icl

so that by Lemma 10.3.4 (used for p; = 1/N if i € I and p; = 0 otherwise,
so that >,y p? < 1/N) we have, since a = M/N < ¢,

P([160;]> > 8¢) < 2M/2 exp(—2Ne) < 27N . (10.39)

In words, ||07]|> < 8c with overwhelming probability. We write, using the
Cauchy-Schwarz inequality and (10.30),

D> (1+16m:-61)" <16 |ni - 0:|1(16m,-0,1>1)

gl gl
1/2 1/2
<16 (Z(m : 91)2> (Z 1{16|m»01|>1}> .
igl gl

Now using (10.29) yields that, with overwhelming probability,

1/2
> (1+16m;-0,) < L\/ﬁ(z 1{16|,,i491|>1}) : (10.40)
il il

Given x with [x||* < 8¢, the r.v.s

1{16/m,-x|>1}
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for i ¢ I are ii.d. with expectation < Lexp(—1/Lc) (as follows from the
subgaussian inequality). Consequently, using elementary properties about the
tail of the binomial law, we see that with probability > 1 — K exp(—N/K)
their sum is < LN exp(—1/Lc¢). Using this for x = 0, given 67 and combining
with (10.39) we have proved that with probability > 1 — K exp(—N/K) we
have

Z(l +16m; - 0;)” < LN exp <—i) )

, Lc

i1

i.e. there exists an event 2; with P(£2;) > 1 — K exp(—N/K) such that

1
1o, Z(l + 16m; - 0[)7 < LN exp (—E> . (10.41)
igl

Let us denote by Av an average over all possible choices of I. Then

Av 2(1 +16m;-0;7)” < Avlg, Z(l +161;-0;)" +R (10.42)
gl igl
where
R=Avlg: > (1+16n;-6;) .
gl
Since it holds that ||n;|| < VM < V/N and ||0;]| < VN, we have

> (1 +16m; - 0;)

el

<> (1+16N) < 17N?,
iel

and consequently
ER = AVE(lQ? > (1+16m; - 91)—)
il
2 2 N
< 17TN“AvElge < KN*exp <_E> .

In particular with overwhelming probability R < LN exp(—1/(Lc)), and
(10.41) and (10.42) show that with overwhelming probability

. 1
Av Z(l +16m;-0;)” < LN exp (Lc) . (10.43)
i1
Now the function z — (1 + x)~ is convex, so that by Jensen’s inequality
AvY (14160;-0;)" =Av Y (Lign(1+16n;-6;))”
igl i<N

> ) (Av(Ligry(1416m;-6,))" . (10.44)
i<N



10.4 Controlling my (o), k > 2 141

Of course Av(1yi¢sy) = 1/2, and by definition (10.38)

1
0r = > 1en(nj —ei),
J<N

so that

1
Avlgignymi -0 = AVN Z lugnylgenmi- (nj —e1)

J<N
1
= WZm (nj —e1)
j#i
1 1

Zan@—mm-(m—el)-

Thus from (10.44) we get

1 4
Av Z(l +16m; - 6;)” > (5 +4n; -0 — N (ni — el)> . (10.45)
il i<N

Now n; - (n; —e1) = Z2<k<M77i2,k = M — 1, so that since « = M/N < 1/8
we obtain [4n; - (n; — e1)] < N/2. Hence, by (10.31), we have

1 4
- O - —n. - (n, — > . 9) .
(2 + 4772 0 an (nz 61)> ft (1 + 4"71 0)

Combining with (10.43) and (10.45) completes the proof. O

10.4 Controlling my(o), k > 2

In this section we prove that if («,3,h) belongs to the admissible region
(10.1) then for k > 2, my(a) is typically small, about 1/v/N. This technical
fact will be essential in Section 10.6, in order to estimate the error terms
created by the “approximate integration by parts” of (4.197). It is here that
the condition i > 0 is really being used.

Theorem 10.4.1. If (a, 8, h) belongs to the admissible region (10.1) (and if
Lg is large enough) then there exists a constant K depending only on 3 and
h such that, for all k > 2, we have

N 2
E <exp %> <K. (10.46)

In particular for each p we have E <mip ) < KN~P where K now depends
also on p. To prove Theorem 10.4.1 we can assume by symmetry that k = M.
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The proof uses a “cavity upon M” argument. We denote by (-). the Gibbs
measure relative to the Hamiltonian

— Hy -1 ( Z Nm?2 (o) + Nhm, (o) . (10.47)
k<JW 1

It should be obvious that for a function f on X we have

<fexp meM>

= 10.48
To prove Theorem 10.4.1, we will consider the set
U={o; |mi(o)—m"| <p}, (10.49)

where p will be suitably chosen. To lighten notation we write 1y for 1y (o)
and 1ye for 1y¢ (o). The main step of the proof is as follows.

Proposition 10.4.2. Assume that
Bl —m*+2pm*) < 1. (10.50)
Then we may find B1 > B and s > 0 such that

E <<1U exp NTﬁlm}"w> ) <K. (10.51)

Proof. Writing n; rather than n; »s, we obtain

mar = mu (o (an + > nilo ) (10.52)

i<N <N

Given t > 0, we have
1
(a+b)* < (1+t)a® + (1+¥) v,

and applying this to (10.52) we get

1+t N1+t RS
NmM<T(me> +W<Zm(0i—m)) , (10.53)

i<N

N S
<1U exp %m?\/[>

< exp( (1 +t)f—Nm 2(2 m>2>

i<N

X <1U exp(% (i;vm(ai —m*)>2>>s . (10.54)

and thus
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Thus, by the Cauchy-Schwarz inequality applied to (10.54) we have

S 2
(E <1U exp NT'Blm?W> )

< Eexp <s(1 + t)%m*z (Z m)2>

i<N
y E<1U exp<(1;% (Z n:(oi —m*)> >> . (10.55)
i<N N

There is no loss of generality to assume 2s < 1. For a r.v. X > 0, Holder’s
inequality implies that EX?2% < (EX)2*. Thus the last term of (10.55) is at

most
<E<1Uexp< 1;’]\’;]551(2771 o —m* >>> ) . (10.56)

~

Now,

> (o —m*)? = N(1 - 2my(o)m* + m*?)
i<N
= N1 —m*?+2(m* —my(o))m*)
< N1 —m*? +2pm*),
for o € U. Using (10.50), we choose 8; > 8 and ¢ large enough so that

1+t

Bi(l—m*2 +2pm*) < 1. (10.57)

Denote by Eq integration in the r.v.s (1;);<ny alone. Then (10.57) and the
subgaussian inequality (A.19) show that for o in U, we have

2
Eo“P(%(Z ni(o —m*)> ) <K,

i<N

where K depends neither on N nor o. Since the disorder in (-)., is indepen-
dent of the r.v.s 7;, when taking expectation in (10.56), we can first take
expectation Eq inside the bracket (-)~... Then the quantity (10.56) is bounded
independently of N. To finish the proof, we choose s small enough so that

1
s(1+1)pm*™? < 7

Then the first term on the right-hand side of (10.55) is bounded independently
of N, again by (A.19). O
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Lemma 10.4.3. If the constant Lq in the definition of the admissible region
(10.1) has been chosen large enough, at each point («, 5, h) of this admissible
region we can find p such that

B(1—m* +2pm*) < 1 (10.58)

and K depending only on 3 and h such that

quwmmwwﬂ>pDSme(%), (10.59)

where as usual G denotes Gibbs’ measure.

Proof. We take
1—B(1—m*?)
B 48m* '
This ensures that (10.58) holds because 1—3(1—m*?) > 0 and hence 2pfm* <
1 — B(1 — m*?). Using (4.38), we have

*
/ m

> = .
p=p L3

We recall the vector ¢ of (10.18). Since its first component is m*, we have

|

jm(e) —cf| = |mi(a) —m

and
{o; Imi(o) —m*[ > p} C{o: |m(o) —c[| > p'}. (10.60)

Given L; > 0, there exists (B such that p’ > L;/3'° for 8 > f3y, and The-
orem 10.3.1 shows that then the sets (10.60) are negligible. For 8 < 3y, we
have p’ > po := m*/La, hence

{os [mi(0) —m’'| > po} € {o; [m(o) —me] > po} . (10.61)

Theorem 4.4.4 shows that this set is negligible if the constant Ly is large
enough. a

Proof of Theorem 10.4.1. If U is given by (10.49), where p is as in (10.58),
for any number A then

E <exp ]ZmM> =1+1I

where
N N
I= E<1Uc exp Zm?w> and II= E<1Uexp Zm?w> .

Now |mps| <1, so that
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I< E(lUc>eXp% < KexpN (% — %) (10.62)

by (10.59).
Given a number u > 1, by Holder’s inequality used for (-) we have

N 1/u
II< E<<1U exp Tum?\/l> ) .

<1U exp %m?w> < <1U exp N (% + ﬁ) m?\4>N . (10.63)

By (10.48) we have

Using (10.58), Proposition 10.4.2 provides us with s > 0 and 3; > 3 such that
(10.51) holds. We take u = 1/s, and then A large enough so that S+u/A < 3;
and A > 2K, where K occurs in (10.62). From (10.63) and (10.51) we get
II < K as well as I < K by (10.62). The result follows. O

10.5 The Smart Path

In this section we begin the study of the influence of the last spin on Gibbs’
measure, by decoupling it from the other spins. This method has already been
used in Section 4.5 (but the present section can be read without having seen
Section 4.5). Some of the technicalities will now be quite simpler because we
are interested only in studying v(f) for functions f that may be random, but
will never depend on the r.v.s n, = nn 1. We recall some notation from Section

4.5. Given o = (01,...,0n) € Xy, we write p = (01,...,0n-1) € Xn—1 and
1
n, = ng(o) = ng(p) = N Z i k03 (10.64)
i<N-1
so that ko
my = mg(o) = ng(o) + kNN (10.65)
We write NG
—Hyoam(p) == D nilp)+Nhn(p), (10.66)
1<k<M

and we recall that by simple algebra we have (4.178) i.e. (ignoring an irrele-
vant constant)

— Hym(o) = —Hx_1m(p) + Bon Y menw(p) +onh.  (10.67)
1<k<M
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Recalling that (g, s, 7) denotes the solution of the replica-symmetric equa-
tions (10.3) to (10.5), we consider a standard Gaussianr.v. z and for 0 < ¢ <1
the Hamiltonian

— Hympi(o) = —Hy-1,m(p) + Bon (ﬂ Z ek (P)

2<k<M

+ V1 —tz/r+tni(p) + (1 - t)u) + hon . (10.68)

Thus since ; = 1 we have

Hyovp = Hyom (10.69)
Hymo(o) = Hy-1,m(p) + onY (10.70)

where
Y =pB(zvr+up) +h. (10.71)

We denote by (-); an average for the Gibbs measure (or its tensor products)
with Hamiltonian (10.68), and as usual we write v¢(f) = E(f);. Although
we will not need this fact, it is reassuring that this definition coincides with
definition (4.181) when f does not depend on the r.v.s .

We recall the notation &, = af\,. As expected, the measure vy indeed
decouples the last spin.

Lemma 10.5.1. Given a function f~ on X3 _,, which does not depend on

the r.v.s ng, and given a subset I of {1,...,n} we have
v (f Hw) - (H w)l/o(f) CEY) (). (10.72)
el el
Proof. As for Lemma 1.6.2. a

We need to compute the derivative v;(f) = dw;(f)/dt. The Hamiltonian
Hn p,¢ depends on ¢ in 3 different ways, as shown by its definition (10.68).
This is why there are three terms is the forthcoming (straightforward) for-
mula, where we recall the notation nf§ = ny(o").

Lemma 10.5.2. We have
vi(f) =T+1I+1II

where

I= 5(2 vi(fee(nf — ) — ny(fepr(nf ™ — u))) (10.73)

<n
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Z leni>

<k<M

B
HM<ZW<M2

<n

—m/t<f8n+1 > ﬁk%“)) (10.74)

2<k<M

B\
III = —2\/% (g vi(fzee) — th(fzan+1)> : (10.75)

To make this decomposition usable, we need to integrate by parts. First
we integrate by parts in III. We have already done this many times:

I = —57“< Z vi(feeer) — nz vi(feeens)
1<0<e<n <n

Wyt(fen+1€n+2)> . (10.76)
For II, since the r.v.s i are Bernoulli rather than Gaussian, we need to use
“approximate integration by parts” as in (4.198). (This will be detailed again
below). This approximate integration by parts produces “main terms” and
“error terms”, and the “main terms” are the same as if one would perform
Gaussian integration by parts (which we have already done many times).

Writing for simplicity
See =Y nnf (10.77)

2<k<M

these main terms are

2
% (Z Vt(fsz,e) - th(fSn+1,n+1))

<n

+ B2 ( Z vi(feeee Ser) —m Z vi(ferent1Se,nt1)

1<t<t’'<n <n
nn+1
+ %Vt(f€n+1€n+25n+l,n+2)> : (10.78)

Gathering the terms (10.76) and (10.78), we have shown that to complete the
proof of the following Proposition, it will suffice to control the “error terms”
occurring from approximate integration by parts.

Proposition 10.5.3. For a function f of X%, that does not depend on the
r.v.s (ng), we have
vi(f)=14+4IV+V+R (10.79)

where 1 is given by (10.73),
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2
IV = % <e§ vi(fSee) — nyt(fsn+1,n+1)> (10.80)
V= ﬁQ( Z ve(f(Sewr —r)eeer) — ”Z v (f(Sent+1 — 7)ErEn+1)
1<i<t'<n £<n
+ wl/t(f(sn+lyn+2 — T)€n+1€n+2)> (1081)

and

RISK > > wlnil*IfD) (10.82)

2<k<M (<n+1

where the number K depends only on 3 and n.

One should really think of R as a lower order error term. That this is
indeed the case when h > 0 and («, 3, h) belongs to the admissible region
(10.1) will be proved using the results of Section 10.4. We will soon explain
how to use Proposition 10.5.3, but let us prove it first.

Proof. As pointed out, the issue is to control the “error terms” arising from
approximate integration by parts, and this is quite easier than in Section 4.5
because we can now use differential inequalities, so let us enjoy the argument.
Fixing £ <nm+1and 2 < k < M, let us compute

v (frneeny,) = E(mi(feenp)e) - (10.83)

Thinking of ¢ as fixed, let us consider the random function

v(z) = (feeni)ia

that is obtained by replacing in the explicit expression of ( fazn@t every
occurrence of n, by x, so the quantity (10.83) is

E(mev(ne)) -

When 7 is a Bernoulli r.v., i.e. P(n = +1) = 1/2, then approximate integra-
tion by parts is obtained by (4.198), which states that

1
o) = Ev/(n)+ 7 [ (@ = 1" (a)da

Here we will use simply that, as an obvious consequence, if Ej denotes ex-
pectation in 7 only, then

Er(mkv(nn)) = Exv'(me) + R

where |R| < sup,<; |v(3) (x)]. The term Ejv’(ny) is the main term (which
has already been taken into account) so that we turn to the control of ER.
Given a function f on n’ replicas, it is straightforward that
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tfen = 0VE( X teonf Phe e e ) . (1080

o <n/
Iterating this formula twice, using it for sgni f rather than f and using the

inequality ‘He<4 az‘ < 3" ,<4af, it should be obvious that

(@) < K(n,8) > (Infl* 1w - (10.85)

<n+1

Moreover it follows from (10.84), and since |ng| < 1, that for a function
f* >0 on n’ replicas we have

d

£<f*>tz < K(n/a ﬂ)<f*>tz

so that by integration

e < KOO e < K00) (5U70ea + 5070 )

= K(n', B)B(f")t,

and thus, taking the supremum over x and then expectation,

E sup (f*)e. < K0/, B)ve(f) .

o] <1

Using this in (10.85) we see that

E sup 0@ ()] < K(n,8) Y willnil*If])

‘Ilgl ZSTL+1
and this concludes the proof. a

We plan to use Proposition 10.5.3 to show that in certain circumstances
vi(f) is small. We certainly expect that S¢ ~ r, but we do not know this
yet. (In the range aw < 1/L( we have proved it in Chapter 4, but the results
of that chapter do not hold in the entire admissible region (10.1).) Before
proving that v;(f) is very small, we must be able to prove that it is not very
large. This is not obvious: the coefficient § might be very large. The best
hope to offset this large coefficient is that (say, in the term V), we know
a priori that S — 7 is typically small. We will show that this is a simple
consequence of the localization theorems of Sections 4.3 and 10.3. This is why
in the statement of Proposition 10.5.3 (in contrast with Proposition 2.2.2)
we have not (yet) used the symmetry between the values of 2 < k < M, i.e.
the fact that

vi(See f) = (M = Duy(niyniy f) -
This fact will be used only at a later stage.
A first technical obstacle to use the smallness of Sy — r is that we know
it for v, not for v4. The following lemma takes care of this.
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Lemma 10.5.4. Consider a function f on X3, with 0 < f < 1. Assume
that for some number K' independent of N we have

v(f) < K'exp (—%) :

Then for some number K" depending only on K' and 3 and every t <1 we
have

w(f) < K exp (jf) .

In words, if a function is negligible for v, then it is negligible for v; uni-
formly on t.

Proof. We will obtain a differential inequality through Proposition 10.5.3.
In order to deduce from Proposition 10.5.3 that v;(f) < Ln?3?v(f) we would
need to have

|Sew| <L, |r|<L.

This is not quite true, but (4.150), used for N — 1 rather than N shows that

with overwhelming probability

A= max Z ni(p) <L,

k<M

and the Cauchy-Schwarz inequality implies |S¢ | < A. We observe that r
stays bounded in the admissible region (10.1) , and thus

[(f(Seer —1)eeee )l < (fSeer —rl)e < L1+ A)(f)e

and, since A < M

EA<|f‘>t < LVt(f) + E(]-{AZL}M) < LVt(f) + Kexp (_%> .

In this manner we get

1) < Kuh) + Ko (-3 )

where K depends only on n and (. Integration (Lemma A.11.1) yields the
result. O

Now let us examine precisely which kind of information we may deduce
from the localization theorems. From this point on, we always assume that
(o, B,h) belongs to the admissible region (10.1) of Section 10.2 and
that the constant Ly, determining this region has been chosen large
enough.
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Proposition 10.5.5. The sets
{IS12 7[> )5 {IS11—r|>*}; {lm—pl>s) (10.86)

are negligible, where

. (m* m*
s = Lmin <,35 , \/L_()) ) (10.87)

We should note that as § — 1 then s becomes small. This is crucial for
the use of the cavity method when ( is close to 1. Next we note that we
may assume that Lg is so large that s < m*/Lg < 1, so s2 < s. The reader
certainly noticed that the definition of the third set in (10.86) involved s
rather than the smaller number s2. It does not seem possible to do better. As
the reader will gradually come to realize, this is the very point that makes
the proofs delicate.

Proof. We first prove that the sets (10.86) are negligible when s =
Lm*/v/Ly. Using (10.2) and Theorem 4.4.4 with pg = Lm*/+/Lo (and as-
suming Lg large enough to have pg < m*/2), we first observe that the set

Lm*
e —mel| >
{o: Imo) ey = T2}

is negligible. Let n(o) = (ni(0))k>1. Since |my (o) —ng(o)| < 1/N, we have
|lm(o) — n(e)|| < VM/N, so that the set

2Lm*
B=lo: —mey| >
{o: n@) e = 22

is negligible. On the complement of B we have

2Lm* 2Lm*\?  L'm*2
Ing —m*| < ; (nk)2<( ) =
V' Lg 2§kZ§M VLo Lo

The second relation above and the Cauchy-Schwarz inequality imply that if
o', 0? ¢ B, then
L o Lm*2
E NNy, S .
Ly
2<k<M

Now, it follows from (10.14) that r < Lm*?/Lg and from (10.11) that |u —
m*| < Lm* /Ly, so, for o ¢ B it holds

|51 2] =

Lm* s < Lm*?
) - Tl >
To 1,1 To
and for o!,02 ¢ B we have |S; 2 — 7| < Lm*?/Ly.

This proves that the sets of (10.86) are negligible when s = Lm™*//Ly,
and we now prove that this is also the case when s = Lm*/3°. We only need

Iy —pl <
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to consider the case § > 2 because when § < 2 then Lm*/\/L—O < Lm* <
L2°m*/35. When 3 > 2, m* stays bounded below, and it suffices to prove
that we can take s = L/3%. It follows from Theorem 10.3.1 that (arguing as
before to replace m(o) by n(o)) the set

A:{G; n<a>—cliz%}

is negligible, where ¢; = m* and ¢y, = m*N 1>\ mp for 2 <k < M. On
the complement of A we have B

N L

g —m’| < 710

so that using (10.11) we get [n; — pu| < L/3°.
On the complement of A, we also have

L
> (i —er)? < o5 (10.88)
2<k<M

so that for of, 0¥ ¢ A we have

Seer — Z cl= Z (nénf, —c2) (10.89)
2<k<M 2<k<M
= Z (ng — cr)ny, + cr(ny, —cx)
2<k<M

1/2 _, - 1/2
+ 2( ci) ( Z (nf, — ck)2>
2<k<M 2<k<M
I 1/2 1/2
< W(( (n£)2> "’( Z Ci) ) .
2<k<M 2<k<M

Recalling that [|0]|* = Y, <, ¢z, We see from (10.19) that with overwhelm-

ing probability,
L
2 *2
E ¢, —am™| < 310 -
2<k<M

When this occurs, we also have Y, -,,(nf)? < L by (10.88), and (10.89)
implies T

L
|Sg’¢/ — am*2| < —

/310 !



10.5 The Smart Path 153

Thus by (10.13) it holds that |Sy — r| < L/3°. O

We have already gathered the tools to obtain useful bounds on v;(f), the
key to the next result.

Proposition 10.5.6. Consider a function f on n replicas, |f| < N, that
does not depend on the r.v.s ni. Then

n(I71) < L™ () + K exp (—%) (10.90)
W(f) = vo(f)] < L BRav(|f]) + K exp (g) 0.9

where K depends only on 3 and h and s is as in (10.87).

Inequality (10.90) will be used constantly below. The reason for the condition
|f] < N is that we want to use this result for functions f such as Sy o — 7
that can in principle be as large as (about) N.

Proof. In this proof, K denotes a number depending only on 3 and h. It
follows from Proposition 10.5.5 and Lemma 10.5.4 that we have

N N
Vt(l{‘sz,e/—T‘\ZSQ}) < Kexp <?> ; Vt(1{|n£—u|2$}) < Kexp (E) .

Using the bounds |f| < N, |Se| < M, and writing (10.80) as

=" (Z vi(f(See =) = (f(Snsrnir — 7“>)) :

2
<N

we get from Proposition 10.5.3 that
/ 202 N
A < D Psn(1f) + [RI + Kexp (<) (10.92)

where R is as in (10.82).
Next, we will prove that

N
IR| < n2@sui(|f]) + K exp (_E) . (10.93)
Combining with (10.92) this yields
! 22 N
i < L) + Ko (<3¢ ) (10.94)

In particular, since 32s < L, we have
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i < DU + Kexo (<3¢ )

Integration using Lemma A.11.1 yields (10.90), and combining (10.90) with
(10.94) yields (10.91).

We turn to the proof of (10.93). We prove that in fact for any positive
constant a, it holds

R| < La?ui(|f]) + K exp <%) . (10.95)

It follows from Theorem 10.4.1 that v(1{j,|>q)) < Kexp(—N/K), so by
Lemma 10.5.4 we also have v¢(1j,,|>a}) < K exp(—N/K). Since |f| < N we
get

N
v 1) < aPvi(Inf 21 1) + K exp (x) .

Finally since Y, -, [n%|? < L, with overwhelming probability,

l/t(z In% % f]) < Lvg(|f]) + K exp (_%) _ -

k<M

Now we must break the bad news. It will not suffice to use the inequality
V(F) = vo(f)] < sup v ()l (10.96)

This inequality is an order 1 estimate, and even to study the system of replica-
symmetric equations and prove Theorem 10.2.1 we had to make an order 2
expansion. Instead of (10.96) we will need something like

lw(f) = vo(f) = v(f)] < sup W (£ - (10.97)

Fortunately (Gauss forbids!), we will not really need to care about the exact
expression of v}/ (f).

We define LB g)?
_ - —4q
P= = 51- )P 1099
and we write (10.80) as
2
IV = % (Z vi(f(See = p)) — nve(f(Snt1,n41 — P))) ) (10.99)
<n

in the hope that Sy, ~ p. Of course it takes some foresight (Theorem 10.7.1
below) to guess the value of p.
We now state the precise form we need for (10.97).
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Theorem 10.5.7. Given numbers 11,70 > 1 with 1/71 + 1/72 = 1 and a
function f on X% with |f| <1 (that does not depend on the r.v.s i) we have

v(f) = vo(f) + VI+ VII+ VIII + R (10.100)

where

[R| < B(f) = L™ Bw(| )"/ (”(lsm =Pl (|S g — P

V(|n1 o u|27’2)1/"’2 + %) + Kexp (_%> (10101)
and
VI = ﬁ(Z vo(fee(ni — p)) — nin(fensa (nf+ - M))) (10.102)
ﬁ2 <n
Vit = 5 (S (St = )~ w0l (S0 = ) (10.103)
<n
VIII = ( Z vo(fewew (Sew — 1)) — nz vo(ferens1(Sens1 — 1))
1<e<t/'<n <n
+ w vo(fent1€nt2(Snt1nt2 — 7’))) . (10.104)

Proof. Let us write (10.79) as v;(f) = A(t) + R(t), where A(t) is the sum of
the terms (10.73), (10.80) and (10.81). Let us observe that A(0) is the sum
of the terms (10.102) to (10.104). We have

1
o(f) = no(f) + / vi(f)dt

= vo(f) + A(0) + /O (A(t) — A(0) + R(t))dt .

We shall prove that |A'(t)] < B(f) and |R(t)] < B(f) which will imply
(10.100) and (10.101). First we study R(t). We simply use Holder’s inequality
and (10.90) to get

vl [111) < vl 7)Y 2w (£

N
< Kv(lng ™) ™o (| 7)™ + K exp <K> '
It follows from Theorem 10.4.1 that v(|ng|*™2)Y/™ < K/N? so the previous
inequality yields (since M < N)

K

= T1)1/71 ,g
RO < ()7 + Ko (<) -
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We compute A’(t) through Proposition 10.5.3 (writing the term IV as in
(10.99)). There is a remainder term which is bounded as previously. The

other terms, besides f, feature two factors of the type (Sp¢ — p) or (See —7)

or (n{ — u); we simply use that 2|U;Us| < U? + U2 and Holder’s inequality

to obtain
2v,(| fUUs|) < vV T (e (UL Y™+ (U2 P7) V)
and (10.90) to conclude. O
Sometimes we shall only need the following simpler fact.
Proposition 10.5.8. If f is as above and s is as in (10.87), we have
v(f)=w(f)+VI+ R (10.105)
where

R < L5511 + Ko (- )

This should be compared with (10.91). Use of one more step in the expansion
provided us with a factor s? rather than s in the error term, and this will be
essential at some later stage.

Proof. This is a simple variation on the previous argument. We note that,
using first (10.90) and then Proposition 10.5.5 we have

2 2 N
ez (Se = ) < L l1Swer = rl) < L 20() 4 Kooww (<)
and proceeding in this manner we get

n? p2 2 N
[VII + VIII| < L™ B°s°v(|f]) + K exp %)

Next, we bound the terms v;(fU1Uz) in A’(t) where Uy and Us are both

of the type (Spe — p) or (Seer — 1) or (nf — ), by using again (10.90) and

Proposition 10.5.5 to get

(| fUIUa]) < L (| f]) + K exp <‘%> ,

with the factor s? occurring since each of the terms U; and U, gives us a
factor s (or s? < s). Thus we get

()] < L7 B2 (|f]) + K exp (‘%) |

To conclude the proof, we simply use (10.95) to bound |R(t)]. O
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10.6 Integration by Parts

In the previous section we have seen how quantities such as v(S11f) or

v(S12f) occur naturally. We expect that S11 ~ p and S12 ~ r. We can-
not prove it yet, but we may try to calculate 1/(81 of ) and V(S1 1f). We note
that

v(Siaf) = > wlmp)’f);  v(S12f)= Y vininif). (10.106)

2<k<M 2<k<M

We will try to compute v((n},;)?f) and v(n},n3,f). Since ny is of order
1/V/N, it is more natural to consider instead the quantities Nv((n},)?f) and
Nv(n}m3,f). We define

D=1-5(1-gq) (10.107)
O R e RO

We remind the reader that Ryp = N7' 370,y olot.

Theorem 10.6.1. Consider a function f on X3. This function may be ran-
dom, but it must not depend on the r.v.s (n; am)i<n. Let us define

= BN( > v((Riyg = gy f)

2<0<n+1
— (n+1Dv((Ryny2 — )n}wn;}ff)> (10.109)

and, for 2 <p<mn-+1 let us define

w:u<<R1,p—q>f>+5N< S (R — byl f)

L#£p L<n+1

- (’I’L + l)l/((Rl,n+2 - Q)n}wnr]tjgf)) . (10110)

Consider a number T > 0. Then we have

Nv((ny)?f) = pr(f) + % + % <(Z Vp) - nVn+1> + Ry (10.111)
p<n
Nv(nyn3,f) =7rv(f) + 5 + % ((Z Vp) - nVnH) +R2 (10.112)

where -
(Rl [Ra| < (1177 (10.113)
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It is of real importance to allow f to be random. For example, if we want
to compute v(S7 ), we write

v(Sta) = (M = D)v(nyyni,Siz) = (M = 1)v(nymi,St)

where ST = >y pcpsry MEn is random but does not depend on the r.v.s
Mi, M -

We should think of Theorem 10.6.1 as a kind of expansion. Besides v(f),
the terms in the right-hand sides of (10.111) and (10.112) all have a factor
R1.0—q, that should be small. Some of the terms contain the products n},nf,,
and the process can be iterated. Throughout the argument, the integer p will

represent a replica index. We use the notation

A, = Nv(njmh, f) . (10.114)

We consider these quantities for p = 1,...,n + 2. Since f is a function on
2%, we have

Apta = Nv(njmi2f) = Nv(nhnif f) = Apgr (10.115)

Lemma 10.6.2. We have, for each p <n+1

Ap = v(Ripf) + NS < > v(Rpenhmief) = (n+ Dy(Ry nyanfymiy f))
<n+1

+R,, (10.116)

where |R,| is bounded as in (10.113).

Proof. The basic idea of the entire approach is to write

P _ p
Nnjy, = E ,M0;
i<N-1

so that
Ap = E(ni,n (n3g07 ) (10.117)
i<N-1
and to try to use approximate integration by parts. We have to make explicit
the dependence of (-) on n; as. For this we recall the bracket (-).. of Section
10.4 so that, since p < n + 1,

N
<n}waffexp ﬁT Z€§n+1(m§\4)2>~>

BN 1 )2>n+1

E(mi,m(np 0l f)) =E <7h,M
(exp 55 (m},)?)

Abusing notation in an obvious manner, we have
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¢ ¢ 1 1
we<ni1, 0w _ % Ony oy
o N o N

so that the main term obtained from approximate integration by parts is

%u(a}off) + 8 Z v(nyymbolol f)

<n+1

= (n+1)Bu(nymy oo} 2 f) .

Here we use in an essential way that f does not depend on the variables n; /.
Proceeding as in the proof of Proposition 10.5.3, (that is, using differential
inequalities) one finds that the error term R; in the approximate integration
by parts satisfies

|Ri|SKu(|n1M||f| 3 |m§w|3).

Using Theorem 10.4.1, we get
[Ril < 5V (DY

the constant K being independent of 7. Thus we have obtained the relation

E(nii(niyof f) = pv(oiol ) +8 ) vinymiyaloif)

<n+1
— (n+1)Bu(nimi2e?e 2 )+ R; . (10.118)

We recall the notation R, ,, = Nty Ny olol’ | so summation of (10.118)
over i < N — 1 yields B

Ay =v(Ry,f)+ NB D vinymi R, ,f)
L<n+1

— (n+ 1)NBmymy? Ry 0 f) + R, (10.119)

where |R| < Kv(|f|7)"/7/N. This relation is not exactly (10.116) because

it involves mfw rather than ”?\4 and R; , rather than R, ,. It is rather ob-
vious that replacing R, by R, creates an error term < Kv(|f|)/N <

Ku(|f|")Y/7/N. Replacing then m$, by n4, creates an error term

=8 > v(nymueRyof) — (n+1)Bv(nimaent2Rpniaf) -
<n+1

Interestingly, it is not immediately obvious that |R’| < Kv(|f|")"/7/N; but
this becomes apparent if one performs approximate integration by parts in
the r.v. nay. a
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Proof of Theorem 10.6.1. The remainder of this proof is elementary linear
algebra. When p = ¢, we will use that R, ; = 1; when p # ¢ we will bring out
the term R, ; — q. We first consider (10.116) when p = 1. It reads

AlV(Rl,lf)+N5V(Rl,1(”zlw)2f)+N5< S w(Runbndy )

2<4<n+1

—(n+ 1)y(R1,n+2n}4ny2f)> +Ry . (10.120)
Since Ry 1 =1 and Nv((n};)%f) = A1, we write (10.120) as

Ay = u(f) + BA; + Nﬁ( > v(Rimimiyf)

2<0<n+1

—(n+ 1)u(R1,n+2n}wngj2f)> + Ry - (10.121)

Now we write
Nv(Ryenyyniy f) = qAe + Nv((Bie = gy f)
and substitution in (10.121) yields
A1 = I/(f) + ﬂAl + 5(1( Z Ag — (’ﬂ + 1)An+2) + ‘/1 + Rl (10122)
2<0<n+1
where V7 is as in (10.109), i.e.
=N ( S (R gm0 DAz = kg1
2<t<n+1
Using that A,,+2 = Ap+1 by (10.115), we rewrite (10.122) as
DAy = v(f) + ﬁq( > A- nAn_H) +Vi+Ri. (10.123)
1<t<n
Next, we consider the case 1 < p < n. Using again (10.116) we have

Ap = v(fR1p) + B4y JFNﬂ( Z V(Rp,én}wnfwf)

1<e<n+1,l#p
- (n+ 1)V(Rp,n+2n}\/1n7zt4+2f)) +Rp

and, as before we get

DA, = qu(f) + 6q< > A- nAn+1> + Vo + Ry, (10.124)

1<t<n
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where now V), is as in (10.110), i.e
Vo= 1Ry = ) 8N (S (B~ abyhed)
L<n+1,0#p

et Do((Rpnsr )nMan))

Finally, we consider the case p = n + 1, where (10.116) now becomes
A1 = V(fRint1) + NBu(ndmi ' f) + Nﬂ( > (R f)
1<t<n

(0 DR a2 5)) + R
Using again that A, 2 = A, 41by (10.115) we get
An+1 = qV(f)+ﬁAn+1+ﬁq< Z Ag—(n+1)An+1>+Vn+1+Rn+1 (10.125)
1<0<n
where V,,41 is as in (10.110) i.e.

Vis1 = v(f(Rins1 — @) + NB (Z V((Reni1 — @iyt f)
<n

— (n+ DV((Rug1nt2 — @nif'n n”f))

and this gives again
DAn+1 = qu(f) + ﬁq( Z Ag — nAn+1> + Vn+1 + Rn-{-l . (10126)
1<t<n
Thus, for 1 < p < n + 1 we have obtained the equations
DA, = Bq( > A- nAn_H) + b, , (10.127)
1<e<n

where by = v(f)+Vi+Riand b, = qv(f) +V, + R, for 2 < p < n+1.
We add the first n equations and subtract n times the (n + 1) equation to
obtain the relation

D( > A —nAnH) = > by—nbyp

1<e<n 1<4<n

which we substitute in (10.127) to get
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A, = 5 + ﬁ( > b nan) . (10.128)
1<t<n

The coefficient of v(f) in ), /., be —nbp41 is 1 —gq so the coefficient of v(f)
in A; is o

1 Bal-q) | pl-9+Pal-q) 1-B1-0*
D" D? D D> P
and the coefficient of v(f) in A, for p > 2 is
LBad-9) g o
D D2 - D2 ’
Therefore (10.128) proves (10.111) and (10.112). O

10.7 The Replica-Symmetric Solution

Throughout this section we assume that («, 3, h) belongs to the admissible
region (10.1) (so that h > 0), and that the constant Lo which defines (10.1)
has been chosen large enough. We recall that (g, i, r) is the (unique) solution
of the replica-symmetric equations (10.3) to (10.4) that satisfies (10.6), while
p is given by (10.98). These quantities depend on (,h and on N and M
through the ratio « = M/N. The goal of this section is to prove the following,
which is one of the main results of the chapter.

Theorem 10.7.1. If («, 5, h) belongs to the admissible region (10.1), and
the constant Lo which defines this region has been chosen large enough, then

= U(Rip—0)?) < (10.129)
=v((nm —p)?) < % (10.130)
ni=v((S12—7) )g% (10.131)

Ty = v((S1,1—p)?) < % , (10.132)

where K depends on B and h only.

The quantities Qp,...depend also on M but we keep this dependence
implicit in order to lighten the notation. Of course, it follows from (10.130)
that v((m! — u)?) < K/N.

When h = 0, the Bovier-Gayrard localization theorem shows that (typ-
ically) exactly one of the quantities my, k < M, is close to m*, but by
symmetry between the values of k£ < M it cannot always be the case that m4
is close to m*, and we cannot expect (10.130) to hold in that case.
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Research Problem 10.7.2. (Level 2) Is it true that in the admissible re-
gion (10.1) the estimates (10.129), (10.131) and (10.132) hold with a constant
K that depends on § only (and not on h)?

Throughout this section we denote by K a number depending only on 3
and h, that need not be the same at each occurrence.

Proposition 10.7.3. The following estimates hold:

Qn < Lm*QN*RN* + 52Q1/2( SN2+ T + + 5 (10.133)
LB K
S < 52 Qv+ (10.134)
L64 K
Ty < ToQn+ (10.135)
*2 K
Ry < (1 - mT> Ry + L > R}V/?(Sl/2 FTY) + = v - (10.136)

Some of the coefficients above, such as the powers 2 for (3 in the denominators
are somewhat arbitrary. The coefficients 3% in (10.134) and (10.135) look
threatening when (3 is large, but in fact there is plenty of room then. It is for
0 close to 1 that one has to struggle.

Proof of Theorem 10.7.1. From (10.136) we get
L
m*ﬁZ

The reader should observe the nasty small factor m* in the denominator.
(Recall that m* — 0 as 8 — 1.)
We use the relation

K

Ry < RYZ(SN?+ T3 + + 5

(10.137)

t o, 1 5
< _ 10.1
ab 2a + 2tb (10.138)
fora=R 1/2 b_(Sl/2+T1/2) and t = m*ﬁz/L to obtain

Rn RN + —5(Sv +Tn) +

*254 N
so that

Ry <

ZN

L
S g (Sn +Tn) +

Combining with (10.134) and (10.135) yields

K

L
Ry < —— —. 10.139
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If we substitute (10.139), (10.134) and (10.135) in (10.133) we get

L K
< = el
QN = L() QN + N )
so that for Lg is large enough we obtain Qn < K/N; then (10.134), (10.135)
and (10.139) conclude the proof. O

We observe that the factor m* in the first term on the right-hand side
of (10.133) is exactly what is required to offset the nasty coefficient m* in
the denominator in (10.137). We also observe that the coefficient 372 in the
second term of the right-hand side of (10.133) is exactly what is required to
offset the coefficient 3% in (10.134) and (10.135).

The principle of the proof of Proposition 10.7.3 is simple. To bound @y,
we write as usual

Qv =v((Ri2—q)%) =v((e1e2 — @) f) (10.140)

where f = Rj2 — ¢q. We then use Theorem 10.5.7 with 71 = 75 = 2 (and
(e182 — q) f rather than f). We have

vo((e1e2 — @) f) = wo((e1e2 — @) (R12 — q)) (10.141)
= %I/o((€1€2 —q)er1€2) +vo((e1e2 — Q)(Rf,z —q))
= L - gne) < 2. (10,142

using Lemma 10.5.1. Using (10.90) and the Cauchy-Schwarz inequality, we
see that all the other terms provided by Theorem 10.5.7 are bounded by

CBQY(RY? + Sy? + T\/?) + K exp(—N/K) .

The difficulty is to obtain small enough coefficients in the various terms in-
volved. The way around this difficulty is no magic: keep expanding until your
estimates become good enough. This requires patience only. While perform-
ing this computation, we will meet the quantities

= Eth’Y = vo(ere2e3) ;. G = Eth'y = vo(e1€2€3€4) 4
where Y = 3(z+/7 + p) + h.

Lemma 10.7.4. We have

nw<Lm*, qg< Lm*? < Lm* (10.143)
B1-¢*)<L; Bq—d>)<L; B'@—-¢>)<L (10.144)
BHu(l—q)l < Lm*, B — pg| < Lm* (10.145)

=g <L =g < LB 1—p[<LB™ 5 [L-pl < LB~
(10.146)
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Proof. First we note that (10.6) implies (10.143). Since 1 — m* < L3710
by (4.37), it follows from (10.11) and (10.12) that |1 — u| < LB71° and
|1 —q| < L3719 Also, since for —1 < 2 < 1 it holds that 1 — 23 < 3(1 —x),
we have

0<1-—a=E(-th’Y) <3E(1l—thY)=3(1-p)

so that |1 — 71| < LB71Y and similarly |1 — g| < L3710, This proves (10.144)
and (10.145) for § > 2. All that remains to prove is (10.145) for 8 < 2. But
this follows from (10.143) since |i| = |Eth®Y| < Eth?Y = q. O

Proof of (10.133). Using (10.140), (10.141) and Theorem 10.5.7 for n = 2,
f(e1e2 — q) rather than f and 7 = 7o = 1/2 we get

4
Qv < 5 +THIT+TT+R (10.147)

where R is as in (10.101) and

IZﬁ(ZVo(Ee(Eﬁz—Q)(”{ — ) f) —2wo((e1e2 — q)es(n )
<2
(10.148)
1= (X wl(e162 - )(Ses = ) = (a2 = (S0 = 1)
<2
(10.149)

11T = ﬁ2< (6182(8182 — q)(SLQ — ’/‘)f) -2 Zl/o (6@63(5182 — q)(S&g — T‘)f)

<2

+ 31 (6384(5152 — q)<S3’4 — T)f)) . (10.150)

Since here f = Ry 2 —q, we have v(f?) = Qn. Applying the Cauchy-Schwarz
inequality in a straightforward manner we get the inequality

On <L52Q}\{2(R1/2+Q1/2 1/2).

This is quite far from (10.133), because the required small coefficients m*
and 32 are not featured above. So, in each of the terms we will try to bring
out a “small factor”. By a “small factor” here and in the following few pages,
we mean a quantity that will create precisely the required coefficients such
as m* or 372. Generally speaking, Proposition 10.5.5 is a precious tool for
creating such small factors.

Fortunately, all terms can be handled by the same method. First we con-
sider the terms occurring in the summation of (10.148). Given ¢ < 2 we
have
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|vo(ee(ere2 — @) (nf — ) f) — vo(ee(erea — @)wo((nf — ) f)| < % . (10.151)

This is because by Lemma 10.5.1 and since f~ = Rj 5 — ¢ does not depend
on the last spin, it holds that

vo(ce(eres — q)(nf — ) f~) = volee(erea — @))vo((nf — ) f7)

and since |f — f~| < 1/N we obtain (10.151). Now, the small factor we are
looking for is simply

vo(ee(ere2 — q)) = vo(e1)(1 —q) = p(l —q) .

Using (10.151) we have

v ce(erea — a)(nf — w1)| < 3 + (L~ @lwo(lnt — wl)

Using (10.90) and the Cauchy-Schwarz inequality we see that
¢ ¢ N
oo = 1) < Lol = ) + Kexp (-
1/2 1/2 N
< LRy + Kexp %/ (10.152)
and thus
K N
o(erlerce — ) )| < 3+t~ DR QY + Koxp (-7

K Lm 1/2 1/2 N
< — K
AT TRexp| T

because |u| < Lm* and 8*(1 —q) < L.
We then proceed exactly in the same way for each of the other terms. For

the term
v ((e162 — @)es(ny — p)f),

3

ni
the “small factor” is vy((e1€2 — q@)es) = 1 — pq, and using (10.145) we see
that

K Lm* N
3 1/2 1/2
o ((e122 = @)es(ni = f)| < 51 +Ke><p< K) :
Thus K N
|I|§ N *R1/2 1/2+Kexp< K> .

We could actually get a factor 5% in the denominator, but it is not useful
here. To study the terms II and III, we note that the function Sy does not
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depend on the last spin (so we may use Lemma 10.5.1) and does not depend
either on the r.v.s np = (so that we may use (10.90)). As for the term
0] (5152(5152 - Q)(51,2 - T)f)
the “small factor” is vg(e162(c162 — q)) = 1 — ¢%. As in (10.151) we have
|V0 (6162(6162 —q)(S1,2 — T)f) —vo(e1€2(e162 — q))vo(S12 — T)f)‘ <
and as in (10.152) we get

2=

N
o ((S1,2 —7)f )|<LQI/2 1/2+Kexp< K> .

For the other terms of III the small factor is respectively ¢ — g% or §— ¢2. In
this manner we get, using (10.144),

K 12 1/2 N
HI<N+ﬁ2Q + Kexp %)

For the term II, the estimate is surprisingly straightforward. Indeed as in
(10.151) we now have

[vo((e162 = @)(See = p)f) = volerez — o((See = p)f)] <

K
N )
and since vy(e1€2 — q) = 0 we have [II] < K/N.
It remains to control the term R of (10.101) in (10.147). This term obvi-
ously satisfies

1/2 1/2 1/2 K
RI < LAQY* (v(1S1a— o) 4 (IS1z 1) > + v (nd — ) *) + 3 -
To bring out a small factor we use Proposition 10.5.5. Recalling the quan-
tity s of (10.87), the sets

{112 =r[ 25} {ISia—pl =2 +lp—rl};  {ln1—pl = s}
are negligible. Now

a(l—q)
por=_ "4 10.153
1-p(1~-q) ( )
and since 1 — 3(1 — q) > m*?/L by (10.15) and o < m**/Ly by (10.2) we
have |p —r| < Lm*?(1 — q)/ Lo, so since 1 —q < L/B319 by (10.146) we obtain
|p — r| < Ls?. Therefore the set

{1511 — p| > Ls*}

(10.154)
is negligible. This should make it obvious that



168 10. The Hopfield Model

K
R < LO** QN (SN + T3) + LB'sQN*RY® + ;-
and since s < Lm*/[3° this finishes the proof. m]

Proof of (10.134). We write

Sy =v((S12—1)%) = 1/<< Z nng — 7”) (S12 — 7’)>
2<k<M
— v(((M = D)nkm3, —7)(S15 — 1))
= (M -1)v (nMnM(Sl 2= 7)) —rv(Si2 —7). (10.155)

We would like to compute v(n},n3,(S1.2 —r)) using Theorem 10.6.1. Before
using this theorem, we must first remove the small dependence of S} 5 on the
r.v.s n; ar. For this we define

~ 1,2
51,2— E NNy
2<k<M-—1

and we observe that by Theorem 10.4.1 we have
K
(M = 1)k (S, = 1)) < 3 + (M = Dw(nknd (ST, = 7)) - (10.156)

Let us consider formula (10.112) for 7 = 2 and f = ST’y —r. Multiplying this
formula by o/ = (M —1)/N = a — 1/N, we get
(M —1)v (nMnM(Sl 2= 7))

— aFU(ST, — 1) +a (D +%(V1+V2—2V3>>+R

where K
1/2
IR| < —V(( Ta—r)?) T <<

Now, since r = ar

2=

|TV(SL2 —r)— O/?I/(SEQ — r)} <

and (10.155) yields

Bq LK
Sy <« — (V1 + V5 — 2V& —.
NS o <D+D2(1+2 3) N
In each of the terms of V7, V5, V3 there is a factor f = Sf;Q —r. Theorem 10.4.1
implies that we make an error of order K/N when replacing this factor by
f = 51,2 —r. We perform this replacement and we call V, the corresponding
term. Therefore we obtain
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!
Sn éa(ﬁ+@(V{+V5—2V},’))

10.1
=+ 2 (10.157)

+5 -

We now examine the respective contributions of the various quantities
in (10.157). First V§ and V4 involve a term v((R1, — ¢)f’), which satisfies
[v((R1p —q)f)] < Q}V/QS}V/Q. The coefficient of this term is bounded by

1 pq af _ Lpm** _ LB?
L —+ = | <L < < —
@ < + ) - ’ITL>k2 - Lo - LO

10.1
5+ 2 (10.158)

because D > m*?/L by (10.15), ¢ < Lm*? by (10.12) and o < Lm**/Lq by
(10.2). All the other terms in V{, V4, V4 are of the type

BNv((Rie = g)niyniy(S12 — 7))
and, by symmetry between the values of k¥ < M we have
OZNZ/((RL[ - q)n}wnfw(SLQ — 7‘)) = V((Rl,e — q)Sl,Z(Sl,Q _ T)) .

It is the term S , which provides here the crucial small factor. By Proposition
10.5.5 we know that the set

{IS1el > 8% + 1}

is negligible. Therefore, using the Cauchy-Schwarz inequality we have shown
that the contribution of all these other terms in V{, V4, V4 is at most

1 Bq 1/2 o1/2 N
Lﬂ<5+ﬁ)(52+7") N Sy +Kexp %)

We use the inequalities D > m*?/L, ¢ < Lm*?, s> < Lm*?/Ly and (by
(10.14)) r < La/m*? < Lm*? /Ly to see that

2
e f)eren< 2

Finally collecting these estimates we have shown that

Lﬂ2 1/2 ~1/2 K
SNSTOSN/ A{+N

Using (10.138) with t = Ly/B%L we obtain

1 L3 K
< Z - _
Sy < 55N + 2 Qn+ 5 -

hence (10.134).
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Proof of (10.135). It is nearly identical to the proof of (10.134), once one
observes from (10.153) that p — r < La/m*?, so that p < Lm*?/Ly. O

Proof of (10.136). This is the most delicate inequality, because for certain
estimates we are not permitted to make errors bigger than m*?R%,;/L and
obtaining this factor m*? (rather than the much easier factor m*) requires
caution. As may be expected we write

o (3 2 o)) (5 2 7o)
_ V((N]; L —u) (%g;}vai —u))

< vl(er )+

where f = nl w. We use Theorem 10.5.7 with n =1, 74 = 79 = 2 and we
get

K
RNSVO((el—u)f)+IV+V+VI+R+N

where R is as in (10.101) and where

= B(vo(er(er — w)(nh — 0)f) = volea(er — (03 — ) f)) (10.159)

V= %( w((er — p)(S1,1 = p)f) — wo((er — p)(S2,2 — p) f)) (10.160)

VI = 3*(—vo(ere2(er — 1) (S1,2 — 1) f)
+ V(](€2€3(€1 — M)(Szyg — ’I")f)) . (].0].61)

Thus use of Lemma 10.5.1 is facilitated by the fact that none of the functions
f, Ser or n* depends on the last spin. Thus V = 0, and

IV = 5((1 = p*)vo((ny — ) f) — (a — p*)vo((ni — p)f)) (10.162)

VI = 82(—pu(l — Qwo((Sr2 — 7)f) + (i — pg)vo((Saz —7)f)) . (10.163)

The easiest term to dispose of is VI. We simply use (10.90) and the Cauchy-
Schwarz inequality to write

N
wo((Seer — ) f)] < LSN?RN? + K exp (—?)

(%)

and we use (10.145) to obtain

1/2 ,1/2
N
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Next we study the term IV. The difficulty there is that the coefficient 1 — 2
is not small. Observing that ¢ = Eth®Y > (EthY)? = 42 we write

V] < B(1 = ) |vo((ny = w) £l + Bla = 1*)lwo((nf — w) f)] -

Recalling that f = nl — p and using the Cauchy-Schwarz inequality we
get [vo((nf — p).f)| < wo((ni — p)?) and thus

V] < B(1 - 22 + qwo((n} — w)?) (10.164)
The strategy now is to use (10.17) and to relate vo((ni — p)?) and v((ni —
1)?) = Ry rather accurately. It would not suffice to use (10.91). Rather, we
use (10.105) for f = (nl — p)? to get
v((nl — u)?) = Ry = vo((n} — p)?) + VIL + R/ (10.165)
where, recalling yet another time the quantity s of (10.87), we get
/ 4.2 1 2 N 4.2 N
IR < LB s"v((ny — p)”) + K exp e = LB s"Rn + K exp %)

and

VIt = 5 sn(er(nt — )20 - 1) - 2ol - 0t - )

(<2

= (S (nd 2k = ) = 2k = 02 - 1))

<2

Therefore, using (10.90) and Holder’s inequality we get
1 3 N
VI < Loy (o — ) + K exp (-~
and since by Proposition 10.5.5 the set {|n} — u| > s} is negligible we get
N
|[VII| < LBusRy + K exp (_E) .
In this manner we have shown that
N
(o} = 0%) -~ | < L% + Ry + Kewp (<3 ) (10169
and thus, using s < Lm* and g < Lm* in the second line:
1 2 402 N
vo((ny —p)°) < Ry + LB (s” + sp) Ry + K exp e

N
< Ry + LB3*m*? + K exp <K) .
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Combining with (10.164) and (10.17) we see that

*2

V] < <1m

N
7 + L254sm*> Ry + Kexp (> .
2

K

Since s < Lm* /3%, there exists 3y such that Lo3*sm* < m*? /2Ly for 3 > .
Since s < Lm*/+/Ly, if Ly is large enough, we have Ly3*sm* < m*2 /2L, for
8 < Bp. Thus, if Lg is large enough we have

*2

V| < (1— m

- ) Ry + K exp <—ﬁ) . (10.167)

K

Let us now turn to the control of the innocent looking remainder (10.101),
which satisfies

R] < LARY? (v (1501 — o) ? 4 v(1S12 — 1) + v (In! = pl*) ")
n % . (10.168)

The best we can do about the term v(|n; — pl*) is to use the negligible
property of the set {|n; — pu| > s} to get

N
v(ln} — M‘l)l/z < sR}V/2 + K exp (—?> .

In this manner, and as we have already noticed that the sets {|S1 2 —r| > 52}
and {|S11 — p| > s%} are negligible we get

K
IR| < LB*(sRy + s*RY(SN + T\?)) + 5 (10.169)

Unfortunately the coefficient of Ry is s, and s is bounded by m*, and not
by m*2. We definitely need an extra factor m* in the bound. The only way
to improve the estimate (10.169) is to start by replacing (10.97) by

v() = wo() = vh() = )] < s ()]

Wait, why are you leaving? Didn’t I promise earlier that we wouldn’t even
need to calculate v”( f)? It is not going to be bad at all. We follow the method
of proof of Theorem 10.5.7 to get a higher order expansion

v(f) =w(f) +IV+V+VI+ VII+ R,

where the terms IV, V, VI are as in (10.159), (10.160), (10.161), where the
term VII will soon be discussed , and where the remainder R’ now satisfies

0\6)1/2 +v(]S1,2 — 7“|6)1/2 +v(jn — M\ﬁ)l/z)

(10.170)

IR'| < LORY* (v(|S11 —
K

+N,
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and instead of (10.169) we now get

K
IR| < LB%s?RY2(S¥? + T\/* + RY?) + 5 (10.171)

where the factor s provides the desired power m*2. The term VII (which I
promised not to write explicitly) is a sum of terms of the form

Bvo(fUV) , (10.172)

where a < 4, f = (e1 — )(n} — p), and both U and V are of the type either
eeep (Seer—1) Or Sep—poreg (nf —p). To control such a term we first consider
the case where either U or V is not of the type e¢(nf{ — p). Assuming e.g.
that V' is not of this type, we write

N
Bl gUV)| < Lo IVIVD + K exp (- )
< LU + Ko (-3 )

because the set {|V| > Ls?} is negligible, and we use the Cauchy-Schwarz
inequality to see that the sum of these terms is bounded as in (10.171) and
in particular (since s < Lm*/3°) by

L3*sm*Rn +

Lm* __1/2,,1/2 1/2
g RSN T

Next let us consider the case where both U and V' are of the type g,(nf — p),
so that the term (10.172) is
Bvo((e1 — p)(n1 — wee,ee, (nt — p)(nf* — )
= Bwo((e1 — weree, )vo((nf — w) (i — ) (nf> — ) . (10.173)
Now vy(e1€¢,€0,) = i when the indices {1,¢1,¢5} are all distinct and = p

otherwise. In any case we have |vg((e1 — p)eg, €s,)| < Lm* and we can bound
the term (10.173) by L3*m*v(|n{ — u|?) and then by

N
LB*m*sRy + K exp <_K> .

Finally we have reached the bound

m*2

Lm™* 172, .1/2 1/2 K
RSV T +

which as explained in (10.167) is the required bound if L is large enough. O

Ry < (1 — + Lﬁ4sm*) Ry +
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10.8 Computing pn,ar
Throughout this section we still assume that («, 3, h) belongs to the admis-

sible region (10.1) (so that h > 0), and that the constant Lo which defines
(10.1) has been chosen large enough. As usual (see e.g. (2.11)), we define

pvar(,1) = Elog Y exp(—H, (o))

Let us consider the quantity

2
Fa, ,h,rp1,q) = log 2 — % + % (% —log(1—B(1 - q)))
2
- %(1 —q) + Elog ch(B(2v/r + ) + 1), (10.174)

where (g, i1, ) is the unique solution of the replica-symmetric equations (10.3)
to (10.5) that satisfies (10.6). The aim of this section is to prove the following.

Theorem 10.8.1. If (a, 3, h) belongs to the admissible region (10.1) we have

(10.175)

==

’pNyM(/B7h) _F(a’ﬁvhvrvﬂaq)’ S

where « = M/N and K depends only on 8 and h.

Research Problem 10.8.2. Prove that if (a, 3, hy) belongs to the admis-
sible region, then (10.175) holds uniformly over h < hq (that is, the constant
K depends only on 8 and hy).

This problem is of course closely related to the Research Problem 10.7.2.

Lemma 10.8.3. Thinking of o, 8, h,r, u,q as independent variables, condi-
tions (10.3) to (10.5) are equivalent to OF /0 = OF /0r = OF/0q = 0.

Proof. Writing Y = #(2\/q + i) + h and D = 1 — 3(1 — q), the relations

a_F:—ﬂu—i—ﬁEthY

o

OF 821

or = a0t TRy

oF o (B fa f +5_2r:ﬁ_2(r_ﬂ)
¢ 2\D D?> D 2 2 D2

hold. O
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As a consequence, considering F'(«, 8, h,r, 1, q) as a function of a, 8 and
h, we have

OF _ L Pa

Let us recall that we denote by (-). an average for the Hamiltonian
Hpy p—1 of (10.47), so the identity

log(1 - A(1 —q))) |

2
N(pn,v(B,h) —pnavi—1(6,h)) = Elog <exp Nﬂ;nM> (10.176)

holds. As in the second proof of Theorem 2.4.2 the method of proof consists
in computing py ar (5, h) —pn,0(8, h) by summation of the relations (10.176).
It is for this purpose that we have always insisted that our constants K do
not depend on either M or N (provided M/N < ag) as e.g. in the definition
of negligible sets (see Definition 4.2.3 and the discussion afterwards).

So, proceeding as in the second proof of Theorem 2.4.2 it suffices to prove
the following.

Proposition 10.8.4. If (o, 3, h) belongs to the admissible region (10.1) we
have

‘Elog <exp ﬁNTm2M> — f(ay, B, )‘ % (10.177)

where K depends on B and h only.

The idea is simply to consider the function

N 2
p(u) = Elog <exp Y ;nM>

and to show that the quantity

N 'u/ ml\/]
¢'(u) = N e {miy i )- (10.178)
27 (exp Mgty
is nearly equal to
of 1 ug 1—¢
el B) = =
gy @) 2<1—u T O —9r T1sui—g
11—u(l- q)
1 10.179
21— (- (10479)

The formula (10.178) motivates the introduction of the Hamiltonian
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N N
—Hynouw= % E mi + uTm?w + Nhm; . (10.180)
k<M

Indeed, if (-),, denotes an average for this Hamiltonian, and v, (f) = E{(f),

then (10.178) reads

¢'(u) = gyu(mﬁ/[) : (10.181)

Proposition 10.8.5. If («, 3, h) belongs to the admissible region and o <
ap, 0 <u < B we have

1—u(l—q)?
(1-u(l—-q))?

where K depends on aq, 8 and h only.

K
Nv,(m3;) — <N (10.182)

Of course, since (10.182) means that |¢’'(u) — 0f/0u| < K/N, (10.177)
follows from (10.182) by integration.

To compute Nv,(m3,) we would like to integrate by parts as in Theorem
10.6.1. To control the error terms we need to control the size of m ;.

Lemma 10.8.6. For any number a the function
u +— vy, (exp Nam3,) (10.183)

18 non-decreasing.

Consequently Theorem 10.4.1 implies that for a < ag and u <1
N 2
vy, (exp M) <K, (10.184)
K
where K depends only on h, 8 and «y.

Proof. Let

<expN (a + %) m?\/[>N

=1y, Nam?2,) =E
P(u) = vy (exp Nami,) <exp%m2 >N

SO

(vu(m3; exp Nam3,) — vy (ma(0?)? exp Namy (0')?)) >0,

v =5

as is seen by expansion of the exponential as a power series and use of Holder’s
inequality (mas(02)?mas(a!)?*), < (m3h+2),. O
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Proposition 10.8.7. We have
vu((Ri2 —q)*) < (10.185)

[vu(Ri2 —q)| < (10.186)

SEEE

Here ¢ is as in (10.3) and as usual K depends on (3, h, ag) only. The proof
will be given after that of Proposition 10.8.5.

Proof of Proposition 10.8.5. First, we reproduce the proof of Theorem
10.6.1, replacing 8 by u and v by vy, so that (10.111) and (10.112) hold for
v, rather than v and u rather than 3, and the values

q . 1—u(l—-gq)?

r=——H— —/9#——#—+;p=—F+—""—.

(1 —u(l—-q))? (1 —u(l—q))?
we may also replace everywhere ny; by mjy; without changing the nature of
the error terms. We use (10.111) for n = 1 and f = 1. It suffices to prove that
|[Vo| < K/N for n = 1,2. Looking at the definition (10.109) and (10.110) of
V.., and using (10.186) it suffices to prove that for any two replicas ¢; and o
we have N|v, ((R1.2 —q)m4;m%%)| < K/N. To prove this we use (10.111) and
(10.112) with f = Ry 2 — q. Using that v, ((R12 — ¢)?) < K/N by (10.185) it
suffices to prove that

==

N{vu((Ry2 — q)(Ree — @ymiymis)| < =
which is the case because each of the four factors “counts as N~Y/2”. This
follows from (10.184), (10.185) and Hoélder’s inequality. O

Proof of Proposition 10.8.7. We start by explaining how to prove the
inequality
vu((Ri2 —q)%) < K/N . (10.187)

We were not able to deduce this result from the case u = 3. To prove it, it
seems necessary to rewrite the entire proof of Theorems 10.7.1 and 10.6.1. It is
hardly possible to actually do this here. Completing this project in full detail
should be a straightforward, but nonetheless useful exercise for the reader
wishing to really understand these arguments. There are many details to be
changed, but each of them is trivial. There is no longer symmetry between
the values of k = 2,..., M but only between the values k = 2,..., M — 1. So,
for example, rather than (10.155) we now write

Sn = vu((S12 = 1)?) = va (( > ngng - r) (812 — r)>

2<k<M
= Vu(((M - 2)"%»14"%\/171 - 7")(51,2 - 7”))

+ vu(nymiy (S12 — 1)) -
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The last term is < K/N by (10.183), and one would like to compute
vu(ny;_n3, . f) by Theorem 10.6.1, used for M —1 rather than M. Theorem
10.6.1 will hold with the same proof provided we can control the size of ny;_1,
namely we can prove that v, (exp Nm3, ;/K) < K. For u = 3 this follows
from Theorem 10.4.1. Despite the intuitive feeling that decreasing v can only
improve matters, we do not see how to deduce simply the case u < 3 from
the case u = 3 (see Problem 10.8.8 below). We can however repeat verbatim
the proof of Theorem 10.4.1, provided that the set {|mi(o) — m*| > p} is
negligible for v,,, where p is as in (10.58). This fact is deduced from the case
u = (3 in Lemma 10.8.9 below.

Research Problem 10.8.8. Is it true that the function

is increasing?

We now discuss (10.185) and (10.186) (which we have not even yet proved
for u = ). In the case of (10.185) we will claim in Section 10.9 that this is
done simply by “iterating” the proof of (10.129), an idea that has already been
used e.g. in Proposition 1.6.7, and that works similarly here. As for (10.186),
it will be proved in the case u = [ in Section 10.10, as an introduction to
central limit theorems, and these arguments are straightforwardly adapted
to the case of v,. a

Lemma 10.8.9. There exists a constant K such that for any subset A of
YN and any u < 3 we have

vu(14) < dv(14)VE (10.188)

Proof. Let ¢(u) = 1,,(14) so that

¢'(u) = vy (Nm%f 1A) — vy (NmM—WlA(02)> : (10.189)

2 2

Consider a number 7 > 1 and 7’ such that 1/7 + 1/7" = 1. Then use of
(10.189) and Holder’s inequality yields

¢ (1) = —p() 7 v ([N 7)Y (10.190)

Combining (10.184) and the fact that e* > (x/7)7 implies that v, (|[Nm3,|") <
(K7)7, so (10.190) yields

(1) > —Kro)/™ = —Krp(u)' =/

and thus
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1 L
— (W = K

By integration, for ug < u; this gives

p(un) 7 = p(uo)/7 = — K (ur — ug)
ie.

(o)™ < K(uy —ug) + o(u)V/7 . (10.191)
Assuming p(u1) < 1/4, let 7 > 1 with @(u;) = 477. Then, if K(u; —ug) <
1/4, we obtain

p(ug)™ < K(u1 — uo) + p(ur)/™ < = +

1
2
so that ¢(ug) < 277 = \/(uy). In particular taking uy = max(0,u; —1/4K)

we see that 1
cp(max(O,ul — E)) < \/m

Iteration of this inequality yields, for any integer k,

RNy
R

w(max(o,ul - %)) < (go(ul))gfk .

If (1) > 1/4 then (10.188) holds. If ¢(1) < 1/4 we take u; = 1 and for k
the smallest integer for which k > 4K to prove the result. O

Research Problem 10.8.10. Find a shorter proof of Proposition 10.8.4.

10.9 Higher Moments, the TAP Equations

Theorem 10.7.1 generalizes to higher moments.

Theorem 10.9.1. If («a, 3, h) belongs to the admissible region (10.1), and
the constant Lg that defines this region has been chosen large enough, then
for each p we have

v((Rip—q)*) < (@Y (10.192)

(10.193)

, (10.195)

(%)
v((S12—1)%) < (}@)P (10.194)
(%)

where K depends only on b, h and p.
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We have explained twice (in Proposition 1.6.7 and Theorem 2.5.1) how to
control higher moments in the same manner as one controls second moments.
The reader who has been energetic enough to follow the proof of Theorem
10.7.1 shall produce by herself a similar proof of Theorem 10.9.1. Other read-
ers, of course, would hardly even glance at the argument. Therefore the best
option seems to leave that proof to the reader.

We recall that (-)_ denotes an average for the Hamiltonian (10.67), and
that n, = N k-

Proposition 10.9.2. Under the conditions of Theorem 10.9.1, for each p
there is a number K independent of N such that

2p
E<<0N> —th(ﬁ Z Ne{ng)— + B+ h)) < % . (10.196)

2<k<M

Research Problem 10.9.3. (Level 2) Under the conditions of Theorem
(10.9.1), given an integer n, prove that there exist independent standard
normal r.v.s (z;);<n, such that

K
Vi<, E((o) — th(B(avE+ )+ )P S (10.197)
where K is independent of N.
Most likely, given any integer p one can even require
, 9 K
Vi<n,  E((oi) — th(B(avr+p) + )P < 1 (10.198)

Of course one expects Proposition 10.9.2 to be the starting point of a solution
to Problem 10.9.3, but even when n = 1, replacing the nearly Gaussian r.v.
Y o<k<m Me(ni)— by an actual Gaussian r.v. while preserving the rate /N
is not obvious. The following weaker statement is easier.

Exercise 10.9.4. Consider a point («, 3, h) in the admissible region (10.1).
Prove that given n, the joint law of ({o1), ..., (0,)) converges as N — oo and
M/N — « to the joint law of the sequence (th(8(z;/T + 1) + h))i<n, where
(g, 7, p) is the solution of the replica-symmetric equations when the parameter
« there is equal to «p.

Our next result complements (10.196) by the T.A.P. equations. We use
the notation ¢; ; = N1 D o<k ns ik k-
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Theorem 10.9.5. If («, 3, h) belongs to the admissible region (10.1) then
for each p there is a constant K depending only on B8, h and p such that

2p
E<<UN>—th(ﬁ > fi,N(%)—ﬂ(P—Q)<UN>+5M+h>> < %-

i<N-—1

As in Chapter 1 this implies that the equations

(0i) ~ th(ﬂ ij,i<0j> = Blp — q){oi) + Bu + h)
J#i
are simultaneously nearly satisfied. (In physics, the exact equations are called
the T.A.P. equations.)

As in Section 1.7 both Proposition 10.9.2 and Theorem 10.9.5 are conse-
quences of a general principle, which is the main result of this section, and
to which we turn now.

As usual we assume that («, 5, h) belongs to the admissible region (10.1)
and that the constant Lo defining (10.1) has been chosen large enough.

Theorem 10.9.6. Consider a function U, that is infinitely differentiable.
Assume that for each integer £ there is a constant C(= Cy) such that

U ()] < CexpCla] . (10.199)

Consider independent Bernoulli r.v.s (Cx)k<m and a standard Gaussian r.v.
& which are all independent of the randomness of Hy . Then, using the
notation g = my — (my), we have for each p,

E <<U(2<;M gkmk)> — EEU(f\/p—q)> ! < % , (10.200)

where q is as in (10.83), p as in (10.98) and K does not depend on N.

In the application of Theorem 10.9.6 just below one needs a little more
than just the fact that K does not depend on N. One needs K to stay bounded
when the parameters («, 8, h) stay inside a compact set entirely contained
in the admissible region (10.1) and when U might depend on N, but with a
fixed constant C' in (10.199); this is shown by the same arguments.

Before we get into the main argument, let us establish a simple technical
fact.

Lemma 10.9.7. Consider numbers a and C > 0 independent of N. Consider
also a standard Gaussian r.v. & independent of all the other randomnesses,
and let Y =3 5 popy G + a§. Then we have

E(expC|Y]) < K . (10.201)

The same relation holds if one replaces my, by my, in the definition of Y.
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Proof. We observe that for any numbers b, ax, and since exp |z| < expzx +
exp(—x) and log chz < 22/2 we have

Eexp’b + Z aka‘ < Eexp(b + Zaka) + Eexp(—b - Zaka)
k k k

2
= 2chbexp Z log chay < 2chbexp Z aQ—k .
k k

Using this for b = ¢£, and taking expectation also in £ we get
c? a;
Eexp‘c{—l—zk:ak(k’ < 2exp<5 —I—Xk:?) . (10.202)

Therefore if Ey denotes expectation in the r.v.s (; and £ only, and since these
r.v.s are independent of the randomness of the bracket, we then have

E(exp C|Y]) = E(Egexp C[Y]) < KE<exp(%2 > m§)> .

2<k<M

Let T = sup, > gcp<as Mi- It then suffices to prove that given a number C
independent of N we have Eexp CT < K, which is proved in Corollary 4.5.8.
When we replace my by 1y the argument is identical. a

Proof of Proposition 10.9.2. The idea is to apply (10.200) to the (N —1)-
spin system with Hamiltonian (10.66). Writing this Hamiltonian as

ot = L (S0 s (5 ey’

1<k<M N<N-1

+ (N — 1)h<ﬁ Z m,wz‘) )

i<N-1

shows that this is the Hamiltonian of an (N — 1)-spin Hopfield model where
0 has been changed in f_ = (N —1)/N and a in a— = aN/(N —1). Let us
denote by (¢—, p—, u—) the values of (g, p, u) after this change of parameters.
We leave it to the reader to check that

K K K
la—a-l<5. lp—p-Is5. Io-nl=s- (10.203)

We shall now use (10.200) for the (N — 1)-spin system with parameters a_
and f_, and for (; = nn. The quantity that corresponds to my for this
system is N/(N — 1)ng, which motivates the use of the function

U(zx) = exp (w:cNA_f 1) .
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Setting

A= <expsﬁ > ka>_ — exp <ﬁ;(p— q—)> :

2<k<M

we then obtain from (10.200) that

EAQPSE.

NP
Let us define
BzexpE(ﬁ > <k<nk>_+ﬁu+h),

2<k<M

so that using Lemma 10.9.7 for the (N — 1) spin system we have EB* < K

and therefore i
E(AB)* < (EA™EB')Y/?2 < —

Nr’

i.e.

E <<exp.€ (ﬁ > G+ Bu+ h) >_ (10.204)

2<k<M

& T K
_exp—(p—q)eXPE(ﬂ > Ck<nk>+ﬁu+h)> <37

2
2<k<M

From (10.67) we have
~ (Ave€)_
o) = (AvE)_
where £ = expe (ﬁ Z1§k§M Ceng + h) Recalling that (; = ny,1 = 1, only

trivial bounds are required to prove from (10.193) that “we may replace
(in1 =nq by u” to get

IN

(AveE'Y_\? K
£ (o)~ er) <
where

5’=exp6(ﬂ > <knk+ﬁu+h).

2<k<M

Use of (10.204) and of Lemma 1.7.14 concludes the proof of Proposition
10.9.2. O

Exercise 10.9.8. Complete the proof of Theorem 10.9.5.
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Hint: Proceed as in (1.208) to show that

e( X atn-G-aex - X adu) <

2<k<M 2<k<M

Combine with (10.196) to obtain that

2p
E<< th< Z Ce(nw) — PQ)<UN>+/3M+h>> S%,

2<k<M

and substitute the value ny = N1 ZKKN i k0

We turn to the proof of Theorem 10.9.6, which occupies the remainder of
this section. The proof is an elaboration on the proof of Theorem 1.7.11. The
main difficulty is that we have to be more sophisticated about approximate
integration by parts. In the remainder of this section a and b denote integers.

Lemma 10.9.9. There exist numbers (cq)e>1 and polynomials (Pa(x))q>1
such that for any infinitely differentiable function v and any integer n,

o) —v(=1) = Y eV (1) +0EV (1))

1<a<n

< P o) (10.203)

-1

Proof. We have proved this formula in (4.197) for n = 1, ¢; = 1, Pi(x) =
(22 — 1)/2. The general case follows by induction over n. To perform the
induction, together with (10.205), we assume that P, (z) = P,(—z). We find a
polynomial @, (x) such that Q! (x) = P,(z) and @,(0) = 0, so that @, (z) =
—Qn(—x), and by integration by parts

/1 Py ()0 (2)de = Qu(1) (0D (1) + 03" (-1))

-1

/ Qu ()0 (2)dz .

We set ¢pp1 = @Qn(1). Next, we consider a polynomial P,,1(z) such that
Pl () = Qn(x), so that P, 1(x) = Pyy1(—). we may and do assume that
P,+1(1) = Py41(—1) = 0. Integration by parts yields

/ O L(27+2) ( )da = /1 Pn+1(:c)v(2"+3) (z)dx .

-1

This completes the induction. a
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Consider the function V(z) = U(x) — E:U(&4/p — q) so that

EcV(EVp—q) =0. (10.206)
Using replicas, the left-hand side of (10.200) is

(I3, )

We define the function F' by setting F(x) = [[,<,, V(z¢) for x = (2¢)e<2p.

Let us consider i.i.d. standard Gaussian r.v.s (54)491) and let us define X; =
(Xg)gggp fOI‘
Xe=vt Y Gmg+VIi—t'Vp—q. (10.207)

2<k<M
We define
p(t) = E(F(Xy))
so that (10.200) means that |p(1)| < KN~P. To prove this we will show that

(n) K . (2p) -
Yn<2p, | (0)] < = Vi, 0<t<1, [|o¥P()] < -

Of course, the first task is to understand the structure of these derivatives.
Given numbers £(1),...,£(b) < 2p we define T'(¢(1),...,4(b)) as follows:
If b =2 and £(1) = £(2) we define

T(e(),02) = Y (M)~ (p—q)

2<k<M

If b =2 and £(1) # £(2) we define

T, e2) = > Vi

2<k<M

If b > 2 we define
T(),....00) = > [

2<k<M a<b

An important fact is that “a factor T(£(1),...,£(b)) counts as N~/ for b = 2
and as N—(=2)/2 for b > 3”. More precisely, we have the following.

Lemma 10.9.10. For any n it holds
E(T(£(1),£(2))*") < — (10.208)

E(T(£(1),£(2),...,£(0b))*") < D (10.209)
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Proof. To prove (10.208) we will use (10.194), (10.195) and Jensen’s in-
equality as in the proof of (1.200) but the complete details are tedious. First,

let us define
e v
Sé7€/ = Z mkmk_ .
2<k<M
We show that

v((S],—1)*")< (10.210)

K
Nn
and
K

v((S1, —p)*")< — (10.211)

To prove (10.211) we use that my = ni + Ny ron /N to get
171 25171 + 1411,

where 5
I=on > avwn
2<k<M
M-1
1= 5

We simply use

2vM -1
< =—— ] > ()2,

N
2<k<M
and Lemma 4.5.7 to obtain
K
Ev(I?") < — .
V() <

Of course the control of the term II is trivial, and this completes the proof of
(10.211). The proof of (10.210) is entirely similar. Let us now prove (10.208)
in the case £(1) # £(2), and without loss of generality we assume £(1) = 1
and £(2) = 2. Then we have, using Jensen’s inequal

((z,m))

=<( ) (mimi—mamw—mi<mk>—<mk>2>)2">

2<k< M
< <(Si,2 - 51,3 - 55,4 + Sz,’,,4)2n> )

and the conclusion follows from (10.210). Next, let us prove (10.208) in the
case £(1) = £(2) = 1. Then we write

Tii= Y ()= (p—7) =8 —p+II+IV,
2<k<M
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where
I = —2< > mlme) —r> ,
2<k<M

and

V= > ((m)?=r).
2<k<M
As before (10.210) and Jensen’s inequality imply that E(IIT*") < K/N" and
similarly for the term IV.
To prove (10.209) we use Theorem 10.4.1 to deduce from Holder’s inequal-

ity that for k > 2,
2n
. #(a) K
E<(H 1y, ) > < w0
a<b

where K does not depend on k. We then use the inequality (ZzngM xk)2n <
M2t D o<k<M z2" to obtain (10.209). O

Corollary 10.9.11. If b is even, for every n we have

E(T((1),...,4(b)*") < % . (10.212)

Proof. For b = 2 this is (10.208) and for b > 4, this follows from (10.209)
since b — 2 > b/2. m]

Given a sequence s = (s¢)s<2p, we denote by F() the corresponding
partial derivative of F.

Proposition 10.9.12. Forn < 2p, the derivative ™) (t) is a sum of “main
terms” and of a “remainder” R, (t) with the following properties:
K

Ve, 0<0<2p—n, RO < N5 (10.213)

where K is independent of N. Each main term is of the type
A E(T (1 (1), ... Li(b1)) Tl (1), oy b (b)) FS (X)) (10.214)
where ¢ is a number, m < n, by,...,b,, are even integers, and

bit - tbm

d:=
2

n>0. (10.215)
Moreover the sequence s = (s¢)g<an is obtained as follows. For each ¢ < 2p,
sy counts the number of times the index £ occurs in the list of by +bo+- - -+by,
mtegers:

01(1), . 1 (b1)y e b (1), L (b)) (10.216)
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Of course, the number of main terms is independent of N.

Lemma 10.9.13. For each s there is a number K such that for each t we
have E((F®)(X,))?) < K.

Proof. We recall that F(x) = [],«,, V(2¢), so using Hélder’s inequality
it suffices to prove that for each ¢ and p there exists a number K inde-
pendent of N and t such that E(|JU®)(X)|P) < K. Using (10.199) it suf-
fices to show that for each number C’ we have E(exp C'|X|) < K where

X =Vt Yy pens Skt + /1 — 1€4/p = q. That this is the case was proved in

Lemma 10.9.7 (the proof of which shows that K does not depend on t). O

Proof of Theorem 10.9.6. First we prove that sup, |p(?")(t)] < KN~P.
For this we use Proposition 10.9.12 for n = 2p, so that |R,(t)| < K/N? by
(10.213). To control the main term (10.214) we use Holder’s inequality and
that m < n to get

[E(T (2 (1), b1 (b1)) - Tl (1), - - b (b)) F S (X))
< E(T(1(1),. .., 01(01)2) Y2 E(T (b (1), .. . b (b)) 2) /27
XE(F®) (X,)2)1/2.

The last term is < K by Lemma 10.9.13. Corollary 10.9.11 implies that for
r<m

n n K
E(T(0,(1), ..., 0:(b))>) /> < T
Now (10.215) yields
bi+ - +bm >2n=4p (10.217)

and this proves that sup, |¢P) ()] < KN~P.

Now we prove that |o(™(0)] < KN~P for n < 2p. Using (10.213), it
suffices to prove that if for ¢ = 0 a term (10.214) is not 0, then it is < KNP,
So, let us assume that the term (10.214) is not zero for ¢ = 0. Denoting by
Eo expectation in &', ..., &P only, then, for ¢t = 0 this term is

CE(T( (L), 1(51)) - T(l(L), -, () VEoF® (Xo) . (10.218)

Thus for each ¢ < 2n we have s, > 1, for otherwise, by (10.206) and since
Xo = (&°y/p — q)e<2p we have EgF(®)(X;) = 0. But then we must have s, > 2
for each ¢ < 2n. This is because if £ occurs exactly once in the list (10.216),
taking average on the /*"-replica shows that the bracket in (10.218) is zero.
Therefore the list (10.216) has at least 4p elements, i.e. (10.217) holds and
we conclude by Corollary 10.9.11 as before. O

We turn to the proof of Proposition 10.9.12. The basic idea is to compute
recursively (™ (), integrating by parts in the r.v.s £/ and using (10.205) as
“approximate integration by parts” in the r.v.s (x. It is this recursion which
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necessitates condition (10.213). First we consider the case n = 1 and we detail
the computation of ¢'(t). This quantity is a sum of 2p terms of the type

<(2\f > G 2\/—5 VP )F()(Xt)>, (10.219)

2<k<M

where s = (sg) is such that s = 0 if £ # ¢ and s, = 1. For each k, we
consider the term

5 fE<k<mkF<s) (X)), (10.220)
for which we are going to perform approximate integration by parts in the
random sign (. Given ¢ and k, let us use the notation X, to mean the
quantity obtained by replacing in each component X, of X; every occurrence
of ¢x by x. There is one such occurrence in each term X, of (10.207), and this
occurrence is (v/tm}. Let us define the function vg () = (1mf F®) (X)), so
we may rewrite (10.220) as

QLﬁECkvk(Ck) . (10221)

To estimate this quantity, we think of (10.205) as

ECu(¢) = Y caEv(Q“‘”(CH%/l Py (z)0 U ) (m)dz . (10.222)
1

1<a<2p

The main terms in Proposition 10.9.12 will be produced by the terms in the
summation of (10.222), while the remainder term of this proposition will be
produced by the integral term.

Keeping in mind that the occurrence of (; in X, has a factor \/fmi we

see that Ev](fa_l)(g‘) is a sum of terms of the type

ta—1/2E<m£mi(1) e mi(Qail)F(S/)(Xt)> ’

where s’ = (sp)p<2p and sy counts the number of occurrences of ¢ in the
list £,£(1),...,¢(2a —1). Thus t*1/2Ev,(€2a_1)(§) is a sum of terms of the type

o gt P RED (X)) (10.223)

When a > 2 we gather the corresponding terms over k£ to obtain a term
as in (10.214), withm =1,b; =2c and d=a—1=10;/2 — 1.

When a = 1 the terms we obtain when computing ¢;Ev(2¢=1¢ = Ev/(¢)
are the same as those we would get by integration by parts if the r.v.s (i
were standard Gaussian. When £(1) # ¢ we gather the terms over k to get a
term as in (10.214) for m =1, b; =2, d =0 =b1/2 — 1. When ¢(1) = ¢ we
gather the terms over k with the corresponding term obtained by integration
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by parts of (10 219) with respect to &°. This creates the magic quantity
Y gcnens(Me)? — (p—q) = T(£,0), and therefore we still obtain a term as in
(10.214), again with m =1, b; =2 and d = 0 = by /2 — 1.

The remainder term in ¢’(¢) is obtained by collecting the integral terms
of (10.222) for the different values of k, so it is

1 ! (4p+1)
Ri(t) = —= /P ).’ x)dx ,
=37, 2 | Pulen"

and to conclude the proof of the case n = 1 it remains only to show that all
derivatives of order s < 2p —1 of R4(¢) in ¢ are bounded by K N~P. To prove
this we show that for given k all derivatives of order s < 2p of

4\[/ Py ()0l (2)da (10.224)

are bounded by K N~P~! (and in fact even by K N~2P~1) where K does not
depend on k. The claim will then follow by summation over k. We recall that
the notation X, means that every occurrence of (; in every component of
X, has been replaced by = and that vy(z) = E(rnf,F®)(X,,)). Computing
the derivatives of v we see that the quantity (10.224) itself is a sum of terms

1 1
51""E <mkmi<1)---mi(4p“)/ ng(x)F(S>(Xt,I)dx> . (10.225)
—1

By Theorem 10.4.1, the quantity mk -y, P+ “eounts as N=2r=17 ‘and by

Lemma 10.9.13 (or more exactly by the version of this lemma, with identical
proof, where ¢; has been replaced by z) the term F(®) (X)) “counts as 17.
This proves that |Ri(t)] < KN~2~1 To control the derivatives of R(t)
one first computes them from (10.225) and (10.207). We then immediately
see that a potential problem to bound these derivatives is the presence of
the factors v/t and v/1 — ¢ in (10.207), which, when differentiated, create the
large factors 1/v/t and 1/y/1 —t.

When computing the derivatives of the function

1
£ E<m g i P / Pzp(x>F<S>(Xt,x>dx> ,
—1

a good strategy is after each differentiation to integrate by parts in the Gaus-
sian r.v.s £°, but NOT to perform approximate integration by parts in the
Bernoulli r.v.s (. The Gaussian integration by parts removes the factor
1/+/1 —t that was created by the differentiation (as we have seen so many
times).

In this manner, we may express a derivative in t of order s of the quantity
(10.225) as a linear combination of terms of the form
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1
12p—s1—s2/2F <mimi(1) . mi(4p+l)A€1 . AZSZ / ng(x)F(S )(Xt,m)d$> ’
—1

where s1,89 > 0, s =51 + s9 and
Ae = E Cklmf;/ .
2<k' <M

We now observe that each quantity A, “counts as one”, i.e. that for each

integer n’ we have
2n’
E<< > gk,mi/) > <K.
2<k'<M

This is simply a consequence of Lemma 10.9.7 since actually

E <exp Z Ck/mk/ > < K.

2<k! <M

In this manner we complete the proof of (10.196) when n = 1.
To complete the proof of Proposition 10.9.12 we proceed by induction over
n, with exactly the same type of arguments as above. The reason why we have
to consider terms with m < n (rather than only with m = n) is that terms are
produced by the factor ¢¢ when differentiating (10.214) . Differentiating this
factor does not change m, and d decreases by one unit while n has increased
by one unit, preserving the relation (10.215). O

10.10 Central Limit Theorems
Using Theorems 10.5.7 and 10.6.1 one can recursively compute higher mo-

ments. The principle of the computations is the same as in Section 1.10 and
9.7, but the algebra is a bit more complicated. We start with a simple result.

Theorem 10.10.1. If («, 8, h) belongs to the admissible region (10.1), then

v(my — ) = O(2) (10.226)
v(Si2—1)=0(2) (10.227)
v(Ri2—q)=0(2). (10.228)

Here and everywhere, O(k) denotes a quantity U such that |U| < K/N*/2
where K depends only on 8 and h.

Theorem 10.10.1 proves the claim made in Section 4.5 that the quantities
un =v(ma), rvm = V(Z2SkSM m,lcm%) and gy p = V(Ry2) “satisfy the
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replica-symmetric equations (10.3) to (10.5) with accuracy of order 1/N”.

These quantities are within O(2) of the true solution of these equations.
When using Theorem 10.5.7 we will take 74 = 7 = 2. Using Theorem

10.7.1 the remainder R of (10.101) then satisfies

V( 2)1/2
N

R| < K(n) + K sup |f|exp (—%) . (10.229)

This will be used only in the case where |f| < NX (e.g. f = S12 — 1), s0
that for any k the last term is O(k). We also note that Proposition 10.5.3
together with (10.90) show that

U £2)1/2
[v(f) —vo(f)l SK(H)%—FKsupﬂexp (—%) ) (10.230)

When using Theorem 10.6.1, it will be convenient to use the following
form, together with the notation

D=1-5(1-q). (10.231)

Proposition 10.10.2. Consider a function f on X}, that does not depend
on the r.v.s (M k)i<Nk<m- Let us define

Gi=5( X A(Bue=0S16D) (04 DA(Frsz = )S1sa))

2<¥<n+1
(10.232)
and, for 2 <p <n-+1 let us define
Up = av((Rip —q)f) + ﬁ( > v(Bpe — q)S1ef)
L#£p <n+1
—(n+ Dr((Rymsa — q>sl,n+2f>) . (10.233)
Then we have
Ui Bq
v(S1,1f) = pv(f) + 31 + 52 (; Up — nUnH) +Ry (10.234)
psn
v(S1,2f) = rv(f) + %, b > Up—nUnpi1 ) +Ra  (10.235)
’ D D2 = P
where s
|R1HR2|SKLJF ) .

N
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Proof. For every 2 < k < M we write the version of Theorem 10.6.1 for k
rather than M, and we sum over k. a

Proof of Theorem 10.10.1. Let us define
A=v(mi—p); B=v(Si2—1); C=v(Ri2—9q). (10.236)

The principle of the proof is to establish 3 linear relations between A, B
and C with accuracy O(2). The first step is to evaluate B by using (10.235)
for n = 2 and f = 1. We observe that (10.129), (10.131) and the Cauchy-
Schwarz inequality imply that for £ # 1 we have v((R1,—q)(S1,c—7)) = O(2).
Therefore for ¢ # 1 we have

v((Rie = )S1e) = rv(Rie — q) + v((Rie = ¢)(S1e — 7))
=rC+0(2).

Similarly for p # 1 we get
V((Rp1 —)S11) = pC+0(2) .
Therefore by (10.232) we have
Uy =—prC +0(2)
and by (10.233)
Up =Us = (a+ B(p—2r))C + O(2)

and thus
Ui +U; —2U3 = —(a —l—,@(p — T))C + 0(2) .

Consequently (10.235) gives

a+pBp—2r) Bq

B—Z/(Sl,QT)—C( D D2

o+ Blp— r>>> L0() .

(10.237)
This is our first relation. The other two required relations will follow from
Theorem 10.5.7. We observe that

A= v(mi — p) = vler — )
so we may use Theorem 10.5.7 with n =1, f =& — p and (10.229) to get
A= (f)+I+1I+11+0(2), (10.238)
where
L= B(v(er — wes (n} — ) = vol(e1 — wea(n? — )
ﬁ2
II=

7(1/0((51 —)(S1,1 = p)) — vol(e1 — 1) (S22 = p)))
III = 62(—u0(5152(51 — 1) (S12 — 7)) + vo(eaes(er — p)(Se,3 — r))) .
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We compute these terms using Lemma 10.5.1 e.g.

vo((e1 — wer(ng — ) = (1= p*)ro(ny — pr) -

We then replace vy by v in the last term with error O(2) using (10.230). In
this manner we get

I=p(1-9A+0(2)
II=0(2)
Il =3 —p)B+0(2),
where [i = Eth®(8(z\/r + ) + h). Therefore, since vo(f) = 0, (10.238) yields

the relation
DA =*(i—u)B+0(2) . (10.239)

To get the third and last required relation, we use again Theorem 10.5.7, this
time with n = 2, f = 162 — ¢, so that

C=v(e1ea —q) = wp(e1e2 — q) + IV+V + VI4+ O(2) (10.240)
where
IV = ﬁ(Z v ((e162 — e (nf — p)) — 29 ((e162 — q)es(nf — M)))
<2

V= % (Z vo((e182 — @)(Se,e — p)) — 2vo((e162 — q)(Ss,3 — p)))

£<2

VI = 2 <y0((5152 —q)erez(S12 — 1)) — 2 Z vo((e182 — q)eres(Ses — 1))

<2
+ 3uo((e162 — q)esea(Ssa — 7’))) .

Proceeding as in the proof of (10.239), and recalling the notation ¢ =
Eth*(8(zy/r + 1) + h) we find

IV =26(n — n)A+ 0(2)
V =0(2)
VI = 3%(1 - 4¢g + 39)B + O(2)

so that (10.240) implies
C=28(u—n)A+p*(1—49+37)B+0(2) . (10.241)

It remains to prove that the relations (10.237), (10.239) and (10.241) imply
that A, B and C are O(2). Substitution of (10.239) in (10.241) yields

C=W1B+0(2) (10.242)
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for
Wi :w+ﬁ2(l—4q+3§).
Letting
wy = CFBZE) D0 ).

D D2
it follows from (10.237) that B = W2C + O(2). Combining with (10.242)

yields
C(1—wW1Wy)=0(2).

Therefore it suffices to show that in the admissible region (10.1) the coefficient
of C' is not zero, provided that the parameter Ly which defines this region
has been taken large enough. This follows from the estimates we have proved
(and similar ones). First, we recall that by (10.15) we have D > m*?/L.
Moreover by (10.14) we have r < La/m*?, and combining with (10.153) we
have also p < La/m*2. Finally ¢ < Lm*? by (10.12). Combining these and
using (10.2) it is straightforward to see that

L

[Ws| < < I

(10.243)

Next, we claim that
[Wh| < L. (10.244)

These two relations complete the proof.

To prove that W stays bounded we first observe that by (10.146) this is
the case for 8 > 2 since then D > 1/L. So it suffices to show that W stays
bounded for 8 < 2. For this we use that (10.11) implies || < Lm™*, that
(10.12) implies ¢ < Lm*?, and thus

il = [Eth’Y| < E[th®Y| < ¢ = Eth®Y < Lm*?

Finally we use that D > m*?/L. O

The proof of Proposition 10.10.2 clearly brings forward the fact that the
underlying algebra is non trivial. Compared with Chapter 8, the new feature
here is created by the term IV in Theorem 10.5.7. To understand the situa-
tion, it would most likely be useful to consider first the case of the SK model
with ferromagnetic interaction given by (4.22), where the same phenomenon
occurs. We recall that for this model the “replica-symmetric” equations write

p = Eth(B221/q + Srpu + h)
q= EthQ(BQZ\/a + O+ h) .
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Research Problem 10.10.3. (Level 1) For the SK model with ferromag-

netic interaction, compute the joint asymptotic behavior of the quanti-

ties m{ — p and Ry — q. That is, given integers k; and ks, integers

01,00, Uy, £y, and £7. ... f) compute
. E/’
ngnoo N(kl-i-kz)/?l/( H (Rek,% —q) H (myr — M)) ]
k<ki k<ko

The main difficulty is that the quantities Ry, — g on the one hand and
the quantities m{ — y on the other hand are correlated.

Research Problem 10.10.4. (Level 1) Same as Research Problem 10.10.3,
but now for the Hopfield model.

Of course one might be more ambitious, and want to include the quantities
Se.0 — 71, Se.e — p, etc. We will prove one single result in this direction, which
is simple because symmetry allows for reasonable computations.

We use the notation b = (o),

(o' D) - (0" ~ D)
N

of (1.244) and § = Eth*(B(zy/r 4 u) + h). We recall that D =1 — (1 — q).

Ty =

Theorem 10.10.5. For (o, 3,h) in the admissible region (10.1), consider

1-2¢+q

A= N1-af(1-2¢+qD2) "

(10.245)

Consider an integer n and for 1 < £ < ¢’ < n consider integers k({,¢'). Let
k=3 1cocpan k(). Then

1/( Téfé,g’[)> = I alkte,0)A" + 0k +1)
1<e<t'<n

1<e<'<n

where a(k) = EgF for g standard Gaussian.

If we examine the proof of Proposition 1.10.4 in the case ky = ko = 0, we
see that the proof of Theorem 10.10.5 follows by the same argument once we
know the following, where R, ,, = N™' Y,y ala7.

Proposition 10.10.6. Consider a function f on X% _,. Assume that f is
the product of k — 1 terms of the type R, ,,. Then we have
af?(1—2q¢+7q
v((e1 = e2)(e3 —ea)f) = WV((TM —T1a—Toz+T24)f)
+O(k+1).
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This is shown by combination of the next two results.

Lemma 10.10.7. If f is as above, then
v((e1 —e2)(es —€a)f) = B°(1 =2+ Pu((S13 — S1.4 — S23+ S2.4) f)
+O0(k+1).

Proof. We use Theorem 10.5.7, and the argument of Lemma 1.8.4 to see
that the terms above are the only ones which do not cancel. a

The second part of the proof of Proposition 10.10.6 is as follows.

Lemma 10.10.8. If f is as above, then

v((S13— 51,4 —S23+S24)f) = D2 V((R13— Ri4— Ras+ Raa)f)
+ O(k +1)

D2 V(T3 —Tia—Tos+Ta4)f)
+O0O(k+1).
Proof. We apply Proposition 10.10.2. Spectacular simplifications occur im-
mediately from (10.235) since

Us —U,
D

where Us and U, are given by (10.233). Now since v((Rp1 —q)(S1,1—p)f) =
O(k + 1) we have

v((Rp1 —@)S11f) = pr((Rppr — @) f) + O(k +1) ,

and, similarly,

V(S5 — 51 4)f) = +O(k+1), (10.246)

(>1=v((Rpe —q)S1ef) =rv((Rpe —q)f) + Ok +1) .

Defining

(X AR~ 0) -~ (04 V(s = )

5<0<n+1

we then get, writing explicitly the terms in the summation of (10.233) for
EZ 17273747 g#p

Us = av((Ri3 — q)f) + Bpr(Ri3 — q)f)

+ Brv((Res — q)f) + Brv((Rs,a —q)f) + Bs + O(k + 1)
Uy = av((Ri,a — q)f) + Bov((Ri,4 — ) f)

+ Brv((Rea — a)f) + Brv((Rsa — ) f) + Ba + O(k + 1),
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so that

Us —Us=av((Ri3— Ri4)f) + Bpv((Ris — Ria)f)
+ 6TV((R273 — R274)f) + B3 — B4 + O(kj + 1) .

We substitute this expression in (10.246) to compute v((S1,3 — S1,4)f). In
the resulting formula we exchange the indices 2 and 1 to compute v((S23 —
So.4) f). We then subtract these two formulas and we conclude the proof with
the help of the relation a+ 3(p — r) = a/D, which itself is a consequence of
(10.153). 0

10.11 The p-Spin Hopfield Model

Consider an integer p > 3. Keeping the notation my(e) = N=* 3", v ni k03,
we consider the Hamiltonian

N
— Hyn(o 5 > mp(o)? + Nhimy (o) . (10.247)
k<M

For definiteness, we will consider only the case where p is even and is fixed
once and for all. As in the Hopfield model, we assume that 7,1 = 1. As we
shall explain soon, the case of interest is now when M is of order NP~ 1,

Let us first point out the really new feature of this model. It turns out
that in a certain domain of parameters, my(o) is typically of order N —1/2
for k > 2. Writing as usual ny (o) = N1 Y ien Mikoi and ng = 1k let us
bring out the influence of the last spin in the Hamiltonian:

Nﬁ > ( nk](\ij)p-l-Nhnl(O')—&-haN
k<M

— Hy m

N
- ﬁan )P+ Nhny(o +0N< Z neng (o -1

k<M 2<k<M

+p4ni(o)Pt + h) +o (10.248)

where the other terms - - - are, hopefully, of lower order. Writing as usual nf, =
ni(ot), the quantity Yo, -5, (nin?)P~! measures some kind of overlap, and
we may expect that it will play an important role. Since each nf; should be of
order N=1/2 (ntn?)P~! should be of order N~P*+! 5o that the case where M
is a proportion of NP~1, that is M = aNP~! should be of special interest. we
may then hope that for a certain number r we will have >, ., -1, (nin2 P! ~
r. Looking at (10.248) we expect that m will typically be nearly equal to
the number p such that

p = Eth(B(zy/r + uP~1) + h) (10.249)
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where z is standard Gaussian, and that R; o will be typically nearly equal to
the number ¢ given by

q=Eth®(B(zv/r + 1P~ + 1) . (10.250)

Finding the value of r is the real fun. We should calculate

y< > (nini)p1> = (M — Du((nkm3,)P71) . (10.251)

2<k<M

Let us then write

(M = D) = 2 IE(KZNm,Mw;(nW?(n%AP1>) -

To make sense of this expression we have to perform approximate integration
by parts. Some of the “main terms” occur because n}, and n%; depend on
ni,0m. These are

M—-1
N

M—-1
N

(p = 2)v((np)" > ()"~ + (p = Dr(Baz(ny)"~(n3)"7) -

(10.252)
There are also “main terms” occurring because the Hamiltonian (and hence
the corresponding the bracket) depend on #; pr. These terms are

(o — 1>ﬁ( S w(Ba (P2 ()P (P
=12

- 2u<Rl,3<ni4>p2<nﬁ4>p1<n%4>“)) . (10.253)

Since each factor nfw counts for N—1/2, these terms are of lower order. Indeed,
they are of order (M — 1)N~GP=4/2 while the terms (10.252) are of order
(M —1)N"IN-@p=/2 = (M — 1)N~P* and for p > 2 we have 3p — 4 >
2(p — 1). Therefore since Ry 2 ~ ¢ we should expect that

M-—1 )

(M = D)) = o (o= 2ul(nd ) ()
(A

To pursue the computation we now replace in each term one power of n?\/[
by >, v i, mo? and we integrate by parts again. As before, the dependence
of the Hamiltonian on n; »s plays essentially no role. In this manner we find
recursion relations between the quantities

As = (M = Dr((nyniy)) s A7 = (M = Dw((ny) "> (n3))") ,
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namely

s—1 _ sq
A, ~ AT+ 224, 10.254
v A T A ( )
_ (s=2)q ,_ L5 1
Ay @ ————A"
s N N

Ay 1, (10.255)

and we can compute these quantities by induction over s.
To describe the result of the computation, for two standard Gaussian r.v.s
g1 and go with ¢ = Egi g2, let us define the quantities

Qs(q) =E(g192)"; Qi (q) = Egjgs > = Eg; g5 .

Writing (9192)° = ¢1(g5 'g5) and using integration by parts, we get the
relation

Qs(q) = (s = 1)Q; (9) + 59Qs-1(q) - (10.256)
Writing g5g5 > = g1(g; " g577) we get (for s > 2)
Qs (9) = (s —2)qQ_1(q) + (s — 1)Qs—2(q) - (10.257)

We can then compute these polynomials by induction:
Ql@)=1, Qi@=4q, Q3 (0)=1, Qze)=1+2¢"

Q3 (9) = 2Q1(q) +qQ5 (9) = 3¢
Qs3(q) = 2Q3 (q) + 3qQ2(q) = 6q + 3q + 64> = 9q + 64> .

Comparing the relations (10.254) and (10.255) with the relations (10.256)
and (10.257) we see that

M —

Apor = s

et Quia)

Of course this simply formalizes the fact that in the computation of A, we
may pretend that the r.v.s N'/2n}, and N'/2n2, are standard Gaussian r.v.s
with correlation ¢ and that v is expectation.

Since

rav( 3 byt ) = 0 - Db = Ay

2<k<M
the third of the “replica-symmetric” equations is
r=a@-1(q),
setting a = M/NP~L.
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Research Problem 10.11.1. (Level 2) Study the p-spin Hopfield model for
p = 4 with the same accuracy as for p = 2. In particular, find the shape of
the “admissible region”.

Research Problem 10.11.2. (Level 1) Are there fruitful variations on the
formula (10.247)? For example, if 7 is a given number, is the Hamiltonian

N;ﬁ Z my (o) + Nhmy (o)

k<M

—Hyn(o) =

of interest? (The most interesting case should be when M is of order NP~7.)

Despite some similarities with the case of the usual Hopfield model the
p-spin Hopfield model is rather different, and we will perform only some of
the first steps necessary towards its understanding.

Let us first consider the case M = 1. We recall the function 7 of (A.22).
As in Section 4.1 we see that

: BtP
lim Elog E exp(—Hn1(0)) =log2 + sup - +th—1I(t)) . (10.258)
¢
o

N—o0

The supremum is obtained for a value ¢ such that StP~1 + h = T'(t), i.e.
t=th(Btr~' 4+ ).

It seems that for h small (the only case we will consider) and (3 large this equa-
tion has 3 solutions, the largest of which achieves the supremum in (10.258).
We denote by m* this solution, so that

m* = th(3(m*)P~L + h) .

We will now focus on the most interesting case, where M is a proportion
of NP~1. A first observation is that the quantity

d(p) := Emy(o)P (10.259)

(that does not depend on the choice of &) is of order N~P/2 (remem-
ber that we assume that p is even), so that ), , ., Emi(o)? is about
aNP/2=1 (where a = M/NP~') and N~ 3", ., -y Emy(o)? is not bounded
as N — oo. In the same line of thought, since E|my ()| is of order N~/
if we want ), ., |mr(o)|* to have a chance to be of order 1, the natu-
ral choice of a'is a = 2p — 2. For x = (xx)k<m we consider the norm

%l = (Spenr 22?277 and we recall that m(o) = (my (o) )k<ar-
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Theorem 10.11.3. Let us fix p and h > 0, and 3 large enough. Then, given
a number s > 0 we may find ¢ > 0 such that if M < cNP~! the set

{a‘; Vi< M, ||m(o) £ m*eg||| > s}

1s negligible.

What this means is that the relevant configurations are such that for some
k < M and some n = 1 we have |my (o) — nm*| < s, and that all the other
my (o), k' # k, are small in the sense that Y, mp (0)>#~1 < g1,
The question as to whether for a given k my (o) is actually close to 0 is
addressed at the end of this section.

Research Problem 10.11.4. In Theorem 10.11.3, what is the correct (or-
der of) dependence of ¢ as a function of s when s — 07

The strategy of proof of Theorem10.11.3 is rather interesting, and we will
try to outline it before getting into the details. The issue is to prove that,
typically, among the numbers my (o) only one is not small. Consider the
quantities

1/2

i) = (Smitor) i) = (S mitor) . (toam)

kel kel

There, the supremum is over all subsets I of 1,...M of cardinality n, a
suitably chosen integer. We will show that typically u,(o) and uz(o) are
very close to each other, and that this implies that only one of the numbers
my (o) is not small. It is a general fact that u,(o) < uz(o), and to prove
that these quantities are close to each other we will bound u, (o) from below
and ua (o) from above. The lower bound on u,(o) is obtained by combin-
ing Lemma 10.11.5 and Proposition 10.11.9. The upper bound for us(o) is
obtained through Lemma 10.11.5 and Proposition 10.11.10. The results are
summarized in Proposition 10.11.11 below. The choice of the cardinality n of
the sets I in (10.260) is guided by a simple idea. It helps us to bound us (o)
from above if n is small. Fortunately, direct arguments show that typically
there can be at most n of the quantities my (o) that are not small, where n
is not too large. This is obtained in Lemmas 10.11.6 and 10.11.7.

A first step in the proof of Theorem 10.11.3 is to find a lower bound for
the Hamiltonian. We can see a contribution to the Hamiltonian coming from
the fact that it contains so many terms (M = aNP~! terms) that are not very
small (about N~?/2). Another obvious contribution is from the fact that we
might have m; ~ m™*. To lighten notation we often write exp Na rather than
exp(Na) when there is no ambiguity. We recall the notation d(p) of (10.259).

Lemma 10.11.5. If M < NP1, then, with overwhelming probability,
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ZNm = Z exp(—Hn,m(0))
2N
KvVN

Proof. Since mi(o) = N~} > i< Oi, given an integer b the trivial bound

Z > card Z brexpN ﬁ 2 p—i—hﬂ
N.M = 0 = p N N

i<N
- vat) + Zint Y- <mk<a>1’—d<p>>) (10.262)

expN(gm*p +hm* — I(m*) + gMd@)) (10.261)

Y

holds. The key point of the proof is to show that with overwhelming proba-
bility
VoeXy, Y (mp(o)’—d(p)>-K(p). (10.263)
2<k<M

Once this is proved (10.262) implies that with overwhelming probability:

card{ Z o; = b} expN<5 <b)p + h% - ﬁMd(p)>

o () oy o () )
> expN|(=|—=| +h=-I(—=)+=Md )
KVw P (p n) oy ) M
using (A.25) in the last line. Finally we choose b so that |[b/N —m*| < 1/N

to complete the proof of (10.261).
We turn to the proof of (10.263). Let us fix o and define

. 1
Y} = min (mk(a)p, N)

and X, =Y, — EY,. Thus

| V

ZN.M

L 2 2 K(p)
|Xk|§NaEXkSEYk SN

Then Bernstein’s inequality (A.34) implies

1 t?
P( Z Xk Zt>§ 26Xp<zm1n(m,]\7t>) .

k<M
Since M < NP~ and EX? < K(p)N P we get

K
ME(X?) < NPT'K(p)NP < %ﬁ ,
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1 . 9
>t )< 2exp| ——— min(Nt*, Nt) | ,
k<M

P< K(p)

and therefore there exists K (p) such that, with overwhelming probability, for

each o,
> X
k<M

Setting d = d(N,p) = EY; (which does not depend on o or k) then with
overwhelming probability, for each o,

Y (Vi—d)=-K(p),

k<M

<K(p).

and therefore

S (ma(o)? —dp) > 3 (Vi — d(p))

k<M k<M
> (Ve —d) + M(d - d(p))
k<M

—K(p) + M(d—d(p)),

and to conclude the proof it suffices to show by using (A.32) (and that p > 3)
that |d — d(p)] < K exp(—N/K). 0

v

Let us define the integer jy as the largest one for which

_ 1/2
g-io - (Blog(2N"7) /
- N b

so 2790 is somewhat larger than N~'/2 the typical size of my (o). A first
step towards Theorem 10.11.3 is the proof of the following: if we consider
only those terms my(o) that are not larger than 277, the contribution of
these terms to the sum ), -, my (o) is not much more than Md(p).

Lemma 10.11.6. Consider a number ¢ > 0. Then if
M

o = W S C,
with overwhelming probability it is true that for each o € Xy
Z M ()P L1y (o)) <270} < Md(p) + K (p)V/e (10.264)
2<k<M
and
Z mi(0)? PV (o)1 <a-0y < K(p)c. (10.265)

2<k<M
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Proof. We first prove (10.264). Let us fix o and for 2 < k < M, let us
consider the r.v.s

Yk = mk("')pl{\mk(a)\gr]‘o} N Xk = Yk — EYk .

The r.v.s X} are independent, centered, and satisfy | Xj| < 27P%,

K
EX? < Emy(0)? < # .

Thus, Bernstein’s inequality (A.34) implies that for ¢ > 0,

1. NP2 ¢
P( Z Xk Zt) S?exp(—zmln (W,m)>

2<k<M
< 1 . Nt? t
€ —— mmn\|\ -, —
e U K(p)c’ 2—pio

since M < ¢NP~1. Now 2770 < K (p)N~'/3, so, since p > 3 we have 27PJ0 <
K(p)/N, and taking ¢ = K (p)+/c we obtain

P(ZXk

2<k<M
P< Z Y. > MEY; —|—K(p)\/5> < 2exp(—N).
2<k<M

> K(l))ﬁ) < 2exp(—N)

and hence

It follows that with overwhelming probability

Vo ) Yi<MEYi+K(p)ve
2<k<M

and since EY; < d(p) this proves (10.264). To prove (10.265) we proceed
similarly, with now

Vi = mp(0)?P" V10 (0)1<2-701 »
so that

K(p) . 2 2 K (p)

Bernstein’s inequality implies

1 N2
i min (2 (p-1)
P( Z Xy 2t>§exp< me(K(p)M , 124701P > ,

2<k<M
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and since N2~ /M > N2(P=1 and
220D > N*E=D K (p) > N K (p)

it follows (with plenty of room) that with overwhelming probability we have
| ZQ<k<M Xk| < ¢ for each o and therefore

Z Yi < MEYi 4+ ¢ < cK(p)+c. O
2<k<M

Now we study the contribution to the Hamiltonian of the quantities my (o)
that are quite larger than N~'/2. There are surprisingly few of then, as the
next lemma shows.

Lemma 10.11.7. Assume j < jg. Then with overwhelming probability, for
each o in Xy,

card{2 <k < M ; |my (o) > 277} < 22+2, (10.266)

Proof. Given o and k, the subgaussian inequality (A.16) implies

P (Ia()] > 277) < 2ep (-2 )

Consider a subset I of {1,..., M}, with n = cardI. By independence,
given o, we have

; N2~
PWVkel, Imp(o)] >277) <2%exp <_”T) )

Moreover,
card {k; |my(o)| >279}y >n =3I, cardl =n,Vk € I, |mp(o)| > 277 .

Thus, since there are at most M™ choices for I, we get

P (3o € Xn, card {k; |mk(0)22j}2n)§2NM”2"exp< 5

nN2_2j>

B nN2~2 )

< exp (Nlog? + nlog(2M) —

If n = 229%2 and if j < jo, then log(2M) < log(2N?P~1) <272/ N/8, and the
exponent in the last term is at most

—2j5 —2j
N2 )SN_?mNZ N 3N %

Nlog2+n <log(2M) - 3 < 5

This finishes the proof. O



10.11 The p-Spin Hopfield Model 207

Corollary 10.11.8. With overwhelming probability, given 0 < j; < jo, for
each o, we have

Z Mk () L {odo <|my (o) <271} < K(p)2~ (=21 (10.267)
2<k<M

> mr(0)2 P L s <y (o) <20y < K (p)272PTDI 0 (10.268)
2<k<M

Proof. With overwhelming probability (10.266) holds for all 0 < j < jo. To
prove (10.267) we simply write that then

Z mk(o’)pl{Q*j§|mk(a)|§2*j+1} < 22j+2(2—j+1)p 7
2<k<M

and that, since p > 3, the sum >, 2-3(r=2) hehaves like the first term.
We proceed in a similar manner for (10.268). O

We are now ready to show that the contribution to the Hamiltonian (be-
sides the “bulk contribution” of those many my(o)’s that are not large) comes
entirely from very few of the largest terms of the sequence (my(o)).

Proposition 10.11.9. Consider a number 0 < ¢ < 1 and the smallest inte-

ger j1 such that
2*(1’*2)j1 < \/E

Let us define u,(o)P as the sum of the 221172 largest terms of the sequence
my(o)P. Equivalently, let us

define C(j) as the collection of subsets I C {1,---, M} with cardl = 2%+2 |

(10.269)
and
up(o)? = sup ka(a')p . (10.270)
TeC() ey
Then, with overwhelming probability,
N N
Vo ,—Hy,n(o) < %Md(p) + %up(a)p + Nhu,(o) + NBK (p)ve .
(10.271)

Proof. For large N we have j; < jo. Combining Lemma 10.11.6 and Corol-
lary 10.11.8 implies that with overwhelming probability

Z M3 (0)P Ly (o) <2-11y < Md(p) + K (p)2~P=27
2<k<M

< Md(p) + K(p)ve,
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by the choice of j;. Therefore

> mp(e)” < Md(p) + K(p)ve+ Y myp(o)? (10.272)

2<k<M keJ

where J = {2 < k < M ; |my(o)| > 2771}, By Lemma 10.11.7 with over-
whelming probability we have cardJ < 22172 5o that (10.272) implies that
if we set [ = J U {1} then, since card] < 2%1+2

> mi(o) < Md(p) + K(p)ve+ Y mp(o)?
1<k<M kel
< Md(p) + K(p)ve+ uy(o)?

and (10.271) follows because Nhmq (o) < Nhuy(o) since mq(o) < up(o).
O

Defining u, (o) as in Proposition 10.11.9, it will obviously help to control
for how many values of o we can have u, (o) > ¢. It turns out that this is not
so easy, so we will replace u, (o) by the larger quantity (recalling (10.269))

1/2
ug(o) = sup <Z mk(a)2> . (10.273)
Iec(]l) ke[

To see that u,(o) < ugz(o) we simply notice that for numbers by > 0, since
p > 2, we have

p/2
S < (Z bk> (10.274)

kel kel

so that taking by, = m% (o) proves the inequality. Of course the reader might
wonder how using something as crude as (10.274) can be useful; but (10.274)
is a near equality in the case where all the numbers by, but one are very small,
which turn out to be the case here (as shown by Theorem 10.11.3).

Proposition 10.11.10. There exists a constant L with the following prop-
erty. Consider € > 0 and an integer n. Assume

LM
Lnlog (T) < Ne? | (10.275)

and define ug(o) by (10.273), where the supremum is taken over all choices
of I with cardl < n. Then with overwhelming probability we have

Vo ,us(o) < V1+e (10.276)
and for each 0 <t < +/1+ ¢ it holds

card{o ; up(o) >t} < 2VN" (1 + §>” exp(—NZ((1—3¢e)t)) . (10.277)
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Proof. We have shown in Proposition A.8.3 that with overwhelming proba-
bility, for every set I C {1,..., M} with n = card] and any numbers (zj)ker,

then
Z (Z xkﬁi,k) < N(1+¢) Z Ty . (10.278)

i<N “kel kel

In the remainder of the proof we show that (10.278) implies (10.276) and
(10.277). For this we will prove that for any subset I of {1,..., M} with
card] = n, we have
Vo, Y mi(e)<l+e (10.279)
kel

and
Vi ) 0 S t S V 1 +e
1 n
card{ Y mi(o) > t2} < 2N (1 + g) exp(—NZ((1 - 3¢)t) . (10.280)

kel
To see that this suffices, we first note that (10.279) obviously implies (10.276).

Moreover

card{o ; us(o) >t} = card{a ; sup Zmi(a) > t2}

cardI<n

kel
<y d{ Y wide >t2}
cardI<n kel

and since there are at most N™ choices for I, (10.280) implies (10.277).
We turn to the proof of (10.279) and (10.280). Consider numbers (ag)ker,
and note the identity

> agmp(e) =Y aio; (10.281)

kel i<N

where a; = N1 > kel QkMik, S0 by (10.278) this entails

i<N kel

a? < yl+e )> ap. (10.282)

When Y-, ., ai < 1, (10.281), the Cauchy-Schwarz inequality and (10.282)
imply

1/2
> agmy(o) Zala,<\/_(z ) <Vite. (10.283)

kel i<N i<N

The choice
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my (o)
Zk’g]V[ my (0)?
then proves (10.279). Also, it follows from Proposition A.7.1 that there exists
a set A of sequences o = (o )rer such that >, ., ai < 1, with cardA <

(I1+1/e)™ and
sup Z apmi(o (1—2¢) Z my (o
Q€A LT kel
Thus

card{ ka >t2} anrd{ Zakmk 1—25)}.

Qp =

kel acA kel
(10.284)
Now (10.281) and (A.26) imply
card{ Z apmy(o (1—2e)t }

kel
= card{a ; Z VNa;o; > (1 — 26)75\/N}

i<N

1—2e)t
< P oxp NI ()
( N icn a7

< 2N exp(=NZ(1 — 3¢)t) (10.285)

since Ny, ya? <1l+¢cand (1—2¢)/(1+¢)>1—3e. Combining (10.285)
with (10.284) proves (10.280). O

Proposition 10.11.11. Consider w > 0. we may find ¢ > 0 small enough
such that if j; is the smallest integer with 2~ =271 < /e, and u,(o) and
uo () are given respectively by (10.270) and (10.273), then for M < cNP~1

the sets

By ={o; upy(o) <m" —w} and By ={0; us(o)>m" +w}
are negligible.
Proof. For any set B C RY we have

Gna(B) = 222

where

S(B) = Z exp(—Hn m(o)) -

ocB
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A lower bound for Zy s is provided by Lemma 10.11.5, so we try to find an
upper bound for S(B). As a start we observe that the key property of m* is
that the function t — f(¢) — Z(¢) attains its maximum at ¢ = m*, where we
define

p

fo) ="t +th. (10.286)
Therefore we may find § > 0 and € > 0 such that
0<t<m"—w= ft) —Z((1-3e)t) < f(m")—IZ(m*)—3§  (10.287)

m'+w<t<Vli+e= ft)-Z((1-3e)t) < f(m*)—I(m™)—4§. (10.288)

To bound S(B) we use that (10.271) holds with overwhelming probability.
Thus, with overwhelming probability, using again the notation (10.286),

S(B) < exp <%NMd( ) + NBK (p) > > expNf(uy(o)) .  (10.289)
oeB
By (A.32) we have (since up(o) < m* —w for o € By)

> expNf(up(o)) (10.290)

ocB;

< cardB; + / "N @) exp(N F (1) )card{o ; uy(o) > t)dt
0

< cardB; + /m - Nf'(t)exp(N f(t))card{o ; uz(o) > t}dt,
0

because ug(o) > u,(o). Now we observe that (10.275) holds for N large
enough if n = 2271%2 and in that case the quantity us(o) of Proposition
10.11.10 is the same as the quantity (10.273), so that (10.277) holds with
overwhelming probability. Using (10.277), we get, for a certain number K
independent of NV,

exp N f(t)card{o ; us(o) >t} <2VKN"exp N
< 2NKN"exp N

() = Z((1 = 3e)t))

(m*) =Z(m") =9),

using (10.287) in the second line. Since f(m*) — Z(m*) > f(0) —Z(0) = 0,
)—

we may assume without loss of generality that f(m*)—Z(m*) —4 > 0. Since
cardB; < 2V, (10.290) implies,

(f
(f

> exp Nf(up(0)) < K2NN™exp N(f(m*) — Z(m*) —4) .
oeB;

Combining with (10.289) we have with overwhelming probability

S(B;) < K2VNN"tlexp N <§Md(p) + BK(p)ve+ f(m*) —I(m*) — 5) )
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Combining with Lemma 10.11.5 yields that with overwhelming probability
G, (B1) < N¥exp N(BK(p)Ve - 6)

so that if we have chosen c¢ small enough, Bj is negligible. In the case of Bs
we conclude exactly as before.

O

Now the idea is to prove that the only way we may have u, (o) >~ us(o) ~
m* is that there exists k with my (o) ~ £m* and all the other values of my (o
are small.

Proof of Theorem 10.11.3. Consider w > 0, to be chosen later. Let ¢
be as in Proposition 10.11.11. Consider o in Xy and uy(o), uz(o) as in
Proposition 10.11.11. Assuming that

m* —w < u,(o) <ug(o) <m"+w, (10.291)

we will show that m(o) is close to m*ey, for some k. Consider a set I with
card] < 229112 gych that

up(0)? =Y mp(o)” .

Let S = maxyes |mi(o)|. Then

up(o)P < Sp—2 ka(U)Q < S”’_ng(o')2

kel
and thus (10.291) entails
(m* —wpP\72
5> (fmrs) 2wt —uK s (10.292)

for w small enough, with K(p, 3, h) depending only on p, 8 and h. Let kg € T
with S = |my,(o)|. Then

SP4+ > mp(0)? Sux(0)? < (m* +w)?
kel k#£ko

and therefore using (10.292) we get

kel k#ko

Since p — 1 > 1 and |my(o)| < 1 it follows that

> mr(e)?PV < K(p, B h)w . (10.293)
kel k+£ko
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We recall that 272(P=2)J1 < ¢, so that combining (10.265) and (10.268) proves
that with overwhelming probability

Z mk(U)z(p_l)lumk(a)\ggm} < K(p)e. (10.294)
2<k<M

Now, it follows from (10.266) that k € I whenever |my(o)| > 2791, so that
combining (10.293) and (10.294), we get

S mi(o)P) < K(p, B, h)(w +c) .
k£ko

Moreover, using (10.292), and since S = |my, ()| < uz(o) < m* +w we have
[|mi, (6)| —m*| < K(p, 8, h)w. It should then be obvious that if w and ¢ have
been chosen small enough, for some 7 = +1 we have ||jm(o) —neg, ||| < s. O

We will leave it to the reader to check as in Section 4.4 that when A > 0
among all the possibilities left open by Theorem 10.11.3, the one that always
occurs is that mi (o) is close to m*. As a consequence, the following holds:

Proposition 10.11.12. Assume h > 0. Then given s > 0 we may find ¢ > 0
such that if M < cNP~! the set {o ; |mi(o) —m*| > s} is negligible.

The last result we will prove concerns the control of the quantities v(m3")
for k > 2 and n not too large. This control is essential to perform approximate
integration by parts.

When £ is small we have

ptP

0<t<l = 7—I(t)§0. (10.295)
Define [y as the largest value of 8 for which (10.295) occurs, so that
»
0<t<l = ﬁo——z(t)go. (10.296)
p

We expect that for § > fy the maximum of 5t /p — Z(t) is attained at the
largest root of the equation t = th(8tP~1) (although we did not muster the
energy to prove it).

Proposition 10.11.13. Assume that
B —m*)P? < g, . (10.297)
Then there is ¢ > 0 such that if o < ¢, we have
N1=2/p Kn\"
< E(ma < | —
"= 2logN <mM>_<N)

where K depends only on G, h,p.
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This provides a very good control for many moments of mj;. We do not
know however if condition (10.297) always holds when 8 > [y. It certainly
holds when (3 is large enough because, as in the case p = 2, m* approaches 1
exponentially fast as § — oo.

Lemma 10.11.14. Consider numbers (a;);<n with

1 P/2
(NZG,?) <60.

Then we have

N/1 P
Eexp—(— Zm,M ai) <K
PAN R

where K depends only on N™1 Y. a?.

Proof. Define a = (N~ 3",y a?)/2. We have, by (A.31), and using (A.26)
in the last line, -

o t t
<1+N Pl expN| ——Z(— | |dt.
0 p a

By change of variables, the integral is

! aP tP
Nap/ tp—lexpN< , —I(t)) dt . (10.298)
0

Now (10.296) implies a?t?/p — I(t) < —(Bp — aP)t?/p, and since a? < [y,
change of variable in (10.298) proves that this integral is bounded indepen-
dently of N. O

Proof of Proposition 10.11.13. We define 25 = {|Zi<N 17,;7M| < Nl’l/p}
and we write -

E(m37) <T+1I (10.299)

where
I=E(1g, (m3}))

1 = E (Lo (m3%)) .

Thus the subgaussian inequality (A.16) implies



10.11 The p-Spin Hopfield Model 215

N1 2/p n\”"
< ) < — < — .
H_P(QO)_ZeXp( 5 )_K(N) (10.300)

provided n < N'=2/7/2log N.
Now we choose b > 1, 79 > 1 and p > 0 such that

BYPL (1 — m*2 + 2m*p)P/2 < By (10.301)

This is possible by (10.297). We consider the number a with 1/a + 1/b =1,
and the number 7 with 1/71 + 1/79 = 1. Given z,y, the convexity of the
function t — tP shows that

T Y\ Yy’
(G+3) < “*?
Hence
(z+y)P <aPlaP + P yP,
and thus

eXp(N—ﬁmI&) SeXp<Nﬁap : ( anM) m*p>
p i<N

x exp<N5bp 1( ZmM . ))p> (10.302)

A={o; [mi(o) —m*| < p} .

Consider the set

We write
(m37) < (m3f 1a) + (m3] 1ac) (10.303)

and thus
Elg,(m37) < Elg, (m3F14) +E(1ac). (10.304)

Now, using the familiar notation (-).. for “cavity in M” we have

(m3% 14 exp(NBmE,/p))~

(m3f 1a) = < (m3j Laexp(NBmy, /p))~ ,

(exp(NBmYy, /p))~
(10.305)
because the denominator is at least 1. On {2y it holds that
(5 Xow)
N| = 77i,M> <1,
N i<N
and combining with (10.302) and (10.305) we get
E (1o, (m3F14)) (10.306)

< KE <1AmMeXP<Nﬂbp 1( KZ]:VWM )>p>>

~
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If o € A, we have

> (oi—m*)? = N—2m" (Z ai> +Nm*2 < N(1—m*2+2m*p) . (10.307)
i<N i<N

It then follows from (10.301) and Lemma 10.11.14 that if we denote by Eps
expectation in the r.v.s (1; ar)i<ar only, and if we set

1 p
B:EMexp<Nﬁbp 7'2( anM )))7

i<N
then B < K. By Hélder’s inequality we get
E (10, (m37 14)) < KE (14 (Exymiy™)Y™ BY™2) (10.308)

Now Khinchin’s inequality (A.20) implies
2nt1\1/ K(Tl)n "
Ear (mM 1) < T ,

so we get from (10.308) that

K(m)n\"
E]__Qo<m1w> < ( (]Vl) > + E<1Ac> .
Proposition 10.11.12 shows that if ¢ is small enough, and « < ¢, the set A° is
negligible, i.e. E{(14c) < K exp(—N/K). Since if K’ is large enough we have
exp(—N/K) < (K'n/N)™ for each n, this finishes the proof. O

10.12 Proof of Theorem 10.2.1

The proof of Theorem 10.2.1 requires some caution when [ is close to 1,
but there is a lot of room for larger (. In particular, many of the powers
of B found in our subsequent estimates are pretty much arbitrary and only
convenient choices.

We first study 7(q) given by (10.9), i.e. r(q) = aq/(1 — B(1 — q))?. We
recall that we have proved in Lemma 4.2.5 that

1—-3(1-m*?) > (10.309)

and we choose L1 = 2L3.
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Lemma 10.12.1. If

*2 *2
*2 m m
_ < = 10.310
o-m? <5 = (10.310)
we have
L40é
ra) € =3 (10.311)
dr Lag
— < — . 10.312
)| < (10312
Proof. We observe that
*2
1-6(1—-¢q)=1-08(1-m"?)+8(qg—m*?) > (10.313)

2L’

using (10.309) and (10.310). Also, (assuming without loss of generality that
Ly > 1) (10.310) implies that ¢ < 2m*?, and (10.311) follows. Straightforward
computation shows that

& 1-p(1+q)
dg T (1-p1-9)"
so that from (10.313) we get

dr
dg

< OB +a0).

Now ¢ < 2m*?, and from (10.309) we have 8 —1 < m*2, so (10.312) follows.
O

We turn to the study of the functions ¢ and ¥ of (10.7) and (10.8).
Recalling the integration by parts formula

d 1_.,
CEf(evE) = 5B (V)

we obtain the relations

ob ., _1—2sh’Y

— =fPE— 10.314
5 =P % (10.314)
Ob 2thy

— = PE == 10.315
op p ch?Y ( )
ow 5. thY

— = (% 10.316
or b ch?Y ( )
ow 1

~— = jE (10.317)

o ch?y
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Lemma 10.12.2. There exists a constant L with the following property. If
we have chosen Lg large enough, if («, B, h) belongs to the admissible region

(10.1), if

m* Lo
r

p—ml < =, (10.318)

= 0
m
and if = denotes any partial derivative of order < 3 of either @ or ¥, we

have

_ L

There is nothing specific about the power 10 in (10.319).

Recall that we think of Lg as a parameter, which may be adjusted as large
as we wish, that in our computations all dependences on Lg are explicit, and
that when we write “L” for a universal constant, the value of L has been
determined through calculations that do not depend on the value of Lg.

Proof. It should be obvious that for 8 < L we have & < L’ so that it suffices
to prove (10.319) for 8 > 2. We recall that by Lemma 4.2.5, for 8 > 2, m*
stays bounded below i.e. m* > 1/L, so, since we assume |y — m*| < m*/2,
we have

n> m > l
5 2
and
6u+h2§
L
so that
Y > Bz + % .
Therefore
z>—L = Y>£. (10.320)
~ 2Lr — 2L

This means that Y is of order at least  unless the rare event

9:{z<_ﬁ}

occurs. Consider a function f with |f| < 1. Then by (10.320) we have

Ef(Y) <P(£) —I—sup{f(x) ;x> %} . (10.321)

To bound P(£2), we observe that since we assume r < Lya/m*? < La, and
since a < 1/(Lglog ) in the admissible region, using (A.4) in the second
inequality,

P(Q) =P (Z < 2[/]-\/77) < exp (;ﬂ) < exp <Lollolg/6> — B*LQ/L )
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Thus (10.321) yields

Ef(Y) < pto/® +sup{f<w> o> %} :

Using this for the function f(z) = (1 — 2sh?z)/ch*z, we get from (10.314)
0P

that 3 I
(97‘ < 52 (5—L0/L + exp ( )) 510

if Lo has been chosen large enough. The other cases are similar. For example,
using now the function f(z) = tha/ch®z, (10.315) yields

o <6<5L0/L+exp< 6)) ﬁLm_ 0O

We will also use the following simple fact.

Ou

Lemma 10.12.3. If the segment between the points (xo,yo) and (z1,y1) is
entirely contained in a domain W,

oF oF
|F(z1,91) — F(2o0,y0)| < |21 — 20| SUpP ‘8‘ + |y1 — yo| sup ‘ - (10.322)
w x w | Oy

Proof. Combine trivial bounds with identity

|F(x1,y1) — F(z0,%0)] / —F(xo +t(x1 — x0),y0 + t(y1 —yo))dt . O

We consider a new parameter A > 1. Of course when we write “L” for
a universal constant, this means that the value of this constant has been
determined independently of A (and of Ly).

Lemma 10.12.4. Assume that («,3,h) belongs to the admissible region
(10.1), and that

r< % . u—m| < ”;; . (10.323)
Then if A is large enough, and if Lo > A, we have
g_f(“ 0l < % (10.324)
g—i(r, 0| < Lﬁnfo (10.325)
g—f(r, 0l < % (10.326)
g—i(r, W <1— m; . (10.327)
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Proof. We observe that (10.319) implies (10.324). To prove (10.326) we
observe from (10.316) that

W (B h)
ar ) = Bch2(/3m*+h)

By (4.37) we have 3%°(1 — m*?) < L, and hence

ov Lm*
‘ (0,m")| < ==

— ﬁQm*(l _ m*2> .

o < i - (10.328)

We use (10.322) for the function F' = 0% /0r, and thus, using Lemma 10.12.2,
we get

‘g—f(o,m*) ‘ZLD(W’ ﬂlo(ﬂrlu m*|). (10.329)

Since we assume r < Lya/m*?, (10.2) yields

Lm*2
Lo
Combining (10.328) and (10.329) and using that |p — m*| < m*/A < m*

yields (10.326). The proof of (10.325) is similar.
We turn to the proof of (10.327). This proof is more delicate because it

requires a kind of order 2 expansion. We start by showing that under (10.323)
we have

r <

(10.330)

o?w

* L *
W(ﬁm)

pro

The proof is nearly identical to that of (10.325) and (10.326). We start by
observing from (10.317) that

< Lm*. (10.331)

92w thy
= 23%
Op? g ch?Y

so that, as in (10.328)
s

oz (0m")| = | =28m" (L= m™)| < Lm" /B,

and (10.331) follows as before. Next, since |0?¥/0udr| < L by Lemma
10.12.2, applying (10.331) and (10.322) to the function F' = 0¥ /0y yields

ow ow

il = * < * _ *

’au(’"’“) au((hm) < L(r+m*|p—m*)
<mm2(Llil (10.332)
- LO A ’ ’

using (10.330) and (10.323). Finally (10.317) entails
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o *2
g, 0m") = B = (B + 1) = 51 —m?) < 1= T
using (10.309) in the last inequality. Combining with (10.332) finishes the
proof. O

Corollary 10.12.5. Assume that A has been chosen as in Lemma 10.12.4
and that Lo > A. Consider (r, ) and (r', ') as in (10.323). Then

L Lm*
[B(r.10 = 20" )] < 5l =] + Sl = (10.333)
Lm* m*2
()~ 000 < b= (1= T Y] (0330
Moreover we have
y Lm*2
|@(r, ) —m*?| < ABI0 (10.335)
1 LA m*
_ *| < _ *2 - = . .
|&(r, ) —m*| < (1 m <L LO)) I (10.336)

Proof. To prove (10.333) and (10.334) we combine Lemmas 10.12.3 and
10.12.4. Taking ' = 0, i/ = m*, observing that &(0,m*) = th*(m* + h) =
m*? and ¥(0,m*) = th(fm* + h) = m* and recalling (10.330) and that
Ly > A we deduce (10.335) and

L * *2 *2 *
G -l < S e (1= M)

B0 Ly L) A
which implies (10.336). O

Proof of Theorem 10.2.1. We fix once and for all A large enough so that
Lemma 10.12.4 holds, as well as the following

L 1

- < = 10.337

A~ Ly’ ( )
where L is as in (10.335) and where L; is as in (10.310). We will prove
Theorem 10.2.1 with the value Ly = A. Assume that (r, 1) is as in (10.323).
We see from (10.335) and (10.337) that

*2
*2
|P(r, u) — m*™| < R (10.338)
Moreover, if Ly is large enough we deduce from (10.336) that
Wi, p) —m* < = (10.339)

- A Ly’
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Let us consider the domain

*2 *
*2 m * m
= : - < — <
W= la-m < P e < T
and for (q,pu) € W set T(q,p) = (D(r(q), 1), ¥(r(q), n)). It follows from
(10.311) that for (¢, u) € W, the pair (r(q), u) satisfies (10.323), so (10.338)
and (10.339) show that T(W) C W. Also, for (¢,p) € W and (¢', ') € W
we deduce from (10.312) and (10.2) that

Lop / L /
_ < = _
—ala—dl< Loﬁlq ql,

Ir(q) —r(q")] <

and using (10.333) and (10.334) for r = r(¢) and v’ = r(¢’) we get respectively
L *
[2(r() 1) = D(r(q"), W) < 7ola = o+ Lon e = 4] (10.340)

and

m*2
| (r(q), u) — ¥ (r(¢"), )| < L%m*|q —d|+ (1 -7 )m — /. (10.341)

Consider a number a > 0, to be determined later, and the distance d on W
given by

d((q, 1), (d's 1)) = alg — ¢'| + | — 1] .
Tt follows from (10.340) and (10.341) that

d(T(q, 1), T(q', 1)) < Bd((q, 1), (¢, 1))

L * *2
B:maX(L—O (14—77; ),1_mL +Lam*) )

Taking a = m*/L where L is large, and then Lg large yields

where

*2

1 m
B< —-,1- 1.
_max<2, L)<

Therefore, T' is a contraction on W for the distance d, and admits a unique
fixed point on W. O

Proof of Lemma 10.2.2. We use (10.334) for ' = 0 and g/ = m™* to get

N Lm*r m*? .
|M—m|ﬁw+ L= =) lp—m|

so that
. Lr
|NJ -m | S m*ﬂlo



10.12 Proof of Theorem 10.2.1 223
and combining with (10.330) this proves (10.11). To prove (10.12) we use
(10.333) for ' =0, ' = m* to get

*

*2 Lm
lg —m |_@7“+ ﬂwm m”|

and we use (10.11) and (10.330).
To prove (10.13), recalling (10.330) we may assume that § > 2. It suffices
to prove the first part since |1 —m*?| < L3710 by (4.37). Now

R )

W q—1 1—(1-p(1-q))?
- ((15(1@)2+ 1-A01—q)? )

Since |1 — (1 —x)?| < 22 for 0 < 2 < 1 we obtain that |1 — (1 —8(1—¢q))?| <
28(1 — q), so for 8 > 2, using (10.313) and m* > 1/L, we get

LB(1 —q)
(1-801-q))?

Now, (10.11) and (4.37) yield

<LB(1—-q).

Ir—al <

|1—q|§|q—m*2|+\l *2‘<ﬂ10’

and this implies (10.13). To prove (10.16) we use (10.313) and that ¢ < Lm*?
by (10.12). Finally (10.17) follows from (10.309), (10.11) and (10.12). O



11. The SK Model Without External Field

11.1 Overview

In this chapter we study the SK model without external field, with Hamilto-
nian 5

—HN(O') = —Z!]ijaigj s (111)

N

for § < 1. This is the Hamiltonian (1.12) when h = 0. This model (at least
for 8 < 1) is in some sense the simplest non trivial spin glass model, and not
surprisingly more detailed results are available than for the more complicated
cases. It enjoys some truly special features, one of which is that if 5 < 1 we
have

EZ% < (EZn)?, (11.2)

1
V1—p2
where Zy is of course the partition function ) _ exp(—Hy(o)), and where
the value of (3 is kept implicit. A main difference between the cases h # 0 and
h = 0 of the SK model (at high temperature) is that if h # 0 the fluctuations
of log Zx are typically of order v/N, while if h = 0 they are typically of order
1. Consider the random variable

52
X=logZny — N <10g2+ Z) .

In Section 11.2, we prove exponential bounds for P(X < —t); and in Sec-
tion 11.3 we prove exponential bounds for P(X > t). Not surprisingly, these
bounds are obtained through specialized methods. In Section 11.4, we com-
pute for each k the limit limy_. EX*, establishing a quantitative version of
a central limit theorem of Aizenman, Lebowitz and Ruelle.

In Section 11.5 we examine the (random) matrix of the spin correlation
(0;0;). We conjecture that this matrix shares some properties with the ran-
dom matrix (g;;/ V/N), and in particular that its operator norm remains
bounded independently of N, a result that we prove within a logarithmic
factor.

In Section 11.6 we examine some natural d-dimensional generalizations
of the SK model without external field, for which we show that the high-

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der 225
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern

Surveys in Mathematics 55, DOI 10.1007/978-3-642-22253-5_4,

(© Springer-Verlag Berlin Heidelberg 2011
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temperature phase extends much beyond that of the typical situation of Sec-
tion 1.13.

The final Section 11.7 examines the case § = 1, and the case 8 = By — 1
as N — oo. This situation is replete with exciting problems, and our under-
standing is still very limited. Even such a basic question as determining the
exact order of v(R? ;) when (3 =1 is wide open (and looks very difficult).

This results of this chapter are largely independent from those of Chapter
1, but the reader should be at least be familiar with Section 1.6.

11.2 Lower Deviations for Zx

The goal of the section is to prove the following:

Theorem 11.2.1. Given 8 < 1, there exists K depending on (8 only such
that for any N and any t > 0:

52 t2
P <logZN <N (I +log2> —t) < Kexp (—?> .

This deviation inequality raises the following “large deviation” problem.

Research Problem 11.2.2. (Level 2) Given § < 1 and t > 0, prove the
existence of the limit

li ! log P 1 log Zn < i +log2 —t

m — lo —lo — +log2 —

NN N2 0BT\ OBAN = T T8

and compute it. More generally, given 0 < o < 1, compute the limit

li 1 log P 11Z<ﬁ2 log 2 t
NI N 08T\ y 084N = T tlogs g )

‘We now prepare for the proof of Theorem 11.2.1. The fundamental relation
(11.2) is the special case v = 0 of the following (which will also be useful in
its own right):

Lemma 11.2.3. If v+ 3? < 1 we have

TN o 1 2
E exp <HN(0-1) — Hy(0?) + =—R? 2) < — (EZy)?.
012,;2 2 ' V 1-— ﬁQ -7

(11.3)
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Proof. We recall that

B () Hn(o®) = S (NRE,—1): EHR(0) = (N —1).  (114)
so that

E(~Hy(o") — Hy(0?))? = f*(N - 2) + B*NRi ,
Using (A.1) we have

ﬂ2

EZy =2V exp 1 (N-1), (11.5)
and the left-hand side of (11.3) is then
57 57 2N R2
exp — (N — 2) Z exp R )22~ Z exp Ri,, (11.6)
ol o2 ol o2

where § = 32 + 7. To conclude the proof, we note that for any value of o2,
(A.19) implies

SN SN [ 1 2 1
ZGXPTRiFZeXp(T(NZ”) )SQNﬁ' .

i<N

By definition of the Gibbs measure we have
N N
Z% <eXP TR%,2> = 122 exp (_HN(O'l) — Hy(0®) + 7Ri2> ;

so that (11.3) implies

E(Z}’V<exp _R? >> #(EZN)? (11.7)

In particular, taking e.g. v = (1 — 3%)/2 in (11.7) we obtain

E(Z?v<exp ﬁzNR >> m(EZN), (11.8)

whereas taking v = 0 yields (11.2).

Lemma 11.2.4. For some number L, and all 3 < 1, we have

1 4 L 1
P <ZN > iEZN , <R 5) < . 52 1 —ﬁ2> >—y/1-p52. (11.9)
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For the time being, one should read this formula as
1
K(B) "

where K(/3) depends on 8 only. The actual dependence on 3 of K(3) will not
be relevant in this section, and will be used only in Section 11.7.

Proof. Consider the event A = {Zy > EZy/2}. Combining (11.2) and the
Paley-Zygmund inequality (A.61) we get

P(4) > i‘/l 5.

On the other hand, (11.8) and Markov’s inequality imply that for ¢ > 0 we

p (ZN > JEZn, N(RS,) < K(ﬁ)) >

have
1- 32 1 2
P <{212V <exp 1 NR%2> > t(EZN)2}) < Vioze
so that if
2
B = {Z]QV <exp NR%’2> < t(EZN)Q} ,
then
1 2
>1—-- .
P(B)>1 T3

Since P(AN B) > P(A) + P(B) — 1, for t = 32/(1 — 3?) it follows that
P(ANB)>+/1—-£2/8. And on AN B we have

1— 2 32 128
2 2 2 2
VA <exp 1 NR172>§ 1_ﬁQ(EZN) < 1_BQZN
so that, using Jensen’s inequality,
- B? 1— 2 128
exp — N<Ri2> < (exp 1 NR%,Q < 11— o

We now think of the quantities (g;;)i<; used to define Hy in (11.2) as
the coordinates of a point g of RM, for M = N(N — 1)/2. We denote by (-)
and (-)’ respectively the brackets corresponding to the realizations g and g’
of the disorder and Zy and Z); the corresponding partition functions.

Lemma 11.2.5. We have

1/2
log Zy —log Z > — <Z(gn - géj)Q) (N(RF )2 (11.10)

i<j
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Proof. The definition of (-)’ implies the obvious identity
T = 7! B Cd Voo /
N = N<eXp JN ;j(gzg gij)010]> .
Using Jensen’s inequality for (-) yields
<eXp B > (gij - géj)0i0j>/ > exp B > (gi; — gip)oios)
VN i<j VN i<y ’
and the Cauchy-Schwarz inequality implies
1/2 1/2
> (gi — gi){oios) > —(Z(sz - 9%)2) (Z(UNJVQ) ~
i<j i<j 1<j
Finally we observe the identity
(RY,) = % > oio)”? > % > (oioy)?,
ij i<y

which is obvious by replacing R; s by its value and expanding the square.
Combining these relations yields

B 1 \2 12 2,2 \/\1/2
log Zy —log ZN > ——= g (9i5 — 9i5) (N(RY2)") 2,
N 1<j

and we use that 5 < 1 to conclude. a

Keeping (11.5) in mind, Theorem 11.2.1 is a consequence of the following
more precise result.

Proposition 11.2.6. For some number L and all 8 < 1 we have for all
t>0

L (1— %2

Proof. Consider the subset C' of RM given by

P(ZN < eitEZN) <

1 ) 4 L
C:{ZNZ§EZN3 N(Ri,) < 1_ﬂ210g1_ﬁ2}

so that by (11.9) it holds

Plg e C) > oV/1- 2. (11.12)
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From Lemma 11.2.5, and using the notation here from, we have, for g’ € C:
, 1
log Z'\ > log §EZN =logEZN —log?2

and
4 L

Sioplti

N(R; )" = Ko,

so that by (11.10) we get

log Zy > logEZy —log2 — \/Kod(g, g') ,

where of course d(g,g') = (3°;,;(gi; — ggj)z)l/2 is the Euclidean distance
between g and g’ in RM. Since this holds for any g’ € C' we have

log Zn > logEZN —log2 — v/ Kod(g, C)
where d(g, C) is the distance from g to C, and therefore
Zy < e 'EZy = /Kod(g,0)>t—log2.

Now, recalling (11.12), we have

16 2
t>2log2+4vVKp,|log——— = t—log2> —+2v/ Ko/l
> 2log2+ 04 /log T og + 0 ogP( )
(11.13)
and thus, for these values of t we get
Zy <e'EZy = d(g,C)> +2 log;.
\/ P(ge ()

Hence Lemma 9.3.3 implies

t2
P(Zn < e 'EZy) < 2exp <—%> .

This in turn implies (11.11) because one can arrange by a suitably large
choice of the constant L there that the right-hand side of (11.11) is > 1 for
the values of ¢ that do not satisfy the left-hand inequality of (11.13). O

We denote by K a number depending on [ only, that need not be the
same at each occurrence.

Theorem 11.2.7. If 3 < 1 we have

1/<ex 1_—ﬂ2NR2 ><K 11.14
p 3 1,2 | = . (11.14)
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The difference with Theorem 1.4.1 is that (11.14) holds for 8 < 1 rather
than for § < 1/2. Later on, in Section 13.7, we will be able to obtain an
exponential control as in Theorem 1.4.1 in the entire high-temperature region
of the SK model (for all values of h), but this is much more difficult than in
the present case.

Proof. We use the Cauchy-Schwarz inequality for (-) to get

1— 2 1— 2 1/2
<expTﬁNRiz> < <exp 4ﬂ NR%72>
1 1_52 1/2

Using the Cauchy-Schwarz inequality for E and (11.3) with v = (1 — 3?)/2

we get
_ 72 1— 32 1/2
)< () (E(# e Ve

1
E<exp
EZN )1/2

E

/~
N

1
72
N

1
E—+
N

(7)) >1/2 |

It follows from (11.11) that, for ¢t > 1,

EZnN (log t)2
Pl — < —
( . > t) Kexp (

and this implies (using (A.27)) that
EZn)\"
E|l—— ) <K. O
( ZN )
Theorem 11.2.7 provides a good control of the situation. Here is an exam-
ple of application of this result. Given a subset I of {1,..., N} let us denote
by G = G s the average of the Gibbs’ measure under the map o +— (0;);er

and by yr the uniform measure on {0, 1}. The following should be compared
to Theorem 1.4.15. (We recall that || - || denotes the total variation distance.)

)1/2
)"

IN
N
N

|
=

Proposition 11.2.8. We have

card/

E||Gr — <K .
” I N'I”— \/N
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We refer to [103] Theorem 1.8 to see how this can be deduced from (11.14).
Despite the relative simplicity of the situation, many questions remain unan-
swered.

Research Problem 11.2.9. (Level 17) Find (optimal, please) pairs of se-
quences ay — 00, by — 0 such that

P( sup ||Gr — prl] sz> —0.

cardI<an

It seems almost certain that this is connected to the following

Research Problem 11.2.10. (Level 1) For a typical realization of Gibbs’
measure, study the family of numbers ({(¢;0;));<;. For example, what is the
order of max;<;(0;0;)?? Does the family of numbers ((c;0;))i<; look (after
proper rescaling) like the realization of an i.i.d sequence? (The limiting law
of (o;0;) is computed as a very special case of Theorem 1.11.1.)

Research Problem 11.2.11. If I = {1,...,n}, find competent bounds for

P (lGr -l = ) -

It is likely that the complication inherent to the SK model (a complication
that remains hidden at high temperature) is related to the fact that the
“energy landscape”, i.e. the function o — —Hy (o) has a complex geometry.
The physicists seem to say that the collection of configurations o for which
—Hpy (o) is near maximum is made up of rather separated pieces (the so-
called multiple valley picture). Does this show up on the structure of the
Gibbs measure, even at § < 1?7

Congecture 11.2.12. (Level 3) If 8 > 0, there exists § > 0 such that with
overwhelming probability we can find subsets A, B of X'y with Gy (A) > 1/4,
Gn(B) > 1/4, d(A,B) > 0 (where d(A, B) is the distance of A and B, for
d(o,0') = N7lcard{i < N ; o; # o}}.)

Maybe this formulation that the Gibbs’ measure “is made up of different
pieces” is too naive. Finding the correct formulation is of course part of the
problem.
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11.3 Upper Deviations for Zn

The goal of this section is to prove the following:

Theorem 11.3.1. If 8 < 1 we have

2 t2
0<t<VN = P(logZN>N<%+log2>+t> <Kexp<—E) .
(11.15)

The restriction ¢ < v/ N is essentially necessary. This is because if o is an
arbitrary configuration we have log Zy > —Hy/(0), and Hy (o) is a Gaussian
r.v. with EHy(0)? = %(N — 1)/2, so that we have

/82 52
P(logZN zN(4+log2> +N> >P <HN(U) 2N<4 +log2+1)>
> exp(~KN) ,

where the last inequality follows from the fact that for a standard Gaussian
r.v. z we crudely have P(z > t) > exp(—t?) for large values of ¢, see (A.5).
Hence (11.15) cannot hold for t/v/N much larger than 1.

The meaning of (11.15) is essentially that the r.v.

ZN

V=28
EZy

satisfies

2
0<t<VN = P(logV>t)<Kexp(—%>.

The most obvious method to prove such an inequality using moments is
to prove that for n > 1 we have

EV" < K} .

We then deduce from the Markov inequality that for any integer n it holds

Eyn Kn n
P(logV >t)=P(V >¢€!) < 4 < (—°> . (11.16)

etn 6t
If n is such that KJ < e!/2, this implies
nt
PlogV >t) <exp <—7) ,
and taking the largest possible value of n (which is > t/K for t > K) gives

P(logV >t) <exp(—t*/K) for t > K.
So, let us study EZ},. We set
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ol —exp =Ygy Yol (11.17)

i<j = <n

so that
Zy= Y en(ol,....0"). (11.18)

Recalling (1.396) we have

2 2
Een(ot,...,0™) = exp ﬂ—n(N—n)—&— ﬂ—N E R?, ). (11.19)
4 2 :
1<e<t'<n

Therefore,

2 2
EZN =exp %n(]\f —n) Z exp %N Z RZ@, .

ol ..,on 1<é<t'<n

Restricting the summation to the case ¢! = --- = o", implies that, using

(11.5),
3 3
EZY > 2N exp Zn(N —n)exp ZNn(n -1)
> (EZyn) 27NV exp %271(71 —1)(N - 1)
= (EZn)"exp(n — 1) ( %Q(N —-1) - N10g2> .

Thus if n3? > 4log?2, it is not true that EZ% < K(3,n)(EZN)". There is a
“moment explosion”.

Our proof of Theorem 11.3.1 is based on the fact that this moment ex-
plosion is created by a small set of configurations. We will prove that there
is a decomposition Z3 = U; + Uz where

EU, < K™ (EZy)"

and where U, is “typically very small”, despite the fact that EU; is very large.
The argument is pretty, but it is unrelated to any other material of this work.

Proposition 11.3.2. If 8 < 1, there exists ¢ > 0 and K > 0 such that, for
each n, if we define

Bn:{(al,...,an)em@; > Rzz,<c},

1<0<'<n

if we denote by BE the complement of By, and if we define
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Ul :Zen(dl,...,Un) ; U2 :Zen(ala"'>an) )
B, Be

then for n < \/N/K we have
EU, < K™ (EZy)" (11.20)

and

P <U2 > exp <—%> (max(Z,, EZN))”> < Kexp (—%) . (11.21)

Proof of Theorem 11.3.1. Since logEZy < N(3%/4+10g2), it suffices to
prove that

N 2
0<t< % = P(Zy > ¢€'EZN) < Kexp (—%) . (11.22)

When Zy > e'EZy, we have Z% > e™(EZN)" and Zy = max(Zn,EZy).
Since Zy% = Uy + Us, when Zy > €¢'EZy, we have either

1
Zy = §(max(ZN, EZn))"

or else
Thus (11.21) yields

tn
P(ZN > €tEZN) < P (Ul > (EZN)n> +K6Xp (g) . (1123)

Now, by (11.20) and Markov inequality, whenever n < v/N/K we have

et 2\ _ 2EUL _ 2K™ (Kp\"

The rest of the proof consists in checking that if n is the largest integer for
which K < e¥/2] the bounds (11.23) and (11.24) imply (11.22). First we
may assume K; > e, so that n < t and therefore n < \/N/K as soon as
t < \/N/K Also, by definition of n,

K{H_l > 6t/2

so that n + 1 >t/ K>, and therefore
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Thus, using that K* < e!/? in the first inequality, we get

KN oo () o (-t
et ) =P\ T ) =P\ TR, T2
t2

<K —— .

< exp<K)

Combining with (11.23) and (11.24) proves (11.22). O

Lemma 11.3.3. There exists a universal constant ¢ > 0 for which (11.20)
holds.

Proof. Using (11.19) we have
EU;, < 27"NV(EZy)" exp(ﬁ—QN > sz,) .
< B i
1<b<t'<n
Thus it suffices to prove that
—-n Nﬁ2 n2
9N Zexp(T > Rie,) < K™ . (11.25)
Bn, 1<e<t/<n

Let us denote by Py the uniform probability on X5 and by Eg the corre-
sponding expectation, so that (11.25) simply means

Np? 2 n?
Eo (eXp( 9 Z Rf,f’) 1{21§e<2/§n R5,2/<C}> =K

1<e<t/' <n

or, equivalently,
2
Bo(F(X)1{x<ney) < K" (11.26)

for X =N, , RZZ, and F(x) = exp 3?z/2. Using the formula (A.31),

Nc

EOF(X)]-{XSN(:} = / F/(t)P()(t < X < Nc)dt
2 Nc 2
<1+ % F(t) exp %dt, (11.27)

0

where f(t) = Po (X > t). Using Corollary A.8.7 with 1 —2¢ = /3 and u = St

yields
f(t) < K™ exp <—% (1 -t %)) ,

so that
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f(t)exp%% < K" exp <it (1 ﬁL\/E))

< K" !
< exp | —4-

provided t < ¢N for ¢ = ¢(3) small enough. Thus (11.26) follows from (11.27).

O
We now fix ¢ as in Lemma 11.3.3.
Lemma 11.3.4. Let
1 n. C 2
Dn:{a, , O 7§S Rz)el SC}
1<0<t'<n
Then N
EDZen(al,...7a") < (EZN)"K"2 exp (—?> . (11.28)

Proof. This is a variation of the proof of Lemma 11.3.3. Keeping the notation
of that lemma it suffices to prove that

N
EO(F(X)I{Nc/SSXgNC}) < an exp <—?> .

Using (A.32) we have

Eo(F(X)1{ne/3<x<Ne}) = /_OO F'(t)P(min(t,c/3) < X < ¢)dt

Nc Nc g2 [Ne B2t
<r(5)1(F) 7 [, omga

and we have seen that f(t)exp #2t/2 < K™ exp(—t/K) for t < cN. O
Consider any subset I of {1,..., N}, with card] = n’ > 3. Set

DI:{(U'l,...,O'"); %S Z R%)WSC}.

el o<t

Lemma 11.3.5. Ifn < v/ N/K then

P (Z en(at,...,6™) > exp <—%> (EZN)”/ZIT\L[_") < exp <—%) .
Dy

(11.29)
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Proof. Without loss of generality we may assume that I = {1,...,n’'}. Then
Zen(al, o) =z Zen(tfl7 o)
Dy D’

for

D':{(o’l,...,anl); gﬁ Z szgc}.

1<e<e'<n’

Using Markov’s inequality and (11.28) for n’ rather than n, we get

, , Kn/Z N
P(Zen(al,...,a’")>t(EZN)”> < i exp (—?> .
D’ 5

Now, if n < VN/Kg we have n'2 < N/K2 and K?” exp(—N/K3) <
exp(—N/2K5), and taking ¢ = exp(—N/4K5) proves (11.29). O

Consider a subset I of {1,...,n} with card] = 2. Writing I = {¢,¢'} we
set

D[: {(0,1’...70,’)1); R?,él Z %} .

Lemma 11.3.6. We have

p (Z en(oh,...,0™) > exp (—%) (EZN)ZZ}W) < exp (—%) .
D; (11.30)

Proof. Identical to that of Lemma 11.3.5, using instead of (11.28) that for
v = (1-?%)/2 we have

N
exp % E Y el o?) < K(EZy)?

Ry 22c

by (11.3). 0

Corollary 11.3.7. For any subset I of {1,...,n} with at least two elements
we have

P (Ze(o’l, .., 0") > exp <g> (max(Zy, EZN))”> < exp (g) ,

Dy
Proof. Use Lemma 11.3.5 if card] > 3 and Lemma 11.3.6 if card] =2. 0O

To conclude the proof of (11.21) and of Theorem 11.3.1 it suffices to show
the following.
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Lemma 11.3.8. We have BS, C |J; D, where the union is over all subsets
I of {1,...,n} with at least two elements.

Proof. Given (a!,...,0™) in BS, we consider the smallest integer n/ > 2

such that there exists a subset I of {1,...,n} with card I = n’ for which

> R > g . (11.31)
LLrel et

The fact that (a!,...,0™) belongs to B is used to show that there exists at
least one set I as above, namely I = {1,...,n}.

If n = cardI = 2, then (o',...,0") € D; and we are done. If n/ =
card I > 3, the minimality of n’ implies that given a subset I’ of I with
cardI’ = n’ — 1 we have

Z R?,E' < g )

LUED 0L
and averaging over all the n’ possible choices of I’ we get

!
n —2 c
Z 2
n/ Revg/ < g
INAI NI

and since (n' —2)/n’ > 1/3 we get 3, yc; oo Bj o < ¢, and combining with
(11.31) shows that (o!,...,0™) € Dy. O

11.4 The Aizenman-Lebowitz-Ruelle Central Limit
Theorem

For 3 < 1 we define

c(f)=N (log2 + %) + ilog(l - 3% (11.32)
b(B) = % <log : —162 - ﬁ2> (11.33)

and we recall the notation a(k) = Eg* where g is standard Gaussian.

Theorem 11.4.1. (/9]). Consider 5 <1 and k > 1. Then

[Elloz Zv(5) — e(9)" — abH(3)?] < (11.34)

where K does not depend on N.



240 11. The SK Model Without External Field

This is a refined version of a result of [9]. It should be compared with Theorem
1.4.11, which in the present case (since ¢ = 0 and b = 0) yields only

2\
E|log Zn — N(logZ + 7) < KN®=D/2

The normalization of Theorem 1.4.11 is not appropriate here because the
quantity Zn(8) — N(log2 4+ 3%/4) is typically of order 1, not /N, as we
demonstrated in the previous section. The content of Theorem 11.4.1 is that
the k-th moment of Zy(8) — ¢(f3) is nearly the same as the k-th moment
of b(B)*/2g where g is standard Gaussian, and this with accuracy of order
N~1/2, The reader must wonder how the strange formulas (11.32) and (11.33)
arise; let us first explain this.

We define X () = log Zn(5) — ¢(5), and, keeping the dependence on k

implicit we write

£(5) = EX(9)" (11:35)
Lemma 11.4.2. We have
71(69) = KIE(NV(L— (B )X (8)) (11.36)

ROk — DIE(N{RS )~ DX(8)2) — ke (DEX (D)

Proof. We observe first that

X(B) = <\/% Zgij0i0j> —(B)

1<j

Therefore differentiation of (11.35) yields

Integration by parts using (11.4) then implies

E<<_%>X(ﬁ)kl> = CE(NO - RipPX(9)M)
4+ (k- 1)§E((N<Ri2> —1)X(B)+?) .

In this formula, the first term comes as usual from the dependence of the
bracket (-) on the r.v.s g;; and the second term comes from the dependence
of X () on these variables. O

The central fact is as follows.
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Lemma 11.4.3. We have

1

-1 EX(B)* +R (11.37)

E(N(R? )X (0)")

where R denotes a quantity such that /N|R| remains bounded independently
of N and of 8 whenever 8 < fy < 1.

Throughout this section R denotes such a quantity, that need not be the
same at each occurrence.

Proof of Theorem 11.4.1. Using (11.37) for k — 1 or k — 2 rather than &
in (11.36) we get

£ =k (58 = 5 — <0 EX ()
+ k(k — 1)2(%352)9((@“ +R. (11.38)
With the choices (11.32) and (11.33) we have
d(8) = gN - ﬁ (11.39)
VO) = 3
and (11.38) becomes
7 =" Dy @ex @2 i v,

from which the formula
EX(8)* = a(k)b(3)*? + R

follows by induction over k and integration (since X(0) = 0 and a(k) =
(k—1)a(k —2)). O

Lemma 11.4.4. For each k we have EX(B8)* < K where K does not depend
on N and stays bounded as 3 < [y < 1.

Proof. Using Hoélder’s inequality we may assume that k is even. Using
(11.36) and (11.39) we obtain

F1(8) = ~"E(N(RE )X (8)" ) + 5 EX (D))
Fk(k— DTE(N (R )~ DX (8)2).
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It follows from (11.14) that for any k, E<(NR%72)’C> remains bounded for
8 < Bp. Using Holder’s inequality implies

F1(B) < Ck, B)(F(B) T + F(B)F),

where C(k, ) remains bounded as 5 < (§p < 1. Since 7 < 14z for 7 < 1,
this gives

f'(B) <2C(k, B)(f(8) + 1)

and the result follows by integration. a

Exercise 11.4.5. Deduce Lemma 11.4.4 from Theorems 11.2.1 and 11.3.1.

It is obvious that something like (11.37) should be true. Indeed, the
Cauchy-Schwarz inequality implies

e (vt - = ) x00)

o\ 1/2
<E ((N<Ri2> - %) ) EX ().

From Lemma 11.4.4 the last term is bounded, and using replicas and (11.48)

below, we obtain
1 2
2
E (N(Rm) ~ 73 —ﬁ2) =R.

This argument gives only a rate N~/ in (11.37). To obtain the true rate
N~1/2 one has to work harder. We sketch the argument, which uses the cavity
method to decouple the last spin. First, we observe that symmetry among
sites implies

NE((R2,)X(8)") = NE((e1e2R )X (B)F) + EX(B)F,  (11.40)

where ¢, = 0§ and Ry, = N=13Y._yoio? Fixing 8 < 1, consider the usual
interpolating Hamiltonian

— Hi(o Z 9ij0:0;5 + UN Z JiNTi (11.41)
z<]<N <N

and denote by (-); an average for the corresponding Gibbs measure. Let
Y(t) =log Y exp(—Hi(o)) — ¢(f) ,

so Y (1) = X(8). We consider the function

o(t) = NE((e162R7 )Y (1))
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so that ¢(0) = 0. Using that |o(1) — (0) — ¢’(0)] < supg<;<; ["(t)[, the
objective is to show that

¢'(0) = B*NE((R? )X (8)") + R (11.42)

and
sup |¢”(t)]| =R . (11.43)
t

Indeed, since ¢(1) = NE((e162R; 5) X (8)"), it then follows from (11.40) that
NE((R}2)X(8)") = B2NE((R} 2)X(8)") + EX(8)" + R,

which is (11.37). The reader having reached this point should find the proof
of (11.42) and (11.43) to be a mere exercise.

Exercise 11.4.6. Complete the proof of (11.42) and (11.43). Hint: A pre-
liminary step is to use a differential inequality and Lemma 11.4.4 in order to
prove that for each n the quantity EY (¢)2" remains bounded independently of
t. Moreover, observe that ¢'(0) = B2 NE({(R}5)?)oY (0)¥), and prove (11.42)
by showing that ¥ (t) = E(((Ry,)?)¢Y (t)*) satisfies [¢/(t)] < R.

11.5 The Matrix of Spin Correlations

In this section we consider the matrix M = ((0;0;)); ; of spin correlations,
and its operator norm

HMH = sup{ Z inl‘j<0’z‘0'j> ; Z 3312 < 1} .

i.j<N i<N

Congecture 11.5.1. For § < 1 we have E|M| < K.

The size of || M || seems to be related to the Research Problem 11.2.11. The
intuition behind Conjecture 11.5.1 is that the main contribution to (c;0;) is
created by the interaction term ﬂgijaioj/\/ﬁ; and that the matrix M’ =
(9i5/VN); ; satisfies E|M'|| < K. However the main appeal of Conjecture
11.5.1 is that its study leads to rather pretty mathematics. A standard way
to control the operator norm || M|| of M is through the traces of the powers
of M. Since M is symmetric, its norm is the absolute value of its largest
eigenvalue. The sum of the k™ powers of the eigenvalues is the trace of M¥*,

so that, for k even
M| < (trace MF)V/E (11.44)

The trace of M* has a nice expression, as the next lemma shows.
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Lemma 11.5.2. We have, for all positive integers k,

trace M" = N*(Ry 2 Ro3 - Rp.1) - (11.45)
Proof. It is immediate by induction over k that the entries of M* are

Nk_1<0'i1 RLQ R2,3~'~Rk_1,k0§> . O

Corollary 11.5.3. For all even integers k, we have
E|M|| < (EN"(Ri2Rosz- Ria)'/* . (11.46)
Proof. Combine (11.44) and (11.45). O
Thus, this approach leads to the question of evaluating
V(N*Ry2Ra 3 Ri1) . (11.47)

Some information on this quantity is provided by Theorem 1.10.1. For con-
venience of the reader we state this theorem in the present case.

Theorem 11.5.4. Consider numbers k((,¢') for 1 < < ¥ <n and k =
doi<tcor<n k(). Then for 8 <1 we have

Zl( H Rij’(;l/)) = W H a(k(ﬁ, é’)) + O(k‘ + 1)

1<€<t'<n 1<0<'<n
(11.48)

where a(k) = EgF, and where O(k) denotes a quantity A such that |A| <
KN—%2 for a number K that does not depend on N.

Theorem 1.10.1 was proved only for 8 < 1/2. In the present situation
8 < 1 we know (11.14) and, consequently

Kk\"
R < | == 11.49
vty < () (1149
where K depends on 3 and k only. It should be obvious that this suffices to
have the proof of Theorem 1.10.1 go through. (Of course, this proof is very
much simpler in the present case than in the general case.)

In the case (11.47), it follows from (11.48) that (for k > 3)

[V(N¥Ry oRo 5+ Ryp)| < KN*=1/2

which is not very useful for our purpose. In the present section we will improve
the previous inequality into
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[W(N*R1 2+~ Rp1)| < K(B,k)N (11.50)

which combined with (11.46) yields

E| M| < K(B,k)N'* .
In a further effort we will show that in fact

E[IM| < (K (8)k)°*NY/F (11.51)

so that taking k£ about log N yields

E| M| < K(log N)® .

It is probably not difficult to improve on the exponent 8, which simply occurs
as consequence of several convenient choices, but there is little point in doing
this. It is a entirely different matter to remove the factor log NV altogether.
One should of course expect that the solution of Conjecture 11.5.1 will be
obtained through an improvement of the estimate (11.51). Considering the
case k = 2 in (11.50) we see that the dependence on N seems optimal. The
dependence on k is a much more delicate matter. The author does not see
any place where his estimates are obviously suboptimal, but of course there
could be much more cancellation than is readily apparent.

The method of the proof is somewhat similar to that of Theorem 11.5.4,
and relies on the cavity method. We recall the interpolating Hamiltonian
(11.41) and that we denote as usual (-); an average for the corresponding
Gibbs measure and v(-) = E(-);.

It will not suffice to make order 2 expansions, and we will have to make
higher order expansions. The proofs will ultimately rely on the formula

S

v(f)— ( %Vék)(f) < sup [T (11.52)
Pt 0<t<1

The remainder term will be bounded somewhat crudely, and the terms
ué’“) (f) will be bounded using a suitable induction hypothesis and some com-
binatorics.

Let us turn to the description of the induction hypothesis. We consider
a fixed family Z of pairs (¢,¢'). Each pair might be repeated several times.
Setting

17 = H NRyy
(eeex
we aim at computing the order of magnitude of v(T7) as N — oco. A first

observation is that v(77) = 0 unless

Each integer ¢y appears an even number of times
as an element of a pair (¢(,¢') € Z . (11.53)



246 11. The SK Model Without External Field

This is because if £y appears an odd number of times, then the transfor-
mation o +— —a% changes the sign of Tr, while leaving (-) invariant, so
that v(T7) = 0.

Thus we assume that (11.53) is satisfied. Let us say that 7 is a cycle if it
consists of the pairs (¢1,42), (¢2,03), ..., ({p, {1), where the elements (1, ..., £,
are all different. A cycle satisfies condition (11.53), and so does a union of
cycles. Conversely if 7 satisfies condition (11.53), it is a union of cycles. To
see this, it suffices to show that if 7 satisfies (11.53), it contains a cycle
T, because then Z\Z; will still satisfy (11.53). To construct a cycle in Z,
we start with a pair (¢1,¢3) in Z and we recursively choose integers ¢ such
that (€s_1,¢5s) € T and £s & (¢1,0s,...,0s_1), as long as we can. When the

construction stops, we have constructed ¢, and we pick r € {1,...,s — 1}
such that (£s,¢,) € Z. The existence of r follows from the fact that ¢; must
occur twice as an element of a pair of Z. Then (¢, €41), ..., (ls—1,Ls), ({s, )

is the required cycle in 7.
In general, a family 7 satisfying (11.53) can be decomposed as a union of
cycles in several different manners. For example,

7={(1,2),(1,2),(2,3),(2,3),(3,1),(3,1)}

is the union of two cycles of length 3, and is also the union of three cycles of
length 2. We denote by C(Z) the mazimum number of cycles in which Z can
be decomposed.

Theorem 11.5.5. We have
v(T7)| < K(8,)ND. (11.54)
Research Problem 11.5.6. (Level 2) Prove that the limit

lim N~¢@Dy(Ty)

N—o0

exists, and find a manageable expression for it.

Proving existence of the limit should be a mere exercise; there is no guar-
antee however that the limit is a simple function of the “geometry” of Z.

In order to establish Theorem 11.5.5, we will prove a more general state-
ment.

Proposition 11.5.7. Given an integer s, given By < 1, given a family T,
we have

2C(7) < cardZ — s = V3 < fo, |v(Tr)| < K(Bo, T, s)NcadT=)/2 (11.55)

The case s < 0 is allowed. This case does not make much sense since
2C(Z) < cardZ, but will be useful in the proof.
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The choice s = cardZ — 2C(Z) shows that this is more general than
Theorem 11.5.5. The point of the formulation is to allow induction on s. The
case s < 0 follows from (11.49) and Hoélder’s inequality.

Proof. The proof is by induction over s. For the induction step, we assume
that (11.55) holds for each value s’ < s, and we prove by induction over card Z
that it holds for s. Thus, in the course of the proof, we may use (11.55) for
a family Zy, and a number sq if either so < s (in which case cardZy can be
whatever we want) or sg = s and cardZy < cardZ. we may also use (11.55)
for s and Zy as before, but for NV — 1 rather than V.

We fix By < 1 and we denote throughout the proof a number K depending
only on s,Z, By and which may vary between occurrences. We assume 3 < (3.

Given a family 77 of pairs (¢,¢'), we set

T; = H (NR,,) .
(L0 e1

Keeping in mind that

/ ’
NRyp = E afcrf ; NRM, = g ofcrf ,
i<N i<N—1

we see that T is obtained from 77z, by replacing N by N — 1. The principle
of the proof is to establish the inequality

() — BP0 (T )| < KN(cardZ=9)/2 (11.56)

The quantity vo(T7 ) is of the same nature as v(Tr), except that one has

replaced N by N — 1 and 8 by 87, where 5~ = /1 —-1/N < . We
consider the quantity

A(N07ﬁ0az-7 8) = Sup{N_(cardI_S)/Q‘V(TI)‘ ) ﬁ S ﬁOa N S NO} )
and we observe (since §~ < ) that (11.56) implies
A(No,ﬁ(),I,S) S BgA(N07BOaI7 5) + K )

so that A(Ny, 8o,Z,s) < K, which is the required inequality. So all we have
to do is to prove (11.56).

Without loss of generality we assume (1,2) € Z, and we set I' =
Z\{(1,2)}. (If the pair (1,2) occurs several times in Z, we remove it just
once.) As always, we use symmetry between sites to write

v(Tz) = v(f) , (11.57)

where
[ =NeieT7 . (11.58)
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We now appeal to formula (11.52). Since f contains cardZ factors N and
cardZ — 1 factors Ry ¢, it follows from (11.49) and Holder’s inequality that

V(f2)1/2 < KN(cardI+1)/2 )

1/2

Since “taking a derivative” brings out a factor N~"/% we expect that

|1/t(s+1)(f)| < K N(cardT—s)/2 (11.59)

To prove this formally, we compute v*)(f) by iteration of (1.151). (It is
slightly more convenient here to use (1.151) than (1.150)). We find that
v(®)(f) is a sum of terms of the type

2k
+5 Vt(f‘g& 2 R[hng;‘zg&'& Réz,& T Elog 1 Elop, Rf%—l,fzk) )

which we bound by vi(|f||Re, e5] - |Rear_1,00:1); We then use (11.49) and
Holder’s inequality.
To prove (11.56) we prove that

- 1 — ar —S8
3 Wg'ﬂ(f) — B (Tz,)| < KN(ardT=9)/2 (11.60)
k=0

We compute uék)( f) when k < s by iteration of (1.150) (which is now more
convenient than (1.151)). We find that it is a sum of terms

+ %%y (e16260, To T, N 7F) | (11.61)

where 7 is a family of k pairs (¢,¢'), and where
&1, = H EpEypr .
(0.0)ET
To see this, we iterate the formula (1.150) and we observe that
H RZZ’ _ ]\/'—CaurdleI;1 )
(€,0)e1y

Before we may use Lemma 1.6.2 to compute Vék)( f), we must bring out
the dependence of T7/ on the variables ;. For this we write each factor NR, ¢

of T7: as gggpr + NR, ,, and we expand the resulting product. We get
Tp = Z‘gz'\%TI_z )
I

where the sum is over all subsets Z, of Z’. Thus, we are now concerned with
terms of the type
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+32FNIE Y, (e182e7, EI’\IQTI;Ti)

= £ N v (eneng Ty oz,) - (11.62)

because e1e2e71\7, = €1\7, and T7, T7 = 17 7,- Now Lemma 1.6.2 shows
that the quantity (11.62) is zero unless 7,7\ 7, is identically 1. Since (1,2) €
T\T,, we must have

cardZy + card(Z\Zz) = k + card(Z\Z2) > 2. (11.63)

We first examine the case where there is equality. A first possibility is that
card(Z\Z;) = 1 = k. Then, keeping in mind that (1,2) € Z\Zy, for ez,e1\z,
to be identically 1, we must have 73 = ZT\Zo = {(1,2)} so that 7; UZy = Z,
and the term is

Bro(T7) -
We will show that all the other terms are < KN (cardI—s)/ %, concluding the
proof of (11.60) and of the proposition. A second possibility for equality in
(11.63) is that k = 0 and card(Z\Zz) = 2. For e7\7, to be identically 1, we
must have Z\Zy = {(1, 2), (1,2)} so that Zo = Z\{(1,2),(1,2)}. Since 7T is the
union of Z and a cycle, we have C(Z) > C(Z3) + 1, i.e. C(T2) < C(T) — 1.
Also card Zy = card Z — 2, so that the condition 2C(Z) < cardZ — s implies

2C(Zy) <cardZy — s .

Since cardZ; < cardZ, we can use (11.55) for the same value of s, for 5~
rather than # and N — 1 rather than N to see that the absolute value of the
corresponding term in (11.62) is bounded by

|NVO(T{)| < KN1+(cardlzfs)/2 — KN(cardlfs)/2 )
IS
Now we examine the case where
k + card(Z\Z2) > 3, (11.64)

and we want to study
N'"Fuo (T z,) - (11.65)

We only have to consider the case where the family 77 U Z, satisfies (11.53),
for otherwise, as already pointed out, the quantity (11.65) is zero. In that
case, 71 UZs is a union of cycles. We claim that

C(TiUL) < C(I)+k—1. (11.66)

To see this, we consider a decomposition of Z; UZ, into cycles. Let ny (resp.
ny) be the number of cycles that contain at least one pair of Z; (resp. that
consist entirely of pairs of Zy). Then ny < cardZ; = k. Also, C(Z) > ns + 1.
This is because the set obtained by removing from Z all the elements of 7o



250 11. The SK Model Without External Field

making up the no cycles consisting only of elements of Z5 is not empty, since
it contains (1,2) because Zo C Z' = Z\{(1,2)}. Thus

nyp+ny <CIT)+k-1,
and this proves (11.66). It follows from (11.66) that

20(T1 UZy) <2C(T) + 2k —2
<cardZ+2k—s—2
= card(Z; UZy) — 51, (11.67)

where, since cardZ; = k,

s1=s8+2+card(Zy UZy) — cardZ — 2k
=s+2+cardZy —cardZ — k
= 5+2— card(T\Tp) — k . (11.68)

Thus, under (11.64) we have s; < s — 1, and by (11.67) we can use (11.55)
for Z1 UZ, rather that Z, for N — 1 rather than N and s; rather than s to
obtain

|l/0( oL )l < KN(card(IluIz)—sl)/Q

b

and therefore
N1- k|VO( T | < KNl—k—i—(card(IlUIg)—sl)/2.

Now, the first line of (11.68) implies
1 1
1-k+ g(card(l'l UZy) —s1) = §(cardI -s), (11.69)

and this finishes the proof of (11.56) and of Proposition 11.5.7. O

For the truly energetic reader, we now explain how to carry out an explicit
value for the constant K(f5p,Z, s) in (11.55).

Proposition 11.5.8. Given 5y < 1, an integer s > 0, a family T, with
m = cardZ, we have

( ) S — s = Vﬁ < 607
[W(Tr)| < K(Bo)™ 7™ (m + s)mTTsN(m=s)/2 (11.70)

Strange quantities such as m + 7s are no magic. They merely correspond
to a convenient choice.

We first observe that when C(Z) = 1, taking s = m — 2 and recalling
(11.45) proves (11.51).

The proof of (11.70) consists simply in repeating the proof of (11.55), while
attempting to estimate more precisely the various contributions. Through the
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proof, K(3p) will denote a number depending on 3y only, that need not be
the same at each occurrence.
First, we note that

n(Tr) < N™ [ w(RIp)V*™ = N (RYB)/?
(e ex

< K(Bo)™m™2N™%  (11.71)

as is seen from (1.24) and (11.49). Therefore Proposition 11.5.8 holds when
s = 0, and we may assume s > 1. Next, when f is a function on n replicas,
by iteration of (1.151) we may describe v;(f) as the sum of 2n? terms of the
type

+ B*v(fevco Rosr) (11.72)

if we count the terms in (1.150) “with their order of multiplicity”; e.g.
—B3?vi(ferent1Reny1) occurs n times if ¢ < n. The terms (11.72) involve
the function fesep Ry e, that might depend on n + 2 replicas. By iteration,

Vt(k) (f) is the sum of at most

25 (n(n +2) - (n+2k —2))% < 28(n + 2k)** (11.73)
terms of the type
iﬂZkVt(f‘eIlelN_k) )

where Z; is a family of k pairs (¢, ¢') and where €7, is as in (11.61). We apply
this to f = NejeoTr, k = s + 1. Obviously f depends on n < 2m replicas,
so the total number of terms is at most

28+1(2(m+ s+ 1))2(s+1) < (4(m+ S))2(s+1) ,

the inequality using that m > 2 and s > 1 so that m—+s+1 < \/§(m+s). The
term fstlTIIN_’c = Nl_kalagstlTIrUL contains k — 1 = s factors N~1, and
since cardZ’ = m —1 and cardZ; = k, it contains m—1+k=m—1+s+1=
m + s factors NRy 4, so that, using (11.49) for v, it is at most

K(ﬁo)m+s(m + S)(m+s)/2N(m—s)/2'

Since we have at most (4(m+s))2(5T1) such terms, we have improved (11.59)
into
|Vt(s+1)(f)‘ < K(ﬁo)m-&-s(m + S)m+7sN(m—s)/2 (11-74)

since, s being at least 1, the following holds true

mTH+2(s+1)§m+7s.

Now we examine the contribution of the terms (11.62). We keep in mind
that we attempt to prove by induction that (11.70) holds for a certain con-
stant K1(8p) that we will determine later. When there is equality in (11.63),
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we have seen that, besides the term ﬂ2V0(Tf ), the only possible contribution
is Nvg (T7,) where Ty = Z\{(1,2),(1,2)}, and that 2C(Z3) < cardZ; — s.
Using the induction hypothesis (11.70) with m — 2 rather than m and the
same value of s we get

Nlvo(Ty)| < K1(Bo)™ 7 2 (m + s)m TN (m=s)/2 (11.75)

Now we examine the contribution of the terms (11.62) (or, equivalently,
iﬁgkNl_kyo(T£UIZ)) when

ri=k+ card(ZI\Z) > 3 . (11.76)

Let us consider
m' =card(Zy UZy) <k+m—1 (11.77)

and
s1=s+2—r; s =max(0,s1) .

Using (11.68) we see that the value of s; here is the same as that of (11.68),
and (11.67) then shows that

2C(Z1 UTI,) < card(Z; UZIy) — s1
and since we have anyway 2C(Z) < cardZ we have in fact
2C(71 UZy) < card(Zy UZy) — s . (11.78)
We now collect some simple inequalities. Since s’ < s, and, if s; > 0,
m+s <m+k—1+s+2—r<m+s
since r > k + 1, while, if s; <0, and since k < s,
m+s=m'<k+m—-1<m+s. (11.79)
Since r > 3 and r > k + 1 we have 6r > 2k + 14, so that, if s; > 0,
m +78 <m+k—-1+7s—Tr+14<m+Ts—(k+r+1).
If s; <0, we observe that, since cardZ; < k and cardZ = m we have
m’ +r < cardZy + cardZy + k + card(Z\Z) < 2k +m
and thus
m +78 =m' <2k+m—-r<m+7s—(k+r+1) (11.80)

since s > k and s > 1.
We now use the induction hypothesis for s’ and m’. Using (11.78), it
follows from (11.70), (11.79) and (11.80) that
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Nlik‘VO(TIZUIQN < K, (ﬂo)m+7sf(k+r+l)(m + S)m+7sf(k+r+l)N(mfs)/2 )

Finally we have to count how many such terms occur. Counting terms
with their multiplicity, by (11.73), and since n < 2m, there are at most
(since k < r)

28 (2(m + k))*F < 8"(m + k)?*
choices for 7.

Since 75 is determined by Z'\Z, and since card(Z'\Zy) = r — k — 1, there
are at most m” 5~ choices for Zs.

Thus there are at most 8" (m + k)"*~1 choices for the pair (Z;,Z5). Since
we may assume K7 (0Gy) > 8, the total contribution of the terms (11.65) for
given values of k,r is at most

Kl(ﬁo)m+7s—1(m + s)m+7s—2N(m—s)/2

and since k < s, r < k+m < s+ m, the total contribution over all values of
k, r < s+ m is at most

Kl(ﬁo)m—k?s—l(m + s)m+7sN(m—s)/2 )

Recalling the estimates (11.74) and (11.75), we have found that for a
certain quantity Ko(8y) we have

V(TI) < ﬂQVo(Tf)+(Ko(ﬁo)m+7s_l+2K1(ﬁo)m+7s_1)(m+8)m+7sN(m_s)/2 ,

and if we choose K1(30) = 3Ko(50)/(1—/33), we may then complete the proof
as in Proposition 11.5.7. a

11.6 The Model with d-Component Spins

We return to the SK model with d-component spins, which was considered in
Section 1.12. We recall that each individual spin o; is a vector (01, ...,0.4)
of R%, and that the Hamiltonian is given by

p
—-Hy = — Z Zgijo—i,uo—j,u .
\/N u<d i<j

We will focus on the case where the base measure p is the uniform measure
on the sphere Sy of center 0 and radius vd of R?. Therefore,

O'iESd:>ZO'i2’u:d.

u<d

The case d = 1 is the case of the usual SK model with no external field. As
usual we define
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Zy = [ esp(-Hy)du(on) +-dulon) = [ exp(~Hy)du™
1
PN = NEIOg ZN .

The purpose of this section is to prove the following:

Theorem 11.6.1. If 3 < 1/L we have

2
lim py = % . (11.81)

N—oo

The difficult part in the proof of this theorem is to reach values of 3 that
do not depend on d. The striking feature is that (as we will prove next) given
8 > 0, for d and N large enough, we have

62d2

1
—1 > . 11.
N ogEZN > I (11.82)

The reader observe the factor d? in the right-hand side of (11.82), while there
is a factor d in the right-hand side of (11.82). In particular for d and N large
enough we have

d
logEZN > zElogZN .

Of course, Theorem 11.6.1 is a very special result, begging for a sweeping
generalization.

Research Problem 11.6.2. (Level 2) Is it possible to compute the supre-
mum [y of the values of 8 for which (11.81) holds? Or at least to compute
limg o0 Ba?

To explain (11.82) we compute

2
EZn = /GXP<2B—N Z ZO'i,ua'j,uo'i,vo'j,v>d,u(o'l)"'d,U(O'N)a

u,v<d 1<j

and, recalling the notation

we observe the identity

Z Zai,uaj,uo'i,vo'j,v = % (NRU’U)2 - % Z Z gz'z,uo-iz,v :

u,v<d 1<g u,v<d u,v<di<N
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Since we integrate on a domain where » _, O’iz) » = d for each ¢, it holds that
2 2 2 2
S Y otet,= (St ) (Tt ) e,
u,w<di<N i<N Mu<d v<d

and we obtain

EZy =exp <—624d2) /exp(ﬂZN Z (R“’”)2>du®N . (11.83)

u,v<d

It is simple to see that for u®V we typically have R*" ~ 0 when u # v
and R*“" ~ 1 for each u < d. It then follows that the previous integrand is
typically about exp(3?Nd/4). However, as we shall see soon, some very small
sets of configurations create a large contribution to the integral. It is a simple
property of the sphere S, that

({ono o= ) 21,

2
Bounding from below Y, _,(R*")* by (R"")? = (N_1 doi<n G‘Zl) and

integrating only on the domain where o; 1 > Vd/2 for all i < N, we get that
(since R*! > d/4 on this domain)

2 2 2N /d 2
EZy > exp b + b —| —NLd|. (11.84)
4 4 4
Hence 52 P2 ey
1
J— > —
N logEZN > Ld — N

which proves (11.82). Let us also note that

(Ruv :< Zo—zuo—zv) S_ZJZU zvv

i<N i<N

so that
S gy (Sat) <
u,v N i<N u

on the domain of integration, and thus from (11.83) we have

N 2d2
EZn <exp b .

(11.85)

It is a simple and well known fact about random Gaussian matrices (that
is proved in Lemma A.8.1) that for a certain number L, the event {2 defined
as
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Zgijyiyj < L\/NZ yf} (11.86)

2= {V(yi)i<N ;
i<j i<N

satisfies N
P(2) >1— Lexp <L> . (11.87)

The main ingredient of Theorem 11.6.1 is the following.

Theorem 11.6.3. If L3 < 1 we have

2
E(]._QZN) S Kexp Ni d . (1188)

Here, as well as in the rest of this section, K denotes a number depending on
d only. The improvement over (11.85) is that we have a factor d (rather than
d?) in the exponent. It must be stressed that this theorem is a rather precise
result. It identifies a set of very small probability that makes EZy large.

Corollary 11.6.4. If L3 <1 we have

B32d
Sl <2242 .
ElogZN 1 + N (11.89)

This is the “hard part” of Theorem 11.6.1.
Proof. Let

24
o(t) = P(NlogZN > ﬂT+t> =P (ZN > exp

NB2d
i expNt).

Using (11.88) and Markov’s inequality, we get
: N
o(t) < P(2°) 4+ K exp(—Nt) < Lexp <_f) + Kexp(—Nt). (11.90)

Using (11.85) and Markov’s inequality, we also get

©(t) < exp (NTBQ(CF —d) — Nt) : (11.91)

Using (11.90) for t < 32d? and (11.91) for t > 3%d?, it is straightforward to

obtain -
/ p(t)dt <
0

and hence from (A.32) we get E(max(0, N~!log Zy — 3?d/4)) < K/N from
which (11.89) follows. O

2=
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We define the set

C= {(01,...,01\/) esy; Z:(R“’”)2 < 1} , (11.92)

uFv

and
Inc = /C exp(—Hy )dpu(oy) - du(on) - (11.93)

The number 1 in (11.92) plays no special role, and can be replaced by any
other small number. We first reduce the proof of Theorem 11.6.3 to the
following simple statement.

Proposition 11.6.5. If LG < 1 we have

N32%d
E(]__QZN7C) S Kexp i . (1194)

Proof of Theorem 11.6.3. Consider an orthogonal basis W = (eq, ..., eq)
of R?%, and define

u,v 1
RW = N ;V(Uiaeu)(giaev) 3

where (z,9) is the Euclidean scalar product of R?. If

Cw = {<ol,...,o—N> sy SR < 1}

uFv

then we claim that (11.94) holds when C' is replaced by Cy . This should
be obvious if we recall the formula (1.368) for the Hamiltonian, which shows
that the choice of the basis of R? is irrelevant.

Every symmetric quadratic form @ on R? can be diagonalized in an
orthonormal basis, that is, we may find such a basis eq,...,e, such that
Yo Lo Q(ey, e,)? = 0. The set of quadratic forms on R? identifies naturally

with R%" and has therefore a natural topology. Given the orthonormal basis
e1,.-.,¢6n, the set of quadratic forms that satisfy

Z Qey,e.)? <1
uFv

is an open set for this topology. As the orthonormal basis varies, these sets
cover the compact set of quadratic forms that satisfy

Vo, y, Qz,y) <d|z|lyll, (11.95)

so a finite sub-family still covers this set. Therefore we have found a finite
family W of orthonormal bases of R? such that, given a quadratic form @ on
R? as in (11.95), we may find (eq,...,eq) € W with
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> Qlewen)* <1, (11.96)
uFv
(Of course the number 1 plays no special role here.) In words, (eq,...,eq)

nearly diagonalizes Q.
Given any configuration (o1,...,0x) (with |lo]] = V/d), the quadratic

form
1

Q(xay) = N Z(Uivm)(givy)

i<N

satisfies (11.95), so that we may find (eq,...,eq) € W that satisfies (11.96).
Since Q(eq, e,) = Ry, this means that (o1,...,0n) € Cw. Thus

IN< > Znow
Wew

and taking expectation on {2 proves (11.88). O
Given a subset U of {1,...,d}, we define

CU)={(o1,...,on)€C;YueU, R >2;Yug¢ U, R"" <2} .

The idea behind this definition is to identify the set of “dangerous values”
of u, those for which R** > 2. We have C C |J,; C(U), where the union
is over all possible choices of U. We define Zy ¢y as in (11.93) so that
Zn,c <Yy Zn,cw) and Proposition 11.6.5 will follow from our next result.

Proposition 11.6.6. If L3 < 1, for any subset U of {1,...,d} we have

Np32d
E(].QZN7C(U)) < Kexp Z . (1197)

Proof. On the set {2 defined in (11.86), it holds
1 2
= Zgijai,uajm <L Z Oju = LNR™™.
VN i<j i<N
We use this bound for all the “dangerous values” u € U, so that

E(l.QZN,C(U)) < E/ exp (LNﬂ Z R®WY
c(U)

uelU

i<j ugU

and, reproducing the computation of (11.83),
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E(19ZN7C(U)) S/C( )exp(LNﬂZR ’ +T Z (R" )2 du@N.
U

uelU w,vgU
(11.98)
Now we observe that when ||o;||?> = d for all i < N, we have

SR = LSS ot =,
u<d i<N u<d

so that

SRV =D (R — 1) +d.

u<d u<d

Since for u € U we have (R*%)? > (R*“" — 1), this yields

Z(Ru,u)Q < Z(Ru’u—1)2+d,

uw@gU uwgU

and thus, since Zu’v%U(R“’“)2 < Zu¢U(R“’“)Q + 2y (R™")?, we obtain

NpB2d
E(1eZn.cw)) < exp i / exp <LNﬂ Z Rt
cw)

uclU
+ = > (R ‘1>2+TZ(R’)2 dp®N
ugU uF£v

Using Holder’s inequality, (11.97) then follows from Lemmas 11.6.7 to 11.6.9
below. O

Lemma 11.6.7. There exists a number ¢ > 0 such that

/ exp <cN > R“’"> dp®N <1. (11.99)
c(U)

uelU

Lemma 11.6.8. There exists a number ¢ > 0 such that

/ exp(cN Z(RU»U)2><1N®N <K. (11.100)
c(U)

uFv

Lemma 11.6.9. There exists a number ¢ > 0 such that

/ exp(cN > (R - 1)2>du®N <K. (11.101)
c(U)

ugU
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At some point we must do some actual work to bring out special properties
of the measure p. The following describes what we need.

Proposition 11.6.10. a) If the numbers (ay)u<a satisfy |a,| < 1/4, then
/exp(Z ay (22 — 1)>du(x) < exp (L Z ai) . (11.102)
u<d u<d

b) If the numbers (ay,v)u,v<d SAtisfy up = v, Guu =0, 32, ,<q az, <
1/16 and if x = (Ty)u<d, then

/exp( Z auﬂ,zuasv>du(:c) < exp(L Z aiyv> . (11.103)
u,v<d u,v<d

Since NR*" = EigN 0i.u0i,, the following is a consequence of Proposi-
tion 11.6.10.

Corollary 11.6.11. a) Consider numbers (ay)u<a with |a,| < 1/4. Then

/eXp <N > au(RY" — 1)>du®N < exp (LN > a‘j) : (11.104)

u<d u<d

b) Consider numbers (a,, ) with

1
uu =05 Gup = Gyu ; Z az , < 6 (11.105)
u,v<d
Then
/exp(N Z au,vR“’”>du®N <exp<LN Z ai’v> . (11.106)
u,v<d u,v<d

Proof of Lemma 11.6.7. Since ) ., R"“" > 2cardU on C(U), for 0 <
a <1/4 we get

exp| aN R“’”) du®N
/C(U) ( Z

uclU
< / exp (aN Z R“’“) exp (QaN Z R"™ — 4aNcardU> du®N
c(U) uelU uelU

< exp(—4aNcardU)/eXp (SaN Z R"’“)d,u®N
uclU

< exp(—aNcardU) /exp <3aN Z(R““ - 1)) dp®N

uelU
< exp(NcardU(—a + La?))
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using (11.104) for a, = a if u € U and a,, = 0 otherwise. The result follows
by choosing a = 1/L. O

Proof of Lemma 11.6.8. First, we note that if A denotes a family (a,, )
of sequences satisfying (11.105) we have

u,v QRN
/exp(mgx(N Z Ay R ))d,u (11.107)

u,v<d
< Z/exp (N Z au’vR“’”)du@)N < cardA max exp LNZafw .
A u,v<d A uFv

It should be obvious that there exists a finite set B of sequences satisfying
(11.105) such that, given numbers (zy y)uze With Ty = 0, Ty = Ty We

have
1 1/2
> = 2 .
e 3 avarun 2 (3 )

u,v<d u,v<d

This holds in particular for z,,, = R*". Given 0 <t < 1 we then use (11.107)
for the family A of sequences (ta, ,) for (a,.) € B, and we obtain

tN
/ exp — Z R2  du®Y < cardBexp LoNt? . (11.108)
c) 8 uFv 7

Since ., R:, < 1in C(U), this also holds for all ¢. Using this for ¢ =

9/2v/LoN where ¢ is standard Gaussian and taking expectation yields the
result. O

Proof of Lemma 11.6.9. Let us define

C(U) = {Z(R“’“ —1)2 < 1}

ug¢U

" Cy(U) = {;(R“’“ -1)2> 1} .
ugU

The proof that there exists a number ¢ > 0 such that

exp <CN (R™" — 1)2> dp®N < K |
/Cl(U) Z

ugU

is identical to the proof of Lemma 11.6.8, using that whenever Y a2 < 1/16,
we have |a,| < 1/4 for each u. So we turn to the proof of a similar result for
Cy(U).

Using (11.102) we see that if the numbers a,, satisfy |a,| < 1/4, then
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/ exp (maxN Z(au(R“’“ —-1) - Lai))d;ﬁmf (11.109)
C2(U) 4 ugU
< Z/ exp <N Z(au(R“’“ —1) - Lai))du(@N < cardA .

4 JC=2(U) ugU

Consider a number kg to be determined later. We choose for A the family
(@u)u<a where each a,, is of the type +27F for 2 < k < ko. Next, we prove
the elementary fact that for any number = with |z| < 1 we have

1
~kp _ [9-2k) > 1,2 _ [9—2ko '
2;1}1%);0 (£27%x —L27%%) > 7% L2 (11.110)

For clarity let us denote by L; the constant in the left-hand side of (11.110).
Without loss of generality we assume that > 0 and we consider the unique
integer k; € Z for which

L1272kt < 9=k [ 07243 (11.111)

so that
Li27FFl < g < L2702 (11.112)

Using (11.111) in the first inequality and (11.112) in the second we obtain

1
9 kigy _ [27%k > 97kl > 2 ,
! = = 23,

and (11.110) is proved whenever 2 < ky < kg. If k; > ko then by (11.112) we
have z < L;27%%2 and then

2
xX
2 kog — L1272k > = _ [,97%0
1

9

and (11.110) is again proved in this case. Finally, since without loss of gen-
erality we may assume that Ly > 1, and since x < 1, (11.112) shows that we
cannot have k; < 2, and (11.110) is proved.

We recall that for u ¢ U we have |R™™ — 1| < 1. Using (11.110) for the
family A in (11.109) we get

1
/ eXpN(E Z(R““ — 1)2 — Ld2_2k°)du®N < cardA .
Ca2(U) uw@gU

Now on C3(U) we have 3, o (R*" — 1)2 > 1, so the required inequality
follows from (11.110) when Ld2~%%¢ < 1/2 and in particular if & > K. O

Proof of Proposition 11.6.10. We will proceed by comparison with Gaus-
sian r.v.s Consider independent standard Gaussian r.v.s (hy)u<q and a r.v.
x that is uniform over Sq and independent of A, ..., hq. Then the two R%-
valued random vectors
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/2

(hi,...,hg) and z( th) (11.113)

u<d

have the same distribution. This is because the density of the distribution of
(h1,...,hq) depends only on the distance to the origin, so that it suffices to
observe that the distribution of the lengths of the vectors in (11.113) coincide.

Next, we observe that to prove (11.102) we may assume that ) _,a, = 0.

This is because if we set aj, = a, —d™' Y, .4, we have 3o _,ai, = 0,
dou<d @y < Du<a @y, and, using that 30,27 = d on Sy, we also have
> u<d ay (2?2 1) = >ou<d al,(x2 —1). Assuming that > u<d @u = 0, and since
[ 22du(x) = 1 for each u, we have [ > _, aqzZdu(z) = 0, and Jensen’s

inequality shows that
/exp (Z auxi> dp(z) > 1.
u<d

Holder’s inequality implies that
/ exp (r Z aw:i) dp(z)
u<d

is an increasing function of r. Thus

1{zu<dhgzd}/exp<zau )dﬂ( )

usd
/eXp(( ;;th) u;laux T;iau)d,u(a:) : (11.114)

As explained in (11.113), the vector

(G%)...

has the same distribution as (h2),<q when x varies uniformly over S;. Thus,
performing expectation in (11.114), we obtain

P(Zhﬁ>d)/exp(zau > du(z)

u<d u<d
1
< Eexp<z au(h? — 1)) = H —————exp(—ay)
u<d u<d V 1 —2a,

<expL) al (11.115)
u<d
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because (1 — 2t)~'/2exp(—t) < exp Lt? for t < 1/4. Now (using the one
dimensional central limit theorem), P(Zu< P> d) is bounded below inde-
pendently of d, and (11.115) gives B

/exp (Z ay (22 — 1)>du(:c) < Lexp (L > a3> .

u<d u<d

To finish the proof of (11.102) we appeal to a general fact (proved implicitly
during the proof of Theorem A.6.1): if a r.v. X satisfies EX =0, EexptX <
Lexpt?A? for |t| <1, then for |t| < 1, EexptX < exp Lt>A? (and we recall
that [z2duq(z) = 1).

To prove (11.103) we use the fact that a symmetric matrix (a,.) can
be diagonalized in an orthogonal basis, and that the corresponding diagonal
matrix (by,,) has the same trace and the same Hilbert-Schmidt norm, i.e.

1
Z b'Lzl,,v = Zbi,u = Z a’i,v < 1_6

u,v<d u<d u,v<d

Zbu,u=Zauvu:0.

u<d u<d

Writing b,, = by, we then see that |b,| < 1/4 for each u, and that
Z by Ty Ty = Zbuxi = Z bu(mi -1).
u,v<d u<d u<d
Thus (11.103) follows from (11.102). O

To complete the proof of Theorem 11.6.1, we will show the following.

Proposition 11.6.12. For 3 small enough we have
p*d

li >24
N PN = T

The idea is to use the symmetries of S; to reduce to the case of a model

rather similar to the SK model. For o1,...,0n5 € S; and 1 < u < d we write
eu(on,. . on) =27V Z GXP<£~ Zgijai,uaj,umnj) )
N i<j

where the summation is over n; = +1 for ¢ < V.
Lemma 11.6.13. We have

Elog Zn > d/ Elogei(o1,...,on)du(or) - -du(on) . (11.116)
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Proof. Let
6(0’17...,01\7) = H eu(017'~'vJN)

u<d

_ szZeXP(ViN 2 9 D ooy ) ’

q<i<j<N - u<d

where the sum is over n}* = %1 for u < d, ¢ < N. The symmetries of S; imply

N = /e(al, coyon)du(or) - dulon) ,

and Jensen’s inequality finally shows that
log Zn > /log e(o1,...,on)dp(or) - du(on)

= Z /log ew(o1,...,on)du(or) - -dulon) -
u<d
The result follows by taking expectations. a
To study the right-hand side of (11.116) we will use the following.

Lemma 11.6.14. Consider numbers (ri)i<n- If Y J;c 71 < N/2, then

1 1 1 > L
—Elog2 ") ex ( 3510 'Tﬂ") > ( 7’-2> - —.
N g Z p \/N ;g ]T’ 77] J = 4N2 lSZ]V 7 \/N
(11.117)
Proof. Consider
1
Vy =27V ZGXP(— Zﬁhjﬁiﬁjﬁﬁ)
N &
so that 1
EVN = exp — Zr?r?
2N i<j
and, writing
_ 1
Vi =27 ZQXP(W > gii(ning + 771-277?)7‘2'7”]) ;
1<j
where the sum is over n},n? = +1, we get

_ 1
eV = (B2 Yoo X abjuiinin?)

i<j
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where the sum is again over n},n? = £1. Now
1 2
N Dy < o (Z ninr f) :
1<j <N
and it follows from (A.19) that
2 Yy ok (S atnin?) <2
i<N

provided >,y r# < N/2. In that case we have proved that EVZ < 2(EVy)2.
It then follows from the Paley-Zygmund inequality (A.61) that

(11.118)

1
P (VN > = EVN> g

Now, when Y, 7} < N/2 the Cauchy-Schwarz inequality implies

(mt) smgiah(z) =5

i<N

Therefore by Proposition 1.3.5 we have
1 1 )
P NlogVN > NElogVN +1t) <2exp(—Nt7), (11.119)
On the other hand (11.118) yields

1 1 1 1
- < — 1 > —1 —EV; .

Taking t = 2/+/N , so that for this value of ¢ the right-hand side of (11.119)
is < 1/8, we obtain

1 1 1 .. L
t+ NElogVNzﬁlog< EVN> ZoN? l<jrirj_ﬁ7
and thus, using again that Y-,y i < N/2,
1 1 > L
—ElogVy > — 2] - —=. 0
Ve (3) - 7%

i<N

Proof of Proposition 11.6.12. Let
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p? 1
A= {(01,...,0N) €Sy w2 oS5
i<N

Using (11.117) for r; = /Bo; 1 and combining with (11.116) we see that,
denoting by K a number that does not depend on N,

dp? 2 K
LElog Zy > 5A(N§v 22) dulon) - dulow) -

Since [ 01»271d,u(0i) =1, and using symmetry,

/,L\(%ZU?J)Q(}-M(UI)‘ (/ S o2 du(o) - du(o )>2

i<N i<N

- <1 7/140 G?,ldu(o'l)...dﬂ(gN))Q'

Now, by the Cauchy-Schwarz inequality,

/AC o2 1dp(or) - dp(on) < p®N (A% (/ Uildu(al)f |

It follows from (11.102) that [ o7 du(o1) < L. Since (11.103) also implies
that [of du(o;) < L, the function f = N—1 Yi<n Oiy satisfies

Jlr [y <

and thus p®V(A¢) < L/N if B is small enough that 32 [ fdu®Y < 1/4. The
previous estimates then imply

2d K
—ElogZN > BT —

VN’
It is possible to go quite beyond Theorem 11.6.1.

Theorem 11.6.15. There exists a constant L with the following property.
Consider a probability measure ' on Sq, and assume that i’ has a density f
with respect to the uniform measure u. Then, if |f — 1| < 1/L, the replica-
symmetric solution corresponding to p' holds for 8 < 1/L.

What we mean here is that if p,, and g¢,. are given by (1.372) and
(1.371) respectively, then

Jm 3 (R ) =0
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lim V((R?:g - qu,v)Q) =0

and that (1.373) holds.
We could not prove this result using the methods of the present section
so we refer the interested reader to the original paper [100].

11.7 A Research Problem: The Transition at 3 =1

We understand well the SK model without external field for 3 < 1. On the
other hand (as will become apparent later) the structure of this model for
B > 1 is very complicated. It is thus natural to try to study in detail the
case # = 1. Another natural idea is to consider a temperature § = Oy < 1
depending on N, and to find the slowest rate at which Gy may approach 1
as matters get complicated.

Theorem 11.7.1. Assume that

lim NY3(1—p%) =oo. (11.120)
N —oo

Then, given integers k(£,0) for 1 < € < ¢’ < n, we have
: a2 \1\1/2 k)| _ '
Jim v <£1‘! (N1 = B3)Y2Row) = Kl‘! a(k(e, 0y,  (11.121)
<t <t

where a(k) = EgF, for g a standard Gaussian r.v.

Of course, in (11.121), we have v(f) = E(f), where the Gibbs measure is
computed for 3 = By.

In words, the content of Theorem 11.7.1 is that if we rescale the overlaps
Ry by the factor /N(1— (%), as long as 1 — 3% > N~/3 they behave
like independent Gaussian r.v.s. This nice picture breaks down in the case
1 — 33, ~ N~/3. which we study now.

Theorem 11.7.2. Assume that
Jim NY31-p3)=c¢>0. (11.122)
Then, for each k > 1 we have

supv((N(1 — B3R} 4)F) < o0 (11.123)
N

but (11.121) fails. It even fails if we replace the normalizing factor N(1—(33;)
by V(R%Q)_l'
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The situation (11.122) is exactly the situation where, in performing our
usual expansions with the cavity method, the “error terms” become exactly of
the same size as the “main terms”. This will be explained precisely in (11.158)
below. In some sense the situation (11.122) is canonical. Yet it gives rise to
a really mysterious object. In particular (as we shall demonstrate later), in
this setting the cavity method yields strange-looking relations.

Research Problem 11.7.3. (Level > 2) In the situation (11.122), compute
the limits in the left-hand side of (11.121).

Research Problem 11.7.4. (Level > 2) Understand the SK model for 8 =
1. In particular, what is the order of V(R ,)?

Conjecture 11.7.5. If § =1, the limit

a= lim N**u(R},) (11.124)

N—o0

exists for some 0 < a < 0.

This conjecture is largely motivated by a conversation with G. Parisi, who
mentioned to the author that “he had no doubts” that V(Riz) was of order

N~2/3. The following shows that (R} ,) is not likely to be of smaller order.

Proposition 11.7.6. (S. Chatterjee) For all 5 <1 we have

1] 3
(1= F*Ww(RE o) — | < 2 + Lv([Ruaf) (11.125)

In particular for B =1 we have

1

v(|Riol*) > N

(11.126)

Intuitively it seems that v(R3 ,) increases with 3 (at least as 3 < 1). If
Conjecture 11.7.5 is correct, one should be able to prove the following.

Research Problem 11.7.7. (Level > 2) If 8%, = 1 — ¢cN~1/3, prove that

lim sup N2/31/(R%72)

N—o0

is bounded independently of ¢ > 0.

The best bound we could obtain for v(R3 ,) is the following.
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Proposition 11.7.8. If 3 < 1 we have

VNu(R},) < L. (11.127)

It even seems to be unknown whether
Nv(Ri{,) < L. (11.128)

The proofs of all these results are based on the cavity method. Throughout
the present section the notation vy refers to the Hamiltonian (11.41).

Proof of Proposition 11.7.6. As usual, we write
V(R%,z) =v(e162R1 2)

and, for ¢(t) = vy(e162R1,2) we use that, by integration by parts,

e(1) =sa(0)+/0 W’(t)dt=¢(0)+<p’(1)—/0 t” (t)dt . (11.129)
Now (1.151) implies

©'(t) = vi(e162R12) = 52(Vt(Rig) —4dvy(e1esR1 2R 3)
+ 3Vt(51525354R172R3,4)) . (11.130)

A further differentiation brings out an extra factor Ry, in each term.
Uses of (1.151), (1.153) and of Hélder’s inequality show that

" ()] < L(| Ryl -

Since ¢(0) = 1/N, we get from (11.130) that

1
V(Riz) =N + 52V(Ri2) —43%v(e9e3R1 2Ry 3)

+ 362V(€1€2€3€4R1,2R374) + R y
where |R| < Lv(| Ry 3]?). Now, using symmetry among sites,
v(eaesRi 2Ry 3) = v(Ra 3R 2R 3)

and |v(Ra3R1 2Ry 3)| < v(|R12|?). Moreover,

1
!
v1(e1826384R1 2R3 4) = vo(e1626364 R 2R3 4) +/ vy (e162e384R1 o R3 4)dt .
0

The first term is 1/N?2, and the second one is as before < Lv(|R; 2|*). Finally

we get
1 3p2

(1= PR - = 2
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where |R| < Lv(|Ry2]?). O

We provided the previous self-contained argument for the enjoyment of
the reader, but the proof of Proposition 1.8.5 already shows that, in the case
of the SK model with external field, we have, with the notation of Section
1.9,

1 62). (6% — a%)\?
<1—ﬁ2<1—2q+a>>u<(“’ [ >=%<1—2q+a>+7e,

where |R| < K(B,h)(N™%/% + v(|R1 2 — q|?)). Therefore, on the AT line
1—3%(1 —2q + q) = 0, we always have v(|R1 2 — ¢q|®) > 1/NK (3, h).

Each time we take a derivative of v4(f), we bring in each term a factor
Ry . In order to use successfully the cavity method in the present setting, it
is very useful to know a priori that these factors are small. The purpose of
the next result is precisely to show this.

Proposition 11.7.9. If 3 <1 and x > 0 we have

Naz*
V(l{‘R1,2|2w}) < 3Nexp <48>

L (1— B%)N2z®
—_——] . 11.131
+1_52exp< Tos .5 (11.131)

The rather awkward form of the previous bound is most likely an indica-
tion that this result is not optimal. But, it is the best we could achieve (in
the range of 3 that concerns us here; see (11.140) below for smaller 3, and
[103], Proposition 2.14.5 for § = 1).

We shall use (11.131) via the following consequence. If | f| <1 we have

v([fRigl) <av(lf)) + R, (11.132)

where R = v(1{|g, ,|>¢}). If @ is not too small this term will be small. It
starts to be small for x such that

(1_52)]\721,8 |
e ~log —— ,
Llog 125 ST

that is for = about
, \1/4
1 (log 5 )

N4 (1 —2)1/8

(11.133)

Since we are interested in the case where 1— (32 is much smaller than 1/log N,
the first term of (11.131) is already very small for these values of z. Forgetting
for the moment about the logarithmic terms, we can say that Proposition
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11.7.9 implies that “each factor Ry, counts as N~V4(1 — §2)~1/8”. The
main difficulty we face in this section is that this quantity is not very small.
To understand this difficulty, let us try to use (11.125), written as

1
(1= B w(Riz) = 5 +R, (11.134)
where R < 3/N? + v(|R12|®). The best we can do (ignoring logarithmic

terms) is to use one of the factors |R; 2| to write

3 L
R < —
||_N

2
3 T N1/4(1 _ ﬂ2)1/8 V(Rl»Q) :

Unfortunately, with this bound (11.134) yields information only when

1 2

m <1- ﬂ s (11135)
a relation that fails when 1 — 32 ~ N—1/3_ Tt is precisely for this reason that
we cannot use order 2 expansions to study v;(f) for f = e1e2R1 2. Rather,
we will have to use order 3 expansions. Doing this, we can use (neglecting
again logarithmic factors)

1 2
() < Lv(Ri,) < L(m) v(R?,)

and we may think of |V§3)( f)] as a lower order term as soon as

1 2
<m> <1-p%, (11.136)

a relation that is satisfied when 1— 32 ~ N~1/3. Of course we will not be able
to control v/{(f) through its absolute value, and the whole approach succeeds
because we will be able to control this quantity through its sign.

The following prepares for the proof of Proposition 11.7.9.

Lemma 11.7.10. When 3 <1 we have

NR}
E<ZJ2v<exp 121’2>> <2N(EZy)*. (11.137)

Proof. Proceeding as in (11.6) we get

NR? 2N NR?}
(ar(n ) e ()

ol ,o?

Now, setting X = N=t >~ 0;, we have
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- BN NR{, _ BZNX2 NX*
27 ZGXP<2R%’2+ 1212 =27V} exp s 12 )

ol o2

because at given o, the variable oy — R; 5 is distributed as X. Recalling
the function Z(¢) of (A.22) we obtain

by (A.23). Therefore by (A.24) we have

2t
2—Ncard{0'€ZN; |X| Zt} < exp (—N (§+E>> .

We then use (A.31) for the uniform probability Py on Xy, and we denote by
Eo the corresponding expectation. Then since | X| < 1,

2NX?2 NX* 2NX2  NX*
Q_NZGXP (ﬁ + ) = Epexp (ﬁ + >

2 12 2 12
1 3
Nt
§1+/ <52Nt+3>dt§2N.
0

This finishes the proof. a

Proof of Proposition 11.7.9. Our starting point is the relation

Naz* NRf,
(1{|Ry 2|>2)) < €XP (_T) <eXP o > )

so that if 2 denotes the event

< NRi, > 3Nz*
exp 5 > exp

we have .
T
<1{‘R1,2|ZTI:}> S exp (_K) + 1(2 .

Taking expectation yields

Nzt NR} 3Nzt
V(1{|R, o|>a}) < €XP <—K)+P<<exp 121’2> > exp 15 ) . (11.138)

Now
NRi, 1, NRi,
exp 1 = EZN exp 1

and therefore
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NR}, 3Nzt NRi, Naz*
P(<exp 12’ >2exp 15 ) < P<Z12v<exp 12’ >2(EZN)2€Xp 3 )
N 4
+ P <ZN < EZpyexp (—%)) .

Combining (11.137) with Markov inequality we obtain

NR4 N 4 N 4
P(Z?V<exp le> > (EZn)%exp 42 ) < 2Nexp(— 42 ) .

We appeal to (11.11) with ¢t = Na*/48 to see that

Nzt L (1 - B*)N?z8

Combining with (11.138) this proves (11.131). O

It is difficult to find clean and natural bounds for v(1{|r, ,|>}) because
there are many possible variations to the previous proof. Let us indicate one
such variation (that will not use). Instead of (11.137) one can use that (11.8)
implies

E <Z,2V <eXp lTﬁZNR§2>) < J%_W(EZNF . (11.139)

One can then mimic the previous argument, writing now

1-— ﬂQ 1 52
<1{|R1,2|2z}> < exp <— 1 Nx2> <exp TNR%2
and one obtains the bound
L 1— 32
V(l{\Rlyg\Zm}) § 1—762 (exp (— 16 Nx2)

_ 22\6
+ exp —MN%“ : (11.140)
Llogw

The right-hand side starts to be small for z about

2
1 y/log =%
o (11.141)

N1/Z2(1—p2)3/2 "

Certainly (11.141) is better than (11.133) for 8 < 1, but not in the range of
interest here.

As a first step toward Theorem 11.7.1 we prove the following:
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Proposition 11.7.11. There exists a number Ly with the following property.
If N >2 and k > 1, then

2/5 k
B2 <1- Lok (105’VN> = V(R < (%_km)) . (11.142)

Since 2/5 > 1/3, this will be usable under (11.120) and (11.122).

The power 2/5 in the left-hand side of (11.142) simply occurs from
(11.136). We do not know what happens for larger values of 3, i. e. 0 <
1 — 3% <« N—2/5 If Conjecture 11.7.5 is true, one expects anyway that
(11.142) is not sharp for 0 < 1 — 32 < N7/3] but rather that one has
V(R2%) < K(K)N-2475.

As already explained, the essential new feature of the proof is that certain
terms will be controlled through their signs because we do not know how
to properly control their absolute values. We recall the notation RZ@’ =

’
1Z’L<N L [.

Lemma 11.7.12. For each k we have
V((Ry5) Ry 3R 3) > 0; v((R12)* RosRi3) > 0. (11.143)

Proof. First we observe that for any function f we have

(0" Ry f (0% Rs) = / ( [ st 1,as>dGN<al>)2dGN<03>

Then, expanding (Rf,2)k we see that it is a sum of terms o}, --- 0}, 07 -+ 07,
each of which is of the type f(o!)f(o?). The proof of the second inequality
is identical. ad
Here is another simple fact.
Lemma 11.7.13. We have
v((Ry5)*) < v(Rf,) . (11.144)

Proof. Expanding the power,

- —k -1
V((R Z 11 11 zk zk Z E Uzl : Uzk y

where the sum is over all choices of 41,...,iy < N — 1. And v(R} ,) is given
by a similar expression, with the sum over all choices iy,...,7; < N. O

Proof of Proposition 11.7.11. We will prove by induction that
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k
v(R%) < (%’“52)) : (11.145)

The induction starts with k = 0, for which (11.145) holds. For the induction
from k to k 4+ 1, symmetry between sites entails

V(RY5P?) = v(e1ea RIS (11.146)
Using the inequality
|2 — P < (2 + 1) — [ (2 + ")

for z = Ry 2 and y = Ry ,, we obtain that if we define f = 6162(R£2)2k+1,
we have

Mareaiy™) — v < ZELu((B) + (Rip)™)
- 4(13\47r 1) (N(116_k52)>k i
using (11.144) and (11.145). We write
v(F) < wolf) +vh(F) + U (F) + swp [V (f)]. (11.148)

2 0<t<1
We have vy(f) = 0. Using (1.150), we get

vi(f) = B (m((Ri5)*" %) — dw(eres Ry 5(Ryp)* )
+ 3uy(e1e2834 Ry 4 (R ,)* ) (11.149)

so that
vo(f) = BPvo((Ry o)) .

The crucial fact is that, using (1.150) to compute the derivative in (11.149)
we have
v (f) = =460 (Ry 5 Ra (R )™ ™) < 0

by Lemma 11.7.12. Therefore we deduce from (11.148) that

v(f) < B2ro((Ri.)?*2) + suwp v (f)]. (11.150)
0<t<1

Using (1.151) three times, we see that |1/t(3) (f)| is bounded by a sum of terms
of the type
2k |R51 L2 | |R€3754 ||R€57£6 D

V(|R1_,2
and using (11.132) for the last two factors, we get
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3 _
()] < LE*v (R Rey ) + V(L Ry p50)))
< L(=z*v(RYST?) + v Ry apmay) - (11.151)
using Holder’s inequality and (11.144).

In (11.150) we would like to have v(( Ry 5)?**2) rather than vo((Ry 5)***2);
to relate these two quantities, we write

[P((RL)™ %) = vo((Ri)™ %) = (R o)™ )] < sup |/ (Rio)* )] -

We compute v{((Ry4)***2) through (1.150) and we see that v ((Ry 5)***?) =
0. Moreover v{'((Ry,)?*2) is bounded by a sum of terms of the type
vi((R14)* 2| Ry, 01| Re, 0, ]); using (11.132), this is bounded as in (11.151).
Finally we get the relation

v(f) < BPu(RIST?) + Lox®v(RY5™) + Lv(1 R, 4 1503) »

and combining with (11.146) and (11.147) yields

4k +1) 16k \"
V(R%F;FQ) < (ﬂ2+L0x2)y(Rikz+2)+ N (N(l — 52)) +LV(1{|R1,2IZI}) :
(11.152)
Obviously it is a good idea to choose = so that
1- 2
2
and 1 — 32 — Loz? = (1 — 3?)/2, and (11.152) yields

LQ.’L’2 =

(11.153)

1 Ak +1 16k \"
5 (1= PR < ( —~ )<N(1_ 52)) + LV o 2e)

and

1/16(k+1)\""" L
2k+2
V(RS < 5 (m) + 1_—52V(1{|R1,2|2z}) :

This finishes the proof of the induction provided the second term on the
right is not larger than the first term. We will show that this is the case as
soon as

log N 2/5
2<1-Lk+1 .
Pt L+ (2
For clarity let us assume that
loo N\ 2/°
B2 <1- Ak +1) ( Ojgv ) : (11.154)

where A is a parameter. It suffices to show that when A is a large enough
constant (that does not depend on k), (11.154) implies
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1
V(LR 1ze)) S ST - (11.155)

Now, keeping in mind the value (11.153) of = and using (11.131) we obtain

L < N2(1 - ﬁ2)5>
Fexp( —————5— | .

(11.156)
Moreover (11.154) implies that if A is large enough we have 1 — 32 > 2/N,

so that

N
V(L{iR, o 20}) < 3N6Xp(—f(1 _ 52)2> L

slog? N 2

log N
5
N2 = log 1— ﬁZ

N2 7

(1—p8%)° > A%(k+1) Ad(k+1)

and (11.156) now implies that

N5 A2(k 4+ 1)210e%5 N
V(1{|R1,2|Zw}) < LN (exp<_ ( - ) g >

A5 1)°
+ exp(—%logN)) ,

from which (11.155) indeed follows if A is a large enough constant. (The
dependence on k could be improved, but it is unimportant.) a

Now that we have proved (11.142), we have a new way to conduct cal-
culations, using this bound. In fact, if we denote by O(k) a quantity such
that

sup [O(k)[ (N (1 — BX)? < 00

the proof of Theorem 11.7.1 is really business as usual. To explain why this
is the case, let us compute v(R7 ;). We write

1 _
V(R?,) = v(e1eaR2) = Nt v(eie2Ry )

and, if f = 61€2Ri27
v(f) = w(f) +v5(f) +O(3),

since by (11.145) we have v(|Ry ,|*) = O(3) and consequently v/’(f) = O(3).
Now vy(f) =0,
vo(f) = B*vo((Ri2)?)

and since the property v(|Ry,|*) = O(3) implies v/((R;5)?) = O(3), we get
vo((Rp)%) = v((R12)?) + O(3) = v(Ri 5) + O(3)

using 1/N = O(3) in the last inequality. Finally,
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N(1=pB*)v(R,) =1+ NO3). (11.157)
The key point is that

K K
INO@3)| < N(N(1 Gy = NG 0 (11.158)

when N/3(1 — 32) — 0 as N — co. We then leave to the reader the easy
task of completing the proof of Theorem 11.7.1.

On the other hand, (11.158) fails to be true under (11.122). In that case,
the cavity method yields mysterious relations, that we now sample.

Proposition 11.7.14. Under (11.122) we have

eN?By(R},) =1 —2Nv(R12Ra3R3,1) + O(N~1/3) (11.159)
cNV(Ry2R23R31) = N**u(R} 3R} ) — BN*/30(Ry 3Ry 4Ro 3R2.4)
+ O(N73y (11.160)

There, as well as in the rest of the section, the notation O(N~1/3) has
its traditional meaning: a quantity A with N'/3|A| bounded independently
of N.

To understand these relations, let us first observe that by (11.145) all five
quantities involving v remain bounded as N — oco. To make immediately the
point that these relations are challenging we note that by Lemma 11.7.12 we
have V(R 2R1 3R 3) > 0. Since v(R7 5) > 0, we see from (11.159) that

1
0 S NV(R1,2R1,3R371) § 5 + O(N71/3) .

Also, if Research problem 11.7.7 has a positive answer, for ¢ small we must

have i
Nv(R1 2Rz 3R 3) ~ =,

[\

a very unexpected fact.

Proof of Theorem 11.7.2. We have already proved (11.123). Assume for
contradiction that there exists a normalizing sequence by such that, given
numbers k(¢,¢') for 1 < ¢ < ¥ <4,and k= > k({,¢'), we have

. /k(é@) ’
ngnoou( I ®~xRew) > I atk(e.2)) (11.161)

1<e<t<4 <

Since by Lemma 11.7.12 we have v(R; 2R23R3,1) > 0, and by (11.159) we
get
L
2
V(R ) < N2
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and since by (11.161) we have,

Nli_{noo b?VV(RiQ) =1
it follows that

CN2/3
b2, > .
N="17

By (11.161), we get

lim b3v(Ri2R23R13) =0

N—o0

and thus by (11.163),

]\]113100 Nv(R12R23R13) =0.
Therefore (11.159) implies
Jim_ eN*Pu(R,) =1,
and comparing with (11.162) we can improve (11.163) into

b% .
cN2/3
On the other hand, (11.161) implies

A}i_{noo N*3y(Ry 3R1 4Ro3R24) =0
and combining with (11.160) and (11.164) yields
Jim NYEU(RY SRS 5) =0,
so that (11.166) yields

0= ]\}Enoo b?vV(RiQRg,s) #a(2)? =1

(11.162)

(11.163)

(11.164)

(11.165)

(11.166)

(11.167)

(11.168)

and this contradicts (11.161). Therefore there exists no normalizing sequence

that satisfies (11.161).

a

The relations (11.159) and (11.160) are part of a family of such relations.
One can obtain similar relations with any quantity ¢N*/3y (H RZ(Z’Z )) on

the left-hand side, with & = (3_ k(¢,¢'), the right-hand side being a combi-
nation of similar quantities “one order above”, with k + 1 instead of k, but

we have been unable to get information out of these.

Proof of Proposition 11.7.14. We prove only (11.160); (11.159) is similar

but simpler. First, we observe that (11.142) implies
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v(|R12|%) = O(N~F/3) . (11.169)

We have
v(R12Ro 3R 3) = v(f)

for f = e162R2 3Ry 3 and, using (11.142),

v(f) =w(f) +vy(f) + %u{{(f) +O(N—?/3y. (11.170)

Now, using Ry = R, ;i + g0 /N, we get vo(f) = 1/N? = O(N—%/3). Also,
(1.151) implies

Vé(f) = 62 (Vt(R172R173R273) + 21/t(€1€3R173R§73)
— 6v(e164R1 3R2 3R2 4) — 3vi(e1626364 R1 3R2 3R3.4)
+ 6vy(e1626465 Ry 3R2 3Ra5)) -

We claim that
vy (f) = B*vo(R1 2Ry 3R 3) + O(N/3) . (11.171)

To see this we simply replace Ry by R, ,, +¢c¢g¢ /N to get relations such as

vo(e1€4R1 3Ra3R24) = N

and .
vo(e1e3R1 3R3 5) = NVO((R£3)2) — O(N5/3).

Using (1.151) again, and proceeding in the same manner we obtain
v (f) =26 (vo(R} 2R3 5) — 3uo(Ri3R1,4R23R2.4)) + O(N /%) . (11.172)

Defining f' = Rj2R13R23 we see by the same method that vj(f’) =
O(N~5/3) so that

vo(R12R1,3R2,3) = V(R12R1 3R23) + O(Nfs/g) ;
and similarly for the terms in (11.172). Since 8% = 1 + O(N~/3) we have

2ﬂ4(V0(R%,2R§,3) — 319(R13R1,4R2 3R> 1))
=2(v(R} 3R33) — 3v(Ry,3R1 4R 3R24)) + O(N—°/3) .

Combining these with (11.170) we have proved the relation
(1 - B%)w(Ri2R13R23) = v(RE 4R35 5) — 3v(R12R1aRo3Ro ) + O(N /%)

which implies (11.160) because 1 — 3% = cN~1/3, O
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We turn to the proof of Proposition 11.7.8. As will soon be apparent,
we have to control the situation where 1 — 32 = N~1/2 In that case, even
(11.136) fails, and this implies in some sense that we cannot work with order
3 expansions, but rather that we will have to use an order 4 expansion.
Unfortunately we do not really know how to control third derivatives, and the
proof will go through using some seemingly magical coincidences. It would of
course be very desirable to find a more robust approach. This seems required
for further progress, e.g. to prove (11.128).

Lemma 11.7.15. For all values of 3 we have

d 1

@V(R%g) = BN (v(Ri5) — 4v(RT ,RT 3) + 3v(RT R ) < G (11.173)
Proof. The equality is obtained by differentiation and integration by parts.
It is an avatar of (1.89). The function py(3) = N~ 'Elog Zn(3) is a convex
function of 3, and (1.83) entails

P(8) = 20— m(B2))
so that 54
0<pi(8) =501 —w(Ri,)) - 5@1/(3?,2)
and thus d ) )
5V < 50— vl < 5. 0

The key to Proposition 11.7.8 is the following.

Lemma 11.7.16. Consider the function ¢(3) = v(R} ;). Then for N large
enough and all B <1 — 1/\/N we have

3 5
%(1 - B%)9(8) < 2 i(ﬂ— - ﬂ—)w’(ﬂ) . (11.174)

Proof of Proposition 11.7.8. Let us fix N and consider

y—supd B - s (1 (A < = b
\ }

1
VN’ N
We first prove that v =1 — 1/\/N Suppose, otherwise, that v < 1 — 1/\/N
Then (1 —~2)(y) = 5/N, and, obviously, ©’(y) > 0, for otherwise we could
find y < 4 < 1-1/VN with (1 - 3%)9(8) < (1 - 82)9(7) < (1 =7*)9(y).
But then (11.174) implies
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S0 =7W0) < %

a contradiction.

Thus we have shown that (1 — 5%)¢(3) < 5/N for f =1 —1/v/N, and
therefore (1 — 1/v/N) < L/v/N. Now (11.173) shows that ¢'(3) < 2 for
1-1/VN<B<1,s09%(1) <p(l—1/vVN)+2/VN<L/VN. O

Proof of Lemma 11.7.16. We have v(R?,) = v(f) for f = e1e2R1 2, s0
that we may apply

where
l/g(f) = ﬁQ(l/t(Riz) — 4Vt(€2€3R1,2R173) =+ 3l/t(€162€3€4R1,2R374)) .
Now

Vt(€2€3R1,2R1,3) = Vt(€1€2€153R1,2R1,3)

- E/ (/elele,ﬂet(a?))Qth(al)

2
2 E (/€1€2R172th(0'2)th(0'1))
= E(e162R12)] = (1626364 R1 2 R3.4) > 0

and therefore
vi(f) < BPr(Ri ) .
Thus, setting ¢(t) = v4(R? ,), and since vo(f) = 1/N, we obtain

1 1
V(I = o) = o)+ [ G0as L+ [ pa. 1)
0 0
Now, by successive integration by parts,
' 1 / 1 1 t2 (3)
pt)dt = (1) — 5" (1) + Z¢"(1) = | —¢"(t)dt . (11.176)
0 2 6 o 6

Since 1 — (3% > 2/v/N, it follows from (11.131) and (11.132) that “each factor
Ry ¢ counts at most as (log N)*/4N—3/16” and since there are five such factors
in each term of ¢(®)(t), we may use three of these factors to obtain

log N
/ 16(,0 ‘ S LNQ/l() (R ) + LV(1{|R1,2|2L(10gN)1/4N*3/16})
log N L
< L— " U(R3,) + (11.177)

N9/16 N2 ’
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the crucial fact being that 9/16 > 1/2. Now,
@' (t) = B (n(e162R} 5) — 4y (e163RT 4 Ry 3) + 31 (e3e4 RY 5 R3 4)) , (11.178)
and, using symmetry between sites,
¢'(1) = 2 (v(R{2) — 4v(RI,RY 3) + 3v(R} L R3 4)) -

What makes the proof work is that this expression resembles (11.173). This
seems now to be magical, but of course it probably will seem natural when
the situation is better understood.

We compute ¢”(t) from (11.178) and (1.151); we see that

¢"(1) = B (v(Ri ) — 4 (RT ,RY 3) + 3v(RY RS ,)) + 1 +11.

Here I is a sum of terms 3%v(gg, &4, f), where f is the product of four terms
Ry and €1 # 05 and 11 is a sum of terms B*v(es, ep,60,60, f) for f of the
same type and {1,...,¢, are all different. Using symmetry among sites, the
terms I satisfy the bound (11.177). To handle the other terms, letting f’ =
€0,€0,E04€0, [, we observe simply that v;(f’) obeys the bound (11.177) and
that vo(f’) < L/N?. Combining with (11.175) and (11.176), we have proved
that

1 log N
V(R < 1+ (62 LA /16> v(R2,)
prt pe 4 2 p2 2 2
- (7 - F) (V(R1,2) —4v(Ry Ry 3) + 3V(Rl,2R3,4)) + R

and using (11.173) this implies

(1-0 - o )e < 5 - 3 (5 - §)e @+ 5

Now for large N we have L/N? < 1/N and

_ 32
logN>1 I

2
1-5 7LN9/16 = 9

since 1 — (3% > 1/v/N and 9/16 > 1/2. 0
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Low Temperature



12. The Ghirlanda-Guerra Identities

12.1 The Identities

It is a general principle of statistical mechanics that nearly all configura-
tions have nearly the same energy. In the case of mean field models it will
turn out that this energy is also non random, a fact that will have powerful
consequences.

To clarify matters we shall give a general statement. Let us consider a
Hamiltonian of the type

H*(o)=H(o)+zH'(o), (12.1)

where o € Xy = {—1,1}". Here of course the dependence on N is kept
implicit, and H and H' do not depend on z. In the left-hand side of (12.1)
the index x is a superscript in order to avoid conflict with the notation Hy
below.

We assume that H = Hy + Hy, where Hp is non random and where
H, is a centered Gaussian Hamiltonian. We assume that H’ is a Gaussian
Hamiltonian independent of H;. That is, the families (Hy (o)) and (H'(0))s
are independent jointly Gaussian families of centered r.v.s. To control the size
of these Hamiltonians we assume that for a certain number A independent
of N we have

Vo € ¥n, EH'(0)> < AN ; EH,(0)? < A%N. (12.2)

Theorem 12.1.1. Given a > 0 we have

LA (57 ) e

where K(a) depends on a only.

IN

(12.3)

Here of course v(f) = E(f) where the bracket is computed for the Hamil-
tonian (12.1), for which the dependence on z is kept implicit. The reason
for writing H’/N in (12.3) is that (often) this quantity is of order 1 (when
the configuration is drawn for the Gibbs’ measure) and (12.3) implies that
for the typical value of x, the fluctuations of H'/N, both with respect to the

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der 287
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern

Surveys in Mathematics 55, DOI 10.1007/978-3-642-22253-5_5,

(© Springer-Verlag Berlin Heidelberg 2011
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Gibbs’ measure and the disorder, are of lower order. Note however that (12.3)
remains of interest even when H'/N is of smaller order than 1 (but not too
small).

Research Problem 12.1.2. (Level 2) Is it true that if A is independent of
N, the left-hand side of (12.3) decays as K/v/N rather than K N—1/4?

Consider

Zn(x) =) exp(~H"(a)),
o
and, keeping the dependence in N implicit,

0(r) = 1 los Zn(x) ;  pla) = EA(r)

Theorem 12.1.3. (D. Panchenko [73]) Assume that P(y) = limy_c0 p(y)
exists everywhere and is differentiable at y = x. Then

(2 () -0

It is not the least remarkable feature of this theorem that by a seemingly
simple argument it solves several problems that were previously rated at level
3.

We first sketch the proof of Theorem 12.1.1. We shall control separately

the integrals
[ (5= 5 e 124

/le <¥>—V<%)‘dw. (12.5)

As explained in Section 1.3, if f is any positive (measurable) function
on a space provided with a positive measure p, the map § +— 1ogfff8 dy is
convex, as follows from Hélder’s inequality. As a consequence, the function
x +— O(x) is convex, a fact that will be proved again in equation (12.8) below.
Moreover, by Theorem 1.3.4 the fluctuations of the r.v. #(x) are small for
every x. The idea underlying (12.5) is that (as a kind of quantitative version
of Griffiths’ lemma; Griffiths’ lemma is explained right after the proof of
Theorem 1.3.9) the fluctuations of #'(z) are also small for the typical value
of z, so that E|¢'(xz) — p/(z)| is small for such a value. Now

0'(z) = <—$> (12.6)

and

so that



12.1 The Identities 289

L) (57)

dz — / E|0/(z) — EO(2)|de

—a

:/a B0/ () — p/(2)]dz , (12.7)

—a

which will be shown to be small by the previous argument.
To control the integral (12.4), we differentiate (12.6) to get

0" (x) = < ((H?(e)) — (H'(2))?)

((H'(o) = (H'(0)))?) (12.8)

2lmzl-

and taking expectation

so by integration

I ((Hf](Vw . <H;<Va>>)2> dr=Lw-pa). 29

—a

We then use the Cauchy-Schwarz inequality to obtain, using (12.9) in the
last inequality

<y~ @'(a) —p'(=a)). (12.10)

We shall show that p’(a) is bounded independently of N, so that the left-hand
side is small, and this concludes the scheme of proof of Theorem 12.1.1.

We now turn to the details of the proof of Theorem 12.1.1.
Lemma 12.1.4. We have

P (z)] < 2|x|A? (12.11)
Ip'(x)] < LA. (12.12)
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Here as usual L denotes a universal constant.

Proof. For two replicas £, ¢’ we set
1 /
Ue’e/ = NEH’(UK)H/(UZ ) .

From (12.6) we obtain, using integration by parts as in Lemma 1.3.11 in the
second equality,

(o) = E0'a) = (=7 ) —a (E01) - Eha))

and (12.11) follows since 12.2 implies that |U, | < A2%. Also we have

p(r)=E <—H;E[U)> < %Emﬁx(—H'(G)) <LA,

where we have used (A.7) with M = 2V in the last inequality. O
Therefore (12.10) and (12.11) imply
‘(| H o) _ (H'(0)) A
— < K(a)— . 12.1
/y(‘ S W) o < K o) (12.13)

Here and below the number K(a) depends on a only and need not be the
same at each occurrence. We now turn to the details of controlling the integral
(12.7).

Lemma 12.1.5. Consider b > 0 and

W =W(z,b) := 2 (|0(z+b) = p(x +b)| +[6(z = b) = p(z = b)[ +|0(z) — p(z)]) -

S =

Then
10" (z) —p'(z)| <p'(x+b)—p'(x—b)+ W. (12.14)

Proof. Since 6 and p are convex functions, we have

O(xz +b) — 0(x) (x+b) — p(x)

el(x)ﬁfﬁw-i—p 2 <W +9p'(z+0b)

SO
0'(x) —p'(x) < W +p'(x+b) —p'(x) <W +p'(x+b) —p'(x—b) .
Similarly,

O(x) —6(x—0)
b

, p(x) — p(z —b)
0'(z) > 3

> —W>-W+p(z—0)
and thus
0'(x) —p'(x) > =W +p'(x=b) —p'(x) > =(W+p'(x +b) —p'(x—b)). O

The next lemma offers a control of the size of W.
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Lemma 12.1.6. We have

E[W (2, b)] < %(1 Y lal+ ). (12.15)

Proof. Since (H'(0)), and (H; (o)) are independent jointly Gaussian fam-
ilies of r.v.s there exists a representation

Hy(o)+zH (o) =g a(o),

where, for a certain integer M (e.g. M = 2N+ g € RM is a standard
Gaussian vector, and a(e) € R |la(e))|| = (E(H,(o) + zH'(a))?)'/? <
A(1 + |z|). The argument is sketched in Section A.2, but is not crucial since
this representation is obvious in all the models we consider. Proposition 1.3.5
then implies ( )

LA(1+ |z

E|6(z) — p(z)| < N

from which the result follows. a

Proof of Theorem 12.1.1. Combining (12.14), (12.15) and taking expec-
tation we get that, given b > 0,

E|0(x) —p/(z)] < p'(x+b) —p'(x —b) + %(1 + |z| +0) . (12.16)

Integrating we get

[ B0/ (2) — p/ ()| < [ (0 (2 + b) — p' — b))dz + %(1 Fatb).

Now, (12.12) implies

/ W@t b) —pla— b)de

—a

=pla+b) —p(-a+b) —pla—b)+p(-a+b)

a+b —a+b
= / p'(z)dz — / p'(r)dz < LbA .
a—b —a—b

Taking b = N~/4 and combining with (12.7) completes the proof. O
We now turn to the proof of Theorem 12.1.3

Lemma 12.1.7. Consider the function

U(w) = (B (o)~ H (7))

Then the following hold:
4
P(x)? < Ne”(:c) (12.17)

[ ()] < 80" (x) . (12.18)
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Proof. To prove (12.17) we simply observe that

U(w) < {|H' (o)~ (H' (o))

and we use (12.8) and the Cauchy-Schwarz inequality. To prove (12.18) we
observe that, setting V, = H'(o*) — (H'(o)), and using the Cauchy-Schwarz

inequality in the second line and (12.8) in the last line,

V(@) = {H (") ~ H(o?)|(H(0%) + H'(0?) — 2H'(0

1

< NﬂVl = Val[Vi + Va — 2V3))
8

< S (V2) =80"(2).

This concludes the proof.

Lemma 12.1.8. Given b > 0 let us define D(z,b) = p'(xz + b)

Then

E(2)] < \/ o D b) /2 +8D(zb)

Proof. We start by writing the identity

“+b
e / B(y)dy + / (W) = vy

We observe that for x — b <y < z 4 b we have
x+b
wl) - vl < [,

—b

so that
z+b
<o [ o
x—b

Combining with (12.20) and Lemma 12.1.7 yields

v@77m+8/’ 0" (y)dy

z+b
/ ((z) — $(y))dy

1 x+b

pil <o |

)

O

—p(z =)

(12.19)

(12.20)

To conclude, we use the Cauchy-Schwarz inequality and the relation

x+b
/ 0" (y)dy = 0'(z + b) — 0'(x — b) .
x—b

we take expectation and we use the Cauchy-Schwarz inequality again, to-

gether with the relation E(¢'(x 4+ b) — 6’ (x — b)) = D(x,b).

a
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Lemma 12.1.9. Under the conditions of Theorem 12.1.3, that is when
Ply) = limy_oop(y) exists everywhere and is differentiable at y = x, we
have

%im limsup D(z,b) =0 . (12.21)

-0 Nooo

Proof. We use the convexity of the function p to get

P +b) < 3 (ple +25) ~ pla +0) 5 Pz —) > 3 (pla — b) — p(z — 20)).,
so that
D(,b) < 1 (pla +26) — pla + b)) — p(z — ) + pla — 28))

and consequently

—_

limsup D(z,b) <

5(73(10 +2b) — P(x+b) —P(x—b) +P(x —2b)) .
N—o0

Finally, the differentiability of P at x implies that the limit of the right-hand
side as b — 0 is 0. a

Proof of Theorem 12.1.3. Recalling that by Jensen’s inequality we have

1 / / 1 / 1 / 2
~EH (@) = (H (o)) = GE{(H (e7) = (H'(7))]) < ¥(2)

we deduce from (12.19) and Lemma 12.1.9 (letting first N — oo and then
b — 0) that

1
lim NE<|H’(O’) —(H'(e))])=0.

N—oo

Now, (12.16) means
1 / / _ / ~ o (x T ﬂ z
~ EI(H (0)) —E(H'(0))| = E|¢'(2) — p'(z)| < D(z,b) + b\/ﬁ(1+| [+0),

and same limiting procedure yields

Jim %E|<H’(a)> CE(H(0))| =0

N—o0

The result follows. a

We now turn to the consequences of Theorem 12.1.1.

Theorem 12.1.10. (The Ghirlanda-Guerra identities) Consider a
function f on X% with |f| < 1. Assuming (12.2), and if EH'(0)? is in-
dependent of o, we have
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1
V(Ul,n+1f) =

-V
n

Uy 2)v(f) + - Z v(Uief) +6, (12.22)

where 1
Upp = NEH’(M)H/(U”)

and where, for any a > 0 we have

/ 6lde < K(a)N~1/343/2 (12.23)
Moreover, under the conditions of Theorem 12.1.3, and if x # 0, (12.22)
holds with limy_ o 6 = 0.

In (12.22), the dependence on z is kept implicit. It would be more formal
to say that f = fy also depends on NN, but we always choose clarity over

formality.
Proof. Let / /
A—y <’H]£70') _ <H]§a))‘>
so that
H'(O'l) H’(o’l) B H’(a'l) H'(a’l)
b () o (201 | | ( (2122 (2222)) )
<A

and hence . o

v (%f) =v (%) v(f) + s (12.24)
where [0'| < A. Setting U1, = N~'EH'(a")?, by integration by parts we get

1(pl
v (H](\t;' )) = —z(w(Uy1) — v(Ur2))

v (%ﬂjﬁ =g (Z v(Uief) — m/(U1,n+1f)>

<n

and (12.24) becomes

AUiminf) = = (U1 f) = v (O )W() + o (T2 f)
+% S v(Unef) +3, (12.25)
2<¢<n

where § = &' /n|x|. Since Uy | < A%, we see from (12.25) that |§| < 242 so
that for any € > 0 we have
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a
/ |6|d;v§/ \5|dx+/ 0y < genz 4 K@ ‘?/4
—a |z|<e e<|z|<a |ZE‘ e N

and optimization over € yields (12.23). When we assume that Uy ; does not
depend on o, (12.25) yields (12.22), and moreover § — 0 under the conditions
of Theorem 12.1.3. O

It is not difficult to improve upon the rate (12.23) but there is little point
in doing that. Throughout this chapter, we write explicit rates, but we make
little effort to reach the best possible rates that could be obtained through
our methods, since these do not seem optimal in any case, see Research
Problem 12.1.2.

To provide a first illustration of the power of the Ghirlanda-Guerra iden-
tities we consider the situation where

—H'(o Z Gi0i (12.26)
i<N

in which case Uy ¢ = Ry, and we assume for simplicity that we are in the
situation of Theorem 12.1.3. Let us denote by d a quantity depending on N
with limy_.o 6 = 0. Then, when n = 2 and f = Ry 2, (12.22) implies that

1 1
v(Ry3Ri2) = 5”(31,2)2 + 5”(332) +9,
and when n =3, f = Ry 3, since v(R; 3R 3) = V(R12R23) it means that
1 2
v(Ri14Ra3) = —v(R12)* + v(Ri2Ra3) + 0 .

3 3
Combining these equations yields, since V(R 2R23) = V(R1,3R1.2),

2 1
V(Ri4R23) = 5V<R1’2)2 + §V(R%2) +9,
and since v(Ry 4R 3) = E(R; 2)?, this is equivalent to
v((Ri2 —v(R1,2))%) = 3E((R12) — E(R12))*> +6. (12.27)

This means that (when x # 0) the r.v. (R 2) fluctuates unless Ry o is
nearly constant (i.e. Ry 2 >~ v(R2)). One must be cautious. This result does
not hold for z = 0. For example if in (12.1) we take

- E 9ij0i0;

z<]

then for # = 0 by symmetry we have (Ri2) = 0, so ¥(R12) = 0 and the
relation

( Rl 2 —V Rl 2)) ) >~ 3E(<R1 2> — E<R1 2>)2

v
becomes v(R? 2) = 0 and we will see later that this is not true for g > 1.
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12.2 The Extended Identities

In this section we prove one of the most amazing facts of mean-field spin
glasses theory. Given any (non-random) Hamiltonian, we can find a “small
random perturbation” of this Hamiltonian such that given a function f on
2% with |f] <1 and a continuous function ¢ on R we have

W(Rinsd)f) = o R) + S v(RiOf)+5,  (12.25)

2<4<n

where § is typically small. These relations are called the extended Ghirlanda-
Guerra identities. That these identities seem to appear out of nowhere prob-
ably means that they represent the “generic case”. Consider an Hamiltonian
Hny (o). We assume that Hy = Ho y + Hy n where Hy y is non-random and
H; n is centered Gaussian. We assume that for a certain number B indepen-
dent of N we have

EH} y(0) < NB. (12.29)

For s > 1,41,...,is > 1 consider independent standard Gaussian r.v.s g;,...i.,
that are independent of the randomness of H; n. Let

1
— Hy (o) = NG-D/2 Z Gir--isOiy 0" Tig s (12.30)
V1yeeesls
where the sum is over 1 < iy,...,is < N. Therefore,
EHN (0" Hy o(0®) = NR; , . (12.31)

Given numbers [, |8s] < 1, consider the “perturbing Hamiltonian”

—HY (o) =cn Y _ B2 Hy (o), (12.32)

s>1

where ¢y = N~1/32 and B = (Bs)s>1. Since Eszv,s(U') < N these series
converge, and since ¢y — 0 we should think of this Hamiltonian as a lower
order perturbation term. Let

Hy p(o) = Hx(0) + Hi(o) (12.33)

be the Hamiltonian Hy perturbed by the lower order term. Let
1
pN(B) = ;Elog Y exp(—Hy p(a)) - (12.34)
o

The following expresses that, at least as far as the computation of py is
concerned, the perturbation term has indeed small influence.
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Lemma 12.2.1. We have

pn(0) < pn(B) < pn(0) + R - (12.35)

Proof. Let us denote by E’ expectation in the r.v.s g;,...;,, so that

E/(HY () = AN 3 52272 <3N,
s>1

and, using (A.1) we have
E' exp(—Hn (o)) < (exp Nc&)exp(—Hy (o)) .

Using Jensen’s inequality by taking the expectation E’ inside the logarithm
rather than outside then yields the right-hand side of (12.35).
To prove the left-hand side inequality we observe that

Py (8) ~ p(0) = Elog(exp(~HER)) (12.36)

where the bracket denotes an average for the Gibbs measure with Hamiltonian
Hy. Now, Jensen’s inequality implies

(exp(—HYp)) > exp(—HY'j3)

so that the quantity (12.36) is > N_1E<—H§,e;,> =0. O

One should be cautious. The previous lemma shows that adding the per-
turbation term to the Hamiltonian has a limited influence on py. This does
not say that this has also a limited influence on the structure of the Gibbs
measure.

Our next result asserts that for the perturbed Hamiltonian (12.33), then
(12.28) holds for a quantity ¢ that is small in average over 3. We find it
convenient to restrict the range of B to [—1,1]".

Theorem 12.2.2. Denote by (-) an average for the Hamiltonian (12.33), the
dependence on 3 being implicit. Then (12.28) holds with § = 0n(3) satisfying
lim /\5|dﬁ =0, (12.37)

where the integral is for the uniform probability over [—1,1]N.

Unfortunately this says nothing about the most interesting value of 3,
that is 8 = 0! Let us also mention that in Chapter 14 we will show that
a particularly important class of models satisfies the extended Ghirlanda-
Guerra identities even without the perturbation term.
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Proof. Since the function ¢ can be uniformly approximated over [—1, 1] by
a polynomial, it suffices to prove that for each s > 1 we have

V(RinJrlf):%V( T,z)l/(f)‘i‘% > U(R )+, (12.38)

2<0<n

where ¢ is as in (12.37). To see this we will use (12.22) in the case H' =
27%cnHpy,s, Bs instead of x, Hy = Ho, n and

—Hy=—Hyp— 2 "cyHys+ Hon = —Hin + Y 5,2 PHy
p#s

(which does not depend on f;), so that, recalling (12.29) we see that (12.2)
holds for A = 1+ B. Then Uy = NT'EH'(c)H'(0") = 2724 R} ..
Therefore (12.2) implies (12.38) where § = 225¢,*’, for a quantity ¢’ such
that

1
/ 0'|dBs < L(1+ B)N~/8
1

and thus

1
/ 16]dBs < L(1+ B)2%c2N~Y® < L(1 4 B)2°/2N~1/32
1

That ¢ satisfies (12.37) then follows from Fubini’s theorem. O

In the next two sections we will prove some amazing consequences of
(12.28). Other applications will be given in Chapter 16. It is quite interesting
that, as of today, all these applications use (12.28) only in the special case
where f is of the form f(o!,...,0") = f~((Ree)i<e<er<n) for a certain
continuous function f~ : R*(=1/2 L R,

12.3 A Positivity Principle

In this section we prove a remarkably general principle: if a system satisfies
the extended Ghirlanda-Guerra identities, then the overlap R; » is essentially
non-negative.

Theorem 12.3.1. Consider a Hamiltonian depending both on N and a pa-
rameter 3 € [—1,1]N; assume that given any n, any function f on X% with
|f| <1 and any continuous function v on [—1,1], we have

1 1
v((Rin1)f) = EV(w(Rl,z))V(f) + - Z v((Rie)f)+6  (12.39)

n
2<0<n

where 6 = dn(B) satisfies



12.3 A Positivity Principle 299

A}im /|5\d,6 =0. (12.40)
Then, for each ¢ > 0 we have

lim [ v(1(g, < )dB=0. (12.41)

N—o0

Both integrals in (12.40) are performed for the uniform measure on
[~1,1]N. It is convenient to write § for any function of N and 3 that satisfies
(12.40). This function might not be the same at each occurrence. Therefore
(12.41) can be written as v(1(r, ,<—c}) = 0.

Theorem 12.3.1 illustrates how a (comparatively small) perturbation of
the Hamiltonian can change the Gibbs measure in a dramatic way. It is
certainly not true in general that the overlap is essentially positive. Indeed,
for the ordinary SK model without external field, the distribution of the
overlap is symmetric around 0. The perturbation term breaks this symmetry.

The proof of Theorem 12.3.1 has two parts. Until the end of this proof,
we fix once and for all 0 < ¢ <1 and we set

D,={(c",...,0M) eX};Vl,2<0<n, R, < —¢}.

The first part is purely deterministic.

Proposition 12.3.2. Consider n > 3 and a probability measure G on Xy .

Then we have
< 5logn

G®"(D,) < (12.42)

En

Using (12.42) for Gibbs’ measure, and taking expectation, this implies that

5logn
D,) < ———. 12.43
v(Dy) < 225 (12.43)
The second part of the proof is to observe that the relations
t<n = D,=D,N{Ri,< —¢} (12.44)

make it possible to recursively estimate v(D,,) through (12.39) as a function
of v(D3) and to show that (12.43) implies v(D2) = .

We prepare the proof of Proposition 12.3.2 with the following, where we
remind the reader that 0 < € < 1 has been fixed once and for all.

Lemma 12.3.3. Consider a probability measure G on Xy, a number 0 <
c<1, and let

U={o'; G{o?; Ri2< —¢})>1—c}. (12.45)

Then 5
GU) < f . (12.46)
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Proof. For any probability measure p on X we have

[ Riatutotinie?) = 5 [ o -oautotyintat) = 5 | [ aauto 2

Let A={(o',0?); Ri2 > —c}. Then, since Ry < 1 we get

0< /Rl,zdu(al)du(az) < —ep®(AC) + pP2(A) = —e + (1 +e)p®?(A)

and therefore

®2A>6
ju ()_1+€

Consider the probability measure p on X'y given by

p(C) =G(ECNnU)/GU) .

> (12.47)

m|m

For o' € U, by (12.45) we have G({o? ; R12 > —¢}) < ¢, and therefore

1 c
2, ) < 2, )< .
p{o“; Rig > —¢c}) < G(U)G({U i Rig > —¢}) < —G(U)
Thus, by Fubini theorem and since p is supported on U we have
nE(A) = u®*({(o*,0%) ; Ri2 > —¢})
2 1
= | p({o”; R > —€})du(o”) < ,

and comparing with (12.47) proves the result (12.46). O
Proof of Proposition 12.3.2. We define
fle")=G({o?; Rip < —¢}),
so that by Fubini theorem we have
G®™"(Dy) = G*"({(o',...,0");Vl; 2< 0 <n, Ry < —¢})
- /G®("’1)({(02, G VE2< <, Ry < —c})dG(eY)

— [ £ @)d6(o)

Given 0 < ¢ < 1, the set U defined in (12.45) is the set {f > 1 — ¢}, so that
using (12.46) and since f <1 we get

[ e)cio) - e / 71 (0)dG (o)

g(lf )"1+G(

< exp(—c(n—1)) + % .
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We then take ¢ = (logn)/(n—1) < 2logn/n to obtain (since € < 1 < log3 <
logn)

n 4logn < 5logn .

1
— O
n En en

G®™"(D,) <

The next step it to estimate v(D,,) from below. The idea is very simple.
Even though we are permitted to use (12.39) only when 4 is continuous, let
us suppose for a moment that (12.39) holds for the function ¢ (z) = 11,<_c3.
When f = 1p, , this relation read as

n—14v(Ds)

V(Dny1) = n

v(Dy)+ 9

because f = 1p,1{r, ,<—c} for £ < n by (12.44). This relation is then easy to
iterate. We will show later that the previous scheme of proof can be adapted
to prove the following.

Proposition 12.3.4. Let a = v(1(g, ,<—2c}). Then

a

v(Dy) > Ini-a

+5. (12.48)
Proof of Theorem 12.3.1. Let us repeat that 0 < ¢ < 1 is fixed once and
for all. Comparing (12.43) and (12.48) we have, given n,

a 5logn
<
Lni—a = en

+9

so that I
an® < ?1 logn+46 . (12.49)

For each n > 3 consider the smallest number d(n) such that
L,
a>dn) = an®>1+ ?logn
so that by (12.49),
a>dn) = 6>1

and thus
lim 1ia>dn)ydB < ]\}im / |0]dB =0.

N —o0

Since a < 1, we have

Jaas <din) + [ 1uziyds

so that
limsup/adﬁ <d(n) .

N—oo
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This is true for each n; since, as is obvious from the definition of d(n) we have
lim,, .o d(n) = 0, we have proved that limpy_ f adB =0,ie a=94. a

Proof of Proposition 12.3.4. Let us fix numbers
—2e=by <by<---<b,=—¢

and for 2 <r < n let us consider a continuous function ¢, : R — [0, 1] which
satisfies

x<be—1 = U (x)=1; z>b. = ¢ (x)=0.

Thus
$<—2<€:b1:>’¢2(.13)21

and therefore
v(Y2(Ri2)) > V(1(R, ,<2:}) = a . (12.50)

For r > 2, define on X}, the function

fr= 11 ve(Rio).

2<0<r

For 2 < ¢ < r we observe the identity

wr+1<R1,€)fr = fT 5 (1251)

because if f, # 0, then for each £ < r we have ¢;(R1¢) # 0 and hence
Ry < be < b, so that ¢¥,41(R1¢) = 1. Using (12.50), (12.51) and (12.39) for
r rather than n we get

Wfri) 2 Jan(f) + (g 40
and thus 1
Vfri1) 2 T 0(f) (12.52)

Since log(1 — x) > —x — 22 for x < 1/2, we have for r > 2:

r—1—a l1—a 1—a 1
—_— =1- >exp| — - —

r r r r2

and since 1/2 +--- 4+ 1/(n — 1) < logn, iteration of (12.52) from r = 2 to
r=n—1 yields

W) 2 vl 46

This implies (12.48) because v(f2) > a and v(f,) < v(Dy). O
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12.4 The Distribution of the Overlaps at Given Disorder

In this section we prove remarkable general principle. Roughly speaking, if a
system satisfies the generalized Ghirlanda-Guerra identities, then, at a given
disorder, the distribution of the overlap R; 2 under Gibbs’ measure charges
only a few points. Typically, given 0 < n < 1, all but a proportion 1 —
n of this distribution is carried by about =2 points (possibly depending
on the disorder) in the interval [0, 1]. Moreover, the support of the random
distribution of R; > under Gibbs’ measure is non-random.

Consider the distribution p of R; 2 under Gibbs’ measure. Consider the
average i of p under the disorder, and the support S of 7i. Then S is also the
support of p and thus one can picture at given disorder p as being carried
by a (random) sequence of points that is dense in S.

The author constructed an example (for the “spherical model” [110] for
which computations are easier) where the average i over the disorder of the
distribution g of R; 2 under Gibbs’ measure is itself continuous. However,
according to the numerical simulations of physicists, it seems that often &
has a point mass at the rightmost point of its support S.

The above very general description of the results of this section implicitly
takes place “in the limit N — oc0”. To formulate a result at a given N, we
introduce the following definition.

Definition 12.4.1. For a probability measure 1 on [—1,1], an integer n and
e > 0, we define A(u,n,e) as the mazimum amount of mass of u that can
be carried by the union of n intervals, each of length at most 2e, when these
intervals are optimally chosen i.e.

A(p,n,e) = sup{u(B) ; B is the union of n sub-intervals of [0, 1]
each of length < 2e} . (12.53)

Theorem 12.4.2. Consider a Hamiltonian depending on N and on a pa-
rameter 3 € [—1,1]N. Assume that given any n, any function f on X% and
any continuous function ¢ on [—1,1], conditions (12.39) and (12.40) hold,
that is

V(R ) = o R+ + 3 v((Rue)f) +5,

2<0<n

where imn_o0 [ |8|dB = 0. Then, if u denotes the (random) law of Ry
under Gibbs’ measure, for any n and any € > 0 we have

(a(n ) o s e

n+1

Moreover, if ¢ is a continuous function with 0 < ¢ <1, for each n we have
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1 8
P([ewz 1) 2t Gty T @

Here and everywhere in this section ¢ satisfies limy_ o f |6]dB = 0.
To interpret (12.54), we fix n and € > 0. For N large and the typical value
of B3, ¢ is small, say § < 1/(n + 1). Then

(s (s 250 ) 1

that is, typically all the mass of 1 but the small proportion 3/(n+1) is carried
by n(n — 1)/2 intervals of length < 2e. This is true however small ¢ is (but
the smaller ¢, the larger one has to take N), so “in the limit N — oco” all
but at most a proportion of 3/(n+ 1) (or even 2/(n + 1)) of the mass of y is
carried by n(n — 1)/2 points.

We turn now to the interpretation of (12.55). Let & denote the average of
w over the disorder, and S the support of & (which is conceivably a rather
small set). We first show that for very general reasons the support of u is a.s.
contained in S. For any continuous function ¢, it holds

(p(R12)) = Elp(Br2)) = E [ p()duta) = [ plo)dnta)

(In other words, 7 is the law of Ry o under v). If ¢ > 0, ¢ > 0 outside S and
¢ =0on S, then [@dn = 0 and therefore E [ odu = 0, so that [ ¢dp =0
a.e. Now, when [ ¢dp = 0, p is supported by the set {¢ = 0} = S. Thus, the
support of p is a.s. contained in the support S of 7. Assuming now that, as
expected, T has a limit as N — oo, we argue that (12.55) can be interpreted
as saying that “in the limit N = oo the support of u is a.s. the support S of
7”. Consider an interval I with SNT # @, and 0 < ¢ < 1 such that ¢ =0
outside I and [ ¢dpm > 0. Given € > 0, we may take n large enough so that

(12.55) implies
1
P(/gpduZ—) >1—ec+46.
n

Thus for large N and the typical value of § we have P (f pdp > O) >1—2e.
As ¢ is arbitrarily small, this means in a sense that “a.s. [ @dp > 0” so that
the support of p meets I; thus the support of p cannot be smaller than the
support of .

Lemma 12.4.3. Assuming (12.39), given any function f on X% with |f| <1
and any continuous function 1 we have
2
v((Rns1nt2)f) = — 1V(¢(Rl,2))y(f)

T S Y (R f)+5.  (12.56)

n(n +1) kAL, k0<n
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Proof. We observe that (12.39) implies (by exchanging 1 and n) that

V(R ) = RV + S v (Ran)f) +9

1<0<n—1
and we use this with n 4+ 1 rather than n to get

1

n+1
1

+n—|—1

V() (Bni1nt2)f) = v(¥(Ra2))v(f)

S v (Ror)f)+06. (12.57)

<n

We use (12.40) again to obtain for each ¢ < n that
1 1
v (Bnr0)f) = @R () + = > v@(Beaf) +9,
k<n, k¢

and we substitute in (12.57). O
Proof of (12.55). We use (12.56) for n = 2m, taking ¢ = ¢ and

fm=TI (O =¢(Ror-1.2))

1<k<m

so that, since f,, > 0,

v(@(Ramt1,2m+2) fm) > v(p(Ri2))W(fm) +6 (12.58)

—2m+1

Now, by definition of x4 and independence,

(fm) = (1 —/sodu>m i (p(Ramt1,2mt2)fm) = /sodu (1 —/sodu>m

and since for 0 < @ < 1 it holds true that >~ a(l—a)™ =1—-a <1, we
have -

Z<<P(R2m+1,2m+2)fm> = Z /sﬁdﬂ (1 - /sodu>m <1.

m>1 m>1

Summation of (12.58) for m < n yields

(12.59)

vV
DN | =
=}
o]

3
=
5
=
=
b
™
N
=
I
AS)
[oW
=
N———

3
+
>
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using that >, . 2/(2m + 1) > (1/2)logn and that v(fmn) = E(fm) =
E (1 — fcpd,u)m. Since (1 —x)™ > 1/4 for z < 1/n, we have

E(1—/¢m0”zip(/wmus%),

and combining this with (12.59) we get (12.55). O

We now turn to the proof of (12.54). We write C,, = R*"~1/2 and we
denote by x = (2} ¢)1<k<e<n the generic point of C),. Consider the (random)
law v of (Rg ¢)1<k<t<n in Cy, and 7 the average of v over the disorder.

Lemma 12.4.4. For a continuous function ¢ on R x C),, one has

E/ﬂammmm&w~;7 (2, x)d7i(2)dF (x) (12.60)
1
(n +1) k#;e@/ Pl X6 0

Proof. Since ¢ can be approximated arbitrarily well by a sum of functions
of the type ¥ (z)g(x) it suffices to consider a function ¢ of this type. Let us
then define f = g((Rk.¢)1<k<r<n). Then

[ et xdnta)anoo = [ vagodnte)are
:/wummwjpwmwm
—E [ v@)duE [ gex)dr(x
= E<1/J(R1 2

)E(S)
= v(Y(R12))v(f) .

Moreover,

/’@H,Mv fE/wxu x)dry(x)
E(V(Ri,)g) = v(¥(Rye)g) -

Therefore (12.60) reduces to (12.56) when f = g((Rk.¢)1<k<t<n)- O
Proof of (12.54). We use (12.60) for the function

1
—min (1.2 _
¢(z,x) = min ( Z i ka,el)

so that p(zy ¢, x) = 0 and by (12.60)
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E/gp(x,x)du(x)dv(x) < ni—l—l +9. (12.61)

Now, given x
VE</l, |t—xpel >e = o(z,x)=1,

so that

/gp(w,x)d,u(x) >ul{x; VE <, |z — xR > €})
=1-p({z; Ik <L, |v—ake <e})

>1—A<u,@,€) 7

by definition of this latter quantity. Therefore

[etexannr ) = 1- 4 (u, @Q |

Comparing with (12.61) this completes the proof. O

12.5 Large Deviations

Given a random Hamiltonian Hy (say with X' as configuration space) one
can argue that the fundamental question is the computation of

1
pN = NElog Zn, (12.62)

where Zy =) _ exp(—Hy (o)) is the partition function. Given a number a,
it is also of interest to evaluate

1 a
PN.a = 3o logEZY , (12.63)
of which (12.62) is “the case a = 0” because

lim llog EZy = lim llogEexpalogZN =ElogZy .
a—0 q a—0a

In some sense, this gives information on the system conditioned on the fact

that Zy is large (if @ > 0) or small (if a < 0).

The tools we have developed (say in Chapter 1) adapt very well to the
study of (12.63) “at high temperature”. The main difference is that when tak-
ing expectation in the disorder one has to make a change of density Z% /EZ%.
In other words, for a function f on X%, we now define (keeping the depen-
dence in a implicit)
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2N
) = (o) (12.60)
where (-) denotes as usual an average for the Gibbs measure.

In this section we will investigate what happens to the Ghirlanda-Guerra
identities in the present setting. An unexpected fact is that these inequalities
become stronger as a increases. For a > 1 they become so strong that in
some sense they imply that

I/((RLQ — V(Rlvg))z)’: 0. (1265)

One can interpret this relation by saying that for a > 1, there is no such
thing as a low-temperature phase; all systems are at high temperature. One
could hope that we will then understand everything in detail; this is not yet
the case (and shows how little we really understand). For example, in the
situation of the SK model with Hamiltonian (1.10), it is not difficult to show
that v(R; 2) must be a near-solution of the self-consistency equation

_E ch®Y
1= “Emty

for Y = Bz,/q + h. But how does one show that this solution is unique?
And, even if this calculus problem can be solved, how can one improve the
information that v((R12 — ¢q)?) ~ 0 into an exponential inequality? We refer
to [111] and to Panchenko’s beautiful paper [68] for more on this topic.

Keeping the dependence on N implicit we consider a (possibly random)
Hamiltonian H and we introduce a “perturbed” version of this Hamiltonian
as follows:

th?Y

— H"(0) = —H(c) + zcn Y _ gioi , (12.66)
i<N
where (g;)i<n are independent standard Gaussian r.v.s, independent of the
randomness of H. As in (12.33), the idea is that the second term on the right-
hand side of (12.66) is a lower order perturbation of the original Hamiltonian.
We denote by v = v, the average (12.64) relative to the Hamiltonian (12.66),
keeping the dependence on x implicit.

Theorem 12.5.1. If a > 1 we have

1
xrv RLQ -V Rl,g )2 dx S 5
[ ans = vmaPas < 2O
where K(a) depends on a only.
Thus, as soon as ¢3 N — oo, given N large, v((R1 2 — v(R12))?) is small for

the typical value of x.
We consider the function
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(x) ! log EZ} (12.67)
z)=—"1Io .
¥ Na g N,z »
where of course Zy , = exp(—H"(o)). To lighten notation we define

H' (o) := ngi .

i<N

(Note that there is no minus sign here.)

Lemma 12.5.2. We have

/011/<<%/—1/(%>)2>dx<%. (12.68)

Proof. We note that
d

EZNJ = CNZN7x<H,> (1269)
d
2R, = enaZi ,(H) (12.70)
/ CN 1 a ’ H'
=——EZ HY) = — ] . 12.71
o) = N g Bz = e () 2

We differentiate (12.71), using that

d
- H/ _ H/2 o H/ 2
(') = en((H™) = (H')?)
and, using the notation
1
! _ a
E'(4) = EZ5, . E(Zy .. A) ,

we get by a straightforward computation that

¢ (@) = S (E((H™) + (a — DE (H')?) — a(E(H'))?) .
Since E'((H')?) > (E'{H’))? and a > 1, we have
C2 ! ! !/
¢'(x) > T(E(H?) - (E(H)?)
C2 ! !/
= Y((H?) ~ v(H')?)
02 ! !
= u((H' — v(H)?)

= Nciv ((%’ -v (%))j , (12.72)
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and consequently
1 / / 2 1
H H
i [ (5 (5)) Joes [ rons

Now,

(%) = wezge((Zewt-rer )" X o) en(-H7 (7))

Integration by parts in the r.v.s H'(o) yields the identity

v (%) = zen(1 4 (a — 1)v(Rys)), (12.74)

so that by (12.71) we have ¢’(0) = 0 and ¢'(1) = eyv(H'/N) < ac% since
|R1,2| < 1. Combining with (12.73) proves the result. O

Proof of Theorem 12.5.1. Consider

f@) =v (H '551)31,2) iy (%) V(R1s).

Since |Ry 2| < 1, the Cauchy-Schwarz inequality implies

o= (2 (B ) (5 (5))

and therefore L
| 1r@lds <[5 (12.75)
0

using (12.68) and the Cauchy-Schwarz inequality again. To conclude, we prove
that

f(x) = zeymin(l,a — 1)(v(RT ) — v(R12)?) . (12.76)
We have

H' ()
NEZS R
NV ( N 1’2)

_E<(Zexp(—H‘T(’r))>a > H'(c')Risexp(— Hz(al)—H"’”(ch))>.

ol o2

Integration by parts in the r.v.s H'(o) yields, after a few lines of computation,

v (H/](VU)RL2> = zen (V(Ri2) + v(RY ) + (a— 2)v(Ri2R13))
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and combining with (12.74) we get
f(z) = xen (V(Rig) +(1- a)u(RLz)2 + (a— 2)V(R172R1,3)) . (12.77)
Next, we prove that
(R?5) > (R12R13) > (Ry2)?

The first inequality follows from the Cauchy-Schwarz inequality, the second
from

/R12R13dG( HdG(o?)dG(o? /(/Ro- o2)dG(o )>2dG(al)

> </R172dG(01)dG(02)>2 )

Taking expectation and using again the Cauchy-Schwarz inequality yields
V(Ri ) > v(Ri2R13) > v(R2)?
When a < 2, we use that 1 =a—1+2 —a and
V(RY,) 2 (a— Dv(RY,) + (2 — a)u(Ri2Ri3)

and thus by (12.77) that f(x) > zcn(a—1)(v(R? 5) —v(R12)?). When a > 2,
we use that v(Ry 2Ry 3) > v(Ry2)? to get

f(@) Z wen (V(R] 5) — v(R12)?) - O



13. The High-Temperature Region of the SK
Model

13.1 The Poisson-Dirichlet Distribution and the REM

Consider a parameter 0 < m < 1. Throughout this chapter we denote by

fm  the positive measure on R of density = ™!
with respect to Lebesgue’s measure. (13.1)
Since m > 0, for every € > 0 we have
fm ([g, 00]) < 00, (13.2)

and since m < 1,

1 1
/ xdpm (z) = / " Mdr < 00 . (13.3)
0 0

Consider a Poisson point process IT of intensity measure p., (see Section
A.9). This is simply a random countable subset of Rt such that for every
(measurable) subset A of RT with p,,,(A) < oo the r.v. cardII N A is Poisson
of expectation pi,,(A); moreover cardIT N A and cardIl N B are independent
r.v.s when ANB = (). Some probabilists like to think of IT as the set of jumps
of a m-stable subordinator (i.e. with a Lévy measure pu,,), but we shall not
use this point of view here.

By (13.2) for every £ > 0 the set II N [, 00) is a.s. finite, so we can enu-
merate the points of II as a non-increasing sequence (uq)a>1. The notation
« for an integer is somewhat unusual; we adopt it in reference to physics
(where the letter « indexes the “pure states” of a spin system). We have

E<Z ual{ua§1}> - /ledum(x) <00, (13.4)

a>1

and since Ecard{a ; uq > 1} = pu([1,00]) is finite, the sum S = 7 o, uy is

finite a.s. We can then consider the sequence

Ug Ug,
Vg=—FF =5 .
S 2721 Ury
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This is a non-negative, non-increasing random sequence that sums to 1. The
notations u, and v, will be used throughout this chapter, and should be
carefully distinguished.

Let us denote by S the set of non-negative, non-increasing sequences with
sum at most 1. This set is provided with a natural topology (the weakest
that makes the maps (zq)a>1 — - continuous for each ) for which it is
compact. The law of (vy)a>1 is a probability measure A,, on S that we
call the Poisson-Dirichlet distribution of parameter m. The paper [83], where
references to earlier work can be found, explores the multiple facets of this
object. In that paper the Poisson-Dirichlet distribution depends on 2 param-
eters, and with its notation we have A,, = PD(m,0). Let us also mention
that this distribution was in fact introduced by J.F.C. Kingman [55]. The
“second parameter” of the Poisson-Dirichlet distribution occurs naturally in
spin glasses in the setting of Section 12.5, but here we will only consider the
case where this second parameter is 0, and this motivates the use of another
notation for PD(m, 0).

The Poisson-Dirichlet distribution seems to be fundamental in the study
of the low temperature phase of spin glass models. We will motivate its in-
troduction by a heuristic study of Derrida’s Random Energy Model (REM).
The REM is a toy model, where the space of configurations is Xy as usual,
and where the Hamiltonian Hy (o) is such that the family (Hy (o)), is an
i.i.d. sequence of Gaussian r.v.s with

EH% (o) =N . (13.5)

This is a toy model, because we have removed all correlations between the
energies of different configurations, an over simplification. Probabilists do un-
derstand i.i.d. r.v.s so it is really nothing more than an exercise to rigorously
prove all the statements we will make below. As these statements serve only
as motivation, there seems to be no point to give their proofs (which can be
found e.g. in [103]).

Given a measurable subset A of R, we have

P(Hy(o) € A) = \/_/exp( )dt. (13.6)

Let us define the number ay by

exp [~ ) = 2~V VarN
p oN = ™ .

Thus, by change of variables,

t2
P(H —ayn € A) —-~ | dt
(Hxlo) = on V27T aN+A ( QN)

e < 7t * aN)Q) de
= X -
V2rN Ja P 2N
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t2  ant
=2V ——— - — | dt.
Jooo (2w =)
Now, any /N =~ /2log2, so that when A is bounded below we get
P(Hy(o) —an € A) ~ 2_N/ exp(—ty/2log2)dt .
A

The r.v.s Hy(o) — ay are independent as o varies. Consequently the r.v.
card{o; Hy(o) — ay € A} should approximately be Poisson with expecta-
tion [, exp(—t\/2log2)dt. Consider the sequence (hqa)i<q<ov Which is the
non-increasing reordering of the 2V numbers (Hy (o) — an)s. Then, given
any number b, for large N, the trace of the sequence (h,) on the inter-
val [b,00) should look like a Poisson point process of intensity measure
exp(—zv/2log2)dz on this interval i.e. hy =~ dgo, where (do)a>1 denotes a
non-increasing enumeration of the realization of a Poisson point process of
intensity measure exp(—z+/2log2)dz. In particular for o not too large we
should have

ho ~do >~ cqo

where ¢, is defined by fcoo exp(—zv/2log 2)dz = a, so that

1
0= —————1 v/2log?2) .
¢ 2log 2 og(a 082)

Thus we expect that whenever 8 > /2log2, the sequence (exp Shqy)a>1 is
“summable”, in the sense that the sum of all the terms is essentially the
sum of the first few terms, independently of the value of N, and thus the
Gibbs measure should be determined by the first few terms of the sequence
(ha). That is, for 8 > /2log2, the Gibbs weights for the Hamiltonian Hy
at given temperature f3, i.e. the numbers G({o}) = Zy'exp(—BHN(o)),
where Zy = ) _ exp(—fHpy (o)) should resemble, once rearranged in non-
increasing order, the sequence

<7eXpﬂd“ > . (13.7)
Z»y exp (d a>1

We turn to the computation of the distribution of this sequence. A very
useful property of Poisson point process is as follows. Consider a positive
measure u, a continuous map f, and the positive measure f(u) given by
f(u)(A) = u(f~1(A)). Assume that f(u) has no atoms. Then if IT a Poisson
point process of intensity measure p, f(II) is a Poisson point process of
intensity measure f(u). When g has density exp(—z+/2log2) and f(z) =
cexp Bz (for some ¢ > 0), then f(u) has density 3~ 1c™z=""tdx for m =
v2log2/3. This is because one has

FG0(A) = s () = [ explayBlogdide = e [yl

f=1(4)
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as is seen by setting z = f~1(y) = =" log(y/c). Therefore, when ¢ = 3=/,
the sequence (cexp Bdq)a>1 i, in distribution, the non-increasing enumer-
ation of a Poisson point process of intensity measure p,,, where du,, =
x~™ 1dz. Consequently, the sequence (13.7) has distribution A,,; one should
therefore expect that this is the limiting distribution of the Gibbs’ weights for
the REM. One should also expect that the distribution A,, will inherit some
of the remarkable properties of Gibbs’ measure, such as the Ghirlanda-Guerra
identities, an idea that will be explored in Chapter 16. While probabilists had
discovered long ago many remarkable properties of A,,, it is striking that the
above intuition does shed some new light on this object.

A useful property of Poisson point process is as follows. Consider a positive
measure y (on R) and a probability measure n on R™ and consider the posi-
tive measure p®n on R x R™. Consider a random sequence (u ), and assume
that the set {uq ; a > 1} is distributed like a Poisson point process of in-
tensity measure u. Consider an independent identically distributed sequence
(U,) distributed like n. Then the set consisting of the points (uq, Us)a>1 is
distributed like a Poisson point process on R x R™ of intensity measure g ® 1.
(one may, if one wishes, assume that the sequence (u,) is non-increasing, but
this is not necessary.)

The measure i, of (13.1) has the following remarkable stability property.

Lemma 13.1.1. Consider a probability measure v on RT and assume that
¢ = [y"dv(y) < co. Then the image of p, @ v under the map (z,y) — xy
18 Cy b -

Proof. By definition the image u’ of p,,, ® v under the map (z,y) — xy is
such that

i = [ dul)dr(y) = [ o dndu(y)
{(z,y) ; zyc A} {zyeA}

= /du(y)/ "
{zyeA}

12 yields

Making the change of variable x = y~

/ ™ e = ym/ ™ e,
{zyeA} A

so that

w(A) = /ymdl/(y)/ Ty = cl,/ ™™ e = ey pm (A) . 0
A A
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Corollary 13.1.2. Consider a non-increasing enumeration (tq)a>1 0f a
Poisson point process of intensity measure [y, and i.i.d. copies (Vy)a>1
of rv. V with V. > 0 and EV™ = 1, that are independent of the se-
quence uy. Then there exists a random permutation o such that the sequence
(Uo(a)Va(a))ax1 has the same distribution as the sequence (Uq)a>1-

Proof. The set of points (uq, Va)a>1 is distributed like a Poisson point
process of intensity measure pu,, ® v, where v is the law of V', so that
Jy™dv(y) = 1 since Ev™ = 1. By Lemma 13.1.1, the set (uqVa)a>1 is
distributed like a Poisson point process of intensity measure ., so that it
suffices to chose the permutation ¢ such that the sequence (ug(a)Vg(a))azl
is non-increasing. O

Proposition 13.1.3. Consider a non-increasing enumeration (uq)o>1 0f a
Poisson point process of intensity measure fi,,. Then if 0 < m’ < m we have

E(Z ua) " <00 (13.8)

a>1

Consider i.i.d copies (Va)a>1 of a r.v. V. > 0 with EV™ < oo, that are
independent of the sequence (uq)a>1- Then we have

E(Z uaVa>m, = E<az>:1 ua>m/(Evm)m'/m (13.9)

a>1
and 1
El = — m .
08 Y Vo =Elog Y g+ —logBV (13.10)
a>1 a>1

Proof. Since m’ < 1 we have

<Z ual{“a21}> < Zug/]—{uazu .

a>1 a>1

Now we use that if f > 0, we have EY"  f(ua) = [ fdum, as is seen by
approximating f by step functions. Therefore, taking expectation in (13.1),

we get
E(Z ual{ua21}) < / 2™z < o0 (13.11)
1

a>1

and (13.8) follows from (13.4).
We turn to the proof of (13.9) and (13.10). By homogeneity, we may
assume that EV™ = 1. Thus Corollary 13.1.2 implies
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E(Z uava)m/ = E(Z ua>m/

a>1 a>1

and

ElogZuaVa:ElogZua. O

a>1 a>1

Comment. A really formal proof should show that E’ log > .~ ua| < o0. We
will elaborate on this later. -

Exercise 13.1.4. Prove that

E(Zua>m =00.

a>1
(Hint: consider the largest term w; of this sum.)

Theorem 13.1.5. Consider 0 < m < 1. Consider i.i.d copies (Va)a>1 of a
ru. V. > 0 with EV™ < oo, that are independent of a sequence (vq)a>1 of
distribution A,,. Then

Elog ) vaVa = ilog EV™. (13.12)
m

a>1

One can gain some intuition concerning this fundamental formula as fol-
lows. When m is close to 1, the individual weights v, are very small, and
since the r.v.s V,, are independent, the law of large numbers shows that with
high probability one has )_ -, voV, ~ EV, which means that the left-hand
side of (13.12) is nearly EV, and so of course is the right-hand side. On the
contrary, when m is close to 0, then v; ~ 1 and the remainder of the v, are
nearly 0, which means that the left-hand side of (13.12) is nearly Elog V. The
right-hand side is approximately the same quantity since for m — 0 we have

1 1 1
—logEV™ = —logEe™!°8V ~ —log(1 + mElogV) ~ ElogV .
m m m

Proof of Theorem 13.1.5. Since we may assume that va = ua/ > . 51 Uy
where (uq)a>1 is an enumeration of a Poisson point process of intensity
measure fi,,, this is simply a reformulation of (13.10). O

Theorem 13.1.6. Consider 0 < m < 1. Consider a triple (U, V,W) of r.v.s
with V > 1 and assume that EV™ < oo, EU24+EW? < co. Consider indepen-
dent copies (Uy, Vo, Wy) of this triple, which are independent of a sequence
(Va)a>1 with distribution Ap,. Then we have
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Yas1ValUa  EUV™ !

— 13.13
Za21vaVa EVm ( )
vaUa W, EUWV™2
E% =(-m)—Fpm— (13.14)
a>1 VaVa
VU U W. EUV™-1E m—1
g g Yoty UoWy | BUVMEWY (13.15)

(CasivaVa)” " (EVm)2

Proof. Assume first that ¢|U| < V for some ¢ > 0. We write (13.12) for
V +tU when |t| < ¢, and we take the derivative at t = 0 to obtain (13.13).
Replacing V' by V + ¢|U| and letting e — 0 yields (13.13) in full generality.

Using the same method to reduce to the case where ¢|W| <V, replacing
V by V 4+ tW in (13.13) and taking the derivative at ¢t = 0 yields

E (Za21 UaUa) (ZaZl vaWa) —(1—m) EUWV ™2
(st UQVQ)Z EV™m
EUVTlEWYy™m—!
(Evm)?

(13.16)

Replacing U by rU and W by rW where r is a random sign independent of
U, V,W with P(r = 1) = P(r = —1) = 1/2 yields (13.14), and combining
with (13.16) proves (13.15). O

Of course the previous proof is incomplete: one has to justify the fact
that one can differentiate in these infinite series. It is tedious to give the
details, but the idea to prove this is completely straightforward. The basic
fact is that the number X}, of points u, that are contained in a given interval
[27F=1 27F[ has expected value

27}(}
ap = ™ e,
2—k—1

of order 2¥™ and is sharply concentrated around this value, e.g. P(| X3 —ag| >
a/2) < exp(—2¥"/K), where K is independent of k, as is shown in (A.60).
It seems safe to assume that any reader having reached this point is either
not interested in these details, or else can complete them herself. Therefore
there is no point to write them down here.

Taking U =V = W =1 in (13.14) yields the fundamental relation

EY v2=1-m. (13.17)

a>1

13.2 The 1-RSB Bound for the SK Model

We recall the Hamiltonian of the SK model,
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— Hy(o \/_ZgZJUIGJ—FZhUl , (13.18)

1<J i<N

where (g;;) are ii.d standard Gaussian r.v.s and (h;) are ii.d. r.v.s. For
simplicity we will assume throughout this section that the r.v.s. h; are inde-
pendent copies of a Gaussian (not necessarily centered) r.v. h and we recall
the notation

pn(B,h) = —ElogZeXp —~Hy (o)) .

Theorem 13.2.1. (F. Guerra) Consider 0 < ¢ < ¢ <1 and 0 <m < 1.

We set
=Bz/q+B2'd —q+h, (13.19)

where z and 2z’ are independent standard Gaussian r.v.s independent of h,
and we denote by E' expectation in 2’ only. Then
ﬁQ N2 62 12 2 1 / m /
N(8,h) <log2+ ZO —q')° — Zm(q —q¢°)+ —ElogE'ch™Y" . (13.20)
m

Taking ¢ = ¢’ one sees that this improves upon (1.72), which we recall
below:
52
~(8,h) < SK(B,h) =1log2+ Elogch(Bz/q + h) + —(1 —q)%. (1.72)
The bound (13.20) is the “first step” of a fundamental general bound that

we will study in Chapter 14. The acronym 1-RSB stands for “one step of
replica-symmetry breaking”.

Proof. Consider independent standard Gaussian r.v.s z;, 2}, z; , for i < N
and o > 1. Consider a sequence (vy)qe>1 with Poisson-Dirichlet distribution
A,,. Assume that these are all independent of each other and of all the other
randomness. For 0 < ¢ < 1 we define

= —ElongaZexp —H(o,q)), (13.21)

a>1
where
7Ht0'0[ ﬁ\/ 292]0’20’]4’5\/17 ZUzZz\/_+Zza\/q*Q)
1<J i<N
+ > hio; . (13.22)

i<N

Thus
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¢(1) =pn (B, D) (13.23)
and

= —ElongaZeXpZOZ le\f—i—ﬁzla\/q —q+hy). (13.24)

a>1 i<N
To compute this, we use (13.12) given the r.v.s z; and h; so that
©(0) = N—ElogE (Zexp ;voz Bzin/G + BziN G — q+ hy) ) ,

where E’ denotes expectation in the r.v.s z] only. Now

ZGXPZCH Bzi/q+Bzi\ 4 — q+h;) =2V Hch Bzin/q+Bzi\ 4 — q+h;)

i<N i<N

so that, using independence,

E'(Zepoaz (Bzi/q+ BN — g+ hi )

i<N

= gNm H E'ch™ (Bzi/q + Bzin/¢ — q+ hi)

i<N

and therefore

1
¢(0) = log2 + ——Elog [1 E'h™(Bziva+ Bzv/a' —q+ hi)

i<N
1
=log2+ —ElogE’'ch™Y” . (13.25)
m
We turn to the computation of ¢'. Given a function f on Xy x N, we define

= 505 2 vl (e.0) exp(~Hi(a.)).

where Z(t) is the normalizing factor. Differentiation of (13.21) proves that
20/ (t) = 1+ 11 + 11 (13.26)

where

B
T <\Fzg”‘””>t

1<

_ B
At

B 5 /
IIT = —N— 1——tE ;Va'izi,oe Va —q .
= t
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We want to integrate by parts in these formulas; for this we need to use two
replicas of the configuration (o, a) We denote them by (o1, ) and (o2, 7).
The quantity R; o isasusual N~ E <N o}o?. Integrating by parts we obtaln
denoting again ( )+ an average on two rephcas,

2
=00 E(R))
II=—-5%q— qE<R1 2)t)
I = —32((¢' — ¢) = (¢ — DE(R121 {0z )e) -

We observe that
E(Ri2)¢ = E(R1 21 0yt + E(R121{0m))t 5
and therefore
I+ 111 = —3%(¢ — qE(R1 21 {0y}t — CE(R121{azy))t) -

Using that
E(RT ) = E(RY 21{azy)e + E(RT 51 {am)e 4

we get the identity

2
Q@I(t) ﬂ ((1 - 2(] ) +4q E<1{oc75v}>t + q E<1{a V}>
- E<(Rl,2 —0)*Liaz)t —E((Ri2 — ¢')?1ia=yy)e) ,  (13.27)
and thus
2
2¢'(t) < % (1 =2¢") + *E(L{asy )t + ¢PEQ o)) - (13.28)

Suppose that we can prove
E(l{aey)i =1—m. (13.29)
Then (13.28) yields
20/(t) < 2 (1= ) = mig> — ) .
which combined with (13.23) and (13.24) completes the proof. Finally, to

prove (13.29) we simply use (13.14) for U, = Vo, = W, = ) exp(—H¢ (o, a))
given the randomness of g;;, h; and z;. O
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13.3 Toninelli’s Theorem

Throughout this section ¢ is the solution of (1.73) i.e.

q = Eth*(B2/q+ h) .

We recall the notation
2
SK(B,h) =log2 + %(1 —q)* + Elogch(B2/g+h) . (13.30)

We denote by P (5, h) the infimum of the right-hand side of (13.20) over all
choices of ¢’ and m, that is

P1(B,h) = inf &(m,q), (13.31)
m.q

where the infimum is over ¢ < ¢’ <1 and 0 < m < 1 and where

2 2

1
®(m,q') =log2 + %(1 —q¢)* - Zm(q’z —¢*) + —ElogE'ch™Y’ . (13.32)
m

The dependence of @ on 8 and h is kept implicit. The choice ¢ = ¢’ proves
that

P1(8,h) < SK(B,h) , (13.33)
and (13.20) implies

pn(B,h) < Pi(B,h) . (13.34)

Theorem 13.3.1. (F. Toninelli [114]) Beyond the A-T line, i.c. if

1
o L
Ech4(ﬁz\/c_1+ A >1, (13.35)
we have
P1(B,h) < SK(B,h) . (13.36)

Consequently from (13.20) we have

Jim pw(8,h) < SK(B,h)

Definition 13.3.2. The high-temperature region of the SK model as the
region of (3, h) where

]\}i_r)noopN(ﬁvh) = SK(ﬁ7h) .
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Then we may express Toninelli’s theorem as follows: “the high-temperature
region is entirely on the high-temperature side of the A-T line”.
Throughout the proof of Theorem 13.3.1 we write

Y =0Bz/q+h

Y' =024+ B\Vd —q+h=Y+32\q¢d —q.

Lemma 13.3.3. For any q < ¢’ <1 we have

&(1,¢') = SK(B,h) . (13.37)
Proof. The identity
ﬁ2
E'chY’ = exp 7((]’ —q)chY (13.38)
implies
N ﬁz \2 ﬁ2 /2 2 2 /
P(1,q') =log2+ (1 —¢')" = (4" = ¢") + 5 (¢ — ) +- ElogchY

2
=log2+ %(1 —q)? +ElogchY = SK(8,h) ,
and this concludes the proof. a

Lemma 13.3.4. Let us define

b
AN A 12
Vid)=V(6.hd)=7—(mdq)| (13.39)
Then
B> e 9 E’log(chY”)chY”’
N — 12 _ I !
V(d') = =" = ") — ElogE'chY’ + E=—27= 7 (13.40)
3 (_E'sh®’Y’ch 'Y’
rea 0y P o
Vi) =5 (E—pgaqy— ¢ (13.41)
Vig)=V'(q) =0 (13.42)
3 < op 1 >
V'(q) = = | B°E -1). 13.43
(@) =5 (P B oy (13.43)

One observes that V" brings in the A-T criteria, that was obtained in
Section 1.8 in an apparently unrelated manner. Many more facts which look
like striking coincidences will occur in the next chapter. Of course, the author
does not believe that they are mere coincidences, but rather that there is some
underlying structure yet to be understood.

Proof of Theorem 13.3.1. Since V(q) = V'(¢) = 0 by (13.42) and V"' (q) >
0 by (13.43), there exists ¢’ > ¢ such that V(¢’) > 0. Thus there exists
0 < m < 1 such that
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®(m,q') < O(1,q") = SK(5, h)
using (13.37). O

Research Problem 13.3.5. If

1
ch'y
is it true that P1(8, h) = SK(5, h)?

G2E <1,

To solve the above problem we must in particular show that V(¢") < 0
for all ¢ < ¢’ < 1. The difficulty is to control V(¢’) for ¢’ far from q. For ¢’
close to g, it follows from (13.42) and (13.43) that V(¢’) < 0.

Lemma 13.3.6. Consider

_ Esh’Y’eh Y

W(q') = PG q. (13.44)
Then
Wi(q) =0 (13.45)
/ _ 12 1 _
Wi(q) =p Sewriat (13.46)
W"(q) < 4p*. (13.47)

Proof. We use (13.38) to write

52 E’sh?Y’ch™ 'Y’
AN = / _ o /
W(q)exp< 5 —a)|E oy q .

When ¢’ = ¢ we have Y’ =Y, that does not depend on 2/, so that
q q

E’sh?Y’ch~ Y’

=th?Y
chY ’

and therefore we have W (q) = 0 since ¢ = Eth?Y". For a function f, integra-
tion by parts yields

/ 2
Lf/(y/) _8

E' (Y’ 13.48
S ESY), (13.48)

d
_E/ Y/ — E/
A BT

and using this for f(x) = sh®zch ™'z, we get

2 2 (e (NI 1
Wig) =L exp <ﬂ2(q, q>> B0y
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Now f(z) = chz — ch™ 'z, so that f'(x) = sha + shzch™%z, f”(x) = chx +
ch™z — 2sh*zch ™3z, and hence f”(x) — f(z) = 2ch™>z. It follows that
2 13y
) = Pexp [~ — ) EEL_ Y
W) =0 eXp< 5 q))E oy~ b
which proves (13.46). Finally, repeating this procedure with now f(z) =
ch ™3z, so that fl(x) = —3shzch ™4z, f(z) = —3ch ™3z 4+ 12sh®zch~°z, and
hence f"(x) — f(x) = 8ch 3z — 12ch ™"z, we get
2 E'(2¢ch™®Y”’ — 3ch™°Y")
" -9 4 _6_ ! E
W (q) = 26 exp ( L~ - ,

from which (13.47) follows. O

Proof of Lemma 13.3.4. Straightforward differentiation of (13.32) yields
(13.40). When ¢’ = ¢q, we have Y’ =Y, that does not depend on z’, so that
the expectation E’ disappears and V(¢) = 0. Using (13.38) twice, we obtain
the formula

v AN 62 12 2 52 /
(@) =-7(a"~¢) -5 (d ~q)~ElogchY
6%, E'(chY”)logchY”’
+ exp ( 5 (¢ —q))E oY . (13.49)

Now, using (13.48) again, this time for f(z) = chzlogchx, we get
ﬂ2 E’ f// Y — f Y’
P ) B -0

2 chY

(13.50)
Now f/(x) = shx + shzlogchz, f”(z) = chx + chalogchz + sh®zch ™'z so
that f”(x) — f(z) = chz + sh®zch™ 'z, and, using (13.38),

P E(chY” + sh’Y’ch™'Y’) 1
2 E’chY” ‘

V'(d')

This proves (13.41). Thus V'(q) = S2(Eth?Y — ¢)/2 = 0 and (13.43) follows
from Lemma 13.3.6. u

13.4 Overview of Proof

Let us recall that we defined the high-temperature region of the SK model
as the set of parameters (3, h) such that

and that we defined the quantity P;(8, h) as the infimum of the right-hand
side of (13.20) over all choices of ¢,¢' and m. The goal of the rest of this
chapter is to prove the following.
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Theorem 13.4.1. The high-temperature region of the SK model is the region
where

It is obvious from (13.34) that if (13.51) holds one must have SK(3, h) <
P1(5, h) and therefore by (13.33) that SK(8, h) = P1(6, k). The converse is
the content of the theorem.

Toninelli’s theorem proves that the high-temperature region of the SK
model is entirely located inside “high-temperature side of the A-T line”.
Therefore it is natural to ask whether the high-temperature region of the
SK model is exactly the “high-temperature side of the A-T line”. Theorem
13.4.1 reduces this question to Research Problem 13.3.5, which is strictly a
question of calculus. Numerical evidence seems to show that the answer is
yes. Whether or not this is the case must be viewed as an incidental question
rather than a central one. Indeed D. Panchenko [65] has discovered that for a
similar model (where the spins can take continuous values) the answer to the
corresponding question is no. Therefore the fruitful characterization of the
high-temperature region is most probably the one given in Theorem 13.4.1.

Our approach to Theorem 13.4.1 is based on (1.66), that we recall now
as (13.54) below. Let

— Hy(o ﬁ\/_ Zgualaj + 6Bv1— Z 2i0i\/q + Z hio; (13.53)
\/_ 1<j i<N i<N

and
p(t) = +-Elog Y exp(—Hi(o)

Of course ¢ depends on N but the dependence is kept implicit. Then

2 2
(1) =20 07 - TR -0 (13.54)

where (-); denotes an average for the Gibbs measure with Hamiltonian
(13.53). Moreover ¢(1) = pn (5, h). Let us consider the function

Y(t) = log2 + Elogch(Bzy/q + h) + 6—275(1 —q)?, (13.55)

which is simply the value of the functional SK for the interpolating system
with Hamiltonian 13.53. Thus

¥(0) = ¢(0) (13.56)
Y(t) —¢'(t) = %E«Rm -9 . (13.57)

Assuming (13.52), we would like to show that ¢/(t) — ¢’(¢) is small, so that
p(1) = (1), i.e. py(B, h) ~ SK(B, h). The basic idea is as follows. For |u| < 1
let us define
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w(t,u):%Elog > exp(—Hi(o') — Hi(o?)) . (13.58)

R12=u

When considering such a quantity involving a summation over values of
o! and o? with Ry 5 = u, we will always assume that such values of o' and
o? exist, or, equivalently, that N(1 —u) € 2N.

The basic idea of the approach is as follows. If (¢, u) < 2p(t) — €, where
€ does not depend on N, we will show that for large N it is very rare for the
Gibbs measure that Ry 2 = w. Thus if it holds true that ¢ (¢, u) < 2¢(t) — e
whenever u is not very close to g, we have ¢/ (t) — ¢/(t) = E((R12—q)%): ~ 0.
When ¢(t) >~ ¥(t), to prove that ¥ (¢, u) < 2¢(t) — ¢ it suffices to prove that
Y(t,u) < 2¢p(t) — €/2. Thus if one can show that ¥ (t,u) < 2¢(t) for u # g,
this should imply that

p(t) =(t) = P(t) =),

More formally, we will obtain a differential inequality, the integration of which
yields the result.

The central part of our approach to Theorem 13.4.1 is therefore to prove
in a suitable form that (¢, u) < 2¢(t) for u # ¢. This is the content of the
next theorem.

Theorem 13.4.2. Assume (13.52) and consider to < 1. Then there exists a
number Ky independent of N such that for t <ty we have
(u—q)°

w(tvu) < 21/)(75) - KO

(13.59)
The number Ky might of course depend on (3, h and .

Theorem 13.4.2 is at the core of the proof of Theorem 13.4.1, but its
proof is far from being immediate. Consequently we delay it until Section
13.6. Assuming Theorem 13.4.2, we complete the proof of Theorem 13.4.1.

Our next result explicits the idea that if (¢, u) < 2¢(t) —¢, it is very rare
that RLQ >~ Uu.

Proposition 13.4.3. Let us assume that for some € > 0, we have
P(t,u) <20(t) — e . (13.60)

Then we have

E(L{Rr, s=up)t < K(c) exp (—%) : (13.61)

where K (g) does not depend on N,u ort.
Proof. This is a consequence of concentration of measure. In the proof K(¢)

denotes a number independent of N, u or t, that need not be the same at
each occurrence. Let
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Zy =Y exp(—Hy(o))
o

so that by Theorem 1.3.4 we have

P (Zt >exp N (Sﬁ(t) - %)) = P(%loth > p(t) — %)

In a similar manner we have

P( > emﬂ—HAaU——HAa%)SempAfQMuu>+f)>

Rl,gzu 6
N
>1-K - .
> 1= wen (~55)
Now, under (13.60), assuming
€
Zy > exp N (ap(t) - 6) ;
1 2 €
Z exp(—Hi(o") — Hi(o%)) < expN (¢(t7U) + 6) ,
R112:u
we have
1
(LR, o=up)t = 77 Z exp(—Hi(o!) — Hy(0?))
t R1,2:u
€ €
< _ - -
<expN( = 20(t) + 5 +u(tu)+ ¢)
< Ne
= exp B )
from which (13.61) follows. O

It is important to fully understand the previous argument. The same prin-
ciple will be used again and again, but the argument will not be repeated.

Proposition 13.4.4. Assume (13.59) and consider to < 1 and € > 0. Then
there exists a number K that does not depend on N,t or € and such that for
N large enough one has for each t < ty that

E((Ri2 = a)*)e < K(u(t) — ¢(t) +¢) . (13.62)
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Proof. Consider the number Ky of (13.59). Then if
(u—q)? > 2Ko(¥(t) — p(t) +¢)

by (13.59) we have 9(t,u) < 2p(t) — ¢, so that (13.61) implies

E(lyR, ,=u})t < K()exp (—%) . (13.63)

Since NRy 2 € Z, we have

<1{(R112—q)220}>t < Z<1{R112:u}>t ) (1364)

where the summation is over the values of u such that (u — ¢)? > ¢, |u| < 1,
Nu € Z. There are at most 2N + 1 such values. Thus if we choose ¢ =
2Ko (v (t) — o(t) +€), (13.63) implies

N €
(L smaoet) < QN+ DE@ o (-5 ) <5 (1369
for N large enough. Finally, we note that since |R; 2 — ¢| < 2 we have

(Ri2—q)*) < e+ 1Ry ,—q)>c} )t

and we take expectation and use (13.65). This proves (13.62) with K =

2Ko + 1. a
Proof of Theorem 13.4.1. From (13.57) we know that
’_ ﬂz 2
(W(t) —o(t) = ZE«RLQ —q)): - (13.66)

Proposition 13.4.4 shows that, given ty < 1 and € > 0, for N large enough
and ¢t < tg one has

(W) = (1) < K((t) — o(t) +¢) , (13.67)

where K does not depend on N or e. Integrating this relation (e.g. as in
Lemma A.11.1) we get, since 1(0) = ¢(0), that for N large enough and all
t <ty we have 9(t) — ¢(t) < Keexp Kt. Since ¢ is arbitrary, and K does not
depend on ¢, it follows that

t<ty = A}im (W(t) —e(t))=0. (13.68)
Moreover, (13.66) entails (1(t) — ¢(t)) < 3%, so that since (13.68) holds for
any to we have limy_, o (¢(1) — (1)) = 0. O

It is probably worth repeating the fundamental new idea of this chapter.
A lower bound for limy px (5, h) is deduced from the upper bound (13.59).
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13.5 A Bound for Coupled Copies
Theorem13.4.2 asserts a bound for

1
(tu) = Elog Y exp(—Hy(o") — Hi(a?)) .
Rl,gzu
We first must learn how to bound such quantities. The interpolating Hamil-
tonian H; is the Hamiltonian of a certain SK model. This motivates the
following definition. Recalling the Hamiltonian (13.18) we set

re(.hu) = <Elog Y exp(~Hy(o") ~ Hx(e®).  (13.69)

Ry 2=u

(Let us recall that we assume that u is such that there are pairs (!, 02) with
R12 = u.) In this section we prove a bound for ry (8, h,u), from which we
will deduce Theorem 13.4.2 in the next section. The words “coupled copies”
refer to the fact that in (13.69) the summation is only over the pairs for which
Ry 2 = u rather than over all pairs.

It is a fundamental unsolved problem to know what are the best possible
bounds for rn (5, h,u). This will be discussed in Chapter 16. Fortunately
the bounds will be able to prove will be sufficient to obtain Theorem 13.4.2.
A rather notable feature is that, even though we are trying to control the
high-temperature region of the SK model (a “replica-symmetric” region), it
is very useful to use a bound of the 1-RSB type for rn (8, h,u) (rather than
a “replica-symmetric” bound).

Let us consider two numbers 0 < ¢; < g < 1, and standard normal r.v.s
21, 29, 21, 25. We assume that the pairs (21, 22) and (21, 25) are independent
of each other. We define

c=Ezz ; J=Ez2. (13.70)

Theorem 13.5.1. Assume that
u=cq +c(g2—q). (13.71)
For j =1,2, let us set
Y = Bzj/ar + BV — i + (13.72)

and let us denote by E' expectation in z| and z4 only. Then if 0 <m <1, for
any A\,

2
(B h,u) < 2log2 + (1= 02)? — (3 — a?) — m(u? ~ a}))

1
+ EEIog E'(chYichYachA + shYishYosh\)™ — A . (13.73)
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When m = 0, the term before the last has to be interpreted as
Elog(chYichYachA + shYishYash)) .

This bound looks complicated at first sight, but we will learn how to choose
parameters efficiently. We will always use the case ¢ € {—1,1}, ¢ € {-1,0,1},
but these assumptions do not simplify the proof of Theorem 13.5.1.

Proof. Overall, the proof is a 2 dimensional version of Guerra’s bound (1.72).

The essential new feature of the argument is rather subtle. It is funda-
mental that we deal only with pairs of configurations (!, o) such that R; o
has a given value (= u). Otherwise, the interaction between these 2 replicas
would create a term ﬂQE(Rig with the wrong sign, that we could not control.

It is enough to prove (13.73) for 0 < m < 1, since the result for m = 0 or
m = 1 then follows by continuity. We consider independent copies (2i,1,%i,2)
of the pair (21, 22) and independent copies (2] 1, z; 5) and (2] , 1, 2; 4 2) of the
pair (2}, 2}). These are independent of each other and of the randomness of
Hp. We define

— Hy(a', 0% a) ﬁ\/ ZQU oloj +o707)

z<]
+ ﬂ\/l_ Z Z ZZ]\/7+ZZ(J¢,_]V 2_q1)
i<N j=1,2
+ ) hilo} +07) . (13.74)

i<N

We consider a sequence (v,,) of law A,, (the Poisson Dirichlet distribution of
parameter m) and we set

1 12
t) = NElog z;lva RZ exp(—Hi(o", 0%, a)) (13.75)
[0 1,2=U

so that
(1) =rn(B,h,u) . (13.76)

As usual we will bound (0) and ¢’ (t). We will prove that
1
©(0) < 2log2 + EE log E(chYichYachA + shYyshYashA)™ — du (13.77)

and
2¢'(t) < B*((1 — q2)> = m(q3 — ¢7) — m(u® — Pq})) .
Let

Yij = Bzijva + Bz Ve — ¢+ hi (13.78)
ZQ:J BZZ.]\/_—’_ZZ()(,]\/ Q_QI+h'L;
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so that, if E’ denotes expectation in the r.v. 2/, 2} 5 only

%Eloggva< Z expz Z ain,a’j>

Ri2=u i<N j=1,2

NlmElogE’< S expd Y ag'Ym) : (13.79)

R112:u iSNj:l,Q

©(0)

using (13.12) given the randomness of z; ; and h;. Since N R »

; i 2 = ZigN ojo?,
for any \ we have
D e > oYy
Ri2=u i<N j=1,2
= exp(—Nul) Z exp(Z Z JfY;,j —|—)\NR172>
R1,2=u LSszl,Q

< exp(—Nul) Z exp Z(J}YM +02Y; 0+ Aoja?) . (13.80)

ol,o2 i<N

Now

Y exp ) (01Yi1+07Yin + Aojo?)

ol o2 i<N

E

expaYzlJrale+)\a ))

H ch}@ 1chY; ochA 4 shY; 1shY; osh))
i<N

and combining with (13.79) and (13.80) yields (13.77).

To compute ¢'(t) we need to define an average (-); on the configuration
space

{(e',0?); Ripa=u} xN.
This average is given by

Zva Z f(a!, 0% a)exp(—Hi(a!, 6%, a))

[e% R12 u

where Z; is the normalization factor. By straightforward differentiation, we
get

2¢'(t) =T+ 11+ 1II

where
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e Tautele} ot )
t

1<]J
| P E<Z 3 ggzi,j\/q—l>
V31—t i<N j=1,2 .
I = — <Z > olz M,J\/qQ—q1>
i<N j=1,2

We need to integrate by parts. For this we denote by (71, 72,7) a replica of
the configuration (o', 02, a); and we use obvious notation such as

To perform integration by parts we remember that R; o = u on the configu-
ration space, and we find

b (2—|—2u % > E(R(e7, 1)), (13.81)

J,3'=1,2

I=

It is at this stage that the relation R; o = u allows to control the term with
the wrong sign by making it constant.

The rest of the computation is certainly more complicated that one wishes,
so it might be useful to explain the strategy. When computing the quanti-
ties IT and IIT there will occur terms of the type a(R(Uj,Tj/)l{a¢7}>t or
a(R(o7,77)1{4=y})t, Where a is a quantity that depends on qi,q2 and c.
These will be gathered with the last terms of (13.81), completing the squares.
One will then observe that terms such as ((R(o7,77") — b)*1{nz0y)¢ are >0
to obtain the required bound for ¢’. The complication is purely algebraic.

To compute IT and IIT we integrate by parts using the relations (13.70)
and (13.72). Defining

A=R(e', ") + R(?,7°%) + cR(c*,7%) + cR(a?*, ")
and A’ similarly with ¢’ instead of ¢, we find

I = —3%(2q1 + 2cqiu — q1E(A))
I = —3%(2(¢2 — q1) + 2¢/ (g2 — q1)u — (g2 — 1) E(A" L0y )e) -

To gather these terms we write
E(4): = E<A1{a7§v}>t + E<A1{oc:'y}>t )

and similarly for A’, so that
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I+ 11T = —5%(2g2 + 2(cq1 + (g2 — @1))u — E(Bl{az)t — E(B'L{a—y})¢)
where
B=qgA=qR(e", ) +qR(* ) +cqi(R(a', %) + R(a?, 7))

and B’ is defined by a similar formula replacing q; by g2 and cq; by cq; +
(g2 — q1). Now we gather the terms II + III with the term I; to do this we
write

(R(a7,77)%), = (R(07, 79 1 jary)e + (R(07, 77 )2 10y e

for each values of j and j'. Writing d1 = ¢q1 and dy = cq1 + ¢/(g2 — ¢1) and
completing the squares yields

2
2¢'(t) = B*(1 + u® — 2g2 — 2dou) + %(2(1% + 2d3)E(L a0y )t
3 B

+ 7(2q§ + 2d§)E<1{a:v}>t - 70 )
where
C = E(lpapn (R(e', 1) — 1) + (R(0?,7%) — q1)°
+ (R(o",7%) —d1)* + (R(a?, 7") — d1)?)),
+ E(Lia= (R(a!, 1) — g2) + (R(6°,7%) — q2)°
%) —d2)® + (

R(o? ') — d2)2)>t ,

so that C' > 0. Now, using (13.14) as in the proof of Theorem 13.2.1 we have
E(1{a=+})¢ = 1 —m so that we have proved that

2¢/(t) < B2(1+u® — 2¢0 — 2dau) — 8°m(q3 — q3) — B*m(d3 — d3)
+ 8%¢3 + B°d3
=B*((1 = g2)* = m(g5 — 1) — m(u® — °q))

because do = ¢q1 + /(g2 — ¢1) = u by (13.71) and d; = cq; by definition of
di. O

13.6 The Main Estimate

In this section we complete the proof of Theorem 13.4.1 by proving Theorem
13.4.2.

One difficulty in proving Theorem 13.4.1 is that under (13.52) (i.e. when
SK(8,h) = P1(B,h)) the parameters (5, h) can be “at the boundary of the
high-temperature region”, while in order to prove nice estimates, one would
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rather be “in the interior of the high-temperature region”. Our first task is
to prove that (as expected) the interpolation (13.53) brings us immediately
“in the interior of the high-temperature region”. This interpolation amounts
to replace 8 by

By = Vip

and h by
ht = h + vV 1 — tﬁz”\/c_]

(where 2" is standard Gaussian independent of h). We recall that

Bra/q +he 2 Bay/q+ I, (13.82)
where 2 means equality in distribution. Let us also recall the function
V (B, h,q') of (13.39),

/ 8¢ /
V(ﬂahaq):%(maq) ;

m=1
where @ is given by (13.32).

Lemma 13.6.1. Assume (13.52), that is SK(8,h) = P1(8,h). Then, for
g<q <1and0<t<1 we have

2

1
A =t
ch®™(Bezy/q + hy)

Proof. We first prove (13.84). By Theorem 13.3.1, under (13.52) we have

B2E (13.84)

<1
ch”(Bzy/q + h)
and since 37 = tf3 and using (13.82),
1 1
PE——— 4PE— -~ <.
t ch4(ﬁtz\/§ + hy) ch4(ﬁz\/§ +h)

This proves (13.84). We now turn to the proof of (13.83). The relations
(13.52), (13.37) and (13.39) imply

Vg' >q, V(B,h,q)<0. (13.85)
Indeed, otherwise we can choose m close to 1 with

’Pl(ﬂv q) < é(ma q/) < @(17(]/) = SK(ﬁa h) .
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Let us rewrite (13.40) as

V(B h,q') = —%2(61’2 —¢*) +C(B,h,q) (13.86)
where , , , E’ log(chY”)chY”’
C(B,h,q') = —ElogE'chY' + E Echy? ,
for Y' = Bz\/q+B2'\/q' — q+h. Then it follows from (13.82) that the identity
C(B,h,qp) = C(Bey hiyq') (13.87)

holds whenever Biv/¢" — q = B\/q; — ¢, i.e. ¢4 = ¢+ t(q’ — q).
It then follows from (13.86) and (13.87) that

! ﬁ_Q /2 2\ ! 6_1&2 12 2
V(ﬁahaQt)+ 4<qt Q)_V(Btaht7q>+ 4(‘] q)’

and using (13.85) we get

3 B

V(Behid) < (@ = ) = 7 (¢% = )
(gt — )P -~ t —
=7 (a+1d —a)* - —t¢" = ¢"))
2
= *ﬁ*t(l —t)(q' —q)* .
4
This concludes the proof of (13.83). .

Theorem 13.6.2. Assume either § < 1/10 or else that the following two
conditions hold:

¢>q = V(Bhq)<0 (13.88)
1
2
3 E—ch4(ﬁz\/§+ < 1. (13.89)

Then there exists K such that for u # q we have

YN L o8 < 28K (8. — U0 (13.90)

The strict inequalities in (13.88) and (13.89) are fundamentally important
in the proof. These inequalities mean that we are “inside the interior of the
high-temperature region”, and are made possible by Lemma 13.6.1. Since

P(t,u) =rn(Be, he,u) 5 () = SK(Be, he)

combining Theorem 13.6.2 and Lemma 13.6.1 we have proved under (13.52)
that if ¢ < 1 we have
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(u—q)?

Y(t,u) < 24(t) — R0

The fact that this holds uniformly over ¢t < tg, i.e. that K(¢) < K where K
depends only on ¢y, 6 and h should be obvious from the arguments that we
will give. The reason for considering separately the case # < 1/10 in Theorem
13.6.2 is that (13.83) does not prove that (13.88) holds “uniformly for ¢ > 07;
but the case of small ¢ is covered by the case 8, = 3/t < 1/10.

The principle of the proof of Theorem 13.6.2 is simply to make an appro-
priate choice of parameters in Theorem 13.5.1.

It is rather useful to think of (13.90) as made up of two different state-
ments. First, there is the statement that (13.90) holds for u close to g,
and this is a consequence of (13.89) alone. The second statement is that
supy rn (8, h,u) < 2SK(B,h) for u # ¢. It is the case u > ¢ that is the
trickiest and requires (13.88).

It seems a rather difficult problem to optimize the bound (13.73) over
the choice of parameters. The fundamental observation that will allow us to
bypass this problem is that there is a natural choice of these parameters for
which the bound (13.73) is exactly 2SK(3, h); and then we will show that we
can improve this bound by a small variation of either ¢ or m. The important
situation is really the case u > 0 (as should be expected from Theorem
12.3.1). The arguments are easier but less “canonical” if u < 0.

We find it clearer to assume that ¢ # 0, i.e. h # 0. Theorem 13.4.1 has
already been proved in Chapter 11 when h = 0. The present approach can
certainly be adapted to recover this result. This is left to the enterprising
reader.

We will split the proof of Theorem 13.6.2 in three parts.

Proposition 13.6.3. The conditions of Theorem 13.6.2 imply
(u—q)?

VN ) |U| < q = TN(ﬂvh’a u) < 2SK(ﬂ7h) - K

(13.91)

Proof. We use (13.73) for ¢; = |u|, g2 = ¢, ¢ =0, ¢ = sign(u), m = 0 to get
ry (8, hyu) < 2log2 + %2(1 — q)? 4 Elog(chYjchYach\ + shYishYash)) — Au
=: G(u, \) .
Since both Y7 and Y5 are distributed like 82,/q + h, we have
G(u,0) = 2SK(8,h) . (13.92)
Let

G1(u) := %G(u, A) T EthY thYs — w . (13.93)
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We will prove that
Gi1(q) =0 (13.94)

G (u) < GY(q) < 0. (13.95)

We first show that these relations imply (13.91). It is obvious (by writing the
explicit expression) that |0?G (u, A)/OA?| < K, and Taylor’s formula implies

2
G(u, ) < G(u,0) + A\G1(u) + %K .

The choice A = —G1(u)/K yields

. Gy (u)?
inf G(u, \) < 25K (8, h) - “L 2 (13.96)

Now, (13.94) and (13.95) show that G1(u)? > (¢ — u)?/K, and this proves
(13.91).
To prove (13.94) we observe that for u = ¢ we have ¢ =1, so z; = 23 and

Yi=Y, L Bz./q + h. Therefore

G1(q) = Eth?*(B2\/g+h) —q=0, (13.97)

and this proves (13.94).
To prove (13.95) we compute G (u). We first assume that u > 0. Then,
in distribution, we have

Yi 2 b+ Bavut fava—u; Yo 2 h+ Bzvu+t fava—u,
where z, z1, 29 are independent standard Gaussian r.v.s. Let

oA B B

I du  2Vu 2yq—u

so that EY;Y] = 0, EY{Y; = EV1Y; = (32 /2. Therefore using integration by
parts,

thY, thY; 1 1
G (u)=E(Y/ +Y! )1 ]
1 () ( Len?y; | 2ch?Y, p ch?Y; ch?Y,

and, using the Cauchy-Schwarz inequality and the fact that Y; and Ys are
distributed like 8z,/q + h,

/ 2 1 1
Gi(u) < B E—Ch4(ﬂz\/§+h) 1=Gi(q) -

Thus (13.89) implies
G (u) <Gilg) <0,
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and using (13.97) we have Gi(u) > 0 for 0 < u < ¢. Let us now assume
u < 0. Then, since ¢ = —1, we have zo = —z1, so that, in distribution, we
have

Yi 2 h+ Bav/—u+ B2vaFus YaZh—Bev—u+ BT u

and again
62
EY;Y/ =0, E}/{YQZEHYQ’:?,
so as before

1 1
ch?Y; ch?Ys

1

J— 2 e —
1=h Ech%ﬁzﬁ + h)

Gi(u) = B°E ~1=G\(q). O

Lemma 13.6.4. Consider u with |u| > ¢, and let ¢ = sign(u). Then

(8, h,u) < G(u,m,\) := 2log2 + %2(1 — |u))? = Bm(u?® - ¢*)
+ %E log E’(chY;chYach\ + shY;shYash\)™
~ (13.98)
where
Y1 = B2y/q+ B2 |ul —q+h; Yo =cB2yq+ B2 ]ul—q+h,

and where z and z' are independent standard Gaussian r.v.s.
Proof. Use (13.73) with ¢ = ¢, ¢1 = ¢ and ¢z = |u]. O

Proposition 13.6.5. Under the conditions of Theorem 13.6.2, if u < —q we
have

1
TN(ﬂvha u) S G <U, 57()) < QSK(Bah) .
Proof. The Cauchy-Schwarz inequality implies
E’(chY;chY3)/? < (E'chY;E'chYs)'/? . (13.99)

We can have equality only if for some number A we have chY; = AchY; a.e.
Since Y7 and Y5 have the same distribution this can happen only for A =1,
but this is not the case since ¢ = —1 and h is not 0 a.e. Therefore we cannot
have equality in (13.99), i.e. we have

E/(chY;chY,)Y? < (E'chY E'chY,)/2 .
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Now

2
E'chY; = exp %(|u| —q)ch(Bzy/q+ h)
2
E'chYs = exp %(|u| —q)ch(—pBz\/q+h),
and thus

2
Elog E/(chY;chY,)'/? < %(|u| —q) + Elogch(Bz,/q + h)

because $z,/q + h and —fBz,/q + h have the same distribution. Therefore
(13.98) implies

1 2 2 2
G (3:0) <2log2+ G0 = ) = ot = )+ Gl )
+ 2Elog ch(Bz\/q + h)
and this concludes the proof. a

If one wishes to extend the present argument to the case where h = 0, one
can find a different argument (along the lines of Proposition 13.6.5 below).
The following completes the proof of Theorem 13.6.2.

Proposition 13.6.6. Under the conditions of Theorem 13.6.2, for g < u <
1, we have
(u—q)?

Proof. By (13.98) it suffices to prove that
)2
inf G(u,m, ) < 28K(8, h) - % . (13.101)
Since ¢ = sign(u) = 1, we have
= Bz/q+ BZ'Vu—q+h
so that
3 2, 02 2
G(u,m, /\)72log2+—(17u) — *m(u® —q°) (13.102)

+Le log E’(ch®Y;chA 4 sh?Yish\)™ — . (13.103)
m

Now
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2
E'chY; = exp %(u — q)ch(Bz/q + h)

from which it is straightforward to obtain
1
G (u 570) = 2SK(8,h) . (13.104)

Next, let us define

oG 1
W(U) = a <’LL, 5,)\)

Since (as is obvious from the explicit formula) 92G/d\? is bounded, as in
(13.96) we have

1 1 W (u)? W (u)?
ing(u,§,A)§G<u,§,o)_ W psk(a,n) - S

A=0

A straightforward computation yields

E’sh?Y;ch~ 'Y,
Ww) = Echy,

so W is the function of Lemma 13.3.6. When 8 < 1/10, (13.46) and (13.47)
show that W’ (u) < —1/2 for all u and since W (q) = 0 by (13.45) this shows
that |W(u)| > |u — g|/2 for all u < 1. Thus (13.101) is proved for all u in
that case.

Therefore it remains only to consider the case where (13.89) and (13.90)
hold. Then by (13.45), (13.46) and (13.89) we have |W(u)| > |u — ¢|/K for
|u —¢] < 1/K and we have proved (13.101) in that case. To finish the proof
we observe that since

(13.105)

2
1

G(u,m,0) = 2log2 + %(1 —u)? — FZmu® - ¢*) + EElog E'ch?™Y7,

it is straightforward that (recalling the notation (13.39)) we have

oG
%(ua m, 0) =1/2 - 4V(57 ha 'LL) ’

so that, if v > ¢, by (13.88) we have

oG
a—m(u,m,O) <0

and
inf G(u,m,0) < 2SK(5, h) .

It is for this part of the argument that (13.88) is really needed and that
(13.89) does not suffice. O
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13.7 Exponential Inequalities

We have been able to compute imy_,oo pn (5, h) (= SK(3,h)) in the entire
high-temperature region. In this section we prove that in the “interior” of
the high-temperature region, we can achieve a control as good as that of
Proposition 1.4.8. Quite naturally we will define the “interior” of the high-
temperature region by the conditions (13.88) and (13.89).

Theorem 13.7.1. Assume that (13.88) and (13.89) hold; then for some
number K independent of N we have

N _ 2
v <exp w> <2. (13.106)

Here and through the rest of the section K denotes a number independent
of N, that need not be the same at each occurrence.

The basic idea is to use the cavity method to compute (or at least bound)
recursively the quantities v((Ry 2 — q)?*)) as in Sections 1.8 and 1.10, and to
try to prove

k
Kk
v((Ri2—q)*F) < (W) : (13.107)
In order to control the error terms arising in the cavity method we shall use
the a priori knowledge that R; > — ¢ is suitably small, as provided by the
next result, which is a therefore a central ingredient in the proof of Theorem
13.7.1.

Proposition 13.7.2. Under the conditions of Theorem 13.7.1, given € > 0
(independent of N ) there is a number K such that

N
V(1{Ry2—ql>e}) < Kexp (_E> : (13.108)

Proof. Let us denote by Ky the constant of (13.90), so that
Y
TN(ﬂvh’a u) < QSK(ﬂvh’) - u .
Ky

Theorem 13.4.1 implies that, for N large enough , pny(3,h) > SK(8,h) —
€2 /4Ky, so that, for these values of N, we have

(w—9?

|u_Q|ZE = TN(ﬁvhau)§2pN(ﬁah)_
2K,

We copy the proof of (13.61) to obtain

N
l/(l{Rl,2=u}) < Kexp (K) ,
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and we use that there are at most 2N + 1 values of u to consider. ad
The use of (13.108) is that, unless k is very large, we have
V(|R172 - q|2k+1) < V((RLQ — q)2k) .
To see this, we note that since |Rq 2 — ¢| < 2 we have
v((Ri2 = @)™ ) <25 (1R, hgizey) +ev((Ri2 — 0))

and that by (13.108) the first term is very small (unless k is of order N). In
words “higher order terms” in R; 5 — g are really smaller.

The next result is technical. It allows, using (13.107) to control some
auxiliary error terms. We recall the notation Ry, =, n olo?.

Lemma 13.7.3. If it is true that

K 4
Ve <k, V((RI,Q - q)%) < <TOE> (13.109)
and if Ko > 4, then we have
) K 1 J/2
Vi <2k, v(Ris—qf) < ( O(éjj\;r )) (13.110)
Ko(k +1)\"
v((Ri,—q)*") <3 ( ~ ) (13.111)

Proof. To prove (13.110), if j is even we use (13.109) for £ = 5/2. If j is odd,
say j = 2¢ — 1, we use Hoélder’s inequality and (13.109) to obtain

o\ J/2¢
v(Riz = ab) < W(Riz — 0)*)7/ < ((KTZ) )

) <KTO£>J'/2: (KO(;; 1)>j/2 |

To prove (13.111), we expand the expression

_ €169\ 2k
(RLQ - Q)Qk = <R1,2 —q— %)

to get, using (13.110),

V(<R1,72 B q)Qk) < Z (2k> ﬁl/(mm —qf’)

0<j<ok N
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2% Ko(j+1)\?/?
j N2"~‘ J 2N
2k Ko(2k +1)\?/?
j ]\72’C J 2N
0<5<2k
(1 [K 2k+1
“\N

2k
Ko(2k +1)\" 2
:< 0 o ) 14 NK70(21<:+1)> . (13.112)

Finally since 1 4+ x < exp x, we have

IN

IN

Z
(

2k
2 %
1 _ < M — | <e<
<+ NK0(2k+1)> —eXp< NK())—G—?’

provided that we assume Ky > 4 and since k < . O

Proof of Theorem 13.7.1. We try to prove by induction on k that (13.109)
holds for a suitable constant K. By symmetry among sites,

v((Ri2— )" ) =v((e162 — q)(Ri2 — )*F) . (13.113)
Using the inequality
2Pt — Pt < (p+ )|z — y|(Jz]P + |y[?) (13.114)

for p =2k, 2 = R12 —qand y = R, — ¢, we obtain (since [e1e2 — ¢ < 2
and |z —y| = |e1e2] = 1)

v((e1e2 — q)(Ri2 — )*") = v((e1e2 — a) (R o — Q)" + R,
where
Rl < 22D (o (R — ) + (i — )
k
. L(kN+ 1) (Ko(l]cv+ 1)) 7 (13.115)

using (13.109) and (13.111).
Let f = (e162 — q)(Ry 5 — q)***1. Recalling v; as in Lemma 1.6.3 we have

lw(f) = wo(f) = vo(f)] < sup | (f)]

and iterating (1.150) and using Holder’s inequality we obtain
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v ()| < Kv(|Ry, — q) .
We recall the numbers
b(2) = b*(1 = ¢*) 5 b(1) = F*(a — ¢*) ; b(0) = (@~ ¢*) -
We recall that vo(f) = 0, and we compute v (f) using Lemma 1.8.2 to get
vo(f) = b2)vo((Riz — ¢)***?) — 40(L)vo ((Ry 5 — a)(Ry, — 0)**F)
+ 3b(0)V0((R?;4 qQ)(Ry o — 2k+1)

Using now that
(") = vo(f)] < sup ()]

for f'= (R, —a)(Rio — q)***1, computing v;(f) using Lemma 1.8.2 and
using again Holder’s inequality we get that v(f') = vo(f’) + R where |R| <
Kv(|Ry, — q|**3). Consequently,

vo(f) = b2w((Ry o — ¢)*?) —4b()v((Ry 3 — @) (Ry o — 9)**F1)
+ 3b(0)V((R:;,4 - Q)(Riz - Q)Qkﬂ) +R,

where |R| < Kv(|Ry, — q|*3). Combining these estimates yields

((Rm q)**?)
V((R1 2 —q) 2k+2) - 45(1)V((Rf,3 - q)(ng - Q)2k+1)
+30(0)v (R34 — )(Ri, — )" ™) + R, (13.116)

where

_ Lk +1) [ Ko(k+1)\"
<K _12k+3
RI < KRy, - aP+9) + S (S0

Using (13.114) for p = 2k + 1, and since [R; 2 —¢| <2 and |R;, —¢q| < 2, we
get

‘V((Ri2 _ q)2k+2) _ V((Rl,z _ q)2k+2)|

2k + 2 _
< N (v(|R12 — (I|2k+1) + V(|R1,2 - Q|2k+1))
2k + 2 _
<2 N (V((R1,2 - Q)%) + V((R1,2 - Q)%))

<

Lk +1) <Ko(k+ 1)>k ’ (13.117)

N N

using (13.111) in the last line. Performing similar near-trivial bounds for the
other two terms of (13.116) we have reached the relation

U = b(2)U — 4b(1)V + 3b(0O)W + R, , (13.118)
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where
U=v((Riz2—q)*"?), V=v(Riz—q(Ri2—q)*"")

W =v((Rs4— q)(R12 — ) ")

and

IR1| < Kv(|Ri2 — q**3) + (13.119)

L(kN+ 1) <K0(1;V+ 1))’“ .

In a similar manner (as in (1.231) and (1.232)) we prove the relations
V = b(1)U + (b(2) — 2b(1) — 3b(0))V + (6b(0) — 3b(1))W + Ry (13.120)

W = b(0)U + (4b(1) — 8b(0))V + (b(2) — 8b(1) + 10b(0))W + R , (13.121)

where Ry and R3 satisfy bounds as (13.119). In Section 1.8 we have seen
that the transpose of the matrix (1.233) given by (13.118), (13.120) and
(13.121) has two eigenvalues (one of which with multiplicity 2), that are
given by the formulas (1.234) and (1.235). They are both # 1. For the second
eigenvalue this follows from Lemma 1.9.3. For the first eigenvalue this follows
from (13.89) and the fact that this eigenvalue is

1
ch*(Bzy/g+h)

Therefore the equations (13.118), (13.120) and (13.121) imply that

5E

K(k+1) (Ko(k+1)\"
U=v((Ri2— ") < Ki(|Ry, — q* ) + (k + )( ok + D\

N N
(13.122)
Finally let us choose € = 1/4K, so that (13.108) implies

N
l/(]-{‘R1,2—q|25}) < KeXp (_E)

and for N large, say N > Np,
N
”(l{lR;fqug}) < Kexp <K> :
Therefore, for such NV,
N
(IR, — q[*+%) < 223K exp (_E> +2ev((Ryy — g)2++2)

and using (13.117) we have shown that
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K(k+1) (Ko(k+ 1))’“ .

K

N
V(lRf,2 - q|2k+3) < 2eU + 22k+2KeXp (——) + ¥ ¥

Recalling that € = 1/4K; and combining with (13.122) we see that

1 N\  K(k+1) (Ko(k+1)\"
<2 92k+3 [ v
U< 2U+ exp( K) + N ( N )

i.e.

k

Let us now assume, as we may, that Ko > 2K5. This yields

U< - (=222 7/ + S I
B ( N ) 2 ngXp )

This proves that U < (Ko(k + 1)/N)**! (and completes the induction) pro-
vided k is small enough that

k+1
Ksexp (—%) < (%) . (13.123)

Let us denote by ko the smallest integer & for which (13.123) fails, so we have
proved by induction that (13.109) holds for k < kg. As usual, the case k > ko
is obtained by a near trivial argument. By definition of kg, we have

Ko(ko +1) N
2o 0 oy S
N SR T K 1))
so that (kg + 1)/N > 1/K4, and then, for k > ko,

<4K4(ko + 1))’“rl .

Z/((Rl,g _ q)2k+2) S 22k+2 N

IN

It then follows that for all £ we have

v((Riz2 — Q)Qk)

IN

Ksk\*
N 9y
where K5 = max(4K4, Ko), and this proves Theorem 13.7.1. O
Theorem 13.7.4. Under (13.88) and (15.89), we have
K

Proof. The proof of Theorem 13.7.1 shows that we have v¢((R12 — q)?)

<
K/N uniformly on t < 1. O



14. The Parisi Formula

14.1 Introduction

In this chapter we obtain a considerable extension of the results of Chapter
13: we compute in the limit the quantity px (8, h) for any values of 8 and h.
The result, called the Parisi formula, is very beautiful but is not immediate
to explain, and its proof is rather involved. A large part of the motivation of
Chapter 13 is to present a simpler special case of the main arguments of the
present chapter, and we advise the reader to first master the first six sections
of Chapter 13 before attempting to read anything at all here. Starting with
Section 14.7 matters get a bit technical, but let us insist that the reader
certainly does not need to master the details of the computations in order to
enjoy the next chapter, which attempts to describe the structure underlying
the Parisi formula.

14.2 Poisson-Dirichlet Cascades

In this section we briefly discuss certain objects that we call Poisson-Dirichlet
cascades, which seem intrinsically connected to the low-temperature phase of
spin-glass systems. These objects are very pretty, but we will refrain from
the temptation of studying them for their own sake, and will present only
the results that are really helpful in the sequel.

Consider an integer k and the set N** where N* = {1,2,...,}. We will de-

note by « a sequence (j1, . . ., jx) in N**. It could be useful to think of N** as a
tree. As we scan the integers j, j2, ... we discover which branch we follow at
each node. For p < k we write a|p = (j1,...,Jp) € N*P. Let us fix a sequence

0<my <mg <...<myg < 1. Given this sequence we are going to construct
random quantities (u), o € N*¥. Let us first consider a non-increasing rear-
rangement (u;);>1 of a Poisson point process of intensity measure 1 g,
For each integer ji, we consider a non-increasing rearrangement (u;, ;j);>1 of
a Poisson point process of intensity measure z~™2~'dxz. These are all in-
dependent of each other and of the sequence (u;). More generally, for each
1 < p <k and each integers ji,...,jp—1 We consider a non-increasing rear-
rangement (uj, ... ;,_,,j);>1 of a Poisson point process of intensity measure
=™~ 1dz. All these are independent of each other. For o € N**_ we define
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*
Uy = Ug1Ua|2 " " Ua|k—1U

= gy Uy (14.1)

It will be shown in (14.9) below (taking F' = 0 there) that > u} < oo a.s.
The family of weights (vy)qen+x Where

*

Yo (14.2)

=
will be called the Poisson-Dirichlet cascade associated with the sequence
mi,...,mi. When k£ = 1, the sequence v, has the Poisson-Dirichlet dis-
tribution A,,, first defined in Section 13.1 page 314.

In this chapter and the next, we will often consider random weights.
Weights associated to a Poisson-Dirichlet cascade will be denoted by (vq)
while we will denote by (w,,) weights that need not be of this type.

Before we can describe some remarkable properties of this object, we must
explain another procedure that will be fundamental, maybe even more so than
Poisson-Dirichlet cascades. Consider a metric space T'. (The case T = RY or
T = R will be the most useful.) Consider a function F : T — R. Consider
also independent random maps z1, ...,z valued in T, and define the r.v.

Vo =

Fk+1:F(Z17...,Zk) . (143)
We will assume that
Eexp Fi4+1 < 00 E|Fk+1| < 0. (144)

For 1 < p <k, let us denote by E, expectation in the r.v.s z, ..., 2z, and let
us define recursively the r.v.s

E, = L log Ep expmpFpy1, (14.5)
My
so that F}, depends only on the r.v.s zq,...,2z,_1, and in particular F} is a
number.

For each p < k and integers ji, ..., Jp, let us consider independent copies
Zpjr,...j Of Zp. These are all independent of each other. The reader should
observe the similarity with the procedure by which we define the r.v.s u}. To
lighten notation for o = (ji,. .., jr) € N** we write

Zp, oo = Zp,ji,....jp * (146)

This variable depends only on p and a|p. The procedure of defining the r.v.s
Z, o from the r.v.s z, will occur a great many times, and the notation (14.6)
remains in force through the chapter.

Let us then define

F(a)=F(z1,0,---,2ka) - (14.7)
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Let us attract the attention of the reader on this unusual (but convenient)
notation: the quantity F(«) is a r.v. indexed by «. The crucial fact is as
follows.

Theorem 14.2.1. Assuming (14.4) we have

Elog ) vaexpF(a) = Fy (14.8)
where vy is defined in (14.2).

First we prove that (14.8) holds when k& = 1. In that case o € N*. When
(va)a>1 is a sequence with distribution A,, and the r.v.s (F'(a))qo>1 are i.i.d.
copies of a r.v. X, then the r.v.s exp F(a) are i.i.d. copies of V = exp X and
(13.12) entails that

1 1
Elongaepr(a) = ElogEVm = ElogEexme =F,

so that (14.8) holds when k = 1.

Theorem 14.2.1 links Poisson-Dirichlet cascades and the recursive con-
struction of the r.v.s F},. For the time being, it might be correct to think that
the truly fundamental procedure is the recursive construction of the r.v.s F,
and that (14.8) is a “one-step” method to compute the complicated quantity
Fy.

The secret about Poisson Dirichlet cascades is to be unimpressed by the
definition, and to work by induction over k, the case kK = 1 being always the
crucial case.

Proposition 14.2.2. Consider 0 < mg < m1 < ... <my <1, and (u}) as
in (14.1). Then we have

E(Z@ju; eXpF(a))mo = (expmoFy) H (E(Zui_p))’"m)mo/mp_l’

1<p<k
(14.9)
where (uj )j>1 is an enumeration of a Poisson point process with intensity
measure x~ ™~ 1dz.

(p)

Lemma 14.2.3. Consider a r.v. Y with EexpY < oo and E|Y| < co. Then

1
lim —logEexpmY =EY .

m—0t m
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Proof. First, we note that Jensen’s inequality implies
1
— logEexpmY > EY .
m

Next, defining p(z) = expax — 1 — x it holds that

EexpmY =1+ mEY + Ep(mY) ,

and since log(1 + z) < = we have
1 1
—logEexpmY < EY + —Ep(mY) . (14.10)
m m

Since the function ¢ is convex with ¢(0) = ¢’(0) = 0, for each y the function
m — p(ym)/m is increasing and has limit 0 as m — 0. Moreover ¢ > 0 and
Eo(Y) < oo since p(z) < L(expx + |z|). Therefore as m — 0 the last term
of (14.10) goes to zero by dominated convergence. O

Proof of Theorem 14.2.1. We write (14.9) as

mo 1/mo mp_1 1/mp_1
(E(Z o exp Flo) ) ) = (e r) ] (E(Z o) )
o 1<p<k J
Taking logarithm, we get that for a certain number C(my, ..., my) indepen-
dent of F' it holds that
1 mo
—logE up exp F(a = F1 +C(mg,...,mg) . 14.11
i o E(S s o r(@) =R Clma, ) )

We now use Lemma 14.2.3 with Y = log )" u}, exp F(«a). It follows from
(14.4) that EexpY < oo. To see that E|Y| < oo, we have only to control
EY~ where Y~ = max(—Y,0). For this we simply bound ) u exp F(«)
from below by the term where o = (1,...,1), and we observe that if u; is
the largest point of a Poisson point process of intensity measure 2~ ~! then
P(u; < t) = exp(—t~™/m) so that in particular E(logu;)~ < oo and hence
E(logu})~ < oo for a={1,...,1}.
Letting mo — 0 in (14.11) yields

ElogZugepr(a) =F+C,

where C' depends only on my, ..., my. Using this for F(a) = 0, we obtain
Elog Z uy =0C,

and subtraction of these relations yields Theorem 14.2.1. a
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Proof of Proposition 14.2.2. We proceed by induction over k. For k =1

this follows from (13.9). For the induction step from k — 1 to k, we consider
the quantity

Wie = Uiy gy Uy o XD F (214,321 41 s - 2 s i)

where the sum is over all values of jo, ..., jix. The sequence (W;);>1 is i.i.d,
and moreover
Z ul exp F(a Z u; W.

We use (13.9) for m’ = mg and m = my to get

E(Z ujo)mo - (EWlml)m“/mlE(Zuj)mo. (14.12)

We observe that EW™ = EE; W™ and we compute EoWi™ through the
induction hypothesis:

EWV™ = (expmiFB2) [ < (Zu(p)mM)

2<p<k

ml/mp,l

We also observe from (14.5) that EexpmiFy = expmFy, so that, taking
expectation in the previous inequality yields

=y I1 (e(5))

2<p<k

ml/mp_l

We then substitute this relation in (14.12) to conclude the induction. O

14.3 Fundamental Identities

In this section we prove an extension of Theorem 13.1.6, Theorem 14.3.5
below.

We consider a bounded function U : T — R, and, keeping the notation
of Section 14.2 and in particular (14.6) we define the r.v.s

Ule) =U(z1,05---»2Zk,0)
so that U(«) is to the function U what F(«) is to the function F. We define
Fi(a) = F(a) +tU(a) .

The basic idea is that we will obtain remarkable identities by differentiating
once or twice in t the identity (14.8) written for Fy rather than F. We define
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Uky1 =U(z21,...,21),

so that Ug41 is to the function U what Fjy; is to the function F. We further
define Fy41¢ = Frq1 + tUgy1, and the functions F),; through the relation
(14.5), that is

1
Fp,t = — IOg Ep exp mpr_H’t 3 (1413)
mp
so that by (14.8)
F,:=Elog Z Vo exp Fi(a) (14.14)
and, since U(a) = 0F;(«)/0t,
U F
g, = patel@odhile) (14.15)
ot Y o Va €xp Fy ()

Here, and at many places below some work is needed to show that one can
exchange the expectation and the derivative. It does not seem appropriate
to spend the reader’s energy on this since if she is able to follow the present
chapter till the end she will no doubt have the skills to fill in such details.
For a (possibly random) function U(«) of « it is convenient to define

20 VaU(a) exp Fy(@)

U), = 14.16
(U Y o Va €xp Fy(a) ( )
When ¢ = 0 we omit the subscript 0 and we write
U F
(U = e tell@exp Fla) (14.17)
Za Vo €XP F(CV)

It will also be convenient to consider “replicas”. In (14.17) we make an average
of a function of «. Throughout the chapter we denote by v a replica of a.
Thus, if U~ («, ) is a function of o and  we define

> Vaty U™ (a, ) exp F(a) exp F'(7)

U~y = (14.18)
(>, vaexp F(a))2
To compute 0F; ;/0t, we start with the relation
QF =U, (14.19)
o ke = Ykt .

and we aim to compute 0F), /0t by differentiating the relation (14.13); this
gives

OFpi1,t
0 B —Htexpmy g (14.20)
i bpt = .
ot P EpexpmpFpii s

Now, (14.13) implies
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Epexpmplpi1 = expmply
and since F),; does not depend on z,,...,z; we get from (14.20) that

OF, :
Op B Thrt eyl
pt =
ot exp mypFy ¢

OFpt1.t
ot
Ep

expmpFyi1

exp my,Fyp ¢
0
= Epo Fot1.tWpet (14.21)

where
Wp,t = exp mp(Ferl’t — Fp,t) . (1422)

Let us observe two important properties of the quantity W, .. It does not
depend on the r.v.s zpy1,...,2;, but only in the r.v.s z;,...,2,; and, as
follows from (14.13) it satisfies

E,Wpi=1. (14.23)

Now we prove by decreasing induction over p that

9

ot
For p = k + 1 this is simply (14.19). For p = k this follows from (14.21).
Using (14.24) for p + 1 instead of p, and substituting in (14.21) we get

Fp,t == Ep(Wp,t s Wk7tUk+l) . (1424)

0
et = Ep (W tBpr1 (W1 Wit Uk1))
and since W), ;+ does not depend on z,1, ..., 2z; we can move this term inside

the expectation E,y; and use that E, = E,E,; to complete the induction.
For p = 1 we obtain

0
aFLt - E(Wl,t e Wk,tUk-‘rl) 5 (1425)

and comparing with (14.15) yields
EWie Wi Ukt1) = E(U)¢ (14.26)
and in particular, for ¢ = 0, with the notation (14.17),

EW; - - WiUks1) = E(U) . (14.27)

Exercise 14.3.1. Despite the fact that the notations are absolutely incom-
patible, prove that the case k = 1 of this formula recovers (13.13).
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Let us now differentiate (14.26) at ¢ = 0. From (14.22) we observe that

0

0 0
EWN = mp (an+1,t - an,t> Wp,t . (1428)

To lighten notation we write

0
OF, = —F,
P oot Ptlio’

and differentiation of (14.26) at ¢ = 0 yields

E(U?) — (U)?) = E(Wl-.-WkUk+1 > mp(0F, 4 —an)) . (14.29)

1<p<k

It is convenient to set

so that, since OFk11 = Uk41,

> mp(0Fy 1 —0F,) =~ Y (my—myp 1)0F, + Uksr . (14.30)
1<p<k 1<p<k+1

Using the identity (14.27) for U? rather than U, we obtain
E(U?) = E(Wy -+ WilUi)
and combining with (14.29) and (14.30) yields

EU? = Y (my—my_1)EQ@QF,W; - WilUgy1) - (14.31)
1<p<k+1

Now, using (14.24) at t = 0 we get
OF, =E,(W,--- WiUg41) .

Since Wh,...,W,—1 and E,(W7---WyUiy1) do not depend on the r.v.s
Zp,. .. ,Zk, We have

E(OF,Wr -+ WiUgy1) = E(Wy -+ WU Ep(Wy - - WiUp41))
Ep(Wh - WU Ep(Wy -+ WiUpi1))
Ep(Wi - WilUk+1)Ep(Wy - Wi Uk 1))

Wy Wy (EgWp -+ WiUg11)?)
and therefore (14.31) implies

EU? = Y (my—mp ) E(Wi- W1 (EW, - WilUpya)?) . (14.32)

1<p<k+1
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The left-hand side is the average

Yoy VoV U(@)U(v) exp(F(a) + F(7))
(X0 va exp F(a))?

that is therefore expressed as a weighted sum of certain averages. It would
be nice if each of these pieces should correspond to an average over a natural
set. There is a simple trick that achieves this.

Let us fix an integer 1 < r < k and let us replace U1 = U(21,...,2Zk)
by

E

b

Ul;+1 = an(zh e ,Zk) = nTUk+1 5

where 7, is a random sign (independent of all the z,) that “goes with z,”.
That is, if 7;, ... j, are independent random signs, then

U'(@) = 0o U(Z1,0,- - Zha) -

r

To be more formal, we replace the map U : T — R by the map U’ :
(T* x {~1,1})* — R given by

U'((x1,€1)s- -+, (Xks€8)) = &, U (%1, ..., Xk)

and we replace the r.v.s z, by the r.v.s z, = (z,,7,) where 7, are independent
random signs independent of the r.v.s (z,). We observe that

Ena\rn’y\r =1if OL|’I” = ’Y‘T
Ena\rnw\r =0if Oél’l" 7é ’}/‘7" ;
so that, taking first expectation in the r.v.s 7,,
S e Vatn U (@)U (3) exp(F(a) + F(7))
(X4 vaexp F(a))?
and, in accordance to (14.18) we lighten notation by writing this quantity as
E<1{a|r:7|r}U(a)U(7)> .

Moreover, since U;.,; = 7,Ug11 and since Epn,. = 0 if » > p and E,n,. = 0, if
r < p, we have

E(U")* =E

3

Ep(Wp -+ WilUgyq) =0if p<r
Ep(Wp--- Wk+1Ullc+1) =0 Bp(Wp - WiUg ) if p >

so that using (14.32) for U’ rather than U yields

E<1{a|r:y|r}U(a)U(’7)>
= > (mp—my ) )E(Wi -+ W1 (EW, - Wil)?) . (14.33)

r<p<k+l
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Let us make throughout this chapter the convention that for all v, in N*¥
we have

al0=4]0; al(k+1)#y|(k+1). (14.34)

We then observe that (14.33) remains true for r = 0, since it then coincides
with (14.31), and remains true for » = k + 1, where it simply means that
0 = 0. We observe moreover that (14.34) implies that given a and 7 in N**,
there exists a unique integer 1 < r < k 4+ 1 such that

alr Zolr;  al(r=1) =7[(r-1), (14.35)

and we define
(a,y)=r. (14.36)

This is “the first coordinate on which the sequences a and -~ differ”. This
notation will be used throughout this entire chapter.

Given 1 < r < k + 1, let us subtract from (14.33) the corresponding
equality for  — 1 rather than r. Since

Lajr—1)=yI(r—1)} = Halr=rIr} = L{(a;)=r} »

we have obtained the following identity.

Proposition 14.3.2. For any 1 <r < k+ 1 we have

E<1{(a,’y):r}U(a)U(’y)>
= (my —me_)E(Wy - Woy (B Wy - WiUpg1)?) . (14.37)

For r = 1, there is no term in the product Wy --- W.,._1, while for r = k + 1,
the right-hand side is (1 — my)E(Wy--- WRUZ, ).
Since E,W, =1, by (14.23) we obtain recursively that
Ep(Wp - Wi) = Ep(WpEpin(Wpr - Wy)) =1,
and similarly E(Wy ---W,._1) = 1. Using (14.37) for U = 1, we have proved
the following.

Proposition 14.3.3. For 1 <r <k+ 1 we have

E(L{(a,=r}) = mr —mr_1 . (14.38)

It is worth spelling out the special case of (14.38) corresponding to the
case F'=0:
E Z Valy = My — My_1 . (14.39)

(evy)=r
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Let us now explain the real miracle that occurs in (14.37), and which will
be absolutely essential in the entire chapter. We think of 1 < r < k41 as
fixed once and for all. We consider two copies (z}) for £ =1 and ¢ = 2 of the
sequence (zp)1<p<k- These copies are coupled in the following manner

z, =z, if p<r
(14.40)

zzl) and zf, are independent if p > r .

Recalling (14.3) we define F{, | = F(z{,...,z}) and the variables Flf through
the recursion relation (14.5), where of course E, denotes now expectation in
the r.v.s sz for n > p. We define

¢
W, = exp my(F.

L —F)). (14.41)

This quantity depends only on z{, ..., p It allows for simpler notation if we

assume (without loss of generality) that

p<r = z,=1z =1z,.

P
With this convention, thinking of W), as a function Wy(z1,...,z,), we have
‘ ‘ ¢
W, =Wy(z1,...,2,)

so that W, = W2 = W, for p < r — 1. Now, since the r.v.s (z,)p>, are
independent from the r.v.s (z3)p>r,
(E-W, - WkUk+1)2 = Er(W*lW2 T WliWIczUli+1UI?+1) )
where Ulﬁ—s-l = Upy1(zf, .. Zk+1) Since Wy - -+ W,._1 do not depend on the
I.v.s zf; for p > r we obtam
E(Wi - Wy (W, Wil y1)®)
=E(Wy - W, E,(WIW? - WiWRUL L UR L))
=EE, (Wy - W, W)W WiWRUL L UR L)
= EWr - W W W2 Wy WRU L UR ) - (14.42)
Therefore, comparing with (14.37) yields the relation
E<1{(a,7)=r}U(a)U(’7)>
= (m, —mp_1)E(Wy -+ WA WIW2E - WWRU L UR L) -
we may use the standard “polarization argument” (replacing U by U + U’ )
to obtain that if U’ is another function T% — R and if we define Uj% | =
U'(z3,...,z;) then
E<1{(a,’y):r}U(a)U/(7)>
= (my —mp_1)E(Wy - WA WEWE - WIWRUL L URZ) - (14.43)
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Exercise 14.3.4. Prove that when k& = 1 the case r = 1 of the previous
formula recovers (13.15) while the case r = 2 recovers (13.14).

Consider now a continuous bounded function U~ : T* x T* — R, say

U™ ((x1,%7), - -, (x5, %3)) (14.44)

and let
Uer = U™ ((21,27), - -, (21, 24)) (14.45)
U™(o,7) =U~((21,0:21,7) - - - » (Zkyar Zhyy)) - (14.46)

The reader should observe carefully the formula (14.46). There are no upper
indices there. The idea of replicas is implemented only through the lower
indices («, 7).

Theorem 14.3.5. We have

E(1g(am=r U~ (a,7)) = (mp—mp_1)E(Wy -+ W aWW2 - WEWRUR )
(14.47)

Proof. When the function U™ is of the type
U~((x1,%3),.. ., (x3,%3)) = U(x1,...,x3)U'(x3,...,%3) ,

then (14.47) coincides with (14.43). The general case follows by approximat-
ing an arbitrary function by a sum of functions of the previous type. O

The amazing fact is that the expression on the right-hand side above is of
the same nature as the left-hand side of (14.27), as we demonstrate now. Let

us consider the sequence
« M My
ML= e Mpg =~

(that will be used many times). Let us define

s My =My, oo My = My, (14.48)

Jrr1 = Fipa + Fi
and then J, recursively by
1 *
Jp = m_; log E, expmy,Jp1 - (14.49)
Lemma 14.3.6. a) For each p we have
Jp=F, +F}, (14.50)

b) Let
Vp = expmy(Jpr1 — Jp) - (14.51)
Then
p<r = V,=W,; p>r = Vp:WZ}Wg.
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Consequently, the expression on the right of (14.47) is E(Vy -+ VAU ).
Let us state this for further reference.

Corollary 14.3.7. With the notation (14.51) we have
E<1{(Q7V)ZT}UN(O¢, 'y)) = (mT — mrfl)E(Vl s VkUl:Jrl) . (14.52)

The right-hand side of (14.52) is of the same nature as the left-hand
side of (14.27), since the quantities V), are defined by a similar procedure
as the quantities W, To illustrate this point, let us write down the formula
corresponding to (14.27). Instead of the function F(xi,...,xx) we use the
function

F((x1,x7), -, (x4 X7)) = i) + F( o ox7)

instead of the sequence of r.v.s zi,...,2z; we use the sequence of r.v.s
(z1,2%),...,(z},23), and, recalling (14.44) we consider (defining (Z;’a, zf),a)
in the obvious manner)

F(a) = F((21,0: 21 0)s - (Zh 00 Zi o))

U(Oé) = UN((Z%,CU Zia)’ IR (lec,om Zi,a)) . (1453)

The formula (14.53) should be compared with the formula (14.14).
Then the formula corresponding to (14.27) is

D a vaU () exp F(a)
> o Vaexp F(a)

where the weights v, form a Poisson-Dirichlet cascade associated with the
sequence (14.48).

E(Vi - ViU, = E

, (14.54)

Proof of Lemma 14.3.6. The argument of this lemma is simple but essen-
tial. If will be used again and again. We prove (14.50) by decreasing induction
on p. It holds for p = k 4 1 by definition of Jyy1. If p > r, by independence
and since sz—&-l satisfies (14.5),

1
Jp = —log B, expmpJpi
mp
1
= —1logE, expmp(F;H + F;H)
mp
1
= m—log((Ep expmpF, ) (Ep expmyF )
P

1
— logexpmy(F, + Fy) = Fy + F .
p

For p = r, since F! depends only on (z¢,...,2° |) = (2z1,...,2,_1) we have

F}! = F? = F,, and therefore F} = F} = F,, for p <r. If p < r, we write
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2
J, = —logE,exp -~ (Fpl—i-l F20)

mp 2

2 1 2
= m—p logEpexpmpFy1 = 2F, = F, + F, .

This proves (14.50). Now
Vp = expmy(Jpr1 — Jp) = expm (Fpl_s_1 Fpl) expm (Flf+1 F2)
so if p > r we have V,, = WPIWE, while if p < r we have

Vo= (WyWhHY2 =W, . O

14.4 Guerra’s Broken Replica-Symmetry Bound

In this chapter we study rather general Gaussian Hamiltonians. We consider
Hamiltonians Hy such that (Hy(o)) is a jointly centered Gaussian family
of r.v.s such that, for a suitable function &,

1
Vo', o? NEHN(O'l)HN(O'Q) =¢&(R12) - (14.55)
We assume
£0)=0. (14.56)
An important example is the case of the p-spin interaction model, that is
N\O) = N(Pfl)/Q gzl,“.,zpo'zl Uzp ) .
i1yeyip <N
where g;, ... s, are independent standard Gaussian r.v.s and the summation
is over all choices of 1,...,%, < N. Thus
1 12
NEHN( )HN = . Z O-L10110120.L2 Uipaip
= ﬂgRl,z

In that case (14.55) holds for £(x) = B22P. Sums of independent terms as in
(14.57) for p > 2 yield functions of the type

=> Bar, (14.58)

p>1

which satisfy (14.56). Such a function is always convex on R*. When only
terms with p even are involved, it is convex on R. We will only consider
sequences 3, such that the series in (14.55) converges for all z.
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The expert reader might object that (14.58) is not the traditional defini-
tion of the p-spin interaction model, which is given by

1/2
p!
— Hy(o) =0, (N,H) > GirvoiyOir 00y - (14.59)

1<i1<i2<...<ip <N

This does not quite satisfy (14.55). It is however rather straightforward in
our analysis to replace (14.55) by the condition

1
‘NEHN(Ul)HN(GQ) —&(Ri2)| <en
where ¢y — 0. We will not do this to lighten the exposition.

Associated to the function £ is the function

0(z) =z (x) — &(2) . (14.60)

This notation will be used throughout this chapter and the next. When ¢ is
convex on R,

§(x) — 28 (q) +0(q) = &(x) — E(q) — (= q)¢'(q) > 0,
and thus
£(z) — x€'(q) > —0(q) (14.61)

and when ¢ is convex on RT
2,020 = &) - (q) > —0(q) - (14.62)

Fixing the Hamiltonian Hy as in (14.57), we consider now a countable
set A and another Gaussian family (H (o, «)) for o € Xy, o € A. We assume
that for o,y € A we have

1
NEH(Ul,a)H(a'2,'y) = R128(qary) , (14.63)

where ¢, .~ is a number depending on o and < that satisfies for a certain
number §
Vo, o =7. (14.64)

We consider the Hamiltonian

— Hyi(o,0) = —VtHyx(0) — V1 —tH(o, ) + Z oihi, (14.65)

i<N

where as usual (h;);<y are 1.i.d. copies of a r.v. h. Consider now random
weights (wa)aca. As the notation indicates, for the time being, we do not
assume that they form a Poisson-Dirichlet cascade, although this will be the
most interesting situation.
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For a function f(o,«) we define

20,0 Wal (o, a)exp(=Hi(o,a))

(flo,a)) = S oxp(—H(o, ) (14.66)
Lemma 14.4.1. Consider the function
o(t) = %Elonga exp(—H(o,)) . (14.67)
Then
P(1) = (60) ~ @)+ 5EO(ar )}~ HEE(R2)~ Ra2€ () +6(d))e -
(14.68)

The function ¢ will be used throughout this chapter.

Proof. We recall that v is a replica of a, so that (o2,7) is a replica of
(0!, ). We define

1
N

Differentiation and integration by parts yield the formula

o'(t) = %(E(U(a,a,a,a»t —E(U(", 0% a,7))) -

Then (14.55) and (14.63) imply
U(Ula 025 Oé,’)/) = S(RLQ) - R1,2§/(Q(x7'y) bl
and in particular from (14.64) we obtain

Ulo,o,a,a)=£(1) - €(q),

U(o!, 0% a,v) = —(EHy(c')Hy(0?) —EH(o!,a)H(a?,7)) .

so that
#(0) = 5(60) ~ €(@) ~ ZEER2) ~ Br o€ (4a))
= 260~ €(@) + 3E@(aar)n
~ JE(E(RL) ~ R (0e) + a0
and the proof is complete. 0

The reason for writing ¢’(t) as in (14.68) is that when & is convex by (14.61)
we have {(R1,2) — R1,26'(¢a,y) + 0(ga,~) > 0 so that (14.68) yields the clean
bound
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#(0) < 5(E0) € @) + 5E(B(aa) -

We now turn to what will eventually appear as the optimal choice for the
Hamiltonian H (o, «) and the weights w,. We consider an integer k > 0, a
sequence

O=mop<mi <...<mp_1<mp<1l=mgq1, (14.69)

and a sequence
O=q@<qa<...<gry1 <qre2=1. (14.70)

It is very useful to think of these sequences as defining a non-decreasing step
function z(g) with x(¢) = m, for ¢, < g < gp+1. This function is equal to 1
in the interval [gx4+1, 1[. Somehow this interval requires a special treatment,
the reason being that the distribution A,, does not exist for m = 1.

To the sequences (14.69) and (14.70) we will attach a Hamiltonian H (o, «)
and random weights, that we will denote by (v,) since they form a Poisson-
Dirichlet cascade. In the remainder of this chapter,

The function ¢ will be the function of (14.67) for these choices. (14.71)

Consider independent Gaussian r.v.s (zp)o<p<k and assume that

Ezp =& (ap+1) — €' (ap) - (14.72)
For i < N we consider independent copies (z; ) of zg. For p > 1, we consider
independent copies 2;p j, ... j, of zp, for i < N, ji,...,j, € N*. We set A =

N**and for a = (jy,...,jx) € A we set
Zi,p,a = Zi,p,j1,..ndp 3 Ri,0,a = 20,0 -

Finally we define
—H(o,a) =Y 0 Y Zipa- (14.73)

i<N  0<p<k

We denote by (v, ) weights that form a Poisson-Dirichlet cascade associated
with the sequence (14.69), so from now on as pointed in (14.71) the letter ¢
refers to the function (14.67) for the Hamiltonian (14.73) and these weights,
and the notation (-); refers to (14.66) with the same choices. Recalling the
notation (a, <) of Section 14.3, we have

(X e X own) = X e (14.7)
0<p<k 0<p<k 0<p<(a,v)

because z; ;o and z; , , are equal if p < («, ) and are independent otherwise.
Now, since gy = 0 and £’(0) = 0,

Y. Ex= Y (Ean) €)= € @an) -

0<p<(a,) p<(a,y)
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Therefore since z; p o and z;s -, are independent when ¢ # ¢/, (14.73) implies

1
NEH(017 a)H(027 7) = R1,2§I(Q(o¢,’y)) .

This is (14.63) with go,y = q(a,y)- In particular (14.64) holds for § = qp41.
Now we would like to compute

E(0(dar))e = EO(gam))e = D 0(ap)E(L{(am=p}) - (14.75)

1<p<k+1

We expect from (14.38) that
E(L{(am)=p})t = Mp — M1, (14.76)

and let us first check that this is indeed the case.

For p < k let us consider the variable x, = (z;,)i<y € T =R". Given t,
the Hamiltonian Hy, the r.v.s (h;);<ny and the r.v.s (2;0)i<n, let us define
the quantity

—H(0'7X1,...,Xk) = —\/EHN(U)+\/1 _tZUi(Zi,0+ Z xiJ)J’_Z oih;.

i<N 1<p<k i<N
(14.77)
Let us then consider the function F : T* — R given by
F(x1,...,x5) = logz exp(—H(o,X1,...,Xk)) - (14.78)

It satisfies (14.4) for reasons that have already been explained: it is obvious
that Eexp Fj+1 < oo and to prove that E|Fj41] < oo we bound below the
quantity (14.78) by replacing the summation in the right-hand side by a
single term of this summation. For p < k let us consider independent copies
(zip)i<n of the r.v.s z, and define z, = (% ,)i<n. Consider the r.v.s z, o as
in (14.6). By (14.65) and the definition (14.73) of the Hamiltonian H (o, ),
recalling the notation (14.7), we obtain

Zexp(—Ht(a,a)) =expF(z1,a,---,2ka) =exp F(a) .

Moreover we have

2 (am)=p Ya¥y 21 o2 exp(—Hy(o',a) — Hi(a?,7))
(T v exp(—Hi(o,))’

2 (ay)=p Vavy exp(F (@) + F(7))

B (Ea Vo €XP F(a))2

The average on the right is the same as the average occurring in (14.38). De-
noting by Eq expectation given Hy, the r.v.s (h;);<n and the r.v.s (z;0)i<n,
we then see from (14.38) that

(Lgam=pr)t =
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Eo(L{(am=p})t = mp = mp—1 .
Taking expectation implies (14.76).

It is good to note that in the previous argument the r.v.s z; o do not play
the same role as the r.v.s z;, for p > 1. This is simply because the r.v.s z; 9
are associated with the value m = 0 for which the distribution A,, does not
exist. This feature will occur repeatedly.

Since gr12 = 1 and mg = 0, using (14.75) in the first line and (14.76) in
the second line we obtain

E<0(qa,’y)>t = Z Q(QP)E<1{(a,'y):p}>t

1<p<k+1

= Z 0(qp)(mp — mp—1)
1<p<k+1

== Y mp(Bgp1) — 0(qy)) +6(1)
1<p<k+1

and since 6(1) = &’'(1) — &(1) (14.68) yields

P =€)~ Elae)) — 5 > mp(Blap) — 0la)
1<p<k+1
— SE(E(RL2) ~ Bt (6(a) + Odam))e (14.79)

Let us compute ¢(0). First, we observe that

;exp<z@(hi+ T )) oW Hch(hi—i— T )

i<N 0<p<k i<N 0<p<k

Next, since ), vo =1,

1
»(0) = NElog;va exp<H(o‘, a) + Z hio'i)

i<N

:%Elogaz;vaexp<z Ui<hi+ Z Zi7p7a>>

i<N 0<p<k
1
—log2 + ~-Elog Y v, Hch<hl-+ ) > (14.50)
a i<N 0<p<k

Let us define

Fit1 =log H ch(hi + Z zi,p> (14.81)

i<N 0<p<k

and, recursively, for p > 1,
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1
F, = —1logE,expmpFpi1,
my

where E,, denotes expectation in the r.v.s z; ,, for n > p. Theorem 14.1 implies

Elog) va [] ch (hi + ) z,-,pva) =EF, . (14.82)

i<N 0<p<k

Next, we get from (14.81) that
Fro1 =Y Fepri,
i<N

where

Fk+171‘ = 10gCh<hl + Z Zi,p> .

0<p<k

The randomness appearing in the terms Fj 1 ; for ¢ < N are independent.
Thus if we define recursively

1
F,;=—1logE,expmyFpi1;
mp

we obtain

F,=> F,;

i<N
so that EF7 = NEF}; and therefore

©(0) =log2+EFy ;.

Let us describe again the quantity EF} ;. Letting

X,’H_llogch(th Z zp>,

0<p<k

we define for 1 <p <k

X, = mip log Ep expm, X,
and X(l) = EX{ Then EF171 = X(/)

It is more elegant “to incorporate the term (£/(1) — &' (gr+1))/2 with X{”.
This term represents “the contribution of the interval [gxy1,1[” to which
is associated the value my1; = 1, and on which the function z(¢) equals
1. To do that let us consider a new independent Gaussian r.v. zx41 with

EZI%+1 =¢&'(1) — € (gr+1)- Let us set
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Xiyo = logch(h—i— Z zp> , (14.83)

0<p<k+1

and for 1 < p <k + 1 let us define recursively
1
Xp=—IlogE,expm, Xpi1 -
mp

Since my+1 = 1 and Epy1 denotes expectation in zpy1 only, we have
1
X1 = 5(5/(1) — & (qrt1)) + Xjgr -
By decreasing induction over p this implies that for 1 <p <k +1

X, = (€)= &) + X

and therefore

X() = EX1 = X(/) + %(5/(1) - f/(qk+1)) . (1484)
Thus 1
(0) = log2 + Xo — S (£'(1) = €' (gr+1)) - (14.85)

Proposition 14.4.2. Consider the function

V() =log2+ Xo— (€M) ~Elar) — 5 3 mplOlaper) —0lay)
e (14.86)

Then ¥(0) = ¢(0) and
wl(t) = 1//(?5) - %E<£(R1,2) - R1,2£I(Q(a,'y)) + H(Q(a,'y)»t . (1487>

Proof. Relation (14.87) is obvious from (14.79) and (14.85) entails that
©(0) = (0). O

Theorem 14.4.3. (Guerra’s broken replica-symmetry bound). As-
sume that € is convex. Then we have

1
PN = NElogZexp <HN(O') + Z him)
o i<N
1
<log24 Xo -5 S myBlae) - 6(g)),  (14.89)

1<p<k+1

where 0 is defined in (14.60) and Xg in (14.84).
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Proof. By (14.87) we have ¢'(t) < ¢'(t), and since 1(0) = ¢(0) we have
py = ¢(1) < ¥(1). 0
Here and in the remainder of the chapter, the value of £ and h is kept
implicit. To simplify notation we write
q=(q1;-- Q1) 5 m=(my,...,my)

and (setting as usual my41 = 1) we denote by Pr(m, q) the right-hand side
of (14.88),

1
Pr(m,q) =log2+ Xo— 5 > mp(0(gps1) —0(gp)) , (14.89)
1<p<k+1

so that (14.88) rewrites as
pn < Pr(m,q) . (14.90)

In the proof of (14.88) we have assumed that 0 < mj < ... < my < mpy1 = 1,
but the quantity Pi(m, q) is well defined under the weaker condition

0<m; <...<mp<mgy1=1, (14.91)

provided we agree as usual that m~!log EexpmX = EX when m = 0. Then
(14.90) remains true in that situation, since, using Lemma 14.2.3, Py (m, q)
is a continuous function of m.

For a physicist k is the “number of steps of replica-symmetric breaking”,
and the case k = 0 corresponds to the “replica-symmetric solution”. Let us
check this. When k£ = 0, we have only one parameter ¢ = ¢;. Then, with
obvious notation,

Xo =logch(h+2v/€(q) + 2'/€(1) — €(q))

X, = logeh(h+ 2/ETq)) + 5(€'(1) - (@)

Xo = Elogeh(h+ V&) + 5(€(1) ~ (@)

and, since now m; = 1,
> mp(Bap) — 0(gp) = 0(1) ~ 6(q) .
1<p<k+1

so that, since £'(1) — (1) = £(1),

Po(m, ) = log2 + 3 (£(1) + 6(a) ~ € (a)) + Elogch(h + /&) .

which coincides with the right-hand side of (1.72) when &(z) = 3222 /2.

Our next result asserts that for the validity of (14.88) it suffices in fact
that ¢ be convex on R* rather than on R. This allows in particular to cover
the case of the p-spin interaction model when p is odd.
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Theorem 14.4.4. Assume that £ is convex on RT. Then for each values of
k, m and q we have
limsup py < Pr(m,q) . (14.92)
N—o00
Proof. This follows the proof of Theorem 14.4.3. The problem is that in
(14.87) we no longer know that {(R12) — R128'(q(a,y)) + 0(d(a,y)) > 0. The
idea is simply that if ¢ is still convex on R* and since g(q4,,) > 0 we still have

Ri2>0 = &(R12) — Ri26 (q(ay) + 0(qaqy) =0,

and that by Theorem 12.3.1 we may pretend that R; > > 0. More formally
let us add the perturbation term (12.32) to the interpolating Hamiltonian
(14.65). Then the identity (14.68) still holds true. The computation of ¢(0)
in the limit is the same because “the perturbation term is of lower order” (as
formalized by (12.35)), and all we need to have the proof of Theorem 14.4.3
carry over is to show that, uniformly over ¢, the average over the parameter
B of (12.32) of the quantity

E(¢(R12) = R1,28 (4(a,m) + 0(a(am)))e
is “positive in the limit”. To see this, we define
b(e) = inf{{(z) — 2¢'(q) +0(q); ¢ =0, —e <z <1},
we observe that b(¢) < 0 and we simply write that, given € > 0,

E(Ri2) — R128'(q(a) + 0(d(ay) = —1{R,2<—c3 A+ D(e)

where
A =sup{|(z) — x&'(q) +0(q)| 5 ||, |q| <1}

depends on § only. For each e > 0, the term AE(1{g, ,<_.}): vanishes (in
average over 3) in the limit by Theorem 12.3.1; and lim._,o b(¢) = 0 since &
is convex in R™ and hence &(x) — x€'(q) + 6(q) > 0 for x,q > 0. O

14.5 Method of Proof

The remainder of this chapter is devoted to the proof of the fundamental fact
that the bound (14.88) is optimal (under certain extra conditions on &), that
is
lim py = inf Pr(m,q), (14.93)
N—o00

where the infimum is over all values of k, m,q. This is the “Parisi formula”.

Before starting the detailed outline of our approach, let us wonder, assum-
ing that this result is true, how it could ever be proved. Let us choose k, m
and q so that Px(m, q) is close to the infimum inf Pg(m, q). Then, for large
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N, recalling the functions ¢ of (14.71) and v of (14.86), we have ¢(0) = ¢(0)
and therefore by (14.93) and the choice of k,m, q,

(1) =py = Pr(m,q) = 4(1) .

(Here the quality of the approximation ~ does not increase with N.) Since
§(R12) — R1.28"(q(a,y)) + 0(q(a,y)) = 0, this means by (14.87) that the term

E(€(R12) — R128"(4(ary)) + 0(qaqn )

must be typically small. Therefore for r = 1,...,gxt1, the terms

E(L{(ay)=r} (§(R1,2) — R1 26 (ar) + 0(ar)))e (14.94)

should be typically small. Since the function &(z) — z€’'(q) + 6(q) is likely to
be > 0 for x # ¢, a natural condition is that whenever u # ¢, the quantity

E(L{(am=r} 1{R1 2=u} )t (14.95)

be small.

Let us fix 1 <7 < k + 1 once and for all. The formula (14.47) and the
previous discussion motivate the following construction. For 0 < p < k we
consider independent pairs (2117, zIQJ ) of jointly Gaussian r.v.s with the following

properties
0<p<k = E(z)°=E(z)* =€ (gp+1) — € (a) (14.96)

p<r = zzl, = 212, ;o op>r = zll) and zi are independent.  (14.97)

Each of the sequences (Zf;)ogpgk is a copy of the sequence (2p)o<p<k-
Let us define

Jev1(u) = log Z exp <\/EHN(‘71) — VtHy(o?)

Ri2=u

+> ) ot <hi+\/m > zfp>> , (14.98)

(=1,2i<N 0<p<k

where (z},,22 ) are i.i.d. copies of the pair (z}

ip Zip 2, 22). This quantity also de-
pends on ¢, but the dependence is kept implicit. Consider the sequence (my)

defined by (14.48) and for 1 < p < k let us define recursively
1 *
Jp(u) = — log Epexpmy Jp 1 (u) , (14.99)
m
P

where E, denotes expectation in the r.v.s (zﬁn), £ =1,2,n > p. The intuition
is that suitable upper bounds for
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1
U, (t,u) = NEJl(u) (14.100)

will allow us to show that the quantity (14.95) is very small.

Let us now state precise results. Consider again a jointly Gaussian Hamil-
tonian as in (14.55) and let us assume that the function ¢ satisfies

Eisconvex; £(z)=&(—x); &'(x)>0ifx#0; €3(x)>0ifz>0.
(14.101)
Let us recall the quantity Py (m, q) of (14.89) and define

,P(f, h) = inf Pk(mv q) )

where the infimum is over all choices of k, m and q. Then (14.77) means that

Theorem 14.5.1. (The Parisi formula) If the function £ satisfies (14.101)
then
lim py =P(E,h) . (14.102)
N—o00

For technical reasons we shall consider first the case where h # 0. (Since
h is random this means that Eh? > 0.)

Theorem 14.5.2. If h # 0 and if the function § satisfies (14.101) then
(14.102) holds.

Proof of Theorem 14.5.1. Theorem 14.5.1 follows from Theorem 14.5.2
simply by considering the case where h is a constant and letting h — 0. To
justify the interchange of the limits h — 0 and n — oo we simply observe
that, with obvious notation, we have |p,(h) — p,(0)] < h. O

The basic idea to prove Theorem 14.5.2 is as follows. Given tg < 1, there is
a “suitable choice” of k and of sequences m and q such that if ¢ and ¥ denote
the functions of Proposition 14.4.2, whenever ¢ < g, we have limy_, o ¢©(t) =
¥ (t). The first task is to give the technical definition of this “suitable choice”.
First, let us stress that when we consider a sequence m as in (14.69) we always
define mg = 0 and my4+1 = 1, but we do not think of m¢ and my41 as being
part of the sequence m. The reason for this point of view is that we can
remove any term we wish from the sequence m, and, changing k into k — 1,
we get another sequence of interest; but we cannot remove the terms my
and my1 = 1. Similarly when we consider a sequence q = (q1,...,qk+1) We
always define go = 0 and g2 = 1, but these two values are not part of the
sequence q.

Definition 14.5.3. Givene > 0 we say that k, m, q satisfy condition MIN(g)
if the following occurs. First the sequence m = (myq,...,my) satisfies (14.69)
i.€.
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O<mp<...<mp <1, (14.103)
and the sequence q = (q1,...,qx+1) satisfies
0§q1<q2<...<qk<qk+1§1. (14104)
Next,
Pr(m,q) <P h) +¢ (14.105)
and

Pr(m, q) realizes the minimum of Py over all choices of m and q.
(14.106)

Theorem 14.5.4. Assume that h # 0. Given ty < 1, there exists a number
e > 0, depending only on tg,& and h, with the following property. Assume
that k,m, q satisfy condition MIN(e). Then, if ¢ and ¢ denote the functions
of Proposition 14.4.2, we have

V<t lim p(t) = (1) . (14.107)

In order to be able to use Theorem 14.5.4 at all, we need to know that
there exist k,m, q that satisfy condition MIN(g).

Lemma 14.5.5. Given any € > 0 we can find k,m, q that satisfy condition
MIN(e).

Proof. First, by definition of (14.105) we can find k,m and q such that
Pr(m,q) < P(£, h) + e. Next we observe that the quantity Py (m, q) is well
defined for 0 < ¢1 < ... < qgry1 <land 0 < my < ... < my < 1, provided
we define the relation

1
X, = —logE,expm, X1
mp
as X, = E,X,41 when m, = 0. Given k, it follows from Lemma 14.2.3
that this is a continuous function of the parameters mq,...,mg,q1, ..., qr+1-
Therefore we may chose

0<my <my<...<m <1

and
0<g <@p<...<¢g <1,

such the quantity Py (m, q) is as small as possible among all possible choices
of m and q. The idea of the proof is that we will obtain the required triplet
(k,m, q) by deleting if necessary certain terms of the sequences m and q, and
decreasing the value of k accordingly. The underlying idea is that the quantity
Pr(m, q) depends on the lists m and q only through the probability measure
on [0, 1] that gives mass m, — m,_1 to each of the points ¢,, 1 <p < k+ 1.
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We call the lists m, q just constructed the original lists, and we show how
to delete certain terms from these original lists to obtain condition (14.103).
We set mpy+1 = 1 = qi+2 and we make the following observations. First, if
for some 1 < p < k we have m, = mp41, we may remove g4 from the
list q1,...,qr+1 and m, from the list mq,...,my and change k into £ — 1
without changing the value of Py(m, q). We “merge the intervals [g,, gp+1|
and [gp+1, gp42[”.(The easy formal argument is given in Lemma 14.7.1 below.)
Similarly, if m; = 0 we may remove m, from the list m1,...,my and ¢; from
the list ¢1,...,qk+1, and change k into £ — 1 without changing the value of
Pr(m,q). In this manner we may assume that (14.103) holds.

Next, if for some 1 < p < k we have ¢, = ¢p+1, We can remove ¢, from
the list g1, ..., qr+1 and m, from the list mq, ..., m) and replace k by k — 1
without changing the value of Px(m,q). Thus we may assume that in the
final list we have

O=q<ga<@<..<g<g+1 <1=qpt2,

ie. (14.104). O
Later on, we will show that in fact ¢; > 0 and qx41 < 1.

Proof of Theorem 14.5.2. Consider tg < 1, € > 0 as in Theorem 14.5.4
and k, m, q that satisfy MIN(e). By (14.107) we have

Jim o(to) = ¥(to)- (14.108)

By (14.87), there exists a number M depending on £ only such that for
0<t<1

V() - M < ¢'(t) <Y, (14.109)
and combining with (14.108) this implies

liminf (1) > ¢(1) = (1 = to) M .
Since (1) = px and (1) = Pr(m, q), we get
liminf px > Pe(m.q) — (1— )M > P&.K) — (1~ 1g)M .

and the result since t( is arbitrary. ad
We will deduce Theorem 14.5.4 from the following.

Proposition 14.5.6. When h # 0, given tog < 1, there exists € > 0, depend-

ing only on to,& and h, with the following properties. Assume that k,m,q

satisfy MIN(e). Then we can find a number K with the following property.
Given any 1 >0 and any 1 <r < k+1, for N large enough we have

t<ty= E<1{(a77):r}1A>t <e, (14.110)
where

A={(c",0%); (Ri2—q)? > KW(t) — (t) + 1)} . (14.111)
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As the order of the quantifiers indicates, K might depend on &, tg, h, e, q
and m, but certainly does not depend on N, ¢ or €;. In the remainder of the
proof of this proposition we denote by K a constant depending on &, tg, h, €, q
and m only, that may vary between occurrences. In particular, K never de-
pends on Nt or €7.

Proof of Theorem 14.5.4. Since £ is twice continuously differentiable, we
have

|€(R12) — R128(¢7) + 0(qr)| < K(Ri2 —g.)* .
Now |R12 — ¢r| < 2, and therefore

(Rio—qr)? <414+ K((t) — o(t) + 1),

so we deduce from (14.110) that for N large enough

E(1{(a,)=r} (§(R12) — R1,2€ (qr) + 9(Qr))>t
< KE(1{(a,)=r}(R12 — 4r)*):
< K(4E(1q(a,m)=ryla)e + K((t) — @(t) + 1))
< K(W(t) —o(t) +e1)

and by summation over 1 < r < k + 1 (and using of course the fact that K
might depend on k),

E(€(R12) — R1.28" (q(ay) + 0(qaq))t < K(e1 + (1) — o(t))

so that (14.87) implies

(W) — (1)) < K((t) — p(t) +e1) -

Since 1(0) — ¢(0) = 0, and since K does not depend on £; the result follows
from integration using Lemma A.11.1. O

Consider sequences m and q as in (14.103) and (14.104). For 1 <r < k+1
we recall the quantity ¥,.(¢,u) of (14.100). We come to the central ingredient
of the proof of the Parisi formula. It will be proved in Section 14.8.

Theorem 14.5.7. Assume that h # 0. If tg < 1, there is a number € > 0,
depending only on to,& and h such that whenever k, m, q satisfy MIN(g), then
forallt <ty and each 1 <r < k+ 1 we have

(u— QT)2 .

Bt ) < 20(t) —

(14.112)

Here as usual K does not depend on u,t or N (but might depend on &,
h, to, k, m and q.)
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Proposition 14.5.8. Assume that for some 9 > 0 (independent of N, u or
t) we have
. (t,u) < 2p(t) —es . (14.113)

Then we have

N
E<1{(a,w):r}1{R1,2:u}>t < Kexp(—§> (14.114)

where K does not depend on u, N ort.

Proof of Proposition 14.5.6. Let us denote by Kj the constant of (14.112).
We prove (14.110) when the constant K of (14.111) is taken equal to 2Kj.
We observe that

E<1{(0‘7’Y):T’}1A>t < Z E<1{(a,'y):r}1{R1)2:u}>t 5 (14115)

where the summation is over values of u of the type n/N (n € Z, |n| < N)
with (u—gq,)? > 2K (¥(t) —p(t)+e1). But then for such a choice of u we have
U,.(t,u) < 2¢(t) — 21 by (14.112). Therefore (14.113) holds for e = 2¢1, so
that by (14.114) and since there are at most 2N + 1 terms in the summation,
the right-hand side of (14.115) is < KN exp(—N/K), and this is < &; for
large N. O

Proof of Proposition 14.5.8. Let us recall the r.v.s z, of (14.72) and
consider i.i.d. copies (z; ) of these. Define z,, = (z; ,)i<n. Recall the function
F(x1,...,x5) of (14.78), and define

Fk+1 :F(zl,...,zk) (14116)

= log;exp(—\/%HN(a) +VI=t) o (zw + ) Z”) +> Uihl) :

i<N 1<p<k i<N
Then define recursively
1
F, = —1logE,expmpFpy1 .
my

Theorem 142.1 lmphes ‘hat
80 N 1-

Let us define, with the notation of (14.98)

J41 = log Z eXP<—\/¥HN(Ul) — VtHy (o)

ol,0?
LY Zaf(hi—&—\/—l—t 5 f))
(=1,2i<N 0<p<k
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so the difference between Ji41 and the quantity Jiy1(u) of (14.98) is that in
the latter quantity the summation is restricted over the pairs (o, 0?) with
Ri 2 = u. Let us define recursively

1 *
Jp = m_; log Ep expmy,Jpt1
where the sequence my is as in (14.48). The formula (14.50) used for p = 1
and the function F'(xq,...,xy) of (14.78) implies that

1

We strongly encourage the reader to repeat the argument of that proof, that
is to show by decreasing induction over p that .J, = F) + F2. Thus (14.113)
means that EJy(u) < EJ; —eaN.

Let us now consider the function

A((x1,x32), ..., (x1,%3))
~ 1 2 1 2 _ 1>1)» ’ k> Mk
U™ (k1 x3), - (i x3)) = exp F(x1,....,xt)exp F(x%,...,x3)’
where
A((x1,x7), .-, (%5, X3))
=) eXp(-\/EHN(O'l)—\/EHN(Uz)
R1,2=u
3 S ot(neviti(ao s ¥ )
0=1,2i<N 1<p<k
We recall that z), = (zf ,)i<n, so that
A((z1,29), - -, (21, 21)) = exp Sy (u)
and
exp F(z},...,2;)exp F(23,...,23) = exp Jpy1 -

Thus, recalling the formula (14.45) i.e. Uy, = U~ ((21,23), ..., (2}, 2})) we
have

U1 = exp(Ji1(u) = Jppa) -
Recalling the formulas (14.7) and (14.46), we obtain that

U™(a,7) exp F(a) exp F(v) = A((21,0: 21,7) - - -5 (Zh,as Zie,y))
= Z eXp(\/%HN(Ul) — VtHy(o?)

Ri2=u

Y ol (hi VI=t(z0+ Y Z))

i<N 1<p<k

DN (RN CTS ))) |

i<N 1<p<k
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If follows that

2 (ay)=r Va3 U™ (a,7) exp F(a) exp F(7)
vy exp F(7))?
= <1{(a,’y):r} 1{R1,2:u}>t .

gam=n U (a,7)) =

Therefore if V), = expmy(Jp41 — Jp), (14.52) implies that
E<1{(047"/):7"}1{Rl,2:u}>t = (mr - mrfl)E(Vvl ce VkB) s

where

B :=Up, = exp(Jry1(u) — Jpg1) < 1. (14.117)
Consequently, to prove Proposition 14.5.8 it suffices to show that

N
EJl(u) S EJ1 — EQN == E(V1 te VkB) S KeXp (—?> . (14.118)

So, we assume

We prove first by decreasing induction on p that

Jp+1(u) = Jpp1 +

10g Epy1 (Vo1 - - Vi B) . (14.120)

*

p+1

For p = k, we have E,y1(Vp41---ViB) = B and the last term in (14.120) is
log B and since mj_ ; = mp41 = 1, (14.120) then follows from (14.117). Now,
since

E,Vp =1
and V,, does not depend on the r.v.s zfn for n > p, we see recursively that
Ep(Vp Vi) = Ep(BEpa (Vp -+ Vi) = Ep(VoEpa (Vpga -+ - Vi) = 1
and thus since B < 1 we have
Ep(Vo - ViB) <1,

so that (14.120) implies that, since my; < my

1

Jpr1(w) 2 Jps1 + —logBp 1 (Vprs - Vi B)

P

and, using the definition of V}, in the second line
expmyJpr1(u) 2 Epp1 (Vpga -+ Vi B) expmy Jp i

= VpEpr1(Vpy1 -+ Vi B) expmyJy,
=Epr1(Vp - ViB)expmyJ, .
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Since J,, does not depend on the r.v.s (zfn) for n > p, and since E, = E,Ep41,
taking expectation E, in the last inequality entails

Ep expmyJpy1(u) > (expmy,Jp)Ey(Vy - Vi B) .
Since Jp(u) = (m3)~ " log E, expm3.Jyy1(u), taking logarithms completes the
induction.
Using (14.120) for p = 0, we get
logEy (V1 -+ Vi B) < mj(J1(u) — J1)
and taking expectation and using (14.119) yields
ElogEi (Vi ---Vi:B) < —mjeaN. (14.121)

The quantity Ei (Vi ---V;B) depends only on the r.v.s Hy (o), z§; and h;.
We will use concentration of measure to prove that

P <|10gE1(V1...VkB) —ElogE((Vi---ViB)| > m;52N>
= Ko <__>' (14.122)

The proof (14.118) is then completed as follows. From (14.121) and (14.122)
we deduce

1 N
1

so that

P (El(v1 - ViB) > exp <—m;2 N>> < K exp (—Kﬂ) ,

1

and since E;(V; -+ -V B) < 1 we obtain
E(Vi-- ViB) =EEi(Vi---ViB) < Kexp(—N/K) .

We turn to the proof of (14.122). We will use the following representation
of the r.v.s Hy(o): there exist M and vectors x(o) € RM such that the
family (Hyn(0))s of r.v.s has the same distribution as the family (x(o) - g)s,
where g € RM is a standard Gaussian vector. This is explained in Section
A.2, and is obvious in the case where Hy is a sum of independent terms
of the type (14.57). We note that ||x(o)||? = EHy(0)? = N&(1). The basic
idea is to show that, as a function of g, the quantity log E; (V7 - -- V4 B) has a
Lipschitz constant < K+v/N. We start the proof by using (14.54) that reads
here with the usual notation as
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Ev(Vi---ViB) = E’( > vaexp( Vi(x(a') - g +x(a”) - g)

R12 u

+3 ol (h + m<20 + ) Zzgz»a))

i<N 1<p<k

+Y o? (h + m(m + ) zM))) , (14.123)

i<N 1<p<k

Where Z is the normalizing factor and E’ denotes expectation in the r.v.s

2 p.a for p>1and in the weights v,. We realize that the right-hand side of
(14 123) depends not only on g but also on the r.v.s z; o and h;. For simplicity
we will complete the proof only in the case where h; is not random. (When
h; is random not necessarily Gaussian, some extra work is required, using
martingale difference sequences. This is left to the enterprising reader.) To
understand the dependence of the right-hand side of (14.123) on the r.v.s z; o

we set
’ 20 24,0

9i = =
Ezio ¢ (q)

)

so that the vector g’ = (g})i<n is a standard Gaussian random vector in
RY. Then (14.123) allows one to consider the quantity logE;(V; - -+ VixB) as
a function of the pair (g,g’). One then sees by direct computation of the
gradient and trivial estimates that the Lipschitz constant of this function is

< K+v/N. O

The center of the approach is Theorem 14.5.7. The basic tool will be a
kind of “two dimensional” extension of Guerra’s bound (14.88), in the spirit of
Theorem 13.5.1. It is the purpose of the next section. This bound will depend
on many parameters. We will exhibit a choice of these parameters that proves
Theorem 14.5.1. A crucial idea is that we will not use an optimal choice
of parameters, because we want to avoid the (intractable?) corresponding
optimization problem. Rather (as in the proof of Theorem 13.6.2) we will
observe a choice of parameters that witnesses the obvious bound ¥, (t,u) <
2¢(t). We will then use a variational argument to show that a suitable small
change of these parameters improves enough the bound to reach (14.112).

14.6 Bounds for Coupled Copies

In this section we develop bounds for the expression ¥, (t,u) of (14.100), a
first step towards the proof of Theorem 14.5.7. First, let us transform this
expression using Theorem 14.2.1. For each p we consider independent copies
(2 pjioins Zipin,.onngy,) OF the pair (23, 22) of (14.96) and (14.97). For a € N**,
a=(J1,...,Jk), we define
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(Zil,p,ow Z?,p,a) = (Zil,p,jl ..... Jp? Z?,p,jl,...,jp) . (14124)
Consider weights (v,) forming a Poisson-Dirichlet cascade as in (14.13), but
associated to the sequence (14.48) rather than to the sequence my,...,my.
Then

U, (t,u) = %Elog Z Vg €XD <—\/EHN(0'1) —VtHy(o?%)

R1,2=u,a

+ Y > <hi+vlt22ﬁp,a>> : (14.125)

0=1,2i<N p<k

The expression “coupled copies” refers to the fact that in (14.125) the sum-
mation is only over all pairs (0'1, 0'2) with Ry 2 = u. To find bounds for such
a quantity we will develop a kind of two-dimensional version of the scheme
of Lemma 14.4.1.

Let us first think of a rather general problem, to find bounds for a quantity

%Elog > waexp(—VtHy(o!)—VtHy(0?)~H (0!, 0% a)) (14.126)

RLQ:IL,O(

where « belongs to countable set A, w, are random weights, and where
H% o', 02, a) is a random function, independent of the randomness of Hy.
The summation is over all values of a and all values of o' and a2 for which
R; 2 = u. Of course VtHy is a general Hamiltonian of the type (14.55) where
£ is replaced by t€, so we assume t = 1 to simplify notation. We first present a
general scheme. This scheme might look complicated at a first sight, but it is
in fact a straightforward generalization of the scheme of Lemma 14.4.1. The
system consists now of pairs (o', 0%) of configurations. We need a “replica”
of this system, and we denote by (7!, 72) another pair of configurations. For
£,/ = 1,2 we use the notation

! / 1 /
0,0 €t £_r
R =R(o", T ):NZaiTi .
i<N
The interpolating Hamiltonian is a family H (o', 02, a) (o!,0?% € Yy, a € A)
of jointly Gaussian r.v.s, independent of all other randomnesses. We assume

that there exists numbers qff; such that, for any o, € A, any £,¢' = 1,2 we
have

1 ’ /
VEH(e o ) ) = Y R (14.127)
0,0'=1,2
We assume also that for each «

1,1 22 . 1,2 _ 2,1
qa:a - qa:a - 1 ) Qa:a - qa:a

I
g

(14.128)



14.6 Bounds for Coupled Copies 383
For 0 < s <1 we consider the Hamiltonian

—H, (o', 0% a)
= —Vs(Hy(o') + Hy(0?)) = V1 —sH(a', 0% a) — H(6',0%,0) .

For a function f(o!, 02, a) we define
1
<f(0-170-27a)>8 = 7 Z waf(0-170-27a) eXp(—HS(O'17O'2,OZ)) )
s Ry 2=u,x

where Z; is the normalizing factor Y, _,  waexp(—H,(o', 0%, a)).

Lemma 14.6.1. Assume that £ is convex, and recall the definition (14.60)
of 0. Then the function

1
@*(S) = NEIOg Z W eXp(—HS(O'l,O'Q,Oé))

Ry 2=u,x
satisfies
©*(s) < —0(1) — Z E(0(¢5%))s (14.129)
0,0'=1,2
Proof. Let us define
1
Ue! 0?72 0,9) = ~ (E(Hn (o) + Hy (o) (Hy (1) + Hy (2))

- EH(017027Q)H(T17T277)) )
so that, using (14.127) and (14.55),

Ule! o mh 7% a,0) = Y (ER")—R"E(d5Y)) .
0,0'=1,2

In particular, using (14.128), when R; 2 = u we have

U(et, 0%, 0, 0% a,a) = 26(1) + 2¢(u) — 26'(1) — 2ué’ (u)
— —26(1) — 26(u) .

Also, since ¢ is convex, we have &(RAY) — Re’elf’(qg’f;) > fﬁ(qi‘fﬂ;) so that

U(O’1,0'2,T1,T27O[7’Y) 2 - Z H(qﬁﬁy)
L0=1,2

and to conclude we simply differentiate and integrate by parts to obtain that



384 14. The Parisi Formula

1
0" (s) = §<E<U(0'1,o'2,0'1,0'2,a,a)>8 - E<U(O’1,O'2,T1,T2,Oz,’7)>s) . O

We should stress the main point: the terms created by the interaction
between HN(O'l) and HN(0'2) is <§(R1,2) — R1,2€’(qa,a)>s = <§(R172) -
R1 26 (u))s. It has the wrong sign to be bounded above by the inequality
(€(R12) — R12&'(u))s > —6(u). It is the restriction of the summation to the
pairs with R; o = u that makes this term equal to —0(u) and saves the day.

In Proposition 14.6.3 below we describe a specific choice of the Hamilto-
nian H(o!, o2, ), that is sufficient to prove Theorem 14.5.7. It seems how-
ever fruitful in the long range to discuss more general schemes. This is in
particular the case because, as will be explained in detail in the next chapter,
these schemes are related to some of the darkest remaining mysteries.

The scheme we present now seems to be the natural (or even canonical) 2-
dimensional generalization of the scheme leading to Guerra’s bound (14.88).
The main difference is that the sequence 0 = go < ¢1 < < Q1 < qryo =1
of (14.70) is now replaced by four different sequences ( Y for 4,0 =1,2.

Let us assume that A = N** for a certain integer and that for £,¢' = 1,2,
0 < p < Kk we are given pairs of Gaussian r.v.s (y;, yg) such that, for certain

’
numbers (pf;f Jo<p<r+1, We have

0,0 '
Eviul =€ (pyih) — € (p5") . (14.130)
The sequence pf;gl need not be non-decreasing. Let us also assume that

0.0

ot =0, (14.131)
plli)-il-l = pif—l =1; P};ﬁl = /’i’}rl =u. (14.132)
Then, for n < k + 1 we have
> Byl =€ (") (14.133)
0<p<n

Considering independent copies (y}’p’jl, g ,yl’p,h’ .j,) of the pair (yp,y2),

let us write as usual, when a = (j,. .. ,jﬁ)
(y1'1>p,a’y1'2,p,a> = (yz’l7p,j1,m,jp7yiQ,p,jhm,jp) : (14.134)
Let us choose the interpolating Hamiltonian H (o, o2, a) as
H(e',0’a)=> Y o ( > yﬁpﬂ) : (14.135)

0=1,2i<N 0<p<k

We observe that Eyl, ,ayl% =0if p > (a,7y) and = Eypyp if p < (a,7).
Using (14.133) it follows that
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4 ! 0.0
> B aVien = Y. Eybyh =€)

0<p<k 0<p<(a,y)

and hence (14.127) holds for qﬁ’ﬁ; = pf’fv). Finally (14.128) is a consequence

of (14.132).

Let us further assume that the Hamiltonian H°(o?, o2

,a) is of the type

—Ho" 0% )= > Y o (h + ) ZM), (14.136)

£=1,2i<N 0<p<k

where the pairs (Zil,p’a, Ziz,p}a) are built as usual from pairs (Z;, Zg) of jointly
Gaussian r.v.s. which will be specified later (although a glance back at
(14.125) might provide a clue as to how this will be done). Let us finally
assume that the weights (w,) form a Poisson-Dirichlet cascade associated to
a sequence 0 < m; < ... < ng < 1 (so that according to our conventions
we will denote these weights by (v,)). As in the case of (14.76) we deduce
from (14.38) that E(1{(q,y)=p})s = 1p — Np_1, s0 that (14.129) implies that
(defining as usual ng = 0)

@ (s) < —0(1) — +— ST (-85 . (14.137)

/ 0=1,21<p<k

. 1,2 2,1 1,1 2,2 .
Since p,\y = p, .y = u and p,’y = p,y; = 1, this rearranges as

5 3 w0 05 — (0() + 6 (1~ )
£,0=1,21<p<r : )
14.138
and we have bounded the quantity (14.126) by

03 3 3 mlBh) 00 )~ (B()+6()(1—n.) . (14.139)

0'=1,21<p<k

Let us now try to find a manageable bound for ¢*(0). We use the simple
fact that for any value of A and o we have

Z exp(—H (o', 0%, a) — H'(a', 0%, a)) (14.140)
Rl,zzu
= exp(—ANu) Z exp(—H(a',0% a) — H(o',0%,a) + ANR; »)
RLQ:U/
< exp(-ANw) Y exp(~H(o a%0) — (0" 0%, 0) + ANRy )
ol o2

where the last summation is over all values of o' and o2. The quantity
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1
NElog Z voexp(—H (o', 0% a) — H(a',0%,a) + ANR; 2)

a,ol 02
1
-y 3 o T3 (1t X et 2y
a ol,o? i<N M=1,2 0<p<k
+Aa}a§>> (14.141)

can be easily computed through Theorem 14.2.1 because the sites decouple
exactly as in the case of the computation of (14.80). First let us observe that

Z exp(e121 +eawa+e169) = 4(chzichzochA+shaishzosh\) (14.142)
61,62::&1

so that, setting gf’p,a = yf}p,a + Z¢_ . the quantity (14.141) is

7,p,x
1
NElongaH<Ch(hi+ > gil,p’a)ch(hi+ > gzp7a)chA
ey i<N 0<p<K 0<p<k
+sh<hi+ > gi{p’a>sh<hi+ > gf’p’a>sh)\> +2log2. (14.143)
0<p<k 0<p<k

Setting gﬁ = yf; + Zf;, let us define

YK+1—log<ch<h+ > g;>ch<h+ > g§>chA

0<p<k 0<p<k
+sh (h + ) g},)sh (h + ) gf,)shk) (14.144)
0<p<k 0<p<k
and recursively, for p > 1,
1
Y, = —logE,expn,Yy 1. (14.145)
Tp

Let us further define Y, = EY7, so that the quantity (14.143) is equal to
2log 2 4+ Yy. We therefore have proved the bound

©*(0) <2log2+ Yy —2\u .

In summary, when H? is chosen as in (14.136) and the weights (v, ) as above,
we have proved the bound

1
NElog Z vo exp(—Hy(o') — Hy(o?) — H(o!, 62, 0))

Rlyzzu,a

1 / ’
<2log2+4+Yy—A\u— = Z Z np(e(Pf,i) - Q(Pﬁ’e )

L,0'=1,21<p<k

= (0(u) +0(1))(1 =) .
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This bound was proved under the conditions 0 < n; < ng < ... < n, <1
but since the right-hand side is a continuous function of (ni,...,n,), the
inequality also holds under the less restrictive condition 0 < n; <no < ... <
n, < 1. In particular when

0<ni<no<...<n,=1, (14.146)
then
1
NEIOg Z Uaexp(_HN(a.l) _HN(az) —H0<0'170'2’Oé))
Ry 2=u,a
<2log2+Yy—Au— - Z Z np( pﬁfl G(pf;é/)) . (14.147)

2,0/=1,2 1<p<k

Although (14.147) probably looks complicated to the first time reader,
this bound is not hard to discover, one simply copies the scheme of proof of
Theorem 14.4.3.

The bound (14.147) depends on many parameters, namely the sequence
(14.146), the four sequences (ph* No<p<wi1 for £,¢ =1,2, and A. It does not
give a clue on how to choose these parameters in an efﬁment way. This should
be expected, since the same problem already arises in Guerra’s bound (14.88).
The real problem however is that the “two-dimensional bound” (14.147) does
not connect perfectly with the one dimensional bound (14.88). Let us explain
this in a simple situation where this problem already arises, namely the case
where

— H%o', 0%, 0) Zh o +0?) (14.148)
i<N

In that case the left-hand side of (14.147) is simply

%Elog Z exp <HN(0'1) — Hy(o?) + Z hi(o} + Uf)) . (14.149)

RLQ:U/ ’LSN

There is a natural bound for this quantity, namely the sum > Ry o—vy 18 smaller

than the sum for all values of ! and o2, and therefore the quantity (14.149)
is < 2pn, where py is as in (14.88). Consequently, given sequences m and q
as in Section 14.4, the quantity (14.149) is < 2Px(m, q). We would expect
that the complicated bound (14.147) should be able to recover this simple
bound; that is, we should be able to choose the parameters in (14.147) so that
the right-hand side is < 2Pk (m, q). It turns out that this can be done when
u > 0, in a way that connects extremely well with the discussion at the end of
Section 14.4 (but we do not know how to do it in full generality when u < 0).
This is somehow the center of the proof of Parisi’s formula. Let us consider
sequences 0 < g1 < ... <qx <gpr1 <land 0<m; < ... <my—1 <mp <1
as in (14.70) and (14.91) and m = (mq,...,mx), 9 = (¢1,.--,qk+1). Let
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us define my4+1 = 1 and ggyo = 1. The quantity Pr(m, q) is then given by
(14.89), i.e

1
Pr(m,q) =log2 + Xo — 2 Z myp(0(ap+1) — 0(ap)) -
1<p<ht1

Let us assume in a first stage that u = ¢, for some 1 < 7 < k+1. We will
use the bound (14.147) for k = k + 1. For p < k = k 4+ 1, we consider jointly
Gaussian r.v.s (y,y2) such that

E((y,)%) = E((5)*) = € (gp+1) — €'(ap) (14.150)
p<T = yllj:yg; p>T = Eypyp 0. (14.151)
Then the conditions (14.130) are satisfied for
=2t = a5 Pyt =0 = Gmin(p,r)
and (14.132) holds since piil = pzfl = ¢r = u. Next, we choose

m
np=7pifp<7'; np=my, fr<p<k+1l=x.

We claim that for this choice of parameters, when A = 0, the right-hand side
of (14.147) is 2Py (m, q).
We first estimate the double sum. If p < 7, for any values of £, £ we have

/ m
np(0(pya) = 00" ) = =P (0(ap1) — 0lap)) -
Next, for p > 1, if £ = ¢ we have

”p(e(Pf;’-il) - G(Pf)’z)) =myp(0(gp+1) — 0(qp)) »

while if £ # ¢’ we have

np(0(p511) — 005" ) = my(6(ar) — 0(gr)) =0 .

Therefore
M’ /
oY ) — 0 ) =2 Y my(0(ap) — 0(gy) -
0,00=1,21<p<k+1 1<p<k+1

(14.152)
Next, we check that Yy = 2Xy. The argument should come as no surprise: it
has already occurred in the proof of (14.50). We define

Y,f+1:logch(h+ Z yﬁ)

0<p<k
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and Vi1 =Y, + Y2 . We define Y, through (14.145) and Ype through the
relation
¢ 1 ¢
Y, = —logE,expm,Y, 4
mp
and we prove by decreasing induction over p that Y, = Y, + Y. If we
remember the definition of X it is obvious that

Yy = EY} + EY? = 2X,,

and we have completed the proof that for the previous choices, the right-hand
side of (14.147) is 2Py (m, q).

Let us now explain why, when v > 0, it is not a restriction to assume
that u = ¢,. The general fact is that if we think of m and q as defining a
non-decreasing step function on [0, 1], the value of Pr(m,q) depends only
on the step function; one can merge two consecutive intervals [qp, qp+1[ and
[9p+1, @p+2[ when m, = m,41 without changing the value of Py (m, q). This
is straightforward to check (see Lemma 14.7.1 below). When ¢, < u < gr4+1
one simply splits the interval [¢;,¢,4+1[ in the intervals [¢,,u[ and [u, ¢r41]
(keeping the same m on both) to make u appear as an endpoint.

The previous argument assumes that u > 0. We do not know how to
extend it in full generality to the case u < 0. This is a bad omen, and the
first sign that we do not really understand yet what is happening. (The full
extent of how much we still do not understand will become clear later in
Section 15.7.)

Research Problem 14.6.2. (Level 37) When « < 0, given two sequences
m and q can one find the parameters in the bound (14.147) such that this
bound is < 2Pk(m, q)?

We know how to solve this problem when we assume that
Ve, &(z) =§&(-x), (14.153)
a condition which occurs e.g. in (14.57) when p is even. This condition implies
Vo, &) =-¢(@); Ox)=0(-2).

We proceed as follows. By inserting |u/| if necessary in the list p1,..., pr11 as
we just explained in the case u > 0 we assume without loss of generality that
u = —q, for a certain 7. We then replace in (14.151) the condition y;; = ys
for p < 7 by the condition g} = —y2. Then condition (14.130) holds for

Py =0 = s 0 =0y = ~min(pr) (14.154)

and since 0(x) = 6(—x), (14.152) remains true. It them turns out that with
some extra work one can prove that Yy < 2Xg; this will be done later in
Proposition 14.8.6. Consequently for the previous choice of parameters the
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bound (14.147) is < 2Py (m, q). The scheme (14.154) is effective at proving
this inequality, but it is not really canonical. One might get the feeling “that
we are not doing the right things”.

These considerations suggest a specialization of the bound (14.147). This
scheme is not really canonical either, but it suffices to prove the Parisi for-
mula. We assume (14.153) and we consider numbers p,, 0 < p < k + 1 such
that for a certain integer 1 < 7 < k we have

0<po<pm<...<pr=lul<pry1<...<per1=1, (14.155)

and we consider n € {—1,1} with u = n|ul.
For 0 < p < k we then consider pairs (y,,¥2) of jointly Gaussian r.v.s as
follows

E(y,)? = E(y)* = & (pps1) — € (pp) (14.156)
y,l, = nyf, ifp<t; y; and yf, independent if p > 7 . (14.157)
Thus (14.130) holds for

p =0t =0y ot =0 = NPminer) 5 (14.158)

and (14.132) holds because u = n|u| = np,. Also, as in the proof of (14.152)
we have

ST mp000hE) — 0005)) = 43" 1,(0(ppia) — 0(pp))

0,0'=1,21<p<r p<t

+2 3 n,p(0(pps1) — 0(pp)) -

TIPSk

For further reference, we state the specialization of (14.147) that we will use
to bound the quantity ¥, (¢, u) of (14.100).

Proposition 14.6.3. Let us assume (14.153) and let us keep the nota-
tion (14.155), (14.156) and (14.157). Consider pairs of r.v.s (Z;,Zf)) for
0 < p < Kk and independent copies (Zil,p, Z@‘Q,p)izl of these. Assume they are
independent of all the other forms of randomness. Let us consider

ng=0<n; <no<...<n_1<n,=1. (14.159)

Let us define G41 by

exp Gyt1 (14.160)
- 37 (Vi) ity + X S sl ¥ 4,))
R12=u i<N £=1,2 1<p<k

and, for p > 1, define recursively
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1

G, = - log Ep expnpGpta (14.161)
P

where E,, denotes expectation in the r.v.s Zf’n forn > p. Then for any \ we
have, recalling the notation pg of (14.155),

1
NEGl < 2log2+ Yy — Au— QtZ np(0(pp+1) — 0(pp))

p<T

—t > np(0ppi1) — 0(pp)) (14.162)

T<p<k

where Yy is defined as follows. Recalling the r.v.s yf; as in (14.156) and
(14.157), and letting gf; = \/ny; + Zﬁ, define

Y,{Jrl:log(ch(h—l— > g;>ch<h+ > g,%)chA

0<p<k 0<p<k
+ sh(h + > g;>sh(h + > gf;)shA) (14.163)
0<p<k 0<p<k
and, recursively, for p > 1 define
1
Y, = - log Ep expnpYpti , (14.164)
P

where E, denotes expectation in the r.v.s g’ for n > p. Finally define Yy =
EY;.

It should be useful to keep in mind that the bound (14.162) depends on
the sequence (p,) of (14.155), on A (and on the sequence (14.159)).

Proof. This is the bound (14.147) when one replaces Hy by vtHy and
one uses the special choice (14.158). The left-hand side of (14.147) has been
found through Theorem 14.2.1 to be equal to N~'EG;. 0

The reader certainly wonders why we have transformed the left-hand side
of (14.147) using Theorem 14.2.1 to state Proposition 14.6.3. The reason is
that with this formulation it is easier to understand what happens when we
insert new elements in the list (14.159), as will be an essential feature of the
proof.

Let us continue our outline of the proof of Theorem 14.5.7. We shall
consider situations where the quantity N ~'EG; of (14.162) satisfies

7,1, u) = G — (1 - 1)(E(1) ~ € (ai11)) (14.165)

so that the bound (14.162) of Proposition 14.6.3 will provide a bound for
W,.(t,u), which will be our main tool. The sneaky point is that a certain
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sequence (14.159) will witness naturally (14.165), but that the sequence
(14.159) that will actually be used in the bound (14.162) will be different
(some new elements will have been inserted). This largely motivates the for-
mulation of Proposition 14.6.3.

Among all the parameters in the bound (14.162) A is especially important.
The quantity Yy = Yy(A) depends on A, and we end this section with the study
of this dependence. It clarifies matters to use a setting slightly more general
than the one of Proposition 14.6.3.

Let us consider an integer x and Gaussian r.v.s gp,g;,gi for 0 < p < k.
The r.v.s g, are independent, and the pairs (g,,g2) are independent of each
other. We assume that

Eg2 = E(g})? = E(¢2)? (14.166)
and that for a certain integer 7 > 1 we have
p>7 = g, and g, are independent. (14.167)

The reader observes that we do not assume that g}) = gf) for p < 7, and this
is why this setting is more general than that of Proposition 14.6.3 (it will

sometimes happen that gzl, = fgg). Consider numbers ng = 0<n; < ... <
ng, =1. For 1 <p < k+1, let us define
G=h+ > g
0<n<p

Starting with
Yt (A) = log(ch(Cl 1 )ch(C2, ,)ehA + sh(CL, )sh(¢Z, )shA) . (14.168)

we define successively for p > 1

1
Y,(A) = - log E, expnpYpr1(A) (14.169)

P

where E,, denotes expectation in the r.v.s gy, g’ for n > p. When ny, = 0 this
means that Y,(A) = E; Y41 (). We define Y5(\) = EY7 ().
Starting with
Dyt1(x) = logchz , (14.170)

for p > 0 we define recursively the function D, as follows:

1
Forp> 71, Dy(x) = - log Eexp nyDpy1(z + gp) (14.171)
P

1
Forp <7, Dp(z) = I logEexp2n,Dpyi(z+gp) . (14.172)
P

We define ¢, = h+ 3, 9n and
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Wy = expnp(Dpi1(Gpr1) — Dp(Gp)) ifp =7 (14.173)
Wy = exp 2np(Dp11(Gpt1) — Dp(Gp)) i p <7 (14.174)

Proposition 14.6.4. a) Let us assume that

P<T = gG=0g,=0;- (14.175)

Then we have
Yo(0) = 2EDy(h) = 2ED1(h + go) (14.176)
Y5 (0) = E(Wy - Wr_ 1D (¢-)?) - (14.177)

When T = 1 this means that Y3 (0) = E(D}(¢1)?).
b) Let us assume that

p<T = np=0. (14.178)

Then we have
Yo(0) = ED,(C}) + ED,(¢3) (14.179)
Y4(0) = E(DL(CHDL(C)) - (14.180)

It should already be clear that the case a) will be extremely useful. The
motivation for the less important case b) will become apparent in due time.

Proof. First for p > 7 we rewrite (14.171) as

1
D,(z) = — log E, expnyDpy1(z + gp)
P

1
- log E, expnpDpt1(x + gf;) , (14.181)
P

and using this for z = Cf; (that does not depend on g, or gf;) we obtain
Dy(¢f) = niplog EpexpnyDpy1(Chyq) - (14.182)
In a similar manner for p < 7 we get from (14.172) that
Dy(¢h) = 5, 108 Ep xp2my Dy (Gr1) - (14.183)

We use (14.182) and the fact that g}) and gf, are independent for p > 7 to
prove recursively that then we have

Y, (0) = Dp(G,) + Dp(Cp) - (14.184)

When n, = 0 for p < 7, then for p < 7 we have Y,(\) = E,Y,11(}), so
by iteration we have Yy(A) = EY;()\) and taking expectation in (14.184) for
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p = 7 yields (14.179). On the other hand, if we assume (14.175) we have
¢ = ¢ = (2, so that for p = 7 (14.184) yields

Y2(0) = 2D~ (¢r)

and we prove recursively in a straightforward fashion using (14.183) that
Y,(0) = 2D,(¢p) for 1 < p < 7. (This is again exactly the argument by which
we proved (14.50).) Taking expectation when p = 1 yields (14.176).

Next, differentiating (14.168) in A at A = 0 we get

Yr:-&-l( ) = thC;-chCZ-H = D;+1(Cé+1)D;+1(CZ+1) )
and differentiating (14.169) in A at 5 = 0 we get

Y1(0) = Ep(¥41(0) expy (Y1 (0) — ¥3(0) (14.185)
For p > 7 we can combine (14.185) with (14.184) to obtain

P

where sz = exp np(Dp+1(<;l;+1) — Dp((g)). Differentiation of (14.181) in x
shows that

D;(x) = Ep(D;-H(x + gzl;) expnp(Dp11(2 + gp) — Dp(z)) ,
and using this for x = CI‘; yields
Dy(G) = Ep(Dpia (Gp) W)

so that using independence we see recursively from (14.186) that for p > 7

we have

Y (0) = D () D0(C2) - (14.187)

When n, = 0 for p < 7, writing (14.187) for p = 7 and taking expectation
yields (14.180). On the other hand if we assume (14.175) then (14.187) yields

Y/(0) = Dy(6,)?

We then use (14.185) recursively to obtain (14.177) using (14.171) and
(14.184). 0

Lemma 14.6.5. We have 0 < Yy'(\) < 1.

Proof. We use Theorem 14.2.1 to represent Yp(\) as

Yo(A) = Elonga ch(¢})ch(¢?)chA + sh(¢l)sh(¢2)shN)
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where v, are random weights and (, are r.v.s, so that by straightforward
differentiation we have

> ta(ch(Ca)eh(CR)shA + sh(¢a)sh(¢2)ch ) | *
220 Va(ch(CA)ch(CZ)chA + sh(Ch)sh(CZ)shA) /-
Now, if the numbers T, T1, T» satisfy |T|, |T1], |T2] < 1, we have |T 4+ T1Ts| <

14+TTHT, (eg. =T —T1To <14+ TT1Ts because (1+T)(1+T17T5) > 0) and
using this for "= th\, T} = thz; and Tb = thxs it follows that

o =1-g(

|chzichaoshA 4 shayshaoch\| < chazichzochA 4 shayshaoshA . m|

14.7 Operators

We must expect that (14.105) and (14.106) will be used in the course of
the proof of Theorem 14.5.7, and our first task is to understand these. This
motivates the results of the present section, that do not otherwise use the
ideas of Sections 14.5 or Section 14.6.

In order to use condition (14.106) we must gain understanding on how
Pr(m, q) depends on m and q. The problem is to understand the dependence
of the difficult term, i.e. Xgy. Let us repeat once more how this quantity is
constructed. We consider Gaussian r.v.s z, with Ez2 = &'(gp41) — &' (gp) for
0 < p < k + 1. Starting with Xy = logch(h + > 0<p<hil 2p), we define
recursively

X, = mi log Ep, expmpXpt1 (14.188)
p
for p > 1 and Xy, = EX;, where E, is expectation in the r.v.s z, for n > p
(or, equivalently, in z, alone).

It is convenient to look at the previous construction in terms of functions.

Starting with the function

Ag42(x) = logchz (14.189)

for p > 1 we define recursively the functions

1
Ap(z) = p log Eexpm,Apy1(z + 2,) (14.190)
p
and we define Ag(z) = EA;(x + 20). It should be obvious recursively that
X, =4, (h + ) zn> (14.191)
0<n<p

and in particular X7 = A;(h + 2),
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Relation (14.190) brings forward the following operation. Given 0 < m < 1
and v > 0, given a function A we consider the function

1
Tonw(A)(x) = p— log EexpmA(z + gv/v) , (14.193)

where ¢ is standard Gaussian. When m = 0 this means that
Tpo(A)(2) = EA(z + gv/0) .
With this definition we observe that

Ap(l‘> = Tmpf/(q;;+1)*§’(qp)(Ap+1)<x) s (14194)

Let us start with a simple property (that reflects the fact that we can merge
two consecutive intervals [gp, gp+1[ with the same value of m).

Lemma 14.7.1. We have
Tina © Ty = Tonjatd - (14.195)

Proof. If ¢’ is a standard Gaussian r.v. we have
1
Tm.o(B)(z) = —log EexpmB(z + ¢'v/a)
m
s0if B(z) = Tjn.(A)(z), then expmB(z) = EexpmA(x+g+v/b) and therefore

1
T © T p(A)(z) = - log EexpmB(z + ¢'va + g\/l;)
= m,a+b(A)(x) )

since ¢’'v/a 4+ gv/b has the same distribution as gv/a + b. O

We will have to understand what happens when we compose many op-
erators Ty, ., but first of course we must collect the properties of such an
operator. To lighten notation we fix an arbitrary function A and we write

B(xz,v,m) =T, (A)(z) = % log EexpmA(x + g/v) (14.196)

and 5
B,_@B. B,,:aB

T oz’ ox?
To further lighten notation we do not always write the arguments x, v, m in
the lemma below.
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Lemma 14.7.2. We have

exp B(z,v,m) < Eexp A(x + g/v) (14.197)
If A” >0 then B” >0 (14.198)
oB 1 m
— =_B"+_-B"?. 14.1
ov 2 + 2 (14.199)

Form (14.195) (T1n,0)a>0 is a semi-group, and (14.199) is simply the corre-
sponding heat equation (a fact we shall not use).

Proof. We leave the easy case m = 0 to the reader and we assume m > 0.
Holder’s inequality implies

EexpmA(z + gv/v) < (Eexp A(z + gv/v))"™
and this proves (14.197). Differentiation of (14.196) in x yields

_ EA'(z + gv/v) expmA(z + gv/v)
EexpmA(x + g/v)
= EA' (z + gv/v) expm(A(x + gv/v) — B(z,v,m)) . (14.200)

B/

To lighten notation, we write Y = x + g/v,
Q =expm(A(Y) — B(z,v,m)) , (14.201)
so that EQ = 1 and (14.200) means that
B =E(A(Y)Q) . (14.202)

We differentiate this formula again in z using that

O () - B)Q
to get
B" = E(A"(Y)Q) + mE(A'(Y)?Q) —mB'E(A'(Y)Q)
= E(A"(Y)Q) + mE(A'(Y)?Q) — mB'? , (14.203)

using (14.202) in the second line. Since EQ = 1, the Cauchy-Schwarz inequal-
ity implies

B” = (EA'(Y)Q)* < E(A'(Y)’Q)

so that
B" > E(A"(Y)Q) (14.204)

and this proves (14.198). Finally, proceeding as in (14.202) we have
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0B 1
— = —FE(gA'(Y
5o = F/EEA()Q)

and integration by parts yields

0B _ 1 " m / 2
Do §E(A (Y)Q) + 5 EA'(Y)"Q) .
Combining with (14.203) proves (14.199). O

Having gained some understanding for one operator T, ., we now consider
m’ < m, a fixed number a > 0 and we study the operator Ty, q—y © Tin -
The reason for this formulation is that we try to understand what happens
when we “distribute a quantity a between the exponents m and m’”, giving
a share a —v to m’ and v to m. This occurs naturally in the way X, depends
on ¢, for a given r, since this dependence is through the product

Tmrfhfl(‘b‘)*g/(‘h'fl) o Tmr,ﬁ'(QrJrl)*g’(qT)

and this is of the type T, .a—v°Tm,. v for a = &' (¢r4+1) —€'(gr—1), a quantity
that does not depend on g,. (Thus, the dependence on ¢, is only through
0= &) - €(ar).)

Considering a new standard Gaussian r.v. ¢’, we note the formula (recall-
ing (14.196))

1
C(x,v,m) =T a0 © Tinw(A)(z) = — logEexpm/B(z + g'vVa — v,v,m) .
m
(14.205)
This notation does not indicate the value of m/, that we think as fixed once
and for all. We also think of a as fixed once and for all.

We write
Z=z+¢Va—v

and
R =expm/(B(Z,v,m) — C(x,v,m)) . (14.206)

Lemma 14.7.3. We have

oC 1 / /
%(az,v,m) = §(m —m/)E(B'(Z,v,m)*R) . (14.207)

Proof. We differentiate (14.205), keeping in mind that there are two sources
of dependence on v, to get

oC
—=1+4+1I
ov +

where
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0B
I=E (%(Z7U,m)R>
1
I=-———E(BZ

1
= —SE((B"(Zv,m) + m' B (Z,v,m")R) ,

using integration by parts and keeping in mind the dependence of R on g¢'.
We conclude with (14.199). O

We write 9
Ax,v) = —C(m,um)‘ . (14.208)

om m=m/'
Since we think of m’ as fixed, we write B(x,v) for B(z,v,m’) (etc.), and since
we consider the case m = m’ we still denote by R the expression (14.206)
when m = m/.

Lemma 14.7.4. We have
0A 1

v= _ - / 2
50 (z,v) 2E(B (Z,v)°R) (14.209)
gE(B’(Z,uFR) = —E(B"(Z,v)’R) <0, (14.210)
v
and therefore
9?A 1_, ., 5
Proof. To prove (14.209) we simply use the fact that
0A o [oC
20 Y= g (%@“’m)) .

together with (14.207). To prove (14.210) for simplicity we write B = B(Z,v),
B' = B'(Z,v) (etc.) and we denote by C' the quantity (14.205), so that
R =expm/(B — C). The dependence of B and B’ on v has two sources, the
dependence through v as the second variable and the dependence through
Z = x+g’/a — v. Thus, writing separately the contributions of these depen-
dences to the derivatives, we get

a 12 _ a 12 / _
5’UE(B R) = 5’UE(B expm/(B—C))=1I+1V (14.212)
!/
m=t( (2225 w5228 \r
ov Ov
_ 1 / ! ' R/3 / o
IV = 2\/HE(9 (2B'B" + m'B"*)expm/(B — C)) .
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By (14.199) used for m/ rather than m, and since B = B(Z,v) = B(Z,v,m'),

we have 8B 1 ,
= _-B" EBQ
v 2 + 2 ’
and differentiating this relation in = we get
oB" 1
2 _ -BB) 'B'B" .
v 2 tm
Consequently, we have
1 ml2
II=E((B®B +2m'B?B" + 5m’B’2B” + 73'4 R).
Integrating by parts in IV yields
1
IV = —§E((2B”2 +2B'B® +3m/B"B'? + (2B'B" + m/B"*)m/ B')R) ,

and the terms nicely cancel out in (14.212) to yield (14.210). As for (14.211)
it follows by combining the other two relations. O

Of course one might (and probably should) feel that formula (14.210) is a
kind of miracle. This is the first of several such miracles, each of which greatly
contributes to make the proof of the Parisi formula possible. Probably this
simply reflects the fact that one has not yet found the correct way to look at
these objects.

We investigate now how X, depends on ¢, for 1 < r < k + 1. Consider
the function A,1; defined through (14.190), so that from (14.194) we have

AT(IE) = Tmr,ﬁ/(qT+1)—§’(qT)(AT’—I-l)(x) (14213)
A,-_l(a:) = Tmrr»71ﬁ’(qy»)*f’(qrfﬂ(AT)(I) . (14214)

Let us consider the quantity A,(z) for p < r — 1. It depends on ¢,. We
differentiate (14.190) to obtain for p < r — 2 the recursion formula

0 0
%Ap@w =E (%Apﬁtl(x + zp) expmy(Apt1 (@ + 2p) — Ap(x))>
(14.215)
For 0 < p <r — 2 let us define
G=h+ > zn, (14.216)

0<n<p

so that (o = h and X, = A,((p) by (14.191). By iterative use of (14.215) we
then obtain

0 0 0
8qr XO = aiqrEAl(h, + ZO) - E (Wl e Wr_2aqrAr_1(CT_1)> 5 (14217)
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where

Wy = expmyp(Api1(Cp1) — Ap(Gp)) = expmp(Xpy1 — Xp) (14.218)
When r =1 or r = 2 this means simply that

0 0
g, 0~ F (T%AT‘l(CT‘l)> |

To compute 0A,_1(x)/0q, we use the formula (14.207) when A = A,;q,
a= fl(qurl) - El(qr71)7 V= g(Qr«H) - gl(qT)a m' =m,_1, m = m,. Thus
AT(IE) = B(xagl(anLl) - fl(q’l“)) mr)
Ara(z) = C(2,8(gr) — € (gr-1),mp-1) -

Since gy/a — v has the same distribution as z,_1, formula (14.207) implies
that

0

1
a—qrAT,l(x) = —55”(qT)(mr —My_1) (14.219)

x E(AL(z + 2 1) expm,_1(Ap(z + 20_1) — Ay () .
Substitution of this formula in (14.217) yields

0
dq

Xo = 7%8,(%“)(7”7" - mr—l)E(Wl T Wr—lA;(Cr)z) )

the extra term W,_; above compared to (14.217) arises from the term
expmy—1(Ar(x + 2,-1) — Ar_1(2)) in (14.219). Finally, recalling (14.89) we
get, since 0'(q) = ¢¢"(q)

5o Palimea) = 5 (= me)E" (0 BV Wot 4G ) + ).
(14.220)

Proposition 14.7.5. Assume (14.103) and (14.104), and consider the quan-
tities A, (., and W, defined just above in (14.213), (14.214), (14.216) and
(14.218). Then if we cannot decrease Py (m,q) by changing q, we have

O=qp<qa<...<q<qpp <1 (14221)
and (forr=1,...,k+1)
¢ =EW,---W,_1AL()?) . (14.222)

Proof. When ¢,_1 < ¢» < ¢,1+1 we must have 9P, (m, q)/dq, = 0 and then
(14.220) implies (14.222), since m,. # m,_1 by (14.103) and £”(g,) # 0. This
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condition g,—1 < g < gp41 is true for r # 1 and r # k + 1, since (14.104)
states that

GW=0<qg <@<...<ggt1 <1=qpya.

When r = 1, we need to show we cannot have ¢; = 0. This is because (14.220)
shows that 0Px(m,q)/0¢q1 < 0 for every ¢; small enough. When r = k + 1,
we need to show that we cannot have q;41 = 1. First, since

;c+2 (z) = tha

and |thz| < 1, computation of A/ as usual through (14.190) shows that
|A! (z)| < 1 and since E(W7 -+ W,._1) = 1 we have E(Wy - W,_1AL(()?) <
1 and (14.220) shows that 0Py (m,q)/0qk+1]g, .1 =1 > 0. O

How will we use the fact that Pr(m,q) is close to P(§,h)? Simply by
writing that we cannot decrease much Pj(m,q) by “adding one level of
replica-symmetry breaking”. To add a level of replica-symmetry breaking,
we consider ¢,_1 < u < ¢, and m,_1 < m < m,.. Consider the lists

O=mp<mi<...<mp_1<m<m, <...<mp <mpp1 =1 (14.223)

O=qp<qa<..<g¢ga<ulg¢g<.. <@gy <g2=1, (14.224)

and the corresponding sequences m(m) = (my,...,Mp_1, M, My, ..., M)
and q(u) = (q1, -+, Gr—1,Uy qry - - -, qkt1). We define

b(m,u) = Prs1(m(m),q(u)) . (14.225)

In words, we split the interval [g,._1,¢.[ into two intervals [g,_1,u[ and
[u, ¢,-[. To the interval [g,_1, u[ we attach the parameter m,_1. To the interval
[u, g we attach the parameter m.

We note right away that by definition of P(&, h) we have

®(m,u) > P h), (14.226)

and that
®(m, q,) = Pr(m,q) , (14.227)

since when u = ¢, the interval [u, ¢,[ is empty.

Lemma 14.7.6. Assume (14.105) and (14.106). Then for my_; < m < m,
and q-—1 < u < g we have

S(m,u) > P(my_1,u) — €. (14.228)
Moreover for q.—1 < u < g, we have

D(my,u) > P(my_1,u) . (14.229)
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Proof. We have &(m,_1,u) = Pr(m,q) because when m = m,_; the
parameter m,_; is attached to both the intervals [¢._1,u[ and [u, ¢,[ and we
can merge them. (A formal proof of this fact is given in (14.237) below.) Thus,
using (14.226) in the first inequality and (14.105) in the second inequality,
we get

@(ma u) Z ,P(ga h) Z Pk(m,Q) —&= @(mr—lau) — €.

Moreover, when m = m,., the parameter m, is attached to both the inter-
vals [u,qr[ and [gr, ¢r4+1[, and we can merge these to see that &(m,,u) =
Prr1(m(m,.),q(u)) = Pr(m’,q') for certain sequences m’ and q'. But
(14.106) implies

Pr(m’,q’) > Pr(m,q) = D(m,_1,u) . O

A basic idea is that we will get considerable information from the fact
that we cannot violate condition (14.228) by slightly increasing m starting
from the value m,._1. Therefore the function

flu) = ;@(m,u) (14.230)

m=my_1

will play a important role. Of course, before we can implement this basic
idea, we must learn how to calculate @(m, u).

To compute Pj41(m(m),q(u)) the difficult part is to understand what
happens to the term X, when we split the interval [g,_1, ¢-[. We are going
to construct first functions (Cp)p<r+3 that, after this interval has been split,
play the réle that the functions (A,),<k+2 (defined before through (14.190))
play before this interval [g,_1, ¢, [ has been split. For p < r these functions
also depend on m and a parameter v. For p > r we have Cpy1 = Ay, so in
particular C,; = A,. We define a = £'(¢,-) — &'(gr—1),

Cr(z,v,m) = Ty o (Crg1)(2) = Do (Ar) (2) (14.231)
Cr1(z,v,m) = T a—o(Cr(-,0,m)) () . (14.232)
These two different operations reflect what happens on the interval [g,_1, g, ],

that is now split in two different intervals. Let us note that by Lemma 14.7.1

we have
Cro1(z,v,mpe1) = Apq(2) . (14.233)

For p < r — 2 we define
1
Cp(x,v,m) = — log Eexpm,Cpt1(z + 2p,v,m) , (14.234)
Mp

and we set
S(v,m) = ECy(h + 20,v,m) . (14.235)
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If we compare with (14.192) we see that when v = £'(q,) — £'(u), this is the
value corresponding to X, when we have replaced m and q by m(m) and
q(u) respectively. Therefore by definition of Pj41 we get

P(m, u) = Pri1(m(m), q(u)) (14.236)

= 10g2 + S(fl((h’) - gl(u)a m)
L S mBlgpen) — 0(a) + S — m)(B(g,) — ).

0<p<k+1

The last term occurs since we have replaced m,._1 by m on the interval [u, g.[.
Let us observe that when m = m,._1, by (14.233), for any value of v and
each 1 <p <r—1 we have Cp(z,v,m,_1) = Ap(z) and therefore

S(U, mr_1) = X() 5 (14.237)

so that
¢(mr717 u) = Pk(ma q) .

Let us define

U =2— . 14.238
=2, 0m| (14.235)
This quantity will also play a important role. Recalling the definition (14.230),
we note that (14.238) and (14.236) imply

() = SULE (@) — € () ~ 5 (0(ar) — 0(u) (14.239)

We note that since S(0,m) does not depend on m we have U(0) = 0. The
next step is to compute the derivatives of U(v). For simplicity of notation let
us write

Ar_q1(z,v) = Cr_1(z,v,m)

m=msy_1

am

We recall that when m = m,_; we have Cp, = A, for p < r—1. Therefore,
recalling the quantities W), of (14.218), differentiation of the relation (14.235)
and recursive differentiation of the relations (14.234) yields as usual (e.g. as
in (14.217)) the relation

U(’U) == 2E(W1 s ergﬂrfl(cr, U)) . (14240)

The function A,_;(z,v) is the function A(z,v) given by (14.208) in the
case m' = m,_1 and A = A,. In that case, keeping in mind that

Cr(xz,v,m) = B(z,v,m) ,

formula (14.209) means
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8%:)_1 (z,v) = %E(C’;(Z, v,mp—1)? expmy—1(Cr(Z,v,mp—1) — Ap_1(x))
(14.241)
where
Z=z+gVa-v=x+gE @) —&(g-1)—v.
Let us set
Gr(v) =G+ g'Va—v
and

erl(v) = exp mT,1(C,«(CT(v),U,mT,1) - Arfl(Crfl)) .

Since the quantity Wi ---W,_5 does not depend on v, we deduce from
(14.240) that

U'(v) = 2E (W1 . WT_Q%(Q_WO , (14.242)

and using (14.241) with x = (1 yields
U'(v) = E(Wy - Wy_aWo_1 (0)CL(Cr (v), 0, mp—1)?) (14.243)
When r =1 this means that
U'(v) = E(CL(¢ (), v,mpe_1)?) . (14.244)

Then since m,_1 = mg = 0 we also have C.(x,v,m,_1) = EA,.(x+74/v) and
therefore

Cl(w,v,me1) = EAL(z + 9v/0) = EA} (2 + 9v/) . (14.245)

When v = 0 we have C,(z,0,m,_1) = Tpno(A4)(z) = Aq(x) so that
Cl(x,0,m,—1) = A.(z), and since and (in distribution) (-(0) = h +
Y ner Zn = G we deduce from (14.243) that

U'(0) = E(Wy -+ Wy 1 AL(G)?) (14.246)

We now repeat the previous work for second derivatives. From (14.211),
as in (14.241) we get
0?A, 1
ov?

Differentiating (14.242) and combining with the above for x = {,_; we get
as in (14.243)

(r,v) = —%E(C;’(Z, v,my—1)? expm,_1(Cr(Z,v,m,—1)—A,_1(2))).

U"(v) = —E(Wy -+ Wyr oW, 1 (0)C) (G (v), v,mr1)?) (14.247)
and in particular, as in (14.246),

U"(0) = —E(W; --- W,_1 AZ(¢)?) . (14.248)



406 14. The Parisi Formula

Proposition 14.7.7. Under (14.106), for v < &' (q,) — &' (g—1) we have
U (v) <0. (14.249)
Proof. Obvious from (14.247). O

The expression (14.246) coincides with the expression (14.222). We have
proved the following.

Proposition 14.7.8. Under (14.106) we have
U'(0) = q, . (14.250)

We now have gathered important information about the function f of
(14.230).

Proposition 14.7.9. If k,q, m satisfy condition MIN(g), we have
flar)=f(a)=0; r>2= f(g-—1)=0. (14.251)

Proof. For u = g, the quantity @(m,u) does not depend on m so that
f(gr) = 0. By (14.239) we have

1
7w = - W (e ) — € w) —w) (14.252)
since 0’ (u) = u&”(u), and so f'(g.) = 0 by (14.250). Let us now assume that
r > 2. When u = ¢,_1, to compute Piy1(m(m),q(u)) we may ignore the
empty interval [g._1, u[, that is we may remove u from the sequence q(u) and
we may remove m,_; from the sequence m, and then Pyy1(m(m),q(u)) =
Pr(m*(m), q) where the sequence m*(m) is obtained from the sequence m by
replacing the value m,._; by m. Therefore we have f(g,.—1) = 0, for otherwise
we could decrease Py (m, q) by a small variation of m,_; > 0. O

Proposition 14.7.10. For a number M depending on & and h only, we have

2
<, ]Mm,u)

53 <M. (14.253)

15,2
’ om (m,u)

The essential point is that the number M does not depend on k. The proof
relies on the following result.

Lemma 14.7.11. There exists a number L with the following property. Con-
sider a r.v. Y and for 0 < m <1 define

1
c¢(m) = —logEexpmY .
m
Then

|/(m)| < LEexp L|Y| (14.254)
|¢"(m)| < LEexp L|Y] . (14.255)



14.7 Operators 407

Proof. This is elementary calculus, and it should be possible to find a more
elegant proof than the rather repulsive argument we give. Let us first define

expmY
= = — = Y —
W =W(m) Eoxpmy exp m( c(m))

so that EW = 1. We claim that
EW —1)* < Lm?Eexp L|Y] . (14.256)

To see this we use that |e® — 1| < |z]el*! and hence (e* — 1)* < 2*e*l*! for
x=m(Y —¢(m)) to get

E(W —1)* <m*E((Y — ¢(m))* expdm|Y — c(m)]) . (14.257)
We now use rough bounds to control the last term, such as
(Y —c(m)* < (JY]+le(m)))* < expa(]Y]+ c(m))
because z < e® for x > 0; and moreover
exp4dm|Y — ¢(m)| < exp4(|Y] + |e(m)])
so that

E((Y = c(m))* exp4(]Y| + |e(m)]) < Eexp8(|Y| + |e(m)])
= exp 8|c(m)|Eexp8|Y] .

Now Hoélder’s inequality yields
1
c¢(m) < —logEexpml|Y| <logEexpl|Y],
m
and, Jensen’s inequality used for the convex function exp implies

log Eexp(—m|Y]) > — logexp(—mE|Y|)) = —E|Y],

3=
3~

c(m) 2
so that
|e(m)] < max(E|Y|,logEexp|Y|) =logEexp|Y]

and
exp 8lc(m)| < (Eexp |Y])® < Eexp8|Y].

Finally, (Eexp8|Y|)? < Eexp16|Y|, and this proves (14.256). By Holder’s
inequality we obtain that for 1 < p <4

E[W — 1P < LmPEexp L|Y| . (14.258)

We compute
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1 1 EY expmY
'(m) = —— log E Y 4 — -2 expmb
¢'(m) m2 OB EePm + m EexpmY

1
= W(—mc(m) +mEYW)
1 1
= WE(m(Y —c(m))W) = WEW logW . (14.259)
Next, we have
W—-1<WlogW < L(W —1)? (14.260)

and since EW = 1, taking expectation shows that
/ L 2

and (14.258) proves (14.254). The proof of (14.255) is similar but requires
more tedious computation. To compute ¢”’(m), we first use the definition of
W =W (m) and (14.259) to get

W' (m) = (Y —c¢(m))expm(Y — c(m)) — mc'(m) expm(Y — c(m))
=Y —c(m))W — %WE(Wlog W)
= %Wlog W — %WE(Wlog W)
and therefore

d
— (Wloe W) =
dm (Wlog W)

so that, since EW =1,

L (L +1logW)(W logW — WE(W logW))) ,

m

d
%EW logW = —(EW log> W — (EW log W)?) ,

1
m
and thus, using (14.259),

' (m) = %(—QEW log W + EW log? W — (EW log W)?) .

We consider the function ¢ (z) = —2zlogz + zlog®z + 2(z — 1), so that
Y (z) = log? x and (1) = ¢’(1) = 4" (1) = 0 and therefore

lyp(x)] < Llz — 1%, (14.261)

since this is true when x is either < 1/2 or > 2.
By (14.260) and (14.258) we have (EW logW)? < Lm®*exp L|Y| and we
conclude the proof of (14.255) by using that (14.261) implies

| = 2Wlog W + Wlog? W + 2(W — 1)| < LW — 1
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so that

| — 2EW log W + EW log® W| = |[E(=2W log W + W log® W + 2(W — 1))|
< E|—2Wlog W + Wlog> W + 2(W — 1)|
< LE|W - 1|3 )

and we conclude with (14.258). O
Proof of Proposition 14.7.10. We recall that

®(m, u) = Pry1(m(m),q(u)) .

Thinking of m(m) as a sequence (m1, ..., mj ) it suffices to prove that the
first two derivatives of the quantity Py (m, q) with respect to m, (where r is
any number 1 < r < k) are bounded by a number M depending only on ¢
and h (and then to change k into k + 1). This allows for simpler notation.
We consider as usual the Gaussian variables z, with Ez2 = &'(gp4+1) — €' (qp)
for 0 < p <k + 1, the function Ap42(z) = logchz, and we define recursively
forp>r+1
1
Ap(z) = — logEexpmyApi1(z+ 2,) .
My
We notice that (recursively) A,(x) > 0. To insist on the dependence on m,,
we write 1
Ar(xa mr) = E log E exp mrAr-‘rl(‘T + Zr) s
T

and for p < r we define

Ap(z,m,) = mi log EexpmpApi(z+ 2p,my) .
P

so that again A,(xz,m,) > 0. When r = 1 Proposition 14.7.10 is a direct
consequence of Lemma 14.7.11. When r > 1, we consider for a € N*("—1)
random weights (v, ) forming a Poisson-Dirichlet cascade associated with the
sequence my, ..., m,_1. We denote by z, ;. j, independent copies of the
r.v.s zp; and for p <r —1 we set zp o = 2pj,,....5, When a = (j1,...,jr—1).
We set y, = Zlgpgr Zp.o- It follows from Theorem 14.2.1 that

Al(xvmr) = Elogzva €Xp A'r(x + youm'r') )

(o3

and consequently

EAl(h + 20, mr) = Elog Z'Uoz exp Ar(Cav mr) ) (14262)

where (, = h + 20 + Y- To control the derivatives of Py(m,q) with respect
to m,., it suffices to control the derivatives of a(m,.) := EA;(h + 29, m,) with
respect to m,.. The first derivative is
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Za Vagm Bm, (ch mr) exp A, (Caa mr)
Za Vo €XP A, (Cou mr)

Since A, > 0 as we already observed, using independence in the second line
and that ) Ev, =1 in the third line we obtain

"(m,)] < EZva
<ZEva

a'(m,)=E

Com mr) €xXp AT(COM mr)

my)| exp Ay (o, M)

aA 2 1/2
< m3X<E <6mr(cmmr)) ) (Eexp 24, (Ca,my)) /2 .

It follows from (14.254) that, denoting E, expectation in z,. only,

(Cou mr)

‘ OA, < LE.expLA,1(Ca + 2r) ,

om,

so that

DA, 2
€ (o (o)) < LEE-exp LA, (G + 50)?
< LEexp2LA,1(Co + 2r) - (14.263)

Now, by iteration of (14.197) if g is a standard normal r.v. we have

exp Ary1(z) < Ech(z + gv/€'(1) — €' (gr11)) ,
and therefore
Eexp2LA,1(Co + 2) < Ech(h 4 g/€'(1))* < M .

We proceed in the same way to bound Eexp 2A4,.(¢,, m,). The proof for the
second derivative is entirely similar, using now (14.255). O

Exercise 14.7.12. Find a proof that does not use Theorem 14.2.1.

In the remainder of this chapter, we denote by M a number depending
only on ¢ and h, that need not be the same at each occurrence. Of course,
M, etc. denote a specific number.

Proposition 14.7.13. The function f(u) of (14.2530) satisfies

flu) > —Myz . (14.264)
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Proof. Proposition 14.7.10 implies

SMla

(m,u)

R
om?

so that by Taylor’s formula and since f(u) = 0&(m, ¢)/0m|m=m,._,, whenever
my—1 <m < m, we have

D(m,u) < B(my_1,u) + (m —mp_1)f(u) + My(m —m,_1)?.  (14.265)
Combining with (14.229) yields
(my —mp_1) f(u) + My (my —m,_1)*> >0, (14.266)
and combining with (14.228) we obtain
(m —mp_1)f(u) + Mi(m —m,_1)* > —¢. (14.267)
It follows from (14.266) that
—f(u) < My(mp —my_q) .

Without loss of generality we may assume that f(u) <0, and thus

f(u)
1< m:=my_1 — <m,.
M1 S =My = e < m
Using (14.267) for this value of m yields that — f(u)?/4M; > —e. O

Lemma 14.7.14. We have |f®) (u)| < M.
Proof. Using (14.239) it suffices to show that
U (v)| < M. (14.268)

Using (14.240) and since E(W7 - -- W,._5) = 1, it suffices to show that

’83AT_1

03 (m)’ <M, (14.269)

which should be obvious. O

Lemma 14.7.15. When h # 0, there exists a constant M depending on h
and & only such that

1
Q= W (14.270)
Before we prove this, we gather some properties of the functions A,. Some
of these properties will be used only later. It is (14.274) which will be used
to prove Lemma 14.7.15.
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Lemma 14.7.16. We have

Ap(x) = Ap(—x) 5 |A(z) <15 0 < AJ(z) < 1 (14.271)

AP <4 (14.272)

Ayir(2) < Ap(@) < Apia(@) + € (aps) — €(ay) (14.273)
" 1

AY(a) 2 (14.274)

where M depends on & only.

Proof. We use Theorem 14.2.1 to obtain a representation

Ap(z) = Elog Z vach(z + 24)

where (vqo) are certain weights and (z,) are symmetric r.v.s. Then A,(x) =
Ap(—x) and

A () = Ea tesh(@+ 20) (14.275)
P Yo Vach(z + z4)
Now h h
Yo Vash(@ +za)| _ Fgvalsh(etza)| (14.276)
Yo Vach(z + 24) 2o Vach(z + 2a)

since [shz| < chx. In particular (14.275) shows that |A](z)| < 1. We differ-
entiate (14.275) to obtain

2
Yo Vash(z + za)>

Ap(fE) =1- E(Za Uach(l‘ + Zoc)

and combining with (14.276) this proves (14.271). Furthermore we have

3
(3) () — _of [ 2=aVash(@ + 2a) S vash(z + z4)
AP (z) = 2E<zavach(a:+za)>+2E<Zavach(x+za)> :

and this proves (14.272). To prove (14.273) we think of A,+1 and g¢,41 as
fixed. Then (14.190) “defines A, as a function G(z,qp)”. More specifically,
consider the function B(z,v,mp) of (14.196) in the case A = A1, and for
y < gpy1 define

G(l‘,y) = B(:C’gl(%?-‘rl) - El(y)vmp) ’ (14277)

so that
0G )08 0C_08 PG _ o
oy Yov’ 8z 9z’ 8:2 " 922

Consequently (14.199) implies
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%(m,y) =—¢"(y) (%(37?(%3/) + % <g—f(ﬂc,y)> ) . (14.278)

Now, when ¢, = y we have G(x,y) = A,(z) so that (14.271) entails

oG
_ et < = < 0 .
) =5, @y) <
Finally we observe that G(z, ¢p+1) = Apy1(z) and that G(z, ¢,) = Ay(x), so

that w1 90
Apir () — Ap(x) = / G @)

ap

and this proves (14.273).
To prove (14.274) we show by decreasing induction over p that

exp(-2(£(1) - §'(4)

ch?x

Al(z) > (14.279)

For the induction from p + 1 to p, we use (14.277), recalling that A,(x) =
G(z,gp) and (14.204) to get

Ag(ﬂf) > E(AZH(% + Zp) exp mp(Ap-&-l(x + Zp) - Ap(x)))
so that, by the induction hypothesis,

1

T expmy(Apy1(z + 2p) — Ap(ac))) . (14.280)

Al (x) > ap B (

where
apy1 = exp(=2(¢'(1) = ' (gpr1)) -
Now, since (logchz)” <1,

2

log ch(z + y) < logchz + ythax + % ,
and thus L
exp(—2y thz — y?) . (14.281)

>
ch®(z +y) ~ ch’z

Since Api1(z+2,) > Apy1(z) + 25 A} 1 () by convexity, we deduce from
(14.280) and (14.281) that if ¢ = m, A} (x) — 2tha,

Al(z) > % expmy(Api1 () — Ap(z)Eexp(ez, —22) . (14.282)

Moreover, using (A.6) in the first inequality and that 1 +z < e® in the
second inequality, we get
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Eexp(czp - ZZ) > > eXP(_EZ;%) = eXP(—(fl(%—H) - f/(%))) .

1
T 14 2E22

Combining with (14.282) we deduce from (14.273) that

Ay(@) > — g exp(=2(€ (@) ~ €1(6y))

and this completes the proof of (14.279). O

Proof of Lemma 14.7.15. First, since Ag(z) = Ao(—z) we have Aj(0) = 0.
It then follows from (14.274) that |Aj(x)| > |th(z)|/M. Now (14.222) implies

q1 = EAY(C)? = EA (b + 20)? .

Denoting by Eg integration in zp only (but not in h) Jensen’s inequality
implies

1
q1 > E(EgA} (h + 2))? = EA{(h)? > E(thh)? > v O
Proposition 14.7.17. Assume that h # 0. Then we have
1
— (@) = 5€"(¢:)(—€" (@)U (0) = 1) < M0, (14.283)

2
Proof. The expression for f”(g,) is straightforward from (14.252), since
U’(0) = ¢. From (14.251) and Lemma 14.7.14, Taylor’s formula yields

f(u) < s(u—g¢.)°f"(qr) + Mlu — g, * . (14.284)

DN | =

Assume first
q:=4qr — 51/6 > Qr—1 - (14285)

Using (14.284) and that f(q) > —M+/e (by (14.264)) yields

1
~My/e < 551/3f//(q’l“) + My,

and this finishes the proof in that case. Assume now that (14.285) fails. Then,
since go = 0 (and provided that ¢ is small enough), Lemma 14.7.15 implies
that » > 2. Then f(g,—1) = 0 by (14.251), and the right-hand side of (14.284)
is > 0 for u = ¢,_1 and thus

—f"(qr) <2M(gr — gr—1) ,

and proof is finished since ¢, — ¢,_1 < £'/% because (14.285) fails. O
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14.8 Main Estimate: Methodology

In this section we describe in more detail how we shall prove Theorem 14.5.7,
therefore completing the proof of the Parisi Formula. From this point to the
end of Section 14.10 we assume that h # 0. We consider k, m, q that satisfy
the condition MIN(e) of Definition 14.5.3. That is, q and m are as in (14.104)
and (14.103) respectively,

O<m <...<my <1 (14.286)
O=q¢<qa<g<..<qg<q+1<1=qre2, (14.287)

we assume that Pr(m,q) cannot be decreased by a change of m or q, and
that Pr(m,q) < P(£,h) + . We intend to prove that if ¢ < tg and if € is
small enough then for each 1 < r <k + 1 we have

_ 32
W, (t,u) < 20(t) — % : (14.288)
where K does not depend on ¢, u or r. Since we think of r as fixed once and
for all, we will omit the subscript r.

All the bounds we will obtain for ¥ (¢, ) will rely on Proposition 14.6.3.

We will choose the sequence ny,...,n, as in (14.159), i.e.
nongnlgngg...gnm_lSnﬁzl, (14.289)

and the pairs (Z,, Z2) in a way that (14.165) holds, i.e.

W(t,u) = SEGy — (1= )(€(1) ~ € (gksn)) (14.290)

Therefore the right-hand side of (14.162) will provide a bound for ¥(¢,u). A
detailed study of this bound will yield (14.288).

Our first concern is to ensure (14.290). There is a canonical method to
ensure this equality, and we describe it now. When Z; = Zg = 0, it fol-
lows from (14.161) that G, = G,11. “Nothing happens for that p”. Suppose
that we can remove from the list nyg, ..., n, some terms for which “nothing
happens” and then get exactly the list

mi

mey—1
77... —_

0,m] =
7m1 2

Sy = My oy My, = My, My = 1.
(14.291)
Suppose moreover that for 0 < p < k + 1 the p'"-term of that list oc-

curs as a term ng(,) of the list (14.289) in such a way that (Z;(p)7 Zg(p)) =
(

(V1 —tz),/1—tz2), where the pairs (2, 22)1<p<k+1 are as follows:

0<p<k+l = EG?=E(2)P=(ge)-g)  (14.292)
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p<r = zzl) = zi ;o p>r = 211, and zg are independent .  (14.293)

(The difference with (14.96) and (14.97) is that now p goes up to k+1 rather
than k.) We claim that then (14.290) holds. This is because to compute G we
need to “take only in account the values of n, for which something happens”.
That is, starting with

Ghyo = log Z exp <\/ZHN(0’1) —VtHy(o?)

R1,2:u
+ > > of (hi +VI=t Y zf,p)> . (14.204)
£=1,2i<N 0<p<k+1
we define recursively for 1 <p <k +1
* 1 * Yk
G,= m_;; log B, expm, G, , (14.295)

where E, denotes expectation in the r.v.s zf for n > p. Then G; = Gj.
Moreover since mS, , = 1, and since E(zf,1)* = & (qr42) — & (qrs1) = €' (1) —
& (qrs1) and Bz}, 27, = 0 we have

Gy = (1 =1)(€ (1) — & (qr+1))

+log Y exp <_\/iHN(Ul) — VtHy(o?)

R1,2=u

+ D Z"f<hi+\/ﬁ > ZZ,,)) : (14.296)

0=1,2i<N 0<p<k

and recalling the definition (14.98) of Jy1(u) this means

Gryr = (L= 1)(€'(1) = &' (grs1)) + Josa (u) -

Since the recursions (14.99) and (14.295) are identical, for each 1 < p <
k 4+ 1 we have
Gy = (1=t)(€'(1) = &' (qrr1)) + Jp(u) -
Taking p = 1 and expectation, this proves (14.290) since ¥(¢,u) = EJ;(u)
and EG] = EG;.
We will call this situation the canonical situation. Thus we have shown

that equality (14.290) occurs whenever the canonical situation occurs. The
right-hand side of (14.162) then provides the following bound for ¥ (¢, u):

B(tu) < 2102 + Yo — Xu— (1 D(E(1) — & geen) (14.297)
(2 Ol =00+ X npOlopen) ~ 8000 )

p<T T<p<k
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Besides the sequence (14.289) this bounds depends on A and on the se-
quence (14.155). Let us denote by ¥*(¢,u) the infimum of the right-hand
side of (14.297) over all choices of these parameters for which the canonical
situation occurs. Then

U(t,u) <¥*(t,u), (14.298)

and ¥*(t,u) does not depend on N. Also, given any choice of parameters,
the right-hand side of (14.297) is a continuous function of ¢ and u. Therefore,
U*(t,u) is an upper semi-continuous function of ¢ and u. We now completely
forget about ¥ and work only with ¥*. That is, we will prove that

(u— %)2 '

() < 20(0) -

(14.299)

The basic tool is the following obvious consequence of the definition of
U*(t,u). Whenever the canonical situation occurs,

B () < 21og2 + Yo — Au— (1- (1) — € (gern)) (14.300)
(2 Ol = 00+ X npOlonen) - 80001 )

A useful observation is that to prove (14.299), it suffices essentially to
prove this estimate for u close to ¢, and to prove that ¥*(¢,u) < 2(¢) for
u # q-. We will have to distinguish a number of cases. The next proposition
addresses the case where u < g, is close to ¢,.. We remind the reader that M
denotes a quantity depending only on £ and h, that need not be the same at
each occurrence, and that My, My, M* ... denote specific such quantities.

Proposition 14.8.1. There exists My with the following property. Assume
that k, m, q satisfy the condition MIN(g) of Definition 14.5.3, where € is such
that Mye'/6 <1 —+ty. Then

(1 —tg)?

Gr—1 S u< g, Ml(qr_u) <l-ty = !p*(t7u) < 2’(/J(t)— M
1

(u—qT)Z.
(14.301)

We consider the function

() = mf{[¢(y) —&(@)+(@—y»E W5 0 <@,y <1, [w—y| >c} . (14.302)

Since we assume that £”’(z) > 0 for > 0, we have v(c) > 0 for ¢ > 0. In
(14.304) below, the constant M; is the same that as in (14.310).

Proposition 14.8.2. There exists a number M3 with the following property.
Assume that k,m, q satisfy the condition MIN(e) of Definition 14.5.3, where
€ s such that

1—t
Mse'/? < (1 —to)y ( 7 °> . (14.303)
1
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Then for r > 2 we have
gr—1 <u<qg, Mi(gr—u)>1—ty = U(t,u) <2(t). (14.304)

In (14.304), the constant M, is the same that as in (14.310), so that when
r > 2, Propositions 14.8.2 and 14.8.1 together cover all values ¢,—1 < u < g,
The case r = 1 requires a specific argument, and is the object of the next
result, that also covers some of the cases where u < 0.

Proposition 14.8.3. Assume that k,m,q satisfy the condition MIN(g) of
Definition 14.5.3, where M1e'/® <1—ty. Then ifr =1 and lu] < g1 we have

(1 —1t9)?

V(b u) < 2() - S

(u—q)*.

Of course, we also need the results corresponding to Propositions 14.8.1
and 14.8.2 when w is to right of ¢, rather than to the left. These are valid for
each value of 1 <r <k + 1.

Proposition 14.8.4. There exists My such that whenever k, m, q satisfy the
condition MIN () of Definition 14.5.3 where Mye™/® < 1 —tq, then

(1 —tg)?

@ <u< gy, Mi(u—gqp) <1—tg = ¥ (t,u) < 29(t)— i
2

(U_Q7-)2 .
(14.305)

Proposition 14.8.5. There exists a quantity My such that whenever k,m, q
satisfy the condition MIN(g) of Definition 14.5.3 where

1—t
Met? < (1 - to)y ( M4°) , (14.306)

then we have
qr S u S qr+1 Ml(u - QT) Z 1-— tO = !p*(tvu) < 21/)(75) . (14307)
Finally, a last effort is needed to cover the missing cases:

Proposition 14.8.6. Assume thatt > 0, u < ¢.—1 or u > @r+1. Then we
have
U*(t,u) < 29(t) . (14.308)

Proposition 14.8.7. Ift =0 and u # g, then ¥*(t,u) < 2¢¥(t).

Proof of Theorem 14.5.7 (The Main Estimate). The previous results
show that if e is small enough (depending only on &, h and tg) then for
|lu —qr] > (1 —t9)/M; and 0 < t < ¢y we have ¥*(t,u) < 2¢(t). More
specifically, if > 2, this follows from Proposition 14.8.2 if ¢,_1 < u < ¢, and
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Mi(gr —u) > 1 —tp; from Proposition 14.8.5 if ¢, < u < gpy1 , Mi(u—gq,) >
1 — to; from Proposition 14.8.1 if ¢,—1 < u < ¢, and My(qr — u) < 1 — to;
from Proposition 14.8.4 if ¢, < u < ¢p41 and M;(u — ¢.) < 1 —¢p; and from
Propositions 14.8.6 and 14.8.7 in the other cases. If » = 1, one also needs
Proposition 14.8.3 to cover the case |u| < ¢.

Since the set of values of u, t given by |[u—gq,| > (1—t9)/M; and 0 <t < tg
is compact and ¥*(¢,u) is upper semi-continuous, so there exists ¢y > with
U*(t,u) < 29(t) — o for these values of u,¢. On the other hand, we have also
proved that
1- to (u - qr)2

t<ty, lu—gq|< Vi

= W*(ta 'LL) < 2¢(t) -

and if M is large enough this holds for any value of u. O

14.9 Main Estimate: The Critical Cases

In this section we prove Propositions 14.8.1 to 14.8.5. The case of Proposi-
tion 14.8.6 (and of the much easier Proposition 14.8.7) is a bit different and
will be covered in the next section. The title of the section is a bit mislead-
ing. Fach of the Propositions of the preceding section is critical, but somehow
“there is more room in Proposition 14.8.6”.

We chose k = k + 2 and

my mMy—1
710:07 n1:77 cee sy Np1 = 9 y Ny =M,
Nyl = My 5 wvey Mgl = Mpg, Ngao =1, (14.309)

where m is any number m,_1/2 < m < m,.
Let us recall the pairs (z,, z7) as in (14.292) and (14.293) and define

ZtE=0
ZE=V1—tzf | ifr+1<p<k+2. (14.310)

If we remove from the list (14.309) the term n, “for which nothing happens”,
we get the list (14.291). Thus the canonical situation occurs and (14.300)
holds.

In order to prove Proposition 14.8.1 and 14.8.2, we consider ¢,_1 < u < ¢,
and the sequence

p():O, Pr=4q1, .-+ Pr—1=qr-1, Pr=1u,
Pral =Gr, -y Pht2 = Qi1 Pr+3 = Qri2 = 1. (14.311)

We compute the terms n,(0(ppt1) — 6(pp)) as follows.
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0<p<r—1=m(0ppe) = 0py) = - (Oap41) — 0(ay))
neea(80r) = Opr-1)) = =5 (0(w) — 0(qr-1))
e (B(prin) = 6(pr)) = m(B(ar) — ()
Pl <p < k422 ny(B(pper) —0(pp)) = my(6(a;) — ap-1)

so that, collecting the terms in the bound (14.300) with 7 = r gives

V(1) < 2log2 + Yo — hu— (1 (1) — €' (qsn)  (14.312)

(X mOlanen) ~ 60) + = ) Olar) — 00) )

p<k+1

This bound now depends only on w and the parameters m and A. The
basic idea is that (as we shall soon see) the choice m = m,_; and A = 0
witnesses the inequality W*(t,u) < 2¢(¢), so that we can improve on that
inequality by a small variation of either m or .

We think of Yj in (14.312) as a function Yy(A, m, u),

YO = YO()‘7 mau) B

and we recall the definitions (14.235) of S(v, m) and (14.238) of U(v).

Lemma 14.9.1. If m > m,_1 we have

Yo(0,m,u) = 25(v, m) (14.313)
where
v=1t(¢(gr) — & (u)) . (14.314)
Moreover
aYO(A,mr_l,u) . U'(v) . (14.315)

Proof. We recall that y}) = yf) for 0 < p < r and are independent for
r<p<k=k+2, and that E(y})*> = E(y2)* = & (pp+1) — & (pp). Consider
the r.v.s

_ L 0

= \/Zyp +2Z,.

Thus gzlJ = 12, for p < r, while these variables are independent for p > r. Also,

E(gh)? =tE(y})® + E(Z5)?

which we compute now for the various values of p. For r +1 < p < k, and
since then p,11 = ¢, and p, = ¢p—1

E(9,)° = t(€'(gp) — &' (gp-1)) + (1 = )(€'(gp) — €' (@p-1))
=& (qp) — &' (gp-1) - (14.316)
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For p=r,
E(g,)* =v=1(¢(gr) — €' (u)) - (14.317)
Forp=r—-1,
Egr—1)® = t(§'(w) = €' (ar-1)) + (1 = )€ (ar) = €' (1))
=a—v, (14.318)

where a = £'(g,) — &'(¢r—1). And for 0 < p < r — 2 we have

E(g,)° = t(¢'(gp41) = €' (ap)) + (1 = 1)(&'(gp41) — €' (ap)) = € (gp11) — €' (p) -
(14.319)

Recall the sequence (D) p<k+1 of functions constructed through (14.170),
(14.171) and (14.172) with g, = g}, and that the sequence (A,) is constructed
through (14.190). It follows from (14.316) that

Dy = A, (14.320)

forr+1<p<k+1=k+ 3. This is proved by decreasing induction over p.
Continuing the decreasing induction on p we prove that for p < r we have

Dp(l') = Cp(xavam) 1) (14321)

where the functions Cy(x, v, m) are constructed recursively through (14.231)
and (14.232). To see this, for p = r we use (14.231) and (14.317). Forp =r—1
we use (14.232) and (14.318); and for p < r — 2 we use (14.234) and (14.316).
It follows from (14.176) that if Ez2 = ¢'(q1) then

Yo(0,m,u) = 2ED;(h + 29) = 2EC1(h + 29, v,m) .

Comparing with (14.235) proves (14.313).
It remains to prove (14.315). Using (14.177) for 7 = r and using (14.321)
in the second line yields

0

_YO(Aamr—lau) - E(Wl "'W’I‘—ID;(C’I‘)Q)

OA =0

=EWy - W 1CL(Cryv,me—1)?) , (14.322)
where ¢, =h+ 3 o<, <, g, and
Wy = exp 2np(Dp41(Cpr1) — Dp(Cp)) = expmp(Dp41(Cpr1) — Dp(Gp)) -
Now, (14.321), (14.233) and (14.234) prove that for p < r — 1 it holds that
Dp(z) = Cp(x,v,mr—1) = Ap(z) .

On then checks that the terms denoted by W,._; and (. the right-hand-side of
(14.322) coincide respectively with the terms denoted by W,._1(v) and (. (v)
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in the right-hand side of (14.243). Therefore the right-hand sides of (14.322)
and (14.243) coincide, and this finishes the proof. O

As a consequence of (14.313), recalling the expression (14.86) of ¥ (t) and
(14.237), the choice A = 0, m = m,_1 in (14.312) witnesses the inequality
T (t,u) < 20(t).

We now set

a(A) = Yo\, mp_1,u) — Au (14.323)
and 5
B(u) :==a'(0) = —<Yo(A\,myr_1,u) —u, (14.324)
oA =0
so that, using (14.315),
Blu) =U'(t(¢ () — €'(w))) —u, (14.325)
and, by straightforward differentiation,
B'(gr) = —t&"(¢-)U"(0) — 1. (14.326)
Let us note also that (14.250) implies
Blgr) =0. (14.327)

Lemma 14.9.2. There exists M™* with the following property. Assume that
k,m, q satisfy the condition MIN(g) of Definition 14.5.3, where € is such that
M*el/6 <1 — to. Then

, 1—tp
ﬁ(qr)gf 5

Proof. We recall that U”(v) < 0 by (14.249), and that, by (14.240) we have
|U"| < M. Also, (14.283) yields

(14.328)

&"(g:)(—€"(a-)U"(0) = 1) < Me"/6. (14.329)

Now, if £"(¢,)(—=U"(0)) < 1/2, then —t&"(q,)U"(0) < 1/2 since —U"(0) > 0
and (14.326) implies that 5'(¢,) < —1/2 and we are done. So we may assume

€(a)(-U"(0)) 2 5

and since |U”(0)] < M by (14.240), this implies that ¢”(q,) > 1/M’. Conse-
quently (14.329) implies
Mel/6
(g0 (0) ~ 1 < G < MM'EVO = MUV,
so that
—5”(qr)U"(O) <14+ M”El/G
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and, recalling (14.326),
ﬁ/(qT) _ —tf”(qr)U"(O) ~1< to(l +M”€1/6) — 1<t +M”€1/6 1.

Consequently 3'(g,) < —(to — 1)/2 whenever 2M"e'/¢ < 1 — t,. O

Proof of Proposition 14.8.1 We use the bound (14.312) for m = m,_;.
When A\ = 0, this bound is 2¢(¢), and we will show that we may improve it by
a small variation of A. By Lemma 14.6.5, the function a(X) = Yo(A, my—1,u)—
Au of (14.323) satisfies | (A)] < 1, so that

! 2
infa(A) < a(0) - a (20) , (14.330)
and, recalling the definition (14.324) of 5(u),
2
W (t,u) < 20(t) — ﬁ(;) . (14.331)

To bound |3(u)| from below, we may write, since |3”(u)] < M~ and since
B(ar) = 0 by (14.327)

Bu) > (u—q)B (qr) = M~ (u—qr)* > =(qp —u)(1 —to)  (14.332)

|

whenever §(¢,) < —(1 —tg)/2 and ¢, —u < (1 — to)/4M~. Combining with
(14.331) this finishes the proof. O

Without loss of generality we assume
M* < M . (14.333)

Proof of Proposition 14.8.2. We already noticed that the choice m =
my—1 and A = 0 in (14.300) witnesses that ¥*(¢,u) < 2i(¢), and that we can
improve on this inequality by making either a small change of A or m. Since
r > 2 we have m, > m,_; > 0. we may use any value m with m,_;/2 <m <
m,.. In particular we may either increase or decrease m from the value m,._;
(which is not true when r = 1, where we may only increase m). Therefore it
suffices to show that the partial derivatives of the right-hand side of (14.312)
at A = 0 and m = m,._; with respect to A and m cannot be both zero. The
derivative with respect to A was computed in the proof of Proposition 14.8.1.
It is

U (e (ar) — € (a(w)) — u - (14.334)

To compute the derivative with respect to m of the right-hand side of (14.312)
when A = 0 we observe that then Yy = Y5(0,m, u) = 2S(v,m) by (14.313).
Using (14.312) and (14.238), this derivative with respect to m is given by

d:= U (e (g,) - €'(w))) — t0(g,) - O(w)) - (14.335)
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We assume that the quantity (14.334) is 0, and we prove that d # 0 (so that
the partial derivatives with respect to A and m cannot both be zero and the
proof is finished). The function

td(t) = Ut (g) — € (w)) — t(0(gr) — O(u))
is concave because U” < 0 by (14.249), so that
d(1) <d(t)+ (1 —-t)d'(¢t), (14.336)
and
d'(t) = (€' (ar) — & (W)U (t(E (gr) — €' (u))) — (0(gr) — O(u)) .
We assume that the quantity (14.334) is 0, so that
d'(t) = u(¢ (¢) — €' (w) — O(gr) + 0(u) ,

and, replacing 6(z) by its value z&'(z) — £(z), we obtain

d'(t) = &(gr) — &€(u) + (u — q,)€ (qr) -

Since we assume ¢, — u > (1 — tg)/M, the definition of the function ~(c)
of (14.302) implies |d'(t)] > v((1 — to)/M7) and since d’(t) < 0 because ¢ is

convex,
11—t
d(t) < —~ [ —2
(t) < 7( A )

and (14.336) yields

d=d() z dw) - (1= 00 = (- oy (152 ) + )

1—t
> (1—-1 d(1) .
> (=t (152 + a0
Now, using (14.264) and (14.239) we have

d(1) =U( (qr) — €'(w) = (0(gr) — O(u)) = f(u) = —M+/e

and thus

1—t
d>(1-t¢ -M
= (1 —to)y < 7, > Ve,
and the right-hand side is > 0 under (14.303). O

Of course the preceding proof, while simple, is a kind of miracle. Is there
any real reason why both partial derivatives cannot be zero at the same time,
or is it just a strike of luck? Proposition 14.8.2 is absolutely critical, and it
is uncomfortable to prove it using arguments that succeed for mysterious
reasons.
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Propositions 14.8.1 and 14.8.2 are based on the technique “of splitting
the interval [¢,_1, ¢-[ into two intervals [g,_1, u[ and [u, ¢,[ and assigning the
value m,_1 to the interval [g._1,u[ and the value m,_; < m < m, to the
interval [u, g.[”. Similarly we can split the interval [g,, g,+1[ into two intervals
[gr, u[ and [u, gr+1][, assigning the value m,_1; < m < m, to the interval [g,, u[
and the value m,. to the interval [u, g.[. In this manner we obtain the “mirror
images” Propositions 14.8.4 and 14.8.5. The proof of both of them use the
choice (14.310).

In the remainder of this section we prove Proposition 14.8.3, so that now
r = 1. We still use the sequence (14.309), but with m = 0, so this sequence
becomes

ng=0, n1=0, no=my, ..., N1 =mk, N2 =1, (14.337)

and we still use the r.v Z{ defined in (14.310).
Rather than (14.311) we now use the sequence

po=0,p1=lul, p2=q, ..., prt3=1. (14.338)
If n € {—1,1} is such that nu = |u|, recalling (14.156) and (14.157), we now
have
Yo =10 »
and y;,y; are independent for p > 1. We observe that in the case where
u > 0, the construction is simply the case r = 1 and m = 0 of the previous
construction.

In the bound (14.312), the quantity Yp is now a function Yy(A,w), which
we study first.

Lemma 14.9.3. We have

Yo(0,u) = 2X, (14.339)

)
Yo )| =E(Ay(h + g0+ g1)AL(h+ g5 +97)) - (14.340)
A=0

Proof. This relies on the second part of Proposition 14.6.4 used for 7 = 2
and g5 = Vityl + Z5. Since (14.316) holds for p > 2, so does (14.320), and
hence Dy = A;. Now we observe that

Ego +91)* = tE(yo +53)* + E(Z;)?
=t(&'(q1) = €' (lul) + € (lu)) = €'(0)) + A = )¢' (1) = €' (@) ,
and similarly E(g2 + ¢%)? = ¢(q1). Thus (14.179) implies
Y5(0) = EA1(h+ gg +g1) + EAi(h + g5 + g7) = 2Xo .

This proves (14.339) and (14.180) proves (14.340). O
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As a consequence of the expression (14.86) for v (t), when A = 0, the bound
(14.312) witnesses that ¥*(t,u) < 2¢(t) so that if we set

o
Blu) = xVo(Au)|  —u= E(A) (h+g5+91) AL (h+g5+97))—u, (14.341)
A=0

the inequality (14.331) holds true.
Lemma 14.9.4. If 0 < u < g1 we have

B'(u) < B(q) - (14.342)
If —q1 < u <0 we have

B(u) > 3(0) . (14.343)

Proof of Proposition 14.8.3. We recall that for u > 0 the construction is
the same as that of Proposition 14.8.1, so that we can use Lemma 14.9.2 to
obtain that if M*e'/¢ <1 —tg, then

1—to
7 -

Since B(q1) = 0 by (14.327), (14.342) implies that for 0 < u < ¢;

B(q) < —

B 2 5 )

while for —g; < wu <0, (14.343) yields

1—ty 11—t
>
2 1=y

Using (14.331) then concludes the proof. O

B(u) = 5(0) =

(@1 —u).

Lemma 14.9.5. Consider two independent pairs of jointly Gaussian r.v.s
X1, X2, X1 X4, all of variance a, and a standard Gaussian r.v. x. Then

[EA"(h + x1)A'(h 4 x2) — EA"(h + x1)A'(h 4 x5)|
< [Exixz — EX1x5|EA” (h+ xva)® . (14.344)

Proof. We consider the function
¢(s) = E(A'(h + Vexu + V1= sx)A (b + Vexa + V1= sx3))
we compute ¢’(s) (using Lemma 1.3.1) to find
¢'(s) = (Exixa—Exixa)E(A" (h+Vsx1+V1 = sxi) A" (h+Vsxa+V1 — sx2))

and we use the Cauchy-Schwarz inequality to find that |¢’(s)| is bounded by
the right-hand side of (14.344). O
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Proof of Lemma 14.9.4. Let us first assume that u > 0. Setting a = &'(q1)
and v = t(¢'(q1) — &' (u)), when u > 0 we have g} = g3 and

E(90)? = t€'(u) + (1 = ) (@1) =a— v,
while g1 and g7 are independent with
E(91)* = E(91)* = v.

Thus if x, x1, x2 are standard Gaussian r.v.s we get

E(AL(h+ g0+ 91) AL (h + g5 + g7)) (14.345)

= E(A1(h + xva— v+ x1vo)Ai(h+ xVa — v+ x2Vv)) = —P(v)
so that (14.341) implies
Blu) = =0(v) —u=—0(t¢ (q1) — &' (u))) —u. (14.346)

Tt is not difficult to prove using (14.245) that —®(v) = U’(v), so that the
formula (14.346) coincides with the formula (14.325) (as it should, since we
are making the same construction), but this fact is irrelevant to our proof.

We compute &' (v) by differentiating the formula (14.345) and integrating
by parts (or by using Lemma 1.3.1). Tt is straightforward to find

?'(v) = E(A] (h + xvVa — v+ x1vVv)AY (h + xVa — v + x2v/v)) .

The Cauchy-Schwarz inequality (together with the fact that for j = 1,2,
h+ x+v/a — v+ x;+/v has the same distribution as h+ xy/a) implies the magic
fact:

@' (v) < EAY(h + x/a)?* = & (0). (14.347)

Therefore by (14.346)
B (u) =t&" (u)d' (v) — 1 < t&" ()P’ (0) — 1 = ' (q1) - (14.348)

So, we have proved (14.342), and we turn to the proof of (14.343). We assume
now u < 0, so that

B =V +VI—tzh: g =—Vityh + V1 -tz
91 =iyt ; g3 =Vityt,

where y3, 28, y1, y2 are independent Gaussian r.v.s and where
E(yo)? = €'(|ul) ;s E(y1)® = E(y1)? = €' (1) — €' (Jul) 5 E(2)* = &' (an) -

Thus
E(go +91)° =E(g5 +91)* =& (1) ,

while
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E((90 + 91)(g5 + 97)) = (1 = )& (q1) — t€'(Jul) . (14.349)
Consider x1 = g + g1 and x2 = g2 + g7 so that (14.341) implies
B(u) = EAL(h+ x1) AL (h+ x2) —u. (14.350)

Let us also consider x| and x4 defined as x; and x2 but for the value u = 0.
Thus
B(0) = EA|(h+ x1)AL(h+ X5) - (14.351)

Consequently to prove (14.343) it suffices, using (14.350) and (14.351) to
prove that

[EA}(h+ x1) AL (R + x2) — EAY(h+x )AL (R + o) < [ul,  (14.352)
or even, using (14.344), that
[Exixz — EXIXGIEA" (A + xvVa)? < |u] . (14.353)
Now (14.349) implies
Exixe = (1 =)' (q1) — &' (Ju]) 5 Exixs = (1 = )¢ (1) ,

so that

[Exix2 — EXixo| = t€' (Jul) .
Since we assume in (14.101) that £3)(2) > 0 for z > 0, we have " (|u|) <
&"(qm) for |u| < g1, so that &' (|u]) < |u|¢”(¢q1), and therefore

[Exixz — Exixa| < tlul¢(q1) - (14.354)

Also, B'(q1) = t€"(g1)®'(0) — 1 by the last equality of (14.348), so that, since

M*e'/6 < Mye'/® <1 —ty and therefore 3'(q1) < 0 by Lemma 14.9.2 we get
t"(q)®'(0) < 1.

Recalling (14.347) and (14.354) this implies (14.353). O

14.10 Main Estimate: Proof of Proposition 14.8.6

This proposition does not require the work of Section 14.7. We use again the
bound (14.300) with A = 0. We remind the reader that, for this bound to
hold, we must be in the canonical situation as defined in the beginning of
Section 14.8. That is, it is possible to remove from the list (14.289) some
terms for which (Z}, Z?2) is zero and find the sublist
0 * my o My—1
y M= o ey My = o
my =My, ... , Mp=mg, My, =1, (14.355)
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in such a way that if the p™-term of this list occurs as Ng(p) in the list
(14.289), then ( le n) =Wl —tz), V1 —t23).

Our task is to gnd a choice of parameters so that the right-hand side
(14.300) is < 2t(t). Basically our strategy is to (cross our fingers and) make
a simple choice ensuring

2> " 0, (0(ppe1) — 0(pp)) + > 1p(0(ppr1) — 0(pp))

p<T T<p<K

= > mp(0(gps1) — 0(ap)) - (14.356)

p<k+1

Our good luck will be that Yy < 2X(, completing the proof.

A convenient way to achieve (14.356) is to arrange “that the same terms
occur in the left and the right-hand sides”. To make this possible we must first
rework that right-hand side. Let us consider the unique integer 1 < s < k+1
such that

qs—1 < |U" < qs (14357)

and the list

my ms—1
5

Me_1, Mg, ..., Mg, 1. (14.358)

Let us denote these numbers by (m;)0§j§k+2, and let us define the numbers
(Pj)o<j<k+s by

po=0, pi=aq1, ..., Py =0qs—1, P, = |ul, P/s+1:(Js7~-~ ) P;c+3:1~
(14.359)
Thus
> my(0(gpi1) — 60(gp)) (14.360)
p<k+1
= 37 2ml00h) 0+ S m0() — 6(0))) -
1<j<s—1 s<j<k+2

A convenient way to ensure (14.356) is now to arrange that the non-zero terms
occurring in the left-hand side of (14.356) are exactly the terms occurring in
the right-hand side of (14.360).

The list (14.289) we will construct is in a sense the smallest one with the
previous properties; it will turn out then that Yy < 2Xy, proving the result.
The list (14.355) contains k + 2 elements, and the list (14.358) contains k + 3
elements. We merge the two lists, repeating the elements that occur in both
lists and keeping track from which list the element arise. Formally, we obtain
alist 0=ng=mn1 <... <Nogy3 = Noktsa = N, = 1 and two disjoint subsets
I and J of {0, ..., 2k + 4} such that

the numbers (n,),es are the numbers (14.355), (14.361)
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while
the numbers (n,)yecs are the numbers (14.358). (14.362)

Let us recall that we denote by (m})o<j<k+1 the numbers (14.355) and
by (m})o<j<k+2 the numbers (14.358). Thus if p € I, there is a unique 0 <
J < k+ 1 such that n, = m}, while if p € J there is a unique 0 < j <k +2
such that n, = m;». We define Z;; =0for p € J; for p € I, if np, = mj, we
define Zﬁ =+1- tzf . In this manner we ensure that we are in the canonical
situation.

Let us now define the list (pp)o<p<2k+s. Each member of this list is a
member of the list (14.359) and conversely, but some elements of the list
(14.358) occur several times in the list (pp)o<p<or+s. Starting with pg = 0,
we construct the numbers (p,) as follows. If p € I, then p,41 = pp, while, if
p € J, ppy1 is the element of the list (14.359) just right to p,. Equivalently,
if np = m} for some j < k+ 1 and m}, = ny then p, = p} and ps = p/; 4
for p < s < p', whereas if n, = mj_, = 1, then p; = 1 for s > p. The list
(pj)jes is exactly the list (14.359). We denote by

7 the unique integer in J such that p, = |u| = p, , (14.363)

so that
I
Ny =Mg_1 =M, .

We define the pairs of r.v.s (y},y2) as we must, by (14.156) and (14.157), i.e.
E(yp)* = E(p)* = &' (pps1) — € (py) (14.156)

and
yp =nys if p<7; y,andy’ independent if p > 7. (14.157)

This construction ensures that yf; = 0 for p € I since then p,41 = p,. Since
Zé = 0 for p € J, we see that for each p we have either Z£ =0 or yf; = 0.
This greatly simplifies matters.

From the construction we have

> 2 (0(ppe1) — 0(pp)) + > mp(0(pps1) — 0(pp))

1<p<t T<p<2k+4
= > 2mj0(p)0) -0+ > m(0(p).) — 0(0)))
1<j<s—1 s<j<k+2

since exactly the same terms occur on the left-hand side and on the right-hand
side. Therefore (14.356) holds.
Consequently (14.312) implies that to prove Proposition 14.8.6 it suffices
to show that
Yo < 2Xp . (14.364)
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The basic principle is to prove first that Yy < 2X, through many uses of
the Cauchy-Schwarz inequality and Holder’s inequality. The strict inequality
is then obtained by showing that one cannot have equality in each of these
inequalities.

Let us define gf; = Zg + \/l_fyf;, and let us consider the sets

Fr={pel;n,=m;,r<j<k+1} (14.365)

Fy={peJd;n,=m}, s<j<k+2}. (14.366)

These sets simply consist respectively of the last & + 2 — r elements of I and
of the last k 4+ 3 — s elements of J. We further set

F=FUFE, (14.367)

and we observe that Ff = FFN I and F; = F N J. The set F will be used
throughout the proof.
Next, we show that

peF = g; and gg are independent. (14.368)

Indeed, if p € I with n, =m] for j > r, then gp Z" for £ = 1,2 and these
are independent. On the other hand, if p € J with np = m for j > s, then

p > 7 and since p € J, gf; = \/zyﬁ and these are independent.
Let us observe that

pe€F,pel=yg, =g, . (14.369)
This is simply because then n, = mj with j < r — 1, and consequently
gzlj:gp Z1 Z2 Also,

pe€F,pel=g,=ng. (14.370)

This is simply because then n, = m; with j < s —1, so that p < 7 and then

= Vity, = nVityl = ngl.
In particular, combining (14.369) and (14.370) yields

pE€F=g,=+g.

(14.371)

Let us review the definition of Yj. Starting with

Vi1 = 1ogch(h+ > g;>+logch<h+ > 92)

0<p<k 0<p<k

we define recursively

1
Y, = —logE,expn,Ypi1,
Np
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where E, is expectation in gzl, and gf}. Let us define

U£+1zlogch<h—|— Z gﬁ)

0<p<k

and, recursively

1 *
Ulf = log E,, exp npUIfJrl
p

where

*

n,=2n,ifpg F; n,=n,ifpeF.

The notation ny, will also be used throughout the proof. Thus, we have Y, 11 =
Ul + U2, and we prove recursively that
Y, <U, +U;. (14.372)
When p € F, this is simply independence,
Epexpny,(Up,y + Upyy) = EpexpnyUp 1 Epexpny,Uny (14.373)

while, if p ¢ I, we use that ny = 2n,, and the Cauchy-Schwarz inequality to
write

Epexpn,(Upyy +Ury ) < (EpeXpn;Ulﬂ)l/Q(Ep eXpnI*jUQH)l/2

p p p
= expn,(Uy +U;) . (14.374)
Thus
Yy < EU} + EU? = 2EUT . (14.375)

To analyze the sequence (U), it is convenient to think in term of the operators
Ty o of (14.193). Starting with the function logch, one applies successively
the operators T a, starting with the largest value of p, where a, = E(gzl,)2 =
E(g;)*

An important property of the sequence (ny,a,) is as follows.

Lemma 14.10.1. Each number n, is one of the numbers 0,myq,...,my, 1.
Moreover

For each integer 0 < b < k, the sum of the values of a, for which
ny =my is exactly & (qp1) — &' (qp) - (14.376)

Proof. By construction, when p € F, n, is one of the numbers my, and
then n; = ny,, while when p € F, n;, is one of the numbers my/2 and then
n, = 2n,. Therefore each number n}, is one of the numbers 0,my, ..., mg, 1.

The proof of (14.376) is done by inspection. For example (the most delicate
case) there are 3 values of p such that n} = ms_;. There is one value in J
for which n = 2n,, and a, = t(§'(Ju|) — &'(gs—1)). This corresponds to the



14.10 Main Estimate: Proof of Proposition 14.8.6 433

term ms_1/2 of the list (14.358). There is another value in J, the value
p = 7, this time corresponding to the term mgs_; of that list, for which

=t(¢'(gs) — &' (Ju])). Finally there is one value from the list (14.355), and
for this value a, = (1 —)(§'(gs) — &' (gs-1))- O

Let us now sketch the structure of the proof. The sequence (n;) need
not be non-decreasing. We will show (through Holder’s inequality) that if we
rearrange the operators 7, sy applying first the one with the largest value of
n,, etc., we can only increase the resulting function. Gathering the operators
T, » with the same value of m through (14.195) and (14.376) this amounts to
using the sequence of operators Tmp € (qps1)—E'(gp)» the ones that define Xo.
In this manner we prove that EU} < Xj, and combining with (14.375) that
Yy < 2Xy. Analysis of the cases of equality shows that there can be equality
only when s =1 and —¢; < u < 0, a case that has been covered by another
method in Proposition 14.8.3.

Let us now complete the details, and first look at the cases of equality
(14.374). we may think of U’ b1 as

Uly=Apii(h+gd+-+4g), (14.377)

where the function A, is obtained from the function log ch by application of
operations of the type T, ,, o is strictly convex by (14.198). Also Apt1(x) =
Api1(—x). To lighten notation we will write

A=A, .
Lemma 14.10.2. When Yy = EU{ + EU?, then for each p we have
Y, =U, +U; (14.378)
and when p ¢ F we have

Epexpn,(Up,y + U2, ) = (Epexpn Upﬂ) (EpexpnpUgﬂ)l/Q. (14.379)

The equalities are everywhere.

Proof. It goes by (increasing) induction in p. Assuming (14.378) for p, we
prove it for p 4+ 1. Suppose first that p € F'. We assume n, # 0, leaving the
easier case n, = 0 to the reader. From (14.372), we have

Ypi1 S Upiy +Upyr

and (14.373) implies

IN

1
Y, = - log E, expny, Yy »

1
— log E, expn, (UL, + Ugﬂ)
» Np

1 2
=Ul+U=Y,,



434 14. The Parisi Formula

so that

E,expn,Yy+1 = Epexp np(Ule + UZ?H) )

Since Y41 < Ujyy + U2, , and hence expn, Y41 < expn,(Upyy + U2 )
this proves that expn,Y,11 = expny,(Uy,, + Uzyy) “almost surely for E,”;

but since both sides are continuous functions of (g¢)x<p, there is true equality,
so that Yp41 = Up,y + U2y,
Assume that now p ¢ F. Then, using (14.372) in the first inequality and

the first line of (14.374) in the second one,

1
Y, = - log E, expnpYpi1
P
< LigE Ul +U?
=5 0g peXpnp( p+1 + p+1)
P
1 . 1 *
< — log(E, exp npU;H)l/Q + — log(E, exp npU§+1)1/2
np np
_7qrl 2 _
=U,+U,=Y,,

so the second inequality must be an equality, which proves (14.379); and we
proceed similarly as before to obtain Y11 = U,,; + U2, which completes
the proof of (14.378). O
Let us make a simple observation. If a sum wg + -+ + w, of independent
r.v.s is a.s. constant, each of these r.v.s must be a.s. constant. Since the pairs
(gzl,, gf,) are independent as p varies, when we have a relation such as

gé+~~+gll,:gg+~~+gg a.s

then Zp,gp(g;, — gf),) = 0 a.s., so that for each p’ < p we have g}), = gf),
a.s. (To lighten notation, we will not indicate any more that the equalities
between r.v.s gﬁ are always understood a.s.) When we have a relation such
as

htgo+ - +g,=-h—gi——g
then we must have g}), = —9127, for each p’ < p (and this case is possible only

when h=0).

Lemma 14.10.3. If n, > 0, g; # 0, p ¢ F and (14.379) holds we have
1_ 2 d
gy = g5 an

Vo' <p, gy =g . (14.380)

Proof. When (14.379) holds, we have (since n* = 2n, because p ¢ F')

Eexpn,(A(z1 +g5) + A2 + 9))
= (Eexp2n,A(z + gzl,))lm(Eexp 2np Az + gg))l/2 , (14.381)
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for almost every (and hence for every) value of 21 = h+ g} + -+ + g},_l and
zo=h+gd+-- -+g§71. When (14.381) holds, then the two random variables
expnpA(z1 + gp) and expny A(zz 4 g7) must be proportional, that is, since
n, # 0, the r.v.s A(zy + g)) — A(z2 + g3) must be constant. We remember
from (14.371) that there are 2 possible cases, g2 = +g,. If g> = g, # 0,
then the function y — A(z1 +y) — A(z2 + y) must be constant, so that its
derivative A'(z1 +y) — A'(z2 + y) must be 0. But since A is strictly convex
A’ is strictly increasing, so we must have 21 = x2, and (14.380) is proved in
that case. If gf) = —gll, = 0, then the function

y = Alxy +y) — Alwy —y) = Az +y) — Aly — 2)

must be constant, so since A is strictly convex we must have 1 = —x5 i.e.
htgo+ - +gp1=—h—gi——gp1.
As already explained this implies that g[l,, = —gg/ for each p’ < p. This

however is impossible because one of the pairs (g}, g2) for n < p — 1 is the
pair (Z},Z3) = (V1 — tz{,v/1 — t22), and in that case we have g} = g2 # 0.

O

Corollary 14.10.4. In the equality case Yo = 2Xy we have
n,>0, go#0, p¢F = Vp' <p, g =g>. (14.382)
Proof. Combine Lemmas 14.10.2 and 14.10.3. a

Lemma 14.10.5. If a,a’ > 0 and m > m/, for any function A and any x
we have
Tm,a © Tm’,a’ (A)(.T) < Tm’,a’ o Tm,a(A)(x) : (14383)

If A is strictly convez, if a,a’ >0 and m > m/,

we cannot have equality in (14.383). (14.384)

To express this in words, when we transpose two operators Ty, , and T}, o/
to apply first the operator with the largest value of m we can only increase
the result of the application of these operators. The increase is strict when
we operate on strictly convex functions and when the operators are not the
identity.

Proof. Consider independent standard Gaussian r.v.s g and ¢’, and denote
by E and E’ expectation in g and g’ respectively. Then

1
Trna © Tt (A)(z) = — log Eexp ﬁ/ log E' expm/A(x + gva+ ¢g'Va')
m m
1 !
T ar © Trna(A)(2) = — log E' exp m log EexpmA(x + gva+ g'vVa') .
m m

Let a =m/m’ > 1 and X = expm’A(z + gv/a + ¢'Vd'), so
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1 1
Tna © Tt o (A) () = . logEexpalogE'X = . log E(E'X)*,
1 1 1
Ty ar © T a(A)(z) = — log E' exp — log EX® = — log E/(EX )/
’ ’ m/ o} m/
and the required inequality is
(E(E/X)a)l/a < EI(EXa)l/a

or, equivalently,
IE'Xla < E'l|X]la (14.385)

if one sets ||Y||o = (EY*)Y/®. This holds true by convexity. Let us now analyze
the case where there is equality in (14.385). First we find Y, depending on g
only, with

EVEX)=[EX[a; [Y[la=1

where 1/a+ 1/a’ = 1. Then Holder’s inequality implies
EYX < [IY[lal[X]la = 1 X]|a , (14.386)
and thus, using in the last equality that we assume equality in (14.385),
|E'X |l = E(YE'X) = EEYX < E/|X]l0 = [E'X]la .

so that we must have EY X = || X|, for almost all ¢’, and hence for all ¢'.
That is, we are in the equality case of Holder’s inequality (14.386).This is
the case only if, as a function of g, X is proportional to Y, i.e. X = A(¢")Y.
Since Y depends on g only, taking logarithms and recalling the value of X,
we see that for any given value of x we must have a decomposition

Az + gVa + ¢ Va') = Bi(g) + Ba(¢) .
This implies that the difference
Az + gva+ g'Va') — A(z + gv/a)

does not depend on g, and this is impossible since A is strictly convex. O

Lemma 14.10.6. We have EU} < Xy, and there can be equality only if the
following occurs

0<p<p <2k+4, ghg #0 = n;<n) . (14.387)

Proof. Let us denote by 7}, the operator Tn;,ap. Starting with the function
Asgkiq = logchx, we apply recursively the operators Togy4,...,71 in that
order to obtain a function A; such that Ul = A;(h+g}). Let us now consider
a permutation 7 of {1,...,2k+4} with the property that the sequence (n:(p))

is non-decreasing. As already explained, (14.376) and (14.195) imply that if
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we apply to the function Bay 4 = logch the operators T ox44), - - -, Tr(1) We
obtain a function Bj(x) such that Xy = EBy(h + g}).

We can obtain the permutation 7 as the composition of a sequence of
transpositions of two consecutive elements, each transposition tending, as in
(14.383), “to apply first the operator with the largest value of ny.” If we
use (14.383) for each such transposition we see that By (x) < A;(x) for each
x, and this proves that EU{ < X,. There can be equality only if we are
in the equality case of (14.383) each time we perform a transposition. The
operators are applied only to strictly convex functions (which obtained by
applying operators of the type T, , to the function logch) so we can have
equality only if we never have to perform a “non-trivial” transposition, that
is, if the original list does not contain integers p,p’ with p < p/, g;, # 0,
g;), # 0 and n; > ng,. O

In both (14.382) and (14.387) occurs the condition g, # 0, and figuring
out when this is the case helps to use these conditions.

Lemma 14.10.7. We have g; # 0 unless p =7 and |u| = ¢s.

Proof. Indeed, if p € I, then n, = mj with j < k+1 and g}, = Z; = \/mzjl
with E(2])* = & (gj11) — €'(¢;) > 0. When p € J, then n, = m/; where
0<j<k+2and g, = Viyy, with E(y})? = & (p};,) — €' (p}). This can be
0 only if p; = p ;. By (14.287), (14.357) and (14.359) this can happen only
when j = s i.e. p =7, and then only if |u| = ¢s. O

Before we prove Proposition 14.8.6 we make two observations that will be
used many times during its proof. We recall that » > 1 and s > 1.

Lemma 14.10.8. There exists p(J) € J with

oy = Ms—1/2, p(J) € F, g5y =195 #0 - (14.388)
There exists p(I) € I such that
Moy = me—1/2, pU) € F 5 gy = Gy # 0 - (14.389)

Proof. The existence of p(J) follows from (14.358). Since npj) = ms_1/2 =
m._,, the definition (14.366) of F; shows that p(J) ¢ F; = FNFNJ so
that p(J) € F. Then (14.369) implies g;(J) = ngﬁ(J) and these variables are
not zero by Lemma 14.10.7 since n,,(y) # 7 by definition of 7. The other case

is similar. O

Proof of Proposition 14.8.6. We have seen that (14.308) holds when
Yo < 2Xy. Let us investigate the possibility of the equality case Yy = 2X,
with the aim of showing that it cannot occur when ¢t > 0,u < g,.—1 or u > ¢r41
unless r = 1 and |u| < ¢.

The method of proof is to combine conditions (14.382) and (14.387) to
obtain our conclusions.
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First, we prove that we cannot have u < —gq;. In that case we have
n = —1 and |u| > ¢ so (14.357) shows that s > 2, so s —1 > 1 and therefore
ms_1 > 0and nyy) = ms_1/2 > 0. Using (14.388) we observe that the choice
p=p' = p(J) contradicts (14.382). Thus we cannot have u < —¢.

Next, we consider the case where —¢1 <u < 0,s0n=-1,0< |[u| <@
and s = 1. We prove that then » = 1. Assume for contradiction that r > 2,
so that then m,_; > 0. Consider the smallest element p’ of J, so that n, =
0 < m,—1/2 = ny(y and thus p’ < p(I). Also, g2, = —g,, by (14.370) and
g;, # 0 since p’ # 7. The choice of p’ and p = p(I) then contradicts (14.382).
We have ruled out this case.

In the remainder of the proof we assume u > 0. Then we always have that
g; = gg ifpg F.If p€ F then gzl, and gg are independent.

Let us recall the element 7 of J such that n, = m,_q,sothat 7 € F; C F
and consequently nk =n,.

Let us examine the case u < ¢,_1, S0 since u > ¢s—1 by (14.357) we have
s < r—1. Since p = p(I) ¢ F by (14.389) we have ny; = 2n, = m,_1.
Therefore

nT:nT:ms,1<m5§mr,1:n;.

Let us assume first that u < g5, so that g1 # 0. Then (14.387) (used for p’ = 7)
shows that 7 < p. But since g and g2 are independent and g! # 0 they are
not equal, and (14.382) cannot hold. Next, let us assume that v = ¢5. Since we
assume 4 < gr_1 then s < r — 1. We consider p’ € J with ny =m, < my_1,
so again g;/ # 0 and

*

Ny =Ny = Mg <My =Ny,

P
and we argue as before using p’ instead of .

Finally we examine the case where u > ¢,41, so since u < ¢ by (14.357)
we have s > r 4+ 1 and thus s — 1 > r + 1 . We consider p = p(J), so that
p ¢ F and consequently n; = 2n, = ms_;. Consider p’ € I with ny = m,.
Then

Ny = M1 = Myy1 > My = Ny =Ny

Since g}, and gzl,, are # 0 (because p # 7 and p’ # 7), (14.387) implies p’ < p.
Since p ¢ F this contradicts (14.382) because g}), and 912)’ are independent
and not 0.

In conclusion (14.308) holds unless Yy = 2X,. Provided that ¢ > 0, u <
Gr—1 Or U > @r4+1, we have shown that then we must have —¢; < u < 0 and
r = 1. But in that case we have proved (14.308) in Proposition 14.8.3. O

Proof of Proposition 14.8.7. We use again the bound (14.300) when k =
k +1 and n, = my, where m; is the sequence (14.291). In that case gf; =
7! = z. The bound (14.300) then reads ¥*(0,u) < 2log2 + Yy — Au. The
case A = 0 witnesses the inequality ¥*(0,u) < 2¢(0). To improve on this, it
suffices to prove that
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Yy

o\ 4y, (14.390)
OX | o

and this is true because (14.177) used for 7 = r and (14.222) prove that the

left-hand side of (14.390) is g O

14.11 Parisi Measures

Let us consider a function £ that satisfies (14.101) (although some of the
results we will prove do not use these conditions). Given a sequence m

m0:0<m1<...<mk<mk+1:1, (14391)
and a sequence q
0=0<q1 <...<qry1 <1 =qria, (14.392)

consider the probability measure p that is sum of the point masses m, —m,_;
put at the points g,, 1 < p < k4 1. As we already explained, the quantity
Pr(m, q) of (14.89) depends only on the function x(gq) such that z(q) = m,
for ¢, < q < gp+1, so that it depends only on p. Thinking of h as fixed once
and for all, we denote this quantity by P(&, p).

We shall prove that this definition of P(&, 1) can be “smoothly” extended
to any probability measure p on [0, 1], and that, quite remarkably, the mea-
sure p that minimizes P(&, ) is (in some sense) “the law of the overlaps
Ry o7,

The results of this section are simple consequences of a technical lemma.
We fix the sequence (14.391) and numbers wy < we < ... < Wg4o, and we
define the random function

Fiio(wr,. .., wro) = logch (h + Z Zp/ Wpt1 — wp> ,
0<p<k+1
where wy = 0, and where the z, are independent standard Gaussian r.v.s.

For 1 < p <k + 1 we then define recursively the random functions

1
Fp(wi, ..., Wet2) = p log E, expmypFpiq (w1, ..., wet2) ,
P

where E,, denotes expectation in the r.v.s (z¢)¢>p. We then define

Fo(wy, ..., wry2) = EFy(wy, ..., wiy2) - (14.393)
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Lemma 14.11.1. We have

0Fy 1
=_ 14.394
5‘wk+2 2 ’ ( )
and for each 1 <r < k+ 1 we have
1 0Fy
Y T r— S S . 14.
5 (my —my_1) 9w, 0 (14.395)
Moreover 2R
0
— | <L. 14.396
Z Owp0w, | — ( )

1<p,r<k+1

The notable fact is that the bound (14.396) holds independently of the value
of k.

Proof. We observe that, since my41 = 1,

1
Frt1(wy, ... Wet2) = 5 (Wkt2 — Wet1) +logch <h+ >/ wpr — wp) ;

0<p<k

so that (14.394) is obvious.
For a = (j1,--.,jx) € N** and 0 < p < k consider independent standard
normal r.v.8 2p o = 2pji,....j,- Let us set

Ca =h+ Z Zp,ay/ Wp1 — Wp

0<p<k

and use Theorem 14.2.1 to see that when the weights v, form a Poisson-
Dirichlet cascade associated with the sequence mq, ..., mg, we have

1
Fo(wy,...,wpye) = §(wk+2 — wgy1) + Elog E vochl, . (14.397)
«@

To prove (14.395), let us first assume that 1 < r < k. Let us define g, =
> 0<p<k Zpay/Wpt1 — Wy, 80 that (o = h + g and let us further define

g/ - aga _ Zr,a + erl,a
> Jw, 2/ Wri1 — Wy 2\/W; — Wy—q

so that from (14.397) and the definition of (, we get

F « ! hh (6%
OF _ g2 vadoshh+ ga) (14.398)

Ow,. > o Vach(h + ga)

Since Ezp o2, = 0 unless r = p we have




14.11 Parisi Measures 441

1
gl = 3 (~Ezracns + EortaZr1a)
and since Ez, o2, 4 = 0 if (o,7) < rand = 1 if (a,y) > r we have
1
EgLg, = 3 if (a,v) =7; Eg,gy =0 otherwise (14.399)

and integration by parts in (14.398) yields

% - _EEZ(Q»’Y):T vaUysh(ashd,

Owr 27 (2, vach(a)®
When r = k + 1, we have

F 1 «g.sh(h o
8 0 — __+Ezav gas ( +g ) ; (14401>
ow, 2 > o Vach(h + ga)

(14.400)

and
I ag(l _ “k,a

o = w, 2w, —wWr—_1
Then (14.399) still holds true, and since (a, @) = r+1 and therefore Eg, g/, =

1/2 we see as previously that (14.400) still holds. Taking U(«) = th({, and
F(«) = log ch(, this yields, using the notation (14.17)

E Z(aa’v)=r vav’YShCozShC»y
(X vach(y)?

and (14.400) and (14.37) imply (14.395) (since |Ug4+1]| < 1).
To prove (14.396) we differentiate (14.400) again. Assuming p # r, we
find, after integration by parts,

= E<1{(a,7)=r}U(a)U(7)> )

92 F, B 2EZ(047’Y)=7"7 (@.6)=p Vo Uy VschCshyshls

dupdwy (3., VachCa)?
3 E (Z(aﬁ)zr ’Uoﬂ)fyShCOcShC'y) (Z(aﬁ):p vavﬁ,shg‘ashcv)
2 DN vachga)4

and, defining ¢, = v,ch, (so that v,|shl,| < ¢,) we get

9*Fy 2 (a)=r, (a,8)=p Car <8
Gwou, | = (o)
n § (Z(a,'y):r Cac'Y) (E(a,y):p C(XC’Y)
2 (o) |

We claim that the sum over all the values of p and r with r # p is < 7/2. For
example, we have
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S(E we)( T aer) = (Do) (3 cwer)
P ayy)=r (o ,y)=p a,y oy
4

(e

We then show by a similar calculation that

< L(mp —myp_1) . O

0 Fy
ow?

Given the sequences (14.391) and (14.392), consider the function z(q)
such that z(g) = m, for g, < ¢ < ¢p+1, and x(1) = 1. We consider two other
sequences m~, q~ and the corresponding function =~ (q).

Theorem 14.11.2. (F. Guerra) We have

|Pr(m,q) — Pr (m™,q”)| < %5"(1)/ |z(q) — 2~ (q)|dgq - (14.402)
0

Proof. We have already noticed that in the list m we can insert values
“for which nothing happens” without changing the value of Py (m, q). More
specifically, if we insert a new element m, < m < mpq1 in the list m,
we simply repeat the element g,41 in the list . Thus we can insert in the
sequence m the elements of m™ that it does not contain, and in the sequence
m"~ the elements of m it does not contain. Therefore we can assume that
m = m"~. Recalling the function Fy of (14.393) and the definition (14.89) of
Pr(m, q) we observe that

Pr(m,q) =log2 + Fo(&'(q1),- .., & (qrr1), €' (1))

1 1
+ 3 Z 0(ap)(mp — mp—1) — 59(1) . (14.403)
1<p<ht1

Forl<p<k+1,letgy: = tqp—i—(l—t)q;, and denote by q; the corresponding
list. Let

@(t) = Pk(ma qt) = FO(S/(QLt)a N 7§I(qk+1,t)7 5/(1))
F2 Oap)my —my )~ 5001

2
1<p<k+1

Differentiating and recalling that 6'(q) = ¢¢”(¢) we obtain

FO= X a0l ) (st Janilny —mpo))

1<p<k+1
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where
0Fy

rt = ow
Plwi=¢"(q1,¢)s s Wr1=E" (qk+1,t)

Now, by (14.395), we have

1
—g(mp —mp-1) <ap <0,

and since ¢”(gp¢) < &"(1) (because we assume £3)(z) > 0 for z > 0) it
follows that

&' (t)] < 5’/2(” D lap—ayltmy —mpa) .

1<p<k+1

So it suffices to prove that

> lap= a1y —mpe) < [ lal) ~ o (@lda.

1<p<k+1

The right-hand side is the area between the graphs of the functions x and
x™. For each 1 < p < k + 1 the rectangle

{(z,y) ; min(gp, q,) <z < max(gp,qy ) 5 Mp-1 <Yy < my}

is entirely contained between these graphs, its area is (m, —mp_1)|q, — q;|
and these rectangles are disjoint. O

When the probability measure p has all its mass concentrated at a finite
number of points q1,...,qk+1, we have defined P (&, p) as Pr(m,q), where
for 1 < p <k+1, my = pu([0,g)). The function x(q) is given in that case
by x(q) = p([0, q]) for 0 < ¢ < 1. Tt follows from (14.403) that we can define
P(&, 1) for any probability measure on [0, 1] by

P&, p) = Hm{P(&p') ;s p' — p}

where p' has its mass concentrated on a finite number of points and the
convergence is for the weak topology on the space of probability measures on
[0,1]. The map p+— P(&, 1) is then continuous for this weak topology.

We define

P = ig”’(f,u) = k}g{qu(m,q) :

It seems obvious that the probability measures p for which P(&, u) = P(€)
will be of special interest.

Research Problem 14.11.3. (Level 2) Find useful conditions under which
one can prove that there is a unique measure p for which P(&, u) = P(€).



444 14. The Parisi Formula

Not knowing how to solve this nagging question, we find technically useful to
consider only those u for which P(&, ) = P(£) that have an extra regularity
condition.

Definition 14.11.4. We say that a probability measure p is stationary if it
has all its mass concentrated on a finite number of points and if we cannot
decrease P(&, 1) by changing the location of these points (and keeping their
masses constant).

Definition 14.11.5. We say that a probability measure u is a Parisi measure
(corresponding to the function &) if the following two conditions hold:

P& n) =P() (14.404)

w is the limit of a sequence (u,) of stationary measures. (14.405)

It is an interesting technical question whether (14.405) is a consequence
of (14.404). On the other hand, it is rather obvious that there exists at least
one Parisi measure. Indeed, given n > 0, we find k,m,q with Px(m,q) <
P(&)+2~ ™. Fixing m we then choose q to make Py (m, q) as small as possible,
and obtain in this way a stationary measure p,, with P(&, u,) < P(€) +27™.
The sequence (11,,) has a converging subsequence, the limit of which is a Parisi
measure.

We get now interested in Hamiltonians of the type

—Hyplo Z’“’z ZNP 172 Z Girreoying Ty ** " g, 5 (14.406)

i<N p>1 i1,..0,02p

where 8 = (8,)p>1, the summation is over 1 < iy, ... 09, < N, and g;,, ..,
are independent standard Gaussian r.v.s. In that case the function ¢ = £g is
given by &(x) = > -, fya*P. Consider r > 1 and define

Bp(t) =By ifp#r 3 Br(t) =B +t.
The corresponding function &; is given by
&i(x) = E(x) + (26,8 + )2 (14.407)
and the function 6; by

0:(z) = 0(x) + (2r — 1)(26,t + t2)z*" . (14.408)
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Theorem 14.11.6. The map t — P(&) is differentiable at t = 0. Its deriva-

tive at t = 0 s given by
By <1—/qzrdu(q)> 7

where p is any Parisi measure. Moreover, if p is a Parisi measure, we have
5 A0 = lim v(RE) = [ duta). (14.409)

In this statement, “u a Parisi measure” refers to the case t = 0, and
v(R3",) to the Hamiltonian (14.406).

It follows from (14.409) that if 3, # 0 whenever r > 1 (or at least suf-
ficiently many values of ) then “u is the limiting distribution of |R; 2|”, in
the sense that for any continuous function f on [0,1] we have

Jim E(f(|R12])) /f )dp(q (14.410)

When the external field in (14.406) is 0, the distribution of R; o is symmetric
around 0. In Section 14.12 we will show that when the external field is not
zero, the overlap R is essentially > 0, so that limy_.. E(f(|R12])) =
limy oo E(f(R1,2)) and (14.410) proves that under the previous conditions,
1 is indeed the limiting law of the overlap.

The proof of Theorem 14.11.6 is based on three simple lemmas.

Lemma 14.11.7. The function t — P(&) is convex.

Proof. Let )
pN(t) = NElog Zexp(—HN’g(t)(a)) .
o
Theorem 14.5.1 implies
P(ft) = I\}lm pN(t). (14411)
The left-hand side is of the type

pN(t) = %ElogZexp(—Hl (o) +tHy(0)) ,

where H; and H, are independent of ¢. It is thus a convex function of ¢ by
Holder’s inequality (as we used so many times in Chapter 12). a

The (excruciatingly painful) frustration is that this argument is very in-
direct. Moreover it applies only to the case where the function £ is of the
type &(z) = >0 5, B2x?, while one should certain expect that it holds true
even if there are terms with odd exponent.
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Research Problem 14.11.8. (Level > 2) Find a direct proof of Lemma
14.11.7 (i.e. not using Theorem 14.5.1).

Maybe we should emphasize here how little is known about the functional
P(&). In particular, the author does not know the solution to the following.

Exercise 14.11.9. When ¢(x) = 82%/2, the case of the ordinary SK model
(and in presence of an external field) find an analytical proof that when g is
small enough the Parisi measure is concentrated at one single point.

Lemma 14.11.10. There exists a number A depending on B only with the
following property. If p is a probability measure that has all its mass concen-
trated on a finite set, the function

fu(t) = P(&, 1) (14.412)
satisfies
Ve, <1, (Sl <A (14.413)

Proof. The quantity f,(t) is given (for a certain m and q) by the left-hand
side of (14.403) for the function & of (14.407) and the function 6; of (14.408),
so the result is an immediate consequence of (14.396). O

We recall Definition 14.11.4.

Lemma 14.11.11. If ju is stationary, the function f,(t) of (14.412) satisfies

0= (1- [ @) (14.41)

Proof. As in the previous lemma f,(t) is given by the right-hand side of
(14.403) for the function & of (14.407) and the function 6; of (14.408). For
1<p<k+1let

R

a = -_—
P
owy,

w1=§"(q1),---sWk+1=€"(qr+1)
Recalling (14.407) and (14.408) we obtain

o
=26,2r¢x" ") ; 5 0rap)|  =28:(2r = g .
t=0

0 0
55 (6 a)

t=0

Thus, recalling (14.394) it is straightforward that



14.11 Parisi Measures 447

f;/L(O) = 20, Z qgrfl (27’% + (2r — 1)q—p(mp — mp_l))

1<p<k+1 2
+ B,(2r — (2r — 1)) (14.415)
=3, (1 + Z qff‘l(élrap + (2r — 1)gp(myp — mpl))> .
1<p<k+1

On the other hand, since u is stationary, we cannot decrease the right-hand
side of (14.403) by a small variation of g, so that

5%%) (ap + %qzv(mp - mpl)) =0

i.e.
1

ap = —5qp(my —my_1)

2
and substitution in (14.415) yields

fL<0>:6r(1— 3 q,%“(mp—mp-l)):m (1— / q2’"du(q>>. 0

1<p<k+1

The properly amazing part of the previous argument is that the only infor-
mation it uses about the function Fp is in (14.394)!

Proof of Theorem 14.11.6. Consider a Parisi measure p. By definition
(see (14.405)) it is the limit of a sequence (p,,) of stationary measures. Now
(14.413) implies that for each t,

t2A
,P(ft) S P(§t7 :un) = fﬂn (t) S f/"fn (O) + tfln (0) + 5 (14416)
Since py, is stationary, the value of f; (0) is given by (14.414) for p, rather
then p. Letting n — oo in (14.416), and recalling that lim, ., P(§, tn) =
lim, oo fu,(0) = P(£), we obtain

Ple) <@ +15 (1- [aut) + 22

and since the function f(t) = P(&) is convex by Lemma 14.11.7 this proves
that f is differentiable at ¢ = 0 and that f'(0) = 3, (1 — fqzrd/i(q)). More-
over (14.411) and Griffiths’ lemma imply

7'(0) = Jim_py(0).

and
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1 1
Py (0) = NV<NT’—1/2 ' Z Gix,... iz, Tin "'in)

T15eeeyl2

= fr(1 — v(RY}))
by integration by parts as in Lemma 1.3.11. a

Let us discuss the application of Theorem 14.11.6 to the ordinary SK
model beyond the AT line. From Theorem 13.3.1 and the Parisi formula
(14.102) we know that the Parisi measure p cannot be supported by one
point. (Indeed, when the Parisi measure is supported at the point g, the
value of P(&, ) is the right-hand side of (1.72) and is then > SK(3, h).) By
(14.409) we know that

A}im V(R%VQ) = /xzdu(x) . (14.417)

Unfortunately, we do not see how to prove even that v((R12 —¢)?) > & > 0
for some ¢ independent of N. The situation improves if we assume that the
external field & is a Gaussian r.v. with positive variance. In that case we can
extend Theorem 13.3.1 with the same proof “to the case r = 1/2” to obtain

Jim (R ) = /xdu(l"%
which, when combined with (14.417) and the fact that p is not concentrated
at one point gives for large N that v(R3 ,) — v(Ry2)* > > 0.

14.12 Positivity of the Overlap

When h = 0, the Hamiltonian Hy g of (14.405) is invariant under the sym-
metry o — —o; therefore (at given disorder) the law of the overlap R o
in [—1,1] is symmetric around 0. In this section we prove that the situation
changes dramatically when Eh? > 0. The overlap becomes > 0.

Theorem 14.12.1. Consider the Gibbs measure G relative to the Hamil-
tonian (14.406), and assume that Eh? > 0. Consider a Parisi measure p
relative to this Hamiltonian, and the smallest point ¢ in the support of .
Then ¢ > 0 and for any ¢ < ¢, for some number K independent of N we
have

EGY ({Ri2 < }) < Kexp <—%) : (14.418)

An important feature of this result is that it holds in complete generality.
There is no need to make assumptions on the values of the coeflicients 3,.
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Theorem 14.12.1 is completely expected “on physical grounds” (i.e. by
analogy with simpler models) but the proof is very far from being trivial.

A consequence of Theorem 14.12.1 is that, even though we do not know
that the Parisi measure p is unique, the smallest point ¢ of its support does
not depend on p. It would be nice if in the left-hand side of (14.13) one could
replace the set {R12 < ¢’} by the set {R;2 € A} where A is any compact
set that does not intersect the support of the Parisi measure. Unfortunately,
this seems to be wrong, see Problem 15.7.7.

Another consequence of Theorem 14.12.1 is the following.

Theorem 14.12.2. Consider the Hamiltonian (14.406). Assume that Eh? >
0 and that B, # 0 for all p > 1. Then this Hamiltonian satisfies the extended
Ghirlanda-Guerra identities. That is, given a continuous function v on R we
have

lim sup [n($(Rint1)f) = v(@(Ri2)w(f) = D> v(t(Rie)f)| =0,

N_)OO‘ﬂSl 2<<n
(14.419)

where the supremum is taken over all the functions f on X% with |f] < 1.

Proof. When v(z) = 2% for p > 1, (14.419) follows from Theorem 14.11.6
(and more precisely the assertion about the differentiability of the map ¢ —
P(&) at t = 0) and Theorem 12.1.3 by integration by parts as in Theorem
12.1.10. By linearity the result also holds if 1 is a polynomial in 2. If ¢ is any
positive number, any continuous function ¢ can be approximated uniformly
well by polynomials in #? on the interval [c, 1], and the result then follows
from Theorem 14.12.1. O

Theorem 14.12.1 does not play a big part in the picture that we try to
outline in the next chapter. Its only purpose is to make certain statements
more natural. These statements would remain striking even if we assumed
that the overlap is positive (instead of deducing this from Theorem 14.12.1).
The proof of this theorem does not involve any radically new idea, but rather
a careful use of the tools we have already built. The reader who finds the
remainder of this section too technical should simply move on to the next
chapter.

We set £(z) = Zp>1ﬂp:172p, 0(z) = z&'(z) — &(x). To prove Theorem
14.12.1 we will show the following.

Proposition 14.12.3. If ¢ is as in Theorem 14.12.1, given ¢’ < c there
exists a number €* > 0, depending only on 3, h and c, such that if u < ¢’ we
have

%Elog > exp(—Hyp(o!) — Hyp(0?) <2P(¢,h) —£* . (14.420)

Ri2=u
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The reader observes that here there is no Poisson-Dirichlet component and
no a’s.

Proof of Theorem 14.12.1. By Theorem 14.5.1, for large N we have py >
P(&,h) —e* /4, so that (14.420) implies
1 1 9 e*
NElog Z exp(—Hn g(o") — Hvp(o®)) < 2pn — 5 -

Ri2=u

We then use concentration of measure as in Proposition 13.4.3 to deduce that
with overwhelming probability

1 2 e*
o8 > exp(-Hyp(o")—Hypg(o?) < NlogZeXp(—HN,ﬁ(U))—z ;

Ri2=u o
and thus .

G ({R1 s = u}) < exp (—54 ) |
Consequently, for u < ¢’ we have
®2 N
E(GN ({R12 =u})) < Kexp AR

where K depends only on 3, h and ¢. This implies (14.418). O

The main difficulty in the proof of Proposition 14.12.3 is the case u < 0.
Interestingly, in this case the arguments use no information about the Parisi
measure u. It is for the case 0 < u < ¢’ < c that this information will be
useful. The case u < 0 relies on the following.

Proposition 14.12.4. Consider a number 0 < v < 1, integers 7 < k, and
numbers

0=po<pm<..<pr=v<p;1<...<ppr1=1 (14.421)
O=ng<ni <...<n,=1. (14.422)

For 0 < p < &, consider independent pairs of Gaussian 1.v.$ (y;, y%) with
E(y,)” = E(y,)” = €' (pp+1) — € (pp) (14.423)

and
yf) = —y; ifp<Tt; y; and yf) independent if p > T .

Then we have
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1
~Elosg Y. exp(—Hyg(o") — Hyp(o?))

Ry o=—v
<2log2+ Yy + A =2 n,(0(ppr1) — 0(pp))
= > mp(0(ppr1) —0(py)) (14.424)

TIPSk

where Yy is computed as follows: starting with

Yii1 :log<ch<h+ Z yé)ch(h—l— Z yf,)ch/\

0<p<k 0<p<k
+ sh<h+ Z yll,)sh(hnL Z yﬁ)shA) ,
0<p<k 0<p<k
we define recursively
1
Y, = —logE,expn,Ypi1, (14.425)
np

where E, denotes expectation in the r.v.s (y,y2) for n > p. (Of course
(14.425) means that Y, = E,Yp41 if np, =0).

Proof. This is a special case of Proposition 14.6.3 when Z) = Z2 = 0 for
each p and t = 1, with v = —u. |

The reader observes that the meaning of the notation v has changed
compared with the beginning of this chapter (e.g. in (14.314)).

The strategy is to find sequences (14.421) and (14.422) such that the
bound (14.424) proves (14.420). For this we will use sequences m and q that
satisfy condition MIN(g) of Definition 14.5.3 page 373 for ¢ small enough.

There are two main steps in the proof, which are described in the next
two results.

Proposition 14.12.5. There exists 6 > 0 and €9 > 0, depending on B and
h only with the following property. Whenever we can find k,m, q that satisfy
condition MIN(eg) and that for a certain integer s with 1 < s < k+ 1, we
have

me_1<0; qgs>v—20, (14.426)

then we can find the parameters in (14.424) so that the right-hand side is
<P h)—1/M.

Proposition 14.12.6. Consider § as in Proposition 14.12.5. Then we can
find e1 > 0 with the following property. Whenever we can find k,m,q such
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that Pr(m,q) < P(&,h) + €1, and such that for some integer s with 1 < s <
k+ 1 we have
gs<v—0; ms =0, (14.427)

then we can find the parameters in (14.424) such that the right-hand side is

Proof of (14.420) for u < 0. Consider v > 0, and ¢ and £¢ as in Proposition
14.12.5. Consider k,m, q that satisfy MIN(min(eg,£1)). Let s be the largest
integer < k+1 such that m,_, < 4. If g5 > v—46, we conclude with Proposition
14.12.5. Otherwise we have ¢; <v—9.If s = k41, then mg = mpy; =1> 6.
If s < k+ 1 the definition of s then shows that we have mg, > §, and we
conclude with Proposition 14.12.6. O

The basic idea of Proposition 14.12.5 is that the case § > 0 very small
should be a (very small!) perturbation of the case § = 0, so that a suitably
quantitative solution of the case § = 0 should suffice. Of course, it will require
work to prove estimates that do not depend on k, but we should be confident
that this is possible since similar tasks has already been performed.

We first present the argument in the case where § = 0, i.e. when

0<v<q. (14.428)
In that case we use Proposition 14.12.4 with 7 =1, Kk = k + 2 and
O=po<pr=v<pr=q<p3=q=<...<pry3=qrr2=1 (14.429)

ngo=0=n1; np=mp_q for2<p<r=k+2. (14.430)

Let us denote by
a()) the right-hand side of (14.424) ,

keeping implicit the dependence on the other parameters, and on v in partic-
ular. As we have used many times, we have a(0) = 2P(m, q). Also Lemma
14.6.5 shows that 0 < o/(A) < 1, and thus

0/(0)2 -

ir;fa()\) < a(0) — 5

(14.431)
The strategy now is to try to bound from below §(v) := a’(0). Let us recall
the following construction (that is again essential throughout this section).

Starting with the function Agys(x) = log chx, we define recursively the func-
tions A, (z) by (14.190) i.e.

1
Ap(x) = P log Eexpm,Apyi(z+ 2p) (14.432)
p

where z, is a Gaussian r.v. with Ez? = & (gp41) — &' (¢p)-
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We think of Yj as a function Yy(A). This is exactly the function of Proposi-
tion 14.6.4 in the case gf; = yf;. Recalling the sequence D,, of that Proposition,
we then have Dy 5(x) = logchz = Ay y2(x), and we see from (14.430) by de-
creasing induction over p that D, = A,_; for p > 2. We then use (14.180)
for 7 = 2 to compute Y (0), and since Dy = A; we get

Bw) = E(AL(h+yp +y) AL (h+y5 + 7)) + v (14.433)
We note that by construction the following relations hold:

E(yo +31)* = E(y3 +37)* = €'(a1) 5 E(yo +u1) (w5 +9i) = —E(55)* = —€'(v) .

(14.434)
Let us first consider the case p; = v = 0. Then y{ = y2 = 0 and y{ and y?
are independent with E(y1)? = E(y?)? = ¢/(q1) = E22. Therefore

Ag(z) = EAy(z 4+ 21) = EAy(z + y1) = EAs(z +37)

so that
Aj(z) =EA (z +y;) = EAY(z +u7) ,

and taking first expectation in y; and y? we deduce from (14.433) that
B(0) = EAy(h)? . (14.435)

Throughout the section, we denote by M a number that depends only on 3
and h, and thus need not be the same at each occurrence. Since Eh? > 0, we
know from (14.274) and (14.435) that

1
0) > —. 14.436
5(0) > - (14.430)
Combining with (14.431) this implies
. 1
1r){foz()\) < 2Pk (m, k) — ik (14.437)

Thus, in the case v = 0 we are in very good shape. To use the same idea
when v # 0 we would like actually to prove that for all 0 < v < g; we have
1
> — 14.4
Blv) = -+ (14.438)
We will deduce this from (14.436) and comparison of 5(v) and B(0) using
Lemma 14.9.5. From (14.433) and (14.434) we obtain (as we have just used)

B(0) = EAT(h + x1) AL (h 4+ x2)

where x; and y» are independent Gaussian r.v.s with Ex? = Ex3 = &'(q1) =
E22, while
Bv) = BAY(h +x1)A1(h + x3) + v,
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where x} and x4 are jointly Gaussian r.v.s with Ex?? = Ex% = ¢'(¢1) and
Exixs = —¢&(v). Thus Lemma 14.9.5 implies

B(v) > B(0) +v — & (v)EAY (h + 20)? , (14.439)
and since ¢'(v) < v€"(v) < vE"(q1),
B(v) > B(0) +v(1 — & (q1)EAY (h + 20)?) . (14.440)
Let us define
e = Pr(m,q) — P(£,h) . (14.441)
We appeal to (14.283) for 7 = 1 to obtain

& (@) (=€"(@)U"(0) = 1) < Me'/® (14.442)
where, using (14.248),
U"(0) = —EAY (h 4+ 20)? . (14.443)

Now we deduce from Lemma 14.7.15 page 411 that ¢ > 1/M and thus
&"(q1) > 1/M. Therefore (14.442) implies

—&"(q)U"(0) — 1 < MeY/®
and, combining with (14.443),
E"(q)EAY (h + 20)? < 1+ Me'/0

so that (14.440) yields
1
B(v) = B(0) — MY > 7 Mel/s

So, if ¢ is small enough, we have 3(v) > 1/M for all v < ¢; and we conclude
as in the case v = 0 with (14.437). This finishes the proof when (14.428)
holds, i.e. 0 < v < ¢1.

Before we start the proof of Proposition 14.12.5 let us make a general
observation. To keep the notation manageable it is very desirable to assume
that v = ¢, for a certain integer a. We have explained why this is possible,
as we can insert any element we wish in the list q. Of course, when using
consequences of relation (14.424) as in (14.222) and (14.283) we will not be
able to use the value r = a.

Let us now start the proof of Proposition 14.12.5. It is unfortunately
necessary in the argument to distinguish whether ¢s > v or ¢, < v. We
consider first the case ¢s < v (which is the most difficult). So we assume
that for a certain number ¢ > 0 (that will not depend on N and will be very
small) and a certain integer s with 1 < s <k + 1 we have
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mg_1<0;v—0<gqgs<v, (14.444)

As previously explained, we may assume without loss of generality that v = ¢,
for a certain integer a, so that

vV=0<¢s<...<qa=0<¢qay1 <... <@y =1. (14.445)
We define 7 =1,
po=0, p1=v=qa, p2=0qat1, --- s Pr+1=Gqrt2=1, (14.446)

where k = k + 2 — a. We define
ng=0, ni=mg, Ng=Mgp1, ---, Ng =M1 = 1. (14.447)

We denote by () the right-hand side of (14.424), keeping the dependence
on N implicit. The first goal is the following.

Lemma 14.12.7. We have
a(0) < 2Pi(m,q) + MJ . (14.448)

Proof. First, we observe that

> np(0ppr1) —0(p) = D mp(B(gpe1) — 0(gp))

1<p<k a<p<k+1
= Y mp(0(gpe1) — 0(gp)) — C', (14.449)
1<p<k+1
where
= Z myp(0(ap+1) — 0(qp))
1<p<a
= Y mp(0gpe1) = 0(a) + Y mp(O(gpar) — 0(gp)) -

Since my, <6 for p < s —1and my, <1 for p > s we get
C< 50((]3) +9(Qa) - G(QS) < Mé¢,

using that ¢, — ¢s = v — ¢s < § by (14.444). Combining with (14.449) we
obtain

D mBlgprn) —0(a) = D> my(B(pps1) —0(pp)) — M3 . (14.450)

1<p<k 1<p<k+1
Next, when A = 0, copying the proof of (14.184) we get that

Yo =EAa(h+y3) + EAa(h + y3) = 2EA(h + 35) ,
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because y2 = —ys. Now E(y8)? = €(p1) — €(0) = €(qa), so that yi and
> _0<p<a Zp have the same distribution, and therefore

Yy = 2EA, (h+ Z zp) . (14.451)
0<p<a
On the other hand, Jensen’s inequality implies
EexpmX > expmEX |
and consequently (14.432) entails that A,(x) > EA,11(x + 2,). Iteration of

this relation yields

EAo(h) > EA, (h

+Zzp>

0<p<a

and (14.451) implies that Yy < 2EAg(h). Using the definition (14.89) of
Pr(m, q) completes the proof. O

The next goal is to bound «'(0) from below. Proposition 14.6.4 (and
specifically (14.180)) implies

o' (0) = E(AL (R +y5) AL (h+y3)) + v (14.452)
where y2 = —yd, E(y})? = 5’(1}). Consider two independent Gaussian r.v.s
2

X} and x4 with E(x})* = E( )% = ¢ (v). Tt then follows from Lemma 14.9.5
(used for x1 = yd, x2 = y2), and since |Ex1x2 — Ex}x5| = &' (v) that

E(AL (htyd) AL (h+y2)) = E(AL(hxh) AL (hxh))—€ (0)EAL (hx /€ ()

where x is standard Gaussian. Since &'(v) < v€”(v), combining with (14.452)
yields

o/ (0) > E(A” (hx,) AL (h+><2))+v(1 —€" (0)EA! (h+x/E (1)) ) (14.453)

Lemma 14.12.8. There exists a number M depending on B and h only such
that

1
(AL (h+x1) A (h+x2)) = 57 - (14.454)
Proof. It follows from (14.274) that
Al(z) > — (14.455)
Mchz '

where M depends on 8 only. Defining the function

Au(z) =EA.(z + X)),
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we then have, using (14.281) in the second inequality,

1 1
All(z) =EA(z+ x}) > E > 14.456
() = EAYr 4 31) 2 Erat s > i (14450
Since A,(z) = Ay(—x), we have A/ (0) =0, and (14.456) implies
1
A, (w)| > e (14.457)
so that )
EAL(R)? > — .
L2 5
But
EAL(h)? = E(AL(h + X)) AL (h+ X)) - 0

Let us remark for further use that arguing as in (14.457) one obtains that
for each p one has

1
|AL(z)] > M|thx| . (14.458)

To use (14.453) the next task is to bound from above the quantity

&' ()EA (h+ X&' (v))?
The starting point of the proof is that (14.283) yields
€"(g5)(=€"(as)U"(0) = 1) < Me'/S (14.459)
where, using (14.248) and setting ¢, = h + ZOSTL<I) Zn,
U7 (0) = —E(Wy -+ Wi 1 A(G)?) (14.460)

for

Wy = expmy(Apt1(Gpr1) — Ap(Gp)) -
By (14.222) we have ¢; = EA}((1)?, and (14.458) implies that ¢; > 1/M,
so that g5 > q1 > 1/M and £”(qs) > 1/M. Therefore (14.459) and (14.460)

imply
(g )E(Wy -+ W1 AY(¢e)?) < 14+ MeYC (14.461)

Lemma 14.12.9. Assuming (14.444) there exists 6o > 0 depending only on
B and h such that when § < dg we have

& ()AL (h+xv/E(0)) < & () E(Wy - - W 1 AZ(C0)?) + MVG . (14.462)
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Accepting this for the moment we see that combining with (14.454), (14.461)
and (14.453) implies

1
a'(0) > 7 - Me'/S — MV . (14.463)

Proof of Proposition 14.12.5. First we complete the proof in the case
where ¢; < v. Let us denote by M; the constant of (14.448) and (14.463),
and without loss of generality assume that M; > 1. Let us set § = 1/16 M.
Then if ¢ < &7 = (1/4M?)%, (14.463) implies

1 M, M 1

) > — _ . _
e VATV Ry v T VA

and combining with (14.431) and (14.448) yields

< 2P(& h) — 1

. < _— Pppa—
H;fa()\) < 2Py(m, q) + M1 8M2 ~ 16M2°

and this completes the proof in the case where g5 < v.

It remains to prove the result when g5 > v = ¢,. Then (14.444) holds for
s’ = a + 1, so that without loss of generality we may assume s = a + 1. We
define

O=po<p1=v=0a <pP2=0qay1 < ... < Pet1 = Qy2
where k =k + 1 — a, and

n0:0, 77,1:0, Nno = Mag+1, -+, n,i:karl:l. (14464)

The difference between (14.464) and (14.447) is that now ny = 0. Rather
than (14.452) we find

o'(0) =E(A,  (h+ys +y) AL (h+yd+ui) +v. (14.465)

Consider two independent Gaussian r.v.s X} and x5 with E(x})? = E(x%)? =
€ (qa+1). We use Lemma 14.9.5 with x1 = vy} + yi, x2 = y3 + v3, so that
Exix2 = Eydyd = —E(y$)? = —€(v) and Ex) x5 = 0. We get

E(AL 1 (h+yo +y1) A (h+ 5 + 7)) = E(AL (b + X)) AL (h+X5))

— EWEAL L (h+ XxVE(qarn))”

where y is standard Gaussian. Then to finish the argument as previously it
suffices to show that

" (VEALy (h+ XVE (@ar1))” < 1+ M6 + Me'/® (14.466)
Using (14.459) for a + 1 rather than s, instead of (14.461) we reach

& Qa1 )E(W1 -+ Wo AL, (Car1)?) < 1+ MeVE
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This implies (14.466) since £”’(ga+1) > &”(v) because gu+1 > v, since (as
in (14.469)) E[Wy--- W, — 1| < M¢ and since EA! ;((at1)? = EAL ;(h +

XV §I<Qa+1))2- (]

Proof of Lemma 14.12.9. Using (14.204) in the case A = Ap4q and
m = my, we get

Ag(x) > Ep (eXP my(Apt1(x + 2p) — Ap(x))Ag-i-l(x + Zp)) )
where as usual E, denotes expectation in the r.v.s 2, for n > p. This implies

A (Gp) = Ep(Wp Ay 1(Gpt1))

and since W), does not depend on the r.v.s z, for n > p this inequality can
be iterated to give

AY(Gs) 2 Es(W -+ Wa1A47(Ca)) - (14.467)
We shall prove that
E|W, - Wa1 — 1] < MVS (14.468)

and
(W, - W1 — 1] < M. (14.469)

Now, since 0 < A <1,

|ES(WS T Wa—lAg(Ca)) - AZ(Ca)l < ES(WVS T Wa—lAg(Ca) - AZ(Ca)D
< Eg(|Ws-o Woor — 1)) (14.470)

Combining with (14.467), and letting Y = E;(|W; - - W,_1 — 1]) yields
AIQI(CS) > ESAZ(Ca) -Y )

so that
Al(C)? > (EsAL(Ca))? — 2

and, taking expectation and using (14.468),
EAY(C.)? > E(E.AY(Ca))* = MVG . (14.471)
Now, by (14.272) we get
| A% (Ca) — AL(Co)] <51Ca = Gl (14.472)

Ca_Cs: Z Zn

s<n<a

and
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so that Es((y — ()% = €(qa) — €'(gs). Now, since ¢, > g5 > qq — 6, we have
gl(qa) - gl(qé’) < 5”(1)(%1 - CIs) < M, and finally

Es(Ca = ¢o)? < M6 (14.473)
Therefore (14.472) implies that
E.A7(C) 2 A7(Ca) - MV
and, taking square and expectation, (14.471) entails
EAY(C)? > EAJ(C:)* — MV5 .
Using again (14.472) and (14.473) we get
EAL(C.)? > EAL(C)? — MVG

and finally
EAY(C.)* > EAY(Ca)> — MV . (14.474)

Moreover by the same argument as in (14.470), (14.469) implies
E(W: - W1 A7(G)?) > EAY(()? — M6
and combining with (14.474),
E(Wy - W1 AL(G)?) 2 BAT(G)? — MV = BAT(h + X/ (v))* = MV .

Since " (v) < &"(gs) + M6 (because gs > v — ) this proves (14.462).

We turn to the proof of (14.469). The basic reason why this is true is that
my, < 6 for p < s —1 so that each factor W), is very close to 1. We have

W1 s Ws—l = GXpS (14475)

where

Si=ms-1A5(G) + Z (mp—1 — mp)Ap(Cp) -

1<p<s—1

Now, (14.197) and Hélder’s inequality imply
exp4B(z,v,m) < (Eexp A(z 4+ gvv))* < Eexp4A(z + gv/v) ,
and iteration of this inequality shows that
Eexp4A,(¢p) < M .

Since mg_1 + Zl<p<s_1 |mp—1 — my| < 2mg_1 < 2§ and EAP((,,)4 < M we
get o
ES? <M .
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We also have A, > 0. Using simply that

Mt Y el <
1<p<s—1

and Holder’s inequality

Eexp2|S| < (Eexp4A,((s))™s—1/? H (EexpdAy(Cy))me—1—mel/2

1<p<s—1
(14.476)
we obtain that Eexp2|S| < M. Using the inequality
Elexp S — 1| < E|S|exp |S| < (ES?)Y/2(Eexp2|S]|)1/? (14.477)

we have proved (14.469), and we turn to the proof of (14.468). We write

W Wy_1 =expS~ (14.478)
where
5% = ma-—14a(Ca) — msAs(G) + Z (mp—1 —mp)Ap(Gp)  (14.479)
s+1<p<a-—1
= —my(As(G) — AalCa)) + Z (mp—1 — mp)(Ap(Cp) — Aa(Ca)) -
s+1<p<a—1

The reason why S* is close to 0 is that the terms A,({,) — Aq({,) are small.
Indeed, iteration of (14.273) shows that for s < p < a we have

Ag() < Ap(z) < Ag(o) + ¢'(qa) — §I(QP) .

Since v=¢q > qp > qa —0=v—3 for s <p<a,wehave 0 < ¢, —¢q, <9
and &' (qa) — &' (qp) < M, so that
|4, (z) — Aa(z)] < M§ .

Since |A!| < 1, we have

[4p(Cp) = AalCa)l < [4p(G) = AalCp)l + [AalCp) — AalCa)l

<M+ |¢p — Cal - (14.480)
Now,
>
p<n<a
so that
E(Ca = G)* = €'(ga) — €' (ap) < M. (14.481)

Therefore E(A,((p) — Aa(Ca))? < M§? and since
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mo+ D mpo1 —my| <2 (14.482)

s+1<p<a—1

we get that ES*2 < MJ. Denoting by Mj the constant in (14.480) and
(14.481) we get

Eexp4[A4,(Cp) — Ap(Ca)| < exp(4M3d +4lg])

where g is a Gaussian r.v. with
Eg2 S A435.

Consequently, if M3é < 1 we get Eexp4|A,(¢p) — Ap(¢e)] < L. It then
follows from (14.479), (14.482) and Hoélder’s inequality as in (14.476) that
Eexp2|S*| < L. The conclusion then follows from (14.477). O

Let us now describe the approach to Proposition 14.12.6. We choose the
parameters in Proposition 14.12.4 as follows. We take A = 0. As we just
explained, without loss of generality we may assume that v = ¢, for a certain
integer a. We then choose kK = k+1, p, = qp, T = a, np, = my if p > a and
ny =myp/2 if p < a. The key point is as follows.

Lemma 14.12.10. Under the conditions of Proposition 14.12.6 the quantity
Yo in the right-hand side of (14.424) satisfies

Yy < 2EAg(h) — (14.483)

1
M k)
where M depends only on 6, B and h.

Proof of Proposition 14.12.6. Recalling the identity

—2 Z np(0(pp+1) — 0(pp)) — Z np(6(pp+1) — 0(pp))

p<T S A
== > my(0ape1) — 0(gy))
p<k+1
Proposition 14.12.6 then follows from (14.483). O

We will obtain (14.483) by improving upon the argument by which we
have proved in the previous chapter that Yy < 2A4,(h). For convenience we
reproduce this argument now.

Proceeding e.g as in (14.184) independence yields

YaAa<h+ > y,l,)+Aa<h+ > y§>-
0<p<a 0<p<a

Now we prove that if p < a we have
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ngA,,(h+ > y$>+Ap(h+ > y3>.

0<r<p 0<r<p

The proof is by decreasing induction over p. For the induction step from p+1
to p we write, using the induction hypothesis in the first line and then the
Cauchy-Schwarz inequality:

E,expnyYpin

< Epexp%<Ap+1(h+ > yi) +Ap+1<h+ > yf))

0<r<p 0<r<p

1/2
< H (EpexpmpAp+1 <h—|— Z yé)) . (14.484)

Jj=1,2 0<r<p

Now, since y}) and yﬁ are distributed like z, for j = 1,2, by definition of 4,
we have

EpexpmpApi1 (h+ Z yﬁ) = expmpAp <h+ Z yi) )

0<r<p 0<r<p

and taking logarithms in (14.484) completes the induction step. In this man-
ner, we prove that

Yo < 2EAq(h) . (14.485)

Since y3 = —yi, we expect however that when h # 0, there cannot be
equality in (14.484). We also expect that the small differences between the two
sides of (14.484) keep accumulating over the values of p. To prove this we will
require non-trivial estimates that do not depend on how many times we use
the Cauchy-Schwarz inequality. A very important point is that we want that
the accumulated small differences add to a quantity that is bounded below,
depending only on 3 and h. There is equality in (14.484) when m, = 0, so
that to bound from below these differences we need to bound m,, from below.
There is also equality in (14.484) when y; = 0, so that we can expect the
difference between the two sides of (14.484) to be somewhat proportional to
E(yll,)Q. To have a chance to succeed we then need to control from below the
sum of these quantiles for values of m,, (with p < a) that are not too small.
This control is provided by condition (14.427). This concludes our scheme of
proof of Lemma 14.12.10, and we start the real proof.

Finding estimates that properly quantify the difference between the two
sides of (14.484) is a nice exercise in elementary analysis. We state the main
estimate first.

Proposition 14.12.11. Consider a function A(x), and assume that

Alx) =A(—z); |A'|<1; A'(z)<1 (14.486)
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and that, for a certain number C

1

A//
(@) = Cch’z

(14.487)

Then, if 0 <m<1,0<w<1072,0< a <1 and z is standard Gaussian,
we have, for any numbers x1,xs

2 log E exp % (A(xl + 2v/w) + A(z2 + zy/w)
m

B (21 — x2)?
ch*(z1 + zy/w)ch* (29 4 2y/w)

1 1
< - log EexpmA(zy + z2v/w) + - — log EexpmA(zs + 2/w)
mw\ (r1 — x2)?
a(l — Lw) . 14.488
( LCQ) ch*zich?z, ( )

To understand this statement one should first consider the case o = 0. In
that case we get a quantitative improvement in the use of the Cauchy-Schwarz
inequality. This improvement is quantified by the term

mw (rq — x2)2

LC? ch*xichzy

When « # 0, the term
(1 —x2)?
chzich?asy

represents how much we have improved on the Cauchy-Schwarz inequality in
the previous steps. Most of this improvement is preserved in the new step
(as is shown by the term a(1 — Lw)), while some new improvement is gained
(as is shown by the term mw/LC?). That the improvements on the Cauchy-
Schwarz inequality keep accumulating over the steps (at least for small «) is
testified by the fact that

mw

= a(l-Lw)+ o > a4 (14.489)

m
< -
“=5r202 Lcz = YT ore?

Proof of Lemma 14.12.10. Let us denote by Ly the number of (14.488).
We may and do assume that Ly > 1. Since we can always insert new elements
in the list q, we may assume without loss of generality that

1
Vo, &(gpr1) — €' (qp) < 0L, (14.490)

Let us define the function
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Ya(xlvl'Q) = Aa(xl) + Aa(xQ)

and, recursively, for 1 <p < a

2 m
Yy (21, 22) = — log Eexp —2Y, 41 (21 + Zl/;lw T2 + yﬁ) )
my 2

and finally Yy(x1,22) = EY; (21 + 98, 72 + y3). It should be obvious that
Yo = EYo(h, h) . (14.491)

We proved in Lemma 14.7.16 that there exists a constant C, depending on

3 only, such that
1

vp, A’ > — . 14.492
b A@)z o (14.492)
We prove that for s < p < a we have
21 + 9)?
Yy (z1,22) < Ap(1) + Ap(z2) — %% (14.493)
ch xlch )
where 1 e - €(a)
. . qa) — dp
ap = dmin <2L%C2’ 2LoC? ) . (14.494)

The proof is by decreasing induction over p. This is true for p = a. For the
induction from p + 1 to p, we observe that

Apri(z2 +yp) = Apra (w2 — yp) = Apra (—22 + ) -
We use (14.488) with —zo instead of xo, and with
A=Apir, a=ap1, m=my, w=_E(gp1) =& (g).  (14.495)
Since m, > ms > ¢ we obtain

/ (xl + fL‘Q)Q

R (14.496)

Yp(21,22) < Ap(x1) + Ap(22) —
for
ow 0
o = Oép+1(1 - Low) + m =Qpt1 Tt W (m — Oép+1L0> . (14497)

Since aptq1 < §/2LEC?, we have

wo

’
& Zap+1+2LO—C,2

and thus, recalling the definition (14.495) of w we obtain
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(€' (gp+1) — €' (gp))

o >ap+0

2LoC?
o 1 (ga) =€ (gp+1) (€ (gp+1) — €'(gp))
= min <2LOC2’ 2ToC? > O

: 1 &(ga) — &' (ap)
> = .
= dmin <2L0C2’ 2L,C? “r

This proves that (14.493) holds for p > s for the value of oy, given by (14.494).
Since § > 0 depends only on 3 and h, and since g5 < g,—3, we have ag > 1/M
(where M depends only on 8 and h). Next, we prove that for p < s, (14.493)
holds for

oy = s exp(—2Lo(E (g2) — €'(ay)) (14.498)

This is true for p = s, and the proof is again by decreasing induction over
p. We use (14.488) as before, but since we no longer control m,, from below,
instead of (14.497) we may only assert that

o' > api1(1 = Low) > apy1 exp(—2Low) (14.499)

because w = £’ (gp+1)—E& (gp) < 1/2Lg by (14.490) and since 1—x > exp(—2x)
for x < 1/2. Using again the value of w, (14.499) completes the proof that
(14.493) holds for the value (14.498). Taking p = 0, we have shown that

1 (21 + 22)?
Yb(ﬁcl,xg) < Ao(l’l) +A0(IL’2) - MM 3

so that if Eh%2 > 0

1
Yy = EYy(h,h) < 2EAG(h) — — .
M
Let us observe the following simple fact. Since (logchz)” = 1/ch?z < 1

we have )

log ch(z1 + ) < logchzy + xthxy + %

and thus )

ch(z; + z) < chx; exp (xthxl + %) . (14.500)

We turn to the proof of Proposition 14.12.11. We first consider the case
« = 0, where this proposition improves upon the Cauchy-Schwarz inequality.
For j = 1,2 let us set

X = exp %A(a:j +avw); b= (EX2)V2,

and let us further set
b=EX; X, .
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We assume without loss of generality that z; > xo. The starting point of the
proof is the identity

b 2
b2bs — b* = bIE <X1 72 X2> (14.501)

and we try to find a lower bound for the right-hand side. Consider the function

1
1#) = 5 (Al +1) = Al + 1)),
so that
x1+t x1+t
21(t) = Ay + 1) — (s +1) = / A(s)ds > & .
xo+t To+t Ch S

Now, for |t| <1 we have, using (14.500) in the last inequality,

xo+t<s<z +t = chs<max(ch(zs+t),ch(zs+1t))
< ch(zy + t)ch(zg + t)
< Lchz chzxsy

and thus
X1 — Tg
<1 = _— 14.502
g f' = LCch?z ch?x, ( )
so that if 0 <ty <1,
to(z1 — x2)
tg<t<1l = t) > f(to) > f(0) + —————=— 14.503
0 SEST = f)2 f(t) 2 J0)+ LA (1450)
to(z1 — xz2)
-1 <t< —t = t) < —to) < f(0) = ———=— .
Sty = [0 [0 < 10) - T EH—

Let us assume for definiteness that expmf(0) > b/b3. (The case where the
reverse inequality holds is similar.) We observe that X7 = X5 expmf(zy/w),
and that since w < 1 we have

1 Vw
S<r<l=s Yo <Ju<l.
2 2

So it follows from (14.503) used for to = v/w/2 and t = zy/w that, using the

inequality expx > 1+ x in the second line and that expmf(0) > b/b2 in the
third line,

1 2
- <z<1 = X;>Xse + myw———s——s—
2_Z_ b= 2Xp< 10)+m LCh2xlchm2>
my/w(zy — x2)>
>Xo 1+ ————5= | expmf(0
- 2( LCch2x10h2x2 pmf(0)

my/w(x; —x2)\ b
2 Xz <1 + ﬁ) R
LCch®xich’zy / b5
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Therefore
1 b my/w(z) —x2) b
—<z<1l = X1—=X9> ——— " — ,
92— "= ! b3 2= LCch?z,ch%zy b3 ?
and thus
b 22 m2w(zy — 11)?
E(X,— 2Xy) > W27 M) pq e oy X2) . 14.504
( 1 2) 2 Y L g ey (11/2<2<13X3) ( )
Let us assume for the moment that we know that
1 1
E(1(1/0<.<1} X3) > ZEX22 = zbg : (14.505)

Then, combining (14.501) and (14.504) yields

m2w(zy — 11)? >

b2b2 > b2 (1 +
1= LC2ch*x ch®xsy

Since log(1 4+ y) > y/2 for 0 < y < 1, taking logarithms and dividing by m
implies (14.488) when a = 0.

To prove (14.505) we simply use that, since |A’| < 1 and |A”] < 1, we
have

[Alwa+ =v/) - Alaa)| < Vi + 52
so that
X2 = expmA(zs + 2/iD) < expmA(rs) exp(2l|vin + 2uw)
and

1
Lij2<.<y X3 > ZGXPmA($2)1{1/2gzg1} .
Taking expectation, and since w < 102, we obtain respectively
EXZ < LexpmA(x2)

and

1
E(l{l/Zgzgl}ng) > ZexpmA(xQ) )

To complete the proof of Proposition 14.12.11, the major step is as follows.

Lemma 14.12.12. Consider a function B(x) with |B’'| <1, |B”| < 1. Con-
sider a number 0 < w < 1072, Then if 0 < v < 5 and |d| < 8 we have, for
m<1

1

— log Eexpm(B(2v/w) — vy exp(dzv/w — 42°w))

m

1
< - log EexpmB(zv/w) —v(1 — Lw) . (14.506)
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Proof of Proposition 14.12.11. The inequality (14.500) implies
ch*(x1 + z)ch* (2o 4 2) < ch*zich*zs exp(4z(the, + thay) + 422)

so that if set

a(z) — x9)?
d = —4(thay + thay) ; = L= 227
(thzy z2) 7 ch4x1ch4x2
then

B a(z) — z2)?
ch*(z1 + zy/w)ch* (x5 + 2/w)

and therefore setting

< —yexp(dzyw — 42%w) |

B(z) = %(A(xl + )+ Alzs + 7))

we get

1
— log Eexp % (A(gcl + zvw) + A(xe + 2v/w)
m

B a(z; — x2)?
ch*(z1 + zy/w)ch?(zy + zﬁ)) (14.507)

1
< —logEexpm (B(z\/w) - %exp(dz\/w - 422w)> .
m

Trivial bounds show that v < 10. Using (14.506) for «/2 rather than ~,
we obtain

% log E expm (B(z\/ﬁ) - g exp(dzy/w — 422w))
< %log EexpmB(zvw) — (1 — Lw) ,
and combining with (14.507) and recalling the definition of B, we get
2 m
p- log E exp B (A(a:l + 2vw) + Az + 2v/w)

a(z) — 22)? )

B ch*(z1 + zy/w)ch?* (x5 + 2/w)
< 2 logEexp 2 (Al + 2v/) + Al + 2v0) ~1(1 ~ L)

Combining with the case o = 0 of (14.488) (that we previously proved) we
have finished the proof of Proposition 14.12.11. O
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Proof of Lemma 14.12.12. We first reduce to the case d = 0 by considering
for 0 <t < d the function

plt) = - ogEV (1)

where
V(t) = expm(B(zv/w) — yexp(tzy/w — 4z°w)) .
The goal is to prove that

l¢' ()] < Lwy . (14.508)
We compute ¢'(t),
o () = %E(—z\/@ exp(tev/w — 422w)V (1)) (14.509)
and we integrate by parts in z,
E(—zvwexp(tzy/w — 42°w)V () = E(DV (1)) (14.510)

where

D = exp(tzy/w — 42°w)
X (—tw + 82w/ + mAy(tw — 8zw/?) exp(tzy/w — 42%w) — mwB'(z\/E)) .
This looks intractable, but we notice that for z?w < 1, since 0 <t < d < 8

we have
tw — 8zw3/?| < Lw ; exp(tzy/w — 42%w) < L ,

and therefore
Z2w<1l = |D|<Lw.

Since, recalling (14.509) and (14.510)

#(t) = g EPV ()
we then get
10 (4)] < Lyw + %Eu{z?wzl}pwt)) . (14.511)

We use Holder’s inequality to obtain
1\ 4\1/4 4y1/4
E(1fz20>13 DV(1) <P (2] > ﬁ (EDHVHEV()H)V/* . (14.512)

Using that |B’| <1 in the second inequality we deduce

V(t) < expmB(2v/w) < expm(B(0) + [2[vw)
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and since w < 1 we obtain
(EV(t)H)Y/* < LexpmB(0) .

We note also that, when |z| < 1, and since w < 1 we have 22w < 1, so that
since |B’| < 1 we have B(zy/w) > B(0) — L and therefore since v < 5 we
have V(t) > (expmB(0))/L. Consequently,

1
EV(?) 2 E(L(z1<yV(#)) 2 7 expmB(0) .
We observe that
D =D <7tw + 82w/ + my(tw — 8zw’/?)D* — mwB'(zﬁ)) )

where D* = exp(tzy/w — 42%w). Since w < 1072 we have ED*!0 < L. More-
over
|D| < LD*(1 + |z])(1 + D*),

so that using Holder’s inequality again we get ED* < L. Since P(|z| >
1/y/w) < 2exp(—1/2w) < Lw?, combining these estimates with (14.511)
we have proved (14.508). Thus

o(d) < p(0) + Lyw (14.513)
ie.
% log E exp m(B(zv/w) — v exp(dzyv/w — 42%w))
< % log E exp m(B(zv/w) — yexp(—42*w)) + Lyw . (14.514)
We now consider the function
U(0) = —log Eexpm(B(=v/w) -y exp(—1w))

and we proceed very much as above to prove that
1
P(4) < ¥(0) + Lyw = —y + Lyw + p. log EexpmB(zy/w) ,

which, when combined with (14.512) completes the proof. O

It remains now (in the unlikely event that any reader has resisted up to
this point) to prove (14.420) in the case where 0 < u < ¢/. Rather than
Proposition 14.12.4 we use another special case of Proposition 14.6.3. Con-
sider

O=po<pr=u<pa<...<pey1=1

and ng, . .., n, asin (14.422). Consider independent pairs (y;, yg) of Gaussian
r.v.s as in (14.423), but now with
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y(z) = y(l) ; yzl} and yf} are independent if p > 1.

Then the bound (14.424) holds for v = —u.

The point ¢ is the smallest point of the support of the Parisi measure
1, and by definition p is the limit of a sequence of stationary measures p,
such that P(&, un) — P(E). If ¢1 is a given point with ¢/ < ¢; < ¢, given
any € > 0, for large n we have p,([—1,¢1]) < € and P(&, upn) < P(E) +e.
By definition of stationarity, the measure u,, corresponds to k, m and q that
satisfy condition MIN(g). Consider the smallest s < k + 2 for which ¢; < gs.
Then p,([—1,c1]) < € =ms_1, so that

Mmg_1 < €.
This condition implies in turn as in (14.469) that
E(Wy - - Ws_1 — 1] < Me. (14.515)
We define k =k +3 — s and
O=po<pr=us<pr=qs <...<pey1 =qre2 = 1.

With these choices consider the right-hand side of (14.424) as a function /().
As in Lemma 14.12.7 this implies

a(0) < 2P(€,h) + Me . (14.516)

Lemma 14.12.13. If x denotes a Gaussian r.v. with Ex? = &'(qs), then we
have

lgs — EAL(h + x)*| < Me (14.517)
" (gs)EAL(h +x)* < 14 Me'/0. (14.518)

Proof. To prove (14.517) we combine (14.515) with (14.222), and to prove
(14.518) we combine it with (14.461) (that remains true with the same proof).
O

Proposition 14.6.4 (and specifically (14.180)) implies
o/ (0) = EAG(h + x1) A (h + x2) —u, (14.519)
where Ex? = Ex2 = ¢/(q,) and Ex1x2 = & (u). The key point is the following:
Lemma 14.12.14. There exists a number v > 0 depending only on &, h,c
and ¢ such that

EAL(h+ x)? < EAL(h + x1)AL(h + x2) + (€'(gs) — €' (w)EAL(h +x)* — v .
(14.520)
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Let us accept this for a moment and finish the proof of Theorem 14.12.1.
Since £'(gs) — &' (u) < £"(¢s)(gs — 1), combining (14.520) with (14.518) yields

EAL(h+x)* < EAL(h+ x1)AL(h+ Xx2) +qs —u—~y+ Me'/°
It then follows from (14.519) and (14.517) that
o/ (0) >y +EA(h+ x)? — qs — Me/® > v — Me/® — Me ,

so that when ¢ is small enough we have o/ (0) > /2, and (14.420) then follows
from (14.431) and (14.516) when ¢ is small enough.

Proof of Lemma 14.12.14. We revisit the proof of Lemma 14.9.5. This
proof used the Cauchy-Schwarz inequality, in a case where there cannot be
equality because the function A” is not constant, which follows from (14.274)
and the fact that -

/0 Al(z)dz <1
since A% (z) < 1. The fact that the “non equality” is uniform over all param-

eters involved requires only straightforward but tedious estimates, starting
with the identity (14.501). O

The proof of Lemma 14.12.14 raises the question of how one could con-
trol the higher derivatives of the functions A,. For example, is it true that

A§)3)(x) > 0 for z > 07

14.13 Notes and Comments

The possible relevance of Poisson-Dirichlet cascades to the SK model was put
forward in particular in [16] and in [11]. However Guerra’s original proof of
Theorem 14.4.3 [49] does not use Poisson-Dirichlet cascades, and is entirely
written using the recursive construction of the r.v.s F},. This is also the case
of the author’s original proof of (14.93). We have chosen here to use Poisson-
Dirichlet cascades, despite the fact that the proof is then quite longer, because
they allow to bring forward simple principles such as Lemma 14.4.1, and since
they seem to be intrinsically relevant. It is however remarkable that Guerra’s
original scheme is somewhat more powerful than the use of Poisson-Dirichlet
cascades. This is apparent when one studies the setting of Section 12.5, and
is explained in detail in [111], but much remains to be understood.

Research Problem 14.13.1. Given a < 0, compute (at least for p even)
lim — log EZ2 (14.521)
Ngnoo Na ©8 N '

where Zp is the partition function corresponding to the Hamiltonian (14.57).
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When a > 0, the limit (14.521) is computed in [111]. When a > 1, this
limit is given by a “replica-symmetric formula” similar to (1.395). The key
argument towards this result is given in Section 12.5.

The results of Section 14.3 have been discovered by analyzing what makes
the calculations of Guerra work when they are written in terms of Poisson-
Dirichlet cascades. Of course direct probabilistic proofs can be found, but it
is interesting to note that these results do not seem to have been identified
earlier. Section 14.11 follows the presentation of D. Panchenko [69] of the
results of [109].



15. The Parisi Solution

15.1 Introduction

The Parisi formula that we proved in the previous chapter is only the tip
of the iceberg. Underneath lies a very beautiful structure, that we call the
Parisi Solution. This structure is only partially understood at the rigorous
level. In this chapter we describe it at the heuristic level, and we rigorously
prove that significant parts of it indeed hold true. As we pointed out, it is
not necessary to have mastered all the material of the previous chapter to
enjoy the present one. It probably suffices to have a fair understanding of
Sections 14.2 to 14.6.

15.2 Ghirlanda-Guerra Identities and Poisson Dirichlet
Cascades

In this section we explore a fundamental relationship between the Ghirlanda-
Guerra identities and Poisson-Dirichlet cascades of Section 14.2. We consider
a Poisson-Dirichlet cascade associated to a sequence 0 < m; < ... < my < 1.
Let us think of the weights (v,) as defining a random probability measure G
on A = N**; for a function h of “replicas” al,...,a” € A we define

(h) = Z Vgt -~ Vanh(at, ... a™) . (15.1)
al ... am

That is, each variable of is integrated independently according to G. We
write v(h) = E(h). For a,7 € A we recall that we denote («,v) “the first
coordinate on which the sequences « and + differ”, see (14.36).

Theorem 15.2.1. (Ghirlanda-Guerra identities for Poisson-Dirichlet
cascades) Consider a function h of ',...,a™ that depends on ot,..., a"
only through the integers (af,a’) for 1 < ¢ < ¢/ < n. Then for each

1<r<k+1 we have

1
V(L{ar,ant)=rih) = ~v(L{at,az)=r})V(h)

1
+ E Z V(]-{(al,aé):r}h)~ (152)
2<4<n
M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der 475

Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern
Surveys in Mathematics 55, DOI 10.1007/978-3-642-22253-5_8,
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For the proof, we fix 1 < r < k 4+ 1 once and for all, and we consider

independent standard Gaussian r.v.s (g;,,...j.) for ji,...,j, € N*, and for
a = (ji,...,Jr) € A we write go = gj,,..;.. Thus g, depends only on a|r =
(Js - Jr)-

Lemma 15.2.2. For each t we have

2
Eza Uagi exptga o <E Za VaJa €XP tga) -1

15.3
Y Va €Xptya Y o Va €XPtga ( )

Proof. Let us recall the following elementary fact (A.6): if ¢ is a standard
Gaussian r.v. and a < 1/2 we have

9 1 b?
Eexp(ag” + bg) = exp (15.4)

T_2a 2(1-2a)
Consider s < 1/2. Using (14.8) for the function F(z1, ..., 7)) = exp(sz2+
tx,) entails

1
Elog va exp(sg2 + tga) = — logEexp(my.sg” + mytg) (15.5)
myt2

1
- — " log(l - 2mys)
30— 2ms)  2my 1081~ 2mes)

using (15.4) in the second line. Taking s = 0 and differentiating in ¢ gives

aJox t @
ElaVefa Plga _ (15.6)

2o Va €XPta

Differentiating in s at s = 0 gives

EloVadaXPlga _ o
Y o Va €XPtga " '
This proves the result. ad
Let us define
Vo €XP TGq
Vot = ==—————
“ nyeA Uy €Xp gy

and define (-); as (-) in (15.1), but with v, instead of v,. If A’ is a (possibly
random) function on A™, we then write v;(h’) = E(h');, where the expectation
E is as always over all sources of randomness. Then (15.3) means that if the
(random) function u : A — R is given by u(a) = gn, we have

ve(u?) = ve(u)? = vi((u = e (u)?) = we((u = mt)*) =1,

using that v;(u) = m,t by (15.6).
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Therefore, if h : A" — R is such that |h| < 1, and if u'(al,...,a") =
u(al) = ga1, then

v (uth) = mytvy(h)| = | ((w! = met)h)| < vi(ju —mat])

v ((u—mpt))2 < 1. (15.7)

IN

On the other hand, we have

Za17___,an garh(al, ... a™)var - - Van expt(gar + - + Gan)

n
(Z'y Uy €Xp tgA,>

vi(uth) = E

(15.8)
Now
Egargae =1 if (al,af) > 7

and is 0 otherwise. Integration by parts of (15.8) in the r.v.s g,1 gives

l/t(ulh) = t(]/t(h) + Z Vt(l{(a17a4)>r}h) — nl/t(]_{(al’an+1)>r}h)> s
2<i<n

and combining with (15.7) yields
t((l - m,«)l/t(h) + Z Vt(l{(a17ae)>r}h) - nl/t(l{(a17an+1)>7-}h)) =R
2<6<n

(15.9)
where |R| < 1.

Lemma 15.2.3. If h depends on a',...,a™ only through the quantities
(of, ) for 1 <0< 0 <n, then ve(h )—V(h)

Proof of Theorem 15.2.1. Combining (15.9) with Lemma 15.2.3 we obtain
t<(1 - mr)y(h) + Z V(l{(al,af)>r}h) — nl/(l{(al’anﬁ—l)>r}h)> =R
2<6<n
where |R| < 1. Letting t — oo yields
Tll/(]_{(alﬁoén+1)>r}h) = (1 — mT)I/(h) + Z I/(l{(a17a2)>7,}h) .
2<4<n

We write the same relation for » — 1 instead of r. Subtraction and the fact
that from (14.39) we have m, —m,_1 = v(1{(a1,a2)=r}) complete the proof
of (15.2). O

Proof of Lemma 15.2.3. The principle of the proof is to show that there
is a (random) permutation o of A with the following properties:
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The sequence (v, (q),¢)a is distributed like the sequence (vq)q. — (15.10)

Va,ye A,  (o(a),0(7)) = (a,7) . (15.11)

It then follows from (15.11) that, since h depends on o, ..., o™ only through

the quantities (af, a), we have

h(al,...,a™) = h(a(a),...,o(a™)). (15.12)

Therefore, using (15.12) in the third line and (15.10) in the last line,

)=E Z Vot ¢ Van gh(al, .. Q™)

=E Z a(a "'vo(a"),th(o—(al)v'"7U(an))

E Z vg(a -vg(an),th(al, s al)
= V(h) .
We turn to the construction of o. Recalling the notation
Uy, = Ua|1Uqa2 " Ua|k—1Ua = Ujy Ujyjp = Ujy .,
of (14.1) we first notice that

uy, €Xp lga

. 15.13
> ukexptg, ( )

Va,t =

Next, it follows from Corollary 13.1.2 that for each ji,...,j._1 there is a
permutation 6;, . ; , of N* such that the sequence

(W 105y i G EXP LGy 050 ()1

has the same distribution as the sequence

(cUjy . j,_1j)i>1

where ¢ = (Eexptm g)l/m"‘, for a standard Gaussian r.v. g. Moreover the
randomness of §;, . ; , depends only on the randomness of the variables
Ujy,... jr_1j- Liet us then deﬁne

U(Oé) = 0((j17 e 7]k>) = (jlaj27 s ajrfl70j17'~~;j7~—1(j7“)7.j7‘+17 e a.]k:) .

We first show that the family (u;(a) exptgs(a))a is distributed like the family
(cul)o. First we note that by definition of g = g;, ... ;, we have

Jr

Jo(a) = Gj1,eidr—1,05y ... iy (Gr) *
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Now, since
* — . . . .« .. . . .
Uy = Ujy Ujrgo =" Ujrja... gk

we have
ctut, Lexpt =u u .
o(a) P o (a) = Ujy Uj, 4, J1d2--dk

where, for p < r,
/

Ujygp = Ui

1--.Jp 0
where

/ P 71 . . . . . .
sy g = € " WjyGr 165y Gy () exptg]h-“v]r—hejl ..... Gy (r)

and where, for p > r,

/
U

J1---Jp = Uy

le--jr*lajl vvvvv jrfl(jr)jvdrl"'jp :

;»1__% is distributed like the collection of se-
quences uj, ..j,, and therefore the family (c‘lu;‘;(a) exptgs(a))a is distributed
like the family (u},)q. Consequently by (15.13) the family (vy(a))a is dis-
tributed like the family (vq)q- It remains to prove (15.11); this follows from
the fact that for any s, the first s components of o(«) are determined by the

first s components ji, ..., js of @ (and conversely). O

The collection of sequences u

We end up this section by a kind of converse to Theorem 15.2.1 in the
case k = 1 which is of fundamental importance. In this setting, quantities
1eqe—qeny play the role of the overlaps. So, to lighten notation we write

Fee = Yarzary = Liatar=2} -
so that (15.2) implies that
1 1
v(Ranah) = ~v(Rag)v(h) + qu< v(Ry4h) . (15.14)

Of special interest is the function h defined as follows. Consider integers
ni,...,n; and n = >, ng. Consider a partition of {1,...,n} into sets
I,..., Iy with cardl, = ns. We define h = h(al,...,a") =1 if

Vs<k, 0,0 el, = of=a',

and we define h = 0 otherwise. If we define hg by

hy =1if o’ = o for all £,¢' € I,, and hs = 0 otherwise, (15.15)
then (hs) = > vhe, and h = [[,., hs, so that by independence between
replicas, B

(hy = [T¢he) =TT D_wa

s<k s<k «
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and

v(h) = EHZUZS .

s<k «

The sequence (v,) has a Poisson-Dirichlet distribution; let us call m its pa-
rameter. We define

S(m)(nl,...,nk):EHZugs, (15.16)

s<k «
so that
v(h) = ST (ny, ... ) . (15.17)
We observe that by (13.17) we have
V(Rig) =EY vl =1-m, (15.18)

and our goal is now to apply (15.14) to the function h. We compute the
various terms. We recall (15.15). Assuming without loss of generality that
1 € I, then

Ry y41h1 = B}

where i} = 1 if o' = o for each £,/ € I, U{n + 1} and k| = 0 otherwise.
That is, the function R;,41h1 has the same structure as the function h,
except that we have replaced n; by n; + 1. Thus by (15.17) we get

V(Rypy1h) = ST (ny +1,n9,...,nz) .

Assuming that ¢ € I, with s > 2, we have Ry hihs = 1 if ol = o for
0,0 € I UI; and Ry ¢hihs = 0 otherwise. In words, multiplying h by Rj ¢
amounts to merge the sets I; and I;. Therefore by (15.17) we get

v(R1eh) = S(m)(nm e M1, M T T Mgy 1 )

Of course if £ € I; we have Ry ¢h = h, so that v(Ry ¢h) = S(m)(nl, cey ).
Consequently (15.14) implies that

S(m)(m +1,n9,... ,nk)
=gt (g, .. )

n

n

=28 (g, .. ng_1,ms Mty e s ) - 15.19
+2<Z;kn (N2, ... Ns—1,Ms + N1, Ngq1 ni) ( )

The terms in the right-hand side are in a sense simpler than the term in the
left-hand side. We have either decreased k or decreased )., ns. We observe
that since ) v, = 1, we have

S (1, ng, ... ng) = S™ (ng, ... k), (15.20)
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so that when n; = 1, the relation (15.19) is simply

1—-m

SM(2,ny, ... ng) = ST (ng, ..., ny) (15.21)

n
Ng
+ E ;S(m)(ng,...,ns_l,ns+1,ns+1,...,nk).
2<s<k

In this manner, the relations (15.19) and (15.21) completely determine the
numbers S (ny,...,ny) for ny,...,ng > 2.

Let us now consider for each N a non-increasing random sequence
(Wa,N)a>1- We assume wq,ny > 0, and that > wen < 1. We do NOT
assume that ) wq n = 1. Given integers ny,...,n; > 2 we define

Sn(ni,...,ng) = EHZwZN .

s<k «

The reader has observed that we consider the numbers Sy (ni,...,ng) only
for nq,...,ng > 2. We further define

S = {(a:a)azl , Ta >0, Zma <1, (zq) non—increasing} .

e

Proposition 15.2.4. Let us assume that

Jim Sy(2) = lim E wiy=1-m, (15.22)
that whenever ni,ns, ..., ng > 2,
. ny—m
]\}lm ‘SN(n1+1an23"'7nk)_ - SN(nlv"'vnk)
N
— Z —Sn(n2, ..., ng_1,ns +n1,Nss1,...,n5) | =0, (15.23)
2<s<k
and whenever nay, ... ,ng > 2,
. 1—m
lim ‘SN(2,n2,...,nk) — Sn(na,...,ng)
N—o0
Ns
= > ZSn(nay. . men,m + Linggn,.ong)| =0 (15.24)

2<s<k
Then the limiting law of the sequence (Wy,N)a>1 1 S is the Poisson-Dirichlet

distribution A,,. In particular we have

N—o0

lim Y wan =1. (15.25)
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Proof. For each integers ny > 2,...,n > 2 we have
Jim Sy (na,...nx) = S (ny, ... ) . (15.26)
This is because asymptotically the numbers Sy (nq,...,ni) satisfy the rela-

tions (15.19) and (15.21), (as is shown by (15.23) and (15.24)), and that these
relations determine these numbers. Formally, it is straightforward to prove
(15.26) by induction over k +nj + - - - + ng. The use of (15.22) is to start the
induction by proving (15.26) when k = 1 and n; = 2. Given n = (nq,...,ng),
with ny,...,ng > 2, let us consider the function f,, : & — R given by

s<k «

where x = (24)a>1 denotes the generic point of S. First we prove that the
function fy, is continuous on S when S is considered with its natural topology
(the weakest that makes all the maps x +— x, continuous). It suffices to
consider the case where fy,(x) =", «p for some n > 2. We note that the
sequence X = (Zy)a>1 is non-increasing and that Y <, zo < 1. Thus, for

each p we have pz, < Za<p To < 1, so that x, < 1/p. Therefore

Sl <p N w, <pt
a>p azp

Thus

and fn is the uniform limit as p — oo of the functions x +— > _ a7y, which
are continuous, so it is continuous.

Taking a subsequence if necessary, let us denote by p the limiting law in
S of (wq,N)a>1, S0 that, since the function fy, is continuous,

/fn(x)du(x) = A}Enoo Sn(ni,...,ng) .

Thus it follows from (15.26) that

/fn )dpu(x /fn )d A, (15.27)

and all that is left to prove is that this implies that u = A,,. As a first step
we prove the following

VX, y €S, x#£y = In=2, Y al#> yr. (15.28)

a>1 a>1

We proceed by contradiction. Assuming
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Vn>2, > al=> yl, (15.29)

a>1 a>1

we first see that if ¢ is a polynomial

Y whe(@a) =Y yaeya) (15.30)

a>1 a>1

This remains true by approximation if ¢ is any continuous function and
therefore if ¢ is the pointwise limit of a sequence of continuous functions. In
particular

Vi, Y @il = O Yaliysi - (15.31)

a>1 a>1

Assume if possible that x # y. Let v > 1 be the smallest value of « for which
Zo # Yo, and assume without loss of generality that x, > y. Then

deil{wazmw} 2 Z xl > Z xl = Z Yo = Zyil{yazm

a>1 a<ly a<ly a<y a>1

and thus (15.31) fails. This proves (15.28).

In particular the family f, “separates S” in the sense that if x # y then
fa(x) # fa(y) for some n. Since the product of two functions of the type fy
is still of the same type the collection of functions of the form

o+ Y cofn, (15.32)
L

(where ), is a finite sum of such terms) is an algebra A of continuous
functions on S that separates S. By the Stone-Weierstrass theorem, this
algebra is uniformly dense in the set of continuous functions on S. By (15.27)
[ (x)dp(x) = [(x)dA,,(x) whenever ¢ € A so that u = A,,. 0

15.3 The Baffioni-Rosati Theorem

Consider the set C of all sequences x = (24,4 )1<¢<er With |z | < 1, provided
with the natural (product) topology. Assuming all limits exist, given a spin
system, a fundamental object is the probability measure p* on C such that
given a continuous function f on C, which depends only on finitely many
variables x¢ ¢, we have

[ #0007 (60 = Jim v(#(Re)) (15.33)

Equivalently, the measure u* is defined by the fact that for each n and each
continuous function f* on R™"~1V/2 writing x,, = (o0 )1<0<er<n, We have
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/f Xp)dp" (x) = lim v(f*((Ree)r<e<e<n)) -

Thus, p* is the “limiting law in C of the family (R ¢ )1<e<e”. We will first
explain the importance of p*. The point is (even though this is absolutely
not intuitive the first time one thinks about it) that u* carries considerable
information (at least “in the limit”) about Gibbs’ measure.

A first fundamental fact is that (at least for Hamiltonians of the type
(14.406)),

. : .1
u* determines A}E)noo NElog Zn . (15.34)

This, of course, would be really useful if we knew how to compute u*,
a question related to Research Problem 15.3.7 below. Until this is the case,
there is little point to give a formal version of (15.34) in a book, so we will
simply sketch that main ideas.

Consider a family (A(o)) of Gaussian r.v.s, that is independent of the
disorder of the spin system. Let us assume that for o',02 € Xy, we have,
for a certain function n

EA(a')A(a?) = n(Ry2) . (15.35)

Consider also a bounded and continuous function V, and the r.v. U =
(V(A(o))). We claim that, in the limit N — oo, u* determines the law
of U. To see this, it suffices to show that, in the limit, u* determines the
moments of U. Denoting by Eq expectation in the r.v.s A(o), we have

EU*Y =v(W(a?,...,o")) (15.36)
where
W(a',...,o") = EV(A(a!))---V(A(e")) .
The quantity depends only on the correlations of the r.v.s A(al),... (a' ),
and by (15.35) it is a continuous function of the overlaps Ry for <l<

0 <k, ie.
W(Ula R o,n) = f((Rf,(’)1§€<€/§n) .

so that p* determines limy_ o, EU*. Assuming we consider only reasonable
functions V' (i.e. that do not grow too fast), a truncation argument will show
that p* determines

NliinOo Elog(V(A(0))) . (15.37)

The approach of Proposition 1.6.8, and in particular (1.172) and (1.174), then
allows one to compute limy_o. N 'log Zy by estimating two quantities of
the type (15.37), and this concludes our scheme of proof of (15.34).

To explain the importance of 11 i n a different direction, consider at a given
disorder n replicas o!,...,o™", that is, n configurations taken at random
according to the Gibbs measure. If we understand for each nthe joint law
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under Gibbs’ measure of the overlaps (R )1<¢<e'<n, We might argue that
we understand very well Gibbs’ measure “in bulk” (remember that 1 — Ry ¢
is twice the Hamming distance of o, o* ) We understand this joint law
as soon as we understand the Gibbs averages of all the polynomials in the
overlaps Ry ¢ . These are random quantities. We understand their randomness
as soon as we understand their joint law, i.e. as soon as we can compute the
expectation of any polynomial in these random Gibbs’ averages. But using
replicas, such an expectation is the expectation of the Gibbs’ average of a
(bigger) polynomial in the overlaps, and in the limit is determined by u*.

Definition 15.3.1. A probability measure p* on C is symmetric if, given
any continuous function f on C, and any permutation 7 of N*, we have

[ 169000 = [ £ 0)an"
where T(X) = (Z7(0),r(07))1<0<0" -

It should be obvious that the measure p* given by (15.33) is symmetric. In
the literature about infinite random arrays, “symmetric” is sometimes called
“weakly exchangeable”.

Definition 15.3.2. We say that the symmetric measure p* on C is ultra-
metric if
/ﬁ({ng Z min($172,$273)}) =1. (1538)

An equivalent definition is to require that for each a we have

,U,*({IELQ Z a ., IZ’273 Z a, 2131,3 < a}) = O . (1539)

Congecture 15.3.3. Under very general conditions the measure p* given by
(15.33) (exists and) is ultrametric.

We don’t know what the general conditions should be; it would be mighty
nice to prove this conjecture for the Hamiltonian (14.55) (or even for the SK
model).

Definition 15.3.4. A probability measure p* on C satisfies the Ghirlanda-
Guerra identities if given any number n, any continuous function f on C that
depends only on xp ¢ for 1 < € < ' <mn, any continuous function ¢ on R,
we have

[ e oan o0 = [ elar)dn x) / F)dpe ()
+—Z/ rL) A (x) . (15.40)

2<t<n
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Exercise 15.3.5. Consider a continuous map % from [—1, 1] to itself, and
the map ¥ form C to itself given by ¥ (x) = (Y (zee))e<er for x = (Te0 ) o< -
When p* is a probability measure on C that satisfies the Ghirlanda-Guerra
identities, prove that the image of p* under ¥ also satisfies these inequalities.

Theorem 15.3.6. Consider a probability measure p on [0,1]. Then there
exists a unique probability measure pu* on C with the following properties: p*
is symmetric, ultrametric, satisfies the Ghirlanda-Guerra identities, and for
each continuous function @ on R we have

[t 6o = [ eduta) (15.41)

This theorem gives its name to the present section, although F. Baffioni and
F. Rosati [15] prove only the uniqueness part.

The vision of the physicists is as follows. The measure p* given by
(15.33) exists and satisfies the properties of Theorem 15.3.6: it is symmet-
ric, ultrametric and satisfies the Ghirlanda-Guerra identities. By construc-
tion it satisfies (15.41) where p is the “limiting law of the overlap”, i.e.
J e(z)dp(z) = limy_o0 (p(R1,2)). Therefore the measure p (which is the
Parisi measure) completely determines p* (which itself encompasses “all” the
information about Gibbs’ measure). That is, the entire system is parameter-
ized by p (or equivalently, since physicists like to think of the function u([0,¢])
rather than of p the entire system is parameterized by a single function.)

The work of Chapter 12 makes it reasonable to believe that (at least in
some sense) the measure p* of (15.33) satisfies the Ghirlanda-Guerra identi-
ties, a point that we will explore further in Section 15.4. The really missing
part in the picture is the fact that p* is ultrametric. G. Parisi pointed out
that it might well be that the Ghirlanda-Guerra identities themselves im-
ply ultrametricity. Before formally stating the corresponding question, let us
observe that since Ry ¢ = o0 /N, the matrix (Ry ¢ )¢ ¢>1 is positive defi-
nite. Let us define the subset C* of C consisting of the sequences (x4 ) with
the following property: the symmetric matrix (gs¢) given by gr¢ = 1 and
qor = xg e for £ < ¢ is positive definite. Then we know that p*(C*) = 1.

Research Problem 15.3.7. (Level 3) Consider a probability measure * on
CT. Assume that p* is symmetric and satisfies the Ghirlanda-Guerra identi-
ties. Does it follow that p* is ultrametric?

Arguably, this is one of the most important problems left today in the
theory of spin glasses. A positive solution, combined with (15.34) would let us
extend the Parisi formula (14.102) to the case where the Hamiltonian (14.55)
contains terms “with odd values of p”. (The arguments to prove the formal
version of (15.34) yielding this result are not trivial, but there seems to be
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no point to write them down now, since the expected difficulty of Problem
15.3.7 is several orders of magnitude higher.) More importantly, a positive
solution would provide very solid ground to assert that “the Parisi solution is
universal”. Let us also observe that the construction of Exercise 15.3.5 implies
that one cannot completely dispense in Problem 15.3.7 with the hypothesis
that p*(Ct) = 1.

We turn to the proof of Theorem 15.3.6. We will first prove the existence of
p*. We will assume that p is carried by a finite set. Since any measure on [0, 1]
is a limit of measures carried by a finite set, the general case is then obtained
through a limiting argument. This argument is absolutely straightforward,
and better left to the reader. We assume that there exists ¢1 < ... < qx41
such that for 1 <r <k + 1 we have

n({gr}) =me —mp_1 ,

where 0 = mg < my < ... < myg <1=mgy1. We will use a Poisson-Dirichlet
cascade (v,) of parameters mq,...,my, so a € A = N**_ For a!,a? € A, let
us recall the notation (o', a?) of (14.36), which denotes “the first coordinate
on which o' and o? differ” so (al,a2) is the number ¢, for r = (al,a?).
It helps to think of the points of A as being configurations. The (random)
weights v, define “Gibbs’ measure G” on A. We then define “the overlap of

two configurations « and +” by
oy = q(ay) - (1542)

Consider an i.i.d. sequence (af),>1 on A, that is distributed like G. We define

W,k

p* is the law of the sequence (Reer) = (qqe e )1<e<er” - (15.43)

In other words, we define p* by the formula

/f(x)du* (X) =E Z VUt * - Ua"f((qaz,ae/)f,é’) 5 (1544)

al,..,an€eA

whenever the continuous function f on C depends only upon the variables
(o0 )1<e<<n-

We note that pu* is obviously symmetric by construction. It is also true
by construction that p* is ultrametric. To see this we observe that

(a',a%) > min((a',0?), (0 a%)) .

This is because for j < min((al, a?), (a?,a?)) the j-th coordinate of a! is the
same as the j-th coordinate of a2, which is the same as the j-th coordinate of
a?; so the j-th coordinates of a! and a? are the same and thus j < (a!, a?).
Consequently, since the sequence (g,) is increasing we have

dat,a3 > min(qa1’a27qaz’a3) 5 (1545)
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and (15.43) shows that p* is supported by the set {z13 > min(z12,223)},
which proves (15.38).

Next we prove (15.41). Using (15.44) for n = 2 shows that when ¢ is a
continuous function on R then

/(,0(.’17172)(1#*()() =E Z valvaﬂp(qal,oﬂ)

al,a?2ecA
- Z o(q,)E Z Vg1 Vg2 - (15.46)
1<r<k+1 (at,a?)=r

Now we use (14.38) for F' = 0 to see that

E Z Ul Vg2 = My — Myp_1 (15.47)

(at,a?)=r
and thus (15.46) implies
[e@aanreo= S m—meta) = [ o@dnt).
1<r<k+1

It remains to prove that u* satisfies the Ghirlanda-Guerra identities,
which we will deduce from (15.2). Let us note that from (15.47) we have
v(1f(at,a2)=r}) = My — m,_1. To prove that (15.2) implies (15.40) we ob-
serve that (15.44) means

[ 100 60 = (i)
where the function h is given by
hed,...,a™) = F((Gue g 1<e<er<n) -

This function depends on a',...,a™ only through the numbers (af, o/l). In
a similar manner, when ¢ is a continuous function on R, then

/wmwﬂmmmm:uwmﬁﬁm»

where h is as above, so that (15.40) is equivalent to
1 1
V(@(Qal,(x”Jrl)h) = ﬁy(@(qal,az))y(h‘) + = Z V(Qo(qal,ae)h’) )
2<t<n

an obvious consequence of (15.2).

Exercise 15.3.8. Prove that the measure pu* constructed in the proof of
Theorem 15.3.6 satisfies u*(C*) = 1, where CT is defined in page 486.
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We have proved the “existence part” of Theorem 15.3.6, and we turn to
the “uniqueness part”.
Consider a number 0 < a < 1, and the subset S, of [0, 1]? given by

S, =U, UVIuV?
where

Us={(z.y) €[0,1]*; 2=y < a}
Val :{((E,y) € [071]2; a:x<y}
V2={(z,y)€[0,1]*; a=y<a}.

An alternate definition of S, is

So = {(x,y) €[0,1]* ; a > min(z,y) ; * > min(a,y) ; y > min(a,z)} .
(15.48)
The equivalence of these two definitions is elementary and left to the reader.
The idea of the set S, is as follows. Suppose that 1 2,1 3,223 satisfy the
“ultrametricity condition”

Loy 0y 2 min(mfl,%?xbls)

whenever {{1, 03,05} = {1, 2,3} and the numbers ¢1, {5, {5 are different of each
other (and using the convention that x, ¢, = x4, ¢, when ¢1 > ¢3). Then it is
straightforward to see that if we know that x5 3 = a, we have (1,2, 21,3) € Sq.
Indeed if 212 < a then a > x19 > min(xy 3,223) = min(z 3,a) so that
x1,3 < 1,2 and by symmetry z1 o = 21 3; while if 2195 > a then a = 233 >
min(xy 2, 21,3) so that z1 3 < a, and since x1 3 > min(z1,2,¥2,3) = a we have
z1,3 = a.

Lemma 15.3.9. Consider a probability measure n on [0,1]> and denote its
marginals 1 and no. Then, if n is supported by S,, it is the only probability
measure supported by S, with marginals n1 and n;.

Proof. We prove that this result holds for positive measures that do not
need to be probabilities. First we observe that the result is obvious when 7
is supported by U,. Next, the map (z,y) +— y from [0,1]x]a,1] N S, = V!
to Ja,1] is one to one, so that 7y determines the restriction 73 of 1 to V1.
Similarly, n; determines the restriction n; of 7 to V2. Then n — nf — n} is
supported by U,, so it is determined by its marginals, and hence by 7; and
2. O

Consider a finite set B of pairs (¢,¢'), 1 < ¢ < ¢'. We write

Cp =1{y = (We,e')e.0)eB} -
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There is a canonical map C — Cp that associates y = (x¢¢)(,e)ep t0 X =
(ze,0')1<e<e- We denote by ul the image of p* under this map. Let

B(n) ={((,0); 1<<l <n}.

We will prove by induction over n that u};,(n) is completely determined by the
conditions of Theorem 15.3.6 (this proves the uniqueness of p*). For n = 2,
this follows from (15.41).

Assuming that p7; ., is determined by the conditions of Theorem 15.3.6,

we show that this is also the case of M*B(n+1). For ¢ < n we consider

B(n,0) =Bn)U{(l,n+1),...,(6,n+1)},

so that B(n,n) = B(n + 1). We will prove by induction on ¢ that pp, ,
is determined by the conditions of Theorem 15.3.6. For ¢ = 1, we will use
the Ghirlanda-Guerra identities (and this is the only step where these will be
used). We simply notice that writing (15.40) for p* implies that whenever f
is a function of (Ig7g/)1§g<g/§n we have

/@(ml,n-ﬁ-l)f(x)d,ug(n,l)(x) = %/‘p(xl»n-&-l)dﬂ*(x)/f(x)duj‘g(n) (x)
*% > /@(Il,e)f(X)du’g(n)(x). (15.49)

2<¥<n

Using symmetry and (15.41) we obtain

[ eteinndn ) = [ et

so that since by the induction hypothesis u};(n) is uniquely determined by the
conditions of Theorem 15.3.6, so is the right-hand side of (15.49) and hence,
so is the left-hand side. As f is any function of (x4 )1<e ¢ <n this shows that
y*B(nJ) is determined.

Assuming that ¢ < n and /‘L*B(n,l) is determined, we will show that sym-
metry and ultrametricity imply that “E(n, 041 is determined. Let

By = B(n,6) = B(n, £+ D\ {((+1,n+ 1)}
By = B(n, 0+ 1)\ {(¢(,n+1)}
B ZB(’ILE—l) =B NBy.

Let
S={x¢e CB(n,e+1) i (Tent1, Ter1ne1) € Sru+1} )

where the set S, is given by (15.48). It follows from symmetry and ultra-
metricity that

/J'*B(n,ZJrl)(S) =1. (15.50)
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Consider the projection 1 of Cg(y, ¢41) on Cp, (resp. w2 on Cp,), which is ob-
tained by forgetting the coordinate x¢i+1 n+1 (resp. Z¢n+1). The image pq of
/f]‘a(n 041) under 7y is M*B(n s> and by the induction hypothesis it is uniquely
determined. The image s 0 M*B(ml+1) under 75 is obtained from p; = “*B(n,E)
by exchanging the labels ¢ and ¢ + 1, so, by symmetry, it is uniquely deter-
mined. The remainder of the proof consists in showing that (15.50) together
with the fact that u; and ps are determined implies that M*B(n,€+1) is deter-
mined. (This completes the proof that /VL*B(n,ZH) is determined when N’*B(n,f)
is determined, therefore ug(n ny = M*B(n+1) is determined).

Let us write y the generic point of Cp, and

X = (Y5 Lo n+1, x£+1,71+1)

the generic point of Cp(y, ¢41). Since the projection of N*B(n ¢41) ON Cpis ug,
there exists a family p, of probability measures on [0, 1]? such that for any
continuous function, and hence any Borel function f we have

/ POy (%)

=/</ f(Yvxl,n+1ax€+1,n+1)dﬂy(xf,n+1vxl+1,n+1)> dpp(y). (15.51)
Using this for f = 1g, (15.50) implies that py (S, ,.,) =1 (up a.e.). Using
(15.51) when f(x) does not depend on z7 441, and since p; is determined
shows that (u}; a.e.) the first marginal of uy is determined and similarly for
the second marginal. Therefore by Lemma 15.3.9 the probability p, is (uf
a.e.) determined. This finishes the proof of the uniqueness part of Theorem
15.3.6.

It is worth to point out that (at least when p has no atoms) Theorem
15.3.6 can be deduced from the case where p is uniform (by applying a
suitable transformation to each coordinate of C). In some sense, “the measure
©* is unique”, and can be considered as a fundamental object worth studying
in detail.

15.4 Generic Sequences and Pure States

In this section we prove that in certain rather general situations “the system
decomposes in pure states”. That is, the configuration space can be written,
in a somewhat canonical manner, as the union of pieces “without structure”.
It somewhat clarifies the situation to spell the conditions under which we can
prove this. Consider, for each N a random probability measure G on Xy
(that will be the Gibbs measure associated to a certain Hamiltonian). We
denote by (-) an average for G . In this notation, the choice of the sequence
(Gn) remains implicit.
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Definition 15.4.1. We say that the sequence (Gn) satisfies the extended
Ghirlanda-Guerra identities if for each n and each continuous function ¥ on
R we have

i sup nE(G(Fs0)f) ~ EQG(RLDE) — 3 BN =0.

N—oo f
2<4<n
(15.52)

where the supremum is taken over all (non random) functions f on X% with
Ifl<1.

The only consequence of (15.52) we will ever use is as follows. Given a
continuous function f* on R™"~1/2_if we define

f(ala ey a_n) = f*((Ré,Z’)1§Z<Z’§n) )

then for any continuous function 1) on R we have

i (R f) ~ EORDEL) — Y EG(RLAN| =0,

N —o0
2<t<n

The reason for the formally stronger formulation (15.52) is simply that it
follows naturally from our arguments.

Definition 15.4.2. We say that a sequence (Gn) of random probability mea-
sures on Xn has a Parisi measure u if p is a probability measure on [0,1]
such that for any continuous function ¢ on [—1,1] we have

N—o0

fim_ Eo(Ruz)) = [ o(o)duta) (15.53)

Proposition 15.4.3. Consider a sequence B with 8, # 0 for each p > 1,
and the corresponding Hamiltonian Hy g of (14.406). Assume that Eh? > 0.
Then the sequence (Gn) of Gibbs’ measures corresponding to this Hamil-
tonian satisfies the extended Ghirlanda-Guerra identities and has a Parisi
measure.

Proof. The validity of the extended Guirlanda-Guerra identities is proved
in 14.12.2. The existence of the Parisi measure follows from Theorem 14.11.6
(using Theorem 14.12.1 as in the proof of Theorem 14.12.2). O

It is very difficult to explicitly compute “the” Parisi measure of a given
Hamiltonian Hy g. According to the work of physicists (see the diagrams in
[62], pp. 42-43) it seems that usually the Parisi measure has a positive mass
at the largest point ¢* of its support. This, combined with Proposition 15.4.3
shows that the hypotheses of our next theorem are very reasonable.
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Theorem 15.4.4. Consider a sequence (Gy) of random measures on X .
Assume that it satisfies the extended Ghirlanda-Guerra identities and that
it has a Parisi measure u. Assume that for a certain number ¢* we have
1([0,¢*]) =1 and pu({g*}) = a > 0. Then we can find disjoint (random) sets
(Ad)a>1 of Xn with the following properties

The sequence (Gn(Aq))a>1 has in the limit N — oo
a Poisson-Dirichlet distribution Aq_,. (15.54)

Given any § > 0, there exists Ng such that if N > Ns the following holds
true

Ya>1, / |R1o— ¢"|dGn (") dG N (0?) < 0GN(A)? . (15.55)
A2

Although this might not be immediately obvious, the heuristic picture is as
follows. With probability close to 1, the configuration space X is nearly the
union of sets (Aq)a>1 on each of which the overlap is nearly ¢*. Moreover,
the overlap of two configurations is nearly ¢* essentially only when these two
configurations belong to the same A,. The sets (4,) are the “pure states”.
They have, in a sense, no structure. The overlap is constant (= ¢*) on them.
The overlap of two configurations in two different pure states is < ¢*.

Let us detail this still at the heuristic level. The theorem does not say
that ¥n = .~ Aa. However it follows from (15.54) that

lim EGy ( U Aa> = lim EY Gn(4s) =1 (15.56)

N—oo a1 N—oo a>1

Jim E > Gn(An)? =a. (15.57)
*° a>1

For large N, (15.56) shows that with probability close to 1, the sets A, nearly
exhaust Xy .

By (15.55) the overlap of two configurations in the same set A, is nearly
q*. So it is approximately true that

A% c{Ri2~q"} (15.58)

so that
E) Gn(Aa)’ SEGRP({Ri2~q"}). (15.59)

The left-hand side is nearly a by (15.57), and the right-hand side is about
1({g*}) = a, so the sets (15.58) are nearly equal.
It is not difficult to prove rigorously that condition (15.55) implies that
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limsupE Y G (4a)* < ul{a’}) (15.60)

N—o0 a>1

so that the sets A, cannot be “macroscopic” (i.e. of size remaining roughly
independent of N) unless u({¢*}) = a > 0. This condition is necessary in
order for the “pure states picture” to hold. An example is constructed in [110]
(for the spherical model) of a specific sequence 3 for which p({¢*}) = 0. This
proves that the physicist’s “pure states picture” is at best true in a “generic”
way (but not for every single 3).

Theorem 15.4.4 relies on the following deterministic result.

Theorem 15.4.5. Given § > 0, there exists € > 0 with the following prop-
erty. Consider a probability measure ™ on the unit ball B of a Hilbert space.
Assume that for a certain number ¢* > 0 we have

m?({(z,y) EBXB; z-y>q" +e}) <e. (15.61)

Then we can find disjoint sets A1, ..., A, with the following property

Va<r, / |z -y — ¢*|dr(2)dr(y) < 6m(Aq)? (15.62)
T,y€AL

e <{($,y) Drey—g¢l<er\ U Ai) <3. (15.63)

a<r

Two points in the same set A, typically have nearly a dot product ¢* by
(15.62), while (15.63) asserts that when two points have a dot product nearly
q*, it is essentially because they belong to the same set A,. The theorem
does not say in any sense that the union of the sets A, nearly exhausts 7.
This certainly does not follow from the hypotheses (e.g. if 7 is concentrated
at 0). we shall prove Theorem 15.4.5 in Section 15.9.

We start with the proof of Theorem 15.4.4. The overall idea is to use
Theorem 15.4.5 at a given disorder and then to use Proposition 15.2.4 to
prove (15.54). (A remarkable feature of the proof is the rather indirect way
we obtain (15.56).)

Since p is a Parisi measure for the sequence (Gy), by definition, for a
continuous function ¢ on [—1, 1] we have

lim E(p(R) ) = / o(@)du(z) |

N—o00

When I is a closed subset of R, and ¢ > 0, ¢ =1 on I, then

limsup EGR ({12 € 1) < lim Ele(Ruz)) = [ pladdu(o)

N—o0
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and consequently

limsup EGF*({Ry12 € I}) < p(I) . (15.64)

N—oo

Similarly, if J is an open subset of R, then

lim inf EGP*({Ri2 € J}) > u(J) . (15.65)

For § = 27", consider ¢,, as provided by Theorem 15.4.5. Using (15.64) for
I =[¢* 4+ ep, 00 and (15.65) for J =g — &5, 00[ we find an integer N,, such
that

N> N, = EGP({R12 > q" +e,}) <27, (15.66)
N>N,=EGP({Ri2>q —¢en})>a—2"". (15.67)

Without loss of generality we may assume that the sequence (N,,) increases.
For N > N;p, we consider the event

2N : G%Q({Rl,g > q* +8n}) <én,

where n is the unique integer for which N,, < N < N, 11. From (15.66) we
see that P(2y) > 1—27".

When 25 does not occur, we define A, = 0 for each a. When 2 occurs,
we apply Theorem 15.4.5 to Gy (after rescaling by a factor v/N) to obtain
disjoint subsets Ay, ..., A, of Xy such that

Va<r, / Ris — ¢ |dGn (0))dGn (02) < 2 "Gy (An)?  (15.68)
Az

GS? <{|R172 —q¢" | <ed\ Ai) <27m, (15.69)
a<lr
We define A, = () for @ > r. We then relabel if necessary the sets A, to
ensure that the sequence (Gy(Aq))a>1 is non-increasing. This completes the
construction. The number r of sets that have been constructed is random
(depends on the realization of the Gibbs measure) and depends on N.
Given 6 > 0, consider n with § > 27™. Then (15.55) holds for N > N,,.
So, to complete the proof it remains to establish (15.54).
Consider the function Uy 5 = U(o!, 0?) defined as

U1,2 = 1{(0'1"72)€Ua A?x} 5 (1570)

ie. Uyp = 1if o' 02 both belong to one of the sets A,, and Uj s = 0
otherwise. The next lemma provides a quantitative version of the fact that
U1’2 ~ 1{R1y2:q*}'
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Lemma 15.4.6. Consider numbers v > v > 0 and a continuous function
@ :[-1,1] — [0,1] such that

r<q" =y = @)=0; x>q¢ -9 = p)=1.
Then
limsup E(|Uy 2 — @(R12)]) < u(lg" —7,4") - (15.71)

N—oo

Proof. If Uy 2 — p(R1,2) # 0, there are two possibilities. Either Uy o = 1 and
©(R12) <1 (so that Ry o < ¢* —~') or else Uy 2 = 0 and ¢(R12) > 0 (so
that Ry 2 > ¢* — ). Thus

{Ul,g 7£ (,O(RLQ)} cViuW, (1572)
where

Vi={Ui2=1, Ria<q"—7'}
Vo={U12=0, Ri2>q¢" —~}.

Now, consider an integer n > 1 and observe that

Va={Ri2>q" -3\ JAZ cVsuV, (15.73)

where

Va={Ri12>q¢" =7} \{Ri2>q" —en}
Vi={Ri2>q¢ —e}\|JA2.

Since |Uy,2 — ¢(R1.2)| < 1, we deduce from (15.72) and (15.73) that
E([U12 — p(Ri2)l) < EGRP (V1) + EGRA(Va) + EGRA(Va) . (15.74)

By (15.69) we have GP%(Vy) < 27" when N > N,, and 2y occurs. Moreover
P(2y) > 1—27" so that EG? (V) < 27"F! and

lim sup EGF? (V) < 27", (15.75)
N

By (15.68), for N > N,, and any «, Markov’s inequality implies

2—77/
,}//

GR (AL N{Ri2 < ¢" —7'}) < —GFA(42)

and thus

2-n 2-n
G%Q(m:G%z(U Aiﬂ{RLqu*—“/}> <= G4 < =,

a>1
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which shows that 9-n

e

lim sup EG$?(V;) < (15.76)
N
Finally, for N > N,,, using (15.67) in the second line,

EGR*(V3) = EGR*({R12 2 ¢" —7}) —EGR*({R12 2 ¢" —en})
<SEGY({Ri2>q —7}) —a+27"

and using (15.64),

limsup EGS% (V) < u([q* —v,00) —a+27".
N—o0
Combining with (15.76), (15.74) and (15.66) we obtain
2-"
limsup E(|Uy o — ¢(Ry2)]) < 27" + 7 +27"+ uw(lg" —y,00[) —a.
N

Since p([g* — 7, 00[) —a = p([¢* — v, ¢*[) and n is arbitrary the result follows.

O
Corollary 15.4.7. We have
. 2
ngnooEZa:GN(Aa) =a. (15.77)
Proof. We have
[(Ur,2) = {p(R12))| < (|Ur,2 — o(Ra2)l)
and (U12) =, Gn(Aq)? Thus
D Gn(Aa)? = (p(Riz)) — ([U12 — e(R12)]) -
Taking expectation and using (15.53) and (15.71) yields
LN 2 > _ * *
D SNERLE [ e@auta) - alla” = 1.0
Za—ulg" =4 - (15.78)

In a similar manner, and since p(z) = 0 for x < ¢* — 1,

N—o0

limsup E )~ Gy (4a)? < / p(z)du(r) + u(le” = 7. ¢"D

<a+2u(q* —v,q"[) - (15.79)
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Since « is arbitrary, we have

lim sup EZ GN(Aa)2 < a < liminf EZ GN(AQ)2 ,

N—o0 N—o00

which proves (15.77). O

The sequence wq, v = Gn(A,) satisfies (15.22) for m = 1 —a. In order to
be able to use Proposition 15.2.4, we now try to prove the relations (15.23)
and (15.24) for

Sn(na,. o) =EJ] D Gn(Aa)™ . (15.80)

s<k «
We recall the function U; 2 = U(o?!,o?) of (15.70), and for £ < ¢/ we

write Ug ¢ = U(a?, o).

Lemma 15.4.8. Consider a function f* on [—1,1]""=1/2 and assume that
for a certain number B we have

1" (oo r<eco<n) = (e h<ecr<n)| S B Y Jzer—yer| . (15.81)

1<e<t'<n
Define
f= f(o'17 ™) = P (Une ) 1<te<rr<n) - (15.82)
Then we have
A}iinoo nE(U1 nt1 f) — E(U12)E(f) — Z E<U17gf>‘ =0. (15.83)
2<¥<n

Proof. The proof relies on the extended Ghirlanda-Guerra identities, but
we cannot use them for the function f of (15.82) because this function is
random. We consider a continuous function ¢ on [0, 1] and we define

7=t o) = [ (e(Rew))i<ece<n) -

The extended Ghirlanda-Guerra identities imply

lim |nE(p(Rins1)f™) — E(@(Ri2)E(f™) = D E(p(Ri0)f™)

N—o0

By (15.81) we have

" =f1<B Y le(Ree) —Usel,

1<t<'<n

so that
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E(If~ — fI) < n*BE(|p(R1,2) — U al) .

Thus, if we choose ¢ as in Lemma 15.4.6, (15.84) together with (15.71) imply
(15.83) since v/ is arbitrary. O

We now finish the proof of Theorem 15.4.4 by proving (15.54). Let us
consider integers nq,...,n; > 2 and n = ny +- - - +ny and decompose the set
{1,...,n} as a union of k disjoint sets I, ..., I} with 1 € I, and cardls = n.
We write [ [, .o, for the product over all choices of £, ¢ € I; with £ < ¢'. We

define
f=r@' ... o™ =11 ]I Uer (15.85)
1<s<k L'l

so this is of the type (15.82) (for f*((l‘g7g/)1§g<g/§n) = Hsgk Hejéfels .Z‘gj/).
We observe that

Il Ve =1 & 3a,vel, o' cA,
L0 el

and thus, since the sets A, are disjoint,

< 11 UM> => Gn(Aa)™ . (15.86)

00l

By independence of the replicas this gives

)= H < H Um> = H ZGN(Aa)nS : (15.87)
s<k \e,ver,

s<k «
Next, we define I1 = I; U{n + 1} and I, = I for 2 < s < k. Then

Uniif=1 & Vs<k,3Ja,Vel,, o' cA,,

s
and thus

(U myrf) = ZGN T Do Gn(Aa)™ (15.88)

2<s<k «

Finally we study Uy of. If £ € I, then Uy of = f. If £ € I, for » > 2, let us
define I = I for 2 < s <k, s #r and I. = I; UI,. Then

Uef=1 & Vs,2<s<k,Ja,VWel,, o' €A,

and thus

Uef) = ] D_Gn(An)™ (15.89)

2<s<k «

where n/, = n; if s # r and n]. = n, + n;.
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Now we remember that (15.77) means that limy_,oc E(U 2) = a and using
(15.87) to (15.89) we see that (15.83) implies (15.23) for m =1 — a.
Let us finally consider integers ma,...,n; > 2 and define (instead of

(15.85))
f= H H Uer

2<s<k £,/ €1,

(=TI D antaa™.

2<s<k «

Tt is obvious that (15.88) and (15.89) still hold true, so (15.83) implies now
(15.24). We can then appeal to Proposition 15.2.4 to obtain (15.54) and
conclude the proof of Theorem 15.4.4.

so that

15.5 Determinators; Panchenko’s Invariance Theorem

Let us consider a sequence (Gn) of random measures on Y. Let us recall
the set C of Section 15.3. Let us denote by pj, “the law in C of the sequence
(Re,)”, that is, the probability measure on C such that if f* is a continuous
function on C that depend only on finitely many of the coordinates x, ¢, then

/ F ) duy (%) = E(* (Ree)oer)) (15.90)

where (-) denotes an average for G . In this section we return to the problem
of studying the limit p* = limpy_,o0 . (Of course, the limit might not exist,
in which case we simply take the limit along a subsequence). The fundamen-
tal importance of p* has been explained in Section 15.3. In this section we
prove, in the setting of Theorem 15.4.4, that the measure p* can be computed
through a relatively simple object that we call a determinator (as it deter-
mines all the possible measures p*). We then prove the remarkable fact that
the extended Ghirlanda-Guerra identities imply a strong invariance property
of the determinator. This is the cornerstone of Panchenko’s partial solution
of Conjecture 15.3.3 that we will present in the next section.

The basic idea of this construction is that as far as the overlaps are con-
cerned, each of the sets (Aq)a<r (constructed in Theorem 15.4.4) can (in the
limit N — oo) be replaced by a single point, its barycentre

odGy (o) . (15.91)

Oqn =

G ),

For a,,v <7, let us define

0,0,

Ga,y = N (1592)
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The essential fact (that is not yet proved) is that the overlap of a configuration
in A, and a configuration in A, is basically g, . Therefore we should expect
that the data of the weights w, = Gy (Aq) and the numbers g, -, suffices to
nearly compute pj;.

We explain this now. Let us denote by Q the set of N* x N* symmetric
positive definite matrices (¢a,y) With |ga,,| < 1. We provide Q with the
topology induced by [—1, l]N*XN*, for which it is a compact set. We recall
that we denote by S the set of non-negative, non-increasing sequences with
sum at most 1. Consider

p= (Wa)az1, (dary) €S x Q. (15.93)

We should think of 1,2,... as configurations, the weight of configuration
a being wy. (The sum of the weights need not be one.) Given p, if f =
f(at,... a™) is a function of n configurations we define

<f>;0: Z wal"'wa"f(alv""an)' (15.94)

This definition requires caution, since, when > w, < 1, we do not get the
same expression whether we think of f as a function of n or (n + 1) configu-
rations. This is not a real problem because we will be interested only “in the
case where Y w, — 1”7 and soon only in the case where Y w, = 1. So, rather
than being pedantic and denoting the left-hand side of (15.94) as (f),, (to
indicate the dependence on p) let us accept that the value of n actually used
will be obvious from the context.

In the expression (15.93) we should think of ¢, , as the overlap of config-
urations a and 7. Given a function f* on R™™~1/2 and given p, we define
the function f of n configurations by

f(ala Loalt) = f*((qae7ae')1§z<z/§n) (15.95)

so that
(Flo= Y ot war f*(qoe g hi<eco<n) . (15.96)
al ... an

The notation (15.95), (15.96) is used throughout the entire section.
Let us recall that we assume the hypotheses of Theorem 15.4.4, and con-
sider the random element py of S x Q, given by

Wo =GN(As) fa<r; w,=0 ifa>r (15.97)

Gay = UO‘NUV if o,y <r; ¢a =0 otherwise. (15.98)

Again, the idea is that from py one can nearly compute py, as the next
lemma shows.
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Lemma 15.5.1. Consider a continuous function f* on R*"=1D/2 and de-
fine a function f~ of 6',...,0™ by

=170t 0™ = f(Rew)i<ecr<n) - (15.99)
Then we have (recalling (15.95) and (15.96))
Tim [E(F) ~ ()] =0. (15.100)

Proof. Let D, C X% be the set

ve<n, o'e A

Since

Gy (D G”(UA)

a<r

it follows from (15.56) that EG%"(D,,) — 1 so to prove (15.100) it suffices to
show that
Jim E|(F¥1p,) — (£ = 0. (15.101)

Now

i) = /A PGy dG(e")

Lan<r

and, by (15.97) and (15.98)

(Now = Y. Gn(Aa) -+ Gn(Aan)f(at,...,a") .

al,..an<r

Thus

\<f”1Dn Fonl (15.102)
/A ~f(al . aM|dGN (o)) - dG (o) |

al,...,an<r

To prove (15.101), by approximation we may assume that for a constant B
we have

| ((@ee)1<e<e<n) = [ ((Wee)1<eco<n)| < B Z lzeer — Yool
1<0</<n

so that, since

7= f((Roe)i<ecrr<n);  fla',...,a™) = (o oo )1<e<er<n)
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and since

’
ol ol Oy 0y

Ré,é/ = N ; o,y = N ,

we deduce from (15.102) that

[(f1p,) = (flonl (15.103)
UE'U'Z/ O, O ¢ ’

=B / — =% ol dGy(0")dG (0"
o | 7o 4Gy (o) G (o)

ol o2 On 0y
N

N dGN(O'l)dGN(O'z) .

= B.n(”Q_ 1) Z /AQXA7

an<r

It is a consequence of (15.55) and a general theorem about Hilbert space
(Proposition 15.9.12 below) that

/,4,1wa

Since (15.55) holds for N > Ns, we get from (15.103) that then

ol o? On 0y

¥ ¥ dGy(oh)dG N (0?) < 8V6GN(An)GN(A,) .

(/™ 1p,) = (f)px| < 4V0B0* .

Since ¢ is arbitrary this proves (15.101) and finishes the proof. O

Given a probability measure A on S x Q and a function ¥(p) on S x Q,
we write

Eilp) = [ G(p)dN(p). (15.104)

that is, we think of p as a random element of law A. In particular, if f* is a
function on R*("~1/2 and recalling (15.96), we have

Ex(f)p = /<f>pdA(p) : (15.105)

We denote by Ay the law of the element py defined by (15.97) and (15.98),
so that

E(f)on =Exn{f)s - (15.106)

Since we should think of g, , as the overlap of the configurations o and =, it
is natural to use the same notation

R[)gl = qo/,a[/ 5

as in the case of the overlap of spin configuration, so that we can write (15.95)
as f(al, 0™ = f*((Ree)i<e<er<n) and we may use notation such as
((Rin+1)f)p to mean
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Z Wet * " Wyn+1 sﬁ(qa17an+1)f(041, ey an) .

al,...,antl

We now come to the main point: the limiting law A of Ay allows for the
computation of the limit u* of uy, and inherits the nice properties of the
sequence (G ).

Proposition 15.5.2. Assume that (along a subsequence if necessary) the
sequence (An) converges weakly to a probability measure A on S x Q. Then
the following hold, where we recall the notation (15.95).

(n—1)

1. For every continuous function f* on R"™ /2 we have

lim E(f),y, = lim Ex,(f), =Ex{f), (15.107)

N—o0 N—»oo

(where the limit is taken along the same subsequence).
2. For every bounded Borel function f* on R™"=1V/2 and every bounded
Borel function ¢ on [—1,1] we have

Ex(@(Rn 1) f)p = ~Exto(Rio)) Exif),

+— > Ex(e(Rio)f), - (15.108)

2<€<n

3. For each bounded Borel function ¢ on [—1,1] we have

Ex{e(R12)), = /@(w)du(m) , (15.109)

where we recall that i denotes the Parisi measure of the sequence (Gn).
4. Moreover

Under \ the sequence (wy,) has a Poisson-Dirichlet distribution Ay_g .
(15.110)
5. Finally, \ a.s. we have

Voo, Gaa=q"; a#y = qay<q" . (15.111)

Combining (15.90), (15.100) and (15.107) we observe that if X is as in
Proposition 15.5.2 we can compute y* = limy pj by the following for-
mula, where x,, = (20 )1<¢<e'<n, and where f* is a continuous function
on Rn(n—1)/2.

JERC RS RINGS (15.112)

Let us also observe that this formula determines a unique symmetric proba-
bility measure p* on C.
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W,k

In words one could say that “u* is the law of (q,¢ 4 )1<e<e € C under
A.” (One should observe that the law of (g, ,/)1<e<, € C under X is au-
tomatically a symmetric measure.) Condition (15.108) simply says that p*
satisfies the extended Ghirlanda-Guerra identities, while condition (15.109)
asserts that its 1-dimensional marginals are equal to u.

In particular the probability measures A on & x Q determine in this manner
all possible measures p*. This motivates the following definition, where we
recall that S is the subset of S consisting of sequences that sum to 1.

Definition 15.5.3. A determinator is a probability measure on S; x Q.

Let us remind the reader that it is a central problem to decide whether
the measure p* of (15.92) is ultrametric (in the sense of Definition 15.3.2).
When p* arises from a sequence (G ) that satisfies the conditions of Theorem
15.4.4, this question can be decided by studying the determinators that satisfy
properties (15.108) to (15.111). We will return to this topic after the proof.

Proof of Proposition 15.5.2. The (small) difficulty in proving (15.107)
is that the map p — (f), is not continuous in general on S x Q. Given an
integer s, let us define

<f>p,s: Z wa1-~wanf(a1,...,a").

The sum above is finite, so the map p — (f),s is continuous. The basic
idea is that this map approximates well the map p — (f), at every point of
S1 x Q. Assuming without loss of generality that |f| < 1, we then have

|<f>p,s - <f>p| < Zwal crWon (15.113)
where the sum is over all the choices of a!, ..., a" with max{a’, £ <n} > s.
This sum is . .

() ()
a>1 a<s

so that N

(fhoe =t 1= (L un) (15.114)

a<s

and thus

B on.s —E{)pn| < 1= E(Z GN(AQ))n : (15.115)

a<s

We know that the sequence (G (Aq)) has in the limit a Poisson-Dirichlet
distribution A;_,. This implies 4), and (15.115) implies
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limsup |[E(f)pn,s — E(f)pn| <1 —bsn (15.116)

N—o0

where

ben =E (Z fua> '
a<s

for (vq) being a Poisson-Dirichlet distribution A;_,. Also, from (15.114) and
(15.110) we obtain

[Ex(f)ps —Ex()pl 1 —bsn (15.117)

Now the function p — (f), s is continuous on S x Q, so

Nh—I»noo E<f>pzv,s = A}gnoo Exv <f>p,s = EA<f>p,s
because Ay converges weakly to A.
Combining with (15.116) and (15.117) we get

limsup [E(f)px — Ex(f)p| < 2(1 —by.s)

N—o0

for each s, and since limy_ o by, s = 1, this proves (15.107).

When f* and ¢ are continuous functions, we see from (15.100) and
(15.107) that (15.108) and (15.109) follow respectively from the fact that
the sequence (Gp) satisfies the extended Ghirlanda-Guerra identities and
has p as Parisi measure. The case where f* and ¢ are Borel functions follows
by approximation.

It remains to prove (15.111). We recall that given § > 0, (15.55) holds for
N > Ns. This inequality, together with Jensen’s inequality and the fact that
fAi R172dGN(O'1)dGN(O'2) = H0'a||2/N implies

lloal® .

N

<9J.

GN(AQ)#O = ‘

Recalling (15.97) and (15.98), the element px satisfies

2

o
a<r = gua= I ]‘\)}H >q"—9.
Consider a continuous function ¢ : [-1,1] — [0, 1], and assume that ¢ =1

in a neighborhood of ¢*, i.e. p(q) = 1 if |¢ — ¢*| < § for some ¢ > 0. Then,
for N > Ns and any given number s not depending on N, the element ppy

satisfies
S wp(gan) =Y wi =3 Gn(4d)?, (15.118)

a<s a<s a<s

so that, using the notation (15.104)
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Exy D w2¢(gae) =E Y Gu(4a)?. (15.119)

a<s a<s

Since the left-hand side of (15.118) is a continuous function of p, taking
the limit N — oo in (15.119) we have

Ex Y wip(dan) =ED 02, (15.120)

a<ls a<s

where (v,) is a sequence with distribution A;_,, and letting s — oo
Ex Zwi@(qa,a) =a.
[e3%

This is true for any continuous function ¢ that is equal to 1 in a neighborhood
of ¢*, so, taking limits, this is true also if ¢ = 17,—,~y. Thus

ExY wllg gy =a=Ex) w] (15.121)

using (15.110). Since w, > 0 A-a.s. this proves gq o = ¢* M-a.s.
Now (15.109) implies that

Ex D watyLig, >4} = Ex(Liriaz4y)p = llg" 00 = a.
a,y

Comparing with (15.121) yields

Ex Z WaWyl{q, >¢+} =0
aFy

and this proves that A a.s. if o # v we have ¢, , < ¢*. O

Quite naturally, we will say that a determinator A satisfies the extended
Ghirlanda-Guerra identities if (15.108) holds; and that it has p as Parisi
measure if (15.109) holds.

Definition 15.5.4. We say that a determinator X is ultrametric if A a.s. we
have

Vo,v,0 o, > min(ga,y, ¢y,5) - (15.122)

Lemma 15.5.5. The determinator X is ultrametric if and only if the sym-
metric probability measure p* on C defined by (15.112) is ultrametric in the
sense of Definition 15.5.2.
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Proof. Since (15.112) holds for continuous functions, it also holds for

f* (X) = 1{x1,3<min(w1,z,$2,3)}

and by Definition 15.3.2, p* is ultrametric if and only if [ f*(z)dp*(x) = 0.
Now when

0= E/\<f>P = E)\ Z waw'ywﬁ1{qa,7<min(qa,'y»q’y‘5)}’

a,7,6

and since wow,ws > 0 A a.s., this implies that (15.122) holds A a.s. The
converse is obvious. O

Conjecture 15.5.6. A determinator that satisfies the conditions of Proposi-
tion 15.5.2 is ultrametric.

This of course would lend great support to Conjecture 15.3.3. In the next
section we shall prove that the answer is positive if one moreover assumes
that the Parisi measure has a finite support. The remainder of the present
section is devoted to a truly remarkable technical result of D. Panchenko that
will be the key for this.

Consider independent Bernoulli r.v.s (na)a>1 (i.e. 7o = £1 with proba-
bility 1/2). Given ¢ € R and

P = ((wa)azh (Qa,'y)) eSxQ9,

let us define

We €XP N
i e 15.123
Wat Za, w0, exp i1, ( )
For a function f = f(al,...,a™) of n configurations (that might be ran-
dom) let us define
(Flot = Z Wat g War e f - (15.124)
al ... am

Theorem 15.5.7. (Panchenko’s invariance theorem [71], [75]) Consider a
determinator \ that satisfies the extended Ghirlanda-Guerra identities. As-
sume moreover that (15.111) holds X a.e. for a certain number q*. Then, if
f* is a continuous function on R™"=1/2 recalling the notation (15.95) we
have

i Ex()o = EEA()os = E [ (£)nsdAp) (15.125)

where E denotes of course expectation in the r.v.s 1.
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Proof. Consider the function

Y(t) = EEX(f)pe -
We will show that

()] < 2°n(n+1)--- (n+s5—1)sup|f] (15.126)
and
Vs>1, %0)=0. (15.127)
We now complete the proof as follows. Assuming that for some t; we have
U(to) =¥(0);Vs>1, v () =0, (15.128)

we prove that this holds for each ¢ with |t — #5| < 1/2. Since this holds for
to = 0 by (15.127) this completes the proof. To prove (15.128) we simply use
that by Taylor’s formula for each integers s > 0 and k > 1 we have

[+ (w)]
Ko

and as k — oo when [t—to| < 1/2 the right-hand side goes to zero by (15.126).
We now turn to the proof of (15.126) and (15.127). To lighten notation
we write v, (f) rather than EE»(f),, and v(f) rather than vo(f).
For any n > 0 and £ > 1 we define the number ¢(¢,n) as follows

[ (1) = ¢ (k)| < |t — tol* sup

cn)=11il<n; cn+1ln)=-n; cln)=0ifl>n+2

so that

> eltn)=0; > le(t,n)|=2n. (15.129)

0>1 >1

We consider the quantity

Dp=> clln)na: . (15.130)
¢
This is a random function of the n + 1 configurations a',...,a"*!. If h =
h(al,...,a™) is a function of n configurations (that might also depend on
the r.v. 7,) we have the identity
d
&(yt(h)) =v(hDy) . (15.131)

To see this we write the explicit value (h),
(Boty = Y War e+ wan sh(al,.. ")
al ... an

an Wat =~ Wan eXp(t Y, et )h(al, ... a™)
(Za W, €XP tna)n

.....

)
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and thus (differentiating and repeating the previous step in the reverse order)

d

S o = (hDa) o

from which (15.131) follows by taking expectation.
Iteration of the formula (15.131) yields the relation

Y (t) =i (fDp -+ Dogact) - (15.132)

Since |D,,| < 2n by (15.130) and (15.132) we obtain (15.126), and we turn to
the proof of (15.127). First we compute 1(*)(0), by substitution of the value
(15.130) in (15.132). To lighten notation we write

€0 = Nt (15.133)

£t configuration. Thus

(0 —y(fz c(ly,n) c(fs,n—ks—l)&gl“-egs).

.....

which is a random function of the

Now v(h) = EEx(h),, and since p does not depend on the r.v. 1, we have
v(h) = Ex(Eh), = v(Eh), and this shows that

) —V<fz c(ly,n (Eé,n—i—s—l)A(El,...,Es)) (15.134)

where
A(ly,...,0ls) :=Eey, - ep, (15.135)

is a function of the configurations a!,. .., a®. By parity (i.e. changing each 7,
in —7), does not change the law of this family) we see that A(¢1,...,45) =0
when s is odd, so to prove that (%) (0) = 0 we only have to consider the case
where s is even.

If we think of al,...,a® as fixed, each of the r.v.s g4,,...,e, is one of
the independent Bernoulli r.v.s 7. Then A({q,...,¢s) = 1 if each of the r.v.s
1o that occurs at least one time in the product ey, ,...,e, occurs an even
number of times in this product, and A(¢q,...,¢s) = 0 otherwise. It does not
seem easy to use this fact directly, but it is what motivates the next step of
the proof; this step establishes an explicit formula for A(¢q,...,¢;) using a
kind of expansion. To prepare for this we observe that there exist integers

w(i), ¢ = 1,3, ... such that whenever p is an odd integer, we have
L (P\
> w(z)(,) =1. (15.136)
i<p, iodd v

These integers are constructed recursively, setting w(1) = 1 and, setting for
p odd
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N
w 2)=1- .
pro=1- ¥ wi("77)
i<p, iodd

For a subset I of {1,...,s}, we define
w'(I) = w(cardl — 1)

if cardl is even, and w'(I) = 0 if cardl is odd. For a subset I of {1,...,s},
we also define

a(I,ly,....t)=1 if Vi,jel, ot =ab, (15.137)

and a(l,¢1,...,¢s) = 0 otherwise. This is a function of the configurations
o, .. 08 Thus if a(1,4y,...,4s) =1 then gy, = &4, for i, j € I and if card]
is even we have [[;.; ¢, = 1. Let us also note that the value of a(Z, {1, ..., /)
does not depend on ¢; for i ¢ I. We claim that

Ay, .. b)) =Y w'(Da(, by, ..., L) E] ] er (15.138)
igI

where the summation is over all subsets I of {1, ..., s} with card] > 2, card]
even and 1 € I. To prove this, let us consider

Iy={i<s;a"=a"},

so that when 1 € I we have a(I,¢,...,4s) =1ifI C Iy and a(I,44,...,4s)
0 otherwise. Also, when I C Iy and card/ is even, then [, er, = 5‘2“” =
since card/ is even and g, = %1, and thus

E]]ze =E[Jew [[e =E]]ce = Aler,... . 00) .

igl igl el i<s

1

Therefore the right-hand side of (15.138) is

Aty L) Y w'(T)

ICIy

where the summation is as in (15.138), i.e. 1 € I and card[ is even. The set
I is determined by a subset of Iy \ {1} of cardinality ¢ = card] — 1. Thus, if
s" = cardly we have

Sum- ¥ w1
I iodd, i<s’'—1
by (15.136), and this proves (15.138).
Recalling that A(¢y,...,¢s) = Eey, -- -4, we observe that the quantity

Ell¢s€r is of the same nature, but with a product of fewer quantities e, .
Therefore we can iterate the procedure (15.138) to find an expansion
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Agl,..., Z’U}Il,.., Ha fl,...,s),

Jj<r

where w(Iy,...,I) is a number, and where the summation is over all parti-
tions of {1,..., s} into sets Iy, ..., I, with cardl; even. Recalling (15.134), to
prove that 1(*)(0) = 0 it suffices to prove that for each partition I,. .., I, of
{1,...,s} as above we have

u(f Z c((l,n)-nc(ﬁs,n—&—s—1)Ha(Ij7£1,...,€s)>:0. (15.139)
2N j<r

We need to prove (15.139) only when cardl; is even for each j, but will prove
it for any partition Iy, ..., I, of {1,..., s} with cardl; > 1. When card] =1,

we define a(I, £y, ...,£4;) = 1. Without loss of generality we can assume that
s € 1.
We first consider the case where cardl; = 1. In that case, a(Iy, ¢1,...,¢s) =

1 does not depend on ¢s and since s ¢ I; for j > 2, a(;,¢1,...,¢s) does not
depend on /5 either. So in (15.139) the sum _, C(ZS, n+ s — 1) factors out,
and this sum is 0. In particular (15.139) holds when s = 1.

We consider then the case where cardl; > 2, and we consider an element
s’ < s of I. We define I} = I \ {s} and I]’- = I; for j > 2. We observe the
identity

a(]l,ﬁl, oo ,ES) = a(I{,El, oo ,Ks_l)V(és/,Es) 5 (15140)

where V(£y,0,) = 1if a*s = o and V(£y,f,) = 0 otherwise. Also, for
2 <j<r wehave s ¢ I, so

a(Ij,El,...JS):a(I;,El,...JS,l). (15141)

The only values of ¢1,...,¢s_1 that matter in the summations are those
<n+ s — 1. We fix such values and we intend to prove that

(fz (ls,n+s—1) Ha TN ))

j<r

—bu(fHa e s 1)), (15.142)

j<r

where b is a quantity that does not depend on /¢1,...,¢s_1. This equality
shows that the left-hand side of (15.139) is

bu(f Z c(fl,n)-~-c(€s,n+s—2)Ha([§,€1,...,£5_1)).
£y,

cls—1 Jj<r

This proves (15.139) by induction over s.
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We turn to the proof of (15.142). This proof relies on the extended
Ghirlanda-Guerra identities, that we reformulate now for this purpose. Let
us define Ry = ¢*. Then we can rewrite (15.108) as

Z v(e(R1,e)f) — nv(fe(Rint1)) = bv(f)

1<t<n

where b = ¢(¢*) — v(p(R1,2)) does not depend on f. Recalling the definition
of ¢(¢,n) this means that

(fZ (€, n)p( R e ) =bw(f), (15.143)

and more generally by symmetry among sites, if p < n,

(fZ (€,n) ) = bw(f) - (15.144)

Using (15.140) and (15.141) the left-hand side of (15.142) is
1/<ch(€,71+51 (e, 0) [] T}, b1, s 1)) : (15.145)
£ J<p

We aim to deduce (15.142) from (15.144). We write (15.144) as follows. When
f~ is a continuous function on R™™~1/2 and if we define

fat, .. a™) = (R )i<e<e<m) (15.146)

then whenever p < m we have

(f Z (€,m) ) = b (f') (15.147)

where b depends on ¢ only. This equality also holds if ¢ and f~ are Borel
functions. We choose ¢(z) = 1{z>¢+}, m =n+s—1, p=Ly. For j < p, we
define

I (e )1<e<er<m) = H 1z, i>q%)
<t e
and we define
~=rI15
J<p

and f’ by (15.146), so that f' = f][,, f; where

1
fited e = I r,zey
o<t 0 0ET,
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Using (15.147) for this choice of f’ yields

(P S ctemietrn) = (s T1 1) - (15.145)

J<p 4 j<r
Now, A a.s. we have
=7 < fqay= q"
so that
OKD:O/ < Rp,ézq*a

and hence

e(Rpe) = V(p,0) (15.149)

fj :a(I},El,...,ZS_l) 5 (15150)

so that we can replace ¢(Ry () by V(p,{) and f; by a(l}, l1,...,ls—1) in
(15.148) to obtain that the quantity (15.145) is equal to the right-hand side
of (15.142). O

It is important to stress the very beautiful idea of Theorem 15.5.7. The
natural approach is, instead of defining 7, as Bernoulli r.v.s, to use indepen-
dent standard Gaussian r.v.s. In that case it is much easier to prove that
¥(*)(0) = 0; but one does not know how to control the size of 1(*)(t).

Here is a simple but important fact.

Lemma 15.5.8. If a determinator A satisfies the extended Ghirlanda-Guerra
identities, under X\ the sequence (wy) has a Poisson-Dirichlet distribution A,,
where m =1 —Ex Y 5 w3

Proof. Condition (15.160) means that A a.s. we have ¢oy > ¢1 < @ =1.
As we have already used in Section 14.3 the extended Ghirlanda-Guerra

identities determine the quantities Ex [, >,~; wh*, which in turn deter-

mines the law of the quantities (w,) as is shown in Proposition 15.2.4. O

We now turn to a striking consequence of Theorem 15.5.7. Consider an
independent sequence of r.v.s ¢, with P({, =1) =1/2 and P({, =0) = 1/2,
and, given p = ((Wa), (gay)) € S X Q, let us define

r_ CaWa

o ny Cywsy

The denominator is a.s. not zero because Lemma 15.5.8 implies that infinitely
many of the weights w., are not zero. In words, we simply delete at random one
half of the terms w, and we renormalize. For a function f of n configurations,

we define
(Fy= > wh-winf .

n
yeees QU

w,
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Proposition 15.5.9. (D Panchenko [75]) Consider a determinator \ that
satisfies the extended Ghirlanda-Guerra identities. Assume moreover that
(15.111) holds X a.e. for a certain number ¢*. Then, if f* is a continuous
function on R™"=1/2recalling the notation (15.95) we have

Ex(f) = EEx(f), = E / (Y, dA(p) (15.151)

Proof. It is a simple matter to deduce this from Theorem 15.5.7 simply by
letting t — oo. The details are left to the reader. a

An important property of Theorem 15.5.7 is that it can be iterated. Con-
sider independent Bernoulli r.v.s 1, ¢. Given

p= ((wa)7 (QOz,W)) €SxQ,

let us define
Wa €XP Y g Nat

- Z'y W~ eXp ngs T2 .
Theorem 15.5.10. Consider a determinator \ that satisfies the extended
Ghirlanda-Guerra identities. Assume moreover that (15.111) holds A a.e. for

a certain number ¢*. Then for each Borel function f* on R™"=1/2 recalling
the notation (15.95), for each integer s we have

w (15.152)

[e3

Ex(£)p =EEx > wii--winf. (15.153)

n
yeees QU

Proof. It suffices to prove (15.153) when f* is continuous. The proof is by
induction on s. For s = 1 this is a consequence of Theorem 15.5.7 used for
t = 1. We now perform the induction step from s to s + 1. Given p € § x Q
and the r.v.s 4, for « > 1 and ¢ < s, let us consider a permutation 7 of N*
such that the sequence wﬁ(a) is not decreasing, and

p* = ((wf—(a))7 (qT(a),T(’y))) €8x Q .

When f* is a continuous function on R*("~1/2 recalling the notation (15.95),
we have by definition

Do = D wiary = Wam f (@ at),r(ar)1<e<er<n)

al....am™
= Z wil"'winf((qae,aw)lgkz'gn), (15.154)
al,...,a™

and combining with the induction hypothesis (15.153) we get

EEX(f)or = Ex(f)p - (15.155)
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Let us now think of p* as a random element of S x Q, that depends on p (to
which we think of as random element of S x Q) and on the r.v.s (1a,)a>1,¢<s-
Let us denote by A* the law of p*. Thus, using the definition of \* in the first
equality and (15.155) in the second one, we get

Ex<(f)p = EEX()o = Ex{f)s - (15.156)

This implies that \* satisfies the extended Ghirlanda-Guerra identities, be-
cause A does. (In fact one can prove that A* = A, see [71].) It should be clear
by construction that (15.111) holds A* a.e. Therefore we can use Theorem
15.5.7 for A\* and ¢t = 1. Thus, when f* is a continuous function on R™(?~1)/2
and (1a)a>1 are independent Bernoulli r.v.s (independent of everything else)
we have

Ex 3 ot wWar * (gr o hi<icrrzn)
1

at,...,am

_E. Z Wot * - Wen eXP(Ezgn naz)

(32, wy exp(ny))" J((qqe g )1<0<er<n) - (15.157)

1

at,...,am

By definition of A\* (as being the law of p*) this means that

EEA Z wi(al)"'wi(an)f*((qf(al),r(a@’))1£€<é’§n): (15.158)
al ... am

EEx Y W) " W an) OXP (L Mat)

T ety Wreosenhsecesn)

and consequently
EEx D whi Wi [ ((qoe ar )1<0<r<n) =
al ... am
EE, Z al"'WZ"QiP(ZegnW;—l(a‘)) "
(5, wl exp(,))

al,...an
=EEx Y Wi e f (Gar o 1<i<tzn) | (15.159)
al ... am

((gqr Lt J1<e<t'<n)

where

1
wh = — Wa €XP <Z Nae + nT_l(a)> ,

1<s

where Z is the normalizing factor > w, exp(3 <, Ty, + Nr-1(4)). Given p
the permutation 7 is determined by the r.v.s 74, and since the sequence
(na) is independent of these we have, denoting by E’ expectation in the r.v.s
N only,
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Z Wi+ Whn 7 ((Que 0 )1<0<er<n)
EEI witt - Wi (dae 0e 1<e<e<n) |

so that (15.159) implies
EE)\ Z U)Zl w(,n —EE)\ Z w9+1 . (Sytlf,
al ... an

and this concludes the induction. O

15.6 Panchenko’s Ultrametricity Theorem

In this section we prove the following, where we recall Definitions 15.5.3 and
15.5.4.

Theorem 15.6.1. Consider a determinator A\ that satisfies the extended
Ghirlanda-Guerra identities. Assume that there is a finite set F = {qr,...,q1}
with ¢ < ... < q such that X a.s. go € F for each a,~y. Assume moreover
that A a.s. we have

oo =Q1; QOFY = Gaqy<aq- (15.160)

Then X is ultrametric.

We recall the set C of Section 15.3 and Definitions 15.4.1 and 15.3.2.

Corollary 15.6.2. Consider a sequence (Gn) of random measures on Xy.
Assume that it satisfies the extended Ghirlanda-Guerra identities, and that
it has a Parisi measure p with a finite support. Then for each continuous
function f* on R™™=1/2 the limit

im E(f*((Ree)1<e<er<n)) (15.161)

N—o0

exists. Moreover, setting x, = (T¢¢)i1<e<e'<n, the probability measure p* on

C defined by

[ 000 = Jim B (Reicresn) (15.162)

for every such function f* is ultrametric.
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Proof. By hypothesis p is supported by a finite set {g¢.,...,q1}, with
qr < ... < q1. Without loss of generality we may assume that pu({¢:}) > 0.
We consider a subsequence along which all the limits exist. We then use
Theorem 15.4.4 and Proposition 15.5.2 to construct a determinator A\ that
satisfies the extended Ghirlanda-Guerra identities, that has p as a Parisi
measure, and that satisfies (15.160). Since p has a finite support, A is ultra-
metric by Theorem 15.6.1. By Lemma 15.5.5 the measure p* generated by
A through (15.112) is ultrametric. It follows from (15.107) that it coincides
with the measure p* given by (15.162), which is therefore ultrametric. Since
w* also satisfies the extended Ghirlanda-Guerra identities, Theorem 14.4.4
shows that the measure p* is completely determined by p so that it does not
depend on the subsequence, and the limit exists. a

Can we construct interesting sequences (G y) satisfying the conditions of
Corollary 15.6.2 through Proposition 15.4.37 Equivalently, can we choose (3
such that the Hamiltonian (14.406) has a Parisi measure with finite support
(not reduced to one or two points)? Since it is very difficult to compute
the Parisi measure, the answer to this question is not known, but partial
arguments given in [96] incline the author to believe that the answer is yes.

Research Problem 15.6.3. (Level 3) Find all the probability measures on
[0,1] that arise as a Parisi measure of a Hamiltonian (14.406).

Our proof of Theorem 15.6.1 will use some elementary probabilistic esti-
mates.

Proposition 15.6.4. Consider independent r.v.s X, X1, X2, X3 > 0, and as-
sume that there is a number M and a number C with the following properties

1
Vi>0, PX<tM)<CtO. (15.164)
Then we have
Xy Xy
E < K(C E 15.165
21;[3X+X1+X2+X3_ ( )e<H3 X+ X1+ Xo+ X3 ( )

where K(C') depends on C only.

Proof. First we note that

X X
HX+X +éX + X SHXJrZX ’
<3 1 2 3 <3 l

so that denoting by Ej expectation given X we obtain



15.6 Panchenko’s Ultrametricity Theorem 519

Xg XZ
B[] <IIEo : (15.166)
6§3X+X1+X2+X3 s X+ X,
Let us define the functions
X
=E
pe(x) ol
so that taking expectation in (15.166) and using Holder’s inequality yields
X 1/3
A:=E ! <E X) < Epe(X)? | .
P L IR (H () )
<3 <3 £<3

(15.167)
Now we observe that the function ¢, is decreasing, and that for ¢ < 1 we

¢ X 1 X 1
4 4
pe(tx) =E < ZE =0 )
Z( $> (t:ch Xg) —t <I+X@) t Z(I)

Therefore using this for x = M we get

we(X) = wé(%M) < @¢(M) max <1, ]\;) .

Thus using (15.164) for ¢t = ¢¢(M)/u in the last inequality, for u > @z(M)
we have

P(pe(X) > u) < P<@E<M>% > u) - P(x < MM) < C(MM))”.

Therefore (A.28) implies

(M)

< 3t2dt + 30/ t= 8 (M)0dt
0 we(M)
< K(C)po(M)? (15.168)
and thus
A< K@) [ ee(M) . (15.169)

Next, consider
R={X+Xo+X3< M},

so P(£2) > 1/2 by (15.163). Using independence,

X1 >E (1QL) = P(R)E XS lapl(M) :

E - -
X+Xi+Xo+ X5 ™ M+ X; M+X, — 2

and similarly for ¢ = 2, 3. Combining with (15.169) and recalling the value of
A proves the result. O
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Proposition 15.6.5. Consider 0 < m <1 and a r.v. U > 0 with EU™ < oo.
Consider i.i.d. copies (U)g>1 of U and define

S=> k" . (15.170)
E>1
Then for m' < m we have
(Esm/)l/n/ < K(m,m/)(EUm)l/m (15171)

where K(m,m') depends only on m and m'.

Proof. By homogeneity we may assume that EU™ = 1. Let Z = k~'/™Uy,
S0

S PZp>t)=> PkTV"U>t) = ZP((%)W > k;)

k>1 E>1 k>1

g/OOOP«g)m )deUmt}n. (15.172)

Sr = Z{Zk ;2" < Zp <27y <2leard{k ; Z, > 27},

For r € Z, define

so that, since n™ < n for any integer n > 0,
s < (2 card{k ; Zp > 27},
and using (15.172),
ES™ < (271" Ecard{k ; Z > 2"}

2r+1 m
=)™ S P2, > 27) (2773 (15.173)
k>1

and, similarly
2r+1
ES, < 2_ — 2r(1—m)+1 )

Thus, if T = ngo Sy, we have ET < K(m,m’), and therefore since ™' <

1+ T we have ET™ < K(m,m’). We then simply observe that S = T +
>_r>15r, s0 that, since m’ < 1, we have

e

r>1

we take expectation and we use (15.173). O
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Proposition 15.6.6. Consider m < 1 and a r.v. U > 0 with EU™ < oo.
Then for v >0 the r.v. S of (15.170) satisfies

P(S < v(EU™)Y™) < 3exp(—v™™) . (15.174)
Proof. We write b = (EU™)'/™ so that

P(S < wb) < P(Vk ,k~Y/™U,; < vb)
= [[—PEY"U, > vb))

<on(-e(()"1))

and
m o0 m
Se(() 24)= [o((5) =)
'Ub 0 Ub
k>1
u\"™ 1
=E(— —1=—-1
(’Ub> v ’

and the proof is finished. O

Proposition 15.6.7. Consider 0 < m < 1 and a non-increasing enumera-
tion (uk)k>1 of the realization of a Poisson point process of intensity measure
=™ ldx. Then a.s. we have

0< i%f kY™, < sup BV ™y, < oo . (15.175)
k

Proof. This is an easy consequence of the fact that a Poisson r.v. of large
expectation is sharply concentrated around its expectation. The number N,
of points of the Poisson point process that belong to the interval [277, 27 71|
satisfies

2—r+1

1
ENT _ / w—m—ldx _ _((2—r+1)—m _ (2—r)—7n) _ cmzrm
o—r m

for a certain number c¢,,, and using (A.60) yields

> P(IN, —EN,| > EN,/2) < o0

and (15.175) holds true when |N, — EN,.| < EN, /2 for all r large enough. O

The final ingredient of the proof of Theorem 15.6.1 is the following geo-
metrical fact.
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Proposition 15.6.8. Given number d > 0, there exists a number € > 0 with
the following property. Consider a probability w on the unit ball of a Hilbert
space. Assume that for a certain number ¢ > 0 we have

T {(z,y); z-y>q+ep) <e. (15.176)
Then we have
(2, y,2) -y >q—e, lv-z—y-2| >6}) <6, (15.177)

Proof. This is an immediate consequence of Corollary 15.9.17 of Section
15.9. O

We now start the proof of Theorem 15.6.1. Without loss of generality we
may assume that

Vp, 1<p<r, A{3a,v; Ga~v=a}) >0, (15.178)

for otherwise we simply remove the “irrelevant values of ¢,”.

As a consequence of Proposition 15.6.7, given a number x > 0, there exists
a number K (k) such that with probability > 1 — k for all & we have

1

moﬁl/m < we < K(k)a™ /™. (15.179)

The central argument of the proof is as follows.

Lemma 15.6.9. Consider the set

W = {(alaa27a3) S Qar,an = 92 5 Qaq,as < 92 5 Qas,as 7é Qal,ag,} . (15-180>

Then A a.s. W is empty.

Proof. Consider a r.v. U > 0 with EU™ < oo and i.i.d. copies (Uy)a>1
of U. Through the proof we denote by Eq expectation in the randomness of
the sequence U, and P, the corresponding probability. Until the very end of
the proof (where we will take expectation in the randomness of the sequence
(wq)), all the estimates are done given a realization of the sequence (w,); we
assume that this given realization satisfies (15.179). Let

Z=> wala,

a>1

so that Z < K(k) > .5 a~/™U, by (15.179). Using (15.171) for m’ = m/2
gives

(EoZ™ V™" < K(m, k)(EU™)Y™ . (15.181)
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Here and in the sequel K (m, k) denotes a number depending only on m and
Kk, that need not to be the same at each occurrence. Now (15.181) implies

Po(Z < M) > (15.182)

N =

where
M = K (m, k) (EU™)Y/™ (15.183)

Consider different indices aq, ao, a3 and let
X = E waUq .
aFal,az,a3

If we remove the terms wq,, Wa,, Wa, from the sequence (w,) and relabel the
remaining terms as (w}))a>1, we see from (15.179) that

1

—-1/m * —-1/m

Since the sequence (U,,) is i.i.d. in distribution we have

xZ ZwZUa ,

where the equality is in distribution. Therefore by (15.184) we have Po(X <
u) < Po(X’ < u), where

1
X' = —1/mUa )
K'(m, k) ;a
Consequently if
1
M’ -  (EU™ 1/m
K'(m, Ii)( )

by (15.174) we have
Po(X <vM’) < 3exp(—v™™) < K(m)v'?,
and thus if M is as in (15.183), for ¢ > 0 it holds
Po(X <tM) < K(m,r)t' . (15.185)
For ¢ < 3 let us set X; = wq,Us,, so that
Z=X+X1+Xo+X3.

Let us write U
w

’ aVa | _ ’

Wo=—">—3 Ua= Eow

[
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where Eq denotes expectation in the randomness of the sequence (U,) only.

‘We observe that
/ XK

“ T X F X, + Xy + X3

Conditions (15.182) and (15.185) imply (15.163) and (15.164). Then (15.165)
yields

w,

Eowy,, wh, wh, < Ko(k, m)Va, VayVay - (15.186)

The important fact here is that the constant Ky(x,m) does not depend on
the r.v. U. The idea is now to consider U, = exp h, where h, = Z£<s Nt
where (1a,¢)a,e>1 are independent Bernoulli r.v.s and s a large enough integer
to be determined later. The important point is that max, v, becomes small
as s becomes large. To see this we observe that by the choice of U

exp h
Vo = EOwag

where Z = 3w, exp h,. Now

(Eexpmhg)t/™ = A®

where A = (chm)/™ > 1 is independent of s. For large s we have A%/2 = vA*
where v = A7%/2 is very small. By (15.179) and (15.174) it becomes very
rare for large s that Z < A%/2. By (A.19) (used for s rather than N) we have
Eexp(h?/s) < /2 so that for large s it is also very rare that h, > (s/4) log A.
Thus the quantity w,, exp h,/Z is very rarely > A~%/% and since it is always
< 1, its expectation becomes very small for large s. Recalling the constant
Ko(k, m) of (15.186), let us consider 0 < § < r/Ky(r, m), that is also small
enough that

6 < min gy — Gp+1] - (15.187)

Let us then consider € > 0 (with e < §) that is provided by Proposition 15.6.8
for this value of 6. Let us finally fix s large enough (depending only on m and
k) that max, vo < €. Since A a.s. we have ¢, < g2 for o # 7y, we see that

Z{va,y i Qo > G2} = Zvi < (maxvy) Z vy < €. (15.188)

a>1

Since the matrix (ga,,) is positive definite, there exists a sequence (zo) of
points in a Hilbert space such that g,y = « - . Consider the probability
measure T = > - Vady, on H. By (15.188) it satisfies (15.176) for ¢ = ¢o

and hence (15.177). Now, by (15.187) and since ga,y € {¢rs-- -, @1}, i qaz,05 F
Gor,as We have |¢ay a5 — Qas,as] = 6, and (15.177) implies that

Z{Um”az”aa i (a1, a0,a3) € W} <0 < k/Ko(k,m)

and thus by (15.186),
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Eo Z{wﬁllwggw/ i (an,a0,a3) e W< k. (15.189)

as ?

This is true provided (15.179) holds for each «, which occurs with A-
probability > 1 — k. Thus, taking expectation Ey in (15.189), we obtain

EE, Z{w{llw;zwgg ; (1, 0,a3) e W} <2k

Now we observe that by the choice of U, w/, is the quantity w?, of (15.152),
and thus

EE Z{wzlwgzwzs i (a1, a0,03) € W <2k . (15.190)
Consider now the function f* on R? valued in {0, 1} such that
[f(@12,213,023) =1 & T12=¢, T13<q2, T23FT13.
Then use of (15.153) and (15.190) for this function show that
Ey Z{walwa2wa3 i (a1, a0,a3) € W} <2k
and since k is arbitrary we have
E\ Z{walwa2wa3 ; (a1, a0,a3) e WE=0

so that W is empty A a.s. a

Since W is empty A a.s., A a.s. we have

Qar,a0 =425 Gag,az <gq = Qos,as = Gay,az - (15191)

Lemma 15.6.10. When (15.191) occurs, the relation
a~ <~ Go,y Z q2 (15192)

is an equivalence relation. Moreover, if a ~ o', v ~ «' but a & ~, then

Go,y = qo’ ;' -

Proof. First we have a ~ a because o, = g1 > ¢2. Next, consider a1, az, a3
with ag ~ ag and ag ~ as. If ga, .0, = @1, then by (15.160) we have o = ag
and then a; ~ a3. Otherwise we have a1 # ag, 50 ¢ay,0, = g2. Then we must
have ga,,a5 > Go, for otherwise (15.191) shows that gay.a5 = Gay,as < g2, and
we cannot have as ~ a3. Thus ~ is an equivalence relation.

If a ~ca and a o 7, then ¢o,or > ¢2 and ¢oy < ¢2. If & = @/, then
do' v = Ga,y- Otherwise, ¢ o = g2 and (15.191) shows that go/ v = ¢ga,. SO
always ¢a’ v = a,. If now v ~ 7/, since o’ 7 v the previous argument shows
that o’y = Ga’,4, and thus go = qar /- O
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Let us enumerate the equivalence classes of the relation ~ as Cy, ..., Cl, . ..
(The notation is a little bit abusive because we have not proved yet that there
is an infinite number of such equivalence classes.) We set

Ve = Y Wa (15.193)

aeCy

and without loss of generality we may assume that the sequence (vy) is non-
increasing.

Lemma 15.6.11. The equivalence classes Cy, are infinite A a.s.

Proof. Let us define ¢;, ., = max(gs, ¢a.~), and let us define the measure p™
on the set C as

“ the law of the element (q;g)a[/)1§@<[/ ec”. (15.194)

That is, for a function f* on R™"~1)/2 we have, recalling the notation x,, =
(Te0)1<0<tr<ns

/f*(xn)d/f(x) —Ex Y War - War [*((qhe o )1<e<e<n) -
al,....am

Let us consider the subset C’ of C that consists of the sequences x = (z4,¢/)
with the following properties

VO<l ) e €{q3,q2,q1}

The relation (RV < Te > @1 is an equivalence relation on N*

The relation R’V < Zee > g2 is an equivalence relation on N*

At least one of the equivalences classes for R’

contains only finitely many classes for R .

When one of the classes CY is finite, and when at least one of the points
at for £ > 1 belongs to C}, the sequence (¢ o )1<e<e belongs to C'. This is
because ’

IRE & of =a

so that the set { ; o € Oy} is an equivalence class for R’, that contains
only finitely many classes for R. So, it suffices to prove that u~(C’) = 0.

It is obvious that p™ is symmetric (in the sense of Definition 15.3.1). It
is obvious that p™ satisfies the extended Ghirlanda-Guerra identities (as in
Definition 15.3.4), as this simply amounts to use (15.108) in the case where
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the function depends on each xy ¢ only through max(xy ¢, g3). Moreover, the
numbers q;, , = max(qs, ¢a,) satisfy

o5 = min(qy ., 45 5) 5

and, as in the proof of Theorem 15.3.6 this shows that u™ is ultrametric. The
one dimensional marginal u of p™ is supported by the set {g¢s,q2,¢1}, and,
by (15.178), it gives positive mass to each of these points.

Now comes the punch line. In the “existence part” of Theorem 15.3.6,
we have used Poisson-Dirichlet cascades to construct a symmetric measure
w*on C, that satisfies the extended Ghirlanda-Guerra identities, and that has
i as one dimensional marginal. The “uniqueness part” of Theorem 15.3.6
proves that p™~ = p*, so it suffices to prove that p*(C’) = 0. This, however,
is obvious by (15.43), since the weights v,, @ € A = N*3 are a.s. all > 0 by
construction, and since on A all the equivalence classes of the relation

O/R’H’Y < Ga,y > g2 (a,’y) >2

are infinite, because they are exactly the sets {(ji1,j2,7) ; j € N*} where j;
and jo are given integers. a

Let us define G, ;, = ¢z and if k # k' let us define Gy ,» = ¢a,, Where
a € Ck and v € Cys (a quantity that does not depend on the choice of a and
~ by the second part of Lemma 15.6.10.)

Lemma 15.6.12. The matriz (Gy x/) is positive definite.

Proof. Since the matrix (g,,) is positive definite, there exists vectors
(Ta)a>1 in a Hilbert space such that z, - 2, = ¢a,,. For each k consider
(a(k,i));>1 distinct points of Cy. Given n consider y, = n~! > icn Ta(k.i) SO
Yk - Yr' = Qg if k # K (since then x4 - 2 = Gy, s for a € Cp and v € Cp),
while for k = k&’

1
Yk Yk = G2 + E(Ql —q2)
since To - To = 1 and x4 - £ = 2 for a # v, o,y € C. Thus for each n the
matrix (G x + (@1 — q2)/nl{r=ks}) is positive definite. O

Proof of Theorem 15.6.1. The proof is by induction over r. The case
r = 2 is obvious. The map

(Wa)az1, (dary)) = ((Vk)k21, (@r 1)) € S X Q

is well defined X a.s. Let us call X’ the image measure of A\, and observe that
qi i € {¢r,...,q2}. For a function f* on R™7=1)/2 consider the function f
on R™"~1)/2 given by

~

F((@ep)1<e<er<n) = [T ((min(qe, eer))1<t<tr<n) -
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Then since for a € Cy and v € Cy we have Gy, ;, = min(qz, ¢a,,), we see that
D vk v [ (@ g J1<e<e<n)

= Y war- War f((Que 0 1<t<rr<n)

and by definition of X,

Exv D oo 0pn P (@ g J1ecrn)
k... k"

oy

= E, Z Wat ++ Wan f((Que oo )1<0<trtn) -

at,...,am

This identity should make it obvious that A’ satisfies the extended Ghirlanda-
Guerra identities since this is the case for .

Finally, by construction we have G, = g2 and Gy 5 < g2 if & # k' (as is
shown by the definition of the equivalence relation ~).

This concludes the proof of the inductive step from r» — 1 to r and of
Theorem 15.6.1. O

Remark 15.6.13. It is not difficult to see that Theorem 15.6.1 remains true
without assuming condition (15.160). To see this one simply shows that the
relation
a~7y < Gay=q1

is an equivalence relation (which is obvious of we think that there exist vectors
Zo in Hilbert space with g.~y = T« - T4, since then o ~ + if and only if
ZTo = X). One then “merges all the elements in an equivalence class” to
obtain a new determinator A’ that satisfies (15.160), the extended Ghirlanda-
Guerra identities and is ultrametric if and only if A is ultrametric.

15.7 Problems: Strong Ultrametricity and Chaos

It is quite natural to consider the following stronger version of the ultra-
metricity conjecture (Conjecture 15.3.3).

Conjecture 15.7.1. (Level 3) If € > 0, we have

N
V(1{R, s4e<min(Ri.2,Rs.5)}) < K exp (_E) (15.195)

where K is independent of N.
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Given three numbers u; o, us 3, 41,3, & natural approach to this conjecture
is to try to find a bound for

1
pN(u1,2,u2,3,u1,3) = NEIOgZGXP<—HN(01) — Hy(0?) — Hy(o?)

+ > Zhﬁ) , (15.196)

i<N £<3
where the summation is over the set of triplets (o1, 02, o) of configurations
for which Ry ¢ = ug e for £,0 =1,2,3, £ £ 1.
The most natural route is to copy the scheme of Lemma 14.6.1, and, since it
requires no extra work, we will write this scheme in the greatest generality we

can. Consider an integer n, and jointly Gaussian Hamiltonians H,,..., H,
on Y. We assume that for £,¢ < n there is a convex function & » such that

SEHL () Hi(0%) = &0 (Rrs). (15.197)
Consider numbers (ug) for 1 < £, <n and assume
uge=1; wgp =upyp.
Consider the set B of n-tuples of configurations (a!,...,o™) such that
V0O <n, Rpp=upe .

We try to find an upper bound for

1 L

<n
where Hy = Hy(o!,...,0") is a random Hamiltonian probabilistically in-
dependent of Hiy,...,H,. Consider a set A, and a Gaussian Hamiltonian
H(ol,...,0", a) where o',...,0™" € Yy and a € A. Let us assume that

there exists numbers qf;*ﬂ; (£, <n, a,y € A) such that, for any a,y € A
and any o!,...,0", 7!, ..., 7" € Xn we have

1 ’ !
NEH(Ul,...7U”7a)H(Tl,...77'",7): > RMG (e (15.199)
0,0'<n

where R6¢ = N=1Y", _ ofrf’. Assume moreover that
VOO <n,YaeA, ¢&b =ue . (15.200)

For 0 < s <1 consider the interpolating Hamiltonian
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Hy(o', 0%, ..., \/_ZHg ) +V1—sH(o? o", )

l<n
+ Ho(ot,...,0m).
Consider random weights w, on A; we assume of course that the random-

nesses of Hy, H, Hy, w, are all independent of each other. Given a function
flol,...,0™, a) we define

1
<f(o'17 A 7o-n7a)>s = > waf(o'17 .t '7o'n7a) eXp(_Hs(o'17 i '7o'n7a)) )
ZS a,B

where Z, is the normalizing factor, and where the sum is over o € A and all
(o!,...,0") € B.

Lemma 15.7.2. The function

1
o(s) = NElonga exp(—Hs(e!,...,0™ a))

satisfies

1 v
z; )+ 5 D Elne(ahh))s (15.201)

0,0<n

lolr—l

where O ¢ (x) = &} 4 (7) — &0 (T).

Proof. This is the same proof as in Lemma 14.6.1, although the greater
generality makes the proof easier to write. Let us define

Ulg!,...,o™, !, ... . 7" a,v) =
1 £ 0 1 n 1 n
_N<E Z:Hg(a )> (Z:Hg(’r )) —EH(o",...,0", 0)H(T",...,7",7)].

Use of (15.197) and (15.199) show that

Ulg!,...,o™, ! ..., 7" a,7) (Z&@ (R“) R”ful(%ﬂ)

N
—— Z@M (@5%) + 5 ZS,‘;‘; . (15.202)
M/ 0,0

where , / / / |
va’fv =& p(RY) - RY o (qf/n,) + 00 (Qf;;,zv) i

The quantity Sﬁ;ﬂ; has two remarkable properties:
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0.0
Som >0 (15.203)

(..., ™) =(e',...,. 0" €EB,y=a = ng;zo. (15.204)

This is because then Revé/ = Upp = qgﬁ; by (15200) and the definition of B.
Now, differentiation in s and integration by parts show that

O (s) =E{U(a!,...,0" 0',...,0", a,a))s
—EU(a!,...,o™ 1t T ),

and (15.202), (15.203) and (15.204) imply the result. O

Let us next consider an integer x, and, for 0 < p < k jointly Gaussian n-
tuples (yﬁ)ggn, such that, for certain numbers (pf;f Y1 <p<kr+1;4,¢ <n)
we have

’ f,f/ ,
Eypyp = oo (Py1) — €0 (Pp o) (15.205)

Let us further assume that
pet =05 P = (15.206)

For a € N** we define the n-tuples (y!

Yi p.a)t<n asin (14.134) and we use the
Hamiltonian

H(Ul,...,dn,OL)—ZZO’f( Z yf,p,a) ’

L<ni<N 0<p<k

so that (15.199) holds for ¢%* = p(a - Assume that the weights (we) form a
Poisson-Dirichlet cascade associated to the sequence 0 < n; < ... <n,_1 <

n, = 1 (and we will now denote these weights by (v,)). By (14.38) we have
(El{(a,7)=p})s = Mp — Np—1 and (15.201) yields, using (15.200)

N Z engl — Z Z 9(@’ np+1_np)

0,0<n é ¢<n1<p<k

:_5 Z Z ”p(af,f’(Piﬁll) Or0( “/))'

£,t'<n 1<p<k

IN

©'(s)

To bound ¢(0), let us assume that

Ho(o',...,0") =>_ Y hlo} (15.207)
i<N t<n
where (hf)r<n, i<n are i.i.d. copies of a random n-tuple (h',...,h"). Then,

given numbers A\, and since N Ry = ZKH Ufaf , we have



532 15. The Parisi Solution

©(0) = %Elog Zva g exp Z (Z of (hf + Z yf,p,a)

i<N \U<n 0<p<k
Mepolol | — A
+ 2,00,0; L0 Ug 0
1<0,0'<n 1<t<t'<n

We bound this expression by replacing the sum over (o!,...,0") € B by
the sum over all configurations; we transform it using Theorem 14.2.1 and
we then decouples over the sites as in (14.141) to obtain the following, where
we recall the notation py, g of (15.198).

Theorem 15.7.3. Under the previous conditions we have

pN,B < Yy — Z YNAIN

1<e<e'<n

1 ’ ’
=5 2D w0 ()~ beeloy™) . (15.208)

0,0'<n 0<p<k
where the quantity Yy is defined as follows. Starting with
Yit+1 = log Z exp (Z € (hZ + Z yﬁ) + Z /\ulagq,) ,
£1,En==%1 (<n 0<p<r 1<0<0'<n

we define recursively

1
Y, = . log E, expnpYpi1, (15.209)

P

where E,, denotes expectation in the r.v.s yf; for n > p and we set Yo = EY;.

Research Problem 15.7.4. (Level 3) Is the bound (15.208) sharp? That
is, is it true that, as N — oo, the limit of the left-hand side is the infimum
of the right-hand side of (15.208) over the choices of parameters?

If we assume (15.207), and that each function £, satisfies the conditions
(14.101), then replacing in (15.198) the summation (o?,...,0™) € B by the
summation over all values of (a!,...,0™), and using Theorem 14.5.1 we see
that with obvious notation

PN,B < ZP(&,ZJLZ) .

<n
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Research Problem 15.7.5. (Level 3) Given ¢ > 0, does there exist a choice
of parameters such that the right-hand side of (15.208) is < >_,.. P (&, hY)+
e? -

When n = 2, H; = Hy and h' = h2, the answer is yes, a fact that played a
fundamental part in the proof of Theorem 14.5.1. Following the same idea, the
reader is strongly encouraged to solve the following very beautiful exercise.

Exercise 15.7.6. Assume that n = 3, H; = Hy = Hsz, h* = h? = h3,
Uu1,2 = u1,3 < ug3. Prove that in this case, Problem 15.7.4 has a positive
solution.

This unfortunately does not help towards Conjecture 15.7.1 since the
relation uq 2 = u1,3 < ug,3 is precisely the one allowed by ultrametricity.

If we have found the correct bound for py g, we certainly expect that
Problem 15.7.5 has a positive solution. On the other hand, it is probably too
naive to expect that this problem will yield to direct attack (i.e. a simple
method to choose the parameters). The reason is that a choice of parameters
giving a good bound in (15.208) should be related to the structure of the
Gibbs measure on B with Hamiltonian

Z(‘Hz(ﬂg) +> thf) : (15.210)

£<n i<N

When B is an “infinitesimally small” subset of X% one really see no reasons
why the structure of the Gibbs measure on B should be simply related to
the structure of the Gibbs measure on the whole of X%;. Understanding what
happens is possibly the main remaining open question for this class of models.
It must also be said that even when the ultrametricity condition is vio-
lated, say u12 < ug3 < uy3 it is not absolutely certain (recalling (15.196))
that
limsuppN(ul,g,ulg,u&l) < 3P(§,h) . (15.211)

N—oo
An example (albeit a rather special one and for a different model) is provided
in [81]. Still, one might hope that (15.210) holds “most of the time”. Here is
a much simpler question that would deserve to be completely clarified.

Research Problem 15.7.7. (Level 17) Under the conditions of Theorem
14.5.1, prove the following is “typically true”. If u is a Parisi measure (as
defined in the previous section) and if u does not belong to the support of p
(i.e. u(Ju —e,u+€[) = 0 when ¢ is small enough) then for ¢ small enough we
have

lim sup %Elog Z exp (— Z (—H(U‘Z) + Z hmf)) <2P(&,h) .

N—oo |Ry 2—u|<e 0=1,2 i<N
(15.212)
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By “typically true” we mean that the set of parameters 3 for which this
fails for the Hamiltonian (14.406) should be very small in some sense. On the
other hand, we cannot expect that (15.212) will be true for all values of 3.
This can be seen by considering the case of the Hamiltonian (14.406) when
all the coefficients 3, are zero, except for r = p (a given large enough integer),
and when there is no external field. In that case, it should become clear to
the reader after studying the next chapter that, as 3, grows from zero, the
Parisi measure (. is first concentrated at zero, then, when (3, crosses a certain
value $* (and is not too large) the Parisi measure is concentrated at 0 and a
point ¢(8,). Then (although the details have not been checked) it seems very
likely that for 8, = 4%, the point u = limg, g q(pp) fails (15.212) (while
the Parisi measure is concentrated at zero).

We now turn to the statement of another major open question, the so-
called Chaos Problem, that we state in a very general form. Consider two
Hamiltonians Hy; = H; x and Hy = Hy . Consider on 212\, the Hamiltonian

— Hy(a') — Hy(0?) (15.213)
and (-) an average for the corresponding Gibbs measure.

Definition 15.7.8. There is chaos between the Hamiltonians H; and Hs
when there exists a number u (depending only on Hy and Hs) such that

Ve >0, 1\}51100 E<1{\R1,27u\25}> =0. (15.214)

In words “the overlap Ry o takes a unique value”.

To discuss this idea, let us assume that each of the Hamiltonians Hy is
of the type (14.406). Each of these Hamiltonians then creates an intricate
structure (that we have been studying in the present chapter). However the
structures created by H; and Hs are not well related. The “pure states”
created by these two Hamiltonians are not “aligned” but rather in completely
different directions.

A natural approach to the chaos problem would be to find bounds for

PN = %Elog > exp( > —Hy(e")+ ) hfaf) :

RLQ:’U, 221,2 ’LSN

and in particular to show that there exists a value ug such that for u # wug
we have, for some ¢ > 0 that

PN < P11 h') + P&, h?) — <.

Of course, on has little chance to make this approach work unless on can first
solve the corresponding case of Problem 15.7.5.

One might get the feeling that there should be chaos whenever the Parisi
measures associated to H; and Hs are “fundamentally different”. Let us
denote by w1 and ps these Parisi measures.
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Congecture 15.7.9. (Level 3) There is chaos between H; and Hs unless for
a certain t > 0 the restrictions of the Parisi measures p; and ps to a certain
interval [0,¢] coincide, while p1([0,t]) = u2([0,¢]) > 0.

The reason why we state this conjecture in terms of Parisi measures is
simply that so little is known about the way the Parisi measure depends on
the parameters of the Hamiltonian. One of course would like to approach this
conjecture through Theorem 15.7.3, but, as explained, this does not seem to
be easy.

Research Problem 15.7.10. (Level 3) For the Hamiltonians of the type
(14.406), is there a one to one correspondence between the Parisi measure
and the parameters of the Hamiltonian? And can the condition of Conjecture
15.7.9 be satisfied unless the parameters of the two Hamiltonians are the
same?

The following does not have any special consequence, but seems rather a
curiosity.

Research Problem 15.7.11. Consider two Hamiltonians as in (15.213),
and the function

1/1()\) = ngnoo —ElOg 12: exp H1 ) HQ(UQ) — AR172) .

ol,o2

If ¢ is differentiable at A = 0 then (it is an exercise to show that) there is
chaos between the Hamiltonians H; and H,. But can it ever happen that
fails to be differentiable at some point Ag # 07

Since the author has already stuck his neck out so much by stating conjec-
tures that are supported by little else than wishful thinking, there is really no
reason to be shy any more. Consider two sequences 8¢ = (8¢ p)p>1, £ = 1,2;
consider a pair (h', h?) of r.v.s and i.i.d. copies (h}, h?);<n of this pair. Con-
sider the Hamiltonian

Be,
—Hi(o) = ) hio: +Z o275 D YireiyOia 0y, . (15.215)
i<N i1yeeesip

This is exactly the Hamiltonian (14.406), except that we “do not restrict the
summation to even values of p”.

Congecture 15.7.12. (Level 3) (The Generalized Chaos conjecture for Ising
spins) Assume it either of the following:

B1 # B2 (15.216)

or
it is not true that h* = h? a.e. (15.217)

Then there is chaos between the Hamiltonians H; and Hs.
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The word ‘chaos’ reflects the idea that if we start with the Hamiltonian
H; and make a change (however small) in one value of 8, or in the external
field, the structure of the Gibbs measure changes totally, in a chaotic rather
than in a smooth way.

Let us point out that in the case where 31 = B2 and (15.217) holds, while
h' and h? have the same law then H; and H, have the same Parisi measure.
The chaos is not created by a change of 8 but by a “change in the disorder
of the external field”.

Research Problem 15.7.13. (Level 1) When there are only terms for even
p in (15.215) for Hy and Hs, prove that Conjecture 15.7.12 holds in the case
where 31 = B2 and h! and h? have the same distribution.

The reason that this is rated only level 1 is that in this case it is really easy
to solve Problem 15.7.5. More hints about a possible scheme of proof will be
given shortly.

In a direction similar to the case of Problem 15.7.13, S. Chatterjee con-
siders in a recent paper [31] a more general situation of “Chaos in disorder”.
Let us consider two jointly Gaussian Hamiltonians H; and Hs, that have the
same distribution, but that are correlated in such a manner that, for some
t # 1 and a certain function £ we have

EH (0 Hy(0%) = t&(Ry2) , (15.218)

while
¢(Ry12) = EH (0" )H,(0%) = EHy(0")Ho(0?) .

We also assume that the function £ satisfies the hypothesis of Theorem 14.5.1
(for otherwise our methods are currently powerless).

Research Problem 15.7.14. (Level 1+) Prove that there is chaos between
the Hamiltonians —Hi (o) + h ),y o and —Hz (o) +h 2,y 0i.

One can also consider a situation with random external field, but the random
external fields must have the same distribution to maintain the level 1 rating.
This rating is intended modulo the ideas toward a solution that we explain
now. First we explain why in the situation of Problem 15.7.14 it is not difficult
to solve Problem 15.7.5. In that case, n = 2, and we choose A1 2 = 0.

Given numbers 0 = ¢ < ¢1 < ... < ¢ < gpr1 =land 0 =my < ... <
m, < 1, and given an integer 7 < & let us then chose pﬁvg, = qp if either p < 7
or £ =/, and p;* = p>' = ¢ if p> 7. Then if p < 7 we have

S G (050) = 0 (057)) = 21+ 6)(0(gps1) — 0(ap))
0,0'<2

while if p > 7 we have
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S O (4h) = 0 (057)) = 2(0(ap41) — 0(a)) -

0,01<2

Let us also choose
Ny = 1y
Pt

if p < 7 while n,, = m,, otherwise. Then the last term in (15.208) is

— Z myp(0(qpr1) — 0(qp)) -

0<p<r

The variables yf , of (15.208) satisfy E(y} ,)? = E(y2.4)? = & (gp+1) — & (ap)
and

p<T=Ey o=t (1) —E(@p) s p>T=Ey) y0, =0,

This suggests the following result to control the first term of the right-hand
side of (15.208), when we take A 2 = 0.

Exercise 15.7.15. Consider two jointly Gaussian r.v.s y; and ys such that
Ey? = Ey2 and Ey,y» = tEy?. Consider a function F such that all the deriva-
tives of F' are uniformly bounded. Then for any values of x1, 5 and m > 0
we have

1+4+¢

m 1
log Eexp m(F(zlerl)JrF(ngryg)) < Z Elog EexpmF(z;+y;) .
j=1,2
(15.219)

Hint: Consider the functions

1+t m
p(u) = m log Eexp m(F($1+\/ﬂy1)+F($2+ﬁm))

1
p;(u) = - log EexpmF(z; + uy;) .

Prove that ¢'(0) < ¢} (0)+¢5(0), and hence that p(u) < @1 (u)+p2(u)+Cu?,
where C' depends only on F'. Then observe that both sides of (15.219) can be
obtained “by iterating the case where Ey? is very small”.

Using independence for p > 7 and Exercise 15.7.15 when p < 7 we show
recursively that the quantities Y, of (15.209) satisfy Y, < 2X, where

Xpr1 = logQCh(h1 + Z yé) ,

0<p<k

and where X, = m;l log E,, expmyp Xp,41. In this manner we show that for
every u > 0 one has
pNu < 2P(ER) . (15.220)
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Moreover in (15.219) there can be equality only when 27 = 5. Let us denote
by ¢ the smallest point of the support of the Parisi measure p of H; or H.
We expect that techniques similar to the ones presented at the end of Section
14.12 will allow to show that when u > ¢, there is inequality in (15.220) (even
in the limit N — o00). (Of course the expression “we expect” means that the
author has not checked in detail whether this can be actually done). We also
expect that these techniques can show that this is also true for u < —c. After
these steps, it remains only to understand the case where |u| < c¢. In that
case one has to prove there is a unique value of u for which one cannot get
inequality in (15.220) by making a small variation of A. We feel that we also
have given arguments allowing to prove this.

15.8 The Aizenman-Sims-Starr Scheme

In this section we go back to the fundamental Problem 15.7.4. What could be
the structure of the proof? We have to find a mechanism that would somehow
produce the right parameters. As far as producing random weights, a Gibbs
measure is certainly an intricate tool. In this line of thought, we must discuss
a rather canonical scheme brought forward in [11].

Consider a Gaussian Hamiltonian H on Xy such that

VEH(o ) H(o?) = (R, 2) (15.221)

for a convex function £. (In fact using the method of Theorem 14.4.4 it would
suffice for some of the results of this section to assume that & is convex on
RT.) Consider a set A and random weights (wq,)aca. We consider two Gaus-
sian Hamiltonians H%(o, ), H®(a) which are independent of these random
weights and we assume that for certain numbers ¢, -, for any values of a, v, o
and o2 we have (recalling the notation (x) = z¢'(x) — &(z))

1
NEHG(0'17O¢)HG(O'2,’)/) = R12¢'(qay) (15.222)
1
NEHb(a)Hb(v) = 0(qo) (15.223)
Joa = 1. (15.224)

We consider yet another random Hamiltonian Hy(o). We assume that
H,H® H’ H, are independent of each other.

Proposition 15.8.1. We have

Elog » exp(—H (o) — Ho(o)) (15.225)

< Elog waexp(—H"(0,a) — Ho(o)) — Elog Y _ we exp(—H'(a)) .

a,o
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Proof. Consider the Hamiltonian
H(o,0) = /s(H(o) + H(a)) — V1 - sH(o,a) + Hy(o) ,

and let us denote by ()5 an average for the corresponding Gibbs measure.
Let us denote
o(s) = Elonga exp(—Hs(o,a)) .

a,o
Then differentiation and integration by parts show that

1

(€(1) +0(1) = (1) = 5{€(R12) = R1,28"(Gay) + 0(day))s

¢'(s) = 5

<

(=N I

because (1) = ¢'(1) — &(1) and &(x) — x€'(q) + 0(q) > 0. Writing that
»(1) < ¢(0) means exactly (15.225). O

The natural way to achieve (15.222) is to write

H(o,0) =Y 0izia (15.226)
i<N

where (z;,)i<n are i.i.d. copies of a Gaussian family (z,) that satisfies
Ezazy = &' (qa,y) - (15.227)

It turns out that it is a good choice to assume that H(a) = v/N7,, where
the jointly Gaussian r.v.s 7, satisfy

Enany = 0(da,y) - (15.228)

So, in that case we get the bound

1
DN = NElogza:eXp (—H(a) + Z h,m)

i<N
1
< NElonga Z epoUi(zz‘,a + h;)
«@ 01,...,on==%1 i<N
1
- NElog;wa exp VN7, - (15.229)

Let us also observe that it would not really matter if we had only approximate
equality in (15.227), e.g. |Eza2y — &'(¢a,v)| < € and similarly in (15.228) as
this would introduce only an error term 2eN in (15.225).

From now on we assume that the Hamiltonian H is given by

CH(e)=Hy(o) =Y Lt Y g oo, (15230
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Copying the argument of Theorem 1.3.9, we see that p* = limy py exists,
so that
p* <liminf By , (15.231)

where By denotes the infimum of the right-hand side of (15.229) over all
choices of parameters (that is, the set A, the random weights (w,) and the
numbers (¢a,))-

The most interesting property of the bound (15.231) is that in this case
it can be reversed. (Is is absolutely inessential in (15.230) to restrict the sum
to even values of p. The only reason for doing this is that we know a bit more
about the existence certain limits.)

Proposition 15.8.2. When the Hamiltonian H is given by (15.230) then

limsup By < p*. (15.232)
N

The proof is based on comparing the (M + N )-spin system with the M-spin
system when M is large and N <« M. We perform the following decomposi-
tion, where we write o = (0;)i<m+n, P = (04)i<m

—Hyyu(o)=—H'(p)+ > oigilp)+9(o). (15.233)
M<i<M+N

Here H*(p) is the sum of the terms in the right-hand side of (15.230) that
do not contain o; for i > M, i.e.

* _ ﬂp
—H(p) = Z W Z G ..ving Oiy * " Tigyy (15.234)

p>1 01,000y i2p <M

It is this Hamiltonian (after adding the external field) that will produce the
weights w,. The term o;g;(p) in (15.233) collects all the terms in the right-
hand side of (15.230) that contain o; but not other o; for M < j < M + N,
and the term g(o) gathers the other terms, those that contain at least two
factors o; for i > M.

A first idea is that, when N < M, the term ¢(o) is “small compared to
VN7 Indeed, among the (M + N)?P choices of i1,...,is, < M + N there
are at most (2p)2N2(M + N)?~2 choices where two of the indices are > M.
Thus

N2(M + N)>=2 N2
) < 2( < 432p* . 15.235
;ﬂ (M + N1 —M+sz>:1 2 ( )

The r.v. g;(p) are independent of each other and of H*. If we keep in mind
that there are 2p ways one of the indexes ¢1, ..., 42, can be equal to 7, we see
that
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M 2p—1
Egi(p")gi(p*) = Y 205; <M+ N> R(p', p*)*r~! (15.236)

p>1

where R(p', p*) = M~' 3, 0707 If we define

{(z) =) Bra™, (15.237)

p>1

then (15.233) almost means that Eg;(p')g:(p?) = &' (R(p!, p?)).
A basic observation is that we have the (obvious) identity

logZexp<HN+M(0')+ Z hi0i> (15.238)

i<M+N
—_ logZexp<H*(p) + Z hicri>
o i<M
= log< > exp( >, oilailp)+hi) +9(0)>> 7
OM41,,0 M+ N=E1 M<i<M+N

where (-) denotes an average for the Gibbs measure with Hamiltonian
—H(p)=—-H"(p) + ZiSM hio;.
Let us write A = {—1,1}*, and, for p', p? € A, let us define

qpt,p2 = R(Pl7p2) )

so that (15.224) holds. Denoting by w, the weight of « € A for the Gibbs
measure with Hamiltonian —H (p), we write the right-hand side of (15.238)
as

logzwa Z exp( Z Ui(Zi,a+hi)+9(0')> ,
A

Oty Tr N =] M<i<M+N
(15.239)
where z; o = gi(p) when a = p.
Let us now compare —H*(p) and

B
—Huy(p) = Z MPZ:% Z Gir..izy Tiy " Ty -

p>1 i1yeyizg <M

If 921.4.1'2;, denote now independent standard Gaussian r.v.s then in distribu-
tion we have
—Hy(p) = —H(p) — H™(p) (15.240)

where
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- 1 1 v :
N 1= D D ey

p>1 1yeninpg <M
(15.241)

Since when N/M is small we have

1 1 (2p — 1)N
M1 (N4 M1~ M

it is almost true that

EH™(p")H™(p*) = N Y _(2p —1)53,R(p", p*)*"

p>1
= NO(R(p', p?)) -

Moreover, by (15.238) we have the identity

ElogZexp(— )+ Z h; 0’1> - ElogZexp( “(p) + Z hiai>
o i<M i<M
= Elog(exp(—H" (p))
= Elog Z Wa exp VN1 (15.242)

a€cA

where if o = p we write 7, = N~/2H~(p). Combining (15.238), (15.239)
and (15.242), we have obtained the identity

(N + M)pniam — Mpas

= Elonga Z eXp( Z om+i(zia + hi) + g(o))

@ OMA1e0M+N=E] M<i<M+N

— Elonga exp VN7, . (15.243)

We now take M large, and N a small proportion of M, N = M, so the
left-hand side is about Np*. To finish the proof we shall show that when ¢ is
small the right-hand side is nearly N By. Besides the small error created by
the term g(o), it is not exactly true that Ez; 02 v = '(¢a,y) and Engny =
0(ga,~)- Let us examine what happens to the term Elog) w, exp VN1,
when replacing (keeping the notation oo = p)

Na = N_l/zHN(p)
by

Gir.ingTiy =" gy,

2 1
=YY= >

MP
p>1 i1 penying <M
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(so that it is exactly true that Eng,n/, = 6(qa)). For this we interpolate as
usual. If (n%) denotes an independent copy of (7.,), we consider the function

1
p(s) = NElonga exp VN (Vsna + V1 — 1)),
and we show that
1 L1
/()| < 5 sup [Enariy — Engrs| = 5 sup [Enany = 0(daq)]
a,y a,y

and using (15.241) it is straightforward to see that this quantity goes to zero
with e. In this manner we prove that

Elongaexp\/ﬁna ~ Elonganp\/ﬁn; ,

where >~ means that the error is a proportion of IV that vanishes with . In
a similar manner one proves that

Elog » wa > eXP( > UM+i(Zi,a+hi)+9(U)>

OMA415e,0 M N==T1 M<G<M+N

~ Elogz Wa Z exp Z UM+¢(Z§,a + h;)

OMA41,--0M4N==1 M<i<M+N

= Elonga Z exp Z 0’1'(22704 + hz) 5

01,...,oNn==%1 1<i<N

where the jointly Gaussian r.v.s 2; , satisfy Ez .2/, = £'(¢a,,) and are in-

dependent as ¢ varies. Thus given any § > 0 we can find € > 0 small enough
that for large N the right-hand side of (15.243) is > N(By — 0), and this
completes the proof of Proposition 15.8.2.

While the A.S.S. scheme is completely natural and canonical, it seems very
difficult to understand anything at all about the right-hand side of (15.229).
For example, since we take expectation, its infimum over all parameters is
the same whether we take random weights w, or deterministic weights. It
does not give a clue either as to why the infimum should be attained (at least
under the condition (14.101)) for the very special structure brought forward
by Theorem 14.5.1.

Let us now try to use the A.S.S. scheme in the setting of Conjecture
15.7.12. This will reveal why we study this scheme despite the shortcomings
we just explained. We consider a pair Hy, Hs of jointly Gaussian Hamiltonians
such that for £, ¢’ = 1,2 we have

1
NEHg(al)Hz/ (0?) = &w(Ri2),

where the function & is convex.
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Proposition 15.8.3. Suppose we have a set A, and pairs of Gaussian r.v.s
(€L, %) aea, (01, n2)aeca with the following properties

ECACY =& u(ash):  Enint =000(dst) . (15.244)
where the numbers qﬁ;?[ satisfy
oo = dan=1; ltaa—ul<e; laa—ul<e. (15.245)

Consider independent copies (C} ., (2 o)a of the families (¢4,(3). Consider
random weights wy, on A, that are independent of these r.v.s. Consider i.i.d.
copies (h}, h?)i>1 of a pair (h*,h?) of r.v.s, and assume that these are inde-

pendent of all the other forms of randomness. Then, for each e

pn(u,e) == %Elog Z exp( Z (—Hz(ae) + Z hfof))

|R1,2—ul<e (=1,2 i<N
1 E 4
<ot teogyu ¥ exp<z S ol 1) )
(e \Rlyg—u|§a i<N (=1,2
1
- NElogza:wa exp(VN (g +n2)) (15.246)

where C' depends only on the functions &g .

The ideas necessary to adapt the proof of (15.229) have been explained so
many times that it seems appropriate to leave the proof to the reader. The
term Ce occurs from the fact that

|€1,2(R12) — R12€1 5(ab2) — 012(¢42)| < Ce

when |Ry 5 —u| < e and |g}2 —ul <e.

One would like of course to use the bound (15.246) to attack Conjecture
15.7.12. Unfortunately, the problem is (again) that one has no clue about how
to choose the parameters in this bound. However we demonstrate in Theorem
15.8.4 below that the bound (15.246) is “a sharp bound”. This implies that
useful choices of parameters do exist, even though we do not know how to
find them. (In contrast, we were not really sure that this was the case for the
bound (15.208).)

Let us turn to the investigation of the converse of (15.246). We assume
that both Hy and Hs are of the type (15.230), for possibly different values of
the parameters. Recalling the definition of py(u,¢) in (15.246) let

p*(u) = ilir(l) I%nlnpr(u €)= 1n%1}\rfrllilopr(u €). (15.247)
The existence of the limit as N — oo can be shown using the methods of
[52], but this is really only a side story.
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Theorem 15.8.4. (D. Panchenko [64]) Given &' > 0, we can find e >0, N
arbitrarily large, a set A, pairs of r.v.s ((1,(%)aca, (ML, 12)aca that satisfy
(15.244) and (15.245), and weights w,, such that

%Elogza:wa > eXp(ZZ H +hf)

|R1,27u\§s <N £=1,2

1
—NElonga exp(VN (g +n2)) <p*(u) +¢ . (15.248)
[0}

It follows in particular that given € > 0 there exists a choice of the param-
eters for which the left-hand side is not larger than P(&;,1, h!)+P(&a,2, h?)+e.

Research Problem 15.8.5. Find an explicit construction of parameters
such that the left-hand side of (15.245) is not larger than P(&1,h') +
P(E22,7) +e.

The proof of Theorem 15.8.4 will make clear what is the difficulty: the weights
are created by the restriction of the Gibbs’ measure to a small set, and as
already pointed out there seems to be no reason why the structure of this
restriction should be simply related to the structure of the Gibbs measure
itself.

To lighten notation let us now write

- P(&@,Zv h’z) .

To study the chaos problem we are particularly interested in the values of u
for which

p*(u) =pi+p3. (15.249)
Indeed, if we can show that this inequality can occur for a unique value of u,
using concentration of measure as in Proposition 13.4.3 this shows that there
is chaos between the Hamiltonians —H, + Y,y oihf for £ =1,2.
In the case where u is a candidate to satisfy (15.249) we can do better
than (15.248).

Theorem 15.8.6. Assume that

Ve >0, limsuppy(u,e) =p]+ps.

N—o0

Then, given any ' > 0, we can replace (15.248) by

%Elogza:wa 3 exp<z > il +h”>

gf:i1 i<N £=1,2

1
—NElonga exp(VN(nt +n2)) <pj+ps+e . (15.250)
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The difference with (15.248) is that the summation is now over all values
of of = £1. The whole point of (15.250) is that [ECA(2 — &] 5(u)| < € and
|E17a77a — 612(u)| < e. We did succeed in creating a quantity that we can
control while exhibiting this particular correlation structure. (The control of
the correlation structure of these variables is precisely the main obstacle in
using bounds such as that of Theorem 15.7.3.)

Proof of Theorem 15.8.4. Consider €; > 0, and let £ > 0 be small enough
that
lim inf py (u, €) < p*(u) +e2. (15.251)

By definition of p*(u), we have lim inf y o pn (u,€) > p*(u), so that for large
M we have pas(u, ) > p*(u) — 3.

We can find N; arbitrarily large with px, (u,e) < p*(u) + €2. Let us
decompose Ny = N + M where N ~ g1 M. Then, since M < Ny < 2N/e; we
have

Nipw, (u,€) = Mpar(u,€) < Ni(p*(u) +€1) — M(p*(u) — €f)
— Np*(u) + (V) + M)
< Np*(u) + 4Ney . (15.252)

Let us define the Hamiltonians H; for £ = 1,2 as in (15.234) and let
A={(p',p*) € Zi; s |R(p". p*) —ul <&}

The weights w, are produced by the Gibbs measure on A with Hamiltonian

— H(p',p?) = —H; (p' + ) (hio} +hio) . (15.253)
<M

We write (15.252) as
I+1I < Np*(u) + 4Ney

where
I=(M+N)pnim(u,e)—Elog > exp(—H(p',p?)) (15.254)
(p',p2)€A
Il = —Mpy(ue) +Elog Y exp(—H(p',p%). (15.255)
(p,p?)eA

Let us write

1
B = {(0' o?) € Sian; (P p%) €A N Z ojo7 —u| <
M<i<M+N

so that for (o!,0?) € B we have
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and thus

(N + M)pn4a(u,e) > Elog Z exp(_Hl,NJrM(o'l) — Hanim(o?)
€B

(oh,02)

- (h}a}—l—h?a?)).

i<SN+M
Using a decomposition as in (15.233) for the Hamiltonians Hy n4ar, we get

12E10g<zexp<2( ) of<gf<pf>+hf>+g‘<af>)>>, (15.256)

=12 \M<i<M+N

. . —1 1.2
where the first summation is over the set ‘N D M<icMiN Ti0; — u‘ <e¢,

and where the bracket refers to the Gibbs measure with Hamiltonian (15.253).
For a = (p*, p?) € A and v = (71, 72) € A we define

0.0 0t
QCJ,’)' = R(p , T ) )
so that |q;i —u| < € and qé}l = qiza = 1. From this point on the proof

follows the argument of (15.232), so we do not give all the details. We have
Egf(p")gf (p*) ~ §o o (R(p%, p*)), so the right-hand side of (15.256) is nearly

Elog» wa > exp| Y > oSl + )
Ll )

|N*1 SienTia? £=1,2i<N
where the jointly Gaussian r.v.s ¢/, satisfy ECf’a =& (g% 7) The term
II is bounded just as in the case of (15.232). O

Proof of Theorem 15.8.6. Consider €1 > 0, so that for M large enough
we have p1 ar + po,v < pf +p3 +€%. By hypothesis we can find M arbitrarily
large with pas(u,e) > pi + ps — 2. Let N ~ &1 M, so that when M is large
enough we have p1 iy + p2.nim < P + s + €3, and therefore

(N + M)(p1, x40 + p2nim) — Mpa(u,e) < (N + M)(p} + ps + 1)
— M(p} +ps — 1)
< N(pj +p5) +4e1N .

Instead of (15.254) we define

I=(N+M)(pinim+panin)—Elog Y exp(=H(p',p%),
(p1,p%)EA



548 15. The Parisi Solution
and then we have
= Elog<zexp(z (S ottt n +gf<af>))> |
0=1,2 \M<i<M+N

where the first sum is over all choices of of, M < i< M+ N. We then proceed
as in the proof of Theorem 15.8.4 to produce the set A and the weights w,,.
O

15.9 Probability Measures on Hilbert Space

In this section we prove Theorem 15.4.5 and Proposition 15.6.8. We write ¢
rather than ¢*.

We fix § > 0 and consider numbers a,7v,7 > 0 depending on ¢ only
that will be specified later. For the time being we think of them as small
parameters. Let us assume that

2 ({(z,y) 5 (@-y) > q+7}) <77 (15.257)

We recall that B denotes the unit ball of the Hilbert space.

Definition 15.9.1. A set S C B will be called adequate if 7(S) > a and

/ |z -y — gldm(z)dn(y) < 8ym(S)?. (15.258)
SxS

The overall strategy is to prove in a first stage that there exists a large
collection of disjoint adequate sets. In a second stage we will construct the
sets (Ay) from these. First of all, we must understand how one can obtain
condition (15.258). We recall the notation z* = max(z, 0).

Lemma 15.9.2. If ©(S) > 7 we have
/ (z-y—q) " dn(x)dn(y) < 2y7(9)?. (15.259)
SxS

Proof. Since z,y € B and ¢ > 0 we have (z -y — q)" < 1. Using (15.257),
we have

/s S(x cy — @)t dr(x)dn(y) < 7(S)? + 722 ({(z,y) ; Ty = q+7})
< Am(9)? + 977 < 297 (9)?,

and this concludes the proof. a
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Definition 15.9.3. For a set S, we define the barycentre of m over S by

1
bs = ﬂ_(S)/Sxdﬂ'(a:) . (15.260)

Lemma 15.9.4. If 7(S) > 7 we have
bs]]* < g+ 2. (15.261)

Proof. We note that

7(S)2||bs|? = H/Sxdw(x) g /stx.ydw(x)dw(y) . (15.262)

We have, using (15.262) and (15.259) in the second line

m(8)?||bs|* < 7(S)%q + st(aC -y — )t dr(z)dn(y)
< (q+2v)7(S)?,

and this finishes the proof. O
Lemma 15.9.5. If 7(S) > 7 we have

| ey —aldn(eyin) < x5+ 20— s?) . (15269
Proof. For any number ¢ we have [¢t| = 2¢tT — ¢ so that

o y—q <2@-y—q)t+q—z-y.

Integrating over = and y for p, and using (15.259) and (15.262) we get

/ & -y — gldn(2)dn(y) < 29m(S)? + qn(S)? — w(SZbsl> . O

We now assume
T<a<l/4. (15.264)
Lemma 15.9.6. Consider S,S’ C B, and assume that
7(S)>a; wS)>T, bs-bs>q—2v. (15.265)

Then S is adequate.
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Proof. We shall prove that
lbs||> > q — 67 . (15.266)

Combining with (15.263) this implies (15.258) and completes the proof. To
establish (15.266), since the left-hand side is > 0 we may assume that ¢ > 2.
Using (15.261) for S’ then yields

(¢ = 27) < (bs - bs)* < ||bs|?|lbs |1 < [1bs]1*(g + 27)
and therefore

(q—27)?

bell? >
Ibs > 25

>q—67. U

We now state the main tool to construct adequate sets.

Proposition 15.9.7. There exists a number L with the following property.
Assume that

QL = 1 (15.267)

Consider a subset D of B and assume that
m®2(Bx D)n{(z,y); z-y>q—7}) > 2a. (15.268)

Then D contains an adequate set.

This will use the following, which is in a sense the central point of the
argument.

Lemma 15.9.8. There exists a number L such that one can cover the set
W = {bs ; n(S) > a} (15.269)

by at most a~L/7 balls of radius ~y.

Proof of Proposition 15.9.7. Given x in B, let
Cla)={yeD;xz-y>q—1}, (15.270)
so that, using (15.268) in the last line
[ rCc@nan) = [ tye Dy = q- i)
B
=12((BxD)N{(z,y); z-y>q—~}) >2a.

Let T = {z; n(C(z)) > a} so that
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2a < /W(C(m))dw(m) S/

T
<7n(T)+a

w(C(m))dw(x)—{—/ w(C(x))dnr ()

c

and therefore
m(T)>a. (15.271)

By Lemma 15.9.8, W can be covered by a~L/7 balls of radius ~/2, which
implies that 7" can be covered by a—%/ 7 sets of the type

S"={z; |bo) — bo@n <7}

where 2’ € T. Therefore, we can find 2’ € T such that the corresponding set
S’ satisfies

a<a(T)<a 7 n(s). (15.272)
We set S = C(z) so w(S) > a since 2’ € T. For x € S’, we have
1
z - bo(e 27/ x-ydmr(y) > q—1v (15.273
© = 70@) Jow )

since z -y > g — v for y in C(x). Since = € S” we have
[bc(zy = bsll = [[bo(z) — bownll <7,
and since ||z|| <1 this yields |z - bo(y) — 2 - bs| < v and (15.273) implies
T-bg>q—27.

Averaging for x over S’ we get bg/ - bg > q — 2. Since w(S’) > 7 by (15.272)
and (15.267), it follows from (15.265) that S is adequate. O

Proof of Lemma 15.9.8. The proof relies on Gaussian tools. The starting
point is that there exists a Gaussian process (X (z))zen with the property
that EX ()X (y) = x - y. One simple way to see this is to assume (without
loss of generality) that H is a Gaussian Hilbert space, i.e. consists of jointly
Gaussian r.v.s, in which case X(x) = z. Another way is to set X(z) =
>~ giz; where (g;) are i.i.d. standard Gaussian r.v.s and = Y z;e; is the
decomposition of x in a given orthonormal basis.
Holder’s inequality implies that if p and ¢ are conjugate exponents,

1/p
x)dn(z I RA z)|Pdnr(xz .
[ X(@an(a)| < x(s) (/BX<>|d<>)
By linearity
1 1
X(bs)| = | =5 /g X(e)dute)| = 2 /g X(2)du(z)

<as ([ |X<x>pdw<x>)1/p
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so that

sup [X ()] < a”'/? (/B |X($)|pd7r(x)>1/p

bew

and

€ sup X0 <7 ([ |X(m>|ﬁdw<x>)l/p

< g Vr (/B E|X(x)|pd7r(1;)>1/p L (15.274)

For a Gaussian r.v. X with EX? < 1, we have E|X|? < (Lp)?/2. So, for z in
B we have E|X ()P < (Lp)P/? and (15.274) implies

E sup [X(b)| < La™ /P /p.
beWw

This bound holds for every p > 1. Since a < 1/4 by (15.264), we have
log(1/a) > 1. Taking p = log(1/a) we get

E sup [X ()| < Ly/log(1/a) .

bew

To conclude we appeal to a key result about Gaussian processes, Sudakov
minoration (see [58] Theorem 3.18): The set W can be covered by

- (L\/log<1/a>>2 e
: <

balls of radius < ~. O

If B contains no adequate set we set s = 0. Otherwise we select such a
set Cy. If B\ C contains no adequate set we define s = 1. Otherwise we
select an adequate set Cy contained in B\ C;. Continuing in this manner we
construct recursively disjoint adequate sets C1,Ca,...,C for as long as we
can. We note that since 7(Cy) > a we have

s <

Q|

. (15.275)

We define
C=C1U...UC,.

Lemma 15.9.9. We have

72 ({(2,y); vy >q—y}\C xC) < da. (15.276)
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Proof. Let D = B\ C. By construction D does not contain an adequate
set, so that by Proposition 15.9.7 we have

(B xD)n{(z,y); z-y>q—7}) <2a

and the result follows since B?\ (C' x C) C (B x D)U(D x B) and “symmetry
around the diagonal”. O

The sets A, will be constructed by suitably grouping the sets Cj.

Definition 15.9.10. We say that a pair (k, k") is close if

T ({(z,y) s ©-y > q— 7} N (Ck x Cr)) > am(Cr)m(Crr)

On the set {1,...,s} we define the equivalence relation KRk’ by
Iby,..., 0y, b1 =k, L, =F, all pairs (£, £,41) are close for 1 <n < p.
The set {1, ..., s} is then divided into equivalence classes I, ..., .. For a <r

we set Ay = Uper, Ck-

Lemma 15.9.11. We have
7®2 ({(x,y) sy >q—F\ U Ai) < b5a . (15.277)
a<r

Proof. Let
U={(z.y);z-y>q—7}\|J 42

a<lr

and note that

TUN(CxC)) =Y 72(UN(CkxCy)).

kt<s

When R/, then Cy x Cp C A2 for a certain «, so that U N (Cy x Cy) = 0.
Otherwise k£ and ¢ are not close, and thus

7T®2(U n (Ck X Cg)) < aW(Ck)W(Cg)
and by summation over k and ¢,
2 (UN(Cx0)<a.

Now (15.276) implies
m®2(U\ (C x C)) < 4a

and this completes the proof. a
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In the last stage of the proof, we will show that = -y ~ ¢ on each set A,.
We start with the inequality

/ |z -y — qldm(x
A

Denoting by b, the barycentre of m over Cy, we write

Z/C |z -y — qldn(x)dn(y) . (15.278)

keI, ¥ CrxCe

[l y—ddn@ds) < [ oy b blda(ent)
CrxCp CLxCy

+ |bk ~by — q|7T(Ck)7T(Cg) . (15.279)
The general idea is that by - by ~ g for k,¢ € I,. To prove this, we will

appeal to a general principle, that will also help to control the first term on
the right-hand side of (15.279).

Proposition 15.9.12. Consider two probability measures v and v' on B,
and assume that for certain numbers q and ¢’ they satisfy

/ &y — gldv(z)du(y) < 73 / -y — |/ (@)d (y) < 7. (15.280)

Then, if b and b’ denote the barycenters of v and V' respectively, we have
/ |z -y —b-b|dv(z)dr/(y) < 87 . (15.281)

Of course, the barycentre b of v is given by the formula b = [ zdv(z).
Lemma 15.9.13. Consider a probability measure v on B and assume that
/ |z -y —q|dv(z)dv(y) < 7. (15.282)

Consider a probability measure v’ on B, and assume that it has a density w
with respect to v. Then

H/:cdl/ xdl/( )

Proof. We write || [ zdv(z) — fxdu’(ac)H2 as

< 2/l (15.283)

/ (z-y— q)dw(z)du(y) —2 / (z-y— q)dw()dv (4) + / (&-y—g)d/ (2)d/ (y)

and we bound each term using (15.282). For example,
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15 dav@a/ ) = [12+y = gut)dv)dny) < o).

The other two terms are bounded respectively by v and v||w||%,, and, since
[wlloo > 1,

7+ 2yllwllos +AllwlZs = ¥(1 + wllee)? < dyllwl, - U

Proof of Proposition 15.9.12. Consider the set A = {(z,y) ;2-y >b-V'}
and for y € B let A(y) = {z; (x,y) € A}. Then

J@ =0y e) = [ @y -b @)

_ /A z - ydu(z)dV (y) — b Vv @ v/(A)

-/(/ . () 5/ 0)

—b-brvei(A). (15.284)
By (15.283),
xdv(z) — b xdv(z vl
|/ = Lo ™) < sae
so that
‘/ xdv(z) — I/(A(y))/xdu(x) <27
A(y)

and therefore

/</A(y) xdu(x)) ~ydv/(y) < 2ﬁ+/(/ V(A(y))/xdy(l‘)) ydd/ (y)
<2V +/ zdv(z) / v(A(y))ydv/ (y). (15.285)

We observe now that [ v/( )du( ) = v ® V' (A), so using (15.283) for
w(y) =v(A(y))/v @ V' (A) and V' instead of v we get

H/ydv P (A) /V(A(y))de’(y)H < V(;T%

T v [ <205

Therefore
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/ rdu(z) - / V(A(y))ydv' (4) < v © v/ (4) / 2dv(z) / ydi/ (y) + 297
= V®V’(A)b-b'+2ﬁ.

Combining with (15.284) and (15.285) we have shown that

/(1‘ Y= b V) Tdu(2)d (y) <47
and we proceed in the same way for the “other half”. O

Lemma 15.9.14. If a pair (k,¢) is close then
b by >q—v—12yya ", (15.286)

Proof. We may assume that g — vy > by - by, for otherwise there is nothing
to prove. Then

Lpy>qnt < (x-y—br-be)". (15.287)

q—y— by by

Using that the pair (k, ) is close in the first line and (15.287) in the second
line, we have

am(Cr)m(Ce) < 72((Cr x Co) N {(z,y) 3 w-y > ¢ = 7})

= / 1{m.y2q_,y}dﬂ(l‘)dﬂ(y)
Ck XC@

e
< — -y —bg - be|ldm(x)dm(y) . (15.288
pR—— CkXICZ k- beldm (z)dm(y) . ( )

Since O} and Cy are adequate the conditional measures v and v/ of m on Cy,
and C; satisfy (15.280) for 8y rather than . Then (15.281) implies

@
— -y — by - beldm(x)dm(y) < 8/ 8y < 124/
~(Com (o) CMC{| k- beldm (z)dm (y) el

and combining with (15.288) we get

12
agiﬁ' O
q—— b by

Lemma 15.9.15. If kR{ then

|br, - be — q] < 16\/ya™> . (15.289)
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Proof. Since the set Cy, is adequate, it follows from (15.258) and Jensen’s
inequality (i.e. integration inside the absolute value rather than outside) that

[[[bk]1* — gl < 8. (15.290)

When the pair (k, £) is close, using (15.286) and (15.290) we get, since a=! >
4,

b — be||* = [|br||® + [|bel|® — 20k - be < 16 + 2y + 24, /7a~ < 29/7a™ ",

so that [bx — bl < (29,/7a1)'/2. When kR, k and ¢ are connected by a
chain of pairs (¢, ¢, 1) that are close, and since s < a~! we get

bk — bell < a='(29y/va"")/?,

so that [|by — bel|? < 29,/7a~?. Therefore, using (15.290) again, (and since
a3 > 64)

1
bic - be = 5 (1Bl + 1bell — [lbx — bell®)
>q—8y—15/7a % > q— 16\/ya >

and since by, - by < ||bg]|]|be]] < ¢ + 8y we have proved (15.289). O

Lemma 15.9.16. For each o we have
/ |z -y — gldm(2)d7(y) < 17\/Fa 7 (Aa)? . (15.291)
AZ

Proof. Using (15.281) to control the first term in the right-hand side of
(15.279) and (15.289) to control the second term we obtain

/c . |z -y — g|dm(z)dn(y) < 8/8y + 16\/7a 37(Cy)m(Cy)
< 177a 37 (Cy)7(Cy)

and since 7(Aqa) = >4y, m(Ck) substitution in (15.278) finishes the proof.
O

Proof of Theorem 15.4.5. We define a by 5a = §, v by 17\/§a_3 =6 and
7 by (15.267). Then if £ = y7, (15.61) implies (15.257). Then (15.62) follows
from (15.277) and (15.63) from (15.291). O

Corollary 15.9.17. Under the hypothesis of Theorem 15.4.5, given u with
lu|| <1 we have

/ |2 - u—y - uldr(z)dr(y) < 18V . (15.292)
{wy>q—c}
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Proof. Since by (15.63)

72 ({(@) s ooy = g -\ [J42) <6,

and since |z - u — y - u| < 2, we may bound the left-hand side of (15.292) by
25*2/ - u—y - uldr(z)dr(y) . (15.293)
o JAR

Using Proposition 15.9.12 with v/ the point mass at u, and denoting by b the
barycentre of m over Ay, we obtain

/ |z - u—b-u|dr(z) < 8Vom(Ay)
Ay
so that, since [z - u—y-u| <|z-u—b-u|+ |y -u—">b-ul,

/,42 2 - u—y - uldr(z)dn(y) < 16V6m(A)?

k

and the quantity (15.293) is indeed bounded by 18v/6. O

15.10 Notes and Comments

Although the methods are different, Panchenko’s work [71] (and also the
author’s [113]) has been influenced by the earlier works of M. Aizenman and
P. Contucci [8] and M. Aizenman and P. Arguin [5]. The idea of stochastic
stability (of which Theorem 15.5.7 is a particular instance) is put forward in
[8], and an ultrametricity theorem is proved (under different hypotheses) in
[5]. Determinators are introduced in that paper under the name of “Random
Overlap Structures.” The author wishes he had been able to explain here the
ideas of [5], but, despite significant efforts, he was defeated by the style of
writing.



16. The p-Spin Interaction Model

16.1 Overview

In this chapter, given an integer p, we study the system with Hamiltonian

1/2

p!

— Hp(o) :ﬂ(NP—l) E Giy...ipyTiq = Oy - (16.1)
11<...<ip

This Hamiltonian is closely related to the Hamiltonian (14.57). The use of
the formula (16.1) is motivated by the fact that is slightly easier then than
in the case (14.57) to use the cavity method, which will be an essential tool
in this chapter. It could be shown that results similar to those of this chapter
hold for the Hamiltonian (14.57).

Physicists usually write the Hamiltonian (16.1) with a normalization fac-
tor (p!/2NP~1)1/2_ The only purpose of the factor 2 is to make the definition
coincide with the definition of the SK model when p = 2. Since we will be
interested in the case where p is large, there is no point to use the physicists’
normalization.

We shall concentrate on the case where p is odd. This case is not covered
by the results of Chapter 14 because the function &(z) = 322P is convex on
R+ but not on R. It is conceivable that it will require a single good idea to be
able to use the methods of Chapter 14 to study the system with Hamiltonian
(16.1) when p is odd, but, for the time being, the only result from Chapter 14
that can be applied to the Hamiltonian (16.1) is the upper bound of Theorem
14.4.4. Some of the methods we will use might look unsophisticated compared
to the work of Chapter 14, but we do not know how to do better. A major
obstacle is that we do not know how to prove results similar to those of
Section 14.6 in the present case.

The real motivation for looking at the Hamiltonian governed by the
Hamiltonian (16.1) is not to be able to say something about this case at
any cost. It is that the proofs will shed a completely different light on the
model than the methods of Chapter 14. In the range of 3 where we can control
the model, that is, up to values of 8 that are exponentially large in p, (and
for § not too small) it has a structure “with one level of replica-symmetry
breaking”. This means here that the configuration space is the union of a
sequence of “pure states”. The overlap of two configurations in two different

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der 559
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern

Surveys in Mathematics 55, DOI 10.1007/978-3-642-22253-5_9,

(© Springer-Verlag Berlin Heidelberg 2011


http://dx.doi.org/10.1007/978-3-642-22253-5_9

560 16. The p-Spin Interaction Model

pure states is essentially 0 and the overlap of two configurations in the same
pure state is essentially a certain number ¢ depending on the system. The
proof closely follows the intuition provided by this picture, trying in several
steps to prove that it holds true.

In the first part of the proof (Section 16.3) we use elementary estimates
to prove that the overlap can essentially take only values that are either in
a small interval around 0 or in a small interval around 1, where these small
intervals do not depend on N. If one thinks a minute about this situation, one
sees (in Section 16.4) that it strongly constrains the structure of the Gibbs
measure. This is proved by a construction in the spirit of that of Section 14.12,
but quite simpler. The configuration space Xy can be divided in a sequence
of pieces such that the overlap of two configurations in the same piece is in a
small interval around 1, while the overlap of two configurations in different
pieces is in a small interval around 0. We call these pieces the lumps. We
expect of course that they will be the pure states that we are looking for, but
we have not proved it at this stage.

The main step in gaining control over the model is to prove that (for g
not too large) the overlap takes only two values (one of which turns out to be
0). The proof relies on the cavity method, with the remarkable feature that
the construction of the interpolating Hamiltonian depends critically on the
decomposition of the (N — 2)-spin system into lumps. It is done in Section
16.5.

In order to be able to fully use the cavity method, we however need to
control the distribution of the sequence of the Gibbs weights of the lumps. The
only way we know how to do this is to add the perturbation term (12.32) to
the Hamiltonian, so that we can benefit from the extended Ghirlanda-Guerra
identities. These identities imply that the sequence of the Gibbs weights of the
lumps has in the limit a Poisson-Dirichlet distribution, a crucial ingredient
of the cavity method.

Once we have the precise information that the overlap take only two
values, we can use again the cavity method to prove that the upper bound
of Theorem 14.4.4 is also asymptotically a lower bound. The perturbation
term (12.32) is irrelevant in the limit for this computation. We however do
not know how to gain a detailed control of the model.

16.2 Poisson-Dirichlet Distribution and
Ghirlanda-Guerra Identities

In Section 15.2 we proved that a sequence of random weights that satisfies a
certain version of the Ghirlanda-Guerra identities has a Poisson-Dirichlet dis-
tribution. On the other hand, a sequences of random weights with a Poisson-
Dirichlet distribution has the remarkable properties spelled out by Theorem
13.1.6. Therefore we expect that a sequence of weights that nearly satisfies
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the Ghirlanda-Guerra identities nearly satisfies Theorem 13.1.6. This is what
we show in this section. We recall that we define the numbers

S (ny, ... ) :=E H Zva , (16.2)

s<k «

where the random weights (v,,) have a Poisson-Dirichlet distribution A,,

Theorem 16.2.1. Consider two numbers A, ¢ > 0. Then we can find a
number n and a number € > 0 with the following property. Consider a random
sequence (Wa)a>1 With wy > we > ... and Y~ Wa = 1. Consider a number
0 < m < 1, and assume that, given any integer k, any integers ni,...,ny
with ng > 2, >~ . ns < n, we have

‘EHZU; 5y,

s<ka>1

<e. (16.3)

Consider a pair (U, V) of r.v.s withV > 1, EU? < A and EV* < A2%. Consider
an independent sequence of pairs (Ua, Va))a>1 that are distributed like the
pair (U, V) and that are independent of the sequence (w,,). Then

¢ (16.4)

‘E 2oz Wala  EUV™!
Za21 Wa Vo EVm

oty Wa Wey Uy UL EUym—1\2
’EZ ot e e (7) <e (16.5)
(ZaZl Wa Va) E Vm
E: >1Uﬂl]2 Ep2ym—2
E ezt ea g < 16.6
’ ORETTATS S S T (16.6)

Proof. We will consider only the case of (16.4). The others are similar.
It is possible to prove (16.4) through a rather straightforward compactness
argument; but we find it more fun to give a somewhat constructive proof
as follows. Given £ and A, we will find a quantity C(A,e) and a number
n = n(A,¢), depending on ¢ and A only, with the following property. For
any pair (U, V) of r.v.s as above, we can find numbers ¢(ny,...,ng, U, V) for
Niye.o Nk > 2,01+ +n <n(4, e) =n with

le(na, ..., g, U, V)| < C(A,¢) (16.7)
and
wa U,
E%— Yo el UVIE[] D wie| <e. (16.8)
a>1WaVa T8 s<ka>1

This inequality holds in particular in the case w, = v, a sequence with
distribution A, in which case (13.13) implies
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EUV™!
‘EVi’”_ Z c(ny,...,ne, U V)S™ (ny, ... my)| < e
ny+---+np<n
and combining with (16.7) and (16.8) we get
E2a21 waUq EUV™—1
Za21 Weo Ve EVm
<2+ C(4,¢) Z S (g, .. EHZw (16.9)

ni+-4np<n s<ka>1

from which the theorem follows.

We now turn to the proof of (16.8). The argument will actually show that
this inequality holds uniformly over non-random sequences (w,). We first
reduce to the case where U and V are bounded by a truncation argument.
Consider a truncation level M > 1 and define

Vo =min(Vy, M) 5 Ul =Uslqu,j<my -

Since )51 wo =1 and V,,V; > 1, we have

ZaZl waUa ZaZl waUt;

ZaZl waVa Za21 wa Vg

< Z wa‘Ua - U(;l (16'1())

a>1

+ <Z waUa> (Z Wa| Ve — Vé) .
a>1 a>1

Using the Cauchy-Schwarz inequality and that (3~ Watea)® < >, waz? by
convexity of the function o — 22, we obtain (using the obvious definition of
U and U")

E(Z waUa) (Z We |V — V;|)

a>1 a>1
1/2 1/2
< (EzwaUg) <EZwa(Va —v;)2>
a>1 a>1

= (EU)Y2(E(V —V)2)V/2,
Therefore the expectation of the left-hand side of (16.10) is at most
E|U —U'| 4+ (EU)Y2(E(V — V')2)1/2
Now,

AQ

E(V—V')? <EV lysay < —Ev4 <3
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and similarly we have E|U — U’| < E|U|1{jy|>my < EU?/M < A/M. There-
fore the expectation of the left-hand side of (16.10) is < (A 4+ A3/2)/M.
This should make it clear that it suffices to prove (16.8) when U and V are
bounded. Assuming that |U|,|V| < M we prove that we can find a quantity
C(M,e) and a number n = n(M,e) depending only on M and ¢, such that
(16.8) holds for numbers c¢(nq, ..., n;, U, V) with

le(ny,...,ng, U, V)| < C(M,e) .
On the compact set
{z,y; 2] <M, 1<y <M}

the function x/y is approximated within ¢ by a polynomial in z and y,
so that to prove (16.8) it suffices to prove it when we replace the ratio
S walUa/ > waVe by a monomial (3 waUa)® (Y waVs)?. In particular it
suffices to show that, given any two integers a and b we have

E ((ZwaUa)a (Zwava)b> =S cln,. . on, UVIE T TT wie

s<ka>1
(16.11)
where the summation is over ny + - -+ + nx = a + b, and where the numbers
c(ni,...,ng, U V) satisfy

le(na, ...,k U, V)| < C(a,b)M*T0

First we observe that, using independence in the last equality,

E ((Z waUa)a (> wava)b) (16.12)
- Ezwm Wy Wan sy Wag iy Uy U Vawoy -+ Voo
= Z E(Way *** Wa, Waniy ** Wan sy )EUar = Uny Vawsr =+ Varss) »

where the summations are over all values of a1, ..., aqp > 1. Next, consider
a partition J of the set {1,...,a + b} into subsets Jy,...,Ji, and for s <k
set

ms = card(Js N {1,...,a}) ; rs =card(JsN{a+1,...,a+b}).
Let us consider the following property of a sequence (ayq, ..., Qqtp):
VO, 0 <a+b,ay=0ay & Ip<n ; (,l'eJ,. (16.13)
When the sequence (aq, ..., aq+p) satisfies (16.13), then

.. VOéa+b —E H Urmsyre

s<k

EUy, -+ Ua, Vi

a+t1
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is a number C(J) that depends only on J (and U and V). Moreover |C(J)| <
Mt

Let us denote by ZJ a summation over all the choices of ay,...,aqqp
that satisfy (16.13). Then

Z E(wa, =+ Wayyy JEUa; -+ Ua Vauys  Vauss) (16.14)
J

TED wa, ++Wa,,, - (16.15)
J

It then follows from (16.13) that

(Swte) (Swe) )= 8 @S v

all choices of J
Moreover we have

E — 5 mi+ry | ME+Tk
Weay,y waa_H, - woq wak :
J

aq,...,ap all different

Thus to prove (16.11), it suffice to show that the numbers

E E wm1+?”1 .. wkaer

[e5] A
A1yenny oy, all different

can be recovered as linear combinations of the numbers E Hsg w11 a>1Wa*

3 2

. w . . y o
This follows from the “inclusion-exclusion formula” asin »-, ., w5, wg, =

(o wa) (o wd) = Xg wa- O

16.3 A Priori Estimates

First, we observe that from (16.1) we have

1 2y _ Bp! 1.2 1 2

Np_l 11 11 ip lp
i1 <. <ip

— 2
- Np— 120“ Tis Zp Zp

where ), means that the summation is over all possible choices of indices
that are all distinct. Denoting throughout the chapter by K a number de-

pending on p and 3 only, there are at most K NP?~! choices of indiceb ST
that are not all distinct. Therefore, since Zil,...,i,, 0211 0121 o} 0 NpRﬁ’2
we have

|EHN(o")Hy(0?) — NB°RY .| < K . (16.16)
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We recall the function Z(t) of (A.22),

Z(t) = = (1 +t) log(1 +t) + (1 — t)log(1 — 1)) .

M\H

We define the number ~, by

712, = inf (14+t7P)Z(2).

0<t<1

We observe that 7,% < 2log 2 as is seen by taking t — 1. We recall the notation
1
pn(B) = NElogZ exp(—Hy(0)) .

Theorem 16.3.1. If 5 <y, then

52
lim py(B) =log2 + — (16.17)

N —o0

Proof. Jensen’s inequality implies
1
pn(B) < N logza: Eexp(—Hn (o)) .

Using (16.16) for o' = 0% and (A.1) yields Eexp(—Hy (o)) < exp(N3?%/2 +
K), so for every 8 we have

62
pn(B) <log2+ = + N (16.18)

To prove a lower bound for py (), consider 5 <, and the r.v.
X =card{o ; —Hy(o) > N3?} .

The key to the proof is the estimate

N 2
EX?<KN(EX)?; EX> K2\/N exp (Nf) . (16.19)

Combining with the Paley-Zygmund inequality (A.61) we get
9N N2 EX 1
PlX > >PIX> —|>—.
( 2KV N = p( 2 >> B ( 2 > - KN

= Zexp(—HN(a)) > XexpNG?,

Since

this implies
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2N NB? 1
P(&v(ﬁ)zK\/NeXp 5 )2 N

and

i logN> > 1 (16.20)

1
il > [ .
P(NlogZN(ﬁ)log2+ 5 K N KN

As in (1.53) we deduce from Proposition 1.3.5 that for ¢ > 0 we have

1 1 2N
_ _ > < 2
P (’NlogZN(ﬁ) NElogZN(ﬂ)‘ > t) < 26Xp< 262) :
and in particular
1 1 t2N
— > — < _
P(NlogZN(,B) NElogZN(ﬂ)—i-t) 726Xp< 252)

We choose t = K7+/log N/N such that the right-hand side above is less than
the right-hand side of (16.20) to infer that

1 32 log N
= > L
pn(B) = sElog Zn(B) 2 log2 + o — K/ —+—
completing the proof of (16.17).
To prove (16.19) we first observe that
X = Z L{_Hy(o)>Np?) - (16.21)

Using (16.16) for o' = 0% and (A.5) yields

2N

EX = Y P(_Hy(o) > N3?) > N5 ) .

KVN P (_m

Moreover,

N5 —Nﬁ2< ! ><Nﬁ2+K7 (16.22)

2(Np2-K) 2 \1-K/N 2

and this proves the second part of (16.19). To compute EX?, we deduce from
(16.21) that

X2: Z 1{_HN(0'1)ZNB2}1{_HN(U2)ZNB2}

1

ol o2

and therefore
EX?= ) A(',0?%), (16.23)

ol,0?
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where
A(o',0%) = P(~Hy(o') > N§?, ~Hy(0?) > NG?)
< P(~Hy(o') — Hy(0?) > 2NG?) .

For a Gaussian r.v. g and t > 0 we have P(g > t) < exp(—t?/2Eg?), and
consequently

1 , 2N2,84
A", 0%) < exp (—E(HN(O—1>+HN<02>>2> '

Combining with (16.16) yields
E(Hy(o') + Hy(0%))? <2NB*(1+ R} ,) + K <2NB*(1 + |R12) + K .
Proceeding as in (16.22) we obtain

A(e!,0?) < K exp < Ng? )

(1+|R12/P)

and therefore

2
ZA(01,0'2) <K exp (—%) card{(c*,0?) ; |Ry 2| =k/N} .
0<k<N

Now, (A.24) implies

card{(a',0?) ; |Ri| = k/N} < 22N+ exp <‘NI(%>>

and therefore

> Aot 0?) < K22NTE N exp<N(1+(6kz/N)p+I<;)>>.

0<k<N
(16.24)

Since # < v, we deduce for each ¢ that

gE< (14 L Z(t)

< >
and consequently
3 2
Z(t) >

12,

so that (16.24) and (16.23) imply that EX? < KN22N exp(—Nf?). O

We now perform a bit of calculus to gather information about 7,. The
results we present do not aim at sharpness, we try simply to give clean state-
ments.
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Proposition 16.3.2. If p is large enough then

V2log2 > v, > /2log2(1 —277) . (16.25)
Lemma 16.3.3. If p is large enough, the following holds. If v > 27P/2 then
. - pv
p > — . .
ogigw(l +t7P)Z(t) > 2log2 + g (16.26)
Moreover
2> 9log2 (1- —— ) +R 16.27
Tp Z 4108 " log2 + Ry (16.27)

where |R,| < Lp*27%P.

One should first observe that (16.27) is stronger than the second inequality
of (16.25). Indeed, since v/1 —z > 1 — x/2, (16.27) implies

9D
>/2log2(1— ——
T = 8 ( 210g2> Ry

where R, is as above, and since 2log2 > 1, for large p this proves (16.25).
Proof. We set u = 1 — t. We shall prove that

w>27P2 = (1+¢7P)I(t) > 2log 2 + % . (16.28)
Therefore if v > 277/2,
lot=u>v>2"P2= (141 P)I(t)> 210g2+%, (16.29)

which is (16.26). Since Z(t) > t?/2, we have
2(1 +t7P)I(t) > 2t PL(t) > ¢*7P,
and by convexity

2P =1-u)?P>1+(p—2u

3
:1+§u+(zp—2)u.

If u > 3/p, this is at least

p 9 6 P
1+ = - —— ) >4log2+ =
+4u+<4 p>_ og +4u

for large p, since 13/4 > 4log 2. Consequently it holds that
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201+ t7P)I(t) > 4log2 + gu ,
and to prove (16.28) we may assume u < 3/p. We observe that, by convexity,
(I+t)log(l+t)=(2—u)log(2 —u) >2log2 — (1 + log2)u

so that
2Z(t) > 2log2 — (1 + log 2)u + ulogu .

By convexity again,
1+t P=14+1-u)y?>2+pu
and therefore
204+ t7P)Z(t) > Y(u) :== (2 + pu)(2log2 — (1 +log 2)u + ulogw) . (16.30)
Moreover

¥(u) = 4log 2+u<2(p—1) log 2—2+42log u—pu(1+log 2)+pulog u) (16.31)

by straightforward algebra. Since we assume u < 3/p, we have

3 3 3
ulogu > —log — :——logz—J7
p P p 3

and therefore pulogu > —3log(p/3). Since pu < 3 we get

$(u) > 4log2 +u (2(p — 1)log2 — 2 + 2logu — 3(1 + log2) —3log§) .
When we assume v > 2_p/2, we have 2logu > —plog 2 so that for a certain
number L

2(p—1)log2 — 2+ 2logu — 3(1 + log2) — 310g§ ZplogZ—L—Blogg .
Since log2 > 1/2, when p is large enough we have plog2 — L —3log § > p/2
and therefore v (u) > 4log 2 + pu/2 whenever u > 27P/2. This proves (16.28)

and hence (16.26).
As a consequence of (16.26), to prove (16.27) it suffices to show that

—-p

inf 201+ (1—w)P)Z(1—u) 2410g2(1
0<u<2-p/2

- R
log2> R

and therefore by (16.30) that for u < 277/2 we have
Y(u) >4log2 —27P2 4R, . (16.32)

This occupies the rest of the proof. For u < 277/2 we have pu < p2~?/2 and
pulogu > p2=P/%log27P/2 = —p27P/210g 2P/2 5o (16.31) implies
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P(u) > 4log 2 + u<2(p —1)log2 — 2+ 2logu — p277/2(1 + log 2)

— p27??log 2p/2) . (16.33)

If u > 27P%3 we have 2logu > —2(p — 3) log 2, and since 4log?2 > 2, (16.33)
shows that

P(u) > 4log?2 +u(4log2 — 2 — p27P/2(1 4 log 2) — p277/%log 2P/?) > 4log 2
(for large p) and (16.32) holds. Now, if u < 27773, we have
lpu*logul , |pu®| < Lp*272F

and (16.31) yields
P(u) = o(u) + Ry
with |R,| < Lp?27% and

p(u) = 4log2 + 2u((p — 1) log2 — 1) + 2ulogu .

Now (u) has its minimum at u = 277" and ¢(27P*!) = 4log2 — 2772,
This completes the proof of (16.32). O

Proposition 16.3.4. If p is large enough then for B > ~, we have
li inf i (5) > 7, > By/2log2(1 —277) (16.34)

Proof. The function 3 +— py () is convex, and Theorem 16.3.1 implies that
for 3 < v, we have limy_, pn (3) = log 2+ (32/2 so that by Griffiths’ lemma
lim inf ply () = 7 -

Using convexity again, for 3 > v,

pn(B) = pn () + (B = )P (1)

and thus
72
liminf py () > log2 + ?” + 7 (8 =)
72
=log2 — 7”+7p627pﬁ-

This proves the first inequality in (16.34). The second one follows from
(16.25). O

Definition 16.3.5. We say that a subset I of R is negligible if EG%2({R1,2 €
I}) < Kexp(—N/K), where as usual K denotes a number independent of N.
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The main result of this section is the following.

Theorem 16.3.6. There exists an integer py such that if p > pq, for each 3
the intervals [—1, —27P/4] and [27P/*,1 — 27P/2] are negligible.

In other words, the overlap is essentially always in the small interval
[—27P/4,27P/4] around 0 or in the small interval [1 —277/2, 1] around 1. There
is nothing magic about the numbers 277/4, etc. These are simply convenient
choices. The proof relies on the following.

Proposition 16.3.7. We have

ox(u) = yElog 3" exp(~Hn(o") ~ Hy(0?) < &(u,0) + 1 (1635)
Ry 2=u
where
&(u, B) = F2(1 +uP) + 2log 2 — I(|ul) (16.36)
if
B2(1+uP) < 2log2 — Z(|ul) (16.37)
and otherwise
&(u, ) = 26v/(1 + ur)(2log 2 — Z(|ul)) - (16.38)

We will then prove that &(u,8) < 2liminfpy(8) for w in the intervals
[~1,—27P/4) and [277/4,1—27P/2] of Theorem 16.3.6 to conclude as usual the
proof of Theorem 16.3.6 using concentration of measure. The bound (16.35)
is very primitive compared with the bounds of Section 14.6 but we do not
know how to do better.

Proof. There are at most 22V exp(—NZ(|u|)) pairs in the summation
(16.35); for each of them

E(Hn(o') + Hy(0%))? <28°N(1 +u”) + K

by (16.16). Therefore Proposition 16.3.7 follows from Lemma A.2.1. O

Let us also point out that one can easily deduce from Lemma A.2.1 that
pn(B) < Bv/2log2 + K/N, to be compared with (16.34).
Before proving Theorem 16.3.6, we need one more dash of calculus.

Lemma 16.3.8. For p large enough, if u € [—1,—27P/4] oru € [27P/* 1 —
27P/2] we have

2uP log 2 — (1 + uP)I(u) < —27P/272 (16.39)
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Proof. Assume first that « < 0, and observe that 1+ u? > 0, Z(u) > 0, so
that (16.39) is obvious if u? < —1/2. Observe also that u? < 0 because u < 0
and p is odd. If u? > —1/2, since Z(u) > u?/2 we have

u2

~ < _97p/2-2
4

IN

1
2uPlog2 — (1 +uP)Z(u) < —§I(u) < -

when u < —27P/4. This proves (16.39) when u < 0. When u > 0, let us first
consider the case where u?~2 < 1/8. Then 2u? < u?/4 and, since log2 < 1
and Z(u) > u?/2,

2 2 2 2
2uPlog2 — (1 +uP)T(u) < “log2 —T(u) < & — L = % < _9-p/2-2
4 4 2 4
provided u > 2-P/4 So it suffices to consider the case where u?~2 > 1/8 and
uw < 1—277/2 Using (16.26) with v = 27P/2 and since u < 1 — 27P/2, we
deduce that

—p/2
I+ uP)Z(u) > <2log2 + p28 ) u?

and thus

9—p/2
2uPlog2 — (1 + uP)Z(u) <P (p 3 ) .

Since we assume that u > 8 1/(=2) for p large enough the right-hand side
is < —277/272, O

Lemma 16.3.9. If p is large enough then for u € [—1,—2_”/4] or u €
[27P/% 1 — 27P/2] the function &(u, B) of Proposition 16.3.7 satisfies

B> = &(u, B) < B(2y/210g2 — 277/7%) (16.40)
B <, = &u,B) < 5% +2log2 —27P/2/L . (16.41)

Proof. Assume first that 5%(1 + u?) > 2log2 — Z(u) so &(u, B) is given by
(16.38). We write

(I+uP)(2log2 —Z(u)) = 2log 2 + 2uP log2 — (1 + uP)Z(u)
< 2log2 — 277272

by (16.39). Combining the inequality v/1 + z < 1+ z/2 with (16.38) implies

&(u, B) = 26+/(1 + u?)(2log 2 — T(u))
< 26y/2log2 — 2-p/2-2

9—p/2—4
<26\/210g2(1— 5 )

log

< B(2y/2log2 — 27P/273)
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This proves (16.40) when 8%(1 +uP) > 2log2 — Z(u). In that case, and since
Z(u) < log2, we have 3% > (log2)/2 and since 23/21og2 < 3 + 2log2 we
have also proved (16.41).
Assume next that

B(1+uP) < 2log2 — I(u), (16.42)

so that £(u, ) is given by (16.36), and then
£(u, B) = B*(1 +uP) +2log 2 — Z(u)
<4log2—2Z(u) <4log2 — u? < 4log?2 — 2~ P/2 ,

because |u| > 27P/4. When (8 > v, for p large, we have, using (16.25) in the
last 2 inequalities,

4log2 — 2772 < \/21og2(1 — 27P)(2y/21log 2 — 27P/272)
< p(24/2log2 — 277/272)

< B(2/2log2 — 277272,
and this proves (16.40). When 8 < ~, we write, using (16.42) in the third
line and (14.87) in the last line,

E(u, B) = B2(1 + uP) + 2log2 — T(u)
= 3% 4 2log 2 + B*uP — Z(u)

2 u”
< 3% +2log2+ up—_H(QlogQ—I(u)) —Z(u)

1
2 T (9P _
<g +210g2+up+1(2u log2 — Z(u))
< %4 2log2 —27P/273

and this completes the proof of (16.41). O

Proof of Theorem 16.4.3. For N the relations (16.17), (16.41), (16.34)
and (16.40) imply

9-p/2
(. 0) < 2w (B) ~ 2

whenever u belongs to one of the intervals [—1, —277/4] or [27P/4 1 —27P/2],
and then using concentration of measure as in Proposition 13.4.3 we deduce
that EGJ*({Ry12 = u}) < K exp(—K/N). m

Inspecting the proof of Theorem 16.4.3 we observe that we have actually
proved a stronger statement, namely that if p is large enough, for each [y
there exists a constant K (y) depending only on 3y and p, such that whenever
B < Bo then

EGR({R12 € [-1,-277/"]}) <
EGY({Ri2 € 2774, 1—27P/7}) <
This will be used in Section 16.7.

(16.43)

p(=K(fo)/N)  (16.44)

K (o)
K p(—K(Bo)/N) . (16.45)

(Bo)

ex
ex



574 16. The p-Spin Interaction Model
Exercise 16.3.10. Consider

_ P _
cp = 7@1};1(1 +uP)(2log2 — Z(u)) ,

so that c, is slightly larger than 2log 2. Define

Yp =/ — \/cp —2log 2.

Prove that for 8 <+, and every u we have

€(u, B) < 5% +2log2,

where £(u, 3) is the function of Proposition 16.3.7. Use the method of proof
of Theorem 13.4.1 to show that for § < v, one has limy .o py(8) = B%/2 +
log 2. How does 7;, compare to 7,7

16.4 The Lumps and Their Weights

In this section we prove that the configuration space X'y decomposes into
a sequence of well separated pieces called the lumps. We then show that
the extended Ghirlanda-Guerra inequalities determine the properties of the
sequence of the Gibbs weights of these lumps. The following key result is
completely deterministic.

Theorem 16.4.1. Consider a probability measure p on Xy. Consider two
numbers a,a’, 0 < a’ <1/2,0<a < 1/28 and set

e=pu®?*({(e',0%); |Ri2| >d, Ria<1-—2a}). (16.46)
Then we can find a partition (Cy)a>1 of Xn with the following properties:

o', 0°€Cy=Ri2>1-12a (16.47)

e <{(01702); |[Riz] > a'}\ Ci) <3e'/?. (16.48)

a>1

This will be used for € exponentially small in N. Of course at most 2%V of
the sets C,, C Xy are non-empty.

Theorem 16.4.1 means essentially the following: basically the only way
that |Ry 2| > o (or, which is essentially equivalent, that Ry o > 1 — 2a) is
that o' and o2 lie in the same set C,. Conversely, if o! and o2 belong to
Cy, then Ry 5 is close to 1. Consequently,

1 ({|Rual > 1-2a)) = p®2({|Rug| > ') = ST p(Co)® . (16.49)

a>1
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It is not a consequence of the hypothesis of Theorem 16.4.1 that the quantity
(16.49) is not very small. For example, the uniform probability on X'y satisfies

Nt?
W2 ({|Rigl > 1)) < 2exp <_T)

by (A.16). But, when the quantity (16.49) is not too small, some of the small
sets (Cy) must have a significant mass. For this reason we will call the sets
C,, the lumps (even though it might happen under the hypothesis of Theorem
16.4.1 that they all have a very small mass).

Theorem 16.4.1 is close in spirit to Theorem 15.4.4, but it is a bit different
(and much easier). It has a version for probability measures on the unit ball
of the Hilbert space (with the same proof). The reason for which we stated it
for X' is simply that this is the setting we need, and that the Hilbert space
structure is not used in the proof (in contrast with the situation of Theorem
15.4.4).

Proof. We recall that

1 1
d(et,0?) = Ncard({i <N; of #02)) = 5 (1—Ri2) (16.50)

is a distance on Xy. We denote by B(o,r) the ball of radius r and center o
for this distance. We set

By(o) = B(o,a); B(o) = B(o,3a); D(o) = B(o,6a)\B(0,2a). (16.51)
We observe that
o',0? € B(o) = d(o',0%)<6a= Ri»>1-12a. (16.52)

We will say that a set B(o) is a lump if u(Bo(o)) > €'/3. We consider a
maximal disjoint family (Cf)a<as of lumps (this family might well be empty).
We will prove that (16.48) holds when |~ C4 is replaced by |, <, Ca-
By (16.52), the sets C, satisfy (16.47), but they do not form a partition of
Y n. To obtain a partition of Xy it suffices to decompose X'x\ U, < Ca into
sets consisting of a single point. a
To start, we prove that

B(o) is a lump = pu(D(o)) < /3. (16.53)

This is because if o' € By(o) and o2 € D(o), then a < d (o', 0%) < 7a, so
that 1 — 14a < Ry 2 < 1 — 2a, and since a < 1/28 and o’ < 1/2 we have

Bo(O') X D(O’) C {a’ < Rl,g <1 —2@} s
so that by (16.46)

e!*u(D(a)) < u(Bo(o)) u(D(e)) = p®*(Bo(o) x D(o)) < <.
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This proves (16.53).

Since the sets C,, are disjoint and since u(C,) > &'/3 by definition
of a lump, we have M < £~ '/3 For a < M, we consider o, such that
Cy = B(04), and we set D = J,<,; D(04). By (16.53) for each a we have

w(D(oy)) < /3, so that u(D) < /3. Consider the set
A={(ot,0%); 0% € By(o!), u(By(ot)) < '/} .

Then, by Fubini theorem, we have u®2(A) < /3. To prove (16.48), keeping
(16.46) in mind, it suffices to prove that

Rip>1-2a= (6',6%) € AU(D x Zy)U U c2.
alM

If Ri2 > 1~ 2a, then d(o!,0?) < a, so 0% € By(a!). If u(By(ol)) < /3,
then (o', 0?) € A and we are done. Thus we may assume that u(Bgy(ol)) >
€'/3 and then B(o') is a lump. Since the family (Cy)a<ps is a maximum
disjoint family of lumps, the lump B(o!) is not disjoint from this family. That
is, there exists o < M with B(a!') N B(a,) # 0, so that d (o', 0,) < 6a. If
o' € D(o4) we are done because then (a!,02%) € D x Xy. Thus we may
assume that o! ¢ D(0,,). Now D(04) = {0; 2a < d(04,0) < 6a}, so that
since d (6!, 0,) < 6a we have d (o', 0,) < 2a and, since d (o, 0?) < a, we
have d (6?,04) < 3a. This proves that (o', 0?) € C2. 0

Theorem 16.4.2. There exists a number py with the following property. If
p > po is odd, then we may find a partition (Cq)a>1 of Xn (depending on
the disorder) such that

0,02 € Cy= Rig>1—27P/2H (16.54)
N
EGS? <{|R1_2| > 27P/41\ U CE;) < Kexp (K) . (16.55)
a>1

Proof. We use Theorem 16.4.1 at given disorder with o/ = 277/4 and a =
2-7/2 and Theorem 16.3.6. U

Let us stress again that this contains no information when E GS?({| Ry 2| >
277/*}) < K exp(—N/K).

The sets (Cy)a>1 will be called the lumps. They are well defined for every
realization of the randomness, and depend on this randomness.

It can be shown that the lumps are all of very small Gibbs’ measure when
B < 7p. On the other hand there is a simple observation showing that this is
not the case for large . Indeed, by Lemma A.2.1 we have

%Emﬁtx(—HN(a)) < B+/2log2
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because EHZ (0) < 32N and since there are 2V values of o. Now

1 p! 1/2
p&(ﬂ): Rﬂ/(<Am—l)
i1<...<ip

%V(%) < %Em&x(—HN(U)) < +/2log2.

On the other hand integration by parts yields

Giy...i, 0y~ 'Uz‘p>

pn(B) = B —v(RY,)) - (16.56)

==

so that
v2log?2
B

and for large 3 some part of v(RY ;) must come from values of R; 5 that are

lgninf V(RY,) > 1~

> 9—p/4 (and hence from values of Ry 5 that are close to 1).

In the remainder of the present chapter, we add a perturbation term H% 6,7"3
of the type (12.32) to the Hamiltonian. Of course this term is probabilistically
independent of Hy. It is of smaller order, as is shown by Lemma 12.2.1.
Consequently Theorem 16.3.6 remains valid for the Hamiltonian Hy g =
Hy + HY, because the perturbation term changes both sides of (16.43) by
quantity that vanishes as N — oo.

The perturbation term H&, ~ depends on the parameter 8 = (Bs)s>1-
Throughout the rest of the chapter, we denote by § a quantity (depending
on N and B) such that

lim /\5|dﬁ =0, (16.57)

where [ dB means that each §, is integrated from 0 to 1.
Let us denote by

(Wa)a>1 the sequence of Gibbs’ weights of the lumps of the system,

as constructed by Theorem 16.4.2. We will always assume that the lumps are
numbered in non-increasing order of their Gibbs’ measure. Let us define

m =mn (8, 8) = v(L{r, ,<1/2}) - (16.58)

Let us recall the numbers S™ (ny, ..., n) of (16.2), so that ST (2) = 1—m.

Theorem 16.4.3. Given 8 and any integers k,nq,...,ng, we have

EJ] D wie =5 (n,....nk) +6. (16.59)

s<ka>1
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Since, as explained in Section 16.1, the quantities in the left-hand side of
(16.59) determine the distribution of the sequence (w,), this result can be
interpreted as saying that “in the limit, the distribution of the sequence (w,)
is the Poisson-Dirichlet distribution A,, where m is given by (16.58)”. One
must be cautious however because m = m(N, 3) depends on N and 3 and
we have not proved that m has a limit as N — oo; even the possibility that
m = my(8,8) varies widely with B remains open.

Proof. Let us use the notation

S(nl,...7nk):EHZwZS .

s<ka>1

It follows from Theorem 16.4.2 that

V(]-{Rl,2>1/2}) =E Z wi +6

a>1

where 0 satisfies (16.57) (and is even exponentially small in N). Thus since
Sm)(2) =1 —m, (16.58) implies

S@)=EY wl=1-m+6=5"(2)+4.

a>1
To prove (12.54) we shall argue that, for each integers k,nq,...,ng, we have
Sty + 1, mp) = 2" S(ny, ... np) (16.60)

n
Ns
+ g ;S(nz,...,ns_l,ns+n1,ns+1,...,nk)+5.
2<s<k

Since these relations are the same as the relations (15.19), and since, as
explained after (15.19), these relations determine the numbers S(nq,...,ng),
this will prove (16.59).

The proof of (16.60) relies on (12.28). The argument is a very much sim-
plified version of the proof of (15.54). Consider a continuous function ¢ with
Y(z) =0 for x <1/2 and ¢(x) =1 for x > 3/4. Then if |f| <1 is a function
on Xy, and since it essentially never happens that R; o € [1/2,3/4] we have

v((Rew)f) = v(Lr, , >3/43f) + 6,

and also v(1(g, ,>3/4)) = 1 —m + 0. Using these in (12.28) yields

1—m 1
V(L(R, ,1>3/4)f) = - v(f)+ - > v(lgr,,z3af) +0. (16.61)
2<t<n
Consider now disjoint sets I, ..., Ix of {1,...,n}, where cardl; = n, and

n =) ., Ns; assume that 1 € I;, and consider the function f on X} given
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by f(ol,...,0™) = 1if for each s < k, and each £, ¢’ € I, we have Ry > 3/4,
and by f(ol,...,0™) = 0 otherwise. It is essentially true that

3 /
R“,EZ & Ja, ol €0,

and this should make it obvious that
V(f) ES(nla"'ank)

within exponentially small error. Proceeding similarly for the other terms of
(16.61) we obtain (16.60). O

16.5 One Step of Replica-Symmetry Breaking

In this section we prove that the overlaps take only two possible values. We
recall the notation ¢ of (16.57).

Theorem 16.5.1. There exists a number py such that if p > po and v, <
B < p=22°/12  there exists a number ¢ = qn (B, B) such that for any e > 0 we
have

V(l{\R1,2|Z€’ |R1,2*Q|Z€}) <9. (16'62)

This means that for the typical choice of o' and o2, we have either
Ry ~ 0 or else Ry 2 ~ g. Of course one would like to prove that (16.62)
holds for a number ¢ independent of NV and 3, but unfortunately this is not
part of the statement of the theorem. The condition 8 < p~22P/12 is simply
a convenient choice, showing that we may take [ exponentially large in p.
We made no effort to get a sharp condition, since in any case our methods
do not lend themselves to this. For example, our proof yields in fact that the
condition § < p~'2P/12/L suffices, but we see no reason why the exponent
1/12 should be anywhere close to optimal. It is conjectured however that,
given p, if § is large enough then (16.62) fails.

We will for the moment maintain the suspense on how to find ¢, revealing
only that ¢ > 3/4. We set

qif Rio >
qi1,2 = (1663)
0if Rip <

N =

To prove (16.62) it suffices to show that

v((Riz —qu2)?) =6 (16.64)
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because since ¢ > 3/4 when ¢ < 1/4 we have (Ry12 — q12)? > &2 when
|R1,2| > € and |R; 2 — g| > e. Expanding the square

1 2
(Ri2—qi2)? = (N Z(a}af - (J1,2))

i<N

and using symmetry between sites, we get
1
V((Rm - Q1,2)2) = (1 - N) 1/((011\,012\, - Q1,2)(011v71012\/71 - q1,2))

1
+ NV((U}VU]QV - q172)2) .

Using the notation

we therefore have

v((Ri2 — q12)°) < v((ere2 — qr2)(mme — q12)) + % . (16.65)
We will use a kind of cavity method to study this quantity. As already hinted
by (16.65), we will distinguish the last two spins, rather than only the last
spin as we did most of the time. To do this, we have to make explicit the
contribution of these spins to the Hamiltonian. This is the purpose of the
following identity, that spells out the dependence of Hy on o and on_1:

— Hyn (o) = —Hn-2(p) + ongo(p) + on-195(p) + onon-195 (p) (16.66)

where p = (01,...,0n_2),
pl
Hy_ 2 ﬁ(Np 1) Z Gir..ip iy i,
<ip<N-—2
1/2
pl
= ﬁ (NP 1> Z gil"'ip—1NUi1 .. .O—Z_p71
<dp 1<N-2
pl
:ﬁ (NP 1> Z gil“'ip—lN—la'il .'.U'L'p,l
<ip_1<N-2

1/2
~ P!
90 (p) =7 (NP1> Z Gix..ip aN—1NOiy """ Oip_ -

1< <ip_a<N—2

Thus Hy_2(p) is the Hamiltonian of an (N — 2)-spin system, except that we
have replaced 3 by 3’ such that
e _ B
(N—2)0-D2 ~ No-12 - (16.67)
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Let us define )
- _ p—(a1 2y 2 2
R, =R (Pvp)—ﬁ Z 00y -

i<N—2
Exactly as in (16.16) we show that
p—1 K
[Ego(p")g0(p*) = pB*(Ry,)" ' < (16.68)
. K
[Egi(p")g5 (%) — pB*(Ri)" | < & (16.69)
K
Egy (p)?] < = 16.
Egi (0] < (16.70)

In particular (16.70) implies as expected that the term g5’ (p) is a lower order
term.

We need a formula similar to (16.66) for the Hamiltonian Hy g = Hy +
H g;f Tb The perturbation term is “a combination of s-spin interaction models”.
For each of them we proceed as in (16.66), and combining the results we get
an expression

—Hyp(o) = —Hn_2p(p)+ong(p)+on_19"(p)+onon_19"(p) . (16.71)

In this formula, 8’ = (4.)s>1 where

B Bs

(N —2)(=1/2 — NG-1)/2 7

and the jointly Gaussian families g(p), ¢*(p) and g~ (p) of r.v.s are indepen-
dent of each other and of the randomness of —Hpy_2 g/(p). The difference
between this formula and (16.66) is that g(p) and g*(p) (as opposed to go(p)
and g§(p)) now also account for terms created by the perturbation terms.
Since these all have a coefficient ¢y = N~1/8, we have

[Eg(p")9(p*) — Ego(p")g0(p?)|
[Eg"(p")g" (p*) — Egi(p)g5(P°)]

[Eg™(p)* — Egg (p)?

2
CN
2
CN

INIA

2, |

IA
zZlm 2=

Combining with (16.68) and (16.70) entails
[Eg(p")g9(p*) — pB*(R,)"~'| < Kcy (16.72)
[Eg*(p")g"(p*) — pB*(Ri,)" | < Kck (16.73)

N K
[Eg™(p)?| < =

iy (16.74)

We will now define a suitable interpolating Hamiltonian. The remarkable
feature of the Hamiltonian is that it depends in a crucial way on the Gibbs
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measure relative to the Hamiltonian Hy_9 g/ on Xx_o that occurs in (16.71).
We consider the partition (Cy)a>1 0f Xn_2 that is obtained by application of
Theorem 16.4.2 to the (N — 2)-spin system with Hamiltonian Hy_o gr. This
partition of course depends on the randomness of this Hamiltonian. Consider
two independent sequences (z,), (z%) of standard Gaussian r.v.s, that are
independent of all other sources of randomness. Given p € Yy_s, consider
the unique « such that p € C, and define

Y(p) =Y, := ﬁza V pqp_l

(where ¢ = gn (83, B8) will be chosen later), and define similarly Y*(p) = Y :=
Bz%+/pgP~1. We further define the Hamiltonian

Hy(0) = Hy-2,0(p) + on (Vig(p) + VI~ 1Y (p))
+ ono1(Vig* (p) + VI =Y (p)) + Vienon_19™(p) . (16.75)

We denote by (-); an average for the Gibbs measure with Hamiltonian Hy,
and we write as usual 14 (f) = E(f);. We can expect from this construction
that vy is a rather non-trivial object.

We consider a number ¢ with |¢| < 1, that might depend on N, 3 and 3.
We define ¢1,2 by (16.63). Next, we consider the number m™ that is to the
(N — 2)-spin system what the number m of (16.58) is to the N-spin system.
That is, if

(Y- (16.76)

denotes an average for the Hamiltonian Hy_2 g on Xy _o, then

m” =Bz, <o)

where

) 1 1_2
Riz=5—5 > olo}. (16.77)
i<N-—-2

It is very much unimportant whether we put a factor N or N — 2 in the
denominator in (16.77). A more touchy question is that we do not know well
how to relate m and m™.

Proposition 16.5.2. We have

Eth’Ych™ Y

2
- +4 (16.78)
Ech™ Y

vo((e1e2 —qr2)(mme —qr2)) = (L—m™) (q

where Y = Bz+/pgP~1.

This formula reveals that it would be a good idea that
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Eth?Ych™ Y
/e b (16.79)
Ech™ Y

This equation has always a root, since the right-hand side, seen as function
of ¢, is a continuous map from [0, 1] to itself. For a technical reason however,
we must find a solution ¢ close to 1.

Lemma 16.5.3. If p is large enough, and if v, < B < p=22P/2 then for N
large enough the equation (16.79) has a solution q with

1-27P2<g<1. (16.80)

Any such solution will satisfy (16.62). This solution might depend on N, 3
and B through m™.

The proof of Lemma 16.5.3 is tedious, so we delay it until the end of the
present section.

For a function f on X%, we have the algebraic identity

(flo= zig <AVf exp (Z(EeY(pz) + mY*(p‘“’))> > (16.81)

<2

holds, where
Zo = (Avexp(eY (p) +nY"(p)))- ,

and where Av denotes average over ¢,m,¢4,7m¢ = 1. To compute Zy, we
denote by w, the mass of Cy, i.e. wq = (1¢,)—, and since Y (p) = Y, for
p € C, (and similarly for Y*(p)), we get

Zy = (chY (p)chY™(p))— = Y wachYochYy . (16.82)

a>1

Definition 16.5.4. We say that two functions fi and fa on X% are essen-
tially equal and we write f1 ~ fo if the set A where these two functions are
not equal satisfies

N
vo(1a) < Kexp (—?> . (16.83)
We consider the set
B=|JCicsX,. (16.84)
a>1

The function 1p will be considered either as a function on 212\[ or on 212\,72.

Lemma 16.5.5. We have
G12~qlp. (16.85)
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Proof. Recalling (16.77) let us set
A={Ri»>27""\ B,

so that (16.55), used for the (N — 2)-spin system means that
N
E(14)_ < Kexp (—§> . (16.86)

Let us now use (16.81) for the function f = 14, seen as a function on X%.
Since Zy > 1 we have

vo(14) = E(14)o < E(14chY (p")chY (p?))_ < KE(14)_ < Kexp (—%) ,

(16.87)
as is seen by taking first expectation in the r.v.s z, and z} and then using
(16.86).

Let us define
B ={Ry»>1/2},

so that ¢12 = qlp/. Using (16.54) for the (N — 2)-spin system,
B C {ELQ >1-— 2—p/2+4} .

For N > 10 and p large we have
1 ~
Rip>1-27" = Ryy > o= Ry > 2770

and thus
B C {]'/%1,2 >1-— 27p/2+4} cB c {ELQ > 2717/4} .

Consequently,
BAB =B'\BCA,

and therefore
lg12 —qlBl = qllp — 15| < qla,
and the conclusion follows from (16.87). O
Proof of Proposition 16.5.2. First we use Lemma 16.5.5 to see that
vo((e182 — qu2)(mm2 — q1.2)) = vo((e162 — q1B)(Mmm2 — q1B)) + 0 .
Therefore

1/0((6162 — Q1,2)(771772 — ql,g)) = I—|— 11 =+ 111 + IV =+ (5 y (1688)

where
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I= E<€1€2771772>0
I = —qE(e1e21B)0
I = —qE(mmn21B)0
IV = ¢*E(15)o -

Using (16.81) we obtain
(Exzamnlo = (Y (1)shY (p2)shY " (p!)shY* (6%)) -
and proceeding as in (16.82) yields
(shY (p')shY (p?)shY*(p")shY*(p?))_ = ZwawwshYasthshY;shY; .
oy

Let us try to compute

> oy WawsshYoshY, shY shY?

I=E ;
(>~ wachY,chYy)

First we observe that the terms on the numerator for which o # v give a
zero contribution. This is seen by changing Y, into —Y, and leaving all the
other Y, for v # o unchanged. Thus

_EZa w?sh?Y,sh?Y*

I .
(X wachYqchY)?

To compute this the idea is to combine Theorem 16.4.3 and (16.6) with
U = shYshY™* and V = chYshY™* (where of course Y = Bz+/pgp~1, Y* =
Bz*y/pgP~1 for z and z* independent standard Gaussian r.v.s). There is a
familiar little obstacle: Theorem 16.4.3 states “Given (...”, while here we
work with the (N — 2)-spin system with 3’ given by (16.67) and dependent
on N; but the dependence of 3’ on N is irrelevant because the conclusion
of Theorem 16.4.3 holds uniformly over 3 as (3 remains bounded. We then
proceed as follows. First we observe that there is a number A depending only
on B such that EU? < A2 and EV* < A2. Given &’ > 0 let us then consider
¢ and n as provided by Theorem 16.4.3. we may then write (16.6) as

Zaz1w3U§ EU2ym—2

E _(2021 ana)2 - (1 - m) Evm

<+ AY bnymy s (16.89)

where the sum is over all (finitely many choices of) k and integers ny, ..., ng >
2 with Y ., nx < n, and where 6,,, ., = 0 when (16.3) holds and = 1
otherwise. Now, for a r.v. X > 0 we have El;y>.y < ¢ 1EX. It then follows
from Theorem 16.4.3 that each of the quantiles d,, ... », satisfies (16.57). Since
¢’ is arbitrary, the right-hand side of (16.89) satisfies (16.57) and therefore
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Eth?Yth?Y*ch™ Ych™ Y*
I=(1-m") — —° +0
Ech™ Ych™ Y*

_ 2
Eth’Ych™ Y
—1-m) [/ 45
Ech™ Y

by independence of Y and Y*.
To estimate the term II, we note that (16.81) implies

1
(16215)0 = 5 (1pshY (ph)shY (p%)chY " (p)chY " (%))
0

and proceeding as in (16.82) we get

(1pshY (p*)shY (p?)chY*(p')chY™*(p?))_ = Zwisthacth; .

Therefore 1
2 2 2 *
11 = _qEZ_g g w=sh“Y,ch?Y. ,

and we appeal now to (16.6) with U = shY chY™ and V' = chY chY™* to obtain

Eth?’Ych™ Ych™ Y*
M= —q(1—m) A )
Ech™ Ych™ Y*

Eth?Ych™ Y
= —q(1 —m*)% +94,
Ech™ Y

using independence of Y and Y*. We find the same value for IIT and, similarly,

IV=¢*(1-m~)+6.

O

We now study v;(f) = dwe(f)/dt. We denote by E’ expectation given the

Hamiltonian Hy_o g/ and we set

Age = A(p*, p") = E'g(p")g(p") — EY (p")Y (p")
=Eg*(p")g"(p") —EY*(p")Y"(p").

Proposition 16.5.6. If f is a function on X7}, then

vi(f) =Y. wil(ece +nme)Aoe f)

1<t<t'<n
—n Y vi((egnir +Memni1) A f)

<n
nn+1)

2

+ R(t) ,

where |[R(1)], [R'(t)], |R"(#)] < K(n)sup |f|/N.

Vt((5n+15n+2 + 77n+17]n+2)An+1,n+2f)

(16.90)

(16.91)
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Here R'(t) = dR(t)/dt, etc.

Proof. We compute v;(f) using (16.75) and straightforward differenti-
ation. We then integrate by parts, keeping in mind that the quantities
9(p), 9% (p), Y (p), Y*(p), g~ (p) are all independent of each other. The quan-
tity R(t) collects the terms created after integration by parts by the (lower
order) quantities vtoyon_19~(p) of (16.75). It is of the form R(t) =
N~='uy(f') where f’ is a function on X3t? with |f’| < K|f|. This makes
it obvious that |R(t)] < K(n)sup|f|/N. Let us observe that (16.91) shows
in particular that

Wi (f) < K(n)u(|f]) - (16.92)
Using this for f’ rather than f this implies

IR'(t)] < K(n)N~"w(|f']) < K(n)N~" sup|f].
Iteration of these facts proves that |R” ()| < K(n)N~!sup |f]. O

Let us observe that integration of (16.92) yields for f > 0 that

v (f) < K(n)wo(f) - (16.93)

Our next goal is to examine closely the function Ay . We recall Definition
16.5.4.

Lemma 16.5.7. We have
E'Y (p")Y (p*) ~ B°pgl5" . (16.94)
Proof. Recalling the set B of (16.84), by definition, we have
E'Y(p")Y (p*) = F°pg" "1 .
Moreover, by Lemma 16.5.5 we have ¢; » ~ ¢qlp, so that qf’gl ~gP 1. O

For two functions f; and f; on X%, let us write fi < fo if the set A of
configurations where f; > fy is as in (16.83). The following summarizes the
properties of Ay that we need.

Lemma 16.5.8. We have

A1 — BPp(RY, — 5N S K (16.95)

and thus
|Ar0] S BPpIRYS — g5+ Ky - (16.96)

We have
‘R]le - Qf,51| <p|R12 — q12] (16.97)

and



588 16. The p-Spin Interaction Model

|RESE —gb5 S 2p2P 2 (16.98)
Consequently,
|Ara| S B°PPRia — quol + Kck (16.99)
A1 5| S 26°p°277% + K, - (16.100)
Moreover
(1- R1,2)|R117,31 - Qf,51| S P2_p/2|31,2 —qi2l . (16.101)

The bad news is that when we try to compare A o with |Ry 2 — ¢1 2|, we
get a very large coefficient 3%p? in (16.99). The good news is that |A; o] is
always very small by (16.100), at least as long as 3 < 2P/5.

Proof. Combining (16.90) with (16.94) and (16.68), and since | Ry 2 — Ry 5| <
L/N we get

Q12 = Fp(RY," —df ") S Keky
which is (16.95). Since |2P —y?| < p|z —y| for |z, |y| < 1, (16.97) holds. Also,
Theorem 16.3.6 yields

-1 —1 ~1 -1
IRy —ais | S (Lqm,p)<2-ray + 1{31,221,2—p/2})|3€72 —qi5 |- (16.102)

If |Ry 2| < 277/* we have ¢; 2 = 0 so that |Rf§1 - qf51| = |RipoP7t <27P
and if Rio>1— 27P/2 then g1,2 = ¢ so that

IRV =gl = Ry, — P <R — 1 + (gt — 1] < 2p27P/2

because |[zP~! — 1| < (p — 1)|z — 1| for |z| < 1, and since ¢ > 1 — 27P/2
by (16.80). This proves (16.98). To prove (16.101) we use (16.102) again. If
|Ry 2| < 27P/% then (for p > 4),

(1— Ri2) RS — qb5' | < 2[RV, <227 DP/4 R |
< p2_p/2|Rl,2\ =p2_p/2|R172 —q12|,
while, if Ry o >1—27P/2

(1— Ri2)|RY, — b5 < (1— Rio)p|Riz — q12
< p27p/2|31,2 —q1,2

)

which finishes the proof. O

Corollary 16.5.9. Consider a function f > 0 on X% with f < 1. Then if
B2p?27P/2 <1 we have

ve(f) < Lv(f) + Kciy (16.103)

where L is a universal constant.
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Proof. First we observe that if f1 < fo and |f1],|f2] < 1 then v(f1) <
vi(f2) + K exp(—N/K) where K does not depend on ¢t or N. This is simply
because (16.83) and (16.93) imply that 14(14) < K exp(—N/K). Combining
(16.91) and (16.100) we deduce

()] < Lia(f) + Kk

and we conclude using Lemma A.11.1 . a

Lemma 16.5.10. Consider a function f on X% such that |f| < 2. Then, if
B2p22*p/2 <1 we have

i ()] < L2 20 ((Ruz = 012)%) + Ky - (16.104)

Proof. We iterate the formula (16.91) to compute ) (f). The terms R(t)
(and their derivatives) create only a contribution < K/N. In the other terms
“each derivation creates a factor Ay, ”, so that use of Holder’s inequality

yields
K

+ 5 -
Using (16.99) for two of the factors Ay o and (16.100) for the third yields

()] < Lvg(|A12]%)

vi(|A12]?) < Lﬂ6p627p/2Vt((R1,2 —q12)°) + Kcy

and we conclude with (16.103). O

Despite this success, it seems very difficult to usefully control v;(f) for a
general function f. But we remember (recalling (16.65)) that we are really
interested in the case where

f=(e1e2—qr2)(mn2 — q1,2) - (16.105)

It turns out that in that case we may use site-symmetry to obtain a good
control of v{(f) and v{(f). We will then use the formula

v(f) =wvo(f) +i(f) - lu{’(f) +/O %ut(g)(f)dt, (16.106)

2

that follows from simple integration by parts. Needless to say, it took a very
long time to find that approach.

Lemma 16.5.11. If f is as in (16.105) we have

i (f)| < LB**27P20((Rip — q12)%) + K&
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Proof. Using (16.91), we have to bound terms such as
v((e1e2 — q1,2)(mn2 — qu.2)eee0 A ) = T+ 11+ 11T
where (please admire the trick)
I= V((51€2 —qi,2)(mn2 — q1,2)ecce (Ap e — ﬂzp(RZE} — qZ}l))
II = B%pr((c162 — qu.2) (mm2 — (11,2)(35,}1 - qﬁl))
111 = —ﬂQpV((l — 545[/)(6152 — q1’2)(771772 - ql,z)(RZ;/l - CIZ;/I)) .

First, (16.95) implies
I < Kc% .

Using site-symmetry as in the proof of (16.65) we get

_ _ K
1< Bpr((Ri2 — q2)* (R, —abyt)) + N
< 252p227p/21/((31,2 —q2)}) + Kck

using (16.98) in the second line.
Using site-symmetry a second time (i.e. that we can replace nne =
ok _10% 1 by any o}0?) we obtain

2=

|1IT + BPpv((1 —eer)(e1e2 — q12)(Ri — ql,z)(Rﬂfl - qﬁ’,}l))l <

and since 1 — epepr > 0 and |e162 — 12| < 2,

_ _ K
T < 28°pv((1 — eep)|Ris — quallRY ' — 7' |) + N

_ _ K
<268%pv((1— Rew) Rz — qrol|RY ) — b p'l) + N

using again site-symmetry in the second line. Now (16.101) yields

K
|Reor — qeer]) + — »

I < 26%p*27P2u(|R12 — qi.2 N

and the conclusion by the Cauchy-Schwarz inequality. O

The proof of the following is entirely similar.

Lemma 16.5.12. If f is as in (16.105) then

()] < L52P42_p/21/((31,2 —q12)%) + Ky .
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Proof of Theorem 16.5.1. By (16.65) we have

L
v((Riz—02)?) <v(f) + 5 - (16.107)
Using (16.106) and Lemmas 16.5.10 to 16.5.12 we get
v(f) <wo(f) + LBp°27"Pv((Ri2 — q12)°) + Kk

so that if 8 < 27P/12/Lp, it follows from (16.107) that

1
V((Ri2 —q12)°) < wol(f) + §V((R1,2 —q12)°?) + Kciy
Now v(f) =6 by (16.78) and the choice of g. O

Proof of Lemma 16.5.3. It suffices to prove that if we define

Eth?’Ych™ Y
D) = o
Ech™ Y

(where Y = Bz+/pgP~1), then (for large p) & maps the interval [1 — 277/2 1]
into itself. We have, since chz > €*/2 and m~ < 1,

Ech™ ~%Y 1 2 2pgP—lm =
(g - E¢ < - e <_M>

Ech™Y ~ Ech™ Y = Eexpm™Y

To conclude the proof it suffices to show that fm™ > 1, because for large p
we have 2 exp(—p(1 —27P/2)P=1/2) < 27P/2, To prove that fm~ > 1 we will
for convenience of notation work first with the N-spin system rather than
with the (IV — 1)-spin system. The idea is to reverse the argument given just
after the proof of Theorem 16.4.2, by which we showed that m < 1 for large
(. Instead of (16.56) we write

P (8) < B0~ w(BE) + &
so that
V(R;;,,Z) <1- p/]\/ﬁ(ﬂ) + % <1- plNgyp) + % ’ (16.108)

because py () is increasing by convexity of py. Letting m = v(1g, ,<1/2}),
since it is essentially true that either |R; 2| < 2-P/4 or Rio>1- 27P/2 we
get

V(RY 5) = V(RY 51(R, ,<1/2)) + V(R 51(R, ,>1/2})
K K
> —m2 P4 (1= m)(1— 2772y — v =t (-md-
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and combining with (16.108) yields

Pn() | K
d—m(c+d) + ¥
ie. )
PnUip K
I VAN PA S +d) .
d N m(c+d)

Now d = (1—27P/2)P > 1 —p27P/2 and, for large p, we have d < 1 —p277/2/2
so that c+d <1 and

m Z p?\/é’vp) 7p27p/2 _ 5

v
Thus for 8 < p~22P/2 we have

1 K

> p -
mﬂ_PN(Vp) p N

Since ply (1p) — Vp > v2log 2(1—27P), since 2log 2 > 1, if p and N are large,
and 3 < p~227P/2 this does imply that for a certain number @ independent
of N we have mf3 > a > 1.

Thus (changing N into N — 2) we see that m~ 3~ > a where = =
B((N —2)/N)P=1/2 som~=3 > 1 for large N. O

16.6 Computing pn(3)

The function &(x) = $22P is convex for x > 0; therefore by Theorem 14.4.4
we have

limsup pn (3) < Pr(m,q) , (16.109)

N—oo

where P (m, q) is given by (14.77). Here
0(x) = €' (z) — £(z) = (p — 1)F%a” .
Whenk:Qv (IO:Ch:Oa q2 = ¢, q3:17 mO:Oa mp =m, m2:17 then
1 1
Pa(m,q) =log2 = om(p — 3" = 5(p = 1)B*(1 = ¢") + Xo,  (16.110)

where X is defined as follows: consider independent Gaussian r.v.s z; and
29 with E2? = 32pgP~! and Ez? = 3%p(1 — ¢?~1). Let

X3 =logch(z, + 22)
X2 = log EQCh(Zl + 22)

1
Xo=X; = —logEexpmXs .
m
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Equivalently,

2
1
Xo = %(1 — ¢ H+ . log Ech™ (Bz+/pgP~1) .

Combining with (16.110) we have shown that for this choice of m and q, and
if we set Y = Bz+/pgP~1, then

52 52
Pa(m,q) = F(3,q,m) :=log2 + 7(1 —pg" ) + g(p —1)g?(1 —m)

1
+ —log Ech™Y . (16.111)
m

Let
Poo(B) = inf F(B,q,m) ,

q,m

where the infimum is over 0 < ¢ < 1, 0 < m < 1. It follows from (16.109)
that
limNsuppN(ﬂ) < Poo(B) - (16.112)

Theorem 16.6.1. There exists pg and L with the following property. If v, <
B < p32°/2 qnd p > py we have

lim py(8) = poc(8) - (16.113)

N—oo

Exercise 16.6.2. It follows from (16.113) and (16.109) that for each k,m, q
we have Pr(m,q) > poo(8) = infy . F(8, ¢, m). In other words, the Parisi
solution is the solution with one level of replica-symmetry breaking, that is
the infimum of Py (m, q) over all values of m, q and k is obtained for the value
k = 2. Find a direct proof of this fact, using only the definition of Px(m, q).
(The author does not know how to solve this exercise.)

To prove Theorem 16.6.1, we use the Hamiltonian Hy g = Hy g3 includ-
ing the perturbation term, and we write

pn(B,8) = %E log Y exp(—Hy (o)) -

We know from Lemma 12.2.1 that

pn(B) < pn (B, B) < pn(B) + iy - (16.114)

The idea is to prove the inequality

(N +1)pn+1(8,8) — Npn (B, 8) = poo(B) + 6 (16.115)
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where § = x5 () is as usual a quantity such that limy_,« [ ddB = 0. Sum-
mation of this relations entails

timint [ pava(5. )48 = poB)
and together with (16.114) this implies that liminfx py(8) > poo(3). Com-

bining with (16.112) concludes the proof.
The overall approach is as in Proposition 1.6.8. Let us define

, N1\ N 41\ D2
55<N> I 55<N>

Proposition 16.6.3. We have

s>1

2
(N + pw i (9,8) — Npw(8.8) = log2 + 2L (01— g7

1
+ —logEch™Y +46, (16.116)
m

where Y = Bz/pgP~1, ¢ = qn (0, B) is as in Theorem 16.5.1 and
m =mn(8,8) = v(1{r, ,<1/2}) -
Proof. The choice of 3’ is of course such that

g g

(N+ D)e-D/2 ~ Ne-D/2

If we remove in Hy 41,3, 8 the terms containing on 41 we get exactly Hy g .
Thus, as in (1.172) we deduce the identity

(N +1)pn+1(8,8') = Npn(83,8) = log 2 + Elog{Avexpon19(a)) ,
(16.117)
where Av denotes average over on4+1 = £1, where () denotes an average for
the Gibbs measure with Hamiltonian Hy g, and where (¢(o))s is a Gaussian
family, independent of the randomness of (-), that satisfies

[Eg(a)g(a?) — B°pRYS' | < Kcy - (16.118)

As in Section 16.5 we use the decomposition (Cq)a>1 of X'y provided by The-
orem 16.4.2. We consider an independent sequence (z,) of standard Gaussian

r.v.s and we define
Y(o) =Yy = Bza Vg2,

where « is the unique integer for which o € C,. Thus E'Y(a!)Y (0?) =
B2gpP~! if o' and o? belong to the same set C,, and = 0 otherwise. Let us
define
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gi(o) = \/Zg(a) +v1—-1tY(o)
and
©(t) = Elog(Avexponi1g:(o)) = Elog(chg:(o)) .
Then, writing g;(o) = dg:(o)/dt, we have

L lg(o)shg()
P =B o)y

and integration by parts yields

(E'(gi(0)g:(a))chgi (o))

N A
1 / /
- EW<E (9:(0")g:(0?))shge (ot )shge(a?)) . (16.119)
Now (16.118) and Lemma 16.5.7 imply
2
E (gh(o)an(o)) ~ L1 )| < K
and )
E (g )au(0?) — LR — | < K

where q1 2 = q1l(g, ,>1/2}, and where S means that the set A of configurations
where the inequality might fail satisfies v(14) < K exp(—N/K). Therefore,
using that chg:(o) > 1 in the second line, (16.119) implies

2
PIORLE RS

1 B2p. _
< E e o IR~ oo shan (o)) + K
t

2
< (TR 3 Iohon( sbas (0)]) + K
< KE(|R12 — q1,2|[shgi (0" )shg (02)]) + Kk

< KE(|R12 — q12]) + K&

using that |zP~! — y?~1| < (p — 1)|z — y| in the third inequality, and inte-
grating in g;(o) inside the bracket rather than outside in the last inequality.
Therefore, using the Cauchy-Schwarz inequality,

P

L1 - )| < KE(IRi2 — o) + K&

¢(1) — ¢(0)
< Kv((Ri2 — q12))Y? + K&, (16.120)
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and (16.64) implies

_ B

5 (1= +p(0)+3.

¢(1) = Elog(chg(o))
It remains to estimate ¢(0). If w, is the Gibbs weight of C,,, then

»(0) = Elog Z wechYy, .

a>1

We shall show that »(0) = m~'Elogch™Y + 4. This follows, in a simplified
manner, the arguments of Theorem 16.2.1. First, consider a truncation level
M; and let X, = min(M, chY,). Then, using Jensen’s inequality in the third
line,

Elog Z wqchY,, — Elog Z waXo = Elog

a>1 a>1

- Y a>1 WalchYy — X4)
E:aZlqua)(a

< Elog(l + > wa(chY, — Xa)>

a>1

< 1og(1 +E Z we (chY, — Xa)>
a>1
= log(1 + E(chY — min(M, chY"))

< E(chY — min(M, chY))

goes to 0 as M — o0; so it suffices to prove that if X isar.v. with0 < X < M,
and (Xg4)a>1 are i.i.d copies of X, then
1
El aXo = —log(EX™)+4§.
og Z w - og( )+

a>1

Consider a sequence (vq)a>1 with Poisson-Dirichlet distribution A,,. It suf-
fices to show that

ElongaXa = ElongaXa +4.

a>1 a>1

On the interval [1, M] the function log can be uniformly approximated by
polynomials, so that it suffices to prove that for any k we have

E<((§1waXa)k> - E((ZX)k> 6.

This is obtained by the argument of Theorem 16.2.1 and by Theorem 16.4.3.
O



16.6 Computing px(03) 597

Proposition 16.6.4. We have

(N+1D)pn1(8,8)—(N+1)pn+1(6, 8) = 521%1(1*(1*WN+1)Q%+1)+5 .
(16.121)

Here the indices N +1 on my4+1 and g1 stress that these quantities are the
same as in Proposition 16.6.3, but for the (N + 1)-spin system, i.e. my11 =

my+1(8,8) and gn4+1 = gn+1(8, B). We of course expect that my1 ~ my
and gny4+1 ~ gy but we do not know how to prove it.

Proof of Theorem 16.6.1. Let us define

_ ﬁQp p—l 1 m
AN_logZ—&-T(l—q )—l—ElogEch Y (16.122)
-1
By = BP=(1 - (1=m)¢"), (16.123)

where m and ¢ are as in Proposition 16.6.3. Thus (16.116) and (16.121) mean
respectively that

(N+ 1)pN+1(5/a/6/) - NpN(ﬂaﬁ) = AN +5
(N + 1)pN+1(ﬂ/;5/) - (N + 1)pN+1(ﬂ’ /8) = BN+1 +4

so that
(N +1pn41(8,8) — Npn(B,8) = AN — Byy1 + 6.

Summation of these relations yields

pN+1(ﬂ,5)=5+NL+1< Z An — Z BM)

1I<M<N 2<M<N+1

1
=0+ > (Au —Bu). (16.124)
2<M<N

Now, (16.122) and (16.124) show that, recalling (16.112)
and therefore by (16.124)

pN+1(3,8) = poo(B) +6 . O

Proof of Proposition 16.6.4. For simplicity of notation we prove (16.121)
for N rather than N + 1, i.e. we prove that

2
Now(5,8%) = Now(8.8) = (0~ )2 (1~ (1 = m)q?) +5
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N N (p—1)/2 N N (p—1)/2
B 6(N—1) 5 B8 (ﬂg(N—l) )

where

The idea is the same as in (1.175). In distribution,

o\
B~ (NP1> > Gy 0,

i1 <. <ip
1/2
D p! Z
- 5 Np_l gil...ipail e Uip
1< <ip
’
+a E 9iy..1,Ti1 " Oy,
<. <ip

where 921...1,7 are standard Gaussian r.v.s, independent of the 9iy...i,, and where

2 _ P o o op— 17!
a *Np_l(ﬁ */B)fﬂTm-

Using the same trick for the perturbation term, we get the identity
Npn(8~,87) — Npn (B, 8) = Elog(exp g(o)) ,

where L
p—
[Eg(a)g(o?) — B2 —RY 5| < Ky

and we interpolate as in the proof of Proposition 16.6.3, using now

Y(ie)=Y, =0 p;lza

for a € Cy. Let g;(0) = Vtg(o) + /1 —tY (o), and
¢(t) = Elog(exp gi(a)) ,

so that by integration by parts

, (9:(0) exp g+(a))
P = B (o))
_ E<E’(92(U)gt(0)) exp gi(o))
(exp g+(o))
E'(gi(6')gt(0%)) exp gt (o!) exp g (0?))
(exp g¢(a))? '

el

(16.125)

A slight difference with the case of Proposition 16.6.3 is that we cannot
use that expg:(o) is bounded below. Instead we use that (expg:(o)) >
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exp(g:(o)), and taking first expectation in the g;(o) in the last term of
(16.125) we obtain as in Proposition 16.6.3 that

p—1
p(1) = (0) + B~ —¢") +9
and, as in this proposition, we obtain, for Y = fSz4/(p — 1)/2

1 ~1
90(0):—1Ogexme-|—5:m52pT+5' 0
m

Of course, this study leaves open a zillion of natural questions, such as
the following.

Research Problem 16.6.5. (Level 2) Find a clean proof that for 3 in the
range considered here, there is a unique pair (m,q) (with ¢ close to 1) for
which F(8,m, q) = peo(8). (An ugly proof of this fact can be found in [103].)
Prove that Theorem 16.5.1 holds for this value of q.

Inspection of our proof of Theorem 16.6.1 shows that this value of ¢ must
work “for most N”, but it is another matter to reach every value of N. A
related question is to prove that my (8, 3) — m as N — oo.

Another sore point is as follow. Since (recalling the definition (16.111) of
F)
Poo(B) = inf F(53,m, q)
m,q

the equations

oF
G (B.m.q) =0 (16.126)
oF
e (Bm.a) =0 (16.127)

hold true. A straightforward computation (done many times already) shows
that equation (16.126) is equivalent to the relation

_ Eth’Ych™Y

16.12
EChmY ? ( 6 8)

for which the cavity method (as in Section16.5) provides a good explanation.

Research Problem 16.6.6. (Level 2) Find a “physical” explanation for the
equation (16.127).
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This is a very good question, because, apparently, the physicists failed
to solve it. We do not know of a real “physical” explanation, but the fol-
lowing analytical argument provides elements of an answer. (We used it in
[103], where we managed to prove Theorem 16.6.1 without knowing the up-
per bound (16.109).) The argument goes roughly as follows. Assuming that
m(B) = limy o my(0) exists and ¢(8) = limy_ gn (8, B) exists indepen-
dently of 8, the argument by which we proved Theorem 16.6.1 yields the
relation

pee(8) = Jim_px(8) = F(8,m(5),a(9)

Since () satisfies (16.128) and hence (16.127), differentiation in 5 yields

Pl = 5 (G.m(B)a(8) + () S (Bom(Bha(9) . (16.129)
Now 9
%zﬁv(ﬂﬁ) = B(1 —v(RY,))

and since R; o takes essentially only the values 0 and ¢, with V(l{Rm:q}) =
1 — m, we expect that

Peo(B) = B(1 = (1 —=m)q") . (16.130)

On the other hand, since Y = Bz4/qp?—1

oF _ Ez\/pgP—1thY ch™Y

. — — P~ 1 _ p(1 _

95 (B,m,q) =B(L—pg" ' + (p—1)¢" (1 —m)) + EY ,
(16.131)

and integration by parts yields

Ez\/pgP~1thY ch™Y = BpgP 'E(ch™ 2Y + mth?Y ch™Y)
= Bpg" " (Ech™Y + (m — 1)Eth*Y ch™Y) .
Using (16.128) and (16.131) we get

%mmm4m4kmw.

Comparing with (16.129) and (16.130) forces the relation
i ,a(8) =0.
" (6m(),006)
Tt is most unlikely that m’(/) = 0, because in the relation (16.130) pl (5) is

close to y/2log?2 and ¢ is close to 1, so that m(8) ~ y/2log2/(3. Therefore it
must be true that (16.127) holds.
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16.7 A Research Problem: The Dynamical Transition

The problems raised in this section concern not only the case p even, but
in a slightly different form, the case where p is odd, which is much better
understood. Recalling the notation p..(3) of Theorem 16.6.1, consider

52
7Y, = sup {ﬂ ; Poo(B) = 5 +log2} -

We expect (and this should be easy to prove) that

Y <Yy < V/2log2 .

We also expect that limy_.o E(R} 5) = 0 for 3 < 7. Our last exercise is a
bit challenging.

Exercise 16.7.1. Prove that given 3 < v, then for IV large enough we have

Elog GR*{(R12 > 1—277/?}) > —8N~;(v; — ) - (16.132)
(Hint: think of the left-hand side as a function of 8 and compute its derivative.
What happens for 8 > 7,7)

On the other hand, it follows from (16.44) and (16.45) that there exists a
number Ky, depending on p only, such that for § < v, setting a =27p/4
and a = 277/271 we have

EGP*({|R12| > d'; Rip <1—2a}) < Kexp(—N/K) . (16.133)

Comparing (16.132) and (16.133) we expect that when 3 is close to 7, then
for the typical disorder the quantities

U= 10gG%2{(R1,2 Z 1-— 20,})

and
g = G%z({|R172| Z a’ ) Rl)g S 1-— Qa})

satisfy
U > exp(NKy/2)e'/? .

When this is the case, the construction of Theorem 16.4.1 gives a non trivial
result. Even though all the lumps it constructs might have a Gibbs measure
that is exponentially small in IV, the “gaps” between the lumps have much
smaller Gibbs measure than the lumps themselves.

Research Problem 16.7.2. Describe, for the typical disorder, the sequence
of weights of the lumps thus constructed.
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The physicists predict that there is a “dynamical transition temperature”
Yp.d < 7Y, such that for v, 4 < 8 <, the Gibbs measure “decomposes in a
union of exponentially many small lumps roughly of the same size”. There is
little hard evidence that this is indeed the case, since as usual the physicists
(quite sensibly) assume from the beginning that “matters should be as sim-
ple as consistent with the known facts” (where “known facts” seem largely
determined by consensus of the experts). The following could be simpler than
Problem 16.7.2, and would provide support for the physicists beliefs.

Research Problem 16.7.3. Prove that if p is large, there exists v, < v,
and 0 > 0 such that for 7" < 3, for the typical disorder we have

Gn({o'; Gy({o?; Rig>1— 27P/2}) > exp(—N&)}}) ~1.
The following is closely related to Problem 1.12.11.

Research Problem 16.7.4. Consider the function
1
o(e!) = N logGn({o?; Ri2>1— 2_p/2}) .
Is it true the for any 8 we have

. 2
Jim E((p(o) —E(p(0)))") =07
The physicists calculations towards Problem 16.7.2 assume beforehand a pos-
itive answer to Problem 16.7.4 (among many other things).

Research Problem 16.7.5. Find a rigorous definition of the transition
value v, 4.

16.8 Notes and Comments

It is known how to obtain results comparable to those of Section 16.5 without
doing adding a perturbation term to the Hamiltonian, but the proof is then
very much more difficult [104]. In the same paper it is also shown (when
adding the perturbation term to the Hamiltonian) how to handle the case of
small external field.
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A.1 How to Use This Appendix

This appendix reproduces some parts of the appendix of Volume I which
should be useful here.

A.2 Gaussian Random Variables

A (centered) Gaussian r.v. g has a density of the type

1 ( t2 )
— exp | ——
V2rr P\ 72
so that E g2 = 72. When 7 = 1, g is called standard Gaussian. We hardly ever
use non-centered Gaussian r.v., so that the expression “consider a Gaussian

r.v. 27 means “consider a centered Gaussian r.v. z”. A fundamental fact is

that

a27_2

Eexpag = exp 5 - (A1)

Indeed,

For ar.v.Y >0 and s > 0 we have Markov’s inequality

P(Y > ) < “EY . (A.2)

S

Using this for Y = exp(AX), where X is any r.v., we obtain for any A > 0
the following fundamental inequality:

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der 603
Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern

Surveys in Mathematics 55, DOI 10.1007/978-3-642-22253-5,
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P(X >1t) = Plexp(AX) > M) < e MEexp(AX) . (A.3)
Changing X into —X and t into —t, we get the following equally useful fact:
P(X <t) <eMEexp(—AX).

Combining (A.1) with (A.3) we get for any ¢ > 0 that

)\2 2
P(g>1t) §exp<x\t+ 27 ) ,

and taking \ = t/72

2
Plg>1t) < - . A4
020 <o (-5 (A9
Elementary estimates show that for ¢ > 0 we have, for some number L,
Plg>t)> 1 e r (A.5)
——exp|—=— | . .
T= =T +t/r) P\ 2

There is of course a more precise understanding of the tails of g than (A.4)
and (A.5); but (A.4) and (A.5) will mostly suffice here. Another fundamental

formula is that when Eg? = 72 then for 2a7? < 1 and any b we have
T2b2

1
V1 —2ar? P 2(1 - 2a72?) "’

! / - t? tz + bt ) dt
ex a - —= .
21T J— oo P 272

We then complete the squares by writing

.2 12 e 1 — 2ar? ; br? 2 br?
at* — — =— - -
272 272 1 —2ar? 2(1 — 2a7?)

Eexp(ag? + bg) = (A.6)

Indeed,

Eexp(ag® + bg) =

and conclude by making the change of variable

br? T

t= .
=247 VT _2ar?

The following is also important.

Lemma A.2.1. Consider M Gaussian r.v.s (¢;)i<m with Eg2 < 1 for each
1 < N. We do NOT assume that they are independent. Then we have

EI_Iéal\ifgi < 74/2logM . (A7)
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Proof. Consider § > 0. Using Jensen’s inequality (1.23) as in (1.24) and
(A.1) we have

Elog(Z exp 6gl> < 10g< > eXpﬁgi)
i<M i<M
log (M exp (%[3272)>
= ﬁ227—2 +logM . (A.8)

Now

ﬁmax 9i < IOg(Z €xXp 691) ,

i<M

so that, using (A.8),

2,2
ﬂEmaxgl < Elog(Z exp,é’gl) < 627— +log M .

i<M
Taking 8 = \/2log M /7 yields (A.7). O
Given independent standard Gaussian r.v.s gi,...,gy, their joint law

has density (2m)~M/2 exp(—||x[|?/2), where ||x||? = 3", ,; #2. This density is
invariant by rotation, and, as a consequence, the law of every linear combi-
nation z =), ,, a;g; is Gaussian. The set G of these linear combinations is
a vector space, each element of which is a Gaussian r.v. Such a space is often
called a Gaussian space. It has a natural dot product, given with obvious
notation by Ezz’ = Y, ., araj. Given two linear subspaces Fy, 5 of F), if
these spaces are orthogonal, i.e. E 2120 = 0 whenever 21 € Fy, 2o € Fy, they
are probabilistically independent. This is obvious from rotational invariance,
since after a suitable rotation these spaces are spanned by two disjoint subsets
of g1,...,9Mm.

We say that a family zi,...,2zy of r.v.s is jointly Gaussian if the law
of every linear combination ), arzr is Gaussian. If z;,...,2x belong
to a Gaussian space G as above, then obviously the family zq,...,2zy is
jointly Gaussian. All the jointly Gaussian families considered in this book
will obviously be of this type, since they are defined by explicit formulas such
as zy = ;< Oki9i Where g1,..., gy are independent standard Gaussian
r.v.s, a formula that we abbreviate by 2z, = g - a, where g = (91,...,9Mm),
ar = (ak.1,.--,ak ) and - denotes the dot product in RM. For the beauty of
it, let us mention that, in distribution, any jointly Gaussian family z1, ..., zn
can be represented as above as z = ay - g (with M = N). This is simply be-
cause the joint law of a jointly Gaussian family z1, ..., zi is determined by the
numbers Ezj zp, so that it suffices to find the vectors aj, in such a manner that
Ezizy = a - ap. If we think of the linear span of the r.v.s 21, ..., zy provided
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with the dot product z - 2’ = Ez2’ as an Euclidean space, and of 21,...,zx
as points in this space, they provide exactly such a family of vectors.

Another interesting fact is the following. If (qy y)uv<n iS a symmetric
positive definite matrix, there exists jointly Gaussian r.v.s (Y3, ),<n such that
EY,Y, = qu,. This is obvious when the matrix (g, ,) is diagonal; the gen-
eral case follows from the fact that a symmetric matrix diagonalizes in an
orthogonal basis.

A.3 Gaussian Integration by Parts

Given a continuously differentiable function F on R (that satisfies the growth
condition at infinity stated below in (A.10)) and a centered Gaussian r.v. g
we have the integration by parts formula

EgF(g) =Eg°EF'(g). (A.9)

To see this, if E g2 = 72, we have

1 2
EgF(g) = —— | F
o#(g) = = [ e (=55 ) Flo
T2 t2
= ——— | F'(t)dt
[ (-5) PO
=Eg’EF'(g)
provided
l}im F(t)exp(—t?/27%) = 0. (A.10)
t|—o0

This formula is used over and over in this work. As a first application, if
Eg? = 72 and 2a7? < 1 we have

Eg” expag® = Eg(gexpag®) = 7*(Eexp ag® + E 2ag exp ag?) , (A.11)

so that
1

V1 —2ar?

by (A.6) and Egexp ag? = 72(1 — 2a72)~3/2. As another application, if k > 2

(1 —2a7*)Egexpag® = T*Eexpag® =7

Eg" = Egg" ™" = (k- DE¢* 2,

so that in particular Eg* = 372, and one can recursively compute all the
moments of g. All kinds of Gaussian integrals can be computed effortlessly
in this manner.

Condition (A.10) holds in particular if F' is of moderate growth in the
sense that limy,_, F(t) exp(—at?) = 0 for each a > 0. A function F' (with a
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regular behavior as will be the case of all the functions we consider) fails to
be of moderate growth if “it grows as fast as exp(at?) for some a > 0”. The
functions to which we will apply the integration by parts formula typically
do not “grow faster than exp(At)” for a certain number A (except in the case
of certain very explicit functions such as in (A.11)).

Formula (A.9) generalizes as follows. Given g, z1,...,2, in a Gaussian
space G, and a function F' of n variables (with a moderate behavior at infinity
to be stated in (A.13) below), we have

OF
EgF(z1,...,20) = » E(gz'g)Ea—xe(zl, ) (A.12)

<n

This is probably the single most important formula in this work. For a proof,

consider the r.v.s
E zeg

g EgQ *
They satisfy Ez,g = 0; thus g is independent of the family (z{,...,z,). We
then apply (A.9) at (z))e<n given. Since zp = 2, + gE gz¢/E g%, (A.12) follows
whenever the following is satisfied to make the use of (A.9) legitimate (and to
allow the interchange of the expectation in z and in the family (21,...,2,)):
for each number a > 0, we have

2p = 2

| F(x)] exp(—alx]*) = 0. (A.13)

lI[|—o0

A.4 Tail Estimates

We recall that given any r.v. X and A > 0, by (A.3) we have
P(X >t) <e MEexpAX .

If X = ZigN X, where (X;);<n are independent, then
EexpAX = J[ EexpAX;,
i<N
so that
P(X >1) <e M H Eexp\X; = exp(—)\t + Z log E exp )\Xl) . (A.14)
i<N i<N

If (m)i<n are independent Bernoulli r.v.s, i.e. P(n, = £1) = 1/2, then
Eexp Aa;n; = ch Aa;, and thus

P<Z ain; > t> < exp (—/\t + ) logch /\ai> . (A.15)

i<N i<N
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It is obvious on power series expansions that cht < exp(#?/2), so that
)\2
P(Z a;n; > t) < exp()\t + 5 Z a?) ,
i<N i<N
and by optimization over A, for all ¢ > 0,
2
P< a;n; > t> < exp<——> . (A.16)
;V 2 Zz‘gN a;

This inequality is often called the subgaussian inequality. By symmetry,
P(ZKN a;n; < —t) is bounded by the same expression, so that

P( > am| > t) < 2€Xp<— £ ) : (A.17)

2
= 23 <N 9

As a consequence of (A.16) we have the following

2
card{(cd*,0?) € X% ; Rio >t} <2®Nexp (_N%) . (A.18)

This is seen by taking a; = 1/N, by observing that for the uniform measure

on Y% the sequence 1; = 0} 07 is an independent Bernoulli sequence and that

Rio= ZigN a;n;. Related to (A.16) is the fact that

1 2 1
E - | < ——ee— . Al
exp 5 (Z aml) < 5 (A.19)

i<N 1- Zig}\f a;
Equivalently,
2 N
1 2
E eXp—(E am) <
2\ - _ 2
i<N 1 Zigzv a;

where the summation is over all sequences (0;);<n with o; = £1. To prove
(A.19) we consider a standard Gaussian r.v. g independent of the r.v.s n;
and, using (A.1), we have, denoting by E, expectation in g only, and using
again that logcht < t2/2,

2
1
E exp 3 <Z ami> = EEgexp Z qga;n;

i<N i<N
= Egexp Z log chga;

i<N

2
< Egexp % Z a?
i<N

1

1- Zigz\r a7
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It follows from (A.19) that if S = 37,y a?, then, if b; = a;/v2S, we have
>icn b7 =1/2 and

1 2 1 2 1
E exp 1S < E aml> E exp 5 ( E bﬂh) N h 2

i<N i<N

Since expx > z™/n! > z™/n™ for each n and & > 0 we see that

E(Z ami> " < 2(4n)"S™ = 2(4n)" (Z a$>n , (A.20)

i<N i<N
a relation known as Khinchin’s inequality.
Going back to (A.15), if a; = 1 for each ¢ < N, changing ¢ into Nt, we
get
P<Z ni = Nt) <exp N(=At +logch ) .
i<N
If 0 <t < 1, the exponent is minimized for th A = ¢, i.e.

er —e e —1

Ater At

t,

so that e?* = (1 +1)/(1 —t) and

~—

A= —(log(l+1t) —log(l—1)).

DN | =

Also, ch ™2\ =1 — th®A = 1 — ¢2, so that

1
logch A = ~5 log(1 — t?) ,

and
m}%n (=AMt +logch ) = —%(t log(1+1t) —tlog(l —1))
L log(1 = 1) = T log(1+¢)
5 %8 9 %8
= -I(t) (A.21)
where 1
I(t)= 5((1+t)10g(1+t)+(1—t) log(1—1t)) . (A.22)
The function Z(¢) is probably better understood by noting that
1
Z(0) =7'(0) =0, I(t) = I (A.23)

It follows from (A.21) that
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P(Z "> Nt) < exp(~NZ(1)) ,

i<N
or, equivalently, that
card{a € Xn; Z o; > tN} < 2V exp(—NZ(t)) . (A.24)
i<N

If k is an integer, then ) . 0; = k exactly when the sequence (0;)i<n
contains (N +k)/2 times 1 and (N — k)/2 times —1. This is impossible when
N +k is odd. When N +k is even, using Stirling’s formula n! ~ n™ e="v/27n,
we obtain

card{aeEN; Zoi—k}—<é>_$(!k)!

i<N 2 2
L1 V/N e
Z 7 \/m(ﬁ%k)ww)/z (NT_]C)(N%W
S 2N 1
Z L\/N (1+%)(N+k)/2 (1_%)(N—k)/2
= L?;V]v exp (—NI (%)) . (A.25)

This reverses the inequality (A.24) within the factor Lv/N.
Since by Lemma 4.3.5 the function ¢ — logchy/t is concave, it follows
from (A.15) that

P(Z a;n; > tx/ﬁ) < eXpN(—/\t +logch A Z a?)
i<N \/ i<n

and, using (A.21)

t
P (Z ain; > t\/ﬁ) < exp (—NI(7>> . (A.26)
i<N ZiSN af

A.5 How to Use Tail Estimates

It will often occur that for a r.v. X, we know an upper bound for the prob-

abilities P(X > t), and that we want to deduce an upper bound for EF(X)
for a certain function F'. For example, if Y is ar.v., Y > 0, then

EY = /oo P(Y >t)dt, (A.27)
0
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using Fubini theorem to compute the “area under the graph of Y.
More generally, if X > 0 and F' is a continuously differentiable non-
decreasing function on Rt we have

F(X)=F(0)+ /OX F'(t)dt = F(0) + /{KX} F'(t)dt .

Taking expectation, and using Fubini’s theorem to exchange the integral in
t and the expectation, we get that

EF(X) = F(0) + / TP P(X > tdt . (A.28)
0

For a typical application of (A.28) let us assume that X satisfies the following
tail condition:

2
Vi >0, P(IX| > t) SQexp(QtAQ), (A.29)

where A is a certain number. Then, using (A.28) for F(x) = z*¥ and |X|
instead of X we get

oo t2
k k-1

The right-hand side can be recursively computed by integration by parts. If

k>3
> k—1 t2 2 > k—3 tz

In this manner one obtains e.g.
EXZF < ok H1g1A%F

This shows in particular that “the moments of order k£ of X grow at most
like vk.” Indeed, using the crude inequality k! < k¥ we obtain

(E|X|")V/* < (EX?F)1/2k < 24V . (A.30)

Suppose, conversely, that for a given r.v. X we know that for a certain number
B and any k > 1 we have EX?* < B?*E* (i.e. an inequality of the type (A.30)
for even moments). Then, using the power expansion expz? =3, 22k [k,
for any number C we have B

X2 EXZk B2k k,k

EeXP e = 2 arpd = 2 o
k>0 k>0

Now, by Stirling’s formula, there is a constant Lo such that k¥ < LEE!, and
therefore there is a number L (e.g. L = 2Lg) such that
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X2
Eexp —5 < 2.
p B2 =

This implies in turn that

t2
P(X>1t) < 2exp<—LB2> .

Many r.v.s considered in this work satisfy the condition (A.29). The previous
considerations explain why, when convenient, we control these r.v.s through
their moments.

If F is a continuously differentiable non-decreasing function on R, F' > 0,
F(—o00) =0, we have

X
F(X)= F'(H)dt = F'(t)dt .
() / (t)dt /{tSX} (t)dt

— 00

Taking expectation, and using again Fubini’s theorem to exchange the inte-
gral in ¢ and the expectation, we get now that

EF(X)= /oo F'(t)P(X >t)dt . (A.31)

— 00
This no longer assumes that X > 0. Considering now a < b we have

E(F(min(X,0)1{xsq) = F(a)P(X > a) + / ' F/()P(X > t)dt. (A.32)

a

This is seen by using (A.31) for the conditional probability that X > a, and
for the r.v. min(X, b) instead of X.

A.6 Bernstein’s Inequality

Theorem A.6.1. Consider a r.v. X with EX = 0 and an independent se-
quence (X;);<n distributed like X. Assume that, for a certain number A, we
have

X
Eexp X1 <2. (A.33)
A
Then, for allt > 0 we have

P<Z X; > t) < exp ( min <4]f[2AQ’ 2;)) (A.34)

i<N

P(Z X; > t) < exp (— 2NtI:X2 (1 - N?;;i)2>) : (A.35)

i<N
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Proof. From (A.14) we obtain

P(Z X; > t) < exp(—At+ NlogEexp\X) . (A.36)
i<N

We have
EexpAX =1+ Ep(A\X) (A.37)

where p(z) = e” —x — 1. We observe that Ep(|X|/A) < Eexp(|X]|/A) —1=
2—1=1. Now power series expansion yields that ¢(z) < ¢(]z|) and that for
x > 0, the function A\ — p(Az)/\? increases. Thus, for A < 1/A4, we have

Ep(AX) < N APEp(|X|/4) < A?A%.
Combining (A.37) with the inequality log(1+z) < xz, we obtain log Eexp AX <
A2 A2, Consequently (A.36) implies
P (Z X; > t) < exp(—At + NA2A?) .
i<N

We choose A\ = t/2N A% if t < 2N A (so that A < 1/A). When t > 2N A, we
choose A = 1/A, and then

t
247
This proves (A.34). To prove (A.35) we replace (A.37) by

—/\t+N)\2A2:—%+NS—

2 2

EexpAX =1+ +Epi(AX)

where ¢1(z) = e —22/2—x—1. We observe that Ep; (| X|/A) < Ep(|X|/A) <
1. Using again power series expansion yields ¢1(z) < ¢;(|z|) and that for
x > 0 the function A — ¢1(Az)/\? increases. Thus, if A < 1/4, we get

Epi(AX) < M APE oy (|X/4) < 3347

so that logEexpAX < AEX?/2 + A3A43 and we choose A = t/NEX? to
obtain (A.35) when ¢t < NEX?2/A. When t > NEX?/A, then

4A3t - 4A2 .-
N(EX2)2 = EX2 ~

because EX?/2A? < Eexp | X|/A < 2. Thus (A.35) is automatically satisfied
in that case since the right-hand side is > 1. O

Another important version of Bernstein’s inequality assumes that

X|<A. (A.38)
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In that case for p > 2 we have EXP < AP72EX?, so that when A < 1, and
since } 5 5, 1/pl=e—2<1,

V4 p—2
Ep(AX) = ZA—| EXP < AQEXzz& < NEX?.

|
p>2 * p>2 '

Proceeding as before, and taking now A\ = min(t/E X?2,1/A), we get

P(Z X; > t) < exp ( min (Lwtsp 21)) . (A.39)

i<N

We will also need a version of (A.34) for martingale difference sequences.
Assume that we are given an increasing sequence (=;)o<i<n of o-algebras.
A sequence (X;)1<i<n is called a martingale difference sequence if X; is =;-
measurable and E;_;(X;) = 0, where E;_; denotes conditional expectation
given =;_1. Let us assume that for a certain number A we have

Xi

Exactly as before, this implies that for [A\| A < 1 we have E;_jexp A\X; <
exp A2A2. Thus

Er_1 exp)\ZXi = exp()\ Z Xi> Ei exp A X

i<k i<k—1

< exp()\ Z X+ )\2A2> .

i<k—1
By decreasing induction over k, this shows that for each k we have
ErrexpA Y X; < exp()\ Y Xi+(N—k+1) A2A2) :
i<N i<k—1

Using this for &k = 1 and taking expectation yields Eexp/\ZiSN X; <
exp NA?A2. Use of Chebyshev inequality as before gives

P(Z X, > t) < exp (— min (ﬁ, i)) . (A.41)

i<N

A.7 e-Nets

A ball of RM is a convex balanced set with non-empty interior. The convex
hull of a set A is denoted by convA.
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Proposition A.7.1. Given a ball B of RM, we can find a subset A of B
such that

I\ M
card A < (1 + g) (A.42)
Vee B, AN(z+2eB) #10 (A.43)
convA D (1—-2¢)B. (A.44)

Moreover, given a linear functional o on R™, we have

sup p(x) > (1 —2¢) sup p(x) . (A.45)
T€A rz€B

As a corollary, we can find a subset A of (1 — 2¢)~!B such that cardA <
(1+&e 1M and B C convA. The case ¢ = 1/4 is of interest: cardA < 5 and

supgea ¢ (2) = (1/2) sup,ep (@)

Proof. We simply take for A a maximal subset of B such that the sets z+eB
are disjoint for x € A. These sets are of volume ¢ VolB, and are entirely
contained in the set (1 + ¢)B, which is of volume (1 + )™ VolB. This proves
(A.42).

Given z in B, we can find y in A with (z+eB)N(y+eB) # 0, for otherwise
this would contradict the maximality of A. Thus y € (z 4+ 2¢B) N A. This
proves (A.43).

Using (A.43), given = in B, we can find yo in A with = — yo € 2¢B.
Applying this to (x — yo)/2¢, we find y; in A with z — yo — 2ey1 € (2¢)?B,
and in this manner we find a sequence (y;) in A with

Yy = Z(25)iyi € (1 —2¢) " tconvA ,

i>0

since A is finite. This proves (A.44), of which (A.45) is an immediate conse-
quence. O

A.8 Random Matrices

In this section we get some control of the norm of certain random matrices.
Much more detailed (and difficult) results are known.

Lemma A.8.1. If (g;j)1<i<j<n are independent standard Gaussian r.v.s,
then, with probability at least 1 — Lexp(—N) we have

1/2
Zgij Tiyj| < L\/N(Z 7 Z yf) . (A406)

i<j i<N <N

V(2i)i<n, ¥V (¥i)i<n
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Proof. Let us denote by B the Euclidean ball of RY, and by A a sub-
set of 2B with card A < 5 and convA D B, as provided by Proposi-

tion A.7.1. If (x;);<n and (y;)i<n belong to A, then E(ZKJ. 9ij Ti yj)2 <
doi<N x? d <N y? <16 and (A.4) implies

2
P(Zgijfﬂiyj Zt> < 2exp (—§> )

1<j
so that with probability at least 1 — 2(25)" exp(—64N) it holds that

V(xi)i<n, V(¥i)i<n € A, Zgij i yj| < 32VN |

i<j
and hence
V(xi)i<n, V(yi)i<ny € B, Zgij zy;| <32V,
i<j
and this implies (A.46). O

We consider independent Bernoulli r.v.s (7; 1)i<n.k<nm, that is, P(n; 5 =
+1) =1/2.

Lemma A.8.2. Consider numbers (o k)i w<m with Yo, < 1. Then,
fort >0 we have

[t
P(Z Z Qe ko? ik ik’ = t) < exp (— min <ﬁ7 f)) (A.47)

k£k! i<N

Z Z t2 Lt
P( Ozk k! T],Lk’rh k! >t> <€Xp < 2N <1 N)> . (A48)
k#k! i<N

Proof. Ther.v.s X; = Zk?&k, Ok Mik Mk are 1.i.d., and obviously EX; = 0,

EX? =Y i, < 1. An important result of C. Borell [20] implies that then
Eexp(\X |/L) < 2 so that (A.47) is a consequence of (A.34) and (A.48) is a
consequence of (A.35). O

Proposition A.8.3. Consider a number 0 < a < 1 and n < M. If
nlog(eM/n) < Na?, the following event occurs with probability at least
1 — exp(—a®N). Given any subset I of {1,..., M} with card] = n, and
any sequences (Tr)k<m, (Yk)k<m, we have

1/2
SNZxkyk—i-NLa(in)l/Q(Zyi) . (A.49)

kel kel kel
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Corollary A.8.4. If a < 1 and M < Na?, then with probability at least
1 —exp(—a®N/L), for any sequences (zi)k<m and (yr)r<m we have

> ( > 7]i,k> ( > we 77i,k>

i<N “k<M k<M
1/2 1/2
<N D> zpuk +NLa< > xi> (Z y,%> , (A.50)
k<M k<M k<M

and

> ( > o 77@]@)2 < N1+ La) ( > xi) : (A51)

i<N Nk<M k<M

Proof. The case n = M of (A.49) is (A.50) and the case y; = xj, of (A.50)
is (A.51). O

Proof of Proposition A.8.3. We rewrite (A.49) as

1/2 1/2
> Y mwnenwsive(Yad) (Ta) . @
kel

i<N k#k!, k, k'€l kel

Consider a subset A of R™, with card A < 5", A C 2B and convA D B,
where B is the Euclidean ball } 7, ., z? = 1. To ensure (A.52) it suffices that

Z Z T Yk Mik Misk < LNa (A.53)
i<N kK k k'€l

whenever (zy)rer € A and (yr)rer € A. Now, given any such sequences
(A.47) implies

N .
P(Z Z Tk Y Misk Mik? > Nu) < exp <_f mm(uQ, u)> . (A.54)

i<N k#£k! k,k'€l

Since n < M and nlog(eM/n) < Na? it holds that n < Na?. We observe also
that 25 < e*. Thus the number of possible choices for I and the sequences
(Tr)rers (yr)rer is at most

<M) (card A)* < <%) 25™ = 25" exp (nlog (%>> < exp5Na?
n n n

so that taking v = L’a where L’ large enough, all the events (A.53) simulta-
neously occur with a probability at least 1 — exp(—Na?). O

Our next result resembles Proposition A.8.3, but rather than restricting
the range of k we now restrict the range of 7.
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Proposition A.8.5. Consider a number 0 < a < 1. Consider a number
No < N such that Nolog(eN/No) < a?N, and assume that M < a®>N. Then
the following event occurs with probability at least 1 —exp(—a?N): Given any
subset J of {1,..., N} with cardJ < Ny, and any sequence (Tx)r<nm, we have

Z(Z ka,k)Q < No Y @} + Lmax(Na?, \/N—Noa>(z xi) .

ieJ k<M k<M k<M
(A.55)

Proof. The proof is very similar to the proof of Proposition A.8.3. It suffices
to prove that for all choices of (zx) and (y) we have

1/2 1/2
Z Z TrRYl i ki < Lmax(Na?, /NNya) ( Z mi) (Z y,%) .
ieJ k£k! k<M k<M
(A.56)
Consider a subset A of RM, with cardA < 5, A C 2B, B C convA, where
B is the Euclidean ball Y, ., #7 < 1. To ensure (A.56) it suffices that

Z Z TRy i ki < Lmax(Na?, /N Noa)
i€ k#k!

whenever cardJ < Ny, (zx)r<nm, (Yx)e<m € A. It follows from (A.47) that
for v > 0,

cardJ .
P(Z Z TrRYLNi kil > vcardJ) < exp ( T mln(uQ,v)) ,

i€ k#k!
and using this for v = ulNg/cardJ > u entails
P Z Z TeYeNi ki ke > Nou | < exp _ Mo min(v?, u) | . (A.57)
i€ J k#£k! T - L ’

The number of possible choices for J and the sequences (x)k<ar, (Yk)k<m
is at most

N N\
Z ( )(CardA)2 < (e_) 25M < exp5Na? ,
n N

<o 0

so that by taking u = L' max(a>N/Ny,ay/N/Ny) where L' is large enough,
all the events (A.56) simultaneously occur with a probability at least 1 —
exp(—Na?). O

Here is another nice consequence of Lemma A.8.2.
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Lemma A.8.6. If ¢ > 0 we have

P( > NRZ, > (125)%)

1<k<k'<M
1 M?
U U
<[([1+ - ——(1—-L4/—

where Ry, jr = N71 ZigN ik ik’ -
Proof. We start the proof by observing that

1/2
<Z RZ,k’) = sup Z ak,k’ th/

k<k' k<k’

where the supremum is taken over the subset B of RM(M=1)/2 of sequences

Qe With Y7, aik, < 1. We use Proposition A.7.1 to find a subset A of
B with card A < (1 +&~1)M” such that

1/2
SupZakk/Rkk/>(1—25 <Z Rkk/> .

k<k’

Thus
P( Y NRi, >(1—2¢)" u)

(=
P((};/Rkk’> /22(1_26)—1\/%>

where we use (A.48) for t = vuN in the last line. O
Corollary A.8.7. We have

2N”card{(a'1,...,a'”); Z NR?W > (125)2u}

1<b<t/<n

(1) e (2 (1-1%))

’
where Ryp = N~"Y .y ofof.

Proof. This is another way to formulate Lemma A.8.6 when M = n. O
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A.9 Poisson Random Variables and Point Processes

A Poisson random variable X of expectation a is an integer-valued r.v. such

that, for k=0,1,...

ak

P(X = k)= e

so that

k
EexpA\X = Z % M= = expa(et —1). (A.58)
k>0

Differentiating 1, 2, or 3 times this relation in A and setting A = 0 we see
that
EX=a; EX?=a+a®; EX®=0a+3d*>+a°. (A.59)

Using from (A.3) that for A > 0 and a r.v. Y we have P(Y > ¢) <
e MEexp\Y and P(Y < t) < eMEexp(—AY), and optimizing over A\ we
get that for ¢ > 1 we have

P(X > at) < exp(—a(tlogt —t —1))

and
P(X <a/t) <exp(—a(tlogt—t—1)).

In particular we have
P(X —al > a/2) < exp(—%) . (A.60)

Of course, such an inequality holds for any constant instead of 1/2.
If X1, X5 are independent Poisson r.v.s, X; + X5 is a Poisson r.v. The
following lemma prove a less known remarkable property of these variables.

Lemma A.9.1. Consider a Poisson r.v X and i.i.d. r.v.s (§;);>1 such that
P(0; =1)=0,P(d; =0) =1—6 for a certain number 6. Then the r.v.s

Xi=) 65 Xo=)Y (1-5)
i<X i<X
are independent Poisson r.v.s, of expectation respectively SEX and (1—6)EX.

In this lemma we “split X in two pieces”. In a similar manner, we can split
X in any number of pieces.

Proof. We compute
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Eexp(A X + uXs) = Eexp()\ Z 0; + Z(l - 5l)>

i<X i<X
k
= Z %e‘“Eexp(/\Zéi + ,uZ(l — 51)>
k>0 i<k i<k
a* k
= Z Fe*a(E exp(Ad; + p(1 — 61)))
k>0

ok
= Fe‘“(&e’\ + (1 —d)et)*
k>0
= expa(de* + (1 —d)et — 1)
=expad(e ™ — 1) expa(l —d)(e ™" —1)
= Eexp(A\Y] + uYa) ,

where Y; and Y5 are independent Poisson r.v.s with expectation respectively
dand 1—9. O

Consider a positive measure p of finite total mass |u| (say on R3), and
assume for simplicity that p has no atoms. A Poisson point process of intensity
measure p is a random finite subset II = II,, with the following properties:

1. card IT is a Poisson r.v. of expectation |u|.
2. Given that card IT = k, IT is distributed like the set {X7,..., X} where
X1,..., Xy are i.i.d. r.v.s of law p/|p|.

(Some inessential complications occur when p has atoms, and one has to
count points of the Poisson point process “with their order of multiplicity”.)
We list without proof some of the main properties of Poisson point processes.
(The proofs are all very easy.)

Given two disjoint Borel sets, A, B, II N A and IT N B are independent
Poisson point processes.

Given two finite measures 1, po, if 11, and I1,, are independent Poisson
point processes of intensity measure p; and o respectively, then I, U I1,,
is a Poisson point process of intensity measure uq + us.

Given a (continuous) map ¢, ¢(IT) is a Poisson point process of intensity
measure ¢(u), the image measure of the intensity measure p of I by .

Consider a positive measure p and a Poisson point process 11, of intensity
measure u. If v is a probability (say on R3), and (U,)a>1 are i.i.d. r.v.s of
law v, we can construct a Poisson point process of intensity measure y ® v
as follows. We number in a random order the points of IT as x1,...,xk, and
we consider the couples (x1,U1), ..., (g, Uk).

Consider now a positive measure p on R*T. We do not assume that p is
finite, but we assume that p([a,c0)) is finite for each a > 0. We denote by
po the restriction of u to [1,00), by py its restriction to [27%, 27FF1[ k > 1.
Consider for k£ > 0 a Poisson point process Il of intensity measure py, and
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assume that these are independent. We can define a Poisson point process of
intensity measure p as IT = Ug>oI1). Then for each a, ITN[a, 00) is a Poisson
point process, the intensity measure of which is the restriction of x to [a, 00).

A.10 The Paley-Zygmund Inequality

This simple (yet important) argument is also known as the second moment
method. It goes back to the work of Paley and Zygmund on trigonometric
series.

Proposition A.10.1. Consider a r.v. X > 0. Then

1 1 (EX)?
> = > =
P<X_2EX>_4 —

(A.61)

Proof. If A = {X > EX/2}, then, since X < EX/2 on the complement A°
of A, we have

1
EX =E(X14)+E(X14.) <E(X14)+ 3 EX .
Thus, using the Cauchy-Schwarz inequality,

% EX <E(X14) < (EX?)V2P(4)V?. O

A.11 Differential Inequalities

We will often meet simple differential inequalities, and it is worth to learn how
to handle them. The following is a form of the classical Gronwall’s lemma.

Lemma A.11.1. If a function ¢ > 0 satisfies

lL(t)] < erp(t) + co

for0 <t <1, where c¢1,c2 > 0 and where .. is the right-derivative of , then

o(t) < exp(ert) (gp(()) + f) . (A.62)

Proof. We note that

so that
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