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Preface

The history of stochastic dynamics may be traced back over 100 years ago to Ein-
stein’s paper on Brownian motion in 1905. Since then, its scope and depth have
been broadened and enhanced by a wide variety of applications in science and en-
gineering. From 1972 to 2002 ten symposia on stochastic dynamics were spon-
sored by International Union of Theoretical and Applied Mechanics IUTAM).
More recently, much progress on various aspects of nonlinear stochastic dynamics
has been made and the research activities in the field have placed greater emphasis
on systems with high nonlinearity, and on systems in which controllers play an
important role.

This volume contains the papers presented at the IUTAM Symposium on
Nonlinear Stochastic Dynamics and Control, held in Zhejiang University, China,
May 10-14, 2010. The scientific committee appointed by the Bureau of IUTAM
includes the following members:

W.Q. Zhu, Hangzhou, China (Chairman)
Y.K. Lin, Boca Raton,USA (Co-chairman)
A. Naess, Trondheim, Norway

W. Schiehlen, Stuttgart,Germany

G.1. Schiiller, Innsbruck, Austria

K. Sobczyk, Warsaw, Poland

T.T. Soong, Buffalo, USA

A total of 44 active scientists from 13 countries (regions) accepted the invita-
tion from the scientific committee, and 31 presentations, covering the following
six groups of topics, were scheduled for the symposium:

1. Response and reliability of nonlinear stochastic systems. K. Sobczyk and P.
Holobut gave a brief analysis of the entropy/information change in stochastic dy-
namical system with a special emphasis on the effect of the system parameters and
intensities of random noise. V.V. Malanin and L.E. Poloskov proposed a scheme of
study for systems with different forms of time aftereffect which has a transparent
algorithm and can be simply combined with Monte Carlo method. W. Xu et al fo-
cused on the steady-state analysis of a class of nonlinear dynamical systems with
multi-delayed feedbacks. J.Q. Sun presented a finite-dimensional Markov process
approximation which opens a gate to various studies of stochastic dynamical sys-
tems with time delay. G.Q. Cai and Y.K. Lin studied the stochastic nonlinear be-
havior of two competing species of grass and woody vegetation. M.L. Deng and
W.Q. Zhu investigated the stochastic energy transition of peptide-bond (PB) in
enzyme-substrate-complex (ESC) by using stochastic averaging method and
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Monte Carlo simulation. X.L. Jin and Z.L.. Huang obtained the non-stationary
probability densities of system responses for multi-degree-of-freedom nonlinear
systems subject to stochastic parametric and external excitations. Y. Zeng and
W.Q. Zhu proposed a stochastic averaging method for single-degree-of-freedom
strongly nonlinear oscillators under Poisson white noise excitation using the
so-called generalized harmonic functions. Cho W. S. To presented a novel ap-
proach for response analysis of MDOF nonlinear systems under non-Gaussian
nonstationary random excitations using the stochastic central difference method,
co-ordinate transformation and adaptive time scheme. M. Vasta and M. Di Paola
obtained an approximate explicit response probability density function of a beam
under external impulsive random Poisson excitation as approximate solution of
integro-differential KF equation. G.K. Er and V.P. Iu proposed a method for de-
termining the probabilistic stationary solutions for multi-dimensional nonlinear
stochastic dynamic systems. S. Narayanan and P. Kumar developed an efficient
numerical implementation for the path integral (PI) method based on non-
Gaussian transition probability density function (PDF) and the Gauss-Legendre
integration scheme. P.D. Spanos and I.A. Kougioumtzoglou proposed a novel
harmonic wavelet-based statistical linearization approach for determining the evo-
lutionary power spectrum (EPS) of the response of nonlinear oscillators subject to
stochastic excitation. C.H. Loh et al developed methods for analyzing the seismic
response data and the long-term static data of the Fei-tsui arch dam and thus set-
ting an early warning threshold level for dam safety evaluation. A. Naess et al
considered the first-passage type failure for systems subject to multiplicative and
additive white noises excitations and obtained the numerical results using the path
integration method.

2. Stability, bifurcation and chaos of nonlinear stochastic systems. M. F. Di-
mentberg et al found that temporal random variations of parameters in dynamic
systems might “smear” classical neutral stability boundaries. The system’s re-
sponse within such a “twilight zone” of marginal instability was found to be of an
intermittent nature, with alternating periods of zero (or almost zero) response and
rare short outbreaks. S.H. Li and X.B Liu investigated the pth moment Lyapunov
exponent of a co-dimension two bifurcation system, that is on a three-dimensional
centermanifold and excited parametrically by a white noise. T. Fang et al pro-
posed a practical strategy for studying stochastic chaos based on orthogonal poly-
nomial approximation and ergodic theorem. C.B. Gan studied the noisy scattering
dynamics in the randomly-driven Henon-Heiles oscillator when the energy was
large enough to permit particles to escape from the exits. The author paid special
attention to the computation of the exit basins, which show a rich pattern of noisy
fractal structures and the uncertainty dimensions of the fractal sets. N. Gaus and C.
Proppe investigated the bifurcation behavior of the non-smooth mass on a belt
system.

3. Resonance and synchronization of nonlinear stochastic systems. W. Wedig
investigated stochastic resonances (SR), a phenomenon that nonlinear system syn-
chronizes with noise to boost a resonant-like behavior, for road-vehicle systems
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and related bifurcation problems. Y.B. Yang and B.H. Xu presented a review on
the parametric SR technique and its applications in signal processing and target
detection in shallow water reverberation. X.J. Sun and Q.S. Lu discussed the syn-
chronization behavior of a clustered neuronal network with additive noise to re-
veal the role played by the clustered structure of networks and the effects of the
coupling strength and cluster number.

4. Control of nonlinear stochastic systems. Z.H. Liu and W.Q. Zhu studied
stochastic optimal time-delay control and stabilization of quasi-integrable Hamil-
tonian systems by converting the original control problem into a stochastic
optimal control problem without time-delay. P. Kaczynski and L. Socha solved the
problem of quasi-optimal control for Duffing oscillator with parametric and exter-
nal Gaussian and Poisson noise excitations, using an iterative procedure combin-
ing Gaussian statistical linearization and LQGP technique. V. Gattulli et al
presented semi-active control strategies for asymmetric structures based on opti-
mal sizing of an equivalent Kelvin-Voight model describing the constitutive
behavior of semi-active magneto-rheological devices, when operating in passive
modality with maximum achievable modal damping.

5. Modeling of stochastic dynamical systems and stochastic excitations. J. Li et
al presented a review on modeling stochastic dynamic excitations, which is incor-
porated with a probability density evolution method for response analysis of
nonlinear structures. G. I. Schuéller and B. Goller proposed model updating pro-
cedures to improve the match between experimental data and corresponding
model output. X.Q. Wang et al proposed a nonparametric stochastic modeling
technique to reduce the order of geometrically nonlinear structural models.

6. Structural health monitoring. B. F. Spencer et al proposed a RDT-based de-
centralized data aggregation approach for efficient data condensation and feature
extraction, and verified experimentally the results. The performance of decentral-
ized RDT was assessed in terms of accuracy of the estimated modal properties and
efficiency in the wireless data communication. R. Zhang et al proposed a wave-
based approach to model and analyze seismic building motion, providing addi-
tional perspective of seismic behavior of building structures, not clearly obtainable
with the traditional vibration-based approach.

We wish to thank all participants of this [IUTAM Symposium, and all organizers
for their enthusiastic and valuable contributions to the Symposium. In addition, we
gratefully acknowledge the financial supports from IUTAM and National Natural
Science Foundation of China.

Symposium Chairmen
W.Q. Zhu
Y.K. Lin
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Nonlinear Stochastic Systems



Nonlinear Stochastic Ecosystem of Two
Competing Species

G.Q. Cai and Y .K. Lin

College of Engineering and Computer Science, Florida Atlantic University,
Boca Raton, FL 33431, USA

Abstract. A nonlinear stochastic model describing two competing species of grass and
woody vegetation is proposed. Two types of stochastic processes are proposed to model
the variation part of the stocking rate. One is Gaussian white-noise, and another is random-
ized sinusoidal process. The system nonlinear behaviors are investigated for the determinis-
tic case and the cases with two different stochastic variations. Some key characteristics of
the system are found to be different for cases with and without stochastic variations. With
the stochastic variation, a single stable state in the deterministic system is diffused into a
region of stable states, and a separatrix dividing the two attraction zones no longer exists.
The system may follow different trajectories and lead to different outcomes, beginning
from the same initial state. It is also found that the stationary probability of the system re-
sponse depends on the initial conditions, a special phenomenon for the investigated nonlin-
ear system. Although the white-noise process and the randomized sinusoidal process are
quite different in nature, the qualitative behaviors of the system are similar. Furthermore,
effects of the initial state and the intensity of the stochastic variations on the system behav-
iors are investigated.

Keywords: Nonlinear ecosystem, Stochastic variation, Probability density, Monte-Carlo
simulation.

1 Introduction

In its natural state, a semi-arid savanna has a predominant grass cover, with scat-
tered trees and shrubs. It is an ecosystem of two species competing for resources.
Such a natural state is found in the south-western U.S.A, and in Africa, India and
Australia. Sustainability, stability and resilience of such a state have generated
considerable interest among ecologists. Early studies of the dynamics of such sys-
tems were presented by Ludwig et al. [3] and Walker et al. [7]. More recently,
Ludwig et al. [4] presented a comprehensive investigation based on a modified
version of the well-known model of Lotka [2] and Volterra [5,6] as follows

g =rgg(1—S—ngg_ngW)

w=r,la+w(l- Cow8 ~ Comy w)]

D

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, [UTAM BOOK SERIES 29, pp. 3
springerlink.com © Springer Science+Business Media B.V. 2011



4 G.Q. Cai and Y.K. Lin

where g and w are the densities of the grass and woody vegetation, respectively, r,
and r,, are their growth rates, s is the cattle stocking rate, c,, and c,,, are the inter-
species-competition coefficients, c,, and c,,, are the intraspecies-competition coef-
ficients, and a is a source term for the woody vegetation. Model (1) differs from
the original Lotka-Volterra model by adding the intraspecies competition terms -
cggg2 and -c,,, w?, a source term to the woody vegetation, and a cattle stocking
term. Equation set (1) is nonlinear and deterministic; namely, all parameters in
the set are assumed to be precisely known. Such assumption is idealistic since
changes in the environment are always present, and in most cases, they cannot be
predicted in advance.

In the present paper, the nonlinear qualitative behaviors are investigated first
for the deterministic model (1). Then a stochastic model is proposed for the two
competing species of grass and woody vegetation with the stocking rate varying
randomly. Two stochastic processes, Gaussian white-noise process and random-
ized sinusoidal process, are used to model the variation of the stocking rate, re-
spectively. Since the system is highly nonlinear, Monte Carlo type simulations are
carried out to analyze the characteristics of the stochastic systems. The purpose of
the paper is aimed at shedding some light on the profound effects of the nonlinear-
ity and random variability on system behaviors.

2 Characteristics of Deterministic Nonlinear System

The equilibrium points of system (1) can be found by letting the right-hand-sides
of (1) be zero, namely,

gl—s—cpg—cew)=0

=0 2

a+w(l-c,,g-c

ww
Denoting

A

= ChgCaw ~CoeCuys B=Cg,(1=8)—Cpe, C=acy, (3)

The following three equilibrium centers exist if B*- 4AC > 0

I-s—c,,w
Unstable center S: w=i(B+\/B2—4AC), g= st

ng

Asymptotic stable center W: w = > ! a+41+4ac,,).g=0
Cow

) 1 I-s—c,,w
Asymptotic stable center G: w= a(B ~VB?-4AC), g=— 2

ng
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On the other hand, if B* - 4AC = 0, then system (1) has an unstable equilibrium
center S, and an asymptotic stable equilibrium center W. Finally, if B> - 4AC < 0,
then there exists just an asymptotic stable equilibrium center W.

The case of three equilibrium centers is shown in Fig. 1 with r,=1.5, r, =1,
§=0.3,a=0.03, cge=0.7, ¢, = 1, g, = 2, and ¢,,,, = 1.03, respectively. These
values are non-dimensional and have been used in literatures. The stable equilib-
rium center W corresponds to the extinction of grass, while the stable equilibrium
center G corresponds nearly to the opposite; namely, the grass density is high and
the woody vegetation density is very low. Depending on the initial conditions, the
system will approach definitely to one of the stable equilibrium centers. As shown
in Fig. 1, a trajectory starting from an initial state of gy = 0.1 and wy = 0.1 will ap-
proach the stable center G, while one will end up at the stable center W if it begins
from gy = 0.1 and wy = 0.3. A separatrix passes through center S, and divides the
whole permissible domain into two regions of attraction.

e
iy

—_
o

Separatrix

>

© 0 0 o0 0 o o0 o o
= D W M O N ® ©

o

(o) A RARRE LAREN RRREN RARAR RARRY RRARDY ERARE RERRN SR>

0.25 0.5 0.75 1
8
Fig. 1 Phase plane of deterministic system (1)
While Equation (1) catches some basic characteristics of the nonlinear ecosys-
tem, it fails to account for variations in a real ecological environment. According
to the model, the system would eventually approach either state S or state W, and

the outcome would depend entirely on the initial populations of the grass and
woody vegetation, respectively. Such type of behavior is obviously not realistic.

3 Stochastic Nonlinear Model

The present paper attempts to find out what will happen if certain parameters in
the system are allowed to change randomly with time. Specifically, the stocking
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rate is allowed to vary randomly, namely, the parameter s in Equation (1) is now
replaced by

s =50+ “)

where § is a constant, and f () is a stochastic process with zero mean value. The

stochastic version of deterministic model (1) is then proposed as follows
d G=r,G( G G
a e 1=y = ¢ oG =, W)+ 1,GE(1) s
)
diW =rla+Wl-c,,G-c, W)
t

where G(f) and W(¢) are now stochastic processes representing the uncertain grass
density and woody vegetation density, respectively. The tradition of using a capi-
tal letter to represent a random variable or a stochastic process is adopted here.

The random variation of the stocking rate, f (), should be estimated from the
observation data. Depending on different situations, two stochastic processes may
be feasible to model f (t). One is Gaussian white noise, describing fast changing
variations; while another is randomized sinusoidal process, allowing random
variations embedded in periodic processes.

Due to the strong system nonlinearity, analytical solution is presently not avail-
able for (5); thus, a Monte Carlo type simulation study has been carried out with
the same parameters as those in Fig. 1,1.e. r,=1.5,r,=1,a=0.03, ¢, = 0.7, ¢,y =
1, ¢ouw=2, ¢,,= 1.03, and s5,= 0.3.

3.1 Gaussian White-Noise Model

&(1) is modeled as a Gaussian white noise with an intensity D, i.e.,
E[&(1)é(t+7)] = D&(7) (6)

Equation (6) indicates that the correlation time is very short, namely, the change
of &) is very fast. Due to the random variability in the stocking rate, the behavior
of the stochastic system (5) is substantially different from that of its deterministic
counterpart. Fig. 2 shows two trajectories of the stochastic system (5) beginning
from gy = 0.2 and w, = 0.1, and corresponding to two different noise intensities D
= 0.01 and 0.05 respectively. The starting point (0.2, 01) of the trajectory is not
included in the figure to permit using a larger scale, thus a clearer display of the
trajectory near point G. It is seen that the steady state of the system can no longer
be represented by a single point; instead, it is represented by a region around G,
which is in better agreement with what is expected of a real ecosystem. Also
shown in the figure, the larger the noise intensity is, the more diffusive of the sys-
tem state is.
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Fig. 2 Trajectories of stochastic system (6) with white noise variation for two cases with
different noise intensities

It is noted that, with a random variation in the cattle stocking rate, which affects
the grass consumption, the stable equilibrium point G is transformed into a region
of stable steady states, while W remains a single stable equilibrium point. If ran-
dom variation is also included in the source term of the woody vegetation, then
point W will also be diffused into a region of stable steady states.

Another significant change of the system characteristics is that a distinctive
separatrix of the system no longer exists, nor does an explicit boundary between
two domains of attraction. Fig. 3 shows two different trajectories of the same sys-
tem (5) with a noise intensity D = 0.01 and beginning from the same initial state of
go=0.06 and wy = 0.1. One trajectory approaches the stable center W, and an-
other ends up in a region around G. It is noted that the initial point (0.06, 01) is in
the attraction zone leading to stable center W for the deterministic system. For the
stochastic system, however, two possible outcomes exist. Therefore, management
and control are important to lead the system to a desired steady state.

Although a single initial state may lad to two different steady states and the out-
come is not predictable, the probability of approaching either steady state can be
calculated using Monte Carlo simulations. Define Py, as the probability of the sys-
tem with the steady state at the stable center W. It is obvious that Py, depends on
two factors, one is the noise intensity and another is the initial state. Py was cal-
culated versus varying initial g, with initial wy = 0.1 and for three different noise
intensities. The results are depicted in Fig. 4. When there is no stochastic distur-
bance, i.e., D = 0, the point on the separatrix is go = 0.0622 (wy = 0.1). The system
will approach the steady state W if gy < 0.0622, while it will end up at point G if
go > 0.0622. With a stochastic disturbance present, the separatrix disappears, and
there is always a probability to go either steady state starting from a single initial
state. With a larger noise intensity, the Py curve deviates farther from that of the
deterministic one.
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Fig. 3 Two possible trajectories of stochastic system (5) with white noise variation starting
from the same point
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Fig. 4 Probability Py, versus the initial value g, for the case of initial wy = 0.1 and three
different intensities of white noise

Although the outcome for a single trajectory of system (5) is not predictable,
the probability distribution of all possible outcomes can be determined. Fig 5
shows the stationary probability density p(g) of the grass density for the system
starting from point (0.2, 0.1) with different noise intensities. The starting point
(0.2, 0.1) is in the attraction zone of stable state G and far from the separatrix.
The areas under the probability density curves are 1, 0.999, and 0.985 for
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D = 0.01, 0.02, and 0.04, respectively. For the case of weak noise level of
D = 0.01, almost all trajectories approach the area around G. With an increasing
noise intensity, more sample trajectories approach the stable point W, resulting in
the total probability in the G area less than one. The figure also shows that the
stronger the noise is, the more diffusive the system state is around point G.

4r
351 D =0.01
E Area = 1.000 e~ — D=002
3k ——— D =0.04
PO, I
25 E Area=0.999
2F
15 ; Area = 0.985
1F ,
F /
L /
0.5 s .
L A N \‘\
[ 7 7/ .
Lot il T PR PN SN PR . ad P
%.4 05 06 07 0809 1 111213 1415 1.6

8

Fig. 5 Probability densities of grass density, computed with starting point (0.2, 0.1), and
different intensities of white noise

Area =0.681 — ——— D=0.02

P8

TN RIS EVRNANE I N

0.4 0.6 0.8 1 12 14 1.6 1.8
8

Fig. 6 Probability densities of grass density, computed with starting point (0.07, 0.1), and
different intensities of white noise
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Fig 6 shows the same stationary probability density p(g) for three different
noise intensities. However, the system starts from point (0.07, 0.1) which is closer
to the separatrix, although still in the attraction zone of point G. Compared with
the case of Fig. 5 in which the starting point is farther from the separatrix, the area
under each curve is much less than one since more samples end up at the stable
point W. The stronger the noise is, the less the total probability in the G area is.

It is well known that for a linear or nonlinear system, the stationary probability
density of the system response, if exists, depends on system parameters and noise
intensities. It is generally recognized that effect of the initial state disappear after
a long period of time. However, the nonlinear system (5) exhibits an interesting
phenomenon that the system stationary probability distribution also depends on
the system initial state, as shown in Figs. 5 and 6. The initial state determines the
probability of the system approaching one of the two possible steady states; thus,
determines the overall system stationary probability distribution.

3.2 Randomized Sinusoidal Process Model

Another feasible model for é: (t)is randomized sinusoidal process described as
follows

&) = s, cosO(1), d@ =vdt+ ocdB(t) @)

in which s, is a positive constants indicating the intensity of the noise, v and o
are also positive constants representing the mean frequency and the level of ran-
domness of the noise, B(f) is a unit Brownian process (also known as the Wiener

process). Equation (7) indicates that f (t) has a random phase. This randomized

sinusoidal process was proposed independently by Dimentberg [1] and Wedig [8],
and it has been used in the investigations of a variety of engineering problems.

The stochastic system (5) with a random variation modeled as a randomized si-
nusoidal process (7) is now investigated for the same system parameters as before.
It is found that the system behavior is similar qualitatively to that of the case of
white noise model. Two possible outcomes exist for the system with the same ini-
tial state, indicating that a definite separatrix does not exist. The stationary state is
not the single point G, but an area around G However, due to the periodic factor
in the random noise, the system also exhibit periodic nature. The larger the ran-
domness parameter G is, the more close the system behavior is to that of the white
noise case.

Stationary probability density p(g) of the grass density is calculated for a noise
intensity s, = 0.2, an initial state g, = 0.07 and wy = 0.1, and three different ran-
domnesses, ¢ = 0.05, 0.2 and 1.0. The results are shown in Fig. 7. With a
stronger randomness, the probability density is very much different from that with
a weak randomness. Moreover, the total probability, i.e., the area under the curve
is smaller in the strong randomness case since the total probability of the system
arriving at the final state W is higher.
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Fig. 8 shows the probability density p(g) for s, = 0.2, 6 = 0.2, wy = 0.1, and
three different initial states of the grass density of g, = 0.058, 0.062 and 0.066, re-
spectively. Although they have similar shapes, the areas under the curves are dif-
ferent. With the initial state closer to the point G, i.e. the case of gy = 0.066, the

area is larger, indicating that the system is more likely to approach the states
around G.
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Fig. 7 Probability densities of grass density, computed with starting point (0.07, 0.1), and
different ¢ values of randomized sinusoidal noise
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Fig. 8 Probability densities of grass density, computed with noise randomness ¢ = 0.2, ini-
tial wy = 0.1, and different initial g, values
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4 Conclusions

Nonlinearity and uncertain variability are always present in natural ecosystems,
which must be accounted for in their mathematical models and in the formulation
of effective management policies. The present investigation is an attempt in this
direction, using the example of a system with two competing species, specifically,
the semi-arid savanna graving system. In particular, the intraspecies- and
interspecies- competitions are introduced and the stocking rate is assumed to be a
constant plus a random variation. Qualitative changes in the system nonlinear be-
haviors take place as a result of the presence of the random variation. A single
stable state of the deterministic system is expanded into a stable region, the same
initial state may lead to multiple final states, and the system stationary probability
distribution depends not only on the system parameters and noise intensities, but
also on the initial state.

Two different random processes, Gaussian white noise and randomized sinu-
soidal process, are utilized to model the random variation. Although they are quite
different in nature, the qualitative behaviors of the system are similar.

In the present investigation, certain types of nonlinearity are introduced, and
only one system parameter is treated as being randomly varying with time. Simi-
lar approaches may apply to other types of system nonlinearity and random varia-
tion, or for other ecosystems. The system properties, random variations, as well as
the system initial state must be estimated from the observation data. Nonetheless,
theoretical and numerical investigations are important to find out what types of
data are most critically needed and what are not.
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Energy Transition Rate at Peptide-Bond Using
Stochastic Averaging Method
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Abstract. The stochastic energy transition of peptide-bond (PB) in enzyme-substrate-
complex (ESC) is investigated. By introducing a coupled Pippard system and thermal fluc-
tuation as the noise, the two important mechanisms of enhancing PB breaking rate, i.e., the
Fermi resonance and the reduction of potential barrier height are studied. The necessary
frequency ratio 1:2 for Fermi resonance is verified by using the deterministic averaging
method. With the noise terms present, the average energy transition rate of PB is predicted
by using the stochastic averaging method. The comparison of the analytical results and
Monte Carlo simulation results shows that the stochastic averaging method is promising for
predicting the PB breaking rate. A preliminary work to investigate the possible influence of
the oxygen ion on the PB is presented. The Morse potential model is introduced to describe
the potential landscape of the oxygen ion oscillator, which is coupled with the Pippard sys-
tem. Monte Carlo simulation results for PB energy transition rate are obtained for the cou-
pled system, and they agree well with the theoretical results in the range of low potential
barrier.

Keywords: Peptide bond breaking, Fermi resonance, Energy transition, Stochastic averag-
ing method.

1 Introduction

Recently, research topics concerning protein and its reaction dynamics have at-
tracted considerable attention of physicist [1]. Particularly, many researchers fo-
cused on the problem of enzyme-catalyzed PB breaking in protein molecular chain
[2-4]. There are two different reaction processes in PB breaking, i.e., the sponta-
neous breaking in aqueous solution and the catalysis breaking under the action of
enzyme. The primary difference between these two processes is that the latter has
higher breaking rate than the former by several orders of magnitude. The protein
hydrolysis enzyme such as chymotrypsin (ChT) is usually named as molecular
scissor in which the active site affects the substrate protein. At the active site the
local reactive dynamics connected with potential barrier crossing may be coupled
with other oscillating degrees of freedom. As for the research work for the dy-
namical process in PB breaking, two dynamics mechanisms are usually used to
explain the increasing probability of PB breaking in ESC, i.e., the Fermi resonance
and the reduction of potential barrier height [1,2].

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 13
springerlink.com © Springer Science+Business Media B.V. 2011
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Fermi resonance is named according to the classical work of Enrico Fermi on
the Raman effect in CO, molecule [5]. Fermi resonance was also found in other

inorganic matters, most significantly, in the protein macromolecules [6,7]. Fermi
established a simple model of 2-DOF system by introducing a coupling term to the
potential [5]. The frequent energy exchange between the two coupled oscillators
was regarded as the mechanism for promoting energy transition rate over a poten-
tial barrier [8,9]. On the other hand, the height of potential barrier is reduced due

to the influence of some electronegative atom groups, e.g., the oxygen ion O~ in
Ser195 of ChT [2]. The reduction of the potential barrier height increases the
probability of PB breaking by several orders of magnitude, and the catalysis effi-
ciency is higher than Fermi resonance.

In general, chemical reactions are stochastic processes because the chemical
transformation is effected by inevitable uncertain factors, such as thermal fluctua-
tion [1]. In this paper, we study the stochastic dynamics of enzyme catalyzed PB
breaking. Both mechanisms mentioned above are considered. The energy transi-
tion rates in both non-resonance and Fermi resonance cases are obtained by using
the stochastic averaging method and solving the averaged Pontryagin equation
[10]. The analytical results are compared with those from the Monte Carlo simula-
tion. Preliminary work to explore the influence of oxygen ion O~ is also pre-
sented. Monte Carlo simulations are carried out to obtain numerical results for
some cases.

2 PB Breaking in ESC and Its Stochastic Dynamical Model

PB is a single valence bond jointing aminoacids to construct protein, and its break-
ing will lead to protein splitting. The structure of PB and its breaking reaction is il-
lustrated in Fig. 1. The left-hand-side is the state before the reaction, while the

right-hand-side is that after the reaction. R! and R? are the residues of the two
neighbor aminoacids; the wavy line ~ denotes the PB. The PB breaking reaction in
Fig. 1 is a hydrolysis process that can spontaneously take place in aqueous solu-

tion at very low rate. In aqueous solution, the hydroxyl ions OH™ casually attack

protein molecule, and incur PB breaking with a rate k about 10~%s~!. In vivo,
such a reaction process is in general assisted by hydrolytic enzyme (e.g. ChT).

Under the support of enzyme, the PB breaking rate increases to about 10%s~*.

R O R R' R’
CoN=CE G+ HO — ---é—NHﬁHOOC—é':---
Hwoon n n

Fig. 1 PB breaking reaction process
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ChT is a typical molecular scissor which plays an extremely important role dur-
ing the hydrolysis process of PB and ester bonds. As shown in Fig. 2, the active
site of ChT is located between the two sub-globules. The catalytic active site is
composed with aminoacids residues Ser197, His57 and Asp102. Those aminoacid
residues in active site are activated by proton transfer which brings electronegative

to an oxygen atom in Ser195 to form oxygen ion O~ . Affected by the oxygen ion
O, the PB in ESC breaks with rather high probability.

Fig. 2 Chymotrypsin (ChT) molecule consisting of two sub-globules A and B and the sub-
strate (protein chain) from Reference 1

From the dynamics point of view, protein is a complex nonlinear system with
thousands degrees of freedom [11,12]. Furthermore, the theory and methods of
nonlinear stochastic dynamics should be used since any biomacromolecular reac-
tion is subjected to stochastic fluctuation (e.g. thermal noise) [1]. Presently, two
dynamical characteristics are used to explain the increasing probability of PB
breaking in ESC, i.e., the Fermi resonance and the reduction of potential barrier
height [1,2].

The theory of Fermi resonance was applied in Pippard’s book [13] on the the-
ory of oscillations. Volkenstein [14] first discussed the Fermi resonance in the PB.
The popular stochastic model for studying Fermi resonance in the PB is a test par-

ticle moving in a 2-dimensional potential U(z,,z,) under action of noise and

damping [1]. The model is governed by the following Langevin equation

mX, + X, +0U(X /8X = V2D¢ (t) 0
mX, + X, +9U(X /aX = V2Dg,(t)

where X, is the displacement of first oscillator representing the N* ~ C! bond in

PB as shown in Fig. 1, while X, the displacement of second oscillator
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representing N* —H' bond; m is the mass of test particle; v is a constant
damping coefficient; 2D is the noise intensity; & (¢), & (t) are independent unit
Gaussian white noises originating from the thermal fluctuation. According to the

fluctuation dissipation theorem, the Einstein relation D = kT is applied here,

where kj; is the Boltzmann constant and T is the temperature. The popular Pip-

pard potential in (1) for investigating Fermi resonance is [13]
U(zl,zQ)—wlzl/Q—l—wQ , — cal) /2 (2)

where w, and w, are the frequencies of the two oscillators, respectively, and ¢ is

a coefficient reflecting the coupling strength between the two oscillators. Since ¢
is generally very small, the two oscillators can be treated as quasi-linear system.
Consider the conservative Pippard model, namely, Eq. (1) without dampings

and noises. Denote ¢, e, and ¢, , ¢, as the energies and phase angles of the two
oscillators in system (1), respectively. Introducing the frequency ratio

w; i wy, =n:m where n and m are prime integers, the phase angle difference

p = m/ n)¢, — ¢, , and then using the deterministic averaging method yield the

following equations for e, e, and ¢

de,  de, |—2ce2e,singp, n:m=1:2 3)
a dt 0, n:m=1:2

d(p \/70 L — 2e,) co&,(p

4
y I )

It is seen from Eq. (3) that del/dt = —deQ/dt = 0 only when w, : w, =1:2.

In other words, when frequency ratio w, : w, of the conservative Pippard system

is equal to 1:2, energy exchange between the two oscillators occurs. This case is
called Fermi resonance.

With dampings and noises, it can be seen by performing Monte Carlo simula-
tion that the energy process of the first oscillator fluctuates more frequently in the
case of Fermi resonance than in the case of non-resonant case [15]. It is point out
that the frequent energy exchange between the two oscillators reduces the energy
transition time over potential barrier in the first oscillator.
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3 Energy Transition Rate in the Case of Fermi Resonance

For the quasi-linear Pippard system (1) with weak coupling and weak dampings,
Fermi resonance can be investigated by using the stochastic averaging method.
The mean transition time 7 in both cases of non-resonance and Fermi resonance
have been obtained by solving the averaged Pontryagin equation [16]. Denote
T = 7(E), Ey, , ¢,) as the mean time of energy process F(t) of the first oscil-
lator over the potential barrier AU for the first time, given the initial energies
0<E, < AU, 0< E,,. When w, : w, is far from 1:2, i.e., in the case of non-

resonance, one can obtain the following exact energy transition rate

-1
b— 1 {—_1 } 5)
vy

where 7, ~ 0.577216 is the Euler-Mascheroni constant; I'(,-) is the incomplete

AU
(i
0~

ln(ﬂ) -+ real
kT 5

B

Gamma function.

In the resonance case, i.e., w; : w, = 1: 2, we replace the frequency ratio by
W, / w, = 2+ o0, where o is a small detuning parameter. The Pontryagin equa-

tion governing the mean transition time can be obtained as

or or or A*r 9*r A*r
4, =+ ay—— + a;—— + b +b b, ——
0y,

— — =-1 (6)
1 P 3
IE,, Oy, 8E120 8E220 890(2)

where F,, F,, are the initial energies of the two oscillator, and ¢, is the initial

phase angle difference. The drift and diffusion coefficients in Eq. (6) read
a, = YkgT — vE)) — 2c(1 4 0)E|j/2E,, sing,,
ay = vhkpT — vEy + 2c(1 +
a; = —ow, + \/ac(l + 0)(E,, — 2E,,)cos @0/*’E20 , )
b = YksTEy, by = vkyTEy, by = vkgT/Ey + vkgT /4By, .

0)E, 4\ 2E,, sing,,

The boundary conditions associated with Eq. (6) are

T(E)y = 0,E,,,¢,) = finite, 7(E,, = AU, E,,¢,) = 0,
(B, Byy = 0,¢p) = finite,  7(Ey, By, — 00,¢9,) = finite, ®)

T(E)y, Eyyy 0y = 2m) = T(E,, By, 00 = 0).

For the case of Fermi resonance, 7 is obtained from numerically solving Eq. (6)
together with boundary conditions in Eq. (8) using finite difference method.
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Other than solving accurate PB energy transition rate for a particular case, we
aim at the feasibility of the present analytical method. Therefore, the values of pa-
rameter in system (1) are chosen representatively for real protein molecules. Spe-
cifically, mass m is chosen as one unit mass m = 1[m] where m = 12u
(u = 1.6605 x 10 ?"kg is the unified atomic mass unit) which is equal to the
mass of one carbon atom. The length unit is chose as the angstrom A . The energy
unit is chosen as k;T (T = 300K for normal temperature) for convenience.
These chosen units make the time unit to be t, = 2.193 X 10713s . For
v = wl/Q ~ 5x10"s™! and Q = 100 [15], the frequency of the first oscillator
is w; = 10.97 and damping coefficient v = 0.1097 . Numerical results for the
energy transition rate of PB for frequency ratio w, : w, varying from 1072 to
102 are obtained, and compared with those from Monte Carlo simulation, as

shown in Fig. 3.
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Fig. 3 The energy transition rate of peptide-bond as function of frequency ratio

It is seen that the energy transition rate reaches its maximum at Fermi reso-
nance frequency w, : w; = 2 :1. The agreement between the analytical results
and the simulation results indicates the applicable ranges of the exact solution in
Eq. (5) for the non-resonant case and the numerical solution of Eq. (6) for the

resonant case.
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Fig. 4 shows the energy transition rates for varying potential barrier AU for
the Fermi resonance frequency w, : w; = 2 :1. When AU exceeds 12k;T", so-
lution of equations become ill-conditioned, and the finite difference method is not
applicable. On the other hand, the computer time for Monte Carlo simulation in-
creases exponentially with an increasing AU , and simulation results were ob-
tained up to AU = 24k,T . It is seen that both results agree quite well.

10
: e  Monte Carlo simulation
@ 10" — Theoretical Analysi
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Fig. 4 Energy transition rate of PB for the Fermi resonanve case

4 PB Breaking Rate Affected by Oxygen Ion

As mentioned before, the probability of PB breaking in the presence of oxygen ion

O~ of Ser195 of catalytic group is rather greater than the probability of spontane-
ous breaking in aqueous solution. The quantum mechanics and experimental data

have shown that the existence of oxygen ion O~ affects the potential landscape of
PB which is changed with the distance between them [2]; thus, the potential
barrier for PB breaking changes accordingly. The change of the bond energy and

potential barrier is shown in Fig. 5. On the other hand, the oxygen ion O~ is os-
cillating about its equilibrium, and its potential is also dependent on its distance to

PB. X-ray data show that the equilibrium distance between O~ and PB is about
3A, and that the potential barrier AU is extremely sensitive to the distance near
3A, as shown in Fig. 5. It is also found that the minimum distance between
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O~ and PB is about 1.34A, which implies that the repulsive force is rather high
when they approach each other. Therefore, it is important to consider the vibration

of O~ in the orthogonal direction to PB and its coupling with the PB.
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Distance Between Oxygen lon and PB[A]

Fig. 5 Bond energy versus the distance between oxygen ion O~ and PB (data from
Reference 2)

Denoting L as the distance between the PB and the oxygen ion O~ , the poten-
tial barrier is a function of L, i.e.,

AU = f(L) )

where the function f'is defined in Fig. 5.
Without taking into account the effect of PB oscillators, a linear model was

suggested in [2] for the oxygen ion O~ oscillation. It reads

aM(X,)

my Xy + 71X, + =208, (1), M(X;) =wiX3/2  (10)

3
With the linear oscillator model (10), the potential is parabolic. To introduce the
effect of the PB on the motion of oxygen ion O™, we propose to use the Morse

potential to replace the parabolic potential in Eq. (10). The Morse potential reads

M(X,) = Blexp(—aXy) 1] (11)
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which has been used to model the interaction between atoms or molecules generally.
By varying parameters ozand fin (11) with respect to the distance L, the Morse po-
tential can be used to model the potential landscape of oxygen ion O~ . Fig. 6 shows

the parabolic potential with @ = 30, as well as the Morse potentials with several sets
of avand fvalues. Larger orand f values indicates harder stiffness.

10

9 a=22, =40 T
— 8 /
b~
£ a=20, f=10
=
=6
8
= 5
b
£ 4
2 5 Parabolic Potential
s wp =30, M(X,) = uf X3 2

l \

a=18, =2
0
-0.07 0 0.07 0.14 0.21

Oxygen lon O Displacement X, [A]
Fig. 6 Morse potential (11) for different parameters and parabolic potential

Combining PB oscillator (2), oxygen ion O~ oscillator (10) with Morse poten-
tial (11), and the variation of the potential barrier (9), one can establish a coupled
stochastic dynamics model with both the effects of Fermi resonance and oxygen

ion O~ taken into account.

Monte Carlo simulations were performed for the coupled stochastic model.
Currently, the dependence of parameters ¢ and £ on distance L has not been ac-
cessed; thus, we consider three sets of ¢ and f values. The other parameters are
the same as those in Fig. 4, ie. the case of Fermi resonance frequency
w, 1wy = 2 : 1. The results are shown in Fig. 7. The same theoretical results as
in Fig. 4 obtained without considering the effect of oxygen ion O~ are also shown
ion Fig. 7. It is seen that the simulation results from the coupled model agree well
with those from the theoretical results for certain ranges of potential barrier, espe-
cially for the set of large « and £ values. In this case, the stiffness of O~ oscilla-
tor is hard, its displacement X3 is small, L + X, ~ L, and the effect of oxygen
ion O~ is negligible.
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Fig. 7 Energy transition rate of peptide-bond of coupled Pippard system under the effect of
oxygen ion oscillator

5 Conclusions

In the present paper, the stochastic dynamics of enzyme-catalyzed PB breaking in
protein molecular chain has been studied by using the stochastic averaging method
and the Monte Carlo simulation. The two main mechanisms of enhancing the PB
breaking rate, i.e., the Fermi resonance and the reduction of potential barrier due

to oxygen ion O™, are investigated. The stochastic Pippard dynamical model of
PB breaking was introduced for the Fermi resonance. The energy transition rate of
PB has been predicted by applying the stochastic averaging method and solving
Pontryagin equation, the analytical results and those from Monte Carlo simulation
agree well. For investigating the second mechanism of enhancing PB breaking
rate, preliminary work has been done. Specifically, the parabolic potential in oxy-

gen ion O~ oscillator has been replaced by the Morse potential, the PB potential
barrier is varying with the distance between PB and oxygen ion O™, and the Pip-

pard model is coupled with the oscillation of oxygen ion O~ . Some simulation re-
sults have shown the feasibility of the proposed coupled model.
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A New Method for the Probabilistic Solutions of
Large-Scale Nonlinear Stochastic Dynamic
Systems
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Abstract. This paper proposes a novel method for determining the probabilistic stationary
solution of multi-dimensional nonlinear stochastic dynamic systems. In general, the PDF
solution is governed by Fokker-Planck equations in multi-dimensions. By dividing the
space of the state variables into two subspaces and integrating the Fokker-Planck equation
over one of the subspaces, a reduced set of Fokker-Planck equations can be obtained in the
state variables of the other subspace. This is achieved by manipulating the integrals and ap-
proximating the conditional PDFs resulted from integration. Hence, the reduced set of Fok-
ker-Planck equation will have a smaller number of state variables at choices and can be
solved by the exponential polynomial closure method. Examples of the nonlinear stochastic
dynamic systems with polynomial nonlinearity are given to show the effectiveness of this
novel subspace method. The paper attempts to provide a tool for analyzing the probabilistic
solutions of some highly multi-dimensional nonlinear stochastic dynamics systems in vari-
ous areas of science and engineering.

Keywords: Fokker-Planck equation, nonlinear stochastic dynamic system, Subspace, Prob-
ability density function.

1 Introduction

The problems of nonlinear random vibrations of multi-degree-of-freedom
(MDOF) systems are encountered in many areas of science and engineering.
However, obtaining the probabilistic solution of MDOF nonlinear stochastic dy-
namic (NSD) systems has been a challenge for over one century. Only in some
limited cases, the exact probabilistic solutions of two-degree-of-freedom system or
few-degree-of-freedom systems are obtainable [Scheurkogel and Elishakoff 1988,
Lin and Cai 1995]. It is well known that even the solutions of nonlinear single-
degree-of-freedom (SDOF) systems attracted much attention in the last decades.
The key problem in nonlinear random vibrations is about obtaining the probability
density function (PDF) of system responses because all other statistical analyses
are based on it. Even if the PDF solution of NSD system is governed by Fokker-
Planck (FP) equation, it is still difficult to obtain the exact solution if the system
is nonlinear or there are parametric excitations. Therefore, some methods
were employed for the approximate solutions. The most frequently employed
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approximation method is the equivalent linearization (EQL) (Caughey 1959, Lin
1967, Spanos 1981). The advantage of EQL method is that it can be used for ana-
lyzing large-scale NSD systems. It is suitable for the system with weak nonlinear-
ity because in this case the probability distribution of the system responses is close
Gaussian. To improve the accuracy of the approximate solution in the case of high
nonlinearity of system, various non-Gaussian closure methods were proposed, but
all the methods are limited to either SDOF systems or some other conditions. The
stochastic average method can be used for analyzing MDOF systems. It is suitable
for the systems with weak nonlinearity and weak excitations (Stratonovich 1963,
Roberts and Spanos 1986). Monte Carlo simulation (MCS) is versatile, but the
amount of computation with it is usually unacceptable for estimating the PDF so-
lution of system responses, especially for small probability problems. Exponential
polynomial closure (EPC) method was proposed which is suitable for analyzing
few-degree-of-freedom system without being limited by parametric excitations
and the level of system nonlinearity (Er 1998, Er and Iu 1999). From the above
discussion, it is seen that the problem of obtaining the PDF solutions of large-scale
NSD systems has been a challenge since the formulation of the FP equation. In
this paper, a new method is proposed for obtaining the PDF solutions of some
large-scale NSD systems. With the idea of this method, the problem of solving the
FP equation in high-dimensional space becomes the problem of solving some FP
equations in low-dimensional spaces. Thereafter, the FP equations in the low-
dimensional spaces can be solved with the EPC method. Numerical results are
presented to show the effectiveness of the proposed method.

2 Problem Formulation

In the following discussion, the summation convention applies unless stated oth-
erwise. The random state variable or vector is denoted with capital letter and the
corresponding deterministic state variable or vector is denoted with the same letter
in low case.

Many problems in science and engineering can be described with the following
multi-dimensional nonlinear stochastic dynamic system:

Y, +hio (Y, Y) = hy (Y, Y)W, (1) =120y j=12m (1)

where Y; € R, (i =1,2,---,n,), are components of the vector process Ye R"™ ,
h:R™ XR"™ — R, hy; :R™ xR™ — R, and W, (t) are excitations which are
zero-mean white noise with cross-correlation E[W; ()W, (1+7)=S o(7) in
which 6(7) is Dirac function and S ; are constants, representing the cross spec-

tral density of W;and W, . h;, (Y, Y) and hy; (Y, Y) are nonlinear and their func-

tional forms are assumed to be deterministic.
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Setting¥; = X o, 1, ¥; =X oy, doj =Xy, doy ==y, 82i-1,; =0, 82 j =hy»
(i=12,---,ny;j=12,---,m), and ny =2ny , then equation (1) can be expressed

as follows.

d
d_X = fiX)+g; X)W, (1) (i=12,--,ny) 2

1 9g;(X)
X,

(i=12,...ny ), are components of the state vector process X ;

in Ito’s form, where f;(X)=d;(X)+—

g1 (X), state vector X e R™x |

X, ,
fiX):R™ = R; and g;(X): R"* — R . The state vector X is Markovian and

the PDF p(x,¢) of the Markov vector is governed by FP equation. Without loss of

generality, consider the case when the white noise are Gaussian. In this case, the
stationary PDF p(x) of the Markov vector is governed by the following reduced

FP equation [2]:

2

i[fj (x)p( x)] [G; (X)p(x)]=0 (3)
axj .

1 07
2 axiaxj

where x is the deterministic state vector, xe R"* , and Gi(x)=58,84(%)g ;5 (x).

It is assumed that the PDF solution p(x) of equation (2) fulfill the following

conditions:
d[G;; (x) p(x)]
lim f;(x)p(x)=0 and lim Rl Ry Lj=1,2,-,ny 4)
X; —>teo X;—>too ax~ ’

l

3 Subspace Method

Separate the state vector X into two parts X, € R"™ and X, e R™2 | ie.,

X={X,,X,}e R"™ =R™ xR"™
Denote the PDF of X, as p,;(x;) . In order to obtain p,(x,), integrating equa-

tion (2) over R"™*? gives

J.R"‘Z _[f ()p(x)]d x; ‘—I -[G; (0 p()ldx, =0 (5)

"2 ox 8
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Because of equation (4), we have
0 ny
In —[f;x)p(x)ld x, =0 x;eR™  (6)
R™2 0x;

and

9’ )
J‘w ox,0x, ——I[G,;(®)p(X))dx, =0  x;orx;eR™ (7

Equation (5) can then be expressed as

2

-[G ) p(x)ldx, =

1
j,,na L Gop(x)d x, [ =5 o ©

nxl
xi,xjeR

which can be further expressed as

p) 2
[ [ £ 000005, |- T [1... Gpdx, | =0 o
X, X € R™
Separate f;(X)and G (x)into two parts, respectively, as
[i@=f]&D+f1®, G;x=Gjx)+G; (x) (10)
Substituting equation (10) into equation (9) gives
L o0+ [ o] 0pd, |-
ax ] Jj 1 1321 R J 2
j
1 9? an
5 axl-axj [Glj x)p(x}) +J.Rnx2 Gl_jl (x)p(x)dxz} =0 X;,X; € R™

For practical systems, normally f; ' (x) and G” (x) are functions of only few state
variables for given i and j . Denote f j-” x)=f j” (x;,Z;) in which
2, € R"* cR™ ,and G/ (x)=Gj (x,z,)in which z, € R™ < R™ . n_is
the number of the state variables in z;, and n_ is the number of the state variables

in z, . Therefore, equation (11) can be expressed as
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9
g[f,-’ cone)+ [, xnzopy <x1,zk)dzk} -
J

s (12)

! i _ n
E?axj[G,.j(xl)pl(xl)+_[an'_ Gl (x1,zr)pr(x1,zr)dzr} =0 x,x,€R™

in which p, (x,,z, ) denotes the joint PDF of {X,,Z,}and p,(x,,z,) denotes
the joint PDF of {X,,Z,}. The summation convention not applies on the indexes

k and r in equation (12) and in the following discussions.
From equation (12), it is seen that the coupling of X, and X, comes from

N x,20p (xy,2,) and Gjf (x,,2,)p, (x,z,) . Express p(x,,z;)as

Pr(Xp,2;) = p1(X))q, (245%)) (13)
where ¢, (z,;x,) is the conditional PDF of Z, for given X, =x;, and express
[)r(Xl,Zr)aS

p,(Xy,2,)=pi(X)q, (%) (14

where g, (z,;Xx,) is the conditional PDF of Z, for given X, =x,.
Substituting equations (13) and (14) into equation (12) gives

d
aTj{[f/ (x)) +Jank [l xz)q, (zk;xl)dzk}m(xl)} -

1 9?

2 dx;0x ;

15)

{[G,j (x))+ .[R”f:- Gijl (X1,2,)q, (Zr;Xl)er:|pl(Xl)} =0 XX € R

Approximately replace the conditional PDFs ¢, (z,;x,) and ¢, (z,;X,) by those
from equivalent linearization, then equation (15) is written as

9
axj
1

2 axl-axj

{[fjl (xp)+ Iank fjH (X4,2¢) g (2 ;Xl)dzk:lﬁl (Xl)} -
(16)

{[Gg (%)) + IR G} (x1,zr)c_1r(zr;xl)dzr} ﬁl(xl)} =0 x.x;eR™

where g, (z,;x,)is the conditional PDF of Z, from EQL for given X, =x,,
q,(z,;x,) is the conditional PDF of Z, from EQL for given X, =x;, and

Dy (x;) is the approximation of p,(x;) . Denote
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Fion= o+ [ £ cz0d e x)ds (17)

Gyx)=Gjox)+ [, G 2,072, (18)
Then equation (16) can be expressed as

19

G.(x)5(x)|=0 x.x.e R™ 19
zax,.axj['f“)p‘( ) X, (19)

%[}i(xl)ﬁl(xl)l—

which is the approximate FP equation for the joint PDF of state variables in the

sub state space R .

If one chooses X, to have a few state variables, for instance, two state vari-
ables, the resulting FP equations is in low dimensions and the EPC method can be
employed to solve equation (19). Therefore, the whole solution procedure is
named subspace-EPC method in the following discussions.

4 Numerical Analysis

From the above discussion, it is seen that the subspace method is not limited by
the number of state variables in the system. Consider the following 10-DOF
system:

o fefy b+ b+ v v j= i
where W(f) denote unit white noise with E[W@OW(E+7)=0(1) ;
i =ft 1 .. 1},

1 02 01 03 02 02 01 03 02 0.1]
02 1 02 05 02 01 03 02 02 02
01 02 1 02 01 02 02 01 01 0.1
03 03 02 1 02 02 01 03 02 02
02 02 01 02 1 01 03 02 02 0.1
02 01 02 02 01 1 05 03 03 03
01 03 02 01 03 05 1 02 03 02
03 02 01 03 02 03 02 1 05 02
02 02 01 02 02 03 03 05 1 03
01 02 03 01 02 03 01 02 03 1
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(1 02 01 01 03 02 01 03 02 0.1]
02 1 02 02 01 02 01 02 03 02
01 02 1 01 01 02 02 01 01 03
01 02 01 1 01 03 02 04 02 02
03 01 01 01 1 01 02 03 04 03
02 02 02 03 01 1 03 02 01 02
01 01 02 02 02 03 1 01 02 0.1
03 02 01 04 03 02 01 1 03 02
02 03 01 02 04 01 02 03 1 03
|01 02 01 02 01 02 03 01 02 1

and

(27 + Y +05% +0.57; 215 + Y5 +0.5Y; +05Y;  2¥; +Y +0.5Y; +0.5%

fOY. V)= 207 + Y7 40577 40577 22+ +05K2 +058] 212+ +0.573 +0.5¢]
20+ Y] +0.5Y +0.5Y 25 + Y2 +0.5% +0.5Y5 2% + Y +0.5% +0.5Y
2Y] + Y3 +0.5 +0.5%)

The results obtained with the subspace-EPC method are compared with those from
MCS and EQL to verify the effectiveness of the proposed method. The sample
size is 107 in MCS. The results corresponding to n =4 are the results obtained
from subspace-EPC when the polynomial order equals 4 in the EPC solution pro-
cedure. 0 ; denotes the standard deviation of Y; from EQL, o, denotes the stan-

dard deviation of Yl from EQL in the figures. The stationary PDFs obtained with
the subspace-EPC method, MCS and EQL methods are compared in order to show
the effectiveness of the subspace-EPC method in analyzing the large-scale NSD
systems with additive excitations and polynomial nonlinearity. Because there are
10 degrees of freedom or 20 state variables, it is not possible to present all the re-

sults in this paper. Only the PDFs and logarithmic PDFs of Y;, ¥,, Ys, Y5, Y},
and Ym are shown and compared in Figs. (1)-(6). With the proposed method, the
stationary PDFs B, (x,) are obtained by taking X,; ={¥,,Y;}, (i =1,5,10). It can

be seen that the PDFs and the tails of the PDFs of ¥;and Y, obtained with sub-
space-EPC are close to MCS while the PDFs from EQL method deviate much
from simulation. Similar behavior of the PDFs and the tails of the PDFs of other
state variables can also be observed though not being presented here.

It is seen from the solution procedure that the results from EQL are employed in
deriving the subspace method. Hence the subspace method is only suitable for the
systems for which EQL is applicable for obtaining the approximate covariance
matrix of the system responses.
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5 Conclusions

A novel subspace method is presented to solve the reduced FP equation in highly
multi-dimensions. The subspace method reduces the problem of solving the FP
equations in high dimensional state space to a set of FP equations in the state
space dimensions at choices. The resulting FP equations in lower dimensions can
be solved accurately by the EPC method. The proposed method is not limited by
high dimensions, high nonlinearity of the systems, and the presence of multiplica-
tive excitations. The responses of the NDS system with 10 degrees of freedom and
high nonlinearity are given to show the effectiveness and accuracy of the proposed
method in the case of polynomial nonlinearity of system. The results show good
agreement with those of MCS. It attempts to provide an effective tool for obtain-
ing the probabilistic solutions of some practical NSD systems in science and engi-
neering. The subspace method is only suitable for the systems for which EQL is
applicable for obtaining the approximate covariance matrix of the system
responses.
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Nonlinear Multi-Degree-of-Freedom Systems
under Gaussian White Noise Excitations
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Abstract. The nonstationary probability densities of system responses are obtained for
nonlinear multi-degree-of-freedom systems subject to stochastic parametric and external
excitations. First, the stochastic averaging method is used to obtain the averaged It
equation for amplitude envelopes of the system response. Then, the corresponding Fokker-
Planck-Kolmogorov equation governing the nonstationary probability density of the ampli-
tude envelopes is deduced. By applying the Galerkin method, the nonstationary probability
density can be expressed as a series expansion in terms of a set of orthogonal base functions
with time-dependent coefficients. Finally, the nonstationary probability densities for the
amplitude response, as well as those for the state-space response, are solved approximately.
To illustrate the applicability, the proposed method is applied to a two-degree-of-freedom
van der Pol oscillator subject to external excitations of Gaussian white noises.

Keywords: Nonstationary probability density, Nonlinear stochastic system, Stochastic av-
eraging method, Galerkin method.

1 Introduction

The randomness in structural dynamics is often encountered in various engineer-
ing fields. The source of randomness may arise from environmental loads, e.g.
ground motion, atmospheric turbulence, sea waves, etc., as well as structural prop-
erties, such as materials properties, geometry parameters and so on. Moreover, re-
al structures are generally nonlinear and of multiple degrees of freedom (MDOF).
It is difficult to predict the nonstationary response of stochastic nonlinear MDOF
system. The common methods so far are the equivalent linearization method and
the Monte Carlo simulation [1-5]. In many MDOF systems with intrinsic nonlin-
ear property, the equivalent linearization and lower-order statistical moments can
not completely characterize the system response. The Monte Carlo simulation, al-
though being a universal method, usually cannot capture system behavior change
with varying system parameters.

In the present paper, a procedure is proposed to predict the nonstationary prob-
ability densities of system responses for MDOF nonlinear systems subject to sto-
chastic parametric and external excitations. Conbining the stochastic averaging
method, a similar procedures proposed in [6], and the Galerkin method, the
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nonstationary probability densities of the amplitude processes and the state vari-
ables are obtained. An example is given to illustrate the feasibility of the proposed
procedure.

2 Approximate Nonstationary Probability Density

Consider a nonlinear MDOF system subject to stochastic parametric and external
excitations, governed by

X, +ec; (XX) X, +g,(X) =" £, (X.X)W, (1), i.j=L-mk=1-m (1)

where X =[X,,"-, X, ]T and X = [Xl X, ]T are the generalized displacements

and velocities, respectively, € is a small positive parameter, cii(X,X) are the
damping coefficients, g,(X,) are the stiffnesses, which are assumed to be odd
functions of the Xj, i.e., g,(—X,)=-g,(X,), €"*f, (X,X) are magnitudes of the
external and/or parametric excitations, and W, (¢) are independent Gaussian white

noises with intensities 2D,, . It is assumed that for each degree of freedom (also

called subsystem) in (1), at least one external excitation is present. In the pesent
investigation, only the case of non-internal resonance is considered.

Eq. (1) suggests that the stiffness terms are uncoupled, and the dampings and
excitations are weak. Then, the following transformations can be introduced [7, 8]

X, (t)=A cosO.(1), Xi(t) =-AA(A,B)sinB,(t) i=1--,n 2)
where
0,0 =@M +I,)

do 21U, (A)—U,(A cos6,)] =
A(A,0) :7:\/ Asin’ @, :bi()(Ai)+;bir(A)C0S r@, (3)

U,(X)=[" g (wdu

In (3), A (1),0.(1),@(t), and I',(z) are stochastic processes. Substituting Eq.(2)
into Eq.(1), one can obtain the stochastic differential equations for the amplitudes
A, and phases I,. Based on the Stratonovich-Khasminskii theorem [9], the
slowly varying processes A, and 7, converge weakly into a 2n -dimensional dif-

fusion Markov process. After stochastic averaging and deterministic averaging,
the averaged It6 equations for A, are independent of 7, as follows
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dA =m (A)dt+0, (A)dB,(t)  i=l-mk=1-m 4)

where the drift and diffusion coefficients are

G, G,
m;(A) = 8<Ez‘ + Dy JGl x T Dy JGz ‘k>
oa, TR

bij (A) =0y (A)ij (A)= 8<2DkkG1ikGljk >e

S

in which (-)g = J.ON(-)dG) / ( 21t)" denotes the deterministic averaging with respect
to ®, and

F,(AT)=-AA(A,0)sinOc; (A,0)A A,(A;,0,)sin O, [g,(A)
G (AT)=-AA(A,0)sin6,f(A.0)/g,(A) (6)
Gy (AT) =-4(4,.,6,)c0s 6, [ (A.0)/g,(A)

In (4)-(6), the vector processes A, I" and © are defined as A:[Al,u- A ]T,

r=[r,,r,] ,and®=[6,,--,0,]",respectively, and functions c;(A,@)and
f+(A,0) are obtained from functions c,.j(X,X) and f, (X,X) respectively, ac-

cording to the transformations (2). The explicit expressions for m; and b; can be
obtained by expanding F;,G,, , and G into Fourier series with respect to © .

The corresponding FPK equation associated with Eq.(4) can be obtained as
follows

dp(A,1) 0 1 9
[ (A)p(A.D]+ 2 0A0A,

ot 94, [6,(A)p(AD] (7

It is assumed that the system (1) is initially at rest, i.e., the initial condition for
Eq.(7) is

P(A,0)=8(A) 8)

where S(A) denotes the one-sided Dirac delta function.

It is difficult to obtain the exact solution of Eq.(7) under initial condition (8).
Inspired by the procedures proposed in [6], we express the nonstationary probabil-
ity density p(A,t) as follows

p(A1) = i [exp(—ilmt)+ Sy (t)j]i[R,,, (A4) ©)
=0 i=1

R i=1
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where s, (t) are functions to be determined, A, ,R, (A) are the eigenvalue

and eigenfuncuon, respectively, of the FPK equation corresponding to the uncou-
pled and linearized ith subsystem [6]:

_ _1 A Al Al
= |£c,.,. (0,0)|rl., R, (A)= ot exp(— o er' (2@1}

Gi = fil?DlJl/ﬁcﬁ (0,0)| 5§:

(10)
, i=le,n; =01,
X;=0

in which L, (+) is the Laguerre polynomial of order r, .

Using Eq.(9) and the properties of Laguerre polynomials, the initial conditions
for S, ..., (t) can be derived from (8) as follows

, (0)=0. noee,r, =012, (11D
Substitution of Eq.(9) into Eq.(7) yields the residual error
Z [ (z A, jexp( inﬁtjmq (t)jHRM (A)-
r,=0 i=1 i=1

oo

> (exp [—i A, IJ +5, (t)j(—a%{mi (A)ﬁ R, (A, )} (12)
i=1 i k=1

ety =0

1 az n

According to the Galerkin scheme, the unknown functions s, . (1)

i

Lty

(rI, ---,r,=0,1,2,---) can be calculated by making the projection of the residual er-

ror R to vanish on a proper set of independent functions. For the present case, we

select H R, (A) / R, (A;) as weighting function and obtain
i=1

[ H A A =0 ki, k, =01, (13)
R,O(A)

Substituting Eq.(12) into Eq.(13) and rearranging the resulting equations with the
properties of Laguerre polynomials, a set of linear first-order ordinary differential
equations governing the unknown functions Sy (t) can be derived as follows
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. :(ikﬂcl jexp(—ilikltj—k i (exp(—ikir’tj+sq_m_m (t)j
i=1 i=1 1oty =0 i=1
2

R, (A 3 "
A (A A dA (14
jH ( { ( )H R, (A) |+ E)A,BA[”( )ER"”( )D (14)

Ro(A)| 24
k,k, =0,1,--

The series in Eq.(9) will be truncated in numerical calculation, and the number of
terms for the ith degree is denoted by N,, i.e., r; =0, 1, ..., N;. Note that N; may be
different for different i. Then Eq.(14) can be solved numerically with initial condi-
tion (11) by using the Runge-Kutta algorithm. An approximate analytical expres-
sion of p(A,t) can be obtained by substituting 8,y () into Eq.(9). For the sta-

tionary case, Eq.(14) is reduced to a set of linear algebraic equations. By
determining the eigenvalues and eigenvectors, the stationary probability density
p,(A) can be obtained.

The nonstationary marginal probability density of the amplitude A, can be ob-

-',A]T as

n

tained by integrating Eq.(9) with respect to A [ ALLA

i+1?

A=Y 4500 0 o ®]R, (A) (1)

r=0

Then, the joint nonstationary probability density of the generalized displacement
X, and velocity X, can be calculated from

P(X, X0 = p(A.Db,y(A)/[2mg,(A)] (16)

A=UT (X2 24U, (X))
where U;'(+) is the inverse function of U, (). The corresponding stationary

probability densities can also be obtained similarly.

3 An Illustrative Example

Consider two-degree-of-freedom van der Pol oscillator subject to additive Gaus-
sian white noise excitations. The equation of motion of the system is of the form

Xl +(B10 +B11X12 +B12X22)X1 +(,012X1 =W ()

. . 17
X, +(Bzo +[321X12 +B22X22)X2 +0~)§X2 =W, (1)

where B3,,®,, and , are constants, W,(r) and W,(r) are independent Gaussian

ij?

white noises with intensities 2D,,,2D,, , respectively.
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By using the stochastic averaging method described in Section 2, the averaged
It6 equation for A (¢) is of the form of Eq.(4) with the following averaged drift

and diffusion coefficients
my==ByA [2-B, A [8-BLA A [4+ D, [(204,)
my ==BoyA, [2=B A [8—B, AT A, [4+ D, (26034, ) (18)
b, =D, [0} by, =D, [0}, b, =b, =0

The associated FPK equation has the form (7) and initial condition (8). According
to the procedures proposed in Section 2, the nonstationary probability density of
the amplitudes can be approximately expressed as

P(AL A1) = Zi[e—m,uz,)r +5, (t)JR“ (A)R,;(4,) (19)
i=0 j=0
where
Mo =[Buolis R4 =4 (110 Jexp[ - 42 /(20 ) |1, 47 /(207 (20)
st:Dkk/(|Bk0|mi)’ k=12

Functions s, (7) are governed by the following set of linear first-order ordinary

differential equations,

N, N,
. —(Mp+hyp) —(Myi+2y )t
$y = (A + A, e ttat +ZZ[€ R +sii]><{6ﬂ

i=0 j=0
{(BIO _|BIO|)|:(i+1)8i+l,k _isikj|+Bllclzs |:(i+1)1i+l,k —-( _1)Iik ]/2_7"11'8;'1(}

+6ik {(Bzo _|B20|)|:(j +1)6_;+1,1 - j6_i1j|+B226§s |:(] +1)Ij+1,1 _(j_l)ljl ]/2 (21
_7"21511}+B126§s |:(i+1)8i+l.k _isik:|lj[ +I321612s [(j+l)8j+l,l - jsjl]lik}
k=0,--,N,,[=0,---,N,

in which 6_].1 is the Kronecker delta symbol, and

1,=QI+D8,~13,,  ~(I+1)d (22)

Jil+1

Eq.(21) can be solved numerically by using the fourth-order Runge-Kutta method.
The nonstationary marginal probability densities of the amplitudes A; and A,
can be derived from (15), respectively,

p(Al,r)=Z[e*~’+s,.0(r)]Rl,.(Al), p(@,t):ZZ:[e‘W+soj(t)]R2 J(4) (23)

According to (16), the joint nonstationary probability density of the generalized
displacement X, and velocity X, are obtained as follows
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PX . X0 = p(AD)2MOA ), ey k=12 (24)

Numerical calculations were carried out for system (17) with parameters By =
-0.04, By = 0.01, Bp = 0.01, By = -0.085, B,y = 0.02, By, = 0.01, @ = 1,
W, = \/5, D;; = 0.1, and D,, = 0.3. The numbers of truncated terms
are N, =20 and N, =40. Fig.1 shows the nonstationary and stationary probability
densities of the amplitudes. The joint nonstationary probability densities of X, and
X , (V) are shown in Fig. 2. The joint stationary probability densities
p.(X,,X,),p.(X,,X,) are shown in Fig. 3. In these figures, results from Monte
Carlo simulations are also depicted.
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Fig. 1 The nonstationary probability densities of the amplitude at different time instants and
the stationary probability densities of the amplitudes. (a) r=10 (b) r=30 (c) r=50
(d)stationary case. The solid lines represent the results obtained by the proposed method
while the symbols represent the results from Monte Carlo simulation.
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Fig. 2 The joint nonstationary probability densities p(X,,X,,t) at different time instants.
(al)(@2) t=10 (b1)(b2) +=50. (al)(bl) depict results obtained by the proposed method
while (a2)(b2) show the results from Monte Carlo simulation.
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Fig. 3 The joint stationary probability densities of the generalized displacement and veloc-
ity p,(X,,X)),p,(X,,X,). (al)(bl) depict results obtained by the proposed method while
(a2)(b2) show the results from Monte Carlo simulation.

It can be seen from Figs.1-3 that the results obtained from the proposed proce-
dure agree well with those from the Monte Carlo simulation. Fig. 3 shows that the
two oscillators have different behaviors at the stationary state although they have
similar forms of equations with negative linear dampings (B;p = -0.04, By =
-0.085). The first oscillator tends to a diffused region about the trivial solution
while the second oscillator approaches to diffused regionas both about the trivial
solution and a limit circle. Neverthless, the behavious of the two oscillators de-
pend on the parameter values, and the proposed procedure provides practical
means to predict the transient behaviors of the system response.

4 Conclusions

In the present paper, nonstationary probability densities of the system response
have been estimated for nonlinear MDOF systems subject to stochastic parametric
and external excitations. By using the stochastic averaging method, the system is
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transformed to one for Markovian amplitude processes, and FPK equation govern-
ing the nonstationary probability density of the amplitude processes is obtained.
Then, using a similar procedures proposed in [6], the nonstationary probability
density is expressed as a series expansion in terms of a set of properly selected
base functions with time-dependent coefficients. Using Galerkin method, a set of
first-order equations governing these time-dependent coefficients are derived and
solved numerically. The nonstationary probability densities for the system state-
space response can also be obtained from those of the amplitude processes.

The propose procedures have been applied to a two-degree-of-freedom van der
Pol oscillator subject to external excitations of Gaussian white noises. Compari-
sons of the analytical results with those obtained from Monte Carlo simulation
show that the proposed procedure is deasible and accurate. In pronciple, the pro-
posed procedures can be extended to nonlinear MDOF systems subject to nonsta-
tionary stochastic excitations.
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Feature Extraction within the Fei-Tsui Arch
Dam under Environmental Variations
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Abstract. The objective of this research is to develop methods for analyzing the seismic re-
sponse data and the long-term static data of the Fei-tsui arch dam, and based on the result of
analysis to set an early warning threshold level for dam safety early warning evaluation.
First, the input/output subspace identification technique is used to analysis the re-
corded seismic data from 84 earthquake events in order to identify the modal properties
of the dam under different water level. Considering the spatial variability of input excita-
tion, two kinds of system model are applied to subspace identification technique: the
single-input and the multiple-input system. The regression curves between the iden-
tified system natural frequencies and water level are developed from the statistical
analysis of identification results. Second, two different approaches are applied to extract
features of the long-term data of the dam. The methods include the singular spectrum
analysis with AR model (SSA-AR) and the nonlinear principal component analysis (NPCA)
using auto-associate neural network method (AANN). By using these methods, the residual
deformation between the estimated and the recorded data was generated, through statistical
analysis, the threshold level of the dam static deformation can be determined. Discussion on
(1) the difference between two kinds of input model for subspace identification and (2)
proposed methods to extract static data are also made in this research.

Keywords: Input/Output Subspace Identification, Singular Spectral Analysis, Autoregres-
sive Model, Auto-Associate Neural Network, Nonlinear principal component analysis.

1 Introduction

Monitoring technology plays an important role in securing integrity of structural
system and maintaining the longevity of the structure. It consists of three aspects:
(1) instrumentation with sensors, (2) methodologies for obtaining meaningful in-
formation concerning the structural health monitoring, (3) early warning from the
measured data. Various methods based on the dynamic and static test have been
applied to address the structural health monitoring and damage identification.
However, the system properties of the structure may be changed by the changing
environment conditions and strong earthquakes. As a result, it is necessary to de-
velop some effective and efficient approaches based on the dynamic and static da-
ta not only to determine damage occurrences and damage location for structural
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health monitoring in practice but also to set an early warning threshold before
the disaster occurred.

Application of system identification techniques to the recorded seismic re-
sponse of structures had been studied based on discrete-time linear filter approach
[1, 2]. The modal properties of the Fei-tsui arch dam located in Taiwan had been
identified based on recorded seismic data by using ARX-LS method in 1996 [3].
After Chi-Chi earthquake, a forced vibration test was conducted on the dam to
check the resonant frequencies and mode shapes [4]. In this study, the subspace
identification algorithm is employed to identify the modal properties of the dam.

Feature extraction from the long-term data of structural health monitoring is
another important issue in this research. Hsu and Loh [5] applied the nonlinear
principal component analysis by using auto-associative neural network to extract
the underlying environmental factors and identify the damage features of the
structure. The singular spectrum analysis can be applied to extract tendencies and
harmonic components of time series [6]. In this study, these two different ap-
proaches are applied to the long-term static deformation data of the dam to extract
the tendencies of the deformation. Then, through the statistical analysis of the re-
sidual deformation, the threshold level for early warning on dam static deforma-
tion can be determined.

2 Measurement Systems of the Fei-Tsui Arch Dam

The Fei-Tsui arch dam is a 122.5 meter high, 510 meter long which is located in
the Taipei city, Taiwan. Figure 1 shows the photo, the dynamic and static monitor-
ing systems of the dam. To monitor the dynamic properties of the dam during
earthquake, eleven tri-axial accelerographs were deployed in the dam, as shown in
Figure 1(a). Five of these instruments are installed along the abutment (SD1 ~
SD5), the others are installed on different level gallery of the dam. Total 84 strong
motion recorded data collected during 1999 to 2008 were chosen to analyze in this
study. Figure 2(a) shows the relationship of 84 seismic events between water level
and peak ground acceleration (PGA) from accelerometer SD1. The most intense
one of these earthquakes occurred on March 31, 2002 which was called as 331
Earthquake in Taiwan. The recorded PGA of 331 Earthquake is up 0.028g which
is greater than 921 Chi-Chi Earthquake (0.025g). In addition, the static measure-
ment system composed of thirteen sensors is used to monitor of dam deformation,
as shown in Figure 1(c). Before analyzing, the deformation data points collected
once a day from Jan. 1, 1978 to April 30, 2009 were check one by one at first. All
data points at the same time were eliminated if one of these sensors was broken.
As aresult, total 7719 data points were chosen to analyze for early warning in this
study. Figure 2(b) plots the measured deformation of the dam along profile NPL2.
Note that the abscissa of Figure 2(b) indicates the number of point not time.
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Fig. 1 The Fei-Tsui arch dam ; (a) seismic measurement system , (b) real photo , (c) long-
term static measurement system along three plumb lines of the dam
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Fig. 2 The measurement data of the Fei-Tsui arch dam ; (a) the relationship between water
level and PGA for SD1 for total 84 seismic events during 1999 to 2008 , (b) measured de-
formation of the dam along profile NPL2 at different level (from Jan. 1, 1978 to April 30,
20009, a total of 7719 data points)
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3 System Identification from Seismic Response Data

The subspace identification algorithm [7] was applied to analyze recorded seismic
response data to identify dynamic properties of the Fei-Tsui arch dam. This me-
thod can effectively identify the modal frequencies and mode shapes of a multi-
input/multi-output system in time domain. Note that the input ground motion for
the dam is not uniform along the abutment of the dam [4]. As a result, it is sug-
gested that the dam should be considered as a multi-support system for system
identification. In this study, the recorded seismic data from five tri-axial accelero-
graphs (SD1~SD5) was considered as five support excitation [8]. Hence, the mo-
tion equation for this MIMO system can be written in partitioned form:

m m, {ﬁt}+ [ {l-lt}Jr k kg {ut}_{o} "
T .. T . T -
mg mgg |(Ug) |Co cgo [(Us] |Kg Kge |[Ug] (Pg
where u, is a displacement vector which includes the DOFs of the supports (such
as SDI~SD5), u’ is also a displacement vector which includes all DOFs of the
dam except the DOFs of the supports, and p, is earthquake loading which is ap-

plied to the dam. Eq.(1) can then be rewritten by focusing on the dynamic dis-
placements u on the DOFs of the dam:

mii +ci+ku =p, 2

Peff :—(miis+mgiig)—(cils+cgi1g) 3)

where u' = u'— u is the quasi-static displacement, and p,; is the effective earth-
quake forces. Assume that the dam is a small damped and lump mass system.
Eq.(3) can be further simplified by these two assumptions for real application:

mi + cua +ku = —muii g “4)

where 1= -k 'k g is the influence matrix which describes the influence of sup-

port displacements on the structural displacements. On the other hand, assume that
the input ground motion is uniform and one of the records from SD1~SDS5 is se-
lected to be the representative ground motion. Eq.(4) can be simplified for a dy-
namic system with uniform support excitations:

mi +cu +ku = -mlii, 5)

where u, is a scalar of the uniform input and 1 is a vector with each element equal
to unity.

In this study, these two kinds of dynamic model will be applied to identify sys-
tem properties of the Fei-Tsui arch dam by using subspace identification. The first
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step of the subspace identification to identify the system is to transform the motion
equation into the continuous-time state space model [7]:

X=Ax+Biig +W (6)

i’ =Cx+v 7

u 0 I 0 -1 -1
where x=| |5 A, = | | ;s B = ;C:[—m k —-m ]
u -m k -m ¢ -1

w and v represent the disturbances vector and the measurement noise vector indi-
vidually which are assumed to be zero mean and white noise. Besides, u g and ii!

represent inputs and outputs of this system.

The basic concept of subspace algorithms is exploitation of the state as a finite-
dimensional interface between the past part and the future part. First, the input and
output data are arranged into the Hankel matrices. Then projection theorem is em-
ployed to avoid the influence of noise and extract the observability matrix I'; :

Yy, W, = r,-xj{ 8)
Then, we can obtain the system parameters A. and C by using singular value de-
composition to extract the observability matrix. The natural frequencies, damping
ratios and mode shapes of the dam can be identified at last. The detail procedure
of the subspace identification can be found in reference 3.

In this study, the seismic response data from 331 Earthquake was chosen to
identify the modal properties for multi-input and single-input model at first. The
corresponding water level is 144.4 m during 331 Earthquake. For multi-input case
(Input = SD1~SD5), the identified modal frequencies are equal to 2.59, 2.90 and
3.55 Hz. For the single-input cases, the record of SD1 and SD5 were considered as
the input excitation individually. The modal frequencies for SD1-input model are
equal to 2.59, 2.90 and 3.55 Hz. Besides, the results for SD5-input model are very
similar to the results for SD5-input model. The modal frequencies for SD5-input
model are equal to 2.47, 2.58 and 3.45 Hz. According to the same procedure, total
84 recorded seismic response data were used to identify the modal frequencies un-
der different water level. The identified modal frequencies under different water
level were plotted in the Figure 3. Then, the relationships between water level and
modal frequencies were regressed by using the general power-2 function:

f(x)=axb+c ©)]

where fis the calculated modal frequency according to the regression model and x
is the corresponding water level. It is observed that the modal frequencies of dam
decreases when the reservoir level increases. Figure 4 shows the first 3 identified
mode shapes for SD1-input model using the data from 331 Earthquake.
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Fig. 3 Regression analysis of the relationship between water level and first 3 modal fre-
quencies of the Fei-Tsui arch dam. ( ¥t are the results from force vibration test [4] )
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Fig. 4 Identified mode shapes for SD1-input model using the data from 331 earthquake

4 Deformation Monitoring from Long-Term Data

Two different methods are applied to extract the response feature of the long-term
static deformation data of the dam. One is the singular spectrum analysis with AR
model (SSA-AR) [9] and the other is the nonlinear principal component analysis
(NPCA) using auto-associate neural network method (AANN) [10].

SSA-AR model is composed of singular spectrum analysis (SSA) and Autore-
gressive (AR) model. SSA can be applied to smooth a noisy signal, extraction of
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tendency or seasonality component, or to detect the singularities. In this study,
SSA is used to decompose the original time series into a series of principle com-
ponent time series. The basic concept of SSA is to produce a Hankel matrix from
the recorded time series by a sliding window at first. Note that the length of the
sliding window must be smaller than the length of recorded time series. The
second step is to decompose the Hankel matrix into element matrices by using
singular value decomposition. The last step is to determine a parameter M and re-
construct first M principal components (PCs) corresponding to first M element
matrix. The detail procedure of SSA can be found in reference 6. After recon-
structing PCs by SSA, each PC was modeled by an AR model. The short term de-
formation forecasting for each PC can then be calculated based on each fitting AR
model. Finally, the summation of PCs after forecasting means predicted response
of the structure which can be used for determining the threshold value of early
warning. Figure 5 shows the predicted procedure of the SSA-AR Model.

Multi-step
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Load ‘

Time Series
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Fig. 5 Diagram of developing short time deformation forecasting for SSA-AR Model
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The other method is the NPCA algorithm to perform feature extraction by ap-
plying the auto-associative neural network (AANN). The AANN is a particular
class of neural networks in which the target output pattern is identical to the input
pattern and the NPCA can be used to extract the intrinsic environmental factors
causing the variation of measured features. There are five layers in the typical
AANN as illustrated in Figure 6, where s represents sigmoid transfer function and
I represents the linear transfer function. Supervised learning is applied to train
AANN. Once the AANN is trained to reconstruct the original data and it can be
used to extract the underlying nonlinear principal components simultaneously. As
a result, the latent relationship between the identified features and the unknown in-
trinsic features causing the variations of the identified features is revealed. The re-
sidual error due to the mapping and de-mapping of AANN plays an important rule
to determine the uncertainty level with respect to the underlying principle compo-
nents. In other words, through statistical analysis of the residual error the threshold
level for the uncertainty level of abnormal data can be estimated.
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Mapping Function @ De mapping Function ¥

Input Mapping Bottleneck De mapping Output
Layer Layer Layer Layer Layer
(m inputs) (M nodes) (d nodes) (M nodes) (m outputs)

Fig. 6 Auto-Associate Neural Network (AANN)

These two proposed methods were applied to the long-term static data (from
January 1, 1987 to April 30, 2009) to establish the model for forecasting the de-
formation behavior of the dam. Figure 7 shows the comparison between recorded
deformation and reconstructed deformation by using SSA-AR model and AANN-
NPCA methods from location NPL2Y172.5. The statistical distribution of the re-
sidual error between recorded and reconstructed deformation was also calculated.
Figure 8 shows the histograms of residual error from two different methods. The
standard deviation of the residual error from SSA-AR model and AANN method
along the measurement line of NPL2Y is shown in Table 1. From Figure 8 it is
found that the distribution of residual error does not exactly follow the normal dis-
tribution. As a result, the deviation value at 1% and 99% (o, and oy,,.,) of the
cumulative probability density function of the residual error was also calculated in
this study, as shown in Table 1. The monitoring displacement can be compared
with the estimated displacement from SSA-AR Model and AANN method. Then,
the error residual can be generated for early warning.

60
1 ‘r —1 ‘r T‘ 1 Recorded

40 i AR Model(Predicted)

20

o

-20

-40
60

T

| Recorded

| . AANN (Predicted)
|

|

Deformat on (mm)

Point

Fig. 7 Comparison with the recorded displacement and the estimated displacement by using
(1) SSA-AR model and (2) NPCA-AANN method. (NPL2Y172.5)
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Fig. 8 Probability density function (histogram) of residual errors (NPL2Y172.5)

Table 1 Comparison the estimated standard deviation of deformation residual by using
SSA-AR model and NPCA-AANN method

SSA-AR Model AANN-method AANN-method

(without “T” and “D") (with “T” and “D")
c Sypper Olower L Syupper Olower Supper Olower

(mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)
NP2Y172.5 1.59 4.34 -4.28 1.15 2.58 -3.18 4.86 -3.94
NPL2Y150 1.24 3.44 -3.6 1.20 3.18 -2.76 4.31 -3.45
NPL2Y115 0.72 2.07 -2.12 0.78 1.98 -1.85 2.03 -1.89
NPL2Y90 0.43 1.26 -1.33 0.48 1.43 -1.28 1.64 -1.42
NPL2Y57.5 0.14 0.37 -0.41 0.20 0.53 -0.53 0.86 -0.88

Note: “T” indicates temperature and “D” indicates water level.

5 Conclusions

In this study, the input/output subspace identification is applied to seismic re-
sponse data to identify the modal properties of the Fei-Tsui arch dam. The dam is
considered as a lumped mass system with small damping. In order to compare the
accurately of multi-input and single-input system, the result from the forced vibra-
tion test [4] was also plotted as the star in Figure 4. It shows that the identified
modal frequencies are closer to the result from the forced vibration test than multi-
input model under ambient vibration with specific frequency. Based on these re-
sults, the regression curves between the identified system natural frequencies and
water level can be used to monitor the health condition of the dam. If the
identified modal frequencies are out of the confidence interval based on the
regression curves, an early warning signal can be sent for close inspection of the
structure.

Besides, SSA-AR Model and NPCA-AANN method were used to extract long-
term trends of structural health monitoring data in this study. The SSA is used to
decompose original time series into principle components and AR model is opti-
mized for each PC. Then, the multi-step predicted values are recombined to make
the time series. However, it is necessary to decide the number of principle
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component to be extracted from the trajectory matrix. In this study, it is suggested
that 99% norm value of the trajectory matrix retained. The NPCA-AANN method
is also used to extract the underlying features of time series, and then a prediction
model for NPCA is proposed to estimate the abnormal response data. Besides, not
only the static deformation data were used, but also the temperature and water
level data were considered as input by using NPCA-AANN method in this paper.
The 6, and oy, shown in Table 1 are different with and without considering
the effect of environmental conditions. The probability distribution of the residual
error generated from the trained data can also be used for determining the struc-
tural health monitoring threshold value. If the predicted deformation value from
the proposed method larger than the prescribed threshold value, an early warning
signal can be sent for close inspection of the structure.
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About Some Schemes of Study for Systems with
Different Forms of Time Aftereffect

V.V. Malanin and L.E. Poloskov

Faculty of Mechanics and Mathematics, Perm State University,
Perm, 614990, GSP, Russia

Abstract. One of types of stochastic retarded systems is under consideration. Our scheme
of analysis is applicable for investigation of linear and nonlinear differential difference
equations with single and multiple constant delays, linear differential equations with
variable delays, linear neutral delay differential equations, and separate linear differential
difference equations. In addition, a problem of sensitivity estimation for linear dynamic
systems described by stochastic differential difference equations can be explored too. All
these schemes are based on extensions of phase spaces.

Keywords: Stochastic system, Differential equations, Discrete and continuous delays,
Moment functions, Symbolic and numeric calculations.

1 Introduction

Functional differential equations (FDE) and their special forms such as differential
difference equations (DDE), neutral delay differential equations (NDDE), integro-
differential equations (IDE), etc. [3,5] have been attracting an increased interest
both from theoretical and practical viewpoints since the middle of the last century.
Such equations are encountered in those areas where the properties of an object
depend on the hereditary effect, and serve as models for different processes, viz.,
retarded mechanical vibrations in engineering structures, automatic control for
technical processes, development of economic and social systems, combustion in
liquid jet engines, neutron moderation, effects of radiations, a radio-location, radar
and radio-navigation, autonomous vessel course stabilization, oscillations in vac-
uum-tube generators, struggle for survival in biology, etc. [6,9,13].

Such phenomena arise as a result of deterministic, stochastic, transport, techno-
logical, information, inertial and other forms of delays (in long-distance transmis-
sion of matter, energy, signals, information), finiteness of speed of charge carriers,
and a lag of response delay in man-machine systems. Delays in systems induce
new effects, for example, self-excitation of oscillations, increased overcontrol, in-
stability of objects, etc.

As developments of methods for deterministic systems have become important
for theory and practice as nowadays significant interest is paid to stochastic FDE
(SFDE) of various types (SDDE, SNDDE, SIDE) [10,11].
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An analysis of such systems causes considerable difficulties. Therefore only
few areas are known now where developments are produced. Among them there
are qualitative researches of existence and stability of SFDE solutions, exact re-
sults for linear systems on the base of the method of steps, approximate techniques
including Monte Carlo methods, a usage of averaging schemes with respect to
small delays, numeric integrators, etc. [1,2,8].

Our scheme for study of such systems is based on an extension of the phase
space [7]. We apply this scheme to linear SNDDE with multiple constant delays
(Section 2). Examples (Section 3) show the scheme afoot. A tool in our calcula-
tions is the computer algebra package Mathematica [12], a well-known powerful
instrument for different sciences.

2 Neutral Systems with Multiple Constant Delays

Let us consider a linear system of SNDDE

k
x' (=P xO)+Y [0, ) x(t-vD)+R, () x'(t-vD)]+ (1)
v=1l
+e,(N+H, OEW), 1>t =1,+kT.

Here x = {x;} € R" is the phase vector, &= {&} € R" is a vector of independent
Gaussian white noises with M[&7)] = 0, M[&7) &(t')] = E-8(t-1'), T is a constant
delay, k > 0 is an integer, ¢; = {cu}, Pr = {puj}s Owv = {qrws}> Riv = {1}, Hi =
{hw;} are deterministic vector- and matrix-functions of #, T is a symbol of the
transposition, M stands for the mathematical expectation, ' is a symbol of differen-
tiation with respect to 7, E is the identity matrix.

We suppose that on the intervals (2, #], (¢, %], ..., (t.1, #] the phase vector x
satisfies the following systems of stochastic differential equations

u
X' (=P,Oxt)+ Y[ 0, () x(t-vD)+R,, (1) x'(t-vT) |+ @)
v=1
+e,(N+H, ()W), te(t,.t,,], x(t)=y"

Let's elements of the mean values vector m(f) = M[x(#)] and components of the
covariance matrix D(r) = M[{x(¢) - m(?)}{x(¢) - m(r)}"] for the phase vector x(f)
are defined for 1 = ¢,:

m(t,)=m°, D(t,)=D". 3)

The main task of this research is to obtain a set of ordinary differential equations
(ODE) satisfied by elements of the vector m(#) and components of the matrix D(7)
for t > t,.
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2.1 Scheme of Study

To derive these equations, we expand the phase space of the system and transform
a non-Markovian vector process to a Markovian one. For this purpose we intro-
duce the following notation

sel0,7], A, =(t.t,,,], k=0L2,., x,(5)=x(s),

Z,=X,, z,=col(x,x,), z,=col(xy,x,,x,), .., § =t +5,
Y=x,0=x,_,0, £©)=E6). EO=E @) @
COl(X ), X5ty Xy Xy ) = { X5 Xgpaeves Xy s X 1> Xpasoves Ko oves

T
xN—l,l"xN—l,Z""’xN—l,n"le’xN2""’an} ‘

Using this notation, we construct a chain of sets of ODE for the mean values vec-
tors and the covariance matrices of the vectors zy, 21, 22, - .., Zn» -.. belonging to the
family of embedded phase spaces R’ c R c R" ... c R™V" ..

Let's consider a sequence of segments {A;}.

0°. Let's start from the segment A,. The random vector x((s) defined on A, satis-
fies the system

x,(5)=Py(s,) X, () +¢,(5))+ Hy(5,) E, ().
Here and below symbol ' stands for differentiation with respect to s. Therefore

2,(5) = B (8) 2 () + £, () + Hy ()77, (s), Q)
2,()=x,(5), 7 ()=&,(5), By(s)=Py(s)=Py(s,)
Fo()=fo()=¢,(s),  Hy(s)=Hqy(s)=H,(s,).

1°. Let's consider the intervals A, and A;. It is possible to present the system of
SDE for calculation of the vector col(xy(s), x;(s)) as follows

x0(8) =Py (5,) x4 (8)+¢,(5,) + Hy (5,) & (),
x7(8)=0,,(s)x,()+ B(s) x,(s)+ R, (s) x0(s)+¢,(s)+ H,(5) & (5)

Then we have got

2/()=P,(s)z,(s)+ f,(s)+ H ()7, (5), (6)
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_ x,(s) _ 50(5) R So(s)
Z'(S)‘L(s)} "‘(S){;(s)}’ fl(s){fl(s)}’

5 |:E)o(s) 0 :| = |:Hoo(s) 0 j|

R(s)= , H(s)= ,
Fo(s)  B,(s) H,(s) H,(s)

J1(8)=¢,(s)+ R, (s) [, (5),

Plo(s):Q11(51)+R11(51)P00(S)’ P11(5)2P1(51)’

H (s)=R, (s)Hy(s), H,(s)=H(s).

k°. Now let's pay attention to the time intervals Ay, Ay, A, , ..., Ay and construct the
set of SDE for the vector col(xy(s), x(s), .., Xi(s)) by the way

x(8) = By (55) X, (8) +¢4(55) + H, (50) &, (9),
x(8)=0,,(5)x,()+ B (5) x,()+ R, (5)) x5() +¢,(5)+ H, (5,) &, (5),

x; ()= 2Qk>/‘+1(sk )xll (8)+F (5,) %, (s)+ iRk,/tH (Sk)x; (s)+
+e,(s)+H, ()8, ().

These equations can be converted to the form

2, ()= B(5) 2, () + fo () + H, ()77 (5), ()
_ Z,,(s) _ 7.,(s) i _ -7‘1{71(3")
Zk(s)—|:xk(s):|’ ﬂk(S)—{fk(s)}, fk(S)_|:fk(S):|’

— P.(s) O _ H (s) 0
P(s)=| &' . H(9)=| ,
v {Pk(s) Pk(s,{)} «) {Hk(s) Hk(sk)}

k=1
Fo($) =, (s)+ D Ry (s)f,(s),
u=0

r k-1 ™ = hd
le(sk)-l_ZRk,yH(Sk )P#O(s) Rk,,u-v—l(sk )H#O(s)
#=0 u=0
k-1

k-1
Pk(s)z ka(sk)-‘rsz,,uH(sk)Rul(s) s Hk(S): Rk,;m(sk)Hm(s)
u=1

=1

=

_Qkk (s )+ Ry (5B, (s) | _Rkk (s)H, ,,(5) i

N°. Similarly for the vector col(xo(s), x(s), ..., Xi(s), ..., xn(s)) we obtain
equations
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x;(5) = By (55) X, (8) +¢,(59) + H, (5,) 8, (5),
x{(5)=0,,(s)x,(s)+ B (s) x,(s) +
R (5)x5(s)+¢,(s))+ H, (s) & (5),

()= 3 0y (5%, (5)+ Bus,) %, () +
u=0

3 R,y (5%, (5) €, (5,)+ H, (5,) &, (),
u=0
()= 30t (510X, () + P (8,0 Xy (5)+

U=
-1

Rk,y+1 (s, )x/,ul () +e (s )+H, (5.,) §k+l (),

~
(=]

X (5)= 30,y (530X 10a () + B () 2y (5)+
u=0

S Ry (50X (8)4 €, (53)+ H, (53) 4 (5)

u=0

and their more suitable form

2 () =Py (8)zy () + fy () + H , ()77, (5),

_ szl(S) _ nN—l(S) T _ fN—l(S)
z”“){mn} "”(”{@m}’ f”“){fm}’

o |:FN1(S) 0 :| 1 |:HN1(S) 0 :|
P(s)=| L Hy)=| ,
Py(s) B (sy) Hy(s) H(sy)

k-1
Sy = () + D Ryt (53) Frosen(9),
u=0

M k-1
O (sy)+ ZRk,,uH (SN)PN—k+,11,N—k (s)
u=0

k-1
PN (s)= ka (SN )+ Z Rk,;m (SN )PN—k+;1,N—k+1 (s)

u=l

_Qkk (sy)+ Ry (sy )Py v (8)

59
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=~

—1

Rk,;Hrl (SN )HN*k‘F‘/,I,N*k (S)

~ =
- o

HN (s)= Rk,;m(szv )HN—k+;1,N—k+1(S)

=1

=

_Rkk (Sy)H y 1 (8)
2.2 Equations for Moments

Now the chain of linear SDE without delay can be used to derive new sequence of
equations, i.e., ODE for the first moments of the vectors zy, 21, 22, --.» 2N, -.. and

zg =col(y°,zy(5)),  z =col(y’,2,(5)), .. zy =col(y’,zy(s)),
Let's denote

m,(s) =Mz, ]=col(m, .m_,...m_ ),

m; (s)=M(z;]=col(m’,m,(s)),

XoXo XoX; o XX
D D
_ T | _ R BRI X%
D,(s)=M[(z, ~m)(z, ~m,) |= , ©
D. D, .. D,
YoYo Yoo YoXi o Yotk
XoYo Yoo Koy T Yok
+ _ —
D'(s)=|D, D, D, .. D, | k=012..N..
L %Y X0 XXt R

Obviously, the vector m,(s) and the matrix D;(s) are blocks of m; (s) and D/ (s).

Therefore it is sufficiently to calculate the last functions and then to choose their

required components.
Using equations (4)-(7) and notations (8), the necessary ODE can be presented

as follows:

m;(s)= B (s)m () + f; (s). (10)
Dy (5)=B () Dy (5)+[ B () Dy ()] +Hy (9)H," (s),
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L m® . D’ D°
m0(0>=m0}, DO(O){DO DO},

5|0 0] 7o 0] gz._[0 0
()_OE)_’ ()_JT-O’ O_O[__IO’

Similar equations for the vector z;' take the form

where

m” (5) =P (s)m/ (s)+ [ (5), (11
D/ (9)=B' () D; () +[ B () D/ ()| +H, ()" (s).

m’ D’ D' D, (1)
m;(0)=| m’ , Df(0)=| D° D' D, (D)
m, (7) D, () D, (r) D, (1)

_ {o o} —. {o} _, {0 o}
R = =, fi=| s H = = |
0 R 1, 0 H,

At last, for characteristics of the vector z; we have

my (5)= By (s)my (5)+ f (5), (12)
D} (5)= B () Dy () +[ Py () Dyy(s) | + Hy () (s),

m+ (O) — mIJ\rlfl (O) D+ (0) — D;\r/’l (O) D)‘ox.’v-l (T)
N m (@ " D () D. @)

g0 O] m[0] ga[0 O
o &) MRS e A,

3 Examples

The first system under investigation was as follows:
X =px®)+gxt—-1)+rxXt-1)+hé(E), t>0; (13)
X(t)=0, t<0; p=qg=r=h=const.

Figs. 1 and 2 show behavior of the mean value and the variance of x(f). Values of
parameters were
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r=-1, h=02, =05, t,=-1r, m’"=5 D’=0.25,
Dp=-1,9=04; 2)p=-1.25,49q=04; 3)p=-1.25,4=0.2.

The cases 1, 2, 3 are represented by dashed, dot-and-dashed and continuous lines
respectively.
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Fig. 1 The mean value of x(?) in the system (12)
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Fig. 2 The variance of x(¢) in the system (12)

The second example demonstrates as the scheme was applied to study a system
in the form

XO+yx(—-1)+20 xt)+20a, x(t —7)+

Bx)+pxt—-1)=0&1), t>0;
¥() =0, t<0;, yo,0,,p,B,,0=const

(14)
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Figs. 3 and 4 display a time evolution of the first moments of the phase vector {x;,
X2} = {x, x'} for the following values:

o, =0.125, a,=0.167, B=3, p,=2,
y=0.75, o=0.1, =05, t,=-T.

L
4 6 8 10

Fig. 4 The covariances of {x(), x'(¥)} in the system (13)

4 Conclusions

In the paper the scheme of the phase space extension to study linear SNDDE is
described. Moreover this scheme was successfully applied to analyze linear and
nonlinear differential difference equations with single and multiple constant
delays, linear differential equations with variable delays, a problem of sensitivity
estimation for linear dynamic systems described by SDDE, and linear system ex-
cited by continuous and discrete fluctuations and constant delay. In contrast to a
number of known techniques [4] our scheme doesn't require to change equations
with the aim of delay withdrawal and special numeric integration methods, has a
transparent algorithm and can be simply combined with Monte Carlo method in
case of complicated nonlinear problems.
This work is supported by RFBR grant No.09-01-99006.
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Reliability of Linear and Nonlinear Dynamic
Systems under Multiplicative and Additive Noise
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Abstract. The paper considers a first passage time reliability problem for systems subjected
to multiplicative and additive white noises. For numerical calculations of the reliability func-
tion and the first passage time the path integration method is properly adapted and used. Some
results of numerical calculations are compared to approximate analytical results, obtained by
the stochastic averaging method.

Keywords: Probability density function, path integration, reliability, upcrossing rate.

1 Introduction

Among different reliability criteria the first passage problem [1] is widely used and
studied by a number of authors. It may be defined as the probability that a system’s
response stays within a prescribed domain, an outcrossing of which leads to imme-
diate failure. It has been shown that the first passage problem is directly related to a
solution of the corresponding Pontryagin equation, written with respect to the first
excursion time 7. An exact analytical solution to this problem, even for a linear sys-
tem, is yet to be found. During the last decades a few strategies have been proposed
to deal with this type of problems. The averaging procedure with further problem
reformulation for the system’s response amplitude or energy has been used for a
linear system [2], systems with nonlinear stiffness [3]] or nonlinear damping [4]].

Solving the corresponding Pontryagin equation numerically has been proposed
in [S]], whereas a numerical solution to the backward Kolmogorov-Feller equation,
for a system subjected to a Poisson driven train of impulses, has been found in [6]].
Different novel analytical as well as numerical strategies were proposed recently by
a number of authors [7, [8].

It has been shown recently in [9] that it is possible to adapt the path integration
(PI) method [[10]] for problems of reliability, including the first passage problem.
This paper focuses on numerical investigation of reliability of systems, subjected
to multiplicative and additive white noise. The PI method is used to construct the
reliability function and the first passage time for two systems. The first system con-
sidered is a single-degree-of-freedom (SDOF) linear oscillator, considered earlier
in [[13], see also [[1]. Using the averaging procedure it was possible to provide ap-
proximate formulas for the first passage time of the system. Using the PI method
one is in the position to verify the accuracy of these formulas. As it turns out, the
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approximate first passage times given by stochastic averaging may be quite wrong
even for parameter values for which one would expect reasonable agreement. The
second system investigated is a nonlinear oscillator with a Duffing type nonlinearity.

2 Path Integration Approach to Reliability

The motion of a stochastic dynamic system may be expressed as an It6 stochastic
differential equation (SDE):

dZ(t) = h(Z(1))dt + bdB(t), (1)

where the state space vector process Z(¢) = (X(¢),Y (¢))T = (X(¢),X(¢)) has been
introduced; i = (hy,hy)T with h1(Z) =Y and hy(Z) = —g(X,Y); b= (0,+/D)7, and
B(t) denotes a standard Brownian motion process. From Eq. (@) it follows immedi-
ately that Z(¢) is a Markov process, and it is precisely the Markov property that will
be used in the formulation of the PI procedure.

The reliability is defined in terms of the displacement response process X () in
the following manner, assuming that all events are well defined,

R(T|XU,0,[0) = {)Cl <X(l‘) <Xejtg <t < T|X([0) = X0, Y(l‘()) = 0}, 2)

where x;,x. are the lower and upper threshold levels defining the safe domain of op-
eration. Hence the reliability R(T |xo,0,%), as we have defined it here, is the prob-
ability that the system response X (¢) stays above the threshold x; and below the
threshold x, throughout the time interval (7y,T') given that it starts at time #o from x
with zero velocity (x; < xog < x¢). In general, it is impossible to calculate the reliabil-
ity exactly as it has been specified here since it is defined by its state in continuous
time, and for most systems the reliability has to be calculated numerically, which
inevitably will introduce a discretization of the time. Assuming that the realizations
of the response process X (¢) are piecewise differentiable with bounded slope with
probability one, the following approximation is introduced

R(T‘XOaOatO) ~ {)C] <X(tj) <xC>j = 13"'7n|X([U) = X0, Y([U) :0}7 (3)

where t; =to+ jAt, j=1,...,n, and Ar = (T — tp) /n. With the assumptions made,
the rhs of this equation can be made to approximate the reliability as closely as
desired by appropriately choosing At, or, equivalently, n. Within the adopted ap-
proximation, it is realized that the reliability can now be expressed in terms of the
joint conditional PDF fx ). x(,)1x(t0).¥ (1) ("> - - » /[%0,0) as follows, which is just a
rephrasing of Eq. (3),

Xe Xe
R(T‘X0,0,I‘())Q‘J/ / f(...)(x],...,xn|x0,0)dx1«'odx,,. (4)
X X
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Due to the Markov property of the state space vector process Z(t) = (X (¢),Y (¢))7,

we may express the joint PDF of Z(#;),...,Z(#,) in terms of the transition probabil-
ity density function

Pzl 1) = fr)z201) @l2) = frpzay (@ 2) fza) @)y (fzay (@) #0)  (5)
in the following way

n

T2(10)...2(0)\210) (215 - - - Zn]20) = HP(Zj>[j|ijl 1) (6)

J=1

This leads to the expression (z0 = (x0,0)7, dz; = dx;dy;, j=1,...,n)

0o rXe o pxe N
R(T |x0,0,19) %/ / / p(zj,tjlzj—1,tj—1)dz1---dzn,  (7)
—oo Jx; —oc0 1

X j=

which is the path integration formulation of the reliability problem. The numerical
calculation of the reliability is done iteratively in an entirely analogous way as in
standard path integration. To show that, let us introduce a reliability density function
(RDF) ¢(z,t|z0,19) as follows,

oo X
Q(127[2|Z0>[0):/ / p(z2,t2|z1,11) p(21,t1]20,%0) dz1, ®)
oty

and (n > 2)

q(zk,tx|z0,10) =

- ©)
/ P(@stelze—1,t-1) - q(z—1,tk-1]20,00) dzk—1, k=3,...,n.
—wJy,
The reliability is then finally calculated approximately as (T = t,)
oo X
R(T|30.00) = [ [ qlantilzo.t0)dz (10)
—oo Sy

The complementary probability distribution of the time to failure 7,, i.e. the first
passage time, is given by the reliability function. The mean time to failure (7, ) can
thus be calculated by the equation

<7;>=/:R(r|x0,o,z0)dr (1

To evaluate the reliability function it is required to know the transition probability
density function p(z,z|Z’,#'), which is unknown for the considered nonlinear sys-
tems. However, from Eq. () it is seen that for small  — ¢’ it can be determined
approximately, which is what is needed for the numerical calculation of the reliabil-
ity. A detailed discussion of this, and the iterative integrations of Egs. (8) and (9, is
given in [9,[11]]. Concerning the integrations, there is, however, one small difference
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between the present formulation and that described in these references. In Egs. ()
and (9), the integration in the x-variable only extends over the interval (x;,x.). The
infinite upper and lower limits on the y-variable are replaced by suitable constants
determined by e.g. an initial Monte Carlo simulation.

If the system response Z(¢) has a stationary response PDF fz(z) as t — oo, it
follows that the conditional response PDF fi7(,,)z(0),5<X (/) <x:0< j<n—1}(2) also
reaches a stationary density, say ¢*(z), when #, — co. This means that the reliability
process eventually becomes memoryless, and hence the RDF converges g(z,1,|z0,%)
— g*(z)Ke™ V™ for some constants K and v as f, — eo. Also the numerical method
should reach stationarity in the conditional density. This also implies that the nu-
merically estimated reliability function must be exponential, since the same relative
amount of probability mass leaves the system at every iteration. So, in the end, the
only thing one should need for a good reliability estimate is the behavior in the
transient phase, and the exponential decay thereafter. The implication of this for
highly reliable systems is that the important parameter to determine is the decay
rate, since the transient phase can then usually be neglected. The decay rate can be
conveniently estimated using the ACER method [[12]].

3 Numerical Examples

3.1 A Linear Oscillator with Multiplicative and Additive Noise

Consider the following linear oscillator under both additive and multiplicative ran-
dom excitations:

X+ @028 +Wa(1)]X + ag[1+ Wi (1)]X = W3 (1), (12)

where W;(1)), j = 1,2,3, are wide band stationary processes with zero mean val-
ues. Earlier, this model has been studied by Ariaratnam and Tam [13] under the
assumption that § is of order € and the W;(r)) are of order /€, where € is a small
parameter. By applying the stochastic averaging procedure, it was argued that the
amplitude process A(f) = (X% +X?/wd) /2 is approximately a Markov diffusion
process governed by the (Itd) stochastic differential equation (SDE)

dA = m(A)dt + 6 (A)dB(1). (13)

The drift coefficient m(A) and the diffusion coefficient 6(A) are given by the equa-
tions,

5
m(A)=—eA+ . (14)
o(A) = (yA>+8)"/?, (15)
in which
2
o= Cay— ”g"’ [2@2(0) + 3@y (2a0) +3P11 (2ap) — 6¥12(2a)],  (16)
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T
3 - wg @33((00)7 (17)
2
V= EZ)U [2®55(0) + @oa (2a) + @11 (20) + 2'Fi2(2%) ] (18)
and e
@)=, [ eWOW e+ D] cos(@)dr, ij =123, (19)
1 /= . ..
¥lo) = [we[M(t)Wj(t+T)] sin(wt)dt, i,j=1,2,3.  (20)

Ariaratnam and Tam [13]] showed that the expected time (7F) to first failure of the
amplitude process A(¢) is given by the formulas

1 facl Y a\n o 1
T — / 1+ 72" “1ldu, n=%+_+0 1)
<f> N7 Jao u[( S ) ] n y 27é
<T~>:1/aClln(1+yu2)du n=0 (22)
! Y Jag U o ’

Here a( denotes the initial condition and a. the critical level (ag < a.). This ap-
proach would usually represent an approximation in the sense that failure for the
original problem would typically be when X (¢) exceeds a critical region bounded
by the thresholds +x.. An approximate solution for this is obtained by studying the
exceedance of a. = x, by the amplitude process A(t).

For the numerical calculations in this paper the W;(r) are assumed to be inde-
pendent Gaussian white noise processes, with e[W;(t)W;(t + 7)] = 676(t). Using
numerical PI we have calculated the reliability function associated with the linear
oscillator model in Eq. (I2) for three case studies with different values of the ay
parameter. Since PI can be done for any choice of parameter values, it provides a
means of studying the limitations of the amplitude diffusion model adopted in [13]],
and thereby also the limitations of stochastic averaging in this context.

To provide a means for verification of the PI results, we have calculated the sta-
tionary part of the reliability function by the ACER method [[14]. This method makes
it possible to estimate the exact extreme value distribution, and hence the reliability
function, of the response process provided the transient response can be neglected.
From Eq. (I0) and the following discussion, it is obtained that the tail behaviour of
the reliability function is given as,

R(t) = R(to) exp{—v(xc)(t —1t0)}, t > to, (23)

for a suitable #p. The ACER method provides an estimate and a 95% confidence
interval of the parameter v(x.) for each critical level x.. An approximate mean time
to failure is then given by 1/v(x,).
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3.1.1 Casel

In this case the system parameters are wy = 0.1, { =0.01, and 6y = 0, = 63 =0.1.
The standard deviation of the response was found to be oy = 16.271, while oy =
1.628. The reliability functions calculated by the numerical PI method for three
different critical levels are shown in Fig.[Il Some numerical results are summarized
in Table 1. It is seen that the mean time to failure calculated by PI agrees with
the approximate time to failure provided by 1/v(x.) for all three critical levels,
while the corresponding failure times obtained by stochastic averaging are orders of
magnitude wrong. This seems to be caused by a large value of the parameter 7, cf.
Eq. @I), which assumes the value 19.5 for this case.

-0.05
-0.1
-0.15
-0.2
-0.25

log(R)

-0.3
-0.35
-0.4
-0.45

-0.5¢ ‘ ‘ ‘ LY ‘
0 2000 4000 6000 8000 10000
t, sec

Fig. 1 Two-sided reliability function of system (I12). — : x./ox = 2.5, —— —: x./0x = 3.0,
- xC/GX =3.5.

Table 1 Mean time to failure for @y = 0.1, { = 0.01

xc/0x < Tsp > (sec.) < Tpy > (sec.) Vpr VACER 95% CI
25 1.67-10° 5.90-10° 1.88-107%2.08-107* (1.81-107%,2.36-107%)
3.0 4.22-10° 1.58-10*  6.64-107> 7.56- 1073 (5.64-107>,9.48-1077)
3.5 1.20-107 4.87-10  2.10-107° 2.21-107° (1.32-1073,3.09-1072)

3.1.2 Case?2

In this case the system parameters are @y = 1.0, { = 0.05, and 6} = 0, = 03 =
0.1. The standard deviation of the response was found to be oy = 1.832, while
oy = 1.836. The reliability functions calculated by the numerical PI method for
three different critical levels are shown in Fig.[2l Numerical results are summarized
in Table 2. Again it is seen that the mean time to failure calculated by PI agrees
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with the approximate time to failure provided by 1/v(x.) for all three critical levels,
while the corresponding failure times obtained by stochastic averaging are approx-
imately two orders of magnitude wrong. In this case n = 9.5, which is still quite
large.

-0.05
-0.1
-0.15
-0.2

log(R)

-0.25
-0.3
-0.35
-0.4
-0.45

-0.5

100 150 200 250

t, sec
Fig. 2 Two-sided reliability function of system (I2). — : x./ox = 2.5, ———: x./0x = 3.0,
—-—x./0x =3.5.

Table 2 Mean time to failure for wy = 1.0, { = 0.05

xe/ox < Tga > (sec.) < Tpy > (sec.) Vpr VACER 95% CI
25 7.45-10° 1.66-10>  6.54-1073 6.15-1073 (5.83-1073,6.48-1073)
3.0 1.69-10* 426-10>  2.45-10732.37-1073 (2.19-1073,2.54.1073)
3.5 4.03-10* 1.17-10%  8.68-107* 7.98-107% (7.31-1074,8.65-1074)

3.1.3 Case3

In this case the system parameters are @y = 10.0, { =0.15, and 61 = 0, = 03 =
0.1. The standard deviation of the response was found to be ox = 0.0410, while
oy = 0.4261. The reliability functions calculated by the numerical PI method for
three different critical levels are shown in Fig.[3l Numerical results are summarized
in Table 3. Also in this case it is seen that the mean time to failure calculated by PI
agrees with the approximate time to failure provided by 1/v(x.) for all three critical
levels, while the corresponding failure times obtained by stochastic averaging are
now more on the same level as the correct values. In this case n = 2.5.
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0
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Fig. 3 Two-sided reliability function of system (I2). — : x./ox = 2.5, —— —: x./0x = 3.0,
—-—x./0x =3.5.
Table 3 Mean time to failure for ey = 10.0, { = 0.15
xc/ox < Tga > (sec.) < Tpy > (sec.) Vpr VACER 95% CI
2.5 16.8 8.54 1.25-107! 1.16-107! (1.09-10',1.24-1071)
3.0 29.4 16.9 6.16-1072 5.85-1072 (5.33-1072,6.36-1072)
3.5 48.9 31.9 3.21-1072 2.89-1072 (2.50-1072,3.28-1072)

3.2 A Duffing Oscillator with Multiplicative and Additive Noise

The following specific version of a nonlinear Duffing oscillator with multiplicative
and additive noise is adopted here:

X +28wpX + of[1 +X*+ Wy (1)]X = Wa(t), (24)

where W;(t)), j = 1,2, are stationary Gaussian white noise processes with zero mean
values, with e[W;(1)W;(t + 7)] = 67 8(7).

Again, using numerical PI we have calculated the reliability function associated
with the nonlinear oscillator model in Eq. 24) for five case studies with different
values of the o) parameter, that is, the intensity of the parametric noise. For the
calculations, wy = 1.0, { = 0.1, and 6, = 0.1. Table M summarizes the calculated
values of the mean time to failure as depending on the parametric noise level G
and the size of the critical level x.. It is seen that while the mean time to failure is
rather insensitive to changes in the parametric noise intensity expressed by o) for
xc/0x = 2.5, this situation changes significantly for x./ox = 3.5. At this level, the
mean time to failure is reduced by a factor of about 5 when the noise intensity oy is
increased by a factor of 5. This effect can also be seen from the calculated reliability
functions for the two cases 67 = 0.1 and 0.5, which have been plotted in Figure[3l
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Table 4 Mean time to failure (7,) for different values of o

o 0.1 0.2 0.3 0.4 0.5
oy 0.155 0.160 0.170  0.186  0.211
2.51.16-10% 1.14-10% 1.11-10% 1.10- 102 1.11 - 10?
x./0x 3.0 4.36-10% 3.80-102 3.16-10% 2.64-10? 2.30- 102
3.52.34-10° 1.64-10% 1.04-10% 6.81-10% 4.90- 102
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Fig. 4 Two-sided reliability function of system @4) with 61 =0.1. — : x./ox = 2.5, - — —
xc/ox =3.0,—- = x./ox =3.5.
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Fig. 5 Two-sided reliability function of system @4) with 6; =0.5. — : x./ox = 2.5, —— -
xc/ox =3.0,—- = x./ox =3.5.
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4 Conclusions

In the paper the authors have considered a first passage type reliability problem for
two types of systems: linear and nonlinear oscillators with parametric and additive
white noises. The numerical results presented in the paper are obtained by the path
integration method, which was reformulated from its standard form to handle relia-
bility problems. The results were verified by Monte-Carlo simulations through the
use of the ACER method.

For the linear system it has been shown that the use of stochastic averaging has
its limitations especially for calculating the reliability. The results calculated by nu-
merical PI were verified by using Monte-Carlo simulations in combination with the
ACER method, which allows the estimation of the exact extreme value distribution
for the stationary part of the response process. This provides a means of determining
an approximate value of the mean time to failure. In all the case studies investigated
there were agreement between the results calculated by PI and estimated by the
ACER method.

The applicability of the PI method for calculating the reliability of the nonlinear
oscillator with parametric noise was also demonstrated.

Acknowledgement. The financial support from the Research Council of Norway
(NFR) through the Centre for Ships and Ocean Structures (CeSOS) at the Norwe-
gian University of Science and Technology (NTNU) is gratefully acknowledged.
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Abstract. A new approach for efficient numerical implementation of the path integral (PI)
method based on non-Gaussian transition probability density function (PDF) and the Gauss-
Legendre integration scheme is developed. The PI method is used to solve the Fokker-
Planck (FP) equation and to study the nature of the stochastic and chaotic response of the
nonlinear systems. The steady state PDF, jump phenomenon, noise induced state changes of
PDF are studied by the method. A computationally efficient higher order, finite difference
(FD) technique is derived for the solution of higher dimensional FP equation. A two degree
of freedom (DOF) nonlinear system having Coulomb damping with variable friction coeffi-
cient is considered representative of bladed disk assembly of turbo-machinery blades. Ef-
fects of normal force and viscous damping on the mean square response of a blade are
investigated.

Keywords: Random Vibration, Fokker-Planck equation, Path integration method, Nonlin-
ear stochastic dynamics, Finite Difference Method.

1 Introduction

Nonlinear dynamical systems subjected to random excitation occur in many fields
of science and engineering. The determination of the PDF of their response is a
difficult problem and they are available only for a very restricted class of dynami-
cal systems. Several approximate methods such as the equivalent linearization,
perturbation method, Gaussian closure, stochastic averaging, equivalent nonlin-
earization have been developed for obtaining the second order statistics of the
nonlinear system based on the Gaussian assumption of the PDF. The Monte Carlo
Simulation (MCS) is a brute force method involving the generation of a large
number of sample functions of the excitations and numerically integrating
the nonlinear equations to obtain the response and the associated probability struc-
ture. This method is computationally intensive especially for higher dimensional
systems.

The response of a dynamical system to white noise excitation constitutes a
Markov vector process whose transition PDF is governed by the FP equation.
Analytical solutions of the FP equation are available only for a few nonlinear os-
cillators. Numerical techniques like the path integration (PI) [1,2], finite element
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(FE) [3,4], finite difference (FD) [5], and multi scale FE [6] have been developed
to get approximate solutions for the FP equation. However, their application to
higher dimensional systems has been limited. The PI method is based on the
Gaussian assumption of the response process. While second order statistics are
predicted reasonably accurately, determination of higher order moments and reli-
ability estimates by this method is fraught with error especially for systems with
strong nonlinearities. The application of this method to nonlinear systems
subjected to narrow band excitation and combined white noise and harmonic exci-
tations is also very limited. When a nonlinear system is subjected to combined
harmonic and white noise excitation, the response is a Markov process with one of
the drift coefficients being periodic and may exhibit multi-valued behaviour, with
random jumps between two pseudo-stable states [7]. Due to the explicit time de-
pendence of the drift coefficient the PDF is not stationary for such a case.

This paper presents a new modified PI method for the solution of the FP equa-
tion and the evaluation of the response statistics of nonlinear systems subjected to
wide band, parametric and combined white noise and harmonic excitations. The
modified PI method is based on a non-Gaussian transition PDF and the Gauss-
Legendre integration scheme. The method captures the changes in the PDF due to
noise, jump behaviour of the response and the rotating periodicity of the steady
state PDF. The modified PI method is applied to a number of examples. This pa-
per also presents a sixth order FD stencil scheme in conjunction with GEAR time
integration for the solution of a four dimensional FP equation. The FD method is
applied to a two degree-of-freedom (DOF) nonlinear system having Coulomb as
well as viscous damping with variable friction coefficients representative of a
bladed disk assembly subjected to random excitation.

2 Path Integration Method

Extremely small time steps and space intervals should be used in the PI method
based on the Gaussian assumption of the joint PDF to obtain the PDF with reason-
able accuracy leading to large computational effort as the response of nonlinear
systems to Gaussian excitation is non-Gaussian. A modified PI method based on
an adjustable non-Gaussian transition PDF expressed as a product of a Gaussian
PDF and a polynomial function is derived in this paper [8]. The polynomial func-
tion is obtained by truncating an infinite expansion [9]. The Gauss-Legendre inte-
gration scheme [1] is used. Thus the method takes into account the non-Gaussian
nature of the response and makes use of the knowledge of higher order moments
allowing a coarse space grid size and longer time steps in the computation, leading
to significant reduction in the computational effort. This approach has also the
advantage that it provides for the deviation of the response distribution from
Gaussian right in the beginning of the PI procedure. The evaluation of the
PDF p(X,r) from 7, to ¢, can be expressed as and is obtained from
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p(X'1)= [, pOXIX 1) (X1, ) dX (1)

where R, represents the reduced state range, within an n -dimensional rectangle.
The integral of Eq. (1) can be discretized into the following composite Gauss-
Legendre quadrature form [1]
. K v Lx . . .
p(xrlnn ’ti) = 27’(2 qkl p(‘xlld 1’ ti—l) p(x:nn ’ti l'xlld : ’ti—l) (2)
k=1 1=1

where K is the number of sub-intervals, L, is the number of quadrature points in
the sub-interval k , z; is the length of the sub interval K, each xy, is the position of
a Gauss quadrature point and gy, is its corresponding weight. Eq. (2) can be used to
calculate the PDF at any point x' at step i, provided that the PDF values are known
at step i-1.

The best known approach for approximating a non-Gaussian PDF is to express
it as a product of a Gaussian PDF and a polynomial function, which is a truncated
version of an infinite expansion [9]. Hence, the transition PDF from x, at #; ; to x,,,
at ; is assumed in the non-Gaussian form as

C 1 [, —m ()] || < [, =m )]
p(‘xnm’til‘xkl ’ti—l)_\/go_(ti)exp{ 20’2 ([l) }{nz(:)an Hen{ O-(tl) }:l

3)

The adjustable polynomial function must be consistent with the orthogonality and
also the normalization conditions with respect to the other terms in the series. The
polynomial is written as a sum of Hermite polynomials because their orthogonal-
ity with respect to the normalized Gaussian PDF makes it relatively easy to obtain
the expression for the coefficients a, The most attractive property of the Hermite
approximation is that it transforms the partial differential equation into approxi-
mate integral kernels which when evaluated by quadrature allows their calculation
through a matrix vector multiplication. Eq. (3) can be written in terms of the
Gram-Charlier series of type A’

i i 1 [X:m —m (t,' )]2 y ['xmn _’nl(tt)]
Xt )= 1 He JLom Vil
(X1 1% 1,) \/Ea(t,.)exp{ 207 ) H: +’§an en{ o)

“)
The next three coefficents in the series are simply related to the cumulants of X as
a,=x,(X)/(n'o}) for n = 3, 4 and 5, where x,(X)is the n™ cumulant of X.
For n = 6 the relationships are more complicated. Each transition PDF

p(x! .t 1x; "1, ) in Eq. (2) is now assumed to be non-Gaussian of the form given
in Eq. (4), which depends only on the conditional mean, variance and few higher
moments of X,,, (1;).

The modified PI method is applied to the following examples showing the effi-
cacy of the method. The Dimentberg oscillator subjected to both external and pa-
rametric random excitations is considered as the first example.
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X+20:(1+0'1Wl(t))X+ﬁ(X2 +X%)2)X+af (1+0,W, (1)) X =W, (1) 5)
The corresponding FP equation for this system is given by
X;

o ap  19°{0}p
—X, oot 2
or o, K, 2 o

5 a{za)g +AX,(X] +-H)+ @ X, —ZOJZO'IZXZ}p
p

(6)

where Q =4a’0;X; +w'0;, X +0;, . The term 2&° 0, X, appearing in the expres-
sion is a Wong-Zakai correction term. The probability densities are calculated
from Eq. (2) using the approximate non-Gaussian transition PDF given by Eq. (4)
within a reduced state space [-10, 10] x [-10, 10] which is divided into 50 uniform
subintervals in each direction, with two quadrature points in each sub-interval and
an initial Gaussian density with mean value zero. A uniform time step
At =0.60 sec. is found to be sufficient for good accuracy. For the parame-
ters  =-0.1,=0.L,w=1.0,0; =0.1,0;, =0.1 ,and o; =0.3 ,the stationary mar-
ginal PDFs of the displacement are shown in Fig. 1 on linear as well as on the
logarithmic scales. The non-Gaussian based PI method gives impressively-low
error of 0.025% at extremely small probability levels of order 10”. There is very
good agreement between the PI and the MCS results. The method shows good
convergence with reduced number of grids leading to a reduction of CPU time by
a factor of almost 2 compared to the traditional PI method.

POF
DI
3

3 2 El 0 1 2 3 £ -
Displacernent Displacernent

Fig. 1 Linear and logarithmic plot of the Marginal PDF of Displacement; MCS
results; ccooo PI with non-Gaussian transition PDF; =200  PI with Gaussian transition
PDF; %+ FEM.

The Duffing oscillator subjected to combined white noise and harmonic excitation
is considered as the next example to study the jump and bifurcation phenomena.

X +28X +aX +AX* =W (t)+ f, cos ot (10)
where W(t) is a stationary, zero mean Gaussian white noise satisfying
E[W ()W (t+7)]=2DJ(7)  For the parameters f=0.05,4=0.3,a=1.0,f, =02,

and w=1.2, a time step Ar = T/4, and 100x100 Gaussian quadrature points in
50x50 subinterval within the reduced domain [-10, 10]x[-10, 10] are selected. The
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snapshots of joint PDF of X vs. X captured by using the modified PI technique
at ¢ = 60.5 sec. are shown in Fig. 2. The presence of the nonlinearity causes multi-
valued regions where more than one mean square value of the response is possi-
ble. When the intensity of noise changes from 0.002 to 0.01, the joint PDF is still
bimodal implying jumps may occur. At smaller intensity, the two peaks are well
separated, jumps occur rarely and the most probable motion is around the lower
branch of amplitude response curve. At higher intensity, on the other hand, the
peaks connect and even merge, jumps occur more frequently and the most prob-
able motion is around the upper branch of amplitude response curve.

RSP S——
ot Prcbiateaty Denndy

() (®)

Fig. 2 Joint PDF of Duffing oscillator (a) D = 0.002, (b) D = 0.01

For f=0.07500=-1,A=w=1.0 and f, =0.3 the above Duffing oscillator

exhibits chaotic behaviour under harmonic excitation (Fig. 3) and if an addition a
stochastic excitation is also present the response may consist of coexisting chaotic
and stochastic orbits. It is difficult to distinguish between the two behaviours. The
periodic attractor is relatively stronger compared to the chaotic attractor. Periodic-
ity in the PDF can be removed by time averaging. Jung and Hénggi [10] intro-
duced a time averaged density as an invariant measure for both deterministic and
noisy chaos. The invariant measure on x; can be defined as

1f
P )= [ [ Pl 0dt i, (11)

—o | ‘n 0

. .. " PR o

3

Velocity

Displacement

Fig. 3 A strange attractor for the Duffing Fig. 4 Invariant Measure on X,
oscillator
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Fig. 4 shows the time averaged probability density for the noisy chaotic attractors
with noise intensity at 0.02 (dashed line) and 0.07 (solid line). The invariant
measure indicates that the probability of large excursion is increased as noise in-
tensity increases.

Next, we consider the equation of motion of the system with restoring force
having more than one zero subjected to wide band random excitation.

X +cX +kX +k,X° +k, X =W (1) (12)

The computation is carried out in a reduced state space of [-2, 2]x[-2, 2] with a
total of 40x40 Gauss-quadrature points in 20x20 subintervals. For the parame-
tersc=0.Lk =k, =1, k;, =-2.3,D=0.005, the joint and marginal PDF of the
response are shown in Fig. 5. It is observed that the displacement PDF shows three

peaks suggesting three types of probable motions but the velocity PDF has only
one peak. Displacement and velocity in Eq. (12) are independent.

08
L 06
&
[N Y}
02
5 a5
- 05 0 08 T s 0 s e
Displacement Velocity
@ (®) ©

Fig. 5 (a) Joint PDF, (b) Marginal PDF of displacement, (c) Velocity; Key as Fig. 1

PDF at 174 of a Period PDF at 2/4 of 2 Period

FIDF at 3/4 of a Period PDF at 4/4 of a Period

Fig. 6 Surface plot of PDF of the Duffing-Rayleigh oscillator at t = 1/4, 2/4, 3/4, 4/4 of a
period
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The Duffing-Rayleigh oscillator subjected to harmonic and white noise excitation
is investigated next.

X+y[1+ﬁ2X2jX+wf(1+fX2)X=ﬁ,coswt+W(t) (13)
a)

1

For the dynamical system subjected to harmonic and stochastic excitations, one of
the drift coefficients of the corresponding FP equation is periodic [7]. A steady
state solution may exist att — oo . The approximate methods cannot capture the
periodicity in the instantaneous PDF before averaging. The modified PI method
based on the Gauss-Legendre integration formula [1] is a powerful method which
can capture the evolution of the instantaneous PDF. For the parameters y =0.5, 5

=£=03, o =f; = 1.0, = 2.0, and D = 0.05, the instantaneous PDFs at 1/4, 2/4,
3/4, and 4/4 of the period after reaching periodicity are shown in Fig. 6. From the
single peak it may be concluded that for this system there is no multi-valued am-
plitude as the frequency varies.

3 Finite Difference Method

In this section, higher order discretization schemes using FD methods are pro-
posed to solve four dimensional nonlinear problems. The scheme involves the
manipulation of the Taylor series expansion of the PDF about uniformly distrib-
uted nodal points in a n =4 dimensional mesh as shown in Fig. 7.

b Posoo 2.2, - 222

i Werr,
Po, 10,0 Po,0,2.0 0] )

Po,0,0,2

Po.0.0.1

0 KC‘
Po, 0,10 VY VVY
Pooo00 P00 ’ y
w L
Pio.0,0
Poo 10 L 1.0.0.0 P2.0.00
Po.0,2,0 Po, 1,00 Po.o 0.1
my, me
Po.2.0.0 Po 0.0, 2 a s
}—> dg/ 'dgl l_’ Gz'dgz
Fig. 7 Finite difference scheme for 4D Fig. 8 Two degree of freedom model

spatial discretization

Letp,,,, denote the PDF at a discrete location relative to a candidate point as
shown in Fig. 7. By taking more and more neighboring nodal points and solving
for the derivative terms at the candidate points a 6™ order FD stencil is derived as

OP(X,,X,,X;,X,) 450" 90" + o o = B (14)
X, = 60AX, s = Pro000 ~ P-r0.00
OP(X,,X,,X;,X,) 450 —90" + o
X, N 60AX,

,a'lf(z = Pox.00 ~ Po-k00 (15)
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oP(X,,X,,X;,X,) 450" -9+

ox, 60AX, s 047 = Dooio ™ Poo-ro (16)
oP(X,.X,.X,,X,) 450" 905+ X
X, = 60AX, s O = Pooor ~ Pooo-k a7
IP(X,,X,, X,,X,) 270%, 27%, 423, 245
( 1 22 s ) 22120422, Z s 2 =Posroo T Pokoo (18)
aX, 100(AX, )*

By substituting into the FP equation a set of n-discrete first order differential equa-
tions is given by

[M]{p} +[K]{p} =0, pe R (19)

Using the GEAR time integration scheme [11] the time derivative of the PDF is
approximated by a linear combination of the density function evaluated at the cur-
rent and several previous points given by [11]

Ng
p()= w1, i) 0)

where Ng is the order of GEAR method and y/; is the integration weight. The

resulting system of linear algebraic equations is solved at each time step employ-
ing the non-symmetric iterative solver. The PDF obtained by the GEAR method is
further integrated by higher order quadrature rules to compute the response
moments.

The FD method is applied to the two DOF system consisting of a nonlinear
spring, viscous damper and nonlinear Coulomb damper shown in Fig. 8 represen-
tative of a tip shrouded bladed disk assembly involving the solution of a four di-
mensional FP equation. The equations of motion for the two DOF model subjected
to white noise excitation (Fig. 8) can be expressed as

m,+e%, +kx +kpxy +k, (4 —x,)+ 1F,Sgn(dg ) =W () (21)
Mm% + ey, +hox, +k,0 —k (6 =)+ 4F, Sgn(d,, ) =W, (1) (22)

where m; and m, are corresponding masses, k; and k, are linear stiffness, kq is cu-
bic stiffness, k. is coupling stiffness, kg is the stiffness of friction damper, ¢,,c,

are viscous damping coefficients, # is the coefficient of friction, Fy is the normal
preload, d; and d,; are displacements of friction dampers, W, (#) and W, () are

Gaussian white noises and sgn(.) is the signum function. The corresponding FP
equation is given by

op_ L, 0p o’p op op op
L oD, ZL D, S L x, P _x Pk +k, X—+ X
o M Diggr e Dy X X kX G X,
} op op ap p (23)
kX, -k x, k. +k)X,
g BX n, a +n12( +k,) +mzc2 BX

+m [k, X} + ,uFNSgn(dGI )]a7 +my' [k, X3 + ,uFNSgn(dG: )]a7 +(m'ce,+my'e,)p
2

4
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The friction coefficient is assumed of the form
1= A+ Bexp “ (24

where A, B, and « are constants. The following parameters are assumed for the
numerical study k =k ,=4,15,000N/nz k =75,000N/ny, k; =42,000N/m, m; = m, =
0.0115kg, ¢,=c,=1.45N-s/m, A=0.25, B=0.05, «=0.18 ,and D, =D, =
1 N*/(rad/s). The state space in the FD method is discretized using a computational
mesh of 35 nodes in the interval [-10, 10]x[-10, 10]x[-10, 10]x[-10, 10]. The ini-
tial distribution chosen is a zero mean, four dimensional Gaussian distribution
with variance O'I.2 =0.7 .The intensity of cubic nonlinearity, kj, is chosen as 0.2
and time step used for the GEAR integration is 0.001. For three values of the nor-
mal load the mean square values of the displacement are compared with the results
obtained from MCS, of six million realizations, in Fig. 9(a) with very good

agreement between the two except at large times which may be due to the integra-
tion error.

[

o gt g g £
a

Mean Square of Response [mmz]
n

f*\aﬁ ra

LS
L A -
[ E] Bt g w h%_;g,-;-'.og-‘—’%@- ogeo

L " L " L L 02 04 06 08 1 1.2 1.4 1.6 1.8
o 1 2 3 4 5 3 7 a 9 Damping Coefficient [MNaim]
Tirme (seC)

(a) (b)

Fig. 9 (a) Mean square of displacement, (b) Effects of damping coefficient on the mean
square response. FD method for [ Fy(N)—75,——-25,------ 325]; °°°° MCS, ==== FEM.

The effect of increasing the damping on the response statistics is studied by va-
rying the damping coefficients c¢; and ¢, in the range of 0.3 to 1.75 N-m/s, The
stationary mean square response at time t =24 sec is presented in Fig. 9(b) for dif-
ferent values of the damping coefficient. From the Fig. 9(b) it is seen that the
mean square response of the blade to white noise excitation decreases with in-
creased damping in the range of ¢, =¢, =0.3 to 1.4 Nm/s and, saturates beyond

that value. It is also seen from the Fig. 9 that the FD results agree well with the
MCS results.
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5 Conclusions

A modified PI procedure is developed for the solution of the FP equation to pre-
dict the stochastic and chaotic response of number of nonlinear systems, subjected
to external and parametric random excitations. The modified PI method is based
on a non-Gaussian transition PDF which is the product of a Gaussian PDF and a
series of Hermite polynomials. The examples considered show the efficacy of the
proposed method. The method is useful in reducing the computational time and
cost due to reduced number of time steps on the coarse grid. The paper also stud-
ies the stochastic jump, bifurcation, periodic and noise induced state change of
PDF for nonlinear system subjected to combined harmonic and white noise excita-
tion. A sixth order FD stencil scheme in conjunction with GEAR time integration
is presented for the solution of four dimensional FP equation corresponding to a
two DOF nonlinear system subjected to Gaussian white noise excitation represen-
tative of a tip-shrouded bladed-disk assembly. Effects of normal force and viscous
damping on the mean square response of a blade are investigated.
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System Evolutionary Response Spectrum
Determination via Wavelets
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Abstract. A novel harmonic wavelet-based statistical linearization approach is proposed for
determining the evolutionary power spectrum (EPS) of the response of nonlinear oscillators
subject to stochastic excitation. Specifically, first a mathematically rigorous wavelet-based
representation of non-stationary stochastic processes is presented. Next, a representation of
the process corresponding to a specific scale and translation level is derived. This procedure
leads to an EPS estimation approach which is applicable for estimating not only separable
but non-separable in time and frequency EPS as well. Next, focusing on the case of the sto-
chastic response of a nonlinear system and relying on the orthogonality properties of the
developed representation an excitation-response EPS relationship is derived via statistical
linearization. The approach involves the concept of assigning optimal and response de-
pendent equivalent stiffness and damping elements corresponding to the specific frequency
and time bands. This leads to an iterative determination of the EPS of the oscillator re-
sponse. Pertinent Monte Carlo simulations demonstrate the reliability and versatility of the
approach.

Keywords: Stochastic processes; Random vibration; Monte Carlo method; Nonlinear sys-
tems; Statistical linearization; Wavelets.

1 Introduction

Structural systems are often subject to stochastic excitations such as seismic mo-
tions, winds, and ocean waves which inherently possess the attribute of evolution
in time. Therefore, representation of these phenomena by non-stationary stochastic
processes is necessary to capture accurately the system behavior. Associated with
the notion of a non-stationary stochastic process is the concept of the evolutionary
power spectrum (EPS) (e.g. [1,2]). Several research efforts have focused
on determining the response of systems under evolutionary excitation; see
Kougioumtzoglou and Spanos [3] for a recent reference. Nevertheless, limited re-
sults exist in the context of a joint time-frequency response analysis.

Recently, wavelets have been successfully applied to study dynamic systems
with time-varying characteristics and to develop system identification approaches.

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 87
springerlink.com © Springer Science+Business Media B.V. 2011
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A detailed presentation of engineering related applications can be found in review
articles such as the one by Spanos and Failla [4]. In particular, harmonic wavelets
have a critical presence in structural dynamics applications. In this paper, relying
on the properties of the generalized harmonic wavelets and on a statistically rigor-
ous approach to modeling non-stationary processes [2], a representation of the
process corresponding to a specific scale and translation level is derived. Further,
a novel statistical linearization approach is developed for the nonlinear response
EPS determination. The advantages of this approach vis-a-vis the existing lineari-
zation schemes are emphasized and its reliability is verified by pertinent Monte
Carlo studies.

2 Harmonic Wavelet-Based Stochastic Process Representation
and EPS Estimation

2.1 Harmonic Wavelet Transform

The family of generalized harmonic wavelets uses two parameters (m, n) for the

definition of the bandwidth at each scale level; see reference [5]. Generalized har-
monic wavelets have a band-limited, box-shaped frequency spectrum. A wavelet

of (m, n) scale and (k) position in time attains a representation in the frequency
domain of the form
1 _.w“j,

G —e """, mAw<w<nAw
\P(’VTJI)J( (a)) = (n—m)Aa) , (1)

0, otherwise

where (m) (n) and (k) are considered to be positive integers and

(Aa) =27/T, ) , where (T) is the total time duration of the signal under consid-

eration. The inverse Fourier transform of Eq.(1) gives the time-domain representa-
tion of the wavelet which is equal to

KT KT,
inAw| t— imAw| t—
n—m n—m

—e

G e
W (1) = ( T ) . )
t_

i(n—m)Aa) 0

n—m
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The continuous generalized harmonic wavelet transform (GHWT) is defined as

G n—m g~ G—
VV(m'n)'k - Tj—oo f(t)l//(/run),k (t)dt ’ (3)

0

and projects the ( f (t)) on this wavelet basis; the bar over a symbol represents

complex conjugation.

2.2 Locally Stationary Wavelet Process Representation

Most rigorous approaches to modeling non-stationary stochastic processes are
based on extensions of the classical representation of stationary processes (e.g.

[6]). Specifically, a zero mean stationary process ( f (t)) can be represented as

()= L A(w)e”dZ(w), )

where (A(w)) is a deterministic function and (dZ(w)) is a zero mean orthonor-

mal increment stochastic process. The power spectrum of the process ( f (t)) is
then defined as S ; (w) = |A(a))|2 . Next, to develop models whose spectral content
changes with time one option is to replace the amplitude (A(a))) in Eq.(4) by a

time-varying version (A(t, a))). This leads to the slowly varying non-stationary

processes as defined by Priestley [1]. Further, Nason et al. [2] introduced a novel
representation of non-stationary stochastic processes in which the Fourier basis is
replaced by a wavelet basis. The proposed process model is constructed to be lo-
cally stationary via constraints on the model coefficients, resulting in what is
known as a locally stationary wavelet (LSW) process. This allows for defining a
wavelet spectrum at a particular scale and location. According to the LSW process

representation, the non-stationary process ( f (t)) can be represented as

fO=33w.y ©F,. 5)

where (éx) is a stochastic orthonormal increment sequence; and (l//M (t)) isa

non-decimated family of wavelets. According to the properties of the representa-
tion of Eq.(5), which are defined and proved in Nason et al. [2], the EPS at each
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time and scale is given by the equation(SM = |W,‘k 2) . Rewriting Eq.(5) for the

case of the generalized harmonic wavelets yields

f(t) = Z Z S(mAn)Ak W(iun),k (t)g(m.nu * (6)

(m,n) k

where (S ik ) is the evolutionary spectrum at scale (m n) and translation (k) .

In conjunction with the preceding analysis consider a representation of a stochas-
tic process ( f (t)) in the form

FO=2Df. (0, (7)

(m.n) k

where (f(m’n)’k (t )) is the process at scale (m, n) and translation (k ) given by

KT,
nAew 0| 1=

Frm@=["e "*'")dzw,ﬂ,gm, ®)

mA@

where  dZ, (0)=./S, . ((n-m)Aw)& . with the properties

E(dz,, @)=0, ad E(|dz,, (@] )=S,,, (1-m)Ao. In deriving

= Pmnk

Eq.(8), Eq.(2) has been taken into account. The similarity between Eq.(4) and
Eq.(8) is obvious. This is not surprising considering the fact that the harmonic
wavelet basis functions are essentially localized Fourier functions. Following a

similar analysis as in reference [7], a spectral representation of (f(m )k (t )) of

the form of Eq.(8) involving an adequately large number of N harmonics of con-
stant amplitudes and of random phases can be cast in the form

IO ED /4S(mwdwNZ cos ((a)l )(r _ j+ q)l) , )

0
n—m
Note that this representation is defined in the intervals (mAa) <o < nAa)) and

k k+1 . (n—m)Aa)
T <t< T | with | do=-———|,and (0 = mAw+Ildw).

n—m n—m N
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2.3 EPS Estimation

Early attempts of applications of wavelets in spectral estimation for vibration
problems include the work by Basu and Gupta [8] where they related the mean
square value of the wavelet transform at different scales and the time-dependent
spectral content of the process (see also reference [9]). Spanos and Failla [10] fol-
lowed an alternative approach developing relationships between the EPS and the
wavelet coefficients in context with the theory of non-stationary processes as pro-
posed by Priestley [1]. In the same context, the developments of the preceding
section are used herein to derive a scheme for estimations of both separable and
non-separable EPS for stochastic processes. According to Newland [5] the

equation
2
j, (10)

holds true. Moreover, considering Parseval’s theorem yields

[lrofa=22 3w,

mmn  k

2n | E|:|F(a))|2 ] do=| E|:|f(t)|2 ]dt . (11)

Combining Eqgs.(10) and (11) and considering the non-overlapping character of
the different energy bands, it can be argued that the estimation of the EPS

(S (a), t)) can be obtained as

g o, DL )

T B
S(@,1) =—E|:|W()| ] mA® < @ < nAo,

272 (n-m) n—m, n—m

To demonstrate the accuracy of the proposed estimation the non-separable spec-
trum of the form

2 0] :

(0] -—

S(@,1) =S, (—) et () , 120, —o<@®<oo. (13)
Ry

where (82 = 1), is considered next. This spectrum comprises some of the pre-

dominant features of seismic shaking, such as decreasing of the dominant fre-
quency with time. Realization records compatible with Eq.(13) are produced using
the concept of spectral representation of a stochastic process (e.g. [7]). In Fig.(1)

the target and the EPS estimate are plotted at two time instants (t =1.6 sec) and
(t = 4.1sec) .
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Fig. 1 Non-separable power spectrum (Sz =1) at (r=16sec) and (¢ =4.1sec). Com-

parison between MCS data (500 realizations) and the target spectrum.

The two EPS are in good agreement with each other verifying the reliability of
the generalized harmonic wavelet-based EPS estimation approach for physically
realistic versions of EPS with time-varying frequency content.

3 Harmonic Wavelet-Based Statistical Linearization

3.1 Nonlinear Response EPS Determination

Early attempts towards developing a linearization approach include the work by
Basu and Gupta [11], where the equivalent linear element is essentially averaged
over the different wavelet scales leading to a linear time-variant (LTV) system. It
can be argued that this approach negates in a sense the joint time-frequency repre-
sentation capabilities of the wavelet transform. In this section, relying on the LSW
representation developed in section 2 a statistical linearization approach is pre-
sented for each scale and translation level. In this regard, the equivalent stiffness
and damping elements corresponding to the specific frequency and time band are
employed to evaluate the response EPS in an iterative manner. Consider next a
nonlinear single-degree-of-freedom system whose motion is governed by the dif-
ferential equation

¥+2¢ 0%+ @ x + eh[x, ¥] = w(t) . (14)
where (¢) is the ratio of critical damping; (a)o) is the natural frequency of the

corresponding linear oscillator; (w(t)) represents a Gaussian, zero-mean non-

stationary stochastic process possessing an EPS S(w,?) ; (8) denotes the degree
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of nonlinearity; and (h[x, )'c]) is an arbitrary nonlinear function which depends on
the response displacement and velocity. Replacing next the nonlinear Eq.(14) with
the equivalent linear

i+20 o x+w x=w). (15)

and performing minimization of the error in a mean square sense (e.g. [12]) yields

E(iG[x,11)-2¢ 0 E(%') - E(xx) =0, (16)

eqeq

and

E(xGlx,11)-2¢, @, E(xt) - @ E(x*) =0, (17)

eq  eq eq

where G[x, X]=2¢ o x+ wjx+£h[x, x] . Substituting next Eq.(7) into Egs.(16-

17) and considering Eq.(9) it can be readily seen that the only terms which survive
from the expectation operation are those which correspond to the same scale (fre-

quency) (m,n) and translation (time) (k) intervals. The expectation of the rest

of the terms is equal to zero due to the independence of the random phase vari-
ables. This yields

oh (x X )
_ (m,n).k " (m,n).k
28 oy i@y i = 26,0, + €E ( : : (18)
X
(m,n),k
and

oh(x X
a)(’zlh(/n,ﬂ).k = a)(? + SE ( e (m'”)'k) b (19)

a'X:(m,n)‘k

where the standard Gaussian assumption for the response processes has been in-
voked (e.g. [12]). It is important to note that the equivalent elements (Eqgs.(18-19))
are treated as frequency and time dependent. In other words, Eqs.(18-19) are valid

1
in the intervals (mAa)S W < nAa)) and ( T <t< T) Obviously,

n—m n—m

the evaluation of the equivalent stiffness and damping elements depends on the re-
sponse statistics. Thus, additional spectral input-output relationships must be con-
sidered to yield a system of simultaneous nonlinear equations which can be solved
iteratively. To this aim, raising Eq.(15) to the second power, applying the expecta-
tion operator and taking into account the representation of Eq.(9) and the orthogo-
nality properties of the monochromatic functions yields

N-1 1 N
(5(2)s.
s = 0 12 , (20)
1 1

> (* o ) YD) (* o ) to Z( ) (¢ o )Y (7 . )

1
o \2
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It can be readily seen that for each scale (m, n) and translation level (k) , the un-

knowns (a)2 ) , (2;@‘(/”,”;,&wpq,m,m,k) and (S(vam) can be obtained by solving

eq,(m,n),k

Eqgs.(18-20). To this aim, an iterative scheme can be adopted. Note that the pro-
posed statistical linearization approach can be the basis for performing a joint
time-frequency response analysis and is readily applicable for both separable and
non-separable excitation EPS.

3.2 Duffing Oscillator Application

To assess the accuracy of the approach, a Duffing oscillator of the form
420 i+ @ x+ewx =wt), £>0, (21)

is considered. Applying Eqgs. (18-19) and taking into account Eq.(9) yields

N-1 1
2 2 x
2;“1,(”1,71),ka)eq,(m,n),k = 2;00)0 ’ and a)eq‘(m,n)‘k = a)o (1 + 38(48(%"%"(1602 (Ejj) The

1=0
parameters values (a)0 =10rad /sec,{ =0.1,& = 10) are chosen for the Duffing
oscillator of Eq.(21). The response EPS of the Duffing oscillator is calculated us-
ing the non-separable excitation EPS of Eq.(13). Comparisons of the EPS with

MCS data at distinct time instants (Fig.(2)) demonstrate the accuracy of the ap-
proach even for this high degree of nonlinearity.

-3

x10
——Duffing - Analytical PSD t=5.7 sec
—Duffing - Analytical PSD t=15.7 sec
. o-MCSt=5.7 sec
a-MCSt=15.7 sec
0.8 B
P o0.6- J
il
0.4 B
0.2 o 3 4
a =}
a
G 1 L L I
o] 5 10 15 20 25 30

frequency (rad/sec)

Fig. 2 Response EPS of a Duffing oscillator (wﬂ =10rad / sec, = 0.1, =10) at
(t+=57sec) and (r=15.7sec) under a non-separable evolutionary spectrum (Sl =1).
Comparison between MCS data (500 realizations) and the analytical approach.
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4 Conclusions

In this paper, a novel wavelet-based statistical linearization approach has been
proposed for determining the EPS of the response of nonlinear oscillators under
evolutionary stochastic excitation. The approach has been developed in conjunc-
tion with the family of harmonic wavelets. Specifically, relying on the properties
of the generalized harmonic wavelet and exploiting the concept of a locally sta-
tionary wavelet-based representation of stochastic processes, a process corre-
sponding to a specific scale and translation level has been defined. In this context,
first an EPS estimation approach has been presented in conjunction with the pro-
posed process representation and has been applied in estimating both separable
and non-separable EPS. Thus, the capacity of the approach to capture successfully
the time-varying frequency content of quite complex non-stationary stochastic
phenomena is demonstrated. Finally, in context with the statistical linearization
approach, excitation-response relationships have been obtained by employing the
novel concept of wavelet scale (frequency) and wavelet translation level (time)
dependent equivalent stiffness and damping elements. The resulting nonlinear sys-
tem of equations has been solved iteratively to determine the response EPS. In this
manner, a joint time-frequency response analysis has been achieved. Pertinent
Monte Carlo simulations have demonstrated the accuracy of the approach.
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On Information/Entropy Flow in Stochastic
Dynamical Systems

K. Sobczyk and P. Hotobut
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Pawinskiego 5b, 02-106 Warsaw, Poland

Abstract. The objective of this paper is to show how some basic informational quality
measures (such as entropy and relative entropy / Kullback divergence) of stochastic dynami-
cal systems depend on the system properties and characteristics of the external/internal ran-
domness. First, the Shannon entropy flow in dynamic systems with random initial states is
considered with emphasis on the effects of the system properties. Next, we quantify the in-
fluence of random external noise as well as the parametric randomness on the entropy and
on the Kullback-Leibler relative entropy of the system. The analysis is illustrated by specific
dynamical systems for which the entropy change in time is presented graphically.

Keywords: stochastic systems, Shannon entropy, relative entropy, entropy production.

1 Introduction

Although the contemporary stochastic dynamics of linear and nonlinear systems has
gained a high level of maturity (cf. Lin, Cai [7]], Sobczyk [IL1]), it seems that in its
applicatory aspects, it still concentrates primarily on the reliability-type properties.
It is no doubt, that the information-theoretic approach to the system dynamics may
seriously enrich the existing applied analysis of stochastic systems. Especially, the
advantages of the potential inherent in information theory seems to be relevant to
various complex biological and social systems.

Theoretic information reasoning is well known in physics, but in this field the
basic focus is on the relationships of statistical entropy with nonequilibrium ther-
modynamics. A good example is the famous Boltzmann H-theorem, and the second
law of thermodynamics. The language of information theory turned out to be use-
ful to quantifying chaos, system predictability and self-organization (cf. Haken [3]],
Ebeling [3])). It is also very relevant to data processing and statistical inference in-
cluding inference on the behaviour of dynamical systems. For variety of real sys-
tems an important question is, for example: how does the Shannon entropy flow
through a dynamic system, and how does it depend on the system characteristics
and properties of random disturbances? Although in the existing literature there are
a number of contributions on information and dynamics (cf. Sobczyk [12] and ref-
erences therein, Garbaczewski [4], Munakata and Igarashi [8]) the subject still calls
for further insight. This paper is an attempt in this direction.

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 97
springerlink.com (© Springer Science + Business Media B.V. 2011
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2 Entropy and Relative Entropy for SDS

Real stochastic dynamical systems (SDS) are usually modelled by stochastic differ-
ential equations which, generally, can be represented as

dy(s)
dr

where Y(¢) = [Y1(¢), ..., Y, (¢)] is unknown stochastic process,  denotes time (¢ € T),
and X(¢,7) is a given stochastic process (y € I', where I' is the space of elementary
events on which the probability is defined (cf. Sobczyk [[11])). Function F(y,7,x) is a
given sufficiently smooth function characterizing the physical nature of the system
considered. We are interested in characterization of the process Y(¢) on the basis
of information/data about F, Yy, and X. Since Y(z) is a stochastic process we are
interested in the probability density f(y,?) of Y for each t € T (more completely, as
is known, process Y(¢) is described by the family of all joint probability densities
over sets {t1,f,...,t} of t € T). Here, we are interested in the behaviour of the
following functional defined on f(y,?):

—FY().:X(7)],  Y(0)=Yo (1)

H(f) =Hy(fit) = — /f(y7t)10gf(y7t)dy = —(log f(y,1))s (2)

where the bracket (-) denotes the average value (with respect to density f) of the
quantity indicated, and the integration is extended over the support of f(y,?). The
quantity H;(f) is the Shannon entropy of Y(¢) at time 7. It quantifies, for each ¢, the
overall randomness of Y(¢); we may also say that Hy(¢) quantifies the information
content I, of Y(¢) at time # (cf. Cover, Thomas [2]]).

Another measure/functional assigned to process Y (#) which can be used for quan-
tifying the information transfer in stochastic system () is the relative entropy (or,
the Kullback-Leibler divergence measure). Let f(y,#) and ¢(y,?) be two probabil-
ity densities with the same support and such that f(y,¢) is the density of our main
interest (often unknown explicitly), whereas ¢(y,¢) is some prior or reference den-
sity associated with the system considered. We wish to quantify the informational
difference between f and q. The relative entropy between f and g is defined as

B o0 T 4o [ 10e F1)
Ht(f,q)f/f(y,f)l v <1 ®qly.1) >f v

with the convention that 01log(0/q) = 0 and flog(f/0) = eo.

The relative entropy H;(f,q) > 0 with equality if and only if densities f and ¢
are identical. The quantity (@) is not a distance measure in the sense of metric (it is
not symmetric and the triangle inequality does not hold) but it is widely accepted
as an informational indicator of similarity or divergence of two densities f and g.
When density f(y,z) in @) or both f(y,¢) and ¢(y,) in (B) are Gaussian then H, ()
and H,(f,q) have analytical expressions in terms of the corresponding covariance
matrices (for n = 1, in terms of variances). When log = log, the units of H;(f) and
H;(f,q) are bits.

In the next sections we will investigate the properties of the measures (2)) and (3)
for various forms of system (I).
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3 Entropy in Liouvillian Systems

The simplest case of random dynamics occurs when randomness is caused by the
statistical nature of the initial states. So, in model (@) there is no stochastic process
in the system equations (X(¢,y) = 0); only the initial condition Y is random with
given probability density fy(y). During the motion the initial density fo(Y) evolves
to a new density f(y,¢) for r > #y. This means that also the Shannon entropy of the
system passes from Hy to Hy(#). This is a Liouvillian flow since (as it is known
— cf. Sobczyk [[11]]) the probability density f(y,#) satisfies the Liouville’s equation
(cf. Nemytskii and Stepanov [9])

i=19Yi

d "9

with f(y, %) = fo(y)-

Making use of equation () we can derive an evolution equation for the Shan-
non entropy functional @). After differentiation of H;(f) with respect to time and
making the appropriate transformations (with the assumption that fF; tend to zero
at infinity) one obtains (cf. Sobczyk and Hotobut [[13]])

dH (f) & /oR\ .
o < o >f = (divyF), (5)

Equation (B)) says that the sign of the entropy rate of the system considered depends
on the sign of the divergence of the vector field F(y,#) governing the system. In con-
trast with standard thermodynamical intuition (and the second law of thermodynam-
ics) the information entropy can grow with time only if the dynamic deterministic
system (I, when X(¢) = 0, has positive mean flow divergence. For the Hamiltonian
systems (i.e. described by Hamilton’s equations) commonly studied in statistical
physics divyF = 0, so dH/dt = 0 which means that entropy Hy(¢) is conserved
during the motion, i.e. Hy(¢) = Hp, t > fy. For other systems we may observe the
entropy decrease or increase with time. The simplest example is: let Y (t) = —Y(t),
divF = —1, therefore H(t) = —1 which means that Hy (t) = Hy — (t —t9), t > to
(entropy decreases with time — the system is more and more predictable).

It is worth noticing that the entropy concept used here in the context of dynam-
ical systems is the entropy defined by (@) and commonly known as the statisti-
cal or Shannon entropy (which, in fact, is the Boltzmann entropy with opposite
sign — introduced in 1872). In the qualitative theory of dynamical systems a useful
measure for the chaotic nature of motion of a system the analogous (but different)
Kolmogorov-Sinai entropy is used.

i=1

4 Entropy Rate of Systems with External Random Excitation

It is of interest to know how a random external noise influences the entropy flow in
the system in question.
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Let us consider a system governed by a special case of equation (I)), namely by
the following Langevin-type vectorial equation

dy(s)

P F(Y,r)+0&(t), 1€ [tg,0) (6)

where Y(¢) is an unknown stochastic n-dimensional vector process, & (¢) is a given
vector stochastic white noise excitation with the intensity matrix o = {c;;}. Un-
der known assumptions the probability density f(y,z|yo,%0) = f(y,?) satisfies the
following Fokker-Planck-Kolmogorov equation

f L9 L2
ot +§; ayi [E(yvt)f(yvt)] - o) 2 bl]8Yiayj =0 (7)

ij=1

where b;j = ¥'_, 0;-0;, (that is the matrix B = {b;;} = ool).
What is the rate of the Shannon entropy flow in system (@) with its probability
density governed by eq.([)? According to the definition of H(t) — eq.(@)

dH  d _rof
o =g [ rmsay == [ s+ Day (8)

The second term on the right hand side is (due to the normalization condition) equal
to zero, and d f/dt (due to F-P-K equation (7)) consists of two components, i.e.

Ap=—div(Ff) , Ap= : Y bij 71 9)
L ) D 2 ,'_’j ij 3yi9yj'
Therefore dH
dr =Hy+Hp (10)

where Hy — the Liouvillian rate is represented by formula (). After suitable trans-
formations, the second component Hp — the diffusion entropy rate is as follows

dHp
a - / zb”a a In fdy

B B 91nf81nf

2%b,,< o o, >f (11

The above entropy rate is positive since the diffusion matrix {b;;} is positive def-
inite. This indicates that the total entropy rate H = H; + Hp may have positive or
negative signs (with value of zero when random noise is absent and the system is
divergenceless). The quantity Hp expressed by formula (IT) can be interpreted as
the information entropy production (by a random excitation). The quantity H; char-
acterizes the system entropy due to the process inside the system.
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Example 1

As an illustration of the entropy change in a stochastic dynamical system let us
consider a simple process governed by the equation

Y(t)+aY(t) =E(1), a>0 (12)
and &(r) is the Gaussian white noise, such that

(€@0)=0,  (E(n)E()) = V2D8(r2—1) (13)

Therefore the drift and diffusion coefficients are

F(y)=—ay, ©=+2D (14)
and equation (@) is

af 9 0% f

at *7aay[yf(y7[)}+Day2 (15)

with f(,0) = fo(y) — being a Gaussian density with mean mq and variance 0.
Since the system is linear the normality of this initial (Gaussian) density is pre-
served, and we have Ny (my (t),08(t))

my(t) = (Y(1)) =moe ™,  o2(t) = oge 2 + 2Da (1—e 2 (16)

Therefore the density f(y,#) and entropy Hy () are, respectively

B 1 B (y _ moefat)Z
700~ gz~ 2agy | )
Hy(t) = élog[Znecﬁ(t)] (18)
_ 2\ ~—2a
Hy (1) = a(D —2acg)e " loge (19)

D — (D —2ac})e2

It is seen that increase of entropy (Hy (t) > 0) takes place if 65 < D/2a whereas the
entropy decreases when Gg > D/2a. Keeping in mind that in the case without noise
(D = 0) we have Liouvillian system for which Hy(t) = —aloge, this decrease of
entropy is “inverted” to its growth by noise if 0'§ < D/2a.
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Figure [1] illustrates the entropy change given by equations (I8)), (I9). For such
numerical values of 03, a, and D that 6§ < D/2a (6p =2, a = 0.1, D = 10) we
observe the monotonic growth of Hy (), whereas for oy =2, a = 0.3, D =0.5, we
have 0'(% > D/2a and the entropy decreases in time.

5.0
4.5
4.0

3.5

H [bits]

3.0
2.5

2.0

15 T T T T

Fig. 1 Hy (1), as given by eq.(I8), for 6y =2,a=0.1, D = 10 —curve (1), and 6y =2,a = 0.3,
D =0.5-curve (2)

Example 2

Let us take now a linear harmonic oscillator

V(1) +2a08Y (1) + o5 Y (1) = & (1) (20)
Y(0)=0, Y(0)=0

where @y is the natural frequency of the system, ¢ is the damping ratio, and & (¢)
is a Gaussian white noise with constant spectral density gg. As it is well known the
nonstationary probability density of the response is Gaussian N(0, 62 (t)), where

o3 (1) = 272‘2)3 {1— 2y 2exp(—2a081)[A§ + 25 & sin? Aot
0
+pAod sin2A0t] } 21

where Ay = o (1 — ¢?)!/2. The entropy Hy (¢) is in this case proportional to log 2 (t)
and its variability in time is shown in Fig.2l
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H bits]

Fig. 2 Hy (¢) of the harmonic oscillator @0), for gy = 10, @y = 2, and several values of

5 Relative Entropy for True and Idealized Models

5.1 Non-stationary Dynamics

Let us consider now a general form of dynamic model
Y(t) =F(Y,1) +X() (22)

where F is, in general, a nonlinear vector-valued function with values in R”, X(¢) is
random, time-varying excitation. The initial condition Y(#y) = Y can be determin-
istic or random.

Let f(y,t) represent a true probability density of Y(r) at time 7. However, this
density is not easily available (due to complexity of the system). Let ¢(y,?) be an-
other probability density associated with the system response which can be obtained
under some simplifying hypotheses; it can be viewed as an “idealized approxima-
tion”. The question which arises is: what is the information loss if we make the
system predictions on the basis of g instead of f.

A measure which seems to be particularly well suited for answering the above
question is relative entropy defined by (B). According to its meaning it quantifies
the amount of information which distribution f(y,?) provides about the system
behaviour in excess to that given by the distribution ¢(y,7). We may think of the
probability density f as being non-stationary — compared to the stationary one, non-
Gaussian — compared to the Gaussian approximation, or — generally — as the “real-
istic” in contrast to “idealized” one. In the existing studies, the relative entropy has
mostly been used in the analysis of the convergence of non-stationary densities of
diffusion Markov processes to the stationary ones (cf. Lasota and Mackey [6]); for
example, it has been shown that if f and ¢ are two solutions of the F-P-K equa-
tion, then H;(f,q) decays monotonically with time. Here we wish to concentrate
primarily on the quantitative characterization of H;(f,q) with a special attention to
the effect of system parameters.
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5.2 Vibratory System with Time-Varying Parameters

To illustrate further the utility of the relative entropy measure to prediction of non-
stationary processes let us consider a system analysed by G.J. Sissingh [[10]]:

Y(r)+ C(I)Y(t) +[P?+ k@)Y (1) = a()E () (23)

Y(0)=¥(0)=0

where & (¢) is a Gaussian white noise with zero mean and one-sided spectral density
8o, and

4
c(t) = g (1 + 3’:1 sint>

2
k(1) = Yé‘ cost— M 8ysin2t (24)

ot) = g <1 + 32“ Sint)

and 7y, u are constants identified in rotor dynamics.

Since the time-varying coefficients (24) are deterministic, the response process
Y (¢) is Gaussian. It has been shown (cf. Sissingh [10]) that for p > 1 the approxi-
mate solution (as a series solution in terms of power of p—2) for the variance of the
response has the form

1
op(t) = ”‘ioe*’?@ / "o (1)dt (25)
)4 0
where . g
n() :/ c(t)dr = Vr+ M (1~ cosr) (26)
0 8 6
Therefore, the Gaussian probability density f(y,#) of Y () is N(0,0%(¢)), where
o2(t) is given by [@23)-26).

Let us take as a reference (or, idealized) system associated with oscillator (23)
the system (23) in which coefficients are constant and given by:

) =2m=] . k)=0 , pP=af , al)=!=a @

In this case the response is governed by the Gaussian process with density ¢(y,?) =
N(0,62(t)), where &2(t) obtained from the approximate solution (23)-26)-@7) as
a particular case, is
2

) 800y ( —2§w0z)

6y(t) = lI—e 28
Of course, we should keep in mind that the exact variance of the oscillator charac-
terized by (27) is given by (1) with multiplier of.
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Fig. 3 H;(f,q) between the responses of oscillators with time-varying and constant
parameters

0.40

0.35+
0'30i oy of f
0.25+

Oy

0.20
0.157
7 oy, of ¢

0.10-

0.05-

0.00 T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50
t

Fig. 4 Standard deviations of the responses of oscillators with time-varying and constant
parameters

The relative entropy H; (f,q) has been calculated here on the basis of an appro-
priate formula for Gaussian densities. Its graphical illustration is shown in Fig. 3]
whereas in Fig. [ there are the plots of the standard deviations oy (¢) determined
by @3)-26) and 6y (¢) from ([28). The numerical values of parameters are taken
as follows: y=10.8, u = 2.0, p = 5.0, go = 1. It is seen that periodicity present
in the standard deviation of the response results in the periodic-type variability of
the relative entropy it time. Quantitatively, the informational difference between the
presented responses can be regarded as essential.
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6 Conclusions

In this paper a brief analysis of the entropy/information change in stochastic dy-
namical systems is presented with a special emphasis on the effect of the system
parameters and intensities of random noise. More extensive treatment of the in-
formation dynamics problems (e.g. including effects of system uncertainty and the
moment-based approximation) the reader can find in Sobczyk, Hotobut [[13]].
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Abstract. This paper presents a method of finite dimensional Markov process
(FDMP) approximation for stochastic dynamical systems with time delay. The
FDMP method preserves the standard state space format of the system, and allows
us to apply all the existing methods and theories for analysis and control of stochas-
tic dynamical systems. The paper presents the theoretical framework for stochastic
dynamical systems with time delay based on the FDMP method, including the FPK
equation, backward Kolmogorov equation, and reliability formulation. The work of
this paper opens a door to various studies of stochastic dynamical systems with
time delay.

Keywords: Time delay, stochastic systems, control, Markov approximation.

1 Introduction

Time delay comes from different sources and often leads to instability or poor
performance in control systems. Other than a few exceptional cases, delay is
undesired and control strategies to eliminate or minimize its unwanted effects
have to be employed. Effects of time delay on the stability and performance
of deterministic control systems have been a subject of many studies. For
example, Yang and Wu [I] and Stepan [2] have studied structural systems
with time delay. A powerful method using Chebyshev polynomial expansion
to approximate general nonlinear functions of time has been developed to
handle linear and nonlinear time-delayed dynamical systems with periodic
coefficients [BALEL6]. A study on stability and performance of feedback con-
trols with multiple time delays is reported in [7] by considering the roots
of the closed loop characteristic equation. For deterministic delayed linear
systems a survey of recent methods for stability analysis is presented in [§].
There is a growing interest in the stochastic systems with time delay. An
effective Monte Carlo simulation scheme that converges in a weak sense is pre-
sented by Kuchler and Platen [9]. Buckwar [10] studied numerical solutions of
It6 type differential equations and their convergence where the system consid-
ered has time delay both in diffusion and drift terms. Guillouzic, L’Heureux
and Longtin [I1] studied first order delayed It6 differential equations using
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a small delay approximation and obtained PDFs as well as the second or-
der statistics analytically. Frank and Beek [I2] obtained the PDF's using the
FPK equation for linear delayed stochastic systems and studied the stability
of fixed point solutions in biological systems. State feedback stabilization of
nonlinear time delayed stochastic systems has been investigated by Fu, Tian
and Shi [13] where a Lyapunov approach is used.

The delayed systems are studied using discretization techniques with an
extended state vector. For example, Pinto and Goncalves [14] fully discretized
a nonlinear SDOF system to study control problems with time delay. Klein
and Ramirez [I5] studied MDOF delayed optimal regulator controllers with a
hybrid discretization technique where the state equation was partitioned into
discrete and continuous portions. Another powerful discretization method is
the semi discretization method. It is a well established method in the litera-
ture and used widely in structural and fluid mechanics applications. Recently,
the method is applied to delayed deterministic systems by Insperger and
Stepan [I6]. They studied high dimensional multiple time delayed systems
n [I7]. The method can be extended to control systems with delayed feed-
back. We have studied the effect of various higher order approximations in
semi discretization on the computational efficiency and accuracy. The merit
of the semi-discretization method as introduced by Insperger and Stepan [16]
lies in that it makes use of the exact solution of linear systems over a short
time interval to construct the mapping of a finite dimensional state vector for
the system with time delay. Recently, a method of continuous time approxi-
mation (CTA) of delayed dynamical systems was introduced [I8]. The method
can be viewed as an extension of the semi-discretization. It also discretizes
the delayed portion of the response leading to a high and finite dimensional
state space formulation of the time-delayed system in continuous time do-
main. The advantage of the CTA method lies in that the resulting finite
dimensional state equations are in the standard state space form, making all
the existing analysis methods and control design tools for linear and nonlin-
ear dynamical systems amenable to the CTA method. The method can also
handle multiple independent time delays in a natural way. In this paper, we
apply the CTA method to study the responses of stochastic dynamical sys-
tems with time delay. The CTA method leads to a finite dimensional Markov
process (FDMP) approximation of stochastic dynamical systems with time
delay, whose responses are non-Markovian. For this reason, we refer to the
current approach as the FDMP method for stochastic systems.

The paper is organized as follows. Section Plintroduces the FDMP method.
Section B presents the theoretical framework for stochastic dynamical systems
with time delay, including the FPK equation, the backward Kolmogorov
equation, reliability theory and first-passage failure probability. Section Hl
concludes the paper.
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2 The FDMP Method

Consider a stochastic system in the Stratonovich sense,
X = f(X(t),X(th) >t)+G (X(t)ax(ti’r) >t)W(t)v (1)

where x € R", W € R?, f describes the system dynamics with time delay,
and G = {G;;} is a matrix determining the parametric and external random
excitations. W; (t) are delta correlated Gaussian white noise processes with
EW;,(t)W; (t+T)] = 2rK;;0 (T). Equation () can be converted to the
stochastic differential equations in the It6 sense,

dX =m (X (£),X (t —7),t)dt+o (X(), X (t—7),8)dB(t),  (2)

where m is the drift vector including the Wong-Zakai correction term, and
o (X(t),X (t —7),t) is the diffusion matrix given by

oo (X(), X (t—7),t) = 20K, sGjr Gis, (3)

where repeated indices imply summation. The Brownian motion dB (¢) has
the following properties

E[dB(t)]=0, E[dB; (t1)dB;j (t2)] = {gijdt 2 i 2 — (4)
Note that the system lives in a state space with an infinite dimension and
the state vector is given by (X (¢),X (t —1),0 < t; < 7). In general, X (t)
is no longer a Markov process because it depends on its history. Following
the idea of the semi-discretization method, we discretize the delayed part
of the state vector (X (¢ —1¢1),0 < t; < 7). Let N be integer such that
Ar =7/N. 7, =4A7 (i=1,2,---, N). Then, we introduce a finite difference

approximation of the derivatives of (X (t —7;),1 <i < N) as

X (t—jar) = , [X(t~(j-D)ar) - X(i-jan], 1<j<N. (5)
Note that higher order Runge-Kutta algorithms, Chebyshev nodes to replace
the uniform sampled points 7; and implicit-explicit methods can be applied
leading to better approximation of X (t — jAT) and more accurate solutions
overall in frequency and time domain [19,20,211[22,23]24125].

Define a discrete vector as

Y (t) = [X(t),X (t - A1), X (t = 2A7),--- , X (t = NA7T)]"
=[Y1(8), Y2 (1), Ys (), , Y (0] (6)

We obtain an It6 stochastic equation for the vector Y ().
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m Ylg ) NJrYlv(t)J) 0<Y1 (t)agNJrl (t)at)
Qv (= | 24 (Y, (t.) = Y5 ()] it . 1B (1)
A YN () = Yo (8] 0
= (Y, t)dt + 6 (Y, ) dB(t). (7)

Note that for the indices 2 < i < N — 1, the central difference approximation
of the derivatives is adopted. We have found that this substantially improves
the accuracy of the approximate solution, and is used in all the numerical
examples.

Remarks

Some remarks on the FDMP method are in order.

1. Equation (@) indicates that Y (¢) is a Markov process when dB () is
a Brownian motion [26]. The conditional probability density function of
Y (t) satisfies a FPK equation as well as backward Kolmogorov equation.
We shall study these equations later in the paper.

2. Discretization of the delayed time interval (0, 7) can be non-uniform. For
systems with more than one time delays, we can make all the time delays
to be the instances of the discretization. This enables the FDMP method
to deal with multiple time delays in a consistent manner [I§].

3. Note that Equation (B]) introduces a time-domain approximation of the
delayed system response in a similar manner to other numerical integra-
tion methods such as the Runge-Kutta method. The frequency domain
properties of the approximation can be explicitly addressed as is the case
in [20,2324]. We have found that the FDMP method based on the fi-
nite difference scheme accurately computes the dominant poles of linear
systems with time delay, hence, correctly predicts the stability of the sys-
tem. When Chebyshev nodes or a low-pass filter based approximation are
used to discretize the delayed response, many lower frequency poles can
be predicted accurately.

3 Applications

One of the advantages of the FDMP method is that it keeps the system
in a standard state space format. This allows us to extend all the existing
methods and theories for analysis and control of stochastic systems to the

ones with time delay. Here, we present the theory of stochastic systems within
the framework of FDMP.
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3.1 FPK Equation

The conditional probability density function py (y, t|yo, to) for the stochastic
system (7)) satisfies the FPK equation given by

d 0 9 | bjrly,t)
8tpY(y’ty0’t0)8yj[mj(y’t)pY]+8yj8yk[ o1 PY|> (8)

where the index j runs from 1 to m = n(N +1) and l;jk = §1Gy Or b=¢s5".
The index ! runs from 1 to p, the dimension of dB(t). The FPK equation is
subject to an initial condition, for example,

py (¥, t[yo,to) = 6(y — yo)- 9)

Note that since the stochastic excitations only act on the vector X () =
Y, (t), the second order derivatives of the FPK equation only involve the
components of Y7 (¢). Hence, there are only n x n diffusion terms, instead of
m x m. In other words, the time-delay within the FDMP method only affects
the drift term of the FPK equation. This is also true with the backward
Kolmogorov equation and its derivatives in the study of reliability and first-
passage time probability.

3.2 Moment Equations

Recall that in the It6 sense, dBy/(t) is defined as the forward difference and
61 (Y,t) is independent of dBy(t). Also, E[dBy(t)] = 0. Taking the mathe-
matical expectation on both sides of Equation ([7l), we have

dE[Y;(?)]

U= Bl (v, (10)

Consider a function F(Y,t) = Y;Y}. According to Itd’s lemma, we have
1~
d(Yij) = <ijk + Y + 2bjk) dt + (5'jlYk + 6lej) dB(t). (11)

Taking the expectation of the equation, we obtain the equation for the cor-
relation function

dE|Y;Y, . R 1.

[dtj k] =F {ijk + ka} + 2bjk:| . (12)
By following the same steps, we can construct differential equations governing
the evolution of the moments of any order. Consider a linear example. The
moment equations of the first and second orders are readily obtained in the
matrix form,
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dpry 2
= A 13
dt My ( )
dR ~ R 1~
d;{Y = ARyy + RyvAT + 2b7 (14)

where py = E[Y] and Ryy = E[YY7].

3.3 Reliability

The backward Kolmogorov equation for the process Y (¢) can be derived
as 27

0 . 0 b; to) 02
*8tOPY(y7t\YO,t0):mj(}’o,to) Py ik(yo.to) O"px

. 15
9yo; 2! 0Y0;9Yok (15)

Note that tg <t < co. Integrating Equation (IH]) with respect to the delayed
components (yo2,ys, -+ ,yn+1) of the state vector leads to the backward
equation for the marginal probability density function.

) R 0 bj to) 02
_ OpX(X,t‘yO,tO) — mj(yo,t()) pX + ]k(y07 0) pX

. 16
ot 8yoj 2! 8yoj 8y0k ( )

An important application of the backward Kolmogorov equation is the re-
liability study. Consider the state vector X (¢) of the original system. Let
S C R™ be a domain in which the system is considered to be safe. I" is the
boundary of . Assume that all the components of Y (t9) = yo lie inside &
at time tg. The probability that the system is still in the safe domain S at
time t is given by

Rs (t,to,y0) = P(t <TNX(t) € S|Y (to) = yo) (17)

= /pX(X7 t‘y07 to)dX7
S

where T is the first time when X (¢) crosses the boundary I'. Rs (t, %0, yo) is
also known as the reliability against the first-passage failure with respect to
the safe domain S.

Integrating Equation ([I5) over & with respect to x, we obtain a partial
differential equation of the reliability function Rs (¢, o, ¥0)-

_ ORs (t,to,y0) ORs (,to,¥0) | bir(yo,to) 9*Rs (¢, to, o)

= 1m;(yo, to)

Oto Yo, 2! Y0 0Yok
(18)
subject to the following initial and boundary conditions
RS (t(JathyO) = 17 Yoi € Sa (1 < { < N + 1)3 (19)

Rs (t,to,y0) =0, yo; € I’ (for at least one i). (20)



Markov Approximation of Time-Delayed Stochastic Systems 113

3.4 First-Passage Time Probability

Denote the complement of Rs (¢,to,yo0) as Fs (¢, to,¥o), which is the proba-
bility distribution function of the first-passage time. We have

Fs (t,to,yo) = P(t > T|Y (to) = yo) = 1 — Rs (L, 0, y0) - (21)
Substituting this relationship to Equation (I§]), we obtain

_ OFs (t,t0,yo0)

OFs (t,to,yo) l;jk(YO, to) 0*Fs (t,t0,y0)
to + .

Oo; 2! 0Y0;9yok

(22)
The probability density function of the first-passage time denoted by
pr (tlyo, to) is given by

= mj (y07 t())

OFs (t,to,y0) ORs (t,t0,¥0)
t tg) = = — . 23

pT( |y07 0) ot ot ( )

Differentiating Equation ([22]) with respect to t, we yield the governing equa-

tion for pr (t|yo,to)

Opr (tyo,to)

Apr (tlyo,to) . bik(yo,to) pr (t[yo,to)
ot o) +
0

. (24
0Yo; 2! 0Y0;0yok 24)

= mj(}’o

Since, at a given time t > to and when yo; € I" (for at least one ), the reli-
ability of the system vanishes Rs (¢,t0,y0) = 0, this suggests the boundary
condition

pr (tlyo,to) =0, t > to, yo: € I' (for at least one 7). (25)

Assume that initially, the system starts from a point in the safe domain with
probability one, we have an initial condition

pr (to|yo, to) = 8(yo0), yoi €S, (1 <i < N +1). (26)

3.5 Pontryagin-Vitt Equations

The first-passage time is a random variable and its " order moment can be
defined as

oo

M, (yo,to) = E[(T — to)"[yo, to] = /(t —to)"pr (t|yo, to) dt. (27)

to
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From Equation (24]), we obtain a set of integral-partial differential equations
for the moments of the first-passage time as

i Ipr (tlyo, to) . OM; (yo,to)

— [t —to)" dt = 1 (yo, t 28
Je—wr Y iy (yo.t0) " (28)
to

 bir(yo,to) 9 M (3o, to)
2! 0Y0;90yok
This equation is in general difficult to solve. Assume that X(t) is a station-
ary process such that pr (tlyo,to) = pr (7|yo) = 737253(:,yo)’ m;(yo,to) =

m;(yo) and Ejk(yo,to) = Ajk(yo) where 7 =t — tg. Let

(o}

M, (yo) = / " pr (rlyo) dr. (29)
0

Assume that lim, 7" pr (T]yo) = 0. We can derive a set of the generalized
Pontryagin-Vitt equations for the moments of the first-passage time as

oM, (yo) I Ejk (¥o) M, (¥o)

—rM,_ = 1 . 30
1(¥0) i¥o) Yo, 20 Oyo;Oyok (30)
All the moments satisfy the same boundary condition

M, (yo) =0, yo; € I' (for at least one i), r =1,2,3,... (31)

Note that My(yo) = 1 because pr (7]yo) is a probability density function
of 7. Hence, the mean of the first-passage time satisfies the Pontryagin- Vitt
equation with r =1,

OM (yo) L bik(yo) 92M; (y0)

. 32
0Yo; 2! OyojOyor (82)

-1= mj(Yo)

4 Conclusion

We have presented a method of finite dimensional Markov process approxi-
mation for stochastic dynamical systems with time delay. The FDMP method
preserves the standard state space format of the system, and allows us to ap-
ply all the existing methods and theories for analysis and control of stochastic
dynamical systems. We have presented the theoretical framework for stochas-
tic dynamical systems with time delay based on the FDMP method, including
the FPK equation, backward Kolmogorov equation, moment equations and
reliability formulation. The present work opens a gate to various studies of
stochastic dynamical systems with time delay.
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Freedom Systems to Non-Gaussian Random
Excitations
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Abstract. A novel approach for response analysis of multi-degree-of-freedom (mdof) non-
linear systems under non-Gaussian nonstationary random excitations is presented. It makes
use of the stochastic central difference (SCD) method, time co-ordinate transformation
(TCT), and adaptive time scheme (ATS). For tractability and simplicity of illustration, a
two degree-of-freedom (dof) nonlinear asymmetric system under a non-Gaussian nonstatio-
nary random excitation is studied in the present investigation. Comparisons between com-
puted results obtained for the system with Gaussian random excitations to those of the same
system under non-Gaussian random excitations are made. It is concluded that the proposed
approach is relatively very efficient, simple, and accurate for response analysis of mdof
highly nonlinear systems under non-Gaussian nonstationary random excitations.

Keywords: Nonlinear, Multi-degree-of-freedom systems, Non-Gaussian excitations.

1 Introduction

For reasons of safety and economy, many modern structures and systems such as
systems that house nuclear reactors, tall buildings, naval and aerospace installa-
tions, and their components have to be designed to withstand various intensive
complicated loadings which can only be realistically modeled as random
processes. Until very recently, these latter processes have generally been treated as
Gaussian random processes. In practice, particularly in the designs and analysis of
space shuttles and many other vehicles, there is a need to deal with the excitation
processes as non-Gaussian ones. Specifically, the MIL-STD-810F DOD Test
Method Standard [1], and Defence Standard 00-35 of the Ministry of Defence [2]
require consideration of the non-Gaussian behavior in simulation and testing envi-
ronments. Furthermore, in offshore structure design such as the tension-leg plat-
form the response has been known to be non-Gaussian. Wind-generated waves in
finite water depth have long been recognized as non-Gaussian random processes.
While analysis of non-Gaussian random processes has generated considerable
amount of interests in recent years in the field of random vibration [3-5] it seems
that an efficient and accurate analysis for nonlinear multi-degree-of-freedom
(mdof) systems under non-Gaussian random excitations is not available. The
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investigation being reported here was therefore concerned with providing a means
of efficient and accurate analysis, and predicting responses of highly nonlinear
mdof systems under non-Gaussian nonstationary random excitations. Owing to
their abilities to provide efficient and accurate responses of mdof nonlinear sys-
tems and discretized nonlinear shell structures under Gaussian random excitations,
the stochastic central difference (SCD) method [6], the time co-ordinate transfor-
mation (TCT) [7], and the adaptive time scheme (ATS) [7] were combined to form
a novel procedure that was developed in the investigation. For tractability and
simplicity of illustration, a two degree-of-freedom (dof) nonlinear asymmetric sys-
tem under a non-Gaussian nonstationary random excitation is considered. This
same nonlinear two dof system under a zero-mean Gaussian nonstationary random
excitation was studied by the author and associate [7]. The latter excitation was
modeled as a product of a deterministic modulating function and a zero-mean dis-
crete Gaussian white noise (DGWN). Comparison between results obtained by the
SCD method and those computed by the Monte Carlo simulation (MCS) was
made and it was found to have excellent agreement [7]. Thus, the SCD method
was further developed to be applied to nonlinear mdof systems under non-
Gaussian nonstationary random excitations.

In Section 2, the SCD method for mdof nonlinear systems under non-stationary
Gaussian random excitations is introduced. Section 3 is concerned with the SCD
method for mdof nonlinear under non-Gaussian nonstationary random excitations.
Computed results and comparisons between those obtained for systems under non-
Gaussian nonstationary random excitations and those for systems under Gaussian
nonstationary random excitations are included in Section 4. The final section,
Section 5 includes concluding remarks.

2 Nonlinear Systems under Gaussian Excitations

For completeness and in order to provide a foundation for the formulation and
presentation of the systems under non-Gaussian random excitations to be intro-
duced in the following section, analysis of mdof nonlinear systems under Gaus-
sian random excitations are consider in this section first.

The governing matrix equation of motion is given by

M#+Cx+Kx =P (1)

where M, C and K are, respectively the nonlinear assembled mass, damping and
stiffness matrices of the system; P is the external excitation vector which, in gen-
eral, includes Gaussian nonstationary random forces. A typical example for P is
the product of modulating forcing vector and a zero mean Gaussian white noise
process.

Discretizing Eq. (1) in the time domain, one has

Mxs + CXg + Koxg = B, 2)

where the subscript s denotes the time step; for instance, x; is the value of x at
time step t, such that the time step size At =t,,; —t; and t, = 0.
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Following the steps in the derivation of recursive expression for the mean
square matrix of generalized displacement vector in the SCD method [6], one
obtains

Rgiq = NZRSNZT + N3RS_1N3T + (At)4NlBsN1T + N2D51V3?w
+N3DI NS + (At)?No(xsPTINT + (At)* Ny (Psx{)N; 3)
+(At)* N3 (x5 PIINT + (At)*Ny(Pyxi_q)NT
in which

M= [+ 20T N, = Nyl2M, - (A02K], N = W [E@oc, - M)
Ry = <xsx5) , By = (PSPST) , Ds = (xsxz—l)' (4a,b,c)
(x511) = (A Ni(P) + Np(xs) + Na(xs_q), (4d)

where the angular brackets denote the mathematical expectation or ensemble aver
age and the superscript T designates “the transpose of”’. Equation (3) contains the
recursive covariance matrix. The terms containing P,x!, By, D, and their transpos-
es on the right-hand side (RHS) of Eq. (3) require further algebraic manipulation
and expansion in the following.

Without loss of generality, the external random excitation vector P in Eq. (1)
may be defined by

P = o)w(t), ®)

where ®(t) is the vector of deterministic modulating functions, every element or
entry of the deterministic modulating vector can be written as

¢:(t) = my(t) = Ep(e” "1t — e~ %2it) (6)

in which aq; , i=1,2, 3,..., and a,; are positive constants satisfying a; < ay; ,
and E,; is a constant applied to normalize ¢;(t) such that max{¢,;(t)} = 1.0;
w(t) is the zero-mean Gaussian white noise whose discrete variance

(W (0)) = 2mS,6(0) ()

where 6(.) is the Kronecker delta function such that §(0) = 1; S, is the spectral
density of the discrete Gaussian white noise process. Of course, for stationary ran-
dom excitations ¢;(t) = 1 which are just special cases of Eq. (6).

Application of Egs. (5) through (7) to Eq. (3) and after some algebraic manipu-
lation, one can show that

Rern =R + RP + RY ®)
where
R = N,R,NT + N;R,_, NI, R¥ = N,D NI+ NyDINT,
R® = (AD)* N, B, NT.

Equation (8) is the recursive mean square of generalized displacement vector of
the nonlinear system under Gaussian nonstationary random excitations. It is noted
that the parameter matrices N;, N, and N; have to be updated at every time step
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since they are time-dependent for the nonlinear system. If the system is linear
these parameter matrices are constant.

The expression for the recursive covariance matrix of the generalized dis-
placement vector can be obtained from Eq. (8) as

Uspr = U + UP + U, )
where

UP = NyUNT + Ny U NF, U = Ny APNT + N; (A™)NT,
U® = (a6)* Ny BN,
Us = R; — (xs>(xs>T: A?:Ds - (xs)<xs—1)T-

Before leaving this section it is noted that an efficient route of computing recur-
sive covariances and mean squares of generalized displacement vector of the non-
linear system is to first apply Eq. (9) for the covariance matrix U,,, and then eva-
luate the mean square matrix R and so on.

3 Nonlinear Systems under Non-Gaussian Excitations

The SCD method for the case with non-Gaussian random excitations, the
non-Gaussian random excitation model, time co-ordinate transformation (TCT)
technique, and an adaptive time scheme (ATS) are presented in the following sub-
sections.

3.1 Recursive Expressions for Systems under Non-Gaussian
Random Excitations

In this case, the recursive expression for the mean square matrix of displacements
is identical to that given in Eq. (3) except that the third, sixth, seventh, eighth, and
ninth terms on the RHS have to be evaluated differently. Unlike in the case of
Gaussian random excitations these terms are not zero in general. Thus, the recur-
sive mean square of the generalized displacement vector can be obtained as

Rer1 = RM + RP + R, (10)

where the first two terms on the RHS are defined in Eq. (8) while the third term on
the RHS is given by

R = (A)*N, BN + (At)?N,{x;PT)NT
+ (AN, (P,xT)NT (11)
+ (At)2N3(xs_1 RTINS + (At)*Ny(Pox_1)NJ,

in which now the random excitation vector P, is non-Gaussian and the terms on
the RHS have to be evaluated for a particular non-Gaussian excitation process.
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For the covariance matrix, Eq. (9) can be similarly applied, of course, with due
modification to the terms involving the excitation process.

3.2 Non-Gaussian Random Excitation Models

Various non-Gaussian random excitation processes can be found in [4,5], for ex-
ample. However, for verification purpose and direct comparison to results of
known nonlinear system under Gaussian random excitations the following specific
non-Gaussian nonstationary random excitation process is employed. Consider

Py = [Ps; P, Pgs ... Psn]T' (12)

where P; is the i’th element of the non-Gaussian random excitation vector at time
step t,. In the present investigation,

w(ty)
Py = Py (t) = [mi(ts)]z —=. (13)
A 6TS,
The corresponding discrete ensemble average is defined by
(Ps) = v 2nS,/3 miz(ts)- (14)
The corresponding discrete mean square is
(Pszi(ts)) = 27S, m?(ts)- (15)
Finally, the corresponding discrete variance, however, is obtained as
(05(ts)) = (4mS,/3)mi (ts). (16)

With the above results, Eq. (11) can be explicitly obtained, accordingly.

3.3 Time Co-ordinate Transformation

For stiff mdof nonlinear systems or systems with large numbers of dof, typically
encountered in the finite element analysis (FEA), a computational strategy, known
as the TCT technique has been proposed by the author [8] to deal with computa-
tional instability [9], and its use in the FEA has been demonstrated by the author
and his associate [10], for example. Another advantage of applying the TCT tech-
nique in the FEA is the fact that the finite element size or mesh dimensions can be
relatively much coarser for accurate response computations since the dimension-
less highest natural frequency is always equal to unity. For completeness, it is
briefly introduced in this sub-section.

In the TCT strategy it is assumed that the stiff linear counter part of the nonli-
near system governed by Eq. (2) has its highest natural frequency € or simply
writing as Q. Within every time step the system can be considered as linear.
Therefore, one can perform the following operation

Mg X5 + (Cs/Q) Xgr + (Ksr /Qz) Xsr = sr/Qz’ 17)



122 C.W.S. To

where the over-dot and double over-dot now denote, respectively the first and
second order derivatives with respect to dimensionless time T which is related to
Q by t = Qt. The second subscript T refers to the quantity in the T-domain. Thus,
for example, K, is the stiffness matrix at dimensionless time step T,, so that
Ky, = K, /Q?, and P, = P, /Q?, and so on.

Equation (10) can now be applied to compute the recursive mean square matrix
of the generalized displacement vector of the discretized system defined by Eq.
(17) in the dimensionless time domain. It should be noted that the time step size
At in Eq. (10) now should be replaced with the dimensionless time step size At
while the mass matrix M; in Eq. (10) should be replaced with M, for example.

Once the mean square and covariance matrices of displacements in the T do-
main are obtained using Eqs. (10) and (9), they are converted back to the original ¢
domain by the following relations [9]:

R, = QR,,, Us = QU (18a,b)

3.4 Adaptive Time Scheme

Three ATS have been studied by the author and his associate, and presented in [7]
for the response computation and analysis of highly nonlinear mdof systems. In
the latter reference it was found that in terms of computational effectiveness and
accuracy, the SCD-TATS is a better strategy for stiff systems. This was further
confirmed in [10]. Therefore, in the presently proposed approach only the SCD-
TATS is adopted. The SCD-TATS means that in the application of the SCD me-
thod the TCT is applied once at the beginning of the computation process before
the application of the ATS.

4 System with Asymmetric Nonlinear Stiffness

For tractability and simplicity of illustration, a two dof nonlinear asymmetric sys-
tem under a non-Gaussian nonstationary random excitation is considered in this
section. This same nonlinear two dof system under a zero-mean Gaussian nonsta-
tionary random excitation has been studied by the author and associate [7]. In the
latter work the nonstationary random excitation was modeled as a product of a de-
terministic modulating function and a zero-mean discrete Gaussian white noise
(DGWN). Comparison between results obtained by the SCD method and those
computed by the MCS was made and it was found to have excellent agreement
[7]. Therefore, responses of this system under Gaussian nonstationary random ex-
citations are readily available for comparison. In Sub-section 4.1 system parameter
matrices and other pertinent data are provided while computed results and com-
parison studies are included in Sub-section 4.2.
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4.1 Two Dof System with Asymmetric Stiffness

The two dof nonlinear system considered here has previously been investigated by
Kimura and Sakata [11], and the author and his associate [7,12]. It may be applied
to study soil-structure interaction or a primary structure housing a secondary
equipment under an earthquake excitation treated as a Gaussian nonstationary ran-
dom process. The system parameter matrices are given as:

2¢ W -2
M = [1 0 , C = ;1 #42 ) (19a,b)
0 1 —2(W 2(1+ p)¢,
k k
K = [kll k12:|’ k11 = WZ' k12 = —u +‘u77(x2 — /jgsz)' (19C)
21 22

ko1 = —W? kpp=1+pu+ 1 — @+ + wexs,

_ My _ Wy _ _ ky _ k,
u=——-, W=—, T = wyt, W= |/, Wy = [—,
my; ) my; My,

=200, i=12,  P=(MO"0), (20)
1 and € are the nonlinear parameters of the system, k; and c; are the stiffness and
damping constants between the first mass and base where the excitation is applied,
k, and c, are the stiffness and damping constants between the first and second
masses. Note that the above system nonlinear stiffness matrix is asymmetric.

For the system studied in the present investigation, the above parameters are:
w=1, ¢ =¢ =010, p=10,S,=0.0012, a;; =0.125, a,; = 0.250,

E., =4.0,7 = —1.0, and ¢ = 1.5, indicating the system is highly nonlinear.

4.2 Computed Results and Discussion

With the system parameters and nonstationary random excitations provided in the
last sub-section and defined by Eqs.(6) and (13), the non-Gaussian nonstationary
random excitation is presented in Figure 1. The computed mean square responses
for the system under Gaussian and non-Gaussian nonstationary random excitations
are included in Figures 2 through 4. Specifically, Figures 2 and 4 include results of
Gaussian and non-Gaussian random responses of the first mass, and second mass
of the system, respectively. Figure 3 includes results of ensemble average of x;
and x,. These figures clearly show that for the particular Gaussian and non-
Gaussian random excitations considered in the present investigation the differenc-
es of the peak values of the mean squares of responses are not very much. It is also
noted that the width of the plots are narrower for the non-Gaussian random excita-
tion case. It is important to note that every MCS run requires approximately 90
times longer than the presently proposed approach for results of Gaussian random
excitation. For systems with large numbers of dof the saving in computational
time for the presented approach is believed to be much more substantial.
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4 Concluding Remarks

In the foregoing, a novel approach for response analysis of multi-degree-of-
freedom (mdof) nonlinear systems under non-Gaussian nonstationary random ex-
citations has been presented. It makes use of the stochastic central difference
(SCD) method, time co-ordinate transformation (TCT), and adaptive time scheme
(ATS). For tractability and simplicity of illustration, a two degree-of-freedom
(dof) nonlinear asymmetric system under a non-Gaussian nonstationary random
excitation was considered. Comparisons between computed results obtained for
the system with Gaussian random excitations to those of the same system under
non-Gaussian random excitations have been made. The proposed approach is very
efficient compared with the MCS. It is relatively simple to implement and com-
puted results are very accurate.

Computed results of nonlinear systems in the FEA will be obtained and pub-
lished elsewhere in due course.
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Abstract. In this paper an approximate explicit probability density function for the analysis
of external oscillations of a linear and geometric nonlinear simply supported beam driven
by random pulses is proposed. The adopted impulsive loading model is the Poisson White
Noise , that is a process having Dirac's delta occurrences with random intensity distributed
in time according to Poisson's law. The response probability density function can be ob-
tained solving the related Kolmogorov-Feller (KF) integro-differential equation. An ap-
proximated solution, using path integral method, is derived transforming the KF equation to
a first order partial differential equation. The method of characteristic is then applied to ob-
tain an explicit solution. Different levels of approximation, depending on the physical as-
sumption on the transition probability density function, are found and the solution for the
response density is obtained as series expansion using convolution integrals.

Keywords: Poisson Pulses, Kolmogorov Feller Equation, Path Integral Method, Method of
Characteristic, convolution integrals.

1 Introduction

In many civil and mechanical engineering applications, trains of pulses arriving at
random times are used as ideal excitation. Such an idealization is suitable as an
example for earthquakes [1], [2] and the dynamical behavior of a railway vehicle
travelling over an imperfect track [3]. When the impulsive loads is the so called
Poisson White Noise, that is a process having Dirac's delta occurrences with
random intensity distributed in time according to Poisson's law, the probabilistic
descriptors of the response can be obtained using either the stochastic integro-
differential equation approach [4] or the differential approach [5]. Connection be-
tween the differential and the integro-differential approach has been recently
found [10].

For the case of Gaussian White Noise input, an approximated response
transition probability density function can be obtained solving the well known

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 127
springerlink.com © Springer Science+Business Media B.V. 2011
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Fokker-Planck equation. An approximated solution of the Fokker-Planck equation,
for small values of the time step, is available in literature [6], [7]. This approxi-
mate solution was considered by many authors to solve engineering problems
through path integral technique [8],[9]. For the case of Poisson White Noise
input, the transition probability density function can be obtained as solution of an
integro-differential equation [4], known as Kolmogorov-Feller (KF) equation.
Exact stationary solutions for some particular classes of nonlinear systems excited
by both external and parametric delta correlated excitations were obtained
[11],[12]. A direct numerical solution of the KF equation is not an entirely
straightforward matter, even for two-dimensional problems, and only approxi-
mated method have been derived [13],[14],[15]. An approximate technique, for
deriving the response transition probability density function, solving the related
KF equation, was proposed in [16], [21].

In this paper an approximate explicit response probability density function, for
the analysis of external oscillations of a linear and geometric nonlinear simply
supported beam driven by Poisson White Noise, is obtained as solution of the re-
lated KF equation. The approximated solution, using path integral method, is de-
rived transforming the KF equation to a first order partial differential equation.
The method of characteristic is then applied to obtain an explicit solution.
Different levels of approximation, depending on the physical assumption on the
transition probability density function, are found and the solution for the response
density is obtained as series expansion using convolution integrals.

2 Linear Oscillations of a Beam under Transversal Poisson
Pulses

Let us consider a simply supported beam subjected to a train of stationary Poisson
pulses at midspan defined by

f(f)=ZAk§(f_fk) 2

where 5() stand for a Dirac's delta. In eqn(1) the random instants 7, are inde-
pendent of the intensities of the spikes A, , having assigned probability density
function p,(a)and assumed to be independent random variables, while N (t)is an

homogeneous Poisson counting process giving the total number of impulses oc-
curring in the time interval [0,t) with mean arrival rate equal to A.
The equation of motion of the beam can be written as follows

o*w 0%w aw l
EJl—+u——=-+p—=~£t)0| x—— 3

o g()( 2) o
w(x,t)being the vertical displacement of the beam. In Eq.(3) p is the beam den-

sity; J is the moment of inertia of the beam cross section; E is the Young's
modulus; # is a damping factor; / is the length of the beam.
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Solution of eqn(3) can be obtained by mode superposition

oo

w(x.1)=" 9, (), (1) @)

n=1

In Eq.(4) ¢, (x) are the eigenfunctions, that for simply supported beams are given
by ¢, (x) = sin(nizx/ / ), and using the well known orthogonality properties of the

eigenfunction basis the following set of stochastic uncoupled linear differential
equations is obtained

Y, +2Dw,Y + @Y, = P,E) n=12,... (5)

2
w, = m 2 £=2Dw,,, P, =sin nz
/ uou 2

For n=1 the following single degree of freedom equation of motion is obtained

having set

Y +2D@Y + &Y = £(t) (6)

The probabilistic characterization of the response can be achieved, when truncat-
ing at the first mode, by considering the time evolution of the transition probabil-
ity of the response

py, y.t+73y",9',1)

p(y, yst+7/y,y's51)= o ()
Py’ ¥'.1)
that respects the Kolmogorov-Feller integro-differential equation
B_p: 2Dw1M+w12ya—l.)—5’a—p
ot dy ay dy ®
+ /’LJ‘ p(vy—ast+71y,3t)p ,(a)da - Ap
The initial condition for Eq. (8) reads
py. 3471y, 351)=8(y =)oy~ ¥) ©)

Exact stationary solutions (i.e. dp/d7=0) of Eq.(8) are known for particular

classes of nonlinear systems [11], [12].

In order to find an approximate solution of Eq.(8), following Di Paola and
Santoro [20], the following approximation hold for the transition density function
up to order T

py.yst+71y,351)=8(y=y 1= A2)8(y - ¥ )+ Am,(y—3)]  (10)
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It follows that the integral term appearing in Eq.(8) becomes

pv yit+7/y,350)=6(y -y N1-A7)8(5—a-3’)

: > (1D
+ A, (y-a-3')]
Substituting Eq.(11) into Eq.(8) we obtain
P _1pe, —a(y.p)erfya—I.)—y'a—p—lp
or dy dy =~ dy
(12)

+A[ 8(y =y N1-22)8(3—a= 3"+ A, (7 —a—§")lp  (aMa

Multiplying both members of Eq.(12) by the joint probability distribution
p, = p(y', )'/,t) and then integrating with respect of the initial variables, the fol-
lowing differential equation for the joint probability density function
Divr = p(y,y,1+7) up to order T is obtained

a(ylerT) 2 OPrr — Pz

apt+1'
——=2Dw, +w
o7 1 % Y % Jy Ptir 13)

+ G0 (3, )+ 27(G0(y, 3)-GO (3, y))

where

GOy, y)= I p.(y.y-at)p,(a)da
: (14)
Gy, 5)= J.Gfo)(y, y—a;t)p4la)da

a

Equation (13) is a linear partial differential equation that can be solved by the
Method of Characteristics (see e.g. [17]). In order to construct the solution surface
one solves the following system of ordinary differential equations on s

dr _
ds
d .
s

) (15)
dy

g = —(Zley + a)lzy)

d . . .
d_{: =260 (y. )+ 2761 (3. 5) -GV (v, 5)+ (2w, - A)p

1
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Subjected to the following initial conditions

7(0)=1
O — ’
0)=y" (16)
(0)=y
p(0)=p,(y".3":1)
Solution of Eq.(15) takes the form
T=s5+C
y(s)= Cre™P?* cos(@ys)+ Cye ™™ sin(@;s) (17)
pls)= POk + 26y, 3)s + 22(G0 (3. 3)- G . 5)b
having set
@, =w\N1-D*, c¢=2Dw, -1
and because of the initial conditions Eq.(16)
€ =0, Cy=y, ¢y=21P0Y
)
The solution found is finally
Py, yit+7)=p, (y(3,3). 3 (3, ¥ )e” as)
#2761 (y.5)+ 227(6(1.5)- 6" (».)
Where for the linear case the characteristic curves are explicitly given by
eDa),r
¥ (v 3)=—=—I(@ cos(@7)- Dy sin(@7))y—sin(@y7)5]
1 (19)
Dat

ywwfa[am@m%am@ﬁw@m@wﬂ

1
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3 Nonlinear Oscillations of a Beam under Transversal Poisson
Pulses

Let us now consider the case of a geometric nonlinear simply supported beam sub-

jected to a train of stationary Poisson pulses at mid span whose equations of mo-
tion are defined by

tw 92w aw 192w ¢ ow l
EJ IW I oW dx = E(1)S] x— = 20
ox* P o’ P ot 21 ox? O(BXJ 5() (x 2] 0

By expanding the solution in linear mode superposition Eq.(4), the following set
of nonlinear coupled stochastic differential equation of motion is obtained

YH +2DwnY'+a)n Yn + Z nmpq WL p q Pilg(t) n :1’2"" (21)

m.p.q

where

! 1
1 7 ’ 7 ’
rnmpq == E I:J. ¢n ¢m dx:l[j ¢p ¢q dx]
0 0
For the simple case n=m=p=g=1, by setting y=17;,,, the following nonlinear
stochastic differential equation is obtained
Y+2DwY + o}y + ¥ =&(r) (22)
The Kolmogorov-Feller equation associated with Eq.(22) reads

op .dp
% >y

+/1I p(v.y—ait+7/y, 3" 5t)p,(a)da—Ap
a

»_,p o a(yp)

- +(@?y+n?)

(23)

Following the same approach outlined for the linear case, the approximated solu-
tion of Eq.(23) by applying the Method of Characteristics is given by Eq.(18)

cT

Py, yit+7)=p, (v’ (3, 3), (3, D) t)e
#2160y, 7)+ 222G (v, 7)- GOy, 7))
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where the characteristic curves, because of the nonlinear term in Eq.(22), needs
now to be evaluated by numerical integration solving the nonlinear system of or-
dinary differential equations

dy .
dr_y

dy

(24)
2 _pai+aiyy’)
dr

Subjected to the initial conditions

o

4 Solution of Higher Order 1t

The solution found in the previous sections for linear and nonlinear systems is
confined to the approximation of order 7 of the transition pdf as given in Eq.(11).
However, an approximate transition pdf of higher order can be defined, consider-
ing the probability of occurrence of n pulses in the time interval T following the
Poisson law

e—M (ﬂ'f)n

P[number of pulsesint= n] = '
n!

(26)
The probability of having one spike of amplitude ()'/ - )';'), as stated in Eq.(11) is
simply py4 ()'1— y'). The probability of having two spikes in T of amplitude sum-

mation equal to ¥ = ( y— y') , can be found as solution of the convolution equation

P[two spikes of amplitude summationY in T] = IpA (y -y - a)pA (a)da 27

a

and, for n+1 spikes arriving in T of amplitude summation equal toY

P[n spikes of amplitude summationY in T] = J.(n)J. pala)-pula,)
a (28)

a

XPA(y—y’_al—...—an)dal...dan
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It follows that combining Eqs.(26),(28) the following relationship hold for the
transition pdf

PO yst+ly,351)=8(y=y)e M [8(3—3)+ A, (3 3)

+(ﬂ;)z [ pali=3"=a)p,(a)da 29)
+ (/1;)3 J'.[pA(Y—y'—al —az)pA(al)pA(a2 )daldaz +]

The transition pdf appearing in the integral term in Eq.(9), because of Eq.(29), can
be written as follows (setting p=a)

P y-pit+7ly, 351)=8(y=y)e (-3 - p)+ A, (3= p)

Ar)? .
( ;) [ pali=3"=p=a)p,(a)a (30)

+

+@.“.PA().’—)}’_/)—611 —a,)palay)pala,)da,da, +...]

Substituting Eq.(30) in Eq.(8), multiplying both members by the joint probability
density p, = p(y', y',t) and then integrating with respect of the initial variables,

the following differential equation for the joint probability density function
Prsz = Py, 3,1+ 7) up to order 1 is obtained

apt+r = 2D, a()"p.mr)_’_wlzy apt.+r — apt+r
ot ay oy dy

e
+e ZT,TG,(’)(y,y)

j=0

_/lpt+‘[
(1)

Solution of Eq.(31) can be explicitly derived by the method of characteristics,
leading to the following formula for the joint pdf of displacement and velocity at
HT

N > ’ . . . _ > /’L
p()’s)’§t+f)=e”pt(y ()’,y),y(y,y);t)+e 112( TJ
e !

)j+l ()
—G,"(y.5) (32)

having set

GOy, y)= Ip[ (v.y—a;t)py(a)da
(s ; (-D(,, « 33)
G’ (y,y)=IG#* (wy-at)psla)da  j=12,...
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It is worth noting that the transition pdf in Eq.(29) as well as the solution found in
Eq.(32) recover to Eq.(11) and Eq.(18) if only terms up to order T and 7* are con-
sidered respectively.

4 Conclusions

An approximate explicit response probability density function of a beam under ex-
ternal impulsive random Poisson excitation has obtained as approximate solution
of the KF equation. It was shown that, using a physical-based transition pdf, the
integro differential KF equation reduce to a first order partial differential equa-
tion, using path integral solution method for the integral term. Then, the Method
of Characteristics has been applied to obtain the required solution. Different levels
of approximation, depending on the physical assumption on the transition prob-
ability density function, were found and the solution for the response density has
been obtained as series expansion using convolution integrals.

References

[1] Lin, Y.K.: Application of non-stationary shot noise in the study of system response to
a class of non-stationary excitations. Journal of Applied Mechanics 30, 555-558
(1963)

[2] Lin, Y.K., Cai, G.Q.: Probabilistic Structural Dynamics: Advanced Theory and Ap-
plications. WilliamHill International edn. (1995)

[3] Tung, C.C.: Random response of highway bridges to vehicle loads. J. Engng. Mech.
Div. 93, 79-94 (1967)

[4] Gihman, LI, Skorohod, A.V.: Stochastic Differential Equations. Springer, Berlin
(1972)

[5] Di Paola, M., Falsone, G.: Stochastic dynamics of non-linear systems driven by non-
normal delta-correlated processes. Journal of Applied Mechanics 60, 141-148 (1993)

[6] Gardiner, C.W.: Handbook of Stochastic Methods. Springer, Berlin (1990)

[7] Risken, H.: The Fokker-Planck equation: methods of solution and applications.
Springer, Berlin (1984)

[8] Feng, G.M., Wang, B., Lu, Y.F.: Path integral, functional method and stochastic dy-
namical systems. Probabilistic Engineering Mechanics 7, 149-157 (1992)

[9] Naess, A., Johnses, J.M.: Response statistics of nonlinear, compliant offshore struc-
tures by the path integral solution method. Probabilistic Engineering Mechanics 8,
91-106 (1993)

[10] Di Paola, M., Vasta, M.: Stochastic Integro-Differential and Differential Equations of
Non Linear Systems Excited by Parametric Poisson Pulses. International Journal of
Non-linear Mechanics 31, 855-862 (1997)

[11] Vasta, M.: Exact stationary solution for a class of non-linear systems driven by a
non-normal delta-correlated process. Int. Journal of Non-linear Mechanics 30,
407-418 (1995)

[12] Proppe, C.: Exact stationary probability density functions for non-linear systems un-
der Poisson white noise excitation. Int. Journal of Non-linear Mechanics 38, 557-564
(2003)



136

(13]

(14]
[15]

[16]

(17]
(18]
(19]
(20]

(21]

M. Vasta and M. Di Paola

Koyluoglu, H.U., Nielsen, R.K., Iwankievicz, R.: Response and reliability of Pois-
son-driven systems by path integration. Journal of Engineering Mechanics, 117-130
(1995)

Iwankievicz, R., Nielsen, S.R.K.: Dynamic response of non-linear systems to Poisson
distribuited random impulses. Journal of Sound and Vibration 156, 407-423 (1992)
Roberts, J.B.: System response to random impulses. Journal of Sound and Vibra-
tion 24, 23-34 (1972)

Vasta, M., Roberts, J.B.: An approximate transition probability density function for
non-linear systems to impulsive loads. In: Proceedings of the Third International
Conference on Computational Stochastic Mechanics (1998)

Guenther, R.B., Lee, J.W.: Partial differential equations of mathematical physics and
integral equations. Prentice-Hall, Englewood Cliffs (1988)

Renger, A.: Eine dichtegleichung fur schwingungssysteme bei gleichzeitigen konti-
nuierlichen und diskreten stochastischen erregungen. ZAMM 59, 1-13 (1979)
Nayfeh, A.H., Balachandran, B.: Applied Nonlinear Dynamics. Wiley Ed., New
York (1995)

Di Paola, M., Santoro, R.: Path integral solution for non-linear system enforced by
Poisson White Noise. Probabilistic Engineering Mechanics 23, 164-169 (2008)
Vasta, M., Luongo, A.: Dynamic Analysis of Linear and Nonlinear Oscillations of a
Beam Under Axial and Transversal Random Poisson Pulses. Nonlinear Dynamics 36,
421-435 (2004)
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Abstract. In this paper, attention is focused on the steady state analysis of a class of nonlin-
ear dynamic systems with multi-delayed feedbacks driven by multiplicative correlated Gaus-
sian white noises. The Fokker-Planck equations for delayed variables are at first derived by
Novikov’s theorem. Then, under small delay assumption, the approximate stationary solu-
tions are obtained by the probability density approach. As a special case, the effects of multi-
delay feedbacks and the correlated additive and multiplicative Gaussian white noises on the
response of a bistable system are considered. It is shown that the obtained analytical results
are in good agreement with experimental results in Monte Carlo simulations.

Keywords: stochastic systems, multiple time delays, delay Fokker-Planck equation, Gaus-
sian white noise.

1 Introduction

In the past few years, stochastic time-delayed dynamic systems have been exten-
sively investigated, and the primary interests lie in revealing the interplay between
stochastic excitations and time delay feedbacks, which have been proved capable
of producing surprisingly rich phenomena. Resonance behavior in a quite sim-
ple stochastic model with time delay was observed both numerically and analyt-
ically [1]]. Noise-induced resonance was studied in a single-mode semiconductor
laser with weak optical feedback [2]]. Analytical results were obtained for a pro-
totypical bistable system with delayed feedback and the phenomena of coherence
resonance was found [3]]. Noise-induced coherence in bistable systems with mul-
tiple time delays was investigated by using the two-state approximation [4]. Hopf
bifurcation analysis of a four-neuron network with multiple time delays was pre-
sented in [3]]. Stochastic resonance in time-delayed bistable systems driven by weak
periodic signal was investigated in [6].

As an important theoretic tool for learning about the response of stochastic dy-
namical systems, the Fokker-Planck equation has been studied extensively [[7Z,[8]. In
1991, Fulinski etc [9] first introduced a correlation between a multiplicative noise
and an additive noise. Then the effects of correlation between noise have attracted
attention of many researchers [[10,[11,[12]].

The variety of applications demand a theory of stochastic time-delayed system.
In this context, the delay Fokker-Planck equation was first introduced by Guilouzic
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et al [13\[14]. Then Frank [[15/16]] obtained the same result by using Novikov’s the-
orem and compared the small delay approximation based on stochastic delay differ-
ential equation approach with the probability density approach. The impact of time
delays on noise-induced transitions for a Hongler model was studied in [[17,[18]].
Delay Fokker-Planck equations have been obtained for stochastic systems with
multiple delays by using Kramers-Moyal expansion technique [19]. In our pre-
vious work, a class of stochastic time-delayed systems with single time delay is
studied [20].

In this paper, the delay Fokker-Planck equation is first obtained for a class of
stochastic time-delayed systems driven by correlated Gaussian white noises with
multiple time delays. As a kind of generalization, it matches the result derived by
Frank [19] for some special cases. Then, the approximate stationary probability
densities are obtained by using the small delay approximations based on a prob-
ability density approach. Numerical simulations are performed for a special case
and it is shown that the analytical result is in good agreement with the Monte Carlo
simulation.

2 Delay Fokker-Planck Equations

The class of stochastic time-delayed systems to be considered within this paper are
of the form

dx(t)

P h(x(2),x(t —T1),. .y x(t — Tw)) + &1 (x(2),x(r — 71),..., x(t — 1)) E(2)

+go(x(t),x(t —71),...,x(t — 7)) (2). (1)

Further, p(x,#) =< 8(x —x(z)) > denotes the probability density of the stochastic
process defined by Eq.(d). Differentiating p(x,#) with respect to time yields

gtp(x,t) =-< ;XS(xfx(t))jtx(t) >

d
= fax/h(x,xn,...,xrm)P(x,t;xTI,tfTl;...;xfm,tf‘rm)dVT

=

—;x/gl(x,xﬁ,...7x1m)<§(t)3(x—x(t)) §(cq, —x(t — 1)) >dVs

1

s

_aax/gz(x7xﬁ,...7x1m)<n(t)5(x—x(t)) 8 (e, — x(t — 1)) > dVs,

1

2

dV; corresponds to the M-dimensional differential dV; = dxy, ...dx,.

Next the Novikov’s theorem is adopted to calculate the ensemble average <
E(1)8 (x — (1)) TI%, 8 (xr, — x(t — 1)) > and < 11(1)3(x — (1)) TIL%, 8 (er, — x(t —
7;)) >, which reads

00 (&, &)

5& (1) >dt', 3)

<& (&, &) > = /Ot Ya(t,1') <
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here & and &; are Gaussian processes with correlation function ¥, ¢(&, &) is an
arbitrary functional of them. Thus

<E&(1) ﬁé (xg —x(t — 7)) >
=1
_ ~ S(8(x—x(n)) Ty 8(xr, —x(1 —17))) 8x(r")
ZD/ t=1) e(r) SE()
O(0(x—x(t)) T, 6(xg, —x(t — 1)) 6x(' — 11)
+20 [[3(0-1) < 6x(1'— 1) SE()
s (B x0TI 8y — 2 - ) 8x(¢ 1)
+2D/0 o(t—1') < 5x(r’l— Tm) 5E (1) >
+2/l\/DQ/0t5(t—t') < O(6(r=x(1)) 5x t,)( ) gz((tz/)) >
! 8(6(x—x(t)) Ty 8 (xg, —x(t — 7)) Ox(t' — 1)
+2/l\/DQ/0 S(r—1') < 5x([, - 5n(t')1

+2A \/DQ/Ot5(t —tl) < 6(3(x—x(t))H:n=1 6(_X.L-i —x([ — Ti))) 5)6([/ o Tm) N

Ox(t' — 1) on(t)
4)
Further, due to causality,
ox(t' — 1) Oox(f'—1) .
= =0,i=1,...,m.
sewy ey Tl ®
On the other hand, integrating Eq.(T)) leads to
+/h Xt =)o x(t — To))ds
+/g1 X —T1)s e 6(t — T))E(1)ds
+/g2 Xt =15 x(t — T))N (1)ds, ©)
and the functional derivative gives
x(t) 1 3 3
Eo) 2g1(x(t)7x(t Ti)y. ooy X(t—Tin)), (7
x(r) 1
() 2g2(x(t),x(t—T]),...,x(t—rm)). (8)



140 W. Xu, C.Y. Sun, and H.Q. Zhang

Substituting Eq.@), (@) and Eq.() into Eq.@) yields

<&0)8(x—x(t) [[6(xg —x(t — 7)) >

m

ngxgl(x,xn,...,me) < (- x(0) [[ 8re —x(t — 1)) >

i=1

-2 \/DQaaxgg(x,xT1 S 2 3(x—x(t))H5(xTi —x(t—1)) >

0
ngxgl(x,xn,...,xrm)p(x,t;xn,tf Ty 3 Xg, L — Tn)

d
fl\/Dnggg(x,xn,...,xfm)p(x,t;xfl,tf Thse e 3Xg,, 0 — Tm)-

Similarly,

m

<08 (x—x(n) [T6(rg, —x(t — 7)) >

i=1

= _ngg2(x7xf17' - 7x‘L'm)p(x7t;x‘L'1 7t_ T15--- ;me7t - Tm)

®

0
—l\/Dangl(x,xﬁ,...,xfm)p(x,t;xﬁ = T15 e 3 X, — T)- (10)

Inserting Eq.(9) and Eq.(I0) into Eq.@)leads to the delay Fokker-Planck equation

d .
8tp(x’t) = Fp(x,t)

where

) P) P) P)
- /[f SR x,) D 8 g1 (kg ) § 81k, )

0 0
+l \/Dang] (xaxfl g >me) axgz(xax’fl PR ax‘b'm)}
0 0
+ang2(xax‘[1 g ,)C-;m) ang(xapr' .. 7me)]

P P
—I—J,\/Dangz(x,xT],...,xfm)axgl(LxTI7...,x1-m)]

p(xg = T15. . X, f — T|x,1)d V7.

(1)

12)

When A = D = 0, the result matches the delay Fokker-Planck equation derived by

using the Kamers-Moyal expansion [[19].

3 Approximate Stationary Solution

The perturbation theoretical approach proposed by Frank [[15,/16] has been proven a
useful tool for obtaining the approximate stationary solution of delay Fokker-Planck
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equation. The method can also be applied to Eq.(II). Like Ref [19], we can also
illustrate this issue for a stochastic system in the form

dx(t)
dt

+82(x(1))n (). (13)
Eq.([) can be rewritten as
0 8 )
o) = - +2/h x(t —1))p (gt — T, 1)dlxy
g1
+Dg1 a

8
+ 52 D81 +24 \/DQg1g2+ng} (7). (14)

+),\/DQ82 +ng +7L\/DQg1 x] p(x.t)

Like Ref [19,120], a perturbation theoretical technique is used and we have

e 3 [0 e = ) ot =
g1
D51 %81 1 2/D00> %81 + 0005 1 4/D08 7 1pll ()
82
= JolDgt+22 \/Dlegz + Qg%]pi}) (®). (1)

where pg?) (x7;,t — Ti|x,t) is the zero order approximation of the stationary condi-
(1)

tional distribution pg (x,f — Ti|x,t), py’(x) is the first order approximation of the
stationary probability density py (x).

On the other hand, since pﬁ?) (%7, — Ti|x, 1) is the conditional probability density

of the unperturbed problem, using the short time propagator discussed in Ref [[7,8]]
gives

(0) e e 1 g —x— O
Par (¥t T"“)\/ 1RO P o (19

Substituting Eq.(I6) into Eq.(I3), the approximate stationary solution

ey N ferr&)
P (x)iReffexp( Reff(x’)dx) (an
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is derived with

Jetr = e %)+ Z \/47rR X)T; / — %)

g, —x = fO ()7
4R<0)( )T

dg:
+Dg1a +WDQg2 +ng +7L\/DQg1 x, (18)

xexp(— )dxz,

Reyr = Dgi+24+/D0g1g2 + Qg3 (19)

4 Case Study and Numerical Simulations

As a special case, we consider a bistable system with coupling between additive and
multiplicative noise which can be written as

d

dtx(t) =x—x Fex(t — 1) + ex(t — 1) +xE(x) + (1) (20)

The delay Fokker-Planck equation of the system is

gtp(x,t) = /[f aax (x— x>+ ex(t — 1) + &2x(t — ) + Dx + A+/DQ)

9 2(Dx +22/DOx+ Q)| p(x1,,t — Ti3 X0y, — To|X,1)
dVip(x,t). (21

When 0 < A < 1, the approximate stationary probability density is

N l+ean+en,l ct+a—e
Py(x) = R(x) exp{— 15 : z[zxzfcx+ 5 In|x® + cx+ e
c(c®>+a) —3ce—2b

1
— Arctg( ,
e Ve

where R(x) = Dx* +2Av/DQx+ Q,a = —(1 + & + & + D),b = —A/DQ,c =
24V/DQ
D

(et 5)). 22)

,e = %. The critical curve separating the bimodal and unimodal regions is

1 1 [D—et—(1+et)(1+¢)?
A’DO(1 — &7 — &)
o( 1T —&T) +27 | +et

A =0. (23)
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Fig. 1 The critical curves in the Q — D parameter plane. (a) =0, £,=0.3, 7,=0.1, &=0, 7,=0
(solid line), £,=0.2, 7,=0.1 (dashed line). (b) 1=0.5, £,=0.3, 7;=0.1, £=0, 7,=0 (solid line),
£=0.2, 17p=0.1 (dashed line).

The critical curves are plotted in Fig[Il It can be seen that the unimodal region
is increased while the bimodal region is decreased when the second time delay is
increased. It can also be seen that when A = 0, the critical curves are straight lines.
The fact can be confirmed by examining Eq.(23).

Numerical simulation is performed to verify the validity of the analytical result
and second-order Runge-Kutta algorithm is adopted (ensemble size N = 2 x 107,
single time step At = 0.001).

035 0.35
03 03
025 0.25
— 02 —~ 02
2 )
£ @
& 015 & o015
0.1 0.1
0.05 0.05
0 0
-4 -2 0 2 4 a4 2 0 2 2
X X

Fig. 2 The stationary probability density functions Py (x) relative to point A in Fig[l] are
plotted('— analytical results, o’ numerical simulations results). D=1.5, 0=0.4, A=0, £,=0.3,
71=0.1, (a) =0, 7»=0; (b) £=0.4, 1,=0.3.
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Fig. 3 The stationary probability density functions Py (x) relative to point B in Fig[l] are
plotted('—' analytical results, ‘o’ numerical simulations results). D=0.7, 0=0.4, 1=0.5,
£1=0.3, 711=0.1, (a) =0, 17,=0; (b) £=0.4, 7,=0.3.

From Fig[2l it can be seen that Py (x) corresponding to the point A in Fig[ll ex-
periences the transition from a bimodal to a unimodal structure when the second
time delay is increased. Corresponding to the point B in Fig[ll Fig[3 show such a
transition, too. We can also find that when the noises are uncorrelated, the stationary
probability density function exhibits a symmetry bimodal structure. But when the
noises are correlated, the symmetry bimodal structure is broken.

Based on the probability density derived above, further discussion about the mean
first passage time (MFPT) can be performed. In this regard, interest is focused on
in the effects of the two different time delays and the degree of correlation between
noises on the transient property of the system. The switch time to escape from one
stable state —x; to another stable state +x; is given by the equation

+x5 dx X
Tl =50 = [ promatay J PO 24)

through which MFPT can be evaluated analytically by inserting Eq.(22) into Eq.(24).

\ \
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\\ \ \\
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\ 244 5 =0%
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Fig. 4 The MFPT of the bistable system when parameters are fixed in the bimodal region are
depicted. £,=0.3, 11=0.1, £&=0.4, (a) A=0, D=1.5, (b) A=0.5, D=0.7.
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Shown in Fig[] are results for various value of the parameter Q when one time
delay is fixed to a certain value, the MFPT is seen increased with the other time
delay in both symmetric and asymmetric cases.

The quantitative aspects in conjunction with the comparison with Monte Carlo
simulation of the pervious section venders the proposed approach a viable tool for
analyzing of stochastic systems with multiple time delays.
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Excitation
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Abstract. A stochastic averaging method for single-degree-of-freedom (SDOF) strongly
nonlinear oscillators under Poisson white noise excitation is proposed by using the so-
called generalized harmonic functions. The stationary averaged generalized Fokker-Planck-
Kolmogorov (GFPK) equation is solved by using the classical perturbation method. Then
the procedure is applied to estimate the stationary probability density of response of a
Duffing-van der Pol oscillator under Poisson white noise excitation. Theoretical results
agree well with Monte Carlo simulations.

Keywords: Strongly nonlinear oscillator, Poisson white noise, stationary response, stochas-
tic averaging.

1 Introduction

In stochastic dynamics, stochastic excitation is usually modeled as Gaussian white
noise or filtered Gaussian white noise. Many analytical and numerical methods
have been developed for predicting the response of such kind of stochastic dy-
namical systems. However, in real engineering there are many non-Gaussian ran-
dom excitations. The representative examples of such random excitations are
highway traffic loading, loadings caused by wind gusts associated with eddies, by
atmospheric turbulence, or by buffeting of an airplane, and the loading acting on
moving vehicles due to rough ground or imperfect track, etc. Therefore, many
techniques for predicting the response of non-linear dynamical systems to non-
Gaussian random excitation have been developed in recent years, including mo-
ment closure method [1], equivalent linearization method [2], perturbation method
[3], cell mapping method [4], spectral finite difference method [5], characteristic
function method [6], Wiener-Hermite expansion method [7] and Monte Carlo
simulation method [8]. However there are several difficulties which restrict the
extensive use of these techniques, e.g., complexity in calculation for high-
dimensional nonlinear systems, much more time in repeating simulations for dif-
ferent parameter conditions, etc..

As a powerful technique, stochastic averaging methods based on diffusion
approximation were extensively used in the prediction of response of various
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nonlinear systems to Gaussian random excitation [9-12]. Through stochastic aver-
aging, nonlinear systems can be simplified and approximate statistics of response
can be more easily obtained from the averaged equations. However, for non-
Gaussian random excitations the stochastic averaging based on diffusion approxi-
mation is not applicable and it is necessary to establish new stochastic averaging
procedures. As the application of stochastic averaging theorems in predicting the
response of nonlinear systems under non-Gaussian random excitations, stochastic
averaging method of coefficients of GFPK equation for quasi linear systems under
Poisson white noise excitation [13], standard stochastic averaging method for
quasi linear systems under filtered Poisson white noise excitation [14], and sto-
chastic averaging method for quasi-nonintegrable-Hamiltonian system under Pois-
son white noise excitation [15] have been developed by the authors successfully.
In this paper, a new stochastic averaging procedure is proposed for predicting the
response of SDOF strongly nonlinear oscillators under Poisson white noise excita-
tion by using the so-called generalized harmonic functions. The approximate sta-
tionary solution of averaged GFPK equation is obtained by using the classical per-
turbation method. As an example, approximate probability density of stationary
response of a Duffing-van der Pol oscillator under Poisson white noise excitation
is obtained by using this new stochastic averaging method and confirmed by using
Monte Carlo simulation.

2 Stochastic Averaging Method

Consider the following SDOF strongly nonlinear oscillator,

0=P

. r (1)
P=-g(Q)-€*f(Q,P)+eY fi(Q, P (1)

k=1

where g(Q) represents nonlinear restoring force, &2 f(Q,P) represents lightly
linear and(or) nonlinear damping, € is a small positive parameter and
Ex (1), k =1,---,r represent independent Poisson white noises which can be treated
as formal derivatives of the following homogeneous compound Poisson processes:

dCy (1)
= k=12, 2
&k (0 P WAEN 2




Strongly Nonlinear Oscillators under Poisson White Noise Excitation 149

Ny (1)
Cr)= Y YU —1) 3)
i1

in which, Nj(¢) is Poisson counting process with average arrival rate A; ,
U(t—1;) is unit step function at pulse arrival time #; and Y}; is a random vari-
able representing the intensity of the i -th impulse of & .

Because € is small, the sample motion of system (1) will be nearly periodic
and can be written as

Q=Acos®+B,P=—Av(A,P)sin®,d=¥+0, “)

where © is initial phase angle, V(A,®) is instantaneous angle frequency, A is

amplitude and B is symmetric center coordinate. sin® and cos® are called
generalized harmonic functions. In Eq. (4), A, B, ®, ¥ and © are random
processes and

D(A’q)):ﬂ:\/2[V(A+B)—V(Acos<l)+B)]’ )
dr AZsin? @
V(A+B)=V(-A+B)=H, (6)
H= %Pz +V(Q), 7)
0
V(@ = gwdu. ®)

Eq.(4) can be regarded as a set of random van der Pol transformations from Q,

P to A, ©. With the transformations accomplished, Stratonovich SDE of new
state variables A, © are obtained from Eq.(1) as follows:

.
dA=e2my(A,@)dt +e Y g1 (A, ®)odCy (1),

k=1 9)

.
d0 =&%my(A,®)di +£ Y goy (A, D)o dCy (1),
k=1
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where

m (A, 0) =—Avf sin @, (10)
my (A, 0) =—vf'(cos @+ R), (11)
21k (A,©) = —Avf{ sin @, (12)
22k (A,0) =—(cos @ + R)VfY, (13)
F= f(Acos®D+ B,—AVv(A,D)sin D) (14)

g(A+B)(1+R)
f/é _ i (Acos<D+B,—A1)(A,d>)sin<D), (15)

g(A+B)(1+R)
_dB _g(-A+B)+g(A+B) (16)

dA  g(-A+B)-g(A+B)’

By using the transformation from Stratonovich SDE to It6 SDE proposed by Di
Paola and Falsone [16, 17], Itd SDE of A, © can be obtained as follows:

dA =&2my (A, @)d;+zz Gl(f{,){ L (dC)’,

s=lk 1 s— fOld

(17)

(s) s

d© =&%my (A, @)dt+zz szk 2 (dCr)’

S= lk 1 s— f()ld
in which,
(s) _ (s=1) (s—1)
szk & = 81k (A, @)_Gz -k + 82k (4, @)_Gz keeok

s~ Jold (=)< fold (s=D)% fold (18)

G,-(,l) =g (A,0), i=1,2k=12,r



Strongly Nonlinear Oscillators under Poisson White Noise Excitation

151
By using probability evolution equation of Markov process, GFPK equation is ob-
tained from It6 SDE (17) as follows

ap Z( 1y o' MlzP
vt od’

Z( 1/ 37 (Myp)

j=1 00/ a9)
&St o (Ni'P)
+zz il i j ’

ileZl ~]' aa 89

where p =p(a,6,7) and

5 SIS S (s1) () )
EAD DI ZG kke-k x5 -k G ek (20)
si=lsr=1 s ;=1k=l s~ fold s~ fold

Sj~fold
SIS < por +vj>
k
X : j=2
splsploees;!
IR AR e e U el
SPIEDIDNDIDY 1jk: -k Uik -k 2 kkeok T2 ke ok
si=L - si=ln=1 rj=lk=1 s~ fold fold n~ fold rj~ fold
(21)
ESI SiTh r'l}"k <Ykl ith j
X i j=1,2, 00
In!

in which, <-> denotes mathematical expectation

Obviously, coefficients of GFPK Eq. (19) are functions of A and © . By using
Egs. (4), (5) and (17), it is found @ is a rapid variable, i.e

d® = V(A,®)dr +2my (A, G))dt+z Z Gé‘k)k L (dc)’ (22)
S= 1k 1 §— fOld
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Therefore, time averaging to GFPK Eq.(19) can be replaced by space averaging
with respect to @ , averaged GFPK equation is obtained as follows:

i 9" (M
% z( ' 3 (Myp) o3
i=1 a
where p =p(a,t) and
— Lim j M (a,@)dt = — j " M. (a,0)do. (24)
] T—oo T 2 210 2

Because all the terms in the right side of averaged GFPK Eq. (23) can be rear-
ranged with respect to the order of €, following perturbation expansion of station-
ary solution can be made:

p(a) = po(a)+epy (@) +E%py (@) +--. (25)

Substituting Eq.(25) into Eq.(23) and using the classical perturbation method, ap-
proximate stationary solution of p(a) can be obtained. And then, approximate sta-

tionary probability density p(a,0) can be derived as follows:

p(a.0) = p(a). 26)
21

Using the transformations in Eq.(4), the joint probability density of Q and P is
obtained as follows:

_|9(a,0) _ 1 (0(a,0)
P(Cl, I’) - ‘m‘ p(a’ 9) = % m p(a)|a:V_1(p2/2+V(q))_b . (27)
and marginal probability density of Q can be obtained in the following:
p(@)= | plg, p)dp. (28)

—oo

In the following section, intensity of random impulses of Poisson white noise is
assumed to be Gaussian distributed with zero mean for illustrative purpose, i.e.,

<Y4>=3<Y2>2.
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3 Example

Consider a Duffing-van der Pol oscillator subject to external excitation of Poisson
white noise in the form:

0=P
P=—(wQ+a0%) -2 (BQ> ~)P+e&(1)

Substituting Eq. (29) into the Stratonovich and Ité6 SDEs and averaged GFPK
equation in section 2 and solving stationary averaged GFPK equation by using the
proposed perturbation method, approximate stationary probability density p(a)

(29)

and stationary marginal probability density p(q) are obtained and presented sepa-
rately in Figures 1 and 2 with parameters: w=1.0, a=1.0, B=1.0, €=04,

A=1.0, and <Y2>:2.0.

It is shown in Figure 1 that approximate stationary probability density p(a)
agrees well with results from Monte Carlo simulation and is better than the Gaus-
sian approximate solution which is obtained under the assumption that the random
excitation is a Gaussian white noise with the same intensity of Poisson white noise
in Eq. (29). It is also shown in Figure 2 that stationary marginal probability den-
sity p(g) obtained by using the proposed method agrees well with results from

Monte Carlo simulation.

1.2

p(a)

Fig. 1 Stationary probability density p(a) of Duffing-van der Pol oscillator: , ap-
proximate stationary solution obtain by the proposed method; ---, Gaussian approximate so-
lution; ® , results from Monte Carlo simulation
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0.25

0.2

0.15

p(a)

0.1

0.05

Fig. 2 Stationary marginal probability density p(g) of Duffing-van der Pol oscillator:
, approximate stationary solution obtain by the proposed method; ® , results from
Monte Carlo simulation

4 Conclusions

In the present paper, a stochastic averaging procedure for predicting the response
of SDOF strongly nonlinear oscillator under Poisson white noise excitation is pro-
posed by using the so-called generalized harmonic functions and a classical per-
turbation method is introduced to solve approximate stationary probability density
form corresponding averaged GFPK equation. Using this stochastic averaging
method, approximate stationary density of amplitude and stationary marginal
probability density of displacement of Duffing-van der Pol oscillator are obtained
and confirmed by comparing with results from Monte Carlo simulation. This sto-
chastic averaging procedure is the basis of further research on stability and reli-
ability of strongly nonlinear oscillators under Poisson white noise excitation.
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Abstract. Dynamic systems with lumped parameters which experience random temporal
variations are considered. The variations may “smear” boundary between the system’s
states which are dynamically stable and unstable in the classical sense. The system’s re-
sponse within such a “twilight zone” of marginal instability is found to be of an intermittent
nature, with alternating periods of zero or almost zero response and rare short outbreaks. As
long as it may be impractical to preclude completely such outbreaks for a designed system,
the corresponding response should be analyzed to evaluate the system’s reliability.

Results of such analyses are presented separately for cases of slow and rapid parameter
variations. Linear models of the systems are studied in the former case using parabolic ap-
proximation for the variations in the vicinity of their peaks together with Krylov-
Bogoliubov averaging for the transient response. This results in a solution for the response
probability density function (PDF). The analysis is also used to derive on-line identification
procedure for the system from its observed response with set of rare outbreaks. Potential
examples of applications include 1D and 2D short-term galloping of elastically suspended
bodies in cross-flow of fluid with random temporal variations of flow speed; bundles of
heat exchanger tubes in cross-flow with potential for flutter-type instability; and rotating
shafts.

The case of rapid broadband parameter variations is studied using theory of Markov
processes. The system is assumed to operate beyond its stochastic instability threshold — al-
though only slightly — and its nonlinear model is used accordingly. The analysis is based on
solution of the Fokker-Planck-Kolmogorov (FPK) partial differential equation for station-
ary PDF of the response. Several such PDFs are analyzed; they are found to have integrable
singularities at the origin indicating an intermittent nature of the response. One of potential
applications is population dynamics where behaviour of predator-prey (or parasite-host)
pair in random environment is studied using extended stochastic Lotka-Volterra model. The
analysis provides potential for probabilistic predictions of response outbreaks, in particular
for the cases of intermittency (like the notorious case of seven outbreaks in budworms (for-
est parasites) in eastern Canada since 1710).

Keywords: marginal instability, excursions, probability density function, intermittency.
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1 Introduction

Classical definitions of stability and instability deal with long-term behavior of
dynamic systems, that is, behavior as time t — oo . These definitions are known to
be not perfectly appropriate for applications with limited service life (such as mis-
siles, projectiles, etc.) which may sometimes be qualified as acceptable in spite of
being unstable in the classical sense. Design of such marginally unstable systems
may be based on analysis of their transient response within limited service life.

These classical definitions may also prove to be not perfectly adequate for
some dynamic systems that may be intended for long-term operation. Such sys-
tems are designed, as a rule, to operate within their stability domain in the classi-
cal sense as long as their “nominal” design parameters are considered. However, if
the parameters may experience random temporal variations around their “nomi-
nal” or expected values, the system may become “marginally unstable” within the
“smeared” stability boundary. Whenever complete elimination of this kind of re-
sponse may lead to impossible or impractical design the corresponding short-time
outbreaks in response should be analyzed to evaluate the system’s reliability with
respect to, say, first-passage failure and/or of low-cycle fatigue. Relevant dynamic
studies may also be of importance for interpretation of measured response signals.

Results of such analyses are presented separately for cases of slow and rapid
parameter variations. Linear models of the systems are studied in the former case
using parabolic approximation (PA) for the variations in the vicinity of their peaks
together with Krylov-Bogoliubov (KB) averaging for the transient response. This
results in a solution for the probability density function (PDF) of the response in
terms of that of the bifurcation parameter. The analysis is also used to derive pro-
cedure for on-line system identification from its observed intermittent response.

The case of rapid broadband parameter variations is studied using theory of
Markov processes. The system is assumed to operate beyond its stochastic insta-
bility threshold but only slightly and its nonlinear model is used accordingly. The
analysis is based on solution of the FPK equation for stationary response PDF.
Several such PDFs are analyzed with integrable singularities at their origins indi-
cating an intermittent nature of the response. One of the potential applications is
population dynamics where behaviour of predator-prey pair in random environ-
ment is studied using extended stochastic Lotka-Volterra model.

2 Systems with Slow Variations of Parameters

Linear systems with slow stationary random temporal variations of parameter(s)
are considered which operate within classical stability domain for the mean or
“nominal” system. However, any brief excursion beyond the instability threshold
may lead to growth of the system’s response. The growth is assumed to be limited
as long as the system quickly returns back into the stability domain. The response
would be seen then as a set of spontaneous brief outbreaks alternating with inter-
vals of zero response.
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The Slepian model [12] of a stationary zero-mean random process g(¢) with unit
standard deviation implies parabolic approximation (PA) [14] in the vicinity of its
peak —during upcrossing given level u that starts at time instant ¢ = 0 namely

g(t/u)=u+(1/u) (gt -2’1 /2) so that g (1) = u+gr —(u/2) (A1)’

(D
forte [O,Zg//lqu and max, g (1) = g(g//lzu) =g,= u+¢?[20%u.

9

Subscript “p” is used for peak values of random processes, ¢ is random slope of
g(1) at the instant of upcrossing and A = o = I &' ®, (0)dw where @, (@)is

power spectral density (PSD) of g(¢) so that A is a mean frequency of g(z). Thus,
according to the equation (1) random process g(t) is regarded as deterministic
within the high-level excursion of duration 7, = At, = 2¢/Au above level u, de-
pending just on its initial slope ¢ at the instant of upcrossing. This slope is re-

garded as a random variable for the excursion; in particular, it has the Rayleigh
PDF in case of a Gaussian g(#)[14] . This probabilistic description is used together
with the solution for the transient response within the instability domain.

The first example is a SDOF system with randomly varying damping — say,
Den-Hartog model of 1D galloping [2] under variable windspeed

X +2(a-q(1))X +Q°X =0 sothatq(t)=0,-g(t) and u=ajo, . 2)

Substituting the PA (1) into equation (2) reduces the latter to an ordinary differen-
tial equation (ODE) with a single random parameter ¢ . This ODE for a certain

representative crossing should be integrated starting from the instant of upcrossing
¢, until instant of peak of X(z) for a given outbreak. Here it can be done analyti-

cally using the KB-averaging over the response period for a quite common case of
a lightly damped system (2) with slow temporal variations of the damping coeffi-

cient: |a—q(t)| <<Q, A<<Q [1]. The method leads to first-order ODE for

slowly varying amplitude A(t) =JX*+X? / Q* which has the solution

A(r)=Ayexp £ (2): £ (7)=(0,/4)| (s/4)(7[2)-us[6 |, e = At -1,).  (3)

The peak amplitude of the response as attained at 7, = 2¢/Au is

A, =A(7,)=Aexp(20), 6 =(0, [34u*)(c/A) . (4)

This solution together with equation (1) define, in parametric form, relation be-
tween A, =A / Ay andg,. LetA =h(g,)forg, 2u. Then the function inverse

to & (denoted by superscript “-1”°) can be obtained as
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2/3

g, =u+(g/A) (1Y2u) =" (A, ) =u+(1/2u)[ (32’ /20, )In A4, |

These relations open way to predicting reliability for the system (2) based on
relevant statistics of g(#). Thus, the first-passage problem for A(z) with barrier A, is

o)

reduced to that for g(z) with barrier g, =h™ (Z*) as evaluated by equation (5).

Furthermore, the PDF of g(t) can be used to obtain the PDF of ;\p as
p(ZP):pg (h71 (ZP))|dhil/dZP| (6)

This PDF is non-zero for Zp =1 rather than for f_\p 20 and is normalized not to
unity but to Pr ob{ g,> u} ; according to the equations (5) and (6) it has a singular-
ity at Zp =1.

Figure 1 illustrates response sample of the system (2) with

o =0.16,Q =2 which contains one excursion of the apparent damping into nega-

tive domain (see dash-dot curve of g(t)) with the corresponding response outbreak.
To guarantee nonzero response during the short-term instability a small zero-mean
stationary broadband random process had been added to the RHS of the equation
(2); one can see that the corresponding subcritical response is really very small.

30 0.4
q (f ) Y
Y

-30 0.4
0

time (periods)

Fig. 1 Response sample with “outbreak” (solid line) of a SDOF system with apparent linear
viscous damping 0.16 — q(t); sample of random process q(t) is shown by dotted line

In Fig. 2 the PDF p(Z ) for the case of Gaussian g(t) is compared with

)4
Monte-Carlo simulation (where values of A, were measured for each upcrossing).
The corresponding prediction of the PDF of the actual (nonscaled) response am-
plitude and/or its peaks may be improved if PDF p(AO) of the random

variable A, is known [8].
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Fig. 2 Theoretical PDF of scaled amplitude Zp =A, /A, and corresponding histogram as
obtained from sample of X(t)

The simplest approach for getting rough estimates for 4, is just to ignore the

parameter(s) variations in prediction of small-level steady-state response [7, 8].
However, such a crude approximation may be unconservative. To improve its ac-
curacy a model with deterministic parameter variations and external random exci-
tation is considered.

X+2(a-q()X +Q°X =¢(t) withg(t) = Bsin At and &, B,q. A << Q. (7)

To this model the method of moments can be applied together with stochastic av-
eraging [4, 13] resulting in three ODEs for second-order moments D, = <X : >,

c,§

D, =(X,) where

cs

X, ()= X cosQt—(X /Q)sinQs, X, (t)= X sin Qt + (X /Q)cos Qt.

Numerical solutions to this ODE set have been obtained within [0,, | with initial
conditions (ICs) corresponding to steady-state response of a system with constant
parameters: D, (0) =D, (0)=D. /40, D, (0)=0. The results provide ICs for the

cc

following analytical solution as based on the PA for q(l‘)=ﬂsinﬂt within

[tu,tf],ﬂtu =sin” (a/ B),At, = m—sin”' (a/ B)

D (1) =D (1) exo{ (3 (Bfer) -1 | ®

The results may be compared with “stationary approximation” whereby the simple
ICs are enforced as D (tu ) =D, / 40LY | Figure 3 illustrates the corresponding

correction factor for peak values of D, (t) =D, (t)+D, () as established upon
identifying /3 as peak value of g(1):
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w /7D+ _
K =1/!ﬁp(z|*)dz,p(z|*) =u2g.exp(—u2z2/2)/ﬂ forz >1

where z= /=g, [u,g,=q,[0,,u=0f0,.

Correction factor

Fig. 3 Correction factor K as function of A/o and u.

These correction factors may be used to obtain improved estimates for
initial values of the response amplitude at each starting instant of the response
outbreak due to short-term instability. Namely, the estimate of a steady-state
rms value for the system without parameter variations may be directly multi-
plied by K . As could be expected, the correction is seen to be reduced with
increasing A .

The equation (4) is convenient for evaluating the system’s properties
from its measured (on-line!) response with outbreaks as one shown in
Fig. 1. To this end one can use peak amplitudes A, , as attained

at instants 7, =2¢/Au in the local time frames and corresponding amplitudes
A at inflexion points of the curve InA(7) . From the equation (4)

A =A(7)=Aexpd, sothat A, /A =expS and A, =A7/A, Thus, for each
one of the observed response outbreaks one can identify in a global time frame the

instants 7, =1, +7, /A andt, =1, +7, /A which correspond to peak and inflexion-
point amplitudes A, and A, respectively; the instants of upcrossings can also be
identified as 7, =1, —Z(t Pt ) =2t,—t,. The frequency 4 may now be obtained
by averaging time difference, —t over all observed outbreaks of response. The

identification procedure as described in details in [7] relies upon averaging
In(A, / A;) =expo over all observed outbreaks. It provides on-line estimates both
for the mean apparent damping coefficient — which may be regarded as a nominal

stability margin — and for standard deviation and mean frequency of its random
temporal variations.
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The described analytical solutions can be extended to certain TDOF systems
with certain “symmetry” which permit to “wrap up” two equations of motion into
a single complex equation [6, 8]. Thus, translational and tilting oscillations of the
Jeffcott rotor had been considered in [6] and [8] respectively.

In the general case of TDOF system two coupled response amplitudes remain
after KB-averaging for the case of lightly damped system thereby requiring
numerical integration for the two ODEs of slow motion from starting point of the
response outbreak till the instant when both response variables pass their peaks.
Then, as long as relation is established (numerically) between peak value(s) of re-
sponse(s) and that of scaled zero-mean part g(7) of the bifurcation parameter the
basic procedure can be applied for predicting response PDF. Several examples of
such analysis as presented in [8] are:

e Rotating shaft with anisotropic stiffness in translational vibrations;

e  TDOF flutter of a tube row in heat exchanger in cross-flow of fluid;

e Two-dimensional galloping of a rigid body in a fluid flow (case of full
2X 2 damping matrix).

3 Systems with Rapid Variations of Parameters

Systems with broadband stationary random temporal variations of parameters are
considered here which may be described by the theory of Markov processes. They
have clearly defined boundaries corresponding to various definitions of stochastic
stability for the system’s linear part [13]. They operate within the domain of
stochastic instability - although close to the corresponding instability threshold -
where the instability may be called marginal indeed. Therefore, adequate model-
ling requires the system’s nonlinearity to be accounted for. The response is found
to be of the intermittent nature indeed in such cases. The analysis provides the
potential for predicting the response PDF’s through solution of the stationary Fok-
ker-Planck-Kolmogorov (FPK) partial differential equation. Several such station-
ary PDF’s are analyzed; all of them are found to possess an integrable singularity
at the origin, whereas the response itself does exhibit the intermittency indeed.
Common characteristic features of these solutions are also certain other typical
patterns of a stationary intermittent response; for example, if amplitude A(z) has
mean <A> and standard deviation o, then typically a small relative stay time of

A(t) above <A> is observed, and also 0, >> <A>.

Stationary PDF of response amplitude with singularity at zero has been known
for a long time for a SDOF system with small nonlinear damping [14] but correla-
tion between the singularity and intermittency has been established by numerical
simulation only recently [11]. Extensive study of intermittency in distributed-
parameter system through their response moments see in [10].

Solutions to the FPK equations for response PDFs are presented here for two
cases of potential intermittency in systems with impacts. They have different types
of damping than in [11, 14] which may effectively restrict response growth in case
of stochastic instability. The first is that of a single-barrier SDOF system with
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inelastic impacts as governed by the equation of motion between impacts for its
displacement Y(1)

Y+20Y +QY[1+£&(t)|=0for ¥ > —h, 9)

and impact condition at the barrier at Y = -k (with subscripts “plus” and “minus”
corresponding to rebound and impact velocities respectively)

Y+=—rY_ whereYi=Y(t*i0),Y(t*)=—handO<rSl. (10)

Here r is a restitution factor, &(f) is a stationary zero-mean Gaussian
white noise with intensity D, . Stationary PDF of response energy
H(t)= (1/2)()?2 + QZXZ) had been obtained in [3] for the system (9), (10) by a
quasiconservative stochastic averaging [4, 12]. It does exist (is normable) if and
only if &<land Q(1-r)/7r>(1-5)/8 where § = or/2B. and is described by
different analytical expressions for H < H, and for H > H, where H, = Q*h*/2
is the system’s potential energy at the barrier. The first of these expressions which
may be regarded as the conditional PDF p (H)= p(H |H <H,) normalized
within [0,H,] is

p.(H)=[(1-6)/H,|(H/H,)" . (11)

The (conditional) mean and relative stay time above this mean of the response en-
ergy may be found from (11) as

H,

<H> 1-6
()= [0-0)2-0)) 4y = [ )t [ [ 5. ()31 =[23] -1

Thus 4, << 1 for small1- ¢ clearly indicating that the response should be intermit-
tent indeed in this case. The intermittency may also be seen from expected time
<T> for reaching mean energy from initial state with H < <H > . The latter may be

adopted as an index of expected period between outbreaks and can be obtained
from solution to the corresponding Pontryagin equation for T(H) - one with given
initial state H [13]. Averaging this 7(H) over H using the conditional PDF (11)
yields

(H)
ofT)=a [ T(H)p, (H)dH =(5/2)(1-5) """ (2-6)"" =1/[2(1-8)]. (12)
0
This expected period between outbreaks is clearly increasing with reducing 1-J
The other case of intermittency is considered for vibroimpact system with double-
sided barrier and /inear damping. The equation of motion between impacts is
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Y+2a¥ [14+7(t) [+ QY [1+&(t) | =0 for —h<Y <h, (13)

where &(¢),77(t) are stationary zero-mean independent Gaussian white noises with

intensities D,,D, =(20/ Q)z D, respectively. Impact condition (10) with r = [ is

now imposed both at Y = - 4 and Y = + h. Under the above relation between inten-
sities of excitations the FPK equation for the joint PDF of response displacement
and velocity has an exact stationary solution [4]

w(y,3)= c/(y2 +37/Q) where & =20/ D.Q% +1/2. (15)

Without barriers this solution is not normable. However, nonlinearity due to the
double-sided barrier may restrict response growth even in the absence of nonlinear
damping if1/2 <& <1. Specifically, integrating PDF (15) over y provides PDF
p(y) of the displacement

p(y)= 1= for —h<y<h (16)
h

10
(y / h)25—1
with integrable singularity at the origin if 6 >1/2. Relative stay time ﬂTY\ of the

magnitude of Y(z) above its mean may be considered as an index of intermittency
and it is seen to approach zero with1— 6 — 0 thereby indicating intermittency:

h _ ()
(=2] s ()= 209 . p=prob{r <[l = 2] o)~

[2(1-6)/(3-28)T"" and 4, =(1-P)/P.

Finally, consider extended stochastic Lotka-Volterra (L-V) model [4, 5] of inte-
racting populations of the predator-prey or parasite-host type

a7

1t =—mu+kBuv, v=0{v[l+§(t)}—,3uv—}/v2. (18)

Here u(t) and v(t)are population sizes of predators (or parasites) and preys (or
hosts) respectively, whereas & (l‘) is a zero-mean Gaussian random white noise
with intensity D. The system (18) has asymptotically stable equilibrium point
uy=(a—ym/kf)! f;vy=m/kB and an additional equilibrium  state
u. =0, v, =a/ywhich is unstable ifv, <v, or y< ¥, =akf}/m. At the bifurca-
tion point y=7%. these two equilibrium states merge, with the state
u, =0,v, =y becoming stable for y> y.. Physical meaning of these transfor-
mations: beyond this transcritical bifurcation point growth of the preys’ population
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is bounded by its interspecies competition rather than by predators’ activity, whe-
reas the latter become extinct because of food shortage. Joint stationary PDF
w(u, v) of population sizes as derived in [4, 5] from exact solution to the corres-
ponding FPK equation is

w(u,v) = p(Au/k)- p(Av), where p(z)=z""¢*/T'(z,) and A=2y/De’*  (19)

where I is gamma-function and z = Au/k, z, = Au, /k and z = Av,z, = Av, for sta-

tionary PDFs of u(?) and v(z), respectively. Thus, both steady-state population
sizes u(t) and v(t) are independent gamma-distributed random variables with the
following mean values and standard deviations

(u)=u, =(a~ym/kpB)|B=(ct| B)(1-v,/[v.).(v)=v, = m[kp

a0 0, = {u—(u))? kA = (s~(s)) o5 @)

Both these PDFs do exist provided that ¥ < 7,. It can be seen from the equations
(19) that intermittent behavior should be expected for v(¢) (u(t)) if
Av, <<1(Au, [k <<1), so that &, >>v, (0, >>u,), with rare and short pulse-like
intensive outbreaks in v(?) (u(t)) and low-level oscillations between the pulses. Re-
levant indices of intermittency such as small relative stay time above the mean and
large values of the ratio standard deviation/mean may also be used. Figure 4 illus-
trates such a behavior of predators for small 1-v, /v, =1-y/7. . Cases with in-

termittent behavior of both predators and preys are illustrated in [5, 9].

M .
50 100 150 200 250 300 350 400
time

|
1 |

| 1 | | | I
50 100 150 200 250 300 350 400
time

Fig. 4 Samples of u(t) and v(?) as obtained from numerical simulation for the system (18)
with m=1, o=1, =1, k=1, »=0.98, D=1. It illustrates an intermittency in predators only
(up=.01 and 4=1.98). All quantities are non-dimensional.
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4 Conclusions

Temporal random variations of parameters in dynamic systems may “smear” clas-
sical neutral stability boundaries. The system’s response within such a “twilight
zone” of marginal instability is found to be of an intermittent nature, with alter-
nating periods of zero (or almost zero) response and rare short outbreaks. As long
as it may be impractical to preclude completely such outbreaks for a designed sys-
tem its response should be analyzed to evaluate reliability, in particular, to predict
response PDF and/or to solve first-passage problem.

Procedures and results of such analyses are presented for cases of slow and
rapid parameter variations. Linear models may be adequate in the former
case where using parabolic approximation for the variations together with tran-
sient analysis yields response PDF. The analysis is also used to derive on-line
identification procedure for the system from its observed response with set of rare
outbreaks. Potential applications include 1D and 2D short-term galloping of
suspended bodies in fluid cross-flow; heat exchanger tubes in cross-flow with po-
tential flutter-type instability; rotating shafts.

The case of broadband parameter variations is studied using theory of Markov
processes with the system operating beyond its stochastic instability threshold —
although only slightly — and its nonlinear model is used accordingly. The analysis
is based on solution of the FPK equation for stationary PDF of the response. Sev-
eral such PDFs are analyzed; they are found to have integrable singularities at the
origin indicating an intermittent nature of the response. One of the potential appli-
cations is population dynamics where behaviour of predator-prey pair in random
environment is studied using extended stochastic L-V model. The analysis pro-
vides potential for probabilistic predictions of response outbreaks, in particular for
the cases of intermittency (like the notorious case of seven outbreaks in budworms
(forest parasites) in eastern Canada since 1710).

References

[1] Bogoliubov, N.N., Mitropol’sky, Y.A.: Asymptotic Methods in the Theory of Nonli-
near Oscillations. Gordon&Breach, New York (1961)

[2] Den Hartog, J.P.: Mechanical Vibrations, 4th edn. Dover, New York (1985)

[3] Dimentberg, M.F., Menyailov, A.: Response of a Single-Mass Vibroimpact System
to White-Noise Random Excitation. ZAMM 59, 709-716 (1979)

[4] Dimentberg, M.F.: Statistical Dynamics of Nonlinear and Time-Varying Systems.
Research Studies Press, Taunton (1988)

[5] Dimentberg, M.F.: Lotka-Volterra system in a random environment. Physical Review
E 65, 36204 (2002)

[6] Dimentberg, M.: Vibration of a Rotating Shaft with Randomly Varying Internal
Damping. Journal of Sound and Vibration 285, 759-765 (2005)

[7] Dimentberg, M., Naess, A.: Short-term dynamic instability of a system with random-
ly varying damping. Journal of Vibration and Control 12, #5, 527-536 (2006)



170

(8]

(9]

(10]

(11]

[12]
(13]

(14]

M.F. Dimentberg, A. Hera, and A. Naess

Dimentberg, M., Hera, A., Naess, A.: Marginal Instability and Intermittency in Sto-
chastic Systems. Part I — Systems with Slow Random Variations of Parameters. Jour-
nal of Applied Mechanics 75(#4), 041002-1-041002-8 (2008)

Dimentberg, M., Hera, A., Naess, A.: Marginal Instability and Intermittency in Sto-
chastic Systems. Part II — Systems with Rapid Random Variations of Parameters.
Journal of Applied Mechanics 76(#3), 031002-1-031002-08 (2009)

Gartner, J., Molchanov, S.A.: Parabolic Problems for the Anderson Model. 1. Inter-
mittency and Related Topics. Commun. Math. Phys. 132, 613-655 (1990)

Ibrahim, R.: Stabilization and stochastic bifurcation, with application to nonlinear
ocean structures. In: Shlesinger, M.F., Swean, T. (eds.) Stochastically Excited Nonli-
near Ocean Structures, pp. 1-52. World Scientific, Singapore (1998)

Leadbetter, M.R., Lindgren, G., Rootzén, H.: Extremes and Related Properties of
Random Sequences and Processes. Springer, New York (1983)

Lin, Y.K., Cai, G.Q.: Probabilistic Structural Dynamics. McGraw Hill, New York
(1995)

Stratonovich, R.L.: Topics in the Theory of Random Noise, vol. II. Gordon&Breach,
New York (1967)
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Abstract. Stochastic chaos often appears in random nonlinear dynamic systems. Based on
orthogonal polynomial approximation and ergodic theorem, a practical strategy for studying
stochastic chaos is proposed and illustrated by a Duffing oscillator with bounded random
parameter and driven by an ergodic random excitation. By the proposed method we have
studied stochastic chaos and its control, and synchronization in typical nonlinear dynamical
systems. Some representative results are reported.

Keywords: Stochastic chaos, Orthogonal polynomial approximation, Chaos control,
Synchronization.

1 Introduction

Chaos is a specific type of motion featuring a sensitive dependence on initial con-
ditions [1-3]. The repellence between any two adjacent chaotic responses causes
not only the sensitive dependence on initial conditions but also the hold of at least
one positive Top Lyapunov Exponent (TLE) for chaos. Systems with random pa-
rameters or under random excitations are called stochastic systems. Chaotic phe-
nomena in stochastic systems are called stochastic chaos, which not only reflects
the intrinsic randomness of the nonlinear system but also the random effects of the
random parameter or/and the random excitation. Hence, stochastic chaos also fea-
tures at least one positive TLE. For analysis of random phenomena, one used to
look for the probability density function (PDF) of random responses. However,
the PDF information is not favorable to study repellency of the neighboring cha-
otic responses, nor to calculate the related TLE; so we would rather study stochas-
tic chaos through its sample responses than its PDF. Moreover, any sample of a
mature stochastic chaos should be a deterministic one, so we need not to supply
any additional definition on stochastic chaos. We mainly concern two basic kinds
of nonlinear stochastic systems: one with random variables as its parameters and
one with ergodic random processes as excitations. To solve the stochastic chaos
problems in the first type of systems, we transform the stochastic system into an
equivalent deterministic one using the orthogonal polynomial approximation. For
the second type one, we replace the ergodic random excitations by their represen-
tative deterministic samples. Having transformed the stochastic chaos problem
into the deterministic one of equivalent systems, we can use all available effective
methods for further chaos analysis. In this paper, we aim to review the state of art
of studying stochastic chaos by the proposed strategy.

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, [IUTAM BOOK SERIES 29, pp. 171
springerlink.com © Springer Science+Business Media B.V. 2011
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2 Implement of Orthogonal Polynomial Approximation

Taking a low dimensional system for example, the two kinds of stochastic systems
can be described in a unified form as follows:

X+ax+bx+ f(x,x,e/0)=F(@) +F,@), a>0 @))]

where a and b are constants; the assumption a > 0 ensures system (1) is dissipa-
tive; Fy(f) is a deterministic excitation, F,(f) is an ergodic random one;
f(x,x,£/0) is a polynomial function of x and x, and £is a bounded random pa-

rameter. It is assumed that F,(#) and & are mutually independent. Express £ as
£=E+ 0u, where £ is the mean value, J is an intensity coefficient, and u is a
random variable defined on [—1, 1] with an arch-like PDF:

p(u):{(Z/ﬂwl—uz as |u[<1

0 as |u|>1

which well matches the second kind Chebyshev polynomials U, (u) (i =0, 1,--+),
1
due to the orthogonal property: I . pw)U; (u)U j(u)du= 6; - The recurrent for-

mula for Chebyshev polynomials of the second kind is
ZMUI(M):Ui—l(u)+Ui+1 (u) @)

Due to orthogonality of Chebyshev polynomials, any measurable function
¢(u) © L* can be expressed in the series form: Pu)= ZCiU ;(u). Hence, the re-
i=0
sponse x(t,u) of system (1) can be approximately expressed as
N
x(tu)=Y" x;(OU,(u) 3)
i=0

The implement of orthogonal polynomial approximation for Eq. (1) to study sto-
chastic chaos can be illustrated for any specific f(x,x,£/0),say f = £x° . In this
case, Eq. (1) is reduced to

¥+ax+bx+ex’ =F(t)+ F (1), a>0 (4)
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Substituting the expression of £ and Eq. (3) into Eq. (4), we have

(%+a%+bl_§oxi(t)(]i(u)+E[gXi(t)Ui(u)JB (5)

au(zouuj - RO+ B

The nonlinear cubic term in Eq. (5) can be reduced into a linear combination of
basic polynomial functions. Multiplying both sides of Eq. (5) by U;(u) in se-
quence and taking expectation with respect to u, we obtain

> d 1
[¥+a5+beo(t)+EX0(t)+EéXl(t)= F(t)+ Fy (1),

2  d 1
[—+a5+b]xl(t)+EXl(t)+E§[X0(t)+Xz(t)]=O, ©)

dr?

(§+a%+beN(t)+S_XN(t)+%§[XN_1(t)] -0

where X(7), i =0, 1,..., N, are polynomial functions of x,(#), which can be derived
symbolically by MAPLE. If the ergodic random excitation F,(f) in Eq. (6) is
replaced by its representative sample process, usually a pseudo-random one in
practice, then, Eq. (6) is fully an equivalent deterministic nonlinear system for the

stochastic system (1). When N — e in Eq. (3), Zzoxi(t)Ui(u) is strictly

equivalent to x(z,u) of the stochastic dynamical system. Otherwise, if N is finite,
Eq. (3) is just approximately valid with a minimal residual mean square error. For
example, we can take N = 4 and obtain the numerical solution x; (t), (i =0,1,- -,4)
of Eq. (6) by available effective numerical methods. Then, the approximate sto-
chastic response and its ensemble mean for system (1) can be expressed respec-
tively as

4 4

x(e,u)= D % (U, (u) and Elx(r,u)]= zxi(t)E[Ui(u)] = x(t). )

i=0 i=0

It is worth noting if any x; (¢) is found to be chaos, then x(¢, #) must be stochastic
chaos. Hence, Eq. (6) is of vital importance to studying stochastic chaos.
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3 Typical Phenomena of Stochastic Chaos

3.1 Example 1 - Stochastic Chaos in Duffing Oscillator

Consider a Duffing oscillator with a bounded random parameter and driven by a
harmonic excitation

¥+ax+b(x+cx’)= fsin(ax), a>0

where a, ¢, and f are constants, b is the random parameter, expressed as
b=b+au , with u as a bounded random variable with an arch-like PDF.

In calculation, system parameters are taken as a = 0.3, b= -1.0, ¢c=-1.0,
w=1.2,and f=0.46 . Two sample chaotic attractors are shown in Figs. 1(a) and
1(b) with TLE ~ 0.3 and 0.2, for a = 0.1 and 0.0, respectively, [4]. One can see

that the stochastic chaos attractor in Fig. 1(a) is much more diffusive than the de-
terministic one in Fig. 1(b).

1
0.5
S
@ 0
=
-0.5
(a) (b)
22 0 2 '—12 0 2
x(nT,0) x(nT,0)

Fig. 1 Chaotic attractors. (The ordinate y in Poincaré maps stands for dx/dt.)

3.2 Example 2 - Control of Chaos by Random Noise or Chaotic
Driving

The differential equation of a ®*-DVP system is described as follows [5]:

K= pu(l—x*)i+ox+yx’ + Bx° = f cosQt + DU (1)
where u, a, f, and y are system parameters, f and Q, are amplitude and frequency
of the harmonic excitation, U(?) is an ergodic bounded noise with intensity D. Us-

ing the ergodic assumption, the random noise can be replaced by its representative
sample, and the stochastic problem can be treated as a deterministic one.
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At first, letting D = 0, we obtain the TLE diagram for the system responses via
the bifurcation parameter f, shown in Fig. 2. In calculation, the system parameters
are takenas u =04, a=0.212, f=0.1, y=1.0, and Q, =0.86.

0.15
0.17
0.057

=

-0.05¢

Fig. 2 Variation of TLE against f

Now consider the effect of bounded noise on chaos control. Bounded noise U(t)
may be defined as follows:

U(t)=cos(Q,yt+y), w=0B@1)+I

where, Q, stands for center frequency of noise, B(f) is a standard Wiener process,
o is the noise intensity, and I is a uniform random variable defined on [0, 2x]. In
calculation, we take ¢ = 0.2, Q, = 0.43, and f = 4.5 for chaos suppression. The
variations of TLE against D for system responses are shown in Fig. 3(a), while the
results for Réssler chaotic driving in Fig. 3(b). The effect of chaos suppression is
clearly seen after the TLE becomes negative.

0.15 0.2
0.1 @ | 0.1 ®)

0.05 k\ | 0 S
0 \ -0.1
-0.05 \H -0.2

0.1 — -0.3

-0.4

TLE
TLE

Fig. 3 Variation of TLE vs. D for suppressing chaos, by (a) bounded noise, (b) chaotic
driving



176 T. Fang, C.L. Wu, and X.L. Yang

For the case of inducing chaos, we take ¢ = 0.2, Q, = 0.43, and f = 3.5. The
variations of TLE against D for system responses under both the harmonic and
bounded noise excitations are shown in Fig. 4(a), while the results for Rossler
chaotic driving are shown in Fig. 4(b). The inducing of chaos happens in the re-
gion in Fig. 4 where there TLE becomes positive. Figure 3(b) and 4(b) show that
chaotic driving can play the similar role as bounded random noise in chaos con-
trol. Fig. 5 shows the two different kinds of attractors of DVP system before and
after the happening of inducing chaos. However, the induced chaos is actually a
stochastic chaos.

0.15 0.1
0.1 (a)] 0.05 (b) |
0.05 1 0
L 0 \\\\ 1Y 2005
[ — [
-0.05 - -0.1 \“N
-0.1 1 -0.15 y
‘ 0.2 ‘
0 1 2 0 0.5 1
D D

Fig. 4 Variation of TLE vs. D for inducing chaos, by (a) bounded noise, (b) chaotic driving

1 6
(@)
0
e o2
= =
= =
1 O
)
3 : 4
) 1 1.5 2 2.5 0 1 2 3
x(nT) x(nT)

Fig. 5 Attractors of DVP system for different values of D, (a) for D =0, (b) for D =0.3

3.3 Example 3- Synchronization Induced by Common Noise

Noise induced synchronization originally refers to the phenomenon where two un-
coupled identical nonlinear oscillators achieve complete synchronization under the



A Practical Strategy to Study Stochastic Chaos 177

action of a common noise. Consider the complete synchronization induced by
bounded noise in a pair of ®°-Duffing systems via numerical simulations. The ®°-
Duffing system implies its potential is of a sixth-order polynomial. The system is
governed by the following equation

¥+ax+bx+cx’ +dx’ = fcosQt +DU (1)

where U( t) stands for a bounded noise with strength D. Fig. 6 shows how the TLE
of the system is evolving with varying D [6]. As the strength D gradually in-
creases, the general trend of evolution of TLE is descending from a positive value,
until the TLE across abscissa for the first time at a critical value D; (= 0.24). Then,
the TLE fluctuates about abscissa in a small interval of D, and the TLE across ab-
scissa finally at another critical value D, (= 0.42). From then on, as D further in-
creases from D,, the general trend of TLE repeats its descending way, and the
TLE remains negative. We did not find any synchronization during 0 < D < D;,
but we did find some kind of synchronization when D > D,. Meanwhile we ob-
tained three kinds of attractors in the Poincaré maps, as shown in Figs. 7(a) — (c).
Fig. 7(a) shows the one for D = 0, Fig. 7(b) is for D = 0.1 (0 < D < D,), and Fig.
7(c) is for D = 1.0 (D > D,). The first one indicates surely deterministic chaos,
since D = 0, and TLE > 0. The second one, thicker than the first one and smeared
with some random diffusions, indicates stochastic chaos, since D; > D >0 and
TLE > 0. However, the third kind of attractor cannot be chaotic, since TLE < 0;
yet must indicate steady state random responses due to the excitation of bounded
noise, since D > D, > 0.

Synchronization of stochastic chaos does not happen when the TLE is positive,
but it does happen when the TLE becomes negative. Hence, the steady state ran-
dom responses are no longer chaotic, though the random attractor may look even

0.2t | | | ]

0.1 ]

=) ]
H

0.1} ]

021 oy

0 0.5 1 1.5 2

Fig. 6 TLE vs. strength of bounded noise D
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Fig. 7 Three kinds of different attractors in a ®°-Duffing system with different noise
strength, (a) for D =0.0; (b) for D=0.1; (¢) for D= 1.0

much more diffusive. In fact, not all motion that looks in disorder is chaos. Be-
sides, it is found that synchronization of two identical nonlinear systems can also
be induced by a common chaotic driving in a similar way as by the bounded noise

[6].

3.4 Example 4 - Forced Synchronization in Master-Slave Systems

Chaos synchronization is a specific chaos control aiming at making the responses
of two nonlinear systems to move in some synchronized way. Since Pecora LM
and Carroll TL [7] discovered the phenomenon, chaos synchronization has been
attracting great attention. However, one may want to know what kind of motion
the synchronized one is. The following example may reveal some clues.

Consider a harmonically driven stochastic Duffing system, described as

¥+ax+b(x+cx’)=fsinwr, a>0 (8)

where b=b + ou , and uis a bounded random variable with a given 4-PDF.
Treating system (8) as a master system, its equivalent deterministic system can be
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obtained using the Gegenbauer polynomial approximation. It can be rewritten in
the form of first order differential equations as follows, named as a master system
as well,

X=AX +G(X)+ F(t) )

where X = [xy---x, %,--%,]' and F(r) = [0,0,0,0,0, f sin @r,0,0,0,0]" . Then
choose an identical Duffing system with state feedback as a slave system

+az+b(z+cz’ )+k'(z — x)+k"(z — %)= fsinor, a >0 (10)
The equivalent deterministic system of the slave Duffing system (10) can be ob-
tained also by the Gegenbauer polynomial approximation, and further expressed in
terms of the following first order differential equations, called as a slave system as
well,

Z=AZ+G(Z)+F(®)+ K(X-2) (11)

where Z =z 24 29--241" »and K =diag[k',---,k', k",--,k"] as the feedback
gain matrix .

0.4 1

—k"=0.0 _e_-e e, —¢e -
/ e,--e,—e,—e,- ¢

0.2

0

TLE
Error

-0.2

0.4

0.6 05 1 0 50 100

Fig. 8 (a) TLE for the slave system , (b) Errors between z; and x; , for k’=0.34, k”=0.2

Numerical simulations were conducted on synchronization phenomena between

systems (9) and (11) under initial conditions
X(0)=[-1,0,0,0,0,0,0,0,0,0]" and Z(0)=[1,0,0,0,0,1,0,0,0,0]"

The master system is treated as an independent system, whose ensemble mean
sample response with given initial conditions X(0) is taken as a specific reference
time function for the slave system. Then, due to the pre-designed feedback
control, an ensemble mean sample response of the slave system under the initial
condition Z(0), different from X(0), finally synchronizes with the given reference
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motion within satisfactory accuracy. It seems that the synchronization is nearly
perfect in this numerical experiment. However, one may ask what kind of motion
the synchronized response could be. In Fig. 8(a), we can see that when k” = k"= 0,
the master system and the slave system are identical, and they all have a positive
TLE. Hence, the ensemble mean response E[x(¢,4)], obtained from the master

system, is a deterministic chaos, and x(¢,4) is a stochastic chaos. On the other

hand, we know that reference motion is a deterministic time function, no matter
how irregular or strange it looks like. In addition, for k’ = 0.34, k” = 0.2, the slave
system just has a negative TLE, so that the only way out for the negative feedback
slave system is to duplicate the reference motion. Fig. 8(b) shows the errors be-
tween the master system and the slave system, defined as ¢; =z; —x;,i=0, ..., 4.

It is seen that then errors approach zero after certain period of time, indicating that
the given sample of random chaos can be duplicated within a prescribed accuracy.
However, at this moment the slave system is essentially no longer a chaotic one.

4 Conclusions

A practical strategy for studying stochastic chaos for two kind of stochastic
nonlinear systems is introduced. Stochastic chaos is a specific kind of random
process with both the features of chaos and random process. Stochastic chaos
holds an infinite numbers of deterministic samples, each having at least one posi-
tive TLE as its identification. Hence, the study and the control of stochastic chaos
can be effectively made through its deterministic sample motion. The orthogonal
polynomial approximation method is shown to be practical for studying stochastic
chaos in dynamic systems with random parameters and polynomial nonlinearities,
especially for control of stochastic chaos. The results of our analysis show that
synchronization can be realized even in two stochastic nonlinear systems. How-
ever, the essence of “synchronization in chaotic systems” in master-slave mode is
simply the duplication of the control reference signal, a deterministic realization of
a given chaos. The synchronized motion of two identical nonlinear systems in-
duced by a common noise is found merely a kind of non-chaotic motion.
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Dynamics in the Randomly-Driven
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Abstract. Chaotic scattering is usually associated with the transient chaotic dynamics in
open Hamiltonian systems. Our goal is twofold. First, the Henon-Heiles oscillator with the
bounded noisy excitation and/or weak dissipation is chosen as a chaotic scattering paradig-
matic example to observe the noisy basin boundaries and compute their corresponding frac-
tal characteristics. Second, we investigate several sample invariant sets, and employ some
previous methods to identify the noisy dynamics. It is shown that, fractal structure of basins
is robust in the presence of the bounded noisy excitation for the Henon-Heiles oscillator,
which is also verified by the evaluation of quantitive fractal dimension. The stable and un-
stable manifolds of sample chaotic invariant sets in some typical two-dimensional section,
as well as the noisy chaotic time series, are presented and discussed.

Keywords: Henon-Heiles oscillator, bounded noisy excitation, fractal basin boundary,
chaotic dynamics.

1 Introduction

Chaotic scattering has been studied for more than two decades because it is rele-
vant to many areas such as nonlinear dynamics, fluid mechanics, astrophysics, op-
tics, nanophysics, etc., see [1] and other references therein. It is very important to
investigate which dynamical phenomena are robust and may persist in the pres-
ence of various kinds of perturbation, since perturbations such as noisy excitation
and/or weak dissipation can be present in most realistic situations.

Originally, the Henon-Heiles (H-H) system was proposed in 1964 to address
the question whether there exist more than two constants of motion in the dynam-
ics of a galaxy model ([2]). It is described by the Hamiltonian

| PN PRI 2o 15 €8
H=—x"+ +—(x" + +x'y——
2( o) 2( y)+xTy 37

which defines the motion of a particle with unit mass in the two-dimensional
potential

U(x,y)=%(xz+y2)+xzy—§y3 )
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Since then it has become a paradigmatic model for studying nonlinear and chaotic
dynamics in continuous-time Hamiltonian systems ([3-7]). In the H-H system, for
energies below a certain threshold value, the motions are bounded and the parti-
cles cannot leave the scattering region, but for energies above this threshold value,
three exits appear and particles can escape towards infinity through any one of the
exits.

In this study, the H-H oscillator is further used to investigate the effects of the
bounded noise on the exit basin boundaries and the scattering dynamics. In Sec-
tion 2, we briefly introduce the model, and explore the noisy fractal basin bounda-
ries in the nondissipative and dissipative H-H oscillator respectively. Section 3
discusses the fractal characterizations, the stable and unstable manifolds of sample
chaotic invariant sets, as well as the noisy chaotic dynamics. In the final section,
the results of this work are summarized.

2 Noisy Exit Basins in the H-H Oscillator

Here, the H-H oscillator subjected to the bounded noisy excitation ([8]) is written
by

X+x+2xy+ax=0 3)
J+y+x’—y>+ By = fcos[Qt+0B(t)+y]

where ¢ and [ are the damping coefficients, f and € are the strength and cen-
tral circular frequency of the bounded noisy excitation respectively, B(¢) is a
standard Wiener process with strength 0, and ¥ is a random variable uniformly
distributed in the interval [0,277) . When o = = f =0, the H-H oscillator (3) has
C,, symmetry: it is invariant under rotations around the origin by 27 /3 and
47 /3, and under reflections at three symmetry lines with the angles + /6 and
/2 with respect to the x axis.

Fig. 1 shows the contours of the potential U(x,y) (see Eq. (2)). It exhibits three
saddles at energy E_, =1/6 lying at (x,y)=(0,1), (—/3/2-1/2) and (/3/2-1/2).
The equipotential lines at E=E_, form an equilateral triangle with side length
/3 . For the sake of clarity, we call Exit 1 the upper exit (y = +eo), Exit 2 the left
exit (x — —oo,y — —o0), and Exit 3 the right exit (x — +oo, y ——co). In this H-H

system, the phase space is mixed with the KAM islands and chaotic seas, and a
small amount of dissipation can convert the islands into sinks, or attractors.
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Fig. 1 Equipotential lines of the H-H potential function U(x,y)

To plot the exit basin diagrams for the H-H oscillator (3), we must calculate
each trajectory by solving the differential equations of motion from a fine grid of
initial conditions. The phase space of (3) depends on (x, y, X, y) and the energy,

so three variables must be fixed to define a trajectory. Throughout this paper, we
define some specific Poincare surfaces of section to display the results. For each
particle, its initial velocity is expressed by

v=ﬂ5¢2+y2z\/ZE—XQ—y2—2x2y+§y3 “)

In [4], two different choices on initial conditions are discussed in detail. Here, we

also fix the initial conditions as x =0,y € (Y., Vo), €€ (0,27), and the ini-

tial energies of all the particle are the same as £=0.19 . The value y,, is the dis-

tance between the origin of coordinates and the position of each Lyapunov orbit
([3]), and is required to be calculated numerically. @ is the angle that v forms
with the positive y axis in the counterclockwise sense. The Poincare map is de-
fined by the plane x=0 and x>0, and for this choice of initial conditions, Eq.

(4) becomes |, _ /ZE— y? +§ys . As the radicand must be positive, y must be

bigger than y . . where y . is the real solution of 5p_ 2 +Ey3 —0- For each
3

initial angle @, the initial vertical velocity y, is given by y=vcos@, so we use
(y, y) as initial conditions and plot the exit diagram by generating 2000x 2000
grid points uniformly in the region (y_.,vy,,)x(0,27) -
From [9], each physical realization 77(¢) of the bounded noisy process
cos[Qr + oB(t) + ] can be approximated by
N
n(t) =Y. Acos(ayt +,), N > oo o)
k=1

where A= [2S.Aw . {@, |k =12,---,N} are independent and nonnegative ran-

dom variables over the interval lw,0.], Aw (= (0, —w,)/! N ) is a frequency
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increment, {w, 1k=12,---,N} are identically uniformly distributed over the inter-
val [0,27) and N is a fixed positive integer. For crucial aspects on this approxi-

mate description, e.g., the minimal number N in Eq. (5), see [9]. For large positive
integer N, the physical realization generated by Eq. (5) is almost ergodic, and nu-
merical results show that the influence of this large integer can be neglected.

In many applications, systems are affected by the same external perturbations,
so it is reasonable to use the identical almost-ergodic realization to simulate the
motions of all chosen particles in the H-H system. If an orbit escapes through Exit
1, its initial condition belongs to the Exit 1 basin, and the same applies for Exit 2
and Exit 3. In order to visualize it, we plot the initial conditions with different col-
or codes, according to the exit through which they escape. The color code we have
chosen is black for Exit 1, dark gray for Exit 2, and light gray for Exit 3.

Typical plots of the exit basin structure of the randomly-driven H-H oscillator
(3) are shown in Figs. 2 (a) and 2(b), the basin boundaries are clearly fractal for
E=0.19. The complex basin topology associated with chaotic scattering turns out
to be robust in the presence of the bounded noisy excitation. Here, the phase space
has four different regions: three of them correspond to the three different exits,
and the white region inside the plotted structure represents the particles that can
not escape from the three exits. More numerical results show that similar fractal
structures can be obtained from different physical realizations due to their ergodic-
ity, which are not presented here.

dy/dt _

(a) Nondissipative (¢ = B£=0 ), (b) Dissipative (g = £=0.001 ).

Fig. 2 Fractal exit basins in the randomly-driven H-H oscillator, where ¢ =0.025

3 Noisy Chaotic Dynamics

A chaotic attractor is usually characterized by the fractal dimension. The fractal
dimension of the set of singularities in a scattering function can be calculated by
employing the uncertainty algorithm ([9]). For a fixed value of the “uncer-

tainty” €, we should randomly choose an initial angle €, and compute the quan-
tity A= T(6,)-T(6,+¢&)! where T is the delay time (see Fig. 3 (a)). If A>s (s is
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a small positive number), then the angle &, is uncertain with respect to €. Oth-
erwise, 6, is certain. A large number of initial conditions should be chosen ran-
domly, which yields f (&), i.e., the fraction of the uncertain initial conditions. The
quantity f(g)/e typically scales with € as f(g)/& ~¢&™", where D is the uncer-

tainty dimension related to the dimension D of the chaotic attractor as
D =M - D, and M is the dimension of the phase space (M=3 in our case).
Fig. 3(b) shows f(£)/& versus € on a logarithmic scale for the dissipative H-

H oscillator subjected to the bounded noisy excitation, where the same physical
realization is used as in Fig. 2 and the constant s is arbitrarily chosen to be 0.01.
The estimated slope is D=0.8+0.003<1, and the fractal dimension of the sample

chaotic attractor D =3— D . Here, the terminology “sample” means that the result
is obtained from a deterministic physical realization generated by Eq. (5). Thus,
the fractal dimension of a sample chaotic attractor may also be estimated from the
uncertainty algorithm even though the bounded noisy excitation is imposed on the
H-H oscillator.

2004

1504

100

0 X X 5 -4 3 Log® 2
(a) Typical delay-time function, (b) Uncertainty dimension.

Fig. 3 Fractal characteristics of exit basin boundaries in the randomly-driven H-H oscillator (3),
where o= £=0.001, f=0.025

As shown in [11], each stable manifold of a sample chaotic invariant set can be
approximated by the “sprinkler algorithm”. To find the unstable manifold of the
sample chaotic invariant set, it is better to change the sign of every differential
equation and draw the stable manifold of the dynamical system. The result is ex-
actly the unstable manifold of the original system. As the dimension of these frac-
tal sets is between two and three, we can only plot its intersection with a Poincare
map. Fig. 4 shows two sample sets of the stable and unstable manifolds in the
Poincare surface of section for E=0.19. As compared with the results presented by
Aguirre et al [4], we can see that there are no significant changes when the
bounded noisy excitation is imposed on the H-H oscillator. However, the stable
and unstable manifolds of each sample chaotic set seem not symmetric to each
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other, since we have used the time-reversal physical realization to solve the equa-
tions of motion. Moreover, the traces of the sample manifolds are thicker than
those in the deterministic case due to the dispersive role of the bounded noisy
excitation.

1 T T T T T
104 - -
= 054 E g
ke]
5
00+ 4 <
05+ E -
104 E -
-15 T T T T T T
-10 s ao 05 y 10 15 20
(a) Stable (¢ = =0, f =0.03),
1 T T T T T
104
05
S
=,
T pod
05
104 10+
1 T T T T T T -15 T T T T T T
Bl oo as y 10 15 P Ei a0 as y 1 1 20
(c) Stable (= £=0.0001 f =0.01); (d) Unstable (¢ = £=0.0001, f =0.01)-

Fig. 4 Typical sample invariant manifolds in the randomly-driven H-H oscillator (3)

In the end of this section, we explore chaotic dynamics from the noisy signals
in the randomly-driven H-H oscillator (3) by some previous methods ([12-16]).
Here, the leading Lyapunov exponent of each sample time series can be evaluated
by the least-square fit from the mean divergence <Ln(Divergence)> vs f curve in
Fig. 5 (b) ([14]). For the noisy time series shown in Fig. 5 (a), the original signal

and its corresponding surrogates are clearly distinct when the viewing scale &

tends to zero, and the null hypothesis of a periodic orbit with correlated noise
should be rejected ([15]), see Fig. 5 (c). The correlation dimensions are estimated
according to the algorithm by Judd ([17]) for each original time series and 30 PPS
data sets. The algorithm described in [17] estimates correlation dimension d_ as a

function of viewing scale £,,50d, for each time series is not a single number,
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but a curve. According to the initial obvious linear slope shown in Fig. 5 (b), as
well as the rejected null hypothesis from Fig. 5 (c), the time series is chaotic-
dominant.

02

_ <Ln(Divergence)>

T T T T T
300 400 500 60 4 700 800 900 0 2 4 t 6 8

(a) Sample noisy time series, (b) Mean divergence function,

T T T T T T
20 15 -1.0 05 0.0 05 10 15

Log(&,)
(c) Correlation dimensions.

Fig. 5 Typical chaotic-dominant response in the randomly-driven H-H oscillator, in which
a=B=0.003, f =0.025- The top panel shows the original data from system (3) for (a) sample
noisy time series, (b) the mean divergence from the data in (a). Comparisons of the correla-
tion dimensions for the original time series and its surrogates are presented in (c), where the
thick scatter line and the thin scatter lines represent the results from the original data and its
surrogates respectively. The embedding dimension m=7, the reconstruction delay j =31,
and the noise radius p =0.0003.

4 Conclusions

In this paper, we have studied the noisy scattering dynamics in the randomly-
driven H-H oscillator when the energy is enough large to permit particles to
escape from the exits. We paid special attention to the computation of the exit ba-
sins, which show a rich pattern of noisy fractal structuresl and the uncertainty
dimensions of the fractal sets. Computations of the stable and unstable manifolds
of two sample chaotic invariant sets have also been carried out, from which we
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can see no significant differences as compared with those previously presented for
the deterministic H-H oscillator. In addition, an arbitrarily chosen noisy time se-
ries is identified as the chaotic-dominant one by previous methods.
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Abstract. In the present paper, for an arbitrary finite real number p, the pth moment
Lyapunov exponent for a codimension two bifurcation system that is on a three-
dimensional center manifold and is subjected to a parametric excitation by a small intensity
white noise is investigated. Via a perturbation method and a linear stochastic transformation
introduced by Wedig, an eigenvalue problem associated with the moment Lyapunov expo-
nent is obtained. The eigenvalue problem is then solved approximately via a Fourier cosine
series, and for whom the convergence rate is illustrated numerically. Furthermore, the sta-
bility regions of pth moment are also obtained.

Keywords: Moment Lyapunov exponent, Ito equation, perturbation method, Stability
region.

1 Introduction

For a stochastic system that is driven by a white noise or an ergodic and real noise
excitation, there are many results refer to the asymptotic expansions of maximal
Lyapunov exponents. However, for an almost sure stable system, there exists a
probability that the mean square response for the system may still exceed some
threshold and may grow exponently, which implies that the mean square response
is unstable.

Let x(t,xo) be a solution to a random dynamical system, in order to describe the
exponential growth rate of its pth(p>0) moment, the moment Lyapunov exponent
is defined as

A(p,xg) = tli_)m %logE”x(t, xo)"p, PER (1)

which implies that if A(p,xy)<0, then E|x(z,x,)||’—0 as r—e and if A(p,x)>0,
E|jx(2,x0)|P—>oo as t—>eo. It has been proven [1,2] that the limit is independent of the
initial value x;, and A(p) is a convex analytic function of pe R, and

Jo04

1
Spp=0= lim log |xt. x|, peR )

is in fact the maximal Lyapunov exponent.
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Although the moment Lyapunov exponents are important in the study of the
stability of stochastic dynamical systems, it is very difficult to determine the ex-
pressions of the moment Lyapunov exponent in actual cases, and there are very
few results concerning this aspect.

For a white and real noises excited two dimensional system and a system of
two coupled oscillators that is driven by a real noise, Arnold et al. [3,4] and Na-
machchivaya et al. [5] obtain the asymptotic expansions of the pth moment
Lyapunov exponents in the case of small noise intensity and small p. Khasminskii
and Moshchuk [6] consider a two dimensional system with small white noise exci-
tations. They prove that for a system in which the system matrix has two purely
imaginary eigenvalues, the pth moment Lyapunov exponent possesses an asymp-
totic expansion in terms of the small noise intensity for a finite value of p. For a
system of two coupled oscillators that is driven by real noises, Namachchivaya
and Roessel [7] obtained an asymptotic expansion of the finite pth moment
Lyapunov exponent. In Ref. [7], the extension of the perturbation method that is
first introduced by Arnold et al. [8] is applied. For a two dimensional system that
are under real noise excitation and bounded noise excitation, via applying a proce-
dure similar to that employed in Khasminskii and Moshchuk [6], Xie [9] obtain
weak-noise expansions of moment Lyapunov exponent, the Lyapunov exponent,
and the stability index.

In this paper, we consider a codimension two bifurcation system, that is on a
three dimensional center manifold and is excited parametrically by a white noise.
the maximal Lyapunov exponent for this system has been investigated by Liu and
Liew[10]. Applying the procedure exposed by in Wedig [11] and the perturbation
method, an eigenvalue problem for the first order term of the expansion of the
moment Lyapunov exponent is obtained. The eigenvalue problem is then solved
by Fourier cosine series, through which an infinite matrix is yielded and the lead-
ing eigenvalue of this infinite matrix is the first order approximation of the pth
moment Lyapunov exponent. The numerical results of the pth moment Lyapunov
exponent are illustrated and in addition, the stability regions of pth moment are
also obtained numerically.

2 Equations

Consider a typical deterministic codimension two bifurcation system which is on a
three-dimension central manifold and possesses one zero-eigenvalue and a pair of
pure imaginary eigenvalues [12]
F=mr+arz+ (a2r3 + a3r2z) + 0(|r, z|4)
. 4
&=tz +(yr* +byz )+ (byrPa+byz”) +O(r,2[) 3)
O =aw+0(r,H
Where y; and 4, are unfolding parameters, a,, a,, as, by, by, by and w are real con-

stants. This normal form arises in the classic fluid dynamic stability study of co-
quette flow. Via the transformation of r:(x12+x22)1/ 2 z=x3, @=arctan(x,/ x,), and in
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the vicinity of equilibrium point (x1, x5, x3)=(0,0,0), the linearization of the original
system (3), that is subjected to a white noise excitation is then obtained, i.e.

dx = (Agx — £Ax)dt +~/eBx o dW(r) )

[17e33)

where, W(?) is a unit Wiener process,
chastic differential equation, and

{ 0 0} [51 0 0} {bu byp blﬂ
AO =l-w 0 O . Al =0 51 R B= b21 b22 b23
0 00 0 0 & b3y by b33

In Eq.(4), the parameters 4, 15, have been rescaled such that

means that Eq.(2) is a Stratonovitch sto-

H =—€0, Hp =—€6) ®)
Via appling a spherical polar transformation

Xy =acos@sing, xy =acosfcosp, x3 =asinf, a= ||x||
(1) =t + (1), 0 [-7/2,7/2], ¢, [0,27]

and introducing a pth norm P=a”, then the Stratonovitch equations about the norm
process P and the phase processes and ¢ is then obtained as

(6)

dP = e pPpyd +~/e pPpy o dW

@)
46 = e6dr +/e6y 0 dW, dgp = ot +-Jegy o dW

where
p1 =8 cos” 60— 5, sin” 6
pr =111 -2 cos0)+1 fpsin20+ L (1 +2713)
6 =16~ 8y)sin 26

6 = %fm cos(26) —%(f22 ~2f53)sin 20+%f24

¢ = f31tan 6+ f3, ®)

fll = f22 = kl +k2 COSZ¢+k3 sin 24, f12 = f21 = k5 sin¢+k7 cos @

f13 = f23 =033, f24 = kg sin@+kgcos ¢

f31=bj3cosdp—by3sing, f3p = —%(kz sin2¢ — k3 cos 29+ ky)

ki =byp +by1, kp =byy =by1, k3 =bjp +by1, kg =by1 by

ks =by3+b3y, kg =b3; —by3, k7 =by3+D3p, kg =b3p —Dr3
By introducing the Wong-Zakai correction terms, Eq.(7) can then be converted to
Ito stochastic differential equations, i.e.

dP = £ pP pdt +~/e pPprdW

. . 9
46 = 1 +/e0,dW, d¢ = (w+ ed)dt +~/eg,dW ®
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where

Bi=0+110200+0:0510, 1 =110206+ 020510 o
:[)1 =pl+%{pp§ +[9289+¢28¢]p2}, 89 =%, a¢ =%

3 Asymptotic Analysis

In this section, a linear stochastic transformation, which was firstly introduced by
Wedig [11] and is used to obtain the eigenvalue problem for the pth moment
Lyapunov exponents of a two dimensional linear Ito stochastic system, is applied,
ie.

S=T©®,¢)P, P=T"16,4)s, —%sesg,os(psm (11)

where, T(6, ¢) is defined as a scalar function with respect to the stationary phase
processes @ and @, then the Ito equation for the new scalar diffusion process S is
obtained via Ito lemma, i.e.

dS = P{aiTj + el ppyT + (6 + pp262)Th + (B + ppata)Ty + 6292T4y

+%922T§9 + %¢22T,/’,'¢] Jd +VeP(ppoT +6:Tj + pyT5)dW (12
where

Ty =04T. Ty =0gT. Thy=05sT. Thg=0pT. Tjy=05T

3§¢=%¢’ 3429=%’ 352% -

If the transformation function 7(6, ¢) is bounded and non-singular, both of the
processes P and S possess the same stochastic stability. Then, according to Wedig
[11], the function T(6, ¢) is chosen such that the drift term of Eq.(12) is independ-
ent of the phase processes fand ¢, i.e.

dS = ASdt +NeST(0,)(ppoT +6-T) + S THAW (14)

where A=A(p), which is an unknown function of p. By comparing Eq.(8) and
Eq.(9), we see that the transformation function 7(6, ¢) is govern by the following
equation

(Lo +€eLT(0,9) = A(p)T(6,9) (15)
where
Ly =y
A (B - 2 1,22 1 .20
Ly =ppi+(@ + pp262)dg + (9 + pP26)dy + 620205y + 56205 + 5 $395
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Eq.(15) defines an eigenvalue problem for a second-order differential operator
in which A(p) is the eigenvalue and 7(6,¢) is the ralevant eigenfunction. In
Eq.(14), the eigenvalue A(p) is the pth moment Lyapunov exponent of system (4).

Through a perturbation method, both A(p) and T(6,¢) are expanded in power
series of &, i.e.

A(p) = Ay(p)+eM(p)+--+E" Ay (p)+-+

(17)
T(6,9) =Ty(6.9) + €T1(0,9) +- -+ £"T,,(6,4) + -

Substituting Eq.(17) into Eq.(15) and equating terms of the equal powers of & we
then obtain the following recurrent equations

O 14Ty = ATy

U LT+ LTy = ATy + ATy

LoTy + 4Ty = AgT + AT + Ao+,

" Lol + LTy = ATy + AT+ + AT, -

(18)

M M M M
\S]

3.1 The & Order Equation

The first equation in Eq.(18) is
o[0Ty /9] = ATy (19)

The moment Lyapunov exponent A(p) has the property that A(0)=0, which means
that Ao(0)=0. Since the left hand of Eq.(19) does not contain the parameter p, then

the eigenvalueAy(p) is independent of p, which leads to a fact that Ay(p)=0.
Eq.(19) is then equivalent to

o[0Ty /9] =0 (20)

to which, the solution is

To(6.9) =ﬁFO(0), o< -Z. 2, 9< [0,27] @1

Since Ag(p) = 0, then the associated adjoint differential equation of Eq.(20) is
*k
—a)[E)TO /aﬂ =0 22)
Via a direct integral, one can easily obtain the solution, i.e.
o 1 g _T T
0.0 =5-F©), 6<-Z.%19c10,27] (23)
where both Fy(6) and F, (6) are arbitrary bounded functions with respect to 6, and

Fy(6) is needed to be determined through the solvability condition of the second
equation in Eq.(18).
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3.2 The € Order Equation
The second equation in Eq.(18) is
LoTh = AT — 4T 24)

The result in Eq.(21) leads to
LiTy = 5= (PAFO(6) + @+ ppaby) FG(O)+ 3 63 F(6) 25)

The solvability condition of Eq.(24) is found to be

7/2

[, A€ ~% o OF§(6)- u@F6) - pat®)Fy(®) | Fi ©)136 =0 (26)

where

wO) = (ph— B+ Boy)sin(46) — B3 cos(26) + (B, —%ﬂS - Bio)sin(26)
+ag — a7 — By sin(20) + 234 cos?(O)]tan(6) + S5
0'2(9) = [ cos(40) + S5 cos(26) - B + A1 @7
4(6) =( 1= )i cos(40) + (B~ ) c05(26)
+28; tan(6) — 4 85 1cos > (6) — [ B3 — By tan(6)]sin(26)
+f3sin2(20) — By — AT = By + 7 + o7 + B

and
P =55 Blibys ~8b33 2 k3 ~k3 +4k3 +4k7)
Ba =%P(8b323 2k k3 —kg)—%ﬂs +og = fy+ A
B = %(k3b23 —2koby3), Pa= —%(k5b23 +k7b13)
fs =Zkske +hakg), S =Z (k3 +33) "
Py = & p@Bhibyy +24b33 + 6k +3k3 + 343 + 4k3 +4k7) Y
By =1 ik fo =%k72
o =03 - 4k3). A= k3 +5 +k7 +h)

+ .
A =8£8). ap=7 (ki3 +kiobyz). i=T8,
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4 Solution of the Eigenvalue Problem

Since the equality in Eq.(26) is satisfied for arbitrary F, (6), then Eq.(26) can be
simplified as an ordinary differential equation, i.e.

2
L)Fo@) = A(PFy©),  Lp) =500 S5+ uO) S+ pg©)  (29)
dé

To solve Eq.(29), appropriate boundary conditions for the process @ are needed.
As in [7], the boundary conditions are determined by considering the adjoint equa-
tion with p=0, i.e.

*

koo _1d* 200 d
LF'®)=0. L' =55’ ®)- 3510 (30)

is the relevant Fokker-Planck operator. The solution to Eq.(30) had been studied in
[10], and only the case, in whch, both of the boundaries é=t772 are entrances, are
considered in the present paper. In this case, it is easy to verify that for Eq.(29), at
both of @=tm2, zero Neumann boundary conditions are obtained.

According to Wedig [8], the solution to Eq.(29) can be obtained by an orthogo-
nal expansion. As in Namachchivaya[7], Fo(6) may be expanded as a Fourier co-
sine series, i.€.

Fo(6) = Y z, cos(2nb) (31)
n=0
By inserting Eq.(31) into Eq.(29), multiplying by cos(2n6) in both sides and inte-
grating for 6, we obtain

S i = Az, 1 =012, (32)
m=0
Where
A
Ay = ﬁ [ 2 {L(Plcos@md)T} cos(2n6)d8 (33)
2

In Eq.(32), for each z,, to guarantee the existence of the nontrivial solution, the de-
terminant of the coefficients must vanishes. Therefore, the problem for evaluating
A1(p) is converted into evaluating the leading eigenvalue of an infinite sequence of
sub-matrices of the matrix A that is defined in Eq.(34), which construct an ap-
proximate sequence of A;(p).

apo 401 402
A=|40 91 92 - (34)

aZ.O agl 612.2

The set of approximate eigenvalues obtained by this method converges to the ex-
act eigenvalues as n—eo. However, the mass of calculation increases drastically
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with the increase of n, so we obtain the approximate eigenvalues by the truncation
of n. For example, in the case that n=0, we obtain A(p)=aq. For n=1, we obtain

the second order approximation of A;(p) by solving the eigenvalue of the second
order sub-matrix, and for n=2, by solving the eigenvalue of the third order

sub-matrix, the third order approximation of A(p) is obtained. Because of the

complexity of expressions, here we only present the elements of the second order
sub-matrix

2 2 2
k5
aOO—p[(3p+2)( 1 +b33)+(p 2)(—+—+k1b33)]+ [(3p+10)k2

+(3p+26)k3]1 - p(&+62) + L (k7b23 +ksbi3)——~ p 2kiky

apl = ﬁ[(p + 2)k2 +(p +6)k3 ]+§[k5(k6 —b13)+k7(k8 —b23)]

2
+ Pl = 2ky ~4b31- 2.8 - 62)
aro :p—+2[p(k1 4b33)+2(k5k6 +k7kg) —8(5) — 52)]+ [(p+2)2k2
+(p +8p 8)/{3]——(17 2)(k7b23 +k5bl3)——(k6b13 +k8b23)— p k1k2

a11—128(7p +6p— 8)(k1 +4b33)+ [(7p —8)(k2 +k3)+2p(llk2 +27k3)]

256
—(p —6p— 8)(k5 +k7) +—(p =2)[(p —Dkb33 +4(ksby3 + k7b23)]

——(k6 +kg k6b13+k8b23)——p(51+52)— 2k iky

64”

5 Numerical Results and Conclusions

Because of the expressions of the elements of the matrix A, it is difficult to solve
the eigenvalues of matrix defined in Eq.(34), especially in the case that n>2. We
now investigate the numerical approximations of the eigenvalues to show the con-
vergence rate.

Fig. 1 Variation of moment Lyapunov exponent with n and p for the case: (a), £&=0.1, k1=ks=k7=2,
ky=-2, ko=ks=ke-ks=0, &h=0=1; (b), £=0.1, k\=ks=ke=ks=2, ko=k3=ks=ks=0, S=6=1
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In Fig.1(a), it appears that the deviation of approximate eigenvalues g(p) be-
comes less and less with the increase of n, and in the cases of n=2 and n=3, the
values of g(p) almost coincide. In Fig.1(b), it is clear that the first four order ap-
proximations completely coincide, which means that this method is efficient. The
two figures also indicate that the system is almost-sure stable because the value of
£’(0), which is in fact the maximal Lyapunov exponent for the stochastic system,
is negative, but for sufficient large p, the system is unstable in pth moment sense.

In addition, the stability boundaries shown in Fig.2(a) and (b) are obtained by
setting the moment Lyapunov exponent to be equal zero. By comparing these re-
gions, it is seen that these stability regions are strongly dependent on the value of
p. In Fig.2(a), the differences among the stability boundaries in the cases of the
first three order approximations are neglectable, and all the lines virtually coincide
at p=2, and in Fig.2(b), all the three-order approximations of the stability bound-
ary coincide.

stability region
PR

B R a5 o 0’ i 15 b
stability region 5=
stabilty region

(a) (b)

Fig. 2 Variation of stability region with n and p for the case: (a), &=0.1, ki=ks=k;=2, ks=-2,
ko=ks=ke-ks=0, n=1—Solidline, n=2—Dotline, n=3—Dashline; (b), &=0.1, k=ks=ke=ks=2,
ko=ks=ks=k;=0, n=1—Solidline, n=2—Dotline, n=3—Dashline

In this paper, the pth moment Lyapunov exponent of a codimension two bifur-
cation system, that is on a three dimensional center manifold and is excited para-
metrically by a white noise, is investigated. By applying the procedure exposed by
in Wedig [11] and the perturbation method, an eigenvalue problem of the first ex-
pansion of the moment Lyapunov exponent is obtained. The eigenvalue problem is
then solved by Fourier cosine series. The numerical results of the pth moment
Lyapunov exponent are illustrated and in addition, the stability regions of pth
moment are also obtained numerically.
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Bifurcation Analysis of Stochastic
Non-smooth Systems

Nicole Gaus and Carsten Proppe

Institute of Engineering Mechanics Karlsruhe Institute of Technology,
Kaiserstr. 10, 76131 Karlsruhe, Germany

Abstract. Non-smooth systems with stochastic parameters are important models e.g. for
brake and cam follower systems. They show special bifurcation phenomena, such as
grazing bifurcations. This contribution studies the influence of stochastic processes on bi-
furcations in non-smooth systems. As an example, the classical mass on a belt system is
considered, where stick-slip vibrations occur. Measurements indicate that the friction coef-
ficient which plays a large role in the system behavior is not deterministic but can be de-
scribed as a friction characteristic with added white noise. Therefore, a stochastic process is
introduced into the non-smooth model and its influence on the bifurcation behavior is stud-
ied. It is shown that the stochastic process may alter the bifurcation behavior of the deter-
ministic system.

Keywords: Bifurcation, Non-smooth system, Lyapunov exponent.

1 Introduction

The system consists of a mass (m) on a belt, see Fig. 1. The belt moves with
constant velocity v,. The mass is attached to the surrounding by a spring (spring
constant c¢) and a damper (damping constant d). It is externally excited by the pe-
riodically driven force Q,cos(Qt). The friction force F=u(v,)F sign(v ) changes

rel rel

its sign due to the direction of the relative velocity v _, = v, —X . As normal force

F, merely the dead weight is considered.

. QpcosOt

— X

Fig. 1 The model

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 2011209
springerlink.com © Springer Science+Business Media B.V. 2011
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Two different motion modes may occur, the stick mode where the mass sticks
to the belt and the slip mode where the mass slips due to the restoring force. The

conditions for the stick mode are X = v, and [F| > |ex +d% —Q, cos(Q1)| .

The stochastic friction coefficient p(v,,) is modeled as a sum of Gaussian white

noise &t with intensity pg and a deterministic friction coefficient p(v,,) which fol-
lows a characteristic like Coulombs or Stribecks law
MOV )= Hy(V )+ K ‘:‘C' (1

The deterministic friction coefficient following Stribecks law has been obtained
by Hinrichs [1] from experimental data:

0.3
1+1.421v

rel l

Uy (V) = +0.1+0.01v, 2 )

A realisation of the stochastic friction characteristic is shown in Fig. 2. For
the stick phase v_=0 the friction characteristic p(v_)=0.4 is modeled to be
deterministic.

ot

05 " W

Fig. 2 Stochastic friction characteristic

Introducing the stochastic friction characteristic u(v,), the normalized time
1=0t, the eigenfrequency w,’=c/m, the damping ratio D=d/(2mw,)and frequency
ratio n=0,/Q, the two different motion modes can be described by first order dif-
ferential equations. For the stick mode (deterministic)

dx; =7y,dt

dx, =0 )

where v, is the ratio of belt velocity to eigenfrequency y,=v,/m,. For the slip mode
(stochastic)
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dX; =X,dt

dX, =[-X; =2DX, +Fgsign(vy — 0y X, ) +Qcos(X3)]dt
+[Fugsign(vy — 0, X,)1dW,

dX; =ndt

“4)

where F=F,/c, Q=Q,/c and dWis the increment of a Wiener process. The numeri-

cal integration is done by the Euler- Maruyama method, see [2].
In the phase plane shown in Fig. 3, we can see that the mass has the constant

velocity of the belt X =7y, during the stick phase. Up to the point where the stick

condition no longer holds and the slip phase starts. Once the velocity is the same
as the belt velocity and the stick condition is fulfilled the mass reattaches to the

belt and moves with constant velocity X = Y, again. The motion is described by a

limit cycle.

Velocity X

Position X

Fig. 3 Phase plane (y,=1, mo=1, Q=0, D=0, us=0)

2 Damping Induced Bifurcation

First the external excitation is not considered. The system parameters are ®,=1 and
D=0. The initial conditions are X(0) =0, X(0) = Yo- If the damping coefficient is
increased, as can be seen in Fig. 4, the limit cycle becomes narrower and the dif-
ference between the position X (changing point from slip to stick) and X_
(changing point from stick to slip) is reduced, up until the point where the limit
cycle no longer exists. In this case, here for D=0.4 there is a fixed point with the
velocity X =0. At a damping coefficient D=0.376 the distance is almost zero. The
limit cycle still exists, see Fig. 5.

In the stochastic case for u=0.005 however, it can be seen in the phase plane in
Fig. 6, that only some trajectories still reach the limit cycle but most of them are
moving to the fixed point. The mean of all trajectories therefore also approaches to
the fixed point thus in the mean the limit cycle no longer exists.
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Fig. 4 Limit cycle to fixed point
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Fig. 5 Phase plane D=0.376 (y=1, 0 =1, Q=0, n=0)
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Fig. 6 Phase plane for D=0.376: all trajectories (grey), mean value (black)
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3 Excitation Induced Bifurcation and Sensitivity to Initial
Conditions

Another bifurcation can be examined if the external excitation is considered. Now
higher periodic solutions can occur in the deterministic case as well as in the sto-
chastic one, see Fig. 7. Damping is neglected, the eigenfrequency w,=1, the initial
conditions are X(0) =0, X(0) = voand the amplitude of the external excitation is

Q=1m. In grey the stochastic trajectories are shown (u=0.005), in black the de-
terministic ones.

W I
-1 o 1 F 4 3 4 5 1
Paosition Position

: deferministic

Fosition

Fig. 7 Phase plane for n=1.6, 1=0.8, n=0.4 (D=0, y,=1, Q=1m)

For the frequency ratio n=0.4 the trajectory is chaotic, for n=0.8 it has two pe-
riods and for n=1.6 one period. In Fig. 8 the Poincaré diagram of the coordinate
X, (changing point from slip to stick) is shown. The different behavior (one-
periodic, higher periodic, chaos) is visible in the deterministic case (black) as well
as in the stochastic case (grey).
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Fig. 8 Poincaré diagram (D=0, y=1, Q=1m, p=0.005)

3.1 Sensitivity to Initial Condition

As an indicator for chaos the sensitivity of one trajectory to a change in initial
conditions is often studied with the help of a Lyapunov exponent. If a trajectory
starts close to a reference trajectory in the phase plane it is stable, if it does not
move outside a certain surrounding of the reference trajectory. More information
can be found for example in [3]. Here the distance is measured not for the entire
trajectory but for the position of the changing point slip to stick X . The sensitiv-
ity is examined by a Lyapunov exponent based on the Poincaré map. For more in-
formation about Poincaré maps see for example [4].

) ) 'w(i = 1)k:=1
w(i = 2)p=1 % —
T fi 0
o
= : '
%'DS L\ i /
$ | ) /
15 A R /
. \x‘ /,,/
25 5 i 1'5: 2 25 3 35 f
Position

Xsl—st(i =2) Xsl—st(i =1)

Fig. 9 Distance of X of disturbed trajectory to reference trajectory

sl-st

First a reference trajectory is calculated. Then a small disturbance is put on the
initial conditions and the trajectory is calculated once more. As shown in Fig. 9
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the difference w of the position at the slip to stick changing point of the disturbed
trajectory to the one of the reference trajectory is calculated. This distance will ei-
ther decrease or increase during the motion which is described by the Lyapunov
exponent

/1=1im1, n@
imee o w(l)

®)

where for a positive exponent (A>0), the trajectory is unstable, and for a negative
exponent (A<0), the trajectory is stable.

In the stochastic case the reference and the disturbed trajectory are calculated M
times and the mean value of each difference is calculated with

. 1 .
EW (i) =— w(i,k). (6)
M=
The Lyapunov exponent can be calculated from the mean value of the differences
by

A=limim £V ®)

imej  E(W(1)) @

For longer time spans and thus a large number of changes the Lyapunov exponent
should approach asymptotically a constant value.

0.4 (K]
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Fig. 10 Distance w and Lyapunov exponent A for n=0.4, n=0.8, n=1.6 (D=0, y,=1, Q=1m)
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The comparison of distance w and the development of A are shown in Fig.10 for
the deterministic and the stochastic system with three different frequency ratios
and a simulation time of 200 seconds. Again the stochastic case is colored grey
and the deterministic one black. The stochastic and the deterministic Lyapunov
exponent have the same sign for these frequency ratios. For n=0.6 the stochastic
case is unstable while the deterministic one is stable, see Figs. 11 and 12. For
n=1.2 we can see in the Poincare diagram in Fig. 8 that the deterministic trajectory
is one periodic but the stochastic one is two-periodic. However in Fig. 13 it can be
seen that the deterministic case is unstable. If a small disturbance is added the de-
terministic trajectory is also two periodic.

i ceterministic

] ] ]
Position
Fig. 11 Phase plane for n=0.6
0.02; i
A
\ SElarminisic
3 001} z 03
PY I WP 0 T
] 5 10 15 20 ] 5 10 15 20
0 o n=0.8 u n=0.6
e, v
5 R
- "‘-‘.‘___ = 0.5 e
10+ “-\___ T
A5 . " — s 0 gty T L
[] 3 10 15 20 [] 5 10 15 20
Mo of change slip-stick Ho of change slip-stick

Fig. 12 Distance w and Lyapunov exponent A for n=0.6 (D=0, y,=1, Q=1m)
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stochastic

deterministic

Fig. 13 Lyapunov exponent for n=0.2-1.8 (D=0, y,=1, Q=1m)

4 Conclusions

The non-smooth mass on a belt system shows several bifurcation behaviors:

Considering damping we can see that the stable limit cycle in the deterministic
case does not exist anymore if the stochastic friction coefficient is introduced.
In the mean the trajectories meet in a stable fixed point.

Considering the external excitation the bifurcation from one periodic to two
periodic solutions to chaos can be detected with a Poincare diagram. The be-
havior is similar for the stochastic case and the deterministic one. However
looking at the sensitivity, in this case a Lyapunov exponent of the switch point
from slip to stick, we can see that for some excitation parameters the trajecto-
ries are stable in the deterministic case but unstable in the mean of the sto-
chastic case or vice versa.
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Abstract. Synchronization behavior is discussed in a clustered neuronal network, in which
Rulkov maps with additive noise are applied as building blocks. Additive noise applied
here is used to make the Rulkov map generate spiking activities. It is revealed that clustered
structure of networks in noisy environments is able to make the subnetwork more synchro-
nous but suppress the synchrony of the entire network meanwhile. The effects of the cluster
number, the coupling strength and the noise intensity on spatiotemporal synchronization in
the network are discussed. The obtained results are helpful for understanding the clustered
structure in cortical systems of the brain from a new viewpoint of synchronization.

Keywords: Neuronal network, Synchronization, Noise, Pattern.

1 Introduction

Synchronization is ubiquitous in nature and plays an important role in several dif-
ferent situations such as predator-prey process, birds migratory and heartbeats.
Synchronization has also been experimentally observed in nervous systems, such
as hippocampal CA1l area [1], retina [2], and striate cortex [3]. Synchronization
involves at least two elements in interaction. Several works addressing synchroni-
zation of large populations, which constitutes a complex network, have been in-
tensively studied [4-7] and comprehensively reviewed [8]. In nervous systems,
neurons are connected via synapses-forming complex neuronal networks. Syn-
chronization of neuronal complex networks has been discussed in many articles.
The obtained results indicate that various factors, such as coupling connections
and external stochastic forces, may have important influences on synchronization
behavior of neuronal complex networks. For example, Hasegawa found that with
introducing the weak heterogeneity to regular networks, the synchronization may
be slightly increased for diffusively couplings, while it is decreased for sigmoid
couplings [9]. Shi et. Al. showed that noise not only can induce complete syn-
chronization in uncoupled identical neurons but also can enhance the synchroniza-
tion of weakly coupled neurons [10].
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In the human brain, neurons in some communities usually behave synchro-
nously to realize nervous information functions. Nevertheless, as we know, many
of disorder diseases, such as Parkinson and epilepsy, are bound up with ideas of
widespread rhythmic synchronization of neuronal elements. Thus, synchronization
is essential in carrying out nervous functions but is not always a fine phenomenon
in nervous systems. A question emerges from our mind, i.e. how our brain can
sustain these two paradoxical states simultaneously. In this paper, we devote
to giving some explanations on this problem from the perspective of nonlinear
dynamics.

2 Mathematical Model

It is commonly accepted that cortical architecture and connections are organized
in a hierarchical and clustered (modular) way. Integration of many clusters, in-
cluding large numbers of neurons forms a particular cortical area. Generally, the
connectivity within each individual cluster is dense, while connections between
neurons which are in different clusters are sparse. This kind of network is called
complex clustered network.

Fig. 1 Illustration of a clustered network with regular subnetworks. Here N =25,
M=5m=2, p=0.1.

In this paper, we consider a clustered network [11], in which N nodes are
grouped into M clusters and each cluster contains n = N/M nodes. Nodes are dis-

tributed on a ring so that the subnetwork is a regular one. Each node connects to
m nearest neighbors in the same cluster, and each pair of nodes in the nearest
clusters is connected with probability p. A clustered network model with regular

subnetworks is illustrated in Fig.1. In this paper, we take the size of the clustered
network N as 200. Let each node inside a cluster connects to its m =8 nearest
neighbors.

The local neuronal model for each node in the clustered network is taken as
Rulkov map [12, 13]. In nervous systems, neurons are usually subject to random
fluctuations. These random fluctuations arise from many different sources, such
as the quasi-random release of neurotransmitter by the synapses, the random
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switching of ion channels, and most importantly random synaptic input from other
neurons. Thus, the existence of noise in dynamics of nervous systems should be
concerned. In this paper, we introduce additive noise into the neuronal network.
The mathematical equations of the studied network with additive noise terms are
presented as follows:

x,(n+1)= +y,(n)+17,(n) + SZ a(i, j)(x;(n) = x;(n)),

_*
1+ xl.z (n)

yz'(”"’D = yi(n)_ﬂxi(n)_%

€]

where x;(n) is the membrane potential of the neuron and y,(n) is the variation of
the ion concentration. n is the iterated time index, £ is the coupling strength, and
a(i, j) =1if nodes i and j are connected, otherwise a(i, j)=0. 7,(n) is the addi-
tive noise with
771' (n) = Os
_ )
n,(mn,;(m) =206, 9,

i,j  n.m?>

where o denotes the noise intensity of 77,(n). &,  and yare system parame-
ters. Here [, y are both taken as 0.001. In this case, the map is governed by a

single excitable steady state when ¢ < 2.0, and the excitable steady state loses its
stability via a Hopf bifurcation when « >2.0. In this paper, we take o =1.99. It
means that the studied system will not generate any spiking activities in the ab-
sence of noise 77,(n). Here, the noise intensity ¢ is taken as 0.001. Under this

noise intensity, the neuronal network can stay in the firing state.

3 Main Results

Firstly, we fix the network topology, namely we fix the probability p as 0.004

and the cluster number M as 2. We take the coupling strength £ as the control
parameter to study the effect of € on the firing activities of the studied neuronal
network. Fig.2 shows four spatiotemporal patterns observed in the clustered net-
work for four different coupling strengths. When the neurons are weakly coupled
with each other, the clustered neuronal network exhibits chaotic spatiotemporal
pattern, as shown by Fig.2(a) with £=0.0005 . When ¢ increases a bit to
0.0008 , although the clustered neuronal network remains still chaotic (see
Fig.2(b)), some black stripes (none in Fig.2(a)) can be observed from the right side
of this figure. This implies that there are some ordered parts shown by Fig.2(b),
even though the pattern is disordered as a whole. With the coupling strength £ in-
creasing to 0.001 (see Fig.2(c)), we find that the black stripes become more clear
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and the spatiotemporal chaotic pattern becomes more ordered. When the coupling
strength ¢ increases further to 0.005, the clustered neuronal network exhibits
synchronized pattern (see Fig.2(d)). The obtained results show that the clustered
neuronal network can stay in synchronous state when the coupling strength & is
large enough.

Fig. 2 Space-time plots illustrate the transition from chaotic spatiotemporal patterns to spik-
ing synchronized ones with the coupling strength € increasing. € =0.0005, 0.0008, 0.001
and 0.005 , respectively. The color profile is linear, black depicting x,(n)=0 and white
x(n)=-17.

Next, we study the effect of the cluster number M on the firing activities of
the studied neuronal network. Namely, we take M as the control parameter. As
mentioned before, the size of the studied neuronal network N is taken as 200
and it is required that each neuron connects to its eight nearest neighbors. Thus,
20 is the maximum value of M . In the following, we take the coupling strength
£=0.005 , where the entire clustered neuronal network with two clusters
(M =2) is synchronized (see Figs.2(d) and 3(a)). We increase the cluster number
M from 2 to 8, the spatiotemporal pattern for M =8 is presented by Fig.3(b).
From this figure, we can see that synchronization of the entire clustered neuronal
network has been broken down, but neurons which belong to the same cluster are
still synchronized with each other. Here, we call this dynamical behavior as clus-
ter-synchronization. In order to understand the meaning of cluster-synchronization
better, we plot the time series of four neurons as shown in Fig.4. In this figure,
neurons #1 and #2 are randomly chosen from the first cluster, while neurons #3
and #4 are randomly chosen from the second cluster. From this figure, we can
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see that neurons #1 and #2 (or #3 and #4 ) inside the first (or second) cluster
are synchronized with each other. While neurons #1 and #3, belonging to differ-
ent clusters, are not synchronized. Figs.3(c) and (d) are the spatiotemporal pat-
terns corresponding to M =10 and M =20, respectively. Similar to Fig.3(b),
cluster-synchronization can also be observed from these two figures. Thus, it is
conclude from the results shown in Figs.3 and 4 that the synchronized patterns
transit to cluster-synchronized ones with M increasing. Namely, the synchroniza-
tion of the whole clustered neuronal network is weakened, while the synchroniza-
tion of each cluster still sustain.

Fig. 3 Space-time plots illustrate transition from spiking synchronized patterns to clustered
synchronized ones with the cluster number M increasing. M =2,8,10 and 20, respec-
tively. The profile is linear, where black is for x,(n)=0 and white for x,(n) =—1.7 . Here
£=0.005.

In order to study the degree of spatiotemporal synchronization in the network
quantitatively and confirm the above assessments of wave front propagation via
space-time plots, we introduce a synchronization parameter S by means of the
standard deviation which can be calculated effectively according to [14]

1< 1 & 1 &
S = ;;S(m,sm) = N;[)"‘ P _[N;"" ()% A3)

Similarly, we can define an synchronization index S; to quantify synchrony
of the i -th cluster (i=1,---,M ) as
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Fig. 4 Time series of firing neurons. Neurons #1 and #2 are arbitrarily chosen from the
first cluster, while neurons #3 and #4 are arbitrarily chosen from the second cluster. In
this figure, M =8 and £ =0.005.

1 T
S, = _Z S, (n), 4)
T n=l1
where
1 n 1 n
Si(n) = ;zxia—lm —[;meo-m_,-]z ®)
i=1

J=1

The indices S and S, are used to denote the synchronization levels of the entire
network and the i -th cluster, respectively.

Variations of § and S, with respect to the coupling strength £ are plotted in
Figs.5(a) and 5(b). These two figures are corresponding to the spatiotemporal
patterns shown in Fig.2. From Figs 5(a) and 5(b), we find that both of S and
S, decreases with increasing £ . This is an intuitive result that coupling strength
can enhance the synchrony of the network. The influence of the cluster number
M on synchronization of the network exhibited in Fig.3 is quantitatively exhibited
by Figs.5(c) and 5(d). It is clearly seen that S increases while S, decreases with

M increasing. In other words, synchronization of subnetwork can be enhanced by

clustered structures at the expense of desynchronization of the entire network.
Finally, we discuss the effect of the noise intensity on the observed spatiotem-

poral synchronization phenomena briefly. Fig.6 exhibits the dependence of S (see

Fig.6(a)) and S, (see Fig.6(b)) on the coupling strength £ and the noise intensity

o , respectively. As shown in Fig.6, we can see that S and S, increases when the
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noise intensity o becomes larger for fixed coupling strength £ . Stronger coupling
is required to make the entire clustered neuronal network (or subnetworks) syn-
chronized for larger noise intensities. This indicates that additive noise may reduce
the synchrony of both the entire clustered neuronal network and its clusters.

! 0.25 @« 025, @
0254, 0254, . .
l\ (a) | . {b)
" ™, 0.20 020
0.20 . 0201
L] h -
015 015 0.15 . 015
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Fig. 5 Variations of synchronization index S (a) and S, (b) with respect to £ and varia-
tions of synchronization index S (c) and S, (d) with respect to M
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Fig. 6 Contour plots of S (a) and S, (b) on the coupling strength & and the noise intensity
o . The cluster number M =2 and the probability p =0.004 . The profile is linear, where
black is for S =0 (a) or S, =0 (b) and white for § =0.2 (a) or S, =0.2 (b).

4 Summary

Synchronization behavior in a clustered neuronal network with additive noise is
discussed to reveal the role played by the clustered structure of networks. The ef-
fects of the coupling strength and the cluster number are considered. Clustered
structures have been found in several cortical systems and may be ideal for
achieving high functional complexity [4]. These results can help us to understand
the existence of clustered structure in cortical systems from the viewpoint of
synchronization.
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Bifurcation Problems
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Abstract. The paper investigates stochastic dynamics of road-vehicle systems
and related bifurcation problems. The ride on rough roads generates vertical car
vibrations whose root-mean-squares are resonant for critical car speeds and vanish
when the car velocity is increasing, infinitely. These investigations are extended
to wheel suspensions with progressive spring characteristics. For weak but still
positive damping, the car vibrations become unstable when the velocity reaches
the parameter resonance near twice the critical speed bifurcating into stochastic
chaos of larger non-stationary car vibrations.

Keywords: Nonlinear road-vehicle systems, random road models, covariance
equations, critical car speeds, parameter resonances, stability, chaos.

1 Introduction to the Problem

To introduce road-vehicle systems of interest (see e.g. [I]), consider the quar-
ter car model with one degree of freedom, shown in Fig. (). The car is riding
on randomly shaped road surfaces, that generates vertical car vibrations de-
scribed by the following system equations [2]:

X, +2Dwi Ry + w?(1+yR)R, =0, >0, (1)
2
g

dZs = —0Z:ds + 0dW;,  S.(w)= w2 (2)

In Eq. (@), w; is the natural frequency of the car and D is its damping mea-
sure. The parameters v determine the cubic-progressive spring characteristic
of the wheel suspension. X; describes the absolute vertical car vibration in
dependence on time ¢t and R; denotes the associated relative motion, given
by R; = X; — Z;. The base excitation Z; of the car is defined by Eq. @) in
dependence on the way coordinate s where {2 is a fixed road or way frequency
and o denotes the noise intensity of the Wiener increments dWj. In the sta-
tionary case, Z possesses the variance 02 = ¢%/(242) and the way spectrum
S, (w), noted in Eq. ([@).

W.Q. Zhuet al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 221
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Fig. 1 Scheme of road-vehicle systems

The transformation from way to time is performed by means of the car
speed v applying the increments ds = vdt and dW; = /vdW; with the
expectations E(dW2) = ds and E(dW?) = dt. Therewith, Eq. () yields

0'2’()

dZy = —QuZdt + ov/vdWs, S(w) = w? + (20)2 (3)

The integration of the time spectrum S,(w) over all frequencies |w| < oo
leads to the same variance o2 = 02/(2£2), already noted above. Obviously,
this road spectrum (see also [3]) is vanishing for sufficiently slow and fast car
speeds, respectively. Its variance, however, is independent on speed.

2 Spectral Analysis of Road-Vehicle Systems

In the linear case that -, § = 0, the complex transfer functions are applied to
Eq. (@) and (@) in order to obtain the complete response spectrum

g o?v[w + (2Dwiw)?] 4

" (0] -0+ (D) + 220) W
It is valid for all frequencies |w| < oo. The square root of the response spec-
trum related to the excitation spectrum is plotted in Fig. (@) versus the
frequency ratio w/w; for three damping values. According to [4], the applied
frequency scaling is linear with w/w; = p in the under-critical range and
rational with w/w; = 1/(2 — p) for over-critical frequencies. Note, that the
spectral diagram in Fig. ([2)) coincides exactly with the resonance diagram
of cars under harmonic base excitations showing no amplification in the low
frequency range, high resonances near the critical frequency ratio w/w; =1
and complete absorption when the spectral frequencies tend to infinity.
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Fig. 2 Resonance diagram of related spectra

The integration of the power spectrum (@] over all frequencies leads to the
following rms-ratio of the stationary car response and its base excitation:

Oy 2D+ (1+4D?)v . 9
= th = . 5
\/2D[1+(1/+2D)V] o W= (5)

Oz

Herein, the dimensionless parameter v is proportional to the car speed v
times the ratio of road and car frequency. The calculated rms ratio in Eq. (@)
is plotted in Fig. @) for three different dampings showing similar resonance
properties, as above; i.e. the rms-ratio is one and zero for sufficiently low
or high car speeds, respectively. In between both limiting speeds, there is
a critical car speed near v = 1. However, due to the broad-banded base
excitation applied, the resonance range around the critical speed is lower but
much broader in comparison with that one of harmonic base excitations.

3 Covariance Analysis of Road-Vehicle Systems

To derive the same rms-ratio, as already noted in Eq. (&), by means of the
Lyapunov matrix equation, the equation () of motion is rewritten into a
first order increment equation system. For these purposes, the velocity Y; =
X;/w; is introduced as well as dimensionless time and noise by dr = wdt
and dW, = ,/w1dW;. Eliminating the displacement X,, the state variables
Z:,R;,Y; are related to o, to obtain the state equations, as follows:

dZT = —VZTdT + \/2'0 dWw-, Zr = UZZT7 Y= 70-27
dR, = (Y, + vZ,)dr — V20dW,, (R.,Y;) =0.(R,,Y;), (6)
ay, = —(1+ ’VRE)RTdT — 2D(YT + VZT)dT + 2DV2v dW, .
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For the linear case that ¥ = 0, these equations are written into the vector
form (), which gives the Lyapunov covariance equation, noted in (g]).

AV, = AV. dr + g \/2vdW, , Vo= (Ze, R, Vo), (7)
dE(V,VT)/dr = AE(V, VD) + E(V, VAT 4+ 20 gg”. ®)
The matrix equation (8) possesses the stationary solutions E(Z2) = 1 and
_ 1+2D - 1 2D 4D?
pEy = R gy = ROV )

T oD 1412 +2D0 T 9D 1412 +2Dv

The square root of these expectations yields the rms-values of interest.
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Fig. 3 RMS-ratios of car vibrations vs car speed

Fig. ([B)) shows analytical results and numerical approximations of the rms-
values plotted versus the related car speed v = vf2/w; in the range 0 <
v < oo. As already explained, the applied v- scaling is linear in the under-
critical range and rational for 1 < v < co. Solid lines represent analytical
results calculated by Eq. () or (@)). Simulation results are obtained applying
Euler schemes to the linear system (@) for the scan rate A7 = 0.001 and
N, = 10° sample points. Hereby, the Wiener increment dW, is approximated
by AW,, = VAT R,,, where R, is a sequence of normally distributed numbers
with zero mean and F(R2) = 1. The simulation results are marked by squares
for the excitation values and by diamonds for the response. Note, that the
applied Euler scheme may be improved by some higher order schemes [5].

4 Extensions to Nonlinear Car Vibrations

The investigations above are extended to progressive spring characteristics
by means of the normalized nonlinear state equations
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AR = (05 + Z;)dr — 07 dW,] /o,  dZ; = —vZ;dT + V20 dW,, (10)
dY, = [~or(1 + 502 R%)R,dr — 2D(0, Y, + vZ,)dr 4+ 2DV 2vdW,] /oy . (11)

These equations are derived by introducing the normalized state processes
R, = JTR and Y, = ayY into Eq. (@) utilizing the rms-values

(12)

\/1/ 1+2Dv \/u 1+4D2 +2D3y
= s On =
2D 1+ 12+ 2Dv Y 2D 1+ 1v2+2Dv

For extensions to nonlinear damping in stochastic systems see [6].

The stationary solutions of Eq. (I0) and (III) are investigated by means
of the Hermite moments Py, = E[Hk(R;)H(Y:)H,(Z;)]. Applying the
multiplication and derivation rules, the Hermite moments are derived to

dPyem /dT = —vm(Prem + Prem—2) — 2DU(Prem + Pro—2m)

+k[og(Pe—1e+1m + Po—1e—1m) + V(Ps—1em+1 + Po—1em—1)]/07

—l2DV(Pre—1m+1 + Pre—1m—1) + 05 (Prt1e—1m + Pr—10-1m)] /0y

—0303(Pytso—1m + 3Pit10—1m + 3Pi—10—1m + Pr—30—1m) /0y

+I/[l€(k — 1)Pk,2gm/072, + 4D2€(€ — 1)Pk1€72m/0—§ —+ m(m — 1)Pk£m72

+4DmPyy—1m—1/05 — 2kmPy_1¢m—1/07 — 4DKklPy_10_1m /07 /0g].

(13)

Eq. (I3)) is an infinite equation system for all indices k,¢,m =0,1,2,... and
Pyoo = 1. Decoupling higher order moments with indices &k + ¢ +m > 2 by
Prise—1m = 0, a second order approximation is calculated to

v 1+ 2Dv + 3502

E(R? .
B(R:) = 2D 1+ v2 +2Dv + 3702

(14)
Obviously, Eq. (I4) represents an asymptotic result that leads to the correct
rms value for the limiting procedure ¥ — 0 of linear road-vehicle systems.
Solid lines in Fig. @) show evaluations of the approximated result (I4)
in comparison with the interrupted lines of corresponding linear road-vehicle
systems. Numerical results of Monte-Carlo simulations are marked by cir-
cles, valid for the rms-values of the relative car vibration. They are obtained
for three different damping values and the nonlinearity parameter ¥ = 0.2
applying the Euler scheme to Eq. (@) for N = 107 samples and the step
size At = 0.001. For strong damping, there is a good coincidence between
the numerical circle results and the solid lines calculated by the approxima-
tion (I4). For decreasing damping, however, deviations between both become
larger particularly in the parameter resonance range near v = 2 where the
stationary car vibrations are unstable as shown in the next section.



226 W.V. Wedig

1 0 0.5 1 1.5 —pu 2

D01
or/o= o
, D=05

L

Vs

1 / %

/]

0 0 0.5

[

2 _,, o

Fig. 4 Relative rms-values vs car speed for 7y = 0.2

5 Asymptotic Stability of Stationary Car Vibrations

To investigate the asymptotic stability of nonlinear car vibrations (see e.g.
[7]), the perturbation equations associated to Eq. ([B) are derived for both,
the relative displacement R, and the absolute velocity Y, by means of R, =
Ry + AR, and Y, = Y,, + AY,. The insertion of both perturbations into
Eq. (@) gives the linearized perturbation equations

d(AR;) = AY, dr, AR, , AY, << 1, (15)

d(AY,) = —(2DAY, + AR, + 3yR%,AR,) dr. (16)

The introduction of the polar coordinates [8] by AR, = A, cos®, and AY, =
A;sin®; into Eq. (I8) and (I6]) leads to the transformed equations

d®, = —dr — (37RZ, cos @, + 2D sin b, ) cos b, dr, (17)

d(In A;) = —(35R?, cos &, + 2D sin &, ) sin &, dr. (18)

According to the multiplicative ergodic theorem [9], the In-amplitude equa-
tion is integrated in the time domain yielding the top Lyapunov exponent

1 T
Atop = Tlim T / [~37R2, cos @, — 2D sin &, sin &, dr. (19)
Fig. (@) shows evaluations of the top Lyapunov exponent for the damping
measures D = 0.07,0.05 and the parameter values ¥ = 0.1,0.12. The scan
rate selected was AT = 0.001 applied for N = 107 sample points.



Road-Vehicle Systems 227

T . D= .105 oo o]
e ”;?\/iffxf\ \
0.0 /]

N
/“\Yef“ﬁ/ \\

—ol1
0 05 1 2 =1 oo

—.025—+#

=S

—.05

Fig. 5 Top Lyapunov exponents vs car speed

Note, that the results obtained above show Kramer’s effect [I0]; i.e. for
weak positive damping stationary system vibrations can be destabilized even
if they are excited by white noise. In our case of road noise, destabilization is
effected by car speeds, as well. In Fig. (), the calculated Lyapunov exponents
are plotted for three data sets. The lowest curve shows that the damping is
so strong, that the top Lyapunov exponents are negative in the whole speed
range. For same nonlinearity, but smaller damping, the top Lyapunov expo-
nents of the middle curve are negative only for slow or high car speeds. In
between these two speed ranges, the top Lyapunov exponents are positive
indicating that the stationary car vibrations become non-stationary bifurcat-
ing into stochastic chaos. The highest curve in Fig. (&) is obtained for the
same weak damping but higher nonlinear parameter. Again, the largest top
Lyapunov exponents are situated in the parameter resonance near twice the
critical car speed of the linear vehicle system.

6 Conclusions

The present paper investigates road-vehicle systems and related bifurcation
problems. Riding on rough roads, vertical car vibrations are generated in
dependence on the velocity of the car. For increasing car speeds, the vertical
vibrations become resonant, when the related car speed is critical near v = 1.
However, the car vibrations are absorbed and vanishing completely, when the
car is running with infinite velocity.

In the second part, the vehicle modelling is extended to nonlinear wheel
suspensions. Introducing relative displacement coordinates, stationary solu-
tions are approximated by means of Hermite polynomials. The result ob-
tained show a good coincidence between both, the analytical and numerical
approximations only for small nonlinearities and strong damping.
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Larger deviations from the stationary situation are due to instabilities
of the nonlinear car vibrations. For sufficiently weak damping they become
unstable and bifurcate into stochastic chaos when the car speeds reach the
parameter resonance near twice the critical speed of the linear system.
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A Review of Parameter-Induced Stochastic
Resonance and Current Applications in
Two-Dimensional Image Processing

Yibing Yang and Bohou Xu
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Abstract. Stochastic resonance (SR) is a phenomenon that nonlinear system synchronizes
with noise to boost a resonant-like behavior. Parameter-induced stochastic resonance (PSR)
proposed in this paper is realized by optimally tuning system parameters without adding
any noise. It has been proved the performance of PSR is better than traditional SR tech-
nique which is in fact a particular case in PSR region. The applications of PSR to signal
processing and target detection in shallow water reverberation have been reviewed. A new
concept of two-dimensional parameter-induced stochastic resonance (2D-PSR) and its ap-
plications in the restoration of degraded image and pattern recognition of remote sensing
image are developed.

Keywords: Stochastic resonance; Nonlinear system; Image processing.

1 Review of Parameter-Induced Stochastic Resonance

Stochastic Resonance (SR) is a phenomenon manifested in nonlinear systems in
which generally feeble input information, such as a weak signal, can be amplified
and optimized by the presence of noise. This concept was first proposed by Benzi
in 1981 [1], addressing the problem of the periodically recurrent ice ages. The ef-
fect requires three basic ingredients:

1. An energetic activation barrier or, more generally, a form of threshold;

2. A weak coherent input, such as a periodic signal;

3. A source of noise that is inherent in the system or that adds to the coherent
input.

Given these features, the response of the system undergoes resonant-like behavior
as a function of the noise level, hence the name Stochastic Resonance. Over the
last few decades, Stochastic Resonance has continuously attracted considerable at-
tention, and has been applied to large variety of fields, including physics, chemis-
try, biomedical sciences and engineering systems.

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, [IUTAM BOOK SERIES 29, pp. 229
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U

(a)

Fig. 1 (a) Symmetric double-well potential. (b) Double-well potential under periodic weak
forcing.

In order to introduce the mechanism of stochastic resonance, let us consider a
heavily damped particle of mass m and viscous friction ¥ moving in a symmet-
ric double-well potential U(x) (see Fig. 1(a)). If we apply a weak periodic forcing
to the particle, the double-well potential would be titled asymmetrically up and
down, periodically raising and lowering the potential barrier, as shown in Fig 1(b).
Generally, the weak force itself cannot cause the particle to shift between the two
wells. However, if the system is interfered by noise with certain intensity which is
synchronized with the periodic force, the particle will roll between the two wells
in accordance with the periodic force. This synchronization is called the stochastic
resonance.

Conventional SR is realized by adding an optimal amount of noise into the sys-
tem. However, this method has some shortcomings. For example, in most situa-
tions, the input signal is corrupted by noise with a given quantity. So it is easy to
increase the input noise but impossible to decrease it. If the input signal is already
suprathreshold, Conventional SR can do nothing with it. Recently, a new approach
called Parameter-induced Stochastic Resonance (PSR) is proposed to realize the
SR effect by optimally tuning the system parameters. Unlike Conventional SR,
PSR which in fact tunes the height of the barrier to affect the system’s response
speed can occur both in subthreshold case and in suprothreshold case. Moreover, it
has been proved that SR realized by conventional method (adding noise) is an op-
timization problem in a subregion of the parameter space [2]. Parameter-induced
Stochastic Resonance has been successfully applied to many fields including one-
dimensional (1D) digital signal and analog signal processing, target detection in
shallow-water reverberation, two-dimensional (2D) image processing and etc.

In one-dimensional case, the theory of Parameter-induced Stochastic Reso-
nance and the principle of parameter optimization have been founded. It is proved
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that the low SNR baseband binary pulse amplitude modulated (PAM) signals can
get a high SNR gain after being processed by PSR technique with optimally tuned
parameters. Besides, a marked enhancement of the channel capacity for binary
PAM signal is achieved [3]. Since the PSR system is double-well and nonlinear, if
we process analog signal directly by PSR technique, strong distortion may occur
in outputs. To overcome this problem, a simple but effective nonlinear inversion
method is developed to remove the distortion, which makes it possible to tackle
with analog signal using PSR technique [4]. The target detection with active sonar
is often limited by the presence of reverberation which is highly correlated with
the transmitted signal. Using PSR-based technique, the detection performance can
be optimized by tuning system parameters. Theoretical and experimental results
have shown that PSR technique performs well under the condition of weak signal-
to-reverberation-noise ratio [5]. Image processing is another important field to
which SR technique can be applied [6]. Based on PSR theory, we propose a two-
dimensional parameter-induced stochastic resonance (2D-PSR) system with pa-
rameters a,b to be adjustable. It will be proved in this paper that the SNR gain of
2D-PSR system can surpass one which is impossible for linear filtering [7].

This paper is organized as follows. In Section 2, we describe the 2D-PSR
system and its output probability density function which is derived by solving
corresponding Fokker-Planck Equation. In Section 3, we will introduce how to use
theories discussed in Section 2 to improve SNR gain. Experimental results
of degraded image processing and an application to pattern recognition of
remote sensing image by our proposed technique are presented in Section 4 and
Section 5. Finally, we draw the conclusions of 2D-PSR technique and its prospect
in Section 6.

2 2D-PSR System and the Corresponding Fokker-Planck
Equation

Similar to one-dimensional case, we propose the following two-dimensional pa-
rameter-induced stochastic resonance system

a—W+a—w=a~w—b~w3-|—h-|—l"(x,y) (1)
ox dy
where w=w(x, y) is the state variable (also taken as the system output), a,b are
system parameters to be adjustable, £ is the original signal and I'(x, y) is the

Gaussian white noise with <F(x, . T(x, ¥, )> =2D-6(x—x,,y—y,). Here D is

in two-

the noise intensity, which is related to noise variance o’ by o’ =
Ax-Ay
dimensional case, where Ax, Ay are the sampling intervals along horizontal and
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vertical directions. According to the characteristic method in Partial Differential
Equation (PDE) theory [8], Equation (1) is equivalent to a set of Ordinary Differ-
ential Equations (ODE)

dx d d
b dy_ v @

1 1 aw—bw®+h+T

The characteristic line is d—y=1 or y=x+C with C being the constant, which
by

indicates that in any arbitrarily small region, the solution of Eq. (1) is symmetric
along the diagonal direction. Thus we can solve Eq. (1) by independently dealing
with Eq. (2)

%W = aw—bw? + h(x)+T(x) (3-1)
dw 3

—=aw—-bw +h(y)+T(y) (3-2)
dy

The corresponding Fokker-Planck Equation (FPE) for Eq. (3-1) is

D 9°p(w,x)

dp(w, x) _ 0 . D
T L () e 7

— 4
dx dx ©®
where p(w, x) is the output probability density function (PDF). When x — oo we
can obtain the static PDF of Eq. (4)

aw—bw’ +h

pw,x > o)=p (w)=N- exp[(po(w)] =N exp{ j:Ax dw} )

with N to be the normalized factor. The asymptotic dynamic PDF of Eq. (4) is [3]

n-l n-1
P(w, x) = Z N, - @, (w)-exp(=4, - x)+ {ps (w)— Z N, -, (w)} -exp(—4, -x) (6)

i=0 i=0

where 0= 4, <4, <..< 4, and ®, =explp,(w)| ®@,,...,®, are the n orders ei-
genvalues and eigenfunctions of Eq. (3-1), N; is the constant to be determined by
orthodonal condition of eigenfunctions [3]. A4, which is the dominant factor of

system’s settling down to steady state is regarded as the system response speed.
The static and dynamic PDF of Eq. (3-2) can be derived similarly.
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3 Theory of 2D-PSR for Degraded Image Processing

Previously we set A, to be around 3 so that the error between dynamic and static

PDF is within ¢ =~5% . However this constrained condition will restrict our
choice for parameters a,b . Therefore we introduce the concept of dynamic sig-
nal-to-noise ratio (DSNR)

E[w]

A Var[w]

where E [0] is an expectation operator and Var[O] =F l.z J—E 2 [0] Without the re-
striction of A; =3, the system response speed can either be higher or lower. Con-

DSNR(a,b) = (7

sequently the valid sample points of the output will vary following the value of
A, . Previously, when processing a noisy image through 2D-PSR system, we just

directly pick up the last sample point of each sample period [6], which is assumed
to have the best statistic performance in the means of probability density. Accord-
ing to the dynamic solution, when the system response speed grows faster, the
output performance will decrease, however, there will be more sample points valid
to be considered. If these available sample points are averaged, we will get a better
result. The statistic characteristics of averaged outputs can be calculated by the
theory of local average random field [9]. Assume w(x) is a random field with ex-
pectation m and variance . Wy (x) is length average of w(x) over a period
X . Here Wy (x) is called the local average random field, which has expectation
and variance

E[WX (x)] =m= I w- p(w, x)dw

®)
Var[Wy (x)]=Q(X)- o>

where Q(X) is called the variance function of Wy (x). Let p(&) = Cov(f)/ o’
be the normalized correlation function of w(x) . The relationship between Q(X)
and p(£) can be described as follows

Q(X)_—J- Ip(xl X, )dx,dx, =— ( )P(é:)dé: )

In order to obtain variance function Q(X) from Eq. (9), we have to figure out the

second-order statistic characteristics of w(x) .Thus we rewrite Eq. (4) as

ap(w, .x|W0 » X0 )

ox

D a p(W X|W0,x0)

— (10)

[f(w) pw, X|W0axo)]+
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where p(w, x|w0,x0) is the conditional PDF with p(w, x0|w0,x0) =0(w—wy)

and lim p(w, x|w0,x0)= p(w,x) . The first-order approximate solution of
X—yo0

Eq. (10) is
p(w,xjwy, x0) = p(w, x) +[S(w—wy) — p(w, x)]-expl= 4, - (x—x,)] (1)

with A, the system response speed. Thus
2 X &
QX =—J' 1= |exp(- 1 12
()XO(XJp( 19 (12)
Replacing E[w] Var[w] in Eq. (7) with Eqgs. (8) and (12) we obtain
J.w- pw, x)dw

2 ;2 IOX (1 _ij exp(— A4, EWE

DSNR(a,b) =

(13)

Here X is determined as follows. Define an allowance error: exp(~ 4, -&)=err

=¢ :—;Liln err . If £2 X, (here X, means each length period), we directly
1

use the last sample point to calculate the DSNR. If £ < X, we take X =X, —¢&.

Our goal is to maximize DSNR by optimizing system parameters a,b, which can

be solved by gradient descent algorithm very efficiently.
It has been proved that the SNR gain of linear systems cannot surpass one [7].
We will prove that the SNR gain of 2D-PSR system can outstrip one. The input

SNR in our case is SNR =h/ V2-D with h the original image and D the

noise intensity. The SNR gain can be written as

input

_ DSNR(a,b) _ V2D 'IW'P(W’WW

gain = SNR s B 2h-0'2/X J-OX [1_§jexp(— ﬂqé:)dé:

SNR (14)

Fig. 2 shows the SNR gain as a function of parameter b with a =1.5. It indicates
when system parameters a,b are properly set, the SNR gain will surpass
one ,which is impossible for linear systems. In addition, the SNR gain remains
high and descending slowly as b grows larger, which means 2D-PSR technique
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performs strong robustness to system parameters variations. If the parameters are
not best optimized or even biased seriously, we can still obtain high SNR gain.

SNR gain VS parameter b. a=1.5, D=0.1
T

1.5 T

® &
1 [ -
£
>
o 05 r .
% theoretical solution
% simulated solution
U |- .|
_05 | 1 | 1 1
0 5 10 15 20 25 30
b

Fig. 2 SNR gain as a function of parameter b

4 Example of 2D-PSR Image Restoration

The simulation equation equivalent to Equation (3) is

_ 3
Wm,n - awm,n—l _bwm,n—l + hm,n—l + 1—‘m,n—l “Ax+ Wm,n—l 15
3 (15)
Win = 1Wm—1n _bwm—l,n + hm—l,n + 1—‘m—l,n : Ay + Win—1,n

where the subscripts represent the locations of sample points, and Ax, Ay are the

sampling intervals along horizontal and vertical directions.

The intensity value of an image usually distributes in the region of [0, 255].
However, the double-well potential of 2D-PSR system is symmetric to zero. Thus
we should first subtract the mean value of an image before processing with 2D-
PSR technique and add it back later. Fig. 3(a) shows a computed tomography (CT)
image corrupted by additive Gaussian white noise N(0,57) (Fig. 3(b)). We sam-
ple the degraded image 5x5 times per pixel (five by row and five by column),
and operate it on 2D-PSR system. After optimizing parameters a,b according to
Eq. (13) we come up with the recovered image Fig. 3(c). Fig. 3(d) shows the result
obtained by linear mean filtering, which takes the average value of every 5x5
blocks of Fig. 3(b). As a comparison, we have further processed Fig. 3(b) with to-
tal variation method [10], wavelet de-noising [11] and adaptive Wiener filtering
[12]. The results are shown in Figs. 3(e), (f) and (g) respectively.
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Fig. 3 (a) Original CT image. (b) Sampled CT image degraded by additive Gaussian white
noise. (c) Image processed by 2D-PSR technique. (d)Image processed by mean filtering. (e)
Image processed by total variation method. (f) Image processed by wavelet de-noising. (g)
Image processed by adaptive Wiener filtering.

5 Example of 2D-PSR Pattern Recognition of Remote Sensing
Image

The remote sensing multi-spectral image is a set of registered images with differ-
ent bands of wavelength ranging from visible light to infrared. Fig. 4 shows a set
of multi-spectral images of bands blue, green, red and infrared. Our goal is to clas-
sify rivers, buildings and forests from the multi-spectral images using 2D-PSR
technique. To this end, we rewrite 2D-PSR equation in vector’s form

a—W+a—w=aw—bw3+h+r(x,y) (16)
ox dy

where W=[w,wy.owy " s h={hy, hy,hy | T =[0,.T,... Ty ", N is the

number of registered images. The static PDF of corresponding FPE in the horizon-
tal direction is

) 1/2-aw? =1/4-bw* +[hywy, how, ... hywy 1"

w)=N-
p(w) ex D

)]
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Fig. 4 Multi-spectral images with blue, green, red and infrared bands

Assume that the noise in the registered images is uncorrelated, thus

N

pn =T pw) where p(w,) =N, -explly/2-aw? ~1/4-bw +hw; /D] . The
i=1

dynamic PDF in the horizontal direction is

N
pwx) =[] p0w.x (18)
i=l
K-1 K-1
where p(w;, x) = Z N;®@ ; (w)exp(—4;x)+| p(w;) - Z N;®@ ;(w;) |exp(-Agx).
=0 =0

5

S
et M
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Fig. 5 Classified image by 2D-PSR technique with black, grey and white representing
rivers buildings and forests respectively

The decision function of 2D-PSR based classifier is
D, W) =In(d, W) =In[p(wal@y)- P(&y)]=1n p(wdw ) +In P(@,)  (19)

where @, is the number of classes (such as rivers, buildings and forests) and

P(w, ) is the probability of w, . In pattern recognition of remote sensing image,
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each class @, is determined by the input value £, (for example the class of rivers

buildings and forests can be classified by their grey levels). Thus we can replace
w, in Eq. (19) by A, . The final decision is

D ,;) = {k|max[ Dy (w; )1,k =1,2,..M } (20)

Fig 5 shows the classified result by 2D-PSR based pattern recognition.

6 Conclusions

In this paper, the researches on PSR technique and its applications in signal proc-
essing and target detection in shallow water reverberation have been reviewed. A
current developed 2D-PSR technique is proposed. The corresponding static and
dynamic PDF of the FPE is derived. A concept of dynamic signal-to-noise ratio
(DSNR) is introduced to utilize more valid sample points to upgrade the output
performance. It has been proved 2D-PSR technique can have SNR gain greater
than one which is impossible in linear cases. Examples of 2D-PSR based image
restoration and pattern recognition of remote sensing image have shown 2D-PSR
technique to be promising in the field of image processing.
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Design of Damper Viscous Properties for
Semi-active Control of Asymmetric Structures
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Abstract. A method to design semi-active control strategies of asymmetric structures is
presented. The method is based on the optimal sizing of an equivalent Kelvin-Voight model
describing the constitutive behavior of semi-active magneto-rheological devices, through
the evaluation of the maximum achievable modal damping when they work in passive mo-
dality. The complex eigenvalue loci of the passively-controlled system versus the device
mechanical characteristics are spanned for symmetric and asymmetric frame structures. A
coherent representation of the reference effect ensured by an optimized linear active feed-
back on the eigenvalues loci is selected to drive the design of the adjustable properties of
the semi-active device. A clipped-optimal control algorithm is used in a prototype experi-
mental application whose performance are highlighted by the presented design method.

Keywords: Semi-active control, Earthquake engineering, Structural dynamics, Viscous
devices.

1 Introduction

Great research effort has been focused over the last years on reducing the seismic
response of engineering structures through dissipative systems [1]. Presently, an
increasing attention is being paid to combine the reliable and cost-saving passive
technology with the highly performing active strategies, by means of different hy-
brid and semi-active solutions. In this field, magnetorheological dampers are con-
sidered among the most promising devices to mitigate the structural vibrations,
due to their mechanical simplicity, high dynamic range, low power requirements,
large force capacity and mechanical robustness [2]. Experimental testing on large
scale models show that the technology can be effectively implemented to control
the structural dynamic response, and is suited for the seismic protection of civil
structures [3,4]. Nonetheless, the full-scale applications are still circumscribed,
owing probably to the relative youthfulness of the design guidelines currently
available in the national and international codes.

The rich literature of theoretical and experimental studies existing on the topic
[5-7] reveals that a number of challenging issues is calling for further research ef-
forts. The accuracy level requested to the dynamical model describing the con-
trolled structure, the adequacy of the rheological models used to reproduce the
highly nonlinear hysteretic behaviour of the dampers, the stochastic versus deter-
ministic approach to the optimization of the control strategies, the definition of

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 241
springerlink.com © Springer Science+Business Media B.V. 2011
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significant and synthetic performance indices, the representativeness of the re-
duced-scale specimens used in laboratory tests remain open investigation fields.

In this respect, the paper summarizes the authors' experience in the multifaceted
task of semi-actively controlling the three-dimensional seismic response of a
minimal building model, through interstorey chevron-type bracings embedding
magnetorheological dampers. The work approaches the modellisation of the struc-
ture dynamics and the damper rheology, the model updating based on the experi-
mental modal analysis, the design of a semi-active control strategy, and finally the
experimental verification of the effectiveness of the adopted solutions in the seis-
mic protection of the prototypal structure. Here, the issues related to overall semi-
active control design method, for optimal sizing and placement of the dampers, the
dynamic description of the relationship between the applied magnetic field and the
damper rheological properties, the optimization of the semi-active-to-passive pro-
portion in the control strategy for the energy dissipation are treated primarily.

2 Device Sizing for Seismic Excited Frame Structures

Consider a structural system equipped with control devices, described by a
dynamic discrete model. Denoting u the displacement vector related to the N
degrees-of-freedom, the forced response of the structure to a seismic action, repre-
sented by the monodirectional ground acceleration i, (7) , is governed by

Mii +C u+Ku+f, (a,u) =-Mr i, (1) (1)

where M e K are the mass and stiffness matrix, respectively, C, is the structural
viscous damping matrix, f; is the control force vector (which in principle can be a
nonlinear function of the displacement and velocity vectors), and r is the alloca-
tion vector of the seismic forces. Among different constitutive laws, describing the
constitutive behavior of the control device, it is possible to approximate it through

an equivalent Kelvin-Voight linear model.

M B e
;/ $aa
. ;

Fig. 1 Structural schemes: (a) seismic protected frame; (b) Kelvin-Voight dissipative
devices
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Adopting the Kelvin-Voight model for all the control devices in the structural
system, and assuming known their placement according to a certain design strat-
egy, the control force vector obeys to the force-velocity-displacement relationship

f,(uu)=Cju+K,u )
So that the equation of motion (1) can be rearranged as
Mii +(C, +Cy)u+ (K +Ky)u=-Mr i, (1) 3)

where the additional damping matrix C; is non-proportional in the general case.
Then, defining a state vector as x={ uT, ul }T , equation (3) can be rearranged as

x=Ax+Hu, 4)

where the state matrices A and H are

0 I 0
A BN ®
~MiC+Cy) -MUK+Ky) —r

The dynamic structural response, also in the case of seismic excitation, is strictly
dependent on the input-output transfer functions, which are expression of the sys-
tem spectral properties. Therefore, analyzing the frequency and mode dependence
on the stiffness and viscosity properties of the devices may be a matter of theoreti-
cal and technical interest. The frequency and modal damping of the system ensue
from the complex roots of the characteristic equation

det[A(Cy,K 4)- A1 =0 (6)

in which it is convenient to assume Cyq =cI' and K4 = kI' for sake of simplicity.
Therefore a parametric analysis can be carried out, tracking the equation root loci
versus the independent variation of the only significant control parameters ¢ and k

A = a;(c.k) % ib;(c.k) (7

where the real a;(c,k) and the imaginary part b;(c,k) of the i-th eigenvalue are
found to be highly nonlinear function of the control parameters. Subsequently, it is
possible to find the loci of optimal c- or k-values, imposing the condition

da; (c, k) —0 da; (¢, k) _
dc ’ ok

whose solution determines the maximum achievable real part of the i-th eigen-
value in the ¢ (fixed k) or k (fixed c¢) parameter range. As the real part of the ei-
genvalue relates to the modal damping &; , it is expected that the optimal values of
the parameters, referred for instance to the principal structural mode, could ensure
the best performance of the passively controlled structure.

0 ®)
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2.1 Reference Linear Active Control Feedback

Active control strategies have been deeply investigated to enhance the perform-
ance of seismic protection systems [8,9]. In the case of classical linear quadratic
regulator (LQR) in which the active control device is driven by optimal linear
feedback, the dissipative force is yet a general linear function of displacement and
velocity vectors, in the form of a non-collocated relationship, such as

f,(0,u)=G,u+G,u )

where G, and G, are full gain matrices which determines the relation between the
active force acting between two floors in an assigned direction and the whole dis-
placement and velocity variables describing the frame dynamic motion (the dy-
namic state). The feedback is available from direct measures or reconstructed by a
dynamic observer. The overall control can be designed according to the H2/LQG
method. The LQG design provides both control feedback (LQR) and Kalman ob-
server (Linear Gaussian). The linear control force in Equation (9) minimizes the
cost functional

J(x,fd):.[tF(xTQerdeRfd)dt (10)

where Q and R are weight matrices. Equation (4) representing the controlled sys-
tem assumes now the following form

x=Ax+Bf, + Hii,

_ 11
f, =Gx (

Coherently with the passive case, it is possible to study the eigenvalue loci of the
controlled system matrix A.(r)=A+BG(r) varying the cost parameter r, used to
define the second weight matrix as R =rI". The frequency and modal damping of
the system again ensue from the complex solutions of the characteristic equation

det[A.(r)-AIl=0 (12)
Consequently, the root loci can be determined varying the parameter r, as
A = a;(r)£iby(r) (13)

where a; =Re(4;) and b; =Im(4;) are nonlinear functions of the control parame-
ter. Similarly to the passive case, it is possible to find the loci of optimal r-values,
imposing the condition

da; (1) _

0
or (9
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3 Semi-active Control Design

Recently, the semi-active control design has been fully exploited both for model
prototypes [3] and real structures. The designers have to solve two principal is-
sues: the device best placement and the optimal sizing of the mechanical device
characteristics. In particular, in [10] it was evidenced that in the design process of
semi-active protection system for full scale irregular building the lower and the
higher force values are achieved when the minimum (OFF) or maximum voltage
(ON) is supplied, respectively. A complete design process for semi-active seismic
protection of frame structure includes the definition of the maximum and mini-
mum device force (or maximum and minimum equivalent viscous damping). Con-
sequently, to select the force capacity range of the physical semi-active device, a
methodology based on equivalent optimal viscous damping may be pursued. In
this respect, let assume that the semi-active device delivers a control force

fi(wuv) =f;(u0)+4f(u,uv()) (15)

where Af is the force increment due to the voltage change v(#) with respective to
the passive part. Consider Equation (2) as description of the passive (OFF) com-
ponent, and Equations (7-8) as design criteria. In order to exemplify the criterion,
Fig. 2 represents the root loci of a 2-dof and 4-dof frame structures [7], varying
the ¢ and k sizing coefficient representing the first term of Equation (15) for a
semi-active damper. Fig. 2a shows the effects of increasing the viscous coefficient
c of a dashpot placed at the first floor of a 2-dof frame structure on the system ei-
genvalues in the Argand plane. Increasing the parameter produces an increment of
the modal damping up to a certain value (marked with a dot) through the nonlinear
dependence of the real part a;(c,k) of the fundamental eigenvalue, while the
natural frequencies, related to the imaginary part b;(c, k), flip to each other due to
the increasing of the lower and decreasing of the higher one.

1
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60r g0t
40/ 60y .
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0 0
-80 -60 Re 40 -20 0 -100 -80 -60 Re -40 -20 0

Fig. 2 Eigenvalue loci of dynamic systems varying the parameters ¢ and k: (a) 2-dof sym-
metric, and (b) 4-dof non-symmetric frame structures
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The device stiffness k produces a modal damping increment in the second mode
and the opposite on the first mode. The effect of Kelvin-Voight devices on
lateral-torsional coupling has been studied in the three-dimensional model of an
asymmetric two-floor frame structure. In this case, depicted in Fig.2b, the coupled
lateral-torsional modes are modified similarly to the previous planar case, with the
only difference that the optimal c-values are, now, related to the two lateral-
rotational modes and they are not equal (dot and square marks in Fig.2b).

A consistent procedure is here proposed as design criterion for the force device
increment Af , regulated by the voltage v(#) in semi-active devices. In particular,
the force increment is determined through the design of a reference active feed-
back control which should be reproduced, as much as possible, by the semi-active
strategy. Therefore, the reference active device follows the “constitutive” relation
defined by Equation (9) and its effect on the dynamic system may be again repre-
sented by the root loci determined from the solution of Equation (12), obtained
varying the design parameter r. It must be remarked that the reference active de-
vice is designed in a non-collocated configuration which permits the root loci to
span a larger range of values. Fig. 3 presents the root loci for the 2-dof (Fig. 3a)
and 4-dof (Fig. 3b) system varying the design parameter r. Looking at Fig.3a, it is
evident that the design of the active device allows the increment of the second fre-
quency, and consequently the avoidance of the flipping phenomenon noticed in
the passive case, in which the second frequency had necessarily to decrease. Lar-
ger modal damping for the higher mode can be also achieved. A similar behavior
is confirmed also in the 4-dofs case characterized by the latero-torsional modal
coupling (Fig.3b).

Therefore, the semi-active control design is strongly conditioned by the actual
possibility to simultaneous optimize the passive device characteristic (¢ and k) and
the optimal reference active control intensity (» value).

140— 160
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80 10¢ 1021
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0 — 0 : ‘
-140 -120 -100 80 -60 40 20 0 -100 80 60 40 20 O

Fig. 3 Comparison between the root locus varying ¢ and k and varying the r-parameter of
the LQR: (a) 2-dof symmetric and (b) 4-dof non-symmetric frame structures
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3.1 Semi-active Control Strategies

In recent years, different types of control algorithms for semi-active devices have
been studied including Lyapunov Stability Theory, Decentralized Bang-Bang Con-
trol, Maximum Energy Dissipation and Clipped-Optimal Control [1].

In particular, the clipped-optimal control has been used in simulating the possi-
ble efficacy for real buildings [10] and implemented in prototype experiment [5].
Here, the clipped strategy logic is discussed on the basis of the overall design pro-
cedure. In particular, the controller is designed to perform as closely as possible to
the linear optimal controller which defines the desired control force vector
fd ={F,,,F,}". To force the i-th damper to generate approximately the corre-
sponding desired optimal control force F,, the command signal v, is selected as
follows. When the damper is providing the desired optimal force, the voltage ap-
plied to the damper should remain unchanged. If the force produced by the damper
is lower than the desired optimal force and the two forces have the same sign, the
voltage applied to the current driver is instantaneously increased to the maximum
level admitted v{"** , in order to increase the force produced by the damper aim-
ing to match the desired control force. Otherwise, the commanded voltage is set to
zero. Therefore the command signal follows the law

Y, =vimaxH((fdi _Fdi)Fdi) (16)

where H is the Heaviside function.
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Fig. 4 Comparison between the semi-active force determined by the clipped-optimal algo-
rithm and the reference active force in harmonic motion of the 2-dof system; (a) Kelvin-
Voight model semi-active force, (b) reference active force; (c) applied voltage.
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Fig. 5 Comparison between semi-active force determined by clipped-optimal algorithm and
reference active force in harmonic motion of the 2-dof system: (a) Bouc-Wen model
semiactive force, (b) reference active force; (c) applied voltage.

The clipped-optimal control has been tested applying a harmonic excitation to
the 2-dof frame structure, equipped with a semi-active device modeled by a Kel-
vin-Voight device with viscous and stiffness coefficient varying in time, depend-
ing on the supplied voltage. The passive behavior of the device (voltage OFF) is
selected on the basis of the optimal condition, Equation (8), while the voltage-
depending part is requested to follow the reference active force according to the
clipped optimal law (16). In Fig. 4 the comparison between the two forces is pre-
sented. It should be noted that most of the experimental studies available in the lit-
erature of semi-active control of prototypal structure employ magnetorheological
(MR) dampers [3-5,7]. On this respect, the nonlinear behavior of the MR dampers
may be described by the 9-parameter phenomenological model proposed by
Spencer [5], in which the Bouc-Wen block is combined with a series dashpot and
a parallel spring. The equation governing the relationship between the damper
force F; and the application point displacement u, and velocity u, is

Fy(ug,uq) =cog +k (g —ugp) (12)

where the evolution of the displacement variable v, and the internal auxiliary
variable { is governed by a couple of differential equations

bg = (e +¢) " [ko (g —vg) + oty + ] (13)

£ = Al —9) = Plig —i)|C]" = nlitg =" (14)
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The coefficients k, and ¢, in the Bouc-Wen block assess the stiffness and
damping at higher velocities, the stiffness k; of the spring accounts for the
damper accumulator, while the series dashpot with viscosity ¢; reproduces the
roll-off phenomenon. The parameters defining the Bouc-Wen model of the MR
dampers are purposely tuned to simulate the experimental behavior of the com-
mercial device Lord RD1005-3, as experimentally identified by dynamic tests [7].
In particular, the voltage-dependence of the significantly-varying coefficients
¢;(V), ¢y(v) and A(v) has been described through a polynomial function interpo-
lating to the identified results at different voltage amplitudes. In Fig. 5 the behav-
ior of the available damper with respect the designed one is represented. Even if
the clipped-optimal algorithms perform in the desired manner, a general defi-
ciency of the device in terms of available deliverable force can be noted.

3.2 Implementation on a Prototype Structure

The results of an experimental campaign are here summarized. The project aimed
to exploit the available technology in the wide area of earthquake engineering in
developing design methods and implementation guidelines to improve civil con-
struction code. To this end, a prototype frame structure was used as a benchmark
study for different types of earthquake protection systems (Fig. 6). For this proto-
type, equipped by two magneto-rheological damper, acting in the direction of the
column’s minimum flexibility to the first floor, as first step, has been defined the
analytical model, describing the three-dimensional motion formulated according
to the direct displacement method [7]. To obtain a representative and reliable
model, dynamical tests have been done for the updating of the parameters charac-
terizing the mass and stiffness matrices.

Fig. 6 Prototypal building: (a) frame, (b) MR damper, (c) actuator, (d) accelerometers
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Using the updated model, the performance of the semi-active control according
to the clipped optimal strategy have been tested both numerically and experimen-
tally. The modified Bouc-Wen block [5,7] has been implemented in the model to
describe the nonlinear constitutive relationship for the MR dampers (Lord RD
1005-3) used in the experimental tests. The optimal control forces have been de-
signed according to the H2/LQG method. Further insights and a detailed discus-
sion of the numerical and experimental results are presented in [7].

4 Conclusion

The paper deals with the sizing of semi-active device for seismic protection of
frame structures. The issue plays a fundamental role in the design process of
enhanced dissipative bracings. The root loci of the controlled systems are used to
determine both minimum (OFF) and maximum (ON) semi-active device charac-
teristics. Last ones are searched looking at reference linear active control demand
for the device force. The method is completed by a clipped-optimal non-collocated
feedback used to change the applied voltage of magneto-rheological dampers. An
experimental investigation has evidenced the needs of a clear design procedure.
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Iterative Procedures in Application of the LQGP
Approach to the Duffing Oscillator
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Abstract. The problem of the determination of the quasi-optimal control for the Duffing
oscillator using the LQGP technique and a linearization method is considered. A few cases
of these oscillators are considered including Gaussian and Poisson excitations both additive
and multiplicative. Some sufficient conditions of convergence for the considered iterative
procedure used in the evaluation of quasi-optimal control are derived. Obtained results are
illustrated by a numerical example.

Keywords: Duffing oscillator, Gaussian and Poisson excitations, LQ Problem, Iterative
methods.

1 Introduction

Nonlinear control problem for stochastic systems does not have analytical, exact
solution. One of approximate methods is a combination of statistical linearization
technique and LQG optimal control theory for linearized systems introduced by
Wonham and Cashman [[10]. This approach was developed due to its simplicity
and easy applicability for systems with Gaussian excitations; see for instance [1]]
and [4, [11]]. Such combination leads to an iterative procedure including consecutive
solving of both Riccati and Lyapuov equations.

To obtain a quasi-optimal control strategy one can use iterative methods de-
scribed above. Application of this method for the Duffing oscillator gives very good
results for both Gaussian and non-Gaussian excitations [9]].

Despite the fact that such iterative procedures are commonly used in applications,
there are very few publications dealing with the convergence of such procedures.
One can find sufficient conditions of the convergence in [5] for vector and scalar
systems with Gaussian excitations. However, condition for vector case is very diffi-
cult to verify.

In this paper we consider the problem of the determination of the quasi-optimal
control for the Duffing oscillator with Gaussian additive excitation and Gaussian
and Poisson multiplicative excitations, using a combination of Gaussian statistical
linearization and the LQGP technique (an extension of LQG technique to dynamic
systems with Gaussian and Poisson excitations). The main goal is to derive sufficient
conditions for convergence of the iterative procedures applied to the determination
of control.

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 251
springerlink.com (© Springer Science + Business Media B.V. 2011
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2 Problem Formulation

We will now present a general problem formulation with which we deal in this paper.
Consider a standard stochastic optimal control problem for a polynomial dynamic
system described by the It6 vector differential equation

M
dx(t) = [Ax(t) + @ (x(t)) + Bu(t)|dt + God&o+ Y, Gyx(t)d & (t)+
k=1
D(v)x(t)v(dt,dv) (1)
Rn

where x(¢) is n-dimensional state vector, u(t) is m-dimensional control vector and

A €R™™ BeR™ and Gy € R", G = [GI'] e R k=1,....M € A are time

invariant system coefficients matrices, @ : R” — R" is a polynomial vector function,

C(v): R—R"and D(v): R — R"™" are matrix functions, & (¢),k=0,...,M denote

mutually independent, standard scalar Wiener processes, each of which does not de-

pend on the centered Poisson measure V(#,v), where v(¢,v) = v(¢t,v) — E[v(t,v)] =
v(t,v) —tm(v),

A for {(1,...,1)} Cv
”(V)—{o for {(1,...,)} Z v" @)

The steady state control strategy minimizes the criterion
I=E [ Qx+a'Ri, (3)

where ¥ and & denote stationary values of the state and control vectors, respectively;
0 € R™" and R € R™™ are time invariant positive definite matrices.

We assume that the stationary solution of equation (I} exists and that the poly-
nomial vector function can be approximated by the linearized form @(x) ~ A,x,
where A, is a n X n matrix of linearization coefficients. One can find different crite-
ria and methods for determining A, in the literature [§]]. In this paper the mean-sqare
criterion is used. Substituting @(x) by A.x we obtain the linearized system corre-
sponding to (1) which has the following form

M
de([) = [(A +Ae)xL([) +Bu(t)]dt+ ngé() —+ 2 kaL([)dék([)‘i’
k=1

RnD(v)xL(t)\'/(dt,dv) 4
where xz is the n-dimensional state vector of the linearized system. The problem of
finding optimal steady-state control for system (@) with criterion (B) is well estab-
lished in the literature [7]]. If (A + A., B) pair is controllable, then the optimal control
strategy is given by

i=—R'B'Px, (5)
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where X7 is the stationary value of the linearized system and P = [P, is the positive
definite solution of the Algebraic Riccati Equation (ARE)

(A+A)"P+P(A+A,) —PSP+L+Q+AD'PD=0 (6)

with S = BR'BT and
& &k k ‘
15 . .
L=[Ljl=Y > Y RIR Py, R =G{', i,j=1,...,n. (7)
k=1p=1q=1

The corresponding covariance matrix of the system can be evaluated using the It6
formula applied to system (@) and the averaging operation. It can be found by solv-
ing the Lyapunov algebraic matrix equation

(A+A,—SP)\VL+Vi(A+A,— SP)T 4+ GoG)

M
+ Y GVLG{ +ADV,D" =0, (8)
k=1

where V denotes the n X n covariance matrix of the linearized system stationary
response Vp = E [)EL)E{] with control strategy (&) applied.

3 Quasi-Optimal Nonlinear Control Problem

A general solution of the problem of finding the optimal steady-state control strat-
egy for system (I)) with criterion (@) is unknown. However, one can use the Gaussian
statistical linearization method to obtain linearized form of (1)) and then find the op-
timal control strategy for this linearized system solving (6). There are numerous
literature positions which contain methods and algorithms for finding the solution
of ARE, for example [2, 3]]. The only problem is, that the linearization coefficients
matrix A, is dependent on the variance of the controlled system. Since finding vari-
ance matrix for the nonlinear system (I is also difficult, one can use solution of the
Lyapunov equation (8) for the linearized system as an approximation of the vari-
ance of the nonlinear system. Assuming that the approximate response of nonlinear
system (0 is a Gaussian process, we denote the general dependency of A, on the
variance matrix V, as

Ae=F(Vy), ©)

where F: R"*" — R™" is a (possibly nonlinear) vector function.

Evaluations described above and their results strictly depend on each other: opti-
mal solution for the linearized system () depends on linearization coefficients ma-
trix A., but this matrix is a function of linearized system’s variance, which in fact,
is dependent on the control problem solution. This leads to the following iterative
procedure for finding quasi-optimal solution of control problem for the nonlinear
system (I)) with criterion (3) [10} 1.
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QOC Procedure. (Quasi-optimal control procedure in a nonlinear quadratic
problem)

Step 1 Set Vy = 0 and evaluate A,, = F(Vy), k=0.

Step 2 Find the positive definite solution of the ARE (@) using linearization
matrix A,, and denote the solution as Py

Step 3 Substitute the solution from Step [2]into the algebraic Lyapunov equa-
tion (8) for covariance matrix V of the linearized system (&) and find
its solution denoting it as Vj. .

Step 4 Using the covariance matrix Vi, find the linearization coefficients
matrix A,,,, given by the function A, = F(Vi41), where F is im-
plied by the criterion used for determination of linearization coeffi-
cients.

Step 5 If the deviation of Vj; with respect to Vi or P, with respect to
P (i.e. using matrix norms ||Vir1 — Vi|| and ||Pey — Bi||, where
||X|| = max; ; |x;;|) is greater than a given precision parameter &, set
k =k—+ 1 and go back to Step 2] otherwise the procedure is finished
and Vi and Py are the quasi-optimal solutions of the polynomial
control problem.

Procedures like QOC Procedure are commonly used in applications and in theoret-
ical papers [[10} [1, 9! 4]. However, there are very few publications which deal with
convergence of those procedures. One can find some sufficient conditions for con-
vergence in [5]] derived for simplified system () (additive Gaussian excitation only)
in scalar and vector case.

4 Procedure Convergence for the Duffing Oscillator

In this section we find sufficient conditions for the convergence of QOC Procedure
when applied to the Duffing oscillator with Gaussian and Poisson additive and multi-
plicative noises. We consider system (I)) for n=2, M=2 and the following parameters

o[y talo- o [ 2o

00 00 00
6= [0 = [08] o= [2 2], o

T . . . .
where x(t) = [x1(t) x2(z)]" is 2-dimensional state vector, u(r) € R is the scalar
control variable, wy, §,b,g0,81,82,d1,d> and € are all positive real values.

The control strategy minimizes stationary criterion () with

_|a1 O _
Q—[Oqz]m—n (1)

where ¢1,q2,7 € R. In order to find quasi-optimal solution of the control problem,
we use the mean-square criterion to linearize function @ as follows [8]]
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d)(x)mAexz[ 0 0] [x‘} (12)

738\)]1 0 X2

The corresponding Riccati equation for the linearized system is simplified to the
following set of three equations

72605[712*68[7]2\/1] —sp%2+(g%+ld%)+q1 =0 (13)
p11 — 28 wop1a — @3 paa — 3epavit — spiapa =0 (14)
2p12— 4L wop2 — spr + 3P + g2+ Adipa =0, (15)

where s = brz . The Lyapunov equation is simplified to

vy =0 (16)
szf(0)3+SP12+38V11)V11*(25600+SP22)V12 =0 (17

—2 (wg +3evii +5p12) via — 2 (28 @ + sp2) v+
g5+ gtvii + g3va + Adivii +Adavay =0 (18)

We will now deal with a specific case of system (I0) with g = 0 and d; = 0. The
following theorem gives sufficient conditions of convergence of the QOC Procedure
in this specific case.

Theorem 1. Consider the Duffing oscillator system (1)) with parameters (IQ) with
g1 = 0,d, = 0 and control criterion @) with parameters (I0). If there exists o,
0 < ag < 1 such, that the following inequalities are satisfied:

3e<s (19)
S\/(gg +Ad3 —48an)’ +4sqr > 1 (20)
2585 < (4L wn — g3 — Ad3)? e3))

S 1
< 22
68+w§ % (22)

where s = brz, then QOC Procedure applied to system (10Q) is convergent.
Proof. See Appendix.
Note that inequalities (20) and (1)) can be replaced by the following condition

1
(63— 4¢wn— Ad3)? >max{(s2 —4sq2), 2%’5} (23)

We will now deal with a general case. Consider system (I) with M =2,n =2 and
parameters g; and d| not equal to zero. Their presence allows us to take into account
noises not only in dumping, but also in stiffness.
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We will now present the theorem which shows, that for a special set of parame-
ters, the QOC Procedure is convergent.

Theorem 2. Consider Duffing oscillator system (1) with parameters (IQ) and con-
trol criterion @) with parameters ([1). For sufficiently small value of g3 the QOC
Procedure is convergent.

Proof. Similarly to the proof of Theorem[llwe evaluate the derivative of v<1k1+1> asa

function of vll‘], which can be presented in the following form

J.F (Vi)

k+1 2 1
8V<11 ) _ 80 av’fl 24
a k - k 2 ( )

Vi (5[("11))

where % : R — R is a scalar, Lipschitz function. We can also show that both pi,
and py are positive and bounded. Finally we can state that for sufficiently small g(z)
there exists 0 < oy < 1 for which

k+1
8v<11 )

<o (25)
av]f]

5 Example

In this section we present some applications of theorems we derived in this paper.
We also make a practical comparison of the proposed QOC Procedure and classical
algorithms for finding function zeros.

In this example we will show the application of the Theorem [Il Consider the
Duffing oscillator, that is system (I)),([@2) with parameters (I0) and control criterion
@). Assume d; =0 and g; = 0.

To find the sufficient condition for convergence of the QOC Procedure we use
conditions (19)-@22). Note, that these conditions are only sufficient. That means,
that some systems may not satisfy those conditions, however the QOC Procedure
may be convergent. Especially condition (I9) is very restrictive.

We will now deal with specific set of parameters. Assume ¢ = 0.99 and € =
03,0=lLapy=2,r=b=1,A=1g=180=2,q=q=1,d=1,81=d, =0.
It is easy to show, that conditions (I9)-(@22) are satisfied. Therefore, applying Theo-
rem[I] we find, that the QOC Procedure is convergent. Numerical tests showed, that
subsequent values of v; evaluated using QOC Procedure converged in 6 iterations.

Further numerical tests showed, that it is very difficult to find a set of parameters
which would make the QOC Procedure non convergent. In fact, we did not find
such set of parameters. It is worth noting, that this is not a general case for all
systems — this depicts only the Duffing oscillator. One can find examples of other
systems (even scalar systems) [S]], for which the QOC Procedure is not convergent.
Further work should be done to find less restrictive sufficient conditions than those
in Theorem[Il
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Fig. 1 Convergence speed comparison with precision € = 108
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We also analyzed the convergence speed of the QOC Procedure using numerical
experiments. Note, that Lyapunov equation (§) and Riccati equation (&) for Duffing
oscillator can be treated as a set of 6 equations. That means, that actually, they can be
solved using classic methods. We have compared the QOC Procedure (when using
equations (I3)-(8)) with classic Newton method [3] and its modification, which
was described in recent work [6].

Comparison results are roughly presented in Figure[Sl The number of iterations
required to achieve selected precision is usually the highest for classic Newton’s
method. Modified Newton’s method [6] and evaluation using QOC Procedure are
more or less equal, depending on the set of parameters. However, if we compare
execution times, not the iterations, proposed method is far better, while Newton’s
method and its modification are comparable. The execution time was measured on a
standard desktop PC (with Intel Core 2 Duo 2GHz processor). The QOC Procedure
achieves assumed precision about ten times faster than two other methods. This is
due to the fact, that Newton methods need to evaluate the gradient of the function.

6 Conclusions

In this paper we have considered the problem of the determination of quasi-optimal
control for the Duffing oscillator with parametric and external Gaussian and Poisson
excitations. To solve this problem we have used the iterative procedure, called QOC
Procedure, that combines Gaussian statistical linearization and LQGP technique.
Furthermore, we have presented two theorems depicting sufficient conditions for
convergence of the QOC Procedure. An example, which proved applicability of
those theorems and compared the convergence speed of proposed procedure with
classic Newton’s method and its recent modification from [6], was presented.
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Appendix: Proof of Theorem 1]

In order to show the convergence we consider only the variance v{;. We shall denote
v11 evaluated in the k-th iteration of the procedure as v’f 1- We derive the element py»
of the Riccati matrix P using (I3). Since (13) is the second order algebraic equation
with respect to pj; it is easy to find the positive solution. Similarly we can derive
p2; from equation (I3) assuming that pi, is known. Note, that we don’t have to
evaluate py; in order to derive vy from equations (IZ)-(I8). The next step in the
proof is to find the solution of the Lyapunov equation (8). We derive vy, from (I8)
and finally we derive the solution of (7)), which is also the second order algebraic
equation with respect to v;; and we denote this solution as the concurrent iteration’s

solution v(lliﬂ). We then find the derivative of py»

(2w +6ev4))

\/(2(1)3 + 68\)’{1)2 +4sq

Ip12 B

= 26
9\1]{1 (26)

6
—0 RO, Ak = | 1=

Since vi; > 0 and s,q, @y, € > 0 and using both (I9) and the fact that f (v’fl) <1

for all v&| > 0, we have —1 < ‘35,}2 <0.
11

We perform a similar calculation of the derivative of p,,

apzz . 4 3P12

= . 27
k k
Iviy 4s\/(g%+ld%—4§a)())2+4s((J2+2p]2) Ivi

Using 20) and the fact, that p1, > 0 we can easily show, that —1 < 3’: 22 < (0. Again
11

we use similar calculation of the derivative of vy;. We get

vy 2583 dpxn 28)

vt (4C0)0+2SP22—83—/161§)2 My

Using (1)), derivative bounds of p,, and the fact, that p,; > 0, it is straightforward

to show, that 0 < 3‘;%2 < 1. Finally we evaluate the derivative of v<1k1+1> as a function
11

of VK. We get

k+1
8v(”+ ) K} (1 w§+sp12 > 3]312 1 8V22 (29)

ok 6e U hpn)) kT Apin) Wk
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where f>(p12,v22) = \/(a)g +5p12)2 + 12€vy;. Assuming that there exists a con-
stant 0 < o < 1 which satisfies (22)) and taking into account bounds of derivatives
of py, and vy, nonnegativity of both py, and v;; and finally the condition 22) we
can state, that

a (k+1)
0< <o (30)
v,
Application of Banach’s fixed point theorem [12]] gives the convergence of the pro-

(k+1)

cedure because the function which evaluates v}, in terms of v, is contractive.
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Abstract. Innovative procedures for the stochastic optimal time-delay control and stabiliza-
tion are proposed for a quasi-integrable Hamiltonian system subject to Gaussian white
noises. First, the problem of stochastic optimal control with time delay is formulated. Then,
the problem is converted into a stochastic optimal control without time delay, and the con-
verted control problems are then solved by applying the stochastic averaging method and
the stochastic dynamical programming principle. The optimal time-delay stabilization of
quasi-integrable Hamiltonian systems is formulated as an ergodic control with a cost func-
tion determined by minimizing the largest Lyapunov exponent of the controlled system. As
an example, a two-degree-of-freedom quasi-integrable Hamiltonian system with time delay
in feedback control forces is investigated in detail to illustrate the procedures and their
effectiveness.

Keywords: Time-delay feedback control, Stochastic averaging method, Stochastic optimal
control, Feedback stabilization.

1 Introduction

The time delay in feedback control can be caused by physical properties of control
equipments, measurements of system states, filtering and data processing, calculat-
ing and executing control forces, etc.. The time delay in feedback control may not
only deteriorate the performance of controlled systems but also destabilize the con-
trolled systems. The dynamics of time-delay feedback controlled systems under
stochastic excitation has been analyzed by using several methods. Recently, a
stochastic averaging procedure was proposed for quasi-integrable Hamiltonian
systems with time-delayed feedback control, and has been applied to predict the re-
sponse, stochastic stability, stochastic Hopf bifurcation [1-3]. In principle, the dy-
namical programming principle can be extended to the stochastic optimal control
problems with time delay [4]. However, only a few problems are solvable and most
problems are practically intractable since the resulting Hamilton-Jacobi-Bellman
(HJB) equation is of infinite-dimensions [5]. In the present paper, innovative pro-
cedures for the stochastic optimal time-delay control and stabilization of quasi-
integrable Hamiltonian systems are proposed and illustrated with an example.
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2 Formulation of Stochastic Optimal Time-Delay Control

Consider an n-degree-of-freedom quasi-Hamiltonian system with time-delay feed-
back control, governed by the following equations:

. OH’
Q,' - aE
P =—%—Scii?)%-f-gui(QT,Pr)-‘r-E”zﬁka(l‘) (1)

L,j=12,..,n; k=12,..m.

where Q, and P, are generalized displacements and momenta, respectively;
H’ =H'(Q,P) is a twice differentiable Hamiltonian; £ is a small parameter;
&c; =€c;(Q,P) represent the coefficients of quasi-linear dampings;
e"”f, =€"f,(Q,P) represent the magnitudes of stochastic excitations;
eu;(Q,,P)with Q, =Q(t—7) and P, =P(t—7) denote feedback control forces
with time delay 7 ; W, (¢) are Gaussian white noises in the sense of Stratonovich

with zero mean and correlation functions E[W, (H)W,(t+T)]=2D,o(T).
The objective of stochastic optimal control is to minimize a performance index

J()= lim % [/ L[Q.P.u(Q,.P)]dr @

for semi-infinite time-interval ergodic control. In Eq.(2), L[Q,P,u(QT,PT)] is the

cost function, which is a continuous, differentiable and convex function. Eqs.(1)
and (2) constitute a stochastic optimal time-delay control problem of quasi-
integrable Hamiltonian system.

3 Conversion to Stochastic Optimal Control Problems without
Time-Delay

Assume that Hamiltonian H ' in Eq.(1) is separable and of the form

. n ) ' 1
H'=3 H g p). H'=2p +Glg) 3)

i=1

where G(g;) =0 is symmetric with respect to g, =0 and with minimum at

g, =0. The conservative system corresponding to (1) has a family of periodic
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solutions. For weak dampings, weak excitations, and small time delay 7, the fol-

lowing approximate expressions can be used

P(t—7)=P(t)coswT+Q,(t)w sinwt

Q.(t-=7)=Q,(t)coswT—[P.(t)sinw7]/ ® @

Thus the time-delay feedback control forces can be expressed approximately in
terms of the state variables without time delay, i.e., u,(Q,,P,) =u,(Q,P;7). By
using this approximation and considering possible Wong-Zakai correction terms,

Eq.(1) can be rewritten as

do. =24
oH oH ©)
dP = _a_Q,._gm’f" a_a+g”i (Q.P;7) |dt +£"0, (Q,P)dB, (t)

where H = H(Q,P;7) is a modified Hamiltonian, which is still assumed to be

separable, i.e., H=H +H,+---+H, , B (t) are unit Wiener processes, and

n 2

0,0, =2D, [, f; - Accordingly, the performance index in Eq.(2) is modified to
~1im~ {" L[Q.P.u(Q.P:7)]d
J(w =lim [ L[Q.P.u(Q.P;7)]dr ©6)

Eqgs.(5) and (6) constitute a stochastic optimal control problem without time delay,
converted from the original problem (1) and (2).

Applying the stochastic averaging method for quasi-integrable Hamiltonian sys-
tems [6] to system(5), in the non-resonance case, the following partially averaged

16 stochastic differential equations are obtained:

dH =[m (H)+ <u,. a(_; ’ >]dt +&, (H)dB, (1) 7

i

where H=[H1,H2,---,H,Z]T, () denotes averaging operation; m, (H) and
0,(H) are, respectively, the averaged drift coefficients and diffusion
coefficients.

Eq.(7) implies that H is a controlled diffusion vector process. Correspondingly,

partial average performance index (6) becomes
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J(w = lim % jOT L(H, (u))dt )

By applying the stochastic dynamical programming principle [7] to Eq.(7) and (8),

the following dynamical programming equation can be established:

9’V _ oH,
1nf{ GuOy o TR < P >]_,+L(H< D=y
where V(H) is called the value function, and
. Lor
y=lim [ L@, (u” (0 )dr (10)

is the optimal average cost function and u’(¢) is the optimal control.

Let L be quadratic with respect to u, i.e.,
L(H, (u)) = f,(H)+(u"Ru) (11)

where f,(H)=0 and R is a diagonal matrix with positive elements R, . Minimiz-

ing the left-hand side of Eq.(9) with respect to u yields

U =—————" (12)
2R, 0H, oP,

Substituting Eq.(12) into Eq.(9) and averaging the terms involving u,” lead to the

final dynamical programming equation. Solving the equation and substituting the

resultant V(H) into Eq.(12) yield the optimal control. Note that u”are generally
nonlinear in Q, and P, . The reverse of Eq.(4) is

Q,(t)=Q,(t—7)cos(wT)+ P(t—7)sin(w 1)/ @

. (13)
E ()= F(—-1)cos(w7) - Q,(t —T)@, sin(a)7)

Substituting Eq.(13) into Eq.(12), the following time-delay optimal control can be

obtained:

1 JV oH
U Q) =~

(14)
2R, 0H, OP,

Q=Q(Q; ,F;), P=P(Q; ,P;)

Substituting u,.* (Q,,P.)in Eq.(14) into Eq.(7 ) and averaging the terms involving
u, yield

dH, =[m,(H)ldt+7,(H)dB, (1), m,(H)=im, (H) +<u;* %’; a > (15)
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The response of the controlled quasi-integrable Hamiltonian system can be pre-
dicted by solving the Fokker-Planck-Kolmogorov (FPK) equation corresponding

to the fully averaged It6 Eq.(15). The root mean square displacements o, , o, of
uncontrolled and controlled systems and the root mean square control forces o .

can also be calculated. To characterize the performance of a controller, two quan-
tities are introduced. One is the control effectiveness, defined as

s (16)
O-h

K indicates the relative reduction of the root mean square displacement due to the
control. The other is control efficiency, which is defined as the ratio of reduction
to root mean-square control force, i.e.,

u=Klo,. a7

Obviously, the higher K and y are, the better the controller is.

4 Time-Delay Feedback Stabilization

Now consider the case in which the stochastic excitations in Eq.(1) are pure para-
metric, the trivial solution is an equilibrium, and it may be unstable without con-
trol. Following the same derivation, we obtain Eq.(15) for the controlled system.
Since the stochastic excitations are pure parametric, the drift and diffusion coeffi-

cients of Eq.(15) satisfy the following conditions:
m (0)=0,5,(0)=0 (18)

indicating that H=0 is the trivial solution for the controlled system. Since the sta-
bility of the trivial solution is considered, the system can be linearized about the

trivial solution, and m, and 0,05, are homogeneous in H_ of degree one. We

assume that diffusion process H(#) is nonsingular. Introduce the following new
variables

p=(nH)/2, o =H /H. (19)

The It6 equations for p and ¢, are obtained as:
dp =0 (a)dt+X, (a)dB, (1) (20a)

da, = m (w)dt + 0, (w)dB, (1) (20b)

where a=[¢,,..., an]T, r=L12,..,nk=12,..,m Note that only n-1 equa-

n—1°

tions for ¢, in Eq.(20b) are independent; thus we can use a'=[0{1,...,0{n_l]T to



266 Z.H. Liu and W.Q. Zhu

replace o in (20a) and (20b). It is noted that Eq. 20(b) is independent on Eq.
(20a), and the stationary probability density of &’ can be obtained.

Define the Lyapunov exponent of averaged system (15) as the asymptotic rate
of the exponential growth of the square root of H , i.e.,

A=limtin B 1)

1o f

The largest Lyapunov exponent of controlled system (15) can be obtained as
A = [0 @)p*(@)da’ (22)

where Q°(a') is obtained from Q°(a) in Eq.(20a). and p°(a') is the stationary
probability density of @' obtained from solving the reduced FPK equations asso-
ciated with It6 Eq.(20b). The necessary and sufficient condition for asymptotic
Lyapunov stability with probability one of the trivial solution of Eq.(15) is
AS<0. It can also be considered as the approximate condition for asymptotic
Lyapunov stability with probability one of the trivial solution of original system
(1). Let u; =0, the largest Lyapunov exponent A" of the uncontrolled system can
also be obtained.

The difference of the Lyapunov exponent between controlled and uncontrolled
system is A° —A" . If it is negative, the system is more stable (or less unstable).
Furthermore, if A’ is negative, the trivial solution is asymptotic stable. Thus, the
feedback stabilization can be achieved by proper setting the cost function in Eq.(2)
so that 4 is negative and minimized.

Apply the dynamical programming Eq.(9) and also assume the cost function of
the form of (11). Design of the feedback stabilization is actually to select f;(H)
and R to make A’ negative and minimized. In the following, an example is given

to illustrate the designing procedure in detail.

5 Example

As an example, consider system
X +o,X +X,(BXD+0’ X, =u, +k,(X)W,(1), i,j=12 (23)
where W (z) are uncorrelated Gaussian white noises with small intensities 2D, ;

u,, are time-delay feedback control forces. The Hamiltonian system associated
with Eq.(23) is linear and integrable.
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First consider the case of purely external stochastic excitations, i.e.,
k;(X)=k;. Assume that @ /@, =r/s, where r,s are prime integers. The par-
tially averaged performance index is of the form of Eq.(8) and the cost function is
of the form of Eq.(11) with H=[H,,H,]", w=[u,,u,]", R=diag[R,R,]" , and

-fl (H) = s()() + Sl()Hl + s()lHZ + s2()H12 + sllHlHZ + SOZI{Z2 + SSOH13 (25)
+S21H12H2 + s12H12H2 + SOSH;

The solution of the dynamic programming equation for ergodic control is assumed
to be of the form

VH)=cH, +c,H, +c,H} +c,H H, +c,H; (26)

Following the procedure described in section 3, the time-delay optimal control
forces can be obtained as

. 1 __ 9V .
s =——R~ ——(cos(w7)P, —w sin(w7)0, 27
un‘ 2 1 aHI ( ( i ) T i ( i )Qn') ( )

Table 1 Results for the first degree of freedom of the system

T 0 0.2 0.4 0.6 0.8 1.0
o(x) 0.385 0.390 0.396 0.403 0.408 0.411
o(u,) 0.125 0.133 0.141 0.151 0.163 0.176
K, 0.635 0.631 0.625 0.619 0.614 0.611
H 5.068 4758 4.425 4.094 3.765 3.470
o(x,) 0.385 0.391 0.401 0.412
o(uy) 0.125 0.133 0.145 0.164
= Unstable
| 0.635 0.629 0.622 0.610
My 5.068 4728 4302 3719

Numerical calculations are carried out for system (23) with the following pa-
rameters: ¢, =a,, =001, &, =0, =0, B, =4,=001, & =10, @ =2.0,
k,=ky,=10, k,=k,, =0,D,=D,=005, R =R,=10, 5, =5,=1, and
8,0 = 8o; = 0. The results are shown in Table 1, where o'(x,) ,0(y,) , K, , 1, denote
root mean square of displacement x, , root mean square of control force u;, ,
control effectiveness and control efficiency, respectively, by using the proposed
optimal time-delay control, while 5(x,) , 5(1,) , K, , ZZ, are those by using a control

without considering time-delay effect, i.e., letting cos(@7)=1 and sin(@7)=0 in
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Eq. (27). It is seen from Table 1 that the proposed controller is better in terms of
control effectiveness and efficiency. Furthermore, the system with the proposed
controller is stable even for larger time delay in contrast with the instability by us-
ing the control without considering time delay effect.

Now consider another case in which the stochastic excitations are pure para-
metric, i.e., k;(X)=k;X . The partially averaged performance index is of the
form of Eq.(8) with cost function of the form of Eq.(11), where f{(H) and R are to
be determined. For stabilization, only the asymptotic behaviors near H=0 are of in-

terest, and the linearized averaged It6 equations are

dH, =[F,(H)+ <u1 %>]dt +G,,(H)dB, (t)+G,,(H)dB, (1)

1

(28)

2

dH, =[F,(H)+ <u2 881;2 >]dt +G,,(H)dB, () + G,,(H)dB, (1)

The optimal control strategy is of the form in Eq.(12). The value function V(H)
should be linear function of H, and H,. Then it is seen from dynamical pro-
gramming equation that f,(H)—y should also be linear function of H, and H, .
Let
V(H)=CH,+C,H,, f(H)-y=kH, +k,H, (29)
Substituting Eq.(12) and (29) into final dynamical programming principle equa-
tions lead to the following equations:
k +F,C +F,C,—C /4R =0

(30)
k,+F,C,+F,C,—C; /4R, =0

C, and C, can be solved for given k, and R,. The optimal control u, are then
obtained from Eq.(12) as follows:
. C
u, =———~P 31
' 2R, ' G
Finally, the expression for the largest Lyapunov exponent of the controlled sys-
tem(23) is

A = 0 @)p @)da, (32)

where Q°(¢;) and p°(¢;) are of the controlled system. Whenu, =0, the largest

Lyapunov exponent A of uncontrolled system is also obtained.
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The objective of the feedback stabilization of system(23) is to determine &, R,
such that the largest Lyapunov exponent determined by Eq.(28) is negative and

minimized. After k; and R; are determined, the optimal time-delay control is

= (cos@DP, ~@sin@), ) (33)

i

it

Numerical results have been obtained for system (23) with the following
parameters &, =-0.02,¢,, =001, «,=a, =001, £ =001, B, =001,

@ =la2=2 k, =k,=k,=k,=10 D, =D,=D k =k, =0.0005
R =R, =1 . The initial condition for simulations are: X, =X, =0.01 and

X = Xz =0. The largest Lyapunov exponents are shown in Fig.1, where the

symbol US denotes the uncontrolled system M= 0 ), WTD the controlled system
without time-delay (u, =—(C, /2R,)P), NCT the controlled system without con-
sidering time-delay effects (u,, =—(C,/2R,)P.(t—7) ), and PCS the controlled
system using proposed control strategy (Eq.(33)). It is seen from Fig.1 that the
largest Lyapunov exponent of uncontrolled system ( 4") is positive, indicating that

the trivial solution is unstable. When time delay occurs in the controlled system,
the largest Lyapunov exponents by using PCS are generally less than those by us-
ing NCT control strategy. It is also shown that the stabilization effect of the pro-
posed control strategy is quite obvious especially for weak noise excitations.
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Fig. 1 The largest Lyapunov exponents 4 versus stochastic excitations intensity D
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6 Conclusions

In the present paper, innovative procedures for stochastic optimal time-delay con-
trol and stabilization of quasi-integrale Hamiltonian systems have been proposed.
The time-delayed feedback control forces were approximated by control forces
without time-delay and the original control problem was converted into a stochas-
tic optimal control problem without time-delay, which was solved by applying the
stochastic averaging method and the stochastic dynamical programming principle.
One example has been worked out in detail to illustrate the procedure. The result
showed that the proposed control strategy procedures are effective.
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Abstract. Basic thoughts of physical stochastic systems are delineated. Different from tra-
ditional modeling where the measured data are statistically analyzed to obtain second-order
characteristics, e.g covariance function or power spectral density, in the present framework,
physical mechanism of stochastic dynamic excitation is firstly studied and used as a basis to
construct a random function model with random parameters, of which the probability dis-
tributions are then identified via measured data. Modeling of fluctuating wind via physical
stochastic model is exemplified. Stochastic response analyses of nonlinear structures by in-
corporating physical stochastic models of dynamic excitations and the probability density
evolution methods are implemented. Investigation results demonstrate that this is a promis-
ing way.

Keywords: Physical stochastic modeling, Fluctuating wind, Probability density evolution
method, Nonlinear structure.

1 Introduction

The past decades have seen great development in stochastic dynamics, not only in
modeling of stochastic excitations but also in analysis theory of stochastic
dynamical systems [11,17]. Interestingly, when we examine from these two
fundamental aspects, it is easy to find that they are essentially coordinative.
Researchers have devoted many endeavors to modeling of stochastic dynamic ex-
citations, resulting in e.g. the Kanai-Tajimi spectrum for ground motion [5], the
Davenport spectrum for fluctuating wind [3] and the Neumann spectrum for sea
waves [14], etc. These models set the foundation for classical random vibration
based on moments and power spectral density. Nonetheless, it has been recog-
nized that via this path it is very hard to solve problems of response analysis and
dynamic reliability evaluation, particularly of MDOF nonlinear systems [17].
Critical revisiting may find that this path of modeling stochastic process is es-
sentially a phenomenological methodology, which might induce some shortages.
To overcome these shortages, physical mechanism or background of dynamic ex-
citations should be introduced as a basis, leading to physical stochastic models. In
this framework, a stochastic dynamic excitation is described by a random
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function, of which the shape is determined from the physical mechanism or em-
pirical physical background. Probability distributions of the random variables in-
volved in the random function are identified from measured data.

2 Physical Stochastic Modeling of Dynamic Excitations

2.1 Basic Thoughts of Physical Stochastic Systems

To describe a stochastic process X(t), t €[0,T] , theoretically the finite-
dimensional distributions, f(x,t), f(x,, ;2,6 ),+, f(2), 65Ty, by 52,8, )y s

?Y¥nd ¥n
are complete. However, in this description exist some disadvantages, e.g.: (1) to
obtain and calibrate the finite-dimensional distributions for a stochastic process,
prohibitively huge data and computational efforts are needed which makes it prac-
tically impossible [1]; and (2) even this is possible the relationship between the
ensemble information (finite-dimensional distributions) and the information of the
samples, are indirect, i.e. to generate a sample from the finite-dimensional distri-
butions is not straightforward. This induces inconsistency in modeling and gener-
ating a stochastic process. To overcome the first disadvantage, the second-order
stochastic processes are studied in depth, say, via covariance function or power
spectral density function instead of finite-dimensional distributions. However, this
reduction from the complete description does not change the essence of phenome-
nological description. Actually, in traditional modeling the measured data are
statistically analyzed directly, without considering the embedded physical back-
ground that will shape the measured data, to construct covariance function or
power density spectrum [1]. Here, a stochastic process X(¢) was regarded as an

abstract function of time ¢, dependence of X(¢) on the random events (or more ri-

gorously, on the point in probability space) is not explicitly involved.
An alternative complete description is to expose the stochastic process X (w,t)

as a function of basic random event w and time ¢ simultaneously. For a stochastic
process X(t), ¢t €[0,7] with an embedded physical background, a function can

be found such that
X(t) = g(n,t), t€[0,T] )

where ¢(-) is a function determined by physical laws or empirical physical rela-
tions, 7 is the random variable(s) embedded in the system that induce randomness

of the process. Generally, if a set of samples are available, then distributions
and/or characteristic values of the random variable(s) n can be identified via ap-
propriate criteria. Clearly, once information of the random variable(s) n are
known, then the stochastic process specified by Equation (1) is completely de-
scribed. This description of stochastic process, via a random function of basic ran-

dom variable(s) based on physical background/mechanism, might be referred to a
physical stochastic process description. Compared to traditional phenomenological
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description, relationship between the ensemble and the sample is straightforward
as in Equation (1). In addition, the data needed to identify information of the ran-
dom variable(s) are greatly reduced.

A convenient tool to the physical stochastic process description is the random
Fourier function, which can be defined as [7]

Fy(nw) = = [ glnt)e ™ @)
X , - \/T 0 g\n,
The random Fourier function is usually a complex function that can be rewritten

as

Fx (n,w) _ |FX (777‘*)) el ) 3)

where | Fy (n, w)| is the Fourier amplitude spectrum and ¢(n,w) is the Fourier

phase spectrum. Generally the amplitude spectrum is a kind of spectral decompo-
sition of kinetic energy (Li and Chen, 2009 [11]) and the phase spectrum is the
leading factor controlling the shape of the time history (Seong and Peterka,
2001[15]).

It is easy to prove that

Sy(w) = E’“FX (n, w)r] = j:c|FX (z, u))|2 p,(2)dz (G))

where S, (w) is the power spectral density function if X(¢) is stationary. How-

ever, we should note that the model in Equation (2) is not confined to stationary
processes.

For many engineering dynamic excitations, it is relatively easy to find the ex-
pression of Fy (n,w). With this background, probabilistic information of the ran-

dom variable(s) i can be identified from the measured data [7]. The proposed

modeling process will be exemplified in the following section by modeling of
fluctuating wind.

2.2 Physical Stochastic Models: Exemplified by Fluctuating Wind

Existence of eddies is one of the main characters of turbulence. The fluctuating
part of wind speed could be regarded as superposition of a series of eddies with
different scale and frequency. The eddy scale in atmosphere is in a wide range
from over one kilometer to several millimeters. It is recognized that turbulent eddy
motion in the atmospheric boundary layer exhibits three spectral ranges: energy-
containing sub-range, inertial sub-range and dissipation range. In wind engineer-
ing, the first two sub-ranges are mostly concerned. For the energy spectrum in
inertial sub-range, “-5/3” power law has been reported both theoretically and in
atmospheric boundary-layer measurements. The analysis of large-scale turbulence
is more complex because of their strong anisotropy. Despite the complexity,
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several laboratory and field experiments reported “-1” power law at production
scales for the longitudinal velocity spectrum in boundary-layer flows (Katul and
Chu, 1998[6]). Employing wind speed records in our research group, we also find
the “-1” power law in energy-containing sub-range of both three-dimensional
spectrum and longitudinal spectrum.

The wave-length /, reciprocal of the wave-number k, could give a straight view
of the eddy scale. According to Taylor’s “frozen” hypothesis, the wave-number

k=27n/U , where n — w/27r is the frequency. Thus the stochastic Fourier wave-

number spectrum could be defined, following Equation (2), as
F(n,k)=U I27F (n,n) (5)

A specified wind speed record is the joint effect of many eddies in different scales.
As mentioned in the energy spectrum (power spectral spectrum) there are energy-
containing sub-range and equilibrium sub-range in which the “-1” law and “-5/3”
law are obeyed, respectively. Therefore, the boundary position k. between the two
sub-ranges might be called as “boundary wave-number” and the reciprocal of k.
marked as /. might be called as “boundary wave-length”. Thus, considering Equa-
tion (4), the wave-number Fourier spectrum is defined as a logarithmically bilinear
function

Ak, <k <k,
Bk, k, <k <k,

|F(,7,k)|={ (6)

where k, and k = are the lower and upper limits of the wave number of interest.

Generally 10-min duration and 10Hz sampled wind speed records are adopted. In
this case k, =27 x5/U =107 /U, k,, =27 x(1/600)/U = = /(300U). A and

B are dependent parameters related to total energy,

ow

A=0’/(Ink,~Ink,, —1.5k"*k,2" +1.5), B= Ak)" (7
where ¢ is the standard deviation of the fluctuating wind speed. The only inde-
pendent parameter in Equation (6) is k..

According to Tchen (1953[16]), the leading factor affecting the value of k. is
the ratio y between the main-flow vorticity V,, and turbulence vorticity V,

Y=V IV @®)

where V,, is the shear-ratio and V, could be expressed as ( Hinze, 1975[4])

I eswa] <[ el il o] ®

|4
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Substituting Equations (6) and (7) in (9) yields

172

V, = o[ -025k2 ~0.5k2, +0.75k2°k | /[Ink, ~Ink,, ~1.5k2°%;2" +1.5] " (10)

To calculate the value of 3, 2000 sets of 10-min fluctuating wind speed records

are applied. The correlation coefficient between y and dﬁ( Z)/dZ is 0.8288, thus

it can be assumed that y is approximately linearly variant against dﬁ( z)/dz -

Through curve-fitting, the relationship can be written as:
y=1.19dU (z)/dz+0.0637 (11

Basic random variables in the model are the ground roughness z, and 10-min
mean wind speed U( z) at a certain height. It is found that z, can be characterized
by lognormal distribution and ﬁ( z) can be characterized by Gumbel Distribution

(Li and Yan, 2009[13]). Fig. 1 displays comparison of the mean and standard-
deviation of the amplitude spectrum between the measured data and the presented

model. It is seen that the model spectra are almost identical with the measured
spectra at all four heights.

measured mean spectra
=== model mean spectra

measured standard-deviation spectra
10" ==="model standard-deviation spectra

”
”2

_ 43m

Wave-number spectrum fn
Wave-number spectrum fn

E) 2 1 3 2 g
10 10 10 10 10 10 10 10

Wave-number/m”’ Wave-number/m™’

Fig. 1 Comparison of the mean and standard-deviation of the spectra between model and
measurements

The characteristic speed of different eddies could be expressed as (Hinze,
1975[4]):

v(n) = | F()[ An (12)

The ratio between the distance that the eddy goes forward in a time interval and
the wave length characterizes the changed circle numbers of the eddy. Each circle
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corresponds to a phase change of 27 . The phase evolution speed of eddies with
different frequency could be expressed as:

A@(n)=27zv(n)k(n) (13)

Different characteristic speed leads to different phase evolution speed. Generally
speaking, large scale eddies possess slower phase evolution speed than small scale
eddies do. It is reasonable to suppose that the measured fluctuating wind speed is
the superposition of a series of harmonic waves which evolved from identical ini-
tial phase at time 7,, as shown in Fig. 2. For simplicity, we can assume the initial
phases are all zero. T, is named phase evolution time with the unit second.

v YA WMWW_—:
e |

Fig. 2 Schematic diagram of phase evolution time Te

The value of T, can be identified from the fluctuating wind speed samples with

relaxed criterion. 800 sets of wind record are adopted. The identified values of T,
can be fitted by Gamma distribution, as shown in Fig. 3.

I Histogram of T,

‘Gamma Distribution

Fig. 3 Probability distribution fitting of phase evolution time Te

Thus, both the amplitude and the phase spectrum are specified, where totally 3
random variables, ground roughness z,, 10-min mean wind speed at a certain

height U(z), and phase evolution time T , are involved.

Likewise, physical stochastic models can also be studied for earthquake ground
motion and sea wave. For details, refer to [8,12].
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3 Stochastic Responses of Nonlinear Structures via Probability
Density Evolution Equation

3.1 Fundamentals of the Probability Density Evolution Method

Consider a generic nonlinear MDOF structure subjected to physically modeled
stochastic dynamic excitations. The equation of motion reads

MX + CX + f(X) = DF(O, 1) (14)

where M and C are the n by n mass and damping matrices, respectively, f is the
nonlinear restoring forces, D is the n by r load location matrix, F is the r by 1 sto-
chastic external forces, © is the random variable(s) with known joint PDF pg(8)
involved in the physical stochastic process. For fluctuating wind, the forces are
specified by the models outlined in the foregoing sections.

Denote by Z(t) = (Z,,7,,--,Z,)" the physical quantities of interest in the system

(14). The randomness of Z(¢) comes entirely from ® and thus the augmented sys-
tem (Z(t),0®) is a probability preserved system [10,11]. According to the random
event description of the principle of preservation of probability, we have

%fﬂ Py (2,0, 1)dzd0 = 0 (15)

where p,q(z,0,t) is the joint probability density function of (Z(¢),®). Combining
with the uncoupled physical equations, we have the following m-dimensional par-
tial differential equation governing evolution of the joint probability density

Opge(2,0,1) SN 0y (2,0,1)
e 0 0 E Z.(0,t)—2 "2 — (16)
ot + j( ) 0z,

J=1

Here Z'J(()7 t) is time rate of the physical quantity Z(¢) with specified {© = 6} .

Once Equation (16) is solved, the instantaneous probability density can be ob-
tained by

pz(z,t):j;2 Do (2,0,1)d0 (17)

Equation (16) is the generalized density evolution equation, which reveals the in-
trinsic connections between a stochastic system and the deterministic counterpart.
It tells us that evolution of the probability density in time is proportional to vary-
ing of probability density in space.

In most practical cases, m =1 is adequate. Solving Equation (16) under ap-
propriate initial and boundary conditions, the instantaneous probability density
function of the responses can be captured [9]. Further, reliability evaluation of the
nonlinear structures can be carried out [2,10].



280 J. Li, Q. Yan, and J.B. Chen

3.2 Numerical Implementation Procedure

To perform probability density evolution analysis for responses of nonlinear struc-
tures, Equations (14), (16) and (17) should be solved in an incorporative manner,
with the physical stochastic models embedded. For instance, if the response analy-
sis of a nonlinear structure under strong wind is to be carried out, the first step is
to employ the physical stochastic models outlined in the fore-going sections. To
generate representative time histories, selection of representative points, denoted
by 8,,¢=12,---,n,, inthe space of © is needed. Then for each specified 0, a

time history of dynamic excitation can be generated by the physical stochastic
model. A deterministic dynamic response analysis can then be carried out for the

sel 2

system (14), resulting in responses of the system, including time rate 7 (0,,t) of

the physical quantities of interest. These quantities can then be substituted in Equ-
ation (16), which can therefore be solved by the finite difference method with ap-
propriate difference scheme. Details of the numerical algorithm can be found in Li
and Chen (2006) [9] and Li and Chen (2009) [11].

4 Numerical Examples

A steel TV tower, totally 388 m high with structure of 268m and shaft of 120m. In
the analysis the P-Delta effect and geometric nonlinearity are taken into account.
Parameters of the wind field are: the ground roughness z, obeys log-normal dis-

tribution with the mean 0.05 and coefficient of variation 0.38; the average wind
speed at 10m high obeys the extreme type-I distribution with the mean 28.5m/s
and coefficient of variation 0.1. Pictured in Fig.4 are three typical representative
time histories of wind speed generated by the proposed physical stochastic model.

Some of the results are discussed here. Shown in Fig. 5 is information of the
stochastic inter-story drift between the 9th and 10th story, including the PDF at
three different time instants (Fig.5(a)), the instantaneous PDF evolving against
time (Fig.5(b)) and the contour of the PDF evolution surface (Fig.5(c)). It is seen
that the PDF evolves in a complex manner, generally non-stationary. In addition,
the PDF is not symmetric to its center (Fig.5(a)), which can also be seen clearly
from Fig.5(c).

Wind Speed fns”
Rgd_ B2
= =} < =}
- L
2 E L
E] E

Fig. 4 Typical representative wind speed time history generated by the proposed model



Stochastic Modeling and Probability Density Evolution Method 281

—PDFat 100 sec
====PDFat 150 sec
"""" PDF at 190 sec

o Wty

0 0.005 0.01 0015 Blig O g M0 e
Ratio of story drift /rad T
(a) Typical PDF at different time (b) PDF evolution surface
001 10
—— PDEM
350 === EVD-I
0.008
< 300
et 17200
E 250
3
z o
E & 200
k)
s 1507 11300
£
-3
100
50
Yoo 110 120 130 140 150 0 0.005 001 0015
Time /sec Ratio of story drift/rad

(c) Contour of the PDF evolution surface (d) Extreme value distribution

Fig. 5 Probabilistic information of inter-9-10-story drift angle

The extreme value distribution can also be obtained via the probability density
evolution method. Fig.5(d) shows the extreme value distribution in this case. It is
seen that now the extreme value distribution is close to the Extreme type-I distri-
bution. But this accordance is rather accidental than often. Further, reliability of
the tower can be obtained by integration of the extreme value distribution.

5 Conclusions

Methodology of modeling stochastic dynamic excitations and that of random vi-
bration analysis are essentially cooperative. Phenomenological modeling of sto-
chastic process is in consistency with classical random vibration, which leads to
difficulties in tackling stochastic response analysis of nonlinear systems. The me-
thodology of physical modeling of stochastic dynamic excitations is described in
the present paper. Physical modeling of fluctuating wind is exemplified. Probabil-
ity density evolution method is then incorporated with the physical stochastic ex-
citations to implement response analysis of nonlinear structures. Investigations
show that the proposed methodology is promising in stochastic dynamic response
analysis and reliability evaluation of nonlinear structures under stochastic
excitations.



282

J. Li, Q. Yan, and J.B. Chen

References

(1]
(2]
(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]
(11]
[12]

(13]

(14]

[15]

[16]

(17]

Bendat, J.S., Piersol, A.G.: Random Data: Analysis and Measurement Procedures,
3rd edn. John Wiley & Sons, Inc., New York (2000)

Chen, J.B., Li, J.: The extreme value distribution and dynamic reliability analysis of
nonlinear structures with uncertain parameters. Structural Safety 29, 77-93 (2007)
Davenport, A.G.: The spectrum of horizontal gustiness near the ground in high
winds. J. Royal Meteorol Soc. 87, 194-211 (1961)

Hinze, J.Q.: Turbulence. McGraw-Hill, New York (1975)

Kanai, K.: Semi-empirical formula for the seismic characteristics of the ground. Bull.
Earthquake Research Institute 35, 309-325 (1957)

Katul, G., Chu, C.R.: A theoretical and experimental investigation of energy-content
scales in the dynamic sublayer of boundary-layer flows. Boundary-Layer Meteorol-
ogy 86, 279-312 (1998)

Li, J.: Physical stochastic models for dynamic excitations of engineering structures.
In: Li, J., Chen, J.B. (eds.) New Advances in Random Vibration and Applications,
pp- 119-132. Tongji University Press, Shanghai (2009)

Li, J., Ai, X.Q.: Study on random model of earthquake ground motion based on
physical process. Earthquake Engineering and Engineering Vibration 26(5), 21-26
(2006) (in Chinese)

Li, J., Chen, J.B.: The probability density evolution method for dynamic response
analysis of non-linear stochastic structures. International Journal for Numerical
Methods in Engineering 65, 882-903 (2006)

Li, J., Chen, J.B.: The principle of preservation of probability and the generalized
density evolution equation. Structural Safety 30, 65-77 (2008)

Li, J., Chen, J.B.: Stochastic Dynamics of Structures. John Wiley & Sons, Chichester
(2009)

Xu, Y.Z., Li, J.: Stokes model of wind-wave interaction. Advances in Water Sci-
ence 20(2), 281-286 (2009) (in Chinese)

Li, J., Yan, Q.: Physical models for the stochastic dynamic excitations of structures:
in the case of fluctuating wind speed. Engineering Mechanics 26(sup II), 175-183
(2009) (in Chinese)

Neumann, G.: On wind generated ocean waves with special reference to the problem
of wave forecasting. NYU, College of Eng., Res. Div., Dept. of Meteor and Ocean-
ogr, 136 (1952)

Seong, S.H., Peterka, J.A.: Experiments on Fourier phases for synthesis of non-
Gaussian spikes in turbulence time series. Journal of Wing Engineering and Indus-
trial Aerodynamics 89, 421-443 (2001)

Tchen, C.M.: On the spectrum of energy in turbulent shear flow. Journal of Research
of the National Bureau of Standards 50, 51-62 (1953)

Zhu, W.Q.: Nonlinear stochastic dynamics and control in Hamiltonian formulation.
Applied Mechanics Reviews 59, 230-248 (2006)



On the Consideration of Model Uncertainties in
Model Updating of Dynamic Systems

G.I. Schuéller and B. Goller

Institute of Engineering Mechanics, University of Innsbruck, Austria, EU

Abstract. Model updating procedures are applied in order to improve the match between
experimental data and corresponding model output. The updated, i.e. improved, finite ele-
ment (FE) model can be used for more reliable predictions of the structural performance in
the target mechanical environment. The discrepancies between the output of the FE-model
and the results of tests are due to the uncertainties that are involved in the modeling proc-
ess. These uncertainties concern the structural parameters, measurement errors, the incom-
pleteness of the test data and also the FE-model itself. The latter type of uncertainties is of-
ten referred to as model uncertainties and is caused by simplifications of the real structure
that are made in order to reduce the complexity of reality. Several approaches have been
proposed for taking model uncertainties into consideration, where the focus of this manu-
script will be set on the updating procedure within the Bayesian statistical framework. A
numerical example involving different degrees of non-linearity will be used for demonstrat-
ing how this type of uncertainty is considered within the Bayesian updating procedure.

Keywords: Bayesian statistics, model updating, stochastic analysis, model uncertainties,
non-linear dynamics.

1 Introduction

The topic of model updating has been in the focus of intensive research now for
over four decades and it continues to be a topic of high importance for the accu-
rate prediction of structural performance of dynamic systems [1]. The need for
taking uncertainties into account within the model updating process has been
widely recognized and it has led to the development of several approaches for
performing model updating under the consideration of uncertainties. The thereby
involved spectrum of uncertainties is interpreted in different ways by the two main
schools for probability interpretations, namely the frequentist and Bayesian
interpretation.

The frequentist interpretation of probability leads to a differentiation of uncer-
tainties into two categories: the first category comprises the uncertainty in the pa-
rameters and is denoted aleatoric uncertainty. Its source is seen to be the inherent
randomness of physical parameters. Model uncertainties (or epistemic uncertain-
ties) on the other hand arise from the complexity of physical processes that have
not been understood sufficiently enough in order to be explicitly modelled. The
uncertainties in the modelling process must therefore form another category since

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 283-292.
springerlink.com © Springer Science+Business Media B.V. 2011
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the probability of a model does not make sense if probability is interpreted as the
relative frequency of a random event in the long run.

In order to consider the whole spectrum of uncertainties in the analysis,
different approaches have been proposed. One way to treat epistemic uncertainties
consists in the shift of model uncertainties to parameter uncertainties and in con-
sidering them as variables describing events in the long run, i.e. in a frequentist in-
terpretation of probability (see [2, 3]). Another way to treat model uncertainties is
given by the non-parametric approach [4]. Within this approach, the relaxation
of the topological connectivity of the structural matrices aims at a consideration
of the uncertainties in processes that are not modelled explicitly by structural
parameters. This approach broadens the set of structural models (i.e. all stiffness
matrices which are symmetric and positive definite) and uses the Principle of
Maximum Entropy to construct a PDF over this set. Applications of the non-
parametric model in context with structural model updating are shown in e.g. [5].
Alternative approaches for taking epistemic uncertainties into account consist in
the use of possibility theory and fuzzy sets. In e.g. [6, 7] it is discussed how this
method is fitted into the robust updating process with the aim of damage detection.

The Bayesian interpretation of probability does not distinguish between these
two categories, since all uncertainties are seen as epistemic uncertainties [8]. In
this context, probability is not interpreted as the relative occurrence of a random
event in the long run, but as the plausibility of a hypothesis. Probability quantifies
the uncertainty about propositions and therefore its domain contains both physical
variables and models by themselves. The wider scope of the interpretation of
probability in the Bayesian sense leads to the fact that the reason of uncertainty of
both parameters and models is seen in the incomplete available information.

In this manuscript, the approach for considering the entire spectrum of uncer-
tainties within the Bayesian statistical framework is discussed. First, the basic
principles of Bayesian updating procedures are summarized (Sec. 2), where the
prediction error, which takes into account the discrepancies between model output
and measurements, is subject of a thorough discussion in Sec. 3. Finally, in Sec. 4,
a linear beam model is updated where the reference data derives from non-linear
models involving different degrees of non-linearity. This provides a means for in-
vestigating quantitatively the effect of model uncertainties.

2 Bayesian Model Updating

The concept of the Bayesian statistical framework is to embed a deterministic
model in a class of probability models as introduced in [9, 10]. Each probability
model in the chosen model class is described by probability distributions of the
unknown parameters and the prediction error. Based on the available data, the ini-
tial knowledge of the range of the unknown parameters is updated, making some
parameter ranges more plausible if the data provide the necessary information.
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This embedment of the deterministic model in a model class is performed by the
use of the Bayes’ Theorem which is given by

p(B1D.AM)=c"' p(DI6,M)p(O|M), )]

where 0 is the vector of the unknown (adjustable) parameters, 9 denotes the set of
available data points and 9 is the chosen model class. The constant ¢ is a normal-
izing constant given by ¢ = J' p(D160,M)p@| M)d@- This constant c is actually p(D

|M), which is called the evidence of the model class M and which is used in model
class comparison and selection which is however not in the focus of the present
manuscript.

The term p(D | 8,M) is called likelihood and expresses the probability of the
data conditional on the structural parameters, i.e. a probability model for the mea-
sured data. This term describes the discrepancies between model output and meas-
urements through the prediction error, which is introduced in order to bridge the
gap between model output, and measurements and which will be discussed in Sec.
3. The factor p(0 IM) is the prior PDF, which quantifies the initial plausibility of
each model defined by the parameters 6 within the model class M. The product of

these two terms determines the shape of the posterior PDF p(61D,M), which re-
flects the updated, relative plausibility of each model within the model class after
incorporating the information contained in the data D.

The analytical or also the numerical solution of Eq. (1) is only feasible for low
dimensional problems. For the case of large number of uncertain parameters 0, ef-
ficient sampling algorithms have been developed which are based on Markov
Chain Monte Carlo algorithms, like the multi-level Metropolis-Hastings algorithm
(the so-called Transitional Markov Chain Monte Carlo algorithm) in [11], Gibbs
sampler in [12] and Hybrid Monte Carlo in [13].

3 The Prediction Error in Bayesian Updating

Due to the complexity of real systems and the therefore arsing necessity for reduc-
ing the complexity of the model, the established numerical model can not predict
exactly reality. Within the Bayesian updating procedure, the parameter values are
updated in order to better represent the real structure, where the updating process
is directed by the prior information and the information contained in the measure-
ments of the investigated structure. However, since the model does not represent
an exact picture of reality, there is no true parameter value and there remains a gap
between model output and measurements which is taken into account by the so-
called prediction error. The prediction error therefore makes it possible to go out-
side of the domain of the model class. As already pointed out, in the Bayesian
sense, uncertainty in model parameters and in the model itself are interpreted as a
lack of knowledge and therefore they both fall into the category of epistemic un-
certainty. If model uncertainty is interpreted as the type of uncertainty that can not
be considered within the structural parameters, the prediction error can be
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understood as an approach for considering this type of uncertainties. Hence, the
prediction error provides a means for considering those uncertainties that cause
the remaining lack of knowledge which prohibits a perfect matching between
model and real system.

In general terms, the connection between the analytical output of the system
¥(0) and the corresponding test value ¢ is given by

qg=y@)+e ()

The choice of the PDF for the prediction is based on the maximum entropy princi-
ple. Based on the given knowledge that on average model and measurements
agree (i.e. zero mean) and that the variance is finite, a Gaussian probability density
function maximizes the uncertainty. It should be noted that the prediction-error va-
riance is not taken as a known value, but it is included in the vector of uncertain
parameters and it is updated based on the data.

In the present manuscript, model updating is performed using modal data. The
formulation of the likelihood function using modal data is derived in [14] and is
summarized in the following. The experimental data 2 from the structure is as-
sumed to consist of N; sets of modal data D, comprised of N,, modal frequencies

(?)1,,' and N,, incomplete mode-shape vectors VA/l,' e RV where N, is the number of
observed degrees of freedom. The model output q(0) is then the corresponding
modal properties of the structural model defined by the parameter vector
0 Oc R"" | that is, eigenfrequencies o(0) and partial eigenvectors v.(6).

First, the use of Eq. (2) for the modeshape vectors yields

Y, = arl//r(9)+ewr, (3)

where a, is a scaling factor as defined in [14] to relate the scaling of the model
mode shape vector ¥/ (6)to that of the experimental mode shape vector yA/r i

Assuming a Gaussian distribution for the probabilistic characterization of the
prediction error variance and with the choice of the scaling factor ar as defined in
[15], the likelihood function for the mode shape vector is given by

l//rT (I_lpr,_/y}:j )'//r i @
26%|w, [

p(wr,j 16,M) = c, exp| —

where [ is the identity matrix of size N,, X N,, and 8% denotes the prediction error
variance (assumed to be equal for all N,, modes).
Secondly, Eq. (2) is formulated for the squared eigenfrequencies, which yields

A2 2
W, =w, +e,, &)

Using again a Gaussian probability model for the statistical description of the dis-
crepancies between analytical and experimental eigenfrequencies, Eq. (2) yields



Model Uncertainties in Model Updating of Dynamic Systems 287

@ 1@ -1)
p(&)i] |6,M)=C2 ex —;(w (6)
13

where € denotes the prediction error variance of the normalized squared eigenfre-
quencies (again assumed to be equal for all N,, modes).

Due to the assumed statistical independence between the mode shape vectors
and the modal frequencies, between the different modes and between one data set
to another, the resulting likelihood function can be written as

& | (@] 167, -1)? - o
r=1 j=1 g

In the following investigation, a quantitative assessment of those uncertainties that
can not be captured by model parameters is carried out and it is shown how
these uncertainties are taking into account within the Bayesian model updating
procedure. The focus will thereby be set on the parameters taking into account
these uncertainties, namely the prediction error variances corresponding to the ei-
genvectors and squared, normalized eigenfrequencies.

4 Numerical Example

As a numerical example a beam model as shown in Fig. 1 has been chosen in or-
der to quantitatively analyze the uncertainty by which the updating procedure is
affected. The model used for structural model updating is a linear model with a
nominal Young’s modulus of E = 9.45-10" N/m’, the density is given by
p=1800N/m3 and the stiffness of the springs modelling the supports is assumed to
be ¢=3.0-10* N/m. The structure is clamped at one end (visualized in Fig. 1 by the
red circles at the supporting DOFs) and 6 springs (where only the respective 3
front springs are visible) connect the structure to the ground.

Fig. 1 FE-model of the beam used for model updating
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Three cases of model updating are performed in the following which differ by
the type of model which is used for simulating the reference data:

1. Case 1: In case 1, a linear model is used for generating the modal data set
(N =1), which consists of N,, = 5 modes where the partial modeshape
vectors have a length of N, = 129. The parameter values are equal to
E=9.0-10" N/m’, p = 2000 N/m” and ¢ = 2.0-10* N/m.

2. Case 2: In case 2, a slightly non-linear model is used, with the structural
parameters chosen as in case 1, where however the supports involve non-
linearities, i.e. the springs are only active when pressured. Modal proper-
ties are determined by using the structural response due to a sine-sweep
excitation. Of course, the extracted modal properties are a function of the
magnitude of the applied load.

3. Case 3: The reference model in case 3 is the same as in case 2 where ad-
ditionally the width b= 4 cm of the supports is considered, which leads to
the fact that a tilting movement is observable at the supports. The modal
properties are determined as described above for case 2.

Table 1 Initial comparison of modal properties

Case 1 Case 2 Case 3
Mode o, [Hz) @&,[Hz] Aw/d MAC, @&[Hz] Aw /3, MAC, &I[Hz] Aw/d,  MAC,
1 2.45 226 0085 1.0000 224 0092 09874 228 0.073 09977
2 3.62 337 0074 09998 333  0.087 09625 335 0.081  0.9998
3 4.58 419 0093 09995 395 0161 08771  4.05 0.132 09245
4 5.57 510 0.092 09990 485 0149 09422 476 0.170  0.9798
5 6.28 570 0.103 09980 570  0.102 09253  5.68 0.106 02212

In Tab. 1 the comparison of the initial modal properties of the 3 cases is shown.
These modal data are compared by means of i) eigenfrequencies ®, for r = 1... 5
obtained with the linear model and the frequencies at the resonance peaks of the
reference models @ and ii) the modal assurance criterion (MAC) of the first 5 mo-
des defined by

2

vy,

A4 A"

MAC,, = . 0.0<MAC,, <10 ®)

where a MAC-value of 1.0 expresses full correlation and a MAC-value of 0.0 or-
thogonal vectors. The reference mode shapes are defined as the displacement of
the structure at the resonance peaks due to a certain load magnitude.
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In order to express the prior knowledge about the parameter values, Gaussian
distributions with mean values equal to the nominal values and coefficients of
variations of 10% are assigned to the Young’s moduli and the densities, where for
both properties 2 independent variables are used for the flange and the web of the
beam. Uniform distributions within the bounds ci ~ U([1.5, 4.5]~104 N/m),i=1,23
are used as prior PDFs for the stiffnesses of the supports, where the two springs
constituting one support i are fully correlated. The transitional Markov Chain
Monte Carlo algorithm is used for model updating.

451 case 1 4
case 2 * o, 45 y
case 3 o e 0 §%e 5 s 8

41 x nominal value} " % A &
O _refer. value }

15 2 25 a a5 4 45
1 x 10"

[

Fig. 2 Posterior samples of the spring stiffnesses ¢; and ¢, (cases 1-3)

4.1 Updated Structural Parameters

Fig. 2 shows the posterior samples of two stiffness values, where the red crosses
derive from case 1, the green circles from case 2 and the blue diamonds from case
3. This figure points out that for case 1, which is the linear case, true parameter
values exist and therefore the samples are concentrated around this reference point
(depicted by a black circle), while for cases 2 and 3 no true values exist due to the
involved non-linearity. In case 2, the degree of non-linearity affects only slightly
the reference data used for model updating which results in posterior samples that
express that values of these parameters in the upper, prior interval are less prob-
able. However, the samples have a considerably higher dispersion if compared
with case 1 which means that the posterior prediction error variance is higher than
in case 1. The posterior samples of case 3 show no clear difference to the prior
samples since they cover the entire support of the prior PDF. Hence, since the
springs are only active when pressured and due to the additionally considered
widths of the supports there is no information about the constant stiffness values
{cy, 3} in the reference data and no decrease of the prior uncertainty is obtained.
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Fig. 3 (a) Prior and posterior histograms of the 5th eigenfrequencies and corresponding refer-
ence values and (b) posterior histograms of the MAC-values of the 5th eigenvector (cases 1-3)

4.2 Posterior Modal Properties

As a next step, the effect of the updating procedure on the match of the modal
properties is investigated. In Fig. 3(a), the prior (dashed-dotted line) and the poste-
rior histograms (shaded bars) are shown exemplary for mode no. 5, where the
measured eigenfrequencies of the three cases are included in the figure. It can be
observed, that due the incorporation of the information contained in the modal da-
ta, the prior distributions are shifted towards the reference values leading to a con-
siderably better match. As already observed for the posterior structural parameter
values, the distributions of the three cases show a larger prediction error variance
with increasing degree of non-linearity, which is visible through the scatter of the
posterior histograms corresponding to the three investigated cases.

In Fig. 3(b) the correlation of the 5th mode with the respective reference mode
shape is plotted by means of the MAC-value. The differences of the eigenvectors
with the reference data becomes larger with increasing degree of non-linearity,
whereby in case 3 this mode can almost not be identified (MAC; 5 < 0.3). In addi-
tion, it shall be pointed out that the posterior histograms do not show considerable
changes with respect to the prior histograms. Hence, the prior space of the linear
model does not span the full solution space and no better fit can be reached.
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3 400
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~= 300
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Fig. 4 Posterior histograms of the prediction errors of the 5th eigenfrequency (cases 1-3)
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4.3 Posterior Prediction Error

As a last step, the distribution of the prediction error is discussed. In the Bayesian
approach, the prediction error is modelled as a zero-mean Gaussian variable with
an apriori unknown variance which is updated together with the structural parame-
ters. The assumption, that model output and reference data agree on average, can
be confirmed for the linear case, i.e. for case 1, as shown in Fig. 4. However, the
figure also depicts that there is a shift in this distribution in case that the model u-
sed for generation of the data and the model employed for model updating show
differences that are not defined by changes in the parameter values of the model
(cases 2 and 3). Therefore, in such cases the model might be biased since the mo-
del class does not allow for changes in the parameter values to reach same mean
values for the model output and the reference data. This situation requires a strat-
egy for consideration of this shift. One approach could consists in an additive con-
stant to be added to the model to allow for this bias, leading again to zero mean for
the prediction error. However, this approach will not be further investigated here.

5 Conclusions

This manuscript has discussed the issues associated with the application of model
updating for dynamic systems using modal properties where the underlying sys-
tem shows slight non-linearities. It has been shown that these non-linearities
which can not be captured by the structural parameters of the linear model used
for model updating lead to larger prediction errors and hence larger prediction er-
ror variances. The results point out that an improvement of the prior model, which
is conditional on the model class, could be achieved. However, the non-linearity
of the reference structure leads to a bias in the updated model which evokes the
need for an additional term considering this shift such that the assumption of a ze-
ro-mean Gaussian variable for the prediction error holds.
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Abstract. The application of the nonparametric stochastic modeling technique to reduced
order models of geometrically nonlinear structures recently proposed is here further demon-
strated. The complete methodology: selection of the basis functions, determination and
validation of the mean reduced order model, and introduction of uncertainty is first briefly
reviewed. Then, it is applied to a cantilevered beam to study the effects of uncertainty on its
response to a combined loading composed of a static inplane load and a stochastic trans-
verse excitation representative of earthquake ground motions. The analysis carried out us-
ing a 7-mode reduced order model permits the efficient determination of the probability
density function of the buckling load and of the uncertainty bands on the power spectral
densities of the stochastic response, transverse and inplane, of the various points of the
structure.

Keywords: Uncertainty, reduced order models, random matrices, geometrically nonlinear
srructures, nonparametric stochastic modeling.

1 Introduction

The sharp increase in computational capabilities of the last 10-15 years has led to
very satisfactory solutions for many complex structural dynamic problems for
given values of the structural parameters. Further, these same analyses have also
demonstrated that these solutions can be very sensitive to small variations of the
structural parameters, thereby emphasizing the need to consider structural uncer-
tainty. Several approaches have been devised to model this uncertainty and esti-
mate its effects on the structural response; among those are the polynomial chaos
methodology (e.g. Ghanem and Spanos [1]) and the nonparametric approach ini-
tially proposed by Soize [2,3]. The latter approach is particularly computationally
attractive as it applies to reduced order models of the structure, seeking the distri-
bution of the uncertain parameters that maximizes their statistical entropy under
given physical constraints.

The nonparametric method has been applied to a broad class of problems
including a recent extension to nonlinear geometric structural dynamic problems

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, IUTAM BOOK SERIES 29, pp. 293
springerlink.com © Springer Science+Business Media B.V. 2011
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[4] by relying on novel developments in the formulation of reduced order models
for such structures (see Kim et al. [5] and references therein). According to these
reduced order models, the structural response is expressed in a time-invariant basis
with time-varying generalized coordinates satisfying coupled Duffing-type differ-
ential equations. Further, the parameters of this reduced order model, i.e. mass and
linear, quadratic, and cubic stiffness coefficients, are identified directly from a full
finite element model of the structure rendering the approach applicable to infinite-
dimensional systems.

The earlier investigation of [4] is here further extended and validated to differ-
ent infinite-dimensional structural models under stochastic excitations. A key
element of the approach is the existence of a positive definite matrix Kpg that
regroups the linear, quadratic, and cubic stiffness coefficients. It is that matrix
which is randomized in the nonparametric formulation while maintaining the posi-
tive definiteness so that the simulated stiffness properties, linear and nonlinear, are
rendered uncertain in a physically admissible manner.

The complete process, reduced order modeling strategy and application of the
nonparametric methodology, is presented on a cantilevered beam subjected to a
static compressive load near the buckling limit and a transverse excitation corre-
sponding to ground motions.

2 Reduced Order Modeling of Geometrically Nonlinear
Structures

The formulation of reduced order model of geometrically nonlinear structures in-
volves three specific issues: (i) the selection of the basis functions used to repre-
sent the motion of the structure, (ii) the determination of the form of the equations
governing the generalized coordinates, and (iii) the determination of the coeffi-
cients of these equations. The resolution of these issues is briefly reviewed below.

2.1 Basis Functions Selection

In parallel with modal analysis of linear systems, the displacement field of the
structure will be expressed in a modal expansion-type representation, i.e., as

i (X,1)= g, () U™ (X) i=123 (1)

(summation over repeated indices, n here, is implied). In this representation,
U l.(n) (X) denote time-invariant, spatially varying basis functions while g, (t) are

the corresponding time-dependent generalized coordinates. Note that the spatial
domain Q to which X belongs is the undeformed configuration of the structure,
see section 2.2.
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In selecting the functions U l.(”)(X), it is first expected that the nonlinear re-

duced order model (1) should reduce naturally to a modal model in the limit of
small motions. Thus, the nonlinear basis should completely include its linear
counterpart, i.e. the set of linear modes significantly excited. This is however not
enough and a complete representation of the structural response requires addi-
tional basis functions. As an example, consider the response to transverse loads of
a flat, symmetric beam or plate subjected to a purely transverse loading. In the lin-
ear, infinitesimal case, the decoupling of the inplane and transverse modes implies
that only the latter ones are necessary and no inplane motion takes place. How-
ever, finite deformations can only occur with a stretching of the beam or plate and,
accordingly, with inplane deformations. Thus, the nonlinear basis required for a
full representation must include both transverse linear modes and functions de-
scribing the inplane motions.

The basis functions selected here to complement the linear modes are the
“dual” modes of [5], i.e. a set of static nonlinear displacement fields induced by
external loads such that the response they would induce in the structure would
be proportional to either one of the linear modes or a linear combination of two
of them. Constructed in this manner, the dual modes capture the nonlinear
effects corresponding to motions that would take place if the structure was
behaving linearly.

2.2 Form of the Reduced Order Model Equations

The derivation of the form of the ordinary differential equations governing the
evolution of the generalized coordinates ¢,, (t) is next derived from the equations

of finite deformation elasticity in a Galerkin procedure. To this end, note first that
the time-invariance of the functions U l.(")(X) is most easily achieved when the

spatial domain Q occupied by the structure is constant. This situation occurs when
the displacement field u is expressed in the undeformed configuration in which the
equations of elasticity are (see [6,7])

d ;
87( USjk)+p0b?=p0Mi for X e QO (2)
k

where S denotes the second Piola-Kirchhoff stress tensor, p is the density in the

reference configuration, and I_JO is the vector of body forces. Further, in Eq. (2),

the deformation gradient tensor F is defined by its components Fj; as

J

Fij:8 +

i ox
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where Sij denotes the Kronecker symbol. Associated to Equation (2) are appro-

priate boundary conditions, e.g. specification of displacement and/or tractions on
the boundary dQ, of the reference configuration domain.

To complete the formulation of the elastodynamic problem, it remains to spec-
ify the constitutive behavior of the material. In this regard, it will be assumed here
that the second Piola-Kirchhoff stress tensors S is linearly related to the Green
strain tensor E, i.e.

1
SU = Cijkl Ekl where El] =E(Fki ij - 5’]) (4)5(5)

where Cyj; denotes the fourth order elasticity tensor.

Introducing the assumed displacement field of Equation (1) in Eqs (2)-(5) and
proceeding with a Galerkin approach leads to the desired governing equations, i.e.

. . 1 2 3
Mq;+Dyjq; +K[(j ) q;j +K,‘(ﬂ)CIj‘Il +K,§~;,34ﬂl¢1,a =F (6)

in which a damping term Dj; g; has been included to collectively represent vari-

ous dissipation mechanisms. In Equation (6), M ij o K 15.1), and F; denote the coef-
ficients of the linear mass and stiffness matrices and the modal forces while Kl(]%)

and K 15.?; are nonlinear stiffness coefficients.

2.3 Identification of the Stiffness Coefficients

The form of the reduced order model, derived in the previous section as Equation

(6), involves a series of structure and loading dependent coefficients, i.e. M i F;

Kl.(‘l) , K (2) ,and K 3 While the modal masses (M ;) and modal forces ( F;)
ij ijl ijlp /) !
can be evaluated as in linear modal models, the stiffness coefficients, linear, quad-
ratic, and cubic, necessitate a dedicated identification strategy. The specific meth-
odology used here was initially proposed in [8] and further modified in [5], it is
based on the availability of a series of static nonlinear solutions (usually from a fi-
nite element of the structure) in which the (static) displacement field is imposed
and the corresponding necessary forces are determined.

The identification procedure starts with the imposition of static displacement

fields that are proportional to each of the basis functions U i(") (X) , 1.e.

4 (X)=¢P UM (X) i=123 NG
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In fact, three such cases, with different values of the factor q(j ) = q(l), q(z)

(typically - q(l) ), and q(3), are considered for each U l.(”) (X) and the correspond-
ing necessary forces F) (X) are determined from the finite element model and

projected onto the basis functions U (m) (X) to yield the modal forces Fn(/ ) Intro-

i
ducing this data into the reduced order model equations (6) yields the conditions

1 j 2 j 3 j j
KD ¢ 4 k@0 k@ [OF =, ®)

mn mnn

Considering Equation (8) for j = 1, 2, and 3 leads, for each pair of indices i and #,

to 3 linear algebraic equations in the 3 unknowns K W g2 and K& from

mn mn mmnn
which these coefficients are determined.

The identification of the remaining stiffness coefficients proceed in a similar
manner by imposing static displacement fields which are linear combinations of 2
and then 3 of the modal bases, see [4,5,8] for complete details.

The above identification procedure has successfully been applied to a variety of
problems (e.g. see [5]) but was found to be too sensitive to small errors in the pre-
dicted modal forces in connection with cantilevered structures (see [10] for dis-
cussion). This difficulty led to a modification of the estimation procedure in which
the linear and quadratic stiffness coefficients of the final model were indeed esti-
mated as above but with cubic coefficients selected (the decondensation technique
of [10]) to match the corresponding coefficients of a reduced order model in
which only the transverse motions are used with the inplane ones condensed. This
two-step approach was employed here for the cantilevered beam of section 3.

2.4 Nonparametric Uncertainty Modeling

Two different methodologies have been proposed for the consideration of uncer-
tainty in linear structural dynamic systems. The first one, referred to here as para-
metric, introduces the uncertainty at the level of the full computational model (e.g.
finite element model) through the randomization of some or all of its material
properties (Young’s modulus, Poisson’s ratio, etc., e.g see [1]). This approach is
particularly well suited for the consideration of data uncertainty, i.e. lack of
knowledge or variability in the system properties but not for model uncertainty
which is associated with deviations of the structure from its computational model.
As example, for a beam that is nominally straight, such deviations include the
presence of a curvature, a twist, or any other variation of geometry that would re-
quire a change of mesh in the finite element model.

A computationally efficient approach for the consideration of data and model
uncertainty, referred to as the nonparametric method, has been proposed a few
years ago, e.g. [2,3]. In this approach, the uncertainty is introduced directly at the
level of the reduced order model by allowing the matrices it involves (e.g. mass,
stiffness, and/or damping matrices) to be random. Further, the probability density
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functions of these matrices is derived (not chosen) to provide the maximum of its
statistical entropy under mathematical and physical constraints, i.e. that it leads to
a total unit probability, that all matrices be positive definite if physically required
(for the mass, damping, and stiffness matrices), that their means be equal to
the matrices of the mean reduced order model, and finally that the expected value
of the square Frobenius norm of their inverse be finite, see [2,3] for complete
discussion.

Key to the implementation of this approach is the simulation of random matri-
ces according to the derived probability density function which is conveniently
achieved as follows. Denote by A the mean reduced order matrix considered and

let L be any decomposition (e.g. Cholesky) satisfying A = LL” . Then, random

matrices A may then be simulated as
A=LHH'L )

where the random matrix H is lower triangular. Further, its elements were shown
[2,3] to be independent random variables with those located off diagonal being
normally distributed with zero mean and common variance. Finally, the diagonal
elements of H are proportional to the square root of Gamma distributed random
variables [2,3]. A single free parameter exists in this strategy which can be
selected to match a particular information on the level of variability, such as coef-
ficient of variation of natural frequencies or the overall measure of uncertainty &
introduced in [2,3].

The above discussion was first carried out in the context of linear structural
dynamic systems but it was recently extended [4] to reduced order models of
nonlinear geometric problems of the form of Eq. (6). Pivotal in this extension is
the property (e.g. see [4]) that the linear, quadratic, and cubic stiffness coefficients

K 15.1), K 15‘%) ,and K 15?11 can be combined to form a matrix Kg which is symmet-

ric and positive definite. Then, random coefficients K lgl) s Klg.?) ,and K 5.?; can be
obtained from random matrices Ky generated from their mean model counterpart

Kp according to Eq. (6).

3 Effects of Uncertainty on a Cantilevered Structure

The methodology developed in the previous sections was applied to a cantilevered
beam of length 0.2286m, width 0.0127m, and thickness 7.75%10™*m which was
discretized by the finite element method (with MSC NASTRAN) into 40 CBEAM
elements of equal lengths. The beam material was high-carbon steel with a
Young’s modulus of 205,000 MPa, a shear modulus of 80,000 MPa, and a mass
density of 7,875 kg/m’ leading to natural frequencies of the first transverse modes
of 12.4, 77.9, 218, and 427 Hz. A Rayleigh damping model was assumed that
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yielded damping ratios of 1.07%, 0.47%, 0.91%, and 1.69%, respectively. Finally,
the beam was subjected to a combined loading: random time-varying transverse
motions of its support and an inplane compressive static force.

The development of an accurate reduced order model represented the first step
of the uncertainty analysis. The ground motions selected here exhibited a Kanai-
Tajimi spectrum (see [10]) of characteristic frequency equal to SHz (u)g =10m)

and damping ratio of ¢ =0.3. Given this low frequency excitation, only the first

three linear, purely transverse modes were considered for the linear part of the ba-
sis. To these functions, 4 dual modes were added that exhibited only inplane mo-
tions thereby forming a 7 mode reduced order model.

The first validation of this reduced order model focused on the power spectral
densities of the transverse and inplane relative displacements of the beam tip. A
comparison of the spectra obtained from a full finite element computation
(Nastran SOL 400) and from the reduced order model equations is presented in
Figure 1 for two different standard deviations of the ground motions and a com-
mon compressive inplane force equal to 80% of its buckling limit (i.e. 4N). The
standard deviations of the transverse tip deflections corresponding to this loading
were found to be 10% and 18% of the beam length. Owing to the long Nastran
computations, this comparison was achieved with records of 40 seconds from
which the first 20 were removed as transient. The remaining 20 seconds of data
may not be sufficient for an accurate capture of the low frequency response but are
sufficient here for the validation of the reduced order model the response of which
was similarly treated.

Clearly, the matching between full finite element and reduced order model pre-
dictions is excellent except at the very low frequencies for the inplane motions at
the highest loading level. As the response levels increases, the Nastran and re-
duced order models will differ, see [9], because of the difference in the definitions
of linear elasticity used in these methodologies, in a total Lagrangian in the latter
while the former is believed to proceed in an updated Lagrangian framework. The
results of Figure 1 demonstrate the appropriateness of the reduced order model for
the prediction of the mean and uncertain beam responses.

The response of the uncertain beam to the specified combined loading was
considered next using the nonparametric methodology of section 2.4. The free pa-
rameter was selected to achieve a coefficient of variation of 2% of the first trans-
verse natural frequencies of the beam. With this level of uncertainty, the response
of 300 random beams was computed using the stochastic reduced order model for
90 seconds with the first 20 seconds considered as transient. The uncertainty
bands corresponding to the 2nd and 98th percentiles of the generated power spec-
tra of the response were then determined and are shown in Figure 2 for the two
excitation levels and for both transverse and inplane motions. Note that the power
spectrum of the mean model is within the 2nd-98th percentiles band for the lowest
excitation levels but it reaches the 98th percentile (for the transverse motions) or
exceeds it (for the inplane motions) at the highest excitation level. This finding is
justified by the inclusion in the nonparametric methodology of model uncertainty,
i.e. the presence of coupling terms in the stochastic reduced order model which are
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not present for the mean model owing to its symmetry. Thus, the simulated re-
duced order models would be representative of typically curved beams for which
the response is typically smaller than for the straight beam of the mean reduced
order model. Uncertainty in the mass matrix was also considered with the non-
parametric method but its effects appear very small and thus are not presented

here for brevity.
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4 Summary

The present paper reported on a continued investigation of the effects of uncer-
tainty on the response of nonlinear geometric structures. Owing to the computa-
tionally expensive Monte Carlo simulations involved in such investigations, a
nonlinear reduced order modeling strategy was adopted for the mean model, see
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sections 2.1-2.3 and references therein for details. Next, uncertainty was
introduced in this mean model according to the nonparametric methodology (see
section 2.4) which allows the consideration of uncertainty in both structural prop-
erties (data uncertainty) and geometry (as example of model uncertainty).

This framework was demonstrated on a cantilevered beam subjected to the
combined action of a static compressive inplane load and a transverse random ex-
citation typical of ground motions. The mean model was first constructed from a
full finite element model and its predictive capabilities validated vs. this full
model at significant displacement levels (tip deflections of up to 18% of beam
length). Uncertainty was then introduced leading to a stochastic reduced order
model the stationary response of which was determined. The uncertainty bands
associated with the 2nd and 98th percentiles of the power spectrum of the tip dis-
placements were determined and it was found that the mean model power spec-
trum fits well within these bands at lower response levels but shifts to the 98th
percentile as the response level increases owing to model uncertainty effects.
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Abstract. Smart sensors have been recognized as a promising technology with the potential
to overcome many of the inherent difficulties and limitations associated with traditional
wired structural health monitoring (SHM) systems. The unique features offered by smart
sensors, including wireless communication, on-board computation, and cost effectiveness,
enable deployment of the dense array of sensors that are needed for monitoring of large-
scale civil infrastructure. Despite the many advances in smart sensor technologies, power
consumption is still considered as one of the most important challenges that should be
addressed for the smart sensors to be more widely adopted in SHM applications. Data
communication, the most significant source of the power consumption, can be reduced by
appropriately selecting data processing schemes and the related network topology. This
paper presents a new decentralized data aggregation approach for system identification
based on the Random Decrement Technique (RDT). Following a brief overview of RDT,
which is an output-only system identification approach, a hierarchical approach is described
and shown to be suitable for implementation in the intrinsically decentralized computing
environment found in wireless smart sensor networks (WSSNs). RDT-based decentralized
data aggregation is then implemented on the Imote2 smart sensor platform based on the
Illinois Structural Health Monitoring Project ISHMP) Services Toolsuite. Finally, the effi-
cacy of the decentralized RDT method is demonstrated experimentally in terms of the re-
quired data communication and the accuracy of identified dynamic properties.

Keywords: wireless smart sensor, decentralized processing, Natural Excitation Technique,
Random Decrement Technique, output-only system identification.

1 Introduction

Vibration-based structural health monitoring (SHM) can provide valuable infor-
mation regarding the dynamic characteristics of structures. The identification
process typically consists of measuring vibration responses from structures and
analyzing the measured data to build a numerical model of the structure. Tradi-
tionally, the vibration responses are obtained using centralized data acquisition
systems with wired sensors. However, the use of wired sensors has proven to be
problematic, particularly for dense deployments of sensors on large-scale civil
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infrastructure, primarily due to long setup times, difficulties in cabling, and high
equipment costs.

Smart sensors provide a promising alternative to traditional wired sensor systems.
Spencer et al. [20] defined smart sensors as having four features: (i) on-board com-
puting capability, (ii) small size, (iii) wireless communication, and (iv) low cost.
Recent studies [5, 8] have demonstrated the potential of such smart sensors to realize
a dense array of sensors for monitoring large-scale civil infrastructure. However,
challenges such as power consumption and long-term reliability still remain.

As smart sensors typically are battery-powered, power management is critical
for long-term monitoring. Although several approaches for power harvesting have
been reported (e.g., solar power, vibration power [8, 16]), power consumption
must still be appropriately managed. Reducing wireless communication, the most
significant source of power consumption for smart sensors, is an important goal.

Data communication in wireless smart sensor networks (WSSN) is intimately
related to the data acquisition and processing schemes employed in a WSSN. In
traditional centralized data collection approaches (see Fig. 1a), large amounts of
data must be transferred to a central data repository; such approaches are not effi-
cient for WSSNs due to problems with limited bandwidth, data congestion, and
excessive power requirements. Thus, decentralized approaches that employ local
data processing for data aggregation and condensation have been introduced. In-
dependent processing, shown in Fig. 1b, utilizes the computational power of a lo-
cal sensor node to process sensor data [4, 11, 12, 15, 19, 21]. While the amount of
data wirelessly transferred in the network is significantly reduced, all spatial in-
formation (e.g., mode shapes) is lost in such approaches.

Gao et al. [7] proposed a coordinated computing strategy for damage detection
that retains local spatial information, while concurrently reducing data communi-
cation in the network (see Fig. 1c¢). In this approach, the sensor network is divided
into hierarchical sensor communities that consist of a limited number of sensor
nodes in local proximity to each other. Nagayama and Spencer [13] implemented
a coordinated computing strategy in a WSSN employing the Imote2 sensor plat-
form for damage detection. An output-only identification approach, the Natural
Excitation Technique (NExT) [10], was employed in conjunction with Eigensys-
tem Realization Algorithm (ERA) [9]. The network topology employed in this
approach consists of three types of sensor nodes: (a) gateways, (b) cluster-head,
and (c) leaf node. The gateway node is directly linked to the base station, control-
ling operation of the sensor network and interfacing users with the WSSN. The
use of NExXT/ERA in the decentralized computing environment has been shown to
be quite efficient from a data communication perspective.

The Random Decrement Technique (RDT) is an alternative output-only system
identification method proposed by Cole [6] that has several attractive features. The
decentralized implementation of NEXT by Nagayama and Spencer [13] requires
the complete time history data from the cluster-head in a group be transferred to
the leaf nodes to calculate the correlation functions. In contrast, RDT only re-
quires the trigger crossings be sent to the leaf nodes, which is typically much
smaller in size than the raw sensor data. The output of the RDT is the random
decrement (RD) function, which can be used for system identification.
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Fig. 1 Data acquisition computing strategy [13]

This paper presents a new decentralized computing strategy for data aggrega-
tion and system identification based on RDT that is suitable for implementation in
WSSNs. The implementation of decentralized NEXT reported by Sim and Spenc-
er [19] is used as a baseline for comparison. Finally, the decentralized RDT
method is realized on the Imote2 smart sensor and experimentally verified. The
efficacy of the RDT method is demonstrated in terms of required data communica-
tion and accuracy of identified dynamic models.

2 Random Decrement Technique

Cole [6] initially proposed RDT to estimate the dynamic properties of space struc-
tures excited by immeasurable ambient excitation. The basic assumption is that
the dynamic response of a structure under ambient excitation is ergodic. From the
structural response, n time history segments in the interval [, t+7] (i = 1,...,n)are
selected such that the displacement at #; is equal to a specific trigger level. The re-
sponse of a system at #+7 is then comprised of three components:

o Deterministic response due to the initial displacement at time ¢;
o Deterministic response due to the initial velocity at time #;
o Random response due to the random excitation between #; and #+t

If the average is taken over a sufficiently large number of the segments, the third
part of the response due to the random excitation will tend toward zero. Further-
more, the velocity at time ¢#; is uncorrelated with the displacement and has zero
mean. Thus, the part of the response due to the initial velocity also tends to zero.
The resulting RD function is the free vibration caused by a nonzero initial dis-
placement.

Vandiver et al. [22] provided a mathematical foundation for the random decre-
ment function, showing that the RD function is proportional to the autocorrelation
function for a linear, time-invariant system excited by a zero-mean, stationary,
Gaussian random process. Later, Brincker et al. [2, 3] introduced a general



308 S.-H. Sim et al.

triggering function and showed that RDT estimates a weighted sum of the auto-
and cross-correlation functions and their time derivatives.
The RD functions can be estimated from data as follows:

N

D, (z) :%zxj (1,+7)

i=1

Cow (1)

where Dj(t) is the RD function obtained from x;(f) with respect to the reference
xi(?), N is the total number of trigger events, Cx(z) is the specified trigger condi-
tion, and #; is the i time obtained from the trigger event Cxy(t). When j =k, D;(7)
is an auto-RD function. In this study, the positive-point trigger condition [1] is
considered:

C

) =[051% <x(4)<ao, ,—o<x, (t,.)<oo] )
where 0<a;<a,<c0. Once the RD functions are obtained, modal properties of the
structure can be estimated using a wide range of system identification methods.

3 RDT-Based Decentralized Data Aggregation

RDT can significantly enhance the efficiency of data aggregation in the distributed
computing environment in WSSNs. As previously described, central data collec-
tion and processing in WSSNs can cause severe data congestion due to limited
communication bandwidth. The use of decentralized in-network processing con-
dense the data can mitigate this problem.

To better understand the efficiency of decentralized processing, consider the
centralized implementation of a community-wide data processing scheme, as
shown in Fig. 2. For this community has 7, nodes, each sensor node measures da-
ta and transmits it to Node 1. For time history records of length N and n, aver-
ages, the amount of transmitted data is N x ng X (1, — 1).

Nagayama et al. [13] proposed a decentralized NExT implementation, taking
advantage of each node’s computing capability to reduce data communication (see
Fig. 3). Node 1 sends a measured time history record as a reference signal to each
node. Correlation functions are calculated in all nodes in the community and sub-
sequently collected at Node 1. The amount of transmitted data is at most
Nxng+ N/2 x (n, — 1). As the numbers of nodes or averages increase, the effi-
ciency of the decentralized NExT implementation becomes clearer.

The decentralized RDT implementation shown Fig. 4 can further reduce data
communication. In this approach, Node 1 sends the trigger information to all
nodes in the community. Once the reference trigger data is received, each node
calculates the RD functions that are subsequently collected at Node 1. Note that
(1) the trigger information is in general much shorter than the time history record
used as the reference for NEXT, and (2) transmission of the reference takes a
significant portion of the total communication in the decentralized NEXT
implementation, particularly when long records are used. Thus, the RDT-based
decentralized data aggregation can considerably reduce data communication
requirement.



Decentralized Random Decrement Technique 309

Node 1 ()x,(t+7)] i=Lewn,
Node 2 Node 3 Node 4 Node 5 Node n
X, X3 Xy X5 Xy

Fig. 2 Centralized NExT implementations [13]

E[x0x(+7)] —> Reference
l --=====> Correlation

Z7, A N W Sl function

Node 2 Node 3 Node 4 Node 5 Node n
X X3 Xy Xs o Xng
E[x(0)x,+D)] E[xO)x@+0)] E[x0x,¢+1)] E[x@O)x+7)] E[x(0)x, (t+7) ]

Fig. 3 Decentralized NExT implementation [13]
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Fig. 4 Decentralized RDT implementation

Data communication required by the decentralized RDT implementation is
closely related to the number of triggering points. For the positive-point trigger
condition found in Eq. (2), the expected number of triggering points is [1]:

E[n(al,az)] (N N I pX dx 3)

where n(ay, a,) is the number of triggering points between @, and a,, At is the sam-
pling rate, px(x) the probability density function of X(f), and Nx and N, are the
number points in X(#) and the RD function, respectively. Thus, the total number
of points to be wirelessly transferred in the decentralized RDT implementation is:

(Ny=N)[7" py (x)dr+ N, (n,~1) )

Depending on the choice of a; and a, RDT can require substantially less data
communication than NExT. The next section presents the implementation and ex-
perimental validation of RDT on the Imote2 wireless smart sensor platform.
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4 Implementation and Experimental Validation of RDT-Based
Decentralized Data Aggregation on WSSNs

RDT is implemented in the decentralized coordinated computing environment (see
Fig. 1c) based on the Illinois Structural Health Monitoring Project (ISHMP) Ser-
vices Toolsuite (http://shm.cs.uiuc.edu) for the Imote2 sensor platform (see Fig. 5).
The ISHMP Services Toolsuite provides an open source library of services that are
essential for developing SHM applications. The services, software components
that perform specific tasks such as sensing, time synchronization, wireless commu-
nication, etc., can be assembled to develop customized SHM applications [17].
The ISHMP Services Toolsuite also contains SHM applications that can be readily
used for monitoring and identification of structures using the Imote2 smart sensor
platform.

Conneclo

Advanced KO

. Opsonal SMA
connecion

conmecon

48 men o 48 mm

(a) Imote2 (b) Top view (c) Bottom view

Fig. 5 Imote2 sensor platform

DecentralizedDataAggregationRD is an implementation of RDT-based decen-
tralized data aggregation in the hierarchical network shown in Fig. 1c. Note that
overlapping nodes are allowed so that phase information from two overlapping lo-
cal communities can be related to each other. The network is divided into local
communities where RD functions are calculated at each node and gathered by the
cluster-heads. To properly realize the decentralized implementation of RDT in the
hierarchical network, the design of DecentralizedDataAggregationRD requires
careful consideration of network topology, controlled network-wide flow, and
fault tolerance. More details regarding the implementation can be found in [18,
19].

The performance of RDT-based decentralized data aggregation in WSSNs is
experimentally investigated using the truss structure shown in Fig. 6. Herein, the
estimation accuracy for global modal properties and data communication require-
ments are assessed. DecentralizedDataAggregationRD installed on the Imote2
sensors is employed to decentrally calculate the RD functions. Decentralized-
DataAggregation, an implementation of NExT-based decentralized data aggrega-
tion found in the ISHMP Services Toolsuite [19], is examined for comparison.

The experimental structure considered is a simply supported truss that consists
of steel hollow circular tubes with an inner diameter of 0.428 inches and an outer
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diameter of 0.612 inches (see Fig. 6). A shaker is used to excite vertically the
truss with a band-limited white noise on the interval 0—100 Hz.

A total of 14 Imote2 sensors with SHM-A acceleration sensor boards [17] are
installed on the bottom chord of the truss as shown in Fig. 6 and Fig. 7. The sen-
sor network is divided into four local sensor groups that consist of four or six sen-
sor nodes. Sensor nodes S2, S6, S10, and S14 serve as cluster-heads in each local
sensor groups (see Fig. 7).

Group 1 Group 2 Group 3 Group 4

Fig. 7 Sensor topology (plan view) (S2, S6, S10, and S14 are cluster-heads)

Vertical accelerations are measured at each sensor node with a sampling rate of
280 Hz, with a 70 Hz cutoff frequency. The measured acceleration time histories
are 10,752 points in length for both DecentralizedDataAggregation and Decen-
tralizedDataAggregationRD. For correlation function estimation, a signal with
10,752 points allows 20 averages if 1,024 points of FFT and 50% overlap between
windows are specified.

DecentralizedDataAggregation and DecentralizedDataAggregationRD are em-
ployed to estimate the correlation and RD functions. The positive-point trigger
crossing with an interval of (o, 2.5¢) was found to produce the best results. Local
modal properties are estimated for both cases by ERA using the correlation and
RD functions, and subsequently global modal properties are obtained. In addition,
raw acceleration time history data from all sensor nodes are centrally collected to
provide a reference for comparison of NExT and RDT in the distributed comput-
ing environment, i.e., the centrally collected accelerations, NEXT/ERA and
RDT/ERA are employed to estimate reference modal properties.

Table 3 summarizes the identified natural frequencies of the truss for system
identification method. Compared to the cases of the centralized processing, both
NEXT/ERA and RDT/ERA based on the decentralized processing estimate natural
frequencies with an excellent accuracy (see Table 3).
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Table 3 Identified natural frequencies (Hz)

Mode Centralized processing Decentralized processing
NEXT/ERA RDT/ERA NEXT/ERA (case 1) | RDT/ERA (case 2)
1 20.59 20.68 20.77 20.73
2 32.88 32.87 32.88 32.92
3 41.42 41.38 41.30 4143
4 63.81 63.70 63.80 63.85
5 69.08 69.04 68.99 69.08

The global mode shapes for each case are compared as shown in Fig. 8, which
shows good agreements with the case of centralized processing. Note that the
mode shapes for the centralized NEXT/ERA and RDT/ERA are indiscernible from
each other as shown in Fig. 8, because global mode shapes from Reference 1 and
2 are visibly indistinguishable. Both NEXT/ERA and RDT/ERA in decentralized
processing environment estimate global mode shapes accurately.

—© - Decentralized NExT
—+— Decentralized RD
— - — Centralized NExT

(d) Mode 4. (e) Mode 5.

Fig. 8 Global mode shapes

Wireless data communication required in correlation and RD function estima-
tion is investigated to identify the efficiency of RDT-based decentralized data and
is summarized in Table 5. RDT reduces wireless data communication to 29.04%
of NExT.

The experiment using DecentralizedDataAggregation for NEXT and Decentral-
izedDataAggregationRD for RDT shows both NExT and RDT are well-suited to
the decentralized processing. RDT-based decentralized data aggregation is dem-
onstrated to be more efficient with respect to data communication.
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Table 5. Transferred data for NExT and RDT

Case 1 Case 2 RDT/NEXT
DecentralizedDataAggregation DecentralizedDataAggregationRD (%)
51,216 points 14,871 points 29.04

6 Conclusions

The RDT-based decentralized data aggregation approach was proposed for effi-
cient data condensation and feature extraction, and verified experimentally. The
performance of decentralized RDT was assessed in terms of (1) accuracy of the
estimated modal properties and (2) efficiency in the wireless data communication.
The NExT-based decentralized data aggregation approach was selected as a refer-
ence for comparison. DecentralizedDataAggregationRD has been developed as
an implementation of RDT on the Imote2 wireless sensor platform and verified on
a steel truss structure. From the experimental implementation, the efficacy of the
RDT-based decentralized data aggregation strategy has been demonstrated.

Acknowledgments. This study is supported in part by the National Science Foun-
dation Grants CMS 06-00433 (Dr. S.C. Liu, program manager). This support is
gratefully acknowledged.

References

1. Asmussen, J.C.: Modal Analysis Based on the Random Decrement Technique — Appli-
cation to Civil Engineering Structures. PhD Thesis. University of Aalborg, Denmark
(1997)

2. Brincker, R., Krenk, S., Kirkegaard, P.H., Rytter, A.: Identification of the Dynamical
Properties from Correlation Function Estimates, Bygningsstatikse Meddelelser. Danish
Society for Structural Science and Engineering 63(1), 1-38 (1992)

3. Brincker, R.: Note about the Random Decrement Technique. Aalborg University
(1995)

4. Caffrey, J., Govindan, R., Johnson, E., Krishnamachari, B., Masri, S., Sukhatme, G.,
Chitalapudi, K., Dantu, K., Rangwala, S., Sridharan, A., Xu, N., Zuniga, M.: Net-
worked Sensing for Structural Health Monitoring. In: Proceedings of 4th International
Workshop on Structural Control, New York, NY, June 10-11, pp. 57-66 (2004)

5. Cho, S., Jo., H, Jang, S.A., Park, J., Jung, H.J., Yun, C.B., Spencer Jr., B.F., Seo, J.:
Structural Health Monitoring of a Cable-stayed Bridge Using Smart Sensor Technol-
ogy: Data Analyses. Smart Structures and Systems: An International Journal (ac-
cepted) (2010)

6. Cole, H.A.: On-the-analysis of random vibrations. Paper No. 68-288. American Insti-
tute of Aeronautics and Astronautics (1968)

7. Gao, Y., Spencer Jr., B.F., Ruiz-Sandoval, M.: Distributed computing strategy for
structural health monitoring. Journal of Structural Control and Health Monitor-
ing 13(1), 488-507 (2006)



314 S.-H. Sim et al.

8. Jang, S.A., Jo, H., Cho, S., Mechitov, K.A., Rice, J.A., Sim, S.H., Jung, H.J., Yun,
C.B., Spencer Jr., B.F., Agha, G.: Structural Health Monitoring of a Cable-stayed
Bridge using Smart Sensor Technology: Deployment and Evaluation. Smart Structures
and Systems: An International Journal (2010) (accepted)

9. Juang, J.N., Pappa, R.S.: An eigensystem realization algorithm for modal parameter
identification and model reduction. Journal of Guidance, Control, and Dynamics 8(5),
620-627 (1985)

10. James, G.H., Carne, T.G., Lauffer, J.P.: Dynamic testing and system identification of a
multispan highway bridge, SAND92-1666, UC-261. Sandia National Laboratories,
Sandia (1993)

11. Lynch, J.P., Sundararajan, A., Law, K.H., Kiremidjian, A.S., Carryer, E.: Embedding
Damage Detection Algorithms in a Wireless Sensing Unit for Operational Power Effi-
ciency. Smart Materials and Structures 13(4), 800-810 (2004)

12. Lynch, J.P., Parra-Montesinos, G., Canbolat, B.A., Hou, T.C.: Real-time Damage
Prognosis of High-performance Fiber Reinforced Cementitious Composite Structures.
In: Proceedings of Advances in Structural Engineering and Mechanics (ASEM 2004),
Seoul, Korea, September 2-4 (2004)

13. Nagayama, T., Sim, S.H., Miyamori, Y., Spencer Jr., B.F.: Issues in Structural Health
Monitoring using Smart Sensors. Smart Structures and Systems 3(3), 299-320 (2007)

14. Nagayama, T., Spencer Jr., B.F.: Structural Health Monitoring Using Smart Sensors.
Newmark Structural Engineering Laboratory (NSEL) Report Series, vol. 1. University
of Illinois at Urbana-Champaign, Urbana (2007),
http://hdl.handle.net/2142/3521

15. Nitta, Y., Nagayama, T., Spencer Jr., B.F., Nishitani, A.: Rapid damage assessment for
the structures utilizing smart sensor MICA2 MOTE. In: Proceedings of 5th Int. Work-
shop on Structural Health Monitoring, Standford, CA, pp. 283-290 (2005)

16. Rahimi, M., Hardik, S., Sukhatme, G.S., Heideman, J., Deborah, E.: Studying the fea-
sibility of energy harvesting in a mobile sensor networks. In: Proceedings of IEEE Int.
Conference on Robotics and Automation, Taipai, Taiwan, vol. 1, pp. 19-24 (2003)

17. Rice, J.A., Spencer Jr., B.F.: Flexible Smart Sensor Framework for Autonomous Full-
scale Structural Health Monitoring. Newmark Structural Engineering Laboratory
(NSEL) Report Series, vol. 18. University of Illinois at Urbana-Champaign, Urbana
(2009), http://hdl .handle.net/2142/13635

18. Sim, S.H., Spencer Jr., B.F., Zhang, M., Xie, H.: Automated Decentralized Modal
Analysis using Smart Sensors. Journal of Structural Control and Health Monitoring
(2010) (in press), doi:10.1002/stc.348

19. Sim, S.H., Spencer Jr., B.F.: Decentralized Strategies for Monitoring Structures using
Wireless Smart Sensor Networks. Newmark Structural Engineering Laboratory
(NSEL) Report Series, vol. 19. University of Illinois at Urbana-Champaign, Urbana
(2009), http://hdl.handle.net/2142/14280

20. Spencer Jr., B.F., Ruiz-Sandoval, M.E., Kurata, N.: Smart Sensing Technology: Op-
portunities and Challenges. Journal of Structural Control and Health Monitoring 11,
349-368 (2004)

21. Tanner, N.A., Wait, J.R., Farrar, C.R., Sohn, H.: Structural Health Monitoring Using
Modular Wireless Sensors. Journal of Intelligent Material Systems and Struc-
tures 14(1), 43-56 (2003)

22. Vandiver, J.K., Dunwoody, A.B., Campbell, R.B., Cook, M.F.: A Mathematical Basis
for the Random Decrement Vibration Signature Analysis Technique. Journal of Me-
chanical Design 104, 307-313 (1982)



A Wave-Based Approach for Seismic Response
Analyses of High-Rise Buildings
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Abstract. This study examines one-dimensional wave propagation in a multi-story building
with seismic excitation. In particular, the building is modeled as a series of shear beams for
columns/walls and lumped masses for floors. Wave response at one location of the build-
ing is then derived to an impulse displacement at another location in time and frequency
domains, termed here as wave-based or generalized impulse/frequency response function
(GIRF/GFRF), which is dependent upon the building characteristics above the impulse lo-
cation. Not only does this study illustrate features of GIRF/GFRF in terms of building
properties, it also shows broad-based applications of the modeling. Two examples are
presented with the use of the modeling. One is wave-based characterization of ten-story
Millikan Library in Pasadena, California with the recordings of Yorba Linda earthquake of
September 3, 2002. The other is analysis for influence of stochastic floor-to-column mass
ratio, story-height and seismic input in seismic wave responses.

Keywords: Wave-based approach, Seismic responses of buildings, Wave propagation in
buildings.

1 Introduction

Seismic response analyses of buildings are typically carried out within the frame-
work of vibration theory applied to a discrete or a multi-degree-of-freedom model
for building structure, in which structural dynamic properties are characterized
with modal frequency and shape that are a function of physical parameters such as
floor mass and column stiffness. This vibration-based approach builds on the be-
lief that seismic responses are synchronous at different locations of the structure.

Alternatively, seismic response can also be viewed as the result of wave propa-
gation, which is appropriate particularly for tall buildings. Accordingly, structural
properties of a building can be characterized with wave-based indices such as
wave speed, which is directly related to such physical parameters as mass density
and shear modulus of the building materials. In fact, recent studies show the
promising of the wave-based approach in better understanding of wave phenome-
na in seismic recordings and system identification (e.g., Safak, 1999; Todorovska
et al., 2001; Snieder and Safak, 2006; Kohler et al., 2007). Building upon the
aforementioned work, this study proposes seismic wave motion modeling in build-
ing structures and examines its effectiveness and broad-based applications.

W.Q. Zhu et al. (Eds.): Nonlinear Stochastic Dynamics & Control, [IUTAM BOOK SERIES 29, pp. 315
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2 Modeling of Wave Motion in Buildings

In this study, an N-story building is modelled as a series of shear beams for col-
umns/walls and lumped masses for floors as shown in Fig. 1, in which one-
dimension shear wave propagation in vertical direction is investigated. Each col-
umn/wall is characterized with shear wave speed v =+/G/ p where G and p are
respectively shear modulus and mass density, hysteretic damping ratio y., story
height 1, and cross-sectional area A, while each floor with lumped mass 711, which

excludes the mass overlapped with columns and walls, and damping y; (= c/ny)
where c;is the hysteretic damping coefficient.

Zy
L L
] L]
A—————-— -|——
z Zjy1 T
hj+1
4
hj
| | Zj-1 .
J/"
L]
Zo

Fig. 1 A model for an N-story building subjected to seismic motion below z,

For source-free, jm column bounded with (zj,1+,zj') and j’h floor bounded with
(Z,’,Zf') with j=1,2...,N, wave motion of shear displacement u(z,?) is governed by

azu(z,t) 1 82u(z,t)
2 2 2 Y
0z v, ot
uzn Lz du(zn o u(n o

JHET+ aZ JJ az fj at fj at2

where superscripts + and — indicate respectively the positive and negative sides of
height z. For convenience, height z indicates the positive side in this paper and
thus superscript + can be dropped in later use.
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Introducing Fourier transform representation of the wave motion

o . 1 = _[
u(z,t) = [U(z, e’ ®do, U(z,0)=— [u(z,0)e ' “dt (3a,b)
—oo 2T —oo

where i is imaginary unit and o frequency. Inserting Eq. (3a) into Eqs. (1-2), one
can solve for wave representation in frequency domain at z and wave relationship
at z; and z,,

—iax/v; iax/v;

U.=U(z,0)=U"+U! =Ce +Ce (4)

UrL:z _ |:Tml le :HUIM }
d (= d
U[ le Tlm Um (5)
where displacement U, consists of up-going and down-going waves denoted with
superscripts # and d, and transmission and reflection coefficients 7,,, and R, (T},
and R,,) relate the outgoing waves U," and UF to input waves U;" and U, for

building segment bounded with (z;,z,,,).
For the j column, the coefficients can be found

_ _ —iwh;/v; _
Ty = Tz;-zj,l =T =€ ’ Gy = Ry =0 (6)

Wave attenuation in propagation due to damping can be taken into consideration
by replacing real shear wave speed with complex one v [1+i7,; | @l].
For the j” floor, one can find
2 1Y,

Ty = =B
1+r —r, +ir
1, 7 'p, THy,

@)
=T_-1, T_=T._r, R_=T_ -1
i i VA i 0T
where coefficients ry;, rp; and ry;, amplitude By and equivalent floor-height A,; can
be found in terms of column impedance (pv) ratio, cross-sectional area ratio, floor-
to-column mass ratio (r,,), wave travel time for column length (h/»), i.e.,

_ PiVin Ajy B B h; My,
= A o, =V e Ty =y O Ty =
Pivj j Vi m;
2 Vj - er ()
B, = , h.=—tan ———L—

fi 2 2
\/(1+r1/_ _rD;) +er
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Egs. (7-8) indicates that lumped floor mass can be treated as a column-type con-
tinuum with equivalent height and damping but with non-zero reflection coeffi-

cients. For lumped mass at the building top, py:+;=Vy+;=An+;=0 or U =0,

which corresponds to the free-end boundary condition for the building. At the
building lower end z, (or generally at referenced location z, which could be se-

lected as z5), no segments below level z, are used in the model, yielding 1 =

One can then find 7 y=1 and R, =0, suggesting down-going wave at z, is com-
pletely transmitted to the lower end z, and no reflection to the up-going wave.
This indicates the lower end z, has the fixed-end boundary condition.

For a composite building segment bounded with (z;z,), or simply (/,n), with in-
termediate location z,, (2;<z,<z,) such as (z;.;,z;) with z;, repeat use of Eq. (5) for
(I m) and (m,n) will lead to the representation of transmission and reflection coef-
ficients in (/,n) in terms of those in two sub-segments in (/,m) and (m,n) as

T}men T;szlmT;nn
n= ° Rln = Rmn + (9)
1- anle 1- anle

The above composition rule can be applied reversely for (n,/) and also repeatedly
to find all the transmission and reflection coefficients between any two locations.

With the aforementioned coefficients R and T, wave response at z (or zz=z-z,)
can then be related to those at referenced level z, that could be at the bottom of the
building or any other height as

U 1+ Ry )T,
DR, (w) — 2R ( NR) Rr

= ) dRr(t) = IDRreiwda)
Uz, (=R xRyp)(1+ Ry, ) e

(10,11)

Eq. (10) indicates that Dg, is dependent only upon R and T above z, which are
function of building properties and frequency. For z=z,, Eqgs. (10-11) lead to
Dg,=1 and dg,=d(t), suggesting that D, and dp, are respectively frequency and
time displacement responses at z to displacement impulse at z,. Subsequently,
wave response representation in general, and displacement response at z to input
displacement at z, in particular, is then found as

u(z.0)= | DpU, edw= [dg,(t-Du(z,, 7)dT (12)

—oo

which has the same mathematical form as traditional vibration response of Du-
hamel’s or convolution integral with impulse response function.

While the aforementioned derivation is for displacement (u,U), it is straight-
forward to the extension to velocity (v=duw/dtV=iwU) and acceleration
(a:dzu/dtz,A:-sz) with Dy, and dg, remaining the same. For acceleration input
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at z, and displacement response at z, which is the typical case for displacement re-
sponse to earthquake ground acceleration, Eq. (12) can be modified as

Rr7z,

u(z,t)zjj;H A “do= ThR,,(t—z')a(z,.,r)dr (13)

where HR,=—DR,/a)2 and hg, have conventional meanings for frequency response
function and impulse response function respectively. Because of the aforemen-
tioned generality in addition to the generalized impulse location at z, which is not
designated at z), Dg, and d, are referred to respectively as wave-based or general-
ized frequency response function (GFRF) and generalized impulse response func-
tion (GIRF).

3 Applications in Earthquake Engineering
For illustration, two examples are presented below to show the usefulness and ef-

fectiveness of the proposed modelling in system identification and seismic re-
sponse analyses.

3.1 Uniform Shear-Beam Model

One can first examine a special case for the aforementioned model, i.e., uniform
shear-beam model without lumped floor mass, which leads Egs. (10-11) to

—i0Q2H -2z )1V, —y l@l(2H,-2z5)/v, 4 ~ @& v, —y lawlzg /v,
r R Le% (2H, R)L]e RLeyL R/ Ve

[1+e
Dy, =

r ] 1
—iw(2H )/ — )H ( )
] ia( r) V(, }/C|6()|( r)/vc

ey @;(H, —zp)
COS————

dy, =8a, ,2(—1)"“@ sin(@;1) (15)

c

where H,=zy-z, and zz=z-z, denote respectively the height and response location of
the building portion bounded by (z,,zy), V. is shear velocity of the building portion,
and modal frequency w; is

®,=Q2j-D@,,  @=05wm /H, j=12. (16)

Eq. (15) shows GIRF consists of infinite number of motion modes, each of which
has exponentially decaying damping factor, modal shape and harmonic motion.
The fundamental or first mode with j=17 has period 7.=4H,/v. which is the travel
time for waves to propagate up and down the building height (H,) twice. Equa-
tions (14-16) are first derived by Snieder and Safak (2006).
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To validate the uniform shear-beam model, this study follows Snieder and Sa-
fak (2006) to examine seismic recordings in ten-story Millikan Library after the
Yorba Linda earthquake of September 3, 2002. Figure 2a shows the seismic accel-
eration recordings in the north-south component in the west side of the building at
basement and the 1* to 10" floor. While features of wave propagation in the
building can be seen from the arrival time of travelling shear waves from floor to
floor in 10-11 s, it can be observed more clearly through GIRF.

Figure 2b shows GIRF based on recordings at different floors (j=1-10) with re-

spect to referenced motion at basement (b), denoted as d b which is calculated

from GFREF, i.., 13jb = (ﬁjﬁZ)/(I ﬁb I +£) where U is recordings in fre-

quency domain, superscript asterisk indicates the complex conjugate, and ¢ is a
positive small number, implying the added white noise. The white noise is used
primarily to avoid unstable calculation at some frequencies near the notches in the

spectrum U 5 » as suggested by Snieder and Safak (2006). As & approaches zero,
D j» 1s degenerated to the traditional expression of Eq. (10).

As shown in Fig. 2b, the GIRF at the basement is impulse acceleration with &
selected as 5% total power spectrum of basement motion. As a fictitious input or
virtual source to the building, the impulse acceleration at basement is propagated
upward at building shear velocity with gradually-increased amplitude. The in-
creased wave amplitude as location approaching to the free top is due to the fact
that transmission coefficient at the top (Tyy =2) results in the doubled up-going
wave amplitude in comparison with the input at the basement if damping is not
concerned. The travelling waves are then reflected after hitting the top with
reflection coefficient (Ryy'=1). They are then propagated downward with gradu-
ally-reduced amplitude, and zero amplitude at the basement. The decreased wave
amplitude as location moving downward is due to the fact that the basement with
impulse displacement input is equivalent to the fixed basement end, which makes
the wave motion disappear at time other than r=0. This phenomena can also be
explained with transmission and reflection coefficients at the basement (7} ,=1
and R, ,=0), which indicates that all the down-going waves completely transmit
through the basement and no up-going waves reflected from down-going waves at
the basement, i.e., fixed basement boundary.

The aforementioned cycle of wave propagation continues as time goes on. For
earlier time (0-1 s), the GIRF consists primarily of superposition of up-going and
down-going travelling shear waves. For later time (>/ s) as the travelling waves
can be regarded as standing waves, the GIRF develops the character of a reso-
nance of the building, with the amplitude reduced as time goes (e.g., see GIRF at
the 10™ floor), which is typically the free-vibration or impulse response phe-
nomenon. The increased amplitude of the GIRF at the fundamental modal
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frequency with the position changed from the 1% to the 10™ floor is again attrib-
uted to the wave phenomena due to the fixed bottom and free top boundaries.
While Fig. 2b also shows other higher-frequency vibration/wave motion modes,
they are typically observed more clearly in frequency domain.

Seismic Recordings at Different Floors Generalized Irvpuise Response Functions.
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Fig. 2a,b Seismic recordings (Fig. 2a, left) and GIRF (Fig. 2b, right) at the different floors
(indicated as 1-10) with respect to basement motion (indicated as B or b)

As an example for applications, this study shows system identification for shear
wave speed and damping with the use of two sets of recordings. Figures 3a,b
show the GFRFs of acceleration at the eighth floor with respect to referenced mo-

tion at basement and the 3™ floor respectively based on recordings (i.e., Dy, and
D;) and the uniform shear-beam model (i.e., Dg, and Dg;). The identified shear
wave speeds for the whole building and the 3™-floor-up building portion are 330
and 292 m/s respectively, indicating that shear modulus (G) of the 3"-floor-up
building portion is less than that of the whole building if mass density (p) remains
the same. Alternatively, the lower portion of the building (i.e., from the basement
to the 3™ floor) is more rigid in shear resistance than the upper portion (from the
3" floor to the top). Typically, the stronger the shear rigidity of the building is,
the less the corresponding damping ratio. While not universally correct, this phe-
nomenon is also observed from the identified damping for the aforementioned
case, i.e., 0.0187 and 0.0281 respectively for the whole and the 3™-floor-up build-
ing portion. As shown in Table 1, the identified parameters are also compared

with those using recordings at other floors (only one of them with D3, and Dy, is

shown here due to the limited space) as well as those from Snieder et al., (2006)
and Chopra (1995), indicating that the uniform shear-beam model is good enough
to characterize the fundamentals of wave and vibration motion in buildings.
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Db

Fig. 3a,b GFRFs at the 8" floor with respect to basement motion (Fig. 3a, left) and the 31
floor motion (Fig. 3b, right) obtained based on seismic recordings and theory in Eq. (14)

Table 1 Identified shear wave speeds and damping and their comparison with results from
others (one number from Snieder and Safak (2006) using the uniform shear-beam model
and the same earthquake but averaged over all Dy, j=1-10 with 11-set recordings) and (two
numbers from Table 11.1.1 in Chopra (1995) with Lytle and San Fan Fernando earthquake
recordings respectively).

Height (H,) and | Identified 1™ modal | Shear —wave | Damping
location (zz) in m | frequency in rad/s speed in m/s
Z=2p 482,134 10.77 330 (322) 0.0305 (0.0244)
z=1z3 (12.08,10.13) (0.029,0.064)
z=1z) 48.2,34.8 10.77 330 (322) 0.0187 (0.0244)
z=1zg (12.08,10.13) (0.029,0.064)
z,=z3z=zs | 34.1,21.4 13.16 292 0.0281

3.2 Stochastic Wave-Motion Model

The difference between earthquake recordings and any wave/vibration-based
models such as uniform shear-beam model or its generalized one with floor
masses is well observed, which is primarily attributed to the deterministic ap-
proach for modeling and analysis. This issue can however be addressed with a
stochastic wave-motion model, in which building parameters and/or seismic input
are treated as random variables/processes. While various statistical responses for
the stochastic model can be found within the framework of probabilistic structural
dynamics (e.g., Lin and Cai, 1995), this study presents some analyses with se-
lected random system parameters in wave responses and stochastic seismic accele-
ration input at building bottom.

For regular building, column/wall properties are not changed significantly
from one floor to the other, and can be assumed to be the same without loss
of generality. For earthquake-excited building motion, the largest frequency of
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interest is typically less than n @, with n<N. Therefore, for random floor mass

with small floor-to-mass ratio (7,,,=mym.<<1), Egs. (7-8) become

—i@h, /v _
_.=e s hej = O.Srmjhj (18)

which suggests that up-going and down-going waves transmit through the j* floor

without loss of amplitude. As far as transmission coefficients are concerned, the
floor functions like an extended column portion with extra height 4,; and zero
damping. Accordingly, transmission coefficients for a building segment with a
column connected to a floor mass are equivalent to those in a pure column without
floor, but with an increased column length (h;+h,;) and reduced damping factor
(yej=ye/(1+h./h;)). Alternatively, they can also be viewed as the equivalent trans-
mission coefficients in the same column length but with decreased velocity and
reduced damping factor. Based on Eq. (16), the fundamental modal frequency of
the building with floor masses, denoted as €, is decreased in comparison with
those without floor masses (@;). This can be seen clearly in Fig. 4a with r,,=0 and
0.1, where r,,=0 is the uniform shear-beam building model. The corresponding
response amplitude is increased due to the reduced damping. For higher-order
mode motion, the higher-order modal frequencies ©; of the building with floor
masses will be reduced proportionally and the corresponding amplitude will be in-
creased in general. The mean u and standard variation ¢ of modal frequency &;
can be found as

Ho =0(1-05u, ), o =025u% o (19)

where u,,, and o, are the mean and standard deviation of random ratio of total
floor mass versus total building column mass. It can be proved that if r,,
(j=1,2...N) is constant and floor height 4, is random, Eq. (19) remains the same ex-
cept i, and o, replaced by u;, and g, respectively. The other statistical responses
such as mean and standard deviation of frequency-response amplitudes at corre-
sponding modal frequencies can be found numerically based on Egs. (16,19).

For large floor-to-column mass ratio or other random system parameters, the
statistical analysis for GIRF/GFRF must be carried out numerically or with Monte
Carlo simulation. While not presented here, this paper shows influences of some
system parameters in frequency responses. In particular, Fig. 4a shows the influ-
ences of large floor-to-column mass ratio (r,,=1) in GFRF, revealing similar phe-
nomena observed with small r,, before. Figure 4b indicates that modal frequencies
are insensitive to the change of column impedance ratio r;, while the correspond-
ing amplitudes are reduced significantly with decreased r; .
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Fig. 4a,b GFRFs (Dyg,) at the 8" floor of a 11-story building with respect to bottom motion
with v;=300 m/s, hj=4.25 m, y;= y5=0.03, r;=1 (only for Fig. 4a, left), r,,;=0.1 (only for
Fig. 4b, right) and r,,;;=0.51,,;9, for j=1,2,...,11. Note that j (=1-3) of rmj and rlj in the
legend indicates the case number, not the floor number.
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Fig. 5a,b Spectral density of acceleration at the 8" floor to ground acceleration spectral density
with Kanai-Tajimi power spectra (Go=1, site pre-dominant frequency w,, site damping &,=0.34)
with the same building parameters as Fig. 4a. Fig. 5a (left) w,=18.4 rad/s for alluvium and 27
rad/s for rock, and r,;j=1) and Fig. 5b (right) w,=18.4 rad/s for alluvium and r,,;=0, 0.1 and 1).

For ground motion characterized by evolutionary stochastic process (Lin and
Cai, 1995)

a(zg.1) = [b(t, w)e'™ dZ(w) (20)
where Z is a stochastic process with orthogonal increment in frequency, and b is a

deterministic function of both ¢ and w, the mean-square acceleration response with
deterministic building parameters can be found as

Eld’(z,1)] = T| b(t,0) I’ D(@)dw, D(w)=Dry(0)G(@) 1)

—oo
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where E denotes ensemble average, and G and @ are spectral densities of ground
acceleration and response respectively. As a degenerated case with b=/ and
G=Gy(1+4&0 /0 V[(1- o’ /w.)+4E 0 /w,’] (Kanai-Tajimi model), Fig. Sa
shows the spectral densities of acceleration at the 8" floor with seismic input at al-
luvium and rock sites. Since the rock pre-dominant frequency (w,=27 rad/s) is
closer to the second modal frequency (w, ~ 22 rad/s) than the alluvium one (18.4
rad/s), the peak with rock at the second modal frequency is larger than that with
alluvium. This can also be seen with mean square accelerations 0.0076 and 0.026
m’/s* for rock and alluvium respectively. Figure 5b shows the response spectral
densities with different floor-to-column mass ratio, with corresponding mean
square as 0.0188, 0.0102 and 0.0076 m’/s” respectively for r,,=0, 0.1 and 1.

4 Conclusions

This study proposes a wave-based approach to model and analyze seismic build-
ing motion. Alternative to vibration-based ones, this approach provides some
perspective of seismic behaviors of building structures which traditional vibration-
based approach does not show clearly.
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