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Foreword

The discrete variational Xa (DV-Xo) molecular orbital calculation method is one of
the most versatile methods for estimating the electronic structures of atom-aggregates
or clusters in both ground and excited states. It has been used extensively for solid-
state chemistry and physics; materials science; and X-ray, electron, IR, Raman, and
UV-vis spectroscopy with great success.

To develop the research on this method, the Society for DV-Xa in Japan was
established in 1988, and an annual meeting has been held every summer since then.
The International Workshops on DV-Xa have been held five times, once each in
Hungary (1996), South Korea (1998), Japan (2001), South Korea (2006) and Japan
(2008). The Society for DV-Xa in Korea was established in 2010 and has greatly
promoted the research activity in Korea since then.

This proceedings, entitled The DV-Xa Molecular-Orbital Calculation Method
is published in commemoration of the international symposium of the ‘“Sixth
International Conference on the DV-Xa Method (DV-Xa 2010) and the 23rd
DV-Xa Annual Meeting,” held in Daejeon, Korea, at the KBSI (Korean Basic Science
Research Institute) on August 46 in 2010. This international conference was
organized by the Organizing Committee 2010, which consisted of members of the
DV-Xa societies in Japan and Korea who aimed to discuss the research on molecules,
particles, crystals, glasses, metals, semiconductors, surface, boundary defects from a
physics perspective, organic and inorganic chemistry, materials science and many
forms of spectroscopy, the theory of DV-Xa, and related experiments and theories.

The international symposium consisted of 3 plenary, 20 invited and 27 poster
sessions. Plenary lecturers Prof. Kazuyuki Tatsumi (the president of the ITUPAC)
talked about Fe/S cluster preparation, Prof. Di Zhang (Shanghai Jio Tong Univ.)
about morphogenetic preparation, and Prof. Masahiko Morinaga (Nagoya Univ.)
about alloy designing. Over 80 participants studiously discussed the subject of each
lecture and eagerly shared ideas and possible future developments for this excellent
method.

Finally, the organizing committee of DV-Xa 2010 concluded by publishing
a number of important lectures in book-style proceedings for a notable memory
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of our activity, a wider understanding of the DV-Xa method, and to receive
evaluations from other scientific fields.

To support this international symposium and the publication of this volume,
special thanks should be expressed to both DV-Xa societies in Japan and Korea.
The financial supporting funds from the JSPS (Japan Society for the Promotion
of Sciences) and the KBSI are also acknowledged.

Fukuoka Hisanobu Wakita
25 July, 2014 Myung-Chul Chang
Tomohiko Ishii
Yang-Soo Kim



Preface

Theoretical and computational sciences have become one of the most exciting areas
of research. For example, the Nobel Prize in chemistry in 2013 was awarded to
three theoretical chemists, Professors Martin Karplus, Michael Levitt and Arieh
Warshel whose works have greatly influenced many scientists and engineers. The
activity at the DV-Xo annual meeting to discuss computational sciences has
continued for more than 25 years after the establishment of the DV-Xa society in
Japan and Korea. The DV-Xa method has been utilized in not only the fundamental
sciences such as physics and chemistry but also in a broader range of engineering
areas such as metallurgy, material engineering, electricity, amorphous materials,
photology, universology, bio-engineering, and pharmacology. This proceedings
volume, entitled The DV-Xa Molecular-Orbital Calculation Method is published
in commemoration of the international symposium of the “Sixth International
Conference on the DV-Xa Method (DV-Xa 2010) and The 23rd DV-Xa Annual
Meeting” held in Daejeon, KBSI, Korea, in 2010. In this volume there are 14 most
powerful and interesting papers reported as recent activities involving the DV-Xa
method. Aspects of the fundamental sciences, including details of calculation
methods and related programs, fundamental calculation theories and their expres-
sions, and inter-atomic interaction potential and total energy calculations are
included. In addition, a material design method which works by means of chemical
bonding, discussions of optical properties of certain materials, application exam-
ples of dye-sensitized solar cells, innovative applications of water, the creation of
an electrode material for lithium secondary batteries, discussions of the lifetimes of
positrons, crystal structural optimization techniques, and the mechanisms of the
luminescence of metal complexes are also discussed as examples of applications of
the DV-Xa method. We are very proud to publish such a high-quality and fruitful

vii
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proceedings volume which offers discussions and examples of applications which
have progressed in 4 years since the previous DV-Xa international meeting held
in 2010.

Takamatsu, Japan Tomohiko Ishii
Hyogo, Japan Kazuyoshi Ogasawara
Suncheon, Republic of Korea Yang-Soo Kim
Fukuoka, Japan Hisanobu Wakita

22 July 2014
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Chapter 1
The DV-Xa Molecular Orbital Calculation
Method and Recent Development

Yoshiyuki Kowada and Kazuyoshi Ogasawara

1.1 Introduction

Recently, theoretical calculation methods are widely applied in many kinds of the
material researches according to the outstanding progress of the computational
technology. Among them the DV-Xa method has been widely applied to the
development and analysis of the organic and inorganic materials since this method
has characteristic advantages compared with the other molecular orbital methods.
In this chapter, we would like to introduce the development history and the recent
progress of this method.

The DV-Xa cluster method is one of the first principle molecular orbital
calculation methods based on the Xa method. The Xa method is one of the
electronic state calculation methods by the Hatree-Fock-Slater method proposed
by J. C. Slater on 1951. This method is applied not only to the electronic state
calculation of molecules and atoms, but also to the energy band calculation of solid-
state materials. All atomic orbitals in the periodic table were calculated with
Hartree-Fock-Slater method by Herman and Skillman on 1963 and the table of
the eigen values, wavefunctions and potentials were reported (Herman and
Skillman 1963). On 1965, the calculation results of transuranium elements were
reported by Liberman, Waber, and Cromer, in which the Dirac equation with Xa
potential was used (Liberman et al. 1965). The first application of Xa potential to
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4 Y. Kowada and K. Ogasawara

the molecular orbital theory was the multiple scattering (MS) Xa method developed
by K. H. Johnson on 1966 (Johnson 1966).

In the Xo method, the simple notation of the exchange potential, which is
proportion to the third power of the electrondensity p with the approximation of
the free electron model, is used. Furthermore, the parameter o to this equation,
shown in Eq. (1.1), is adapted to expanded this approximation to the general atoms
and molecules (Slater 1974),

V() = ~3a| 2] (1)

here p; is the density of the up-spin electron, which means that the exchange potential
Vxc(ry) is the function of only up-spin electron , so that the exchange interaction is
observed only between electrons with the same spin. The same equation is obtained
for the down-spin electrons. The total electron density is described as p = p;+p;.
Consequently, the Xa method can be considerably shortened the calculation time
than those of any other MO methods.

This method is applied not only to the electronic state calculation of molecules
and atoms, but also to the energy band calculation of solid-state materials. After
Gaspar and Korn, the densities functional method is developed with more restrict
theoretical expansions. Essentially the Xoa approximation is still good agreement
with the density functional method.

D.E. Ellis, A. Rosen, and H. Adachi et al. developed the DV-Xa cluster method
at Northwestern University in the 1970s (Ellis et al. 1976; Rosen et al. 1976) There
are several characteristic advantages on this method. That is, the discrete-
variational method can be numerically solved the Schrodinger equation at the
discrete micro-spatial volume on the sample points scattered in three-dimensional
space. The evaluation of the elements of Hamiltonian, H;;, and overlap matrices, S;;,
are achieved as weighted sums of integrated values at the sample points instead of
the conventional Rayleigh-Rits method,

Sn:Z @(ri);" (re) ¢ (rie) (1.2)
= o(r)g; (r)h(r)g;(r) (1.3)

k

where 1/ is one of the total N sample points in the three-dimensional real space and
w(ry) is the integration weight or reciprocal of the sample point density at 7. As the
result, the DV-Xa method can calculate the eigenvalues and the eigen functions of
molecular orbitals of the cluster models containing any elements in the periodic
table. That is the reason why this method is widely applied to the calculation of the
electronic states of the various kinds of inorganic materials.

After the initial period of the development of the DV-Xa method, the respective
researchers have been modified the original program and added unique ideas.
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At present, there are several versions (program sets) in the present, such as the
program set named “dvem” developed by D. E. Ellis, “ADF” by Baerends,
“DMOL” by Delly. In Japan, Adachi et al. have been hardly developed program
set “scat” to the present (Adachi et al. 1978). The Initial version of scat was
developed on the mainframe computer in Osaka University and ported to UNIX
workstation in early 1990s. In that time, several programs to draw figures in the scat
came to work with the graphical interface on the X-window system. The windows
PC version was appeared in the middle of 1990s and this version is the most popular
in Japan now.

The development of DV-Xa method has been achieved up to the present.
The relativistic version, which included relativistic effect with Dirac equation,
is developed at the same time with the non-relativistic version by Schrodinger
equation. The results with the relativistic version of DV-Xa method were reported
in early 1970s (Rosen and Ellis 1974). The relativistic version had been improved
and we can use the program set named rscat (Adachi 1977). The rscat is very easy to
use because of the same operation scheme with the non-relativistic scat.

By using the DV-Xa method, the eigenvalue and eigen function of each molecular
orbital could be obtained accurately for all elements in the periodic table. However,
there are still several problems to be solved for further calculation. One of these
problems is the many electron interaction, which is necessary to obtain the optical
spectra of 3d transition metal ions and 4f rare-earth ions. In 2001, the program named
“gemcalc” has been developed by Ogasawara et al., which can include the many
electron interactions by the configuration interaction calculations (Ogasawara
et al. 2001). They have already reported many papers about the absorption spectra
of the rare-earth ions and phosphors (Ishii et al. 2004b; Ogasawara et al. 2005;
Watanabe et al. 2006; Toyoshima et al. 2007; Yoshida and Ogasawara 2009).
This calculation method, called “DVME method”, has been very attractive since it
is one of few methods including both many electron interactions and the relativistic
effect. Another problem is the total energy calculation of the clusters and molecules.
In the DV-Xa method, the numerical eigen function is used and the integration is
adopted to obtain the resonance and overlap integrals. The quite small numeric errors
of the integrals at the sample points are accumulated and it affects to the total energy.
However, there are two different version of total energy calculation program named
TESDA and Coulomb and now we can obtain total energy of any cluster models by
the DV-Xa method (Kowada et al. 2009a).

In this chapter, we would like to introduce the recent evaluation of the DV-Xa
method. The first topic is the electronic state of solid-state electrolyte in which the
calculation of moving ions in solid-state materials and total energy of the cluster
model (Kowada et al. 2009). The second is the electronic state of the rare-earth ions
in phosphate glasses with the calculation of the absorption and fluorescence spectra
of the Pr** and Tb>* ions (Kowada et al. 2009b).
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1.2 Total Energy Calculation

Since there are several programs for the energy calculation, among them we use the
program Coulomb to obtain the total energy (Kowada et al. 2009a). The calculated
energy obtained in the cluster method is the total energy of the local cluster.
Then, we called the total energy as local cluster energy (LCE). First we would
like to note that the outline of the calculation procedure of the total energy by the
program Coulomb. In the DV-Xa cluster method, the molecular orbitals are
obtained by the SCC approximation (Adachi et al. 1978). For the energy calcula-
tion, the MOs are re-calculated by the Self Consistent Field (SCF) approximation.
In the Coulomb, the SCF molecular orbital calculation is achieved in the following
procedure. The wave functions of molecular orbitals calculated by the DV-Xa
cluster method are used for the basis functions in the SCF calculation.

¢e=)_Curi (1.4)

The electron density p(r) is obtained from the molecular orbitals and the Cou-
lomb potentials between two electrons, V.., are calculated.

p(r) = fidi(r) (1.5)

Vee(rl) = Jﬂﬁ’z) er (16)

The eigenvalues and Cj; are obtained by following equations.

(ﬁ—§§)6:0 (1.7)
(H)lj = (K'E')ij + (VZe)ij + (Vee),‘j + (Vex)lj (18)
1o

(&), = [100{ =373 Lrtan (19)
Wz = [tr0A > E20 0 (1.10)
Vel = [t [ (1)

3\ 1
Vel = =3a( ) 20100 (e (112)

After the SCF calculation, the energy of the cluster is calculated.

E:EK.E. +Eze+Eee+Eex+Ezz (113)
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where Exr, Ez., E.., E.. and Ez; mean the kinetic energy of the electrons,
the energy of the nuclear-electron attraction, the energy of the electron—electron
repulsion, the energy of the exchange term, and the energy of the nuclear-nuclear
repulsion, respectively. Each energy term is calculated by the weighted sum of the
each value on the sample points except E;. In the program Coulomb, there are two
major improvements for the energy calculation. The first is the improvement of
the estimation of the Coulomb potential. In the DV-Xa molecular calculation, the
electron density is calculated as the spherically symmetric charge densities centered
on the nuclei of the molecule. In the Coulomb, however, the Coulomb potential is
estimated by the electron distribution based on each molecular orbital. The second
is the SCF calculation, which makes the molecular orbitals of the lowest energy
with the linear combination of the fixed atomic orbitals obtained by the SCC
calculation. These improvements give enough accuracy for the total cluster energy.
The number of the sample points used in the energy calculation is 2,000 per atom,
which is four times larger than that in the chemical bonding analyses, for the
enough precision of the wave functions of molecular orbitals.

1.3 Relativistic DVME Method

The detail of this method will be described in another chapter, so that the outline
and the estimation of the theoretical fluorescence spectra are noted here. In the
DVME method, Slater determinants corresponding to all the possible electronic
configurations are constructed using the four-component fully relativistic molecular
spinors obtained by the relativistic DV-Xa cluster calculations. Only electrons
occupying the molecular spinors mainly composed of Ln-4f states in the grand
state are treated explicitly. Then by diagonalization of the many-electron Hamilto-
nian, the multiplet energies are obtained as eigenvalues and the many-electron
wave functions are obtained as linear combination of the Slater determinants.
The relativistic many-electron Hamiltonian is expressed as

— - 2 Z, ) Z;ff & 1
H_; copipe ;|ff—Ru|+V0(rl)+;|ri—Ru’ +;;\n—ﬁ'|
(1.14)

where o, f are the Dirac matrices, ¢ the velocity of light, r;, p; the position and the
momentum operator of the ith electron, Z, and R, the charge and position of the vth
nucleus, Z,.¢r and R, the effective charge and position of the uth ion outside the
model cluster, n the number of explicitly treated electrons. V(r;) is the potential
from the remaining electrons (Watanabe and Kamimura 1989).
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The oscillator strengths of electric dipole transitions in the absorption spectra are

calculated as follows:

Y¥; and ¥, are the initial and final states with energies of E; and E, respectively.
AE is the energy difference between E; and E;. In the case of fluorescence spectra,
the transition probabilities of electric dipole transitions are obtained by the follow-

ing equation:
<le ‘Pf>

In this calculation, the higher energy state is adopted as the initial state of the
fluorescence spectra and usually the grand states is the final state. We could
obtained the transition probabilities of the fluorescence spectra in the same manner
as the absorption spectra.

2
Iy = 2AE D e

k

(1.15)

2

Iy = 2AE? (1.16)

E Fp-ée

k

1.4 Recent Application of the DV-Xa Method

1.4.1 Electronic State of Mobile Li Ions
in Super-lonic Conductors

1.4.1.1 Introduction

Recent 10 years we have investigated the electronic state of the ion movement in
the solid-state materials (Kowada et al. 1998, 2000, 2004, 2008a, b, 2009a, b, c;
2010; Imanaka et al. 2000; Araki et al. 2001). Usually the electronic state calcula-
tion of moving ions are very difficult to obtain since Born-Oppenheimer approxi-
mation is adapted in popular molecular orbital method. The movement of the ions
in the solid sate materials, however, are much slower than that of the electrons that
contribute to have any interactions with the surrounding ions in the crystal struc-
ture. This means the variation of the interactions between the moving ions and the
surrounding matrices could be estimated approximately with several model clusters
with the different positions of the moving ions.

In these studies, we have paid attentions on the bonding state of the moving ions
from the viewpoints of the interactions named covalency and ionicity between the
moving ions and the surrounding ions. Thus the covalent bonding of the moving
ions should support an important part of the ion movement in the solid-state
materials. We would like to introduce the study of the electronic states of the
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LizN crystal in which the interaction of the moving ions in superionic conducting
materials is analyzed. This material is a typical Li ion conductor and has high ionic
conductivity. Furthermore the Li and the N ions usually have covalent interactions
in the solid-state materials. We also suggest that how useful the DV-Xa method is
to get the relationship between the high ionic conductivity and the covalent
interactions of the moving cations in these systems.

1.4.1.2 Li3N Crystal

There are several studies about the high Li ion conductivity of LisN crystal by
experimental measurements and theoretical calculations (Wahl and Holland 1978;
Walker and Catlow 1981; Koyama et al. 2002; Sarnthein et al. 1996). Several
experimental studies reported that the LisN crystal contained H ion impurities in
interstitial positions and they make a certain concentration of the Li ion vacancies.
These vacancies are yield on the planes, which contains both Li and N ions, called
Li,N plane. It is reported that the activation energy of the movement of the Li ion
on Li,N planes is 0.004 eV (Sarnthein et al. 1996). In the LizN crystal there is the
other kind of the Li ions on the planes containing only the Li ions, which connect
between the Li,N planes. This kind of the Li ions hardly moves compared with that
on the Li,N plane. In addition to this, the Li3N crystal has the anisotropicity in the
ionic conductivity and the Li ion conductivity along the c axis is much smaller than
those of the a and b axes.

Thus the Li ion can move easily in the Li,N plane and hardly move in the Li
plane. This is something strange from the viewpoint of the chemical bonding. In the
Li,N plane, the moving Li ions might have strong interaction with the N ions
compared with those on the Li plane. Generally the larger interaction between the
Li and the N ions seems to impose constraints on the fast movement of the Li ion.
The experimental results, however, suggest that the fast movement of the Li ions in
the Li3N crystal is not dependent on the smaller interaction between the Li and the
N ions. The chemical bonding of the Li ion should contribute to the fast movement
of the Li ion in LizN crystal.

1.4.1.3 Model Cluster of Mobile Li Ion in LizN Crystal

In order to calculate the movement of the Li ion in the LizN crystal, several model
clusters are constructed by the crystal structure of the LisN crystal (Schulz and
Thiemann 1979). This crystal is assigned to the space group of Pe/mmm and the lattice
constants a and c are 3.65 and 3.88 A, respectively. The schematic diagrams of
the model clusters are shown in Fig. 1.1. The Li3N crystal has layer structure of two
kinds of plane structures, the Li,N and the Li planes. On the Li,N plane, there are Li
and N ions that make hexagons. On the Li plane there are only Li ions that are
bonding with the N ions on the Li,N planes and are bridging between two Li,N
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Fig. 1.1 Schematic
diagram of the Li;N model
clusters. Green sphere: Li
ion, Red sphere: N ion

(iv)c axis (2)

(iii)e axis (1)

planes. The conduction path of the Li ions reported by several experimental studies is
included in the Li,N plane. Figure 1.1 (i) shows the model clusters for the conduction
path in Li,N plane. In this model, one Li ion is removed from the Li,N plane so that
the neighboring Li ion can move to the vacancy. The movement of the Li ion is
simulated by using several model clusters with the different positions of the Li ion
along the estimated conduction path, since it is fundamentally very difficult to
manipulate the movement of the atoms and ions in the molecular orbital calculations.
Figure 1.1 (ii) shows the model cluster for the movement of the Li ions on the Li
plane. In this model cluster one Li ion is moved to the neighboring vacancy of Li site.
This path is not a suitable path for the Li ion in the LisN crystal reported by several
experimental studies.

The Li3N crystal has anisotropy of the Li ion conductivity and the conductivity
along the c axis is much smaller than those in the a and b axes. Then we have used
model clusters of the movement of the Li ion toward the ¢ axis shown in Fig. 1.1
(iii) and (iv) for the comparison of the movement toward the different directions.
Since there are several possibilities of the conduction path toward c axis, we have
adopted two possible paths for the model clusters.

1.4.1.4 Local Cluster Energy of Mobile Li Ion

Figure 1.2a and b show the variation of the LCE with the different positions of the
moving Li ion in the clusters (i) and (ii), respectively. In this figure, the ordinate
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Fig. 1.2 The position a -1215 . . . . . .
dependence of total energy
of the clusters, (a) cluster (i),
(b) cluster (ii)
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shows the LCE of the clusters in a.u. and the abscissa shows the relative position of
the moving Li ion. In the case of cluster (i), the energy changes very small with the
positions of the moving Li ion, that is, the difference between the minimum and the
maximum is 0.031 a.u. This value is larger than the result of the band calculation
(Sarnthein et al. 1996), since the LCE usually includes lager interaction with
surface atoms. On the other hand, the energy change with the Li position in the
cluster (ii) is 3.796 a.u. and is much larger than that in the cluster (i). Thus the LCE
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evaluated by the Coulomb could be useful to discuss the movement of the Li ion in
the Li ion conductors, although the cluster size, the number of sample points, the
basis functions and the other computational parameters should be clarified to obtain
the qualitative total energy of the cluster. Thus the Li ions on the Li,N plane could
move easier than those on the Li plane.

1.4.1.5 Bonding Nature and Li Ion Movement

The bonding state of the moving Li ions is analyzed, since the smaller energy
different with the movement of the Li ion might be dependent on the chemical
bonding of the moving Li ion.

Figure 1.3 shows net charge of the moving Li ions in clusters (i)—(iv). In this
figure, the abscissa shows the relative position of the moving Li ion. Since the
length of the conduction path (i)—(iv) are different, the value of 0 means the initial
position and 1 means the final position of the moving Li ion so that the position of
the moving lithium ion in each path is normalized.

In the cluster (i), shown as closed circles, the net charge is 0.41 at initial position.
It changes little with the movement of the Li ion and becomes 0.43 at the final
position. The charge of the Li ion is almost the same and no obvious changes are
observed in the cluster (ii), shown as closed squares. In the LizN crystal, however,
there is no obvious change of the net charge of the Li ion during the movement.
In the cases of the clusters (iii) and (iv), shown as closed triangles and diamonds,
the net charge of the Li ion at initial position is 0.28, which is clearly smaller than
those in the clusters (i) and (ii). The net charge of the Li ion is increased at x = 0.25
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and is almost constant until x =0.75. At the final position the net charge becomes
smaller again. This result might be caused by the structures of the model clusters.
In the clusters (iii) and (iv), the initial and final positions are located on the surface
of the model clusters. Though the surface atoms usually have larger electron density
than the inner atoms, the net charges of the Li ions became smaller at the initial and
the final positions in the clusters (iii) and (iv). There are some difficulties of the
calculations of the conduction path along with the c axis because the cluster
size becomes two times larger than the clusters (i) and (ii) if all the Li ions around
the conduction path through the c axis are located inside of the model clusters.
However, the net charge at the positions inside of the clusters, from x =0.25 to
x =0.75, shows similar values as those observed in the clusters (i) and (ii).

Thus the net charges of the moving Li ions in the different paths are very similar
each other and we can conclude that there is no obvious change of the ionic
interaction of the moving Li ion in the experimentally reported conduction path
compared with the other non-conduction paths.

Figure 1.4 shows the total bond overlap populations (TBOP) of the moving Li
ion in the model clusters shown in Fig. 1.1. The TBOP means the summation of all
the bond overlap populations between the moving Li ion and the surrounding ions,
which shows the covalency of the bonding state of the moving Li ions.

In the cluster (i), which is the model of the Li,N plane, TBOP is 0.82 at the initial
position and is slightly decreased with the movement of the Li ion. There is a
minimum of TBOP at x = 0.5. The TBOP is increased after x = 0.5 and is 0.79 at the
final position. Basically the similar change is observed in the TBOP of the moving
Li ion on the Li plane. In this plane the TBOP is 0.80 at the initial position and is
decreased with the movement of the Li ion. A minimum of TBOP is observed at
x =0.5 and finally the TBOP becomes 0.78. At the initial and the final positions the
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TBOP of the moving Li ion on the Li,;N plane are almost the same as those on the Li
plane. However, at the middle position, x =0.5, the TBOP on the Li,N plane is
almost 0.1 larger than that on the Li plane. As the result, the difference between the
maximum and the minimum of the TBOP of the Li ion on the Li,N plane is 0.077,
which is much smaller than that on the Li plane, 0.13. This smaller change of the
TBOP through the path is a characteristic of the bonding nature of the moving Li
ion on the Li,N plane. Furthermore, this change is consistent with the results of the
chemical bonding analyses.

In the case of the movement of the Li ion toward the c axis, the different changes
are observed. In the model cluster (iii) for the ¢ axis movement, the TBOP of the
moving Li ion is 0.95 at the initial position. The TBOP of the moving Li ion is
decreased largely with the movement and becomes minimum, 0.72, at x =0.5.
The change of the TBOP with the movement of the Li ion through the path toward
the ¢ axis is about 0.2, which is much larger than those in the clusters (i) and (ii).
The same tendency is observed in the cluster (iv). The initial TBOP of the Li ion is
0.94 and the minimum is 0.70 at x =0.75. The difference between the maximum
and the minimum is 0.35. In general the surface ions have relatively large interac-
tion with the surrounding ions. This “surface effect” is the reason of the large
change of the covalency in these model clusters. However, since the net charge of
the moving Li ion is almost the same as those on the Li and Li,N plane in the
positions in the range from x = 0.25 to 0.75 as shown in Fig. 1.3, the result suggests
that surface effect of the bonding state of the moving Li ion could be neglect
in these positions.

1.4.1.6 Conclusion

As the results, the variation of LCE with the movement of the Li ion suggests that
the movement of the Li ion through the conduction path make the smaller energy
change than another path. The net charge of the moving Li ion in any paths has very
small change with the movement. Contrary to this, the variations of the total bond
overlap populations of the moving Li ion are different from one another. Especially
the TBOP of the Li ion changes smaller on the Li,N plane, which contains the
conduction path, than those on the other paths. The smaller change of TBOP of the
moving Li ion is dependent on the little change of the BOP of both Li-Li and Li-N.
These results suggest that the small change of the TBOP of the moving Li ion
makes smaller energy difference with the movement and could be one of the origins
of the fast movement of the Li ion in the LizN crystal.
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1.4.2 Electronic States of Lanthanide
Ions in Phosphate Glasses

1.4.2.1 Introduction

Rare-earth ion doped oxide glasses have been attractive for their application to
white LED, the fiber-LASER amplification, and displays, etc. Many people have
made effort to study about the absorption and luminescence spectra of these
glassy materials (Miniscalco 1991; Wang et al. 1994; Souza et al. 2000; Reddy
et al. 2000).

In these studies, theoretical analyses of the electronic state of rare-earth ions in
oxide glasses are very important. Usually the absorption and fluorescence spectra of
these glasses are analyzed by the empirical method (Ajithkumar et al. 2000; Tanabe
et al. 2000, 2002; Jose et al. 2003; Moorthy et al. 2005). There are several empirical
methods to analyze 4f-4f transition spectra of rare-earth ions. But in these methods,
we need the experimental parameters to obtain the results.

Recently the relativistic DVME method, which is one of the first principles
configuration interaction method is developed and there have been already
many studies about electronic state of rare-earth ions in solid-state materials
(Ishii et al. 2004a, b; Ogasawara et al. 2005; Watanabe et al. 2006; Toyoshima
et al. 2007; Yoshida and Ogasawara 2009). However, there are few studies about
fluorescence spectra of rare-earth ions in the oxide materials. We have calculated
fluorescence spectra of the Pr’* and Tb>* ions in phosphate matrices by the
relativistic DVME method. These phosphate materials have been expected as
new laser materials for various applications because of their good fluorescence
efficiency in the visible and infrared region.

1.4.2.2  Fluorescence Spectra of Pr** Ion in Phosphate Glass

Figure 1.5 shows model cluster, H,gPrP;0,g, for the calculation of Pr** ions in
the phosphate glasses used. This cluster includes seven surrounding PO, units
terminated with H ions for the neutrality of the cluster. The atom positions are
determined from Pr(POj); crystal structure (Jouini et al. 2003). In this case,
Madelung potential has not used for the calculation of the relativistic DV-Xa
method. Though the cluster is a model cluster for Pr(PO5); crystal, it can be applied
to the calculation of glassy materials because this model has no long-range
structure.

Figure 1.6 shows the theoretical spectrum of the H;gPrP;O,g cluster. In the
spectrum, the several initial states, such as 3P2, 3P1, 3PO and 116, are used to obtain
the theoretical fluorescence spectrum of Pr’* jon in phosphate matrices. In this
figure, the experimental Pr** fluorescence spectrum in the Pr(PO3); crystal is shown
for comparison (Jouini et al. 2003). In the theoretical spectrum, there are two
intense peaks around 350 and 570 nm. The peak positions shift slightly smaller
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wavelength but the relative positions of these major peaks are corresponding to
those in the experimental spectrum. Furthermore, the relative peak intensities are
also similar to those in the experimental spectrum. However, the assignments of the
peaks shown in the figure are very complicated. For an example, the assignments of
the intense peaks around 550-610 nm are several transitions from 3p,, 1, and P,
to °Fs, and from 'I to *F,, though the corresponding peaks around 600-650 nm
in the experimental spectrum are assigned to the transitions from *P, to *Hg and “F..
This result suggests that there are several initial states in the fluorescence of Pr** ion
in phosphate matrices, and it is very difficult to make assignment of the peaks by
only the empirical method. This result also shows the relativistic DVME method is
very useful to analyze fluorescence spectra of rare-earth ions in phosphate matrices
and the first principles calculation is necessary to analyze the fluorescence spectra
of rare-earth ions.

1.4.2.3 Fluorescence Spectra of Tb>* Ion in Phosphate Glass

Figure 1.7 shows model clusters, H;sTbPsO,4, used in the calculation of the
electronic state of the Tb>* ion. In this model cluster the atom positions are
estimated by the ionic radii of Tb>* ion and the structure of Lu(POs)s crystal,
since there is no report about the crystal structure of Terbium phosphate crystals
(Yuan et al. 2008). The crystal structure of Lu(PO3); is monoclinic, space group C¢
and cell parameters a=13.972 A, b=20.018 A, ¢=9.9556 A, p=127.351°.
The model cluster includes only one lanthanide ion site. This cluster includes six
surrounding PO, units terminated with H ions for the neutrality of the cluster,
though the cluster of the Pr* ion, which is a heavy-lanthanide, has seven PO, units.

Fig. 1.7 Schematic
diagram of the H;gTbP,0,g
cluster (These figures were
drawn with VESTA
developed by K. Momma
and F. Izumi)
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Figure 1.8 shows the obtained multiplet level structure of the Tb>* ion in the
H,5TbP¢O,, cluster. Tough there are only 14 molecular orbitals mainly contributed
by 4f atomic orbitals of the Tb>" ion in the usual one electron approximation
molecular orbital method, there are 3,003 multiplet levels after the electron con-
figuration interaction calculation. The level structure of the multiplet states is
basically corresponding to that reported by Dieke (1968).

Figure 1.9 shows the calculated and experimental absorption spectra of the
Tb>* ion in the H;sTbP¢O,, cluster. The experimental spectrum is the result of
the Tb>* ion doped calcium meta-phosphate glass, which is prepared to compare
with the theoretical ones.

In the relativistic DVME method, the energy of the multiplet levels in the 4f-4f
transitions is usually over estimated (Brik and Ogasawara 2007). In these theore-
tical spectra, the energy scale is corrected with a factor, 0.75 for easiness of
comparison.

In the experimental spectra, there are small peaks at about 2.51 in the visible
region. The same peak is observed in the theoretical spectra and the main com-
ponents of this peak is the transition from D, to 'Fg. Basically, the peak position
observed in the theoretical spectrum is in good agreement with the experimental
one. Thus, relativistic DVME method is useful to assign the peaks in the absorption
spectra of Tb>* ion in phosphate glasses.
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Figure 1.10a is the experimental fluorescence spectrum of Tb** doped
50P,05+50Ca0 glass under excitation with 3.29 eV. In this spectrum, two intense
peaks around 1.58 and 3.32 eV are reflection of the excitation light. There is an
intense peak at 2.29 eV and another at 2.54 eV. These peaks are assigned to the
transition from °D, to ’Fs and from D, to 'F,, respectively, by referring the Dieke
diagram. The other small peaks are observed at 2.00, 2.12, 2.71, 2.85 and 3.00 eV,
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Fig. 1.10 Fluorescence
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whose assignments are described in the figure. Figure 1.10b shows the theoretical
spectrum of the H;sTbPsO,, cluster. In the spectrum, there are two intense peaks
around 2.12 and 2.51 eV; those are corresponding to the peaks from “D, to 'Fs and
from °D, to 'Fg in the experimental ones, respectively. The peaks observed in the
experimental spectra are usually assigned by referring the Dieke diagram, so that
the assignments are sometime incorrect especially in the spectra in the lanthanide
jons with the complex multiplet energy levels. In the case of the Pr’* ion, the
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assignments of the peaks by the empirical manner are much different from the
theoretical ones. To the contrary, the assignments of the peaks observed in
the theoretical spectrum in Fig. 1.10b are almost the same as the assignments
in the experimental spectrum. This result still shows the relativistic DVME method
is very useful to analyze fluorescence spectra of rare-earth ions in phosphate
matrices and the first principles calculation is necessary to analyze the fluorescence
spectra of rare-earth ions.

Conclusion

The recent development and applications of the DV-Xa cluster method is
introduced. The total energy calculation, called local cluster energy (LCE), is
applied to the movement of the Li ions in the Li3N crystal, which is one of the
super-ionic conducting materials. The movement of the Li ion is simulated by
using several model clusters with different positions of a Li ion, which is
located on the conduction path. As the results, the LCE showed that the
movement of the Li ion through the conduction path makes the smaller
energy change than another path. This result suggests that the energy calcu-
lation program Coulomb is very useful to analyze the energy change of the
cluster models for ionic conductors.

The relativistic DVME method, which is one of the first principles CI
calculation methods, is applied to the calculation of the theoretical fluores-
cence spectra of rare-earth ions in phosphate glasses. The model cluster with
surrounding PO, units terminated with H ions are suitable to obtain the
absorption and fluorescence spectra in the phosphate glasses. The theoretical
spectra with several initial states are good agreement with the experimental
one, though the spectra with only one initial state are not in the case of the
Pr** ion. These results suggested that the relativistic DVME method is very
useful and necessary to analyze fluorescence spectra of rare-earth ions in
phosphate matrices.
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Chapter 2
Algebraic Molecular Orbital Theory

Jun Yasui

2.1 Introduction

Huzinaga described the principle of MO theory from the beginning before the
Hartree-Fock-Roothaan theory in his text book (Huzinaga 1980). We can see there
a new direction of MO theory. He gave us several hints in his book, for example,
effectiveness of nonlinear variational method to obtain better eigenfunctions of
atomic and molecular Hamiltonian, an excellent behavior of Slater-type basis func-
tions, and so on. He also mentioned the Hartree-Fock variety which implies a
multivariable theory. Inspired by Huzinaga, we shall propose an algebraic MO
equation in order to construct a multivariable theory for quantum chemistry.

2.1.1 Multivariable Problem

Quantum chemistry has been developing in the field of physics, chemistry, and
biology. Problems of molecular science spread in a wide range of space from
nanometer order to meter order, energy from rotational transition energy level to
hard x-ray energy level, and time from attosecond order to day order.

In the development of quantum chemistry, molecular orbital calculation has
been fairly successful as a practical numerical method. However, there are under-
lying problems that are not well understood in quantum chemistry. Chemistry is a
science that deals with fundamentally multivariable relations existing in atoms and
molecules. For example, electronic state and molecular property depend on the
molecular parameters, such as atomic position, atomic number, and number of
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constituent nuclei and electrons. However, the traditional molecular orbital
theory, such as the Hartree—Fock—Roothaan (HFR) theory (Roothaan 1951) and
the Kohn—Sham density functional theory (Hohenberg and Kohn 1964; Kohn and
Sham 1964) have been developed without considering multivariable problems in
chemistry. In such theories parameters of molecular structure are treated as numer-
ical parameters. For example, MO energy is plotted numerically along the axis of
molecular structures. To express the electronic state as a function of molecular
parameters is still a basic problem in quantum chemistry. In this chapter multivar-
iable problems that have been overlooked in the development of MO theory
are discussed.

2.1.2 Variational Principle

On the basis of analytical basis set expansion method, MO equation is defined by
applying the method of Lagrangian multiplier. The analytical basis set expansion
method has fundamentally two kinds of parameter, linear combination coefficient
and nonlinear orbital exponent. The roll of these parameters is a variational
parameter in defining MO equation, and an optimization parameter to obtain
approximate solutions of MO equation. However, in the traditional MO theory
only linear combination coefficients are adopted, and nonlinear orbital exponents of
basis function are fixed at numerical value. This means that the definition of the
traditional MO equation is restricted in linear variational space, so that eigenstate
cannot reach the exact eigenstate of the Hamiltonian even when the basis set is
extended.

In contrast to analytical basis function such as Slater-type function and
Gaussian-type function, numerical atomic basis function (Averill and Ellis 1973)
is used in the discrete-variational-Xo (DV-Xa) method based on the Hartree-Fock-
Slater (HFS) model which is easily applicable from atoms to clusters (Adachi
et al. 1978; Adachi 2006; Slater 1974, 1979). Numerical atomic basis function
does not have an orbital exponent, but it is numerically generated at every SCF
cycle in the MO calculation by solving the Schrodinger equation of atomic radial
function for each atomic potential in molecule. In the DV-Xa method, the Fock
matrix is also defined at every SCF cycle by molecular integrals of numerical
atomic basis functions. Although the HFS equation is defined on the linear varia-
tional principle, the MO is obtained through a doublly optimization process,
i.e., optimization of numerical atomic basis functions and diagonalization of the
Fock matrix. Owing to the effect of double optimization, proper MOs can
be obtained for atoms and clusters with small basis set in the DV-Xa method on
the HES model. However, the traditional MO theories are not applicable to alge-
braic theory as long as molecular integral is expressed in numerical value.
Mukoyama proposed an analytical expression of atomic wave function which is
obtained by nonlinear fitting of STFs to a numerical atomic wave function obtained
in a similar way to the DV-Xa method (Mukoyama and Yasui 1992).
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The traditional MO equation is defined by using the Lagrangian function which
is furnished with a single constraint, the orthonormal condition of MOs. The exact
eigenfunction of molecular Hamiltonian satisfies several conditions, such as Kato’s
cusp condition (Kato 1957; Steiner 1963; Pack and Brown 1966; Chong 1967,
Nakatsuji and Izawa 1989; Chapman and Chong 1970; Poling et al. 1971; Rassolov
and Chipman 1996; Nagy and Sen 2001; Janosfalvi et al. 2005), the virial theorem,
and the Hellmann—Feynman theorem (Feynman 1939; Feinberg et al. 1970; Stanton
1962; Fernandez Rico et al. 2007). Although these conditions are necessary condi-
tions being obeyed by the exact solutions of the Schrédinger equation, they are not
adopted in the traditional Lagrangian function to define MO equation. However,
Reinhardt and Hoggan, Koga and Galek showed that better solutions of the HFR
equation can be obtained by using STFs and by adopting the nuclear cusp condition
and the virial theorem (Reinhardt and Hoggan 2009; Koga et al. 1999; Galek
et al. 2005). These studies suggested that multiple constraint condition is effective
in solving the HFR equation. It is interesting that they adopted the nuclear cusp
condition and the virial theorem because the former is a local condition and the
latter is a global condition.

2.1.3 Trial Functions and Molecular Integrals

Molecular orbital is a model of electronic eigenfunction of the Schrodinger equa-
tion of molecule on the mean field approximation. Usually the Hartree—Fock
(HF) equation is solved by using basis set expansion method. However, it is
practically impossible to obtain the exact solution of the HF equation even when
basis set is extended in size; the basis set is not able to expand itself fully in the
Hilbert space of the Schrodinger equation as long as it is finite.

The molecular orbital model is used to calculate the electronic structure not only
on the HF one-body model but also beyond the HF level. The first group beyond the
HF level uses a single determinant for molecular orbitals; density functional theory
belongs to this group. In the second group, there are configuration interaction
method, perturbation theory, and coupled cluster theory, which use the virtual
MOs of the HF model. For this reason, good basis functions are required for
better MO calculations beyond the mean field approximation.

Despite of difficulties in evaluating multicenter molecular integrals, Slater-type
function (STF) is a superior basis function because it satisfies Kato’s nuclear-
electron cusp condition and has a good long-range behavior similar to the
Schrodinger hydrogen wave function (Kotani et al. 1955; Yasui and Saika 1982).
STF has been adopted in advanced MO calculation softwares, such as ADF
(Baerends et al. 1973), STOP (Bouferguene et al. 1996), and SMILE (Fernandez
Rico et al. 2001, 2004), however, it is impossible to address algebraic MO calcu-
lation by those software. This is because there is no symbolic information of
molecular parameters in molecular integrals expressed by numerical value. STF
is a superior basis function but analytical molecular integral over STF is required.
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2.1.4 SCF Method

It is crucial to execute MO calculation for any size of atomic system without
unnecessary calculations (Dirac 1929). In the traditional MO calculation, SCF
iterative technique is used in solving a nonlinear MO equation. This technique is
poor at convergence for large molecular system because of quasidegenerate
electronic energy structure and huge eigenvalue problem. How to solve the
Schrodinger equation without SCF iterative technique is an essential problem
for large molecular system.

2.1.5 Nonadiabatic Process

Fundamentally, there is a time dependent discrepancy of motion between electron
and nucleus due to a large difference of mass. Electron as a particle with fast
velocity and nucleus as a particle with low velocity exchange their momenta via
Coulomb interaction in time-dependent process. This cooperative interaction
between electrons and nuclei is called nonadiabatic interaction. This is an essen-
tial problem in molecular science, such as chemical reaction, slow atomic colli-
sion, spectroscopy for electron and nucleus, surface science, solid-state physics,
and so on, however, this has been existing as a difficult problem in molecular
science since the beginning of quantum mechanics of molecule (Domcke
et al. 2004; Baer 2006; Koppel et al. 2009; Nakamura 2012; Longuest-Higgins
1975; Berry 1984; Baer 2002).

The Schrodinger equation consists of fast variables and slow variables in
molecule, electron and nucleus. The standard approach for solving the molecular
Schrodinger equation is the Born—Oppenheimer (BO) approximation. In this
approximation, molecular system has a double-layered energy structure by the
large mass difference in which electron motions and nucleus motions are separated
as follows. Since the slow variable is a good adiabatic parameter in the BO
approximation, the Schrodinger equation for the fast variable can be solved by
fixing the slow variable.

After obtaining eigenstates of the fast variables, equation for the slow variables
can be defined using the eigenvalues of the first variable and the momentum
operator shifted by the gauge potential A defined by

where i is the imaginary unit, ¢ stands for the wave function of a fast particle,
and R represents the molecular structure. The gauge potential A is designated
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the nonadiabatic coupling (NAC) vector. The Schrodinger equation for the slow
variable satisfies the hidden local gauge symmetry which keeps the phase of total
wave function in time by cancelling global phase of the fast particle, whereas
the motion of the slow particle brings about a phase shift to the fast particle during
a time interval 7 in adiabatic process. This phase, designated the Longuet-Higgins/
Berry phase, is defined by the path integral of NAC along a motion of the slow
particle on the potential energy surface (PES) as

t

Yon() = j Ap(R(1)) - dR(). (22)

In addition of dynamical phase, the time-dependent wave function of the fast
particle, electronic wave function, has the Longuet-Higgins/Berry phase.

The nonadiabatic electronic transitions are found in various mechanisms in
chemistry, molecular physics and molecular biology. This transition is driven by
NAC in the critical region of avoided crossing or conical intersection. This transi-
tion has been studied as an electron transition between adiabatic PESs on the BO
approximation (Adachi and Yasui 1987).

NAC and the Longuet-Higgins/Berry phase always coexist as a reciprocal
relation in the dual-layered molecular energy system. Study of nonadiabatic mole-
cular dynamics is a most difficult but a most interesting problem in chemistry.
To disentangle problems in cooperative dynamics between electrons and nuclei is
an essential and important problem in molecular science.

2.1.6 Aim of Our Study

Asignored problems which have been existing subconsciously as important problems
from the beginning of quantum chemistry, we point out multivariable problems,
which is concerned with functional relation between electronic state and molecular
structure, introduction of nonlinear variational parameters to define molecular
orbital equation, multiple constraint conditions for including electron correlation
effect into the Lagrangian function, multivariable expression of molecular integrals
over the STFs, cooperative dynamics of electrons and nuclei in molecular systems,
method for solving the HFR equation without SCF iterative technique, and so on.
Quantum chemistry has been developed without recognizing these multivariable
problems.

The aim of our study is to construct a theoretical base to solve these multivariable
problems beyond the traditional quantum chemistry constructed on the numerical
method. As a first step to construct algebraic quantum chemistry, we shall propose an
algebraic MO theory.
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2.2 Theory

In this section, we propose a method for defining an algebraic MO equation by
the variational principle. Two innovative methods are given, polynomial expression
of molecular integrals and the Lagrangian function with extended constraint
condition.

2.2.1 Polynomial Expression of Molecular Integrals

In order to retain an atomic picture in a multivariable MO theory, we adopt a linear
combination of atomic orbitals approximation (LCAO-MO)

atom AO(a

¢k(C,7,C,R) Z Z cap;(ap(;a,gap,Ra,{na,,, a,,,ma,,}) (2.3)

in this study. On the left hand side of Eq. (2.3), ¢, denotes for the k-th molecular
orbital, and on the right hand side of Eq. (2.3), C the vector of linear combination
coefficient of basis function, { the set of orbital exponent of the basis function and
R the atomic configuration, a the sequence number of constituent atoms, AO(a) the
number of basis functions centered at a, p the sequence number of the basis
functions at a, y,, the p-th basis function centered at a, {n, [, m} is the set of
quantum numbers of the basis function, and r, the polar coordinates of electron with
origin at a. In the following the basis function y is written by omitting the set of
quantum numbers {n, [, m} in short.

Molecular integral is integration over coordinates of electron which is the
fastest particle in molecule. On the assumption that atomic configuration R and
nonlinear parameter { are constant during integration, molecular integral is defined
as a symbolic function with respect to R and {. Molecular integral is a minimum
symbolic element in the algebraic MO theory on the BO approximation.

In order to construct algebraic MO equation, we prepare polynomial expression
of molecular integrals through two steps. In the first step, we execute molecular
integral analytically remaining R and ¢ in symbol. Even in case when analytical
expression of molecular integral is tremendously complicated, analytical molecular
integral is a minimum symbolic element that enables to express MO equation in
symbol. In the second step, we transfer analytical molecular integral by the Taylor
expansion method given by Eq. (2.4) from analytical expression to polynomial
expression in order to give an algebraic structure to the MO theory (Yasui 2010,
2011). A method of analytical expression of molecular integrals over STFs is
described in detail in the next chapter.
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where xy means the center of the Taylor expansion distributed so as to keep the
polynomials in the same order in any region of variables. The last term in Eq. (2.4)
is the approximate expression of single variable functions. This method can be
easily extended to multivariable functions. Let us show an example for the case of
overlap integrals. Overlap integral between basis functions centered at A and
B separated by R is given

$(60 €01 = [ (7R e (7o . 25)

Applying the Taylor expansion method, overlap integral can be approximately
expressed in polynomial with respect to atomic distance R, and orbital exponents

Caand g

S(Cw CbaR);\lg = Z A({I’la, la7 ma}Aa {nb7 lba mb}g)pa’l,h,pRCZHthRpR7 (26)
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where A stands for coefficient of polynomials expressed by rational number of
fields. Coefficients of polynomial molecular integrals can be calculated and stored
in advance for R and £ over full range. Equation (2.6) shows that overlap integral is
a polynomial ring with respect to R, {, and ¢, The same procedure is applicable for
other one-electron molecular integrals and two-electron molecular integrals to
change their expressions from analytical to polynomial. By introducing of polyno-
mial expression of molecular integrals into MO equation, we can define MO
equation as an algebraic equation. Molecular integral expressed in polynomial
works as a polynomial ring in the algebraic MO theory.

2.2.2 Total Electronic Energy

Owing to the polynomial expression of molecular integrals with respect to atomic
configuration parameters and nonlinear orbital exponent parameters, we can define
total electronic energy as a multivariable function

E[N,n,Z,R,C,{] =T[|N,n,Z,R,C,{] + VIN,n,Z,R,C,{], (2.7)

where N is the number of atoms in molecule, n the number of electrons in molecule,
Z the set of nuclear charge for each atom in molecule, R stands for the set of atomic
configuration parameters, C is the set of linear combination coefficients, and { the
set of nonlinear orbital exponents of basis functions, T and V on the right hand side
stand for the total kinetic energy of electrons and the total potential energy,
respectively.
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We write total kinetic energy of electrons in LCAO approximation

N AO(a

TIN,n,R,C,{] =) Z Z Dap.pglnt, Cltap. s R, €], (2.8)

ap

where a and f run over all pairs of atoms in molecule, AO(a) stands for the order of
basis functions on the a th atom, and a density matrix on the right hand side is
defined as

occu.MO

Dap.pgln, C] =2 Z CikCho» (2.9)

where k runs over occupied molecular orbitals, and kinetic molecular integral on the
right hand side in Eq. (2.8) is defined in atomic unit as

% — 1 —
tap,ﬂKI[Ra é‘] = J dv)(ap (rav Capa Ra) (2A>Xﬁq ( rp, Cﬂqa Rﬂ) . (2 10)

Total electronic potential energy is expressed as a sum of nuclear-electron attrac-
tion potential energy V", electron-electron repulsion potential energy V°°, and
nuclear- nuclear repulsion potential energy V"

VIN,n,Z,R,C,{] =V¥|N,n,Z,R,C,{] + V*[N,n,R,C, ] + VM™"IN,Z,R]. (2.11)

We write nuclear-electron attraction potential energy on the right hand side in
Eq. (2.11) in LCAO approximation as

N AO(a) AO(p)
VYN0, Z,R,C 0 =D Y Z Dap.pa[n, CIVY L INZ R, (2.12)
a,p P
where
N
Vg’eﬁq[N’R’R’ﬁ = Zzyvgp,pq[R;C] (2.13)
Y

and nuclear-electron attraction molecular integral on the right hand side in
Eq. (2.13) is defined in atomic unit as

A v 1
88 = [Vt (Fo o Rt (P ). @10
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where R, stands for the distance of y th atom from the origin of the internal
coordinates for molecule. We write total electron repulsion potential in Eq. (2.11)
in LCAO approximation as

N AO(a)AO(B)AO(r)AO(5)

V[N,n,R,C,¢] = ZZZZZ

llﬂ,}’,(S p (215)
1
Dap,ﬂq [na C] [Iap»ﬂq, 77,08 [C:’ R] - Elap,yl‘,ﬁq, ds [Cv R]:| D}'i‘, 3s [nv C]a

where a, f, y and d run over all combinations of four atoms in molecule. We define
electron-electron repulsion molecular integral in Eq. (2.15) in atomic unit as

Iap,ﬂq,yr,&‘ [C, R} = devldVZXZP <71aa gapa Ra))(/t’q (71ﬂ7 C/}(p Rﬂ)

L 3 (2.16)
E)(yp (’.2}'7 CyraR}'>)(§s(r25a é‘észb') .

Nuclear repulsion potential on the right hand side in Eq. (2.11) is written in atomic
unit

VMIN,Z,R] Zz z,, (2.17)
a,f

where R is a atomic distance between «a th atom and f th atom.

The variables in total electronic energy in Eq. (2.7) are separated to two groups.
In the first group, number of electrons n and linear variational parameter C belong
to the density matrix. In the second group, number of atom N, atomic charge Z,
atomic configuration R, and nonlinear orbital exponent { belong to the molecular
integral. We can prepare molecular integrals in Egs. (2.5), (2.10), (2.14), and (2.16)
in advance for full range of R and ¢, and use them in algebraic MO calculations.

2.2.3 Extension in the Variational Principle

On the variational principle, MO equation is defined with the method of the
Lagrangian multiplier. In this study we construct the algebraic MO equation by
extending the Lagrangian function with respect to nonlinear variation and con-
straint condition.

By polynomial expression of molecular integrals with respect to orbital expo-
nent of basis function, we introduce nonlinear variational parameter to the defini-
tion of the Lagrangian function. This enables the variation principle in nonlinear
space. Huzinaga’s book shows significant effects of nonlinear optimization to
obtain better eigenstates.
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The traditional MO equation, for example the HFR equation and the KS equa-
tion, is defined using the Lagrangian function with a single constraint condition.
The Lagrangian function for the HFR equation consists of the total energy and a
constraint condition in Eq. (2.18)

Lyrg [C} = EHFR[C] + ASGS[C], (218)

where C stands for linear combinational coefficient of basis function, Ag on the right
hand side in Eq. (2.18) is the Lagrangian multiplier, and G, means constraint
condition of orthonormality of molecular orbitals. The Lagrangian function denoted
by Lyrr in Eq. (2.18) leads the HFR MO equation by applying the variational
principle

0
%LHFR [C] =0. (2.19)
Equation (2.19) shows that the HFR equation is defined only in the linear varia-
tional space.

While the HF equation or the KS equation is defined using the Lagrangian
function with a single constraint condition, orthonormal condition of MO, we define
the algebraic MO equation using the Lagrangian function with multiple constraint
conditions in Eq. (2.20)

Lmu/fi[N7n7zvR7C7C7ﬂ] = E[N,U,Z,R,C,g] + Z/I[G,‘[N,H,Z,R,C, 5]7 (220)

where L,,,;;; on the left hand side is a Lagrangian function with multi constraint
conditions, 4; stands for the Lagrangian multiplier for the i th constraint condition,
and G; a necessary condition which is obeyed by the exact solution of the
Schrodinger equation. We name the additional constraint condition in the Lagrang-
ian function as the Schrédinger condition. We furnish the new Lagrangian function
with a set of constraint conditions each of which has a different action in
approaching the limit of variation. Choice of constraint condition depends on the
aim. By the new Lagrangian function with nonlinear variational parameters and
multiple constraint conditions, we define an algebraic MO equation on the varia-
tional principle

%Lmulti[Na }’l,Z,R, Ca Ca ﬂ = O’ (a = C’ g) (221)

Exact eigenfunction of the molecular Hamiltonian of the Schrédinger equation
should obey the Schrodinger condition, such as Kato’s cusp condition, the virial
theorem, the Hellmann—-Feynman theorem (Feynman 1939) and the Liu—Parr—Nagy
identity (Liu et al. 1995). Each condition subjects the trial function to a different
action as discussed below.
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The orthonormal condition of molecular orbitals is generally expressed as

C (R)S(¢,R)C(R) = 1. (2.22)

At any molecular structure R, linear combination coefficient C and nonlinear orbital
exponent of basis functions ¢ cooperate to satisfy the orthonormal condition. In the
algebraic MO theory the orthonormal condition in Eq. (2.22) is expressed by
simultaneous polynomial equation. All other Schrodinger condition is the same.
Kato’s cusp condition is a condition for eigenfunctions at the singular point of
Coulomb interaction or in the vicinity of atomic center. In the algebraic MO theory
the nuclear-electron cusp condition is adopted mainly as a local constraint condition.
Three equivalent expressions for the nuclear-electron cusp condition are given as

w(0) + @ =0, (2.23)
p(0) + ’% =0, (2.24)
Z= _;pp(((()))) - —%}i_r%dloggp(r), (2.25)

where y is the eigenfunction, Z the atomic charge, p (r) the electron charge density.
The electron charge density at nucleus in Eq. (2.24) has a relation to the Fermi
contact interaction. The energy of Fermi contact interaction is proportional to square
of electron charge density at atomic center. Since every atomic center is a singular
point of Coulomb interaction in molecule, the nuclear-electron cusp condition holds
at every atom. The Eq. (2.25) means that the atomic number Z is proportional to the
derivation of electron charge density over electron charge density at nucleus. The
nuclear-electron cusp condition implies that the atomic positions are determined so
as to satisfy the nuclear-electron cusp condition in molecule.

In this study the molecular electron charge density in LCAO approximation is
expressed as

pIN.n,R.C.E)(7) = mechc]()

+2N:Nipa,,nkc¢]( ) (2.26)

a>2 ﬂ <a

where electron charge distributions on atom or between atoms are defined as

Pa.alt: R, C, (] (7) => > (2.27)
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AO(a) AO(p)

Puglns R C.0(7) = >3 Danln Uiy (P G R 3y (7 oo Rs) . (2:28)

respectively. The sum of electron charge density at nucleus can be expressed as

N N-1
pIN,n,R,C,Z)(0 ZpaanR C.0)+ Y>> pusln,R,C.L(0), (229)
a>2 f(<a)
where
AO(a) AO(a)
pa a[n R C = Z Z Dal’ aq I’l C])(ap( ’411P7R“))(ﬂq(07 C’"I’R“)7 (230)
p q
AO(a) AO(B)

(2.31)
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There is another relation with respect to electron charge density at nucleus. The
Liu—Parr—Nagy (LPN) identity expressed as

p(0) = 47Jv ) gy (2.32)

Il

has a qualification of constraint condition in the Lagrangian function. Although the
LPN identity has an electron charge density at nucleus on the left hand side, it does
not require the relation to the atomic charge Z on the right hand. The electron charge
density at nucleus appears in Egs. (2.24) and (2.32).

The virial theorem in the Born-Oppenheimer approximation is expressed as

OE[N,n,Z, Ry, C,{]
oR,

N
2TIN,n,R,C.{] +VIN,n,Z,R,.C.{] + > R, =0. (2.33)

Equation (2.33) means that the kinetic energy and the potential energy are balanced
with help of the third term at any molecular geometry point on the adiabatic total
energy surface (Mayer 2010). Since the exact solution of the HFR equation satisfies
the virial theorem, the virial theorem can be adopted as a constraint condition in the
algebraic Lagrangian function.
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The Hellmann—-Feynman theorem

0
5o EIN.n.Z,R.C.(] = <‘P(a)

0
%H[N,n,z,ze,c,z]]wm)} (2.34)

can be adopted as a constraint condition in the algebraic MO Lagrangian function,
where a is a parameter included in the Hamiltonian. Equation (2.34) shows the
general form of the Hellmann—-Feynman theorem from which specific theorem,
such as the virial theorem and the electrostatic theorem, is derived.

There are mathematical conditions which are satisfied with the exact
eigenfunction of the molecular Hamiltonian, for example, closure relation for
quantum mechanical operators. We can select the combination of constraint con-
ditions according to the aim.

Although it is expected that the Lagrangian function extended with nonlinear
variational parameters and multiple constraint conditions would be effective, it is
necessary to keep the basis set in an adequate size.

2.3 Discussion

In the previous section we proposed a method for defining an algebraic MO
equation in detail. In this section we will discuss about advantage and expectation
in the algebraic MO theory.

2.3.1 Multivariable Theory for Chemistry

It is worth constructing a multivariable theory for quantum chemistry because
chemistry is a science of atoms and molecules described by many quantities
associated with nucleus and electron, and parameters of external fields such as
electromagnetic field and boundary conditions applied to atoms and molecules.
Mechanism of chemical reaction and that of electromagnetic property of molecule
are fundamentally multivariable problems.

As a methodology for multivariable problems, numerical method is inadequate
because much information of molecular parameters disappears in numerical oper-
ations of addition and multiplication.

The object of chemistry is not always a forward problem. The order of searching
solutions depends on the problem. It is difficult to remove the distinction between a
forward problem and an inverse problem on the numerical method. On the other
hand, the algebraic MO theory is adequate for multivariable problems and because
many variables are expressed by symbol so that their symbolic meanings are
conserved during calculation process.

The algebraic MO theory is also adequate for inverse problem because the order
of searching solutions is interchangeable.
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The algebraic MO is an approximate equation of the molecular Schrédinger
equation in affine space (Yasui 2010, 2011). Symbolic calculation on polynomials
is essential in this theory.

2.3.2 Polynomial Expression of Molecular Integrals
over STF's

Most innovative part in this study is an introduction of polynomial expression of
molecular integrals to molecular orbital theory. This enables to construct the
algebraic molecular orbital theory in affine space. Mathematically, molecular
integral expressed in polynomial plays a roll of polynomial ring, and changes the
form of molecular orbital equation from matrix equation to simultaneous polyno-
mial equation. The set of solutions of polynomial MO equation is the approximate
affine variety of the Schrodinger equation. This is a basic idea of the algebraic MO
theory with many variables. Molecular integral expressed in polynomial is indis-
pensable to the algebraic quantum chemistry.

Many studies of molecular integral with STO, GTO, and other basis functions
have been done in the development quantum chemistry, however, the use is
confined to numerical calculations. In order to construct the algebraic MO theory,
it is necessary at least that molecular integral is obtained analytically as a function
of atomic configuration parameters and orbital exponents of basis function. By
analytical integration, the parameters of molecular integral keep themselves in
symbolic expression. In addition to that, in order to define the algebraic MO
equation for the second step, it is necessary to transform molecular integral from
analytical expression to polynomial one. This transformation is done by the method
of Taylor expansion.

The aim of quantum chemistry is various. In some studies, the precise calcula-
tion is needed. In other studies, it is important to grasp the essence of chemistry
neither too much nor too little in accuracy. For these aims, polynomial molecular
integral is extremely advantageous especially for large molecules. The accuracy of
polynomial molecular integral is controllable in a wide range of variables by using
adequate expansion centers. On the controllability of accuracy, it is possible to
make a seamless approximation or an effective Hamiltonian on the first principle.

With respect to calculation error, there is no mixing of numerical errors in
symbolic polynomial calculation because the coefficients of polynomial ring are
expressed by rational numbers in this study.

While the algebraic MO theory is constructed in real-space in this study, we can
define it in momentum-space by using the Shibuya-Wolfman integral which is
molecular integral of exponential type basis function in momentum space (Shibuya
and Wulfman 1965; Avery 2000).
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2.3.3 Advantage of Extension of the Variational Principle

The effectiveness of variational principle depends on the set of trial functions, the
set of variational parameters, and the constraint conditions. In principle, LCAO-
MO theory is defined by the set of linear parameters and nonlinear parameters,
however, in most traditional MO theory, nonlinear variational parameters are
omitted. On the other hand, in the algebraic MO equation, orbital exponent is
introduced as a nonlinear variational parameter in the definition of MO equation
through polynomial expression of molecular integrals. In the algebraic MO theory
compatibility of linear variational parameter and nonlinear variational parameter is
attained. The action of orbital exponent as a nonlinear variational parameter is
effective, which is described in Huzinaga’s book. In case of atomic collision, for
example, overlap of wave functions between atoms begins to contact with their tails
of wave functions in the asymptotic region determined by the orbital exponent of
basis functions. Contact of wave function brings about initial separation of molec-
ular energy level in the same symmetry, and works to stabilize total electronic
energy of atomic system. Using linear parameters and nonlinear parameters, trial
functions fit precisely the details of variational active space of the molecular
Hamiltonian so as to approach local minimum of total electronic energy under
the set of Schrodinger conditions. In addition to accurate eigenenergy in the
algebraic MO equation, more precise eigenfunction will be obtained by the extend
variational method for degenerated state or quasidegenerated state of the
Hamiltonian.

The set of the Schrodinger condition acts to extend variational function space in
which each condition takes a different action to minimize total electronic energy in
molecule. Thanks to polynomial expression of molecular integrals, we can extend
the Lagrangian function without difficulty.

The orthonormal condition is a nonlocal constraint condition. In the algebraic
MO theory the orthonormal constraint condition in Eq. (2.22) works not only in
linear variational space through the density matrix but also in nonlinear variational
space through the overlap matrix. On the other hand, in the traditional MO theory,
nonlinear orbital exponents in overlap matrix are fixed in numerical value so that it
is difficult to optimize MOs at arbitrary molecular geometrical point.

Atomic center is a singular point of Coulomb potential in molecule. By Kato’s
nuclear-electron cusp condition expressed in several form in Egs. (2.23), (2.24) and
(2.25), wave functions of the Schrodinger equation is able to avoid the divergence
at atomic centers. As described in Eq. (2.29), atomic charge at atomic center
includes contributions from the outer region. This means that cusp and tail of
basis functions hold Kato’s nuclear-electron cusp condition. Exact wave functions
or exact electron charge densities, which obey Kato’s nuclear-electron cusp condi-
tion, distribute in molecule so as to determine molecular structure, in other words, it
might be said that Kato’s nuclear-electron cusp condition gives a principle to
determine molecular structure.
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While the LPN identity in Eq. (2.32) includes electron charge density at atomic
center, it does not require atomic number Z in the definition. Since electron charge
density at atomic center appears both in Kato’s nuclear-electron cusp condition and
the LPN identity conditions, these conditions are intrinsically the same. By this
reason, the LPN identity is approximately applicable to non-exponential basis
functions, such as Gauss type functions.

The virial theorem in Eq. (2.33) holds at any molecular structure in the stationary
state. Equation (2.33) means that kinetic energy and potential energy are balanced
exactly with a help of the third term, which is an inner product of atomic position
vector and gradient vector of the electronic total energy surface. It is interesting that
the kinetic energy and the potential energy are global quantities but the third term is
a summation of local quantities. Since the kinetic energy is always positive and the
potential energy is always negative, the third term has to work as an adjuster to hold
the virial theorem. This suggests that the third term needs accuracy. In the third
term expressed in polynomial, first derivation of electronic total energy with respect
to atomic position vector is obtained analytically. At any molecular geometrical
point, the kinetic energy, the potential energy and the third term are able to take a
balance among themselves by optimizing linear variational parameters and
nonlinear variational parameters in this study.

It is well recognized that the fulfillment of the Hellmann—Feynman theorem is
difficult by poor basis functions. This suggests that the Hellmann—Feynman theo-
rem works as a strong constraint condition for defining a precise MO equation. It is
expected that the Hellmann—-Feynman theorem expressed in polynomials with
respect to linear parameters and nonlinear parameters will play an effective roll
as a strong constraint condition in the Lagrangian function.

Compared with a single constraint condition, the set of constraint conditions will
generate more precise constraint condition as a whole. Multiple constraint condi-
tion increases a degree of freedom of trial function in variational active space.

By the cooperative effect by nonlinear variational parameter and multiple
constraint condition in the Lagrangian function, the algebraic MO equation will
provide more accurate eigenenergies and MOs than the traditional MO
equation does.

2.3.4 Advantage in Calculation of Electron Correlation

Since the Schrodinger equation includes the electron correlation or the many body
effect completely, electron correlation energy is defined by the total energy differ-
ence between the HF equation and the Schrodinger equation. Both the HF theory
and the algebraic MO theory is based on the one-body model, however, the latter is
superior in the variational principle as described in this chapter. This means that the
total energy difference between the algebraic MO equation and the Schrodinger is
expected to be smaller than in the case of the HF theory.
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The eigenstate obtained by the algebraic MO calculation includes the electron
correlation in some degree because the Lagrangian function adopts the Schrodinger
conditions as constraint conditions. Electron correlation or electron many-body
effect appears in coincident collision among electrons over two particles. Electron
correlation appears not only in the stable eigenstate but also in the transition
process. Electronic polarizability and multielectron transition, for example, are
sensitive to the electron correlation on the ground state and during the transition
process, respectively. The algebraic MO theory is useful in the calculation of
electronic properties in which many-body interactions are active.

Having size consistency, many-body perturbation theory (MBPT) is valid for
calculation of electronic correlations, particularly for large molecules. For a long
time, various variation theory and perturbation theory of electronic correlation have
been studied on the base of the traditional MO theory with orbital exponents of
basis functions being fixed. For this reason, it is difficult for the traditional MO
theory to achieve a high accuracy of electron correlation energy. On the other hand,
it is expected that the algebraic MO theory will lead a rapid convergence in MBPT.

In a case when nonadiabatic interaction and electron correlation is close in
energy, or in a critical region where a drastic reorganization of electronic config-
urations occurs, it may be difficult to analyze those complex interaction. For these
cases, mathematics of polynomial will be useful for disentangling the complex.

2.3.5 |Integer Variables in Quantum Chemistry

Number of atom, atomic number and number of electron is a basic information in
chemistry. The Schrodinger equation includes atomic number Z, number of atom
and number of electron as integer parameter. This means that there exists at least a
relation between the integer parameter and the quantum eigenstate in molecule.
However, it is impossible to know the relation from the HFR calculations because
atomic number Z is dealt as a numerical value. The traditional theoretical chemistry
has no awareness to solve MO equation with respect to those integers. It is
interesting that Kato’s nuclear-electron cusp condition connects directly atomic
number Z and wave function at atomic centers in molecule.

2.3.6 Advantage of Polynomial Equation

M.P. Barnett informed us many papers about applications of polynomial equation
in the field of chemistry except quantum chemistry (Barnett et al. 2004).
M. Minimair and M.P. Barnett explained how to solve polynomial equations by
using Grobner bases (Minimair and Barnett 2004). Algebraic computational theory
of polynomials has been developed in recent years (Cox et al. 2007), however, there
has been no algebraic method in the development of quantum chemistry.
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There are several mathematical advantages in solving a simultaneous algebraic
equation. Firstly, it is possible to identify the existence of solutions rigorously even
if it is difficult to solve the equation under a difficult condition. Secondary,
identification of the number of solutions is possible. Lastly, it is possible to identify
the relations among variables. In some cases, there is a remarkable possibility to
find a useful relation among molecular variables. In addition to that, there is a great
advantage in the algebraic method, that is, there is no distinction between forward
problem and inverse problem. We can obtain solutions in any sequence of variables
from polynomial equation.

The SCF iterative technique is a standard method for solving a nonlinear MO
equation by regarding it as a linear equation. For small molecules SCF iterative
technique is useful, however, it is inconvenient in case when a quasidegenerate
electronic state exists. In some cases, quasidegenerate state cannot be solved by the
SCEF iterative technique. On the other hand, the algebraic MO equation needs no
SCF iterative technique because nonlinear polynomial MO equation is solved
algebraically. This is a great practical advantage of the algebraic MO equation.

2.3.7 Advantage in the Born-Oppenheimer Approximation

Study of nonadiabatic interaction between electron and nucleus is interesting as a
fundamental interaction in chemistry. There are two interesting problems after
obtaining PESs on the BO approximation. The one is to solve nuclear eigenstates
on PES by using NAC. The another is to solve nonadiabatic electron transition
probability between PESs by using NAC.

In the BO approximation, total molecular wave function is expressed by the sum
of product of electronic wave function and nuclear wave function. The phase of
electronic wave functions and that of nuclear wave functions cancel each other in
the stationary state. This cancelation mechanism is a hidden nature in the nuclear
Schrodinger equation. Nuclear quantum state is sensitive to NAC and PES because
energy separation between nuclear quantum states is much smaller than that of
electronic adiabatic PESs. In order to give a reliable description for nuclear state, it
is better to express NAC and PES by continuous parameters, not by discrete
numerical parameters. Owing to the method of polynomial expression of NAC,
the nuclear Schrodinger equation will be solved in high accuracy. Construction of
the coupled Schrodinger equation for electrons and nuclei is a fundamental problem
not only for nonadiabatic process but also for molecular dynamics on the BO
approximation in a wide range of time.

Within the adiabatic approximation, the time-dependent electronic wave func-
tion has the dynamical phase and the Longuet-Higgins/Berry phase which are
acquired by the eigenenergy of electronic state and NAC, respectively. Acquisition
of NAC and the Longuet-Higgins/Berry phase needs consistency in solving the
nuclear Schrodinger equation. Acquisition of electronic eigenstate and nuclear
eigenstate on the BO approximation is a multivariable problem. In symbolic
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calculation of NAC and the Longuet-Higgins/Berry phase, polynomial method will
be useful. NAC and the Longuet-Higgins/Berry phase expressed as a multivariable
function will play an important roll as a reciprocal relation in the Born-
Oppenheimer molecular dynamics.

Nonadiabatic electron transition appears in fundamental process in many fields
of molecular science, such as chemical reaction, especially important in photo-
chemistry, slow atomic collision, spectroscopy for electron and nucleus, surface
science, solid-state physics. The nonadiabatic electron transition probability is a
time-dependent problem. In slow atom-atom collision, the transition near the
avoided crossing region of adiabatic electronic states obeys a selection rule differ-
ent from that for dipole transition. To discover a region where the nonadiabatic
electron transition occurs between PESs is an interesting problem.

Conclusion

In this chapter we proposed a method for defining an algebraic molecular
orbital equation in order to construct a multivariable symbolic quantum
theory for molecular science. We defined the algebraic MO equation as a
simultaneous multivariable polynomial equation on the nonlinear variational
principle by introducing polynomial expression of molecular integrals over
STFs with respect to atomic configuration parameters and nonlinear orbital
exponents of basis functions. In this algebraic theory there is no need of SCF
iterative technique and there is no distinction between forward problem and
inverse problem. The algebraic MO theory is beyond the Hartree-Fock theory
in spite of one-body model because our theory includes electron correlation
by adoption of the Schrodinger condition as constraint condition in the
Lagrangian function. Using controllability of polynomial molecular integral
accuracy, a seamless effective Hamiltonian can be defined without lack of the
first principle in a wide range of physical dimension. This study brings a new
practical method on the first principle for large molecules with accordance to
the aim of study.
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Chapter 3

Analytical Expression of Molecular Integrals
over Slater-Type Functions for Generating
Their Polynomial Expressions

Jun Yasui

3.1 Introduction

Electromagnetic property of molecule changes depending on the molecular struc-
ture. It is a fundamental problem to express molecular quantum system symboli-
cally as a function of molecular structure. Molecular orbital equation is defined
almost on the LCAO-MO method in which basis function is located at atomic
center. The Hartree-Fock-Roothaan equation (Roothaan 1951), the Hartree-Fock-
Slater equation (Slater 1951, 1974, 1979), and the Kohn-Sham equation (Kohn and
Sham 1964) adopt the LCAO-MO method. In these standard equations, however,
the Fock matrix consists of molecular integrals calculated numerically in advance
of diagonalization of the matrix, and eigenvalue problem is solved numerically
using SCF iteration scheme. As long as the MO equation employs numerical
molecular integrals, we cannot deal with molecular property as an analytical
function of molecular structure because symbolic information of molecular struc-
ture vanishes in the process of numerical calculations. The important role of
analytical molecular integral is to connect electronic state and atomic configuration
because molecular integral is a parametric function of atomic configuration.
Molecular calculation method mostly chooses Gaussian-type function (GTFs) as a
basis function for the convenience to multicenter integrals, however, wave function
expanded by GTFs does not obey the cusp condition between nucleus and electron,
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This means that GTF is not superior basis function to expand wave functions
of the Schrédinger equation since the cusp condition is a necessary condition
which should be obeyed by the exact wave function of the Schrédinger equation
(Kato 1957).

Since wave function expanded by Slater-type functions (STFs) with exponen-
tial decay obeys the cusp condition, many studies of molecular integral over STFs
have been studying in spite of difficulty of multicenter integration (Kotani et al.
(1955), Silver (1971), Jones (1980, 1988, 1994), Huzinaga (1980, 2000), Yasui
and Saika (1982), Wojnecki and Modrak (1993), Hierse and Pooeneer (1994),
Fernandez Rico et al. (1994), Yasui et al. (1996), Avery (2000), Barnett et al.
(2004), Guseinov (2007), Yasui (2010, 2011)). In more general, exponential basis
functions (ETFs) is intrinsically better as a basis function to approximate exact
solutions of the Schrodinger equation. Molecular integrals over ETFs has been
discussed and reviewed by Reinhardt and Hoggan (2009). We can also see the
usefulness of STFs in the works of Mukoyama who employed STFs for the bound
states and continuum states (Mukoyama and Yasui 1992; Mukoyama and Hock
1994). However, these molecular integrals over ETFs or STFs are used in numer-
ical MO calculations at present, even in cases when the formulations of molecular
integral are executed analytically or symbolically. On the other hand, we need
molecular integrals not only in analytical form but also in the form which keeps its
symbolic expression in the MO equation.

Our MO theory is constructed on the algebra. The aim of this study is to
formulate analytical molecular integral over STFs which is adequate to generate
polynomial expression of molecular integrals with respect to molecular structure
and orbital exponent of STF. In addition to that, we are going to obtain polynomial
molecular integrals by which efficient MO calculations are executed. By applying
the Taylor expansion method to analytical molecular integrals, for example,
two-center overlap integral between STFs centered at A and B with atomic
separation of R is expressed approximately as

SCa b RN S0 Al la b (o)), 80 GRS
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where ¢, and g, mean a set of quantum numbers, {n,,l,,m,} and {ny,l,,m;} of STFs,
respectively, and coefficient A in the summation can be expressed in rational
numbers. In the previous chapter we proposed the algebraic MO equation based
on the polynomial expression of molecular integrals. Polynomial molecular integral
makes it possible to define the effective hamiltonian without lack of the first
principle by controlling molecular integral accuracy in a wide range of physical
dimension. By the algebraic MO equation with the effective hamiltonian based on
polynomial molecular integrals, we are going to answer to the Dirac’s worry on the
difficulty in studying chemistry using the Schrodinger equation (Dirac 1929).

For the first step to construct algebraic quantum chemistry, it is worth develop-
ing molecular integrals over STFs for diatomic system because diatomic molecule
is a minimal molecular system with chemical bond. In diatomic system, motion
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of electron and nucleus is coupled nonadiabatically. It is a fundamental problem
to solve nuclear motion and electron motion simultaneously beyond the
Born-Oppenheimer approximation. In order to solve nuclear Schrodinger equation,
it is better to express potential energy surface as an analytical function of atomic
configuration.

In this study we deal with molecular integral in real-space, while it is possible
to define molecular integral in momentum space (Shibuya and Wulfman 1965;
Mukoyama and Kagawa 1983). As was mentioned above, analytical molecular
integral is essential in quantum chemistry. We have developed the method to
formulate analytical molecular integral over STFs in real-space in order to lead
polynomial expression of molecular integral at first for monoatomic system and
diatomic system.

3.2 General Formulation

3.2.1 Preliminaries

For the sake of convenience, we begin with a brief explanation of the notation and
definitions necessary in what follows. In this article, atomic units are used.

3.2.1.1 The Coordinate System

We shall adopt the coordinate system as shown in Fig. 3.1 in this article.

A and B are the two fixed centers with separation R. A is the origin of this
coordinate system. The STFs are centered at A and B. P; and P, are the positions of
electron 1 and 2, respectively. C is the position of another nucleus which interacts
with electron charge density expressed by the product of STFs.

Fig. 3.1 Two-center
coordinate system

\4
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3.2.1.2 Slater-Type Function

Normalized STF assigned by quantum numbers, {n,,/,,m,}, centered at A is written
in the form

#(7) = Raalra)Y}* (6a. ) (3.1)
where R4, is a normalized radial function
Raa(ra) = Ny(na, £)ry ™ exp(—Lara) (3.2)
N, is a normalization constant
N, (n, ) = (26)"/[C@n+ 1) (3.3)

where I'(x) is the gamma function,
Y," is a real, normalized spherical harmonic function

Y7 (6as §a) = pi" (cos 64)fn(¢) (3:4)
p/" is a normalized associated Legendre function
P () = Nu(l,m)P["(x) (3.5)
and f,, is a normalized function with respect to ¢

cosmep | for m>0
sin |m| ¢ }for m < 0. (36)

1) =Ngtm) {

Useful formulas with respect to the real spherical harmonic function are
summarized in Appendix A.
3.2.1.3 Molecular Integrals Discussed in This Article

We formulate the following one-center and two-center one electron integrals,

Overlap one-center integrals:

S = /dV;(Z(?);{f(?) (3.7)

Overlap two-center integrals:

Sip = /dVA)(f{ (T'A);(}; (73) (3.8)
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Kinetic energy one-center integrals:

TS = /dv;(;;(?) {—%ij; (7)] (3.9)

Kinetic energy two-center integrals:

i = [ avari(7a) [—;Aﬂdg’ (73)} (3.10)

Nuclear attraction energy one-center integrals:

a af\1 pr=
Vil o E/dV;{A(r) ;)(X(r) (3.11)
a af= 1 _
VAZ/B E/dV)(A (’) ﬁxﬁ(r) (3.12)
r _RB)
Nuclear attraction energy two-center integrals:
vab = [ av afib~ 313
AB/A = AXa\Ta rA)(B B (3.13)
ab af— 1 b —
Visie = | a@Vaxi(ra) ——2b(7s) (3.14)
P

We formulate the following one-center and two-center electron repulsion
integrals,

One-center electron repulsion integrals:

viti= [an [ (F) (R ni(R)(R) 61

Coulomb-type integrals:

Viai = /dvl /de}{Z (7A1>)(/[§ (7A1) %)(E (732))(3 (732) (3.16)
Hybrid-type integrals:

Vikis = /dV1 / dVaxi (?Al)xf (7A1) rlz)(f{ (ﬂz)){é’ (732) (3.17)
Exchange-type integrals:

. - = 1 /- _
VXZ?SR E/dvl/dVZXX<VA1)Z§(”Bl)a){ﬁ(mz))(g(l‘gz). (3.18)
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3.2.14 Coordinate System of Integration

For one-center integral, integration is executed on the coordinate system with origin
at A in Fig. 3.1 as follows

0 b4 2z
I— / radra / sin O, d6, / deg, (3.19)
0 0 0

where subscript of ¢ is omitted for simplicity because ¢4 and ¢y are defined in
common.

For two-center integral, we introduce several transformations in the coordinate
system shown in Fig. 3.1.

By the cosine rule, we express cosf, using R, r4 and rp of triangle.

re = R* + 1% — 2Rr4 cos 0, (3.20)
cos 04 = (2Rra) " (R* + 1% —1}). (3.21)
Using the binomial expansion method,
iy NS (NS (00N ioen penia a2 20
cos 6A_Z(i>;<j )( 1) 27" R/ ra, (3.22)
Introducing x, we can express radial distance 7z by R, r4 and x

(3.23)

S R+rax forra <R
B=\ra+Rx forra>R

where — 1 <x<1.

3.2.1.5 Change of Variable for Two Center Integration

Using Egs. (3.21) and (3.23), we can change variable for integration from 6, to x,
and obtain the Jacobians for two regions, respectively, as follows.

sin 9,4 dgA = (RI‘A)_] rp dl‘B (324)
J(rA, R ’rA < R) =R lry

J(rA, R |rA > R) =r;'rs. (3.25)

Using the new Jacobian, we can integrate two-center functions as follows

R 1 27
g)dV — R [ rid g)rgdx [ d
/f('B) V—R /0 ' rA[1f<'B)rB x/o ¢ 3.26)

+/ROCI‘AdrA/llf(VB)"de/OZ”dfﬁ

where subscript of ¢ is omitted because ¢ 4 and ¢ p is the same (Milleur et al. 1966;
Christoffersen and Ruedenberg 1968).
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Fig. 3.2 Partition of ry
integral domain
1
1
1
]
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3.2.1.6 Domain of Integration

According large/small relation among atomic distance R, radial distance of the first

electron ry, and radial distance of the second electron r, domain of integration is

separated symmetrically along the line r; = r; into six regions as shown in Fig. 3.2.
Six regions of integration are labeled in the following,

Region 1-1 for r, <ry <R, Region 1-2 for r, <R <ry, Region 1-3 for R <7, <1y,
Region 2—1 for r; <r, <R, Region 2-2 for r; <R <r,, Region 2-3 for R <r; <ry.

3.2.1.7 One-Center Charge Density Centered on A

For the convenience of formulation, using a useful expression of product of
spherical harmonic functions given in Egs. (3.27, 3.A22)

Y10, 9)Y) (0, 4) = ®(ma, my, may Z@(m" W ’?f)YZZ;;"(& P).

Map

(3.27)

Charge density by the product of STFs on the same center is expressed

pik (7/\) =x4 <7A>Zf§ (7A)
=R (ra)Y} (6, ¢)R£(rA)Y;Zh(9A7 ®)
= Ny (1, Co)N (1, Cp )ra™ = 2exp(— (£, + L)1) (3.28)

chDma,mmmabZ@( “ ’Z‘;’))Y?Z:”(W)

b
Maly lab
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3.2.1.8 Transfer of Origin of Spherical Harmonics from B to A

The following expansion is used to transfer a spherical harmonic function from
center B to center A (Hobson 1931; Barnett and Coulson 1951; Buehler and
Hirschfelder 1951; Lowdin 1956; Sharma 1976)

!
Y08, ¢) = > TR ryrg'Y[ (04, §) (3.29)
k:’m|

where the constant TZ” is defined by

N, (I, m) (I + |m])!
Nolem) (1= 0k + ]!

3.2.1.9 Two-Center Charge Density Centered on A and B

T = (1) (3.30)

Making use of Eq. (3.A29),

pjg (7A, R) =4 (7,4)){{;7 (?B)
=RY(r)Y" (64, §) -R”(rB)Y?Z”(GB, )

- Nr‘(na’ ga) (l’l},, Cb) e exp(_CarA)rZh_l exp(_cer)
Iy

lymy, mg, mp Mg
< T @m0 1 )
kb:| mh| ab ab
X R[”fk”rﬁ”rgl"Y;Z:” (64, P)
(3.31)
where rp is kept in formula without changing to x because rp appears from other
part, for example, the Jacobian in Eq. (3.26).

3.2.1.10 One-Center Charge Density Centered on B

Making use of Eq. (3.A34), one-center charge density centered on B is expressed as

pith (ra R) = 28 () b (75
= Ry(rg)Ry(rs) - Y} (05, §) Y}" (05, )
= N,y (nay L) No(np, C) g™ Zexp(—{Cu + Cp}ra)

X Zq) mgy, Ny, Mgy Z@( “ mh mah) (332)

ab
mah

Kkaby=|Mab
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3.2.1.11 Two-Center Integration

As a nonvanishing condition for the integration with respect to ¢, m in spherical
harmonic function Y;” is restricted to naught. By inserting cosf in Eq. (3.21) to
Legendre function in Eq. (3.A11), we obtain a key expression of Legendre function
in which variable cosf, is expressed by the three distances, R, r4 and rg

T

[—2v [—2v—i o )
pY(cos 0,) = Z > P(Lv, i, )R plo20) 2 (3.33)
v=0 i=0 j=0
where
P(L, v, i, ) = Ny (I, 02~ (=2 (_1)"(’_1.”) (1 - ZJ.V - ’). (3.34)
For the spherical harmonic function Y;”,
B raviovi A o
V0. 0) =Y 3 3" 0w,y jyRTI20H) 200 (3.35)
v=0 i=0 j=0
where
O(L v, i, j) = Ny(0)P(L, v, i, j). (3.36)

Legendre function p;, is originally a polynomial function with respect to cosé, but in
this article it is expressed as a polynomial with respect to R, 74, and r as shown on
the right hand side of Eq. (3.33). Variable r can be transferred to x as defined by
Eq. (3.23). Thanks to this expression of Legendre function given by Eq. (3.33), all
molecular integrals over STFs can be expressed as analytical functions of diatomic
distance, R, and orbital exponent of STF, .

3.2.1.12 Two-Center Charge Density with Jacobian

Using the Jacobian in Egs. (3.25) and (3.26), products of the Jacobian and
two-center charge density pj’;} in Eq. (3.31) are expressed for r4 <R and r4 >R,
respectively, as follows
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.](}"A, R|)”A < R)p;{g <7A|rA S R)d)
- 27[N¢(0)Nl(nav CQ)NI‘(nhv Z.:b)

« Z Tlhm;,Zq) m,, mp, mah Zg(ma ]’Z;ib mab>

Mgy
kp=|my,

[’“Th] la,,72v Iah72v7i
XD D D Pllanvi))
V=0 i=0  j=0

y thfkhfl[,h+2<ll+l'>*lrzd_l+kb+l“h_2(y+l+j exp( Ca’A) —lp+2i exp (74’er)
(3.37)
= 2aN4(0) N, (14, £,) N (np, &)
[
Lm Mg Mp  Mgp
X Z Tk’;, b Z¢ Mg, Mp, Ngp Z C) < k}? Zab )
kh: nmpy Mab
(4] 1,20 1iy—20—i ny—ly+2i . (3.38)
S i)y ()
v=0 i=0  j=0 s=0
R[h kh lub ( ) I+s CXp( ChR) n” 1+kb+]"h72(u+i+j)+nh7]h+2i7s
X exp (= ra)x™ 25 exp (— CbRX)
J(ra, R|ra > R)ng (ﬂ]u > R)
= 2nN¢(0)Nr(na, ANACNY
I mh mg My Mgp
X Z T Z (I) muy myp, mab) Z G) ( la kh lah )
fpe | . | Mapy lap
[[‘ITh] Lap—2v lgp—2v—i
XZZ Z P(labsl/si,j)
v=0 i=0 =0
w Rlbp—ko—lap+2(v+i) r{’;a’2+k”+]"’772(”+1+] exp (—=C,r ) —h+ai exp (—¢,rg)
(3.39)
= 27Z'N¢(O)N/(na» Z:a)Nr(nb’ gb)
Iy
Lm mg  mMp Mgy
S SR AR S G
kh:’mh| Mab
lap=2v lap—2v—i mhi2 gL (3.40)
b~ 1p
xzz > Pllnin Y (s )
o« Rt 1h+2(‘+1)+n;,+21 s Zﬂ 2k +Hap—2(v+Hi+))+ ( {Ca + Cb}’A)

X X2 exp (—£,Rx).

For one-center charge density centered on B, it is formulated in the same way.
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3.2.1.13 Short Summary

Two-center integrals over STF can be formulated by the use of three relations with
respect to rz. The first one is cosine rule in Eq. (3.20). The second one is the
introduction of x by which rp is expressed by R, r4 and x in Eq. (3.23). The third
one is transformation of origin of spherical harmonic function from center B to
center A in Eq. (3.29).

3.2.1.14 Formulas Frequently Used for the Calculation
of Molecular Integrals

Let us define a half definite integral as
HX,n ] = {/ drr”exp(—é_,’r)] |x=x- (3.41)

Using this, a definite integral is written by
Xa
/ drr'exp(—=(r) = H[X4,n,{] — HXp, n,{]. (3.42)
X

We shall line up the auxiliary functions using half definite integrals frequently
used in the reduction of the molecular integrals. All molecular integrals will be
deduced into five types of half definite integrals and B function

X
H[X,n (] = / drrexp(—Cr) (3.B1)
X I‘A]
HAX 1. &) = [ dratyexpl-Co) [ dr i exp(-Gora,)
(3.B14)
X
Hb[X,n,¢,, o, &) = / drar exp(—C,ra)B(na, &y, R, 14) (3.D1)

where

1

B(n,{, R, r4) = /IJ(rA, R)dxrjexp(—(rgp) (3.C1)
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th [X7 ”;{17 Z:a’ np, §b7 n3$ é‘(]
I‘Al
= / drA]i‘f"l exp (—C 4, )/ dra, rffz exp(—C,ra,)

X / sin HAdeAZrZZ exp (—¢.rp,) (3.D12)
0
X
= / drArX exp(—{,’arA)Hb[rA, ny, Cb’ ns, é’g}
thb [X, ni, Ca, np, Ch’ ns, Z:C, nyg, é:d]
) (3.D13)

= / drAlr,};ll exp(_z:arAl)B(rQ’ Chs R» rA1>Hb[rA] , N3, é:(‘, Ny, z.:d]

These integrals are described in detail in the Appendices.

3.2.2 One-Electron Integral

In this section, we present the formulation of overlap integral, kinetic energy
integral, nuclear attraction integral as one-center integrals.

3.2.2.1 One-Center Integral

One-center integration is carried out by using Eq. (3.19)

o0 4 2r
1 — / radra / sin @4d0, / de, (3.19)
0 0 0

Overlap Integral

Formulation of one-center overlap integral over STFs is

Sin= / avzs(F)eh(7) = / avps(7)
= N (n4,C4)N(np, Cb)/ooc et exp (= (8 + Ep))dr
[aarze.or;o.9)

X
- Nr(n(u ga)Nr'(nb7 Cb) {_H[O» Ny + np, Ca + Z.:b]}b‘la,lhéma,mh
N (s SN (1,65 (na + ) (G + €)Y 8,1, 8,m

(3.43)

b
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N) Ng, Z:a nb7 Z:h)
1
{ C}Z;H 0 ng + np, é:a + {b] nbng [O Ng + np — l’ Ca + gb]

2 (3.44)
#3000+ 1) = bl 4 DI+~ 2.6, 4 6] 11,0
where H is a half definite integral
X
H[X,n, ala+#0] = / x"exp (—ax) dx (3.B1)
If X equals naught,
H[0,n, aln>0,a+#0] =—nla "V (3.B6)
For typical X, H is summarized in Appendix B.
Kinetic Energy Integral
Kinetic energy operator acting to STF is expressed as
1 _ 1 _ 1 _
— EA}(X (I‘) = — 5 5}(: (r) + na&:ar_xz <r>
A (3.45)

— Sl + 1) ~ ol + 1)

24(7)
— r).
r XA

2
A

One-center kinetic energy integral over STFs is defined by

TS = /dV;(jj (T) {—%A){X(?)} (3.46)

Inserting Eq. (3.45) to Eq. (3.46), one-center kinetic energy integral is obtained

1 =56 [ i (Y (7) +ms [ v (7) i (7)
3t + 1) =t -+ 1] [ i (7) ()
= Ny (na, Ca) Nr(n, £p)

{ 0 ng + np, Cu + gb] nbé’bH [0’ ng + np — 1’ é’a + é’b]

+ 2[nh(n;, + 1) = bl + DJH0, ng +np — 2, {, + Cb]}f%,zh Oy, my-

(3.47)
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Nuclear Attraction Energy Integral

One-center nuclear attraction energy integral is defined

x4 (ﬂ)xﬁi (7A)

= Nr(nav Ca)Ni‘(nba Cb)/o r;l\lﬁnh_lexp(_(z:a + é‘b))d”/\

x / dQY (00, )Y (01, )

= Nl‘(nth Ca)Nr(nba é‘b)(_H[O’ ng+np — 1,8, + Z:h])‘slu lh Mg, mp
= Nr(nav Ca)Nr(nha Z:b)(na +np — 1) (Z:a + Z: ) (ratm) 510 lh5”7as”7h '

(3.48)

In the case center of nucleus is different from that of electron charge, nuclear
attraction integral is defined

-\ 1 0
VAA/B :/dej(r)Exf"(r) (3.49)
= 7 - EB‘ and RB == ‘EB —EA’.

rg =

The inverse of rp in Eq. (3.49) is given

o0

221+ 1 rl+1 Z Y/"(Op, ¢p) Y["(0,¢) for r > Rpg (3.50)

1 N N
B ﬂ;zl—i—le“n;l !'(O8, ¢5) Y"(0,¢)  for r < Rp (3.51)

Using these expansion of 5!, nuclear attraction integral in Eq. (3.49) is expressed

AA/B = 4”221+ 1
Rp

1 1 .
X {Ré/R r2drRS(r) l+1R (r) + KT, rPdrR{(r)FRp(r)| . (3.52)

!
S Y708, ) / dQY!™ (0, 4)Y!" (6. 4)Y (0, )

m=—I[

Using Gaunt formula in Eq. (3.A25)

m, mp Mg
G( Loy l)

/ dQY}“ (0,$)Y," (0, )Y (0. 4) (3.A19)
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and half definite integrals H in Eqgs. (3.B7) and (3.BS8)
(H]0,n, aln>0,a+0]) = —nla "V (3.B6)

(H[R,n,aln > 0,a # 0] ZA nkya “*UR"*exp(—aR).  (3.B8)

we can express one-center nuclear attraction integral as
Vb = 4aN,(ng, )N, (n g)OOL
AA/B — r\tas 6aq )tVr bahizl_’_l
" {Ré | et exp(—(¢, + &)
ke " (3.53)
+W / drr'™ exp((CﬁCb)r)}

m a m m
XZY 93a¢8) ( lbb l)

m=—1
VAA/B = 4aN,(na, o )N (5, $) ) #
pry 2[+1
x{=REH[Rg, g +np — (1 4+ 1), + &)

1
+R1+1(H[R3’na+nb+l Ca+€b} (3.54)

- H[O ng+nmp+ 15, +8])}

a m m
X ZY 937¢B ( lbb l>

m=—I

In this part, formulation of one electron one-center integrals; Eq. (3.44) for
overlap integral, Eq. (3.47) for kinetic energy integral and Egs. (3.48) and (3.54)
for nuclear attraction energy integrals, are obtained.

3.2.2.2 Two-Center Integral
Two-center molecular integrals are derived by making use of Egs. (3.23), (3.26),

(3.29), and (3.33). Integration of two electron repulsion integrals is carried out in
the six domains shown in Fig. 3.2.

Overlap Integral

Using two-center charge density in Eq. (3.31), two-center overlap integral is
formulated as follows
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sth= [ avas(ra)eb (7o) = [ avois (i)

= N,.(ngc, Z:a)Nr(n}N Z:b)

X 2aerr;’\flexp( Cara)r "”7lexp( {urB)
(3.53)
lpm, Ny mb Mgp
X Z T] "Z(I) maamhvmah ZG)( lab >
kh—|mh| Mab
l,—ky, k,, Iy Mapy
X R F'yTp /dQAYl’ (QA,gb)
_ZﬂNt/)(O)N (na7(: )N (”Ian)
lhm;, 1, —ky, mg  mMp  Mgp
<3 TR > 00 ) Z@( )
to=|m| (3.56)

00

X/ drary o exp (=L ra)ry " exp(—Gyrp)
0

T

X / sin QAdF)Ap?( cosfy)
0

Using the associated Legendre function p,” as a function of R, r4, and ry given by
Eq. (3.33),

Siy = 27rN¢(0>N (nay Ca)N (1, 83)

% Z Tlhmhz(bma7mban1ab Z@(ma mp mab)

lab
kyp= mh Mab

o0
x/ drArg"+k”+1exp( Cara)ry b= 1exp(—(_f,,rB)
0

[”b Lap—2v lyp—2v—i

i) Jap—2(v+i+)) 2i
></ stAdGAE E E (Lup, v, 1,)) R[” ky— l‘/”+2(v+’)rA’ (v J)rf;’
0

v=0 i=0 Jj=0
(3.57)
= 27[N¢(O)N (4, Ca)N (15, C)

~ Z Tlhmhzq)mmmhmabz:@(ma mp, mah)

l ab
Map Lab

kp= | my

(4] 12y 12— |
DI RV 358
v=0 =l j=

o0
Loy —2(vHiH) 1
X/ drrly T exp( =g )
0

n
x/ sinHAdGArZ”_Z”+2’_1exp(berB).
0
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Using auxiliary function Hb in Eq. (3.D1),

Hb[Xanl)}Caan%é‘b]
E/ drArZ'exp(—éjarA)/ sin0dOary exp(—Cyrs)
0

X 1
E/ drAi‘ZleXp(_é'urA)/ J(ra,R)dxr} exp(=Cyrp) (3.D1)

1

X
:/ d’Arj}]lexp( é‘a’ﬁA)B(n%CMRarA)

which is described in detail in Appendix D, the two-center overlap integral is
found to be

SAHZ’ - 2ﬂN¢ (O)N (naa z.:a) (flb, Ch)

« Z T[hmhzq)ma;mbamab Z®<ma myp ’;’Izb)

m,
k}ﬁ ’ my ab lab

2 Lap—2v lp—2v—i

E : § : § : < N\ ply—kp—lgp+2(v+i
X lah>l/;17])Rh b—lap+2(v+i)
v=0 i=0 j=0

X [Hb[R, na + kp + lap — 2(v + i+ ) + 1, 0mp — Iy + 20 — 1,4, X < R]
— Hb[0,ng + ky +lapy =2 + i+ ) + 1,Cponp — Iy + 2i — 1,{,|X < R]
—Hb[Rny+ky + Ly — 2w +i+j) + 1. Lomy — Iy + 20 — 1,5,|X > R]].

(3.59)

Symbolic calculation system makes it easy to formulate two-center overlap integral
expressed in Eq. (3.59) for any combination of quantum number {n, [, m}.

Kinetic Energy Integral

Kinetic energy integral is defined as

T8 = / dV;(/Q‘(?) {—%A}({;(?)J (3.60)
TZZ=—%C§ dvys ( )XB< )+nhlb/ xi(r 1)(1'3’(7>

A
1 U obo(=
- E[nb(nb +1) =Ll + 1)]/dVXA( E)(B(r

(3.61)
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Kinetic energy integral is similar to the overlap integral. Making use of formula of
two-center overlap integral, Sj%, in Egs. (3.58) and (3.59), two-center kinetic
energy integral is obtained as follows:

TXZ = 2”N¢(O)Nr (nav Ca)Nr(nba Cb)

Iy
X Z TZM”Z‘D(mwmhma”)Z@(Za Zb mab)

l ab
Maly lab

kp= ’ my

’(1)

(9] 1y—2v ly—2v-—i

Z Z Z o ply—kp—lap+2(v-+i
X P(labvuala.])Rh p=lay +2( )

V=0 i=0  j=0

1
{—EC%[Hb[R,na-kkb—f-lah—2(l/+i+j) + 1,80 m — Iy + 20— 1,5,|X <R]

— Hb[0,ng 4k + lap — 2w + i+ ) + 1,Caomp — Iy + 20 — 1,{,|X < R]
—Hb[R,ng +kp + Loy — 2(v +i+j) + 1,84mp — I + 2i — 1,{,|X > R]]

+ iy [HD R, g + kiy + Ly — 2(v + i 4 ), oty — Iy + 20 — 1,§,|X < R]
— Hb[0,ng + ki + lap — 2(v + i+ ), Caotto — Ip + 20 — 1,8, |X < R]
—HDb[R,ng + ki + Loy — 2w + i + ), Caomp — Iy + 20 = 1,44|X > R]]

_%["b(nh +1) = (1 + 1)
[Hb[R,ng + kp + Ly = 2w + i+ j) — 1,Cpomp — Iy +2i — 1,4,|X < R]
— Hb[0,ng + ki + lap = 2(v+i+)) = 1oy — Iy +2i — 1,,|X < R]
—HDb[R.ng +ky +lay —2(w+i+j) = 1,lpm — I, +2i — 1,4, |X > R]] }.
(3.62)

Nuclear Attraction Energy Integral

Making use of two-center overlap integral in Eq. (3.59), nuclear attraction integral
is defined in the case Coulomb interaction between two-center electron charge
centered at A and B and a nuclear charge located at A as

Vi = /dVZX (?A) {%}Z};’ (73) (3.63)
= 22N 4(0)N(7a, C, )N, (15, )

Iy
lym, Mg My Mgp
X Z T} ”Z(D(ma,mb,mab)z:(B(la ks )

kp= } my ‘ Mab la o

[H

[Th] Loy =2V lgp—2v—i )
X § E § P(laha v, i7j)R1h7kb7]“h+2<v+l)

V=0 =0 j=0
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[Hb[R, ny + ki + Ly — 2(v + i+ J), Carp — 1y + 2 — 1,5, |[X < R]
—Hb[0,ny + kp + Loy — 2(v + i+ ), Canp — I + 20 — 1,5, |X < R] (3.64)
—Hb[R, na + ky + lap — 2(v + i + ), Corp — I + 20 — 1,8, |X > R]].

In the case Coulomb interaction between a nuclear charge located at C and

two-center electron charge by the STF product centered at A and B shown in
Fig. 3.1, nuclear attraction integral is defined as

Vi = / dVys (7A) E]x}; (73) (3.65)

where
re=|ra— EC’ (3.66)
Re = ‘EC—EA‘. (3.67)

The inverse of r¢ in Eq. (3.65) is given by Eq. (3.68) for r4 > R and Eq. (3.69) for
ra < Rc, respectively.

I
75221+1 =y m(9C7¢C)Y]m(9A7¢A) forry > Re, (3.68)

6C5¢C (9A7¢A) for TA SRC (369)
Z(; 1+1Rl+'Z

Inserting the series expression of the inverse of ¢ given by Egs. (3.68) and (3.69),
three center nuclear attraction integral is formulated as follows

Vis/c = 4”221 1

n 2n
1
X{Ré / radra / sin @4d6, / AR} (ra)—RE (rp)
Re 0 0 ry
Rc

1 n ) 2r
+F ridrA/ smHAa'QA/ dpRY (iA)rARg(rB)
0 0

(3.70)

x ZY;”<9c,¢c)yz",a<eA,¢>Y;:jh<og,¢)Y;"<9A,¢>.

m=—I
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Using Eq. (3.A25) which is an integration of the triple product of spherical
harmonic functions

2
/0 APV (04, PV} (B, )Y (01, )
Iy
= 22N, (0) > TR Horlryh

kp=|myp|
3.A25
XZCD Mgy, My, Myp Z@(ma Z)b lln:;,) ( )
Mab lab a
Mg m Mapm
XZ(I) Mgy M Mgpm Z@(lhb / [b[b )
Mabm Labi a a
X p?m( cosfy)
=1
Vi ic = 88Ny (ON: (10, EN (10, 6)Y 5=
=0

X {Ré/ rf{_lexp(—carA)drA/ SHV V4 Lexp(—&yrp)
fc R it : i 1
+R—l+l/ phettt exp(—é’arA)drA/ Sin0adOary exp(—{hrg)}
C 0

/ Iy
m lymy ply—kp, Ky .~
x E Y"(Oc,dc) E Ty "R TaTp

m=—| kp=[my]
ma np Map

X E D (my, mp, Mgp) E (C] 3 !

m b ab

ab Lab

2 : 2 : Map m Mabm

X q)< Mgp M Mgpm ) S / i l
ab abl
Mabm Labi

xpj (cosby).
(3.71)

Making use of Egs. (3.D1) and (3.33)

X b4
Hb[X,nl,Ca,nz,Zjb}E/ drarexp(— é’arA)/ sin04dOsrgexp(—C,rp) (3.D1)
0

[7 [—-2v 1-2v—i

?(cos ) ZZ Z (Lv,i,j))R™ ”2(”"))*114_2(”“”))*?, (3.33)

V=

three center nuclear attraction integral is obtained
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=1
b Q-2
V/?B/C =8 Nzl)(O)Nr(navCa)Nr(nhCb);zl—ﬂ
X{=REHD[Re,ng + ky — 1L,Caomp — (I, + 1) + 20,8, |X > Re|
1
+W(Hb[RC,na +hy 1+ 1,80 — (I + 1) 4+ 20,5, |X <RC]
C
— Hb[0,ng + kp + 1+ 1,Conmy — (I + 1) + 20,5, |X < Rc]) }
Iy

i
XD Y["(0c.pc) D TR

m=~I kp=|my|
Mg Mp  Mgp
X E D (my, mp, Mmgp) E S / © /
a b ab
Map Lap
Map m Mapm
X E (I)(mah me mabm)§ C) l i I .
ab abl
Mabm Labl

(3.72)

It is necessary for symbolic formulation of three center nuclear attraction integral to
choose an appropriate Hb function in Appendix D.

Electron Repulsion Integral

Considering general cases of multicenter integrals, we may write the definition of
electron repulsion integrals as follows

Viscp = /dvl/de)(X (71))(5 <71)i)(é (72))(5 (72) (3.73)
- / avizs (7 )b (7 ) ues (7) (3.74)

where

ngl) (71) = /dei)fé(?z))(g (72> (3.75)

is a potential by the second electron. The inverse distance of electrons on the right
hand side is given

00 1 I‘l !

ra = 4”Zmrﬁ S Y01 1) Y] (0. ). (3.76)

1=0 > m=-I
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Vilico = 4”221 + 1 Z

X/o 12 driRY(ra )RS (rp1)
></dQlYZ"(HAl7¢1)Yﬁ"(931a¢1)YZ“(9A17¢1)
x [1’11% /0 AR (rea)RE (o) /0 TR

[o o} oo
+rl / 12 draRE (rea)RY (rpa) / RY(ra1)
r 0

x / dQY" (B2, hy) Y (B2, h2) Y (B2, ).

(3.77)

Potential by the Second Electron
In general, potential by the second electron is divided into two regions
Ué% (?1) = UédD (?1 |l”] 2 1”2) + Ué% (71 ‘I‘] S I’z) . (378)

Each potential on the right hand side is expressed by the sum of partial potentials
with respect to the order / and m.

ngl)(i 1) = 4772 Z [Mcn(i 1> rg)ll +uld (ﬂfrl < rz)} (3.79)

m=—1[

where
UCD(r1|r1 > r2> = 471:2 Z LlCD<I 1> r2) (3.80)
m=—1
UCD(r1|r1 < r2> = 471:2 Z uCD<11|r1 < r2) (3.81)
m=—1
uh (rilr > n__ LD Y (61, ) 2+]a'rR &(rea)Rp(rpa)
CcD 1 1_217214‘1}‘[#11 1, ¥1 2 C2)p\I'D2

(3.82)
X /dQ2Y;f"(9C27¢2)Y;Z’1(9D27¢2)Y1m(9/12,¢2)
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J (= m 1 m o —(I c
ugh(rilr < r2) " =501 ) / ry " draRE(rea)R (ron) )
n .
></dQ2YZ?"(9c2>¢2)Y7;"(902,¢2)Y/"1(9A2,¢2)

Using the expression of potential by the second electron given by Egs. (3.80) and
(3.81), multicenter two electron repulsion integral is generally expressed

Vs = 4”2 Z/dvl)(/f (ﬂ)){g (71)

m=—I

m . m
X {uCD(m’rl > 1”2)/ +ué%(r1‘r1 < rz)l }

(3.84)

One-Center Electron Repulsion Integral

Using general expression of multicenter electron repulsion integral, we can express
one-center electron repulsion integral as

Vikia = /dvl/ dVoxy (71))(/? (ﬂ)i){f{ (72))(21 (72) (3.85)
= / avi 23 (1) 2k (7 usa (7)) (3.86)
ugt () = [ ava ()i () (3.87)
Vil =473 > [avi(r)4(7)
m=—1
X [uAA<r1]r1 > rz)[m + usd (71]“ < rz)[m}
1 1

Mﬁ,’f,<71|"1 27‘2)1 NTir ,+1 Y[ (61, ¢,)

r
X / r3draRS (r2) R4 (ra)r) G(r?” d n;
0 c

(3.88)

la

) (3.89)

_ m 1
uﬁj‘i(n!rl < rz)l Ty Yo, ¢y)

2 c d me nyg m
X r5draR 5 (r2)RS (1) —G
/1 20772 A( 2) A( 2)r12+1 <[C 1 li

> (3.90)
In the case of one-center two electron integrals, three variables appearing in the
radial part and the angular part are separated in one-center polar coordinate system.
With Gaunt coefficients for the first electron and the second electron, we express
one-center electron repulsion integrals as follows
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. 1 ! mg mp m m. my m
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Vixia _4”21:21“,;?( Lot 1)\
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(3.91)
VXZ%IA = 4”NI'(naa Ca)}\? (}1},7 Cb)N"(n(‘a é’c')Nl'(nd7 é‘d)
1 My my m me mg m
XZzwlmzlG(Ia Iy Z)G<lc Iy 1)
) r

x { [ anst t Venp-(6, 4 ) [ drat e esp(~(6+ €or)
0

0
[o¢] o0
*/o dryr " exp(= (¢, + Co)r) / drory ™ Vexp(=(Lo + La)r)
r

(3.92)

For the convenience of symbolic formulation of molecular integrals for any
quantum numbers of STF, using the half definite integrals, Hh and H, defined by
Egs. (3.B14) and (3.B1)

X r
HhX,ny, a1, np, ) :/ dr1r7'exp(—a1)*1)/ drary?exp(—ars)

. (3.B14)
:/ driri'exp(—airy) Hlry,no, ]
X

H[X,n,a]z/ xX'exp(—ax)dx, (3.B1)

V,f\lz%ix = 4aN, (14, $a )N, (np, §p )N (e, C N (14, £ )

1 ! (m my m> <m my m)

X — G| ¢ Gl ¢

21:2“””;/ la Iy 1 le a1 (3.93)

X {_Hh[()? ng +np — (l + 1)’ Z.r’a + é’b’nc + nq + Z’ C(: + é’d]
+H[0,ng 4+ np — (14 1),8, + GIH0, ne + na + 1, § + 84
+Hh[0,ng +np + 1,5, 4 Cpone +ng — (1+ 1), + C4l}-

For one-center electron repulsion integral, symbolic formulation is carried out with

keeping four orbital exponents in symbol for all combinations of integer quantum
numbers {n, [, m}.

Two-Center Electron Repulsion Integral

This integral is classified into, what is called, Coulomb-, hybrid-, and exchange-
type integrals.
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Coulomb-type

. af r 1 g7 B
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(3.94)

Hybrid-type

. af— R 1 ya B

vitth = [avi [ vt (7 ek ()i ()i (7)
:/dvleZ(?l)Uig(?l)

[ m N m
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(3.95)

Exchange-type

) = N1 N 3
VXZ?A% :/dvl/dVZXX (7'1))(5 (rl)aj(/i (1‘2))(3 (rz)
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! . i
=4 av ah(f)[ax(g ,>,) (.d(g . H
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(3.96)

where
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(3.97)
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(3.100)
Partial Potential Integral of Order [ and m

Each for six domains of integration shown in Fig. 3.2, partial potential integral by
the product of STFs located at the same center is expressed as follows

L{éz <?Al ’ a2 S < r'al < R)[
ral
= Clne£0) €l &) gyt ™ 7 Onrs o) [ s’
20+ 1 A
/dQAzr" 57 2exp (= (8o + Ca)rm) Y1 (O, o) Y1 (02, ) Y[ (B2, )
(3.101)
Py m
Ugp (I‘Al ‘ ra2 <R < rAI)]

L . 241
—r Ym (6A1, ¢ ) dl’Azl’
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X /dgzrg‘zﬂwzexp(—@c+Cd)"32) Y (082, 2) Y1) (082, 42) Y[" (Oa2, b>)
(3.102)

Ny, &) Ny (14,80)
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m
d
ugg (rAl ‘R <rp < rAl)l

1 -~ " r'Al
=N (ne,{.) N, (nd,Cd)ZJ—HrAl(HI)Yl?(GAl»¢I)A drarys!

X /szVﬁ‘;""_zexp(—(Ci; +Ca)re2) Y] (02, 2) Y[ (02, 1) Y[ (On2, b2)
(3.103)

m
.d —
gy (rAl |ra1 S ran < R)l

1 k —(I+1)
raY (9A1’¢1)/ drary,
20+ 1 A s 4

X /dgz"gczﬂrzeXP(—(Cc +Ca)rB2) Y1 (082, 1) Y] (02, 2) Y/[" (Oa2, )
(3.104)
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For each of six domains of integration shown in Fig. 3.2, two-center partial
potential integral is expressed as follows

m
.d —_—
ugs (rAl | ra2 <rap < R)l

1 1) ym
= No(es EO N (0 L) gyt YT (O, )
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(3.107)
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Integration over ¢

Integration over ¢, and ¢,, in Eq. (3.94) for Coulomb-type integral, Eq. (3.95) for
hybrid-type integral, and Eq. (3.96) for exchange-type integral, respectively, van-
ishes unless M/, or M, equals M, or M, where

My, = |ma

M, = max (’ma ,

) (3.113)

) — min (‘ma s
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The summation index m in Egs. (3.94), (3.95), and (3.96) is accordingly limited to
these nonvanishing cases, and by an interchange in the order of the double sum-
mation in Egs. (3.94), (3.95), and (3.96) one finds

0 i 00
Mo =30 (3.114)
=0 m=—1 m=M* I=m

Then the integrals over ¢, and ¢, are straightforward to calculate, and will be
omitted in the following.

Demonstration of Partial Integral of Coulomb-Type Integral in Region
2-3

Coulomb-type integral consists of six parts according to the integral domains from
Region 1-1 to Region 2-3.
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(3.115)

We shall demonstrate the formulation of the partial Coulomb repulsion integral in
the Region 2-3 (R <r; <r,) included in the second part on the right hand side of
Eq. (3.94).

From Eq. (3.115), we find

abed (= m ab [— d = m
VAABB(” [R<n < rz)z - 4ﬂ/dV‘PAA(”) ”BB("I [R<r < rz), :

(3.116)
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We start with a partial potential integral given by Eq. (3.106)
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Using the integration of triple product of spherical harmonic functions in Eq. (3.A31)
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Using the definition of B function in Eq. (3.C1) and in Eq. (3.C9)
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where H is an auxiliary function defined by Eq. (3.B1) in Appendix B.
b'e
H[X,n,a E/ x"exp (—ax) dx (3.B1)

Total potential integral by the product of STFs centered at B in the Region 2-3

(R <ra1 <ryp) is given at Tl
cd X m
UBB(; R <1 < }’2) - 4”2,;1 uBB(r,|R <r < rz)l (3.81)

Partial Coulomb Repulsion Integrals

Partial Coulomb repulsion integrals
Vit (PR < < rz)l - 471'/ avipsh (71 )us (IR <y < rz)[ (3.116)
can be formulated with charge density by the STF product of on the same atomic center
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N m
Partial Coulomb repulsion integrals Vjﬁj'gdg (m ]rl < rz)[ is then expressed using

the partial potential integral in Eq. (3.118), as follows
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Four integrals in the last part are calculated as follows
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where
ny =ng+np,ny =1 +/€L-d+lL-d1—2(I/+i+j)+S,I’l4:I’l(--i-l’ld— 1—1l.4+2i—s.

For the convenience of symbolic calculation, three integrals in Eq. (3.121) are
expressed as follows

o
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where Hh and H are auxiliary half definite integrals defined by Eqgs. (3.B1) and (3.B14).

It is easy to formulate all multiple integrals included in the partial potential for
Coulomb-type integral given by from Eq. (3.101) to Eq. (3.106) for six regions. All
multiple integrals included in the partial potential not only for Coulomb-type
integral but also hybrid-type integral and exchange-type integral are summarized
from Eq. (3.124) to Eq. (3.141).

By inserting the right hand side of Eq. (3.122) to Eq. (3.121), we obtain the
expression of partial Coulomb repulsion integrals for the Region 2-3,
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By inserting all partial repulsion integrals obtained in the same way into
Eq. (3.114), we arrive at the final expression of Coulomb-type repulsion integral.
For reminding it, we show it again.

m
Vit =3 z[ vitsn (Rl <n <R) v (Rl <R <),

m
vgﬁ’,‘B"B(r R<r<n)" +vin(Rln < <r)”
m
Xﬁ‘g"g(r1|r1 <R< rz)l VX%’;;(MIR <r < "2) }

(3.124)

Formulation of hybrid-type repulsion integrals and that of exchange-type repulsion
integrals are obtained almost in the same way. Symbolic calculation system makes
it easy to formulate all molecular integrals over STFs for all combinations of
quantum numbers of STF.

As is the same as the formulation in case of Coulomb-type integral in
Eq. (3.108), multiple integrals appear in the most inner part of formula of electron
repulsion integrals. Multiple integrals for all partial potentials in the six regions are
presented from Eq. (3.125) to Eq. (3.142) in the following. For Coulomb-type
integral and hybrid-type integral, integrations with respect to 8, are omitted for
simplicity. All electron repulsion integrals are deduced into five types of half
definite integrals. In the following, <....> means a definite integral.

Coulomb-type integral 1-1 (r, <r; <R)
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/cmﬁ””am4@+mm¢:mﬂquﬂa+Mm>

0

1
x/dw%me@+@mm

1

R
:</me“%me@+gmﬂ7mw%w&@+@m>
1
X / dxaxy'exp(—({, + Cd)"zxz)> - </ d"l"?ﬁuﬂ)exp(—@a + Cb)r1)>

l
</Odr2rz”3”e><p(i(é“c + Cd)"z)/_ll dxoxy'exp(— (¢, +Cd)"2X2)>
- < / Odrlrl”““*”exp(—(ga +&)r1) / ”drzrz”-*“exp(i(&- +Ca)r2)
x [ 11 dxoxexp(— (L. + gd)r2x2)> + < / Odrm”““*”exp(—(aa + Cb)r1>>
< / Odrzrz’””exp(i(éc +La)r2) 1 11 dxpxy'exp(— (¢, +Cd)"m)>

(3.125)
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Coulomb-type integral 1-2 (7, <R <ry)
R
/ rirl ™ Vexp(=(8, + ) [ drart exp (G, + L)
R 0
1
dx2x2 exp(— (L. + &q)rax2)
< anryVesp( (6, + ) )
1 (3.126)
</ drary Hexp(£(L. +§d)’2)/ dxpxy'exp(— (L. +Cd)rzxz)>
—1
< ans ™ Vexp(-(¢, + G )

1
< / drar esple (e +6ar) | dxzx'uexp(—(cc+cd>rm>>

Coulomb-type integral 1-3 (R <r, <ry)
/R h drir ™" Vexp(—(C, + o)1) /R " dryry exp(— (e + Ca)ra)
x [ 11 drpdiexp(— (¢, + Co)Rxa)
-(J it e (6, + cry) [ anrs ep(-(¢.+ ) (a2)
(/ dxatrexp(-C.+ o) )+ { [ Carir D exp(— (¢, + an))
([arstempi-te.+cara) ) [ anstomn(-(c.+come)
Coulomb type integral 2-1 (r; <R < r,)
[ anrtesst—tcu ) [ anrt ™ esptetc + o)

1

x / dipexp(— (G + La)ram)
-1
_ < / dr i exp(— (€, + ch>rl>>
R 1
([ arattVexptaic.+ o) [ dnaeterp(—(c.+aram) )
R
- < / drirexp(—(C, + &p)r1) / dryr ™" exp(£(2, + L))

></ dxpxytexp(— (¢, +§a)’2x2)>
o
</ drir}exp( (Ca+§h)rl)>

(3.128)

R 1
/ “Vexp(£(L, +Cd)72)/ dxpxy'exp(— (¢, +C.1)"2x2)>

T~

ot
drl'mHeXP (=&, + Cb)"l)/ drer"*““)eXP(i(Cc +&)r2)

></ dxyxiexp(— CL+Cd)’2X2)>
1
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Coulomb-type integral 2-2 (r; <R <r»)

R e}
/drlr"‘”exp(*(éaJer)rl)/ drory ™ exp(=(Cc + o))
R

0

1
X /1 dxoxytexp(—(C, + Ca)Rx2)

R
:_</ drirexp(= (&, + &) ’1)>
)

</Rdr P exp(—= (Lo + Ca)ra ></ dxpxyexp(— (Q+§d)Rx2)> (3.129)
+ </ dr exp(—(Co + 8y) r1)>
)

R
(S PP

Coulomb-type integral 2-3 (R <r; <r,)

o0 [o.¢]
/ d"A1r2‘1+]eXp(—(Ca + C/;)rAl)/ d"Az"XE_(1+1)eXP(_(CL- +&)raz)
a1

R

1

X/ dxyxyrexp(— (L, + Cq)Rx2)
—1

- < / drir i exp(—(Cy + &)

|
—(1+1)

exp(~(C. + cd>r2>> < [ dntexn(—(e+ ke

= Hh[R,m + 1,84+ Gponz = (L4 1), & + Ll (H[1, na, (Ec + Co)R] — H[=1,na (e + Ca)R])

></ dizl

(3.130)
Hybrid-type integral 1-1 (r, <r; <R)
/0 S exp (2 + E)) /0 " drarexp (<6 o)
y [ 11 deaiexp (=Lgraxa)
:</ dn et Vexp (~(E, + )
x / dryrilexp (=&, £ &)r) / dX2xg4exp(—¢d;~2xz)>
sy Vesp(-y ) ){ [ drars enp (6. o)
(3.131)

0
/ drir " exp (—(E, + 6)r)

-
x / 1dmz exp(— Cdr2Xz)>
-

X

dryry exp (= (¢, iCd)'Z)/ dxaxy'exp (— Cdrzx2)>

/
+( el ep (- G ) [ araep e o
/

X | dxoxyexp (—Cqrax)

1
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Hybrid-type integral 1-2 (r, <R <r})

o0 R
/ driry ™ Vexp (—(8, + &) )/ dryryHexp (—(C, £ 2,)r)
R 0

1
X / dxaxytexp (—&yraxa)
-1

R
= — </ di’]i"llli(Hl CXP( (Ca + Cb)r1)>

. (3.132)
< / dryreexp (—(&, £ &4)ra) /_ ] dx Xl exp (—gdrm)>
+ < / i exp (- <¢a+ch)n)>
< / 0a’lzr'”“wp(—(ﬁff +Ca)r2) [ 11 dXzX'{"eXp(—Cdl‘zXz)>
Hybrid-type integral 1-3 (R <r, <ry)
/R " an i exp(— (¢ + G)n) /R " drarHexp(—(C, + L)
y / ' doiexp(—Rvy)
< / drir} ™ Vexp(— (¢, +¢,)r)
1 (3.133)
X / dryrBexp(— (&, + E)ra) /_ dxzx34exp(—¢dez)>
+</ dryr " exp(— (ca+¢b)n)>
< / "t exp(— (€. + L)) [ 11 dxzxg4exp(fC,1sz)>
Hybrid-type integral 2-1 (r; <7, <R)
/O dririexp (—(Cu + &) '1)/ drary ™" Wexp (=(¢ £ o))
/ s exp (—Laraxa)
= ([ anri e (-(e+ )
< / dryry ™ Vexp (—=(& £ &)r) / dxpiiexp (— C(1r2x2)>
-(/ S exp(<(¢, + o) [ ary exp(—(e. £ or)
/ (3.134)

></ dxyxy*exp (— §d12x2)>
1
0
< [ansitenp(- <¢a+¢b>rl>>
1
dryry ™" Vexp (=(¢, £ E)r) / dex?exp<—¢dr2xz>>
-1

0 I
/ drirexp (= (C, + Co)r) / drar?™ " exp (—(¢. + £)ra)
1

X / dxxytexp (— é’drzxz)>
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Hybrid-type integral 2-2 (r; <R <r»)
K 1 °° (+1)
ny—
[t tens (~@u+ em) [ artVexp(—(e+ o)
0 R

1
X / dxyx5' exp (—(4Rx;)
1

= —</Rdr1r'1“+lexp(—(éa +4'h)’”1)>

k 1)
</ drzrgsfH exp (— (L, + &o)r2 ></ dxax5exp (— é’dez)>
0 R
+< drir ™ exp (—(Ly + &)1 ></ dror) ’eXP(—(CC-+Cd)r2)>
1
< / dxpxytexp (— Cde2)>
-1

(3.135)

Hybrid-type integral 2-3 (R <r; <)

[t texp (=t ) [ drary ™ Vexp (-6, + )
R

"

1
X / dxyxytexp (—(4Rx)
-1 (3.136)

R
= </ drlr’f'HeXP(_(é’a + Cb)rl)
r !
X/ d}’2r337(1+1)exp(7(€c +é’d)r2)></ dxzxg"exp(deRxZ)>
—1

Exchange-type integral 1-1 (r, <r; <R)

1

R
[ arnt e =@t [ anstexn(-inm)
0

-1

1
X / dryryexp (= (¢, iCd)rz)/ dxoxy'exp (—(graxa)
) Joi
R 1
— </ drir ™" Vexp (—(2, iCb)"l)/l dx ¥ exp (—¢,rixn)
" i
/ dryrexp (— (&, ifd)’Z)/

dxoxstexp (—¢ dr2x2)>
. _

1
drir " Vexp (—(6, £ 8,)m1) / dxlx?Zexp(—cbnxl)>
—1

0 1
/ dror’y exp (—(C. £ o)) / dxzx§4exp<—cdrzxz>>
-1

(3.137)

X

0 1
dri " exp (—(E, + L)) / diexp (—Corixt)
-1

\/\/\/\

1

di‘z '“+[exp( . ié’d);z)/ dx2x§4exp(—édr2x2)>
1

1

0

/ dlli —(+1) exp( (&, ié’h)il)/

0 1
0 1

/dr rtexp ( ((L.igd)rz)/ dxzxg"‘exp(—(drzxz)>
-1

+ dxlx’l’?exp(—é’,,rlxl)>

/\/\
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Exchange-type integral 1-2 (r, <R <r)

e} 1
/ drir ™ Vexp(— (&, + &) / dxi XPexp(—Cyrin)
—1

A
« [ Cdrar exp(—(C, + €0)r) / dxsiiexp(—Lyra)
- - < / S exp(— (¢, + Zr) / 11 dxlx?exp(—chnxl)>
< / Cdrar i exp(— (¢, + ) / dxzx;4exp<—cdf~2xz>>
+ < / S Vexp(~ (2, + Er) / dx1x72exp<—¢br1x1>>

0 1
</ dz‘zr'g3+/exp(—(é’(. + Cd)rz)/ dxzx'2’4exp(—é’dr2xz)>

-1

(3.138)

Exchange-type integral 1-3 (R <r, <ry)

00 1
/ drir " Vexp(— (L, + Cb)’”l)/ dxyxy*exp(—{,Rx1)
R —1

1

< [ araenp(~ (Gt ) [ dratexpl-Com)
< dr i exp(— (Ca+Cb)"1)/ drzr"ﬁlexp(—(éfc+Cd)"2)>

< / dxy " exp( Z_,’,,Rxl)>< /_ 11 dxzx;4exp(—gd1ex2)>
+</ drirl ™" Vexp(—(L, + &)1 >< dx1xexp(— CbRx1)>
K

A 1
< rzr"ﬁleXp (—(C, iCd)’2)></ dxxytexp(— Cde2)>

1

(3.139)
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Exchange-type integral 2—1 (r; <r, <R)

1

R
[ ansVep-y ke [ dnspexs(—Gur)

1
/ dr rg3 (+1) exp( (. :I:é’d)rg)/ dxpxytexp(—Cgraxs)
—1

1
— </ rrl exp( &, j:Cb)rl)/ dx1x7zexp(—§br1x1)>
—1
1
</ rary exp( (CC:l:Cd)rg)/ dxgxg“exp(—é'drzxz)>
“1
1
< d’ i exp(— (CaiCb)"l)/ dxx*exp(—&prixy)
= (3.140)
/ dr r’z’1 (1+1) exp( (ch:té’d)rz)/ dxpxytexp(—Cgraxs) >
-1
1
< drir}” " exp(— (L, % o)1) / dx;x{exp(— Chr1X1)>
—1
i
</ ry (n eXP( (Ccié'd)rz)/ dxyxyexp( — Cyraxa >
-1
I
< dr r']” (+1) exp( (Ca:I:Cb)rl)/ dxxPexp(—Cyrixy)
—1
1
></ drgrzr( )exp(—(CCiCd)rz)/ dxpxhrexp( Cdrgxz>
1
Exchange-type integral 2-2 (r; <R <r»)
R 1
/ drlr”lJrlexp(—(CaiCh)rl)/ dxaxstexp(—¢,rix;)
O —
00 1
></ drgrgf(lﬂ)exp(—(é’c—|—Zjd)r2)/ dxaxy exp(—C Rxz)
R —1
R i
S </ drlri“*]exp(—(é’a i{h)rl)/ dxgxg“exp(—é‘,,rlxl)>
-1 (3.141)

R 1
</ drzrgrwnexp(—({c ig’d)r2)></l dxzxg4exp(—é,’de2)>

0 1
+ </ drirexp(— (&, j:é’b)rl)/ dxzxg“exp(—{,’hrlxl)>
-1

1
</ drary” (I’L])exp(—(é’l, j:éjd)rz)></ dx2xg4eXP(—CdRX2)>
-1
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Exchange-type integral 2-3 (R <r; <r»)

1

[ antten-e ) [ dmre(-k)
R -1
oo 1
X / drzrgr(lﬂ)exp(—((_fc + Cd)rz)/ dxoxstexp(—( Rxz)
Jry J—1

R r
—< / drir’f exp(— (S, + Ey)r1) / drzrz*‘(“”exp(—(a.+¢d>r2>>

1 1
</1dxzxg“exp(—ébRxl)></ldex'Z“exp(—Cdez)>

3.3 Summary of Formulation

(3.142)

We derived all types of one-center and two-center molecular integrals as a function
of atomic distance and orbital exponents of STFs.

One-electron two-center molecular integrals, overlap integral SZ% in Eq. (3.59),
kinetic energy integral T9% in Eq. (3.62), and nuclear electron attraction integrals
VZ’; /A in Eq. (3.64), and Vf‘% Jc in Eq. (3.72) are deduced using auxiliary functions,
Hb in Eq. (3.D1) and B in Eq. (3.C1). This means that these molecular integrals
belong to the same family of auxiliary functions. This is the same for dipole
moment molecular integrals and other one electron integrals. We can calculate
these auxiliary functions symbolically using formulas given in Appendices C
and D. Detailed formulation was demonstrated for overlap integral and nuclear
electron attraction integrals.

Two-electron two-center molecular integrals, Coulomb-type integral in
Eq. (3.93), hybrid-type integral in Eq. (3.95) and exchange-type integral in
Eq. (3.96) are deduced as integrations which are expressed by five kinds of half
definite integral, H in Eq. (3.B2), Hh in Eq. (3.B14), Hb in Eq. (3.D1), Hhb in
Eq. (3.D12), and Hbhb in Eq. (3.D13), defined in six regions, all of which can be
calculated symbolically using formulas given in Appendices B and D. Detailed
formulation was demonstrated for Coulomb-type repulsion integral.

As a result, all one-center and two-center molecular integrals derived in this
article are expressed by the sum of factorized definite integrals. It will be easy to
obtain polynomial expression of molecular integrals using the formulas in this
article.

3.4 Discussion

Our aim to formulate analytically all types of molecular integrals over STFs for
one-center and two-center integrals is attained. The results lead the polynomial
molecular integrals by which we are to construct the algebraic MO equation and the
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seamless effective hamiltonian over a wide range of physical dimension.
We consider the multivariable algebraic MO theory and the seamless effective
hamiltonian will bring a new theoretical framework of quantum chemistry. This is
our answer to Dirac’s insight into chemistry as a fundamental problem after the
discovery of quantum mechanics.

Advantage of analytical molecular integrals itself can be seen in many MO
theoretical calculations such as in spectroscopy concerning electron transition
probability which depends on the transition moment. By the similar analytical
formulation demonstrated for overlap integrals, we can obtain an analytical molec-
ular integral for transition moment as a function atomic distance. Using optimized
STFs obtained by Mukoyama’s method in which numerical basis function calcu-
lated by the DV-Xa method are fitted by STFs (Mukoyama and Yasui 1992), we
can calculate two-center transition moment analytically as a function of atomic
distance. In slow atomic collisions, for example, we can calculate two-center
overlap integral between any STFs as a function of atomic distance. It is interesting
where wave functions start effective contact between separated atoms, i.e., where
effective overlap comes to bring energy separation between MOs. Long tail behav-
ior of STF works effectively not only in the MO calculation for large molecular
system but also in the study of atomic collision. For a nonadiabatic electron
transition in slow atomic collisions, it is interesting where a nonadiabatic electron
transition occurs. We can use analytical molecular integrals for radial coupling and
rotational coupling as a function of atomic distance in the study of nonadiabatic
chemical reaction. Analytical expression of molecular integrals over STFs provides
the relation between molecular property and atomic configuration.

In Region 1-1 (1, <r; <R) and Region 2-1 (r; <r, <R), electrons move inside
the sphere of radius R. In Region 1-2 (r, <R <r;) and Region 2-2 (r; <R <ry),
one electron moves inside the sphere and the other electron moves outside the
sphere. In Region 1-3 (R <r, <r;) and Region 2-3 (R <r; <r,), electrons move
outside the sphere. This is the order of electron density from high to low.

It is most fundamental in molecular science to study the relation between
molecular property and atomic configuration. From this point of view, we shall
discuss the advantage of analytical expression of one-center and two-center molec-
ular integrals over STFs derived in this article. Analytical expression of molecular
integral is useful not only for numerical calculations of the Fock matrix elements
but also for construction of algebraic MO equation through transformation from
analytical expression to polynomial expression of molecular integrals by using the
Taylor expansion method,

0S5 0) o (&) ]_e =S

p= i=0

where x, means the center of the Taylor expansion distributed so as to keep the
polynomials in the same order in any region of variables. The last term is the
approximate expression of single variable functions. This method can be easily
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extended to multivariable functions. Anyway, to derive analytical expression of
molecular integrals is the first step for construction of multivariable algebraic MO
equation as a simultaneous polynomial equation with respect to atomic distance and
orbital exponent. We discussed about the advantage of polynomial molecular
integrals in algebraic MO theory from several points of view in the previous
chapter.
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Appendices

Appendix A: Real Spherical Harmonic Function

This appendix contains many relations with respect to normalized real spherical
harmonics used in this article. Some duplicates in the body are shown to help
following formulations.

Y[" (04 ¢a) = pi"(cos 0a)f () (3.A1)

Normalized Real Function with Respect to ¢

Fuld) =Nolm{ gormb Lo =0 (3.A2
Ng(m) = (=1)"[x(1 + 8,,0)] (3.A3)

2
/O difn, (D) () = B, (3.A4)

/ ”dqbfm(d)) = V276,.0 (3.A5)

0
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2r
) = [ b, (B, (81, @) (3.A6)
](maa myp, m(')
[ apd € Mg cos my¢ Ccos M. (3.A7)
o /0 ¢ sin |m | sin |my | sin |m|¢
D(mg, mp,me) = Ny(mg)N g (mp)N 4 (me) I (mg, my, me) (3.A8)

Normalized Associated Legendre Function

pi"(x) = No(I,m)P]"(x) (3.A9)
241 (1— |m|)'] 172
N. (I, 3.A10
wm = 5 (3.A10)
=
wl?
PlMx) = (1—22)2 ) awhmyd =2 (3.A11)
v=0
I m (_I)U(ZI_ 2v— 1)'
m_ 3.A12
G T 01— | — ) (3.412)
1
/ dxp;:"(x)p;:f”(x) = Smy.myOl,. 1, (3.A13)
-1
v R
= 8 oven2NL(1,0)S T — 3.A14
[ 400 = 20,003 =5y (3.A14)
1
m m me _ a mp me
of* 7 = p?” (P )y (x)dx (3.A15)
la lb lc
|ma| + IMhI + |me| = 2m (3.A16)
/1 xla+lh+l(»72"172(D”+I/h+l/(-)+2idx
_] 2

_ A(ly + 1y +1.,2) = 0
LTl —am 2w oty a1 formedletly+1e2)

(3.A17)

1
/ ol He2m =2t v ) 120 gy = 0 formod(ly + I +1,2) #0  (3.A18)
—1

®< 71{1 ;nb ;nC ) = Nx(laama)N.r(lhamb)NX(lC"m")
a b ¢

[l la—|mal Iy=|mp | \rm
2 2

« Z wfj,ama Z lh mp Z le m(Z( > (3A19)

Vag=

~ / Lo+ —2m=2(vg+vp+ue) +21dx
-1
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Normalized Real Spherical Harmonic Function

1
/ dQy (6, ¢) = V2z8,.0 / dxp?(x) (3.A20)

-1
[ 9 0.07(60.0) = 3180, (3.421)

Ma 1, mg m myg My
Y)“(0,0)Y," (0,4) = Z@ma,mh,mab2®< lhb lhb)Y"hh(g ®)
Map @
(3.A22)
where
max(|m|, |[l, —p|) +n <lp <Il,+1 (3.A23)
_J0, (m=|l, — Iy|(mod2))

"= { 1, (otherwise) (3.A24)

m, m my,
G< A )
= / dQY)(0,¢)Y," (0,¢)Y]" (6, )
= Zq) Mg, Mp, Map Z®< Ma mb Mab >/dQY;:’:h (63 ¢)YZI{(9, ¢)

lab
Map
o ny mp Map
Eh: q) ma; my, mab Z C) < lb lah ) 5m,,;,,m, 51,,,,,1(,
Mg Lap
(3.A25)
Triple Product of Normalized Real Spherical Harmonic Function (1)
Y1“(0,4)Y," (0, ¢)Y7"(0,4)
mg mp Mgp
= D (my, mp, Mgy ®< )
mzah lzaz: b la (3.A26)
ma m ma C n,
S om0 10T )1 0.0
Mabe lab
/ dQY}“(0,$)Y," (0, )Y (0, $)
nmy myp Map
_;(D ma,mh,mab Z@( lb lah >
o e mm (3.A27)
a b abc
= 00 z@( )

/ aQY™™ (0, ¢)

Labe
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_Zq) maambvmab Z®<ma i Zl:b)

Map ah
mg my, Mape
X E q)mavmbamabc E ®( l lb )
Mape lab b ane
abe
[T} @labes0
§ v
X 51“;,L,even2N,\‘(labcv 0) 17
=0 labe — 2+ 1

Transfer of Origin of Spherical Harmonics from B to A

]
Y05, ¢) = > T{"R™“rfrg'Y[" (04, §)

k:’m|

kim Nu(lym) (L4 |m])!
N (k,m) (I = k) (k + |m])!

T =(-1)

Triple Product of Normalized Real Spherical Harmonic Function (2)

Yy <9A,¢> " (0, )

- Y S etmmmiye( e 1
a

kp=|mp| Mab

x Rb— kh’kh _[hYmab O
Al 4y, \Ua,

Y7 (04, 9)Y," (05, )Y]* (04, )

Iy
= Y TEURY O Y (04, 9)Y (04, $)Y) (On, 4)

k;, \mh

m, m
Tl”m”R”‘ k”rk"r ly D (my, mp, mgp) Y O a b
b )

kp= \mb ‘ Mab lap

§ : m, me Mpe
% (D Mgy Mo Mape 2 : ® ab | c | abc Ym""‘ HA
c abc

Mape I/)h(

Mgp )

9)

95

(3.A28)

(3.A29)

(3.A30)

(3.A31)

(3.A32)
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2r
/0 dPY" (0, )Y (05, )Y (61, )
Iy

2r
= Y TR Ryt /0 dpY} (Op, )Yy (04, )Y (04, )

kp=[my|
)

=2aNy(0) Y TR eyt

el (3.A33)
mg my Mgp
S g iy ) 26( - )
Map Lap
Mgap me Mape
% Zq) Mab e mab( Z®( ab lc' lab(: )
mum Labe
X Pl{,m (cosfy)
Triple Product of Normalized Real Spherical Harmonic Function (3)
Y1 (0p,¢)Y)" (0B, )
m m m m
— Z(I) Mg, Mp, Mg Z®< “ lhb / :b >Y[a:h(087¢)
Mad kea “
— mp — Map 3.A34
= 3" D iy, man) Z@)( o) (3.34)

Maq
Lap

~ Z T[uhmathah k‘”’r ahr_ ab Ymuh (9 05)

ah
kab=|map|

Y7 (O, ¢)Y)" (O, §)Y]" (0a, $)
a m mg My, M
= ®(ma, my, map) Z@( L lbh labb )Ylah”(ﬁg,qb)Y,L_ (04, 9)

Map

2 : 2 : mp  Mgp
= (I) mll7 mb) mah @ l l

b ab
Map
Lap . L .
abMab Plap—kap Kab . —lab yMab me

X § ch Ri=Frr,rp Yk”,, (QAad’)Y/l (04, 9)

kap=|map|

(3.A35)
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2 : 2 : ma np Mgp
- q) mth mb7 mab ® l l
b ab
Map
% E Tiafyman Rlav—kap rﬁah rglah
Kab=|map|

§ : § : mab me Mape
X (I) mab7 me, mab( C) I l
c abc

Mape Labe

X Y (04, )

Labe

(3.A36)

[ ey . p)¥y s o)1 O )

:277N¢(0)Z<D(ma,mb,mab)ze)(Zl“ s ;nb;,>

Mad kea

[ah
LabMab Plap—Fkab 1 Kab .= lab
X TR ke (3.A37)
kab=|map|

Map me Mgbe
X§ (Dmabvmmmab( § C) i !
ab c abc

Mabe Labe

X / sin 0,d6,4 p?m_( cos04)
0

mgy m mg
= 2zN,4(0 Zq)mavmh’m‘”’ ZG( lhb lhb)

Mad

Lab
LabMab plap—Kap Kab .~ lab
X E TkL_ Ry Lrp
kap=|mMap|

Map mc Mape
XY D (Map, Me, Mape ZG( o L > (3.A38)

C
Mapc Labe

n
X / sin 0,d64
0
2 | lape =20 lgpe—2v—i
X § § § P(labml/aiaj)
v=0 =0 Jj=0

[ a0y 6n. 0¥ On 91 0r.9)

= 22N4(0 ZdDma,mb,mabZG)(m" 7:” ;”h”)

Mad

Lap
E LabPap mab me  Mgpe
X Ta ! § q)mahammmahr § (C) / /
c abc

kap=|map| Mabe Lube

sin gAdQA

R~ labe T2(v+) rf:m»fZ(vHH) réi

X
‘o\
3

L] =20 by 20— o
.o ko] i) KabHlape—2(v+i4)) 2i—1
% E E P(lahm v, l,]) Rlab—kab—lape +2(v+1)rA bHlabe —2(v+i J)rBl ab

v=0 i=0  j=0
(3.A39)
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Appendix B: Half Definite Integral, H and Hh
We define a definite integral, H and Hh, in this appendix.
X
H[X,n,a] = / X"exp(—ax)dx
We begin formulation for H in case a # 0.

H[X,n,aln > 0,a # 0] ZA n, k)a~ DX kexp(—aX)

n!
A(n,k) = TR
(Hfo.n. J) = —ata )
<H[oo,n,a|n >0,a # 0]> =0
(H|0,n, 0]) = —nlg~ 1)
<H[1,n,a|n > 0,a # 0] ZA n,k)a~*Vexp(—a)
(H[R,n, fZA(n,k)a’(Hl)R"’kexp(faR)
k=0
Forn=-1
H[X,n,aln = —1,a # 0] = Ei(—aX)
. X1
Ei(—aX) = / ;exp(—ax)dx
Forn<-—2,
H[ N, 0]
()
_ (( (‘Z)Jr ol Ei(—aX)
— il —n +144) o~ 1X"exp(—aX)

(n+1))!

Incase =0 and n# — 1,

X
H[X,n,a|n7é—1,a:O] :/ x”dx:ﬁX”+1

J. Yasui

(3.B1)

(3.B2)

(3.B3)

(3.B4)
(3.B5)
(3.B6)

(3.B7)

(3.B8)

(3.B9)

(3.B10)

(3.B11)

(3.B12)
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Incasea=0and n=-—1,
X
H[X,n,aln=—1,a=0] :/ xldx =log X

The half definite integral H# is defined using H as follows,
Hh[X, ny, a1, n, 0]
X I
— / dryri'exp(—airy) / dryry?exp(—aor,)
X
/ driri'exp(—air1) Hilry,no, o]
Hh[X,ni,a1,n,a|n > 0,a, # 0]

X
= / drir}'exp(—air)H[ri,np, ax|ny > 0,0 # 0]

—ZA ny, ky)an~ R FVHX, ny + ny — ky, a1 + a]

Hh[X,nl,al,nz,a2|n1 +ny;>0,n >0, # O]

ny

= —ZA ny, ko)~ R FVHIX, ny + my — ko, o + a2

n ny+ny—ka

fi=0
X X’“*"2 kitk)exp(—(a; + a2)X)

Hh[X nl,al,nz,a2|n2 =—1l,m # 0}

/dni lexp(— alrl)H[rl,—l,azlaz;éO]

/Xd) 1ritexp(—ayry)Ei(—apry)
Hh[X,nl,al,nz,a2’n2 <2,m # O]
— /Xdrlr'l”exp(alr”l)H[r’l,nz,a2|n2 <2, # O]
Hh[X,nl,al,nz,a2|n2 #—l,ap = O]

X
= / drlr'f‘exp(—alrl)H[rl,nz,az‘m 7é —1,a2 = 0]
— ! /Xdrlr"‘”z“exp(—alrl)
ny +1 !

1
= H\(X, 1,
po—— X,n +n+ 1,a1]

X
—ZA s KoYy~ D) / drir ey (—(ar + a)r)

ZA ny, k) —(ka+1) Z Alny + ny — ko ky) (e +a2)—(k1+1)
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(3.B13)

(3.B14)

(3.B15)

(3.B16)

(3.B17)

(3.B18)

(3.B19)
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Hh[X,nl,a],nz,a2’n2 = —1,a2 = O]
X
= / drlr'f‘exp(—alrl)H[rl,nz,ag‘ng =—la,=0] (3.B20)
X
:/ driri'exp(—airi)logr
Appendix C: B Function

We define B function in this appendix. B function is an integral in which STF
centered on B center is looked from A center.

B(n,C,R,rA)E/ sin 04d0arpexp(—Lrp)
0

1 (3.C1)
:/ J(ra,R)dxrjexp(—Crp)
-1
If ra <R, rg=R+rsx. We obtain B function in Eq. (3.C1) as follows
rpexp(—Crg) = rpexp(—Crs)
=exp<—¢R>Z('§)Rsrw{x"Sexp(—mx» (3.62)
s=0
J(rasR|ra < R)rpexp(—¢rs)
= R 'rpriiexp(—Crp)
? n+1 n+1 (3C3)
—expl(-cRY_ (" R e e}
s=0
B(n,C,R,ralra <R)
n+1 n+1 1
= exp(—{R)Z( s )Rflrfﬁl_s{/ dxx”“sexp(—CrAx)}
s=0 - (3.C4)
n+1 n+1
- Z( i >RSlexp(—CR)rf\+l_S
s=0
{H[l,n+1—5,{ra) —H[-1,n+1—5,{ra]}
n+l—s )
HLn+1 =50l ==Y Aln+1 -5,k 0 Vexp(—¢ry)  (3.05)
k=0
nt+l—s
Hl=Ln+1=s.0ra) ==Y (=1 Ma(n+1 s, k)¢ ¢ 306
=0 (3.C6)
x ry~ " exp($ry)
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If 74 > R, we obtain B function in Eq. (3.C1) as follows

n

rpexa(—m) = exp(-tr) ()R (R} (.07
s=0
J(rA,R‘rA > R)rgexp(—é_,’rg)
=1y 'rprjexp(—Crp)

v (3.08)
= exp(—é’i‘A)Z( i >R"H“rj\1{x"+1Sexp(—é’Rx)}
s=0
B(n,0,R,ralra > R)
Hn+1 !
— exp(—Z_,‘rA)Z( s >R”+lsrﬁ\1 {/ dxx" 1 Sexp(— CRx)}
s=0 ! (3.09)
n+1 n+1
- Z( i )R"“‘Yrjexp(—éjm)
s=0
x {(H[l,n+1—5,(R]) — (H[-1,n+1—s,(R])}
ntl—s
(H[ln+1=sCR)) ==Y An+1 -5,k *TVR “exp(—¢R) (3.C10)
k=0
(H[-1,n+1—s,CR])
n+l—s
_ Z )G A G 11—, k) DR exp(¢R) (3.CI1)
where <....... > means a definite integral. We obtain B function in Eq. (3.C1) as

B(n Z,R, rA‘rA <R)
n+1 n+1 ntl—s
=—Z< )RY exp(—R) D Aln-+ 1 =5 exp(—n)

K + 1 | il A 1= (s4K) ~(k+1)
+Z R~ exp(—¢R) > (1) Aln+1—5,k)¢
=0
X 1y n—(s+ exp(é_,’rA)

(3.C12)
B(n,0,R.ralra > R)
n+1 n+1—s
(” 1 ) 3 A+ 1 - s, k)¢ EDRHexp(—¢R)
)

k=0
X rAexp A
n+1
o3 ("

n+l—s
) Z n+1 s+k <n+ 1 — s,k)C_(k+l)Rn_(S+k)eXp(CR)
k=

(3.C13)
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Appendix D: Half Definite Integral, Hb, Hbhb and Hhb

We define three half definite integrals, Hb, Hbhb and Hhb in this appendix.

Hb[X7 n1X7 Ccn np, Cb]
= / draryy exp(—{arA)/ sin OadOsrgexp(—C,rp)
0

X I

. N 3.D1

:/ drArA‘exp(—CarA)/ J(ra,R)dxrgexp(—¢yrg) ( )
—1

X
:/ drA’ eXP( é‘arA)B(n27ChaR7rA)

If X <R,

Hb[X nl3Ca9n2’ €b|é’a # Cb’X < R]

ny+1
41\
Z( 2 )R 'exp(—¢,R)
ny+ny—(s+k)

XY Alm4m = (s+k), 0(Ca+ &)Y
t=0
x XmFm= (R~ exp(— (£, + ¢,)X )]
ny+1 +1 ny+1—s
S (R a0 A 1= k)

s=0 k=0
ny+ny—(s+k)

x> Al = (s k)0 + )Y
t=0
x X" exp(— (¢, + £,)X)

np+1-—s

> Alm+1 =5z, *

k=0

(3.D2)
HB[R, ny, 812, CylCa # o X <R

B ny+1 ny + 1 ny+1—s (k41)
= exp(—(&, +2¢,)R) Z Z Alny +1—s,k)¢,

N
s=0 k=0
ny+ny—(s+k)

X Z A(ny +ny — (s +k),1) (¢, +Cb) (1) pri+ny—(k+t+1)
=0

ny+1 n +1 np+1-—s
Z( s ) Yo (A 41— s k)

s=0 k=0

—exp(—(Ca + 28,)R)

ny+ny—(s+k)

x A(m 4y = (s + k), 1)(Gy + ¢p)~HHRm (k4D
=0

(3.D3)
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Hbl:o, nlvé‘aan’ gb|§a # Cb’X S R]
n+1 + 1 ) mtl=s k+1)
:exp(—CbR) Z(nZS )Rs—l ZA(H2+1—S k)§ (

s=0 k=0

X (n1 4y — (s 4+ k)&, + &) T

et nm+1 S71n2+1—s ny+1—(s+k) —(k+1)
~exp(-gom) |30 (7 R S a1 s

s=0 k=0

x (ny+ny — (s+ k)¢, — é'b)nn+nz+1—(s+k)]

(3.D4)
Hb[X ni, $q, N2, Cb}gu =X < R}
1 na+1-—s
_ Z <n2 +1 )Rxlexp(gbR) 37 A(my +1 - s.k)g, Y
k=0

ny+ny+2—(s+k)

X Z Alny +m — (s+k),0)(¢, + é‘b) (t+1) ymi+m—(s+k+1)
t=0
ny+1

x exp(—(Lo + &)X +Z<”2+ ) lexp(—¢,R)

nm+1l-—s
1
x Y (=1 mH =) Ay 41 — 5, k) KD X
k:O( ) (n2 iz moAny 41— (s+k)

(3.D5)
Hb[R,n1,8ayn2,8p[Ca = $p X < R]

_ ny+1 I’L2+1 m+1-—s (k1)
=exp(—(L+20)R) | D (777 ) D Al + -5k,

s=0 k=0
no+1 nm+1l-s
n+1 B (k+1)
X [SEO( A ) kE:O Alny + 1 —s,k)C,

ny+ny+2—(s+k)
X Z Ay +nm— (s+k),0)(¢, + é’h) (1) pri+np—(k-+1+1)

t=0
ny+1
1
+ exp(fz_,’hR)Z <n2:- )
s=0
e Fl—(s+h) (k+1) 1 1= (k+1)
x D" Ay +1 — s,k Rtk
;( ) ( % n+m+1—(s+k)

(3.D6)
Hb[0,n1,8,,12,8|C0 = X <R] =0 (3.D7)
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Hb[ n Ca,n2,§b|X >R}

(3.D8)

Hb[X,nl,Ca,nz,CbP(ZR]

B np+1 ny + 1 nm+l—s 1) o (+8)
= Z s Z Alm+1—s5,k)¢, " 'R exp(—(,R)

s=0 k=0
ni+s

Y A+ 5.0)(G + 6p) I exp(—(C, + €,)X)
=0

n+1 n +1 m+1-—s . /( 1
_ Z( ’ ) ST (=1 A (41— s, k)¢, TR CHexp(,R)
k=0

s=0
ny+s

xS A+ 5,0)(C0 + &) FUXM I exp(—(E, +6)X)
=0
(3.D9)

Hb[R,n1, 412,85 |X > R]
ny+1 o+ 1 m+1-s el
= exp(—(¢, + 2§,,)R)Z( 2 > { ST A(my + 1 - 5.0, “F >an<s+k>}

5s=0 § k=0

ny+s
{ZA m+ 5.0 +6) VRS }

e n +1 A ny+1—(s+k) —(k+1) pny—(s+k)
—exp(—LR)Y > (-1 Al +1—s,k)5," VR

N

5=0 =0
{ZA( +5,0)(Ca + g)“*”R"'*“}
=0
(3.D10)
Hb[X,n1,84n2,8,|X > R]
= /XdrArZ‘exp(—CarA)/” sinBadOsrj exp(—C,rg)
h (3.D11)

X 1
/ drArZ‘exp(—CarA)/ J(rA,R|rA > R)dxrl’; exp(—¢prp)
-1

X
:/ drArg‘exp(—CarA)B(nz,(:,,,R,rA|rA ER)
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H/’lb[X,n}},Cmn%Cban3vé/c}
rAl
E/ drAIr/’;'lexp(—CarAl)/ drAzi‘ffz exp(—C,7a,)

x / sin 0,0, 5 exp(—C.rs,) (3.D12)
0
X
= / drArXeXp(_CarA)Hb[rA7 ny, é‘ba ns, C(r]
thb[Xv ni, z:av ny, Cba ns, Cm ny, Cd}
¥ n (3.D13)
= drAerlexp(_CarAl )B (i’l27 Cb7R7 rAl|)Hb[rA1 , N3, é’m Ny, z:d]
In some cases of multiple integral, two types of integral appear.
X
/ xX"exp(—ax)logx (3.D14)
and
X
/ x"exp(—ax)Ei(—bx) (3.D15)

These integrals are expressed by the exponential integral function, the Euler gamma
function, the generalized hypergeometric function, and log x.
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Chapter 4

Atom-Atom Interaction Potential

from the Gaussian Quadrature Method
and Classical Molecular Dynamics

Kimichika Fukushima

4.1 Introduction

Investigations into atomic and molecular dynamics (MD) (Haile 1997), which
sometimes includes chemical reactions, represent important themes in science
and technology. A quantum wave equation of nuclei and electrons describing
their motion is separated into two parts, namely nuclei and electrons bound to the
nuclei, in the Born—Oppenheimer approximation due to the light electron mass
compared to the nucleus mass (Born and Oppenheimer 1927). The nuclei motion is
described by quantum wave equation or classical Newtonian equations. In the
nuclei motion equation the total electronic energy, including nuclear repulsions,
enters into the interaction potential between constituent atoms/molecules. Hereaf-
ter, we consider atoms as composite particles for simplicity.

An early piece of research into molecular dynamics using the Newtonian equation
is seen in literature (Alder and Wainwright 1957) featuring the use of the solid sphere
model. Rahman and Stillinger performed molecular dynamics for water using the
Lenard—Jones potential (Rahman and Stillinger 1973; Stillinger and Rahman 1972,
1974). The Newton equation describes the motion of atomic particles by specifying
their positions and velocities as functions of time under the influence of forces acting
on them. One practical way of approximating solutions to the differential Newtonian
equation is via a numerical iterative method. At the beginning of time iterations, the
initial positions and momentums of particles are specified, and sequential time values
are determined by the previous time values using difference equations of differential
Newtonian equations. This classical molecular dynamics reduces the calculation time
compared to quantum molecular dynamics.
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Molecular dynamics is applicable to physics (atom, molecules and condensed
matter), material science (inorganic and organic materials) as well as pharmaceu-
tical chemistry (drug design) and so on. Investigated phenomena include, for
example, collisions, atomic configurations, phase transitions, mass and energy
transfers as well as chemical reactions.

Classical molecular dynamics is performed using an electronic potential energy
hyper-surface acting on atoms derived by electron wave functions. One of the
approximations used to determine electron wave functions is the Hartree—Fock
method, which is sometimes insufficient to predict the potential energy surface and
binding energy among atoms. The research was then oriented toward the introduc-
tion of electronic correlations, for which considerable calculation time is required.
It was revealed, however, that the one-electron approximation via the local density
functional method (Slater 1951, 1974, 1979; Gaspar 1954; Nozieres and Pines
1958; Kohn and Sham 1965; Wigner 1934; von Barth and Hedin 1972; Janak
et al. 1975; Vosko et al. 1980; Perdew and Zunger 1981; Ellis and Painter 1970;
Adachi et al. 1978; Averill and Ellis 1973; Rosén et al. 1976; Satoko and Ohnishi
1994) predicts the potential energy surface to thus present reasonable equilibrium
interatomic distances and binding energies. This is one of the reasons why the local
density functional method has been widely accepted. The total energy was also
applied to evaluate the potential energy surface in chemical reactions.

It was denoted in the previous paper that the total energy calculated highly
accurately by the Gaussian quadrature (GQ) method is useful for classical molec-
ular dynamics (Fukushima et al. 1982; Fukushima 2009). The matrices of the
Hamiltonian, overlap integral and total energy are numerically integrated via the
Gauss—Legendre and Gauss—Laguerre quadratures for finite and semi-infinite sec-
tions, respectively (Stroud and Secrest 1966). The author has then combined the
total energy calculation method using Gaussian quadratures and classical molecular
dynamics. The merit of this method is that it evaluates the interaction among many
atoms, even in an approximation using atom-atom pair potentials, unlike the
analysis of high energy atomic collisions on the order of kev—Mev in nuclear
materials, which concerns a sequence of independent binary collisions between
an incident atom and one target atom (Robinson and Torrens 1974). In this article,
calculations are performed for systems composed of many atoms with a mutual pair
interaction potential and an incident atom with a low energy below several
hundred eV.

We finally note that the number density of atoms in materials is on the order of
the Avogadro number. The calculation power is presently limited, and the total
atoms treated are up to about several ten-thousands or so. Furthermore, the total
time scale of calculations is approximately the number of total time steps multiplied
by the time increment on an atomic unit scale, which restricts the analysis
concerning time-dependent phenomena.

This chapter is organized as follows. Section 4.2 describes the Born—Oppenhei-
mer approximation and formalism of classical molecular dynamics. Section 4.3
presents the derivation of the atom-atom interaction potential using the Gaussian
quadrature molecular orbital method. Section 4.4 is devoted to the numerical
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calculation method of the Newtonian equation, while Sect. 4.5 reports on classical
molecular dynamics calculations for carbon-carbon collisions, finally presenting
conclusions.

4.2 Born-Oppenheimer Approximation and Formalism
of Classical Molecular Dynamics

The Born—Oppenheimer approximation breaks the wavefunction ¥ r(ry, r>- -, Ry,
R,,--) of a system, which is composed of electrons and nuclei located at r, and R;,
respectively, into

Yr(rm - R, Ry, ) =¥e(rira - )¥N(RL Ry, - ), (4.1)

where ¥, (ry, r>--) and ¥n (R, R,,+) are electronic and nuclear wavefunctions,
including other coordinates as constants. The energy eigenvalue of an electronic
system is the total electronic energy E., which amounts in the density functional
scheme in atomic units to

Ee=) Jd"'/’? (r) [—%Vf +Vn(r) + %VC(V) wi(r) + Exc[p(r)]

1

27y
n L 42
2 Tk-B)| (42)

where Vy (r) and V¢ (r) are nuclear and electronic Coulomb potentials, respec-
tively, and Z; is the nuclear charge. The quantity E,. [p(r)] is the exchange-
correlation energy, which is a functional of electronic charge density p(r). The
one-electron wave function y; (r) is derived from the wave equation

Hwi(r) = ei(r). (4.3)

Here,
1
H(r) = =5V} + Vx(r) + Velr) + Vie(r), (4.4)

where ¢; is the electronic energy eigenvalue and V. (r) is the exchange-correlation
potential. The nuclear wave equation is given by

0 1
—is - 5V§ +Ve(R, Ry, ) |wi(R) =0, (4.5)
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where
Ve(R.R,, -) =E.. (4.6)

The equation above implies that the total electronic energy becomes the interaction
potential among constituent atomic particles. Electronic equations are solved sep-
arately from nuclear equations.

One of the quantum molecular dynamics is the Car—Parrinello method (Car and
Parrinello 1985), which expands an electron wavefunction in terms of plane waves
using pseudopotentials in a periodic system. The full potential method, which deals
with all electrons, includes significant contributions from core electrons to total
energy. The plane wave method, meanwhile, using the pseudopotential, eliminates
contributions from core electrons by substituting the potential for an effective
potential to suppress the variation of valence electron wavefunctions. The motion
of particles seems to be virtual if artificial masses are used, and the number of plane
waves increases for heavy atoms.

The above nuclear wave equation, which depends on time ¢ approaches to the
Newtonian equation in the classical limit, is denoted as

Sh=1 @)

Here,
fi= —VR,Ve(RI, R,, - -), (4.8)
pr =My, (4.9)

where p;, My, v; are (in order) the momentum, mass and velocity of a nucleus and

dr, _pr (4.10)
dr M,
The decomposition of the Newtonian equation into two equations with the first
order derivative is the Hamiltonian formalism, which is explicitly written as

d OHy

d_tp]:_a—R,:_vR’Ve(Rl’Rz’ ), (4.11)
d H
dp, = 9y (4.12)
dr op,

where
P
HN: L+VS(R1’R2’ ”)~ (413)

—~2M,
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4.3 Derivation of Atom-Atom Interaction Potential
Using the Gaussian Quadrature Quantum
Molecular Orbital Method

The Newton equation in classical molecular dynamics contains forces among
particles, in which the potential plays an important role and is decomposed into
potentials of two-body, three-body, . . . and so on. The classical molecular dynamics
usually used employs two-body interatomic interaction (pair) potentials expressed
by

Ve(R,. Ry, ) = > VP (R, R)) (4.14)
1<J

The pair potential is further reduced in spherical coordinates to
V£:2> (R;. RJ) = V(r), (4.15)
where
r=|R,—R,|. (4.16)

The above potential between atoms is calculated non-empirically using the quan-
tum molecular orbital method with the use of the Gaussian quadrature method.

In the molecular orbital method, quantum equations of electrons are solved by
the linear combination of atomic orbitals (LCAO) by expanding the wave function
in terms of atomic orbitals as

r) = Zcij;(f(,w). (4.17)

Atomic basis functions in the Gaussian quadrature method, which originated from
the DV (discrete variational) method, are derived via solution of the atomic wave
equation in spherical coordinates. The molecular wave equation is then expressed
by the secular equation in matrix form

HC = ¢SC, (4.18)

where € are the matrix form of eigenvalues. Elements of the Hamiltonian and the
overlap integral are represented by

= | anzi 10, (@.19)
Sij = de? (r)x;(r), (4.20)

respectively.
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The Gaussian Quadrature method achieves highly accurate integrals for pair
atoms in elliptic coordinates. These (&, 1, ¢) are expressed in terms of orthogonal
coordinates as

_ |V—R[|+|V—R]’

, 421
r—Ri| = |r— R/
— , 4.22
T IR —R)| (4.22)
where
1 <& <oo, (4.23)
-1 <<, (4.24)

and ¢ is an angle around an axis connecting atoms / and J. The matrix element of
the Hamiltonian becomes

Hy = J | dnro Qe[ (VH (), (1)], (4.25)
- -1 1

0(x,y,2)
0(&n. )

The aforementioned integrals in a finite region are implemented by transforma-
tion of the variable ¢’ = (1/27)¢p as well as the integral section, and using the
Gauss—Legendre formula given by

where J = is the Jacobian matrix.

1
J dsf(s) Zwe so)f (s7) (4.26)
where f is the integrand as a function of s = ¢’ or s =5 with

S—S/
—JdSHHé, el (4.27)

and s; satisfies for —1 <s <1,
We(si’)Pn(si’) =0. (428)

Here, P,(s) is the Legendre function defined by

nP,(s) — (2n — 1)sP,—1(s) + (n — 1)P,_2(s) = 0, (4.29)
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with
Po(s) =1, (4.30)
Pi(s) = s, (4.31)
Py(s) = %sz - % (4.32)

Similarly, integrals in an infinite region use transformation of the variable
& = (& — D)/ag with ag being an arbitrary scaling parameter around 4, and the
Gauss—Laguerre formula given by

Joo dug(u) = J:Q duexp(—u)[exp(u) Zwa uy)lexp(uy)g(uy)], (4.33)

0

where g is the integrand as a function of u=¢, and

0 U—uy

duexp(—u)Hj, W Li : (4.34)
i 7

(i) = |

0

The matrix element of the Hamiltonian is transformed, with the help of the variable
transformation of ¢ = ¢/2x and & = (£ — 1)/ag, as

Hy=2e(a) | ao| [ el mieno)

1 1 o0 (4.35)
- 2ﬂ(a¢/)J 1 dd)’J 1d;7J0 d&exp(—&) [exp(¢) (/) j‘(r)H(r);(j(r)].
Using the Gaussian quadratures for the integral above, we get
Hyj = 2z(ay)
ZW Jwe (n7)we (¢}:) [exp (J =g, n,r,¢’:¢;,)%* (ripue )H (e )y (riey )]7
(4.36)

where the quantities such as r;; are at the value of (&', ny, ¢'v).

For multi-atomic molecules, the integral is decomposed into elementary inte-
grals between pair atoms. Integrals for these decomposed pair atoms are carried out
directly. Another multicenter integral is performed by the decomposition using a
projection operator P ; to the I-th constituent atom including cases of />3 and
associated coordinates (Z;, @y, £2;) as
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a XN 0,2 D —_
Hy = | ang: 0 0),0) = Y- 000000 5 2525 P (=1,01,02)

T
X [xi(E1, 00, 2)H(EL, 01, 2)y(E1,01,921)],

(4.37)

under the condition

> P(E,60,2) = 1. (4.38)
1

The projection above is the Becke’s decomposition procedure (Becke 1988; Delley
1990) but the fuzzy cell is not used. The numerical integrals utilize the Gaussian
quadratures.

4.4 Numerical Calculation Method of the Newtonian
Equation

The differential Newtonian equation is solved by numerical iterations. Momentum
pi (¢, + Af) at the next time ¢, + At is expanded around the sequential time ¢, yielding
(Ashcer and Petzold 1998)

d
Pty +At) = p;(t,) + (Af)d—tp1(1)|r:tn- (4.39)
We then have
d p[(tn +At) _p[(t’l)
— - = . 4.4
dll’l(f)‘r—t,, Ar (4.40)

By denoting the momentum and force as

prt = py(t, + Ar), (4.41)

pi = pi(tn), (4.42)

S =fi(t), (4.43)

a finite difference form of the Newtonian equation is expressed as

n+1 n
P — P

- = 4.44

A= (4.44)

giving a solution

pt = p+ A}, (4.45)
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The solution at the time step ¢, is a function of the quantities at #,. The other part
of the Newtonian equation for R,(¢) including p,(r) is transformed to a finite
difference equation arriving at a solution

p

R =R} + AL
1 + MI

(4.46)

Many numerical methods of classical molecular dynamics utilize the above or
modified procedure. The popular Verlet method (Verlet 1967) numerically derives
the (n+ 1)th variable from the nth and (n—1)th variables as

R/*' =2R] — 2R} 1+At2f1 (4.47)
1
M’ n+1 n—1
pll’l :E(R1+ _RI ) (448)

Additionally, as an option, we here show a full implicit method, which is
numerically stable. The difference equation of the Newtonian equation for p,(?)
containing fj(¢) is replaced by (Crank and Nicolson 1947)

nt+l

Pr T 4 _ 9f1n + (l _ 9) In+17 (449)

to give
P — A1 = 0)f = pr + ALOf], (4.50)

where 6 is a suitable parameter (frequently used value is 0.5) and f; at the nth time
step is a function of a set of R;. The equation above is written as

pitt = A1 - 0)f (R, R L) = p + Af (R}, RS, ... (4.51)

The other Newtonian equation for R;(f) with p,(¢) results in a similar difference
equation

n+1

R — a1 — o)
a1 - o)l

'
=R+ At0=L . 4.52
; i M, (4.52)

Since the force f,(R’f+ L Rg* 1,..) at the next time step is a nonlinear function of
R}”l, the force is expanded linearly for sequential repetitions to approach real
solutions (Tjalling 1995). During the main iteration from the nth time step to (n+ 1)
th time step, we insert a set of subiteration (repetition) steps, where each repetition
is like from kth step to (k + 1)th step toward the (n + 1)th convergence. By denoting

the position at the kth repetition step as R;Hr % we derive the following relation
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f}(erl+1’k+17 Rg+l,k+17 ) :ﬁ(RY+l’k7 Rngl,k’ )

+ Y (R - R %f,(R’f“’", RyTVELL). (4.53)
J J

n+1lk+1 pn+lk+1
R} ,R5

By substituting the approximate force f( ,..) for the real force

f;,(R? !, R ,.) and manipulating p/ "' in a similar but trivial way, we arrive at
the final difference form of the Newtonian equation for p,(f) containing fi(f)

expressed as

p717+1,k+1 —At(l _ 9)2

0
n+1,k+1 n+1,k n+1,k
R; o—kf,(R1 , RS ,..)
J aR./

= p; + At6f; (R{’,Rz"7 ) + Ar(1 - 0) I(Rr11+1,k’Rg+1,k7 ) (4.54)
0 ,
—At(1 -6 Rk g Rn+l,k,Rn+l,k’ s
( )ZJ:[ J aRffI( 1 2 )

By solving these multi-variable linear algebraic equations in a matrix form, all
solutions of (k+ 1)th variables in terms of kth variables are derived sequentially.

4.5 Classical Molecular Dynamics Calculations Using
the Gaussian Quadrature Method and Pair Potentials

Classical molecular dynamics calculations were performed for an energetic carbon
(C) atom injected into a cluster composed of C atoms. The interatomic potential
used was the pair potential derived in elliptic coordinate by Gaussian quadrature
(GQ) method with the formulae of Gauss—Legendre and Gauss—Laguerre. It was
reported in our previous papers that the total energy error of the GQ result with
(20,16) integration points in (&, #7) coordinates for the axis-symmetric CO was less
than 10~ Ry, while the corresponding error of the DV result was 3 Ry. (Fukushima
et al. 1982; Fukushima 2009). The interatomic potential calculated was fitted to the
Morse potential as

V(r) = Vo{ll = exp(=ai(r — ro)) — 1}, (4.55)

where V|, (=5.50 eV) is the dissociation energy, 79(=2.63 a.u.) is the bond distance
and 242V, (=8.26 x 10° dyn/cm) is the force constant for the present case. Molec-
ular dynamics calculations were performed using the Verlet method.

Figure 4.1 shows an initial incident atom with the kinetic energy of 400 eV
along the x axis located at (—2a., 0) in two-dimensional (x,y) coordinates and
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Fig. 4.1 Positions in 6
a.u. of an incident atom with
400 eV on the left hand
side and five rest target
atoms at 0 s O

=}

solO O O O

=~

-6 1
-6 0 6
x (a.u.)

Fig. 4.2 Positions in 6

a.u. of the incident atom
with 400 eV on the left hand
side and five target atoms

at1.76 x 1077 s O

6 1
-6 0 6
X (a.u.)

five rest target atoms at (—a.,0), (0,0), (a.,0), (0,—a.) and (0,a.). Here, a. was set
to a value of 2.63 a.u.

Figures 4.2, 4.3 and 4.4 show the positions of the incident atom with 400 eV and
five target atoms at 1.76 x 107'3,3.16 x 10~"> and 4.10 x 10~'3 s, respectively. It
is clear that the energy is transferred sequentially through collisions. Figures 4.5
and 4.6 show the position and velocity in a.u. (including time units) of the incident
atom as a function of time in units with second. Most of the energy of the incident
atom is transferred during the initial collision. We note that the interatomic poten-
tial includes an attractive interaction between atoms, hence the positions and
velocities of the atoms differ slightly from those derived by a solid sphere model.

Figures 4.7, 4.8 and 4.9 indicate the positions of atoms when the energy of an
incident atom is 1 eV. Although some of this energy is transferred by collisions,
most is not. The motion of the incident atom shows oscillations and is relatively
complicated compared with the case of the 400 eV incident energy. Figures 4.10
and 4.11, which are the position and velocity of the incident atom with 1 eV as a
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Fig. 4.3 Positions in 6
a.u. of the incident atom

with 400 eV on the left hand

side and five target atoms

at3.16 x 107 s Q

¥ (au)
O
O
3

X (a.u.)

Fig. 4.4 Positions in 6
a.u. of the incident atom

with 400 eV on the left hand

side and five target atoms

at4.10x 105 s O

Y (a.u.)
O
O
O
O

-6 1
-6 0 6

X (a.u.)

function of time, confirm such complicated motion. These two types of collisions
are seen in an experiment, where an ion injected with an accelerator into fullerene is
trapped in a cage by the substitution for a constituent atom (Ohtsuki et al. 1995).

We subsequently analyzed the channeling in collisions, where an incident atom
was injected along the x axis. Figures 4.12,4.13, 4.14 and 4.15 show the positions of a
400 eV incident atom and the other target atoms as a function of time. Figures 4.16
and 4.17 are the time dependence of the position and the velocity of the incident
atom, respectively. The incident atom passes through the interstitial regions around
atoms. Figures 4.18, 4.19, 4.20 and 4.21 show the corresponding results for the 50 eV
incident atom, while Figs. 4.22,4.23,4.24,4.25 and 4.26 indicate the case of the 1 eV
incident atom. The injected atom cannot pass through the interstitial region and the
atom almost stops when the incident energy is 50 eV. Conversely, the incident atom
oscillates when the energy of an incident atom is 1 eV.

The channeling analysis further added six atoms to the original six target atoms
used in the previous calculation with the calculation conditions unchanged. Fig-
ures 4.27, 4.28, 4.29, 4.30, 4.31 and 4.32 show the results for the 400 eV incident
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Fig. 4.5 Position in

a.u. of the incident atom
with 400 eV along the x axis
as a function of time

Fig. 4.6 Velocity in

a.u. of the incident atom
with 400 eV as a function
of time

Fig. 4.7 Positions in

a.u. of the incident atom
with 1 eV on the left hand
side and five target atoms
at3.75x 107" s

x (a.u.)

Velocity (a.u.)

y (a.u.)

-6 I I I
0 2 4 6 8
Time (x107'%s)
0.06
0.04
0.02
0 ;
2 4 6 8
Time (x107'% s)
6
ot O 00 O
6 L
-6 0 6
x (a.u.)

energy, while Figs. 4.33, 4.34, 4.35 and 4.36 are for the 50 eV incident energy, and
Figs. 4.37, 4.38, 4.39, 4.40 and 4.41 are for the 1 eV incident energy. The motions
of twelve target atoms are suppressed compared to the previous case of six target
atoms. Experimentally, such channeling is observed in ion bombardment on a
material with accelerators (Feldman et al. 1982).
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Fig. 4.8 Positions in a.u. of
the incident atom with 1 eV
on the left hand side and five
target atoms at
6.56 x 1075

Fig. 4.9 Positions in a.u. of
the incident atom with 1 eV
on the left hand side and five
target atoms at
936 x 107"

Fig. 4.10 Position in a.u. of
the incident atom with 1 eV
along the x axis as a
function of time

v (a.u.)

y (au)

x (a.u.)

K. Fukushima
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Fig. 4.11 Velocity in
a.u. of the incident atom
with 1 eV as a function
of time

Fig. 4.12 Positions in

a.u. of the incident atom
with 400 eV on the left hand
side and six target atoms

at rest at O s in channeling

Fig. 4.13 Positions in
a.u. of the incident atom
with 400 eV and six target
atoms at 1.76 x 107° s

in channeling

Velocity (a.u.)

Y (a.u.)

Y (a.u.)
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Fig. 4.14 Positions in 6
a.u. of the incident atom
with 400 eV and six target
atoms at 3.16 x 107 s

in channeling

Y (a.u.)
o O
O _0O

O
O O

x (a.u.)

Fig. 4.15 Positions in 6
a.u. of the incident atom

with 400 eV and six target

atoms at 4.10 x 1075 s

in channeling O O

Y (a.u.)
OO0

-6 0 6
x (a.u.)

Fig. 4.16 Position in

a.u. of the incident atom
with 400 eV along the x axis
in six target atoms as a
function of time in
channeling

X (a.u.)

Time (x10-15 5)
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Fig. 4.17 Velocity in

a.u. of the incident atom
with 400 eV along the x axis
in six target atoms as a
function of time in
channeling

Fig. 4.18 Positions in
a.u. of the incident atom
with 50 eV and six target
atoms at 5.30 x 1075 s in
channeling

Fig. 4.19 Positions in
a.u. of the incident atom
with 50 eV and six target
atoms at 1.32 x 107 s in
channeling
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Fig. 4.20 Position in a.u. of
the incident atom with

50 eV along the x axis in six
target atoms as a function of
time in channeling

Fig. 4.21 Velocity in

a.u. of the incident atom
with 50 eV along the x axis
in six target atoms as a
function of time in
channeling

Fig. 4.22 Positions in
a.u. of the incident atom
with 1 eV and six target
atoms at 4.45 x 107 s in
channeling

Velocity (a.u.)
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X (a.u.)
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Fig. 4.23 Positions in
a.u. of the incident atom
with 1 eV and six target
atoms at 6.56 x 107'* s
in channeling

Fig. 4.24 Positions in
a.u. of the incident atom
with 1 eV and six target
atoms at 7.96 x 10™'* s
in channeling

Fig. 4.25 Position in a.u. of
the incident atom with 1 eV
along the x axis in six target
atoms as a function of time

in channeling
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Fig. 4.26 Velocity in 0.006
a.u. of the incident atom
with 1 eV along the x axis
in six target atoms as a = 0.003
function of time G
in channeling z 0F
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Fig. 4.27 Positions in 6
a.u. of the incident atom

with 400 eV on the left hand

side and 12 target atoms

at rest at O s in channeling
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Fig. 4.28 Positions in 6
a.u. of the incident atom
with 400 eV and 12 target
atoms at 1.76 x 107 "% s
in channeling
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Fig. 4.29 Positions in
a.u. of the incident atom
with 400 eV and 12 target
atoms at 3.16 x 107 s
in channeling

Fig. 4.30 Positions in
a.u. of the incident atom
with 400 eV and 12 target
atoms at 4.10 x 1075 s
in channeling

Fig. 4.31 Position in

a.u. of the incident atom
with 400 eV along the x axis
in 12 target atoms as a
function of time

in channeling
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Fig. 4.32 Velocity in 0.06
a.u. of the incident atom
with 400 eV along the x axis — \/'\,_\/__
in 12.target ffltoms asa g 0.04 F
function of time S
in channeling z
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Fig. 4.33 Positions in 6

a.u. of the incident atom
with 50 eV and 12 target
atoms at 5.30 x 1075 s
in channeling
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Fig. 4.34 Positions in 6 O
a.u. of the incident atom

with 50 eV and 12 target
atoms at 1.32 x 107 %5

in channeling O
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Fig. 4.35 Position in a.u. of
the incident atom with

50 eV along the x axis in
12 target atoms as a
function of time

in channeling

Fig. 4.36 Velocity in

a.u. of the incident atom
with 50 eV along the x axis
in 12 target atoms as a
function of time

in channeling

Fig. 4.37 Positions in
a.u. of the incident atom
with 1 eV and 12 target
atoms at 1.40 x 10" s in
channeling
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Fig. 4.38 Positions in 6
a.u. of the incident atom
with 1 eV and 12 tarI%et O
sat2.34 x 107 " si
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Fig. 4.39 Positions in 6

a.u. of the incident atom
with 1 eV and 12 target
atoms at 4.45 x 10 s in

channeling O
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Fig. 4.40 Position in a.u. of 6
the incident atom with 1 eV
along the x axis in 12 target
atoms as a function of time ir
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Fig. 4.41 Velocity in 0.006
a.u. of the incident atom
with 1 eV along the x axis in ~ 0.003
12 target atoms as a g
function of time in = ok
channeling '§
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Conclusions

The Born—Oppenheimer approximation enables an independent description
of the motion of nuclei and electrons bound by the same particles. The total
electronic energy, including repulsions among nuclei, amounts to the poten-
tial acting on nucleus. Classical molecular dynamics traces the motion of
nuclei with electrons using the Newtonian equation. We developed a highly
accurate method of calculating total electronic energy using Gaussian quad-
ratures (GQ). This article has reported a method combining the Gaussian
Quadrature method of total energy calculation with classical molecular
dynamics. The author examined an energetic atom injected into a target
object composed of atoms. Conventional high energy atomic calculations
for nuclear materials consider a sequence of binary collisions between an
incident atom and one of the target atoms. The present molecular dynamics,
however, evaluated the interaction between an incident atom and surrounding
target atoms. Even if the total interaction is derived by summing interactions
between pair atoms, the derived potential differs from the binary potential
between an incident atom and one target atom. When an injected atom is
bound even in a short time by the potential produced by target atoms, it may
be regarded as trapped or react with the surround atoms. When the incident
atom finally goes away from the target atoms, we derive the scattering
properties.
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Chapter 5

Comparison of Contributions to Interatomic
Interactions Between Covalent and Ionic
Bonds from Total Energy Calculations

Kimichika Fukushima

5.1 Introduction

The density functional Theory (DFT) (Slater 1951, 1974, 1979; Gaspar 1954;
Nozieres and Pines 1958; Kohn and Sham 1965; Wigner 1934; von Barth and Hedin
1972; Janak et al. 1975; Vosko et al. 1980; Perdew and Zunger 1981) and calculation
methods (Ellis and Painter 1970; Adachi et al. 1978; Averill and Ellis 1973; Rosén
et al. 1976; Satoko and Ohnishi 1994) has greatly succeeded for atoms, molecules,
solids as well as practical materials. The potential energy surface predicted by using
DFT leads to reasonable equilibrium interatomic distances and binding energies. The
present author and coworkers developed the Gaussian quadrature (GQ) method
(Fukushima et al. 1982; Fukushima 2009) for total energy calculations. The matrices
of the Hamiltonian, overlap integral as well as total energy are numerically integrated
using the Gauss—Legendre and Gauss—Laguerre quadratures (Stroud and Secrest 1966).

The atom-atom interaction and interaction potential are useful quantities for
properties of molecules and solids as well as practical materials. The simple and
practical quantities used to evaluate the bond strength between atoms are the Mulliken
overlap charge (Mulliken 1955a, b, c, d) and the long range Coulomb interaction. The
former implies the covalent bond strength and the latter ionic interaction. Meanwhile,
the total energy in the Born—Oppenheimer approximation expresses the atom-atom
interaction potential. Total energy evaluations require a highly accurate integration of
the matrix elements of the Hamiltonian and the overlap integral as well as the total
energy. The present author and coworkers developed the Gaussian quadrature method
deriving the highly accurate total energy. The nitrogen-nitrogen interaction is appar-
ently dominated by the covalent bond, while the main lithium-fluorine interaction is
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probably the ionic interaction. It is not obvious to the present author which is the main
interaction between boron and nitrogen atoms. The preliminary calculation using the
total energy clarified the dominant interaction.

This chapter is organized as follows. Section 5.2 describes the formalism of the
total energy and Mulliken populations. Section 5.3 compares contributions of the
covalent bond and the ionic bond to the total energy elucidating the main contribution,
followed by conclusions.

5.2 Formalism

The total electronic energy of an electronic system E,, which amounts in the density
functional scheme in atomic units to

o= 3 a0 [ 92 )+ et + o

1

T (5.1)

1<J 1~

where V(r) and V(r) are nuclear and electronic Coulomb potentials, respectively,
and Z; is the nuclear charge. The quantity E,.[p(r)] is the exchange-correlation
energy, which is a functional of electronic charge density p(r). An electronic wave
function is expanded in terms of atomic basis functions expressed by (Here, atomic
orbitals are real numbers.)

wi(r) = Zciﬂ)(j (" - RI)' (5.2)
il

The overlap charge between atoms / and J is denoted as

Qy =2 nCiyCax;(r — R )y (r = R,), (5.3)
ijk

where n; is the number of electrons occupying the ith molecular orbital. The long
range ionic interaction between ions / and J are

AQ,A
Ey = 4040, ; (54)
[R,—R,|
where the ionic charge AQ; is defined as
AQ, = —Zzﬂiciﬂcik/)Q(V —R)x(r—R)) + 2. (5.5)

J ik
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5.3 Results and Discussion

The overlap charge and total energy were calculated for a diatomic N, molecule.
Table 5.1 shows the dependence of fractions of the relative overlap charge and the
relative total energy on interatomic distances, where E'g is the total electronic energy,
which does not include the nucleus-nucleus repulsion. Both the overlap charge and the
total energy are normalized by the difference between values at the interatomic
distances of the inner bound d; = 2.3 a.u. and the outer bound d, = 3.2 a.u. Fractions
of the relative overlap charge and the relative total energy are then denoted as

_ 0u(R ~ Ro)) ~0,,(dy)

Qo =""0 @) — 0n(do)

(5.6)

and

EJ(IRi — Ro|) — EJ(do)

ES =
N EQ(d) — EQ(do)

(5.7)

respectively. The dependence of the covalent bond strength on interatomic dis-
tances corresponds well to that of the total energy. It is seen that the main
contribution to the interatomic interaction in N, is the covalent bond.

Next, the ionic interaction and total energy were calculated for the LiF diatomic
molecule. Table 5.2 shows the dependence of fractions of the relative ionic inter-
action, which is the long-range Coulomb attraction, and the relative total energy on
interatomic distances. The dependence of the fractional relative ionic interaction on
interatomic distance is evaluated using a definition given by

Eion(|Rl - R2| - Eion(do)

)
Ei nf —
ont Eion(di) - Eion(do

(5.8)

Table 5.1 Fractions of the relative overlap charge and relative total energy excluding nucleus-
nucleus repulsion as a function of the interatomic distance for N,

Interatomic Fractional relative overlap Fractional relative tota! energy (excluding
. charge nucleus-nucleus repulsion)

distance 00y — 0,(IRi—Rs)) ~0,, (do) £ EP(IRy—Ry|)—E" (do)

(a.u) 12f 0,,(d) ~0 1, (do) of ES(d)—E? (do)

23 1.00 1.00

2.5 0.79 0.74

2.6 0.57 0.52

2.8 0.36 0.33

3.0 0.17 0.15

32 0.000 0.000
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Table 5.2 Fractions of the relative ionic interaction and the relative total energy as a function of
the interatomic distance for LiF

Interatomic Fractional relative ionic interaction Fractional relative total energy
. E. . — Eon(Ri—R])~Eion(do) E.. — EelRi—Rs])—Ec(do)

distance (a.u.) fonf = " F, (@) —Eion (do) ef = T E (&) —Ec(do)

3.21 1.000 1.000

3.40 0.660 0.716

3.59 0.353 0.479

3.78 0.160 0.271

3.97 0.000 0.000

Table 5.3 Fractions of the relative overlap charge, the relative ionic interaction and the relative
total energy as a function of the interatomic distance for BN

Interatomic Fractional Fractional relative total energy
distance relative overlap Fractional relative | (excluding nucleus-nucleus
(a.u.) charge ionic interaction repulsion)

2.6 1.00 1.00 1.00

2.7 0.76 0.63 0.73

2.8 0.51 0.36 0.47

2.9 0.26 0.16 0.23

3.0 0.00 0.00 0.00

The dependence of the fractional relative ionic interaction strength on interatomic
distances corresponds well to that of the fractional relative total energy.
Ionic interaction can thus be considered the main contribution to the interatomic
bond in LiF.

To evaluate the main contribution to the bond in a diatomic BN molecule, the
covalent overlap population, ionic interaction and total energy were calculated.
Table 5.3 shows the dependence of fractions of the relative covalent bond, the
relative ionic interaction and the relative total energy on interatomic distances. The
dependence of the relative overlap charge on interatomic distances corresponds
well to that of the relative total energy, hence the main contribution to the
interatomic bond in BN is the covalent bond.

Conclusions

Using the GQ (Gaussian Quadrature) method with a highly accuracy for
total energy calculations, this article has derived that the interaction
between nitrogen-nitrogen atoms is the covalent bond, whose bond strength
expressed in terms of Mulliken overlap charge is consistent with the total
energy. Conversely, lithium-fluorine (LiF) interaction is the ionic interac-
tion, which is preliminarily supported by the long rage Coulomb interaction
with the Mulliken charges, which indicates the consistency to the total
energy.



5 Comparison of Contributions to Interatomic Interactions Between Covalent. . . 139

References

Adachi H, Tsukada M, Satoko C (1978) Discrete variational X cluster calculations. I. J Phys Soc
Jpn 45:875-883

Averill FW, Ellis DE (1973) An efficient numerical multicenter basis set for molecular orbital
calculations: Application to FeCl,. J Chem Phys 59:6412-6418

Ellis DE, Painter GS (1970) Discrete variational method for the energy-band problem with general
crystal potentials. Phys Rev B 2:2887-2898

Fukushima K, Mizuno J, Fujima K, Adachi H (1982) Gaussian quadrature Xo method for self-
consistent Hartree-Fock-Slater equation. I. Application to the total energy calculation of
diatomic molecule. J Phys Soc Jpn 51:4028-4035

Fukushima K (2009) A Gaussian quadrature method for total energy analysis in electronic state
calculations. Int J Quantum Chem 109:2664-2671

Géspar R (1954) Uber eine approximation des Hartree-Fock schen potentials durch eine
universelle potentialfunckion. Acta Phys Acad Sci Hung 3:263-286

Janak JF, Moruzzi VL, Williams AR (1975) Ground-state thermomechanical properties of some
cubic elements in the local-density formalism. Phys Rev B 12:1257-1261

Kohn W, Sham LJ (1965) Self-consistent equations including exchange and correlation effects.
Phys Rev 140:A1133-A1138

Mulliken RS (1955a) Electronic population analysis on LCAO-MO in molecular wave functions
I. J Chem Phys 23:1833-1840

Mulliken RS (1955b) Electronic population analysis on LCAO-MO in molecular wave functions
II. Overlap populations, bond orders, and covalent bond energies. J Chem Phys 23:1841-1846

Mulliken RS (1955c¢) Electronic population analysis on LCAO-MO in molecular wave functions
I1I. Effects of hybridization on overlap and gross AO populations. J Chem Phys 23:2338-2342

Mulliken RS (1955d) Electronic population analysis on LCAO-MO in molecular wave functions
IV. Bonding and antibonding in LCAO and valence-bond theories. ] Chem Phys 23:2343-2346

Noziéres P, Pines D (1958) Correlation energy of a free electron gas. Phys Rev 111:442-454

Perdew JP, Zunger A (1981) Self-interaction correction to density-functional approximations for
many-electron systems. Phys Rev B 23:5048-5079

Rosén A, Ellis DE, Adachi H, Averill FW (1976) Calculations of molecular ionization energies
using a self-consistent-charge Hartree-Fock-Slater method. J Chem Phys 65:3629-3634

Satoko C, Ohnishi S (1994) Density functional theory and its applications: electronic state of
molecules and clusters (in Japanese). Kodansha, Tokyo

Slater JC (1951) A simplification of the Hartree-Fock method. Phys Rev 81:385-390

Slater JC (1974) Quantum theory of molecules and solids. The self-consistent field for molecules
and solids, vol 4. McGraw-Hill, New York

Slater JC (1979) The calculation of molecular orbitals. Wiley, New York

Stroud AH, Secrest DH (1966) Gaussian quadrature formulas. Prentice-Hall, Englewood Cliffs

von Barth U, Hedin L (1972) A local exchange-correlation potential for the spin polarized case.
i. J Phys C 5:1629-1642

Vosko SH, Wilk L, Nusair M (1980) Accurate spin-dependent electron liquid correlation energies
for local spin density calculations: a critical analysis. Can J Phys 58:1200-1211

Wigner E (1934) On the interaction of electrons in metals. Phys Rev 46:1002-1011



Chapter 6
Total Energy Calculation by DV-X«
Method and Its Accuracy

Katsumi Nakagawa

The basis functions of DV-Xa method are prepared numerically for the environment
proper to the molecule or the cluster to be calculated. They make it easier to apply
DV-Xa method for wide variety of models but make it difficult to calculate total
energy of the model with chemical accuracy.

The author improved the total energy calculating method based on the spin-DV-
Xo method. In this article, the method is briefly described and applied for various
organic or inorganic molecules comprising various atoms from H to Xe. Calculated
results are compared with experimental data and their counterparts by various
methods in the Gaussian package to evaluate their accuracy.

It was found that they are more accurate than expected from the simple calculating
method, provided that molecular orbitals were prepared appropriately. The obtained
results demonstrate the usefulness of numerical basis functions and the feasibility of
DV-Xa method as a convenient tool to analyze quantitatively wide variety of
molecules. At the same time, some unsatisfactory results suggest how to prepare
more appropriate molecular orbitals in DV-Xa method.

6.1 Introduction

The DV-Xa (Discrete Variational Xa) method is based on Hartree-Fock-Slater
(HFS) equation and numerical treatment of molecular integrals. In HFS equation,
complicated electron exchange interaction of Hartree-Fock equation is replaced by
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simple Xo potential, which makes the calculations easier. And the numerical
treatment makes it possible to adopt accurate atomic orbitals (AOs) as basis
functions. In Japan, the DV-Xa program is developed by Adachi and his collabo-
rators (Adachi et al. 1978). The DV-Xa program package including source codes, is
distributed by the society for Discrete Variational Xa and it has been widely used to
assign spectral lines for variety of molecules or crystals and to interpret structures
or reactions of various molecules by the way of Mulliken’s population analysis. The
main program in the package that calculates spin-polarizable molecular orbitals
(MOs)s and their eigenvalues has the name “sspin”. Hereafter let’s call it SSPIN.

Unfortunately the numerical treatment makes it difficult to calculate total energy
with accuracies required for chemical application. Ziegler demonstrated that
molecular bond formation energy can be calculated accurately by the transition
state method (Ziegler and Rauk 1977). But his method can calculate only one bond
formation energy in a molecule at a time and has limited application. Ogasawara
developed the total energy calculation program “Coulomb” (Kowada et al. 2009).
In their method, AOs calculated by SSPIN are used as basis functions but MOs are
recalculated by using more accurate potential than SSPIN. It requires additional
time to get SCF convergence again. The author developed “Total energy calcula-
tion by spin-DV-Xa” (TESDA) program (Nakagawa 2003). It calculates total
energy using MOs by SSPIN as they are and is equipped with error cancelling
procedure, which realized total energy calculation with relatively small number
of sample points. Further, results by TESDA reflect the characteristics of MOs
and will give suggestions to obtain more accurate physical or chemical properties
by SSPIN.

In this article, the author described DV-Xo method and his total energy calcu-
lating method briefly and applied it for various atoms, organic or inorganic mole-
cules including elements from H to Xe. For some cases, he compared obtained
results with their counterparts by several methods in the Gaussian package and
evaluated accuracy of results by his method.

6.2 DV-Xa Method and Its Characteristics

6.2.1 Hartree-Fock-Slater Equation

In Hartree-Fock method, electronic exchange interaction is included in the total
energy by using a Slater determinant describing the electronic state. But it requires
fairy large calculation cost. Instead of it, Slater defined a Fermi hole, which is
formed by electronic exchange interaction around a specified point in the electron
cloud and its influence is represented by Xoa term. In his method (Hartree-
Fock-Slater method), total energy ¢ of the system is represented like
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Here, the first term of right side represents kinetic energy, where ¢7(r) denotes k-th
MO with o = a-spin or p-spin, fi denotes its occupation number. The second term
represents nuclear-electron interaction, where Z, denotes charge of v-th nucleus.
The third term represents electron—electron interaction and the fourth term Xa
energy, which means electron—electron interaction reduced by Fermi hole forma-
tion. Here, p(r) denotes electron density, or

p(r) = p*(r) + PP (r) = Y Febu(r)? + >l (). (6.2)
k k

(6.1)

and a is a constant, which is usually set to 0.7.
HEFES equation is obtained by applying the variational principle for Eq. (6.1) and
represented as follows,

{—%Vz - Zé + Jip(rz)drz - 3a <%p"("1)> i }451?(71)

PREAY 12
= e ¢ (r)- (6.3)

Here £ is the eigenvalue of ¢7. In HFS equation, electronic state is represented by a
set of one electron orbital ¢ (k=1,2,3,...,knax_»). DV-Xa method is based on
HFS equation (6.3), which also can be considered as Kohn-Sham type density
functional equation having the primitive local functional.

6.2.2 Atomic Orbitals as Basis Functions

Because MOs are very similar to AOs at least near each nucleus of the molecule, it
is desirable that AOs themselves are utilized as basis functions. But GTOs, which
are usually used in ab-initio method and DFT, are far from AO-like and compli-
cated combination of various types of GTO is indispensable to get accurate results.
In DV-Xa method, basis set comprises actual AOs, radial components of which are
calculated numerically according to the electron distribution for each atom at each
SCF step and multiplied by spherical harmonic functions. Figure 6.1 shows radial
components of AOs of Zn atom, where every orbital has correct number of nodes
and every orbital has exact form near the nuclei.
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Fig. 6.1 (a) Radial components of 1s—3s orbitals of Zn atom. (b) Radial components of 3p—4p
orbitals of Zn atom

6.2.3 Discrete Variational Method

For the numerical integration in 1D space, various simple and high performance
methods can be used. For example, Simpson’s method is used to calculate
radial components of AOs of SSPIN. But for 3D space, Monte-Carlo method is
almost the only practical method. In Monte-Carlo method, sample points are
distributed uniformly in a unit cube by using quasi-random-number and mapped
to around each nucleus. Figure 6.2 shows the sample point system generated by
SSPIN for Zn atom. Because usually functions to be integrated have large
absolute value near the nuclei, sample points are distributed densely near the
nuclei and sparsely at peripheral area. In this case, almost all sample points are
located inside the radius r=6.0. Figure 6.3 shows the sample point system
generated by SSPIN for SiCl, molecules. For molecule, sample points are shared
randomly with all atoms constituting the molecule and each atom wears its own
sample points. The sharing ratio of sample points for a heavier atom is adjusted to
be relatively larger.

Each sample point 7; has the weight w; inversely proportional to its appearance
probability. The sum of weighted function value at each sample point corresponds
to the integration of the function. To solve HFS equation by Loothaan’s method,
matrix elements of Fock operator F,, and overlap integral S, have to be calculated
numerically like
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Fig. 6.2 Sample point
system for a Zn atom

Fig. 6.3 Sample point
system for a SiCl, molecule
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where y7 is r-th AO with spin 6. Using F7, and 7, MO ¢/ (r Z Cixi(r) and

eigenvalue &f are calculated.
Actually electron—electron Coulomb interaction is not calculated like the third
term of Eq. (6.4) in SSPIN, but approximated as follows

;i ij P Tvi Jo Ty

Tvi

Here p(r) is approximated to the sum of the contribution of p,, which is spherically
distributed around nucleus v and r,, is the distance between the nuclei v and the point
r.. The p, s were already obtained at the calculation of AOs and summation of
quantities for all nucleus is far easier than that for all sample points. Equation (6.6)
is called SCC (Self-Consistent-Charge) approximation. SCC approximation consid-
erably reduces calculation cost, but is one of possible causes to degrade total energies.

6.3 The Calculating Method of Total Energy

6.3.1 Total Energy Calculation by Monte-Carlo Method
and Its Errors

On the sample point system, total energy e of (6.1) is represented as follows.

£= Z Zf,fz oL (ri) <_%V2> L (riywi — Z Z?p(ri)w
G & i i vi

v

’/)w-w-—ga 3 VSZZ o(,..)%w.
™I 4 Ax - i P i i

TESDA calculates total energies according to Eq. (6.7) by using ¢7 s obtained by
SSPIN. But electron—electron Coulomb interaction for j =i in the third term, can’t
be calculated because r; = 0. Instead of it, TESDA uses mutual Coulomb interac-
tion of uniformly distributed charge inside the sphere around the sample point r; as
described as
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where the sphere has the same volume as weight w;.

In the case of non-relativistic DV-Xa method, it is required that molecules
comprising elements to fifth row can be calculated with required accuracy. But as
heavier atoms are accompanied with more electrons and has deeper potentials, it is
difficult to calculate their total energies with required accuracy. As an example,
sample point number N dependence of total energy of I, molecule is demonstrated
in Fig. 6.4, where large systematic error is observed. And total energy vs. bond
length (inter-nuclear distance) curve for 8,000 sample points (4,000 point per atom)
is demonstrated in Fig. 6.5. The range of scattering is around 1 eV and the total
energy minimum can’t be determined.

Usually around 500 sample points per atom is used to obtain reasonable MOs
and their eigenvalues. But for chemical applications, slight difference (typically
0.1 eV) between large total energies (typically 10*~10° eV) has importance or
PPM-class-accuracy is required for total energy calculation. Result by Monte-Carlo
method includes statistical error inversely proportional to N, provided that sample
points are generated by quasi-random-numbers. Therefore the simplest way to
improve this situation is to use more points. But it is limited by computation
resource and unrealistic in large molecules.
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6.3.2 Error Cancellation Procedure

Because the charge density is higher and the potential is deeper in the inner region
of each atom of the molecule, major part of total energy error must be generated
there. On the other hand, total energy of each atom in the molecule must include
similar numerical error, provided that the same sampling point system is used.
Therefore the difference between calculated total energy of the molecule E,,,; and

the sum of total energy of each single atom constructing the molecule ZE,, is
v

expected not to include the major numerical error. Further if each acculate total
energy of each single atom E,° can be calculated, genuine total energy of the
molecule Em(,lo can be obtained, or

Emolo = Epor — Z (Eu - Euo)- (69)

v

It should be noted that E,° is not the total energy of the atom standing alone, but that
of the atom in the environment of the molecule. Fortunately it can be calculated
easily by using the results of AO calculation in SSPIN and very accurate because it
can be transformed into numerical integration in 1D space. The sample point
number dependence of total energy of I, molecule after error cancelling is
demonstrated in Fig. 6.6 and total energy of I, molecule vs. inter-nuclear distance
curve for 8,000 sample points (4,000 point per atom) after error cancelling is
demonstrated in Fig. 6.7. Comparing Fig. 6.6 vs Fig. 6.4 and Fig. 6.7 vs Fig. 6.5,
the effect of error canceling procedure was found to be remarkable.
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Fig. 6.6 Sample point
number dependence of total
energy (eV) of I, molecule
after error cancelling.
Number of sample points
are 1,000, 2,000, 4,000,
8,000, 16,000 and 32,000
respectively

Fig. 6.7 Bond length

(d) dependence of total
energy (eV) of I, molecule
after error cancelling. Here
Ad =0 means that d equals
the experimental
equilibrium bond length.
8,000 points were used
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Fig. 6.8 Total energy
calculation procedure structure
fo1
Input file
f05

AOs
MOs
eigenvalues

total energy

The total energy minimum in Fig. 6.7 is located at the position 0.08 A longer
than experimental bond length. This error can not be eliminated even if more
sample points were used and does not originate from numerical calculation error.
Prescriptions for this problem will be discussed later.

6.3.3 Total Energy Calculation Procedure

Figure 6.8 shows total energy calculation procedure by DV-Xa method. At first
one needs to prepare the simple text file “f01”, which described structure of the
molecule to be calculated. The pre-processor program “makef05” (hereafter
MAKEFO05) reads the fO1 file and prepare the input file “f05”. A fO5 file includes
various parameters for DV-Xa calculation. MAKEFOS5 sets these parameters to be
default status. Some of them will be explained in detail later. The program “espin”
(hereafter ESPIN) works in completely the same way as SSPIN until SCF conver-
gence is obtained, but it generates the input files for TESDA. TESDA reads these
files and generates output files including the total energy of the molecule.
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ESPIN and TESDA are tentatively distributed for members of the society for
Discrete Variational Xa and work in the environment of the program package
distributed by the society.

6.3.4 Simple Examples of Structure Optimization

Structure optimization of molecule may be one of the most frequently used functions
of molecular orbital method. And the similarity of the calculated and experimental
equilibrium structures is the good measure for accuracy of the calculation. But
TESDA can execute one point calculation of the total energy only, one has to
calculate total energies for successively transformed structures and find the total
energy minimum by hand.

Firstly let’s consider diatomic molecules. In this case, Morse potential V' (6,10)
is well known as a function expressing binding energy in wide range of interatomic
distance r.

Va(r) = D, (e—“<"—"0> - 1)2, (6.10)

where D, is a bond dissociation energy and ry is equilibrium bond length. Unless
higher excitation is considered, Eq. (5.10) can be expanded around ry as follows,

Vi(r) = Doa*(r — r0)* — Doa®(r —ro)’ + O [(r - ro)ﬂ . (6.11)

The first term of (6.11) is a harmonic term that determines molecular vibration
wavenumber . The relation between its coefficient D,a” and w, will be explained
in Sect. 6.7.2. The second term of (6.11) is the lowest anharmonic term indispens-
able to fit the curve to calculated total energies appropriately. Based on the
expansion (6.11), Vy can be expressed in the general form like

Vu(r) =ar® +br* +cr+d. (6.12)

Coefficients a, b, ¢, d in (6.12) are determined by fitting (6.12) to more than four
calculated total energies. Then we can determine r, by solving the analytical
differentiation of (6.12).

For a multi-atomic molecule having more than two structural parameters, the
author assumed that the dependence of its total energy on arbitrary parameter x has
the expression similar to (6.12)

V(x) = ax® + bx* + cx + d, (6.13)

and determined equilibrium parameter x,, by solving the analytical differentiation of
(6.13). To check accuracy of the curve fitting, five or more results were used.
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If the molecule has three structural parameters x, y, z, its total energies with
successively changed parameter x were calculated and parameters y and z fixed to
experimental ones at first. Then parameters y were optimized with fixed x and z to
experimental ones, and so on. Practically, only small or symmetric molecules could
be calculated and symmetries of molecules were assumed.

6.34.1 C,Hg C,H, and C,H, Molecules

Let’s investigate structures of C,H, C,H, and C,Hg molecules and see the sample
point number dependence. Here default fO5 files were used without parameter
adjusting. If Cj, structure is assumed, C,Hg molecule has three independent
structural parameters d(C-C), d(C-H) and £(H-C-C) remain to be optimized.
Figure 6.9 shows the bond length d(C-C) dependence of total energy of C,Hg
molecule with other parameters fixed to experimental ones. Ad(C-C) in the hori-
zontal axis designates the deviation of d(C-C) from the experimental bond length.
Four curves correspond to ones calculated with 4,000, 8,000, 16,000 and 32,000
sample points respectively. Total sample points were shared by C atoms (14 %/
atom) and by H atoms (12 %/atom) automatically by MAKEFO0S5. The minimum by
32,000 sample points is located at d =1.5110 A, which agrees well with experi-
mental bond length d =1.5351 A.

Figure 6.10 shows the bond length d(C-H) dependence of total energy of C,Hg
molecule with other parameters fixed to experimental ones. Here all six C-H bond
lengths were altered simultaneously and the molecule holds its symmetry.
The minimum by 4,000 sample points is located at d=1.1142 A, which agrees
well with experimental bond length. d =1.0940 A.
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Fig. 6.10 C-H bond length -2130.0 T I
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Figure 6.11 shows the bending angle £(H-C-C) dependence. The minimum by
32,000 sample points is located at 6 = 111.0°, which agrees well with experimental
bending angle 6 =111.7°.
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Although Cj, structure was assumed so far, the effect of conformation was
investigated. Figure 6.12 shows twist angle ¢ (H3-H3) dependence of total energy,
where ¢ =0 means the staggered conformation. The experimental height of con-
formational barrier is as small as 0.13 eV. The fluctuation of curves is rather
dominant, but curves by more than 8,000 points seem to suggest that staggered
structure is more stable.

The C-C double bond length dependences of C,H, is shown in Fig. 6.13. The
minimum by 24,000 sample points is located at d =1.0864 A which agrees well
with experimental bond length d=1.087 A. Further the C-C triple bond length
dependence of C,H, are shown in Fig. 6.14. The minimum by 16,000 sample points
is located at d=1.0583 A which agrees well with experimental bond length
d=1.060 A.

Inspection of Figs. 6.9, 6.10, 6.11, 6.13, and 6.14 of C,H,, may suggest that the
condition of 2,000 sample points per atoms is enough for light atoms. But even with
4,000 points per atom, analysis of small total energy difference especially accom-
panied with conformation change was found to be difficult.

6.4 Adjustment of Preparation Parameters of MOs

6.4.1 Parameters in the Input File “f05”

In the case of calculations of C,Hg, C,H4 and C,H,, default parameters in a f05 file
prepared by MKEF05 were adopted without adjustment and excellent agreements
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with experimental data were obtained except for twist angle ¢ (H3-H3) dependence
of C;Hg molecule. But excellent agreement is not necessarily obtained in every
case. And there is little room for adjustment in TESDA to improve accuracy. On the
other hand, adjustment of parameters in f05 files often improves accuracy of results.
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Table 6.1 Parameters influencing the accuracy of total energy

Described in f01 Described only in f05

Reference atoms O

Spin polarization in AO
Spin polarization in MO
Extension of AOs

Well potential

o|0|0|0|0

o value in reference atom

According to variational principle, total energy calculated by Eq. (6.1) or (6.7) is
good measure of quality of MOs. This means that MOs of DV-Xa method can be
tuned through total energy calculated with those MOs. The tuned MOs will be
useful to calculate other chemical or physical quantities.

There are many kinds of parameter for DV-Xa calculation, which are explained
in detail by Adachi’s collaborator (Iwasawa and Adachi 1996). Those especially
influencing total energies are listed in Table 6.1 and will be explained in the
following sections.

6.4.2 Reference Atom

Because atoms in the different environments feel the different potentials, they
should have different AOs. For a H atom bonded to the C atom and the H atom
bonded to the O atom in a CH30H molecule, a user can prepare different reference
atoms in the fOl file and the program ESPIN prepares slightly different AOs
appropriate for each reference atom. This function is inherited from SSPIN and
will be one of the greatest advantages of DV-Xa method. One should utilize this
function to obtain better results with relatively low calculation cost.

6.4.3 Spin Polarization

In ESPIN, the electron configuration of the molecule is described by specifying the
occupation number f of MO ¢7 (6 =a,f). In the case of a molecule with 2n
electrons, the default fO5 file makes

fe=1(k=1,23,....0), f{ =0, (k=n+1,n+2n+3,...).

In the case of a molecule with 2n+ 1 electrons, the default fO5 file makes
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fE=1(k=1,23....nn+1), ff=0(k=n+2,n+3,...),

fP=1(=1,23....0), ff=0(k=n+1,n+2,...).

1
Let’s define spin polarization like S, = E(Z fi— Z f f) .
k k

These settings make S, of the molecule the minimum, which is usually the
satisfactory result for ground state. But there are some exceptional cases, like O,
molecule and atoms which has high S, according to Hund’s rule. ESPIN sometimes
finds results with appropriate S, by the default fO5 file. But it often fails to find
appropriate results.

For the case of O, molecule, one can edit the fO5 file and change occupation
numbers of MOs like, f&=0— 1, ff =1 — 0 to give the molecule appropriate spin
polarization S, =1.

Another way to alter S, is to edit the fO5 file and adjust the initial electron
configuration of AOs of reference atom(s). The program ESPIN starts calculation
from this settings. For example, in default fO5 file of O atom the initial electron
configuration of AOs are described as follows,

Quantum number Occupation number

n 1 Eigen value a-spin B-spin
1.0 0.0 —19.72000 1.00000 1.00000
2.0 0.0 —1.07000 1.00000 1.00000
2.0 1.0 —0.52000 2.00000 2.00000

[l

Here “n” means principal quantum number and “1” means orbital-angular-
momentum quantum number of the atom. If above default parameters are used,
ESPIN gives the result without spin polarization. The ground state of O atom is °P
and only S. = 1 can correspond to P state. By adjusting initial electron configura-
tion as follows,

Quantum number Occupation number

n 1 Eigen value a-spin B-spin
1.0 0.0 —19.72000 1.00000 1.00000
2.0 0.0 —1.07000 1.00000 1.00000
2.0 1.0 —0.52000 3.00000 1.00000,

ESPIN gives the result with S, =1 and with total energy 3.49 eV lower than that
by default parameter. The initial electron configuration adjustment is indispensable
for calculation of atoms, and often adaptable for molecules. But the program
sometimes doesn’t give the results as expected by the f05 file. A user has to make
sure of final occupation numbers of MOs



158 K. Nakagawa
6.4.4 Extension of Basis

If basis set is complete, MO method program will find the “genuine” MOs within the
approximation of HF or HFS method. But in usual MO method, including DV-Xa
method, basis set are limited and far from complete. For example, the default fO5 file
of O, molecule, the basis set comprises only 1s, 2s, 2p orbitals. This may be enough
for calculation of O atom, but unsatisfactory to describe quantitatively bond forma-
tion in the molecule. Extension of basis set often improves the result. A user can edit
the f0S file and add basis functions, 3s, 3p orbitals for example.

quantum number occupation number
n 1 eigen value o-spin B-spin
1.0 | 0.0 -19.72000 1.00000 1.00000
2.0 0.0 -1.07000 1.00000 1.00000
2.0 | 1.0 -0.52000 3.00000 1.00000
3.0 0.0 -0.20000 0.00000 0.00000
3.0 | 1.0 -0.10000 0.00000 0.00000

6.4.5 Well Potential and SCF Convergence

Radial components of AOs are obtained by solving the numerical differential
equation which includes influence from the environment of the molecule. But as
outer AOs are spreading broadly in the space, they are often difficult to solve
consistently. To ease this situation, artificial “well potential” ®,,,,(r1,) was intro-
duced and overlaid on the potential around nucleus v, represented by Eq. (6.3).
Figure 6.15 shows the shape of “well” having radius 7;4, and depth v,4,. Outside of
Tido» the well has exponential tail. In default {05 file, r;,, is set to be 1.5-3.0 atomic
unit (depending on Z,) and v;4,. to be —2.0. One can edit the fO5 file and adjust r;y4,
and v;,,. Therefore AOs shown in Fig. 6.1a, b are slightly different from genuine
AOs of Zn atom.

If well potential is removed, what happens? Figure 6.16a demonstrates its effect
on 4s and 4p orbitals of Zn atom, where orbitals without well potential draw tails
beyond d = 6. But as can be seen in Fig. 6.2, almost all sample points for Zn atom
are located inside of d =6, which is insufficient space for numerical integration
containing 4s or 4p orbitals. In such situation, Fock operator F,; and overlap
integral S,; won’t be calculated accurately. Though 4p orbitals are empty in Zn
atom, they will be occupied partly and contribute to total energy in the molecules
containing Zn atom. On the other hand, 4s and 4p orbitals with default well
potential have short tails that don’t cross d =6 and they won’t cause the numerical
integration error.
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Fig. 6.16 (a) Radial components of 4s and 4p orbitals of Zn atom, with and without default well
potential. (b) Radial components of 3p and 3d orbitals of Zn atom, with and without default well
potential

Doesn’t well potential affect inner AOs? Figure 6.16b demonstrates that 3p
orbital with well potential and that without well potential can’t be distinguished
each other. And 3d orbitals with and without well potential has almost the same
shapes too. Well dependence of AOs that reside inside of 3p are further smaller.

Of course, well potential has some influence on total energy. Figure 6.17 shows
dependence of total energy of F atom on v;,4,. But the influence of well seems to be
far smaller than expected from v;,, and it may be strange that the total energy has
minimum at v;;, ~ 0.

TESDA calculates total energy without well potential but ESPIN calculates MOs
with well potential. From the viewpoint of TESDA, MOs calculated by ESPIN is
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Fig. 6.17 Well depth Viq4,
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considered to be perturbed by well potential. The variational principle teaches that
total energy calculated using genuine MOs has the extreme value (usually the
minimum) and total energy calculated using MOs varied from genuine MOs has
slightly larger value as demonstrated in Fig. 6.17.

6.4.6 «a-Value of Xa Term

In default {05 file, a in Xo term is set to be 0.7 for every atom. But total energy
depends on value of a and one can edit the fO5 file to adjust o for each reference
atom independently. Figure 6.18 shows a value dependence of total energy of Zn.
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One policy to optimize o for each atom is based on the fact that
DV-Xa calculation without well potential is an approximation of Hartree-Fock
method, for which strictly calculated total energies were published for all atoms
(Fraga et al. 1976). Therefore one can optimize a for any element by adjusting o
until total energy calculated by DV-Xa agrees with that calculated by Hartree-
Fock method. In Fig. 6.18, the blank square indicates optimized a value that
makes calculated total energy —483,378.12 eV or that by Hartree-Fock method.

Figure 6.19 shows optimized o value for elements obtained by this way
from H to I. Here « is the highest for H and then decreases gradually to 0.7,
some peaks exist though. These values are fairy smaller than those listed in
other references. Such values may be optimized by using non-spin-DV-Xa
method.

In fO5 file of molecules, a value for inside of the influential area of each
atom and o value for peripheral area of the molecule can be adjusted. The o
value for peripheral area is an ambiguous concept. One plausible policy to decide
such o is to average as weighted by valence electrons of each atom in the
molecule.

Policies described above are based on the assumption that SCF convergence can
be obtained without well potential. But this isn’t satisfied sometimes for actual
calculation of molecules.

6.4.7 Default Parameters for Calculation of C;H,

In the preceding Sect. 6.3.4, parameters for calculation of C,H,, were not described.
Table 6.2 summarizes parameters used there. These are default settings prepared by
MAKEFO05.
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Table 6.2 Parameters for calculations of C,Hg, C,H4 and C,H; in Sect. 6.3.4

K. Nakagawa

Parameter C,Hg C,H,y C,H,
Sample point number 32,000 24,000 16,000
Reference atoms 1(C), 1(H) 1(OC), 1(H) 1(OC), 1(H)
Spin polarization in AO None None None
Spin polarization in MO None None None

Default AOs

1s-2p(C),1s(H)

1s-2p(C),1s(H)

1s-2p(C),1s(H)

Extension of AOs

None

None

None

Well potential Default Default Default
o value in reference atom 0.70 0.70 0.70
o value in peripheral area 0.70 0.70 0.70

6.5 Equilibrium Structure of Multi-atomic Molecule

6.5.1 SiCl,

As Td symmetry was assumed, only Si-Cl bond length was the parameter to be
optimized. Figure 6.20 shows Si-Cl bond length dependence calculated in default
condition with 2,500, 5,000, 10,000 and 20,000 sample points. Ad(SiCl) denotes
Si-Cl bond length deviation from experimental length. All four bond lengths were
altered simultaneously. Calculated- and experimental equilibrium bond length is
listed in Table 6.3. Excellent agreement with experimental bond length was obtained.

6.5.2 XeF,

XeF,, the molecule containing rare gas element, was investigated. As Dy;, symmetry
is assumed, calculated Xe-F bond length in default condition is listed in the column
titled default of Table 6.3 and compared with experimental bond length.

All four bond lengths were altered simultaneously. It is fairy longer than exper-
imental bond length. Default Basis functions of Xe are 1s-5p, which are occupied
completely, and those of F are 1s-2p, which are almost completely occupied.

To increase freedom for bond formation, basis functions 5d, 6s 6p were included
to Xe and 3s, 3p were included to F. Improved result with basis extension is
described in the column titled extended basis in Table 6.3. Curves by “extended
basis” condition with 10,000, 20,000 and 40,000 points are shown in Fig. 6.21.
Total energy curves calculated with 2,500 or 5,000 sample points were scattered
severely and couldn’t be contained inside of this graph. Extension of basis functions
improves optimized Xe-F bond length considerably.

Based on Figs. 6.20 and 6.21, 4,000 points per atom can be considered as the
standard sample point number up to fifth row elements. In the examples introduced
later, 4,000 points per atom is adopted in principle.
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Table 6.3 Optimized Si-Cl bond length by default condition and Xe-F bond length by default or
extended basis condition

Parameter Experimental Default Extended basis
SiCly d(Si — Cl) 2.019 A 1.9979 A -
XeF, dXe—F) 1.94 A 2.0851 A 19729 A

Italic font suggests parameters calculated by DV-Xa method

Fig. 6.21 Xe-F bond length -207567.5 o0
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6.5.3 CIF;

CIF; is a molecule with C,, symmetry and Fig. 6.22 illustrates its structure. The
parameters to be optimized are d(CI —F,), d(Cl —F}) and 8(F,— CI — F},). Opti-
mized parameters calculated in default condition and those in extended basis
condition (4s, 4p for Cl and 3s, 3p for F) are summarized in Table 6.4. All structural
parameters were improved by extended basis condition, but the agreement of d
(Cl —Fp) is still poor.
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Fig. 6.22 Structure of CIF; Cl
molecule
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Table 6.4 Structural parameters of CIF; by default condition and extended basis condition
Parameter Experimental Default Extended basis
d(Cl—-F,) 1.698 A 1.7645 A 1.7192 A
d(Cl—Fp) 1.598 A 1.7219 A 1.6712 A
O(F,—Cl—Fp) 87.5° 91.37° 89.78°

Fig. 6.23 Structure of
FOOF molecule. ¢ is the

dihedral angle

6.54 FOOF

Foresman and Frisch introduced the FOOF molecule as a “pathological case” in
their handbook and listed calculated results by various ab-initio and DFT programs
in Gaussian package (Foresman and Frisch 1996). C, symmetry structure of FOOF
molecule is illustrated in Fig. 6.23. Some of their results and experimental ones are
summarized in Table 6.5. Complicated basis set has to be used to obtain reasonable
results. The counterparts calculated by DV-Xa in default condition and extended
basis (3s,3p for O and 3s,3p for F) are also summarized in Table 6.5. Results by
DV-Xa are superior to HF and seem to be equivalent to DFT with small basis set.
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Table 6.6 Optimized parameters of Cr(CO)s complex calculated by RHF with two kind of basis
set and calculated by DV-Xa in default and extended basis conditions

RHF DV-Xa

Parameter Experimental STO-3G 3-21G Default Extended basis

d(Cr-C) 1.92 1.79 1.93 1.774 1.834

d(C-0) 1.16 1.17 1.13 1.256 1.170
Table 6.7 Optimized Parameter Experimental Default.
parameters of Fe(CsHs),
calculated by DV-Xa in d(Fe—C) 2.064 2.038
default condition diC-0C) 1.440 1.465

d(C—-H) 1.098 1.132

6.5.5 Cr(CO)s

As Oy symmetry (octahedron configuration) was assumed, d(Cr-C) and d(C-O)
were optimized. Foresman and Frisch introduced these results calculated by RHF
with two kinds of basis set, which are summarized in Table 6.6. The counterparts
calculated by DV-Xa in default and extended conditions are listed in Table 6.6, too.
Extended basis condition makes d(Cr-C) longer and d(C-O) shorter, but the
improvement for d(Cr-C) is insufficient. Here basis set of C and O were extended
to 3p but basis set of Cr couldn’t be extended because of SCF convergence failure.

6.5.6 Fe(C5H5)2

As Ds;, symmetry (eclipsed conformation) was assumed, d(Fe-C), d(C-C) and d(C-H)
were optimized. And all H atoms were assumed to be located on planes of Cs ring. In the
author’s calculating environment, TESDA can’t treat more than 52,000 sample points,
Fe(CsHs), was calculated in default condition with 52,000 points, which means 2,476
points per atom. All parameters were calculated with errors less than 3 %, as shown in
Table 6.7.

6.6 Atoms

Total energies of isolated atoms are often necessary to evaluate bond dissociation
energy (BDE) of molecules. Even though such data were already published, total
energy actually required are not published ones but ones calculated by DV-Xa
method in the equivalent conditions (the equivalent sample points and the same
well potential, a-value, etc.) to calculation of the molecule.
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Table 6.8 Occupation Result

. (a) (b)
numbers of 2p orbitals of C Spin o B o B
atom by initial electron
configuration (a) and (b) #3 (2p) 1 1 1 0
#4 (2p) 0 0 1 0
#5(2p) 0 0 0 0

As isolated atoms are in their highest spin polarized state according to Hund’s
rule, one have to calculate total energy carefully. It is difficult to relate general
electronic state of an atom to occupation numbers of MOs and the utilization of
discrete variational multielectron (DV-ME) method is desired (Ogasawara
et al. 2007). Fortunately, electronic state of the ground state is often related to
spin polarizable occupation numbers of MOs.

6.6.1 Typical Element Atoms

Spin polarizations of typical element atoms are determined with the highest
p-orbitals. Let’s take up second row element atoms as example. For C atom,
electronic states °P,'D,'S are actualized under electron configuration 2p2, and the
ground state is known to be *P. But the preprocessor program MAKEF05 prepare
default initial electron configuration for 2p orbital like (a) in the below list.
Occupation number of each 2p orbital calculated with it is listed in Table 6.8.
This state isn’t spin polarized and doesn’t correspond to the ground state P.

Quantum number Occupation number

n 1 Eigen value a-spin B-spin
(a) 2.0 1.0 —0.330000 1.00000 1.00000
(b) 2.0 1.0 —0.330000 2.00000 0.00000

If electron configuration (b) listed above is used, results (b) in Table 6.8 are
obtained. In this case, because S.=1 can be given only by *P among °P,'D,'S
states, we can say S = 1. Further as its a-electron configuration is that of a closed
shell from which one electron is removed, its orbital angular momentum is the same
as one electron and we can say L = 1. Therefore we can identify (b) with the ground
state °P of a C atom.

For a N atom, electron states 4S,ZD,ZP are actualized on electron configuration
2p°, and the ground state is *S.

Quantum number Occupation number

n 1 Eigen value a-spin B-spin

(a) 2.0 1.0 —0.420000 1.50000 1.50000
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Table 6.9 Occupation Result

(a)
numbers of 2p orbitals of -
N atom Spin & p
#3 (2p) 0 1
#4 (2p) 0 1
#5(2p) 0 1
Table 6.10 Occugation Result (a) (b)
numbers of 2p orbitals of O Soin o B o B
atom by initial electron P
configuration (a) and (b) #3 (2p) 1 1 1 1
#4 (2p) 1 1 1 0
#5(2p) 0 0 1 0
Default condition (a) in Table 6.9 gives S, = —%. Because only § = % state can
give S; = —% and a closed shell of § electrons gives L =0, we can identify (a) with
the ground state “S of a N atom.
Quantum number Occupation number
n 1 Eigen value a-spin B-spin
(a) 2.0 1.0 —0.520000 2.00000 2.00000
(b) 2.0 1.0 —0.520000 3.00000 1.00000

For an O atom, electronic states 3P,lD,IS are actualized on electron
configuration 2p*, and the ground state is °P, just the same as a C atom.

Results (a) and (b) are correspond to condition (a) and (b) in above list respec-
tively. Because S, =1 of (b) in Table 6.10 is included only in S=1 and a closed
shell of a spin electrons don’t contribute to orbital angular momentum, (b) can be
identified with *P. A user has to rewrite fO5 to obtain the ground state of O atom.

As can be seen in above examples, the program sometimes automatically finds
the ground state of atom, but often misses it. It is recommended to adjust initial
condition in f05 file and make sure of occupation number of MOs.

6.6.2 Transition Metal Element Atoms

Spin polarizations of transition metal element atoms are determined with mostly the
highest nd-orbitals. Let’s take up 3d transition metal element atoms as example.
Table 6.11 shows their electron configurations, ground state and other states having
the same spin polarization as the ground state. Cr, Mn, Fe atoms have only one
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Table 6.11 The ground states and other states having the same spin

Element Configuration Ground state Other maximum spin state
Ti 457 3d* °F p

v 457 3d° ‘F ‘p

Cr 4s,3d° s None

Mn 457 3d° °s None

Fe 452 3d° D None

Co 4s%3d’ ‘F p

Ni 457 3d® °F p

maximum spin state respectively, we can assign the maximum spin-polarized state
for the ground state.

But for Ti, V, Co, Ni atoms, as there exist a maximum spin state other than the
ground state listed it the Table 6.11, it adds an ambiguous factor to assignment of
the maximum spin polarized states to the ground state.

6.7 Diatomic Molecules

Other than optimized structure, bond dissociation energy (BDE) and molecular
vibration wavenumber (@.) were calculated and compared with experimental data.
And molecules including elements picked up from whole the periodic table were
evaluated. For such purposes diatomic molecules are suitable, because there are
plenty of structural, thermodynamic or spectroscopic data for them and wide variety
of elements can form homo- or hetero-diatomic molecules (Lide 2003 and Luo
2007).

6.7.1 Bond Dissociation Energy

Bond dissociation energy of a diatomic molecule is the total energy difference
between a molecule in equilibrium and the molecule whose nuclei are separated far
away. Let’s take up a H, molecule. If two reference atoms were prepared and the
spin polarizations of atom 1 and atom 2 are adjusted like below, DV-Xa method
gives reasonable results like Fig. 6.24.

Quantum number Occupation number

n 1 Eigen value a-spin B-spin
1) 1.0 0.0 —0.300000 1.00000 0.00000
2) 1.0 0.0 —0.300000 0.00000 1.00000

Here two atoms are reversely spin polarized each other and both electrons can be
localized in separated H atoms. By applying Eq. 6.12 to total energy curve in
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Fig. 6.24 Bond =22
dissociation of H, molecule. S -
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Table 6.12 BDE of H, molecule by two kind of method. (a) Two reference atoms method.
(b) Calculation of the difference between H, molecule and double H atoms

Calculation condition (a) Fig. 6.24 (b) H,-2H Experimental
Bond length (A) 0.7460 0.7460 0.7414

Total energy at minimum (eV) —27.95 —27.90 -

Reference total energy (eV) —22.33 2x—11.16 -

Bond dissociation energy (eV) 5.62 5.58 4.5187

Fig. 6.24, the equilibrium bond length and the total energy minimum are evaluated.
The difference between total energy minimum and that at the right edge of the curve
indicates the BDE, which is listed in the column titled Fig. 6.24 of the Table 6.12.
This procedure can be applied for other diatomic molecules. But even if two
reference atoms are prepared, SCF convergence often fails for separated-atoms
situation.

Generally executable way is to calculate total energy of a H, molecule near the
equilibrium and total energy of an isolated H atom.

The difference between the total energy minimum of a H, molecule and the
double of total energy of H atom is equivalent to the BDE. The calculated results
are summarized in the column titled H,-2H of the Table 6.12.

Calculated results by procedure(a) and (b) in Table 6.12 are almost the same.
From now on, procedure (b) will be adopted. To obtain more accurate BDEs, total
energies of atoms and the molecules should be calculated with the equivalent
condition, like well potential, a-value, etc.

6.7.2 Molecular Vibration

The curvature of total energy curve as shown in Fig. 6.24 is related to the molecular
vibration. In the case of diatomic molecule comprising atom 1 and atom
2, wavenumber @, (cm ") of the molecular vibration is represented as
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D,a2[eV /A*
we[em™] = L\/é _ 737,48, D leV/AY] (6.14)

2zc plamul

where ;' and u” are mass of each atom, reduced mass is defined y = %, k is the
force constant and D,a” is the coefficient of a harmonic term in Eq. (6.11). By
substituting D.o” from calculation of Table 6.12, w,= 5,071.23 (cm™ ') was

obtained. Observed one is 4,401.21 (cm_l).

6.7.2.1 Diatomic Molecules of Second Row Element

Equilibrium bond lengths, BDEs and molecular vibration wavenumbers w. of
diatomic molecules consisting of the same second row element atoms were calcu-
lated by not only default basis but also extended basis (default basis + 3s, 3p).

Equilibrium bond lengths by default condition were calculated fairly longer than
experimental lengths. They were improved by extended basis condition to some
extent. This tendency is often observed in other diatomic molecules and will be
discussed in Sect. 6.9.

Molecular vibration wavenumber @.s, especially by extended basis condition,
were close to experimental ones, which suggests potential curves around equilib-
rium bond length are calculated well for these molecules.

Although calculated w.s were agreed well with experimental ones, BDEs of O,
and F, were more inaccurate in extended basis than in default condition. As BDE
of diatomic molecule is evaluated by the relation E,,.i.cure — Eatom1 — Eatom2, POOT
accuracy of total energies of isolated O and F atoms may degrade accuracy of BDE.

6.7.2.2 Halogen Molecules

The same parameters as Table 6.13 were calculated for halogen molecules other than F,
(already investigated in the preceding section) in default condition and in extended basis
conditions (default basis + (n+ 1)s, (n+ 1)p orbitals) and summarized on Table 6.14.
Errors of bond length and wavenumber o, are relatively small and improved by
extended basis to some extent. Despite of that, accuracies of BDEs are poor again.

6.7.2.3 Alkali Metal Molecules

The same parameters as Table 6.13 were calculated for alkali metal molecules in
default conditions and were summarized on Table 6.15. Calculated results don’t
agree with experimental ones at all. Besides they couldn’t be improved by extended
basis. In the case of these molecules, elimination of well potential was found to
drastically improve their accuracies, which will be discussed in Sect. 6.9.
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Table 6.13 Equilibrium bond lengths, BDEs and molecular vibration wavenumbers of diatomic
molecules comprising the same second row element atoms by two kinds of conditions

Condition Exp. Default Extended basis
C, Bond length (A) 1.2425 1.3040 1.2663
BDE (eV) 6.173 9.110 6.473
w, (cm™") 1,854.7 1,847.4 1,980.8
N, Bond length (A) 1.0977 1.2306 1.1446
BDE (eV) 9.793 7.871 8911
w, (cm™ ") 2,358.6 1,957.4 2,331.0
0, Bond length (A) 1.2074 1.3745 1.3168
BDE (eV) 5.155 6.266 7.187
w, (cm™Y) 1,580.2 1,357.0 1,540.3
F, Bond length (A) 14119 1.5219 1.4873
BDE (eV) 1.645 3.331 4.517
w, (cm™Y) 916.6 1,056.5 990.5

Table 6.14 Equilibrium bond lengths, BDEs and molecular vibration wavenumbers of halogen
diatomic molecules by two kinds of conditions

Condition Experimental Default Extended basis
Cl, Bond length (A) 1.9878 2.0044 2.0064
BDE (eV) 2.513 4.088 3.719
w, (cm™ ") 559.7 675.4 623.8
Br, Bond length (A) 2.2811 2.3665 2.3265
BDE (eV) 2.009 3.022 3.919
@, (cm™ " 325.32 396.7 378.6
I, Bond length (A) 2.6663 2.7149 2.6135
BDE (eV) 1.5780 2.558 3.404
w, (cm™") 214.5 248.8 252.9
Table 6.15 Equilibrium Condition Experimental Default
bond lengths, BDEs and -
molecular vibration Li, Bond length (A) 2.6729 2.3934
wavenumbers of alkali metal BDE (eV) 0.261 1.180
molecules by default w, (cm™") 351.4 561.5
condition Na, Bond length (A) 3.0789 2.4439
BDE (eV) 0.775 1.506
w, (cm™ " 159.1 472.2
K, Bond length (A) 3.9051 3.0730
BDE (eV) 0.590 1.649
w, (cm™Y) 92.0 175.6
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Table 6.16 Equilibrium Condition Experimental Default

bond lengths, BDEs and

molecular vibration HF Bond length (A) | 0.9169 0.9890

wavenumbers of ionic BDE (eV) 5.904 7.054

molecules by default w, (cm™) 4,138.3 3,715.2

condition NaCl Bond length (A) 2.3609 2.0215
BDE (eV) 4.271 6.665
w, (cm™ ") 366 479.1

KBr Bond length (A) 2.8208 2.7325

BDE (eV) 3.929 6.697
w, (em™ 1) 213 216.9

Table 6.17 Equilibrium bond length, BDE and molecular vibration wavenumber w, of MnH by
DV-Xa method

Condition Experimental Default Default Extended basis
S. In f05 Default Adjusted Adjusted

S. in result 2 3 3

Bond length 1.7308 1.5390 1.6396 1.6311

BDE 2.6443 3.227 3.628 1.881

@, (em™ ") 1,548 2,066 1,937 1,772

Here the row titled “condition” describes just basis functions and, well potential and . The row
titled “S; in fO05” means initial status of spin polarization of AOs of the Mn reference atom

6.7.2.4 Ionic Molecules

Tonic molecules were investigated and results are summarized in Table 6.16.
Calculated results don’t agree well with experimental ones, which may be
caused partly by the same reason as in the case of alkali molecules.

6.7.2.5 MnH

At first MnH was calculated in default condition. The equilibrium bond length was
far shorter than experimental one and its spin polarization S, in calculated results
was 2, as listed in Table 6.17. But because MnH is a small atom and Hund’s law
may hold here, the spin polarization S, of Mn atom in {05 file was adjusted like list
below, with other conditions fixed to default status. It improved bond length to
some extent and its spin polarization became 3. Actually the ground state of MnH is
known to be "X. Further extended basis and no well and optimized o condition were
tested.

Quantum number Occupation number

n 1 Eigen value a-spin B-spin
3.0 2.0 —0.400000 5.00000 0.00000
4.0 0.0 —0.200000 1.00000 1.00000
4.0 1.0 —0.100000 0.00000 0.00000
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For molecule containing transition metal atom, calculating condition should be
carefully prepared.

6.8 Atomization Energy, Enthalpy Change
and Excitation Energy

Foresman and Frinsch introduced some calculations of atomization energy,
enthalpy change accompanied with reaction and excitation energy in their book.
The author traced their calculations by DV-Xa and compared both results.

6.8.1 The Atomization Energy of CO,

Equilibrium bond length R(C-O) and atomization energy Dy of CO, calculated by
four kinds of ab-initio and DFT methods were cited in Table 6.18. Here “atomiza-
tion energy”” means the energy required to break a molecule into isolated atoms and
the same energy as bond dissociation energy (BDE) for diatomic molecules.

Both of R(C-O) and Dy were reproduced well by almost all methods except for
Dy by HF. The results by default DV-Xa calculation were not so good, but were
improved by extended basis

6.8.2 The Enthalpy Change of the Reaction
0;+Cl—ClO+0,

The reaction O3+ Cl — CIO + O, is the first step of ozone destruction. Foresman
and Frisch analyzed this reaction by 15 kinds of method and basis set, among
which, 6 examples are listed in Table 6.19. Here atomization energies Dy(O3),
Dy(0O,) and Dy(ClO) are listed and enthalpy change AH is calculated by using them.

Although AHs were reproduced relatively well, agreement of three kinds of
calculated atomization energy with experimental ones in Table 6.19 were poor
except for B3LYP. It may suggest that calculation of CO, in Table 6.18 is an
exceptional case and quantitative total energy calculation of isolated atom is not
easy by other methods.

Table 6.18 Equilibrium bond length R(C-O) and atomization energy Dy of CO,
Experimental | HF MP2 BLYP B3PWO91 | Default | Ext. basis

R(C-O) 1.162 1.143 1.1780 1.183 1.168 1.231 1.196
Dy (eV) |16.55 10.56 16.42 16.38 16.52 17.75 16.78
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Table 6.19 Atomization energies of O3, O, and ClO, and enthalpy change accompanied with the
reaction Oz + Cl — ClO + O,. by various methods and basis sets. (a): HF/6-31G(d) (b): B3LYP/6-
31G(d) (c): QCISD(T)/6-31G(d) (d): HF/6-311 + G(3df) (e): B3LYP/6-311 + G(3df) (f): QCISD
(T)/6-311 + G(3df)

Exp. (2) (b) (c) (d) (e) ()
Do(03) 6.16 —0.62 6.02 3.89 -031 6.02 5.52
Do(0,) 5.12 1.17 5.29 438 1.35 527 4.92
Dy(CIO) 2.74 —0.08 251 2.02 0.21 2.83 2.54
AH ~1.69 ~1.70 ~1.79 —2.51 —1.87 —2.08 ~1.94

Table 6.20 Atomization energies of O3, O, and ClO, and enthalpy change accompanied with the
reaction O3 + Cl — CIO + O, by DV-Xa in various conditions

Experimental. Default Extended basis Ext. basis and V,= —0.5
Dy(03) 6.16 4.99 7.41 5.43
Dy(0,) 5.12 5.29 7.02 4.35
Dy(CIO) 2.74 4.13 4.38 2.34
AH —1.69 —4.43 -3.99 —1.94

Table 6.21 Ionization energy and electron affinity (E.A.) of PH, calculated by DFT and DV-Xa
in various conditions

Experimental | B3ALYP | Default | Extended basis | Ext. basis and V;3,= —0.5

Ionization |9.82 9.95 7.34 8.24 9.53
E.A. 1.26 1.24 -3.63 —2.17 0.26

Calculated results by DV-Xa are summarized in Table 6.20. Atomization energies
calculated by default condition was not so bad, but enthalpy change was
overestimated. By extended basis condition, atomization energies were rather
overestimated. But shallow well Vjq,= —0.5 instead of V;3,=—2.0 in extended
basis condition improved the situation, which will be discussed in Sect. 6.9.

6.8.3 Ionization Energy and Electron Affinity of PH,

Ionization energy and electron affinity (E.A.) of PH, were calculated in default and
in extended basis conditions and compared with calculations of B3LYP/6-31G(d)
by Foresman and Frisch. Results are summarized in Table 6.21. The agreement of
ionization energies was not bad. But even with extended basis and Viq,= —0.5
condition, the agreement of E.A.s is still poor, even though it became positive.
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Table 6.22 Multiplicities, State Multiplicity Symmetry Transition
symmetries and - -
corresponding transitions of 1 Triplet B n—r*
four excited states of C,H, 2 Triplet Bi, T—3s
calculated by Foresman and 3 Singlet By n—3s
Frisch 4 Singlet B, e

Table 6.23 Multiplicities, symmetries and corresponding transitions of four excited states of
C,H, calculated by Foresman and Frisch and by DV-Xa in extended basis and extended basis and
Viso = —0.5 conditions

State | Symmetry | Experimental |CIS/6-31+G(d) |Ext. basis | Ext. basis andV;4,= —0.5
1 i 4.36 3.78 4.91 4.42
2 By, 7.66 7.43 10.84 7.73
3 "Bsu 6.98 7.83 6.30 5.88
4 Blu 7.15 7.98 11.12 7.77

6.8.4 Excitation Energy of C,H,

Foresman and Frisch calculated four excited states of C,H, in Table 6.22 using
CI-single (CIS) method with 6-31 + G(d) basis set. Their results are listed in Table 6.23.

In the MOs of C,H, ground state, 1st to 8th MOs with a-spin and [-spin were
occupied. Eighth MO corresponds to @ orbital, 9th MO to n* orbital and 10th orbital
to 3s orbital. For example, B,, state is described by the transition (8th
a—MO—9th f—MO) and 'B;, state is described by the transition (8th
o —MO — 10th o —MO). Total energies of these states were calculated in
extended basis condition and extended basis and V;q, = —0.5 condition and then
excitation energies were evaluated. Latter condition improves their accuracies up to
the level of CIS/6-31 + G(d). All results were summarized in Table 6.23.

6.9 Discussion

As far as structure optimization of multi-atomic molecules is concerned, results by
DV-Xa method were found to be superior at least to those by simple Hartree-Fock
method and often close to those by higher level ab-initio or DFT method. Calcu-
lated structures of C,H,, in Figs. 6.9, 6.10, 6.11, 6.13, and 6.14, SiCl, and XeF, in
Table 6.3, CIF; in Table 6.4 and Fe(CsHs), in Table 6.7 agreed with experimental
structures with errors less than 3 %, even in default condition or in extended basis
conditions. Calculated results of FOOF molecule in Table 6.5, Cr(CO)g in Table 6.6
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Table 6.24 Errors ratio of Error (%)

calculated C-C bond length of

various molecules CoHe —1.6
C,Hy —0.1
C,H, -0.2
C, +4.9

and CO, in Table 6.18 were comparable with those by various methods in Gaussian
package.

These are the astonishing results, judging from that DV-Xa method is just the
approximation of Hartree-Fock method or a kind of DFT method having the most
primitive functional. Accurate and adaptive basis functions of DV-Xa method must
play the essential roles to obtain accurate equilibrium structures.

On the other hand, Table 6.24 shows the error ratios of calculated C-C bond
lengths calculated by DV-Xa in default condition to experimental ones of various
molecules. As mentioned above, C-C bond lengths of C,H,, were reproduced very
exactly, but that of C, was poorly reproduced. Generally structure optimization of
diatomic molecules seems to be more difficult than that of multi-atomic molecules.
But it will give us valuable suggestions to improve total energy calculation by
DV-Xa method.

In the total energy calculation by DV-Xa method, five factors degrading
accuracy of total energy are enumerated as follows.

. numerical integration error

. limited number of basis functions

. well potential

. self consistent charge (SCC) approximation
. Xa potential approximation

DN AW N =

Numerical integration error was already considered in Sect. 6.3.2. Based on it,
almost all total energies were calculated by using 4,000 sample points per atom,
which was assumed to be enough except for small total energy difference, like the
low conformational barrier of C;Hg. Let’s investigate how factor (2) to (5) affect
quality of MOs and the accuracy of total energy.

Overestimated bond lengths of C,, N», O, and F, calculated by default condition
in Table 6.13 were improved by extension of basis functions to some extent. The
number of basis functions of default condition is too limited for electrons to
rearrange enough and extension of basis gives them the freedom to form bonds
strong enough. It is reasonable that this prescription is effective for XeF,, molecule
including rare-gas atom and halogen atom, in Table 6.3, because their default basis
functions are almost occupied.

Extension of basis functions seems to be a recommendable method to increase
accuracy.

In Table 6.15, bond lengths of alkali metal molecules are fairly shorter than
experimental ones. But in this case, extension of basis set, which was effective for
molecules in Tables 6.13 and 6.14, has no effect to improve the disagreement of
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Table 6.25 Bond length, BDE and @, of Na, molecule with well depth altered from 0.0 eV to
—2.0 eV. For well depth =0.0, calculation of Na atom wasn’t converged and BDE couldn’t be
evaluated

Experimental |Vi4,=0.0 | —0.5 —-1.0 —-1.5 -2.0
Bond length 3.0789 3.1520 2.7228 2.5603 2.4910 2.4439
(A)
BDE (eV) 0.775 - 0.736 1.092 1.320 1.506
w, (cm™h) 159.1 175.0 328.9 388.3 4329 472.2

structural parameters. Maybe it’s because outer AOs of alkali atoms are almost
empty and there remains enough freedom for bond formation. On the other hand,
well potential was found to affect structural parameters as demonstrated for the
case of Na, molecule in Table 6.25. Deeper well strikingly degrades bond length,
BDE and .. Introduction of well potential shrinks outer AOs in alkali metal
molecules and may shorten their bond lengths.

Further, for enthalpy change in Table 6.20, ionization energy and electron affinity
in Table 6.21 and excitation energy in Table 6.23, well depth Vg, = —0.5 condition
was found to improve their agreements with experimental data. The reason to use
Vido = —0.5 instead of V4, =0.0 is that SCF convergence of MO calculation often
fails or becomes unreliable in V3, = 0.0.

Considering these results, especially for the situation that total energy itself is
targeted, it is desirable to establish the failure-free procedure of SCF calculation
without well potential.

Doesn’t SCC approximation affect total energy accuracy? The potential that
electrons feel in the program ESPIN and that in program TESDA is different in two
ways. That is, ESPIN in default condition adopts well potential and SCC approx-
imation and the TESDA doesn’t adopt both of them. According to variational
principle, MOs calculated by ESPIN will be seen from TESDA to be perturbed
by these approximations. Therefore SCC approximation can affect the accuracy of
total energy.

Figure 6.25 shows the well depth V,,, dependences of total energy of HF
molecule. The total energy minimum resides at V;;, = — 1.2. But the minimum of
F atom resided at V,4,~ 0.0 in Fig 6.17.

These different dependences may be explained by considering influence of SCC
approximation. For an atom, the potential of which has the spherical symmetry, the
potential by SCC approximation will be similar to actual potential of the atom. Just
well potential is a perturbation and total energy curve will have the minimum at
Viio=0.0, no perturbation condition. But for a molecule which doesn’t have
spherical symmetry, potential of SCC approximation apparently differs from actual
potential of the molecule. In this case, addition of well potential may decrease the
deviation of total potential (SCC potential + well potential) from actual potential of
the molecule. In such case, minimum of total energy may reside at other than
Viio =0.0 as shown in Fig. 6.25. In other word, this different V;;, dependence
between atom and molecule suggests deviation of calculated MO from the accurate
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MO obtained without SCC approximation. Further it is one of possible reasons of
poor reproductions of BDE in general.

Figure 6.26 shows V;,, dependence of total energy of SiF,. Here total energy
minimum resides nearer to V4, = 0.0 than that of HF. As SiF, molecule has higher
symmetry than HF molecule, the difference between actual potential and that by
SCC approximation is relatively small. This will explain the minimum position in
Fig. 6.26 and is one of the possible reasons for the tendency that calculated
structures of diatomic molecules, whose structure is unsymmetrical, are often less
accurate than those of multi-atomic molecules.

Adjustment of Xo potential has theoretical foundation explained in Sect. 6.4.6.
In the case that absolute value of total energy itself is targeted, it will establish good
calculation condition. But in usual chemical application, such cases are rather rare.
Adjustment of a-value seems to affect structural parameters not so much. Further
accurate total energy by strict Hartree-Fock method was calculated without well
potential and is often difficult to reproduce by DV-Xa method because of SCF
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calculation failure. For these reasons the author doesn’t consider adjustment of
a-value as a standard procedure to increase accuracy.

From the practical viewpoint, one of the greatest problems of total energy
calculation of multi-atomic molecules by DV-Xa was that it couldn’t optimize molec-
ular structures automatically. But the author has developed the method to calculate the
force acting on each atom in the molecule (energy gradient) and demonstrated exam-
ples of molecules comprising of up to period three atoms (Nakagawa 2012) and of
molecules comprising of up to period five atoms (Nakagawa 2013).

At the end of this discussion, the author wants to emphasize that research of MOs
that generates accurate total energy will be very helpful to obtain accurate physical
or chemical quantities other than total energy.

Conclusions

1. Total energies of molecules can be obtained quantitatively by using the
MOs calculated by DV-Xa method with 2,000—4,000 points per atom from
H to Xe, provided that the numerical error cancelling procedure is adopted.
The accuracy of total energy depends mostly on quality of MOs, which
depends on the calculation condition of DV-Xa.

2. Structures of some multi-atomic molecules were reproduced with errors
less than 3 % even using MOs calculated by default condition. Such
excellent results may be achieved by accurate and adaptive atomic
orbitals, which are utilized as basis functions in DV-Xa method.

3. Strictly speaking, MOs of DV-Xa method are slightly different from
genuine MOs on the point that they are affected by “well potential”,
which has outstanding effect to prevent SCF convergence failure, and
SCC (self consistent charge) approximation, which makes computational
cost far lower.

4. To obtain accurate results for wider variety of molecules or to treat energy
itself, DV-Xa calculation condition should be devised. Considerable
improvements were achieved by extension of basis functions or
shallowing of well potential, or their hybrid condition. Their effects are
reasonably explained from the viewpoint of calculation mechanisms of
MOs and total energy.

5. DV-Xa method couldn’t optimize structures of multi-atomic molecules
and it was inconvenient for practical applications. But the author has
developed the method to calculate energy gradient and to optimize molec-
ular structure automatically. Details were published elsewhere.
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Chapter 7

Energy Expression of the Chemical Bond
Between Atoms in Hydrides and Oxides
and Its Application to Materials Design

Masahiko Morinaga, Hiroshi Yukawa, and Hiromi Nakai

7.1 Introduction

Nowadays, total energy calculation is so common in every field of materials
science. However, information of the chemical bond between atoms is still limited
along the total energy calculation alone. In 1955 Wigner and Seitz (1955) predicted
that if one had a great calculating machine, one might apply it to the problem of
solving the Schrodinger equation for each metal and obtain thereby the interesting
physical quantities, such as the cohesive energy, the lattice constant, and similar
parameters. It is not clear, however, that a great deal would be gained by this.
Presumably the results would agree with experimentally determined quantities and
nothing vastly new would be learned from the calculation. This prediction made by
two pioneers of solid state physics appears still true in these days, even though the
computational science has made great progress.

In addition, the Mulliken population analysis (Mulliken 1955) is so common in
the field of molecular orbital calculation, and the nature of the chemical bond
between atoms has been defined well using the standard concept of covalent and
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ionic bonds. However, with this analysis it is still difficult to compare quantitatively
the chemical bond strengths among a variety of materials, because both covalent
and ionic interactions are operating in most materials. To solve this problem, the
chemical bond should be estimated quantitatively in an energy scale.

Recently, Nakai has proposed a new analyzing technique called energy density
analysis (EDA) (Nakai 2002; Nakai et al. 2007). In this method, the total energy of a
system, computed by Kohn-Sham type density functional theory (DFT) (Kohn and
Sham 1965), is partitioned into atomic energy densities, and the characteristics of the
chemical bond are understood in terms of each atomic energy density instead of the
total energy. Using this energy density analysis, we have proposed a unified approach
to the chemical bond in hydrides and hydrocarbons (Shinzato et al. 2007a). Special
attention is directed toward hydrogen storage materials such as complex hydrides
(e.g., NaAlH,), metal hydrides (e.g., TiFeH,) and hydrocarbons (e.g., cyclohexane,
CeH1») (Shinzato et al. 2007a, b). The nature of the chemical bonds between atoms is
very different among these materials, and hence it is needed to analyze the chemical
bond in an energy scale to discuss them on a common ground. Recently, this
approach has been applied to the quantitative evaluation of some oxide catalysts
(e.g., Nb,Os) on the hydrogen desorption reaction of MgH, (Hirate et al. 2009), and
also of some chloride catalysts (e.g., TiCl3) on the decomposition reaction of NaAlH,
(Hirate et al. 2011a).

Subsequently, attention is then directed toward metal oxides, since they possess
a variety of chemical and physical properties such as superconductivity, ferroelec-
tricity, magnetism and proton conductivity (Yoshino et al. 2003). For example, a
perovskite-type oxide, BaTiO3, shows ferroelectricity in the tetragonal phase and
paraelectricity in the cubic phase. The emergence of various properties is originated
from the diverse nature of the chemical bond in metal oxides. In order to understand
the bond formation in various metal oxides in a fundamental manner, energy
density analyses are performed focusing mainly on the structural stability problems.
Local structure, average structure and phase transition are investigated in binary
metal oxides such as zirconia (ZrO,), Cr oxides, Fe oxides and Ti oxides, and in
ternary perovskite-type oxides (Shinzato et al. 2011).

It is well known that the phase transition is one of the fundamental problems in
the perovskite-type oxides (Kingery et al. 1976). For example, phase transition
occurs either by the cooperative displacements of both Ti and O atoms along
<100> direction in BaTiO; (Miyake and Ueda 1947), or by tilting or rotation of
TiOg (or ZrOg) octahedra around O-Ti (or Zr)-O crystal axes in CaTiO3, SrTiOs,
CaZrO; and SrZrO; (Ahtee et al. 1976, 1978). A series of phase transitions is
examined to draw a common feature with the aid of the atomization energy concept.

This unified approach based on the atomization energy concept has recently
made great progress. It has indeed a great potential of being widely used in the field
of materials science. In this paper, this unique approach is reviewed in a consistent
way, aiming to understand the chemical bond between atoms in hydrides and oxides
without using the standard concept of covalent and ionic bonds.
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7.2 Calculation Method

7.2.1 Geometry Optimization

The crystal structures of hydrides and oxides are optimized by the total energy
minimization using the plane-wave pseudopotentital method. For this purpose, the
first-principle calculations based the density functional theory (DFT) are performed
with a generalized gradient approximation (GGA) by Perdew et al. (1996). The
implementation of DFT employed here combines a plane-wave basis set with the
total energy pseudopotential method, as is embodied in the CASTEP code (Milman
et al. 2000). The present calculations used are based upon the ultrasoft pseudopo-
tentials proposed by Vanderbilt (1990). The plane-wave cutoff energy is chosen to
be 380 eV, because this cutoff energy is found to achieve the convergence of the
total energies within 0.03 eV, as compared to the results with the cutoff energies up
to 600 eV. The sampling in the reciprocal space is done with the k-points grids. For
example, 5 x 5 x 2 for tetragonal NaAlH,, 6 x 6 x 6 for cubic KMgH3, 5 x5 x 9
for monoclinic TiFeH, (Shinzato et al. 2007a, b), 6 X 6 x 6 for Al,O3; and 8 x 8 x 8
for cubic CaTiO3 (Shinzato et al. 2007c, 2011). Also, the molecule structure of
hydrocarbons is optimized using the AM1 method (Anders et al. 1993).

7.2.2 Energy Density Analysis (EDA)

The electronic structures for optimized crystal lattice of hydrides are obtained by the
DFT calculations under the periodic boundary condition (PBC) using Gaussian03
program package (Frisch et al. 2004). The adopted functional is the BLYP functional,
which consists of the Slater exchange (Slater 1951), the Becke (B88) exchange
(Becke 1988), the Vosko-Wilk-Nusair (VWN) correlation (Vosko et al. 1980) and
the Lee-Yang-Parr (LYP) correlation functionals (Lee et al. 1988). The following
modified Gaussian basis sets are adopted: the correlation-consistent polarization plus
the valence double zeta (cc-pVDZ) basis sets of Dunning (1989; Woon and Dunning
1993) without d-type functions for H, Li, B, N Na, Mg and Al, the Ahlrichs TZV
basis set (Schafer et al. 1994) without the outer s function for K and Si, the Huzinaga
basis sets (Huzinaga et al. 1984) without the outer s function and constructed to be
double zeta class for Na, Ba, V, Cr, Fe, Co, Ni, Rb, Zr, Nb, Mo and Pd, the 6-31G
basis sets (Rassolo et al. 1998; Hehre et al. 1972) without outer s function for O, Al,
Ti and Ca, the 3-21G basis set (Dobbs and Hehre 1986) without outer s function for
Sr, the Ahlrichs VDZ basis set (Schafer et al. 1992) without d-type function for C. In
this study, the EDA calculations under PBC (Nakai et al. 2007) are performed by
linking the original code for the EDA with Gaussian(03.
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Following the EDA (Nakai 2002), the atomic energy density of A atom is
evaluated by,

E* = By + T§ + Ey, + Egp + Exe (7.1)

where E4y, is the nuclear-nuclear repulsion energy density, 7% is the non-interacting
kinetic energy density, Ej, is the nuclear-electron attraction energy density, E4, , is
the Coulomb energy density, Eg‘}c is the exchange-correlation energy density.

In Eq. (7.1), for example, E)A}C is evaluated by the partial sum for the numerical
quadrature technique,

grid
Exc = ngPA )Exc(re), (7.2)

where w, is the weighting factor, p,(r,) is the partition function, and Fx(r,) is the
exchange-correlation functional. The other terms in Eq. (7.1), which are evaluated
by the analytical integration with the Kohn-Sham orbitals, are partitioned into their
energy densities on the analogy of Mulliken population analysis (Frisch et al. 2004).
Further detailed explanation of the calculation is given elsewhere (Nakai 2002;
Nakai et al. 2007).

It is noted here that the Mulliken population analysis (Mulliken 1955) is the
analysis for the electron density, namely, the electron density distribution over a
molecule or crystal. Inevitably it is a convenient method for treating the covalent or
ionic character of the chemical bond between atoms in the molecule or crystal. On
the other hand, EDA is the analysis for the energy density, and the bond nature is
expressed in an energy scale. So, it gives us a tool to compare the bond strengths
quantitatively among a variety of hydrides or oxides.

7.2.3 Atomization Energy

For binary hydrides, MH, the respective atomic energy densities of M and H are
related closely to the nature of the chemical bond relevant to M and H atoms in
MH. When the energy of the isolated neutral atom, Ej‘{}"’" (or E;‘,’”’”), is taken as a
reference, the atomization energy, AE,, (or AEy) is defined as,

AEy = Efiom — g, (7.3)
AEy = Efom — Ep, (7.4)

where ER and E}Y"* are the atomic energy densities for M and H in MH,

respectively. In case of ternary hydrides, (MIM2)H,, AE,, is defined as
(AEy; + AEy0)/n, that is the average atomization energy of M1 and M2 to be
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counted per hydrogen atom. Even in the other type of ternary hydrides, AE,, is
defined in a similar way.
Then, the cohesive energy, E.,;, of the hydride per hydrogen atom is defined as,

AEy + AEy = Eqop. (75)

Thus, AE,, and AEy are the components of E.,,. The advantage of using the
atomization energy is to know the contribution of each constituent element to the
hydride formation. Such a quantity is never able to be obtained from the total
energy calculation alone.

By setting that y = AEy and x = AE,,;, we obtain a relation, y= —x+E_,;. So,
E ., s expressed as a point of intersection of this line and y-axis at x =0.

For hydrocarbons expressed as a chemical formula, C,,H,, AEy and AE are
defined as,

AEH _ Eg[mm _ E[l:t[ydr'oc'arbon7 (76)
AEC _ (Egtum 7 Egydl‘w:arhon) « (m/n) (77)

Here, AE is the average atomization energy of carbon per hydrogen atom in
C,,H,.. For simplicity, the sum of AEy and AE( is hereafter called cohesive energy,
E on, of the hydrocarbon per hydrogen atom, although it exists in either solid or
liquid or gas.

For oxides, the atomization energy is defined in a similar way. For example, for
binary monoxide, MO, by using the energy of the isolated neutral atom, E§°"
(or E{°™) as a reference, the atomic energy density, AEy; for M (or AE,, for O) is
defined as,

AEy = Efom — Eoide, (7.8)
AEo = Efom — Egre. (7.9)

In case of binary oxides, M1,0y, AE), is defined as XAE,,/y that is the
atomization energy to be counted per O atom. Also, in case of ternary oxides,
(M1,M2,)0,, AE), is defined as (XAE,;; + yAE,,)/z that is the average atomization
energy of M1 and M2 atoms to be counted per O atom.

7.3 Accuracy of Calculation

First, to show the reliability of the present calculation, the heat of formation, AH, for
binary metal hydrides, MH,,, is calculated assuming that M + (n/2)H, — MH,,, and
compared with the experiment (Fukai 1994). As shown in Fig. 7.1, there is good
agreement between the calculated and the experimental values.
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The cohesive energy, E.,;, is a measure of the electronic stability of materials.
As shown in Table 7.1 (Shinzato et al. 2007a), the difference between the calculated
and the experimental values for E,,;, lies within 0.5 eV for binary metal hydrides
and 0.2 eV for hydrocarbons (Weast et al. 2003). In case of oxides, as shown in
Table 7.2, the difference between the calculated and the experimental values for
E ., lies within 0.5 eV except for FeO (Shinzato et al. 2011). A large discrepancy in
FeO is probably attributable to the non-stoichiometry and the defect structure, since
the present calculation is performed assuming a perfect crystal. Thus, the present
calculation is performed in a reasonable manner.

7.4 Hydrides and Hydrocarbons

7.4.1 Crystalline Hydrides
7.4.1.1 Metal Hydrides

The AEy vs. AE,, diagram for metal hydrides is shown in Fig. 7.2 (Shinzato
et al. 2007a). This AEy vs. AE), diagram is hereafter called “atomization energy
diagram”. When the hydrides have a resemblance in the chemical bonding state,
their locations are close to each other on the diagram. For example, binary hydrides
of transition elements (e.g., NiH and PdH, both shown by solid square in Fig. 7.2)
appear in the higher AEy, region than those of typical elements (e.g., NaH and
MgH,, both shown by open square in Fig. 7.2). This indicates that transition
elements could stabilize the hydrogen state remarkably in the binary hydrides. In
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Table 7.1 Comparison between the calculated and the experimental values for cohesive energy,
E.,;, for binary metal hydrides and hydrocarbons (unit: eV)

(2) Econ (cal.) Econ (exp.) Econ (cal.) Econ (exp.)
NaH 4.39 3.96 TiH, 5.52 5.38
MgH, 3.34 341 VH, 5.08 5.13

AlH, 3.22 3.56 NiH 7.20 7.32

KH 338 378 ZrH, 6.13 6.29

Cal, 427 4.12 NbH, 6.48 6.20

RbH 3.34 3.64 PdH 6.17 6.58

SrH, 3.76 4.04

(b) Econ (cal.) Econ (exp.) Econ (cal.) Econ (exp.)
C,Hy 4.95 4.86 CeHs 9.68 9.49

C,H, 5.93 5.81 C,Hg 3.80 8.64

C,H, 8.45 8.54 CsHio 8.26 8.14

Table 7.2 Comparison between the calculated and the experimental values for cohesive energy,
E ., for oxides (unit: eV)

Econ (cal.) Econ (exp.) Econ (cal.) Econ (exp.)
Na,O 9.16 9.10 Cr,05 9.19 9.26
MgO 9.91 10.34 CrO, 8.13 7.74
ALO; 10.67 10.65 FeO 8.85 9.68
SiO, 9.55 9.62 Fe;0,4 8.41 8.69
K>O 7.90 8.17 Fe, 05 8.28 8.28
CaO 11.08 11.01 SrO 10.27 10.41
TiO, 10.23 9.93 Nb,Os 9.31 9.51
TiO 12.83 12.88 710, 11.13 11.40
Ti,0; 11.44 11.11 MoO, 9.12 9.05
V,03 10.60 10.35 BaO 10.50 10.18

other words, hydrogen atom interacts more strongly with transition elements than
typical elements.

For ternary metal hydrides, MIM2H,,, where M2 is a transition metal (e.g.,
TiFeH, shown by open circle in Fig. 7.2), the M2-H interaction is important,
since H is located in the neighborhood of M2 (e.g., M2 = Fe) in the crystal lattice.
In case of Mg,NiH,, hydrogen atom is located in the neighborhood of Ni, and the
strong interaction is operating between Ni and H in it. In agreement with this,
Mg,NiH, is located near NiH rather than MgH, on the atomization energy diagram
shown in Fig. 7.2. However, the AEj value is smaller in Mg,NiH, than in NiH,
indicating that the H state is destabilized by the presence of Mg in Mg,NiH,4. On the
other hand, TiFeH, is located well above TiH,, so that the AEy value is larger in
TiFeH, than in TiH,, indicating that H state is further stabilized by the presence of
Fe in the neighborhood instead of neighboring Ti. It is very interesting that TiFeH,
which desorbs hydrogen at room temperature has the largest cohesive energy,
8.3 eV, among the metal hydrides.
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Mg,NiH, and TiFeH, are formed by the hydrogenation of intermetallic
compounds, Mg,Ni and TiFe, respectively. Therefore, the further analyses are
carried out with these compounds. To understand the role of metal atoms in the
bond formation, the values of AE,;; (M1 =Ti or Mg) and AE,;» (M2 =TFe or Ni)
are plotted in Fig. 7.3 for TiFe and Mg,Ni, together with the values for TiFeH, and
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Mg,NiHy. AEy; for TiFe and AE,,, for Mg,Ni are negative, whereas AE, for TiFe
and AEy; for Mg,Ni are positive. By hydrogenation, the atomization energy
decreases in both M1 and M2. However, the decrement is more remarkable in
AE);, than in AE,;;. This is because, hydrogen exists in the neighborhood of M2
and interacts strongly with M2 (M2 = Fe or Ni) in the hydrides. As a result, most of
the energy of M2 transfers to the hydrogen and the H state becomes very stable.

It is interesting to note that in either system of TiFe and Mg,Ni there is a large
difference between AE,;; and AE,,,, indicating that both TiFe and Mg,Ni inter-
metallic compounds have the strong chemical bond between M1 and M2 atoms.
This is a reason why the hydrogenation and dehydrogenation reactions take place
smoothly without changing alloy compositions in them. Thus, this approach can
clarify the role of constituent element in the formation of metal hydrides (Shinzato
et al. 2007a).

7.4.1.2 Complex Hydrides

As shown in Fig. 7.4, complex hydrides are located in the narrow and small AE,,
range (—2.2 eV < AE); < —0.3 eV), but in the wide AE; range of 4.2-8.5 eV. AEy
changes in the order, Mg(AlH,), < M1AIH, (M1 =Li,Na,K) < M1BH, (M1 =Li,
Na,K) < LiNH, (Shinzato et al. 2007a). The cohesive energy changes in the same
order. Thus, the H state is stabilized well in compensation for the destabilized
M state.

In case of alanate (Al) -type complex hydrides, the magnitude of AEy changes in
the order, Mg(AlH,), < LiAlH, < NaAlH, < KAIH, as is shown in Fig. 7.4. Hence,
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2, B 4
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energy diagram for complex -
8y diag P A;EM(CV)

hydrides
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the H state in Mg(AlH,), is least stable among them, as is found experimentally
(Komiya et al. 2007).

In addition, the coordination number effect can be understood by using the
atomization energy diagram. In NajAlHg (or LizAlHg), an Al atom is surrounded
by six hydrogen atoms, whereas in NaAlH, (or LiAlH,) an Al atom is surrounded by
four hydrogen atoms. As shown in Fig. 7.4, AEy; is lower in NazAlHg (or Li;AlHg)
than in NaAlH, (or LiAlHy). Thus, the H state is less stable in Na3AlHg (or Li; AlHg)
than in NaAlH, (or LiAlH,), as might be expected from the coordination number.

7.4.1.3 Atomization Energy Diagram for Crystalline Hydrides

For a variety of crystalline hydrides such as binary hydrides, ternary metal hydrides,
complex hydrides and perovskite-type hydrides, atomization energy diagram is
constructed in an energy scale as shown in Fig. 7.5 (Shinzato et al. 2007a, b). It
is stressed here that every hydride can be shown on one figure, although there are
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significant differences in the nature of the chemical bond among the hydrides. E..,
given by Eq. (7.5), lies in the range of 3-9 eV. As a whole, this range of E_,;,
(= AEy+ AE,,) is much smaller compared to the range of the atomization energy,
0eV<AEL<18eV and —11 eV < AE,; <5 eV. Thus, each atomic state is well
controlled or balanced in the hydrides so as to make E.,, as large as possible.
Among the hydrides, a binary hydride, AIH;, shows the smallest cohesive energy,
3.2 eV, so it releases hydrogen at low temperature (Graetz and Reily 2006), but the
re-hydrogenation reaction never occurs in the moderate condition because of the
low stability. This is also the case in a complex hydrides, Mg(AIH,), where both the
E ., and the AEy values are small (Komiya et al. 2007).

It is evident from Fig. 7.5 that the region of complex hydrides is overlapped with
that of the hydrides of typical elements (e.g., MgH, (No. 2)) on this diagram. Also, the
locations of ternary metal hydrides are distributed over the wide range of AE, and
some of them are located near the region of complex hydrides. In fact, Mg,NiH,
(No. 32), Mg,CoHjs (No. 31) and Mg,FeHg (No. 30) are sometimes treated as complex
hydrides instead of metal hydrides (Yvon 1998). In Fig. 7.5, Mg,FeHg and Mg,CoHj
are located near the lower and upper region of complex hydrides, respectively.
However, Mg,NiH, is located in the region between the hydrides of transition
elements and the complex hydrides, indicating the coexistence of the characteristics
of both metal and complex hydrides in Mg,NiH,. Thus, the atomization energy
diagram reflects important characteristics of the chemical bonds in hydrides.

7.4.2 Hydrocarbons
7.4.2.1 AE. and AEy for C,Hg4, C,Hy, C,H, and Arene

The present approach is extended further to the hydrocarbon, C,H, (Shinzato
et al. 2007a). A simple analysis is first given in ethane (C,Hg), ethylene (C,H,)
and acetylene (C,H,). The chemical bond between C atoms in these hydrocarbons
has been treated using the concept of the single bond for C,Hg, the double bond for
C,H, and the triple bond for C,H,. The atomization energies for carbon, AE., and
for hydrogen, AEy, are shown in Fig. 7.6a. Here, AE. is an atomization energy
weighted by a factor, m/n, following Eq. (7.7). As is evident from Fig. 7.6a, AE-
increases linearly with the ratio of carbon number () to hydrogen number (n), m/n,
whereas AEy is nearly constant. For comparison, the bond energies between C
atoms, Ej,,,, (Pimentel and Spratley 1969) and its normalized values per hydrogen
atom, Epona’ (=Epona/n), are plotted in Fig. 7.6a. E,,, s changes in the order,
C,Hg < C,Hy < CoH,, in agreement with the order of AEc. Also, the E,,,,’ line
correlates well with the AE line, while showing a similar slope between them.
Thus, the atomization energy for carbon, AE, reflects the bond strength between C
atoms in these hydrocarbons.

Next shown is the arene such as benzene (CgHg), toluene (C¢HsCH3), napthalene
(CyoHg), p-xylen (CgH;g), fluorene (C;3H;q), phenanthrene (C,4Hq), pyrene
(Cy6Hp), coronene (C4H;,) (Shinzato et al. 2007a). Arene has a larger ratio,
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m/n, as compared to alkane, alkene and alkine. As shown in Fig. 7.6b, AE values
are kept nearly constant and only the AE. values vary linearly with m/n. So, the
sum of them defined as E,,;, changes with the m/n ratio in arene.

7.4.2.2 Correlation of AE- and AEy with the m/n Ratio
in Hydrocarbon, C,,H,

For a variety of hydrocarbons including alkane, cycloalkane, alkene, alkine and
arene, AE- and AEy are plotted against m/n, as shown in Fig. 7.7 (Shinzato
et al. 2007a). There is indeed a linear relationship between AE- and m/n, and
AE is expressed as,
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AEc (eV) = 7.46 x (m/n) — 4.46. (7.10)

The correlation factor is better than 0.998. According to Eq. (7.7), the slope is
(E&om —Eléydrocarbon) and it is nearly constant, 7.46 eV, regardless of the type of
hydrocarbons. The alkine such as acetylene, propyne, 1-butyne and 2-butyne
deviates slightly from this relation. On the other hand, the atomization energy for
hydrogen, AEy, is a nearly constant, 6.76 eV, irrespective of the types of hydrocar-
bons. So, the cohesive energy per one hydrogen atom in hydrocarbons, E.,, is

expressed as,
Econ (V) =17.46 x (m/n) + 2.30. (7.11)

This beautiful relation is satisfied in the hydrocarbons, because the chemical
stability of C,,H,, is dependent only on the m/n ratio. Thus, by using the atomization
energies, AE- and AEy, the nature of the chemical bond in the hydrocarbons is
understood without using the concept of single or multiple C-C bond.

For comparison, the results of some hydrocarbons used for hydrogen storage are
plotted in Fig. 7.5. They are located near LiNH, (No. 23), or in a higher AEy
position than other complex hydrides.

7.4.3 Summary

An atomization energy diagram, which is obtained by the EDA is constructed for
the first time to understand the chemical interaction in hydrides in an energy scale.
All the crystalline hydrides can be located on this diagram, although there are
significant differences in the nature of the chemical bond among the hydrides. Also,
for hydrocarbon, AE(, increases linearly with the ratio of carbon number to
hydrogen number, m/n, while keeping AEy constant. The chemical stability of
C,,H,, is dependent only on the m/n ratio.

7.5 Metal Oxides

7.5.1 Binary Oxides
7.5.1.1 Atomization Energy Diagram and Local Structure

In binary metal oxides, a main part of the local structure is expressed by using the
M-O interatomic distances, dps.o, and the coordination number, CN, both of which
affect the atomization energies, AE, and AE,,. For example, a AE, vs. AEy,
diagram is shown in Fig. 7.8a for binary Cr oxides (Shinzato et al. 2011). There
is a clear trend that AE, increases with decreasing AE,,. The magnitude of AE,
changes in the order, CrO3z > CrO, > Cr,O5 > CrO. This is the reverse order of the
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Fig. 7.8 Atomization energy diagram (a) for binary Cr oxides and (b) for binary Fe oxides

Table 7.3 Local structure in (a) CrO, Cro, Cr,0, CrO
(a) Cr oxides, (b) Fe oxides
and (c) Ti oxides dero (nm) 0.166 0.188 0.195 0.206
CN (Cr) 4 6 6 6
CN (O) 1,2 3 4 6
(b) Fe;0y4 Fe,O3 FeO
drpe.o (nm) 0.185 0.188 0.204
CN (Fe) 4,6 6 6
CN (0) 4 4 6
(©) TiO, (anatase) | TiO, (rutile) | Ti,O5; | TiO
dri.o (nm) |0.196 0.197 0.204 |0.214
CN (Ti) 6 6 6 6
CN (O) 3 3 4 6

average Cr-O interatomic distance, dcy.o, CrO3; < CrO, < Cr,03 < CrO as shown in
Table 7.3 (a). This indicates that the O atom state in binary Cr oxides is stabilized
owing to the shorter Cr-O interatomic distance, but instead the Cr atom state is
destabilized in some ways to optimize the Cr-O chemical bond. In addition, the
coordination number of O around Cr, CN (Cr), is 4 for CrO5 and 6 for CrO,, Cr,03
and CrO as listed in Table 7.3 (a). Thus, the O atom state is more stable in CrO3 than
in CrO,, Cr,05 and CrO, as might be expected from the coordination number effect
(Nakai 2002) that the chemical bond becomes stronger as the coordination number
decreases. However, the cohesive energy per O atom is lowest in CrO; among the
binary Cr oxides.

Another atomization energy diagram is shown in Fig. 7.8b for binary Fe oxides.
The magnitude of AE, changes in the order, Fe;O, > Fe,03 > FeO. As shown in
Table 7.3 (b), this order of AE,, is understood well by using the Fe-O interatomic
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Q Non-shared O atom O Shared O atom . Metal atom

Fig. 7.9 Octahedra of (a) face, (b) edge and (c¢) vertex sharing

distance, dr..o, and the coordination number of O around Fe, CN (Fe), as is similar
to the Cr oxides. Thus, the atomization energies are sensitive to the local structure
through the short-range chemical interaction operating between atoms.

7.5.1.2 Linkage of Polyhedra Over Crystal Space

Any crystal structures of metal oxides are composed of polyhedra such as the MOg
octahedron and the MO, tetrahedron. As shown in Fig. 7.9, each polyhedron shares
vertex, edge or face with the neighboring polyhedra (Yoshino et al. 2003, 2004).
The chemical interactions operating between atoms in such polyhedra vary with the
composition and density of the oxides. For example, from a geometrical point of
view, the density increases in the order, vertex < edge < face sharing. Both the
vertex and edge sharing are seen in most crystal structures of binary oxides, for
example, in rutile-type structure and NaCl-type structure (Kingery et al. 1976). On
the other hand, there are a few binary oxides (e.g., corundum-type oxides) in which
polyhedra link together by the face sharing as well as the vertex and edge sharing.

A series of calculations is first carried out using four cluster models to investi-
gate the atomization energy change with the sharing of polyhedra (Shinzato
et al. 2011). As shown in Fig. 7.10a—d, the cluster models are made on the basis
of the corundum-type crystal structure of Fe,O3, where all the sharing types coexist.
Shown in the figure are (a) a single octahedron, (b) face-shared octahedra, (c) edge-
shared octahedra and (d) vertex-shared octahedra. The calculated atomization
energies for Fe, AEy,, in the clusters (a), (b), (¢) and (d), are 0.1, —1.7, —1.7 and
1.2 eV, respectively. The atomization energies for O atom (or shared O atom), AE,
in the clusters (a), (b), (c) and (d), are 3.5, 5.9, 6.7 and 6.2 eV, respectively. It is
evident that the O atom state is stabilized by the sharing, but the face shared one is
least stabilized among the shared atoms. This may be one of the reasons why the
face-sharing is rare in the crystal structures of metal oxides.



198 M. Morinaga et al.

a c Edge sharing O atoms
b d Vertex sharing O atom

|

Fig. 7.10 Calculated Fe,O5 clusters of (a) one octahedron, and three clusters of octahedra shared
by (b) face, (c¢) edge and (d) vertex

Fe

7.5.1.3 Density

An atomization energy diagram for binary Ti oxides is shown in Fig. 7.11. For TiO,
such as anatase and rutile, Ti and O atoms form a distorted octahedron. The value of
dtio listed in Table 7.3 (c) is the average value of six interatomic distances between
Ti and O. AE, is larger in anatase than in rutile, although the local structure is
almost similar between them as shown in Table 7.3 (c). This may be attributable to
the difference in the density between anatase (3.84 Mg/m3) and rutile (4.24 Mg/m3).
In other words, the density is another key parameter for describing oxide structures.

A correlation between the atomization energy and the density is shown in
Fig. 7.12 for several binary metal oxides. There is a clear trend that AE,, increases
and AE, decreases with increasing density, as shown in (a) for Ti oxides, (b) for Cr
oxides, and (c) for Fe oxides. A three-dimensional arrangement of polyhedra in
crystal space determines the density. Such long-range interactions operating
between atoms also reflect the values of the atomization energy.
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Fig. 7.12 The correlation between atomization energy and density of (a) binary Ti oxides, (b)
binary Cr oxides (c) binary Fe oxides and (d) zirconia (ZrO,)

As shown in Fig. 7.12d, this is the case even in zirconia (ZrO,), in which there
are three polymorphs; monoclinic, tetragonal and cubic phases. The phase transi-
tion occurs from monoclinic to tetragonal phase at about 1,300 K, and from
tetragonal to cubic phase at about 2,600 K. As shown in Fig. 7.12d, the density
increases monotonously with these phase transitions. This clearly indicates that the
atomization energies vary significantly with the phase transition.
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Fig. 7.13 Atomization energy diagram for perovskite-type oxides

7.5.2 Perovskite-Type Oxides
7.5.2.1 Atomization Energy Diagram for Perovskite-Type Oxides

The atomization energy diagram for perovskite-type oxides, M1M20s3, is shown in
Fig. 7.13 (Shinzato et al. 2007c, 2011). The perovskite-type oxides are shown by
open circles, and for comparison some binary metal oxides are shown by solid
circles or triangles in the figure. In every perovskite-type oxide, AE, is larger than
AE),, indicating that the O atoms contribute to the cohesive energy more signifi-
cantly than the metal atoms. The cohesive energy, E..,;, per O atom lies in the range
of 9-12 eV.

As mentioned before, when there is a resemblance in the chemical bond between
oxides, their locations must be close to each other on the diagram. A perovskite-
type oxide, M1M20s3, is formed by the reaction of either M10 + M20, or M1,0
+ M2,0s. It is evident from Fig. 7.13 that M1M20s5 is located closer to the binary
oxide, M20, or M2,05 than M10 or M1,0 on the diagram. For example, CaTiO;
(No. 13 (cubic phase), No. 14 (tetragonal phase) or No. 15 (orthorhombic phase)) is
located closer to TiO, (rutile (No. 1) and anatase (No. 2)) than CaO (No. 10). Also,
NaNbO; (No. 22 (cubic phase) or No. 23 (tetragonal phase)) is located closer to
Nb,O5 (No. 6) than Na,O (No. 9). Thus, the perovskite-type oxide, M1M203,
inherits the nature of the chemical bond mainly from M20, or M2,05. However,
M1 atoms still contribute to the cohesive energy to some extent.
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Fig. 7.14 AFEy\; vs. AEyp, diagram for perovskite-type oxides

7.5.2.2 AEy;; vs. AE,;, Diagram for Perovskite-Type Oxides

As shown in Fig. 7.14, a AE,;; vs. AE,;, diagram is made in order to understand the
role of each metal element in the bond formation of the perovskite-type oxides. The
positions of STM203; (M1 = Sr, M2 =Ti, Zr) are aligned along a line drawn in the
figure, indicating that there is a certain balance between AEg, and AE\,. This trend
is also seen in CaM203; (M1 = Ca, M2 =Ti, Zr), BaM203; (M1 =Ba, M2 =Ti, Zr)
and NaM203; (M1 =Na, M2 =Nb). Exception is SMoO3 (No. 21), which is not
located along a STM205-line, but near BaMoO3 (No. 30).

It is apparent from Fig. 7.14 that the values of AE),; and AE,;, change with the
crystal structure. For example, in case of CaTiO; the position moves from No. 13 for
cubic structure to No. 14 for tetragonal structure. Similarly, in case of SrTiO; the
position moves from No. 17 for cubic structure to No. 18 for tetragonal structure. As
shown in Fig. 7.13, AE also varies with the crystal structure as does AEy;; or AE,.

In the perovskite-type M1M203, not only M2 atom but also M1 atom plays a
role in the oxide formation. In a geometrical point of view, M2 is surrounded by six
O atoms to form a M2Og octahedron, whereas M1 is surrounded by twelve O atoms
without forming any polyhedra. So, the bond nature is usually different between
M1-0O and M2-O. Namely, M1 atom weakly-bound to the surrounding O atoms,
probably adjusts the coordinates readily and works to make the cohesive energy as
large as possible, resulting in the energy balance between AE,;; and AE,;,. The
existence of only M20, octahedron in the structure is characteristic of the
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Fig. 7.15 Schematic illustration of (a) displacement-type and (b) tilting-type phase transitions

perovskite-type oxides. This unique structure will undergo the phase transition by
the geometrical change inside the M20Og¢ octahedron and by the attendant change of
the weakly bound M1 atoms. As the result, both AE,,; and AE,,, change together
with AE, with the phase transition.

7.5.3 Phase Transition of Perovskite-Type Oxides

As illustrated in Fig. 7.15, there are two types of phase transition in the perovskite-
type oxides. One type transition occurs by the cooperative displacements of both
M2(=Ti) and O atoms along the <100> direction in BaTiO; (Miyake and Ueda
1947). The other type transition occurs by tilting (or rotation) of M2Og (=TiOg¢ or
ZrOg) octahedra around O-M2(=Ti or Zr)-O crystal axes in CaTiO;, SrTiOs,
CaZrO3; and SrZrO; (Ahtee et al. 1976).

The atomization-energy changes attendant on the phase transition are simulated
in CaTiO3 and BaTiOj;. Crystal structure data used are the experimental values at
room temperature, 1,273, 1,473, 1,523 and 1,633 K for CaTiO; (Kennedy
et al. 1999; Liu and Lieberman 1993), and at room temperature, 1,387 and
1,645 K for BaTiO; (Kwei et al. 1993; Edwards et al. 1951). No structural
optimization is performed in these calculations. In Fig. 7.16, the changes of the
atomization energy, AE;, are shown as a function of the density in CaTiO3; and
BaTiOs. Here, the density is used in the horizontal coordinate instead of tempera-
ture. The density decreases as temperature increases, so it is lower in the cubic
phase than in the tetragonal phase than in the orthorhombic phase. As shown in
Fig. 7.16a for CaTiOs, the atomization energy varies significantly with the tilting
(or rotation)-type phase transition, although the cohesive energy scarcely changes
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with the phase transition. Namely, the AE, value increases by the transition from
cubic to tetragonal phase, and then it decreases by the transition from tetragonal to
orthorhombic phase, followed by the nearly constant value in the orthorhombic
phase. Both AE;; and AE, change in a reverse way as does AE, during the
successive phase transition.

Also, as shown in Fig. 7.16b, the atomization energy change with the phase
transition is much lower in BaTiO3 than in CaTiOs.

However, in either oxide, AE,, increases by the transition from cubic phase to
tetragonal phase. The other two examples, SrTiO3 and SrZrO;, are shown in
Fig. 7.17a and b, respectively.
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The transition from cubic to tetragonal phase makes the O atom state stable in
both SrTiO3 and SrZrOs. This is very similar to the result shown in Fig. 7.16a.

According to our previous study on SrZrO; (Yoshino et al. 2004), the average
Zr-O interatomic distance increases by tilting or rotation of ZrOg octahedron, and
the average Zr-O bond strength is recovered to some extent by forming a distorted
Z1Og octahedron by the phase transition (Yoshino et al. 2004). The minimum Zr-O
interatomic distance in cubic SrZrO; at 1,443 K is close to the shortest Zr-O
interatomic distance in pure ZrO,, so that the phase transition (i.e., the tilting of
ZrQOg octahedron) occurs around 1,443 K, and the attendant increase in the Zr-O
interatomic distance works to retain the Zr-O bond strength. Unless such a tilting
does take place, the Zr-O bond will become very weak according to a hypothetical
calculation (Yoshino et al. 2004). Thus, a gain of AE, by tilting or rotation is
attributable to the recovery in the Zr-O bond strength with the increase in the Zr-O
interatomic distance. Instead, AE),, decreases, resulting in nearly null change in the
cohesive energy with the transition. It is stressed that the tilting (or rotation) makes
a distorted ZrOg octahedron in which four Zr-O interatomic distances increase, and
other two distances keep nearly unchanged with tilting (or rotation). Such a
structural change reflects well the values of AE,, AE and AEg, as shown in
Fig. 7.17b.

On the other hand, as shown in Fig. 7.15, all the O atoms in BaTiOj; are
displaced in the same way and the same magnitude along a <100> direction
by the transition from cubic to tetragonal phase. In case of tetragonal BaTiO3
the Ti-O bond is strengthen for a longer Ti-O pair and weakened for a shorter Ti-O
pair (Yoshino et al. 2004). But still the average Ti-O bond strength scarcely
changes with the phase transition (Yoshino et al. 2004). As a result, the attendant
change of AE, is very limited as shown in Fig. 7.16b. This trend is also seen
in KNbO3.

7.5.4 Summary

Following the energy density analyses, the nature of the chemical bond in binary
metal oxides and perovskite-type oxides is investigated by focusing on the local
structure, average structure and phase transition. The atomization energies, AE
and AE),,, are sensitive to the local and average atomic arrangements, and both AE,
and AE), correlate well with the overall density of binary metal oxides.

In the perovskite-type oxides, M1M20;, there is an energy balance between
AE,;; and AE,;,. As for the phase transition, the stable state of O atoms is formed in
CaTiO; or BaTiO; by the tilting-type or the <100> displacement-type phase
transition from cubic to tetragonal phase, although the increment of AE,, is much
smaller in BaTiO3 than in CaTiOs.
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7.6 Application of Atomization Energy Approach
to Catalytic Problems

7.6.1 Atomization Energy Diagram for Binary Metal Oxides

Magnesium hydride (MgH,) has been considered as one of the promising candidates
for hydrogen storage, because it possesses a high hydrogen capacity of 7.6 wt%.
However, the enthalpy change, AH, of the formation of MgH, is —74 kJ/mol H,
(Stampfer et al. 1960; Cummings and Powers 1974), indicating that MgH, is a
relatively stable hydride. As a result, the rate of the desorption reaction, i.e.,
MgH, — Mg+ H,, is slow in the moderate conditions.

It is found experimentally that some transition metal oxides (e.g., Nb,Os) have a
large catalytic effect on the hydrogen desorption reaction of MgH, (Oelerich
et al. 2001; Barkhordarian et al. 2003, 2004, 2006). However, no quantitative
method has been proposed for understanding this catalytic problem yet. Recently,
catalytic activities of metal oxides have been evaluated quantitatively using the
atomization energy concept (Hirate et al. 2009).

For metal oxides expressed as M,O,, the energy of the isolated neutral atom,
E3P™ (or Egom), is taken as a reference, and the atomization energy, AE\y; (or AE)),
is defined as,

AEy = (E{™ —Ey®) x (x/y), (7.12)
AEp = EZ™ — EgHde, (7.13)

Here, EQ% and EXi%® are the atomic energy densities for M and O in
M.,O,, respectively. Thus, AE,, is the average energy of M to be counted per
O atom.

The plots of AE,, vs. AE, are shown in Fig. 7.18 for binary metal oxides, MO,
(Hirate et al. 2009). Those oxides which are located in the upper right region in
Fig. 7.18, have large cohesive energies. Also, the contribution of each element in
the oxide to the cohesive energy is understood from this figure. For example, the
cohesive energy is nearly same between NbO, and Al,O3 (NbO,: E.,;, = 10.1 eV,
Al,O3: E.,;, = 10.7 eV). However, they are located in the very different positions in
Fig. 7.18. NbO, has a large AE, value, but a very small AE), value, indicating that
the O atoms in NbO, make a significant contribution to the cohesive energy. On
the other hand, in case of Al,Os3, the value of AE,, is almost zero. Instead, its AE),
value is very large. Thus, the metal atoms in Al,Os contribute mainly to the
cohesive energy.
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Table 7.4 Hydrogen desorption rate measured at 573 K

Desorption rate (1072 wt%/s) Desorption rate (107> wt%/s)
Nb,Os 10.2 Cr,05 1.9
V,0s5 6.0 TiO, 1.9
NbO, 35 Al O3 0.7
NbO 2.0 Si0, 0.2

7.6.2 Quantitative Analysis of Catalytic Activities of Metal
Oxides for MgH,

The hydrogen desorption rate measured at 573 K is adopted as a measure of the
catalytic activity of each metal oxide (Hirate et al. 2009). The values reported by
Barkhordarian et al. (2006) are listed in Table 7.4.

To evaluate the catalytic activity quantitatively, the atomization energies of
constituent elements in metal oxides are used. As is evident from Egs. (7.12) and
(7.13), atomization energies are defined as the values per O atom. However, metal
oxides, M,O,, are mixed by a mole unit in the experiment. So, the values of the
atomization energies are needed to be converted into the values per mole unit.
Therefore, each of AE, and AE,, is multiplied by the number of O atoms, y, in
M,O,, that is expressed as y x AE, (=(E}™ —E‘(’)"ide) xy), and y X AEy
(=(E¥om — EQidey x x).

The measured desorption rate is plotted against the atomization energy for O
atoms, y X AEy, or metal atoms, y X AE,,, as shown in Fig. 7.19a and b (Hirate
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et al. 2009). The result shown in Fig. 7.19a indicates that metal oxides which have
large y x AE, values tend to accelerate the hydrogen desorption rate of MgH,. On
the other hand, the result shown in Fig. 7.19b is the reverse of this trend, since metal
oxides which have small y x AFE,, values tend to accelerate hydrogen desorption
rate.

As mentioned before in Sect. 7.4 about the hydrogenation process of TiFe or
Mg,Ni, the element (e.g., Fe or Ni) with the higher atomization energy interacts
more strongly with hydrogen atom than the element (e.g., Ti or Mg) with the lower
atomization energy (Shinzato et al. 2007a). As a result, hydrogen atoms are located
near Fe in TiFeH,, and near Ni in Mg,NiH,. Thus, the element with the higher
atomization energy in the metal oxide must interact more strongly with hydrogen
atom in MgH,. In other words, the O atoms in the metal oxides with larger y X AE,
values are supposed to interact more strongly with hydrogen atoms in MgH,, as is
shown in Fig. 7.19a. The stronger O-H interaction probably leads to the higher
catalytic activities of oxides catalysts.
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7.6.3 O-H Bonding During the Course of Dehydrogenation
Reaction of Nb,Os-Catalyzed MgH,

Using the atomization energy concept, it is predicted that the O atoms in metal
oxides interact with hydrogen atoms in MgH, during the dehydrogenation of MgH,
(Hirate et al. 2009). So, one experiment is performed to confirm the presence of the
O-H interaction during dehydrogenation by using FT-IR spectroscopy (Hirate
et al. 2011b).

For this experiment, four specimens are made from milled MgH, with 1 mol%
Nb,Os5 and used for the FT-IR measurements; (a) specimen released no hydrogen
(called non-released specimen), (b) released hydrogen about 2.3 wt% (2.3 wt%
released specimen), (c) released hydrogen about 5.6 wt% (5.6 wt% released spec-
imen), and (d) released hydrogen completely (all-released specimen). Here, hydro-
gen is released from the specimen by heating at 573 K in vacuum for an appropriate
time in the Sievert-type apparatus following a standard volumetric method.

A standard technique is employed for the measurement of FT-IR spectroscopy.
With the specimens prepared as potassium bromide (KBr) pellets, FT-IR spectra are
measured at room temperature in vacuum, using JASCO FT/IR-610 instrument
(Hirate et al. 2011b).

According to previous experiments, the O-H bonding in the absorbed hydroxyl
group appears in the region of 3,000 ~3,800 cm ™' due to the O-H stretching mode
(Busca 1998; Burcham et al. 1999; Armaroli et al. 2000; Braga et al. 2005). So, the
FT-IR spectra are measured in the region of 2,600 ~4,000 cm™', as shown in
Fig. 7.20.

As shown in Fig. 7.20a, there are two bands at 3,420 and 3,500 cm™ !, and a
broad band from 2,800 to 3,300 cm ™! in the spectrum from the non-released
specimen. The absorption intensities decrease gradually with decreasing amount
of hydrogen retained in the specimen, as shown in Fig. 7.20a—c. However, as shown
in Fig. 7.20d, two small bands at 2,880 and 3,450 cm™! are still observed in the
all-released specimen, despite that no MgH, remains in it, judging from the
non-appearance of any peaks from MgH, in the XRD profile. In addition, as
shown in Fig. 7.20e, several bands appear in the milled MgH,, although the
intensities are weaker compared to those of the non-released specimen shown in
Fig. 7.20a. The band at 3,450 cm ™' is also observed in the all-released specimen as
shown in Fig. 7.20d. So, this may be related partially to the existence of MgO, since
it is observed in both the milled MgH, and all-released specimens. Some O-H
vibrations might retain on the surface of MgO, but the detail still remains unknown.

It is confirmed from the experiment that the O-H interaction between Nb,O5 and
MgHj, is operating during the course of dehydrogenation reaction of Nb,Os-cata-
lyzed MgH,. Therefore, the atomization energy of O atom, AE,, in metal oxide
catalysts is indeed a good measure of the catalytic activities in the dehydrogenation
reaction of MgH,.

Barkhordarian et al. (2006) investigated experimentally a catalytic mechanism
of transition-metal oxides on the Mg hydrogen desorption reaction. Four factors
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were proposed for the transition-metal oxide to be an effective catalyst. One of the
factors is concerned with a high affinity of the transition-metal atom to hydrogen.
Their model appears to be made on the basis of the idea that the transition-metal
atom rather than the O atom in the oxide interacts more strongly with hydrogen
atom in MgH,. However, this contradicts the experimental result that Fe;O,4 has a
relatively high catalytic effect (Barkhordarian et al. 2003). This is because, the
interaction between Fe and hydrogen atom is weak in the Fe-H system. On the other
hand, the value of y x AE, for Fe;0, (45.8 eV) is intermediate between V,05
(38.9 eV) and Nb,Os5 (55.0 eV), in agreement with the experiment (Barkhordarian
et al. 2003). Another contradiction is in our direct observation of the O-H bonding
using FT-IR spectroscopy as is explained in the preceding paragraph. Further
discussion is given elsewhere (Hirate et al. 2009).
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In addition, it is known that the decomposition reaction of NaAlH, expressed as,
NaAlH; — 1/3 NasAlHg+2/3 Al+H,, is accelerated by mixing metal chloride
catalysts (e.g., TiCl;) (Bogdanovic and Schwickardi 1997). The catalytic activities
of chlorides are evaluated quantitatively with the aid of the atomization energy
(Hirate et al. 2011a).

7.6.4 Summary

The hydrogen desorption reaction of magnesium hydride (MgH,), MgH, — Mg
+ H,, is accelerated by mixing catalytic metal oxides (e.g., Nb,Os). This catalytic
effect is evaluated quantitatively using the atomization energy concept. The mea-
sured hydrogen desorption rate increases monotonously with increasing y x AE,
values of metal oxides, M,O,. Here, AE, is the atomization energy for the O atom
in M,O,. This indicates that the O atom interacts mainly with hydrogen atom in
MgH,, in agreement with the observation of the O-H stretching mode in the FT-IR
spectra during the dehydrogenation of the Nb,Os-catalyzed MgH,.

Conclusion

A unified approach is reviewed for understanding the chemical bond between
atoms in hydrides and oxides on the basis of the atomization energy concept.
The results are summarized as follows.

1. The atomization energy diagram is constructed for various hydrides. All
the hydrides can be located on this diagram, although there are significant
differences in the nature of the chemical bond among the hydrides. It is
found that there is very subtle but simple bond formation in hydrocarbons,
C,,H,,, and the cohesive energy per hydrogen atom varies depending only
on the m/n ratio.

2. The atomization energy diagram is also made for metal oxides, and used
for comparing the bond characters among them. Also, a series of phase
transitions of the perovskite-type oxides is explained in a consistent
manner with the aid of the atomization energy.

3. The atomization energy is a good measure of the catalytic activities of
metal oxides or metal chlorides on the dehydrogenation or decomposition
reaction of hydrides. This is because, the atomization energy correlates
well with the dehydrogenation reaction rate of hydrides.

4. Thus, this new approach allows us to understand the role of constituent
elements in the bond formation of hydrides and oxides, and to get a new
clue to materials design (e.g., catalyst design).
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Chapter 8

Comparative Study on Optical Properties
of YPO4: Mn, Zr Phosphor by Experiment
and Calculation

Mamoru Kitaura, Shinta Watanabe, Kazuyoshi Ogasawara,
Akimasa Ohnishi, and Minoru Sasaki

8.1 Introduction

Optical properties of Mn** impurities in solids have been studied from the viewpoint
of the fundamentals in material science and the industrial applications for lighting and
display. A large number of Mn”* doped inorganic phosphors have been successfully
synthesized so far (Tamatani 2007). Now, inorganic phosphors are generally acti-
vated using rare-earth ions such as Ce>*, Eu**, Eu®* and Tb>*, because the quantum
efficiency of emission is very high for these ions. Nevertheless, the Mn** ion is still
utilized as the first choice in the development of new functional phosphors. The
reason is because the emission due to Mn** ions exhibits high quantum efficiency and
good color purity. Therefore, the Mn?* ion is one of plausible candidates likely to
replace the rare-earth ions. Since it is anticipated that ensuring rare-earth ions tends to
be difficult, the phosphors including this ion are worthwhile noting.

Recently, Kaneyoshi and Nakazawa have developed a new Mn doped phosphors
using yttrium phosphate (YPO,) as a host material (Kaneyoshi and Nakazawa
2005). Figure 8.1 shows emission spectra of YPO, doped with Mn*" ions (a) and
Mn?* and Zr*" ions (b), which were measured at room temperature under excitation
with vacuum ultraviolet photons at 176 nm. The YPO4: Mn phosphor exhibits a
very weak blue-green (BG) emission band around 477 nm. From analogy with some
metal oxides doped with Mn?* ions, the BG band has been assigned to intra-3d
transitions of Mn?* ions. This band is drastically enhanced as Zr** ions are added.
For the physical mechanism of such a striking feature, the resonant energy transfer
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Fig. 8.1 Emission spectra T T T T
of YPO4: Mn (a) and YPOy:
Mn, Zr (b) measured at
room temperature under
excitation with vacuum
ultraviolet photons at

176 nm. The 477 nm band
due to the intra-3d
transitions of Mn>* ions
becomes larger when Mn?*
ions are incorporated with
Zr** jons

(b) YPO,4:Mn,Zr
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between Zr** and Mn?* ions seems likely at first glance. However, the emission
band due to the charge transfer transition from O-2p orbitals to Zr-4d orbitals and
the absorption bands due to intera-3d transitions of Mn>* ions are very weak. The
resonant energy transfer from Zr** ions to Mn?" ions is not as active as the BG band
is strengthened.

Kitaura et al. have measured electron spin resonance (ESR) spectra of YPO4: Mn
and YPOy4: Mn, Zr, and investigated the correlation between the BG band and the
local structure of Mn** ions (Kitaura et al. 2007). It was found that ESR signals due
to Mn”* ions were considerably changed by the presence of Zr** ions. From the
spectral analysis using the spin-Hamiltonian for an axial symmetry, it turned out
that the number of Mn* jons occupying Y* lattice sites is increased by the addition
of Zr** jons. On this basis, the enhancement of the BG band was interpreted as an
increase in the number of Mn* ions substituting Y>* ions. It is more likely that Zr**
ions play the role as a compensator to remove the charge inconsistency between
Mn?* and Y** ions.

Generally, energy levels of impurities such as transition-metals (TMs) and rare-
earths (REs) in solids are sensitive to the chemical environment surrounding them.
Since instructive information on the energy levels is included in optical spectra,
optical experiment is of great importance. From this viewpoint, absorption spectra
have been measured for various materials doped with TM and RE ions. However, it
is difficult to see the local electronic structures of impurities by absorption spectra
only. On the other hand, theoretical approaches based on the molecular-orbital
(MO) theory have also been utilized in investigations of the local electronic
structures of TMs and REs in solids. The discrete variational Xa (DV-Xa) method
(Adachi et al. 1978) is also one of such methods. Accordingly, the combination of
optical experiment and DV-Xa calculation is expected to be a more powerful tool to
probe into TM and RE impurities directly.
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The aim of this chapter is to demonstrate the validity of theoretical calculations for
the analysis of optical properties due to TM impurities in phosphors. To do so, optical
properties of Mn** ions in YPO,: Mn, Zr were studied in detail by experiment and
calculation. Theoretical calculations based on the relativistic DV-Xa and discrete
variational multi-electron (DVME) method were performed in order to obtain the
information on many-electron energy levels of the Mn?" ions. The effect of cluster
size on the impurity MO levels of a Mn®* ion was evaluated through the parameters
on crystal field splitting and orbital population. The theoretical spectrum of absorp-
tion was compared with the experimental spectrum. Agreement between the two
spectra was good. The origins of distinctive structures were identified according to
the combination of one-electron MO wave functions in Slater determinants. The
energy position and lifetime of a Mn®* emission were also determined using the
results of calculation. The theoretical values thus obtained were checked with the
experimental values. They were generally acceptable values.

8.2 Energy Levels of Mn** Ions in Inorganic Compounds

A Mn** ion has five electrons in the outermost 3d orbitals. The 3d electrons interact
with each other through electron—electron repulsion. In liquids and solids, they are
strongly influenced by properties of their surrounding anions, namely, “ligands”.
By the presence of such ligands, the 3d orbitals of Mn** are split into three-fold
degenerate 7, and two-fold degenerate e. When a Mn>* ion is placed at the center of
an octahedral coordination by six anions, the 7, orbital has a lower energy than the
e orbital. According to the Hund’s rule, the ground state in an octahedral coordi-
nation is represented by the lowest-energy (12)°(e)? electron configuration, where all
of five electrons are received in up-spin states. This configuration is the high-spin
state with § =5/2, in contrast to the low-spin state with S = 1/2 of the (1)} ground
state configuration. As depicted in Fig. 8.2, the lowest-energy excited state is
represented by the (1)) configuration generated by a spin-flip transition from
the (1,)°(e)? configuration. On the other hand, the relationship between the ¢, and

Fig. 8.2 Schematic e—=-=-- f ===
illustration of the spin-flip 2

transition of a Mn** ion in t - * s e--4-
octahedral (a) and 2 v v

tetrahedral coordination (b). t

The spin-flip transitions € _1+ 2 +H_
indicated by red arrows

connect the ground state t2 w— e 44—

configurations (1)*(e)? and

(€)?(12)® with the lowest

excited state configurations UP DOWN UP DOWN
(1)*@)" and ()’ (12)?,

respectively (a) Octahedral (b) Tetrahedral
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e orbitals is inverted in the tetrahedral coordination formed by four anions. The
ground state configuration (e)z(tz)3 is basically same as that in the octahedral
coordination, but the lowest-energy excited state is represented as the (e)3(t2)2
configuration caused by a spin-flip transition. This configuration is different from
the lowest-energy excited state configuration of (12)*(e)! in the octahedral coordi-
nation. The five configurations have a common feature on spin multiplicity between
the octahedral and tetrahedral coordination. The ground state is the spin-sextet
state, while the lowest-energy excited state is a spin-quartet state. The optical
transition between these states having different spin numbers is basically forbidden
due to the spin-selection rule. This feature well-explains the fact that Mn>* emis-
sions usually have the long lifetime of millisecond or sub-millisecond range.

Optical properties due to intra-3d transitions of Mn>* ions cannot be described
accurately with only single use of #, and e orbitals, because the representations of
these orbitals are based on the one-electron approximation. For the description of
impurity energy levels, many-electron correlation effects among five electrons
occupying #, and e orbitals have to be considered. This is generally called as
“multiplets”. From the electron configurations of (1)°, (1) @), (1)), (1)*(e)’,
(tz)l(e)4, the representations of multiplets shown in Table 8.1 are obtained.

The representations of multiplets have been used in the Tanabe-Sugano diagram
for the (3d)° electron system, in order to describe many-electron energy levels
(Tanabe and Sugano 1954a, b). In this diagram, multiplet energy levels are mainly
dominated in term of two parameters, A and B. The parameter A is the crystal field
splitting parameter expressed as the energy difference between the #, and e orbitals,
and the parameter B an electron—electron repulsion parameter influencing the
energy separations among multiplet energy levels. In Table 8.1, one can see
the same representations of multiplets among different electron configurations.
The same multiplet energy levels are mixed with each other through configuration
interaction when the effect of crystal field is near to many-electron coulomb
interaction. The values of A, B and A/B for Mn>* ions in some host materials are
shown in Table 8.2. The A/B of Mn** ions in the tetrahedral site is smaller than that
in the octahedral site. This fact is in line with the well-known relation on crystal
field splitting, 1A eqral =4Aoeral /9, Where Ay, and Ay, indicate the crystal field
splitting in tetrahedral and octahedral sites, respectively. Generally, the lowest-
energy transition of *T; — ®A, is regarded as the origin of the Mn”* emission in

Table 8.1 Representations of the multiplets originating from the (3d)> electron configuration in
the cubic crystal field

Configurations Representations of multiplets

) °T,

') °Ty, °Ta, °E, *Ay, %Ay, *Ty, *T,

(0)’(e) °Ty, °Ta, °E, *Ay, %Ay, Ty, *To, ', *A)L A, °A,
(L))’ Ty, °To, °E, Ay, %Ay, “T1, T

)" T,
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Table 8.2 Crystal field splitting A and Racah parameter B for Mn** ions in various oxides

Host Coordination number A (eV) B (eV) A/B
Zn,Si04* 4 0.697 0.077 9.1
MgGa,0,° 4 0.645 0.077 8.4
MgALO,* 4 0.626 0.077 8.1
MnO¢ 6 1.25 0.093 13
MnSiO;° 6 0.929 0.077 12
ZrTiO,! 6 1.29 0.093 13

aSu et al. (2006)

°Costa et al. (2009)

“Mohler and White (1994)
9Mehra (1971)

“Lakshman and Reddy (1973)
Dondi et al. (2006)

compounds with cubic structure. The energy separation between the °A; and *T,
states is increase with A/B, as shown in the Tanabe-Sugano diagram (Tanabe and
Sugano 1954a, b). The peak energy of the Mn”* emission becomes lower when
Mn>* ions occupy octahedral sites; hence, the emission color of Mn>* ions in the
octahedral and tetrahedral coordination is quite different.

8.3 Calculation Methods

The cluster calculation based on the DV-Xo method allows us to obtain
one-electron MO energy levels of materials without using empirical parameters.
The merit of this method is to generate realistic potentials and wave functions with
relatively small basis set. This feature makes it possible to complete computational
processes within small iterations even for large size molecules. Accordingly, the
DV-Xa method is very useful for better understanding of structural, electrical,
optical and magnetic properties of materials. Actually, there are many examples
on applications to material design and spectroscopic analysis.

The DV-Xa method further advanced including the relativistic effect. The
relativistic one-electron Hamiltonian for solids is expressed as

_ z, zy
h(l’) = cop +ﬂC —ZW+V0(P)+Zﬁ, (81)
v ! v u i U

where ¢ is the velocity of light, p the momentum operator, o, ﬁ the Dirac matrices,
Z, and R, the charge and position of the vth nucleus, and Z,fﬁ and R, the effective
charge and position of the uth ion outside the model cluster. The potential term
Vo(r) of (8.1) is expressed as
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Vo(r) :/|rf)g/r)/|dr’+vn.(r), (8.2)

where p the electron density, and r the position of an electron. The first and second
terms of (8.2) represent the electron repulsive interaction and the exchange-
correlation interaction, respectively. The exchange-correlation interaction term is
expressed using Slater’s Xa potential (Slater 1974). Dirac equation is solved in all
of relativistic MO calculation, from which the eigenvalues (one-electron orbital
energies) and corresponding eigenvectors were obtained. Using the eigenvectors,
relativistic MO wave functions are also constructed from the linear combination of
atomic orbital spinors.

The results calculated by the relativistic DV-Xa method are of ground state in a
mean-field approximation. They are not sufficient for an analysis of the optical
transitions between ground and excited states. On the other hand, the relativistic
DVME method is a hybrid method of the one-electron MO calculation and the
many-electron configuration interaction calculation. When using this method,
excited states are dealt simultaneously with the ground state. The many-electron
Hamiltonian is constructed using the one-electron operator A(r) and two-electron
operator V,(r, r'),

H= Xn:h(r,) + i i V[)[) (l‘i, l'j)7 (83)
i=1

i >

where 7 is the number of selected electrons, r; is the position of the ith electron. The
one-electron operator A(r) is almost the same as (8.1), but the potential V(r) has to
be replaced by the following explicit formula for the potential proposed by
Watanabe and Kamimura (1989) using Dirac-Fock-Slater approximation, which
is expressed as
vl = [ 2 g B[P eclp ) = Vo)
|l' - l'/| 4 pimp(r)

- VXC {pimp(r)} )

(8.4)

where pimp, po, and p is the electron density of impurity MOs, the core and valence
MOs, and all the occupied MOs, respectively, and V. is the Slater’s Xa potential
(Slater 1974). The two-electron operator V., (r;,r;) represents the electron—electron
repulsion between electrons received in impurity states,

Veeleum) =1 : (8.5)

ri—r|

Since the two-electron operators does not include the relativistic effect, the
frequency-independent Breit operator B(r;, r;) was introduced as a correction
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term for the deviation of Hamiltonian for the electron—electron repulsion. The term
of B(r;, rj) is expressed as

MMW__{{maﬁ@VW&VW§, 56)

27 ij rlj

where a; and a; are Dirac matrices. The eigenvalues and corresponding eigenvec-
tors are obtained by the diagonalization of the many-electron Hamiltonian of (8.3).
Using the eigenvectors, the wave functions of multiplet energy levels are also
obtained explicitly as a linear combination of Slater determinants. The relativistic
DVME method has been successfully applied to the investigation of 4f™ — 4f"'54"
absorption spectra of rare-earth ions (Watanabe and Ogasawara 2008; Watanabe
et al. 2010), and L, 3-edge XANES and electron-energy-loss near-edge structure
(ELNES) spectra of TM ions (Ogasawara et al. 2001).

As mentioned above, many-electron wave functions are derived through the
computational procedures by the relativistic DVME methods. In this method, the
oscillator strength for electric dipole transitions between multiplet energy levels is
calculated using the following equations,

2
Iy =3(6 - B) , )

<‘Pf|er ce|¥;)’
=1

where ¥; and ¥, are many-electron wave functions for the initial and final states of
transitions, and E; and Ey are energy eigenvalues of the two states. r; denotes the
position of the jth electron, and e expresses the unit vector parallel to the direction
of the electric field. For comparison with experimental spectra, multiplet energy
levels were broadened by assuming the Gaussian function with full width of half
maximum (FWHM) of 0.1 eV.

8.4 Comparison of Optical Properties of YPO4: Mn, Zr
Between Experiment and Calculation

8.4.1 Experimental

YPO,: Mn, Zr phosphors were synthesized by the conventional solid state reaction.
The commercial powers of Y,03, (NH4),HPO4, MnCO3, and ZrO, were used as
starting materials. These powders were mixed using a ball-mill, and sintered at
1,300 °C in N, atmosphere for 3 h. The concentration of Mn** and Zr** ions was
adjusted to be 1.0 mol%. The composition and crystallinity of phosphor powders
were checked by X-ray diffraction measurements.
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Optical experiment was mainly carried out at the beamline of BL7B at UVSOR of
Institute for Molecular Science. The powder samples are not transparent, because of
light scattering at the surface. The measurements of absorption spectra are not
possible using the powder samples. In our experiment, the excitation spectrum for
the 477 nm emission due to the intra-3d transitions of Mn?* ions was adopted as the
substitution of absorption spectrum, in order to compare with the theoretical absorp-
tion spectrum calculated by the relativistic DVME method. YPO,4: Mn, Zr phosphors
were excited using monochromatic light dispersed by the 3-m normal incident
monochromator. The substrates of quartz and pyrex glasses were inserted into the
front of the sample chamber, in order to remove the high-order light. The emission
intensity was monitored using the combination system of a grating monochromator
and a photomultiplier tube during the measurements of excitation spectra.

Decay curves of the 477 nm emission were measured at various temperatures
under excitation with third harmonic generation (THG) light pulses (hv =355 nm)
from a Nd*>*:YAG laser system. The pulse duration and repetition rate were 20 ns
and 10 Hz, respectively. The lifetime was analyzed by assuming that the decay
curve fits a single exponential function.

8.4.2 One-Electron MO Calculation

The crystal structure of YPO, belongs to the tetragonal system with the space group
I4,/amd (Milligan et al. 1982). The lattice constants are a=0.68817 nm and
¢=0.60177 nm. Y** and P°* ions are surrounded by eight and four O*" ions,
respectively. Two kinds of cluster models were employed to see the effect of cluster
size on calculated results. The model clusters (MnOg)'*~ (a) and (MnY,P¢O4)**~
(b) are shown in Fig. 8.3, which are named “cluster (a)” and “cluster (b)”, hereafter.
The point symmetry around the central Mn>* ion is D,q symmetry in these clusters.
Lattice relaxation is often induced when a Mn®" ion is introduced at the Y>* ion site,
because the ionic radius of Mn?* is smaller than that of Y** ion (Shannon 1976).
However, the effect of lattice relaxation was not considered in our calculation.
Effective Madelung potentials were constructed with point charges located at the

Fig. 8.3 Schematic
diagrams of the model
clusters, (MnOs)M_ (a) and
(MnY 4Pc044)*~ (b), used
in our calculation

(@) (MnOg)' cluster (b) (MnY4PgO,4)** cluster
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Fig. 8.4 One-electron MO 10 -
energy level diagrams
calculated using the clusters
(a) and (b). Solid and
broken lines indicate
occupied and unoccupied
MO levels. The highest-
energy occupied MO levels
were set as zero
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atomic positions outside clusters. A partially extended basis set of 1s-4p for Mn, 1s-5p
for Y, 1s-3d for P, and 1s-2p for O was used. The sampling points were set to be
100,000.

Figure 8.4 shows relativistic one-electron MO energy levels of the clusters
(a) and (b). Solid and broken lines indicate the occupied and unoccupied levels,
respectively. The energy of the highest-energy occupied level was taken as zero.
The clusters (a) and (b) commonly have the valence band mainly of O-2p orbitals.
On the other hand, the conduction band structure is different each other. For the
cluster (a), only the Mn 4s orbital appears. It should be noted that the conduction
band is not reproduced for the cluster (a), because of a lack of the surrounding
cations in the cluster (b). For the cluster (b), the lower and upper parts are made up
of Y-4d orbitals and P-3s, p, d orbitals, respectively. Higher-lying conduction states
of Y-5s orbitals are also found. For the cluster (b), the forbidden gap between the
valence and conduction bands was calculated to be 7.82 eV. The energy is compa-
rable to the energy of the calculated forbidden gap of pure YPO, (E,=7.89 eV).
The MO energy levels inside the forbidden gap are due to Mn-3d orbitals.

The MO energy levels of Mn-3d orbitals are composed of five levels, as shown
by a magnified scale in Fig. 8.5. According to the order of their energies, the MO
energy levels are described by I'g(a;), I'7(by), I'¢(e), ['7(e) and I';(b,) for the cluster
(a), and by I'7(by), ['s(ay), I'7(e), ['s(e) and I'7(b,) for the cluster (b). Here, both the
Mulliken notations and the Bethe symbols were used in order to make their origin
clear. The I'¢(a;) and I'7(b;) levels originate from the e level appearing under parent
T4 symmetry, while the I';(e), I'¢(e) and I';(b,) levels arise from the #, level. The
effective crystal field splitting A.¢ is defined as the energy difference between the
barycenters of the e and ¢, levels. The value of A.¢ was 0.249 eV for the cluster
(a) and 0.270 eV for the cluster (b). These values are rather small compared to the
crystal filed splitting in Table 8.2. The I'¢(e) and I';(e) levels originate from the
e level by spin-orbit splitting. The energy splitting was 0.049 eV for the cluster
(a) and 0.037 eV for the cluster (b). The spin-orbit coupling constant for the 3d
electron of Mn can be calculated using the formula {34 =0.0355 +0.0058 - (Onvin — 1)
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Fig. 8.5 Magnified 0.5 —
one-electron MO energy - =" 1"7(177)
level diagrams calculated B
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Table 8.3 Proportions of atomic orbitals to the impurity MO levels in Fig. 8.5. The values were
obtained from the results of the Mulliken’s population analyses of the clusters (a) and (b)

Mn Ligand O Y P
Cluster | MO 3d 4s+4p 2s 2p 4d+5s+5p |3s+3p+3d
(a) Te (@) [0.9779 0.0008 0.0028 0.0185

;b)) 09867 10.0000 [0.0011 [0.0122
Ls(e) 09800 |0.0000 [0.0024 [0.0173
[;(e)  |0.9868 |0.0000 |0.0012 [0.0120
L7 (b)) |0.9798 [0.0072 |0.0075 |0.0126

(b) I'; (b)) [0.9768 0.0000 0.0002 0.0147 0.0000 0.0058
I's (a;) |0.9440 0.0002 0.0049 0.0371 0.0039 0.0099
I'; (e) 0.9490 0.0000 0.0042 0.0332 0.0004 0.0029
I's (e) 0.9479 0.0004 0.0058 0.0304 0.0015 0.0079
I'7 (by) |0.9400 0.0000 0.0138 0.0202 0.0000 0.0023

(Parrot and Boulanger 2001), where Qyy, is the net charge of Mn obtained from
the Mulliken population analysis. The value of Oy, was 2.031 for the cluster
(a) and 1.421 for the cluster (b). The value of {34 was estimated to be 0.041 for
the cluster (a) and 0.038 eV for the cluster (b). These values are agreement with the
result of our calculation. From the Mulliken’s population analysis of MOs, the
contribution of atomic orbitals to impurity MO levels was evaluated qualitatively.
The results are shown in Table 8.3, where the proportion of the contribution are
listed on Mn-3d, Mn-4s +4p, O-2s, O-2p, Y-4d + 5s + 5p, P-3s + 3p + 3d orbitals. As
seeing the result of the cluster (a), the proportion of Mn-3d orbitals is more than
0.97. The MO energy levels are almost of Mn-3d orbitals, indicating that the Mn ion
has the strong ionic character. The small contribution of O-2s and -2p orbitals is
also found. The proportion of Mn-3d orbitals is slightly reduced in the result of the
cluster (b), as compared to the value of the cluster (a). The population reduction is
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in contrast to the increase in the proportion of O-2s5,2p orbitals. Since the atomic
orbitals of cations cannot be neglected in the construction of one-electron MO wave
functions, it is supposed that the cluster (a) is not suitable for the electronic state
analysis of Mn?* ions in YPOy,: Mn, Zr.

8.4.3 Effect of Ligand Field on Mn-3d Orbitals

When a Mn”" ion is combined with other elements in solids or liquids, the covalent
bond nature between them is generated more or less. The effect of ligand field
modulates the electron wave functions of Mn-3d orbitals, which are spread out
toward the direction of ligands. The expansion of Mn-3d wave functions causes not
only the formation of Mn-O covalent bonds, but also the reduction of electron
correlation among Mn-3d electrons. It is thus important to evaluate the effects of
covalency and electron-correlation by the analysis of local electronic states of Mn>*
impurities doped in various compounds.

The effect of covalency is included in the two-electron integral, the formula of
which is expressed by J[ii] = <iilglii>>, where i represents the orbitals of e or #,
representations in the parent Ty symmetry. In order to analyze the effect of
covalency qualitatively, it is useful to introduce the so-called orbital deformation
parameters (Fazzio et al. 1984). The formulas are given by

e = Jmolee]/J aolee] (8.8)
A, = JImoltat2] [J a0 2t2], '
where Jy0 and J 5o are the Coulomb integrals calculated using impurity MOs and
pure Mn-3d atomic orbitals (AOs), respectively. The values of four Coulomb
integrals Jyiolai(e)ai(e)], Imolbi(e)bi(e)], Jmole(t)e(t)], and Jyolba(12)ba(t2)]
are directly calculated using the impurity MO energy levels. The values of four
Coulomb integrals Jaolai(e)a ()], Jaolbi(e)bi(e)], Jaole(tz)e(tz)], and J aolba(12)
b,(t,)] are approximately calculated using the AOs of a isolated Mn?* ion in the
YPO, lattice. In this calculation, the effective charge of Mn was set to be +1.427,
same as that in the cluster (b). The Coulomb integrals and orbital deformation
parameters are listed in Table 8.4.

Table 8.4 Calculated Jlii] (eV) Y

Coulomb integrals J[ii] and MOs (a) MOs (b) AOs @ (b)

orbital deformation

parameters A; for 3d-MO bi(e) 229 224 22.6 1.01 0.991

energy levels ai(e) 224 21.0 224 1.00 0.938
e(tp) 22.4 21.0 21.9 1.02 0.959
ba(t,) 23.5 21.0 22.8 1.03 0.921

The values of J[ii] were calculated using the MOs of the cluster
(b) and the AOs of a Mn”* ion
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For the MOs of the cluster (a), the values of Jyo are larger than those of J 5o, and
the values of A are more than unity. This result seems not to be natural, because the
universal relation Jo > Jyo is not satisfied. It is thus apparent that the values of
Jmo are overestimated using the MOs of the cluster (a). For the MOs of the cluster
(b), the values of Jy1o are smaller than those of J 5o, and the values of A are less than
unity. These results follow the above-mentioned relation. The mean values of A,
and A, are estimated to be 0.965 and 0.938, respectively. These values are good
agreement with A, =0.967 and A, =0.938 in ZnS:Mn (Fazzio et al. 1984). The
trend of A, > A, is also same, indicating that the spatial extension of e orbitals is
slightly larger than that of #, orbitals. Therefore, the effect of covalency is compa-
rable to that of ZnS:Mn.

8.4.4 Absorption Spectra

Figure 8.6a, b show experimental and theoretical absorption spectra due to intra-3d
transitions of a Mn®* ion in the YPO, lattice, respectively The experimental
spectrum exhibits a prominent peak at 3.18 eV and a shoulder at 3.07 eV. Two
weak peaks are also observed at 3.60 and 3.83 eV in the high-energy side of the

| EXPERIMENT

T T T T
| THEORETICAL
B __—+ cluster (b) ]

cluster (a)

NORMALIZED INTENSITY

Fig. 8.6 Experimental and
theoretical absorption
spectrum of YPO,4: Mn,

Zr. The excitation spectrum
for the 477 nm emission was
used as the experimental
spectrum. The theoretical
spectra calculated using the
clusters (a) and (b) were

represented by broken and
solid lines, respectively PHOTON ENERGY (eV)
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Table 8.5 Possible Electron configurations
combinatigns of the electron T, Doy Neo
configurations of Mn-3d
orbitals under T4 and Dy ()" (b)) (@)’(e) 4
symmetries and the number of b)) a)*(by)! 2
Slater determinants Nsp. The ()31, B (@) () 12
order of four sublevels under ( b1)2 @) (e)l(bz)l 16
the Dyq symmetry was 13
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3.18 eV peak. Although the data is not shown here, the intense band continuum due
to the charge transfer transitions from O-2p orbitals to Mn-3d orbitals appears
above 6.0 eV.

In order to calculate the theoretical spectrum, only MOs of the Mn-3d orbitals
are taken into consideration in the construction of Slater determinants. Table 8.5
lists the combination of electron configurations under Ty and D,4 symmetry and the
number of possible Slater determinants. The total number of Slater determinant is
10Cs =252. This is the same as the number of multiplet energy levels in the (3d )
electron system such as Mn*" ions.

As shown in Fig. 8.6b, theoretical spectra for the clusters (a) and (b) exhibit a
prominent peak at 3.71 and 3.20 eV, respectively. The peak energy is overestimated
by 0.53 eV, as compared to the experimental spectrum of Fig. 8.6a. The discrepancy
between experiment and calculation may come from the overestimation of the
electron—electron repulsion energy among 3d electrons, because the effective
crystal field splitting for the cluster (a) is almost the same as that for the cluster
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(b). On the other hand, the agreement of the peak energy is fairly good for the
cluster (b). From this result, it is evident that a Mn?* ion occupies the Y>* jon site in
YPO,. The introduction of Mn?* ions into the YPO, host lattice is promoted by the
addition of Zr** ions, resulting in an enhancement of the Mn?* emission band. Two
weak peaks also appear in theoretical spectra. The peak energies do not coincide
with those in the experimental spectrum. This result may imply that the electron—
electron repulsion energy is slightly overestimated even in the cluster (b). The
effect of electron-correlation has to be needed in order to analyze the absorption
spectrum and local electronic state of a Mn>* ion in YPO,: Mn, Zr.

We discuss the features of experimental and theoretical spectra under D,q4
symmetry. As given in Table 8.5, there are 25 electron configurations in the Mn>*
ion belonging to the (3d) electron system. The contribution of each configuration
to multiplet energy levels was evaluated by the configuration analysis, the results of
which are shown in Fig. 8.7, together with the energy distribution of the calculated
oscillator strength f. No contribution to the multiplet energy levels below 5 eV
could be seen in ten electron configurations, and thus they were not indicated in
Fig. 8.7.
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The ground states around O eV is dominated by the (bl)l(al)l(e)z(bz)1 configu-
ration. Since this feature is typical of the high-spin state of § = 5/2, the ground state
can be expressed in term of the °A; irreducible representation under D,q symmetry.
Admixture of (by)'(a;)*(e)' (by)" and (b)) (e) (b))’ configurations is also found at
the ground state. The °A; state slightly has the influence of level-mixing with the *E
and “A; states of (b)) (a))'(€)*(b)", (b1)'(@)*(©)'(b2)" and (b1)'(e)*(h)" configu-
rations through spin-orbit interaction, because the operator #(r) of the spin-orbit
interaction Hamiltonian Hgo = #(r) - s has the same symmetry as the basis of E and
A, irreducible representations under D,y symmetry. Judging from this fact, our
calculated results seem to be reasonable.

The lowest-energy excited state appears around 2.77 eV. The major component
is the (by)*(a;)'(e)? configuration which results from the one-electron excitation
from the highest-energy b, state to the lowest-energy b, | state in the ground state
configuration of (bl)l(al)l(e)z(bz)l. The (bl)z(al)l(e)2 configuration comes from
the (6)3(12)2 configuration under T4 symmetry, and the direct product
b1T x b1] x a1 x el x el contains a spin-quartet state of the A, irreducible repre-
sentation. Therefore, it is evident that the 4A2 state appears in the (bz)2(ot])1(e)2
configuration. The *A, state originates from the parent “T; state by descending
symmetry of Tq— D,gq. The transition of A; — A, is basically electric-dipole
forbidden under D,y symmetry, because the symmetry of the electric dipole
moment is described by the irreducible representations of E and B,. The value of
fis expected to be small for this transition; hence, no peak is found at 2.77 eV in the
theoretical spectrum. The (bl)z(al)z(e)1 and (b1)2(8)3 configurations are included as
minor components. Since these configurations yield “E states, they are miscible
with the *A, state through spin-orbit interaction.

The next excited state is located at 3.10 eV. This excited state originates in the
b)*a) (@) (b configuration realized by the one-electron excitation from the e
state to the b;| state. This configuration causes the “E state of another “T, origin.
The ®A; — “E transition is of an electric-dipole allowed type, and it is thus natural
that the value of fis large for this transition. The (b1)'(a;)*(e)?, (b1)*(e)*(b»)" and
(bl)l(al)](e)3 configurations also contribute to the excited state at 3.10 eV as the
consequence of configuration interaction and spin-orbit coupling with the “E(*T;)
excited state. These configurations are formed by one-electron excitation of
byT —ayl,a;T — b1l and b,T — e], respectively. The energies of them are slightly
high compared to that of the (bl)z(al)l(e)l(b2)1 configuration, and thus the four
configurations are remarkably mixed with each other.

A number of excited states are concentrated around 3.17 eV. These states mainly
originate in the (b,)'(a DY) (by)! configuration generated by one-electron transi-
tions, e.g., the a; T — a4/ transition. This configuration is apparently different from
the ground state configuration giving the A, state. It produces *A;, *A,, “B; and
4B2 states under D,y symmetry. There is also admixture of (bl)z(al)l(e)l(bz)l,
(171)'(611)2(6)](172)l and (191)'(e)3(l72)1 configurations. These configurations are char-
acterized by the irreducible representation E under D,4 symmetry. Since the B, and
E states are open for the electric dipole transitions from the A; state, the large
values of fare possible for the excited states with B, and E characters. Actually, one
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can see a prominent peak at 3.17 eV in the theoretical spectrum. Therefore, the
3.17 eV peak is mainly ascribed to one-electron transitions to the excited states with
B, and E characters. However, the assignment of multiplet energy levels is not
possible in their dense situation, because different configurations are strongly
mixed in the calculated results based on the relativistic DVME method.

The largest contribution of the (b)) (ap) (e)*(by)! configuration can be seen at
3.27 eV, where the value of fis also the largest. This feature may be an indication of
the *A, state, because this state is one of the orbital-singlet states among spin-
quartet terms in the parent (¢)*(t,) configuration. The energy of an orbital-singlet
state is higher than that of an orbital-doublet and -triplet states, if the spin-
multiplicity is the same. Therefore, it is likely to connect the °A; — *A; transition
to the origin of the 3.27 eV peak. The °A; — *A, transition is allowed by the level
mixing of “E states due to spin-orbit interaction. In the energy matrices by Tanabe
and Sugano (1954a), the matrix elements of Coulomb interaction for the 4A1 state
do not contain the term of crystal field splitting A, as same as the °A; state. This
means that the energy positions of °A; and *A, states are basically independent of
the magnitude of A. In this case, since a narrow peak due to the 6A] — 4A1 transition
is expected, the transition would be responsible for the 3.18 eV peak in the
experimental spectrum.

The excited state at 3.72 eV is composed of (b)) '(a)*(e)'(h,)! and
(b)) '(a)) ' (e)* (b)) configurations. The former corresponds to the B, state coming
from a “E state of the (¢)*(#,)’ configuration under parent Ty symmetry. The latter
corresponds to the “E state coming from a T, state of the (¢)*(1,)* configuration.
Both configurations contribute to the excited state at 3.27 eV comparably, because
they are mixed with each other by spin-orbit interaction. Although it is difficult to
determine the origin of the 3.27 eV excited state, we tentatively assign this state to
the “E state of *T, origin by considering that it consists of neighboring four levels.
Considerable admixture of the *B; state would weaken the oscillator strength of the
®A; — “E transition of electric dipole allowed type.

There are many multiplet energy levels above 4 eV, but the value of f is
negligibly small. This is due to the appearance of spin-doublet states. The transi-
tions from the spin-sextet ground state to the spin-doublet excited states are caused
by two-electron excitation, e.g., the eTe| — e|e] transition in the (@)(12)° config-
uration. Such transitions are basically forbidden, because the matrix elements of the
two-electron operator for Coulomb interaction are originally zero for them.

8.4.5 Energy Position and Lifetime of the Mn** Emission

Mn?** doped inorganic materials have good properties as phosphors for lighting and
displays. However, Mn”* ions in such compounds usually emit phosphorescence
with the lifetime longer than sub-millisecond order. This feature is a weakness in
the application of Mn®* doped phosphors, and thus the improvement of lifetime is
strongly desirable. For elucidation of this subject, two approaches have been
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energetically performed so far. One is the development of phosphor nanocrystals
doped with Mn>* ions. In ZnS nanocrystals doped with Mn** ions, a fast decay
component was certainly observed in the Mn®* emission, but it was attributed to
traps of ZnS nanocrystals (Smith et al. 2000). The other is the theoretical prediction
of the lifetime of a Mn** emission. For single crystals of II-VI compounds doped
with Mn* jons, the lifetime of a Mn>* emission was accurately reproduced by
cluster calculations (Boulanger et al. 2004). Accordingly, theoretical calculations
are applicable to determine the lifetime of Mn>* emissions in various compounds.

As depicted in Fig. 8.7, the relativistic DVME method enables us to calculate the
oscillator strength for electron transitions among multiplet energy levels. Gener-
ally, the radiative transition probability of an emission is given by the Einstein’s
A coefficient which is proportional to the oscillator strength of electron transitions
between initial and final states (Fowler and Dexter 1962). The formula is expressed
as follows.

Ao n(n* + 2)2 8n2e?

(E; — Ef)[* 'g—f'zlﬁ (8.9)

9 'mc3h2 . 8 if

where n is the effective refractive index of the host material, e the elementary
electric charge, m the electron rest mass, ¢ the velocity of light in vacuum, % the
Planck’s constant, E; and Eyenergy eigenvalues of the initial and final states, g; and
g the number of the initial and final states, and /4 the oscillator strength given by
(8.7). The values of I; were assumed to be equal to those of I; The lifetime of an
emission can be calculated from the reciprocal of the A coefficient.

Table 8.6 shows the energy position and lifetime of the Mn>* emission in YPO,:
Mn, Zr, determined by experiment and calculation. The Mn>* emission is assigned to
the electron transitions from the 6A1 ground states to the 4A2 lowest excited states, as
mentioned above. The spin-orbit splitting among °A; sublevels is less than
330 x 107> eV. Since the highest-energy I'; sublevel of °A; can be sufficiently
populated by thermal excitation from the lowest-energy I'¢ sublevel, the values of
g; and gr were put to 4 and 6, respectively. The energy position of the Mn>* emission
was determined by an average of the energy difference between A, and °A, states.
The effective refractive index was set to be 1.636 (Jellison et al. 2000).

In Table 8.6, the energy position of the Mn?* emission is very close to the mean
energy of the *A, — ®A, transition, obtained from the calculated results of the
cluster (b). The reason for very little difference between experiment and calculation
would be due to either the overestimation of the electron—electron repulsion energy

Table 8.6 Energy position and lifetime of a Mn>" emission in YPO,: Mn, Zr. The results of
calculation were obtained from the cluster (b)

Calculation Experiment®
Energy position (eV) 2.77 2.60
Lifetime (ms) 5.44 13.0

“Kitaura et al. (2007)
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or the underestimation of the crystal field splitting. Perhaps, it may be due to Stokes
shift induced by photoexcited state of a Mn** ion. On the other hand, the lifetime
was determined to be 5.44 ms using the calculated results of the cluster (b). This
value is close to the lifetime (= 13 ms) determined from the optical experiment at
room temperature (Kitaura et al. 2007). Therefore, the theoretical calculation based
on the DVME method has a potential for the prediction of both energy position and
lifetime of TM emissions in various phosphor materials.

8.5 Summary

The advantage of relativistic DV-Xa and DVME methods for investigations of the
electronic structures and optical properties of TM impurities in solids was demon-
strated in this chapter. The electronic structure analysis of a Mn?* jon in YPO,: Mn,
Zr provided us valuable information on the interaction of Mn-3d electrons with
ligands in this phosphor. From the evaluation of orbital populations and orbital
deformation parameters, it turned out that the 3d wave functions of Mn>* ions
is more spread out when they are introduced in the YPO, lattice. The spatial
expansion of the Mn-3d wave function was explained by the effect of covalency
in Mn-O bonds.

The relativistic DVME method was very useful for better understanding of
optical properties of YPO4: Mn, Zr. The most noticeable feature was that it can
analyze very weak absorption bands due to spin-forbidden transitions of Mn* ions.
The comparison of experimental and theoretical absorption spectra gave us a
significant evidence to clarify the whole picture of an enhancement in the Mn**
emission of YPO,: Mn, Zr. From the evidence, it was proposed that the introduction
of a Mn”* ion into the Y> site is promoted by the addition of Zr** ions. The
enhancement in the Mn®* emission of YPO,: Mn, Zr was reasonably explained
according to this basic idea.

Theoretical prediction of luminescence properties of Mn>* jons in YPO,: Mn, Zr
was also attempted as the first trial using the results of the relativistic DVME
method. As for the energy position and lifetime of the Mn®* emission, good
agreement was found between experiment and calculation. It is therefore expected
that the theoretical calculation utilizing the DVME method can be successfully
applied to the material design of new functional phosphors.
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Chapter 9
Applications of DV-Xa Method for New
Material Design in Dye-Sensitized Solar Cell

Dong-yoon Lee and Yang-Soo Kim

9.1 Introduction

Dye-sensitized solar cell (DSSC) is a sort of electrochemical device using
nano-porous oxide electrode, dye, electrolyte, and nano catalyst, which is different
from other solar cells with p-n junction of semiconductor (Gritzel 2000; Arakawa
2001). Recently, the efficiency and performance of conventional DSSC have been
enhanced to above 11 % by adopting newly developed nano materials (Chiba
et al. 2006). These advances are mostly related to surfaces of nano-sized electrode,
and interfaces between electrode and electrolyte. However, unfortunately it is very
difficult to understand the operating mechanisms of chemical and physical reactions
included in these surfaces and interfaces, which are responsible for key phenomena,
because useful tools for direct in-situ observation of nano structures have not been
found until now. Sometimes, this difficulty brings about the hardness of new
material design for further development. In this point, the electronic structure
calculations based on the first principles method can give powerful guide without
experiments by providing useful data including electron energy levels, density of
state, charge transfer, binding conditions between atoms, etc.

The electronic structure for bulk state can be easily calculated by most of
calculation methods with different algorism. However, there are not many pro-
grams to show the comparatively reasonable calculations for surface state and
interface structure, because of the severe distortion of electron density and bonding
state in calculation area. The first principle calculation methods based on density
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functional theory (DFT), which uses one electron approximation in electron density
field, have some merits for the calculation of distorted structure. The discrete
variational X, (DV-Xa) method, which uses Hartre-Fock-Slater approximation
and full potential molecular orbital, can be used as good tools for the calculations
of electronic structures in interfaces and surfaces of DSSC, providing bonding state,
electronic energy levels and charge transfer (Ellis et al. 1976; Adachi et al. 1978).
Main concerns of this work on DSSC are concentrated on the energy level structure
near the Fermi level in TiO, surface, charge transfer in interface between iodide and
carbon-based catalyst, and design of optical wavelength conversion materials
with ZnO.

A nano-porous TiO, electrode is an oxide semiconductor and plays a role of path
to transport carrier electrons made in dye molecules, which are adsorbed on the
surface of the TiO, electrode and generate exited electrons by photo-sensitization.
The surface state of TiO, controls the density and value of surface energy levels.
The open voltage and the short circuit current of solar cell are deeply related to the
surface levels. The most important factor to affect on the surface level of TiO; is the
surface doping of foreign elements, especially transient metals. The change of
energy levels by transient metals and elements of IV family was calculated and
discussed in this work.

Graphene and carbon nano tube (CNT) can be used as catalysts of DSSC,
replacing Pt, which is deposited as nano particles on counter electrode against
working electrode of TiO, (Cha et al. 2010; Seo et al. 2010). The theoretical
estimation on catalytic effect of materials is difficult because of absence of direct
evaluation criterion. It can be only estimated by indirect data such as band gap. The
DV-Xa method is useful to evaluate this effect, because it provides information on
direct charge transfer and reliable electron density distribution. In this work the
electron charge transfer from graphene or CNT to iodide in interface of electrode/
electrolyte was calculated and discussed.

Optical wavelength conversion technology has been tried to convert rays, which
have wavelength out of acceptable range in solar cell, into visible rays. We call as
down-convert when ultraviolet rays change to visible rays and as up-convert in the
case of infrared to visible. The down-converting can occur by passing ultraviolet
rays through transparent oxide doped with special element. In our case we tried to
use ZnO thin film as base material and Y as doping element. To investigate the
possibility of ZnO:Y material as proper convertor, DV-Xa method was used for
detailed calculation of energy level and bond structure near Fermi level.

9.2 Calculations

The first-principles molecular orbital (MO) calculations by the DV-Xa method
(Ellis et al. 1976; Adachi et al. 1978) using the program code SCAT (Ellis
et al. 1976) were performed in order to obtain the electronic structure, chemical
bonding state and the degree of charge transfer on surfaces or interfaces of material
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Table 9.1 The fractional coordinates of independent atomic sites, the valence state and the
Wyckoff letter in the structure of TiO,

Materials Space group Atom Valence state X y
TiO, (rutile) P42/mnm Ti 4 0 0 0
(0] -2 0.3049 0.3049 0
Graphene P63/mmc Cl - 0 0 1/4
C2 - 1/3 2/3 1/4
Zn0O P63mc Zn 2 1/3 2/3 0
(0] -2 1/3 2/3 0.3829

systems in DSSC. Calculations are focused on the energy level structure of TiO,
surface doped with transition metals and IV family, charge transfer from graphene
or CNT counter electrode to iodide, and the dopant level of ZnO. Numerical atomic
orbitals (NAO) were employed as the basis functions. They were generated and
optimized by solving the radial part of the Schrodinger equation for a given
environment at each iteration of the self-consistent calculation. All the elements
of Hamiltonian and the overlap matrices were calculated numerically on the basis
of the discrete variational integration scheme. The detailed computational proce-
dure is described in the literature (Adachi et al. 1978) and the space group and the
lattice constant of materials used in the present study is given in Table 9.1.
Coordinates of CNT were generated with 1.41-1.42 A of C-C bond length by the
personally coded program. The type of CNT was single wall CNT (6,0) through all
calculation because it provide enough curvature different from graphene.

All calculations in DV-Xa method should be executed with cluster models and
full potential of all orbital included in the cluster model. The proper building of
models is very important in this method, because calculated results changes with
models and, sometimes, shows unreasonable values regardless of the convergence
of calculations. Therefore, various models in every material were tried to obtain
acceptable data in the view of crystal chemistry and energy level structure. In the
case of TiO, and ZnO the Madelung field was applied over enough large volume to
obtain environment similar to bulk and to eliminate the edge effect, which brings
distorted charge distribution and energy levels. Hydrogen was attached to each
carbon atom in the edge position of models in graphene and CNT to eliminate edge
effect.

9.3 Effect of Surface Doping on Chemical Bonding State
and Energy Level of TiO,

The application of the first principles method to DSSC involves two purposes;
material design for enhancement of performance, such as increase of efficiency,
open voltage, short circuit current and fill factor; understanding of mechanisms
acting between components, especially in interfaces between corresponding
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materials. Materials and interfaces can be identified in Fig. 9.1, showing the
schematic plot of DSSC. DSSC composed from materials such as TiO,, dye,
electrolyte, counter electrode and transparent conducting oxide (TCO). And it has
many interfaces such as TCO/TiO,, TiO,/dye, dye/electrolyte, TiO,/electrolyte,
electrolyte/counter electrode and counter electrode/TCO.

The main properties of porous nano-TiO, in DSSC are decided by surface states
or surface energy levels, and surface area. TiO,, which is a sort of insulator in pure
state, has the properties of semiconductor by the introduction of surface energy
levels (Lee et al. 2004). Surface levels affect on electric conductivity of oxide
semiconductor and the open voltage of DSSC. The open voltage of DSSC is
decided by the difference between conduction band edge (CBD) of TiO, and
redox level of iodide/triiodide couple in electrolyte at counter electrode. The
density of surface levels increases with surface area. The high density of surface
levels increases electric conductivity of TiO,, but decreases the open voltage
because it modifies CBD to lower level. Therefore, the surface area of nano-TiO,
should be controlled to moderate value. Surface levels change with surface doping
of foreign atoms. It is well known that existence of foreign atom, especially
transient metals such as Fe and Ni, decreases the open voltage. Here the effect of
surface doping by transient metals and VI family elements will be shown.

The cluster models used calculations by DV-Xo method were the (Ti15056)527
model for the calculations of the bulk state and the (Ti;;034)** -0 model, as shown
in Fig. 9.2. The O is the surface oxygen, which lies on the surface Ti ion in Fig. 9.2b.
The effect of transition metal doping on the surface state was investigated using
(MTi;;034)** -0 model (M = foreign metal ion). In this model, a foreign metal ion
replaces the Ti ion in center position of the (110) surface plane. The atomic orbitals
used in this work are 1 s-4p, 1s-4p and 1 s-2p for Ti, M and O, respectively.
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Fig. 9.2 Cluster models used for the calculation of electronic structure of rutile-TiO,; (a)
(Ti15056)527 cluster for the calculation of bulk state and (b) (MTiIOO34)247-Oa for the surface
calculation. The O atom means the adsorbed surface oxygen loosely bonded to TiO, surface. A
foreign metal ion replacing Ti ion lies below the surface oxygen

The calculation using small cluster models should be carried out with special
care in association with the non-neutrality of electrostatic charge and the imperfect
bonding of atoms positioned near the edge of a cluster. To overcome this problem,
the Madelung field should be applied over enough extended volume in order for
atoms in edge to have an electrostatic environment similar to that of atoms in bulk
state. Figure 9.3 shows the atomic structure of (110) (1 x 1) surface, which is stable
surface found in sapphire (Ramamoorthy et al. 1994; Kasowcki and Tait 1979). In
Fig. 9.3a, Ti atoms have two sorts of site with different surrounding; a site having
six folded bonds with oxygen atoms and a site having five folded bonds with one
dangling bond in the site of surface oxygen. O in figure is not an oxygen atom in
TiO, structure, but from foreign source. This oxygen or other anions can be strongly
adsorbed on the fivefolded Ti atom because of dangling bond. This adsorbed atoms
or atomic groups are related to the source of donar levels that is responsible for
properties of semiconductor in nano-TiO,.

In this calculation, the Madelung field having the size of 6 X 6 x 6 unit cells was
applied on bulk TiO, models. Clusters were cut from real crystals and embedded in
a Madelung potential that had been generated by point charges located at the
external atomic sites. For surface calculations, the Madelung potential was limited
to the (110) surface plane, as shown in Fig. 9.3b. Therefore, the Madelung field was
not applied out of the surface plane, and then O atom, which lies on outer space of
the (110) plane, does not undergo the influence of the Madelung field. In the DV-Xa
method, this restriction of the Madelung field in the surface differentiates a surface
calculation from a bulk calculation.

Calculations using octahedron TiOg model were executed to understand the
orbital mixing of Ti and O and explain generation of surface energy level acting
as a donar level. Figure 9.4 shows the calculated energy level diagrams of TiOg for
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Fig. 9.3 The schematic arrangement of atoms in (110) (1 x 1) surface of rutile TiO, is shown in
(a). The Madelung potential field was applied within surface boundary, as shown in (b), except
surface oxygen atom, which could be considered as foreign atom
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Fig. 9.4 The calculated energy level diagram of TiOg for bulk, TiOs for surface and TiOs-O* for
surface with adsorbed oxygen. Land || mean the perpendicular and parallel direction to the (110)
surface
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Fig. 9.5 Wave functions of ey, (a) and t,,, (b). o bonding and ¢* anti-bonding appear in ey
(a) and & bonding and n* anti-bonding in t,, (b)

bulk, TiOs for surface and TiOs-O? for surface with foreign adsorbed oxygen. The
3d level is composed of t,, of trifle degeneracy and e, of double degeneracy. In
metallic oxides with octahedron structure, it appears t,, level at lower position of
conduction band and e, level above t,, level, as shown in Fig. 9.4. If one oxygen
atom is removed from surface as TiOs model, t,, and e, were separated to t,,, and
e, perpendicular to surface and t,, and e, parallel to surface. If O is adsorbed on
this surface of TiOs, e,, and t,, are formed as surface levels. These surface levels
are mixed levels of Ti 3d and O 2p and have bonding and anti-bonding through axis
of O and Ti atom. In wave functions shown in Fig. 9.5, e, , has strong ¢ bonding
state between Ti 3d and Oa 2p and ¢* anti-bonding state between Ti 3d and O 2p of
internal oxygen. In the case t,,, , © bonding and * anti-bonding are found between
Ti 3d and O 2p. From these results, it can be understood that strong covalent
bonding is formed between Ti and adsorbed oxygen and this strong interaction
makes the surface donar levels below the conduction band.

In DSSC, the effect of surface doping in TiO, nano electrode has been investi-
gated and discussed for long time since the beginning of DSSC (Ko et al. 2005;
Wijayarathna et al. 2008). The (MTi 10032)%4-0* model for this calculation was
built by replacing Ti atom on surface to a metallic atom (M) in surface model of
(Ti;,034)** -0 The calculated energy level diagrams with doping of transient
metal are shown in Fig. 9.6. In this figure, atomic number of dopant element
increases from left to right. All dopant levels are found between the conduction
band and the valence band of TiO,. These levels decrease with atomic number of
doping element and, finally, approach to near the valence band in Fe**, Co** and
Ni**. Lowering of dopant levels lowers the surface level playing a role of donar
level and increases the density of surface state because the dopant ion interacts with
surface oxygen that is a source of surface level. This lowering of surface levels
means the drop of open voltage in DSSC, decided by the difference between surface
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Fig. 9.6 Energy level diagrams calculated with (MTi]oO34)247-Oa (M = transient metal) model
shows the dopant levels between conduction band and valence band of TiO,. The dopant level
decreases with the atomic number of doping element and brings about the lowering of open
voltage in DSSC. Dotted line and solid line mean electron unoccupied level and electron occupied
level, respectively

level and iodide redox level. Actually, it is well known in DSSC industry that a little
contamination of TiO, by transient metal will bring bad performance of DSSC.

Recently, there were reports that using of silica-modified TiO, could enhance
the efficiency of DSSC (Park et al. 2010; Hoshikawa et al. 2006). It is expected that
doping of IV family elements involving Si shows different effect on surface level
structure from transient metals because they have the properties of semi-metal
instead of pure metallic properties. The density of state (DOS) calculated using
(MTi14056)>>" (M =Si, Ge, Sn) model for bulk doping and (MTi;¢054)** -O"
model for surface doping are shown in Fig. 9.7.

The doping of IV family elements doesn’t change the band gap of bulk TiO,,
although details of orbital mixing change. In pure bulk TiO, the lower levels are
composed from orbitals mixed with Ti 3d and O 2p. By bulk doping, outer s orbital
of IV family elements such as Si 3s, Ge 4s and Sn 5s is mixed to the lower part of
conduction band, as shown in Fig. 9.7. These mixed states don’t change the band
gap between conduction band edge and valence band edge at least in our model.
However, surface doping severely changes mixing interaction near the Fermi level.
The contribution of Si 3s, Ge 4s and Sn 5s to DOS near conduction band edge
decreases to negligible extent compared to other partial DOSs. However, p orbital
component such as Si 3p, Ge 4p and Sn 4p interact with O 2p and make dopant
levels at the center of forbidden band between the conduction band edge and the
valence band edge. That is, it is expected that the surface doping of IV family
element also lowers the surface levels toward the valence band edge similar to the
case of transient metal, although the position of surface levels, DOS and mixing
action of orbitals are different each other. These results deny the possibility of
increasing the band gap of TiO, by doping of IV family and the increase of open
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Fig. 9.7 The calculated density of state using (MTil4056)527 (M =Si, Ge, Sn) model for bulk
doping and (MTim034)247-Oa model for surface doping. (a), (c) and (e) are DOS of bulk states and
(b), (d) and (f) are DOS of surface doped states

voltage, proposed in experimental articles (Park et al. 2010; Hoshikawa et al. 2006).
Therefore, it is more reasonable that enhanced efficiency appeared in experiments
should be attributed to the responsibility of other experimental factors such as
sintering effect or change of Schottky barrier.
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9.4 Theoretical Evaluation on Catalytic Effect of CNT
and Graphene with Iodide by Charge Transfer

The counter electrode of DSSC is a sort of catalyst, which transfer electron to
electrolyte by reducing triiodide/iodide couple. Nano-sized Pt is usually used as a
counter electrode. However, new catalysts replacing Pt have been developed
because Pt is expensive and need high temperature coating process for manufactur-
ing. CNT and graphene is good candidates for this purpose. The superior catalytic
properties of CNT and graphene have been recently reported in the field of DSSC
and fuel cell (Cha et al. 2010; Seo et al. 2010; Koo et al. 2006; Strelkoa et al. 2000;
Maldonado et al. 2006; Shao et al. 2008; Msezane et al. 2010). However, it is not
clearly elucidated how CNT and graphene show catalytic effects. It is said that
defects of CNT are the source of electrochemical activation in association with
Raman spectrum investigation showing high defect peak in good catalytic mate-
rials. The evaluation on catalytic effect of CNT and graphene has been theoretically
tried using the variation of band gap. In this work DV-Xa method, which has merits
for calculations of chemical bonding and charge distribution because of using full
potential, is used to calculate the direct charge transfer through interfaces of
CNT/iodide and graphene/iodide. To estimate catalytic ability of materials with
the charge transfer is more persuasive than with the difference of band gap because
the charge transfer gives direct criterion for catalytic activity in DSSC.

To understand catalytic reaction, first of all, it is necessary to know iodide/
triiodide redox couple in DSSC. Iodide plays a role to transfer electron from counter
electrode to dye molecule adsorbed on nano-TiO,. The reduction rate and diffusion
rate of iodide/triiodide couple at the counter electrode surface are, sometimes, a
controlling factor in entire series of reactions due to its slowest process compared to
other reactions. Therefore, in this work calculations are focused on the charge
transport phenomena between triiodides and the count electrode of CNT and
graphite. The conventional charge transport mechanism of iodide system is
known as diffusion-adsorption-desorption type. However, recently it is reported
by experimental measuring that the real charge transport rate is higher than the
values expected by conventional transport mechanism. Moreover, solid electrolyte
having very low ion diffusion rate also shows high charge transport rate. Recently,
new direct transfer mechanism model without adsorption/desorption was suggested
by Grotthuss and in this model electrons transfer by direct hopping from iodide to
iodide. Direct observation by experiment is impossible in this theme, and only
theoretical calculations can give answers. DV-Xa calculations were used for the
affirmation of Grotthuss mechanism and the evaluation on catalytic effect of CNT
and graphene by this new transport model.

Figure 9.8 shows calculated the difference charge density map and the net charges
of six iodides serially arranged from the surface of single-wall carbon nanotube
(SWCNT). The difference charge density map is drawn by calculating charge
difference between charge density of free atoms and calculated charge density.
Net charge (netc) is the total integrated value of charges involved in each ion.
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Fig. 9.8 Net charge and difference charge density map of atoms in series of iodide on CNT
electrode

Negative value means that corresponding ion receives electrons from other ions.
Triiodide has the form of linearly arranged three iodine atoms apart from 3 A
each other and has total charge of one electron negative. In this figure, netc of
negative charges increases with distance from counter electrode surface to the end
of iodide serial and the far most iodide from surface has highest negative net charge.
From this result it is possible to consider that charges can transfer through iodide
links from counter electrode to iodide, and then from iodide near surface to outer
iodide. The iodides, which lie far from electrode surface, can obtain extra negative
charges without any process of adsorption on the electrode surface and diffusion
through electrolyte. It is expected that this fact can be accepted as the theoretical
verification of Grotthuss type charge transport mechanism.

Although triiodides adsorbed on counter electrode as Fig. 9.8, actual redox
reaction proceeds like following:

L™ - 20+ 1 — 21 + I” 4 2~ — 317

In this process it is considerable that the ion directly adsorbed onto surface of
electrode is only °. Therefore, in this work calculations were executed with models
of CNT/I° and graphene/I° in various circumstances.

Figure 9.9 shows the models of graphene used for calculations. All models have
hydrogen ending in all edge atoms to eliminate the distortion of charge density in
edge. Models having different sizes such as C3;H;5, C73H,;, C151H,7 and Cy50Hs,,
were tested for calculations to decide optimal size of model and obtain energy level
structure of pure graphene. The calculated energy level diagrams are shown in
Fig. 9.10. The band gap between the highest occupied molecular orbital (HOMO)
and the lowest unoccupied molecular orbital (LUMO) decreases from 1.73 to
0.53 eV with number of carbon atoms involved in models. Although it is expected
that the decrease of the band gap with increasing model size will continue and the
exactness of calculation will also increase with model size, it was not possible to
make final conclusion because of calculation limit related to computer program.
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Fig. 9.9 The models for calculations of the graphene and graphene/IO. (a) C37H; s, (b) C13Hyy, (¢)
C121Hp7- 1% (d) Cy5oH32, (€) CyaoHar-O-1% (f) Ci2,Hyr-(OH) -I°. Large circle in the center is
iodide, middle size is carbon and smallest sized circle is hydrogen
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Fig. 9.10 The energy level diagram of graphene calculated with models of various sizes. All
models have hydrogen ending in all edge carbon atoms
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Charge transfer from graphene to I°, which appears as net charge (netc) of
iodide, can be estimated as a measure of catalytic effect. It can be accepted as
more reasonable evaluation than the lowering of band gap used in other calculation
methods. The change of netc with model size is shown in Fig. 9.11. In this
calculations, distance between carbon and iodide was 3.5 A, giving highest net
charge transfer. It can be known that netc of iodide is saturated in models composed
from above 121 carbon atoms. From this result the model with 121 carbon atoms
was used as optimum sized model through all calculation for graphene, considering
the limit of program.

Similar calculations were executed for selecting optimum sized model of CNT.
The type of CNT used in this work was SWCNT (6,0) having small curvature
enough to distinguish from graphene having infinite curvature. Figure 9.12 shows
the selected optimum model of C;,o0H;,, which contains nearly same number of
carbon atoms. The optimum distance between carbon and I was decided as 3.1 A,
which was shorter than that of graphene.

Net charge transfer appears as netc of iodide in this calculation. The netc of
iodide in the interface of graphene/I° or CNT/I varies with distance between
carbon and iodide, as shown in Fig. 9.13. Curve of netc has negative maximum
with distance. The charge transfer in negative maximum from carbon to iodide in
CNT/I is bigger than that of graphene. From this result it is expected that CNT
having small curvature has more catalytic effect than graphene. However, this
expectation should not be directly accepted for the superiority of CNT to graphene,
because it comes from calculations with models, which have no defect and impu-
rities. The final conclusion about the ability of catalyst should be decided after
calculations with models having defect and impurities because real materials have
enough density of such imperfect structures. Examples of such calculation were
tried in this work using models shown in Fig. 9.9¢ and f and Fig. 9.12c. The netc
changes by the existence of defects and adsorbed foreign atoms or groups. Some
results were shown in Table 9.2, showing comparison between the pure model
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Fig. 9.12 Models used for
the calculation of CNT. (a)
CagHixI’, (b) CiooH oI
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adsorption of hydroxyl
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without a defect or a dopant and models with OH™ adsorption. In this table,
adsorption of hydroxyl group at the end of graphene or CNT changes the netc of
iodide by noticeable amount, compared to that of pure state without defects. In the
both case of CNT and graphene, the net charges transferred to iodide decrease with
the existence of OH™ group. The catalytic effect of CNT is also superior to that of
graphene with reduced values similar to pure models. From this it is expected that
treatments introducing hydroxyl group to CNT and graphene will be harmful for
advancing catalytic effect of these materials. Like this example, sometimes, the
degree of charge transfer severely changes with defects such as vacancy and
disordering, impurities such as oxygen doping and metallic substitution, or
adsorbed ion groups such as carboxyl group and hydroxyl group. It is expected
that it is possible to find and design good catalytic carbon-based materials by the
DV-Xo method using proper models in various situations. However, results
obtained in this study need to be modified and corrected by further calculations
using more accurate models because of disregarding solvent molecules, which
solvate iodide and electrode surface.
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Fig. 9.13 The change of netc of iodide in interface of grapheme/l and CNT/I. CNT has more
negative charge than graphene. This means CNT can be more catalytic than graphene without
defect or impurities

Table 9.2 Comparison of calculated netc between models with no defects and models with OH™
group

Model No defect Adsorption of OH™
Graphene Ciz H27-IO —-0.315 —
Ci21Hp7-(OH)~-1° - —0.258
SWCNT (6,0) CiaoH o 1° —0.361 -
Ci20H;,-OH -1 - —0.311

9.5 Design of Optical Down-Convertor Based on ZnO

ZnO is a sort of oxide semiconductor, having the wide band gap of 3.0-3.5 eV, and
widely used as transparent conducting oxide of solar cell and other optical pur-
poses. ZnO has not enough conductivity in natural state for device applications, but
can be turned to comparatively high conducting n-type semiconductor by doping of
Al, Ga or In (Lee et al. 2005). Optically ZnO can be used as an absorbent of ultra-
violet ray because of absorbing the ray of 325 nm wavelength. If absorbing
ultraviolet ray can be converted to visible ray, DSSC can use this converted ray
for photovoltaic generation. It is possible to change the absorbing or evolving
wavelength of ZnO by doping. In this work it was tried to convert 325 nm ultra-
violet ray to ray in visible area by doping of Y.
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Fig. 9.14 The model for
calculations of ZnO doped
with Y, [YZnsoOs3]* . Y
appears as largest ball in the
center of the model. Zn has
middle size and O is
smallest balls

The model used for calculations of DV-Xa method is (YZnsoOs3)* ™, as shown in
Fig. 9.14.Y appears in center of model. The Madelung field over extended region of
3 x 3 x 3 unit cells was applied to embed the model.

The energy level diagram, the density of state and overlap population of pure
ZnO without Y doping were calculated, as shown in Fig. 9.15. The calculated band
gap of pure ZnO appears as 3.29 eV, which is similar to expected value and
guarantees reliability of the used model and the calculation method. Orbital related
to electric conductivity and donar level is Zn 4s with anti-bonding component.
When III family elements such as Al, Ga and In is doped, s orbital in the outer shell
of doping elements replaces Zn 4s and is mixed with O 2p orbital. This mixing
orbital decreases the band gap and increases electrical conductivity (Lee
et al. 2005). In the case of Y doping Y S5s is mixed into the site of Zn 4s and
makes mixed levels of Y 5s — O 2p, as shown in Fig. 9.16. This new formed level is
occupied with electrons and can play a role of trapping level for optical transition.
The energy difference between Y-doping level and HOMO was calculated as
2.95 eV. When rays having photon energy of above 3.29 eV enter into ZnO,
electrons in HOMO level are excited to LUMO level. This excited electron lowers
its energy to Y-doped level, and then recombines to a hole in HOMO level. By this
recombination, visible ray corresponding to 2.95 eV evolves. By this process
ultraviolet ray converts to visible ray in ZnO:Y.

This calculation result was experimentally testified. Thin film of ZnO doped with
Y was manufactured by the spin coating. Down-converting phenomena were checked
by measuring fluorescent spectrum by monochromator. In this experiment it was
observed that incident wavelength of 295 nm was converted to 422 nm wavelength,
which was very close to 415 nm wavelength of 2.95 eV (Kim et al. 2006).
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Fig. 9.16 The energy level diagram and the partial density of state of pure ZnO doped with
Y. Dotted line in Energy level diagram means unoccupied level and solid line means occupied
level. Y doping makes the electron occupied donar level at LUMO position of ZnO
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Conclusions

The first principles calculations using DV-Xoa method were executed to
understand the surface electronic structure and estimate the charge transfer
through interfaces for the purpose of designing new materials for DSSC.

The electronic structure of TiO,, which is related to open voltage of DSSC,
was calculated with the (Ti;s0s¢)>>~ model for the calculations of the bulk
state and the (T1, 1034)24_—03 model under the Madelung field having the size
of 6 X 6 x 6 unit cells. By using small models, it can be identified that strong
covalent bonding is formed between Ti and adsorbed oxygen and this strong
interaction makes the surface donar levels below the conduction band. The
effect of surface doping in TiO, nano electrode has been investigated using
the (MTi;0034)** -0 model. The calculated energy level diagrams with
doping of transient metal showed that all dopant levels were found between
the conduction band and the valence band of TiO, and the energy of theses
levels decreased with atomic number of doping element toward the valence
band. Fe®*, Co® and Ni** doping brought doping level to nearly valence
band. It is expected that this lowering of dopant levels decreases open voltage
in DSSC by decreasing surface levels. The doping of IV family elements, of
which effect was in debate, also brought similar results to the case of transient
metal doping, although the doping levels were found in center position of
band gap.

The catalytic effect of CNT and graphene as counter electrode of DSSC
was estimated by the degree of charge transfer between electrode and iodide.
The optimum model was selected as C;,;H,; by calculations with models
with different sizes. The calculated optimum distance between graphene and
iodide was 3.5 A giving the highest net charge transfer. In the case of
SWCNT (6,0), the calculated optimum model was C;,0H;, and the optimum
distance of iodide from CNT was decided as 3.1 A, which was shorter than
that of graphene due to its small curvature. The calculated charge transfer
from carbon to iodide in CNT/I is bigger than that of graphene in negative
maximum. From this result it is expected that CNT having small curvature
has more catalytic effect than graphene. Defects and adsorbed ionic groups
can greatly change the catalytic effect. The netc changes with the existence of
defects and adsorbed foreign atoms or groups. It was calculated that adsorp-
tion of hydroxyl group decreased charge transfer and brought a little harmful
effect as catalyst.

The calculation on ZnO doped with yttrium was executed to develop new
down-converting material for DSSC. The model used for calculations of
DV-Xa method was (YZnsoOs3)*~ with the Madelung field over extended
region of 3 x 3 X 3 unit cells. Doping of Y formed an electron occupied
dopant level in the position of 2.95 eV from LUMO, which is lower than
HOMO level of pure ZnO. It was expected that the existence of this level

(continued)
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would convert rays above 3.29 eV to visible ray of 2.95 eV, which is
corresponding to 415 nm wavelength. This expectation was testified by an
experiment, which showed that ultraviolet rays were converted to 422 nm
visible rays similar to expectation by the calculation.
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Chapter 10

Microscopic Approach to Water by Using
the DV-Xa Method, and Some Innovative
Applications

Sunao Sugihara, Takashi Igarashi, Chikashi Suzuki, and Kenji Hatanaka

10.1 Introduction

Although water is for living organisms, the basic sciences of water is not
completely understood. Water-molecules are considered to be bound together by
hydrogen bonds, what then happens when these hydrogen bonds are broken? We
will discuss the effects of breaking of hydrogen bonds in water and the ways that we
can utilize the resulting energy of water with broken hydrogen bonds.

First, let us examine the scientific background. The crystal structure, density, and
structure of water at various pressures have been discussed by Mishima and Stanley
(1998) and by Elington and Dehencedetti (2001), who reported that water becomes
more disordered when compressed, and that directional attractions (hydrogen
bonds) combine with short-range repulsions to determine the relative orientation
of neighboring molecules. Novoa et al. (1997) showed that H;O, and H3O" are
involved in a proton-transfer mechanism with a free-energy of 0.23 x 10~>* to
0.48 x 10~ KkJ in the THz region.

There have been many studies on water from the structural point of view and several
studies on functional waters have been reported in biological fields. For example, the
function of intraprotein water in the membrane protein bacteriorhodspin has been
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studied (Garczarek and Gerwert 2006), and the impeding mechanisms of the H;O" ion
in relation to water in aquaporins in cell membranes has been examined (Yasui and
Mastushita 2010).

However, these previous structural studies do not deal with interactions with other
substances, as occur in the case of MICA (Minimal Catalyst) water and MICA energy
(see Sect. 10.3). One interesting recent study was conducted by Lin et al. (2008) who
examined the terahertz vibration—rotation—tunneling (VRT) spectroscopy of the
deuterated water tetramer. The made a combined analysis of the vibrational bands
at 4.1 and 2.0 THz, and they discussed their results for the dynamics of the water
tetramer in relation to those of the water trimer, and they also attempted to quantify
the many-body forces in the condensed phases of water. Furthermore, this group
reported a ‘first principles’ potential energy surface for liquid water deduced from the
VRT spectroscopy of water clusters (Goldman et al. 2005).

There are many reports on applications of X-ray absorption spectroscopy (XAS)
in studies on the structure of liquid water and ice. For example, Leetmaa
et al. (2010) used an approach that involved the development of a calculation
method. Studies by soft X-ray spectroscopy in conjunction with extended X-ray
absorption fine structure (EXAFS) analysis and molecular-dynamics simulations
(Tokushima et al. 2008) showed the existence of mixed structures of water and ice
as a result of the formation of tetrahedral crystal and strongly distorted hydrogen-
bonded species; however, the discussion was limited to structures arising from
hydrogen bond networks. Furthermore, Leetmaa et al. (2010) performed a theoret-
ical approximation to XAS of liquid water and ice, and they discussed the absolute
energy scale in vibrational modes by comparison of the results of periodic calcu-
lations with those of experiments. Some interesting results were introduced by their
consideration of the full-core with an excited electron in the lowest state.

Fourier-transform IR (FTIR) spectroscopic studies relate to terahertz analysis in
the mid-IR region. Millo et al. (2005) have shown that hydrogen-broken bonds
generate at least two kinds of water species: molecules with broken O-H bonds and
molecules with broken lone-pair electrons. A spectral analysis of water in the
mid-IR region (360—4,000 cm™ !, equivalent to 11-120 THz) showed that the
enthalpy difference for the hydrogen bond obtained through OH-stretching analysis
corresponds with the value calculated from bending data (Freda et al. 2005).
Several recent studies have been conducted by using instrumentation with nonlinear
optics. THz waves were generated by stimulated polariton scattering through
phonon—polariton interaction in a lithium niobate (LiNbOj3) crystal as a result of
the action of the laser (Kawase et al. 1996). Parametric oscillation (0.3-2.5 THz)
has also been generated by using a LiNbO; crystal (Kojima et al. 2003).

In 1932, a theoretical study of a quantum mechanics treatment of the water
molecules was reported (Coolidge 1932) in which mathematical development of
electron reactions involving three centers is described. The binding energy was
calculated to be 3.5 V, although the actual energy is about 10 V; this discrepancy
was not resolved. It is difficult to obtain the binding energy of water by the first-
principles method or in a mathematical manner even when the oxygen atom is
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introduced, although taking the ionic state into account reduces the discrepancy
arising from the omission of any wave function relating to ionic characteristics.
Inrelation to the energy of the hydrogen bond, Scott and Vanderkooi (2010) discussed
the distance potential energy surface of the water dimer. The theoretical calculations
showed O—O separation in the range 0.25-0.40 nm have a smaller effect on the system
energy and charge than do changes in the hydrogen-bond angles of the water dimer.
Adachi (1993) studied the electronic structures of the single water molecule and
pentamer in terms of charge transfer and contour maps of the wave function.

Another interesting macroscopic phenomenon relating to water was reported by
Fuchs et al. (2007, 2008), who examined the dynamics of floating water under high
dc voltages of up to 25 kV, where a bridge is formed in a similar manner to that
present in electrohydrodynamic sprays or jets, although the mechanisms have not
been clearly elucidated Woisetschléger et al. (2010).

As well as water, it is interesting to examine the dinitrogen molecule (N,) in
relation to activated water. Discussions of “active nitrogen” go back to 1911 when
Shrutt described a chemically active modification of nitrogen in afterglow gas that
he referred to as “active nitrogen” (for details, see Wright and Winkler 1968).
This is now recognized as an emission of the first positive band system, N»(B *IT o)
— Ny(A 32;), of the nitrogen spectrum, and other band systems also contribute to
this emission, together with some shorter-lived nitrogen afterglows that corre-
sponds to other forms of “active nitrogen”. Active nitrogen is generally produced
by an electric discharge through nitrogen, and many methods have been reviewed
(Wright and Winkler 1968). However, these forms of active nitrogen have a high
energy (up to 9.764 eV), which is referred to as the dissociation energy of the
ground state of nitrogen, with a corresponding uncertainty in the heat of formation
of the N(*S) atom. Our “active nitrogen” has an energy of less than 1.5 eV and will
be further discussed in the Results and the Discussion sections.

In the ground state, the electronic structure of the nitrogen atom is 1s*25%2p?,
with three 2p electrons distributed among the py, py, and p. orbitals with various
spins. A forbidden absorption-band system of N, in the vacuum-ultraviolet region
has been discussed by Tanaka et al. (1964) in relation to the basis state at 8.3 eV.
Nakamatsu et al. (1993) examined X-ray absorption near-edge structure of N, by
using the DV-Xa molecular orbital method to show the shape of the resonance for
the N, molecule and to explain electron scattering by the attractive potential of the
molecule. A molecule correlation diagram for nitrogen has been calculated by
means of self-consisting field molecular orbital (SCF MO) calculations using
20-term basis set of Slate-type functions by Mulliken (1972b); as result, the equivalent
distance was calculated to be 1.06 A. Note that Mullikan studied the atomic orbitals
of dissociating N, states at high energy levels, such as 35, (several eV).

Here, we will discuss hydrogen bonding in minimal catalyst water, and the
effects caused by water with broken hydrogen bonds at the microscopic level, as
well as at the macroscopic level in daily life. Minimal catalyst water (MICA) as
named by Hatanaka (1990-1993), is obtained by modifying ordinary water by a
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special process that involves high-pressure treatment. MICA water can be produced
from tap water or any other type of water by high-pressure treatment (0.5-3 MPa).
During this process, hydrogen bonds between the water molecules gradually break,
so that MICA contains free electrons that are considered to be in a plasma-like state
in the water molecule (Sugihara 2009). Materials activated by MICA energy can
behave as catalysts by transferring the energy associated with the broken hydrogen
bonds.

We are interested in the physical and chemical behaviors of electrons in water
after breaking of hydrogen bonds, which we refer to as activation of water; even an
understanding of biological processes requires a knowledge of the electronic
structures of the water molecule. This is why we refer to nitrogen, which can be
energized by activated water. Our basic hypothesis is that activated water emits
electromagnetic waves in the region from the infrared through to the terahertz
region, although we have not yet been able to identify these directly. Because
electrons must play an important role after breaking of hydrogen bonds in MICA,
we must study details of the electronic behavior of the water molecule. For this
purpose, we carried out the first-principles calculation to identify the electronic
structure of the water molecule. We also attempted to deduce the behaviors of
electrons and electromagnetic waves in water and in MICA-energized substances
by these methods. We used sophisticated techniques such as nuclear magnetic
resonance (NMR) spectroscopy and equipment such as the superconducting quan-
tum interference device (SQUID) to examine the behavior of the electrons and
nuclei. We also used terahertz and Fourier-transform infrared (FTIR) spectroscopy
to examine the electromagnetic waves, and we performed isotopic analyses of 'H
and *H in nuclei of water. Analyses of macroscopic properties of water, such as its
dielectric properties, can show how water is changed by activation with terahertz
radiation.

To calculate the energy levels in the electronic structures of two water mole-
cules, we used the discrete variational Xo potential (DV-Xa) method Adachi
(1993). MICA water can activate or provide energy to other substances such as
solids, liquids, or gases through electromagnetic waves, and it can transport this
energy to other substances through the functions of its electrons. One important
type of activation is that of nitrogen gas in the air or of nitrogen atoms in organic
substances by means of MICA energy. We calculated the energy levels of N,
molecule, and we used the results to elucidate the mechanism for the activation
of N, by MICA energy; however this mechanism has not been fully clarified.

We propose a concept involving electromagnetic waves that is new to the
chemistry and physics of water, and we describe several devices that we have
developed as applications of the basic concept of MICA water and its energy. We
also propose that polyethylene film processed by MICA energy is useful for
keeping foods fresh, and the mechanism by which it operates involves activation
of N; in the air. Furthermore, the ranges of uses of substances activated by MICA
energy can be expanded to a variety of fields in a number of industries.
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10.2 Calculations and Processes

10.2.1 Materials

MICA water was produced by passing tap water (or any other type of water) at
80-90 L/m through basalt or magnetic with natural magnetism at a pressure of
0.5-3.0 MPa to cause a burst detonation at the surface of the water. Furthermore,
here is an example to show how another substance can be energized by water.; a raw
materials such as pellets of acrylic- styrene resin were energized by immersion in
water processed as described above, then the pellets were injection molded to form
the pot, and any kinds of materials and/or substances can be available to treat for the
energy from the processed water, for instances, such as solid; metal, ceramics,
glass, organic substance as well as liquid.

10.2.2 Computational Methods

The DV-Xa method was used to calculate the electronic structures of two water
molecules. The basis functions were O/s-3s and H/s-2s and the number of sam-
pling points was 30,000. The symmetry was C,,, and one analysis was performed
for a change of overlap population (BOP) by expansion of the O-H bond, and
another was performed for a change in BOP by excitation of electrons after
breaking of the hydrogen bond. The function of the number of excited electrons
was also analyzed. The energy level was determined by applying structural optimi-
zation. The total energy was also calculated by total-energy spin DV-Xa (TESDA),
as developed by Nakagawa (2002, 2003). Furthermore, we also calculated the
energy-level structures of the N, molecule and as a function of the N-N distance
for the case when one electron is excited. The value of the well potential o was 0.7
and the number of sample points was 20,000; the basic functions were /s—p.

10.2.3 Spectroscopic Analysis and Measurements
10.2.3.1 Terahertz Spectroscopy and FTIR

The terahertz spectrum of water was measured at 1-20 THz by using a crystal of
MgO: LiNbO;. We also measured dielectric constant of water and some other
substances by means of terahertz time-domain spectroscopy (TDS). Furthermore,
we used the lowest-energy regions of FTIR spectroscopy (spectra recorded on an
FT/IR-6100 spectrometer JASCO, Tokyo) for terahertz spectrum analysis in the
region below about 600 cm ™' (20 THz).

To study the hydrogen nucleus, we used NMR spectroscopy (JNM-ECA
600 MHz: JEOL Ltd., Tokyo) on water, oil (IH), and several organic nitrogen
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compounds (*’N). We also performed an isotopic analysis of MICA water and we
compared the results with those for other samples of commercial waters. The
activated substances were studied by FTIR spectroscopy in the terahertz region,
and in the case of water and plastics by terahertz spectroscopy.

In studies of the effects, MICA activation on car exhaust gases, a sample of
copper-plated plastic (CPP) and a fluorescent lamp were activated by energy-
transfer from MICA water, and measurements were performed with a F16P5 gas
analyzer (Ferrer, Wallingford, CA). Furthermore, one person recorded data on fuel
consumption during 3 years when he drove a Toyota car designed for use with
hi-octane gasoline but actually fueled with regular gasoline. The deodorization
equipment, comprising an activated ceramic honeycomb, was introduced in a room
containing the experimental equipment.

10.2.3.2 NMR Spectroscopy and SQUID

NMR spectroscopy (JNM-ECA 600 MHz; JEOL Ltd., Tokyo) was used to record
the shape of the spectrum and the energy shift. The external magnetic field applied
was 14.1 Tesla (104 Gauss).

The resonance frequency (of the order of kHz) in 'H, 13C and "°N were observed
on each sample. For example, the 'H nucleus can absorb at 600 MHz and "°N
absorbs at 60 MHz in accordance with the following equation; 2zvy =yyHy (Va:
inherent resonance frequency of nucleus, yy: gyromagnetic ratio. Hy: external
magnetic field).

The SQUID (Superconducting Quantum Interference Device) can detect a small
magnetic fields of the order of 10~® to 10~ times the strength of the geomagnetic
field (10™* T) at the temperature of liquid helium. Because water itself could not be
measured at these temperature, a glass was activated with the processed water
(activated water) and nonactivated glass was used as a control for the magnetization
analysis. The equipment was operated at the external magnetism up to 50 kOe (5 T),
and the magnetization (emu) is illustrated along with the field in the form of the
H-M curve, which shows the magnetic hysteresis.

10.3 Results and Discussions

10.3.1 Basic Aspects of the Electrical Properties of Water

In terms of the electrical resistivity of water, it is known that theoretical maximum
value is approximately 1.8 x 10° Q- m at 25 °C, and important feature of water is its
polar nature. Generally chemical properties of water are discussed in terms of ions
such as H3;0,~and H30™, as shown in Fig. 10.1. We can also measure the dielectric
properties of water. Because oxygen has a higher electronegativity than hydrogen,
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Fig. 10.1 General view

of a bonded water dimer. H
Water is generally
considered to constitute hydrénium I ~
large molecule with many 0
hydrogen bonds / \
\ H H
0 hydroxyl
H /

the region of the water molecule where the oxygen atom is situated carries a partial
negative charge. This results in the formation of a dipole, and as a result, the
formation of a hydrogen bond.

The hydrogen bond is a relatively week bond compared with the covalent bonds
that exist within the water molecule itself. The bond strength is 0.05-0.3 eV,
depending on the temperature, pressure, magnetic field, and environment, and is
characterized by the local dielectric constant, as discussed below. This type of bond
occurs both in inorganic molecules, such as water, and in organic molecules, such
as DNA. Many of the characteristic properties of water, such as its triple point,
compressibility, electrolysis properties, solvent power, cleaning, power, and the
ability to form emulsions, arise from the presence of hydrogen bonds. Many
researchers have performed structural examinations of water [for example, Scott
and Vanderkooi (2010)]. The XAS spectroscopy of water and ice was examined by
Cavelleri et al. (2002) who produced some interesting results on electron transfer in
terms of contour plots of typical excited orbitals in the dimer-D molecular orbital.

We now propose that effects of broken hydrogen bonds in water should be
discussed precisely. The concept of “electromagnetic waves” in relation to MICA
water involves the region from the near-infrared (10'* Hz) through the terahertz
region (10'? Hz); in the latter case the wavelength is of the order of micrometers.
Electromagnetic waves in the terahertz region have wavelengths that are between
those of light and those of radio waves. This energy can resonate with various
substances; for instance, the signal from the hydrogen bond of the carboxyl radical
(COOH) has a wavelength of 3 x 1073 m, that from the rotation of the water
molecules has a wavelength of 2 x 107* m, and that associated with the angle
between the atoms in the amino radical NH,+ has a wavelength of 3 x 107° m.
These energies of radicals and molecules can therefore resonant with MICA energy
in the region from the near-infrared to the terahertz regions.

As discussed earlier, we can cause hydrogen bonds between molecules to break
by applying special processes, and we are interested in the physical and chemical
behaviors of electrons after breakage of the hydrogen bonds (which we call
“activation” of water).



264 S. Sugihara et al.

Our hypothesis is that activated water (MICA energy), as described above, emits
electromagnetic waves in the region from the infrared through terahertz, although
we have not been able to observe this directly. The electrons freed by breaking of
hydrogen bonds must play an important role in this process, and the energy must be
transferred to other materials by radiation and/or conduction. As a basic idea,
we postulate that a coding of “0” and “1”, in a similar manner to information,
might be the key to the transfer of “information” and that the electrons possess
physical properties other than “some form of energy”. We therefore performed
NMR, SQUID, and FTIR analyses by using an isotopic approach with "H and *H for
electrons and nuclei interacting with electromagnetic waves.

Our main interest was to know which electrons produced the observed effects in
terms of quantum chemistry and electromagnetic properties and how they did so.

10.3.1.1 Computational Results

In considering the breaking the hydrogen bonds, we performed computational
calculations to examine the excitation of electrons in a pair of water molecule
(the water dimer). Figure 10.1 illustrates a general view of bonded water in a
computational analysis in which two O-H groups are regarded as forming a
hydrogen bond. In Fig. 10.2, the hydrogen bonds are shown by the dotted lines.
The left-hand figure shows a plot of the bond-overlap population (BOP) versus the
change in distance between the molecules Ax (A) in the ground state. Even after
breaking hydrogen bonds, the lowest energy in BOP can be calculated, leading to be
stable state, meaning that the smaller the BOP, the more stable the molecule is.
The right-hand figure shows a plot of the BOP versus the number of excited
electrons in hydrogen bonds. The degree of covalency of the hydrogen bonds is less
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Fig. 10.2 Left: Bond overlap population (BOP) versus the change in distance along the x-axis of
the ground state. Right: BOP vs. the number of electrons in the excited state for two molecules of
water with two broken hydrogen bonds. The BOP represents (vertical axis) represents the degree
of covalency of the bond between atoms. Red dotted lines (solid in graph) indicate hydrogen
bonding, and green and blue ones indicate another O-H bonds
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than that of other O-H bonds. Furthermore, it is interesting to note that, on
increasing the number of excited electrons, the Coulombic repulsion becomes
smaller, and the molecular structure of water results in a lower energy state.
Adachi (1993) examined electronic structures of the water pentamer [(H,0)s]
and single water molecule, H,O by using DV-Xa method, and he found that the
levels of molecular orbitals and the contour map of H,O molecules predict that
charge transfer occurs from the hydrogen atom to the oxygen atom according to the
wave functions; The orbital that overlaps functions with the @, '* orbital of hydro-
gen is the 2p,, of O2p atomic orbital, and the bonding molecular orbital ¢,; (a;;
irreducible representation of the symmetry of the orbital in group theory) is formed
by this interaction; the @, anti-bonding orbital is also formed. Furthermore, the
orbital that interacts with ¢_'* is the O2p, orbital, and the O2p,, does not interact
with nonbonding H, molecular orbital according to Adachi’s explanation. Addition
to them, Fig. 10.3 shows the molecular orbital levels (1), the 1b,:yz plane and

ENERGY (V)

Fig. 10.3 (a) Molecular orbital level, (b) contour map and (c) density of charge for H,O (Courtesy
of Prof. Adachi)
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others: xz planes in contour maps (2), and charge density (3) for H,O. The differ-
ences in charge increases the distance between O and H, and in the opposite space
of O and H as illustrated in Fig. 10.3a, b, respectively. The (a) forms a covalent
bond and (b) forms due to 1b, electron and 3a; electron in the energy levels as
shown in Fig. 10.3(1) in which electrons can be regarded to function with proton as
an activated water after braking hydrogen bonding. These models of a water
molecule are basically understandable, and the overlapping of hydrogen atom
with the O2p, orbital may give rise to the observed bond angle of 104.5° in the
water molecule rather than one of 90°.

10.3.1.2 Dielectric Properties

Two molecules of water have been shown to form hydrogen bonds easily. As
illustrated in Fig. 10.1, the hydrogen bonds are broken in the dotted line in two
positions. From chemical point of view, H;O" (the hydronium ion) is acidic and is
capable of sterilization and removal of active enzymes, whereas H;O,™ (in which a
hydroxy ion radical is bonded with a molecule of H,O) possesses cleaning abilities
due to its interface activities. In addition, MICA water possesses energy as the
result of processing by pressure and minerals. The degree of covalency of the
hydrogen bonds is less than that in other O—H bonds. Furthermore, it is interesting
to note that with an increasing number of excited electrons, the Coulombic repul-
sion becomes smaller and the molecular structure of water results in a lower energy
state. According to Muro-Oka (1990), charges on oxygen in an O—H hydrogen bond
are attracted by hydrogen. From the results of these calculations, we propose the
existence of free electrons in a plasma-like state in MICA water containing broken
hydrogen bonds. The altered molecular structure of water results in a lower energy
state and the electrons still have spin (magnitude of 1%/2, i=h/2 = (h=Planck’s
constant). These plasma-like electrons (collective electrons) contain energy that
can be transferred as radiation, and when MICA water approaches the surface of a
solid or liquid, the atoms of the substance absorb energy from the MICA water
through radiation or, if contact occurs by conduction.

The nature of this radiation is discussed below. The frequency of MICA elec-
trons in the plasma-like state is calculated by analogy to that of a plasmon in a metal
surface. The plasma frequency in our system is given by the expression ‘Dpz ~4n
n e*/(m* e..), and found to be equal to approximately 1 THz (.. is 4; other symbols
are used conventionally: m* =my of a free electron, n =number of electrons).

The electromagnetic energy is the ranges from near infrared through the
terahertz region. Essentially, MICA energy is soft, as we will show later.
The perturbation of electromagnetic waves of the MICA-electron may initiate the
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transition. The energy quantum for transition from a level m to a level n can be
formulated as follows:

hwy = E, — E, (10.1)

Therefore, a transition to a higher level accompanies the absorption of a quantum.
Thus, a substance can be energized by MICA electron through radiation (electro-
magnetic waves) or by conduction.

Recently, on the basis of FTIR spectroscopic studies in the mid-IR region, Millo
et al. (2005) showed that breakage of hydrogen bonds generates at least two kinds
of water species: molecules with broken O-H bonds and molecules with broken
lone-pair electrons. Let us consider a substance to which energy has been transferred
from MICA electrons. The real part of the relative permittivity €, will therefore change.
The dielectric loss (tan &) is introduced, and the loss factor (g,) is given as follows:

& =e¢ tand (10.2)

Furthermore, ¢, and ¢, are often described in terms of a complex number:

« ’

& =¢ —ie (10.3)

where ¢, is the complex relative permittivity. The real part &, is the relative
permittivity (dielectric constant Re) and the second (imaginary) term of the com-
plex value (dielectric constant Im) corresponds to the loss factor. The dielectric
parameters of normal mineral water and MICA water have been measured by
means of time-domain spectroscopy (TDS).

The fact that there is a decrease in ¢, and /or &, means that the loss factor and/or
the relative permittivity decreases; as a result, the energy of MICA electron will be
effectively transmitted to other substances. The results are shown in Fig. 10.4: the
values of &, (Re) for normal water and MICA water at 1 THz are 4.5 and 4.2,
respectively.

Furthermore, the values of sr* (Im) are 2.7 and 2.4 for normal water and MICA,
respectively. These facts show that because of its lower dielectric constant €,”, MICA
water is electrically more conductive than conventional mineral water and the lower
value of &, also shows a smaller loss factor or lower energy loss from the medium
leading to a greater phase velocity for electrons in MICA than for electrons in
normal water. ¥ = ¢/+/€ (c: velocity of light, : dielectric constant). The energy of
an electron is therefore increased by about 5—6 % as the result of the MICA processes.
This has been confirmed by means of Raman spectroscopy of MICA-treated plastic;
this showed that the energy was shifted to values about 5 % higher than those in
untreated substances. The intensity of the peak was also higher in MICA-treated
plastic. The difference in energy between the spectrum of the control sample and that
of the activated one was calculated to be about 0.6 meV (0.15 THz), although MICA
energy is essentially weak. We measured the frequency dispersion of the reflected
electromagnetic wave in the terahertz region as produced by MICA electrons.



268 S. Sugihara et al.

10.0 15.0
= 80 \ 120
s £
= normal e
s 6.0 e 9.0 §
g T L ol M 2
3 \ ._-..{11.—1-.1-..608
o 40 - 09
2 3
o 20 3.0 ©
a a

0.0 1.0
0.0 0.1 0.2 0.3 0.4 05 06 0.7 0.8 09 1.0
Frequency (THz)

Fig. 10.4 Complex dielectric constants of MICA water and normal mineral water; the upper two
curves show the dielectric constant (Re: real part) on the left-hand axis, and lower two curves show
the dielectric constant (Im: imaginary part) on the right-hand axis. Re (O) and Im ({) of MICA
water, and Re (x) and Im (O) of normal mineral water. The vertical axis on the left show dielectric
constant (Re =real part) at 0.0-10.0, and dielectric constant (Im = imaginary part) at 0.0-5.0 in
numeral. The axis of abscissas shows the frequency in numeral of 0.0-1.0

10.3.1.3 NMR Analysis of Water

In NMR analysis, the nuclear spins of '"H in H,O (15N in nitrogen compounds)
change depending on the external magnetic field to present a certain energy
difference between the up and the down spin. This can resonate with externally
applied radiowave energy, depending on the energy difference (nuclear magnetic
resonance). The NMR spectra are shown in Fig. 10.5. The half-width (HW) curves
indicate the width of spectrum of the water molecule, showing that postulate that
MICA water is more active than the control. Furthermore, we can measure a
relaxation time of T, (spin—lattice relaxation time), and the half-width value is
obtained from the following equation:

T,=1/(x-Av), Av = half — width, Hz (10.4)

The larger the value of T», the narrower is the width of the spectrum (4v). The value
of T, for the control and MICA samples were 0.016 and 0.035 s, respectively. We
have therefore shown that molecules of MICA water move more freely due the
presence of smaller clusters as a result of breaking of hydrogen bonds.

The narrower half-width is, the lager T, is obtained, and the larger relaxation
time means longer distance between collisions resulting in a smaller molecule when
you take the same volume. For example, the values of T, for control water and
MICA water are 0.016 and 0.035, respectively. When one regards that water will
become smaller size of molecule, it is easier to understand many a macroscopic
phenomena.
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Fig. 10.5 NMR spectra of MICA water and control water showing half-widths (Av). The
half-width (HW) curves indicate the width of spectrum of the water molecule, showing that
postulate that MICA water is more active than the control. Furthermore, we can measure a
relaxation time of T, (spin—lattice relaxation time), and the half-width value is obtained from
the following equations: T, =1/(z-Av), Av =half—width, Hz

10.3.1.4 Isotopic Analysis of Hydrogen

The ratio between *H and 'H given by the equation;
SH = (2H/1H> /{(ZH/‘H) - 1} > x1000  (10.5)
sample standard

0 is defined by this formula as the ratio of deuterium and hydrogen in the sample
compared with that in the standard (i.e., the control). The amount of deuterium in
natural water is only 0.015 % and the extra neutron present in “H cannot disappear
after the process of activation of water by MICA. One electron is freed after
breaking of the hydrogen bond from a water molecule, thereby increasing the
negative value of dH.

6H = {(2H/1H)Sample/(ZH/IH)xmndard - 1} -1
={(2n+e)/n /2n+e)/(n+e)—1} <0 (10.6)
The value of 8H for activated water (MICA water) has a value of —65.21, whereas

that for Tokyo tap water is —58.71, as shown in Table 10.1. Water from mountain
sources shows higher values of 6H.

10.3.1.5 THz and FTIR Spectrum of Water

Terahertz wave (THz) is usually defined to be electromagnetic wave of 30 pm to
1 mm, thus it exists between radio wave to infrared radiation and it is transparent to
plastic, paper, gum, woods, tooth, born and dry foods.
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Table 10.1 Isotope analysis of water which shows a relatively high value of 5'*0 and 8°H (the

definitions are described in Sect. 10.3.1.4 of the text) (After private communication by Institute of
Isotope Analysis in Yokohama)

Name of water 5'%0 5°H Place
MICA water —10.79 —65.21 Wakayama (Japan)
Tap water —8.58 —58.72 Tokyo (Japan)
Glacier cap —19.85 —141.69 Alaska (USA)
Crystal geyser —15.32 —109.71 Wiede (USA)
Whistler —17.00 —120.02 Canada
Hachiman daira —11.75 —72.3 Iwate (Japan)
Fukusui —9.56 —60.58 Tenshin (China)
Premium soda —9.46 —49.99 Yamazaki (Japan)
Nagara river -9.17 —51.60 Gifu (Japan)
Hiden tenryo water —8.74 —54.52 Ooita (Japan)
Fig. 10.6 THz 1.2 —
transmittance of MICA sc:,%f)e N
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THz wave are generally absorbed by water, but MICA water is slightly more
transparent than control water, because of its slightly higher energy compared with
the control, as shown in Fig. 10.6; here, the vertical axis shows the transmittance
and the horizontal axis shows the terahertz frequency.

Terahertz waves are generally absorbed by water, but MICA water is slightly
more transparent than control so that MICA (sample) seem to transmit straight.

One application of terahertz waves is in medical treatment (especially of organs
at shallower depths in the body) and they can take the place of X-rays in inspecting
the body. On the other hand, polyethylene is generally transparent to terahertz
waves as previously noted, whereas the transmitted peaks become lower in the

energized polyethylene; in other words, the energized film absorbs terahertz waves
(Fig. 10.7).
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In the figure for FTIR spectroscopy, the vertical axis represents the arbitrary
intensity of transmittance and the horizontal axis indicates the frequency in the
terahertz regions. The polyethylene was energized when it was in pellet form by
exposure to MICA water, and it was then formed into a film by injection molding.
Thus the film can be energized by the energy transmission which will be discussed
in an application in Sect. 10.3.3.3.

10.3.1.6 Magnetic Properties of Glass Energized by MICA Energy

Very low levels of magnetism can be detected by SQUID. Water itself cannot
analyzed and a captioned specimen should be activated by the MICA water since
the SQUID can only work under liquid He condition. A common glass was
activated by MICA process and the treated sample was compared with an untreated
control. The atoms in the glass were effected at a very low level in high external
magnetic fields of up to 50 kOe (5 T). The electrons in the glass activated by MICA
process will increase the momentum (J) resulting in larger magnetic moment (ug)
according to the equation; g = yJ, where y means gyromagnetic ration.
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Fig. 10.8 Hysteresis in magnetization of MICA-treated glass and control glass at 5 K and
magnetic field is up to 5 T (50,000 G). Glass possesses usually diamagnetism showing magnetic
susceptibility of ~ —107> emu. Electron’s spin is affected by magnetic field and residual magne-
tization appears when the field goes down, consequently magnetic moment due to spin increases to
resulting in paramagnetism (+ ~ 10~° emu)

The results are shown in Fig. 10.8 in which indicate a hysteresis between
increasing magnetic field and decreasing it. The borosilicate glass was subjected
to MICA treatment and the treated sample was compared with a control sample.
The untreated glass was normally diamagnetic. On the first treatment, it appeared to
be magnetized, but no hysteresis appeared on the second occasion. However, this
phenomenon was opposite to the result for MICA glass, where the glass showed no
magnetization on the first exposure to a magnetic field and a large magnetization on
the second exposure. This is an interesting result. We believe that MICA glass has a
certain energy that cancels low magnetization in the first measurement, because the
electron spinning with a certain energy in the MICA glass resonate with the external
magnetic field so that, subsequently, a larger magnetization appears in the second
measurement. Furthermore, magnetic moment due to spin increases to resulting in
paramagnetism (+~10"® emu) when the magnetic field goes down.

10.3.2 Activation of Nitrogen

10.3.2.1 Computational Results for Dinitrogen (N,)

Previously, Mulliken (1972a) have reported calculations on the ground state of the
nitrogen molecule by SCF MO computation using a 20-term basis set of Slater-type
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functions in which the internuclear distance R from 0.01 au to the equilibrium
distance R, (=2.0134 au) in 17 stages distances. Although the scenario is not still
well understood, we can see new aspects of MICA water as the catalyst through
calculations on N, activation. By using the total energy spin DV-Xa program, we
calculated the total energies of dinitrogen in its activated and nonactivated states by
considering the spin of the molecule as a function of the length of the N-N bond.
These calculations showed that, for certain bond lengths, activated nitrogen can exist
in stable forms that lose energy slowly. Activated nitrogen should emit radiation
below the frequency of infrared rays, and is stabilized on lowering of the energy, as
the gap changes from 3 to 1.5 eV, which corresponds to that of infrared rays.

The results of our calculations are shown in Fig. 10.9, in which the total energy
(eV) is plotted against the N-N distance (A). When one electron is excited, the total
energy level and the N-N distance change. The energy level of the conduction
(unoccupied) level becomes lower by an amount that depends on the change in the
N-N distance, and the potential of the free electron changes as a result. The value a
in N(a])-N(aT) describes a continuous change in spin from 0 to 3. We identified
three metastable states at various N-N distances. The energy of the nonmagnetic

4 | | |
N2 (one excited electron)

2 N(21)-N@21) N(319)-N@31)

O 1 s
: oo 148V
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Fig. 10.9 Plots of the total energy versus atomic distance showing, how the emitted energy changes
with the N-N distance (The arrows indicate the difference in energy from the ground state)
Interatomic distance 1.28 A: 5.16 eV[N(0)-N(0) and Nz* (one excited electron)]
Interatomic distance 1.60 A: 3.09 eV [N(a|)-N(aT) and N(27)-N(27)]
N, curve (in red) crosses with N(2T)-N(2T) purple color
Interatomic distance 1.75 A: 2.00 eV [N(a|)-N(a]) and N(21)-N2 )]
Minimum point of N(27)-N(27)
Interatomic distance 2.10 A: 1.48 eV [N(a|)-N(aT) and N(37)-N(31)]
N(27)-N(27) crosses with N(37)-N(37) in green color



274 S. Sugihara et al.

ground state N(0)-N(0) is a minimum at a bond distance of 1.16 A, which is 7 %
more than the experimental value (1.0998 A) (Kagakubenran 1993), and the
difference in the energy between

N(0)-N(0) and Nz* (with one excited electron) is 5.16 eV. At a larger distance,
the curve for one-electron-excited N, crosses that of the N(27)-N(21) at 1.60 A,
where the difference of the ground state is 3.09 eV. The state N(21)-N(27) has a
minimum energy at a bond distance of 1.75 A as a result of lowering of the energy;
the difference between the ground state of N(a|)-N(aT) and the minimum state of N
(27)-N(27) is then 2.0 eV. Finally, the curve for N(27)-N(27) shows a larger bond
distance and crosses the curve N(37)-N(31) at 2.1 A, where the difference in the
energy is 1.48 eV. The N(37)-N(37) state can exist around 2.5 A, emitting a
frequency corresponding to the terahertz region.

The X-ray absorption near-edge structure (XANES) spectrum of N, has been
reported (Nakamatsu et al. 1993) and, a strong peak appears at an energy level above
that of the vacuum level around the absorption edge in the XANES. It has been
suggested by Nakamatsu et al. (1993) that the excited electron is scattered by the
potential energy and that a quasi-stable energy level exists. Therefore, as our calcu-
lation also shows, the excited electron may participate in a certain meta-stable state.

The absorption edge seems to appear at around 5 eV in the N K X-ray absorption
spectrum of N, (Bianconi et al. 1978). According to our calculations, when one
electron is excited, the lowest energy level at a bond distance of 1.28 A corresponds
to the difference of the energy of 5.16 eV from the ground state. Because the
difference of the energy roughly describes the absorption edge, this result coincides
with our calculation of the dependence of the energy level on the N-N distance.
Furthermore, the theories considered are postulated for a dissociation energy of
ground-state molecular nitrogen of 9.76 eV, at which Wright and Winkler (1968)
state that the corresponding high association energy for ground-state nitrogen atoms
makes it unnecessary to postulate any recombination of electronically excited
atoms, and the primary process may be the recombination of N(*S) atoms along a
52g+ potential energy curve. There is an interesting description by Pauling and
Wilson (1950) who calculated that the bonding energy of N, is 110.8 kcal/mole
(4.8 eV) from the figures for the bonding energy of N-N [38.4 kcal/mol (1.7 eV)]
and the energy for the process 2 N — N, [226.0 kcal/mol, (9.8 eV)].

The changes in the energy levels of the highest occupied molecular orbital
(HOMO) and the lowest unoccupied molecular orbital (LUMO) with changes in
the N-N distance are plotted in Fig. 10.10. As the N-N distance increases and the
potential of the free electron changes, the energy of the conduction level (LUMO)
increases and that of the HOMO decreases, approaching that of the LUMO.

Figure 10.11 shows the N, molecular contour map (L) and the formation of the
N, molecule orbital (R), as calculated by Adachi (1993). In terms of energy levels,
the symmetrical orbital is designated g (gerade) and u (ungerade) for unsymmetri-
cal orbital. The orbital, o, is a bonding orbital of a ¢ bond and o, is an anti-bonding
orbital (these have the opposite meanings for n-bonds). When there is a small
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Fig. 10.10 Plots of the Orbital energy (eV)
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Fig. 10.11 N, molecule contour map (L) and formation of N, molecule orbital (R) as discussed in
Sect. 10.3.2.1 of Computational results for dinitrogen (Courtesy of Prof. Adachi)

difference in energy level between 2s and 2p, the two orbitals hybridize resulting in
an interaction between orbitals of the same symmetry. What the 26, orbital is a
bonding orbital, the 25, orbital is an anti-bonding orbital between N 2s in the N,
molecule, as can be seen in the contour maps on the left-hand side of Fig. 10.11.
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Fig. 10.12 Model for the attack by -N" =N on an O—H* bond (dotted line: hydrogen bond)
The values of energy of the covalent bond and the bond lengths are taken from Emsley (1998).
The energy of the covalent bond is indicated by converting from kJ/mol into eV

10.3.2.2 Possibility of Activation of Nitrogen in Organic Compounds

Before describing the functions of activated nitrogen in organic compounds, we
will look at the interaction between it and hydrogen bond-broken water molecules
(Fig. 10.12). The figure shows a model for attack by -N"=N on an O—-H" bond
(dotted line: hydrogen bond). The values of the energies of the covalent bond and
the bond lengths are taken from Emsley (1998). The N-H bond is short with a
relatively weak energy, and this must assist in transferring protons in cells, as
discussed below. Wernet et al. (2004) examined the structure of the first coordina-
tion shell in liquid water by XAS Auger spectroscopy and X-ray Raman scattering,
showing that the spectra analyses were carried out to the effect of NH; termination
after saturating the dangling O-H by an NH; molecule and lone pair electrons of the
N oriented toward the free O-H.

Three nitrogen-containing organic compounds were studied by '’N and "H NMR
spectroscopy: aniline (PhNH,), benzonitrile (PhCN), and glycine (H,NCH,CO,H).
The compounds were processed by MICA energy, and we compared the results to
those for control compounds. We observed that '>N chemical shifts approach the
standard value more closely in the MICA-treated samples, as shown in Table 10.2,
although the differences are relatively small, which means that nitrogen in the
MICA sample closes to the standard leading to resonate aptly. In relation to 'H
(Table 10.3), the shift is less than that of nitrogen, but the electron affinity of the CN
group of benzonitrile becomes weaker, resulting in generation of the electron
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Table 10.2 Chemical shift of '>N in organic compounds on NMR spectroscopy

They are aniline (PhNH,), benzonitril (PhCN) and glycine (H,NCH,CO,H) processed by MICA
energy. "N chemical shifts approach the standard value more closely in the MICA-treated samples,
which means that nitrogen in the MICA sample closes to the standard leading to resonate aptly

Chemical shift (5, ppm) of '*N
Difference from standard
Substance Control MICA processed Control MICA
Benzonitrile (PhCN) 257.882 257.846 8.882 8.846
Aniline (PhNH,) 98.146 98.366 150.854 150.634
Glycine (H,NCH,CO,H) 3.435 3.466 1.285 1.254

Table 10.3 Chemical shift of "H in organic compounds on NMR spectroscopy

Aniline (PhNH;), benzonitril (PhCN) and glycine (H,NCH,CO,H) were processed by MICA
energy, and compared to the energy for control compounds. The electron affinity of the CN group
of benzonitrile becomes weaker, resulting in generation of the electron density of hydrogen in the
benzene ring hereafter it can likely be resonated. On the other hand, the = C-N group in aniline has
a lower electrons from benzene ring which means less resonance. resonance of amino group with
the benzene ring in aniline due to a near strength of covalent bond, and 2p? of lone pair can move
on morbital

Chemical shift (8, ppm) of 'H

Difference from standard

Substances (amino acid) Control MICA processed | Control MICA
Benzonitrile (PhCN) 7.628~7.429 | 7.607~7.412 5.698~5.499 | 5.677~5.482
Aniline (PhNH,) 4.109 4.149 2.179 2.219
Glycine (H,NCH,CO,H) |- - - -

density of hydrogen in the benzene ring hereafter it can likely be resonated. On the
other hand, the = C-N group in aniline has a lower electrons from benzene ring
which means less resonance. On the other hand, resonance of amino group with the
benzene ring in aniline due to a near strength of covalent bond, and 2p* of lone pair
can move on 7 orbital. For better understanding these, we illustrate relation between
transferring of electrons and strength of covalent bond, by considering electron
affinity, too, as shown in Fig. 10.13. Furthermore, Fig. 10.14 shows that the NMR
peaks of MICA-treated glycine were sharper than those of the control, meaning that
the molecule (amino radical) can have larger momentum being active by MICA
energy as discussed in later; a mode of vibration known as inversion, which plays
the role of one of active nitrogen.

If we look at cell in organs, these contain properties of the aquaporin family
(AQP) which are membrane-protein (Kozono et al. 2002), that consist of a series of
amino acids, such as aspartic acid, praline and alanine. Their size is approximately a
few A at the narrowest point (the pore) and they are several Angstroms long. An
interesting property of aquaporins is their permeability to a water and glycerol
without any ion permeability. Furthermore, water molecules can be transport
through the pores of aquaporin at a rate of 3 x 10” molecules per second. AQP1
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Fig. 10.13 Electron charge transfer in organic compounds containing nitrogen

Electron affinity; N (3.04) > C (2.55)>H (2.20), and electron can transfer toward nitrogen.
Electron density must be large around group-C=N, and electron movement in hydrogen between
benzene ring and-C=N, whereas this movement is less in aniline

MICA processed glycine
H; '’NCH,

/ H, "NCH,CO0"
‘_

Control glycine

Fig. 10.14 NMR for glycine

The NMR peaks of MICA-treated glycine were sharper than those the control. That means the
amino radical can have longer momentum being active by MICA energy as discussed in
Sect. 10.3.2.2 (Possibility of activation of nitrogen in organic compounds) in detail

exists as a tetramer, each unit containing its own aqueous pore, and the selective
mechanism for permeation by water through the channel pores is reported to be
proton blockage, although the mechanisms of this permeability has not yet been
fully clarified (Yasui 2004; Yasui and Mastushita 2010).

The nitrogen in the amino acid might play an important role in gating of water in
the pore, where N-H (bond length of 1.01 A and energy 3.9 eV, as described
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previously) could interact with water with broken hydrogen bonds, although the
angles of -N—H or —-NH, are also important for reaction or permeation. The bond
angles vary depending on the groups attached to the nitrogen atom, and “three-
covalent nitrogen” denotes a pyramidal R3N compound of the kind NRR'R”, which
has a mode of vibration known as inversion (Cotton and Wilkinson 1977).
A nitrogen atom oscillating through the plane of the three R groups can turn inside
out, and the lone pair is involved in hydrogen bond to other molecules. For the
nitrogen atom to cross from one side of the plane to the other, the molecule passes
through a potential-energy barrier to inversion of 6 kcal/mol (0.26 eV); this has a
similar strength to the hydrogen bond, and its frequency is only 0.024 THz.

In relation to the proton-transfer mechanism, Novoa et al. (1997) reported
H30,~ (hydroxyl ion) and H;O" (hydronium) were involved with free energy
values of 0.23 x 10723 t0 0.48 x 10~ 2* kJ in the terahertz region (~5 THz).

10.3.3 Other Activated Substances with Various
Applications in Industry

Water is necessary to everybody on the earth and is a basic material for daily life. In
addition to this, activated water (MICA water and its energy) has many functions
and affects a variety of substances. As described above, we have studied the
physics, chemistry, and biology of water as basic science. We will now discuss
the properties of materials activated by the MICA process, their functions, and
relating companies which make a business, during a test and in consideration for a
few years in Table 10.4.

One can recognize that MICA technology can be applicable to any substances
and industries. The origin is just tap water, and anything are not added although the
pressurized water passes through the columns containing basalts, magnetite, etc. so
that the mineral can be taken into. On the other hand, we can understand why there
are many applications if we regard the physical side of this water. We believe that
the molecules of the processed water become smaller resulting in distinctly active
functions and large surface area. The basic idea relating to this water is a cycle or
series of reduction-oxidation, and energy transmittance of activated water to
another substance or material.

There are so many genres as mentioned above; here we will present some of
them, (1) wrapping film for maintain foods fresh, (2) honeycomb ceramics for clean
air in a room or reducing odor, (3) cupper plated plastic for reducing automobile
exhaust gases and (4) oil for anti-oxidation. The water itself is better permeability
into a skin of body since the molecule is small so that the water can be easily
absorbed into any cell in a body, although here we do not discuss the effect to a
body functions through energized cloths. And we do not present the item of four
relating to emulsion fuel with water, although this it also due to a small molecule of
water.
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Table 10.4 Activation by MICA water and its application with results activated materials and
effects

Actual results by a various field of company containing in test, and some of them have been
industrialized

Makers or groups
Materials Functions Manufacturing or in course of test
1. Plastic form Keeping fresh vegetables Two makers and analysis company
Wrapping film and meats
2. Honeycomb Removing odor Two ventures and steel company
Ceramics Reducing volatile organic
SUS compound
Cloths
3. Aluminum Elimination of car exhaust Venture and car company (in USA
Cupper-plated gases and Sweden)
plastic
4. Water and oil Emulsion fuel Venture (in Korea)
5. Oil (salad oil and Anti-oxidation Restaurant chain store
engine oil) Tempura restaurant
6. Paint and cement Protection of stain Tent company
Improvement of wetting
property
7. Cloth and toiletry Improvement of metabolism | Cosmetic company

10.3.3.1 Activation of Cement, Aluminum, and Ferrite

The substances to which MICA-energy was imparted were aluminum metal,
Portland cement, and an Fe;0,—based magnet, and these were analyzed by terahertz
spectroscopy, as shown in Fig. 10.15. Both treated and untreated samples of
aluminum metal showed almost the same results. Terahertz waves were reflected
more by MICA-treated cement than by conventional cement. The magnet consisted
of an alloy and Fe;O,4, and was therefore partially ceramic in nature, so its
reflectance was intermediate between that of cement (which is 100 % ceramic)
and that of aluminum (which is 100 % metal). Terahertz radiation cannot usually
penetrate metals or water. In general, terahertz electromagnetic waves are reflected
by the electrons in a metal that has a plasma frequency. Terahertz surface plasmon
(TSP) propagation on a metal sheet has been reported by Jeon and Grischkowsky
(2006) in discussing TSP pulse propagation dispersion.

10.3.3.2 Ceramics and Metal for Car Exhaust Gases

Catalytic converters in automobile exhaust gas systems function only after
combustion of gasoline in the engine. Pt, Pd, and Rh are all used in controlling
emissions of nitrogen oxides (NOy) in Japan (Ueda 1997), but few reports of data
obtained on real automobiles are available. Recently, there has been a trend to install
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Fig. 10.15 THz frequency dependences of the reflectance

Normal and activated samples of a metallic Al plate, Portland cement, and a magnet; Al: normal
(O) and MICA (0); Magnet: normal (¥¥) and MICA (x); and Poland cement: normal ([]) and
MICA (%). Vertical axis shows reflectance in numeral of 0-100 (%), and abscissas shows
frequency (THz) in numeral of 0.0-1.0

Table 10.5 Results of testing a CPP device in an automobile

One model of an automobile (Nissan Cube, UA-BZ11) fitted with the device and another identical
model lacking the device were subjected to idling tests for 1 h in a vinyl tent and the resulting
emissions were analyzed. The detail are discussed in Sect. 10.3.3.2. CPP indicates cupper-plated
plastic; with activated and without activated

CO, (%) 0; (%) CO (%) HC (ppm) NOx (ppm)
Normal 4.9 14.9 0.20 51.9 22.8
CPP 4.5 15.0 0.14 52.0 21.8
Activated CPP 3.6 16.8 0.08 19.2 13.6
Change (%) —26.5 12.8 —6.0 —63.0 —40.3

catalytic converters closer to the engine, which ensures that catalyst functions
immediately when the engine starts. The Toyota and Daihatsu group has developed
new materials, known as super-intelligent catalysts, comprising perovskite oxides,
such as LaFe(s5;C0033Pdg0sO; (Nishihata et al. 2002). Although these super-
intelligent catalysts (as they are known) represent the state of the art for petrol
engines, and the Pd is regenerated, the catalysts still use precious metals, and
perovskite oxides are complicated materials. Tanabe et al. (2002) reported that a
catalyst containing Pt supported on a thermally stable oxide (zeolite and CeO,—ZrO,)
on which hydrocarbons become adsorbed and migrate to the Pt surface, and the
zeolite relates to the deodorization described in Sect. 10.3.3.4 (Deodorization with
activated ceramics), not only reduction of exhaust gases but also deodorization.
Below, we describe the applications of MICA in photochemical removal of
pollutants from automobile exhausts (Table 10.5) reported in Sugihara and
Hatanaka (2009) and in deodorization of air. Our pollution-reduction system for
automobile exhaust gases has two distinct characteristics: the first is that it does not
require any particular catalyst, and the second is that it is positioned ahead of the
engine (on or inside the air filter), resulting in a change in the properties of the air
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taken in by the engine. We found that a copper-plated plastic (CPP) device
(5 x5 cm) activated by MICA-energy reduced emissions of CO, and NO from
an automobile, showing drastic reductions of CO,, hydrocarbon and NOy resulting
in gasoline saving indeed. In a separate experiment, we also found that an MICA-
activated fluorescent lamp deodorized organic solvents in an automobile paint plant
and in a perfume company. As we mentioned in Sect. 10.3.2.1, our active nitrogen
has an energy of less than 1.5 eV, as shown in Figs. 10.9 and 10.10, which is not
necessarily a dissociation energy as discussed above (see Sect. 10.3.2.2). We will
henceforth use the designation N," for active nitrogen.

Nitrogen (N,") in the air activated by MICA devices is introduced through the
intake into the engine where various hydrocarbons (HCs) in the gasoline are burned
by air. The bulk of typical gasoline consists of hydrocarbons between 5 and
12 carbon atoms per molecule, for example:

C8H18 - CnHm, C02, CO, HQO, NOx

In our system, N,* may form higher hydrocarbon compounds,<# HC >N,"
instead of NO,, and these compounds reacts with CO,, NO,, etc., and are then is
burned to form lower HCs denoted to be </ HC>;

(i) IHC+hHC+0O,+N,—(h HC)N2*+I HC +CO + CO, +NO, + H,O
(i) (KHC)N," +0, — (C or / HC) + N, + H,O
(iii) (KHC)N, +CO — (C or l HC) + N, + O, + H,0
(iv) (hHC)N," +CO,+NO, — (C or [ HC) + N, + O, + H,0.

As we can understand from these chemical formulas, N, and H,O are formed
resulting in better combustion. In other words, both reduction and oxidation
occurred in the engine space. This is a much simpler way of reducing emissions
of CO, and NO, than, for example, the method proposed by Nishihata et al. (2002).

One model of an automobile (Nissan Cube, UA-BZ11) fitted with the device and
another identical model lacking the device were subjected to idling tests for 1 hin a
vinyl tent and the resulting emissions were analyzed as shown in Table 10.5
(measurement instrument; FERRER F16P 5 Gas Analyzer; GXT International,
NY, USA). Furthermore, the humidity inside the tent was 65 % compared with
50 % in the tent of the automobile without the MICA device. Those results suggest
the gasoline was burned nearly completely in the engine of the automobile fitted
with the device. One end of a vinyl hose was connected to the exhaust pipe of an
idling automobile, the opposite end was placed in water in a pail, and the water was
analyzed by the standard method JIS-K0102 45.2: the total nitrogen contents of the
water were 4.1 and 7.4 mg/L for the automobile with the CPP device and the
automobile without the device, respectively.

We have also measured the levels of volatile organic compounds (VOC) in
automobile exhaust following the installation of CPP devices activated by the
MICA process, as shown in Fig. 10.16. The CPP device clearly reduced VOC
levels after 4 h of driving, probably by the same mechanism as described above.

Furthermore, we demonstrated another car resulting in reduction of COj;
30.0 %, CO; 62.1 %, HC; 71.0 % and NO,; 95.4 %, and oxygen increased by
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Fig. 10.16 Measurement

of VOC emissions in 1200
automobile exhaust fumes -
before and after installing 1000F A
a Cu-plating plastic I

devices activated by i =
the MICA process 800+
In the first 2 h after i |
installation of the device, 2600 % BB
adhered soot or ==

microparticles in the engine |
are eliminated by the 400+ |
MICA-treated air engine
room, and are eliminated.
A steady state exists 200¢
subsequently

1 2 3 4

o 6
time(h)

13.6 % as well as in Table 10.5. These results of reduction rate naturally depend
upon the kind of car, distance covered by travelling, etc.

As the result of the near complete combustion of gasoline that can be achieved
with a MICA device, the distance driven per liter can be increased. This was tested
by driving several types of automobiles in a city. For an 11-year old, 2-L-capacity,
four-wheel-drive automobile, the average fuel consumption was 9.7 km/L after
13,000 km. This represents a 20 % improvement compared with a similar vehicle
without the device. A 16-L diesel-engine tractor showed a 3 % improvement
and less variability (6,=0.02 km/L) in fuel consumption, with a minimum of
2.43 km/L and a maximum of 2.48 km/L. For comparison, the truck without the
device showed o,=0.16 km/L with a range of 2.06-2.7 km/L. We believe that
better and more-stable fuel consumption is important for the transport business.

10.3.3.3 Activated Polyethylene for Keeping Foods Fresh

A several kinds of polymer films have been examined in the terahertz region (up to
2 THz) by Nagai and Fukasawa (2004) and Nagai (2005). In this region, the
transmittance of polyethylene (PE) is more than 80 %, and is almost independent
of the frequency unlike poly(vinyl chloride) (PVC), polyamide-6 (PA-6) or poly
(methyl methacrylate) (PMMA), for which the absorption increases with increasing
frequency. Plastics are normally transparent to terahertz waves, as discussed above.
We examined the absorption behaviors of MICA-treated and nontreated polyeth-
ylene films in the terahertz region (Fig. 10.7). The nontreated polyethylene (upper
graph) was more transparent at frequencies below 5 THz than was the MICA-
treated film (lower graph). We postulate that the MICA film can absorb terahertz
energy by means of a resonance.
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Fig. 10.17 Differences in maintenance of freshness stored in a MICA-activated polyethylene
(PE) film and a control PE film, and analyses of oxygen in the PE pouch. The activated film shows
normal respiration whereas control contained CO, only and no oxygen(O,)

We found that the air inside film is changed by irradiation with terahertz waves
and that this causes the formation of an ambient antioxidant that keeps vegetable,
meat and other foods fresh. Figure 10.17 shows photographs of mushrooms kept in
control and MICA—treated samples of polyethylene film for 5 days, and analyses of
the gases inside the film. The mushrooms in the MICA-treated film could respire by
taking in oxygen as well as carbon dioxide, whereas the mushrooms stored in the
control film could only take in carbon dioxide, and they became spoiled with a bad
odor. This is because the film treated with MICA energy can protect the mushrooms
from attack by oxygen and nitrogen. Several users have also reported that MICA-
treated polyethylene film is very effective in keeping meat fresh and juicy with no
color changes. We also experienced the beef to maintain fresh resulting in no
change of color and less drip which was reported in Sugihara et al. (2011), and
the reasons regarding with freshness of beef is also due to energized air (nitrogen in
particular) in the active film.

10.3.3.4 Deodorization with Activated Ceramics

Platinum catalysts supported on ceramics such as honeycomb-type zeolite are widely
used in deodorization of exhaust gases at high temperatures, such as 600 K. We have
developed ceramics (zeolite) energized by MICA energy that do not need rare-earth
catalysts or platinum catalysts and high temperatures. Terahertz and/or far-infrared
electromagnetic waves from an activated honeycomb resonate with -COOH and CHj;
groups, etc. MICA-energized ceramics operate at room temperature without a
catalyst and show 80-90 % reduction of xylene, toluene, and formaldehyde, for
instances, 416 ppm at the entrance and 65 ppm at exit. Deodorization equipment on
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Fig. 10.18 Equipment for Volatile Organic Compound (after Amari Co. Ltd catalogue 2010)
Only activated honeycomb and no platinum catalyst and perform under room temperature.
Usually, Pt-coated honeycomb absorb odor and dissociate by the Pt catalyst under high temper-
ature like 600 K. THz and/or far-infrared electromagnetic wave from the activated honeycomb
resonate with —-COOH and CH3, etc., in the volatile organic compound

this principle has been manufactured for removal of toluene, xylene and formalde-
hyde in industry and in household, as shown in Fig. 10.18.

Furthermore, we demonstrated 40 activated fluorescent lamps (100 W) to reduce
VOC at the car-painting factory where they used the paints with solvent of xylene
and toluene; 420 and 214 ppm of VOC before and after changing the lamps,
respectively (0.49 % reduction). Let us discuss the mechanisms for reduction of

CH; CH,

_—~ CH

VOC; toluene, , and ortho-xylene 3 where the bonding

strength of CHj radicals close to one of infrared and thus methyl radicals are apt to
be broken rather than benzene ring due to resonate with radiation (infrared to
terahertz) from the activated lamps.

10.3.3.5 Anti-oxidation of Salad Oil and Tempura Oil

Oxidized salad oil, tempura oil, and the like can be revitalized by exposure to
MICA energy provided from a MICA-treated container or by mixing of used oil
with MICA-treated oil. Salad oil consists of 45 % linoleic acid [diunsaturated;
(92,127)-Me(CH,),CH=CHCH=CH(CH,);CO,H], oleic acid [monounsaturated;
(Z)-CH3(CH,),CH=CH(CH,),CO,H], and palmitic acid [fully saturated; Me
(CH;)14CO,H]. Unsaturated bonds can be changed to saturated ones by exposure
to MICA energy, leading to a straighter structure and transparency to terahertz
waves. The main constituent of tempura oil is linoleic acid.
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Usually, the number of double bonds in the unsaturated fatty acid decreases on
oxidation when the oil is used, and aldehyde groups are formed resulting in
degradation. NMR spectroscopy can be used to determine the ratio of double
bonds to single bonds. The ratio in the original oil, determined by carbon-13-
NMR, was 15.4 %, whereas the value was 14.4 % in oil just before disposal (usually
after five cycles of usage). Furthermore, by 'H-NMR, the ratio was 10.0 % in the
five-times used oil and 9.2 % in the original.

The another means of evaluating degradation of oil is through its anisidine value,
where aldehyde groups produced by oxidation of the oil are reacted with
4-methoxyaniline in acetic acid and thus the chemical reaction occurs as follows:

Aldehyde 4-methoxyaniline in acetic acid

R C HO +NH2——<:>>OCH3

RCHO is generated by oxidation of oil. By this reaction, absorbance coefficient is
changed to result in anisidine value, which presents a lower value after MICA
processing of oxidized oil. and the absorbance coefficient of the product is measured.
Mixing used oil with 1 % MICA-treated oil decreased the anisidine value by 8 % (8 h
after heating). Furthermore, the value became to 5.5 after MICA treatment for 16 h.

Therefore, activated nitrogen in air may play a role in preventing oxidation of oil
or in protecting oil from approach by oxygen, and also smaller water molecule and
reducing circumference of the water may facilitate for anti-oxidation as often
mentioned.

Conclusion

We have studied the electronic structures of water with broken-hydrogen
bonds by using the DV-Xa method. According to calculation results, the
proton and electron even after breaking hydrogen bond can exist stably in a
water molecule, and we propose that the plasma-like state in proton/electrons
pair emits electromagnetic waves in the region from the near infrared through
the terahertz region. Water with broken-hydrogen bonds (MICA water)
activates other substances by transfer of energy. These basic phenomena
were indirectly detected by NMR, FTIR, THz measurement, isotope analysis
and SQUID for magnetization. However, we have still researched water to
approach it’s kernel. In application, we postulate that devices treated with
MICA energy can even activate dinitrogen in air and in organic compounds.
By using MICA-treated devices, we have achieved remarkable reductions in
CO, levels and elimination of NOy as a result of improved combustion of
gasoline in automobile. We also succeeded in deodorization and reduction of
VOC:s; this process has been applied in various industries. Furthermore, we

(continued)
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obtained good results in terms of keeping foods fresh through the use of
MICA-activated polyethylene film, which suppresses oxidation. The under-
lying concept of the process is related to the presence in electromagnetic
energy supplied by MICA water /energy. As a future work, we will report the
results that we have approached the kernel of water.
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Chapter 11

Electronic Structure and Chemical Bonding
of Li; 1Nby90O;_, as a Negative Electrode
Material for Lithium Secondary Batteries

Yang-Soo Kim, Chan-Seo You, Ri-Zhu Yin, Changkeun Back,
Dong-yoon Lee, Masataka Mizuno, and Soon-Ki Jeong

11.1 Introduction

During the past 20 years, much effort has been undertaken to obtain lithium
secondary batteries with higher energy densities, and great progress has been
made (Sony lithium ion battery performance summary 1994; Murphy and Cason-
Smith 1990; Anani et al. 1987; Choi et al. 2004; Idota et al. 1997). However, there is
still an increasing demand for further lightweight and small-size rechargeable
batteries for portable electronic devices. In addition, recent environmental concerns
about global warming and the need to reduce CO, emissions have provided us with
a strong driving force for developing large scale lithium secondary batteries with
high energy density for use in electric vehicles. Energy density is the ratio of a
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battery’s energy delivery capability to its weight or volume, measured in watt-hours
per kilogram or watt-hours per liter. It is widely considered the most important
metric of battery technology. It determines the size and weight of the battery
system. Higher energy density translates into smaller, lighter battery systems or
applications with longer run-times or ranges. One of the important requirements of
negative electrode materials is that they should have a lithium secondary battery
with a large energy density; also, the redox potential at the negative electrode
should be as low as possible (Denis et al. 1997). Li-ion rechargeable batteries are
presently made with Li transition metal oxide as the positive electrode material and
carbonaceous material as the negative electrode material (Sony lithium ion battery
performance summary 1994). Li-ion rechargeable batteries can offer a higher
energy density, higher average voltage, and higher power density than existing
rechargeable batteries. However recent portable devices are becoming smaller,
slimmer, lighter, and more multi-functional and customers are demanding longer
operating times. The energy density of currently available batteries is insufficient to
meet these need. To overcome this situation, a number of researchers have recently
focused on two activities: (i) improving the existing positive materials like Co-, Ni-,
or Mn-based oxides, or searching for new ones, or (ii) searching for alternatives to
carbonaceous negative electrode materials, which alternatives should have large
capacity and strong reducing power. The second approach constitutes the issue of
this paper. We report a novel V-based material that can be used as a negative
potential material (Yin et al. 2008). A unique feature of the vanadate materials
upon lithiation is their amorphization which is lower than 1 V; this low level leads
to a different shape of the voltage profile between the first and second lithiation
processes. For practical cell applications, in order to achieve a different voltage
profile between the first and second cycle, it is necessary to accurately control the
cell balance for safety and reliability.

In the present work, we report another new oxide, Li; ;Nby9O,_y, as a novel
active material for the negative electrode of lithium secondary batteries. To begin
with, it was predicted by first principles calculations that the redox reactions of
lithium ion on Li; {Nby¢O,_, material would occur at low potentials. Then, this
was confirmed experimentally by electrochemical measurements. The initial and
fully charged Li; V9O, _y compounds show R-3m and P-3m1 hexagonal structures,
respectively, in the XRD analysis. However this is not the case for Li; ;|Nbg 9O,_,.

Despite extensive studies, material scientists are still unsatisfied because very basic
questions remain unanswered: Why are there phase-transitions during the charge and
discharge of Li; Vo90,_,? Why is this not the case for Li; ;NbyoO,_,? What
are material parameters most necessary to obtain good capacity and performance?
In the present study, we aim to understand the differences among these isomorphic
compounds from the viewpoint of the changes in chemical bonding associated with
Li-intercalation.

Two kinds of first-principles calculations were used. Molecular orbital
(MO) calculations by the DV-Xa method using the program code SCAT were
performed in order to obtain the electronic structure and chemical bonding infor-
mation of the lithium niobium oxide. The ab initio total-energy and molecular
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dynamics program Vienna ab-initio simulation package (VASP) was used to
calculate the open-circuit voltage (OCV) and the general gradient approximation
(GGA) exchange. The first-principles calculations were carried out to clarify the
remarkably low reaction potential.

11.2 Experimental

The sample formulated as Li; NbgoO,_y, was prepared by heating a mixture of
powders of Li; {Nbg 30, 3 and NbO at a molar ratio of 6:3.6 in an alumina tube at
1,000 °C in H, environment for 60 h. Li; {Nby30; 3 was obtained by heating a
mixture of Li,CO3 and Nb,Os at a molar ratio of 3.3:0.9 in an alumina tube at
800 °C in air for 48 h. These reactions are represented by the following Egs. (11.1)
and (11.2).

3.3(Li,CO3) + 0.9 (Nb,Os) = 6 (Li; 1Nby 30, 3) + 3.3 (CO;) (11.1)
6(Li;.1Nbg 30 3) + 3.6 (NbO) = 6(Lis {Nbg9Oz ) (11.2)

The structure of Li; ;Nbg ¢O,_, was characterized by X-ray diffraction (XRD)
using a Panalytical MPD (Cu Ka radiation). The data was collected in the range of
5-100° under step scanning mode at 40 kV/30 mA, 0.021 deg/step, and 10 s/step
exposure time. Rietveld refinement of the collected XRD data was performed using
the Reflex (Accelrys Inc. Ver. 5.0) Rietveld (DBWS) code.

Composite electrodes were used for the charge/discharge tests. The test electrode
was prepared by coating a mixture of the Li; 1Nby9O,_, powder (80 wi%) and a
carbon black (10 wt%) and a poly (vinylidene difluoride) binder (10 wt%) on copper
foil. The charge and discharge tests were carried using conventional three-electrode
cells at a constant current of 18.1 mA g~ '. The electrolyte solutions consisted of
1 mol dm > (M) LiClO, dissolved in 1:1 (by volume) mixtures of ethylene carbonate
(EC) and diethyl carbonate (DEC) (EC+DEC) (Kishida Chemical Co., Lithium
Battery Grade). The counter and reference electrodes were lithium foil. CV was
performed between 3.0 and 30.0 V at a sweep rate of 0.5 mV s~ '. All electrochemical
measurements were carried out in an argon-filled glovebox (Miwa, MDB-1B
+MM3-P60S) with a dew point <—60 °C. All potentials are referred to as volts
vs. Li/Li".

11.3 Computational Procedure

The electronic structures and chemical bonding of lithium niobium oxide were
calculated by the DV-Xa method (Averill and Ellis 1973; Ellis et al. 1976) using the
program code (Adachi et al. 1978). The population analysis was made according to
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Mulliken (Mulliken 1955). All calculations in the DV-Xa method had to be
executed with cluster models and the full potentials of all orbitals were included
in the cluster model. The proper building of models is very important in this
method, because calculated results change with models and, sometimes, show
unreasonable values regardless of the convergence of calculations. Therefore,
various models for every material were tried in order to obtain acceptable data in
the view of crystal chemistry and energy level structure. In the case of
Li; 1Nbg9O,_y, the Madelung field was applied over a sufficiently large volume
to obtain an environment similar to that of the bulk state and to eliminate the edge
effect, which brings distorted charge distribution and energy levels.

The ab initio total energy and molecular dynamics program VASP (Kresse and
Hafner 1993; Kresse and Furthmuller 1996a, b), based on the density functional
theory pseudo-potential plane wave method and the GGA exchange and correlation
functional, was used to obtain the OCV. First-principles calculation on lithium
transition metal oxides of positive electrodes for lithium-ion batteries have
been performed by many researchers (Ceder et al. 1997; Mishra and Ceder 1999;
Reed and Ceder 2002; Koyama et al. 2003).

In general the open-circuit voltage Eqcy(X) depends on the differences in the Li
chemical potential between the anode Li metal and the cathode. In this paper, we
have investigated the possibility of using metal oxide powders for anodic electrode
as active materials and have determined their electrochemical performances
through the calculation. In this paper, first-principles calculation for the voltages
was carried out as follows:

oCV = —AG _ (EcLailhod B Ez{;liode)
zF zF

(11.3)

Here F is the Faraday constant and z is the ion transported charge in the
electrolyte. In the lithium ion battery (LIB) system, Li* is the ionic conductor,
which means that z=1 for the LIB system.

11.4 Results and Discussions

In a previous work, we reported that average potentials for the reversible lithium
insertion within Li; ;V(¢0,, determined theoretically and experimentally were
0.93 and 0.3 V, respectively (Yin et al. 2008; Linden 1995). These low potentials
mean that there is a new possibility of active material as a negative electrode is
present in Li; ;Mg 9O, (M = transition metal) compounds. In this view, further
research has been conducted to consider various Li; ;Mg 9O, compounds.

Table 11.1 gives the average potential for lithium insertion in Li; ;Mg 0O,
obtained by first principle calculations; in these calculations, Liy M0,
was regarded as the charged state. The detailed calculation process has been
described elsewhere (Yin et al. 2008; Kim et al. 1998; Koyama et al. 1999a, b).
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Table 11.1  Average M in Liy ;Mg 9Oo/Li; Mg O, Average potential/V

potential for lithium insertion

into various Li; Mg 0O, Al 0.65

compounds obtained by first Ti 0.89

principles calculations Cr 1.43

(VASP) Mn 2.10
Fe 2.48
Co 2.23
Ni 3.45
Cu 2.87
Zn 5.24
Zr 1.27
Nb 1.30
Mo 1.08

The calculation results reveal that the average potential for lithium insertion was
significantly affected by the M element in Li; ;Mg ¢O,. Lithium ions were inserted
within Li; ;Mg 90O, at a relatively low potential (<1.5 V) when M was Al, Ti, Cr, Zr,
Nb, or Mo. On the other hand, the potential was relatively high (>2.0 V) when M
was Mn, Fe, Co, Ni, Cu, or Zn. Since low potential is favorable in the view of
energy density, the former compounds are considered better candidates as active
materials for the negative electrode than are the latter compounds. On the basis of
the theoretical calculation data, we have tried to synthesize Li; ;Mg 00, (M= Al,
Ti, Cr, Zr, Nb, and Mo) compounds by conventional solid state reaction method in
order to investigate their electrochemical properties. Consequently, the
Li; 1Nbg 9O,_, compound was obtained successfully through the synthetic proce-
dure shown in the above experimental section. However, attempts to synthesize this
compound by using the other M elements such as Al, Ti, Cr, Zr, and Mo, were
unsuccessful. The details of the failures are not clear at present.

To the best of our knowledge, Li; 1Nbg 9O, _, was synthesized for the first time.
Prior to the electrochemical measurements, Rietveld refinement was employed to
determine the structural properties of the synthesized Li; ;Nby¢O,_, compound.
This is one of the most popular techniques used to characterize crystal structures. A
perfect crystal structure model is very helpful for theoretical calculations, reaction
mechanism analysis, and physical analysis of certain properties such as conductiv-
ity, magnetic susceptibility, chemical potential, etc. Powder XRD (or neutron
diffraction) Rietveld refinement is one of the most popular methods used to
characterize crystal structure.

The Rietveld refinement of the Li; ;Nbg ¢O,_, model gave a satisfactory fit to the
overall profile. The refinement processes were carried out with several variations such
as baseline correction, cell parameters, zero correction, scale factor, temperature factor,
atomic coordinates, etc. The best-fit of the XRD patterns are shown in Fig. 11.1.
Li; 1NbgoO,_ is assigned to the hexagonal system with the P63/mmc (No. 194)
space group. The cell parameters are @ =2.904 A and ¢ = 10.456 A. The calculated
cell volume is V = 103.62A3. About 10 % of the Nb>* (2a) sites are substituted for by
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Fig. 11.1 The Rietveld refinement of Li; ;Nbg 9O, _, (Kim et al. 2012)

Table 11.2 - Atomic Site | x y z Occupancy
coordinates of Li; {Nbg 9O, _y -
which is obtained from Li |2a 0 0 0 1
et al. 2012) Nb |2d 0.66667 0.33333 0.25 0.9
(0] 4f 0.33333 0.66667 0.1263 0.95

lithium ions. The Nb** is coordinated by six oxygen atoms and located in the octahedral
site. Some Li* is also located in the Nb>* (2b) site. The fractional coordinates of the
Li; {Nbg9O,_, at room temperature are listed in Table 11.2.

In this structure, one Nb plane is sandwiched by two O planes; the stacking of the
layers forms the crystal. Thus, the crystal exhibits a layered structure due to the
stacking of the planes (O-Nb-O)/Li/(O-Nb-O).

The calculation of the electronic states of lithium niobium oxide was carried out
using cluster models taken from the bulk crystal. The model clusters, which are
composed of (a) 51 atoms (Li13V12046)° " cluster model for Li; 1 Vg 905 (Fig. 11.2a)
(b) 87 atoms (Li13Nb12062)73_ for Li; 1Nby¢O,_, (Fig. 11.2b) and (c) 85 atoms
(Li]7Nb2004g)14_ compared to Li; 1V 90,_, in R-3m (Fig. 11.2c), are employed
for these purposes.

In order to discuss the valence electronic state and chemical bonding of lithium
vanadium oxide, we made calculations using cluster models. The energy diagram
density of Li; ;V9O,_y is obtained in this study as shown in Fig. 11.3. The filled
band located from —8 to —3 eV is mainly composed of O 2p orbitals. The partially
filled band located around —2 to 4 eV is mainly composed of V 3d orbitals. The
unoccupied band located above 5 eV are made up of Li 2sp and V 4sp orbitals.
Significant amounts of V 3d and 4sp states in the O 2p band were found. Strong
covalent interaction between V and O was found to be present.

The energy diagram and the bond overlap population (BOP) diagrams or crystal
overlap population (COP) for V-0(2.012 A) and Li-O(2.096 A) bonds were plotted,
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Fig. 11.3 Energy diagram of Li; ; V90, with (Li13V12026)3 ~ cluster model by DV-Xa method

with results shown in Fig. 11.4. The interactions between V and O, and the Li-O
bonds have been investigated individually. The value given in each diagram is the
bond overlap population, which is given by the integration of the diagram with respect
to the occupied bands. As has been qualitatively mentioned, strong covalent bonding
can be noted between V and O. On the other hand, the Li—O bond overlap population
is small, but not zero (0.063), as shown in Fig. 11.4. This provides evidence for the
strong covalency between M (M = transition metal) and X (X =S and O), as discussed
in our previous reports (Kim et al. 1998; Koyama et al. 1999a, b).

Table 11.3 shows BOP between M-O and Li-O bonds and the ionicity of the Li
atom of Li; ;NbgoO,_, and Li; ;V(90,, which belong to P63/mmc and R-3m
respectively. The BOP of V-O shows a larger value than that of the BOP of
Nb-O, even though these two showed similar bond lengths between metal oxygen.
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Fig. 11.4 Overlap population of Li; ; V90O, with (Li13V12026)37 cluster model (Yin et al. 2008)
by DV-Xa method

Table 11.3 Comparisons between Li; ;NbyoO,_y and Li; V90, using DV-Xa method.
(V-base® means, Vanadium simply replace to Niobium and remain P63/mmc crystal structure)

BOP between
BOP between Li-O | M-O Ionicity of Li atom

Li; Nby9O,., Nb-  |0.0869 (2.1175 A) |0.166 (2.1175 A) | 0.5265
(Fig. 11.2b) Base

V- 0.0967 0.2051 0.534

base®
Li; 1Nbgo0; Nb- | 0.0908 (2.1342 A) {0.183 (2.1175A) |0.599
(Fig. 11.2¢) Base

V- 0.098 0.233 0.561

base®
Li; V060, R-3m | 0.063 (2.096 A) 0.153 0.73 (2.096 A R-3m)
(Fig. 11.2a)

The BOP value of V-O in the Li; {V(90, (R-3m) is smaller than that of the V
substituted Nb-based system (P63/mmc). The ionicity of Li in the P63/mmc system
is smaller than that of the Li in the R-3m system.

The BOP between the 3d transition metal-O and the Li-O, and the ionicity of the
Li atoms, are listed in Table 11.4. For all of these, the BOP values of M-O and Li-O
are larger than that of Li; V90O, (R-3m). For all of these samples, the iconicity of
Li; 1MpoO, (P63/mmc) is smaller than that of Li; V9O, (R-3m). This provides
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Table 11.4 Comparisons of BOP and Ionicity of Li atom between Li; ;M 9O, (P63/mmc) and
Li; 1 V00, (R-3m) using DV-Xa method

BOP between Li-O BOP between M-O Tonicity of Li atom
Li; 1 Tig 00> 0.106 0.156 0.51
Li; 1 V90, 0.097 0.2051 0.53
Li; 1Crp 90, 0.095 0.189 0.51
Li; ;Mng 40, 0.106 0.182 0.52
Li; 1Fep 90, 0.103 0.184 0.53
Li; 1Cop 90, 0.102 0.182 0.52
Li; 1Nig 90, 0.101 0.177 0.53
Li;.1Cu90, 0.111 0.1713 0.49
Li; 1 V002(R-3m) 0.063 0.153 0.73
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evidence for the idea that the BOP of M-O and the ionicity of Li are strongly
affected by the crystal structure.

Additionally, Fig. 11.5 shows the cycle performance of Li; ;V90,_, (R-3m)
and Li; ;Nbg O, _, (P63/mmc), respectively. Li; 1Nbg 9O, _ (P63/mmc) has strong
covalent bonding compared to that of Li; 1V 90,_, (R-3m) in our cluster calcula-
tion. The stronger covalent bond maintains a stable structure during the charge and
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discharge; this stability can lead to good cycle life performance. The chemical
bonding provides evidence of the necessary material parameters required to retain
the crystal structure and stability of the cycle performance.

Finally, we do not at present have experimental evidence for the structural
transformation of Li; ;NbgoO,_, during charge and discharge. Therefore more
detailed analysis is necessary to clarify the nature of the irreversible reaction.

Conclusion

The DV-Xa method, which is a sort of first principles method using density
functional theory and full potential molecular orbitals, was used to understand
the electronic structure and to obtain a basis for new material design in
lithium secondary batteries. Mulliken’s population analysis has been thor-
oughly conducted to examine the net charge as well as the magnitude of the
covalent bondings. Li; ;Nbg ¢O,_, (P63/mmc) has shown covalent bonding
stronger than that of Li; V90, (R-3m) in our cluster calculation.
Li; 1Nbg9O,_, (P63/mmc), and the BOP value for Li-O and V-O are differ-
ent in their structure. The chemical bonding provides evidence of the neces-
sary material parameters required to maintain the crystal structure and good
cycle performance. These results are contrary to the widely accepted picture
of Li-intercalated compounds, and should be a very important consideration
for the determination of battery properties such as OCV. The information
about the chemical bonding and iconicity of these compounds should be
helpful investigating the possibility of new electrode active materials.
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Chapter 12

Chemical Bonding, Point Defects
and Positron Lifetimes in FeSi, from
First-Principles Calculations

Masataka Mizuno and Hideki Araki

The chemical bonding and formation energy of Fe and Si vacancies in o, § and
v-FeSi, have been investigated using first-principles calculations. The positron
lifetimes of those FeSi, are also calculated. The bonding and antibonding bands
in p-FeSi, are completely separated, which leads to a gap at the Fermi level in
B-FeSi,. In y-FeSi,, the separation is not perfect and the Fermi level lines in the
bonding band. Whereas the formation energy of a Fe vacancy in pB-FeSi, is higher
than that of the other phases, it steeply decreases going from the Fe-rich to the
Si-rich condition and shows the lowest value, about 0.4 €V, at the Si-rich limit. In o
and y-FeSi,, the Fe vacancy has a shorter positron lifetime than the Si vacancy.
However, in p-FeSi,, positron lifetimes of the Fe and Si vacancies are close to each
other. This result suggests that it may be difficult to identify vacancy sites in p-FeSi,
by positron lifetime measurement.

12.1 Introduction

The FeSi, has three polymorphs, a, f and y phases. In particular f-FeSi, has been
attracting much interest as thermoelectronic conversion materials or optoelectronic
devices. Many growth methods, such as chemical vapor transport, ion-beam syn-
thesis, molecular beam epitaxy and sputtering, have been attempted for the forma-
tion of P-FeSi, films. Although B-FeSi, seems to be a line-compound in the
equilibrium phase diagram, the Si/Fe ratio is an important factor to control various
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properties of f-FeSi,. It has been reported that the Si/Fe ratios of -FeSi,, namely
point defects, affect its structural, electronic and optical properties (Tani and Kido
2000; Seki et al. 2003; Liu et al. 2008).

Positron annihilation spectroscopy is a sensitive tool for vacancy-type defects in
solids. In a perfect crystal, the positron wave function is delocalized in the inter-
stitial region because of the repulsion from the ion cores. If vacancy-type defects
exist in solids, the positron wave function is localized at the defects where the
electron density is lower than in the other regions. The localization of the positron at
the defects results in a longer lifetime of the positron compared to the bulk lifetime
because the positron lifetime is inversely proportional to the electron density where
the positron annihilated. In addition, positron lifetimes can be calculated by solving
the positron wave function. A combination of positron lifetime measurements and
its theoretical calculations allows us to identify more precisely the defects. We plan
to do positron annihilation measurements on $-FeSi, in order to identify lattice
defects. In this work, chemical bonding, positron lifetimes and vacancy formation
energies are evaluated using first-principles calculations.

12.2 The Structure of FeSi,

Space group, lattice parameters and atomic positions of FeSi, are listed in
Table 12.1. a-FeSi, is a high-temperature phase and p-FeSi, is stable at room
temperature. There is no available data for lattice parameters of y-FeSi, because
y-FeSi, is formed only on Si substrate as thin film (Onda et al. 1992). The crystal
structures of «, p and y-FeSi, are shown in Fig. 12.1. In o and y-FeSi,, the Si atoms
form a simple cubic sub-lattice and a half of body-centered sites are occupied by the
Fe atoms. The Si atoms occupy the body-centered sites layer by layer in the
a-FeSi,. In y-FeSi,, the Fe atoms and the unoccupied sites are arranged next to
each other. While the arrangement of atoms in 3-FeSi, looks very complicated, the

Table 12.1 Space group, lattice parameters and atomic positions of FeSi, and FeSi

Space group Lattice parameter (A) Atomic position
a-FeSi, P4/mmm (No. 123) a=2.696 Fe x,y,z=0
c=5.154 Si 0.5,0.5,0.27
B-FeSi, Cmca (No. 64) a=9.863 Fel 0.2146,0,0
Fe2 0.5, 0.3086, 0.1851
b=17.791 Sil 0.1286, 0.2746, 0.0512
c=7.833 Si2  0.3727, 0.0450, 0.2261
y-FeSi, Fm3m (No. 225) - Fe x,y,z=0
Si x,y,z=025
FeSi P2,3 (No. 198) a=4.495 Fe x,y,z=0.3865
Si x,y,z=0.09262
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Fig. 12.1 Crystal structures of (a) a, (b) p and (c) y-FeSi,

Table 12.2 Average bond length and number of neighboring atoms in FeSi,

Average bond length (A)/Number of neighboring atoms
Fe-Si at Fe Si-Si Fe-Fe
a-FeSi, 2.360/8 2.371/1 2.696/4
2.713/5
p-FeSi, 2.371/8 2.525/5 2.968/2
y-FeSi, 2.351/8 2.715/6 —/0

crystal structure of 3-FeSi, can be considered as distorted y-FeSi,. Average bond
lengths and the number of neighboring atoms are listed in Table 12.2. The Fe atom
in all of FeSi, has eight neighboring Si atoms and average bond lengths of Fe-Si
bonds are very similar to each other. The bond length of Si-Si bonds between the Si
layers in a-FeSi, is 2.371 A which is close to that in metallic Si, 2.35 A. The
unoccupied body-centered sites in B-FeSi, are compressed by the distortion of Si
sub-lattice, which leads to the shorter average Si-Si bond length compared to
v-FeSi,. The Fe-Fe bonds are also formed by the distortion in B-FeSi,.

12.3 Computational Method

12.3.1 Chemical Bonding and Positron Lifetime

In order to evaluate the chemical bonding and obtain the electron density and
potential for the positron lifetime calculations, the discrete-variational (DV) Xa
cluster method using a program code SCAT (Adachi et al. 1978; Ellis and Painter
1970) is employed. We use the model clusters composed of about 150 atoms. The
bonding and antibonding characters are evaluated using overlap population dia-
grams which are obtained by convoluting overlap populations, calculated based on
the Mulliken population analysis (Mulliken 1955), at each molecular orbital with
Gaussian function of 1.0 eV FWHM.
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The three dimensional potential V,(r) sensed by the positron is constructed as a
sum of the electron static potential V.(r) due to the nuclei and the electrons, and a
correlation potential V(n_(7)) describing the electron-positron correlation:

V+(}’) :Vc(r)+vcorr(n_(7)), (12.1)

where n_(r) is the electron density. For the density dependence of V o (n_(r)), we
have used the interpolation formula of Boronski and Nieminen (Boronski and
Nieminen 1986). The Schrédinger equation for the positron is solved by the
finite-difference method (Puska and Nieminen 1983). The positron lifetime 7 is
calculated as the reciprocal value of the positron annihilation rate A by

A= m‘%c/ ny (r)n_(r)y(r)dr, (12.2)

where rg is the classical electron radius, c¢ is the speed of the light, n,(r) is the
positron density and y(r) is the enhancement factor describing the short-range
pileup of the electron at the positron. For the enhancement factor, we have used
the interpolation formula (Boronski and Nieminen 1986). Fractions of positron
annihilation for each orbital are obtained using the Mulliken population analysis.

12.3.2 Vacancy Formation Energy

In order to obtain energies needed for calculations of vacancy formation energies,
we employed the plane-wave pseudopotential method as implemented in the
Vienna ab initio simulation package (VASP) (Kresse and Furthmuller 1996a, b)
with generalized gradient approximation proposed by Perdew and Wang (1992).
Potential based upon the all-electron projector augmented wave (PAW) method
were used (Kresse and Joubert 1999; Blochl 1994). First, we calculated the equi-
librium lattice parameters of a, p and y-FeSi, using the kinetic energy cutoff of
350eVand 21 x21 x 11,6 x 8 x 8 and 11 x 11 x 11 k-meshes in the Monkhorst-
Pack scheme, respectively. We obtained the equilibrium lattice parameters of
a=2.7065 A and ¢=5.1334 A for a-FeSi,, and a =9.8942 A, b=7.7700 A and
c="7.8212 A for p-FeSi, which well reproduce the experimental values shown in
Table 12.1. The equilibrium lattice parameter of a = 5.3913 A for y-FeSi, is in good
agreement with the previous theoretical work, @ =5.389 A (Christensen 1990).
B-FeSi, virtually exists only on the stoichiometric composition in the equilib-
rium phase diagram. In this case, processes of vacancy formations inevitably
accompany formations of other phases. Tani and kido calculated formation energies
of point defects in p-FeSi, using first-principles pseudopotential calculations (Tani
and Kido 2003). They employed the energy of Fe and Si crystals as the chemical
potentials of atoms subtracted as a vacancy. However, a wide range of the Si/Fe
ratio is employed for the growth of p-FeSi, to control its properties, indicating that
deviations from the stoichiometric composition are compensated by introducing
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vacancies or antisite atoms in B-FeSi,. The process of vacancy formation without
formation of other phases, therefore, needs to be considered.

In the process of vacancy formation without formation of other phases, two or
more defects are introduced to maintain the stoichiometric composition. In order to
determine the process of vacancy formation, we have calculated formation energies
of non-stoichiometric a, p and y-FeSi, using supercells including a vacancy or an
antisite atom. In the present work, we employed supercells composed of 32 Fe and
64 Si lattice sites for o, p and y-FeSi,. The supercells for B-FeSi, are the 2 x 2 x 2
primitive cells whose cell vectors are (0, 0.5, 0.5¢), (0.54, 0, 0.5¢) and (0.5a, 0.5b,
0). The supercells for o and y-FeSi, are the 4 x4 x2 and 2 x 2 x 2 unit cells,
respectively. Relaxations of the atomic positions and lattice parameters were
allowed. In addition to the supercells composed of 96 lattice sites, the 3 x 3 x 2
and 1 x 1 x 1 unit cells were used for the supercells of o and f3-FeSi,, respectively.
For the supercells of y-FeSi,, the 2 x 2 x 2 primitive cells composed of 8 Fe and
16 Si sites were also employed. The formation energies were calculated by
subtracting the total energies of the constituent elemental solids from the total
energy of the compounds. The calculated formation energies of a, p and y-FeSi, are
plotted as a function of Si composition in Fig. 12.2. Whereas there are two sites for
Fe and Si in B-FeSi, as shown in Table 12.1, the difference in formation energies
between two sites is less than 0.003 eV/atom for both Fe and Si site. The hierarchy
of formation energies of «, f and y-FeSi, agree with their stabilities: f-FeSi, is
low-temperature phase and y-FeSi, does not appear in Fe-Si equilibrium phase
diagram. In the Fe-rich side of a and p-FeSi,, the Fe antisite atom shows lower
formation energies than the Si vacancy, which indicates that Fe antisite atoms are
introduced in the Fe-rich side by the deviation from the stoichiometric composition.
On the other hand, in the Si-rich side of a-FeSi,, the Fe vacancy is more stable than
the Si antisite atom, whereas the Si antisite atom shows slightly lower formation
energies than the Fe vacancy in the Si-rich side of p-FeSi,. In the case of y-FeSi,,
the Fe and Si vacancies are introduced around the stoichiometric composition.
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VN7 T T ]
025 y-FeSi, <
s F ]
— -0.30 -
> = -
9 3 -
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T C .
€ 040 _ 3
L<I:.) E ﬁ-FeSIQ E
Fig. 12.2 Formation 045L N | N | N | 2 1 2
energies of o, p and y-FeSi, "e2 64 66 68 70

as a function of Si
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In the case of the Fe-rich side of p-FeSi, in which Fe antisite atoms are
introduced by the deviation from the stoichiometric composition, the formation of
Fe and Si vacancies proceeds via reactions:

Fe vacancy : 0 — 3 Vg, + 2Feg; + FeSis, (12.3)
Si vacancy : Feg — 3Vs; + FeSi,. (12.4)

Here Vg and V§; denote Fe and Si vacancy, respectively. Feg; is an antisite atom: a
Fe atom located at a Si site. The last term, FeSi,, is the additional lattice site
occupied by atoms subtracted as vacancies. The compositional deviation caused by
the vacancy formation is compensated by the creation or annihilation of Fe antisite
atoms. The processes of the formation of Fe and Si vacancies in the Si-rich side can
be expressed in the same manner.

Fe vacancy : 2Sige — 3 Vg + FeSiy, (12.5)
Si vacancy : 0 — 3Vg; + Sige + FeSis. (12.6)

The process of the vacancy formation in the Fe rich side of a-FeSi, is the same as
that of B-FeSi,. In the Si rich side of a-FeSi,, Fe vacancies are introduced by the
deviation from the stoichiometric composition. The formation energy of the Fe
vacancy is, therefore, zero. The formation of a Si vacancy proceeds via reactions:

Si vacancy : 0 — Vg, + 2V + FeSi,. (12.7)

In y-FeSi,, the formation energy of a Fe vacancy in the Si-rich side and a Si vacancy
in the Fe rich-side is zero because these vacancies exist for the compensation of
compositional deviations. The formation of a Fe vacancy in the Fe-rich side and a Si
vacancy in the Si-rich side proceed via the same reaction as (12.7). At the stoichio-
metric composition, possible processes of vacancy formations are the reactions
expressed by (12.3), (12.6) and (12.7), in which there are no initial defects needed
for vacancy formations.

The B-FeSi, is usually deposited on Si substrates as a thin film. In this case, the
vacancy formation in B-FeSi, proceeds with Si from substrates via reactions:

Fe vacancy : 2Si — Vg, + FeSiy, (12.8)
Si vacancy : 0 — V5; + Si. (12.9)

The vacancy formation energies can be obtained by calculating the energy
difference of these reactions. In the case of the Fe vacancy expressed by (12.3),

the formation energy, EFe  can be calculated as

vac?

EFE = [E(NF() — I,NSi,VFg) _E(NF(’7NSiaO>]

vac

2
+ g[E(NFe + 1,Nsi — 1,Fes;) — E(Ne, Ns;, 0)] (12.10)

1
— E(Nge,Nsi, 0).
+NF€+NSi ( Fe, VS )
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Here E(N]:e—l,Nsi,VF ©) in the first term denotes the energy of a supercell with
(Nge—1) + Ng; atoms including a Fe vacancy. E(Ng. + 1,Ns;—1, Feg;) in the second
term is the energy of a supercell with (Ng.+ 1)+ (Ng;—1) atoms including a Fe
antisite atom. The energy of FeSi, in the last term is also calculated using a supercell
composed of Ng.+Ng; atoms in order to reduce the error arising from the supercell
size. For calculating these energies, we employed supercells composed of 96 atoms:
NFe =32 and NSi =64.

Vacancy formation energy can be described as a sum of two terms: the
difference in energy between the defective and perfect supercells, and the
chemical potential of atoms subtracted as defects. The first term of (12.10) is
the difference in energy between the supercell including a Fe vacancy and
the perfect supercell. The sum of the second and third terms of (12.10),
therefore, corresponds to the chemical potential of the Fe atom subtracted as
a vacancy.

In the Si-lean condition, it was reported that FeSi phase is probably formed first
(Liu et al. 2008). The formation energies of Fe and Si vacancies in FeSi are also
calculated in the same manner as FeSi,. FeSi crystallizes in the cubic type structure,
which belongs to the space group P2,3, with lattice parameters of a =4.495 A. We
have calculated formation energies of non-stoichiometric FeSi using supercells
composed of 64 lattice sites. The calculated formation energies of FeSi are plotted
as a function of Si composition in Fig. 12.3. The defects introduced by the deviation
from the stoichiometric composition in FeSi are the same as those in a-FeSi,: Fe
antisite atoms in the Fe-rich side and Fe vacancies in the Si-rich side. The formation
of Fe and Si vacancies proceeds via reactions:

Fe-rich side:

Fe vacancy : 0 — 2 Vg, + Feg; + FeSi, (12.11)
Si vacancy : Feg; — 2Vs; + FeSi. (12.12)
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Si-rich side:
Si vacancy : 0 — Vg + Vg + FeSi. (12.13)

At the stoichiometric composition, the following reaction is also possible in
addition to the reactions of (12.11) and (12.13).

Si vacancy : 0 — 2Vg; + Sig, + FeSi. (12.14)

12.4 Results and Discussion

12.4.1 Chemical Bonding in FeSi,

The total and partial density of states (DOS) and overlap population diagrams of
perfect crystals of a, p and y-FeSi, are shown in Figs. 12.4, 12.5 and 12.6,
respectively. The DOS curves are shifted so as to set the highest occupied
molecular orbital at 0 eV. The general shapes of the density of states are similar
all the cases. The large peaks near the Fermi level are mainly composed of the
Fe 3d states interacting with the Si 3s and 3p states. The Si 3s and 3p states
widely spread from -14 eV to the conduction band because of the formation of

o-FeSi1 Fe-Si 0. 1-S1 0. Fe-Fe 0.
a FeSi, b Si 0361 € Si-Si 0681 d 0.093

5 L) ML B L MLANELI B L ML )

_ 1f 1t . ]
\9 - I - I e -
o 4k 4F 4F 4
b 1F 1F 1 ;
., Fe3d"_ -I- d P L

S - Fedspd L it it 4
15 .I.I. .I.I. .I.I. .I.I. .I.I. .I.I.

0 1 2 3 -0.2 0.0 0.2-0.2 0.0 0.2-0.2 0.0 0.2
DOS (1/eV FeSiy) Overlap Population (1/eV)

Fig. 12.4 (a) Total and partial density of states and overlap population diagrams of (b) Fe-Si
bond, (c¢) Si-Si bond and (d) Fe-Fe bond in a-FeSi,. Bond overlap populations are given on the
right top of each panel
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Fig. 12.5 (a) Total and partial density of states and overlap population diagrams of (b) Fe-Si
bond, (c¢) Si-Si bond and (d) Fe-Fe bond in B-FeSi,. Bond overlap populations are given on the
right top of each panel
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bond, (¢) Si-Si bond and (d) Fe-Fe bond in y-FeSi,. Bond overlap populations are given on the
right top of each panel
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the Si-Si bonds. o and y-FeSi, are metallic phases and the Fermi level lines in the
middle of the Fe 3d bands. On the other hand, the Fermi level in p-FeSi, lies at
the deep minimum in the Fe 3d bands. This feature well reproduces the semi-
conducting behavior of p-FeSi,.

The bonding and antibonding bands of the Fe-Si bond in f-FeSi, are
completely separated by the interaction between the Fe 3d and the Si 3s and 3p
states. This interaction leads to a gap at the Fermi level in B-FeSi,. In y-FeSi,, the
separation is not perfect and the Fermi level lines in the bonding band. The
distortion in the crystal structure of p-FeSi, can be, therefore, considered as a
Jahn-Teller distortion which lowers the energy and forms a band gap. There are
two types of Si-Si bonds in o-FeSi, as shown in Table 12.2. The overlap
population diagram of the Si-Si bond in a-FeSi, is plotted for shorter Si-Si
bonds connecting the Si layers. The Si-Si bonds in «-FeSi, are shorter than
those in P and y-FeSi, because there are Si-Si layers in which the Fe atoms are
not occupied. The bonding states of the Si-Si bond in a-FeSi, are, therefore, larger
than those in p and y-FeSi,. The Fe-Fe bonds in a-FeSi, are also shorter than those
in B and y-FeSi, because the adjacent body-centered sites are occupied by the
Fe atoms in a-FeSi,. However the Fermi level lies in the middle of the antibond-
ing bands of the Fe-Fe bond. The Fe-Fe bond is much weaker than the Fe-Si and
Si-Si bond because of the antibonding contribution.

The bond overlap populations (BOP) of the Fe-Fe, Fe-Si and Si-Si bonds are
shown in Fig. 12.7. In a-FeSi,, the Si-Si bonds between the Si layers are very strong
as described above. Compared to y-FeSi,, the BOPs of the Si-Si and Fe-Fe bonds in
B-FeSi, are larger. This is due to the difference in bond length. Local structures
around the Fe site are shown in Fig. 12.8. In y-FeSi,, the bond lengths of the Fe-Fe
are too long to form the stable bonding. The Si-Si bonds are also longer than
those in pB-FeSi,. The bond lengths of the Si-Si bonds in p-FeSi, are adjusted to
the suitable length by breaking two Si-Si bonds around the Fe site. The Fe-Fe
distances are also shortened to form the Fe-Fe bonds in -FeSi,.
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12.4.2 Compositional Dependence of Lattice
Parameters of f-FeSi,

The Si/Fe ratio is an important factor for both sintered p-FeSi, and p-FeSi, thin
films. Figures 12.9 and 12.10 show the calculated lattice parameters of p-FeSi,
including vacancies and antisite atoms as a function of Si composition, respec-
tively. In the case of vacancies, the Fe vacancies both on Fel and Fe2 sites increase
the lattice parameter of g-axis. This is due to anisotropic atomic relaxations around
the Fe vacancy as described below. Whereas the Si antisite atoms also increase the
lattice parameters, the Sil and Si2 sites show different trends: the Sil antisite atoms
increase the lattice parameters of the a and c-axes; the Si2 antisite atoms increase
those of b and c-axes. The influence of the Fe antisite atoms on the lattice
parameters is smaller than the other defects. In the case of sintered FeSi,, it was
reported that the lattice parameter of the a-axis increases with increasing Si/Fe
ratio, but those of the b and c-axes remain almost constant (Kobayashi et al. 1990).
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Fig. 12.11 Structures around the Fe and Si vacancies in B-FeSi,. Arrows with a scale factor of
10 show the displacements from the ideal position in $-FeSi,

This trend cannot be explained by the change in the lattice parameters arising from
single defect studied here.

The arrangements of the neighboring atoms around the vacancy and antisite
atom are shown in Figs. 12.11 and 12.12, respectively. With respect to the vacancy,
the lattice parameter of the ag-axis shows an increase with increasing Fe vacancy,
which indicates that anisotropic relaxations are induced around the Fe vacancy. As
shown in Fig. 12.11, around the Fe vacancy, the Si atoms near the neighboring Fe
atoms significantly displace inward towards the Fe vacancy and the neighboring Fe
atoms move outward from the Fe vacancy, which leads to the increase of the lattice
parameter of the a-axis. Compared to the Fe vacancy, the neighboring atoms around
the Si vacancy show mild relaxations. The lattice parameters are almost constant or
decreased by the Si vacancy. In the case of the antisite atom, the Si antisite atom
significantly increases the two lattice parameters while the change in lattice
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Fig.12.12 Structures around the Fe and Si antisite atoms in f-FeSi,. Arrows with a scale factor of
10 show the displacements from the ideal position in 3-FeSi,

parameters induced by the Fe antisite atom is gentle. The average bond length of the
Si-Si bonds is longer than that of the Fe-Si bond as shown in Table 12.2. The Si
antisite atom, therefore, induces outward relaxations of the neighboring Si atoms to
form the Si-Si bonds, which leads to the increase of the lattice parameters.

12.4.3 Vacancy Formation Energy

The calculated formation energies of Fe and Si vacancies for all of the possible
reactions are listed in Tables 12.3 and 12.4, respectively. The lowest energies of Fe
and Si vacancies at each condition in FeSi, are shown in Figs. 12.13 and 12.14,
respectively. In all of the conditions, f-FeSi, has the highest vacancy formation
energy both of the Fe and Si sites. In y-FeSi,, the vacancy formation energies are
zero or negative. These trends arise from the difference in the formation energies of
FeSi, shown in Fig. 12.2. The energetic penalty of vacancy formation, namely the
energy of breaking the bonds between the neighboring atoms expressed by the first
term of Eq. (12.10), is the highest in f-FeSi, having the lowest formation energies at
any compositions. On the other hand, the vacancies are introduced at around the
stoichiometric composition of y-FeSi,. In particular, the non-stoichiometric y-FeSi,
including the Si vacancies possesses lower formation energies than the stoichio-
metric y-FeSi,. These features lead to the negative formation energies of the Fe and
Si vacancy in y-FeSi,,

The formation energy of the Fe vacancy steeply decreases going from the
Fe-rich to the Si-rich condition. The formation energy of the Si vacancy has an
opposite trend and exhibits gradual changes compared to the Fe vacancy. This is
because the sum of the chemical potential of one Fe and two Si atoms is equal to the
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Table 12.3 Formation

energies of a Fe vacancy in

FeSi, and FeSi

Table 12.4 Formation

energies of a Si vacancy in

FeSi, and FeSi

M. Mizuno and H. Araki

Reaction Formation energy (eV)
a-FeSi, | 0 — 3Vg. +2Feg; + FeSi, 1.19
0 — Vg +2Vs; + FeSi, 0.95
Vie = VEe 0
2Si — Vg + FeSi; —0.08
B-FeSi, | 0— 3Vg. +2Feg; + FeSi, 4.64, 4.53
0 — Vg +2Vg; + FeSi, 2.60, 2.63
2Sige — 3VE. + FeSi, 0.47,0.35
2Si — Ve +FeSi, 2.40,2.29
v-FeSi, | 0— 3Vg.+2Feg;+FeSi, | —2.48
0 — Vg +2Vg; + FeSi, —0.83
Vie = VEe 0
2Si — Vg + FeSi, —0.30
FeSi 0 — 2VE + Feg; + FeSi 1.70
0— Vg +Vs; + FeSi 1.58
Vie = VEe 0
Si— Vg +FeSi 0.22
Reaction Formation energy (eV)
a-FeSi, Fegs; — 3Vg; + FeSi, 0.82
0 — Vg +2Vg; + FeSi, 0.95
0 — 3Vg; + Sig. + FeSi, 1.42
0— Vg +Si 1.46
B-FeSi, Feg; — 3V; +FeSi, 1.64, 1.69
0 — Vg +2Vs; + FeSi, 2.60, 2.63
0 — 3Vg; + Sig. + FeSi, 3.73,3.77
0— Vg +Si 2.76, 2.80
v-FeSi, Vsi— Vsi 0
0 — Vg +2Vs; + FeSi, —0.83
0 — 3Vs; + Sige + FeSip —1.24
0— Vg +Si —1.09
FeSi Feg; — 2Vg; + FeSi 1.46
0 — Ve + Vs; + FeSi 1.58
0 — 2V; + Sige + FeSi 3.36
0— Vg +Si 2.94

energy of FeSiy: Apg. =-2Aps;. In the Si-rich condition of B-FeSi,, the formation
energy of the Fe vacancy is about 0.4 eV, indicating that the Fe vacancies are
introduced in this condition. The change in lattice parameters associated with the
Si/Fe ratio observed in sintered -FeSi,, described in the previous section, can be
ascribed to the formation of the Fe vacancies and Si antisite atoms: the Fe vacancies
increase the lattice parameter of a-axis and the decrease in the lattice parameters of
the b and c-axis is reduced by the Si antisite atoms.
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The formation energies of Fe and Si vacancies in FeSi are shown in Fig. 12.15.
Compared to p-FeSi,, the formation energies of Fe vacancies in FeSi are lower at
each condition. This trend mainly originates from the difference in the chemical
bonding of the Fe-Si bond. The energetic penalty of a Fe vacancy formation in FeSi
is about 2 eV lower than that in f-FeSi,. Whereas the Fe atom in FeSi, has eight
neighboring Si atoms at the average distance of 2.37 A, the Fe atom in FeSi has
seven Si atoms at the average distance of 2.41 A. In addition, in the Si-rich
condition, the Fe vacancies are introduced in FeSi by the deviation from the
stoichiometric composition. These results suggest that more vacancies are intro-

duced in the case FeSi is formed first in the Si-lean condition for the growth of
ﬁ—FeSiz.

12.4.4 Positron Lifetimes of Bulk State

The distributions of positron density in the bulk state of FeSi, are shown in
Fig. 12.16. The positron lifetimes and annihilation fractions are listed in Table 12.5.
In general, positrons in a perfect crystal are delocalized in the interstitial region
because of the repulsion from the ion cores. In the structure of FeSi,, the Si atoms
form a simple cubic sub-lattice and a half of the body centered sites are still
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a a-FeSia b  PB-FeSi2 ¢  y-FeSip

@,

Fig. 12.16 Positron density distributions of the bulk states in (a) o, (b) f and (c) y-FeSi,

Table 12.5 Positron lifetime and annihilation fraction of Fe in FeSi,

Positron lifetime (ps)/Annihilation fraction of Fe (%)

Bulk Fe vacancy Si vacancy
a-FeSi, 147/14.6 165/10.3 194/22.6
B-FeSi, 137/30.7 172/19.1 175/39.1
y-FeSi, 148/24.2 171/14.3 188/41.3

unoccupied. Positrons, therefore, tend to localize at unoccupied body centered sites.
In a-FeSi,, positrons are distributed between the Si layers in which the Fe atoms are
not occupied. The annihilation fraction of Fe atoms is, therefore, lower than that of
the other phases. In B-FeSi,, the interstitial sites are distorted and the free volume
becomes smaller. As a result, the annihilation fraction of the Fe atoms increases and
positron lifetime becomes shorter than the other phases.

The annihilation rates in the bulk state of FeSi, are shown in Fig. 12.17. The
reciprocal of the sum of annihilation rates is equivalent to positron lifetime as
shown in Eq. (12.2). Annihilation rates are proportional to annihilation fractions in
the case distributions of positrons are similar such as the bulk state of FeSi,.
Changes induced by a vacancy show different trends for annihilation rates and
fractions, because the annihilation rates reflect not only the fractions of orbitals but
also the electron densities.

12.4.5 Positron Lifetimes of Fe and Si Vacancies

The distribution of positron density at the Fe and Si vacancies in FeSi, are shown in
Fig. 12.18. The positron annihilation rates of the Fe and Si vacancies are also shown
in Figs. 12.19 and 12.20, respectively. The Fe vacancy in each phase has a similar
positron lifetime of about 170 ps. This is because the Fe atom in each phase has
eight neighboring Si atoms and the free volume of the Fe vacancy is comparable.
In the case of bce-Fe, the positron lifetime of a Fe vacancy is about 70 ps longer
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Fig. 12.17 Positron 3.0 — T —
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Fig. 12.18 Positron density distributions at a Fe vacancy in (a) a, (b) f and (c) y-FeSi, and a Si
vacancy in (d) o, (e) p and (f) y-FeSi,

than that of the bulk state. The increase in the positron lifetime induced by a Fe
vacancy in FeSi, is less than half of that in bee-Fe. This is because positrons in the
bulk state of FeSi, are mainly distributed at the unoccupied body-centered sites.
Compared to the bulk state, the positron annihilation rates of the Si 3s and 3p
orbitals at the Fe vacancy remain almost unchanged, indicating that the unoccupied
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body-centered sites as well as the Fe vacancy contribute to the positron annihila-
tion. This trend can be seen at the distribution of positron density shown in
Fig. 12.18. In general, positrons tend to be strongly localized at a vacancy. Positrons
at the Fe vacancy in FeSi, spread to the adjacent unoccupied sites.

On the other hand, the Si vacancy in a and y-FeSi, has a longer positron lifetime
than the Fe vacancy. The increase in the positron lifetime originates from the
decrease in the annihilation rates of the Si 3s and 3p orbitals. The annihilation
rates of the Fe 3d and Fe 4sp orbitals show only small changes, even though the
annihilation fractions of the Fe atoms significantly increase. These results indicate
that positrons are localized at the Si vacancy. The Si vacancy in f-FeSi, has a
shorter positron lifetime than the other Si vacancies because the free volume around
the Si atom is decreased by the Jahn-Teller distortion.

Whereas the Fe vacancy in o and y-FeSi, has a shorter positron lifetime than the
Si vacancy, positron lifetimes of the Fe and Si vacancies in -FeSi, are close to each
other. This result suggests that it may be difficult to identify vacancy sites in p-FeSi,
by positron lifetime measurement. However, the annihilation fraction of the
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Fe atoms of the Si vacancy is about twice as large as that of the Fe vacancy, which
suggests that the vacancies in p-FeSi, can be identified using Coincidence Doppler
broadening (CDB) technique (Asoka-Kumar et al. 1996).

12.5 Summary

Chemical bonding and positron lifetimes in a, p and y-FeSi, are evaluated using the
discrete-variational (DV) Xa cluster method. The DOS of p-FeSi, shows a deep
minimum around the Fermi level, which corresponds to the semiconducting behavior.
The deep minimum arises from the complete separation between the bonding and
antibonding bands of the Fe-Si bonds. The calculated positron lifetimes of the Fe and
Si vacancies are similar to each other in B-FeSi,. It may be, therefore, difficult to
identify vacancy sites in B-FeSi, by positron lifetime measurement. Vacancy forma-
tion energies are obtained using the plane-wave pseudopotential method. In p-FeSi,,
the formation energy of the Fe vacancy steeply decreases going from the Fe-rich to
the Si-rich condition and shows the lowest value, about 0.4 eV, at the Si-rich limit.
The Fe vacancy in f-FeSi, increases the lattice parameter of a@-axis due to the
anisotropic lattice relaxations around the Fe vacancy. These results suggest that the
increase of the lattice parameter of a-axis with the Si/Fe ratio can be ascribe to the
formation of Fe vacancies in B-FeSi,. In the Si-lean condition for the growth of
-FeSi,, more vacancies are introduced in the case FeSi is formed first because the
formation energy of the Fe vacancy in FeSi is lower than that in p-FeSi,.
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Chapter 13

Structural Analysis of Al,TiOs at Room
Temperature and at 600 °C by DV-Xa
Approach (II)

Myung Chul Chang

13.1 Introduction

The Al,TiO5 ceramics have advantages such as high melting point, non-wetting
behavior with aluminum alloys, non-reactivity with aluminum alloys, extremely
good thermal shock resistance, and very low thermal expansion coefficient
(Miyauchi et al. 2007; Kim et al. 2003). However, instead of low thermal expansion
coefficient it has a low Young’s modulus, indicating the low mechanical strength.

It is known (Morosin and Lynch 1972) that there is a complete disorder in the
metal sites for Al,TiOs. The differences in the structure at room temperature and
600 °C appear to support that the coordination polyhedra about the metal ions tend
towards more regular configurations with the temperature increase, and the impor-
tance of cleavage planes, resulting from edge-shared octahedra in the hysteresis of
the thermal expansion of the ceramic. As particular interest materials; when heated,
it contracts along at least one crystallographic direction, meaning the thermal
expansion anisotropy and the distortion of atomic coordination polyhedra. Bond
length and angles vary markedly about the cations. DV-Xa analysis is investigated
for the cluster models at room temperature and 600 °C.

The excellent thermal shock-resistance of Al,TiOs ceramics results from the
combination of low thermal expansion and Young’s modulus, but Al,TiOs
ceramics has a low mechanical strength because of micro-cracks induced by the
high anisotropy of thermal expansion coefficients along the crystallographic axes.
The preparation of stabilized Al,TiO5 phase (Morosin and Lynch 1972; Tsetsekou
2005; Ghiorso et al. 1999) is intended during the sintering of Al,O5 and TiO, above
1,300 °C, but unstabilized Al,TiOs phase decomposes into Al,O; and TiO,
between 800 and 1,300 °C. The decomposition results from the collapse of adjacent
octahedra of Al and Ti, because of too large occupancy of the lattice site occupied
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by Al atom. Al atom migrates from its position and the structural dissolution occurs
into rutile and corundum because of the thermal energy induced by the octahedral
collapse. The thermal stability of Al,TiO5 can be improved by the incorporation of
MgO, Fe,0;, or TiO,, which are isomorphous with the mineral pseudobrookite,
causing a decrease in the decomposition temperature of isostructural compounds.
As another stabilization the grain growth can be limited by the addition of SiO,
and/or ZrO,, restraining the tendency of Al,TiO5 toward decomposition (Miyauchi
et al. 2007; Kim et al. 2003).

13.2 Calculations

The incorporation of Mg and Si into Al,TiOs cluster structure was modeled in order
to investigate the molecular orbital energy change for the Tialite structure at room
temperature and 600 °C. The clusters were prepared by using pseudobrookite data
(Morosin and Lynch 1972; Tsetsekou 2005; Ghiorso et al. 1999) as follows; Four
molecules per cell in an orthorhombic unit; metal atoms on fourfold sites at £(x, %,
0) and +(x + '2,%, '4), on eightfold sites at £(X, y, 0), £(x, /2 —y, 0), £(xX+ 4, y, %),
and £(x+%,%2—y, %), and the oxygen atoms on similar symmetry sites (one
fourfold and two different eightfold sites). Al-centered clusters [AlsTizOg] and
Ti-centered clusters [Ti4Al;Og] were prepared, and Mg and/or Si were incorporated
into a metal center, named like as Al-centered-Mg [MgAl,Ti30¢] or Ti-centered-Si
[SiTizAl3O¢] cluster (Fig. 13.1).

The total charges for ALTO [Al¢Tiz07], ALTO-u [Al¢Ti307, 600 °C], and
ALTO-BCT [Al¢Ti307] clusters are +16, +16, +15, respectively. For the disordered
structure metal sites of Al and Ti were replaced and the clusters were coded as
ALTO-r1, ALTO-r2, ALTO-BCT-rl, and ALTO-u-rl, etc. (Fig. 13.2).

13.3 Results and Discussion

The electronic structures of Al,TiOs at room temperature and at 600 °C were
investigated by using discrete variational Xo molecular orbital methods (Chang
2009). In aluminum titanate having pseudobrookite isomorphous structure
(Morosin and Lynch 1972; Tsetsekou 2005; Ghiorso et al. 1999), there are of
compositions My>*Ti**Os (in which M** may be Al) or M**Ti,**Os (in which
M?* may be Mg). These materials crystallize in space group Bbmm, with lattice
constants similar to those for Al,TiOs. At room temperature, the reported lattice
constants of Al,TiOs5 are ag=9.429, by =9.636, and c;=3.591 A. At 600 °C the
lattice constants are ap=9.481, by =9.738, and ¢y =3.583 A. By using the posi-
tional and isotropic thermal parameters for Al,TiOs DV-Xa molecular orbital
energy was calculated. With the addition of Mg and/or Si into Al site in Al,TiOs
cluster [Al;gTi;»Os50], variations of the calculated chemical bonds were coordinated
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Fig. 13.1 The molecular
structure of Al,TiOs crystal;
cleavage occurs across the
weaker shared edges (edges
type of C and D), shared
edge is shorter than
unshared edge, a cleavage
plane — perpendicular to the
a-axis (C and D edges),
while that perpendicular to
the b axis takes a rather
crooked path (A, B, and D
edges) (Morosin and Lynch
1972)
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with the lattice structure in order to understand the single crystal thermal expansion
and inter-atomic separations in Al,TiOs at room temperature and 600 °C. The
regular configurations of the coordination polyhedral about the metal ions with
the temperature increase were calculated with the degree of the disorder in the
metal sites. The real data of crystalline anisotropy as the degree of distortion of
atomic coordination polyhedra were compared with the marked variation of the
bond lengths and angles about the cations and the resulting total energy (Figs. 13.3
and 13.4).

The strength of the ceramic sharply increases at temperatures above 550 °C and
the chemical recombination above 550 °C is accomplished by tetrahedral-to-octa-
hedral interaction of surface metal ions on the opposite sides of a given micro-
fracture (Morosin and Lynch 1972). The ease of which such interactions accom-
plish recombination accounts for the rather remarkable ability for Al,TiO5 ceramics
to sustain repeated temperature cycling without degradation of the fracture-
recombination mechanism. In the room temperature structure the metal ions are
completely disordered in Al,TiOs. On the other hands in 600 °C crystal the metal
ions are ordered in Al,TiOs. The differences between room temperature and 600 °C
structures explain the anisotropic thermal expansion behavior of the single crystal
(Morosin and Lynch 1972). There is a tendency towards more symmetric config-
urations about the metal ions with increasing temperature for Al,TiOs.

The results of Mg** or Si** incorporation into the Al or Si sites in AlOg or TiOg
octahedral coordination may be reported as follows (Morosin and Lynch 1972);
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Fig. 13.2 The schematic diagrams of Al-Ti-O clusters with the positional change of Al and Ti
sites, and the incorporation of Mg2+ or Si** into Al,TiOs; (a) AlgTizO5 at 600 °C (b) positional
transition of AI** and Ti** in Al¢TizO; cluster (c) lattice incorporation of Si** into Al** site in
AlgTi307 cluster (d) lattice incorporation of Mg2+ into Ti*" site in Al¢Ti305 cluster

Structural differences at the two temperature result in the different coordination
polyhedra about the metal ions. The cleavage planes, resulting from edge-shared
octahedra in the thermal hysteresis of the ceramic cause binding energy change.
The micro-cracking in polycrystalline Tialite ceramics is as follows; Single phase
Aluminum Titanate is a low strength material. Thermal expansion anisotropy of
three crystal directions is the reason of the grain boundary micro-cracking. These
micro-cracks often result in negative thermal coefficients accompanied by pro-
nounced hysteresis. Such anisotropy creates complicate internal stresses during
cooling after sintering. The magnitude of internal stress is a direct function of
anisotropic thermal expansion, which is sufficient to exceed the intrinsic fracture
strength of the material, resulting in the severe micro-cracking at room temperature,
the low mechanical strength, and low Young’s modulus. The development of
micro-cracks accounts for low thermal expansion coefficients, which are a bulk
average value based on the behavior of individual grains.

The amounts of total energy for each model were compared individually from
the DV-Xa calculation. As one of results the Al site incorporation was energetically
preferable, but the Ti site incorporation was not. The positional transformation of
AI’* and Si** octahedral sites was preferable. It is known that the thermal stability
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Fig. 13.3 The energy contour (a) and band energy population (b) in the clusters of ALTO and
ALTO-U
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Fig. 13.4 The total energy in clusters: ALTO, ALTO-B, ALTO-BC, ALTO-BCT, ALTO-BCTT,
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of ALTO by the formation of solid solution with MgO is isomorphous with the
mineral pseudobrookite and the mechanical stability by limiting its grain growth
with the additives of SiO,, or mulite (A3S,, 3A1,05.2Si0,), not forming solid
solution, but restrains the decomposition of Al,TiOs. The decomposition of
Al,TiOs is caused by the collapse of adjacent Al and Ti octahedra because the
lattice site occupied by Al is too large. The microcracks show the crack opening,
closing and reopening hysteresis with the temperature, indicating the mechanical
healing.

The structural differences at the two temperatures result in the coordination
polyhedra about the metal ions. The cleavage planes, resulting from edge-shared
octahedra in the thermal hysteresis of the ceramic causes the change of binding
energy. Tialite ceramic body contracts along c-axis with heating as follows; The
thermal expansion coefficients for ALTO and ALTO-A3S,; are 9.70 X 10_6/K, and
0.68—5.48 x 107 °/K, respectively. Al,03-Si0,-TiO, (Tialite-mullite) ceramics;
Composites with more than 10 vol.% mullite (A3S,) as a second phase, enhance
the Young’s modulus, thermal expansion coefficient and room temperature strength
(Fig. 13.5).

Adjacent Al and Ti octahedra collapses because of the lattice site occupied by Al
is too large, as shown in the polycrystalline ceramics of ALTO with 10 % mullite.
In these simulation we used the MgO stabilized Tialite, and Tialite (Al,TiOs)-Mica
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Fig. 13.5 The stress development concept in Tialite ceramics (Gauckler and Kim 2008)

(Mg3Si4019(OH),), which may be the cluster model showing the microcracks
(Gauckler and Kim 2008). In the structure of microcracks there will be open, closing
and reopening hysteresis, which may be the cause of the mechanical healing.

The critical feature of crystalline anisotropy, leading to thermal expansion
anisotropy, is the degree of distortion of the atomic coordination polyhedra. By
distortion the bond lengths and angles vary markedly about the cations. Aluminum
titanate (Tialite), Al,TiOs, as a ceramic body, exhibits a very low bulk thermal
expansion coefficient, primarily because of a complex system of internal stresses
and fractures. The stresses and fractures are developed upon cooling from the high
sintering temperature, and are the result of the anisotropic structural properties of
the individual grains which form the ceramic body. Successful application of the
material has depended on the ability to control the micro-cracking phenomena.

Conclusion

Compared to other cluster Models, (AlsMg)(Ti,S1)O; cluster shows the stable
incorporation of Mg into Al site and Si into Ti site in Al,TiO5 crystal. In the
Mg, Si incorporated cluster in ALTO-u system the DV-Xa calculation was
not converged and the calculation for the disordered placement of metal sites
in ALTO-u was also not converged. Conclusively the disordered structure of
metal sites in Al,TiOs is favorable in room temperature structure, but not
favorable in 600 °C structure. The similar results were obtained for the
incorporation of Mg and/or Si into Al and Ti sites as shown in ALTO-BCT
cluster, respectively. The disordered metal structure for ALTO-BCT cluster
showed the similar DV-Xa calculation results compared with ALTO clusters.

(continued)
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In the incorporation of Mg, Si into ALTO-u the DV-Xa calculation was
not converged. On the contrary ALTO-u shows regular distribution. There is
the stable incorporation of Mg/Si into Al site in Al,TiOs crystal. The site
replacement using Mg>* and Si** in AlOg octahedra induces the increase of
total molecular energy, approaching the energy of ALTO-u and indicating the
stability of the incorporated cluster structure.
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Chapter 14

Wavelength of Luminescence and Energy
Level Structure of Binuclear Copper(I)
Complex

Tomohiko Ishii, Masahiro Kenmotsu, Kiyoshi Tsuge, Genta Sakane,
Yoichi Sasaki, Masahiro Yamashita, and Brian K. Breedlove

14.1 Introduction

Metal complexes are very attractive compounds because their physical properties,
such as electronic and magnetic properties and optical phenomena, can be explained
straightforwardly in relation to the ligand field splitting of the d or f orbitals of the
central metal atom (Cotton et al. 1994, 1999; Figgis and Hitchman 1999). Many
coordination chemists are currently studying how to control the ligand field splitting
by chemically modifying the ligands and the coordination environment of the central
metal ion. Unfortunately, no rules for systematically changing the ligand field
splitting have been reported up to now. Systematic control of the wavelength at
which a complex absorbs light has been extensively studied. For example, Tsuchida
et al. have developed a spectrochemical series (Tsuchida 1938a, b; Shimura and
Tsuchida 1956; Schonherr 2004a, b; Jergensen 1958),
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Fig. 14.1 Molecular
structure of bromine-
bridged copper(I) binuclear
complex
[Cua(p-Br)o(PPhs),L]

(L = pyz) exhibiting
luminescence

CO > CN™ > PPh; > NO, > SO3;>~ > phen > bpy > en > NH3 > py
> CH3CN > ONO~ > NCS™ > OH, > C,04% > ONO,” > 0S03*~
> OCHO™ > OH™ > 0CO,>” > OCOR™ > $,0:>" > F~ > N3~ > CI~
> SCN™ > $>* > Br > I,

showing the relationship between the first absorption band of the octahedral
[Co(NH3)sL] and ligand L. In addition, they have developed a spectrochemical
series in relation to the metal ion (M) in [M(NH3)e]"" and [M(H,O)¢]™*:

Pt*t > I’t > Pd*t > Ru*T > R > Mo*t > Mn*t > Cot > Fet
> VI > Fe?t > Co?t > Ni*™ > Mn?t.

These spectrochemical series are independent from each other. Recently,
we have reported a novel 2D universal spectrochemical series that can be used
for any combination of central metal atom and ligand molecules (Ishii et al. 2009).
Therefore, the physical properties arising from the ligand field splitting width of not
only known complexes but also unknown ones can be predicted by means of
molecular orbital calculations.

In the case of the ligand dependence on the emission spectrum, Araki and Tsuge
et al. have reported (Araki et al. 2005) that the luminescence wavelength from
red to blue light can be controlled systematically by changing the ligand (L) in
halogen-bridged copper(I) binuclear complexes, [Cu,(p-X),(PPh3),L] (X =BrorI)
(L = N-heteroaromatic ligands) (Figs. 14.1 and 14.2).

The interatomic distances in the bromine-bridged copper(I) binuclear complexes
change slightly in relation to the L used. The Cu-Br, Cu-P, Cu-N, and nearest
Cu. . .Cu distances are summarized in Fig. 14.3.
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Fig. 14.2 Observed luminescence wavelength (nm) bromine-bridged copper(I) binuclear
complex [Cu,(p-Br),(PPh;),L] in relation to L (dmap, 3-bzpy, bpy, 1,5-nap, 1,6-nap, quina,
4-bzpy, and pyz)
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On the basis of Fig. 14.3, there appears to be no relation between the bond
distances and the experimental luminescence wavelength. In other words, the
experimental luminescence wavelength cannot be discussed on the basis of the
molecular structure. Therefore, the electronic structures are the only way to explain
the experimental luminescence wavelength of these metal complexes. Tsuge
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et al. have reported that the observed luminescence wavelength can be explained by
the difference in the reduction potential. Of course, changing of the reduction
potential is one of the most important ways to change the electronic structure.
However, it is only possible for metal complexes whose reduction potentials are
already known. Therefore, we investigated the relationship between the observed
luminescence wavelength and the electronic structure of the halogen-bridged
binuclear copper complexes in order to predict the luminescence wavelength of
not only known but also unknown complexes.

In general, luminescence occurs when an excited electron decays in energy to
the lower state by releasing a photon. Thus, the absorption of light and lumines-
cence have almost the same energy, although they are opposite processes from each
other. Therefore, if we accurately know the energies of the ground and excited
states of the metal complexes, we can predict the experimental wavelength of the
absorption and/or the luminescence correctly.

In order to discuss the luminescence mechanism, an accurate electronic structure
of the excited states is needed. However, it can be difficult to calculate such an
electronic structure. Although luminescence involves an electron decaying in
energy from excited to ground states, the ground state structure cannot be used to
describe the excited states of metal complexes. Many coordination chemists have
been trying to determine the crystal structure of metal complexes in the excited
state (Ozawa et al. 2003, 2008). Although, only a few percent of the surface
structure of a single crystal becomes excited when the single crystal is irradiated
with an ultraviolet lamp or CW laser during data acquisition, structural data of the
complex in an excited state can be separated from the ground state crystal structural
data. In this study, we calculated the electronic structures of the excited and ground
states in order to compare the energy levels before and after irradiating with an
ultraviolet lamp and to determine their relationship to the observed luminescence
wavelength. In addition, we compared the electronic structures and the crystal
structures of the ground and excited states in order to discuss the luminescence
mechanism. On basis of our calculations, we found that the experimental lumines-
cence wavelength was not due to differences in the crystal structures but due to the
difference in the electronic structures of the metal complexes. In other words,
the energy of the luminescence is proportional to the ligand field splitting width
of the 3d metal orbitals when a ligand coordinates to a metal ion, which is similar to
the case of absorption (Ishii et al. 2009).

14.2 Calculations

In order to determine the electronic structure of the halogen-bridged binuclear
copper complexes, we carried out electronic structure calculations by using a
discrete variational (DV)-Xa molecular orbital method, which has been described
elsewhere (Adachi et al. 2005; Ishii et al. 2009; Rosén and Ellis 1975; Adachi
et al. 1978a, b; Satoko et al. 1978; Adachi and Taniguchi 1978). The crystal



14 Wavelength of Luminescence and Energy Level Structure of Binuclear. . . 337

Fig. 14.4 Cluster models

of halogen-bridged or= /
. Y "L

binuclear copper ® L Sy

complexes, L-Cu(PPh;) s _* L {

(p-Br),Cu(PPh3)-L (model
1) (top) and L-Cu(PPhj) e

(1-Br),Cu(PPhs)-L-Cu e, ./g/’
(PPhs)(p-Br),Cu(PPhs)-L e
(model 2) (bottom) >

(L=py2) ot
@'ﬁ @

F—e ‘:(‘u

- o:Bi

<o ) a. <« = ©:r
@ :N

structures of the metal complexes of halogen-bridged binuclear copper complexes
were taken from the Cambridge Structure Database (Allen 2002), and the CIF data
is included in the Electronic Supporting Information (ESI) (Araki et al. 2005). The
chemical formulae used for the molecular orbital calculations of the metal com-
plexes were L-Cu(PPh;)(p-Br),Cu(PPh3)-L (L =dmap, 3-bzpy, bpy, 1,5-nap,
1,6-nap, quina, 4-bzpy, and pyz) (L-M-L) (model 1) and L-Cu(PPh;)(p-Br),Cu
(PPhj3)-L-Cu(PPh3)(p-Br),Cu(PPh3)-L (L-M-L-M-L) (model 2) (L =bpy, 1,5-nap,
1,6-nap, quina, and pyz), as shown in Fig. 14.4.

In order to compare the cluster model dependence and the size effect, we
employed two more models: Cu(p-Br),Cu(PPhs)-L-Cu(PPh;)(p-Br),Cu (model 3)
and Br,Cu(PPh3)-L-Cu(PPh;3)Br, (model 4), as shown in Fig. 14.5.

Preliminary crystal structural data of the excited state obtained by using X-ray
diffraction while irradiating with CW laser were collected at low temperatures
(104, 153, and 253 K) by Ozawa and Toriumi et al. (Ozawa et al. 2003, 2008). They
have tried to observe direct geometrical distortion of the complex by photo exited
state crystallographic technique. Single crystal X-ray diffraction experiment was
performed by using the low temperature vacuum X-ray camera at SPring-8 BLO2B1
beam-line. Full intensity data of both under light irradiated by CW laser, and
non-irradiated conditions were collected by multiple-exposure IP method. In the
excited state, the nearest Cu...Cu distance was almost the same, whereas the
nearest Br...Br distance was about 10 % shortened after irradiating with CW
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Fig. 14.5 Cluster models
of Cu(p-Br),Cu-L-Cu
(p-Br),Cu (model 3) (top)
and CuBr,-L-CuBr, (model
4) (bottom) (L =pyz)
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laser, by photo-difference Fourier technique. Therefore, we developed a molecular
structure model of the excited state (model 5, Fig. 14.19 in the ESI) and calculated
the electronic structure in order to compare the electronic structures between the
ground and excited states.

Non-relativistic DV-Xa calculations were performed by using a Slater exchange
parameter (o) of 0.7 for all atoms and up to a million DV sampling points, which
gave a precision of better than 0.001 eV for the valence electron energy eigen-
values. We employed the basic functions of the copper ions up to 4p orbital and
those of the halogen and atoms of the ligand molecules up to the 2p, 3p, 4p or 5p
orbitals, depending of the kind of atom, in order to optimize the electronic structure.
The calculations were carried out self-consistently until the difference in orbital

populations between the initial and final states of the iteration was less than 0.0001
electrons. Detailed results of the calculations are summarized in the ESI.

14.3 Results and Discussions

14.3.1 Energy Level Structure

In the case of organic compounds, absorption involves a -1 transition and/or the
energy difference between the HOMO and the LUMO energy levels. On the other
hand, in the case of metal complexes, there is a relationship between the observed
wavelength of the absorption and the energy difference among the d orbitals
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Fig. 14.6 Ligand (L) dependence of the energy level diagrams of L-Cu(PPh;)(p-Br),Cu(PPh;3)-L
(L = dmap, 3-bzpy, bpy, 1,5-nap, 1,6-nap, quina, 4-bzpy, and pyz) (L-M-L) (model 1). Solid and
dashed lines denote the occupied and unoccupied molecular orbitals, respectively. The colors used
in this figure correspond to the observed luminescence wavelengths

separated due to ligand field splitting. However, the molar extinction coefficient
(¢) of the d-d orbital transition is in the range from 10° to 10? (M71 cm !
(1 M= 1 mol dm?)) and is much smaller than those of the intervalence transition
(10°-10%), charge transfer transition (10°-10%), and the ligand-based transition
(10°-10%). Since & corresponds to the intensity of the absorption band, in this
study, it is of no concern because we were interested in the luminescence
wavelength (photon energy). So, among analogous metal complexes, the wave-
length should change in relation to a combination of a d-d transition, metal to
ligand charge transfer (MLCT), halide to ligand charge transfer (XLCT), ligand
to ligand charge transfer (LLCT), ligand to metal charge transfer (LMCT),
and so on.

Energy level diagrams of the cluster model 1(L-M-L) with several ligands are
plotted in Fig. 14.6.

Further details concerning the energy level diagrams are summarized in the
ESI (Fig. 14.20). On the basis of the energy level diagrams, there is no relation-
ship between the observed luminescence wavelength and the energy difference
between the HOMO and the LUMO levels. In addition, there is no relationship
involving the energy dispersion among the occupied and the unoccupied energy
levels. The molecular orbitals of the metal complexes are a complex mixture of o,
7, and " orbitals from the copper 3d, bromine 4p, and phosphorus 3p orbitals.
Therefore, it is very difficult to discuss the luminescence mechanism directly in
relation to specific molecular orbitals. In the next section, we discuss the atomic
orbitals rather than the molecular orbitals, which are linear combinations of
atomic orbitals (LCAOQOs).
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Fig. 14.8 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (L = 1,5-nap, bpy, 3-bzpy, and dmap). Solid vertical line denotes the
energy level of the HOMO

14.3.2 Partial Density of States (p-DOS)

Each LCAO can be separated into the atomic orbitals by means of the Mulliken’s
population analysis (Mulliken 1955a, b, c, d). From this analysis, a partial density of
states (p-DOS), which is a percentage of each atomic orbital of the density of states,
can be obtained. The p-DOSs of the cluster model 1 (L-M-L) with several bidentate
ligand molecules are shown in Figs. 14.7 and 14.8.
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Fig. 14.9 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (top) and L-Cu(PPh;)(p-Br),Cu(PPh3)-L-Cu(PPhs)(p-Br),Cu(PPhs)-
L (L-M-L-M-L) (model 2) (bottom) (L = pyz)

Near the Fermi energy in the occupied orbital region, the molecular orbitals were
mainly a mixture of copper 3d and bromine 4p orbitals. On the other hand, in the
unoccupied region, they are mainly a combination of ligand o, &, and n~ orbitals. On
the basis of the p-DOSs, the luminescence occurs via a transition from an excited
state comprised mainly of the ligand orbitals to a ground state comprised of copper
3d and bromine 4p orbitals, after an MLCT-type transition caused by irradiation
with an ultraviolet lamp.

Now, we should discuss the validity of the cluster size in the molecular orbital
calculations. The original metal complex has a one-dimensional chain structure, in
which a bidentate ligand molecule bridges Cu,(p-Br), units. Therefore, the cluster
size of model 1 could be too small for discussing the electronic structures. So, we
used an additional model with a larger cluster size having the chemical formula L-Cu
(PPh3)(p-Br),Cu(PPhs)-L-Cu(PPhs)(p-Br),Cu(PPh;)-L  (L-M-L-M-L) (model 2).
The p-DOSs of both models 1 and 2 are summarized in Fig. 14.9.

In this figure, the p-DOSs of models 1 and 2 are similar, indicating that the size of
the model 1 is large enough to discuss the electronic structure of the metal complex.

Another reason why the two p-DOSs are almost the same is due the simple
nature of the metal complex. In other words, the physical properties of metal
complexes can be explained straightforwardly by means of the ligand field splitting
of the d or f orbitals of the central metal atom, as mentioned in the Introduction. The
one dimensional chain structure can be used for discussing electrical conductivity
and single-chain magnets (SCMs) (Miyasaka et al. 2009), whereas the electronic
structure of the binuclear unit can only be used for discussing optical properties,
such as absorption and emission. Therefore, we can discuss the electronic structures
of the metal complexes if we can create model of the metal complex with a central
metal ion and a minimum number of ligands of an appropriate size. Luminescence
from analogous binuclear copper complexes with one-dimensional chain as well as



342 T. Ishii et al.

0%

2 4 6

2% ) —Cu

5 LN | |—Br

-E k 2 4 6 | —Cu+Bi

= —N
5% 2 L

[l | AN A\ —

= . 0 2 4 6 r
10%

S ANN D)~ g

0 2 4 6
Energy (eV)

Fig. 14.10 Partial density of states (p-DOS) near the Fermi energy level after 0, 2, 5, and 10 %
structural deformation of L-Cu(PPh3)(p-Br),Cu(PPhs)-L (L-M-L) (model 1) (L = pyz)

non-chain discrete structures has been observed. Therefore, model 2, which has a
larger size, is not required. Details of the calculations with bpy, quina, 1,6-nap,
1,5-nap, and pyz are summarized in Figs. 14.21, 14.22, 14.23, and 14.24 in the ESIL.

From Fig. 14.9, the character of the ligand field splitting of the copper 3d orbitals
could be obtained. The ligand field splitting is caused by the bridging bromine,
terminal triphenylphosphine and L. The mechanism for luminescence involves an
MLCT transition between the copper 3d and the ligand molecular orbitals. There-
fore, the observed luminescence wavelength is closely related to the energy split-
ting widths of the copper 3d and the ligand molecular orbitals. In the case of the
copper 3d orbitals, the 4p orbitals of the bridging bromine atoms bind tightly to the
copper 3d orbitals on the basis of p-DOS. We can compare the energy splitting
widths more clearly by means of the sum of the copper 3d and bromine 4p orbitals,
as shown in Fig. 14.9. Similar calculations involving other ligand molecules are
summarized in Figs. 14.21, 14.22, 14.23, and 14.24 in the ESL

Ozawa et al. have performed crystal structural analyses on these binuclear
copper complexes in the excited state while irradiating the crystal with CW laser
(Ozawa et al. 2003, 2008). In their experiment, the interatomic distance between the
two copper atoms is almost the same, whereas that between the two bromine atoms
is shortened in the excited state. The structural change is reported to be about 10 %.
In the excited state, the electron in the copper 3d orbital slightly moved outside
from the Cu,Br, unit plane due to MLCT. Thus, the intermolecular distance
between the two bromine atoms is shortened due to the expansion of the two copper
atomic orbitals. Luminescence can be explained by the electron in the ligand
molecular orbital dropping into the copper 3d and bromine 4p orbitals.

We calculated the electronic structures using extremely deformed cluster models
in order to compare the effect from the structure changing between the ground and
the excited states. The p-DOSs of the deformed cluster models with pyz as a ligand
are shown in Fig. 14.10.
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Fig. 14.11 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;3)(p-I),Cu
(PPh3)-L (top; L = pym, middle; L = pyz, bottom; L = pip). Red and blue rectangle regions denote
occupied (mainly by Cu 3d orbital) and unoccupied (mainly by ligand molecular orbital) p-DOSs
in relation to an MLCT-type electron transfer, respectively

We did not find much difference in the electronic structures with 0, 2, 5, and
10 % deformation. Similar results were obtained when L =1,5-nap, bpy, and
3-bzpy, as shown in Fig. 14.25, 14.26, and 14.27 in the ESI.

Taking into account that Ozawa et al. observed about 10 % structural difference
between the ground and excited states, the molecular orbital calculations using
cluster models based on the ground state CIF data can be used to discuss the
electronic structure of the excited state in order to determine the luminescence
mechanism.

Luminescence has been observed not only from the bromine-bridged binuclear
copper complex but also from the iodine-bridged ones (Araki et al. 2005). In the
case of the iodine-bridged analogues, the metal complexes with bpy, pym, and pyz
show luminescence, whereas the one with piperidine (pip) does not. The lumines-
cence mechanism is due to an electron dropping after MLCT excitation. Therefore,
luminescence should not occur if there is no p-DOS of the ligand orbital near the
Fermi energy level in the unoccupied region. Among the analogous binuclear
copper complexes, only in the case of the iodine-bridged complex with pip,
luminescence is not observed. However, when L has a conjugated m system,
luminescence is observed from both the iodine- and bromine-bridged complexes.
Therefore, since luminescence appears to be closely related to the conjugated ©
character of L, we calculated the electronic structure of the complex with pip in
order to compare the luminescence mechanisms, and p-DOSs of the iodine-bridged
complexes with pym, pyz, and pip are shown in Fig. 14.11.

On the basis of the p-DOSs, the copper 3d and the iodine 5p orbitals are
dispersed around the Fermi energy level in the occupied region. In addition, similar
electronic dispersions of the ligand orbitals were obtained near the Fermi energy
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level in the unoccupied region in the cases of pym and pyz. Therefore, both the
iodine- and the bromine-bridged complexes should exhibit luminesce via the same
mechanism involving MLCT.

On the other hand, in the case of pip, there is no electron dispersion of p-DOS
just above the Fermi energy level in the unoccupied region. In general, an organic
compound needs to be able to undergo a m-n" electronic transition in order for
luminescence to occur. However, the iodine-bridged metal complex is not a simple
organic material, meaning that the lack of a simple 7-x" transition does not explain
the lack of luminescence. In the case of pip, each carbon or nitrogen atom is sp”
hybridized. So, there are no m- or © -conjugated orbitals in this ligand. The overlap
of a metal dz” orbital with an sp> hybridized orbital and orbital is much better than
that with an sp? one. Therefore, the energy splitting of an sp® hybridized orbital
between the bonding and the anti-bonding orbitals should be much more larger than
those of the pym and pyz, which have sp? hybridized orbitals. As a result, in the case
of pip, the energy difference between the copper 3d orbital and the ligand sp’
molecular orbital is too large for luminescence in the visible region. In Sect. 3.3, we
discuss the relationship between the experimental luminescence wavelength of the
bromine-bridged binuclear metal complex and L.

14.3.3 Relationship Between the Experimental
Luminescence Wavelength and the Energy
Splitting Width

The luminescence mechanism of binuclear copper complexes involves an electron
in an excited state due to MLCT returning to the ground state. Strictly speaking, the
exact energy splitting width of the copper 3d and the halogen 4p (bromine) or 5p
(iodine) orbitals in the ground state and the energy splitting width of the ligand
molecular orbital in the excited state must be calculated with high accuracy in order
to discuss the luminescence wavelength quantitatively.

Now, we consider the reason for the energy splitting. Needless to say, the copper
3d orbitals split in energy when a ligand coordinates to a copper ion. In a metal
complex, the metal d orbitals and the ligand o, &, and 1" orbitals mix to form the
bonding and antibonding orbitals. Therefore, the energy level splitting of the ligand
molecular orbitals is not independent from the energy level splitting of the metal d
orbitals. So, in this section, we compare the electronic structure and the observed
luminescence wavelength by means of the energy level splitting of the copper
3d and the halogen 4p or 5p orbitals.

Although we can obtain accurate crystal structural data in the ground state, it is
impossible to obtain accurate crystal structural data in the excited state. So, it is
impossible to calculate the luminescence wavelength accurately by means of any
molecular orbital calculations. However, in order to discuss the same structure, similar
chemical structures or analogous metal complexes, it is more effective to compare
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qualitative energy level diagrams. In this study, we compared the experimental
luminescence wavelength on the basis of the electronic structures because the
binuclear copper complexes have similar structures with similar bidentate ligands.
Now, we discuss the energy splitting width of the copper 3d orbitals.

P-DOSs of the copper 3d orbitals of the binuclear complexes are plotted in
Fig. 14.12.

The shape of the copper 3d orbitals shown in Fig. 14.12 is due to the distorted
tetrahedral crystal field splitting between e, and t,, groups of the Cu™ ion by the two
bromine ions, triphenylphosphine, and L. The shape of each p-DOS is almost the
same, making it possible to compare the energy level splittings to each other.

The relationship between the luminescence wavelength and the energy splitting
width of the p-DOS is plotted in Fig. 14.13.

In the region indicated with a red ellipse in Fig. 14.13, a clear linear correlation
between the experimental wavelengths and the calculated splitting energies was
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observed. In this figure, the value for dmap and 4-bzpy do not correlate with the
other data. One of the reasons for the disagreement comes from the difference in the
structure of the metal complex. The structure of binuclear copper complex with
dmap, 3-bzpy, or 4-bzpy is not a one-dimensional chain but a discrete structure, as
shown in Fig. 14.14.

Dmap, 3bzpy, or 4bzpy are not bidentate ligands but monodentate ones in the
discrete structure. In other words, the different coordination environment could
give rise to the distance from the linear correlation.

Finally, we employed an another type of cluster model, CuBr,(PPh;3)-L-
CuBr,(PPhs) (M-L-M) (Fig. 14.5) in order to compare the cluster model dependence
with model 1 (L-M-L). The p-DOSs of the M-L-M cluster models 3 (Cu(p-Br),Cu-L-
Cu(p-Br),Cu) and 4 (Cu(p-Br),Cu-L-Cu(p-Br),Cu) with pyz is shown in Fig. 14.15.

On the basis of the p-DOSs of the two models, there are scarcely any differences
in the electronic structures. Therefore, the electronic structure of the metal complex
is dependent on the coordination environment and the coordination ability of
L. Similar results were obtained in the cases of quina (Fig. 14.28), 1,6-nap
(Fig. 14.29), 1,5-nap (Fig. 14.30), and bpy (Fig. 14.31) in the ESI.
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Fig. 14.15 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (top), Cu(p-Br),Cu-L-Cu(p-Br),Cu (model 3) (middle) and ¢ (model
4) (bottom) (L = pyz)

14.3.4 Relationship Between the Experimental Wavelength
and the Energy Level Difference Between the Metal
3d and Ligand Molecular Orbitals

We have discussed that there is a relationship between the experimental lumines-
cence wavelength of the ligand field splitting width of the copper 3d orbitals caused
by the surrounding ligands. As mentioned in Sect. 3.3, the splitting width and
luminescence wavelength are linearly correlated except when L =dmap and
4-bzpy. It should be noted that a d-d electronic transition is not involved because
the Cu* ion has a d'” system. Since luminescence from the binuclear copper
complexes occurs when an electron returns to the ground state after being excited
via MLCT, a discussion involving only the energy splitting of the copper 3d orbitals
is insufficient. In addition, because luminescence is observed from both the
one-dimensional chain and discrete complexes, other methods of analysis are
needed in order to understand the luminescence mechanism even if it is sufficient
for the complexes with dmap and 4-bzpy. Therefore, we now introduce a new way
for discussing the energy level splitting between the copper 3d and ligand molecular
orbitals, as shown in Fig. 14.16.

In Fig. 14.16, near the Fermi energy level in the occupied region, there is an
electron dispersion created by the copper 3d and the bridging bromine 4p orbitals. On
the other hand, in the unoccupied region, the electron dispersion mainly involves the
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Fig. 14.16 Strategy for discussing the experimental luminescence wavelength of the binuclear
copper metal complex using the energy difference between the metal’s 3d orbitals in the occupied
region and the ligand molecular orbitals in the unoccupied region of the partial density of states
(p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu(PPhs)-L (model 1) (L = pyz). Solid
vertical line denotes the HOMO energy level
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Fig. 14.17 Plot of the energy level difference between the Cu 3d and ligand orbitals versus the
experimental luminescence wavelength of L-Cu(PPh;)(p-Br),Cu(PPh;)-L (L-M-L) (model 1).
Dashed line indicates a rough linear correlation

ligand molecular n-conjugated orbitals. Therefore, after irradiating with an ultraviolet
lamp, an electron in the copper 3d and the bromine 4p orbitals is excited into the
unoccupied ligand molecular orbitals via MLCT. After a certain lifetime, the excited
electron returns to the original ground state emitting a photon. So, we determined the
excitation energy, which is the difference between the numerical averages of
the occupied copper 3d and unoccupied ligand molecular orbitals. P-DOSs of the
binuclear copper complexes with pyz, 4-bzpy, quina, and 1,6-nap are plotted in
Fig. 14.7, and with 1,5-nap, bpy, 3-bzpy, and dmap in Fig. 14.8.

The excitation energy is the energy difference between the copper 3d and ligand
molecular orbitals in the p-DOS diagrams, and its relationship to the observed
luminescence wavelength is plotted in Fig. 14.17.

From this plot, the tendency of the relationship between the calculated excitation
energy and the experimental luminescence wavelength can be described with a linear
function. The coordination strength can change not only the energy splitting width of
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the copper 3d orbitals but also that of the ligand molecular orbitals. Therefore, in the
case of a luminescence mechanism involving MLCT, the observed wavelength can
be explained by the relationship between the excitation energy determined by using
molecular orbital calculations and the experimental wavelength. The relationship in
Fig. 14.17 is reproduced with the unit of eV, as shown in Fig. 14.18.

Each point is located in the area (y > x) above the diagonal of the plot, meaning
that the energy of the luminescence should be lower than that of the excitation.

Conclusion

From the result of our calculation, it is revealed that there is the possibility to
predict the luminescence wavelength of not only the well-known but also the
unknown binuclear copper complexes by means of the strong relationship
between the observed and the calculated photon energies. Such a strong
relationship had been already confirmed very suitable for any metal com-
plexes. In this mechanism, the luminescence of a light can be represented by
an electronic charge transfer between a metal and a ligand (MLCT), after the
electron were excited after irradiating by a UV light. The luminescence
wavelength was linearly correlated to the energy difference between the
metal’s 3d orbitals below the HOMO level and the ligand’s m-conjugated
molecular orbitals above the LUMO level.
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Fig. 14.21 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPhs)-L (L-M-L) (model 1) (fop) and L-Cu(PPh3)(p-Br),Cu(PPh;)-L-Cu(PPh;)(p-Br),Cu(PPhs)-
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Fig. 14.22 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh;3)-L (L-M-L) (model 1) (fop) and L-Cu(PPh3)(pu-Br),Cu(PPh;)-L-Cu(PPh;3)(p-Br),Cu(PPh;3)-
L (L-M-L-M-L) (model 2) (bottom) (L = quina)
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Fig. 14.23 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (fop) and L-Cu(PPh;)(p-Br),Cu(PPh;)-L-Cu(PPh;)(p-Br),Cu(PPhs)-
L (L-M-L-M-L) (model 2) (bottom) (L = 1,6-nap)
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Fig. 14.24 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh;)-L (L-M-L) (model 1) (fop) and L-Cu(PPh;)(p-Br),Cu(PPh;)-L-Cu(PPh;)(p-Br),Cu(PPhs)-
L (L-M-L-M-L) (model 2) (bottom) (L = 1,5-nap)
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Fig. 14.26 Partial density of states (p-DOS) near the Fermi energy level after 0, 2, 5, and 10 %
structural deformation of L-Cu(PPh;)(p-Br),Cu(PPh;)-L (L-M-L) (model 1) (L = bpy)
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Fig. 14.27 Partial density of states (p-DOS) near the Fermi energy level after 0, 2, 5, and 10 %
structural deformation of L-Cu(PPh3)(p-Br),Cu(PPh;)-L (L-M-L) (model 1) (L = 3-bzpy)
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Fig. 14.28 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (top), Cu(p-Br),Cu-L-Cu(p-Br),Cu (model 3) (middle), and CuBr,-
L-CuBr, (model 4) (bottom) (L = quina)



14 Wavelength of Luminescence and Energy Level Structure of Binuclear. . . 355

L-M-L
o M
=20 -10 0 10 20 30
5 —N
Model3 = v A
= | A — L
w20 -10 0 10 20 30
=}
=
&
Model 4 _ S _
& AN VN A VY
=20 -10 0 10 20 30

Energy(eV)

Fig. 14.29 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (top), Cu(p-Br),Cu-L-Cu(p-Br),Cu (model 3) (middle), and CuBr,-
L-CuBr, (model 4) (bottom) (L = 1,6-nap)
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Fig. 14.30 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (fop), Cu(pu-Br),Cu-L-Cu(p-Br),Cu (model 3) (middle), and CuBr,-
L-CuBr, (model 4) (bottom) (L = 1,5-nap)
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Fig. 14.31 Partial density of states (p-DOS) near the Fermi energy level of L-Cu(PPh;)(p-Br),Cu
(PPh3)-L (L-M-L) (model 1) (top), Cu(p-Br),Cu-L-Cu(p-Br),Cu (model 3) (middle), and CuBr,-
L-CuBr, (model 4) (bottom) (L = bpy)
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