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Supervisor’s Foreword

This thesis reports systematic transport studies on the electrical, magnetic, and
thermoelectric properties of topological insulator (TI)—thin films grown by
molecular beam epitaxy. TI is one of the most important frontiers in condensed
matter physics in recent years. Due to the existence of strong spin-orbital coupling
(SOC) in TIs, the electronic band structure shows a non-trivial topology, which
promotes the formation of massless Dirac fermions in the TI surfaces. These unique
properties not only generate novel physical phenomena in the fundamental
researches, but may also have unique applications in spintronics and quantum
computation. The experimental results presented in this thesis offer useful infor-
mation for understanding the peculiar properties in TIs and demonstrate the fea-
sibility of application in future devices.

The main conclusions and contributions of this thesis are as follows:

(1) One of the most challenging problems in TI is the elimination of bulk carriers,
so that one can investigate the intrinsic properties of surface states. By using
isostructural isovalent mixtures of two prototypical TIs, Bi2Te3, and Sb2Te3
both of which are V-VI compounds and have opposite bulk carriers, we
successfully fabricated ideal TIs with truly insulating bulk and tunable charge
carriers (electron- or hole-like) in the surface states (see Chap. 3).
Thermoelectric measurements reveal that when the Fermi level lies around the
Dirac point, the magnetoelectric properties are dominated by the surface-state
electrons, whereas the thermoelectric effect at room temperature is predomi-
nately controlled by bulk states (see Chap. 6). These results demonstrate new
routes for investigating the novel quantum transport properties of the topo-
logical surface states and designing high-performance TI devices.

(2) With increasing Se concentration in Cr-doped Bi2(SexTe1-x)3 TI thin films, we
observe a magnetic quantum phase transition from ferromagnetism to para-
magnetism accompanied by a sign reversal of the anomalous Hall effect.
Across the critical point, a topological quantum phase transition of the band
structures is confirmed by angle-resolved photoemission measurements and
density functional theory calculations. Finally, the effective model calculations
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show that the bulk band topology is the fundamental driving force for the
magnetic quantum phase transition. More specifically, the topologically non-
trivial band structure prefers ferromagnetic ordering at low temperatures,
while the topologically trivial band structure tends to form paramagnetic
ordering (see Chap. 4). These findings significantly increase the understanding
and controlling of the topological and magnetic properties, providing an ideal
platform for realizing the exotic topological quantum phenomena induced by
breaking the time reversal symmetry in magnetic TIs.

(3) By fine tuning the chemical composition, film thickness and substrate mor-
phology, the quantum anomalous Hall effect (QAHE) is experimentally
observed in Cr-doped (Bi, Sb)2Te3 TI thin films (see Chap. 5). At zero
magnetic field and ultralow temperature (30 mK), the anomalous Hall resis-
tance reaches the quantized value of h/e2 when the Fermi level is tuned into
the sub-band-gap. Here h is the Planck constant and e is the elementary
charge. Meanwhile, the longitudinal resistance shows a considerable drop that
is consistent with the dissipationless edge state transport. Under strong mag-
netic fields, the longitudinal resistance totally vanishes, whereas the Hall
resistance remains quantized. Moreover, the exact quantization is achieved on
a macroscopic scale sample with relatively low mobility. Such a robust QAHE
implies that it may be used in future low-energy-consumption electronics and
quantum computation.

Beijing Yayu Wang
February 2016
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Abstract

The non-trivial bulk band topology and massless surface Dirac fermions are the
most peculiar features of topological insulators, which are generated by strong
spin–orbit coupling and protected by the time reversal symmetry. In this thesis, we
present transport studies of the electrical, magnetic and thermoelectric properties of
topological insulator thin films grown by molecular beam epitaxy. The transport
measurements are performed on the isostructural isovalent mixtures of Bi2Se3
family compounds as well as the Cr-doped alloys in temperature range from 0.03 to
300 K and magnetic field up to 18 T. The experimental results reported here provide
useful information for understanding and utilizing the unique properties of topo-
logical insulators.

The existence of significant bulk conduction is a challenging problem for the
experimental observation of novel quantum phenomena in topological insulators.
To eliminate the bulk-carrier contribution, we employ the band structure engi-
neering method in (Bi1−xSbx)2Te3 ternary compounds. Electrical transport and
angle-resolved photoemission spectroscopy (ARPES) measurements show that the
Fermi energy can be tuned systematically across the Dirac point and the electrical
properties are consistent with that of a single spin-polarized Dirac cone. Most
remarkably, through the band engineering we have achieved ideal topological
insulators with truly insulating bulk and tunable surface states. Further thermo-
electric effect measurements on the same system displays a sign disparity between
the Hall and Seebeck coefficients at certain Sb concentrations and temperatures,
where the Hall effect has a negative sign but the thermopower is positive.
Theoretical calculations and analyses reveal that this anomalous effect is produced
by the high-mobility surface Dirac fermions and large bulk Seebeck effect when the
Fermi level is in the vicinity of valence band maximum. Around the charge neutral
point, the surface Dirac fermions always dominate electrical transport up to room
temperature but the thermoelectric effect is predominately controlled by bulk
electrons at high temperatures.

Breaking the time reversal symmetry is generally detrimental to the gapless
surface states, but it may lead to exotic topological quantum effects. In Cr-doped
Bi2(SexTe1−x)3 topological insulator films, we observed a magnetic quantum phase
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transition accompanied by the sign reversal of the anomalous Hall effect. Across the
same critical point, a topological quantum phase transition is revealed by both
ARPES measurements and density functional theory calculations. We present
strong evidence that the bulk band topology is the fundamental driving force for the
magnetic quantum phase transition, where the ferromagnetic order is strongly
promoted in the inverted band structures.

Based on the above experimental achievements, we have been capable of fab-
ricating ferromagnetic insulators through band structure engineering method. In the
resulting Cr-doped (Bi,Sb)2Te3 thin films, the predicted quantum anomalous Hall
effect is experimentally realized: when the Fermi level is tuned into the sub-band
gap, the anomalous Hall resistance shows a quantized value of h/e2 in the absence
of external magnetic field, accompanied by a considerable drop in the longitudinal
resistance. Intriguingly, the exact quantization is observed on a macroscopic sample
with relatively low mobility and non-zero bulk conduction. Such a robust quantum
state not only reflects the topological nature of the quantum transport but also
provides an ideal platform for the realization of potential application in future
devices.

Keywords Topological insulator � Transport measurements � Magnetism �
Quantum anomalous Hall effect � Thermoelectric effect
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Chapter 1
Introduction

1.1 Overview of Topological Insulators

Topological insulators (TIs) are new states of quantum materials with an insulating
bulk and metallic surface or edge states. These states are characterized by the
spin-helical texture and Dirac-like energy dispersion, which are originated from
strong spin-orbit coupling and protected by the time-reversal symmetry
(TRS) [1–4]. The electrons in the gapless surface or edge states cannot be reflected
backward when scattered by nonmagnetic impurities [5, 6]. These unique properties
are expected to possess exotic topological quantum effects [7–9], and find appli-
cations in low-dissipation electronics and quantum computation.

The reason why TIs are called “topological” is because the wave function of
electrons in the momentum space has a nontrivial topology (usually represented by
a Z2 topological invariant). Topology is a branch of mathematics that studies the
properties of objects that are invariant under smooth deformations. A classic
example is, a doughnut could be transformed into a coffee cup but never into an
orange without cutting it; this is because the topological structure of a doughnut is
totally different from that of orange. The nontrivial topology (Z2 topological
invariant) of the bulk band structure is discrete and cannot change as long as the
material remains insulating. As a consequence, when the TI is physically connected
to an ordinary insulator (including the vacuum) a metallic interface state necessarily
shows up in order to close the gap at the boundary, across which the topology
changes. Therefore, three-dimensional (3D) TIs are always associated with gapless
surface states, and two-dimensional (2D) TIs are always associated with gapless
edge states.

Ever since the discovery of TIs, the unique surface or edge states have attracted a
surge of research activities. Initially, the TI researches are focused mostly on the
theoretical prediction and experimental demonstration of time-reversal
(TR) invariant systems, including HgTe/CdTe quantum wells [10, 11], BixSb1−x
alloys [12, 13], and Bi2Se3 family crystals [14–17]. After the discovery of
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numerous TI materials, more and more studies are concentrating on novel quantum
phenomena relevant to the known TIs, such as dissipationless transport, topological
superconductor and Majorana fermions. These phenomena can only be realized by
the interplay between the nontrivial topology and conventional orders, like mag-
netism and superconductivity.

In this thesis, we investigate the electrical, magnetic, and thermoelectric prop-
erties of TI thin films using transport experiments. We perform systematic transport
measurements on TI films as a function of temperature, magnetic field, and electron
density varied by electric gating or chemical doping. The experimental results
reported here provide useful information for understanding and utilizing the unique
properties of TIs.

1.2 Historical Perspective of Topological Insulators

In the last century, one of the greatest achievements of condensed matter physics is
the classification of quantum states by the principle of spontaneous symmetry
breaking [18]. For instance, the formations of ferromagnetic and superconducting
states are accompanied by the breaking of rotation and gauge symmetries.
Moreover, the pattern of symmetry breaking could be well expressed by a specific
order parameter, which has a nonzero expectation value only in the ordered state.
Based on the order parameter picture, a generalized effective field theory
(Landau-Ginzburg theory) has been well established and gives a universal
description of quantum state of matter [19].

However, in 1980 this simple paradigm becomes invalid in explaining a new
quantum state, the quantum Hall (QH) effect, discovered by von Klitzing et al. in a
high-mobility 2D electron gas under high magnetic fields [20]. It was realized that
no spontaneous symmetry breaking could be found during the QH phase transi-
tions. In the QH state, the localization of electrons in the bulk and the quantization
of Landau levels (LLs) give rise to vanishing longitudinal conductance as well as
quantized Hall conductance (exactly integer multiples of e2/h) when the Fermi level
lies in between Landau levels. The electric current can only be carried out by the
edge states, which are dissipationless and running unidirectionally along the
boundary of the sample. Two years later, it was recognized by Thouless et al.
(TKNN) [21] that the precise quantization of the Hall conductivity has a topological
characteristic, which can be quantitatively specified by an integer topological
invariant. This so-called TKNN invariant or first Chern number is related to the
Berry curvature of the Bloch wave functions calculated around the Brillouin zone
(BZ) boundary [22].

The QH state can be considered as the first example of a quantum state with
nontrivial topology, which is distinct from all states of matter known before.
However, a strong magnetic field is needed to achieve the QH state, which
explicitly breaks the TRS. From the application point of view, it is highly desirable
to achieve the QH state in zero magnetic field. An important step towards this
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direction was the theoretical model proposed by Haldane, who constructed a the-
oretical model for realizing the QH without LL on the 2D honeycomb lattice with a
periodic magnetic field (but no net magnetic flux) [23]. However, Haldane’s model
still breaks the TRS due to the requirement of the periodic magnetic field.
Moreover, it is very difficult to be realized experimentally due to the lack of
appropriate material systems. Nevertheless, this model introduces a new concept to
realize QH state in the absence of net magnetic field. Around the same time,
Volovik showed that helium-3A film displayed a topologically nontrivial structure
without any orbital LLs [24].

Another frontier in condensed matter physics is the generation and manipulation
of spin currents for potential application in spintronics [25]. A well-know phe-
nomenon in this field is the spin Hall effect (SHE). It refers to the appearance of
spin accumulation on the lateral surfaces of an electric current-carrying sample,
where the signs of the spin orientations are opposite on the opposing boundaries. In
2004, the experimental confirmation of SHE by Kato et al. greatly encouraged
further researches on this phenomenon. It was soon recognized that the SHE in
nonmagnetic systems has intrinsic and extrinsic origins, similar to the anomalous
Hall effect in ferromagnets [26]. The intrinsic mechanism of SHE stems from the
integration of Berry curvature over the BZ [27, 28]. Since such an integral can
become finite even in an insulator, Murakami et al. [29] proposed a concept of spin
Hall insulator, which is a gapped insulator but has a finite spin Hall conductivity
due to a finite Berry phase of the occupied states.

The concept of spin Hall insulator motivated Kane and Mele [30], who proposed
that a quantized version, the quantum spin Hall (QSH) effect, could be realized in
graphene, a 2D material first discovered experimentally in the same year. Working
independently, Bernevig and Zhang [31] declared the existence of QSH effect in
strained semiconductors. The QSH state is essentially two copies of the QH state,
where the two chiral edge states have opposite spin polarization and propagate in
opposite directions. As a consequence, the TRS is preserved in the QSH state and
the spin-orbit coupling (SOC) plays the essential role in opening the gap of the bulk
states and polarizing the spin directions of the surface states. Unfortunately, the
energy gap in graphene caused by the intrinsic SOC is extremely small [32, 33], and
hence it is too difficult to observe the QSH effect.

The insulators possessing QSH effect are synonymously called the 2D TSs. In
2006, the first realistic 2D TI was predicted by Bernevig et al. [10] in HgTe/CdTe
quantum wells. Soon, this prediction was identified in 2007 by König et al. [11],
who observed that in four-terminal geometry the longitudinal conductance in the
QSH regime is quantized to 2e2/h, independent of the width of the sample. Further,
nonlocal transport measurements gave the evidence for the edge state transport as
predicted by theory [34]. Most remarkably, Kane and Mele [35] recognized that the
TR invariant 2D TIs can be characterized by a new topological invariant, namely Z2
index, other than the first Chern number, which is invariably zero in TR invariant
systems. The Z2 classification could be expressed as follows: materials with an even
number of Kramers pairs of edge states that the boundaries are topologically trivial
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(Z2 index = 0), while those with an odd number are topologically nontrivial
(Z2 index = 1).

Soon after the predictions of 2D TIs, theorists noticed that this topological
classification of insulators can be generalized to 3D [36–38], where four Z2
invariants are necessary to fully characterize the topology. The first 3D TI was
predicted by Fu and Kane in the Bi1−xSbx alloys [12] within a certain range of
compositions x. And this prediction was soon confirmed by angle-resolved pho-
toemission spectroscopy (ARPES) measurements, which showed an odd number of
topologically nontrivial surface states [13]. In 2009, the Bi2Te3, Sb2Te3, and Bi2Se3
compounds are predicted to be 3D TSs [14, 15]. ARPES experiments indeed
observed a large bulk band gap and a gapless surface state with linear dispersion,
consistent with the predictions [15, 16].

These pioneering theoretical and experimental works opened the floodgates of
extensive researches on TIs. Besides the materials mentioned above, more and more
compounds have been predicted to be TIs. Interestingly, some of these topological
materials have been well studied in the field of infrared detection or thermoelectric
applications. More remarkably, the topological surface states are only determined
by the intrinsic nature of TIs and do not require any external conditions such as low
temperatures and high magnetic field. Thus, it is not surprising that the discovery of
TIs has shocked the condensed matter community and should keep thriving in the
years to come.

1.3 General Theory of Topological Insulators

In general, there are two groups of theories for describing the TIs, namely the
topological band theory (TBT) [12, 35–39] and topological field theory (TFT) [40].
The TBT is commonly used as a precise algorithm for the computation of Z2
topological invariant in non-interacting system without disorder. However, in some
cases with weak disorder and interaction, the stability of topological phase
described by TBT has also been studied through the boundary theory [41–43]. Most
importantly, the TBT provides a simple and easy-to-understand criterion to describe
whether an insulator has nontrivial topology. In contrast, the TFT is generally valid
in the interacting and disordered systems, and thus it can be used as identification
for some physical responses when the topological order meets other quantum
orders. At the non-interacting limit, the TFT and TBT are equivalent. In this sec-
tion, both of these general theories are briefly reviewed and discussed.

1.3.1 Topological Band Theory

The TBT has become an important tool in the discovery of new topological
materials, although this theory is only valid for non-interacting systems. In order to
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evaluate the Z2 invariants for a general band structure, several approaches have
been proposed successively, such as spin Chern numbers method [44–46], topo-
logical invariants constructed from Bloch wave functions [35, 37–39], and discrete
indices calculated at TR invariant momentums (TRIMs) in the Brillouin zone
[12, 36]. Below, we will introduce the last method proposed by Fu and Kane
because of its simplicity.

One of the basic quantities in this method is the matrix element of the TR
operator Θ between Bloch wave functions with TR conjugate momentums k and
−k, which is defined as [39]

wmnðkÞ � umð�kÞh jH unðkÞj i: ð1:1Þ

Here, un(k) is the periodic part of Bloch wave function for the nth (n ≤ 2N)
occupied band at momentum k, and w(k) is a 2N × 2N unitary matrix. At each
TRIM Γi, w(k = Γi) is antisymmetric, and the following parameter can be defined
[39]:

di ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det wðCiÞ½ �p
Pf wðCiÞ½ � ; ð1:2Þ

in which det and Pf stand for the determinant and Pfaffian function of the
antisymmetric matrix w(Γi). Because Pf wðCiÞ½ �2¼ det wðCiÞ½ �; then we have di ¼
�1: To avoid the ambiguity in the sign of di; unðkÞ is required to be continuous
throughout the BZ.

For a given 2D surface, the TR polarization associated with surface momentum
Λa was found to be

pa ¼ da1da2: ð1:3Þ

Thus, for 2D TSs, the Z2 invariant ν2D can be defined as

ð�1Þm2D ¼
Y2
a¼1

pa ¼
Y4
i¼1

di; ð1:4Þ

where i = 1, 2, 3, and 4, labeling the four TRIMs in the 2D Brillouin zone. The
invariant ν2D is gauge invariant and only has two values. That is, ν2D = 0 implies a
trivial insulator, while ν2D = 1 implies a TI.

The reason why there are only two possible topological classifications of the
band insulators with TRS could be easily understood by the way in which Kramers
pairs of the surface or edge states are connected. This is also called bulk-edge
correspondence in topological phases. Because the Kramers’ theorem requires that
the surface or edge states should be twofold degenerate at the TRIMs Γa = 0 and
Γb = π/a (which is the same as −π/a). Away from these special points, a spin-orbit
interaction will split the degeneracy. And there are two ways that the states at the
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TRIMs could be connected by the surface or edge states. The first one is that the
degenerate points are connected in pairs. In this case, the surface or edge bands
intersect the Fermi level by even times between the two TRIMs as shown in
Fig. 1.1a. In contrast, the second way is that the degenerate points are connected
one by one resulting in odd numbers of crossing the Fermi level as shown in
Fig. 1.1b. In the former case, the surface or edge states can be eliminated by
pushing all of the bound states out of the bulk gap through weak perturbations.
Thus, these bound states will not cross the Fermi level anymore and cannot exhibit
any transport properties. However, in the latter case, the surface or edge states
cannot be eliminated and always cross the Fermi level. Thus, these states are
protected and robust again perturbations. The above argument explains straight-
forward the Z2 classification of gapped band insulators.

Similar to the 2D case, there are eight distinct TRIMs in the 3D Brillouin zone,
which could be expressed in terms of primitive reciprocal lattice vectors as

Ci¼ðn1n2n3Þ ¼ n1b1 þ n2b2 þ n3b3ð Þ=2; ð1:5Þ

with nj = 0, 1. And they can be visualized as the vertices of a cube. Heuristically,
the 3D topological (strong) invariant ν3D could be naturally defined as [12, 36]

ð�1Þm3D ¼
Y8
nj¼0;1

di¼ðn1n2n3Þ: ð1:6Þ

Fig. 1.1 Schematic electronic dispersion between two TRIMs, Γa and Γb = π/a. The surface or
edge states at Γa and Γb can be connected to each other in two possible ways. In a the number of
surface states crossing the Fermi energy EF is even, whereas in b it is odd. An odd number of
crossing time leads to topologically protected metallic boundary states. Reprinted with permission
from Ref. [2]. Copyright 2010 by American Physical Society
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Besides this strong invariant ν3D, it has been shown that the product of any four
δi for which the corresponding Γi lie in the same plane is also gauge invariant [12].
This leads to the definition of three additional invariants in 3D TIs, expressed as

ð�1Þmk ¼
Y

nk¼1;nj 6¼k¼0;1

di¼ðn1n2n3Þ: ð1:7Þ

Here, (ν1 ν2 ν3) are also known as the weak topological invariants characterizing the
band structures [12, 36–38]. Because the weak topological invariants νk are not
robust in the presence of disorders [12], the states with ν3D = 0 and nonzero νk are
called weak TSs [36], which can also be interpreted as stacked QSH states. On the
other hand, ν3D is more fundamental and distinguishes the strong TSs. The only TS
that has been demonstrated experimentally with nonzero weak topological indices
is the Bi1−xSbx alloys [12, 13], in which ν3D = νk=1,2,3 = 1.

1.3.2 Topological Field Theory

The TFT is a low-energy effective field theory which generally describes the uni-
versal topological properties of the quantum states. As that in QH system, the
essential topological aspect was successfully captured by the original TFT, con-
structed upon the Chern-Simons term in 1989 [47]. Because the Chern-Simons term
can exist in all even spatial dimensions, in 2001 Zhang and Hu [48] explicitly
constructed a microscopic model to generalize the 2D QH state to a
four-dimensional (4D) TR invariant state possessing an integer topological
invariant. This generalization of QH state had basically removed the requirement of
both the breaking of TRS and two dimensionality. Furthermore, it was demon-
strated by Qi et al. [40] that the framework of 4D TFT is also useful in describing
the 3D and 2D TIs, by the procedure of dimensional reduction. It is interesting to
note that the natural route of TFT in describing TIs is dimensional reduction, in
contrast to the dimensional increase procedure of TBT.

In general, the TFT can be defined for all kinds of insulators, with or without
interactions. From this point of view, the TFT is more suitable for describing the
electromagnetic response and predicting novel quantum effects in TIs [8, 9]. Even
though the mathematical calculations are rather complex in TFT, Qi and Zhang [3]
gave an intelligible explanation based on the elementary concepts in electromag-
netism as shown in the following.

Inside an insulator, the electrical field E and the magnetic field B are both well
defined. Thus, they define a topological term in the action of electromagnetic field:

Sh ¼ ha
4p2

Z
d3xdtE � B; ð1:8Þ
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in which α = e2/ħc is the fine-structure constant, and θ is a parameter. Generally
speaking, the action Sθ is not invariant under TR operation because of the existence
of B field in Eq. (1.8). However, in a periodic system when θ = 0 or π, TRS could
be preserved [40]. This conclusion can be easily understood by an analogy to a
one-dimensional (1D) ring with a magnetic flux inside. Usually, the magnetic flux
would break the TRS, whereas, for two special values of the flux, namely Φ = 0 or
Φ = hc/2e, an electron’s wave function just changes its phase by 0 or π when the
electron is circling the ring either clockwise or counterclockwise, thus, TR sym-
metry is maintained. Moreover, an effective action Sθ could be obtained by inte-
grating out all the microscopic fermionic degrees of freedom. And all of the
nonmagnetic insulators in the universe could be classified into two distinct topo-
logical classes, described by the effective TFT with θ = 0 or π. The physically
measurable θ is a universally quantized parameter, with two possible values
defining the topologically trivial and nontrivial insulators, namely, the Z2 classifi-
cation again.

1.4 Prototypical 3D Topological Materials

Up to now, numerous topological materials have been theoretically predicted and
experimentally observed to be TIs. In general, the TIs that have been addressed
experimentally could be classified into six groups: 2D quantum wells (HgTe/CdTe
[11], InAs/GaSb [49]), Bi1−xSbx (0 ≤ x ≤ 1) [13, 50, 51], Bi2Se3 family (single
crystals [15–17], alloys [52–55]), TlBiM2 (M = Se, Te, or S) [56–58], AB2mTe3m+1
(A = Ge, Pb; B = Bi, Sb; m = 1, 2) [59–61] and other heterostructures [62, 63]. In
this section, we will introduce the most extensively studied 3D TIs, the Bi2Se3
family, which is the primary object of research in my PhD period.

The 3D topological materials Bi2Se3, Bi2Te3, and Sb2Te3 are theoretically
described by a simple but realistic model, which is generalized from the basic
template in the prediction of their 2D counterpart, HgTe/CdTe QWs. In these 3D
TIs, the bulk band structure is inverted by the strong SOC at the Γ point in the BZ.
Moreover, the bulk states are fully gapped, which is different from the zero-gap
semiconductor HgTe. Inside the gap, there are topologically protected surface states
consisting of a single Dirac cone. The 2D Dirac fermions have a special spin-helical
texture, that is, the electron spins are perpendicular to their momentums, forming a
left-handed or right-handed spin texture in the momentum space. The surfaces
states are immune to TR invariant perturbations, but an energy gap could be opened
when TR breaking perturbations are present on the surface, resulting in novel
topological magnetoelectric effects [8, 9]. Soon after the theoretical prediction of
3D TI in the Bi2Te3, Sb2Te3, and Bi2Se3 compounds [14], the ARPES experiments
indeed observed a large bulk band gap and gapless surface states with a single Dirac
cone [15, 16]. Further spin-resolved ARPES measurements observed a left-handed
spin texture in the electron-type Bi2Se3 and Bi2Te3 crystals [64]. These pioneering
theoretical and experimental works inspired much of the subsequent developments.
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1.4.1 Theoretical Models

Bi2Se3, Bi2Te3, and Sb2Te3 all crystallize in the same rhombohedral structure with
space group D5

3d ðR3mÞ and have five atoms in the primitive unit cell as shown in
Fig. 1.2. The crystal structure consists of a layered structure with individual layers
forming a hexagonal lattice. Every five-atom layers stacked along the z direction
form a periodic structure which is commonly called a quintuple layer (QL). Within a
QL, the coupling between any neighboring layers is strong chemical binding. In
contrary, the coupling between QLs is the van der Waals type and thus much weaker.

The inverted band structure of Bi2Se3 at the Γ point could be understood in three
successive stages: (I) chemical bonding of the atomic energy levels, (II) crystal field
splitting, and (III) SOC (see Fig. 1.3). In stage (I), the chemical bonding between
the p-orbitals of Bi and Se atoms within a QL produces the basic energy scale in
this problem. Here, only the p-orbitals are taken into account and s-orbitals are all
ignored because the electronic states near the Fermi level are mainly contributed by
the p-orbitals. As a consequence of the chemical-bond hybridization, the Se-p or-
bitals are shifted down forming the valence bands. Similarly, the Bi p-orbitals are

Fig. 1.2 Lattice structure of Bi2Se3. a The unit cell are presented by three primitive vectors
labeled as t1,2,3. A quintuple layer with Se1-Bi1-Se2-Bi1′-Se1′ is shown in the red square both in
(a) and (c). b The top view of a quintuple layer. The triangle layers in one quintuple layer have
three different orientations. c Side view of a quintuple layer. Se2 atoms play the role of inversion
centers. Reprinted by permission from Macmillan Publishers Ltd: Ref. [14], copyright 2009
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lifted up forming the conduction bands. From the parity point of view, the valence
band Se p-orbitals can be recombined into three states labeled as jP2�x;y;zi; jP2þ

x;y;zi
and jP0�x;y;zi: Here the superscripts ± correspond to the parity of the relevant states.
Similarly, for the conduction bands, two states (jP1�x;y;zi and jP1þ

x;y;zi) are derived
from the Bi p-orbitals. In stage (II), due to the effect of crystal field splitting, two pz
orbitals (jP1þ

z i and jP2�z i) are split away from the degenerate px and py orbitals and
get close to the Fermi levels. In the last stage (III), the effect of SOC leads to a level
repulsion between jP1þ

z ; "i and jP1þ
xþ iy; #i and similar combinations. Therefore,

the energy state jP1þ
z ; " ð#Þi (jP2þ

z ; " ð#Þi) is pushed down (lifted up) across the
Fermi level, leading to an inverted band structure. Note that the parity between
these two inverted states jP1þ

z ; " ð#Þi and jP2�z ; " ð#Þi is opposite, which drives the
system into a topological nontrivial phase.

Because the physics near the Γ point in momentum space is solely responsible
for the topological nature of Bi2Se3, it is reasonable to construct a simple and

Fig. 1.3 Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the
conduction and valence bands of Bi2Se3 at the Γ point. The effect of chemical bonding, crystal
field splitting, and SOC are presented by three different stages (I), (II) and (III). Fermi energy is
indicated by the blue dashed line. The energy states enclosed by the green box are the closest states
to the Fermi level. Reprinted by permission from Macmillan Publishers Ltd: Ref. [14], copyright
2009
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realistic model to characterize the low-energy and long-wavelength properties in
this system. By requiring the TR symmetry, inversion symmetry, and threefold
rotation symmetry around the z axis, and neglecting the cubic and higher order of
the k terms, the effective Hamiltonian was obtained in the basis of
P1þ

z ; "�� �
; P2þ

z ; "�� �
; P1þ

z ; #�� �
and P2�z ; #

�� �
:

HðkÞ ¼ �0ðkÞI4�4 þ
MðkÞ A1kz 0 A2k�
A1kz �MðkÞ A2k� 0
0 A2kþ MðkÞ �A1kz
A2kþ 0 �A1kz �MðkÞ

0
BB@

1
CCA; ð1:9Þ

with k� ¼ kx � iky; �0ðkÞ ¼ CþD1k2z þD2k2? and MðkÞ ¼ M � B1k2z � B2k2?:
The parameters in the Hamiltonian can be determined by fitting the energy spec-
trum to the ab initio calculations. In spite of the �0ðkÞ; this Hamiltonian is very
similar to the 3D Dirac model with uniaxial anisotropy along the z direction.
Moreover, the bulk insulating gap expressed by the Dirac mass M is around 0.3 eV,
which indicates the existence of topological states up to room temperature.

The topological surface states can be directly recognized on the map of local
density of states (LDOS) obtained by the ab initio calculations. As shown in
Fig. 1.4, for Sb2Te3, Bi2Se3, and Bi2Te3 the topological surface states form a single
Dirac cone at the Γ point inside the bulk gap. However, no surface state can be
found in Sb2Se3, indicating a topologically trivial insulator. Therefore, the

Fig. 1.4 The LDOS on the [79] surface for Sb2Se3 (a), Sb2Te3 (b), Bi2Se3 (c) and Bi2Te3 (d) as a
function of energy and momentum. Here, the warmer colors correspond to higher LDOS. The bulk
energy bands are indicated by red regions. The surface states can be clearly seen around the Γ
point (red lines) in the bulk gap for Sb2Te3, Bi2Se3, and Bi2Te3. No surface state exists for Sb2Se3.
Reprinted by permission from Macmillan Publishers Ltd: Ref. [14], copyright 2009
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surface-state calculation agrees well with the bulk parity analysis, and confirms
conclusively the nontrivial topology of these three materials.

On the other hand, topological surface states can also be derived from the
effective model expressed in Eq. (1.9). For instance, on the half infinite space
(z > 0), the surface effective model can be obtained by projecting the bulk
Hamiltonian onto the surface states. To the leading order of kx, ky, the effective
surface Hamiltonian Hsurf can be expressed as [14]:

Hsurf ¼ A2 rxky � rykx
� �

: ð1:10Þ

For A2 = 4.1 eV · Å, the Fermi velocity of the surface electrons is
vF = A2/ℏ ≈ 6.2 × 105 m/s, which agrees reasonably well with ab initio result of
Bi2Se3 (Fig. 1.4c) vF ≈ 5.0 × 105 m/s.

1.4.2 Experimental Results

ARPES measurement is an ideal method for probing the topological character of the
surface states (see details in Sect. 2.6). For Bi2Se3, the experimental results
(Fig. 1.5) show a simple surface-state spectrum in the form of a single Dirac cone
located at the Γ point and a large bulk band gap, in accordance with the theoretical
predictions. However, the Fermi level for stoichiometric Bi2Se3 always lies in the
conduction band due to the intrinsic doping effect (mostly from Se vacancies).

Fig. 1.5 High-resolution ARPES measurements of surface band dispersion on Bi2Se3(111) near
the Γ point along the a Γ–M and b Γ–K directions in the surface Brillioun zone. c The momentum
distribution curves corresponding to (a) suggest that two surface bands converge into a single
Dirac point at Γ point. The V-shaped surface state is nearly isotropic in the momentum plane,
forming a Dirac cone in the energy–momentum space. Reprinted by permission from Macmillan
Publishers Ltd: Ref. [15], copyright 2009
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Thus, the sample is a fairly good metal rather than an insulator. In order to achieve a
truly insulating state with the Fermi level lying in the bulk band gap, delicate
chemical doping [16, 64] and alloying [52, 53] are required. In the ARPES mea-
surements, surface deposition of NO2 or alkali atom is used to change the surface
chemical potential as shown in Fig. 1.6. By increasing the NO2 adsorption, more
hole-like carriers are introduced into the surface, and the binding energy of the
surface Dirac point rises monotonically towards the Fermi level. Because the sur-
face states are expected to be protected by TRS, the existence of Dirac cone
spectrum cannot by eliminated by nonmagnetic surface disorders (such as adsorbed
NO2), although the photoemission intensity is reduced. Moreover, the spin-resolved
ARPES reveals that the surface Fermi surface exhibits a left-hand spin texture when
the Fermi level is above the Dirac point, across which the spin chirality changes to
right-hand.

When the thickness of a TI is reduced to a critical value, it is expected that the
top and bottom surface states start to hybridize with each other, leading a gap
opening at the Dirac point. Molecular beam epitaxy (MBE) is one of the most
unique and powerful methods in growing high-quality crystalline thin films with
precise control of thickness, composition, and morphology (see details in Sect. 0).
Figure 1.7 shows the ARPES results of Bi2Se3 films grown by MBE with different
thicknesses (d), which reveal a gap opening process from a vanishing gap
(d = 6 QL) to a gradually increasing hybridization gap (d < 6 QL) as the thickness
is reduced.

Besides the ARPES characterization of the topological surface states, scanning
tunneling microscopy/spectroscopy (STM/STS) is another surface-sensitive tech-
nique for measuring the surface topography and electron density of states. As
shown in Fig. 1.8a, the atomically flat topography and Te-terminated hexagonal
lattice structure are clearly observed on the Bi2Te3 (111) surface. It is worth
mentioning that the high-quality Bi2Te3 film is grown by the MBE method.

Fig. 1.6 High resolution ARPES surface band dispersions through Γ point after an NO2 dosage
(L) are shown in a for 0 L and b for 0.1 L. The arrows denote the topological spin polarization
directions. c Schematic of the helical Dirac fermion ground state of Bi2Se3, which exhibits a
spin-polarized Dirac cone that intersects at a Kramers’ point. Reprinted by permission from
Macmillan Publishers Ltd: Ref. [64], copyright 2009
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Meanwhile, STS can detect the differential tunneling conductance dI/dV at a series
of sample bias, which gives an indication of LDOS at the corresponding electron
energies. This technique can provide further information about the topological
surface states by detecting the interference patterns around impurities or step edges
[5, 6]. When the impurities are evaporated on the surface of TIs, the surface states
will be scattered and produce interference-induced standing waves around these
impurities. To quantify the standing waves and obtain the scattering wave vectors,
one can perform fast Fourier transformation of the interference patterns into
momentum space. For instance, Fig. 1.8b shows the interference pattern in
momentum space for Bi2Te3 at sample bias 50 mV. In principle, all the scattering
events indicated by the wave vectors q1 (Γ–K direction), q2 (Γ–M direction), and q3
(both in Γ–K and Γ–M direction) should be possible for the Fermi surface shown in
Fig. 1.8c. However, the scattering intensity along the Γ–K direction is strongly
suppressed (Fig. 1.8b), indicating an extinction of scattering wave vector q1
(and q3), which means the backscattering between k and −k is prohibited. This
experimental observation is consistent with theoretical predictions in TR invariant
topological surface states. Furthermore, the linear dispersion of surface states can be
obtained by extracting k from q2 at a series of energies (see Fig. 1.8d). The slope of
the linear fitting provides a measurement of the Dirac fermion velocity
vF ≈ 4.8 × 105 m/s, which is in agreement with the results from ab initial calcu-
lations (Fig. 1.4d) and ARPES experiments [16].

In addition to the absence of backscattering, STM/STS measurements provide
another important result of the topological nature of surface states. That is the
Landau quantization of surface states in the presence of perpendicular magnetic
fields [66, 67]. As shown in Fig. 1.9, the differential tunneling spectra display a
series of peaks inside the bulk band gap, which indicates the appearance of
surface-state LLs. Most remarkably, the energy of zero-mode LL (n = 0) is inde-
pendent of the magnetic fields and always coincides with the Dirac point. As
predicted by the TFT, the existence of such mode is crucial for the topological
magnetoelectric effects [8, 40]. Furthermore, the energy of LLs is linearly

Fig. 1.7 ARPES data for Bi2Se3 thin films of thickness a 1 QL, b 2 QL, c 3 QL, d 5 QL, and
e 6 QL, measured at room temperature. Reprinted by permission from Macmillan Publishers Ltd:
Ref. [65], copyright 2010
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dependent on
ffiffiffiffiffiffi
nB

p
, where n is the LL index. In contrast to normally linear-

B dependence, this unusual behavior provides another evidence for the massless
characteristic of the Dirac fermions.

Unlike the above surface-sensitive techniques, transport measurements are more
essential and necessary for future device applications of the topological surface
states. However, duo to the existence of impurities and defects, the as-grown TIs are
not truly insulating but always have a finite bulk carrier concentration (see Figs. 1.5
and 1.7). The bulk contribution to transport prevents the unambiguous observation
of exotic quantum effects produced by the topological surface states. Therefore,
extensive efforts have been devoted to remove this obstacle. One of the most
effective approaches is chemical substitution by elements with different valences
[68] or alloying within the same group [52–54]. Even in the case when ARPES
measurements show a Fermi level cutting through the surface states [16], transport
experiments can still detect a finite bulk carrier density [53, 69, 70] in the order of

Fig. 1.8 a The STM topography of the Bi2Te3 (111) film with atomic-resolution. The tellurium
atom spacing is about 4.3 Å. b Fast Fourier transformation power spectra of the interference
pattern on Bi2Te3 surface. The Γ–M and Γ–K directions (yellow dashed lines) are indicated in the
Brillouin zone (red lines). c The possible scattering wave vectors for Bi2Te3 are indicated by q1,2,3
(blue arrows). ki and kf denote the wave vectors of incident and scattered states. d Linear Energy
dispersion as a function of k in the Γ–K direction. Reprinted with permission from Ref. [5].
Copyright (2009) by American Physical Society
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1016 cm−3. This discrepancy probably arises from the formation of impurity band
inside bulk band gap or band bending induced by n-type doping from air
contamination.

Despite the existence of bulk carriers, the Shubnikov-de Haas (SdH) oscillations
of 2D surface states have been reported in strong magnetic fields under a series of
tilt angles [52, 69]. Moreover, due to the π-Berry phase of massless Dirac fermions
[71], the linear fitting in the LL fan diagram is expected to have a 1/2 intercept as
1/B → 0. As shown in Fig. 1.10, the traces of surface-state SdH oscillations in
Bi2Te2Se are clearly observed by the method of ionic liquid gating, which is a
useful technique to introduce electrons or holes into the sample surfaces. Through
extrapolating the linear fitting of index n and 1/Bn, the 1/2 intercept is confirmed,
reflecting the Dirac-fermion dominated electrical transport.

Another approach to eliminate the bulk conduction is to reduce the sample size
down to nanoscale so that the transport contribution from surface states is com-
parable to or even larger than that from bulk states [73–76]. Moreover, in this
approach the charge carriers can be systematically tuned by electric gating, which is
unavailable in bulk materials due to the formation of depletion layer. Since most of
the topological quantum effects are sensitive to the position of Fermi level, the
electric gate tuning provides a valuable method for investigating exotic physical
phenomena and device applications. Generally speaking, there are two kinds of gate
methods, namely dielectric solid gate and ionic liquid gate. The former is usually
used in thin-film and nanoscale materials, where the native oxide (silicon dioxide)

Fig. 1.9 a The differential tunneling spectra reveals Landau quantization of the topological
surface states for 50 QL Bi2Se3 with magnetic fields perpendicular to the surface. b Linear fitting
of the LL energies to the square root of magnetic fields and LL indexes. Reprinted with permission
from Ref [66]. Copyright (2010) by American Physical Society
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or the substrate itself (SrTiO3) serves as the dielectrics. As shown in Fig. 1.11, a
Bi2Se3 nanoribbon coated with Se shell is synthesized on the SiO2/Si substrate. At
low back-gate voltage (VG = −40 V), the conductance exhibits a quantum oscil-
lation with period Φ0 = h/e, which is recognized as the Aharonov-Bohm
(AB) oscillations of the surface states when a magnetic flux is enclosed [73].
However, theoretical investigations explain that this conductance oscillation with
period of Φ0 and maximum at zero flux can only be observed away from the Dirac
point and in the presence of weak disorder [77, 78]. For diffusive transport, the
conductance should oscillate with a period of Φ0/2 with a maximum conductance at
the conductance should oscillate with a period of Φ0/2 with a maximum conduc-
tance at zero flux due to the interference between two time reversal paths around the
nanoribbon surface. As shown in Fig. 1.11c and d, when the Fermi level is
approaching the Dirac point (from VG = −45 to −95 V) the Φ0/2 oscillation is
clearly observed. These experimental results demonstrate the robustness of surface
states and greatly-reduced bulk carrier density.

All these experimental studies discussed above have unambiguously proved the
existence of topological surface states and found some unique properties hosted by
these states. Among all the TIs, the Bi2Se3 family compounds have established
themselves as the most promising 3D topological materials due to the stoichio-
metric chemical composition, single Dirac cone and large bulk band gap. To
investigate and utilize the topological nature of surface states, thin films are ideal
structures in reducing the bulk carrier contributions. Among all sample growth
methods, MBE is the one with the most accurate control of chemical composition
and film thickness. Considering these reasons, the transport study of Bi2Se3 family
thin films grown by means of MBE is chosen as the primary project in this thesis.

Fig. 1.10 a Traces of SdH oscillations in resistance ΔRxx after subtracting a smooth background is
plotted as a function of 1/B. The oscillation amplitude and period change systematically with gate
voltages VG. The data are acquired at 1.6 K with B up to 45 T. Arrows indicate case that EF lies in
the center of broadened N = 1 LL (n = 1/2). b Index plots of the integer n versus 1/Bn at selected
VG. In the limit 1/B → 0, the best-fit lines have a intercept at −0.45, consistent with the
characteristic of Dirac fermions. The schematic structure of LLs is shown in the inset panel.
Reprinted with permission from Ref [72]. Copyright (2013) by American Physical Society
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1.5 Organization

In Chap. 2, we will describe the experimental setup as well as the measurement
methods of electrical and thermoelectric transport properties in TI films. Chapter 3
presents the band structure engineering in (Bi1−xSbx)2Te3 films, which leads to ideal
TIs with truly insulating bulk and tunable surface states. Chapter 4 will reveal
relationship between topology and magnetism in Cr-dope Bi2(SexTe1−x)3 films. The
combination of experimental measurements and theoretical calculations demon-
strates a topology-driven magnetic quantum phase transition with varied Se content.
Chapter 5 will show the experimental observation of quantum anomalous Hall
effect in Cr-dope (Bi, Sb)2Te3 films. Chapter 6 will display the thermoelectric
measurements in (Bi1−xSbx)2Te3 films, which uncovers a sign anomaly between the
Hall effect and thermoelectric effect. Finally, we summarize our results in Chap. 7.

Fig. 1.11 a Schematic diagram of Bi2Se3 nanoribbon grown by vapor-liquid-solid method.
Reprinted with permission from Ref. [73]. Copyright (2009) by American Physical Society.
b SEM image of a nanoribbon, coated with an amorphous Se shell. c, d Quantum interferences of
Bi2Se3 nanoribbon in a parallel magnetic field at different back-gate voltages. A clear modulation
of the conductance with the period of h/e and h/2e is observed. Reprinted with the permission from
Ref. [74]. Copyright (2014) American Chemical Society
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Chapter 2
Experimental Setup and Methods

In this chapter, the experimental details including the instrumentation and methods
for transport measurements are presented. Meanwhile, the MBE method and
ARPES technique are also briefly introduced since they are indispensable and
complementary to transport studies of TIs. Most of the transport measurements
were carried out in the transport laboratory in the physics department of Tsinghua
University, while the ultralow-temperature measurements were done in the Daniel
Chee Tsui lab at Institute of Physics, Chinese Academy of Science.

2.1 Helium-4 Refrigerator and Superconducting Magnet

The transport measurements are mainly performed at low temperature down to
1.5 K and strong magnetic field up to 15 T in a cryostat system made by Oxford
Instruments. This cryostat system consists of a low-loss helium-4 (He-4) Dewar, a
superconducting magnet and a variable temperature insert.

As shown in Fig. 2.1, the main framework of the He-4 refrigerator is supported
by the low-loss He-4 Dewar. The inner liquid He-4 bath is carefully designed so
that the thermal conduction from the room temperature environment is almost
utterly insulated. The first insulating layer is high vacuum. In between the outmost
stainless steel wall and liquid He-4 bath, the outer vacuum jacket is pumped to a
pressure less than 10−6 mbar when the cryostat is warm. After He-4 liquid is
transferred into the bath, the vacuum would become much better because the
residual gas molecules are absorbed on the surfaces of the vacuum jacket. Thus, the
thermal conduction through the outer vacuum jacket by ways of conduction and
convection is significantly suppressed. It is worth to mention that the entire cryostat
is made of stainless steel, which is a bad thermal conductor and resistive to cor-
rosion. The second insulating layer is liquid nitrogen. Inside the outer vacuum
space, a liquid nitrogen jacket is placed around (not connected to) the outside of
He-4 bath. Here, liquid nitrogen serves as both a precooler and an absorber of

© Springer-Verlag Berlin Heidelberg 2016
J. Zhang, Transport Studies of the Electrical, Magnetic and Thermoelectric
Properties of Topological Insulator Thin Films, Springer Theses,
DOI 10.1007/978-3-662-49927-6_2

23



infrared radiation from the room temperature environment. The third insulating
layer is high-reflectivity Mylar sheets. These sheets are aluminized and wrapped
around the liquid nitrogen jacket as well as the bottom side of the cryostat. In this
geometry, the infrared radiation at room temperature would be shielded and
reflected back, protecting the inner He-4 bath from being boiled up. These three
insulating layers ensure a very low loss rate of liquid helium (less than 6 L per day).

The superconducting magnet is submerged in the liquid helium bath and firmly
assembled in the bottom of the cryostat. The superconducting Nb3Sn wires in the
solenoids are well arranged to keep stable in case of quenching. Powered by Oxford
IPS-120 current source, the magnet is capable of generating a uniform magnetic
field up to 15 T either upward or downward. By pumping liquid helium to the
superfluid state, the highest magnetic field can reached to 17 T.

The variable temperature insert is actually a double-layered vacuum can, which
is assembled inside the bore of the magnetic coil and immersed in the He-4 liquid.
The inner vacuum jacket of VTI is usually pumped to high vacuum to thermally
isolate the liquid helium bath and the inner sample space. The main capability of
VTI is to provide an environment with temperature continually variable from 1.5 to
300 K. The operating principle can be briefly described as follows. Through a
narrow capillary, the helium liquid is siphoned into the inner space with the flow

Fig. 2.1 Schematic diagram of the He-4 refrigerator and superconducting magnet with
home-made transport probe inside the variable temperature insert
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velocity carefully controlled by a needle valve. Meanwhile, the gaseous helium is
pumped out through a mechanical pump connected to the outlet of the inner space.
Thus, the cooling power is generated by the evaporation process of liquid helium
and cold gas flowing through the inner space. Actually, there are two working
modes for VTI, that is, one-shot mode and continuous-flow mode. In one-shot
mode, the needle valve is fully opened for a while, and a large amount of liquid
helium is transferred into the inner space. Then, the needle valve is totally closed
and no liquid comes in. Through sustained pumping, the base temperature could be
achieved with a typical value of 1.3 K, which depends on the heat load and
pumping speed. In continuous-flow mode, the needle valve is kept open at a del-
icate position and the liquid helium flows into VTI continuously. As the gaseous
helium is pumped out, a wide range of temperature can be stabilized by the
cooperation of an auxiliary heater on the bottom of VTI.

The experimental setup of our cryostat system is shown in Fig. 2.2. The He-4
low-loss Dewar and the supporting component form the main framework of the

Fig. 2.2 The experimental setup of cryostat system, including a He-4 low-loss Dewar, magnet
and support, VTI, and dilution refrigerator. Images are adapted from http://www.oxford-
instruments.com
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refrigerator. The VTI and dilution refrigerator (see the next section) can be inserted
into the supporting component with their tails in the bore of the superconducting
magnet coil.

2.2 Dilution Refrigerator

A dilution refrigerator is a fantastic machine: Starting from 4.2 K, it provides
continuous cooling to temperatures as low as 2 mK without moving parts in the
low-temperature region [1]. The cooling power is generated by the mixing of the
helium-3 (He-3) and helium-4 (He-4) isotopes. It is the only continuous refriger-
ation method for reaching temperatures below 0.3 K [2]. In addition, magnetic
fields, often needed in low-temperature experiments, have negligible effects on its
performance. Today, it is the most important refrigeration technology for the
temperature range between about 5 mK and 1 K, and it is the base from which
lower temperatures can be reached.

The principle of “dilution refrigerator,” as its name suggests, is to use a tech-
nique called “3helium (3He)–4helium (4He) dilution.” This process relies on certain
thermodynamic characteristics of 3He–4He mixture. As shown in the phase diagram
(Fig. 2.3), when cooled below the triple point (*870 mK), the mixture will sep-
arate into two liquid phases, divided by a phase boundary (two-phase region). One
is called the 3He-rich phase (concentrated phase), because it is essentially pure 3He
at very low temperatures. This corresponds to a point on the lower right side of the
diagram, below the triple point and above the phase separation line. The second

Fig. 2.3 Phase diagram of
liquid 3He–4He mixtures at
saturated vapor pressure. The
diagram shows the lambda
line for the superfluid
transition of 4He, the phase
separation line of the mixtures
below which they separate
into a 4He-rich and a 3He-rich
phase, and the line of the
Fermi temperatures TF of the
3He component. Reprinted
from Ref. [2], with a kind
permission from Springer
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phase is called the 4He-rich phase (dilute phase), because it is mostly composed of
4He, but contains at least 6 % 3He at any temperature. This corresponds to a point
on the lower left side of the diagram, below the triple point and above the phase
separation line. A good example of these two phases would be what happens when
oil and water are mixed. At a high temperature, they will stay mixed. However,
when the temperature is lowered, the oil would separate from the water and float to
the top (this effect can be seen at room temperature), giving two different phases in
the liquid mixture. Not only that, the separated phase of oil would contain a small
amount of water and vice versa.

The main components of a working dilution refrigerator and a flow diagram for
its liquids are depicted in Fig. 2.4. Here, we will present a brief review of the
working principles of each component, which have been described in Ref. [2]. The
3He gas coming from the exit of a pump at room temperature will first be precooled
by liquid nitrogen bath at 77 K and a 4He bath at 4.2 K. Next, the 3He enters a
vacuum chamber where it is liquefied by a second 4He bath at about 1.5 K (1 K
pot), which is obtained by using a continuously operating He-4 refrigerator (pre-
vious section). This 4He refrigerator is also used as a heat sink at which all tubes
and leads going to colder parts of the refrigerator should be thermally anchored.
After leaving the 1 K pot, the 3He enters the main impedance, a capillary with a
large flow resistance. It is further cooled by the still (described below) to a tem-
perature 500–700 mK. Subsequently, the 3He flows through a secondary impe-
dance, followed by a series of counterflow heat exchangers where it is cooled by a
cold flow of 3He. Finally, the pure 3He enters the upper, concentrated phase in
mixing chamber, the coldest area of the dilution refrigerator.

In the mixing chamber, two phases of the 3He–4He mixture, concentrated phase
and dilute phase, are in equilibrium and separated by a phase boundary. Through

Fig. 2.4 Schematic of 3He–4He dilution refrigerator with enlarged low-temperature part. Adapted
from Ref. [3] with the courtesy of A.T.A.M. de Waele
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pumping on the dilute phase, most of 3He atoms in this phase will be removed,
resulting in a destruction of the equilibrium. To restore equilibrium, 3He will have
to flow from the concentrated phase through the phase boundary into the dilute
phase. However, such a process is endothermic and removes heat from the mixing
chamber environment, providing useful cooling power of the refrigerator. As 3He is
moving up from the mixing chamber in the dilute phase, it cools the downward
flowing 3He via the heat exchangers. Then, it enters the still, where 3He evaporates
through superfluid 4He surface. Since 3He has a much higher partial pressure than
4He at 500–700 mK, the vapor in the still is practically pure 3He. The mechanical
pump at room temperature collects 3He gas and creates an osmotic pressure dif-
ference, which drives more 3He from the concentrated to dilute phases in the mixing
chamber and then up from the mixing chamber to the still. The 3He gas is further
compressed by the pump and fed back into the cryostat, completing the cycle.

The appearance of dilution refrigerators differs a lot according to the designed
purposes. But, their essential working principle is the same as described above. As
depicted in Fig. 2.2, the top-loading dilution refrigerator (Kelvinox TLM 400) has
been developed for simple and rapid sample changing for mK experiments without
the need to warm up the main cryostat. A common approach (Fig. 2.5) is to have a
top-loading probe which is lowered into the cryostat through a room temperature
vacuum lock arrangement. The cryostat is then kept at a temperature of 4.2 K
(or below) during this loading procedure, and the sample is mounted on the end of
the probe. Using this technique, the sample can be loaded directly into the 3He–4He
mixture inside the mixing chamber. The mixing chamber tail is formed from
concentric non-metallic tubes, with the outer tube forming the mixing chamber
vessel. The inner tube promotes the flow of 3He mixture around the sample region,
eliminating temperature gradients. The refrigerator is fitted with a continuous heat
exchanger and a stack of sintered-silver heat exchangers for optimum base

Fig. 2.5 A schematic of
top-loading dilution
refrigerator. Images are
adapted from http://www.
oxford-instruments.com
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temperature performance. The non-metallic tail construction allows the whole
mixing chamber assembly to be inserted into the bore of a high field magnet.
Typically, field sweeps of up to 2 T/min leave the temperature of the mixture
unaffected.

The advantages of top-loading dilution refrigerators can be described as follows.
Direct submergence of the sample into the 3He–4He mixture ensures good sample
thermalization, high stability of the thermal environment, and guarantee of opera-
tion in high magnetic field. The sample probes can be designed into a variety of
shapes for different kinds of experimental purposes, such as angle rotation or
high-frequency measurements. The sample change is easy and quick, which gives
quicker experiment turnaround times and reducing the risk of leaks.

2.3 Probe Design and Temperature Control

In addition to commercial probes such as rotation probe for VTI and top-loading
probe for dilution refrigerator, home-made probes are carefully designed and
assembled to achieve high-quality measurement and versatility. As shown in
Fig. 2.1, a home-made probe is inserted into the VTI with the sample space in the
center of the uniform magnetic field. In this section, two home-made probes for the
electrical and thermoelectric measurements will be, respectively, introduced,
together with temperature control method.

In the electrical measurement probe, the sample is mounted on a copper cold
finger as shown in Fig. 2.6. The sample vacuum space is achieved by a mating
copper taper seal and cap, which also serves as a massive heat bath as well as the
cold finger. To guarantee the sealing effect, a thin layer of Dow Corning
high-vacuum grease is applied to the conical shaped surface. Furthermore, a Cernox
thermometer with high sensitivity below liquid nitrogen temperature is thermally
bonded on the cold finger and close to the sample. To introduce the heating power,
a pair of twisted Manganin wire with resistance around 25 Ω is glued to the cold
finger. The heater is further wrapped and covered by Omegabond 200 epoxy to

Fig. 2.6 Schematic
illustration of the cold end for
electrical measurement probe
(side view)
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ensure good thermal conduction. A Lakeshore 340 temperature controller monitors
the temperature of the heat bath through the Cernox thermometer and outputs the
heating power to the Manganin heater with a built-in PID feedback controller. The
cooling power is controlled by the VTI either through the one-shot mode or through
the continuous-flow mode. As a result of variable cooling power, massive bath,
sensitive thermometry, and carefully controlled heating power, we are able to
control the temperature in the range from 1.5 to 400 K with the stability in the range
of several mK.

Because of the low thermal conductivity, twisted phosphor bronze wires are used
for the electrical signal conduction from the top of the probe to the cold finger. The
twisted configuration is essential for canceling out electromagnetic interference
from other sources, thus reducing the noise level. The terminals of these wires are
soldered to the BeO contact pads on the cold finger, working as electric transition
points. The sample is thermally attached on the cold finger by Omegatherm 201
compound or VGE varnish and electrically connected to contact pads by gold wires.
The body of the probe is made of thin-walled 304 stainless steel tube, along which
additional baffle plates are placed to reflect the thermal radiation. The top of the
probe has a multipin connector, which allows connection to measurement equip-
ment. The probe can be pumped to high vacuum with a turbomolecular pump
connected to the vacuum port.

For the thermoelectric measurement probe, the design of the cold finger is
slightly different. As shown in Fig. 2.7, only one end of the sample is thermally
connected to the cold finger, leaving the other end attached with a tiny heater. The
detailed measurement procedure will be discussed in the next section. In the
thermoelectric probe, three pairs of phosphor bronze wires are replaced by pure
copper wires. This is because the thermal electromotive force commonly occurs at
solder points and joints between dissimilar metals, which will induce extra noise in
the DC voltage measurements. Therefore, copper wires are used to connect the
contact pads all the way up to the instruments, where the wire connections are made
by mechanical clamping or alligator clips also made of copper. To further reduce
the DC noise, all the copper wires connecting the instruments and the probe are
fully shielded by aluminum foils. Generally, in order to go down to the base
temperature of 1.5 K, helium gas is added to the sample space. However, this

Fig. 2.7 Schematic
illustration of the cold end for
thermoelectric measurement
probe (side view)
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would be problematic for thermal transport measurements as the helium gas pre-
sents an alternate path for heat current. Thus, the probe has to be pumped down to
10−6 mbar with a turbomolecular pump before loading in the cryostat.

2.4 Experimental Details of Transport Measurements

In this section, the electrical and thermoelectric transport measurements of TI thin
films are described in details. The sample mounting, operation methods, data
acquisition, and analysis will also be presented. In general, to avoid possible
contamination of the TI films, an amorphous Te capping layer (10–20 nm) is
deposited on top of the films before we take them out of the MBE growth chamber
for transport measurements.

2.4.1 Electrical Transport Measurements

The TI thin films in this thesis are grown on insulating substrates (sapphire or
SrTiO3) by means of MBE. As shown in Fig. 2.8, the films are manually carved into
a standard six-terminal Hall bar geometry by a sharp needle under optical micro-
scope. Next, indium electrodes are mechanically pressed onto the sample terminals,
forming a transport device for the electrical measurements. To vary the density of
electrons in the films grown on SrTiO3 (STO) substrates, a layer of silver paste (SPI
or Dupont) is painted on the bottom of the substrates, serving as a back gate.

Before the film is mounted on the cold finger, another insulting sample holder
(sapphire) is attached on the bottom of substrates. This is absolutely necessary for
preventing the short between the back gate and ground. After this procedure, gold
wires (California Fine Wire) are connected to the indium electrodes and contact pads
to measure electric potentials Vx,y and inject electric current Ix. The electrical con-
nections are guaranteed by applying a tiny amount of silver paste to the contact areas.

The electrical properties of TI thin films are measured using standard AC lock-in
method with the current flowing in the film plane and the magnetic field applied
perpendicularly. For the measurements at temperature >1.5 K, Stanford Research
830 lock-in amplifiers are used to monitor the AC voltages. To measure the Hall
effect and magnetoresistance simultaneously, two lock-in amplifiers are connected
to the sample with one triggered by the other. The AC current is generated by
introducing a load resistance to the oscillator output of a lock-in amplifier. The AC
current behaves like constant current source, because the load resistance (*5 MΩ)
is much larger than the two-terminal resistance of the films (<50 KΩ). The typical
excitation current is 1μA, and the frequency is kept at less than 20 Hz. For the
ultralow-temperature measurements, LI5640 lock-in amplifiers are used to get
higher signal quality. Moreover, the load resistance is increased to about 100 MΩ
in order to obtain a smaller current value (0.1 nA) and further eliminate self-heating
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effect. Meanwhile, a slow field sweeping rate of 0.025 T/min is used during the
low-field measurements so as to reduce the heating effect from eddy current.
Because the sample resistance is greatly increased at such a low temperature, the
measuring frequency has to be lowered to about 5 Hz to remove the capacitance
coupling. Another alternative way for the electrical measurements is to interface
Keithley 6221 current source with Keithley 2182A nanovoltmeter by averaging the
positive and negative DC excitations (Delta mode). Both methods described above
can eliminate the effects of thermal drift and DC offsets, producing highly accurate
transport measurements.

The data acquisition is realized by LabVIEW software installed in the computer.
The signal communication is accomplished by a GPIB data acquisition card
assembled in the computer and GPIB cables connected on the instruments. GPIB is
a specification for short-range digital communications bus. Because of its simple
hardware interface and easy connection of multiple devices to a single host, it is
widely used for data transfer in modern laboratory electronics.

In the electrical transport measurements using the Hall bar geometry, the
unavoidable misalignment of the Hall contacts always leads to the pickup of the
longitudinal signal and vice versa. A standard practice to remove this artifact is to
use the signal that is antisymmetric (for ρyx) and symmetric (for ρxx) to the magnetic

Fig. 2.8 a Schematic of the electrical transport measurements for TI thin film. The thickness in
the figure is not to scale. b The photograph of the real sample prepared for transport experiments.
From Ref. [4, 5], reprinted with the permission from AAAS
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field. For the non-magnetic samples, the Hall resistivity ρyx and longitudinal
resistivity ρxx can be obtained through the following expressions:

qyxðHÞ ¼ ~qyxðHÞ � ~qyxð�HÞ� �
=2;

qxxðHÞ ¼ ~qxxðHÞþ ~qxxð�HÞ½ �=2: ð2:1Þ

Here, ~q represents the as-measured raw data after considering the geometric
effect. In magnetic samples, because of the existence of hysteresis, the magnetic
fields have to be swept in both directions (upward/downward). Therefore,

qyxðH; upÞ ¼ ~qyxðH; upÞ � ~qyxð�H; downÞ� �
=2;

qxxðH; upÞ ¼ ~qxxðH; upÞþ ~qxxð�H; downÞ½ �=2; ð2:2Þ

where up(down) stands for the field sweeping direction from negative (positive) to
positive (negative). Then, qyxðH; downÞ ¼ �qyxð�H; upÞ, qxxðH; downÞ ¼
qxxð�H; upÞ. All the ρyx and ρxx data presented in the thesis are antisymmetrized
and symmetrized by performing the above procedures.

2.4.2 Thermoelectric Transport Measurements

The thermoelectric measurements are carried out on TI films grown on STO sub-
strates, which have much lower thermal conductivity than sapphire. The schematic
setup and real device are shown in Fig. 2.9 with a typical sample size of
2 mm × 8 mm. One end of the sample is glued with silver paste onto a copper heat
sink, which is thermally attached on the cold finger using Omegatherm 201 com-
pound. Considering the measurement efficiency, we reuse the heat sink for different
samples, which is the reason why we choose silver paste rather than silver epoxy. In
order to monitor the temperature accurately, a miniature Cernox thermometer (bare
chip) is mounted on the bottom end of the sample. On the other end, two thin-film
heaters are attached to generate the necessary temperature gradient. The resistance of
each heater is around 1 kΩ, and it remains constant in a board range of temperature. By
applying a DC current (Keithley 2400 source meter) in the range of 0.5–1 mA to the
heaters, a sizable temperature gradient (0.1–0.2 K/mm) is obtained along the sample.

The temperature difference between current electrodes is detected by a pair of
fine gauge type E thermocouples (Chromega–Constantan) which have high sensi-
tivity in the temperature range between 4.2 and 300 K. The joints of the thermo-
couples are placed at the edge or backside of the substrate aligned with the current
electrodes. Furthermore, a tiny amount of thermal joint compound (Omegatherm
201) is applied to the joints to guarantee good thermal contacts. The negative legs
of the two thermocouples are electrically connected, and the positive legs are
connected to the copper wires in the probe. Fine gold wires (0.001 in.) are used as
electric leads that contact the current electrodes and copper wires on the cold finger.
For the other electric leads, it is better to use fine phosphor bronze wires (0.001 in.)
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to reduce the unintentional heat flow along the wires. To maintain the stability
during measurements, every wire connected to the sample is supported by thin
nylon pillar. The principle behind this design is to force the heat generated by Joule
heating to flow down the sample to the heat sink.

The DC voltages produced by the thermoelectric effect are measured by Keithley
2002 digital multimeters with Keithley 1801 preamplifiers. Effect of DC drift is
minimized by using all copper wires and copper clamp connections with solder-free
joints, which is particularly important for DC measurements at low temperatures.
With these precautions, a DC noise level of 10 nV can be achieved. By alternately
switching the tiny heater on and off, the Seebeck coefficient can be obtained as
Sxx = (VS,on − VS,off)/(VTC,on − VTC,off) × STC + SAu. Here, VS and VTC are the DC
voltages on the sample and thermocouples recorded by the multimeters, and STC
and SAu are the Seebeck coefficients of the thermocouples and gold wire.

2.5 Sample Growth by Molecular Beam Epitaxy

Molecular beam epitaxy (MBE) is an advanced sample growth method capable of
depositing very thin films with near-perfect surface morphology and near-perfect
control of layer thicknesses, compositions, and doping levels. In this thesis, the TI

Fig. 2.9 a Schematic device
for thermoelectric transport
measurements of TI thin film.
The thickness in the figure is
not to scale. b The real sample
structure prepared for
thermoelectric experiments.
Reprinted with the permission
from Ref. [6]. Copyright 2015
by American Physical Society
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thin films including (Bi1−xSbx)2Te3 ternary alloys, Cr-doped Bi2(SexTe1−x)3, and
Cr-doped (Bi1−xSbx)2Te3 compounds are grown by our collaborative group in State
Key Laboratory for Surface Physics in the Institute of Physics, Chinese Academy of
Science.

TheMBEgrowth is carried out in an ultrahigh vacuum (UHV)MBE-ARPES-STM
combined system (Omicron) with the base pressure *8 × 10−11 mbar. High-purity
Bi, Sb, Cr, Te, and Se are evaporated from standard Knudsen cells. Prior to sample
growth, the substrate [sapphire (0001) or SrTiO3 (111)] should be degassed to remove
the contaminants on the surface. In order to reduce Te/Se vacancies, the growth is kept
in Te/Se-rich condition. The substrate is held at around 180 °C during the growth. As
shown in Fig. 2.10, a real-time RHEED (reflection high-energy electron diffraction)
intensity oscillation measured on the (00) diffraction is used to calibrate the growth
rate, which is controlled at a typical value of *0.125 QL/min.

The flux of Bi or Sb at a given source temperature can be accurately calibrated
by the growth rate of pure Bi2Te3 or Sb2Te3 films measured by RHEED oscillation
and quantum well states revealed by ARPES [7–9]. The flux of Cr is calibrated by
the concentration in Cr-doped TI films. The thicknesses of the films are determined
by growth time and the flux of Cr, Bi, and Sb sources and further checked by
atomic force microscope (AFM).

The chemical compositions of TI films are determined through two independent
methods. The first method is to calculate it through the flux ratio (Bi/Sb or Te/Se)
during the sample growth. For example, in the MBE-grown (Bi1−xSbx)2Te3 films,
x can be determined by the calibrated flux ratio between Bi and Sb. To vary the
x value in the (Bi1−xSbx)2Te3 films, we control the source temperatures of Bi and
Sb. Recall that in MBE growth, the flux (J) and the source temperature (T) are
related by J / P=

ffiffiffiffi
T

p
, where P is the vapor pressure at the source temperature

T [10]. By choosing different source temperatures of Bi and Sb, hence the flux ratio
between them, we can systematically tune the x value of the film.

Fig. 2.10 The 1 × 1 RHEED
(reflection high-energy
electron diffraction) pattern
measured in situ on the 5 QL
(Bi0.12Sb0.88)2Te3 film grown
by MBE. The sharpness of the
pattern indicates the high
quality of the sample
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In the second method, the compositions of the TI films are directly measured by
inductively coupled plasma atomic emission spectroscopy (ICP-AES). For
ICP-AES measurements, thicker films (above 50 nm) are needed to give sufficient
accuracy. Growth of such thick films is rather time-consuming with the current
growth rate of our MBE system. Therefore, we did not perform the ICP-AES
measurement on every sample. The difference between the x value determined by
ICP-AES and that estimated from the flux ratio is around 5 % in two typical
(Bi1−xSbx)2Te3 samples. The reasonably good agreement indicates that the x value
estimated from the Bi/Sb flux ratio is quite reliable. However, in the Cr-doped
Bi2(SexTe1−x)3 films, the estimation of x value from flux ratio of Te/Se may have a
relatively large error compared to the ICP-AES method because of the presence of
Te-rich condition. This problem can be alleviated by setting the crucial sample as a
reference whose x value has been carefully measured by ICP-AES. The x values of
other samples are calibrated relative to the flux ratio of the reference sample.

2.6 Angle-Resolved Photoemission Spectroscopy

The angle-resolved photoemission spectroscopy (ARPES) uses a photon to eject an
electron from a sample and then determines the surface or bulk electronic structure
from an analysis of the momentum and energy of the emitted electrons. ARPES
measurements in this thesis are carried out in situ at room temperature or 120 K by
using a Scienta SES 2002 electron energy analyzer. A helium discharge lamp with a
photon energy of hν = 21.218 eV is used as the photon source. The energy reso-
lution of the electron energy analyzer is set at 15 meV. All the spectra are taken
along the K-Γ-K direction. To avoid sample charging during ARPES measurements
due to the insulating sapphire substrate, a 300-nm-thick titanium (Ti) film is
deposited at both ends of the substrate which is connected to the sample holder. The
sample is grounded through these contacts once a continuous film is formed. The
sample setup for the ARPES measurements is illustrated schematically in Fig. 2.11.

Fig. 2.11 Sketch of the sample setup for in situ ARPES measurement. To avoid sample charging
during ARPES measurements due to the insulating sapphire substrate, a 300-nm-thick titanium
(Ti) film is deposited at both ends of the substrate which is connected to the sample holder. The
sample is grounded through these contacts once a continuous film is formed
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Chapter 3
Band Structure Engineering in TIs

The most challenging problem the current TI materials facing is the existence of
significant bulk conduction. In this chapter, we show the band structure engineering
in TIs by fabricating (Bi1−xSbx)2Te3 ternary compounds using MBE method.
Transport and ARPES measurements show that the topological surface states exist
over the entire composition range of (Bi1−xSbx)2Te3, indicating the robustness of
bulk Z2 topology. Most remarkably, the band engineering leads to ideal TIs with
truly insulating bulk and tunable surface states across the Dirac point (DP) that
behave like one quarter of graphene. These results demonstrate a new route to
achieving intrinsic quantum transport of the topological surface states and designing
conceptually new TI devices with well-established semiconductor technology. The
main conclusions in this chapter are published in Ref. [1] with the reuse permission
of full article from Macmillan Publishers Ltd., copyright 2011.

3.1 Band Structure Engineering in Traditional
Semiconductors

Band structure engineering is a powerful technique for controlling or altering the
band structure of a material by controlling the composition of certain semiconductor
alloys. It is also possible to construct layered materials (superlattice or
heterostructure) with alternating compositions by the MBE technique. In this
approach, the transport and optical properties of these artificially structured semi-
conductors can be changed or tailored at will. This method is widely exploited in
the design of new-generation devices with unique capabilities, such as
high-electron-mobility transistor, laser diodes, and solar cells.

Figure 3.1 shows the band gaps of various binary semiconductors and their
alloys as a function of lattice constant. For direct gap semiconductors, the size of
the band gap is crucial in the optoelectronic applications. However, for most of the
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binary semiconductors, the band gaps are not optimized for particular applications.
Therefore, the band structure engineering method is generally used to fabricate a
variety of alloying compounds with desired band gap structure. A notable example
is the isostructural isovalent alloy of the III–V semiconductors AlxGa1−xAs, where a
solid solution over the entire composition range (0 ≤ x ≤ 1) can be formed with
very little variation of lattice mismatch, enabling the fabrication of high-quality
multilayer structures.

Another important application of band structure engineering is the fabrication of
artificial heterostructures, which involves the quantum wells, superlattice, and
heterojunctions. For the quantum wells, the simplest structure is composed of a thin
layer of a narrower gap material (such as GaAs) sandwiched by two thick layers of
wider gap materials (such as AlxGa1−xAs). As shown in Fig. 3.2, due to the con-
finement of the electrons and holes in z direction, bond states (sub-bands) are
formed in the narrower gap material with discontinuous energy levels. However, in
the x–y plane, the motion is unrestricted, resulting in a 2D electron system in the
quantum well. For the optical properties of quantum wells, the interband optical
absorption or emission will be caused by creation and recombination of electron–
hole pairs in the sub-bands. Most remarkably, the energy levels of the sub-bands
can be varied by changing the well width, which allows the energy of the funda-
mental optical transition to be continuously adjustable. Furthermore, the transitions
in quantum wells are excitonic, which have sharp features at well-defined energies
even at room temperatures. More than that, the excited electrons and holes are kept
in close proximity, which can improve the recombination efficiency. All the above

Fig. 3.1 Band gap versus lattice parameter for common semiconductors. The solid curves (direct
gaps) and dashed (indirect gaps) curves represent the commonly used alloys such as (Ga,Al)As,
(Ga,In)As. Reprinted from Ref. [2] with the permission from Cambridge University Press
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features make quantum wells one of the best candidates in optoelectronic
applications.

In addition, the modulation-doped heterojunction is of great importance both in
synthesizing high-mobility transistors and in scientific researches. A heterojunction
is the interface that occurs between two layers of dissimilar crystalline semicon-
ductors with unequal band gaps. A typical example is the GaAs–(Ga,Al)As
heterojunction, where a layer of 2D electron gas system is formed in the interface
potential well. Since the ionized donors in (Ga,Al)As layers are separated from the
electron gas, the scattering rate is dramatically reduced, resulting in a greatly
enhanced electron mobility (*107 cm2V−1s−1). At ultralow temperature and high
magnetic field, such high-mobility electrons exhibit a new quantum state, the
fractional quantum Hall effect [3].

3.2 Motivation and Experimental Design

The experimental realization of the proposed exotic topological quantum effects
[4–6] and device applications requires fabrication of versatile devices based on
bulk-insulating TIs with tunable surface states. However, the currently available TI
materials exemplified by Bi2Se3 and Bi2Te3 [7] always show conductive bulk states
due to the defect-induced charge carriers. Tuning the band structure of the TIs to
eliminate the bulk states is one of the most urgent tasks in the field, but the problem
remains unsolved despite extensive efforts involving nanostructuring [8], chemical
doping [9–14], and electric gating [15–18].

Inspired by the idea of energy band engineering [19], we conceive a new route
for engineering the band structure of TIs by fabricating alloys of Bi2Te3 and

Fig. 3.2 The diagram of a
(Ga,Al)As quantum well. The
energies of the sub-band
edges within the well are
shown schematically
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Sb2Te3. Both TIs are V–VI compounds with the same crystal structure and close
lattice constants [7], making it ideal to form (Bi1−xSbx)2Te3 ternary compounds
with arbitrary mixing ratio and negligible strain (Fig. 1.2). The potential advantages
of mixing the two TIs can be anticipated from their complementary electronic
properties. Figure 3.3a illustrates the band structure of pure Bi2Te3 [7, 9, 20], which
reveals two major drawbacks of the surface Dirac band. First, the DP is buried in
the bulk valence band (BVB), hence cannot be accessed by transport experiment
and, more seriously, the Fermi level (EF) lies in the bulk conduction band
(BCB) due to the electron-type bulk carriers induced by Te vacancies. The band
structure of pure Sb2Te3 [7, 20], on the other hand, is drastically different. As
shown schematically in Fig. 3.3b, here the DP lies within the bulk gap and the
Fermi level (EF) lies in the BVB due to the hole-type bulk carriers induced by Sb–
Te antisite defects. Intuitively, by mixing the two compounds one can simultane-
ously achieve charge compensation and tune the position of the DP, which may
lead eventually to an ideal TI with exposed DP and insulating bulk.

3.3 Experimental Results

This section reports the experimental results of 5 QL (Bi1−xSbx)2Te3 ternary alloys,
which involves the sample characterization, electron band structure, and transport
properties.

Fig. 3.3 The schematic electronic band structure of pure Bi2Te3 (a) and pure Sb2Te3 (b) based on
theoretical calculations [7] and ARPES experiments [9, 20]
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3.3.1 Sample Characterization

Figure 2.10 shows a typical 1 × 1 RHEED pattern taken on a (Bi1−xSbx)2Te3 film
with five quintuple-layer (QL) thickness. The sharpness of the feature provides a
clear evidence for the high quality of the sample.

All the data shown in the main text were taken on (Bi1−xSbx)2Te3 films with
thickness d = 5 QL. There are two main considerations for choosing this particular
film thickness. The first requirement is that the TI film must be thick enough so that
there is no coupling between the top and bottom surfaces. For the (Bi1−xSbx)2Te3
compounds, the coupling between the two surfaces vanishes for d ≥ 4 QL. The 5 QL
films used here have completely decoupled surface states, as seen by the absence of
energy gap at the DP measured by ARPES. Our collaborators also performed
scanning tunneling spectroscopy, which have much better energy resolution than
ARPES, on similar films and confirmed this conclusion [21]. The second require-
ment concerning the film thickness is that it should be thin enough so that the bulk
conduction can be safely ignored. Although we can tune the Fermi level into the bulk
energy gap by using the band engineering technique, there is always unavoidable
bulk conduction via variable range hopping through the defects. With increasing film
thickness, this contribution becomes more pronounced. Bi2Te2Se TI single crystal is
taken as an example. Even though the Fermi level lies in the bulk energy gap and the
bulk defect density is very low, the bulk states still account for *94 % of the total
conduction [22]. A major advantage of the MBE technique is that we can grow
ultrathin films of TIs with large surface to volume ratio. In the 5 QL films, the bulk
conduction is negligible so that the transport is dominated by surface states.
Therefore, the 5 QL thickness is chosen because it is the optimal thickness where the
coupling of the surfaces vanishes and the bulk conduction can be safely ignored. The
ability to reach the ultrathin regime of TIs in a controlled manner is actually an
important advantage of the MBE growth technique.

3.3.2 Electronic Structure

The electronic structures of the (Bi1−xSbx)2Te3 films are measured by ARPES on a
sample setup as illustrated in Fig. 2.11. The ARPES band maps of eight (Bi1
−xSbx)2Te3 films with 0 ≤ x ≤ 1 are shown in Fig. 3.4a–h. The pure Bi2Te3 film
shows well-defined surface states with massless Dirac-like dispersion (Fig. 3.4a),
similar to that of the cleaved Bi2Te3 crystal [9]. With the addition of Sb, the
Dirac-like topological surface states can be clearly observed in all (Bi1−xSbx)2Te3
films from x = 0 to 1, while the Dirac cone geometry changes systematically. With
increasing x, the slope of the Dirac line shape becomes steeper, indicating an
increase of the Dirac fermion velocity vD defined by the linear dispersion ε = vD·ħk
near the DP. Meanwhile, the EF moves downward from the BCB, indicating the
reduction of the electron-type bulk carriers. Moreover, the DP moves upward
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relative to the BVB due to the increasing weight of the Sb2Te3 band structure.
When the Sb content is increased to x = 0.88 (Fig. 3.4e), both the DP and the EF lie
within the bulk energy gap. The system is now an ideal TI with a truly insulating
bulk and a nearly symmetric surface Dirac cone with exposed DP. Notably, when
x increases from x = 0.94 (Fig. 3.4f) to 0.96 (Fig. 3.4g), EF moves from above the
DP to below it, indicating a crossover from electron- to hole-type Dirac fermion
gas. The charge neutrality point (CNP) where EF meets DP can thus be identified to
be located between x = 0.94 and 0.96.

It is quite remarkable that the topological surface states exist in the entire
composition range of (Bi1−xSbx)2Te3, which implies that the non-trivial Z2 topology
of the bulk band is very robust against alloying. This is in contrast to the Bi1−xSbx
alloy, the first discovered 3D TI in which the topological surface states only exist
within a narrow composition range near x = 0.10 [23, 24]. Figure 3.5a–c summa-
rizes the characteristics of the surface Dirac band in the (Bi1−xSbx)2Te3 compounds,
which are extracted following the methodology illustrated in the next section. The
position of the DP rises continuously from below the top of BVB near the Γ point at

Fig. 3.4 ARPES results on the 5 QL (Bi1−xSbx)2Te3 films measured along the K–Γ–K direction.
From a to h, the panels correspond to samples with x = 0, 0.25, 0.62, 0.75, 0.88, 0.94, 0.96, and
1.0, respectively. The Dirac-like topological surface states exist in all films. The yellow dashed line
indicates the position of the Fermi level. The blue and red dashed lines indicate the Dirac surface
states with opposite spin polarities and they intersect at the Dirac point

44 3 Band Structure Engineering in TIs



x = 0 to way above that at x = 1 (Fig. 3.5a). This is accompanied by a drastic
change of the relative position of EF and DP (Fig. 3.5b), which determines the type
and density of Dirac fermions. Furthermore, vD increases from 3.3 × 105 m/s at
x = 0 to 4.1 × 105 m/s at x = 1 (Fig. 3.5c). Since the three defining properties of
the Dirac cone are systematically varied between that of pure Bi2Te3 and Sb2Te3,
the (Bi1−xSbx)2Te3 ternary compounds are effectively a series of new TIs. The bulk
electronic structures, including the geometry of BCB and BVB as well as the
energy gap between them, are also expected to change with x. They are of interests
in their own rights, but will not be the main focus of the current work.

3.3.3 Analysis of the ARPES Data

In Fig. 3.5, we show the x dependence of the relevant parameters of the surface
band structure measured by ARPES. Here, we use the spectrum of the x = 0.88 film
as an example to demonstrate the ARPES data analysis procedure.

In order to enhance the visibility of the band structure, the second-order dif-
ferential ARPES spectrum of the 5 QL (Bi0.12Sb0.88)2Te3 film is shown in Fig. 3.6a.
The surface states with Dirac-like dispersion can be seen clearly and are marked by
the dashed lines (the red and blue colors indicate the different spin polarization).
The point where the two dashed lines meet is defined as the DP. The energy
difference between the DP and EF (yellow dashed line at zero binding energy) is the
quantity plotted in Fig. 3.5b.

Figure 3.6b shows the corresponding momentum distribution curves (MDC).
The peak positions of the Dirac surface states are obtained by fitting the MDCs with
Lorentz functions. The velocity of the Dirac fermions, vD = 3.8 × 105 m/s, is then
derived from the linear E versus k dispersion near the DP. The Fermi wave vector kF

Fig. 3.5 Evolution of the Dirac-like surface band characteristics with x obtained from the ARPES
data in the (Bi1−xSbx)2Te3 films. a Relative position (or energy difference) between the DP and the
top of BVB near the Γ point. b Relative position between the DP and the EF. c The Dirac fermion
velocity vD (vD * tanθ) extracted from the linear dispersion near the DP. All three quantities
evolve smoothly from that of pure Bi2Te3 (x = 0) to pure Sb2Te3 (x = 1)
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of the surface states can be read from the k value of the crossing point between the
surface states and the EF (yellow line) and is found to be kF = 0.057 Å−1 for the
x = 0.88 sample. The vD and kF values are plotted in Fig. 3.5c and 3.9b (in the next
section).

Figure 3.6c shows the energy distribution curves (EDC) of the 5 QL
(Bi0.12Sb0.88)2Te3 film. The peaks indicated with black arrows are the Dirac surface
states. The prominent and broad features at around EB = −245 meV (indicated with
thick blue lines) result from the hybridization between surface states and bulk band
[20, 25]. So the features can be regarded as the top of BVBnearΓ point. In this sample,
the positions of DP and the top of BVB near Γ point are about −115 and −245 meV,
respectively. So the distance from DP to BVB is 130 meV, as plotted in Fig. 3.5a.

3.3.4 Transport Properties

The systematic Dirac band evolution also manifests itself in the transport properties.
Figure 3.7 displays the variation of two-dimensional (2D) sheet resistance (R□) with
temperature (T) for eight 5 QL (Bi1−xSbx)2Te3 films with 0 ≤ x ≤ 1. In pure Bi2Te3,
the resistance shows metallic behavior at high T and becomes weakly insulating at
very low T. With increasing x, the R□ value keeps rising and the insulating tendency
becomes stronger, reflecting the depletion of electron-type bulk carriers and surface
Dirac fermions. At x = 0.94, when EF lies just above DP, the resistance reaches the
maximum value and shows insulating behavior over the whole T range. With the
further increase of Sb content from x = 0.96 to 1, the resistance decreases

Fig. 3.6 Analysis of the ARPES results. a Second-order differential ARPES spectrum of the 5 QL
(Bi0.12Sb0.88)2Te3 film along the Κ–Γ–Κ direction. The surface states (SS), Dirac point (DP), and
bulk valence band (BVB) are marked. b The momentum distribution curve (MDC) measured on
the same sample. The EF is indicated by solid yellow line. c The energy distribution curve
(EDC) of the same sample. The BVB, the DP, and the EF are marked, respectively
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systematically because now EF passes DP and more hole-type carriers start to
populate the surface Dirac band. The high T metallic behavior is recovered in pure
Sb2Te3 when the hole-type carrier density becomes sufficiently high.

Figure 3.8 displays the variation of the Hall resistance (Ryx) with magnetic field
(H) measured on the 5 QL (Bi1−xSbx)2Te3 films at T = 1.5 K. For films with
x ≤ 0.94, the Ryx value is always negative, indicating the existence of electron-type
carriers. The weak-field slope of the Hall curves, or the Hall coefficient RH,
increases systematically with x in this regime. Since the 2D carrier density n2D can
be derived from RH as n2D = 1/eRH (e is the elementary charge), this trend confirms
the decrease of electron-type carrier density with Sb doping. As x increases slightly
from 0.94 to 0.96, the Hall curve suddenly jumps to the positive side with a very
large slope, which indicates the reversal to hole-type Dirac fermions with a small
carrier density. At even higher x, the slope of the positive curves decreases sys-
tematically due to the increase of hole-type carrier density.

The evolution of the Hall effect is totally consistent with the surface band
structure revealed by ARPES in Fig. 3.4. To make a more quantitative comparison
between the two experiments, we use the n2D derived from the Hall effect to
estimate the Fermi wave vector kF of the surface Dirac band. By assuming zero bulk
contribution and an isotropic circular Dirac cone structure (Fig. 3.9a), kF can be
expressed as follows:

D � k2F
4p

¼ nSSj j; ð3:1Þ

Here, D is the degeneracy of the Dirac fermion and nSSj j ¼ 1=2 n2Dj j is the
carrier density per surface if we assume that the top and bottom surfaces are
equivalent. Figure 3.9b shows that when we choose D = 1, the kF values derived
from the Hall effect match very well with that directly measured by ARPES. This

Fig. 3.7 Two-dimensional (2D) sheet resistance (R□) versus temperature (T) for eight 5 QL
(Bi1−xSbx)2Te3 films. R□ value keeps rising and the insulating tendency becomes stronger with
increasing Sb content from x = 0 to 0.94 due to the reduction of electron-type carriers. From
x = 0.96 to 1, the trend is reversed, i.e., R□ value decreases and the insulating tendency becomes
weaker with increasing Sb content due to the increasing density of hole-type carriers
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Fig. 3.8 The field dependence of the Hall resistance Ryx for the eight (Bi1−xSbx)2Te3 films
measured at T = 1.5 K. From top to bottom, the curves correspond to x = 0.96, 0.98, 1.0, 0, 0.50,
0.75, 0.88, and 0.94, respectively. The evolution of the Hall effect reveals the depletion of
electron-type carriers (from x = 0 to 0.94), the reversal of carrier type (from x = 0.94 to 0.96), and
the increase of hole-type carrier density (from x = 0.96 to 1.0)

Fig. 3.9 a Schematic sketch of an isotropic circular Dirac cone where the Fermi wave vector kF is
marked. The blue arrows indicate the helical spin texture. b The kF of the Dirac cone derived from
the Hall effect (black open squares) agrees well with that directly measured by ARPES (red solid
circles) if we assume a single spin-polarized Dirac cone on each surface. The kF is defined to be
negative for hole-type Dirac fermions
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remarkable agreement suggests that the transport properties of the TI surfaces are
consistent with that of a single spin-polarized Dirac cone, or a quarter of graphene,
as expected by theory.

Figure 3.10a–c summarizes the evolution of the low T transport properties with Sb
content x. The resistance value shows a maximum at x = 0.94 with R□ > 10 kΩ and
decreases systematically on both sides. Correspondingly, the carrier density |n2D|
reaches a minimum at x = 0.96 with |n2D| = 1.4 × 1012/cm2 and increases on both
sides. Using the measured R□ and |n2D|, the mobility μ of the Dirac fermions can be
estimated by using the Drude formula σ2D = |n2D|eμ, where σ2D = 1/R□. As a func-
tion of x, the mobility also peaks near the CNP and decreases rapidly on both sides.
The “V”-shaped dependence of the transport properties on the Sb content x clearly
demonstrate the systematic tuning of the surface band structure across the CNP.

Fig. 3.10 At T = 1.5 K, the
sheet resistance R□ (a), the
carrier density |n2D| (b), and
the mobility μ of the Dirac
fermions (c) measured all
show “V”-shaped
x dependence near the charge
neutrality point (CNP)
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3.3.5 Effect of the Te Capping Layer

For the device structure that we are using, the total measured conductance consists of
three terms. In addition to that from the TI film, the conductance of the substrate and
the capping layer is also picked up in the measurements. The sapphire substrate is an
excellent electrical insulator and its contribution to electrical conduction is negli-
gible. The amorphous Te capping material is a semiconductor with energy gap larger
than 300 meV. With a thickness of 20 nm, the Te capping layer should have very
small contribution to the transport results. To justify this point, we have measured
the resistance of a 20-nm-amorphous Te film grown on sapphire and contacted by
Indium electrodes. Figure 3.11a displays the temperature evolution of the sheet
resistance of the Te film (RTe), which shows an insulating behavior over the whole
temperature range. The RTe value at room temperature is around 70 kΩ, more than
10 times larger than the total resistance of the most resistive (Bi1−xSbx)2Te3 film.
Therefore, at room temperature the error in the sample resistance value induced by
the parallel conduction of the Te capping layer is less than 10 %. The RTe value
increases rapidly with lowering T. It reaches 1 MΩ at T = 120 K and at the base
temperature T = 1.5 K, it is close to 100 MΩ, which is about four orders of mag-
nitude larger than that in the most resistive x = 0.94 film. Therefore, the contribution
of the Te film to the measured transport properties can be safely ignored, especially
at the most interesting low T regime where the Hall effect is taken.

Another concern about the Te capping layer is whether it will cause any sig-
nificant change of the surface electronic structure of the TI films. To clarify this
issue, we have measured the transport properties of a 5 QL (Bi0.04Sb0.96)2Te3 film
without Te capping. During the sample mounting process, particular care was taken
to minimize the exposure of the film to ambient air. As shown in Fig. 3.11b, at low
T the resistance value and the diverging insulating behavior of the uncapped film is
highly consistent with that of the Te-capped x = 0.96 film shown in the main text.
At high T, there are substantial deviations between the two curves, where the
uncapped film shows a larger resistance and weaker T dependence than the capped
film. The difference is too large to be explained merely by the parallel conduction
from the 20-nm-amorphous Te layer in the capped film. We believe that the larger
resistance and weaker T dependence in the uncapped film is mainly due to the
surface adsorbates that tends to degrade the quality of the surface and lower the
mobility of the surface state Dirac fermions. Nevertheless, the qualitative behavior
of the two films is very similar, suggesting that the Te capping layer does not
significantly alter the electronic structure and transport properties of the
(Bi1−xSbx)2Te3 films.
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3.4 Discussion and Conclusion

The good agreement with ARPES suggests that the transport results are consistent
with the properties of the surface Dirac fermions without bulk contribution.
Moreover, the alloying allows us to approach the close vicinity of the CNP, which
gives a very low |n2D| in the order of 1 × 1012 cm−2. The (Bi1−xSbx)2Te3 com-
pounds thus represent an ideal TI system to reach the extreme quantum regime
because now a strong magnetic field can squeeze the Dirac fermions to the lowest
few Landau levels. Indeed, the Hall resistance of the x = 0.96 film shown in
Fig. 3.8 is close to 7 kΩ at 15 T, which is a significant fraction of the quantum
resistance. Future transport measurements on (Bi1−xSbx)2Te3 films with higher
mobility to even stronger magnetic field hold great promises for uncovering the
unconventional quantum Hall effect of the topological surface states [26, 27].

The band structure engineering offers many enticing opportunities for designing
conceptually new experimental or device schemes based on the TIs. For example,
we can apply the idea of compositionally graded doping (CGD) in conventional
semiconductor devices [19] to the TIs to achieve spatially variable Dirac cone
structures. Figure 3.12a illustrates the schematic of vertical CGD TIs, in which the
top and bottom surfaces have opposite types of Dirac fermions and can be used for
studying the proposed topological exciton condensation [28]. The spatial asym-
metry of the surface Dirac bands can also be used to realize the electrical control of
spin current by using the spin-momentum locking in the topological surfaces for

Fig. 3.11 Transport studies on the effect of the amorphous Te capping layer. a The temperature
evolution of the sheet resistance of the 20-nm-amorphous Te film grown on sapphire substrate
showing an insulating behavior. The resistance values are much larger than that of the TI films.
b The temperature-dependent resistance of the 5 QL (Bi0.04Sb0.96)2Te3 film covered with Te
capping layer (black) compared with the one without Te capping (red). The transport properties of
the films are qualitatively the same
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spintronic applications [29]. Figure 3.12b illustrates the schematic of horizontal
CGD TIs, by which a topological p–n junction between hole- and electron-type TIs
can be fabricated.

References

1. Zhang J, Chang C-Z, Zhang Z, et al. Band structure engineering in (Bi1−xSbx)2Te3 ternary
topological insulators. Nat Commun. 2011;2:574.

2. Schubert EF. Light-emiting diodes. 2nd ed. New York: Cambridge University Press; 2006.
3. Stormer HL, Tsui DC, Gossard AC. The fractional quantum Hall effect. Rev Mod Phys.

1999;71:S298–305.
4. Fu L, Kane CL. Superconducting proximity effect and Majorana fermions at the surface of a

topological insulator. Phys Rev Lett. 2008;100:096407.
5. Qi XL, Li R, Zang J, et al. Inducing a magnetic monopole with topological surface states.

Science. 2009;323:1184–7.
6. Yu R, Zhang W, Zhang HJ, et al. Quantized anomalous hall effect in magnetic topological

insulators. Science. 2010;329:61–4.
7. Zhang H, Liu C-X, Qi X-L, et al. Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3 with a

single Dirac cone on the surface. Nat Phys. 2009;5:438–42.
8. Peng H, Lai K, Kong D, et al. Aharonov-Bohm interference in topological insulator

nanoribbons. Nat Mater. 2010;9:225–9.
9. Chen YL, Analytis JG, Chu J-H, et al. Experimental realization of a three-dimensional

topological insulator, Bi2Te3. Science. 2009;325:178–81.
10. Taskin AA, Ren Z, Sasaki S, et al. Observation of Dirac holes and electrons in a topological

insulator. Phys Rev Lett. 2011;107:016801.
11. Hsieh D, Xia Y, Qian D, et al. A tunable topological insulator in the spin helical Dirac

transport regime. Nature. 2009;460:1101–5.
12. Checkelsky JG, Hor YS, Liu MH, et al. Quantum interference in macroscopic crystals of

nonmetallic Bi2Se3. Phys Rev Lett. 2009;103:246601.

Fig. 3.12 Schematic device structures of spatially variable Dirac bands grown by compositionally
graded doping (CGD) of (Bi1−xSbx)2Te3 films. Vertical CGD TIs (a) is an ideal system for
studying the topological exciton condensation and electrical control of spin current.
Horizontal CGD TIs (b) can be used to fabricate a topological p–n junction

52 3 Band Structure Engineering in TIs



13. Analytis JG, McDonald RD, Riggs SC, et al. Two-dimensional surface state in the quantum
limit of a topological insulator. Nat Phys. 2010;6:960–4.

14. Hor YS, Richardella A, Roushan P, et al. p-type Bi2Se3 for topological insulator and
low-temperature thermoelectric applications. Phys Rev B. 2009;79:195208.

15. Chen J, Qin HJ, Yang F, et al. Gate-voltage control of chemical potential and weak
antilocalization in Bi2Se3. Phys Rev Lett. 2010;105:176602.

16. Checkelsky JG, Hor YS, Cava RJ, et al. Bulk band gap and surface state conduction observed
in voltage-tuned crystals of the topological insulator Bi2Se3. Phys Rev Lett. 2011;106:196801.

17. Kong D, Dang W, Cha JJ, et al. Few-layer nanoplates of Bi2Se3 and Bi2Te3 with highly
tunable chemical potential. Nano Lett. 2010;10:2245–50.

18. Steinberg H, Gardner DR, Lee YS, et al. Surface state transport and ambipolar electric field
effect in Bi2Se3 nanodevices. Nano Lett. 2010;10:5032–6.

19. Capasso F. Band-gap engineering : from physics and materials to new semiconductor-devices.
Science. 1987;235:172–6.

20. Hsieh D, Xia Y, Qian D, et al. Observation of time-reversal-protected single-dirac-cone
topological-insulator states in Bi2Te3 and Sb2Te3. Phys Rev Lett. 2009;103:146401.

21. Jiang Y, Wang Y, Chen M, et al. Landau quantization and the thickness limit of topological
insulator thin films of Sb2Te3. Phys Rev Lett. 2012;108:016401.

22. Ren Z, Taskin AA, Sasaki S, et al. Large bulk resistivity and surface quantum oscillations in
the topological insulator Bi2Te2Se. Phys Rev B. 2010;82:241306.

23. Fu L, Kane CL. Topological insulators with inversion symmetry. Phys Rev B.
2007;76:045302.

24. Hsieh D, Qian D, Wray L, et al. A topological Dirac insulator in a quantum spin Hall phase.
Nature. 2008;452:970–4.

25. Wang G, Zhu X, Wen J, et al. Atomically smooth ultrathin films of topological insulator
Sb2Te3. Nano Res. 2010;3:874–80.

26. Qi X-L, Hughes TL, Zhang S-C. Topological field theory of time-reversal invariant insulators.
Phys Rev B. 2008;78:195424.

27. Brüne C, Liu CX, Novik EG, et al. Quantum hall effect from the topological surface states of
strained bulk HgTe. Phys Rev Lett. 2011;106:126803.

28. Seradjeh B, Moore JE, Franz M. Exciton condensation and charge fractionalization in a
topological insulator film. Phys Rev Lett. 2009;103:066402.

29. Yazyev OV, Moore JE, Louie SG. Spin polarization and transport of surface states in the
topological insulators Bi2Se3 and Bi2Te3 from first principles. Phys Rev Lett.
2010;105:266806.

References 53



Chapter 4
Topology-Driven Magnetic Quantum
Phase Transition

The interplay between the topological insulator and broken time-reversal symmetry
(TRS) may create novel quantum effects. In this chapter, we show a magnetic
quantum phase transition (QPT) accompanied by the sign reversal of the anomalous
Hall effect in Cr-doped Bi2(SexTe1−x)3 topological insulator films grown by MBE.
Across the critical point, a topological QPT is revealed by both ARPES measure-
ments and density functional theory (DFT) calculations. We show that the bulk
band topology is the fundamental driving force for the magnetic QPT, where the
ferromagnetic order is strongly promoted by non-trivial Z2 topology. The tunable
topological and magnetic properties in this system provide an ideal platform for
realizing the exotic topological quantum phenomena in magnetic topological
insulators. The main findings and conclusions in this chapter have been published
in Ref. [1], reprinted with the permission of full text and figures from AAAS.

4.1 Introduction to Magnetic Topological Insulator

The massless Dirac fermions in the topological surface states are protected by the
TRS [2–4], which is broken by magnetically doped topological insulator, especially
in the presence of long-range ferromagnetic order. Although breaking the TRS is
generally detrimental to the topological surface states, it may also lead to some
exotic topological quantum effects unique to the TIs. For example, a magnetic film
deposited on the surface of a TI is proposed to induce the image magnetic
monopoles [5]. An ultrathin film of magnetically ordered TI is expected to exhibit
the quantized anomalous Hall effect in zero magnetic field [6, 7] (Chap. 5). Giant
magneto-optical effects may be created when a TI is weakly exchange coupled to a
ferromagnet [8], and a dissipationless inverse spin-galvanic effect may be induced
when a monolayer insulating ferromagnet is deposited on the surface of a TI [9].
A key step for realizing and investigating these novel quantum states of matter is to
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tune the magnetic ordering in TIs in a controlled manner and recognize the
underlying topological connections.

With their relatively large bulk gap and single surface Dirac cone, the prototypical
3D TIs Bi2Se3 and Bi2Te3 [10–12] are widely used as hosts for TRS-breaking
perturbations. As shown in Fig. 4.1, on the cleaved surface of Fe-doped Bi2Se3
single crystal, ARPES measurements reveal the opening of an energy gap at the
Dirac point [13], which is possibly caused by the ferromagnetic order on the surface
induced by Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction [14, 15]. In
addition, Fe atoms deposited on the surface of Bi2Se3 single crystal are found to
create odd multiples of Dirac-like surface states above the original (gaped) Dirac
point [16]. Moreover, spin-resolved ARPES reveals that the spin textures of the
surface states exhibit a hedgehog-like structure in Mn-doped Bi2Se3, which directly
demonstrate the consequence of TR symmetry breaking on the surface [17].

STM/STS measurements on the surface of magnetically Fe-doped Bi2Te3
crystals demonstrate that breaking TRS can lead to several new scattering channels
along high-symmetry directions in the momentum space [18]. In Mn-doped Bi2Te3
and Bi2Se3, when approaching the Dirac point, the dopants result in pronounced
nanoscale spatial fluctuations of energy, momentum, and helicity [19].

Comparing to the surface-sensitive techniques (ARPES and STM), the magne-
tization and transport measurements are the most straightforward methods to probe
the underlying magnetic properties. In Mn-doped Bi2Te3 single crystals, magneti-
zation measurements demonstrate a bulk ferromagnetic (FM) state with the Curie
temperature of around 9–12 K [20] and the easy axis of magnetization is perpen-
dicular to the Bi2Te3 basal plane. Furthermore, STM topography analysis shows
that the Mn substitutions (on the Bi sites) are randomly distributed, indicating the

Fig. 4.1 a Illustration of the topological surface states with a gapless Dirac cone structure in
undoped Bi2Se3. b A gap is opened at the Dirac point by introducing the magnetic impurities with
ferromagnetic order. c ARPES measurements of the electronic band structure of a Fe-doped Bi2Se3
sample show that the upper and lower Dirac cones are separated by a Dirac gap. Figures are
adapted from http://www-ssrl.slac.stanford.edu/ by the courtesy of Y.L. Chen
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absence of Mn clustering. However, the ferromagnetic hysteresis is not observed in
anomalous Hall effect measurements at temperature (5 K) below the Curie tem-
perature of Bi1.96Mn0.04Te3 (TC * 9 K). Nevertheless, the moment per Bi2
−xMnxTe3 formula unit is substantially larger than that observed in the Fe-doped
Bi2Te3 crystals [21], where analogous ferromagnetic order is observed in the
magnetization measurements. Moreover, a Dirac fermion-mediated ferromagnetism
was reported by the transport measurements in Mn-doped Bi2(Se,Te)3 thin flakes
[22]. In this system, the Fermi level was tuned into the bulk band gap by both solid
dielectric gating and ionic liquid gating. Therefore, the ferromagnetic order can
only be supported by surface electrons.

In magnetically doped Bi2Se3, the intrinsic ferromagnetic order is seldom
reported. For instance, in Bi1.96Fe0.04Se3, the ferromagnetic order is not observed
from room temperature down to 2 K [21]. Similarly, the bulk paramagnetic state is
also reported in Bi1.98Gd0.02Se3 and Bi1.98Cr0.02Se3 single crystals [23]. Although
some groups have reported an in-plane ferromagnetism in Mn-doped Bi2Se3 thin
films [24] and Fe7Se8/Bi2Se3 intergrowth crystals [25], it is not an intrinsic behavior
due to the segregation of the magnetic atoms or phase separation during the sample
growth. In Cr-doped Bi2Se3 epitaxial thin films, the in-plane ferromagnetism is
revealed for Cr content x = 5.2 % [26]. However, when x is increased to 9.9 %, the
ferromagnetism nearly vanishes, which probably results from the poor sample
quality at higher Cr concentration as acknowledged by the authors. Thus, this
ferromagnetism in Cr-doped Bi2Se3 is possibly an extrinsic effect.

4.2 Motivation and Experimental Design

Most of these previous studies focus on the effect of magnetism on the topological
surface states, and little is known about the other side of the story, i.e., how the
magnetic ordering is affected by the topological property. Since the Z2 bulk
topology is the most fundamental identity of a TI, we anticipate that it must also
play a crucial role in determining the phases and phase transitions in magnetically
doped TIs. To test this conjecture, we fabricate Cr-doped Bi2(SexTe1−x)3 TI films
using MBE method. By varying the mixing ratio of Bi2Se3 to Bi2Te3, we can
actively modify the strength of spin–orbit coupling (SOC), which is essential for the
band inversion of TIs. Figure 4.2 depicts the schematic structure of Bi2−yCry(SexTe1
−x)3, where the Cr dopants substitute the Bi sites and Se/Te atoms are randomly
mixed. All the films studied here have the same thickness d = 8 QL so that they are
in the 3D regime with decoupled surfaces [27]. The Cr content is fixed at y = 0.22
because at this doping level the density of local moments is high enough to sustain
long-range magnetic order, and the SOC strength is reduced to the verge of a
topological phase transition [28]. The schematic device for the magnetotransport
measurements on the TI films is displayed in Fig. 2.8a, where the external magnetic
field (H) is perpendicular to the film plane.
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4.3 Sample Characterization

The MBE-grown films are characterized by RHEED during growth, in suit STM
topography, and ex suit X-ray diffraction (XRD) measurements. Sharp 1 × 1
RHEED patterns can always be observed on the 8 QL Bi1.78Cr0.22(SexTe1−x)3
samples.

Figure 4.3 shows the XRD pattern of 45 QL pure Bi2Se3 film and the
Bi1.78Cr0.22Se3 film. The (006), (009), (0012), (0015), (0018), and (0021) XRD
peaks are very clear. The inset shows that the full width at half maximum (FWHM)
of the (006) peak of the Bi1.78Cr0.22Se3 film is around 0.2°, which indicates the high
quality of the sample.

The typical STM topographic images of the surface of Bi1.87Cr0.13Te3 are pre-
sented in Fig. 4.4. The centers of dark triangles are identified as the Cr substitutions
on Bi sites, which are covered by topmost Te layer. Segregated nanoscale clusters
do not exist even in the large-scale topography.

4.4 Transport Measurements

This section reports the transport results of 8 QL Bi1.78Cr0.22 (SexTe1−x)3 films with
0 ≤ x ≤ 1. The field dependence of Hall effect and magnetoresistance (MR) are
measured at a temperature range from 1.5 to 100 K. To reveal the magnetic ani-
sotropy and confirm the paramagnetism, MR measurements are performed under
different magnetic field orientations.

Fig. 4.2 The schematic
crystal structure of Bi2
−yCry(SexTe1−x)3 (two QLs
are shown). The Cr dopants
substitute the Bi sites, and
Se/Te atoms are randomly
mixed
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Fig. 4.3 XRD patterns of the Bi1.78Cr0.22Se3 film. The sharp peaks indicate high quality of the
sample. The inset panel is an enlarged view on (006) peak

Fig. 4.4 STM topography of Bi1.87Cr0.13Te3 film reveals the absence of Cr clusters even in the
large-scale topographic image
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4.4.1 Magnetic Quantum Phase Transition
in Bi1.78Cr0.22(SexTe1−x)3

We first discuss the transport properties of Cr-doped Bi2Te3 under a perpendicular
magnetic field. Figure 4.5a shows the field-dependent Hall effect curves of the 8 QL
Bi1.78Cr0.22Te3 film taken at varied temperatures (T). At the base temperature
T = 1.5 K, the Hall effect shows a hysteretic loop and a nearly square-shaped
positive jump, which are the hallmarks of anomalous Hall effect (AHE) in FM
conductors [29]. The total 2D Hall resistivity ρyx in this case can be expressed as
follows:

qyx ¼ RAM T;Hð ÞþRAH ð4:1Þ

Here, M(T, H) is the magnetization and RA and RN are the anomalous and normal
Hall coefficients, respectively. Both the anomalous Hall resistivity and the coercive
force (Hcoer) decrease as T rises. The Hall traces become fully reversible at
T > 20 K, indicating that the Curie temperature TC of this film is around 20 K. The
normal Hall effect at high H has a negative slope for the entire temperature range,
indicating the existence of electron-type charge carriers (Fig. 4.12). The magne-
toconductivity (MC) curves taken at T < TC show butterfly-shaped hysteresis at
weak H (Fig. 4.5b), as commonly observed in FM metals. MC keeps decreasing at
higher H, indicative of the weak localization (WL) of charge carriers instead of the
weak antilocalization (WAL) in pristine Bi2Te3 [30].

The Cr-doped Bi2Se3, on the other hand, exhibits a totally different transport
behavior. Figure 4.6a shows the Hall effect measured on the Bi1.78Cr0.22Se3 film. At
T = 1.5 K, the Hall trace has a pronounced negative curvature at weak H but shows
no observable hysteresis. These features are consistent with the field-induced AHE

Fig. 4.5 Transport results on 8 QL Bi1.78Cr0.22Te3. a The Hall effect of Bi1.78Cr0.22Te3 film
shows hysteretic loops below TC = 20 K with a positive AHE term. b The MC curves show a
butterfly-shaped hysteresis pattern
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in paramagnetic (PM) materials without spontaneous magnetization. Figure 4.6b
displays the MC curves measured on the same film, which again shows no sign of
hysteresis even at the base temperature. Here, the MC changes from negative at low
T to positive at high T, consistent with the WL to WAL crossover reported in 3 QL
Bi2Se3 with similar Cr content [31]. The possible existence of in-plane ferromag-
netism in the Bi1.78Cr0.22Se3 film is also ruled out by magnetization and magneto-
transport measurements with H applied along the film plane (Figs. 4.14b and 4.16).

There are two striking differences between the magnetotransport properties of
Cr-doped Bi2Te2 and Bi2Se3. The former has a FM ground state with positive AHE,
whereas the latter remains PM down to the base temperature and has a negative
AHE. To unveil the origin of the sharp contrast between these two phases, we
fabricate Cr-doped Bi2(SexTe1−x)3, which are isostructural isovalent mixtures of
Bi2Te3 and Bi2Se3. Figure 4.7 displays the Hall traces measured on five Bi1.78Cr0.22

Fig. 4.6 Transport results on 8 QL Bi1.78Cr0.22Se3. a The Hall effect shows no hysteresis even at
low T, and only a negative curvature is observed. b The MC displays a crossover from WL to
WAL as temperature increases

Fig. 4.7 The field-dependent Hall traces of 8 QL Bi1.78Cr0.22(SexTe1−x)3 films with
0.22 ≤ x ≤ 0.86 measured at varied temperatures
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(SexTe1−x)3 films with 0.22 ≤ x ≤ 0.86. The three Te-rich samples with x ≤ 0.52 all
show FM ordering at low T as seen by the apparent hysteresis. As the Se content is
increased to x = 0.67, however, the hysteresis disappears and the system enters the
PM phase. Interestingly, the sign of the AHE term also reverses to negative right at
this doping. With the further increase of x to 0.86, the system remains PM and the
negative AHE becomes more pronounced.

The FM to PM phase transition can also be seen in the MC curves measured on
the same films as shown in Fig. 4.8. The three samples with x ≤ 0.52 all show a
butterfly-shaped hysteresis pattern for T below TC. Both the low T coercive force
Hcoer and TC decrease as Se content x increases from 0.22 to 0.52, indicating
weakened FM order. With the further increase of x from 0.67 to 0.86, the hysteresis
totally disappears even at the base T, indicating the PM ground state in this regime.

Figure 4.9a summarizes the Hall and MC curves of all the Bi1.78Cr0.22(SexTe1
−x)3 samples measured at T = 1.5 K. The Hall curves reveal a highly systematic

Fig. 4.8 The MC curves for the 8 QL Bi1.78Cr0.22(SexTe1−x)3 films with 0.22 ≤ x ≤ 0.86 at
varied T

Fig. 4.9 Systematic evolution of the Hall effect (a) and MC (b) of all the samples (0 ≤ x ≤ 1)
measured at T = 1.5 K
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evolution of Hcoer and the intercept Hall resistivity q0yx obtained by extrapolating the
high H linear Hall curve back to zero field (Fig. 4.11a). For the MC curves, as the
Se content x increases from 0 to 0.52, the butterfly-shaped hysteretic loop shrink
systematically and disappear altogether when x > 0.67.

Since the magnetism of the system can be characterized by the anomalous Hall
effect, we can draw the T versus x magnetic phase diagram by plotting the q0yx
values of each sample using the color scale (Fig. 4.10). At the base temperature
T = 1.5 K, the phase diagram is separated into two distinct regimes: a FM phase
with positive q0yx and a PM phase with negative q0yx. Since the transition between the
two magnetic phases occurs at the ground state, it is a QPT driven by the change of
chemical composition. The quantum critical point (QCP) xc * 0.63 can be esti-
mated from the interpolated x value when q0yx changes sign (Fig. 4.11b). The
pronounced quantum critical fluctuations near the QCP are also clearly illustrated in

Fig. 4.10 The magnetic
phase diagram of
Bi1.78Cr0.22(SexTe1−x)3
summarizing the intercept q0yx
as a function of Se
concentration x and
temperature T. The TC of the
FM phase is indicated by the
solid symbols

Fig. 4.11 a The broken lines demonstrate the linear extrapolation of the Hall curves back to zero
field to extract the intercept q0yx value. b The x dependence of Hcoer and q0yx at T = 1.5 K
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the phase diagram. The solid symbols in Fig. 4.10 indicate the TC of each sample
determined by the temperature when Hcoer becomes zero.

4.4.2 Methods for the Detection of q0yx and xc

Figure 4.11a shows the Hall effect of 8 QL Bi1.78Cr0.22Te3 and Bi1.78Cr0.22Se3 films
measured at T = 1.5 K. The intercept q0yx plotted in Fig. 4.10 is obtained by
extrapolating the linear part of the Hall curve (roughly between 1 and 2 T) back to
zero magnetic field. For the PM Bi1.78Cr0.22Se3 sample, this renders a negative q0yx
value, and for the FM Bi1.78Cr0.22Te3 sample, the q0yx is positive and the value is

close to the residual Hall resistivity at zero field. The q0yx values of the other samples
are determined by the same procedure.

Figure 4.11b summarizes the x dependence of Hcoer and the intercept q0yx. The

phase diagram is separated into two distinct regimes: a FM phase with positive q0yx
and a PM phase with negative q0yx. The QCP xc * 0.63 of the QPT can be esti-

mated from the interpolated x value when q0yx changes sign.

4.4.3 The High-Field Hall Effect in Bi1.78Cr0.22Te3

In Fig. 4.5a, the low-field Hall effect of the 8 QL Bi1.78Cr0.22Te3 film is displayed.
At T = 5 K, the slope of the normal Hall effect at high field is negative, consistent
with the electron-type charge carriers as seen by the ARPES measurements
(Fig. 4.17a). In the temperature range between 20 K < T < 60 K, however, the
low-field slope of the Hall effect seems to be positive. This is not due to the change
of carrier type to holelike, but is due to the ferromagnetic fluctuations above the
Curie temperature TC = 20 K. In this regime, a small magnetic field can induce a
sizable magnetization, which leads to a positive curvature in the Hall effect, just like
the anomalous Hall effect below TC except for the absence of hysteresis. To
demonstrate this point, we extended the Hall effect in this sample to higher tem-
peratures and fields, as shown in Fig. 4.12. At T much higher than TC (T = 80 and
100 K), the fluctuation effect is weak and the low-field Hall slope shows a negative
slope. Even for T just above TC when the fluctuation is strong, the slope of the Hall
curve becomes negative at sufficiently high magnetic field when the normal Hall
effect dominates. Both observations indicate that the charge carriers in Cr-doped
Bi2Te3 are always electron type for the entire temperature range.
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4.4.4 Magnetic Anisotropy Measurements in Bi1.78Cr0.22Te3

The magnetic anisotropy is another important property of a FM material. To reveal
the magnetic anisotropy of the 8 QL Bi1.78Cr0.22Te3 film, we performed MR
measurements under different magnetic field orientations. Figure 4.13 shows
ρxx(B)/ρxx(0), the normalized magnetoresistance (MR), measured at T = 1.5 K with
a different polar angle (θ) between the magnetic field and the normal line of the film
as indicated by the schematic in the inset of Fig. 4.13b. For θ = 0 (90°), the
magnetic field is perpendicular (parallel) to the in-plane electric current direction.
With increasing θ, the strength of hysteresis decreases continuously and becomes
extremely small for an in-plane field (θ = 90°). This is a very strong indication of
an out-of-plane magnetic anisotropy.

Another trend revealed by Fig. 4.13a is the increase of the apparent coercive
force with increasing θ. This is not due to the increase of coercivity, but instead, it is
due to the decrease of the perpendicular component of the field as θ increases. In
Fig. 4.13b, we plot the normalized MR curves versus the normal component of
magnetic field H? ¼ Htotal � cosh: It is evident that the coercive force decreases with
increasing θ and becomes very small for field close to the in-plane orientation, again
demonstrating the out-of-plane magnetic anisotropy.

Fig. 4.12 High-field Hall effect of the Bi1.78Cr0.22Te3 film up to 5 T at varied temperatures from
1.5 to 100 K
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4.4.5 Further Proof of Paramagnetism in Bi1.78Cr0.22Se3

In addition to these AHE measurements with perpendicular magnetic field, we also
carried out magnetic anisotropy measurements on 8 QL Bi1.78Cr0.22Se3 films under
both out-of-plane and in-plane magnetic fields. And all the experimental results
explicitly support that the Bi1.78Cr0.22Se3 films studied in our work are paramag-
netic at any direction.

Figure 4.14a shows the MR measurements on the 8 QL Bi1.78Cr0.22Se3 film at
T = 1.5 K with a rotating field from out-of-plane to in-plane, where the weak
localization behavior is present and no hysteresis loops are observed. In Fig. 4.14b,
the magnetic field is rotated within the in-plane orientation with several different
angles between the field and the electric current. The weak localization behavior is
present at all angles, but there is no observable hysteresis in any of the curves,
which is consistent with the magnetization measurements (Fig. 4.16). Since MR is
very sensitive to long-range ferromagnetic ordering, these results provide transport
evidence for the absence of ferromagnetic ordering in the Cr0.22Bi1.78Se3 film at any
direction.

Fig. 4.13 The angle dependence of normalized MR of the 8 QL Bi1.78Cr0.22Te3 film as a function
of total magnetic field (a) and the normal component of the field (b) at T = 1.5 K
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4.5 SQUID Magnetization Measurements

To clarify whether the ferromagnetism in the samples studied here is a bulk phe-
nomenon or a surface effect, we use a superconducting quantum interference device
(SQUID)magnetometer tomeasure themagnetization of a 50QLBi1.78Cr0.22Te3 film
with area 12 mm2 grown on sapphire substrate. The 8 QL film studied by transport in
the main text is too thin to exhibit sufficiently large magnetic signal. Shown in
Fig. 4.15a is theM-H loop measured at T = 2 K on the 50 QL sample. At high field,
M is linear to H with a negative slope, which is due to the diamagnetic signal mainly
from the substrate. At low field (μ0H < 0.2 T), a strongly hysteretic M-H loop
appears, indicating the FM behavior of the sample. The magnetization of the film can
be obtained after the diamagnetic background is subtracted. Next, we estimate the
magnetic moment contributed by each Cr dopant. The volume of the 50 QL film is
about 12 mm2 × 51 nm = 6.12 × 10−7 cm3, and the saturated magnetic moment per
unit volume is about 2.4 × 10−5 emu/6.12 × 10−7 cm3 = 39.2 emu/cm3. Since the
volume of one unit cell of Bi2Te3 is 158 Å3, the magnetic moment per unit cell is
39.2 emu/cm3 × 158 Å3 = 6.2 × 10−21 emu = 0.667 μB. Therefore, the magnetic
moment per Cr dopant can be derived to be 0.667 μB/0.22 = 3.0 μB as shown in
Fig. 4.15b. This is very strong evidence that all of the Cr3+ cations contribute to the
magnetization. Therefore, the ferromagnetic ordering is definitely a bulk
phenomenon.

The paramagnetism of the Bi1.78Cr0.22Se3 films is further confirmed by the
SQUID magnetization measurements with the in-plane magnetic field. And all the
experimental results explicitly support that the Bi1.78Cr0.22Se3 films studied in our
work are paramagnetic both in the out-of-plane and in the in-plane directions.
Shown in Fig. 4.16 is the magnetization results measured by SQUID magnetometry

Fig. 4.14 The magnetic anisotropy measurements of 8 QL Bi1.78Cr0.22Se3 films under both
out-of-plane and in-plane magnetic fields at T = 1.5 K
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on 50 QL Bi1.78Cr0.22Se3 film at T = 2 K with the magnetic field applied within the
plane of the film. The M-H loops of the film have negligible hysteresis, indicating
that it has no long-range ferromagnetic ordering. This behavior contrasts strongly
with the clear ferromagnetic ordering in Bi1.78Cr0.22Te3 with out-of-plane aniso-
tropy, as shown in Fig. 4.15. And the magnetic moment per Cr dopant is also about
3.0 μB. This indicates that even the paramagnetism in Bi1.78Cr0.22Se3 films is a bulk
phenomenon and not dominated by surface states.

Fig. 4.16 The SQUID
magnetization measurements
of 50 QL Bi1.78Cr0.22Se3 films
with the in-plane magnetic
field at T = 2 K

Fig. 4.15 The SQUID magnetization measurements of 50 QL Bi1.78Cr0.22Te3 film at T = 2 K
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4.6 ARPES Band Mapping

This section reports the band structure evolution of Bi2−yCry(SexTe1−x)3 films as a
function of Se and Cr concentrations. In the ARPES band maps, an explicit
topological QPT is revealed in Bi1.78Cr0.22(SexTe1−x)3 system as well as a bulk
band closing and reopening process in Bi2−yCrySe3 films. Furthermore, in Bi2
−yCryTe3 system, the surface states are shown to exist with the Cr concentration up
to y = 0.23 and vanish for y = 0.38.

4.6.1 Topological Quantum Phase Transition
in Bi1.78Cr0.22(SexTe1−x)3

ARPES measurements on the Bi1.78Cr0.22(SexTe1−x)3 system uncover a surprising
feature. Figure 4.17a–f displays the ARPES band maps taken at T = 120 K when
all the samples are in the PM states. The Fermi level (EF) of all the samples lies
above the Dirac point, consistent with the electron-type charge carriers revealed by
the negative slope of the normal Hall effect. The three samples with x ≤ 0.52 show
well-defined gapless surface states with linear dispersions. The surface state fea-
tures can be better identified by the dual-peak structures around the Γ point in the
momentum distribution curves (MDCs) shown in Fig. 4.17g–l. As x is increased to
x = 0.67 (Fig. 4.17d), however, the surface state features cannot be resolved from
the band map. The MDCs in Fig. 4.17j also exhibit a single broad peak charac-
teristic of the bulk states. Moreover, a small energy gap starts to appear at the Γ
point of the band structure. With further increase of x up to 1, the surface states are
always absent, while the gap amplitude keeps increasing. Since the Dirac surface
states derive from the non-trivial Z2 bulk topology, their absence for x ≥ 0.67
suggests that the bulk band structure in this regime is topologically trivial.
Therefore, the ARPES results reveal a topological QPT, namely a transition from
the TI to trivial band insulator, accompanying the magnetic QPT. The overall
features of the ARPES results are very similar to those in the BiTl(S1−δSeδ)2 TIs
showing the topological QPT induced by S substitution of Se [32, 33].

4.6.2 Similar Topological QPT in Bi2−yCrySe3 and
Bi2−yCryTe3

In addition to the bandmapping inBi1.78Cr0.22(SexTe1−x)3 system,we have performed
a series of ARPES measurements on Bi2−yCrySe3 films with systematically varied Cr
contents. Shown in Fig. 4.18 are ARPES band maps along the Γ-K-Γ direction and
EDCs of six Bi2−yCrySe3 films with y from 0 to 0.24 taken at room temperature, where
the dashed lines roughly indicate the edges of bulk bands. Due to peak broadening
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induced by Cr doping, it is difficult to determine the exact size of bulk
gap.Nevertheless, we still can tell that the size of the bulk gap atΓ point decreaseswith
increasing Cr content in the range of 0 ≤ y ≤ 0.13. At y = 0.13, the gap reaches a
minimum value and it increases with Cr content for 0.13 ≤ y ≤ 0.24. Meanwhile, the
surface states can be resolved for y ≤ 0.13 but totally vanish for y ≥ 0.20, indicating
the topologically trivial bulk band structure. Therefore, another topological QPT in
Bi2−yCrySe3 films is also revealed through ARPES measurements.

For Bi2−yCryTe3 films, the ARPES measurements are shown in Fig. 4.19 with
0 ≤ y ≤ 0.38. Here, the Fermi level is located in the bulk band so that the bulk
conduction band cannot be clearly observed. In pure Bi2Te3 (y = 0) film, the
well-defined surface states with massless Dirac-like dispersion can be clearly
observed, same as that shown in Fig. 3.4a. As the Cr dopants are introduced, the
surface states exist for all the doping up to y = 0.23, which is similar to that in Fig.
4.17a. This contrasts strongly to the Bi2−yCrySe3 case, where the surface states
totally vanish for y ≥ 0.20. Remarkably, the DP moves upward relative to the bulk
valence band as the Cr content is increased. This is a strong indication that a

Fig. 4.17 The ARPES band maps (a–f) and the momentum distribution curves (g–l) taken at
120 K along the K-Γ-K direction on the Bi1.78Cr0.22(SexTe1−x)3 films with Se concentration x = 0,
0.22, 0.52, 0.67, 0.86, and 1.0, respectively. The positions of the Fermi level (EF) are indicated by
yellow dashed lines (a–f) and black solid curves (g–l). The blue and red dashed lines in (a–
c) indicate the Dirac surface states with opposite spin polarities and they intersect at the Dirac
point. White dotted lines in (d) to (f) represent the top of the valence band and the bottom of the
conduction band, and Δ is the energy gap between them
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ferromagnetic topological insulator with the Fermi level both in the bulk and in the
surface band gaps could be possibly achieved. Moreover, with further increase of
y up to 0.38, the surface states totally disappear, which probably reveals the
topologically QPT from non-trivial bulk band (y ≤ 0.23) to a trivial insulator (y =
0.38) again.

Fig. 4.18 The ARPES band maps and the energy distribution curves (EDCs) taken at room
temperature along the K-Γ-K direction on the Bi2−yCrySe3 films with Cr concentration y = 0, 0.04,
0.09, 0.13, 0.20, and 0.24, respectively

Fig. 4.19 The ARPES band measurements taken at room temperature along the K-Γ-K direction
on the Bi2−yCryTe3 films with Cr concentration y = 0, 0.07, 0.13, 0.23, and 0.38, respectively
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4.7 Density Functional Theory Calculations

Density functional theory (DFT) is a quantum mechanical modeling method for
investigating the electronic structure of solid-state systems. In many cases, the
results of DFT calculations agree quite satisfactorily with experimental data, which
makes it as one of the most popular and versatile calculation methods in condensed
matter physics. In this section, the DFT calculations are reported, which firmly
corroborate the topological QPT in the Bi2−yCry(SexTe1−x)3 films.

4.7.1 Calculation Method

The DFT calculations are performed by using the Perdew–Burke–Ernzerhof
(PBE) generalized gradient approximation [34] and the projector-augmented wave
potential [35], as implemented in the Vienna ab initio simulation package [36]. The
energy cutoff of the plane wave basis is 340 eV. The lattice constants of Cr-doped
Bi2Se3 (a[Bi2−yCrySe3]) and Bi2Te3 (a[Bi2−yCryTe3])) are taken to be equal to the
experimental values of pristine Bi2Se3 and Bi2Te3 [37]. The lattice constants of the
Se/Te mixed phase (a[Cr0.25Bi1.75(SexTe1−x)3]) are estimated by the interpolation: a
[Cr0.25Bi1.75(SexTe1−x)3] = x · a[Bi2Se3] + (1 − x) · a[Bi2Te3]. The internal coor-
dinates are fully relaxed till the forces converge to a value of less than 0.01 eV/Å.
The spin–orbit coupling (SOC) is included in the following self-consistent calcu-
lations of electronic structure [38]. In order to correctly describe the p-d hy-
bridization, an on-site effective Coulomb interaction [39] of 4 eV is added to the
3d orbital of Cr atom [28]. A 2 × 2×1 hexagonal supercell and 9 × 9×1
Monkhorst–Pack k point sampling are used for band structure calculations.

4.7.2 Band Structures of Bi2−yCrySe3 and Bi2−yCryTe3

Figure 4.20 displays the DFT-calculated band structures along the high-symmetry
K-Γ and Γ-M directions for Cr-doped Bi2Se3 with a chemical formula Bi2−yCrySe3.
The band structures of pure Bi2Se3 agree very well with those reported previously
[10]. At the Γ point, there is an inverted energy gap with an amplitude Δ * 0.3 eV.
Increasing Cr content to y = 0.083 significantly reduces the gap amplitude because
Cr has much smaller SOC strength than Bi. But the conduction and valence bands
remain inverted in this sample, indicating a non-trivial bulk topology. At y = 0.167,
interestingly, the conduction and valence bands touch each other, leading to a gap
closing that indicates a topological phase transition. When Cr content is increased
further to y = 0.25, the gap reopens with an amplitude Δ * 0.2 eV, but now the
conduction and valence bands are not inverted anymore. A similar topological
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phase transition has been reported by altering the SOC strength in 3 QL of Cr- and
Fe-doped Bi2Se3 thin films [28].

In Fig. 4.21, we summarize the evolution of the bulk gap size measured by
ARPES (Fig. 4.18) as well as the DFT-calculated gap size (Fig. 4.20). The good
qualitative agreement between them is very remarkable and provides unambiguous
support for the validity of the DFT calculation and the underlying physics of a
topological QPT near yc = 0.167.

Figure 4.22 shows the DFT-calculated band structures of Cr-doped Bi2Te3,
which reveal a more complicated situation than that in Cr-doped Bi2Se3. The band
structure of pure Bi2Te3 also has an inverted energy gap at the Γ point that agrees
well with the previous report [10]. With increasing y, however, the energy gap at
the Γ point does not show the simple gap closing and reopening pattern. Instead, the
gap is always present and its amplitude shows a rather complex variation with
y. Nevertheless, these calculated band structures are still consistent with the ARPES
measurements shown in Fig. 4.19. In these calculations, the Cr content can only
take several discrete values and cannot vary continuously; therefore, we cannot
judge directly if the band structure of Bi1.75Cr0.25Te3—that is the most relevant
sample to our experiments—is inverted or not.

In order to determine the topological nature of the bulk band in Bi1.75Cr0.25Te3,
we calculate the band structures of this sample with different inter-QL coupling. By
artificially increasing the inter-QL distance from the equilibrium value d0
(Fig. 4.23b), the coupling between the QLs can be tuned continuously from the real
intermediate regime to the hypothetical weak coupling regime. This method pro-
vides a natural way to show the band inversion and has been used to identify that

Bi2Se3 Bi1.917Cr0.083Se3 Bi1.833Cr0.167Se3 Bi1.75Cr0.25Se

Fig. 4.20 DFT-calculated bulk band structures of Bi2−yCrySe3 with different Cr contents. From
left to right y = 0, 0.083, 0.167, and 0.25, respectively. The red broken line stands for the Fermi
level
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ultrathin Bi(111) film is in a topologically non-trivial case independent of film
thickness [40]. Without the inter-QL coupling (inter-QL distance is infinite), the 3D
bulk system is topologically trivial [41], because it can be viewed as a stack of 2D

Fig. 4.21 The bulk gap evolution of Bi2−yCrySe3 obtained from the ARPES measurements and
DFT calculations. The red dash lines represent the imaginary tendency of bulk gap, not real data

Bi2Te3 Bi1.917Cr0.083Te3 Bi1.833Cr0.167Te3 Bi1.75Cr0.25Te3

Fig. 4.22 DFT-calculated bulk band structures of Bi2−yCryTe3 with different Cr contents. From
left to right y = 0, 0.083, 0.167, and 0.25, respectively
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trivial insulator layers. Now, we start from the equilibrium inter-QL distance d0 and
increase the distance to a quite large value. If the realistic system is in the inverted
regime, with increasing δd a band gap closing and reopening process is expected. If
the system with equilibrium inter-QL distance d0 is already a trivial insulator, on the
other hand, the band gap should just increase monotonically.

As shown in Fig. 4.23a, when we continually increase the inter-QL distance, the
band gaps of Bi1.75Cr0.25Te3 at the Γ and A points decrease first and then increase
with the increment of δd corresponding to a band inversion process. As discussed
above, this is a strong indication that the bulk band structure of Bi1.75Cr0.25Te3 is
inverted and topologically non-trivial in the PM phase. In contrast, the band gaps of
Bi1.75Cr0.25Se3 at Γ and A points increase monotonically with increasing δd, con-
sistent with the fact that it is a topologically trivial insulator. These conclusions are
consistent with the ARPES results (Fig. 4.17) showing that Bi1.78Cr0.22Te3 has
well-defined topological surface states characteristic of a TI phase and the complete
absence of topological surface states in Bi1.78Cr0.22Se3.

4.7.3 The Corroboration of Topological QPT
in Bi1.75Cr0.25(SexTe1−x)3

The signature of topological QPT in the bulk band structure is the existence of a gap
closing point at the critical SOC strength. This can be seen clearly in the DFT

Fig. 4.23 a The band gaps of Bi1.75Cr0.25Te3 and Bi1.75Cr0.25Se3 at Γ and A points as a function
of the increment of inter-QL distance δd. b The crystal structure (side view) of Bi1.75Cr0.25Te3 or
Bi1.75Cr0.25Se3. c The first Brillouin zone of the hexagonal lattice, indicating the Γ and A points
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results on Cr-doped Bi2Se3 shown in Figs. 4.20 and 4.21. The inverted energy gap
with Δ * 300 meV in pristine Bi2Se3 shrinks with increasing Cr doping and closes
at y * 0.167. For y = 0.25, the gap reopens, but now the band structure becomes
normal, indicative of a trivial band insulator. The origin of the topological QPT is
quite straightforward. The Cr substitution of Bi not only introduces local moments,
but also reduces the SOC strength. At sufficiently high Cr doping, the SOC is not
strong enough to invert the bands, leading to a trivial bulk topology [28]. For
Cr-doped Bi2Te3, on the contrary, our DFT calculations show that the bulk band
remains inverted for Cr content up to y = 0.25 (Figs. 4.22 and 4.23). The more
robust band inversion here is due to the larger SOC strength of Te than Se. To better
simulate the experiments, we calculate the band structures of Bi1.75Cr0.25(SexTe1−x)3
with varied x. As shown in Fig. 4.24, indeed there is a transition from inverted to
normal bands due to the reduced SOC strength with increasing Se/Te ratio.
Figure 4.25 summarizes the calculated bulk gap at the Γ point, which clearly shows a
topological QPT near x * 0.66, in excellent agreement with the experiments.

From DFT calculations, it is impossible to simulate the PM phase, so only the
FM phase can be considered here. It is found that the Zeeman splitting of
Bi1.75Cr0.25(SexTe1−x)3 induced by the ferromagnetic coupling is just dozens of
meV. At x = 0, the band structure has been inverted as discussed above, so the SOC
strength to invert the bands should be larger than the band gap without SOC at Γ
point (622 meV), which is larger by one order of magnitude than that of the
Zeeman splitting. For Bi1.75Cr0.25(SexTe1−x)3, although the SOC strength decreases
with the increase of x, the magnitude of SOC is also in the same order with that of
Bi1.75Cr0.25Te3. Thus, the critical point (xc = 0.66) from DFT calculation should be
quite close to the realistic critical point of the topological QPT in the PM phase.

Fig. 4.24 The bulk band structure of Bi1.75Cr0.25(SexTe1−x)3 calculated by the density functional
theory with x = 0 (a),0.58 (b), 0.67 (c), 0.72 (d), and 1.0 (e), respectively. Red dashed lines
indicate the positions of EF, and black dashed lines represent the locations of the Γ points
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4.8 Relationship Between Topological QPT and Magnetic
QPT

Now that the correlation between the magnetic and topological QPTs is firmly
established, we turn to a more fundamental question: Which phase transition is the
driving force and which one is the consequence? There are two pieces of evidence
supporting the scenario that topology is the fundamental character that determines
the magnetic ordering. Firstly, in the Bi1.78Cr0.22(SexTe1−x)3 samples studied here,
the Cr content is fixed and only the Se/Te ratio is varied. This provides a knob for
fine-tuning the SOC strength and hence the bulk band topology, but the magnetic
property is not directly affected. Therefore, the magnetic QPT should be a sec-
ondary effect of the topological QPT. Secondly, the ARPES results show that even
at high T when all the samples are in the PM state, the two regimes separated by the
QCP already develop different topologies. The magnetic ground states form at low
T following the preformed topological distinctions, where the FM phase results
from the non-trivial Z2 topology and a transition to PM phase occurs when the bulk
turns topologically trivial.

4.9 Effective Four-Band Model Calculations

In this section, the magnetic properties of the TI thin films are calculated by the
effective four-band model, which reveals a strong enhancement of the z direction
spin susceptibility in the topologically non-trivial regime, thus in favor of FM
ordering. Moreover, the sign change of the AHE at the QCP is also explicitly
explained.

Fig. 4.25 The topological
phase diagram. Starting from
x = 0.5, the bulk band
structure is inverted and the
gap at the Γ point decreases
with increasing x and closes at
the critical point xc = 0.66.
Above that the gap reopens
and increases with x, but the
band structure becomes trivial

4.8 Relationship Between Topological QPT and Magnetic QPT 77



4.9.1 The Spin Susceptibility in z Direction

The low-energy physics of Bi2Se3 family materials can be described by the effective
four-band model [10]

H0
0 ¼ � ~k

� �
þM ~k

� �
C5 þB0C4kz þA0 kyC1 � kxC2

� �
; ð4:2Þ

where � ~k
� �

¼ C0 þC1k2z þC2k2k ; and M ~k
� �

¼ M0 þM1k2z þM2k2k þ gk4; and

k2k ¼ k2x þ k2y : Here, C0, C1, C2, M0, M1, M2, A0, B0, and η are all parameters and we

add a small ηk4 term in order to give a correct high energy cutoff of the effective
model. This Hamiltonian is the same as that presented in Eq. (1.9) after performing
a unitary transformation. The basis of the above Hamiltonian is given by
jP1þ

� ; 1=2i; jP2�þ ; 1=2i; jP1þ
� ; 1=2i, and jP2�þ ; 1=2i denoted as j þ ; "; i j � ; "; i

j þ ; #i, and j � ; #i for short [42]. The Γ matrices are defined as C1 ¼ rxsx; C2 ¼
rysx; C3 ¼ rzsx;C4 ¼ sy;C5 ¼ sz and Cab ¼ ½Ca;Cb�=2i (a, b = 1 … 5) for other
ten Γ matrices. Here, the Pauli matrix σ denotes spin and τ denotes orbital.

We consider the above Hamiltonian equation Eq. (4.2) in a thin film configu-
ration with the thickness d = 8 nm and solve the eigen equation H0WðzÞ ¼ EWðzÞ
numerically [43] with the open boundary condition W 0ð Þ ¼ W dð Þ ¼ 0:. With the
eigen energies and eigen states, we can calculate the electron spin susceptibility in
the linear response regime with the formula

vzzðxÞ ¼
Z

d2k

2pð Þ2
X
ab

Tr SzPaSzPb

� � nF Eb

� �� nF Eað Þ
Eb � Ea þ �hxþ ig

; ð4:3Þ

where Sz = σz/2 is the spin operator, nF is the Fermi distribution function, Eα is the
αth eigen energy, and the corresponding eigen statesWaðzÞ determine the projection
operator Pa ¼ Waj i Wah j: In this calculation, we do not have any magnetization,
which corresponds to the PM phase, and the parameters are taken as C0 = 0,
C1 = 5.74 eV · Å2, C2 = 30.4 eV · Å2, M1 = 6.86 eV · Å2, M2 = 44.5 eV · Å2,
A0 = 3.33 eV · Å, B0 = 2.26 eV · Å, and η = 50 eV · Å4.

Figure 4.26 displays the calculated χzz for different chemical potential (μ) and the
mass term (M0). It is evident that for the normal (topologically trivial) regime with
M0 > 0, χzz reduces quickly when the band gap increases, whereas for the inverted
(topologically non-trivial) regime with M0 < 0, χzz always keeps a large value when
μ is around the gap. The reason for the large spin susceptibility in the non-trivial
phase is the van Vleck mechanism proposed in reference [6], which explicitly states
that the second-order matrix element is significantly enhanced when the band
becomes inverted. The topologically non-trivial phase thus strongly favors a FM
ordering, which naturally explains the topology-driven magnetic QPT discovered in
the experiments. The van Vleck mechanism is further supported by the magneti-
zation measurements (Fig. 4.15), which shows that the ferromagnetism occurs in
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the bulk rather than being a surface FM order mediated by the RKKY mechanism
[14, 15]. Furthermore, the out-of-plane magnetic anisotropy revealed by the field
angle dependence of MR (Fig. 4.13) is also consistent with the van Vleck-type FM
order in TIs [6].

4.9.2 Sign Change of the AHE at QCP

Next, we consider the anomalous Hall conductivity (σxy) of the TI thin film. In order
to have a nonzero σxy, we need to break time-reversal (TR) symmetry, which can be
achieved by introducing Zeeman type of spin splitting due to the magnetization
along z direction. According to the symmetry property of Γ matrices (e.g., Table 3
in reference [42]), two additional terms are allowed for the effective Hamiltonian

HZ ¼ Gz1C12 þGz2C34; ð4:4Þ

where Gz1 and Gz2 are the Zeeman splitting terms from the exchange coupling
between the electrons and magnetic impurities. Similar to the calculation of χzz, we
solve the eigen problem of the Hamiltonian H0 + HZ and use the eigen energy and
eigen wave function to obtain σxy with the Kubo formula

rxy ¼ � i:e:2

�h

Z
d2k

2pð Þ2
X
ab

nF �b
� �� nF �að Þ
�b � �a
� �2 Tr

@H
@kx

Pa
@H
@ky

Pb

� �
: ð4:5Þ

The σxy as a function of chemical potential (μ) for different parameters is shown
in Figs. 4.27 and 4.28, where we only change Gz1 and Gz2 and keep all the other
parameters the same as that used in the calculation of χzz. For nonzero Gz1 term, we
find integer σxy (Fig. 4.27a) when the chemical potential μ lies in the surface state
gap (at the energy of around 0.16 eV in Fig. 4.27c). However, in the n-doped

Fig. 4.26 The calculated
spin susceptibility of the
four-band model for different
μ and M0 in 8 QL thick films
showing the significantly
enhanced spin susceptibility
in the topologically
non-trivial regime
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regime that is more relevant to our experiments, we always find a negative sign of
σxy with Gz1 = 0.02 eV and Gz2 = 0 as shown in Fig. 4.27a and b. For nonzero Gz2

term, we can also see integer σxy when μ is in the surface gap. Interestingly, now in
the n-doped regime, the sign of σxy is reversed between the normal and inverted
regimes with Gz2 = 0.02 eV and Gz1 = 0 as shown in Fig. 4.28.

Figure 4.29 summarizes the σxy value as a function of M0 with fixed chemical
potential (μ = 0.4 eV), which clearly uncovers a sign change when the band gap is
reversed, in good agreement with the experimental observation. The close corre-
lation between the AHE sign change and topological QPT suggests that it can be
used as a transport fingerprint for the bulk topology. This is not unexpected given
the growing recognition of the topological nature of the intrinsic AHE in recent
years [44, 45]. The extrinsic AHE, which may be present in realistic materials, is
ignored here because it typically dominates in highly metallic materials, whereas
the disordered TI films studied here are poorly conductive [29].

Fig. 4.27 The σxy of the four-band model in the inverted regime a with M0 = −0.28 eV,
Gz1 = 0.02 eV, and Gz2 = 0 and the normal regime b with M0 = 0.1 eV, Gz1 = 0.02 eV, and
Gz2 = 0. c and d are the sub-band dispersion corresponding to (a) and (b)
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Fig. 4.28 The σxy of the four-band model in the inverted regime a with M0 = −0.28 eV, Gz1 = 0,
and Gz2 = 0.02 eV and the normal regime b withM0 = 0.1 eV, Gz1 = 0, and Gz2 = 0.02 eV. c and
d are the sub-band dispersion corresponding to (a) and (b)

Fig. 4.29 A summary of the
anomalous Hall conductivity
σxy as a function of M0 with
Gz1 = 0 and Gz2 = 0.02 eV at
fixed μ = 0.4 eV showing the
sign reversal of σxy across the
topological QPT
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4.9.3 Physical Meaning and Estimation of Gz1 and Gz2

From the low-energy effective Hamiltonian, it is found that for topologically
non-trivial case, the spin splitting of the conduction band is 2 Gz1 � Gz2j j; which can
be expressed as jKþ ; 1=2i ¼ lKþ jK; pSez ; "iþ mKþ jK; pSeþ ; #i and jKþ ; 1=2i ¼
ðlKþ Þ� jK; pSez ; "iþ ðmKþ Þ�jK; pSeþ ; #i: For the valance band, the splitting is
2 Gz1 þGz2j j; which is expressed as jK�; 1=2 ¼ lK�jK; pBiz ; "iþ mK�jK; pBiþ ; #i and
jK�; 1=2i ¼ ðlK�Þ� jK; pBiz ; "iþ ðmK�Þ�jK; pBiþ ; #i; where lKþð�Þ and mKþð�Þ are the

normalized coefficients from DFT calculation, Λ stands for P1þ or P2�; and pBiðSeÞþ
means 1=

ffiffiffi
2

p ðpBiðSeÞx þ ipBiðSeÞy Þ: Therefore, if we obtain the spin splitting of px, py,
and pz orbitals from DFT calculation directly, we can estimate Gz1 and Gz2.

Following this idea, we treat Bi1.917Cr0.083Se3 as a prototype to estimate these
parameters. Toward this structure, conduction band minimum and valence band
maximum at the Γ point are mainly contributed by the pz orbital of Se and Bi atoms;
the contribution from Cr atom can be ignored. Because spin splitting is directly
related to magnetic doping, the splitting of Bi1.75Cr0.25Se3 is about three times of
that in Bi1.917Cr0.083Se3. From DFT calculation without SOC, it is found that spin
splitting of pz orbital of Se and Bi atoms is about 48 and 8 meV, respectively. The
splitting of the px and py orbitals of Se atom is about 25 meV. For intrinsic Bi2Se3
with SOC, it is found that ðlKþ Þ2 ¼ 00:5393;ðmKþ Þ2 ¼ 00:460;ðlK�Þ2 ¼ 00:9844 and

ðmK�Þ2 ¼ 00:0156: Since ðmK�Þ2 � 0; the px and py orbitals of Bi atom are not
considered here. Based on the above argument, the spin splitting for the conduction
band is around 14 meV, and for the valence band, it is around 8 meV. This will
lead to an estimate of Gz1 and Gz2 to be about 2 and 6 meV for Bi1.917Cr0.083Se3. In
this case, Gz1 and Gz2 for Bi1.75Cr0.25Se3 are about 6 and 18 meV, respectively.
Although the estimate here is quite rough, we believe the order of magnitude of Gz1

and Gz2 is reliable.

4.10 The van Vleck Mechanism in TIs

In the presence of a uniform magnetic field (H), the total kinetic energy operator of
an ion (or atom) is replaced by [46]

eT ¼ 1
2m

X
i

Pi þ e
c
A rið Þ

h i2
¼ 1

2m

X
i

Pi � e
2c

ri �H
� �2

: ð4:6Þ

Here, A is the magnetic vector potential and H ¼ r� A: Then, eT can be expanded
to give
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eT ¼ eT0 þ lB L �Hþ e2

8mc2
H2

X
i

x2i þ y2i
� �

; ð4:7Þ

where μB is Bohr magneton, eT0 is the original kinetic energy operator without
magnetic field, and L is the total orbital angular momentum. Combined with the
Zeeman term, the total Hamiltonian is modified by

DH ¼ lB Lþ g0Sð Þ �Hþ e2

8mc2
H2

X
i

x2i þ y2i
� �

; ð4:8Þ

To compute the susceptibility, one must retain terms up to the second order in
H and use the second-order perturbation theory:

DEn ¼ lB H � nh jLþ g0S nj i þ
X
n0 6¼n

nh jlBH � Lþ g0Sð Þ n0j ij j2
En � E0

n

þ e2

8mc2
H2 nh j

X
i

x2i þ y2i
� �

nj i;
ð4:9Þ

where En and nj i are the eigen energy and eigen state of an individual ion without
any magnetic field. The second term in Eq. (4.9) is the origin of the van Vleck
paramagnetism. Therefore, for an insulator that contains N/V such ions, the van
Vleck susceptibility χzz (in z direction) of the ground state can be expressed as
follows:

vzz ¼ �N
V
@2DE0

@H2 ¼ 2l2B
N
V

X
n

0h j Lz þ g0Szð Þ nj ij j2
En � E0

: ð4:10Þ

In a band insulator, such as the Bi2Se3 family compound, one can rewrite the van
Vleck spin susceptibility in the form of Bloch wave functions [6]:

vzz ¼ 4 l2B
N
V

X
Enk\l;Emk [ l

nkh jSz mkj i mkh jSz nkj i
Emk � Enk

; ð4:11Þ

where μ is the Fermi energy and jmki and jnki are the Bloch functions in con-
duction and valence bands, respectively. Actually, this formula is just a simple
expression as that shown in Eq. (4.3). Here, Lz term is neglected, because around Γ
point the conduction and valence bands are mainly composed of the pz orbitals of
Bi and Se atoms.

In traditional semiconductors, the van Vleck paramagnetism is considerably
small comparing with other mechanisms. However, in Bi2Se3 family compounds, it
is strongly enhanced due to the sizable matrix elements hnkjSzjmki; which arise
from the mixing of the conduction and valence bands induced by the spin operator

4.10 The van Vleck Mechanism in TIs 83



in the presence of SOC. Within the four-band model, this matrix element reaches

the maximum when the condition M ~k
� �

in the Hamiltonian equation Eq. (4.2)

equals zero, which can only be satisfied in the inverted regime where M0 and M1,2

have opposite signs. In other words, for the normal regime, M0 and M1,2 have the

same sign, and M ~k
� �

can never reach zero. Thus, the maximum value of this

matrix element cannot be reached and χzz is less pronounced compared to the
system with band inversion.

In order to show this more explicitly in the present quantum well system, we
make a plot of the momentum k dependence of spin susceptibility by calculating
Eq. (4.3) under four-band model without taking the momentum integral. As shown
in Fig. 4.30a, the maximum of spin susceptibility occurs near k * 0.1 Å−1. From
the energy dispersion shown in Fig. 4.30b, we can see that the maximum of the
valence band is not at k = 0, but at k * 0.1 Å−1. This hump structure exactly

indicates that M ~k
� �

is minimized around k * 0.1 Å−1. Another way to under-

stand the maximized χzz at k * 0.1 Å−1 is as follows: At this point, the conduction
or valence band is composed of p orbitals from both Bi atoms and Se atoms. Thus,
the overlap between the Bloch wave functions jmki and jnki is greatly enhanced
compared with other momentums, where the conduction and valence bands consist
of the p orbitals from different kinds of atoms.

4.11 Conclusion

The transport and ARPES measurements, in concert with the first principle and
effective theory calculations, reveal a coherent picture regarding the phases and
phase transitions in Cr-doped Bi2(SexTe1−x)3 TIs. We demonstrate that the magnetic

Fig. 4.30 a The van Vleck spin susceptibility χzz shows a maximum value at k * 0.1 Å−1. b The
corresponding sub-band dispersions
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ordering is determined by the bulk band topology, which can be delicately tuned by
the SOC strength by varying the Se/Te ratio. The topologically non-trivial FM
states with tunable magnetic properties provide an ideal platform for realizing the
exotic magnetoelectric effects proposed by theory. The topology-driven magnetic
QPT may also inspire new ideas for topological magnetic phenomena and spin-
tronic applications in TIs with broken TRS. We note that despite the excellent
agreement between this picture and the observed phenomena, we cannot completely
rule out all other possibilities for the disappearance of FM ordering across the
topological QPT. For example, the ARPES results (Fig. 4.17) show that the bulk
carrier density also varies with Se content, which may change an itinerant-driven
FM mechanism.
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Chapter 5
Quantum Anomalous Hall Effect

In this chapter, we report the observation of the quantum anomalous Hall effect
(QAHE) in Cr-doped (Bi,Sb)2Te3 TI thin films grown by MBE method. At zero
magnetic field and ultralow temperature (30 mK), the gate-tuned anomalous Hall
resistance reaches the predicted quantized value of h/e2, accompanied by a
considerable drop in the longitudinal resistance. Under a strong magnetic field (up to
18 T), the longitudinal resistance vanishes, whereas the Hall resistance remains at
the quantized value. The realization of the QAHE may lead to the development of
low-power-consumption electronics. The main findings and conclusions in this
chapter have been published in Ref. [1], reprinted with the permission of full text and
figures from AAAS.

5.1 Introduction to QAHE

In QAHE, a quantized version of anomalous Hall effect (AHE) [2], the transverse
Hall resistance is exactly quantized into the plateau h/e2 even in the absence of an
external magnetic field. Comparing with the traditional quantum Hall effect (QHE),
the topologically non-trivial electronic structure in QAHE is generally caused by
the combination of spontaneous magnetization and spin–orbit coupling rather than
the magnetic field-induced Landau quantization. As a consequence, the quantized
Hall effect produced by the dissipationless edge states can be observed without any
external magnetic field.

Ever since the proposal of Haldane model [3], there have been numerous
approaches to realize the AQHE [4–10]. Among these proposals, using magneti-
cally doped TI thin films is one of the most promising routes. However, there are
three crucial criteria for observing the QAHE: (i) FM order that breaks the TRS,
(ii) topologically non-trivial band structure, and (iii) 2D insulating state. When all
these criteria are fulfilled simultaneously, a plateau of Hall conductance (σxy) of
e2/h together with a vanishing longitudinal conductance (σxx) even at zero magnetic
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field would be observed by tuning the Fermi level into the magnetically induced
energy gap (Fig. 5.1).

Whether such an insulating ferromagnetic thin film with topologically non-trivial
band structure could be achieved in principle? A positive answer is provided by
Yu et al. [4] based on first-principle calculations. Here, we briefly introduce their
proposal of realizing QAHE in magnetically doped Bi2Se3 family compounds, in
which we indeed observe the QAHE experimentally.

In the TIs doped with dilute magnetic ions, the whole system can be divided into
two subsystems, the local moments and band electrons. And the magnetic exchange
interaction among local moments is mediated by the band electrons. Thus, the total
free energy of the system in an external magnetic field H can be expressed as
follows:

Ftotal ¼ 1
2
v�1
L M2

L þ
1
2
v�1
e M2

e � JeffMLMe � ML þMeð ÞH; ð5:1Þ

Fig. 5.1 a The schematic structure of QAHE in a TI thin film with ferromagnetism. The blue
arrows indicate the dissipationless edge state of QAHE. The magnetization direction is indicated
by red arrows. The chemical potential of the film can be controlled by a gate voltage applied on
the backside of the dielectric substrate. b The schematic diagram of σxx (red) and σxy (blue) as a
function of chemical potential without external magnetic field
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where vL=e is the spin susceptibility of the local moments/electrons,ML/e denotes the
magnetization for the local moment/electron subsystem, and Jeff is the magnetic
exchange coupling between them. In order to have a nonzero FM transition tem-
perature, Ftotal should be less than zero when H = 0, which leads to a requirement of
vL [ 1=ðJeffveÞ. In the dilute limit, vL follows the Curie–Weiss law, proportional to
T −1. Therefore, a sizable ve is necessary to form FM order at nonzero temperature.
Comparing with the carrier-induced ferromagnetism in dilute magnetic semicon-
ductors, the insulating Bi2Se3 family compound possesses considerable spin sus-
ceptibility through the van Vleck paramagnetism, as discussed in Sect. 4.10.
Meanwhile, a sizable Jeff is also required. We have calculated the exchange coupling
between two magnetic impurities in Cr-doped Bi2(SexTe1−x)3 by using the
energy-mapping methods with DFT calculations [11]. We found that for the topo-
logically non-trivial Cr-doped Bi2Te3, Jeff is around 2.0 meV/(Cr atom), and for the
topologically trivial Cr-doped Bi2Se3, Jeff is only about 0.68 meV/(Cr atom). The
significantly enhanced exchange coupling and spin susceptibility in the topologi-
cally non-trivial phase are both highly favorable for the formation of spontaneous
ferromagnetic ordering even in the insulating state.

In the presence of exchange field, the sub-band evolution is illustrated in
Fig. 5.2. For the case of Bi2Se3 family thin films, the four sub-bands
(j þ ; "i; j�; #; j þ ; #, and j�; "i) are composed of the top and surface states

Fig. 5.2 Evolution of the sub-band structure upon increasing the exchange field for noninverted
(a) and inverted bands (b). The parity of sub-bands is indicated by the solid (+) or dashed (–) lines.
The spin up/down elections are represented by red/blue color

5.1 Introduction to QAHE 89

http://dx.doi.org/10.1007/978-3-662-49927-6_4


before coupling with each other. Note that these sub-bands are different from the
four bases that are used to describe bulk states in Chap. 4. As shown in Fig. 5.2a,
when the four-band system is originally in the topologically trivial state, the
exchange field will induce a band inversion in the one block (j þ ; #i; j�; "i) and
increase the band gap for the other block (j þ ; "i; j�; #i). On the other hand, if the
system is originally in the topologically non-trivial state (Fig. 5.2b), a sufficiently
large exchange field can increase the band inversion of one block (j þ ; #i; j�; "i)
and eliminate it in the other block (j þ ; "i; j�; #i). Therefore, regardless of the
original states, an adequate exchange field will produce a single inverted block,
which would contribute e2/h for the Hall conductance. Such a mechanism is
common in thin film TI systems with FM ordering on the condition that the surface
states on the top and bottom surfaces have the same g factor.

5.2 Sample Preparation and Characterization

As proposed in Ref. [4], Cr-doped Bi2Se3 family compounds are expected to exhibit
QAHE in the thin film structure. Moreover, despite band structure engineering in
(Bi1−xSbx)2Te3 ternary alloys (Chap. 3), we already have the ability of achieving
truly insulating bulk and tunable surface states with Fermi level close to vicinity of
the Dirac point. Meanwhile, in Chap. 4, we have established a well-defined
out-of-plane ferromagnetism in Cr-doped Bi2Te3 films with TC about 20 K. Based
on the above experimental capabilities and theoretician predictions, we decide to
trace the QAHE in Cr-doped (Bi,Sb)2Te3 films grown on dielectric SrTiO3

(111) substrates by MBE method.
The composition of the sample in which we indeed observed the QAHE is

Cr0.15(Bi0.1Sb0.9)1.85Te3 with a thickness of 5 QLs. With this composition, the film
is nearly charge neutral so that the chemical potential can be fine-tuned to the
electron- or hole-conductive regime by a positive or negative voltage, applied on
the backside of the SrTiO3 substrate. The film is manually cut into a Hall bar
configuration for transport measurements as shown in Fig. 2.8b. Varying the width
(from 50 to 200 μm) and the aspect ratio (from 1:1 to 2:1) of Hall bar does not
influence the transport results.

Compared with the samples studied in our previous work [12], the quality of the
current samples is significantly improved as the result of a systematic optimization of
the MBE growth of Cr-doped (Bi,Sb)2Te3 films. We replaced the old components
(effusion cells, manipulators, etc.) in the MBE chamber to achieve a better UHV
environment. We modified the surface treatment conditions of SrTiO3 substrate for
better morphology. We used a little bit lower substrate temperature during growth so
that Cr could be incorporated more homogeneously into the films. The film thickness
and composition are also fine-tuned and carefully checked. These efforts lead to
larger terraces, reduced bulk carrier density, and higher mobility, which in turn result
in larger anomalous Hall resistance and lower longitudinal resistance. Unlike the
samples studied in Chaps. 3 and 4, the samples prepared for QAHE measurements
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do not have any capping layers on the top, because we found that the amorphous Te
capping layer which is used to protect film from contamination for ex situ mea-
surements is deleterious to the occurrence of the QAHE. Besides the 5 QL samples,
we also carried out the measurements on Cr-doped (Bi,Sb)2Te3 films with a thick-
ness of 3 QL, 4 QL, and 8 QL. The 3 QL and 4 QL films are too insulating for
transport measurements, most likely due to the less-ideal sample quality and possible
ambient oxidation at such thin limit. For 8 QL films, the anomalous Hall resistance is
much smaller than the quantized value at 30 mK, which probably results from the
involvement of bulk or surface conductive channels.

Figure 5.3a shows the ARPES band structure of the Cr0.15(Bi0.1Sb0.9)1.85Te3
film measured at 100 K along the K–Γ–K direction. The well-defined surface states
with linear dispersions are clearly observed and highlighted by red and blue dashed
lines. The Dirac point is located at the position of EF and in the bulk gap, which is a
strong indication that the sample is close to the charge neutral situation and would
exhibit an insulating behavior at low temperatures. Figure 5.3b displays an AFM
image (2 μm × 2 μm) of the surface topography of Cr0.15(Bi0.1Sb0.9)1.85Te3 film
grown on SrTiO3 (111) substrate. The surface has one single terrace over the entire
scan range with tiny islands (1 QL thick) randomly distributed on the top. The
thickness of the film can be obtained by measuring the height difference between
the film and the substrate. The line profile taken cross the edge shows a film
thickness of 5 QL, which is consistent with that estimated from the MBE growth
parameters.

Fig. 5.3 Characterizations of the 5 QL Cr0.15(Bi0.1Sb0.9)1.85Te3 film grown on SrTiO3 (111) sub-
strate. a ARPES band mapping at T = 100 K along the K–Γ–K direction. The red and blue dashed
lines indicate the surface states. The yellow dotted line represents the position of the Fermi level.
b AFM surface morphology (2 μm × 2 μm) shows a large-scale flat terrace
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5.3 Quantized Hall Resistance at Zero Magnetic Field

Figure 5.4 displays a series of magnetic field (μ0H)-dependent Hall sheet resis-
tances (ρyx) of 5 QL Cr0.15(Bi0.1Sb0.9)1.85Te3 film measured at different tempera-
tures. At high temperatures, ρyx exhibits linear magnetic field dependence due to
ordinary Hall effect (OHE). The electron’s mobility can be estimated from the
measured longitudinal sheet resistance (ρxx) and the carrier density determined by
OHE. And the result is only about 760 cm2/(V s), which is greatly enhanced
compared with the samples in our previous work [12], but still much lower than that
necessary for QHE [13]. With decreasing temperature, ρyx develops a hysteresis
loop characteristic of the AHE, induced by the ferromagnetic order in the film [14].
The square-shaped loop with large coercivity (Hcoer = 970 Oersted at 1.5 K)
indicates a long-range ferromagnetic order with out-of-plane magnetic anisotropy.
The Curie temperature is estimated to be *15 K (Fig. 5.4, inset) from the tem-
perature dependence of the zero-field ρyx that reflects spontaneous magnetization of
the film. Based on the mean-field approximation, we can estimate the magnetically
induced gap at the Dirac point to be around 2–3 meV.

Figure 5.5 shows the magnetic field dependence of ρyx and ρxx, respectively,
measured at T = 30 mK at different bottom gate voltages (Vgs). The shape and
coercivity of the ρyx hysteresis loops vary little with Vg, thanks to the robust
ferromagnetism probably mediated by the van Vleck mechanism [4]. In the mag-
netized states, ρyx is nearly independent of the magnetic field, suggesting perfect
ferromagnetic ordering and charge neutrality of the sample. On the other hand, the
anomalous Hall resistance (height of the loops) changes dramatically with Vg, with
a maximum value of h/e2 around Vg = −1.5 V. The magnetoresistance (MR) curves
exhibit the typical shape for a ferromagnetic material: two sharp symmetric peaks at
the coercive fields, which are induced by the enhanced scattering between elections
in magnetization reversal process.

Fig. 5.4 The anomalous Hall
resistance ρyx as a function of
magnetic field measured at
different temperatures (from
80 to 1.5 K). The inset shows
the temperature dependent of
ρyx at zero field, which gives a
Curie temperature 15 K for
the Cr0.15(Bi0.1Sb0.9)1.85Te3
film
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The Vg dependences of ρyx and ρxx at zero field [labeled ρyx(0) and ρxx(0),
respectively] are plotted in Fig. 5.6a. The most important observation here is that
the zero-field Hall resistance exhibits a distinct plateau with the quantized value
h/e2 centered at charge neutral point, which corresponds a gate voltage
Vg
0 = −1.5 V. This observation constitutes the discovery of the QAHE.

Accompanying the quantization in ρyx(0), the longitudinal resistance ρxx(0) exhibits
a sharp dip down to 0.098 h/e2 at the same gate voltage. The ρyx(0)/ρxx(0) ratio
corresponds to a Hall angle of 84.4°. For comparison with theory, we transform
ρyx(0) and ρxx(0) into sheet conductance through the relations σxy = ρyx/(ρxx

2 + ρyx
2 )

and σxx = ρxx/(ρxx
2 + ρyx

2 ), and plot them in Fig. 5.6b. Around Vg
0, σxy(0) has a

notable plateau at 0.987 e2/h, whereas σxx(0) has a dip down to 0.096 e2/h, similar
to the behavior of the corresponding resistances.

Fig. 5.5 Transport results of 5 QL Cr0.15(Bi0.1Sb0.9)1.85Te3 film at T = 30 mK. a The anomalous
Hall resistance changes dramatically with the bottom gate voltages and shows a quantized value of
h/e2 around Vg

0 = −1.5 V at zero magnetic field. b The MR curves exhibit a hysteresis
characteristic with the peak values at the coercive fields

Fig. 5.6 a Dependence of ρyx(0) (empty blue squares) and ρxx(0) (empty red circles) on Vg. The
resistance plateau at h/e2 extends about 3.5 V. Away from the plateau range, ρyx(0) and ρxx(0) have
similar behaviors, which can be attributed to variation in carrier density. b Dependence of σxy(0)
(empty blue squares) and σxx(0) (empty red circles) on Vg. The purple dash-dotted lines indicate
the Vg for the charge neutral point (Vg

0)
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In addition to the observation of QAHE, the MR ratio, [ρxx(Hcoer) − ρxx(0)]/
ρxx(0), is dramatically enhanced at Vg

0 to a surprisingly large value of 2251 %
(Fig. 5.5b). The huge MR can be understood in terms of quantum anomalous Hall
(QAH) phenomenology. In the magnetized QAH state, the existence of dissipa-
tionless edge state leads to a nearly vanishing ρxx. At the coercive field, the mag-
netization reversal of a QAH system leads to a quantum phase transition between
two QH states [5] via a highly dissipative phase with a large ρxx, although the exact
mechanism may be complex [15]. The huge MR thus reflects the distinct difference
in transport properties between an ordinary insulator and a QAH insulator.

For a QH system, when the Fermi level lies in the gap between Landau levels, σxy
reaches a plateau at νe2/h and σxx drops to zero. If the system contains non-localized
dissipative conduction channels, σxx has a nonzero value, whereas σxy deviates
slightly from the quantized plateau [16]. For a QAH system, only one σxy plateau of
e2/h appears at zero field when the Fermi level falls in the mobility edges around the
magnetically induced gap (Fig. 5.1b). The observations of σxy(0) = e2/h plateau and
the dip in σxx(0) near the charge neutral point in Fig. 5.6b agree well with the
theoretical prediction for a QAH system with residual dissipative channels which are
expected to vanish completely at zero temperature [6, 16]. Recently, the coexistence
of gapless non-chiral edge states and dissipationless chiral edge state has been
predicted by the first-principle calculations in Cr-doped (Bi,Sb)2Te3 films, where
exact quantization of ρyx can be guaranteed with nonzero ρxx [17].

5.4 Vanishing Residual Resistance at High Magnetic Field

To confirm the QAHE observed in Fig. 5.5, we apply a high magnetic field, aiming
to localize all possible dissipative states in the sample. Figure 5.7a, b displays the
magnetic field dependence of ρyx and ρxx of the same sample in Fig. 5.5. Besides the
large MR at Hcoer, increasing the field further suppresses ρxx toward zero. Above

Fig. 5.7 High magnetic field measurements of ρyx (a) and ρxx (b) at Vg
0 up to 18 T at 30 mK. The

blue and red lines indicate the data taken at increasing and decreasing fields, respectively
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10 T, ρxx vanishes completely, corresponding to a perfect QH state. It is noteworthy
that the increase in ρxx from zero (above 10 T) to 0.098 h/e2 (at zero field) is very
smooth and ρyx remains at the quantized value h/e2, which indicates that no
quantum phase transition occurs, and the sample stays in the same QH phase as the
field sweeps from 10 T to zero. Therefore, the complete quantization above 10 T
can only be attributed to the same QAH state at zero field.

5.5 Evolution of QAHE with Varied Temperatures

The observation of the QAHE is further supported by the behavior with varying
temperatures. In Fig. 5.8, we show Vg dependences of ρyx(0) and ρxx(0) measured at
different temperatures in another sample with the same growth conditions. The
ρyx(0) always exhibits a single maximum, with the peak value considerably sup-
pressed by increasing temperatures, accompanied by a disappearance of the dip in

Fig. 5.8 Temperature
dependence of QAHE. a Gate
voltage dependent of ρyx(0)
and ρxx(0) measured at 90
mK, 400 mK, 1.5 K, and 4 K,
respectively. The purple
dash-dotted lines indicate the
Vg for the charge neutral point
(Vg

0). The variation in the
position and width of the
ρyx(0) peak at different
temperatures is due to the
change in substrate dielectric
properties induced by
temperature and charging
cycles
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ρxx(0). At T = 4 K, ρxx(0) returns to a typical behavior of a magnetic semiconductor
with the ρxx(0) peak located at the right side of ρyx(0) peak, which can be attributed
to lower mobility of electrons than holes in the sample. The vanishing indication of
QAHE at high temperatures can be attributed to the increasing of dissipative
channels generated by thermal activation.

The σxx(0) extracted from these measurements (in logarithmical scale)
(Fig. 5.9a) exhibits a temperature dependence similar to that in integer QH systems:
The drop of σxx is at first rapid, resulting from the freezing of the thermal activation
mechanism, and then becomes much slower when the temperature is below 1 K. It
can be attributed to variable range hopping (VRH) [16], but its exact mechanism
remains unknown. Similar to the QHE, zero-field σxx is expected to decrease to zero
at sufficiently low temperature. In Fig. 5.9b, we plot the relation between σxx(0) and
δσxy(0) (δσxy = e2/h − σxy, which reflects the contribution of dissipative channels).
A power law relation δσxy ∝ σxx

α , with α * 1.55, is obtained. For a ferromagnetic
insulator in the VRH regime, the anomalous Hall conductivity is related to the
longitudinal conductivity through σAH = Aσxx

α , where the power α is *1.6 and the
prefactor A can be positive or negative depending on materials [14]. The above
result can thus be qualitatively understood within the VRH framework.

5.6 Conclusion

Our results demonstrate the realization of the QAHE in magnetic TIs. Compared
with QHE systems, all the samples studied in this work have a rather low mobility
(< 1000 cm2/V s). Such robust QAH states not only reflect the topological char-
acter of TIs but also make the QAH systems readily achievable in experiments.

Fig. 5.9 a Dependence of logarithmically scaled σxx(0) (empty blue squares) and δσxy(0) (empty
red circles) at Vg

0 on inverse temperature. The blue and dashed lines are to guide the eyes. b The
relation between δσxy(0) and σxx(0) at Vg

0 in double logarithmic scale (empty black squares). The
red dashed line indicates the fitting result with power function δσxy ∝ σxx

α , from which the fitted
power α * 1.55 is obtained
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Because the realization of the QAHE and dissipationless edge states does not
require any magnetic field, the present work paves a path for developing
low-power-consumption, topological quantum electronic, and spintronic devices.

Up to now, the Quantum Hall trio has been completed [18]. As shown in
Fig. 5.10, for all three quantum Hall effects, electrons flow through the dissipa-
tionless edge channels, while the rest of the sample remains insulating. In QH
system, when there is a net forward flow of electrons (from bottom to top) for Hall
resistance measurement, those extra electrons occupy only the left edge channels
regardless of their spins. Moreover, the number of these edge channels ν determines
the quantized Hal resistance value h/ve2. Whenever quantization occurs in the Hall
resistance, the longitudinal resistance of the sample will reduce to zero. In QSH
system, the dissipationless edge channels are demonstrated to exist in the absence of
external magnetic field. And the flowing direction of each channel is either
clockwise or counterclockwise, determined by its spin orientation (either up or
down). When a net current is required for transport measurement, extra electrons
with opposite spins would flow on both sides within different channels. Therefore,
the Hall resistance remains zero and the longitudinal resistance is quantized to a
certain value determined by the measurement geometry. If one of the spin channels
in the QSH system is killed, for example, by ferromagnetism, it naturally develops
into the QAH system, in which only one edge channel survives with unique spin
orientation and flowing direction. The QAH system can also be simply regarded as
a specific QH system with v = 1 and the role of magnetic field is replaced by the
magnetization.
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Chapter 6
Dichotomy Between Electrical
and Thermoelectric Properties

Electrons in topological insulators can be classified as uniformly distributed bulk
band electrons and topologically protected surface Dirac fermions. These electrons
have different responses to the electrical and thermal excitations, leading to unex-
pected collective effects. In this chapter, we report a detailed study on the transport
properties of ultrathin (Bi1−xSbx)2Te3 topological insulator films grown on SrTiO3

substrates by MBE method. A sign anomaly between the Hall effect and the Seebeck
coefficient is observed at certain Sb concentrations and temperatures, which can be
quantitatively explained by two-band model calculations. This anomalous effect
reveals that when the Fermi level lies in the vicinity of valence band maximum
(VBM), the high-mobility surface Dirac fermions dominate the electrical transport,
while the thermoelectric effect is determined by the bulk states at high temperatures.
The dichotomy between the electrical and the thermoelectric transport properties
demonstrated here opens a new route for designing high zT thermoelectric devices
with surface-state-dominated conductance and bulk-state-dominated Seebeck coef-
ficient. Themain conclusions in this chapter have been published in Ref. [1], reprinted
with the permission of full article from American Physical Society, copyright 2015.

6.1 Introduction to Thermoelectric Effect in TIs

The thermoelectric effect is the conversion of either temperature differences to
electric voltage (Seebeck effect) or electric current to heat current (Peltier effect). At
the basic level, these phenomena can be understood by the Drude model. An
applied temperature gradient causes charge carriers to diffuse from the hot side to
the cold side and accumulate at the cold side, thus generating an electric potential
difference; on the other hand, electric current can drive “hot” charge carriers from
one side of the junction to the other side, resulting in a heat flow. Based on these
effects, thermoelectric devices can be used in applications including power gener-
ation and refrigeration.
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The performance of a thermoelectric material for both power generation and
refrigeration is determined by its figure of merit (zT):

zT ¼ S2r
j

T : ð6:1Þ

where S, σ, T, and κ are the Seebeck coefficient, electrical conductivity, absolute
temperature, and thermal conductivity, respectively. To reach higher zT, a larger S,
a better σ, and a lower κ are required. However, these parameters are entangled with
each other: A higher S prefers lower carrier density, which leads to a worse σ; a
better σ comes together with a higher κ contributed from elections. As shown in
Fig. 6.1, the optimum zT of bulk Bi2Te3 is obtained when the charge carrier density
is around 5 × 1019 cm−3. At this carrier concentration, Bi2Te3 is heavily doped and
behaves more like a metal.

It is well known as early as 1950s that the 3D TIs such as Bi2Te3 and Sb2Te3 are
among the best thermoelectric materials at room temperature [2, 3], as shown in
Fig. 6.2. This is because TIs and good thermoelectric compounds usually have the
same traits such as heavy elements and narrow band gap. Therefore, both the
non-trivial topological effect and high thermoelectric performance could be found
in the same materials [4].

Although extensive efforts have been made to improve the zT, the maximum value
for commercial materials based on Bi2Te3 and its alloys remains around 1 (Fig. 6.2),
which is not efficient enough to be widely used in most applications [2–5]. However,
twenty years ago, a theoretical prediction suggested that zT could be greatly enhanced
in low-dimensional thermoelectric materials [6, 7], which led to a revival of exper-
imental interest in searching for the proof-of-principle and high-efficiency devices,
particularly in nanostructured alloys [5, 8] and superlattice [9, 10].

Fig. 6.1 The calculated
results of the Seebeck
coefficient S, electrical
conductivity σ, and thermal
conductivity κ as a function of
carrier concentration in
Bi2Te3. The optimized zT is
reached via a compromise of
these three parameters.
Reprinted with the permission
from Macmillan Publishers
Ltd: Ref. [2], copyright 2008
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6.2 Experimental Design

Inspired by the above theoretical prediction, we decided to explore the thermo-
electric properties of ultrathin (Bi1−xSbx)2Te3 TI films in which the coexistence of
surface states and low dimensionality may produce some unexpected transport
effects. In Chap. 3, we have systematically tuned the band structure and Fermi level
(EF) by carefully varying the Bi/Sb ratio in (Bi1−xSbx)2Te3 ternary alloys grown by
means of MBE. Here, the same TI films are grown on SrTiO3 substrates instead of
the good thermal conductor sapphire. All the films have the same thickness d = 5
QL, so that the top and bottom surfaces do not hybridize with each other. Moreover,
a layer of amorphous Te is deposited on the top to prevent unintentional
contamination.

Fig. 6.2 The temperature
dependence of zT for the of
state-of-the-art commercial
materials with n-type (a) and
p-type (b) charge carriers.
Reprinted with the permission
from Macmillan Publishers
Ltd: Ref. [2], copyright 2008
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6.3 Electrical and Thermoelectric Measurements

Thermoelectric measurements on the TI films are made in the presence of a tem-
perature gradient (∇T) in the lengthwise direction (Fig. 2.9), but for the electrical
measurements the heater has to be shut off to keep the films isothermal. In pure Bi2Te3
(x = 0) and Sb2Te3 (x = 1), the two-dimensional (2D) resistivity shows metallic
behavior at high T and becomes weakly insulating at T < 10 K. This behavior is
typical in the TI films with higher carrier density as that shown in Fig. 3.7 with x = 0,
1. The Seebeck coefficients (Sxx) of these two samples are shown in Fig. 6.3a, which
displays a quasi-linear relationship as increasing T, but with opposite signs. This is
because the EF of Bi2Te3 lies in the bulk conduction band due to the n-type bulk
carriers (Fig. 6.3b), which exhibit negative Sxx. However, in Sb2Te3 the EF is lower
than the maximum of bulk valence band and the positive Sxx is produced by the p-type
bulk carriers (Fig. 6.3b). At room temperature, the Sxx of Sb2Te3 is 120 μV/K,
comparable to the best bulk value [3]. While for Bi2Te3, the Sxx is only about
30 μV/K, much lower than that reported for the best n-type bulk materials. This is
because Sxx can be strongly suppressed by the effect of non-stoichiometry [11], which
is caused by excessive Te vacancies and further demonstrated by the extremely large
charge carrier density as that shown in Fig. 6.3b.

To introduce the thermoelectric contribution of Dirac fermions in the sur-
face states, we fabricated (Bi1−xSbx)2Te3, an isostructural and isovalent mixture
of Bi2Te3 and Sb2Te3. Figure 6.4a displays the Seebeck coefficient of five
(Bi1−xSbx)2Te3 films with 0.7 ≤ x ≤ 0.97. For the samples with x = 0.7 and 0.8, the
Sxx reveals a sign change from negative to positive with increasing temperatures.
However, the Hall effect does not show any sign change and remains negative in the
same temperature range (Fig. 6.4b). As the Sb content is increased to x = 0.9, the

Fig. 6.3 Transport measurements in 5 QL Bi2Te3 and Sb2Te3 films. a Both in Bi2Te3 and in
Sb2Te3, the Sxx has a quasi-linear T dependence, but with opposite signs. b The charge carriers in
Bi2Te3 are electron-like and thus contribute negative Sxx, whereas in Sb2Te3 the hole-like charge
carriers contribute positive Sxx
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Sxx is always positive and the sign change disappears at all temperatures. However,
the Hall effect in this sample remains negative, totally opposite to the sign of Sxx.
With further increase of x to 0.95 and 0.97, a positive maximum value of Sxx is
obtained for x = 0.95 with value as large as 180 μV/K at room temperature. Then, it
decreases as x is increased from 0.97 to 1.0 (Figs. 6.3a and 6.4a). Moreover, the
sign of the Hall effect changes to positive right at x = 0.95 (Fig. 6.4b). For these
five samples with 0.7 ≤ x ≤ 0.97, the absolute value of nominal charge carrier
densities (n2D = 1/eRH) are all less than 3 × 1012 cm−2 at T = 1.5 K, indicating that
the EF is very close to the Dirac point (DP). We note that the carrier density is only
a rough estimate due to the existence of two surfaces and some bulk conductions.
Figure 6.4c shows the evolution of two-dimensional resistivity (ρxx) with T for

Fig. 6.4 The transport results of the 5 QL (Bi1−xSbx)2Te3 films with 0.7 ≤ x ≤ 0.97. a In the
samples with x = 0.7 and 0.8, a sign reversal of Sxx from negative to positive is revealed as T rises.
As x is further increased from x = 0.9 to 0.97, the sign reversal totally disappears and a positive
maximum value is obtained for x = 0.95. b For each sample the sign of n2D is unchanged as
increasing T (negative for x ≤ 0.9 and positive for x ≥ 0.95), only the magnitude is increased due
to the thermal excitation. At high T, the sign anomaly between the Sxx and n2D is clearly revealed
for 0.7 ≤ x ≤ 0.9. c The ρxx shows an enhanced insulating tendency and maximum value when x is
close to 0.95
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these five samples. The ρxx reveals a maximum and enhanced insulating behavior at
x = 0.95, where the lowest p-type carrier density and largest positive Sxx coexist.

The thermoelectric effect of the (Bi1−xSbx)2Te3 system is summarized in Fig. 6.5
as a function of T and Sb content x. In this phase diagram, there are three distinct
regions: negative Sxx with n-type charge carries (region I), positive Sxx with n-type
charge carries (region II), and positive Sxx with positive charge carries (region III).
For most thermoelectric systems, the sign of Sxx is always consistent with the type
of charge carriers estimated from the Hall effect [3, 12, 13]. In other words, if the
sign of Sxx changes at some critical point due to the chemical doping [14], then the
type of charge carriers would also be reversed at the same transition point.
However, in 5 QL (Bi1−xSbx)2Te3 TI films, the sign consistency between the
Seebeck coefficient and Hall effect is violated, resulting in a dichotomy between the
electrical and the thermoelectric transport properties.

6.4 DFT Calculated Band Structures

The DFT calculations are performed by the method similar to that described in
Sect. 4.7. Here, the simulation package is BSTATE instead of Vienna. A k-mesh is
taken as 8 × 8 × 1 for the 5 QL free-standing slabs with a 25 Bohr vacuum layer.

Fig. 6.5 Thermoelectric phase diagram of (Bi1−xSbx)2Te3 films summarizing the Sxx as a function
of x and T. The contours with Sxx = 0 (wine dashed line) and n2D = 0 (blue dash-dotted line)
divide this phase diagram into three regions: negative Sxx and n2D (region I), positive Sxx but
negative n2D (region II), and positive Sxx and n2D (region III)
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Virtual crystal method [15] is used to simulate the mixing of Bi and Sb. The lattice
constant and the atomic position are obtained by linearly interpolating between
Bi2Te3 and Sb2Te3.

Figure 6.6 displays the band structures of 5 QL (Bi1−xSbx)2Te3 films along K–Γ–
M direction. The surface states can be clearly identified by two linear bands
crossing at the Γ point around the Fermi level. With 0.75 ≤ x ≤ 1.0, the overall
band structures are almost the same and the only differences happen at the relative
positions between DP and the VBM along the Γ–M direction. As shown in
Fig. 6.6a, the energy of DP is about −45 meV for x = 0.75, which is lower than the
energy of VBM. With increasing x to 0.9, the DP moves upward to about −25 meV
but still lower than the VBM. For the pure Sb2Te3 (x = 1.0), the DP now is aligned
with the VBM and stay around zero energy. This variation tendency of DP is
similar to that shown in Figs. 3.4 and 3.5 in Γ–K direction.

6.5 Calculated Seebeck Coefficient

The Seebeck coefficient is calculated by the Landauer approach with the constant
mean free path model [16] based on the band structure in a dense k-mesh
400 × 400 × 1 from the maximally localized Wannier functions [17]. Here, two
constant mean free paths of surface (λs) and bulk states (λb) are used to describe the
transport properties, and their ratio rλ = λs/λb is the only variable relevant to Sxx.
Intuitively, rλ should be larger than 1 due to the higher mobility of surface states,
and it is selected to be 5 in our calculations.

Fig. 6.6 The bulk band structure of 5 QL (Bi1−xSbx)2Te3 calculated by the density functional
theory with x = 0.75 (a), 0.9 (b), and 1.0 (c), respectively. Red dashed lines indicate the positions
of Dirac points, and black dashed lines represent the locations of the Γ points
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Since the overall band structures of 5 QL (Bi1−xSbx)2Te3 system with
0.75 ≤ x ≤ 1.0 remain nearly the same (Fig. 6.6), now we just focus on the band
structure with x = 0.9 and calculate the Sxx at difference Fermi levels (EFs). As
shown in Fig. 6.7, for EF ≤ 0 (relative to VBM), the Sxx is always positive and
shows a maximum value at EF = 0. When EF is further increased to above VBM
(EF > 0), Sxx reveals a sign reversal from negative to positive with increasing
T. Meanwhile, the critical point TC, where the sign change happens, gets higher for
increasing EF. All these features are qualitatively consistent with the experimental
observations as shown in Fig. 6.4.

6.6 Discussion on the Sign Anomaly Between RH and Sxx

In TI thin films, the thermoelectric properties are mainly contributed by charge
carriers of surface states and bulk valence band states. Thus, Sxx can be described as
Sxx = (σsSs + σbSb)/(σs + σb), where σs,b and Ss,b represent the electrical conduc-
tivity and Seebeck coefficient of surface and bulk states. Ss is positive/negative
when EF is below/above the DP. While Sb keeps positive and gets increased as EF is
approaching the VBM and further moves into the bulk gap. Because of the gapless
band structure of surface states, |Ss| is significantly smaller than Sb, which can be
confirmed by the density of modes shown in Fig. 6.8. Therefore, bulk states
dominate the Seebeck coefficient for low EF or high T, giving rise to a positive Sxx.
For a relatively high EF in the bulk gap, the low temperature transport is mainly
contributed by the metallic surface states, which introduces a small negative Sxx.

On the other hand, when EF is above the DP, the Hall coefficient RH is described
as RH = (−σsµs + σbµb)/(σs + σb)

2, where µ represents the charge carrier mobility.
Interestingly, when EF is above the DP and close to the VBM where Sxx > 0, RH is
found to be negative by analyzing the charge carrier concentration and assuming
µs * 12µb as suggested by previous experiment [18]. In general, when the surface

Fig. 6.7 The calculated
Seebeck coefficient as a
function of temperature with
different Fermi levels relative
to the valence band maximum
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and bulk states have different types of charge carriers, the sign anomaly between RH

and Sxx can be observed under the condition µb/µs ≤ σs/σb ≤ |Sb/Ss|, which can be
achieved in TI films because lb=ls � 1 � Sb=Ssj j and σs is comparable to or even
larger than σb. Therefore, in a sizable EF region and temperature range, RH and Sxx
could be dominated by the n-type surface states and p-type bulk states, respectively.

6.7 Conclusion

When the EF lies in the vicinity of VBM of the ultrathin (Bi1−xSbx)2Te3 TI films, the
Hall effect measurements reveal that electron-like charge carriers contributed by
surface states would always dominate electrical transport properties up to room
temperature. However, the thermoelectric effect at high temperatures is predomi-
nately controlled by bulk band states, which always exhibit positive Sxx when EF is
close to VBM. The dichotomy between the electrical and the thermoelectric
properties may create a new pathway for designing high-efficiency thermoelectric
devices through carefully engineering the surface and bulk states in heterojunction
and superlattice devices.
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Chapter 7
Concluding Remarks

In this thesis, we present transport studies of topological insulator thin films. The
unique electrical, magnetic, and thermoelectric properties revealed here manifest
the unique physics of the massless surface Dirac fermions and the interplay between
non-trivial topology and magnetism. In this chapter, we will summarize our find-
ings and discuss the implications for future work.

(1) Surface-state-dominated electrical transport

In 5QL (Bi1−xSbx)2Te3 films, with increasing Sb concentration, the transport
measurements revealed a sign reversal of charge carriers from electron to hole type
around the charge neutral point as well as a minimum charge density in the order of
1 × 1012 cm−2. This behavior is further confirmed by ARPES band mapping, in
which the Dirac point moves from below the Fermi level to above it as the Sb
concentration is increased. Moreover, the Dirac point is shown to be exposed in the
bulk gap when the sign reversal happens. The good agreement with ARPES results
suggests that the electrical transport is dominated by the surface Dirac fermions
without bulk contribution. Therefore, the (Bi1−xSbx)2Te3 system has proved itself as
one of the best candidates to achieve ideal TIs with truly insulating bulk and tunable
surface states.

Future direction for the (Bi1−xSbx)2Te3 system is to probe the unconventional
quantum Hall effect of the topological surface states. High-quality films with low
carrier concentration are needed to uncover this effect under a strong magnetic field.
Furthermore, by applying the idea of compositionally graded doping to the TI thin
films may lead to the observation of topological exciton condensation. The
manipulation of spin current can also be realized by using the spin-momentum
locking in the topological surface states.

(2) Edge-state induced quantum anomalous Hall effect

The Cr-doped (Bi,Sb)2Te3 TI thin films (5 QL) have been proved to exhibit an
insulating ferromagnetic phase with single dissipationless edge channel, which
generates the quantum anomalous Hall effect (QAHE). By tuning the Fermi level
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into the sub-band gap, the anomalous Hall resistance reaches the predicted quan-
tized value of h/e2 in the absence of magnetic field. Most remarkably, the exact
quantization is achieved on a macroscopic-scale sample with a relatively low
mobility (<1000 cm2/V s) and nonzero bulk conduction. Such a robust QAHE
implies that it can be used as a platform to achieve a number of applications, such as
low-energy-consumption spintronic devices and quantum computation.

Future work on the QAHE is to increase the temperature at which it can be
observed and generalize it to other systems. This may be achieved by attempting
different kinds of dopants with larger magnetic moment and higher ferromagnetic
transition temperature. Alternatively, growing ultrathin TI films on an insulating
ferromagnetic substrate is also promising.

(3) Topology-driven magnetic quantum phase transition

In 8 QL Cr-doped Bi2(SexTe1−x)3 films, the anomalous Hall effect measurements
present a magnetic quantum phase transition from ferromagnetism to paramag-
netism as the Se concentration is increased. Meanwhile, across the same critical
point xc, both ARPES measurements and density functional theory calculations
reveal a topological quantum phase transition from non-trivial to trivial topology
caused by the reduced spin–orbit-coupling strength with increasing Se/Te ratio. In
the non-trivial regime, the effective model calculations show an increased value of
χzz arising from the enhanced van Vleck mechanism under inverted bulk bands.
Therefore, the bulk band topology is the fundamental driving force for the magnetic
quantum phase transition. In other words, the magnetic ground state develops
following the preformed topological character, with the ferromagnetic phase
resulting from the non-trivial topology and evolving to the paramagnetic phase
when the bulk turns topologically trivial.

(4) Bulk-state-dominated thermoelectric effect

The electrical and thermoelectric measurements in 5 QL (Bi1−xSbx)2Te3 films
have displayed a sign anomaly between the Hall and Seebeck coefficients at certain
Sb concentrations and temperatures. Based on the two-band model calculations
(surface and bulk), we find that this anomalous effect is produced by the
high-mobility surface Dirac fermions and the large bulk Seebeck effect when the
Fermi level is in the vicinity of valence band maximum. Near the charge neutral
point, the surface Dirac fermions dominate electrical transport properties up to room
temperature and the thermoelectric effect is predominately controlled by bulk
electrons at high temperatures.

Prospective investigations on gate voltage dependence of the electrical and
thermoelectric properties would be more interesting and convincing. Moreover,
high-efficiency thermoelectric devices could be achieved with heterojunction and
superlattice structures by carefully engineering the surface and bulk states
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Appendix A
Complete Transport Results of QAHE

Besides the transport results in Chap. 5, here we will show the complete data of
quantum anomalous Hall effect (the same sample in Fig. 5.5). Figure A.1a, b dis-
plays the magnetic hysteresis loops of ρyx at different bottom-gate voltages (Vgs). At
zero field, ρyx(0) increases from 0.5 (h/e2) at Vg = −55 V to 1 (h/e2) at Vg = −1.5 V
and then decreases to 0.59 (h/e2) at Vg = 200 V. Figure A.1c, d displays the MR
curves at different Vgs, which show a more complex behavior.

Fig. A.1 The complete transport data on the 5 QL Cr0.15(Bi0.1Sb0.9)1.85Te3 film on SrTiO3

(111) substrate. a Hysteresis loops οf ρyx with Vg varying from −55 to 1 V. b Hysteresis loops οf
ρyx with Vg varying from 1.5 to 200 V. c MR curves with Vg varying from −55 to 1 V. d MR
curves with Vg varying from 1.5 to 200 V
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Figure A.2a presents Vg-dependent ρyx(0) and ρxx(0) with Vg varying from −55
to 200 V. ρyx(0) shows a plateau around Vg = −1.5 V. ρxx(0) exhibits a double-peak
structure, with a dip between two peaks also located at Vg = −1.5 V. Outside the
two ρxx(0) peaks, ρyx(0) and ρxx(0) basically have similar Vg dependence, which is
due to Vg-induced variation in carrier density. Figure A.2b shows the corresponding
zero field σxy and σxx (indicated by σxy(0) and σxx(0), respectively). The curves
exhibit similar Vg dependence with ρyx(0) and ρxx(0) near Vg = −1.5 V.

Fig. A.2 The large-scale results of ρyx(0), ρxx(0) (a), and σxy(0), σxx(0) (b) on the dependence of Vg
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Appendix B
Simple Picture for the Sign of AHE

In Chap. 4 of the main text, we have presented a magnetic quantum phase transition
accompanied by the sign reversal of the anomalous Hall effect (AHE) across the
quantum critical point (QCP) in 8 QL Cr-doped Bi2(SexTe1−x)3 films at the base
temperature. Here, we report a simple picture to understand the sign change of AHE
conductance σxy in the n-doped regime.

In order to take into account the quantum confinement along z direction, an
approximation is applied for the nth bulk sub-bands by treating k2z

� � ¼ np=dð Þ2 and
kzh i ¼ 0 (Ref. [1] in the main text). The couplings between sub-bands with different
n are neglected in this approximation. We emphasize that this approximation can be
used for bulk sub-band since the coupling between different sub-bands is weak once
they are well-separated in energy, but it will miss surface states because the surface
states originate from the linear k term in the off-diagonal part of Hamiltonian
[Eq. (4.2) in Chap. 4], which is neglected. However, in the metallic regime, the
main physics should be dominated by the bulk carriers so that it is useful to apply
this approximation to understanding the underlying physics. Then in the basis as
j þ ; "i; j�; #i; j þ ; #i and j�; "i, the Hamiltonian for the nth sub-bands is
simplified as follows:

H0ðnÞ¼~�kk þ

eMðkkÞ A0 ky þ ikx
� �

0 0
A0 ky � ikx

� � � eM kk
� �

0 0
0 0 eM kk

� �
A0 ky � ikx

� �
0 0 A0 ky þ ikx

� � � eM kk
� �

0
BBB@

1
CCCA;

ðB:1Þ

where ~�kk ¼ C0 þC1 np=dð Þ2 þC2k2k ¼ eC0 þC2k2k ,eMðkkÞ ¼ M0 þM1 np=dð Þ2 þM2k2k ¼ eM0 þM2k2k , and
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HZ ¼
Gz1 þGz2

�Gz1 þGz2

�Gz1 � Gz2

Gz1 � Gz2

0
BB@

1
CCA ðB:2Þ

Now it is clear that the approximated Hamiltonian is block diagonal with each
block taking the form of 2D Dirac Hamiltonian, and correspondingly the four bands
can be divided into two groups, one mainly consists of j þ ; "i and j�; #i com-
ponents, forming the bands jC1i and jV1i as shown by the red line in Fig. B.1a, b,
while the other one consists of j þ ; #i and j�; "i components, forming the bands
jC2i and jV2i, as shown by the blue line in Fig. B.1a, b. The band jC1ðV1Þi is
related to jC2ðV2Þi by TR operation. With zero magnetization, σxy from these two
groups always takes the opposite sign and cancels each other, no matter in the
inverted or normal regime. However, the σxy for each 2 × 2 block of the
Hamiltonian behaves quite different for the normal and inverted regime. For the
normal regime, σxy from one single group will drop to zero when μ is in the gap,
while it stays at some finite maximum values for the inverted regime, as shown in
Fig. B.1c, d.

Fig. B.1 The schematic of bulk sub-band dispersion is shown in a for the normal regime and b for
the inverted case. c, d The σxy of each group for the normal and inverted regimes. Here, both Gz1

and Gz2 are zero
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When the ferromagnetism is introduced, the Gz1 and Gz2 terms should be treated
separately. For Gz1 term, it takes the opposite sign for the two states within one
block in the Hamiltonian and increases the band gap for one block but decreases the
band gap for the other one, as shown in Fig. B.2a, b. Consequently, it will induce
different μ dependence of σxy of the two blocks. However, we can see from
Fig. B.2c, d that once Gz1 is fixed, the total σxy always takes the same sign, no
matter in the normal or inverted regime. For Gz2 term, it has the same sign within
one block and opposite sign for different blocks. Therefore, it shifts the bands in
one block up and the other block down (Fig. B.3a, b). Such a shift leads to the
differences between the inverted and normal regimes, and hence, the sign change of

Fig. B.2 The schematic of bulk sub-band dispersion is shown in a for the normal regime and b for
the inverted case. c, d The σxy of each group for the normal and inverted regimes. Here, Gz1 is
nonzero, Gz2 is zero
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the total σxy is shown in Fig. B.3c, d. Therefore, our simple picture here explains the
numerical results for σxy. Compared with the experiment, our numerical results
indicate that the influence of the magnetization should be dominated by the Gz2

term. However, we do not know how the other mechanism, such as skew scattering
or side jump, contributes to σxy, and therefore, we cannot exclude other possibilities.
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Fig. B.3 The schematic of bulk sub-band dispersion is shown in a for the normal regime and b for
the inverted case. c, d The σxy of each group for the normal and inverted regimes. Here, Gz1 is zero,
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