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Preface

In Volume 2 of the monograph entitled Kinetic Theory of Nonequilibrium
Ensembles, Irreversible Thermodynamics, and Hydrodynamics, relativistic theories
are presented for dilute monatomic gases and photons by using covariant kinetic
equations. Kinetic equations employed are covariant versions of Boltzmann kinetic
equations and the Nordholm–Uehling–Uhlenbeck quantum kinetic equations
applied to a mixture of material gases and photon gases. By using the aforemen-
tioned kinetic equations, we develop kinetic theories for relativistic irreversible
thermodynamics and hydrodynamics in a parallel manner to the nonrelativistic
theories we have presented in Volume 1 of the monograph. The materials were
based on the manuscripts written in collaboration with Dr. Kefei Mao many years
ago, which also made up a part of his Ph.D. dissertation, McGill University,
Montreal, 1993. I would like to thank Dr. K. Mao for collaboration.

Montreal Byung Chan Eu
March 2016
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Chapter 1
Relativistic Kinetic Theory for Matter

In this chapter we make an important departure from the approach taken in Chaps. 3,
5, 6 and 7 of Volume 1 in which nonrelativistic kinetic equations have been dis-
cussed for gases and liquids. Nowwe consider relativistic kinetic equations for dilute
uncorrelated particle systems. Specifically, our objective is to consider matter or a
system of radiation and matter consisting of monatomic gas mixtures in the relativis-
tic range of speed. In a previous paper [1] on radiation and matter we formulated
a nonrelativistic kinetic theory of mixture of photon gas and matter in interaction
with photons. But nonrelativistically treating photons presented awkward features
theoretically. The principal motivation for the present relativistic kinetic theories is
in our desire to remove the awkward features of treating radiation and matter in a
nonrelativistic kinetic theory in our previous work [1]. There also are some impor-
tant problems, particularly, in astrophysics and nuclear physics in which particles
(e.g., electrons, neutrinos, protons, neutrons, and other elementary particles) move
at high speed for which a relativistic treatment would be preferable to understand
their transport properties in the early epoch of the universe [2]. Apart from this prac-
tical aspect of application of the theory we intend to formulate in the relativistic
domain, there is also the desire to cover as widely as possible the range of applicabil-
ity of the kinetic theory methodology we have pursued in the nonrelativistic domain
of speed, especially, in connection with thermodynamics of irreversible processes
and attendant hydrodynamics. Since it is simpler to first treat matter alone before
considering radiation interacting with matter, we will separate the material gas from
radiation and treat the subject relativistically by using the better known relativistic
Boltzmann kinetic equation [3, 4] for dilute gases in Sect. 1.1 of this Volume. For
readers less knowledgeable of the relativity theory and related mathematics Supple-
mentary Notes on four-tensors and four-vectors are provided at the end of Sect. 1.1.
Then in Chap.2 a relativistic kinetic theory of radiation (photons) interacting with
matter is formulated by using the covariant version of the Boltzmann–Nordholm–
Uehling–Uhlenbeck (BNUU) kinetic equation [5, 6] for a mixture of quantum
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2 1 Relativistic Kinetic Theory for Matter

particles. In this chapter a generalized hydrodynamic theory is developed and a
theory of radiative transport processes in the mixture od quantum particles includ-
ing photons is formulated. Various radiative transport coefficients are derived for the
mixture. The kinetic theory formulas so developed in Chap. 2 are explicitly applied to
radiative transport processes in themixture ofmaterial gases and photons. Especially,
the transport coefficients are computed to compare with some experimental results in
the third chapter. The author believes the last chapter may serve as an experimental
validation of the theory developed in the second chapter of this volume.

1.1 Relativistic Boltzmann Equation for a Monatomic Gas
Mixture

We consider an r -component mixture of relativistic monatomic gases in nonequi-
librium state. The gas mixture is assumed to be sufficiently dilute so that particles
are distributed uncorrelated to a good approximation in the phase space. The pri-
mary quantity of interest is then singlet distribution functions of particles assumed
to describe a system of relativistic gases obeying the relativistic Boltzmann equa-
tions. In contrast to the nonrelativistic kinetic theory formalism, vectors and tensors
in four-dimensional spacetime (simply, spacetime henceforth) must be used in rela-
tivistic kinetic theory. Before the kinetic equation is introduced, it is useful to fix the
notation and convention for vectors and tensors appearing in the theory. For read-
ers not well versed in algebras involving four-vectors and four-tensors a section on
Supplementary Notes is appended at the end of this chapter, which the author hopes
would help the readers to follow through the relativistic kinetic theory presented in
this and following chapters.

1.1.1 Preparation

A point x in spacetime is denoted by a covariant four-vector

x := xμ = (ct, r) , (1.1)

where c is the speed of light, t is time, r is the three-vector for spatial position, and
superscript index μ ranges 0, 1, 2, 3. Here 0 is for the time component and the arabic
indices (1, 2, 3) are for the space components. The conjugate four-momentum is
denoted by

pa := pμ
a = (

p0a,pa
)
, p0a = (

m2
ac

2 + p2a
)1/2

(1.2)

with subscript a distinguishing the species. The covariant gradient operator ∂μ is
enumerated in spacetime by

http://dx.doi.org/10.1007/978-3-319-41153-8_2


1.1 Relativistic Boltzmann Equation for a Monatomic Gas Mixture 3

∂μ = (c−1∂t ,�), (1.3)

where the symbols ∂t and � are, respectively, defined by time derivative and spatial
derivative operators

∂t = ∂/∂t, � = ∂/∂r. (1.4)

The following convention is adopted for the metric tensor gμν :

gμν = diag (1,−1,−1,−1) , (1.5)

which abbreviates a diagonal 4 × 4 matrix.
The hydrodynamic velocity is denoted by Uμ (x), which will be more precisely

defined later at an appropriate stage. Then associated with the metric tensor in (1.5)
and hydrodynamic velocity Uμ is the projector1 �μν :

�μν (x) = gμν − c−2Uμ (x)U ν (x) . (1.6)

Here Uμ (x) is normalized by scaling it with speed of light c

c−2UμUμ = 1. (1.7)

This projector tensor �μν has the following properties:

�μν = �νμ, (1.8)

�μν�νσ = �μ
σ, (1.9)

�μ
μ = 3, (1.10)

�μνUν = 0. (1.11)

These properties2 will be frequently used when relativistic macroscopic evolution
equations, such as hydrodynamic equations, are derived from the relativistic Boltz-
mann kinetic equation. Some identities derived from these properties and the hydro-
dynamic velocity four-vector are noted later in this chapter.

1.1.2 Relativistic Covariant Kinetic Equation

In relativistic kinetic theory, it is assumed that the covariant Boltzmann equation [3]
is obeyed by the singlet distribution function fa(x, pa) of species a for a relativistic
monatomic dilute gas mixture of r components. It may be written in the form

1The sign of the projector defined here is opposite to the projector used in Ref. [4].
2Property (1.10) in Ref. [4] is in error with regard to the sign.



4 1 Relativistic Kinetic Theory for Matter

pμ
a∂μ fa(x, pa) =

r∑

b=1

Cab( fa, fa) (a = 1, 2, . . . , r), (1.12)

where the collision integral Cab( fa, fa) is given by the formula

Cab( fa, fa) = Gab

∫ ∫ ∫
d3pbd

3p∗
ad

3p∗
bWab(pa pb|p∗

a p
∗
b)

× [
f ∗
a

(
x, p∗

a

)
f ∗
b

(
x, p∗

b

) − fa (x, pa) fb (x, pb)
]

(1.13)

with the definitions of abbreviations

d3pb = d3pb
p0b

, d3p∗
b = d3p∗

b

p0∗b
, etc.

and also with Wab(pa pb|p∗
a p

∗
b) denoting the transition rate from the initial state

(pa, pb) to the final state
(
p∗
a, p

∗
b

)
as a result of a collision between particles a and

b. The factor Gab defined by
Gab = 1 − δab/2 (1.14)

ensures that the final state is not counted twice. The asterisk denotes the post-collision
value on completion of collision. The subscripts a and b are assigned to play a dual
role of labeling a species and the particle state of that species. The transition rate
is a scalar under Lorentz transformation [7] and obeys the microscopic reversibility
(detailed balance)

Wab(pa pb|p∗
a p

∗
b) = Wba(p

∗
a p

∗
b |pa pb) (1.15)

as a consequence of time-reversal invariance of the dynamical equations of motion
governing the collision dynamics. This symmetry property does not mean that the
collision integral Cab( fa, fb) is symmetric with respect to the reversal of a collision
process.

The symmetry property (1.15) is important for proving the H theorem as will be
discussed later. It is important to note that the singlet distribution functions in the
kinetic equation (1.12) are coarse-grained in space over the intermolecular inter-
action range of particles, so that the singlet distribution functions remain spatially
unchanged over the collision volume in the course of a collision of particle pairs.
Therefore their x dependence must be understood in the sense of the aforementioned
coarse-graining. It is also important to recognize that the relativistic Boltzmann
equation breaks the time reversal invariance and thus is irreversible, and this is a
crucially important property of the relativistic Boltzmann kinetic equation postu-
lated. It is remarked here that we do not pretend the kinetic equation is derived from
the mechanical equations of motion of the particles comprising the gas. It is postu-
lated and the results of the postulate is a posteriori verified to be true in the light of
experiment.
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1.1.3 Mean Values and Macroscopic Variables

Equipped with the distribution function it is possible to calculate statistical mechan-
ical mean values for macroscopic observables including hydrodynamic variables.
First of all, the distribution function is normalized to the number density na(x) of
species:

na(x) =
∫

d3pa fa (x, pa) . (1.16)

This number density should not be confused with the hydrodynamic number density
defined later. The particle flux of species a is given in the same manner as for na(x)
by the statistical mechanical formula

ja(x) := naua =
∫

d3pava fa (x, pa) , (1.17)

where va , defined by

va = cpa
p0

, (1.18)

is the velocity of particle a. With the two quantities na and ua a covariant vector,
namely, particle four-flow, can be constructed and statistically calculated by using
the formula

Nμ
a (x) = na (c,ua) := 〈

pμ
a fa (x, pa)

〉
. (1.19)

Here the angular brackets are the abbreviation of the integral

〈· · · 〉 = c
∫

d3pa
p0a

· · · := c
∫

d3pa · · · . (1.20)

This notation will be used throughout the present and following chapters. Similarly
to Nμ

a (x), the covariant energy-momentum tensor T μν
a of species a is defined by the

statistical mechanical formula

T μν
a := 〈

pμ
a p

ν
a fa (x, pa)

〉
. (1.21)

The mean values of different species are evidently additive over the species variable
field in view of the absence of spatial correlation effects owing to the fact that the
gas components are ideal. Therefore, the total number four-flow and total energy-
momentum are, respectively, given by the sums

Nμ =
r∑

a=1

Nμ
a (1.22)
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and

T μν =
r∑

a=1

T μν
a . (1.23)

The mean value of an observable Ma (x, pa) of species a will be expressed by the
statistical mechanical formula

〈Ma (x, pa)〉 = c
∫

d3paMa (x, pa) . (1.24)

Before proceeding further, it would be useful to show that fa (x, pa) is indeed a
scalar under the Lorentz transformation. To show it, we first note

δ
(
p2 − m2c2

) = 1

2p0

[
δ
(
p0 −

√
m2c2 + p2

)
+ δ

(
p0 +

√
m2c2 + p2

)]
.

Then, since

θ
(
p0
)
δ
(
p2 − m2c2

) = 1

2p0
δ
(
p0 −

√
m2c2 + p2

)
(1.25)

for p0 − √
m2c2 + p2 ≥ 0, where θ

(
p0
)
is the Heaviside step function defined by

θ
(
p0
) =

{
0 for p0 < 0
1 for p0 ≥ 0

,

the particle number four-flow in (1.19) can be written as

Nμ
a (x) = 2

∫
d4 paθ

(
p0a
)
δ
(
p2a − m2

ac
2
)
pμ
a fa (x, pa) . (1.26)

The number four-flow Nμ
a (x) transforms like a four-velocity, provided that fa (x, pa)

is a scalar under the Lorentz transformation. So, the distribution functions will be
treated as scalars.

1.1.4 Hydrodynamic Velocity

Unlike in the nonrelativistic kinetic theory in the chapters of Volume 1, the hydro-
dynamic velocity is not simply given by mean velocity ua in (1.17) or its sum u over
the species index in the case of a mixture.

There are two different definitions for hydrodynamic velocity in the literature.
One is due to Eckart [8] and the other to Landau and Lifshitz [9]. In this work the
Eckart definition will be adopted since it is simpler and more closely in line with the
nonrelativistic counterpart. It is defined by
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Uμ = cNμ

√
N νNν

. (1.27)

This definition clearly satisfies the normalization condition (1.7). With the definition
of hydrodynamic velocity given by (1.27) we are naturally led to the hydrodynamic
density ρa of species a. To see it, form the scalar product of Uμ with Nμ to obtain

c−2NμUμ = c−1
√
N νNν . (1.28)

The number four-flowmay be enumerated in the notation of four-flowas a four-vector

N ν = n(c,u)ν, (1.29)

where the superscript ν denotes the spacetime component of the four-vector and n
is the total number density

n =
r∑

a=1

na (1.30)

with na denoting the number density of a defined by (1.16), and u denoting the total
particle velocity defined by

nu =
r∑

a=1

naua (1.31)

with ua given by (1.17). Accordingly, the total hydrodynamic number density ρ may
be related to the mean velocity u obtained as follows, if the scalar product of N ν

with itself is taken:

c−1
√
N νNν = n

√
1 − u · u

c2
. (1.32)

This expression motivates to define hydrodynamic density ρ by the expression

ρ = n

√
1 − u · u

c2
. (1.33)

It clearly indicates that hydrodynamic density ρ is not the same as the number den-
sity n, to which the former tends as u/c → 0, namely, the nonrelativistic limit. A
clear distinction should be made between n and ρ to avoid possible confusion that
might arise in connection with relativistic hydrodynamic equations and their nonrel-
ativistic counterparts derived from the nonrelativistic Boltzmann equation in which
ρ simply means the mass density. According to (1.33), the hydrodynamic density
gets thinner than the number density n as the speed u increases toward c, vanishing3

as u → c.

3This aspect seems to indicate that the vacuum may be described by hydrodynamic equations in
the limit of u/c → 0 in relativity.
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From (1.27), (1.29), and (1.32) follows that the hydrodynamic four-velocity Uμ

can be expressed in a more insightful form

Uμ = γ (c,u)μ , (1.34)

where γ is given by

γ = 1
√
1 − u2

c2

. (1.35)

This gives a lucid meaning to the hydrodynamic four-velocity in Eckart’s definition.
In contrast to the behavior of ρ, the hydrodynamic velocity increases in magnitude
as u increases toward c.

Inserting ρ into (1.28) yields the hydrodynamic density expressed as

ρ = c−2NμUμ. (1.36)

This formula motivates us to define species hydrodynamic density as

ρa = c−2UμN
μ
a , (1.37)

which on summing over all species yields the total hydrodynamic density ρ in (1.36)
because

ρ =
r∑

a=1

ρa = c−2UμN
μ. (1.38)

Rearranging (1.27) and using (1.33) we obtain

Nμ = ρUμ, (1.39)

which also implies
Nμ
a = ρaU

μ. (1.40)

In fact, there should be generally another term, say, Vμ in (1.39) such that VμUμ = 0.
The term Vμ is equal to zero in the Eckart definition of hydrodynamic velocity. The
relations listed above will be found useful for deriving various evolution equations
for macroscopic variables from the covariant kinetic equation.

1.1.5 Energy-Momentum Tensor and Related Observables

Various relevant macroscopic variables such as energy density, heat flux, and so
forth can be defined in covariant form with the help of the hydrodynamic velocity
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and projectors by using the energy-momentum tensor T μν
a . The scalar energy density

Ea of species a is given by

Ea = ρaEa = c−2UμT
μν
a Uν, (1.41)

where Ea is the energy density of species a, and the scalar (nonequilibrium) pressure
pa by

pa = 1

3
�μνT

μν
a . (1.42)

That is, pa is the trace of the energy-momentum tensor divided by 3. The non-
equilibrium enthalpy density may then be defined by the formula reminiscent of its
equilibrium counterpart

ha = Ea + pa/ρa = Ea + pava, (1.43)

where va is the specific volume defined by

va = 1/ρa . (1.44)

We emphasize that both Ea and pa are of nonequilibrium and mechanical. As they
stand, both Ea and pa are mechanical and hence so is ha . Their thermal aspect is not
apparent.

The heat flux (four-flow) Qμ
a is also expressed in terms of a projection of energy-

momentum tensor T νσ
a as follows:

Qμ
a = UνT

νσ
a �μ

σ. (1.45)

It is useful to define the number diffusion flux (four-flow) Jμ
a by the expression

Jμ
a = Nμ

a − caN
μ, (1.46)

where ca is the number fraction defined by the hydrodynamic density ratio

ca = ρa/ρ. (1.47)

It should be remarked that in the relativistic kinetic theory the diffusion fluxes are
defined in terms of the number fluxes instead of the mass fluxes generally used in
the nonrelativistic kinetic theory, but Jμ

a is not a projection of T νσ
a unlike Qμ

a or
the pressure tensor Pνσ

a discussed later. The reason is to distinguish diffusion fluxes
from heat fluxes, or energy fluxes, because of the equivalence of mass and energy in
relativity. However, it will be found convenient to use a modified heat flux defined by

Q′μ
a = Qμ

a − Jμ
a , (1.48)
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where Jμ
a is a mechanical energy diffusion flux defined by

Jμ
a = h Jμ

a . (1.49)

Here h is the equilibrium enthalpy of the entire fluid; it is the equilibrium limit
of h = ∑r

a=1 ha . Therefore the nonequilibrium aspect of Jμ
a is borne by Jμ

a of
species a. The definitions in (1.48) and (1.49) are motivated by the notion that heat
in thermodynamics is not simply a form of mechanical energy flow, but an excess
of energy carried by the material particle diffusing in matter; the latter part being
represented by h Jμ

a . Therefore Q′μ
a is thought to inherently represent the “heat” as

what we intuitively mean in our everyday life, it being a quantity intimately tied up
with the second law of thermodynamics.

The nonequilibrium pressure pa is generally different from the hydrostatic (equi-
librium) pressure of species a. It will be presently defined more precisely together
with the pressure tensor and the related quantities. In the molecular theory of heat,
what is just said is that which we mean by heat, if we want to identify it with the
heat in macroscopic (thermodynamic) theory of heat; see the nonrelativistic theories
part of this work in the previous volume. As will be seen later, it will be indeed also
the case in the relativistic description of heat when irreversible thermodynamics is
formulated later in this chapter.

Clearly, from the definitions of heat flux and diffusion flux it can be shown that
there hold the following frequently used identities:

UμQ
μ
a = 0, Uμ J

μ
a = 0. (1.50)

These identities can be easily verified by using the properties of projector and Uμ.
Consequently, there also follows the identity4

UμQ
′μ
a = 0. (1.51)

The total heat flux (four-flow) Qμ is a sum of Qμ
a over species:

Qμ =
r∑

a=1

Qμ
a (1.52)

and similarly

Q′μ =
r∑

a=1

Q′μ
a . (1.53)

However, owing to the definition of Jμ
a the diffusion fluxes are not all independent

of each other since there holds the relation

4Identities (1.50) and (1.51) imply that heat and diffusion fluxes are orthogonal to the hydrodynamic
velocity Uμ.
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r∑

a=1

Jμ
a = 0. (1.54)

This implies that if the fluid is of a single component, there is no diffusion flux
present.

The stress (pressure) tensor Pμν
a is defined as a projection of the energy-

momentum tensor onto spatial components

Pμν
a = �μ

σT
στ
a �ν

τ . (1.55)

In order to more clearly reveal its physical meaning we decompose Pμν
a into the

traceless symmetric part �
μν
a , the excess trace (i.e., excess normal stress) part �̃a ,

and the hydrostatic pressure pa of species a into the form

Pμν
a = pa�

μν + �̃a�
μν + �μν

a , (1.56)

where the hydrostatic pressure is defined in terms of the equilibrium energy-
momentum tensor denoted T αβ

ea by the formula

pa = 1

3
�αβT

αβ
ea , (1.57)

then the excess normal stress �̃a is defined by a fluctuation of pa from the hydrostatic
pressure denoted by pa

�̃a = 1

3
�αβT

αβ
a − pa = pa − pa . (1.58)

The equilibrium (more precisely, local equilibrium) energy-momentum tensor T αβ
ea

may be calculated with the equilibrium distribution function f ea with the statistical
mechanical formula

T μν
ea = 〈

pμ
a p

ν
a f

e
a

〉
. (1.59)

The equilibrium distribution function f ea is the equilibrium solution of the covariant
kinetic equation. The precise form of f ea will be obtained later at a more appropriate
stage in the development of the theory under discussion.

The traceless symmetric part �
μν
a of T στ

a is related to the viscous phenomena
whereas the excess trace part �̃a is associated with dilatation/compression of the
fluid (gas) over and above the hydrostatic value, that is, a fluctuation of pressure
from the equilibrium value. The term 1

3�μνT
μν
a in (1.42) is the normal stress (trace

part of the stress). Therefore �̃a may be regarded as the normal stress in excess of
hydrostatic (equilibrium) pressure (force per unit area)—the equilibrium value of
normal stress. We emphasize that pa in (1.57) is an equilibrium property. Therefore
�̃a is a purely nonequilibrium component of the normal stress.
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The component stress tensors add up to the total stress tensor made up of the
following three contributions, each composed of species components:

�μν =
r∑

a=1

�μν
a , �̃ =

r∑

a=1

�̃a (1.60)

and p, the total pressure, given by the formula

p =
r∑

a=1

pa . (1.61)

The energy-momentum tensor T μν
a can then be decomposed into the four major

components

T μν
a = c−2EaU

μU ν + c−2
(
Qμ

aU
ν + Qν

aU
μ
)

+ c−2 (Jμ
aU

ν + Jν
aU

μ
) + Pμν

a . (1.62)

On summing this expression over species it follows

T μν = c−2EUμU ν + c−2 (QμU ν +UμQν) + Pμν, (1.63)

for which (1.54) is made use of for the third term on the right in (1.62). We note that,
energy Ea being written in terms of energy density Ea,

Ea = ρaEa, (1.64)

summing it over species gives the total energy E :

E := ρE =
r∑

a=1

ρaEa . (1.65)

Therefore, with the definition of density fraction

ca = ρa

ρ
(1.66)

the total energy density E is given by the sum of partial energy densities times the
density fraction ca :

E =
r∑

a=1

caEa . (1.67)
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The hydrodynamic variables presented above obey the relativistic hydrodynamic
equations obtained from the covariant Boltzmann equations that we have postulated
for the relativistic gaseous mixture under consideration.

1.1.6 Relativistic Generalized Hydrodynamic Equations

Balance Equations for Conserved Variables

The particle number and the energy-momentum tensor are collision invariants of the
relativistic Boltzmann collision integral, and their evolution equations turn out to be
conservation laws of number density and energy-momentum. They are easily derived
from the covariant Boltzmann equation. Upon operating contravariant derivative ∂μ,
namely, differentiating (1.19) for Nμ and (1.21) for T μν and using the covariant
Boltzmann equation (1.12), the covariant balance equations for the particle number
and energy-momentum are, respectively, obtained.

The particle number balance equation is given by

∂μN
μ = 0, (1.68)

and the energy-momentum balance equation by

∂νT
μν = 0. (1.69)

Note that because Nμ and T μν are collision invariants of the covariant kinetic equa-
tion, there is no source term in the balance Eqs. (1.68) and (1.69) arising from
the kinetic equation. Traditional fluid dynamic equations—conservation laws with
appropriate constitutive relations—can be obtained from these balance equations,
provided that the constitutive equations are supplied for the stress tensors, heat fluxes,
and diffusion fluxes. For the purpose of obtaining them the covariant derivative ∂μ

is decomposed into time-like and space-like parts with the hydrodynamic velocity.
Since

∂μ = gμν∂ν,

by eliminating the metric tensor with the help of the projector �μν and defining the
new symbols for derivatives

D = U ν∂ν, (1.70)

�μ = �μν∂ν, (1.71)

the covariant derivative operator can be decomposed into two components in the
form

∂μ = c−2UμD + �μ. (1.72)
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Similarly, the contravariant derivative can be decomposed as

∂μ = c−2UμD + �μ, (1.73)

where
�μ = �μν∂

ν . (1.74)

From the property of the projectors �μν in (1.9) follow the identities related to Uμ

and �μ:
Uμ�μ = 0; Uμ�μ = 0 (1.75)

The operator D will be called convective time derivative, which is the relativistic
analogue of the nonrelativistic substantial time derivative, and∇μ covariant gradient
operator. In the local rest frame in which

Uμ
LR = (c, 0, 0, 0) , (1.76)

D and ∇μ are given by the usual time derivative and spatial derivative operators,
respectively:

DLR = ∂/∂t, �0
LR = 0, �k

LR = −∇LR k = −∂/∂xk (k = 1, 2, 3) . (1.77)

By using the decomposition of ∂μ and various definitions, such as hydrodynamic
density, etc. presented earlier, it is possible to derive from the conservation laws
(1.68) and (1.69) the balance equations of density, density fractions, momentum,
and energy. To derive various balance and evolution equations it is convenient to
collect some useful identities involving hydrodynamic velocity and projectors as
well as D and ∇μ. They are as follows:

Uμ�μ = 0, Uμ�μ = 0, Uμ∂μρ = −ρ∂μU
μ,

UμDU
μ = 0, Uμ�σU

μ = 0, Uμ J
μ
a = 0,

UμDJμ
a = −Jμ

a DUμ, UμDQμ
a = −Qμ

a DUμ, UμQ
μ
a = 0, (1.78)

�μ
ν�σU

ν = �σU
μ, �μ

ν Q
ν
a = Qμ

a ,

�μ
ν J

ν
a = Jμ

a , �μ
ν P

νω
a = Pμω

a .

These identities are easy to prove, but handy to have collected to help derivations
of various evolution equations. Since derivations of balance equations for conserved
variables are fairly straightforward, we list only the results without the details of
derivations.

Equation of Continuity

Substitution of the decomposition of ∂μ in (1.73) into (1.68) yields the equation of
continuity

Dρ = −ρ�μU
μ. (1.79)

One of identities in (1.78) is used for this equation.
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Density Fraction Balance Equation

Upon applying convective derivative on (1.66) and using identities involving Jμ
a in

(1.78) we obtain the density fraction balance equation

ρDca = −�μ J
μ
a + c−2 Jμ

a DUμ. (1.80)

Equation (1.80) presumes that the material particles do not chemically react. The last
term on the right is not present in the nonrelativistic counterpart; it indeed vanishes
in the nonrelativistic limit as u/c → 0.

Momentum Balance Equation

Operating the projector �μ
ν on the energy-momentum balance equation yields the

equation
�μ

ν∂σT
νσ = 0. (1.81)

Upon inserting the decomposition formula (1.63) for T νσ there then follows the
momentum balance equation

c−2EρDUμ = −�μ p − �μ
ω�νP

ων

+ c−2
(
PμνDUν −�μ

ωDQω−Qμ�νU
ν −Qν�νU

μ
)
, (1.82)

where the pressure tensor P
ων

may be further decomposed:

P
ων =

r∑

a=1

(
�̃a�

ων + �ων
a

) = �̃�ων + �ων . (1.83)

To derive the momentum balance equation we have used the identity

�μ
ν�σU

ν = �σU
μ

listed in (1.78). The momentum balance equation differs from its nonrelativistic
counterpart in that there appears c−2E multiplied to ρDUμ on the left-hand side and
on the right-hand side, in addition to the relativistic effect term (i.e., the last term),
the divergence of the pressure tensor term is a little modified from the form reported
by de Groot et al. [3] Nevertheless, as u/c → 0 it reduces to the nonrelativistic
momentum balance equation known in the classical hydrodynamics [9].

Energy Balance Equation

The energy balance equation also follows from the energy-momentum tensor balance
equation (1.69) upon contracting it with c−2Uμ and using some of the identities listed
in (1.78). It is given by the equation

ρDE = −�μQ
μ − p�μU

μ + P
μν�νUμ + 2c−2QμDUμ, (1.84)
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which makes the energy balance equation look formally different from the nonrel-
ativistic version, but the last term vanishes in the nonrelativistic limit as u/c → 0,
yielding the energy balance equation in the classical hydrodynamics [9].

The conservation laws derived earlier are found to contain flow four-tensors such
as diffusion flux, heat flux, and diffusion flux. These flux tensors are nonconserved
variables, which are basically different from the conserved variables such as density,
energy, and momentum, because the latter are devoid of energy dissipation mech-
anisms, whereas the nonconserved variables dissipate energy in the course of their
evolution. Their mechanical cause for energy dissipation lies in the fact that, while
evolving, they do not conserve energy in the course of collision processes. Their
evolution equations contain an energy dissipation term in contrast to the balance
equations for the conserved variables as we have already noticed.

Evolution Equations for Nonconserved Variables

It is possible to derive the evolution equations of the aforementioned nonconserved
variables, first defining the supermoment tensor four-flow by the formula [4]

ψ(q)σμ···ν
a := 〈

fa(x, pa)p
σ
a h

(q)μ···ν
a

〉
(1.85)

as a generic representative of nonconserved variables spanning the thermodynamic
manifold, which we regard as the flux of moment h(q)μν···l

a . For want of terminology
for this quantity we will henceforth call it supermoment. And then contracting the
supermomentψ(q)σμ···ν

a with hydrodynamic velocity—i.e., projecting it ontoUσ—we
obtain the desired macroscopic flux tensors, such as shear stress tensors, heat flux
four-vectors, etc., which are generically denoted by �

(q)σ···ν
a :

�(q)μ···ν
a := ρa�̂

(q)μ···ν
a = c−2Uσψ(q)σμ···ν

a . (1.86)

Summing �
(q)μ···ν
a over species components, we obtain the flux tensors for the entire

mixture

�(q)μ···ν := ρ�̂(q)μ···ν =
r∑

a=1

ρa�̂
(q)μ···ν
a = ρ

r∑

a=1

ca�̂
(q)μ···ν
a . (1.87)

In the present theory, the set of �
(q)μ···ν
a is ordered, for the leading elements, in the

following sequence:

�(1)μν
a = �μν

a , �(2)
a = �̃a, �(3)μ

a = Q′μ
a , �(4)μ

a = Jμ
a , etc., (1.88)

which implies that the set for the moments h(q)μ···ν
a should be correspondingly

ordered. Here, as defined earlier, �σν
a denotes the shear stress tensor; �̃a the excess

normal stress; Q′ν
a the heat flux in excess of the heat carried by particle diffusion;

and J ν
a the number diffusion flux.
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Leading Moments of the Hierarchy

The leading moments5 corresponding to the nonconserved variables listed in (1.88)
are as follows [4]:

h(1)μν
a = c2

(
Uλ p

λ
a

)−1
(

�μ
σ�

ν
τ − 1

3
�στ�

μν

)
pσ
a p

τ
a , (1.89)

h(2)
a = c2

(
Uλ p

λ
a

)−1
[
1

3
�μν p

μ
a p

ν
a − c−2 (pa/ρa)

(
Uλ p

λ
a

)]
, (1.90)

h(3)μ
a = c2

(
Uλ p

λ
a

)−1 {
�μ

σ p
σ
a p

ν
aUν

− (̂
ha + mac

2
) [

pμ
a − c−2

(
Uλ p

λ
a

)
Uμ

]}
, (1.91)

h(4)μ
a = c2

(
Uλ p

λ
a

)−1 [
pμ
a − c−2 (pλ

aUλ

)
Uμ

]
, etc., (1.92)

where ĥa is the density of ha , namely, ĥa = ha/ρa . The parameter ĥa will turn
out to be the equilibrium enthalpy density, when evaluated with the equilibrium dis-
tribution function. The choice made for (1.89)–(1.92) needs explanations, and, in
particular, the appearance of the rest mass energy mac2 in h(3)μ

a will be elaborated
on presently. The moments h(q)μ···ν

a are chosen such that they emerge as the nonrela-
tivistic moments for the nonconserved variables, such as shear stress, excess normal
stress, etc. In this connection, subtracting the rest mass-energy flux represented by
mac2

[
pμ
a − c−2

(
Uλ pλ

a

)
Uμ

]
is necessary to recover the nonrelativistic limit agree-

ing with the Boltzmann kinetic theory result.6 In order to make this aspect of their
correspondence with the nonrelativistic kinetic theory as apparent as possible, we
would like to digress and introduce the notion of relativistic peculiar velocity, which
would help to comprehend the moments chosen in this work.

Relativistic Peculiar Velocity

The moments chosen h(q)μ···ν
a (q = 1, 2, 3, 4 · · · ) in (1.89)–(1.92) may be put into

forms more readily recognizable in correspondence to the nonrelativistic kinetic
theory, if we introduce the notion of relativistic peculiar velocity defined by the
formula

5It should be noted and kept in mind that the projector �
μ
σ , etc. are to be applied after the statistical

mechanical averaging is performed on the molecular expression of the moment. Therefore, if one
wishes to understand, for example, h(1)μν

a at the molecular level the factor
(

�μ
σ�ν

τ − 1

3
�μν�στ

)
pσ
a p

τ
a

should be taken as

pμ
a p

ν
a − 1

3
gμν

(
pσ
a paσ

)
,

where
(
pσ
a paσ

)
is the trace of pσ

a p
τ
a , which is equal to mac2. Here traceless symmetry generating

operator
(
�

μ
σ�ν

τ − 1
3�μν�στ

)
is meant to be applied after statistical mechanical averaging is taken.

6According to the Boltzmann kinetic theory, i.e., nonrelativistic kinetic theory, h(3)μ
a =

1
2ma (Ca · Ca)Ca μ − ĥ Ja μ, where Ca is the peculiar velocity Ca = va − u.
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Cμ
a = c2

(
Uλ pλ

a

) pμ
a −Uμ. (1.93)

It is a weighted momentum (in fact, a weighted four-velocity) relative to the hydro-
dynamic velocity Uμ. Since

c2
(
Uλ pλ

a

) = m−1
a

[(
1 + pa · pa/m2

ac
2
)1/2 − pa · u/mac

2
]−1

,

C
μ
a tends to the nonrelativistic peculiar velocity as u/c → 0:

lim
u/c→0

Cμ
a = Ca μ := va μ − uμ, (1.94)

where va μ and uμ are, respectively, the μth spatial components of particle velocity
of species a and the reference velocity—the fluid velocity. In connection with Cμ

a its
definition is motivated if we examine the projection of particle momentum �μ

σ p
σ
a ,

which can be written

�μ
σ p

σ
a = pμ

a − c−2
(
pλ
aUλ

)
Uμ = c−2

(
pλ
aUλ

)
Cμ
a . (1.95)

Therefore, from the mathematical standpoint the relativistic peculiar velocity C
μ
a is

generated upon projecting pσ
a onto the μ direction of hydrodynamic velocity.

The relativistic peculiar velocity C
μ
a has the properties:

Cμ
aUσ = 0 (1.96)

and
�μ

σC
σ
a = Cμ

a , �μσC
σ
a = Ca μ, etc. (1.97)

The relativistic peculiar velocities are useful in deducing the nonrelativistic limits of
themoments h(q)μ···ν

a listed in (1.89)–(1.92). For the purpose h(q)μ···ν
a can be written in

forms more easily comparable to the nonrelativistic theory moments used in Chap.3
of Volume 1 on the Boltzmann kinetic theory, if h(q)μ···ν

a is cast in the form

h(q)μ···ν
a = c2

(
Uλ pλ

a

)M (q)μ···ν
a , (1.98)

where the moments M (q)μ···ν
a are expressed in terms of Ca by the formulas

M (1)μν
a = c−4

(
Uλ p

λ
a

)2
[CaCa]

(2)μν , (1.99)

M (2)
a = 1

3
c−4 (Uλ p

λ
a

)2 (
Cμ
aCa μ

) − c−2 (Uλ p
λ
a

)
(
pa
na

)
, (1.100)
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M (3)μ
a = c−2

(
Uλ p

λ
a

) [(
Uλ p

λ
a − mac

2
) − ĥa

]
Cμ
a , (1.101)

M (4)μ
a = c−2

(
Uλ p

λ
a

)
Cμ
a . (1.102)

Here we have used the abbreviations for second rank tensors

[CaCa]
(2)μν = �μ

σC
σ
aC

τ
a�

ν
τ − 1

3
�μν�στC

σ
aC

τ
a, (1.103)

TrCaCa := (
Cμ
aCa μ

) = �στC
σ
aC

τ
a , (1.104)

that is, [CaCa]
(2)μν is the traceless symmetric part and

(
C

μ
aCa μ

)
the trace of the second

rank tensor Cμ
aC

ν
a . In the nonrelativistic limit of u/c → 0, where (1.94) holds, the

moments listed in (1.99)–(1.102) are easily seen to tend to the nonrelativistic limits

lim
u/c→0

h(1)μν
a = ma [CaCa]

(2)μν
a , (1.105)

lim
u/c→0

h(2)
a = ma

[
1

3
Ca · Ca − pa

na

]
, (1.106)

lim
u/c→0

h(3)μ
a = 1

2
ma (Ca · Ca)C

μ
a − ĥamaCa μ, (1.107)

lim
u/c→0

h(4)μ
a = maCa μ, (1.108)

with which we derived the evolution equations for shear stress, excess normal stress,
heat flux, and diffusion flux in the nonrelativistic kinetic theory. Especially, in the
case of h(3)μ

a , if the rest mass energy fluxmac2C
μ
a were not subtracted from the energy

flux (i.e. the first term on the right of (1.101), evidently the nonrelativistic limit of
h(3)μ
a in (1.107) would not have been obtained. This point was one of the principal

motivations for inserting the mac2 factor in (1.107). Physically, it also removes the
contribution of the rest mass energy to heat flow.

As will be shown in a later section of this chapter, when averaged with the non-
equilibrium distribution function fa according to (1.85) and (1.86) they give rise to
physically relevant macroscopic variables such as �σν

a , �a , Q′ν
a , and J ν

a , which also
tend, in the limit u/c → 0, to the nonrelativistic nonconserved variables appearing
in the nonrelativistic kinetic theory in Chap.3 of Volume 1 of this work. The rest
of the moment set can be suitably chosen in terms of higher-rank irreducible ten-
sors constructed according to the Schmidt orthogonalization technique, beginning
from the seed moments for density and internal energy; on this aspect see Chap.3
mentioned. The higher-order moments are not listed here because they give rise to
macroscopic variables rarely observed in experiments or in nature, and hence we are
not going to use them in the present work. The moments listed here are irreducible
Cartesian tensors and vectors and, in fact, those tending to the so-called first “13
moments” plus the moments for diffusion in the nonrelativistic kinetic theory in the
limit of u/c → 0 as will be shown later when we discuss the nonrelativistic limits
of evolution equations obtained in the present theory.

http://dx.doi.org/10.1007/978-3-319-41153-8_3
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In the following, we resume discussions with moments h(q)μ···ν
a given in (1.89)–

(1.92).

Generic Evolution Equation for Nonconserved Variables

To derive the evolution equation for �̂
(q)σ···ν
a we observe that the substantial time

derivative D in relativistic theory is defined by

D = Nμ∂μ. (1.109)

It can be decomposed into the time and space components

D = ρD + Nμ�μ. (1.110)

However, since Nμ�μ = ρUμ�μ = 0 in Eckart’s definition of hydrodynamic veloc-
ity, the substantial derivative D simply becomes the convective time derivative D
times ρ:

D = ρD. (1.111)

Now, the substantial time derivative of �̂
(q)
a can be recast into the form

D�̂(q)μ···ν
a = Nσ∂σ�̂

(q)μ···ν
a = ∂σ

(
Nσ�̂(q)μ···ν

a

) − �̂(q)μ···ν
a ∂σN

σ. (1.112)

Then, since ∂μNμ = 0 according to (1.68), in the Eckart’s definition of Uμ the
substantial time derivative of flux density �̂

(q)
a on the left of (1.112) can be written as

ρD�̂(q)μ···ν
a = ∂σ

(
Nσ�̂(q)μ···ν

a

)
. (1.113)

Rearrange the right hand side of this equation to the form

ρD�̂(q)μ···ν
a = −∂σ

(
ψ(q)σμ···ν
a − Nσ�̂(q)μ···ν

a

) + ∂σψ
(q)σμ···ν
a . (1.114)

Let us thendefine the “projection of supermoment tensor”�
(q)σμ···ν
a for the divergence

term
�(q)σμ···ν

a = ψ(q)σμ···ν
a − Nσ�̂(q)μ···ν

a = �σ
ωψ(q)ωμ···ν

a . (1.115)

By using the covariant kinetic equation, ∂σψ
(q) is easily shown to yield the evolution

equation
∂σψ(q)σμ···ν

a = 〈
fa(x, pa)p

σ
a∂σh

(q)μ···ν
a

〉 + �(q)μ···ν
a (x) (1.116)

with the dissipation term �
(q)μ···ν
a defined by the formula

�(q)μ···ν
a =

r∑

b=1

〈
h(q)μ···ν
a Cab ( fa, fb)

〉
. (1.117)
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Thus, on substituting (1.116) into (1.114) we obtain the generic evolution equation
for �̂

(q)
a in the form

ρD�̂(q)μ···ν
a = −∂σ�(q)σμ···ν

a + Z (q)μ···ν
a + �(α)μ···ν

a , (1.118)

where the kinematic term Z (q)μ···ν
a is now given by the expression

Z (q)μ···ν
a =

r∑

a=1

〈
fa(x, pa)p

σ
a∂σh

(q)μ···ν
a

〉
. (1.119)

It can be shown that the kinematic term Z (q)μ···ν
a tends to the nonrelativistic limit

obtained from the nonrelativistic Boltzmann equation; for this purpose it will be
found convenient to make use of the relativistic peculiar velocity introduced earlier.
We also observe that in view of the nonrelativistic limit (1.94) the projection of
supermoment tensor �

(q)σμ···ν
a tends to the nonrelativistic moment one-order higher

than moment M (q)μ···ν
a :

lim
u/c→0

�(q)σμ···ν
a = lim

u/c→0

〈
faC

σ
a M

(q)μ···ν
a

〉
.

The presence of this term in the generic evolution equation is clearly the principal
reason that renders the set of evolution equations an open hierarchy.

On summing (1.118) over a, the evolution equation for �̂(q)μν···l of the entire
mixture is obtained in the form

ρD�̂(q)μ···ν = −∂σ�(q)σμ···ν + Z (q)μ···ν + �(q)μ···ν, (1.120)

with the definitions

�(q)σμ···ν =
r∑

a=1

�(q)σμ···ν
a , (1.121)

Z (q)μ···ν =
r∑

a=1

Z (q)μ···ν
a . (1.122)

The kinematic terms Z (q)μ···ν
a consist of rather complicated terms, which include

thermodynamic forces driving transport processes in the system as well as fluxes
coupled to thermodynamic forces.

The divergence term −∂σ�(q)σμ···ν also can be similarly evaluated. Some terms
from it, in fact, should be combined with Z (q)μ···ν

a to obtain a modified kinematic
term Z

(q)μ···ν
a

Z(q)μ···ν
a = Z (q)μ···ν

a + K (q)μ···ν
a , (1.123)
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where
K (q)μ···ν

a = −c−2UσD
(
�σ

ωψ(q)ωμ···ν
a

)
. (1.124)

With the kinematic term so modified, the generic evolution equation (1.120) now
reads

ρD�̂(q)μ···ν = −�σ�(q)σμ···ν
a + Z(q)μ···ν + �(q)μ···ν, (1.125)

where the supermoment flux tensor �
(q)σμ···ν
a making up the divergence term is

defined by
�(q)σμ···ν

a = �σ
ωψ(q)ωμ···ν

a . (1.126)

This form (1.125) of relativistic generic evolution equation formally better resembles
the nonrelativistic generic evolution equation for �̂(q)μ···ν appearing in Chap.3, Vol-
ume 1 of this work. As amatter of fact, it can be easily shown that (1.125) tends to the
nonrelativistic generic evolution equation in Chap.3, Volume 1. Note that �(q)σμ···ν

a

is a tensor of rank one-order higher than the tensor Z(q)μ···ν , which physically may
be regarded as the flux of macroscopic moment �(q)μ···ν .

The generic kinematic term Z (q)μ···ν
a given in (1.119) and the term K (q)μ···ν

a are eval-
uated for the cases of h(q)μ···ν

a (q = 1, . . . , 4) as defined by (1.89)–(1.92), and com-
bined to obtain the modified kinematic term Z

(q)μ···ν
a in (1.123). For the results pre-

sented belowwemake use of the decomposition formula (1.62) of energy-momentum
tensor T μν

a and various identities involving projectors listed in (1.78). The following
system of abbreviations is employed to simplify the presentation of the complicated
expressions involving tensor products:

[P · �U](2)μν = 1

2
(Pμσ�σU

ν + Pνσ�σU
μ) − 1

3
�μν (�ωαP

ασ�σU
ω) (1.127)

for the traceless symmetric part of tensor product Pμσ∇σU ν , a tensor of rank 2;

[P](2)μν = 1

2
(Pμν + Pνμ) − 1

3
�μν�αωP

ωα, (1.128)

for the traceless symmetric part of tensor Pμν of rank 2;

[P · DU]μ = PμνDUν (1.129)

for covariant vectors; and

[UU ](2)μν = UμU ν − 1

3
�μν(UσUσ) = UμU ν − 1

3
c2�μν . (1.130)
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Modified Kinematic Terms Z(q)μ···ν
a

In the following the modified kinematic terms Z(q)μ···ν
a given in (1.123) are listed for

q = 1, 2, 3, 4:

For the Case of Shear Stress

The modified kinematic term for q = 1 is given by the expression

Z(1)μν
a = −2 [Pa · �U ](2)μν − 2 [Qa · DU ](2)μν − 2 [PaU · DU ](2)μν

+ c−2
(
UμPνω

a DUω +U νPμω
a DUω

) + c−2 [UU ](2)μν Pτε
a ∇εUτ

− 1

3
c−2

(
UμQε

a�εU
ν +U νQε

a�εU
μ
) + c−2 [UU ](2)μν Qω

a DUω

− c−4UμU νQω
a DUω + 1

3
m2

ac
2

〈

fa
pε
a(

Uλ pλ
a

)

〉

(Uμ�εU
ν +U ν�εU

μ)

− c2
〈

fa
pμ
a pν

a p
ω
a p

ε
a(

Uλ pλ
a

)2

〉

�εUω + 1

3
�μνm2

ac
4

〈

fa
pω
a p

ε
a(

Uλ pλ
a

)2

〉

�εUω, (1.131)

where the second rank tensor Pa may be decomposed into traceless and trace parts
as in (1.56).

For the Case of Excess Normal Stress

The modified kinematic term for q = 2 is given by the expression

Z(2)
a = −ρaD (pa/ρa) − 2

3
Pμε
a �εUμ − 2

3
c−2Qω

a DUω − J ε
a�ε (pa/ρa)

− c−2 (pa/ρa) J
ω
a DUω + 1

3

[

Pωε
a − m2

ac
4

〈

fa
pω
a p

ε
a(

Uλ pλ
a

)2

〉]

�εUω. (1.132)

The pressure tensor in the third term on the right also can be decomposed as in (1.56).

For the Case of Heat Flux

The modified kinematic term q = 3 is given by the expression

Z(3)μ
a = Pμω

a DUω − Q′σ
a �σU

μ − Pμσ
a �σ ĥ

′
a − c−2Jσ

a�σU
μ

+ ĥ′
a J

σ
a �σU

μ + ρa
(̂
h′
a − Ea

)
DUμ − Jμ

a Dĥ′
a + ϕ(3)μωσ

a �σUω

− c−2Uμ
(
Qσ

a DUσ + c−2Jσ
a DUσ − ĥ′

a J
ω
a DUω

)

−Uμ
(
Pσε
a �σUε − Jσ

a �σ ĥ
′
a

)

+
[

Pμσ
a − c2

〈

fa
pμ
a pσ

a(
Uλ pλ

a

)

〉]

�σ ĥ
′
a + c2ĥa

〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

∇σUω

+
[

mc4
〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

− ϕ(3)μωσ
a

]

�σUω, (1.133)
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where ϕ
(3)μωσ
a is defined by the rank 3 tensor

ϕ(3)μωσ
a = 〈

fa p
μ
a p

ω
a p

σ
a

〉
.

The terms proportional to Uμ vanish in the local rest frame Uμ = (c, 0, 0, 0).

For the Case of Diffusion Flux

The modified kinematic term for q = 4 is given by the relatively simple form

Z(4)μ
a = −ρaDU

μ − Jσ
a �σU

μ − c−2Uμ Jω
a DUω

− c2
〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

�σUω. (1.134)

Projection of Supermoments

Lastly, we examine the projection of supermoment ψ
(q)σμ···ν
a making up the diver-

gence term in the generic evolution equation (1.118), which on substitution of the
moment h(q)μ···ν

a is given by the integral

�(q)σμ···ν
a =

〈

fa�
σ
ω

c2 pω
a(

Uλ pλ
a

)M (q)μ···ν
a

〉

. (1.135)

The integral on the right of (1.135) cannot be generally completely reduced to a form
given in terms of nonconserved variables within the framework of the “13”moments.
The reason is that ψ

(q)σμ···ν
a for q = 1, 2, 3 belong to the set outside the so-called

first 13 moment subset. Nevertheless, it would be useful to examine their general
characters as tensors. On substitution of the explicit forms for M (q)μ···ν

a in the case
of q = 1, 2, 3, 4 we can ascertain their characters as tensors case by case as shown
below:

For the Case of Shear Stress

For q = 1(shear stress) �
(1)σμν
a is given by the formula

�(1)σμν
a = [

Wσ··](2)μν −Uσ [Ta]
(2)μν , (1.136)

where
[
Wσ··](2)μν =

〈

fa
c2 pσ

a(
Uλ pλ

a

)
(

�μ
ε �

ν
τ − 1

3
�ετ�

μν

)
pε
a p

τ
a

〉

,

which is a rank 3 tensor, traceless symmetric with respect to the last two indices. If
the explicit expressions for projectors are made use of, the integrals may be partly
expressed in terms of stress tensors or heat fluxes etc., but there remains an integral
of a rank 3 tensor, which is traceless symmetric with respect to two indices out of
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three. Since it is rather bulky, but would not reveal its structure, we will leave it as it
stands.

For the Case of Excess Normal Stress

For q = 2 (excess normal stress) �(2)σ
a is given by the formula

�(2)σ
a = 1

3
c2
〈

fa
pσ
a

(
pμ
a pa μ

)

(
Uλ pλ

a

)

〉

− 1

3
Q′σ

a − 1

3
c−2Jσ

a

− (pa/ρa) J
σ
a −Uσ (pa − pa) , (1.137)

which clearly shows it is a vector, the first term being vector but an integral of rank
3 tensor contracted to a vector with respect to two indices, whereas the remainder
consists of a simple vectors.

For the Case of Heat Flux

For q = 3 (heat flux) �
(3)σμ
a is given by the expression

�(3)σμ
a = c2Pσμ

a + ρaĥ
′
aU

σUμ − c2ĥ′
a

〈

fa
pσ
a p

μ
a(

Uλ pλ
a

)

〉

, (1.138)

which shows �
(3)σμ
a is a rank 2 tensor. The integral in the third term would not easily

reduce to a well recognizable variable.

For the Case of Diffusion Flux

For q = 4 (diffusion flux) �
(4)σμ
a is given by the expression

�(4)σμ
a = c2

〈

fa
pσ
a p

μ
a(

Uλ pλ
a

)

〉

−Uσ Jμ
a −Uμ Jσ

a − ρaU
σUμ. (1.139)

It is evidently a tensor of rank 2, but the integral is not well recognizable macroscopic
variable unless the nonrelativistic limit is taken, in which case it becomes an energy-
momentum tensor. Therefore it readily joins the rank of experimentally observable
macroscopic observables in the present scheme of theory.

By this, we conclude examination of kinematic and divergence terms as well
as the characters of �

(q)σμ···ν
a making up the divergence term in the generic evolu-

tion equations for nonconserved variables �
(q)μ···ν
a . Examination of the dissipation

terms will have to wait until the thermodynamic theory is formulated, so that the
thermodynamic consistency is properly imposed on them.

We emphasize that the evolution equations represented by the generic evolution
Eq. (1.120) are coupled to the momentum, energy. and concentration balance equa-
tions presented earlier. As in the nonrelativistic kinetic theory this set of evolution
equations is open and therefore must be suitably closed by means of a suitable
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closure relation. When the set is thus closed7 and made consistent with the laws of
thermodynamics, it provides relativistic generalized hydrodynamic equations con-
sisting of (1.79)–(1.82), (1.84) and (1.118), if the number of moments is limited to
a finite value by the closure. The generic evolution equation (1.118) can be easily
shown to tend to the nonrelativistic counterparts in the limit of u/c → 0. This will
be shown in a later section.

The macroscopic moments {�(q)
a : q = 1, . . . , 4, . . .} are defined in a signif-

icantly different manner from the conventional moment method [4]. As a conse-
quence, their evolution equations are accordingly different. Furthermore, since the
moment evolution equations will be subjected to the the laws of thermodynamics,
the macroscopic theory on which the hydrodynamic theory is based remains ther-
modynamically consistent.

The covariant Boltzmann equation, as any kinetic equation, is a mathematical
model for relativistic macroscopic fluids. The model is purported to provide us with
a molecular theoretic picture and our way of comprehending macroscopic processes
observed in nature and laboratory. The physical reality of such a model for molecular
systems as a theoretical representation of macroscopic fluids should be subjected to
the physical laws (e.g., the thermodynamic laws) governing macroscopic processes
in fluids. The currently accepted paradigm for macroscopic physical phenomena is
that all macroscopic phenomena are subject to the laws of thermodynamics. There-
fore, the evolution equations derived from the covariant kinetic equations, including
the balance equations for the conserved variables, must be subjected to the laws
of thermodynamics before being judged physically reasonable and acceptable as a
theory representing macroscopic processes in fluids [10–13]. In fact, this thermody-
namic validation process makes the distribution functions with parameters therein
acquire, as the candidates for approximate solutions of the covariant kinetic equation,
the desired thermodynamic and microcopied theory meanings founded on thermo-
dynamics of irreversible processes. Therefore various statistical mechanically cal-
culated macroscopic observables consequently get endowed with physical meanings
and anchored on the phenomenological thermodynamic and fluid dynamic observa-
tions and experiments. To achieve this aim we now introduce the Boltzmann entropy
and the H theorem.

1.1.7 Boltzmann Entropy and the H Theorem

In the preceding sections the relativistic hydrodynamic variables have been presented
as statistical mechanical averages computable with the help of the distribution func-
tion described by the covariant Boltzmann equation and their evolution equations
have been derived therefrom. We have also posited that the hydrodynamic descrip-

7The set
{
h(q)
a

}
must be closed such that the thermodynamic branch f ca (x, pa) of the distribution

function fa (x, pa) is normalizable, that is, the set must be closed at the even order of h(q)
a so that

the integral involved is convergent. See (1.210) below for f ca (x, pa).
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tionmust remain consistentwith the laws of thermodynamics, particularly, the second
law of thermodynamics, so that the mathematical model theory formulated thereby
can be firmly grounded in the physical reality as required of a physical theory. Since
the variables describing macroscopic processes are generally varying in space–time,
the thermodynamics must be necessarily in the realm of irreversible thermodynamics
governing processes evolving in spacetime.

Boltzmann Entropy and Its Balance Equation

In order to formulate irreversible thermodynamics for the relativistic system it is
necessary to introduce the Boltzmann entropy four-flow in a covariant form

Sμ (x) =
r∑

a=1

Sμ
a (x) = −kB

r∑

a=1

〈
pμ
a fa(x, pa) ln fa(x, pa)

〉
. (1.140)

To distinguish it from theClausius entropy used in thermodynamics, whichwas intro-
duced for reversible cyclic processes [13–15], it should be more precisely called the
Boltzmann entropy four-flow, but for brevity of terminology we will sometimes sim-
ply call it entropy four-flow. However, the distinction from the Clausius entropy
of reversible thermodynamic processes should be kept in mind in order to prevent
possible confusion that might arise when we use the term later in connection with
irreversible thermodynamics of relativistic fluids. Incidentally, the statisticalmechan-
ical formula given here for Sμ (x) is without the (−1) factor on the right, which is
inserted in the literature in kinetic theory since the entropy so defined appeared to
be more convenient. It thus reads

Sμ (x) = −kB

r∑

a=1

〈
pμ
a fa(x, pa) [ln fa(x, pa) − 1]

〉
.

See, for example, Ref. [3] for this definition. The factor was convenient to have
for discussing equilibrium thermodynamics in statistical mechanics, but we find it
superfluous and can be a source of confusion. It would be better if it were not inserted
in the definition of Sμ (x).

With the four-vector Sμ (x) and hydrodynamic velocityUμ the scalar Boltzmann
entropy S (x) can be constructed as follows:

S (x) = c−2UμS
μ, (1.141)

with which we may then define scalar Boltzmann entropy per particle S:

ρS (x) := S (x) . (1.142)

This is the quantity that plays an important role in determining the stability of the
equilibrium solution because it may be regarded as a Lyapounov function [16] as it
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is done so for the nonrelativistic kinetic theory discussed in Chaps. 3, 5, 6, and 7 of
Volume 1 of the present work.

With the definitions of the entropy four-flow and the scalar entropy density we
can derive the (Boltzmann) entropy balance equation from the covariant relativistic
Boltzmann equation. The covariant form of the Boltzmann entropy balance equation
is given by

∂μS
μ = σent (x) , (1.143)

where the Boltzmann entropy production σent (x)—the source term—is given in
terms of the collision integral Cab( fa, fb) of the kinetic equation by the statistical
mechanical formula

σent (x) = −kB

r∑

a=1

r∑

b=1

〈ln fa(x, pa)Cab( fa, fa)〉 . (1.144)

To cast it into a more transparent form let us abbreviate the collision integral for
brevity of notation as below:

〈· · · 〉c = Gab

∫
d3 pa

∫
d3 pa

∫
d3 p∗

a

∫
d3 p∗

bWab
(
pa pb|p∗

a p
∗
b

) · · · . (1.145)

By following the well-known procedure [3, 4] that makes use of the symmetry
properties of the transition probability (1.15), it is easy to show8 that the Boltzmann
entropy production σent (x) can be written as

σent (x) = −1

4
kB

r∑

a=1

r∑

b=1

〈
ln

(
fa fb
f ∗
a f ∗

b

) (
f ∗
a f ∗

b − fa fb
)〉

c. (1.146)

Since ln (y/z) (y − z) ≥ 0 with the equality holding only if y = z, the right hand
side of (1.146) is positive semidefinite:

σent (x) ≥ 0 (1.147)

with the equality holding only at equilibrium reached in long time. Hence at equi-
librium [

ln

(
fa fb
f ∗
a f ∗

b

) (
f ∗
a f ∗

b − fa fb
)]

fa= f ea , fb= f eb

= 0. (1.148)

Equations (1.146)–(1.148) is the content of the H theorem in local form. Here f ek
and f ∗e

k denote the equilibrium solution of the covariant kinetic equation and the
post-collision distribution function.

8The proof follows the same procedure as for the nonrelativistic Boltzmann collision integral. For
this reason it is not shown here to avoid repetition.
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From the viewpoint of the stability theory of differential equation systems, which
the covariant Boltzmann equations may be regarded as, the H theorem may be
thought of as a Lyapounov stability theorem [16] for stability of the solution of
the kinetic equation in question since the (Boltzmann) entropy can indeed serve as a
Lyapounov function, and the equilibrium state characterized by f ea is stable in accord
with the Lyapounov stability condition.

Although in the literature on kinetic theory and statistical mechanics the Boltz-
mann H theorem is generally regarded as a statistical mechanical representation of
the second law of thermodynamics, we refrain from taking this viewpoint because
there is a clear distinction that should be made between the Clausius entropy for a
reversible process and the Boltzmann entropy of nonequilibrium dynamic processes
as mentioned earlier in this chapter and in chapters on nonrelativistic kinetic theory
in this work. In fact, the H theorem is a broader theorem that governs the stability
of equilibrium state of the system in the phase space than the second law of ther-
modynamics that governs the stability of macroscopic processes at equilibrium, or
reversible processes, in the manifold of macroscopic variables. For the latter is a
projection of the phase space of a much higher dimension9 onto a finite dimensional
macroscopic variable manifold in which macroscopic irreversible thermodynamics
is described.What wemean by projection will be elaborated on later when the theory
is further developed.

The covariant Boltzmann entropy balance equation can bewritten in amore useful
form in terms of the scalar entropy density

ρDS = −∂μ J
μ
s + σent (x) , (1.149)

where the Boltzmann entropy flux is given by

Jμ
s = Sμ − SNμ = Sμ − ρSUμ = �μ

ν S
ν . (1.150)

On inserting the statistical mechanical expression for the Boltzmann entropy four-
flow Sν , the statistical mechanical formula for Jμ

s now reads

Jμ
s = −kB

r∑

a=1

�μ
ν

〈
pμ
a fa(x, pa) ln fa(x, pa)

〉
. (1.151)

The derivation of (1.149) is made as follows: By using the same procedure as used for
(1.112) and (1.113) it is easy to see that in Eckart’s definition of Uμ the substantial
derivative of the scalar Boltzmann entropy S can be written

ρDS = ∂μ (ρSNμ) , (1.152)

9This point can be better comprehended if we recall that the distribution function fa(x, pa) is a
singlet distribution function of the many-particle distribution function representing the ensemble of
representative systems.
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which then can be rearranged to the form leading to (1.149):

ρDS = −∂μ (Sμ − ρSNμ) + ∂μS
μ = −∂μ�

μ
ν S

ν + σent (x)

= −∂μ J
μ
s + σent (x) . (1.153)

As it stands, however, the H theorem is not equivalent to the second law of
thermodynamics nor does it provide a clue as to whether and how the requirement of
the second law of thermodynamics is fulfilled. To achieve the latter aim it is necessary
to introduce another concept called calortropy aswas done for nonrelativistic theories
in the previous chapters of Volume 1, but it would first need the discussion of how
we might determine the solution of the kinetic equation and the equilibrium solution
before defining the calortropy.

Equilibrium Distribution Function

The Boltzmann H theoremmakes it possible to obtain a unique equilibrium solution
of the covariant kinetic equation since at equilibrium

σent = 0, (1.154)

and it implies that, if the equilibrium solution of the covariant kinetic equation is
denoted by f ea (pa), then (1.154) necessarily means

pσ
a∂σ f ea (pa) = 0. (1.155)

Equation (1.154), moreover, means that ln f ea (pa) is a summation invariant of the
covariant kinetic equation. Therefore there holds the condition

ln f ea + ln f eb = ln f e∗a + ln f e∗b , (1.156)

which implies that the equilibrium distribution functionmust be a linear combination
of basic collision invariants. Therefore ln f ek and ln f e∗k (k = a, b) may be generally
written in the form

ln f ek = ak(x) + bμ (x) pμ
k (1.157)

and similarly for ln f e∗k . Here ak is a scalar and bμ is a vector independent of p
μ
k . More

precisely put, these parameters satisfy the Killing equation [3, 17] derived from the
covariant kinetic equation

pμ
k ∂μ fk (x, pk) + mkF

μ (x, pk)
∂

∂ pμ
fk (x, pk) =

r∑

l=1

Ckl ( fk, fl) , (1.158)

where Fμ (x, pk) is the Lorentz force.

Fμ (x, pk) = − qk
mkc

Fμν(x)pkν (1.159)
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with qk denoting the charge of the particle k and Fμν the electromagnetic field tensor.
Here for generality we have inserted the Lorentz force [7, 18] in the kinetic equation.
Insertion of (1.157) into (1.158) yields the equation

pμ
k ∂μak(x) + pμ

k p
ν
k ∂μbkν(x) + mkbkμ(x)F

μ (x, pk) = 0. (1.160)

The electromagnetic field tensor may be given in terms of the four-potential Aμ

Fμν = ∂ν Aμ − ∂μAν . (1.161)

On using this relation in (1.160) there follows the equation

pkμ
[
∂μak − c−1qkbkνF

νμ
] + pμ

k p
ν
k ∂μbkν = 0. (1.162)

It is concluded from this equation that

∂μak − c−1qkbkνF
νμ = 0, (1.163)

∂μbν
k + ∂νbμ

k = 0. (1.164)

Equation (1.164) is called the Killing equation [19]. Its general solution can be
written as

bμ
k (x) = bμ

k + ω
μν
k xν (1.165)

with bμ
k and ω

μν
k = −ω

νμ
k being independent of x . As shown later,

bμ
k = −Uμ (x) /kBT (x) (1.166)

with Uμ (x) denoting the hydrodynamic velocity field, and T (x) turns out to be the
temperature field.10 Therefore the most general equilibrium solution for the system
obeying the covariant kinetic equation is a linear combination of translation and rigid
rotation. If the rigid rotation is excluded, the hydrodynamic velocity field and hence
the temperature field are independent of x . If we set

ak (x) = μe
k (x)

kBTe
, (1.167)

10As a matter of fact, at this point T (x) here is not known to be the temperature field. We are
anticipating it to be the temperature of the equilibrium systemwhen thermodynamic correspondence
is made according to the thermodynamic theory of processes as will be shown later. Thus we may
set Te = T (x).
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Equation (1.163) becomes

∂μμe
k (x) + c−1qkUνF

νμ (x) = 0 (1.168)

and we obtain
∂μ∂νμe

k (x) + c−1qkUσ∂μFσν (x) = 0. (1.169)

Take the antisymmetric part of this equation

Uσ

[
∂μFσν (x) − ∂νFσμ (x)

] = 0. (1.170)

Making use of the homogeneous Maxwell equations

∂μFνσ (x) + ∂μFσμ (x) + ∂σFμν (x) = 0, (1.171)

and taking the convective time derivative D = U ν∂ν it is concluded that

DFνμ (x) = 0. (1.172)

This implies that equilibrium is possible only if Fνμ (x) does not change in time,
provided it remains constant in the rest frame with respect to Uμ. The condition
suggests that

DAμ(x) = 0 (1.173)

according to (1.161), that is, Fνμ (x) = Aμ(x) within an arbitrary function of
spacetime. And (1.168) now reads

∂μ
[
μe
a (x) + c−1qaUν A

μ (x)
] = 0. (1.174)

Therefore
μe
a (x) = μe

a − c−1qaUν A
μ (x) (1.175)

with μe
a denoting a constant. Combining these results into (1.157), we now conclude

that the equilibrium distribution function is uniquely given by the form

f ea (pa) = �e−1
a exp

{− (kBTe)
−1

[
pμ
a + c−1qa A

μ (x)
]
Uμ + μe

a (kBTe)
−1
}
,

(1.176)

where �e
a is the normalization factor defined by

�e−1
a = h3

〈
exp

{− (kBTe)
−1

[
pμ
a + c−1qa A

μ (x)
]
Uμ + μe

a (kBTe)
−1
}〉

. (1.177)

Here we have inserted h−3 (h = Planck constant) to make the normalization of the
distribution function dimensionless. If there is no external force field, then
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f ea (pa) = exp
{− (kBTe)

−1
[
pμ
aUμ − μe

a

] − ln�e
a

}
. (1.178)

The uniqueness of f ea (pa) owes it to the H theorem. In fact, as in the case of the
nonrelativisticBoltzmann equation the H theoremmaybe regarded as theLyapounov
stability theorem [16] of equilibrium and, in particular, the equilibrium state defining
f ea (pa) living in the phase space.
Given the equilibrium distribution function with the parameters aa(x) and b

μ
a (x)

as in (1.167) and (1.166) the equilibrium entropy

Se = −kB

r∑

a=1

〈
f ea c

−2Uμ p
μ
a ln f ea

〉
(1.179)

is easily evaluated. It is convenient to introduce entropy density Se per particle by
the relation

Se = ρSe. (1.180)

Then we find

ρSe = ρ

T e

(

E −
r∑

a=1

μe
aca

)

+ kB ln
r∏

a=1

(
�e
a

)ρa
. (1.181)

Setting

peva = kBT
e ln

r∏

a=1

�eρa
a := kBTe ln�e. (1.182)

where we have set
pe := p (hydrostatic pressure) (1.183)

to uniformize the notation on the equilibrium intensive variables, we obtain the
equilibrium (Boltzmann) entropy density

ρSe = ρ

T e

(

E −
r∑

a=1

μe
aca + pev

)

. (1.184)

For (1.181) we have made use of the definitions of internal energy and density at
equilibrium given in terms of the equilibrium energy-momentum tensor T eμν

a and
the equilibrium particle four-flow N eμ

a , respectively. Identification of kBTe ln�e—
equilibrium grand partition function of the uncorrelated gas—is, as a matter of fact,
the necessary and sufficient conditions for Se to exist in a bilinear form in the equi-
librium thermodynamic manifoldP ∪ T. We will shortly find Se to be an integral of
the differential form for Se in P ∪ T.

Now to endow the physical meanings to the quantities in (1.181) the statistically
calculated Se is corresponded to the thermodynamic entropy for reversible processes.
It should be recalled that similar correspondences are made to the statistical mechan-
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ically calculated average values ρE , ρ, and ρa as well as pe to the corresponding
thermodynamic quantities in accordance with the spirit of the Gibbs ensemble theory
[20].

According to thermodynamics [10–13, 21] the Clausius entropy Se obeys the
differential form

DSe = T e−1

(

DE + peDv −
r∑

a=1

μe
aDca

)

. (1.185)

There also holds the Gibbs–Duhem relation,

r∑

a=1

caD

(
μe
a

T e

)
= ED

(
1

T e

)
+ vD

(
pe

T e

)
. (1.186)

This equation may be regarded as necessary and sufficient conditions for the inte-
grability of the differential form (1.185) in the manifold P ∪ T, because if (1.186)
is added to (1.185), then there follows an integral of (1.185) in a bilinear form of
variables in P ∪ T for Se within a constant:

Se = T e−1

(

E + pev −
r∑

a=1

μe
aca

)

. (1.187)

In (1.185) and (1.186) T e and pe stand for the equilibrium temperature and the hydro-
static pressure, which was introduced earlier. The Gibbs–Duhem relation (1.186)
can be obtained if the normalization condition for f ea given in (1.178) is varied with
respect to T e−1, μe

a , p
e. The parameter pe defined by (1.182) is more explicitly found

since �e
a can be easily calculated from the expression

�e
a =

〈
exp

(
maμ̂

e
a

kBT e

)
exp

(
− maC2

a

2kBT e

)〉−1

. (1.188)

Therefore the parameter pe thermodynamically identified with pressure is com-
putable from the statistical formula (1.188). In this manner, (1.185) and (1.186)
mean that the equilibrium thermodynamic entropy Se is given, within a constant, by
Formula (1.187). In equilibrium thermodynamics the thermodynamic temperature
can be given by the derivative of Clausius’s thermodynamic entropy Se: in the local
rest frame

T e−1 = ∂Se

∂E
. (1.189)

Making correspondence between the statistical mechanical equilibrium Boltzmann
entropy and the thermodynamic Clausius entropy

Se|st ⇔ Se|th (1.190)
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and also between other quantities in (1.181) and (1.187) we are now able to identify
the parameter b with the inverse temperature

ba = − 1

kBT e
:= −βe (1.191)

with kB denoting the Boltzmann constant, and the parameters aa with equilibrium
chemical potentials

aa = μe
a

kBT e
. (1.192)

Finally, aa and ba having been so found, the equilibrium distribution functions f ea is
fully determined with the help of the H theorem and the phenomenological equilib-
rium thermodynamics:

f ea = exp
[−βe

(
Uμ p

μ
a − μe

a

) − ln�e
a

]
, (1.193)

which in the local rest frame may be written as

f ea = exp
[−βe

(
cp0a − μe

a + peava
)]

, (1.194)

sinceUμ = (c, 0, 0, 0) in the local rest frame. Incidentally, the equilibrium distribu-
tion function determined here11 without exp

(−βe peava
)
is called the Jüttner function.

It is a unique solution of the covariant Boltzmann equation, thanks to the H theorem.
It will guide us to develop the nonequilibrium theory we have in mind. In the manner
described above, for reversible processes the Boltzmann entropy at equilibrium is
equal to the Clausius entropy according to the second law of thermodynamics.

Before proceeding to the next stage of development of the theory, we would like
to add a supplemental discussion on the question of temperature in relativistic theory,
which we consider a rather important subject worth a further consideration in this
chapter.

On the Question of Temperature in the Relativistic Theory

Before we deal with the question of temperature let us recap how f ea is determined.
Based on the H theorem, the equilibrium solution f ea to the covariant Boltzmann
equation is uniquely determined. The result is the well known Jüttner function [3]
in which μe

a is the chemical potential, which also nominally serves the role of nor-
malization factor for f ea , and βe a parameter proportional to the inverse temperature:
βe := 1/kBT e. The physical meanings of the parameters are determined by com-
paring the thermodynamic entropy, pressure, and internal energy with the statistical

11In this form the normalization factor for f ea is given by

nea exp
(−βeμ

e
a

)
/
〈
exp(−βeUν p

ν
a

〉
.
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mechanical entropy, pressure, and internal energy calculated with the equilibrium
solution of the kinetic equation by following the basic strategy of the Gibbs ensem-
ble theory. If f ea in (1.178) is used in (1.179), the equilibrium entropy four-flow is
found given by

Seμ = kBβe

r∑

a=1

(
T μν
ea Uν + Nμ

ea/βe − μe
aN

μ
ea

)
. (1.195)

We thus find that the equilibrium scalar entropy is given by (1.187) and the ther-
modynamic temperature by (1.189). By making Se in (1.195) correspond to the
thermodynamic entropy, and other terms in it, to the energy, pressure and density,
respectively, we are able to find themeaning of parameter T e: it is thus identifiedwith
the thermodynamic absolute temperature: Tt = T e. Therefore we have concluded

βe = 1/kBT
e = 1/kBTt. (1.196)

Because of this relation, Tt and T e are henceforth interchangeably used. In fact, T e

means Tt unless stated otherwise. Since the chemical potential is defined in thermo-
dynamics by

μe
a/T

e = −
(

∂Se
∂ρa

)
, (1.197)

the normalization factor μe
a is indeed the chemical potential. The ideal gas equation

of state is identified by
pe = ρkBT

e (
v = ρ−1) . (1.198)

It must be remembered that this T e is the temperature of the equilibrium system.
The hydrodynamic pressure has been given by (1.57) in terms of the equilibrium

energy-momentum tensor which we will work out more explicitly:

pe =
r∑

a=1

pea = 1

3

r∑

a=1

�μνT
μν
ea = 1

3

r∑

a=1

�μν

〈
pμ
a p

ν
a f

e
a

〉
. (1.199)

Substituting the equilibrium distribution function (1.193) into it, we find

pe =
r∑

a=1

4πmac
2β−2

e K2(mac
2βe)e

βeμ
e
a , (1.200)

where K2(z) is a modified Bessel function [22] of the second kind. The density ρ
may be similarly calculated:

ρ = c−2UμN
μ =

r∑

a=1

4πmac
2β−1

e K2(mac
2βe)e

βeμ
e
a . (1.201)
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This, together with (1.200), implies the equation of state (1.198). Therefore, the ther-
modynamically defined pressure through the equation of state (1.198) is consistent
with the statistical mechanical definition of pe in (1.200). The situation thus is seen
to be the same as in the nonrelativistic kinetic theory in that the kinetically and ther-
modynamically defined pressure are identical. However, this is not the case for the
internal energy.

In the nonrelativistic kinetic theory the temperature is defined such that the fol-
lowing relation holds true between the internal energy and the temperature [4, 23]

E = 3

2
kBT

e. (1.202)

The temperature defined in thismanner is called the kinetic temperature and coincides
with the thermodynamic temperature defined through the thermodynamic relation

T e−1 = ∂Se
∂E

. (1.203)

However, in the relativistic theory the situation is altered significantly since if the
kinetic temperature were defined by (1.202), then it would not agree with the thermo-
dynamic temperature defined bymeans of (1.203). Nevertheless, (1.203) is consistent
with (1.198). One recovers the coincidence between (1.202) and (1.203) in the limit
of u/c → 0, if the rest mass energy mc2 is neglected; see Ref. [23] for expres-
sion for E in the nonrelativistic theory. However, it would be preferable to have the
thermodynamic temperature coincide with the kinetic temperature in the relativistic
kinetic theory aswell, since the kinetic theory should be amolecular representation of
thermodynamics underlying macroscopic processes. Here we define the kinetic tem-
perature for a system of particles with finite masses such that it precisely coincides
with the thermodynamic temperature as follows:

3

2
ρkBT

e =
r∑

a=1

(
2c2

)−1 〈(
pμ
a p

ν
aUμUν − m2

ac
4
)
f ea (x, pa)

〉
. (1.204)

This definition yields a correct nonrelativistic limit. It is rooted basically in the idea
that the temperature is a measure of kinetic energy. Recall that a similar subtraction
of rest mass energy was made when the moment h(3)μ

a for heat flux was defined in
the previous section.

Since the integrand in (1.204) is scalar and its value is independent of the frame
of reference, it is convenient to choose the local rest frame, whereUμ = (c, 0, 0, 0),
to evaluate the integral. Then,

f ea = exp
[−βe

(
cp0a − μe

a

)]
, (1.205)

where βe = 1/kBTt with the subscript t restored to mean the thermodynamic tem-
perature. Thus we find
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3

2
ρkBT

e =
r∑

i=1

1

2
eβeμ

e
a

∫
d3pa

(
εa − m2

ac
4/εa

)
e−βeea , (1.206)

where
εa = cp0a = (

c2p2a + m2
ac

4
)1/2

. (1.207)

With the transformations

za = mac
2βe, τa = βeea,

Equation (1.206) may be put in the form

3

2
ρkBT

e =
r∑

a=1

1

2
eβeμ

e
a2πc−3β−4

e
4!
222! z

2
aK2(za). (1.208)

In view of the fact that the chemical potential is given by

e−βeμ
e
a = 4πm2

ac(ρaβe)
−1K2(za),

it follows from (1.208) that
T e = Tt

since the right-hand side of (1.208) is equal to 3
2ρkBTt. This proves the coincidence

of the kinetic temperature with the thermodynamic temperature, if the kinetic tem-
perature is defined as stated in (1.204). It must be noted that (1.204) is another way
of expressing Tolman’s equipartition theorem [24]. Therefore, the definition of tem-
perature by (1.204) is seen to be based on the equipartition law. In other words, the
relativistic kinetic temperature may be defined by means12 of the equipartition theo-
rem of Tolman, which equally holds for both nonrelativistic and relativistic theories.
This interpretation of the definition of kinetic temperature provides us with a uni-
versal way of defining temperature for both nonrelativistic and relativistic theories:
the equipartition law of Tolman.

The local rest frame version of the definition (1.204) of kinetic temperature in
relativity was suggested by ter Haar and Wegeland [25], and it was later taken by
Menon and Agrawal [26], but, as pointed out by Landsberg [27], their definition is
preceded by Tolman [24]. On the other hand, in the Chapman-Enskog theory [23]
the kinetic temperature is defined such that the equation of state in thermodynamics
and in kinetic theory coincide with each other. Therefore, there appear to be two
different modes of defining the temperature, but they are, in fact, identical at least in
the case of dilute gases. Since

pμ
a p

ν
aUeμUeν − m2

ac
4 = c2 pμ

a p
ν
a�νμ,

12In the approach taken in the presentwork the thermodynamic correspondence is taken alternatively
to Tolman’s equipartition law.
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substitution of this relation in (1.204) yields

3

2
ρkBTe = 1

2
�σμT

μσ
e = 3

2
pe,

which implies the equation of state for ideal gas at equilibrium. Henceforth pe will
be typeset p, as we have done in Chaps. 5–7 of Volume 1, without the superscript e
for brevity of notation.

In summary of the discussion on temperature and related quantities in this section,
we would like to point out the following: In order to maintain the continuity of
nonrelativistic and relativistic kinetic theory and thermodynamics with regard to
temperature and related quantities the rest mass energy contribution mac2 must be
subtracted from pμ

aUμ appearing in the molecular expression in the kinetic energy or
energy-momentum tensor. For example, see Sect. 1.1.6 where molecular moments
h(q)μ···ν
a are constructed for nonconserved macroscopic variables, especially, h(3)μ

a for
heat flux.

1.1.8 Functional Hypothesis

The covariant kinetic equations are first-order partial differential equations in the
phase space. However, in relativistic kinetic theories as in nonrelativistic kinetic the-
ories, they are not solved in the usualmanner aswe solve partial differential equations
subject to initial and boundary conditions in the phase space. The reason is the same
as for nonrelativistic kinetic equations, as discussed in Chaps. 3, 5, 6, and 7 ofVolume
1, that the information needed for the purpose is overwhelming owing to the fact that
there are too many particles to contend with. In the nonrelativistic kinetic theories
discussed in the previous chapters of this work, we have seen approximate methods
are used in a quite different approach under the aegis of a functional hypothesis. The
details of the solution methods may vary depending on the approaches taken such as
the Chapman–Enskog method [23, 28] or the moment methods [29], but the under-
lying feature is invariably a functional hypothesis, albeit not explicitly mentioned
as such, because in this approach the distribution functions evolve as functionals of
either the conserved variables or the variables of thermodynamic manifold P ∪ T.

Under a functional hypothesis, the solution of a kinetic equation, or more pre-
cisely put, the thermodynamic branch of the distribution function obeying the kinetic
equation is looked for as a functional of macroscopic variables that the kinetic equa-
tion is purported to describe at the macroscopic level of description of the fluid.
For example, in Enskog’s method [28] and Chapman’s method [23] of solving the
Boltzmann equation we are looking for the distribution function as a functional of
conserved macroscopic variables obeying the conservation laws, whereas in Grad’s
moment method [29] or in the modified moment method [4] the distribution function
is assumed to be a functional of a complete set of macroscopic variables (moments)
obeying their evolution equations. In practice, in the moment methods the set is
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truncated to a finite set as an approximation. To implement this idea we introduce
the thermodynamic manifold, which is a union of manifold P spanned by density,
concentrations, velocity, internal energy, and fluxes and variables belonging to the
manifold T tangential to P; see Chap.2 of Volume 1 for the precise meanings of
manifolds P and T. The union of these two manifolds will be also called the ther-
modynamic manifold as in the case of nonrelativistic theory.

In the case of relativistic kinetic theorywewill naturally follow a similar approach
and make the following functional hypothesis for the distribution function obeying
the covariant Boltzmann equation:

Functional Hypothesis. The nonequilibrium distribution function f ca evolves as a
functional of macroscopic variables belonging to the manifold P ∪ T and obeying
macroscopic evolution equations derived from the relativistic kinetic equation—
namely, covariant (relativistic) Boltzmann equation:

f ca (x, pa) = fa(x, pa|P ∪ T). (1.209)

The specific form of the thermodynamic branch may depend on whether the fluid
mixture has a fixed composition or a variable composition, as the system exchanges
particles with its surroundings. The form of thermodynamic branch of the distrib-
ution function in the case of a fixed composition, under the postulate of functional
hypothesis, is assumed given by the nonequilibrium canonical form

f ca (x, pa) := exp
[−β

(
pν
aUν + H (1)

a − μa
) − ln�a

]
, (1.210)

where
H (1)
a =

∑

q≥1

X (q)
aν···σh

(q)σ···ν
a :=

∑

q≥1

X (q)
a � h(q)

a (1.211)

and ln�a is the normalization factor. If f ca (x, pa) is normalized to a dimensionless
number,13 the normalization factor is given by the integral

�a = n−1
a

〈

exp

⎡

⎣−β

⎛

⎝pν
aUν +

∑

q≥1

X (q)
aν···σh

(q)σ···ν
a − μa

⎞

⎠

⎤

⎦
〉

, (1.212)

13This means that the distribution function is given in the units of action cubed, e.g., h3, where
h is the Planck constant. This requires that the other averages defined earlier are in the units of
h3, the dependence of which can be appropriately made explicit later. Provided we remember this
adjustment in dimension for them there is no harm done even if the formulation is carried out
without the factor h3 in the normalization factor.
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where, with the factor h−3 inserted, the angular brackets 〈A〉 stand for

〈A〉 = c

h3

∫
d3 pa
p0a

A (pa) . (1.213)

Here the Planck constant h cubed is inserted to make the integral dimensionless.
Therefore the thermodynamic branch of distribution function f ca (x, pa) may now be
written as

f ca (x, pa) = 1

�a
exp

[−β
(
pν
aUν + H (1)

a − μa
)]

. (1.214)

The generalized potentials X (q)
aν···σ do not depend onmomentum pa , but can be depen-

dent on spacetime variable x = (ct, x) on account of the fact that they are function-
als of macroscopic variables, which are mean values of moments h(q)

a and, as such,
depend on spacetime variable x . The canonical form f ca (x, pa) given in (1.214) is
a particular form admissible under the functional hypothesis that can, as will be
shown later, produce a thermodynamic theory of irreversible macroscopic processes
and hydrodynamics, both consistent with the laws of thermodynamics. For this rea-
son f ca (x, pa) given in (1.214) is called a thermodynamic branch of the distribution
function obeying the relativistic Boltzmann equation postulated.

For the nonequilibrium contribution H (1)
a in f ca we have taken a linear combi-

nation of the tensorial moment set
{
h(q)μ···ν
a

}
(q ≥ 1), because f ca is sought as a

functional of macroscopic nonconserved variables
{
�

(q)μ···ν
a

}
(q ≥ 1) among other

macroscopic variables and, if the set
{
h(q)μ···ν
a

}
(q ≥ 1) is averaged over the distri-

bution, it gives rise to the set
{
�

(q)μ···ν
a

}
(q ≥ 1). Henceforth, for notational brevity

the superscripts μ · · · ν on the tensors will be omitted. In (1.211) X (q)
a are expansion

coefficients which are conjugate tensors to the moment tensors h(q)
a and depend only

on macroscopic variables belonging to the thermodynamic manifold P ∪ T. These
expansion coefficients, which we call the generalized potentials of irreversible trans-
port processes, will have to be determined in terms of variables in the thermodynamic
manifold in a thermodynamically consistent manner subjected to the laws of thermo-
dynamics. The evolution of f ca (x, pa) in spacetime is then determined as a functional
of macroscopic variables through X (α)

a , β, and μa on which the local normalization
factor �a also depends. In the following we will often use the symbol � for the nota-
tion of tensorial contraction for the sake of brevity of notation, whenever confusion
or ambiguity would not arise thereby.

Since we are dealing with a mixture of non-interacting, uncorrelated molecules,
the total distribution function of an N -molecule mixture is of interest. We may write
it in the form

f (N )
c (x, p) = N !

r∏

a=1

(
f ca
)Na

Na !
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= N !
r∏

a=1

1

Na !exp
{

−β

Na∑

ka=1

[

pν
kaUν + H (1)

ka − μa + ln
(
h3�a

)

β

]}

.

(1.215)

Here a composite subscript ka is introduced to distinguish different particles belong-
ing to different species. The subscript ka means particle k ∈ a (a = species). This
form for f (N )

c (x, p) may be regarded as the thermodynamic branch of the grand
canonical distribution function for the mixture of r non-interacting components of
ideal gas. Note that

N !/
r∏

a=1

Na !

is the number of ways randomly distributing N = ∑r
a=1 Na particles into boxes of

volume V , and f ca is the statistical weight of each assignment. Here we may set

r∏

a=1

Na∏

ka=1

exp (ln�a) = exp (ln�) , (1.216)

where � will now turn out to be the local form of nonequilibrium grand canonical
partition function of the gas:

β−1 ln	 =
∫

V
drρβ−1 ln�. (1.217)

1.1.9 Calortropy

If we closely examine the original formulation of the concept of entropy by R. Clau-
sius [14], we are unmistakably led to the conclusion that the Clausius entropy is for an
equilibrium system that undergoes a reversible thermodynamic process. Neverthe-
less, in the kinetic theory literature the concept of entropy is indiscriminately applied
whether the process in question is reversible or irreversible, especially, in most of
works related to thermodynamics and irreversible thermodynamics. Although Clau-
sius did not define the entropy for relativistic reversible processes, his reasoning
can be applied to relativistic reversible processes and the concept of entropy can be
seen to remain still valid, but for reversible processes only. Therefore, the Boltz-
mann entropy defined by (1.140) for arbitrary nonequilibrium processes cannot be
simply identified with the equilibrium entropy, or Clausius entropy, if the process
under consideration is away from equilibrium or irreversible.We have shown that the
nonrelativistic kinetic theories could be made physically realistic by corresponding
their thermodynamic formalism to the thermodynamically consistent phenomeno-
logical irreversible thermodynamics and the thermodynamic formalism requires the
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so-called calortropy that is definitely different from the Clausius entropy. Therefore,
in the relativistic theory it would be also necessary to define the statistical mechanical
calortropy (more precisely, calortropy four-flow in the relativistic theory) that can-
not be necessarily the same as the Boltzmann entropy four-flow, if the macroscopic
processes involved are of nonequilibrium or irreversible.

Here we define calortropy four-flow
μ (x) in terms of the nonequilibrium canon-
ical form as follows:


μ (x) = −kB

r∑

a=1

〈
pμ
a fa(x, pa) ln f ca (x, pa)

〉
. (1.218)

It is emphasized that f ca (x, pa) is not the same as fa(x, pa) that is the exact solution
of the covariant kinetic equation in the phase space. Therefore, 
μ (x) is not equal
to Sμ (x). The scalar density 
̂ of calortropy can then be obtained by projecting 
μ

onto Uμ:

 = ρ
̂ = c−2Uμ


μ (x) . (1.219)

Since the substantial time derivative of 
̂ can be cast into the form

D
̂ = ρD
̂ = ∂μ

(

̂Nμ

)
(1.220)

as is for the case of the Boltzmann entropy density, the evolution equation for the
scalar calortropy density 
̂ is rearranged to the form

ρD
̂ = −∂μ

(

μ − 
̂Nμ

) + ∂μ

μ. (1.221)

Upon use of the definition for 
μ in (1.218) and the covariant kinetic equation we
then obtain the calortropy balance equation

∂μ

μ = −kB

r∑

a=1

〈
fa p

μ
a∂μ ln f ca (x, pa)

〉

− kB

r∑

a=1

r∑

b=1

〈
ln f ca (x, pa)Cab( fa, fb)

〉
. (1.222)

With the definitions of calortropy flux four-flow Jμ
c and calortropy production σc (x)

by the formulas

Jμ
c = 
μ − 
̂Nμ, (1.223)

σc (x) = −kB

r∑

a=1

r∑

b=1

〈
ln f ca (x, pa)Cab( fa, fb)

〉
, (1.224)
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the calortropy balance equation is obtained:

ρD
̂ = −∂μ J
μ
c − kB

r∑

a=1

〈
fa p

μ
a∂μ ln f ca (x, pa)

〉 + σc (x) . (1.225)

Here the calortropy production σc (x) is definitely not the same as the Boltzmann
entropy production σent (x), nor is the calortropy four-flow Jμ

c the same as the Boltz-
mann entropy four-flow. If the projector �μ

ν is made use of, the calortropy four-flow
Jμ
c in (1.223) can be cast into a concise form as a projection of calortropy four-flow


ν onto hydrodynamic flow direction μ:

Jμ
c = �μ

ν

ν . (1.226)

Insertion of (1.218) into this expression yields the statistical mechanical expression
for Jμ

c :

Jμ
c = −kB

r∑

a=1

�μ
ν

〈
pμ
a fa(x, pa) ln f ca (x, pa)

〉
. (1.227)

Therefore, Jμ
c is interpretable as a projection of the flux of calortropy 
ν in the

direction of hydrodynamic velocity Uμ.
The integrability of the calortropy balance equation in the thermodynamic man-

ifold P ∪ T will be studied in detail and a thermodynamic theory of irreversible
processes will be formulated later in this chapter. It should be pointed out that the
presence of the second term on the right of (1.225)

−kB

r∑

a=1

〈
fa p

μ
a∂μ ln f ca (x, pa)

〉

is a crucial feature that makes the balance equation for the calortropy density inte-
grable inP∪T, different from theBoltzmann entropy balance equation (1.149), since
the latter would not be integrable in P ∪ T owing to the absence of the aforemen-
tioned term as will be shown later. Consequently, it denies the relativistic Boltzmann
entropy to acquire an exact differential form in the thermodynamic manifoldP ∪ T
and a theory of irreversible thermodynamics formulated in the thermodynamic man-
ifoldP∪T. We have already seen that the same is true in the case of nonrelativistic
theories, compelling us to introduce the notion of calortropy in lieu of entropy.

1.1.10 Relative Boltzmann Entropy

The calortropy is not the same as the Boltzmann entropy except at equilibrium or
for reversible processes, and if there are irreversible processes present in the system
they are, clearly, different. We, therefore, define the difference between them as the
relative Boltzmann entropy (RBE):
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Sμ
r

[
f | f c] (x) = 
μ (x) − Sμ (x) , (1.228)

which, expressed in statistical mechanical form, is given by the formula

Sμ
r

[
f | f c] (x) = kB

r∑

a=1

〈
pμ
a ln

(
fa
f ca

)
fa

〉
. (1.229)

The relative Boltzmann entropy can be shown positive semidefinite owing to the
Klein inequality x ln x − x + 1 ≥ 0:

Sμ
r

[
f | f c] (x) ≥ 0, (1.230)

the equality holding at equilibrium where X (q)
aσ···ν → 0 for all q ≥ 1. Therefore,

away from equilibrium the calortropy four-flow 
μ (x) evidently is not the same as
the Boltzmann entropy four-flow Sμ (x). We may also define the relative Boltzmann
entropy density by the formula

ρSr
[
f | f c] = c−2UμS

μ
r

[
f | f c] . (1.231)

The balance equation for the relative Boltzmann entropy density can then be formally
given in the form

ρDSr
[
f | f c] = −∂μ

(
�μ

ν S
ν
r

[
f | f c])−kB

r∑

a=1

〈
fa p

μ
a∂μ ln f ca

〉+σr
[
f | f c] , (1.232)

where the relative Boltzmann entropy production σr [ f | f c] is given by the formula

σr
[
f | f c] = kB

r∑

a=1

r∑

b=1

〈
ln
(
fa/ f

c
a

)
Cab( fa, fb)

〉
. (1.233)

With the definition of the relative Boltzmann entropy flux four-flow

Jr
[
f | f c] = �μ

ν S
ν
r

[
f | f c] , (1.234)

Equation (1.232) can be put in a more cogent form

ρDSr
[
f | f c] = −∂μ Jr

[
f | f c] − kB

r∑

a=1

〈
fa p

μ
a∂μ ln f ca

〉 + σr
[
f | f c] . (1.235)

This relative Boltzmann entropy balance equation will be examined further, after the
calortropy balance equation is integrated in the thermodynamic manifold.
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1.2 Pfaffian Differential Form for Calortropy

Having defined the calortropy and obtained its balance equation, there arises the ques-
tion of its dependence on the variables spanning the thermodynamic manifoldP∪T
and its precise mathematical form. This question can be restated as the integrability
of the calortropy balance equation in the thermodynamic manifold. It is an important
question because, when integrated in the thermodynamic manifold, the calortropy
and its differential form would provide us with the theory of thermodynamics of
irreversible processes framed in the thermodynamic manifold. As a matter of fact,
such a theory would be one of our important goals, as has been for the nonrelativistic
theories studied in the kinetic theory chapters of Volume 1 in this work.

There are two routes of approach to this question. One is to take the statistical
mechanical definition of calortropy and the nonequilibrium canonical form f ca (x, pa)
to calculate 
 directly in terms of variables in manifoldP ∪ T. The other approach
is to investigate the integrability of the calortropy balance equation by calculating
the statistical mechanical formulas for quantities appearing on its right hand side that
include calortropy four-flow, the calortropy production, and so on. Together with the
result by thefirst approach, this second approachwouldprovide the integrability proof
for the calortropy differential form (i.e., extended Gibbs relation for calortropy), or
equivalently the calortropy balance equation, and thereby a mathematical founda-
tion of a thermodynamic theory of irreversible processes in dilute relativistic fluids.
The extended Gibbs relation provides a working mathematical tool—a fundamental
equation—for the thermodynamics of irreversible processes, as does the equilibrium
Gibbs relation in the theory of equilibrium thermodynamics [10–13, 21].

1.2.1 Statistical Mechanical Method

The firstmethodmentioned earlier uses the nonequilibrium canonical form f ca (x, pa)
in the statistical mechanical formula for the calortropy four-flow and calculate the
calortropy density therewith. The calculation required is simple, and we obtain the
expression for the scalar calortropy 
. Since


 = ρ
̂ = c−2Uμ

μ,

upon insertion of f ca (x, pa) into the statistical mechanical formula for 
μ it is easy
to obtain the expression for calortropy density:


̂ = T−1E+
r∑

a=1

∑

q≥1

X
(q)

aν···σ�̂(q)σ···ν
a −

r∑

a=1

caμa + kBρ−1 ln�, (1.236)
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where

X
(q)

aν···σ = X (q)
aν···σ
T

, μa = μa

T
(1.237)

and ln� is defined in terms of �a for the nonequilibrium partition function of com-
ponent a:

ln� = ln
r∏

a=1

�ρa
a . (1.238)

In anticipation of the later result obtained through thermodynamic correspondence
of 
̂ with the phenomenological form14 in Chap.2 of Volume 1, we will further set

pv = kBT ln�. (1.239)

Here, as it stands, p is an as-yet undetermined parameter. But its global form is given
by

kBT ln	 =
∫

V
drρkBT ln� =

∫

V
drp = 〈p〉V V, (1.240)

where 〈p〉V is the volume average of parameter p:

〈p〉V = V−1
∫

V
drp (r) . (1.241)

In summary of the chain of equalities in (1.240), we obtain the global expression for
kBT ln	:

kBT ln	 = 〈p〉V V . (1.242)

Finally, provided (1.239) holds, (1.236) may be written as


̂ = T−1E + pv −
r∑

a=1

μaca +
r∑

a=1

∑

q≥1

X
(q)

aν···σ�̂(q)σ···ν
a , (1.243)

where
p = p

T
, v = ρ−1 (v = specific volume). (1.244)

It should be noted that the parameters T , X (q)
aν···σ, μa , and p are not as yet clarified

of their meanings, experimental or thermodynamical. Nevertheless, the expression
for 
̂ in (1.237) evidently indicates that it is a bilinear form of variables in P and
their conjugate (in fact, tangent field) variables belonging to T, if we accept p as the

14Since the phenomenological theory of irreversible relativistic processes is not established, the
theory formulated here is the reverse of that of the nonrelativistic theory taken in the nonrelativistic
chapter. Here by extending the nonrelativistic theory into the relativistic domain it may be said that
a relativistic theory of thermodynamics of irreversible processes is formulated.



48 1 Relativistic Kinetic Theory for Matter

tangent field to volume v. Note that we have made use of the statistical mechanical
definitions of ρE , �̂(q)σ···ν

a , and Nμ
a to obtain (1.236). We remark that since X (α)

a �
�̂(α)

a �= 0 and μa �= μe
a if the system is removed from equilibrium, the calortropy

density 
̂ in (1.237) evidently is not the same as the Clausius entropy for a reversible
process in a system in equilibrium. The form for 
̂ in (1.237) extends Se in (1.187)
into the domain of nonequilibrium, as will be evident upon the thermodynamic
correspondence discussed below.

On applying the operator D to 
̂ in (1.243), we obtain

D
̂ = T−1DE + pDv −
r∑

a=1

μaDca +
r∑

a=1

∑

q≥1

X
(q)

aν···σD�̂(q)σ···ν
a

+ EDT−1 + vDp −
r∑

a=1

caDμa +
r∑

a=1

∑

q≥1

�̂(q)σ···ν
a DX

(q)

aν···σ. (1.245)

1.2.2 Method Using the Calortropy Balance Equation

The second method makes use of the calortropy balance equation and the statisti-
cal mechanical formulas for the terms on the right hand side of the equation. This
approach, however, takes much more involved calculations making use of a number
of identities, evolution equations for �̂(q)σ···ν

a , energy balance equation, number frac-
tion balance equation, decomposition of the energy-momentum tensor. We list such
identities and equations below: First we note

�μ
ν N

ν
a = 0 (1.246)

and using this identity we obtain

�μ
ν


ν = −Qμ

T
+

r∑

a=1

∑

q≥1

X
(q)

a � ψ(q)ν
a �μ

ν . (1.247)

The following are also useful:

ψ(q)μ
a + �μ

νψ
(q)ν
a = Uμ�(q)

a , (1.248)

T μνUν − Qμ = ρEUμ (∵ QνUν = 0, PμνUν = 0) , (1.249)

1

T
T μν∂μUν = c−2 1

T
UμQν∂μUν + 1

T
Pμν∂μUν . (1.250)

The dissipation terms �
(q)
a are eliminated by using the generic evolution equation

for �̂
(q)
a , (1.118), which is again presented below for convenience
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ρD�̂(q)μ···ν
a = −�σ�(q)σμ···ν

a + Z (q)μ···ν
a + �(q)μ···ν

a . (1.251)

After some labor with the help of the identities involving projectors, equations
(1.248)–(1.250), and the relations (1.238) and (1.239) between p and ln�, we can
cast the calortropy balance equation in (1.225) into the following differential form

D
̂ = T−1DE + pDv −
r∑

a=1

μaDca +
r∑

a=1

∑

q≥1

X
(q)

a � D�̂(q)
a

+ EDT−1 + vDp −
r∑

a=1

caDμa +
r∑

a=1

∑

q≥1

�̂(q)
a � DX

(q)

a . (1.252)

This differential form is identical with (1.245) derived directly from the statistical
mechanical expression for 
̂ by operating operator D in (1.237). It should be empha-
sized that the relation between p and ln�, therefore, is the necessary and sufficient
condition for the bilinear form (1.252) in the thermodynamicmanifold to be obtained
from (1.225). The significant point of the second method, however, is that, especially
in the light of the first method, the calortropy balance equation is exactly integrable
in the thermodynamic manifold, thanks to the presence of the term

−kB

r∑

a=1

〈
fa p

μ
a∂μ ln f ca (x, pa)

〉

in the calortropy balance Eq. (1.225). It, unfortunately, would not be the case for
the Boltzmann entropy because the aforementioned term is absent. In the case of the
relative Boltzmann entropy balance equation, because the right hand side of (1.235),
despite its formal similarity to the calortropy balance equation, defies integration
in a bilinear form in the thermodynamic manifold P ∪ T owing to the ratio fa/ f ca
present in Jr

[
fa/ f ca

]
. The mathematical reason for this aspect will be elaborated on

later at a more appropriate point; see Sect. 1.12 on the relative Boltzmann entropy
balance equation.

If the normalization condition for the nonequilibrium canonical form (1.215) is
varied with respect to the parameters β, μa , X

(q)
a and �a there arises the equation

EDT−1 + vDp −
r∑

a=1

caDμa +
r∑

a=1

∑

q≥1

�̂(q)
a � DX

(q)

a = 0. (1.253)

This is called the nonequilibrium Gibbs–Duhem (NGD) equation. If this is applied
to both (1.245) and (1.252) then there follows the differential form for 
̂ in the
thermodynamic manifold P ∪ T:

D
̂ = T−1DE + pDv −
r∑

a=1

μaDca +
r∑

a=1

∑

q≥1

X
(q)

a � �̂(q)
a , (1.254)
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which is called the extended Gibbs relation (EGR) for 
̂. In view of the fact that
(1.245) follows from the bilinear form (1.243) for 
̂, the EGR (1.254) is an exact
differential, which evidently yields an integral (1.243) inP ∪ T apart from a constant
that may be set equal to zero. The EGR will serve as the fundamental equation
for the thermodynamics of irreversible processes described in this work. The NGD
equation is, in fact, the necessary and sufficient condition for integrability of the
Pfaffian differential form (1.254) in the thermodynamic manifold. For adding the
NGD equation to the EGR side by side and integrating the resulting equation we
obtain an integral of the latter in P ∪ T, namely, (1.243) apart from a constant that
may be set equal to zero.

This crucial feature of integrability is absent in the relativistic Boltzmann entropy
balance equation because the distribution function fa is not describable in the ther-
modynamic manifold, but it is a function living in the phase space of a gas consisting
of an astronomical number of particles that would require an equally astronomical
number of initial and boundary conditions to integrate. But that is not possible to
achieve. A similar conclusion would be possible to draw for the relative Boltzmann
entropy. It is interesting to note that the calortropy differential, the related differ-
ential forms, and the integrability of the calortropy differential were present in the
nonrelativistic kinetic theory described in Volume 1 and they all survive intact in the
relativistic kinetic theory based on irreversible covariant Boltzmann equation.

1.3 Thermodynamic Correspondence

In the section where the equilibrium distribution function is derived in this chapter,
we have shown that parameters T , p, and μa are identified with the equilibrium ther-
modynamic intensive variables Te, pe, and μe

a as the system reaches equilibrium. The
identifications aremade by resorting to the device of thermodynamic correspondence
of the statistical mechanical Boltzmann entropy Se with the equilibrium thermody-
namic entropy (i.e., Clausius entropy). In the viewpoint of the functional hypothesis
the equilibrium distribution function is attained as the generalized potentials vanish.
Therefore it is reasonable to conjecture that there exists a phenomenological Pfaffian
form for the calortropy density at a nonequilibrium state of the system, although such
a form has not as yet been established phenomenologically in relativistic irreversible
thermodynamics. Assuming that such a conjecture would be experimentally realiz-
able, we postulate a phenomenological Pfaffian form [30] and make thermodynamic
correspondences as was done for the case of the nonrelativistic theories. Thus if
the correspondence is made between the thermodynamic and statistical mechanical
(theoretical) variables spanning the manifold P as below


̂|st ⇔ 
̂|th; E |st ⇔ E |th; v|st ⇔ v|th;
ca|st ⇔ ca|th; �̂(q)

a |st ⇔ �̂(q)
a |th, (1.255)
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then the conjugate intensive parameters spanning the tangent manifold T must be
identified with the corresponding thermodynamic parameters

T |st ⇔ T |th; p|st ⇔ p|th; μa|st ⇔ μa|th; X (q)
a |st ⇔ X (q)

a |th (1.256)

and the parameters T , p, μa , X
(q)
a as yet undetermined are now endowed thermody-

namic meanings of their correspondents. Here it must be empahsized that p is now
identifiable with the nonequilibrium pressure p, which is defined by the trace part of
energy-momentum tensor when the generalized hydrodynamic equations are derived
in Sect. 1.1.6 of this Volume.

Equipped with these thermodynamic correspondences we are now able to carry
out nonequilibrium statistical mechanical calculations for various thermodynamic
quantities for the relativistic gas on the basis of the Pfaffian form (1.254) and a
formulation of nonequilibrium statistical thermodynamics of relativistic irreversible
processes is evidently possible. In other words, the Pfaffian form (1.254) for the
calortropy density, so endowed with thermodynamic significance as in (1.256) on
the one hand and the nonequilibrium partition function � given by

� =
r∏

a=1

ρ−1
a

〈

exp

⎡

⎣−β

Na∑

j=1

⎛

⎝pν
jaUν +

∑

q≥1

X (q)

ja ν···σh
(q)σ···ν
aj − μa

⎞

⎠

⎤

⎦
〉

(1.257)

on the other hand, lay mathematical foundations on which to erect nonequilibrium
statistical thermodynamics of irreversible processes in dilute relativistic monatomic
gases. The so-formulated nonequilibrium statistical thermodynamics is consistent
with the laws of thermodynamics. This statement is delineated in the following.

1.4 Statistical Thermodynamics of Relativistic Gases

On the basis of the exact differential form (1.254) for 
̂ derived earlier we are now
able to develop a relativistic theory of thermodynamics for irreversible processes in
a form parallel to the nonrelativistic thermodynamics described in the chapters of
Volume 1. Therefore we are not going to repeat the formalism here except pointing
out that temperature is given by

T−1 =
(
D
̂

DE
)

v,c,�̂

. (1.258)

Other parameters of manifold T can be similarly obtained.
The following nonequilibrium statistical mechanical expressions can be also

derived on the basis of (1.243) and (1.239), which, when combined with (1.254),
gives rise to the differential form for thermodynamic potential pv
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D (pv) = 
̂DT + pDv +
r∑

a=1

caDμa −
r∑

a=1

∑

q≥1

�̂(q)σ···ν
a DX (q)

a σ···ν

= D(kBT ln�). (1.259)

From this differential form we obtain the (local rest frame) relations between various
macroscopic variables and the statistical mechanical formula for the thermodynamic
potential given in terms of nonequilibrium partition function �:


̂ = kB ln� + kB

(
∂ ln�

∂T

)

v,μ.X

, (1.260)

p = kBT

(
∂ ln�

∂v

)

T,μ.X

, (1.261)

ca = kBT

(
∂ ln�

∂μa

)

T,μ′.X
, (1.262)

�̂(q)γ···ω
a = −kBT

(
∂ ln�

∂X (q)
a γ···ω

)

T,μ.X ′
. (1.263)

With the help of the extended Gibbs relation and the nonequilibrium Gibbs–Duhem
equation, the formal relations (1.260)–(1.263) can be made use of to calculate the
whole gamut of macroscopic thermodynamic variables and their relations as well
as numerous other thermodynamic quantities from the knowledge of the nonequi-
librium partition function—namely, nonequilibrium statistical thermodynamics may
be formulated for relativistic irreversible processes of dilute gases. To achieve this
aim it would be necessary to explicitly compute � in the manifoldP ∪ T. This latter
task will be in principle possible if the nonequilibrium partition function is calcu-
lated by some means either analytical or numerical and the hydrodynamic equations
are also appropriately solved for transport processes. The content of this subsection
provides the necessary theoretical framework and mathematical tools for such inves-
tigations. Such investigations are left to future work on nonequilibrium statistical
thermodynamics of relativistic fluids.

1.5 Cumulant Expansion

1.5.1 Cumulant Expansion for Calortropy Production

To implement the present line of relativistic kinetic theory to investigate practical
experimental problems the generalized hydrodynamic equations formally derived
earlier in this chapter must be solved. To achieve this aim it is first necessary to
calculate more explicitly a class of the most important components in the generalized
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hydrodynamic equations, that is, the dissipation terms, which describe the energy
dissipation mechanisms involved in the irreversible processes in the gas.

Although we have no complete and exact solution of the covariant kinetic equa-
tion that we can make use of for such a purpose at this point of development in
solution of the covariant kinetic equation, we are, nevertheless, able to formulate
a thermodynamic theory of irreversible processes in a manner consistent with the
laws of thermodynamics. For the purpose in mind it is reasonable to approximate
the distribution function in the collision term Cab( fa, fb) by taking its thermody-
namic branch f ca (x, pa). Thus we consider the approximation in which deviation
from f ca (x, pa) is neglected:

fa (x, pa) = f ca (x, pa) + � fa (x, pa)

� f ca (x, pa) , (1.264)

where � fa (x, pa) is a deviation15 of fa (x, pa) from the thermodynamic branch
f ca (x, pa):

� fa (x, pa) = fa (x, pa) − f ca (x, pa) . (1.265)

Thedeviation� fa (x, pa)depends onfluctuations in temperature δ I , chemical poten-

tials δμa , generalized potentials δX
(q)

a , etc. of the solution of the kinetic equation
from their thermodynamic branch.Recall that suchfluctuations determine the relative
Boltzmann entropy, which in a way determines and describes measures of deviation
by the thermodynamic branch of distribution function f ca (x, pa) from fa(x, pa).

The dissipation terms �
(q)
a and other terms in the evolution equations for the

nonconserved variables of the generalized hydrodynamic equations will be evalu-
ated with f ca (x, pa). This would be an approximation for �

(q)
a defined by the exact

solution for the kinetic equation. However, it is a requisite approximation that gives
rise to evolution equations for nonconserved variables satisfying the laws of thermo-
dynamics and hence the thermodynamical consistency, because the exact solution
fa(x, pa) does not have an underlying nonequilibrium thermodynamics; in this con-
nection recall that the Boltzmann entropy balance equation is not integrable in the
thermodynamic manifold P ∪ T.

To achieve the desired aimwe find it most expedient to employ a cumulant expan-
sion method, which would be much facilitated if the nonequilibrium canonical form
f ca (x, pa) is written in a concise form. Thus we write

f ca (x, pa) = f 0a exp (−ωa) , (1.266)

where

f 0a = exp
[−β

(
pμ
aUμ − μe

a

) − ln�a
]
, (1.267)

15It may be called the complement to the projection onto the manifold P∪ T of fa (x, pa).
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ωa = β

⎛

⎝
∑

q≥1

X (q)
a ν···σh

(q)ν···σ
a − �μa

⎞

⎠ , (1.268)

�μa = μa − μe
a (1.269)

with μe
a denoting the equilibrium thermodynamic chemical potential of species a.

Therefore the terms associated with ωa will be attributable to nonequilibrium within
the thermodynamic formalism based on the exact calortropy differential D
̂ and
related nonequilibrium statistical mechanics. To proceed further we need to define
abbreviations and symbols for brevity of notation. Let

xab = ωa + ωb, yab = ω∗
a + ω∗

b , (1.270)

where the asterisk denotes the post-collision values. We also define dimensionless
quantities for various quantities involved in the calculation:

πμ
a = cpμ

aβ (β = 1/kBT ) ,

U
μ = Uμ/c. (1.271)

With these dimensionless variables we find β pμ
aUμ appearing in the Jüttner function

can be made dimensionless as follows:

β pμ
aUμ = πμ

aUμ, (1.272)

It is also convenient to reduce the distribution function with the factor ρ/ (mkBT )3/2

wherem is the mean mass of the mixture. Therefore the distribution function is given
by a dimensionless form

f
e
a = ρ−1 (mkBT )3/2 f ea . (1.273)

To express the calortropyproductionσc (x) also in a dimensionless form the transition
rate Wab is scaled by the factor λ2/mkBT where λ is a parameter of dimension
length, which we may take for the mean free path or the interaction range or the
mean molecular size parameter. Thus the reduced (dimensionless) transition rate
Wab is defined by

Wab = mkBT

λ2
. (1.274)

With various reducing parameters introduced earlier, we find it useful to define an
important scaling parameter g

g = 1

cλ2ρ

(
mc2

kBT

)4

. (1.275)
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It has a dimension of volume× time. This parameter is used to reduce the calortropy
production to a dimensionless form σc as follows:

σc(x) = (g/kB) σc (x) . (1.276)

Thus reduced to a dimensionless form, the calortropy production is given by the
reduced collision integral

σc(x) = 1

4

r∑

a=1

r∑

b=1

〈〈
(xab − yab)

(
e−yab − e−xab

)〉〉
ab , (1.277)

where the double angular brackets 〈〈A〉〉ab stand for the reduced (i.e., dimensionless)
collision integral

〈〈A〉〉 = Gab

∫
d3πa

∫
d3πb

∫
d3π∗

a

∫
d3π∗

b f
e
a f

e
bWab A (1.278)

with the abbreviations d3πa , etc. defined by

d3πa = d3πa

π0
a

, etc. (1.279)

Now, the dimensionless calortropy production σc(x) in (1.277) is expressible in the
form

σc(x) = 1

4

[R(+) (ς) − R(−) (ς)
]
ς=1 , (1.280)

where, with the book-keeping parameter ς introduced for the purpose of ordering
various expansion terms when the exponential function is expanded in power series
of xab or yab, the functions R(±) (ς) are defined by the formulas:

R(+) (ς) =
r∑

a=1

r∑

b=1

〈〈
(xab − yab)

(
e−ς yab − 1

)〉〉
ab , (1.281)

R(−) (ς) =
r∑

a=1

r∑

b=1

〈〈
(xab − yab)

(
e−ςxab − 1

)〉〉
ab . (1.282)

Now we are ready to apply a cumulant expansion method [31, 32] to R(±) (ς).
When the cumulant expansion is completed after expanding the exponential factors
inR(±) (ς) in power series of ς , the book-keeping parameter ς will be set equal to 1.

Since we have already described the cumulant expansion method in detail, partic-
ularly, in Chap.3 and also in other kinetic theory Chaps. 5, 6, and 7 for dense fluids
of Volume 1, it is sufficient to list only the important results in the following. The
first, second, and third-order cumulant are defined by expressions
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κ := κ1 = 1

2

〈〈
r∑

a=1

r∑

a=1

(xab − yab)
2

〉〉1/2

ab

, (1.283)

κ2 := 1

4

〈〈
r∑

a=1

r∑

b=1

(xab − yab)
2 (xab + yab)

〉〉

ab

, (1.284)

κ3 := 1

4

〈〈
r∑

a=1

r∑

b=1

(xab − yab)
2 (x2ab + xab yab + y2ab

)
〉〉

ab

, etc. (1.285)

Therefore, for example, to the first-order cumulant approximation the reduced
calortropy production is given by the formula in terms of κ

σc(x) = κ sinh κ ≥ 0. (1.286)

In this approximation, because of the first-order cumulant κ being positive semidefi-
nite, the calortropy production σc(x) always remains positive semidefinite regardless
of approximations made to xab which depends on the generalized potentials X

(q)
a ν···σ .

In other words, since σc(x) ≥ 0 according to the second law of thermodynamics, in
the first-order cumulant approximation the thermodynamic second law is guaranteed
to be satisfied by the approximations made to X (q)

a ν···σ whether the approximations are
with respect to the number of moments included (that is, q) or to their dependence
on nonconserved variables.

We have found in the case of the nonrelativistic theory in the previous chapters that
there is a wide range of phenomena to which the first-order cumulant approximation
and thus σc(x) in (1.286) can be applied in order to account for many nonlinear
irreversible processes in nature [33–39]. In the case of relativistic theory the first-
order cumulant approximation for σc(x) is hopefully expected to yield similarly
interesting comparisons with experiments. Higher-order cumulant approximations
describe a non-monotonic dependence with respect to the generalized potentials or
fluxes, and possess potentially intriguing features (e.g., self-organizing ability of the
system beyond equilibrium), but they require rather laborious computations for the
expansion coefficients. For this reason they have not as yet been much studied even
in the nonrelativistic theories. See Ref. [40] for a third order cumulant approximation
in the nonrelativistic Boltzmann kinetic theory.

The first-order cumulant κ is quadratic with respect to the generalized potentials
X (q)

i . It can be shown that κ is given by the formula

κ =
⎡

⎣
r∑

a,b=1

∑

q,s≥1

X (q)
a μ···σR

(qs)μ···σν···ω
ab X (s)

b ν···ω

⎤

⎦

1/2

, (1.287)

where R(qs)μ···σν···ω
ab is a collision bracket integral consisting of the collision integral

of the covariant kinetic equation. They are given by
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R
(qs)μ···σν···ω
ab = 1

4
β2

[
�
(
h(q)
a + h(q)

a′

)μ···σ
�
(
h(s)
a + h(s)

a′

)ν···ω]

aa′

+ 1

2
β2

∑

b �=a

[
�h(q)μ···σ

a �h(s)ν···ω
a

]
ab , (1.288)

R
(qs)μ···σν···ω
aa = β2

∑

b �=a

[
�h(q)μ···σ

ab �h(s)ν···ω
ab

]

ab
, (1.289)

where the abbreviations on the right hand side are defined by the formulas

�
(
h(q)
a + h(q)

a′

)μ···σ =
(
h(q)
a + h(q)

a′ − h(q)∗
a − h(q)∗

a′

)μ···σ
,

�h(q)μ···σ
a = (

h(q)
a − h(q)∗

a

)μ···σ
, (1.290)

�h(q)μ···σ
ab =

(
h(q)
a − h(q)∗

b

)μ···σ
, etc.

and [Aμ···σBν···ω]ab is an abbreviation for the reduced collision bracket integral:

[
Aμ···σBν···ω]

ab
= Gab

∫
d3πad

3πbd
3π∗

ad
3π∗

b f
e
a f eb Wab A

μ···σBν···ω. (1.291)

The collision bracket integralR(qs)μ···σν···ω
ab′ is an integral of tensor products, which can

be expressed as a scalar collision bracket integral R̂(qs)
ab′ times an isotropic tensor for a

spherically symmetric particle system. Thus for the case of q = s = 1 corresponding
to the shear stress, that is, R(11)μσνω

ab′ involving a rank 4 tensor, it is expressible in the
form given in terms of isotropic irreducible tensors [4] of rank 4

R
(11)μσ νω
ab = R̂

(qs)
ab

[
1

2
(�μν�σω + �μω�νσ) − 1

3
�μν�σω

]
, (1.292)

R
(11)μ···σ ν···ω
aa = R̂

(qs)
aa

[
1

2
(�μν�σω + �μω�νσ) − 1

3
�μν�σω

]
, (1.293)

where �μν , etc. are projectors. Here the scalar collision bracket integrals R̂(qs)
ab are

given by integrals involving a contraction to a scalar of two second-rank tensors:

R̂
(qs)
ab = 1

5
R

(11)μσ νω
ab

[
1

2
(�μν�σω + �μω�νσ) − 1

3
�μν�σω

]

= 1

5

{
1

4
β2

[
�
(
h(q)
a + h(q)

a′

)
: �

(
h(s)
a + h(s)

a′

)]

ab

+1

2
β2

∑

b �=a

[
�h(q)

a : �h(s)
a

]
ab

⎫
⎬

⎭
, (1.294)
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R̂
(qs)
ab = 1

5
β2

∑

b �=a

[
�h(q)

ab : �h(s)
ab

]

aa′
. (1.295)

For the case of q = s = 2, there is no question of contraction because the integrand
is already scalar. Therefore

R
(22)
ab = R̂

(22)
ab . (1.296)

In the case of q = s = 3 or 4, that is, the collision bracket integrals for heat flux or
diffusion flux—a vector

R
(qq)μν
ab = R̂

(qq)

ab �μν (q = 3, 4) , (1.297)

where

R̂
(qq)

ab = 1

3
R

(qq)μν
ab

= 1

6
β2

∑

a �=b

[[
�
(
h(q)
a + h(q)

a′

)
: �

(
h(s)
a + h(s)

a′

)]

ab

]
. (1.298)

The collision bracket integrals R̂(qs)
aa′ and R̂(qs)

ab satisfy theOnsager reciprocal relations
with respect to the interchange of subscriptsa and b or superscriptsq and s. Of course,
they are symmetric tensors.

Finally, we note that κ2 is a generalized form of the Rayleigh dissipation function
[43] which is a quadratic function of velocities originally introduced by Rayleigh to
account for energy dissipation in his theory of sound. With the linear approximation
for X (q)

a the first-order cumulant κ is now expressible in terms of scalar R̂(qs)
ab and

�̂
(q)
a as in the expression

κ2 =
r∑

a,b=1

∑

q,s≥1

R
(qs)
ab �(q)μ···σ

a �(q)
a μ···σ, (1.299)

where we have defined the expansion coefficients R(qs)
ab by the formula

R
(qs)
ab = g(q)

a R̂
(qs)
ab g(s)

b . (1.300)

Interestingly, the calortropy production is related to a generalized form of the
Rayleigh dissipation function. It is indeed the seat of energy dissipation arising
from the irreversible processes progressing within the system.
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1.5.2 Dissipation Terms in First-Order Cumulant
Approximation

Since the calortropy production is related to the dissipation terms �
(q)μ···ν
a in (1.117)

through the relation

σc (x) = T−1
r∑

a=1

∑

q≥1

X (q)
a ν···μ�

(q)μ···ν
a , (1.301)

�
(q)μ···ν
a can be also approximated by the first-order cumulant approximation. It is

easily deduced that the first-order cumulant approximation for �
(q)μ···ν
a is given by

the expression

�(q)μ···ν
a (x) = (kBT/g)

r∑

b=1

∑

s≥1

R̂
(qs)
ab X

(s)μ···ν
b (x) qn(κ) (1.302)

with qn(κ) denoting the first-order cumulant approximation for the nonlinear factor
defined by

qn(κ) = sinh (κ)

κ
. (1.303)

The generalized potentials Xμ···ν
b (x) will be approximated to first-order in fluxes as

will be shown in (1.313) below. Then withR(qs)
ab defined by (1.300) �

(q)μ···ν
a (x) can

be written

�(q)μ···ν
a (x) = − (

1/βgg(q)
a

) r∑

b=1

∑

s≥1

R
(qs)
ab �

(s)μ···ν
b (x) qn(κ). (1.304)

Before proceeding further, there is an important item to consider in connection
with the dissipation terms of heat and diffusion four-flows, �

(3)μ
a and �

(4)μ
a of a

mixture. In the case of a mixture, there holds the relation for diffusion fluxes of r
species

r∑

b=1

Jμ
b = 0 (1.305)

owing to the definition of diffusion four-flow; see (1.46). This means that one of the
diffusion four-flows is dependent on the remaining (r − 1) diffusion four-flows. We
will treat Jμ

r of the r th component as the dependent diffusion four-flow. Then the
dependent diffusion four-flow must be removed by means of the condition (1.305).
This task is easily achieved in the Rayleigh dissipation function κ. Upon elimination
of Jμ

r of the r th species component the Rayleigh dissipation function now reads
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κ2 =
r∑

a,b=1

(
R

(11)
ab �(1)μν

a �
(1)
bνμ + R

(22)
ab �(2)

a �
(2)
b + R

(33)
ab �(3)μ

a �
(3)
bμ

)

+
r∑

a=1

r−1∑

b=1

(
R

(34)
ab − R(34)

ar

)
�(3)μ

a �
(4)
bμ

+
r−1∑

a=1

r∑

b=1

(
R

(43)
ab − R

(43)
rb

)
�(4)μ

a �
(3)
bμ

+
r−1∑

a=1

r−1∑

b=1

(
R

(44)
ab + R(44)

rr − R(44)
ar − R

(44)
rb

)
�(4)μ

a �
(4)
bμ , (1.306)

for which we have used the linear approximation for the generalized potentials [see
(1.299) and (1.300) as well as (1.313) below]. Upon use of this form (1.306) for the
Rayleigh dissipation function κ, the dissipation terms �

(3)μ
a and �

(4)μ
a for the heat

flux four-flow and diffusion flux four-flow are given by the formulas:

�(3)
a = − (

1/g(3)
a

)
[

r∑

b=1

Tab�
(3)
a +

r−1∑

b=1

Hab�
(4)
b

]

, (1.307)

�(4)
a = − (

1/g(4)
a

)
[

r∑

b=1

Kab�
(3)
b +

r−1∑

b=1

Dab�
(4)
b

]

(1.308)

where various coefficients are defined below:

Tab = R
(33)
ab

βeg
(a, b = 1, . . . , r, ) ;

Hab = R
(34)
ab − R

(34)
rb

βeg
(a = 1, . . . , r, b = 1, . . . , r − 1) ;

Kab = R
(43)
ab − R

(43)
rb

βeg
(a = 1, . . . , r − 1, b = 1, . . . , r) ; (1.309)

Dab = R
(44)
ab + R(44)

rr − R(44)
ar − R

(44)
rb

βeg
(a, b = 1, . . . , r − 1) .

In addition to these coefficients, it is convenient to define the following coefficients
related to shear stress and excess normal stress:

Bab = R
(11)
ab

βeg
; Vab = R

(22)
ab

βeg
(a, b = 1, . . . r, ) . (1.310)
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It should be kept in mind that the nonlinear factor qn(κ) in (1.303) is calculated with
κ given by (1.306), because the dissipation terms�(3)

a and�(4)
a are the consequences

of κ2 given by (1.306).

1.6 Generalized Potentials

In the evolution equations for nonconserved variables, especially, their dissipation
terms there still remain the generalized potentials X (q)

a ν···σ to be determined in terms
of variables spanning manifoldP ∪ T. In Chap.3 of Volume 1, we have discussed a
number of ways to calculate generalized potentials. Therefore anyone of the methods
described in the chapter can be applied in covariant form to obtain approximate forms
for the generalized potentials in the relativistic theory. To avoid repetition, we will
present a summary of a simplest method of calculating them; namely, (1.263) is
used to calculate �

(q)γ···ω
a by expanding ln� to first order of X (s)

a γ···ω in the power

series expansion of f ca in X (s)
a γ···ω. We thus obtain to the leading order in X (q)

a γ···ω the
expression

�(q)μ···ν
a = − (kBT )−1

∑

s≥1

〈
c−2Uσ p

σ
a h

(q)μ···ν
a h(q)βγ···ω

a f ea
〉
Xa βγ···ω+O

(
X2

)
, (1.311)

where the higher power terms of X (s)
a ν···μ are omitted. Since moment tensors are

constructed orthogonal to each other with respect to the indices q and s we obtain

�(q)μ···ν
a = − (kBT )−1

〈
c−2Uσ p

σ
a h

(q)μ···ν
a h(q)βγ···ω

a f ea
〉
X (q)

a βγ···ω. (1.312)

Therefore we see that X (q)

a βγ···ω is linearly proportional to �
(q)μ···ν
a in the lowest order

approximation. Since the tensorial rank remains invariant to the order of approxima-
tion in the expansion, we may generally write

X (q)μ···ν
a = −g(q)

a �(q)μ···ν
a , (1.313)

where the coefficient is, to first order, given by the statistical mechanical formula

1/g(q)
a = Cq

〈
f ea c

−2Uα p
α
a h

(q)μ···ν
a h(q)

a ν···μ
〉

(1.314)

with the values of Cq given by

Cq =
⎧
⎨

⎩

1
5 for q = 1
1 for q = 2
1
3 for q = 3, 4

. (1.315)
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In the case of the nonrelativistic theory of dilutemonatomic gases it is found sufficient
for many applications to take linear approximations similar to (1.313) for general-
ized potentials. It is believed also sufficient for the relativistic theory applications,
especially, for the cases of not-too-far removed from equilibrium.

1.7 Linear Generalized Hydrodynamic Equations

We have now assembled all the necessary theoretical ingredients to calculate lin-
ear transport coefficients for irreversible processes—namely, transport processes—
occurring in the vicinity of equilibrium. For this purpose we consider the linearized
evolution equations—constitutive equations—for shear stress tensors, excess normal
stress, heat fluxes, and diffusion fluxes for a dilute relativistic gas, since they appear
in the hydrodynamic equations in the present kinetic theory. They will be simply
listed here since more general constitutive equations will be examined in the next
section where the quasilinear generalized hydrodynamic equations will be presented
and examined together with their near-equilibrium limits. The linearized constitutive
equations are as follows:

ρD�̂(1)μν
a = −2pa [�U ](2)μν − 1

g(1)
a

r∑

b=1

Bab�
(1)μν
b , (1.316)

ρD�̂(2)
a = −5

3
pa�μU

μ − 1

g(2)
a

r∑

j=1

Vab�
(2)
b , (1.317)

ρD�̂(3)μ
a = −paCpaT�μ ln T − 1

g(3)
a

[
r∑

b=1

Tab�
(3)μ
a +

r−1∑

b=1

Hab�
(4)μ
b

]

, (1.318)

ρD�̂(4)μ
a = −ρa�μ ln ca − 1

g(4)
a

[
r∑

b=1

Kab�
(3)μ
b +

r−1∑

b=1

Dab�
(4)μ
b

]

, (1.319)

for which we have taken the local equilibrium form for the temperature and pres-
sure. Here recall pa = pea . The symbol Cpa represents the heat capacity at constant
pressure. More explicitly written out, the collision bracket integral R(qγ)

ab defining
the coefficients Bab, Vab, Tab, Hab, Kab, and Dab are as follows:

R(qs)
aa = Cqg

(q)
a g(s)

b

[
1

4
β2
e

〈〈
�
(
h(q)
a + h(q)

a′

)μ···σ
�
(
h(s)
a + h(s)

a′

)

σ···μ

〉〉

aa′

+1

2
β2
e

∑

b �=a

〈〈
�h(q)μ···σ

a �h(s)
a σ···μ

〉〉
ab

⎤

⎦ , (1.320)
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R
(qs)
ab = Cqg

(q)
a g(s)

b β2
e

∑

b �=a

〈〈
�h(q)μ···σ

a �h(s)
b σ···μ

〉〉

aa′
. (1.321)

In (1.320) and (1.321) the subscript a′ on the collision bracket integrals means that
the integrals are performed for another particle of species a.

It should be noted that the collision bracket integrals are symmetric with respect
to the interchange of species indices as well as indices for the coupled processes
such as q and s, namely, inR(qs)

ab . In other words, they satisfy the Onsager reciprocal
relations [41, 42]:

R
(qs)
ab = R

(sq)

ba . (1.322)

Togetherwith the conservedvariable equations, namely, conservation laws, (1.79),
(1.80), (1.82), and (1.84), the linearized constitutive equations (1.316)–(1.319) con-
stitute linearized generalized hydrodynamic equations, which generalize the classical
hydrodynamic equations—namely, Navier–Stokes, Fourier, and Fick equations—
into the relativistic regime, but linear and near equilibrium.

1.8 Linear Transport Coefficients

The linear transport coefficients are identified in terms of inversematrices of collision
bracket integrals R

(qs)
aa and R

(qs)
ab , if the linear steady-state equations of (1.316)–

(1.319) are algebraically solved for�(1)μν
b , etc. in terms of thermodynamic gradients:

−2pa [�U ](2)μν − 1

g(1)
a

r∑

b=1

Bab�
(1)μν
b = 0, (1.323)

−5

3
pa�μU

μ − 1

g(2)
a

r∑

j=1

Vab�
(2)
b = 0, (1.324)

−paCpaT�μ ln T − 1

g(3)
a

[
r∑

b=1

Tab�
(3)μ
a +

r−1∑

b=1

Hab�
(4)μ
b

]

= 0, (1.325)

−ρa�μ ln ca − 1

g(4)
a

[
r∑

b=1

Kab�
(3)
b +

r−1∑

b=1

Dab�
(4)
b

]

= 0, (1.326)

Since the first two equations (1.323) and (1.324) are not coupled to each other nor
are they coupled to the rest of the equations in the set, they are separately solved.
On the other hand, since the last two equations are coupled, they must be solved
together. As a matter of fact, when solved algebraically for the fluxes, the set gives
rise to linear constitutive relations—i.e., thermodynamic force–flux relations—in
which linear transport coefficients [23], namely, the shear viscosity, bulk viscos-
ity, heat conductivity, and diffusion coefficients, can be identified and expressed in
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terms of collision bracket integrals. To relate the linear constitutive equations to the
conventional linear constitutive equations, recall that �

(1)μν
a = �

μν
a ; �(2)

a = �̃a;
�

(3)μ
a = Q′μ

a ; �
(4)μ
a = Jμ

a .
The first two equations of the set (1.323)–(1.326) are solved in terms of ther-

modynamic forces (gradients) by simply inverting r × r matrices B = (Bab) and
V = (Vab):

�μν
a = −

r∑

b=1

(
B−1

)
ab [�U ](2)μν := −2η0

a [�U ](2)μν , (1.327)

�̃a = −5

2

r∑

b=1

(
V−1

)
ab �μU

μ := −η0
Ba�μU

μ, (1.328)

where η0
a and η0

Ba turn out to be the relativistic first-order Chapman–Enskog shear vis-
cosity and bulk viscosity of species component a.Wehave thus derived the relativistic
transport coefficients in terms of collision bracket integrals: The shear viscosity and
the bulk viscosity are, respectively, identifiedwith the statisticalmechanical formulas
in terms of collision bracket integrals making up the constitutive relations

�μν
a = −

r∑

b=1

(
B−1

)
ab [�U ](2)μν = −2η0

a [�U ](2)μν , (1.329)

�̃a = −
r∑

b=1

5

2

(
V−1

)
b �μU

μ = −η0
Ba�μU

μ, (1.330)

where the linear transport coefficients, namely, the shear viscosity and the bulk vis-
cosity, are given by the statistical mechanical formulas

η0
a =

r∑

b=1

(
B−1

)
ab =

r∑

b=1

⎡

⎣
(
2R(11)

ab

βeg

)−1
⎤

⎦

ab

, (1.331)

η0
Ba =

r∑

b=1

5

2

(
V−1

)
ab =

r∑

b=1

5

2

⎡

⎣
(
R

(22)
ab

βeg

)−1
⎤

⎦

ab

. (1.332)

To solve the last two coupled set for Q′μ
b and Jμ

b we construct a (2r − 1)×(2r − 1)
square matrix

S =
(
T H
K D

)
, (1.333)

where submatrices are defined by square matrices T andD and rectangular matrices
K and H:
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T =
⎛

⎜
⎝

T11 · · · T1r
...

. . .
...

Tr1 · · · Trr

⎞

⎟
⎠ ; D =

⎛

⎜
⎝

D11 · · · D1,r−1
...

. . .
...

Dr−1,1 · · · Dr−1,r−1

⎞

⎟
⎠ ; (1.334)

K =
⎛

⎜
⎝

K
(J Q)
11 · · · K(J Q)

1r
...

. . .
...

K
(J Q)
r−1,1 · · · K(J Q)

r−1,r

⎞

⎟
⎠ ; H =

⎛

⎜
⎝

H
(QJ )
11 · · · H

(QJ )
1,r−1

...
. . .

...

H
(QJ )
r1 · · · H(QJ )

r−1,r−1

⎞

⎟
⎠ ; (1.335)

and a (2r − 1)-dimensional column vector composed of r -dimensional vector Q′μ
b

and (r − 1)-dimensional vector Jμ
b :

φ
μ
b = (

Q′μ
b , Jμ

b

)t
(1.336)

and similarly a (2r − 1)-dimensional columnvector composedof the thermodynamic
forces T∇μ ln T and ∇μ ln ca :

F = (T�μ ln T,�μ ln ca)
t . (1.337)

Thus the coupled subset is written as a single matrix equation

2r−1∑

j=1

Si jφ
μ
j = −Fμ

i . (1.338)

The solution of this coupled set is given by

φ
μ
i = −

2r−1∑

j=1

(
S−1

)
i j F

μ
j . (1.339)

Explicitly expressed in terms of thermodynamic forces T∇μ ln T and ρa∇μ ln ca , we
have the thermodynamic force–flux relations for the solutions:

φμ
a = −

r∑

j=1

|S|aj
det |S|T�μ ln T −

r−1∑

j=1

|S|a,r+ j

det |S| �μ ln c j (1.340)

(a = 1, . . . , r) ,

φμ
a = −

r∑

j=1

|S|aj
det |S|T�μ ln T −

r−1∑

j=1

|S|a,r+ j

det |S| �μ ln c j (1.341)

(a = r + 1, . . . , 2r − 1) .

Here the first equation is the thermodynamic force–flux relation for heat fluxes
Q′μ

a = φ
μ
i (a = 1, . . . , r) and the second equation is the thermodynamic
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force–flux relations for diffusion fluxes Jμ
a = φμ

a , for which the index a runs
from r + 1 to 2r − 1. In these equations |S|i j denotes the (i j) cofactor of the
(2r − 1) × (2r − 1) determinant det |S|.

With the definitions of linear transport coefficients

λ0
ab = |S|ab

det |S| (a, b = 1, . . . , r) ; (1.342)

D(dh)0
aj = |S|a,r+ j

det |S| (a = 1, . . . , r; j = 1, . . . , r − 1) ; (1.343)

D(td)0
aj = |S|aj

det |S| (a = 1, . . . , r − 1; j = 1, . . . , r) ; (1.344)

D0
aj = |S|a,r+ j

det |S| (a = 1, . . . , r − 1; j = 1, . . . , r) , (1.345)

the constitutive equations—the linear thermodynamic force–flux equations—are
obtained. They are given by the equations

Q′μ
a = −

r∑

b=1

λ0
abT�μ ln T −

r−1∑

j=1

D(dh)0
ab �μ ln cb (a = 1, . . . , r) , (1.346)

Jμ
a = −

r∑

b=1

D(td)0
ab T�μ ln T −

r−1∑

b=1

D0
ab�μ ln cb (a = r + 1, . . . , 2r − 1) .

(1.347)

The transport coefficients listed in (1.342)–(1.345) are: λ0
ab = thermal conductivity;

D0
ab = diffusion coefficients; D(dh)0

aj = diffusive thermal conductivity; D(td)0
aj =

thermal diffusivity.
In experiments, the partial transport coefficients such as η0

a , etc. are usually not
separately measured for different species. Therefore the observed coefficients are
generally for the whole fluid except for diffusion coefficients. Therefore, to obtain
them it would be necessary to sum the partial transport coefficients over species
to obtain the transport coefficients measured for the fluid as a whole; that is, shear
viscosity η0, bulk viscosity η0

B, and heat conductivity λ0 of the entire fluid mixture:

η0 =
r∑

a,b=1

η0
ab, η0

B =
r∑

a,b=1

η0
Bab, λ0 =

r∑

a,b=1

λ0
ab, etc. (1.348)
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1.9 Generalized Hydrodynamic Equations

We have shown that the balance equations for the conserved variables, namely, the
conservation laws, and evolution equations for the nonconserved variables derived
from the covariant kinetic equation are constrained to satisfy the local positivity con-
dition on the calortropy production, namely, the local second law of thermodynamics.
The combined set of balance and evolution equations are called the relativistic gen-
eralized hydrodynamic equations. Their linearized version is already presented in
the previous section. They reduce to the relativistic classical hydrodynamics as the
system approaches equilibrium and also to the classical hydrodynamic equations
of Navier, Stokes, Fourier, and Fick as u/c → 0. Before ascertaining the limits
mentioned, we first collect the generalized hydrodynamic equations in the linear
approximation for the generalized potentials X (q)μν···σ

a and in the first-order cumu-
lant approximation for the dissipation terms �

(α)μν···σ
a .

1.9.1 Nonlinear Generalized Hydrodynamic Equations

The set of evolution equations thus obtained constitutes a thermodynamically consis-
tent relativistic hydrodynamics for nonlinear transport processes. They are collected
below:

Equation of Continuity

The equation of continuity for the entire mixture is

Dρ = −ρ�μU
μ or ρDv = �μU

μ, (1.349)

where v denotes the specific volume defined by v = 1/ρ.

Number Fraction Balance Equation

The number fraction (or concentration) balance equation is given by

ρDca = −�μ J
μ
a + c−2 Jμ

a DUμ. (1.350)

Unlike its nonrelativistic counter part it has a source term arising from the relativistic
effect—the second term on the right.

Momentum Balance Equation

The momentum balance equation is also in a more complicated form than the non-
relativistic version because of the relativistic effects.

c−2EρDUω = −�ω p − ��νP
μν

+ c−2
(
PωνDUν − �ω

μDQμ − Qω�νU
ν − Qν�νU

ω
)
. (1.351)
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The last group of terms on the right represents the relativistic effect.

Energy Balance Equation

The energy balance equation is given by

ρDE = −�μQ
μ + Pμν�νUμ + 2c−2QμDUμ. (1.352)

It also has a source term related to heat four-flow, which is a relativistic effect.
The nonconserved variables such as shear stress, etc. have terms reminiscent of

the kinematic terms of the nonrelativistic evolution equations, but although their evo-
lution equations are more complex than the nonrelativistic versions, the dissipation
terms are found to be in the formally same forms as for the nonrelativistic versions.
They are presented in the first cumulant approximation. Therefore they are highly
nonlinear.

Shear Stress Evolution Equation

The shear stress evolution equation for �̂
μν
a = �

μν
a /ρ is given by

ρD�̂μν
a = −∂σ�(1)σμν

a − 2 [Pa · �U](2)μν − 2c−2 [JaDU](2)μν

−
r∑

b=1

(
ρβegg(1)

b

)−1
R

(11)
ab �

(1)μν
b (sinh κ/κ)

− 2c−2 [QaDU](2)μν − c−2 [UPa · DU](2)μν

−
〈

fa
pσ
a p

τ
a p

ω

(
Uλ pλ

a

)

〉(
�μ

σ�ν
τ − 1

3
�μν�στ

)
DUω

− c2
〈

fa
pω
a p

σ
a p

ε
a p

τ
a(

Uλ pλ
a

)2

〉(
�μ

ε �
ν
τ − 1

3
�μν�ετ

)
�σUω

−
〈

fa
pω
a p

τ
a p

σ
a(

Uλ pλ
a

)

〉
(
U ν�μ

ω +Uμ�ν
ω

)
�σUτ

+ 1

3
�ωτ

〈

fa
pω
a p

τ
a p

σ
a(

Uλ pλ
a

)

〉

�σ (UμU ν) , (1.353)

where the terms except for the first line and the dissipation term in the second line
are relativistic effects. The second term containing the pressure tensor Pa in the first
line may be further decomposed into traceless and trace parts according to (1.56).

Excess Normal Stress Evolution Equation

With the definition �̂a := �̃a/ρ, the excess normal stress evolution equation is
given by

ρD�̂a = −∂σ�(2)σ
a − 2

3
Pασ
a �σUα − 1

3

[

c−2Jα
a +

〈

fa
m2

ac
2 pα

a(
Uλ pλ

a

)

〉]

DUα
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− 1

3
c−2Qα

a DUα + 1

3

[

Pσω
a − 1

3

〈

fa
m2

ac
4 pω

a p
σ
a(

Uλ pλ
a

)2

〉]

�σUω

−
r∑

b=1

(
ρβegg(2)

b

)−1
R

(22)
ab �

(2)
b (sinh κ/κ) , (1.354)

where the third term in the square brackets gives rise to (2/3) Jα
a dtuα in the limit

u/c → 0, whereas the term in the square brackets in the second line vanishes in the
nonrelativistic limit. The pressure tensor can be also decomposed into traceless and
trace parts.

Heat Flux Evolution Equation

The heat four-flow evolution equation is given by

ρDQ̂′μ
a = −∂σ�(3)σμ

a − Q′σ
a �σU

μ − Jμ
a Dĥa − Pμσ

a �σ ĥa + ϕ(3)μσω
a �ωUσ

−
r∑

b=1

4∑

s=3

(
ρβegg(3)

b

)−1
R

(3s)
ab �

(s)μ
b (sinh κ/κ)

+
[

Pμσ
a − c2

〈

fa
pμ
a pσ

a(
Uλ pλ

a

)

〉]

∇σ ĥa

+
[

mac
4

〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

− ϕ(3)μσω
a

]

∇ωUσ

−UμPτσ
a �σUτ +Uμ Jσ

a �σ ĥa − c−2UμQσ
a DUσ

− c−2UμJσ
a DUσ − ρaU

μDĥa + mac
2

〈

fa
pω
a p

μ
a(

Uλ pλ
a

)

〉

DUω

+ ĥa

〈

fa
pω
a p

μ
a(

Uλ pλ
a

)

〉

DUω + c2ĥa

〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

�σUω. (1.355)

The second line represents the dissipation term in the first-order cumulant approxi-
mation and

ϕ(3)μσω
a = 〈

fa p
μ
a p

σ
a p

ω
a

〉
. (1.356)

Diffusion Flux Evolution Equation

The mass four-flow evolution equation is given by

ρDĴμ
a = −∂σ�(4)σμ

a − ρaDU
μ − Jσ

a �σU
μ

−
r∑

b=1

4∑

s=3

(
βegg(4)

b

)−1
R

(4s)
ab �

(s)μ
b (sinh κ/κ)
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−
〈

fa
pμ
a pω

a(
Uλ pλ

a

)

〉

DUω − c2
〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

∇σUω, (1.357)

where the last line represents the relativistic effects and the second line is the dissi-
pation term in the first-order cumulant approximation.

Recall that �(1)μν
a = �

μν
a ; �(2)

a = �̃a; �
(3)μ
a = Q′μ

a ; �
(4)μ
a = Jμ

a , and the nonlin-
ear evolution equations presented are coupled to each other and to the conservation
laws presented earlier. The evolution equations for the conserved and nonconserved
variables presented above constitute the relativistic generalized hydrodynamic equa-
tions for the relativistic dilute gas derived from the covariant Boltzmann equation.

When the dependent diffusion flux is chosen—we choose Jμ
r as the dependent

one—the dissipation terms for s = 3, 4 are modified as well as the Rayleigh dissipa-
tion function κ; see (1.307) and (1.308) for �(3)

a and �(4)
a , respectively, and (1.306)

for κ. Therefore, the dissipation terms in (1.355) and (1.357) must be replaced by
the modified expressions as follows:

−
r∑

b=1

4∑

s=3

(
βegg(3)

b

)−1
R

(3s)
ab �

(s)μ
b (sinh κ/κ) ⇒

− 1

g(3)
b

[
r∑

b=1

Tab�
(3)μ
a +

r−1∑

b=1

Hab�
(4)μ
b

]

(sinh κ/κ) , (1.358)

−
r∑

b=1

4∑

s=3

(
βegg(4)

b

)−1
R

(4s)
ab �

(s)μ
b (sinh κ/κ) ⇒

− 1

g(4)
a

[
r∑

b=1

Kab�
(3)μ
b +

r−1∑

b=1

Dab�
(4)μ
b

]

(sinh κ/κ) , (1.359)

where κ must be replaced by the quadratic form κ in (1.306) in the nonlinear factor
(sinh κ/κ) on the right of (1.358) and (1.359).

1.9.2 Quasilinear Generalized Hydrodynamic Equations

If we keep the dissipation terms in the first-order cumulant approximation in (1.353)–
(1.357) while linearizing the kinematic terms and the divergence terms as in the
linearized evolution equations for nonconserved variables (1.316)–(1.319) then the
quasilinear evolution equations are obtained as below:

ρD�̂(1)μν
a = −2pa [�U ](2)μν − 1

g(1)
a

r∑

b=1

Bab�
(1)μν
b qn (κ) , (1.360)
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ρD�̂(2)
a = −5

3
pa�μU

μ − 1

g(2)
a

r∑

j=1

Vab�
(2)
b qn (κ) , (1.361)

ρD�̂(3)μ
a = −paĈ paT�μ ln T

− 1

g(3)
a

[
r∑

b=1

Tab�
(3)μ
a +

r−1∑

b=1

Hab�
(4)μ
b

]

qn (κ) , (1.362)

ρD�̂(4)μ
a = −ρa�μ ln ca

− 1

g(4)
a

[
r∑

b=1

Kab�
(3)
b +

r−1∑

b=1

Dab�
(4)
b

]

qn (κ) . (1.363)

These are the simplest model of nonlinear evolution equations for nonconserved vari-
ables we can devise within the framework of relativistic generalized hydrodynamics
consistent with the laws of thermodynamics. Together with the balance equations
(1.349)–(1.352)—i.e., the conservation laws—they are called the relativistic quasi-
linear generalized hydrodynamic equations. This set would be completely parallel
to the nonrelativistic version we have examined and applied in Chap.3 of Volume 1
where the nonrelativistic hydrodynamic theory is formulated. The quasilinear gen-
eralized hydrodynamic equations are also in complete conformation to the laws of
thermodynamics as is the full version of the evolution equations considered earlier.
The theory of transport processes based on them, therefore, would be thermodynami-
cally consistent, yet highly linear with respect to the nonconserved variables�

(q)μ···ν
a

because of the nonlinear factor qn (κ).

1.9.3 Quasilinear Transport Processes

The time scale of evolution is much shorter for the nonconserved variables �̂
(q)μ···ν
a

than the conserved variables. Therefore (1.360)–(1.363) generally reach a steady
state much faster than the conservations laws (1.349)–(1.352) do the steady state.
Therefore at the steady state of the transport processes reached in a much shorter
time regime than conserved variables we have

D�̂(q)μ···ν
a = 0 (1.364)

and obtain the steady-state nonlinear constitutive equations

−2pa [�U ](2)μν − 1

g(1)
a

r∑

b=1

Bab�
(1)μν
b qn (κ) = 0, (1.365)

−5

3
pa�μU

μ − 1

g(2)
a

r∑

j=1

Vab�
(2)
b qn (κ) = 0, (1.366)
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−paCpaT�μ ln T − 1

g(3)
a

[
r∑

b=1

Tab�
(3)μ
a +

r−1∑

b=1

Hab�
(4)μ
b

]

qn (κ) = 0, (1.367)

−ρa�μ ln ca − 1

g(4)
a

[
r∑

b=1

Kab�
(3)
b +

r−1∑

b=1

Dab�
(4)
b

]

qn (κ) = 0. (1.368)

It can be easily shown that the solutions of these steady-state equations are given by
the nonlinear thermodynamic force–flux relations much similar to the linear coun-
terparts given earlier in (1.329), (1.330), (1.346), and (1.347) except for the presence
of the nonlinear factor qL , which can be expressed by the formula

qL := q−1
n (κ) = sinh−1 κL

κL
. (1.369)

Here the new dissipation function κL is given by a quadratic form of the thermody-
namic gradients [�U ](2)μν , �μUμ, T�μ ln T , and �μ ln ca :

κL =
{

r∑

a,b=1

[
C

(11)
ab [�U ](2)μν

[
�μU

](2)
νμ

+ C
(22)
ab

(
�μU

μ
)2

+
∑

q,s=3,4

C
(qs)
ab F(q)μF(s)

μ

⎤

⎦

⎫
⎬

⎭

1/2

, (1.370)

where the coefficients C
(qs)
ab are scalars consisting of the coefficients Bab, Vab,

Tab, . . . ,Dab, which in turn are given in terms of the collision bracket integrals. The
coefficients C(11)

ab , etc. are calculated by solving the quasilinear constitutive equations
(1.365)–(1.368) and inverting the nonlinear factor qn(κ). It takes a lengthy algebraic
process to show it, but the procedure is straightforward and completely parallel to
the one discussed for nonrelativistic theory in Sect. 9.1.5, Chap. 9 of Volume 1 to
which the reader is referred for details. Therefore we will not prove (1.369) here,
leaving it as an exercise for the reader.

1.9.4 Quasilinear Transport Coefficients

The quasilinear constitutive equations (1.365)–(1.368) enable us to obtain the sta-
tistical mechanical formulas for quasilinear transport coefficients for the associated
nonlinear transport processes. They are given below:

ηa =
r∑

b=1

⎡

⎣
(
2R(11)

ab

βeg

)−1
⎤

⎦

ab

qL := η0
aqL; (1.371)
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ηBa = qL

r∑

b=1

5

2

⎡

⎣

(
R

(22)
ab

βeg

)−1
⎤

⎦

ab

qL := η0
BaqL; (1.372)

λab = |S|ab
det |S|qL := λ0

abqL (a, b = 1, . . . , r) ; (1.373)

D(dh)
aj = |S|a,r+ j

det |S| qL := D(dh)0
aj qL (a = 1, . . . , r; j = 1, . . . , r − 1) ; (1.374)

D(td)
aj = |S|aj

det |S|qL := D(td)0
aj qL (a = 1, . . . , r − 1; j = 1, . . . , r) ; (1.375)

Daj = |S|a,r+ j

det |S| qL := D0
ajqL (a = 1, . . . , r − 1; j = 1, . . . , r) . (1.376)

Since qL is dependent on a quadratic form of the thermodynamic gradients, the shear
viscosity ηa is non-Newtonian and vanishes as |κL | increases; to be mathematically
more precise, as |κL | → ∞ the non-Newtonian shear viscosity shows the asymptotic
behavior as below:

ηa → |κL |−1+ε (ε > 0) . (1.377)

That is, there is a shear thinning. Other nonlinear transport coefficients behave simi-
larly. Notice also that the nonlinear transport coefficients presented above break the
Curies principle. In other words, for example, the presence of a temperature gradient
causes the non-Newtonian shear viscosity ηa diminishes in magnitude—a phenom-
enon not seen in linear transport processes occurring near equilibrium, because two
processes are linearly independent of each other in the linear regime of thermody-
namic forces.

1.10 Model Quasilinear Generalized Hydrodynamic
Equations

If the nonlinear factor qL replaces the nonlinear factor qn (κ) in (1.360)–(1.363) a
model quasilinear generalized hydrodynamic equations are obtained when they are
combined with the conservation laws (1.349)–(1.352):

ρD�̂(1)μν
a = −2pa [�U ](2)μν − 1

g(1)
a

r∑

b=1

Bab�
(1)μν
b qL (�κ) , (1.378)

ρD�̂(2)
a = −5

3
pa�μU

μ − 1

g(2)
a

r∑

j=1

Vab�
(2)
b qL (�κ) , (1.379)

ρD�̂(3)μ
a = −paCpaT�μ ln T
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− 1

g(3)
a

[
r∑

b=1

Tab�
(3)μ
a +

r−1∑

b=1

Hab�
(4)μ
b

]

qL (�κ) , (1.380)

ρD�̂(4)μ
a = −ρa�μ ln ca

− 1

g(4)
a

[
r∑

b=1

Kab�
(3)
b +

r−1∑

b=1

Dab�
(4)
b

]

qL (�κ) . (1.381)

This model produces a mathematically less steep differential equations, but still may
be applicable to flow phenomena far removed from equilibrium where the thermo-
dynamic gradients can be steep. From the numerical computational standpoint this
feature would be a great advantage. We note that this model naturally arises when
the quasilinear evolution equation (1.360)–(1.363) are analyzed in the neighborhood
of their steady state. For details, see Chap.9 of Volume 1, where nonrelativistic
quasilinear evolution equations are examined at their steady state.

It should be also noted that the coefficients in this set of equations are all deter-
mined in terms of the collision bracket integrals or linear transport coefficients.
Instead of calculating the linear transport coefficients from the collision bracket inte-
grals, one may take a semiempirical approach in which empirical linear transport
coefficients or model transport coefficients may be made use of.

In Chap.9 of Volume 1, we have discussed applications of nonrelativistic qua-
silinear generalized hydrodynamic equations to a number of rarefied gas dynamic
flow problems in which the thermodynamic gradients are generally steep, but the
accuracy of their predictions is excellent. In view of such successful applications
the quasilinear relativistic generalized hydrodynamic equations presented here may
provide equally accurate results for flow problems in the relativistic domain, partic-
ularly because the relativistic quasilinear generalized hydrodynamic equations tend
to the nonrelativistic version as u/c → 0. It would be interesting to see if the quasi-
linear relativistic generalized hydrodynamic equations can be equally successful for
relativistic flow phenomena.

1.11 Nonrelativistic Limits of Evolution Equations

The important motivation of studying nonrelativistic limits lies in ascertaining the
continuity of the relativistic irreversible thermodynamic formalism and generalized
hydrodynamics with their nonrelativistic counterparts we have formulated in var-
ious chapters in Volume 1 of this work. This way, we would be assured that the
relativistic formulations have not been strayed, but provide appropriate relativistic
extensions of the theories mentioned. To investigate nonrelativistic limits of gener-
alized hydrodynamic equations, we first examine limits of operators, moments, and
energy-momentum tensors before we consider various evolution equations derived
earlier.



1.11 Nonrelativistic Limits of Evolution Equations 75

1.11.1 Nonrelativistic Limits of Operators and Related
Quantities

Since the hydrodynamic velocity may be enumerated and written in the form

Uμ = cγ (1,u/c) , γ = 1
√
1 − u2/c2

, (1.382)

its nonrelativistic limit is enumerated as given below

lim
u/c→0

Uμ = (
c, uμ

)
, (1.383)

where uμ denotes the μth component of three-dimensional velocity vector u. The
covariant derivative is enumerated as below:

∂μ = (c−1∂t , ∂/∂xμ). (1.384)

Since the convective derivative operator D is then enumerated

D = Uμ∂μ = γ (c,u)μ
(
c−1∂t , ∂/∂xμ

) = γ (∂t + u · ∇) ,

it tends to the nonrelativistic limit

D = dt + O
(
u2/c2

)
, (1.385)

where dt is the nonrelativistic substantial time derivative

dt = ∂t + u · ∇. (1.386)

For the space component �μ of ∂μ we may first decompose it in the form

�μ = �μν∂ν = �μ0∂0 + �μk∂k (1.387)

and recalling ∂μ = (
c−1∂t , ∂/∂xμ

)
and making use of the limits of projectors

�μ0 = −δμ0 − γ2 uμ

c
, (1.388)

�μk = −δμk − γ2 uμuk
c2

(1.389)

it can be shown that

�μ = ∂/xμ+O

(
u2

c2

)
= ∇μ + O

(
u2

c2

)
(k = 1, 2, 3) , (1.390)
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where ∇μ = ∂/xμ is the three-dimensional gradient operator. Similarly, for �μ we
find

�μ = ∇μ + O

(
u2

c2

)
(k = 1, 2, 3) . (1.391)

Therefore the relativistic operators D and �μ or �μ can be replaced, respectively,
with the nonrelativistic substantial time derivative dt and the gradient operator ∇k =
∂/∂xk in the limit of u/c → 0. This means that, for example,

�μU
ν = ∂uν/∂xμ; �μUν = −∂uν/∂xμ. (1.392)

The limiting behaviors of the operators listed above would make it easy to deduce
the nonrelativistic limits of macroscopic evolution equations. We note the following
limiting behaviors:

c−2EρDUk = nc−1E
(
dt + O

(u
c

))
(1,u/c)μ

= n
E
c2
dtuk

= ρ
[
dt + O

(
c−2

)]
, (1.393)

where ρ is now the mass density. We also note the nonrelativistic limits of the
following quantities:

p0i = (
m2

ac
2 + p · p)1/2 = mac + p · p

2mac
+ O

(
u2/c2

)
,

pμ
a = (

p0a,p
) = mac

(
1 + p · p

2m2
ac

2
+ O

(
c−3

)
,

p
mac

)
,

pμ
aUμ = γ(cp0a − pa · u) = mac

2

[
1 + 1

2
maCa · Ca + O(c−4)

]

�ν
μ p

μ
a = c−2

(
pλ
aUλ

)
Cμ
a = maCa + O(c−2), (1.394)

whereCa is the (nonrelativistic) peculiar velocityCa = va−u.With the nonrelativis-
tic limits presented above, it is now possible to examine various quantities appearing
in relativistic equations and formulas to obtain their nonrelativistic limits.

1.11.2 Nonrelativistic Limits of Energy-Momentum Tensor

The statisticalmechanical expressions of energy-momentum tensor components have
the following nonrelativistic limit expressions:
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T 00 = c
r∑

a=1

∫
d3 pa
p0a

p0a p
0
a fa = nmc2 + Ek + O(c−1),

T 0k = T k0 = c
r∑

a=1

∫
d3 pa
p0a

p0a p
k
a fa =

r∑

a=1

∫
d3 pa p

k
a fa (k = 1, 2, 3), (1.395)

T kj = c
r∑

a=1

∫
d3 pa
p0a

pka p
j
a fa =

r∑

a=1

∫
d3 pa p

k
a p

j
a fa (k, j = 1, 2, 3).

Taking projections of T μν , we obtain statistical mechanical expressions of various
projected components and their statistical formulas as well as the limits:

E = c−2UμT
μνUν

=
r∑

a=1

∫
d3 pa fa

(
Uμ p

μ
a
)

cp0a

(
pν
aUν

)
, (1.396)

which, as u/c → 0, tends to the limit :

E →
r∑

a=1

namac
2 +

r∑

a=1

∫
d3 pa fa

1

2
ma (Ca · Ca) + O

(
c−2

)
. (1.397)

Here the integral on the right is the statistical mean value of nonrelativistic internal
energy; seeChap.3 ofVolume 1. There is a restmass energy additionally contributing
to E , which should be subtracted from E . Similarly, since we may write the partial
heat four-flow

Qμ
a = c−2�μ

ωT
ωτ
a Uτ

=
∫

d3 pa fa

(
pω
a Uω

)

cp0a

(
pτ
aUτ − mac

2
)
Cμ
a +

∫
d3 pa fa

(
pω
a Uω

)

cp0a
mac

2Cμ
a

(1.398)

and since limu/c→0 C
μ
a = Ca μ, we obtain in the limit of u/c → 0 the nonrelativistic

limit

lim
u/c→0

Qμ
a =

∫
d3 pa fa

1

2
ma (Ca · Ca)Ca μ +

∫
d3 pa famac

2Ca μ + O(c−2),

(1.399)
to which, as for the internal energy, the rest mass energy contributes an energy flux,
but it should be subtracted from Qμ. Thus we may define Q

′μ

Q
′μ = Qμ

a − mac
2Nμ

a , (1.400)
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so that the limit

lim
u/c→0

Q
′μ =

∫
d3 pa fa

1

2
ma (Ca · Ca)Ca μ + O(c−2) (1.401)

represents an internal energy (heat) flux as in the nonrelativistic kinetic theory. Recall
that a similar subtraction was found necessary when the molecular moment for heat
flux h(3)μ

a was defined. In any case, Q
′μ defined in (1.400) now coincides with the

heat flux obtained from h(3)μ
a in the nonrelativistic limit.

As for the pressure (stress) tensor Pμν
a , since it is given by the projection of T μν

a

Pμν
a = �μ

ωT
ωτ
a �ν

τ ,

its statistical mechanical formula is

Pμν
a = c

∫
d3 pa
p0a

�μ
ω p

ω
a p

τ
a�

ν
τ fa, (1.402)

which may be expressed in terms of relativistic peculiar velocities by the formula

Pμν
a =

∫
d3 pa fa

(
pω
a Uω

)2

c3 p0a
Cμ
aC

ν
a . (1.403)

This statistical mechanical representation for Pμν
a tends to the nonrelativistic limit

as below:

lim
u/c→0

Pμν
a =

∫
d3 pa famaC

μ
a C

ν
a + O(u2/c2). (1.404)

We have already discussed the nonrelativistic limits of h(q)μ···ν
a , expressed in

terms of relativistic peculiar moments Cμ
a in an earlier section of this chapter; see

(1.105)–(1.108). Since they are in complete agreement with the nonrelativistic Boltz-
mann kinetic theory results, we are now assured that various nonconserved variables
�

(q)μ···ν
a obeying the generic evolution equations have correct values in the limit of

u/c → 0. To find the nonrelativistic limit of the relativistic generic evolution equa-
tion we now examine the nonrelativistic limits (1.405) of kinematic terms Z (q)μ···ν

a

and its modified form Z (q)μ···ν
a and K (q)μ···ν

a .

1.11.3 Nonrelativistic Limit of the Kinematic Terms

We find it convenient to make use of the relativistic peculiar velocity Cσ
a in order

to investigate the nonrelativistic limit of the kinematic term Z (q)μ···ν
a and the related.

The kinematic term Z (q)μ···ν
a can be expressed in terms of Cσ

a
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Z (q)μ···ν
a = 〈

fa p
σ
a∂σh

(q)μ···ν
a

〉

= 〈
fa∂σ

[(
Cσ
a +Uσ

)
M (q)μ···ν

a (Ca)
]〉

, (1.405)

For the relation of h(q)μ···ν
a to M (q)μ···ν

a we refer to (1.98) and for the definitions of
M (q)μ···ν

a in terms of Cσ
a see (1.99)–(1.102). The right-hand side of (1.405) then can

be expressed as follows:

Z (q)μ···ν
a = 〈

fa
(
D + Cσ

a∇σ

)
M (q)μ···ν

a

〉

+ c−2Uσ

〈
faM

(q)μ···ν
a DCσ

a

〉 + 〈
faM

(q)μ···ν
a

(∇σC
σ
a + ∇σU

σ
)〉

. (1.406)

To arrive at this expression we have made use of the identities:

Cσ
aUσ = 0, Uσ∇σ = 0, UσDU

σ = 0, Uσ∇σU
σ = 0. (1.407)

See identities given below (1.97) in Sect. 1.1.6. The first term on the right hand side
of (1.406) tends to the nonrelativistic limit

lim
u/c→0

〈
fa
(
D + Cσ

a∇σ

)
M (q)μ···ν

a

〉 = 〈
faDt h

(q)μ···ν
a nr

〉

where

Dt = dt + Ca · ∇ (1.408)

h(q)μ···ν
a nr = lim

u/c→0
M (q)μ···ν

a (1.409)

with h(q)μ···ν
a nr denoting the nonrelativistic limits of the relativistic moments h(q)μ···ν

a

given in (1.105)–(1.108). The remaining terms on the right of (1.406) contribute
terms of O(u2/c2), namely, relativistic effects.

1.11.4 Nonrelativistic Limits of �
(q)σμ···ν
a and K (q)μ···ν

a

Using the various limits of Cσ
a and moments h(q)μ···ν

a and observing �
(q)σμ···ν
a is

expressible in the form
�(q)σμ···ν

a = 〈
faC

σ
a M

(q)μ···ν
a

〉
, (1.410)

we obtain the nonrelativistic limit

lim
u/c→0

�(q)σμ···ν
a = 〈

faCa σh
(q)μ···ν
a nr

〉
. (1.411)
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This is the nonrelativistic limit of supermoment ψ(q)σμ···ν
a nr , which is one order higher

than the moment h(q)μ···ν
a nr .

As for K (q)μ···ν
a , since it is expressible

K (q)μ···ν
a = c−2

〈
fa
(
Cσ
a +Uσ

)
M (q)μ···ν

a (Ca)
〉
DUω, (1.412)

it is seen to be O(u2/c2) as u/c → 0 and hence represents a relativistic effect.
Therefore the modified kinematic term Z

(q)μ···ν
a simply tends to the nonrelativistic

limit of the kinematic term Z (q)μ···ν
a :

lim
u/c→0

Z(q)μ···ν
a = 〈

faDt h
(q)μ···ν
a nr

〉 + O(u2/c2). (1.413)

Therefore, we conclude that the relativistic generic evolution equation tends to
the nonrelativistic limit, namely, nonrelativistic generic evolution equation derived
from the nonrelativistic Boltzmann equation. Therefore, this nonrelativistic limit of
Z (q)μ···ν
a would be recovered from the relativistic kinematic terms presented earlier.

The limiting form used for the phase space integrals in (1.395) and various pro-
jections of them also apply to the collision integral and collision bracket integrals.
Therefore it is expected that together with the nonrelativistic limits of various observ-
ables, operators, and integrals appearing in Z (q)μ···ν

a we have presented earlier, the
generalized hydrodynamic equations can be verified to tend to those in the nonrela-
tivistic kinetic theory presented in Chap.3 of Volume 1. To avoid repetition we leave
the verification to the reader. In this regard, we note that

c−2 [JaDU](2)μν = h

c2
[JaDU](2)μν → − [Jadtu](2)μν ,

since Uν → −uν in the limit of u/c → 0.
Having verified that the relativistic generalized hydrodynamic equations tend

to the nonrelativistic generalized hydrodynamic equations we are now assured of
an appropriate extension of the nonrelativistic hydrodynamics to the relativistic
domain of flow phenomena for a gaseous mixture described by the covariant kinetic
equation postulated. As we have already discussed earlier, if the dissipation terms
�

(q)μ···σ
a (q = 1, 2, 3, 4) are calculatedwith the nonequilibrium canonical formunder

the functional hypothesis and in the first-order cumulant approximation, which
assures the thermodynamic consistency; and if the generalized potentials X (q)μ···σ

a

(q = 1, 2, 3, 4) are calculated to the first order in �
(q)μ···σ
a ; and lastly if a suitable

closure is taken for the macroscopic observables so that the set of generalized hydro-
dynamic equations is closed, we may then investigate flow processes in the system
subject to suitable initial and boundary conditions in a manner completely consistent
with the laws of thermodynamics. Especially, the quasilinear model for generalized
hydrodynamic equations enable us to investigate nonlinear phenomena such as non-
Newstonian flow processes consistent with laws of thermodynamics. In view of the
fact that nonrelativistic quasilinear model for generalized hydrodynamic equations
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have shown their capability for highly nonlinear flow phenomena wemight speculate
the relativistic quasilinear generalized hydrodynamic equations may yield equally
interesting results. Lastly, we emphasize that the generalized hydrodynamic equa-
tions are thermodynamically consistent and support the thermodynamics of irre-
versible processes described by the thermodynamic theory based on the calortropy
and calortropy differential form presented earlier, because the generalized hydrody-
namic equations are field equations for macroscopic variables spanning the manifold
P ∪ T.

1.12 Relative Boltzmann Entropy Balance Equation

Since the calortropy 
 is not equal to the Boltzmann entropy S, we have earlier
defined their difference as the relative Boltzmann entropy and have shown its balance
equation; see (1.228) and subsequent equations. Its balance equation can be a little
more explicitly worked out to help us a little better comprehend the nature of the
relative Boltzmann entropy. We discuss about it in the following.

1.12.1 A Form for ln
(
fa/ f ca

)

To make progress in the calculation of the relative Boltzmann entropy we now look
for ln

(
fa/ f ca

)
, as for the Boltzmann gas discussed in Chap.3 of Volume 1, in a form

whose leading terms are isomorphic to f ca :

kB ln
(
fa/ f

c
a

) = −pν
aUνδ I −

∑

q≥1

δX
(q)

a ν···σh
(q)σ···ν
a + δμa − kB ln (ϒa/�a) .

(1.414)

Hereϒa not only includes the normalization factor for fa but also the correction factor

to the leading term displayed. The symbols δT , δμa and δX
(q)

a ν···σ are defined by

δ I = 1

T
− 1

T t
; δμa = μa

T
− μt

a

T t
; δX

(q)

a = X (q)
a

T
− X (q)t

a

T t
(1.415)

with the parameters superscripted with t denoting the irreversible thermodynamic
parameters of manifold T, which are determined through the extended Gibbs rela-
tion for calortropy, (1.254). In other words, T t , μt

a , and X (q)t
a are deterministic

thermodynamic parameters belonging to manifold T, whereas the parameters T ,
μa , and X (q)

a are not. The latter are phase space functions that should be deter-
mined as parts of the solution for the covariant Boltzmann equation in the phase
space, subject to the initial and boundary conditions, although from the irreversible
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thermodynamic standpoint they may be expressed as tangents to the manifold P.
Therefore,
by looking for the solution of the covariant Boltzmann equation in the form as in
(1.414) the entire phase space information on fa beyond that of f ca is vested in the

parameters T , μa , and X (q)
a and thus in the fluctuations δ I , δμa , and δX

(q)

a .
If we express fa in the form

fa = exp
[− (kBT )−1 (Ha + �a)

]
(1 + � fa) , (1.416)

where
Ha := pν

aUν +
∑

q≥1

X (q)
a ν···σh

(q)σ···ν
a − μa (1.417)

and � fa is a correction to the nonequilibrium canonical form, then ϒa is identified
as follows:

ϒa (x, pa) =
〈
exp

[− (kBT )−1 Ha
]〉

na

〈
1 + exp

[− (kBT )−1 Ha
]
� fa

〉

(1 + � fa)
. (1.418)

The factorϒa (x, pa)may be regarded as the normalization factor for fa . We empha-
size that, when they appear in the solution of the Boltzmann equation and the Boltz-
mann entropy is under consideration, the parameters T and μa are not necessarily
the same as the absolute temperature and chemical potentials in the absence of the
thermodynamic structure associated with the calortropy. They are just functions of
phases (x, pa) satisfying the covariant Boltzmann kinetic equation.

With so prepared ln
(
fa/ f ca

)
and the nature of ϒa clarified, we can now calculate

the relative Boltzmann entropy balance equation, but it is not going to be integrable
in the thermodynamic manifold because of ϒa as will be shown.

The relative Boltzmann entropy four-flow may then be written in the form

Sμ
r

[
f | f c] (x) = −

r∑

a=1

⎡

⎣T μν
a Uνδ I +

∑

q≥1

δX
(q)

a ν···σψ(q)σ···νμ
a

−Nμ
a δμa + kB

〈
fa p

μ
a δln�a

〉
⎤

⎦ , (1.419)

where we have defined the symbol �a by the formula

δln�a = ln (�a/ϒa) = ln�a − lnϒa . (1.420)

Recall that T μν
a is the energy-momentum tensor, supermoment four-flow ψ

(q)σ···νμ
a ,

and particle four-flow Nμ
a defined by

T μν
a = 〈

pμ
a p

ν
a fa

〉
, ψ(q)σ···νμ

a = 〈
pμ
a h

(q)σ···ν
a fa

〉
, Nμ

a = 〈
pμ
a fa

〉
.
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Let us define the scalar relative Boltzmann entropy density Ŝr [ f | f c] by the formula

ρŜr
[
f | f c] = c−2UμS

μ
r

[
f | f c] (1.421)

as we have for other scalar densities such as the Boltzmann entropy, calortropy etc.,
and calculate the balance equation for Ŝr [ f | f c]. Formally, it is given by

ρDŜr
[
f | f c] = ∂μ

(
�μ

ν S
ν
r

[
f | f c]) + kB

r∑

a=1

〈
fa p

μ
a∂μ ln

(
fa/ f

c
a

)〉

+ kB

r∑

a=1

r∑

b=1

〈
∂μ ln

(
fa/ f

c
a

)
Cab ( fa fb)

〉
. (1.422)

The three components on the right can bemore explicitly calculated by using (1.414).

1.12.2 The Final Form of the Relative Boltzmann Entropy
Balance Equation

Putting the terms calculated earlier into the relative Boltzmann entropy balance equa-
tion, we obtain ρDŜr [ f | f c] in the form

ρDŜr
[
f | f c] = Qμ∂μδ I + δ I∂μQ

μ − T μν∂μ

(
Uνδ I

) +
r∑

a=1

Nμ
a ∂μδξa

− ρ

r∑

a=1

∑

q≥1

�̂(q)σ···ν
a DδX

(q)

a α···σ

−
r∑

a=1

∑

q≥1

δX
(q)

a α···σρD�̂(q)σ···αν
a − ρ

r∑

a=1

kBD
〈
δln�a

〉
, (1.423)

where we may use the evolution equation for
〈
δln�a

〉
expressed as follows:

ρD
〈
δln�a

〉 = ∂μ

(
�μ

ν

〈
fa p

ν
aδ ln�a

〉) + 〈
fa p

μ
a∂μδ ln�a

〉

+
r∑

b=1

〈δ ln�aCab ( fa fb)〉 . (1.424)

This evolution equation is obtained by making use of the generic form for evolution
equations for scalar quantities; see, for example, evolution equation for �̂

(q)α···σ
a ,

(1.118). Therefore
〈
δln�a

〉
is looked upon as a macroscopic quantity. This viewpoint

is sufficient for our purpose here. If the decomposition of energy-momentum tensor,
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various identities involving covariant derivatives, the hydrodynamic velocityUμ, and
the products of the latter with Qμ and Pμν , the following can be shown:

Term1 := Qμ∂μδ I + δ I∂μQ
μ − T μν∂μUνδ I

= −δ IρDE − ρEDδ I . (1.425)

For this we have used the energy balance equation (1.84). With this result we finally
obtain the relative Boltzmann entropy balance equation in a relatively simple form

DŜr
[
f | f c] = −δ I DE +

r∑

a=1

δξaDca −
r∑

a=1

∑

q≥1

δX
(q)

a α···σD�̂(q)σ···αν
a

− EDδ I +
r∑

a=1

caDδμa −
r∑

a=1

∑

q≥1

�̂(q)σ···αν
a DδX

(q)

a α···σ

− kB

r∑

a=1

D
〈
δln�a

〉
. (1.426)

We note that we can obtain this form directly from the statistical mechanical expres-
sion (1.419) and (1.421), if the relative Boltzmann entropy density is differentiated
with the convective derivative D. As a matter of fact, this procedure serves as a check
for the final result.

The differential form (1.426), however, is not integrable in the thermodynamic
manifold because the last term D

〈
δln�a

〉
cannot be expressed in a bilinear form of

variables belonging to manifoldP ∪ T. For it is given in terms of the solution of the
covariant Boltzmann equation, subject to the initial and boundary conditions, in the
phase space. Therefore DŜr [ f | f c] is not an exact differential in the thermodynamic
manifold P ∪ T.

Following the procedure described in Chap.3, it is possible to develop a system of

evolution equations δ I , δμa , δX
(q)

a α···σ , etc. on use of the covariant kinetic equation.
We do not wish to repeat it here, especially since studying such a set of equations is
beyond the scope of thiswork,which is to investigate the kinetic theory foundations of
thermodynamic theories of irreversible processes and accompanyinghydrodynamics.
We will leave it to the future development on the subject of fluctuation theory.

1.13 Concluding Remarks

In this chapter, we have applied the modified moment method to the covariant Boltz-
mann equation for a relativistic gas mixture to study the thermodynamics of irre-
versible processes and hydrodynamics associated therewith. As in the nonrelativistic
theories, the method modifies the conventional moment method of H. Grad [29] in
such a way as to make the hydrodynamic theory of irreversible processes strictly

http://dx.doi.org/10.1007/978-3-319-41153-8_3
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conform to the demand of the laws of thermodynamics. It thus affords us a rigor-
ous conclusion concerning the calortropy differential and foundations of irreversible
thermodynamics for the system away from equilibrium. It is found that the statis-
tical mechanically defined calortropy admits a mathematical structure for a theory
of irreversible thermodynamics consistent with the H theorem and the laws of ther-
modynamics and, in particular, the second law of thermodynamics. Therefore it has
been possible to show that there exists a theory of thermodynamics of irreversible
processes satisfactorily describable on the basis of a mathematical theory of macro-
scopic irreversible processes derived from the covariant kinetic equation in a manner
consistent with the thermodynamic principles.

In the literature on the molecular theory approach to irreversible thermodynamics
the important notion and properties of the Clausius entropy have been uncritically
extended to nonequilibrium transport processes. The present work shows that such an
uncritical extension is not warranted for both nonrelativistic and relativistic kinetic
theory. In this chapter, by using the covariant Boltzmann equation for gas mixture
we have shown how one may develop a thermodynamically consistent theory of irre-
versible processes, irreversible thermodynamics, and attendant hydrodynamics on
the basis of calortropy. We have also pointed out that the Boltzmann H theorem is a
stability theorem for the equilibrium solution for the covariant Boltzmann equation,
but it is not a statistical mechanical representation of the second law of thermody-
namics. The H theorem is a broader stability theorem for the distribution function in
the phase space than it is a statistical mechanical representation of the second law of
thermodynamics that governs the macroscopic processes, reversible or irreversible,
in the thermodynamic manifold, which is much smaller in dimension than the phase
space of a gas consisting of molecular particles. In fact, for nonequilibrium systems
the Boltzmann entropy is a quantity depending on the path of evolution taken by
the system in the nonequilibrium thermodynamic manifold, when the system makes
transition from a state to another in the manifold. The notion of equilibrium entropy,
which is a state function giving rise to an exact differential in the thermodynamic
manifold, does not apply to the nonequilibrium Boltzmann entropy, if it is defined
by the statistical formula associated with the H theorem for the covariant kinetic
equation.

The present study also demonstrates for the case of relativistic kinetic theory
that the calortropy differential produces a thermodynamic theory of nonequilibrium
systems in a way rather parallel to equilibrium thermodynamics. Nevertheless, such
a formalism still requires integration of the relativistic generalized hydrodynamic
equations in the thermodynamic manifold P ∪ T as an integral part of the theory.
Since the latter are not trivial to solve exactly in analytic form except for a few spe-
cial cases, there remains a great deal of work to be done on the subject matter of
hydrodynamic flows in the future, unquestionably and necessarily, in the numerical
computational approach. Here we now have acquired a thermodynamically con-
sistent coherent mathematical theory of nonequilibrium statistical thermodynamics,
irreversible processes, and hydrodynamics far removed from equilibrium at arbitrary
degree.
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The relativistic kinetic theory presented in essence puts the statistical mechanics
of nonequilibrium thermodynamics on par with the Gibbs ensemble theory of equi-
librium statistical thermodynamics in the sense that all thermodynamic functions and
evolution equations and relations are expressed in terms of nonequilibrium partition
function which must be computed for each and every irreversible process in the ther-
modynamic manifold P ∪ T to achieve the desired goal of a molecular theory of
matter.

All the macroscopic evolution equations are presented in such forms that they
consist of terms easily identifiable with the corresponding terms in their nonrela-
tivistic versions and purely relativistic termswhich vanish in the nonrelativistic limit.
Thus, the relativistic corrections to the classical generalized hydrodynamic equations
are clearly exposed and made easy to identify and examine their effects. Since the
full relativistic generalized hydrodynamic equations are much more complicated to
solve than their already difficult nonrelativistic counterparts, the first-order relativis-
tic corrections to the latter are probably all we can hope for in practice at present. The
quasilinear relativistic generalized hydrodynamic equations presented here should
be useful for studies in macroscopic flow processes and transport processes in a ther-
modynamically consistent manner. The fact that their nonrelativistic counterparts
have been found useful raises a hope that the relativistic versions should be useful
for studying relativistic irreversible processes in gases.

1.14 Supplementary Notes on Four-Tensors and Vectors

1.14.1 Four-Vectors, Four-Tensors and Related Algebra

In the present Supplementary Notes, we briefly review some topics on four vectors
and tensors [44] associated with the relativity theory for the reader not familiar with
the subject matter.

A point x in spacetime denotes a four-vector

x = xμ = (ct, r) = (ct, x1, x2, x3) (1.427)

and the conjugate four-momentum is

pμ = (p0,p), (1.428)

where cp0 is energy with abbreviation

p0 =
√
m2c2 + p2. (1.429)
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The length of time-like vectors is positive. Let the length squared of four-momentum
pμ be denoted

p2 := pμ pμ. (1.430)

Then since we employ the metric tensor

gμν = diag (1,−1,−1,−1) =

⎛

⎜
⎜
⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞

⎟
⎟
⎠ , (1.431)

we find
p2 = pμ pμ = (

p0
)2 − p · p = (mc)2. (1.432)

Note that pμ therefore is time-like since (mc)2 > 0.
Let the distribution function be f (x, p). The particle number density ni (x, t)

may be defined as

n (x, t) =
∫

d3 p f (x, p) (1.433)

and particle flow as

j (x, t) =
∫

d3 pv f (x, p), (1.434)

where
v = cp

p0
(1.435)

is the velocity of a relativistic particle ofmomentum p. The particle number four-flow
Nμ (x) = (cn(x,t), j (x, t)) can be written as

Nμ = c
∫

d3 p

p0
pμ f (x, p). (1.436)

As is demonstrated by de Groot et al. [3] f (x, p) is a scalar under Lorentz transfor-
mation.

1.14.2 The Scalar Product of Four-Vectors

The scalar product of four-vectors is given by

Ai Bi = A0B0 + A1B1 + A2B2 + A3B3. (1.437)
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This four-scalar is invariant under rotations of the four dimensional coordinate sys-
tem. The component A0 is called the time component, and A1, A2, A3 the space
component of the four-vector. Depending on the sign of the scalar product, Ai and
Bi are classified as follows:

if Ai Bi > 0; Ai and Bi are time-like,

if Ai Bi < 0; Ai and Bi are space-like,

if Ai Bi = 0; Ai and Bi are null-vectors.

Under purely spatial rotations (transformations not affecting the time axis) the three
space components of the four vector Ai form a three-dimensional vector A. The
time-component of Ai is a three-dimensional scalar with respect to rotations.

The components of the four-vector may be enumerated as

Ai = (A0,A). (1.438)

The covariant component of the same four-vector is given by

Ai = (A0,−A). (1.439)

Therefore the scalar product Ai Ai is given by

Ai Ai = (
A0
)2 − A2. (1.440)

For example, for four-vector xi

xi = (ct, r) , xi = (ct,−r) , xi xi = c2t2 − r2 (1.441)

Thus
dxidxi = c2 (dt)2 − (dr)2 . (1.442)

1.14.3 Four-Tensor of Rank Two

For a four-tensor of rank 2, there is a set of 16 components Aik which under coordinate
transformations transform like the products of components of two four-vectors. The
components of a second-rank tensor can be written in three forms: contravariant Aik ,
covariant Aik , and mixed Ai

k and Ai
k . For symmetric tensors Ai

k = Ai
k , which then

may be written as Ai
k . Raising or lowering the a space index changes the sign of the

component, whereas raising or lowering the time index (0) does not. Thus
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A00 = A00, A0
0 = A00, A0

1 = A01,

A01 = −A01, A0
1 = −A01, A1

1 = −A11, etc. (1.443)

Under purely spatial transformations, the 9 components A11, A12, etc. (e.g., direct
products of three-dimensional vectors) form a three-tensor whereas A01, A02, etc.
constitute three-dimensional vectors, while A00 is a three-dimensional scalar (e.g., a
scalar product of two three-dimensional vectors).

Contraction of a tensor Ai
i is the trace of the tensor:

Ai
i = A0

0 + A1
1 + A2

2 + A3
3

:= TrA (1.444)

Unit four-tensor δki is defined by

δki = 1, if i = k

= 0, if i �= k. (1.445)

Thus
δki A

i = Ak . (1.446)

Raising or lowering index is achieved by a metric tensor gik or gik :

gik Ak = Ai ,

gik A
k = Ai . (1.447)

In matrix form, they therefore must have the form

(
gik

) = (gik) =

⎛

⎜⎜
⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞

⎟⎟
⎠ . (1.448)

Then the scalar product of two four-vectors can be written as

Ai Ai = gik Ai Ak = gik A
i Ak . (1.449)
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1.14.4 Completely Antisymmetric Unit Tensors of Rank Four
eiklm

As δik , gik , and gik are, four-tensors eiklm are the same in all coordinates. This is the
tensor whose components change sign under interchange of any pair of indices, and
whose nonzero components are ±1. Therefore, if, for example, two indices are the
same, then eiilm = 0 owing to the antisymmetry. This means that only

e0123 = 1, (1.450)

and, if so, then
e0123 = −1. (1.451)

To see this, we observe

e0123 = g00g11g22g33e
0123 = 1(−1)31 = −1. (1.452)

With respect to rotations of the coordinate system, eiklm behaves like a tensor.But even
if the sign of one or three of the coordinates is changed, the sign of eiklm do not change
because eiklm is the same in all coordinate systems. Therefore eiklm is not a tensor,
but a pseudotensor. Pseudotensors of any rank, in particular pseudoscalar, behave
like tensors under all transformations except to reflection, which is not reducible to
a rotation.

1.14.5 Terminology Definition

It is convenient to list the well known definitions of terms used in connection with
tensor algebra.

Polar vector: under a reflection of the coordinate system, i.e., under a change in
sign of all coordinates, the components of ordinary vector also change the sign. Such
vectors are said to be polar.

Axial vector: On the other hand, the components of a vector that can be written
as a cross product of two polar vectors do not change sign under inversion. Such
vectors are said to be axial.

Pseudoscalar: The scalar product of a polar vector with an axial vector changes
its sign under reflection. Such a scalar is called the pseudoscalar. Note that scalar
products of two polar vectors or two axial vectors do not change the sign under
reflection.

Pseudovector: Axial vectors (e.g., C = A × B) are pseudovectors dual to some
antisymmetric tensor. Thus it can be written as



1.14 Supplementary Notes on Four-Tensors and Vectors 91

Cβγ = AβBγ − AγBβ . (1.453)

Then the pseudovector Cα can be defined

Cα = 1

2
eαβγC

βγ . (1.454)

This vector is dual to the antisymmetric tensor Cβγ .

Antisymmetric four-tensor: The space components (i, k = 1, 2, 3) of antisym-
metric tensor Aik form a three-dimensional antisymmetric tensor with respect to
purely spatial transformations; its components can be expressed in terms of the com-
ponents of a three-dimensional axial vector.With respect to the same transformations
the components A01, A02, A03 form a three-dimensional polar vector. Thus the com-
ponents of an antisymmetric four-tensors can be written as a matrix

(
Aik

) =

⎛

⎜⎜
⎝

0 px py pz
−px 0 −ax ay
−py ax 0 −ax
−pz −ay ax 0

⎞

⎟⎟
⎠ , (1.455)

where, with respect to spatial transformations, p and a are polar and axial vectors,
respectively. This four-tensor will be enumerated as

Aik = (p, a) . (1.456)

Then the covariant components of the same tensor are enumerated as

Aik = (−p, a) . (1.457)

This should be understood by the fact that p is a polar vector that changes sign on
reflection while the sign of the axial vector a remains unchanged.

Four-gradient of scalar φ: The covariant component of the four-vector (∂i ) is
enumerated as

∂φ

∂xi
=
(
1

c

∂φ

∂t
,∇φ

)
(1.458)

In fact, the differential of scalar

dφ = ∂φ

∂xi
dxi (1.459)

is also a scalar. In general, the operators of differential with respect to the coordinates
xi , ∂/∂xi , should be regarded as a covariant component of the operator four-vector.
Therefore, for example, the divergence of a four-vector Ai
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∂Ai

∂xi
:= ∂i A

i (1.460)

is a scalar.

1.14.6 Four Types of Integrations

1. Integral over a curve in four-space. The element of integration is the line element
dxi ∫

dxi f. (1.461)

2. Integral over a (two-dimensional) surface in four-space. In three space the pro-
jections of the area of the parallelogram formed from dr and dr′ on the coordinate
plane xαxβ are

A = dxαdx
′
β − dxβdx

′
α. (1.462)

Similarly, in four-space the infinitesimal element d f ik is given by

d f ik = dxidx ′k − dxkdx ′i . (1.463)

These are projections of the element of area on the coordinate planes. In three-
dimensional space one uses as surface element in place of the tensor d fαβ the
vector dual to the tensor d fαβ :

d fα = 1

2
eαβγd f

βγ . (1.464)

This is what we understand as the normal vector to the surface in three-
dimensional vector analysis, the magnitude of which is equal to the area of the
element. In four-space we construct the tensor d f ∗ik dual to the tensor d f ik,

d f ∗ik = 1

2
eiklmd flm . (1.465)

Geometrically, it describes an element of surface equal to and “normal” to the
element of surface d f ik . All elements lying in it are orthogonal to all segments
in the element d f ik . Obviously, it follows that

d f ikd f ∗
ik = 0. (1.466)

3. Integral over a hypersurface, i.e., over a three-dimensional manifold. In three-
dimensional space the volume of the parallelepiped spanned by three vectors is
equal to the determinant of the third rank formed from the components of the
vectors:
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dSikl =
∣∣
∣∣∣∣

dxi dx ′i dx ′′i
dxk dx ′k dx ′′k
dxl dx ′l dx ′′l

∣∣
∣∣∣∣
, (1.467)

which form a tensor of rank 3, antisymmetric in all three indices. As element
of integration over the hypersurface, it is more convenient to use the four-vector
dSi , dual to dSikl

dSi = −1

6
eiklmdSklm, (1.468)

dSklm = enklmdS
n. (1.469)

Here
dS0 = dS123, dS1 = dS023, . . . . (1.470)

Geometrically, dSi is a four-vector equal in magnitude to the “areas” of the
hypersurface element, and normal to this element (i.e., perpendicular to all lines
drawn in the hypersurface element). In particular, dS0 = dxdydz, i.e., the three-
dimensional volume element, the projection of the hypersurface element on the
hyperplane x0 = constant.

4. Integral over a four-dimensional volume: The element of integration is scalar

d� = dx0dx1dx2dx3 = cdtdV (1.471)

Analogs of Gauss and Stokes theorems:

∮
AidSi =

∫
∂Ai

∂xi
d� (Gauss theorem), (1.472)

∮
Aidx

i =
∫

∂Ai

∂xk
d f ki (Stokes theorem)

= 1

2

∫
d f ki

(
∂Ak

∂xi
− ∂Ai

∂xk

)
. (1.473)

1.14.7 Four-Dimensional Velocity

Four-velocity of a particle is defined by

ui = dxi

ds
. (1.474)
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To find its components, since

ds = cdt

√

1 − v2

c2
, (1.475)

where v is the ordinary three-dimensional velocity of the particle,

u1 = vx

c
√
1 − v2

c2

etc., (1.476)

the four-velocity is given by

ui =
⎛

⎝ 1
√
1 − v2

c2

,
vx

c
√
1 − v2

c2

⎞

⎠ . (1.477)

Since
dxidx

i = ds2

we obtain
uiui = 1 (1.478)

Similarly, the second derivative is given by

wi := d2xi

ds2
= dui

ds
. (1.479)

Therefore
wi ui = 0. (1.480)

The algebra surveyed in this appendix is made use for various evolution equations
in the relativistic kinetic theory.
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Chapter 2
Relativistic Kinetic Theory of Matter
and Radiation

The relativistic kinetic theory of irreversible processes in a system of matter
presented inChap.1 of this volume is generalized to include radiation in this chapter.1

The generalization enables us to remove the awkwardness inherent to the nonrela-
tivistic theory of radiation and matter reported in the paper [1] by Eu and Mao
and provides kinetic theory foundations for the relativistic irreversible thermody-
namics and radiation hydrodynamics for a system of radiation and matter. In this
chapter, the relativistic Boltzmann equations—more precisely, a relativistic the-
ory (covariant) form of the Boltzmann–Nordholm–Uehling–Uhlenbeck equations
[2–4]—is employed to formulate a theory of transport processes in a system of radi-
ation interactingwithmatter in amanner consistentwith the laws of thermodynamics.

The motivations to have a covariant kinetic theory are following: Since photons
are inherently relativistic, the relativity principle requires that governing equations
of the systemmust be Lorentz covariant. In Ref. [1] the nonrelativistic kinetic theory
was used to study irreversible processes in a system of radiation interacting with
matter and, in particular, to study Doppler shift corrections for photon frequencies,
but the nonrelativistic kinetic theory treatment of the subject matter was found often
cumbersome and awkward. It was also difficult to make sure that the definitions of
statistical mechanical formulas for macroscopic variables and the evolution equa-
tions indeed had correct nonrelativistic limits. These weaknesses can be assuredly
removed if a covariant theory is formulated. Secondly, there are some problems,
especially, in the study of the early epoch of the universe and also in the nuclear
physics of high energy heavy ion collisions, for which a relativistic formalism is
required since post-collision particles move at high speed. It will be shown that the
present covariant kinetic theory recovers all the nonrelativistic evolution equations

1This chapter is a substantially revised version of the unpublished paper by the author with K.
Mao, which was also part of the PhD thesis of K. Mao, McGill University, Montreal, 1993, under
supervision of B.C. Eu. The revision is concerned with the theory of irreversible thermodynamics
making use of the calortropy and the evolution equations for nonconserved variables. There are
other aspects which are significantly revised.

© Springer International Publishing Switzerland 2016
B.C. Eu, Kinetic Theory of Nonequilibrium Ensembles,
Irreversible Thermodynamics, and Generalized Hydrodynamics,
DOI 10.1007/978-3-319-41153-8_2
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in correct forms with proper relativistic connections and thus verifies the previous
nonrelativistic formulation [1]. In any case, in the present chapter we formulate a rel-
ativistic kinetic theory for a monatomic gas mixture interacting with photons treated
relativistically and quantummechanically. In the kinetic equations for molecular par-
ticles and photons, the collision terms are so modified as to make themmore suitable
for quantum particles. Since the collision terms in the kinetic equations used in the
present chapter are quantum mechanical, they naturally affect the dissipation terms
of nonconserved variables in the evolution equations, but we are, nevertheless, able
to make use of the approach taken in Chap.1 of this Volume except for some details
related to the quantum collision terms. As a matter of fact, the affected parts of the
theory turn out to be all related to transport coefficients originating from the collision
terms in the kinetic equations. Therefore, most of evolution equations involved in
the theory remain the same as those in Chap.1 of this Volume except for the dissi-
pation terms and quantities related to them. For this reason we will dispense with
the details of derivations of evolution equations, wherever possible without sacrific-
ing the comprehension, but will present the results only. The distribution functions
used in the present chapter should be regarded as the Wigner representations of the
density matrices. For this part of discussion on the kinetic equation and distribution
functions employed for quantum particles, see Chap.9, Sects. 9.1–9.3, of Ref. [5],
where a nonrelativistic theory is used to discuss about Wigner distribution functions.

First, covariant Boltzmann equations are briefly presented for a system consisting
of photons and material particles with internal degrees of freedom. The material gas
molecules can make transitions between various internal states in interaction with
photons by absorbing, emitting, or scattering the latter. These dynamical processes at
the particulate level are described by the Boltzmann collision terms in the covariant
Boltzmann equations. Consequently, the generalized hydrodynamic equations are
derived from the covariant kinetic equations for radiation and matter and made fully
consistent with the thermodynamic laws at any degree of removal from equilibrium.

The consistency between the relativistic Boltzmann distribution function and the
Planck distribution function has been a point of controversy in the past [6–8], and the
present covariant kinetic theorymakes it possible to examine the question.As amatter
of fact, we show that both distribution functions are consistent with each other within
the framework of relativity and that their mutual consistency is intimately related to
the H theorem and therefore deeply rooted in the second law of thermodynamics
framed in terms of calortropy. In this connection, it is interesting to recall that the
original derivation by Planck of the radiation distribution function itself was based
on thermodynamics [9].

http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1


2.1 Covariant Boltzmann Equations for Matter and Radiation 99

2.1 Covariant Boltzmann Equations for Matter
and Radiation

We assume that the system consists of a gas with internal degrees of freedom (e.g.,
atoms or diatomic molecules, etc.) which interact with a radiation field (photons) not
necessarily in equilibrium. The system is assumed to be free from external fields.

The internal quantum states of material particles will be denoted by i and the
particles in different internal quantum states a will be regarded as different species
of particles. Therefore, the material gas is considered a mixture of particles with
different “colors” distinguished by the value of i . For example, if the particle species
is the hydrogen atom, then the index i represents the 1s, 2p, · · · , states of hydrogen
suitably arranged. The mass of the particle species a will be denoted by ma and its
momentum by pa , the kinetic energy by cp0a with c denoting the speed of light.

It then is convenient, as in Chap.1 of the present Volume, to enumerate the four-
momentum of species a by the formula

pμ
a = (

p0a, pa
)
, (2.1)

where the time component p0a is given by the expression

p0a =
√

pa · pa + m2
ac

2. (2.2)

This formula looks like the one holding for structureless particles considered in
Chap.1 of the present Volume, but different massesma are assigned to the particles in
different internal states. This point can be illustrated in the following way: According
to relativistic quantum mechanics, the Dirac equation for the hydrogen atom, for
example, gives the energy eigenvalues [10] depending on the two quantum numbers,
the principal quantum number n and the angular momentum quantum number J ,

EnJ = mec
2
[
1 + Z2

eα
2/ (n − εJ )

2
]−1/2

, (2.3)

where εJ is defined by the formula

εJ = J + 1

2
−
[(

J + 1

2

)2

− Z2
eα

2

]1/2

; (2.4)

α is the fine structure constant

α = e2

�
≈ 1

137
;

Ze is the electron number in atom; and me is the rest mass of the electron. If we
set EnJ

a = mac2 where a stands for the set (n, J ), (2.3) suggests that the mass of

http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1
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the excited particles is not the same as the rest mass of the ground-state particles.
Therefore, ma contains the information on the internal state of the particle. It is easy
to show by expansion that approximately

ma = me + c−2Ea, (2.5)

where Ea is the energy eigenvalue:

Ea = − Z2
eα

2

2a2
(a = n − εJ ) . (2.6)

The time component p0a in the four-momentum in (2.1) is understood in the sense
of (2.5) or its precursor (2.3) and will be used accordingly in the calculations made
in connection with the two-body collision dynamics in this chapter. The singlet
distribution function of species a will be denoted by fa(x, pa), the italic subscript r
being reserved for radiation.

We consider the following microscopic collision processes:

a + b � a∗ + b∗, (M1)

a + b � k + l, (M2)

a + �ω � a∗ + �ω∗, (M3)

a + �ω � b + �ω∗, (M4)

where a, b, k and l stand for the matter species and the asterisk denotes the post-
collision quantity. Therefore, for example,�ω∗ means a photon of radiation frequency
ω∗ after collision. Let subscript a stand for the species of particles including photons,
which will be designated the r th species.

In contrast to the four-momentum of matter species a given in (2.1), the photon
four-momentum is defined as follows: Since photon momentum pr is related to the
wave vector kr of photon propagation, it can be written

pr = �kr := �kr k̂r , (2.7)

where k̂r is the dimensionless unit vector of the photon wave vector kr :

k̂r = kr/ |kr | = kr/kr . (2.8)

If we set
kr = ω

c
, (2.9)
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where ω is the photon frequency, then the photon momentum pr may be written

pr = �ω

c
k̂r . (2.10)

We now observe that the photon is massless.2 Consistent with this fact, the photon
four-momentum pμ

r is enumerated by

pμ
r = � (kr , kr )

μ = �

(ω

c
, kr

)μ = �ω

c

(
1, k̂r

)μ
. (2.11)

Therefore we find its scalar product is equal to zero:

pμ
r pr μ =

(
�ω

c

)2 (
1 − k̂r · k̂r

) = 0. (2.12)

This is in contrast to pμ
a pa μ = m2

ac
2 for the case of matter species a.

It is postulated that the singlet distribution function fa(x, pa) for species a obeys
the covariant Boltzmann equation3

pν
a∂ν fa(x, pa) = Ra [ fa] , (2.13)

where collision termRa [ fa], which is decomposable into component collision terms

Ra [ fa] =
r∑

b=1

Rab [ fa fb] , (2.14)

2Later, this statement is shown to be true from the thermodynamic consideration.
3This is a covariant kinetic equation for particles free froman external forcefield Fμ. This restriction,
however, can be relaxed for the case of the Lorentz force, provided that the external force leaves
the rest mass of the particle unaltered at the end of the particle collision

pμFμ = 0.

Furthermore, it is assumed that the particles having momenta in the range �3 p at the beginning
of the proper time interval �τ occupy an equal momentum range at the end of the interval. This
would true if the force has the property

∂

∂ pμ
Fμ(x, p) = 0.

These properties are met by the Lorentz force. For such an external force the covariant kinetic
equation may be modified to the form

pν
a∂ν fa(x, pa) + mFμ

a fa(x, pa) = Ra [ fa] ,

where Fμ
a is external force on particle a.



102 2 Relativistic Kinetic Theory of Matter and Radiation

is given by the Wang Chang–Uhlenbeck collision term [2] with the quantum effects
put in as in the Boltzmann–Nordholm–Uehling–Uhlenbeck (BNUU) equation [3, 4]

Rab [ fa fb] =
[

C( fa fb) +
r∑

k=i

r∑

l=i

Cr
(
fa fb| f ∗

k f ∗
l

)
]

. (2.15)

Here the subscript b, k, l runs over all species includingmatter particles and photons;
that is, b = 1, 2, . . . ,m, r , where m is the number of material species. The index
r is reserved for photons. We refer the reader to Ref. [5] where a nonrelativistic
theory of irreversible processes is discussed, using the BNUU equation for a dilute
quantum gas mixture, since the present covariant kinetic equation is a relativistic
generalization of the BNUU equation. The Boltzmann collision integrals—more
precisely, relativistic BNUU collision integrals—C( fa fb) and Cr

(
fa fb| f ∗

k f ∗
l

)
are

given by the expressions for the matter part

C( fa fb) = Ga

∫
d3 p∗

a

∫
d3 p∗

b

∫
d3 pbW

(e)
(
pa pb|p∗

a p
∗
b

)

× [
f ∗
a f ∗

b (1 + εa fa) (1 + εb fb) − fa fb
(
1 + εa f

∗
a

) (
1 + εb f

∗
b

)]

+
r∑

k=a

r∑

l=a

Ga

∫
d3 p∗

k

∫
d3 p∗

l

∫
d3 pbW

(in)
(
pa pb|p∗

k p
∗
l

)

× [
f ∗
k f ∗

l (1 + εa fa) (1 + εb fb) − fa fb
(
1 + εk f

∗
k

) (
1 + εl f

∗
l

)]

(2.16)

and for the radiation part

Cr
(
fa fb| f ∗

k f ∗
l

) = Gr

∫
d3 p∗

k

∫
d3 p∗

l

∫
d3 pbW

(r)
(
pa pb|p∗

k p
∗
l

)×
× [

f ∗
k f ∗

l (1 + εa fa) (1 + εb fb) − fa fb
(
1 + εk f

∗
k

) (
1 + εl f

∗
l

)]

+
r∑

k=i

r∑

l=i

Ga

∫
d3 p∗

k

∫
d3 p∗

l

∫
d3 pbW

(in)
(
pa pb|p∗

k p
∗
l

)

× [
f ∗
k f ∗

l (1 + εa fa) (1 + εb fb) − fa fb
(
1 + εk f

∗
k

) (
1 + εl f

∗
l

)]
.

(2.17)

Here d3 p∗
a = d3pa/p0a , etc. and

εa, εk =
⎧
⎨

⎩

+1 for fermions
−1 for bosons
0 Boltzmann particles

.

The symbols Ga and Gr stand for the statistical weights for the material particles
and photons. TheW (e),W (in), andW (r) denote the transition probabilities for elastic,
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inelastic and “reactive” collisions, respectively. Since the photons do not interact with
each other the transition probabilities for photon-photon interactions are equal to
zero: W (e)

(
pr pr |p∗

r p
∗
r

) = 0, W (in)
(
pr pr |p∗

r p
∗
r

) = 0, and W (r)
(
pr pr |p∗

r p
∗
r

) = 0.
These transition probabilities can be calculated from quantum mechanics for a given
dynamic mechanism. We assume that they are known through few-body mechanics.
In kinetic theory, such few-body dynamical information is assumed known. Writing
the kinetic equations for material particles and photons as in (2.13), we have assumed
both the material gas and photon gas act as a dilute gas mixture.

We close this section by adding that the transition probabilities have the following
symmetry properties

W (s)
(
pa pb|p∗

k p
∗
l

) = W (s)
(
p∗
k p

∗
l |pa pb

)
, etc. (s = e, in, r) . (2.18)

These relations originate from the microscopic reversibility of microscopic dynamic
events and are crucially important for proving the H theorem.

2.2 Boltzmann Entropy and the H Theorem

The covariant kinetic equation postulated here satisfies the H theorem,which enables
us to determine uniquely the equilibrium solution of the kinetic equation as in the
case of the covariant kinetic equation discussed in Chap. 1 of this volume. The H
theorem also guides us to construct a thermodynamic theory of irreversible processes
occurring in the system as will be shown. To state the H theorem explicitly we first
must introduce the Boltzmann entropy four-flow Sμ (x) for the system of radiation
and matter by the formula

Sμ (x) = −kB

r∑

a=1

〈
pμ
a [ fa ln fa − εa (1 + εa fa) ln (1 + εa fa)]

〉
, (2.19)

where fa = fa(x, pa). The angular brackets 〈· · · 〉 abbreviate the integration over
momentum space:

〈Aa(x, pa)〉 = Gac
∫

d3 pa Aa(x, pa) (a = 1, · · · , r) (2.20)

with the abbreviation
d3 pa = d3 pa/p

0
a .

Recall that the subscript a is for eithermatter or photons, but the subscript r stands for
radiation (photon). By differentiating Sμ (x) and using the covariant kinetic equation,
we obtain the balance equation for the Boltzmann entropy four-flow

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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∂μS
μ = σent (x) , (2.21)

where the Boltzmann entropy production σent (x) is given by the statistical mechan-
ical formula

σent (x) = −kB

r∑

a=1

〈{ln fa(x, pa) − ln [1 + εa fa(x, pa)]}Ra [ fa]〉 . (2.22)

It is easy to show that σent (x) is positive semidefinite and equal to zero, only if the
system is at equilibrium:

σent (x) = 1

4
kB

r∑

a,b=1

〈
ln
{
f ∗
a f ∗

b (1 + εa fa) (1 + εb fb)

/ fa fb
(
1 + εa f

∗
a

) (
1 + εb f

∗
b

)}
Rab [ fa fb]

〉

≥ 0. (2.23)

This is the local form of the H theorem for the covariant kinetic equation postulated,
(2.13). The equality holds at equilibrium reached in long time. As in the case of a
nonrelativistic gas and a relativistic single-component gas discussed in the previous
chapter of this volume, the H theorem may be regarded as a stability theorem of
Lyapounov [11], which concerns the stability of the equilibrium solution and the
state of equilibrium.

The scalar density Ŝ of Boltzmann entropy four-flow Sμ is defined by contracting
Sμ with the hydrodynamic velocity Uμ:

S (x) := ρŜ = c−2UμS
μ (x) . (2.24)

Here again we take Eckart’s definition of hydrodynamic velocity; see (1.27), Chap.1
of thisVolume.Thebalance equation of Ŝ is then obtainedbyoperating the convective
time derivative operator D on this expression and using the same procedure as used
for the balance equation for Ŝ in (1.149)–(1.153), Chap.1, Vol. 2:

ρDŜ = −∂μ J
μ
s + σent (x) , (2.25)

where Boltzmann entropy flux Jμ
s is given by

Jμ
s = �μ

ν S
ν (2.26)

with �μ
ν denoting a projector.4

4Here we would like to emphasize that the hydrodynamic velocity is defined according to Eckart,
but for the mixture of matter and photons:

http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1
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Owing to the H theorem, the equilibrium distribution functions satisfying the
covariant kinetic equation can be uniquely determined with the help of the Clausius
entropy (i.e., the entropy of reversible processes) and the second law of thermody-
namics. To implement this step we need to develop the theory a little further. We will
presently return to this task to construct the equilibrium solutions more explicitly
later.

2.2.1 Equilibrium Solution of the Covariant Kinetic Equation

One of the most important results provided by the H theorem is that the equilibrium
solution of the covariant kinetic equation is uniquely determined by the vanishing
Boltzmann entropy production:

σent (x) |eqil = kB
4

r∑

a,b=1

〈

ln

[ (
εa + f e−1

a

) (
εb + f e−1

b

)

(
εa + f e∗−1

a
) (

εb + f e∗−1
b

)

]

Rab
[
f ea , f eb

]
〉

= 0, (2.27)

which implies the logarithmic factor in it is a collision invariant. The superscript e
denotes equilibrium. That is, ln

(
εa + f e−1

a

)
must be a summation invariant:

ln
(
εa + f e−1

a

) + ln
(
εb + f e−1

b

) = ln
(
εa + f e∗−1

a

) + ln
(
εb + f e∗−1

b

)
. (2.28)

This in turn means that the logarithmic functions ln
(
εa + f e−1

a

)
must be also a linear

combination of basic collision invariants. Therefore, the equilibrium distribution
function may be written in the form5

ln
(
εa + f e−1

a

) = βe
(
pν
aUν − μe

a

)
. (2.29)

Rearranging this expression we find the equilibrium distribution function in the form

f ea = 1

eβe(pν
aUν−μe

a) − εa
(a = 1, 2, . . . ,m, r). (2.30)

(Footnote 4 continued)

Uμ = cNμ

√
N νNν

,

where Nμ is the sum of Nμ
i with the index i running for entire species including photons according

to our model.
5This form iswithout a constant factor that has to dowith the normalization of f ea . SeeChap.1where
the case for classical particles is described in connection with equilibrium distribution functions.

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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The equilibrium distribution function f ea contains as-yet undetermined parameters
βe and μe

a which must be determined upon corresponding the statistical mechanical
formula for the equilibrium Boltzmann entropy to their phenomenological counter-
part, namely, the Clausius entropy. This can be achieved if the equilibrium Boltz-
mann entropy density Ŝe, which is identical with the Clausius entropy for reversible
processes in the equilibrium system, is evaluated with the equilibrium solution f ea .
Since Se = c−2UμSeμ (x) is given by the statistical mechanical formula

Se = kB

r∑

a=1

c−2Uμ

〈
pμ
a

[
f ea ln

(
εa + f e−1

a

) + εa ln
(
1 + εa f

e
a

)]〉
, (2.31)

inserting f ea we obtain

Se = kB

r∑

a=1

c−2Uμ

〈
pμ
a

[
f ea βe

(
pν
aUν − μe

a

) + εa ln
(
1 + εa f

e
a

)]〉
. (2.32)

This expression upon use of the statistical mechanical formulas for the internal
energy—energy-momentum tensor—and density yields

Se = βekBρEe−βekBρ

r∑

a=1

μe
aca + kB

r∑

a=1

εa
〈
c−2Uμ p

μ
a ln

(
1 + εa f

e
a

)〉
. (2.33)

Here the internal energy density ρE is calculated from the projection of the energy-
momentum tensor

ρEe =
r∑

a=1

c−2UμT
eμνUν =

r∑

a=1

c−2Uμ

〈
f ea p

μ
a p

ν
a

〉
Uν (2.34)

and the density ρa of species a with the statistical mechanical formula

ρ =
r∑

a=1

ρa = c−2
r∑

a=1

UμN
μ
a = c−2

r∑

a=1

Uμ

〈
f ea p

μ
a

〉
. (2.35)

The ratio of densities ρa and ρ provides the statistical mechanical formula for the
density fraction ca = ρa/ρ—concentration of a. The last term on the right of (2.33)
is identified6 with the statistical mechanical expression for relativistic hydrostatic
pressure

peva = β−1
e kBεa

〈
c−2Uμ p

μ
a ln

(
1 + εa f

e
a

)〉
, (2.36)

6It should be noted that peva on the left of (2.36) defines macroscopic parameter pe by the statistical
mechanical formula on the right, which will turn out to be hydrostatic (i.e., equilibrium) pressure,
when Se calculated therewith is identified with the equilibrium entropy on correspondence with the
phenomenological Clausius entropy deduced from the second law of thermodynamics.
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where va = 1/ρa is the specific volume. This formula is the equivalent of the non-
relativistic formula for hydrostatic pressure in the grand canonical theory to which
it reduces since c−2Uμ p

μ
a → ma in the limit of u/c → 0. Formula (2.36) is the

necessary and sufficient condition for Se to become a bilinear form in the thermo-
dynamic manifold P ∪ T. In this connection it should be noted that if equilibrium
grand partition function �e were constructed for the mixture of matter and photons
such that the equation of state is given by the formula

peV = β−1
e ln�e, (2.37)

then there would be the correspondence

�e ⇔ kBεa

∫

V
dr

〈
c−2Uμ p

μ
a ln

(
1 + εa f

e
a

)〉
. (2.38)

In summary, the equilibrium Boltzmann entropy density is given by the formula

Se = βekBρEe−βekBρ

r∑

a=1

μe
aca + βekBρpev. (2.39)

On the other hand, if we calculate the equilibrium calortropy density differential
from the balance equation (2.25), the following equation is obtained at equilibrium

ρDŜe = kB

r∑

a=1

∂μβe�
μ
ν

〈
f ea p

μ
a

(
pν
aUν − μe

a

)〉

− kB

r∑

a=1

〈(
1 + εa f

e
a

)−1
�μ

ν p
μ
a∂μ f ea

〉

= βekB

r∑

a=1

(−∂μQ
μ
e − ρμe

aDca
)

(2.40)

for the following reasons: Firstly, at equilibrium

pμ
a∂μ f ea = 0; (2.41)

secondly, Qμ
e is the heat four-flow defined by projection of the energy-momentum

tensor T μν
e

Qμ
e = −�μ

νT
μν
e Uν = −�μ

ν

〈
f ea p

μ
a p

ν
a

〉
Uν; (2.42)

and thirdly, the following identification is possible:

�μ
ν N

ν
a = �μ

ν

〈
f ea p

μ
a

〉
,
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which may be rearranged to the form

�μ
ν N

ν
a = (

gμ
ν − c−2UμUν

)
N ν
a = Nμ

a − c−2UμUνN
ν
a

= Nμ
a − ρaU

μ. (2.43)

The symbol ca is the number fraction defined earlier: ca = ρa/ρ. Therefore, �μ
ν N

ν
a

may be regarded as the flux Jμ
a of Nμ

a relative to ρaUμ in the number fraction balance
equation

ρDca = −∂μ J
μ
a = −∂μ�

μ
ν N

ν
a . (2.44)

Using the energy balance equation for an equilibrium process, we then obtain

ρDEe = −∂μQ
μ
e − pe∇μU

μ = −∂μQ
μ
e + peρ−1Dρ

= −∂μQ
μ
e − ρpeDv, (2.45)

where v = 1/ρ. Therefore, we finally obtain from (2.40) the equilibrium Boltzmann
entropy differential

DŜe = βekB

⎛

⎝DE + peDv −
∑

a �=r

μe
aDca

⎞

⎠ . (2.46)

Here the photon is excluded from the sum over species because for photons μe
r = 0

as will be shown shortly when we discuss the Boltzmann entropy of photons. This
differential form in comparison with (2.39) implies that the integrability condition
of (2.46) is

ED (βekB)−
r∑

a=1

caD
(
βekBμe

a

) + vD (βekBp
e) = 0, (2.47)

which is the equilibrium Gibbs–Duhem equation, provided

βe = 1

kBT e
. (2.48)

That is, making correspondence between the statistical mechanical expression (2.39)
with the corresponding thermodynamic (Clausius) entropy for a reversible process
within a constant, what is the same thing, comparing (2.47) with the thermodynamic
(phenomenological) equilibrium Gibbs–Duhem equation

EDT e−1−
r∑

a=1

caD

(
μe
a

T e

)
+ vD

(
pe

T e

)
= 0, (2.49)

we find the parameter βe as in (2.48) in terms of the absolute temperature T e of the
equilibrium system and the parameter μe

a as the equilibrium chemical potential of
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species a. This way, the parameters βe (or T e), pe, and μe
a are fully identified with

their thermodynamic counterparts in (statistical mechanical) Boltzmann entropy Ŝe

and the equilibriumdistribution function f ea . This of coursemeans that theBoltzmann
entropy at equilibrium is identical with the Clausius entropy of reversible processes.

Now we would like to show the equilibrium distribution function of radiation is
given by the expression

f er = (
eβe pν

r Uν − 1
)−1

, (2.50)

if the photon number is variable [1]. Since f er is a Lorentz scalar, which can be
demonstrated by the same method as shown in Chap.1 of volume 2, it is permissible
to use the local rest frame formula for Uν :

Uν = (c, 0, 0, 0) . (2.51)

Then, if the wave vector of radiation is denoted kr = kr k̂r where kr = |kr | = ω/c
(ω = frequency) and k̂r is the unit vector in the direction of propagation, the covariant
form of the equilibrium photon distribution function is given by a familiar looking
expression

f er = (
eβe�ω−μe

r − 1
)−1

. (2.52)

We now show that μe
r = 0 if the photon number is variable. The equilibrium

number density is given by the formula

ρr = Nr/V = 〈
f er (ω)

〉

= π−2c−3
∫ ∞

0
dωω2

{
exp

[
βe

(
�ω − μe

r

)] − 1
}−1

. (2.53)

Since the local grand canonical partition function for photons �e
r is given by

�e
r = − (

V/π2c3βe
) ∫ ∞

0
dωω2 ln

{
1 − exp

[
βe

(
μe
r − �ω

)]}
, (2.54)

we find

ρr = −
(

∂ ln�e
r

∂μ

)

T e,V

, (2.55)

where μ is the chemical potential. If we set μ = μe
r and differentiate (2.54) with μe

r ,
there follows (2.53) exactly. Thus we have identified μe

r with the photon chemical
potential. Now since

μe
r = −T e

(
∂Se

r

∂ρr

)

T e,,V

=
(

∂Ae
r

∂ρr

)

T e,V

, (2.56)

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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where Se
r and Ae

r are, respectively, the equilibrium Boltzmann entropy density and
work function for photon. If Ae

r is required to be at a minimum at equilibrium as it
is varied with respect to ρr , it follows that

(
∂Ae

r

∂ρr

)

T e,V

= 0

and hence the equilibrium radiation has a vanishing chemical potential:

μe
r = 0. (2.57)

Therefore the equilibrium radiation distribution function is given by

f er = (
eβe�ω − 1

)−1
. (2.58)

The meaning of βe is the same as (2.48) because according to the Stefan–Boltzmann
law [12] the radiation energy density is given by

Ee
r = 4

aSBT e4

c
, (2.59)

where aSB is the Stefan–Boltzmann constant. If Er is calculated by using f er in (2.58)
and equated with the phenomenological Er in (2.59) we conclude

(βeT
e)

−4 = 60�c3

π2
aSB.

The left hand side, (βeT e)−4, must be a universal constant since the Stefan–
Boltzmann constant is universal as verified by experiments, i.e., the Kirchhoff law
[9, 13]. The universal constant turns out to be the Boltzmann constant raised to the
fourth power. Hence we find that the parameter βe in f er is given by the same formula
as (2.48). We therefore conclude that both radiation and matter distribution functions
share a single temperature parameter characterized by the black body radiation in
thermal equilibriumwithmatter. Furthermore, they aremutually consistent, and their
mutual consistency is demanded by the H theorem.

It is interesting to note that Einstein derived (2.52) from the equilibrium condition
between radiation and material particles in his famous paper of 1917 [14]. The
present approach elucidates the kinetic theory and dynamic bases which are absent
in his theory. In the recent past, Boyer [6] claimed that the Boltzmann distribution
functions for relativistic material particles and the Planck distribution function are
not consistent within the framework of quantum theory, and this has been a point
of controversy [7, 8]. The derivation of (2.30) and (2.52) presented earlier shows
that they are completely consistent with each other, provided that the irreversible
covariant kinetic equation (2.13) satisfying the H theorem is postulated. Moreover,
it shows that the Planck distribution law is deeply rooted in the H theorem and thus
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the second law of thermodynamics for radiation in equilibrium with matter. It also
points out that it is not possible to think of a radiation distribution function without
taking into account the corresponding material particle distribution function and the
interaction between radiation and matter. It therefore may be said that this is the first
practical and useful result of the present covariant kinetic theory formulation of the
theory of radiation and matter.

2.2.2 Equilibrium Energy-Momentum Tensors
of Radiation and Matter

We define the energy-momentum tensor of matter or radiation in equilibrium by the
statistical mechanical formula

T μν
ei = 〈

pμ
i p

ν
i f

e
i (pi )

〉
, (i = a, r). (2.60)

With the help of the projector defined by

�μν = gμν − c−2UμU ν (2.61)

the equilibrium energy-momentum tensor can be decomposed into component as
follows:

T μν
ei = pei�

μν + c−2ρiEe
i U

μU ν, (2.62)

where the energy density Ee
i is defined by

ρiEe
i = c−2UμT

μν
ei Uν = c−2

〈(
pμ
i Uμ

) (
pν
i Uν

)
f ei (pi )

〉
(2.63)

and the hydrostatic pressure pei is given by

pei = 1

3
�μνT

μν
ei = 1

3
�μν

〈
pμ
i p

ν
i f

e
i (pi )

〉
. (2.64)

Therefore, the total material internal energy and total material pressure are given,
respectively, by the formulas

ρmEe
m =

∑

a �=r

ρaEe
a , pem =

∑

a �=r

pea = ρekBT
e. (2.65)

Note that the summation sign here excludes photons. The last equality is easy to show
in the local rest frame [15]. The second equation of (2.65) is a well known result for
gases consisting of structureless particles. It also holds for dilute gases consisting of
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particles with an internal structure. By using the definition of the projector �μν and
the identity

pμ
r prμ = 0

for photons, we can show from (2.63) and (2.64)

per = 1

3
ρrEe

r . (2.66)

In fact, this relation is indeed verifiable by using the local rest frame. By using the
energy-momentum tensor for radiation, we can also derive the Stefan–Boltzmann
law [12],

ρrEe
r = aSBT

e4, (2.67)

where aSB is the Stefan–Boltzmann constant:

aSB = π2k4B
15�3c3

. (2.68)

In connection with this result, we recall that the parameter βe in the radiation dis-
tribution function is determined such that the equilibrium radiation energy is given
by (2.67). The βe so determined exactly coincides with the one given in (2.48). This
coincidence is a result of the demand made by the H theorem that the material gas
and radiation be in equilibrium. Other thermodynamic quantities for radiation and
matter can be calculated with the equilibrium distribution functions determined here.

2.3 Number and Energy-Momentum Tensor
Balance Equations

The covariant kinetic equation postulated for matter and radiation gives rise to the
particle number and energy-momentum tensor balance equations as does the rela-
tivistic kinetic equation considered in the previous chapter of this volume. They will
be derived for matter and radiation in the following, but if derived separately for
matter and radiation treating them as different species, they give rise to additional
source terms because of interactions between molecules and photons, which may be
regarded as “chemical reactions” in the present model.

Let us define the number four-flow of species i by the statistical representation

Nμ
i = 〈

pμ
i fi (x, pi )

〉
(2.69)

and the energy-momentum tensor of species i by

T μν
i = 〈

pμ
i p

ν
i fi (x, pi )

〉
, (2.70)
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where index i runs over matter species (1, . . . ,m) and similar expressions for radia-
tion specifically designated by index r . Therefore the total energy-momentum tensor
of matter as a whole is given by

T μν
m =

m∑

i=1

T μν
i =

m∑

i=1

〈
pμ
i p

ν
i fi (x, pi )

〉
, (2.71)

and the energy-momentum tensor for radiation by

T μν
r = 〈

pμ
r p

ν
r fr (x, pr )

〉
. (2.72)

The number four-flow for the entire matter species is then given by

Nμ
m =

m∑

i=1

Nμ
i =

m∑

i=1

〈
pμ
i fi (x, pi )

〉
(2.73)

and for radiation by the statistical mechanical formula

Nμ
r = 〈

pμ
r fr (x, pr )

〉
. (2.74)

By using the kinetic equation, the balance equation for Nμ
a for matter species a can

be shown given by the equation

∂μN
μ
a = �(n)

a , (2.75)

where
�(n)

a = 〈Ra [ fa]〉 . (2.76)

This source term �(n)
a is not equal to zero because of the interactions of matter

particles with photons and making transition to other matter species as assumed in
the present model. However, when summed over all matter species, that is, for Nμ

m

∂μN
μ
m = 0, (2.77)

because the overall matter is conserved and hence

m∑

i=1

�
(n)
i = 0. (2.78)

Similarly to the balance equation for Nμ
a . Hence the energy-momentum balance

equation acquires a source term:

∂νT
μν
m = �μ

m, (2.79)
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where the source term is given by

�μ
m =

m∑

i=1

〈
pμ
i Ri [ fi ]

〉
. (2.80)

Therefore, the energy-momentum tensor for matter alone is not a conserved quantity,
because it is not a collision invariant. For radiation we obtain the number balance
equation

∂μN
μ
r = �(n)

r , (2.81)

and the energy momentum balance equation

∂νT
μν
r = �μ

r (2.82)

with the source terms
�(n)

r = 〈Rr [ fr ]〉 (2.83)

and
�μ

r = 〈
pμ
r Rr [ fr ]

〉
, (2.84)

respectively. For the system of matter and radiation as a whole the number four-flow
is then given by the sum

Nμ = Nμ
m + Nμ

r . (2.85)

With the total number four-flow Nμ we define hydrodynamic four-velocity Uμ

by the Eckart convention

Uμ = cNμ

√
N νNν

. (2.86)

Hydrodynamic number density ρi of species i is then given by

ρi = c−2UμN
μ
i (i = 1, 2, . . . ,m, r) . (2.87)

The total number density therefore is given by the sum

ρ = ρm + ρr =
{m,r}∑

i=1

ρi = c−2UμN
μ, (2.88)

where the upper limit {m, r} of the summeans that the sum is over all matter particle
species (1, . . . ,m) and radiation r .

The scalar energy density Ei of species i (either matter or radiation) is defined by
a projection of energy-momentum tensor of the species:

Ei = ρiEi = c−2UμT
μν
i Uν . (2.89)
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Other projections of the energy-momentum tensor are the heat flux (four-flow) Qμ
i

and the stress tensor Pμν
i , respectively, defined by

Qμ
i = UνT

νσ
i �μ

σ, (2.90)

Pμν
i = �μ

σT
στ
i �ν

τ , (2.91)

where �μ
σ is a projection operator as defined in the previous chapter. Therefore the

energy-momentum tensor of a species is decomposed into four components according
to the projections given above:

T μν
i = c−2ρiEiUμU ν + c−2

(
Q′μ

i U
ν +UμQ′ν

i

)

+ c−2
(
J

μ
i U

ν +UμJν
i

) + Pμν
i , (2.92)

where Q′μ
i is the net heat flux above and beyond energy carried by matter

Q′μ
i = Qμ

i − ĥ Jμ
i (2.93)

and J
μ
i is the diffusion of energy attributable to particle diffusion:

J
μ
i = ĥ Jμ

i (2.94)

with ĥ denoting the enthalpy density and Jμ
i the number diffusion four-flow defined

by
Jμ
i = Nμ

i − caN
μ. (2.95)

The index i runs for all matter species and radiation since the decomposition holds
both for matter and radiation. From the number and energy-momentum balance
equations derived earlier follow various balance equations for conserved variables—
number, momentum, energy—when various projections of the energy-momentum
tensor balance equations and the number balance equations are taken. The procedure
is described in the previous chapter of this volume. Since it basically remains the
same, we will simply present the results only, but separately for matter and radiation
because we are interested in hydrodynamics and transport processes of radiation and
matter separately.

For the purpose in mind we recall that because Nμ∇μ = 0 in Eckart’s definition
of hydrodynamic velocity the substantial time derivativeD = ρD+Nμ∇μ is simply
given by

D = ρD. (2.96)

Therefore the substantial time derivative of macroscopic quantity (density) ψ may
be written as

ρDψ = ∂μ (ψNμ) . (2.97)
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Using this identity various evolution equations for macroscopic properties follow
straightforwardly with the help of their statistical mechanical definitions.

2.3.1 Equation of Continuity

From the total number density balance equation follows the equation of continuity
for the system

Dρ = −ρ�μU
μ. (2.98)

It should be noted that this is for the totality of material particles and photons in
the system. With the definition of specific volume v = 1/ρ, (2.98) is equivalently
written

ρDv = �μU
μ. (2.99)

2.3.2 Balance Equations for Conserved Variables of Matter

Various balance equations for conserved variables follow for matter species similarly
to (2.98).

Density Fraction Balance Equation

The density fraction (concentration) balance equation follows from (2.75)

ρDca = −∂μ J
μ
a + c−2 Jμ

a DUμ + �(n)
a , (2.100)

where diffusion four-flow Jμ
a is defined by (2.95). The term�(n)

a appears because the
number of particle species a is not conserved owing to its transition to another mate-
rial species upon interaction with photons; see the collision processes (M1)–(M4)
assumed for the model for collisions.

Momentum Balance Equation

Operating the projector �μ
ν on the energy-momentum balance equation for matter

we obtain the momentum balance equation

c−2EmρDUμ = −�μ pm − �μ
ω�νP

ων

m

+ c−2 (Pμν
m DUν − �μ

ωDQω
m

−Qμ
m�νU

ν − Qν
m�νU

μ
) + �μ

ν�
(n)ν
m , (2.101)

for which we have made use of the decomposition of energy-momentum tensor T μν
m :

T μν
m = c−2ρmEmUμU ν + c−2

(
Qμ

mU
ν +UμQν

m

) + Pμν
m . (2.102)
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This decomposition of T μν
i follows from summing components (2.92) over matter

species. Consequently, the total energy of matter (the total internal energy of material
gas) is given by

ρmEm =
m∑

a �=r

ρaEa (2.103)

with

ρm =
m∑

a=1

ρa; (2.104)

the heat flux four-flow Qμ
m by

Qμ
m = UμT

στ
m �μ

τ ; (2.105)

and the pressure tensor Pμν
m by

Pμν
m =

∑

a �=r

Pμν
a = �μ

σT
στ
m �ν

τ . (2.106)

In (2.101)

pm := pem = 1

3
�μνT

νμ
em . (2.107)

The pressure tensor P
σν

m is further decomposable into excess trace (�̃m) and traceless
symmetric (�σν

m ) parts:

P
σν

m =
(
1

3
T μ
mμ − pm

)
�σν + �σν

m := pm�σν + �̃m�σν + �σν
m , (2.108)

where

�̃m = 1

3
�μνP

μν
m − pem := p − pem, (2.109)

�μν
m = Pμν

m − 1

3
�στT

στ
m �μν . (2.110)

Therefore, �̃m is the excess normal stress above and beyond the hydrostatic pressure
pm. It consequently vanishes at equilibrium. It should be noted that we have used
the identity �μ

ν�σU ν = �σUμ for the derivation of (2.101).

Energy Balance Equation

The energy balance equation also follows upon contracting the energy-momentum
balance equation (2.79) with c−2Uμ and using some of the identities listed in (1.78).
We thereby obtain the energy balance equation

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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ρDEm = −∂μQ
μ
m + Pμν

m �νUμ + c−2Qμ
mDUμ + c−2Uν�

ν
m. (2.111)

The last term in this equation appears because of the interaction of particle species
with photonsmaking transition to different particle species—or acquiring a spectrum
of “colors”, figuratively speaking. The term 2c−2Qμ

mDUμ vanishes as u/c → 0 in
the nonrelativistic limit.

2.3.3 Balance Equations for Conserved Variables
of Radiation

The balance equations for conserved variables of radiation can be derived from (2.81)
and (2.82) in the same manner as for material balance equations.

Radiation Density Fraction Balance Equation

With the definition of radiation (photon number) fraction as ratio of ρr to ρ

cr = ρr

ρ
, (2.112)

we obtain, by making use of identities (1.78), the radiation fraction balance equation

ρDcr = −∂ν J
ν
r + c−2 J ν

r DUν + �(n)μ
r . (2.113)

The term c−2 J ν
r DUν vanishes in the nonrelativistic limit as u/c → 0.

Radiation Energy Balance Equation

Contracting the energy-momentum balance equation for radiation (2.82) with c−2Uμ

the radiation energy balance equation is obtained:

ρDEr = −∂νQ
ν
r + Pμν

r �νUμ + c−2Qν
r DUν + c−2Uμ�

μ
r . (2.114)

Here Er is the radiation energy density and the equation obtained above describes the
evolution of the radiation energy density.We have not listed the radiation momentum
balance equation here, since it is related to the radiation heat flux evolution equation,
which will be included in the flux evolution equations for nonconserved variables
given below.

2.4 Evolution Equations for Nonconserved Variables

We have already seen that there appear macroscopic variables such as Jμ
i , Q

μ
i , and

Pμν
i in the balance equations presented for conserved variables, which do not as yet

have their ownevolution equations. They are, as amatter of fact, examples forwhatwe

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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call nonconserved variables. The variables Jμ
i , Q

μ
i , and Pμν

i are the leading elements
of a hierarchy of macroscopic nonconserved moments, which can be generated from
the kinetic equation. We have seen such examples in nonrelativistic kinetic theories
and also in the relativistic kinetic theory of pure gases discussed in the previous
chapter. We derive them from the covariant kinetic equation by using the moments
denoted by h(q)σ···α

i for the generic molecular symbol for nonconserved macroscopic
variables. The subscript i of moment h(q)σ···α

i denotes the species i ∈ (1, . . . ,m, r)
and the superscript q denotes the qth element of the moment set: q = 1, 2, 3, 4, . . ..
The set ofmoments is constructed by using the conservedmoments as seedmoments,
which have appeared in the balance equations of conserved variables. The higher-
order moments following the seed moments are hierarchically constructed by using
the Schmidt orthogonalization method employed for constructing an orthogonal set
of moments. This method was used in the nonrelativistic kinetic theory of the present
work and also in the previous chapter on the relativistic kinetic theory ofmatter of this
volume. The same procedure is employed for the present covariant kinetic equation.
The reader is referred to the sections for the Schmidt orthogonalization method of
constructing an orthogonal moment set in the previous chapters of this work. We
present the matter and radiation parts separately.

2.4.1 Moment Set for Matter

The leading elements of themoment set formatter species are represented by the ten-
sor polynomials h(q)α···ω

a , which may be chosen to be orthogonal tensor polynomials
of momentum pσ

a and ordered as follows:

h(1)μν
a = c2

(
Uλ p

λ
a

)−1
(

�μ
σ�ν

τ − 1

3
�στ�

μν

)
pσ
a p

τ
a , (2.115)

h(2)
a = 1

3
c2
(
Uλ p

λ
a

)−1
�μν p

μ
a p

ν
a − pea/ρa + (

ϑ−1 − 1
) (

E − Ea
)
, (2.116)

h(3)μ
a = c2

(
Uλ p

λ
a

)−1 {
�μ

σ p
ν
a p

σ
aUν

− (̂
ha + mac

2
) [

pμ
a − c−2

(
Uλ p

λ
a

)
Uμ

]}
, (2.117)

h(4)μ
a = c2

(
Uλ p

λ
a

)−1 [
pμ
a − c−2

(
pλ
aUλ

)
Uμ

]
, etc., (2.118)

where ρa and ĥa are the density and the enthalpy density of “color” species a,
respectively; Ea is the energy of the internal degrees of freedom of particle a;

E =
∑

a �=r

Ea, (2.119)

ϑ−1 = Cint/Cv (Cv = Ctr + Cint) (2.120)
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withCtr andCint denoting the translational and the internal specific heat per molecule
at constant volume, respectively; and pa := pea for notational brevity. The set of

moments
{
h(q)α···ω
a

}
is constructed in the same spirit as taken for it in Chap.1 such

that its elements reduce to the same nonrelativistic limits as for the nonrelativistic
theory counterparts in the limit of u/c → 0. In the case of gases without an internal
structure the last term in (2.116) for h(2)

a vanishes and the expression for h(2)
a of

a monatomic gas used in the previous chapter is recovered. Note that the quantum
aspect does not appear explicitly in the kinematic terms even though particles behave
quantummechanically, at least in their collision processes, in the present theory. The
set is ordered as presented, because the present ordering is most suitable for the
theory presented below in this work. We also note that the moment set also can be
expressible in terms of relativistic peculiar velocity Cσ

a as was done in Chap.1 of this
Volume. Such a representation would be most convenient when their nonrelativistic
limits are discussed. The physical meanings of the tensor moments h(q)α···ω

a will
become evident as the theory is formulated in the following.

To begin the derivation of evolution equations, the macroscopic four-flow tensor
(i.e., supermoment) ψ

(q)σμ···ν
a is defined by the statistical mechanical average of flow

pσ
a h

(q)μ···ν
a of molecular tensor moment h(q)μ···ν

a :

ψ(q)σμ···ν
a = 〈

pσ
a h

(q)μ···ν
a fa(x, pa)

〉
. (2.121)

We then define macroscopic flux tensor �
(q)μ···ν
a for nonconserved fluxes by taking

contraction of supermoment ψ(q)σμ···ν
a with hydrodynamic velocity Uσ

�(q)μ···ν
a = c−2Uσψ(q)σμ···ν

a = c−2Uσ

〈
pσ
a h

(q)μ···ν
a fa(x, t)

〉
. (2.122)

Therefore summing it over all matter species we obtain the macroscopic moment for
matter as a whole

�(q)μ···ν
m := ρ�̂(q)μ···ν

m =
m∑

a=1(a �=r)

�(q)μ...ν
a (q = 1, 2, · · · , 4) . (2.123)

Themacroscopic moment tensor�(q)μ···ν
a will be sometimes referred to as the macro-

scopic flux of order q. Here the subscript m stands for matter in order to distinguish
the material part from the radiation part of the flux. The leading examples for macro-
scopic tensor moments �

(q)μ···ν
a are stress tensors, heat fluxes, diffusion fluxes.

http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1
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2.4.2 Evolution Equations for Nonconserved
Moments for Matter

By using (2.121), (2.123), and the substantial time derivative7 D = ρD, where
D := U ν∂ν , we easily obtain the evolution equation for �̂

(q)μ···ν
a of matter. The

procedure is illustrated below as a generic example.
Operating ρD on �̂

(q)μ···ν
a := �

(q)μ···ν
a /ρ, we obtain

ρD�̂(q)μ···ν
a = ∂σ

(
�̂(q)μ···ν

a Nσ
)
, (2.124)

which can be rearranged to the form

ρD�̂(q)μ···ν
a = −∂σ

(
ψ(q)σμ···ν
a − �̂(q)μ···ν

a Nσ
) + ∂σψ

(q)σμ···ν
a . (2.125)

The flux of �̂
(q)μ···ν
a may be defined by the formula

�μ
γψ

(q)σγ···ν
a = (

ψ(q)σμ···ν
a − �̂(q)μ···ν

a Nσ
)
. (2.126)

Upon use of the covariant kinetic equation, we obtain the evolution equation for
supermoment ψ(q)σμ···ν

a

∂σψ
(q)σμ···ν
a = 〈

fa(x, pa)p
σ
a∂σh

(q)μ···ν
a

〉 + �(q)μ···ν
a (x) , (2.127)

where the dissipation term �
(q)μ···ν
a (x) is defined by the kinetic theory formula

�(q)μ···ν
a (x) = 〈

h(q)μ···ν
a Ra [ fa(x, pa]

〉
. (2.128)

Therefore,we are finally able to write the generic evolution equation for �
(q)μ···ν
a in

the form

ρD�̂(q)μ···ν
a = −∂σ

(
�μ

γψ
(q)σγ···ν
a

) + Z (q)μ···ν
a + �(q)μ···ν

a (x) . (2.129)

In this equation the term Z (q)μ···ν
a is defined by the formula

Z (q)μ···ν
a = 〈

pσ
a∂σh

(q)μ···ν
a fa(x, pa)

〉
, (2.130)

which is called the kinematic term of the evolution equation for �
(q)μ···ν
a . Equation

(2.129) is the generic form of evolution equation for all species and orders (q =
1, 2, · · · ). As in the case of generic evolution equation for matter alone, the kinematic
term is modified by adding to it the contribution from the divergence term, and the

7If we choose the Eckart convention [16] for hydrodynamic velocity, the convective time derivative
D is identical with the substantial time derivative. For this, see Chap.1 of this volume.

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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generic evolution equation reads

ρD�̂(q)μ···ν
a = −∇σ�(q)σμ···ν

a + Z(q)μ···ν
a + �(q)μ···ν

a (x) , (2.131)

where Z(q)μ···ν
a and�

(q)σμ···ν
a , similarly to (1.123) and (1.126), are given respectively

by the formulas

Z(q)μ···ν
a = Z (q)μ···ν

a − c−2UσD
(
�σ

ωψ(q)ωμ···ν
a

)
, (2.132)

�(q)σμ···ν
a = �σ

ωψ(q)ωμ···ν
a . (2.133)

This equation has formally a similar mathematical structure to the evolution equation
for nonrelativistic nonconservedflux�

(q)
a appearing innonrelativistic kinetic theories

and also to those in the relativistic theory of matter alone. We have repeated about it
to set it apart from the relativistic evolution equations for radiation, which are found
different from those for matter.

Upon summing (2.129) over all matter species we obtain the generic evolution
equation for �

(q)μ···ν
m :

ρD�̂(q)μ···ν
m = −∂σ

(
�μ

γψ
(q)σγ···ν
m

) + Z (q)μ···ν
m + �(q)μ···ν

m (x) , (2.134)

where

�(q)μ···ν
m (x) =

∑

a �=r

〈
h(q)μ···ν
a Ra [ fa(x, pa]

〉
, (2.135)

Z (q)μ···ν
m =

∑

a �=r

〈
pσ
a∂σh

(q)μ···ν
a fa(x, pa)

〉
. (2.136)

Let us recall the decomposition of T μν
m into the traceless symmetric part �

μν
m of

the stress tensor, the excess trace part �̃m of the stress tensor, and the heat flux Qμ
m

as well as diffusion flux J
μ
m and also the definition of diffusion four-flow

Jμ
a = Nμ

a − caN
μ
m, (2.137)

where the statistical mechanical formula for number four-flow is defined by

Nμ
m =

∑

a �=r

Nμ
a =

∑

a �=r

〈
pμ
a fa(x, pa)

〉
. (2.138)

Then, the leading members of the macroscopic moment set just defined can be iden-
tified with shear stress tensor, excess normal stress, heat flux, and diffusion flux as
follows:

http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1
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�(1)μν
m = �μν

m ; �(2)
m = �̃m +

[
2

3

(
ϑ−1 − 1

)]
�E;

�(3)μ
m = Qμ

m − amhm J
μ
m := Q′μ

m ; �(4)μ
m = Jμ

m, etc. (2.139)

Here

�E =
m∑

a �=r

(
E − Ea

)
. (2.140)

It is important to note that the second member �(2)
m of the macroscopic moment set

in (2.139) has an additional term, which is absent in the moment h(2)
a for monatomic

gases [1] since the latter does not have the term arising from the internal energy
fluctuation, namely,

[
2
3

(
ϑ−1 − 1

)]
�E .

Since the generalized hydrodynamic theory arising from the covariant kinetic
equation for thematter part is already presented inChap.1 ofVolume 2, here attention
will be more closely paid to the radiation part.

2.4.3 Evolution Equations for Nonconserved Moments
for Radiation

We have formulated the radiation part of the kinetic equation with the radiation
momenta on equal footing with the particle momenta. However, whereas thematerial
particles obey the relativistic equations ofmotion, the radiation (photon) obeys awave
equation. According to (2.10) the photon momentum pr is related to the wave vector
kr of radiation by the formula

pr = �kr = �ω

c
k̂r . (2.141)

The photon momentum is rendered dimensionless if it is multiplied by cβ:

qr = β�ωk̂r . (2.142)

With this dimensionless unit vector for the space component, we form the dimen-
sionless four-vector qν

r for photon

qμ
r = β�ω

(
1, k̂r

) = cβ pμ
r . (2.143)

The trace of this four-vector is then seen to be null, reflecting the fact that the photon
has a zero rest mass: (

qμ
r qr μ

) = 0. (2.144)

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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In addition to this, we find

pμ
r Uμ = �ωγ

(
1 − n · u

c

)
, (2.145)

where n is the unit vector in the direction of photon propagation.With this considera-
tion indicating the distinctive nature of photons and photonmomentum pμ

r = qμ
r /cβ,

which we have already alluded to in the early part of this chapter, we construct a
set of moments for radiation, which is comparable to the moment set of matter
(2.115)–(2.118). The following is the leading elements of the set for radiation:

h(1)μν
r = c2

(
Uλ p

λ
r

)−1
(

�μ
σ�ν

τ − 1

3
�στ�

μν

)
pσ
r p

τ
r , (2.146)

h(2)
r = 1

3
c2
(
Uλ p

λ
r

)−1
�μν p

μ
r p

ν
r − pr/ρr , (2.147)

h(3)μ
r = c2

(
Uλ p

λ
r

)−1 {
�μ

σ p
ν
r p

σ
r Uν − hr

[
pμ
r − c−2

(
Uλ p

λ
r

)
Uμ

]}
, (2.148)

h(4)μ
r = c2

(
Uλ p

λ
r

)−1 [
pμ
r − c−2

(
pλ
r Uλ

)
Uμ

]
. (2.149)

Here it must be noted that
(
pν
r pr ν

) = 0 which makes it unnecessary to use hr
unmodified in contrast to the case of matter; (2.117). The moment set presented
here consists of orthogonal tensor polynomials h(δ)

r (qr ), which are constructed
by means of the Schmidt orthogonalization method similarly to h(δ)

m presented in
(2.115)–(2.118). They can be expressible in terms of isotropic tensors of unit dimen-
sionless four-vectors qν

r .
With the hydrodynamic four-velocity defined for matter and radiation together,

we define the relativistic peculiar velocityCσ
a in the samemanner as for case ofmatter

alone. Therefore the index now covers both matter and radiation. With so defined Cσ
a ,

the moment set for both matter and radiation can be expressed in terms of relativistic
peculiar velocities. Such moment sets can be used to examine the nonrelativistic
limits of the relativistic generic evolution equations for both matter and radiation
in the same line of approach as taken for the case of matter alone in the previous
chapter.

As is the case for the matter parts of the macroscopic fluxes, if the radiation part
of the macroscopic supermoment ψ

(q)σμ···ν
r is defined by the statistical mechanical

expression
ψ(q)σμ···ν
r = 〈

fr (x, pr )p
σ
r h

(q)μ···ν
r

〉
. (2.150)

Then the macroscopic fluxes �
(q)μ···ν
r are obtained by contracting ψ

(q)σμ···ν
r with

Uμ—projecting ψ
(q)σμ···ν
r onto hydrodynamic velocity Uσ:

�(q)μ···ν
r = c−2Uσψ(q)σμ···ν

r . (2.151)
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As is for material particles, the leading macroscopic moments (i.e. fluxes) �
(q)μ···ν
r

for radiation (photon) are identified with the radiation shear stress tensor �
μν
r ; the

excess trace part of the radiation stress tensor �̃r ; the heat flux Qμ
r ; the number flux

Jμ
r . Then their statistical definitions can be obtained if the energy-momentum tensor

of radiation is made use of

T μν
r = 〈

pμ
r p

ν
r fr (x, pr )

〉
. (2.152)

Recall that since T μν
r is decomposable into Er , Q′μ

r , J
μ
r := h Jμ

a , and Pμν
r with the help

of the projection operators. It is then straightforward to find the desired statistical
mechanical formulas for the decomposed components. Note also that as is for matter
the radiation stress tensor is decomposable as

Pμν
r = per�

μν + �̃r�
μν + �μν

r , (2.153)

where per is the equilibrium radiation pressure and

�̃r = 1

3
�μνP

μν
r − per = pr − per , (2.154)

�μν
r = Pμν

r − 1

3
�στT

στ
r �μν (2.155)

with pr denoting the nonequilibrium radiation pressure—the trace part of the radia-
tion pressure tensor Pμν

r . The excess normal stress of radiation �̃r defined by (2.154)
presumes the possibility of radiation pressure pr fluctuating from per if the radiation
is in nonequilibrium.

Therefore, as for the case of matter, we can easily find the physical meanings of
�

(q)μ···ν
r (q = 1, 2, . . . , 4) as follows:

�(1)μν
r = �μν

r ; �(2)
r = �̃r ;

�(3)μ
r = Qμ

r − h Jμ
r := Q′μ

r ; �(4)μ
r = Jμ

r ; etc. (2.156)

The evolution equations for�(q)
r can also be derived from the covariant Boltzmann

equation (2.13) by using the samemethod as for thematter parts. Theymay bewritten
in the form

ρD�̂(q)μ···ν
r = −∂σ

(
�μ

γψ
(q)σγ···ν
r

) + Z (q)μ···ν
r + �(q)μ···ν

r , (2.157)

where

Z (q)μ···ν
r = 〈

pσ
r ∂σh

(q)μ···ν
r fr (x, pr )

〉
, (2.158)

�(q)μ···ν
r = 〈

h(q)μ···ν
r Rr [ fr (x, pr ]

〉
(q = 1, 2, · · · ). (2.159)
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Equation (2.157) can be also put into a modified form

ρD�̂(q)μ···ν
r = −∇σ�(q)σμ···ν

r + Z(q)μ···ν
r + �(q)μ···ν

r (2.160)

together with the modified kinematic term Z
(q)μ···ν
r and the higher order term

�
(q)σμ···ν
r in the divergence term similar to (2.132) and (2.133):

Z(q)μ···ν
r = Z (q)μ···ν

r − c−2UσD
(
�σ

ωψ(q)ωμ···ν
r

)
, (2.161)

�(q)σμ···ν
r = �σ

ωψ(q)ωμ···ν
r . (2.162)

The evolution equations for conserved variables and nonconserved variables for
both matter and radiation are what we immediately need to formulate a theory of
irreversible macroscopic processes in the thermodynamic manifold P ∪ T for the
systemofmatter and radiationunder consideration.Theprocedure used for evaluation
of modified kinematic terms Z(q)μ···ν

a (a = 1, 2, . . . ,m, r; q = 1, 2, · · · ) is the same
as for the generic evolution equation studied in Chap.1 of this volume. We collect
and summarize them in the following before proceeding to investigate them with
regard to irreversible thermodynamics undergoing in the system.

2.5 Summary of Macroscopic Evolution Equations

Summarized in subsections below are the balance equation for conserved and non-
conserved variables derived from the covariant kinetic equations for both matter and
radiation.

2.5.1 Equation of Continuity

The equation of continuity holds for the combined system of matter and radiation

Dρ = −ρ∇μU
μ. (2.163)

This equation in essence is the evolution equation for density.

2.5.2 Conservation Laws for Matter

The evolution equations for the concentration fraction of matter, the hydrodynamic
velocity, and the energy of matter are listed in the order as below:

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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ρDca = −∂μ J
μ
a + c−2 Jμ

a DUμ + �(n)
a , (2.164)

c−2EmρDUμ = −∇μ pm − �μ
σ∂ν

(
�σν

m + �̃m�σν
)

+ c−2
(
Pμν
m DUν − �μ

ωDQω
m − Qμ

m∇νU
ν − Qν

m∇νU
μ
)

+ �μ
ν�

(n)ν
m , (2.165)

ρDEm = −∂μQ
μ
m + Pμν

m ∇νUμ + c−2Qμ
mDUμ + c−2Uν�

ν
m. (2.166)

2.5.3 Conservation Laws for Radiation

The evolution equations are listed for the concentration fraction for radiation and
the radiation energy in the following order:

ρDcr = −∂ν J
ν
r + c−2 J ν

r DUν + �(n)μ
r , (2.167)

ρDEr = −∂νQ
ν
r + Pμν

r �νμ +c−2Qν
r DUν + c−2Uμ�

μ
r . (2.168)

2.5.4 Evolution Equations for Nonconserved
Variables for Matter

The generic evolution equations for nonconserved variables for matter species a can
be given in generic form

ρD�̂(q)μ···ν
a = −�σ�(q)σμ···ν

a + Z(q)μ···ν
a + �(q)μ···ν

a (x) , (2.169)

�(q)σμ···ν
a = �μ

γψ
(q)γσ···ν
a , (2.170)

where �
(q)σμ···ν
a is the flux of supermoment defined earlier, which may be regarded

as the flux of macroscopic moment �
(q)μ···ν
a . It is a moment one-order higher than

�
(q)μ···ν
a in the language of moment methods. Because of �

(q)σμ···ν
a the evolution

equation (2.169) represents an open hierarchy of evolution equations formacroscopic
moments. The index a runs for all matter species in the system, and q = 1, 2, 3, 4,
etc. For the entire matter as a whole the generic evolution equation reads

ρD�̂(q)μ···ν
m = −�σ�(q)σμ···ν + Z(q)μ···ν

m + �(q)μ···ν
m (x) , (2.171)

�(q)σμ···ν
m = �μ

γψ
(q)γσ···ν
m . (2.172)

The kinematic terms and �
(q)σμ···ν
a can be evaluated in terms of variables belonging

to the manifold P by using exactly the same procedure and method and the same
expressions as described in the previous chapter. The dissipation terms are calculated
with the collision integral R [ fa] of the covariant kinetic equation (2.13). Although
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the details of R [ fa] is different from the kinetic equation used in the previous
chapter, the formal structure of the dissipation terms remains the same as those in
the previous chapter with regard to the dependence of generalized potentials and
ultimately macroscopic moments �

(q)μ···ν
a . Therefore, the results of evaluation of the

kinematic terms of the material part are not presented here to avoid repetition.

2.5.5 Evolution Equations for Nonconserved
Variables for Radiation

The generic evolution equation for nonconserved variables for radiation is given by
formally the same equation as the material part (2.171):

ρD�̂(q)μ···ν
r = −�σ�(q)σμ···ν

r + Z(q)μ···ν
r + �(q)μ···ν

r (x) , (2.173)

�(q)σμ···ν
r = �μ

γψ
(q)γσ···ν
r , (2.174)

but the kinematic terms Z(q)μ···ν
r will be worked out since the details of the moments

h(q)μν
r in (2.146)–(2.149) are slightly different from their matter counter parts h(q)μν

a

given in (2.115)–(2.118). They constitute counterparts to the kinematic terms for
relativistic evolution equations of matter given in Chap.1 of this volume. They will
be explicitly presented in Sect. 2.12.2 of this chapter. For more explicit formulas
for dissipation terms �

(q)μ···ν
a and �

(q)μ···ν
r some suitable approximations will be

required, so that they remain consistent with the laws of thermodynamics. Since a
thermodynamic theory of irreversible processes is required to discuss the thermo-
dynamic consistency of the evolution equations formulated here we would like turn
our attention to the formulation of theory of irreversible thermodynamics.

2.6 Calortropy and Its Balance Equation

To make use of the laws of thermodynamics in developing a kinetic theory of irre-
versible transport processes it is necessary to link up the kinetic theory with the laws
of thermodynamics by somemeans. For this purpose the conventional trail of thought
followed in kinetic theory is to regard the Boltzmann entropy and, particularly, the
H theorem as the statistical mechanical representations for the Clausius entropy and
the second law of thermodynamics, respectively. We have avoided this line of think-
ing for the reason clarified in the previous chapter. We will follow the same line of
approach as for the previous chapters of this work.

Since the second law of thermodynamics is entirely phrased in terms of macro-
scopic observables for the system of interest, which are described by a system of
Pfaffian differential forms, the Boltzmann entropy must seamlessly fit in such math-
ematical structures in the appropriate macroscopic variable manifold, if we are to

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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reach the desired goal. To be more specific, the differential of Boltzmann entropy,
in particular, must be an exact Pfaffian differential in the manifold of macroscopic
variables appropriate for thermodynamic description of irreversible processes in the
system. We have seen in the previous chapters of this work that this, unfortunately,
is not the case for the Boltzmann entropy and the H function. This particular feature
would not change for the system of matter and radiation, if the system is away from
equilibrium. We, therefore, must look for an alternative to the Boltzmann entropy
that will provide us a desired theory of irreversible thermodynamics also for matter
and radiation. The mathematical framework for the desired theory is again provided
by a quantity called calortropy, if the system is away from equilibrium, as we have
seen in the previous chapters on the nonrelativistic and relativistic kinetic equations
for dilute gases.

We introduce the calortropy four-flow	μ (x)by the statisticalmechanical formula

	μ (x) = −kB

r∑

a=1

〈
pμ
a

[
fa ln f ca − εa (1 + εa fa) ln

(
1 + εa f

c
a

)]〉
, (2.175)

where f ca (x, pa) is called the nonequilibriumcanonical form,which is not necessarily
equal to fa(x, pa) at all states of the system except at equilibrium. A more concrete
form of nonequilibrium canonical form is given under the functional hypothesis for
the distribution function as will be discussed presently. For the moment it will be
sufficient to know there exists a nonequilibrium canonical form f ca (x, pa), which is
generally not equal to fa(x, pa) except at equilibrium. The scalar calortropy density
is then obtained if the calortropy four-flow 	μ (x) is contracted with Uμ:

	 (x) := ρ	̂ (x) = c−2Uμ	
μ (x) . (2.176)

Geometrically, this is a projection of 	μ onto the direction of Uμ. The balance
equation for the calortropy density is obtained from the formal expression (2.175)
by following the procedure used to obtain the balance equation (2.25) for Ŝ.

According to the aforementioned procedure, we begin with the substantial deriv-
ative of 	̂ expressed in the form

ρD	̂ = −∂μ

(
	μ − 	̂Nμ

) + ∂μ	
μ, (2.177)

which follows upon operating on 	̂ the substantial time derivative operator D =
Nμ∂μ = ρD + Nμ�μ = ρD. We then define the calortropy flux four-flow Jμ

c by
the formula

Jμ
c = 	μ − 	̂Nμ. (2.178)

If the definitions of number four-flow Nμ and the projector �μν are made use of,
the calortropy flux four-flow Jμ

c can be written as a projection of 	ν in the direction
perpendicular to U ν :

Jμ
c = �μ

ν	
ν . (2.179)
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Substituting (2.175) into this expression, we obtain the statisticalmechanical formula
for the calortropy flux four-flow

Jμ
c = −kB

r∑

a=1

�μ
ν

〈
pν
a

[
fa ln f ca − εa (1 + εa fa) ln

(
1 + εa f

c
a

)]〉
. (2.180)

For the balance equation for 	μ, upon operating ∂μ on (2.175) we obtain the
calortropy balance equation for calortropy four-flow 	μ

∂μ	
μ (x) = 
c + σc, (2.181)

where σc is the calortropy production defined by the statistical mechanical formula

σc (x) = kB

r∑

a=1

〈
ln
(
εa + f c−1

a

)
Ra [ fa]

〉
, (2.182)

and 
c a kinematic term defined by the formula


c = kB

r∑

a=1

〈
pμ
a

[
fa∂μ ln

(
1 + εa f

c−1
a

) + εa∂μ ln
(
f ca + εa

)]〉
. (2.183)

Substituting (2.179), (2.182), and (2.183) into (2.177) we obtain the calortropy den-
sity balance equation

ρD	̂ = −∂μ J
μ
c + 
c + σc (x) . (2.184)

Although reminiscent of the Boltzmann entropy balance equation (2.25), this
balance equation is clearly different from it in its mathematical structure, as we have
seen in the previous chapter for the case of matter alone. We, in fact, notice that the
calortropy balance equation is in the ranks of nonconserved variables such as �

(q)
a

or �
(q)
r —see (2.129) or (2.157) for the evolution equation for macroscopic moment

�
(q)
a —because the term 
c may be regarded as the kinematic term in the evolution

equation for 	̂, and σc (x) its dissipation term. Furthermore, f ca (x, pa) is, evidently,
not an exact solution of the covariant kinetic equation in the sense that it will be found
to be a projection of fa(x, pa) onto the thermodynamic manifold characterizing the
system at the level of thermodynamic description of the irreversible processes. In
fact, f ca may be qualified for an approximate solution of the kinetic equation, which
may be sought as closely to the exact solution fa as possible. Equation (2.184),
together with (2.182) and (2.183), forms the basis of formulating a thermodynamic
theory of irreversible processes as will be shown presently.
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2.7 Relative Boltzmann Entropy and Its Balance Equation

Since the calortropy four-flow is obviously not the same as the Boltzmann entropy
four-flow we may examine their difference

Sμ
r

[
f | f c] (x) = 	μ (x) − Sμ (x) , (2.185)

which we call the relative Boltzmann entropy. It contains the portion of molecular
theoretic information lost by the nonequilibrium canonical form f ca and will tell us
of the extent of information shedding incurred by replacing fa with f ca in ln fa and
ln (1 + εa fa) in the expression for Sμ (x).

On inserting the statistical mechanical formulas for Sμ and 	μ into (2.185) the
statistical mechanical formula for the relative Boltzmann entropy is obtained:

Sμ
r

[
f | f c] (x) = kB

r∑

a=1

〈
pμ
a

[
fa ln

(
fa
f ca

)
−εa(1 + εa fa) ln

(
1 + εa fa
1 + εa f ca

)]〉
. (2.186)

The scalar relative Boltzmann entropy density is obtained by contracting four-flow
Sμ
r [ f | f c] with Uμ:

Sr
[
f | f c] = ρŜr

[
f | f c] = c−2UμS

μ
r

[
f | f c] . (2.187)

Its balance equation can be easily found to have the form

ρDŜr[ f | f c] = −∂μ J
μ
r [ f | f c] + 
c (x) + [σc (x) − σent (x)] . (2.188)

with the relative Boltzmann entropy flux Jμ
r [ f | f c] given by the expression

Jμ
r [ f | f c] = �μ

ν S
ν
r [ f | f c] = �μ

ν (	ν − Sν)

= kB

r∑

a=1

�μ
ν

〈
pν
a

[
fa ln

(
fa
f ca

)
− εa (1 + εa fa) ln

(
1 + εa fa
1 + εa f ca

)]〉
.

(2.189)

We will return to examine and further elucidate the formal balance equations for 	̂

and Ŝr[ f | f c] after the nonequilibrium canonical form f ca and its attendant theory of
macroscopic transport processes are more explicitly developed.
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2.8 Functional Hypothesis and Nonequilibrium
Canonical Form

Wehave formally derived a complete set ofmacroscopic evolution equations from the
covariant kinetic equation. The formal evolution equations include the conservation
laws as well as the evolution equations for nonconserved variables. By making the
macroscopic evolution equations to conform to the principles of thermodynamics,
it would be possible to formulate a thermodynamically consistent theory of trans-
port processes and hydrodynamics out of the aforementioned evolution equations,
if we adopt the procedure taken in the cases of kinetic equations considered in the
previous chapters in this work. Thus, we now would like accordingly to formulate
the thermodynamics of irreversible processes and generalized hydrodynamics for a
system of radiation and matter. This section is devoted to the preparation to achieve
the stated aim.

Since we are interested in thermodynamic description of macroscopic transport
processes in the system, any solution of the covariant kinetic equation (2.13), regard-
less of whether exact or approximate, should be formulated to yield a thermodynamic
theory of irreversible processes that is consistent with the laws of thermodynamics.
In the absence of, and the unlikelihood of acquiring, an exact solution known to
produce such a theory, we must be content to explore an approximate solution.8 We
would like to look for such an approximate solution under the functional hypothesis
as in the case of nonrelativistic kinetic equations and the covariant kinetic equation
for a single-component gas discussed in the previous chapters. At the risk of being
repetitive, we state the functional hypothesis for the distribution function below:

Functional Hypothesis: The distribution function obeying the covariant kinetic
equation (2.13) evolves as a functional of macroscopic observables spanning the
thermodynamic manifold for the system, which obey their own evolution equations
descending from the kinetic equation.

In the functional hypothesis, the aforementioned evolution equations of macro-
scopic variables serve as field equations through which the evolution of the distri-
bution function is described, since they provide the spacetime dependence of the
distribution function. This distribution function denoted by f ca (x, pa), which has
already symbolically appeared in calortropy and relativeBoltzmann entropy, is called
nonequilibrium canonical form. It may be, in fact, regarded as a thermodynamic
branch of the distribution fa(x, pa) obeying the covariant kinetic equation, since it
affords us with thermodynamics of irreversible processes. It should be emphasized
that it is not the same as fa(x, pa) in general: f ca (x, pa) �= fa(x, pa), except at
equilibrium to which the system approaches over a sufficiently long period of time.
However, we will require both fa(x, pa) and f ca (x, pa) to have the same normaliza-
tion to the number density. The consequence of this requirement is that

8The solution is approximate in the sense that it is givenby aprojectionof the phase space distribution
function onto the thermodynamic manifold of macroscopic variables whose dimension is much
smaller than the full phase space of the system.
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ρi = c−2Uμ

〈
pμ
i fi

〉 = c−2Uμ

〈
pμ
i f ci

〉

for both matter species and radiation as was done in the case of matter alone in the
previous chapter. This requirement is physically sensible and reasonable.

In the modified moment method [5, 17, 18] used in the present work, f ca (x, pa)
is constructed with the nonconserved moments, denoted by tensors h(q)μ···ν

a , such
that the evolution equations of the moments are consistent with the second law of
thermodynamics. The relativistic extension of this method for a material particle
mixture is presented in Chap.1 of this Volume. In the present case of radiation and
matter the nonequilibrium canonical form assumes distinctive forms for radiation (r )
and matter (a = 1, . . . ,m): f ci (x, pi ) (i = 1, . . . ,m, r).

2.8.1 Nonequilibrium Canonical Form for Material Particles

The nonequilibrium canonical form of distribution may be taken for the material
particles in the form

f ca (x, pa) = (
eβHa(pa) − εa

)−1
(a = 1, 2, . . . ,m), (2.190)

where Ha(pa) is given by the formula

Ha(pa) = pμ
aUμ +

∑

q≥1

X (q)
a α···ωh

(q)σ···ω
a − μa . (2.191)

In this expression β := 1/kBT , μa , X (q)
a α···ω , are as-yet-undetermined parame-

ters depending on macroscopic variables and spacetime position x . Their precise
meanings and x dependence will be determined as the nonequilibrium (irreversible
thermodynamic) theory of macroscopic variables is developed under the functional
hypothesis. The parameters β, μa , X

(q)
a α···ω must be determined such that the second

law of thermodynamics is satisfied, and h(q)σ···ω
a are the molecular moments already

introduced, which yield macroscopic moments (fluxes), when averaged over the
ensemble with the statistical weight fa(x, pa). The set of the macroscopic moments
so obtained spans the manifold of macroscopic variables necessary to describe
macroscopic transport processes in the system. Such macroscopic variables obey the
evolution equations of nonconserved variables presented earlier. Henceforth, when-
ever convenient, the symbol�will be used to abbreviate the scalar product of tensors
for the sake of notational brevity. Thus with this symbol we write, for example,

X (q)
a α···ωh

(q)σ···ω
a = X (q)

a � h(q)
a

for the contraction of tensors.

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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2.8.2 Nonequilibrium Canonical Form for Radiation

The nonequilibrium canonical form of radiation distribution function is sought after
in a form similar to the Planck distribution function—an equilibrium distribution
function of radiation. Thus, we take it in the form

f cr (x, pr ) =
(
eβWr (pr ) − 1

)−1
. (2.192)

The function Wr (pr ) in the exponent, as yet unspecified, will be also sought after in
such a way that it is thermodynamically consistent as is the distribution function for
matter f ca (x, pa). This function is sought in a dimensionless form.

We now look for Wr in terms of qν
r , the dimensionless momentum four-vector

defined earlier; see (2.143). It is convenient to define

Wr = βWr (qr ) . (2.193)

In view of thewell known equilibrium radiation (Planck) distribution function, which
has been obtained as an equilibrium solution of the covariant kinetic equation, and
the exponential form for fa (x, pa) in (2.190), it is sensible to take Wr (qr ) in the
form

Wr (qr ) = pμ
r Uμ + H (1)

r (qr ) − μr , (2.194)

whereμr is found to be the chemical potential and H (1)
r (qr ) is the nonequilibriumpart

that can be determined in a way analogous to the one taken for the matter distribution
function f ca in (2.190). That is, it is made up of nonequilibrium contributions in the
form

H (1)
r (qr ) =

∑

q≥1

X (q)
r � h(q)

r (qr ) , (2.195)

where h(q)
r are orthogonal tensor polynomials of pν

r = qν
r / (cβ), which are also

orthogonal to each other and to the conservedmoments for radiation. The generalized
potentials X (q)

r are the functions of macroscopic variables such as the radiation shear
stress, the excess trace part of the radiation stress tensor, radiation heat flux, etc. as
well as β and μr . The nonequilibrium contribution βH (1)

r thus can be expressed as a
dimensionless function of the reduced four-vector qν

r and dimensionless variables.
In the case of radiation and matter, since the photons are put on equal footing

with matter as far as the kinetic processes are concerned and the whole system is
considered a mixture of photons and material particles, it is reasonable to define a
single temperature for themixture as has been found to be the case for the equilibrium
system considered earlier. The fundamental reason for this point of view is that the
photons do not interact with each other and hence cannot come to equilibrium on
their ownwithout a help frommatter—e.g., material gas. This is the basic reasonwhy
the same parameter β, which will turn out to be related to the temperature, is used for
both material gases and radiation in the nonequilibrium canonical forms. Consistent
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with this viewpoint, we may define the temperature by the statistical mechanical
formula for the system9

3

2
ρt kBT =

r∑

a=i

1

2

〈[(
pν
aUν

)2 − m2
ac

4
]
fa (x, pa)

〉
, (2.196)

where mr = 0 in the case of photon species and

ρt = ρ + 2aSBc2T 3

kB
(aSB = Stefan–Boltzmann constant) . (2.197)

This definition of temperature is reasonable, especially, for the present dilute gaseous
system. It is basically rooted in equipartition lawof energy byTolman [19],whichwas
later discussed by Landsberg [20] and by ter Haar and Wergeland [21]. The second
termon the right-hand side (2.196) arises from the recognition that the photon number
depends on temperature, but also is not conserved.Writing the nonequilibriumphoton
number density in such a form means that the temperature is determined such that
(2.197) holds for nonequilibrium. Equation (2.196) can be recast into the form

3

2
ρt kBT =

r∑

a=1

�μν

〈
pν
a p

μ
a fa(x, pa)

〉 =
r∑

a=1

�μνT
νμ. (2.198)

The nonequilibrium canonical forms (2.190) and (2.192) involve parameters
β, ρ, ρr , and p, which have been defined statistically, but their operational meanings
as thermodynamic variables are not as yet fixed. Their phenomenological meanings
can be gained only through corresponding the statistically derived macroscopic vari-
ables and their relations to the phenomenological thermodynamic counterparts. This
procedure is facilitated byderiving the statisticalmechanical relations ofmacroscopic
variables, which are consistent with the laws of thermodynamics. Therefore it is now
necessary to formulate a theory of thermodynamics of irreversible processes in the
system of radiation andmatter. To this end we now closely examine themathematical
aspects of calortropy and the related in the light of the laws of thermodynamics for
irreversible processes in the system. The approach to this goal is along the same line
as for Chap.1 of Volume 2 and also for the nonrelativistic kinetic theory discussed
in Volume 1 of this work.

2.8.3 Calortropy of Matter and Radiation

The calortropy density 	 (x) of radiation and matter defined by (2.176) can be
rearranged to the formula

9This is also for the case of matter consisting of a gas.

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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	 (x) := ρ	̂ (x)

= kB

r∑

a=1

c−2Uμ

〈
pμ
a

[
fa ln

(
εa + f c−1

a

) + εa ln
(
1 + εa f

c
a

)]〉
. (2.199)

From this formula we obtain the statistical mechanical expressions for calortropy
density of matter and radiation separately

	m (x) = kB

m∑

a=1

c−2Uμ

〈
pμ
a

[
fa ln

(
εa + f c−1

a

) + εa ln
(
1 + εa f

c
a

)]〉
, (2.200)

	r (x) = kBc
−2Uμ

〈
pμ
r

[
fa ln

(
εr + f c−1

r

) + εr ln
(
1 + εr f

c
r

)]〉
. (2.201)

Upon inserting f ca and f cr in (2.190) and (2.192), respectively, and making use of
definitions of energy densities of matter and radiation, we obtain 	m and 	r :

T 	̂m (x) = Em + pmvm −
m∑

a=1

μaca +
m∑

a=1

∑

q≥1

X (q)
a μν···σ�̂(q)σ···μν

a , (2.202)

T 	̂r (x) = Er + prvr − μr +
∑

q≥1

X (q)
r μν···σ�̂(q)σ···μν

r , (2.203)

where pressures are defined for matter and radiation, respectively, by the statistical
mechanical formulas

βpm =
m∑

a=1

εa
〈
c−2Uμ p

μ
a ln

(
1 + εa f

c
a

)〉
, (2.204)

βpr = εr
〈
c−2Uμ p

μ
r ln

(
1 + εr f

c
r

)〉
, (2.205)

and vm = 1/ρm, vr = 1/ρr , and we have set

β = 1/kBT . (2.206)

It should be noted that (2.204) and (2.205) are necessary and sufficient conditions for
	̂m and 	̂r to be bilinear forms of macroscopic variables in manifold P ∪ T. Thus
combining (2.202) and (2.203) we obtain the bilinear form for calortropy density of
the system:

T 	̂ (x) = E + pv −
r∑

a=1

μaca +
r∑

a=1

∑

q≥1

X (q)
a ν···μσ�̂(q)σμ···ν

a (2.207)
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with

ρE = ρmEm + ρrEr =
r∑

a=1

ρaEa or E =
r∑

a=1

caEa . (2.208)

The physical meanings of parameters T , p, μa , and X (q)
a will be presently elucidated

by making thermodynamic correspondence of statistical mechanical result for 	̂

with the phenomenological (i.e., thermodynamic) calortropy density.

2.9 Calortropy Differential

The conserved variable balance equations and the flux (moment) evolution equations
for radiation and matter derived in the previous sections must be subjected to the
demands of the second law of thermodynamics, so that the theory of irreversible
processes based them becomes consistent with the second law of thermodynamics.
To achieve this aim the calortropy balance equation must be shown integrable in the
thermodynamic manifold P ∪ T.

2.9.1 Pfaffian Form for Calortropy

To prove the integrability of the calortropy density balance equation it is necessary to
show the right hand side of (2.184) must be expressible in an integrable differential
form in the thermodynamic manifold. If f ca is substituted into the ln f ca term in
(2.180), the divergence term in question is given by the expression

∂μ

(
	ν�μ

ν

) = −kB

r∑

a=1

β∂μQ
μ
a − kB

r∑

a=1

Qμ
a∂μβ

+ kB

r∑

a=1

βX (q)
a α···σ∂μ

(
�μ

νψ
(q)σ···αν
a

)

+ kB

r∑

a=1

�μ
νψ

(q)σ···αν
a ∂μ

(
βX (q)

a α···σ
)

+ kB

r∑

a=1

∂μ�
μ
ν

〈
εa p

ν
a ln

(
1 + εa f

c
a

)〉
. (2.209)

On the other hand, the kinematic term 
c of the calortropy balance equation is
expressible by the form
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c = T μνUν∂μT
−1 + 1

T
T μν∂μUν +

r∑

a=1

∑

q≥1

ψ(q)μ
a � ∂μ

(
X (q)
a

T

)

+
r∑

a=1

∑

q≥1

X (q)
a

T
� 〈

fa∂μ p
μ
a h

(q)
a

〉 −
r∑

a=1

∂μ

(μa

T
Nμ
a

)

+ kB

r∑

a=1

εa
〈
pμ
a∂μ ln

(
1 + εa f

c
a

)〉
(2.210)

and the calortropy production σc by a linear combination of dissipation terms �
(q)
a

of the nonconserved variable evolution equations:

σc = T−1
r∑

a=1

∑

q≥1

X (q)
a � �(q)

a . (2.211)

Upon substituting the three components (2.209)–(2.211) into the calortropy density
balance equation, we obtain the calortropy density differential

D	̂ = T−1

⎛

⎝DE + pDv −
r∑

a=1

μaDca +
r∑

a=1

∑

q≥1

X (q)
a � D�̂(q)

a

⎞

⎠

+ EDT−1+vD
(
pT−1

)−
r∑

a=1

caD
(μa

T

)
+

r∑

a=1

∑

q≥1

�̂(q)
a �D

(
X (q)
a

T

)

,

(2.212)

if
p = pm + pr (2.213)

and pm and pr are defined by (2.204) and (2.205), respectively. Therefore, the defin-
itions of macroscopic parameters pm and pr by the formulas (2.204) and (2.205) are
necessary and sufficient conditions for (2.212) to exist. The physical meanings of
parameters pm and pr remain as yet not elucidated except that they are macroscopic
parameters. Similarly, the meanings of parameter T , μa , and X (q)

a also remain unde-
termined as macroscopic variables. In any case, to obtain this Pfaffian differential
form [22] (2.212) we have made use of the energy balance equations for matter and
radiation, and the identities listed below:

∂μ

(μa

T
Nμ
a

)
= ∂μ

(μa

T
caρU

μ
)

= ρUμ∂μ

(μa

T
ca

)
+ μa

T
ca∂μ (ρUμ)

= ρD (βμaca) , (2.214)
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∂μ (ρUμ) = Dρ + ρ�μU
μ = 0, (2.215)

and

∂μ

(pv
T

ρUμ
)

= pv

T
∂μ (ρUμ) + ρUμ∂μ

(pv
T

)

= ρUμ∂μ

(pv
T

)

= ρD
(pv
T

)

= p

T
Dv + ρvD

( p

T

)
. (2.216)

The second line of the Pfaffian differential form (2.212) vanishes because if the
normalization conditions for the nonequilibrium canonical forms are varied with
respect to the parameters β, μa , X

(q)
a , there follows the vanishing differential form

EDT−1 + vD
(
pT−1

)−
r∑

a=1

caD
(μa

T

)
+

r∑

a=1

∑

q≥1

�̂(q)
a � D

(
X (q)
a

T

)

= 0. (2.217)

This differential form will turn out to be the nonequilibrium Gibbs–Duhem (NGD)
equation, when the parameters T−1, p, μa , and X (q)

a are identified with their ther-
modynamic correspondents. Thus, by virtue of (2.217) the Pfaffian differential form
(2.212) reduces to the differential form for 	̂

D	̂ = T−1

⎛

⎝DE + pDv −
r∑

a=1

μaDca +
r∑

a=1

∑

q≥1

X (q)
a � D�̂(q)

a

⎞

⎠ , (2.218)

which is known as the extended Gibbs relation for 	̂. This differential form is an
exact differential in the thermodynamic manifold, because, when the nonequilib-
rium Gibbs–Duhem equation is added side by side to it, (2.218) integrates exactly
to a bilinear form in the nonequilibrium Gibbs manifold G = P ∪ T ∪ 	 for
the calortropy density given in (2.207). For this reason the NGD equation (2.217)
becomes the necessary and sufficient condition for the integrability of the extended
Gibbs relation (2.218). The differential form (2.218) for 	̂ is in the same form as
for relativistic gas mixture in the absence of radiation obtained in Chap.1 of this
Volume. This is in contrast to the Boltzmann entropy differential DS, which, unless
the system is in equilibrium, cannot be put into an exact Pfaffian differential in the
Gibbs manifold, and it gives rise to the conclusion that the extended Gibbs relation
does not hold for S and neither is there the nonequilibrium Gibbs–Duhem equation
for S.

When the parameters T , p, μa , and X (q)
a are elucidated of their physical (i.e.,

thermodynamic) meanings on correspondence with the phenomenological thermo-
dynamics, the pair of differential forms, namely, the extended Gibbs relation and the

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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nonequilibrium Gibbs–Duhem equation, provides the foundation of thermodynam-
ics of irreversible processes for the system of matter and radiation. The following
pair of vanishing circular integrals reinforces the aforementioned statement.

The Pfaffian differential form (2.218) for 	̂ gives rise to a vanishing circular
(i.e., cyclic) integral when integrated over a path of an irreversible process in the
thermodynamic manifold P ∪ T. In a local rest frame it may be written as [5]

∮
d	̂ = 0. (2.219)

It is a representation of the second law of thermodynamics in an integral form inman-
ifold P ∪ T. And in this sense the thermodynamic theory of irreversible processes
described in terms of generalized hydrodynamic equations in the Gibbs manifold G
is consistent with the laws of thermodynamics. In addition to this vanishing integral
for the second law, there also holds a vanishing integral of internal energy differential
in manifold P ∪ T, representing the first law of thermodynamics

∮
dE = 0. (2.220)

We have shown that this is the case in the nonrelativistic formalism in the nonrela-
tivistic theory chapters of Volume 1. The same conclusion robustly holds up even if
the system is relativistic and away from equilibrium: The thermodynamic laws thus
may be represented by a pair of vanishing circular integrals over an irreversible path
in the thermodynamic manifold.

Further progress in the theory of transport processes in the system can be made
if the unknowns X (q)

a are suitably approximated in a thermodynamically consistent
manner, such that D	̂ remains an exact Pfaffian differential in the Gibbs manifold
G = P ∪ T∪	 and the theory ofmacroscopic irreversible processes remains thereby
thermodynamically consistent.

2.9.2 Thermodynamic Correspondence

The extended Gibbs relation (2.218)—a Pfaffian differential form—contains as-yet-
undetermined parameters T ,p,μa , X

(q)
a , whichmust be elucidated of their operational

(physical) meanings, so that it becomes a physically and practically useful equation.
This objective is accomplished if we invoke the phenomenological irreversible ther-
modynamic extended Gibbs relation derived from the laws of thermodynamics and
make correspondence of the statistical mechanical extended Gibbs relation (2.218)
with the phenomenological one, so that the undetermined parameters therein are
determined in correspondence to those in the phenomenological relations. That is,
if we make the following correspondence between theoretical and thermodynamic
observables
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	̂|st ⇔ 	̂|th, E |st ⇔ E |th, v|st ⇔ v|th,
ca|st ⇔ ca|th, �̂(q)

a |st ⇔ �̂(q)
a |th

(a = 1, . . . ,m, r) , (2.221)

then there would hold the correspondence between the theoretical parameters(
T, p,μa, X

(q)
a

)
and the thermodynamic parameters appearing in the phenomeno-

logical extended Gibbs relation:

T |st ⇔ T |th, p|st ⇔ p|th, μa|st ⇔ μa|th, X (q)
a |st ⇔ X (q)

a |th. (2.222)

In (2.221) and (2.222) the subscripts st and th mean statistical mechanical and ther-
modynamic, respectively. These correspondences between theoretical (statistical
mechanical) and thermodynamic (phenomenological) parameters fully endow the
thermodynamic meanings on the corresponded parameters, and the nonequilibrium
distribution functions are grounded on the thermodynamic principles and experi-
ments. In the relativistic theory the correspondence presented relies on a conjec-
ture that the phenomenological extended Gibbs relation is experimentally realizable,
because the extended Gibbs relation is not as yet established experimentally. How-
ever, we may reason that the relativistic extended Gibbs relation has the nonrelativis-
tic limit as u/c → 0. And the validity of the nonrelativistic limit is sufficiently
well demonstrated by numerous applications in hydrodynamics as discussed in
Volume 1 of thiswork. Therefore the relativistic extension of extension of irreversible
thermodynamics is plausible and reasonable.

2.9.3 Nonequilibrium Statistical Thermodynamics
for Relativistic Quantum Gases

The formal theory based on the covariant kinetic equation and the nonequilibrium
canonical form taken for the distribution function under the functional hypothesis
have enabled us to formulate a formal theory of hydrodynamics and a formal theory
of thermodynamics of irreversible processes in support of hydrodynamics for the
system removed from equilibrium at arbitrary degree. These macroscopic theories
must be provided with a molecular theory for various macroscopic observables on
which the theories are built. We have seen in the case of nonrelativistic theories
discussed in Volume 1 of this work that the stated goal is achieved if nonequilibrium
statistical thermodynamics is formulated on the basis of nonequilibrium canonical
form and the extended Gibbs relation descending therefrom, since the equilibrium
theory is then seamlessly recovered from the nonequilibrium theory as the system
tends to equilibrium. In this section we show that the stated goal can be achieved
for relativistic quantum dilute gases with the help of the extended Gibbs relation
(2.218) if nonequilibrium statistical thermodynamics is formulated for the gases. If
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we review the theory of a nonrelativistic noninteracting gas mixture presented in
kinetic theory chapters of Volume 1 and the relativistic theory of relativistic gases
in Chap.1 of this Volume and compare them, it is clear how we may proceed in
formulating the theory in the case of the system of matter and radiation, bearing in
mind that we are dealing with quantum gas particles.

First, let us have a quick review of how equilibrium statistical thermodynamics
is formulated for a system consisting of a mixture of quantum ideal gases. If the
system consists of a mixture of noninteracting (uncorrelated) gases of N particles
(N = N1 + N2 + · · · + Nr ), the total equilibrium density matrix—an equilibrium
grand canonical form—is given by the formula

F (N )
e = exp

(−βH(N ) − ln�e
)
, (2.223)

where �e is the local grand partition function

�e = Tr
r∏

a=1

∏

j

exp
(
−βH(1)

j

)
(2.224)

with the Trace operation denoting integration over the entire N particle momentum
space, and H(1)

j are the single particle energy operators

H(1)
j = εaj − μa (2.225)

with εaj and μa denoting the j th energy eigenvalue and chemical potential of species
a, respectively. If the tracing operation is performed according to the Pauli exclusion
principle with regard to fermions and bosons, �e can be written in the following
products of Fermi–Dirac (FD) and Bose–Einstein contributions:

�e = Tr
r∏

a∈FD

∏

j

(
1 + e−β(ε ja−μa)

)
×

r∏

a∈BE

∏

j

(
1 − e−β(ε ja−μa)

)−1
. (2.226)

Since the distribution functions normalize to density, in relativistic theory it is neces-
sary to insert the factor c−2Uμ p

μ
a and trace with the integrals over momentum spaces

of particles as follows:
TrA ⇒ 〈

c−2Uμ p
μ
a A

〉
,

the angular brackets denoting integration over the momentum space of particle
species a, weightedwith equilibrium distribution function. For ideal (noninteracting)
gases, �e can then be written as

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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ln�e =
∑

a∈FD

〈
c−2Uμ p

μ
a ln

(
1 + e−βH(1)

a

)〉

+
∑

a∈BE

〈
c−2Uμ p

μ
a ln

(
1 − e−βH(1)

a

)−1
〉

(2.227)

in the limit of treating the discrete sum as an integral. Here H(1)
a now stands for

H(1)
a = pν

aUν − μa in the case of relativistic gases.
If the nonequilibrium canonical form f ca is used, the exponential factors in (2.227)

can be written as

1 + e−βH(1)
a = 1

1 + εa f ea
(εa = −1 for fermions; εa = +1 for bosons) .

Hence, it is now possible to write ln�e in a simple unified form

ln�e =
r∑

a=1

〈
c−2Uμ p

μ
a εa ln

(
1 + εa f

e
a

)〉
, (2.228)

where the index a stands for fermion or boson species. Therefore if we define the
global form of ln�e by the relation

ln�e =
∫

V
drρ

r∑

a=1

ln�e
a, (2.229)

we find

kBT ln�e = peV

=
∫

V
dr

r∑

a=1

〈
c−2Uμ p

μ
a εa ln

(
1 + εa f

e
a

)〉
,

and hence

pev = kBT
r∑

a=1

ln�(N )
ea = kBT

r∑

a=1

〈
c−2Uμ p

μ
a εa ln

(
1 + εa f

e
a

)〉
(2.230)

for the statistical mechanical expression for relativistic equilibrium pressure. This
confirms (2.204) and (2.205), which have turned out to be statistical mechanical
formulas for pressures of matter and radiation, respectively, from the standpoint
of the ensemble theory of statistical mechanics. The distribution function (2.223)
also gives rise to the equilibrium Gibbs relation and the accompanying theory of
equilibrium statistical thermodynamics.

In the case of nonequilibrium relativistic ideal gases, in view of the fact that the
nonequilibrium canonical form f ca taken under the functional hypothesis gives rise
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to the nonequilibrium Gibbs relation, which also tends to the equilibrium Gibbs
relation, the nonequilibrium grand canonical form for the N noninteracting quantum
particles may be sought for in the form

F (N )
c = exp

(−βH(N ) − ln�
)
, (2.231)

where H(N ) now contains nonequilibrium contributions

H(N ) =
∑

a=FD or BE

∑

j

H(1)
aj

=
∑

a=FD or BE

∑

j

⎛

⎝pν
ajUν +

∑

q≥1

X (q)
aα···ωh

(q)

aj − μa

⎞

⎠ (2.232)

in the notation already defined earlier. Here FD and BE stand for Fermi–Dirac
and Bose–Einstein particles. In (2.231) � is the local nonequilibrium grand partition
function

� = Tr
r∏

a=1

∏

j

exp
(
βH(1)

aj

)
(2.233)

with the trace operation denoting integration over all N particle momentum space. If
tracing operation is performed according to the Pauli exclusion principle applied to
Fermi–Dirac (FD) and Bose–Einstein particles, �(N ) can be written in the following
products of fermion and boson contributions:

� = Tr
r∏

a∈FD

∏

j

(
1 + e−βH(1)

aj

)
×

r∏

a∈BE

∏

j

(
1 − e−βH(1)

aj

)−1
. (2.234)

Since the distribution functions normalize to density, in the relativistic theory for-
mulation it is necessary to insert the factor c−2Uμ p

μ
a and to replace trace with the

integrals over momentum spaces of particles as follows:

TrA ⇒ 〈
c−2Uμ p

μ
a A

〉

the angular brackets denoting integration over momentum space of particle species
a. Thus we have

ln� =
∑

a∈FD

〈
c−2 pμ

aUμ ln
(
1 + e−βH(1)

aj

)〉

+
∑

a∈BE

〈
c−2 pμ

aUμ ln
(
1 − e−βH(1)

aj

)−1
〉

(2.235)

in the limit of treating the discrete sum as an integral.
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If the nonequilibrium canonical form f ca is represented by the form

f ca = 1

eβH(1)
aj − εa

, (2.236)

where

εa =
⎧
⎨

⎩

−1 for fermions

+1 for bosons
,

then ln� in (2.235) can be written in a simple unified form

ln� =
r∑

a=1

εa
〈
c−2 pμ

aUμ ln
(
1 + εa f

c
a

)〉
, (2.237)

where the index a stands for both fermion species or boson species. Therefore if the
global form of ln� defined by relation

ln� =
∫

V
dr ρ

r∑

a=1

ln�a (2.238)

we find the equation of state for nonequilibrium relativistic pressure p is given by
the formula

kBT ln� = pV

=
∫

V
dr

r∑

a=1

εa
〈
c−2 pμ

aUμ ln
(
1 + εa f

c
a

)〉
. (2.239)

It should be noted that the thermodynamic correspondence has been already made
between the statistical thermodynamic parameters and thermodynamic parameters
and, consequently, the thermodynamic meanings of various parameters have been
established. On the basis of the thermodynamic correspondence we are identifying
p with the nonequilibrium thermodynamic pressure.

If the Legendre transformation

pv =
r∑

a=1

μaca + T 	̂ −
r∑

a=1

∑

q≥1

X (q)
a α···σD�̂(q)σ···α

a − E (2.240)

is made, then pv may be regarded as a thermodynamic potential, so that the extended
Gibbs relation (2.218)—the differential form—for 	̂ is transformed to the exact
differential form for the thermodynamic potential pv:
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D (pv) = 	̂DT + pDv +
r∑

a=1

caDμa −
r∑

a=1

∑

q≥1

�̂(q)
a � DX (q)

a . (2.241)

Making use of this differential form for thermodynamic potential pv or its statistical
mechanical expression (grandpartition function),which is an extendedGibbs relation
(2.241), we obtain the thermodynamic variables in the thermodynamic manifold in
the local rest frame in terms of derivatives of ln�—namely, nonequilibrium partition
function—as below:

	̂ =
(

∂kBT ln�

∂T

)

v,μ,X

= kB ln� + kBT

(
∂ ln�

∂T

)

v,μ,X

, (2.242)

p = kBT

(
∂ ln�

∂v

)

T,μ,X

, (2.243)

ca = kBT

(
∂ ln�

∂μa

)

T,v,μ′,X
, (2.244)

�̂(q)
a = −kBT

(
∂ ln�

∂X (q)
a

)

T,v,μ,X ′
(a = 1, . . . ,m, r) . (2.245)

Together with the differential form (2.241), the relations (2.242)–(2.245) enable
us to compute the variables 	̂, p, ca , �̂

(q)
a and any other macroscopic variables of the

GibbsmanifoldG from the knowledge of the nonequilibriumgrand partition function
�. The aforementioned derivative set, together with the extended Gibbs relation for
D (pv), therefore forms the foundation of the nonequilibrium statistical thermody-
namics of a relativistic gasmixture ofmatter and radiation, since by utilizing relations
(2.230)–(2.244) and Legendre transformations of variables in the thermodynamic
manifold as well as accompanying Maxwell’s relations between derivatives [23], it
is possible to calculate any variables belonging to the Gibbs manifold in terms of
the grand partition function. Thus the irreversible thermodynamic formalism of ideal
relativistic gas mixtures of matter and radiation is now in place for nonequilibrium
processes. And we can apply it to study irreversible thermodynamic phenomena in
the system considered in the regime far removed from equilibrium at arbitrary degree.

2.10 Cumulant Expansion for the Dissipation Terms

2.10.1 Cumulant Expansion for the Calortropy Production

The description of generalized hydrodynamic equations is not as yet complete since
the dissipation terms �(α)

a of the nonconserved variable evolution equations still
remain formally defined, but not explicitly evaluated in terms of variables inP ∪ T.
Therefore, the formal development in the theory of irreversible thermodynamics
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presented up to this point has not acquired desired explicit forms for them in terms
of variables of P ∪ T. However, if the transport processes are to be studied in the
thermodynamic manifold their dependence on the variables in manifoldP ∪ Tmust
be explicitly given.

Since the dissipation terms are directly related to the calortropy production in
the system, they must be evaluated such that the second law of thermodynamics
is rigorously satisfied by suitable forms to be taken for them. Such a procedure is
possible to attain if a cumulant expansion method is used [5, 18] for the calortropy
production. Since the present covariant kinetic equations of radiation and matter are
similar in their structure to the covariant kinetic equations for the case of matter alone
discussed in Chap. 1 of this Volume, the cumulant expansion method is expected to
be also similar. For this reason we will be brief and present only the final results with
necessary definitions in Chap.1 mentioned.

Let us define the symbol g by the formula

g = (mc2/kBT )4

cλ2ρ2
, (2.246)

where λ is a parameter of dimension length—it may be taken for the mean free path
or the interaction range or the mean size parameter of particles. This parameter g has
a dimension of volume × time. If the calortropy production is scaled by kB/g it can
be rendered dimensionless:

σ̂c = g

kB
σc (2.247)

and similarly for the Boltzmann entropy production σent:

σ̂ent = g

kB
σent. (2.248)

Then analysis can be carried on for σ̂c and σ̂ent in the same manner as in the previous
chapter. For example, a cumulant expansion method may be applied and a formally
identical result is obtained.

To the first-order cumulant approximation, the reduced calortropy production is
given by

σ̂c = κ sinh κ ≥ 0, (2.249)

whereκ2 is theRayleigh dissipation function given by a quadratic formof generalized
potentials X (q)

a . Sinceκ is a positive quadratic formof the generalized potentials X (α)
a ,

the first-order cumulant approximation for σ̂c in (2.249) remains positive semidefinite
for all approximations made for the generalized potentials, whichmay be determined
from (2.245), for example. If the right hand side of (2.245) is calculated from the
knowledge of � and then the relation is inverted, X (α)

a is obtained as a function of
�

(q)
a . In general, their relation may be expressed as

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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X (α)
a = −g(q)

a �(q)
a , (2.250)

where g
(q)
a is a scalar function of variables spanning the manifold P ∪ T. In the

lowest order of approximation g
(q)
a is a scalar function of the variables of manifold

T but independent of the variables of manifoldP. See (2.274) below for g
(q)
a . In the

first-order cumulant approximation (2.249) for σ̂c, the cumulant κ is given by the
formula

κ =
⎡

⎣
r∑

a=1

r∑

b=1

∑

α≥1

∑

γ≥1

X (α)
a μ···σR

(αγ)σ···μω···ν
ab X (γ)

b ν···ω

⎤

⎦

1/2

. (2.251)

Here R(αγ)

ab are given by the collision bracket integrals of the collision integrals
Ra [ fa] andRr [ fr ] of the covariant kinetic equation for matter and radiation. They
can be explicitly determined in terms of particulate dynamical information (e.g.,
interactions and collision cross sections of particles) if we make use of the linear
steady-state evolution equations for nonconserved variables, namely, the linearized
steady-state generalized hydrodynamic equations. In fact, so determined R(αγ)

ab are
found to be exactly the same as the collision bracket integrals appearing, for example,
in the first-order Chapman–Enskog method [24] for the covariant kinetic equation.
Their statistical formulas are as follows. With the notations for reduced momenta

πa = cβ pa (2.252)

and the abbreviation [A � B]ab for the integral

[A � B]ab = GaGb

∑

s

∫
d3πa

∫
d3πb

∫
d3π∗

k

∫
d3π∗

l f
e
a f eb W

(s)
ab;klξabkl A � B,

(2.253)
where W

(s)
ab;kl is a reduced transition rate

W
(s)
ab;kl =

(
mkBT

λ2

)
W (s)

ab;kl (2.254)

and
ξabkl = [(

1 + εa f
e
a

) (
1 + εb f

e
b

) (
1 + εk f

e
k

) (
1 + εl f

e
l

)]−1
, (2.255)

the collision bracket integrals are given by expressions

R(αγ)σ···μω···ν
aa = 1

4
β2

[(
h(α)
a + h(α)

a′ − h(α)∗
a − h(α)∗

a′

)σ···μ

×
(
h(γ)
a + h(γ)

a′ − h(γ)∗
a − h(γ)∗

a′

)ω···ν]

aa′
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+ 1

2
β2

∑

b �=a

[(
h(α)
a − h(α)∗

a′

)σ···μ (
h(γ)

b − h(γ)∗
b′

)ω···ν]

ab
, (2.256)

R(αγ)σ···μω···ν
ab = β2

∑

a �=b

[(
h(α)
a − h(α)∗

a

)σ···μ (
h(γ)

b − h(γ)∗
b

)ω···ν]

ab
(2.257)

(a �= b) ,

R(αγ)σ···μω···ν
rr = 1

2
β2

∑

a �=r

[(
h(α)
r − h(α)∗

r

)σ···μ (
h(γ)
r − h(γ)∗

r

)ω···ν]

ai
, (2.258)

R(αγ)σ···μω···ν
ra = β2

∑

a �=r

[(
h(α)
r − h(α)∗

i

)σ···μ (
h(γ)
r − h(γ)∗

i

)ω···ν]

ra
. (2.259)

These tensor integrals can be simplified to products of scalar integrals and isotropic
tensors as will be shown in the following.

2.10.2 Dissipation Terms in the First-Order
Cumulant Approximation

Comparing (2.249) with (2.211) and with the help of the expression for the first-
order cumulant κ, we now find approximate dissipation terms consistent with the
inequality (2.249) for the calortropy production

�(q)σ···μ
a = (βg)−1

r∑

b=1

∑

γ≥1

R(qγ)σ···μω···ν
ab X (γ)

b ν···ω (sinh κ/κ) . (2.260)

This is the first-cumulant approximation for �
(q)
a , which is also consistent with the

H theorem in the limit of vanishing fluctuations of distribution function fa from f ca :
� fa = fa − f ca = 0, because, in that case, σent = σc ≥ 0 according to (2.249).

Higher order cumulant approximations for the dissipation terms may be obtained
if the corresponding cumulant approximations are used for the reduced entropy pro-
duction. It is straightforward to obtain them by following the procedure described
in the literature [5, 18, 25, 26]. There now remains the task of determining the
unknowns X (α)

a in order to complete the formulation of thermodynamically consis-
tent generalized hydrodynamic equations.

To proceed further it is useful to recast the collision bracket integrals R(αγ)
aa , etc.,

which are given above in unwieldy tensor product forms, to more computationally
practical scalar forms. If we exploit the properties of isotropic tensors [18] this
aim can be easily achieved for collision bracket integrals considered here, which
involve tensors of rank 4 at most. We observe that R(qγ)

ab are expandable into isotropic
tensors with scalar collision bracket integrals appearing as their coefficients; see,
for example, Chap. 5, Ref. [18]. Thus we obtain
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R(11)μνσω
ab = R(11)

ab

[
1

2
(�μσ�νω + �μω�νσ) − 1

3
�μν�σω

]
. (2.261)

The coefficient R(11)
ab is then a scalar obtained by contracting R(11)μνσω

ab with the
isotropic tensor

[
1
2

(
�μσ�νω + �μω�νσ

) − 1
3�μν�σω

]
:

R(11)
ab = 1

5
R(11)μνσω
ab

[
1

2
(�μσ�νω + �μω�νσ) − 1

3
�μν�σω

]

= 1

10
β2

∑

a �=b

[(
h(α)
a − h(α)∗

a

) :
(
h(γ)

b − h(γ)∗
b

)]

ab
(a �= b) (2.262)

and similarly

R(11)
aa = 1

5
R(11)μνσω
aa

[
1

2
(�μσ�νω + �μω�νσ) − 1

3
�μν�σω

]

= 1

10
β2

{
1

2

[
�
(
h(1)
a + h(1)

a′

)
: �

(
h(1)
a + h(1)

a′

)]

aa′

+
∑

b �=a

[(
h(1)
a − h(1)∗

a′

)
:
(
h(1)
b − h(1)∗

b′

)]

ab

⎫
⎬

⎭
, (2.263)

where
�
(
h(1)
a + h(1)

a′

)
= h(1)

a + h(1)
a′ − h(1)∗

a − h(1)∗
a′ .

Here the prime on the subscript a of [A]aa′ means another particle of species a and the
colon: between the tensors means contraction of rank 2 tensors. Since the collision
bracket integral R(22)

ab is scalar for the case of q = s = 2, we simply obtain scalar
collision bracket integrals:

R(22)
ab = R(22)

ab

= β2
∑

a �=b

[(
h(2)
a − h(2)∗

a

) (
h(2)
b − h(2)∗

b

)]

ab
(a �= b) , (2.264)

R(22)
aa = R(22)

aa

= 1

2
β2

{
1

2

[
�
(
h(2)
a + h(2)

a′

)
�
(
h(2)
a + h(2)

a′

)]

aa′

+
∑

b �=a

[(
h(α)
a − h(α)∗

a′

) (
h(s)
b − h(s)∗

b′

)]

ab

⎫
⎬

⎭
, (2.265)

where
�
(
h(2)
a + h(2)

a′

)
= h(2)

a + h(2)
a′ − h(2)∗

a − h(2)∗
a′ .



2.10 Cumulant Expansion for the Dissipation Terms 151

For q, s = 3 or 4, namely, for vector processes such as heat flow and diffusion the
collision bracket integral R(qγ)μν

ab is expressible as

R(qγ)μν
ab = R(qγ)

ab �μν (2.266)

and hence upon contracting with �μν we obtain

R(qs)
ab = R(qs)μν

ab �μν

= 1

6
β2

∑

a �=b

[(
h(q)
a − h(q)∗

a

) ·
(
h(s)
b − h(s)∗

b

)]

ab
(a �= b) , (2.267)

R(qs)
aa = 1

6
β2

{
1

2

[
�
(
h(q)
a + h(q)

a′

)
· �

(
h(s)
a + h(s)

a′

)]

aa′

+
∑

b �=a

[(
h(q)
a − h(q)∗

a′

)
·
(
h(s)
b − h(s)∗

b′

)]

ab

⎫
⎬

⎭
(q, s = 3, 4) , (2.268)

where the symbol · means the scalar product of vectors, namely, contraction of rank
1 tensors. These procedures of tensor contractions in the collision bracket integrals
can be extended to the cases of higher rank tensors with progressively complicated
results.10 In the present chapterwe are limiting the calculations up to rank 4 tensors, in
other words, shear stresses �

(q)μν
a , since higher rank tensors than 4 are not required

in practice. It is, in principle, possible to cast the first-order cumulant κ into the
quadratic form of generalized potentials X (q)

a :

κ =
⎡

⎣
r∑

a=1

r∑

b=1

∑

q≥1

∑

s≥1

R(qγ)

ab

(
X (q)
a � X (s)

b

)
⎤

⎦

1/2

, (2.269)

where X (α)
a � X (s)

b is a scalar:

X (q)
a � X (s)

b = X (q)μν···σω
a X (s)

bωσ···νμ. (2.270)

The generalized potentials X (q)
a in κ and f ca now must be determined, so that the

whole structure of the theory we are pursuing becomes free from undetermined
parameters. It is discussed in the next section.

10For higher rank tensors isotropic tensors of higher rank, more complicated basis sets would be
required. For the basis sets for higher order isotropic Cartesian tensors, see pages 97–98, Chap.5,
Ref. [18].
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2.11 Generalized Potentials

We have managed the formulation of the theory, deferring the determination of the
generalized potentials X (q)

a making up the nonequilibrium canonical forms (2.190)
and (2.192). We have now reached the point to determine X (q)

a in terms of variables
of manifold P.

The formal relations of nonequilibrium quantities are indicated by various rela-
tions of the macroscopic irreversible thermodynamics developed with the nonequi-
libriumcanonical forms.One of themcan bemade use of to obtain the desired relation
of X (q)

a to �
(q)
a ; see, especially, (2.245), which may be regarded as one of the most

important among them in the present nonequilibrium statistical mechanical theory.
Another mathematically satisfactory method of determining X (q)

a was discussed in
Chap.3 of Volume 1 and we may apply it to calculate it in terms of �̂

(q)
a . Here we

make use of (2.245) for the purpose in mind.
Expanding ln�a in power series in X (q)

a , we obtain

kBT

(
∂ ln�a

∂X (q)
a

)

T,v,μ,X ′
= 〈

c−2Uμ p
μ
a f ea

(
h(q)
a + βh(q)

a h(q)
a �X (q)

a + · · ·)〉 , (2.271)

which, to the lowest nonvanishing order in X (q)
a , yields the formula

kBT

(
∂ ln�a

∂X (q)
a

)

T,v,μ,X ′
= β

〈
c−2Uμ p

μ
a f ea h

(q)
a h(q)

a � X (q)
a

〉 + O
(
X (q)2
a

)
. (2.272)

Thus finally, to the lowest nonvanishing order the generalized potentials are given
by the linear relation

X (q)
a = − (

1/g(q)
a

)
�(q)

a , (2.273)

where

g(q)
a = 1

2
Isβ

〈
f ea c

−2Uμ p
μ
a h

(q)
a � h(q)

a

〉
(a = 1, . . . ,m, r) (2.274)

with Is denoting symmetry-related factor for integrals of tensors

Is =

⎧
⎪⎨

⎪⎩

1
5 for second-rank tensors
1
3 for first-rank tensors

1 for scalar

. (2.275)

It should be noted that the rank of tensor X (q)
a is the same as that of �

(q)
a . The

approximation for X (q)
a (2.273) leaves the first-order cumulant approximation for

the calortropy entropy production positive semidefinite. In this manner, the moment
method employed here for relativistic Boltzmann–Nordholm–Uehling–Uhlenbeck

http://dx.doi.org/10.1007/978-3-319-41153-8_3
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equation is made complete to an approximation consistent with σc ≥ 0. When the
approximate relation for X (q)

a is used in the dissipation terms, the evolution equations

formally obtained earlier are closed with respect to
{
�

(q)
a

}
and ready for solution

because all the undetermined parameters are given formal relations to
{
�

(q)
a

}
, by

means of which we can determined them in terms of variables spanning the thermo-
dynamic manifold P ∪ T. The transport properties then can be calculated from the
solutions of the evolution equations—i.e., the generalized hydrodynamic equations
for fluxes and conserved variables. The generalized hydrodynamic equations thus
obtained, therefore, provide a mathematical framework—in the form of closed field
equations—to describe transport processes attendant on irreversible processes in a
system of radiation and matter in a manner consistent with the thermodynamic laws.

2.12 Generalized Hydrodynamics

The combined set of conservation laws, (2.163)–(2.168), and nonconserved variable
evolution equations [(2.169) and (2.173)] constitutes the generalized hydrodynamics
of radiation andmatter. Having been appropriately subjected to the laws of thermody-
namics, they are thermodynamically consistent. They are the fruits of labor expended
so far to make generalized potentials and dissipation terms explicit with regard to
variables spanning manifoldP ∪ T, so that the generalized hydrodynamic equations
properly describe irreversible processes in the system consistently with the thermo-
dynamic laws, given the initial and boundary conditions for variables belonging to
P ∪ T. They are now ready for hydrodynamic applications. It would be useful to
summarize them in the following.

2.12.1 Conservation Laws

The equation of continuity for the total density is

Dρ = −ρ�μU
μ. (2.276)

The conserved variables balance equations are:

ρDcm = −∂μ J
μ
m + c−2 Jμ

mDUμ + �(n)
m , (2.277)

ρDEm = −∂μQ
μ
m + Pμν

m �νUμ + c−2Qμ
mDUμ +Uν�

ν
m, (2.278)

c−2EmρDUμ = ∇μ pm + �μ
σ∂ν�

σν
m

+ c−2
(
Pμν
m DUν − �μ

ν DQν
m − Qμ

m�νU
ν − Qν

m�νU
μ
)

(2.279)
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for matter and

ρDcr = −∂ν J
ν
r + c−2 Jμ

r DUμ + �(n)
r , (2.280)

ρDEr = −∂νQ
ν
r + Pμν

r �νUμ + c−2Qν
r DUν +Uμ�

μ
r (2.281)

for the radiation. Here Er is the radiation energy per material particle. We emphasize
that the radiation momentum equation is not listed here, since it is related to the
radiation heat flux evolution equationwhich appears as one of the evolution equations
for �̂

(q)μν···l
a .

2.12.2 Evolution Equations for Nonconserved Variables

Coupled to the balance equations of the conserved variables, there are the evolution
equations for nonconserved variables

ρD�̂(q)μ···ν
a = −�σ�(q)σμ···ν

a + Z(q)μν···l
a + �(q)μν···l

a (x) , (2.282)

�(q)σμ···ν
a = �μ

γψ
(q)γσμ···ν
a (a = 1, · · · ,m, r; q ≥ 1) (2.283)

which holds for either matter or radiation. This is the generic form of nonconserved
variable evolution equations. The kinematic terms and dissipation terms are presented
separately for matter and radiation below.

Kinematic Terms for Matter

With the definitions for symbols

[�U ](2)μν = 1

2
(�μU ν + �νUμ) − 1

3
�μν�τUτ ,

[A · B](2)μν = 1

2

(
AμσBν

σ + AνσBμ
σ

) − 1

3
�μν Aστ Bστ , (2.284)

the kinematic terms for matter species are collected below:

Modified Kinematic Term for Shear Stress

Z(1)μν
a = −2 [Pa · ∇U ](2)μν − 2c−2

[
Q′

r · DU](2) − 2c−2 [Jr DU ](2)μν

− 2 [PaU · DU ](2) + c−2 [UU ](2)μν Pτε
a ∇εUτ

+ c−2
(
UμPνω

a DUω +U νPμω
a DUω

) + c−2 [UU ](2)μν Q′ω
r DUω

− 1

3
c−2

(
UμQ′ε

a ∇εU
ν +U νQ′ε

a ∇εU
μ
) + c−2 [UU ](2)μν Q′ω

a DUω

− 1

3
c−2

(
UμJε

a∇εU
ν +U νJε

a∇εU
μ
) + 2c−2 [UU ](2)μν Jω

a DUω
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− c−4UμU νQ′ω
a DUω + 1

3

〈

fa
pε
a

(
pσ
a paσ

)

(
Uλ pλ

a

)

〉

(Uμ∇εU
ν +U ν∇εU

μ)

− c2
〈

fa
pμ
a pν

a [pa pa]
(2)ωε

(
Uλ pλ

a

)2

〉

∇εUω, (2.285)

where

[pa pa]
(2)ωε = pω

a p
ε
a − 1

3
�μν

(
pσ
a paσ

) = pω
a p

ε
a − 1

3
m2

ac
2�μν .

Modified Kinematic Term for Excess Normal Stress

Z(2)
a = −ρaD (pa/ρa) − 2

3
Pμε
a ∇εUμ − 2

3
c−2Qω

a DUω − J ε
a∇ε (pa/ρa)

− c−2 (pa/ρa) J
ω
a DUω + 1

3

[

Pμε
a − c2

〈

fa
pω
a p

ε
a

(
pμ
a paμ

)

(
Uλ pλ

a

)2

〉]

∇εUω

(2.286)

where (
pμ
a paμ

) = m2
ac

2.

Modified Kinematic Term for Heat Flux

Z(3)μ
a = Pμω

a DUω − Q′σ
a ∇σU

μ − Pμσ
a ∇σ ĥ

′
a − c−2Jσ

a∇σU
μ

+ ĥ′
a J

σ
a ∇σU

μ + ρa
(̂
h′
a − Ea

)
DUμ − Jμ

a Dĥ′
a

− c−2Uμ
(
Qσ

a DUσ + c−2Jσ
a DUσ − ĥ′

a J
ω
a DUω

)

−Uμ
(
Pσε
a ∇σUε − Jσ

a ∇σ ĥ
′
a

)

+ c2ĥ′
a

〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

∇σUω +
[

Pμσ
a − c2

〈

fa
pμ
a pσ

a(
Uλ pλ

a

)

〉]

∇σ ĥ
′
a . (2.287)

Modified Kinematic Term for Diffusion Flux

Z(4)μ
a = −ρaDU

μ − Jσ
a �σU

μ −c−2Uμ Jω
a DUω −c2

〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

�σUω. (2.288)

In this case the divergence term is added to the kinematic term because �
(4)μ
a gives

rise to a variable in the manifold P ∪ T.

Modified Kinematic Terms for Radiation

The modified kinematic terms for radiation are collected below.
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Modified Kinematic Term for Shear Stress

Z(1)μν
r = −2 [Pr · �U ](2)μν − 2c−2

[
Q′

r · DU](2) − 2c−2 [Jr DU ](2)μν

− 2 [PrU · DU ](2) + c−2 [UU ](2)μν Pτε
r �εUτ

+ c−2
(
UμPνω

r DUω +U νPμω
r DUω

) + c−2 [UU ](2)μν Q′ω
r DUω

− c−4UμU νQ′ω
r DUω + c−2

(
[UU ](2)μν − c−2UμU ν

)
Jω
r DUω

− 1

3
c−2

(
UμQ′ε

r �εU
ν +U νQ′ε

r �εU
μ
)

− 1

3
c−2

(
Uμ J ε

r �εU
ν +U ν J ε

a�εU
μ
) − c2

〈

fr
pμ
r pν

r p
ω
r p

ε
r(

Uλ pλ
r

)2

〉

�εUω.

(2.289)

Modified Kinematic Term for Excess Normal Stress

Z(2)
r = −ρr D (pr/ρr ) − 1

3
Pμε
r ∇εUμ − J ε

r ∇ε (pr/ρr ) − c−2 (pr/ρr ) J
ω
r DUω

− 2

3
c−2Jω

r DUω − 2

3
c−2Q′ω

r DUω. (2.290)

Modified Kinematic Term for Heat Flux

Z(3)μ
r = −Pμσ

r ∇σhr − Q′σ
r ∇σU

μ − c−2Jσ
r ∇σU

μ

+ Pωμ
r DUω + ρr pr DU

μ − Jμ
r Dhr + hr J

σ
r ∇σU

μ

−UμPσω
r ∇σUω −UμQ′σ

r DUσ − c−2UμJσ
r DUσ

+Uμ Jσ
r ∇σhr + c−2Uμhr J

ω
r DUω + c2hr

〈

fr
pμ
r pω

r p
σ
r(

Uλ pλ
r

)2

〉

∇σUω

+ 2hr

〈

fr
pω
r p

σ
r(

Uλ pλ
r

)

〉

Uμ∇σUω +
[

Pμσ
r − c2

〈

fr
pμ
r pσ

r(
Uλ pλ

r

)

〉]

∇σhr . (2.291)

The third and fourth lines proportional to Uμ on the right vanish in the local rest
frame. They are relativistic effects as are the integrals.

Modified Kinematic Term for Diffusion Flux

Z(4)μ
a = −ρaDU

μ − Jσ
a �σU

μ − c−2Uμ Jω
a DUω − c2

〈

fa
pμ
a pω

a p
σ
a(

Uλ pλ
a

)2

〉

�σUω.

(2.292)
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The integrals represent relativistic effects. In this case of Z(4)μ
r , the divergence term

− ∂σ�
(4)σμ
r = Jμ

r ∇σU
σ − c−2Uμ Jω

r DUω +
〈

fr
pω
r p

μ
r(

pλ
r Uλ

)

〉

DUω (2.293)

has been added to Z (4)μ
r to obtain Z

(4)μ
a since the term consists of variables in the

manifold P.
The kinematic terms for matter and radiation are different despite the formally

rather similar moments h(q)μ···ν
i (a = 1, 2, . . .m, r) because

(
pσ
i pi σ

) = m2
ac

2 for
matter whereas

(
pσ
i pi σ

) = 0 for radiation.

Dissipation Terms �
(q)μ···ν
a

The dissipation terms accompanying the kinematic terms in the generic evolution
equation are calculated in the first-order cumulant approximation. The first-order
cumulant approximation combined with the first-order approximation for the gen-
eralized potentials given in (2.273) is found sufficient for many applications in the
case of nonrelativistic generalized hydrodynamic equations applied so far. For this
reason it is logical to consider a similar level of approximations in the case of the
relativistic theory. With the generalized potentials approximated to the linear order
in fluxes as given in (2.273) the dissipation terms are given by the formula

�(q)μ···ν
a = −

{r,m}∑

b=1

4∑

s=1

(
βgg(s)

b

)−1
R

(qs)
ab �

(s)μ···ν
b (sinh κ/κ)

(a = 1, . . . ,m, r) , (2.294)

where the coefficients R(qs)
ab are defined by

R
(qs)
ab = g(q)

a R(qs)
ab g(s)

b (2.295)

in terms of the collision bracket integrals R(qs)
ab given in (2.262)–(2.265), (2.267),

and (2.268). Recalling the definition of the first-order cumulant κ, we now find that
κ is given, in the first order approximation (2.273) for generalized potentials, by the
quadratic form of �

(s)
b :

κ2 =
{r,m}∑

a,b=1

∑

q,s≥1

R
(qs)
ab �(s)μ···ν

a �
(s)
bν···μ. (2.296)

Note that this is a generalized Rayleigh dissipation function. With the dissipation
terms given in (2.294) we are now ready to explore some useful approximate forms
for the nonconserved variable evolution equations presented above.
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2.12.3 Linear Constitutive Equations
and Transport Coefficients

In order to derive the statistical mechanical formulas for transport coefficients of rela-
tivistic gases in terms of dynamical quantities such as collision cross sectionswemust
first obtain appropriate constitutive equations for linear transport processes. This aim
is achieved if we linearize the nonconserved variable evolution equations presented
earlier with respect to the thermodynamic forces and if the open hierarchy of evo-
lution equations is closed by setting �

(1)σμν
i , �(2)σ

i , and �
(3)σμ
i (i = 1, 2, . . . ,m, r)

equal to zero or quantities belonging to the thermodynamic manifold P ∪ T. By
means of such closures, the hierarchy of evolution equations is closed at the tensorial
moment of rank 2. The linear transport coefficients can then be identified from the
steady-state nonconserved variable evolution equations.

Linear Constitutive Equations

Upon imposing the closure and linearizing the kinematic terms with respect to ther-
modynamic driving forces—spatial gradients of velocity, temperature, pressure, or
concentrations—and fluxes and setting qn(κ) = 1 in the dissipation terms of evolu-
tion equations, we obtain linearized constitutive equations for fluxes. They take the
following forms

ρD�̂(1)μν
a = −χ(1)μν

a − (
βgg(1)

a

)−1
{m,r}∑

b=1

R
(11)
ab �

(1)μν
b , (2.297)

ρD�̂(2)
a = −χ(2)

a − (
βgg(2)

a

)−1
{m,r}∑

b=1

Rab�
(2)
b , (2.298)

ρD�̂(3)μ
a = −χ(3)

a − (
βgg(3)

a

)−1
{m,r}∑

b=1

∑

s=3,4

R
(3s)
ab �(s)μ

a , (2.299)

ρD�̂(4)μ
a = −χ(4)

a − (
βgg(4)

a

)−1
{m,r}∑

b=1

∑

s=3,4

R
(4s)
ab �

(s)μ
b , (2.300)

where the subscript a runs over all species, i.e., a = 1, . . . ,m, r and the thermody-
namic forces χ

(1)μν
a , etc. are defined by linear thermodynamic gradients

χ(1)μν
a = 2pa [∇U ](2)μν , (2.301)

χ(2)
a = 5

3
pa∇μU

μ, (2.302)

χ(3)
a = paĈ p∇μ ln T, (2.303)

χ(4)
a = ρa∇μ ln ca . (2.304)
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These thermodynamic forces are the linear approximations of the kinematic terms
Z

(q)μ···ν
a with respect to the thermodynamic gradients. It should be noted that in the

case of diffusion flux evolution equations the divergence term �σϕ
(4)μσ
a is combined

with the kinematic term Z (4)μ
a to obtain the modified kinematic term.

At the steady state of this set of differential equations we obtain the linear steady-
state constitutive equations

−χ(1)μν
a − (

βgg(1)
a

)−1
{m,r}∑

b=1

R
(11)
ab �

(1)μν
b = 0, (2.305)

−χ(2)
a − (

βgg(2)
a

)−1
{m,r}∑

b=1

Rab�
(2)
b = 0, (2.306)

−χ(3)
a − (

βgg(3)
a

)−1
{m,r}∑

b=1

∑

s=3,4

R
(3s)
ab �(s)μ

a = 0, (2.307)

−χ(4)
a − (

βgg(4)
a

)−1
{m,r}∑

b=1

∑

s=3,4

R
(4s)
ab �

(s)μ
b = 0. (2.308)

This set is algebraic with respect to fluxes �
(q)
a . Since the first two of the set are not

coupled to the rest of the equations, they are easily solved for the fluxes. We thus
obtain

�(1)μν
a = −

{m,r}∑

b=1

[B]−1
ab [∇U ](2)μν , (2.309)

�(2)
a = −

{m,r}∑

b=1

[V]−1
ab ∇μU

μ, (2.310)

where B and V are r × r square matrices consisting of elements R(11)
ab and R

(22)
ab ,

respectively:

Bab = R(11)

2paβg
, (2.311)

Vab=3R(22)

5paβg
. (2.312)

Since the third and fourth equations of the set are coupled, we construct a 2r × 2r

square matrixS consisting of r × r square submatrices
[
R

(33)
ab / (βg)

]
,
[
R

(44)
ab /βg

]
,

[
R

(34)
ab /βg

]
, and

[
R

(43)
ab /βg(4)

a

]
:
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S =
(
T H
K D

)
, (2.313)

where the submatrices are defined by r × r square matrices11 made up of collision
bracket integrals:

T =
[
R

(33)
ab

βg

]

, (2.314)

H =
[
R

(34)
ab

βg

]

, (2.315)

K =
[
R

(43)
ab

βg

]

, (2.316)

D =
[
R

(44)
ab

βg

]

. (2.317)

We also construct a 2r dimensional column vector spanned by 2 r -dimensional
thermodynamic force vectors of T∇μ ln T and ∇μ ln c j :

Ft = (T∇μ ln T, . . . , T∇μ ln T,∇μ ln c1, . . . ,∇μ ln cr )
t . (2.318)

Then in the notation defined, the solution of the third and fourth equations of the set
may be written in matrix form

� = S−1F, (2.319)

where � denotes the (2r − 1) dimensional column vector

� = (
�(3), . . . , �(4), . . .

)
. (2.320)

Explicitly written out in components, the solutions of (2.307) and (2.308) are
given by

�̂(3)μ
a = −

r∑

j=1

|S|aj
det |S|T∇μ ln T −

r∑

j=1

|S|a,r+ j

det |S| ∇μ ln c j , (2.321)

�̂(4)μ
a = −

r∑

j=1

|S|a+r, j

det |S| T∇μ ln T −
r∑

j=1

|S|a+r,r+ j

det |S| ∇μ ln c j , (2.322)

where the subscript a runs over all species including photons and |S|aj is the
(aj) cofactor of matrix S. The solutions for the linear constitutive equations

11It should be noted here that we have not eliminated the dependent diffusion flux in view of the
fact that the number and range of photon spectrum is indeterminate in the present model.
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(2.309)–(2.322) enable us to identify the linear transport coefficients of matter and
radiation species under consideration.

Linear Transport Coefficients of Matter And Radiation

The linear transport coefficients are now easily identified with matrix elements of
the solutions of the constitutive equations obtained above. The shear viscosity η0 is
found to have the statistical mechanical formula

η0 =
r∑

a=1

η0
a :=

r∑

a,b=1

1

2
(B)−1

ab ; (2.323)

the bulk viscosity ζ the formula

η0
B =

∑

a

η0
Ba :=

r∑

a,b=1

(V)−1
ab ; (2.324)

the thermal conductivity λ the formula

λ0
a =

r∑

j=1

λ0
aj :=

r∑

j=1

|S|aj
det |S| ; (2.325)

the diffusion coefficients Dab the formula

D0
a =

r∑

j=1

D0
aj :=

r∑

j=1

|S|a,r+ j

det |S| ; (2.326)

and the thermal diffusivity the formulas

Dd0
ab = |S|a,r+b

det |S| ; (2.327)

Dt0
ab = |S|a+r,b

det |S| . (2.328)

Here the species index a runs over the material species and photons.
In the nonrelativistic theory, the linear transport processes calculated by the

method of generalized hydrodynamic equations are found to agree completely with
their equivalents calculated in the first-order Chapman–Enskog theory. Therefore the
present relativistic theory results for the linear transport coefficients are also expected
to give the first-order Chapman–Enskog theory results for the relativistic gases of
matter and radiation (photons). It can be shown that the first-order Chapman–Enskog
method of solution for the covariant kinetic equation for the system of interest indeed
gives the same linear transport coefficients.
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2.12.4 Quasilinear Constitutive Equations
and Transport Coefficients

If the kinematic terms are linearized with respect to the thermodynamic gradients on
the one hand and, on the other hand, the dissipation terms �

(q)
a are approximated in

the first-order cumulant form together with the first-order generalized potentials as
in (2.294), we obtain a model for nonconserved variable evolution equations. When
the model is combined with the conserved variable evolution equations, we obtain
a model for generalized hydrodynamic equations, which we call quasilinear gener-
alized hydrodynamic equations. The model for the nonconserved variable evolution
equations may be written as below:

ρD�̂(1)μν
a = −χ(1)μν

a − 1

g(1)
a

{m,r}∑

b=1

Bab�
(1)μν
b qn(κ), (2.329)

ρD�̂(2)
a = −χ(2)

a − 1

g(2)
a

{m,r}∑

b=1

Vab�
(2)
b qn(κ), (2.330)

ρD�̂(3)μ
a = −χ(3)

a − 1

g(3)
a

{m,r}∑

b=1

(
Tab�

(3)μ
a + Hab�

(4)μ
b

)
qn(κ), (2.331)

ρD�̂(4)μ
a = −χ(4)

a − 1

g(4)
a

{m,r}∑

b=1

(
Kab�

(3)μ
b + Dab�

(4)μ
b

)
qn(κ), (2.332)

where the index a runs over all species—i.e., matter and radiation. This set of equa-
tions differs from the linear evolution equations (2.297)–(2.300) by the presence of
the nonlinear factor qn(κ). Therefore, they are still highly nonlinear and expected
to describe flow processes far removed from equilibrium in fluids subjected to high
thermodynamic gradients as in the case of nonrelativistic flow processes studied [5,
18, 27, 28] and discussed in Chap.9 of Volume 1.

The quasilinear generalized hydrodynamic equations therefore include the lin-
earized generalized hydrodynamic equations in the limit of qn(κ) → 1 as κ → 0,
namely, in the vicinity of equilibrium. Furthermore, they also include the classi-
cal hydrodynamic equations—the Navier–Stokes, Fourier, and Fick equations, if the
linear transport processes are at steady state.

Quasilinear Transport Coefficients

The steady-state solutions of the quasilinear evolution equations (2.329)–(2.332)
provide the constitutive relations for quasilinear transport processes and the asso-
ciated nonlinear transport coefficients. The steady state solutions in question are as
follows:

�(1)μν
a = −ηa [∇U ](2)μν , (2.333)
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�(2)
a = −ηBa∇μU

μ, (2.334)

�(3)μ
a = −λaT∇μ ln T −

r∑

j=1

Dd
aj∇μ ln c j (a = 1, . . . ,m, r) , (2.335)

�(4)μ
a = −Dt

aT∇μ ln T −
r∑

j=1

Daj∇μ ln c j

(a = r + 1, . . .m − 1, r) . (2.336)

The nonlinear transport coefficients ηa , ηBa , λa , Dd
aj , D

t
a , Daj—the coefficients to

the thermodynamic gradients—are defined by the formulas given below:

ηa =
r∑

b=1

(B)−1
ab qL (κL) := η0

aqL (κL) , (2.337)

ηBa =
r∑

b=1

(V)−1
ab qL (κL) := η0

BaqL (κL) , (2.338)

λa =
r∑

j=1

|S|a,r+ j

det |S| qL (κL) := λ0
aqL (κL) , (2.339)

Dd
aj = |S|a,r+ j

det |S| qL (κL) := Dd0
aj qL (κL) , (2.340)

Dt
a =

r∑

j=1

|S|a+r,r+ j

det |S| qL (κLκ) := Dt0
a qL (κLκ) , (2.341)

Daj = |S|a+r,r+ j

det |S| qL (κL) := D0
ajqL (κL) , (2.342)

where qL (κL) = sinh−1 κL/κL with κL denoting12 the quadratic form of thermody-
namic gradients of the matter-radiation system under consideration.

The nonlinear transport coefficients ηa , . . . , Daj depends on thermodynamic gra-
dients present in the fluid undergoing nonlinear transport processes described by the
evolution equations (2.329)–(2.332). They in fact diminish to zero asκL

−1+δ (δ > 0)
as κL → ∞. For example, in the case of viscosity there appears a shear thinning
effect as the shear rate increases—namely, the fluid is non-Newtonian. Notice that, as
their nonrelativistic counterparts do, they also break the Curie principle because the
flow process in question can be affected by a thermodynamic gradient of a different
spatial symmetry of the flow. In the case of nonrelativistic flow phenomena, they
can adequately account for numerous flow behavior in rheology, nonlinear charge
carrier transport phenomena, rarefied gas flow, etc. Therefore in the light of the non-
linear transport coefficients for nonrelativistic flows just mentioned the relativistic

12For the detail of getting qL (κL ) from the nonlinear factor qn(κ) and κL , see Chap.1 of this
Volume.

http://dx.doi.org/10.1007/978-3-319-41153-8_1
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quasilinear transport coefficients listed above and the quasilinear generalized hydro-
dynamic equations could be also of interest to relativistic flow phenomena in rela-
tivistic gases far removed from equilibrium.

2.13 Nonrelativistic Limits of Relativistic Generalized
Hydrodynamic Equations

The nonrelativistic limits of the relativistic generalized hydrodynamic equations
of matter and radiation and the related quantities presented earlier in the present
chapter can be obtained bymaking use of the methods employed for a similar subject
in the absence of radiation in the previous chapter of this Volume. Thus obtained
would be the classical radiation hydrodynamic equations for flow processes in matter
interacting with radiation. Of particular interest to us here is the radiation part of
hydrodynamic equations, because it will provide us classical radiation hydrodynamic
equations which have not been discussed in the previous chapters in this work. Since
the material part of the classical hydrodynamic equations would be expected to be
similar to the classical (nonrelativistic) limits studied in the previous chapter, we will
focus our attention to the radiation part of the generalized hydrodynamic equations.

Since the nonrelativistic limits of various operators and quantities considered
in the evolution equations in the previous chapter should also apply to the present
generalized hydrodynamic equations of matter and radiation, they will be used to
obtain the desired results for our goal here. It is convenient to list a few of relevant
nonrelativistic limits of quantities below:

p0a = mac
(
1 + p2a/m

2
ac

2
)1/2

(a = 1, 2, . . . ,m)

→ mac, as u/c → 0 (2.343)

in the case of matter particles. Since the hydrodynamic velocity Uμ may be written
for the whole system as

Uμ =
(
1 − u2

c2

)1/2

(c, u) = γ (c, u) → (c, u) (2.344)

in the limit of u/c → 0, it is clear that the space-components of Uμ is reduced
to the nonrelativistic hydrodynamic velocity in the limit. With this preparation it
is straightforward to obtain the nonrelativistic limits of the relativistic generalized
hydrodynamic equations.Using the aforementioned limitwefind in the case ofmatter

pμ
aUμ = γ

(
cp0a − pa · u

)

= mac
2 + 1

2
mC2

a + O
(
c−2

)
, (2.345)
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where
Ca = va − u

is the nonrelativistic peculiar velocity of speciesa, and themac2 termcanbeneglected
in the nonrelativistic theory. This means that the Jüttner function for matter has the
following limit

f ea = exp
[−β

(
pμ
aUμ − μa

)] = lim
u/c→0

exp

[
−β

(
1

2
mC2

a − μa

)]
. (2.346)

Therefore the Maxwell–Boltzmann distribution function is the nonrelativistic limit
of the Jüttner distribution function.

The number density tends to the nonrelativistic number density for both matter
species and photons:

ρa = c−2UμN
μ
a = c−1

∫
d3 pa
p0a

Uμ p
μ
a fa

=
∫

d3 pa fa + O(c−1)

= n(nr)
a + O(c−1) (a = 1, 2, . . . ,m, r) . (2.347)

Here n(nr)
a denotes the number density in the nonrelativistic kinetic theory.

The covariant operators D and ∇μ have the nonrelativistic limit as follows :

D = Uμ∂μ = U 0∂0 +Uk∂k

= ∂t + u · ∇ + O(c−1)

:= d

dt
+ O(c−1). (2.348)

Namely, the relativistic substantial time derivative D = ρD tends to the nonrela-
tivistic substantial time derivative ρ d

dt used in classical fluid mechanics. The space-
component of the operator �μ is given by spatial gradient ∇ j = ∂/∂x j in the limit
of u/c → 0:

∇ j = −� jk∂k − � j0∂0

= ∂

∂x j
+ O(c−1) (k, j = 1, 2, 3) (2.349)

Therefore there hold the limits

∇μU
ν → ∂uν/∂xμ; ∇μUν → −∂uν/∂xμ. (2.350)
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Let us then analyze the nonrelativistic limit of the Boltzmann entropy four-flow.
We have defined the Boltzmann entropy in the relativistic kinetic theory13

Sμ (x) = −kBc
{m,r}∑

α=1

∫
d3 pα

p0α
pμ

α fα ln fα (2.351)

and

S := ρS = c−2UμS
μ (x)

= −kB

{m,r}∑

α=1

∫
d3 pα fα ln f (nr)

α + O(c−1)

= S(nr) + O(c−1), (2.352)

where S(nr) is the Boltzmann entropy of a nonrelativistic gas mixture and f (nr)
α is the

nonrelativistic distribution function. The space-component of Boltzmann entropy
flux Jμ

s = Sμ − SUμ is given by

J k
s = Sk − SUk

= −kB

{m,r}∑

i=1

∫
d3 piCk

i f
(nr)
i ln f (nr)

i + O(c−1)

:= J (nr)
sk + O(c−1), (2.353)

where J (nr)
sk is the nonrelativistic Boltzmann entropy flux. The Boltzmann entropy

production has the limit

σent = −kBc
{m,r}∑

i=1

{m,r}∑

i=1

∫
d3 pα

p0α
ln fαRαβ

[
fα, fβ

]

= −kB

{m,r}∑

i=1

{m,r}∑

i=1

∫
d3 pα ln fαRαβ

[
f (nr)
α , f (nr)

β

]
+ O(c−1)

13For example, de Groot et al. [29] define the Boltzmann entropy four-flow by the formula

Sμ (x) = −kBc
{m,r}∑

a=1

∫
d3 pa
p0a

pμ
a fa (ln fa − 1) .

We define Sμ (x) by

Sμ (x) = −kBc
{m,r}∑

a=1

∫
d3 pa
p0a

pμ
a fa ln fa

without the (−1) factor, which we find superfluous.
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= σ(nr)
ent + O(c−1), (2.354)

where σ(nr)
ent is the entropy production of nonrelativistic gas expressed in terms of

nonrelativistic distribution functions.
The dissipation terms are given by the nonrelativistic limit

�(q)μ···ν
a = c

{m,r}∑

β=1

∫
d3 pβ

p0β
h(q)μ···ν

β Rβ

[
fβ)

]

=
{m,r}∑

β=1

∫
d3 pβh

(q)μ···ν
β Rβ

[
f (nr)
β

]
+ O(c−1)

:= �
(q)μ···ν
(nr)α + O

(
c−1

)
. (2.355)

In order to show the nonrelativistic limit of the relativistic generalized hydrody-
namic equations, it is necessary to analyze the energy-momentum tensor and other
macroscopic variables. Since

T μν = c
{m,r}∑

α=1

∫
d3 pα

p0α
pμ

α p
ν
α fα, (2.356)

then its (00) component is given by the limit

T 00 = c
{m,r}∑

a=1

∫
d3 pα

p0α
p0α p

0
α f (nr)

α

= nmc2 + Ek + Er + O(c−1). (2.357)

On ignoring the rest energy part, it becomes the energy density of a sum of energies
of matter and radiation.

Let us consider the components T 0k (k = 1, 2, 3):

T 0k = T k0 = c
{m,r}∑

α=1

∫
d3 pα

p0α
p0α p

k
α fα

= c
{m,r}∑

α=1

∫
d3 pα p

k
α fα, (2.358)

that is, T 0k/c becomes themomentumdensity of a nonrelativistic gaswhen u/c → 0.
Moreover,
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T kj = c
{m,r}∑

α=1

∫
d3 pα

p0α
pkα p

j
α fα

= T (nr)k j
m + T (nr)k j

r + O(c−1) (k, j = 1, 2, 3) , (2.359)

where T (nr)k j
m and T (nr)k j

r denote the nonrelativistic energy-momentum tensors of
matter and radiation.

With the help of the aforementioned properties it is easy to show that the diver-

gence term ∂τ

(
�τ

σ  (q)σμ···ν
a

)
and the kinematic term Z (q)μ···ν

a have the nonrelativistic

limits as follows:

∂τ

〈
�τ

σ fα (q)σμ···ν
α

〉 = −∇ ·
∫

d3 pαCα f (nr)
α h(q)μ···ν

α + O(c−1)

= −∇ · ψ(q)μ···ν
α + O(c−1)

where Cα is the peculiar velocity and

ψ(q)μ···ν
α =

∫
d3 pαCα f (nr)

α h(q)μ···ν
α .

The nonrelativistic limit of Z (α)μ···ν
a for matter species is given by

Z (q)μ···ν
a = 〈

pσ
a∂σh

(q)μ···ν
a fa

〉

= 〈
f (nr)
a (dt + Ca · ∇)h(q)μ···ν

a

〉 + O(c−1), (2.360)

for which we have used the limits given below:

�0
μ p

μ
a = (

g0μ − c−2U 0Uμ

)
pμ
a = c−1u · pa + O(c−1), (2.361)

�k
μ p

μ
a = (

gkμ − c−2UkUμ

)
pμ
a = −mαC

k
a + O(c−1), (2.362)

�μν p
μ
a p

ν
a = m2

aC
2
a + O(c−1). (2.363)

Therefore, the nonconserved variable evolution equation (2.169), namely, generic
evolution equation, tends to the nonrelativistic limit

n(nr)D�̂
(q)μ···ν
(nr)a = −∇ · ψ(q)μ···ν

a + 〈
f (nr)
a (dt + Ca · ∇)h(q)μ···ν

a

〉 + �
(q)μ···ν
(nr)a

(a = 1, 2, . . . ,m) . (2.364)

Here dt = ∂t +u ·∇ is the nonrelativistic substantial time derivative. Upon explicitly
working out the second term on the right of (2.364) we obtain the nonrelativistic
evolution equations for nonconservedvariables ofmatter and radiation. For notational
brevity we will omit the superscript or subscript nr as well as μ · · · ν from the so-
obtained equations with understanding all quantities involved are nonrelativistic.
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They are summarized below :

n
d

dt
�̂(1)

a = −∇ · ψ(1)
a − 2 [Jadtu](2) − 2 [�a · ∇u](2)

− 2

3
�a (∇ · u) −2�̃a [∇u](2) − 2pa [∇u](2) +�(1)

a , (2.365)

n
d

dt
�̂(2)

a = −∇ · ψ(2)
a − 2

3
Ja · dtu − 2

3
�a : [∇u](2) − 2

3
�̃a (∇ · u)

− padt ln
(
pav

5/3
) − ∇ · (Ja pa/ρa) + �(2)

a , (2.366)

n
d

dt
�̂(3)

a = −∇ · ψ(3)
a − dtu· (Pa − paδ) + Q′

a · ∇u − Pa · ∇ĥa

+ φ(3)
a : ∇u − Jadt ĥa + �(3)

a , (2.367)

n
d

dt
�̂(4)

a = −∇ · Pa − padtu − Ja · ∇u + �(4)
a , (2.368)

where the subscript a stands for matter species and the superscript (nr) on n(nr) is
dropped for brevity of notation. The number density n multiplying the substantial
derivative on the left-hand side of (2.365)–(2.368) would be replaced bymass density
ρ, if the density �̂

(q)
a of �

(q)
a were redefined with respect to mass density instead of

the number density n, which was compelled in the relativistic theory. In the equations
presented above, the following definitions of symbols are used for brevity of notation:

ψ(3)
a = 〈 famaCaCaCa〉 . (2.369)

In the case of radiation, we obtain the nonrelativistic limits of the evolution equa-
tions for nonconserved variables as follows:

n
d

dt
�̂(1)

r = −∇ · ψ(1)
r − 2 [Jr dtu](2) − 2 [�r · ∇u](2)

− 2

3
�r (∇ · u) −2�̃r [∇u](2) − 2pr [∇u](2) +�(1)

r , (2.370)

n
d

dt
�̂(2)

r = −∇ · ψ(2)
r − 2

3
Jr · dtu − 2

3
�r : [∇u](2) − 2

3
�̃r (∇ · u)

− prdt ln
(
prv

5/3
) − ∇ · (Jr pr/ρr ) + �(2)

r , (2.371)

n
d

dt
�̂(3)

r = −∇ · ψ(3)
r − dtu· (Pr − prδ) + Q′

r · ∇u

− Pr · ∇hr − Jr dt hr + �(3)
r , (2.372)

n
d

dt
�̂(4)

r = −∇ · Pr − prdtu − Jr · ∇u + �(4)
r , (2.373)

In this sense, the relativistic generalized hydrodynamic equations we have derived
are reduced to their nonrelativistic counterparts—namely, the nonrelativistic radia-
tion hydrodynamic equations—under the condition u/c → 0, which we compactly
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summarize as below:

∂ρ

∂t
= −∇ · ρu, (2.374)

ρ
∂u
∂t

= −∇ · P, (2.375)

ρ
∂E
∂t

= −∇ · Q − P : ∇u, (2.376)

ρ
∂

∂t
�(q)

α = −∇ · ψ(q)
α + Z (q)

α + �(q)
α

(q = 1, 2, . . . , 4, etc.; α = 1, 2, . . . ,m, r) . (2.377)

The matter part of the nonrelativistic generalized hydrodynamic equations are well
known results in the scheme of themodifiedmomentmethod for nonrelativistic gases
[5, 18]. The radiation part of the generalized hydrodynamic equations is new and
one of important objectives of the present chapter on radiation and matter.

2.14 Relative Boltzmann Entropy Density and Fluctuations

The relative Boltzmann entropy density and its balance equation can be calculated
similarly to the calortropy density and its balance equation obtained in the previ-
ous section. However, the relative Boltzmann entropy density balance equation is
expected to be not integrable in the thermodynamic manifold.

For the task we face here for the relative Boltzmann entropy it is necessary to have
the distribution function fa explicitly as a function of momentum four flow, which of
course would be forthcoming if the covariant kinetic equation were solved explicitly,
but it is not available at this point in the development of theory. Nevertheless, wemay
propose a way to determine fa and therewith deduce possible nature and properties
of the relative Boltzmann entropy. Therefore we look for fa in a form isomorphic
mathematically to the nonequilibrium canonical form f ca , but the parameters therein
are not the same as β, μa , and X (q)

a appearing in f ca . Therefore we postulate fa in
the form

fa =
⎧
⎨

⎩
exp

⎡

⎣β

⎛

⎝pμ
aUμ +

∑

q≥1

X (q)μ···σ
a h(q)

a ν···ω − μa

⎞

⎠ − εa

⎤

⎦

⎫
⎬

⎭

−1

(a = 1, . . . ,m, r), (2.378)

which should be contrasted to the nonequilibrium canonical form
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f ca =
⎧
⎨

⎩
exp

⎡

⎣βt

⎛

⎝pμ
aUμ +

∑

q≥1

Xt (q)μ···σ
a h(q)

a ν···ω − μt
a

⎞

⎠ − εa

⎤

⎦

⎫
⎬

⎭

−1

(a = 1, . . . ,m, r), (2.379)

in which the superscript t is affixed on the parameters βt , μt
a , and Xt (q)μ···σ

a to dis-
tinguish them from β, μa , and X (q)

a . The superscript t stands for thermodynamics
and the meanings of βt , μt

a , and Xt (q)μ···σ
a are fixed according to the thermodynamic

correspondence discussed in connection with the calortropy. Therefore the burden
of difference between the exact solution fa of the covariant kinetic equation and

the nonequilibrium canonical form f ca falls on the parameters
(
β,μa, X

(q)
a

)
, and

� fa := fa − f ca may be regarded as a functional of fluctuations of the parame-

ters from the thermodynamic parameters
(
βt ,μt

a, X
t (q)
a

)
. This viewpoint therefore

motivates us to define the fluctuations of parameters:

δβ = β − βt , δ (βμa) = βμa − βtμt
a, δ

(
βX (q)

a

) = βX (q)
a − βt X t (q)

a

(2.380)

to which we add the fluctuation in βp:

δ (βp) = βp−βtpt , (2.381)

which will be found necessary.
Then inserting (2.378) and (2.379) into the relative Boltzmann entropy density

balance equation (2.188) we obtain the equation for Ŝr[ f | f c]:

DŜr[ f | f c] = − kB

[

δβDE + δ (βp) Dv −
r∑

a=1

δ (βμa) Dca

+
r∑

a=1

∑

q≥1

(
βX (q)

a

)
δ � D�̂(q)

a

⎤

⎦ + ρ−1��r, (2.382)

where ��r is given by

��r = −kBβ

(

c−2QμDUμ + Pμν∇νUμ − p∇νU
ν +

r∑

a=1

μa∇ν J
ν
a

)

− kB

r∑

a=1

∑

q≥1

βX (q)
a � 〈

fa∂μ p
μ
a h

(q)
a

〉

− kB

r∑

a=1

∂μ

(
�μ

ν

〈
εa p

ν
a ln (1 + εa fa)

〉)
. (2.383)
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This balance equation for Ŝr[ f | f c] is similar to the Pfaffian differential form for
calortropy but for ρ−1��r, which does not vanish. Because of the term ρ−1��r

the balance equation for Ŝr[ f | f c] is not integrable in the thermodynamic manifold,

but the fluctuations in parameters
{
δβ, δ (βμa) , δ

(
βX (q)

a

)
, δ (βp)

}
are determining

factors of the relative Boltzmann entropy density and ultimately the distribution
function fa . In the limits of

δβ, δ (βμa) , δ
(
βX (q)

a

)
, δ (βp) → 0

Equation (2.382) reduces to the form

DŜr[ f | f c] = ρ−1��r, (2.384)

which may be integrated along the path of the irreversible process of under consid-
eration, but its value would be path-dependent. A stochastic theory may be pursued
along the line suggested in the previous chapter of this volume. However, we will
not pursue such a study here, leaving to future study on the subject.

2.15 Concluding Remarks

We have formulated a covariant kinetic theory for a mixture consisting of matter
and radiation by putting the material particles and photons on an equal footing. This
kinetic theory has an attendant theory of irreversible processes in a systemof radiation
andmaterial gases, which is consistent with the laws of thermodynamics. The present
formulation is achieved by treating the system as a dilute gas mixture of photons and
material particles which interact with each other according to the dynamical laws
of mechanics and, especially, at the collisional level, by quantum mechanics. The
covariant kinetic equations used are the Boltzmann equations suitably generalized to
accommodate the quantum nature of radiation, at least, with regard to their collisions.
By applying the modified moment method, thermodynamically consistent solutions
for the kinetic equations are obtained and a theory of irreversible thermodynamics is
formulated therewith for the system. As it was the case for nonradiative systems, the
Boltzmann entropy differential is found to be nonexact—namely, not integrable—in
the thermodynamic manifoldP ∪ T if the system is away from equilibrium, but the
Pfaffian differential form for calortropy is exact in manifold P ∪ T and therefore
serves for formulation of irreversible thermodynamics and hydrodynamics consistent
with a local form of the thermodynamic laws. Therefore we now have fundamental
equations for thermodynamics of irreversible processes in a system of radiation
and matter undergoing nonequilibrium processes under the aegis of thermodynamic
principles.

A theory of radiative transport processes can be developed by the means of the
flux evolution equations presented and study of hydrodynamics can be made. The
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present covariant formulation removes the weakness inherent to the nonrelativistic
kinetic theory reported inRef. [1] inwhich photons are treated nonrelativistically. The
covariant generalized hydrodynamic equations derived from the relativistic Boltz-
mann equation have better balanced structures, although more difficult to solve in
practice. The generalized hydrodynamic equations, namely, the conservation equa-
tions and the flux evolution equations, for the system of radiation and matter can be
used to describe irreversible thermodynamic and hydrodynamic processes occurring
far removed from equilibrium. The quasilinear generalized hydrodynamic equations
presented appear to be applicable to and practicable for nonlinear systems. The the-
ory of transport processes obtained is applied to study radiation transport phenomena
in the next chapter.
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Chapter 3
Radiative Transport Coefficients and Their
Mutual Relations

In this chapter1 we apply the covariant kinetic theory of quantum dilute relativistic
gases developed in Chap.2 of this Volume and, in particular, the theory of transport
processes to explicitly calculate transport coefficients of photons interacting with
matter. A model will be taken for collision processes so as to facilitate explicit
computations to compare with empirical results observed in the laboratory. The
results of the present application therefore will serve as a validation of the covariant
kinetic theory employed, at least, in one aspect of the theory of transport processes
in matter and radiation we have formulated in the previous chapter.

In the phenomenological theory of radiative energy transfer [1] the radiative trans-
port coefficients are expressed in terms of the Rossland coefficient, which phenom-
enologically accounts for radiative absorption by matter interacting with radiation.
The radiative transport coefficients so expressed stand in constant ratios independent
of material parameters. For example, the ratio of the radiative shear viscosity η0

r to
the radiative bulk viscosity η0

Br is

η0
r

η0
Br

= 3

5
,

whereas the ratio of the radiative shear viscosity to the radiative thermal conductivity
λ0
r is

η0
Br

λ0
r

= 1

5c2
,

where c is the speed of light. If the thermal conductivity is defined with respect to the
temperature gradient∇T instead of∇ ln T , the latter ratiomust bemultiplied by T . In
the case of material gas, there exist similar relations and they are called Eucken ratios

1This chapter is based on an unpublished paper by K. Mao and B.C. Eu, which was also a part
of the Ph.D. thesis of Kefei Mao, 1993, McGill University, Montreal, Quebec, Canada, under the
supervision of B.C. Eu.
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[2]. Such ratios of radiative transport coefficients not only enable us to compute one
radiative transport coefficient from another, but also serve as an internal consistency
check for the kinetic theory formulated to study radiative transport processes of
interest.

According to the theory formulated in Chap.2 of this Volume, a covariant rela-
tivistic kinetic theory for a nonequilibrium system of radiation and matter provides a
molecular theory foundation for the relativistic irreversible processes arising from the
interaction of radiation and matter. It also furnishes a method of calculating various
radiative and material transport coefficients in terms of the transition probabilities
of elementary dynamical processes involving the material particles and photons.
The formulas obtained allow explicit calculations of the transport coefficients once
dynamical quantities, such as differential cross sections, are known in sufficient
detail.

In this chapter, we first present various radiative transport coefficients in terms of
the collision bracket integrals reminiscent of the collision bracket integrals appearing
in the Chapman–Enskog method of solution for the nonrelativistic Boltzmann equa-
tion [3] for a material gas. Using the statistical mechanical formulas for the radiative
transport coefficients and applying them to a photon-electron system, we calculate
the radiative transport coefficients and their respective ratios. By assuming that the
elementary collision dynamical process is the Compton scattering, we explicitly cal-
culate various radiative transport coefficients. The ratios thus calculated are found to
be in agreement with the phenomenological values mentioned earlier.

3.1 Linear Constitutive Equations and Transport
Coefficients

To begin the discussion on transport coefficients, we summarize the evolution equa-
tions for material and radiation fluxes �(α)

m and �(δ)
r in one place:

ρD�̂(q)μν···l
m = − �σ ϕ(q)μν···lσ

m + Z(q)μν···l
m + �(q)μν···l

m (q = 1, · · · , 4) , (3.1)

ρD�̂(δ)μν···l
r = − �σ ϕ(q)μν···lσ

r + Z(δ)μν···l
r + �(δ)μν···l

r (δ = 1, · · · , 4) . (3.2)

These equations are coupled to material conservation laws (2.163)–(2.166) and radi-
ation concentration fraction and energy balance equations (2.167) and (2.168) of
Chap.2 of the present Volume. The combined set of conservation equations and flux
evolution equations constitute generalized hydrodynamic equations for the system
of matter and radiation. The solutions of these equations subject to suitable initial
and boundary conditions describe flow processes of the relativistic fluid (gas) in
interaction with radiation. On the basis of the evolution equations presented we have
derived kinetic theory formulas for various transport coefficients for the system of
matter and radiation in the previous chapter.We list the relevant transport coefficients
in the following.

http://dx.doi.org/10.1007/978-3-319-41153-8_2
http://dx.doi.org/10.1007/978-3-319-41153-8_2
http://dx.doi.org/10.1007/978-3-319-41153-8_2
http://dx.doi.org/10.1007/978-3-319-41153-8_2
http://dx.doi.org/10.1007/978-3-319-41153-8_2
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3.1.1 Relevant Linear Transport Coefficients

In this work we are interested in three kinds of transport coefficients, for which we
list the kinetic theory results below:

Shear viscosity:

η0
ab = (

βgpb/ρg(1)
a

) [
R

(11)
ab

]−1

ab
, (3.3)

Bulk viscosity:

η0
Bab = (

5pbβg/3ρg(2)
a

) [
R

(22)
ab

]−1

ab
, (3.4)

Thermal conductivity:

λ0
ab = (

c2pbβg/ρg(3)
a

) [
R

(33)
ab

]−1

ab
. (3.5)

In practice, since the component transport coefficients are generally not measured,
perhaps, except for photons, the transport coefficients defined in (3.3)–(3.5) must be
summed over species to obtain the corresponding coefficients measured for matter
as a whole in the laboratory. The transport coefficients for matter are given by the
formulas

η0
m =

∑

a,b �=r

η0
ab, (3.6)

ζ0m =
∑

a,b �=r

ζ0ab, (3.7)

λ0
m =

∑

a,b �=r

λ0
ab. (3.8)

Here the summation is limited to thematter species only. In the case of radiation, if the

coupling terms
[
R

(11)
ab

]−1

rb
, etc. are neglected, then the radiative transport coefficients

are given by the formulas

Shear viscosity:

η0
r = (

βgpr/ρg(1)
r

) [
R

(11)
ab

]−1

rr
, (3.9)

Bulk viscosity:

ζ0r = βg
(
5pr/3ρg(2)

r

) [
R

(22)
ab

]−1

rr
, (3.10)

Thermal conductivity:

λ0
r = βg

(
c2pr/ρg(3)

r

) [
R(33)

]−1

rr . (3.11)
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Especially, in connection with (3.9)–(3.11) we note that

g(1)
r = 4

15
βc−2

〈(
Uμ p

μ
r

)3
f er

〉
= 2.96pr , (3.12)

g(2)
r = 1

9
βc−2

〈(
Uμ p

μ
r

)3
f er

〉
= 1.23pr , (3.13)

g(3)
r = 1

3
βc−2

[〈(
Uμ p

μ
r

)3
f er

〉
− 2arhr

〈(
Uμ p

μ
r

)2
f er

〉
+ (

arhr
)2 〈

Uμ p
μ
r f er

〉]

= 18.81c2pr , (3.14)

where

ar = �μ
σ�ν

τ

〈
pσ
r p

τ
r f

e
r

〉
gμν

[
β�μ

σ�ν
τ

〈
pσ
r p

τ
r

(
pλ
r U

λ
)
f er

〉
gμν

]−1
, (3.15)

hr = 4π4kBT/90ζ (3) , (3.16)

〈(
Uμ p

μ
r

)n
f er

〉 = 2c

�3

∫
d3 pr
p0r

(
Uμ p

μ
r

)n
f er (n = 1, 2, 3) . (3.17)

Here ζ (3) is a zeta function [4]. The rest of notations is the same as that in Chap. 2
of this Volume.

In the phenomenological theory the radiative transport coefficients are given in
terms of the phenomenological Rossland coefficient κRC as follows [1]:

η0
r = 4aT 4

15cκRC
, (3.18)

ζ
0
r = 4aT 4

9cκRC
, (3.19)

λ
0
r = 4aT 4

3κRC
, (3.20)

where the parameter a is given by

a = 8π5k4B
15h3c3

, (3.21)

the so-called radiation constant. Therefore these radiative transport coefficients are
related to each other by a proportionality constant. For example, we have

η0
r

ζ
0
r

= 3

5
, (3.22)

η0
r

λ
0
r

= 1

5c2
. (3.23)

http://dx.doi.org/10.1007/978-3-319-41153-8_2
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Comparison of η0
r and η0

r yields the Rossland coefficient κRC in terms of the collision
bracket integral R(11)

rr in the present theory:

κRC = 4kBT g(1)
r

5cg
R(11)

rr . (3.24)

Similar identifications can bemadebymeans of ζ
0
r andλ

0
r , but they give the equivalent

forms since different collision bracket integrals appearing in the transport coefficients
are related to each other.

3.1.2 Relevant Collision Bracket Integrals

Since the collision bracket integrals appearing in the transport coefficients in general
form are written out explicitly once again here:

R(qγ)
rr = cg

h6g(q)
r g

(γ)
r

∑

a,b �=r

r∑

s=1

Gr

∫
d3 pr

∫
d3 pa

∫
d3 p∗

r

∫
d3 p∗

b f
e
r f ea

× ξrar∗b∗W (s)
ra;r∗b∗

(
pr pa|p∗

r p
∗
b

) 1
2
β2 (

h(q)
r − h(q)∗

r

) � (
h(γ)
r − h(γ)∗

r

)
,

(3.25)

R(qγ)
ra = cg

h6g(q)
r g

(γ)
a

∑

b �=r

r∑

s=1

Gr

∫
d3 pr

∫
d3 pa

∫
d3 p∗

r

∫
d3 p∗

a f
e
r f eb

× ξrar∗b∗W (s)
ra;r∗b∗

(
pr pa|p∗

r p
∗
b

)
β2

(
h(q)
r − h(q)∗

r

) � (
h(γ)
r − h(γ)∗

r

)
, (3.26)

Here f er is taken for the Planck distribution function

f er = [
exp(β pμ

r Uμ) − 1
]−1

, (3.27)

but because the electron is treated classically so that the result can be compared
with the literature value using the Compton scattering, we have approximated f ea for
electrons with the classical distribution function

f ea = exp
[−β

(
pμ
i Uμ − μe

a

)]
, (3.28)

where the chemical potential μe
a is given by

e−βμe
a =

∑

a �=r

4πm2
a

ρ
K2(mac

2β)kBT (3.29)
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The collision bracket integral R(αγ)
ri given in (3.25) requires a comment. In (3.25),

the first collision bracket integral involving r and r ′ (namely, i = r ′) in (3.25) is
absent because photons do not directly interact with each other and therefore there
is no collision event corresponding to the collision bracket integral [· · · ]rr ′ , which
appears in the case of matter particle collision bracket integrals.

The collision bracket integrals can be reduced if a more specific form is assumed
for the transition probability W (s)

ra;r∗ j∗ . In this chapter we will take into account only
the Compton scattering. Therefore, the sum over the collision processes denoted by
the index s will be reduced to a term and the corresponding transition probability
will be denoted by the elastic scattering component W (e)

ra;r∗ j∗ related to the Compton
scattering cross section of the electron. Evaluation of the collision bracket integrals
for such a scattering process is described in the next section.

3.2 Evaluation of the Collision Bracket Integrals

In order to be specific, we shall consider a photon-electron systemwhere the electron
is treated as a relativistic classical particle whereas the photon is treated quantum
mechanically. Only the electron-photon elastic scattering is taken into consideration.
Therefore the question of divergence associated with the long-range Coulomb scat-
tering does not arise and hence the Coulomb logarithm is not present in the collision
integrals. Although the present treatment is specific to the photon-electron system,
the method used is basically the same as for plasmas in general and relativistic par-
ticles. Therefore the system considered is a physically realistic example covered by
the present kinetic theory. The procedure used for computing the collision bracket
integrals is similar to the work of de Groot et al. [5].

There are only two sets of four-momenta for the present system, namely, those
of the photon and electron. They will be distinguished by the subscripts r and e,
respectively. As a preparation to discuss the collision process of an electron and
photon

�ω (r) + e → �ω∗ (
r∗) + e∗, (3.30)

we first introduce the transformation of four-momenta

Pμ = pμ
r + pμ

e = p∗μ
r + p∗μ

e , (3.31)

Qμ = �
μν

(prν − peν) , Q∗μ = �
μν (

p∗
rν − p∗

eν

)
, (3.32)

where �
μν

is a projector defined by

�
μν = gμν − PμPν

P2
(3.33)
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with P2 = PμPμ. We will also denote by Q2 the length of the four-relative
momentum Q2 = QμQμ. From (3.31)–(3.33) we can show the following relations:

PμQμ = 0, �
μν
Pν = 0, �

μν
Qν = Qμ. (3.34)

Therefore the total four-momentum Pμ is perpendicular to the relative four-
momentum Qμ. The four-momenta pμ

r , etc. can be decomposed into the orthogonal
components Pμ and Qμ as follows:

Pμ
r = 1

2
(1 + dre) P

μ + 1

2
Qμ, (3.35)

Pμ
e = 1

2
(1 − dre) P

μ − 1

2
Qμ, (3.36)

P∗μ
e = 1

2
(1 + dre) P

μ + 1

2
Q∗μ, (3.37)

P∗μ
e = 1

2
(1 − dre) P

μ − 1

2
Q∗μ, (3.38)

where

dre =
(
m2

r − m2
e

)
c2

P2
= −m2

ec
2

P2
(3.39)

because the photon mass is equal to zero. Since the collision process under consid-
eration is elastic, the electron masses are the same before and after the collision.
Hence

Q2 = −
(
1 + m4

ec
4

P4

)
P2 + 2m2

ec
2 = Q∗2. (3.40)

In order to facilitate the integration of the collision bracket integrals, we will change
the variables from pμ

r , p
μ
e to Pμ, Qμ, etc. The Jacobian of this transformation is

∂ (P, Q)

∂ (pr , pe)
= ∂ (P∗, Q∗)

∂
(
p∗
r , p

∗
e

) = 16.

The transition probability W (e) can be written in terms of the cross section σ (P,�)
as follows:

W (e) = P2σ (P,�) δ(4) (
Pμ − P∗μ

)
, (3.41)

whereσ (P,�) is the differential cross section. For the Compton scattering it is given
by the formula [5]:
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σ (P,�) = 1

2
r20 (1 − ξ) ×

{

1 + ξ2 (1 − x)2

4
[
1 − 1

2ξ (1 − x)
] + 1 + (

1 − 1
2ξ

)
(1 − x)

1 − 1
2ξ (1 − x)

}

, (3.42)

where

ξ =
(
P2 − m2

ec
2
)

P2
, r0 = e2

mec2
, x = cos�, (3.43)

� being the scattering angle defined by

cos� = Q · Q∗

Q2
. (3.44)

The cross section is expanded in ξ and only up to the quadratic term in ξ will be
retained in the subsequent calculations:

σ (P,�) = 1

2
r20

[
1 + x2 + C1(x)ξ + C2(x)ξ

2 + O(ξ3)
]
, (3.45)

where

C1(x) = x(1 − x2) − (1 + x2),

C2(x) = 1

4
(1 − x) {(1 − x) [1 + (1 + x)(1 + 3x)] − 4x(1 + x)} , etc.

The volume element of the space may be written as

d3 prd
3 ped

3 p∗
r d

3 p∗
e = dM(P)dM(P∗)dM(Q)dM(Q∗), (3.46)

where

dM(P) = d4Pθ
(
P0

)
θ
(
P2 − m2

ec
2
)
, (3.47)

dM(Q) = d4Qδ (P · Q) δ

[
Q2 +

(
1 + m4

ec
4

P4

)
P2 − 2m2

ec
2

]
(3.48)

with θ(y) denoting the Heaviside step function of y. The volume elements dM(P∗)
and dM(Q∗) have similar forms only with P∗ and Q∗ replacing P and Q, respec-
tively.

With the help of the preceding preparation, we are able to write the collision
bracket integrals in more useful forms. We begin withR(11)

rr . It may be written in the
form
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R(11)
rr = gcβ2Gr

30h6g(1)2
r

eμ0
∫

dM(P)dM(P∗)dM(Q)dM(Q∗)

× e−βPμUμ F(P, Q)W (e)
[
Uμ

(
Qμ − Q∗μ

)]2
, (3.49)

where

μe = β
(
μe
r + μe

e

) = βμe
e, (3.50)

F(P, Q) = 1
(
1 − e−β pμ

r Uμ
)2 . (3.51)

Recall that the radiation chemical potential is equal to zero at equilibrium. Substitu-
tion of the expression for W (e) into (2.123), the collision bracket integral R(11)

rr can
be written in the form

R(11)
rr = gcβ2Gr

30h6g(1)2
r

eμe (
R(1)

r + R(2)
r + 2R(3)

r

)
, (3.52)

where

R(1)
r =

∫
dM(P)dM(P∗)dM(Q)dM(Q∗)e−βPμUμ

× F(P, Q)P2σ (P,�)
(
UμQ

μ
)2

δ(4)
(
Pμ − P∗μ

)
, (3.53)

R(2)
r =

∫
dM(P)dM(P∗)dM(Q)dM(Q∗)e−βPμUμ

× F(P, Q)P2σ (P,�)
(
UμQ

∗μ
)2

δ(4) (
Pμ − P∗μ

)
, (3.54)

R(3)
r = −

∫
dM(P)dM(P∗)dM(Q)dM(Q∗)e−βPμUμ

× F(P, Q)P2σ (P,�)UμUνQ
μQ∗μδ(4)

(
Pμ − P∗μ

)
. (3.55)

In the subsequent calculationwewill put F(P, Q) equal to unity to an approximation.
This approximation is tantamount to the condition that β is such that

βPμUμ 	 1.

The correction terms can be calculated in the same manner as for the case of
F(P, Q) = 1.

It is convenient to define the integral I (a, b, c|P) by

I (a, b, c|P) = (βPc)2
∫

dM(Q)dM(Q∗)σ (P,�)
(
βUμQ

μ
)a

× (
βUμQ

∗μ
)b (−β2c2QμQ∗

μ

)c
. (3.56)

http://dx.doi.org/10.1007/978-3-319-41153-8_2
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In the center-of-momentum frame the four-momentum Pμ is time-like whereas the
relative momentum Qμ is space-like:

Pμ = (
P0, 0

)
(3.57)

and
Qμ = (0,Q) , Q∗μ = (

0,Q∗) . (3.58)

We assume that the center-of-momentum is oriented in such a way that the space
component ofUμ = (

U 0,U
)
is parallel to the z axis. Then, since c2 = (

U 0
)2−(Uz)2

and U 0 and Uz may be written as

U 0 = U · P/P (3.59)

and
Uz = [

(U · P)2 /P2 − c2
]1/2

. (3.60)

Furthermore, if the spherical coordinate angles are denoted by (θ,φ) for Q̂ = Q/ |Q|
and (θ∗,φ∗) for Q̂∗ = Q∗/ |Q∗|, respectively, then

Q̂ · U = Uz cos θ, Q̂∗ · U∗= Uz cos θ∗ (3.61)

and

x = Q̂ · Q̂∗ = cos� = cos θ cos θ∗ + sin θ sin θ∗ cos
(
φ − φ∗) . (3.62)

In such a frame, the collision cross sectionmay be expanded in Legendre polynomials
Pl(cos�) :

(
Q̂ · Q̂∗)c σ

(
P, Q̂ · Q̂∗) =

∞∑

l=0

(2l + 1)σ (c, l|βPc) Pl(cos�), (3.63)

where

σ (c, l|βPc) = 1

2

∫ 1

−1
dxxc Pl(x)σ (P, x) . (3.64)

With solid angles d� and d�∗ defined by

d� = sin θdθdφ, d�∗ = sin θ∗dθ∗dφ∗, (3.65)

and the abbreviation

K (a, b, l) = (4π)−2
∫

d�d�∗ (− cos θ)a
(− cos θ∗)b Pl(x) (3.66)
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the integral I (a, b, c|P) may be written as

I (a, b, c|P) = 4π2 (iβcQ)(a+b+1) (
iβcQ∗)(b+c+1) [

(P ·U )2 /c2P2 − 1
](a+b)/2

×
∞∑

l=0

(2l + 1) σ (c, l|βPc) K (a, b, l) . (3.67)

It is now straightforward to obtain R(1)
r in terms of I (a, b, c|P):

R(1)
r = β−4c−2

∫
dM (P) I (2, 0, 0|P) exp

(−β pμ
r Uμ

)

= 8

9
π2c2r20

∫
dM (P) exp

(−β pμ
r Uμ

)
Q2Q∗2(1 − ξ)

× [
(P · Q)2 /c2P2 − 1

]
. (3.68)

To evaluate this integral, we define the reduced variables

τ = β pμ
r Uμ, v = βPc. (3.69)

Then, when the hydrodynamic four-velocityUμ is taken purely time-like, the dimen-
sionless four-vector may be written as

β pμ
r c =

(
τ , 1

(
τ 2 − v2

)1/2)
(3.70)

and the volume integral element dM(P) is expressible in the spherical coordinates
as

(βc)4 d4P = (βc)4 v
(
τ 2 − v2

)1/2
dτdvd�. (3.71)

Furthermore,

Q2Q∗2 = (βc)−4 v−4
(
τ 2 − z2

)4
, (3.72)

1 − ξ = 1 − (
P2 − m2

ec
2
)
/P2 = z2v−2, (3.73)

here z being defined by

z = mec2

kBT
. (3.74)

In terms of these variables the integral may be written in the form

R(1)
r = 8π2c2r20 z

2

9 (βc)8

∫ ∞

z

∫ ∞

v

dτ

∫
d�v−7

(
v2 − z2

)4(
τ 2 − v2

)3/2
e−τ . (3.75)
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By using the integral representation of the modified Bessel function Kn(z) [4, 6], we
may write (3.75) in the form

R(1)
r = 32π3c2r20 z

2

3 (βc)8

∫ ∞

z
dvv−5

(
v2 − z2

)4
K2(v). (3.76)

With the help of the asymptotic expansion of K2(v) in the limit of large z, we obtain

R(1)
r ≈ 2048

3
√
2

(4π)2
√

πzc2σT c
2 (βc)−8 ez, (3.77)

where σT is the Thomson cross section of the electron [7] :

σT = 8

3π
r20 (3.78)

with r0 = (
πe2/c2me

) = 0.6552 · · · × 10−29 m2. Owing to the symmetry of the
integral, it is easy to show

R(2)
r = R(1)

r . (3.79)

Taking the same procedure as for R(1)
r , we obtain R(3)

r as below:

R(3)
r = 6344

9
√
2

(4π)2
√

π

z
c2 (βc)−8 ez . (3.80)

From (3.77) and (3.80) we obtain the following ratio

R(3)
r

R
(1)
r

= 1.03

z
. (3.81)

With these relations we finally obtain the collision bracket integral in the form

R(11)
rr = gcβ2Gr

15h6g(1)2
r

eβμeR(1)
r

(
1 + 1.03

z

)
. (3.82)

The shear viscosity of the photon gas is then given by

η0
r = 0.0305

kBT

cσT
, (3.83)

for which the term of order z−1 [see (3.74) for z.] is neglected as will be for other
transport coefficients.

The collision bracket integral R(22)
rr can be evaluated in a manner similar to the

procedure used forR(11)
rr . Here we omit the details. The final expression forR(22)

rr is
given by
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R(22)
rr = 15

36

gcβ2

15h6g(2)2
r

eμ0
∫

dM(P)dM(P∗)dM(Q)dM(Q∗)

× e−βPμUμ F(P, Q)W (e)
[
Uμ

(
Qμ − Q∗μ

)]2

= 15

36

(
g(1)
r

g(2)
r

)2

R(11)
rr . (3.84)

Therefore, if the approximate value forR(11)
rr givenby (3.82) is used, the bulkviscosity

of nonequilibrium photon gas is given by the formula

ζ0r = 0.0508
kBT

cσT
. (3.85)

The collision bracket integral R(33)
rr can be also calculated similarly. In fact, it is

related to R(11)
rr as follows:

R(33)
rr = 5

4

gcβ2

15h6g(3)2
r

eμ0
∫

dM(P)dM(P∗)dM(Q)dM(Q∗)

× e−βPμUμ�(P, Q)W (e)
[
Uμ

(
Qμ − Q∗μ

)]2

= 5

4
c2

(
g(1)
r

g(3)
r

)2

R(11)
rr . (3.86)

Thus the thermal conductivity of the photon gas to the same approximation as for
the viscosity is given by the formula

λ0
r = 0.154

kBT

cσT
. (3.87)

It is useful to remark that the radiative transport coefficients given in (3.83), (3.85) and
(3.87) are independent of the photon and electron densities as are the gas transport
coefficients in the Chapman–Enskog approximation, namely, the linear transport
coefficients of dilute gases.

We obtain the ratios of the transport coefficients as follows:

η0
r

ζ0r
= 3

5

g(2)
r R(22)

rr

g(1)
r R

(11)
rr

, (3.88)

η0
r

λ0
r

= 1

c2
g(3)
r R(33)

rr

g(1)
r R

(11)
rr

. (3.89)

In view of the relations (3.84) and (3.86), we easily find the following universal ratios
of transport coefficients:
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η0
r

ζ0r
= 3

5
, (3.90)

η0
r

λ0
r

= 1

5c2
(1 − 0.0165) . (3.91)

The ratio in (3.90) is the same as the phenomenological theory value whereas the
ratio (3.91) is less than 2% off the phenomenological theory value. This difference is
attributed to the approximate values obtained for the various integrals in the expres-
sion for g(3)

r presented earlier. For all practical purposes the ratio may be said to be
in agreement with the phenomenological value.

In conclusion, we have computed the radiative transport coefficients for the
photon-electron system by treating the electron as a relativistic classical particle
in the limit of large z. We have also computed the ratios of radiative transport coeffi-
cients which are in agreement with the phenomenological theory values. The kinetic
theory values of the ratios support the kinetic theory model presented for the system
of photons andmaterial gases which are displaced from equilibrium and interact with
each other. The present theory provides a well defined molecular theory methods of
computing the parameters in the phenomenological theory and, especially, macro-
scopic observables for nonequilibrium radiation and the phenomenological coeffi-
cients such as the Rossland coefficient. Furthermore, although only for an aspect
of transport properties of matter and radiation, the agreement between theoretical
and experimental results offers implications of broader significance to the radiation
hydrodynamics of matter in interaction with radiation, because radiation hydrody-
namic equations are anchored on the transport coefficients relevant to flow processes
and correctly behaved transport coefficients are essential for theoretical prediction
of correctly behaved flow by the hydrodynamic equations employed.

3.3 Concluding Remarks

The principal objective of Chap.2 of this volume was to develop a kinetic theory for
irreversible processes, thermodynamics of irreversible processes, andhydrodynamics
for a system of radiation and matter removed from equilibrium. Instead of using
the usual radiation energy transfer equation we have postulated covariant kinetic
equations for (Wigner) distribution functions for photons and matter interacting with
each other. More specifically, the kinetic equations are the covariant adaptation of the
Boltzmann–Nordholm–Uehling–Uhlenbeck kinetic equation for quantum particles,
which takes into account the exchange symmetries of quantum particles in their
dynamical description of distribution functions. This way, the system of radiation
and matter is regarded as a mixture of photons and material particles which interact
with each other according to the law of mechanics for the system including the
quantum nature of particles involved.

http://dx.doi.org/10.1007/978-3-319-41153-8_2
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In the present chapter we have looked for a way to validate the theory in a rather
specific aspect by applying the theory of transport processes in radiation and matter
deduced from the kinetic equation employed. Accordingly, we have calculated the
ratios of radiation transport coefficients and compared the theoretical results with
experimentally observed values. We have shown the comparisons are successful
within the limits of approximations made use of for calculations. With the assurance
of the present validation made, we may proceed to apply the theories developed
in the previous chapter to study theory of transport processes, hydrodynamics, and
irreversible thermodynamics for systems of radiation and matter removed far from
equilibrium, all of which descend from the covariant kinetic equation postulated.

On thewhole, the Chaps. 2 and 3 of this Volume demonstrate the importance of the
kinetic theory of radiation and matter as a basis for explaining irreversible processes
for systems consisting of photons and material particles. In essence, the present
formalism puts the statistical mechanics of nonequilibrium thermodynamics on the
par with the Gibbs ensemble theory of equilibrium statistical thermodynamics in
the sense that all thermodynamic functions and evolution equations are expressed in
terms of X (α)

i and X (α)
r , whichmust be ultimately obtained by solving the generalized

hydrodynamic equations of radiation and matter, just as all equilibrium thermody-
namic functions and relations are expressed in the Gibbs ensemble theory in terms
of a partition function which must be computed for each and every system in the
end. The generalized hydrodynamic equations, namely, the conservation equations
and the flux evolution equations, presented for the system of radiation and matter
can be used to describe irreversible and hydrodynamic processes occurring far from
equilibrium.

Finally, we provide some discussions on the validity of kinetic theory for describ-
ing irreversible processes of radiation and matter. In particular, we may ask, what
approximations, in the underlying physics, are contained in the kinetic equations for
photons?

The most important approximation as far as the photon kinetic equation is
concerned is that we consider photons basically as point particles which satisfy
Bose-Einstein statistics. However, according to quantum mechanics photon has dual
character (particle-like andwave-like), therefore, photons also exhibit wave behavior.
In other words, a photon in reality is a wave packet. For the point particle picture of
a photon to be valid, it is necessary that the spread of the wave packet in phase space
(momentum and coordinate) be small [8]. This means that the spread must be small
compared to the resolution of interest in the coordinate space (x) and momentum
space (pr ) or (ν,n). Since the photon distribution function is written as a function of
variables x, ν and n, it is sufficient to specify the phase space coordinates of the center
of wave packet and any information concerning the distribution about this center is
irrelevant. Owing to the Heisenberg uncertainty principle the wave packet spreads
in spatial and momentum space cannot both be made arbitrarily small at the same
time. These considerations impose a maximum possible resolution on the spatial
and momentum coordinates. In fact, a kinetic equation for photons cannot describe
the strong wave behavior manifested in a diffraction and reflection since it does
not take into account the wave behavior of photons. These phenomena depend on

http://dx.doi.org/10.1007/978-3-319-41153-8_2
http://dx.doi.org/10.1007/978-3-319-41153-8_3
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interference among the waves arising from different scattering centers which scatter
the same photon.

The kinetic equation of photons also neglects the effects of refraction and disper-
sion. It is known that a photon will move at less than the vacuum speed of light in
matter with a refraction index other than unity. In particular, if the refractive index is
a function of position, the photon will not stream in straight lines between collisions
but will undergo (continuous) refraction. In addition, if the refractive index is time
dependent, a photon will continuously change its frequency as it streams between
collisions. The origin of these effect is due to an interference phenomenon of the
scattering of photons which is discussed by Feynman et al. [9] A discussion on the
validity of Boltzmann equation for material particles can be found in the book of
Smith and Jensen [10].

Nevertheless, the present kinetic theory of radiation and matter is essential to
understand some macroscopic phenomena of nonequilibrium systems consisting of
photons andmaterial particles. Note that theMaxwell equations are dynamical theory
for radiation like Newton’s law for classical particles whereas kinetic theory for
photons provides a statistical description for photons in which irreversible processes
are involved. The role of kinetic theory for photons is similar to that of Boltzmann
equations for classical particles.Maxwell’s theory andkinetic theory present different
levels of description of physical systems.
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k f ∗
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(
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0
a Diffusion coefficient p. 66, 161

Daj Nonlinear diffusion coeff. p. 163, 164
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aj Diffusive heat conductivity p. 66
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Fμ
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f er Equil. radiation distribution func. p. 109, 110, 179
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a Eq. (1.314) p. 61, 148, 157
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