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Preface

The first edition of this book was published by Scienec Press, Beijing/
Springer-Verlag, Heidelberg, in 2010 mainly concerning a mathematical theory
of elasticity of solid quasicrystals, in which the Landau symmetry breaking and
elementary excitation principle plays a central role. Bak, Lubensky and other
pioneering researchers introduced a new elementary excitation—phason drawn
from theory of incommensurate phase apart from the phonon elemetary excitation
well-known in condensed matter physics.

Since 2004, the soft-matter quasicrystals with 12-fold symmetry have been
observed in liquid crystals, colloids and polymers; in particular, 18-fold symmetry
quasicrystals were observed in 2011 in colloids; this symmetry in quasicrystals is
discovered for the first time. These observations belong to an important event of
chemistry in twenty-first century and have attracted a great deal of attention of
researchers. Readers are interested in many topics of the new area of study.
However, accumulated experimental data related with mechanical behaviour of the
new phase are very limited, there is the lack of fundamental data, the mechanism of
deformation and motion of the matter has not sufficiently been exploared after the
discovery over one decade, and it leads to fundamental difficultis to the study. Due
to these difficulties, an introduction to soft-matter qusicrystals is given in very brief
in Major Appendix of this book.

Though the new edition increases some new contents, the title of the book has
not been changed, because the main part of which is still concerned with elasticity
of solid quasicrystals, and only new chapter—Chap. 16—on hydrodynamics of
quasicrystals is added; the introduction on soft-matter quasicrystals is very limited
and listed in the Major Appendix. The changes of the contents of the first 15
chapters are not too great; we add some examples with application significance and
exclude ones of less practical meaning; a part of contents of Appendix A is moved
into the Appendix of Chap. 11, and add a new appendix, i.e. Appendix C in the
Major Appendix, in which some additional derivations of hydrodynamic equations
of solid quasicrystals based on the Poisson bracket method are included, which may
be referred by readers. Some type and typesetting errors and mistakes contained in

v
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the first edition are removed, but some new errors and mistakes might appear in the
new edition; any criticisms from readers are warmly welcome!

The author sincerely thanks the National Natural Science Foundation of China
and the Alexander von Humbold Foundation of Germany for their support over the
years. Due to the support of AvH Foundation, the author could visit the Max-Planck
Institute for Microstructure Physics in Halle and the Institute for Theoretical
Physics in University of Stuttgart in Germany; the cooperative work and discus-
sions with Profs. U. Messerschmidt, H.-R. Trebin and Dr. C. Walz were helpful,
especially cordial thanks due to Prof. U. Messerschmidt for his outstanding
monograph “Dislocation Dynamics During Plastic Deformation” which helped the
work of the present edition of the book. Thanks also to Profs T.C. Lubensky in
University of Pennsylvania, Z.D. Stepen Cheng in University of Akron in USA and
Xian-Fang Li of Central South University in China for beneficial discussions and
kind helps. At last, the author thanks the readers, their downloading, view, review
and citation are very active, and this encourages me to improve the work.

Beijing, China Tian-You Fan
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Notations

r Radius vector
Ω Domain
S Boundary of domain
Su Boundary part at which the displacements are given
St Boundary part at which the tractions are given (or Sr at

which the applied stresses are given)
q Mass density (g/cm3)
p Fluid pressure (Pa = N/m2)
u Phonon-type displacement field (cm)
w Phason-type displacement field (or second phason

displacement field only for quasicrystals with 18-fold
symmetry) (cm)

V Velocity field of solid viscosity (cm/s)

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
Phonon strain tensor

wij ¼ @wi
@xj

Phason strain tensor (or second phason strain tensor
only for quasicrystals with 18-fold symmetry)

_nij ¼ 1
2

@Vi
@xj

þ @Vj

@xi

� �
Deformation velocity tensor of solid viscosity (1/s)

rij Phonon stress tensor (Pa)
Hij Phason stress tensor (or second phason stress tensor

only for quasicrystals with 18-fold symmetry) (Pa)
r0ij Viscosity stress tensor (Pa)
Cijkl Phonon elastic coefficient tensor (Pa)
Kijkl Phason elastic coefficient tensor (or second kind phason

elastic coefficient tensor only for quasicrystals with 18-fold
symmetry) (Pa)

Rijkl Phonon-phason coupling elastic coefficient tensor
(u–w coupling elastic coefficient tensor) (Pa)

g First viscosity coefficient of fluid (0:1 Pa � s = Poise)
g=q First kinetic viscosity coefficient of fluid (cm2/s)

xv



f Second viscosity coefficient of fluid (0:1 Pa � s = Poise)
f=q Second kinetic viscosity coefficient of fluid (cm2/s)
Cu Phonon dissipation coefficient (m3s/kg)
Cw Phason dissipation coefficient (or second kind phason

dissipation coefficient tensor only for quasicrystals with
18-fold symmetry) (m3s/kg)

v First phason-type displacement field (only for quasicrystals
with 18-fold symmetry) (cm)

vij ¼ @vi
@xj

First phason strain tensor (only for quasicrystals with 18-fold
symmetry)

sij First phason stress tensor (only for quasicrystals with 18-fold
symmetry) (Pa)

rijkl Phonon-first phason coupling elastic coefficient tensor
(or u–v coupling elastic coefficient tensor only
for quasicrystals with 18-fold symmetry) (Pa)

xvi Notations



Chapter 1
Crystals

This book discusses mainly elasticity and defects of quasicrystals in solid; however,
quasicrystals have inherent connection with crystals. This chapter provides the
basic knowledge on crystals which may be beneficial to study quasicrystals and
relevant topics.

1.1 Periodicity of Crystal Structure, Crystal Cell

Based on X-ray diffraction patterns, it is known that a crystal consists of particles
(i.e. collections of ions, atoms and molecules) which are arranged regularly in
space. The arrangement is a repetition of the smallest unit, called a unit cell,
resulting in the periodicity of a complete crystal. The frame of the periodic
arrangement of centres of particles is called a lattice. Thus, the properties of cor-
responding points of different cells in a crystal will be the same. The positions of
these points can be defined by radius vectors r and r0 in a coordinate frame
e1; e2; e3, and a; b and c are three non-mutually co-linear vectors, respectively (the
general concept on vector referring to Chap. 2). Hence, we have

r0 ¼ rþ laþmbþ nc ð1:1:1Þ

in which a; b and c are the basic translational vectors describing the particle
arrangement in the complete crystal, and l;m and n are arbitrary integers. If the
physical properties are described by function f ðrÞ, then the above-mentioned
invariance may be expressed mathematically as

f ðr0Þ ¼ f ðrþ laþmbþ ncÞ ¼ f ðrÞ ð1:1:2Þ

This is called the translational symmetry or long-range translational order of a
crystal, because the symmetry is realized by the operation of translation.
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Equation (1.1.1) represents a kind of translational transform, while (1.1.2) shows
that the lattice is invariant under transformation (1.1.1). The collection of all
translational transform remaining lattice invariant constitutes the translational group.

1.2 Three-Dimensional Lattice Types

Cells of lattice may be described by a parallel hexahedron having lengths of its
three sides a; b and c and angles a; b and c between the sides. According to the
relationship between the length of sides and angles, there are seven different forms
observed for the cells, which form seven crystal systems given by Table 1.1.

Among each crystal system, there are some classes of crystals that are classified
based on the configuration such that whether the face centred or body centred
contains lattice point. For example, the cubic system can be classified as three
classes: the simple cubic, body-centred cubic and face-centred cubic. According to
this classification, the seven crystal systems contain 14 different lattice cells, which
are called Bravais cells, as shown in Fig. 1.1.

Apart from the above-mentioned 14 Bravais cells with three-dimensional lat-
tices, there are 5 Bravais cells of two-dimensional lattice, we do not give any
further.

1.3 Symmetry and Point Groups

In Sect. 1.1, we have discussed the translational symmetry of crystals. Here, we
point out that the symmetry reveals invariance of crystals under translational
transformation

T ¼ laþmbþ nc ð1:3:1Þ

Equation (1.3.1) is referred to as an operation of symmetry, which is a translational
operation. Apart from this, there are rotation operation and reflection (or mapping)

Table 1.1 Crystals and the
relationship of length of sides
and angles

Crystal system Characters of cell

Triclinic a 6¼ b 6¼ c; a 6¼ b 6¼ c

Monoclinic a 6¼ b 6¼ c; a ¼ c ¼ 90� 6¼ b

Orthorhombic a 6¼ b 6¼ c; a ¼ b ¼ c ¼ 90�

Rhombohedral a ¼ b ¼ c; a ¼ b ¼ c 6¼ 90�

Tetragonal a ¼ b 6¼ c; a ¼ b ¼ c ¼ 90�

Hexagonal a ¼ b 6¼ c; a ¼ b ¼ 90�; c ¼ 120�

Cubic a ¼ b ¼ c; a ¼ b ¼ c ¼ 90�
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operation, they belong to so-called point operation. A brief introduction on the
rotation operation and orientational symmetry of crystals is given below.

By rotating about an axis through a lattice, the crystal can always return to the
original state since the rotational angles are 2p=1; 2p=2; 2p=3; 2p=4 and 2p=6 or
integer times of these values. This is the orientational symmetry or the long-range
orientational order of a crystal. Because of the constraint of translational symmetry,
the orientational symmetry holds for n ¼ 1; 2; 3; 4 and 6 only, which is neither
equal to 5 nor greater than 6 where n is the denominator of 2p=n (e.g. a molecule
can have fivefold rotation symmetry, but a crystal cannot have this symmetry
because the cells either overlap or have gaps between the cells when n ¼ 5, Fig. 1.2
is an example). The fact constitutes the following fundamental law of
crystallography:

Law of symmetry of crystals Under rotation operation, n-fold symmetry axis is
marked by n. Due to the constraint of translational symmetry, axes n ¼ 1; 2; 3; 4
and 6 exist only; neither 5 nor number greater than 6 exists.

In contrast to translational symmetry, rotation is a point symmetry. Other point
symmetries are as follows: plane of symmetry, the corresponding operation is
mapping, marked by m; centre of symmetry, the corresponding operation is
inversion, marked by I; rotation-inversion axis, the corresponding operation is
composition of rotation and inversion, when the inversion after rotation 2p=n,
marked by �n.

Fig. 1.1 The 14 crystal cells of three dimension a simple triclinic, b simple monoclinic,
c button-centred monoclinic, d simple orthorhombic, e button-centred orthorhombic,
f body-centred orthorhombic, g face-centred orthorhombic, h hexagonal, i rhombohedral, j simple
tetragonal, k body-centred tetragonal, l simple cubic, m body-centred cubic, n face-centred cubic
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For crystals, the point operation consists of eight independent ones only, that is

1; 2; 3; 4; 6; I ¼ ð�IÞ; m ¼ �2; �4 ð1:3:2Þ

which are basic symmetric elements of point symmetry.
The rotation operation is also denoted by Cn; n ¼ 1; 2; 3; 4; 6.
The mapping operation can also be expressed by r. The horizontal mapping by

mh and Sh, and vertical one by St.
The mapping-rotation is a composite operation, denoted by Sn, which can be

understood as

Sn ¼ Cnrh ¼ rhCn

The inversion mentioned previously can be understood as

I ¼ S2 ¼ C2rh ¼ rhC2

Another composite operation—rotation-inversion �n, is related to Sn, e.g.
�1 ¼ S2 ¼ I, �2 ¼ S1 ¼ r; �3 ¼ S6; �4 ¼ S4; �6 ¼ S3.

So that (1.3.2) can also be redescribed as

C1;C2;C3;C4;C6; I; r; S4 ð1:3:3Þ

The collection of each symmetric operation among these eight basic operations
constitutes a point group, the collection of their composition forms 32 point groups
listed in Table 1.2.

The concept and sign of point groups will be used in the subsequent chapters.

Fig. 1.2 There is no fivefold
rotational symmetry in
crystals
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1.4 Reciprocal Lattice

The concept of the reciprocal lattice will be concerned in the following chapters,
here is a brief introduction.

Assume there is relation between base vectors a1; a2 and a3 of a lattice (L) and
base vectors b1; b2 and b3 for another lattice ðLRÞ

bi � aj ¼ dij ¼ 1; i ¼ j
0; i 6¼ j

�
ði; j ¼ 1; 2; 3Þ ð1:4:1Þ

that the lattice with base vectors b1; b2; b3 is the reciprocal lattice LR of crystal
lattice L which has base vectors a1; a2; a3. Between bi and aj, there exist
relationship

b1 ¼ a2 � a3
X

; b2 ¼ a3 � a1
X

; b3 ¼ a1 � a2
X

ð1:4:2Þ

where X ¼ a1 � ða2 � a3Þ is the volume of lattice cell.
Denote

Table 1.2 32 point groups of crystals

Sign Meaning of sign Point group Number

Cn Having n-fold axis C1;C2;C3;C4;C6 5

I Symmetry centre IðiÞ 1

rðmÞ Mapping rðmÞ 1

Cnh Having n-fold axis and horizontal symmetry plane C2h;C3h;C4h;C6h 4

Cnm Having n-fold axis and vertical symmetry plane C2m;C3m;C4m;C6m 4

Dn Having n-fold axis and n twofold axis, they are
perpendicular to each other

D2;D3;D4;D6 4

Dnh Meaning of h is the same as before D2h;D3h;D4h;D6h 4

Dnd d means in Dn there is a symmetry plane dividing the
angle between two twofold axes

D2d ;D3d 2

Sn Having n-fold mapping-rotation axis S4; S6 ¼ C3i 2

T Having four threefold axes and three twofold axes T 1

Th Meaning of h is the same as before Th 1

Td Meaning of d is the same as previous Td 1

O Having three fourfold axes which perpendicular each
other and six twofold axes and four threefold axes

O;Oh 2

Note
T ¼ C30D2 means the composition between operations C30 and D2, where suffix 30 denotes a
threefold axis
O ¼ C30C4C200 means the composition between operations C30 , C4 and C200 where 30 represents a
threefold axis, 200 a twofold axis

1.4 Reciprocal Lattice 5



X� ¼ b1 � ðb2 � b3Þ

then

X� ¼ 1
X

The position of any point in reciprocal lattice can be expressed by

G ¼ h1b1 þ h2b2 þ h3b3 ð1:4:3Þ

in which

h1; h2; h3 ¼ �1;�2; . . .

Points in lattice can be described by a1; a2; a3 as well as by b1; b2; b3.
In similar version, the concept of reciprocal lattice can be extended to

higher-dimensional space, e.g. six-dimensional space, which will be discussed in
Chap. 4.

The brief introduction above provides a basic knowledge for reading the sub-
sequent text of the book, the further information on crystals, diffraction theory and
point group can be found from the book [1] and monograph [2]. We will recall the
concepts in the following text.

1.5 Appendix of Chapter 1: Some Basic Concepts

Some basic concepts will be described in the following chapters, with which most
of the physicists are familiar. For the readers of non-physicists, a simple intro-
duction is provided as follows, the details can be found in the relevant references.

1.5.1 Concept of Phonon

In general, the course of crystallography does not contain the contents given in this
section. Because the discussion here is dependent on quasicrystals, especially with
the elasticity of quasicrystals, we have to introduce some of the simplest relevant
arguments.

In 1900, Planck put forward the quantum theory. Soon after Einstein developed
the theory and created the photon concept and explained the photoelectric effect,
which leads to the photon concept. Einstein also studied the specific heat cv of
crystals arising from lattice vibration by using the Planck quantum theory. There are
some unsatisfactory points in the work of Einstein on specific heat though his
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formula successfully explained the phenomenon of cv ¼ 0 at T ¼ 0, where T
denotes the absolute temperature (or Kelvin temperature). To improve the
Enistein’s work, Debye [3] and Born et al. [4, 5] applied the quantum theory to
study the specific heat in 1912 and 1913, respectively, and got a great success. The
theoretical prediction is in excellent agreement to the experimental results, at least
for specific heat of the atom crystals.

The propagation of the lattice vibration is called lattice wave. Under the
long-wavelength approximation, the lattice vibration can be seen as continuum
elastic vibration, i.e., the lattice wave can be approximately seen as continuum
elastic wave. The motion is a mechanical motion, but Debye and Born assumed that
the energy can be quantized based on the Planck’s hypothesis. With the elastic
wave approximation and quantization, Debye and Born successfully explained the
specific heat of crystals at low temperature, and the theoretical prediction is con-
sistent with experimental results in all range of temperature, at least for atom
crystals. The quanta of the elastic vibration or the smallest unit of energy of the
elastic wave is named phonon, because the elastic wave is one of acoustic waves.
Unlike photon, the phonon is not an elementary particle, but in the sense of
quantization, the phonon presents natural similarity to that of photon and other
elementary particles, thus can be named quasiparticle. The concept created by
Debye and Born opened the study on lattice dynamics, an important branch of
solid-state physics. Yet according to the view point at present, the Debye and Born
theory on solid belongs to a phenomenological theory, though they used the
classical quantum theory. The quantum mechanics theory of the topic is referred to
Born and Huang [5] and Landau and Lifshitz [6].

Landau [6] further developed the phenomenological theory and put forward the
concept of elementary excitation. According to the concept, photon and phonon,
etc., belong to elementary excitations. In general, one elementary excitation cor-
responds to a certain field, e.g., photon corresponds to electromagnetic wave and
phonon corresponds to elastic wave. The phonon concept is further extended by
Born [5] and other scientists, they pointed out the phonon theory given by Debye,
in general, is not suitable for compounds. As atoms in a compound constitute a
molecular collection in solid state, then the vibration of atoms can be approximately
classified into two cases: one is vibration of whole body of molecule; another is
relative vibration among atoms within a molecule. The first type of vibration is the
same that described by Debye theory, called phonetic frequency vibration modes, or
the phonetic branch of phonon. In this case, the physical quantity phonon (under
long-wavelength approximation) describing displacement field deviated from the
equilibrium position of particles at lattice is also called as phonon-type displace-
ment, or phonon field, or briefly phonon. Macroscopically, it is the displacement
vector u of elastic body (if the crystal is regarded as an elastic body). And the
second type of vibration, i.e. the relative vibration among atoms within a molecule,
is called photonic frequency vibration modes, or photonic branch of phonon. For
this branch, the phonon cannot be simply understood as macroscopic displacement
field. But our discussion in this book is confined to the framework of continuum
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medium, with no concern with the photonic branch, so the phonon field is the
macro-displacement field in the consideration.

In many physical systems (classical or quantum systems), the motion presents
the discrete spectrum (the energy spectrum or frequency spectrum which corre-
sponds to the discrete spectrum of an eigenvalue problem of a certain operator from
the mathematical point of view). The lowest energy (frequency)-level state is called
ground state and that beyond the ground state is named excited state. The so-called
elementary excitation induces a transfer from the ground state to the state with the
smallest nonzero energy (or frequency). Strictly speaking, it should be named
lowest energy (or frequency) elementary excitation.

The solid-state physics was intensively developed in 1960–70s and then evolved
into the condensed matter physics. The condensed matter physics is not only
extending the scope of solid-state physics by considering liquid-state and
micro-powder structure, but also developing basic concepts and principles. Modern
condensed matter physics is established as a result of the construction of its para-
digm, in which the symmetry-breaking is in a central place, which was contributed
by Landau [6] and Anderson [7] and other scientists.

Considering the importance of the concept and principle of symmetry-breaking
in the development of elasticity of quasicrystals, we give brief discussion here.

It is well-known that for a system with a constant volume, the equilibrium state
thermodynamically requires the free energy of the system

F ¼ E � TS ð1:5:1Þ

be minimum, in which E is the internal energy, S the entropy and T the absolute
temperature, respectively.

Landau proposed the so-called second-order phase transition theory by intro-
ducing a macroscopic order-parameter g (to describe order–disorder) phase tran-
sition, i.e., assuming that the free energy can be expanded as a power series of g

Fðg; TÞ ¼ F0ðTÞþAðTÞg2 þBðTÞg4 þ � � � ð1:5:2Þ

in which according to requirement of stability condition of phase transition (i.e. the
variational condition dF ¼ 0 or @F=@g ¼ 0), the coefficients of odd terms should
be taken to zero, and BðTÞ[ 0. At high temperature, the system is in disorder state,
so AðTÞ[ 0, too; as temperature reduces, AðTÞ will change its sign; at the critic
temperature TC, there exists AðTCÞ ¼ 0. The simplest choice in satisfying these
conditions is

AðTÞ ¼ aðT � TCÞ;BðTÞ ¼ BðTCÞ ð1:5:3Þ

in which a is a constant. Without concerning concrete micro-mechanism, the
Landau theory has the merits of simplicity and generality; it can be used to many
systems and has achieved successes, especially for the study of superconductivity,
liquid crystals, high-energy physics. (To the author’s understanding, the
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quasicrystals study is another area that has been achieved following of the line of
the symmetry-breaking principle.) Applying the above principle to periodic crys-
tals, we have [7]

F ¼ 1
2
að Gj jÞðT � TCðGÞÞg2 þ higher-order terms ð1:5:4Þ

where the constant a is related to reciprocal vector G (for the concepts on the
reciprocal vector and reciprocal lattice, refer to Sect. 1.4). Further, Anderson [7]
proved for crystals if the density of periodic crystals can be expressed by Fourier
series (the expansion exists due to the periodicity of the structure in
three-dimensional lattice or reciprocal lattice)

qðrÞ ¼
X
G2LR

qG expfiG � rg ¼
X
G2LR

qGj j expf�iUG þ iG � rg ð1:5:5Þ

where G is a reciprocal vector just mentioned above, and LR the reciprocal lattice in
three-dimensional space, qG is a complex number

qG ¼ qGj jeiUG ð1:5:6Þ

with the amplitude qGj j and phase angle UG, due to qðrÞ being real, qGj j ¼ q�Gj j
and UG ¼ �U�G, then the order parameter is

g ¼ qGj j ð1:5:7Þ

Anderson pointed further out that for crystals the phase angle UG contains the
phonon u, that is

UG ¼ G � u ð1:5:8Þ

in which both G and u are in three-dimensional physical space. If we consider only
the phonetic branch of phonon, then here u can be understood as phonon-type
displacement field. So the displacement field in periodic crystals can be understood
as phonon field from the Landau symmetry-breaking hypothesis, though it pos-
sesses an intuitive physical meaning under the approximation of long-wavelength
(refer to Chap. 2). The description based on the symmetry-breaking, physical
quantity u is connected with reciprocal vector G and reciprocal lattice LR of
crystals, so it presents more profound insight (a result of symmetry-breaking of the
crystals) than that of the intuitive description of displacement field u, though the
explanation here is still phenomenological (because the Landau theory is a phe-
nomenological theory), rather than that from the first principles.

The concept of phonon is originated from Debye [3] and Born et al. [4, 5], which
describes the mechanical vibration of lattice mass points (atoms or ions or mole-
cules) deviating from their equilibrium position; the propagation of the vibration
leads to the lattice wave, and the motion can be quantized, the quanta is the phonon.
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This is an elementary excitation in condensed matter. The symmetry-breaking leads
to appearance of new ordered phase (e.g. crystals), new order parameter (e.g.
g ¼ qGj j, the wave amplitude of mass density wave), the new elementary excitation
(e.g. phonon), and new conservation law (e.g. the crystal symmetry law given in
Sect. 1.3). The above description on phonon from the symmetry-breaking point of
view helps us to understand in-depth the physical nature of phonon.

Following this scheme, some elementary excitations (e.g. phason) temporarily
without complete intuition meaning can also be explained by the Landau theory,
and one can further find out their physical meaning from the point of view of
symmetry rather than from the simple intuition point of view, because for some
complex phenomena, the simple intuition cannot give complete and correct
explanation.

We recall that the elementary excitations are related to broken symmetry or
symmetry-breaking, e.g. a liquid behaves arbitrary translational symmetry and
arbitrary orientational symmetry; then the periodicity of crystals (i.e. the lattice)
breaks the translational symmetry and orientational symmetry of liquid, and the
phonon is elementary excitation, resulting from the symmetry-breaking. We can say
that the quasicrystal is a result of symmetry-breaking of crystal, which will be
discussed in Chap. 4.

If it is not necessary to give description on phason concept in-depth, this section
can be omitted. The reader is advised to jump over the section if who is not
interested in.

More profound discussion on phonon concept can be found in Born and Huang’s
classical monograph on lattice dynamics [5] and vol V of Course of Theoretical
Physics of Landau and Lifshitz [6], they give both phenomenological and quantum
mechanics descriptions, and the previous introduction is only a phenomenological
description.

1.5.2 Incommensurate Crystals

In this book, we do not discuss incommensurate phases, but quasicrystals are
related to so-called incommensurate structure, we have to mention it in brief.

Since 60s of the last century, incommensurate crystals have been studied by
many physicists, see e.g. [8]. The so-called incommensurate phase means that it is
added an additional incommensurate modulate at the basic lattice, in which the
modulated ones may be displacements or compounds of atoms or arrangement of
spin, etc. As an example, if a modulated displacement k is added to a lattice with
period a, and if k=a is a rational number, the crystal becomes a superstructure with
long period (which is the integer times of a); and if k=a is an irrational number, the
crystal becomes an incommensurate structure. In this case along the modulate
direction, the periodicity is lost. The modulation can be one-dimensional, e.g.
Na2CO3, NaNO2; or two-dimensional, e.g. TaSe2, quartz; or three-dimensional, e.g.
Fe1�xO;. In incommensurate phases, the modulation is only a “perturbation” of
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another period to the basic lattice, the diffraction pattern of the basic lattice holds,
i.e., the crystallography symmetry holds still, so one calls the structure being
incommensurate crystals. It is noticed that there is new degrees of freedom in the
phases, named phasons. Here, the phason modes present long-wavelength propa-
gation similar to that of phonon modes. In Chap. 4, we shall discuss that the phason
modes in quasicrystals present quite different nature, i.e., the motion of atoms
exhibits discontinuous jumps rather than the long-wavelength propagation. In
addition, in quasicrystals there is non-crystallographic orientational symmetry,
which is essentially different from that of general incommensurate crystals.

1.5.3 Glassy Structure

The crystals are solid with long-range order due to atom arrangement regularly. In
contrast, there is a solid without order, but it has short-range order in scale within
atom size. This material is the glassy structure, as a branch of the condensed matter
physics.

1.5.4 Mathematical Aspect of Group

1.5.4.1 Mathematical Definition of Group

In previous sections, we introduced group concept through the symmetry opera-
tions, this is intuitive and easy understood. Under a transformation a system
maintains invariance, we can call the transformation is a symmetry transformation.
In succeeding take two transformations are defined as a product of the two trans-
formations, it is evident, which is the symmetry transformation of the system, too.
The product over three symmetry transformations satisfies the associate law. The
identical transformation is also a symmetry transformation, the product between it
and any symmetry transformation is the transformation. The inversion of a sym-
metry transformation is still a symmetry transformation. The connection of trans-
formations of a system forms a transformation group. We have defined the concept
of product, the mathematical definition on group can be given as below:

1. Closeness of connection—The product between any two elements gi and gj in a
connection G belongs to the connection, i.e. gi 2 G; gj 2 G; gigj 2 G;

2. Associate law—If gi; gj; gk 2 G, then giðgj; gkÞ ¼ ðgi; gjÞgk;
3. There is identical element E—If gi 2 G, then Egi ¼ gi;
4. There is inversion element g�1

i —If gi 2 G, then gig�1
i ¼ E.

The definition on group is also called axiom of group which is valid for all
groups, including the point groups. In this book, we mainly concern the point
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groups, but also Lie groups in Chap. 16 and Appendix C in main appendixes of the
book.

1.5.4.2 The Linear Representation of Group

Assume element gi belongs to group G, which corresponds to matrix Ai, and
assume all matrixes have the same order, their determinates are not equal to zero, if
product gigj corresponds to product AiAj, then say that matrix Ai is a linear rep-
resentation of group G. Assume a linear expression of group G corresponds to a
matrix Ai of n order, and a linear expression of the same group corresponds to
matrix Bi of m order, which constitutes quasidiagonal matrix of ðnþmÞ order

½Ai;Bi� ¼ Ai; 0
0; Bi

� �
	 ½Ci�

If assume transforming to the equivalent expression according to matrix XCiX�1 ,
then in general, the character of quasidiagonal matrix will be lost. If this character
can be maintained still, we say this expression is reducible; otherwise, it is
irreducible.
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Chapter 2
Framework of Crystal Elasticity

As the knowledge of crystals is a benefit for understanding quasicrystals, it is
worthwhile having a concise review of the crystal elasticity or classical elasticity
before learning elasticity of quaicrystals. Here is a brief description to the theory.
The detailed material for this theory can be found in many monographs and text-
books, e.g. Landau and Lifshitz [1]. Though the discussion here is limited within
the framework of continuum medium mechanics, there are still connections to
physical nature of the elasticity of crystals reflected by phonon concept (discussed
in Sect. 1.5). The readers are advised to refer to the relevant chapters and sections
of monographs of Born and Huang [2] and Anderson [3] which would help us
understanding the phonon concept so the phason concept and elasticity of qua-
sicrystals, which will be presented in the following chapters. The practice shows
that it would be hard to understand phason concept and the phason elasticity if we
limited our knowledge only within the classical continuum medium and complete
intuition.

For simplicity, the tensor algebra will be used in the text.

2.1 Review on Some Basic Concepts

2.1.1 Vector

A quantity with both magnitude and direction is named vector, denoted by a, and
a ¼ aj j represents its magnitude. The scalar product a � b ¼ abcosða; bÞ of two
vectors a and b: The vector product a� b ¼ nabsinða; bÞ; in which n is the unit
vector perpendicular to both a and b, so nj j ¼ 1: A more general definition on
vector is given later.
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2.1.2 Coordinate Frame

To describe vector and tensor, it is convenient to introduce the coordinate frame.
We will consider the orthogonal frame. Assume that e1; e2 and e3 are three unit
vectors and mutually perpendicular, i.e. e1 � e2 ¼ 0; e2 � e3 ¼ 0; e3 � e1 ¼ 0; and
e3 ¼ e1 � e2; e2 ¼ e3 � e1; e1 ¼ e2 � e3; then they are base vectors of an orthog-
onal coordinate frame, and often called base vectors briefly.

In the orthogonal coordinate frame e1; e2; e3, any vector a can be expressed by

a ¼ a1e1 þ a2e2 þ a3e3 ð2:1:1Þ

or

a ¼ ða1; a2; a3Þ

2.1.3 Coordinate Transformation

Consider another orthogonal frame e01; e
0
2; e

0
3 which can be expressed in terms of

e1; e2; e3. From (2.1.1), there are

e01 ¼ c11e1 þ c12e2 þ c13e3

e02 ¼ c21e1 þ c22e2 þ c23e3 ð2:1:2Þ

e03 ¼ c31e1 þ c32e2 þ c33e3

where c11; c12; . . .; c33 are some scalar constants. The relation (2.1.2) is named
coordinate transformation too, which can also be denoted by matrix

e01
e02
e03

2
4

3
5 ¼ ½C�

e1
e2
e3

2
4

3
5 ð2:1:3Þ

where

½C� ¼
c11 c12 c13
c21 c22 c23
c31 c32 c33

2
4

3
5

which is an orthogonal matrix, consequently
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½C�T ¼ ½C��1 ð2:1:4Þ

here notation “T” marks transpose operation and “� 1” the inversion operation. It is
natural that

e1
e2
e3

2
4

3
5 ¼ ½C�T

e01
e02
e03

2
4

3
5 ¼ ½C��1

e01
e02
e03

2
4

3
5 ð2:1:5Þ

Based on (2.1.1), if in the frame e01; e02; e03 then

a ¼ a01e
0
1 þ a02e

0
2 þ a03e

0
3 ð2:1:6Þ

Substituting (2.1.5) into (2.1.1) yields

a ¼ ðc11a1 þ c12a2 þ c13a3Þe01 þðc21a1 þ c22a2 þ c23a3Þe02 þðc31a1 þ c32a2 þ c33a3Þe03
ð2:1:7Þ

It follows that by the comparison between (2.1.6) and (2.1.7)

a01 ¼ c11a1 þ c12a2 þ c13a3
a02 ¼ c21a1 þ c22a2 þ c23a3
a03 ¼ c31a1 þ c32a2 þ c33a3 ð2:1:8Þ

or by the matrix expression, i.e.

a01
a02
a03

2
64

3
75 ¼ ½C�

a1

a2

a3

2
64

3
75 ð2:1:80Þ

Whatever (2.1.8) or (2.1.8′), there is

a0i ¼
X3
j¼1

cijaj ¼ cijaj ð2:1:9Þ

The summation sign in the right-hand side of (2.1.9) is omitted, when the repeated
indexes in cijaj represent summing. Henceforth, the summation convention will be
used throughout.

A set of numbers ða1; a2; a3Þ satisfying the relation (2.1.9) under linear trans-
formation (2.1.2) will be called vector regardless its physical meaning. This is an
algebraic definition of vector; it is more general than saying that the vector has both
magnitude and direction.
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2.1.4 Tensor

Let us define 9 numbers in the orthogonal frame e1; e2; e3 as A:

A ¼
A11 A12 A13

A21 A22 A23

A31 A32 A33

2
4

3
5 ð2:1:10Þ

in which the components satisfy the relation

A0
kl ¼

X3
i;j¼1

ckicljAij ¼ ckicljAij ð2:1:11Þ

under the linear transformation, then A is a tensor of rank 2, where cij are given by
(2.1.3) and the summing sign is omitted in the right-hand side of (2.1.11). It is
evident that the concept of tensor is an extension of that of vector. According to the
definition Aij represents a tensor where i = 1, 2, 3, j = 1, 2, 3. It is understood that it
represents a component with the indexes i and j of the tensor.

2.1.5 Algebraic Operation of Tensor

(i) Unit tensor

I ¼ dij ¼
0 i 6¼ j

1 i ¼ j

(
ð2:1:12Þ

which is named the Kronecker sign conventionally.
(ii) Transpose of tensor

AT ¼
A11 A21 A31

A12 A22 A32

A13 A23 A33

2
4

3
5 ð2:1:13Þ

(iii) Algebraic sum of tensors

A� B ¼ Aij � Bij ð2:1:14Þ

(iv) Product of scalar and tensor

mA ¼ mAij ð2:1:15Þ
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(v) Product of tensors

AB ¼ AijBkl ð2:1:16Þ

Other operations about tensors will be provided in the description of the sub-
sequent text.

2.2 Basic Assumptions of Theory of Elasticity

The theory of elasticity is a branch of continuum mechanics, it follows the basic
assumptions thereof whereas there are:

(i) Continuity
In the theory one assumes that the medium fills the full space that it occupies,
and this means the medium is continuous. Connected with this, the field
variables concerning the medium are continuous and differentiable functions
of coordinates.

(ii) Homogeneity
Physical constants describing the medium are independent from coordinates,
so the medium is homogeneous.

(iii) Small deformation
Assume that displacements ui are small and @ui=@xj are less than unity. Due
to small deformation, the boundary conditions are written at the boundaries
before deformation though those boundaries have taken some deformation.
This makes the problems linearized and simplifies the solution procedure.

2.3 Displacement and Deformation

That elastic body exhibiting deformation is connected to the relative displacement
between points in it. So we first look for the displacement field.

Consider a region R in an elastic body, refer to Fig. 2.1, it becomes another
region R0 after deformation. The point O with radius vector r,

before deformation, which becomes point O0 with radius vector r0 after defor-
mation, and u is the displacement vector of point O during the deformation process
(see Fig. 2.1), i.e.

r0 ¼ rþ u ð2:3:1Þ
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or

u ¼ r0 � r ¼ x0i � xi ð2:3:10Þ

In Fig. 2.1, frame e1, e2, e3 depicts any orthogonal coordinate system, especially we
use the rectilinear coordinate system ðx1; x2; x3Þ or ðx; y; zÞ. Assume that O1 in R is a
point near the point O, the radius vector joining them is dr ¼ dxi. The point O1

becomes point O0
1 in R0 after deformation. The vector radius joining points O1 and

point O0
1 is dr0 ¼ dx0i ¼ dxi þ dui. The displacement of point O1 is u0, there is

u0 ¼ uþ du ð2:3:2Þ

i.e.

dui ¼ u0i � ui ð2:3:3Þ

and

dui ¼ @ui
@xj

dxj ð2:3:4Þ

Equation (2.3.4) expresses the Taylor expansion at point O and takes the first-order
term only. Under the small deformation assumption, this reaches a very high
accuracy. It denotes

@ui
@xj

¼ eij þxij ð2:3:5Þ

Fig. 2.1 Displacement of a
point in an elastic body
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in which

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
ð2:3:6Þ

xij ¼ 1
2

@ui
@xj

� @uj
@xi

� �
ð2:3:7Þ

here eij is a symmetric tensor

eij ¼ eji ð2:3:8Þ

and called the strain tensor, while xij an asymmetric tensor, which has only three
independent components

Xx ¼ xyz ¼ 1
2

@uy
@z

� @uz
@y

� �

Xy ¼ xzx ¼ 1
2

@uz
@x

� @ux
@z

� �

Xz ¼ xxy ¼ 1
2

@ux
@y

� @uy
@x

� �
ð2:3:9Þ

The physical meaning of eij describes volume and shape changes of a cell, and
that of xij the rigid rotation, which is independent on deformation, so only eij is
considered afterwards.

The components e11; e22 and e33 (if denote x ¼ x1; y ¼ x2; z ¼ x3, then we have
exx; eyy and ezz) represent normal strains describing volume change of a cell, while
e32 ¼ e23; e13 ¼ e31 and e12 ¼ e21 (or eyz ¼ ezy; ezx ¼ exz and exy ¼ eyx) represent
shear strains describing shape change of a cell.

2.4 Stress Analysis

The internal forces per unit area due to deformation are called stresses, and denoted
by rij, which will be zero if there is no deformation for a body. When the body is in
static equilibrium according to the law of momentum conservation, we have

@rij
@xi

þ fj ¼ 0 ð2:4:1Þ

in which the equation holds for any infinitesimal volume element of the body, and
rij represents the components of the stress tensor as mentioned above, and suffix j
the acting direction of the component, i the direction of outward normal vector of
the surface element that the component exerted and fi the body force density vector.
Amongst all, the components of rij, rxx; ryy and rzz are normal to the surface
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elements which they exerted, and ryz; rzy; rzx;rxz; rxy and ryx are along the tangent
directions of the surface elements, the former are called normal stresses, and the
latter shear stresses.

According to the angular momentum conservation, one finds that

rij ¼ rji ð2:4:2Þ

this means the stress tensor is a symmetric tensor and (2.4.2) is named as the shear
stress mutual equal law.

External surface forces density (tractions) Ti subjected to the surface of a body
should be balanced with the internal stresses, this leads to

rijnj ¼ Ti ð2:4:3Þ

where nj is the unit vector along the outward normal to the surface element. People
also call Ti area force density.

Equation (2.4.3) describes the stress boundary conditions which play a very
important role for elasticity.

2.5 Generalized Hooke’s Law

Between stresses rij and strains eij, there exists a certain relationship depending
upon the material behaviour of the body. Hereafter, we consider only the linear
elastic behaviour of materials and the state without initial stresses. In the case, the
classical experimental law–Hooke’s law can be extended as

rij ¼ @U
@eij

¼ Cijklekl ð2:5:1Þ

in which U denotes the free energy density, or the strain energy density, i.e.

U ¼ F ¼ 1
2
Cijkleijekl ð2:5:2Þ

and Cijkl is the elastic constant tensor, consisting of 81 components. Due to the
symmetry of rij and eij, each of them has independent 6 components only, such that
the independent components of Cijkl reduce to 36. Formula (2.5.2) shows that U is a
homogenous quantity of eij of rank two, considering the symmetry of eij, then we
have

Cijkl ¼ Cklij ð2:5:3Þ

so the independent components amongst 36 reduce to 21.
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The relation (2.5.1) with 21 independent elastic constants is named as general-
ized Hooke’s law.

The generalized Hooke’s law describes anisotropic elastic bodies including
crystals. Stress and strain tensors can also be expressed by corresponding vectors
with 6 independent elements, then can be denoted by corresponding elastic con-
stants matrix Bijkl

� �

r11
r22
r33
r23
r31
r12

2
6666664

3
7777775
¼

B1111 B1122 B1133 B1123 B1131 B1112

B2222 B2233 B2223 B2231 B2212

B3333 B3323 B3331 B3312

B2323 B2331 B2312

ðsymmetryÞ B3131 B3112

B1212

2
6666664

3
7777775

e11
e22
e33
e23
e31
e12

2
6666664

3
7777775

ð2:5:4Þ

Applying formula (2.5.4) to crystals, between the elements Cijkl (or Bijkl), there are
some relations by considering certain symmetry of the crystals, so that the resulting
number of the elastic constants for certain individual crystal systems may be less
than 21. In the following, we give a brief discussion on the argument.

1. Triclinic system (classes 1 or C1 and Ci)
The triclinic symmetry does not add any restrictions to the components of tensor
Cijkl (or Bijkl in (2.5.4)); however, appropriate choice of the coordinate system
enables us to reduce the number of nonzero independent elastic constants.
Because the orientation of the coordinate system is determined by three rotation
angles, this provides three conditions to restrict some components in Cijkl (or
Bijkl in (2.5.4)); for example, one can take three of them to be zero, such that, the
triclinic crystal system has 18 components of elastic moduli.

2. Monoclinic system (classes Cs;C2 and C2h)
In the class Cs, there is a plane of symmetry, we take it as x3 ¼ 0 ðz ¼ 0Þ in
coordinate frame e1, e2, e3. Making a coordinate transformation with this plane
of symmetry one can obtain a new coordinate frame e01; e

0
2; e

0
3. Between these

two coordinate frames, there are relations

e01 ¼ e1; e02 ¼ e2; e03 ¼ �e3 ð2:5:5Þ

This operation is the reflection or mapping. In addition, we know that between
r0ij in e01; e

0
2; e

0
3 and rij in e1, e2, e3, there are (refer to §2.1)

r0kl ¼ akjalirji ð2:5:6Þ

in which aij are the coefficients of linear transformation, i.e.

e0i ¼ aijej ð2:5:7Þ
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Under the transformation (2.5.5), there are

a11 ¼ 1; a22 ¼ 1; a33 ¼ �1; others ¼ 0 ð2:5:8Þ

Therefore, under the transformation, for Cijkl in (2.5.1) (or Bijkl in (2.5.4)) whose
suffixes containing 3 with an odd number of times (1 or 3) will change sign,
while the others will remain invariant. Considering the symmetry of the crystal,
however, the physical properties including Cijkl (or Bijkl in (2.5.4)) should remain
unchanged under symmetric operation (including the reflection). So it is obvious
that all components with an odd number of suffixes 3 must vanish, i.e.

B1123 ¼ B1131 ¼ B2223 ¼ B2231 ¼ B3323 ¼ B3331 ¼ B2312 ¼ B3112 ¼ 0 ð2:5:9Þ

Consequently, there are only 13 independent elastic constants.
A similar discussion can be done for the classes C2 and C2h.

3. Orthorhombic system (classes C2v;D2 and D2h)
This crystal system has a macroscopic corresponding, i.e. the orthotropic
materials, in which there exist two planes of symmetry perpendicular to each
other. Let us take x3 ¼ 0 and x1 ¼ 0 as the planes. If on reflection in plane
x3 ¼ 0, it is just the case for monoclinic system mentioned above. Subsequently,
considering the mapping in plane x1 ¼ 0, between the new and old coordinate
systems, there is the relation such as

e01
e02
e03

2
64

3
75 ¼

�1 0 0

0 1 0

0 0 1

2
64

3
75

e1

e2

e3

2
64

3
75

By a similar description to that for monoclinic system, one finds that

B1112 ¼ B2212 ¼ B3312 ¼ B2331 ¼ 0 ð2:5:10Þ

Collecting to (2.5.9), the system contains 9 independent elastic constants.
4. Tetragonal system (classes C4v;D2d;D4 and D4h)

This crystal system has 4 axes of symmetry. Similar to previous discussion,
those independent elastic moduli are

B1111;B3333;B1122;B1212;B1133;B1313

The total number of these is six.
5. Rhombohedral system (classes C3v; 3 or C3;D3;D3d and S6)

In this system, there is a third-order axis of symmetry (or threefold symmetric
axis). We can take axis of symmetry as the axis e3, after a lengthy description
that six independent elastic constants are as follows:
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B3333;Bngng;Bnngg;Bng33;Bn3g3;Bnnn3

with

n ¼ x1 þ ix2; g ¼ x1 � ix2

The moduli can also be written in conventional version as

B3333;B1212;B1122;B1233;B1323;B1113

6. Hexagonal system (class C6)
The crystal system has a macroscopic correspondence—the transverse isotropic
material, whose elasticity presents fundamental importance to elasticity of one-
and two-dimensional quasicrystals.
There is a sixth-order axis of symmetry (or say sixfold symmetric axis) in the
system. By taking this axis as x3-axis and using the coordinate substitution
n ¼ x1 þ ix2; g ¼ x1 � ix2. In a rotation with angle 2p=6 about the x3-axis, the
coordinates n and g are experienced a transformation n! nei2p=6, g ! ge�i2p=6.
Then one can see that only those components Cijkl do not vanish which have the
same number of suffixes n and g. These are

B3333;Bngng;Bnngg;Bng33;Bn3gn

or in conventional expressions

C1111 ¼ C2222;C3333;C2323 ¼ C3131;C1122;

C1133 ¼ C2233;C1212

in which 2C1212 ¼ C1111 � C1122, so the number of independent elastic
constants is five.

7. Cubic system
For this system there are 3 fourfold symmetric axes, in which there is tetragonal
symmetry. If taking the fourfold symmetric axis of the tetragonal symmetry in
the x3-direction, the number of independent components of Cijkl (or Bijkl in
(2.5.4)) are B1111;B1122;B1212

8. Isotropic body
In this case there are two elastic moduli, e.g. the Young’s modulus and
Poisson’s ratio

E; m

respectively, or the Lamé constants
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k ¼ mE
ð1þ mÞð1� 2mÞ ; l ¼ E

2ð1þ mÞ ð2:5:11Þ

or the bulk modulus of compression and shear modulus
K ¼ E

3ð1�2mÞ ; l ¼ E
2ð1þ mÞ ¼ G

In this case the generalized Hooke’s law presents very simple form, i.e.

rij ¼ 2leij þ kekkdij ð2:5:12Þ

where ekk ¼ e11 þ e22 þ e33 ¼ exx þ eyy þ ezz,dij is the unit tensor. An equivalent
form of (2.5.12) is

eij ¼ 1þ m
E

rij � m
E
rkkdij ð2:5:13Þ

in which rkk ¼ r11 þ r22 þ r33 ¼ rxx þ ryy þ rzz

2.6 Elastodynamics, Wave Motion

When the inertia effect is considered in (2.4.1), then it becomes

@rij
@xj

þ fi ¼ q
@2ui
@t2

ð2:6:1Þ

where q is the mass density of the material.
Considering isotropic medium and omitting body forces from (2.6.1), (2.3.6) and

(2.5.12), the equations of wave motion are obtained as

ðc21 � c22Þ
@2ui
@xi@xj

þ c22
@2uj
@x2i

¼ @2uj
@t2

ð2:6:2Þ

where c1 and c2 defined by

c1 ¼ kþ 2l
q

� �1
2

; c2 ¼ l
q

� �1
2

ð2:6:3Þ

which are speeds of elastic longitudinal and transverse waves, respectively. If put

u ¼ r/þr� w ð2:6:4Þ
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then (2.6.2) can be reduced to

r2/ ¼ 1
c21

@2/
@t2

;r2w ¼ 1
c22

@2w
@t2

ð2:6:5Þ

where / is scalar potential, w the vector potential and r2 ¼ @2

@x2 þ @2

@y2 þ @2

@z2, (2.6.5)

are typical wave equations of mathematical physics. To solve the problem apart
from the boundary conditions one needs initial conditions, i.e.

uiðxi; 0Þ ¼ ui0ðxiÞ
xi 2 X

_uiðxi; 0Þ ¼ _ui0ðxiÞ:

2.7 Summary

The classical theory of elasticity is concluded to solve the following
initial-boundary value problem

eij ¼ 1
2
ð@ui
@xj

þ @uj
@xi

Þ

@rij
@xi

¼ q
@2uj
@t2

� fj; ðt[ 0; xi 2 XÞ
rij ¼ Cijkleijkl
uiðxi; 0Þ ¼ ui0ðxiÞ
_uiðxi; 0Þ ¼ _ui0ðxiÞ; ðxi 2 XÞ
rijnj ¼ Ti; t[ 0; xi 2 St
ui ¼ �ui; t[ 0; xi 2 Su

where ui0ðxiÞ; _ui0ðxiÞ; Ti and �ui are known functions, X denotes the region of
materials we studied, St and Su are parts of boundary S on which the tractions and

displacements are prescribed, respectively, and S ¼ St þ Su. If
@2uj
@t2 ¼ 0, the problem

reduces to a static problem as pure-boundary value problem, there are no initial
conditions at all.
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Chapter 3
Quasicrystal and Its Properties

3.1 Discovery of Quasicrystal1

The first observation of quasicrystal was done in April 1982, while D. Shechtman
as guest scholar was working in the Bureau of Standards in USA. He observed from
electronic microscopy that a rapid cooled Al–Mn alloy exhibits fivefold orienta-
tional symmetry by the diffraction patterns with bright diffraction spots and sharp
Bragg reflections, as shown in Fig. 3.1. Because the fivefold orientational sym-
metry is of contradiction with the basic law of symmetry of crystals (refer to
Chap. 1), the result could not be understood within the first two years since the
discovery. Colleague of Shechtman, I. Blech in Israel, gave him a powerful support
and explained it might be an icosahedral glass. They drafted a paper concerning the
experimental results and sent off to a journal, but which was rejected. Then, they
submitted it to another journal, which could not be published too. J. W. Cahn, the
hosting scientist in the Bureau of Standards, recommended streamlining the paper,
leaving out details of the model and experiment, and limiting it solely the experi-
mental findings. After consulting with D. Gratias, a mathematical crystallographer
at the Centre National de la Recherche Scientifique in France, the group submitted
an abbreviated article to Physical Review Letters (PRL) in October 1984, more than
two years after Shechtman’s initial experiment. The article was published several
weeks later. This is the Ref. [1].

More recently, the natural quasicrystals, apart those from alloys, were observed
by Bindi et al.2

After four weeks, Levine and Steinhardt [2] published their work by PRL to
introduce ordered structure with quasiperiodicity and called the novel alloy as
“quasicrystal” formally, in which their theoretical (computed) diffraction pattern is
in excellent agreement with that of the experimental observation. Soon after, other

1This is referred to article PRL Top 10:#8 of APS.
2Bindi L, Steinhardt P J, Yao N and Lu P J, 2009, Natural quasicrystals, Science, 324, 1306-1309.

© Science Press and Springer Science+Business Media Singapore 2016
T.-Y. Fan, Mathematical Theory of Elasticity of Quasicrystals and Its Applications,
Springer Series in Materials Science 246, DOI 10.1007/978-981-10-1984-5_3

27

http://dx.doi.org/10.1007/978-981-10-1984-5_1


groups, such as Ye et al. [3] and Zhang et al. [4], also found similar structure of
fivefold symmetry and icosahedral quasicrystal in Ni–V and Ni–Ti alloys.

The icosahedral quasicrystals are one of the three-dimensional quasicrystals, in
which atomic arrangement is quasiperiodic in three directions. Another kind of
three-dimensional quasicrystal is cubic quasicrystal observed by Feng et al. [5]
later.

Successively two-dimensional quasicrystals were observed. Here, the atomic
arrangement is quasiperiodic along two directions and periodic along the third
direction, which is just the directions of 5-, 8-, 10- and 12-fold symmetrical axes of
the two-dimensional quasicrystals observed to date, such that one finds four kinds
of two-dimensional quasicrystals with 5-, 8-, 10- and 12-fold rotation symmetries
which are also called pentagonal, octagonal, decagonal and dodecagonal qua-
sicrystals, respectively (see Bendersky [6], Chattopadhyay et al. [7], Fung et al. [8],
Urban et al. [9], Wang et al. [10], Li et al. [11]).

There is another class of quasicrystals, the one-dimensional quasicrystals, in
which the atomic arrangement is quasiperiodic along one axis and periodic along
the plane perpendicular to the axis (see Merdin et al. [12], Hu et al. [13], Fung et al.
[14], Terauchi et al. [15], Chen et al. [16] and Yang et al. [17]).

The discovery of this novel matter with long-range order and non-crystallographic
symmetry changes the traditional concept of classifying solids into two classes,
crystal and non-crystal, gives a strong impact on traditional crystallography and
brings profound new physical idea into the matter structure and symmetry.

The unusual structure of quasicrystals leads to a series of properties different
from that of crystals, which has created a great deal of attention by researchers in a
range of fields, such as physics, crystallography and chemistry.

A decade before the discovery, mathematician Penrose [18] put forward a
mathematical model of quasicrystals, afterward called Penrose tiling, in which a
tiling without an overlap or a gap in two different rhombohedra can result in

Fig. 3.1 The patterns of diffraction of icosahedral quasicrystal. a The fivefold symmetry and b the
stereographic structure of the quasicrystal
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quasiperiodic structure. After the discovery of quasicrystals, Penrose tiling has
become a geometric tool of the new solid phase. As an example, a Penrose tiling for
describing a two-dimensional fivefold symmetry is shown in Fig. 3.2, in which the
local structure of the tiling is similar, and this is called local isomorphism (LI). The
quasiperiodic symmetry and local isomorphism of the Penrose tiling present sig-
nificance for describing the new solid-phase quasicrystals. The discovery of qua-
sicrystal physically promotes the development of the Penrose geometry and the
relevant discrete geometry. It promotes the development of ergodic theory, group
theory, Fourier analysis, etc., too.

Quasicrystals with thermodynamical stability are becoming a new class of
functional and structural materials, which have many prospective engineering
applications. The study on physical and mechanical properties of the material is put
forward. Among the mechanical behaviour of quasicrystals, the elasticity and
defects are of important topics. These provide many new challenges as well as
opportunities to the continuum mechanics.

However, there was a different point of view, e.g. L. Pauling3 claimed that the
icosahedral quasicrystal is a cubic crystal rather than quasicrystals, but various
quasicrystals are observed experimentally, and the argument is ended.

3.2 Structure and Symmetry of Quasicrystals

Quasicrystals are different from periodic crystals, but with certain symmetry, it is
one of the kinds of aperiodic crystals. The unusual characters of quasicrystals are
originated from their special atomic constitution. The character of this structure is
explored by diffraction patterns. Just through these diffraction patterns, people

Fig. 3.2 Penrose tiling of
two-dimensional quasicrystal
with fivefold symmetry

3Pauling L, 1985, Apparent icosahedral symmetry is due to directed multiple twinning of cubic
crystals, Nature, 317, 512-514.
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discovered differences between crystals and quasicrystals, so discovered the
quasicrystals.

Similar to other aperiodic crystals, quasiperiodicity induces new degrees of
freedom, which can be explained as follows. In crystallography and solid-state
physics, the Miller indices ðh; k; lÞ are often used to describe the structure of
crystals. These indices can explain the spectra of diffraction patterns of all crystals.
In Chap. 1, we mentioned that the number of base vectors for crystal N is identical
to the number of the dimensions d of the crystal, i.e. N ¼ d. However, because
quasicrystals have quasiperiodic symmetry (including both or either quasiperiodic
translational and orientational symmetries disallowed by the rule of crystallogra-
phy), the Miller indices cannot be used, and instead, we need to employ six indices
ðn1; n2; n3; n4; n5; n6Þ. This feature implies to characterize the symmetry of qua-
sicrystals that it is necessary to introduce higher dimensional (four- or five- or
six-dimensional) spaces. This idea is identical to that of group theory, i.e. the
quasiperiodic structure is periodic in higher dimensional (four- or five- or
six-dimensional) spaces. Quasicrystals in real three-dimensional space (physical
space) may be seen as a projection of a periodic lattice in higher dimensional
(mathematical) space. The projection of periodic lattice at four-, five- and
six-dimensional spaces to physical space generates one-, two- and
three-dimensional quasicrystals, respectively. The six-dimensional space is denoted
by E6, which consists of two subspaces: One is physical space, called the parallel
space and denoted by E3

k , and another is the complementary space also called

vertical space and denoted by E3
? so that

E6 ¼ E3
k � E3

? ð3:2:1Þ

where � denotes the direct sum.
For one-, two- and three-dimensional quasicrystals, the number of the base

vectors is N ¼ 4; 5; 6 and the number of the realistic dimensions of the material (in
physical space) is d ¼ 3, so N[ d, and this is different from that of crystals.

The method of group theory is the most appropriate method to describe the
symmetry of quasicrystals.

The one-dimensional quasicrystals have 31 point groups and consist of 6 qua-
sicrystal systems and 10 Laue classes, respectively, in which the all point groups are
crystallographic point groups listed in Table 3.1.

The two-dimensional quasicrystals have 57 point groups, in which 31 are
crystallographic point groups have been listed in Table 1.1, and other 26 are
non-crystallographic point groups listed in Table 3.2, they belong to 4 quasicrystal
systems and 8 Laue classes, respectively.

The three-dimensional quasicrystals have 60 point groups. They are as follows:
(1) 32 crystallographic point groups and 28 non-crystallographic point groups, i.e.
icosahedral point groups (235, 2

m 35) and 26 point groups with 5-, 8-, 10- and 12-
fold symmetries (5, 5, 52, 5 m, 5m, and N, N, N=m, N22, Nmm, N m2, N=mmm,
N = 8; 10; 12), and the latter are listed in Table 3.2.
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3.3 A Brief Introduction on Physical Properties
of Quasicrystals

The unusual structure of quasicrystals leads to some new physical properties of the
material.

The mechanical behaviour of quasicrystals, especially the distinguishing features
of elasticity to those of crystals, has aroused a great deal of interests of researchers.
These will be discussed starting from Chap. 4 in detail, so we do not talk about it
any more here.

The thermal properties of quasicrystals are a field that attracts attention of many
scientists [19–27]. The thermal conductivity of quasicrystals is lower than that of
conventional metals.

Among the profound studied properties of quasicrystals, the first is the structural
and elastic properties, and the second may be the properties of electricity of the
material. The conductivity of electricity of quasicrystals is lower. And the Hall
effect [28–32] was well studied. The absolute number of the Hall coefficient RH is
greater, i.e. two orders of magnitude, than that of conventional metals. In addition,
the pressure–resistance properties of quasicrystals are also discussed by some ref-
erences (see, e.g. [33]).

Table 3.1 The systems, Laue classes, and point groups of one-dimensional quasicrystals

System Laue class Point group

Triclinic 1 1,1

Monoclinic 2
3

2, mh, 2=mh

2h, m, 2h=m

Orthorhombic 4 2h2h2; mm2; 2hmmh; mmmh

Tetragonal 5
6

4; 4; 4=mh

42h2h; 4mm; 4=mh; mm

Rhombohedral (trigonal) 7
8

3; 3
32h; 3m; 3m

Hexagonal 9
10

6; 6, 6=mh

62h2h; 6mm; 6m2h; 6=mhmm

Table 3.2 The systems,
Laue classes, and point
groups of non-crystallography
of two-dimensional
quasicrystals

System Laue class Point group

Pentagonal 11
12

5, 5
5m, 52, 5 m

Octagonal 13
14

8, 8, 8=m
8mm ; 822; 8m2, 8=mmm

Decagonal 15
16

10, 10, 10=m
10mm; 1022, 10m2; 10=mmm

Dodecagonal 17
18

12, 12; 12=m
12mm; 1222; 12m2; 12=mmm
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The light conductivity rate of quasicrystals is quite different from that of con-
ventional metals, and the people are interested in the singularity (see [34–36]).
Recently, the quasicrystals photonic crystal study becomes a focus [37–39], there is
a trend of further development of study [40–42].

The electronic structure of quasicrystals and relevant topics have also been
concerned after the discovery [43–45]. Due to lack of periodicity, the Bloch the-
orem and Brillouin zone concept cannot be used. By some simple models and
through numerical computations, one can obtain the results on electronic energy
spectra. Some results on wave functions obtained exhibit behaviour neither in
extending state nor in localization state. For some quasicrystalline materials, e.g.
AlCuLi and AlFe, there are pseudogaps when energy is over the Fermi energy.

Many mathematicians developed several mathematical models to describe
electronic energy spectrum, and readers who are interested can refer to Refs.
[46–60].

Because the present book discusses the elasticity of quasicrystals only, the other
properties will not be dealt with. The above introduction is very simple and brief.

3.4 One-, Two- and Three-Dimensional Quasicrystals

It is needed to recall the concept of one-, two- and three-dimensional quasicrystals.
The one-dimensional quasicrystals are ones in which the atom arrangement is
quasiperiodic in one direction and periodic in other two directions. The
two-dimensional quasicrystals belong to ones in which the atom arrangement is
quasiperiodic in two directions and periodic in another one. The three-dimensional
quasicrystals behave in such a way that the arrangement represents quasiperiodicity
in all three directions.

There exist over 200 quasicrystals observed to date, among which the halves are
icosahedral and about 70 decagonal quasicrystals, respectively, so these two kinds
of quasicrystal systems represent major importance of the material. Recently, the
two-dimensional quasicrystals with 12- and 18-fold symmetries in soft matter are
observed [61–64], these quasicrystals have just been studied.

3.5 Two-Dimensional Quasicrystals and Planar
Quasicrystals

The two-dimensional quasicrystals and planar quasicrystals are different concepts.
The two-dimensional quasicrystals are introduced in the previous section, which
represent a three-dimensional structure with two-dimensional quasiperiodic planes
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stacked along the third direction, and in this direction, the atom arrangement is
periodic. While the planar quasicrystals belong to a two-dimensional structure
within the plane, the atom arrangement is quasiperiodic, and there is no third
dimension.
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Chapter 4
The Physical Basis of Elasticity
of Solid Quasicrystals

The physical background on elasticity of solid quasicrystals is quite different from
that of the crystal elasticity or classical elasticity; the discussion about this provides
a basis of the subsequent contents of the book.

4.1 Physical Basis of Elasticity of Quasicrystals

Solid quasicrystal has become a type of functional and structural materials, having
potential engineering applications. As a material, quasicrystal is deformed under
applied forces, thermal loads and certain internal effects. The deformation of crystals
has been discussed in Chap. 2. Questions arise as to what the characteristics in the
deformation process of the quasicrystals are. How to describe mathematically the
behaviour of the quasicrystal deformation and motion? To answer these questions, it
is necessary to consider the physical background of elasticity of quasicrystals. The
study in this regard was conducted soon after discovery of the new solid phase.

Because quasicrystals observed in binary and ternary alloys belong to a new
structure of solid, theoretical physicists have proposed various descriptions of their
elasticity. The majority agrees that the Landau density wave theory (refer to
Refs. [1–25]) is the physical basis of elasticity of quasicrystals. We shall introduce
the theory in Appendix of this chapter (i.e. the Sect. 4.9). In particular, the
description suggested that there are two displacement fields u and w in a qua-
sicrystal: the former is similar to that in crystals, named the phonon field according
to the physical terminology, and its macro-mechanical behaviour is discussed in
Chap. 2; the latter is new displacement field named phason field. The total dis-
placement field in a quasicrystal is expressed by

�u ¼ uk � u? ¼ u� w ð4:1:1Þ
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where � represents the direct sum. According to the explanation of physicists that u
is in the physical space, or the parallel space E3

k; w in the complement space, or

perpendicular space E3
?, which is an internal space.

Furthermore, the two displacement vectors are dependent only upon the coor-
dinate vector rk in physical space, i.e.

u ¼ uðrkÞ; w ¼ wðrkÞ ð4:1:2Þ

For simplicity, the superscript of rk will be removed hereafter. From the angle of
mathematical theory of elasticity of quasicrystals and its technological applications,
the formulas (4.1.1) and (4.1.2) are enough for understanding the following con-
tents within Chaps. 1–15 of the book. If readers are interested in the further
physical background on the phonon and phason fields in quasicrystals, we suggest
that they could read the Appendix of this chapter (i.e. the Sect. 4.9).

With basic formulas (4.1.1) and (4.1.2) and some fundamental conservation laws
well-known in physics, the macroscopic basis of the continuous medium model of
elasticity of solid quasicrystals can be set up; in some extent, the discussion is an
extension to that in Chap. 2, which will be done in the following sections.

4.2 Deformation Tensors

In Chap. 2, we introduced that the deformation of phonon field lies in the relative
displacement (i.e. the rigid translation and rotation do not result in deformation),
which can be expressed by

du ¼ u0 � u

If we set up an orthogonal coordinate system (x1; x2; x3) or (x; y; z), then we have
u ¼ ðux; uy; uzÞ ¼ ðu1; u2; u3Þ and

dui ¼ @ui
@xj

dxj ð4:2:1Þ

in which @ui=@xj has the meaning of the gradient of vector u. In some publications,
one denotes

ru ¼ @ui
@xj

¼
@ux
@x

@ux
@y

@ux
@z

@uy
@x

@uy
@y

@uy
@z

@uz
@x

@uy
@y

@uy
@z

2
664

3
775 ð4:2:2Þ
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and

@ux
@x

@ux
@y

@ux
@z

@uy
@x

@uy
@y

@uy
@z

@uz
@x

@uz
@y

@uz
@z

2
664

3
775 ¼

@ux
@x

1
2

@ux
@y þ @uy

@x

� �
1
2

@ux
@z þ @uz

@x

� �

1
2

@ux
@y þ @uy

@x

� �
@uy
@y

1
2

@uy
@z þ @uz

@y

� �

1
2

@ux
@z þ @uz

@x

� �
1
2

@uy
@z þ @uz

@y Þ
� �

@uz
@z

2
66664

3
77775

þ

0 � 1
2

@uy
@x � @ux

@y

� �
� 1

2
@uz
@x � @ux

@z

� �

� 1
2

@ux
@y � @uy

@x

� �
0 � 1

2
@uz
@y � @uy

@z

� �

� 1
2

@ux
@z � @uz

@x

� �
� 1

2
@uy
@z � @uz

@y

� �
0

2
66664

3
77775

¼ 1
2

@ui
@xj

þ @uj
@xi

� �
� 1
2

@uj
@xi

� @ui
@xj

� �
¼ eij þxij

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
ð4:2:3Þ

xij ¼ 1
2

@ui
@xj

� @uj
@xi

� �
ð4:2:4Þ

which means the gradient of phonon vector u can be decomposed into two parts eij
and xij, in which eij has contribution to deformation energy, and xij represents a
kind of rigid rotations. We consider only eij, which is phonon deformation tensor,
called strain tensor, and a symmetric tensor: eij ¼ eji.

Similarly for phason field, we have

dwi ¼ @wi

@xj
dxj ð4:2:5Þ

and

rw ¼ @wi

@xj
¼

@wx
@x

@wx
@y

@wx
@z

@wy

@x
@wy

@y
@wy

@z
@wz
@x

@wz
@y

@wz
@z

2
64

3
75 ð4:2:6Þ

Though it can be decomposed into symmetric and asymmetric parts, all components
@wi
@xj

contribute to the deformation of quasicrystals; the phason deformation tensor, or

phason strain tensor, is defined by

wij ¼ @wi

@xj
ð4:2:7Þ
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which describes the local rearrangement of atoms in a cell and is asymmetric tensor
wij 6¼ wji.

The difference between eij and wij given by (4.2.3) and (4.2.7) are originated
from physical properties of phonon modes and phason modes. This can also be
explained by group theory; i.e., they follow different irreducible representations for
some symmetry transformations for most quasicrystal systems; except the
three-dimensional cubic quasicrystal system, the detail about this is omitted here.

For the three-dimensional cubic quasicrystals, the phason modes exhibit the same
behaviour like that of phononmodes, which will be particularly discussed in Chap. 9.

4.3 Stress Tensors and Equations of Motion

The gradient of displacement field w figures out the local rearrangement of atoms in
a cell in quasicrystals. It needs external forces to drive the atoms through barriers
when they make the local rearrangement in a cell. Such that, there are another kind of
body forces and tractions apart from the conventional body forces f and tractions T
for deformed quasicrystals, which are named the generalized body forces (density)
g and generalized tractions (the generalized area forces density) h.

At first, we consider the static case.
Denoting the stress tensor corresponding to eij by rij, called the phonon stress

tensor, and that to wij by Hij, the phason stress tensor, we have the following
equilibrium equations

@rij
@xj

þ fi ¼ 0

@Hij

@xj
þ gi ¼ 0

9>>=
>>;
ðx; y; zÞ 2 X ð4:3:1Þ

based on the momentum conservation law.
From the angular momentum conservation law to the phonon field

d
dt

Z

X

rk � q _udX ¼
Z

X

rk � fdXþ
Z

X

rk � TdC ð4:3:2Þ

and by using the Gauss theorem, it follows that

rij ¼ rji ð4:3:3Þ

This indicates that the phonon stress tensor is symmetric.
Since rk and wðg; hÞ transform under different representations of the point

groups, more precisely that, the former transform like a vector, but latter does not,
the product representations: rk � w, rk � g and rk � h do not contain any vector
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representations. This implies that for the phason field, there is no equation analo-
gous to (4.3.2), from which it follows that generally

Hij 6¼ Hji ð4:3:4Þ

The result holds for all quasicrystal systems except the case for three-
dimensional cubic quasicrystals.

In dynamic case, the deformation process is quite complicated and there are
different arguments. Lubensky et al. [5] claimed that phonon modes and phason
modes are different based on their role in six-dimensional hydrodynamics; phonons
are of wave propagation, while phasons are diffusive with very large diffusive time.
Physically, the phason modes represent a relative motion of the constituent density
waves. Dolinsek et al. [22, 23] further developed the point of view of Lubensky
et al. and argued the atom flip or atom hopping concept for the phason dynamics.
But according to Bak [1, 2], the phason describes particular structural disorders or
structure fluctuations in quasicrystals, and it can be formulated based on a
six-dimensional space description. Since there are six continuous symmetries, there
exist six hydrodynamic vibration modes. In the following, we give a brief intro-
duction on elastodynamics based on the Bak’s argument as well as argument of
Lubensky et al.

Ding et al. [26] and Hu et al. [16] derived that

@rij
@xj

þ fi ¼ q
@2ui
@t2

@Hij

@xj
þ gi ¼ q

@2wi

@t2

9>>>=
>>>;
ðx; y; zÞ 2 X; t[ 0 ð4:3:5Þ

based on the momentum conservation law. We believe that the derivation is carried
out by the Bak’s argument, in which q is the mass density of quasicrystals.

In according to the argument of Lubensky et al., people cannot obtain (4.3.5),
instead get

@rij
@xj

þ fi ¼ q
@2ui
@t2

@Hij

@xj
þ gi ¼ j

@wi

@t

9>>>=
>>>;
ðx; y; zÞ 2 X; t[ 0 ð4:3:6Þ

in which j ¼ 1=Cw, and Cw is the kinetic coefficient of phason field. The equations
are given by Fan et al. [27], and Rochal and Norman [28], which are identical to
those given by Lubensky et al. [5] for linear case and omitting fluid velocity field.
Lubensky et al. gave their hydrodynamics formulation based on Landau symmetry-
breaking principle, so Eq. (4.3.6) may be seen as elasto-/hydrodynamic equation of
quasicrystals. In particular, the second equation of (4.3.6) presents the dissipation
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feature of motion of phason degrees in dynamic process, and it is irreversible
thermodynamically.

The dynamics of quasicrystals faces a great challenge (see, e.g. [28–30]); we
discuss it in Chaps. 10 and 16 in the text and Appendix C in the Major Appendix in
detail.

4.4 Free Energy Density and Elastic Constants

Consider the free energy density or the strain energy density of a quasicrystal
Fðeij;wijÞ whose general expression is difficult to obtain. We take a Taylor
expansion in the neighbourhood of eij ¼ 0 and wij ¼ 0 and remain up to the
second-order term, then

Fðeij;wijÞ ¼ 1
2

@2F
@eij@ekl

� �

0

eijekl þ 1
2

@2F
@eij@wkl

� �

0

eijwkl þ 1
2

@2F
@wij@wkl

� �

0

wijwkl

þ 1
2

@2F
@wij@ekl

� �

0

wijekl ¼ 1
2
Cijkleijekl þ 1

2
Rijkleijwkl þ 1

2
Kijklwijwkl þ 1

2
R0
ijklwijekl

¼ Fu þFw þFuw

ð4:4:1Þ

where Fu, Fw and Fuw denote the parts contributed by phonon, phason and
phonon-phason coupling, respectively, and

Cijkl ¼ @2F
@eij@ekl

� �

0

ð4:4:2Þ

is the phonon elastic constant tensor, discussed in Chap. 2 already, and

Cijkl ¼ Cklij ¼ Cjikl ¼ Cijlk ð4:4:3Þ

The tensor can be expressed by a symmetric matrix

C½ �9�9

In (4.4.1), another elastic constant tensor

Kijkl ¼ @2F
@wij@wkl

� �

0

ð4:4:4Þ
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in which, the suffixes j; l belong to space E3
k , and i; k to space E3

?, and

Kijkl ¼ Kklij ð4:4:5Þ

All components of Kijkl can also be expressed by symmetric matrix

K½ �9�9

In addition,

Rijkl ¼ @2F
@eij@wkl

� �

0

ð4:4:6Þ

R0
ijkl ¼

@2F
@wij@ekl

� �

0

ð4:4:7Þ

are the elastic constants of phonon-phason coupling, to be noted that the suffixes
i; j; l belong to space E3

k and k belongs to space E3
?, and

Rijkl ¼ Rjikl; R0
ijkl ¼ Rklij; R0

klij ¼ Rijkl ð4:4:8Þ

but

Rijkl 6¼ Rklij; R0
ijkl 6¼ R0

klij ð4:4:9Þ

all components of which can be expressed in symmetric matrixes

R½ �9�9; R0½ �9�9

and

R½ �T¼ R0½ � ð4:4:10Þ

where T denotes the transpose operator. The composition of four matrixes
C½ �; K½ �; R½ � and R0½ � forms a matrix with 18� 18

C;K;R½ � ¼ C½ � R½ �
R0½ � K½ �

� �
¼ C½ � R½ �

R½ �T K½ �
� �

ð4:4:11Þ

If the strain tensor is expressed by a row vector with 18 elements, i.e.

eij;wij
� 	 ¼ e11; e22; e33; e23; e31; e12; e32; e13; e21;

w11;w22;w33;w23;w31;w12;w32;w13;w21

� �
ð4:4:12Þ
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then the transpose of which denotes the array vector, then the free energy density
(or strain energy density) may be expressed by

F ¼ 1
2

eij;wij
� 	 C½ � R½ �

R½ �T K½ �
� �

eij;wij
� 	T ð4:4:13Þ

which is identical to that given by (4.4.1).

4.5 Generalized Hooke’s Law

For application of theory of elasticity of quasicrytals to any science or engineering
problem, one must determine the displacement field and stress field, this requires
that we need to set up relationship between strains and stresses, the relations are
called the generalized Hooke’s law of quasicrystalline material. From the free
energy density (4.4.1) or (4.4.13), we have

rij ¼ @F
@eij

¼ Cijklekl þRijklwkl

Hij ¼ @F
@wij

¼ Kijklwkl þRklijekl

ð4:5:1Þ

or in the form of matrixes

rij
Hij

" #
¼ C½ � R½ �

R½ �T K½ �
� �

eij
wij

" #
ð4:5:2Þ

where

rij

Hij

" #
¼ rij;Hij

� 	T

eij

wij

" #
¼ eij;wij

� 	T
ð4:5:3Þ

4.6 Boundary Conditions and Initial Conditions

The above general formulas give a description of the basic law of elasticity of
quasicrystals and provide a key to solve those problems in the application for
academic research and engineering practice; the formulas hold in any interior of the
body, i.e. ðx; y; zÞ 2 X where ðx; y; zÞ denote the coordinates of any point of the
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interior, and X the body. The formulas are concluded as some partial differential
equations; to solve them, it is necessary to know the situation of the field variables
at the boundary S of X; without appropriate information at the boundary,
the solution has no any physical meaning. According to practical case, the
boundary S consists of two parts St and Su, i.e. S ¼ St þ Su, at St, the tractions are
given, and at Su, the displacements are prescribed. For the former case

rijnj ¼ Ti
Hijnj ¼ hi

)
ðx; y; zÞ 2 St ð4:6:1Þ

where nj represents the unit outward normal vector at any point at S, and Ti and hi
represent the traction and generalized traction vectors, which are given functions at
the boundary. Formula (4.6.1) is called the stress boundary conditions. And for the
latter case

ui ¼ �ui
wi ¼ �wi

)
ðx; y; zÞ 2 Su ð4:6:2Þ

where �ui and �wi are known functions at the boundary. Formula (4.6.2) is named the
displacement boundary conditions.

If S ¼ St (i.e. Su ¼ 0), the problem for solving Eqs. (4.2.3), (4.2.7), (4.3.1) and
(4.5.1) under boundary conditions (4.6.1) is called stress boundary value problem.
While S ¼ Su (i.e. St ¼ 0), the problem for solving Eqs. (4.2.3), (4.2.7), (4.3.1) and
(4.5.1) under boundary conditions (4.6.2) is called displacement boundary value
problem.

If S ¼ Su þ St and both St 6¼ 0; Su 6¼ 0, the problem for solving Eqs. (4.2.3),
(4.2.7), (4.3.1) and (4.5.1) under boundary conditions (4.6.1) and (4.6.2) is called
mixed boundary value problem.

For dynamic problem, if taking wave equations (4.3.5) together with (4.2.3),
(4.2.7) and (4.5.1), besides boundary conditions (4.6.1) and (4.6.2), we must give
relevant initial value conditions, i.e.

uiðx; y; z; 0Þ ¼ ui0ðx; y; zÞ; _uiðx; y; z; 0Þ ¼ _ui0ðx; y; zÞ
wiðx; y; z; 0Þ ¼ wi0ðx; y; zÞ; _wiðx; y; z; 0Þ ¼ _wi0ðx; y; zÞ



ðx; y; zÞ 2 X ð4:6:3Þ

in which ui0ðx; y; z; 0Þ, _ui0ðx; y; z; 0Þ,wi0ðx; y; z; 0Þ and _wi0ðx; y; z; 0Þ are known func-
tions and _ui ¼ @ui

@t . In this case, the problem is called initial-boundary value problem.
But if taking wave equations coupling diffusion equations (4.3.6) together with

(4.2.3) and (4.5.1), then the initial value conditions will be
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uiðx; y; z; 0Þ ¼ ui0ðx; y; zÞ; _uiðx; y; z; 0Þ ¼ _ui0ðx; y; zÞ
wiðx; y; z; 0Þ ¼ wi0ðx; y; zÞ



ðx; y; zÞ 2 X ð4:6:4Þ

This is also called initial-boundary value problem, but different from the
previous one.

4.7 A Brief Introduction on Relevant Material
Constants of Solid Quasicrystals

In above discussion, we find that the solid quasicrystals present different nature with
those of crystals. Connection with this, the material constants of the solid should be
different from those of crystals and other conventional structural materials, in which
the constants appearing in the above basic equations are interesting at least. We here
give a brief introduction to help readers in conceptional point of view. The detailed
introduction will be given in Chaps. 6, 9 and 10.

The measurement of material constants of quasicrystals is difficult, but the
experimental technique is progressed, especially in recent years. Due to the majority
of icosahedral and decagonal quasicrystals in the material, the measured data are
most for these two kinds of the solid phase.

For icosahedral quasicrystals, the independent nonzero components of phonon
elastic constants Cij are only k and l, phason elastic contants Kij only K1 and K2

and phonon-phason coupling elastic constants Rij only R. For the most important
icosahedral Al–Pd–Mn quasicrystal, the measured data including the mass density
and dissipation coefficient of phonon and phason are as follows [31, 32],
respectively:

q ¼ 5:1 g/cm3; k ¼ 74:9; l ¼ 72:4 GPa; K1 ¼ 72;

K2 ¼ �37 MPa; R � 0:01 l;

Cu ¼ 4:8� 10�17 m3 s/kg ¼ 4:8� 10�8 cm3 ls/g;

Cw ¼ 4:8� 10�19 m3 s/kg ¼ 4:8� 10�10 cm3 ls/g;

and for two-dimensional quasicrystals, the independent nonzero components of the
phonon elastic constants are only C11;C33;C44;C12;C13 and C66 ¼ ðC11 � C12Þ=2,
the phason ones only K1;K2;K3 and the phonon-phason coupling ones only R1;R2.
For decagonal Al–Ni–Co quasicrystal, the measured data are [31], respectively:

q ¼ 4:186 g/cm3; C11 ¼ 234:3; C33 ¼ 232:22; C44 ¼ 70:19;

C12 ¼ 57:41; C13 ¼ 66:63 GPa

R1 ¼ �1:1; R2j j\0:2 GPa:
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and there are no measured data for K1;K2 (but we can use those obtained by the
Monte Carlo simulation), Cu and Cw can approximately be taken the value of
icosahedral quasicrystal. In addition, the tensile strength rc ¼ 450 MPa for
decagonal Al–Cu–Co quasicrystals before annealing and rc ¼ 550 MPa after
annealing. The hardness for decagonal Al–Cu–Co quasicrystals is 4:10 GPa [33,
34], the fracture toughness of which is 1:0�1:2 MPa

ffiffiffiffi
m

p
[33].

With these basic data, the computation for stress analysis for statics and
dynamics can be undertaken.

4.8 Summary and Mathematical Solvability of Boundary
Value or Initial-Boundary Value Problem

For static equilibrium problem, the mathematical formulation is

@rij
@xj

þ fi ¼ 0;
@Hij

@xj
þ hi ¼ 0; xi 2 X ð4:8:1Þ

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
; xi 2 X ð4:8:2Þ

rij ¼ Cijklekl þRijklwkl

Hij ¼ Kijklwkl þRklijekl

)
; xi 2 X ð4:8:3Þ

rijnj ¼ Ti; Hijnj ¼ hi; xi 2 St ð4:8:4Þ

ui ¼ �ui; wi ¼ �wi; xi 2 Su ð4:8:5Þ

For dynamic problem, based on the Bak’s argument, the mathematical formu-
lation is

@rij
@xj

þ fi ¼ q
@2ui
@t2

;
@Hij

@xj
þ gi ¼ q

@2wi

@t2
; xi 2 X; t[ 0 ð4:8:6Þ

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
; xi 2 X; t[ 0 ð4:8:7Þ

rij ¼ Cijklekl þRijklwkl

Hij ¼ Kijklwkl þRklijekl

)
; xi 2 X; t[ 0 ð4:8:8Þ

rijnj ¼ Ti; Hijnj ¼ hi; xi 2 St; t[ 0 ð4:8:9Þ

4.7 A Brief Introduction on Relevant Material Constants of Solid Quasicrystals 47



ui ¼ �ui; wi ¼ �wi; xi 2 Su; t[ 0 ð4:8:10Þ

ui t¼0 ¼ ui0;j _ui t¼0 ¼ _ui0;j wi t¼0 ¼ wi0;j _wi t¼0 ¼ _wi0;j xi 2 X ð4:8:11Þ

For dynamic problem, based on the argument of Lubensky et al., the mathe-
matical formulation is

@rij
@xj

þ fi ¼ q
@2ui
@t2

;
@Hij

@xj
þ hi ¼ j

@wi

@t
; j ¼ 1

Cw
; xi 2 X; t[ 0 ð4:8:12Þ

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
; xi 2 X; t[ 0 ð4:8:13Þ

rij ¼ Cijklekl þRijklwkl

Hij ¼ Kijklwkl þRklijekl

)
; xi 2 X; t[ 0 ð4:8:14Þ

rijnj ¼ Ti; Hijnj ¼ hi; xi 2 St; t[ 0 ð4:8:15Þ

ui ¼ �ui; wi ¼ �wi; xi 2 Su; t[ 0 ð4:8:16Þ

ui t¼0 ¼ ui0;j _ui t¼0 ¼ _ui0;j wi t¼0 ¼ wi0;j xi 2 X ð4:8:17Þ

The solution satisfying all equations and corresponding initial conditions and
boundary conditions is just the realistic solution of elasticity of quasicrystals
mathematically and has physical meaning.

The existence and uniqueness of solutions of elasticity of quasicrystals will
further be discussed in Chap. 13.

4.9 Appendix of Chapter 4: Description on Physical Basis
of Elasticity of Quasicrystals Based on the Landau
Density Wave Theory

In Sect. 4.1, we gave the formula (4.1.1) as the physical basis of elasticity of
quasicrystals and did not discuss its profound physical source, because the dis-
cussion is concerned with quite complicated background, which is not the most
necessary for a beginner before reading Sects. 4.2–4.8. At this point, it is advan-
tageous to study physical background. The reader is advised to read Sect. 1.5 (the
Appendix of Chap. 1) first.

Chapter 3 shows quasicrystals which belong to subject of condensed matter
physics rather than traditional solid state physics, though the former is evolved from
the latter. In the development, the symmetry-breaking (or broken symmetry) forms
the core concept and principle of the condensed matter physics. According to the
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understanding of physicists, the Landau density wave description on the elasticity
of quasicrystals is a natural choice, though there are some other descriptions, e.g.
the unit-cell description based on the Penrose tiling. Now, the difficulty lies in that
the workers in other disciplines are not so familiar with the Landau theory and the
relevant topics. For this reason, we have introduced the Landau theory in the
Appendix of Chap. 1 (i.e. the Sect. 1.5, in which the concept on incommensurate
crystals is also introduced in brief, which will be concerned though it is not related
to Landau theory) and the Penrose tiling in Sect. 3.1. These important physical and
mathematical results can help us to understand the elasticity of quasicrystals.

Immediately after the discovery of quasicrystals, Bak [1] published the theory of
elasticity in which he used the three important results in physics and mathematics
mentioned above, but the core is the Landau theory on elementary excitation and
symmetry-breaking of condensed matter. Bak [1, 2] pointed out too, ideally, one
would like to explain the structure from first-principle calculations taking into
account the actual electronic properties of constituent atoms. Such a calculation is
hardly possible to date. So he suggested that the Landau’s phenomenological theory
[3] on structural transition can be used; i.e., the condensed phase is described by a
symmetry-breaking order parameter which transforms as an irreducible represen-
tation of the symmetry group of a liquid with full translational and rotational
symmetry. According to the Landau theory, the order parameter of quasicrystals is
the wave vector (more exactly speaking, the amplitude of the quantity) of expansion
of density wave in reciprocal lattice. The density of the ordered, low-temperature,
d-dimensional quasicrystal can be expressed as a Fourier series by extended for-
mula (1.5.5) (the expansion exists due to the periodicity in lattice or reciprocal
lattice of higher dimensional space)

qðrÞ ¼
X
G2LR

qG expfiG � rg ¼
X
G2LR

qGj j expf�iUG þ iG � rg ð4:9:1Þ

where G is a reciprocal vector, and LR is the reciprocal lattice (the concepts on the
reciprocal vector and reciprocal lattice, referring to Chap. 1); qG is a complex
number

qG ¼ qGj je�iUG ð4:9:2Þ

with an amplitude qGj j and phase angle UG, due to qðrÞ being real, qGj j ¼ q�Gj j
and UG ¼ �U�G.

There exists a set of N base vectors, {Gn}, so that each G 2 LR can be written asP
mnGn for integers mn. Furthermore, N ¼ kd, where k is the number of the

mutually incommensurate vectors in the d-dimensional quasicrystal. In general,
k ¼ 2. A convenient parametrization of the phase angle is given by

Un ¼ Gk
n � uþG?

n � w ð4:9:3Þ
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in which u can be understood similar to the phonon like that in conventional
crystals, while w can be understood as the phason degrees of freedom in qua-
sicrystals, which describe the local rearrangement of unit-cell description based on
the Penrose tiling. Both are functions of the position vector in the physical space
only, where Gk

n is the reciprocal vector in the physical space E3
k just mentioned and

G?
n is the conjugate vector in the perpendicular space E3

?. People can realize that
the above-mentioned Bak’s hypothesis is a natural development of Anderson’s
theory introduced in Sect. 1.5.

Almost in the same time, Levine et al. [4], Lubensky et al. [5–8], Kalugin et al.
[9], Torian and Mermin [10], Jaric [11], Duneau and Katz [12], Socolar et al. [13]
and Gahler and Phyner [14] carried out the study on elasticity of quasicrystals.
Though the researchers studied the elasticity from different descriptions, the
unit-cell description based on the Penrose tiling is adopted too, but the density wave
description based on the Laudau phenomenological theory on symmetry-breaking
of condensed matter has played the central role and been widely acknowledged.
This means there are two elementary excitations of low energy, phonon u and
phason w for quasicrystals, in which vector u is in the parallel space E3

k and vector

w is in the perpendicular space E3
?, respectively. So that total displacement field for

quasicrystals is

�u ¼ uk � u? ¼ u� w

which is the formula (4.1.1), where � represents the direct sum.
According to the argument of Bak et al.,

u ¼ uðrkÞ; w ¼ wðrkÞ

i.e. u and w depend upon special radius vector rk in parallel space E3
k only, that is

formula (4.1.2). For simplicity, the superscript of rk is removed in the presentation
in Sects. 4.2–4.8.

Even if introducing u and w by such a way, the concept of phason is hard to be
accepted by some readers. We would like to give some additional explanation in
terms of projection concept as below.

We previously said that the quasicrystal in three-dimensional space may be seen
as a projection of periodic structure in higher dimensional space. For example,
one-dimensional quasicrystals in physical space may be seen as a projection of
“periodic crystals” in four-dimensional space, while in the one-dimensional qua-
sicrystals, the atom arrangement is quasiperiodic only in one direction, say z-axis
direction, and periodic in other two directions. The atom arrangement quasiperiodic
axis may be seen as a projection of two-dimensional periodic crystal as shown in
Fig. 4.1a, in which dots form the two-dimensional, e.g. right square crystal, and
lines with slop of irrational numbers can correspond to quasiperiodic structures (by
contrast, if the slope is rational number, it corresponds to the periodic structure). For
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this purpose, we can use the so-called Fibonacci sequence formed by a longer
segment L and a shorter segment S according to the recurrence (whose geometry
depiction is shown in Fig. 4.1b)

Fnþ 1 ¼ Fn þFn�1

and

F0 : S

F1 : L

F2 : LS

F3 : LSL

F4 : LSLLS

The geometric expression of the sequence can be shown in the axis E1 i.e.Ek in
Fig. 4.1a, and Ek is the so-called parallel space and that perpendicular to which is

Fig. 4.1 A geometrical representation for one-dimensional quasiperiodic structure. a A projection
of two-dimensional crystal can generate a one-dimensional quasiperiodic structure, b the Fibonacci
sequence
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the so-called vertical space E2, i.e. E?. The Fibonacci sequence is a useful tool to
describe the geometry of one-dimensional quasiperiodic structure, like that the
Penrose tiling to describe the geometry of two- and three-dimensional quasicrystals.
Fig. 4.1 helps us to understand the internal space E?. For one-dimensional qua-
sicrystals, the figure can give an explicit description, while for two- and three-
dimensional quasicrystals, there is no such an explicit graph.

Since quasicrystals belong to one of incommensurate phases, there are phason
modes in the incommensurate crystals, denoted by wðrkÞ, which may understood as
the corresponding new displacement field; if people have knowledge on incom-
mensurate phases, then they may easily understand the origin of phason modes in
quasicrystal, though conventional incommensurate crystals are not certainly the
actual quasicrystals.

The phonon variables uðrkÞ appears in the physical space E3
k , vector u represents

the displacement of lattice point deviated from its equilibrium position due to the
vibration of the lattice, and the propagation of this vibration is sound waves in
solids. Though vibration is a mechanical motion, which can be quantized, the
quanta of this motion are named phonon. So the u field is called phonon field in
physical terminology. The gradient of the u field characterizes the changes in
volume and in shape of cells—this is identical to that in the classical elasticity (see,
e.g. Chap. 2, and previous sections of this chapter).

As mentioned before, the phason variables are substantively related with
structural transitions of alloys, some among which can be observed from the
characteristics of diffraction patterns. Lubensky et al. [5, 7] and Horn et al. [15]
discussed the connection between the phenomena and phason strain. These pro-
found observations could not be discussed here; readers can refer to the review
given by Hu et al. [16]. This makes us know that the phason modes exist truly. The
physical meaning of phason variables can be explained as a quantity to describe the
local rearrangement of atoms in a cell. We know that the phase transition in
crystalline materials is just arisen by the atomic local rearrangement. The unit-cell
description on quasicrystals mentioned above predicts that w describes the local
arrangement of Penrose titling. These findings may help us to understand the
meaning of the unusual field variables. After the experimental investigations by
neutron scattering [17–20], by Moessbauer spectroscopy [21], by NMR (Nuclear
Magnetic Resonance) [22, 23] and by specific heat measurements [24, 25], the
concept of thermal-induced phason flips is suggested, and this is identical to the
diffusive essentiality of phasons, but note that the so-called diffusion here is quite
different from that appeared in metallic periodic crystals (which mainly results from
the presence of vacancies in the lattice, which is related with dissipation of pho-
nons, and has been discussed by Lubensky et al. [5] in hydrodynamics of icosa-
hedral quasicrystals), which will be concerned simply in Chaps. 10 and 16.

We must point out that vector u and vector w present different behaviour under
some symmetry operations. This can be explained by group theory; the discussion
is omitted here.

52 4 The Physical Basis of Elasticity of Solid Quasicrystals

http://dx.doi.org/10.1007/978-981-10-1984-5_2
http://dx.doi.org/10.1007/978-981-10-1984-5_10
http://dx.doi.org/10.1007/978-981-10-1984-5_16


References

1. Bak P, 1985, Phenomenological theory of icosahedral incommensurate (“quaisiperiodic”)
order in Mn-Al alloys, Phys. Rev. Lett., 54(8), 1517–1519.

2. Bak P, 1985, Symmetry, stability and elastic properties of icosahedral incommensurate
crystals, Phys. Rev. B, 32(9), 5764–5772.

3. Landau L D and Lifshitz E M, 1980, Theoretical Physics V: Statistical Physics, 3rd ed.
Pregamen Press, New York.

4. Levine D, Lubensky T C, Ostlund S, Ramaswamy S, Steinhardt P J and Toner J, 1985,
Elasticity and dislocations in pentagonal and icosahedral quasicrystals, Phys. Rev. Lett., 54(8),
1520–1523.

5. Lubensky T C, Ramaswamy S and Toner J,1985, Hydrodynamics of icosahedral quasicrystals,
Phys. Rev. B, 32(11), 7444–7452.

6. Lubensky T C, Ramaswamy S and Toner J, 1986, Dislocation motion in quasicrystals and
implications for macroscopic properties, Phys. Rev. B, 33(11), 7715–7719.

7. Lubensky T C, Socolar J E S, Steinhardt P J, Bancel P A and Heiney P A, 1986, Distortion and
peak broadening in quasicrystal diffraction patterns, Phys. Rev. Lett., 57(12), 1440–1443.

8. Lubensky T C, 1988, Introduction to Quasicrystals, ed by Jaric M V, Boston: Academic Press
9. Kalugin P A, Kitaev A and Levitov L S, 1985, 6-dimensional properties of Al0.86Mn0.14alloy,

J. Phys. Lett., 46(13), 601–607.
10. Torian S M and Mermin D,1985, Mean-field theory of quasicrystalline order, Phys. Rev. Lett.,

54(14), 1524–1527.
11. Jaric M V, 1985, Long-range icosahedral orientational order and quasicrystals, Phys.Rev.

Lett., 55(6), 607–610.
12. Duneau M and Katz A, 1985, Quasiperiodic patterns, Phys. Rev. Lett., 54(25), 2688–2691.
13. Socolar J E S, Lubensky T C and Steinhardt P J, 1986, Phonons, phasons, and dislocations in

quasicrystals, Phys. Rev. B, 34(5), 3345–3360.
14. Gahler F and Rhyner J, 1986, Equivalence of the generalised grid and projection methods for

the construction of quasiperiodic tilings, J. Phys. A: Math. Gen. 19(2), 267–277.
15. Horn P M, Melzfeldt W, Di Vincenzo D P, Toner J and Gambine R, 1986,Systematics of

disorder in quasiperiodic material, Phys. Rev. Lett., 57(12), 1444–1447.
16. Hu C Z, Wang R H and Ding D H, 2000, Symmetry groups, physical property tensors,

elasticity and dislocations in quasicrystals, Rep. Prog. Phys., 63(1), 1–39.
17. Coddens G, Bellissent R, Calvayrac Y et al, 1991, Evidence for phason hopping in icosahedral

AlFeCu quasi-crystals, Europhys. Lett., 16(3), 271–276.
18. Coddens G and Sturer W, 1999, Time-of-flight neutron-scattering study of phason hopping in

decagonal Al-Co-Ni quasicrystals, Phys. Rev. B, 60(1), 270–276.
19. Coddens G, Lyonnard S, Hennion B et al, 2000, Triple-axis neutron-scattering study of phason

dynamics in Al-Mn-Pd quasicrystals, Phys. Rev. B, 62(10), 6268–6295.
20. Coddens G, Lyonnard S, Calvayrac Y et al, 1996, Atomic (phason) hopping in perfect

icosahedral quasicrystals Al70.3Pd21.4Mn8.3 by time-of-flight quasielastic neutron scattering,
Phys. Rev. B, 53(6), 3150–3160.

21. Coddens G, Lyonnard S, Sepilo B et al, 1995, Evidence for atomic hopping of Fe in perfectly
icosahedral AlFeCu quasicrystals by57Fe Moessbauer spectroscopy, J. Phys., 5(7), 771–776.

22. Dolisek J, Ambrosini B, Vonlanthen P et al, 1998, Atomic motion in quasicrystalline
Al70Re8.6Pd21.4: A two-dimensional exchange NMR study, Phys. Rev. Lett., 81(17), 3671–
3674.

23. Dolisek J, Apih T, Simsic M et al,1999, Self-diffusion in icosahedral Al72.4Pd20.5Mn7.1 and
phason percolation at low temperatures studied by 27Al NMR, Phys. Rev. Lett., 82(3), 572–
575.

24. Edagawa K and Kajiyama K, 2000, High temperature specific heat of Al-Pd-Mn and
Al-Cu-Co quasicrystals, Mater. Sci. and Eng. A, 294–296(5), 646-649.

References 53



25. Edagawa K, Kajiyama K and Tamura R et al, 2001, High-temperature specific heat of
quasicrystals and a crystal approximant, Mater. Sci. and Eng. A, 312(1–2), 293-298.

26. Ding D H, Yang W G, Hu C Z et al, 1993, Generalized elasticity theory of quasicrystals, Phys.
Rev. B, 48(10), 7003–7010.

27. Fan T Y, Wang X F, Li W and Zhu A Y, 2009, Elasto-hydrodynamics of quasicrystals, Phil.
Mag. 89(6), 501–512.

28. Rochal S B and Lorman V L, 2002, Minimal model of the phonon-phason dynamics on
icosahedral quasicrystals and its application for the problem of internal friction in the
i-AIPdMn alloys, Phys. Rev. B, 66 (14), 144204.

29. Francoual S, Levit F, de Boussieu M et al, 2003, Dynamics of phason fluctuations in the i–
Al-Pd-Mn quasicrystals, Phys. Rev. Lette., 91(22), 225501.

30. Coddens G, 2006, On the problem of the relation between phason elasticity and phason
dynamics in quasicrystals, Eur. Phys. J. B, 54(1), 37–65.

31. Edagawa K and Takeuchi S, Elasticity, dislocations and their motion in quasicrystals,
Dislocation in Solids, Chpater 76, ed. by Nabarro E R N and Hirth J P, 367–417.

32. Edagawa K and Giso Y, 2007, Experimental evaluation of phonon-phason coupling in
icosahedral quasicrystals, Phil. Mag., 87(1), 77–95.

33. Meng X M, Tong B Y and Wu Y K, 1994, Mechanical properties of quasicrystal
Al65Cu20Co15, Acta Metallurgica Sinica, 30(2), 61–64(in Chinese).

34. Takeuchi S, Iwanhaga H and Shibuya T, 1991, Hardness of quasicrystals, Japanese J. Appl.
Phys., 30(3), 561–562.

54 4 The Physical Basis of Elasticity of Solid Quasicrystals



Chapter 5
Elasticity Theory of One-Dimensional
Quasicrystals and Simplification

As mentioned in Chap. 4, there exist three one-, two- and three-dimensional qua-
sicrystals. Each can be further divided into subclasses with respect to symmetry
consideration.

In the class of one-dimensional quasicrystals, the atom arrangement is
quasiperiodic only in one direction (say, the z-direction) and is periodic in the plane
perpendicular to the direction (xy-plane). Although the quasicrystal is
one-dimensional, the structure is three-dimensional; it is generated in a
three-dimensional body. One-dimensional quasicrystals can be regarded as a pro-
jection of periodic crystals in four-dimensional space to physical space. There are 4
nonzero displacements, i.e. ux; uy; uz and wz (and wx ¼ wy ¼ 0). In this sense, the
elasticity of one-dimensional quasicrystals is a four-dimensional problem.

We here briefly list the systems and Laue classes of one-dimensional qua-
sicrystals, in which the concept of point group must be concerned, and we do not
concern with the concept of space group.

In the following, we will discuss the elasticity of quasicrystals of certain types
listed in Table 5.1.

5.1 Elasticity of Hexagonal Quasicrystals

As pointed out previously that for one-dimensional quasicrystals, there are phonon
displacements ux, uy and uz, and phason displacement wz (and wx ¼ wy ¼ 0); the
corresponding strains are as follows:

exx ¼ @ux
@x

eyy ¼ @uy
@y

; ezz ¼ @uz
@z

ð5:1:1Þ
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eyz ¼ ezy ¼ 1
2

@uz
@y

þ @uy
@z

� �
;

ezx ¼ exz ¼ 1
2

@uz
@x

þ @ux
@z

� �
;

exy ¼ eyx ¼ 1
2

@ux
@y

þ @uy
@x

� �

wzx ¼ @wz

@x
; wzy ¼ @wz

@y
; wzz ¼ @wz

@z

ð5:1:2Þ

and other wij ¼ 0. Formulas (5.1.1) and (5.1.2) hold for all one-dimensional qua-
sicrystals. In this section, we only discuss one-dimensional hexagonal quasicrystals.

Let the strains given by (5.1.1) and (5.1.2) be expressed by the vector with 9
components,

e11; e22; e33; 2e23; 2e31; 2e12;w33;w31;w32½ � ð5:1:3Þ

or

exx; eyy; ezz; 2eyz; 2ezx; 2exy;wzz;wzx;wzy
� � ð5:1:4Þ

The corresponding stresses are

rxx; ryy; rzz; ryz;rzx; rxy;Hzz;Hzx;Hzy
� � ð5:1:5Þ

Table 5.1 System, Laue classes and point groups of one-dimensional quasicrystals

Systems Laue classes Point groups

Triclinic 1 1, �1

Monoclinic 2
3

2;mh, 2=mh

2h;m, 2h=m

Orthorhombic 4 2h2h2, 2mm, 2hmmh, mhmm

Tetragonal 5
6

4 �4 4=mh

42h2h4mm, �42hm4=mhmm

Rhombohedral (or trigonal) 7
8

3, �3
32h; 3m; 3m

Hexagonal 9
10

6, �6, 6=mh

62h2h; 6mm, �62hm; 6=mhmm
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The elastic constant matrix is

½CKR� ¼

C11 C12 C13 0 0 0 R1 0 0
C12 C11 C13 0 0 0 R1 0 0
C13 C13 C33 0 0 0 R2 0 0
0 0 0 C44 0 0 0 0 R3

0 0 0 0 C44 0 0 R3 0
0 0 0 0 0 C66 0 0 0
R1 R1 R2 0 0 0 K1 0 0
0 0 0 0 R3 0 0 K2 0
0 0 0 R3 0 0 0 0 K2

2
6666666666664

3
7777777777775

where a short notation for the phonon elastic constant tensor is used, i.e. index
11 ! 1, 22 ! 2, 33 ! 3, 23 ! 4, 31 ! 5, 12 ! 6, and Cijkl is denoted as Cpq

accordingly as follows:

C11 ¼ C1111 ¼ C2222; C12 ¼ C1122;

C33 ¼ C3333; C44 ¼ C2323 ¼ C3131

C13 ¼ C1133 ¼ C2233;C66 ¼ ðC11 � C12Þ=2 ¼ ðC1111 � C1122Þ=2

There are five independent phonon elastic constants; in addition K1 ¼ K3333 and
K2 ¼ K3131 ¼ K3232, i.e. the two independent phason elastic constants, and
R1 ¼ R1133 ¼ R2233, R2 ¼ R3333 and R3 ¼ R2332 ¼ R3131, i.e. there are three
phonon-phason coupling elastic constants.

The corresponding stress–strain relations (or so-called constitutive equations, or
the generalized Hooke’s law) are as follows:

rxx ¼ C11exx þC12eyy þC13ezz þR1wzz

ryy ¼ C12exx þC11eyy þC13ezz þR1wzz

rzz ¼ C13exx þC13eyy þC33ezz þR2wzz

ryz ¼ rzy ¼ 2C44eyz þR3wzy

rzx ¼ rxz ¼ 2C44ezx þR3wzx

rxy ¼ ryx ¼ 2C66exy
Hzz ¼ R1ðexx þ eyyÞþR2ezz þK1wzz

Hzx ¼ 2R3ezx þK2wzx

Hzy ¼ 2R3eyz þK2wzy

ð5:1:6Þ

and other Hij ¼ 0.
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The stresses satisfy the following equilibrium equations:

@rxx
@x

þ @rxy
@y

þ @rxz
@z

¼ 0

@ryx
@x

þ @ryy
@y

þ @ryz
@z

¼ 0

@rzx
@x

þ @rzy
@y

þ @rzz
@z

¼ 0

@Hzx

@x
þ @Hzy

@y
þ @Hzz

@z
¼ 0

ð5:1:7Þ

The above results are obtained by Wang et al. [1].
The elastic equilibrium problem of one-dimensional hexagonal quasicrystals is

more complicated than that of three-dimensional classical elasticity. Here, there are
4 displacements, 9 strains and 9 stresses, which added up to get 22 field variables.
The corresponding field equations are also 22, consisting of 4 for equilibrium
equations, 9 equations of deformation geometry and 9 stress–strain relations. We
will present a rigorous treatment of the problem later on. In the following, we give a
simplified treatment.

5.2 Decomposition of the Elasticity into a Superposition
of Plane and Anti-plane Elasticity

If there is a straight dislocation or a Griffith crack along the direction of atom’s
quasiperiodic arrangement, i.e. the deformation is independent from the direction, say

@

@z
¼ 0 ð5:2:1Þ

Then

@ui
@z

¼ 0; ði ¼ 1; 2; 3Þ; @wz

@z
¼ 0 ð5:2:2Þ

Hence,

ezz ¼ wzz ¼ 0; eyz ¼ ezy ¼ 1
2
@uz
@y

; ezx ¼ exz ¼ 1
2
@uz
@x

ð5:2:3Þ

@rij

@z
¼ 0;

@Hij

@z
¼ 0 ð5:2:4Þ
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The generalized Hooke’s law is simplified as

rxx ¼ C11exx þC12eyy
ryy ¼ C12exx þC11eyy
rxy ¼ ryx ¼ 2C66exy
rzz ¼ C13ðexx þ eyyÞ
ryz ¼ rzy ¼ 2C44eyz þR3wzy

rzx ¼ rxz ¼ 2C44ezx þR3wzx

Hzz ¼ R1ðexx þ eyyÞ
Hzx ¼ 2R3ezx þK2wzx

Hzy ¼ 2R3eyz þK2wzy

ð5:2:5Þ

In the absence of the body force and generalized body force, the equilibrium
equations are

@rxx
@x

þ @rxy
@y

¼ 0;
@ryx
@x

þ @ryy
@y

¼ 0;
@rzx
@x

þ @rzy
@y

¼ 0 ð5:2:6Þ

@Hzx

@x
þ @Hzy

@y
¼ 0 ð5:2:7Þ

Equations (5.1.2), (5.1.3), and (5.2.5)–(5.2.7) define two decoupled problems
[2]; the first of them is

rxx ¼ C11exx þC12eyy
ryy ¼ C12exx þC11eyy
rxy ¼ ðC11 � C12Þexy
rzz ¼ C13ðexx þ eyyÞ
Hzz ¼ R1ðexx þ eyyÞ
@rxx
@x

þ @rxy
@y

¼ 0;
@ryx
@x

þ @ryy
@y

¼ 0

exx ¼ @ux
@x

; eyy ¼ @uy
@y

; exy ¼ 1
2

@uy
@x

þ @ux
@y

� �

ð5:2:8Þ
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which is plane elasticity of conventional hexagonal crystals. The second is

ryz ¼ rzy ¼ 2C44eyz þR3wzy

rzx ¼ rxz ¼ 2C44ezx þR3wzx

Hzx ¼ 2R3ezx þK2wzx

Hzy ¼ 2R3eyz þK2wzy

@rzx
@x

þ @rzy
@y

¼ 0;
@Hzx

@x
þ @rzy

@y
¼ 0

ezx ¼ 1
2
@uz
@x

¼ exz; ezy ¼ 1
2
@uz
@y

¼ eyz

wzx ¼ @wz

@x
; wzy ¼ @wz

@y

ð5:2:9Þ

which is a phonon-phason coupling elasticity problem. But, there are only dis-
placements uz and wz, and it is an anti-plane elasticity problem.

The plane elasticity described by (5.2.8) has well been studied, extensively using
the stress function approach, e.g. it introduces

rxx ¼ @2U
@y2

; ryy ¼ @2U
@x2

; rxy ¼ � @2U
@x@y

then Eq. (5.2.8) are reduced to solve

r2r2U ¼ 0

The problem is considerably discussed in crystal (or classical) elasticity, and we
do not consider it here.

We are interested in the phonon-phason coupling anti-plane elasticity described
by (5.2.9), which may bring some new insight into the scope of elasticity of
quasicrystals.

Substituting deformation geometry relations into the stress–strain relations and
then into the equilibrium equations yields the final governing equations as follows:

C44r2uz þR3r2wz ¼ 0

R3r2uz þK2r2wz ¼ 0
ð5:2:10Þ

Because C44K2 � R2
3 6¼ 0, we have

r2uz ¼ 0; r2wz ¼ 0 ð5:2:11Þ

where r2 ¼ @2

@x2 þ @2

@y2, so uz and wz are harmonic functions.
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It is well known that the two-dimensional harmonic functions uz and wz can be a
real part or an imaginary part of any analytic functions /ðtÞ and wðtÞ of complex
variable t ¼ xþ iy; i ¼ ffiffiffiffiffiffiffi�1

p
, respectively, i.e.

uzðx; yÞ ¼ Re/ðtÞ
wzðx; yÞ ¼ RewðtÞ ð5:2:12Þ

In this version, Eq. (5.2.11) should be automatically satisfied. The determination
of /ðtÞ and wðtÞ depends upon appropriate boundary conditions, which will be
discussed in detail in Chaps. 7 and 8. The complex variable function method for
solving elasticity of one-, two- and three-dimensional quasicrystals will be sum-
marized fully in Chap. 11.

5.3 Elasticity of Monoclinic Quasicrystals

Decomposition and superposition procedure suggested by the author, see Refs.
[2, 3] for example, is applicable not only for hexagonal quasicrystals but also for
other one-dimensional quasicrystals. We here discuss monoclinic quasicrystals.

For this kind of one-dimensional quasicrystals, there are 25 nonzero elastic
constants in total, namely C1111;C2222;C3333;C1122;C1133;C1112;C2233;
C2212;C3312;C3232;C3231;C3131;C1212 for phonon field, K3333;K3131;K3232;K3132 for
phason field and R1133;R2233;R3333;R1233;R2331;R2332;R3132;R1233 for
phonon-phason coupling.

The corresponding generalized Hooke’s law for the case is given as follows [1]:

rxx ¼ C11exx þC12eyy þC13ezz þ 2C16exy þR1wzz

ryy ¼ C12exx þC22eyy þC23ezz þ 2C26exy þR2wzz

rzz ¼ C13exx þC23eyy þC33ezz þ 2C36exy þR3wzz

ryz ¼ rzy ¼ 2C44eyz þ 2C45ezx þR4wzx þR5wzy

rzx ¼ rxz ¼ 2C45eyz þ 2C55ezx þR6wzx þR7wzy

rxy ¼ ryx ¼ C16exx þC26eyy þC36ezz þ 2C66exy þR8wzz

Hzx ¼ 2R4eyz þ 2R6ezx þK1wzx þK4wzy

Hzy ¼ 2R5eyz þ 2R7ezx þK4wzx þK2wzy

Hzz ¼ R1exx þR2eyy þR3ezz þ 2R8exy þK3wzz

ð5:3:1Þ

where recalling that for the phonon elastic constant tensor a brief notation is used,
i.e. index 11 ! 1, 22 ! 2, 33 ! 3, 23 ! 4, 31 ! 5, 12 ! 6, and Cijkl is
denoted as Cpq, in addition, for the phason elastic constants K3131 ¼ K1,
K3232 ¼ K2, K3333 ¼ K3 and K3132 ¼ K4, and for phonon-phason coupling elastic
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constants R1133 ¼ R1, R2233 ¼ R2, R3333 ¼ R3, R2331 ¼ R4, R2332 ¼ R5, R3131 ¼ R6,
R3132 ¼ R7 and R1233 ¼ R8.

Under the assumption (5.2.1), the problem will be decomposed into two separate
problems as [4, 5]

rxx ¼ C11exx þC12eyy þ 2C16exy
ryy ¼ C12exx þC22eyy þ 2C26exy
rxy ¼ ryx ¼ C16exx þC26eyy þ 2C66exy
rzz ¼ C13exx þC23eyy þ 2C36exy
Hzz ¼ R1exx þR2eyy þR3ezz þ 2R8exy

ð5:3:2Þ

and

ryz ¼ rzy ¼ 2C44eyz þ 2C45ezx þR4wzx þR5wzy

rzx ¼ rxz ¼ 2C45eyz þ 2C55ezx þR6wzx þR7wzy

Hzx ¼ 2R4eyz þ 2R6ezx þK1wzx þK4wzy

Hzy ¼ 2R5eyz þ 2R7ezx þK4wzx þK2wzy

ð5:3:3Þ

in which problem described by Eq. (5.3.2) is plane elasticity of monocline crystals;
by introducing displacement potential Gðx; yÞ

ux ¼ C16
@2

@x2
þC26

@2

@y2
þðC12 þC66Þ @2

@x@y

� �
G

uy ¼ � C11
@2

@x2
þC66

@2

@y2
þ 2C16

@2

@x@y

� �
G

the elasticity equations are reduced at last to

c1
@4

@x4
þ c2

@4

@x3@y
þ c3

@4

@x2@y2
þ c4

@4

@x@y3
þ c5

@4

@y4

� �
G ¼ 0

with constants

c1 ¼ C2
16 � C11C66; c2 ¼ 2ðC16C12 � C11C26Þ

c3 ¼ C2
12 � 2C16C26 þ 2C12C66 � C11C22

c4 ¼ 2ðC26C12 � C16C22Þ; c5 ¼ C2
26 � C22C66

Because this is classical elasticity and does not have direct connection to phason
elasticity of one-dimensional quasicrystal, we do not further discuss it here.
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We are interested in the problem described by Eq. (5.3.3), which is a
phonon-phason coupling problem. Substituting the equations of deformation
geometry into the stress–strain relations and then into the equilibrium equations, we
obtain the final governing equation as

a1
@4

@x4
þ a2

@4

@x3@y
þ a3

@4

@x2@y2
þ a4

@4

@x@y3
þ a5

@4

@y4

� �
F ¼ 0 ð5:3:4Þ

where

uz ¼ R6
@2

@x2 þR5
@2

@y2 þðR4 þR7Þ @2

@x@y

h i
F

wz ¼ � C55
@2

@x2 þC44
@2

@y2 þ 2C45
@2

@x@y

h i
F

9=
; ð5:3:5Þ

and

a1 ¼ R2
6 � K1C55; a2 ¼ 2ðR0ðR4 þR7Þ � K1C45 � K1C35Þ

a3 ¼ 2R5R6 þðR4 þR7Þ2 � K1C44 � K2C55 � 4K4C45

a4 ¼ 2½R5ðR4 þR7Þ � K2C45 � K4C44�; a5 ¼ R2
5 � K2C44

ð5:3:6Þ

In the subsequent contents of the book, we discuss only the anti-plane elasticity
of monocline quasicrystals, which has the complex representation of solution as

Fðx; yÞ ¼ 2Re
X2
k¼1

FkðzkÞ; zk ¼ xþ lky ð5:3:7Þ

where FkðzkÞ are analytic functions of zk and

lk ¼ ak þ ibk ð5:3:8Þ

are the distinct complex parameters to be determined by the characteristic equation
(or call the eigenvalue equation)

a5l
4 þ a4l

3 þ a3l
2 þ a2lþ a1 ¼ 0 ð5:3:9Þ

and l1 6¼ l2.
If the roots of Eq. (5.3.9) are multi-roots, i.e. l1 ¼ l2;, then

Fðx; yÞ ¼ 2Re½F1ðz1Þþ�z1F2ðz1Þ�; z1 ¼ xþ l1y ð5:3:10Þ
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Substituting formula (5.3.7) into (5.3.5) and then into (5.3.3), we can get the
complex representation of the displacements and stresses as follows:

uz ¼ 2Re
X2
k¼1

½R6 þðR4 þR7Þlk þR5l
2
k �fkðzkÞ

wz ¼ �2Re
X2
k¼1

ðC55 þ 2C45lk þC44l
2
kÞfkðzkÞ

rzy ¼ ryz ¼ 2Re
X2
k¼1

R6C45 � R4C55 þðR6C44 � R4C45 þR7C45 � R5C55Þlk½

þ ðR7C44 � R5C45Þl2k
�
f 0kðzkÞ

rzx ¼ rxz ¼ 2Re
X2
k¼1

R4C55 � R6C45 þðR5C55 þR4C45 � R6C44 � R5C55Þlk½

þ ðR3C45 � R7C44Þl2k
�
lkf

0
kðzkÞ

Hzx ¼ 2Re
X2
k¼1

ðR7 þR5lkÞðR6 þR4lk þR7lk þR5l
2
kÞ

�

�ðK4 þK2lkÞðC55 þ 2C45lk þC44l
2
kÞ
�
f 0kðzkÞ

Hzy ¼ 2Re
X2
k¼1

ðR6 þR4lkÞðR6 þR4lk þR7lk þR5l
2
kÞ

�

�ðK4 þK2lkÞðC55 þ 2C45lk þC44l
2
kÞ
�
f 0kðzkÞ

ð5:3:11Þ

where fkðzkÞ � @2FkðzkÞ
	
@z2k ¼ F00

k ðzkÞ:
The determination of analytic functions FkðzkÞ depends on the boundary con-

ditions of concrete problems, which will be investigated later in Chaps. 7 and 8.

5.4 Elasticity of Orthorhombic Quasicrystals

In Table 5.1, we know that orthorhombic quasicrystals contain the points
2h2h2; 2mm; 2hmmh and mmmh, which belong to Laue class 4. Due to the increase
of symmetrical elements of this quasicrystal system in comparison with monocline
quasicrystal system, one has

C16 ¼ C26 ¼ C36 ¼ C45 ¼ K4 ¼ R4 ¼ R7 ¼ R8 ¼ 0 ð5:4:1Þ
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Therefore, the total number of nonzero elastic constants in the case reduces to
17, i.e. C11;C22;C33;C12;C13;C23;C44;C55;C66 for the phonon field, K1;K2;K3 for
the phason fields and R1;R2;R3;R5;R6 for phonon-phason coupling field.

Considering results of (5.4.1), (5.3.6) can be simplified to

a2 ¼ a4 ¼ 0; a1 ¼ R2
6 � K1C55;

a3 ¼ 2R5R6 � K1C44 � K2C55; a5 ¼ R2
5 � K2C66

ð5:4:2Þ

and a1 and a5 no change from (5.3.6). So that Eq. (5.3.4) is reduced to

a1
@4

@x4
þ a3

@4

@x2@y2
þ a5

@4

@y4

� �
F ¼ 0 ð5:4:3Þ

We have the expression of solution as follows:

uz ¼ 2Re
X2
k¼1

½R6 þR5l
2
k �fkðzkÞ

wz ¼ �2Re
X2
k¼1

ðC55 þC44l
2
kÞfkðzkÞ

rzy ¼ ryz ¼ 2Re
X2
k¼1

ðR6C44 � R5C55Þlkf 0kðzkÞ

rzx ¼ rxz ¼ 2Re
X2
k¼1

ðR5C55 � R6C44Þl2k f 0kðzkÞ

Hzy ¼ 2Re
X2
k¼1

½R5R6 � K2C55 þðR2
5 � K2C44Þl2k � ðK4 þK2lkÞ�lkf 0kðzkÞ

Hzx ¼ 2Re
X2
k¼1

½R2
6 � K1C55 þðR5R6 � K1C44Þl2k �f 0kðzkÞ

ð5:4:4Þ

in which, fkðzkÞ represents analytic function of zk.

5.5 Tetragonal Quasicrystals

From Table 5.1, we know that one-dimensional tetragonal quasicrystal has 7 point
groups, in which groups �42hm; 4mm; 42h2h and 4=mhmm belong to Laue class 6,
and besides (5.4.1) we have also

C11 ¼ C22;C13 ¼ C23;C44 ¼ C55;K1 ¼ K2;R1 ¼ R2;R5 ¼ R6 ð5:5:1Þ

Therefore, the total number of nonzero elastic constants reduces to 11.
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With (5.5.1) and (5.4.2), one can find the complex representation of solution for
the anti-plane elasticity of quasicrystals that belong to Laue class 6.

The point group 4, �4 and 4=mh, belongs to Laue class 5, in which solution of the
anti-plane elasticity can also be expressed in a similar manner.

The final governing equation of anti-plane elasticity for this kind of quasicrystals is

r2r2F ¼ 0 ð5:5:2Þ

5.6 The Space Elasticity of Hexagonal Quasicrystals

The decomposition and superposition procedure proposed by Ref. [2] has been
developed for simplifying the elasticity of various systems of one-dimensional
quasicrystals in the previous sections. The main feature of the procedure lies in
decomposition of a space (three-dimensional) elasticity into a superposition of a
plane elasticity and an anti-plane elasticity for the studied quasicrystalline material,
and this often simplifies the solution process, whose worth will be shown in
Chaps. 7 and 8 and other chapters.

In some cases, when the procedure cannot be used, we have to solve space elas-
ticity. In this section, taking an example, we discuss the solution of space elasticity of
hexagonal quasicrystals, which has been studied by many authors, e.g. Peng and Fan
[6], Chen et al. [9] and Wang [10]; here, the derivation of Ref. [6, 7] is listed.

Substituting (5.5.1) into (5.1.6) and then into (5.1.7) yields the equilibrium
equations expressed by the displacements:

C11
@2

@x2
þC66

@2

@y2
þC44

@2

@z2

� �
ux þðC11 � C66Þ @

2uy
@x@y

þðC13 þC44Þ @
2uz

@x@z
þðR1 þR3Þ @

2wz

@x@z
¼ 0

ðC11 � C66Þ @
2ux

@x@y
þ C66

@2

@x2
þC11

@2

@y2
þC44

@2

@z2

� �
uy þðC13 þC44Þ @

2uz
@y@z

þðR1 þR3Þ @
2wz

@y@z
¼ 0

ðC13 þC44Þ @2ux
@x@z

þ @2uy
@y@z

� �
þ C44

@2

@x2
þC44

@2

@y2
þC33

@2

@z2

� �
uzþ R3

@2

@x2
þ @2

@y2

� �
þR2

@2

@z2

� �
wz ¼ 0

ðR1þR3Þ @2ux
@x@z

þ @2uy
@y@z

� �
þ R3

@2

@x2
þ @2

@y2

� �
þR2

@2

@z2

� �
uz þ K2

@2

@x2
þ @2

@y2

� �
þK1

@2

@z2

� �
wz ¼ 0

ð5:6:1Þ
If we introduce 4 displacement functions such as

ux ¼ @

@x
ðF1 þF2 þF3Þ � @F4

@y
; uY ¼ @

@y
ðF1 þF2 þF3Þþ @F4

@x

uz ¼ @

@z
ðm1F1 þm2F2 þm3F3Þ; wz ¼ @

@z
ðl1F1 þ l2F2 þ l3F3Þ

ð5:6:2Þ
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and

r2
i Fi ¼ 0 ði ¼ 1; 2; 3; 4Þ ð5:6:3Þ

r2
i ¼

@2

@x2
þ @2

@y2
þ c2i

@2

@z2
i ¼ 1; 2; 3; 4 ð5:6:4Þ

with mi; li and ci defined by

C44 þðC13 þC44Þmi þðR1þR3Þli
C11

¼ C33mi þR2li
C13 þC44 þC44mi þR3li

¼ R2mi þK1li
R1 þR2 þR3mi þK2li

¼ c2i ; i ¼ 1; 2; 3

C44
	
C66 ¼ c24

ð5:6:5Þ

then Eq. (5.6.1) will be automatically satisfied.
It is obvious that the final governing equations (5.6.3) are three-dimensional

harmonic equations, and this greatly simplifies the solution.
By substituting (5.6.2) into (5.1.1), then (5.1.2) into (5.1.6), one can find the

stresses expressed in terms of F1;F2;F3 and F4 as follows:

rxx ¼ C11
@2

@x2
þðC11 � 2C66Þ @2

@y2

� �
ðF1 þF2 þF3Þ � 2C66

@2F4

@x@y

þC13
@2

@z2
ðm1F1 þm2F2 þm3F3ÞþR1

@2

@z2
ðl1F1 þ l2F2 þ l3F3Þ

ryy ¼ ðC11 � 2C66Þ @2

@x2
þC11

@2

@y2

� �
ðF1 þF2 þF3Þþ 2C66

@2F4

@x@y

þC13
@2

@z2
ðm1F1 þm2F2 þm3F3ÞþR1

@2

@z2
ðl1F1 þ l2F2 þ l3F3Þ

rzz ¼ �C13
@2

@z2
ðc21F1 þ c22F2 þ c23F3ÞþC33

@2

@z2
ðm1F1 þm2F2 þm3F3Þ

þR2
@2

@z2
ðl1F1 þ l2F2 þ l3F3Þ

rxy ¼ ryx ¼ 2C66
@2

@x@y
ðF1 þF2 þF3ÞþC66

@2

@x2
� @2

@y2

� �
F4

ryz ¼ rzy ¼ C44
@2

@y@z
½ðm1 þ 1ÞF1 þðm2 þ 1ÞF2 þðm3 þ 1ÞF3�

þC44
@2F4

@x@z
þR3

@2

@y@z
ðl1F1 þ l2F2 þ l3F3Þ
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rzx ¼ rxz ¼ C44
@2

@x@z
½ðm1 þ 1ÞF1 þðm2 þ 1ÞF2 þðm3 þ 1ÞF3�

� C44
@2F4

@y@z
þR3

@2

@x@z
ðl1F1 þ l2F2 þ l3F3Þ

Hzz ¼ �R1
@2

@z2
ðc21F1 þ c22F2 þ c23F3ÞþR2

@2

@z2
ðm1F1 þm2F2 þm3F3Þ

þK1
@2

@z2
ðl1F1 þ l2F2 þ l3F3Þ

Hzx ¼ R3
@2

@x@z
½ðm1 þ 1ÞF1 þðm2 þ 1ÞF2 þðm3 þ 1ÞF3�

� R3
@2F4

@y@z
þK2

@2

@x@z
ðl1F1 þ l2F2 þ l3F3Þ

Hzy ¼ R3
@2

@y@z
½ðm1 þ 1ÞF1 þðm2 þ 1ÞF2 þðm3 þ 1ÞF3�

þR3
@2F4

@y@z
þK2

@2

@y@z
ðl1F1 þ l2F2 þ l3F3Þ

Harmonic equations (5.6.3) will be solved under appropriate boundary condi-
tions, which will be mentioned in Chap. 8.

5.7 Other Results of Elasticity of One-Dimensional
Quasicrystals

There are many other results of elasticity of one-dimensional quasicrystals, e.g. Fan
et al. [8] on elasticity of one-dimensional crystal–crystal coexisting phase (a brief
discussion referring to Chap. 7), and Chen et al. [9], Wang et al. [10], Gao et al.
[11], Li et al. [12], etc., on the three-dimensional elasticity of hexagonal qua-
sicrystals; they carried out considerable research in the area and have got a quite lot
of achievements. Due to the limitation of the space, the details of their work could
not be handled here and reader can refer to the original literature.
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Chapter 6
Elasticity of Two-Dimensional
Quasicrystals and Simplification

As has been shown in Chap. 5, in one-dimensional quasicrystals, elasticity can be
decomposed into plane elasticity and anti-plane elasticity in case that the config-
uration is independent of the quasiperiodic axis. In this case, plane elasticity is a
classical elasticity problem and its solutions are well known, whereas the anti-plane
elasticity is a problem concerned with the quasiperiodic structure, which is our main
concern. This decomposition leads to great simplifications for the solution.

We now consider elasticity of two-dimensional quasicrystals, which is mathe-
matically much more complicated than that of one-dimensional quasicrystals. The
decomposition procedure developed in Chap. 5 hints that the elasticity of
two-dimensional quasicrystals may somehow also be made of a decomposition for a
wide range of applications. In this way, the problem can be greatly simplified and it
is helpful to solve the boundary value problems by analytic methods.

Two-dimensional quasicrystals so far observed cover four systems, i.e., those
involving fivefold, eightfold, tenfold and twelvefold symmetries, named the pen-
tagonal, octagonal, decagonal and dodecagonal, respectively, and among them there
are the different Laue classes. The importance of two-dimensional quasicrystals is
only less than that of the three-dimensional icosahedral quasicrystals. To date,
among the over 200 quasicrystals, there are halves icosahedral quasicrystals, and
over 70 decagonal quasicrystals. These two kinds of quasicrystals constitute the
majority of the material. The elasticity of icosahedral quasicrystals will be discussed
in Chap. 9.

We will, at first, give a brief description of the point groups and Laue classes of
the two-dimensional quasicrystals. There are 31 kinds of crystallographic point
groups and 26 kinds of non-crystallographic point groups of the quasicrystals, the
former will not be discussed here and we focus on the latter, which is further
divided into eight Laue classes and four quasicrystal systems observed so far, as
listed in Table 6.1.

Like that in the one-dimensional quasicrystals, the phonon field of
two-dimensional quasicrystals is transversally isotropic. If we take the xy-plane (or
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T.-Y. Fan, Mathematical Theory of Elasticity of Quasicrystals and Its Applications,
Springer Series in Materials Science 246, DOI 10.1007/978-981-10-1984-5_6

71

http://dx.doi.org/10.1007/978-981-10-1984-5_5
http://dx.doi.org/10.1007/978-981-10-1984-5_5
http://dx.doi.org/10.1007/978-981-10-1984-5_9


x1x2-plane) as the quasiperiodic plane, and axis z (or x3) as the periodic axis, then
xy-plane is the elasticity isotropic plane, within which the elastic constants are

C1111 ¼ C2222 ¼ C11

C1122 ¼ C12

C1212 ¼ C1111 � C1122 ¼ C11 � C12 ¼ 2C66

This shows that C66 is not independent. Other independent elastic constants are
out of the plane, that is,

C2323 ¼ C3131 ¼ C44

C1133 ¼ C2233 ¼ C13

C3333 ¼ C33

which are listed in Table 6.2.
The relevant phason elastic constants and phonon-phason coupling elastic

constants are listed in Tables 6.3, 6.4, 6.5 and 6.6.

For Laue class 12:

If 2==x1;m?x1: K6 ¼ R2 ¼ R3 ¼ R6 ¼ 0

If 2==x2;m?x2: K7 ¼ R2 ¼ R4 ¼ R6 ¼ 0

Table 6.1 Systems, Laue
classes and point groups of
two-dimensional quasicrystal

Systems Laue classes Point groups

Pentagonal 11 5; �5

12 5m; 52; �5m

Decagonal 13 10; 10; 10=m

14 10mm; 1022; 10m2; 10=mmm

Octagonal 15 8; �8; 8=m

16 8mm; 822; �8m2; 8=mmm

Dodecagonal 17 12; 12; 12=m

18 12mm; 1222; 12m2; 12=mmm

Table 6.2 Phonon elastic
constants in two-dimensional
quasicrystals (Cijkl)

11 22 33 23 31 12

11 C11 C12 C13 0 0 0

22 C12 C11 C13 0 0 0

33 C13 C13 C33 0 0 0

23 0 0 0 C44 0 0

31 0 0 0 0 C66 0

12 0 0 0 0 0 C66
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Table 6.3 Phason elastic
constants for Laue class 11
(Kijkl)

11 22 23 12 13 21

11 K1 K2 K7 0 K6 0

22 K2 K1 K7 0 K6 0

23 K7 K7 K4 K6 0 −K6

12 0 0 K6 K1 −K7 −K2

13 K6 K6 0 −K7 K4 K7

21 0 0 −K6 −K2 K7 K1

Table 6.4 Phonon-phason
coupling elastic constants for
Laue class 11 (Rijkl)

eij\wij 11 22 23 12 13 21

11 R1 R1 R6 R2 R5 −R2

22 −R1 −R1 −R6 −R2 −R5 R2

33 0 0 0 0 0 0

23 R4 −R4 0 R3 0 R3

31 −R3 R3 0 R4 0 R4

12 R2 R2 −R5 −R1 R6 R1

Table 6.5 The phason
elastic constants for Laue
class 15 (Kijkl)

11 22 23 12 13 21

11 K1 K2 0 K5 0 K5

22 K2 K1 0 −K5 0 −K5

23 0 0 K4 0 0 0

12 K5 −K5 0 K 0 K3

13 0 0 0 0 K4 0

21 K5 −K5 0 K3 0 K

Table 6.6 The
phonon-phason coupling
elastic constants for Laue
class 15 (Rijkl)

eij\wij 11 22 23 12 13 21

11 R1 R1 0 R2 0 −R2

22 −R1 −R1 0 −R2 0 R2

33 0 0 0 0 0 0

23 0 0 0 0 0 0

31 0 0 0 0 0 0

12 R2 R2 0 −R2 0 R1
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For Laure class 13:

K6 ¼ K7 ¼ R3 ¼ R4 ¼ R5 ¼ R6 ¼ 0

For Laue class 14:

K6 ¼ K7 ¼ R2 ¼ R3 ¼ R4 ¼ R5 ¼ R6 ¼ 0

For Laue class 16: K6 ¼ R2 ¼ 0
For Laue class 17: the constants Kijkl are the same as Table 6.5; and Rijkl ¼ 0
For Laue class 18: the constants Kijkl are the same as those of Laue 16; and

Rijkl ¼ 0

The experimental measurement of the above data for different quasicrystals is
essential in studying the elasticity. We here list some data for decagonal qua-
sicrystals in Tables 6.7, 6.8 and 6.9 in which B is bulk modulus, G the shear
modulus and m the Poisson’s ratio, respectively.

The phason elastic constants, for a decagonal Al–Ni–Co quasicrystal, anisotropic
diffuse scattering has been observed in synchrotron X-ray diffraction measurements
[2]. It has been shown that the measurement can attributed the phason elastic con-
stants, although no quantitative evaluation on K1 and K2. The Monte Carlo simu-
lation was used to evaluate the phason elastic constants, e.g. given in Table 6.8 [3].

where 1GPa ¼ 1010 dyn=cm2: But the accuracy of the values given by Monte
Carlo simulation should be verified.

Recently, the experimental measurement for phonon-phason coupling elastic
constants for decagonal quasicrystals has been achieved; the results are listed in
Table 6.9.

Table 6.9 Coupling elastic constants for point group 10; 10, Al–Ni–Co decagonal quasicrystals
[4]

Alloy R1ðGPaÞ R2j jðGPa)
Al–Ni–Co 0.1 <0.2

Table 6.8 Phason elastic constants of an Al–Ni–Co decagonal quasicrystal by Monte Carlo
simulation [3]

Alloy K1(1012 dyn=cm2) K2(1012 dyn=cm2)

Al–Ni–Co 1.22 0.24

Table 6.7 Phonon elastic constants of an decagonal quasicrystal (the unit of Cij; B;G is GPa) by
experimental measurement [1]

Alloy C11 C33 C44 C12 C13 B G v

Al–Ni–Co 234.33 232.22 70.19 57.41 66.63 120.25 79.98 0.228
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Tables 6.2, 6.3, 6.4, 6.5 and 6.6 indicate that the phonon elasticity of
two-dimensional quasicrystals is three-dimensional and that the phason and
phonon-phason coupling elasticity are also three-dimensional. In general, they
cannot be reduced to two-dimensional problems. In this case, there are 29 field
variables and 29 field equations, their solution is very hard to obtain.

In practice, there is often a case in which the configuration of a system is uniform
along a periodic axis, say the axis z, both physically and geometrically, so that the
field variables are free from the coordinate z, that is,

@

@z
¼ 0 ð6:0:1Þ

Under this condition, the elasticity of two-dimensional quasicrystals can be
decomposed into a plane elasticity of quasicrystal and an anti-plane elasticity of
crystal, where the latter is a pure phonon or classical elasticity, whose governing
equation and boundary conditions are decoupled with the plane elasticity of
quasiperiodic structure, which can be treated separately.

Uniform configuration along the z-axis physically and geometrically represents
several meaningful physical problems, e.g. a straight dislocation line or a Griffith
crack along the direction. This shows that the decomposition procedure presents
important physical meaning.

In what follows, we derive the final governing equations for the plane and
anti-plane elasticity of the four different systems, by introducing some displacement
or stress potential functions. We will see that the field equations are dramatically
simplified; this is helpful to solve them by analytic methods. Furthermore, we use
the Fourier analysis or complex analysis method to construct analytic solutions of
some boundary value problems of the equations. But the mathematical methods and
numerous exact solutions for different boundary value problems will be performed
in Chaps. 7 and 8 in detail. They reveal the exact mathematical structure of dis-
locations and cracks in two-dimensional quasicrystalline materials. In addition, they
develop further the potential theory of classical elasticity as well as the classical
methods of solution in mathematical physics.

6.1 Basic Equations of Plane Elasticity
of Two-Dimensional Quasicrystals: Point Groups
5m and 10mm in Five- and Tenfold Symmetries

Following the introduction given in Chap. 1, it is understood that the sign 10 in the
symbol 10mm represents a tenfold rotation symmetry and that m where signifies a
mirror symmetry. The sign 10mm therefore means a combined operation of one
rotation symmetry and two mirror symmetries. For other signs, the explanation is
similar.
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The point groups 5m and 10mm quasicrystals are quasicrystals with fivefold and
tenfold symmetries, respectively, whose plane elasticity has been studied earlier,
see, e.g. in reviews given by Fan and Mai [5] or by Hu et al. [6] or by Bohsung et al.
[7]. The first solution of dislocation of pentagonal quasicrystals was given by De
and Pelcovis [8], according to our understand which is the solution for point group
5m two-dimensional quasicrystal. The formulation and the solution method
developed here and hereafter are quite different from those given by Ref. [8].

The diffraction pattern and relevant Penrose tiling are shown in Figs. 6.1 and
6.2. The Penrose tiling of pentagonal quasicrystals was shown in Chap. 3.

Quasicrystals with these symmetries belong to two-dimensional quasicrystals,
i.e., the atomic arrangement is quasiperiodic in a plane, and periodic in the third
direction. For clarity, the quasicrystals can be defined as being generated by
stacking from planar quasiperiodic structures of fivefold or tenfold symmetry along
the third symmetry axis. Here, the quasiperiodic plane is the xy-plane, and the
fivefold or tenfold rotational axis is the z-axis, which is the only axis of symmetry.

Fig. 6.1 Diffraction pattern
of two-dimensional
quasicrystal with tenfold
symmetry

Fig. 6.2 Penrose tiling of
point group 10mm of tenfold
symmetry quasicrystals
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Due to the presence of scaling of incommensurate length in the quasiperiodic plane,
it leads to the additional degree of freedom that does not hold in conventional
crystals, named the phason field w.

Although two-dimensional quasicrystal can be understood as a stacked planar
quasiperiodic structure along the periodic symmetrical axis, it is three-dimensional
in elasticity and is different from the plane problem in classical elasticity. And it can
be decomposed into plane and anti-plane elasticity in special cases. We here con-
sider only the plane elasticity, because the anti-plane elasticity is a classical one and
independent of phason variables.

Tables 6.2, 6.3, 6.4, 6.5 and 6.6 listed all the elastic constants. Considering a
plane in two-dimensional quasicrystals and assume that it is perpendicular to the
periodic symmetrical axis (e.g. axis z). In this case,

u ¼ ðux; uy; uzÞ; w ¼ ðwx;wy; 0Þ

so the strains are wzz ¼ wzx ¼ wxz ¼ wzy ¼ wyz ¼ 0. Assumption (6.0.1) leads to
ezz ¼ exz ¼ eyz ¼ 0, and Table 6.2 is simplified to the following Table 6.10 for
phonon elastic constants for the plane elasticity.

The phonon elastic constants listed in Table 6.10 can be expressed in
fourth-order tensor

Cijkl ¼ Ldijdkl þMðdjkdjl þ dildjkÞ ði; j; k; l ¼ 1; 2Þ ð6:1:1Þ

L ¼ C12; M ¼ ðC11 � C12Þ=2 ¼ C66 ð6:1:2Þ

There are only two independent phonon elastic constants.
What data given in Table 6.10 and relation by Eqs. (6.1.1), (6.1.2) hold for all

two-dimensional quasicrystals for the plane elasticity.
In the plane elasticity for two-dimensional quasicrystals with point groups 5m,

52; 5m, 10mm, 1022, 10m2 and 10=mmm, Table 6.3 is simplified to Table 6.11.

Table 6.10 Phonon elastic
constants for plane elasticity
of two-dimensional
quasicrystals

11 22 12 21

11 C11 C12 0 0

22 C12 C11 0 0

12 0 0 C66 C66

21 0 0 C66 C66
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This means

K1111 ¼ K2222 ¼ K2121 ¼ K1

K1122 ¼ K2211 ¼ �K2112 ¼ �K1221 ¼ K2
ð6:1:3Þ

and other Kijkl ¼ 0, and the expression of them by tensor of four rank is

Kijkl ¼ K1dikdjl þK2ðdijdkl � dildjkÞ ði; j; k; l ¼ 1; 2Þ ð6:1:4Þ

And Table 6.4 in the present case is simplified into Table 6.12 as follows.
This shows that

R1111 ¼ R1122 ¼ �R2222 ¼ R1221 ¼ R2121 ¼ �R1212 ¼ �R2211 ¼ �R2112 ¼ R

ð6:1:5Þ

or

Rijkl ¼ Rðdi1 � di2Þðdijdkl � dikdjl þ dildjkÞ ði; j; k; l ¼ 1; 2Þ ð6:1:6Þ

One can find that for plane elasticity point group 5m have the same elastic
constants with point group 10mm, so they can be discussed in the same line.

The definition of strain tensor is as given in Chap. 4, that is,

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ð6:1:7Þ

In Chap. 4, it was seen that the stress, strain and elastic constant tensors can be
expressed by matrices. The above-mentioned elastic constants may be denoted by
matrix ½CKR�. For the present case, the strain vector defined by (4.4.12) is sim-
plified into

Table 6.11 Phason elastic
constants for plane elasticity
for point group 10mm
quasicrystals

11 22 12 21

11 K1 K2 0 0

22 K2 K1 0 0

12 0 0 K1 −K2

21 0 0 −K2 K1

Table 6.12 Phonon-phason
coupling elastic constants for
plane elasticity

eij\wij 11 22 12 21

11 R R 0 0

22 −R −R 0 0

12 0 0 −R R

21 0 0 −R R
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½eij wij� ¼ ½e11 e22 e12 e21 w11 w22 w12 w21� ð6:1:8Þ

and ½CKR� is

CKR½ � ¼

Lþ 2M L 0 0 R R 0 0

L Lþ 2M 0 0 �R �R 0 0

0 0 M M 0 0 �R R

0 0 M M 0 0 �R R

R �R 0 0 K1 K2 0 0

R �R 0 0 K2 K1 0 0

0 0 �R �R 0 0 K1 �K2

0 0 R R 0 0 �K2 K1

2
66666666666664

3
77777777777775

¼

Lþ 2M L 0 0 R R 0 0

Lþ 2M 0 0 �R �R 0 0

M M 0 0 �R R

M 0 0 �R R

K1 K2 0 0

symmetry K1 0 0

K1 �K2

K1

2
66666666666664

3
77777777777775

ð6:1:9Þ

The free energy density (or strain energy density)

F ¼ 1
2
Leiieii þMeijeij þ 1

2
K1wijwij þK2ðwxxwyy � wxywxyÞ

þR½ðexx � eyyÞðwxx þwyyÞþ 2exyðwxy � wyxÞ� ð6:1:10Þ

From (6.1.9) and (4.5.3) of Chap. 4, or from (6.1.10) and (4.5.1) of Chap. 4, the
generalized Hooke’s law for plane elasticity of point group 10mm quasicrystals of
tenfold symmetry is as

rxx ¼ Lðexx þ eyyÞþ 2Mexx þRðwxx þwyyÞ
ryy ¼ Lðexx þ eyyÞþ 2Meyy � Rðwxx þwyyÞ
rxy ¼ ryx ¼ 2Mexy þRðwyx � wxyÞ
Hxx ¼ K1wxx þK2wyy þRðexx � eyyÞ
Hyy ¼ K1wyy þK2wxx þRðexx � eyyÞ
Hxy ¼ K1wxy � K2wyx � 2Rexy
Hyx ¼ K1wyx � K2wxy þ 2Rexy

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð6:1:11Þ
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In addition, for anti-plane elasticity there is

rxz ¼ 2Mexz

ryz ¼ 2Meyz

)
ð6:1:12Þ

Monograph [9] pointed first out that (6.1.9)–(6.1.11) hold for the plane elasticity
for both point group 5m and point group 10mm, this identical to the argument of
Ref. [6].

Equations (6.1.11) are the physical basis of elasticity of point groups 5m and
10mm quasicrystals. The geometry (or kinetics) basis of the subject is Eq. (6.1.7).
Another necessary basis comes from statics, that is,

@rxx
@x

þ @rxy
@y

¼ 0;
@ryx
@x

þ @ryy
@y

¼ 0

@Hxx

@x
þ @Hxy

@y
¼ 0;

@Hyx

@x
þ @Hyy

@y
¼ 0

9>>>=
>>>;

ð6:1:13Þ

In addition, for the anti-plane elasticity there is

@rzx
@x

þ @rzy
@y

¼ 0 ð6:1:14Þ

Here, the body force density is omitted.
From (6.1.7), (6.1.11) and (6.1.13), we found that there are 18 field variables,

i.e., four displacements ux; uy;wx;wy; seven strains exx; eyy; exy ¼ eyx;wxx;wyy ;

wxy;wyx and seven stresses rxx; ryy; rxy ¼ ryx;Hxx;Hyy ;Hxy; Hyx: And the number of
corresponding field equations is also 18, including four equations of statics, seven
stress–strain relations and seven equations of deformation geometry. The number of
field equations is equal to that of field variables. This means that the mathematical
presentation of the problem is consistent and solvable under appropriate boundary
conditions. In addition, (6.1.7), (6.1.12) and (6.1.14) give the description of
anti-plane pure classical (phonon) elasticity. De and Pelcovits [10] solved the
equations for dislocation problem by using the Green function method and iteration
procedure. Ding et al. [11] solved the similar problem in terms of Fourier trans-
forms and the Green function method. Taking different way from either De and
Pelcovits or Ding et al., we at first reduce the 18 equations into a single partial
differential of higher order by introducing some displacement potentials or stress
potentials, which enable us to easily solve the problem by the Fourier transform
method and complex analysis method. In the following, we derive the final gov-
erning equations and fundamental solutions for various quasicrystal systems. And
the applications of the theory and methodology will be given in detail in Chaps. 7
and 8 for dislocation and crack problems of quasicrystals, respectively.
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6.2 Simplification of the Basic Equation Set: Displacement
Potential Function Method

The number of basic equations as given in the previous section is too large and it is
very hard to solve them directly. In mathematical physics, a conventional procedure
is to reduce the number of field equations. In the classical theory of elasticity, there
is a way by introducing the so-called displacement or stress potential functions to
realize the purpose, and the procedure is called the displacement potential method
or stress potential method, respectively. In this section, we eliminate the stress and
strain components in the basic equations and obtain some equilibrium equations
expressed by displacement components; thus, the strain compatibility is automati-
cally satisfied. Furthermore, by introducing a displacement potential function, the
final governing equations become a single quadruple harmonic equation concerning
the displacement potential function; thus, this is the so-called displacement potential
method. In the next section, we will introduce the stress potential method, and there
the governing equation becomes a single quadruple harmonic equation concerning
the stress potential function that would be the so-called stress potential method. In
this way, the huge number of equations involving elasticity can be simplified very
much.

Substituting (6.1.7) into (6.1.11) and then into (6.1.12), we obtain

Mr2ux þðLþMÞ @
@xr � uþR

@2wx

@x2
þ 2

@2wy

@x@y
� @wx

@y2

� �
¼ 0

Mr2uy þðLþMÞ @
@yr � uþR

@2wy

@x2
� 2

@2wx

@x@y
� @2wy

@y2

� �
¼ 0

K1r2wx þR
@2ux
@x2

� 2
@2uy
@x@y

� @2ux
@y2

� �
¼ 0

K1r2wy þR
@2uy
@x2

þ 2
@2ux
@x@y

� @2uy
@y2

� �
¼ 0

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

ð6:2:1Þ

in which

r2 ¼ @2

@x2
þ @2

@y2
; r � u ¼ @ux

@x
þ @uy

@y

Equations (6.2.1) are actually the displacement equilibrium equations of the
plane elasticity of point group 5m with fivefold symmetry or point group 10mm
tenfold symmetry, as mentioned in the previous section. Here, there are only 4
displacement components ux; uy;wx;wy, i.e., the number of field variables are only
4, and the number of order of equations is 8.

Observation for the first two equations of (6.2.1) suggests that by introducing the
unknown functions uðx; yÞ and wðx; yÞ as follows:
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ux ¼ ðLþMÞ @
2u

@x@y
þM

@2w
@x2

þðLþ 2MÞ @
2w
@y2

uy ¼ � ðLþ 2MÞ @
2u
@x2

þM
@2u
@y2

þðLþMÞ @
2w

@x@y

� �

wx ¼ �MðLþ 2MÞ
R 2

@2u
@x@y

þ @2w
@x2

� @2w
@y2

� �

wy ¼ MðLþ 2MÞ
R

@2u
@x2

� @2u
@y2

� 2
@2w
@x@y

� �

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

ð6:2:2Þ

then the first two equations are automatically satisfied already. Substituting (6.2.2)
into the last two equations in (6.2.1), there follows the equations

ðaP1 þ bP2Þ @2u
@x@y þ aP1

@2

@y2 � bP2
@2

@x2

� �
w ¼ 0

aP2
@2

@x2 � bP1
@2

@y2

� �
uþðaP2 þ bP1Þ @2w

@x@y ¼ 0

9>=
>;

ð6:2:3Þ

where

P1 ¼ 3
@2

@x2
� @2

@y2
; P2 ¼ 3

@2

@y2
� @2

@x2
ð6:2:4Þ

a ¼ RðLþ 2MÞ � xK1;b ¼ RM � xK1

d ¼ RM � xK1;x ¼ MðLþ 2MÞ=R

�
ð6:2:5Þ

in which d will be used in the following formula (6.2.6).
Equation (6.2.3) is much simpler compared with (6.2.1), still it can be simplest

by letting

u ¼ bP2
@2

@x2
� aP1

@2

@y2

� �
F; w ¼ ðaP1 þ dP2Þ @2F

@x@y
ð6:2:6Þ

in which Fðx; yÞ is any function, and then, the first equation of (6.2.3) is satisfied.
Substituting (6.2.6) into the second one of Eqs. (6.2.3), after manipulation, it
reduces to

r2r2r2r2F ¼ 0 ð6:2:7Þ

This is the final governing equation of the plane elasticity of point groups 5m
and 10mm quasicrystals. We call Fðx; yÞ as a displacement potential function, or
simply displacement potential. Equation (6.2.7) is a quadruple harmonic equation,
the order of which is much higher than that in the classical elasticity, where that is
biharmonic equation.
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All of displacement and stress components can be expressed by potential
function Fðx; yÞ as follows:

ux ¼ ½MaP1 þðLþ 2MÞbP2� @2

@x@yr2F

uy ¼ ½MaP1
@2

@y2 � ðLþ 2MÞbP2
@2

@x2�r2F

9=
; ð6:2:8Þ

wx ¼ xða� bÞP1P2
@2

@x@y F

wy ¼ �x aP2
1

@2

@y2 þ bP2
2

@2

@x2

h i
F

9=
; ð6:2:9Þ

rxx ¼ 2MðLþMÞaP1
@3

@y3 r2F

ryy ¼ 2MðLþMÞaP1
@3

@x2@yr2F

rxy ¼ ryx ¼ �2MðLþMÞaP1
@3

@x@y2 r2F

9>>>=
>>>;

ð6:2:10Þ

Hxx ¼ ab @
@yr2r2r2FþxðK1 � K2Þ @

@y aP2
1

@2

@y2 þ bP2
2

@2

@x2

� �
F

Hyy ¼ ab @
@yr2r2r2F � xðK1 � K2Þða� bÞP1P2

@3

@x2@y F

Hxy ¼ �ab @
@xr2r2r2F � xðK1 � K2Þ @

@x aP2
1

@2

@y2 þ bP2
2

@2

@x2

� �
F

Hyx ¼ ab @
@xr2r2r2FþxðK1 � K2Þða� bÞP1P2

@3

@x@y2 F

9>>>>>>>>=
>>>>>>>>;

ð6:2:11Þ

Li and Fan [12] have suggested the approach, and the practice shows that it is
very effective. In the next two chapters, many applications of the approach will be
given.

In addition, (6.1.12) and (6.1.14) yield the final governing equation for
anti-plane elasticity

r2uz ¼ 0 ð6:2:12Þ

It is obvious that the anti-plane problem is decoupled with the plane one.

6.3 Simplification of Basic Equations Set: Stress Potential
Function Method

The stress potential method has widely been used in classical theory of elasticity.
The author of the book and his students extended it to the study of elasticity of
quasicrystals [13, 14].
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From (6.1.7), the strain compatibility equations

@2exx
@y2

þ @2eyy
@x2

¼ 2
@2exy
@x@y

@wxy

@x
¼ @wxx

@y
;
@wyx

@y
¼ @wyy

@x

9>>=
>>;

ð6:3:1Þ

The strain components eij and wij can be expressed by the stress components rij
and Hij, that is,

exx ¼ 1
4ðLþMÞ ðrxx þ ryyÞþ 1

4C ½ðK1 þK2Þðrxx þ ryyÞ � 2RðHxx þHyyÞ�
eyy ¼ 1

4ðLþMÞ ðrxx þ ryyÞ � 1
4C ½ðK1 þK2Þðrxx þ ryyÞ � 2RðHxx þHyyÞ�

exy ¼ eyx ¼ 1
C ½ðK1 þK2Þrxy � RðHxy þHyxÞ�

wxx ¼ 1
2ðK1�K2Þ ðHxx � HyyÞþ 1

2C ½MðHxx þHyyÞ � Rðrxx � ryyÞ�
wyy ¼ � 1

2ðK1�K2Þ ðHxx � HyyÞþ 1
2C ½MðHxx þHyyÞ � Rðrxx � ryyÞ�

wxy ¼ 1
C Rrxy � ðR2�MK1ÞHxy þðR2�MK2ÞHyx

K1�K2

h i

wyx ¼ 1
C �Rrxy � ðR2�MK1ÞHxy þðR2�MK2ÞHyx

K1�K2

h i

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

ð6:3:2Þ

with

C ¼ MðK1 þK2Þ � 2R2 ð6:3:3Þ

If substituting (6.3.2) into (6.3.1), one can find that the strain compatibility
equations can be expressed by stress components (because they are too long to be
listed, but we will give them in Sect. 6.7). In addition, there are equilibrium
equations

@rxx
@x

þ @rxy
@y

¼ 0;
@ryx
@x

þ @ryy
@y

¼ 0

@Hxx

@x
þ @Hxy

@y
¼ 0;

@Hyx

@x
þ @Hyy

@y
¼ 0

ð6:3:4Þ

So that we have 7 equations in total in which there are 3 compatibility equations
expressed by stress components and 4 equilibrium equations, and the number of the
unknown functions is also 7, that is, rxx; ryy; rxy ¼ ryx; Hxx;Hyy;Hxy;Hyx. The
equation set is closed and is solvable.

If introducing the stress functions u, w1 and w2 such as
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rxx ¼ @2u
@y2 ; ryy ¼ @2u

@x2 ;rxy ¼ ryx ¼ � @2u
@x@y

Hxx ¼ @w1
@y ;Hxy ¼ � @w1

@x ;Hyx ¼ � @w2
@y ;Hyy ¼ @w2

@x

9=
; ð6:3:5Þ

then the equilibrium equations (6.3.4) are automatically satisfied. Substituting
(6.3.5) into deformation compatibility equations expressed by stress components
yields

1
2CðLþMÞ r2r2uþ K1 þK2

2C r2r2uþ R
C

@
@yP1w1 � @

@xP2w2

� �
¼ 0

C
K1�K2

þM
� �

r2w1 þR @
@yP1u ¼ 0

C
K1�K2

þM
� �

r2w2 � R @
@xP2u ¼ 0

9>>>>=
>>>>;

ð6:3:6Þ

in which P1 and P2 defined by (6.2.4), and C is given by (6.3.3). By now, the
numbers of equations and unknown functions are reduced to 3.

Now introducing a new unknown function Gðx; yÞ such as

u ¼ D @
@yP1r2G

w1 ¼ � 1
R ðMK1 � R2Þ½ðLþ 2MÞðK1 � K2Þ � 2R2�r2r2r2G

þðLþMÞðK1 � K2ÞR @2

@x@yP1P2G

w2 ¼ ðLþMÞðK1 � K2ÞR @2

@x@yP1P2G

9>>>>>>=
>>>>>>;

ð6:3:7Þ

If

r2r2r2r2G ¼ 0 ð6:3:8Þ

then Eq. (6.3.6) are satisfied, in which

D ¼ 2ðMK1 � R2ÞðLþMÞ ð6:3:9Þ

At the same time, Eq. (6.2.12) holds too for anti-plane elasticity.

6.4 Plane Elasticity of Point Group 5, 5 and 10, 10
Pentagonal and Decagonal Quasicrystals

For plane elasticity, the fivefold and tenfold symmetries quasicrystals of point
groups 5; 5 and 10; 10 are different in elasticity with that of point groups 5m and
10mm, the difference lies in only the phonon-phason coupling elastic constants, in
which the former has two coupling elastic constants R1 and R2 rather than one R. So
that we have
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Rijkl ¼ R1ðdi1 � di2Þðdijdkl � dikdjl þ dildjkÞ
þR2½ð1� dijÞdkl þ dijðdi1 � di2Þðdk1dl2 � dk2dl1Þ� i; j; k; l ¼ 1; 2 ð6:4:1Þ

Apart from this, the phonon and phason elastic constants of point group 5; 5 and
point group 10; 10 quasicrystals are the same as those of point groups 5m and
10mm. The corresponding elastic constant matrix is

½CKR� ¼

Lþ 2M L 0 0 R1 R1 R2 �R2

L Lþ 2M 0 0 �R1 �R1 �R2 R2

0 0 M M R2 R2 �R1 R1

0 0 M M R2 R2 �R1 R1

R1 �R1 R2 R2 K1 K2 0 0

R1 �R1 R2 R2 K2 K1 0 0

R2 �R2 �R1 �R1 0 0 K1 �K2

�R2 R2 R1 R1 0 0 �K2 K1

2
66666666666664

3
77777777777775

¼

Lþ 2M L 0 0 R1 R1 R2 �R2

Lþ 2M 0 0 �R1 �R1 �R2 R2

M M R2 R2 �R1 R1

M R2 R2 �R1 R1

symmetry K1 K2 0 0

K1 0 0

K1 �K2

K1

2
66666666666664

3
77777777777775

ð6:4:2Þ

According to this elastic constant matrix, the stress–strain relation can be written
as

rxx ¼ Lðexx þ eyyÞþ 2Mexx þR1ðwxx þwyyÞþR2ðwxy � wyxÞ
ryy ¼ Lðexx þ eyyÞþ 2Meyy � R1ðwxx þwyyÞ � R2ðwxy � wyxÞ
rxy ¼ ryx ¼ 2Mexy þR1ðwyx � wxyÞþR2ðwxx þwyyÞ
Hxx ¼ K1wxx þK2wyy þR1ðexx � eyyÞþ 2R2exy

Hyy ¼ K1wyy þK2wxx þR1ðexx � eyyÞþ 2R2exy

Hxy ¼ K1wxy � K2wyx � 2R1exy þR2ðexx � eyyÞ
Hyx ¼ K1wyx � K2wxy þ 2R1exy � R2ðexx � eyyÞ

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

ð6:4:3Þ

In addition, the stresses rij and Hij satisfy the same equilibrium equations as
(6.1.13).
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Substituting (6.1.7) into (6.4.3) then into (6.1.12) leads to the equilibrium
equations expressed by displacements such as

Mr2ux þðLþMÞ @

@x
r � uþR1

@2wx

@x2
þ 2

@2wy

@x@y
� @2wx

@y2

� �
� R2

@2wy

@x2
� 2

@2wx

@x@y
� @2wy

@y2

� �
¼ 0

Mr2uy þ ðLþMÞ @

@y
r � uþR1

@2wy

@x2
� 2

@2wx

@x@y
� @2wy

@y2

� �
þR2

@2wx

@x2
þ 2

@2wy

@x@y
� @2wx

@y2

� �
¼ 0

K1r2wx þR1
@2ux
@x2

� 2
@2uy
@x@y

� @2ux
@y2

� �
þR2

@2uy
@x2

þ 2
@2ux
@x@y

� @2uy
@y2

� �
¼ 0

K1r2wy þR1
@2uy
@x2

þ 2
@2ux
@x@y

� @2uy
@y2

� �
� R2

@2ux
@x2

� 2
@2uy
@x@y

� @2ux
@y2

� �
¼ 0

ð6:4:4Þ

The equations are similar to those of (6.2.1), the definitions on operators r2 and
r� are the same there. It is obvious that Eq. (6.4.4) are more complex than those of
(6.2.1). We now simplify the equations in terms of the displacement potential
function method.

Introducing displacement potentials uðx; yÞ and wðx; yÞ as below,

ux ¼ ðLþMÞ @2u
@x@y þM @2w

@x2 þðLþ 2MÞ @2w
@y2

uy ¼ � ðLþ 2MÞ @2u
@x2 þM @2u

@y2 þðLþMÞ @2w
@x@y

h i

wx ¼ �x 2R1
@2

@x@y � R2
@2

@x2 � @2

@y2

� �h i
uþ R1

@2

@x2 � @2

@y2

� �
þ 2R2

@2

@x@y

h i
w

n o

wy ¼ x R1
@2

@x2 � @2

@y2

� �
þ 2R2

@2

@x@y

h i
u� 2R1

@2

@x@y � R2
@2

@x2 � @2

@y2

� �h i
w

n o

9>>>>>>>>>=
>>>>>>>>>;
ð6:4:5Þ

in which

x ¼ MðLþ 2MÞ
R2 ; R2 ¼ R2

1 þR2
2 ð6:4:6Þ

The functions uðx; yÞ and wðx; yÞ defined by (6.4.5) automatically satisfy the first
two of Eq. (6.4.4), and the substitution of formulas (6.4.6) into the second two of
Eq. (6.4.4) results in

ðLþ 2MÞc2 @

@x
K1uþMc1

@

@y
K2uþðLþ 2MÞc2 @

@y
K1w�Mc1

@

@x
K2w ¼ 0

ðLþ 2MÞc2 @

@x
K2u�Mc1

@

@y
K1uþðLþ 2MÞc2 @

@y
K2wþMc1

@

@x
K1w ¼ 0

9>>=
>>;

ð6:4:7Þ

with
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K1 ¼ R1
@

@y
P1 þR2

@

@x
P2

K2 ¼ R1
@

@x
P2 � R2

@

@y
P1

9>>=
>>;

ð6:4:8Þ

c1 ¼ ðLþ 2MÞK1 � R2; c2 ¼ MK1 � R2 ð6:4:9Þ

If we introduce a new function Fðx; yÞ by means of

u ¼ �ðLþ 2MÞc2R @

@y
K1FþMc1R

@

@x
K2F

w ¼ ðLþ 2MÞc2R @

@x
K1FþMc1R

@

@y
K2F

9>>=
>>;

ð6:4:10Þ

Then, the first one of Eq. (6.4.7) is automatically satisfied, and from the second
one we find that

r2r2r2r2F ¼ 0 ð6:4:11Þ

The definitions of operators r2 and r� are the same as before.
All components of displacement vectors and stress tensors can be expressed by

the potential function Fðx; yÞ, for example,

ux ¼ R c2
@

@x
K1 þ c1

@

@y
K2

� �
r2F ð6:4:12aÞ

uy ¼ R c2
@

@y
K1 � c1

@

@x
K2

� �
r2F ð6:4:12bÞ

wx ¼ �c0K1K2F ð6:4:12cÞ

wy ¼ �R�1½c2ðLþ 2MÞK2
1 þ c1MK2

2�F ð6:4:12dÞ

rxx ¼ 2c0c2
@2

@y2
K1r2F ð6:4:12eÞ

ryy ¼ 2c0c2
@2

@x2
K1r2F ð6:4:12fÞ

rxy ¼ ryx ¼ �2c0c2
@2

@x@y
K1r2F ð6:4:12gÞ

Hxx ¼ �c1c2R
@

@y
r2r2r2FþR�1K0

@

@y
½c2ðLþ 2MÞK2

1 þ c1MK2
2�F ð6:4:12hÞ
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Hxy ¼ c1c2R
@

@x
r2r2r2F � R�1K0

@

@x
½c2ðLþ 2MÞK2

1 þ c1MK2
2�F ð6:4:12iÞ

Hyx ¼ �c1c2R
@

@x
r2r2r2F � c0K0

@

@y
K1K2F ð6:4:12jÞ

Hyy ¼ �c1c2R
@

@y
r2r2r2Fþ c0K0

@

@x
K1K2F ð6:4:12kÞ

with

c0 ¼ RðLþMÞ; K0 ¼ K1 � K2 ð6:4:13Þ

The results were given by Li and Fan [15], Li et al. [16]. Recently, Li and Fan
[14] have derived the final governing equation of elasticity of the same point groups
through the stress potential method, the resulting equation is also quadruple har-
monic equation; of course, the unknown function is the stress potential. Due to the
limitation of the space, the derivation about this is omitted, but whose application
will be shown in Chap. 8 for solving notch problem of point group 5; 5 and point
group 10; 10 two-dimensional quasicrystals.

The frequent appearance of quadruple harmonic equations in (6.2.7), (6.3.8) and
(6.4.11) shows that this kind of equations is very important in theory and practice.

6.5 Plane Elasticity of Point Group 12mm of Dodecagonal
Quasicrystals

Point group 12mm dodecagonal quasicrystals belong to the two-dimensional; the
Penrose tiling and the diffraction pattern are shown in Figs. 6.3 and 6.4, respec-
tively. If taking z-axis as periodic arrangement direction, and supposing that the
field variables independent from the coordinate z, then the elasticity problem can be
decomposed into a plane elasticity and anti-plane elasticity.

As mentioned in previous sections, the quasiperiodic plane is taken as xy-plane,
so the z-axis represents the 12-fold symmetry axis. Like that in other
two-dimensional quasicrystals, the quasiperiodic plane is an elastic isotropic plane.
There are two nonzero independent elastic constants in the plane, that is, L and M

L ¼ C12; M ¼ ðC11 � C12Þ=2 ¼ C66 ð6:5:1Þ

Here, we have nonzero Kijkl as
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K1111 ¼ K2222 ¼ K1;K1122 ¼ K2211 ¼ K2

K1221 ¼ K2112 ¼ K3;K2121 ¼ K1212 ¼ K1 þK2 þK3

�
ð6:5:2Þ

and others are zero. The results can also be expressed

Kijkl ¼ ðK1 � K2 � K3Þðdik � dilÞþK2dijdkl þK3dildjk
þ 2ðK2 þK3Þðdi1dj2dk1dl2 þ di2dj1dk2dl1Þ ði; j; k; l ¼ 1; 2Þ ð6:5:3Þ

In addition, the phonon and phason are decoupled, that is,

Rijkl ¼ 0 ð6:5:4Þ

The elastic constant matrix is

Fig. 6.3 Penrose tiling of
dodecagonal quasicrystal

Fig. 6.4 Diffraction pattern
of quasicrystal of 12-fold
symmetry, in the condition of
the phason strain field being
uniformly
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½CKR� ¼

Lþ 2M L 0 0 0 0 0 0

L Lþ 2M 0 0 0 0 0 0

0 0 M M 0 0 0 0

0 0 M M 0 0 0 0

0 0 0 0 K1 K2 0 0

0 0 0 0 K2 K1 0 0

0 0 0 0 0 0 K1 þK2 þK3 K3

0 0 0 0 0 0 K3 K1 þK2þK3

2
66666666666664

3
77777777777775

¼

Lþ 2M L 0 0 0 0 0 0

Lþ 2M 0 0 0 0 0 0

M M 0 0 0 0

M 0 0 0 0

K1 K2 0 0

symmetry K1 0 0

K1þK2 þK3 K3

K1 þK2 þK3

2
66666666666664

3
77777777777775

ð6:5:5Þ

The relevant free energy density (or strain energy density)

F ¼ 1
2
Lðr � uÞ2 þMeijeij þ 1

2
K1wijwij

þ 1
2
K2ðw2

yx þw2
xy þ 2wxxwyyÞþ 1

2
K3ðwyx þwxyÞ2 ð6:5:6Þ

where eij and wij denote the strain tensors

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ð6:5:7Þ

From (4.5.1) of Chap. 4 and (6.5.5) or (6.5.6), one can find the generalized
Hooke’s law for plane elasticity of dodecagonal quasicrystals as follows:

rxx ¼ Lðexx þ eyyÞþ 2Mexx

ryy ¼ Lðexx þ eyyÞþ 2Meyy
rxy ¼ ryx ¼ 2Mexy
Hxx ¼ K1wxx þK2wyy

Hyy ¼ K1wyy þK2wxx

Hxy ¼ ðK1 þK2 þK3Þwxy þK3wyx

Hyx ¼ ðK1 þK2 þK3Þwyx þK3wxy

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð6:5:8Þ

and there are the equilibrium equations when the body force is ignored
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@rxx
@x þ @rxy

@y ¼ 0; @ryx
@x þ @ryy

@y ¼ 0

@Hxx
@x þ @Hxy

@y ¼ 0; @Hyx

@x þ @Hyy

@y ¼ 0

9=
; ð6:5:9Þ

Eliminating stress and strain components from (6.5.7), (6.5.8) and (6.5.9), we
obtain the equilibrium equations expressed by displacement components as below:

Mr2ux þðLþMÞ @
@xr � u ¼ 0

Mr2uy þðLþMÞ @
@yr � u ¼ 0

K1r2wx þðK2 þK3Þ @
@y

@wx
@y þ @wy

@x

� �
¼ 0

K1r2wy þðK2 þK3Þ @
@x

@wx
@y þ @wy

@x

� �
¼ 0

9>>>>>>>>=
>>>>>>>>;

ð6:5:10Þ

If defining two displacement potentials Fðx; yÞ and Gðx; yÞ such as

ux ¼ ðLþMÞ @2F
@x@y

uy ¼ �ðLþ 2MÞ @2F
@x2 �M @2F

@y2

wx ¼ ðK2 þK3Þ @2G
@x@y

wy ¼ �K1
@2G
@x2 � ðK1 þK2 þK3Þ @2G@y2

9>>>>>>>>=
>>>>>>>>;

ð6:5:11Þ

then Eq. (6.5.10) will be reduced to

r2r2F ¼ 0; r2r2G ¼ 0 ð6:5:12Þ

which is found in Ref. [12] at first.
One can see that the problem is concluded to solve two biharmonic equations,

and the theory and method studying this kind of equations are well developed in the
theory of classical elasticity, which can be used in studying elasticity of qua-
sicrystals. In this respect, the most systematic method is the complex variable
function method. If assume /1ðzÞ;w1ðzÞ; p1ðzÞ and v1ðzÞ are analytic functions of
complex variable z ¼ xþ iy ði ¼ ffiffiffiffiffiffiffi�1

p Þ, then

Fðx; yÞ ¼ Re½�zu1ðzÞþ
R
w1ðzÞdz�

Gðx; yÞ ¼ Re½�zp1ðzÞþ
R
v1ðzÞdz�

)
ð6:5:13Þ

where �z ¼ x� iy and Re denotes the real part of a complex number. Theory of
analytic functions is a powerful tool to solve the boundary value problems of
harmonic, biharmonic and multiple harmonic equations; the work on quadruple and
sextuple harmonic equations is developed by the study of elasticity of quasicrystals,
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and the details will be given in the successive chapters. As a complete description
for the new development of the method, some detailed summarization will be
displayed in Chap. 11.

Since 2004 the 12-fold quasicrystals observed in liquid crystals, colloids and
polymers as pointed out in Chap. 3; this is very interesting and explores the
importance of dodecagonal quasicrystals not only in solid but also in soft matter.
Relevant discussion will be given in Appendix D in detail; of course, the scope of
the discussion goes beyond elasticity.

6.6 Plane Elasticity of Point Group 8mm of Octagonal
Quasicrystals, Displacement Potential

Octagonal quasicrystals belong to two-dimensional quasicrystals, the Penrose tiling
of its quasiperiodic plane is shown in Fig. 6.5. The stowing of planes along the
third direction perpendicular them will result the quasicrystals.

In the following considering only a simple case of elasticity of the material, i.e.,
all of the field variables are independent from the axis along which the atom
arrangement is periodic. In the case, the elasticity can be decomposed into a plane
elasticity and anti-plane elasticity. We focus on the solution for the plane elasticity.
Within the quasiperiodic plane, the phonon elasticity is isotropic, so Cijkl are the
same of those discussed in previous sections. The phason elasticity here is aniso-
tropic, but Kijkl are the same with those of point group 12mm quasicrystals. Between
phonon and phason fields there is coupling, the corresponding elastic constants Rijkl

are the same given by (6.1.6), that is,

Rijkl ¼ Rðdi1 � di2Þðdijdkl � dikdjl þ dildjkÞ ði; j; k; l ¼ 1; 2Þ ð6:6:1Þ

such that we have the elastic constants matrix

Fig. 6.5 Penrose tiling of
eightfold symmetry
quasicrystal
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½CKR� ¼

Lþ 2M L 0 0 R R 0 0

L Lþ 2M 0 0 �R �R 0 0

0 0 M M 0 0 �R R

0 0 M M 0 0 �R R

R �R 0 0 K1 K2 0 0

R �R 0 0 K2 K1 0 0

0 0 �R �R 0 0 K1 þK2 þK3 K3

0 0 R R 0 0 K3 K1 þK2 þK3

2
66666666666664

3
77777777777775

¼

Lþ 2M L 0 0 R R 0 0

Lþ 2M 0 0 �R �R 0 0

M M 0 0 �R R

M 0 0 �R R

K1 K2 0 0

symmetry K1 0 0

K1 þK2 þK3 K3

K1 þK2 þK3

2
66666666666664

3
77777777777775

ð6:6:2Þ

The corresponding free energy density is

F ¼ 1
2
Lðr � uÞ2 þMeijeij þ 1

2
K1wijwij þ 1

2
K2ðw2

xy þw2
yx þ 2wxxwyyÞ

þ 1
2
K3ðwxy þwyxÞ2 þR½ðexx � eyyÞðwxx þwyyÞþ 2exyðwyx � wxyÞ� ð6:6:3Þ

where eij and wij are defined as before, and it is not listed again.
From (6.6.3) and (4.5.1), the generalized Hooke’s law can be expressed as

rxx ¼ Lðexx þ eyyÞþ 2Mexx þRðwxx þwyyÞ
ryy ¼ Lðexx þ eyyÞþ 2Meyy � Rðwxx þwyyÞ
rxy ¼ ryx ¼ 2Mexy þRðwyx � wxyÞ
Hxx ¼ K1wxx þK2wyy þRðexx � eyyÞ
Hyy ¼ K1wyy þK2wxx þRðexx � eyyÞ
Hxy ¼ ðK1 þK2 þK3Þwxy þK3wyx � 2Rexy

Hyx ¼ ðK1 þK2 þK3Þwyx þK3wxy þ 2Rexy

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

ð6:6:4Þ

For saving the space, similar discussion on stress equilibrium equations is
omitted.

Through a similar procedure, equilibrium equations given by displacement
components are as follows:
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Mr2ux þðLþMÞ @
@xr � uþR @2wx

@x2 þ 2 @2wy

@x@y � @2wx
@y2

� �
¼ 0

Mr2uy þðLþMÞ @
@yr � uþR @2wy

@x2 � 2 @2wx
@x@y � @2wy

@y2

� �
¼ 0

K1r2wx þðK2 þK3Þ @2wx
@y2 þ @2wy

@x@y

� �
þR @2ux

@x2 � 2 @2uy
@x@y � @2ux

@y2

� �
¼ 0

K1r2wy þðK2 þK3Þ @2wx
@x@y þ @2wy

@x2

� �
þR @2uy

@x2 þ 2 @2ux
@x@y � @2uy

@y2

� �
¼ 0

9>>>>>>>>>=
>>>>>>>>>;

ð6:6:5Þ

It is evident that, if K2 þK3 ¼ 0, the equations will be reduced to (6.2.1). In fact,
K2 þK3 6¼ 0; so the equations are more complex than those given in the previous
sections. But the final governing equation for the present case presents more
interesting in mathematical physics, we can see immediately.

At first, we introduce two auxiliary function u and w in such a way

ux ¼ ðLþMÞ @2u
@x@y þM @2w

@x2 þðLþ 2MÞ @2w
@y2

uy ¼ � ðLþ 2MÞ @2u
@x2 þM @2u

@y2 þðLþMÞ @2w
@x@y

h i

wx ¼ �x 2 @2u
@x@y þ @2w

@x2 � @2w
@y2

� �

wy ¼ x @2u
@x2 � @2u

@y2 � 2 @2w
@x@y

� �

9>>>>>>>>>=
>>>>>>>>>;

ð6:6:6Þ

where x ¼ MðLþMÞ=R, so that (6.6.5) is simplified as

ðcP1 þ dP2Þ @2u
@x@y þ aP1

@2

@y2 � bP2
@2

@x2

� �
w ¼ 0

ðcP2 þ dP1Þ @2w
@x@y þ aP2

@2

@y2 � bP1
@2

@x2

� �
u ¼ 0

9>=
>;

ð6:6:7Þ

in which

P1 ¼ 3 @2

@x2 � @2

@y2 ;P2 ¼ 3 @2

@y2 � @2

@x2

a ¼ RðLþ 2MÞ � xðK1 þK2 þK3Þ
b ¼ RM � xK1; d ¼ RM � xðK1 þK2 þK3Þ
c ¼ RðLþ 2MÞ � xK1

9>>>>>>=
>>>>>>;

ð6:6:8Þ

and x is given above. At last, the displacement potential Fðx; yÞ is introduced
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u ¼ bP2
@2

@x2 � aP1
@2

@y2

� �
F

w ¼ ðcP1 þ dP2Þ @2F
@x@y

9=
; ð6:6:9Þ

and (6.6.7) reduces to a single equation as below:

ðr2r2r2r2 � 4er2r2K2K2 þ 4eK2K2K2K2ÞF ¼ 0 ð6:6:10Þ

where

r2 ¼ @2

@x2 þ @2

@y2 ;K
2 ¼ @2

@x2 � @2

@y2

e ¼ R2ðLþMÞðK2 þK3Þ
½MðK1 þK2 þK3Þ�R2�½ðLþ 2MÞK1�R2�

9=
; ð6:6:11Þ

It is obviously if K2 þK3 ¼ 0; then e ¼ 0, and Eq. (6.6.10) will be reduced to
(6.2.7).

If Fðx; yÞ is the solution of (6.6.10), substituting it into (6.6.9) and then into
(6.6.6), one can obtain the displacement field

ux ¼ @2

@x@y ½MaP1 þðLþ 2MÞbP2�f þ 4xðK2 þK3Þ

� M @2

@x2 þðLþ 2MÞ @2

@y2

h i
K2

o
F

uy ¼ MaP1
@2

@y2 � ðLþ 2MÞbP2
@2

@x2

h i
r2F

�4xðK2 þK3ÞðLþMÞ @4

@x2@y2 K
2F

wx ¼ @2

@x@y ½xða� bÞP1P2 � 4x2ðK2 þK3ÞK2K2�F

wy ¼ �x aP2
1

@2

@y2 þ bP2
2

@2

@x2

h i
F � 8x2ðK2 þK3Þ @4

@x2@y2 K
2F

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

ð6:6:12Þ

Similarly, the stress field has the following expressions:

rxx ¼ 2MðLþMÞaP1
@3

@y3
r2Fþ 8MxðLþMÞðK2 þK3Þ @5

@x2@y3
K2F

ryy ¼ 2MðLþMÞaP1
@3

@x2@y
r2Fþ 8MxðLþMÞðK2 þK3Þ @5

@x4@y
K2F

rxy ¼ ryx ¼ �2MðLþMÞaP1
@3

@x@y2
r2F � 8MxðLþMÞðK2 þK3Þ @5

@x3@y2
K2F
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Hxx ¼ R
@

@y
MaP1K

2 þ 2ðLþ 2MÞbP2
@2

@x2

� �
r2




þ 4RxðK2 þK3Þ @3

@x2@y
M

@2

@x2
þð2Lþ 5MÞ @2

@y2

� �
K2

þK1x
@3

@x2@y
½ða� bÞP1P2 � 4xðK2 þK3ÞK2K2�

�K2x a
@3

@y3
P2

1 þ b
@3

@x2@y
P2

2 þ 8xðK2 þK3Þ @5

@x2@y3
K2

� ��
F

Hyy ¼ R
@

@y
MaP1K

2 þ 2ðLþ 2MÞbP2
@2

@x2

� �

r2

þ 4RxðK2 þK3Þ @3

@x2@y
M

@2

@x2
þð2Lþ 5MÞ @2

@y2

� �
K2

þK2x
@3

@x2@y
½ða� bÞP1P2 � 4xðK2 þK3ÞK2K2�

� K1x a
@3

@y3
P2

1 þ b
@3

@x2@y
P2

2 þ 8xðK2 þK3Þ @5

@x2@y3
K2

� ��
F

Hxy ¼ �R
@

@x
2Ma

@2

@y2
P1 � ðLþ 2MÞbP2K

2
� �


�r2

þ 4RxðLþ 2MÞðK2 þK3Þ @3

@x@y2
K2K2

þðK1 þK2 þK3Þx @3

@x@y2
½ða� bÞP1P2 � 4xðK2 þK3ÞK2K2�

�K3x a
@3

@x@y2
P2

1 þ b
@3

@x3
P2

2 þ 8xðK2 þK3Þ @5

@x3@y2
K2

� ��
F

Hyx ¼ R
@

@x
2Ma

@2

@y2
P1 � ðLþ 2MÞbP2K

2
� �


r2

� 4RxðLþ 2MÞðK2 þK3Þ @3

@x@y2
K2K2

þK3x
@3

@x@y2
½ða� bÞP1P2 � 4xðK2 þK3ÞK2K2�

�ðK1 þK2 þK3Þx a
@3

@x@y2
P2

1 þ b
@3

@x3
P2

2 þ 8xðK2 þK3Þ @5

@x3@y2
K2

� ��
F

ð6:6:13Þ

A part of above results was reported by Refs. [12, 15, 17].
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6.7 Stress Potential of Point Group 5; 5 Pentagonal
and Point Group 10; 10 Decagonal Quasicrystals

In Sect. 6.4, we discussed the displacement potential of plane elasticity of point
group 5; 5 pentagonal and point group 10; 10 decagonal quasicrystals. But the stress
potential for the quasicrystals is also beneficial, which will be introduced in this
section.

From the basic formulas listed in Sect. 6.4, if we exclude the displacements, then
there are the deformation compatibility equations

@2exx
@y2

þ @2eyy
@x2

¼ 2
@2exy
@x@y

;
@wxy

@x
¼ @wxx

@y
;

@wyx

@y
¼ @wyy

@x
ð6:7:1Þ

If introducing stress potential functions /ðx; yÞ;w1ðx; yÞ and w2ðx; yÞ such as

rxx ¼ @2/
@y2

; ryy ¼ @2/
@x2

; rxy ¼ ryx ¼ � @2/
@x@y

Hxx ¼ @w1

@y
; Hxy ¼ � @w1

@x
; Hyx ¼ � @w2

@y
; Hyy ¼ @w2

@x

ð6:7:2Þ

then equilibrium equations @rij=@xj ¼ 0 and @Hij=@xj ¼ 0 will be automatically
satisfied.

Based on the generalized Hooke’s law (6.4.3), all strain components can be
expressed by relevant stress components:

exx ¼ 1
4ðLþMÞ ðrxx þ ryyÞþ 1

4c
½ðK1 þK2Þðrxx � ryyÞ � 2R1ðHxx þHyyÞ � 2R2ðHxy � HyxÞ�

eyy ¼ 1
4ðLþMÞ ðrxx þ ryyÞ � 1

4c
½ðK1 þK2Þðrxx � ryyÞ � 2R1ðHxx þHyyÞ � 2R2ðHxy � HÞ�

exy ¼ eyx ¼ 1
2c

½ðK1 þK2Þrxy � R2ðHxx þHyyÞþR1ðHxy � HyxÞ�

wxx ¼ 1
2ðK1 � K2Þ ðHxx � HyyÞþ 1

2c
½MðHxx þHyyÞ � R1ðrxx � ryyÞ � 2R2rxy�

wyy ¼ � 1
2ðK1 � K2Þ ðHxx � HyyÞþ 1

2c
½MðHxx þHyyÞ � R1ðrxx � ryyÞ � 2R2rxy�

wxy ¼ 1
2c

½�R2ðrxx � ryyÞþ 2R1rxy� þ 1
2ðK1 � K2Þ ðHxy þHyxÞþ M

2c
ðHxy � HyxÞ

wyx ¼ 1
2c

½R2ðrxx � ryyÞ � 2R1rxy� þ 1
2ðK1 � K2Þ ðHxy þHyxÞ � M

2c
ðHxy � HyxÞ

ð6:7:3Þ
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in which

c ¼ MðK1 þK2Þ � 2ðR2
1 þR2

2Þ ð6:7:4Þ

So the deformation compatibility equations (6.7.2) can be rewritten by the
stresses rij;Hij, and then by employing (8.4.6), one has

1
2ðLþMÞ þ

K1 þK2

2c

� �
r2r2/þ R1

c
@

@y
P1w1 �

@

@x
P2w2

� �

þ R2

c
@

@x
P2w1 þ

@

@y
P1w2

� �
¼ 0

c
K1 � K2

þM

� �
r2w1 þR1

@

@y
P1/þR2

@

@x
P2/ ¼ 0

c
K1 � K2

þM

� �
r2w2 � R1

@

@x
P2/þR2

@

@y
P1/ ¼ 0

ð6:7:5Þ

where

r2 ¼ @2

@x2
þ @2

@y2
; P1 ¼ 3

@2

@x2
� @2

@y2
; P2 ¼ 3

@2

@y2
� @2

@x2

Equation (6.7.5) will be satisfied when we choose a new function G, which is
called the stress function, such that

/ ¼ c1r2r2G;

w1 ¼ � R1
@

@y
P1 þR2

@

@x
P2

� �
r2G;

w2 ¼ R1
@

@x
P2 � R2

@

@y
P1

� �
r2G

ð6:7:6Þ

in which

c1 ¼ c
K1 � K2

þM ð6:7:7Þ

and

r2r2r2r2G ¼ 0 ð6:7:8Þ

So the final governing equation based on the stress potential is the same as that
based on the displacement potential.
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6.8 Stress Potential of Point Group 8mm Octagonal
Quasicrystals

The final governing equation of plane elasticity of point group 8mm octagonal
quasicrystals was given in Sect. 6.6 by displacement potential; similarly, we can
also give a derivation by stress potential.

The strain compatibility equations and the definition on stress potentials are the
same as those given by (6.7.1) and (6.7.2), and the strain–stress relations are as
follows:

exx ¼ 1
ðLþMÞc

1
4

ðK1 þK2ÞðLþ 2MÞ � 2R2
� �

rxx




� 1
4

ðK1 þK2ÞLþ 2R2� �
ryy � 1

2
RðLþMÞðHxx þHyyÞ

�
ð6:8:1aÞ

eyy ¼ 1
ðLþMÞc � 1

4
ðK1 þK2ÞLþ 2R2� �

rxx




þ 1
4

ðK1 þK2ÞðLþ 2MÞ � 2R2� �
ryy þ 1

2
RðLþMÞðHxx þHyy

�
ð6:8:1bÞ

exy ¼ eyx ¼ 1
2c

½ðK1 þK2Þrxy þRðHxy � HyxÞ� ð6:8:1cÞ

wxx ¼ 1
ðK1 � K2Þc

1
2
RðK1 � K2Þðryy � rxxÞþ ðK1M � R2ÞHxx � ðK2M � R2ÞHyy

� �

ð6:8:1dÞ

wyy ¼ 1
ðK1 � K2Þc

1
2
RðK1 � K2Þðryy � rxxÞ � ðK2M � R2ÞHxx þðK1M � R2ÞHyy

� �

ð6:8:1eÞ

wxy ¼ 1
ðK1 þK2 þ 2K3Þc RðK1 þK2 þ 2K3Þrxy




þ ðK1 þK2 þK3ÞM � R2
� �

Hxy � ðK3MþR2ÞHyx
� ð6:8:1fÞ

wyx ¼ 1
ðK1 þK2 þ 2K3Þc �RðK1 þK2 þ 2K3Þrxy




�ðK3MþR2ÞHxy þ ðK1 þK2 þK3ÞM � R2� �
Hyx

� ð6:8:1gÞ
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in which

c ¼ MðK1 þK2Þ � 2R2

If introducing stress potential functions /ðx; yÞ;w1ðx; yÞ and w2ðx; yÞ such as

rxx ¼ @2/
@y2

; ryy ¼ @2/
@x2

; rxy ¼ ryx ¼ � @2/
@x@y

Hxx ¼ @w1

@y
; Hxy ¼ � @w1

@x
; Hyx ¼ � @w2

@y
; Hyy ¼ @w2

@x

ð6:8:2Þ

then equilibrium equations (6.5.9) (or @rij=@xj ¼ 0; @Hij=@xj ¼ 0) will be auto-
matically satisfied.

Substituting the stress formulas (6.8.2) into the strain–stress relation (6.8.1a) and
then into the deformation compatibility equations (6.7.1), we have

c1r2r2/þ 2RðLþMÞ @

@y
P1w1 � 2RðLþMÞ @

@x
P2w2 ¼ 0

� 1
2
R
@

@y
P1/þ c2

@2w2

@x@y
� c3

@2w1

@x2
� c4

@2w1

@y2
¼ 0

1
2
R
@

@x
P2/þ c2

@2w1

@x@y
� c4

@2w2

@x2
� c3

@2w2

@y2
¼ 0

ð6:8:3Þ

where

r2 ¼ @2

@x2
þ @2

@y2
; P1 ¼ 3

@2

@x2
� @2

@y2
; P2 ¼ 3

@2

@y2
� @2

@x2

c1 ¼ ðK1 þK2ÞðLþ 2MÞ � 2R2; c2 ¼ K3MþR2

K1 þK2 þ 2K3
þ K2MþR2

K1 � K2

c3 ¼ ðK1 þK2 þK3ÞM � R2

K1 þK2 þ 2K3
; c4 ¼ K1MþR2

K1 � K2

ð6:8:4Þ

The manipulation of the second equation of (6.8.3) � @
@xP2 þ the third equation

of (6.8.3) � @
@yP1 leads to

c2
@3

@x@y2
P1 � c3

@3

@x3
P2 � c4

@3

@x@y2
P2

� �
w1

¼ c4
@3

@x2@y
P1 þ c3

@3

@y3
P1 � c2

@3

@x2@y
P2

� �
w2 ð6:8:5Þ
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There exists a function Aðx; yÞ such that

w1 ¼ c4
@3

@x2@y
P1 þ c3

@3

@y3
P1 � c2

@3

@x2@y
P2

� �
A

w2 ¼ c2
@3

@x@y2
P1 � c3

@3

@x3
P2 � c4

@3

@x@y2
P2

� �
A

ð6:8:6Þ

Substituting (6.8.6) into the third equation of (6.8.3), we arrive at the function
Gðx; yÞ satisfying the relations such as

/ ¼ �c3c4r2r2G

A ¼ 1
2
RG

ð6:8:7Þ

In the derivation, the relation c2 ¼ c4 � c3 has been used. The stress potentials
/;w1;w2 can be expressed by the new function Gðx; yÞ, that is,

/ ¼ �c3c4r2r2G

w1 ¼
1
2
R c4

@3

@x2@y
P1 þ c3

@3

@y3
P1 � c2

@3

@x2@y
P2

� �
G

w2 ¼
1
2
R c2

@3

@x@y2
P1 � c3

@3

@x3
P2 � c4

@3

@x@y2
P2

� �
G

ð6:8:8Þ

Substituting (6.8.8) into the first equation of (6.8.3) yields

� c1c3c4r2r2r2r2GþR2ðLþMÞ

c4
@4

@x2@y2
P2

1 þ c3
@4

@y4
P2

1 � 2c2
@4

@x2@y2
P1P2 þ c3

@4

@y4
P2

2 þ c4
@4

@x2@y2
P2

2

� �
G ¼ 0

ð6:8:9Þ

Considering the following relations

@4

@x2@y2
¼ 1

4
ðr2r2 � K2K2Þ; P1P2 ¼ r2r2 � 4K2K2; c2 ¼ c4 � c3

r2 ¼ @2

@x2
þ @2

@y2
; K2 ¼ @2

@x2
� @2

@y2

equation (6.8.9) can be simplified as

r2r2r2r2G� 4er2r2K2K2Gþ 4eK2K2K2K2G ¼ 0 ð6:8:10Þ
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with

e ¼ R2ðLþMÞðc3 � c4Þ
�c1c3 þR2ðLþMÞc3 ¼

R2ðLþMÞðK2 þK3Þ
½ðK1 þK2 þK3ÞM � R2�½K1ðLþ 2MÞ � R2�

ð6:8:11Þ

The final governing equation in this case is exactly in agreement to that given by
the displacement potential formulation, discussed in Sect. 6.6.

6.9 Engineering and Mathematical Elasticity
of Quasicrystals

The complicated structure of quasicrystals leads to the tremendous complexity of
their elasticity equations. Even though, the solution can also be carried out, and
fruitful results are found. This formulation is effective not only for linear elasticity
of the quasicrystals but also for nonlinear material response of the solids if coupling
some physical models [18, 19]. Those studies belong to mathematical theory of
elasticity of quasicrystals.

In the subsequent chapters, we can realize that the difficulty for analytic solu-
tions does not only lie in the complexity of the equations but also the boundary
conditions. In some cases, if one can simplify the boundary conditions, then some
meaningful approximate solutions may be constructed even if it needs no difficult
mathematical calculation. For this purpose, we consider an example.

From Sect. 6.3, we have deformation compatibility equations

@2exx
@y2

þ @2eyy
@x2

¼ 2
@2exy
@x@y

@wxy

@x
¼ @wxx

@y
;
@wyx

@y
¼ @wyy

@x

9>>>=
>>>;

ð6:9:1Þ

Then, the substitution of (6.3.2) into (6.9.1) yields the compatibility equations
expressed by rij and Hij

r2ðrxx þ ryyÞ � LþM
C

@2

@x2
� @2

@y2

� �
� ½ðK1 þK2Þðrxx � ryyÞ � 2RðHxx þHyyÞ�

¼ 8
LþM
C

@2

@x@y
½ðK1 þK2Þrxy � RðHxy þHyxÞ�

ð6:9:2aÞ
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1
C

@

@x
Rrxy � ðR2 �MK1ÞHxy þ ðR2 �MK2ÞHyx

K1 � K2

� �

¼ 1
2ðK1 � K2Þ

@

@y
ðHxx � HyyÞþ 1

2C
@

@y
½MðHxx þHyyÞ � Rðrxx � ryyÞ�

ð6:9:2bÞ

1
C

@

@y
�Rrxy � ðR2 �MK1ÞHxy þðR2 �MK2ÞHyx

K1 � K2

� �

¼ �1
2ðK1 � K2Þ

@

@x
ðHxx � HyyÞþ 1

2C
@

@x
½MðHxx þHyyÞ � Rðrxx � ryyÞ�

ð6:9:2cÞ

in which C;M; L;K1;K2 and R are given in Sect. 6.3. These three equations are
combined with the equilibrium equations

@rxx
@x

þ @rxy
@y

¼ 0;
@ryx
@x

þ @ryy
@y

¼ 0

@Hxx

@x
þ @Hxy

@y
¼ 0;

@Hyx

@x
þ @Hyy

@y
¼ 0

9>>>=
>>>;

ð6:9:3Þ

and this provides a basis for solving the problem.
A very meaningful example is pure bending of beam, shown in Fig. 6.6.
For this sample, at the upper and lower surfaces of the beam there are following

boundary conditions

ryy ¼ 0; rxy ¼ 0
Hyy ¼ 0;Hxy ¼ 0

�
ð6:9:4Þ

Fig. 6.6 Beam of quasicrystal of tenfold symmetry under pure bending
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In addition, there are so-called St. Venant boundary conditions

Rh=2
�h=2

rxxdy ¼ 0;
Rh=2

�h=2
yrxxdy ¼ Mz

Rh=2
�h=2

Hxxdy ¼ 0;
Rh=2

�h=2
yHxxdy ¼ Lz

Rh=2
�h=2

rxydy ¼ 0;
Rh=2

�h=2
Hyxdy ¼ 0

9>>>>>>>>>=
>>>>>>>>>;

ð6:9:5Þ

where Mz and Lz represent the resultant moments of rxx and Hxx. The direction of
vector of the moments is z. Boundary conditions (6.9.5) are relaxation boundary
conditions, and this gives some flexibility for solution.

At first, we assume that the value of Lz momentarily be undermined, and assume
further

rxx ¼ A1y; ryy ¼ rxy ¼ ryx ¼ 0; Hyy ¼ Hxy ¼ Hyx ¼ 0; Hxx ¼ f ðyÞ

and A1 and f ðyÞ to be determined. Substituting rxx ¼ A1y into (6.9.5), we find that

A1 ¼ 12Mz

h3
ð6:9:6Þ

so that

rxx ¼ Mz

I
y ð6:9:7Þ

where I ¼ 1 � h3�12 represents the inertia moment of the transverse section with
height h and width 1.

It is seen that the above results have satisfied Eqs. (6.7.3), (6.9.2a) and (6.9.2c).
Substituting (6.9.7) into (6.9.2b) yields

Hxx ¼ Rrxx

�
1

2ðK1 � K2Þ þ
M
2C

� �
¼ RMzy

�
1

2ðK1 � K2Þ þ
M
2C

� �
ð6:9:8Þ

so the equation is satisfied. So that we have the solution

rxx ¼ Mz
I y; ryy ¼ rxy ¼ ryx ¼ 0

Hxx ¼ RMzy
I½1=2ðK1�K2ÞþM=2C� ;Hyy ¼ Hxy ¼ Hyx ¼ 0

9=
; ð6:9:9Þ

At last, combining (6.9.9) and (6.9.5) determines the value of Lz.
Here, we utilize the physical character of the sample to solve the problem easily.

This procedure presents quite effective for some practical problems and needs not
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so hard mathematics. This treatment is similar to that in the engineering elasticity of
conventional structural materials; namely, there is engineering elasticity of qua-
sicrystals. But this monograph mainly discusses mathematical elasticity of qua-
sicrystals, because the problems with topological or metric defects such as
dislocations, cracks concerning stress singularities, or with local discontinuity of
physical quantities such as in contact, shock wave problems, due to the complexity
of boundary conditions the above engineering approximate treatment is ineffective,
we must develop systematic and direct analysis methods. In the classical elasticity,
such systematic and direct methods were developed by Muskhelishvili [20] in
1930s and Sneddon [21] in 1940s and present important effects promoting elasticity
and relevant disciplines of science and engineering. By extending the methods in
the classical elasticity to quasicrystal elasticity, we will display in detail the
application in Chaps. 7, 8, for two-dimensional quasicrystals, and in Chap. 9 for
three-dimensional quasicrystals, respectively.
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Chapter 7
Application I—Some Dislocation
and Interface Problems and Solutions
in One- and Two-Dimensional
Quasicrystals

In Chaps. 5 and 6, with the physical basis of quasicrystal elasticity based on the
density wave model, we have performed some mathematical operations, by proper
simplification, to reduce the original problems to the boundary value problems of
high-order partial differential equations and to establish the standard solving pro-
cedure and the fundamental solution formulas. This work is the development of the
boundary value problems in classical elasticity. Here, we need to pose a question:
Do these mathematical operations contribute to solving the quasicrystal elasticity
problems? This is answered only by practice. The following two chapters will
provide the applications of these theories, including the solutions to some dislo-
cation, crack and interface problems in one- and two-dimensional quasicrystals. The
calculation results indicate that the mathematical operations in Chaps. 5 and 6 are
powerful in solving these problems.

As we know, almost all monographs of classical elasticity do not place their
main focus upon dislocation and crack problems. These problems have been
investigated in monographs relating to dislocation theory and fracture theory,
respectively. As a monograph on theories of elasticity of quasicrystals, the current
work is not going to focus entirely on dislocations and cracks in quasicrystals.
Therefore, as an attempt to examine the theories developed in Chaps. 5 and 6 and to
show their applications in elasticity of quasicrystals, we present some calculation
examples of certain realistic dislocation and crack problems in elasticity of qua-
sicrystals. The methods developed in this work can be used for studying other
problems in quasicrystals.

Historically, soon after the discovery of quasicrystals, scientists proposed the
possibility of existing dislocations in quasicrystals. De and Pelcovits [1, 2] first
studied elastic field around dislocations and disclinations in quasicrystals.
Furthermore, Ding et al. [3, 4] conducted systematic investigations of this topic by
using the Green function method.
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Now, people have recognize that quasicrystal is a kind of ordered phase of
quasiperiodic long-range. Similar to crystals with ordered phase of long-range, the
breaking of long-range regularity takes place usually through topological defects,
i.e. dislocations lead to the breaking of the long-range symmetry. As mentioned in
Chap. 3, quasicrystals also possess the orientational symmetries incompatible with
those permitted in crystal theory. In quasicrystals, another defect, disclinations, also
exists simultaneously, which leads to breaking of the orientational symmetry in
quasicrystals. In some cases, the crystalline phases often coexist with the qua-
sicrystalline phases. So there is another kind of defects, the interface between
quasicrystal and crystal. The existence of these defects including the stacking fault
dramatically affects the mechanical properties of quasicrystals. Therefore, it is
important to study the elastic properties of quasicrystals with dislocations, discli-
nations, interface and stacking faults.

As aforementioned, during the study of dislocations in quasicrystals, physicists
have developed some mathematical methods, such as the Green function method.
These important methods are available in the relevant literature. Hereafter, by using
the elementary methods developed in Chaps. 5 and 6, complex analysis and Fourier
transform, we study the displacement and stress fields around dislocations or
interfaces in one-dimensional and two-dimensional quasicrystals quantitatively.
The three-dimensional dislocation and dynamic dislocation problems will be dis-
cussed in Chaps. 9 and 10, respectively.

7.1 Dislocations in One-Dimensional Hexagonal
Quasicrystals

Following the sequence from simplicity to complexity, we first study the disloca-
tions in one-dimensional quasicrystals. A dislocation in an n-dimensional qua-

sicrystal bears the Burgers vector bjj � b?, where b|| = (bjj1, b
jj
2,…, bjjn) is its Burgers

vector of phonon field and b? = (b?1 , b
?
2 , …, b?n ) the Burgers vector of phase field.

And b|| is located in the physical space E||, while b? in the supplementary space or

the vertical space E?. For a one-dimensional quasicrystals, b|| = (bjj1, b
jj
2, b

jj
3) and

b? = (0, 0, b?3 ) since b?1 = b?2 = 0. Therefore, bjj � b? = (bjj1, b
jj
2, b

jj
3, b

?
3 ) here,

which can be dealt with the superposition of (bjj1, b
jj
2, 0, 0) and (0, 0, bjj3, b

?
3 ). The

(bjj1, b
jj
2, 0, 0) corresponds to the blade dislocation in regular hexagonal crystals,

whose elastic solution is available in common metal physics or dislocation

monographs, (e.g. Refs. [7, 8]). The one correspondence to the component (0, 0, bjj3,
b?3 ) is the screw dislocation in one-dimensional quasicrystal. We solve the elastic
field induced by this dislocation in the following.

In Sect. 5.2, we have obtained the governing equations for anti-plane strain
problems in one-dimensional quasicrystal elasticity such as
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r2uz ¼ 0; r2wz ¼ 0: ð7:1:1Þ

The boundary conditions corresponding to the screw dislocation with Burgers

vector (0, 0, bjj3, b
?
3 ) are

uz y¼0þ � uz y¼0� ¼ bk3
������

wz y¼0þ � wz y¼0� ¼ b?3
����

9=
; ð7:1:2aÞ

or Z
C

duz ¼ bk3;
Z
C

dwz ¼ b?3 ð7:1:2bÞ

where C indicates an arbitrary contour surrounding the dislocation core. The
solution to the boundary value problem (7.1.1) and (7.1.2a) is:

uz ¼ bk3
2p

arctan
y
x
; wz ¼ b?3

2p
arctan

y
x
: ð7:1:3Þ

The stress components can be extracted according to the stress–stain relation
(5.2.8) in Chap. 5 as:

rxz ¼ rzx ¼ �C44b
k
3

2p
y

x2 þ y2

� �
� R3b?3

2p
y

x2 þ y2

� �

ryz ¼ rzy ¼ �C44b
k
3

2p
x

x2 þ y2

� �
þ R3b?3

2p
x

x2 þ y2

� �

Hzx ¼ �K2b?3
2p

y
x2 þ y2

� �
� R3b

k
3

2p
y

x2 þ y2

� �

Hzy ¼ �K2b?3
2p

x
x2 þ y2

� �
þ R3b

k
3

2p
x

x2 þ y2

� �

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

: ð7:1:4Þ

The displacement and stress field corresponding to the Burgers vector

bjj � b? = (bjj1, b
jj
2, b

jj
3, b

?
3 ) can be obtained by superposing the above elastic field on

that of the regular hexagonal crystals.
The elastic strain energy induced by the screw dislocation is

W ¼ 1
2

RR
X

rzj
@uz
@xj

þHzj
@wz
@xj

� �
dx1dx2

¼ 1
2

RR0

r0

R2p
0
r rzj

@uz
@xj

þHzj
@wz
@xj

� �
drdh

¼ C44b
k2
3 þK2b?2

3 þ 2R3b
k
3b

?
3

� �
1
4p ln

R0
r0

; ð7:1:5Þ
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where r0 is the size of the dislocation core and R0 is the size of the dislocation
network or inclusion, which are available in theory of dislocations in regular
crystals.

7.2 Dislocations in Quasicrystals with Point Groups 5m
and 10mm Symmetries

Consider a dislocation in pentagonal point group 5m or decagonal point group

10mm quasicrystals with Burgers vector bjj � b? = (bjj1, b
jj
2, b

jj
3, b

?
1 , b

?
2 ), where b

|| is
its Burgers vector of phonon field and b? is its Burgers vector of phase field. Here,
b?3 = 0 due to wz = 0.

This dislocation problem can be dealt with the superposition of two dislocation

problems of Burgers vectors (bjj1, b
jj
2, 0, b

?
1 , b

?
2 ) and (0, 0, bjj3), respectively. On the

dislocation line parallel to the direction of periodic arrangement (z-direction), the

elastic field induced by the dislocation of Burgers vector (bjj1, b
jj
2, 0, b

?
1 , b

?
2 ) can be

simplified as an in-plane elastic field in quasicrystal elasticity, which can be anal-
ysed by the methods discussed in Sects. 6.1 and 6.2. The elastic field induced by

(0, 0, bjj3) is governed by equation r2uz ¼ 0, and its solution has been obtained in
Sect. 7.1. Therefore, in the following two sections, we always assume the dislo-
cation line parallel to the direction of atom periodic arrangement in quasicrystals,
and we only study the elastic field induced by the dislocation with the Burgers

vector (bjj1, b
jj
2, 0, b

?
1 , b

?
2 ).

To demonstrate the methodology concisely, we first consider a special case of

(bjj1, 0, 0, b
?
1 , 0). During this procedure, in order to further simplify the mathe-

matical process, we first analyse the case of bjj1 6¼ 0 and bjj2 ¼ b?1 ¼ b?2 ¼ 0. In this
case, we consider the problem in the upper half-space of y� 0, and the problem has
the following boundary condition:

rijðx; yÞ ! 0;Hijðx; yÞ ! 0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1Þ

ryyðx; 0Þ ¼ 0

wxðx; 0Þ ¼ wyðx; 0Þ ¼ 0

uxðx; 0þ Þ � uxðx; 0�Þ ¼ bk1; x\0 or
Z
C

dux ¼ bk1

9>>>>>>>=
>>>>>>>;
; ð7:2:1Þ

where C indicates an arbitrary contour surrounding the dislocation core.
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To solve this dislocation problem under boundary condition (7.2.1), we need to
solve the following Eq. (6.2.7), i.e.

r2r2r2r2F ¼ 0

By introducing the Fourier transform

F̂ðn; yÞ ¼
Zþ1

�1
Fðx; yÞeinxdx ð7:2:2Þ

where n is the Fourier transform parameter, and the above equation can be reduced
into:

d2

dy2
� n2

� �4

F̂ðn; yÞ ¼ 0: ð7:2:3Þ

This is an ordinary partial differential equation with constant coefficients, and its
general solution is

F̂ðn; yÞ ¼ ½A1 þB1yþC1y
2 þD1y

3�e� nj jy

þ ½A2 þB2yþC2y
2 þD2y

3�e nj jy ð7:2:4Þ

where A1, B1, …, D2 are functions with respect to n to be determined by boundary
conditions.

We are going to use Fourier transform to search for problem solutions in
Chaps. 7–10. For convenience, we only consider the problem in the upper
half-space (or the lower half-space) based on the symmetry or anti-symmetry of the
problems. It should be cautious that here the symmetry or anti-symmetry is in the
view of macroscopic continuum media, namely the even and odd characteristics of
the displacement function F(x, y) or stress function G(x, y) with respect to x, but not
in the scale of crystalline structures. Furthermore, during the use of Fourier
transform, we attempt to make the boundary condition homogeneous at infinity
(zero boundary condition). For example, the boundary condition (7.2.1) is homo-
geneous at infinity. Therefore, we only consider the case in the upper half-space,
and the formal solution (7.2.4) can be simplified as follows:

F̂ðn; yÞ ¼ ½A1 þB1yþC1y
2 þD1y

3�e� nj jy: ð7:2:5Þ

In the evident reason, the suffix of A1;B1;C1;D1 can be removed in the fol-
lowing. For conciseness in writing, introduce the following indicator:

X ¼ ðA;B;C;DÞ; Y ¼ ð1; y; y2; y3ÞT ð7:2:6Þ
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where the symbol T indicates the matrix transpose. Therefore, (7.2.5) can be
rewritten as follows:

F̂ðn; yÞ ¼ XYe� nj jy ð7:2:50Þ

Since A, D, C, and D are arbitrary functions with respect to n, without the loss of
generality, (7.2.5) can be rewritten as follows:

F̂ðn; yÞ ¼ ð4n4Þ�1XYe� nj jy ð7:2:7Þ

By performing Fourier transform on the displacement expressions (6.2.8) and
(6.2.9) and stress expressions (6.2.10) and (6.2.11), and using the notation (7.2.7),
we have

ûxðn; yÞ ¼ in�1X½2nn2Y 0 þ ðm� 5nÞ nj jY 00 � ð2m� 5nÞY 000�e� nj jy ð7:2:8aÞ

ûyðn; yÞ ¼ nj j�1X½2nn2Y 0 � ðmþ 5nÞ nj jY 00 þ ð2mþ 5nÞY 000�e� nj jy ð7:2:8bÞ

ŵxðn; yÞ ¼ �ixða� bÞn�1X½2n nj j3Y � 12n2Y 0 þ 15 nj jY 00 � 10Y 000�e� nj jy ð7:2:9aÞ

ŵyðn; yÞ ¼ �xða� bÞ nj j�1X½4 nj j3Y � 12n2Y 0 þ 15 nj jY 00

� ð10þ e0 � e1ÞY 000�e� nj jy ð7:2:9bÞ

r̂xxðn; yÞ ¼ 2MaðLþMÞXð�2n2Y 0 þ 8 nj jY 00 � 13Y 000�e� nj jy ð7:2:10aÞ

r̂yyðn; yÞ ¼ 2MaðLþMÞXð2n2Y 0 � 4 nj jY 00 þ 3Y 000�e� nj jy ð7:2:10bÞ

r̂xyðn; yÞ ¼ r̂yxðn; yÞ ¼ i2MaðLþMÞn�1 nj jXð2n2Y 0 � 6 nj jY 00 þ dY 000�e� nj jy

ð7:2:10cÞ

Ĥxxðn; yÞ ¼ �xða� bÞðK1 � K2Þ nj j�1X½4 nj j3Y � 16n2Y 0 þ 27 nj jY 00

� ð25þ e2ÞY 000�e� nj jy ð7:2:11aÞ

Ĥyyðn; yÞ ¼ �xða� bÞðK1 � K2ÞX½�4 nj j3Y þ 12n2Y 0 � 15 nj jY 00

þ ð10� e1ÞY 000�e� nj jy ð7:2:11bÞ

Ĥxyðn; yÞ ¼ ixða� bÞðK1 � K2Þn�1 nj jX½�4 nj j3Y þ 12n2Y 0

� 15 nj jY 00 þ ð10þ e2ÞY 000�e� nj jy ð7:2:11cÞ

Ĥyxðn; yÞ ¼ �ixða� bÞðK1 � K2Þn�1 nj jX½�4 nj j3Y
þ 16n2Y 0 � 27 nj jY 00 þ ð25� e1ÞY 000�e� nj jy ð7:2:11dÞ
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where

m ¼ MaþðLþ 2MÞb; n ¼ Ma� ðLþ 2MÞb

e1 ¼ 2ab
xða� bÞðK1 � K2Þ ; e2 ¼

2ab
xða� bÞðK1 � K2Þ þ

ðaþ bÞ
ða� bÞ

9>=
>; ð7:2:12Þ

and a, b, d and x are given in (6.2.5).
The inverse of Fourier transform reads

Fðx; yÞ ¼ 1
2p

Zþ1

�1
F̂ðn; yÞe�inxdn; ð7:2:13Þ

and similarly, the inverses of displacements and stresses are obtained as follows:

ujðx; yÞ ¼ 1
2p

Zþ1

�1
ûjðn; yÞe�inxdn ð7:2:14Þ

wjðx; yÞ ¼ 1
2p

Zþ1

�1
ŵjðn; yÞe�inxdn ð7:2:15Þ

rjkðx; yÞ ¼ 1
2p

Zþ1

�1
r̂jkðn; yÞe�inxdn ð7:2:16Þ

Hjkðx; yÞ ¼ 1
2p

Zþ1

�1
Ĥjkðn; yÞe�inxdn ð7:2:17Þ

In the above dislocation problem, ux(x, y) is an odd function with respect to x;
therefore, F(x, y) must be an odd function with respect to x according to the first
expression in (6.2.8). For an odd function, the Fourier transform (7.2.2) is rewritten
as follows:

F̂ðn; yÞ ¼
Z1
0

Fðx; yÞ sinðnxÞdx ð7:2:18Þ

and its inversion is:

Fðx; yÞ ¼ 2
p

Z1
0

F̂ðn; yÞ sinðnxÞdn: ð7:2:19Þ
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If F(x, y) is an even function with respect to x, it has:

F̂ðn; yÞ ¼
Z1
0

Fðx; yÞ cosðnxÞdx; ð7:2:20Þ

and its inversion is:

Fðx; yÞ ¼ 2
p

Z1
0

F̂ðn; yÞ cosðnxÞdn: ð7:2:21Þ

Therefore, the corresponding integrals relating uj, wj, rjk and Hjk can be
simplified.

So far, the displacement and stress components in the form of integrals have
been obtained, which all include the unknown functions AðnÞ, BðnÞ, CðnÞ and DðnÞ
to be determined by the second expressions in the boundary condition (7.2.1) such
that

A ¼ ð9JsgnnÞ�4n2; B ¼ 2Jn2; C ¼ ðJsgnnÞ�2n2; D ¼ 0; ð7:2:22Þ

where J is a constant to be determined. By using the last expression in (7.2.1), i.e.
the dislocation condition, J can be expressed as follows:

J ¼ bk1
8ðn� mÞ : ð7:2:23Þ

Substituting the above expressions into (7.2.8a)–(7.2.11a) and then into the
inversion formulas (7.2.14)–(7.2.17) leads to the displacement and stress fields

induced by the dislocation with Burgers vector (bjj1, 0, 0, 0) in quasicrystals of point
group 5m fivefold symmetry or 10mm tenfold symmetry as given below:

ux ¼ bk1
2p

arctan
y
x

� �
þ ðLþMÞK1

ðLþMÞK1 þðMK1 � R2Þ
xy
r2

� �	 

ð7:2:24aÞ

uy ¼ bk1
2p

� ðMK1 � R2Þ
ðLþMÞK1 þðMK1 � R2Þ ln

r
a

� �
þ ðLþMÞK1

ðLþMÞK1 þðMK1 � R2Þ
y2

r2

� �	 

ð7:2:24bÞ

wx ¼ bk1
2p

 !
ðLþMÞK1

ðLþMÞK1 þðMK1 � R2Þ
2x3y
r4

� �
ð7:2:25aÞ
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wy ¼ bk1
2p

 !
ðLþMÞK1

ðLþMÞK1 þðMK1 � R2Þ
2x2y2

r4

� �
ð7:2:25bÞ

rxx ¼ �A
yð3x2 þ y2Þ

r4
ð7:2:26aÞ

ryy ¼ A
yðx2 � y2Þ

r4
ð7:2:26bÞ

rxy ¼ ryx ¼ A
xðx2 � y2Þ

r4
ð7:2:26cÞ

Hxx ¼ �A
RðK1 � K2Þ
MK1 � R2

x2yð3x2 � y2Þ
r6

	 

ð7:2:27aÞ

Hyy ¼ �A
RðK1 � K2Þ
MK1 � R2

x2yð3y2 � x2Þ
r6

	 

ð7:2:27bÞ

Hxy ¼ A
RðK1 � K2Þ
MK1 � R2

xy2ð3x2 � y2Þ
r6

	 

ð7:2:27cÞ

Hyx ¼ �A
RðK1 � K2Þ
MK1 � R2

x3ð3y2 � x2Þ
r6

	 

ð7:2:27dÞ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, a is the size of dislocation core, and

A ¼ bk1
p

 !
ðL�MÞðMK1 � R2Þ

ðLþMÞK1 þðMK1 � R2Þ : ð7:2:28Þ

Considering L = C12 and M = (C11−C12)/2 = C66 in (6.1.1) and substituting
them into (7.2.24a) and (7.2.25a), we find that our solutions are exactly consistent
with those given by Ding et al. [4, 7]. They used the Green function method. This
examines the correction of our derivation.

In the case of R = 0, the above solution recovers the solution of dislocation in
hexagonal crystals [8]. If the material is isotropic, therefore, L ¼ k and M ¼ l.
Substitution of L and M into (7.2.28) yields

A ¼ lbk1
2pð1� mÞ ð7:2:29Þ

where k and l are the Lamé constants and m is the Poisson’s ratio of phonon field. In
this case, ui and rij recover those in a regular isotropic crystal with an edge dis-
location, while wi = 0 and Hij = 0.
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Let us consider another special case of b?1 6¼ 0 and bjj1 ¼ bk2 ¼ b?2 ¼ 0. In this
case, the boundary condition can be described as follows:

rijðx; yÞ ! 0;Hijðx; yÞ ! 0;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1

Hyyðx; 0Þ ¼ 0

uxðx; 0Þ ¼ uyðx; 0Þ ¼ 0

wxðx; 0þ Þ � wxðx; 0�Þ ¼ b?1 ; x\0 or
Z
C

dwx ¼ b?1

9>>>>>>>=
>>>>>>>;

ð7:2:30Þ

where the meaning of C is aforementioned.
By using the similar procedure, the displacement and stress fields can be

determined as follows:

ux ¼ b?1 k0
2pc2

xy
r2

� c1 � c2
2c1

� �
2xy3

r4

	 

ð7:2:31aÞ

uy ¼ b?1 k0
2pc2

� xy
r2

þ c1 � c2
2c1

� �
y2ðx2 � y2Þ

r4

	 

ð7:2:31bÞ

wx ¼ b?1
2p

arctan
y
x

� �
þ c0k0

2c1c2

� �
xyð3x2 � y2Þð3y2 � x2Þ

3r6

	 

ð7:2:31cÞ

wy ¼ b?1
2p

1� Lþ 2M
2c1

� M
2c2

� �
ln
r
a
þ c0k0

2c1c2

� �
y2ð3x2 � y2Þ2

3r6

" #
ð7:2:31dÞ

rxx ¼ � c0b?1 k0
pc1R

� �
x2yð3x2 � y2Þ

r6
ð7:2:32aÞ

ryy ¼ � c0b?1 k0
pc1R

� �
y3ð3x2 � y2Þ

r6
ð7:2:32bÞ

rxy ¼ ryx ¼ c0b?1 k0
pc1R

� �
2xy2ðy2 � x2Þ

r6
ð7:2:32cÞ

Hxx ¼ k0b?1
2pe1

ðe1 þ e2Þ yr2 �
2x2yð3x2 � y2Þð3y2 � x2Þ

r8

	 

ð7:2:33aÞ

Hyy ¼ � k0b?1 y
2pe1

� �
2ðx2 � y2Þ

r4
þ ðx2 � y2Þð3x2 � y2Þð3y2 � x2Þ

r8

	 

ð7:2:33bÞ
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Hxy ¼ k0b?1
2pe1

ðe1 þ e2Þ xr2 þ 2xy2ð3x2 � y2Þð3y2 � x2Þ
r8

	 

ð7:2:33cÞ

Hyx ¼ � k0b?1 x
2pe1

� �
2ðx2 � y2Þ

r4
þ ðx2 � y2Þð3x2 � y2Þð3y2 � x2Þ

r8
ð7:2:33dÞ

where e1 ¼ 2c1c2
c0k0

; e2 ¼ c1c2
c0k0

ðc
0
1

c1
þ c02

c2
Þ

c01 ¼ ðLþ 2MÞK2 � R2; c02 ¼ MK2 � R2

and c0, c1, c2 and k0 are given in Chap. 6, i.e.

c0 ¼ ðLþ 2MÞR; c1 ¼ ðLþ 2MÞK1 � R2; c2 ¼ MK1 � R2

k0 ¼ RðK1 � K2Þ

Superposition of the above two solutions yields the solution of dislocation

ðbjj1; 0; b?1 ; 0Þ. The solution of ð0; bjj2; 0; b?2 Þ can be determined similarly. Their

superposition yields the solution of ðbjj1 ; bjj2; b?1 ; b?2 Þ. The part of this work can be
found in the paper given by Li and Fan [5]. Readers may examine that the present
solutions are identical to those given by Ding et al. [4, 7] using the method of
Green’s functions (note that L = C12, and M = (C11−C12)/2 = C66).

7.3 Dislocations in Quasicrystals with Point Groups 5; �5
Fivefold and 10, 10 Tenfold Symmetries

Similar to those discussed in the proceeding section, as two-dimensional qua-

sicrystals, the Burgers vector of the dislocation is bjj � b? = (bjj1, b
jj
2, b

jj
3, b

?
1 , b

?
2 ).

Due to w3 = 0 and our assumption that dislocation line is parallel to the direction of
periodic arrangement (z-direction), the above Burgers vector can be considered as

the superposition of (bjj1, b
k
2, b

?
1 , b

?
2 ) and (0, 0, b?3 ). Under this assumption, the field

variables do not vary with the change of the variable z. Therefore, the elastic field

corresponding to (bjj1, b
jj
2, b

?
1 , b

?
2 ) can be determined by using the theory of plane

elasticity of two-dimensional quasicrystals discussed in Sect. 6.4. The anti-plane
elastic field induced by (0, 0, b?3 ) is very simple and can be solved by using the
method discussed in Sect. 7.1.

From Sect. 6.4, we have obtained the governing equation of plane elastic field of
quasicrystals with point groups 5; �5 fivefold and 10; �10 tenfold symmetries:
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r2r2r2r2F ¼ 0 ð7:3:1Þ

where F(x, y) is the displacement potential function, defined in (6.4.10). By per-
forming Fourier transform of (7.2.2) and considering the case of upper half-space
ðy� 0Þ, its Fourier transform F̂ðn; yÞ has the form of

F̂ðn; yÞ ¼ ð4n4R2Þ�1XYe� nj jy ð7:3:2Þ

where X and Y have the same meanings as in Sect. 7.2 and n is the parameter of
Fourier transform, and

R2 ¼ R2
1 þR2

2 ð7:3:3Þ

After some algebraic operations with (6.2.8)–(6.2.11), the displacement com-
ponents in Fourier transform domain are:

ûxðn; yÞ ¼ in�1�R0X½2nn2Y 0 þ ðm� 5nÞ nj jY 00 � ð2m� 5nÞY 000�e� nj jy ð7:3:4aÞ

ûyðn; yÞ ¼ nj j�1�R0X½2nn2Y 0 � ðmþ 5nÞ nj jY 00 þ ð2mþ 5nÞY 000�e� nj jy ð7:3:4bÞ

ŵxðn; yÞ ¼ ic0n
�1�R2

0X½4 nj j3Y � 12n2Y 0 þ 15 nj jY 00 � 10Y 000�e� nj jy ð7:3:4cÞ

ŵyðn; yÞ ¼ c0 nj j�1�R2
0X½4 nj j3Y � 12n2Y 0 þ 15 nj jY 00 � ð10þ e0R

2
0ÞY 000�e� nj jy

ð7:3:4Þ

where

m ¼ c2 þ c1; n ¼ c2 � c1; e0 ¼ �½C66c1 þC11c2�=ðRc0Þ
R0 ¼ ðR1 þ iR2sgnnÞ=R; �R0 ¼ ðR1 � iR2sgnnÞ=R

)
ð7:3:5Þ

Similarly, the stress components in Fourier transform domain are:

r̂xxðn; yÞ ¼ 2c0c2R�1�R0Xð�2n2Y 0 þ 8 nj jY 00 � 13Y 000Þe� nj jy ð7:3:6aÞ

r̂yyðn; yÞ ¼ 2c0c2R�1�R0Xð2n2Y 0 � 4 nj jY 00 þ 3Y 000Þe� nj jy ð7:3:6bÞ

r̂xyðn; yÞ ¼ r̂yxðn; yÞ ¼ i2c0c2R�1�R0ðsgnnÞXð2n2Y 0 � 6 nj jY 00 þ 7Y 000�e� nj jy

ð7:3:6cÞ

Ĥxxðn; yÞ ¼ c0k0�R
2
0X½4 nj j3Y � 16n2Y 0 þ 27 nj jY 00 � ð25þ e2R

2
0ÞY 000�e� nj jy ð7:3:6dÞ
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Ĥyyðn; yÞ ¼ c0k0�R
2
0X½�4 nj j3Y þ 12n2Y 0 � 15 nj jY 00 þ ð10� e1R

2
0ÞY 000�e� nj jy

ð7:3:6eÞ

Ĥxyðn; yÞ ¼ ic0k0�R2
0ðsgnnÞX½�4 nj j3Y þ 12n2Y 0 � 15 nj jY 00 þ ð10þ e2R

2
0ÞY 000�e� nj jy

ð7:3:6fÞ

Ĥyxðn; yÞ ¼ ic0k0�R2
0ðsgnnÞX½�4 nj j3Y þ 16n2Y 0 � 27 nj jY 00 þ ð25� e1R

2
0ÞY 000�e� nj jy

ð7:3:6gÞ

e1 ¼ 2c1c2
c0k0R

; e2 ¼ c1c2
c0k0R

ðc
0
1

c1
þ c02

c2
Þ

c01 ¼ C11K2 � R2; c02 ¼ C66K2 � R2

9=
;; ð7:3:7Þ

where c0 and K0 are given in (6.4.13).
As introduced in the proceeding section, X includes four unknowns AðnÞ, BðnÞ,

CðnÞ and DðnÞ, which can be determined by boundary condition. Once AðnÞ, BðnÞ,
CðnÞ and DðnÞ are determined, ui, wi, rjk and Hjk can be determined by the Fourier
inverse.

In the case of dislocation problem bjj � b? = (bjj1, 0, b
?
1 , 0), we try to determine

these functions and their Fourier inverses in the following.

In order to simplify the calculation, we first consider the case of bjj1 6¼ 0 and
b?1 ¼ 0. In this case, the boundary condition is

rijðx; yÞ ! 0;Hijðx; yÞ ! 0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1Þ

ryyðx; 0Þ ¼ 0

wxðx; 0Þ ¼ wyðx; 0Þ ¼ 0Z
C

dux ¼ bk1;
Z
C

duy ¼ 0

9>>>>>>>=
>>>>>>>;

ð7:3:8Þ

In Fourier transform domain, solutions (7.3.4), (7.3.6a) and the first three
expressions in boundary condition (7.3.8) yield

AðnÞ ¼ 9CðnÞ=4; BðnÞ ¼ 2CðnÞ; DðnÞ ¼ 0; ð7:3:9Þ

and the dislocation condition leads toZ
C

dux ¼ �4c1R�1ðR1ReCþR2sgnnImCÞ
Z
C

duy ¼ 4c1R�1ðR2ReC � R1sgnnImCÞ

9>>>>=
>>>>;

ð7:3:10Þ
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where the indicators Re and Im stand for the real and imaginary parts of a complex
number, respectively. Finally, expressions (7.3.10) and (7.3.8) define:

CðnÞ ¼ ReCþ iImC ¼ �ðR1 þ iR2sgnnÞbk1
4pRc1

¼ �R0b
k
1

4pc1
ð7:3:11Þ

where R0 is given by (7.3.5) and c1 is given by (6.4.9), i.e.

c1 ¼ ðLþ 2MÞK1 � R2; R2 ¼ R2
1 þR2

2 ð7:3:12Þ

Therefore,

ux ¼ bk1
2p

arctan
y
x

� �
þ c1 � c2

c1

xy
r2

� �	 

ð7:3:13aÞ

uy ¼ bk1
2p

� ln
r
a
þ c1 � c2

c1
ln
r
a
þ y2

r2

� �	 

ð7:3:13bÞ

wx ¼ c0b
k
1

2pc1

R1

R

� �
2x3y
r4

þ R2

R

� �
y2ð3x2 þ y2Þ

r4

	 

ð7:3:13cÞ

wy ¼ c0b
k
1

2pc1

R1

R

� �
y2ð3x2 þ y2Þ

r4
þ R2

R

� �
2x3y
r4

	 

ð7:3:13dÞ

where c0 is given by (6.4.13) and a indicates the radius of dislocation core.
The corresponding stress components can be determined by (7.3.13a) and

generalized Hooke’s law (6.4.3):

rxx ¼ � c0c2b
k
1

pc1R

 !
yð3x2 þ y2Þ

r4
ð7:3:14aÞ

ryy ¼ c0c2b
k
1

pc1R

 !
yðx2 � y2Þ

r4
ð7:3:14bÞ

rxy ¼ ryx ¼ c0c2b
k
1

pc1R

 !
xðx2 � y2Þ

r4
ð7:3:14cÞ

Hxx ¼ � c0k0b
k
1

pc1

R1

R

� �
x2yð3x2 � y2Þ

r6
þ R2

R

� �
x3ð3y2 � x2Þ

r6

	 

ð7:3:14dÞ
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Hyy ¼ � c0k0b
k
1

pc1

R1

R

� �
x2yð3x2 � y2Þ

r6
� R2

R

� �
xy2ð3x2 � y2Þ

r6

	 

ð7:3:14eÞ

Hxy ¼ � c0k0b
k
1

pc1

R1

R

� �
xy2ð3x2 � y2Þ

r6
þ R2

R

� �
x2yð3y2 � x2Þ

r6

	 

ð7:3:14fÞ

Hyx ¼ � c0k0b
k
1

pc1
� R1

R

� �
x3ð3y2 � x2Þ

r6
þ R2

R

� �
x2yð3x2 � y2Þ

r6

	 

ð7:3:14gÞ

Now, let us consider the case of bjj1 ¼ 0 and b?1 6¼ 0. In this case, the corre-
sponding boundary condition is:

rijðx; yÞ ! 0;Hijðx; yÞ ! 0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1Þ

Hyyðx; 0Þ ¼ 0

uxðx; 0Þ ¼ uyðx; 0Þ ¼ 0Z
C

dwx ¼ b?1 ;
Z
C

dwy ¼ 0

9>>>>>>>=
>>>>>>>;
: ð7:3:15Þ

By using the similar analysis, the corresponding displacement and stress fields
can be determined as (7.3.16a) and (7.3.17a)

ux ¼ c1b?1
pc0e1

R1

R

�
xy
r2

� c1 � c2
c1

� �
2xy3

r4

	 

þ R2

R
y2

r2
þ c1 � c2

c1

� �
y2ðx2 � y2Þ

r4

	 
�
ð7:3:16aÞ

uy ¼ c1b?1
pc0e1

�R1

R

�
y2

r2
� c1 � c2

c1

� �
y2ðx2 � y2Þ

r4

	 

þ R2

R
xy
r2

þ c1 � c2
c1

� �
2xy3

r4

	 
�
ð7:3:16bÞ

wx ¼ b?1
2p

arctan
y
x

� �
þ R2

1 � R2
2

e1R2

� �
xyð3x2 � y2Þð3y2 � x2Þ

3r6
þ 2R1R2

e1R2

� �
y2ð3x2 � y2Þ2

3r6

" #

ð7:3:16cÞ

wy ¼ b?1
2pe1

e2 ln
r
a
þ R2

1 � R2
2

R2

� �
y2ð3x2 � y2Þ2

3r6
� 2R1R2

e1R2

� �
xyð3x2 � y2Þð3y2 � x2Þ

3r6

" #

ð7:3:16dÞ

rxx ¼ � 2c2b?1
pe1R

R1

R
x2yð3x2 � y2Þ

r6
þ R2

R
x3ð3y2 � x2Þ

r6

	 

ð7:3:17aÞ
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ryy ¼ � 2c2b?1
pe1R

R1

R
y3ð3x2 � y2Þ

r6
þ R2

R
xy2ð3y2 � x2Þ

r6

	 

ð7:3:17bÞ

rxy ¼ ryx ¼ � 2c2b?1
pe1R

R1

R
xy2ð3x2 � y2Þ

r6
þ R2

R
x2ð3y2 � x2Þ

r6

	 

ð7:3:17cÞ

Hxx ¼ K0b?1
2pe1

�ðe1 þ e2Þ yr2 þ x
R2
1 � R2

2

R2 h21ðx; yÞ � 2R1R2

R2 h22ðx; yÞ
� �	 


ð7:3:17dÞ

Hyy ¼ �K0b?1 y
2pe1

R2
1 � R2

2

R2 h22ðx; yÞþ 2R1R2

R2 h21ðx; yÞ
	 


ð7:3:17eÞ

Hxy ¼ K0b?1
2pe1

ðe1 þ e2Þ xr2 þ y
R2
1 � R2

2

R2 h21ðx; yÞ � 2R1R2

R2 h22ðx; yÞ
� �	 


ð7:3:17fÞ

Hyx ¼ �K0b?1 x
2pe1

R2
1 � R2

2

R2 h22ðx; yÞþ 2R1R2

R2 h21ðx; yÞ
	 


ð7:3:17gÞ

in which

h21ðx; yÞ ¼ 2xyð3x2 � y2Þð3y2 � x2Þ
r8

h22ðx; yÞ ¼ 2ðx2 � y2Þ
r4

þ ðx2 � y2Þð3x2 � y2Þð3y2 � x2Þ
r8

ð7:3:18Þ

The solution to dislocation problem (bjj1, 0, b?1 , 0) can be determined by
superposing (7.3.13a) and (7.3.14a) onto (7.3.16a) and (7.3.17a). The solution to

dislocation problem (0, bjj2, 0, b
?
2 ) can be determined in the similar way. As a result,

the solution to dislocation problem with Burgers vector (bjj1, b
jj
2, b

?
1 , b

?
2 ) can be

determined completely.
The above work can be found in the literature [6].

7.4 Dislocations in Quasicrystals with Eightfold Symmetry

The final governing equation of elasticity of two-dimensional quasicrystals with
eightfold symmetry can be expressed as follows:
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ðr2r2r2r2 � 4er2r2K2K2 þ 4eK2K2K2K2ÞF ¼ 0 ð7:4:1Þ

in which

r2 ¼ @2

@x2
þ @2

@y2
; K2 ¼ @2

@x2
� @2

@y2

e ¼ R2ðLþMÞðK2 þK3Þ
½MðK1 þK2 þK3Þ � R2�½ðLþ 2MÞK1 � R2�

9>>>=
>>>;

ð7:4:2Þ

(see (6.6.10), (6.6.11) for detail). Equation (7.4.1) is more complicated than that
of (6.2.7) and (7.3.1), so the solution of which is also more complex than that
discussed in the previous sections. Due to the limitation of space, we cannot list the
whole procedure of the solution and only give some main results of which in the
following, in which both Fourier transform and complex variable function methods
are, respectively, used.

7.4.1 Fourier Transform Method

Considering dislocation problem bjj � b? = (bjj1, 0, b
?
1 , 0, 0), we try to determine

the displacement field under the action of the boundary conditions

rijðx; yÞ ! 0;Hijðx; yÞ ! 0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1Þ

ryyðx; 0Þ ¼ 0;Hyyðx; 0Þ ¼ 0Z
C

dux ¼ bk1;
Z
C

dwx ¼ b?1

9>>>>=
>>>>;

ð7:4:3Þ

By performing Fourier transform of (7.4.1), it can be reduced to

d2

dy2
� n2

� �4

�4e
d2

dy2
� n2

� �2

þ 4e
d2

dy2
þ n2

� �4
" #

F̂ ¼ 0 ð7:4:4Þ

The eigen roots of Eq. (7.4.4) depend on the value of parameter e, and Zhou [9]
gave a detailed discussion for the solutions corresponding to case (1): 0\e\1 and
case (2): e\0, but calculation is tremendously complex and lengthy which cannot
be included here. For the case (1), the solution is
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uxðx; yÞ ¼ 1
2p

bk1
2

arctan
k21 þ k22
k1

y
x
þ k2

k1

� �
þ arctan

k21 þ k22
k1

y
x
� k2
k1

� �	 
(

þðF3CþF4DÞ arctan
2k3xy

x2 � ðk23 þ k24Þy2
� arctan

2k1xy

x2 � ðk21 þ k22Þy2

" #)

þ 1
4p

F5 ln
x2 þ 2k2xyþðk21 þ k22Þy2
x2 � 2k2xyþðk21 þ k22Þy2

þF6 ln
x2 þ 2k4xyþðk23 þ k24Þy2
x2 � 2k4xyþðk23 þ k24Þy2

" #

uy ¼ 1
2p

H1 arctan
2k1k2y2

x2 þðk21 � k22Þy2
� 2 arctan

k2
k1

" #(

þH2 arctan
2k3k4y2

x2 þðk23 � k24Þy2
� 2 arctan

k4
k3

" #)

þ 1
4p

H3 ln 1þ x4 þ 2ðk21 � k22Þx2y2
ðk21 þ k22Þ2y4

" #
þH4 ln 1þ x4 þ 2ðk23 � k24Þx2y2

ðk23 þ k24Þ2y4

" #( )

wxðx; yÞ ¼ 1
2p

b?1
2

arctan
k21 þ k22

k1

y
x
þ k2

k1

� �
þ arctan
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k1
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x
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�

þðG3CþG4DÞ � arctan
2k3xy

x2 � ðk23 þ k24Þy2
� arctan

2k1xy

x2 � ðk21 þ k22Þy2

" #)

þ 1
4p

G5 ln
x2 þ 2k2xyþðk21 þ k22Þy2
x2 � 2k2xyþðk21 þ k22Þy2

þG6 ln
x2 þ 2k4xyþðk23 þ k24Þy2
x2 � 2k4xyþðk23 þ k24Þy2

" #

wy ¼ 1
2p

I1 arctan
2k1k2y2

x2 þðk21 � k22Þy2
� 2 arctan

k2
k1

" #(

þ I2 arctan
2k3k4y2

x2 þðk23 � k24Þy2
� 2 arctan

k4
k3

" #)

þ 1
4p

I3 ln 1þ x4 þ 2ðk21 � k22Þx2y2
ðk21 þ k22Þ2y4

" #
þ I4 ln 1þ x4 þ 2ðk23 � k24Þx2y2

ðk23 þ k24Þ2y4

" #( )

ð7:4:5Þ

in which F1; . . .;F6;G1; . . .;G6;H1; . . .;H4 and I1; . . .; I4 are some functions of
k1; k2; k3 and k4 which are constants constituted from the original material con-
stants M; L;K1;K2;K3 and R, and the expressions are very complicated and lengthy
and hence omitted.
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By using the similar procedure, the solution for the case (2) can also be obtained.
But the solving procedure is very tedious due to the complexity of the final gov-
erning Eq. (7.4.1). We omit them for simplicity.

7.4.2 Complex Variable Function Method

The Eq. (7.4.1) can also be solved by complex variable function method. For this
purpose, the equation can be rewritten as follows:

@8

@x8
þ 4ð1� 4eÞ @8

@x6@y2
þ 2ð3þ 16eÞ @8

@x4@y4
þ 4ð1� 4eÞ @8

@x2@y6
þ @8

@y8

	 

F ¼ 0

ð7:4:6Þ

The solution of Eq. (7.4.6) can be expressed in terms of 4 analytic functions
FkðzkÞ of complex variable zk (k ¼ 1; 2; 3; 4), i.e.

Fðx; yÞ ¼ 2Re
X4
k¼1

FkðzkÞ; zk ¼ xþ lky ð7:4:7Þ

and lk ¼ ak þ ibk (i ¼ 1; 2; 3; 4) are complex parameters and determined by the
roots of the following eigenvalue equation

l8 þ 4ð1� 4eÞl6 þ 2ð3þ 16eÞl4 þ 4ð1� 4eÞl2 þ 1 ¼ 0 ð7:4:8Þ

Based on the displacement expressions (6.6.12) and the dislocation condition

Z
C

dux ¼ bk1;
Z
C

duy ¼ bk2;
Z
C

dwx ¼ b?1 ;
Z
C

dwy ¼ b?2

9=
; ð7:4:9Þ

we can obtain the solution as follows:

ux ¼ 2Re
X4
k¼1

a1kfkðzkÞ; uy ¼ 2Re
X4
k¼1

a2kfkðzkÞ

wx ¼ 2Re
X4
k¼1

a3kfkðzkÞ; wy ¼ 2Re
X4
k¼1

a4kfkðzkÞ
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where

fkðzkÞ ¼ @6FkðzkÞ
@z6k

ð7:4:9Þ

Some detail of this work can be found in Ref. [10].

7.5 Dislocations in Dodecagonal Quasicrystals

In monograph [7], Ding et al. give the solution in terms of the Green function
method which has not been introduced in the present book, so the detail is omitted
and only the results are listed, such as the phonon displacement field

u1 ¼ bk1
2p

arctanðx2=x1Þþ LþM
Lþ 2M

x1x2
r2

� �

þ bk2
2p

M
Lþ 2M

lnðr=r0Þþ LþM
Lþ 2M

x22
r2

� �
;

u2 ¼ � bk1
2p

M
Lþ 2M

lnðr=r0Þþ LþM
Lþ 2M

x21
r2

� �

þ bk2
2p

arctanðx2=x1Þ � LþM
Lþ 2M

x1x2
r2

� �
;

u3 ¼ 0: ð7:5:1Þ

and the phason displacement field

w1 ¼ b?1
2p

arc tanðx2=x1Þ � ðK1 þK2ÞðK2 þK3Þ
2K1ðK1 þK2 þK3Þ

x1x2
r2

� �

þ b?2
4p

�K2ðK1 þK2 þK3Þ � K1K3

K1ðK1 þK2 þK3Þ lnðr=r0Þ
�

þ ðK1 þK2ÞðK2 þK3Þ
K1ðK1 þK2 þK3Þ

x22
r2
Þ
�
;

w2 ¼ b?1
4p

ðK2ðK1 þK2 þK3Þ � K1K3

K1ðK1 þK2 þK3Þ lnðr=r0Þ � ðK1 þK2ÞðK2 þK3Þ
K1ðK1 þK2 þK3Þ

x21
r2
Þ

� �

þ b?2
2p

arc tanðx2=x1Þþ ðK1 þK2ÞðK2 þK3Þ
2K1ðK1 þK2 þK3Þ

x1x2
r2

� �
:

ð7:5:2Þ
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and the signs L andM are phonon elastic constants and others are the same meaning
as before. Because the phonons and phasons are decoupled for dodecagonal qua-
sicrystals, the coupling constant R ¼ 0.

7.6 Interface Between Quasicrystal and Crystal

In the previous sections, we discussed dislocation problems in one- and
two-dimensional quasicrystals, and a series of analytic solutions are obtained. In
Chap. 8, we will discuss the crack problems in the material. Apart from dislocations
and cracks, interface is a kind of defects in quasicrystals too, which is of particular
significance for some physical processes.

We know that all quasicrystals observed to date are alloys. This kind of alloys
can be in crystalline phase, or in quasicrystalline phase or in crystal–quasicrystal
coexisting phase. Li et al. [16, 17] observed the crystal–quasicrystal phase transi-
tion, which is continuous transition. During the process, there must be interface
between crystal and quasicrystal, so the interface is an important problem. In this
section, we give a phenomenological study on elastic behaviour of the interface for
one-dimensional quasicrystal–isotropic crystal. Refs [15–17] pointed out that the
phase transition is induced by the phason strains. However, this is a very compli-
cated problem far unsolved. We focus only on the determination of the strains in
this section, and further studies will be given in Chap. 9 for icosahedral qua-
sicrystal–cubic crystal interface.

Consider an orthorhombic quasicrystal be laying at upper half-plane (i.e. y[ 0)
whose phonon-phason coupling problem is governed by (5.4.3), i.e.

a1
@4

@x4
þ a3

@4

@x2@y2
þ a5

@4

@y4

� �
F ¼ 0 ð7:6:1Þ

in which Fðx; yÞ denotes the displacement potential, a1; a3; a5 the material constants
composed from Cij;Ki, and Ri defined by (5.3.6). We assume that the crystal
coexisting with the quasicrystal be laying at the lower half-plane with thickness h
(i.e. �h\y\0), then the plane y ¼ 0 is the interface between the quasicrystal and
crystal, see Fig. 7.1. For simplicity, suppose the crystal be a isotropic material,

characterized by elastic constants CðcÞ
ij ðEðcÞ; lðcÞÞ. At the interface, the following

boundary conditions are as follows:

y ¼ 0; �1\x\1 : rzy ¼ sf ðxÞþ kuðxÞ; Hzy ¼ 0 ð7:6:2Þ

in which f ðxÞ is the distribution function of applied stress at the interface, uðxÞ ¼
uzðx; 0Þ the value of displacement component of phonon field at the interface, s a
constant shear stress and k a material constant to be taken as follows:
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k ¼ lðcÞ

h
ð7:6:3Þ

and where lðcÞ and h the shear modulus and thickness of the crystal. We further
assume that at the outer boundaries, it is stress free.

Taking the Fourier transform

F̂ðn; yÞ ¼
Z1
�1

Fðx; yÞeinxdx ð7:6:4Þ

to the Eq. (7.6.1) yields

a5
d4

dy4
þ a3n

2 d2

dy2
þ a1n

4
� �

F̂ ¼ 0 ð7:6:5Þ

If assume solution of Eq. (7.6.5) be

F̂ðn; yÞ ¼ e�k nj jy

where y[ 0 and k is a parameter, and substituting it into (7.6.5) leads to

a5k
4 � a3k

2 þ a1 ¼ 0 ð5:7:6Þ

Fig. 7.1 Coexisting phase of
quasicrystal–crystal
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with roots of which

k1; k2; k3; k4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a3 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a23 � 4a1a5

p
2a5

;

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a3 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a23 � 4a1a5

p
2a5

s
ð7:6:7Þ

So that

F̂ðn; yÞ ¼ Ae�k1 nj jy þBe�k2 nj jy þBe�k3 nj jy þDe�k4 nj jy

By considering the condition of stress free at y ¼ 1, then C ¼ D ¼ 0, i.e.

F̂ðn; yÞ ¼ Ae�k1 nj jy þBe�k2 nj jy ð7:6:8Þ

According to Sect. 5.4, we have

rzy ¼ R6C44 � R5C55ð Þ @3F
@x2@y

Hzy ¼ � C55
@2

@x2
þC44

@2

@y2

� �
K1

@

@x
þK2

@

@y

� �
F

uz ¼ R6
@2

@x2
þR5

@2

@y2

� �
F ð7:6:9Þ

The Fourier transforms of the stresses and displacement are, e.g.

r̂zy ¼ � R6C44 � R5C55ð Þn2 dF̂
dy

Ĥzy ¼ �iC55K1 nj jn2F̂þC55K2n
2 dF̂
dy

þ iC44K1 nj j d
2F̂
dy2

� C44K2
d3F̂
dy3

r̂zy ¼ �ðR6C44 � R5C55Þn2 dF̂dy

Ĥzy ¼ �iC55K1 nj jn2F̂þC55K2n
2 dF̂
dy

þ iC44K1 nj j d
2F̂
dy2

� C44K2
d3F̂
dy3

ûz ¼ �n2R6 þR5
d2

dy2

� �
F̂ ð7:6:10Þ

Substituting (7.6.8) into the second one of (7.6.10) and then into the second one
of (7.6.2) yields

B ¼ aA ð7:6:11Þ
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where

a ¼ �k1c2 � k31c4 þ iðc1 þ k21c3Þ
k2c2 þ k32c4 þ ið�c1 � k22c3Þ

c1 ¼ C55K1; c2 ¼ C55K2; c3 ¼ C44K1; c4 ¼ C44K2 ð7:6:12Þ

By applying the Fourier transform, the stress and displacement components are:

r̂zyðn; 0Þ ¼ AðnÞ nj jðk1e�k1 nj jy þ ak2e�k2 nj jyÞ

ûzðn; 0Þ ¼ AðnÞn2½ð�R6 þ k21R5Þe�k1 nj jy þ aðR6 � k22R5Þe�k2 nj jy� ð7:6:13Þ

The Fourier transform of the first one of (7.6.2) is:

r̂zyðn; 0Þ ¼ sf̂ ðnÞþ kûðn; 0Þ ð7:6:14Þ

From (7.6.13) and (7.6.14), one determines the unknown function

AðnÞ ¼ sf̂ ðnÞ
nj jðk1 þ ak2Þ � kn2½�R6 þ k21R5 þ aðR6 � k21R5Þ�

ð7:6:15Þ

So all stress and displacement components for phonon and phason fields can be
evaluated, e.g.

rzy ¼ 1
2p

Z1
�1

r̂zye�inxdn ¼ 1
2p

Z1
�1

AðnÞ nj jðk1e�k1 nj jy þ ak2e�k2 nj jyÞe�inxdn

uz ¼ 1
2p

Z1
�1

ûze
�inxdn

¼ 1
2p

Z1
�1

AðnÞn2½ð�R6 þ k21R5Þe�k1 nj jy þ aðR6 � k22R5Þe�k2 nj jy�e�inxdn

ð7:6:16Þ

wz ¼ 1
2p

Z1
�1

ŵze�inxdn

¼ � 1
2p

Z1
�1

AðnÞn2½ð�C55 þ k21C66Þe�k1 nj jy þ aðC66 � k22C55Þe�k2 nj jy�e�inxdn
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The phason strain field presents important effect in the phase transition of
crystal–quasicrystal, which are determined from the above solution such as

wzx ¼ @wz

@x

¼ �i
1
2p

Z1
�1

AðnÞn3½ð�C55 þ k21C66Þe�k1 nj jy þ aðC66 � k22C55Þe�k2 nj jy�e�inxdn

wzy ¼ @wz

@y

¼ 1
2p

Z1
�1

AðnÞn2½k1 nj jð�C55 þ k21C66Þe�k1 nj jy

þ k2 nj jaðC66 � k22C55Þe�k2 nj jy�e�inxdn ð7:6:17Þ

The calculation of integrals (7.6.17) depends upon the form of function
f̂ ðnÞ ¼ R1�1 f ðxÞeinxdx, in which f ðxÞ represents the stress distribution subjected at
the interface. We can obtain the elementary form of the integrals by residual the-
orem for some cases, e.g. f ðxÞ ¼ dðxÞ, or

f ðxÞ ¼ 1 xj j � a=2

0 xj j � a=2

(

The computed results vary from material constants Cij;Ki;Ri of quasicrystals,
and the material constant lðcÞ of crystals, applied stress s and the size h of the
crystals, so the results are very complicated.

Further discussion on interface and integral calculation will be given in Sect. 9.2
of Chap. 9.

7.7 Dislocation Pile up, Dislocation Group and Plastic
Zone

Previous discussion gives some solutions of single dislocation in some one- and
two-dimensional quasicrystals. The dislocations can pile up when they meet some
obstacles and lead to dislocation group, and this is a plastic zone in the material.
Dislocations and plastic zone influence the behaviour of materials evidently. There
is a lack of theory of plasticity of quasicrystals so far. Observation on plasticity of
quasicrystals from point of view of dislocation is a basic way at present. It provides
not only the mechanism of plasticity of quasicrystals but also the tool for evaluating
exactly some physical quantities concerning plastic deformation. This greatly helps
the discussion in Chaps. 8 and 14, respectively.
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The slow movement of dislocations includes forms of slip and clime, and they
relate to plasticity of quasicrystals (refer to Messerschmidt [20]), which will be
discussed in Chaps. 8 and 14.

7.8 Discussions and Conclusions

The main objective of this chapter lies in the demonstration on effect of our for-
mulation in Chaps. 5 and 6, and it does not completely intend to explore the whole
nature of dislocations and interfaces in quasicrystals. Other works, e.g. [11–15, 18,
19], can be referenced. But reader can find from the results listed above that
dislocation leads to the appearance of singularity around the dislocation core, e.g.
stresses rij;Hij 	 1=r ðr ! 0Þ, which is the direct result of symmetry-breaking
due to the appearance of the topological defect, where r is the distance measured
from the dislocation core. This is similar to that of crystals, i.e. the
symmetry-breaking also leads to the appearance of singularity in crystals.
Physically, the high stress grade is called the stress concentration around dislocation
core which results in plastic flow in crystals as well as in quasicrystals. So dislo-
cation and other defects in quasicrystals affect evidently the mechanical and other
physical properties of the material. The dislocation solutions present important
application in studying plastic deformation and plastic fracture, and one can refer to
[14] or Chap. 14 of this book. The discussion on interface here is in primary
version, but it may be helpful for understanding crystal–quasicrystal phase transi-
tion. However, this is a very complicated problem, and the data in this respect are
very limited so far. The dislocations and interfaces and the solutions in
three-dimensional quasicrystals will be introduced in Chap. 9, and the dynamic
dislocation problem can be referred in Chap. 10.
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Chapter 8
Application II—Solutions
of Notch and Crack Problems
of One- and Two-Dimensional
Quasicrystals

Quasicrystals are potential material to be developed for structural use, and their
strength and toughness attract the attention of researchers. Experimental observa-
tions [1, 2] have shown that quasicrystals are brittle under low and middle tem-
perature. With common experience of conventional structural materials, we know
that the failure of brittle materials is related to the existence and growth of cracks.
Chapter 7 indicated that dislocations have been observed in quasicrystals, and the
accumulation of dislocations will eventually lead to cracking of the material. Now,
let us study the crack problems in quasicrystals that have both theoretical and
practical values in the view of application in the future.

Chapters 5–7 have discussed some elasticity and dislocation problems in one-
and two-dimensional quasicrystals. It has shown that when the quasicrystal con-
figuration is independent of one coordinate, e.g. variable z, its elasticity problem
can be decoupled into a plane problem and an anti-plane problem. In the case of
one-dimensional quasicrystals, if the z-direction accords to the quasiperiodic axis,
the above plane problem belongs to classic elasticity problem, and the anti-plane
problem is a coupling problem of phonon and phason fields. In the case of
two-dimensional quasicrystals, if z-direction represents the periodic axis, the above
plane problem is a coupling problem of phonon and phason fields, and the
anti-plane problem belongs to a classical elasticity problem. Because of using
decomposition procedure, the resulting problem can be dramatically simplified.
Chapters 5 and 6 have given their corresponding fundamental solutions, and
Chap. 7 conducted the solutions of dislocations in detail. The present chapter is
going to focus on crack problems, and we continue using the above schemes, such
as the fundamental solutions developed in Chaps. 5 and 6, and the Fourier trans-
form and complex analysis used in Chap. 7. But it emphasizes the complex analysis
method, which will be developed in Sects. 8.1, 8.2 and 8.4 and succeeded sections,
and this approach is powerful. Problems displayed in Sects. 8.1 and 8.2 are relative
simpler; the detailed introduction may help reader to understand and further handle
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the principle and technique of the complex analysis method; though the represen-
tation is not beyond the classical Muskhelishvili [17] method, this is helpful to
understand the solutions for more complicated problems displayed in Sects. 8.4–8.8
and in the next chapter. The further summary of the method will be introduced in
Chap. 11, because the contents in Sects. 8.4–8.8 and Chap. 9 bring some new
insights into the study and are beyond the classical Muskhelishvili method; the
general discussion is necessary and may be beneficial.

Based on the common nature of exact solutions of different static and dynamic
cracks in different quasicrystal systems in linear and nonlinear deformation (which
are discussed in this chapter and Chaps. 9, 10 and 14), the fracture theory of
quasicrystalline material is suggested in Chap. 15, which can be seen as a devel-
opment of fracture mechanics of conventional structural materials.

8.1 Crack Problem and Solution of One-Dimensional
Quasicrystals

8.1.1 Griffith Crack

As shown in Fig. 8.1, assume a Griffith crack along the quasiperiodic axis
(z-direction) of a one-dimensional hexangular quasicrystal and under the action of

external traction rð1Þ
yz ¼ s1 and/or Hð1Þ

zy ¼ s2. The deformation induced is often
termed longitudinal shearing. Obviously, the geometry of the crack is independent
of variable z. In this case, all field variables are independent of variable z. Therefore,
based on the analysis in Chap. 5, this one-dimensional quasicrystal elasticity can be
decomposed into a plane elasticity problem of regular crystal and an anti-plane

Fig. 8.1 A Griffith crack
subjected to a longitudinal
shear where s ¼ s1
corresponding to phonon field
and s ¼ s2 corresponding to
phason field of a Griffith crack
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elasticity problem of phonon-phason coupling field. Plane elasticity problems of
regular crystal have been studied extensively in classical elasticity, and its crack
problems have also been studied in the classical fracture theory, such as in Ref. [3].
Therefore, we skip the discussion of crack problems in regular crystal. The
anti-plane elasticity problem of the phonon-phason coupling field is described by
using the following basic equations:

ryz ¼ rzy ¼ 2C44eyz þR3wzy

rzx ¼ rxz ¼ 2C44ezx þR3wzx

Hzy ¼ K2wzy þ 2R3ezy
Hzx ¼ K2wzx þ 2R3ezx

9>>=
>>; ð8:1:1Þ

eyz ¼ ezy ¼ 1
2
@uz
@y ; ezx ¼ exz ¼ 1

2
@uz
@x

wzy ¼ @wz
@y ; wzx ¼ @wz

@x

)
ð8:1:2Þ

@rzx
@x

þ @rzy
@y

¼ 0;
@Hzx

@x
þ @Hzy

@y
¼ 0 ð8:1:3Þ

The derivation in Chap. 5 shows that the above equations can be reduced to

r2uz ¼ 0; r2wz ¼ 0 ð8:1:4Þ

where r2 ¼ @2=@x2 þ @2=@y2:
Figure 8.1 shows that the anti-plane deformation of a Griffith crack has the

following boundary conditions:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1 : ryz ¼ s1; Hzy ¼ s2; rzx ¼ Hzx ¼ 0

y ¼ 0; xj j\ a : ryz ¼ 0; Hzy ¼ 0

�
ð8:1:5Þ

where a is the half-length of the crack.
Based on the results of linear elasticity analysis, if the quasicrystal is

traction-free at infinity and instead there are a traction ryz ¼ �s1 and a generalized
traction Hzy ¼ �s2 at the crack surface, then the boundary conditions stand for

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1 : ryz ¼ rzx ¼ Hzx ¼ Hzy ¼ 0

y ¼ 0; xj j\ a : ryz ¼ �s1; Hzy ¼ �s2

�
ð8:1:6Þ

Here, we give phason stress s2 at the crack surface from the physical point of view,
though its measurement result has not been reported yet. For simplicity, we can
assume s2 = 0, sometimes.

In the following, we are going to solve the boundary value problem of (8.1.4)
and (8.1.5) first. The complex analysis method will be used. To do so, we introduce
the complex variable

8.1 Crack Problem and Solution of One-Dimensional Quasicrystals 139

http://dx.doi.org/10.1007/978-981-10-1984-5_5


t ¼ xþ iy ¼ reih; i ¼
ffiffiffiffiffiffiffi
�1

p
ð8:1:7Þ

From Eq. (8.1.4), it is known that both uz(x, y) and wz(x, y) are harmonic
functions that can be expressed in terms of the real part or the imaginary part of two
arbitrary analytic functions /1ðtÞ and w1ðtÞ of complex variable t in a region
occupied by the quasicrystal. For simplicity, we can call /1ðtÞ and w1ðtÞ as com-
plex potentials. Here, assume

uzðx; yÞ ¼ Re/1ðtÞ
wzðx; yÞ ¼ Rew1ðtÞ

�
ð8:1:8Þ

in which the symbol Re indicates the real part of a complex number.
It is well known that if a function FðtÞ is analytic, then

@F
@x

¼ dF
dt

;
@F
@y

¼ idF
dt

: ðaÞ

Furthermore, assume

FðtÞ ¼ Pðx; yÞþ iQðx; yÞ
¼ ReFðtÞþ iImFðtÞ; ðbÞ

where symbol Im denotes the imaginary part of a complex, and P(x, y) and
Q(x, y) represent the real and imaginary parts of FðtÞ, respectively. Therefore, the
Cauchy–Riemann relation leads to

@P
@x

¼ @Q
@y

;
@P
@y

¼ � @Q
@x

: ðcÞ

With the aid of relation (a), formula (8.1.8) and Eqs. (8.1.1) and (8.1.2) lead to

ryz ¼ rzy ¼ C44
@

@y
Re/1 þR3

@

@y
Rew1

rzx ¼ rxz ¼ C44
@

@x
Re/1 þR3

@

@x
Rew1

Hzx ¼ K2
@

@x
Rew1 þR3

@

@x
Re/1

Hzx ¼ K2
@

@y
Rew1 þR3

@

@y
Re/1

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð8:1:9Þ

Based on the Cauchy–Riemann relation (c), the above equation can be rewritten
as
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rzx � irzy ¼ C44/
0
1 þR3w

0
1

Hzx � iHzy ¼ K2w
0
1 þR3/

0
1

)
ð8:1:10Þ

where /0
1 ¼ d/1=dt;w

0
1 ¼ dw1=dt.

According to formula (8.1.10), we have

ryz ¼ rzy ¼ �ImðC44/
0
1 þR3w

0
1Þ

Hzy ¼ �ImðK2w
0
1 þR3/

0
1Þ

)
ðdÞ

Furthermore, for an arbitrary complex function FðtÞ, its imaginary part is

ImFðtÞ ¼ 1
2i
ðF � FÞ

where F indicates the conjugate of F. Then, formula (d) can be expressed as
follows:

ryz ¼ rzy ¼ � 1
2i

C44ð/0
1 � /0

1ÞþR3ðw0
1 � w0

1Þ
h i

þ s1

Hzy ¼ � 1
2i

K2ðw0
1 � w0

1ÞþR3ð/0
1 � /0

1Þ
h i

þ s2

9>=
>; ð8:1:11Þ

The expression given by (8.1.11) ensures the solution constructed in the fol-
lowing to automatically satisfy the boundary condition at infinity, and the solution
is:

/1ðtÞ ¼
iaðK2s1 � R3s2Þ
C44K2 � R2

3

t
a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t
a

� �2
�1

r !

w1ðtÞ ¼
iaðC44s2 � R3s1Þ

C44K2 � R2
3

t
a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t
a

� �2
�1

r !
9>>>>>=
>>>>>;

ð8:1:12Þ

whose derivation can be obtained in terms of the strict complex analysis method as
well as the Fourier method given in Sect. 8.12—Appendix 1 of this chapter.

From (8.1.12),

/0
1ðtÞ ¼

iðK2s1 � R3s2Þ
C44K2 � R2

3
1� tffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 � a2
p

� �

w0
1ðtÞ ¼

iðC44s2 � R3s1Þ
C44K2 � R2

3
1� tffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 � a2
p

� � ð8:1:13Þ
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and substitution of the above expressions into the first expression in (8.1.11) yields

rzx � irzy ¼ is1 � tffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � a2

p
� �

: ð8:1:14Þ

Separation of the real and imaginary parts of (8.1.14) leads to

rxz ¼ rzx ¼ s1r

ðr1r2Þ1=2
sin h� 1

2
h1 � 1

2
h2

� �

ryz ¼ rzy ¼ s1r

ðr1r2Þ1=2
cos h� 1

2
h1 � 1

2
h2

� �
9>>>=
>>>;

ð8:1:15Þ

where

t ¼ reih; t � a ¼ r12eih1 ; tþ a ¼ r22eih2 ð8:1:16Þ

or
r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
; r1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� aÞ2 þ y2

q
; r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþ aÞ2 þ y2

q
h ¼ arctan

y
x

� �
; h1 ¼ arctan

y
x� a

� �
; h2 ¼ arctan

y
xþ a

� �
9>>=
>>; ð8:1:160Þ

which is shown in Fig. 8.2.
Similarly,

Hzx � iHzy ¼ is2 � tffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � a2

p
� �

ð8:1:17Þ

For these stress components, there are similar expressions like (8.1.15).
As a result,

rzyðx; 0Þ ¼
s1xffiffiffiffiffiffiffiffiffi
x2�a2

p ; xj j[ a
0 xj j\a

�
ð8:1:18Þ

Hzyðx; 0Þ ¼
s2xffiffiffiffiffiffiffiffiffi
x2�a2

p � s2; xj j[ a
0; xj j\a

�
ð8:1:19Þ

Fig. 8.2 The coordinate
system of crack tip
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The above two formulas indicate that at y = 0 and |x| < 1: rzy ¼ 0, Hzy = 0.
Therefore, the solution given above also satisfies the boundary condition at the
crack surfaces.

Formulas (8.1.14) and (8.1.17) also show that when
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1, ryz ¼ s1,

rxz ¼ 0 and Hzy ¼ s2, Hzx ¼ 0, namely, the solution given above satisfies boundary
condition at infinity.

8.1.2 Brittle Fracture Theory

The above formulas show that stresses have singular characteristics near crack tips,
for example,

rzyðx; 0Þ ¼ s1xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a2

p ! 1; x ! aþ

Hzyðx; 0Þ ¼ s2xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a2

p ! 1; x ! aþ

8><
>: ð8:1:20Þ

If defining the Mode III stress intensity factors of the phonon and phason fields
such that:

K jj
III ¼ lim

x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� aÞ

p
rzyðx; 0Þ;

K?
III ¼ lim

x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� aÞ

p
Hzyðx; 0Þ;

we have

K jj
III ¼

ffiffiffiffiffiffi
pa

p
s1; K

?
III ¼

ffiffiffiffiffiffi
pa

p
s2; ð8:1:21Þ

where subscript “III” stands for model III (longitudinal shearing mode) [3].
Now, let us calculate the crack strain energy:

WIII ¼ 2
Za
0

rzy � Hzy
	 


uz � wzð Þdx

¼ 2
Za
0

rzyðx; 0Þuzðx; 0ÞþHzyðx; 0Þwzðx; 0Þ
� �

dx ð8:1:22Þ
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From (8.1.8) and (8.1.12), we have

uzðx; 0Þ ¼ Reð/1ðtÞÞt¼x ¼ a
K2s1 � R3s2
C44K2 � R2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x

a

� �2r
xj j\a

wzðx; 0Þ ¼ Reðw1ðtÞÞt¼x ¼ a
C44s2 � R3s1
C44K2 � R2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x

a

� �2r
xj j\a

9>>>=
>>>;

ð8:1:23Þ

In addition, considering the equivalency of problems (8.1.5) and (8.1.6), we can
take ryzðx; 0Þ ¼ �s1 and Hzy ¼ �s2 as xj j\a, then the substitution of above results
into (8.1.22) yields

WIII ¼ K2s21 þC44s22 � 2R3s1s2
C44K2 � R2

3
pa2 ð8:1:24Þ

From (8.1.24), we can determine the crack strain energy release rate (crack growth
force) such that

GIII ¼ 1
2
@WIII

@a
¼ K2s21 þC44s22 � 2R3s1s2

C44K2 � R2
3

pa

¼ K2K
k
III

2 þC44K?
III

2 � 2R3K
k
IIIK

?
III

C44K2 � R2
3

ð8:1:25Þ

Clearly, the crack strain energy and energy release rate are related not only to
phonon but also phason and phonon-phason coupling fields.

If s2 ¼ 0; then

GIII ¼ K2K
k
III

2

C44K2 � R2
3

ð8:1:26Þ

Furthermore, if R3 = 0, we have

GIII ¼ pas21
C44

; or GIII ¼ ðK jj
IIIÞ2
C44

: ð8:1:27Þ

Since GIII comprehensively describes the coupling effect of the phonon and
phason fields and the stress status near crack tip, we recommend

GIII ¼ GIIIC ð8:1:28Þ

as the fracture criterion of quasicrystals under Mode III deformation, where GIIIC is
the critical (threshold) value of GIII, called Mode III fracture toughness to be
determined by testing.
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The stress intensity factor and strain energy release rate are fundamental physical
parameters and constitute the basis of brittle fracture theory for both conventional
crystalline as well as quasicrystalline materials.

8.2 Crack Problem in Finite-Sized One-Dimensional
Quasicrystals

The preceding section discusses Griffith crack problems in one-dimensional qua-
sicrystals and their exact solutions are obtained. In this section, we are going to
discuss the solution of another kind of important crack problems, which go beyond
the scope of the Griffith crack. In the previous section, we assumed that the size of
quasicrystal is much more larger than that of the defect, while in this case we
consider the quasicrystal as an infinite body. Therefore, this section is aimed at
studying crack problems in quasicrystals of finite size.

8.2.1 Cracked Quasicrystal Strip with Finite Height

As shown in Fig. 8.3, a one-dimensional hexagonal quasicrystal strip of height
2H has a semi-infinite crack embedded at the mid-plane with crack tip corre-
sponding to coordinate origin. Crack surfaces near the crack tip, i.e. y = ±0 and
−a < x < 0, are assumed under the action of uniform shear traction rzy = −s1,
Hzy = 0, where a is a length used to simulate a finite-sized crack. The upper and
lower strip surfaces are assumed to be traction-free; therefore, the boundary con-
ditions are:

Fig. 8.3 Finite strip of hexagonal quasicrystal with a crack
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y ¼ �H;�1\x\1 : rzy ¼ 0;Hzy ¼ 0
x ¼ �1;�H\y\H : rzx ¼ 0;Hzx ¼ 0
y ¼ �0;�1\x\� a : rzy ¼ 0;Hzy ¼ 0;�a\x\0 : rzy ¼ �s1;Hzy ¼ �s2

9=
;

ð8:2:1Þ

For simplicity, we assume that s2 ¼ 0 in (8.2.1).
Formulas (8.1.1)–(8.1.11) in the preceding section still hold in this section, and

other notation and symbol are similar. Therefore, formula (8.1.12) should be
modified as follows:

C44 /0
1 � /0

1

� �
þR3 w0

1 � w0
1

� �
¼ 2is1f ðtÞ

K2 w0
1 � w0

1

� �
þR3 /0

1 � /0
1

� �
¼ 0

9>=
>; ð8:2:2Þ

where

f ðxÞ ¼ 0; x\� a,
1; �a\x\0

�
ð8:2:3Þ

By using the conformal mapping,

t ¼ xðfÞ ¼ H
p
ln 1þ 1þ f

1� f

� �2
" #

ð8:2:4Þ

maps the domain in the t-plane onto the interior of the unit circle c in the f-plane,
f = n + iη. Therefore, crack tip t = 0 corresponds to f = −1, and t = −a accords to
two points on the unit circle in the f-plane such that:

r�a ¼ �e�pa=H þ 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p

2� e�pa=H

r�a ¼ �e�pa=H � 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p

2� e�pa=H

9>>=
>>; ð8:2:5Þ

where r ¼ eih ¼ fjjfj¼1 denotes the value of f at the unit circle c.
Equations in Sect. 8.1 and Appendix of this chapter (i.e. Sect. 8.7) are useful.

Nevertheless, the first 2ix0ðrÞs1 in (8.7.4) should be changed to 2ifx0ðrÞs, and the
first term in (8.7.5)

2is1
C44

1
2pi

Z
c

x0ðrÞ
r� f

dr
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should be modified as follows:

2is1
C44

1
2pi

Z
c

f
x0ðrÞ
r� f

dr:

Thus, Eq. (8.7.5) for the present problem becomes:

/0ðfÞþ R3

C44
w0ðfÞ ¼ 2is1

C44

1
2pi

Z
c

f
x0ðrÞ
r� f

dr

w0ðfÞþ R3

K2
/0ðfÞ ¼ 0

9>>>=
>>>;

ð8:2:6Þ

where f is the function given by formula (8.2.3), which takes values between r�a

and r�a in the f-plane.
Integration of the right-hand side of Eq. (8.2.6) leads to

1
2pi

Z
c

f
x0ðrÞ
r� f

dr ¼ 1
2ps

1
1� f

lnðr� 1Þ � 1þ f

ð1� fÞð1þ f2Þ lnðr� fÞ



� f

2ð1þ f2Þ lnð1þ r2Þþ 1

2ð1� f2Þ ln
r� i
rþ i

�r¼r�a

r¼ra

� FðfÞ

ð8:2:7Þ

where r�a and r�a are given by formula (8.2.5). Based on the above relation,
(8.2.6) is further reduced to

/0ðfÞ ¼ K2s1
C44K2 � R2

3
2iFðfÞ;w0ðfÞ ¼ �R3s1

C44K2 � R2
3
2iFðfÞ: ð8:2:8Þ

Now, let us calculate the stresses. During this process, the following relations
will be used:

/0
1ðtÞ ¼

/0ðfÞ
x0ðfÞ ¼

2iK2s1
C44K2 � R2

3
:
F0ðfÞ
x0ðfÞ ;

w0
1ðtÞ ¼

w0ðfÞ
x0ðfÞ ¼ � 2iR3s1

C44K2 � R2
3
:
F0ðfÞ
x0ðfÞ :

Substitution of the above expressions into (8.1.10) leads to

rzx � irzy ¼ is1
F0ðfÞ
x0ðfÞ

Hzx � iHzy ¼ 0

9>=
>; ð8:2:9Þ

which shows that the stress distribution is independent of material constants.
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Substitution of (8.2.7) into (8.2.9) leads to the explicit expressions of stresses.
The forms of FðfÞ and F0ðfÞ are relatively complex, while the expressions of stress
in terms of variable f ð¼ nþ igÞ are concise. In an attempt to invert them to the t-
plane, inverse of transform (8.2.4) must be used:

f ¼ x�1ðtÞ ¼ �ðept=H � 2Þ � 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ept=H � 2

p

ept=H � 2
ð8:2:10Þ

Substitution of (8.2.10) into (8.2.9) yields the final expressions of rzx, rzy, Hzx

and Hzx in the t-plane, which are very complex. Here, we skip this procedure.
Now, let us calculate the stress intensity factors. According to (8.3.15) and

(8.1.16), it is known that at the region such that r1/a � 1,

rzx ¼ � K jj
IIIffiffiffiffiffiffiffiffiffi
2pr1

p sin
h1
2
; rzy ¼ � K jj

IIIffiffiffiffiffiffiffiffiffi
2pr1

p cos
h1
2

Therefore,

rzx � irzy ¼ � K jj
IIIffiffiffiffiffiffiffiffiffi
2pr1

p sin
h1
2
� i cos

h1
2

� �
¼ � Kk

IIIffiffiffiffiffiffiffiffiffi
2pt1

p ð8:2:11Þ

where t1 ¼ r1eih1 ¼ x1 þ iy1:
By using conformal mapping t = x(f), we have

t1 ¼ xðf1Þ; ð8:2:12Þ

where f1 is the point in the f-plane corresponding to t1. With relations (8.2.11) and
(8.2.9), we define

Kk
III ¼ lim

f!�1

ffiffiffi
p

p
s1

F00ðfÞffiffiffiffiffiffiffiffiffiffiffiffi
xvðfÞp ; K?

III ¼ 0 ð8:2:13Þ

and here f = −1 is the point corresponding to the crack tip. Substitution of (8.2.4)
and (8.2.7) into (8.2.13) yields

Kk
III ¼

ffiffiffiffiffiffiffi
2H

p
s1

2p
ln
2epa=H � 1þ 2epa=H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p

2epa=H � 1� 2epa=H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p ð8:2:14Þ

If we do not assume s2 ¼ 0 in (8.2.1), then the stress intensity factor K?
III can be

similarly evaluated, and the expression is similar to (8.2.14); this is the extension of
work given by Ref. [4] for classical elasticity to quasicrystal elasticity.
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8.2.2 Finite Strip with Two Cracks

The configuration is shown in Fig. 8.4, and these are the following boundary
conditions:

y ¼ �H;�1\x\1 : rzy ¼ 0;Hzy ¼ 0
x ¼ �1;�H\y\H : rzx ¼ 0;Hzx ¼ 0
y ¼ �0;�1\x\� a : rzy ¼ 0;Hzy ¼ 0;�a\x\0 : rzy ¼ �s1;Hzy ¼ �s2;
L\x\1 : rzy ¼ 0;Hzy ¼ 0

9>>=
>>;:

ð8:2:15Þ

For simplicity, we assume that s2 ¼ 0 in (8.2.15). The following conformal
mapping

z ¼ xðfÞ ¼ H
p
ln

1þ a
1� f
1þ f

� �2

1þ ba
1� f
1þ f

� �2 ð8:2:16Þ

transforms the region at z-plane onto the interior of the unit circle c at f-plane, in
which

a ¼ 1� e�pa=H

1� e�pðaþLÞ=H ; b ¼ e�pL=H ð8:2:17Þ

Then, substituting (8.2.16) into (8.2.6), we can find the solution /0ð1Þ and so the
stress intensity factors such as

Kk ð0;0Þ
III ¼ lim

f!1þ 0
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pxðfÞ

p
s1

FðfÞ
x0ðfÞ

� �

¼
ffiffiffiffiffiffiffi
2H

p
s1

p
ffiffiffiffiffiffiffiffiffiffiffi
1� b

p ln
1þ ffiffiffi

a
p

1� ffiffiffi
a

p �
ffiffiffi
b

p
ln
1þ ffiffiffiffiffiffi

ab
p

1� ffiffiffiffiffiffi
ab

p

 �

Fig. 8.4 Two cracks in a
strip
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Kk ðL;0Þ
III ¼ lim

f!�1�0
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðL� xðfÞÞ

p
s1

FðfÞ
x0ðfÞ

� �

¼
ffiffiffiffiffiffiffi
2H

p
s1

p
ffiffiffiffiffiffiffiffiffiffiffi
1� b

p
ffiffiffi
b

p
ln
1þ ffiffiffi

a
p

1� ffiffiffi
a

p � ln
1þ ffiffiffiffiffiffi

ab
p

1� ffiffiffiffiffiffi
ab

p

 � ð8:2:18Þ

in which

/0ðfÞ ¼ K2s1
C44K2 � R2

3
2iFðfÞ;w0ðfÞ ¼ � R3s1

C44K2 � R2
3
2iFðfÞ

FðfÞ ¼ 2H
p2

ffiffiffi
a

p
A

ð1þ fÞ2 þ að1� fÞ2 �
ffiffiffiffiffiffi
ab

p
M

ð1þ fÞ2 þ abð1� fÞ2
" #

þ 2H
p2

iað1� bÞð1� f2Þ
½ð1þ fÞ2 þ að1� fÞ2�½ð1þ fÞ2 þ abð1� fÞ2� ln

i� f
1� if

A ¼ lnðð1þ ffiffiffi
a

p Þ=ð1� ffiffiffi
a

p ÞÞ; M ¼ lnðð1þ
ffiffiffiffiffiffi
ab

p
Þ=ð1�

ffiffiffiffiffiffi
ab

p
ÞÞ

ð8:2:19Þ

If we do not assume s2 ¼ 0 in (8.2.15), then the stress intensity factor K?
III can be

similarly evaluated, and the expression is similar to (8.2.18), and this extends the
study for the classical elasticity. The detail can be found in Refs. [5, 6], and for some
calculations on the function FðfÞ, refer to Sect. A.1 of Major Appendix of this book.

8.3 Griffith Crack Problems in Point Groups 5m
and 10mm Quasicrystal Based on Displacement
Potential Function Method

The literature [2] reported that Chinese materials scientists had started to charac-
terize the fracture toughness of quasicrystals. Due to the lack of theoretical solu-
tions to crack problems in quasicrystals, their experimental work was performed
largely by indirectly measuring the fracture toughness. If the crack solution had
been known then, the fracture toughness could have been determined by direct
measurement, a much more simpler and accurate method.

This section aims to solve the Mode I Griffith crack in quasicrystal with a tenfold
symmetry by using the method of displacement functions. Therefore, the funda-
mental formulas in Sect. 6.2 and formulas using Fourier transform in Sect. 7.2 are
the basis for this section. To save space, we do not plan to list those formulas in
detail here, and interested readers may refer to the previous two chapters. In the
next section, we are going to solve this problem using method of stress functions.
On the one hand, this demonstrates the problem-solving procedure based on the
method of stress functions; on the other hand, this is targeted to examine the results
obtained by the method of displacement functions. For a correct solution, it can be
examined using any available method.
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Consider a Griffith crack under the action of external traction, i.e. rð1Þ
yy ¼ p, and

the crack is assumed to penetrate the periodic axis (z-direction) of the quasicrystals,
as shown in Fig. 8.5. Similar to the analysis in the preceding section, within the
framework of Griffith’s theory, this problem can be replaced by an equivalent crack
problem shown in Fig. 8.6. Furthermore, assume the external traction being inde-
pendent of z; therefore, the deformation of the quasicrystal is also independent of z,
namely

@ui
@z

¼ 0;
@wi

@z
¼ 0 ði ¼ 1; 2; 3Þ ð8:3:1Þ

According to the analysis performed in Chap. 6, under this case, the
two-dimensional quasicrystal elasticity problem can be decoupled into a plane

Fig. 8.5 Griffith crack along
the periodic axis of
quasicrystal and subjected to a
tension

Fig. 8.6 The same Griffith
crack as in Fig. 8.5 with
external traction acting on
crack surfaces
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elasticity problem of phonon-phason coupling and an anti-plane pure elasticity
problem. In this case, the latter only has a trivial solution under Mode I external
traction, which can be neglected. The plane elasticity problem of phonon-phason
coupling with point groups 5 m and 10 mm has been studied in Sect. 6.2, and its
final governing equation is:

r2r2r2r2F ¼ 0 ð8:3:2Þ

and here F(x, y) is the displacement potential function introduced in Sect. 6.2.
As shown in Fig. 8.6, the Griffith crack is under the action of uniform traction at

crack surfaces, and without far-field traction, i.e. ryyðx; 0Þ ¼ �p, |x| < a. We
modify this problem into the semi-plane problem, i.e. we only study the case in the
upper half-plane or the lower half-plane under the following conditions:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1 : rij ¼ Hij ¼ 0

y ¼ 0; xj j\a : ryy ¼ �p; ryx ¼ 0

Hyy ¼ 0; Hyx ¼ 0

y ¼ 0; xj j[ a : ryx ¼ 0;Hyx ¼ 0

uy ¼ 0; wy ¼ 0

9>>>>>>>=
>>>>>>>;
: ð8:3:3Þ

By performing Fourier transform on Eq. (8.3.2)

F̂ðn; yÞ ¼
Z1
�1

Fðx; yÞeinxdx ð8:3:4Þ

Equation (8.3.2) is therefore reduced to an ordinary differential equation such that:

d2

dy2
� n2

� �4

F̂ðn; yÞ ¼ 0: ð8:3:5Þ

If we choose the upper half-plane y > 0 for our study, the solution of the above
equation is:

F̂ðn; yÞ ¼ ð4n4Þ�1XYe� nj jy ð8:3:6Þ

where X = (A, B, C, D), Y = (1, y, y2, y3)T and A, B, C and D are arbitrary functions
with respect to n to be determined according to the boundary condition; “T” stands
for the transpose of a matrix. Fourier transforms of the displacement and stress
components can be expressed in terms of F̂ðn; yÞ, i.e. X and Y as discussed in
Sect. 7.2.

Solution (8.2.6) has satisfied the boundary condition (8.2.3) at infinity, and the
left boundary condition in (8.2.3) results in
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AðnÞ ¼ ½21CðnÞ nj j � 3ð32� e2ÞDðnÞ�=2 nj j3

BðnÞ ¼ ½6CðnÞ nj j � 21DðnÞ�=n2

)
ð8:3:7Þ

and the following set of dual integral equations.

2
d11

R1
0
½CðnÞn� 6DðnÞ� cosðnxÞdn ¼ �p; 0\x\a

R1
0
n�1½CðnÞn� 6DðnÞ� cosðnxÞdn ¼ 0; x[ a

2
d12

R1
0
DðnÞ cosðnxÞdn ¼ 0; 0\x\a

R1
0
n�1DðnÞ cosðnxÞdn ¼ 0; x[ a

9>>>>>>>>>>>=
>>>>>>>>>>>;

: ð8:3:8Þ

Here, e2 is given by the second relation in (7.2.12), i.e.

e2 ¼ 2ab
xða� bÞðK1 � K2Þ þ

a� b
aþ b

;

a and b is given by the second relation in (6.2.5), i.e.

a ¼ R Lþ 2Mð Þ � xK1; b ¼ RM � xK1;x ¼ M Lþ 2Mð Þ=R

d11 and d22 are given as

d11 ¼ nR=½ð4M=LþMÞðLþ 2MÞðMK1 � R2Þ�
d12 ¼ nR2=d0MðLþ 2MÞ
d0 ¼ � ðMK1 � R2Þ½ðLþ 2MÞðK1 þK2Þ � 2R2��

�½ðLþ 2MÞK1 � R2�½MðK1 þK2Þ � 2R2��

9>>>>>=
>>>>>;

ð8:3:9Þ

and n is determined by (7.2.12), namely

n ¼ Ma� ðLþ 2MÞb:

The theory of dual integral equations is listed in the Major Appendix of this
monograph. Accordingly, solution to the set of Eq. (8.3.8) is:

2CðnÞn ¼ d11paJ1ðanÞ; DðnÞ ¼ 0 ð8:3:10Þ

where J1ðanÞ is the first-order Bessel function of the first kind.
So far, the unknown functions A(n), B(n), C(n) and D(n) have been determined

completely. In the view of mathematics, this problem has been solved. However, in
the view of physics, we need to perform the Fourier inverse:
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Fðx; yÞ ¼ 1
2p

Z1
�1

F̂ðn; yÞe�inxdn ð8:3:11Þ

in order to express the field variables in the physical space.
Obviously, once F(x, y) is determined from the integral (8.3.11), uj, rjk and Hjk

can be determined by substituting F(x, y) into (8.3.8)–(8.3.11). Alternatively,
ûjðn; yÞ; ŵjðn; yÞ; r̂jkðn; yÞ; and Ĥjkðn; yÞ can be determined by substituting X(n) and
Y(n) into (8.3.8)–(8.3.11), and then, their Fourier inverses finally lead to uj, rjk and
Hjk. Luckily, the above integrals with Bessel function can be expressed explicitly
using elemental functions. Nevertheless, their final expressions in terms of variables
x and y are extremely complex. However, the final expressions appear more concise
if using (r, h), (r1, h1) and (r2, h2) to stand for the three polar coordinate systems
with the crack centre, left crack tip and right crack tip as origins, respectively, as
shown in Fig. 8.2, similar to (8.1.16), i.e.

x ¼ r cos h ¼ aþ r1 cos h1 ¼ �aþ r2 cos h2
y ¼ r sin h ¼ r1 sin h1 ¼ r2 sin h2

�
ð8:3:12Þ

The following infinite integrals involving Bessel functions are used for stress
calculation:

R1
0
J1ðanÞe�nzdn ¼ 1

a 1� z
a2�z2ð Þ1=2

h i
R1
0
nJ1ðanÞe�nzdn ¼ a

a2�z2ð Þ3=2R1
0
n2J1ðanÞe�nzdn ¼ 3az

a2�z2ð Þ5=2R1
0
n3J1ðanÞe�nzdn ¼ 3að4z2�a2Þ

a2�z2ð Þ7=2

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð8:3:13Þ

where z = x + iy.
After proper calculation, we have

rxx ¼ �p½1þ rðr1r2Þ�3=2 cosðh� hÞ� � prðr1r2Þ�3=2 sin h sin 3h
ryy ¼ �p½1� rðr1r2Þ�3=2 cosðh� hÞ� þ prðr1r2Þ�3=2 sin h sin 3h
rxy ¼ ryx ¼ prðr1r2Þ�3=2 sin h cos 3h
Hxx ¼ �4d21prðr1r2Þ�3=2 sin h cos 3h� 6d21pr3ðr1r2Þ�5=2 sin2 h cosðh� 5hÞ
Hyy ¼ �6d21pr3ðr1r2Þ�5=2 sin2 h cosðh� 5hÞ
Hxy ¼ 6d21pr3ðr1r2Þ�5=2 sin2 h sinðh� 5hÞ
Hyx ¼ 4d21prðr1r2Þ�3=2 sin h cos 3hþ 6d21pr3ðr1r2Þ�5=2 sin2 h sinðh� 5hÞ

8>>>>>>>>>><
>>>>>>>>>>:

ð8:3:14aÞ
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in which r ¼ r=a; r1 ¼ r1=a; r2 ¼ r2=a; h ¼ ðh1 þ h2Þ=2

d21 ¼ RðK1 � K2Þ=4ðMK1 � R2Þ ð8:3:14bÞ

Similarly, displacement components uj and wj can be also expressed in terms of
elemental functions. We list here only the component

uyðx; 0Þ ¼
0 xj j[ a
p
2 ð K1

MK1�R2 þ 1
LþMÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
xj j\a

�
ð8:3:15Þ

From these results of (8.3.14a), we can find the stress intensity factor

Kk
I ¼ lim

x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� aÞ

p
ryyðx; 0Þ ¼

ffiffiffiffiffiffi
pa

p
p ð8:3:16Þ

and the crack strain energy as

WI ¼ 2
Za
0

ðryyðx; 0Þ � Hyyðx; 0ÞÞðuyðx; 0Þ � wyðx; 0ÞÞdx

¼ pa2p2

4
1

LþM
þ K1

MK1 � R2

� �
ð8:3:17Þ

So there is the crack energy release rate

GI ¼ 1
2
@W1

@a
¼ 1

4
1

LþM
þ K1

MK1 � R2

� �
ðKk

I Þ2 ð8:3:18Þ

It is evident that the crack energy release rate depends on not only phonon elastic
constants Lð¼ C12Þ; Mð¼ ðC11 � C12Þ=2Þ, but also phason elastic constant K1 and
phonon-phason coupling elastic constant R. The further meaning and applications
of these quantities will be discussed in detail in Chap. 15. This provides the basis
for fracture theory of quasicrystalline materials.

This work has been published in Phil. Mag. A [7].

8.4 Stress Potential Function Formulation and Complex
Analysis Method for Solving Notch/Crack Problem
of Quasicrystals of Point Groups 5; �5 and 10; 10

The Fourier method cannot solve notch problems, while complex analysis method
with conformal mapping can solve them. In this section, we develop complex
potential method for notch/crack problems for plane elasticity of point groups 5; �5
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and 10; 10 quasicrystals. We will use the stress potential formulation [9]; of course
we can also use the displacement potential formulation for the plane elasticity
introduced in Sect. 6.4.

8.4.1 Complex Analysis Method

From Sect. 6.7, we find that based on the stress potential method, the final gov-
erning equation of plane elasticity of point groups 5; �5 and 10; 10 decagonal qua-
sicrystals is:

r2r2r2r2G ¼ 0 ð8:4:1Þ

The general solution of Eq. (8.4.1) is [8]:

G ¼ 2Re g1ðzÞþ�zg2ðzÞþ 1
2
�z2g3ðzÞþ 1

6
�z3g4ðzÞ


 �
ð8:4:2Þ

where gjðzÞ; ðj ¼ 1; . . .; 4Þ are four analytic functions of a single complex variable
z ¼ xþ iy ¼ reih. The bar over the quantity denotes the complex conjugate here-
inafter, i.e. �z ¼ x� iy ¼ re�ih: We can see that the complex analysis here will be
more complicated than that of Muskhelishvili method for plane elasticity of clas-
sical elasticity.

8.4.2 The Complex Representation of Stresses
and Displacements

Substituting expression (8.4.2) into Eq. (6.7.6) and then into Eq. (6.7.2) leads to

rxx ¼ �32c1Re½XðzÞ � 2g0004 ðzÞ�
ryy ¼ 32c1Re½XðzÞþ 2g0004 ðzÞ�
rxy ¼ ryx ¼ 32c1ImXðzÞ
Hxx ¼ 32R1Re½H0ðzÞ � XðzÞÞ � 32R2ImðH0ðzÞ � XðzÞ�
Hxy ¼ �32R1Im½H0ðzÞþXðzÞÞ � 32R2ReðH0ðzÞþXðzÞ�
Hyx ¼ �32R1Im½H0ðzÞ � XðzÞÞ � 32R2ReðH0ðzÞ � XðzÞ�
Hyy ¼ �32R1Re½H0ðzÞþXðzÞÞþ 32R2ImðH0ðzÞþX�

ð8:4:3Þ
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where

HðzÞ ¼ gðIVÞ2 ðzÞþ�zgðIVÞ3 ðzÞþ 1
2
�z2gðIVÞ4 ðzÞ

XðzÞ ¼ gðIVÞ3 ðzÞþ�zgðIVÞ4 ðzÞ
ð8:4:4Þ

in which the prime, two prime, three prime and superscript (IVÞ denote the first- to
fourth-order differentiation of giðzÞ to variable z; in addition H0ðzÞ ¼ dHðzÞ=dz.

We further derive the complex representations of displacement components of
phonon and phason fields. The first two equations of Eq. (6.7.3) can be rewritten as
follows:

exx ¼ c2ðrxx þ ryyÞ � K1 þK2

2c
ryy � 1

2c
½R1ðHxx þHyyÞþR2ðHxy � HyxÞ�

eyy ¼ c2ðrxx þ ryyÞ � K1 þK2

2c
rxx þ 1

2c
½R1ðHxx þHyyÞþR2ðHxy � HyxÞ�

ð8:4:5Þ

where

c2 ¼ cþðLþMÞðK1 þK2Þ
4ðLþMÞc ð8:4:6Þ

and c refer to (6.7.4). Substituting Eq. (8.4.3) into (8.4.5) and integrating yield

ux ¼ 128c1c2Reg004ðzÞ �
K1 þK2

2c
@

@x
/

þ 32ðR2
1 þR2

2Þ
c

Re g0003 ðzÞþ�zg0004 ðzÞ � g004ðzÞ
� �þ f1ðyÞ

uy ¼ 128c1c2Img004ðzÞ �
K1 þK2

2c
@

@y
/

� 32ðR2
1 þR2

2Þ
c

Im g0003 ðzÞþ�zg0004 ðzÞþ g004ðzÞ
� �þ f2ðxÞ

With these results and other equations of Eq. (6.7.3), one finds that

� df1ðyÞ
dy

¼ df2ðxÞ
dx

This means these two functions must be constants which only give rigid body
displacements. Omitting the trial functions f1ðyÞ; f2ðxÞ, one obtains

ux þ iuy ¼ 32ð4c1c2 � c3 � c1c4Þg004ðzÞ � 32ðc1c4 � c3Þ½g0003 ðzÞþ zg0004 ðzÞ� ð8:4:7Þ
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where c1 refer to (6.7.7) and

c3 ¼ R2
1 þR2

2

c
; c4 ¼ K1 þK2

c
ð8:4:8Þ

Similarly, the complex representations of displacement components of phason
fields can be expressed as follows:

wx þ iwy ¼ 32ðR1 � iR2Þ
K1 � K2

HðzÞ ð8:4:9Þ

8.4.3 Elliptic Notch Problem

To illustrate the effect of the stress potential and complex analysis method to the
complicated stress boundary value problems of eight order partial differential
equations given above, we here calculate the stress and displacement fields induced

by an elliptic notch L : x2
a2 þ y2

b2 ¼ 1, see Fig. 8.7a, the edge of which is subjected to
a uniform pressure p, this problem is equivalent to the case that the body is sub-
jected to a tension at infinity and the surface of the notch is stress-free shown in
Fig. 8.7a if a ¼ p=2. The equivalency is proved in Sect. 11.3.9 in Chap. 11.

For the problem shown in Fig. 8.7a, the boundary conditions can be expressed
as follows:

rxx cosðn; xÞþ rxy cosðn; yÞ ¼ Tx;

rxy cosðn; xÞþ ryy cosðn; yÞ ¼ Ty; ðx; yÞ 2 L
ð8:4:10Þ

Hxx cosðn; xÞþHxy cosðn; yÞ ¼ hx;

Hyx cosðn; xÞþHyy cosðn; yÞ ¼ hy; ðx; yÞ 2 L
ð8:4:11Þ

where Tx ¼ �p cosðn; xÞ,Ty ¼ �p cosðn; yÞ denote the components of surface
traction, p is the magnitude of the pressure, hx and hy are generalized surface
tractions and n represents the outward unit normal vector of any point of the
boundary. But the measurement of generalized tractions has not been reported so
far, and for simplicity, we assume that hx ¼ 0, hy ¼ 0:

From Eqs. (8.4.3), (8.4.4) and (8.4.10), one has

g004ðzÞþ g0003 ðzÞþ zg0004 ðzÞ ¼
i

32c1

Z
ðTx þ iTyÞds ¼ � 1

32c1
pz z 2 L ð8:4:12Þ

158 8 Application II—Solutions of Notch and Crack Problems …

http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_11


Taking the conjugate on both sides of Eq. (8.4.12) yields

g004ðzÞþ g0003 zÞþ�zg0004 zÞ ¼ � 1
32c1

p�z z 2 L ð8:4:13Þ

From Eqs. (8.4.3), (8.4.4) and (8.4.11), we have

R1ImHðzÞþR2ReHðzÞ ¼ 0
�R1ReHðzÞþR2ImHðzÞ ¼ 0

z 2 L ð8:4:14Þ

Multiplying the second formula of (8.4.14) by i and adding it to the first, one
obtains

HðzÞ ¼ 0 z 2 L ð8:4:15Þ

Because the function g1ðzÞ does not appear in the displacement and stress for-
mulas, boundary Eqs. (8.4.12), (8.4.13) and (8.4.15) are enough for determining the

Fig. 8.7 a An infinite
decagonal quasicrystal with
an elliptic notch subjected to a
uniform pressure and
stress-free at infinity. b The
elliptic notch subjected to an
external tension and the
surface of notch is stress-free
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unknown functions g2ðzÞ; g3ðzÞ and g4ðzÞ: However, the calculation cannot be
completed at the z-plane due to the complexity of the evaluation, and we must use
the conformal mapping

z ¼ xðfÞ ¼ R0
1
f
þmf

� �
ð8:4:16Þ

to transform the region with ellipse at the z-plane onto the interior of the unit circle
c at the f-plane (refer to Fig. 8.8), where f ¼ nþ ig ¼ qeiu and R0 ¼ aþ b

2 ;

m ¼ a�b
aþ b :For simplicity, we introduce the following new symbols:

gðIVÞ2 ðzÞ ¼ F2ðzÞ; g0003 ðzÞ ¼ F3ðzÞ; g004ðzÞ ¼ F4ðzÞ: ð8:4:17Þ

And we have

FjðzÞ ¼ FjðxðfÞÞ ¼ UjðfÞ;F0
jðzÞ ¼

U0
jðfÞ

x0ðfÞ ðj ¼ 1; . . .; 4Þ ð8:4:18Þ

Substituting (8.4.17) into (8.4.12), (8.4.13) and (8.4.15), then multiplying both

sides of equations by 1
2pi

dr
r�f and integrating along the unit circle, we have

1
2pi

Z
c

U4ðrÞdr
r� f

þ 1
2pi

Z
c

U3ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ
xðrÞ

U0
4ðrÞdr
r� f

¼ � p
32c1

1
2pi

Z
c

xðrÞdr
r� f

1
2pi

Z
c

U4ðrÞdr
r� f

þ 1
2pi

Z
c

U3ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ
xðrÞ

U0
4ðrÞdr
r� f

¼ � p
32c1

1
2pi

Z
c

xðrÞdr
r� f

1
2pi

Z
c

U2ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
3ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ2

½x0ðrÞ�2
U00

4ðrÞdr
r� f

2
64

�
Z
c

xðrÞ2x00ðrÞ
½x0ðrÞ�3

U0
4ðrÞdr
r� f

3
75 ¼ 0

ð8:4:19Þ

where r ¼ eiuðq ¼ 1Þ represents the value of f at the unit circle.
According to Cauchy integral formula and analytic extension of the complex

analysis theory, similar to the calculations at Sects. 8.1 and 8.2, from the first and
the second equations of (8.4.19), one obtains
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U3ðfÞ ¼ pR0

32c1

ð1þm2Þf
mf2 � 1

U4ðfÞ ¼ � pR0

32c1
mf

ð8:4:20Þ

Substitution of

xðrÞ
x0ðrÞ ¼ r

r2 þm
mr2 � 1

;
xðrÞ2x00ðrÞ

x0ðrÞ3 ¼ � 2rðr2 þmÞ2
ðmr2 � 1Þ3

and (8.4.20) into the third equation of (8.4.19) yields

1
2pi

Z
c

U2ðrÞdr
r� f

þ 1
2pi

Z
c

r
r2 þm
mr2 � 1

U0
3ðrÞdr
r� f

þ 1
2pi

Z
c

rðr2 þmÞ2
ðmr2 � 1Þ3

U0
4ðrÞdr
r� f

¼ 0

By Cauchy integral formula, we have

1
2pi

Z
c

U2ðrÞdr
r� f

¼ U2ðfÞ

1
2pi

Z
c

r
r2 þm
mr2 � 1

U0
3ðrÞdr
r� f

¼f
f2 þm

mf2 � 1
U0

3ðfÞ

1
2pi

Z
c

rðr2 þmÞ2
ðmr2 � 1Þ3

U0
4ðrÞdr
r� f

¼ fðf2 þmÞ2
ðmf2 � 1Þ3 U

0
4ðfÞ

Substituting these equations into (8.4.19), one finds that at last

Fig. 8.8 Conformal mapping and boundary correspondence
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U2ðfÞ ¼ pR0

32c1

fðf2 þmÞ½ð1þm2Þð1þmf2Þ � ðf2 þmÞ�
ðmf2 � 1Þ3 ð8:4:21Þ

Utilizing the above-mentioned results, the phonon and phason stresses can be
determined at the f-plane. We here only give a simple example, i.e. along the edge
of the notch (q ¼ 1), there are the phonon stress components such as

ruu ¼ p
1� 3m2 þ 2m cos 2u
1þm2 � 2m cos 2u

; rqq ¼ �p; rqu ¼ ruq ¼ 0

which are identical to the well-known results of the classical elasticity theory.

8.4.4 Elastic Field Caused by a Griffith Crack

The solution of the Griffith crack subjected to a uniform pressure has been observed
by Li et al. [7] in terms of the Fourier transform method, which can also be obtained
by the notch solution in corresponding to the case m ¼ 1;R0 ¼ a

2 of the present
work. For explicitness, we express the solution in z-plane. The inversion of
transformation (8.4.16) is as m ¼ 1

f ¼ 1
a

z�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p� �
ð8:4:22Þ

From Eqs. (8.4.20) and (8.4.22), we have

gðIVÞ2 ðzÞ ¼ � pa2

128c1

z2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 � a2Þ3

q
g0003 ðzÞ ¼ � p

64c1

a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p ;

g004ðzÞ ¼
p

64c1
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� zÞ

ð8:4:23Þ

So the stresses and the displacements can be expressed with complex variable z.
Similar to (8.1.16), we introduce three pairs of the polar coordinates ðr; hÞ;

ðr1; h1Þ and ðr2; h2Þ with the origin at the crack centre, at the right crack tip and at
the left crack tip, i.e. z ¼ reih; z� a ¼ r1eih1 ; zþ a ¼ r2eih2 , respectively, and the
analytic expressions for the stress and displacement fields can be obtained.

Moreover, the stress intensity factor and free energy of the crack and so on can
be evaluated as the direct results of the solution. We here only list the stress
intensity factor and energy release rate as below:
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Kk
I ¼ lim

x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� aÞ

p
ryyðx; 0Þ ¼

ffiffiffiffiffiffi
pa

p
p;

GI ¼ 1
2
@

@a
2
Za
0

½ðryyðx; 0Þ � Hyyðx; 0ÞÞððuyðx; 0Þ � wyðx; 0ÞÞ�dx
8<
:

9=
;

¼ LðK1 þK2Þþ 2ðR2
1 þR2

2Þ
8ðLþMÞc ðKk

I Þ2:

ð8:4:24Þ

where c ¼ MðK1 þK2Þ � 2ðR2
1 þR2

2Þ and L ¼ C12;M ¼ ðC11 � C12Þ=2 ¼ C66:
The crack energy release rate GI is dependent upon not only phonon elastic con-
stants Lð¼ C12Þ;Mð¼ ðC11 � C12Þ=2Þ, but also phason elastic constants K1;K2 and
phonon-phason coupling elastic constants R1;R2, though we have assumed the
generalized tractions hx ¼ hy ¼ 0. The results are the same with those given by the
Fourier analysis [10].

It is evident that the present solution covers the solution for point groups 5m,
10mm quasicrystals, or say the solution of the latter is a special case of the present
problem.

The detail for some further principle of the complex analysis method will be
discussed in-depth in Chap. 11. For the further implications and applications of the
results to fracture theory of quasicrystals, refer to Chap. 15.

8.5 Solutions of Crack/Notch Problems
of Two-Dimensional Octagonal Quasicrystals

Zhou and Fan [11] and Zhou [12] obtained the solution of a Griffith crack in
octagonal quasicrystals in terms of the Fourier transform and dual integral equa-
tions, and the calculation is very complex and lengthy, which cannot be listed here.

Li [13] gave solutions for a notch/Griffith crack problem in terms of complex
analysis method based on the stress potential formulation, and an outline of the
algorithm was listed in Sect. 6.8.

The final governing equation of plane elasticity of octagonal quasicrystals of
point group 8mm based on the stress potential formulation is the same as that of (6.
6.12), but we here rewrite as

@8

@x8
þ 4ð1� 4eÞ @8

@x6@y2
þ 2ð3þ 16eÞ @8

@x4@y4
þ 4ð1� 4eÞ @8

@x2@y6
þ @8

@y8


 �
G ¼ 0

ð8:5:1Þ

in which Gðx; yÞ is the stress potential function, and the material constant e is the
same as that given in Chaps. 6 and 7. The complex representation of Eq. (8.5.1) is:
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Gðx; yÞ ¼ 2Re
X4
k¼1

GkðzkÞ; zk ¼ xþ lky ð8:5:2Þ

in which unknown functions GkðzkÞ are analytic functions of complex variable zk
(k ¼ 1; 2; 3; 4), to be determined, and lk ¼ ak þ ibk (k ¼ 1; 2; 3; 4) are complex
parameters and determined by the roots of the following eigenvalue equation:

l8 þ 4ð1� 4eÞl6 þ 2ð3þ 16eÞl4 þ 4ð1� 4eÞl2 þ 1 ¼ 0 ð8:5:3Þ

The stresses can be expressed by functions GkðzkÞ such as

rxx ¼ �2c3c4 Re
X4
k¼1

ðl2k þ 2l4k þ l6kÞg0kðzkÞ ð8:5:4aÞ

ryy ¼ �2c3c4Re
X4
k¼1

ð1þ 2l2k þ l4kÞg0kðzkÞ ð8:5:4bÞ

rxy ¼ ryx ¼ 2c3c4Re
X4
k¼1

ðlk þ 2l3k þ l5kÞg0kðzkÞ ð8:5:4cÞ

Hxx ¼ RRe
X
k¼1

½ð4c4 � c3Þl2k þ 2ð3c3 � 2c4Þl4k � c3l
6
kÞ�g0kðzkÞ ð8:5:4dÞ

Hxy ¼ �RRe
X4
k¼1

½ð4c4 � c3Þlk þ 2ð3c3 � 2c4Þl3k � c3l
5
kÞ�g0kðzkÞ ð8:5:4eÞ

Hyx ¼ �RRe
X4
k¼1

½c3lk þ 2ðc4 � 2c3Þl3k � ð4c4 � c3Þl5kÞ�g0kðzkÞ ð8:5:4fÞ

Hyy ¼ RRe
X4
k¼1

½c3 þ 2ðc4 � 2c3Þl2k � ð4c4 � c3Þl4kÞ�g0kðzkÞ ð8:5:4gÞ

in which

gkðzkÞ ¼ @6GkðzkÞ
@z6k

; g0kðzkÞ ¼
dgkðzkÞ
dzk

c3 ¼ ðK1 þK2 þK3ÞM � R2

K1 þK2 þ 2K3
; c4 ¼ K1M � R2

K1 � K2
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We now consider an elliptic hole L : x2=a2 þ y2=b2 ¼ 1, at which there are the
boundary conditions:

rxx cosðn; xÞþ rxy cosðn; yÞ ¼ Tx;

rxy cosðn; xÞþ ryy cosðn; yÞ ¼ Ty; ðx; yÞ 2 L

Hxx cosðn; xÞþHxy cosðn; yÞ ¼ hx;

Hyx cosðn; xÞþHyy cosðn; yÞ ¼ hy; ðx; yÞ 2 L

ð8:5:5Þ

The complex variable zk can be rewritten as follows:

zk ¼ xk þ iyk
xk ¼ xþ aky; yk ¼ bky

ð8:5:6Þ

The second formula of Eq. (8.5.6) represents a coordinate transformation.

8.6 Approximate Analytic Solutions of Notch/Crack
of Two-Dimensional Quasicrystals with 5- and 10-Fold
Symmetries

Fan and Tang [14] solved finite bending specimens with elliptic notch/crack of
two-dimensional quasicrystal (refer to Fig. 8.9), in which (a) is the model of
Muskhelishvili to calculate conventional structural materials, and our model is
shown in (b).

According to the assumption of Muskhelishvili, the width is very larger than that
of size of the elliptic notch, so that conformal mapping (8.4.16) can still be used.
The problem has the following boundary conditions:

y ! �1; xj j\W=2 : B
RW=2

�W=2
ryyxdx ¼ M; ryx ¼ 0;Hyy ¼ 0;Hyx ¼ 0;

y ¼ 0; xj j\a : ryy ¼ 0; ryx ¼ 0;Hyy ¼ 0;Hyx ¼ 0;

x ¼ �W=2;�1\y\1 : rxx ¼ 0; rxy ¼ 0;Hxx ¼ 0;Hxy ¼ 0

8>>>><
>>>>:

ð8:6:1Þ

The solution of Muskhelishvili [15, p. 344] for conventional structural materials is
given for model (a) in Fig. 8.9, and he used conformal mapping

z ¼ xðfÞ ¼ R0
1
f
þmf

� �
ð8:6:2Þ

whose results are not suitable for model (b) in Fig. 8.9. The configuration of
solution of Lokchine [16] for conventional structural materials is identical to that of
ours, but he used elliptic coordinate in deriving solution, which is quite different
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from complex analysis. Our interest aims to develop the complex analysis here.
From the discussion of Chap. 6 referring to solution (6.9.7) of bending specimen
without notch

ryy ¼ M
I
x; I ¼ BW3

12
ð8:6:3Þ

Fig. 8.9 Specimen with elliptical notch and finite width of two-dimensional quasicrystals.
a Model of Muskhelishvili (for conventional structural materials) and b Fan and Tang’s model
[14] (for quasicrystals)
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In addition to the following, we take B ¼ 1. In the further calculation, for
simplicity, we remove the boundary conditions at upper and lower surfaces of the
specimen listed in (8.6.1); instead, add equivalent boundary conditions at the notch
surface. That is at the surface of notch/crack, there is the applied stress (8.6.3), and
other stress components are zero. If we consider only the crack problem, then
m ¼ 1;R0 ¼ a=2 in (8.6.2).

As we have known from 8.4 that the key equation in system (8.4.19) concerning
the crack stress intensity factor is:

1
2pi

Z
c

U4ðrÞdr
r� f

þ 1
2pi

Z
c

U3ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
4ðrÞdr
r� f

¼ 1
32c1

1
2pi

Z
c

tdr
r� f

ð8:6:4Þ

where t ¼ i
R ðTx þ iTyÞds. Substituting conformal mapping (8.6.2) and the

boundary condition of crack surface (8.6.3) into Eq. (8.6.4) yields the solution

U4ðfÞ ¼ Aa2

8
1

f2
þ Aa2

4
ð8:6:5Þ

where

A ¼ 12
M

BW3 ð8:6:6Þ

Bearing in mind the well-known results around the crack tip

rxx þ ryy ¼ ð2=pr1Þ1=2Kk
I cosðh1=2Þ

and

rxx þ ryy ¼ �ð2=pr1Þ1=2Kk
II sinðh1=2Þ

and define the complex stress intensity factor

K ¼ Kk
I � iKk

II

Note that z� z1 ¼ r1eih1 , where z1 represents the location of the crack tip; then, we
have

rxx þ ryy ¼ 2Re K=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðz� z1Þ

p� �
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and find again

rxx þ ryy ¼ 128c1Reg0004 ðzÞ ¼ 128c1ReU4ðfÞ

and the expression of complex stress intensity factor

K ¼ Kk
I � iKk

II ¼ 32c1 2
ffiffiffi
p

p
lim
f!�1

U0
4ðfÞffiffiffiffiffiffiffiffiffiffiffiffi
x00

4ðfÞ
p

 !

Substituting (8.6.2) into the above formula yields

Kk
I ¼ ffiffiffiffiffiffi

pa
p

rN ð8:6:7Þ

in which

rN ¼ 6
Ma
BW3

here B ¼ 1, so further the energy release rate

GI ¼ 1
4

1
LþM

þ K1

MK1 � R2

� �
Kk
I

� �2
¼ 1

4
1

LþM
þ K1

MK1 � R2

� �
pa rNð Þ2

ð8:6:8Þ

The solution obtained here is approximate, and it presents enough accuracy
provided

2a=W � 1=3: ð8:6:9Þ

8.7 Cracked Strip with Finite Height of Two-Dimensional
Quasicrystals with 5- and 10-Fold Symmetries
and Exact Analytic Solution

The power of complex analysis lies in the application of conformal mapping to
some extent. To demonstrate further the effect of conformal mapping, we give
another example for quasicrystals of point group 5 m and 10 mm, which is given
by Fan and Tang [17] (refer to (8.7.1)):
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The boundary conditions are as follows:

y ¼ �H;�1\x\1 : ryy ¼ 0; ryx ¼ 0;Hyy ¼ 0;Hyx ¼ 0
x ¼ �1;�H\y\H : rxx ¼ 0; rxy ¼ 0;Hxx ¼ 0;Hxy ¼ 0
y ¼ �0;�1\x\� a : ryy ¼ 0; ryx ¼ 0;Hyx ¼ 0;Hyx ¼ 0;
�a\x\0 : ryy ¼ �p; ryx ¼ �s;Hyx ¼ 0;Hyx ¼ 0

9>>=
>>; ð8:7:1Þ

So the problem is quite complicated, and solving is very difficult if taking other
approaches. The complex analysis is effective for the solution. The conformal
mapping here used is

z ¼ xðfÞ ¼ H
p
ln 1þ 1þ f

1� f

� �2
" #

ð8:7:2Þ

which maps the region at physical plane shown in Fig. 8.10a onto the interior of the
unit circle c. This conformal mapping was used in solving problem of
one-dimensional quasicrystals (refer to Sect. 8.2). Fan and Tang [17] developed
approach given by [4]. The application of the mapping yields the function equations
along the unit circle c due to the boundary conditions:

1
2pi

Z
c

U4ðrÞdr
r� f

þ 1
2pi

Z
c

U3ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
4ðrÞdr
r� f

¼ 1
32c1

1
2pi

Z
c

tdr
r� f

1
2pi

Z
c

U4ðrÞdr
r� f

þ 1
2pi

Z
c

U3ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
4ðrÞdr
r� f

¼ 1
32c1

1
2pi

Z
c

tdr
r� f

1
2pi

Z
c

U2ðrÞdr
r� f

þ 1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
3ðrÞdr
r� f

þ 1
2pi

½
Z
c

xðrÞ2

½x0ðrÞ�2
U00

4ðrÞdr
r� f

� R
c

xðrÞ2x00ðrÞ
½x0ðrÞ�3

U0
4ðrÞdr
r� f

� ¼ 1
R1 � iR2

1
2pi

Z
c

hdr
r� f

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð8:7:3Þ

The solution of these function equations will determine the complex stress poten-
tials, in which t ¼ i

R ðTx þ iTyÞds; t ¼ �i
R ðTx � iTyÞds; h ¼ i

R ðh1 þ ih2Þds, and

gðIVÞ2 ðzÞ ¼ h2ðzÞ; g0003 ðzÞ ¼ h3ðzÞ; g004ðzÞ ¼ h4ðzÞ
h2ðzÞ ¼ h2ðxðzÞÞ ¼ U2ðfÞ; h3ðzÞ ¼ h3ðxðzÞÞ ¼ U3ðfÞ
h4ðzÞ ¼ h4ðxðzÞÞ ¼ U4ðfÞ; h1ðzÞ ¼ h1ðxðzÞÞ ¼ U1ðfÞ ¼ 0

8>><
>>: ð8:7:4Þ

The inversion of conformal mapping (8.7.1) is:
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f ¼ x�1ðzÞ ¼ �e�pz=H � 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pz=H

p

2� e�pz=H
ð8:7:5Þ

The points at c in mapping plane corresponding to z ¼ ð�a; 0þ Þ and z ¼ ð�a; 0�Þ
in physical plane are:

r�a ¼ �e�pa=H þ 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p

2� e�pa=H

r�a ¼ �e�pa=H � 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p

2� e�pa=H

8>><
>>: ð8:7:6Þ

In addition, the crack tip is mapped to f ¼ �1 Substituting the mapping into the
equation

U4ðfÞþ 1
2pi

Z
c

GðrÞU
0
4ðrÞ

r� f
drþU3ð0Þ ¼ 1

32c1

Zr�a

r�a

i
R ðTx þ iTyÞds

r� f
dr ð8:7:7Þ

 Sample 

(b)

(a)

Conformal mapping onto the unit circle at -planeζ

Fig. 8.10 Finite height
specimen of quasicrystals
(a) and conformal mapping
onto the unit circle at
f-plane (b)
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in which

GðfÞ ¼ x 1
�
f

	 

x0ðfÞ ð8:7:8Þ

then leads to

U4ðfÞþGð0ÞU0
4ð0ÞþU3ð0Þ ¼ 1

32c1

Zr�a

r�a

i
R ðTx þ iTyÞds

r� f

� �
dr ð8:7:9Þ

and the solution at last

U0
4ðfÞ ¼

1
32c1

	 1
2pi

1
1� f

lnðr� 1Þ � 1þ f

ð1� fÞð1þ f2Þ lnðr� fÞ



� f

2ð1þ f2Þ lnð1þ r2Þþ 1

2ð1� f2Þ ln
r� i
rþ i

�r¼r�a

r¼ra

ð8:7:10Þ

Similarly, U2ðfÞ and U3ðfÞ can also be determined. If it is calculating stress
intensity factor the information on U0

4ðfÞ is enough, because of

K ¼ Kk
I � iKk

II ¼ 32c1 2
ffiffiffi
p

p
lim
f!�1

U0
4ðfÞffiffiffiffiffiffiffiffiffiffiffiffi
x00ðfÞp

 !
ð8:7:11Þ

Substituting the above results into this formula (note that Tx ¼ 0;
Ty ¼ �p; hx ¼ hy ¼ 0) yields

Kk
I ¼

ffiffiffi
2

p
p
ffiffiffiffi
H

p

2p
Fða=HÞ; Kk

II ¼ 0 ð8:7:12Þ

in which the configuration factor is:

Fða=HÞ ¼ ln
2epa=H � 1þ 2epa=H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p

2epa=H � 1� 2epa=H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�pa=H

p ð8:7:13Þ

Further, we have the crack energy release rate

GI ¼ 1
4

1
LþM

þ K1

MK1 � R2

� �
Kk
I

� �2
ð8:7:14Þ
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If the applied stress at the crack surface is pure shear stress, then

Kk
II ¼

ffiffiffi
2

p
s
ffiffiffiffi
H

p

2p
Fða=HÞ;Kk

I ¼ 0 ð8:7:15Þ

and

GII ¼ 1
4

1
LþM

þ K1

MK1 � R2

� �
Kk
II

� �2
ð8:7:16Þ

8.8 Exact Analytic Solution of Single Edge Crack
in a Finite Width Specimen of a Two-Dimensional
Quasicrystal of 10-Fold Symmetry

We have mentioned the power of complex analysis lies in the application of con-
formal mapping to some extent. To further demonstrate the powerful approach, let
us consider another example of a cracked specimen of quasicrystal of point group
5 m and 10 mm and shown in Fig. 8.11, the exact solution of which is difficult due
to finite width of the specimen.

The applied stresses are tensile at the top and bottom surfaces of the specimen
(which is equivalent to inner pressure along the crack surface), or shear at the
external surface of the sample (which is equivalent to shearing along the crack

Fig. 8.11 Single edge-cracked specimen subjected to tension (or inner pressure along the crack
surface) or shearing (or shearing along the crack surface)
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surface). For simplicity, we consider the case of action of inner pressure along the
crack surface or of shear along the crack surface only (this ensures stress-free at
region faraway from the interior of the specimen), so we have boundary conditions
for the case of action of inner pressure

ryy ¼ rxy ¼ 0;Hyy ¼ Hyx ¼ 0; y�1;�a\x\l� a;
rxx ¼ rxy ¼ 0;Hxx ¼ Hxy ¼ 0; �1\y\þ1; x ¼ �a; x ¼ l� a;
ryy ¼ �p; rxy ¼ 0;Hyy ¼ Hyx ¼ 0; y ¼ �0;�a\x\0:

8<
: ð8:8:1Þ

The formulations are Eqs. (8.4.1)–(8.4.9), in which the key equation for
boundary value problem is:

F4ðzÞþF3ðzÞþ zF0
4ðzÞ ¼ f0ðzÞ; ðx; yÞ 2 St ðor z 2 StÞ ð8:8:2Þ

where

f0ðzÞ ¼ i
32c1

Zz
�a

Tx þ iTy
	 


ds

¼ � 1
32c1

Zz
�a

pdz ¼ � 1
32c1

pðzþ aÞ; �a\x\0;

0; x 62 ð�a; 0Þ

� ð8:8:3Þ

For solving specimen shown by (8.8.1), we need to use the conformal mapping

z ¼ xðfÞ ¼ 2l
p

� �
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

q
	 tan pa

2l

� �
 �
� a ð8:8:4Þ

This mapping function is originated from Ref. [18], which is devoted to solve the
crack problem of traditional materials. The conformal mapping maps the region at
physical plane onto the upper half-plane (or lower half-plane) at f-plane. The
complex potentials, e.g. U3ðfÞ and U4ðfÞ (refer to Sect. 8.4) transformed from
F3ðzÞ and F4ðzÞ after the mapping respectively, and satisfy the boundary equations
(transformed from (8.8.2) after the mapping)

U4ðfÞþ 1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� f
drþU3ð0Þ ¼ 1

2pi

Z
c

f0
r� f

dr ð8:8:5aÞ

U4ð0Þþ 1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� f
drþU3ðfÞ ¼ 1

2pi

Z
c

f0
r� f

dr ð8:8:5bÞ
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where r represents the value of f along c at f-plane. We know that function
xðfÞ
x0ðfÞU

0
4ðfÞ is analytic in lower half-plane g\0, and according to the condition of

stress-free in region faraway from the interior of the specimen,

lim
z!1 zF0

4ðzÞ ¼ 0: ð8:8:6Þ

so that lim
f!1

xðfÞ
x0ðfÞU

0
4ðfÞ ¼ lim

z!1 zF0
4ðzÞ ¼ 0. By applying the Cauchy integral theory,

there is

1
2pi

Z
c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� f
dr ¼ 0 ð8:8:7Þ

From (8.8.7), (8.8.5a) and (8.8.3),

U4ðfÞ ¼ � 1
32c1

1
2pi

Z1
�1

p½xðrÞþ a�
r� f

dr ð8:8:8Þ

Further, integrating by part after derivation to (8.8.8) with respect to f, we have

U0
4ðfÞ ¼ � 1

32c1

1
2pi

Z1
�1

px0ðrÞ
r� f

dr ð8:8:9Þ

By the way from (8.8.4), there is

x00ð0Þ ¼ � 2l
p
tan

pa
2l

� �
cos2

pa
2l

� �
ð8:8:10Þ

According to the definition of complex stress intensity factor, for the crack under
the action of inner pressure, one has

Kk
I ¼ 2ffiffiffi

p
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l
pa

tan
pa
2l

r ffiffiffiffiffiffi
pa

p
p; Kk

II ¼ 0 ð8:8:11Þ

Similarly, for the case of action of inner shear, there is

Kk
I ¼ 0; Kk

II ¼
2ffiffiffi
p

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l
pa

tan
pa
2l

r ffiffiffiffiffiffi
pa

p
s ð8:8:12Þ

The work can be found in Ref. [19], and the detail is given by Appendix A.4 in
Major Appendix of the book.
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8.9 Perturbation Solution of Three-Dimensional Elliptic
Disk Crack in One-Dimensional Hexagonal
Quasicrystals

Elasticity for all quasicrystals is three-dimensional in fact, even if for
one-dimensional quasicrystals, we have mentioned previously this point. To sim-
plify solving procedure in previous and succeeded descriptions, we often decom-
pose a complex three-dimensional problem into a plane and anti-plane elasticity to
solve, and this helps us to construct some solutions. When the so-called decom-
position is not available, one must to solve three-dimensional problem indeed. We
here consider an example in one-dimensional hexagonal quasicrystals, in which
there is a three-dimensional elliptic disk crack with major and minor semi-axes
a and b, respectively, shown in Fig. 8.12, and the crack is located in the centre,
subjected to a tension at region faraway from the crack.

For simplicity, assume that the external applied stress is removed and instead at
the crack surface is subjected to a uniform pressure, and this results in the following
boundary conditions:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
! 1 : rii ¼ 0;Hii ¼ 0

z ¼ 0; ðx; yÞ 2 X : rzz ¼ �p;Hzz ¼ �q; rxz ¼ ryz ¼ 0
z ¼ 0; ðx; yÞ 62 X : rxz ¼ ryz ¼ 0; uz ¼ 0;wz ¼ 0

ð8:9:1Þ

where X denotes the crack surface.
The governing equations of this problem are introduced in Chap. 5, which are

not needed to be listed again.
Due to coupling between phonon and phason fields, the problem is very com-

plicated, and a strict analysis is difficult. In the following, an approximate solution
based on perturbation is discussed.

Fig. 8.12 Elliptic
disc-shaped crack
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Assume that the coupling elastic constants are very much smaller than those of
phonon and phason, i.e.

Ri

Cjk
;
Ri

Kj

 e � 1 ð8:9:2Þ

Take perturbation expansions such as

ui ¼
X1
n¼0

enuðnÞi ði ¼ x; y; zÞ; wz ¼
X1
n¼0

enwðnÞ
z ð8:9:3Þ

Substituting (8.9.3) into the governing equations and considering condition (8.9.2),
the zero-order solution expressed by displacements is as follows:

uð0Þx ¼ @

@x
ðF1 þF2Þ � @

@y
F3; uð0Þy ¼ @

@y
ðF1 þF2Þþ @

@x
F3

uð0Þz ¼ @

@z
ðm1F1 þm2F2Þ; uð0Þz ¼ F4

ð8:9:4Þ

in which the displacement potentials satisfy the generalized harmonic equations

r2
i Fi ¼ 0 ði ¼ 1; 2; 3; 4Þ ð8:9:5Þ

where

r2
i ¼

@2

@x2
þ @2

@y2
þ c2i

@2

@z2
ð8:9:6Þ

c2i ¼
C44 þðC13 þC44Þmi

C11
¼ C33mi

C13 þC44 þC44mi
ði ¼ 1; 2Þ;

c23 ¼
C44

C66
; c24 ¼

K1

K2

ð8:9:7Þ

Without losing generality, we can take

F2 ¼ F3 ¼ 0 ð8:9:8Þ

so that

uð0Þz ¼ m1
@F1

@z
; wð0Þ

z ¼ F4 ð8:9:9Þ
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From the basic formulas of Chap. 5, it stands for the zero-order perturbation
solution

rð0Þzz ¼ �C13c
2
1
@2

@z2
F1 þR2

@

@z
F4

rð0Þzx ¼ C44ðm1 þ 1Þ @2

@x@z
F1 þR3

@

@x
F4

rð0Þzy ¼ C44ðm1 þ 1Þ @2

@y@z
F1 þR2

@

@y
F4

Hð0Þ
zz ¼ �R1c

2
1
@2

@z2
F1 þK1

@

@z
F4

ð8:9:10Þ

the stresses rð0Þxx ; r
ð0Þ
yy ; r

ð0Þ
xy are not listed, because they have no direct connection

with the following calculation. Thus, the zero-order perturbation solution on rele-
vant stress components are expressed by

rð0Þzz � �C13c
2
1
@2

@z2
Fð0Þ
1

rð0Þzx � C44ðm1 þ 1Þ @
2Fð0Þ

1

@x@z

rð0Þzy � C44ðm1 þ 1Þ @
2Fð0Þ

1

@y@z

Hð0Þ
zz � K1

@Fð0Þ
4

@z

ð8:9:11Þ

in which the zero-order perturbations of Fð0Þ
1 and Fð0Þ

4 satisfy

r2
1F

ð0Þ
1 ¼ 0; r2

4F
ð0Þ
4 ¼ 0 ð8:9:12Þ

Due to the above treatment, the boundary conditions reduce to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
! 1 : f ¼ 0; g ¼ 0

z ¼ 0; ðx; yÞ 2 X : 2C13c21
@2Fð0Þ

1

@z2
¼ �p;K1

@Fð0Þ
4

@z
¼ �q

z ¼ 0; ðx; yÞ 62 X :
@Fð0Þ

1

@z
¼ 0; Fð0Þ

4 ¼ 0

ð8:9:13Þ

The boundary value problem of (8.9.12), (8.9.13) is the generalized Lamb
problem originated from fluid dynamics [21, 22], and the solution is known (the
well-known Green-Sneddon solution) as follows:
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Fð0Þ
1 ðx; y; zÞ ¼ A

2

Z1
n

x2

a2 þ s
þ y2

b2 þ s
þ z2

s


 �
dsffiffiffiffiffiffiffiffiffiffi
QðsÞp

Fð0Þ
4 ðx; y; zÞ ¼ B

2

Z1
n

x2

a2 þ s
þ y2

b2 þ s
þ z2

s
� 1


 �
dsffiffiffiffiffiffiffiffiffiffi
QðsÞp

ð8:9:14Þ

where

QðsÞ ¼ sða2 þ sÞðb2 þ sÞ ð8:9:15Þ

and A and B are unknown constants to be determined and n denotes ellipsoid
coordinate. After lengthy calculation (see, e.g. [3] or Appendix 2 of this chapter),
the unknown constants are determined as follows:

A ¼ �ab2p
4C13c21EðkÞ

; B ¼ �ab2q
2K1EðkÞ ð8:9:16Þ

where E(k) is the complete elliptic integral of second kind, and k2 ¼ ða2 � b2Þ=a2.
So far, the problem in the sense of the zero-order perturbation is solved already. The
stress intensity factors of zero-order approximation are:

K jj
I ¼ lim

r1!0

ffiffiffiffiffiffiffiffiffi
2pr1

p
rzzðx; y; 0Þ ¼ p

ffiffiffi
p

p
EðkÞ

b
a

� �1=2

ða2 sin2 /þ b2 cos2 /Þ1=4

K?
I ¼ lim

r1!0

ffiffiffiffiffiffiffiffiffi
2pr1

p
Hzzðx; y; 0Þ ¼ q

ffiffiffi
p

p
EðkÞ

b
a

� �1=2

ða2 sin2 /þ b2 cos2 /Þ1=4
ð8:9:17Þ

and / ¼ arctan y=xð Þ. For the detail of derivation, please refer to Appendix 2 of this
chapter.

A modification to the zero-order approximation can be done. Substituting the
zero-order approximate solution into the original equations that have not been
approximated yields the one-order approximate solution, e.g.

rð1Þzz ¼ �C13c
2
1
@2

@z2
Fð0Þ
1 þR2

@

@z
Fð0Þ
4 ; Hð1Þ

zz ¼ K1
@

@z
Fð0Þ
4 � R1c

2
1
@2

@z2
Fð0Þ
1 ð8:9:18Þ

In this case, the stress components are in phonon-phason coupling already; fur-
thermore, the stress intensity factors of one-order approximation and other quan-
tities can be evaluated.
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8.10 Other Crack Problems in One- and Two-Dimensional
Quasicrystals

Peng and Fan [23] reported the study on circular disk-shaped crack, which is the
special case of work of Fan and Guo [20].

Liu and Liu et al. gave some solutions of crack problems in terms of complex
analysis; in particular, the discussion on those of one-dimensional quasicrystals is
comparatively comprehensive, which are summarized in thesis [24].

Li et al. [25] studied the crack solution of one-dimensional hexagonal qua-
sicrystals under the action of thermal stress.

The exact analytic solutions of quasicrystals provide a basis for fracture theory
of the material, which will be summarized in Chap. 15.

8.11 Plastic Zone Around Crack Tip

Previous discussion lets us understanding the fact that there is highly stress concen-
tration near the crack tip, and the maximum value of some stress components is
beyond yielding limit of material and leads to plastic deformation of the material. That
is a plastic zone appears around crack tip. How canwe estimate the size of plastic zone
and its effects? In classical fracture theory concerning structural materials (or engi-
neering materials), the relevant analysis can be carried out by the theory of plasticity.
However, there is no theory for quasicrystalline material so far. In principle, the
analysis for plastic deformation of quasicrystals is not available at present.

In Chap. 7, we studied the solutions of dislocations of quasicrystals. Formation
of dislocation means the starting of plastic deformation [26]. Movement of dislo-
cations meets an obstacle, the dislocations will be piled up, the pile-up forms
dislocation group, and this is a plastic zone macroscopically. By using a continuous
distribution model of dislocations, the size of the plastic zone can be evaluated. The
size of plastic zone around crack tip may be big or small. If the size can be
compared with the crack size, this case is called large-scale plastic zone, and the
fracture behaviour is dominated by plastic deformation. If the size is small in
comparison with the crack size, this case is called small-scale plastic zone, and the
fracture behaviour is still controlled by elastic deformation. In Chap. 14, we will
give some analyses about this.

8.12 Appendix 1 of Chapter 8: Some Derivations
in Sect. 8.1

Due to similarity to that of Sect. 8.4, some mathematical details of 8.1 are omitted.
However, the complex analysis is very important, which is also the basis of 8.2, and
we here give some additional details of the derivation.
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For simplicity, consider boundary value problem (8.1.5) as an example. From
(8.1.11), it is known

ryz ¼ rzy ¼ � 1
2i C44ð/0

1 � /0
1ÞþR3ðw0

1 � w0
1Þ

h i
þ s1

Hzy ¼ � 1
2i K2ðw0

1 � w0
1ÞþR3ð/0

1 � /0
1Þ

h i
þ s2

9=
; ð8:12:1Þ

In the following, denote L as crack surface, and then, the second formula of
boundary conditions (8.1.5) can be rewritten as follows:

C44ð/0
1 � /0

1ÞþR3ðw0
1 � w0

1Þ � 2is1 ¼ 0 t 2 L

K2ðw0
1 � w0

1ÞþR3ð/0
1 � /0

1Þ � 2is2 ¼ 0 t 2 L

)
ð8:12:2Þ

By applying conformal mapping,

t ¼ xðfÞ ¼ a
2

fþ 1
f

� �
ð8:12:3Þ

to transform domain with Griffith crack at t-plane onto the interior of the unit circle
c at f-plane (f ¼ nþ ig ¼ qeiu), and then, L 则 corresponds to the unit circle c
(similar to Fig. 8.8).

At the unit circle, c, f ¼ r � eiu, q ¼ 1 Under the mapping (8.12.3), unknown
functions /1 tð Þ and w1 tð Þ and their derivatives are expressed as follows:

/1ðtÞ ¼ /1½xðfÞ� ¼ /ðfÞ;
/0
1ðtÞ ¼ /0ðfÞ=x0ðfÞ;

w1ðtÞ ¼ w1½xðfÞ� ¼ wðfÞ
w0
1ðtÞ ¼ w0ðfÞ=x0ðfÞ

)
ð8:12:4Þ

Similar to 8.4, the boundary conditions are reduced to

1
2pi

R
c

/0ðrÞ
r�f dr� 1

2pi

R
c

x0ðrÞ
x0ðrÞ/

0ðrÞ drr�fþ R3
C44

1
2pi

R
c

w0ðrÞ
r�f dr

� R3
C44

1
2pi

R
c

x0ðrÞ
x0ðrÞw

0ðrÞ drr�f ¼ 2is1
C44

1
2pi

R
c

x0ðrÞ
r�f dr

1
2pi

R
c

w0ðrÞ
r�f dr� 1

2pi

R
c

x0ðrÞ
x0ðrÞw

0ðrÞ drr�fþ R3
K2

1
2pi

R
c

/0ðrÞ
r�f dr�

R3
K2

1
2pi

R
c

x0ðrÞ
x0ðrÞ/

0ðrÞ drr�f ¼ 2is2
K2

1
2pi

R
c

x0ðrÞ
r�f dr

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð8:10:5Þ
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It is analogous to Sect. 8.4, and there are

1
2pi

R
c

/0ðrÞ
r�f dr ¼ /0ðfÞ; 1

2pi

R
c

x0ðrÞ
x0ðrÞ/

0ðrÞ drr�f ¼ 0

1
2pi

R
c

w0ðrÞ
r�f dr ¼ w0ðfÞ;� 1

2pi

R
c

x0ðrÞ
x0 ðrÞ

w0ðrÞ drr�f ¼ 0

1
2pi

R
c

x0ðrÞ
r�f dr ¼ a

2

9>>>>>=
>>>>>;

ðaÞ

So that the solution of Eq. (8.10.5) is

/0ðfÞ ¼ ia
K2s1 � R3s2
C44K2 � R2

3
; w0ðfÞ ¼ ia

C44s2 � R3s1
C44K2 � R2

3
ð8:12:6Þ

Integrating (8.12.6) yields

/ðfÞ ¼ ia
K2s1 � R3s2
C44K2 � R2

3
f; wðfÞ ¼ ia

C44s2 � R3s1
C44K2 � R2

3
f ð8:12:7Þ

The single-valued inversion of conformal mapping (8.12.3) is

f ¼ x�1ðtÞ ¼ t
a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t
a

� �2
�1

r
ð8:12:8Þ

due to tj j ¼ 1 corresponding to f ¼ 0, and substituting this into, we obtain

/ðfÞ ¼ /ðx�1ðtÞÞ ¼ /1ðtÞ ¼ ia
K2s1 � R3s2
C44K2 � R2

3
f ¼ ia

K2s1 � R3s2
C44K2 � R2

3

t
a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t
a

� �2
�1

r !

wðfÞ ¼ wðx�1ðtÞÞ ¼ w1ðtÞ ¼ ia
C44s2 � R3s1
C44K2 � R2

3
f ¼ ia

C44s2 � R3s1
C44K2 � R2

3

t
a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t
a

� �2
�1

r !

These are the complex potentials of (8.1.12).

8.13 Appendix 2 of Chapter 8: Some Further Derivation
of Solution in Sect. 8.9

To determine the unknown constants A;B, it must do some complex calculations
and need to introduce ellipsoid coordinates and elliptic functions.

The region X is defined by ellipse, and outside which it is region marked by
(Z � X), they can also be defined in terms of the ellipsoid coordinates n, g, f, which
are of some roots s of the ellipsoid equation
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x2

a2 þ s
þ y2

b2 þ s
þ z2

s
� 1 ¼ 0

in which

�a2 6 f6� b2 6 g6 06 n\1:

The relations between ellipsoid coordinates n, g, f and rectilinear coordinates
x; y; z

a2ða2 � b2Þx2 ¼ ða2 þ nÞða2 þ gÞða2 þ fÞ
b2ðb2 � a2Þy2 ¼ ðb2 þ nÞðb2 þ gÞðb2 þ fÞ
a2b2z2 ¼ ngf

9>>=
>>; ð8:13:1Þ

As n ¼ 0, corresponding to z ¼ 0, (x; y) 2 X, while g ¼ 0, corresponding to
z ¼ 0, (x; y) 2 (Z � X). So that the boundary conditions (8.9.1) can be rewritten in
a more explicit version if using the ellipsoid coordinates:

n ¼ 0 : rzz ¼ �p0; rxy ¼ ryz ¼ 0 ð8:9:10Þ

g ¼ 0 : uz ¼ 0; rxz ¼ ryz ¼ 0 ð8:9:20Þ

The derivatives of ellipsoid coordinate n with respect to rectilinear coordinates

@n
@x

¼ x
2h21ða2 þ nÞ ;

@n
@y

¼ y
2h21ðb2 þ nÞ ;

@n
@z

¼ z
2nh21

ð8:13:2Þ

where

4h21QðnÞ ¼ ðn� gÞðn� fÞ ð8:13:3Þ

and Q(n) is defined by (8.9.15).
The derivative of the first formula of (8.9.14) with respect to z is:

@Fð0Þ
1

@z
¼ Az

Z1
n

dsffiffiffiffiffiffiffiffiffiffi
QðsÞp ð8:13:4Þ

For the convenience of calculations afterwards, the right-hand side of the above
equation can be changed as follows:

@Fð0Þ
1

@z
¼ Az

2ffiffiffiffiffiffiffiffiffiffi
QðsÞp �

Z1
n

ð2sþ a2 þ b2Þds
ða2 þ sÞðb2 þ sÞ ffiffiffiffiffiffiffiffiffiffi

QðsÞp
2
64

3
75
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Putting a substitution

n ¼ a2cn2u
sn2u

¼ a2ðsn�2u� 1Þ ð8:13:5Þ

where u; cnu; snu; sn�2u are elliptic functions and their definitions and manipula-
tions refer to the introduction hereafter. Inserting (8.13.5) into the above equation,

then the partial derivative @Fð0Þ
1 =@z is expressed by elliptic functions:

@Fð0Þ
1

@z
¼ 2Az

ab2
snudnu
cnu

� EðuÞ

 �

ð8:13:40Þ

in which E(u) denotes the complete elliptic integral of second kind (see the fol-
lowing introduction), which can also be expressed by the integral of elliptic
function dn2u, i.e.

EðuÞ ¼
Zu
0

dn2bdb ð8:13:6Þ

Taking the derivative of (8.13.4´) with respect to z and applying the formula
(8.13.2), one finds that

@2Fð0Þ
1

@z2
¼ A

2n1=2 nða2b2 � gfÞ � a2b2ðgþ fÞ � ða2 þ b2Þgf½ �
a2b2ðn� gÞðn� fÞða2 þ nÞ1=2ðb2 þ nÞ1=2

� 2
ab2

EðuÞ � snucnu
dnu

h i( )

ð8:13:7Þ

From (8.13.5), as n ¼ 0, then u ¼ p=2; from the succeeded formulas, there is
E(u) = E(k), snucnu=dnu = 0. Comparison between (8.13.7) and the second for-
mula of (8.9.1) determines the unknown constant A. Similarly, constant B can be
determined.

After determination of constants A, B, function (8.9.14) is determined at all.
Naturally, the stress and displacement fields are completely solved. Of course some
calculations are still complicated.

Substituting (8.9.14) into the expression of normal stress of phonon field and for
g = 0, there is

rzzðx; y; 0Þ ¼ p0
EðkÞ

ab2ffiffiffiffiffiffiffi
QðnÞ

p � EðuÞ � snucnu
dnu

h i� �
ðx; yÞ 2 ðZ�XÞ

8<
: ð8:13:8Þ

This is the normal stress of phonon field at plane z = 0 and outside the crack
surface.

8.13 Appendix 2 of Chapter 8: Some Further Derivation of Solution in Sect. 8.9 183



We now calculate the stress intensity factor Kk
I , and according to the definition

Kk
I ¼ lim

r1!0

ffiffiffiffiffiffiffiffiffi
2pr1

p
rzzðx; y; 0Þ

����
ðx;yÞ2ðZ�XÞ

ð8:13:9Þ

where r1 characterizes a geometrical parameter of crack tip and r1 � a, r1 � b
(Fig. 8.13).

The limit process in (8.13.9) can also be expressed through the ellipsoid coor-
dinate n ! 0. In Fig. 8.13, the location near the crack tip can be described by
(8.13.10)

z ¼ r1 sin h1
n ¼ 2ab

P0ð Þ1=2 r1 cos
2 h1

2

)
ð8:13:10Þ

and r1; h1 are depicted in the figure, in addition

P0 ¼ a2 sin2 /þ b2 cos2 /

/ is the polar angle at any point of contour of ellipse (3.11.1) (Fig. 8.14).
As previously pointed out, as n ! 0, EðuÞ in (8.13.8) reduces to the complete

elliptic integral of second kind, and ðsnu=cnuÞ=dnu tends to zero, the first term

presents singularity with order ð2r1Þ�1=2, the coefficient containing the singular
term is:

p0
EðkÞP

1=4
0

b
a

� �1=2

Fig. 8.13 The coordinate
system of crack tip
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it follows that according to (8.13.9)

Kk
I ¼ p

ffiffiffi
p

p
EðkÞ

b
a

� �1=2

ða2 sin2 /þ b2 cos2 /Þ1=4 ð8:13:11Þ

which is the first formula of (8.9.17) and the second one is similarly obtained, this is
the well-known Green-Sneddon solution [22].

In the above derivations, some elliptic functions are used and listed as below.
Denoting

u ¼
Z/
0

1� k2 sin2 t
	 
�1=2

dt ¼ Fð/; kÞ: ðaÞ

which is defined u to be function (multi-valued function) of x ¼ sin/; in contrast,
equation (a) defines / or sin/ as a function of u (maybe a multi-valued function).
Putting notation

/ ¼ amu ¼ amðu; kÞ ðbÞ

means it to be a function of modulus k and argument u. These are the following
basic functions:

snu ¼ snðu; kÞ ¼ sinðamuÞ ðcÞ

cnu ¼ cnðu; kÞ ¼ cosðamuÞ ðdÞ

Fig. 8.14 The geometry
relation concerning major and
minor semi-axis of the elliptic
crack
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dnu ¼ dnðu; kÞ ¼ Dðamu; kÞ ¼ ½1� k2 sin2ðamuÞ�1=2 ðeÞ

The ranges of variation of these functions are:

�1� snu� 1;�1� cnu� 1; k0 � dnu� 1 ðfÞ

Apart from this, these are the following functions:

nsu ¼ 1=snu; ncu ¼ 1=cnu
ndu ¼ 1=dnu
csu ¼ cnu=snu; scu ¼ snu=cnu
sdu ¼ snu=dnu
dsu ¼ dnu=snu; dcu ¼ dnu=cnu
cdu ¼ cnu=dnu

9>>>>>>=
>>>>>>;

ðgÞ

The above functions are named Jacobi elliptic functions.
At u ¼ 0, put

sn0 ¼ 0; cn0 ¼ dn0 ¼ 1 ðhÞ

Besides, there is

cnK ¼ 0: ðiÞ

Periods of elliptic function snðu; kÞ are 4K, i2K 0; periods of cnðu; kÞ are 4K,
2Kþ i2K 0; periods of dnðu; kÞ are 2K, i4K 0.

Other properties of elliptic functions are listed a part which are concerned in the
previous derivations, e.g.

sn2uþ cn2u ¼ 1 ðjÞ

k2sn2uþ dn2u ¼ 1 ðkÞ

dn2u� k2cn2u ¼ k0 2 ðlÞ

k0 2sn2uþ cn2u ¼ dn2u ðmÞ
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Chapter 9
Theory of Elasticity of Three-Dimensional
Quasicrystals and Its Applications

In Chaps. 5–8, we discussed the theories of elasticity of one- and two-dimensional
quasicrystals and their applications. In this chapter, the theory and applications of
elasticity of three-dimensional quasicrystals will be dealt with. The
three-dimensional quasicrystals include icosahedral quasicrystals and cubic qua-
sicrystals. In all over 200 individual quasicrystals observed to date, there are almost
half icosahedral quasicrystals, so they play the central role in this kind of solids.
This suggests the major importance of elasticity of icosahedral quasicrystals in the
study of mechanical behaviour of quasicrystalline materials.

There are some polyhedrons with the icosahedral symmetry; one of them is
shown in Fig. 9.1, which consists of 20 right triangles and contains 12 fivefold
symmetric axes A5, 20 threefold symmetric axes A3 and 30 twofold symmetric axes
A2. One of the diffraction patterns is shown in Sect. 3.1.1, and the stereographic
structure of one of icosahedral point groups is also depicted in Sect. 3.1.1.

The elasticity of icosahedral quasicrystals was studied immediately after the
discovery of the structure, which is the pioneering work of the field, and promoted
the development of the disciplinary of the research. The outlook about this was
figured out in the Chap. 4, in which the contribution of pioneers such as P. Bak
et al. was introduced. After Ding et al. [1] set up the physical framework of
elasticity of icosahedral quasicrystals, they [2] also summarized the basic rela-
tionship of elasticity of cubic quasicrystals. In terms of the Green function method,
Yang et al. [3] gave an approximate solution on dislocation for a special case, i.e.
the phonon-phason decoupled plane elasticity of icosahedral quasicrystal. In this
chapter, we mainly discuss the general theory of elasticity of icosahedral qua-
sicrystals and the application; in addition, those for cubic quasicrystals are also
concerned. We focus on the mathematical theory of the elasticity and the analytic
solutions. Because of the large number of field variables and field equations
involving elasticity of these two kinds of three-dimensional quasicrystals, the
solution presents tremendous difficulty. We continue to develop the decomposition
and superposition procedures adopted in the previous chapters; this can reduce the
number of the field variables and field equations, and three-dimensional elasticity

© Science Press and Springer Science+Business Media Singapore 2016
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can be simplified to two-dimensional elasticity to solve cases with important
practical applications. The introduction of displacement potentials or stress poten-
tials [4, 5] can further simplify the problems. In the work, some systematic and
direct methods of mathematical physics and functional theory have been developed,
and a series of analytic solutions are constructed, which will be included in the
chapter. Because the calculations are very complex, we would like to introduce
them in as much detail as possible in order to facilitate comprehension of the text.

9.1 Basic Equations of Elasticity of Icosahedral
Quasicrystals

The equations of deformation geometry are

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ð9:1:1Þ

which are similar in form to those given in previous chapters, but here ui and wi

have 6 components, and eij and wij have 15 components in total.
The equilibrium equations are as follows

@rij
@xj

¼ 0 ;
@Hij

@xj
¼ 0 ð9:1:2Þ

which are also similar in form to those listed in previous chapters; however, here
adding rij and Hij gives 15 stress components.

Between the stresses and strains, there is the generalized Hooke’s law such as

Fig. 9.1 Icosahedral
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rij ¼ Cijklekl þRijklwkl Hij ¼ Rklijekl þKijklwkl ð9:1:3Þ

in which the phonon elastic constants are described by

Cijkl ¼ kdijdkl þ l dikdjl þ dildjk
� � ð9:1:4Þ

where k and l (=G in some references) are the Lamé constants.
If the strain components are arranged as a vector according to the order

½eij;wij� ¼ ½e11e22e33e23e31e12w11w22w33w23w32w12w32w13w21� ð9:1:5’Þ

and the stress components are also arranged according to the same order, i.e.

½rij;Hij� ¼ ½r11r22r33r23r31r12H11H22H33H23H32H12H32H13H21� ð9:1:5”Þ

then phason and phonon-phason coupling elastic constants can be expressed by
matrixes of [K] and [R]

K½ � ¼

K1 0 0 0 K2 0 0 K2 0
0 K1 0 0 �K2 0 0 K2 0
0 0 K2 þK1 0 0 0 0 0 0
0 0 0 K1 � K2 0 K2 0 0 �K2

K2 �K2 0 0 K1 � K2 0 0 0 0
0 0 0 K2 0 K1 �K2 0 0
0 0 0 0 0 �K2 K1 � K2 0 �K2

K2 K2 0 0 0 0 0 K1 � K2 0
0 0 0 �K2 0 0 �K2 0 K1

2
6666666666664

3
7777777777775

R½ � ¼ R

1 1 1 0 0 0 0 1 0
�1 �1 1 0 0 0 0 �1 0
0 0 �2 0 0 0 0 0 0
0 0 0 0 0 �1 1 0 �1
1 �1 0 0 1 0 0 0 0
0 0 0 �1 0 �1 0 0 1
0 0 0 0 0 �1 1 0 �1
1 �1 0 0 1 0 0 0 0
0 0 0 �1 0 �1 0 0 1

2
6666666666664

3
7777777777775

Equations (9.1.1)–(9.1.3) are basic equations of elasticity of icosahedral qua-
sicrystals; there are 36 field equations in total, and the number of the field variables
is also 36. It is consistent and solvable mathematically.

Due to the huge number of the field variables and field equations, the mathe-
matical solution is highly complex. One way to solve the elasticity problem is to
reduce the number of the field variables and field equations mentioned above. For
this purpose, we can utilize the eliminating element method in classical mathe-
matical physics.
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Based on the matrix expression of the generalized Hooke’s law of (4.5.3) in
Chap. 4, i.e.

rij

Hij

" #
¼ C½ � R½ �

R½ �T K½ �

" #
eij

wij

" #

where

rij

Hij

" #
¼ rij;Hij
� �T

eij

wij

" #
¼ eij;wij
� �T

then one has the explicit relationship between stresses and strains as below

rxx ¼ khþ 2lexx þRðwxx þwyy þwzz þwxzÞ
ryy ¼ khþ 2leyy � Rðwxx þwyy � wzz þwxzÞ
rzz ¼ khþ 2lezz � 2Rwzz

ryz ¼ 2leyz þRðwzy � wxy � wyxÞ ¼ rzy
rzx ¼ 2lezx þRðwxx � wyy � wzxÞ ¼ rxz
rxy ¼ 2lexy þRðwyx � wyz � wxyÞ ¼ ryx

Hxx ¼ Rðexx � eyy þ 2ezxÞþK1wxx þK2ðwzx þwxzÞ
Hyy ¼ Rðexx � eyy � 2ezxÞþK1wyy þK2ðwxz � wzxÞ
Hzz ¼ Rðexx þ eyy � 2ezzÞþ ðK1 þK2Þwzz

Hyz ¼ �2Rexy þðK1 � K2Þwyz þK2ðwxy � wyxÞ
Hzx ¼ 2Rezx þðK1 � K2Þwzx þK2ðwxx � wyyÞ
Hxy ¼ �2Rðeyz þ exyÞþK1wxy þK2ðwyz � wzyÞ
Hzy ¼ 2Reyz þðK1 � K2Þwzy � K2ðwxy þwyxÞ
Hxz ¼ Rðexx � eyyÞþK2ðwxx þwyyÞþ ðK1 � K2Þwxz

Hyx ¼ 2Rðexy � eyzÞþK1wyx � K2ðwyz þwzyÞ

ð9:1:7Þ

where h ¼ exx þ eyy þ ezz denotes the volume strain, and eij and wij are defined by
(9.1.1). This explicit expression was first given by Ding et al. [1].

Substituting (9.1.7) into (9.1.2) yields one of the forms of the final governing
equations—the equilibrium equations in terms of displacements are as follows
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lr2ux þðkþ lÞ @

@x
r � uþR

@2wx

@x2
þ @2wx

@x@z
� @2wx

@y2
þ 2

@2wy

@x@y
� 2

@2wy

@y@z
þ 2

@2wz

@x@z

� �
¼ 0

lr2uy þðkþ lÞ @

@y
r � uþR �2

@2wx

@x@y
� 2

@2wx

@y@z
þ @2wy

@x2
� 2

@2wy

@x@z
� @2wy

@y2
þ 2

@2wz

@y@z

� �
¼ 0

lr2uz þðkþ lÞ @
@z

r � uþR
@2wx

@x2
� 2

@2wx

@x@y
� @2wx

@y2
þ @2wz

@x2
þ @2wz

@y2
� 2

@2wz

@z2

� �
¼ 0

K1r2wx þK2 2
@2wx

@x@z
� @2wx

@z2
þ 2

@2wy

@y@z
þ @2wz

@x2
� @2wz

@y2

� �

þR
@2ux
@x2

þ 2
@2ux
@x@z

� @2ux
@y2

� 2
@2uy
@x@y

� 2
@2uy
@y@z

þ @2uz
@x2

� @2uz
@y2

� �
¼ 0

K1r2wy þK2 2
@2wx

@y@z
� 2

@2wy

@x@z
� 2

@2wz

@x@y
� @2wy

@z2

� �

þR
@2uy
@x2

� 2
@2ux
@y@z

þ @2uy
@y2

þ 2
@2ux
@x@y

� 2
@2uy
@x@z

� 2
@2uz
@x@y

� �
¼ 0

ðK1 � K2Þr2wz þK2
@2wx

@x2
� @2wx

@y2
� 2

@2wy

@y@x
þ 2

@2wz

@z2

� �

þR 2
@2ux
@x@z

þ 2
@2ux
@x@z

þ @2uz
@x2

þ @2uz
@y2

� 2
@2uz
@z2

� �
¼ 0

ð9:1:8Þ

where r2 ¼ @2

@x2 þ @2

@y2 þ @2

@z2 ; r � u ¼ @ux
@x þ @uy

@y þ @uz
@z :

Equations (9.1.8) are 6 partial differential equations of second-order on dis-
placements ui and wi. So the number of the field variables and field equations is
reduced already. But obtaining solution is still very difficult; one of the reasons is
the boundary conditions for quasicrystals which are much more complicated than
those of the classical theory of elasticity. In the subsequent sections, we will make a
great effort to solve some complex boundary value problems through different
approaches.

It is obvious that the material constants of k, l, K1, K2 and R are very important
for stress analysis for different icosahedral quasicrystals, which are experimentally
measured through various methods (e.g. X-ray diffraction and neutron scattering)
and listed in Tables 9.1, 9.2 and 9.3, respectively, as follows.

In this table, the measurement unit of k, l and B is GPa, and B ¼ ð3kþ 2lÞ=3
represents the bulk modulus, and v ¼ k=2ðkþ lÞ represents the Poisson’s ratio,
respectively.

It is needed to point out that Eqs. (9.1.8) are not only a form of final governing
equation of elasticity of icosahedral quasicrystals, but also there are other forms
which will be discussed in Sect. 9.5.
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9.2 Anti-plane Elasticity of Icosahedral Quasicrystals
and Problem of Interface of Quasicrystal–Crystal

People can find Eqs. (9.1.8) is very complex, but they can be simplified for some
meaningful cases physically. One of them is the so-called anti-plane case where the
nonzero displacements are only uz and wz, and the other displacements vanish. In
particular, these two displacements and relevant strains and stresses are independent
from the coordinate x3 (or z). If there is a Griffith crack along the axis z (see
Fig. 9.2) or a straight dislocation line along the direction, in addition, the applied
external fields are independent from variable z, so the field variables and field
equations are free from the coordinate z for the configuration:

@

@x3
¼ @

@z

� �
¼ 0 ð9:2:1Þ

Because there are only two components uz and wz, and others have vanished, the
corresponding strains are only

Table 9.1 Phonon elastic constants of various icosahedral quasicrystals

Alloys k lðGÞ B v Refs.

Al–Li–Cu 30 35 53 0.23 [6]

Al–Li–Cu 30.4 40.9 57.7 0.213 [7]

Al–Cu–Fe 59.1 68.1 104 0.213 [8]

Al–Cu–Fe–Ru 48.4 57.9 87.0 0.228 [8]

Al–Pd–Mn 74.9 72.4 123 0.254 [8]

Al–Pd–Mn 74.2 70.4 121 0.256 [9]

Ti–Zr–Ni 85.5 38.3 111 0.345 [10]

Cu–Yh 35.28 25.28 52.13 0.2913 [11]

Zn–Mg–Y 33.0 46.5 64.0 0.208 [12]

Table 9.2 Phason elastic constants of various icosahedral quasicrystals

Alloys Source Meas. Temp. K1 (MPa) K2 (MPa) Refs.

Al–Pd–Mn X-ray R.T. 43 −22 [13]

Al–Pd–Mn Neutron R.T. 72 −37 [13]

Al–Pd–Mn Neutron 1043 K 125 −50 [13]

Zn–Mg–Sc X-ray R.T. 300 −45 [14]

Table 9.3 Phonon-phason coupling elastic constant of various icosahedral quasicrystals

Alloys Source R Refs.

Mg–Ga–Al–Zn X-ray −0.04 l [15]

Al–Cu–Fe X-ray 0.004 l [15]
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eyz ¼ ezy ¼ 1
2
@uz
@y

; exz ¼ ezx ¼ 1
2
@uz
@x

; wzy ¼ @wz

@y
; wzx ¼ @wz

@x
ð9:2:2Þ

From the formulas listed in Sect. 9.1, the nonzero stress components are

rxz ¼ rzx ¼ 2lexz þRwzx

ryz ¼ rzy ¼ 2leyz þRwzy

Hzx ¼ ðK1 � K2Þwzx þ 2Rexz
Hzy ¼ ðK1 � K2Þwzy þ 2Reyz
Hxx ¼ 2Rexz þK2wzx

Hyy ¼ �2Rexz � K2wzx

Hxy ¼ �2Reyz � K2wzy

Hyx ¼ �2Reyz � K2wzy

ð9:2:3Þ

and the equilibrium equations stand for

@rzx
@x

þ @rzy
@y

¼ 0;
@Hzx

@x
þ @Hzy

@y
¼ 0

@Hxx

@x
þ @Hxy

@y
¼ 0;

@Hyx

@x
þ @Hyy

@y
¼ 0

9>>=
>>; ð9:2:4Þ

The problem described by Eqs. (9.2.2)–(9.2.4) is anti-plane elasticity problem;
we have the final governing equations

Fig. 9.2 One of
configuration of plane or
anti-plane elasticity
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r2
1uz ¼ 0; r2

1wz ¼ 0 ð9:2:5Þ

where r2
1 ¼ @2

@x2 þ @2

@y2.

One can see that Eqs. (9.2.5) are similar to (5.2.11), which can be solved in a
procedure similar to that adopted in Chaps. 5, 7 and 8.

As an example of solution of anti-plane elasticity of icosahedral quasicrystals,
we discuss the interface problem between centre-body cubic crystals and icosahe-
dral quasicrystals.

The physical model is similar to that proposed in Sect. 7.6, i.e. the icosahedral
quasicrystal is located in upper half-space y[ 0, whose governing equations are
listed above, while the centre-body cubic crystal lies in lower space y\0 with finite
thickness h (refer to Sect. 7.6.1 in Chap. 7) and is governed by the following
equation

r2uðcÞz ¼ 0 ð9:2:6Þ

with the following stress–strain relations

rðcÞzy ¼ rðcÞyz ¼ 2lðcÞeðcÞyz ; rðcÞzx ¼ rðcÞxz ¼ 2lðcÞeðcÞxz

for crystals, in which eðcÞij ¼ ð@uðcÞi =@xj þ @uðcÞj =@xiÞ=2; lðcÞ ¼ CðcÞ
44 .

After Fourier transform, the solution of (9.2.6) is very easy to obtain such that

uzðx; yÞ ¼ 1
2p

Z1
�1

AðnÞe� nj jy�inxdn; wzðx; yÞ ¼ 1
2p

Z1
�1

BðnÞe� nj jy�inxdn ð9:2:7Þ

and the relevant stresses, e.g.

rzy ¼ �l
1
2p

Z1
�1

nj jAðnÞe� nj jy�inxdn� R
1
2p

Z1
�1

nj jBðnÞe� nj jy�inxdn

Hzy ¼ �R
1
2p

Z1
�1

nj jAðnÞe� nj jy�inxdn� ðK1 � K2Þ 1
2p

Z1
�1

nj jBðnÞe� nj jy�inxdn

ð9:2:8Þ

in which y[ 0 and AðnÞ and BðnÞ are arbitrary functions of n to be determined.
According to the second boundary condition at the interface,

y ¼ 0; �1\x\1 : rzy ¼ sf ðxÞþ kuðxÞ; Hzy ¼ 0 ð9:2:9Þ

196 9 Theory of Elasticity of Three-Dimensional Quasicrystals …

http://dx.doi.org/10.1007/978-981-10-1984-5_5
http://dx.doi.org/10.1007/978-981-10-1984-5_5
http://dx.doi.org/10.1007/978-981-10-1984-5_7
http://dx.doi.org/10.1007/978-981-10-1984-5_8
http://dx.doi.org/10.1007/978-981-10-1984-5_7
http://dx.doi.org/10.1007/978-981-10-1984-5_7


where

k ¼ lðcÞ

h
ð9:2:10Þ

and the relation between the two unknown functions is

BðnÞ ¼ � R
K1 � K2

AðnÞ ð9:2:11Þ

From (9.2.7) and (9.2.8), we have

r̂zy ¼ � 2lþ R2

K1 � K2

� �
AðnÞ nj j

and from the first one of condition (9.2.9), one determines the unknown function

AðnÞ ¼ � sf̂ ðnÞ
R2

K1�K2
þ l

� 	
nj j þ k

ð9:2:12Þ

So that

BðnÞ ¼ Rsf̂ ðnÞ
ðK1 � K2Þ R2

K1�K2
þ l

� 	
nj j þ k

h i ð9:2:13Þ

in which s and k are defined by (9.2.9) and (9.2.10), respectively. Thus the problem
is solved. The phason strain field can be determined as

wzyðx; yÞ ¼ �Rs
1
2p

Z1
�1

nj jf̂ ðnÞ
ðR2 � lðK1 � K2ÞÞ nj j þ kðK1 � K2Þ e

� nj jy�inxdn

wzxðx; yÞ ¼ iRs
1
2p

Z1
�1

nf̂ ðnÞ
ðR2 � lðK1 � K2ÞÞ nj j þ kðK1 � K2Þ e

� nj jy�inxdn ð9:2:14Þ

Note that y[ 0. The integrals in (9.2.14) for some cases can be evaluated
through the residual theorem introduced in the Major Appendix of this book.

As the first example, assume that f ðxÞ ¼ 1; as �a=2\x\a=2, and f ðxÞ ¼ 0, as
x\� a=2, and x[ a=2, so f̂ ðnÞ ¼ 2

n sin
a
2 n
� �

; then from solution (9.2.14), we
obtain
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wzyðx; yÞ ¼ a
h

lðcÞRðK1 � K2Þs
½lðK1 � K2Þ � R2�2 sin

1
2

lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

a
h

� �

� exp � lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

y
h

� �
cos

lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

x
h


 � ð9:2:15Þ

wzxðx; yÞ ¼ a
h

lðcÞRðK1 � K2Þs
½lðK1 � K2Þ � R2�2 sin

1
2

lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

a
h

� �

� exp � lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

y
h

� �
sin

lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

x
h


 �

in which we have k ¼ lðcÞ=h and have used the normalized expression, i.e.
x=h; y=h. Then consider second example f ðxÞ ¼ dðxÞ; and then, the integrals
(9.2.14) will be

wzyðx; yÞ ¼ lðcÞRðK1 � K2Þs
½lðK1 � K2Þ � R2�2

� exp � lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

y
h

� �
sin

lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

x
h


 �

wzxðx; yÞ ¼ lðcÞRðK1 � K2Þs
½lðK1 � K2Þ � R2�2

� exp � lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

y
h

� �
cos

lðcÞðK1 � K2Þ
lðK1 � K2Þ � R2

x
h


 � ð9:2:16Þ

The detail of the evaluation is given in the Major Appendix of the book.
The results are quite interesting. In the first example, the phason strain field is

dominated by the elastic constants l;K1;K2;R and lðcÞ of quasicrystal and crystal
and applied stress s and geometry parameters a and h, while in the second example,
the geometry parameter is only h. For different s=l; lðcÞ=l, a=h and given values of
l;K1;K2 and R, one can find a rich set of numerical results. The computation used
the measured values of these quantities for Al–Pd–Mn icosahedral quasicrystals
which are provided in Tables 9.1, 9.2 and 9.3:

l ¼ 72:4GPa; K1 ¼ 125MPa; K2 ¼ �50MPa; R ¼ 0:04 l

In the first example, strain field of phason is dependent upon elastic constants
l;K1;K2;R of quasicrystal, elastic constant lðcÞ of crystal, and applied stress s and
geometry parameters a and h; in the second example, the geometry parameter is
only h. For different values of s=l; lðcÞ=l, a=h under given values of l;K1;K2 and
R, some significant results are found and shown in Figs. 9.3, 9.4, 9.5 and 9.6,
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respectively. The quasicrystalline material constants are taken from Tables 9.1, 9.2
and 9.3, i.e.

l ¼ 72:4GPa; K1 ¼ 125MPa; K2 ¼ �50MPa; R ¼ 0:04 l

The numerical results show that the influence of the ratio lðcÞ=l of shear
modulus of crystal and quasicrystal is very evident. In addition, the influence of the
applied stress s=l is also very important. Besides, the influence of a=h is not
evident for the first example.

Another feature of solution here is quite different from that in Sect. 7.6 due to
the reason of difference of quasicrystalline systems.

This work is reported in Ref. [24].

Fig. 9.3 Variation of wzy

versus x

Fig. 9.4 Variation of wzy

versus y
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9.3 Phonon-Phason Decoupled Plane Elasticity
of Icosahedral Quasicrystals

Yang et al. [3] presented an approximate solution of a straight dislocation in
icosahedral quasicrystals under assumptions

@

@z
¼ 0 ð9:3:1Þ

Fig. 9.5 Variation of wzx

versus x

Fig. 9.6 Variation of wzx

versus y
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and

R ¼ 0 ð9:3:2Þ

The conditions (9.3.1) and (9.3.2) result a phonon-phason decoupled plane
elasticity, which leads to

ezz ¼ 0; wzz ¼ wyz ¼ wxz ¼ 0 ð9:3:3Þ

Based on conditions (9.3.1) and (9.3.2), the final governing Eq. (9.1.8) reduces
to

lr2
1ux þðkþ lÞ @

@x
r1 � u1 ¼ 0

lr2
1uy þðkþ lÞ @

@y
r1 � u1 ¼ 0

lr2
1uz ¼ 0

K1r2
1wx þK2

@2wz

@x2
� @2wz

@y2

� �
¼ 0 ð9:3:4Þ

K1r2
1wy � 2K2

@2wz

@x@y
¼ 0

ðK1 � K2Þr2
1wz þK2

@2wx

@x2
� 2

@2wy

@x@y
� @2wy

@y2

� �
¼ 0

where

r2
1 ¼

@2

@x2
þ @2

@y2
; u1 ¼ ðux; uyÞ; r1 � u1 ¼ @ux

@x
þ @uy

@y

Because the phonons and phasons are decoupled, the first three equations of
(9.3.4) are pure phonon equilibrium equations; in addition, uz is independent from
ux and uy, and the second three equations in (9.3.4) are pure phason equilibrium
equations.

Yang et al. [3] solved the equations under the dislocation conditions

Z
C

dui ¼ bki ;
Z
C

dwi ¼ b?i ð9:3:5Þ

where C represents a path enclosing the dislocation core. The authors used the
Green function method to calculate. The results are
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ux ¼ bk1
2p

arctan
y
x
þ kþ l

kþ 2l
xy
r2

� �
þ bk2

2p
l

kþ 2l
ln

r
r0

þ kþ l
kþ 2l

x2

r2

� �

uy ¼ � bk1
2p

l
kþ 2l

ln
r
r0

þ kþ l
kþ 2l

y2

r2

� �
þ bk2

2p
arctan

y
x
� kþ l
kþ 2l

xy
r2

� �

uz ¼ bk3
2p

arctan
y
x

wx ¼ b?1
2p

arctan
y
x
þ K2

2

2K5

2xy3

r4
� xy

r2

� �
 �
� b?2

4p
K2
2

K5
ln

r
r0

þ 2x2y2

r4

� �
þ b?3

2p
K2

K1

xy
r2

wy ¼ b?1
4p

K2
2

K5
ln

r
r0

� 2x2y2

r4

� �
þ b?2

2p
arctan

y
x
þ K2

2

2K5

xy3 � x3y
r4

� �
 �
� b?3

2p
K2

K1

y2

r2

wz ¼ b?1
2p

K1K2

K5

xy
r2

� b?2
2p

K1K2

K5

y2

r2
þ b?3

2p
arctan

y
x

ð9:3:6Þ

in which

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
; K5 ¼ K2

1 � K1K2 � K2
2 ð9:3:7Þ

The first three of (9.3.6) are well-known solutions of pure phonon field in
classical theory of dislocation; the second three of (9.3.6) are new results for pure
phason field. Due to lack of coupling terms, the interaction between phonons and
phasons could not be revealed.

9.4 Phonon-Phason Coupled Plane Elasticity
of Icosahedral Quasicrystals—Displacement Potential
Formulation

In the previous section, Yang et al. [3] introduced the assumption (9.3.2), which is
not valid and leads to loss a lot of information coming from phonon-phason cou-
pling. In studies of Fan and Guo [4], Zhu and Fan [16] and Zhu et al. [17], they
considered the coupling effects, i.e.

R 6¼ 0

and obtained the complete theory for the plane elasticity of quasicrystals. In the
study, the assumption (9.2.1) or (9.3.1) still maintains, i.e.
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@

@z
¼ 0 ð9:4:1Þ

In this case, the three-dimensional elasticity can be reduced into a plane elas-
ticity. From condition (9.3.1) directly, we have

ezz ¼ wzz ¼ wxz ¼ wyz ¼ 0 ð9:4:2Þ

Thus the number of the field variables and field equations from 36 is reduced to
32. Though the reduction of the total number is not so much, the resulting equation
system has been greatly simplified and with the following form

lr2
1ux þðkþ lÞ @

@x
r1 � u1 þR

@2wx

@x2
þ 2

@2wy

@x@y
� @2wy

@y2

� �
¼ 0

lr2
1uy þðkþ lÞ @

@y
r1 � u1 þR

@2wy

@x2
� 2

@2wx

@x@y
� @2wy

@y2

� �
¼ 0

lr2
1uz þR

@2wx

@x2
� 2

@2wy

@x@y
� @2wx

@y2
þr2

1wz

� �
¼ 0 ð9:4:3Þ

K1r2
1wx þK2

@2wz

@x2
� @2wz

@y2

� �
þR

@2ux
@x2

� 2
@2uy
@x@y

� @2ux
@y2

þ @2uz
@x2

� @2uz
@y2

� �
¼ 0

K1r2
1wy � 2K2

@2wz

@x@y
þR

@2uy
@x2

þ 2
@2ux
@x@y

� @2uy
@y2

� 2
@2uz
@x@y

� �
¼ 0

ðK1 � K2Þr2
1wz þK2

@2wx

@x2
� 2

@2wy

@x@y
� @2wy

@y2

� �
þRr2

1uz ¼ 0

where r2
1 and r1 � u1 are the same of those in Sect. 9.3, but the suffix 1 of the

two-dimensional Laplace operator will be omitted in the following for simplicity.
The equation set is much simpler than that of (9.1.8) but still quite complicated,

too. If we introduce a displacement potential Fðx; yÞ such as
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ux ¼ R
@2

@x@y
r2r2 laP1 þ bðkþ 2lÞP2½ �F

þ c0R
@2

@x@y
K ð3l� kÞ @4

@x4
þ 10ðkþ lÞ @4

@x2@y2
� ð5kþ 9lÞ @4

@y4


 �
F

uy ¼ Rr2r2 la
@2

@y2
P1 � bðkþ 2lÞ @2

@x2
P2


 �
F

þ c0RK
2 ðkþ 2lÞ @6

@x6
� 5ð2kþ 3lÞ @6

@x4@y2
þ 5k

@6

@x2@y4
þ l

@6

@y6


 �
F

uz ¼ c1
@2

@x@y
ða� bÞK2P1P2 þ a

@2

@y2
P2

1 þ b
@2

@x2
P2

2


 �
F

wx ¼ �x
@2

@x@y
r2 2c0K

2r2 � ða� bÞP1P2
� �

F

wy ¼ �xr2 c0K
2K2r2 þ a

@2

@y2
P2

1 þ b
@2

@x2
P2

2


 �
F

wz ¼ c2
@2

@x@y
ða� bÞK2P1P2 þ a

@2

@y2
P2

1 þ b
@2

@x2
P2

2


 �
F

ð9:4:4Þ

then the field equations mentioned above will be satisfied if

r2r2r2r2r2r2Fðx; yÞþr2LFðx; yÞ ¼ 0 ð9:4:5Þ

where

a ¼ ðkþ 2lÞR2 � xK1 b ¼ lR2 � xK1 x ¼ lðkþ 2lÞ

c0 ¼ x
lK2

2 þðK1 � 3K2ÞR2

lðK1 � K2Þ � R2 c1 ¼ ðK1 � 2K2ÞRx
lðK1 � K2Þ � R2 c2 ¼ ðK2l� R2Þx

lðK1 � K2Þ � R2

P1 ¼ 3
@2

@x2
� @2

@y2
; P2 ¼ 3

@2

@y2
� @2

@x2
; r2 ¼ @2

@x2
þ @2

@y2
; K2 ¼ @2

@x2
� @2

@y2

ð9:4:6Þ

in which the suffix 1 of the two-dimensional Laplace operator is omitted and

L ¼ c0
b
½� @10

@x10
þ 5 4� 5

a
b

� �
@10

@x8@y2
� 10 11� 10

a
b

� �
@10

@x6@y4
þ 10 10� 11

a
b

� �
@10

@x4@y6

� 5 5� 4
a
b

� �
@10

@x2@y8
� a
b
@10

@y10

ð9:4:7Þ
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Assuming

R2=ðlK1Þ � 1; ð9:4:8Þ

(this is understandable, because the coupling effect is weaker than that of phonon),
then from Eqs. (9.4.6) and (9.4.7)

b=a ! 1; r2L ¼ c0
b
r2r2r2r2r2r2 ð9:4:9Þ

substituting (9.4.9) into (9.4.5), we find that

r2r2r2r2r2r2Fðx; yÞ ¼ 0 ð9:4:10Þ

This is our final governing equation for plane elasticity of quasicrystals based on
the displacement potential formulation. With the aid of the generalized Hooke’s
law, the phonon and phason stress components can also be expressed in terms of
potential function Fðx; yÞ and these expressions are omitted here due to the limi-
tation of the space.

In other words, equation set (9.4.4) gives a fundamental solution in terms of
Fðx; yÞ for the plane elasticity problem of an icosahedral quasicrystal. Once func-
tion Fðx; yÞ satisfying Eq. (9.4.10) is determined for prescribed boundary condi-
tions, the entire elastic field of an icosahedral quasicrystal can be found from
(9.4.4). This formulation is reported briefly by Fan and Guo [4] in some extent
which is a development of Li and Fan [18] for elasticity of two-dimensional qua-
sicrystals. The application of the formulation and relevant solution will be given in
Sect. 9.6.

9.5 Phonon-Phason Coupled Plane Elasticity
of Icosahedral Quasicrystals—Stress Potential
Formulation

In the previous section, the displacement formulation exhibits its effect, which
reduces a very complicated partial differential equation set into a single partial
differential equation with higher order (12th order), and the latter will be easily to
solve. At the meantime, the stress potential formulation is effective too. In this
section, we will introduce the formulation.

To contrast the displacement potential formulation, we here maintain the stress
components and exclude the displacement components. From the deformation
geometry Eq. (9.1.1) and considering (9.3.1) and (9.3.2), we obtain the deformation
compatibility equations as follows
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@2exx
@y2

þ @2eyy
@x2

¼ 2
@2exy
@x@y

;
@eyz
@x

¼ @ezx
@y

@wxy

@x
¼ @wxx

@y
;

@wyy

@x
¼ @wyx

@y
;

@wzy

@x
¼ @wzx

@y

ð9:5:1Þ

Thus the displacements are excluded already.
By getting the expressions of strains through stresses from the inversion of

equation set (9.1.7) and substituting them into (9.5.1), we obtain the deformation
compatibility equations expressed by stress components, so that the strain com-
ponents have been excluded up to now (those equations are too lengthy and we here
do not list them).

So far one has the deformation compatibility equations expressed by stresses and
equilibrium equations only.

If we introduce stress potential functions

u1ðx; yÞ; u2ðx; yÞ; w1ðx; yÞ; w2ðx; yÞ; w3ðx; yÞ

such as

rxx ¼ @2u1

@y2
; rxy ¼ � @2u1

@x@y
; ryy ¼ @2u1

@x2

rzx ¼ @u2

@y
; rzy ¼ � @u2

@x

Hxx ¼ @w1

@y
; Hxy ¼ � @w1

@x
; Hyx ¼ @w2

@y

Hyy ¼ � @w2

@x
; Hzx ¼ @w3

@y
; Hzy ¼ � @w3

@x

ð9:5:2Þ

with

u1 ¼ c2c3R
@

@y
2
@2

@x2
P2 � K2P1


 �
r2r2G

u2 ¼ �c3c4r2r2r2r2r2G

w1 ¼ c1c2R
@2

@y2
2
@2

@x2
P1P2 � K2P2

1


 �
r2G

þ c2c4K
2r2r2r2r2G

w2 ¼ c1c2R
@2

@x@y
2
@2

@x2
P2

2 � K2P1P2


 �
r2G

� 2c2c4
@2

@x@y
r2r2r2r2G

w3 ¼ � 1
R
K2c3c4r2r2r2r2r2G

ð9:5:3Þ
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then equilibrium equations and the deformation compatibility equations will be
automatically satisfied if

r2r2r2r2r2r2G ¼ 0 ð9:5:4Þ

Under the approximation R2=K1l � 1, which is the final governing equation of
plane elasticity of icosahedral quasicrystals, function Gðx; yÞ is named the stress
potential in which

c1 ¼ Rð2K2 � K1ÞðlK1 þ lK2 � 3R2Þ
2ðlK1 � 2R2Þ

c2 ¼ 1
R
K2ðlK2 � R2Þ � Rð2K2 � K1Þ

c3 ¼ lðK1 � K2Þ � R2 � ðlK2 � R2Þ2
lK1 � 2R2

c4 ¼ c1Rþ 1
2
c3 K1 þ lK1 � 2R2

kþ l

� �
ð9:5:5Þ

P1 ¼ 3
@2

@x2
� @2

@y2
; P2 ¼ 3

@2

@y2
� @2

@x2

r2 ¼ @2

@x2
þ @2

@y2
; K2 ¼ @2

@x2
� @2

@y2

In derivation of (9.5.4), the approximation (9.4.8) is used in the last step.
This work is given in Ref. [5], which may be seen as a development of the study

for two-dimensional quasicrystals given by Guo and Fan (see, e.g. Fan [19] or Guo
and Fan [20]).

9.6 A Straight Dislocation in an Icosahedral Quasicrystal

The formulations exhibited in the previous sections are meaningful, which have
greatly simplified the complicated equations involving elasticity. Their applications
will be addressed in this and subsequent sections, in which the Fourier analysis and
complex variable function method play an important role.

We introduced the dislocation solution of Yang et al. [3] in an icosahedral
quasicrystal. The authors of Ref. [3] assumed that the coupling effect between
phonons and phasons is omitted, i.e. R ¼ 0. In this case, the phonon solution of the
dislocation is the same to that of the classical isotropic elastic solution of an edge
dislocation. And the phason solution of the problem is newly found, which is
independent from the phonon field. In this section, we try to give a complete
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analysis of the problem in which the phonon-phason coupling effect is taken into
account.

For a dislocation along x3-axis (or z-axis) in icosahedral quasicrystal with the

core at the origin, the Burgers vector is denoted as b ¼ bk � b? ¼
ðbk1; bk2; bk3; b?1 ; b?2 ; b?3 Þ where the dislocation conditions are as

Z
C

duj ¼ bkj

Z
C

dwj ¼ b?j ð9:6:1Þ

in which x1 ¼ x; x2 ¼ y; x3 ¼ z, and the integrals in (9.6.1) should be taken along
the Burgers circuit surrounding the dislocation core in space Ek. By using the
superposition principle, we here calculate first the elastic field for a special case, i.e.

which corresponds to bk1 6¼ 0; b?1 6¼ 0; and bk2 ¼ bk3 ¼ 0; b?2 ¼ b?3 ¼ 0:
For simplicity, we can solve a half-plane problem, by considering symmetry and

anti-symmetry of relevant field variables, so the following boundary conditions
include the dislocation condition:

ryyðx; 0Þ ¼ rzyðx; 0Þ ¼ 0 ð9:6:2a; bÞ

Hyyðx; 0Þ ¼ Hzyðx; 0Þ ¼ 0 ð9:6:2c; dÞZ
C

dux ¼ bk1

Z
C

dwx ¼ b?1 ð9:6:2e; fÞ

In addition, there are boundary conditions at infinity:

rijðx; yÞ ! 0 Hijðx; yÞ ! 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1 ð9:6:3Þ

In the following, we use the formulation of Sect. 9.4 to solve the above
boundary value problem. Performing the Fourier transform to Eq. (9.4.10) and the
above boundary conditions, we obtain the solution at the transformed domain, and
then, taking inversion of the Fourier transform, we obtain the solution as follows

ux ¼ 1
2p

bk1 arctan
y
x
þ c12

xy
r2

þ c13
xy3

r4

� �

uy ¼ 1
2p

�c21 ln
r
r0

þ c22
y2

r2
þ c23

y2ðy2 � x2Þ
2r4

� �

uz ¼ 1
2p

�c31 arctan
y
x
þ c32

xy
r2

þ c33
xy3

r4

� �
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wx ¼ 1
2p

b?1 arctan
y
x
þ c42

xy
r2

þ c43
xy3

r4

� �

wy ¼ 1
2p

�c51 ln
r
r0

þ c52
y2

r2
þ c53

y2ðy2 � x2Þ
2r4

� �
ð9:6:4Þ

wz ¼ 1
2p

�c61 arctan
y
x
þ c62

xy
r2

þ c63
xy3

r4

� �

in which r2 ¼ x2 þ y2 and r0, the radius of the dislocation core, and cij are constants
shown as follows:

c12 ¼ 2c0½lð2R2 þ c0lÞðk2 þ 3klþ 2l2�bk1 þR½�eðkþ lÞþ 2lc0ðkþ 2lÞ2�b?1
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c13 ¼ 2c0Rðkþ lÞ½2Rlðkþ lÞbk1 þ 2lc0ðkþ 2lÞb?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c21 ¼ ½2c20l3ðkþ 2lÞ � 2e2�bk1 þ 2c0Rðkþ 3lÞeb?1
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c22 ¼ 2c0½�l2ðkþ lÞð�2R2 þ c0ðkþ 2lÞ�bk1 þR½�ðkþ lÞeþ 2c0l2Þb?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c23 ¼ 2c0Rðkþ lÞ½2Rlðkþ lÞbk1 þ 2c0l2b?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c31 ¼
�3c1e

2ðc0lþ 7eÞlc0ðkþ 2lÞbk1 þR½54c20ðk2 þ 3klþ l2Þ
�2ða� bÞðeþ lc0ðkþ 2lÞÞ�b?1


 �
4c0R½�eð2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c32 ¼
3c1e 2l½�eþ lc0ðkþ 2lÞ�bk1 þR½�2eþ 2lc0ðkþ 2lÞ�b?1

n o
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c33 ¼ �3ec1½2Rlðkþ lÞbk1 þ 2lc0ðkþ 2lÞb?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c42 ¼ �2e½2Rlðkþ lÞbk1 þ 2lc0ðkþ 2lÞb?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c43 ¼ 0
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c51 ¼ �

�4el2c0ðkþ 2lÞbk1 þR½2ðkþ 2lÞðeþ 0:5lc0Þ
þ lð2b2lþ 2c20ðkþ 2lÞ2 þ c0ðkþ 2lÞð�blþR2ðkþ lÞÞ�b?1

( )

Rð�eð2eþ lc0ðkþ 2lÞÞþ lc0ðkþ 2lÞðeþ 2lc0ðkþ 2lÞÞÞ

c52 ¼ � 2e½2Rlðkþ lÞbk1 þ 2lc0ðkþ 2lÞb?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ� ð9:6:5Þ

c53 ¼ 0

c61 ¼ �
3c2e

2ðc0lþ 7eÞlc0ðkþ 2lÞbk1
þR½54c20ðk2 þ 3klþ l2Þ � 2ða� bÞðeþ lc0ðkþ 2lÞÞ�b?1


 �
4c0R½�eð2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c62 ¼ 3ec2½2lð�eþ lc0ðkþ 2lÞÞbk1 þRð�2eþ 2lc0ðkþ 2lÞÞb?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

c63 ¼ �3ec2½2Rlðkþ lÞbk1 þ 2lc0ðkþ 2lÞb?1 �
�e½2eþ lc0ðkþ 2lÞ� þ lc0ðkþ 2lÞ½eþ 2lc0ðkþ 2lÞ�

with e ¼ �ðkþ lÞR2.
For the other two typical problems, in which the Burgers vector of a dislocation

is denoted by ð0; bk2; 0; 0; b?2 ; 0Þ and ð0; 0; bk3; 0; 0; b?3 Þ, respectively, a complete
similar consideration will yield similar results, which are omitted here.

Alternatively, the expressions are denoted as uð2Þj ;wð2Þ
j and uð3Þj ;wð3Þ

j .

Analytic expressions for the elastic field of a dislocation ðbk1; bk2; bk3; b?1 ; b?2 ; b?3 Þ
in an icosahedral quasicrystal can be obtained by the superposition of the corre-

sponding expressions for the elastic fields for ðbk1; 0; 0; b?1 ; 0; 0Þ, ð0; bk2; 0; 0; b?2 ; 0Þ
and ð0; 0; bk3; 0; 0; b?3 Þ, namely

uj ¼ uð1Þj þ uð2Þj þ uð3Þj wj ¼ wð1Þ
j þwð2Þ

j þwð3Þ
j i; j ¼ 1; 2; 3 ð9:6:6Þ

We can see that the interaction between phonon-phonon, phason-phason and
phonon-phason is very evident, so the solution (9.6.4) is quite different from the
solution given by Yang et al. [3] [whose solution for phonon displacement field is
given by the first three formulas of Eq. (9.3.6) and will be quoted again in the
following (see formula (9.6.7))], where they took R ¼ 0, i.e. they assumed the
phonon and phason are decoupled, so the solution for phonon is the same as the
classical solution for crystals. It is obvious that our solution given by (9.6.4)
explores the realistic case for quasicrystals which is quite different from that of
crystal. To illustrate the coupling effect, we give some numerical results in Figs. 9.7

and 9.8 for the normalized displacement u1=b
k
1 versus x and y, respectively, in
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which the results exhibit the influence of the coupling constant R that is significant.
In the calculation, we take the data of elastic moduli as

k ¼ 74:9; l ¼ 72:4 ðGPaÞ; K1 ¼ 72; K2 ¼ �73 ðMPaÞ

and the phonon-phason coupling elastic constant for three different cases: i.e.
R=l ¼ 0;R=l ¼ 0:004 and R=l ¼ 0:006, in which the first one corresponds to

decoupled case. The results are depicted in Fig. 9.7 for u1=b
k
1 versus x and in

Fig. 9.8 for u1=b
k
1 versus y, respectively, as follows.

Figures show that the coupling effect is very important, and the displacement is
increasing with the growth of value of R.

Fig. 9.7 The displacement

u1=b
k
1 versus x for different

coupling elastic constants

Fig. 9.8 The displacement

u1=b
k
1 versus y for different

coupling constants

9.6 A Straight Dislocation in an Icosahedral Quasicrystal 211



For icosahedral quasicrystals with the presence of a dislocation, there are five
independent elastic constants. If R ¼ 0;wi ¼ 0, our solution is exactly reduced to
the solution of dislocation of crystals, i.e.

ux ¼ bk1
2p

arctan
y
x
þ kþ l

kþ 2l
xy
r2

� �
þ bk2

2p
l

kþ 2l
ln

r
r0

þ kþ l
kþ 2l

x2

r2

� �

uy ¼ � bk1
2p

l
kþ 2l

ln
r
r0

þ kþ l
kþ 2l

x2

r2

� �
þ bk2

2p
arctan

y
x
� kþ l
kþ 2l

xy
r2

� �

uz ¼ bk3
2p

arctan
y
x

ð9:6:7Þ

The present solution reveals the interactions between phonon-phonon,
phason-phason and phonon-phason for a dislocation in icosahedral quasicrystals.

The displacement potential function formulation establishes the basis for solving
defects in icosahedral quasicrystals. The formulation greatly simplifies the solution
process. In the subsequent steps, a systematic Fourier analysis is developed, which
provides a constructive procedure to find the analytic solution; it is effective not
only for dislocation problem, but also for more complicated mixed boundary value
problems (e.g. crack problems refer to the following section or Ref. [18]). The
solution is explicit and with closed form. As a complete solution of dislocation of
icosahedral quasicrystals, this is the first-time observation.

The present solution can be used as a fundamental solution for a dislocation in
an icosahedral quasicrystal. Therefore, many elasticity problems in an icosahedral
quasicrystal can be directly solved with the aid of this fundamental solution by
superposition.

This work has been published in Ref. [17].

9.7 Application of Displacement Potential to Crack
Problem of Icosahedral Quasicrystal

In the previous section, application of displacement potential to dislocation problem
of icosahedral quasicrystal is given; we now discuss an application of the potential
method to crack problem of the matter; with the help of the Fourier analysis and
dual integral equation theory, an analytic solution is obtained, which is presented as
below.

The cracked specimen is shown in Fig. 9.9; it is sufficient to consider a half of
the sample, so it has the following boundary conditions:

ryyðx; 0Þ ¼ �p; Hyyðx; 0Þ ¼ 0 xj j � a
uyðx; 0Þ ¼ 0; wyðx; 0Þ ¼ 0 xj j[ a
rxyðx; 0Þ ¼ rzyðx; 0Þ ¼ 0; Hxyðx; 0Þ ¼ Hzyðx; 0Þ ¼ 0 �1\x\1

ð9:7:1Þ
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and

rij ! 0; Hij ! 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1 ð9:7:2Þ

After Fourier transform to Eq. (9.4.10), and by considering boundary condition
at infinity, the formal solution in Fourier transform domain is

~F ¼ XYe� nj jy ð9:7:3Þ

where X ¼ ðA;B;C;D;E;FÞ; Y ¼ ð1; y; y2; y3; y4; y5ÞT, and A;B;C;D;E and F are
unknown functions of n to be determined; superscript T denotes the transpose
operator of matrix.

To determine unknown functions in (9.7.3), with the Fourier transforms of
displacements and stresses and boundary conditions, the problem is reduced to
solve the following dual integral equations

R1
0
nAj cosðnxÞdx ¼ ppbj 0\x� a

R1
0
Aj cosðnxÞdx ¼ 0 x	 a

8>><
>>: ð9:7:4Þ

where

A1 ¼ n8A; A2 ¼ n7
�� ��B; A3 ¼ 2n6C; A4 ¼ 6 n5

�� ��D; A5 ¼ 24n4E;
A6 ¼ 120 n3

�� ��F ð9:7:5Þ

bj ¼ ð�1Þ j Dj

D
j ¼ 1; . . .; 6 ð9:7:6Þ

Fig. 9.9 A Griffith crack in an icosahedral quasicrystal
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D ¼

b11 b12 b13 b14 b15 b16
b21 b22 b23 b24 b25 b26
b31 b32 b33 b34 b35 b36
b41 b42 b43 b44 b45 b46
b51 b52 b53 b54 b55 b56
b61 b62 b63 b64 b65 b66

��������������

��������������

Dj ¼

b21 � � � b2;j�1 b2;jþ 1 � � � b26
b31 � � � b3;j�1 b3;jþ 1 � � � b36
b41 � � � b4;j�1 b4;jþ 1 � � � b46
b51 � � � b5;j�1 b5;jþ 1 � � � b56
b61 � � � b6;j�1 b6;jþ 1 � � � b66

����������

����������

ð9:7:7Þ

bij are constants composed from basic elastic constants, given subsequently.
Equation (9.7.4) belongs to Titchmarsh–Busbridge dual integral equations; by

using the standard solving procedure (refer to Major Appendix II of this book), we
find the solution

Aj ¼ appbjJ1ðnaÞ=n ð9:7:8Þ

where J1ðxÞ is the first kind Bessel function of first order (see the Major Appendix).
After the determination of these functions, the problem is solved mathematically,
and then, taking inversion of Fourier transform, all field variables can be evaluated
through a series of integrations. It is fortunate all integrals here can be expressed by
elementary functions. We list only the displacements as below

ux=p ¼ c11½ðr1r2Þ1=2 cos �h� r cos h� þ c12r2ðr1r2Þ�1=2 sin h sinðh� �hÞþ 1=2c13r2ðr1r2Þ�3=2a2 sin2 h cos 3�h

� 1=2c14r4ðr1r2Þ�5=2a2 sin3 h sinðh� 5�hÞ � 1=8c15r4ðr1r2Þ�7=2a2 sin4 hh21 þ 1=8c16r6ðr1r2Þ�9=2a2 sin5 hh22

uy=p ¼ c21½ðr1r2Þ1=2 sin �h� r sin h� þ c22r½1� rðr1r2Þ�1=2 cosðh� �hÞ� sin h� 1=2c23r2ðr1r2Þ�3=2a2 sin2 h sin 3�h

þ 1=2c24r4ðr1r2Þ�5=2a2 sin3 h cosðh� 5�hÞþ 1=8c25r4ðr1r2Þ�7=2a2 sin4 hh11 � 1=8c26r6ðr1r2Þ�9=2a2 sin5 hh12

uz=p ¼ c31½ðr1r2Þ1=2 cos �h� r cos h� þ c32r2ðr1r2Þ�1=2 sin h sinðh� �hÞþ 1=2c33r2ðr1r2Þ�3=2a2 sin2 h cos 3�h

� 1=2c34r4ðr1r2Þ�5=2a2 sin3 h sinðh� 5�hÞ � 1=8c35r4ðr1r2Þ�7=2a2 sin4 hh21 þ 1=8c36r6ðr1r2Þ�9=2a2 sin5 hh22

wx=p ¼ c41½ðr1r2Þ1=2 cos �h� r cos h� þ c42r2ðr1r2Þ�1=2 sin h sinðh� �hÞþ 1=2c43r2ðr1r2Þ�3=2a2 sin2 h cos 3�h

� 1=2c44r4ðr1r2Þ�5=2a2 sin3 h sinðh� 5�hÞ � 1=8c45r4ðr1r2Þ�7=2a2 sin4 hh21 þ 1=8c46r6ðr1r2Þ�9=2a2 sin5 hh22

wy=p ¼ c51½ðr1r2Þ1=2 sin �h� r sin h� þ c52r½1� rðr1r2Þ�1=2 cosðh� �hÞ� sin h� 1=2c53r2ðr1r2Þ�3=2a2 sin2 h sin 3�h

þ 1=2c54r4ðr1r2Þ�5=2a2 sin3 h cosðh� 5�hÞþ 1=8c55r4ðr1r2Þ�7=2a2 sin4 hh11 � 1=8c56r6ðr1r2Þ�9=2a2 sin5 hh12
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wz=p ¼ c61½ðr1r2Þ1=2 cos �h� r cos h� þ c62r
2ðr1r2Þ�1=2 sin h sinðh� �hÞþ 1=2c63r2ðr1r2Þ�3=2a2 sin2 h cos 3�h

� 1=2c64r4ðr1r2Þ�5=2a2 sin3 h sinðh� 5�hÞ � 1=8c65r4ðr1r2Þ�7=2a2 sin4 hh21 þ 1=8c66r6ðr1r2Þ�9=2a2 sin5 hh22

ð9:7:9Þ

where

h11 ¼ a2 sin 7�h� 4r2 sinð2h� 7�hÞ; h12 ¼ 3a2 cosðh� 9�hÞþ 4r2 cosð3h� 9�hÞ;
h21 ¼ a2 cos 7�hþ 4r2 cosð2h� 7�hÞ; h22 ¼ 3a2 sinðh� 9�hÞþ 4r2 sinð3h� 9�hÞ

ð9:7:10Þ

with constants cij

ci1 ¼
X6
j¼1

aj1bj; ci2 ¼
X5
j¼1

aj1bjþ 1; ci3 ¼
X4
j¼1

aj1bjþ 2; ci4 ¼
X3
j¼1

aj1bjþ 3;

ci5 ¼
X2
j¼1

aj1bjþ 4; ci6 ¼
X1
j¼1

aj1bjþ 5; i ¼ 1; 2; . . .; 6

ð9:7:11Þ

h ¼ ðh1 þ h2Þ=2, which are defined by Fig. 9.9c, and constants aij are listed below:

a11 ¼ Rð2c0ð5kþ 9lÞ � alÞ a41 ¼ 0
a12 ¼ Rðal� 2c0ð39kþ 67alÞÞ a43 ¼ �16xc0
a13 ¼ 2Rð�6alþ 8bðkþ 2lÞþ c0ð111kþ 179lÞÞ a43 ¼ �16xc0
a14 ¼ �2Rð157c0kþ 28bkþ 249c0l� 16alþ 56blÞ a44 ¼ �24xð2c0 � aþ bÞ
a15 ¼ 5Rð�7alþ 16bðkþ 2lÞþ c0ð50kþ 82lÞÞ a45 ¼ 60xðc0 � aþ bÞ
a16 ¼ Rð21al� 58bðkþ 2lÞ � 8c0ð15kþ 26lÞÞ a46 ¼ �2xð20c0 � 27ða� bÞÞ
a21 ¼ c0Rð32kþ 27lÞ a51 ¼ 0
a22 ¼ �14c0Rð8kþ 5lÞ a52 ¼ 32xða� bÞ
a23 ¼ Rðc0ð176kþ 59lÞþ 16ðbk� alþ 2blÞÞ a53 ¼ �16xðc0 þ 7a� 7bÞ
a24 ¼ �8ðc0ð20k� 2lÞ � 7alþ 5bðkþ 2lÞÞ a54 ¼ 24xð2c0 þ 7a� 7bÞ
a25 ¼ 10Rðc0ð9k� 7lÞþ 4ð�2alþ bðkþ 2lÞÞÞ a55 ¼ �4xð17c0 þ 37a� 33bÞ
a26 ¼ Rð62al� 18bðkþ 2lÞþ c0ð�30kþ 62lÞÞ a56 ¼ 2xð28c0 þ 43a� 27bÞ
a31 ¼ 2c1ð24a� 5bÞ a61 ¼ 2c2ð24a� 5bÞ
a32 ¼ c1ð�192aþ 78bÞ a62 ¼ c2ð�192aþ 78bÞ
a33 ¼ c1ð340a� 226bÞ a63 ¼ c2ð340a� 226bÞ
a34 ¼ c1ð�352aþ 306bÞ a64 ¼ c2ð�352aþ 306bÞ
a35 ¼ 5c1ð47a� 43bÞ a65 ¼ 5c2ð47a� 43bÞ
a36 ¼ c1ð�103aþ 85bÞ a66 ¼ c2ð�103aþ 85bÞ
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a11 ¼ Rð2c0ð5kþ 9lÞ � alÞ a41 ¼ 0
a12 ¼ Rðal� 2c0ð39kþ 67alÞÞ a43 ¼ �16xc0
a13 ¼ 2Rð�6alþ 8bðkþ 2lÞþ c0ð111kþ 179lÞÞ a43 ¼ �16xc0
a14 ¼ �2Rð157c0kþ 28bkþ 249c0l� 16alþ 56blÞ a44 ¼ �24xð2c0 � aþ bÞ
a15 ¼ 5Rð�7alþ 16bðkþ 2lÞþ c0ð50kþ 82lÞÞ a45 ¼ 60xðc0 � aþ bÞ
a16 ¼ Rð21al� 58bðkþ 2lÞ � 8c0ð15kþ 26lÞÞ a46 ¼ �2xð20c0 � 27ða� bÞÞ
a21 ¼ c0Rð32kþ 27lÞ a51 ¼ 0
a22 ¼ �14c0Rð8kþ 5lÞ a52 ¼ 32xða� bÞ
a23 ¼ Rðc0ð176kþ 59lÞþ 16ðbk� alþ 2blÞÞ a53 ¼ �16xðc0 þ 7a� 7bÞ
a24 ¼ �8ðc0ð20k� 2lÞ � 7alþ 5bðkþ 2lÞÞ a54 ¼ 24xð2c0 þ 7a� 7bÞ
a25 ¼ 10Rðc0ð9k� 7lÞþ 4ð�2alþ bðkþ 2lÞÞÞ a55 ¼ �4xð17c0 þ 37a� 33bÞ
a26 ¼ Rð62al� 18bðkþ 2lÞþ c0ð�30kþ 62lÞÞ a56 ¼ 2xð28c0 þ 43a� 27bÞ
a31 ¼ 2c1ð24a� 5bÞ a61 ¼ 2c2ð24a� 5bÞ
a32 ¼ c1ð�192aþ 78bÞ a62 ¼ c2ð�192aþ 78bÞ
a33 ¼ c1ð340a� 226bÞ a63 ¼ c2ð340a� 226bÞ
a34 ¼ c1ð�352aþ 306bÞ a64 ¼ c2ð�352aþ 306bÞ
a35 ¼ 5c1ð47a� 43bÞ a65 ¼ 5c2ð47a� 43bÞ
a36 ¼ c1ð�103aþ 85bÞ a66 ¼ c2ð�103aþ 85bÞ

a11 ¼ Rð2c0ð5kþ 9lÞ � alÞ a41 ¼ 0
a12 ¼ Rðal� 2c0ð39kþ 67alÞÞ a43 ¼ �16xc0
a13 ¼ 2Rð�6alþ 8bðkþ 2lÞþ c0ð111kþ 179lÞÞ a43 ¼ �16xc0
a14 ¼ �2Rð157c0kþ 28bkþ 249c0l� 16alþ 56blÞ a44 ¼ �24xð2c0 � aþ bÞ
a15 ¼ 5Rð�7alþ 16bðkþ 2lÞþ c0ð50kþ 82lÞÞ a45 ¼ 60xðc0 � aþ bÞ
a16 ¼ Rð21al� 58bðkþ 2lÞ � 8c0ð15kþ 26lÞÞ a46 ¼ �2xð20c0 � 27ða� bÞÞ
a21 ¼ c0Rð32kþ 27lÞ a51 ¼ 0
a22 ¼ �14c0Rð8kþ 5lÞ a52 ¼ 32xða� bÞ
a23 ¼ Rðc0ð176kþ 59lÞþ 16ðbk� alþ 2blÞÞ a53 ¼ �16xðc0 þ 7a� 7bÞ
a24 ¼ �8ðc0ð20k� 2lÞ � 7alþ 5bðkþ 2lÞÞ a54 ¼ 24xð2c0 þ 7a� 7bÞ
a25 ¼ 10Rðc0ð9k� 7lÞþ 4ð�2alþ bðkþ 2lÞÞÞ a55 ¼ �4xð17c0 þ 37a� 33bÞ
a26 ¼ Rð62al� 18bðkþ 2lÞþ c0ð�30kþ 62lÞÞ a56 ¼ 2xð28c0 þ 43a� 27bÞ
a31 ¼ 2c1ð24a� 5bÞ a61 ¼ 2c2ð24a� 5bÞ
a32 ¼ c1ð�192aþ 78bÞ a62 ¼ c2ð�192aþ 78bÞ
a33 ¼ c1ð340a� 226bÞ a63 ¼ c2ð340a� 226bÞ
a34 ¼ c1ð�352aþ 306bÞ a64 ¼ c2ð�352aþ 306bÞ
a35 ¼ 5c1ð47a� 43bÞ a65 ¼ 5c2ð47a� 43bÞ
a36 ¼ c1ð�103aþ 85bÞ a66 ¼ c2ð�103aþ 85bÞ

ð9:7:12Þ

Besides, bj are defined by matrix calculation:

bj ¼ ð�1Þ j Dj

D
j ¼ 1; . . .; 6 ð9:7:13Þ
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D ¼

b11 b12 b13 b14 b15 b16
b21 b22 b23 b24 b25 b26
b31 b32 b33 b34 b35 b36
b41 b42 b43 b44 b45 b46
b51 b52 b53 b54 b55 b56
b61 b62 b63 b64 b65 b66

��������������

��������������

Dj ¼

b21 � � � b2;j�1 b2;jþ 1 � � � b26
b31 � � � b3;j�1 b3;jþ 1 � � � b36
b41 � � � b4;j�1 b4;jþ 1 � � � b46
b51 � � � b5;j�1 b5;jþ 1 � � � b56
b61 � � � b6;j�1 b6;jþ 1 � � � b66

����������

����������

ð9:7:14Þ

with matrix elements bij

b11 ¼ �Rðaklþ c0ð22k2 þ 73klþ 54l2ÞÞ
b12 ¼ Rð32xða� bÞþ aklþ c0ð66k2 þ 215klþ 194l2ÞÞ
b13 ¼ �Rðc0ð32xþ 66k2 þ 347klþ 258l2Þþ 4ð36xða� bÞþ lð8bðkþ 2lÞ � aðkþ 8lÞÞÞÞ
b14 ¼ Rðc0ð112xþ 22k2 þ 217klþ 86l2Þþ 8ð32xða� bÞþ lð14bðkþ 2lÞ � að5kþ 18lÞÞÞÞ
b15 ¼ Rð�4c0ð44xþ ðk� 43lÞlÞþ 16xð16b� 15aÞþ lð�160bðkþ 2lÞþ að101kþ 272lÞÞÞ
b16 ¼ Rð4c0ð41x� ð25kþ 66lÞlÞ � 12xð11b� 15aÞþ lð116bðkþ 2lÞ � að121kþ 284lÞÞÞ

b21 ¼ 2ðc2K2 þ c1RÞð24a� 5bÞþR2ð�c0ð21kþ 8lÞþ bðkþ 2lÞ � 2alÞ
b22 ¼ ðc2K2 � c1RÞð�288aþ 98bÞþR2ðc0ð109k� 10lÞ � bðkþ 2lÞþ 14alÞ
b23 ¼ 4ðc2K2 þ c1RÞð193a� 98bÞ � 54alR2 � c0ð16K1xþR2ð220k� 239lÞÞ
b24 ¼ 2ð�ðc2K2 � c1RÞð612a� 418bÞ � 12K1xða� bÞþ 59alR2Þ

þ 5c0ð16K1xþR2ð44k� 157lÞÞ
b25 ¼ ðc2K2 � c1RÞð1279a� 1053bÞþ 108K1xða� bÞ � 145alR2

þ c0ð�172K1x� 5R2ð22k� 216lÞÞ
b26 ¼ �ðc2K2 � c1RÞð925a� 821bÞ � 198K1xða� bÞþ 99alR2

þ c0ð208K1xþR2ð22k� 1325lÞÞ

b31 ¼ �2ðc2ðK1 � K2Þþ c1RÞð24a� 5bÞþRK2ðc0ð42kþ 45lÞ � alÞ
b32 ¼ 2ðc2ðK1 � K2Þþ c1RÞð144a� 49bÞ � RK2ðc0ð242kþ 267lÞ � 3alÞ
b33 ¼ �4ðc2ðK1 � K2Þþ c1RÞð193a� 98bÞþRK2ðc0ð676kþ 773lÞ � 31alþ 32bðkþ 2lÞ
b34 ¼ 4ðc2ðK1 � K2Þþ c1RÞð306a� 209bÞ � RK2ðc0ð1172kþ 1391lÞ � 129alþ 144bðkþ 2lÞ
b35 ¼ �ðc2ðK1 � K2Þþ c1RÞð1279a� 1053bÞþRK2ð2c0ð675kþ 839lÞ � 247alþ 288bðkþ 2lÞ
b36 ¼ ðc2ðK1 � K2Þþ c1RÞð925a� 821bÞþRK2ð34c0ð31kþ 41lÞ � 265alþ 332bðkþ 2lÞ
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b41 ¼ �2ðc2Rþ c1lÞð24a� 5bÞ
b42 ¼ �4ððc2Rþ c1lÞð96a� 39bÞþRxð20a� 16bþ 2c0ÞÞ
b43 ¼ �4ð19ðc2Rþ c1lÞð7a� 4bÞþ 28Rxða� bÞÞ
b44 ¼ 4ððc2Rþ c1lÞð61a� 49bÞ � Rxð64a� 36b� 24c0ÞÞ
b45 ¼ ðc2Rþ c1lÞð587a� 521bÞ � Rxð232a� 216b� 40c0Þ
b46 ¼ ðc2Rþ c1lÞð338a� 300bÞþRxð200a� 168b� 44c0Þ

b51 ¼ Rlð�c0ð42kþ 45lÞþ alÞ
b52 ¼ �2Rð�4xð7a� 5bÞþ lð11al� 4bðkþ 2lÞÞþ c0ð4xþ lð76kþ 93lÞÞÞ
b53 ¼ Rð112xða� bÞþlð29al� 32bðkþ 2lÞÞþ c0ð32x� lð476kþ 551lÞÞÞ
b54 ¼ 4Rð�xð92a� 120bÞþ lð31al� 56bðkþ 2lÞÞþ 2c0ð28xþlð17k� 7lÞÞÞ
b55 ¼ Rð16xð4a� 3bÞþ lð147al� 176bðkþ 2lÞÞþ 2c0ð88x� lð327kþ 419lÞÞÞ
b56 ¼ 2Rð2xð7a� 15bÞ � lð59al� 78bðkþ 2lÞÞ � c0ð78x� lð200kþ 278lÞÞÞ

b61 ¼ �2ðc2K2 þ c1RÞð24a� 5bÞ � xðaþ c0ÞðK1 þRÞþRc0ð42kþ 46lÞ
b62 ¼ 6ðc2K2 þ c1RÞð32a� 13bÞþxð9Ra� 23K1aþ 32K1bÞ � 8R2al

þ 3c0ð3K1xþRð3x� 74Rk� 80RlÞÞ
b63 ¼ �2ðc2K2 þ c1RÞð170a� 113bÞþxð�36Raþ 108K1aþ 144K1bÞ

þ 8R2ðalþ bkÞþ c0ð�20K1xþRð�36xþ 510Rkþ 523RlÞÞ
b64 ¼ 2ðc2K2 þ c1RÞð176a� 153bÞþ 2xð42Ra� 98K1aþ 140K1bÞ

þ 4R2ð5al� 56bk� 112blÞþ c0ð20K1xþRð84x� 650Rk� 625RlÞÞ
b65 ¼ �5ðc2K2 þ c1RÞð47a� 43bÞþ 2xð�63Raþ 95K1aþ 150K1bÞ

þ 5R2ð�9alþ 32bkþ 64blÞ � 2c0ð5K1xþRð63x� 25Rð10kþ 9lÞÞÞ
b66 ¼ ðc2K2 þ c1RÞð103a� 85bÞþ 6xð21Ra� 18K1aþ 31K1bÞ

þR2ð37al� 116bk� 232blÞþ 2c0ðK1xþRð63x� 120Rk� 101RlÞÞ
ð9:7:15Þ

With these data, any information concerning field variables in any point can be
found.

In the practical applications, people are interested in the stress field near crack tip,
i.e. the zone r1=a � 1. Therefore, we consider the normal phonon stress around right

crack tip, for example. In the obtained results, maintaining the term ðr1=aÞ�1=2 in
stress expressions is sufficient, and the others are higher small quantities. According to
the definition, in the phonon stress intensity factor of Mode I, we find that

Kk
I ¼ lim

x!aþ
f½2pðx� aÞ�1=2ryyðx; 0Þg ¼ ffiffiffiffiffiffi

pa
p

p ð9:7:16Þ

This is identical to that of conventional structural materials.
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A more important quantity is crack energy release rate, which is correlated with
not only stress field but also displacement field. Near the crack tip

uyðy; 0Þ ¼ pM
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
xj j � a

0 xj j[ a



ð9:7:17Þ

ryyðx; 0Þ ¼
�p xj j � a

p xj jffiffiffiffiffiffiffiffiffi
x2�a2

p � 1
� 	

xj j[ a

(
ð9:7:18Þ

where

M ¼
X6
j¼1

a2jbj ð9:7:19Þ

a2j see (9.7.12), bj refer to (9.7.13).
The crack strain energy and energy release rate are as follows, respectively,

W ¼ 2
Za
0

ryyðx; 0Þuyðx; 0Þdx ¼ Mpa2p2=2 ð9:7:20Þ

GI ¼ 1
2
@W
@a

¼ MðKk
I Þ2=2

which is shown in Fig. 9.10. In addition, the crack opening displamentdisplacement
is depicted in Fig. 9.11.

Fig. 9.10 Crack energy
release rate versus applied
stress, effect of coupling
between phonons and phasons
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9.8 An Elliptic Notch/Griffith Crack in an Icosahedral
Quasicrystal

The notch problem for icosahedral quasicrystals has no solution before 2006, the
difficulty lies in which cannot be solved by the Fourier transform method. We must
develop other methods, in which the complex variable function-conformal mapping
method has particular effect, and some analytic solutions are constructed by the
method. The results are given by Ref. [21], which may be seen as a development of
the same authors in Ref. [22].

In the present section, we consider an icosahedral quasicrystal with an elliptic
notch along the z-axis. On the basis of the general solution introduced in Sect. 9.5,
explicit expressions of stress and displacement components of phonon and phason
fields in the quasicrystals are given. With the help of conformal mapping, analytic
solution for elliptic notch problem of the quasicrystals is presented. The solution of
the Griffith crack problem can be observed as a special case of the results, which will
be reduced to the well-known results in a conventional material if the phason field is
absent. The stress intensity factor and energy of release rate are also obtained.

9.8.1 The Complex Representation of Stresses
and Displacements

The solution of (9.5.4) can be expressed as

Gðx; yÞ ¼ Re½g1ðzÞþ�zg2ðzÞþ�z2g3ðzÞþ�z3g4ðzÞþ�z4g5ðzÞþ�z5g6ðzÞ� ð9:8:1Þ

Fig. 9.11 Crack opening
displacement and influence
due to phonon-phason
coupling
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where giðzÞ are arbitrary analytic functions of z = x+iy, and the bar over complex
variable or complex function denotes the complex conjugate.

By Eqs. (9.5.2)–(9.5.4) and (9.8.1), the stresses can be expressed as follows

rxx þ ryy ¼ 48c2c3RImC0ðzÞ ryy � rxx þ 2irxy ¼ 8ic2c3Rð12W0ðzÞ � X0ðzÞÞ

rzy � irzx ¼ �960c3c4f 06ðzÞ rzz ¼ 24kR
ðlþ kÞ c2c3ImC0ðzÞ

Hxy � Hyx � iðHxx þHyyÞ ¼ �96c2c5W0ðzÞ � 8c1c2RX
0ðzÞ

Hyx � Hxy þ iðHxx � HyyÞ ¼ �480c2c5f 06ðzÞ � 4c1c2RH
0ðzÞ ð9:8:2Þ

Hyz þ iHxz ¼ 48c2c6C0ðzÞ � 4c2R2ð2K2 � K1ÞX0ðzÞ

Hzz ¼ 24R2

ðlþ kÞ c2c3ImC0ðzÞ

where

c1 ¼ Rð2K2 � K1ÞðlK1 þ lK2 � 3R2Þ
2ðlK1 � 2R2Þ

c2 ¼ 1
R
K2ðlK2 � R2Þ � Rð2K2 � K1Þ

c3 ¼ lðK1 � K2Þ � R2 � ðlK2 � R2Þ2
lK1 � 2R2

c4 ¼ c1Rþ 1
2
c3 K1 þ lK1 � 2R2

kþ l

� �

and

WðzÞ ¼ f5ðzÞþ 5�zf 06ðzÞ
CðzÞ ¼ f4ðzÞþ 4�zf 05ðzÞþ 10�z2f 006 ðzÞ
XðzÞ ¼ f3ðzÞþ 3�zf 04ðzÞþ 6�z2f 005 ðzÞþ 10�z3f 0006 ðzÞ
HðzÞ ¼ f2ðzÞþ 2�zf 03ðzÞþ 3�z2f 004 ðzÞþ 4�z3f 0005 ðzÞþ 5�z4f ðIVÞ6 ðzÞ

c5 ¼ 2c4 � c1R; c6 ¼ ð2K2 � K1ÞR2 � 4c4
lK2 � R2

lK1 � 2R2

ð9:8:3Þ

In the above expressions, the function g1ðzÞ does not appear; this implies that for
stress boundary value problem in this formalism, only five complex potentials
g2ðzÞ; g3ðzÞ; g4ðzÞ; g5ðzÞ and g6ðzÞ are needed and can take g1ðzÞ ¼ 0. For sim-
plicity, we have introduced the following new symbols

9.8 An Elliptic Notch/Griffith Crack in an Icosahedral Quasicrystal 221



gð9Þ2 ðzÞ ¼ f2ðzÞ; gð8Þ3 ðzÞ ¼ f3ðzÞ; gð7Þ4 ðzÞ ¼ f4ðzÞ;
gð6Þ5 ðzÞ ¼ f5ðzÞ; gð5Þ6 ðzÞ ¼ f6ðzÞ

ð9:8:4Þ

where gðnÞi denotes the nth differentiation with the argument z, accordingly
f1ðzÞ ¼ 0. Similar to the formalism in Chap. 8, the complex representations of
displacement components can be written as follows (here we have omitted the rigid
body displacements)

uy þ iux ¼ �6c2R
2c3
lþ k

þ c7

� �
� 2c2c7RXðzÞ

uz ¼ 4
lðK1þK2Þ � 3R2 ð240c10Imf6ðzÞÞþ c1c2R2ImðHðzÞ � 2XðzÞþ 6CðzÞ � 24WðzÞÞÞ

wy þ iwx ¼ � R
c1ðlK1 � 2R2Þ ð24c9WðzÞ � c8HðzÞÞ

wz ¼ 4ðlK2 � R2Þ
ðK1 � 2K2ÞRðlðK1 þK2Þ � 3R2Þ ð240c10Imf6ðzÞÞþ c1c2R2ImðHðzÞ � 2XðzÞþ 6CðzÞ � 24WðzÞÞÞ

ð9:8:5Þ

in which

c7 ¼ c3K1 þ 2c1R
lK1 � 2R2 ; c8 ¼ c1c2RðlðK1 � K2Þ � R2Þ

c9 ¼ c8 þ 2c2c4 c3 � ðlK2 � R2Þ2
lK1 � 2R2

 !
; c10 ¼ c1c2R

2 � c4ðc2R� c3K1Þ
ð9:8:6Þ

9.8.2 Elliptic Notch Problem

We consider an icosahedral quasicrystal solid with an elliptic notch, which pene-
trates through the medium along the z-axis direction, the edge of the elliptic notch
subject to the uniform pressure p, see Fig. 9.9.

The boundary conditions of this problem can be expressed as follows (Fig. 9.12)

rxx cosðn; xÞþ rxy cosðn; yÞ ¼ Tx; rxy cosðn; xÞþ ryy cosðn; yÞ ¼ Ty; ðx; yÞ 2 L

ð9:8:7Þ

Hxx cosðn; xÞþHxy cosðn; yÞ ¼ hx; Hyx cosðn; xÞþHyy cosðn; yÞ ¼ hy;
ðx; yÞ 2 L

ð9:8:8Þ

rzx cosðn; xÞþ rzy cosðn; yÞ ¼ 0; Hzx cosðn; xÞþHzy cosðn; yÞ ¼ 0; ðx; yÞ 2 L

ð9:8:9Þ
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where

cosðn; xÞ ¼ dy
ds

; cosðn; yÞ ¼ � dx
ds

; Tx ¼ �p cosðn; xÞ; Ty ¼ �p cosðn; yÞ

Tx; Ty denote the components of surface traction, p is the magnitude of the
pressure, hx, hy are components of the generalized surface traction, n is the outward

unit normal vector of any point on the boundary and L : x2
a2 þ y2

b2 ¼ 1 is the edge of
the elliptic notch. Since the measurement of generalized traction has not been
reported so far, for simplicity, we assume that

hx ¼ 0; hy ¼ 0

Utilizing Eqs. (9.8.2), (9.8.3) and (9.8.7), we obtain

� 4c2c3R½3ðf4ðzÞþ 4�zf 05ðzÞþ 10�z2f 006 ðzÞÞ � ðf3ðzÞþ 3zf 04ðzÞþ 6z2f 005 ðzÞþ 10z3f 0006 ðzÞÞ�
¼
Z

ðTx þ iTyÞds ¼ ipz

ð9:8:10Þ

Taking complex conjugate on both sides of Eq. (9.7.10) yields

�4c2c3R½3ðf4ðzÞþ 4zf 05ðzÞþ 10z2f 006 ðzÞÞ � ðf3ðzÞþ 3�zf 04ðzÞþ 6z2f 05ðzÞþ 10�z3f 0006 ðzÞ
¼ �ip�z

ð9:8:11Þ

From Eqs. (9.8.2), (9.8.3) and (9.8.8), we have

48c2ð2c4 � c1RÞReWðzÞþ 2c1c2RReHðzÞ ¼ 0

� 48c2ð2c4 � c1RÞImWðzÞ � 2c1c2RImHðzÞ ¼ 0
ð9:8:12Þ

Fig. 9.12 An elliptic notch
subject to an inner pressure in
icosahedral quasicrystal
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Multiplying the second formula of (9.8.12) by �i and adding it to the first, one
obtains

48c2ð2c4 � c1RÞWðzÞþ 2c1c2RHðzÞ ¼ 0 ð9:8:13Þ

By Eqs. (9.8.2), (9.8.3) and (9.8.9), one has

f6ðzÞþ f6ðzÞ ¼ 0

4c11Re½f5ðzÞþ 5�zf 06ðzÞ� þ ð2K2 � K1ÞRRe½f4ðzÞþ 4�zf 05ðzÞþ 10�z2f 006 ðzÞþ 20f6ðzÞ� ¼ 0

ð9:8:14Þ

in which

c11 ¼ ð2K2 � K1ÞR� 4c4ðlK2 � R2Þ
ðlK1 � 2R2ÞR ð9:8:15Þ

However, the further calculation will be very difficult at the z-plane owing to the
complicity of the manipulation; we must employ the conformal mapping

z ¼ xðfÞ ¼ R0
1
f
þmf

� �
ð9:8:16Þ

to transform the region with the ellipse at the z-plane onto the interior of the unit
circle c at f-plane, referring to Sect. 8.4.2, in which

R0 ¼ ðaþ bÞ=2; m ¼ ða� bÞ=ðaþ bÞ

Let

fjðzÞ ¼ fj½xðfÞ� ¼ UjðfÞ ðj ¼ 2; . . .; 6Þ ð9:8:17Þ

Substituting (9.8.16) into (9.8.10), (9.8.11), (9.8.13) and (9.8.14), then multi-
plying both sides of equations by dr=½2piðr� fÞ� (r represents the value of f at the
unit circle) and integrating around the unit circle c, by means of Cauchy integral
formula and analytic extension of the complex variable function theory, we obtain
(the detail will be given in Appendix of Chap. 11)
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U2ðfÞ ¼ R0

2c2c3R
ipfðf2 þmÞðm3f2 þ 1Þ

ðmf2 � 1Þ3

þ ð2K2 � K1ÞR0

2c2c3C11

pmf3ðf2 þmÞ½m2f6 � ðm3 þ 4mÞf4 þð2m4 þ 4m2 þ 5Þf2 þm�
ðmf2 � 1Þ5

U3ðfÞ ¼ R0

4c2c3R
ipfðm2 þ 1Þ
ðmf2 � 1Þ � ð2K2 � K1ÞR0

12c2c3C11

pmf3ðf2 þmÞðmf2 � m2 � 2Þ
ðmf2 � 1Þ3

U4ðfÞ ¼ � R0

12c2c3R
ipmf� ð2K2 � K1ÞR0

2c2c3C11

pmfðf2 þmÞ
ðmf2 � 1Þ

U5ðfÞ ¼ � ð2K2 � K1ÞR0

48c2c3C11
pmf; U6ðfÞ ¼ 0

ð9:8:18Þ

The elliptic notch problem has been solved.
The solution of the Griffith crack subjected to a uniform pressure can be obtained

if put m ¼ 1;R0 ¼ a=2 in the above notch solution. The solution of crack can be
expressed explicitly on the z-plane, for example

ryy ¼ Im ip
zffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p þ ia2y

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p Þ3 � 1

 !
þ 3ð2K2 � K1ÞR

2c11

ipa2yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 � a2Þ3

q
2
64

þð2K2 � K1ÞR
2c11

ipyð2a4 � 3z�zÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 � a2Þ5

q � ð2K2 � K1ÞR
4c11

a2pzðz�z� a2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 � a2Þ5

q þ ð2K2 � K1ÞR
4c11

a2p�zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 � a2Þ3

q
3
75

ð9:8:19Þ

uy ¼ �6c2R
2c3
lþ k

þ c7

� �
Re

ip
24c2c3R

ðz�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
Þþ 2K2 � K1

24c2c3c11
p

z�zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p � a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p� �
 �

�2c2c7Re
ip

8c2c3R
z�zffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p � a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p � �z

� �
� 2K2 � K1

4c2c3c11
ipy




þ 2K2 � K1

16c2c3c11
p

a2½ðz�z� a2Þþ 2iy�z�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 � a2Þ3

q
0
B@

1
CAþ 2K2 � K1

16c2c3c11
p

a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p � 2z�zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p� �375
ð9:8:20Þ

From Eqs. (9.7.19) and (9.7.20), the stress intensity factor and energy release
rate can be evaluated as follows

Kk
I ¼ ffiffiffiffiffiffi

pa
p

p

9.8 An Elliptic Notch/Griffith Crack in an Icosahedral Quasicrystal 225



GI ¼ 1
2
@

@a
2
Za
�a

ðryyðx; 0Þ � Hðx; 0ÞÞðuyðx; 0Þ � wyðx; 0ÞÞdx
2
4

3
5

¼ 1
2

1
kþ l

þ c7
c3

� �
ðKk

I Þ2 ð9:8:21Þ

in which material constant c3 is given by (9.5.5) and c7 by (9.8.6); it is evident that
the crack energy release depends upon not only phonon elastic constants k;l but
also phason elastic constants K1;K2 and phono-phason coupling elastic constant R
though we assume phason tractions hx ¼ hy ¼ 0.

9.8.3 Brief Summary

The notch problem can be solved only by complex variable function method, and
the solution includes that of Griffith crack problem naturally. Though the Fourier
transform can solve the Griffith crack problem, referring to Zhu and Fan [25], it
cannot solve the notch problem. Whatever solution for notch or crack here reveals
the effects of not only phonon but also phason and phonon-phason coupling. The
numerical examples on crack opening displacement dðxÞ ¼ uyðx; þ 0Þ � uyðx;�0Þ
and energy release rate GI for different values of R=l are identical to those given in
Figs. 9.10 and 9.11, respectively.

Both solutions given by the complex variable function method and the Fourier
transform reduce to that of the classical theory when the phason is absent; this is
helpful to examine the present result.

This study developed the previous work for the elasticity of two-dimensional
quasicrystals given by Fan and co-workers. The work is helpful to understand
quantitatively the influence of elliptic notch and crack on the mechanical behaviour
of icosahedral quasicrystals. The stress intensity factor and energy release rate are
also obtained as the direct results of the solution, which are all important criteria of
fracture mechanics.

The strict theory on the complex potential method will be summarized in-depth
in Chap. 11, which can also be referred to paper [26].

9.9 Elasticity of Cubic Quasicrystals—The Anti-plane
and Axisymmetric Deformation

Cubic quasicrystal is one of important three-dimensional quasicrystals. Due to the
complexity of the basic equations of the elasticity of the quasicrystal, there are few
analytic solutions. Developing a systematic and direct method for solving com-
plicated boundary value problem of elasticity of quasicrystal is a fundamental task.
Because the phasons in this case have the same irreducible representation with the
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phonons, the stress and strain tensors are symmetry. With this feature, we can
discuss two cases, one for anti-plane and another for axisymmetric elastic theory of
cubic quasicrystal, and the latter can reveal the three-dimensional effect of the
elasticity; this may be the only three-dimensional elastic analytic solution for
quasicrystals so far. In addition, a penny-shaped crack problem under tensile
loading in the material is investigated, and the exact analytic solution is obtained by
using Hankel transform and dual integral equation theory, and the stress intensity
factor and the strain energy release rate are determined, which provide some useful
information for studying deformation and fracture of the quasicrystalline material.

From the physical basis provided by Hu et al. [2], we first discuss the anti-plane
elasticity such as the stress–stain relation

r23 ¼ 2C44e23 þR44w23

r31 ¼ 2C44e31 þR44w31

H23 ¼ 2R44e23 þK44w23

H31 ¼ 2R44e31 þK44w31

the equations of deformation geometry

e23 ¼ 1
2
@u3
@x2

; e31 ¼ 1
2
@u3
@x1

; w23 ¼ @w3

@x2
; w31 ¼ @w3

@x1

and the equilibrium equations

@r31
@x1

þ @r32
@x2

¼ 0;
@H31

@x1
þ @H32

@x2
¼ 0:

These equations are exactly similar to those of anti-plane elasticity of
one-dimensional and icosahedral quasicrystals, so that result in the final governing
equations

r2u3 ¼ 0; r2w3 ¼ 0

The solution can be derived from the relevant discussion in Chaps. 5, 7 and 8
and Sect. 9.2 of this chapter, so it need not be mentioned again.

For the axisymmetric case, Zhou an Fan [23] developed a displacement potential
theory to reduce basic equations to a single partial differential equation with high
order in circular cylindrical coordinate system ðr; h; zÞ, i.e. assume

@

@h
¼ 0 ð9:9:1Þ

and by the generalized Hooke’s law
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rrr ¼ C11err þC12ðehh þ ezzÞþR11wrr þR12ðwhh þwzzÞ
rhh ¼ C11ehh þC12ðerr þ ezzÞþR11whh þR12ðwrr þwzzÞ
rzz ¼ C11ezz þC12ðerr þ ehhÞþR11wzz þR12ðwhh þwrrÞ
rzr ¼ rrz ¼ 2C44erz þ 2R44wrz

Hrr ¼ R11err þR12ðehh þ ezzÞþK11wrr þK12ðwhh þwzzÞ
Hhh ¼ R11ehh þR12ðerr þ ezzÞþK11whh þK12ðwrr þwzzÞ
Hzz ¼ R11ezz þR12ðerr þ ehhÞþK11wzz þK12ðwrr þwhhÞ
Hzr ¼ Hrz ¼ 2R44erz þ 2K44wrz

ð9:9:2Þ

and the equations of deformation geometry

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ 1

2
@wi

@xj
þ @wj

@xi

� �

which are

err ¼ @ur
@r

; ehh ¼ ur
r
; ezz ¼ @uz

@z

erz ¼ ezr ¼ 1
2

@ur
@z

þ @uz
@r

� �

wrr ¼ @wr

@r
; whh ¼ wr

r
; ezz ¼ @wz

@z

wrz ¼ wzr ¼ 1
2

@wr

@z
þ @wz

@r

� �
ð9:9:3Þ

and the equations of equilibrium

@rrr
@r

þ @rrz
@z

þ rrr � rhh
r

¼ 0

@rzr
@r

þ @rzz
@z

þ rzr
r

¼ 0

@Hrr

@r
@rzr
@r

þ @rzz
@z

þ rzr
r

¼ 0

@Hzr

@r
þ @Hzz

@z
þ Hzr

r
¼ 0

ð9:9:4Þ

If all displacements and stresses can be expressed by the potential Fðr; zÞ, and
which satisfies
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@8

@z8
� b

@2

@r2
þ 1

r
@

@r

� �
@6

@z6
þ c

@2

@r2
þ 1

r
@

@r

� �2
@4

@z4
� d

@2

@r2
þ 1

r
@

@r

� �3
@2

@z2
þ e

@2

@r2
þ 1

r
@

@r

� �4
" #

F ¼ 0

ð9:9:5Þ

then the Eqs. (9.9.2)–(9.9.4) have been automatically satisfied.
Due to the lengthiness of these expression which are not listed here.
As an application of above theory and method, the solutions of the elastic field of

cubic quasicrystal with a penny-shaped crack are discussed in the following.
Assuming a penny-shaped crack with radius a in the centre of the cubic qua-

sicrystal material, the size of the crack is much smaller than the solid, so that the
size of the material can be considered as infinite; at the infinity, the quasicrystal
material is subjected to a tension p in z-direction. The origin of coordinate system is
at the centre of the crack (as shown in Fig. 9.13).

From the symmetry of the problem, it is enough to study the upper half-space
z > 0 or lower half-space z < 0. In this case, for studying the upper half-space, the
boundary conditions of the problem are described by

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p
! 1 : rzz ¼ p; Hzz ¼ 0; rrz ¼ 0; Hrz ¼ 0

z ¼ 0; 0� r� a; rzz ¼ rrz ¼ 0; Hzz ¼ Hrz ¼ 0

z ¼ 0; r[ a : rrz ¼ 0; uz ¼ 0; Hrz ¼ 0; wz ¼ 0

ð9:9:6Þ

But boundary conditions can be replaced by

Fig. 9.13 Penny-shaped
crack subject to a tension in a
cubic quasicrystal
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p
! 1 : rij ¼ 0; Hij ¼ 0

z ¼ 0; 0� r� a; rzz ¼ �p0; rrz ¼ 0; Hzz ¼ Hrz ¼ 0

z ¼ 0; r[ a : rrz ¼ 0; uz ¼ 0; Hrz ¼ 0; wz ¼ 0

ð9:9:6’Þ

which are equivalent to (9.9.6) in the sense of fracture mechanics, if p ¼ p0.
By taking the Hankel transform to Eq. (9.9.1) and boundary conditions to

(9.8.5), the solution at the transformed space is

�Fðn; zÞ ¼ A1e�k1nz þA2e�k2nz þA3e�k3nz þA4e�k4nz ð9:9:7Þ

where Ai ði ¼ 1; 2; 3; 4Þ are unknown functions of n to be determined, and ki ði ¼
1; 2; 3; 4Þ are eigen roots obtained from the ordinary differential equation of �Fðn; rÞ.
According to the boundary conditions, AiðnÞ can be determined by solving the
following dual integral equations

Z1
0

nAiðnÞJ0ðnrÞdn ¼ Mip0; 0\r\a

Z1
0

AiðnÞJ0ðnrÞdn ¼ 0; r[ a

ð9:9:8Þ

and i ¼ 1; 2; 3; 4, in which Mi are some constants consisting elastic moduli, J0ðnrÞ,
the first kind Bessel function of zero order.

According to the theory of dual integral equations (refer to Major Appendix),
obtaining the solution of dual integral Eq. (9.9.8) is as follows

AiðnÞ ¼ 2a2Mipð2panÞ�1=2n�7J3=2ðanÞ ð9:9:9Þ

in which J3=2ðanÞ is the first kind Bessel function with 3/2 order (refer to the Major
Appendix for the detailed calculation).

After some calculation, stress intensity factor KI , strain energy WI and strain
energy release rate GI can be obtained as follows

KI ¼ 2
p

ffiffiffiffiffiffi
pa

p
p; WI ¼ Mp2a3; GI ¼ 1

2pa
@WI

@a
¼ 3Mp2a

2p
ð9:9:10Þ

where M is the constant composed of the elastic constants but which is quite
lengthy so has not been included here.

From the applications of the Fourier transform, Hankel transform and dual
integral equations in Sects. 7.6, 8.3, 9.2, 9.7 and 9.9 are developed the work of
Sneddon in the classical elasticity [27]; this shows the Fourier analysis is a powerful
tool in solving not only classical but also modern elasticity.
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Chapter 10
Phonon-Phason Dynamics and Defect
Dynamics of Solid Quasicrystals

Elastodynamics or phonon-phason dynamics of quasicrystals is a topic with different
points of view. The focus of contradictions between different scholar circles lies in
the role of phason variables in the dynamic process.

Lubensky et al. [1] and Socolar et al. [2] pointed out that phonon field u and
phason field w play very different roles in the hydrodynamics of quasicrystals,
because w is insensitive to spatial translations, and the phason modes represent the
relative motion of the constituent density waves. They claimed that phasons are
diffusive, not oscillatory, and with very large diffusion times. On the other hand,
according to Bak [3, 4], the phason describes particular structure disorders or
structure fluctuations in quasicrystals, and it can be formulated based on a
six-dimensional space description, as has been displayed in the previous chapters.
Since there are six continuous symmetries, there exist six hydrodynamic vibration
modes. Following this point of view, u and w play similar roles in the dynamics. It
is evident that the difference between the arguments of Lubensky et al. and Bak lies
only in the dynamics. There is no difference between their arguments in statics (i.e.
static equilibrium). Based on this reason in the discussions of the previous chapters,
we need not distinguish the arguments of either Lubensky et al. or Bak.

Probably due to simpler mathematical formulation, many authors followed the
Bak’s argument, e.g. [5–12], in dynamic study. In this chapter, we will present
some results given in the references. These Sects. 10.1–10.4 constitute the part one
of this chapter. In the meantime, we introduce some other results [13, 14, 27] which
are carried out by following the argument of Lubensky et al., and in this line of
thinking, it appears that elastodynamics and hydrodynamics are combined in some
extent so it can be called as elasto-/hydrodynamics of quasicrystals, or named
phonon-phason dynamics by Rochal and Lorman [16]; they also call this model as
minimal model of phonon-phason dynamics. The discussions given in
Sects. 10.5–10.7 constitute the part two of this chapter. However, the hydrody-
namics of solid quasicrystals created by Lubensky et al. will not be discussed in this
chapter, because it is beyond the scope that we here studied. Their theory will be
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partly concerned in Chap. 16 and introduced from angle of additional derivation in
Major Appendix of the book.

The results based on different hypothesis are presented to provide readers for
their consideration and comparison. Though some researchers believe that the
hydrodynamics based on the argument of Lubensky et al. is more fundamentally
sound, the major shortcoming so far is lack of proper experimental data for con-
firmation. Recently, research interest in this respect is growing up [13–16], but the
most important accomplishment shall still be the quantitative results.

Recently, Coddens [31] et al. put forward some different points of view to the
work given by Lubensky et al., which could not be discussed in this and other
chapters of our book.

10.1 Elastodynamics of Quasicrystals Followed
Bak’s Argument

Ding et al. [5] first discussed the elastodynamics of quasicrystals. The basic
equations in deformation geometry and generalized Hooke’s law are the same as
those of elastostatics, i.e.

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ð10:1:1Þ

rij ¼ Cijklekl þRijklwkl

Hij ¼ Kijklwkl þRklijekl ð10:1:2Þ

They claimed that law of the momentum conservation holds for both phonons
and phasons; that is, for linear and small deformation cases, the equations of motion
are as follows:

@rij
@xj

¼ q
@2ui
@t2

;
@Hij

@xj
¼ q

@2wi

@t2
ð10:1:3Þ

where q denotes the average mass density of the material.
This implies that they follow the Bak’s argument. After seven years, Hu et al. [6]

confirmed the point of view again. In fact the final elastodynamic equations can be
deduced by substituting (10.1.1) and (10.1.2) into (10.1.3). The mathematical
structure of this theory is relatively simpler, and the formulations are similar to that
of classical elastodynamics, so many authors take this formulation to develop the
elastodynamics of quasicrystals and give applications in defect dynamics and
thermodynamics. In the subsequent sections, we will present some examples of
applications of the theory.
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10.2 Elastodynamics of Anti-plane Elasticity
for Some Quasicrystals

For three-dimensional icosahedral or cubic or one-dimensional hexagonal qua-
sicrystals, in the anti-plane elasticity the basic equations have similar form. First we
consider icosahedral quasicrystals

rzy ¼ ryz ¼ l
@uz
@y

þR
@wz

@y

rxz ¼ rzx ¼ l
@uz
@x

þR
@wz

@x

Hzy ¼ ðK1 � K2Þ @wz

@y
þR

@uz
@y

Hzx ¼ ðK1 � K2Þ @wz

@x
þR

@uz
@x

ð10:2:1Þ

Substituting (10.2.1) into equations of motion of (10.1.3) yields

lr2uz þRr2wz ¼ q
@2uz
@t2

Rr2uz þðK1 � K2Þr2wz ¼ q
@2wz

@t2

ð10:2:2Þ

If displacement functions / and w are defined such as

uz ¼ a/� Rw; wz ¼ R/þ aw ð10:2:3Þ

then Eq. (10.2.2) is reduced to the standard wave equations

r2/ ¼ 1
s21

@2/
@t2

; r2w ¼ 1
s22

@2w
@t2

ð10:2:4Þ

where

a ¼ 1
2

l� ðK1 � K2Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l� ðK1 � K2Þð Þ2 þ 4R2

q� �
ð10:2:5Þ

and

sj ¼
ffiffiffi
ej
q

r
; j ¼ 1; 2 ð10:2:6Þ

e1;2 ¼ 1
2

lþðK1 � K2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l� ðK1 � K2Þð Þ2 þ 4R2

q� �
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sj can be understood as the speeds of wave propagation in anti-plane deforma-
tion of the material. It is obvious that the wave speeds are the results of
phonon-phason coupling. If there is no coupling, i.e. R ! 0, then

s1 !
ffiffiffi
l
q

r
; s2 !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK1 � K2Þ

q

s
ð10:2:7Þ

and
ffiffi
l
q

q
represents the speed of transverse wave of phonon field and

ffiffiffiffiffiffiffiffiffiffi
K1�K2

q

q
the

speed of pure phason elastic wave, requiring K1 � K2 [ 0.
Substituting (10.2.3) into (10.2.1) yields

ryz ¼ rzy ¼ ðalþR2Þ @/
@y

þRða� lÞ @w
@y

rxz ¼ rzx ¼ ðalþR2Þ @/
@x

þRða� lÞ @w
@x

Hzy ¼ R aþðK1 � K2Þð Þ @/
@y

þ aðK1 � K2Þ � R2� � @w
@y

Hzx ¼ R3 aþðK1 � K2Þð Þ @/
@x

þ aðK1 � K2Þ � R2� � @w
@x

ð10:2:8Þ

Formulas (10.2.3) and (10.2.8) give the expressions for displacements and
stresses in terms of displacement functions / and w, which satisfy the standard
wave equations (10.2.4) for elastodynamics of anti-plane elasticity of
three-dimensional icosahedral quasicrystals.

The above discussion is valid for anti-plane elasticity of three-dimensional cubic
quasicrystals or one-dimensional quasicrystals too, the difference between these
quasicrystals is only the material constants. If l;K1 � K2 and R are replaced by
C44;K44 and R44 (see Sect. 9.8) for cubic quasicrystals, or by C44;K2 and R3 for
one-dimensional hexagonal quasicrystals with the Laue classes 6=mh and 6=mhmm
(see Sects. 7.1 or 8.1), one can find the similar equations.

The solution of (10.2.4) can be done by using method for solving pure wave
equations in classical mathematical physics.

10.3 Moving Screw Dislocation in Anti-plane Elasticity

Assume a straight screw dislocation line parallel to the quasiperiodic axis which
moves along one of periodic axes, say the x-axis in the periodic plane. For sim-
plicity, consider the dislocation moves with constant velocity V .
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For the problem, a dislocation condition is assumed

Z

C

duz ¼ bjj3;
Z

RomanC

dwz ¼ b?3 ð10:3:1Þ

i.e. we assume that the dislocation has the Burgers vector ð0; 0; bjj3; 0; b?3 Þ, and C
denotes the Burgers circuit surrounding the core of the moving dislocation.

Starting now we denote the fixed coordinates as ðx1; x2; tÞ and moving ones as
ðx; yÞ.

By introducing Galilean transformation

x ¼ x1 � Vt; y ¼ x2 ð10:3:2Þ

wave, Eq. (10.2.4) is reduced to the Laplace equations (i.e. r2 � 1
s21

@2

@t2

	 

! r2

1,

r2 � 1
s22

@2

@t2

	 

! r2

2;r2 ¼ @2

@x21
þ @2

@x22
)

r2
1/ ¼ 0; r2

2w ¼ 0 ð10:3:3Þ

where

r2
1 ¼

@2

@x2
þ @2

@y21
; r2

1 ¼
@2

@x2
þ @2

@y22
ð10:3:4aÞ

yj ¼ bjy; bj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� V2=c2j

q
; j ¼ 1; 2 ð10:3:4bÞ

Let complex variables zj be

zj ¼ xþ iyj ði ¼
ffiffiffiffiffiffiffi
�1

p
Þ ð10:3:5Þ

solution of Eq. (10.3.3) is

/ ¼ Im F1ðz1Þ; w ¼ Im F2ðz2Þ ð10:3:6Þ

where F1ðz1Þ and F2ðz2Þ are analytic functions of z1 and z2, respectively, and Im
marks the imaginary part of a complex function.

The boundary condition (10.3.1) determines the analytic functions as

/ðx; y1Þ ¼ A1

2p
arctan

y1
x
; wðx; y2Þ ¼ A2

2p
arctan

y2
x

ð10:3:7aÞ
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with constants

A1 ¼ a bjj3 þRb?3
a2 þR2 ; A2 ¼ a bjj3 � Rb?3

a2 þR2 ð10:3:7bÞ

and the displacement field is determined in the fixed coordinate system as

uzðx; y; tÞ ¼ 1
2pða2 þR2Þ a2 arctan

b1y
x� Vt

þR2 arctan
b2y

x� Vt

� �
bjj3

�

þ arctan
b1y

x� Vt
� arctan

b2y
x� Vt

� �
aRb?3

� ð10:3:8aÞ

wzðx; y; tÞ ¼ 1
2pða2 þR2Þ R2 arctan

b1y
x� Vt

þ a23 arctan
b2y

x� Vt

� �
b?3

�

þ arctan
b1y

x� Vt
� arctan

b2y
x� Vt

� �
aRbjj3

� ð10:3:8bÞ

The expressions for strains and stresses are omitted here due to limitation of space.
We give the evaluation on the energy of the moving dislocation. Denote energy

W per unit length on the moving dislocation which consists of the kinetic energyWk

and potential energy Wp defined by the integrals as

Wk ¼ 1
2
q
ZZ

X

@uz
@t

� �2

þ @wz

@t

� �2
" #

dx1dx2; Wp ¼ 1
2

ZZ
X

rij
@uz
@t

þHij
@wz

@t

� �
dx1dx2 ð10:3:9Þ

respectively, where the integration should be taken over a ring r0\r\R0, r0
denotes the size of the dislocation core, and R0 is the size of so-called dislocation
net similar to those in conventional crystals. In general r0 � 10�8 cm, and
R0 � 104r0. Substituting displacement formulas and corresponding stress formulas
into (10.3.9), we obtain Wk ¼ kk

4p ln
R0
r0
;

Wp ¼ kp
4p

ln
R0

r0
ð10:3:10Þ

with

kk ¼ qV2ða2 þR2Þ
2

A2
1

b1
þ A2

2

b2

� �

kp ¼ A2
1

2
la2 þðK1 � K2Þ
� �

R2 þ 2aR2Þ b1 þ
1
b1

� �

þ A2
2

2
lR2 þðK1 � K2Þa2 � 2aR2
� �

b2 þ
1
b2

� �
ð10:3:11Þ
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and A1, A2 given by (10.3.7). Therefore, the total energy is

W ¼ kk þ kp
4p

ln
R0

r0
ð10:3:12Þ

It is concluded that when V ! s2, i.e. b2 ! 0;, this leads to the infinity of the
energy and is invalid; thus, s2 is the limit of the velocity of a moving dislocation.
Additionally, if V � s2, the total energy can be written in the following simple
form

W � W0 þ 1
2
qV2 ðbjj3Þ2 þðb?3 Þ2

h i 1
4p

ln
R0

r0
¼ W0 þ 1

2
m0V

2 ð10:3:13Þ

where W0 is the elastic energy per unit length of a rest screw dislocation, i.e.

W0 ¼ lðbjj3Þ2 þRðb?3 Þ2 þ 2bjj3b
?
3 R

h i 1
4p

ln
R0

r0
ð10:3:14Þ

and m0, the so-called apparent mass of the dislocation per unit length in the case
considered

m0 ¼ lðbjj3Þ2 þRðb?3 Þ2 þ 2bjj3b
?
3 R

h i 1
4p

ln
R0

r0
ð10:3:15Þ

It is evident that if V ¼ 0, the solution reduces to that of static dislocation, which
is given in 7.1.

Furthermore, if b?3 ¼ 0;R ¼ 0, then e1 ¼ l, b1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� V2=c22

p
, and s1 ¼ c2 ¼ffiffiffiffiffiffiffiffi

l=q
p

is the speed of transverse wave of conventional crystal; the above solution
reduces to

uzðx� Vt; yÞ ¼ b
2p

arctan
b1y

x� Vt

ryz ¼ rzy ¼ b
2p

lb1ðx� VtÞ
ðx� VtÞ2 þ b21y

2

rxz ¼ rzx ¼ � b
2p

lb1y

ðx� VtÞ2 þ b21y
2

W � ðlb2 þ 1
2
qV2b2Þ 1

4p
ln
R0

r0

m0 ¼ qb2

4p
ln
R0

r0

ð10:3:16Þ

This is identical to the well-known Eshelby solution for crystals [17].
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The above discussion is valid for anti-plane elasticity of three-dimensional cubic
or one-dimensional hexagonal quasicrystals; only the material constants l;K1 � K2

and R need to be replaced by C44;K44 and R44, or by C44, K2, and R3, respectively.

10.4 Mode III Moving Griffith Crack in Anti-plane
Elasticity

As another application of above elastodynamic theory, we study a moving Griffith
crack of Mode III, which moves with constant speed V along x1 (see Fig. 10.1).

Here we also take the fixed coordinates ðx1; x2; tÞ and moving coordinates ðx; yÞ.
In the moving coordinates, the boundary conditions are

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1 : rij ¼ 0; Hij ¼ 0

y ¼ 0; xj j\a : ryz ¼ �s; Hyz ¼ 0 ð10:4:1Þ

Assume that the Laplace equations have the solution

/ðx1; y1Þ ¼ Re F1ðz1Þ;wðx1; y2Þ ¼ Re F2ðz2Þ: ð10:4:2Þ

Here F1ðz1Þ and F2ðz2Þ are any analytic functions of z1 and z2.
Because the boundary conditions (10.4.1) are more complicated than those given

by (10.3.1), we must use conformal mapping

Fig. 10.1 Moving Griffith
crack of Mode III
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z1; z2 ¼ xðfÞ ¼ a
2

fþ f�1� � ð10:4:3Þ

to solve the problem at fð¼ nþ igÞ-plane.
After some calculations, we find the solution

F1ðz1Þ ¼ F1½xðfÞ� ¼ G1ðfÞ ¼ iD1

D
f; F2ðz2Þ ¼ F2½xðfÞ� ¼ G2ðfÞ ¼ iD2

D
f

ð10:4:4Þ

in which

D ¼ b1b2 ðalþR2ÞðaðK1 � K2Þ � R2Þ � R2ðaþðK1 � K2ÞÞða� lÞ� �

D1 ¼ sab2 aðK1 � K2Þ � R2
� �

; D2 ¼ sab1R aþðK1 � K2Þð Þ ð10:4:5Þ

Because there is the inverse mapping as

f ¼ x�1ðz1Þ ¼ z1
a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z1
a

	 
2
�1

r
¼ x�1ðz2Þ ¼ z2

a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
a

	 
2
�1

r
; ð10:4:6Þ

the manipulation afterwards can also be done in z1-plane/z2-plane.
The corresponding stresses are

ryz ¼ rzy ¼ ðalþR2Þb1
@

@y1
Re F1ðz1ÞþRða� lÞb2

@

@y2
Re F2ðz2Þ

rxz ¼ rzx ¼ ðalþR2Þ @

@x
Re F1ðz1ÞþR3ða� lÞb2

@

@x
Re F2ðz2Þ

Hzy ¼ R3ðaþðK1 � K2ÞÞb1
@

@y1
Re F1ðz1Þþ ðaðK1 � K2Þ � R2Þ @

@y2
Re F2ðz2Þ

Hzx ¼ R3ðaþðK1 � K2ÞÞb1
@

@x
Re F1ðz1Þþ ðaðK1 � K2Þ � R2Þ @

@x
Re F2ðz2Þ

ð10:4:7Þ

Substituting (10.4.6) into (10.4.4) then into (10.4.7), the stresses can be evalu-
ated in explicit version, e.g.

ryz ¼ rzy ¼ � s
D

alþR2� �
b1b2 aðK1 � K2Þ � R2� �

1� d

ðd1d2Þ
1
2

cos h� 1
2
h1 � 1

2
h2

� �" #

þ s
D
b1b2R

2 aþðK1 � K2Þð Þ a� lð Þ 1� D

ðD1D2Þ
1
2

cos H� 1
2
H1 � 1

2
H2

� �" #

ð10:4:8Þ
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with

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y21

q
; d1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� aÞ2 þ y21

q
; d2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþ aÞ2 þ y21

q
;

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y22

q
; D1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� aÞ2 þ y22

q
; D2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþ aÞ2 þ y22

q
;

h ¼ arctan
y1
x

	 

; h1 ¼ arctan

y1
x� a

	 

; h2 ¼ arctan

y1
xþ a

� �

H ¼ arctan
y2
x

	 

; H1 ¼ arctan

y2
x� a

	 

; H2 ¼ arctan

y2
xþ a

� �

ð10:4:9Þ

It is easy to prove that (10.4.8) satisfies the relevant boundary conditions and is
the exact solution.

Similarly, rxz ¼ rzx, Hzx and Hzy can also be expressed explicitly.
From (10.4.8), as y ¼ 0, it yields

ryzðx; 0Þ ¼
xsffiffiffiffiffiffiffiffiffi
x2�a2

p � s; xj j[ a
�s; x\aj j



ð10:4:10Þ

The stress presents singularity of order ðx� aÞ�1=2 as x ! a.
The stress intensity factor for Mode III for phonon field is

K jj
I ¼ lim

x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðx� aÞ

p
ryzðx; 0Þ ¼

ffiffiffiffiffiffi
pa

p
s ð10:4:11Þ

This is identical to the classical Yoffe solution [18], and the stress intensity factor
is also independent from crack moving speed V .

Now we calculate energy of the moving crack, which is defined by

W ¼ 2
Za

0

rzyðx; 0Þ � Hzyðx; 0Þ
� �

uz x; 0ð Þ � wz x; 0ð Þ½ �dx

W ¼ 2
Za

0

rzyðx; 0Þ � Hzyðx; 0Þ
� �

uz x; 0ð Þ � wz x; 0ð Þ½ �dx

¼ 1
D
ðD1a� D2RÞspa ¼ 1

D
ab2ðaðK1 � K2Þ � R2Þ � b1R

2ðaþðK1 � K2ÞÞ
� �

pa2s

ð10:4:12Þ

The crack energy release rate is

G ¼ 1
2
@W
@a

¼ 1
2D

ab2ðaðK1 � K2Þ � R2Þ � b1R
2ðaþðK1 � K2Þ

� �ðKk
I Þ2 ð10:4:13Þ
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The above discussion, results, and conclusions are hold too for anti-plane
elasticity of three-dimensional cubic or one-dimensional hexagonal quasicrystals,
and only the material constants l, K1 � K2 and R need to be replaced by C44, K44,
and R44 or by C44;K2 and R3, respectively.

10.5 Two-Dimensional Phonon-Phason Dynamics,
Fundamental Solution

In contrast to Eq. (10.1.3) based on Bak’s argument, we here use formulas of
phonon-phason dynamics which is originated from hydrodynamics of Lubensky
et al. (the detail can refer to Fan et al. [13])

q
@2 ui
@t2

¼ @rij
@xj

; j
@ wi

@t
¼ @Hij

@xj
ð10:5:1Þ

where j ¼ 1=Cw, Cw is dissipation coefficient of phason field. The first equation is
phonon elastodynamic equation (wave equation), the second equation is the
equation of motion of phasons, and a diffusion equation comes from hydrody-
namics of solid quasicrystals but after simplification. For coupling phonon-phason
systems of quasicrystals, these two equations are coupled with each other. The
detailed hydrodynamics of solid quasicrystals can be found in Major Appendix of
this book, and we here do not concern the aspect, which is beyond the scope
discussed in this chapter.

Li [19] studies the phonon-phason dynamics for two-dimensional decagonal
quasicrystals starting from Eq. (10.5.1) and obtains the following wave equations in
plane deformation case

Mr2ux þ LþMð Þ @

@x
@ux
@x

þ @uy
@y

� �
þR

@2

@x2
� @2

@y2

� �
wx þ 2

@2wy

@x@y

� �
¼ q

@2 ux
@t2

;

ð10:5:2Þ

Mr2uy þ LþMð Þ @

@y
@ux
@x

þ @uy
@y

� �
þR

@2

@x2
� @2

@y2

� �
wy � 2

@2wx

@x@y

� �
¼ q

@2 uy
@t2

;

ð10:5:3Þ

K1r2wx þR
@2

@x2
� @2

@y2

� �
ux � 2

@2uy
@x2

� �
¼ j

@wx

@t
; ð10:5:4Þ

K1r2wy þR
@2

@x2
� @2

@y2

� �
uy þ 2

@2ux
@x@y

� �
¼ j

@wy

@t
; ð10:5:5Þ
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where r2 ¼ @2
1 þ @2

2 . If introduce a function Y

u1 ¼ L1Y ; u2 ¼ L2Y ; ð10:5:6Þ

in which Lj j ¼ 1; 2ð Þ are two unknown linear operators, will be determined as
below.

In order to find the explicit expressions of Lj j ¼ 1; 2ð Þ, substituting (10.5.6) into
(10.5.4) and (10.5.5) yields

K1r2w1 þR
@2

@x2
� @2

@y2

� �
L1Y � 2

@2

@x@y
L2Y

� �
¼ j _w1; ð10:5:7Þ

K1r2w2 þR
@2

@x2
� @2

@y2

� �
L2Y þ 2

@2

@x@y
L1Y

� �
¼ j _w2; ð10:5:8Þ

Thus, there are

w1 ¼ �R
@2

@x2
� @2

@y2

� �
L1 � 2

@2L2
@x@y

� �
Z; ð10:5:9Þ

w2 ¼ �R
@2

@x2
� @2

@y2

� �
L2 þ 2

@2L1
@x@y

� �
Z; ð10:5:10Þ

Y ¼ K1r2Z � j _Z; ð10:5:11Þ

Then (10.5.7) and (10.5.8) will be satisfied automatically, where Z represents a
new unknown function. Substituting (10.5.9)–(10.5.11) and (10.5.6) into (10.5.2)
and (10.5.3), respectively, leads to

K1r2 � j
@

@t

� �
LþMð Þ @2

@x2
þMr2 � q

@2

@t2

� �
� R2r2r2


 �
L1Z

þ LþMð Þ K1r2 � j
@

@t

� �
@2

@x@y
L2Z ¼ 0;

ð10:5:12Þ

K1r2 � j
@

@t

� �
LþMð Þ @2

@y2
þMr2 � q

@2

@t2

� �
� R2r2r2


 �
L2Z

þ LþMð Þ K1r2 � j
@

@t

� �
@2

@x@y
L1Z ¼ 0;

ð10:5:13Þ
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Putting

L1Z ¼ � K1r2 � j
@

@t

� �
@2

@x@y
F; ð10:5:14Þ

L2Z ¼ 1
LþM

K1r2 � j
@

@t

� �
LþMð Þ @2

@x2
þMr2 � q

@2

@t2

� �
� R2r2r2


 �
F;

ð10:5:15Þ

Hence, one can find that (10.5.12) has been automatically satisfied, while
(10.5.13) reduces to

K1r2 � j
@

@t

� �
2Mþ Lð Þr2 � q

@2

@t2

� �
� R2r2r2


 �

K1r2 � j
@

@t

� �
Mr2 � q

@2

@t2

� �
� R2r2r2

� �
F ¼ 0:

ð10:5:16Þ

In (10.5.13) and (10.5.14), L1; L2 denote operators. Similarly, if taking L1Z and
L2Z in the following version

L1Z ¼ 1
LþM

K1r2 � j
@

@t

� �
LþMð Þ @2

@y2
þMr2 � q

@2

@t2

� �
� R2r2r2


 �
F;

ð10:5:17Þ

L2Z ¼ � K1r2 � j
@

@t

� �
@2

@x@y
F: ð10:5:18Þ

then it reduces to the final governing Eq. (10.5.16). As a check, in the static case,
(10.5.15) reduces to

r2r2r2r2F ¼ 0; ð10:5:19Þ

this is Eq. (6.2.7) in Chap. 6, and the correctness of above derivation is proved.
The equations obtained above can be simplified further. Function F is decom-

posed into F ¼ F1 þF2 so that Fj j ¼ 1; 2ð Þ satisfies, respectively,

K1r2 � j
@

@t

� �
2Mþ Lð Þr2 � q

@2

@t2

� �
F1 � R2r2r2F1 ¼ 0; ð10:5:20Þ

K1r2 � j
@

@t

� �
Mr2 � q

@2

@t2

� �
F2 � R2r2r2F2 ¼ 0; ð10:5:21Þ
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or

K1 2Mþ Lð Þ � R2� �r2r2F1 � j 2Mþ Lð Þr2 @

@t
F1 � qK1r2 @

2

@t2
F1 þ jq

@3

@t3
F1

¼ 0;

ð10:5:22Þ

K1M � R2� �r2r2F2 � jMr2 @

@t
F2 � qK1r2 @

2

@t2
F2 þ jq

@3

@t3
F2 ¼ 0: ð10:5:23Þ

These two equations are the final governing equations, which are “conjugated”
through phonon-phason coupling constant R, and describe the interaction between
wave propagation and diffusion. Otherwise, if R ¼ 0, then

F1 ¼ nþ f; ð10:5:24Þ

F2 ¼ gþ f; ð10:5:25Þ

and n and g satisfy

2Mþ Lð Þr2n ¼ q
@2

@t2
n; ð10:5:26Þ

Mr2g ¼ q
@2

@t2
g; ð10:5:27Þ

This is entirely identical to the wave equations of the Lamé potentials. If the
material is isotropic, then L ¼ k and M ¼ l; k and l are the Lamé constants. In this
case, f satisfies

K1r2f ¼ j@tf; ð10:5:28Þ

which is classical diffusion equation.
Once potentials Fj j ¼ 1; 2ð Þ are determined, displacement field can be evaluated.

For example, as denoting

u ¼ � K1r2 � j@t
� �

@1 þ @2ð ÞF1; w ¼ � K1r2 � j@t
� �

@1 � @2ð ÞF2; ð10:5:29Þ

then

ux ¼ K1r2 � j
@

@t

� �
@

@x
uþ @

@y
w

� �
; ð10:5:30Þ

uy ¼ K1r2 � j
@

@t

� �
@

@y
u� @

@x
w

� �
; ð10:5:31Þ
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wx ¼ R P2
@

@x
u�P1

@

@y
w

� �
; ð10:5:32Þ

wy ¼ �R P1
@

@y
uþP2

@

@x
w

� �
; ð10:5:33Þ

where

P1 ¼ 3
@2

@x2
� @2

@y2
; P2 ¼ 3

@2

@y2
� @2

@x2

Furthermore, the stresses are

rxx ¼ K1r2 � j
@

@t

� �
Lr2 þ 2M

@2

@x2

� �
� R2r2 @2

@x2
� @2

@y2

� �� �
u

þ 2
@2

@x@y
M K1r2 � j

@

@t

� �
� R2r2

� �
w;

ð10:5:34Þ

ryy ¼ K1r2 � j
@

@t

� �
Lr2 þ 2M

@2

@y2

� �
þR2r2 @2

@x2
� @2

@y2

� �� �
u

� 2
@2

@x@y
M K1r2 � j

@

@t

� �
� R2r2

� �
w;

ð10:5:35Þ

rxy ¼ 2
@2

@x@y
M K1r2 � j

@

@t

� �
� R2r2

� �
u

� @2

@x2
� @2

@y2

� �
M K1r2 � j

@

@t

� �
� R2r2

� �
w;

ð10:5:36Þ

Hxx ¼ R K1
@2

@x2
P2 � K2

@2

@y2
P1 þ K1r2 � j

@

@t

� �
@2

@x2
� @2

@y2

� �� �
u

� R
@2

@x@y
K1P1 þK2P2 � 2 K1r2 � j

@

@t

� �� �
w;

ð10:5:37Þ

Hyy ¼ �R K1
@2

@y2
P1 � K2

@2

@x2
P2 � K1r2 � j

@

@t

� �
@2

@x2
� @2

@y2

� �� �
u

� R
@2

@x@y
K1P2 þK2P1 � 2 K1r2 � j

@

@t

� �� �
w;

ð10:5:38Þ
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Hxy ¼ R
@2

@x@y
K1P2 þK2P1 � 2 K1r2 � j

@

@t

� �� �
u

� R K1
@2

@y2
P1 � K2

@2

@x2
P2 � K1r2 � j

@

@t

� �
@2

@x2
� @2

@y2

� �� �
w;

ð10:5:39Þ

Hyx ¼ �R
@2

@x@y
K1P1 þK2P2 � 2 K1r2 � j

@

@t

� �� �
u

� R K1
@2

@x2
P2 � K2

@2

@y2
P1 þ K1r2 � j

@

@t

� �
@2

@x2
� @2

@y2

� �� �
w;

ð10:5:40Þ

It can be verified all equations in phonon-phason dynamics are satisfied for plane
field of two-dimensional quasicrystals with point group 10 mm; the further work is
solving these equations under prescribed boundary conditions.

Li [20] develops the work introduced above, extends it into the dynamics of
decagonal quasicrystals of point groups 10; 10 and 10=m, determines relevant wave
speeds, and analyses the wave propagation. Figures 10.2 and 10.3 show his cal-
culating results partly.

[001]

33.62x10-4s/m

3.571x10-4s/m

[100]

Fig. 10.2 A section of slow
surface of acoustic wave
propagation in xz-plane;
material constants are
L ¼ 30 GPa, M ¼ 40 GPa,
K1 ¼ 300 MPa, R ¼ �0:05l,
K2 ¼ �0:52K1 and
K3 ¼ 0:5K1
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10.6 Phonon-Phason Dynamics and Solutions
of Two-Dimensional Decagonal Quasicrystals

In this section, we would like to give a detailed description on the solution of
two-dimensional quasicrystals based on the phonon-phason dynamics formulation.

The equations of deformation geometry and the generalized Hooke’s law are the
same as before which are not listed again here.

By using the dynamic equations (10.5.1) in Sect. 10.5, i.e. the so-called
phonon-phason equations for quasicrystals, we can create the formalism for
two-dimensional quasicrystals for the new dynamics. As an application of the
formulation, some dynamic crack solutions are given in this section.

10.6.1 The Mathematical Formalism of Dynamic Crack
Problems of Decagonal Quasicrystals

Over 200 quasicrystals observed to date, there are over 70 two-dimensional
decagonal quasicrystals; so these kinds of solid phases play an important role in the
material. For simplicity, here only point group 10-mm two-dimensional decagonal
quasicrystal will be considered herein. We denote the periodic direction as the z-
axis and the quasiperiodic plane as the xy-plane. Assume that a Griffith crack in the
solid along the periodic direction, i.e. the z-axis. It is obvious that elastic field
induced by a uniform tensile stress at upper and lower surfaces of the specimen is
independent of z, so @=@z ¼ 0. In this case, the stress–strain relations are reduced to

[001]

[100]

2.801x10-4s/m

1.989x10-4s/m

Fig. 10.3 A section of slow
surface of acoustic wave
propagation in xz-plane;
material constants are
L ¼ 75 GPa, M ¼ 65 GPa,
K1 ¼ 81 GPa, R ¼ 0:4K1,
K2 ¼ �0:52K1 and
K3 ¼ 0:5K1
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rxx ¼ Lðexx þ eyyÞþ 2Mexx þRðwxx þwyyÞ
ryy ¼ Lðexx þ eyyÞþ 2Meyy � Rðwxx þwyyÞ
rxy ¼ ryx ¼ 2Mexy þRðwyx � wxyÞ
Hxx ¼ K1wxx þK2wyy þRðexx � eyyÞ
Hyy ¼ K1wyy þK2wxx þRðexx � eyyÞ
Hxy ¼ K1wxy � K2wyx � 2Rexy
Hyx ¼ K1wyx � K2wxy þ 2Rexy

ð10:6:1Þ

where L ¼ C12;M ¼ ðC11 � C12Þ=2 are the phonon elastic constants, K1 and K2 are
the phason elastic constants, and R the phonon-phason coupling elastic constant.

Substituting (10.6.1) into (10.5.1), we obtain the equations of motion of
decagonal quasicrystals as follows:

@2ux
@t2

¼ c21
@2ux
@x2

þðc21 � c22Þ
@2uy
@x@y

þ c22
@2ux
@y2

þ c23
@2wx

@x2
þ 2

@2wy

@x@y
� @2wx

@y2

� �

@2uy
@t2

¼ c22
@2uy
@x2

þðc21 � c22Þ
@2ux
@x@y

þ c21
@2uy
@y2

þ c23
@2wy

@x2
� 2

@2wx

@x@y
� @2wy

@y2

� �

@wx

@t
¼ d21

@2wx

@x2
þ @2wx

@y2

� �
þ d22

@2ux
@x2

� 2
@2uy
@x@y

� @2ux
@y2

� �

@wy

@t
¼ d21

@2wy

@x2
þ @2wy

@y2

� �
þ d22

@2uy
@x2

þ 2
@2ux
@x@y

� @2uy
@y2

� �

ð10:6:2Þ

where

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lþ 2M

q

s
; c2 ¼

ffiffiffiffiffi
M
q

s
; c3 ¼

ffiffiffi
R
q

s
; d1 ¼

ffiffiffiffiffiffi
K1

j

r
and d2 ¼

ffiffiffi
R
j

r
;

d3 ¼
ffiffiffiffiffiffi
K2

j

r

ð10:6:3Þ

Note that constants c1; c2 and c3 have the meaning of elastic wave speeds, while
d21 ; d

2
2 and d23 do not represent wave speed; they are diffusive coefficients.

The decagonal quasicrystal with a crack is shown in Fig. 10.4. It is a rectangular
specimen with a central crack of length 2aðtÞ subjected to a dynamic or static tensile
stress at its ends ED and FC, in which aðtÞ represents the crack length being a
function of time, and for dynamic initiation of crack growth, the crack is stable, so
aðtÞ ¼ a0 ¼ constant, for fast crack propagation, aðtÞ varies with time. At first we
consider dynamic initiation of crack growth, then study fast crack propagation. Due
to the symmetry of the specimen, only the upper right quarter is considered.

250 10 Phonon-Phason Dynamics and Defect Dynamics of Solid Quasicrystals



Referring to the upper right part and considering a fix grips case, the following
boundary conditions should be satisfied:

ux ¼ 0; ryx ¼ 0;wx ¼ 0;Hyx ¼ 0 on x ¼ 0 for 0	 y	H
rxx ¼ 0; ryx ¼ 0;Hxx ¼ 0;Hyx ¼ 0 on x ¼ L for 0	 y	H
ryy ¼ pðtÞ; rxy ¼ 0;Hyy ¼ 0;Hxy ¼ 0 on y ¼ H for 0	 x	H
ryy ¼ 0; rxy ¼ 0;Hyy ¼ 0;Hxy ¼ 0 on y ¼ 0 for 0	 x	 aðtÞ
uy ¼ 0; rxy ¼ 0;wy ¼ 0;Hxy ¼ 0 on y ¼ 0 for aðtÞ	 x	 L

ð10:6:4Þ

in which pðtÞ ¼ p0f ðtÞ is a dynamic load if f ðtÞ varies with time; otherwise, it is a
static load (i.e. if f ðtÞ ¼ const), and p0 ¼ const with the stress dimension.

The initial conditions are

uxðx; y; tÞ t¼0 ¼ 0j uyðx; y; tÞ t¼0 ¼ 0j
wxðx; y; tÞ t¼0 ¼ 0j wyðx; y; tÞ t¼0 ¼ 0j
@uxðx;y;tÞ

@t t¼0 ¼ 0j @uyðx;y;tÞ
@t t¼0 ¼ 0j

ð10:6:5Þ

For implementation of finite difference, all field variables in governing
Eq. (10.6.2) and boundary-initial conditions (10.6.4) and (10.6.5) must be
expressed by displacements and their derivatives. This can be done through the
constitutive equations (10.6.1). The detail of the finite difference scheme is given in
Appendix of this chapter.

For the related parameters in this section, the experimentally determined mass
density for decagonal Al–Ni–Co quasicrystal q ¼ 4:186
 10�3 g mm�3 is used

Fig. 10.4 Specimen with a
central crack
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and phonon elastic moduli are C11 ¼ 2:3433;C12 ¼ 0:5741ð1012 dyn=cm2 ¼
102 GPaÞ which are obtained by resonant ultrasound spectroscopy [21], we have
also chosen phason elastic constants K1 ¼ 1:22 and K2 ¼ 0:24ð1012 dyn=cm2 ¼
102 GPaÞ estimated by Monte Carlo simulation [22] and Cw ¼ 1=j ¼ 4:8

10�19 m3 s/kg ¼ 4:8
 10�10 cm3 ls/g [23]. The coupling constant R has been
measured for some special cases recently, see Chaps. 6 and 9, respectively. In
computation, we take R=M ¼ 0:01 for coupling case corresponding to quasicrys-
tals, and R=M ¼ 0 for decoupled case in which the latter corresponds to crystals.

10.6.2 Examination on the Physical Model

In order to verify the correctness of the suggested model and the numerical sim-
ulation, we first explore the specimen without a crack. We know that there are the
fundamental solutions characterizing time variation natures based on wave propa-
gation of phonon field and on motion of diffusion according to mathematical
physics

u� eixðt�x=cÞ

w� 1ffiffiffiffiffiffi
t�t0

p e�ðx�x0Þ2=Cwðt�t0Þ

(
ð10:6:6Þ

where x is a frequency; c, a speed of the wave; t, the time; t0, a special value of t, x,
a distance; x0, a special value of x; and Cw, the kinetic coefficient of phason defined
previously.

Comparison results are shown in Figs. 10.5, 10.6 and 10.7, in which the solid
line represents the numerical solution of quasicrystals, and the dotted line represents

Fig. 10.5 Displacement
component of phonon field ux
versus time
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fundamental solution of Eq. (10.6.6). From Figs. 10.5 and 10.6 we can see that
both displacement components of phonon field are excellent agreement to the
fundamental solutions. However, there are some differences because the phonon
field is influenced by phason field and the phonon-phason coupling effect. From
Fig. 10.7, in the phason field we find that the phason mode presents diffusive nature
in the overall tendency, but because of influence of the phonon and phonon-phason
coupling, it can also have some character of fluctuation. So the model describes the
dynamic behaviour of phonon field and phason field indeed. This also shows that
the mathematical modelling of the present work is valid.

Fig. 10.6 Displacement
component of phonon field uy
versus time

Fig. 10.7 Displacement
component of phason field wx

versus time
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10.6.3 Testing the Scheme and the Computer Programme

10.6.3.1 Stability of the Scheme

The stability of the scheme is the core problem of finite difference method which
depends upon the choice of parameter a ¼ c1s=h, which is the ratio between time
step and space step substantively. The choice is related to the ratio c1=c2, i.e. the
ratio between speeds of elastic longitudinal and transverse waves of the phonon
field. To determine the upper bound for the ration to guarantee the stability,
according to our computational practice and considering the experiences of com-
putations for conventional materials, we choose a ¼ 0:8 in all cases and results are
stable.

10.6.3.2 Accuracy Test

The stability is only a necessary condition for successful computation. We must
check the accuracy of the numerical solution. This can be realized through some
comparison with some well-known classical solutions (analytic as well as numerical
solutions). For this purpose, the material constants in the computation are chosen as
c1 ¼ 7:34; c2 ¼ 3:92 ðmm= lsÞ and q ¼ 5
 103kg=m3, p0 ¼ 1MPa which are the
same with those in Refs. [24–26] (but are different from those listed in Sect. 10.6.1).
At first the comparison of the classical exact analytic solution is carried out; in this
case we put wx ¼ wy ¼ 0 (i.e. K1 ¼ K2 ¼ R ¼ 0) for the numerical solution. The
comparison has been done with the key physical quantity—dynamic stress intensity
factor, which is defined by

K IðtÞ ¼ lim
x!aþ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðx� a0Þ

p
ryyðx; 0; tÞ ð10:6:7Þ

The normalized dynamic stress intensity factor can be denoted as KIðtÞ=Kstatic
I , in

which Kstatic
I is the corresponding static stress intensity factor, whose value here is

taken as
ffiffiffiffiffiffiffi
pa0

p
p0 (the reason for this refers to Sect. 10.6.3.3). For the dynamic

initiation of crack growth in classical fracture dynamics, there is the only exact
analytic solution—the Maue’s solution [24], but the configuration of whose spec-
imen is quite different from that of our specimen. Maue studied a semi-infinite crack
in an infinite body and subjected to a Heaviside impact loading at the crack surface.
While our specimen is a finite size rectangular plate with a central crack, the applied
stress is around the external boundary of the specimen. Generally, the Maue model
cannot describe the interaction between wave and external boundaries. However,
consider a very short time interval, i.e. during the period between the stress wave
from the external boundary arriving at the crack tip (this time is denoted by t1) and
before the reflecting by external boundary stress wave emanating from the crack tip
in the finite size specimen (the time is marked as t2). During this special very short
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time interval, our specimen can be seen as an “infinite specimen”. Comparison
given by Fig. 10.8 shows the numerical results are in excellent agreement with
those of Maue’s solution within the short interval in which the solution is valid.

Our solution corresponding to the case of wx ¼ wy ¼ 0 is also compared with
numerical solutions of conventional crystals, e.g. Murti’s solution [25] and Chen’s
solutions [26], which are also shown in Fig. 10.8; it is evident, and our solution
presents very high precise.

10.6.3.3 Influence of Mesh Size (Space Step)

The mesh size or the space step of the algorithm can influence the computational
accuracy too. To check the accuracy of the algorithm, we take different space steps
shown in Table 10.1, which indicates if h ¼ a0=40 the accuracy is good enough.
The check is carried out through static solution, because the static crack problem in
infinite body of decagonal quasicrystals has exact solution, given by Li and Fan in
Sect. 8.3 of Chap. 8; the normalized static intensity factor is equal to unit. In the
static case, there is no wave propagation effect, L=a0 � 3;H=a0 � 3; the effect of
boundary to solution is very weak, and for our present specimen L=a0 � 4;
H=a0 � 8, which may seen as an infinite specimen, the normalized static stress
intensity factor is approximately but with highly precise equal to unit. The table
shows that the algorithm is with a quite highly accuracy when h ¼ a0=40:
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Fig. 10.8 Comparison of the
present solution with analytic
solution and other numerical
solution for conventional
structural materials given by
other authors

Table 10.1 Normalized static S.I.F. of quasicrystals for different space steps

H a0/10 a0/15 a0/20 a0/30 a0/40
�K 0.9259 0.94829 0.96229 0.97723 0.99516

Errors (%) 7.410 5.171 3.771 2.277 0.484
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10.6.4 Results of Dynamic Initiation of Crack Growth

The dynamic crack problem presents two “phases” in the process: the dynamic
initiation of crack growth and fast crack propagation. In the phase of dynamic
initiation of crack growth, the length of the crack is constant, assuming aðtÞ ¼ a0.
The specimen with stationary crack that is subjected to a rapidly varying applied
load pðtÞ ¼ p0f ðtÞ, where p0 is a constant with stress dimension and f ðtÞ is taken as
the Heaviside function. It is well known the coupling effect between phonon and
phason is very important, which reveals the distinctive physical properties including
mechanical properties, and makes quasicrystals distinguish the periodic crystals. So
studying the coupling effect is significant.

The dynamic stress intensity factor KIðtÞ for quasicrystals has the same definition
given by (10.6.7), whose numerical results are plotted in Fig. 10.8, where the
normalized dynamics stress intensity factor KIðtÞ= ffiffiffiffiffiffiffi

pa0
p

p0 is used. There are two
curves in the figure; one represents quasicrystal, i.e. R=M ¼ 0:01 and the other
describes periodic crystals corresponding to R=M ¼ 0; the two curves of the figure
are apparently different, though they are similar to some extends. Because of the
phonon-phason coupling effect, the mechanical properties of the quasicrystals are
obviously different from the classical crystals. Thus, the coupling effect plays an
important role.

In Fig. 10.9, t0 represents the time that the wave from the external boundary
propagates to the crack surface, in which t0 ¼ 2:6735 ls. So the velocity of the
wave propagation is m0 ¼ H=t0 ¼ 7:4807 km/s, which is just equal to the longi-
tudinal wave speed c1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðLþ 2MÞ=qp
. This indicates that for the complex system

of wave propagation-motion of diffusion coupling, the phonon wave propagation
presents dominating role.

There are many oscillations in the figure, especially the stress intensity factor.
These oscillations characterize the reflection and diffraction between waves coming
from the crack surface and the specimen boundary surfaces. The oscillations are

Fig. 10.9 Normalized
dynamics stress intensity
factor (DSIF) versus time
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influenced by the material constants and specimen geometry including the shape
and size very much.

10.6.5 Results of the Fast Crack Propagation

In this section, we focus on the discussion for the “phase” of fast crack propagation.
To explore the inertia effect caused by the fast crack propagation, the specimen is
designed under the action of constant load PðtÞ ¼ p rather than time-varying load,
but the crack grows with high speed in this case. The problem for fast crack
propagation is a nonlinear problem because of one part of the boundaries—crack is
with unknown length beforehand. For this moving boundary problem, we must give
additional condition for solution to be definite. That is, we must give a criterion
checking crack propagation or crack arrest at the growing crack tip. This criterion
can be imposed in different ways, e.g. the critical stress criterion or critical energy
criterion. The stress criterion used in this paper ryy\rc represents crack arrest,
ryy ¼ rc represents critical state, and ryy [ rc represents crack propagation. Here
we take rc ¼ 450 MPa for decagonal Al–Ni–Co quasicrystals, which was obtained
by referring measured value by Meng et al. for decagonal Al–Cu–Co quasicrystals,
refer to Ref. [2] in Chap. 8, and the modification by referring the hardness of alloys
Al–Ni–Co and Al–Cu–Co, and the hardness on decagonal Al–Ni–Co can be found
in paper given by Takeuchi et al. [28]. The simulation of a fracturing process runs
as follows:

Given the specimen geometry and its material constants, we first solve the initial
dynamic problem in the way previously described. When the stress ryy reaches a
prescribed critical value rc, the crack is extended by one grid interval. The crack
now continues to grow, by one grid interval at a time, as long as the ryy stress level
ahead of the propagating crack tip reaches the value of rc. During the propagation
stage, the time that elapses between two sequential extensions is recorded and the
corresponding velocity is evaluated.

The crack velocity for quasicrystals and periodic crystals is constructed in
Fig. 10.10, from which we observe that the velocity in quasicrystals is lower than
that of the periodic crystals; the phonon-phason coupling makes the quasicrystals
being different from periodic crystals. The reason for this is not so clear.

We find that the fast crack propagating velocity is obviously different in qua-
sicrystals compared to the crystalline and conventional engineering materials. Next
we will explore the velocity under different loads in quasicrystal. The
above-described procedure was conducted, keeping the same geometry and material
constants. With various loads, the relation between velocity and crack growth is
constructed in Fig. 10.10. The crack velocity increases smoothly with increasing
applied load. It is understandable that as the load increases, the time to reach the
critical stress is less, so the velocity increases (Fig. 10.11).

As shown in Fig. 10.12, the calculated crack propagation results show some
roughness as the load increases. Currently, there is no experimental observation for
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Fig. 10.10 Crack velocity
versus normalized crack size
with different phonon-phason
coupling elastic constants

0/a a

Fig. 10.11 Variation of
crack velocity versus
normalized crack size for
different load levels

Fig. 10.12 Normalized crack
growth size ða� a0Þ=a0 of
crack tip versus time for
different load levels
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fast crack propagation, though Ebert et al. [27] made some observation by scanning
tunnelling microscopy for quasistatic crack growth. Because the fast crack propa-
gation and quasistatic crack growth belong to two different regimes, the comparison
cannot be easily made.

10.7 Phonon-Phason Dynamics and Applications
to Fracture Dynamics of Icosahedral Quasicrystals

10.7.1 Basic Equations, Boundary and Initial Conditions

The elasto-/hydrodynamics of icosahedral Al–Pd–Mn quasicrystals is more inter-
esting topic than that of decagonal Al–Ni–Co quasicrystals, especially a rich set of
experimental data for elastic constants can be used for the computation described
here. From the previous section, we know there is a lack of measured data for
phason elastic constants, which are obtained by Monte Carlo simulation; this makes
some undetermined factors for computational results for decagonal quasicrystals.
This shows that the discussion on icosahedral quasicrystals is more necessary, and
the formalism and numerical results are presented in this section.

If considering only the plane problem, especially for the crack problems, there
are much of similarities with those discussed in the previous section. We present
herein only the parts that are different.

For the plane problem, i.e.

@

@z
¼ 0 ð10:7:1Þ

the linearized elasto-/hydrodynamics of icosahedral quasicrystals have non-zero
displacements uz;wz apart from ux; uy;wx;wy, so in the strain tensors

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
wij ¼ @wi

@xj

It increases some non-zero components compared with those in two-dimensional
quasicrystals. In connecting with this, in the stress tensors, the non-zero compo-
nents increase too relatively to two-dimensional ones. With these reasons, the
stress–strain relation presents different nature with that of decagonal quasicrystals
though the generalized Hooke’s law has the same form with that in one- and
two-dimensional quasicrystals, i.e.

rij ¼ Cijklekl þRijklwkl Hij ¼ Rklijekl þKijklwkl

In particular, the elastic constants are quite different from those discussed in the
previous sections, in which the phonon elastic constants can be expressed such as
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Cijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ ð10:7:2Þ

and the phason elastic constant matrix [K] and phonon-phason coupling elastic one
[R] are defined by formula (9.1.6) in Chap. 9, which are not listed here again.

Substituting these non-zero stress components into the equations of motion

q
@2ui
@t2

¼ @rij
@xj

; j
@wi

@t
¼ @Hij

@xj
ð10:7:3Þ

and through the generalized Hooke’s law and strain–displacement relation, we
obtain the final dynamic equations as follows:

@2ux
@t2

þ h
@ux
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¼ c21
@2ux
@x2

þðc21 � c22Þ
@2uy
@x@y

þ c22
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@y2

þ c23
@2wx
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@2wy
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� @2wx

@y2
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@2uy
@t2

þ h
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in which

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ 2l

q

s
; c2 ¼

ffiffiffi
l
q

r
; c3 ¼

ffiffiffi
R
q

s
; d1 ¼ K1

j
; d2 ¼ K2

j
; d3 ¼ R

j
;

ð10:7:5Þ

Note that constants c1; c2 and c3 have the meaning of elastic wave speeds, while
d1; d2 and d3 do not represent wave speed, but are diffusive coefficients, and
parameter h may be understood as a man-made damping coefficient as in the
previous section.

Consider an icosahedral quasicrystal specimen with a Griffith crack shown in
Fig. 10.4; all parameters of geometry and loading are the same with those given in
the previous, but in the boundary conditions there are some different points, which
are given as below
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ux ¼ 0; ryx ¼ 0; rzx ¼ 0;wx ¼ 0;Hyx ¼ 0;Hzx ¼ 0 on x ¼ 0 for 0	 y	H

rxx ¼ 0; ryx ¼ 0; rzx ¼ 0;Hxx ¼ 0;Hyx ¼ 0;Hzx ¼ 0 on x ¼ L for 0	 y	H

ryy ¼ pðtÞ; rxy ¼ 0; rzy ¼ 0;Hyy ¼ 0;Hxy ¼ 0;Hzy ¼ 0 on y ¼ H for 0	 x	 L

ryy ¼ 0; rxy ¼ 0; rzy ¼ 0;Hyy ¼ 0;Hxy ¼ 0;Hzy ¼ 0 on y ¼ 04 for 0	 x	 aðtÞ
uy ¼ 0; rxy ¼ 0; rzy ¼ 0;wy ¼ 0;Hxy ¼ 0;Hzy ¼ 0 on y ¼ 0 for aðtÞ\x	 L

ð10:7:6Þ

The initial conditions are

uxðx; y; tÞ t¼0 ¼ 0j uyðx; y; tÞ t¼0 ¼ 0j uzðx; y; tÞ t¼0 ¼ 0j
wxðx; y; tÞ t¼0 ¼ 0j wyðx; y; tÞ t¼0 ¼ 0j wzðx; y; tÞ t¼0 ¼ 0j
@uxðx;y;tÞ

@t t¼0 ¼ 0j @uyðx;y;tÞ
@t t¼0 ¼ 0j @uzðx;y;tÞ

@t t¼0 ¼ 0j
ð10:7:7Þ

10.7.2 Some Results

We now concentrate on investigating the phonon and phason fields in the icosa-
hedral Al–Pd–Mn quasicrystal, in which we take q ¼ 5:1 g/cm3 and k ¼ 74:2; l ¼
70:4 ðGPaÞ of the phonon elastic moduli, for phason ones K1 ¼ 72;K2 ¼
�37ðMPaÞ (refer to Chap. 9) and the constant relevant to diffusion coefficient of
phason is Cw ¼ 1=j ¼ 4:8
 10�19 m3 s/kg ¼ 4:8
 10�10 cm3 ls/g [23]. On the
phonon-phason coupling constant, there is no measured result for icosahedral
quasicrystals so far; we take R=l ¼ 0:01 for quasicrystals and R=l ¼ 0 for
“decoupled quasicrystals” or crystals.

The problem is solved by the finite difference method; the principle, scheme and
algorithm are illustrated as those in the previous section and shall not be repeated
here. The testing for the physical model, scheme, algorithm and computer pro-
gramme is similar to that given in Sect. 10.6.

The numerical results for dynamic initiation of crack growth problem, the
phonon and phason displacements are shown in Fig. 10.13.

The dynamic stress intensity factor KIðtÞ is defined by

K IðtÞ ¼ lim
x!aþ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðx� a0Þ

p
ryyðx; 0; tÞ

and the normalized dynamics stress intensity factor (S.I.F.) ~KIðtÞ ¼ KIðtÞ= ffiffiffiffiffiffiffi
pa0

p
p0

is used; the results are illustrated in Fig. 10.14 in which the comparison with those
of crystals is shown; one can see the effects of phason and phonon-phason coupling
are evident very much.
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Fig. 10.13 Displacement components of quasicrystals versus time. a displacement component ux;
b displacement component uy; c displacement component wx; d displacement component wy

Fig. 10.14 Normalized
dynamic stress intensity factor
of central crack specimen
under impact loading versus
time
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For the fast crack propagation problem, the primary results are listed only the
dynamic stress intensity factor versus time as given in Fig. 10.15.

Details of this work can are reported in Ref. [29].

10.7.3 Conclusion and Discussion

In Sects. 10.7.1 and 10.7.2, a new model on dynamic response of quasicrystals
based on argument of Bak and argument of Lubensky et al. are formulated. This
model regarded as an elasto-/hydrodynamics model for the material, or as a col-
laborating model of wave propagation and diffusion. This model is more complex
than pure wave propagation model for conventional crystals, and the analytic
solution is very difficult to obtain, except maybe for a few simple examples.
Numerical procedure based on finite difference algorithm is developed. Computed
results confirm the validity of wave propagation behaviour of phonon field and
behaviour of diffusion of phason field. The interaction between phonons and
phasons is also recorded.

The finite difference formalism is applied to analyse dynamic initiation of crack
growth and fast crack propagation for two-dimensional decagonal Al–Ni–Co and
three-dimensional icosahedral Al–Pd–Mn quasicrystals, and the displacement and
stress fields around the tip of stationary and propagating cracks are revealed; the
stress presents singularity with order r�1=2, in which r denotes the distance mea-
sured from the crack tip. For the fast crack propagation, which is a nonlinear
problem—moving boundary problem, one must provide additional condition for

Fig. 10.15 Normalized stress
intensity factor of propagating
crack with constant crack
speed versus time
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determining solution. For this purpose, we give a criterion for checking crack
propagation/crack arrest based on the critical stress criterion. Application of this
additional condition for determining solution has helped us achieve the numerical
simulation of the moving boundary value problem and reveal crack length-time
evolution. However, more important and difficult problems are left open for further
study.

10.8 Appendix of Chapter 10: The Detail of Finite
Difference Scheme

Equations (10.6.2) subjected to conditions (10.6.4) and (10.6.5) are very compli-
cated, and analytic solution for the boundary-initial value problem is not available
at present, which have to be solved by numerical method. Here we extend the
method of finite difference of Shmuely and Alterman [30] scheme for analysing
crack problem for conventional engineering materials to quasicrystalline materials.

A grid is imposed on the upper right of the specimen shown in Fig. 10.16. For
convenience, the mesh size h is taken to be the same in both x- and y-directions. The
grid is extended beyond the half step by adding four special grid lines x ¼
�h=2; x ¼ Lþ h=2; y ¼ �h=2; y ¼ Hþ h=2 which form the grid boundaries.

Denoting the time step by s and using central difference approximations, the
finite difference formulation of Eq. (10.6.2), valid at the inner part of the grids, is

Fig. 10.16 Scheme of grid
used
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uxðx; y; tþ sÞ ¼ 2uxðx; y; tÞ � uxðx; y; t � sÞþ ðs
h
c1Þ2½uxðxþ h; y; tÞ � 2uxðx; y; tÞþ uxðx� h; y; tÞ�

þ s
h

	 
2
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h
c3

	 
2
wxðx; yþ h; tÞ � 2wxðx; y; tÞþwxðx; y� h; tÞ½ �

uyðx; y; tþ sÞ ¼ 2uyðx; y; tÞ � uyðx; y; t � sÞþ s
h
c2

	 
2
½uyðxþ h; y; tÞ

� 2uyðx; y; tÞþ uyðx� h; y; tÞ� þ s
2h

	 
2
ðc21 � c22Þ½uxðxþ h; yþ h; tÞ

� uxðxþ h; y� h; tÞ � uxðx� h; yþ h; tÞþ uxðx� h; y� h; tÞ
þ s

h
c1

	 
2
½uyðx; yþ h; tÞ � 2uyðx; y; tÞþ uyðx; y� h; tÞ� þ s

h
c3

	 
2
½wyðxþ h; y; tÞ

� 2wyðx; y; tÞþwyðx� h; y; tÞ� � 2
s
2h

	 
2
c23½wxðxþ h; yþ h; tÞ

� wxðxþ h; y� h; tÞ � wxðx� h; yþ h; tÞþwxðx� h; y� h; tÞ�
� s

h
c3

	 
2
wyðx; yþ h; tÞ � 2wyðx; y; tÞþwyðx; y� h; tÞ� �

wxðx; y; tþ sÞ ¼ wxðx; y; tÞþ d22
s
h2

uxðxþ h; y; tÞ � 2uxðx; y; tÞþ uxðx� h; y; tÞ½ �

þ d21
s
h2

wxðxþ h; y; tÞþwxðx� h; y; tÞ � 4wxðx; y; tÞþwxðx; yþ h; tÞþwxðx; y� h; tÞ½ �

� 2d22
s

ð2hÞ2 uyðxþ h; yþ h; tÞ � uyðxþ h; y� h; tÞ � uyðx� h; yþ h; tÞþ uyðx� h; y� h; tÞ� �

� d22
s
h2

uxðx; yþ h; tÞ � 2uxðx; y; tÞþ uxðx; y� h; tÞ½ �

wyðx; y; tþ sÞ ¼ wyðx; y; tÞþ d22
s
h2

uyðxþ h; y; tÞ � 2uyðx; y; tÞþ uyðx� h; y; tÞ� �

þ d21
s
h2

wyðxþ h; y; tÞþwyðx� h; y; tÞ � 4wyðx; y; tÞþwyðx; yþ h; tÞþwyðx; y� h; tÞ� �

þ 2d22
s

ð2hÞ2 uxðxþ h; yþ h; tÞ � uxðxþ h; y� h; tÞ � uxðx� h; yþ h; tÞþ uxðx� h; y� h; tÞ½ �

� d22
s
h2

uyðx; yþ h; tÞ � 2uyðx; y; tÞþ uyðx; y� h; tÞ� �

ð10:8:1Þ

The displacements at mesh points located at the special lines are determined by
satisfying the boundary conditions, and we obtain, respectively, for points on the
grid lines x ¼ �h=2 and x ¼ Lþ h=2.
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where Eqs. (10.8.2a) and (10.8.2b) related to x ¼ �h=2 are not valid, from the first
condition of (10.6.5), at x ¼ 0, ux ¼ 0 and wx ¼ 0. To satisfy the condition, the
displacements ux and wx at x ¼ �h=2 are approximated by

uxðx;�h=2; tÞ ¼ �uxðx; h=2; tÞ
wxðx;�h=2; tÞ ¼ �wxðx; h=2; tÞ

ð10:8:3Þ

On the grid line y ¼ �h=2 and y ¼ Hþ h=2, we obtain
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ð10:8:4aÞ
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in which, Eqs. (10.8.4c) and (10.8.4d) related to y ¼ �h=2 are valid only along the
crack surface, namely only for x	 a� h=2, at y ¼ 0, in which the crack terminates.
From the last condition of (10.6.5), at y ¼ 0 and the ahead of the crack,
uy ¼ 0;wy ¼ 0. To satisfy this condition, the displacements uy and wy at y ¼ �h=2
are approximated by

uyðx;�h=2; tÞ ¼ �uyðx; h=2; tÞ
wyðx;�h=2; tÞ ¼ �wyðx; h=2; tÞ

ð10:8:5Þ

In constructing the approximation (10.8.2a)–(10.8.5), we follow a method pro-
posed by Shmuely and Peretz [31] which was also successfully employed in Ref.
[30] for conventional engineering materials. According to this method, derivatives
perpendicular to the boundary are proposed by uncentred differences and deriva-
tives parallel to the boundary by centred difference. The real boundary can be
considered as located at a distance of half the mesh size from the grid boundaries.

The four grid corners require a special treatment. Difference methods of handling
the discontinuities at such points have been proposed in the past. Here we found
that satisfactory results are obtained when the displacements sought are extrapo-
lated from those given along both sides of the corner in question. Accordingly, the
components ux; uy;wx;wy at ð�h=2;�h=2Þ are given by
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ð10:8:6Þ

Similar expressions are used for deriving the displacement components at
ð�h=2;Hþ h=2Þ, ðLþ h=2; Lþ h=2Þ and ðLþ h=2;�h=2Þ.

By following relevant stability criterion of the scheme, the computation is
always stable and achieves high precision. Discussions on this aspect are omitted
here due to space limitation.
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Chapter 11
Complex Analysis Method for Elasticity
of Quasicrystals

In Chapters 7–9, we frequently used the complex analysis method to solve the
problems of elasticity of quasicrystals and many exact analytic solutions were
obtained by this method. In these chapters, we only provided the results, and the
underling principle and details of the method could not be discussed. Considering
the relative new feature and particular effect of the method, it is helpful to attempt a
further discussion in depth. Of course, this may lead to a slight repletion with
relevant content of Chaps. 7–9.

It is well known that the so-called complex potential method in elasticity is
effective, in general, only for solving harmonic and biharmonic partial differential
equations in the classical theory of elasticity, and for these equations, the solutions
can be expressed by the analytic functions of single complex variable z ¼ xþ iy;
i ¼ ffiffiffiffiffiffiffi�1

p
. In addition, in the classical elasticity, quasi-biharmonic partial differential

equation can be solved by analytic functions of some different complex variables
such as z1 ¼ xþ a1y; z2 ¼ xþ a2y; . . . in which a1; a2; . . . are complex constants.
The study of elasticity of quasicrystals has led to discovery of some multi-harmonic
and multi-quasiharmonic equations, which cover quite a wide range of partial
differential equations appearing in the field to date and have been introduced in
Chaps. 5–9. The discussion on the complex analysis for these equations is signif-
icant. We know that the Muskhelishvili complex analysis method for classical plane
elasticity [1], which solves mainly the biharmonic equation, and the complex
potential method developed by Lekhlitzkii [2] for classical anisotropic plane elas-
ticity, which solve mainly the quasi-biharmonic equation, made great contributions
for quite a wide range of fields in science and engineering. The present formulation
and solutions of the complex analysis, e.g. quadruple and sextuple harmonic
equations and quadruple quasiharmonic equation, are a new development of the
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complex analysis method used for classical elasticity. Though the new method is
used to solve the elasticity problems of quasicrystals at present, it may be extended
into other disciplines of science and technology in future.

At first, we simply review the complex analysis method for harmonic and
biharmonic equations and then focus on those for quadruple and sextuple harmonic
equations and quadruple quasiharmonic equation and, with discussions in detail,
presenting their new features from the angle of elasticity as well as complex
potential method.

11.1 Harmonic and Biharmonic in Anti-Plane Elasticity
of One-Dimensional Quasicrystals

The final governing equations of elasticity of one-dimensional quasicrystals present
the following two kinds discussed in Chap. 5:

c44r2uz þR3r2wz ¼ 0

R3r2uz þK2r2wz ¼ 0
ð11:1:1Þ

ðc1 @4

@x4
þ c2

@4

@x3@y
þ c3

@4

@x2@y2
þ c4

@4

@x@y3
þ c5

@4

@y4
ÞG ¼ 0 ð11:1:2Þ

in which Eq. (11.1.1) is actually two decoupled harmonic equations of uz and wz,
whose complex variable function method was introduced in Sects. 8.1 and 8.2, and
here we do not repeat any more.

Equation (11.1.2) is a quasi-biharmonic equation which describes the
phonon-phason coupling elasticity field for some kinds of one-dimensional qua-
sicrystal systems, refer to Chap. 5. As some solutions of them in terms of the
complex variable function method, whose origin comes from the classical work of
Lekhlitskii [2], reader can find some beneficial hints in the monograph.

11.2 Biharmonic Equations in Plane Elasticity of Point
Group 12mm Two-Dimensional Quasicrystals

From Chap. 6, we know that in elasticity of dodecagonal quasicrystals, the phonon
and phason fields are decoupled each other. For whose plane elasticity we have the
final governing equations as follows:

r2r2F ¼ 0; r2r2G ¼ 0 ð11:2:1Þ
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The complex representation of solution of (11.2.1) is

Fðx; yÞ ¼ Re½�zu1ðzÞþ
Z

w1ðzÞdz�

Gðx; yÞ ¼ Re½�zp1ðzÞþ
Z

v1ðzÞdz�

9>>=
>>;

ð11:2:2Þ

where /1ðzÞ;w1ðzÞ; p1ðzÞ and v1ðzÞ are any analytic functions of complex variable
z ¼ xþ iy ði ¼ ffiffiffiffiffiffiffi�1

p Þ. For these kind of biharmonic equations, Muskhelishvili [1]
developed systematic complex variable function method, in which reader can find
some details in the well-known monograph and we need not discuss those any
more. The Muskhelishvili’s method has some developments in China, e.g. Lu [3]
and Fan [4].

11.3 The Complex Analysis of Quadruple Harmonic
Equations and Applications in Two-Dimensional
Quasicrystals

As it was discussed in Chaps. 6–8, for point groups 5m and 10mm or point groups
5, 5, and 10, 10 quasicrystals, either by the displacement potential formulation or by
the stress potential formulation, we obtain the final governing equation is quadruple
harmonic equation, whose complex variable function method is newly created by
Liu and Fan [5, 6] based on the displacement potential formulation and by Li and
Fan [7, 8] based on the stress potential formulation. This complex potential method
that greatly develops the methodology was used in the classical elasticity. It is
necessary to give some further discussions in depth. For simplicity, the following
discussion is based on the stress potential formulation only, and solutions are given
only for point groups 5, 5, and 10, 10 quasicrystals, because the point groups 5m
and 10mm quasicrystals can be seen as a special case of the former.

11.3.1 Complex Representation of Solution
of the Governing Equation

Because it is relatively simpler for the case of point groups 5m and 10mm, which
belong to the special case of point groups 5, 5 and point groups 10 and 10, we here
discuss only the final governing equation of plane elasticity of pentagonal of point
groups 5, 5 and decagonal quasicrystals of point groups 10, 10
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r2r2r2r2G ¼ 0 ð11:3:1Þ

where Gðx; yÞ is the stress potential function. The solution of Eq. (11.3.1) is

G ¼ 2Re½g1ðzÞþ�zg2ðzÞþ 1
2
�z2g3ðzÞþ 1

6
�z3g4ðzÞ� ð11:3:2Þ

where gjðzÞ ðj ¼ 1; � � �; 4Þ are four analytic functions of a single complex variable
z � xþ iy ¼ reih. The bar denotes the complex conjugate hereinafter, i.e. �z ¼
x� iy ¼ re�ih: We call these functions be the complex stress potentials, or the
complex potentials in brief.

11.3.2 Complex Representation of the Stresses
and Displacements

Sect. 8.4 shows that from fundamental solution (11.3.2), one can find the complex
representation of the stresses as below:

rxx ¼ �32c1ReðXðzÞ � 2g0004 ðzÞÞ
ryy ¼ 32c1ReðXðzÞþ 2g0004 ðzÞÞ
rxy ¼ ryx ¼ 32c1ImXðzÞ
Hxx ¼ 32R1ReðH0ðzÞ � XðzÞÞ � 32R2ImðH0ðzÞ � XðzÞÞ
Hxy ¼ �32R1ImðH0ðzÞþXðzÞÞ � 32R2ReðH0ðzÞþXðzÞÞ
Hyx ¼ �32R1ImðH0ðzÞ � XðzÞÞ � 32R2ReðH0ðzÞ � XðzÞÞ
Hyy ¼ �32R1ReðH0ðzÞþXðzÞÞþ 32R2ImðH0ðzÞþXðzÞ

ð11:3:3Þ

where

HðzÞ ¼ gðIVÞ2 ðzÞþ�zgðIVÞ3 ðzÞþ 1
2
�z2gðIVÞ4 ðzÞ

XðzÞ ¼ gðIVÞ3 ðzÞþ�zgðIVÞ4 ðzÞ
ð11:3:4Þ

in which one prime, two prime, three prime, and superscript (IV) denote the first- to
fourth-order differentiation of gjðzÞ to variable z; in addition H0ðzÞ ¼ dHðzÞ=dz and
it is evident that HðzÞ and XðzÞ are not analytic functions.

By some derivation from (11.3.3), we have the complex representation of the
displacements such as
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ux þ iuy ¼ 32ð4c1c2 � c3 � c1c4Þg004ðzÞ � 32ðc1c4 � c3Þðg0003 ðzÞþ zg0004 ðzÞÞ ð11:3:5Þ

wx þ iwy ¼ 32ðR1 � iR2Þ
K1 � K2

HðzÞ ð11:3:6Þ

with constants

c ¼ MðK1 þK2Þ � 2ðR2
1 þR2

2Þ; c1 ¼
c

K1 � K2
þM; c2 ¼ cþðLþMÞðK1 þK2Þ

4ðLþMÞc ;

c3 ¼ R2
1 þR2

2

c
; c4 ¼ K1 þK2

c
ð11:3:7Þ

11.3.3 The Complex Representation of Boundary
Conditions

In the following, we consider only the stress boundary value problem; i.e. at the
boundary curve Lt, the tractions ðTx; TyÞ and generalized tractions ðhx; hyÞ are given,
and there are the stress boundary conditions such as

rxx cosðn; xÞþ rxy cosðn; yÞ ¼ Tx; rxy cosðn; xÞþ ryy cosðn; yÞ ¼ Ty; ðx; yÞ 2 Lt
ð11:3:8Þ

Hxx cosðn; xÞþHxy cosðn; yÞ ¼ hx ; Hxy cosðn; xÞþHyy cosðn; yÞ ¼ hy;
ðx; yÞ 2 Lt

ð11:3:9Þ

where Tx ; Ty and hx ; hy are tractions and generalized tractions at the boundary Lt
where the stresses are prescribed.

From (11.3.8) and after some derivation, the phonon stress boundary condition
can be reduced to the equivalent form

g004ðzÞþ g0003 ðzÞþ zg0004 ðzÞ ¼
i

32c1

Z
ðTx þ iTyÞds; z 2 Lt ð11:3:10Þ

From Eqs. (11.3.9), (11.3.3), and (11.3.4), we have

ðR2 � iR1ÞHðzÞ ¼ i
Z

ðhx þ ihyÞds; z 2 Lt ð11:3:11Þ
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11.3.4 Structure of Complex Potentials

11.3.4.1 Arbitrariness in the Definition of the Complex Potentials

For simplicity, we introduce the following new symbols

gðIVÞ2 ðzÞ ¼ h2ðzÞ; g0003 ðzÞ ¼ h3ðzÞ; g004ðzÞ ¼ h4ðzÞ ð11:3:12Þ

and then, Eq. (11.3.3) can be rewritten as follows:

rxx þ ryy ¼ 128c1Re h04ðzÞ ð11:3:13Þ

ryy � rxx þ 2irxy ¼ 64c1XðzÞ ¼ 64c1½h03ðzÞþ�zh004ðzÞ� ð11:3:14Þ

Hxy � Hyx � iðHxx þHyyÞ ¼ 64ðiR1 � R2ÞXðzÞ ð11:3:15Þ

ðHxx � HyyÞ � iðHxy þHyxÞ ¼ 64ðR1 þR2ÞH0ðzÞ ð11:3:16Þ

Similar to the classical elasticity, from Eqs. (11.3.13) to (11.3.16), it is obvious
that a state of phonon and phason stresses is not altered, if one replaces

h4ðzÞ by h4ðzÞþDizþ c ð11:3:17Þ

h3ðzÞ by h3ðzÞþ c0 ð11:3:18Þ

h2ðzÞ by h2ðzÞþ c00 ð11:3:19Þ

where D is a real constant and c; c0; c00 are arbitrary complex constants.
Now, consider how these substitutions affect the displacement components

which were determined by formulas (11.3.5) and (11.3.6). Direct substitution shows
that

ux þ iuy ¼ 32ð4c1c2 � c3 � c1c4Þh4ðzÞ � 32ðc1c4 � c3Þðh3ðzÞþ zh04ðzÞÞ
þ 32ð4c1c2 � 2c3ÞDizþ ½32ð4c1c2 � c3 � c1c4Þc� 32ðc1c4 � c3Þc0�

ð11:3:20Þ

wx þ iwy ¼ 32ðR1 � iR2Þ
K1 � K2

½h2ðzÞþ zh03ðzÞþ
1
2
z2h004ðzÞ� þ

32ðR1 � iR2Þ
K1 � K2

c00

ð11:3:21Þ
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Formulas (11.3.20) and (11.3.21) show that a substitution of the form (11.3.17)
and (11.3.19) will affect the displacement, unless

D ¼ 0; c ¼ c1c4 � c3
4c1c2 � c3 � c1c4

c0; c00 ¼ 0

11.3.4.2 General Formulas for Finite Multi-connected Regions

Consider now the case when the region S, occupied by the quasicrystal, is
multi-connected. In general, the region is bounded by several simple closed con-
tours s1; s2; . . .; sm; smþ 1, the last of these contours is to contain all the others,
depicted in Fig. 11.1, i.e. a plate with holes. We assume that the contours do not
intersect themselves and have no points in common. Sometimes, we call
s1; s2; . . .; sm as inner boundaries and smþ 1 as outer boundary of the region. It is
evident that the points z1; z2; . . .; zm are fixed points in the holes, but located out of
the material.

Similar to the discussion of the classical elasticity theory (refer to [1]), we can
obtained

h04ðzÞ ¼
Xm
k¼1

Ak lnðz� zkÞþ h04�ðzÞ ð11:3:22Þ

h4ðzÞ ¼
Xm
k¼1

Akz lnðz� zkÞþ
Xm
k¼1

ck lnðz� zkÞþ h4�ðzÞ ð11:3:23Þ

Fig. 11.1 Finite
multi-connected region
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h3ðzÞ ¼
Xm
k¼1

c0k lnðz� zkÞþ h3�ðzÞ ð11:3:24Þ

Recalling zk denotes the fixed points outside the region S, h3�ðzÞ; h4�ðzÞ are
holomorphic (analytic and single-valued, refer to Major Appendix) in region S, Ak

real constants, and ck; c
0
k complex constants.

By substituting (11.3.22)–(11.3.24) into (11.3.16), one can find that

h2ðzÞ ¼
Xm
k¼1

c00k lnðz� zkÞþ h2�ðzÞ ð11:3:25Þ

h2�ðzÞ is holomorphic in S, and c00k are complex constants.
Consideration will be given to the condition of single valuedness of phonon

displacements. From Eq. (11.3.5), one has

ux þ iuy ¼ 32ð4c1c2 � c3 � c1c4Þh4ðzÞ � 32ðc1c4 � c3Þðh3ðzÞþ zh04ðzÞÞ
ð11:3:26Þ

Substituting (11.3.23)–(11.3.25) into (11.3.26), it is immediately seen that

½ux þ iuy�sk ¼ 2pif½32ð4c1c2 � c3 � c1c4Þþ 32ðc1c4 � c3Þ�Akzþ 32ð4c1c2 � c3
� c1c4Þck þ c0kðzÞg

ð11:3:27Þ

in which ½ �k denotes the increase undergone by the expression in brackets for one
anticlockwise circuit of the contour sk. Hence it is necessary and sufficient for the
single valuedness of phonon displacements that are shown in formulas (11.3.22)–
(11.3.25)

Ak ¼ 0; 32ð4c1c2 � c3 � c1c4Þck þ c0k ¼ 0 ð11:3:28Þ

Similar to the above-mentioned discussion, by Eq. (11.3.6), one has

½wx þ iwy�sk ¼
32ðR1 � iR2Þ
K1 � K2

ð�2piÞc00k ð11:3:29Þ

Hence it is necessary and sufficient for the single valuedness of phason dis-
placements is

c00k ¼ 0 ð11:3:30Þ
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It will now be shown that the quantities ck; c
0
k may be very simply expressed in

terms of Xk; Yk, where ðXk; YkÞ denote the resultant vector of the external stresses,
exerted on the contour sk . From (11.3.10), applying it to the contour sk , one has

�32c1i½h4ðzÞþ h3ðzÞþ zh04ðzÞ�sk ¼ Xk þ iYk ð11:3:31Þ

with

Xk ¼
Z

Sk

Txds; Yk ¼
Z

Sk

Tyds

In the present case, the normal vector n must be directed outwards with respect
to the region sk . Consequently, the contour sk must be traversed in the clockwise
direction. Taking this fact into consideration, one obtains

�2piðck � c0kÞ ¼
i

32c1
ðXk þ iYkÞ ð11:3:32Þ

By Eqs. (11.3.28), (11.3.31), and (11.3.32), one has

Ak ¼ 0

ck ¼ d1ðXk þ iYkÞ; c0k ¼ d2ðXk � iYkÞ
ð11:3:33Þ

where

d1 ¼ 1
64c1p½32ð4c1c2 � c3 � c1c4Þþ 1� ; d2 ¼ � 4c1c2 � c3 � c1c4

2c1p½32ð4c1c2 � c3 � c1c4Þþ 1�
ð11:3:34Þ

and which are independent from the suffix k. So that

h4ðzÞ ¼ d1
Xm
k¼1

ðXk þ iYkÞ lnðz� zkÞþ h4�ðzÞ

h3ðzÞ ¼ d2
Xm
k¼1

ðXk � iYkÞ lnðz� zkÞþ h3�ðzÞ

h2ðzÞ ¼ h2�ðzÞ

ð11:3:35Þ

We can conclude that the complex functions h2ðzÞ; h3ðzÞ; h4ðzÞ must be
expressed by formula (11.3.35) to assure the single valuedness of stresses and
displacements, where h2�ðzÞ; h3�ðzÞ; h4�ðzÞ are holomorphic in region S.
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11.3.4.3 Case of Infinite Regions

From the point of view of application, the consideration of infinite regions is
likewise of major interest. We assume that the contour smþ 1 has entirely moved to
infinity.

Because Eqs. (11.3.13) and (11.3.14) are similar to the classical elasticity theory,
we have

h4ðzÞ ¼ d1ðX þ iYÞ ln zþðBþ iCÞzþ h04ðzÞ
h3ðzÞ ¼ d2ðX � iYÞ ln zþðB0 þ iC0Þzþ h03ðzÞ

ð11:3:36Þ

where B;C;B0;C0 are unknown real constants to be determined and

X ¼
Xm
k¼1

Xk; Y ¼
Xm
k¼1

Yk

h03ðzÞ; h04ðzÞ are functions, holomorphic in region S, including the point at
infinity; i.e. for sufficiently large zj j, they may be expanded into series of the form

h04ðzÞ ¼ a0 þ a1
z
þ a2

z2
þ � � � ; h03ðzÞ ¼ a00 þ

a01
z
þ a02

z2
þ � � � ð11:3:37Þ

On the basis of (11.3.2), the state of phonon and phason stresses will not be
altered by assuming

a0 ¼ a00 ¼ 0

By the theorem of Laurent, the function h2�ðzÞ may be represented in region S
including point at infinity by the series

h2�ðzÞ ¼
Xþ1

�1
cnz

n ð11:3:38Þ

Substituting Eqs. (11.3.36) and (11.3.38) into Eq. (11.3.16), one has

ðHxx � HyyÞ � iðHxy þHyxÞ

¼ 2� 32ðR1 þR2Þ½
Xþ1

�1
cnnz

n�1 þ�zð� d2
z2

þ h0003 ðzÞÞþ 1
2
�z2ð2d1

z3
þ h00004 ðzÞÞ�

ð11:3:39Þ
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and hence it follows that for the stresses to remain finite as zj j ! 1, one must have

cn ¼ 0 ðn� 2Þ

It is obvious that the phonon and phason stresses will be bounded, if these
conditions are satisfied. Hence one has finally

h4ðzÞ ¼ d1ðX þ iYÞ ln zþðBþ iCÞzþ h04ðzÞ
h3ðzÞ ¼ d2ðX � iYÞ ln zþðB0 þ iC0Þzþ h03ðzÞ
h2ðzÞ ¼ ðB00 þ iC00Þzþ h02ðzÞ

ð11:3:40Þ

where B00; C00 are unknown real constants to be determined, h02ðzÞ is function,
holomorphic in region S, including the point at infinity; thus, it has the form similar
to that of (11.3.37):

h02ðzÞ ¼ a
00
0 þ

a
00
1

z
þ a

00
2

z2
þ � � � ð11:3:41Þ

We have assumed that a0 ¼ a
0
0 ¼ 0 already and now further assume a

00
0 ¼ 0, i.e.

h04ð1Þ ¼ h03ð1Þ ¼ h02ð1Þ ¼ 0:

Then from (11.3.40) and (11.3.13)–(11.3.16), one can determine

B ¼ rð1Þ
xx þ rð1Þ

yy

128c1
; B

0 ¼ rð1Þ
xx � rð1Þ

yy

64c1
; C

0 ¼ rð1Þ
xy

32c1
;

B
00 ¼ R2ðHð1Þ

xy � Hð1Þ
yx Þ � R1ðHð1Þ

xx þHð1Þ
yy Þ

64ðR2
1 � R2

2Þ
; C

00 ¼ R1ðHð1Þ
xy � Hð1Þ

yx Þ � R2ðHð1Þ
xx þHð1Þ

yy Þ
64ðR2

1 � R2
2Þ

ð11:3:42Þ

and C has no usage and we put it to be zero, in which rð1Þ
ij and Hð1Þ

ij represent the
applied stresses at point of infinity.

11.3.5 Conformal Mapping

If we constrain our discussion only for the case of stress boundary value problems,
then the problems will be solved under boundary conditions (11.3.10) and
(11.3.11). For some complicated regions, solutions of the problems cannot be
directly obtained in the physical plane (i.e. the z-plane). We must use a conformal
mapping
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z ¼ xðfÞ ð11:3:43Þ

to transform the region studied in the plane onto interior of the unit circle c in the
mapping plane (say, e.g. f-plane).

Substituting (11.3.43) into (11.3.40), we have

h4ðzÞ ¼ U4ðfÞ ¼ d1ðXþ iYÞ lnxðfÞþBxðfÞþU0
4ðfÞ

h3ðzÞ ¼ U3ðfÞ ¼ d2ðX � iYÞ lnxðfÞþ ðB0 þ iC0ÞxðfÞþU0
3ðfÞ

h2ðzÞ ¼ U2ðfÞ ¼ ðB00 þ iC00ÞxðfÞþU0
2ðfÞ

ð11:3:44Þ

where

UjðfÞ ¼ hj½xðfÞ�;U0
j ðfÞ ¼ h0j ½xðfÞ�; j ¼ 1; . . .; 4

In addition,

h0iðzÞ ¼
U0

iðfÞ
x0ðfÞ

At the mapping plane, the boundary conditions (11.3.10) and (11.3.11) stand for

U4ðrÞþU3ðrÞþxðrÞU
0
4ðrÞ

x0ðrÞ ¼
i

32c1

Z
ðTx þ iTyÞds; ð11:3:100Þ

ðR2 � iR1ÞHðrÞ ¼ i
Z

ðhx þ ihyÞds ð11:3:110Þ

where r ¼ eiu represents the value of f at the unit circle (i.e. q ¼ 1). From these
boundary value equations, we can determine the unknown functions
UjðfÞ ðj ¼ 2; 3; 4Þ.

11.3.6 Reduction in the Boundary Value Problem
to Function Equations

Due to U1ðfÞ ¼ 0, we now have three unknown functions UiðfÞ ði ¼ 2; 3; 4Þ.
Taking conjugate of (11.3.10′) yields

U4ðrÞþU3ðrÞþxðrÞU
0
4ðrÞ

x0ðrÞ ¼ � i
32c1

Z
ðTx � iTyÞds ð11:3:1000Þ
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Substituting the Eq. (11.3.4) into (11.3.11′) and then multiplying 1
2pi

dr
r�f on both

sides of (11.3.10′), (11.3.10″), and (11.3.11′) lead to

1
2pi

Z

c

U4ðrÞdr
r� f

þ 1
2pi

Z

c

U3ðrÞdr
r� f

þ 1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
4ðrÞdr
r� f

¼ 1
32c1

1
2pi

Z

c

tdr
r� f

1
2pi

Z

c

U4ðrÞdr
r� f

þ 1
2pi

Z

c

U3ðrÞdr
r� f

þ 1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
4ðrÞdr
r� f

¼ 1
32c1

1
2pi

Z

c

tdr
r� f

1
2pi

Z

c

U2ðrÞdr
r� f

þ 1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
3ðrÞdr
r� f

þ 1
2pi

½
Z

c

xðrÞ2

½x0ðrÞ�2
U00

4ðrÞdr
r� f

�
Z

c

xðrÞ2x00ðrÞ
½x0ðrÞ�3

U0
4ðrÞdr
r� f

� ¼ 1
R1 � iR2

1
2pi

Z

c

hdr
r� f

ð11:3:45Þ

where t ¼ i
R ðTx þ iTyÞds; t ¼ �i

R ðTx � iTyÞds; h ¼ i
R ðh1 þ ih2Þds in Eq. (11.3.45),

which are the function equations to determine the complex potentials UiðfÞ, which
are analytic in the interior of the unit circle c, and satisfy the boundary value
conditions (11.3.45) at the unit circle.

11.3.7 Solution of the Function Equations

According to the Cauchy’s integral formula (refer to Major Appendix),

1
2pi

Z

c

UiðrÞ
r� f

dr ¼ UiðfÞ; 1
2pi

Z

c

UiðrÞ
r� f

dr ¼ Uið0Þ; fj j\1

So that (11.3.45) are reduced to

U4ðfÞþU3ð0Þþ 1
2pi

Z

c

xðrÞ
xðrÞ

U0
4ðrÞdr
r� f

¼ i
32c1

1
2pi

Z

c

tdr
r� f

U4ð0ÞþU3ðfÞþ 1
2pi

Z

c

xðrÞ
xðrÞ

U0
4ðrÞdr
r� f

¼ � i
32c1

1
2pi

Z

c

tdr
r� f

U2ðfÞþ 1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
3ðrÞdr
r� f

þ 1
2pi

½
Z

c

xðrÞ2

½x0ðrÞ�2
U00

4ðrÞdr
r� f

�
Z

c

xðrÞ2x00ðrÞ
½x0ðrÞ�3

U0
4ðrÞdr
r� f

� ¼ i
R1 � iR2

1
2pi

Z

c

hdr
r� f

ð11:3:46Þ
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The calculation of integrals in (11.3.46) depends upon the configuration of the
sample, so the mapping function is xðfÞ and the applied stresses are t and h,
respectively. In the following, we will give a concrete solution for a given con-
figuration and applied traction.

11.3.8 Example 1 Elliptic Notch/Crack Problem
and Solution

We calculate the stress and displacement field induced by an elliptic notch L :

ðx2a2 þ y2

b2 ¼ 1Þ in an infinite plane of decagonal quasicrystal (see Fig. 11.2), the edge
of which is subjected to a uniform pressure p. Though the problem was solved in
Sect. 8.4, to figure out its outline from the general formulation is meaningful.

The boundary conditions can be expressed in Eqs. (11.3.10) and (11.3.11), and
for simplicity, we assume hx ¼ hy ¼ 0. Thus

i
Z

ðTx þ iTyÞds ¼ i
Z

ð�p cosðn; xÞ � ip cosðn; yÞÞds ¼ �pz ¼ �pxðrÞ

i
Z

ðhx þ ihyÞds ¼ 0

ð11:3:47Þ

In addition in this case in formula (11.3.44)

X ¼ Y ¼ 0;

B ¼ 0;B
0 ¼ C

0 ¼ 0;B
00 ¼ C

00 ¼ 0
ð11:3:48Þ

so UjðfÞ ¼ U0
j ðfÞ, but in the following, we omit the superscript of the functions

U0
i ðfÞ for simplicity.

Fig. 11.2 An elliptic notch in
a decagonal quasicrystal
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The conformal mapping is

z ¼ xðfÞ ¼ R0ð1f þmfÞ ð11:3:49Þ

to transform the region containing ellipse at the z-plane onto the interior of the unit
circle at the f-plane, refer to Fig. 11.3, where f ¼ nþ ig ¼ qeiu and
R0 ¼ aþ b

2 ; m ¼ a�b
aþ b :

Substituting (11.3.48) and (11.3.49) into function Eq. (11.3.46), one obtains

U3ðfÞ ¼ pR0

32c1

ð1þm2Þf
mf2 � 1

U4ðfÞ ¼ � pR0

32c1
mf

ð11:3:50Þ

U2ðfÞ ¼ pR0

32c1

fðf2 þmÞ½ð1þm2Þð1þmf2Þ � ðf2 þmÞ�
ðmf2 � 1Þ3

If we take m ¼ 1, from (11.3.50) we can obtain solution of the Griffith crack; in
particular, the explicit solution at z-plane can be explored by taking inversion
f ¼ x�1ðzÞ ¼ z=a� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2=a2 � 1
p

(as m ¼ 1) into the relevant formulas.
The concrete results are given in Sect. 8.4, which are omitted here.

-plane ζz -plane

Fig. 11.3 Conformal mapping from the region at z-plane with an elliptic hole onto the interior of
the unit circle at f-plane
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11.3.9 Example 2 Infinite Plane with an Elliptic Hole
Subjected to a Tension at Infinity

In this case

X ¼ Y ¼ 0; Tx ¼ Ty ¼ 0;B ¼ p
64c1

;B
0 ¼ C

0 ¼ 0;B
00 ¼ C

00 ¼ 0; t ¼ t ¼ h ¼ 0

ð11:3:51Þ

so that from (11.3.44)

h4ðzÞ ¼ U4ðfÞ ¼ BxðfÞþU0
4ðfÞ

h3ðzÞ ¼ U3ðfÞ ¼ U0
3ðfÞ

h2ðzÞ ¼ U2ðfÞ ¼ U0
2ðfÞ

ð11:3:51Þ

Substituting (11.3.52) into (11.3.45), we obtain the similar equations on func-
tions U0

j ðfÞ ðj ¼ 2; 3; 4Þ bv, so the solution is similar to (11.3.50).

11.3.10 Example 3 Infinite Plane with an Elliptic Hole
Subjected to a Distributed Pressure at a Part
of Surface of the Hole

The problem is shown in Fig. 11.4. We here use the conformal mapping

z ¼ xðfÞ ¼ R0ðfþ m
f
Þ ð11:3:52Þ

to transform the region at z-plane onto the exterior of the unit circle c at f-plane (see
Fig. 11.5).

In terms of the similar procedure, the solution we found [9] is as follows:

U4ðfÞ ¼ 1
32c1

� p
2pi

� �mR0

f
ln
r2
r1

þ z ln
r2 � f
r1 � f

þ z1 lnðr1 � fÞ � z2 lnðr2 � fÞ
� �

þ ipðd1 � d2Þðz1 � z2Þ ln f

Fig. 11.4 Infinite plane with
an elliptic hole subjected to a
distributed pressure at a part
of surface of the hole and its
conformal mapping at f-plane
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U3ðfÞ ¼ 1
32c1

� p
2pi

� � ð1þm2ÞR0f

ðf2 � mÞ ln
r2
r1

þ R0ðr1 � r2Þð1þmf2Þ
ðf2 � mÞ � z2 lnðr2 � fÞþ z1 lnðr1 � fÞ

� �

� ipðd1 þ d2Þ � ðz1 � z2Þ ln fþðz1 � z2Þ ð1þm2Þ
f2 � m

� �

U2ðfÞ ¼ 1
32c1

� pR0

2pi
� ðmf

2 þ 1Þðf2 þmÞ
ðf2 � mÞ3 ðln r2

r1
þ r2 � r1

ðr2 � fÞðr1 � fÞÞþ
1

32c1
� p
2pi

� ðmf
2þ 1Þ

ðf2 � mÞ2�

2Rez2 � r2 � r1
ðr2 � fÞðr1 � fÞ þ z2 � R0ðf� m

f
Þ

� �
� ðr2 � fÞðr1 � fÞþ ðr2þ r1 � 2fÞðr2 � r1Þ

ðr2 � fÞðr1 � fÞ
� �� �

ðmf2 þ 1Þðf2 þmÞ
ðf2 � mÞ3 ip d1ðz1 � z2 � z1 þ z2Þ 1

f� r1
þ ðd2 � d1Þðz1 � z2Þ 1

f2
þ 1

f
þ 1

ðf� r1Þ2
" #( )

ð11:3:53Þ

where

z1 ¼ R0ðr1 þ m
r1
Þ ; z2 ¼ R0ðr2 þ m

r2
Þ

11.4 Complex Analysis for Sextuple Harmonic Equation
and Applications to Three-Dimensional Icosahedral
Quasicrystals

Plane elasticity of icosahedral quasicrystals has been reduced to a sextuple har-
monic equation to solve in Chap. 9, where we have shown the solution procedure
of the equation for a notch/crack problem by complex variable function method and
we here provide further discussion in depth from point of complex function theory.

Fig. 11.5 Conformal mapping from the region at z-plane with an elliptic hole onto the exterior of
the unit circle at f-plane
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The aim is to develop the complex potential method for higher-order
multi-harmonic equations. Though there are some similar natures in the follow-
ing description with that introduced in the preceding section, the discussion here is
necessary, because the governing equation and boundary conditions for icosahedral
quasicrystals are quite different from those for decagonal quasicrystals.

11.4.1 The Complex Representation of Stresses
and Displacements

In Sect. 9.5 by the stress potential, we obtain the final governing equation under the
approximation R2=lK1 	 1

r2r2r2r2r2r2G ¼ 0 ð11:4:1Þ

Fundamental solution of Eq. (11.4.1) can be expressed in six analytic functions
of complex variable z, i.e.

Gðx; yÞ ¼ Re½g1ðzÞþ�zg2ðzÞþ�z2g3ðzÞþ�z3g4ðzÞþ�z4g5ðzÞþ�z5g6ðzÞ� ð11:4:2Þ

where giðzÞ are arbitrary analytic functions of z = x + iy and the bar denotes the
complex conjugate.

From Eqs. (11.4.1), (11.4.2), (9.5.2) and (9.5.3), the stresses can be expressed as
follows:

rxx þ ryy ¼ 48c2c3R ImC0ðzÞ ryy � rxx þ 2irxy ¼ 8ic2c3Rð12W0ðzÞ � X0ðzÞÞ

rzy � irzx ¼ �960c3c4f 06ðzÞ rzz ¼ 24kR
ðlþ kÞ c2c3 ImC0ðzÞ

Hxy � Hyx � iðHxx þHyyÞ ¼ �96c2c5W0ðzÞ � 8c1c2RX
0ðzÞ

Hyx þHxy þ iðHxx � HyyÞ ¼ �480c2c5f 06ðzÞ � 4c1c2RH
0ðzÞ ð11:4:3Þ

Hyz þ iHxz ¼ 48c2c6C0ðzÞ � 4c2R2ð2K2 � K1ÞX0ðzÞ

Hzz ¼ 24R2

ðlþ kÞ c2c3 ImC0ðzÞ
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where

WðzÞ ¼ f5ðzÞþ 5�zf 06ðzÞ
CðzÞ ¼ f4ðzÞþ 4�zf 05ðzÞþ 10�z2f 006 ðzÞ
XðzÞ ¼ f3ðzÞþ 3�zf 04ðzÞþ 6�z2f 005 ðzÞþ 10�z3f 0006 ðzÞ
HðzÞ ¼ f2ðzÞþ 2�zf 03ðzÞþ 3�z2f 004 ðzÞþ 4�z3f 0005 ðzÞþ 5�z4f ðIVÞ6 ðzÞ

c1 ¼ Rð2K2 � K1ÞðlK1 þ lK2 � 3R2Þ
2ðlK1 � 2R2Þ ; c3 ¼ 1

R
K2ðlK2 � R2Þ � Rð2K2 � K1Þ

c2 ¼ lðK1 � K2Þ � R2 � ðlK2 � R2Þ2
lK1 � 2R2 ; c4 ¼ c1Rþ 1

2
c3ðK1 þ lK1 � 2R2

kþ l
Þ

c5 ¼ 2c4 � c1R; c6 ¼ ð2K2 � K1ÞR2 � 4c4
lK2 � R2

lK1 � 2R2 ð11:4:4Þ

In the above expressions, the function g1ðzÞ is not used and to be assumed
g1ðzÞ ¼ 0 so f1ðzÞ ¼ 0 for simplicity, we have introduced the following new
symbols

gð9Þ2 ðzÞ ¼ f2ðzÞ; gð8Þ3 ðzÞ ¼ f3ðzÞ; gð7Þ4 ðzÞ ¼ f4ðzÞ;
gð6Þ5 ðzÞ ¼ f5ðzÞ; gð5Þ6 ðzÞ ¼ f6ðzÞ

ð11:4:5Þ

where gðnÞi denote nth derivative with the argument z. Similar to the manipulation in
the previous section, the complex representations of displacement components can
be written as follows (here we have omitted the rigid body displacements)

uy þ iux ¼ �6c3Rð 2c2
lþ k

þ c7ÞCðzÞ � 2c3c7RXðzÞ

uz ¼ 4
lðK1 þK2Þ � 3R2 ð240c10Im f6ðzÞþ c1c2R

2ImðHðzÞ � 2XzÞþ 6CðzÞ � 24WðzÞÞÞ

wy þ iwx ¼ � R
c1ðlK1 � 2R2Þ ð24c9WðzÞ � c8HðzÞÞ

wz ¼ 4ðlK2 � R2Þ
ðK1 � 2K2ÞRðlðK1 þK2Þ � 3R2Þ ð240c10Im f6ðzÞÞþ c1c2R

2ImðHðzÞ � 2XðzÞ

þ 6CðzÞ � 24WðzÞÞ
ð11:4:6Þ
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in which

c7 ¼ c2K1 þ 2c1R
lK1 � 2R2 ; c8 ¼ c1c3RðlðK1 � K2Þ � R2Þ

c9 ¼ c8 þ 2c3c4ðc2 � ðlK2 � R2Þ2
lK1 � 2R2 Þ; c10 ¼ c1c3R

2 � c4ðc3R� c2K1Þ
ð11:4:7Þ

11.4.2 The Complex Representation of Boundary
Conditions

The boundary conditions of plane elasticity of icosahedral quasicrystals can be
expressed as follows:

rxxlþ rxym ¼ Tx; ryxlþ ryym ¼ Ty; rzxlþ rzym ¼ Tz ð11:4:8Þ

HxxlþHxym ¼ hx; HyxlþHyym ¼ hy; HzxlþHzym ¼ hz ð11:4:9Þ

for ðx; yÞ 2 L which represents the boundary of a multi-connected quasicrystalline
material, and

l ¼ cosðn; xÞ ¼ dy
ds

; m ¼ cosðn; yÞ ¼ � dx
ds

T ¼ ðTx; Ty; TzÞ and h ¼ ðhx; hy; hzÞ denote the surface traction vector and
generalized surface traction vector, and n represents the outward unit normal vector
of any point of the boundary, respectively.

Utilizing Eq. (11.4.3) and the first two formulas of Eq. (11.4.8), one has

� 4c2c3R½3ðf4ðzÞþ 4�zf 05ðzÞþ 10�z2f 006 ðzÞÞ � ðf3ðzÞþ 3zf 04ðzÞþ 6z2f 005 ðzÞþ 10z3f 0006 ðzÞÞ�
¼ i

Z
ðTx þ iTyÞds; z 2 L

ð11:4:10Þ

Taking conjugate on both sides of Eq. (11.4.10) yields

�4c2c3R½3ðf4ðzÞþ 4zf 05ðzÞþ 10z2f 006 ðzÞÞ � ðf3ðzÞþ 3�zf 04ðzÞþ 6z2f 05ðzÞþ 10�z3f 0006 ðzÞ
¼ �i

Z
ðTx � iTyÞds; z 2 L

ð11:4:11Þ
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Similarly, from Eq. (11.4.3) and the first two formulas of (11.4.9), one obtains

48c2ð2c4 � c1RÞWðzÞþ 2c1c2RHðzÞ ¼ i
Z

ðhx þ ihyÞds; z 2 L ð11:4:12Þ

Furthermore, we assume

Tz ¼ hz ¼ 0 ð11:4:13Þ

For simplicity and by the third equations in (11.4.8) and (11.4.9) and the for-
mulas of (11.4.3) and (11.4.13), one has

f6ðzÞþ f6ðzÞ ¼ 0
4c11Re½f5ðzÞþ 5�zf 06ðzÞ� þ ð2K2 � K1ÞRRe½f4ðzÞþ 4�zf 05ðzÞþ 10�z2f 006 ðzÞþ 20f6ðzÞ� ¼ 0

�

z 2 L ð11:3:14Þ

in which

c11 ¼ ð2K2 � K1ÞR� 4c4ðlK2 � R2Þ
ðlK1 � 2R2ÞR ð11:4:15Þ

As we have shown in the previous section, complex analytic functions (i.e. the
complex potentials) must be determined by boundary value equations, which are
discussed below.

11.4.3 Structure of Complex Potentials

11.4.3.1 The Arbitrariness of the Complex Potentials

For explicit description, Eq. (11.4.3) can be written as follows:

rzy � irzx ¼ �960c3c4f 06ðzÞ

c1ðryy � rxx � 2irxyÞþ ic2½Hxy � Hyx þ iðHxx þHyyÞ� ¼ �192ic2c3c4W0ðzÞ

2c1ðHzy þ iHzxÞ � Rð2K2 � K1Þ½Hxy � Hyx þ iðHxx þHyyÞ�
¼ 96c3cRð2K2 � K1ÞW0ðzÞþ 96c1c3c6C0ðzÞ

c5ðryy � rxx þ 2irxyÞþ ic2R½Hxy � Hyx � iðHxx þHyyÞ� ¼ �16ic2c3c4X
0ðzÞ
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Hyx þHxy þ iðHxx � HyyÞ ¼ �480c2c5f 06ðzÞ � 4c1c2RH
0ðzÞ ð11:4:16Þ

Similar to the discussion of two-dimensional quasicrystals, from the equations, it
is obvious that a state of phonon and phason stresses is not altered, if one replaces

fiðzÞ by fiðzÞþ ci ði ¼ 2; . . .; 6Þ ð11:4:17Þ

where ci are the arbitrary complex constants.
Now, consider how these substitutions affect the components of the displace-

ment vectors which were determined by the formula (11.4.6). Substituting (11.4.13)
into (11.4.8)–(11.4.12) shows that if the complex constants ciði ¼ 2; . . .; 6Þ satisfy

3ð 2c2
lþ k

þ c7Þc4 þ c7c3 ¼ 0

24c9c5 � c8c2 ¼ 0

40c10c6 � c1c3R
2½4ð1� c9

c8
Þc5 �

2c2
ðlþ kÞc7 c4� ¼ 0

ð11:4:18Þ

then the substitution (11.4.17) will not affect the displacements.

11.4.3.2 General Formulas for Finite Multi-connected Region

Consider now the case when the region S, occupied by the body, is multi-connected
(see Fig. 11.1).

Since the stress must be single-valued and Eq. (11.4.16)

rzy � irzx ¼ �960c3c4f 06ðzÞ ð11:4:19Þ

we know that f 06ðzÞ is holomorphic and hence single-valued in the region inside
contour smþ 1, so the complex function can be expressed as follows:

f6ðzÞ ¼
Zz

z0

f 06ðzÞdzþ constant ð11:4:20Þ

where z0 denotes fixed point. From Eq. (11.4.20), we have

f6ðzÞ ¼ bk lnðz� zkÞþ f6�ðzÞ ð11:4:21Þ

f6�ðzÞ is holomorphic in the region with contour smþ 1.
Substituting (11.4.21) into the second formula of Eq. (11.4.16), i.e.
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c1ðryy � rxx � 2irxyÞþ ic2½Hxy � Hyx þ iðHxx þHyyÞ� ¼ �192ic2c3c4W0ðzÞ;

shows that f 05ðzÞ is holomorphic in the region enclosed by contour smþ 1, so one has

f5ðzÞ ¼ ck lnðz� zkÞþ f5�ðzÞ ð11:4:22Þ

where f5�ðzÞ is holomorphic in the region of interior of contour smþ 1.
Similar to the above-mentioned discussion, from Eqs. (11.4.16) to (11.4.18), the

complex functions fiði ¼ 2; 3; 4Þ can be written as follows:

f4ðzÞ ¼ dk lnðz� zkÞþ f4�ðzÞ
f3ðzÞ ¼ ek lnðz� zkÞþ f3�ðzÞ
f2ðzÞ ¼ tk lnðz� zkÞþ f2�ðzÞ

ð11:4:23Þ

where dk; ek and tk are complex constants and fi�ðzÞ ði ¼ 2; 3; 4Þ is holomorphic in
the region inside contour smþ 1.

By substituting (11.4.21)–(11.4.23) into the complex expressions of displace-
ments, the condition of single valuedness of displacements will be given as follows:

� 3ð 2c2
lþ k

þ c7Þdk þ c7ek ¼ 0

24c9ck þ c8tk ¼ 0

240c10bk þ c1c3R
2ðtk � 2ek þ 6dk � 24ckÞ ¼ 0

ð11:4:24Þ

Applying the boundary conditions given above to the contour sk and from
Eq. (11.4.24), we know that the above complex constants may be very simply
expressed in terms of surface traction and generalized surface traction as

bk ¼ c1c3R2

240c10
½ 12c2
ðlþ kÞc7 dk þ 24ð1þ c9

c8
Þck�

ck ¼ c8
�96p½c3c8ð2c4 � c1RÞ � c1c3R� ðhx � ihyÞ

tk ¼ c8
4p½c3c8ð2c4 � c1RÞ � c1c3R� ðhx þ ihyÞ

dk ¼ ðlþ kÞc7
24pc2c3Rð2c2 þðlþ kÞc7Þ ðTx þ iTyÞ

ek ¼ � 2c2 þðlþ kÞc7
16pc22c3R

ðTx � iTyÞ

ð11:4:25Þ

We can easily extend the above results to the case there are m inner boundaries.
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11.4.4 Case of Infinite Regions

From the point of view of application, the consideration of infinite regions is
likewise of major interest. We assume that the contour smþ 1 has entirely moved to
infinity.

Similar to the discussion of two-dimensional quasicrystal, we have

f6ðzÞ ¼
Xm
k¼1

bk ln zþ f6��ðzÞ; f5ðzÞ ¼
Xm
k¼1

ck ln zþ f5��ðzÞ

f4ðzÞ ¼
Xm
k¼1

dk ln zþ f4��ðzÞ; f3ðzÞ ¼
Xm
k¼1

ek ln zþ f3��ðzÞ

f2ðzÞ ¼
Xm
k¼1

tk ln zþ f2��ðzÞ

ð11:4:26Þ

where fj��ðzÞ ðj ¼ 2; . . .; 6Þ are functions, holomorphic outside smþ 1, not
including the point at infinity. By the theorem of Laurent, the function h2�ðzÞ may
be represented outside smþ 1 by the series

fji��ðzÞ ¼
Xþ1

�1
ajnz

n ðj ¼ 2; . . .; 6Þ ð11:4:27Þ

Substituting the first equation of (11.4.26) and (11.4.27) into the first one of
Eq. (11.4.16), one has

rzy � irzx ¼ �960c3c4ð
Xm
k¼1

bk
1
z
þ

X1
�1

na6nz
n�1Þ ð11:4:28Þ

Hence it follows that for the stress to remain finite as zj j ! 1, one must have

a6n ¼ 0 ðn� 2Þ ð11:4:29Þ

Similarly, from Eqs. (11.4.15)–(11.4.18), to make the stresses be bounded, the
following conditions are also to be satisfied

ajn ¼ 0 ðn� 2; j ¼ 2; . . .; 5Þ ð11:4:30Þ

So we can obtain the expressions of the complex function fiðzÞði ¼ 2; . . .; 6Þ for
the stresses to remain finite as zj j ! 1, for example

f6ðzÞ ¼
Xm
k¼1

bk ln zþðBþ iCÞzþ f 06 ðzÞ ð11:4:31Þ
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where B;C are unknown real constants to be determined, f 06 ðzÞ is function, holo-
morphic outside smþ 1, including the point at infinity. The determination of
unknown constants B;C is similar to that given in Sect. 11.3.4, but the details are
omitted here due to the limitation of the space.

11.4.5 Conformal Mapping and Function Equations
at f-Plane

We now have five equations of boundary value (11.4.10)–(11.4.12) and (11.3.14),
from which the unknown functions fjðzÞ ðj ¼ 2; . . .; 6Þ will be determined; in
addition, we have assumed that f1ðzÞ ¼ 0, because it has no usage. For some
complicated regions, the function equations cannot be directly solved at the
physical plane (i.e. the z-plane), and the conformal mapping is particularly mean-
ingful in the case.

Assume that a conformal mapping

z ¼ xðfÞ ð11:4:32Þ

is used to transform the region at z-plane onto the interior of the unit circle c at
f-plane. Under the mapping, the unknown functions fjðzÞ become

fjðzÞ ¼ fj½xðfÞ� ¼ UjðfÞ ðj ¼ 2; . . .; 6Þ ð11:4:33Þ

Substituting (11.4.32) and (11.4.33) into the first relation of boundary conditions
(11.3.14) yields

1
2pi

Z

c

U6ðrÞ
r� 1

drþ 1
2pi

Z

c

U6ðrÞ
r� 1

dr ¼ 0

This shows

U6ð1Þ ¼ 0 ð11:4:34Þ

according to the Cauchy integral formula.
Substitution of (11.4.32), (11.4.33), and (11.4.34) into boundary conditions

(11.4.10)–(11.4.12) and the second one of condition (11.3.14) leads to the
boundary value equations to determine the unknown functions UjðfÞ ðj ¼ 2; . . .; 5Þ
at f-plane, i.e.
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3
2pi

Z

c

U4ðrÞ
r� 1

drþ 4
2pi

Z

c

xðrÞ
x0ðrÞ

U0
5ðrÞ

r� 1
dr� 1

2pi

Z

c

U3ðrÞ
r� 1

dr

� 3
1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� 1
dr� 6

1
2pi

Z

c

½½xðrÞ�
2U00

5ðrÞ
x0ðrÞ2

� ½xðrÞ�2x00ðrÞ
x0ðrÞ3

U0
5ðrÞ�

dr
r� 1

¼ 1
4c2c3

1
2pi

Z

c

t
r� 1

dr

ð11:4:35Þ

3
2pi

Z

c

U4ðrÞ
r� 1

drþ 4
2pi

Z

c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� 1
dr� 1

2pi

Z

c

U3ðrÞ
r� f

dr

� 3
1
2pi

Z

c

xðrÞ
x0ðrÞ

U3ðrÞ
r� f

dr� 6
1
2pi

Z

c

½xðrÞ
2
U00

5ðrÞ
½x0ðrÞ�2

� xðrÞ2x00ðrÞU0
5ðrÞ

½x0ðrÞ�3 � dr
r� 1

¼ 1
4c2c3R

1
2pi

Z

c

t
r� 1

dr

ð11:4:36Þ

1
2pi

Z

c

U2ðrÞ
r� 1

drþ 2
1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
3ðrÞ

r� 1
drþ 3

1
2pi

Z

c

½xðrÞ
2
U00

4ðrÞ
½x0ðrÞ�2

� xðrÞ2x00ðrÞU0
4ðrÞ

½x0ðrÞ�3 � dr
r� 1

þ 4
1
2pi

Z

c

½xðrÞ
2
U000

5 ðrÞ
½x0ðrÞ�3 � 3

xðrÞ3x00ðrÞU00
5ðrÞ

½x0ðrÞ�4

þ 3
xðrÞ3x00ðrÞU0

5ðrÞ
½x0ðrÞ�5 � xðrÞ3x000ðrÞU0

5ðrÞ
½x0ðrÞ�4 � dr

r� 1
¼ 1

2pi

Z
h

r� 1
dr

ð11:4:37Þ

4c11
2pi

Z

c

U5ðrÞ
r� 1

drþ ð2K2 � K1ÞR
2pi

Z

c

½U4ðrÞ
r� 1

þ 4
xðrÞ
x0ðrÞ

U0
5ðrÞ

r� 1
�dr ¼ 0 ð11:4:38Þ

in which t ¼ i
R ðTxþ iTyÞds; t ¼ �i

R ðTx � iTyÞds; h ¼ i
R ðh1 þ ih2Þds. For given

configuration and applied stresses, we can obtain the solution by solving these
function equations.
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11.4.6 Example: Elliptic Notch Problem and Solution

We consider an icosahedral quasicrystal solid with an elliptic notch, which pene-
trates through the medium along the z-axis direction, the edge of the elliptic notch
subjected to the uniform pressure p, similar to Fig. 11.2.

Since the measurement of generalized traction has not been reported so far, for
simplicity, we assume that hx ¼ 0; hy ¼ 0:

However the calculation cannot be completed at the z-plane owing to the
complicity, and we have to employ the conformal mapping

z ¼ xðfÞ ¼ R0ð1f þmfÞ ð11:4:38Þ

to transform the exterior of the ellipse at the z-plane onto the interior of the unit
circle c at the f-plane, in which

R0 ¼ ðaþ bÞ=2; m ¼ ða� bÞ=ðaþ bÞ

Let

fjðzÞ ¼ fj½xðfÞ� ¼ UjðfÞ ðj ¼ 2; . . .; 6Þ ð11:4:39Þ

Substituting (11.4.38) into the first formula of (11.4.25), then multiplying on
both sides of equations by dr=½2piðr� fÞ� (r represents the value of at the unit
circle), and integrating around the unit circle c yield

1
2pi

Z

c

U6ðrÞ
r� 1

drþ 1
2pi

Z

c

U6ðrÞ
r� 1

dr ¼ 0 ð11:4:40Þ

by means of Cauchy integral formula, we have

U6ð1Þ ¼ 0 ð11:4:41Þ

Substituting (11.4.38) and (11.4.41) into (11.4.22)–(11.4.24), then multiplying
both sides of equations by dr=½2piðr� fÞ� (r represents the value of at the unit
circle), and integrating around the unit circle c yields
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3
2pi

Z

c

U4ðrÞ
r� 1

drþ 4
2pi

Z

c

xðrÞ
x0ðrÞ

U0
5ðrÞ

r� 1
dr� 1

2pi

Z

c

U3ðrÞ
r� 1

dr

� 3
1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� 1
dr� 6

1
2pi

Z

c

½½xðrÞ�
2U00

5ðrÞ
½x0ðrÞ�2

� ½xðrÞ�2x00ðrÞ
½x0ðrÞ�3

U0
5ðrÞ�

dr
r� 1

¼ p
4c2c3

Z

c

xðrÞ
r� 1

dr

ð11:4:42Þ

3
2pi

Z

c

U4ðrÞ
r� 1

drþ 4
2pi

Z

c

xðrÞ
x0ðrÞ

U0
5ðrÞ

r� 1
dr� 1

2pi

Z

c

U3ðrÞ
r� f

dr

� 3
1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� f
dr� 6

1
2pi

Z

c

½xðrÞ
2
U00

5ðrÞ
½x0ðrÞ�2

� xðrÞ2x00ðrÞU0
5ðrÞ

½x0ðrÞ�3 � dr
r� 1

¼ p
4c2c3R

1
2pi

Z

c

xðrÞ
r� 1

dr

ð11:4:43Þ

1
2pi

Z

c

U2ðrÞ
r� 1

drþ 2
1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
3ðrÞ

r� 1
drþ 3

1
2pi

Z

c

½xðrÞ
2
U00

4ðrÞ
½x0ðrÞ�2

� xðrÞ2x00ðrÞU0
4ðrÞ

½x0ðrÞ�3 � dr
r� 1

þ 4
1
2pi

Z

c

½xðrÞ
3
U000

5 ðrÞ
½x0ðrÞ�3 � 3

xðrÞ3x00ðrÞU00
5ðrÞ

½x0ðrÞ�4

þ 3
xðrÞ3x00ðrÞU0

5ðrÞ
½x0ðrÞ�5 � xðrÞ3x000ðrÞU0

5ðrÞ
½x0ðrÞ�4 � dr

r� 1
¼ 0

ð11:4:44Þ

4c11
2pi

Z

c

U5ðrÞ
r� 1

drþ ð2K2 � K1ÞR
2pi

Z

c

½U4ðrÞ
r� 1

þ 4
xðrÞ
x0ðrÞ

U0
5ðrÞ

r� 1
�dr ¼ 0 ð11:4:45Þ

Because

xðrÞ
x0ðrÞ ¼ r

r2 þm
mr2 � 1
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and

f
f2 þm

mf2 � 1
U0

5ðfÞ ¼ f
f2 þm

mf2 � 1
ða1 þ 2a2fþ 3a3f

2 þ � � �Þ

are analytic in fj j\1 and continuous in the unit circle c, by means of Cauchy
integral formula, from Eq. (11.4.42), we have

1
2pi

Z

c

U4ðrÞ
r� 1

dr ¼ U4ðfÞ

1
2pi

Z

c

r
r2 þm
mr2 � 1

U0
5ðrÞ

r� 1
dr ¼ f

f2 þm

mf2 � 1
U0

5ðfÞ

Substituting

xðrÞ
x0ðrÞ ¼ � 1

r
mr2 þ 1
r2 � m

;
xðrÞ2x00ðrÞ

x0ðrÞ3
¼ 2rðmr2 þ 1Þ2

ðr2 � mÞ3

into Eq. (11.4.42), and note that

� 1
f
mf2 þ 1

f2 � m
U0

4ðfÞ ¼ � 1
f
mf2 þ 1

f2 � m
ðb1 þ 2

b2
f

þ 3
b3
f2

þ � � �Þ

2fðmf2 þ 1Þ2
ðf2 � mÞ3 U0

5ðfÞ ¼
2fðmf2 þ 1Þ2
ðf2 � mÞ3 ða1 þ 2

a2
f

þ 3
a3
f2

þ � � �Þ

are analytic in fj j[ 1 and continuous in the unit circle c, by means of Cauchy
integral formula and analytic extension of the complex variable function theory;
from Eq. (11.4.42), we obtain

1
2pi

Z

c

U3ðrÞ
r� 1

dr ¼ 0;
1
2pi

Z

c

xðrÞ
x0ðrÞ

U0
4ðrÞ

r� 1
dr ¼ 0

1
2pi

Z

c

½xðrÞ
2U00

5ðrÞ
x0ðrÞ2

� xðrÞ2x00ðrÞ
x0ðrÞ3

U0
5ðrÞ�

dr
r� 1

¼ 0

Substituting the above results into Eq. (11.4.42), with the help of Eq. (11.4.45),
one has
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U4ðfÞ ¼ R0

12c2c3R
pmf� ð2K2 � K1ÞR0

2c2c3C11

pmfðf2 þmÞ
ðmf2 � 1Þ

U5ðfÞ ¼ � ð2K2 � K1ÞR0

48c2c3C11
pmf

ð11:4:46Þ

Similar to the above discussion, from Eqs. (11.4.43) and (11.4.44), one has

U2ðfÞ ¼ � R0

2c2c3R
pfðf2 þmÞðm3f2 þ 1Þ

ðmf2 � 1Þ3

þ ð2K2 � K1ÞR0

2c2c3C11

pmf3ðf2 þmÞ½m2f6 � ðm3 þ 4mÞf4 þð2m4 þ 4m2 þ 5Þf2 þm�
ðmf2 � 1Þ5

U3ðfÞ ¼ � R0

4c2c3R
pfðm2 þ 1Þ
ðmf2 � 1Þ � ð2K2 � K1ÞR0

12c2c3C11

pmf3ðf2 þmÞðmf2 � m2 � 2Þ
ðmf2 � 1Þ3

ð11:4:47Þ

The elliptic notch problem is solved. The solution of the Griffith crack subjected
to a uniform pressure can be obtained corresponding to the case m ¼ 1;R0 ¼ a=2 of
the above solution. The solution of crack can be expressed explicitly in the z-plane,
and the concrete results refer to Sect. 9.7 in Chap. 9 for the concrete results.

11.5 Complex Analysis of Generalized Quadruple
Harmonic Equation

In Chaps. 6–8, we have shown that the plane elasticity of octagonal quasicrystals is
governed by the final equation

ðr2r2r2r2 � 4er2r2K2K2 þ 4eK2K2K2K2ÞF ¼ 0 ð11:5:1Þ

either by displacement potential or by stress potential, in which

r2 ¼ @2

@x2 þ @2

@y2 ; K2 ¼ @2

@x2 � @2

@y2

e ¼ R2ðLþMÞðK2 þK3Þ
½MðK1 þK2 þK3Þ�R2�½ðLþ 2MÞK1�R2�

)
ð11:5:2Þ

Due to the appearance of operator K2, it seems there is no any connection with
complex variable functions in solving Eq. (11.5.1). But if we rewrite it as

½ @
8

@x8
þ 4ð1� 4eÞ @8

@x6@y2
þ 2ð3þ 16eÞ @8

@x4@y4
þ 4ð1� 4eÞ @8

@x2@y6
þ @8

@y8
�F ¼ 0

ð11:5:3Þ
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then find that this is one of typical multi-quasiharmonic partial differential equation
with quadruple, and there is complex representation of solution such as

Fðx; yÞ ¼ 2Re
X4
k¼1

FkðzkÞ; zk ¼ xþ lky ð11:5:4Þ

in which functions FkðzkÞ are analytic functions of complex variable zk
(k ¼ 1; . . .; 4) and lk ¼ ak þ ibk (k ¼ 1; . . .; 4) are complex parameters and deter-
mined by the roots of the following eigenvalue equation

l8 þ 4ð1� 4eÞl6 þ 2ð3þ 16eÞl4 þ 4ð1� 4eÞl2 þ 1 ¼ 0 ð11:5:5Þ

We have shown that in Chaps. 7 and 8, some solutions of dislocations (based on
the displacement potential formulation) and notchs/cracks (based on the stress
potential formulation) can be found in terms of this complex analysis. In the pro-
cedure, it must carry out some calculations on determinants of fourth order, so the
solution expressions are quite lengthy, but which are analytic substantively.

11.6 Conclusion and Discussion

The discovery of quadruple and sextuple harmonic equations is significant for
modern elasticity. This chapter gives a comprehensive discussion on the complex
analysis for solving the equations, and we think the study is preliminary.

The above-mentioned complex potential approach is a new development of
Muskhelishvili approach of the classical elasticity, which extends greatly the scope
of the method. We believe the quadruple and sextuple harmonic equations are
useful not only in quasicrystals but probably also in other disciplines of science and
engineering. So the complex analysis method can be used for other studies.

Apart from the development to extend the scope of the complex potential theory
and method, we also developed the Muskhelishvili method for the conformal
mapping. According to the monograph [1], the conformal mapping is limited within
the rational function class. But we extended it into the transcendental function class,
and some exact analytic solutions for more complicated cracked configurations are
achieved (see, e.g. Chap. 8).

This method is effective not only for solving elasticity problems but also for
solving plasticity problem (see, e.g. Li and Fan [10] and Fan and Fan [11] and Li
and Fan [12, 13]). The new summarization on the method can be found in article
[14] and other references [15, 16].
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11.7 Appendix of Chapter 11: Basic Formulas of Complex
Analysis

It is enlightened that Muskhelishvili [1] gave extensive description in detail on
complex analysis in due presentation of elasticity in his classical monograph, which
is very beneficial to readers. However there is no possibility for the present book.
We provide here some points only of the function theory, which were frequently
cited in the text. These can be referred for readers who are advised to read books of
Privalov [17] and Lavrentjev and Schabat [18] for the further details. Other
knowledge has been provided in due succession of the text of Chaps. 7–9 and 11.
The present contents can also be seen as a supplement in reading the material given
in Chaps. 7–9 and 11 if it is needed. The importance of complex analysis is not
only in deriving the solutions by the complex potential formulation but also in
dealing with the solutions by integral transforms and dual integral equations to be
discussed in the Appendix B of Major Appendix of this book.

11.7.1 Complex Functions, Analytic Functions

Usually, z ¼ xþ iy is denoted as a complex variable in which
ffiffiffiffiffiffiffi�1

p ¼ i, or z ¼ reih,
and r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, called the modulus of the complex number, h ¼ arctanðyxÞ, the

argument angle of z. Assume f ðzÞ be a function of one complex variable, or
complex function in abbreviation, which is denoted as

f ðzÞ ¼ Pðx; yÞþ iQðx; yÞ ð11:7:1Þ

in which both Pðx; yÞ and Qðx; yÞ are functions with real variables and called the
real and imaginary parts, respectively, and marked by

Pðx; yÞ ¼ Re f ðzÞ;Qðx; yÞ ¼ Im f ðzÞ

There is a sort of complex functions called analytic functions (or regular func-
tions; single-valued analytic functions are called holomorphic functions) which
have important applications in many branches of mathematics, physics, and engi-
neering. The concepts related with this are discussed as follows.

The complex function f ðzÞ is analytic in a given region, and this means that it
can be expanded in the neighbourhood of any point z0 of the region into a
non-negative integer power series (i.e. the Taylor series) of the form

f ðzÞ ¼
X1
n¼0

anðz� z0Þn ð11:7:2Þ
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in which an is a constant (in general, a complex number). The concept are
frequently used in the previous and later calculation.

Another definition of an analytic function is that if the complex function f ðzÞ is
given in the region, the real part Pðx; yÞ and imaginary part Qðx; yÞ are
single-valued, have continuous partial derivatives of the first order, and satisfy
Cauchy–Riemann condition such as

@P
@x

¼ @Q
@y

;
@P
@y

¼ � @Q
@x

ð11:7:3Þ

in the region.
These kind of functions, P and Q, are named mutually conjugate harmonic ones.

From (11.7.3), it follows that

r2P ¼ ð @
2

@x2
þ @2

@y2
ÞP ¼ 0;r2Q ¼ ð @

2

@x2
þ @2

@y2
ÞQ ¼ 0

This concept is also often used in the following.
An analytic function can also be defined in integral form. Assuming f ðzÞ is a

complex function in a certain complex number region D, and C is any simple
smooth closed curve (sometimes called simple curve for simplicity) in D, we can
obtain that f ðzÞ is analytic in the region if

Z

C

f ðzÞdz ¼ 0 ð11:7:4Þ

The result is known as the Cauchy’s integral theorem (or simply called the
Cauchy’s theorem) which has been frequently used in the text and appendixes.

The theory of complex functions proves that the above definitions are mutually
equivalent.

11.7.2 Cauchy’s formula

An important result of the Cauchy’s theorem is the so-called Cauchy’s formula, i.e.
if f ðzÞ analytic in a single-connected region Dþ bounded by a closed curve C and
continuous in Dþ þC (Fig. 11.6), then

1
2pi

Z

C

f ðtÞ
t � z

dt ¼f ðzÞ ð11:7:5Þ

in which z is an arbitrary point in Dþ .
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Proof Taking z as the centre, q as the radius, make a small circle c in Dþ .
According to Cauchy’s theorem (11.7.4),

Z

C

f ðtÞ
t � z

dt ¼
Z

c

f ðtÞ
t � z

dt ð11:7:6Þ

As f ðzÞ is analytic in Dþ and continuous in Dþ + C, there is a small number
e[ 0, for any point t and c, if q is sufficiently small, such as

f ðtÞ � f ðzÞj\ej

and note that t � zj ¼ qj , hence

lim
e!0

Z

c

f ðtÞ
t � z

dt ¼
Z

c

f ðzÞ
t � z

dt ð11:7:7Þ

Just as mentioned previously, f ðzÞ is analytic in Dþ , and the value of the integral

Z

c

f ðzÞ
t � z

dt

will not be changed when q is reducing. Therefore the limit mark in the left-hand
side of (11.7.7) can be removed. In addition

Z

c

f ðzÞ
t � z

dt ¼ f ðzÞ
Z

c

dt
t � z

¼ f ðzÞ
Z2p

0

qeih

qeih
dh ¼ 2pif ðzÞ

Based on (11.7.6) and this result, formula (11.7.5) is proved.

Fig. 11.6 A finite region Dþ
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In formula (11.7.5), if z is taken its values in a region D� consisting of the points
lying outside C (see Fig. 11.6), then

1
2pi

Z

C

f ðtÞ
t � z

dt ¼ 0 ð11:7:8Þ

In fact, this is a direct consequence of the Cauchy’s theorem, because in this case
the integrand f ðzÞ=ðf� zÞ as function of f is analytic in region Dþ , where f
denotes the point in the region Dþ .

Suppose all conditions are the same as those for (11.7.5), then

1
2pi

Z

C

f ðtÞ
t � z

dt ¼ f ð0Þ ð11:7:9Þ

Proof For simplicity here the proof is given for the case C being a circle. Being
analytic in the region Dþ , f ðzÞ may be expanded non-negative integer power series,
in which z0 ¼ 0, such that

f ðzÞ ¼ a0 þ a1zþ a2z
2 þ � � � ¼ f ð0Þþ f

0 ð0Þzþ 1
2!
f
00 ð0Þz2 þ � � �

The function f ðzÞ in formula (11.7.9) is the value of �f ð1zÞ at the circle C, and here

�f ð1
z
Þ ¼ f ð0Þþ f 0 ð0Þ 1

z
þ 1

2!
f 00 ð0Þ 1

z2
þ � � �

is an analytic function in D�. From the Cauchy’s formula,

1
2pi

Z

C

dt
tkðt � zÞ ¼

1 k ¼ 0

0 k[ 0

(

such that (11.7.9) is proved.
In contrast to the above, current function f ðzÞ is analytic in D� (including

z ¼ 1), and then

1
2pi

Z

C

f ðzÞ
t � z

dt ¼ �f ðzÞþ f ð1Þ z 2 D�

f ð1Þ z 2 Dþ

�
ð11:7:10Þ

The proof of this formula can be offered in the similar manner adopted for
(11.7.5), but the following points must be noted:
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(i) The analytic function f ðzÞ in D� (including z ¼ 1) may be expanded as the
following series

f ðzÞ ¼ c0 þ c1
1
z
þ c2

1
z2

þ � � �

(ii) 1
2pi

R
C

c0
t�zdt ¼

0 z 2 D�

c0 z 2 Dþ

(

where c0 ¼ f ð1Þ 6¼ 0.
All conditions are the same as that for formula (11.7.10), and there exists

1
2pi

Z

C

f ðtÞ
t � z

dt ¼ 0 ð11:7:11Þ

11.7.3 Poles

Suppose a finite point in z-plane (i.e. z is not a point at infinity), and in the
neighbourhood of the point, the function presents the form as follows:

f ðzÞ ¼ GðzÞþ f0ðzÞ ð11:7:12Þ

in which f0ðzÞ is an analytic function in the neighbourhood of point a, and

GðzÞ ¼ A0

z� a
þ A1

ðz� aÞ2 þ � � � Am

ðz� aÞm ð11:7:13Þ

where A1;A2; . . .;Am are constants, such that f ðzÞ is called having a pole with order
m and z ¼ a is the pole.

If a is a point at infinity, f0ðzÞ in (11.7.12) is regular at point at infinity (i.e.
f ðtÞ ¼ c0 þ c1z�1 þ c2z�2 þ � � �), while at z ¼ 1

GðzÞ ¼ A0 þA1zþ � � � þAmz
m ð11:7:14Þ

then we say that f ðzÞ has a pole of order m at z ¼ 1.

11.7.4 Residual Theorem

If the function f ðzÞ has pole a with order m, its integral may be evaluated simply by
computing residual.
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What is the meaning of the residual? Suppose f ðzÞ is analytic in the neigh-
bourhood of point z ¼ a, but except z ¼ a, and infinite at z ¼ a. In this case, the
point z ¼ a is named isolated singular point. The residual of the function f ðzÞ at
point z ¼ a is the value of the integral

1
2pi

Z

C

f ðzÞdz

in which C represents any closed contour enclosing point z ¼ a. For a residual, we
will use the resignation as Res f ðaÞ.

If z ¼ a is a m-order pole of f ðzÞ, its residual may be evaluated from the
following formula and

Res f ðaÞ ¼ 1
ðm� 1Þ! limz!a

dm�1

dzm�1 ðz� aÞmf ðzÞgf ð11:7:15Þ

Obviously, the integral is

Z

C

f ðzÞdz ¼ 2piRes f ðaÞ

So the evaluation of integrals may be reduced to the calculation of derivatives,
and it is greatly simplified. In particular, if z ¼ a is a first-order pole, then

Res f ðaÞ ¼ lim
z!a

ðz� aÞf ðzÞ ð11:7:16Þ

in which the calculation is much simpler.
What follows the residual theorem is introduced as: let the function f ðzÞ be

analytic in region D and continuous in DþC except at finite isolated poles
a1; a2; . . .; an, then

Z

C

f ðzÞdz ¼ 2pi
Xn
k¼1

Res f ðakÞ ð11:7:17Þ

where C represents the boundary of region D.
Almost all integrals in the text can be evaluated by the residual theorem.

Example Calculate the integral

1
2p

Z1

�1

1
�mx2 þ k

e�ixtdx ¼ I ð11:7:18Þ

in terms of the residual theorem, where m and k are positive constants.
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Though the integral is a real integral, it is difficult to evaluate because the
integration limit is infinite and there are two singular points at the integration path,
but it is easily completed by using the residual theorem. At first, we extend the real
variable x to a complex one, i.e. put x ¼ x1 þ ix2, where x1;x2 are real variables.
At the complex plane x, a half-circle with origin ð0; 0Þ and radius R ! 1 is taken
as an additional integral path, referring to Fig. 11.7. Along the real axis, the inte-
grand of the integral has two poles ð� ffiffiffiffiffiffiffiffiffi

k=m
p

; 0Þ and ð ffiffiffiffiffiffiffiffiffi
m=k

p
; 0Þ, and the value of

the integral is equal to

1
2p

Z1

�1

1
�mx2 þ k

e�ixtdx ¼ I1 ¼ lim
R!1;r!0

ð
Z

CR

þ
Z

1

þ
Z

2

þ
Z

3

þ
Z

C1

þ
Z

C2

Þ

ð11:7:19Þ

where the first integral in the right-hand side of (11.7.19) is carried out on path of
the grand half-circle, the second to fourth ones are on the path along the real axes
except intervals ð�r � ffiffiffiffiffiffiffiffiffi

k=m
p

;� ffiffiffiffiffiffiffiffiffi
k=m

p þ rÞ and ð�rþ ffiffiffiffiffiffiffiffiffi
k=m

p
;

ffiffiffiffiffiffiffiffiffi
k=m

p þ rÞ, and
the fifth and sixth ones are on two small half-circle arcs C1 and C2 with origins
ð� ffiffiffiffiffiffiffiffiffi

k=m
p

; 0Þ and ð ffiffiffiffiffiffiffiffiffiffi
k=m;

p
0Þ and radius r, respectively. Because the integrand in the

interior enclosing by the integration path in (11.7.19) is analytic, according to the
Cauchy theorem [referring to formula (11.7.3)]

I1 ¼ 0 ð11:7:20Þ

Based on the behaviour of the integrand and the Jordan lemma, the first one in
the right-hand side of (11.7.19) must be zero. So that

lim
R!1;r!0

ð
Z

1

þ
Z

2

þ
Z

3

þ
Z

C1

þ
Z

C2

Þ ¼ 0

Fig. 11.7 Integration path at
x-plane
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and

lim
R!1;r!0

ð
Z

1

þ
Z

2

þ
Z

3

Þ ¼ I ¼ � lim
r!0

ð
Z

C1

þ
Z

C2

Þ

At arc C1: xþ ffiffiffiffiffiffiffiffiffi
k=m

p ¼ reih1 ; dx ¼ ireih1dh1, and at arc C2:

x� ffiffiffiffiffiffiffiffiffi
k=m

p ¼ reih2 ; dx ¼ ireih2dh2. Substituting these into the above integrals and
after some simple calculations, we obtain

I ¼ p

m
ffiffiffiffiffiffiffiffiffi
k=m

p sin
ffiffiffiffiffiffiffiffiffi
k=m

p
t ð11:7:21Þ

In the inversion of some integral transforms and even in the solution of certain
integral equations, many key calculations are completed by the similar procedure
exhibited above, which will be shown in the Major Appendix B of this book.

11.7.5 Analytic Extension

A function f1ðzÞ is analytic at region D1, and if one can construct another function
f2ðzÞ analytic at region D2, D1 and D2 are not mutually intersected regions but with
common bounding C, furthermore

f1ðzÞ ¼ f2ðzÞ z 2 C

we can say that f1ðzÞ and f2ðzÞ are analytic extension to each other, and we can also
say that function

FðzÞ ¼ f1ðzÞ as z 2 D1

f2ðzÞ as z 2 D2

(

analytic at D ¼ D1 þD2 is an analytic extension of f1ðzÞ as well as f2ðzÞ.

11.7.6 Conformal Mapping

In the text of Chaps. 7–9 and 11, by using one or several analytic functions which
are also named complex potentials, we have expressed the solutions of harmonic,
biharmonic, quadruple harmonic, sextuple harmonic, quasi-biharmonic, and
quasi-quadruple harmonic equations, which is the complex representation of
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solutions. We can see that the complex representation is only the first step for
solving boundary value problems. For some problems with complicated boundaries,
one must utilize the conformal mapping to transform the problem onto the mapping
plane; the corresponding boundaries can be simplified to a unit circle or straight
line; the calculation can be put forward; and in some cases, exact analytic solutions
are available.

The so-called conformal mapping is that the complex variable z ¼ xþ iy and
another one f ¼ nþ ig can be connected by

z ¼ xðfÞ ð11:7:22Þ

in which xðfÞ is a single-valued analytic function of f ¼ nþ ig in some region.
Except certain points, the inversion of mapping (11.7.22) exists. If for a certain
region, the mapping is single-valued, and we say it is a single-valued conformal
mapping. In general, the mapping is single-valued, but the inversion f ¼ x�1ðzÞ is
impossibly single-valued. It has the following properties:

(1) A angle at point z ¼ z0 after the mapping becomes a angle at point f ¼ f0, but
the both angles have the same value of the argument, the rotation is either in
the same direction, and this is the first kind of conformal mapping (e.g. shown
in Fig. 11.5), or in counter direction, which is the second kind of conformal
mapping (e.g. depicted in Fig. 11.3).

(2) If xðfÞ is analytic and single-valued in region X and transforms the region into
region D, then the inversion f ¼ x�1ðzÞ is analytic and single-valued in region
D and maps D onto X.

(3) If D is a region and c is a simple closed curve in it, and its interior belongs to
D, and if x�1ðzÞ is analytic, and maps c onto a closed curve c at X region
bilaterally single-valued, then xðfÞ is analytic and single-valued in the region
and maps D onto the interior of X.

In the text, we mainly used the following two kinds of conformal mapping, i.e.
(1) Rational function conformal mapping, e.g.

xðfÞ ¼ c
f
þ a0 þ a1fþ . . .þ anf

n ð11:7:23Þ

or

xðfÞ ¼ Rfþ b0 þ b1
1
f
þ . . .þ bn

1
fn

ð11:7:24Þ

in which, c, a0, a1, …, an, R, b0, b1, …, bn are constants. These mappings can be
used in studying infinite region with a crack at physical plane onto the interior of
unit circle at mapping plane. In the monograph of Muskhelishvili [1], he postulated
that his method is only suitable for this kind of mapping functions. Fan [4] extended
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it to transcendental mapping functions and achieved exact analytic solutions for
crack problems for complicated configuration.

(2) Transcendental functions are as follows:

xðfÞ ¼ H
p
ln½1þ ð1þ fÞ2

ð1� fÞ2� ð11:7:25Þ

and

xðfÞ ¼ 2W
p

arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

q
tan

pa
2W

� �� �
� a ð11:7:26Þ

which can be used to transform a finite specimen with a crack onto the interior of
unit circle or upper half-plane (or lower half-plane) at mapping plane, where H, W ,
and a represent sample sizes and crack size.
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Chapter 12
Variational Principle of Elasticity
of Quasicrystals, Numerical Analysis
and Applications

From Chaps. 5–11, we developed analytic theories and methods. The elasticity
problems of quasicrystals were reduced to boundary value or initial-boundary value
problems of some partial differential equations to solve, in which complex analysis
and conformal mapping method, integral transform, integral equation method, etc.
were used. For some boundary value problems, these methods are extremely
powerful, even capable of obtaining exact analytic solutions. In Chap. 14 and
Major Appendix, we will further develop the analytic method for studying some
problems such as nonlinear deformation. The analytic solutions are very beautiful,
simple and explicit, which indicate the power of the methods.

However, there are limitations themselves for these analytic methods. In general,
they can only treat some problems with simple configurations and simple boundary
conditions, while for more complicated problems, the methods cannot display their
power.

Those solved by these analytic methods directly are partial differential equations,
the solutions of which hold for the neighbourhood of any point in the region
considered if the solutions are constructed. In this sense, the solutions are exact,
which belong to the classical solutions in the mathematical physics, while the
numerical methods are methods connected with discretization. Among them, the
finite difference method displayed in Chap. 10 is one discretizing scheme. And the
procedure of the finite element method is another discretizing scheme. The strict
formulation of finite element method can utilize variational principle, but it is not
always necessary. It has been shown that solutions obtained by these two discrete
methods can approach exact solutions as the size of the discrete mesh (or element)
tends to infinitesimal. By collaborating computer, the methods can solve problems
with very complicated configurations, boundary conditions and material structures.
This shows the power of numerical methods, which are modernized and system-
atized ones. In contrast to the so-called analytic (classical) solutions, modern theory
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on partial differential equations proposed the so-called generalized (weak) solu-
tions, and the above numerical methods are a tool to implement weak solutions. The
finite difference method has been discussed in Chap. 10, and in this chapter, only
the finite element method and its basis—variational principle—will be discussed.
The further mathematical principle on the weak solutions will be developed in
Chap. 13.

12.1 Review of Basic Relations of Elasticity of Icosahedral
Quasicrystals

Because of the importance of icosahedral quasicrystals, we consider the finite
element analysis only on this kind of the matter. For this purpose, we here recall the
basic relations of elasticity of icosahedral quasicrystals. There are

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ð12:1:1Þ

In this case, the generalized Hooke’s law stands for

rij ¼ Cijklekl þRijklwkl

Hij ¼ Kijklwkl þRklijekl
ð12:1:2Þ

where

Cijkl ¼ kdijdkl þ l dikdjl þ dildjk
� � ð12:1:3Þ

Kijkl ¼ K1dikdjl þK2 dijdkl � dildjk
� � ð12:1:4Þ

Rijkl ¼ R di1 � di2ð Þ dijdkl � dikdjl þ dildjk
� � ð12:1:5Þ

k and l are Lamé coefficients, K1 and K2 the phason elastic constants, and R the
phonon-phason coupling elastic constant, respectively.

The stress components satisfy the equilibrium equations:

@rij
@xj

þ fi ¼ 0;
@Hij

@xj
þ gi ¼ 0 ð12:1:6Þ

The above formulas hold in any interior point of region X, and at boundary St,
the stresses satisfy the boundary conditions:
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rijnj ¼ Ti ðx1; x2; x3Þ 2 St
Hijnj ¼ hi

ð12:1:7Þ

and at boundary Su, the displacements satisfy the boundary conditions:

ui ¼ �ui ðx1; x2; x3Þ 2 Su
wi ¼ �wi

ð12:1:8Þ

where Ti is the traction vector, hi the generalized traction vector at boundary St, �ui
and �wi the given displacements at boundary Su, ni the unit outward normal vector at
any point of the boundary and S ¼ Su þ St.

In the following, only the static problems are studied, and the initial value
conditions will not be concerned. For the dynamic problems, the initial value
conditions must be used, which have been discussed in Chap. 10.

12.2 General Variational Principle for Static Elasticity
of Quasicrystals

The variational principle of mathematical physics is one of the basic principles,
which reveals that the extreme value (or stationary value) of energy functional of a
system is equivalent to the governing equations and the corresponding boundary
value (or initial-boundary value) conditions of the system. Accordingly, solutions
of initial-boundary value problem of the partial differential equations can be con-
verted to determine the extreme value of the corresponding energy functional. And
the latter will be implemented by a discretization procedure, and one among them is
the finite element method.

We here extend the minimum potential energy principle of classical elasticity [1]
to describe the elasticity of quasicrystals.

Theorem Variational principle of elasticity of quasicrystals
For sufficient smooth boundary, if all ui and wi satisfy the equations of defor-

mation geometry (12.1.1) and displacement boundary conditions (12.1.8), let the
energy functional of quasicrystals

P ¼
Z

X

FdXþ
Z

X

ðfiui þ giwiÞdXþ
Z

St

ðTiui þ hiwiÞdS ð12:2:1Þ

to take a minimum value, then they will be the solution satisfying the equilibrium
Eqs. (12.1.6) and the stress boundary conditions (12.1.7), in which F is defined by
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F ¼
Zeij

0

rijdeij þ
Zwij

0

Hijdwij ¼ Fu þFw þFuw

Fu ¼ 1
2
Cijkleijekl

Fw ¼ 1
2
Kijklwijwkl

Fuw ¼ Rijkleijwkl

ð12:2:2Þ

or by (4.4.1), X the region occupied by the quasicrystal and S the boundary of X.
In addition, the conditions in the theorem are sufficient and necessary.

Proof

(i) Necessity

Assume that the functionalP takes its extreme value, i.e. dP ¼ 0. From (12.2.1)

dP ¼
Z

X

ð@F
@eij

deij þ @F
@wij

dwijÞdX�
Z

X

ðfidui þ gidwiÞdX�
Z

St

ðTidui þ hidwiÞdS ¼ 0

ð12:2:3Þ

were

rij ¼ @F
@eij

; Hij ¼ @F
@wij

ð12:2:4Þ

which have been introduced in Chap. 4.
Noting that the suffixes of quantities @F

@eij
are symmetric, therefore, we obtain

Z

X

@F
@eij

deijdX ¼
Z

X

@F
@eij

d
@ui
@xj

� �
dX

Making use of the Green formula to the above formula yields

Z

X

@F
@eij

deijdX ¼
Z

X

@

@xj

@F
@eij

dui

� �
dX�

Z

X

@

@xj

@F
@eij

dui

� �
dX

¼
Z

Su þ St

@F
@eij

njduidS�
Z

X

@

@xj

@F
@eij

� �
duidX

Because the displacements are given at the boundary Su, at which dui ¼ d�ui ¼ 0,
the above formula has been reduced to
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Z

X

@F
@eij

deijdX ¼
Z

St

@F
@eij

njduidS�
Z

X

@

@xj

@F
@eij

� �
duidX ð12:2:5Þ

Due to wij ¼ @wi=@xj, a similar analysis to what adopted just above gives rise to

Z

X

@F
@wij

dwijdX ¼
Z

Ct

@F
@wij

njdwidC�
Z

X

@

@xj

@F
@wij

� �
duidX ð12:2:6Þ

Substituting (12.2.5) and (12.2.6) into (12.2.3) leads to

dP ¼ �
Z

X

@

@xj

@F
@eij

� �
þ fi

� �
duidXþ @

@xj

@F
@wij

� �
þ gi

� �
dwi

� 	
dX

þ
Z

St

@F
@eij

� �
nj � Ti

� �
dui þ @F

@wij

� �
nj � hi

� �
dwi

� 	
dS ¼ 0

ð12:2:7Þ

Since dui and dwi are of arbitrary and independent variation at region X and
boundary S, the validity of (12.2.7) must be

@

@xj

@F
@eij

� �
þ fi ¼ 0;

@

@xj

@F
@wij

� �
þ gi ¼ 0; ðx1; x2; x3Þ 2 X

@F
@wij

� �
nj � hi ¼ 0;

@F
@eij

� �
nj � Ti ¼ 0; ðx1; x2; x3Þ 2 St

Substituting (12.2.4) into the above formulas yields just the equilibrium equa-
tions and stress boundary conditions. This shows that the ui and wi satisfying
equations of deformation geometry, stress–strain relations and displacement
boundary conditions and making energy functional to have minimum value should
be the solution satisfying the equilibrium equations and stress boundary conditions.

(ii) Sufficiency

The sufficiency of the conditions given by the theorem means that if ui and wi

satisfy the relations of deformation geometry and displacement boundary and make
the equilibrium equations and stress boundary conditions to be satisfied, then they
should do the energy functional to be minimum.

Suppose that quantities ui, eij, wi and wij obey the stress–strain relations (12.1.8)
and satisfy the displacement boundary conditions (12.1.13) and set

e�ij ¼ eij þ deij; u�i ¼ ui þ dui

w�
ij ¼ wij þ dwij; w�

i ¼ wi þ dwi
ð12:2:8Þ
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through the displacement–strain relations, what follows

deij ¼ 1
2

dui;j � duj;i
� �

dwij ¼ dwi;j

ð12:2:9Þ

where ui;j ¼ @ui=@xj, etc.
The free energy Fðe�ij;w�

ijÞ can be expanded into the Taylor series, as follows:

Fðe�ij;w�
ijÞ ¼ Fðeij þ deij;wij þ dwijÞ ¼ Fðeij;wijÞþ @F

@eij
deij þ @F

@wij
dwij

þ 1
2

@2F
@eij@ekl

deijdekl þ 1
2

@2F
@wij@wkl

dwijdwkl þ @2F
@eij@wkl

deijdwkl þ � � �

ð12:2:10Þ

If the free energy is a homogeneous quantity of strain components of second
order, then the expansion of energy functional corresponding to (12.2.10) does not
contain terms higher than third order, i.e.

P� ¼ Pþ dPþ d2PþOðd3Þ ð12:2:11Þ

in which

dP ¼
Z

X

@F
@eij

deij þ @F
@wij

dwij � fidui � gidwi

� �
dX�

Z

St

Tidui þ hidwið ÞdS

ð12:2:12Þ

d2P ¼
Z

X

1
2

@2F
@eij@ekl

deijdekl þ 1
2

@2F
@wij@wkl

dwijdwkl þ 1
2

@2F
@eij@wkl

deijdwkl

� 	
dX

ð12:2:13Þ

Applying the Green formula to (12.2.12) leads to

dP ¼ 0

It is because ui and wi (through the corresponding rij and Hij) satisfy the
equilibrium equations and stress boundary conditions. This means that the energy
functional takes extreme value.

According to the discussion in Ref. [2], we do some extension, i.e. kþ l > 0,
l > 0, K1 [ 0;K2 [ 0; lK1 [R2; then elasticity of quasicrystals presents stability,
in the case the stress-strain elastic matrix should be positive definite, so
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d2P[ 0

This guarantees that dP ¼ 0 takes not only an extreme value, but also the
minimum value of the energy functional.

But recent experimental results and some simulation show that there may be
K2\0, this does not influence the energy taking extreme value, but the extreme
value may not be a minimum value.

Collaborating variational principle and theory of functional analysis, we can
prove that existence, uniqueness and stability of solution of the boundary value
problem (12.1.3) and (12.1.6)–(12.1.8). This is concerned not only with the
numerical implementation, but also with other topics, the detailed discussion of
which will be given in Chap. 13 or see Guo and Fan [2].

The variational principle can be extended to dynamic case, in which it is needed
only to extend the energy functional (12.1.1) to be as follows:

P ¼
Z

X

FdXþ
Z

X

ð fi � q€uiÞui þðgi � j _wiÞwi½ �dXþ
Z

St

Tiui þ hiwið ÞdS

ð12:2:14Þ

where the meaning of q and j can be found in Chap. 10. From (12.2.14), we can
obtain the corresponding variational equation similar to (12.2.3), but which is
equivalent to the equations of phonon-phason dynamics and related boundary and
initial conditions of quasicrystals. The further discussion about this is omitted here.

12.3 Finite Element Method for Elasticity of Icosahedral
Quasicrystals

Finite element method is a method discreting variational equations and region X.
Dividing the quasicrystal body into M subregions or M elements XðmÞ, the super-
script m denotes the number of an element, and m ¼ 1; . . .;M. For any element

XðmÞ, the phonon and phason displacements are expressed by uðmÞi and wðmÞ
i

uðmÞi ¼
Xn
a¼1

Iau
ðmÞ
ia

wðmÞ
i ¼

Xn
a¼1

Iaw
ðmÞ
ia

8>>>><
>>>>:

ðx; y; zÞ 2 XðmÞ ð12:3:1Þ

in which n is the amount of mth element, subindex a the number of nodes of

element m, Ia the interpolating function of node a, uðmÞia and wðmÞ
ia the phonon and

phason ith displacement components of node a. In the interior of every element, the
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displacements uðmÞi and wðmÞ
i are continuous and single-valued, and at the interface

between elements, the displacements are continuous, i.e.

uðmÞi ¼ uðm
0Þ

i

wðmÞ
i ¼ wðm0Þ

i

(
ðx; y; zÞ 2 Sðmm

0Þ ð12:3:2Þ

where Sðmm
0Þ represents the interface between elements m and m′. At the boundary

Su on which the displacements are given, the displacements satisfy the displacement
boundary conditions (12.1.8).

Under satisfying these conditions, the discretization form of energy functional P
takes

P� ¼
XM
m¼1

Z

XðmÞ

1
2
Cijkle

ðmÞ
ij eðmÞkl þ 1

2
Kijklw

ðmÞ
ij wðmÞ

kl þRijkle
ðmÞ
ij wðmÞ

kl � f ðmÞi uðmÞi � gðmÞi wðmÞ
i

� �
dX

�

�
Z

SðmÞt

TðmÞ
i uðmÞi þ hðmÞi wðmÞ

i


 �
dS�

ð12:3:3Þ

According to the following order, the strain components can be arranged as a
vector:

eij;wij
� 
ðmÞT¼ e11; e22; e33; c23; c31; c12;w11;w22;w33;w23;w31;w12;w32;w13;w21f gðmÞ

ð12:3:4Þ

where cij ¼ 2eij ði 6¼ jÞ and the superscript T denotes the transpose of matrix. The
stresses can also be expressed as a vector:

rij;Hij
� 
ðmÞT¼ r11; r22; r33; r23; r31; r12;H11;H22;H33;H23;H31;H12;H32;H13;H21f gðmÞ

ð12:3:5Þ

Utilizing (12.3.4) and (12.3.5), the relation (12.1.2) between stresses and strains
stands for

rij;Hij
� 
m¼ D½ � eij;wij

� 
m ð12:3:6Þ

where D½ � is the elastic constant matrix, namely

½D� ¼ C½ � R½ �
R½ �T K½ �

� �
ð12:3:7Þ

320 12 Variational Principle of Elasticity of Quasicrystals …



with the submatrixes as

½C� ¼

kþ 2l k k 0 0 0
k kþ 2l k 0 0 0
k k kþ 2l 0 0 0
0 0 0 l 0 0
0 0 0 0 l 0
0 0 0 0 0 l

2
6666664

3
7777775

½R� ¼

R R R 0 0 0 0 R 0
�R �R R 0 0 0 0 �R 0
0 0 �2R 0 0 0 0 0 0
0 0 0 0 0 �R R 0 �R
R �R 0 0 R 0 0 0 0
0 0 0 �R 0 �R 0 0 R

2
6666664

3
7777775

½K� ¼

K1 0 0 0 K2 0 0 K2 0
0 K1 0 0 �K2 0 0 K2 0
0 0 K1 þK2 0 0 0 0 0 0
0 0 0 K1 � K2 0 K2 0 0 �K2

K2 �K2 0 0 K1 � K2 0 0 0 0
0 0 0 K2 0 K1 �K2 0 0
0 0 0 0 0 �K2 K1 � K2 0 �K2

K2 K2 0 0 0 0 0 K1 � K2 0
0 0 0 �K2 0 0 �K2 0 K1

2
6666666666664

3
7777777777775

The vector representation of phonon and phason displacements can be written by

�uðmÞ
n oT

¼ u1; u2; u3;w1;w2;w3f gðmÞ ð12:3:8Þ

In accordance with the strain–displacement relation (12.1.1), the equation
(12.3.4) can be expressed by

eij;wij
� 
ðmÞ¼ L½ � �uðmÞ

n o
ð12:3:9Þ

where L½ � represents differential operator matrix of element strain, i.e.

L½ �T¼

@1 0 0 0 @3 @2 0 0 0 0 0 0 0 0 0
0 @2 0 @3 0 @1 0 0 0 0 0 0 0 0 0
0 0 @3 @2 @1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 @1 0 0 0 0 @2 0 @3 0
0 0 0 0 0 0 0 @2 0 @3 0 0 0 0 @1
0 0 0 0 0 0 0 0 @3 0 @1 0 @2 0 0

2
6666664

3
7777775
:

ð12:3:10Þ
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in which @j ¼ @
@xj

ðj ¼ 1; 2; 3Þ. Substituting (12.3.9) into (12.3.6), it follows that

rij;Hij
� 
ðmÞ¼ D½ � L½ � �uðmÞ

n o
ð12:3:11Þ

Inserting (12.3.8), (12.3.9) and (12.3.11) into the discreting form of the energy
functional (12.3.3) yields

P� ¼
XM
m¼1

Z
XðmÞ

1
2

�uðmÞ
n oT

L½ �T D½ � L½ � �uðmÞ
n o

dX� �uðmÞ
n oT

Z
Xm

f ðmÞ

gðmÞ

( )
dXþ

Z
SðmÞt

T ðmÞ

hðmÞ

( )
dS

" #( )

ð12:3:12Þ

In the interior of element m, the displacement vector �uðmÞ
� 


can be expressed by
the displacement vector of every node

�uðmÞ
n o

¼ I½ � ~uðmÞ
n o

ð12:3:13Þ

where I½ � ¼ I1½ �; I2½ �; . . .; In½ �½ � is the matrix of interpolating functions:

Ia½ � ¼

Ia 0 0 0 0 0
0 Ia 0 0 0 0
0 0 Ia 0 0 0
0 0 0 Ia 0 0
0 0 0 0 Ia 0
0 0 0 0 0 Ia

2
6666664

3
7777775
; a ¼ 1; 2; . . .; n ð12:3:14Þ

~uðmÞ
� 
 ¼ ~uðmÞ1

n o
; ~uðmÞ2

n o
; . . .; ~uðmÞa

n o
; . . .; ~uðmÞn

n on o
consists of displacement

vectors of every node within the element, and ~uðmÞa

n o
the displacement vector of

node a, i.e.

~uðmÞa

n o
¼ u1a; u2a; u3a;w1a;w2a;w3af gðmÞ ð12:3:15Þ

Substituting (12.3.13) into (12.3.12), then (12.3.12) can be calculated as follows

dP� ¼ 0 ð12:3:16Þ

then we have obtained the finite element scheme

K½ � ~uf g ¼ Rf g ð12:3:17Þ
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in which

K½ � ¼
XM
m¼1

Z

XðmÞ
B½ �T D½ � B½ �dX; Bi½ � ¼ L½ � Ii½ �;

Rf g ¼
XM
m¼1

Z

XðmÞ
I½ �T

f ðmÞ

gðmÞ

8<
:

9=
;dXþ

Z

SðmÞt

I½ �T
T ðmÞ

hðmÞ

8<
:

9=
;dS

0
@

1
A

ð12:3:18Þ

K½ � denotes the total stiffness matrix, Rf g the vector of equivalent node force,
~uf g ¼ ~uð1Þ

� 

; ~uð2Þ
� 


; . . .; ~uðNÞ
� 
� 


the displacement vector of all nodes within
region X, N the amount of nodes after discretization. From (12.3.17), one obtains
the solution ~uf g and further gets strains and stresses. The stiffness matrix K½ � in
integral form can be evaluated by the Gauss-integrating method.

The stresses at the Gauss integral point in element m of quasicrystals can be
obtained through the following expression:

rij;Hij
� 
ðmÞ¼ D½ � B½ � ~uðmÞ

n o
ð12:3:19Þ

12.4 Numerical Results

1. Test example—an icosahedral Al–Pd–Mn quasicrystal bar subjected to
uniaxial tension

Consider an icosahedral Al–Pd–Mn quasicrystal bar with the height H subjected
to uniaxial tensile force F as shown in Fig. 12.1. A Cartesian coordinate system
(x1, x2, x3) is introduced with the bottom and top surfaces lying in the planes x3 = 0

Fig. 12.1 An icosahedral
quasicrystal bar subjected to
uniaxial tension
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and x3 = H, respectively. The coordinate origin is located at the centre of the
bottom of the cuboid. The area of the cross section of the cuboid is L2.

According to the loading of bar, it is obvious that the stress components yield

r33 ¼ F
L2

; r11 ¼ r22 ¼ r23 ¼ r31 ¼ r12 ¼ 0; Hij ¼ 0;

Inserting Eq. (31) into Eq. (7) leads to the strain components in the x3 direction:

e11 ¼ e22 ¼
�F kþ 2R2

K1 þK2


 �

2L2 2l2 þ 3kl� R2 9kþ 6lð Þ
K1 þK2

h i ; e33 ¼
F kþ l� R2

K1 þK2


 �

L2 2l2 þ 3kl� R2 9kþ 6lð Þ
K1 þK2

h i

w33 ¼ FR
L2 l K1 þK2ð Þ � 3R2½ � ; other eij ¼ wij ¼ 0

The displacement boundary conditions for this problem can be written as
follows:

u3 ¼ w3 ¼ 0; for x3 ¼ 0;

u1 ¼ u2 ¼ w1 ¼ w2 ¼ 0; for x1 ¼ x2 ¼ x3 ¼ 0:

Further, tractions in both phonon and phason are zero at all other surfaces. The
displacement components are as follows:

u1 ¼
�F kþ 2R2

K1 þK2


 �
x1

2L2 2l2 þ 3kl� R2 9kþ 6lð Þ
K1 þK2

h i ; u2 ¼
�F kþ 2R2

K1 þK2


 �
x2

2L2 2l2 þ 3kl� R2 9kþ 6lð Þ
K1 þK2

h i ;

u3 ¼
F kþ l� R2

K1 þK2


 �
x3

L2 2l2 þ 3kl� R2 9kþ 6lð Þ
K1 þK2

h i ; w3 ¼ FRx3
L2 lK1 þ lK2 � 3R2ð Þ :

If there is not any coupling between phonon and phason fields, i.e. R = 0, one
can have

u1 ¼ �Fkx1
2L2 2l2 þ 3klð Þ ; u2 ¼ �Fkx2

2L2 2l2 þ 3klð Þ ;

u3 ¼ F kþ lð Þx3
L2 2l2 þ 3klð Þ ; w3 ¼ 0;

coinciding with the displacements in the classical elastic theory of crystals.
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Next, the displacements calculated numerically will be compared to the ana-
lytical results. The material parameters of a 3D icosahedral Al–Pd–Mn quasicrystal
are given as follows (see [3–6] or Chap. 9)

k ¼ 74:9 GPa, l ¼ 72:4 GPa, K1 ¼ 72 MPa, K2 ¼ �37 MPa:

The coupling constant R of Al–Pd–Mn has not been measured so far. In the
computations, we, respectively, assume R=l ¼ 0, 0.001, 0.002, 0.004, 0.006, 0.008
and 0.01. The height H of the cuboid is 4 cm, and the area of the cross section is
L2 = 1 cm2. The tensile force F is 1 kN. Eight-node brick elements are used to
mesh this model. The calculated domain is meshed by 32 0.5 cm � 0.5 cm
0.5 cm 8-node hexahedron elements.
The displacements of the point (0.5, 0.5, 4) at the top surface of the cuboid are

shown in Table 12.1. The results show that the numerical and analytical solutions
are the same. With increasing R=l, the absolute values of displacements u1, u3 and
w3 become larger. For R=l ¼ 0:01, the displacement w3 is about six times u3
demonstrating the coupling effect of this quasicrystal. Of course, the influence of
R=l on the displacements in the phonon field depends on K1 and K2.

The displacements along the loading axis with x1 or x2 as the tensile axis shown
in Fig. 12.2 are briefly given as follows:

(a) When x1 is the tensile axis, there are

u1 ¼
F kþ l� R2

K1 þK2


 �
x1

L2 2l2 þ 3kl� R2 9kþ 6lð Þ
K1 þK2

h i ; w1 ¼ � FRx1
2L2 lK1 þ lK2 � 3R2ð Þ ;

(b) When x2 is the tensile axis, there are

u2 ¼
F kþ l� R2

K1 þK2


 �
x2

L2 2l2 þ 3kl� R2 9kþ 6lð Þ
K1 þK2

h i ; w2 ¼ FRx2
2L2 lK1 þ lK2 � 3R2ð Þ :

It can be seen that the phonon displacements are the same for all three kinds of
tensile axes, whereas the phason displacements are different from each other. This
shows the three-dimensional anisotropic characteristic of icosahedral quasicrystals.

This checks the computer program to correct and effective.

2. Specimen of icosahedral Al–Pd–Mn quasicrystal with a crack under tension

An icosahedral Al–Pd–Mn quasicrystal plate containing a penetrating crack
subjected to a uniform load P is shown in Fig. 12.3, where a = 5 mm, H = 50 mm,
L = 60 mm and P=l ¼ 0:001. The thickness of the plate is 1 mm, which is 10 % of
the crack length 2a and 1 % of the plate height 2H, so the analytic solutions [6–8]
can also be used in the case. The point O is the coordinate origin, and the front and
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back faces of the plate are lying in plane x3 = 0 and x3 = −1 mm. The elastic
constants of the quasicrystal are the same as those in this section. We assume
R=l ¼ 0:005 for the coupled case and R=l ¼ 0 for the decoupled case.

Due to the symmetry of the specimen, only the upper right 1/4 part
0� x1 � L; 0� x2 �H has to be modelled. The following boundary conditions
must be satisfied:

x2

x3

x1

F(a) (b)

F

H

L

L

x3

x1

x2

F

F

H

L

L

Fig. 12.2 An icosahedral
quasicrystal bar subjected to
uniaxial tension

Fig. 12.3 Icosahedral
quasicrystal plate with a crack
under tension
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a� x1 � L; x2 ¼ 0 : u2 ¼ 0; w2 ¼ 0;

x1 ¼ 0; 0� x2 �H : u1 ¼ 0; w1 ¼ 0;

x3 ¼ �0:5 mm: u3 ¼ 0; w3 ¼ 0;

0� x1 � L; x2 ¼ H : r22 ¼ P; other rijnj ¼ 0 and Hijnj ¼ 0;

0� x1 � a; x2 ¼ 0 : rijnj ¼ 0 and Hijnj ¼ 0;

x1 ¼ L; 0� x2 �H : rijnj ¼ 0 and Hijnj ¼ 0;

x3 ¼ 0 and � 1 mm: rijnj ¼ 0 and Hijnj ¼ 0:

with the unit normal nj at the boundaries. The domain 0� x1 � L; 0� x2 �H is
meshed by 20-node brick elements with a thickness of 1 mm along the x3 axis. The
discretization in the x3 ¼ 0 plane is shown in Fig. 12.4, and there are 766 elements
and 5775 nodes. A layer of elements with 0.1 mm height is placed at the bottom of
the model in order to conveniently analyse the stress intensity factor of the crack.
The zone around the crack is meshed by elements with 0.1 mm height and 0.1 mm
width, and the width is 2 % of the crack length a. To model the displacements and
stresses near the crack tip accurately, the elements related to the crack tip are
degenerated in terms of singular quarter-point brick elements [9, 10].

Fig. 12.4 Finite element
discretization in the plane
x3 = 0
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For the plate thickness is very small compared to the height and width of the
plate, and the load P is parallel to the x1 − x2 plane, the differences of stresses in
Gauss integral points of the finite element model along the x3 direction are very
small. Therefore, the stresses will be averaged along the x3 axis.

The normal phonon stress ratio r22=P at the integration points of the element

layer in the crack plane is given in Fig. 12.5, in which r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � að Þ2 + x22

q
. The

normal stress ratio at the crack tip when R=l ¼ 0:005 is 35.667, while it is 34.187
when R=l ¼ 0. Along with the increase in the ratio r/a, the stress ratios of the two
cases are rapidly consistent with each other, finally approaching 1.0, satisfying the
stress boundary condition shown according to Eq. (38).

The contours of the normal stress ratio r22=P for R=l ¼ 0:005 are shown in
Fig. 12.6. It can be seen that there is a stress concentration at the crack tip line in
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Fig. 12.5 Normal phonon
stress ratio r22=P versus r/a
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Fig. 12.6 Contours of
normalized phonon stress
r22=P near the crack tip for
R=l ¼ 0:005
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classical elastic fracture mechanics. Far away from the crack, the stress ratio
approaches 1.0, again demonstrating the consistency with the stress boundary
condition according to the known analytic solutions.

To characterize crack tip loading, stress intensity factors are well-established
quantities for linear fracture problems. From the well-known results the phonon
stress intensity factor for a Mode I crack there is [8]

K jj ¼ lim
x1!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p x1 � að Þ

p
r22 x1; 0ð Þ

h i
¼ ffiffiffiffiffiffi

pa
p

Pf ða=L; a=HÞ;

with the assumption R2= lK1ð Þ� 1, where f ða=L; a=HÞ characterizes the geometry
factor of a specimen with a finite size. In other words, for different geometries of
specimens, there will be different values of f ða=L; a=HÞ which can be determined
by the present numerical computation. Because the size of the specimen is quite
greater than that of the crack, f ða=L; a=HÞ � 1 here.

An extrapolation method based on the stresses r22 at element Gauss integration
points is implemented to calculate the stress intensity factors from numerical
solutions. The stresses at the Gaussian points of elements in the front of the crack
tip and adjacent to the crack plane are almost identical to the stresses at x2 ¼ 0.
With the position x1s of the corresponding normal stress r22ð Þs and rs ¼ x1s � a, K jj

s
reads

K jj
s ¼

ffiffiffiffiffiffiffiffiffi
2prs

p
r22ð Þs

where the subscript s denotes the number of the Gauss points. If we choose Q Gauss
points, i.e. s ¼ 1; . . .;Q:, Fig. 12.7 gives the relations of K jj

s and rs for the two cases
R=l ¼ 0 and R=l ¼ 0:005. It shows that the stress intensity factors K jj

s of R=l ¼
0:005 are almost identical to those of R=l ¼ 0. Near the crack tip, results are
inaccurate due to the singularity approaching a straight line as rs increases.
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Fig. 12.7 Stress intensity
factors K jj

s from different
Gauss points versus
rs ¼ x1s � a
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Therefore, we can apply the least-squares method to the values of the straight lines.
The stress intensity factor K jj

finally is obtained as the intersection of the straight
line with the ordinate which can be calculated as follows:

K jj �
P

rs
P

rsK jj
s �

P
r2s
P

K jj
sP

rsð Þ2�Q
P

r2s
:

The Gauss points in the domain 0:5\rs\3 are chosen to determine the stress
intensity factors K jj and further Q = 76. The intensity factors for the two cases are
obtained as 290.61 and 290.21 MPa

ffiffiffiffiffiffiffiffi
mm

p
, respectively, for R=l ¼ 0 and R=l ¼

0:005: Substituting a = 5 mm and P such that P=l ¼ 0:001 into the last term of
Eq. (39), the stress intensity factor is 286.95f MPa

ffiffiffiffiffiffiffiffi
mm

p
. The numerical solutions

for geometry factors f for R=l ¼ 0 and R=l ¼ 0:005, respectively, are 1.013 and
1.011.

Figure 12.8 gives the opening displacement u2 of the crack OA in the plane
x3 = 0. It shows that the crack opening displacement for R=l ¼ 0:005 is larger than
that for R=l ¼ 0. At x1 = 0, the opening displacement for R=l ¼ 0:005 is
0.00441 mm, while for R=l ¼ 0 u2 ¼ 0:00402 mm is obtained. It can be seen that
the crack opening is obviously influenced by the coupling between the phonon and
phason fields.

Figures 12.5, 12.7 and 12.8 show that the coupling effect between the phonon
and phason fields, it has strong influence on the displacement fields, however, very
weak influence on the stress fields. This phenomenon is due to the way of loading
of our problem.

The finite element analysis and computation are given by Yang et al. [11].
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12.5 Conclusion

The variational principle is set up for three-dimensional quasicrystals; in fact, it is
suitable for all quasicrystals if the constitutive law to be given a slight modification.
The example of cracked specimen given in Sect. 12.4 discussed a finite size body,
the solution is very close to analytic solutions given by Fourier transform and
complex analysis, because crack size is much smaller compared to sample size, in
this sense the power of numerical method has not been fully performed, we need do
more computations with practical meanings. The advantages of finite element
method lie in exploring effects of complex geometry, complex boundary conditions
and complex material structures.
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Chapter 13
Some Mathematical Principles
on Solutions of Elasticity of Quasicrystals

Starting from Chap. 4, we studied several mathematical models of the elasticity of
quasicrystals and gave different kinds of solutions [1]. A further discussion on some
common features of solutions of mathematical physics [2] will be offered in this
chapter.

13.1 Uniqueness of Solution of Elasticity of Quasicrystals

Theorem Assume quasicrystal occupied by region X is in equilibrium under the
boundary conditions

rijnj ¼ Ti;Hijnj ¼ hi; xi 2 St
ui ¼ �ui;wi ¼ �wi; xi 2 Su

�
ð13:1:1Þ

i.e., if the equations

@rij
@xj

þ fi ¼ 0 ;
@Hij

@xj
þ gi ¼ 0 xi 2 X ð13:1:2Þ

coupled by

rij ¼ Cijklekl þRijklwkl

Hij ¼ Rklijekl þKijklwkl
ð13:1:3Þ

and

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
;wij ¼ @wi

@xj
ð13:1:4Þ
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satisfying boundary conditions (13.1.1), then the boundary value problem (13.1.1)–
(13.1.4) has a unique solution.

Proof If the conclusion is not true, suppose there are two solutions of
Eqs. (13.1.2)–(13.1.4) under boundary conditions (13.1.1):

uð1Þi � wð1Þ
i ; uð2Þi � wð2Þ

i

eð1Þij � wð1Þ
ij ; eð2Þij � wð2Þ

ij

rð1Þij � Hð1Þ
ij ;rð2Þij � Hð2Þ

ij

both solutions satisfy equations of deformation geometry, stress–strain relationship,
equilibrium equations and boundary conditions.

According to the linear superposition principle, the difference between these two
solutions

ðuð1Þi � uð2Þi Þ � ðwð1Þ
i � wð2Þ

i Þ ¼ Dui � Dwi

ðrð1Þij � rð2Þij Þ � ðHð1Þ
ij � Hð2Þ

ij Þ ¼ Drij � DHij

should be the solution of the problem too. The “differences” should satisfy zero
boundary conditions. The work of external forces calculated by them is

0 ¼
Z
X

ðDf � DgÞ � ðDu� DwÞdX

þ
Z
S

ðDT� DhÞ � ðDu� DwÞdC ¼ 2
Z
X

DUdX
ð13:1:5Þ

where DU represents the strain energy density corresponding to the differences of
two sets of solutions, and the derivation of the last step of (13.1.5) used the Gauss
theorem.

Because DU is the positive definite quadratic form of Deij and Dwij, there is

DU� 0 ð13:1:6Þ

considering the left-hand side of (13.1.5) be zero, it flows that

DU ¼ 0 ð13:1:7Þ

Based on the positive definite property of DU, Deij and Dwij must be zero, apart

from only rigid displacements, so that eð1Þij ¼ eð2Þij ;wð1Þ
ij ¼ wð2Þ

ij , etc.
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At the same time, at boundary Su, one has

Du ¼ 0; Dw ¼ 0

This means the rigid displacements cannot exist; it must be

uð1Þi ¼ uð2Þi ;wð1Þ
i ¼ wð2Þ

i

The uniqueness theorem is a powerful tool in the study of elasticity of qua-
sicrystals; for example, if the solution satisfies all equations of elasticity and all
boundary conditions, we confirm that the solution must be unique. All solutions
offered in Chaps. 7–9 and analytic solutions given in Chap. 10 exhibited this
character. But the solution of St-Venant problem in Sect. 6.9 is not unique.

13.2 Generalized Lax–Milgram Theorem

Consider a quasicrystal described by Eqs. (13.1.2)–(13.1.4) and boundary condi-
tions (13.1.1). In the case, the displacements satisfy the following partial differential
equations

� Cijkl
@2uk
@xj@xl

þRijkl
@2wk
@xj@xl

h i
¼ fiðx; y; zÞ

� Rklij
@2uk
@xj@xl

þKijkl
@2wk
@xj@xl

h i
¼ giðx; y; zÞ

ðx; y; zÞ 2 X ð13:2:1Þ

At boundary Su, they satisfy homogenous conditions

ui Suj ¼ 0; wi Suj ¼ 0; ð13:2:2Þ

And at boundary St, the corresponding stresses satisfy non-homogenous conditions

Cijkl
@uk
@xl

þRijkl
@wk
@xl

� �
nj Stj ¼ Tiðx; y; zÞ

Rklij
@uk
@xl

þCijkl
@wk
@xl

� �
nj Stj ¼ hiðx; y; zÞ

9=
; ð13:2:3Þ

in which x1 ¼ x; x2 ¼ y; x3 ¼ z; S ¼ Su þ St.
If ui;wi 2 C2ðXÞ \C1ð@XÞ, and satisfy Eq. (13.2.1) and boundary conditions

(13.2.2) and (13.2.3), then they will be called classical solution of boundary value
problem (13.2.1)–(13.2.4), where @X ¼ S ¼ Su þ St.

The boundary value problem (13.2.1)–(13.2.3) can be reduced to corresponding
variational problem. For this purpose, we introduce norm
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uik k21;X¼
R
X

@ui
@x

� �2 þ @ui
@y

� �2
þ @ui

@z

� �2	 

dX

wik k21;X¼
R
X

@wi
@x

� �2 þ @wi
@y

� �2
þ @wi

@z

� �2	 

dX

9>>>>=
>>>>;

ð13:2:4Þ

This norm is suitable only for case of homogeneous boundary conditions
(13.2.2); otherwise, the norm will not be the present form.

After defining the norm (13.2.4), the space defining uiðx; y; zÞ and wiðx; y; zÞ is
denoted as H0ðXÞ. If introduce inner product

ðuð1Þi ; uð2Þi Þ ¼
R
X

@uð1Þi
@x

@uð2Þi
@x þ @uð1Þi

@y
@uð2Þi
@y þ @uð1Þi

@z
@uð2Þi
@z

� �
dX

ðwð1Þ
i ;wð2Þ

i Þ ¼
R
X

@wð1Þ
i

@x
@wð2Þ

i
@x þ @wð1Þ

i
@y

@wð2Þ
i

@y þ @wð1Þ
i

@z
@wð2Þ

i
@z

� �
dX

9>>>>=
>>>>;

ð13:2:5Þ

then H0ðXÞ is a Hilbert space, it is also named as Sobolev space.
We can define space V such as

V ¼ ðui;wiÞ 2 H0ðXÞ; ðuiÞSu ¼ 0; ðwiÞSu ¼ 0
n o

ð13:2:6Þ

If defining inner product at space V by (13.2.5), then V is also a Hilbert space, and

V � H0ðXÞ ð13:2:7Þ

Define space

H ¼ X ¼ ðu1; u2; u3;w1;w2;w3Þ 2 ðH0ðXÞÞ61; ðuiÞSu ¼ 0; ðwiÞSu ¼ 0
n o

ð13:2:8Þ

and set up norm

Xk k1;X¼
X3
i¼1

uik k21;X þ wik k21;X
h �" #1=2

ð13:2:9Þ

For any X ¼ ðu1; u2; u3;w1;w2;w3Þ 2 ðH0ðXÞÞ61, according to strain–displace-
ment relations

eijðXÞ ¼ ejiðXÞ ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
;

wijðXÞ ¼ @wi

@xj

336 13 Some Mathematical Principles on Solutions …



and stress–strain relations of quasicrystals

rijðXÞ ¼ rjiðXÞ ¼ CijkleklðXÞþRijklwklðXÞ
Hij ¼ RklijeklðXÞþKijklwklðXÞ

define bilinear functional

BðXð1Þ;Xð2ÞÞ ¼
Z
X

rijðXð1ÞÞeijðXð2ÞÞ þHijðXð1ÞÞwijðXð2ÞÞ
h i

dX ð13:2:10Þ

in which BðXð1Þ;Xð2ÞÞ presents symmetry, continuity and positive definite
properties.

Take a linear functional

lðXÞ ¼
Z
X

½fiui þ giwi�dXþ
Z
St

½Tiui þ hiwi�dS ð13:2:11Þ

where ðf1; f2; f3 ; g1; g2; g3Þ 2 ðL2ðXÞÞ6; ðT1;T2; T3; h1; h2; h3Þ 2 ðL2ðXÞÞ6; are given
functions at X and S, respectively. One can prove that lðXÞ is a continuous func-
tional of X at region X, and L2 represents the Lebesgue square integrable meaning.

There are following theorems:

Theorem 1 Variational problem corresponding to boundary value problem
(13.2.1)–(13.2.3) is concluded for obtaining X 2 H so that X

BðX; YÞ ¼ lðYÞ 8Y 2 H ð13:2:12Þ

in which lðYÞ is a linear functional defined by (13.2.11).
(Proof is omitted)

Theorem 2 If X ¼ ðu1; u2; u3;w1;w2;w3Þ 2 ðC2ðXÞÞ6 is a classical solution of
boundary value problem (13.2.1)–(13.2.3), then X must be solution of variational
problem (13.2.12), i.e., X is also a generalized solution (or weak solution).
Alternatively, if X is a solution of variational problem (13.2.12), and
X 2 ðC2ðXÞÞ6, then is also a classical solution of boundary value problem
(13.2.1)–(13.2.3).
(Proof is omitted)

Theorem 3 (Generalized Lax–Milgram theorem) Assume that H is the Hilbert
space defined above, for elasticity of quasicrystals, BðX; YÞ is a bilinear functional
at H � H, and satisfies
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BðX; YÞ ¼ f ðXÞ 8Y 2 H ð13:2:13Þ

admits a unique solution X 2 H, and

Xk k	 1
a

fk kðHÞ0 ð13:2:14Þ

where ðHÞ0 is the dual space of H consisting of all bounded linear functionals, and
equipped with the norm

fk kðHÞ0 ¼ sup
Y2H;Y 6¼0

f ðYÞ
Yk k

This theorem gives an extension of Lax–Milgram theorem [3, 4].
(Proof is omitted)

Theorem 4 Assume

JðXÞ ¼ 1
2
BðX;XÞ � lðXÞ ð13:2:15Þ

and H is the same as mentioned previously, BðX; YÞ is a bilinear functional at
H � H defined by (13.2.10), then the variational problem for having X 2 H so that
JðXÞ being minimum

JðX0Þ ¼ min
X2H

JðXÞ ð13:2:16Þ

in which

(1) Exists solution, and the number of solutions does not exceed one;
(2) If there is solution of problem (13.2.16), which must the solution of problem

(13.2.12), and vise versa [(13.2.12) is called as Galerkin variational problem,
and (13.2.16) is named as Ritz variational problem];

(3) If X
 is their solution, then

JðXÞ � JðX
Þ ¼ 1
2
BðX � X
;X � X
Þ 8X 2 H ð13:2:17Þ

(Proof is omitted)
The discussion of this section may provide preparedness for the following text.
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13.3 Matrix Expression of Elasticity of Three-Dimensional
Quasicrystals

In the previous section, the variational problem on plane elasticity of
two-dimensional quasicrystals is discussed in which the concept of weak solution
(generalized solution) is mentioned. In the following sections, we will deal with the
weak solution of elasticity of three-dimensional icosahedral quasicrystals, for
simplicity a matrix expression for the elasticity will be used. From the discussion of
previous chapters, we know that the basic equations for elasticity of quasicrystals
except cubic quasicrystals

@rij
@xj

þ fi ¼ q @2ui
@2t ;

@Hij

@xj
þ gi ¼ q @2wi

@2t or j @wi
@t

� �
; ð13:3:1Þ

eij ¼ 1
2ð@ui@xj

þ @uj
@xi
Þ;wij ¼ @wi

@xj
; ð13:3:2Þ

rij ¼ Cijklekl þRijklwkl;Hij ¼ Kijklwkl þRklijekl; ð13:3:3Þ
xi 2 X; i; j ¼ 1; 2; 3:t[ 0

8><
>:
where u ¼ ðux; uy; uzÞ represents the phonon displacement vector, w ¼ ðwx;wy;wzÞ
the phason one, eij, wij the phonon and phason strains, rij, Hij the corresponding
phonon and phason stresses, Cijkl, Kijkl, Rijkl the elastic constants, fi, gi the body and
generalized body force densities, q the mass density and j ¼ 1=Cw, respectively.

Denoting @X ¼ ð@XÞu þð@XÞr to express the boundary of region occupied by
the quasicrystal, there are the boundary conditions

x 2 ð@XÞu : ui ¼ u0i ; wi ¼ w0
i ð13:3:4Þ

x 2 ð@XÞr : rijnj ¼ Ti; Hijnj ¼ hi ð13:3:5Þ

where u0i and w0
i represent the known functions at boundary ð@XÞu, Ti and hi the

prescribed traction and generalized traction density at boundary ð@XÞr, nj the unit
outward normal vector at any point of the boundary.

There are initial conditions for dynamic problem:

ui t¼0 ¼ aij ðxÞ; wi t¼0j ¼ biðxÞ; _ui t¼0 ¼ cij ðxÞ; _wi t¼0 ¼ dij ðxÞ ð13:3:6Þ

(or ui t¼0 ¼ aij ðxÞ; wi t¼0j ¼ biðxÞ; _ui t¼0 ¼ cij ðxÞ) where ai ; bi ; ci ; di are known
functions, x ¼ ðx1; x2; x3Þ 2 X.

Putting

~UT ¼ ðu1 u2 u3 w1 w2 w3Þ1�6;
~FT ¼ ðfi giÞ1�6 ¼ ðf1 f2 f3 g1 g2 g3Þ1�6;

~rT ¼ ðr11 r22 r33 r12 r23 r31 H11 H22 H33 H12 H23 H31 H13 H21 H32Þ1�15;

~eT ¼ ðe11 e22 e33 2e12 2e23 2e31 w11 w22 w33 w12 w23 w31 w13 w21 w32Þ1�15;
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~UT; ~FT; @T; ~rT;~eT denote the transpose of ~U; ~F; @; ~r;~e, ri ¼ ðri1;ri2;ri3Þ the
ith row of matrix ðrijÞ3�3, H

i ¼ ðHi1;Hi2;Hi3Þ the ith row of matrix ðHijÞ3�3.
So that, (13.3.2) can be rewritten as the matrix form:

~e ¼ @ ~U ð13:3:20Þ

Note that @r1j

@xj
@r2j

@xj
@r3j

@xj
@H1j

@xj
@H2j

@xj
@H3j

@xj

� �T
¼ @T~r, then (13.3.1) can be

rewritten by

@T~rþF ¼ q€~U ð13:3:10Þ

Putting

C ¼

C11ij

C22ij

C33ij

. . . C12ij . . .

C23ij

C31ij

2
666666664

3
777777775
6�6

¼

C1111 C1122 C1133 C1112 C1123 C1131

C2211 C2222 C2233 C2212 C2223 C2231

C3311 C3322 C3333 C3312 C3323 C3331

C1211 C1222 C1233 C1212 C1223 C1231

C2311 C2322 C2333 C2312 C2323 C2331

C3111 C3122 C3133 C3112 C3123 C3131

2
666666664

3
777777775
6�6

K ¼

K11ij

K22ij

K33ij

� � � K12ij � � �
K23ij

K31ij

K13ij

K21ij

K32ij

2
66666666666666664

3
77777777777777775

¼

K1111 K1122 K1133 K1112 K1123 K1131 K1113 K1121 K1132

K2211 K2222 K2233 K2212 K2223 K2231 K2213 K2221 K2232

K3311 K3322 K3333 K3312 K3323 K3331 K3313 K3321 K3332

K1211 K1222 K1233 K1212 K1223 K1231 K1213 K1221 K1232

K2311 K2322 K2333 K2312 K2323 K2331 K2313 K2321 K2332

K3111 K3122 K3133 K3112 K3123 K3131 K3113 K3121 K3132

K1311 K1322 K1333 K1312 K1323 K1331 K1313 K1321 K1332

K2111 K2122 K2133 K2112 K2123 K2131 K2113 K2121 K2132

K3211 K3222 K3233 K3212 K3223 K3231 K3213 K3221 K3232

2
66666666666666664

3
77777777777777775
9�9
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R ¼

R11ij

R22ij

R33ij

. . . R12ij . . .

R23ij

R31ij

2
666666664

3
777777775
6�9

¼

R1111 R1122 R1133 R1112 R1123 R1131 R1113 R1121 R1132

R2211 R2222 R2233 R2212 R2223 R2231 R2213 R2221 R2232

R3311 R3322 R3333 R3312 R3323 R3331 R3313 R3321 R2232

R1211 R1222 R1233 R1212 R1223 R1231 R1213 R1221 R1232

R2311 R2322 R2333 R2312 R2323 R2331 R2313 R2321 R2332

R3111 R3122 R3133 R3112 R3123 R3131 R3113 R3121 R3132

2
666666664

3
777777775
6�9

then

Here, the order of index i; j of C is the same with those of the phonon strain
tensor, the order of index i; j of K;R is the same with those of phason strain tensor,
and RT is the transpose of R. From the above expressions, one can find that due to
the symmetry of C and K [see, e.g. (4.4.3) and (4.4.5)], the matrix D is symmetry.

The generalized Hooke’s law (13.3.3) can be rewritten as

~r ¼ D~e ð13:3:30Þ

and (13.3.1′) and (13.3.2′) can be collected as below

@TD@ ~Uþ ~F ¼ q€~U ð13:3:7Þ

Put
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~@ð1Þ
n ¼

cosðn; x1Þ 0 0

0 cosðn; x2Þ 0

0 0 cosðn; x3Þ
cosðn; x2Þ cosðn; x1Þ 0

0 cosðn; x3Þ cosðn; x2Þ
cosðn; x3Þ 0 cosðn; x1Þ

2
666666664

3
777777775
;

~@ð2Þ
n ¼

cosðn; x1Þ 0 0

0 cosðn; x2Þ 0

0 0 cosðn; x3Þ
cosðn; x2Þ 0 0

0 cosðn; x3Þ 0

0 0 cosðn; x1Þ
cosðn; x3Þ 0 0

0 cosðn; x1Þ 0

0 0 cosðn; x2Þ

2
66666666666666664

3
77777777777777775

where ~@n ; ~@
ð1Þ
n ; ~@

ð2Þ
n are obtained from the differential operator matrixes ~@ ; ~@ð1Þ ; ~@ð2Þ

through a replacement @i by cosðn; xiÞ.
Equation (13.3.4) can be rewritten as

~Uðx; tÞ ¼ ~U0; x 2 ð@XÞu ð13:3:40Þ

Considering the similarity of the left-hand side of (13.3.5) with the first term of
(13.3.1), then (13.3.5) can be rewritten as ~@T

n ~r ¼ ~r0; x 2 ð@XÞr. In addition by
using (13.3.2′) and (13.3.3′), there is

~@T
n D ~@ ~U ¼ ~r0; x 2 ð@XÞr ð13:3:50Þ

If the quasicrystal is in static equilibrium: q€~U ¼ 0 (i.e. the inertia forces vanish), in
the case it needs not the initial conditions, and the boundary value problem of
quasicrystals is interpreted as follows

� ~@TD ~@ ~U ¼ ~F; x 2 X; t[ 0;
~Uðx; tÞ ð@XÞu ¼ ~U0; ~@T

n D ~@ ~Uðx; tÞ ð@XÞr ¼ ~r0;
����

(
ð13:3:8; 13:3:9Þ
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where

@X ¼ ð@XÞu þð@XÞr

13.4 The Weak Solution of Boundary Value Problem
of Elasticity of Quasicrystals

For simplicity, only the displacement boundary problem (or say the Dirichlet
problem) is dealt with in the following. Suppose that ~F 2 ðL2ðXÞÞ6, if ~UðxÞ 2
ðC2ð~XÞÞ6 being the solution of problem (13.3.8, 13.3.9), then for any vector

function g ¼ g13�1
g23�1

	 

¼ g11 g12 g13 g21 g22 g23
� 
T

1�62 ðC1
0 ðXÞÞ6, both sides

of (13.3.8, 13.3.9) are multiplying by g (by making scalar product), and then
integrating along X, we haveZZZ

X

ð� ~@TD ~@ ~UÞ � gdx ¼
ZZZ
X

~F � gdx ð13:4:1Þ

From (13.3.3) and Chap. 4 known rij ¼ rji, in terms of Gauss formula, (13.3.2′)
and (13.3.3′), there exists

ZZZ
X

ð� ~@TD ~@ ~UÞ � gdx ¼ �
ZZZ
X

@rij
@xj

g1i þ
@Hij

@xj
g2i

� �
dx

¼
ZZZ
X

@

@xj
ðrijg1i þHijg

2
i Þ � rij

@g1i
@xj

þ hij
@g2i
@xj

� �	 

dx

¼ �
ZZ
@X

ðrijg1i þHijg
2
i ÞnjdSþ

ZZZ
X

rij
@g1i
@xj

þHij
@g2i
@xj

� �
dx

¼
ZZZ
X

1
2
rij

@g1i
@xj

þ 1
2
rij

@g1j
@xi

þHij
@g2i
@xj

 !
dx

¼
ZZZ
X

½ðrijð~UÞeijðg1ÞþHijð~UÞwijðg2Þ�dx

¼
ZZZ
X

~rð~UÞ � ~eðgÞdx ¼
ZZZ
X

ð ~@gÞTD ~@ ~Udx;

ð13:4:2Þ
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and (13.4.1) and (13.4.2) yieldZZZ
X

ð ~@gÞTD ~@ ~Udx ¼
ZZZ
X

~rð~UÞ � ~eðgÞdx ¼
ZZZ
X

~F � gdx ð13:4:3Þ

Because C1
0 is dense in H1

0ðXÞ, (13.4.3) holds too 8gðxÞ 2 ðH1
0ðXÞÞ6.

In contrast,if ~UðxÞ 2 ðC2ð�XÞÞ6, and (13.4.3) is valid 8gðxÞ 2 ðH1
0ðXÞÞ6, we can

do derivation in counter order of the above procedure and find (13.4.1) through the
fundamental lemma of variational method [5]. So that we have

Definition Assume ~F 2 ðL2ðXÞÞ6, if ~UðxÞ 2 ðH1
0ðXÞÞ6, and (13.4.3) holds for

8gðxÞ 2 ðH1
0ðXÞÞ6, then say ~UðxÞ being the weak solution (or generalized solution)

of the boundary value problem

� ~@TD ~@ ~UðxÞ ¼ ~FðxÞ;
~UðxÞ @Xj ¼ 0

�
ð13:3:80; 13:3:90Þ

13.5 The Uniqueness of Weak Solution

Making use of ð�; �Þ to express inner product in L2ðXÞ, the corresponding norm is

�k k : vk k ¼ R
X v2dx

� �1=2
, for the scalar function v 2 L2ðXÞ. And in terms of ð�; �Þ1

to denote the inner product in H1
0ðXÞ, the corresponding norm is

�k k1: vk k1¼
R
X v2dxþ P3

k¼1

R
X

@v
@xk

� �2
dx

	 
1=2
, and semi-norm is �j j1: vj j1¼

P3
k¼1

R
X

h
@v
@xk

� �2
dx�1=2, for scalar function v 2 L2ðXÞ

Note 1 Norm �k k1 is equivalent to semi-norm �j j1:
Note 2 The norm and semi-norm of vector function v ¼ ðv1; v2; . . .; vnÞ 2

ðH1
0ðXÞÞn (it is marked by H1

0ðXÞ some times) are denoted as �k k1 and �j j1 such as

vk k21¼
Xn
i¼1

vik k21 ¼
Xn
i¼1

Z
X

v2i dxþ
Xn
i¼1

X3
k¼1

Z
X

@vi
@xk

� �2

dx ¼
Z
X

vj j2dxþ
Z
X

vxj j2dx

vj j21¼
Xn
i¼1

X3
k¼1

Z
X

@vi
@xk

� �2

dx

where vj j2¼Pn
i¼1

v2i , vxj j2¼Pn
i¼1

P3
k¼1

@vi
@xk

� �2
, @v
@xk

¼ ð@v1
@xk

; @v2
@xk

; . . .; @vn
@xk

Þ. Obviously, the
Note 1 holds for vector function v too.
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Lemma (Korn’s inequality, [6–8]) Assume X is a bounded region with boundary
@X of sufficient smooth in Rn, and 8v ¼ ðv1; v2; . . .; vnÞ 2 H1

0ðXÞ there is

Xn
i;k¼1

Z
X

@vi
@xk

þ @vk
@xi

� �2

dx� c1 vk k21

in which the positive constant c1 is dependent only with X.

Theorem Suppose X is a bounded region in R3 and with sufficient smooth
boundary @X, if real symmetric matrix D ¼ ðdijÞ satisfies the inequality

k1
X15
i¼1

n2i 	
X15
i;j¼1

nidijnj 	 k2
X15
i¼1

n2i

where k1; k2 are positive constants,then for any ~F 2 ðL2ðXÞÞ6, displacement
boundary value problem (13.3.8′, 13.3.9′) exists unique weak solution (or gener-
alized solution).

Proof Put ~U; g
� � ¼ RRR

X
ð@gÞTD@ ~Udx, then (13.4.3) can be rewritten as

~U; g
� � ¼ ð~F; gÞ; 8g 2 ðH1

0ðXÞÞ6 ð13:5:1Þ

At first, we prove �; �b c is a new inner product at ðH1
0ðXÞÞ6. For this purpose, it

needs to prove: ~U; ~U
� �� 0, and ~U; ~U

� � ¼ 0 , ~U ¼ 0, 8~U 2 ðH1
0ðXÞÞ6.

In the following, we give only an outline of the proof, the detail is omitted. In
addition, ~U; g

� �
in (13.5.1) is positive definite bilinear functional at H1

0ðXÞ, the
proof can be done from the Lax–Milgram theorem (see Sect. 13.2 of this chapter).

Due to the assumption, matrix D ¼ ðdijÞ15�15 being positive definite, matrix
D ¼ ðdijÞ15�15 and unit matrix I are in contract, i.e., there exists a reversible matrix
C such that D = CTC (note that here C is not the phonon elastic constant matrix).

Then,

~U; ~U
� � ¼ ZZZ

X

ð ~@ ~UÞTD ~@ ~Udx ¼
ZZZ
X

ð ~@ ~UÞTðCTCÞ ~@ ~Udx ¼
ZZZ
X

ðC ~@ ~UÞTðC ~@ ~UÞdx� 0;

eU ; eU� � ¼ 0 ,
ZZZ
X

ðC e@ eUÞTðC e@ eUÞdx ¼ 0 , C e@ eU ¼ 0

Because C is reversible, e@ eU ¼ 0, that is,
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@ui
@xi

¼ 0;
@ui
@xj

þ @uj
@xi

¼ 0 ði 6¼ jÞ; @wi

@xj
¼ 0; i; j ¼ 1; 2; 3:

It follows @wi
@xj

¼ 0 that wi should be constants, besides ~U @Xj ¼ 0, and wi ¼ 0 at the

boundary. In similar analysis, we find that ui ¼ 0 at boundary. Thus, ~U ¼ 0 at
boundary.

In this way, we have proved �; �b c is a new inner product at ðH1
0ðXÞÞ6, the

corresponding norm is eU�� ��
ð1Þ¼ eU ; eU� �1=2

.

Secondly, at ðH1
0ðXÞÞ6 the new norm �k kð1Þ is equivalent to the initial norm �k k1.

We are going to give the proof about this.
From the Cauchy inequality, the assumption of the theorem and Note 1, there is

~U
�� ��2

ð1Þ¼
RRR
X

P15
i;j¼1

ð ~@ ~UÞidijð ~@ ~UÞjdx	 k2
RRR
X

ð ~@ ~UÞTð ~@ ~UÞdx

¼k2
RRR
X

P3
i¼1

@ui
@xi

� �2

þ
P3
i;j¼1
i\j

@ui
@xj

þ @uj
@xi

� �2

þ
P3
i;j¼1

@wi
@xj

� �2

2
64

3
75dx

	 k2

RRR
X

P3
i¼1

@ui
@xi

� �2

þ 2
P3
i;j¼1
i\j

@ui
@xj

� �2

þ
@uj
@xi

� �2
	 


þ
P3
i;j¼1

@wi
@xj

� �2

8><
>:

9>=
>;dx

	 2k2

RRR
X

P3
i;j¼1

@ui
@xj

� �2

þ @wi
@xj

� �2
	 


dx

¼2k2 ~Uj j21 	 2c ~Uk k21

In other hand, from the assumption of the theorem, the Korn’s inequality and Note
1 there is

~U
�� ��2

ð1Þ
¼ RRR

X

P15
i;j¼1

ð ~@ ~UÞidijð ~@ ~UÞjdx� k1
RRR
X

ð ~@ ~UÞTð ~@ ~UÞdx

Consequently, we have proved the equivalency between the new norm �k kð1Þ and
the initial norm �k k1.

Finally, for ~F 2 ðL2ðXÞÞ6, by using Schwarz inequality and the fact that the
embedding H1

0ðXÞ �! L2ðXÞ is a compact embedding, we have

ZZZ
X

~F � gdx
������

������	 ~F
�� �� � gk k	M ~F

�� �� � gk k1 	M1 ~F
�� �� � gk k1 8g 2 ðH1

0ðXÞÞ6
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that is, g 7! RRR
X
~F � gdx ð8g 2 ðH1

0ðXÞÞ6Þ is a unique continuous linear functional
at ðH1

0ðXÞÞ6Þ.Therefore, from Riesz theorem, there must be a unique

y~F 2 ðH1
0ðXÞÞ6, so that

ZZZ
X

~F � gdx ¼ y~F ; g
� � 8g 2 ðH1

0ðXÞÞ
6

Thus, (13.5.1) is rewritten as

~U; g
� � ¼ y~F ; g

� � 8g 2 ðH1
0ðXÞÞ6

This shows ~U ¼ y~F is the unique weak solution (generalized solution) of dis-
placement value problem (13.3.8′, 13.3.9′).

In the above proof, using Korn’s inequality is crucial (the second Korn’s
inequality will be used for the stress boundary value problem, but this discussion is
not included here).

13.6 Conclusion and Discussion

In some extent, the discussion Sects. 13.3–13.5 is a development of Sect. 13.2.
These discussions provide a basis for the numerical methods developed in
Chaps. 10 and 12 from point of view of weak solution. Of course for the stress
boundary value problems and dynamic problems, the discussion needs to do some
extensions of the previous discussions. Due to the limitation of space, the additional
extensions are not be given any more.

It is evident that the discussion in Sects. 13.3–13.5 is valid for any systems of
one-, two- and three-dimensional quasicrystals, except cubic quasicrystals, for
which wij ¼ @wi=@xj should be replaced by wij ¼ ð@wi=@xj þ @wj=@xiÞ=2 in the
Eq. (13.3.2) only. The difference of the formulation for different quasicrystal sys-
tems lies in the elastic constant matrix D, one can directly use the above formulation
for any quasicrystal systems only by substituting the concrete matrix D into the
relevant formulas.
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Chapter 14
Nonlinear Behaviour of Quasicrystals

From Chaps. 4 to 13, we mainly discussed the elasticity and relevant properties of
quasicrystals, which belong to linear regime both physically and mathematically.
Their mathematical treatment is relatively easy though the calculations are quite
complex.

The current chapter is to give a simple description on deformation and fracture of
quasicrystals with nonlinear behaviour, considering the great difficulty in this topic.
For the conventional engineering materials including crystalline material, the
nonlinear behaviour means mainly the plasticity. In the study on the classical
plasticity, there are two different theories: one is the macroscopic plasticity theory,
which is based on some assumptions concluded from certain experimental data, and
the other is the so-called crystal plasticity theory, which is based on the mechanism
of motion of dislocation, to some extent, can be seen as a “microscopic” theory. The
difficulty for quasicrystal plasticity lies in the lack of both enough macro- and
micro-data. At present, the macroscopic experiments have not, as yet, been properly
undertaken. Although there is some work on the mechanism in microscopy of the
plasticity, the data are very limited. This leads to the constitutive law of qua-
sicrystals being essentially unknown. Due to this reason, the systematic mathe-
matical analysis on deformation and fracture for the material is not available so far.

In spite of these difficulties, study on plasticity of quasicrystals has aroused a
great deal of attention among researchers [1–8]. But the analytic quantitative work
may be at an infant stage. Considering the readers’ interest and the development
level, it is beneficial to give brief discussion on some simple problems of nonlinear
behaviour of the material with some simple models and by extending results in the
study of linear regime. Of course, these discussions are not complete, which may
provide some hints for further development of the area.

This chapter is structured as follows. First, we discuss some experimental results
on the nonlinear deformation behaviour of quasicrystals and then describe a pos-
sible plastic constitutive relation of the material, in view of the difficulty for setting
up the equations we turn to introduce nonlinear elastic constitutive equations of
quasicrystals which are available at present though not equivalent to the plastic
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constitutive equations. Sections 14.4 and 14.5 may be seen as applications of the
macro-constitutive law in which some nonlinear solutions on quasicrystals are
offered. In Sect. 14.6, another version of the study based on the dislocation model
or “microscopic model” is exhibited; it achieves the same results those given in
Sects. 14.4 and 14.5.

14.1 Macroscopic Behaviour of Plastic Deformation
of Quasicrystals

At medium and low temperature, quasicrystals exhibit brittleness, but they present
plasticity ductility at high temperature. In addition, near the high stress concen-
tration zone, e.g. around dislocation core or crack tip, plastic flow appears also. It
was observed in experiments that plastic deformation of quasicrystals is induced by
motion of dislocations in the material. This reveals the important connection
between plasticity and the structural defects in quasicrystals. To some extent there
are similarities between the phenomena of crystals and quasicrystals. But latter
presents salient structural features, fundamentally differing from those of conven-
tional crystals. The plasticity of quasicrystals must be studied in a quite different
way from that for studying the classical plasticity.

The fundamental step in studying plasticity of quasicrystals is, of course,
experimental observation.

As in the previous discussion, this chapter is mainly dealt with icosahedral and
decagonal quasicrystals.

Recently there are many experimental data for Al–Mn–Pd icosahedral qua-
sicrystals, which are the most intensively studied and possess a very high
brittle-ductile transition temperature. At strain rate of 10�5=s, the ductile range sets
in at about 690 °C corresponding to a homologous temperature (i.e. the absolute
temperature scaled by the absolute melting temperature) of about 0.82. At lower
strain rates of 10�6=s and below limited ductility temperatures down to about 480 °C
can be observed. Figure 14.1 shows the stress–strain curves of the quasicrystal in the
high-temperature range 730–800 °C at strain rate of 10�5=s.

As another class of icosahedral quasicrystals, icosahedral Zn–Mg–Dy, the
stress–strain curves measured by experiments are similar to those given by
Fig. 14.1.

Feuerbacher and Urban [9], Guyot and Canova [10], Feuerbacher et al. [11], etc.,
discussed the constitutive equation based on the experimental data on dislocation
density and dislocation velocity, e.g. the plastic strain rate and the applied stress in a
power law form

_ep ¼ Bðr=r̂Þm ð14:1:1Þ
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in which B and m are temperature-dependent parameters and r̂ is the internal
variable that can be regarded as a reference stress representing the current
microstructural state of the material and is used to accommodate the model to the
description of different materials or hardening mechanism [12]. Combining relevant
information, Formula (14.1.1) can be used to well predict the experimental curves,
e.g. recorded by Fig. 14.1. It is needed to point out, although there are some similar
formulas to (14.1.1) in the form in the classical plasticity, they are quite different
substantively. For example, the current parameters B, m and r̂ are different from
those appearing in relevant formulas in the classical plasticity. Those parameters in
the classical plasticity were measured from pure macroscopic approach rather than
dislocation model; some detail about the latter can be found in Refs [9–12], which,
from the angle of methodology, are different from those adopted in the classical
plasticity. Unfortunately, there is a lack of the comprehensive macroscopic
experimental data (e.g. the data arising from multi-axial loading condition) for
quasicrystal plasticity so far.

Decagonal quasicrystal is an interesting topic for plastic deformation studies
since the phase possesses quasiperiodic as well as periodic lattice directions.
Therefore, the influences of periodicity and quasiperiodicity on the plastic defor-
mation can be directly revealed on one material by investigating the plastic prop-
erties in different deformation geometries—an anisotropic behaviour is expected.

In Ref. [9], the experimental data for stress–strain curves for Al–Ni–Co
decagonal quasicrystals are depicted in Fig. 14.2 (note that: the results obtained for
the basic cobalt (b-Co) modification of decagonal Al–Ni–Co); it presents plastic
properties different from those of icosahedral quasicrystals. The reason for this is
the distinguishing nature of quasicrystalline lattice between the two phases. It is
different from icosahedral phase, and decagonal phase possesses quasiperiodic as

Fig. 14.1 Stress–strain
curves of icosahedral Al–Mn–
Pd icosahedral single
quasicrystals at strain rate of
10�5=s [9]
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well as periodic lattice directions. Therefore, the influences of periodicity and
quasiperiodicity on the plastic deformation lead to an anisotropic behaviour. To
reveal this feature, Fig. 14.2 gives the data to those orientations as Ak, A? and A45,
respectively. It is obvious the effect of anisotropy is important.

The experimental data are worth for theoretical study.

14.2 Possible Scheme of Plastic Constitutive Equations

The Formula (14.1.1) calibrated from experimental data with the help of dislocation
model assists in studying plastic constitutive equations of quasicrystals.

From the point of view macroscopically, the result is obtained for “uniaxial
loading” condition as, at present, there is a lack of data under multi-axial loading
condition. We assume that, if sufficient experimental data are available on yield
surface/loading surface for some quasicrystals, then we can obtain an equation for
yield surface such as

U ¼ reff � Y ¼ 0 ð14:2:1Þ

Fig. 14.2 a Stress–strain curves of decagonal b–Co decagonal Al–Ni–Co single quasicrystals for
different specimen orientations at strain rate of 10�5=s, b definition of the specimen orientations
A?, Ak and A45 [9]
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where reff ¼ re þ f ðHijÞ denotes a generalized effective stress in which re repre-
sents the classical effective stress of phonon stresses rij and f ðHijÞ the part coming
from phason stresses Hij. If

Y ¼ rY ¼ const ð14:2:2Þ

in which rY is the uniaxial yield limit of the material, then(14.2.1) represents the
initial yield surface. On the other hand, if

Y ¼ YðhÞ ð14:2:3Þ

where h is related to deformation history, then (14.2.1) describes the evolution law
of material deformation. When we have the yield surface/loading surface like
(14.2.1), one can construct the following plastic constitutive equation as

_eij ¼ 1
HðreffÞ _reff

@U
@rij

_wij ¼ 1
HðreffÞ _reff

@U
@Hij

ð14:2:4Þ

provided the flow rule of the isotropic hardening is taken, where U is the
above-mentioned yield surface/loading surface function. The dot over physical
quantities denotes the variation rate of the quantities, and HðreffÞ the hardening
modulus of the material can be calibrated by a test of a simple stress–strain state,
e.g. given by (14.1.1). Then adding the elastic constitutive relationship to (14.2.4),
the elastic–plastic constitutive equation will be set up. The elastic constitutive law
was fully discussed in the previous chapters.

The expected constitutive law shown in Eq. (14.2.4) which are incremental
plastic equations can describe effect of deformation history including
loading/unloading state within the deformation process. This may be a complete
constitutive equation. There is a possible and relative simpler constitutive law
belonging to total plasticity theory or deformation plasticity theory. That is if
defining the effective stress reff and effective strain eeff , in which the former was
introduced above, and the latter has a similar definition and consists of phonon
strains eij as well as phason strains wij, and then between the strains and stresses,
there are relations

eij � 1
3
ekkdij ¼ 3eeff

2reff
rij � 1

3
rkkdij

� �

wij � 1
3
wkkdij ¼ 3eeff

2reff
Hij � 1

3
Hkkdij

� � ð14:2:5Þ
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in which

ekk ¼ exx þ eyy þ ezz; wkk ¼ wxx þwyy þwzz;

rkk ¼ rxx þ ryy þ rzz; Hkk ¼ Hxx þHyy þHzz

and we assume that

eeff ¼ eðeÞeff ; reff\r0
AðreffÞn; reff [ r0

�
ð14:2:6Þ

where r0, A and n are material constants of the quasicrystals can be measured

through a uniaxial test, eðeÞeff represents the quantity at elastic deformation stage, and
r0 the uniaxial tensile yield stress.

In contrast to (14.2.4), Eq. (14.2.5) cannot describe deformation history, as they
are substantively nonlinear elastic constitutive equations rather than plastic con-
stitutive equations related to quasicrystalline materials. However, they can describe
plastic deformation in the case of proportional loading and no unloading. It is
evident that either (14.2.4) or (14.2.5) belongs to a supposed incremental plastic
constitutive law or total plastic constitutive law for quasicrystals. One cannot say
whether they are correct or not due to the lack of enough experimental data.

If one has the constitutive Eqs. (14.2.4) or (14.2.5), then by coupling the
equations of deformation geometry

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ð14:2:7Þ

and the equilibrium equations

@rij
@xj

¼ 0;
@Hij

@xj
¼ 0 ð14:2:8Þ

the basic framework of the theory of macro-plasticity, in the sense of incremental or
total deformation, of quasicrystals can be set up.

At present, there is a lack of such data, so Eqs. (14.2.1), (14.2.2) and (14.2.4)
have not been set up yet. With the same reason, Eq. (14.2.5) has not been set up
either. This is the major difficulty of macro-plasticity theory currently. It is evident
the possible theory is nonlinear, because the material parameters are not constants
any more, and the mechanical behaviour is dependent with the history of defor-
mation process in general. The solution is of course more difficult than that for
elastic deformation.

Due to relative simplicity of Eq. (14.2.5), for some simple configurations, e.g.
anti-plane elasticity of one-dimensional hexagonal, three-dimensional cubic and
three-dimensional icosahedral quasicrystals, one can make some probes for plastic
analysis by using the constitutive equations.
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14.3 Nonlinear Elasticity and Its Formulation

As pointed out in the previous section due to the lack of constitutive equations of
plasticity of quasicrystals up to now, analysis of plastic deformation for the material
is not available. By this reason, we can perform some simpler nonlinear elastic
analysis first, though the mechanisms of nonlinear elastic deformation and plastic
deformation are quite different. Furthermore, there are some differences between the
following nonlinear elasticity and the total plasticity introduced by Eq. (14.2.5). We
here do not constrain the concrete form of relationship between stresses and strains.
The results obtained in the following may provide some useful hints for further
plastic analysis.

Consider the following nonlinear elastic constitutive relations such as define the
free energy (or strain energy density)

Fðeij;wijÞ ¼
Zeij
0

rijdeij þ
Zwij

0

Hijdwij; ð14:3:1Þ

then there is

rij ¼ @F
@eij

; Hij ¼ @F
@wij

ð14:3:2Þ

So the formulas (14.3.1) and (14.3.2) can be seen as constitutive law for linear as
well as nonlinear elasticity of quasicrystals, which, in general, cannot describe
plastic deformation. If there is proportional loading and no unloading the rela-
tionship can give appropriate description of the plastic deformation.

In above formulas, eij and wij are phonon and phason strain tensors given by

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ð14:3:3Þ

where ui and wi denote the phonon and phason displacement vectors, and rij and Hij

the phonon and phason stress tensors, respectively, which satisfy the equilibrium
equations (if the body forces and generalized body forces are omitted)

@rij
@xj

¼ 0;
@Hij

@xj
¼ 0 ð14:3:4Þ

Equations (14.3.1)–(14.3.4) are basic equations describing nonlinear elastic
deformation of a quasicrystal. In Sect. 14.5 of this chapter, we will give some
applications of formulation (14.3.1)–(14.3.4), and we can show that it constitutes
the basis of those nonlinear analyses given Sect. 14.4.
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14.4 Nonlinear Solutions Based on Some Simple Models

In this section, we give some nonlinear solutions based on some simple models
which substantively are extended from the framework of Eshelby work [13]; the
classical Eshelby hypothesis was set up for linear elasticity, which can be extended
into nonlinear elasticity even total plasticity (or deformation plasticity). Fan and Fan
[14] carried out the investigation.

14.4.1 Generalized Dugdale–Barenblatt Model
for Anti-plane Elasticity for Some Quasicrystals

The crack problem of nonlinear deformation of quasicrystals is very interesting. For
solving this problem, one of the available models is the generalized Dugdale–
Barenblatt model (or generalized DB model for simplicity) [15, 16] originated from
the classical nonlinear fracture theory which was used for conventional structural
materials including crystalline material.

The linear solutions for a crack for anti-plane for some quasicrystals have been
discussed in Chaps. 8 and 9. We now discuss only the nonlinear solution.

Assume that there is an atomic cohesive force zone at the crack tip with length
d shown in Fig. 14.3, the value of which is unknown at moment to be determined.
In continuum theory of quasicrystals, the atomic cohesive force zone is the plastic
zone macroscopically, and the distribution of atomic cohesive force must be
evaluated by experimental observation. Due to lack of the data of the new material,
if we assume that the atomic cohesive is a constant sc, the shear yield limit (or shear
yield strength) of the material, within the zone, then the problem is simplified. In
this version, the nonlinear boundary value problem is linearized already. So the
previous formulation exhibited, e.g. in Chap. 8, can be used to solve the present
problem. The most effective method in solving the problem is the complex variable
function method, but the formulation and calculation are quite complicated and
lengthy, more complex than those given in the previous chapters. The details are
omitted, and we here list only the final results:

F1ðfÞ ¼ 2i
C44

2h1
pf2

sc � s1

� �
f2

f2 � 1
þ 1

2pi
2i
C44

sc ln
e2ih1 � f2

e�2ih1 � f2

F2ðfÞ ¼ 0

ð14:4:1Þ

in which

F1ðfÞ ¼ /0ðfÞþ R3

C44
w0ðfÞ

F2ðfÞ ¼ w0ðfÞþ R3

K2
/0ðfÞ
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and

/ðfÞ ¼ /1ðtÞ ¼ /1ðx0ðfÞÞ;wðfÞ ¼ w1ðtÞ ¼ w1ðx0ðfÞÞ

where

t ¼ x0ðfÞ ¼ aþ d
2

ðfþ f�1Þ

represents the conformal mapping from t-plane (xy-plane) onto f-plane, under the
mapping the region of xy-plane is transformed onto the interior of the unit circle at
f-plane, and /0ðfÞ and w0ðfÞ are the derivatives of the functions to the new complex
variable f, and h1 is the angle of point at the unit circle corresponding to the crack
tip (i.e. y ¼ 0; x ¼ a, and there is relation cos h1 ¼ a=ðaþ dÞ between the corre-
sponding points at t-plane and f-plane).

From the solution, the size of plastic zone d is determined as

d ¼ a sec
ps1
2sc

� �
� 1

� �
ð14:4:2Þ

Fig. 14.3 Atomic cohesive force zone near the crack tip for anti-plane elasticity for some
quasicrystals
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i.e. h1 ¼ ps1
2sc
, and the crack tip opening displacement is

dIII ¼ 4K2sca
pðC44K2 � R2

3Þ
ln sec

ps1
2sc

� �� �
ð14:4:3Þ

It is obvious that the results are very simple and explicit, and the effects of phason
to plastic deformation and fracture are explored. If taking the opening displacement
as a nonlinear fracture parameter, then a fracture criterion for one-dimensional
hexagonal quasicrystal

dIII ¼ dIIIc ð14:4:4Þ

is suggested in which dIIIc is the critical value of the crack tip opening displacement,
measured by experiment, a material constant.

In the low stress level case, i.e. s1=sc � 1, in which

sec
ps1
2sc

� �
¼ 1þ 1

2
ps1
2sc

� �2

þ � � �

if we remain the first two terms and substituting it into (14.4.2)

d ¼ p
8

Kk
III

sc

 !2

� a

in which Kk
III ¼

ffiffiffiffiffiffi
pa

p
s1 (refer to Sect. 8.2). The result is very close to the plastic size

based on the “small-scale yield modification” of classical fracture theory.
Furthermore,

ln sec
ps1
2sc

� �
¼ 1

2
ps1
2sc

� �2

þ 1
12

ps1
2sc

� �4

þ � � �

If we take only the first two terms, then substituting it to (14.4.3) so

dIII ¼ GIII

sc
ð14:4:5Þ

in which GIII ¼ K2K
k2
III

C44K2�R2
3
represents the energy release rate in linear elastic case

(refer to Sect. 8.2). This shows that parameter dIII is equivalent to energy release
rate GIII in the linear elastic case or “small-scale-yielding “plasticity.

The above results are given for one-dimensional hexagonal quasicrystals, which
hold for three-dimensional icosahedral quasicrystals, if the material constantsC44;K2

and R3 are replaced by l;K1 � K2 and R, which hold for three-dimensional cubic
quasicrystals too, if the constants are replaced by C44;K44 and R44, respectively.
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14.4.2 Generalized Dugdale–Barenblatt Model for Plane
Elasticity of Two-Dimensional Point Groups 5 m,
10 mm and 5; �5, 10; 10 Quasicrystals

The linear analysis for a crack in plane elasticity in point groups 5 m and 10 mm as
well as in point groups 5; �5 and 10; 10 of two-dimensional quasicrystals is given in
Sects. 8.3 and 8.4 of Chapter 8 in terms of the Fourier method and complex
analysis method, respectively, where we pointed out that if taking R1 ¼ R;R2 ¼ 0
then the solution on point groups 5; �5 and 10; 10 will exactly reduce to that on point
groups 5 m and 10 mm. In the following, we discuss the nonlinear solution only
based on the complex analysis method.

For two-dimensional quasicrystals, a similar generalized Dugdale–Barenblatt
model to that given in the Sect. 14.4.1 is suggested as below, refer to Fig. 14.4.
That is, there is the so-called atomic cohesive force zone, or the plastic zone
macroscopically, with length d, temporarily unknown and to be determined. If we
suppose that the distribution of the atomic cohesive force distribution and magni-
tude of the atomic cohesive force rc ¼ rcðxÞ are known, furthermore rc ¼ constant
within the zone, then the nonlinear problem is linearized already, in which rc
represents the macro-tensile yield strength of the quasicrystal. Therefore, the for-
mulation introduced above can be used to solve the present problem. The powerful
method for the problem is the complex variable function-conformal mapping
method, which was displayed briefly in Sect. 14.4.1. But the calculation is much
more complicated and lengthy than those listed in the previous subsection. The
detail of complex variable function-conformal mapping method is given in

Fig. 14.4 Generalized DB model for two-dimensional decagonal quasicrystal
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Sect. 11.3.10 of Chapter 11 and Sect. A.3 of Major Appendix, and here we list the
final plastic solution only as follows.

The size of the plastic zone is determined as

d ¼ a sec
pp
2rc

� �
� 1

� �
ð14:4:6Þ

which is similar to that given by (14.4.2), but the meaning is different. And the
crack tip opening displacement is for point groups 5 m and 10 mm quasicrystals

dI ¼ 2rca
p

1
LþM

þ K1

MK1 � R2

� �
ln sec

pp
2rc

� �� �
ð14:4:7aÞ

and for point group 10; 10

dI ¼ 2rca
p

1
LþM

þ K1

MK1 � ðR2
1 þR2

2Þ
� �

ln sec
pp
2rc

� �� �
ð14:4:7bÞ

which is also similar to that obtained by (14.4.3) in which L ¼ C12;M ¼
ðC11 � C12Þ=2 are phonon elastic constants, K1 the phason elastic constant and
R the phonon-phason coupling constant, respectively. It is very interesting that the
solution (14.4.7a), (14.4.7b) exactly covers the solutions of crystals and conven-
tional structural materials, as K1 ¼ R ¼ 0, e.g. for classical conventional materials

dI ¼ CTOD ¼
ð1þ jÞrca

pl ln sec p
2
p
rc

� 	
¼ 4ð1�mÞrca

pl ln sec p
2
p
rc

� 	
; plane strain state

ð1þ j0Þrca
pl ln sec p

2
p
rc

� 	
¼ 4rsa

ð1þ mÞpl ln sec p
2
p
rc

� 	
; plane stress state

8<
:

where j ¼ 3� 4m for plane strain, and j0 ¼ 3�m
1þ m for plane stress, and m is the

Poisson’s ratio of the materials. So the solutions of crystals and conventional
structural materials are the specific cases of our solution of quasicrystals.
Figure 14.5 shows the normalized crack tip opening displacement dI=a versus
normalized stress p=rc and gives the comparison between quasicrystals and crystals
as well as the comparison between point groups 10 mm and 10; 10 quasicrystals.
The detail of solution including point group 10; 10 is given in Section A.3 of Major
Appendix.

Based on the parameter dI given by (14.4.7a) and (14.4.7b), we can suggest the
nonlinear fracture criterion for pentagonal and/or decagonal quasicrystals for the
Mode I loading as

dI ¼ dIc ð14:4:8Þ

in which dIc denotes critical value of the crack opening displacement, measured by
experiment, a material constant.
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In linear elastic case, i.e. p=rc � 1, through a similar analysis like in previous
the crack tip opening displacement reduces to

dI ¼ GI

rc
ð14:4:9Þ

where GI is defined by (8.3.19), and this gives the simple connection between these
two parameters, so the criterion (14.4.8) can be reduced to the energy release rate
criterion for linear elastic deformation of the quasicrystals discussed in Chap. 8.

14.4.3 Generalized Dugdale–Barenblatt Model for Plane
Elasticity of Three-Dimensional Icosahedral
Quasicrystals

The schematic figure of the model for icosahedral quasicrystals is similar to
Fig. 14.4, the plastic zone is the same given by (14.4.6), and the crack tip opening
displacement is as follows:

dI ¼ lim
x!l

2uyðx; 0Þ ¼ lim
u!u2

2uyðx; 0Þ ¼ 2
1

kþ l
þ c4

c2

� �
� rsa
p

� ln sec
p
2
p
rs

� �
ð14:4:10Þ

in which

c2 ¼ lðK1 � K2Þ � R2 � ðlK2 � R2Þ2
lK1 � 2R2 ; c4 ¼ c1Rþ 1

2
c2 K1 þ lK1 � 2R2

kþ l

� �
ð14:4:11Þ

Fig. 14.5 Normalized crack
tip opening displacement
versus normalized stress and
comparison [27]
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with c1 ¼ Rð2K2�K1ÞðlK1 þ lK2�3R2Þ
2ðlK1�2R2Þ .

The variation of normalized crack tip opening displacement versus normalized
applies stress is shown in Fig. 14.6.

14.5 Nonlinear Analysis Based on the Generalized Eshelby
Theory

In the previous section, we obtained some nonlinear solutions for one-, two- and
three-dimensional quasicrystals by using some simple physical models. We will
show that those solutions have some inherent relations to the generalized Eshelby
theory originated from the classical reference [13] for crystals. Fan and Fan [14] did
some work to extend the classical Eshelby model for crystals to that for
quasicrystals

14.5.1 Generalized Eshelby Energy-Momentum Tensor
and Generalized Eshelby Integral

Fan and Fan [14] (can also refer to Refs. [17, 18]) defined the generalized Eshelby
energy-momentum tensor as

G ¼ Fn1 � rijnj
@ui
@x1

� Hijnj
@wj

@x1
ð14:5:1Þ

Fig. 14.6 Normalized crack
tip opening displacement of
icosahedral quasicrystals
versus normalized applied
stress [27]
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where F is defined by (14.3.1) and ni the unit vector of outward normal at any point
of an arc in a quasicrystal, and at which there are:

rijnj ¼ Ti; Hijnj ¼ hi

where Ti denotes the traction vector, and hi the generalized traction vector, shown
in Fig. 14.7.

Furthermore, we define an integral such as

E ¼
Z
C

GdC ð14:5:2Þ

in which C is an integration path enclosing a crack tip in the material. To memorize
Eshelby, the integral is named generalized Eshelby integral. The integral exhibits
path-independency. In Sect. 14.8, i.e. Appendix of Chapter 14, the proof on the
path-independency of the integral is given.

Because the integral presents this important character, it has some applications in
fracture analysis of quasicrystals.

Another important character is the value of the integral is equal to the energy
release rate GIII (under Mode III loading), or GII (under Mode II loading), or GI

(under Mode I loading) of one-, two- and three-dimensional quasicrystals when the
material is in linear elastic deformation state. The mathematical proof about this is
provided in Sect. 14.8, i.e. Appendix of Chapter 14.

The features of the generalized Eshelby integral (14.5.2) exhibited above imply
that it may be significant for the analysis of nonlinear fracture of quasicrystals. In
the following, an application for this purpose is discussed.

Fig. 14.7 Path of the
generalized Eshelby integral
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14.5.2 Relation Between Crack Tip Opening Displacement
and the Generalized Eshelby Integral

By using the path-independency of E-integral (14.5.2), we take the integration path
C as given by red colour and shown in Fig. 14.8 and let the path closing to the
surface of the plastic zone as near as possible. Now the integration path is

R
ACB , and

along segment AB and BC, i.e.

dy ¼ 0; T1 ¼ 0; T2¼ rc; h1 ¼ 0; h2 ¼ Hc

so that

E ¼
Z
C

GdC ¼
Z

ACB

GdC ¼
ZB
A

rc
@uy
@x

dxþHc
@wy

@x
dx

� �

¼ rc½ðuyÞB � ðuyÞA� þHc½ðwyÞB � ðwyÞA� � rc½ðuyÞB � ðuyÞA� ¼ rcdI

ð14:5:3Þ

This proves the relation between the generalized Eshelby integral and crack tip
opening displacement, and it shows the E-integral presents an equivalency to the
crack tip opening displacement, where rc is the atomic cohesive force (or the plastic
yield strength in macroscopic sense). In general, rc can be understood the cohesive
force of phonon field; similarly, we can introduce Hc as the “generalized atomic
cohesive force” of the phason field of quasicrystal material. In microscopy, the

Fig. 14.8 Integration path for evaluating crack tip opening displacement
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quantity Hc is meaningful, but it has not been measured macroscopically at present;
the effects of which are omitted in formula (14.5.3) for this reason.

For Mode II and Mode III crack the proof is similar.
Since by generalized BCS model (refer to the next section) and generalized DB

model, one can obtain the same result on crack tip opening displacement, which is
also a direct result of generalized Eshelby integral for quasicrystals, and we realize
that the generalized Eshelby energy-momentum tensor theory is the uniform
physical basis of the two models.

14.5.3 Some Further Interpretation on Application
of E-Integral to the Nonlinear Fracture Analysis
of Quasicrystals

The above subsections and the appendixes exhibit the generalized Eshelby integral
can be as a uniform basis of generalized BCS model as well as generalized DB
model for nonlinear fracture analysis of some one-, two- and three-dimensional
quasicrystals. We suggest taking the E-integral as a fracture parameter, and

E ¼ Ec ð14:5:4Þ

as fracture criterion, where Ec is the critical value of the integral, a material con-
stant, which can be measured through some conventional specimens, and the dis-
cussion will be given in Sect. 14.8—Appendix of Chapter 14.

Though the measurement of the critical value of generalized Eshelby integral
may be easier, the evaluation of values of E-integral for plastic deformation of
quasicrystals is very difficult. Therefore, the implementation of the criterion (14.5.4)
is not so convenient in practice. Instead, people can use the fracture criterion of
crack tip opening displacement considering the equivalency between the crack tip
opening displacement dðdI; dII; dIIIÞ and E-integral. Elastoplastic crack solutions for
some one-, two- and three-dimensional quasicrystals have been found based on the
generalized Dugdale–Barenblatt model, refer to Refs. [14, 18, 27], in which the size
of the plastic zone and crack tip opening displacement are determined, with these
data an equivalent plastic fracture criterion is suggested in the previous section as

d ¼ dc ð14:5:5Þ

in which dc represents the critical value of the crack tip opening displacement, a
material constant. The evaluation of crack tip opening displacement has been
exactly completed for large plates with central crack and narrow plastic zone and
introduced in Sect. 14.4 or refer to Refs. [14, 18, 27], and some approximate
solution for other configuration may be obtained by complex variable function
method (an outline of the method was interpreted in Refs. [14, 18, 27]) and other
methods (mainly the approximate methods and numerical methods). The
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shortcoming of this procedure lies in some difficulties of the determination of dc,
but which can be obtained through relation

dc ¼ Ec

rc
ð14:5:6Þ

and the Sect. 14.8 shows the measurement of Ec be easier. So the collaboration of
criterions (14.5.4) and (14.5.5) makes the nonlinear fracture analysis for qua-
sicrystals being available. Some details are given in the Appendix of this chapter
(i.e. Sect. 14.8).

14.6 Nonlinear Analysis Based on the Dislocation Model

We pointed out at the beginning in this chapter that in the study on the classical
plasticity there are two different theories: one is the macroscopic plasticity theory
and the other is the so-called crystal plasticity theory; to some extent, the latter can
be seen as a “microscopic” theory which is based on the mechanism of motion of
dislocation. We discussed quite more dislocation solutions in Chap. 7 for one- and
two-dimensional quasicrystals and in Chap. 9 for three-dimensional quasicrystals;
those results are helpful to explore the plastic deformation and fracture of the
material. Because this analysis need not rely on nonlinear macroscopic constitutive
law, it reduces a great difficulty in mathematical treatment. With some results of
dislocation solutions, here we focus on the discussion concerning plastic flow
around crack tip for some one-, two- and three-dimensional quasicrystals,
respectively.

14.6.1 Screw Dislocation Pile-Up for Hexagonal
or Icosahedral or Cubic Quasicrystals

For the topic the basis is the generalized BCS model developed by Fan and
co-workers [8], which is stated as below.

Assume there is a Griffith crack with length 2 l along the direction of z-axis in a
one- or three-dimensional quasicrystal, subjected to a shear stress sð1Þ at infinity
see Fig. 14.9. Around the crack tip, there is a dislocation pile-up with size d which
is unknown so far to be determined. Within the zone of dislocation pile-up, the
material presents plastic flow, and the stress ryz is equal to the critic shear stress sc,
the atomic cohesive force, or the so-called flow limit of the material macroscopi-
cally. For simplicity, the external applied stress at the infinity can be removed;
instead, it is applied at the crack surface. The latter is equivalent to former from
point of view of fracture behaviour for any studied systems. This is the generalized
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BCS model for quasicrystals. The origin of the model was given by Bilby et al.
[20, 21] for crystals. The Ref. [8] developed model to the study for some one- and
two-dimensional quasicrystals. The model can be formulated by the following
boundary conditions for anti-plane elasticity:

ðx2 þ y2Þ1=2 ! 1 : rij ¼ 0; Hij ¼ 0

y ¼ 0; xj j\l : ryz ¼ �sð1Þ; Hyz ¼ 0

y ¼ 0; l\ xj j\lþ d : ryz ¼ �sð1Þ þ sc ¼ 0; Hyz ¼ 0

ð14:6:1Þ

For some detailed statements about the formalism, readers can refer to Ref. [18].The
boundary conditions (14.6.1) have been shown that the nonlinear (plastic defor-
mation) problem is linearized mathematically. So it has been transformed into a
linear problem (or an “equivalent” elasticity problem) described by the final gov-
erning equations

r2uz ¼ 0; r2wz ¼ 0 ð14:6:2Þ

The boundary value problem (14.6.1), (14.6.2) is the problem solved in Sect. 14.4,
where the complex variable function method-conformal mapping method was used,
but there is a simpler procedure to solve it if we need only some plastic deformation
parameters around crack tip and if we have a dislocation solution, the latter is given

Fig. 14.9 Schematic picture of a crew dislocation pile-up coupled with a crack in anti-plane
elasticity of quasicrystals

14.6 Nonlinear Analysis Based on the Dislocation Model 367



by Sect. 7.1. For this purpose, we first introduce a dislocation density function f ðnÞ;
then, problems (14.6.1) and (14.6.2) can be transformed into the following singular
integral equation problem such as

Z
L

f ðnÞdn
n� x

¼ sðxÞ
A

ð14:6:3Þ

in which n denotes the dislocation source point coordinate, x the field point coor-
dinate at the real axis and L represents interval ðl; lþ dÞ. From the dislocation
solution given in Sect. 7.1, the constant A is defined by

A ¼ �ðC44K2 � R2Þbk3
2pK2

ð14:6:4Þ

and the shear stress distribution is

sðxÞ ¼ �sð1Þ; xj j\l
�sð1Þ þ sc; l\ xj j\lþ d

�

which comes from the boundary condition (14.6.1).
In terms of the Muskhelishvili [26] theory, Fan et al. [8] solved the integral

Eqs. (14.6.3) under condition (14.6.4), the solution is

f ðxÞ ¼ � 1
p2A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþðlþ dÞ
x� ðlþ dÞ

s Z
L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n� ðlþ dÞ
nþðLþ dÞ

s
sðnÞ dn

n� x

¼ � 1
p2A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþðlþ dÞ
x� ðlþ dÞ

s
i 2sc cos�1 l

lþ d

� �
� sð1Þp

� �� 


þ sc
p2A

cosh�1 ðlþ dÞ2 � lx
ðlþ dÞðl� xÞ

�����
������ cosh�1 ðlþ dÞ2 þ lx

ðlþ dÞðlþ xÞ

�����
�����

" #
ð14:6:5Þ

Because the f ðxÞ should be a real number, the factor multiplying the imaginary
number i must be zero in the first term of right-hand side of (14.6.5); this leads to

2sc cos�1 l
lþ d

� �
� sð1Þp ¼ 0

i.e.

d ¼ l sec
psð1Þ

2sc

� �
� 1

� �
ð14:6:6Þ

This is the same of (14.4.2) if l is replaced by a.
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From solution (14.6.5), we evaluate amount of dislocations NðxÞ such as

NðxÞ ¼
Zx
0

f ðnÞdn ð14:6:7Þ

Substituting (16.6.5) [coupled with (14.6.6)] into (14.6.7), we can get Nðlþ dÞ and
NðlÞ, so the amount of dislocation motion is

dIII ¼ bk3½Nðlþ dÞ � NðlÞ� ¼ 2bk3lsc
p2A

ln
lþ d
l

� �
¼ 4K2scl

pðC44K2 � R2Þ ln sec
psð1Þ

2sc

� �
ð14:6:8Þ

This is the same of (14.4.3) apart from difference of some notations.

14.6.2 Edge Dislocation Pile-Up for Pentagonal
or Decagonal Two-Dimensional Quasicrystals

For plane elasticity, the corresponding problem is “edge” dislocation pile-up
problem shown in Fig. 14.10; here we consider the pile-up in the pentagonal or
decagonal two-dimensional quasicrystals. There are the boundary conditions

ðx2 þ y2Þ1=2 ! 1 : rij ¼ 0; Hij ¼ 0

y ¼ 0; xj j\l : ryx ¼ �sð1Þ; Hyx ¼ 0; ryz ¼ 0; Hyz ¼ 0

y ¼ 0; l\ xj j\lþ d : ryx ¼ �sð1Þ þ sc; Hyx ¼ 0; ryz ¼ 0; Hyz ¼ 0

ð14:6:9Þ

and the governing equation

r2r2r2r2Fðx; yÞ ¼ 0 ð14:6:10Þ

Instead of solving the boundary value problem (14.6.9) and (14.6.10), one can
determine a dislocation density which satisfies the Eq. (14.6.3) if the relevant
quantity A is known beforehand.

In the singular integral equation, the shear stress distribution function sðxÞ is the
same as previous subsection, but here A is replaced by

A ¼ bk1
p

ðLþMÞðMK1 � R2Þ
ðLþMÞK1 þðMK1 � R2Þ ð14:6:11Þ

which has been found in solution of Sect. 7.2 for point groups 5 m and 10 mm
quasicrystals.
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According to the condition concerning factor multiplying the imaginary i to be
zero in (14.6.5), the plastic zone size is determined by (14.6.6); this is similar to
(14.4.6), but there are some differences in physical meaning.

A similar calculation on amount of dislocation motion we can obtain the slip of
the crack tip such as

dII ¼ 2bk1l
p2A

ln sec
2sð1Þ

psc

� �
¼ 2scl

p
1

MþK1
þ K1

MK1 � R2

� �
ln sec

2sð1Þ

psc

� �
ð14:6:12Þ

It is evident the result of (14.6.12) is similar to that of (14.4.7a), (14.4.7b), but the
physical meaning is different. According to the macroscopic fracture mechanics, the
crack tip slips corresponding to the Mode II crack tip displacement (i.e. the crack tip
sliding displacement) dII. But for the Mode I crack tip opening displacement
(14.4.7a), (14.4.7b), there is no physical basis of dislocation model, though the
similar mathematical treatment can be easily given, which is omitted here.

The dislocation model provides a powerful support to the generalized cohesive
force model and generalized Eshelby model presented in the previous sections;
even if there is a difficulty physically, we are unable to derive dI directly from the
model and results in a slight faulty aspect of the procedure.

14.6.3 Edge Dislocation Pile-Up for Three-Dimensional
Icosahedral Quasicrystals

For three-dimensional icosahedral quasicrystals, the relevant dislocation pile-up
problems can be formulated as

Fig. 14.10 Schematic picture of an “edge” dislocation pile-up coupled with a crack in plane
elasticity of quasicrystals
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ðx2 þ y2Þ1=2 ! 1 : rij ¼ 0; Hij ¼ 0

y ¼ 0; xj j\l : ryx ¼ �sð1Þ; Hyx ¼ 0; ryz ¼ 0; Hyz ¼ 0; ryy ¼ 0; Hyy ¼ 0;

y ¼ 0; l\ xj j\lþ d : ryx ¼ �sð1Þ þ sc; Hyx ¼ 0; ryz ¼ 0; Hyz ¼ 0; ryy ¼ 0; Hyy ¼ 0;

r2r2r2r2r2r2Fðx; yÞ ¼ 0

The solution through the dislocation density method can be offered similar to
above. Because the formulas are too lengthy (please refer to Sect. 9.6 for the dis-
location solution that is the basis of the present method), the discussion is omitted.

14.7 Conclusion and Discussion

This chapter discussed the deformation and fracture exhibiting nonlinear behaviour
of quasicrystals, and this is a topic which has not been well studied so far. The
discussion in the chapter shows that the nonlinear elastic constitutive equation pos-
sesses some meaning for the investigation due to lack of plastic constitutive equation
at present. The generalized Eshelby principle based on the nonlinear elastic consti-
tutive law plays an important role in revealing the fracture behaviour of quasicrystals
under nonlinear deformation which may be a basis of generalized DB model to some
extent. We realize that the generalized Eshelby principle and generalized DB model
are based on the macro-nonlinear continuous mechanics of quasicrystals. The gen-
eralized BCS model developed in Sect. 14.6 emphasizes dislocation mechanism for
the plastic deformation, which is a “microscopic” model and different from those of
the generalized DB hypothesis as well as the generalized Eshelby principle at
physical basis and methodology. The attractiveness is that results derived from these
quite different hypothesizes are in exact agreement with the study.

The reader can find that even if there is a lack of plastic constitutive equations
for quasicrystals so far, the nonlinear analysis explored in this chapter (including
the text and appendixes) with considerable achievements and meaningful descrip-
tion encourage us to furthermore explore the physical nature and mathematical
solution in the field.

14.8 Appendix of Chapter 14: Some Mathematical Details

14.8.1 Proof on Path-Independency of E-Integral

Consider a single-connected region D with a closed boundary C. From the Green
formula, the first, second and third terms of the left-hand side of the integral
(14.5.2) will be
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Z
C

Fn1dC ¼
Z
C

Fdx2 ¼
ZZ
D

@F
@x1

dx1dx2

Z
C

rijnj
@ui
@x1

þHijnj
@wi

@x1

� �
dC¼

ZZ
D

@

@xj
rij

@ui
@x1

þHij
@wi

@x1

� �
dx1dx2

So that

Z
C

GdC ¼
ZZ
D

@F
@x1

� @

@xj
rij

@ui
@x1

þHij
@wi

@x1

� �� �
dx1dx2 ð14:8:1Þ

Meantime, (14.3.2) provides that

@F
@x1

¼ @F
@eij

@eij
@x1

þ @F
@wij

@wij

@x1
¼ rij

@eij
@x1

þHij
@wij

@x1

¼ rij
@

@x1

1
2

@ui
@xj

þ @uj
@xi

� �� �
þHij

@

@x1

@wi

@xj

� �

¼ rij
@

@x1

@ui
@xj

� �
þHij

@

@x1

@wi

@xj

� �

here the symmetry of tensor eij [given by the first equation of (14.3.3)] is used. The
above result can be rewritten as

@F
@x1

¼ @

@xj
rij

@ui
@x1

� �
� @rij

@xj

@ui
@x1

þ @

@xj
Hij

@wi

@x1

� �
� @Hij

@xj

@wi

@x1

¼ @

@xj
rij

@ui
@x1

þHij
@wi

@x1

� � ð14:8:2Þ

in the last step in driving (14.8.2), the equilibrium Eq. (14.3.4) is used.
Substituting (14.8.2) into (14.8.1), we haveZ

C

GdC ¼ 0

If taking C ¼ CþBB0 � C0 þA0A in which C0 is a path similar to C, and these two
curves intersect the upper face of the crack at points B and B0, and the lower face at
points A and A0, respectively. Due to

dx2 ¼ dy ¼ 0; Ti ¼ 0; hi ¼ 0
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at the segments BB0 and A0A, there areZ
BB0 þA0A

GdC ¼ 0;
Z
C

GdC ¼
Z
C0

GdC

Because C and C0 are arbitrary paths satisfying the requirements of E-integral
definition, the last equality proves its path-independency.

14.8.2 Proof on the Equivalency of E-Integral to Energy
Release Rate Under Linear Elastic Case
for Quasicrystals

In the text of this chapter, we argue that the E-integral is equivalent to the energy
release rate when the quasicrystals are in linear elastic deformation state; the
mathematical proof about this is given here. The proof can be done for one-, two-
and three-dimensional quasicrystals and for Mode I, Mode II and Mode III cracks.
For simplicity, here we only discuss Mode III crack for one-dimensional hexagonal
quasicrystals, but it is valid for other quasicrystals as well.

At linear elastic case, the generalized Hooke’s law

rij ¼ Cijklekl þRijklwkl

Hij ¼ Kijklwkl þRklijekl

is reduced to

ryz ¼ ryz ¼ 2C44eyz þR3wzy

rzx ¼ rxz ¼ 2C44ezx þR3wzx

Hzy ¼ K2wzy þ 2R3ezy
Hzx ¼ K2wzx þ 2R3ezx

for the phonon-phason coupling anti-plane shearing (or longitudinal shearing) state
in elasticity of one-dimensional hexagonal quasicrystals; one finds the free energy
density (or strain energy density) as

F ¼ C44ðe2xz þ e2yzÞþ
1
2
K2ðw2

zx þw2
zyÞþR3ðezxwzx þ eyzwzyÞ ð14:8:3Þ
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Substituting the crack solution given in Chap. 8 into (14.8.3), we have

F ¼ 1
4ðC44K2 � R2

3Þ
C44 K2K

k
III � R3K

?
III

h i2
þ 2K2 C44K

?
III � R3K

k
III

h i2�

þ 2R3 K2K
k
III � R3K

?
III

h i
C44K

?
III � R3K

k
III

h io ð14:8:4Þ

where Kk
III ¼

ffiffiffiffiffiffi
pa

p
s1 and K?

III ¼
ffiffiffiffiffiffi
pa

p
s2 are stress intensity factors associated with

phonon and phason fields, respectively.
Integrating the quantity given by (14.8.4) along a path enclosing the crack tip, one

can obtain the first term of the E-integral. Because of the path-independency of the
integral, we can take a half-circle with the crack tip as its origin andwith radius r, so that

Z�p

p

Fdy ¼
Z�p

p

Fr cos hdh ¼ 0 ð14:8:5Þ

where ðr; hÞ denote the crack tip coordinates.
Now we calculate the second and third terms of the integral.
According to the definition of Sect. 14.3, it is known that between the traction,

generalized traction and the phonon, phason stresses there are

Tz ¼ rzxnx þ rzyny ¼ rzx cos hþ rzy sin h

hz ¼ Hzxnx þHzyny ¼ Hzx cos hþHzy sin h

by substituting the crack solution given in Sect. 8.1 into the above formulae we find

Tz ¼ 1ffiffiffiffiffiffiffiffi
2pr

p Kk
III sin

1
2
h; hz ¼ 1ffiffiffiffiffiffiffiffi

2pr
p K?

III sin
1
2
h ð14:8:6Þ

Based on the crack solution given in Sect. 8.1, there are

uz ¼ K2s1 � R3s2
C44K2 � R2

3

ffiffiffiffiffiffiffi
2ar

p
sin

1
2
h

wz ¼ C44s2 � R3s1
C44K2 � R2

3

ffiffiffiffiffiffiffi
2ar

p
sin

1
2
h

ð14:8:7Þ

In addition

@

@x
¼ @

@r
@r
@x

þ @

@h
@h
@x

¼ cos h
@

@r
� sin h

@

@h
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Substituting these results and relations into the second and third terms of the
integral, we obtain

�
Z�p

p

rijnj
@ui
@x1

þHijnj
@wi

@x1

� �
dC ¼ K2ðKk

IIIÞ2 þC44ðK?
IIIÞ2 � 2R3K

k
IIIK

?
III

C44K2 � R2
3

ð14:8:8Þ

From (14.8.5) and (14.8.8), we find that

EIII ¼ K2ðKk
IIIÞ2 þC44ðK?

IIIÞ2 � 2R3K
k
IIIK

?
III

C44K2 � R2
3

¼ GIII ð14:8:9Þ

which is just (8.1.25) given by Chap. 8.
Similarly

EI ¼ GI ð14:8:10Þ

and

EII ¼ GII ð14:8:11Þ

where the suffixes mean the Mode I, Mode II and Mode III of the cracks. The above
demonstration indicates that the generalized Eshelby integral is equivalent to energy
release rate of crack in linear elasticity of quasicrystals.

Under plastic deformation of quasicrystals, in general, the generalized Eshelby
integral does not represent energy release rate; the reason of this is the unloading
can appear due to crack extension, and stress–strain relations described by (14.3.1)
and (14.3.2) do not remain one to one correspondence, and the physical background
of the E-integral will be broken down. But if we define the potential energy per unit
thickness for a plane (i.e. a two-dimensional) region X occupied by a quasicrystal
and denote the boundary of which by C

V ¼
Z
X

Fdxdy�
Z
C

ðTiui þ hiwiÞdC ð14:8:12Þ

then the total potential energy is

P ¼BV ð14:8:13Þ

where B denotes the thickness of the specimen, and there is relation

E ¼ � dP
dA

¼ � 1
B
dP
da

ð14:8:14Þ
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where E-integral can be expressed only by the “difference quotient” rather than the
“differential quotient”. The difference quotient is not energy release rate, and it only
represents the ratio between individual difference of the energy over difference of
crack length for the same configuration specimen but with different initial crack
lengths. Considering the situation, the physical meaning of (14.8.14) is left for
further discussion. Even if there is the faulty aspect, (14.8.14) provides useful
application for calibrating the measurement data of the integral in experiments. The
relevant discussion will be done in the next subsection.

14.8.3 On the Evaluation of the Critic Value of E-Integral

The E-integral provides not only the theoretical basis for generalized BCS model as
well as generalized DB model, but also an effective tool for measuring the material
constants Ec and dc. We mentioned that the measurement of dc is difficult, whereas
the measurement of Ec is easier. Due to the connection between these two quan-
tities, the value of the former can be obtained from that of the latter.

At low and conventional temperatures, quasicrystals present brittle behaviour,
and the fracture belongs to linear elastic fracture, and the measurement of fracture
toughness can be carried out by indentation technique, see, e.g. Mong et al. [19]. At
high temperature, the materials present large plastic deformation and the mea-
surement can be done by bending experiment, in which the three-point bending
specimen, see Fig. 14.11, is one of the most useful specimens. There are two
procedures either by multi-specimens testing or by single specimen testing.

Fig. 14.11 Three-point bending specimen
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For simplicity, we here discuss the procedure by single specimen testing only.
For the three-point bending specimen shown in Fig. 14.11, based on formula
(14.8.14), the value of E-integral is approximately

E ¼ 2U
BðW � aÞ ð14:8:15Þ

where W represents the width, B the thickness of the specimen and U the area under
P� D curve (shown by Fig. 14.12), i.e.

U ¼
Z

PdD ð14:8:16Þ

in which P is the load (force per unit thickness) at loading point, and D the
displacement of the same point. When one observes the initiation of crack growth,
the value of E-integral is marked as the fracture toughness of the quasicrystal.

If the phason field is absent, the material is reduced to conventional structural
material including crystals. In this case, the E-integral is reduced to conventional
Eshelby integral or J-integral; the latter was introduced by Rice [22] and
Cherepanov [23] after 11 years compared with the Eshelby early publication [13],
but the work of Rice has been systematically developed, especially Begley and
Landes [24, 25] put forward the experimental study on J-integral, further promotes
the development of nonlinear fracture theory and its applications for conventional
engineering materials, these experiences would be helpful for the experimental
study of nonlinear fracture of quasicrystalline materials.
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Chapter 15
Fracture Theory of Solid Quasicrystals

Solid quasicrystals are brittle, and the study on fracture behaviour of the material is
significant. In the previous chapters, many of crack problems are investigated, and
the exact analytic, approximate and numerical solutions are constructed; this pro-
vides a basis for discussing the fracture theory. The exact solutions of crack
problem of quasicrystals present particular importance, which reveal the essential
nature describing fracture behaviour of this kind material. The first exact analytic
solution on a Griffith crack in decagonal quasicrystals was given by Li and Fan [1]
in 1999. Afterwards, the author and co-workers in Refs. [1–3] developed the idea of
linear elastic fracture mechanics of quasicrystals based on the common feature of
crack solutions obtained in that date. Trebin et al. [4] discussed the relevant topic
from the other point of view. Recently, Fan and Guo [5], Zhu and Fan [6] and Li
and Fan [7] observed the analytic solutions of cracks in three-dimensional icosa-
hedral quasicrystals, Fan and Fan [8, 9] and Li and Fan [15] and Fan et al. [16]
found the plastic analytic solutions of cracks and Zhu and Fan [10] and Wang et al.
[11] carried out the numerical analysis on dynamic crack of quasicrystals, respec-
tively. And the measurement of fracture toughness of the material is also reported
[12]. The quite fruit information mentioned above suggests to be needed to give a
summary on the fracture study of quasicrystals. This chapter undertakes a task and
may put forward some pointers for the fracture theory of quasicrystals.

15.1 Linear Fracture Theory of Quasicrystals

The descriptions on crack solutions in different chapters reveal some common
nature of stress field and displacement field around crack tip. For all exact solutions
of cracks of one-, two- and three-dimensional quasicrystals in linear elasticity
regime, the resulting expressions of stress and displacement components hold with
respect to arbitrary variables x and y. In addition, we found a quite lot of solutions
of cracks of dynamic state and nonlinear behaviour of quasicrystals, and some
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common features are also exhibited. At first, we analyse the linear elastic solutions.
As indicted in Sect. 8.1, within the framework of linear elasticity and infinite-sharp
crack model, stress near crack tip, i.e.

r1=a � 1; ð15:1:1Þ

stresses for phonons as well as for phasons appear singular in order of r�1=2
1

ðr1 ! 0Þ, and other terms can be ignored when compared to this term. Although
stress singularity is implausible, it is the result of idealized mathematical model.
Quite a few researchers indicated its severe weakness in theory and the paradox of
its methodology [1, 2]. However, prior to the actual establishment of more rea-
sonable fracture theory, we still continue using this theory in expectable near future.

If temporarily accepting this theory, we focus on the field variables near crack

tip. If in (8.3.14) only keeping the term in order of ðr1=aÞ�1=2, we have

rxx ¼ Kk
Iffiffiffiffiffiffiffiffiffi

2pr1
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1
2
h1 1� sin

1
2
h1 sin

3
2
h1

� �
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ð15:1:2Þ

where d21 ¼ RðK1 � K2Þ=4ðMK1 � R2Þ given in Sect. 8.3 and

K jj
I ¼ lim

x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� aÞ

p
ryyðx; 0Þ ¼

ffiffiffiffiffiffi
pa

p
p; ð15:1:3Þ
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in which

ryyðx; 0Þ ¼ p xffiffiffiffiffiffiffiffiffi
x2�a2

p � 1
� �

xj j[ a

�p xj j\ a

(
ð15:1:4Þ

it is one of results of Sects. 8.3 and 8.4, and (15.1.3) represents a physical
parameter describing the fracture behaviour of quasicrystals under Mode I loading
condition.

The physical meaning of the generalized surface forces hi = Hijnj is clear, but
have not been measured so far, and we do not consider hi at the physical boundary

(simply assume zero). Therefore, we only obtain the K jj
I , but the stress intensity

factor for phason field still exits if we do not assume the generalized tractions hi to

be zero. Can we use the stress intensity factor K jj
I in the parallel space (physical

space) as the physical parameter to control the crack stability (instability) in qua-
sicrystals? This only depends upon tests.

It can be found that K jj
I given by (15.1.3) is not directly related to the material

constants of quasicrystals in the case for any self-equilibriumapplied stress state (this is
similar to that for conventional fracture mechanics for structural materials).
Nevertheless, it doesnotmean that it cannot beusedas thephysicalparameter togovern
the crack stability/instability in quasicrystals. Further study is needed in this topic.

But the displacement field concerning crack is strongly related to material con-
stants (this is also similar to that of conventional fracture mechanics for structural
materials), and we must distinguish the results for different quasicrystal systems.

For point groups 5-m and 10-mm quasicrystals, it can be found from (8.3.17) that

uyðx; 0Þ ¼
0 xj j[ a
p
2

K1
MK1�R2 þ 1

LþM

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
xj j\ a

(
ð15:1:5Þ

wy x; 0ð Þ ¼ 0; xj j\1:

The strain energy of the system due to the existence of crack is

WI ¼ 2
Za

0

ðryyðx; 0Þ � Hyyðx; 0Þðuyðx; 0Þ � wyðx; 0ÞÞdx

¼ 2
Za

0

ryyðx; 0Þuyðx; 0Þdx

¼ pa2p2

4
1

LþM
þ K1

MK1 � R2

� �

ð15:1:6Þ

which is called crack strain energy with the suffix “I” to indicate the Mode I crack.

15.1 Linear Fracture Theory of Quasicrystals 381

http://dx.doi.org/10.1007/978-981-10-1984-5_8
http://dx.doi.org/10.1007/978-981-10-1984-5_8
http://dx.doi.org/10.1007/978-981-10-1984-5_8


It can be found from solution in Sects. 8.3 and 8.4 that under the assumption of
generalized surface traction hi = Hijnj being free, the crack strain energy is still
relevant to both the elastic constant K1 of the phason field and the phonon-phason
coupling elasticity constant R apart from relevant to the phonon elastic constants
L ¼ C12, M ¼ ðC11 � C12Þ=2.

Similar to Sect. 8.1, we define the strain energy release rate (crack growth force)
for point groups 5 m and 10 mm

GI ¼ 1
2
@W1

@a
¼ pap2

4
1

LþM
þ K1

MK1 � R2

� �

¼ 1
4

1
LþM

þ K1

MK1 � R

� �
ðKk

I Þ2
ð15:1:7Þ

for point groups 5; 5 and 10; 10 quasicrystals

GI ¼ LðK1 þK2Þþ 2ðR2
1 þR2

2Þ
8ðLþMÞc ðKk

I Þ2: ð15:1:8Þ

c ¼ MðK1 þK2Þ � 2ðR2
1 þR2

2Þ

and for icosahedral quasicrystals

Gk
I ¼

1
2

1
lþ k

þ c7
c3

� �
ðKk

I Þ2 ð15:1:9Þ

c1 ¼ Rð2K2 � K1ÞðlK1 þ lK2 � 3R2Þ
2ðlK1 � 2R2Þ

c3 ¼ lðK1 � K2Þ � R2 � ðlK2 � R2Þ2
lK1 � 2R2 ;

c7 ¼ c3K1 þ 2c1R
lK1 � 2R2

which also indicate that the strain energy release rate relating is not only the phonon
elasticity constants L = C12, M = (C11 − C12)/2, but also the phason elasticity
constant K1, K2 and phonon-phason coupling constants R1 and R2.

In the above relations, for point groups 5 m and 10 mm, due to LþM[ 0,
MK1 � R2 [ 0, Mþ L[ 0 and crack energy WI and crack energy release rate GI

are all positive, meaningful in physical sense. For point groups 5; 5 and 10; 10, there
are icosahedral and other quasicrystals too.
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Considering the obvious physical meaning of GI, we recommend

GI ¼ GIC ð15:1:10Þ

as the crack initiation criterion, where GIC is the critical value, a material constant
determined experimentally. With the availability of explicit expression GI, the
measurement of GIC is convenient, to be discussed in the next section. The above
results have been documented in Chaps. 8 and 9 and the relevant references.

With these common features of cracks in quasicrystalline materials, the funda-
mental of fracture theory for the material can be set up.

15.2 Crack Extension Force Expressions of Standard
Quasicrystal Samples and Related Testing Strategy
for Determining Critical Value GIC

Mong et al. [12] measured the fracture toughness for Al65Cu20Co15 decagonal
quasicrystal by using nonstandard specimen, because in that time, there were lack
of expressions on stress intensity factors and energy release rate for quasicrystalline
material. In addition, the measurement of fracture toughness used nonstandard
approach, e.g. indentation approach.

During the characterization of mechanical properties of quasicrystals, similar to
conventional structural materials, standard samples are expected to use, such as
cracked samples. Here, we recommend three-point bending specimen shown by
Fig. 14.11 in Appendix of Chap. 14 and compact tension specimen shown in
Fig. 15.1 for determining GIC. The corresponding GI expressions are obtained by
extending the formula (15.1.7) and others.

15.2.1 Characterization of GI and GIC of Three-Point
Bending Quasicrystal Samples

Due to K jj
I independent of material constants, according to fracture mechanics, the

stress intensity factor corresponding to the three-point bending specimen as shown
in Fig. 14.11 in Appendix of Chap. 14 is

Kk
I ¼ PS

BW3=2
29

a
W

� �1=2
�4:6

a
W

� �3=2
þ 21:8

a
W

� �5=2
�37:6

a
W

� �7=2
þ 38:7

a
W

� �9=2
� �

ð15:2:1Þ
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Therefore, extension of (15.1.7) leads to

GI ¼ 1
4

1
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� �
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þ 38:7

a
W

� �9=2
�

ð15:2:2Þ

for point groups 5-m and 10-mm quasicrystals, where S is the sample span, B the
sample thickness, W the sample width, a the crack length plus the size of the
machined notch and P is the external force (per unit length). Finally, the GIC value
can be determined by measuring the critical external force PC. For other qua-
sicrystal systems, there are similar results.

15.2.2 Characterization of GI and GIC of Compact Tension
Quasicrystal Sample

It can be found in fracture mechanics that the stress intensity factor of the compact
tension specimen as shown in Fig. 15.1 is

Fig. 15.1 Compact tension specimen for measuring fracture toughness of quasicrystalline
material
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Therefore, for point groups 5-m and 10-mm quasicrystals.
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ð15:2:4Þ

where B, W, a and P have the same meanings above. The GIC value can be
determined by measuring the critical external force PC. For other quasicrystal
systems, there are similar results.

15.3 Nonlinear Fracture Mechanics

In the regime for nonlinear deformation of quasicrystals, the stress intensity factor
and energy release rate cannot be used as a fracture parameter, and we must carry
out elasto-plastic analysis, and the exact solutions of the crack problems have not
been obtained except a few of special cases. Fortunately, this difficult topic has been
discussed in Chap. 14 in detail, and now, it is needed listing some key points only.

Instead of stress intensity factor and energy release rate, the crack tip opening
displacement or Eshelby integral may be a parameter characterizing the mechanical
behaviour of crack tip under nonlinear deformation of quasicrystals. These quan-
tities are strongly related to material constants, so the discussion must be done for
distinguishing quasicrystal systems.

For one-dimensional hexagonal quasicrystals, we have obtained the crack tip
sliding displacement for Mode III crack as

dIII ¼ 4K2sca
pðC44K2 � R2

3Þ
ln sec

ps1
2sc

� �� �
ð15:3:1Þ

and for two-dimensional quasicrystals with point groups 5 m and 10 mm, the crack
tip opening displacement for Mode I crack is

dI ¼ 2rca
p

1
LþM

þ K1

MK1 � R2

� �
ln sec

pp
2rc

� �� �
ð15:3:2Þ
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For icosahedral quasicrystal, the crack tip opening displacement is

dI ¼ lim
x!l

2uyðx; 0Þ ¼ lim
u!u2

2uyðx; 0Þ ¼ 2
1

kþ l
þ c4

c2

� �
� rsa
p

� ln sec
p
2
p
rs

� �

ð15:3:3Þ

in which

c2 ¼ lðK1 � K2Þ � R2 � ðlK2 � R2Þ2
lK1 � 2R2 ; c4 ¼ c1Rþ 1

2
c2 K1 þ lK1 � 2R2

kþ l

� �

ð15:3:4Þ

with c1 ¼ Rð2K2�K1ÞðlK1 þ lK2�3R2Þ
2ðlK1�2R2Þ .

Fig. 15.2 shows the crack tip opening displacement versus applied stress.
And the size of plastic zone around the crack tip is

d ¼ a sec
ps1
2sc

� �
� 1

� �

for one-dimensional hexagonal quasicrystals and

d ¼ a sec
pp
2rc

� �
� 1

� �

for two-dimensional quasicrystals with point groups 5 m and 10 mm.

Fig. 15.2 Crack tip opening
displacement of icosahedral
quasicrystals versus applied
stress
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And we have fracture criterion for Mode I crack

dI ¼ dIc ð15:3:5Þ
For Mode II and Mode III crack, there are similar criteria, which have been
discussed in Chap. 14.

As pointed out in Chap. 14, the Eshelby integral can also be as a fracture
parameter, and based on which one can set up a fracture criterion, the full dis-
cussion can be found there.

The experimental measurement of nonlinear fracture toughness of quasicrystals
has been introduced in Appendix of Chap. 14, and it does not mention any more.

15.4 Dynamic Fracture

As we have known from Chap. 10, the study on dynamics for quasicrystals presents
difficult situation, so the study for dynamic fracture.

Nevertheless, Chap. 10 provides some beneficial data for us.
By taking the so-called phonon-phason dynamic equation system for qua-

sicrystals, the dynamic crack initiation problem can be solved by the finite differ-
ence method. In linear case, the crack dynamic initiation can be described by
dynamic stress intensity factor, and for some samples, the results are listed in
Chap. 10, which are sensitive functions of loading type, loading rate and sample
geometry, including crack geometry. One of results can be seen in Fig. 15.3.

With the results, we can propose the fracture criterion for dynamic crack
initiation

KIðtÞ ¼ KIdð _rÞ ð15:4:1Þ

Fig. 15.3 Normalized
dynamic stress intensity factor
of central stationary crack
specimen under Heaviside
impact loading (for decagonal
Al–Ni–Co quasicrystals)
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in which KIðtÞ is the dynamic stress intensity factor evaluated by different
approaches, and KIdð _rÞ represents the dynamic fracture toughness for the initiation
of crack growth of the material and is measured by test, a material constant, but is
function of loading rate _r. While for fast crack propagation/crack arrest problems
we have results, e.g. shown in Fig. 15.4 for central crack specimen, there is fracture
criterion such as

KIðtÞ�KIDðVÞ ð15:4:2Þ

where KIðtÞ is also the dynamic stress intensity factor, a computational quantity,
while KIDðVÞ denotes the fracture toughness for fast propagating crack and must be
measured by test, a material constant, but is the function of crack speed V ¼ da=dt.
In (15.4.2), the equality sign represents crack propagation condition, and the
inequality sign marks the crack arrest condition.

15.5 Measurement of Fracture Toughness and Relevant
Mechanical Parameters of Quasicrystalline Material

Reference [12] reported the measurement of fracture toughness of two-dimensional
decagonal quasicrystal Al65Cu20Co15 as well as three-dimensional icosahedral Al–
Li–Cu quasicrystal, and the authors used the indentation approach.

Fig. 15.4 Normalized
dynamic stress intensity factor
of propagating crack with the
constant crack speed of
central crack specimen (for
icosahedral Al–Pd–Mn
quasicrystals)
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15.5.1 Fracture Toughness

The material is locally pressed, the crack around the indentation will appear as the
compressible stress reaches a certain value and this describes the ability of fracture
of the material along the direction of the compressible stress. When the crack length
2a is greater than the 2.5 times of length 2c of diagonal of the indentation, then the
fracture toughness can be evaluated by

KIC ¼ 0:203 HV
ffiffiffi
c

p 3

ffiffiffi
c
a

r� �
ð15:5:1Þ

in which HV denotes hardness of the material.
Their results of measurement for decagonal Al–Ni–Co quasicrystal are

KIC ¼ 1:0�1:2MPa
ffiffiffiffi
m

p ð15:5:2Þ

with HV ¼ 11:0�11:5GPa and for icosahedral Al–Li–Cu quasicrystal are

KIC ¼ 0:94MPa
ffiffiffiffi
m

p ð15:5:3Þ

in which HV ¼ 4:10GPa.
The values of fracture toughness for general alloys for black metals measured by

Ma et al. [13] are much greater than the above data, those for aluminium alloys and
other coloured metals are also, e.g. for aluminium is 33MPa

ffiffiffiffi
m

p
refer to Fan [14].

So one finds that quasicrystals are very brittle.
The author of the book minds the indirect measurement for fracture toughness of

quasicrystals though indentation probably is not so exact, because formula (15.5.1)
is empirical, the exact measurement should be using the stress intensity factor
formula. Due to the high brittleness of the material, maybe it is easy by taking the
indentation approach.

15.5.2 Tension Strength

The tensile strength rc is measured through the formula

rc ¼ 0:187 P=a2 ð15:5:4Þ

Meng et al. [12] obtained

rc ¼ 450MPa ð15:5:5Þ
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before annealing and

rc ¼ 550MPa ð15:5:6Þ

after annealing for decagonal Al–Ni–Co quasicrystal.
Figure 15.5 shows the SEM morphology of grain interior containing large hole,

Fig. 15.6 shows diagram of indentation crack under applied load 100 g before
annealing and after annealing and Fig. 15.7 shows the SEM fractograph and
fracture feature for decagonal Al65Cu20Co15 quasicrystal.

Fig. 15.5 SEM morphology of grain interior hole a prismatic grain with perfect basic plane,
b grain with prefect prismatic plane

Fig. 15.6 Morphology of cracks near impression under 100 g load a before annealing, b after
850 °C, 36 h annealing
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Chapter 16
Hydrodynamics of Solid Quasicrystals

Generalized hydrodynamics is one of the important branches on study of solid qua-
sicrystals, refer to Lubensky et al. [1, 2]. Though the discussion on phonon-phason
dynamics in Chap. 10, suggested by Rochal and Norman [3] and Fan et al. [4], is
concerned somewhat with generalized hydrodynamics, the description there is too
simple and too simplified, some nature of hydrodynamics of quasicrystals have not
been touched. We here intend to give a detailed introduction on hydrodynamics of
solid quasicrystals of Lubensky et al. The theory is concerned with many aspects of
physics and mathematics, which are listed in Appendix C of Major Appendix.

Before the discovery of quasicrystals, hydrodynamics of solid (crystals) has been
developed, see e.g. the work of Martin et al. [5], Fleming and Cohen [6], which is
related to viscosity of solid. Considering the viscosity, the numbers of field vari-
ables and field equations are enlarged. The nature is connected to
symmetry-breaking. At first we introduce some basic concepts of viscosity of solid,
which are beneficial to understand hydrodynamics of quasicrystals.

16.1 Viscosity of Solid

The elasticity discussed in the first 13 chapters is reversible, and the plasticity
studied in Chap. 14 is one of the irreversible deformations. The irreversibility of
plasticity lies in existence of dissipation. The viscosity of solid is another kind of
dissipation. To study viscosity of solid one can take a method similar to that in fluid
dynamics [7]. Introducing velocity of mass point V ¼ Vx;Vy;Vz

� �
and tensor of

deformation velocity

_nij ¼
1
2

@Vi

@xj
þ @Vj

@xi

� �
ð16:1:1Þ
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then viscosity stress tensor is defined by

r0ij ¼ 2g _nij �
1
3
_nkkdij

� �
þ f _nkkdij ð16:1:2Þ

here is considered only the isotropic viscosity, and denote g the bulk viscosity
constant, f the shear one. Equation (16.1.2) is the constitutive law of viscosity of
isotropic solid.

The general constitutive law of viscosity of solid is

r0ij ¼ gijkl _nkl ð16:1:3Þ

in which gijkl represents viscosity coefficient tensor of anisotropic viscosity of solid.
A description of viscosity of solid can also be introduced by a dissipation

function R such as

R ¼ 1
2
gijkl _nij _nkl ð16:1:4Þ

so that we have

r0ij ¼
@R

@ _nij
ð16:1:5Þ

which is similar to the relation between stress and density of strain energy in the
elasticity in form. For the icosahedral quasicrystals, the viscosity coefficients can be
expressed as

gijkl ¼ fdijdkl þ g dikdjl þ dildjk � 2
3
dijdkl

� �
ð16:1:6Þ

For simplicity, in the following we consider only the simplest case,

i.e., r0ij ¼ 2g _nij � 1
3
_nkkdij

� �
; only one viscosity constant g (the bulk or longitudinal

viscosity constant) is used. The detailed description about viscosity of solid
physically, refer to Ref [1].

16.2 Generalized Hydrodynamics of Solid Quasicrystals

Considering both elasticity and viscosity of solid quasicrystals lead to a general-
ized hydrodynamics that is developed by Lubensky et al. [1, 2], they derived the
governing equations of the hydrodynamics by using Poisson bracket method. Here,
there are 4 systems of equations: mass conservation equation, momentum conser-
vation equations, equations of motion of phonons due to symmetry breaking and
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phason dissipation equations, if the energy conservation equation does not con-
sidered. The mass conservation equation is

@q ðr; tÞ
@t

¼ �riðrÞ ðqViÞ ð16:2:1Þ

and the momentum conservation law is

@giðr; tÞ
@t

¼ �rkðrÞðVkgiÞþrjðrÞ gijklrkðrÞgl
� �

� dij �riðrÞuj
� � dH

duj
þ riðrÞwj
� � dH

dwj
� qriðrÞ dHdq ;

gj ¼ qVj

ð16:2:2Þ

At meantime one has equations of motion of phonons due to symmetry breaking

@uiðr; tÞ
@t

¼ �VjrjðrÞui � Cu
dH
dui

þVi ð16:2:3Þ

and phason dissipation equations

@wiðr; tÞ
@t

¼ �VjrjðrÞwi � Cw
dH
dwi

ð16:2:4Þ

The detailed discussions on the equations can be found in Appendix C, in which
the Hamiltonian H is defined by:

H ¼ R g2

2q þ 1
2A

dq
q0

� �2
þB dq

q0

� �
r � u

� 	
ddrþFu þFw þFuw;

g ¼ qV

8<
: ð16:2:5Þ

where the integral in (16.2.5) describes the contributions of momentum and vari-
ation of mass density, the last three terms of (16.2.5) denote the contributions of
phonon, phason and phonon-phason coupling, and A;B are new constants of
materials describing the effect due to variation of mass density, respectively, the
superscript of volume element of integral represents dimension. Equations (16.2.1)–
(16.2.4) are the equations of motion of hydrodynamics for solid quasicrystals, and
the field variables include mass density q, velocity Vi (or momentum qVi), phonon
displacement ui and phason displacement wi. In order to write the Hamiltonian H
(16.2.5), one must give constitutive law of quasicrystals, in which the elastic
constitutive equations are discussed in detail in the first 13 chapters.

Above listed equations are derived by Lubensky et al. [1] in 1985, but there was
no detail of derivation which are supplemented in Appendix C. Some arguments on
the equations can be found in Refs. [3, 8, 9]. The amount of the filed equations
including deformation geometry and constitutive law is 52 and belongs to
differential-variational equations; the solving of the initial-boundary value problems
of these equations is difficult.
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16.3 Simplification of Plane Field Equations
in Two-Dimensional 5- and 10-Fold Symmetrical
Solid Quasicrystals

The equations of Lubensky et al. are derived for icosahedral quasicrystals, but can
be used for other solid quasicrystals observed so far. We here discuss point group
5; 5 pentagonal and point group 10; 10 decagonal quasicrystals, and only for plane
field, i.e. the motion of the medium is in xy-plane if the z-axis is taken as 5- or
10-fold symmetry axis. In this case, the governing equations are the same for both
point group 5; 5 pentagonal and point group 10; 10 decagonal quasicrystals. All
field variables depend only on variables x, y and t, and those of z-components are
vanished. If terms ri rð Þuj

� �
dH
duj

ri rð Þwj
� �

dH
dwj

were omitted in Eq. (16.2.2), the

governing Eqs. (16.2.1)–(16.2.4) would reduce to (16.3.1), i.e.

@q
@t þr � ðqVÞ ¼ 0
@ðqVxÞ

@t þ @ðVxqVxÞ
@x þ @ðVyqVxÞ

@y ¼ gr2ðqVxÞþ 1
3 g

@
@xr � VþMr2ux þ

ðLþM � BÞ @
@xr � uþR1

@2wx
@x2 þ 2 @2wy

@x@y � @2wx
@y2

� �
� R2

@2wy

@x2 � 2 @2wx
@x@y � @2wy

@y2

� �

�ðA� BÞ 1
q0

@dq
@x

@ðqVyÞ
@t þ @ðVxqVyÞ

@x þ @ðVyqVyÞ
@y ¼ gr2ðqVyÞþ 1

3 g
@
@yr � VþMr2uy þðLþM � BÞ @

@yr � u
þR1

@2wy

@x2 � 2 @2wx
@x@y � @2wy

@y2

� �
þR2

@2wx
@x2 þ 2 @2wy

@x@y � @2wx
@y2

� �
� ðA� BÞ 1

q0
@dq
@y

@ux
@t þVx

@ux
@x þVy

@ux
@y ¼ Vx þCu½Mr2ux þðLþMÞ @

@xr � uþ
R1

@2wx
@x2 þ 2 @2wy

@x@y � @wx
@y2

� �
� R2

@2wy

@x2 � 2 @2wx
@x@y � @2wy

@y2

� �
�

@uy
@t þVx

@uy
@x þVy

@uy
@y ¼ Vy þCu½Mr2uy þðLþMÞ @

@yr � uþ
R1

@2wy

@x2 � 2 @2wx
@x@y � @2wy

@y2

� �
þR2

@2wx
@x2 þ 2 @2wy

@x@y � @2wx
@y2

� �
�

@wx
@t þVx

@wx
@x þVy

@wx
@y ¼ Cw½K1r2wx þ

R1
@2ux
@x2 � 2 @2uy

@x@y � @2ux
@y2

� �
þR2

@2uy
@x2 þ 2 @2ux

@x@y � @2uy
@y2

� �
�

@wy

@t þVx
@wy

@x þVy
@wy

@y ¼ Cw½K1r2wy þ
R1

@2uy
@x2 þ 2 @2ux

@x@y � @2uy
@y2

� �
� R2

@2ux
@x2 � 2 @2uy

@x@y � @2ux
@y2

� �
�

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð16:3:1Þ

in which r� ¼ i @
@x þ j @

@y ; V ¼ iVx þ jVy; u ¼ iux þ juy:

16.4 Numerical Solution

The deformation, motion, dynamic behaviour and structure including structure
reconstruction of solid quasicrystals are often needed to solve the equations such as
(16.3.1), and the solving must be under appropriate initial and boundary conditions.
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To solve the Eqs. (16.3.1) at physical time-space domain, the corresponding initial
and boundary conditions must be given simultaneously. The more general dis-
cussion on the initial and boundary conditions of hydrodynamics of solid qua-
sicrystals here has not been undertaken. We take a specimen shown by Fig. 16.1
and list the relevant conditions for the specimen, in which the computational points
A1 and A2 and their coordinates are as follows

A1ð10�4 m; 10�4 mÞ andA2ð10�4 m;�10�4 mÞ

We assume the specimen at initial time is in rest, so there are initial conditions

t ¼ 0 : ux ¼ uy ¼ 0;wx ¼ wy ¼ 0;Vx ¼ Vy ¼ 0; q ¼ q0: ð16:4:1Þ

At the surface of the specimen, there are the following boundary conditions

y ¼ �H; xj j\W : ryy ¼ r0f ðtÞ; ryx ¼ 0;Hyy ¼ Hyx ¼ 0;Vx ¼ Vy ¼ 0;

x ¼ �W ; yj j\H : rxx ¼ rxy ¼ 0;Hxx ¼ Hxy ¼ 0;Vx ¼ Vy ¼ 0:
ð16:4:2Þ

Fig. 16.1 Specimen of quasicrystal under impact loading
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in which r0 is a constant with the stress dimension, f ðtÞ the function of time, we
here take it as Heaviside function, i.e. f ðtÞ ¼ HðtÞ, of course this loading is an
idealized case. The boundary conditions designed belong to the simplest one for
both numerical computation and further experimental measurement, in which the
non-homogeneous boundary condition is only for phonon stress, and the boundary
conditions for phason field and viscosity flow field are zero. As an example, we
calculate a decagonal Al–Ni–Co quasicrystal, with the experimentally measured
material data q0 ¼ 4:1868� 10�3 g=mm3, viscosity coefficient g ¼ 1 cm2=s (note
that here g in fact is corresponding to g=q refer to Ref [1]) approximately [1] and
elastic moduli C11 ¼ 2:3430, C12 ¼ 0:5741 (1012 dyn=cm2), which are obtained by
resonant ultrasound spectroscopy; we have also chosen K1 ¼ 1:22 and K2 ¼ 0:24
(1012 dyn=cm2) estimated by Monte Carlo simulation, Cu ¼ 4:8 � 10�8, Cw ¼
4:8 � 10�10 (cm3ls=g), refer to Chap. 10, A ¼ B ¼ 1010 dyn=cm2 by an estima-
tion. The coupling constants R1, R2 have not been measured so far. In computation,
we take R1=M ¼ 0:001 and R2=M ¼ 0:002, where M ¼ ðC11 � C12Þ=2,
r0 ¼ 5 MPa, H ¼ 20 mm and W ¼ 10 mm.

The specimen shown in Fig. 16.1 is a simplest specimen for exploring the
hydrodynamic behaviour of the quasicrystal through computational analysis. The
upper and lower surfaces of the specimen are subjected to impact external stress
ryy ¼ r0HðtÞ, where the loading function is taken to be the Heaviside function

HðtÞ ¼ 0; t ¼ 0

1; t[ 0

(

Of course this is an extreme case (at t ¼ 0, the loading rate is infinite).
What Eqs. (16.3.1) under initial and boundary value conditions (16.4.1) and

(16.4.2) is named initial-boundary value problem (16.3.1)–(16.4.1), (16.4.2), this is
a nonlinear initial-boundary value problem, because the partial differential equation
set is nonlinear. We solve the initial-boundary value problem by a finite difference
method. The numerical solutions with high stability are obtained.

The impact loading at the upper and lower surfaces of the specimen is the
disturbance source, if the initial propagating rate of the disturbance source is
denoted by v0, which can be evaluated by v0 ¼ H

t0
, where t0 the time of propagation

of the disturbance source to the central transverse section, and our computational
point is very close to the location. The computation for time t0 is very easy to obtain
which can directly check our computation.

In Fig. 16.2, the variation of mass density versus time is illustrated, which
explicitly explores the wave propagation character of the physical process under the
given boundary conditions of the specimen. Before arriving of the wave emanated
from the upper surface in the computational point A1 whose distance to upper
surface is almost equal to H (completely similar to the wave emanated from lower
surface arriving in the computational point A2), the mass density maintains its initial
value q0, the “propagation time” is equal to t0 ¼ 2:545 ls, which is evaluated by
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t0 ¼ H
v0

and v0 ¼ H
t0
¼ 7:8585 km=s and which is very close to the value of the

longitudinal wave speed cL ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðLþ 2MþA� 2BÞ=q0
p ¼ 7:4807 km=s (The for-

mula of the longitudinal wave, refer to Lubensky et al. [1]). This is a direct check to
the computation physically, though there is a smaller difference between the values
of v0 and cL. It is understandable, because the longitudinal wave speed formula is a
linear elastic result, and the present case is nonlinear medium; the disturbance
source propagating speed v0 from upper surface to the computational point is not
exactly equal to linear longitudinal wave rate, but these two values are very close to
each other. This shows that the mathematical formulation of the initial-boundary
value problem (16.3.1)–(16.4.1), (16.4.2) is correct physically, the solving method
is effective and solution presents satisfactory precise.

The phenomenon indicates that for the complex system of wave propagation and
diffusion coupling, the phonon wave propagation plays a dominating role. At the
moment that the wave arrives at the central, because the dynamic load is an
impacting force which produces a tensile wave, the value of mass density at central
section decreases steeply to the minimum.

After the longitudinal waves emanated from upper and lower surfaces confluent
each other at the central section, and the arrival of succeeded transverse wave and

Fig. 16.2 Variation of mass density of the computational point A1 (or A2) of specimen versus
time
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the reflected waves by lateral surfaces of the specimen, the material at the location
is compressible, the value of dq=q0 will be increasing, and then grows into a
maximum value 2.527 × 10−14 at times 8.149 ls indicates that q beyond the initial
value q0 of mass density.

Fig. 16.3 gives the time variation of velocities (the velocities of mass point to the
coordinates) at point A1 in x- and y-directions, respectively, in which the wave
behaviour is still exhibited before the “propagation time” t0, and the values of

Fig. 16.3 Velocity fields at the computational point A1 of specimen versus time: a Vx and b Vy
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velocities are zero. The order of their magnitude is 10�10 m=s for the material, this
quantitatively explores the hydrodynamic character of the motion pointed out by
Lubensky et al. Though one knows the motion should be very slow, but beforehand
we did not know the realistic order of magnitude of the rate, and naturally there was
no possibility to know the exact values of the rate, in that time the analysis was only
qualitative.

Figure 16.4 illustrated the time variation of phonon displacements at point A1 in
directions x and y, respectively. The results show the wave propagation behaviour

Fig. 16.4 Phonon displacement fields at the computational point A1 versus time: a ux and b uy
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of the field variables, which is evident. Of course, the performance of ux and uy is
different from each other, which is resulted from the boundary conditions and
specimen configuration.

The results on phason displacements wx and wy are plotted by Fig. 16.5, and
their order of magnitude is very smaller than that of phonons; this is understand-
able, because the external disturbance source comes from the phonon stress only,
and the corresponding phason boundary conditions are homogeneous (the zero

Fig. 16.5 Phason displacement fields at the computational point A1 of specimen versus time: a wx

and b wy
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boundary conditions). If we take the phonon stress boundary conditions are
homogeneous and phason stress boundary conditions are nonhomogeneous, then
the order of magnitude of solutions of phasons is much greater than that of the
present results. In addition, the phason displacement field represents diffusion rather
than wave propagation in physical nature, but the profile of the figures of wx and wy

does not exhibit pure diffusion feature which exhibited for solutions of simple
diffusion equation due to the strong coupling of wave equations and the controlling
of the mixed boundary conditions.

Figs. 16.6, 16.7 and 16.8 show the time variation of phonon, phason and vis-
cosity normal stresses at the computational point, and it is evident that phonon
stress is greater by two orders of magnitude than phason one; the phonon and
phason stresses are much greater than viscosity one. The outline of phason stress
describes certain diffusive behaviour so is evident different from that of phonon
one, while the outline of phonon and viscosity ones exhibit typical wave propa-
gation character and present strong oscillation.

Fig. 16.6 Elastic normal stress at the computational point A1 (or A2) of specimen versus time
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Fig. 16.7 Phason normal stress at the computational point A1 (or A2) of specimen versus time

Fig. 16.8 Viscosity normal stress at the computational point A1 (or A2) of specimen versus time
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16.5 Conclusion and Discussion

This chapter gives an introduction on hydrodynamics of solid quasicrystals of
Lubensky et al., which was the development of one of the crystals given by Martin
et al. [5] and Fleming and Cohen [6]. The numerical computation verifies the
solvability of equations of Lubensky et al. [1]. The numerical computation verifies
the correctness of the formulation developed here too. However it is carried out
through only a simple specimen, describes only one of dynamic processes of solid
quasicrystals, results are limited for a local computational point and a short time
duration, conveys limited information. Nevertheless, the numerical solving and
computer implementation for such a complex substantive system are significant, the
obtained stable and physically meaningful results are also significant.

The computational results reveal the phonon and phonon-phason coupling
dominate the deformation and motion of the matter, which is undoubted for most
quasicrystals. The computational results show the variation of mass density is
small, and the viscosity stresses are small for the present computed specimen, these
do not mean the common response for all dynamic processes of the matter. Even if
the weakness of effects of compressibility and viscosity at the computed specimen,
they may present significance in other dynamic processes. We know, the similar
phenomena appear often in physics, for example, the gravitation due to curved
space-time is very weak in general, but it is important for some special cases, for
example, the gravitational waves observed recently.1

So far the solutions in time-space domain of hydrodynamics of Lubensky et al.
are very few, and developing the computation is significant. This work can be
referenced to that carried out for solid quasicrystals [10] and soft-matter qua-
sicrystals, e.g. [11], which show the importance of hydrodynamics applied in
soft-matter quasicrystals. In principle, the hydrodynamics of Lubensky et al will be
valid for soft-matter quasicrystals apart from some modification and supplemen-
tation, the discussion about this can be referred to Appendix D.

The work of hydrodynamics study may help us enhance the understanding to the
deformation and motion of solid quasicrysals. Of course, the analysis of hydro-
dynamics here is a preliminary attempt; it is needed further development of both
aspects in the theory and computation.
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Chapter 17
Remarkable Conclusion

The discussion mainly on elasticity and a few of on plasticity and hydrodynamics of
quasicrystals is ended up to Chap. 16.

Elasticity is one of the important branches of the natural science since the time of
Hooke, Euler, Bernoulli, Navier, Cauchy, and St Venant, among others. So that it is
emphasized by great theoretical physicists e.g. Sommerfeld [1] and Landau and
Lifshitz [2] and presented in their famous theoretical physics courses. However,
those they discussed belongs to the classical elasticity or crystal elasticity in scope
of continuum mechanics, which presents important meaning for engineering as well
as science including modern physics, e.g. one application of the theory combining
the Planck’s quantization by Debye [3] and Born [4] to specific heat of crystals at
low temperature (refer to [1] for the detail) leads to phonon concept and the
appearance of lattice dynamics, which is an important basis of modern solid state
physics.

Elasticity of quasicrystals is a branch of condensed matter physics rather than
classical mechanics. Landau and Anderson did a great contribution to the con-
densed matter physics, the symmetry breaking principle sets up the paradigm of the
branch of physics. The basis of the elasticity is phonon, phason and phonon-phason
coupling, which are originated from Landau elementary excitation principle, the
concept is a quantum mechanics description on collective excitation of massive
atoms, this shows the elasticity of quasicrystals is connected essentially with
quantization, the idea is beyond classical mechanics.

Apart from quantization, the symmetry and phase are also the basis of elasticity
of quasicrystals. The quantization, symmetry and phase belong to the main theme of
20th century physics. Anderson [5] revealed the nature of phonon from the phase of
Landau’s order parameter in three-dimensional reciprocal space. The pioneering
researchers Bak, Lubensky et al. [6–9] of study of elasticity of quasicrystals
extended the Anderson’s argument in six-dimensional reciprocal space and
explained the nature of phason. If limited only to the intuitive idea of classical
mechanics, then the phason cannot be understood, although the phason concept was
drawn from incommensurate phase physics at beginning. These discussions may
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help us to deep our understanding elasticity of quasicrystals which were introduced
in Chaps. 1 and 4, respectively.

Based on the concepts and principles, fundamentals of the theory of elasticity of
solid quasicrystals have been developed, and quite fruitful achievements are
obtained, which are partly introduced in the first 15 chapters.

Although the quasicrystal elasticity is different from classical elasticity in nature,
there are some connections in methodology between these two disciplines, the
development of theory of quasicrystal elasticity is helped from the crystal elasticity
[10–12], it also gets the help from the crystal plasticity [13–16], crystal dislocation
[17, 18] and classical crack theories [19, 20]. Besides, there are much inherent
connections between quasicrystal elasticity and group theory [21, 22], partial dif-
ferential equations [23–25], Fourier analysis [18, 23, 26], complex analysis [27],
integral equations [19, 20, 26] and computational mathematics [28], without the
help of these powerful mathematics branches, the development of elasticity of
quasicrystals is impossible. These problems are also introduced in the text of first 15
chapters and Major Appendix, some among them are quite detailed, and explored
physics-mathematics compatibility and consistence and shown the power, excel-
lence and beauty of analytic mathematics.

Hydrodynamics, according to the summarization by Dzyaloshinskii and
Volovick [29], covers a quite wide range of disciplines from conventional fluid,
superfluid to spin waves in magnets, spin glasses, liquid crystals, and so on. The
hydrodynamics of solid quasicrystals was created by Lubensky et al. [8], constitutes
another important field of solid quasicrystals; the theory is much more complex
than that of elasticity and beyond the scope of the first 15 chapters and has not been
discussed in detail. The observation of soft-matter quasicrystals is a dramatic event
[30–34] in Twenty-first-century chemistry and aroused a great deal of attention of
researchers. The study of the soft-matter quasicrystals must deal with hydrody-
namics [35, 36] but is beyond the scope of the present book, we give only a very
simple introduction in the major appendix of the book. Due to the enlarging of
scope of quasicrystals, the concepts concerning the study are extended recently too,
e.g. the first and second phason elementary excitations are suggested [35]. There is
no possibility to discuss the relevant topics in text as well as in appendix, but we
particularly list some quantities in Notations to readers for their referring.
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Major Appendix: On Some Mathematical
Additional Materials

Mathematical solutions for individual boundary value problems are given in the
previous chapters. Due to the complexity of boundary conditions for realistic
problems of physics, we must develop some special techniques, in which the
complex function method collaborating conformal mapping and Fourier analysis
collaborating dual integral equations are powerful procedures. The use of the
procedures has been exhibited in the previous chapters. Though some appendixes in
relevant chapters were given in the text for discussing some special problems, we
list some necessary additional materials on complex analysis and dual integral
equations in separate two parts in Appendices A and B (including Appendix of
Chap. 11). It is interesting, in particular, between these two parts, there are some
close inherent connections. Probably these materials are not necessary for readers
majoring applied mathematics, but which may be helpful for young scholars and
postgraduate students who are not majoring applied mathematics.

The discussion of hydrodynamics concerns Poisson bracket method in con-
densed matter physics, and the Appendix C gives some relevant materials and
detailed derivation of equations of motion of hydrodynamics of solid quasicrystals,
which are beneficial to learn hydrodynamics of soft-matter quasicrystals as well.

Appendix A: Additional Calculations Related
to Complex Analysis

A.1 Additional Derivation of Solution (8.2.19)

In Chap. 8, we emphasized the importance of complex analysis (see [1–3]) and
pointed out that the Muskhelishvili’s [1] method limited the conformal mapping to
be rational functions. However our practice breaks the limitation, e.g. [4, 5]; the
calculation is handled as below.

Formula (8.2.19) is obtained from the integral of (8.2.6) in which the conformal
mapping xðfÞ is given by (8.2.17). The difficulty of the calculation lies in the
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integral path which is a part of circle rather than whole circle. Substituting (8.2.17)
into the right-hand side of (8.2.6) yields

FðfÞ ¼ � p
2pi

Z1
�1

xðrÞ
ðr� fÞ2dr ¼ � p

2pi

Z1
�1

x0ðrÞ
r� f

dr

where

x0ðrÞ ¼ � 4Hað1� bÞ
p

1� r
1þ r

ð1þ rÞ2

ð1þ rÞ2 þ að1� r2Þ2
h i

ð1þ rÞ2 þ bað1� rÞ2
h i

Substituting eiu by ð1þ ixÞ=ð1� ixÞ yields

1� r
1þ r

¼ �2x; dr ¼ 2i

ð1� ixÞ2 dx; ð1þ rÞ2 ¼ 4

ð1� ixÞ2 ;

1
r� f

¼ 1� ix
1� fþ ixð1þ fÞ ¼

ð1� ixÞ½1� f� ixð1þ fÞ�
ð1� fÞ2 þ x2ð1þ fÞ2 � 1� f� x2ð1þ fÞ � 2ix

ð1� fÞ2 þ x2ð1þ fÞ2

So that

FðfÞ ¼ � pHað1� bÞ
p2

Z1
�1

ix 1� f� x2ð1þ fÞ � 2ix½ �
ð1� ax2Þð1� bax2Þ ð1� fÞ2 þ x2ð1þ fÞ2

h idx

¼ � 4pHað1� bÞ
p2

Z1
0

x2

ð1� ax2Þð1� bax2Þ ð1� fÞ2 þ x2ð1þ fÞ2
h idx

¼ 2pH
p2

að1� bÞð1� f2Þ
að1� fÞ2 þð1þ fÞ2
h i

bað1� fÞ2 þð1þ fÞ2
h i

� arctan
1þ f
1� f

� �
� arctan

1þ f
�1� f

� �� �
� 4pH

p2

ffiffiffi
a

p
arctan h

ffiffiffi
a

p

að1� fÞ2 þð1þ fÞ2

�
ffiffiffiffiffiffi
ba

p
arctan h

ffiffiffi
a

p

bað1� fÞ2 þð1þ fÞ2�

ðA:1:1Þ

In the last step, the evaluation is used the Mathematica3.0 [6].
By considering
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A ¼ ln
1þ ffiffiffi

a
p

1� ffiffiffi
a

p ¼ 2 arctan h
ffiffiffi
a

p
;

M ¼ ln
1þ ffiffiffiffiffi

ca
p

1� ffiffiffiffiffi
ca

p ¼ 2 arctan h
ffiffiffiffiffi
ca

p
;

arctan
1þ f
�1þ f

� �
¼ �2 arctan

1þ f
1� f

� �
¼ i

2
ln

i� f
1� if

� �

then (A.1.1) is just the formula (8.2.19).
In the calculation, if let L ! 0, then the integral (8.2.7) can be obtained.

A.2 Additional Derivation of Solution (11.3.53)

In example 3 of Section 11.3, the calculation is quite lengthy, and here, we provide
some details on the evaluation. As an example, we can show the derivation on
function U4ðfÞ, which is

U4ðfÞ ¼ d1ðXþ iYÞ ln fþBxðfÞþU�
4ðfÞ

in which the first two terms are known (see the text), and the single-valued analytic
function U�

4ðfÞ satisfies the following boundary condition

U�
4ðrÞþU�

3ðrÞþ
xðrÞ
x0ðrÞ � U

�0
4 ðrÞ ¼ f0

where

f0 ¼ i
32c1

Z
ðTx þ iTyÞds� ðd1 � d2ÞðX þ iYÞ ln r� xðrÞ

x0ðrÞ � d1ðX � iYÞ � r

� 2BxðrÞ � ðB0 � iC0ÞxðrÞ
ðA:1:2Þ

and (referring to Fig. 11.4 of Chap. 11)

Tx ¼ �p cosðn; xÞ; Ty ¼ �p cosðn; yÞ at
ðA:1:3Þ

X þ iY ¼
Z

ðTx þ iTyÞds ¼ ipðz1 � z2Þ
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Multiplying both sides of the above boundary equation by 1
2pi

dr
r�f and integrating

along the unit circle, we have

1
2pi

Z
c

U�
4ðrÞ

r� f
drþ 1

2pi

Z
c

xðrÞ
x0ðrÞ

U�0
4 ðrÞ

r� f
drþ 1

2pi

Z
c

U�
3ðrÞ

r� f
dr ¼ 1

2pi

Z
c

f0
r� f

dr að Þ

in which according to the Cauchy’s integral formula (referring to formula (11.7.5)
in Appendix of Chap. 11), there is

1
2pi

Z
c

U�
4ðrÞ

r� f
dr ¼ U�

4ðfÞ

and in terms of analytic extension principle and the Cauchy theorem (referring to
Appendix of Chap. 11)

1
2pi

Z
c

xðrÞ
x0ðrÞ

U�0
4 ðrÞ

r� f
¼ 0

and according to formula (11.7.9)

1
2pi

Z
c

U�
3ðrÞ

r� f
dr ¼ const

So that (a) reduces to

U�
4ðfÞ ¼

1
2pi

Z
c

f0
r� f

drþ const

And substituting (A.1.1) into the right-hand side yields

1
2pi

Z
c

f0
r� f

dr ¼ pR0

2pic1

Zr2
r1

rþ m
r

� �
Þ dr
r� f

þ pz2
2pi

Zr2
r1

dr
r� f

þ pðz1 � z2Þ
2pi

1
2pi

Z
c

lnr
r� f

dr

� pðz1 � z2Þ
2pi

1
2pi

Z
c

r2 þm
1� mr2

dr
r� f

in which
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Zr2
r1

rþ m
r

� � dr
r� f

¼ r2 � r1 � m
f
ln
r2
r1

þ fþ m
f

� �
ln
r2 � f
r1 � f

Zr2
r1

dr
r� f

¼ ln
r1 � f
r2 � f

In accordance with the Cauchy’s theorem (referring to formula (11.7.4)), we
have

1
2pi

Z
c

r2 þm
1� mr2

dr
r� f

¼ 0

because the integrand is single-valued analytic function in the region outside the
unit circle c.

The remaining term is

IðfÞ ¼ 1
2pi

Z
c

ln r
r� f

dr

For calculating it, we consider

dI
df

¼ 1
2pi

Z
c

ln r

ðr� fÞ2dr ¼ � 1
2pi

Z
c

ln rd
1

r� f

¼ � 1
2pi

ln r
r� f

� �
r¼exp iðu1 þ 2pÞ

r¼expðiu1Þ

þ 1
2pi

Z
c

dr
rðr� fÞ

¼ � 1
2pi

1
r1 � f

ln
exp iðu1 þ 2pÞ

expðiu1Þ
� 1

f
¼ � 1

r1 � f
� 1

f

So that

IðfÞ ¼ lnðr1 � fÞ � ln fþ const

Hence function U�
4ðfÞ is determined so the function U4ðfÞin which the constant

term is omitted:

U4ðfÞ ¼ 1
32c1

� p
2pi

� �mR0

f
ln
r2
r1

þ z ln
r2 � f
r1 � f

þ z1 lnðr1 � fÞ � z2 lnðr2 � fÞ
� �

þ ipðd1 � d2Þðz1 � z2Þ ln f
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which is just the first formula of (11.3.53), where d1 and d2 were given by (11.3.34)
in the text. The others can be similarly derived. In the derivation, the classical work
of Muskhelishvili [1] is referred.

A.3 Detail of Complex Analysis of Solution (14.4.7)
of Generalized Cohesive Force Model
for Plane Plasticity of Two-Dimensional
Point Groups 5m, 10mm
and 10; 10 Quasicrystals

The elasticity solution (11.3.53) based on complex analysis can be used to solve the
present problem.

The generalized Dugdale-Barenblatt model or generalized cohesive model for
decagonal quasicrystals makes the plastic problem to be linearized, so the final
governing equation is reduced to solve the equation

r2r2r2r2G ¼ 0 ðA:1:4Þ

under boundary conditions

ryy ¼ p; rxx ¼ rxy ¼ 0;Hxx ¼ Hyy ¼ Hxy ¼ Hyx ¼ 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1

ryy ¼ rxy ¼ 0;Hyy ¼ Hyx ¼ 0 y ¼ 0; xj j\a
ryy ¼ rc; rxy ¼ 0;Hyy ¼ Hyx ¼ 0 y ¼ 0; a\ xj j\aþ d

8<
:

ðA:1:5Þ

which can decomposed into two cases, among them one is

rxx ¼ rxy ¼ ryy ¼ 0;Hxx ¼ Hyy ¼ Hxy ¼ Hyx ¼ 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1

ryy ¼ rxy ¼ 0;Hyy ¼ Hyx ¼ 0 y ¼ 0; xj j\a
ryy ¼ rc; rxy ¼ 0;Hyy ¼ Hyx ¼ 0 a\ xj j\aþ d

8<
: ðA:1:6Þ

and another

ryy ¼ p; rxx ¼ rxy ¼ 0;Hxx ¼ Hyy ¼ Hxy ¼ Hyx ¼ 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
! 1

ryy ¼ rxy ¼ 0;Hyy ¼ Hyx ¼ 0 y ¼ 0; xj j\aþ d

	
ðA:1:7Þ

The solution of problems (A.1.4) and (A.1.7) can be obtained from (11.3.53); i.e.
if we put m ¼ 1;R0 ¼ ðaþ dÞ=2, then the elliptic hole reduced to a Griffith crack
with half-length (a + d). In Fig. 11.3.3 let z1 ¼ ðaþ d; þ 0Þ; z2 ¼ ða; þ 0Þ; from
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(11.3.53), we can obtain a solution, similarly put z1 ¼ ðaþ d;�0Þ; z2 ¼ ða;�0Þ,
z1 ¼ ð�a� d; þ 0Þ; z2 ¼ ð�a; þ 0Þ, and z1 ¼ ð�a� d;�0Þ; z2 ¼ ð�a;�0Þ,
respectively; and from (11.3.53), one can find other corresponding three solutions,
by superposing which one can obtain solution

Uð1Þ
4 ðfÞ ¼ 1

32c1
� rcðaþ dÞu2

p � 1f � 1
32c1

� rc
2pi z ln r2�f

r2�f þ ln r2 þ f
r2 þ f

� �
� l ln ðf�r2Þðfþr2Þ

ðfþr2Þðf�r2Þ
h i

Uð1Þ
3 ðfÞ ¼ 1

32c1
� rcðaþ dÞu2

p � 2f
f2�1

� 1
32c1

� rca2pi ln
ðf�r2Þðfþr2Þ
ðfþr2Þðf�r2Þ

8<
:

ðA:1:8Þ

where r ¼ eiu represents the value of f at the unit circle in the mapping plane, and
r2 ¼ eiu2 , a ¼ ðaþ dÞ cosu2.

And the solution of problems (A.1.4) and (A.1.7), as the solution of Griffith
crack problem, is known, i.e.

Uð2Þ
4 ðfÞ ¼ � 1

32c1
p
2 ðaþ dÞ 1f

Uð2Þ
3 ðfÞ ¼ � p

32c1
ðaþ dÞ f

ðf2�1Þ

h i
8<
: ðA:1:9Þ

The superposition of (A.1.8) and (A.1.9) gives the total solution for

U4ðfÞ ¼ Uð1Þ
4 ðfÞþUð2Þ

4 ðfÞ;U3ðfÞ ¼ Uð1Þ
3 ðfÞþUð2Þ

3 ðfÞ; for example, the first term of
U4ðfÞ is

� 1
32c1

p
2
ðaþ dÞ 1

f
þ 1

32c1
� rcðaþ dÞu2

p
� 1
f

ðA:1:10Þ

and U2ðfÞ has not been listed here because it is too lengthy, so the stresses and
displacements are determined already. In addition, we know that

rij;Hij �U0ðfÞ=x0ðfÞ ðA:1:11Þ

here UðfÞ means U4ðfÞ or U3ðfÞ, and x0ðfÞ� 1=ð1� f2Þ.
From Sect. 14.4 in the text, we know that there is no stress singularity at the

generalized Dugdale-Barrenblatt crack tip, and this fact and conjunct with (A.1.10)
and (A.1.11) require that the value of formula (A.1.10) must be zero, which leads to
(14.4.6) in the text. Considering this the final version of U4ðfÞ is

U4ðfÞ ¼ � 1
32c1

� rc
2pi

z ln
r2 � f
r2 � f

þ ln
r2 þ f
r2 þ f

� �
� a ln

ðf� r2Þðfþ r2Þ
ðfþ r2Þðf� r2Þ

� �
ðA:1:12Þ

And the displacement at the crack surface presents the form
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uyðx; 0Þ ¼ ð128c1c2 � 64c3ÞImðU4ðfÞÞf¼r ðA:1:13Þ

After some calculation, we find that

uyðx; 0Þ ¼ ð4c1c2 � 2c3Þ
c1

� rcðaþ dÞ
2p

� cosu ln
sinðu2 � uÞ
sinðu2 þuÞ � cosu2 ln

ðsinu2 � sinuÞ
ðsinu2 þ sinuÞ

� �
ðA:1:14Þ

so the crack tip opening displacement is

dt ¼ CTOD ¼ lim
x!l

2uyðx; 0Þ ¼ lim
u!u2

2uyðx; 0Þ ¼ ð8c1c2 � 4c3Þrsa
c1p

ln sec
p
2
rð1Þ

rs

� �
ðA:1:15Þ

in which the constants c1; c2; c3 are defined in Sect. 11.3, so the solution holds for
point groups 5 m and 10 mm as well as point groups 5; �5;10; 10 quasicrystals.
When we assume R1 ¼ R; R2 ¼ 0 in Eq. (A.1.15), dt will be the corresponding
solution of point groups 5 m and 10 mm quasicrystals, i.e.

dt ¼ CTOD ¼ 2rsa
p

1
LþM

þ K1

MK1 � R2

� �
ln sec

p
2
rð1Þ

rs

� �
;

which is just the (14.4.7). If let K1 ¼ R ¼ 0; L ¼ k;M ¼ l in above formula, then it
exactly reduces to the classical Dugdale-Barenblatt solution holding for engineering
material (or structural material) including crystalline material (referring to Sect. 14.4).

The more details can be found in article given by Fan and Fan [7].

A.4 On the Calculation of Integral (9.2.14)

In formula (9.2.14), y[ 0 results in the integrals being convergent. We let n to
extend to complex number n ¼ n1 þ in2, take integration path at complex n�plane
similar to Fig. 11.7; by physical consideration kðK1 � K2Þ[ 0, lðK1 � K2Þ
�R2 [ 0, and k ¼ lðcÞ=h; then we can find the integrand of (9.2.14) in the interior
of the region enclosing by the integration path is analytic except poles

nð1Þ1 ¼ kðK1 � K2Þ
R2 � lðK1 � K2Þ\0; nð2Þ1 ¼ � kðK1 � K2Þ

R2 � lðK1 � K2Þ [ 0 ðA:1:16Þ

at real axis n1; and by a generalized Jordan lemma, the integral along the big
half-circle is zero.
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If in Fig. 11.7 of Chap. 11 put x ¼ n;x1 ¼ n1;x2 ¼ n2;
ffiffiffiffiffiffiffiffiffi
k=m

p ¼
nð1Þ1 ;� ffiffiffiffiffiffiffiffiffi

k=m
p ¼ nð2Þ1 according to the additional integration path at complex n-plane,

through the similar manner for evaluating integral (11.7.18), then we can obtain

results (9.2.15) and (9.2.16), respectively wherenð1Þ1 ; nð2Þ1 are defined by (A.1.16).

A.5 On the Calculation of Integral (8.8.9)

/0ðfÞ ¼ p
2pi

Z 1

�1

2w
p

� �r tan pa
2w


 �
1þð1� r2Þ tan2 pa

2w


 �� 
 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
 !

� 1
r� f

dr

¼ � pw
p2i

tanðpa
2w

Þ
Z 1

�1

r

1þð1� r2Þ tan2ðpa2wÞ
� 
 ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� r2
p

 !
� 1
r� f

dr

ðA:1:17Þ

Put m ¼ tan pa
2w


 �
, so m2 ¼ tan2 pa

2w


 �
We calculate

IðfÞ ¼
Z1
�1

r

1þð1� r2Þ tan2 pa
2w


 �� 
 ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
 !

� 1
r� f

dr

¼
Z1
�1

1

1þð1� r2Þm2½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
 !

drþ
Z1
�1

f

1þð1� r2Þm2½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
ðr� fÞ

 !
dr

¼ I1 þ I2

ðA:1:18Þ

The calculation of the first integral is easy, and we now calculate the second one.
Put f ¼ b; r ¼ x, such that

I2 ¼
Z1
�1

b

1þð1� x2Þm2½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
ðx� bÞ

 !
dr

Denote x ¼ sin t; t 2 � p
2 ;

p
2

� 

; dx ¼ cos tdt where

t ¼ � p
2
as x ¼ �1

t ¼ p
2
as x ¼ 1

8><
>:
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I2 ¼
Zp=2

�p=2

b
1þm2 cos t½ � � ðsin t � bÞ � cos t � cos tdr

¼
Zp=2

�p=2

b
1þm2 cos2 t½ �ðsin t � bÞdt

¼
Zp=2
0

b
1þm2 cos2 t½ �ðsin t � bÞdtþ

Z0
�p=2

b
1þm2 cos2 t½ �ðsin t � bÞ dt

ðA:1:19Þ

For the second integral of A.1.19, put t ¼ �x; dt ¼ �dx; t ¼ � p
2 as

x ¼ p
2 ; t ¼ 0 as x ¼ 0

Z0
�p=2

b
1þm2 cos2 t½ �ðsin t � bÞdt ¼ �

Zp=2
0

b
1þm2 cos2 x½ �ðsin xþ bÞdx:

So that

Zp=2
�p=2

b
1þm2 cos2 t½ �ðsin t � bÞdt¼

Zp=2
0

b
1þm2 cos2 t½ �ðsin t � bÞdt

�
Zp=2
0

b
1þm2 cos2 t½ �ðsin tþ bÞdt

¼
Zp=2
0

2b2

1þm2 cos2 t½ �ðsin2 t � b2Þdt

¼ A �
Zp=2
0

1
1þm2 cos2 t½ �dtþB �

Zp=2
0

1

ðsin2 t � b2Þdt

ðA:1:20Þ

The constants A and B can be determined by

A ¼ 2m2b2

½m2ð1� b2Þþ 1�
B ¼ 2b2

½m2ð1� b2Þþ 1�
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Therefore

A �
Z p=2

0

1
1þm2 cos2 t½ �dt ¼ A � p

2
� cos pa

2w

� �

B �
Z p=2

0

1

ðsin2 t � b2Þ dt ¼ B �
Z p=2

0

1=2b
ðsin t � bÞ dt � B �

Z p=2

0

1=2b
ðsin tþ bÞ dt

¼ B � 1=2b
Z p=2

0

1
ðsin t � bÞdt �

Z p=2

0

1
ðsin tþ bÞ dt

" # :

From the integral table, one can find

B �
Zp=2
0

1

ðsin2 t � b2Þdt ¼
B

2b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p ln
�bþ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p

�bþ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
�����

������ ln
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
�����

�����
(

� ln
bþ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p

bþ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
�����

�����þ ln
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
�����

�����
¼ B

2b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p ln
�bþ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p

�bþ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
�����

����� bþ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p

bþ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p
�����

�����
( )

¼ B

2b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p ln
�2b

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p� �2
4b2ðb2 � 1Þ

�������
�������

8><
>:

9>=
>; ¼ B

2b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

p ln
1
b

����
����

Therefore

/0ðfÞ ¼ � pw
pi

sin
pa
2w

� �
� pw

pi
sin

pa
2w

� � f2 tan2 pa
2w


 �
1þð1� f2sÞ tan2 pa

2w


 �� 

þ pw

p2i
tan

pa
2w

� � ln fj j
1þð1� f2Þ tan2 pa

2w


 �� 
 � fffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p dr

ðA:1:21Þ

It is easily found that /0ð0Þ ¼ � pw
pi sin

pa
2w


 �
.
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Appendix B: Dual Integral Equations and Some
Additional Calculations

B.1 Dual Integral Equations

It is well known that the Fourier transform or Hankel transform is very useful tool
in solving partial differential equations which have been shown in Chaps. 7–9
though the introduction is very limited. For non-harmonic and non-multi-harmonic
equations, the complex potential method is not effective, and we have to use the
Fourier transform, Hankel transform, Mellin transform, or others. After the trans-
form, the boundary value problems of the dislocations are reduced to some alge-
braic equations to solve (this is relatively simpler), while those of the cracks are
concluded for solving the following dual integral equations

R1
0
yaf ðyÞJvðxyÞdy ¼ gðxÞ; 0\x\1

R1
0
f ðyÞJvðxyÞdy ¼ 0; x[ 1

9>>=
>>; ðB:1:1Þ

or

R1
0
yaj R

n

k¼1
a0jkfjðyÞJvjðxyÞdy ¼ gjðxÞ; 0\x\1

Z1
0

R
n

k¼1
ajkfjðyÞJvjðxyÞdy ¼ 0;

ðj ¼ 1; 2; . . .; nÞ
x[ 1

9>>>>>>>=
>>>>>>>;

ðB:1:2Þ
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or

R1
0

R1
0
g1ðn1; n2; s; x1; x2Þf ðn1; n2; sÞJaðn1x1ÞJbðn2x2Þdn1dn2 ¼ hðx1; x2; sÞ; ðx1; x2Þ 2 X1

R1
0

R1
0
g2ðn1; n2; s; x1; x2Þf ðn1; n2; sÞJaðn1x1ÞJbðn2x2Þdn1dn2 ¼ 0; ðx1; x2Þ 2 X2

9>>=
>>;

ðB:1:3Þ

Among them, Eqs. (B.1.1) are the simplest ones, which will be discussed in the
following only. Eqs. (B.1.2) deal with multi-unknown functions and (B.1.3) are the
two-dimensional dual integral equations, and these two kinds of dual integral
equations are more complicated.

In Eqs. (B.1.1), f ðxÞ is a unknown function to be determined, gðxÞ is known one,
av are constants, and JvðxyÞ is the first kind Bessel function of v order. Titchmarsh
[1] and Busbridge [2] gave the analytic solution of the equations. Various authors
[3–11] discussed the solutions with different methods. Here only the procedure of
Refs. [1, 2] is introduced. Titchmarsh [1] gave formal solution for the case a[ 0.
Busbridge [2] extended the discussion to the case a[ � 2 and gave proof for the
existence of the solution. The solution is given through a complex integral as
follows:

f ðxÞ ¼ 1
2pi

Zkþ i1

k�i1
2s�a C 1

2 þ 1
2 vþ 1

2 s

 �

C 1
2 þ 1

2 vþ 1
2 a� 1

2 s

 �wðsÞx�sds ðB:1:4Þ

in which s ¼ rþ is and

wðsÞ ¼ 1
2pi

ZCþ i1

C�i1

C 1
2 þ 1

2 v� 1
2 aþ 1

2w

 �
C 1

2 þ 1
2 vþ 1

2w

 � � gðaþ 1� wÞ

w� s
dw ðB:1:5Þ

where w ¼ uþ it (in which t represents the imaginary part of complex variable w,
do not confuse with v—the suffix of the Bessel function, which represents the order
of the Bessel function) r\u and

gðaþ 1� wÞ ¼
Z 1

0
gðxÞxa�wdx

in above formulas CðxÞ represent Euler gamma function. The solution of (B.1.4)
holds for both a[ 0 and a[ � 2.

For a[ 0, the solution can be expressed by real integral as
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f ðxÞ ¼ ð2xÞ1�a=2

Cða=2Þ
Z1
0

l1þ a=2Jmþ a=2ðlxÞdl
Z1
0

gðqlÞqmþ 1ð1� q2Þa=2�1dq ðB:1:40Þ

and for a[ � 2, which is in form

f ðxÞ ¼ 2�a=2x�a

Cð1þ a=2Þ x1þ a=2Jmþ a=2ðxÞ
Z 1

0
ymþ 1ð1� y2Þa=2gðyÞdy

�

þ
Z 1

0
yaþ 1ð1� y2Þa=2dy

Z 1

0
ðxuÞ2þ a=2gðyuÞJmþ 1þ a=2ðxuÞdu

� ðB:1:400Þ

Theorem If a[ � 2; � v� 1\a� 1
2\vþ 1, the Mellin transforms of gðxÞ and

f ðxÞ exist, the latter is analytic in the strip region �v\Res ¼ r\a and has the
order Oð tj jr�aþ eÞ ðe[ 0; t ! 1Þ, where s ¼ rþ isthe Mellin transform
parameter, then Eq. (B.1.1) have one and only one solution (B.1.4).
Proof Because the strict proof given by Busbridge [2] is very lengthy, we cannot
quote its all details here; instead, only a rough outline of the proof is figured out in
the following. One can find that in the proof, a quite lot of complex variable
function knowledge is used, and this seems that the theory on dual integral equa-
tions presents the inherent connection with complex analysis. So the appendix of
Chap. 11 is helpful for the present discussion too.

At first, assume that 0\a\2;�m� 1\a� 1
2\mþ 1, and the Mellin transform

of f ðxÞ

f ðsÞ ¼
Z1
0

f ðxÞxs�1dx s ¼ rþ is

is analytic in region �m\r\a, and assuming as e[ 0 and as t ! 1, it has order
Oð tj j�aþ eÞ (in fact this is a lemma, but we omit the proof for simplicity).

According to the definition, the Mellin transform of function yaJmðxyÞ is

JaðsÞ �
Z1
0

yaJmðxyÞ½ �ys�1dy ¼ 2aþ s�1

xaþ s

C 1
2 aþ 1

2 vþ 1
2 s


 �
C 1� 1

2 aþ 1
2 v� 1

2 s

 � ðB:1:6Þ

Recall that s ¼ rþ is. By using the notation of relevant Mellin transforms, the
left-hand side of the first and second equations in (B.1.1) becomes

Z1
0

yaf ðyÞJmðxyÞdy ¼ 1
2pi

ZCþ i1

C�i1
f ðsÞJað1� sÞds
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Z1
0

f ðyÞJmðxyÞdy ¼ 1
2pi

ZCþ i1

C�i1
f ðsÞJ0ð1� sÞds

and substituting (B.1.6) into the above formulas yields

1
2pi

ZCþ i1

C�i1

2a�s

x1�s

C 1
2 þ 1

2 aþ 1
2 v� 1

2 s

 �

C 1
2 � 1

2 aþ 1
2 vþ 1

2 s

 � f ðsÞds ¼ gðxÞ 0\x\1

1
2pi

ZCþ i1

C�i1

2a�sC 1
2 þ 1

2 v� 1
2 s


 �
C 1

2 þ 1
2 vþ 1

2 s

 � f ðsÞds ¼ 0 x[ 1

Put

f ðsÞ ¼ 2a�sC 1
2 þ 1

2 vþ 1
2 s


 �
C 1

2 þ 1
2 aþ 1

2 v� 1
2 s


 �wðsÞ ðB:1:7Þ

Then the above equations reduce to

1
2pi

RCþ i1

C�i1

C 1
2þ 1

2vþ 1
2sð Þ

C 1
2þ 1

2v�1
2aþ 1

2sð ÞwðsÞx
s�1�ads ¼ gðxÞ; 0\x\1

1
2pi

RCþ i1

C�i1

C 1
2þ 1

2v�1
2sð Þ

C 1
2þ 1

2vþ 1
2a�1

2sð ÞwðsÞx
s�1ds ¼ 0; x[ 1

9>>>=
>>>;

ðB:1:8Þ

Multiply xa�wto the first one of (B.1.8), where w ¼ uþ it and r� u[ 0, and
then integrate over ð0; 1Þ to x and

1
2pi

ZCþ i1

C�i1

C 1
2 þ 1

2 vþ 1
2 s


 �
C 1

2 þ 1
2 v� 1

2 aþ 1
2 s


 �wðsÞ ds
s� w

¼ gða� wþ 1Þ ðB:1:9Þ

where u\C, and

gða� wþ 1Þ ¼
Z1
0

gðxÞxa�wdx

The left-hand side of Eq. (B.1.9) is analytic everywhere in the strip zone
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�m\r\a

except the simple pole s ¼ w and behaves order Oð tj j�aþ eÞ. If we move the inte-
gration path from r ¼ C to r ¼ C0\u, see Fig. B.1, based on the Cauchy’s integral
formula [referring to formula (11.7.5)].

1
2pi

ZC0 þ i1

C0�i1

C 1
2 þ 1

2 vþ 1
2 s


 �
C 1

2 þ 1
2 v� 1

2 aþ 1
2 s


 �wðsÞ ds
s� w

¼ gða� wþ 1Þ � C 1
2 þ 1

2 vþ 1
2w


 �
C 1

2 þ 1
2 v� 1

2 aþ 1
2w


 �wðwÞ
This translation of the integration line corresponds to form a closed region, and

the value of the integral around the closed region is just equal to the second term of
the above formula including the sign of the term. The left-hand side is analytic as
u[C0, so is the right-hand side. In addition,

wðwÞ � C 1
2 þ 1

2 v� 1
2 aþ 1

2w

 �
C 1

2 þ 1
2 vþ 1

2 a

 � gða� wþ 1Þ ðB:1:10Þ

is analytic for the case

1
2
þ 1

2
m� 1

2
aþ 1

2
w 6¼ 0;�1;�2 � � �

Integrate function (B.1.10) along a big rectangle whose corners are the points

Fig. B.1 The integration path
in s ¼ rþ is-plane
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C � iT ;Cþ iT ;�T þ iT ;�T � iT T [ tj jð Þ:

One can find the absolute values of the integrals

Z�T þ iT

C�iT

������
������;

Z�T�iT

�T þ iT

������
������;

ZC�iT

�T�iT

������
������

have order Oð Tj j�a=2þ eÞ, and the value of e can be always taken less than a=2, and
then they can tend to zero as T ! 1. According to the Cauchy’s integral theorem
(referring to formula (11.7.4) of Chap. 11),

1
2pi

ZCþ i1

C�i1
wðsÞ � C 1

2 þ 1
2 v� 1

2 aþ 1
2w


 �
C 1

2 þ 1
2 vþ 1

2 s

 � gða� sþ 1Þ

( )
ds

s� w
¼ 0 ðu\CÞ

ðB:1:11Þ

Similarly, multiply x�wto the second one of equations (B.1.8), where r� w\0
and then integrate to x over ð1;1Þ

1
2pi

ZC0 þ i1

C0�i1

C 1
2 þ 1

2 v� 1
2 s


 �
C 1

2 þ 1
2 vþ 1

2 a� 1
2 s


 �wðsÞ ds
s� w

¼ 0 ðu[C0Þ

Move the integration path and find that

wðwÞ ¼ 1
2pi

ZCþ i1

C�i1
wðsÞ ds

s� w
ðu\CÞ ðB:1:12Þ

Comparing (B.1.11) and (B.1.12), we can find (B.1.5), so the solution (B.1.4), in
which

gða� sþ 1Þ ¼
Z1
0

gðnÞna�sdn

The theorem is proved.

Furthermore the form of real integral of the solution can be obtained as below. In
fact
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1
s� w

¼
Z1
0

gs�w�1dg

If we exchange the integration order, then (B.1.5) may be rewritten as

wðwÞ ¼
Z1
0

gðnÞnadn
Z1
0

g�w�1dg� 1
2pi

ZCþ i1

C�i1

C 1
2 þ 1

2 v� 1
2 aþ 1

2 s

 �
C 1

2 þ 1
2 vþ 1

2 s

 � ðn

g
Þ�sds

in which the integration is [12, 13]

1
2pi

ZCþ i1

C�i1

C 1
2 þ 1

2 v� 1
2 aþ 1

2 s

 �
C 1

2 þ 1
2 vþ 1

2 s

 � n

g

� ��s

ds

¼
2

C 1
2að Þ n

1þ m�aðg2 � n2Þa=2�1g1�m; g	 n

0; 0\g\n

(

So that

wðwÞ ¼ 2
Cða=2Þ

Z1
0

gðnÞn1þ mdn
Z1
n

g�w�mðg2 � n2Þa=2�1dg

By exchanging the integration order, we may find that

wðwÞ ¼ 2
Cða=2Þ

Z1
0

g�w�mdg
Z1
0

gðnÞn1þ mðg2 � n2Þa=2�1dn

¼ 2
Cða=2Þ

Z1
0

ga�xdg
Z1
0

gðnÞn1þ mð1� n2Þa=2�1dn

Substituting it into (B.1.4) yields

f ðxÞ ¼ 2
Cða=2Þ

Z1
0

gadg
Z1
0

gðgfÞf1þ mð1� f2Þa=2�1df

� 1
2pi

ZCþ i1

C�i1
2s�aðxgÞ�s C 1

2 þ 1
2 vþ 1

2 s

 �

C 1
2 þ 1

2 vþ 1
2 a� 1

2 s

 � ds
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By utilizing the inversion of the Mellin transform [12, 13],

1
2pi

ZCþ i1

C�i1
2s�a C 1

2 þ 1
2 vþ 1

2 s

 �

C 1
2 þ 1

2 vþ 1
2 a� 1

2 s

 �ðatÞ�sds ¼ 2�a=2ðatÞ1�a=2Jmþ a=2ðatÞ

Then one finds (B.1.4’).
For the case a[ � 2; the derivation is similar. For some details reader can refer

to Busbridge [2].
In the following, some examples are discussed in detail, which are the dual

integral equations appeared in Chaps. 8 and 9 respectively, where only the solutions
were listed without derivation detail.

B.2 Additional Derivation on the Solution of Dual
Integral Equations (8.3.8) and (9.7.4)

Equations (8.3.8) in the text are

2
d11

R1
0

CðnÞn� 6DðnÞ½ � cosðnxÞdn ¼ �p; 0\x\a

R1
0
n�1 CðnÞn� 6DðnÞ½ � cosðnxÞdn ¼ 0; x[ a

2
d12

R1
0
DðnÞ cosðnxÞdn ¼ 0; 0\x\a

R1
0
n�1DðnÞ cosðnxÞdn ¼ 0; x[ a

9>>>>>>>>>>>=
>>>>>>>>>>>;

ðB:1:13Þ

It is evident that the second pair of dual integral equations (B.1.13) has the zero
solution, i.e. DðnÞ ¼ 0, and we only consider the first pair in the equations, which is

2
d11

R1
0
CðnÞn cosðnxÞdn ¼ �p; 0\x\a

R1
0
CðnÞ cosðnxÞdn ¼ 0; x[ a

9>>=
>>; ðB:1:14Þ

and is similar to that of (9.7.4) in Chap. 9. Because of

cosðnxÞ ¼ pnx
2

� �1=2

J�1=2ðnxÞ

and denoting
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n1=2CðnÞ ¼ f ðnÞ; g ¼ an; q ¼ x
a
; gðqÞ ¼ a

pad11
2q

� �1=2

p

then (B.1.14) is reduced to

2
d11

Z 1

0
gf ðgÞJ�1=2ðgqÞdg ¼ gðqÞ; 0\q\1Z 1

0
f ðgÞJ�1=2ðgqÞdg ¼ 0; q[ 1

9>>=
>>; ðB:1:140Þ

which becomes one of the standard dual integral equations shown in (B.1.1) with

a ¼ 1; m ¼ �1=2; gðqÞ ¼ g0q
�1=2; g0 ¼ const ¼ aðpad11Þ1=2p

In this case, it is very easy to calculate the solution of dual integral equations
(B.1.14) (or B.1.14′) by formulas (B.1.4) and (B.1.5), but the key step is the
choosing integration path. In the previous introduction on Titchmarsh–Busbridge
solution, we mentioned that it must require that �m[ k[ a;�m\C\a and k\C:
At present case, m ¼ �1=2; a ¼ 1 such that 1=2\k\1 and 1=2\C\1. The
concrete calculation is:

gðaþ 1� tÞ ¼
Z1
0

gðqÞqa�tdq ¼ g0

Z1
0

q�1=2q1�tdq ¼ g0
3
2 � t

where t ¼ t1 þ it2 represents a complex variable, and requires that t1\3=2.
Substituting the relevant data and the above result into (B.1.5), we have

wðsÞ ¼ g0
1
2pi

ZCþ i1

C�i1

C � 1
4 þ t

2


 �
C 1

4 þ t
2


 � 1
t � s

1
3
2 � t

dt

The integration path is shown in Fig. B.2. In this case, the integrand has only one
pole at point t ¼ 3=2 offirst order. According to the formula for evaluating (11.7.15),
the above integral is very easily obtained as

wðsÞ ¼ g0
C 1

2


 �
Cð1Þ

1
3
2 � s

¼ g0

ffiffiffi
p

p
3
2 � s

ðB:1:15Þ

whereas Cð1Þ ¼ 1;C 1
2


 � ¼ ffiffiffi
p

p
. Substituting the result into formula (B.1.4) leads to
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f ðgÞ ¼ g0
ffiffiffi
p

p 1
2pi

Zkþ i1

k�i1

2s�aC 1
4 þ s

2


 �
C 1

4 � s
2


 � g�sds ðB:1:16Þ

In terms of the inversion of the Mellin transform [13],

1
2pi

Zkþ i1

k�i1
2s�k C 1

2 þ 1
2 lþ 1

2 s

 �

C 1
2 þ 1

2 lþ 1
2 k� 1

2 s

 �ðbgÞ�sds

¼ 2�k=2ðbgÞ1�k=2Jlþ k=2ðbgÞ
ðB:1:17Þ

In formula (B.1.16), l ¼ �1=2; k ¼ 3; b ¼ 1, so that

f ðgÞ ¼ g0
p
2g

� �1=2

J1ðgÞ

and

CðnÞ ¼ n�1=2f ðnÞ ¼ pad11
2

n�1J1ðanÞ

This is just the result given by (8.3.10) and (9.7.8), and the difference between
them lies in a constant factor.

The calculation through (B.1.4′) and (B.1.4″) yields the same result, so the
correctness of the result is demonstrated.

Fig. B.2 The integration path in t ¼ t1 þ it2-plane
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B.3 Additional Derivation on the Solution of Dual
Integral Equations (9.9.8)

In Sect. 9.9 in the text of Chap. 9, the dual integral equations

Z 1

0
nAiðnÞJ0ðnrÞdn ¼ Mip0; 0\r\aZ 1

0
AiðnÞJ0ðnrÞdn ¼ 0; r[ a

ðB:1:18Þ

are solved and obtained the solution (9.9.8). We here give the detail for the
derivation.

According to the standard type of the equations here a ¼ 1; m ¼ 0;
gðqÞ ¼ g0 ¼ const, put q ¼ r=a, so

gðaþ 1� tÞ ¼
Z1
0

gðqÞqa�tdq ¼ g0
2� t

ðRet ¼ t1\2Þ

wðsÞ ¼ g0
1
2pi

ZCþ i1

C�i1

C 1
2


 �
C 1

2 þ t
2


 � 1
t � s

1
2� t

dt ¼ g0
2ffiffiffi
p

p 1
2� s

in which s ¼ rþ is, and the integral is evaluated through the residual of pole t ¼ 2
and the integration path is shown in Fig. B.3.

Fig. B.3 Integration path at the t ¼ t1 þ it2-plane
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Substituting the result into (B.1.4) yields

AiðnÞ ¼ f ðnÞ ¼ g0
2ffiffiffi
p

p 1
2pi

Zkþ i1

k�i1

2sC 1
2 þ s

2


 �
C 2� s

2


 � n�sds ¼ 2g0ffiffiffiffiffiffi
2p

p n�1=2J3=2ðnÞ

which is just the solution (9.9.8), a little bit difference with that lies where we used
the normalized coordinate q ¼ r=a. In the last step of the calculation, the inversion
of the Mellin transform (B.1.17) was used.

The evaluation through formulas (B.1.4′) and (B.1.4″) finds the same result, and
this checks the correctness of the above calculation.

The above two subsections demonstrate the effect and simplicity of complex
variable function method in evaluating solutions of Titchmarsh–Busbridge dual
integral equations.

The system of dual integral equations (B.1.2) and its applications are discussed
by Fan [14], and the two-dimensional dual integral equations (B.1.3) are solved
approximately by Fan and Sun [15], in which some applications are also given.

Application of integral transforms in elasticity of quasicrystals may be effective
and more widely used than that of complex variable function method and has got
much analytic solutions, see, e.g. Li [16], Zhou and Fan [17], Zhou [18], and Zhu
and Fan [19, 20], and due to the limitation of the space, much results have not been
quoted. The application of the method to crack problems often leads to some dual
integral equations, so it is helpful for a discussion about this.
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Appendix C: Poisson Brackets in Condensed Matter
Physics, Concept of Lie Group and Lie Algebra
and Their Applications

In Chap. 16, the equations of motion of solid quasicrystals as a source of those of
soft-matter quasicrystals, the latter are put forward as an extension of the former,
and the detail of derivation of the equations of solid quasicrystals has not been
given in the text, which needs a tool—Poisson brackets in condensed matter
physics. In this appendix, we first introduce the method and then give the derivation
of those equations.

C.1 Poisson Brackets in Condensed Matter Physics

Due to symmetry breaking, the derivation of some equations of motion of hydro-
dynamics of some substantive systems cannot be obtained directly by conventional
conservations laws. The Poisson brackets in condensed matter physics become a
useful method for the derivation, which simplifies the calculation. The method is
originated from the Landau and his school in former Soviet Union and Russia (see
[1–6]). The physicists Martin et al. [7], and Fleming and Cohen [8] in USA
developed the method to hydrodynamics of crystals and liquid crystals, but their
derivations were still lengthy. Lubensky et al. [9] further developed the approach in
deriving the hydrodynamic equations of quasicrystals, simplified the derivation, and
made it arrives in systematization.

Poisson brackets come from the classical analytic mechanics, i.e., for two
mechanical quantities f ; g and there is the following relation
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f ; gf g ¼
X
i

@f
@qi

@g
@pi

� @f
@pi

@g
@qi

� �
ðC:1:1Þ

which is the Poisson bracket, where pi; qi denote the canonic momentum and
canonic coordinate.

According to the terminology of physics, (C.1.1) is named classical Poisson
bracket hereafter.

Relative to the classical Poisson bracket (C.1.1), there is a quantum Poisson
bracket, which is related to the commutation relation in quantum mechanics

Â; B̂
� 
 ¼ ÂB̂� B̂Â ðC:1:2Þ

in which Â; B̂ represent two operators; e.g. Â represents coordinate operator xa and
B̂ the momentum operator pb, and then

xa; pb
� 
 ¼ i�hdab; xa; xb

� 
 ¼ 0; pa; pb
� 
 ¼ 0 ðC:1:3Þ

where i ¼ ffiffiffiffiffiffiffi�1
p

; �h ¼ h=2p; h the Planck constant, dab unit tensor. Equation (C.1.3)
is named quantum Poisson bracket. In the quantum mechanics, mechanics quan-
tities represent operators. Equation (C.1.3) holds for any operators, in general.

There is inherent connection between the quantum Poisson bracket and classical
Poisson bracket, i.e.

lim
�h!0

i ÂB̂� B̂Â
� 


�h
¼ A;Bf g ðC:1:4Þ

This is well-known result in the quantum mechanics.
Landau [4] introduced the limit passing over (C.1.4) from quantum Poisson

bracket to the classical Poisson bracket in deriving the hydrodynamic equations of
superfluid. He takes the expansion of mass density and momentum such as:

q̂ðrÞ ¼
X
a

madðra � rÞ ðC:1:5Þ

ĝkðrÞ ¼
X
a

p̂akdðra � rÞ ðC:1:6Þ

whose quantum Poisson brackets are

q̂ðr1Þ; q̂ðr2Þ½ � ¼ 0

p̂kðr1Þ; q̂ðr2Þ½ � ¼ i�hq̂ðr1Þrkðr1Þdðr1 � r2Þ
p̂kðr1Þ; p̂lðr2Þ½ � ¼ i�h p̂lðr1Þrkðr1Þ � p̂kðr2Þrkðr2Þð Þdðr1 � r2Þ

ðC:1:7Þ
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where rkðr1Þ represents derivative carrying out on coordinate r1 and rlðr2Þ on
coordinate r2.

By using the limit passing over (C.1.4) from the quantum Poisson to the classical
Poisson bracket, from (C.1.7) one can obtain the corresponding classical Poisson
brackets:

pkðr1Þ; qðr2Þf g ¼ qðr1Þrkðr1Þdðr1 � r2Þ
pkðr1Þ; plðr2Þf g ¼ plðr1Þrkðr1Þ � pkðr2Þrkðr2Þð Þdðr1 � r2Þ

ðC:1:8Þ

Lubensky et al. [9] extended the discussion to solid quasicrystals, and they
introduced the Landau expansion to phonon field ui and phason field wi as below

ukðrÞ ¼
X
a

uakdðra � rÞ ðC:1:9Þ

wkðrÞ ¼
X
a

wa
kdðra � rÞ ðC:1:10Þ

By using the limit passing over (C.1.4) from the quantum Poisson to the classical
Poisson bracket, from (C.1.9) and (C.1.10) one can find whose corresponding
classical Poisson brackets as follows:

ukðr1Þ; glðr2Þf g ¼ �dkl þrlðr1Þukð Þdðr1 � r2Þ ðC:1:11Þ

wkðr1Þ; glðr2Þf g ¼ rlðr1Þwkð Þdðr1 � r2Þ ðC:1:12Þ

It is evident that (C.1.12) is quite different from (C.1.11), and this leads to the
dissipation equations of phasons given in the subsequent discussion which are quite
different from those of phonons. The relevant derivations are carried out by
Lubensky et al. [9].

C.2 Generalized Langevin Equation and Coarse
Graining

Apart from Poisson brackets, it is needed some other basis in the derivation of
hydrodynamic equations of quasicrystals, which is related to the Langevin equation
or generalized Langevin equation.

It is well known that the conventional Langevin equation stands for

@wðr; tÞ
@t

¼ �Cwðr; tÞþFs ðC:2:1Þ
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in which wðr; tÞ is a mechanics quantity, C represents a resistant force, and Fs a
stochastic force. The equation describes a stochastic process. Ginzburg and Landau
extended it to the case of multi-variables

@waðr; tÞ
@t

¼ �Cab
dH

dwbðr; tÞ
þ ðFsÞa ðC:2:2Þ

in which the summation convention is used like that in the previous presentation of
this book, where H ¼ H½wðr; tÞ� denotes a energy functional, which can also be
named Hamiltonian, dH

dwbðr;tÞ represents a variation of H ¼ H½wðr; tÞ� to wbðr; tÞ,Cab

are the elements of resistant matrix (or dissipation kinetic coefficient matrix), and
the meanings of definitions of other quantities are the same as before. Equation
(C.2.2) is a kind of generalized Langevin equation, which can also be extended in
more wide sense. If the macroscopic quantity waðr; tÞ may be seen as thermody-
namic average of microscopic quantity wl

a r; qaf g; paf gð Þ, i.e.

waðr; tÞ ¼ wl
a r; qaf g; paf gð Þ� � ðC:2:3Þ

this treatment is called coarse graining, in which pa; qa are the canonic momentum
and canonic coordinate, and the micro-quantities obey the microscopic Liouville
equation

@wl
a

@t
¼ Hl;wl

a

� � ðC:2:4Þ

where Hl qaf g; paf gð Þ denote the microscopic Hamiltonian.
In d-dimensional space, the partial derivative of macro-quantity waðr; tÞ to time

@waðr; tÞ
@t

consists of various terms, one among them is

�
Z

wbðr0Þ;waðrÞ
� � dH

dwbðr0; tÞ

 !
ddr0 ðC:2:5Þ

and the other is

Z
d wbðr0Þ;waðrÞ
� �

dwbðr0; tÞ

 !
ddr0 ðC:2:6Þ

Combining (C.2.5), (C.2.6), then (C.2.2) is generalized as
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@waðr; tÞ
@t

¼ �
Z

wbðr0Þ;waðrÞ
� � dH

dwbðr0; tÞ

 !
ddr0 þ

Z
d wbðr0Þ;waðrÞ
� �

dwbðr0; tÞ

 !
ddr0

� Cab
dH

dwbðr; tÞ
þ ðFsÞa

ðC:2:7Þ

where ddr0 ¼ dV represents volume element of the integral. Based on formulas
(C.1.8), (C.1.11) and (C.1.12), Lubensky et al. [9] utilized Eq. (C.2.7) to derive the
hydrodynamic equations of quasicrystals. This will be given in the next subsection.
In the derivation, the last term in (C.2.7) is omitted.

C.3 Derivation of Hydrodynamic Equations of Solid
Quasicrystals

The derivation of equation of mass conservation is very simple, which is the same
with that in the conventional fluid, and is omitted here.

At first, consider the derivation of phonon dissipation equations:
Putting waðr; tÞ ¼ uiðr; tÞ;wbðr0; tÞ ¼ gjðr0; tÞ in (C.2.7) and omitting the second

and fourth terms in the right-hand side of the equation, then

@uiðr; tÞ
@t

¼ �
Z

uiðr0Þ; gjðrÞ
� � dH

dgjðr0; tÞ
� �

ddr0 � Cu
dH

duiðr; tÞ

Substituting bracket (C.1.11) into the integral of right-hand side yields

@uiðr; tÞ
@t

¼
Z

�dij þrjðrÞui

 �

dðr � r0Þ gjðr
0Þ

qðr0Þ d
dr0 þCu

dH
duiðr; tÞ

¼ �VjrjðrÞui � Cu
dH

duiðr; tÞ þVi

ðC:3:1Þ

where Cu enotes the phonon dissipation kinematic coefficient, and the Hamiltonian
is defined by

H ¼ H½wðr; tÞ� ¼
Z

g2

2q
ddrþ

Z
1
2
A

dq
q0

� �2

þB
dq
q0

� �
r � u

" #
ddrþFel

¼ Hkin þHdensity þFel

Fel ¼ Fu þFw þFuw; g ¼ qV

ðC:3:2Þ
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and A;B are the constants describe density variation, and the last term of (C.2.7)
represents elastic energies, which consist of phonons, phasons and phonon-phason
coupling parts, respectively:

Fu ¼
Z

1
2
Cijkleijeklddr

Fw ¼
Z

1
2
Kijklwijwklddr

Fuw ¼
Z

Rijkleijwkl þRklijwijekl

 �

ddr

ðC:3:3Þ

Cijkl the phonon elastic constants, Kijkl the phason elastic constants, and Rijkl;Rklij

the phonon-phason coupling elastic constants, and the strain tensors eij;wij are
defined by

eij ¼ 1
2

@ui
@xj

þ @uj
@xi

� �
; wij ¼ @wi

@xj
ðC:3:4Þ

The associated stress tensors are related through the generalized Hooke’s law

rij ¼ @F
@eij

¼ Cijklekl þRijklwkl

Hij ¼ @F
@wij

¼ Kijklwkl þRklijekl

9>>=
>>; ðC:3:5Þ

Equation (C.3.1) is just Eq. (16.5.14) in the text of Chap. 16.
Now, consider the derivation of phason dissipation equations.
In (C.2.7), put waðr; tÞ ¼ wiðr; tÞ;wbðr0; tÞ ¼ gjðr0; tÞ, neglecting the second and

fourth terms in the right-hand side, and then substituting the Poisson bracket (C.2.7)
into it leads to

@wiðr; tÞ
@t

¼ �
Z

wiðr0Þ; gjðrÞ
� � dH

dgjðr0; tÞ
� �

ddr0 � Cw
dH

dwiðr; tÞ

Then

@wiðr; tÞ
@t

¼
Z

rjðrÞwi

 �

dðr � r0Þ gjðr
0Þ

qðr0Þ d
dr0 � Cw

dH
dwiðr; tÞ

¼ � VjrjðrÞwi � Cw
dH

dwiðr; tÞ
ðC:3:6Þ

which is just Eq. (16.5.16) in the text of Chap. 16, and Cw denotes the phason
dissipation coefficient, and Hamiltonian is defined by (C.3.2).

Major Appendix: On Some Mathematical Additional Materials 439

http://dx.doi.org/10.1007/978-981-10-1984-5_16
http://dx.doi.org/10.1007/978-981-10-1984-5_16


By comparing (C.2.7) and (C.2.7), it is found that the physical meanings of
phonon and phason in hydrodynamic sense are quite different. According to the
explanation of Lubensky et al. [9], the phonon represents wave propagation, while
phason represents diffusion.

Of course the other difference between phonon and phason is that they belong to
the different irreducible representations of point groups, which has been discussed
in Chap. 4.

The derivation of momentum Eq. (16.5.3) is somehow lengthy. The calculation
is related with momentum gj ¼ qVj, mass density q, phonon ui and phason wi, and
this means that the integrands in the right-hand side of (C.2.7) need to use
simultaneously the Poisson brackets listed in (C.1.8), (C.1.11) and (C.1.12), i.e.

@giðr; tÞ
@t

¼ �
Z

giðrÞ; qðr0Þf g dH
dqðr0; tÞ

� �
ddr0 �

Z
giðrÞ; gjðr0Þ
� � dH

dgjðr0; tÞ
� �

ddr0

�
Z

giðrÞ; ujðr0Þ
� � dH

dujðr0; tÞ
� �

ddr0 �
Z

giðrÞ;wjðr0Þ
� � dH

dwjðr0; tÞ
� �

ddr0

Z
d giðrÞ;wbðr0Þ
� �
dwbðr0; tÞ

 !
ddr0 þCg

dH
dgiðr; tÞ ;Cg ¼ gijkl

ðC:3:7Þ

in which the first integral of the right-hand side can be evaluated as

Z
giðrÞ; qðr0Þf g dH

dqðr0; tÞ
� �

ddr0 ¼
Z

qðrÞridðr � r0Þ dðHkin þHdensityÞ
dqðr0; tÞ

� �
ddr0

¼ qðrÞri

Z
dðr � r0Þ dðHkin þHdensityÞ

dqðr0; tÞ
� �

ddr0

¼ qðrÞri
dHdensity

dq

� �
þ qðrÞri � g2

2q2

� �

¼ qðrÞri
dHdensity

dq

� �
� gjriVj

Similarly, the second to fifth integrals are evaluated, and the fifth integral is

Z
d giðr; tÞ;wbðr0; tÞ
� �

dwbðr0; tÞ

 !
ddr0 ¼

Z
d giðr; tÞ;qðr0; tÞf g

dqðr0; tÞ
� �

ddr0 þ
Z

d giðr; tÞ; gjðr0; tÞ
� �

dgjðr0; tÞ
� �

ddr0

þ
Z

d giðr; tÞ; ujðr0; tÞ
� �

dujðr0; tÞ
� �

ddr0 þ
Z

d giðr; tÞ;wjðr0; tÞ
� �

dwjðr0; tÞ
� �

ddr0

The right-hand side consists of four terms, and the third one among them results
in after some calculation
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Z
d giðr; tÞ; ujðr0; tÞ
� �

dujðr0; tÞ
� �

ddr0 ¼
Z

d dij �riðr0Þujðr0; tÞ
� �

dujðr0; tÞ dðr0 � rÞ
� �

ddr0

¼
Z

riðr0Þ dujðr
0; tÞ

dujðr0; tÞ dðr
0 � rÞ

� �
ddr0

¼
Z

ðriðr0Þ1Þdðr0 � rÞð Þddr0 ¼ 0

Similarly, the fourth term can be evaluated. The sum of the first and second
terms is zero. Then making some algebraic manipulations yields

@giðr; tÞ
@t

¼ �rkðrÞðVkgiÞþrjðrÞ gijklrkðrÞVl

 �� dij �riuj


 � dH
dujðr; tÞ

þ riwj

 � dH

dwjðr; tÞ � qriðrÞ dH
dqðr; tÞ ; gj ¼ qVj

ðC:3:8Þ

in which gijkl denotes the viscosity coefficient tensor of solid, and the viscous stress
tensor is

r0ij ¼ gijkl _nkl ðC:3:9Þ

with the deformation rate tensor

_nkl ¼
1
2

@Vk

@xl
þ @Vl

@xk

� �
ðC:3:10Þ

Equations (C.3.1), (C.3.6) and (C.3.8) and mass density conservation equation

@q
@t

þrk qVkð Þ ¼ 0 ðC:3:11Þ

are the equations of hydrodynamic equations of icosahedral quaiscrystals, which are
obtained by Lubensky et al. [9], in which there are field variables’ mass density q,
velocities Vi (or momentums gi ¼ qVi), phonon displacements ui and phason dis-
placements wi.

After the publication of the work since 1985, which are cited by many authors, at
meantime there are some discussions [11–13], in which the Ref. [11] suggested
some simplifications to the equations, e.g.

@q
@t

þrk qVkð Þ ¼ 0 ðC:3:13Þ
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@giðr; tÞ
@t

¼ rjðrÞ gijklrkðrÞVl

 �� dH

duiðr; tÞ � qriðrÞ dH
dqðr; tÞ ; gj ¼ qVj

ðC:3:12Þ

@uiðr; tÞ
@t

¼ �Cu
dH

duiðr; tÞ þVi ðC:3:14Þ

@wiðr; tÞ
@t

¼ �Cw
dH

dwiðr; tÞ ðC:3:15Þ

C.4 Concept of Lie Group and Derivation on Some
Formulas

The above derivation indicates that the Poisson brackets (C.1.8), (C.1.11) and
(C.1.12) are fundamental, which can also be derived based on the concept of Lie
group. In this section, we give an introduction in brief on the derivation.

Lie group is a group like the point groups discussed in the first 15 chapters,
which satisfy the axioms of groups, referring to the Appendix of Chap. 1. However
there is difference between point group and Lie group which is a kind of continuous
group. The momentum operator mentioned previously is a generator of movement
group, spin operator is a generator of rotation group in spin space, and the quantum
Poisson brackets are connected inherent to the Lie group, so that Ref. [3] suggests
the concept of “group Poisson bracket”.

Assuming g be an element of group G, it has relation to the m real continuous
parameters ai, i.e.

gðaiÞ 2 G; ai 2 R; i ¼ 1; 2; . . .;m ðC:4:1Þ

R denotes a real space.
Notion “�” connects two elements, aðaiÞ and bðbiÞ, and gives another element

cðciÞ 2 G:

cðciÞ ¼ aðaiÞ � bðbiÞ; i ¼ 1; 2; . . .;m ðC:4:2Þ

For the continuous parameters, there is

ci ¼ uiða1; a2; . . .; am; b1; b2; . . .; bmÞ ðC:4:3Þ

If ui is an single-valued analytic function of a1; a2; . . .; am; b1; b2; . . .; bm, this
group is Lie group. The concept on single-valued analytic function can be found in
the appendix of Chap. 11 of this book.
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People usually take a parameter ai and identical element E (the concept of
identical element E referring to the Appendix of Chap. 1), then aiðEÞ ¼ 0. The
generator of Lie group is taken to be Li, which can be expressed by the following
partial differential

Li ¼ i
@að. . .; ai; . . .Þ

@ai
ai¼0j ðC:4:4Þ

Group element a can be expressed by the following expansion

að. . .; ai; . . .Þ ¼ Eð. . .; 0; . . .Þþ aiLi þOða2i Þ ðC:4:5Þ

The infinitesimal element in the Lie group presents important sense in this kind
of groups. Assume matrix DðAÞ be the representation matrix of element A of Lie
group. The parameter ai of infinitesimal element AðaÞis an infinitesimal quantity.
The matrix DðAÞ can be expanded as below:

DðAÞ ¼ 1� i
XN
j¼1

ajIj ðC:4:6Þ

and

Ij ¼ i
@DðAÞ
@aj

����
aj¼0

ðC:4:7Þ

in which N Ij are named generators of representation matrix, and Lie algebra is
constituted through the commutation relation between generators

½Li; Lj� ¼ Ck
ijLk; i; j; k ¼ 1; 2; . . .;m ðC:4:7Þ

where Ck
ij is called the structure constant. The asymmetry, linearity and Jacobi

identity of Lie algebra are as follows:

½Li; Lj� ¼ �½Lj; Li� ðC:4:8Þ

aLi þ bLj; Lk
� 
 ¼ a Li; Lk½ � þ b Lj; Lk

� 

; a; b 2 R ðC:4:9Þ

Li; ½Lj; Lk�
� 
þ Lk; ½Li; Lj�

� 
þ Lj; ½Lk; Li�
� 
 ¼ 0 ðC:4:10Þ

respectively. In classical continuum mechanics, the coordinate transformation

xk ! xk þ ukðrÞ ðC:4:11Þ
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is often used, which is called translation group or movement group, or infinitesimal
movement group. It is interesting that in particular, ukðrÞ presents evident physical
meaning and represent displacement, or phonon. Note that xk here is the con-
travariant vector, while xi is the covariant vector. We recall that the physical
quantities mentioned previously present very close connection to the group algebra,
because momentum operator is the generator of movement group, spin operator is
the generator of rotation group in spin space, etc. Some correlation between
physical quantities a; b; c; . . . and elements of transformation group A;B;C; . . .

a; b; c; . . .f g ! A;B;C; . . .f g ðC:4:12Þ

may be set up. The linear combination of group elementA can be given by the
following linear expression

A ¼
X
g2G

AðgÞg; AðgÞ 2 R ðC:4:13Þ

where AðgÞcan be understood the coefficients of the expansion, but the series is for
discrete group only, it should be replaced by integral for continuous group, and in
the case, the group elements vary continuously.

Assume A can be transformed according to the following version

A ! gAg�1 ðC:4:14Þ

Suppose dg be an infinitesimal transformation, if g ¼ 1þ dg, then the linear
approximation is

A ! Aþ dA ðC:4:15Þ

and

dA ¼ dg;A½ � ðC:4:16Þ

The infinitesimal transformation dg is of the form

dg ¼ i
�h

Z
akðrÞLkðrÞddr ðC:4:17Þ

in which akðrÞ is the local infinitesimal “angular”, LkðrÞ is the generators of local
transformation group, i ¼ ffiffiffiffiffiffiffi�1

p
; �h ¼ h=2p, and h is the Planck constant.

For the movement group, take akðrÞ ¼ ukðrÞ, and the generator is the momen-
tum, and then from (C.4.15) and (C.4.17),
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dAðrÞ ¼ i
�h

Z
akðr0Þ Lkðr0Þ;AðrÞ� 


ddr0 ðC:4:18Þ

This equation shows that dA is the linear functional of “angular” akðrÞ of
infinitesimal local transformation, and the corresponding variation is

dAðrÞ
dakðr0Þ ¼

i
�h

Lkðr0Þ;AðrÞ� 
 ðC:4:19Þ

The limit passing over from quantum mechanics to classical mechanics is

dÂ
da

¼ i
�h

L̂; Â
� 
! dA

da
¼ L;Af g ðC:4:20Þ

Recall again that L̂; Â represent operators in quantum mechanics and L;A the
field variables in classical mechanics, so that the right-hand side of (C.4.19) may be
written as

da
da

¼ l; af g ðC:4:21Þ

in which a can represent any field variables a; b; c; . . . of hydrodynamics and l the
generator lkðrÞ corresponding to the group, so that from (C.4.21)

daðrÞ
dakðr0Þ ¼ lkðr0Þ; aðrÞ� � ðC:4:22Þ

Furthermore

dlmðrÞ
dakðr0Þ ¼ lkðr0Þ; lmðrÞ� �

; a; af g ¼ a; bf g ¼ b; bf g ¼ 0 ðC:4:23Þ

At the finite temperature, the Hamiltonian can be expressed by

H ¼
Z

eðp; q; sÞddr
de ¼ Vkdpk þ ldqþ Tds

where e denotes the energy density, the others are the same before, p ¼ ðpx; py; pzÞ
and q the momentum and mass density, s the entropy, V ¼ ðVx;Vy;VzÞ the velocity,
l the chemical potential, T the absolute temperature, respectively, so
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dpk ¼ �ulrlpk � pkrlu
l � pkrlu

l

dq ¼ �ulrlq� qrku
k

ds ¼ �ulrls� srku
k

ðC:4:24Þ

From (C.4.23) and (C.4.24), one obtains

pkðr1Þ; qðr2Þf g ¼ qðr1Þrkðr1Þdðr1 � r2Þ
pkðr1Þ; plðr2Þf g ¼ plðr1Þrkðr1Þ � pkðr2Þrkðr2Þð Þdðr1 � r2Þ

ðC:4:25Þ

This is identical to (C.1.8) given by Poisson bracket method of condensed matter
physics, which is the result of Ref. [2, 4].

Applying the above results into quasicrystals, there are

ukðr1Þ; glðr2Þf g ¼ �dkl þrlðr1Þukð Þdðr1 � r2Þ ðC:4:26Þ

wkðr1Þ; glðr2Þf g ¼ rlðr1Þwkð Þdðr1 � r2Þ ðC:4:27Þ

These are identical to (C.4.23) and (C.4.24) given by Lubensky et al. [9], and
they derived directly using the Poisson bracket method.

This description shows the power of Lie group method. Ref. [4] shows further
that if introducing the Liouville equation, equations of motion for some complex
systems can be obtained, which are identical to those derived Sect. C.3.

Some detailed derivations are given by Fan [14].
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Appendix D: Some Preliminary Introductions
on Soft-Matter Quasicrystals

The previous discussions in the text have dealt with solid quasicrystals, including
binary and ternary metal alloy quasicrystals and natural quasicrystals observed so
far, and focused mainly on their elasticity. Since 2004, the quasicrystals with
12-fold symmetry have been observed in liquid crystals, colloids and polymers. In
particular, 18-fold symmetry quasicrystals in colloids were discovered in 2011.
These kinds of quasicrystals can be called as soft-matter quasicrystals, which
present very interesting and attractive features and have aroused a great deal of
attention of researchers in physics and chemistry.

D.1 Soft-Matter Quasicrystals with 12- and 18-Fold
Symmetries

D.1.1 The Discovery of Soft-Matter Quasicrystals
with 12- and 18-Fold Symmetries

During 2004, Zeng et al. [1] observed the quasicrystals with 12-fold symmetry in
liquid crystals. Almost at the same time, in 2005 Takano [2], in 2007 Hayashida
et al. [3] discovered the similar structure in polymers. The quasicrystals of 12-fold
symmetry were observed also in chalcogenides and organic dendrons.

In 2009, Talapin et al. [4] found the quasicrystals of 12-fold symmetry in
complex of binary nanoparticles.

Figure D.1 shows the diffraction pattern of soft-matter quasicrystals with 12-fold
symmetry.

More recently, the 12- and 18-fold symmetry quasicrystals are discovered in
colloids by Fischer et al. [5], and they observed the structures in PI30-PEO120 of one
of poly (isoprene-b-ethylene oxide) (PIn-PEOm) at room temperature, by using
X-ray scattering and neutron scattering. The 18-fold symmetry quasicrystal is the
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first observed since 1982 in solid and soft-matter quasicrystals, whose diffraction
pattern and Penrose tiling are shown in Figs. D.2 and D.3, respectively.

Though the 12-fold symmetry quasicrystals in solidswere discussed inChaps. 6–8,
the 18-fold symmetry quasicrystals are studied for the first time to us, which have not

Fig. D.1 Diffraction pattern of 12-fold symmetry quasicrystals in soft matter

Fig. D.2 Diffraction pattern
of soft-matter quasicrystals
with 18-fold symmetry
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been known previously. This is very new and interesting topics. The 12-fold sym-
metry quasicrystals in solid are discussed in Chaps. 6–8, but the 18-fold symmetry
quasicrystals are total newly phase to the researchers, which have not been discussed
in the previous chapters, and we have only very few of understanding for the structure
and properties.

These discoveries present highly importance. At first, under certain temperature
and density, quasicrystal state in soft matter is stable and this promotes us to
understand quasicrystals theoretically. It is well known that quasicrystal state in
metallic alloys is formed under rapid cooling condition, which is quite different
from that of soft-matter quasicrystals, because these two cases are in quite different
thermodynamic environments. The discovery of 18-fold symmetry quasicrystals
leads to appearance of new point groups and space groups and promotes the
development of symmetry theory and group theory. Of course, the appearance of
these new quasicrystals enlarges the scope of the quasicrystal study. Finally,
soft-matter quasicrystals may be a class of photon band grasp material, present
application meaning. In addition, the self-assembly technique developing in the
study is meaningful.

D.1.2 Characters of Soft-Matter Quasicrystals

Based on the experimental results, the soft-matter quasicrystals observed in dif-
ferent kinds of soft matter and their forms and structures are quite different to each
other. It is here unable specially and in detail to study soft matter. Our object is only
to study the soft-matter quasicrystals, and for this purpose, we have to understand a
preliminary and necessary knowledge on soft matter. The nature of soft matter is an
intermediate phase between ideal solid and simple fluid, or call is as a complex fluid
or structured fluid, which is one of soft condensed matter.

Fig. D.3 The Penrose tiling of quasicrystals with 18-fold symmetry in soft matter
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The soft-matter quasicrystals observed so far are two-dimensional. During the
process of their formation, it accomplished chemical reactions, and some phase
transitions, such as crystal–quasicrystal transition and liquid crystal–quasicrystal
transition. In the formation process of quasicrystals coming from colloids, there is
connection with electricity, because the particles in colloids have charges. Our
understanding to these complex physical–chemical effects is very limited.

The discussion on quasicrystals in soft matter is only an introduction of the
subject. The same as we have done in the first 15 chapters for solid quasicrystals,
and the main attention here is on mechanical behaviour and continuous mechanics
of soft-matter quasicrystals. For example, under action of impact tension with stress
amplitude r0 ¼ 5 MPa, the variation of mass density dq=q0 is 10−14 for solid
quasicrystals, while under action of impact tension with stress amplitude
r0 ¼ 0:01 MPa, the variation of mass density dq=q0 is 10−3 for soft-matter qua-
sicrystals; the viscosity stress r0yy ¼ 10�19 GPa for solid quasicrystals under action

of impact tension with stress amplitude r0 ¼ 5 MPa, while the fluid stress r0yy ¼
10�3 GPa for soft-matter quasicrystals under action of impact tension with stress
amplitude r0 ¼ 0:01 MPa These show the huge differences of mechanical prop-
erties between solid quasicrystals and soft-matter quasicrystals. Of course, for the
computation for soft-matter quasicrystals, the equation of state was used, which is
needed to be verified by experiments.

The related thermodynamics of soft-matter quasicrystals was done by Lifshitz
et al. [7, 8], and they attended the stability of the new phase, which is a very
important problem, of course. For studying hydrodynamics of soft-matter qua-
sicrystals, an equation of state is necessary, and Fan and co-workers [9, 10] gave
some preliminary discussions, but the model needs experimental verification.

D.2 Mathematical Model of Hydrodynamics
of Soft-Matter Quasicrystals

However, the work on the deformation and motion of the new phase has not well
been carried out due to the lack of fundamental experimental data to date. In
addition, the scope of topic goes beyond elasticity. Hence, one should undertake the
research on the relevant hydrodynamics. It is well known that the hydrodynamics in
solid quasicrystals is a very difficult subject. Chapter 16, thus, only gave a very
brief introduction. Readers might be found that many problems and questions there
were left. There are much more principle difficulties in studying hydrodynamics for
the new phase in physics and mathematics. At first, some mechanisms of defor-
mation and motion of the matter have not been sufficiently explored owing to the
lack of experimental data. Secondly, there is the lack of effective equation of state
p ¼ f ðqÞ or q ¼ gðpÞ for soft matter, where p denotes fluid pressure and q the mass
density, respectively. This is a difficulty arising from thermodynamic study of soft
matter. The thermodynamics is a more fundamental theory than the hydrodynamics.
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The work on thermodynamics of soft-matter quasicrystals has been given by some
researchers, as mentioned previously, but has not been well developed.
Furthermore, no experimental verification has been made for some proposed
models. It is an evident that the study of hydrodynamics for soft-matter qua-
sicrystals is more difficult than that for solid quasicrystals.

In spite of this, the probe on hydrodynamic study of soft-matter quasicrystals is
available and significant. The hydrodynamics of solid quasicrystals initiated by
Lubensky et al. [6] over the past three decades has accumulated fruit achievements
and experience. This is worthwhile providing a mode to develop hydrodynamics of
soft-matter quasicrystals by drawing from that of solid quasicrystals.

After the careful consideration and preliminary practice, one can find that the
common fundamentals for hydrodynamics, for example the generalized Langevin
equation and Poisson bracket method of condensed matter physics, are valid for
both solid quasicrystals and soft-matter quasicrystals (a rough address can be
referred to Appendix C). In addition, the Hamiltonians in both solid and soft-matter
quasicrystals are similar. This fact indicates that the theoretical framework for
soft-matter quasicrystals focusing on hydrodynamics may be set up. For simplicity,
the study on soft matters here should be confined to the case of small deformations
such that the phonon and phason stresses and strains yield the generalized linear
Hooke’s law, and the fluid stresses and deformation rates follow the generalized
linear Newton’s law. Under these assumptions, the corresponding hydrodynamic
equation system can be deduced. The equations provide a basis for computation at
least, which lead to some information and data on displacement, velocity and stress
fields in physical time-spatial domain. They can also provide possible comparisons
with experiments hereafter. This enables one to explore the physical nature of
deformation and motion of soft-matter quasicrystals. Some results are reported in
[11–14].

This discussion on soft-matter quasicrystals and their hydrodynamics is beyond
the scope of this book, and the relevant contents are given in works [15, 16].
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