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Preface

The first edition of this book was published by Scienec Press, Beijing/
Springer-Verlag, Heidelberg, in 2010 mainly concerning a mathematical theory
of elasticity of solid quasicrystals, in which the Landau symmetry breaking and
elementary excitation principle plays a central role. Bak, Lubensky and other
pioneering researchers introduced a new elementary excitation—phason drawn
from theory of incommensurate phase apart from the phonon elemetary excitation
well-known in condensed matter physics.

Since 2004, the soft-matter quasicrystals with 12-fold symmetry have been
observed in liquid crystals, colloids and polymers; in particular, 18-fold symmetry
quasicrystals were observed in 2011 in colloids; this symmetry in quasicrystals is
discovered for the first time. These observations belong to an important event of
chemistry in twenty-first century and have attracted a great deal of attention of
researchers. Readers are interested in many topics of the new area of study.
However, accumulated experimental data related with mechanical behaviour of the
new phase are very limited, there is the lack of fundamental data, the mechanism of
deformation and motion of the matter has not sufficiently been exploared after the
discovery over one decade, and it leads to fundamental difficultis to the study. Due
to these difficulties, an introduction to soft-matter qusicrystals is given in very brief
in Major Appendix of this book.

Though the new edition increases some new contents, the title of the book has
not been changed, because the main part of which is still concerned with elasticity
of solid quasicrystals, and only new chapter—Chap. 16—on hydrodynamics of
quasicrystals is added; the introduction on soft-matter quasicrystals is very limited
and listed in the Major Appendix. The changes of the contents of the first 15
chapters are not too great; we add some examples with application significance and
exclude ones of less practical meaning; a part of contents of Appendix A is moved
into the Appendix of Chap. 11, and add a new appendix, i.e. Appendix C in the
Major Appendix, in which some additional derivations of hydrodynamic equations
of solid quasicrystals based on the Poisson bracket method are included, which may
be referred by readers. Some type and typesetting errors and mistakes contained in
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the first edition are removed, but some new errors and mistakes might appear in the
new edition; any criticisms from readers are warmly welcome!

The author sincerely thanks the National Natural Science Foundation of China
and the Alexander von Humbold Foundation of Germany for their support over the
years. Due to the support of AvH Foundation, the author could visit the Max-Planck
Institute for Microstructure Physics in Halle and the Institute for Theoretical
Physics in University of Stuttgart in Germany; the cooperative work and discus-
sions with Profs. U. Messerschmidt, H.-R. Trebin and Dr. C. Walz were helpful,
especially cordial thanks due to Prof. U. Messerschmidt for his outstanding
monograph “Dislocation Dynamics During Plastic Deformation” which helped the
work of the present edition of the book. Thanks also to Profs T.C. Lubensky in
University of Pennsylvania, Z.D. Stepen Cheng in University of Akron in USA and
Xian-Fang Li of Central South University in China for beneficial discussions and
kind helps. At last, the author thanks the readers, their downloading, view, review
and citation are very active, and this encourages me to improve the work.

Beijing, China Tian-You Fan
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Chapter 1
Crystals

This book discusses mainly elasticity and defects of quasicrystals in solid; however,
quasicrystals have inherent connection with crystals. This chapter provides the
basic knowledge on crystals which may be beneficial to study quasicrystals and
relevant topics.

1.1 Periodicity of Crystal Structure, Crystal Cell

Based on X-ray diffraction patterns, it is known that a crystal consists of particles
(i.e. collections of ions, atoms and molecules) which are arranged regularly in
space. The arrangement is a repetition of the smallest unit, called a unit cell,
resulting in the periodicity of a complete crystal. The frame of the periodic
arrangement of centres of particles is called a lattice. Thus, the properties of cor-
responding points of different cells in a crystal will be the same. The positions of
these points can be defined by radius vectors r and r’ in a coordinate frame
e;, e, e3, and a,b and ¢ are three non-mutually co-linear vectors, respectively (the
general concept on vector referring to Chap. 2). Hence, we have

r =r+la+mb+nc (1.1.1)

in which a,b and ¢ are the basic translational vectors describing the particle
arrangement in the complete crystal, and /,m and n are arbitrary integers. If the
physical properties are described by function f(r), then the above-mentioned
invariance may be expressed mathematically as

f(r') =f(r+1Ila+mb+nec) =f(r) (1.1.2)

This is called the translational symmetry or long-range translational order of a
crystal, because the symmetry is realized by the operation of translation.
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Equation (1.1.1) represents a kind of translational transform, while (1.1.2) shows
that the lattice is invariant under transformation (1.1.1). The collection of all
translational transform remaining lattice invariant constitutes the translational group.

1.2 Three-Dimensional Lattice Types

Cells of lattice may be described by a parallel hexahedron having lengths of its
three sides a,b and ¢ and angles «, # and y between the sides. According to the
relationship between the length of sides and angles, there are seven different forms
observed for the cells, which form seven crystal systems given by Table 1.1.

Among each crystal system, there are some classes of crystals that are classified
based on the configuration such that whether the face centred or body centred
contains lattice point. For example, the cubic system can be classified as three
classes: the simple cubic, body-centred cubic and face-centred cubic. According to
this classification, the seven crystal systems contain 14 different lattice cells, which
are called Bravais cells, as shown in Fig. 1.1.

Apart from the above-mentioned 14 Bravais cells with three-dimensional lat-
tices, there are 5 Bravais cells of two-dimensional lattice, we do not give any
further.

1.3 Symmetry and Point Groups

In Sect. 1.1, we have discussed the translational symmetry of crystals. Here, we
point out that the symmetry reveals invariance of crystals under translational
transformation

T =la+mb+nc (1.3.1)

Equation (1.3.1) is referred to as an operation of symmetry, which is a translational
operation. Apart from this, there are rotation operation and reflection (or mapping)

T?b!e l'hl. Cl;ylstals ;mc]lc ﬂ}g Crystal system Characters of cell

;igt;(jlrlgsle;p o fength of sides Triclinic a#tEbF#c,a#LF#y
Monoclinic a#b#c,a=9y=90°#f
Orthorhombic a#b#c,o=p=7y=90°
Rhombohedral a=b=co=p=y#90°
Tetragonal a=b#c,o=p=y=90°
Hexagonal a=b#c,a==90°7y=120°
Cubic a=b=co=p=y=90°
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Fig. 1.1 The 14 crystal cells of three dimension a simple triclinic, b simple monoclinic,
¢ button-centred monoclinic, d simple orthorhombic, e button-centred orthorhombic,
f body-centred orthorhombic, g face-centred orthorhombic, h hexagonal, i rhombohedral, j simple
tetragonal, k body-centred tetragonal, 1 simple cubic, m body-centred cubic, n face-centred cubic

operation, they belong to so-called point operation. A brief introduction on the
rotation operation and orientational symmetry of crystals is given below.

By rotating about an axis through a lattice, the crystal can always return to the
original state since the rotational angles are 2n/1,2n/2,27/3,2n/4 and 27/6 or
integer times of these values. This is the orientational symmetry or the long-range
orientational order of a crystal. Because of the constraint of translational symmetry,
the orientational symmetry holds for n = 1,2,3,4 and 6 only, which is neither
equal to 5 nor greater than 6 where n is the denominator of 27/n (e.g. a molecule
can have fivefold rotation symmetry, but a crystal cannot have this symmetry
because the cells either overlap or have gaps between the cells when n = 5, Fig. 1.2
is an example). The fact constitutes the following fundamental law of
crystallography:

Law of symmetry of crystals Under rotation operation, n-fold symmetry axis is
marked by n. Due to the constraint of translational symmetry, axes n = 1,2,3,4
and 6 exist only; neither 5 nor number greater than 6 exists.

In contrast to translational symmetry, rotation is a point symmetry. Other point
symmetries are as follows: plane of symmetry, the corresponding operation is
mapping, marked by m; centre of symmetry, the corresponding operation is
inversion, marked by I; rotation-inversion axis, the corresponding operation is
composition of rotation and inversion, when the inversion after rotation 27/n,
marked by 7.
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Fig. 1.2 There is no fivefold
rotational symmetry in
crystals

N V4

g N\

For crystals, the point operation consists of eight independent ones only, that is

1,2,3,4,6, [ = (I), m=2,4 (13.2)

which are basic symmetric elements of point symmetry.

The rotation operation is also denoted by C,,n = 1,2,3,4,6.

The mapping operation can also be expressed by ¢. The horizontal mapping by
my, and S;,, and vertical one by S,,.

The mapping-rotation is a composite operation, denoted by S,, which can be
understood as

Sn = Cn“h = Uhcn
The inversion mentioned previously can be understood as
I =8 = Cyop = 0,y

Another composite operation—rotation-inversion 7, is related to S,, e.g.
1252 :I,QZSI :0,3256,1:S4,6:S3.
So that (1.3.2) can also be redescribed as

C13C27C37C47C67[7O-7S4 (133)

The collection of each symmetric operation among these eight basic operations
constitutes a point group, the collection of their composition forms 32 point groups
listed in Table 1.2.

The concept and sign of point groups will be used in the subsequent chapters.
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Table 1.2 32 point groups of crystals

Sign | Meaning of sign Point group Number
C, Having n-fold axis C1,0,G5,C,C |5
I Symmetry centre I1(i) 1
a(m) | Mapping a(m) 1
Cun Having n-fold axis and horizontal symmetry plane Con, C3ppy Capyy Copp | 4
Cu Having n-fold axis and vertical symmetry plane Cyy, C3y,Cyqy,Cy | 4
D, Having n-fold axis and n twofold axis, they are D;, D3, Dy, Dg 4
perpendicular to each other
Dy, Meaning of 4 is the same as before Dy, D3y Dy, Dy, | 4
D,; |d means in D, there is a symmetry plane dividing the | D4, D3y 2
angle between two twofold axes
Sy Having n-fold mapping-rotation axis 84,86 = Cs; 2
T Having four threefold axes and three twofold axes T 1
Ty Meaning of 4 is the same as before T;, 1
Ta Meaning of d is the same as previous Ta 1
o Having three fourfold axes which perpendicular each 0,0, 2
other and six twofold axes and four threefold axes
Note

T = CyD, means the composition between operations Cy and D,, where suffix 3’ denotes a
threefold axis
O = CyC4Cy means the composition between operations Cy, C4 and Co» where 3’ represents a
threefold axis, 2" a twofold axis

1.4 Reciprocal Lattice

The concept of the reciprocal lattice will be concerned in the following chapters,
here is a brief introduction.

Assume there is relation between base vectors aj, a, and agz of a lattice (L) and
base vectors by, b, and b; for another lattice (Lg)

1, i=j

(i.j=1,2,3)

(1.4.1)

that the lattice with base vectors by, b,, b; is the reciprocal lattice Lg of crystal
lattice L which has base vectors aj,a,,a;. Between b; and aj, there exist
relationship

ap; X a3
“Ta

az X aj

a; X ap
b, = _ A xa

b; =

b
! Q Q

(142)

where Q = a; - (a, x a3) is the volume of lattice cell.
Denote
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QF :bl . (bz X b3)

then

The position of any point in reciprocal lattice can be expressed by
G = hiby + hyby + hsbs (1.4.3)
in which
hy,hy,hy = £1,4+2, ...

Points in lattice can be described by aj, a,, a3 as well as by by, b,, bs.

In similar version, the concept of reciprocal lattice can be extended to
higher-dimensional space, e.g. six-dimensional space, which will be discussed in
Chap. 4.

The brief introduction above provides a basic knowledge for reading the sub-
sequent text of the book, the further information on crystals, diffraction theory and
point group can be found from the book [1] and monograph [2]. We will recall the
concepts in the following text.

1.5 Appendix of Chapter 1: Some Basic Concepts

Some basic concepts will be described in the following chapters, with which most
of the physicists are familiar. For the readers of non-physicists, a simple intro-
duction is provided as follows, the details can be found in the relevant references.

1.5.1 Concept of Phonon

In general, the course of crystallography does not contain the contents given in this
section. Because the discussion here is dependent on quasicrystals, especially with
the elasticity of quasicrystals, we have to introduce some of the simplest relevant
arguments.

In 1900, Planck put forward the quantum theory. Soon after Einstein developed
the theory and created the photon concept and explained the photoelectric effect,
which leads to the photon concept. Einstein also studied the specific heat ¢, of
crystals arising from lattice vibration by using the Planck quantum theory. There are
some unsatisfactory points in the work of Einstein on specific heat though his
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formula successfully explained the phenomenon of ¢, =0 at T =0, where T
denotes the absolute temperature (or Kelvin temperature). To improve the
Enistein’s work, Debye [3] and Born et al. [4, 5] applied the quantum theory to
study the specific heat in 1912 and 1913, respectively, and got a great success. The
theoretical prediction is in excellent agreement to the experimental results, at least
for specific heat of the atom crystals.

The propagation of the lattice vibration is called lattice wave. Under the
long-wavelength approximation, the lattice vibration can be seen as continuum
elastic vibration, i.e., the lattice wave can be approximately seen as continuum
elastic wave. The motion is a mechanical motion, but Debye and Born assumed that
the energy can be quantized based on the Planck’s hypothesis. With the elastic
wave approximation and quantization, Debye and Born successfully explained the
specific heat of crystals at low temperature, and the theoretical prediction is con-
sistent with experimental results in all range of temperature, at least for atom
crystals. The quanta of the elastic vibration or the smallest unit of energy of the
elastic wave is named phonon, because the elastic wave is one of acoustic waves.
Unlike photon, the phonon is not an elementary particle, but in the sense of
quantization, the phonon presents natural similarity to that of photon and other
elementary particles, thus can be named quasiparticle. The concept created by
Debye and Born opened the study on lattice dynamics, an important branch of
solid-state physics. Yet according to the view point at present, the Debye and Born
theory on solid belongs to a phenomenological theory, though they used the
classical quantum theory. The quantum mechanics theory of the topic is referred to
Born and Huang [5] and Landau and Lifshitz [6].

Landau [6] further developed the phenomenological theory and put forward the
concept of elementary excitation. According to the concept, photon and phonon,
etc., belong to elementary excitations. In general, one elementary excitation cor-
responds to a certain field, e.g., photon corresponds to electromagnetic wave and
phonon corresponds to elastic wave. The phonon concept is further extended by
Born [5] and other scientists, they pointed out the phonon theory given by Debye,
in general, is not suitable for compounds. As atoms in a compound constitute a
molecular collection in solid state, then the vibration of atoms can be approximately
classified into two cases: one is vibration of whole body of molecule; another is
relative vibration among atoms within a molecule. The first type of vibration is the
same that described by Debye theory, called phonetic frequency vibration modes, or
the phonetic branch of phonon. In this case, the physical quantity phonon (under
long-wavelength approximation) describing displacement field deviated from the
equilibrium position of particles at lattice is also called as phonon-type displace-
ment, or phonon field, or briefly phonon. Macroscopically, it is the displacement
vector u of elastic body (if the crystal is regarded as an elastic body). And the
second type of vibration, i.e. the relative vibration among atoms within a molecule,
is called photonic frequency vibration modes, or photonic branch of phonon. For
this branch, the phonon cannot be simply understood as macroscopic displacement
field. But our discussion in this book is confined to the framework of continuum
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medium, with no concern with the photonic branch, so the phonon field is the
macro-displacement field in the consideration.

In many physical systems (classical or quantum systems), the motion presents
the discrete spectrum (the energy spectrum or frequency spectrum which corre-
sponds to the discrete spectrum of an eigenvalue problem of a certain operator from
the mathematical point of view). The lowest energy (frequency)-level state is called
ground state and that beyond the ground state is named excited state. The so-called
elementary excitation induces a transfer from the ground state to the state with the
smallest nonzero energy (or frequency). Strictly speaking, it should be named
lowest energy (or frequency) elementary excitation.

The solid-state physics was intensively developed in 1960-70s and then evolved
into the condensed matter physics. The condensed matter physics is not only
extending the scope of solid-state physics by considering liquid-state and
micro-powder structure, but also developing basic concepts and principles. Modern
condensed matter physics is established as a result of the construction of its para-
digm, in which the symmetry-breaking is in a central place, which was contributed
by Landau [6] and Anderson [7] and other scientists.

Considering the importance of the concept and principle of symmetry-breaking
in the development of elasticity of quasicrystals, we give brief discussion here.

It is well-known that for a system with a constant volume, the equilibrium state
thermodynamically requires the free energy of the system

F=E—TS (15.1)

be minimum, in which E is the internal energy, S the entropy and T the absolute
temperature, respectively.

Landau proposed the so-called second-order phase transition theory by intro-
ducing a macroscopic order-parameter # (to describe order—disorder) phase tran-
sition, i.e., assuming that the free energy can be expanded as a power series of 5

F(n,T) = Fo(T) +A(T)n* + B(T)i* + - -- (1.5.2)

in which according to requirement of stability condition of phase transition (i.e. the
variational condition JF = 0 or OF /0n = 0), the coefficients of odd terms should
be taken to zero, and B(T) > 0. At high temperature, the system is in disorder state,
so A(T) > 0, too; as temperature reduces, A(T) will change its sign; at the critic
temperature T¢, there exists A(T¢) = 0. The simplest choice in satisfying these
conditions is

A(T) = o(T — T¢), B(T) = B(T¢) (15.3)

in which o is a constant. Without concerning concrete micro-mechanism, the
Landau theory has the merits of simplicity and generality; it can be used to many
systems and has achieved successes, especially for the study of superconductivity,
liquid crystals, high-energy physics. (To the author’s understanding, the



1.5 Appendix of Chapter 1: Some Basic Concepts 9

quasicrystals study is another area that has been achieved following of the line of
the symmetry-breaking principle.) Applying the above principle to periodic crys-
tals, we have [7]

1
F = 50((|G|)(T — T¢(G))n? + higher-order terms (1.5.4)

where the constant o is related to reciprocal vector G (for the concepts on the
reciprocal vector and reciprocal lattice, refer to Sect. 1.4). Further, Anderson [7]
proved for crystals if the density of periodic crystals can be expressed by Fourier
series (the expansion exists due to the periodicity of the structure in
three-dimensional lattice or reciprocal lattice)

p(r) =" peexp{iG -} = > |pg|exp{—ig +iG - r} (1.5.5)
GelLg Gelg

where G is a reciprocal vector just mentioned above, and L the reciprocal lattice in
three-dimensional space, pg is a complex number

pc = |pgle™ (1.5.6)
with the amplitude |pg| and phase angle ®¢, due to p(r) being real, |p| = |p_gl
and ®g = —O_g, then the order parameter is

1= 1el (1.5.7)

Anderson pointed further out that for crystals the phase angle @ contains the
phonon u, that is

O =G-u (15.8)

in which both G and u are in three-dimensional physical space. If we consider only
the phonetic branch of phonon, then here u can be understood as phonon-type
displacement field. So the displacement field in periodic crystals can be understood
as phonon field from the Landau symmetry-breaking hypothesis, though it pos-
sesses an intuitive physical meaning under the approximation of long-wavelength
(refer to Chap. 2). The description based on the symmetry-breaking, physical
quantity u is connected with reciprocal vector G and reciprocal lattice Lz of
crystals, so it presents more profound insight (a result of symmetry-breaking of the
crystals) than that of the intuitive description of displacement field u, though the
explanation here is still phenomenological (because the Landau theory is a phe-
nomenological theory), rather than that from the first principles.

The concept of phonon is originated from Debye [3] and Born et al. [4, 5], which
describes the mechanical vibration of lattice mass points (atoms or ions or mole-
cules) deviating from their equilibrium position; the propagation of the vibration
leads to the lattice wave, and the motion can be quantized, the quanta is the phonon.
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This is an elementary excitation in condensed matter. The symmetry-breaking leads
to appearance of new ordered phase (e.g. crystals), new order parameter (e.g.
n = |pg|, the wave amplitude of mass density wave), the new elementary excitation
(e.g. phonon), and new conservation law (e.g. the crystal symmetry law given in
Sect. 1.3). The above description on phonon from the symmetry-breaking point of
view helps us to understand in-depth the physical nature of phonon.

Following this scheme, some elementary excitations (e.g. phason) temporarily
without complete intuition meaning can also be explained by the Landau theory,
and one can further find out their physical meaning from the point of view of
symmetry rather than from the simple intuition point of view, because for some
complex phenomena, the simple intuition cannot give complete and correct
explanation.

We recall that the elementary excitations are related to broken symmetry or
symmetry-breaking, e.g. a liquid behaves arbitrary translational symmetry and
arbitrary orientational symmetry; then the periodicity of crystals (i.e. the lattice)
breaks the translational symmetry and orientational symmetry of liquid, and the
phonon is elementary excitation, resulting from the symmetry-breaking. We can say
that the quasicrystal is a result of symmetry-breaking of crystal, which will be
discussed in Chap. 4.

If it is not necessary to give description on phason concept in-depth, this section
can be omitted. The reader is advised to jump over the section if who is not
interested in.

More profound discussion on phonon concept can be found in Born and Huang’s
classical monograph on lattice dynamics [5] and vol V of Course of Theoretical
Physics of Landau and Lifshitz [6], they give both phenomenological and quantum
mechanics descriptions, and the previous introduction is only a phenomenological
description.

1.5.2 Incommensurate Crystals

In this book, we do not discuss incommensurate phases, but quasicrystals are
related to so-called incommensurate structure, we have to mention it in brief.
Since 60s of the last century, incommensurate crystals have been studied by
many physicists, see e.g. [8]. The so-called incommensurate phase means that it is
added an additional incommensurate modulate at the basic lattice, in which the
modulated ones may be displacements or compounds of atoms or arrangement of
spin, etc. As an example, if a modulated displacement 4 is added to a lattice with
period a, and if //a is a rational number, the crystal becomes a superstructure with
long period (which is the integer times of @); and if A/a is an irrational number, the
crystal becomes an incommensurate structure. In this case along the modulate
direction, the periodicity is lost. The modulation can be one-dimensional, e.g.
Na,;COs3, NaNO,; or two-dimensional, e.g. TaSe,, quartz; or three-dimensional, e.g.
Fe;_,O,. In incommensurate phases, the modulation is only a “perturbation” of
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another period to the basic lattice, the diffraction pattern of the basic lattice holds,
i.e., the crystallography symmetry holds still, so one calls the structure being
incommensurate crystals. It is noticed that there is new degrees of freedom in the
phases, named phasons. Here, the phason modes present long-wavelength propa-
gation similar to that of phonon modes. In Chap. 4, we shall discuss that the phason
modes in quasicrystals present quite different nature, i.e., the motion of atoms
exhibits discontinuous jumps rather than the long-wavelength propagation. In
addition, in quasicrystals there is non-crystallographic orientational symmetry,
which is essentially different from that of general incommensurate crystals.

1.5.3 Glassy Structure

The crystals are solid with long-range order due to atom arrangement regularly. In
contrast, there is a solid without order, but it has short-range order in scale within
atom size. This material is the glassy structure, as a branch of the condensed matter
physics.

1.5.4 Mathematical Aspect of Group

1.5.4.1 Mathematical Definition of Group

In previous sections, we introduced group concept through the symmetry opera-
tions, this is intuitive and easy understood. Under a transformation a system
maintains invariance, we can call the transformation is a symmetry transformation.
In succeeding take two transformations are defined as a product of the two trans-
formations, it is evident, which is the symmetry transformation of the system, too.
The product over three symmetry transformations satisfies the associate law. The
identical transformation is also a symmetry transformation, the product between it
and any symmetry transformation is the transformation. The inversion of a sym-
metry transformation is still a symmetry transformation. The connection of trans-
formations of a system forms a transformation group. We have defined the concept
of product, the mathematical definition on group can be given as below:

1. Closeness of connection—The product between any two elements g; and g; in a
connection G belongs to the connection, i.e. g € G,g; € G, g;gj € G;

2. Associate law—If g;, g/, g« € G, then g;(g;, gx) = (&, &)8x;

. There is identical element E—If g; € G, then Eg; = g;;

4. There is inversion element g; '—If g; € G, then g;g; ! = E.

W

The definition on group is also called axiom of group which is valid for all
groups, including the point groups. In this book, we mainly concern the point
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groups, but also Lie groups in Chap. 16 and Appendix C in main appendixes of the
book.

1.5.4.2 The Linear Representation of Group

Assume element g; belongs to group G, which corresponds to matrix A;, and
assume all matrixes have the same order, their determinates are not equal to zero, if
product g;g; corresponds to product A;A;, then say that matrix A; is a linear rep-
resentation of group G. Assume a linear expression of group G corresponds to a
matrix A; of n order, and a linear expression of the same group corresponds to
matrix B; of m order, which constitutes quasidiagonal matrix of (n+ m) order

al =00 5] =la

If assume transforming to the equivalent expression according to matrix XC;X~! ,
then in general, the character of quasidiagonal matrix will be lost. If this character
can be maintained still, we say this expression is reducible; otherwise, it is
irreducible.
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Chapter 2
Framework of Crystal Elasticity

As the knowledge of crystals is a benefit for understanding quasicrystals, it is
worthwhile having a concise review of the crystal elasticity or classical elasticity
before learning elasticity of quaicrystals. Here is a brief description to the theory.
The detailed material for this theory can be found in many monographs and text-
books, e.g. Landau and Lifshitz [1]. Though the discussion here is limited within
the framework of continuum medium mechanics, there are still connections to
physical nature of the elasticity of crystals reflected by phonon concept (discussed
in Sect. 1.5). The readers are advised to refer to the relevant chapters and sections
of monographs of Born and Huang [2] and Anderson [3] which would help us
understanding the phonon concept so the phason concept and elasticity of qua-
sicrystals, which will be presented in the following chapters. The practice shows
that it would be hard to understand phason concept and the phason elasticity if we
limited our knowledge only within the classical continuum medium and complete
intuition.
For simplicity, the tensor algebra will be used in the text.

2.1 Review on Some Basic Concepts

2.1.1 Vector

A quantity with both magnitude and direction is named vector, denoted by a, and
a = |a| represents its magnitude. The scalar product a-b = abcos(a,b) of two
vectors a and b. The vector product a X b = nabsin(a,b), in which n is the unit
vector perpendicular to both a and b, so |n| = 1. A more general definition on
vector is given later.

© Science Press and Springer Science+Business Media Singapore 2016 13
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2.1.2 Coordinate Frame

To describe vector and tensor, it is convenient to introduce the coordinate frame.
We will consider the orthogonal frame. Assume that e;, e, and e3 are three unit
vectors and mutually perpendicular, i.e. e;-e; =0,e;-e3 =0,e;-e; =0, and
e3 = e X €,€; = e3 X e1,e; = €; X e3, then they are base vectors of an orthog-

onal coordinate frame, and often called base vectors briefly.
In the orthogonal coordinate frame ey, €3, €3, any vector a can be expressed by
a=ae; +ae; +azes (2.1.1)

or

a= (al,a25a3)

2.1.3 Coordinate Transformation

Consider another orthogonal frame e/, €}, €5 which can be expressed in terms of
e, e, e;3. From (2.1.1), there are

/
e = cr1e1 +cppex +cizes
’
€, = Cy1€1 + € + 363 (212)
/
€3 = c31€1 + C3€2 +c33€3

where cy1,c12,...,¢33 are some scalar constants. The relation (2.1.2) is named
coordinate transformation too, which can also be denoted by matrix

€ €1
e, | =[C]| e (2.1.3)
eg €3

where

i1 Ci2 €13
[Cl=|ca c¢n ¢
€31 €32 (33

which is an orthogonal matrix, consequently
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(" =[c™ (2.1.4)

here notation “T”” marks transpose operation and “— 1” the inversion operation. It is
natural that

e (A e}
e|=[C"|e| =[C"|é¢ (2.1.5)
€3 (A e

Based on (2.1.1), if in the frame €', €5, €'5 then
a = d\€| +aye, + dye€} (2.1.6)
Substituting (2.1.5) into (2.1.1) yields

/ / /
a = (cniay + cioaz + c13a3)€; + (ca1a1 + ¢z + c3az)ey + (cara1 + cxnan + c33a3) €5

(2.1.7)
It follows that by the comparison between (2.1.6) and (2.1.7)
dy = ciiar + cpax + ci3as
dy = ca1a1 + cnar + c3az
a’3 = ¢c31a1 + c3ap + c33a3 (218)
or by the matrix expression, i.e.
a'l ap
a | =[C]|a (2.1.8)
d, as
Whatever (2.1.8) or (2.1.8"), there is
3
a; = Zcijaj = ¢jja; (2.1.9)
=1

The summation sign in the right-hand side of (2.1.9) is omitted, when the repeated
indexes in c;a; represent summing. Henceforth, the summation convention will be
used throughout.

A set of numbers (ay,a,, a;) satisfying the relation (2.1.9) under linear trans-
formation (2.1.2) will be called vector regardless its physical meaning. This is an
algebraic definition of vector; it is more general than saying that the vector has both
magnitude and direction.
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2.1.4 Tensor

Let us define 9 numbers in the orthogonal frame e, e;, e; as A:

Ay Ap Ajgs
A=Ay Ayp A (2.1.10)
A3z Apn Az

in which the components satisfy the relation

3
Ay = chicleij = cuicAjj (2.1.11)

ij=1
under the linear transformation, then A is a tensor of rank 2, where c;; are given by
(2.1.3) and the summing sign is omitted in the right-hand side of (2.1.11). It is
evident that the concept of tensor is an extension of that of vector. According to the
definition A;; represents a tensor where i = 1,2, 3, j = 1, 2, 3. It is understood that it
represents a component with the indexes i and j of the tensor.

2.1.5 Algebraic Operation of Tensor

(i) Unit tensor

0 iz
I=5;= i (2.1.12)
/ 1 i=j

which is named the Kronecker sign conventionally.
(i) Transpose of tensor

Al Ay Az
AT = AL Ay Ay (2.1.13)
Az Ay Az
(iii) Algebraic sum of tensors
AEXB=A; £Bj; (2.1.14)

(iv) Product of scalar and tensor

mA = mA;; (2.1.15)
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(v) Product of tensors

AB = A;By (2.1.16)

Other operations about tensors will be provided in the description of the sub-
sequent text.

2.2 Basic Assumptions of Theory of Elasticity

The theory of elasticity is a branch of continuum mechanics, it follows the basic
assumptions thereof whereas there are:

(i) Continuity
In the theory one assumes that the medium fills the full space that it occupies,
and this means the medium is continuous. Connected with this, the field
variables concerning the medium are continuous and differentiable functions
of coordinates.

(il) Homogeneity
Physical constants describing the medium are independent from coordinates,
so the medium is homogeneous.

(iii)) Small deformation
Assume that displacements u; are small and Ou;/Ox; are less than unity. Due
to small deformation, the boundary conditions are written at the boundaries
before deformation though those boundaries have taken some deformation.
This makes the problems linearized and simplifies the solution procedure.

2.3 Displacement and Deformation

That elastic body exhibiting deformation is connected to the relative displacement
between points in it. So we first look for the displacement field.

Consider a region R in an elastic body, refer to Fig. 2.1, it becomes another
region R’ after deformation. The point O with radius vector r,

before deformation, which becomes point O’ with radius vector 1’ after defor-
mation, and u is the displacement vector of point O during the deformation process
(see Fig. 2.1), i.e.

r=r+u (2.3.1)
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Fig. 2.1 Displacement of a
point in an elastic body

or

u=r —-r=x—x (2.3.1)

In Fig. 2.1, frame ey, e,, e3 depicts any orthogonal coordinate system, especially we
use the rectilinear coordinate system (x;,x;,x3) or (x,y,z). Assume that O; in R is a
point near the point O, the radius vector joining them is dr = dx;. The point O;
becomes point O} in R’ after deformation. The vector radius joining points O, and
point O] is dr’ = dx, = dx; + du;. The displacement of point Oy is W', there is

u =u+du (2.3.2)
ie.
du; = u} — u; (2.3.3)
and
814,'
du; = —dx; 234
u 8)Cj 7 ( )

Equation (2.3.4) expresses the Taylor expansion at point O and takes the first-order
term only. Under the small deformation assumption, this reaches a very high
accuracy. It denotes

au,-
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in which
1 8u,- 81/!]‘
o= — =2 2.3.6
& 2 (8)(1' + 8X,'> ( )
1 81/{,' Buj
== [ — = 2.3.7
@i 2 <8)Cj 8x,~> ( )
here ¢; is a symmetric tensor
&jj = &ji (238)

and called the strain tensor, while w;; an asymmetric tensor, which has only three

independent components
0=, — (8__3_)

“2\oz oy

B 1 (Ou,  Ouy,

B 1 (Ouy  Ouy
2= o0 =3(% %)

The physical meaning of ¢; describes volume and shape changes of a cell, and
that of w;; the rigid rotation, which is independent on deformation, so only &; is
considered afterwards.

The components &, & and &33 (if denote x = x|,y = x»,z = x3, then we have
&4, &yy and &) represent normal strains describing volume change of a cell, while
£30 = 3,613 = &31 and &1y = &1 (OF &y = &, &y = &, and &, = &,) represent
shear strains describing shape change of a cell.

2.4 Stress Analysis

The internal forces per unit area due to deformation are called stresses, and denoted
by o, which will be zero if there is no deformation for a body. When the body is in
static equilibrium according to the law of momentum conservation, we have

80',']'
=0 2.4.1
St @4.1)

in which the equation holds for any infinitesimal volume element of the body, and
o;; represents the components of the stress tensor as mentioned above, and suffix j
the acting direction of the component, i the direction of outward normal vector of
the surface element that the component exerted and f; the body force density vector.
Amongst all, the components of ¢, 0,0y, and o, are normal to the surface
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elements which they exerted, and o,;, 6.y, 6., 0x;, 61, and oy, are along the tangent
directions of the surface elements, the former are called normal stresses, and the
latter shear stresses.

According to the angular momentum conservation, one finds that

0jj = 0ji (2.4.2)

this means the stress tensor is a symmetric tensor and (2.4.2) is named as the shear
stress mutual equal law.

External surface forces density (tractions) 7; subjected to the surface of a body
should be balanced with the internal stresses, this leads to

o;in; = Ti (243)

where n; is the unit vector along the outward normal to the surface element. People
also call T; area force density.

Equation (2.4.3) describes the stress boundary conditions which play a very
important role for elasticity.

2.5 Generalized Hooke’s Law

Between stresses ¢;; and strains g, there exists a certain relationship depending
upon the material behaviour of the body. Hereafter, we consider only the linear
elastic behaviour of materials and the state without initial stresses. In the case, the
classical experimental law—Hooke’s law can be extended as

v
88ij

O-ij:

= Cyjutu (2.5.1)
in which U denotes the free energy density, or the strain energy density, i.e.

1
U=F = EC,-jk,sijsk, (252)
and Cyy is the elastic constant tensor, consisting of 81 components. Due to the
symmetry of ¢;; and &, each of them has independent 6 components only, such that
the independent components of Cjj; reduce to 36. Formula (2.5.2) shows that U is a
homogenous quantity of &; of rank two, considering the symmetry of ¢;, then we
have

Cijut = Cuij (2.5.3)

so the independent components amongst 36 reduce to 21.
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The relation (2.5.1) with 21 independent elastic constants is named as general-
ized Hooke’s law.

The generalized Hooke’s law describes anisotropic elastic bodies including
crystals. Stress and strain tensors can also be expressed by corresponding vectors
with 6 independent elements, then can be denoted by corresponding elastic con-
stants matrix [Bjj|

o1t B Bii22 Biiss Biias Busi Bun | | en

022 B Bz Boxms Bazi Bun | | e

033 | _ Bsszs Bsss B3z B | | 33 (2.5.4)
023 Bz Bzt Bz | | é3 o
031 (symmetry) Bs131 Bz | | é31

o12 Bz | ez

Applying formula (2.5.4) to crystals, between the elements Cjy; (or Bjjy), there are
some relations by considering certain symmetry of the crystals, so that the resulting
number of the elastic constants for certain individual crystal systems may be less
than 21. In the following, we give a brief discussion on the argument.

1. Triclinic system (classes 1 or C; and C;)
The triclinic symmetry does not add any restrictions to the components of tensor
Ciju (or By in (2.5.4)); however, appropriate choice of the coordinate system
enables us to reduce the number of nonzero independent elastic constants.
Because the orientation of the coordinate system is determined by three rotation
angles, this provides three conditions to restrict some components in Cyy (or
Bjji; in (2.5.4)); for example, one can take three of them to be zero, such that, the
triclinic crystal system has 18 components of elastic moduli.

2. Monoclinic system (classes Cy, C, and Cyy,)
In the class Cj, there is a plane of symmetry, we take it as x3 =0 (z =0) in
coordinate frame e;, e,, e3. Making a coordinate transformation with this plane
of symmetry one can obtain a new coordinate frame e, €}, €5. Between these
two coordinate frames, there are relations

/ / /
e =e e, =¢e,e;=—¢e; (2.5.5)

This operation is the reflection or mapping. In addition, we know that between
02/' in €}, €},€; and o;; in ey, e, e, there are (refer to §2.1)

!/
O = OkjoliOji (256)
in which o; are the coefficients of linear transformation, i.e.

e; = (xijej (257)
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Under the transformation (2.5.5), there are
o = Lo0p = 1,033 = —1, others =0 (2.5.8)

Therefore, under the transformation, for Cjj; in (2.5.1) (or Bjjy, in (2.5.4)) whose
suffixes containing 3 with an odd number of times (1 or 3) will change sign,
while the others will remain invariant. Considering the symmetry of the crystal,
however, the physical properties including Cjj; (or Bjj; in (2.5.4)) should remain
unchanged under symmetric operation (including the reflection). So it is obvious
that all components with an odd number of suffixes 3 must vanish, i.e.

Bii2s = Biis1 = Baxs = B = Bazs = Bazsi = Bysin = Bsip =0 (2.5.9)

Consequently, there are only 13 independent elastic constants.
A similar discussion can be done for the classes C; and Cy,.

. Orthorhombic system (classes C,,, D, and Dyy)

This crystal system has a macroscopic corresponding, i.e. the orthotropic
materials, in which there exist two planes of symmetry perpendicular to each
other. Let us take x3 = 0 and x; = 0 as the planes. If on reflection in plane
x3 = 0, it is just the case for monoclinic system mentioned above. Subsequently,
considering the mapping in plane x; = 0, between the new and old coordinate
systems, there is the relation such as

e -1 0 0] Je
Adl=10 1 0|]|e
e, 0 1] Les

By a similar description to that for monoclinic system, one finds that
Bi112 = Bpia = Bazin = Byzs1 =0 (2.5.10)

Collecting to (2.5.9), the system contains 9 independent elastic constants.

. Tetragonal system (classes Cy,,, D2y, D4 and Dyy,)

This crystal system has 4 axes of symmetry. Similar to previous discussion,
those independent elastic moduli are

Bi111, B3333, B1122, B1212, B1133, B1313

The total number of these is six.

. Rhombohedral system (classes C3,, 3 or C3, D3, D3, and Sg)

In this system, there is a third-order axis of symmetry (or threefold symmetric
axis). We can take axis of symmetry as the axis es, after a lengthy description
that six independent elastic constants are as follows:



2.5 Generalized Hooke’s Law 23

B33z, Beyys Beeny, Bapzas Beans, Beees
with
¢ =x1+ixy,n=x; —ixy
The moduli can also be written in conventional version as

Bs333, B1212, B1122, B1233, B1323, B1113

6. Hexagonal system (class Cg)

The crystal system has a macroscopic correspondence—the transverse isotropic
material, whose elasticity presents fundamental importance to elasticity of one-
and two-dimensional quasicrystals.

There is a sixth-order axis of symmetry (or say sixfold symmetric axis) in the
system. By taking this axis as x3-axis and using the coordinate substitution
& =x;+ixy,n = x; — ix. In a rotation with angle 27/6 about the x3-axis, the
coordinates ¢ and # are experienced a transformation é— Ee2™/0, y — ye=27/0,
Then one can see that only those components Cjj; do not vanish which have the
same number of suffixes ¢ and 7. These are

B3333, Beneys Beewns Benzs, Beane
or in conventional expressions

Ciinn = Con2, C3333, Cozzz = C3131, Crin,

Cii33 = Co33, Cia12

in which 2Ci15 = Ci111 — Cr122, so the number of independent elastic
constants is five.

7. Cubic system
For this system there are 3 fourfold symmetric axes, in which there is tetragonal
symmetry. If taking the fourfold symmetric axis of the tetragonal symmetry in
the x3-direction, the number of independent components of Cj (or Bjy in
(2.5.4)) are Bii11, Bi122, Bi212

8. Isotropic body
In this case there are two elastic moduli, e.g. the Young’s modulus and
Poisson’s ratio

Ev

respectively, or the Lamé constants
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vE E

S Tpn T Sk Te wy

(2.5.11)

or the bulk modulus of compression and shear modulus
_ _E __E _

K=310g =57y =GC

In this case the generalized Hooke’s law presents very simple form, i.e.

gjj = 2'ugij + )bekkéij (2512)

where gy = €11 + €2 + €33 = &x + &y + &;,0;; is the unit tensor. An equivalent
form of (2.5.12) is

I4+v v
8j =~ O ~ T OOy (2.5.13)

in which o = 011 + 022+ 033 = 0 + 0,y + 0,

2.6 Elastodynamics, Wave Motion

When the inertia effect is considered in (2.4.1), then it becomes

(2.6.1)

where p is the mass density of the material.
Considering isotropic medium and omitting body forces from (2.6.1), (2.3.6) and
(2.5.12), the equations of wave motion are obtained as

82145 2 82uj Bzuj
—_— = 2.6.2
oxox; | 2ox? | o (26.2)

(cf = ¢3)
where c; and ¢, defined by

= <),+2,u>27C2 = ('u>2 (2.6.3)
p p

which are speeds of elastic longitudinal and transverse waves, respectively. If put

U=Ve+Vxy (2.6.4)
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then (2.6.2) can be reduced to

16%¢ 1 0*V

where ¢ is scalar potential, \s the vector potential and V2 = g—; + 5); + %, (2.6.5)
are typical wave equations of mathematical physics. To solve the problem apart
from the boundary conditions one needs initial conditions, i.e.

Mi(xi,o) = Mio(xi)
x;i € Q

i;(x;,0) = 1o (x;)-

2.7 Summary
The classical theory of elasticity is concluded to solve the following
initial-boundary value problem

1w oy

8’7_5(8@- Bx,-)

80,‘/' 82uj
=p——fi,(t>0,x;, € Q

o~ Por fin(t>0,x € Q)

gij = Cijueiu

ui(xi, 0) = uio(x;)

i;(x:,0) = o (x;), (x; € Q)
oyn; =T;,t > 0,x; € §;

ui =u;,t>0,x; €8,

where u;o(x;), ttio(x;), T; and #; are known functions, Q denotes the region of

materials we studied, S; and S, are parts of boundary S on which the tractions and
2y

displacements are prescribed, respectively, and S = S, + §,,. If % = 0, the problem

reduces to a static problem as pure-boundary value problem, there are no initial

conditions at all.
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Chapter 3
Quasicrystal and Its Properties

3.1 Discovery of Quasicrystal’

The first observation of quasicrystal was done in April 1982, while D. Shechtman
as guest scholar was working in the Bureau of Standards in USA. He observed from
electronic microscopy that a rapid cooled Al-Mn alloy exhibits fivefold orienta-
tional symmetry by the diffraction patterns with bright diffraction spots and sharp
Bragg reflections, as shown in Fig. 3.1. Because the fivefold orientational sym-
metry is of contradiction with the basic law of symmetry of crystals (refer to
Chap. 1), the result could not be understood within the first two years since the
discovery. Colleague of Shechtman, I. Blech in Israel, gave him a powerful support
and explained it might be an icosahedral glass. They drafted a paper concerning the
experimental results and sent off to a journal, but which was rejected. Then, they
submitted it to another journal, which could not be published too. J. W. Cahn, the
hosting scientist in the Bureau of Standards, recommended streamlining the paper,
leaving out details of the model and experiment, and limiting it solely the experi-
mental findings. After consulting with D. Gratias, a mathematical crystallographer
at the Centre National de la Recherche Scientifique in France, the group submitted
an abbreviated article to Physical Review Letters (PRL) in October 1984, more than
two years after Shechtman’s initial experiment. The article was published several
weeks later. This is the Ref. [1].

More recently, the natural quasicrystals, apart those from alloys, were observed
by Bindi et al.”

After four weeks, Levine and Steinhardt [2] published their work by PRL to
introduce ordered structure with quasiperiodicity and called the novel alloy as
“quasicrystal” formally, in which their theoretical (computed) diffraction pattern is
in excellent agreement with that of the experimental observation. Soon after, other

"This is referred to article PRL Top 10:#8 of APS.
Bindi L, Steinhardt P J, Yao N and Lu P J, 2009, Natural quasicrystals, Science, 324, 1306-1309.
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T.-Y. Fan, Mathematical Theory of Elasticity of Quasicrystals and Its Applications,
Springer Series in Materials Science 246, DOI 10.1007/978-981-10-1984-5_3
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Fig. 3.1 The patterns of diffraction of icosahedral quasicrystal. a The fivefold symmetry and b the
stereographic structure of the quasicrystal

groups, such as Ye et al. [3] and Zhang et al. [4], also found similar structure of
fivefold symmetry and icosahedral quasicrystal in Ni-V and Ni-Ti alloys.

The icosahedral quasicrystals are one of the three-dimensional quasicrystals, in
which atomic arrangement is quasiperiodic in three directions. Another kind of
three-dimensional quasicrystal is cubic quasicrystal observed by Feng et al. [5]
later.

Successively two-dimensional quasicrystals were observed. Here, the atomic
arrangement is quasiperiodic along two directions and periodic along the third
direction, which is just the directions of 5-, 8-, 10- and 12-fold symmetrical axes of
the two-dimensional quasicrystals observed to date, such that one finds four kinds
of two-dimensional quasicrystals with 5-, 8-, 10- and 12-fold rotation symmetries
which are also called pentagonal, octagonal, decagonal and dodecagonal qua-
sicrystals, respectively (see Bendersky [6], Chattopadhyay et al. [7], Fung et al. [8],
Urban et al. [9], Wang et al. [10], Li et al. [11]).

There is another class of quasicrystals, the one-dimensional quasicrystals, in
which the atomic arrangement is quasiperiodic along one axis and periodic along
the plane perpendicular to the axis (see Merdin et al. [12], Hu et al. [13], Fung et al.
[14], Terauchi et al. [15], Chen et al. [16] and Yang et al. [17]).

The discovery of this novel matter with long-range order and non-crystallographic
symmetry changes the traditional concept of classifying solids into two classes,
crystal and non-crystal, gives a strong impact on traditional crystallography and
brings profound new physical idea into the matter structure and symmetry.

The unusual structure of quasicrystals leads to a series of properties different
from that of crystals, which has created a great deal of attention by researchers in a
range of fields, such as physics, crystallography and chemistry.

A decade before the discovery, mathematician Penrose [18] put forward a
mathematical model of quasicrystals, afterward called Penrose tiling, in which a
tiling without an overlap or a gap in two different rhombohedra can result in
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Fig. 3.2 Penrose tiling of
two-dimensional quasicrystal
with fivefold symmetry

quasiperiodic structure. After the discovery of quasicrystals, Penrose tiling has
become a geometric tool of the new solid phase. As an example, a Penrose tiling for
describing a two-dimensional fivefold symmetry is shown in Fig. 3.2, in which the
local structure of the tiling is similar, and this is called local isomorphism (LI). The
quasiperiodic symmetry and local isomorphism of the Penrose tiling present sig-
nificance for describing the new solid-phase quasicrystals. The discovery of qua-
sicrystal physically promotes the development of the Penrose geometry and the
relevant discrete geometry. It promotes the development of ergodic theory, group
theory, Fourier analysis, etc., too.

Quasicrystals with thermodynamical stability are becoming a new class of
functional and structural materials, which have many prospective engineering
applications. The study on physical and mechanical properties of the material is put
forward. Among the mechanical behaviour of quasicrystals, the elasticity and
defects are of important topics. These provide many new challenges as well as
opportunities to the continuum mechanics.

However, there was a different point of view, e.g. L. Pauling® claimed that the
icosahedral quasicrystal is a cubic crystal rather than quasicrystals, but various
quasicrystals are observed experimentally, and the argument is ended.

3.2 Structure and Symmetry of Quasicrystals

Quasicrystals are different from periodic crystals, but with certain symmetry, it is
one of the kinds of aperiodic crystals. The unusual characters of quasicrystals are
originated from their special atomic constitution. The character of this structure is
explored by diffraction patterns. Just through these diffraction patterns, people

3Pauling L, 1985, Apparent icosahedral symmetry is due to directed multiple twinning of cubic
crystals, Nature, 317, 512-514.
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discovered differences between crystals and quasicrystals, so discovered the
quasicrystals.

Similar to other aperiodic crystals, quasiperiodicity induces new degrees of
freedom, which can be explained as follows. In crystallography and solid-state
physics, the Miller indices (h,k,[) are often used to describe the structure of
crystals. These indices can explain the spectra of diffraction patterns of all crystals.
In Chap. 1, we mentioned that the number of base vectors for crystal N is identical
to the number of the dimensions d of the crystal, i.e. N = d. However, because
quasicrystals have quasiperiodic symmetry (including both or either quasiperiodic
translational and orientational symmetries disallowed by the rule of crystallogra-
phy), the Miller indices cannot be used, and instead, we need to employ six indices
(ny,na,n3,n4,ns,n6). This feature implies to characterize the symmetry of qua-
sicrystals that it is necessary to introduce higher dimensional (four- or five- or
six-dimensional) spaces. This idea is identical to that of group theory, i.e. the
quasiperiodic structure is periodic in higher dimensional (four- or five- or
six-dimensional) spaces. Quasicrystals in real three-dimensional space (physical
space) may be seen as a projection of a periodic lattice in higher dimensional
(mathematical) space. The projection of periodic lattice at four-, five- and
six-dimensional spaces to physical space generates one-, two- and
three-dimensional quasicrystals, respectively. The six-dimensional space is denoted
by E®, which consists of two subspaces: One is physical space, called the parallel
space and denoted by Eﬁ, and another is the complementary space also called

vertical space and denoted by E3 so that
ES=E| ®oE] (3.2.1)

where @ denotes the direct sum.

For one-, two- and three-dimensional quasicrystals, the number of the base
vectors is N = 4,5, 6 and the number of the realistic dimensions of the material (in
physical space) is d = 3, so N > d, and this is different from that of crystals.

The method of group theory is the most appropriate method to describe the
symmetry of quasicrystals.

The one-dimensional quasicrystals have 31 point groups and consist of 6 qua-
sicrystal systems and 10 Laue classes, respectively, in which the all point groups are
crystallographic point groups listed in Table 3.1.

The two-dimensional quasicrystals have 57 point groups, in which 31 are
crystallographic point groups have been listed in Table 1.1, and other 26 are
non-crystallographic point groups listed in Table 3.2, they belong to 4 quasicrystal
systems and 8 Laue classes, respectively.

The three-dimensional quasicrystals have 60 point groups. They are as follows:
(1) 32 crystallographic point groups and 28 non-crystallographic point groups, i.e.
icosahedral point groups (235, %35) and 26 point groups with 5-, 8-, 10- and 12-
fold symmetries (5, 5, 52, 5 m, Sm, and N, N, N/m, N22, Nmm, N m2, N /mmm,
N = 8,10, 12), and the latter are listed in Table 3.2.
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Table 3.1 The systems, Laue classes, and point groups of one-dimensional quasicrystals

System Laue class Point group
Triclinic 1 1,1
Monoclinic 2 2, my, 2/my,
3 24, m, 25 /m
Orthorhombic 4 21212, mm2, 2,mny,, mmmy,
Tetragonal 5 4,4 4/my,
6 42,2y, 4mm, 4/my,, mm
Rhombohedral (trigonal) 7 3,3
8 32y, 3m, 3m
Hexagonal 9 6,6,6 /my,
10 62,25, 6mm, 6m2;, 6/mymm
Table 3.2 The syste.ms, System Laue class | Point group
Laue classes, and point =
groups of non-crystallography Pentagonal 11 55 _
of two-dimensional 12 5m, 52,5 m
quasicrystals Octagonal 13 8,8, 8/m
14 8mm ,822, 8m2, 8 /mmm
Decagonal 15 10, 10, 10/m
16 10mm, 1022, 10m2, 10/mmm
Dodecagonal | 17 12, 12,12/m
18 12mm, 1222, 12m2, 12 /mmm

3.3 A Brief Introduction on Physical Properties
of Quasicrystals

The unusual structure of quasicrystals leads to some new physical properties of the
material.

The mechanical behaviour of quasicrystals, especially the distinguishing features
of elasticity to those of crystals, has aroused a great deal of interests of researchers.
These will be discussed starting from Chap. 4 in detail, so we do not talk about it
any more here.

The thermal properties of quasicrystals are a field that attracts attention of many
scientists [19-27]. The thermal conductivity of quasicrystals is lower than that of
conventional metals.

Among the profound studied properties of quasicrystals, the first is the structural
and elastic properties, and the second may be the properties of electricity of the
material. The conductivity of electricity of quasicrystals is lower. And the Hall
effect [28-32] was well studied. The absolute number of the Hall coefficient RH is
greater, i.e. two orders of magnitude, than that of conventional metals. In addition,
the pressure—resistance properties of quasicrystals are also discussed by some ref-
erences (see, e.g. [33]).
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The light conductivity rate of quasicrystals is quite different from that of con-
ventional metals, and the people are interested in the singularity (see [34-36]).
Recently, the quasicrystals photonic crystal study becomes a focus [37-39], there is
a trend of further development of study [40-42].

The electronic structure of quasicrystals and relevant topics have also been
concerned after the discovery [43—45]. Due to lack of periodicity, the Bloch the-
orem and Brillouin zone concept cannot be used. By some simple models and
through numerical computations, one can obtain the results on electronic energy
spectra. Some results on wave functions obtained exhibit behaviour neither in
extending state nor in localization state. For some quasicrystalline materials, e.g.
AlCuLi and AlFe, there are pseudogaps when energy is over the Fermi energy.

Many mathematicians developed several mathematical models to describe
electronic energy spectrum, and readers who are interested can refer to Refs.
[46-60].

Because the present book discusses the elasticity of quasicrystals only, the other
properties will not be dealt with. The above introduction is very simple and brief.

3.4 One-, Two- and Three-Dimensional Quasicrystals

It is needed to recall the concept of one-, two- and three-dimensional quasicrystals.
The one-dimensional quasicrystals are ones in which the atom arrangement is
quasiperiodic in one direction and periodic in other two directions. The
two-dimensional quasicrystals belong to ones in which the atom arrangement is
quasiperiodic in two directions and periodic in another one. The three-dimensional
quasicrystals behave in such a way that the arrangement represents quasiperiodicity
in all three directions.

There exist over 200 quasicrystals observed to date, among which the halves are
icosahedral and about 70 decagonal quasicrystals, respectively, so these two kinds
of quasicrystal systems represent major importance of the material. Recently, the
two-dimensional quasicrystals with 12- and 18-fold symmetries in soft matter are
observed [61-64], these quasicrystals have just been studied.

3.5 Two-Dimensional Quasicrystals and Planar
Quasicrystals

The two-dimensional quasicrystals and planar quasicrystals are different concepts.
The two-dimensional quasicrystals are introduced in the previous section, which
represent a three-dimensional structure with two-dimensional quasiperiodic planes
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stacked along the third direction, and in this direction, the atom arrangement is
periodic. While the planar quasicrystals belong to a two-dimensional structure
within the plane, the atom arrangement is quasiperiodic, and there is no third
dimension.
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Chapter 4
The Physical Basis of Elasticity
of Solid Quasicrystals

The physical background on elasticity of solid quasicrystals is quite different from
that of the crystal elasticity or classical elasticity; the discussion about this provides
a basis of the subsequent contents of the book.

4.1 Physical Basis of Elasticity of Quasicrystals

Solid quasicrystal has become a type of functional and structural materials, having
potential engineering applications. As a material, quasicrystal is deformed under
applied forces, thermal loads and certain internal effects. The deformation of crystals
has been discussed in Chap. 2. Questions arise as to what the characteristics in the
deformation process of the quasicrystals are. How to describe mathematically the
behaviour of the quasicrystal deformation and motion? To answer these questions, it
is necessary to consider the physical background of elasticity of quasicrystals. The
study in this regard was conducted soon after discovery of the new solid phase.

Because quasicrystals observed in binary and ternary alloys belong to a new
structure of solid, theoretical physicists have proposed various descriptions of their
elasticity. The majority agrees that the Landau density wave theory (refer to
Refs. [1-25]) is the physical basis of elasticity of quasicrystals. We shall introduce
the theory in Appendix of this chapter (i.e. the Sect. 4.9). In particular, the
description suggested that there are two displacement fields u and w in a qua-
sicrystal: the former is similar to that in crystals, named the phonon field according
to the physical terminology, and its macro-mechanical behaviour is discussed in
Chap. 2; the latter is new displacement field named phason field. The total dis-
placement field in a quasicrystal is expressed by

i=u@u =uew (4.1.1)
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where @ represents the direct sum. According to the explanation of physicists that u
is in the physical space, or the parallel space Eﬁ; w in the complement space, or

perpendicular space E3 , which is an internal space.
Furthermore, the two displacement vectors are dependent only upon the coor-
dinate vector rll in physical space, i.e.

u=u(rl), w=w(l (4.1.2)

For simplicity, the superscript of rl will be removed hereafter. From the angle of
mathematical theory of elasticity of quasicrystals and its technological applications,
the formulas (4.1.1) and (4.1.2) are enough for understanding the following con-
tents within Chaps. 1-15 of the book. If readers are interested in the further
physical background on the phonon and phason fields in quasicrystals, we suggest
that they could read the Appendix of this chapter (i.e. the Sect. 4.9).

With basic formulas (4.1.1) and (4.1.2) and some fundamental conservation laws
well-known in physics, the macroscopic basis of the continuous medium model of
elasticity of solid quasicrystals can be set up; in some extent, the discussion is an
extension to that in Chap. 2, which will be done in the following sections.

4.2 Deformation Tensors

In Chap. 2, we introduced that the deformation of phonon field lies in the relative
displacement (i.e. the rigid translation and rotation do not result in deformation),
which can be expressed by

du=u —u

If we set up an orthogonal coordinate system (xi, x,, x3) or (x,y, z), then we have
u = (uy, uy, u;) = (uy,ur,u3) and

o 8ui

du; = —dx; 4.2.1
U axj 7 ( )

in which Ou;/0x; has the meaning of the gradient of vector u. In some publications,
one denotes

Ju,  Ouy  Ouy

ou Ox dy 0z
i Ouy  Ouy  Ouy
7 Ou, Ouy, Ouy

Ox Oy 0z
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and
ou 1(0u Juy 1 (0u Oug
Ouy  Ouy  Ouy =2 s34+ 52 |15+ 52
é dLi ()—MZ Ox Z(dy + dx) 2(dz + dx)
Quy Oy Oy | L (O Dy oy 1(% 4 Ou
ox Oy dz | 7 |2\ 9y + Ox dy 2\ 0z dy
Ou;  Ou;  Oug P - p
S= 7 = 1 ( Ouy Ju; 1 [ Ouy Ouy du,
& oy i(a—mLW) z(az +B_y)) 3
0 _ (0w Ou) 1 (Ou  Ou
2\ ox Jy 2\ Ox 0z
1 (Ouy _ Ouy 1(0u, _ Ouy
+ —z(ay—m) 0 —z(ay 01)
1 (0w 0w 1 (0  Ou 0
2\ 0z Ox 2\ 0z dy
1 8ui + 8uj 1 814]' 814,‘ +
= _ (== ) () — e
2 6xj 8x,- 2 8x,- an Y v
1 (Ou; Ouj
& == i) + el (4.2.3)
2 8Xj BX,'
1 (Ou; Ou;
wj === —=2 (4.2.4)
2 8)Cj axi

which means the gradient of phonon vector u can be decomposed into two parts &;
and wjy, in which ¢; has contribution to deformation energy, and w;; represents a
kind of rigid rotations. We consider only &;, which is phonon deformation tensor,
called strain tensor, and a symmetric tensor: &; = &;.

Similarly for phason field, we have

ow;
dw; = — dx; (4.2.5)
ox; ?
7
and
Ow Ox dy 0z
_ i | 0wy Owy  Owy
J dw.  Owe Ow,
Ox dy 0z

Though it can be decomposed into symmetric and asymmetric parts, all components
%—fj_" contribute to the deformation of quasicrystals; the phason deformation tensor, or
phason strain tensor, is defined by

ow;
- 0x;

Wij

(4.2.7)
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which describes the local rearrangement of atoms in a cell and is asymmetric tensor
Wij 7é Wii.

The difference between ¢; and wy; given by (4.2.3) and (4.2.7) are originated
from physical properties of phonon modes and phason modes. This can also be
explained by group theory; i.e., they follow different irreducible representations for
some symmetry transformations for most quasicrystal systems; except the
three-dimensional cubic quasicrystal system, the detail about this is omitted here.

For the three-dimensional cubic quasicrystals, the phason modes exhibit the same
behaviour like that of phonon modes, which will be particularly discussed in Chap. 9.

4.3 Stress Tensors and Equations of Motion

The gradient of displacement field w figures out the local rearrangement of atoms in
a cell in quasicrystals. It needs external forces to drive the atoms through barriers
when they make the local rearrangement in a cell. Such that, there are another kind of
body forces and tractions apart from the conventional body forces f and tractions T
for deformed quasicrystals, which are named the generalized body forces (density)
g and generalized tractions (the generalized area forces density) h.

At first, we consider the static case.

Denoting the stress tensor corresponding to ¢; by ¢, called the phonon stress
tensor, and that to w; by Hj;, the phason stress tensor, we have the following
equilibrium equations

%y 0

oy T

81)3 (x,y,2) €Q (43.1)
iy g0

Z’)xj +g

based on the momentum conservation law.
From the angular momentum conservation law to the phonon field

d
5/r” x pudQ = /r” x £dQ + /r” x TdI (4.3.2)
Q Q Q

and by using the Gauss theorem, it follows that
0 = 0ji (4.3.3)

This indicates that the phonon stress tensor is symmetric.

Since rll and w(g,h) transform under different representations of the point
groups, more precisely that, the former transform like a vector, but latter does not,

the product representations: rll x w, rl x g and rll x h do not contain any vector


http://dx.doi.org/10.1007/978-981-10-1984-5_9

4.3 Stress Tensors and Equations of Motion 41

representations. This implies that for the phason field, there is no equation analo-
gous to (4.3.2), from which it follows that generally

Hi £ Hy (434)

The result holds for all quasicrystal systems except the case for three-
dimensional cubic quasicrystals.

In dynamic case, the deformation process is quite complicated and there are
different arguments. Lubensky et al. [5] claimed that phonon modes and phason
modes are different based on their role in six-dimensional hydrodynamics; phonons
are of wave propagation, while phasons are diffusive with very large diffusive time.
Physically, the phason modes represent a relative motion of the constituent density
waves. Dolinsek et al. [22, 23] further developed the point of view of Lubensky
et al. and argued the atom flip or atom hopping concept for the phason dynamics.
But according to Bak [1, 2], the phason describes particular structural disorders or
structure fluctuations in quasicrystals, and it can be formulated based on a
six-dimensional space description. Since there are six continuous symmetries, there
exist six hydrodynamic vibration modes. In the following, we give a brief intro-
duction on elastodynamics based on the Bak’s argument as well as argument of
Lubensky et al.

Ding et al. [26] and Hu et al. [16] derived that

80',“ 82ui
e, Hi=ros
X o
SH. P (x,,2) €Q, >0 (4.3.5)
iy, — i
ox, 8P e

based on the momentum conservation law. We believe that the derivation is carried
out by the Bak’s argument, in which p is the mass density of quasicrystals.

In according to the argument of Lubensky et al., people cannot obtain (4.3.5),
instead get

86,“ 82ui

ax‘-] = O

aé» O (,y,2) €Q, t>0 (4.3.6)
iy o — eI

oy, 8T

in which ¥ = 1/T',,, and T',, is the kinetic coefficient of phason field. The equations
are given by Fan et al. [27], and Rochal and Norman [28], which are identical to
those given by Lubensky et al. [5] for linear case and omitting fluid velocity field.
Lubensky et al. gave their hydrodynamics formulation based on Landau symmetry-
breaking principle, so Eq. (4.3.6) may be seen as elasto-/hydrodynamic equation of
quasicrystals. In particular, the second equation of (4.3.6) presents the dissipation
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feature of motion of phason degrees in dynamic process, and it is irreversible
thermodynamically.

The dynamics of quasicrystals faces a great challenge (see, e.g. [28-30]); we
discuss it in Chaps. 10 and 16 in the text and Appendix C in the Major Appendix in
detail.

4.4 Free Energy Density and Elastic Constants

Consider the free energy density or the strain energy density of a quasicrystal
F(g;j,w;) whose general expression is difficult to obtain. We take a Taylor
expansion in the neighbourhood of &; =0 and w; = 0 and remain up to the
second-order term, then

F( ) 1[ &°F +1 O*F +1 O*F
g, Wi) == | ———| &jtu+ = |=——=—| &wu+ = |=——=—| wyw
vy 2 (?S,‘j@&k] 0 ek 2 (?S,‘jawkl 0 K 2 8w,»j-0wkl 0 yru
1[ &F 1 1 1 1,
5 m OWij{;kl = E iiki€ij€k + zRijklsijWkl + EKijleijWkl + ERijklwijﬁkl
=F,+Fy+Fu

(4.4.1)

where F,, F,, and F,, denote the parts contributed by phonon, phason and
phonon-phason coupling, respectively, and

0*F
Cou = [3%3%} 0

(4.4.2)
is the phonon elastic constant tensor, discussed in Chap. 2 already, and

Ciju = Cujj = Cjiw = Cijix (4.4.3)
The tensor can be expressed by a symmetric matrix

[C]9><9

In (4.4.1), another elastic constant tensor

O*F
to- 520
0

— 4.4.4
8w,-j8w;d ( )
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in which, the suffixes j, ! belong to space Eﬁ, and i,k to space E3, and

All components of Kjj; can also be expressed by symmetric matrix

[K}9><9
In addition,

O’F
Ry = 4.4.6
ikl [88ij8wkl] 0 ( )

O°F
R, =|— 4.4.7
ikt |:8W,'j88k1:| 0 ( )

are the elastic constants of phonon-phason coupling, to be noted that the suffixes
i,j,1 belong to space Ej and k belongs to space E7, and

Riju = Rjiu, jokl = Ry, R;djj = Riju (4.4.8)
but
Ry # Ruij,  Rjyy # Ryy; (4.4.9)
all components of which can be expressed in symmetric matrixes
[Rloxo:  [Roxo
and
[R]"= (R (4.4.10)

where T denotes the transpose operator. The composition of four matrixes
[C], [K], [R] and [R'] forms a matrix with 18 x 18

can-§ B9 8] o

If the strain tensor is expressed by a row vector with 18 elements, i.e.

[F" W] _ &11, €22, €33, €23, €31, €12, €32, €13, €21, (44 12)
g "y T <.
W11, W22, W33, W23, W31, W12, W32, W13, W2]
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then the transpose of which denotes the array vector, then the free energy density
(or strain energy density) may be expressed by

1 - [C] [R] e T
F= ) [ i l]] |:[R]T [KJ [ i y] (4.4.13)

which is identical to that given by (4.4.1).

4.5 Generalized Hooke’s Law

For application of theory of elasticity of quasicrytals to any science or engineering
problem, one must determine the displacement field and stress field, this requires
that we need to set up relationship between strains and stresses, the relations are
called the generalized Hooke’s law of quasicrystalline material. From the free
energy density (4.4.1) or (4.4.13), we have

oF
O = 5 = Cijxien + Rijuwi
;; (4.5.1)
H; = 87w,] = Kijuwu + Ruijen
or in the form of matrixes
i C R &jj
% :[[ ] ]] i (4.52)
Hj [R]" [K]] | wy
where
Oji
[H]] - [GU’HU]T
Y (4.5.3)

4.6 Boundary Conditions and Initial Conditions

The above general formulas give a description of the basic law of elasticity of
quasicrystals and provide a key to solve those problems in the application for
academic research and engineering practice; the formulas hold in any interior of the
body, i.e. (x,y,z) € Q where (x,y,7) denote the coordinates of any point of the
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interior, and Q the body. The formulas are concluded as some partial differential
equations; to solve them, it is necessary to know the situation of the field variables
at the boundary S of €; without appropriate information at the boundary,
the solution has no any physical meaning. According to practical case, the
boundary S consists of two parts S, and S, i.e. $ = S, + S, at §;, the tractions are
given, and at S, the displacements are prescribed. For the former case

%%_E}@%@e& (4.6.1)
where n; represents the unit outward normal vector at any point at S, and 7; and #;
represent the traction and generalized traction vectors, which are given functions at
the boundary. Formula (4.6.1) is called the stress boundary conditions. And for the
latter case

U = U;

’}@»de& (4.6.2)

w; = W;

where #; and w; are known functions at the boundary. Formula (4.6.2) is named the
displacement boundary conditions.

IfS =S, (ie. S, = 0), the problem for solving Egs. (4.2.3), (4.2.7), (4.3.1) and
(4.5.1) under boundary conditions (4.6.1) is called stress boundary value problem.
While § = S, (i.e. S; = 0), the problem for solving Egs. (4.2.3), (4.2.7), (4.3.1) and
(4.5.1) under boundary conditions (4.6.2) is called displacement boundary value
problem.

If $=S,+S; and both S, #0,S, # 0, the problem for solving Egs. (4.2.3),
(4.2.7), (4.3.1) and (4.5.1) under boundary conditions (4.6.1) and (4.6.2) is called
mixed boundary value problem.

For dynamic problem, if taking wave equations (4.3.5) together with (4.2.3),
(4.2.7) and (4.5.1), besides boundary conditions (4.6.1) and (4.6.2), we must give
relevant initial value conditions, i.e.

ui<x7y>Z7 0) = uiO(x>yaZ)al:ti(xay7Z7 0) = I;iiO(X,y,Z)
. . Q 4.6.3
Wi(xayazvo) = WiO(x»%Z)aWi(xay,Z,O) = wio(x,y,z) (x,y7Z) < ( )

in which u;o(x,y,z,0), ttio(x, y,z,0),wio(x,y,z,0) and Wy (x, y, z,0) are known func-
tions and i; = %. In this case, the problem is called initial-boundary value problem.
But if taking wave equations coupling diffusion equations (4.3.6) together with

(4.2.3) and (4.5.1), then the initial value conditions will be
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Mi(X7Y>Z7 0) = uiO(x7y7Z)7’;‘i(x7yvzvo) = uio(xayvz)
Q 4.6.4
Wi(xayaz7 O) = WiO(x7y7 Z) (x,y7 Z) < ( )

This is also called initial-boundary value problem, but different from the
previous one.

4.7 A Brief Introduction on Relevant Material
Constants of Solid Quasicrystals

In above discussion, we find that the solid quasicrystals present different nature with
those of crystals. Connection with this, the material constants of the solid should be
different from those of crystals and other conventional structural materials, in which
the constants appearing in the above basic equations are interesting at least. We here
give a brief introduction to help readers in conceptional point of view. The detailed
introduction will be given in Chaps. 6, 9 and 10.

The measurement of material constants of quasicrystals is difficult, but the
experimental technique is progressed, especially in recent years. Due to the majority
of icosahedral and decagonal quasicrystals in the material, the measured data are
most for these two kinds of the solid phase.

For icosahedral quasicrystals, the independent nonzero components of phonon
elastic constants C;; are only 4 and y, phason elastic contants K only K; and K,
and phonon-phason coupling elastic constants R;; only R. For the most important
icosahedral AlI-Pd—Mn quasicrystal, the measured data including the mass density
and dissipation coefficient of phonon and phason are as follows [31, 32],
respectively:

p=>5.1 g/cm37 A=749, u=724GPa, K, =72,

K, = -37MPa, R=~0.01p,

I, =48x10"" m’s/kg = 4.8 x 107% cm® ps/g,

I, =48x10""Y m*s/kg = 4.8 x 10719 cm? ps/g,
and for two-dimensional quasicrystals, the independent nonzero components of the
phonon elastic constants are only Cyy, Cs3, Ca4, C12, C13 and Ces = (C11 — C12) /2,

the phason ones only K, K5, K3 and the phonon-phason coupling ones only R, R;.
For decagonal Al-Ni—Co quasicrystal, the measured data are [31], respectively:

p=4.186 glem®, Cy =234.3, Ciy3=23222, Cu =70.19,
C12 = 5741, C13 = 66.63 GPa

R; = —1.1,|Ry|<0.2 GPa.
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and there are no measured data for K, K, (but we can use those obtained by the
Monte Carlo simulation), I', and I',, can approximately be taken the value of
icosahedral quasicrystal. In addition, the tensile strength ¢, =450 MPa for
decagonal Al-Cu—Co quasicrystals before annealing and ¢, = 550 MPa after
annealing. The hardness for decagonal Al-Cu—Co quasicrystals is 4.10 GPa [33,
34], the fracture toughness of which is 1.0—1.2 MPay/m [33].

With these basic data, the computation for stress analysis for statics and
dynamics can be undertaken.

4.8 Summary and Mathematical Solvability of Boundary
Value or Initial-Boundary Value Problem

For static equilibrium problem, the mathematical formulation is

807 OH;;
iif=o0, i =0, xeQ 4.8.1
8xj +f (9)61‘ + X ( )
1 Bu,- 8uj 6w,»
oo (2 0 e 48.2
by 2 <8X, + 8)61') Wi 8xj X ( )
7y = Coutu t Roowa | g (4.83)
Hj = Kijuwu + Rugjen | l o
gjin; = Tl‘ Hl]l’l] = hi7 Xi € St (484)
up=1u;, wi=w;, x €S, (485)

For dynamic problem, based on the Bak’s argument, the mathematical formu-
lation is

80,-j 8214,- 8Hl“ 82W,‘
i = ) i = , x€Q, t>0 4.8.6
oy PR oy TETPa M€ (4.8.6)
1 6u,~ 8l/lj aWi
S T, ow, =2y eq, 0 4.8.7
&jj 3 (8)@ + 8x,~> wij o, Xi € > ( )

oii = Ciinén + Riuw,

Hj; = Kjjuwu + Ruijeu

ojjn; = T;, H,J}’l] =h, x€S8, t>0 (489)
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up=1u;, wi=w;, x€8, t>0 (4810)
Uili—0 = Uio,  Uili—0 = ttio, Wili—o = Wio, Wili—o = Wi, x€Q  (4.8.11)

For dynamic problem, based on the argument of Lubensky et al., the mathe-
matical formulation is

66,~j ('92ui 8HU 8Wi 1
= p——", h = , =—, x€Q, >0 (48.12
o TP oy T a T, " (48.12)
1 8ui 6l/lj 8Wi
i == =— + =2, w;= , EQ, >0 4.8.13
& 2 (8}@ + axi) Wi ('9xj ~ ( )
0;i = Cjin€ +Rl w,
e SRR o SN (4.8.14)
Hjj = Kijuwu + Ruijen
ojinj = T;, H,Jnj =h, x€8, t>0 (4815)
u=1u;, wi=w;, x€8, t>0 (4816)
Uili=o = wio,  ili=0 = Ttio, Wili=o = wip, X; € Q (4.8.17)

The solution satisfying all equations and corresponding initial conditions and
boundary conditions is just the realistic solution of elasticity of quasicrystals
mathematically and has physical meaning.

The existence and uniqueness of solutions of elasticity of quasicrystals will
further be discussed in Chap. 13.

4.9 Appendix of Chapter 4: Description on Physical Basis
of Elasticity of Quasicrystals Based on the Landau
Density Wave Theory

In Sect. 4.1, we gave the formula (4.1.1) as the physical basis of elasticity of
quasicrystals and did not discuss its profound physical source, because the dis-
cussion is concerned with quite complicated background, which is not the most
necessary for a beginner before reading Sects. 4.2—4.8. At this point, it is advan-
tageous to study physical background. The reader is advised to read Sect. 1.5 (the
Appendix of Chap. 1) first.

Chapter 3 shows quasicrystals which belong to subject of condensed matter
physics rather than traditional solid state physics, though the former is evolved from
the latter. In the development, the symmetry-breaking (or broken symmetry) forms
the core concept and principle of the condensed matter physics. According to the
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understanding of physicists, the Landau density wave description on the elasticity
of quasicrystals is a natural choice, though there are some other descriptions, e.g.
the unit-cell description based on the Penrose tiling. Now, the difficulty lies in that
the workers in other disciplines are not so familiar with the Landau theory and the
relevant topics. For this reason, we have introduced the Landau theory in the
Appendix of Chap. 1 (i.e. the Sect. 1.5, in which the concept on incommensurate
crystals is also introduced in brief, which will be concerned though it is not related
to Landau theory) and the Penrose tiling in Sect. 3.1. These important physical and
mathematical results can help us to understand the elasticity of quasicrystals.

Immediately after the discovery of quasicrystals, Bak [1] published the theory of
elasticity in which he used the three important results in physics and mathematics
mentioned above, but the core is the Landau theory on elementary excitation and
symmetry-breaking of condensed matter. Bak [1, 2] pointed out too, ideally, one
would like to explain the structure from first-principle calculations taking into
account the actual electronic properties of constituent atoms. Such a calculation is
hardly possible to date. So he suggested that the Landau’s phenomenological theory
[3] on structural transition can be used; i.e., the condensed phase is described by a
symmetry-breaking order parameter which transforms as an irreducible represen-
tation of the symmetry group of a liquid with full translational and rotational
symmetry. According to the Landau theory, the order parameter of quasicrystals is
the wave vector (more exactly speaking, the amplitude of the quantity) of expansion
of density wave in reciprocal lattice. The density of the ordered, low-temperature,
d-dimensional quasicrystal can be expressed as a Fourier series by extended for-
mula (1.5.5) (the expansion exists due to the periodicity in lattice or reciprocal
lattice of higher dimensional space)

p(r) = Z peexp{iG - r} = Z |o| exp{—i®¢ +iG - r} (4.9.1)
GeLg GeLg

where G is a reciprocal vector, and Lg is the reciprocal lattice (the concepts on the
reciprocal vector and reciprocal lattice, referring to Chap. 1); pg is a complex
number

pe = lpale™ (492)

with an amplitude |pg| and phase angle ®¢, due to p(r) being real, |pg| = |p_g|
and (1)(; = 7(1),(;.

There exists a set of N base vectors, {G,}, so that each G € Ly can be written as
> m,G, for integers m,. Furthermore, N = kd, where k is the number of the
mutually incommensurate vectors in the d-dimensional quasicrystal. In general,
k = 2. A convenient parametrization of the phase angle is given by

®, =Gl .u+G- - w (4.9.3)
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in which u can be understood similar to the phonon like that in conventional
crystals, while w can be understood as the phason degrees of freedom in qua-
sicrystals, which describe the local rearrangement of unit-cell description based on
the Penrose tiling. Both are functions of the position vector in the physical space

only, where Gu is the reciprocal vector in the physical space Eﬁ just mentioned and

Gj is the conjugate vector in the perpendicular space E3 . People can realize that
the above-mentioned Bak’s hypothesis is a natural development of Anderson’s
theory introduced in Sect. 1.5.

Almost in the same time, Levine et al. [4], Lubensky et al. [5-8], Kalugin et al.
[9], Torian and Mermin [10], Jaric [11], Duneau and Katz [12], Socolar et al. [13]
and Gahler and Phyner [14] carried out the study on elasticity of quasicrystals.
Though the researchers studied the elasticity from different descriptions, the
unit-cell description based on the Penrose tiling is adopted too, but the density wave
description based on the Laudau phenomenological theory on symmetry-breaking
of condensed matter has played the central role and been widely acknowledged.
This means there are two elementary excitations of low energy, phonon u and
phason w for quasicrystals, in which vector u is in the parallel space Eﬁ and vector

w is in the perpendicular space E3 , respectively. So that total displacement field for
quasicrystals is

ﬁ:uH@uL:u@w

which is the formula (4.1.1), where & represents the direct sum.
According to the argument of Bak et al.,

u=u(rh), w=w(l

i.e. u and w depend upon special radius vector rll in parallel space Eﬁ only, that is

formula (4.1.2). For simplicity, the superscript of rll is removed in the presentation
in Sects. 4.2-4.8.

Even if introducing u and w by such a way, the concept of phason is hard to be
accepted by some readers. We would like to give some additional explanation in
terms of projection concept as below.

We previously said that the quasicrystal in three-dimensional space may be seen
as a projection of periodic structure in higher dimensional space. For example,
one-dimensional quasicrystals in physical space may be seen as a projection of
“periodic crystals” in four-dimensional space, while in the one-dimensional qua-
sicrystals, the atom arrangement is quasiperiodic only in one direction, say z-axis
direction, and periodic in other two directions. The atom arrangement quasiperiodic
axis may be seen as a projection of two-dimensional periodic crystal as shown in
Fig. 4.1a, in which dots form the two-dimensional, e.g. right square crystal, and
lines with slop of irrational numbers can correspond to quasiperiodic structures (by
contrast, if the slope is rational number, it corresponds to the periodic structure). For
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this purpose, we can use the so-called Fibonacci sequence formed by a longer

segment L and a shorter segment S according to the recurrence (whose geometry
depiction is shown in Fig. 4.1b)

Fn+1 =F,+F,

and

Fy:S

F;: L

F LS

F5 : LSL
Fy: LSLLS

The geometric expression of the sequence can be shown in the axis ) i.e.E)| in
Fig. 4.1a, and E|| is the so-called parallel space and that perpendicular to which is

e, ,/J \o p) b
\ L7
v ° ™
— Y
() \ L
\\; o\, > ° @ b - ®
o ° B o . s ° "

(b)

©—0-0—0—90-0—90-—0— 0 00— 0 —0—
LS LoLoso st e st

Fig. 4.1 A geometrical representation for one-dimensional quasiperiodic structure. a A projection

of two-dimensional crystal can generate a one-dimensional quasiperiodic structure, b the Fibonacci
sequence
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the so-called vertical space E,, i.e. E|. The Fibonacci sequence is a useful tool to
describe the geometry of one-dimensional quasiperiodic structure, like that the
Penrose tiling to describe the geometry of two- and three-dimensional quasicrystals.
Fig. 4.1 helps us to understand the internal space E, . For one-dimensional qua-
sicrystals, the figure can give an explicit description, while for two- and three-
dimensional quasicrystals, there is no such an explicit graph.

Since quasicrystals belong to one of incommensurate phases, there are phason
modes in the incommensurate crystals, denoted by w(rl), which may understood as
the corresponding new displacement field; if people have knowledge on incom-
mensurate phases, then they may easily understand the origin of phason modes in
quasicrystal, though conventional incommensurate crystals are not certainly the
actual quasicrystals.

The phonon variables u(r!) appears in the physical space Eﬁ, vector u represents

the displacement of lattice point deviated from its equilibrium position due to the
vibration of the lattice, and the propagation of this vibration is sound waves in
solids. Though vibration is a mechanical motion, which can be quantized, the
quanta of this motion are named phonon. So the u field is called phonon field in
physical terminology. The gradient of the u field characterizes the changes in
volume and in shape of cells—this is identical to that in the classical elasticity (see,
e.g. Chap. 2, and previous sections of this chapter).

As mentioned before, the phason variables are substantively related with
structural transitions of alloys, some among which can be observed from the
characteristics of diffraction patterns. Lubensky et al. [5, 7] and Horn et al. [15]
discussed the connection between the phenomena and phason strain. These pro-
found observations could not be discussed here; readers can refer to the review
given by Hu et al. [16]. This makes us know that the phason modes exist truly. The
physical meaning of phason variables can be explained as a quantity to describe the
local rearrangement of atoms in a cell. We know that the phase transition in
crystalline materials is just arisen by the atomic local rearrangement. The unit-cell
description on quasicrystals mentioned above predicts that w describes the local
arrangement of Penrose titling. These findings may help us to understand the
meaning of the unusual field variables. After the experimental investigations by
neutron scattering [17-20], by Moessbauer spectroscopy [21], by NMR (Nuclear
Magnetic Resonance) [22, 23] and by specific heat measurements [24, 25], the
concept of thermal-induced phason flips is suggested, and this is identical to the
diffusive essentiality of phasons, but note that the so-called diffusion here is quite
different from that appeared in metallic periodic crystals (which mainly results from
the presence of vacancies in the lattice, which is related with dissipation of pho-
nons, and has been discussed by Lubensky et al. [5] in hydrodynamics of icosa-
hedral quasicrystals), which will be concerned simply in Chaps. 10 and 16.

We must point out that vector u and vector w present different behaviour under
some symmetry operations. This can be explained by group theory; the discussion
is omitted here.
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Chapter 5
Elasticity Theory of One-Dimensional
Quasicrystals and Simplification

As mentioned in Chap. 4, there exist three one-, two- and three-dimensional qua-
sicrystals. Each can be further divided into subclasses with respect to symmetry
consideration.

In the class of one-dimensional quasicrystals, the atom arrangement is
quasiperiodic only in one direction (say, the z-direction) and is periodic in the plane
perpendicular to the direction (xy-plane). Although the quasicrystal is
one-dimensional, the structure is three-dimensional; it is generated in a
three-dimensional body. One-dimensional quasicrystals can be regarded as a pro-
jection of periodic crystals in four-dimensional space to physical space. There are 4
nonzero displacements, i.e. uy, iy, u, and w, (and w, = w, = 0). In this sense, the
elasticity of one-dimensional quasicrystals is a four-dimensional problem.

We here briefly list the systems and Laue classes of one-dimensional qua-
sicrystals, in which the concept of point group must be concerned, and we do not
concern with the concept of space group.

In the following, we will discuss the elasticity of quasicrystals of certain types
listed in Table 5.1.

5.1 Elasticity of Hexagonal Quasicrystals

As pointed out previously that for one-dimensional quasicrystals, there are phonon
displacements u,, u, and u., and phason displacement w, (and w, = w, = 0); the
corresponding strains are as follows:

Ou, Ouy Ou, (5.1.1)
Exx = —— Ey = —— Epp = — .
oo Y oy R 0z
© Science Press and Springer Science+Business Media Singapore 2016 55
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Table 5.1 System, Laue classes and point groups of one-dimensional quasicrystals

Systems Laue classes Point groups
Triclinic 1 1,1
Monoclinic 2 2, mp, 2/my
3 2n,m, 2, /m
Orthorhombic 4 21212, 2mm, 2,mmy,, mpymm
Tetragonal 5 444/my,
6 42;2,4mm, 42,m4 /mymm
Rhombohedral (or trigonal) 7 3,3
3 32;,,3m,3m
Hexagonal 9 6, 6, 6/my,
10 62,2, 6mm, 62;,m, 6/mymm

Ou,  Ouy
b= =5 \ay T ez )
Ou, | Ou,
Ox oz )’

Ouy  Ouy
o =8 =3\ %y T ax

_ Ow, ow, _ Ow,

1
2
1
Ex =&z =75
2
5.1.2
1 (5.1.2)
2

= wy=—" 0w
Ox Y 9y “ 0z

Wex

and other w;; = 0. Formulas (5.1.1) and (5.1.2) hold for all one-dimensional qua-
sicrystals. In this section, we only discuss one-dimensional hexagonal quasicrystals.

Let the strains given by (5.1.1) and (5.1.2) be expressed by the vector with 9
components,

[e11, €22, €33, 2623, 2831, 2612, W33, W31, W32) (5.1.3)
or
[sxx, Eyys €22y 28375 28205 2Exy, Wz, Wi, wzy] (5.1.4)
The corresponding stresses are

[O'X_mo'yyvo'zzaGyzaazx,o'xyaszachszy] (5~1~5)
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The elastic constant matrix is

Cni Cnn Ci3 0 0 0 R O 0

Cp Cii Ciz O 0 0O R 0 O

Csz Ci3 Ciz O 0 0O R, 0 O

0 0 0 Cy4 O 0 0 0 R

[CKR]=| O 0 0 0 Cy4 O 0 Ry O
0 0 0 0 0 Ce O O O

Ri R R 0 0 0O Ki 0 O

0 0 0 0 R; 0 0 K, O

| O 0 0 R; 0 0 0 0 K]

where a short notation for the phonon elastic constant tensor is used, i.e. index
11— 1,22 — 2,33 — 3,23 — 4,31 — 5,12 — 6, and Cj is denoted as Cp,
accordingly as follows:

Cii = Cii = Cun, Cip=Chn,

C33 = Cs333, Caa = Cozpz = Csy39
Ci3 = Cii3z = Co33,Ce6 = (C11 — C12)/2 = (C1in1 — Ci122) /2

There are five independent phonon elastic constants; in addition K; = K3333 and
K> = K3131 = K333, i.e. the two independent phason elastic constants, and
R, = Ry133 = Ry»33, Ry = R3333 and R3 = Ry330 = R313;, i.e. there are three
phonon-phason coupling elastic constants.

The corresponding stress—strain relations (or so-called constitutive equations, or
the generalized Hooke’s law) are as follows:

Oxx = Cr16x + Cr28yy + Ci3e; + Rywy,

Oyy = Cro6x + Cr18yy + C136; + Riwy,

0z = C13éx + C13éyy + C338,; + Row,

Oy = 0z = 2C448y; + R3wyy

Oy = Oy = 2C446, + Rywy, (5.1.6)
Oxy = Oy = 2Ce68xy

H., = Ry (&x + &yy) + Roe, + Kiwy,

H,. = 2Rz, + Kow,,

Hyy = 2R38,, + Kowyy

and other H;; = 0.



58 5 Elasticity Theory of One-Dimensional Quasicrystals ...

The stresses satisfy the following equilibrium equations:

00x , 00 | D0

ox * dy oz 0

oy | oy | 90 _
Ox dy 0z

Do Doy Do . (5.1.7)
Ox ady oz

OH,, N OH., N OH, —0

Ox ady 0z

The above results are obtained by Wang et al. [1].

The elastic equilibrium problem of one-dimensional hexagonal quasicrystals is
more complicated than that of three-dimensional classical elasticity. Here, there are
4 displacements, 9 strains and 9 stresses, which added up to get 22 field variables.
The corresponding field equations are also 22, consisting of 4 for equilibrium
equations, 9 equations of deformation geometry and 9 stress—strain relations. We
will present a rigorous treatment of the problem later on. In the following, we give a
simplified treatment.

5.2 Decomposition of the Elasticity into a Superposition
of Plane and Anti-plane Elasticity

If there is a straight dislocation or a Griffith crack along the direction of atom’s
quasiperiodic arrangement, i.e. the deformation is independent from the direction, say

0
—=0 5.2.1
BE (5.2.1)
Then
Ou; ow,
— =0, (i=1,2,3 =0 522
aZ ) (l b b )’ aZ ( )
Hence,
10u 10u
&z = wy, =0, Eyz = &y = 58_;7 Eox = &xz = Ea_xz (5'2'3)
0o OH;;
% _ ) (5.2.4)

0z T 0z
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The generalized Hooke’s law is simplified as

Oxx = Cr18 + Ci28yy

0y = Cioéxe + Crigyy

Oy = Oy = 2Ce6Exy

0 = Ci3(6n + &yy)

Oy, = Oz = 2Cu48y;, + R3wyy (5.2.5)
O = Oy = 2C446, + R3wy,

Hy = Ri(ex +éy)

H,, = 2R3¢, + Kow,

H,, = 2R3¢,;, + Kowy,

In the absence of the body force and generalized body force, the equilibrium
equations are

00y 00y 0oy, 0dy, 00, Ooy
— = = - — = — 4+ —==0 5.2.6
Ox Oy T Ox Oy T Ox Oy ( )
OH, OH,
—— 4+ —==0 5.2.7
Ox + ady ( )

Equations (5.1.2), (5.1.3), and (5.2.5)—(5.2.7) define two decoupled problems
[2]; the first of them is

Oxx = Cllgxx+C128yy
Oy = C128M+C118yy
Oxy = (C11 — C]z)Exy

Oz, = C13(8xx + Eyy)

HZZ = Rl(sxx—"gyy) (528)
Joy | 0oy doy,  Oayy
Ox Oy =0, 8x+ Oy =0

Tox Y 9y Y 2\ox 0 Oy
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which is plane elasticity of conventional hexagonal crystals. The second is

Oy, = 07 = 2Cu8y; + R3wy,,
Oy = Oy, = 2Caa8, + R3w,,
H,. = 2Rze, + Khw,,
H,y = 2R3¢,, + Kowy,

0o ao'zy —0, OH + aazy -0 (5.2.9)
Ox Oy Ox Oy
10u, 1 Ou,
=gy T BTy <
ow, ow,
sz = =

ax ' dy

which is a phonon-phason coupling elasticity problem. But, there are only dis-
placements u, and w,, and it is an anti-plane elasticity problem.

The plane elasticity described by (5.2.8) has well been studied, extensively using
the stress function approach, e.g. it introduces

. _PU _dU U

. Oy =y Oy = —
0y? W o2 R OxOy

then Eq. (5.2.8) are reduced to solve
VAViU =0

The problem is considerably discussed in crystal (or classical) elasticity, and we
do not consider it here.

We are interested in the phonon-phason coupling anti-plane elasticity described
by (5.2.9), which may bring some new insight into the scope of elasticity of
quasicrystals.

Substituting deformation geometry relations into the stress—strain relations and
then into the equilibrium equations yields the final governing equations as follows:

C44V2uz + R3V2WZ =0

5.2.10
R3V2u, + K, Vw, = 0 ( )

Because Cy4K> — R% # 0, we have
Viu, =0, V’w, =0 (5.2.11)

2 92 . .
where V2 = 2 + g—yz, so u, and w, are harmonic functions.
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It is well known that the two-dimensional harmonic functions u, and w, can be a
real part or an imaginary part of any analytic functions ¢(z) and () of complex
variable t = x+1iy,i = v/ —1, respectively, i.e.

uz(x,y) = Reo(1)

w;(x,y) = Rey(r) (5.2.12)

In this version, Eq. (5.2.11) should be automatically satisfied. The determination
of ¢(¢) and (¢) depends upon appropriate boundary conditions, which will be
discussed in detail in Chaps. 7 and 8. The complex variable function method for
solving elasticity of one-, two- and three-dimensional quasicrystals will be sum-
marized fully in Chap. 11.

5.3 Elasticity of Monoclinic Quasicrystals

Decomposition and superposition procedure suggested by the author, see Refs.
[2, 3] for example, is applicable not only for hexagonal quasicrystals but also for
other one-dimensional quasicrystals. We here discuss monoclinic quasicrystals.

For this kind of one-dimensional quasicrystals, there are 25 nonzero elastic
constants  in  total, namely  Ciii1, Coa, C3333, Cr122,Ci133, Cii12, Co233,
Ca12, C3312, C3232, C3231, C3131, Cr212 for phonon field, K3333, K3131, K3232, K3132 for
phason  field and  Ryi33,R2233, R3333, R1233, Ro331, Ro33n, R332, Rizzz for
phonon-phason coupling.

The corresponding generalized Hooke’s law for the case is given as follows [1]:

Oy = Cr18x + Cr26yy + Ci36; +2C168, + Ryiwy,

Oy = Craéx + Croéyy + Cr3er +2Co66xy + Rowy,

0 = Ci3ex + Cozeyy + C33, +2C368, + R3wy,

Oy, = Oy = 2Cu48y; +2Cs58, + Ryw, + Rswyy

O = Oy = 2C458y; +2Cs58,x + ReW + Rywyy (5.3.1)
Oxy = Oy = Cigenr + Cogéyy + Ca68z; +2Ce68xy + Rgwo;

H,x = 2R4&y; + 2Rge,, + Kiwy, + Kgwy,

H,, = 2Rs¢ey; +2Rqe, + Kywo + Kowyy

H., = Riéy + Rogyy + R36,; +2Rgeyy, + K3w,,

where recalling that for the phonon elastic constant tensor a brief notation is used,
ie. index 11 — 1, 22 — 2, 33 =3, 23 — 4, 31 — 5, 12 — 6, and Cyy is
denoted as C,,;, in addition, for the phason elastic constants K331 = K{,
K330 = K>, K3333 = K3 and K313, = K4, and for phonon-phason coupling elastic
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constants Ry133 = Ry, Ry33 = Ro, R3z33 = R3, Rozzi = Ry, Ro3zz = Rs, R3131 = Re,
R3132 = R7 and Ry233 = Rg.

Under the assumption (5.2.1), the problem will be decomposed into two separate
problems as [4, 5]

o = Ci18u + Ci2gyy +2C168y
Oy = Croex + Croéyy +2C068,,
Oy = Oy = Cieéxx + Cag8yy + 2Ces6xy (5.3.2)
0, = Cizéx + Co3eyy +2C368y,
H.. = Riey + Rogyy + R3e. +2Rgey,

and

Oy, = 07y = 2C448y; +2Cs56, + Raw, + Rswy,
Oy = Oy = 2C458y; +2C556, + Rew, + Rywyy,
H,. = 2R4&y; +2Rge, + Kiwy, + Kywy,
H, = 2Rséy, + 2R7e, + Kaw o + Kowy,

(5.3.3)

in which problem described by Eq. (5.3.2) is plane elasticity of monocline crystals;
by introducing displacement potential G(x,y)

0? o2 0?
62+C2682 (C12+C6(,)8a:|6

o 0* 0*
—{Cn8 3 +C668 7 t2Ci65 5 6]

|:C16

the elasticity equations are reduced at last to

o o o o 4
( Yod T 2000y T 9oy T %0y O a_y4>G =
with constants

c1 = Cis — C11Cep, €2 =2(C16C12 — C11Cag)
¢3 = Ct, — 2C16Ca6 +2C12Ce6 — C11Caa
cs =2(C6C12 — C16Cn2), ¢5= C§6 — CCes

Because this is classical elasticity and does not have direct connection to phason
elasticity of one-dimensional quasicrystal, we do not further discuss it here.
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We are interested in the problem described by Eq. (5.3.3), which is a
phonon-phason coupling problem. Substituting the equations of deformation
geometry into the stress—strain relations and then into the equilibrium equations, we
obtain the final governing equation as

o o o o o
g T V=0 5.3.4
(“1 o P avay TP avay T4 amays T 8y4) (5:34)
where
", = [R6% +R5(§’TZ+(R4+R7)%}F 535
w, = — [C556(?T:2 +C4438722 +2C45827(;}F
and

a; =R¢ — KiCss, a» =2(Ry(Rs+R7) — K1Cs5 — K C35)
a3 = 2R5R¢ + (R4 +R7)2 — K1Cyy — K5Cs55 — 4K4Cys (536)
as = 2[Rs(Rs + R7) — K2Cs5 — KuCuaa], as = R3 — K,Cu

In the subsequent contents of the book, we discuss only the anti-plane elasticity
of monocline quasicrystals, which has the complex representation of solution as

2
F(xvy) :2Resz(Zk)a Zk = X+ Wy (537)
=1
where Fy(z;) are analytic functions of z; and
My = ak+iﬂk (538)

are the distinct complex parameters to be determined by the characteristic equation
(or call the eigenvalue equation)

asp* +ayld +asp> +ap+a; =0 (5.3.9)

and [ # [,
If the roots of Eq. (5.3.9) are multi-roots, i.e. u; = ,,, then

F(x,y) =2Re[Fi(z1) +T1F2(z1)], z1=x+uy (5.3.10)
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Substituting formula (5.3.7) into (5.3.5) and then into (5.3.3), we can get the
complex representation of the displacements and stresses as follows:
2
u; = 2Re Z [Re + (R4 + Ry)y + Ry )fe(2x)
k=1
2
w; = —2Re Z (Css +2Cusp + Caap))fi(2x)
k=1
2
Oy = Oy = 2RCZ [R6Css — R4Css + (RgCas — R4Cas + R7Css5 — RsCss) 1
k=1

+ (R7Cas — RsCis) 11z | £ (z)

2
O = Ox; = QRGZ [R4Cs5 — RgCas + (RsCss + RyCss — RgCas — R5Css) 1
=1

+ (R3Cys — R7C44)Hi] 1fi (zx)

2
Ho =2Re > [(Ry+Rsu)(Re + Rapty + Ropty + Rspip)
k=1
— (K4 + Koy ) (Css +2Cus i + Caai) 1f (z)
2

Hy =2Re > [(Ro+ Rapty)(Re + Rapty + Ropty + Rsyip)
k=1

— (K4 + Ko 1) (Css + 2Cus iy + Caa i) £ (2)
(53.11)

where fi(z) = O*Fi(zi) [0z = F} (z).
The determination of analytic functions Fy(z;) depends on the boundary con-
ditions of concrete problems, which will be investigated later in Chaps. 7 and 8.

5.4 Elasticity of Orthorhombic Quasicrystals

In Table 5.1, we know that orthorhombic quasicrystals contain the points
21212, 2mm, 2;mmy, and mmmy,, which belong to Laue class 4. Due to the increase
of symmetrical elements of this quasicrystal system in comparison with monocline
quasicrystal system, one has

Cig=Crs=Css=Cis=Ki=Ry=R; =Ry =0 (5.4.1)
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Therefore, the total number of nonzero elastic constants in the case reduces to
17, i.e. C11 s C227 C33, C]z, C13A’C23, C44, C55, C(,@ for the phOIlOl’l ﬁeld, K] s Kz, K3 for
the phason fields and Ry, R, R3, Rs, Rg for phonon-phason coupling field.

Considering results of (5.4.1), (5.3.6) can be simplified to

2
a2:a4:0, alzRG—K1C55,

5 (5.4.2)
a, = 2RsRs — K1Cyy — K2Css, as = R5 — K»Cgg
and a; and as no change from (5.3.6). So that Eq. (5.3.4) is reduced to
o o o
(m%-i-asa 25y +Cl5 )FZO (54.3)

We have the expression of solution as follows:

2
u: = 2Re Y [Ro+Rsp)fi(z)

k=1

2
we = —2Re Y (Css+ Caapip)fic(z)
=1

2
0y =0y = 2Re Y (RsCas — RsCss)fi (z)
=1 (5.4.4)

2

O = Oy = 2Re2 (RsCss — RsCaa) 1521} (k)
=

[RZ — K Css + (RsRs — Ky Caa)13)f} (z1)

2
Hy =2Re)  [RsRs — KxCss + (RS — KaCaa)it; — (K + Koy puf (2
k=1
2
=1

in which, f;(z;) represents analytic function of z.

5.5 Tetragonal Quasicrystals

From Table 5.1, we know that one-dimensional tetragonal quasicrystal has 7 point
groups, in which groups 42,m, 4mm, 42,2;, and 4 /mpmm belong to Laue class 6,
and besides (5.4.1) we have also

Cii = Cp»,Ci13 =Cx3,C44 = Cs5,K; =K>,Ri =R2,Rs =Rs (5.5.1)

Therefore, the total number of nonzero elastic constants reduces to 11.
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With (5.5.1) and (5.4.2), one can find the complex representation of solution for
the anti-plane elasticity of quasicrystals that belong to Laue class 6.

The point group 4, 4 and 4/my,, belongs to Laue class 5, in which solution of the
anti-plane elasticity can also be expressed in a similar manner.

The final governing equation of anti-plane elasticity for this kind of quasicrystals is

VAViF =0 (5.5.2)

5.6 The Space Elasticity of Hexagonal Quasicrystals

The decomposition and superposition procedure proposed by Ref. [2] has been
developed for simplifying the elasticity of various systems of one-dimensional
quasicrystals in the previous sections. The main feature of the procedure lies in
decomposition of a space (three-dimensional) elasticity into a superposition of a
plane elasticity and an anti-plane elasticity for the studied quasicrystalline material,
and this often simplifies the solution process, whose worth will be shown in
Chaps. 7 and 8 and other chapters.

In some cases, when the procedure cannot be used, we have to solve space elas-
ticity. In this section, taking an example, we discuss the solution of space elasticity of
hexagonal quasicrystals, which has been studied by many authors, e.g. Peng and Fan
[6], Chen et al. [9] and Wang [10]; here, the derivation of Ref. [6, 7] is listed.

Substituting (5.5.1) into (5.1.6) and then into (5.1.7) yields the equilibrium
equations expressed by the displacements:

o 0 0* 0%uy u, 0w,
(Clldz+C66W+C44a_zz>ux+(cll Ceﬁ)a0y+(C13+C44)0dz+(R1+R)aa =0
0%uy 0? 2 2 u, 0w,
(Cu — Css)d 8y <C66() > +Cus5 P +C44d 2) (C12+C44)dyd + (R +Ra)a 52 =0

Pu,  Puy P & »* » P
(C12+C44)<0 gz + 6yg'z> <C448 > +C440 > +C%a )M + [R%<6x2 +67y2> +R2*lwz =0

R r) (L TN o (F PN g P [k (2 Y vk Z o
15N\ oxoz T aver Nae Toe) Thaz T M \ae Top Yo" T

(5.6.1)
If we introduce 4 displacement functions such as
0 OF. 0 OF.
Mx:—(F1+F2+F3)——4, uy = (F1+F2+F3)+—4
Ox ady dy Ox (5.6.2)

0
— (LF1 + LF> + 3F3)

mFy +myFs +m3F3), WZ:aZ

U, =

EA
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and
ViFi=0 (i=1,2,3,4) (5.6.3)

o* P, 0

2 —_
Vl-—az 8y +/l82 i=1,2,3,4 (5.6.4)
with m;,[; and y; defined by
Cas + (Ci3 + Caa)mi + (Ri +R3)l; Cszm; + Rol; _ Romi + Kyl; -2 =123
C]] C13+C44+C44ml-+R31i R1 +R2 +R3m,-+K21,- fis T
C44/C66 = “/i
(5.6.5)

then Eq. (5.6.1) will be automatically satisfied.

It is obvious that the final governing equations (5.6.3) are three-dimensional
harmonic equations, and this greatly simplifies the solution.

By substituting (5.6.2) into (5.1.1), then (5.1.2) into (5.1.6), one can find the
stresses expressed in terms of Fy, F», F3 and Fy as follows:

2

2
F.
Oy = |:C118_ 9 4

Oxdy

82
52 (Cu — 2C66)6y ](F1 + F2+ F3) — 2Ces

2 2

+Ci3 5 072 5 (miFy +myFy +m3F3) + Ry~ o2 5 (WF1 +bFy +13F3)
2 2 O2F,
= [(Cy1 —2C C Fi+F+F 2C
Oyy {( 11 66)62+ 118y](1+ »+F3) + 6608

82 32
—I—Cl%azz (mFy +maFy +m3F3) + R — o2 5 (WF1 + b Fsy + 3F3)
82 2
Oz —C13a2(/1F1+V2F2+/3F3)+C338Z (miF1 +myFs 4+ m3F3)
82
+R28—Z2(11F1+12F2+13F3)
2 82 82
— 6, =2C Fi+Fy+F3)+ Ces [~ — — | F
Oxy = 0, 668xay( 1+ P+ F3) + 66<ax2 8y2> 4
62
Oy = Oy C44ayaz[(ml+1)F1+(m2+1)F2+(m3+1)F3]
O%F, ?
+C448—84 +R36 2 (l1F1+le2+l3F3)
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82
82F4 0?

~Cugra: TR o |

O;x = Ox7; = C44 m1—|—1)F1+(m2—|—1)F2+(mg—|—1)F3]

LF)+DbF, +l3F3)

2 2

0
szszlazz(/1F1+/2F2+V F3)+R28

2
02
2
R; Y [(
O*F, o2

—R K LF) +bLF),+LF
3884- 28(9(1 | +hLF,+5F3)

2
dy0z
O*F. ?
+Ry 5ot 4 +K28y8 (LF) + LF> + 3 F3)

Harmonic equations (5.6.3) will be solved under appropriate boundary condi-
tions, which will be mentioned in Chap. 8.

(m1F1 +myFs +}’f’l3F3)

+ K (11F1+12F2+I3F3)

H.,. my + 1)Fy + (my + 1)Fy + (m3 + 1)F3)

sz—R'; [(m1—|—1)F1 —0—(m2—|—1)F2+(mg—|—1)F3]

5.7 Other Results of Elasticity of One-Dimensional
Quasicrystals

There are many other results of elasticity of one-dimensional quasicrystals, e.g. Fan
et al. [8] on elasticity of one-dimensional crystal—crystal coexisting phase (a brief
discussion referring to Chap. 7), and Chen et al. [9], Wang et al. [10], Gao et al.
[11], Li et al. [12], etc., on the three-dimensional elasticity of hexagonal qua-
sicrystals; they carried out considerable research in the area and have got a quite lot
of achievements. Due to the limitation of the space, the details of their work could
not be handled here and reader can refer to the original literature.
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Chapter 6
Elasticity of Two-Dimensional
Quasicrystals and Simplification

As has been shown in Chap. 5, in one-dimensional quasicrystals, elasticity can be
decomposed into plane elasticity and anti-plane elasticity in case that the config-
uration is independent of the quasiperiodic axis. In this case, plane elasticity is a
classical elasticity problem and its solutions are well known, whereas the anti-plane
elasticity is a problem concerned with the quasiperiodic structure, which is our main
concern. This decomposition leads to great simplifications for the solution.

We now consider elasticity of two-dimensional quasicrystals, which is mathe-
matically much more complicated than that of one-dimensional quasicrystals. The
decomposition procedure developed in Chap. 5 hints that the elasticity of
two-dimensional quasicrystals may somehow also be made of a decomposition for a
wide range of applications. In this way, the problem can be greatly simplified and it
is helpful to solve the boundary value problems by analytic methods.

Two-dimensional quasicrystals so far observed cover four systems, i.e., those
involving fivefold, eightfold, tenfold and twelvefold symmetries, named the pen-
tagonal, octagonal, decagonal and dodecagonal, respectively, and among them there
are the different Laue classes. The importance of two-dimensional quasicrystals is
only less than that of the three-dimensional icosahedral quasicrystals. To date,
among the over 200 quasicrystals, there are halves icosahedral quasicrystals, and
over 70 decagonal quasicrystals. These two kinds of quasicrystals constitute the
majority of the material. The elasticity of icosahedral quasicrystals will be discussed
in Chap. 9.

We will, at first, give a brief description of the point groups and Laue classes of
the two-dimensional quasicrystals. There are 31 kinds of crystallographic point
groups and 26 kinds of non-crystallographic point groups of the quasicrystals, the
former will not be discussed here and we focus on the latter, which is further
divided into eight Laue classes and four quasicrystal systems observed so far, as
listed in Table 6.1.

Like that in the one-dimensional quasicrystals, the phonon field of
two-dimensional quasicrystals is transversally isotropic. If we take the xy-plane (or

© Science Press and Springer Science+Business Media Singapore 2016 71
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Table 6.1 Systems, Laue
classes and point groups of
two-dimensional quasicrystal

6 Elasticity of Two-Dimensional Quasicrystals and Simplification

Systems Laue classes | Point groups
Pentagonal 11 5,5

12 5m, 52, 5m
Decagonal 13 10, 10, 10/m

14 10mm, 1022, 10m2, 10/mmm
Octagonal 15 8, 8, 8/m

16 8mm, 822, 8m2, 8/mmm
Dodecagonal | 17 12, 12, 12/m

18 12mm, 1222, 12m2, 12/mmm

x1x2-plane) as the quasiperiodic plane, and axis z (or x3) as the periodic axis, then
xy-plane is the elasticity isotropic plane, within which the elastic constants are

Ciii = Con = Cyy

Cin =Cp
Ci212 = Ci111 — Criz2 = C11 — Ci2 = 2Ce

This shows that Cgg is not independent. Other independent elastic constants are

out of the plane, that is,

Cr3 = C3131 = Cyy
Cri33 = Cop33 = C13
Cs333 = C33

which are listed in Table 6.2.
The relevant phason elastic constants and phonon-phason coupling elastic
constants are listed in Tables 6.3, 6.4, 6.5 and 6.6.

For Laue class 12:

Table 6.2 Phonon elastic
constants in two-dimensional
quasicrystals (Cyx)

If 2//x,mLx;:
If 2//x2,mLxy:

11 22 33 23 31 12
11 Ch Ci» Cis 0 0
22 Ch ch Cis 0 0 0
33 Cis Cis Css 0 0 0
23 0 0 0 Cus 0 0
31 0 0 0 0 Ces 0
12 0 0 0 0 0 Ces
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Table 6.3 Phason elastic
constants for Laue class 11
(Kijwr)

Table 6.4 Phonon-phason
coupling elastic constants for
Laue class 11 (Ry)

Table 6.5 The phason
elastic constants for Laue
class 15 (Kjjx)

Table 6.6 The
phonon-phason coupling
elastic constants for Laue
class 15 (Rji)

73

11 22 23 12 13 21
11 K K> K, 0 K 0
22 K> K, Ky 0 K 0
23 K5 K, K, K 0 —Ks
12 0 0 K K, -k, K,
13 Ks Ks 0 -K; K, K,
21 0 0 K K, Ky K,
awy |11 2 23 12 13 21
11 R, R, Rs R» Rs R,
22 R |-Ri |-R¢ |-R» |-Rs |R,
33 0 0 0 0 0 0
23 Ry -R, |0 R; 0 R;
31 Ry |Rs 0 Ry 0 R,
12 R> R» —Rs |-R,  |Rs R

11 22 23 12 13 21
11 K, K> 0 Ks 0 Ks
22 K> K, 0 —Ks 0 —Ks
23 0 0 K, 0 0 0
12 Ks —Ks 0 K 0 K3
13 0 0 0 0 K, 0
21 Ks —Ks 0 K3 0 K
awy |11 2 23 12 13 |21
11 R R 0 R> 0 R,
22 -R, -R, |0 R, |0 R>
33 0 0 0 0 0 0
23 0 0 0 0 0 0
31 0 0 0 0 0 0
12 R> R> 0 R, |0 R
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For Laure class 13:

For Laue class 14:

For Laue class 16: K¢ =R, =0

For Laue class 17:  the constants Ky, are the same as Table 6.5; and Ry = 0

For Laue class 18: the constants Kj; are the same as those of Laue 16; and
Rijuu =10

The experimental measurement of the above data for different quasicrystals is
essential in studying the elasticity. We here list some data for decagonal qua-
sicrystals in Tables 6.7, 6.8 and 6.9 in which B is bulk modulus, G the shear
modulus and v the Poisson’s ratio, respectively.

The phason elastic constants, for a decagonal Al-Ni—Co quasicrystal, anisotropic
diffuse scattering has been observed in synchrotron X-ray diffraction measurements
[2]. It has been shown that the measurement can attributed the phason elastic con-
stants, although no quantitative evaluation on K; and K,. The Monte Carlo simu-
lation was used to evaluate the phason elastic constants, e.g. given in Table 6.8 [3].

where 1 GPa = 10'°dyn/cm?. But the accuracy of the values given by Monte
Carlo simulation should be verified.

Recently, the experimental measurement for phonon-phason coupling elastic
constants for decagonal quasicrystals has been achieved; the results are listed in
Table 6.9.

Table 6.7 Phonon elastic constants of an decagonal quasicrystal (the unit of Cj;, B, G is GPa) by
experimental measurement [1]

Alloy C1| C33 C44 C]z C13 B G v
Al-Ni-Co |234.33 23222 |70.19 |5741 66.63 120.25 79.98 0.228

Table 6.8 Phason elastic constants of an Al-Ni—-Co decagonal quasicrystal by Monte Carlo
simulation [3]

Alloy K1(10'2 dyn/cm?) K>(10'2 dyn/cm?)

Al-Ni-Co 1.22 0.24

Table 6.9 Coupling elastic constants for point group 10, 10, Al-Ni-Co decagonal quasicrystals
[4]

Alloy R, (GPa) | R2|(GPa)

Al-Ni—Co 0.1 <0.2
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Tables 6.2, 6.3, 6.4, 6.5 and 6.6 indicate that the phonon elasticity of
two-dimensional quasicrystals is three-dimensional and that the phason and
phonon-phason coupling elasticity are also three-dimensional. In general, they
cannot be reduced to two-dimensional problems. In this case, there are 29 field
variables and 29 field equations, their solution is very hard to obtain.

In practice, there is often a case in which the configuration of a system is uniform
along a periodic axis, say the axis z, both physically and geometrically, so that the
field variables are free from the coordinate z, that is,

0
Fr 0 (6.0.1)

Under this condition, the elasticity of two-dimensional quasicrystals can be
decomposed into a plane elasticity of quasicrystal and an anti-plane elasticity of
crystal, where the latter is a pure phonon or classical elasticity, whose governing
equation and boundary conditions are decoupled with the plane elasticity of
quasiperiodic structure, which can be treated separately.

Uniform configuration along the z-axis physically and geometrically represents
several meaningful physical problems, e.g. a straight dislocation line or a Griffith
crack along the direction. This shows that the decomposition procedure presents
important physical meaning.

In what follows, we derive the final governing equations for the plane and
anti-plane elasticity of the four different systems, by introducing some displacement
or stress potential functions. We will see that the field equations are dramatically
simplified; this is helpful to solve them by analytic methods. Furthermore, we use
the Fourier analysis or complex analysis method to construct analytic solutions of
some boundary value problems of the equations. But the mathematical methods and
numerous exact solutions for different boundary value problems will be performed
in Chaps. 7 and 8 in detail. They reveal the exact mathematical structure of dis-
locations and cracks in two-dimensional quasicrystalline materials. In addition, they
develop further the potential theory of classical elasticity as well as the classical
methods of solution in mathematical physics.

6.1 Basic Equations of Plane Elasticity
of Two-Dimensional Quasicrystals: Point Groups
S5m and 10mm in Five- and Tenfold Symmetries

Following the introduction given in Chap. 1, it is understood that the sign 10 in the
symbol 10mm represents a tenfold rotation symmetry and that m where signifies a
mirror symmetry. The sign 10mm therefore means a combined operation of one
rotation symmetry and two mirror symmetries. For other signs, the explanation is
similar.


http://dx.doi.org/10.1007/978-981-10-1984-5_7
http://dx.doi.org/10.1007/978-981-10-1984-5_8
http://dx.doi.org/10.1007/978-981-10-1984-5_1
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The point groups 5Sm and 10mm quasicrystals are quasicrystals with fivefold and
tenfold symmetries, respectively, whose plane elasticity has been studied earlier,
see, e.g. in reviews given by Fan and Mai [5] or by Hu et al. [6] or by Bohsung et al.
[7]. The first solution of dislocation of pentagonal quasicrystals was given by De
and Pelcovis [8], according to our understand which is the solution for point group
S5m two-dimensional quasicrystal. The formulation and the solution method
developed here and hereafter are quite different from those given by Ref. [8].

The diffraction pattern and relevant Penrose tiling are shown in Figs. 6.1 and
6.2. The Penrose tiling of pentagonal quasicrystals was shown in Chap. 3.

Quasicrystals with these symmetries belong to two-dimensional quasicrystals,
i.e., the atomic arrangement is quasiperiodic in a plane, and periodic in the third
direction. For clarity, the quasicrystals can be defined as being generated by
stacking from planar quasiperiodic structures of fivefold or tenfold symmetry along
the third symmetry axis. Here, the quasiperiodic plane is the xy-plane, and the
fivefold or tenfold rotational axis is the z-axis, which is the only axis of symmetry.

Fig. 6.1 Diffraction pattern
of two-dimensional
quasicrystal with tenfold

symmetry

Fig. 6.2 Penrose tiling of
point group 10mm of tenfold
symmetry quasicrystals



http://dx.doi.org/10.1007/978-981-10-1984-5_3
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Due to the presence of scaling of incommensurate length in the quasiperiodic plane,
it leads to the additional degree of freedom that does not hold in conventional
crystals, named the phason field w.

Although two-dimensional quasicrystal can be understood as a stacked planar
quasiperiodic structure along the periodic symmetrical axis, it is three-dimensional
in elasticity and is different from the plane problem in classical elasticity. And it can
be decomposed into plane and anti-plane elasticity in special cases. We here con-
sider only the plane elasticity, because the anti-plane elasticity is a classical one and
independent of phason variables.

Tables 6.2, 6.3, 6.4, 6.5 and 6.6 listed all the elastic constants. Considering a
plane in two-dimensional quasicrystals and assume that it is perpendicular to the
periodic symmetrical axis (e.g. axis z). In this case,

u = (uy, Uy, 1), W= (wy,w,0)

so the strains are w,; = W, = Wy, = W, = Wy, = 0. Assumption (6.0.1) leads to
&z = & = &, = 0, and Table 6.2 is simplified to the following Table 6.10 for
phonon elastic constants for the plane elasticity.

The phonon elastic constants listed in Table 6.10 can be expressed in
fourth-order tensor

Cijr = L0yjio + M0y + 6udj)  (i,7,k,1=1,2) (6.1.1)
L=Cpn, M=(Cii—Cpn)/2=Cs (6.1.2)

There are only two independent phonon elastic constants.

What data given in Table 6.10 and relation by Eqgs. (6.1.1), (6.1.2) hold for all
two-dimensional quasicrystals for the plane elasticity.

In the plane elasticity for two-dimensional quasicrystals with point groups 5m,
52,§m, 10mm, 1022, 10m2 and 10/mmm, Table 6.3 is simplified to Table 6.11.

Table 6.10 Phonon elastic 11 2 2 21

constants for plane elasticity

of two-dimensional 11 Cu Ci 0 0

quasicrystals 22 Cis Ciy 0 0
12 0 0 Ces Ces

21 0 0 Ces Ces
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Table 6.11 Phason elastic 11 22 12 21
tants for pl lasticit
(f:ons ants for plane elasticity I X, ra 0 0
or point group 10mm
quasicrystals 22 K K, 0 0
12 0 0 K -K;
21 0 0 -K, K,
Tablg 6.12 Rhonon-phason e\ 11 22 12 21
coupling elastic constants for m R R 0 0
plane elasticity
22 -R -R 0 0
12 0 0 -R R
21 0 0 -R R
This means
K111 = Ko = K21 = K (6.13)
K122 = K11 = =Kz = Koo = Ko
and other Kjj; = 0, and the expression of them by tensor of four rank is
Kijkl = Kl 5ik5jl + Kz(éij(sk[ — 5i15jk) (i,j, k,l = 17 2) (614)

And Table 6.4 in the present case is simplified into Table 6.12 as follows.
This shows that

Ri111 = Ri122 = —Rp22 = Rioo1 = Ro121 = —Rp212 = =Ry = —Ry112 =R
(6.1.5)
or
Riji = R(6i1 — 612) (0401 — 0wy + 0ad)  (i,7,k, 1 =1,2) (6.1.6)

One can find that for plane elasticity point group 5m have the same elastic
constants with point group 10mm, so they can be discussed in the same line.
The definition of strain tensor is as given in Chap. 4, that is,

o 1 au,» 8uj o aw,-

In Chap. 4, it was seen that the stress, strain and elastic constant tensors can be
expressed by matrices. The above-mentioned elastic constants may be denoted by
matrix [CKR]. For the present case, the strain vector defined by (4.4.12) is sim-
plified into


http://dx.doi.org/10.1007/978-981-10-1984-5_4
http://dx.doi.org/10.1007/978-981-10-1984-5_4
http://dx.doi.org/10.1007/978-981-10-1984-5_4
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(e Wil = [e11 822 €12 €21 W11 W22 Wi2 Woi] (6.1.8)
and [CKR] is
[L+2M L 0 0 R R 0 0 7
L L+2M O 0 —R -R 0 0
0 0 M M 0 0 —R R
0 0 M M 0 0 —R R
[CKR] =
R —R 0 0 K K 0 0
R —R 0 0 Ky K 0 0
0 0 —-R —-R O 0 K, -K;
L O 0 R R 0 0 —-K, K |
[L+2M L 0 0O R R 0 0 7
L+2M 0 0 -R —R O 0
M M 0 0 —-R R
M 0 0O —R R
_ (6.1.9)
K K 0 0
symmetry K 0 0
K -K»
L K

The free energy density (or strain energy density)

1 1
F= ELaiiei,- + Meje; + EKI Wi + Ko (WxeWyy — WiyWyy)

+ R[(exx — &yy) (Wax + Wyy) + 284 (Wiy — Wyy)] (6.1.10)

From (6.1.9) and (4.5.3) of Chap. 4, or from (6.1.10) and (4.5.1) of Chap. 4, the
generalized Hooke’s law for plane elasticity of point group 10mm quasicrystals of
tenfold symmetry is as

O = L(&xx + &yy) +2Mey + R(Wy, +wyy)
Oy = L(&x + &yy) +2Mey, — R(Wyx +wyy)
Oy = Oy = 2Megy + R(Wyy — Wyy)

Hy = KWy + Kowyy + R(ex — £yy) (6.1.11)

Hyy = Kiwyy + Kowye + R(exx — &yy)
ny = Klwxy - K2Wyx — ZRSX),
ny - Klwyx - K2ny =+ 2R8Xy



http://dx.doi.org/10.1007/978-981-10-1984-5_4
http://dx.doi.org/10.1007/978-981-10-1984-5_4
http://dx.doi.org/10.1007/978-981-10-1984-5_4
http://dx.doi.org/10.1007/978-981-10-1984-5_4
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In addition, for anti-plane elasticity there is

0y = 2Me,
’ Z} (6.1.12)

oy, = 2Me,,

Monograph [9] pointed first out that (6.1.9)—(6.1.11) hold for the plane elasticity
for both point group 5m and point group 10mm, this identical to the argument of
Ref. [6].

Equations (6.1.11) are the physical basis of elasticity of point groups 5m and
10mm quasicrystals. The geometry (or kinetics) basis of the subject is Eq. (6.1.7).
Another necessary basis comes from statics, that is,

0oy 0oy 00y« % B

—_— 0 0
Ox Oy T Ox Ay
(6.1.13)
OH,, L OH,, _o, OH,; L OH,, —0
Ox Oy Ox Oy
In addition, for the anti-plane elasticity there is
Oou | 9oy _ (6.1.14)

Ox Jy

Here, the body force density is omitted.

From (6.1.7), (6.1.11) and (6.1.13), we found that there are 18 field variables,
i.e., four displacements u,,u,,w,,wy, Seven Strains &y, &y, &xy = &y, War, Wyy ,
Wiy, Wy and Seven SIresses Oy, Oyy, Oxy = Oy, Hyy, Hyy \H,y,, H,. And the number of
corresponding field equations is also 18, including four equations of statics, seven
stress—strain relations and seven equations of deformation geometry. The number of
field equations is equal to that of field variables. This means that the mathematical
presentation of the problem is consistent and solvable under appropriate boundary
conditions. In addition, (6.1.7), (6.1.12) and (6.1.14) give the description of
anti-plane pure classical (phonon) elasticity. De and Pelcovits [10] solved the
equations for dislocation problem by using the Green function method and iteration
procedure. Ding et al. [11] solved the similar problem in terms of Fourier trans-
forms and the Green function method. Taking different way from either De and
Pelcovits or Ding et al., we at first reduce the 18 equations into a single partial
differential of higher order by introducing some displacement potentials or stress
potentials, which enable us to easily solve the problem by the Fourier transform
method and complex analysis method. In the following, we derive the final gov-
erning equations and fundamental solutions for various quasicrystal systems. And
the applications of the theory and methodology will be given in detail in Chaps. 7
and 8 for dislocation and crack problems of quasicrystals, respectively.


http://dx.doi.org/10.1007/978-981-10-1984-5_7
http://dx.doi.org/10.1007/978-981-10-1984-5_8
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6.2 Simplification of the Basic Equation Set: Displacement
Potential Function Method

The number of basic equations as given in the previous section is too large and it is
very hard to solve them directly. In mathematical physics, a conventional procedure
is to reduce the number of field equations. In the classical theory of elasticity, there
is a way by introducing the so-called displacement or stress potential functions to
realize the purpose, and the procedure is called the displacement potential method
or stress potential method, respectively. In this section, we eliminate the stress and
strain components in the basic equations and obtain some equilibrium equations
expressed by displacement components; thus, the strain compatibility is automati-
cally satisfied. Furthermore, by introducing a displacement potential function, the
final governing equations become a single quadruple harmonic equation concerning
the displacement potential function; thus, this is the so-called displacement potential
method. In the next section, we will introduce the stress potential method, and there
the governing equation becomes a single quadruple harmonic equation concerning
the stress potential function that would be the so-called stress potential method. In
this way, the huge number of equations involving elasticity can be simplified very
much.
Substituting (6.1.7) into (6.1.11) and then into (6.1.12), we obtain

2 _
+ Oxdy  Oy?
82wy B Pw, B (’92wy —0
Ox? oxdy o)

O%u, B 8214}, B 0u,
Ox? Oxdy  0y?

2 2
Mv2”x+(L+M)a%V-u+R<8WX s 8wx>

MVzuy+(L+M)gyV-u+R<
(6.2.1)

K1V2wx+R<

O%u, &u O%u,
2 y x v\ _
KV W“V+R<3x2 +28x8y 2) 0

in which

0? 0? Ou Ou,
2 _ Y . = X i)
COx2 + oy?’ V-u Ox * Oy

Equations (6.2.1) are actually the displacement equilibrium equations of the
plane elasticity of point group 5m with fivefold symmetry or point group 10mm
tenfold symmetry, as mentioned in the previous section. Here, there are only 4
displacement components 1y, iy, Wy, Wy, i.€., the number of field variables are only
4, and the number of order of equations is 8.

Observation for the first two equations of (6.2.1) suggests that by introducing the
unknown functions ¢(x,y) and y(x,y) as follows:
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Po Oy oy
= (L+M mMEY L (Lom
e = (Lo M) M+ (L4 2M) s
0 ago oy
6.2.2
. _ M(L+2) 232<0 32_‘1”_‘92_‘/’ (622
! k Oxdy = Ox*  Oy?
_ M(L+2M) 67(/’7&7 Py
VTR ox2  0y? Ox0y

then the first two equations are automatically satisfied already. Substituting (6.2.2)
into the last two equations in (6.2.1), there follows the equations

(4T + BT2) e+ (oI = BT )y = 0

(6.2.3)
2
(fxﬂz el ﬁH1§7)¢+(ocH2+ﬁH )axg/} =0
where
»* &’ &

H1—3@_8_y2a I, = o o (6.2.4)
:R(L+2M)—wK1,ﬁ:RM—wK1} (62.5)

0 =RM — oK, = M(L+2M)/R o

in which § will be used in the following formula (6.2.6).
Equation (6.2.3) is much simpler compared with (6.2.1), still it can be simplest
by letting

O*F
0xQy

82

o (6.2.6)

62
= (ﬂnzw—anl >F, lp (OCH] +5H2)
in which F(x,y) is any function, and then, the first equation of (6.2.3) is satisfied.
Substituting (6.2.6) into the second one of Egs. (6.2.3), after manipulation, it
reduces to

VAVAVAVAF =0 (6.2.7)

This is the final governing equation of the plane elasticity of point groups 5m
and 10mm quasicrystals. We call F(x,y) as a displacement potential function, or
simply displacement potential. Equation (6.2.7) is a quadruple harmonic equation,
the order of which is much higher than that in the classical elasticity, where that is
biharmonic equation.
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All of displacement and stress components can be expressed by potential
function F(x,y) as follows:

U, = [MOCHl + (L+2M)BH2] &ayv F (6 ) 8)
uy = [ModTy 5 — (L+2M) Tl 4] V2F
— 9*
Wy = (,U(O( — ﬁ)nlr[meF
- ) (6.2.9)
Wy = fa)[ocl_[l o TP 55| F
O = 2M (L + M)all, g—isz
= 2M(L+ M)aIl; 52 odv V2F (6.2.10)
Gy = Oy = —2M(L+M)oTl, 595 V2F
H = o §VPVAV2F 4 0o(Ky = Ko) § (a0 3 + BT 25 ) F
Hy, = af £ V*V2V?F — (K, — Ky) (o — AT T, %F 621)

Hy = —af & V2VPV2F — o(K) - K2) & (oI} £ + P13 &) F

Hy = af ZV2V2V2F + o(Ky — Ko) (o — B)IL Tl 52 F

Li and Fan [12] have suggested the approach, and the practice shows that it is
very effective. In the next two chapters, many applications of the approach will be
given.

In addition, (6.1.12) and (6.1.14) yield the final governing equation for
anti-plane elasticity

Viu, =0 (6.2.12)

It is obvious that the anti-plane problem is decoupled with the plane one.

6.3 Simplification of Basic Equations Set: Stress Potential
Function Method

The stress potential method has widely been used in classical theory of elasticity.
The author of the book and his students extended it to the study of elasticity of
quasicrystals [13, 14].
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From (6.1.7), the strain compatibility equations

e Peyy 0%y

0y? o Ox0y

Owyy  Owye Owye  Owyy

Ox dy ’ Oy Ox

(6.3.1)

The strain components ¢&; and w;; can be expressed by the stress components ¢;;
and Hj;, that is,

b = 37 (0 030) + 2= (K1 + K) (020 + 03) — 2R(Hoo + Hy)]
Eyy = m (0w +0y) — 36 [(Ki + K2) (00 +0yy) = 2R(Hye + H,yy )|
ey = &y = ¢[(Ki + K2)0uy — R(Hay + Hy)]

Wax = m (Hue — Hyy) + % [M(Hy + Hyy) — R(0x — 0yy)] (6.3.2)

Wyy = — m (Hw — Hyy) + 56 [M(Ho + Hyy) = R(0w — 0yy)]

_ 1 (R*—MK\)Hyy + (R*—MK>)H,x
Wy = ¢ [Raxy - Ki—K
1] _ (RP—MK\)H,y + (R*—MK>)H,,
Wyx = ¢ [ Rayy K -K,
with

C =M(K,+K,) — 2R? (6.3.3)

If substituting (6.3.2) into (6.3.1), one can find that the strain compatibility
equations can be expressed by stress components (because they are too long to be
listed, but we will give them in Sect. 6.7). In addition, there are equilibrium
equations

00w , 909 _ o  90m  Oon _

Ox Oy T Ox Oy (63.4)
OH.  OH, _ . OH, OH, .
Ox dy  Ox oy

So that we have 7 equations in total in which there are 3 compatibility equations
expressed by stress components and 4 equilibrium equations, and the number of the
unknown functions is also 7, that is, Gy, Oy, Oy = Oy, Hy, Hyy, Hyy, Hy. The
equation set is closed and is solvable.

If introducing the stress functions ¢, ¥, and ¥, such as



6.3 Simplification of Basic Equations Set: Stress Potential Function Method 85

_ e _ P _ _ D0
Oxx = (9_)12 ) O'yy — x> ax_v - O-yx - - Oxdy

) ) ) ) (6.3.5)
Hy = ()i‘l»Hxv = _%7}[)% = _ai;szyy = %
then the equilibrium equations (6.3.4) are automatically satisfied. Substituting
(6.3.5) into deformation compatibility equations expressed by stress components
yields

st VAV + S5 VAR 4 & (2T, — &1Ly, ) =0

(K.sz +M) V2, + R g =0 (6.3.6)

0 —
(% +M) V20, — R T2p = 0
in which IT; and II, defined by (6.2.4), and C is given by (6.3.3). By now, the
numbers of equations and unknown functions are reduced to 3.

Now introducing a new unknown function G(x,y) such as

¢ =DZILV?G

Y, = — 5 (MK, — R)[(L+2M)(K, — K>) — 2R*|V*V?V?G

> (6.3.7)
+ (L+M)(Ki — K2)R 52 TL LG
Wy = (L+M)(Ky — K2)R 25 THTLG
If
VIVIVAVAG =0 (6.3.8)
then Eq. (6.3.6) are satisfied, in which

D =2(MK, — R*)(L+ M) (6.3.9)

At the same time, Eq. (6.2.12) holds too for anti-plane elasticity.

6.4 Plane Elasticity of Point Group 5, 5 and 10, 10
Pentagonal and Decagonal Quasicrystals

For plane elasticity, the fivefold and tenfold symmetries quasicrystals of point
groups 5,5 and 10, 10 are different in elasticity with that of point groups 5m and
10mm, the difference lies in only the phonon-phason coupling elastic constants, in
which the former has two coupling elastic constants R; and R, rather than one R. So
that we have
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Rijit = R1(0;1 — 012)(0i0k — 0w St + Surdjc)

+Ro[(1 = 6;)0u + 0;5(di1 — 6i2) (Ox1012 — Sx26n1)]

6 Elasticity of Two-Dimensional Quasicrystals and Simplification

ij k=12 (64.1)

Apart from this, the phonon and phason elastic constants of point group 5,5 and
point group 10, 10 quasicrystals are the same as those of point groups 5m and
10mm. The corresponding elastic constant matrix is

[CKR] =

[L+2M

L

0

0

R;

R
R,
L —R
[L+2M

L

L+2M

0
0
R,
_Rl
Ry
L
L+2M

symmetry

0
0
M
M

Ry

—R,

R,

SSXeexlirargxeo
3

R

—R,

R,

Ry
_R2
—R,
—R,

_RZ_

Ry
Ry
R

(6.4.2)

According to this elastic constant matrix, the stress—strain relation can be written

as

Oxr = L(&xx + &yy) +2Mey + Ry (Wey +Wyy) + Ro(Wyy — Wyy)
Oy = L(exx +&yy) +2Meyy — Ri(Wx +Wyy) — Ro(Way — W)
Oy = Oyx = 2Megy + Ri(Wyx — W) + Ro(Wax +wyy)
Hy = Kiwe + Kowyy + Ri (6 — &) +2R06xy
Hy, = Kiwyy + Kowy + Ri (6 — &) +2R06xy
H,, = Kiwyy, — Kowyye — 2R 164 + Ro (6 — &yy)
Hy, = Kywye — Kowyy + 2R 84y — Rp(6xx — &yy)

(6.4.3)

In addition, the stresses o;; and Hj; satisfy the same equilibrium equations as

(6.1.13).
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Substituting (6.1.7) into (6.4.3) then into (6.1.12) leads to the equilibrium
equations expressed by displacements such as

2ug+ (L+M S 2 T
Vi (L+ )6x Ox? Oxdy  Oy*

2 2 2 2 2 2

gv.u_"_Rl(an_i_zaWy_an)_R2<0Wy 28WX awy>
2 2 2 2 2 2

MY u}+(L+M)88yV u+Rl(%728wx76M;y>+R2<8wx+26wy78wx):0

Oxdy Oy ox? Oxdy  Oy*
Pug Py Puy Puy , , Pue Py
or “oxdy 0y oz " Toxdy oy

u, u,  Ou, & u, Pu,  O’u,
K1v2Wy+R1 (7;' +2 u _714)) —R “ Yy -

=
TN T

o2 “oxdy 0y

The equations are similar to those of (6.2.1), the definitions on operators V> and
V- are the same there. It is obvious that Eq. (6.4.4) are more complex than those of
(6.2.1). We now simplify the equations in terms of the displacement potential
function method.

Introducing displacement potentials ¢(x,y) and ¥(x,y) as below,

(L+M)My T+ ML +(L+2M)

ox

My = — [(L+2M) Dy

wm ol ) [0 5) +2m )

= o [F1(f ) + 2Rz — 201~ a8 -5 v}

P9 4 (L+M) f’ﬂ

(6.4.5)

in which

M(L+2M)

Sl R*=R+R’; (6.4.6)

The functions ¢(x,y) and ¥ (x, y) defined by (6.4.5) automatically satisfy the first
two of Eq. (6.4.4), and the substitution of formulas (6.4.6) into the second two of
Eq. (6.4.4) results in

0
A1+ Mcy —

0
(L + 2M)C2 - (9y

0 0
A2§D+(L+2M)sz/\1l// —MleAzlﬁ =0
Ox Ay

(6.4.7)

0 0
f/\l(er(Lﬁ*ZM)Cz

0
(L+2M)62$A2(/)7M018y a

Azl//+MCl 1[// 0

with
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0 0
Al =R —II, + R, —1II,

» x (6.4.8)
/\2 = RI&HZ 7R26fynl
c1 = (L+2M)K; — R*, ¢ = MK, — R? (6.4.9)

If we introduce a new function F(x,y) by means of

¢ = *(L+2M)62R§A1F+MCIR§A2F
Y " (6.4.10)

l// = (L+2M)62R§A1F+MCIR§A2F
Ox dy

Then, the first one of Eq. (6.4.7) is automatically satisfied, and from the second
one we find that

VAVAVIVEF =0 (6.4.11)

The definitions of operators V2 and V- are the same as before.
All components of displacement vectors and stress tensors can be expressed by
the potential function F(x,y), for example,

0 0
u, =R {cz M+a a—yAz} V’F (6.4.12a)
uy =R |:Czaay[\1 —c % A2:| V’F (6.4.12b)
wy = —coA1 AL F (6.4.12¢)
wy = =R [ca(L+ 2M)AT + e MASIF (6.4.12d)
82
P 2c0cza—y2Alv2F (6.4.12¢)
Oyy = 2COC2@Alv F (6412f)
2
Gy = Oy = —20002 - ayAlsz (6.4.12¢g)

H, = —clczR%V2V2V2F+R’1Kogy [c2(L+2M)A2 +c;MAJF  (6.4.12h)
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) )
H, = clczR—xvzvzsz — R 'Ko = [c2(L+2M)A] + ciMA3JF  (6.4.12i)

0 Ox
9 ro2en2 0 .
H,, = —c1c;R—V*V*V“F — ¢oKoy— A Ao F (6412_])
’ Ox 8y
Hyy = —c1sR 2 VPVPVRF 4 ok o Ay AoF (6.4.12k)
. dy Ox
with
co=R(L+M), Ko=K —K (6.4.13)

The results were given by Li and Fan [15], Li et al. [16]. Recently, Li and Fan
[14] have derived the final governing equation of elasticity of the same point groups
through the stress potential method, the resulting equation is also quadruple har-
monic equation; of course, the unknown function is the stress potential. Due to the
limitation of the space, the derivation about this is omitted, but whose application
will be shown in Chap. 8 for solving notch problem of point group 5,5 and point
group 10, 10 two-dimensional quasicrystals.

The frequent appearance of quadruple harmonic equations in (6.2.7), (6.3.8) and
(6.4.11) shows that this kind of equations is very important in theory and practice.

6.5 Plane Elasticity of Point Group 12mm of Dodecagonal
Quasicrystals

Point group 12mm dodecagonal quasicrystals belong to the two-dimensional; the
Penrose tiling and the diffraction pattern are shown in Figs. 6.3 and 6.4, respec-
tively. If taking z-axis as periodic arrangement direction, and supposing that the
field variables independent from the coordinate z, then the elasticity problem can be
decomposed into a plane elasticity and anti-plane elasticity.

As mentioned in previous sections, the quasiperiodic plane is taken as xy-plane,
so the z-axis represents the 12-fold symmetry axis. Like that in other
two-dimensional quasicrystals, the quasiperiodic plane is an elastic isotropic plane.
There are two nonzero independent elastic constants in the plane, that is, L and M

L=Cp, M=(Cy—Cp)/2=Ce (6.5.1)

Here, we have nonzero Kj; as
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Fig. 6.3 Penrose tiling of

dod 1 icrystal

odecagonal quasicrysta w

Fig. 6.4 Diffraction pattern ]

of quasicrystal of 12-fold ®, c ° ., @
symmetry, in the condition of - . ®:® . -

the phason strain field being ® °® " e " @° 0
uniformly e % @ ® g ° .o o

Kinn = Ky = Ky, K = Kooy = K } (6.5.2)

Kini = Ko = K3, K211 = Ko = K1 + Ko + K3
and others are zero. The results can also be expressed

Kiju = (Ki — K> — K3)(0i — 0it) + K200 + K300
+2(K> + K3) (0107201101 + 0020j10x20n1)  (i,),k, 1 =1,2) (6.5.3)

In addition, the phonon and phason are decoupled, that is,
Riju =0 (6.5.4)

The elastic constant matrix is
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[L+2M L o 0 0 O 0 0 1
L L+2M 0 O O O 0 0
0 0 M M 0 O 0 0
0 0 M M 0 O 0 0
[CKR] =
0 0 0 0 Ki K 0 0
0 0 0 0 K K 0 0
0 0 0 0 0 0 K+K-+KkK; K;
L O 0 o 0 0 O K3 K1+ K, +Kj; |
[L+2M L 0 0o 0 O 0 0 1
L+2M 0 0O 0 O 0 0
M M 0 O 0 0
M 0 O 0 0
- K K 0 0
symmetry K, 0 0
K +K, +K3 K3
L Ki+K;+ K3
(6.5.3)
The relevant free energy density (or strain energy density)
1 2 1
FZEL(VM) +M81]Sl]+ EKIWUWU
1 2 2 ! 2
+ EKZ(Wyx + Wiy, + 2wawyy) + 5K3(wyx + Wyy) (6.5.6)
where ¢; and w;; denote the strain tensors
1 (Ou; U; i

From (4.5.1) of Chap. 4 and (6.5.5) or (6.5.6), one can find the generalized
Hooke’s law for plane elasticity of dodecagonal quasicrystals as follows:

O = L(&xe + &yy) +2Mey,
gy = L(ew +&yy) +2Meyy
Oy = Oy = 2Me,,

Hy = Kiwy + Kowy,y (6.5.8)
Hy, = Kywyy, + Kowy,

Hy = (Ki + K> + K3)wyy + K3wy,

ny = (Kl + K2 + K3)Wyx + Kan

and there are the equilibrium equations when the body force is ignored
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oo doyy _ 0oy doyy _
ox + dy O’ Ox + dy 0

()H dH oH, (6:5.9)
8Hn !r) — 07 X + 8‘W — O

Eliminating stress and strain components from (6.5.7), (6.5.8) and (6.5.9), we
obtain the equilibrium equations expressed by displacement components as below:

MYV?u,+(L+M)ZV-u=0

MV?u, + (L+M)EV -u=0

f : (6.5.10)
Klvzwx + (Kz + K3) % (a(,;;“ + %) =0
KV, + (Ko + K3) & (% + 52) =0

If defining two displacement potentials F(x,y) and G(x,y) such as

(L+M) (?xav
—(L+2M) 55— Mk
(6.5.11)
(KZ + K3) Oxay
= —K\ 59— (K + K>+ K3) 5§
then Eq. (6.5.10) will be reduced to
VVF =0, V*V?G=0 (6.5.12)

which is found in Ref. [12] at first.

One can see that the problem is concluded to solve two biharmonic equations,
and the theory and method studying this kind of equations are well developed in the
theory of classical elasticity, which can be used in studying elasticity of qua-
sicrystals. In this respect, the most systematic method is the complex variable
function method. If assume ¢;(z), ¥, (z), mi(z) and y,(z) are analytic functions of
complex variable z = x+1iy (i = V=1 ), then

F(x,y) =Re[zo,(z) + [, (z)dz] }

(6.5.13)
G(x,y) = Re[zmi(z) + [ 71 (z)dZ]
where 7 = x — iy and Re denotes the real part of a complex number. Theory of
analytic functions is a powerful tool to solve the boundary value problems of
harmonic, biharmonic and multiple harmonic equations; the work on quadruple and
sextuple harmonic equations is developed by the study of elasticity of quasicrystals,
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and the details will be given in the successive chapters. As a complete description
for the new development of the method, some detailed summarization will be
displayed in Chap. 11.

Since 2004 the 12-fold quasicrystals observed in liquid crystals, colloids and
polymers as pointed out in Chap. 3; this is very interesting and explores the
importance of dodecagonal quasicrystals not only in solid but also in soft matter.
Relevant discussion will be given in Appendix D in detail; of course, the scope of
the discussion goes beyond elasticity.

6.6 Plane Elasticity of Point Group 8mm of Octagonal
Quasicrystals, Displacement Potential

Octagonal quasicrystals belong to two-dimensional quasicrystals, the Penrose tiling
of its quasiperiodic plane is shown in Fig. 6.5. The stowing of planes along the
third direction perpendicular them will result the quasicrystals.

In the following considering only a simple case of elasticity of the material, i.e.,
all of the field variables are independent from the axis along which the atom
arrangement is periodic. In the case, the elasticity can be decomposed into a plane
elasticity and anti-plane elasticity. We focus on the solution for the plane elasticity.
Within the quasiperiodic plane, the phonon elasticity is isotropic, so Cjy are the
same of those discussed in previous sections. The phason elasticity here is aniso-
tropic, but Kjj; are the same with those of point group 12mm quasicrystals. Between
phonon and phason fields there is coupling, the corresponding elastic constants R
are the same given by (6.1.6), that is,

Riji = R(6i1 — 012) (0401 — 00 + 0ude)  (i,),k, 1 =1,2) (6.6.1)

such that we have the elastic constants matrix

Fig. 6.5 Penrose tiling of
eightfold symmetry
quasicrystal
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[L+2M L 0 0 R R 0 0 1
L L+2M O 0 —-R —-R 0 0
0 0 M M 0 0 —R R
0 0 M M 0 0 —R R
[CKR] =
R —R 0 0 Ki K 0 0
R —R 0 0 Ky K 0 0
0 0 R R 0 0 K+K-+Kk; K3
Lo 0 R R 0 0 K; K+ K> +K; |
[L+2M L 0 0 R R 0 0 ]
L+2M 0 0 —R -—-R 0 0
M M 0 0 —R R
M 0 0 —R R
B K K 0 0
symmetry K 0 0
Ki+K,+K; K;
L Ki+ K>+ K3 |
(6.6.2)
The corresponding free energy density is
F -1 (V- u)’ + Meje;; + 1K wiiwy; + 1K (W2 w4 2wawy,)
) G S IWijWij ) 2Wyy yx xxWyy
5 K50y ) Rl — £1y) 0 y) + 26Oty — )] (6:6.3)

where ¢; and w;; are defined as before, and it is not listed again.

From (6.6.3) and (4.5.1), the generalized Hooke’s law can be expressed as
O = L + &yy) + 2Mey + R(Wye +wyy)
Oyy = L(ex + &yy) +2Meyy — R(wye + wyy)
Oy = Oy = 2Méyy + R(Wy — wyy)
Hy = Kiwy + Kowyy + R(6x — &) (6.6.4)
Hyy = Kiwyy + Kowy + R(ex — &)
H,, = (K| + K) + K3)wy, + Kzwy, — 2Re,,
H,, = (Ki + Kz + K3)wy, + K3wy, + 2Re,,

For saving the space, similar discussion on stress equilibrium equations is

omitted.
Through a similar procedure, equilibrium equations given by displacement

components are as follows:
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MYV?u,+ (L+M) 2LV - u+R(5;;§» +2ng;

MV2uy+ (L+M) £V -u+R(G5 =250 —

) =0

) =0

95

(6.6.5)

Pw, 5 ou,
K, v2wx + (K2 +K3) (d =+ (')x‘g}) +R(% =2 f)xg'y %}

) =0

KV (a4 K) (5 + 5) +R(53 + 260 - ) =0

It is evident that, if K, + K3 = 0, the equations will be reduced to (6.2.1). In fact,
K> + K3 # 0, so the equations are more complex than those given in the previous
sections. But the final governing equation for the present case presents more
interesting in mathematical physics, we can see immediately.

At first, we introduce two auxiliary function ¢ and  in such a way

—(L+M)Z (L+2M) 0—‘”
y = [(L+2M)d—‘/’ +M%+<L+M)g§gy
I (6.6.6)
Wy = —CO<2 Ox0y + ()x2 W)
02 02 02
Wy = w(a_)f_Tngo_ZWgy)
where w = M(L+ M) /R, so that (6.6.5) is simplified as
(T + 0T12) g2 + (T £ — BT 2 ) = 0
(6.6.7)
(T + 0T, gt + (4T 25 — TL £2) 9 = 0
in which
> _ 2 3 _ P
=3 a0y M =355 92 a2
o=R(L+2M) — o(K; + K, + K3)
(6.6.8)

B=RM — wK,,5 = RM — o(K; + K> + K3)
y = R(L+2M) — wk,

and o is given above. At last, the displacement potential F(x,y) is introduced
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Q= (ﬁnzé%— olly szz)F

(6.6.9)
Y = (yI1; + 6I,) 2L dxd)
and (6.6.7) reduces to a single equation as below:
(V2V2V2V2 — 4eV2VPAPA? +4eAP AP A A?)F =0 (6.6.10)
where
2 2 2 2
vz_alz‘f'gyza/\ %_%
(6.6.11)

R*(L+M)(Ks + K3)
MK + Kz + K3)—RZ[(L+ 2M)K, —R?]

& =

It is obviously if K, + K3 = 0, then ¢ = 0, and Eq. (6.6.10) will be reduced to
(6.2.7).

If F(x,y) is the solution of (6.6.10), substituting it into (6.6.9) and then into
(6.6.6), one can obtain the displacement field

H OM’),V {[MoI1y + (L +2M) BT15] + 4o (K> + K3)
X [M(? + (L+2M) dyz} AZ}

s - g ]

—4w (K> +K3)(L+ M) 8}(27;» A2F (6.6.12)

wy = o2 [w(o — BT, — 40?(Ky + K3) A*A’|F

wy = —0 a3 25 + BT 25| F — 802(Ks + Ks) 50 A'F
Similarly, the stress field has the following expressions:

5
O = 2M(L+M)ocl'[18—V2F+8Mw(L+M)(K2+K3) T pp

oy? Ox2dy3
>@ o A2
Ty :2M(L+M)oc1‘[1a 2y \Y F+8Ma)(L+M)(K2+Kg)EMa F
3 5

V?F — 8Mo(L+M)(Ky + K3) == T pp

Oxy = Oyx = —2M(L+M)ocH1 (9)636)12

Ox0y?
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H,, {Raﬁ[MmIAuz(LJrzM)ﬁHz o ]vz

> [, Pl

83
+K1(J)a 28 [( — /3)1'[11'[2 — 4(,1)(K2 —|—K3)A2A2]
8 2 2 85 2

H,, = {Raa [Man1A2+2(L+2M)ﬁH2 @ ]vz

> * P
+4R0(Kz + K3) 5 5 [M +(2L+5M) 2} A?

83
+K2wa 28 [( — [3)1'[11'12 — 40)([(2 —|—K‘;)A2A2]
a 2 2 85 2
—Kio|a 831_[ +,88 28 H +8(1)(K2+K3)6x28y3/\ F

0 0?
ny:{ (%C{ZMoc82
+4Row(L+2M) (K, + K3)

3
oy

B »
_K3CO|:OCax82 1+ﬁ—H2—|—8a)(K2+K3)8382A:|}F

I, — (L+ 2M)ﬁ1'[2/\2} I\

A2A?

0
Ox0y?

+ (Kl + K, +K3)(U — ﬁ)H1H2 — 4(1)(K2 + K3)A2/\2]

2
ny{ (,f [Zfo 38 — I} — (L+2M)BILA* | V?

83 24A2

—4R(L)(L+2M)(K2 +Kg)8 8 2[\ A

33

0xQy 2[(
8 2 2 85 2

—(K1+ K+ K)o a dy 2H +ﬁ H2+8w(K2+K3)WA F

(6.6.13)

+ K’;(l) — ﬁ)l’[ll'[z — 4CO(K2 + K3)A2A2}

A part of above results was reported by Refs. [12, 15, 17].
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6.7 Stress Potential of Point Group 5,5 Pentagonal
and Point Group 10, 10 Decagonal Quasicrystals

In Sect. 6.4, we discussed the displacement potential of plane elasticity of point
group 5, 5 pentagonal and point group 10, 10 decagonal quasicrystals. But the stress
potential for the quasicrystals is also beneficial, which will be introduced in this
section.

From the basic formulas listed in Sect. 6.4, if we exclude the displacements, then
there are the deformation compatibility equations

2, 2, 2,
Pewe | oy 08y Owy  Owee  Owye  Owyy

0y? + Ox? Ox0y’  Ox gy’ Oy Ox

(6.7.1)

If introducing stress potential functions ¢(x,y), ¥, (x,y) and ¥, (x,y) such as

=8 0y =8 g T
S AR A R N 672
H, = _ - -T2 Hy= 2

oy YT ax ) YT ey YT ax

then equilibrium equations da;;/0x; = 0 and OH;;/0x; = 0 will be automatically
satisfied.

Based on the generalized Hooke’s law (6.4.3), all strain components can be
expressed by relevant stress components:

1
(00 +0yy) + = [(Ki + K2) (00 — 0yy) = 2R (Hx + Hyy) — 2Ry (Hay — Hy )]

= ) p
1 1
by = m (Ot 0yy) — e (K1 + K2)(0xx = 0yy) = 2R1 (Hax + Hyy) — 2R (Hyy — H))

1
by = b = 5 (K1 +K2)0xy — Ro(Hox + Hyy) + Ri (Hyy — Hyy)]

1 1
(He — Hyy) + 2% [M(Hw + Hyy) — Ri(0x — 0yy) — 2Ry04)]

oK - Ka)
1 1
Wyy = — m (Hxe — Hyy) + 2% [M(Hy + Hyy) — Ri(0a — 0yy) — 2Rp0,)]
1 1 M
Wey =52 [—Ra(0x — 0yy) +2R10] + 2K, — K) (Hyy + Hy) + % (Hyy — Hy)
1 M
Wyx = % [Ra(0xx — 0yy) — 2R10,] + m (Hy +Hyx) — % (Hy — Hyy)

(6.7.3)
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in which
c=M(K; +K,) —2(R:+R3) (6.7.4)

So the deformation compatibility equations (6.7.2) can be rewritten by the
stresses 6y, Hj;, and then by employing (8.4.6), one has

LK o RO D
<2(L+M)+ 2¢ )VV¢+C<ayH1W1 8xn2lﬁ2

Ry, (O 1o} -
+ - (axl—hlh + aynllpz) =0

(6.7.5)

¢ 2 9 9 e —
<K1 K +M>V lpl + Ry 8yH1(]5+R28xH2(]5 =0

¢ 2. —r 2 96—
<K1—K2 +M>V ¥ Rlaxn2¢+RzayH1¢—0

where

, P PP PP
Vi=—+-3, 1=375—"53 2=3—5—+5
Ox2  Oy? Ox2  Oy? O Ox?

Equation (6.7.5) will be satisfied when we choose a new function G, which is
called the stress function, such that

¢ =1 V*V2G,
1o} 0 )
w1<R18yH1+R28xH2)V G, (6.7.6)
0 0 »
Yy = (Rlanz —Rza—yl_h)V G
in which
cp = Kl iK2 +M (677)
and
VAVAVAVAG =0 (6.7.8)

So the final governing equation based on the stress potential is the same as that
based on the displacement potential.
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6.8 Stress Potential of Point Group 8mm Octagonal
Quasicrystals

The final governing equation of plane elasticity of point group 8mm octagonal
quasicrystals was given in Sect. 6.6 by displacement potential; similarly, we can
also give a derivation by stress potential.

The strain compatibility equations and the definition on stress potentials are the
same as those given by (6.7.1) and (6.7.2), and the strain—stress relations are as
follows:

B = m {4—11 (K + K>)(L+2M) — 2R?] 0,
—% [(Ki + K>)L+2R*] 0,y — %R(L +M)(Hy + Hyy)} (6.8.1a)
= ] 400K 2o

1 1
+7 [(Ki + K>)(L+2M) — 2R*] 5y, + 5R(L+M)(Hxx +Hyy} (6.8.1b)

1
Exy = Eyx = % [(Ki + K>)0x + R(Hyy — Hyy)] (6.8.1¢)

1 1 ]
w=———— |=R(K; — K2)(Gyy, — 0xx) + (KxM — R*)H,, — (KM — R*)H
Mo = KK |2 (K1 = K3)(oyy — o) + (K ) (K> ) »|

(6.8.1d)
1 1 ]
y=———|=R(K| — K>2)(0yy — — (KM — RPH K\M — R)H,,
" S K S K |2 (K1 = K2)(0yy — 01x) — (K2 JHy + (K ) »|
(6.8.1e)

= ! {R(K\ + Ky +2K3)

T K K+ 2Ka)e U TR T AR
+ [(Ki + K> + K3)M — R*|H,, — (K3M + R*)H,,, } (6.8.1f)
1

=L R(K, +Ka +2K3)o,
" (K1+K2+2K3)C{ (Ki+ Kz + 3)0})

—(K3M +R*)H,y + (K1 + K> + K3)M — R*|H,, } (6.8.1g)
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in which

c=M(K, +K,) —2R*

If introducing stress potential functions ¢(x,y), ¥, (x,y) and ¥, (x,y) such as

A o — o) o — g — o)
gy T o Y Y 9xdy (6.8.2)
a0 an ok
gyt W ox’ oy’ P ox

then equilibrium equations (6.5.9) (or da;;/0x; = 0,0H;;/0x; = 0) will be auto-
matically satisfied.

Substituting the stress formulas (6.8.2) into the strain—stress relation (6.8.1a) and
then into the deformation compatibility equations (6.7.1), we have

c1V2V2¢+2R(L+M)%Hupl —2R(L+M)a%n2¢2 =0 (6.8.3)

1,90 Py, Py, Y,
_§R8_yH1¢+628x8y_c3 a2 oy? =0

2 2 2
e s eV P P

— — 0
2 Ox Ox0y “To T 0y>
where
0? o? o? ? o? O?
Vie 4 =3_———, Ih=3"—~—-—— 6.8.4
a2 o T2 o 2T 702 e (6:84)
KsM + R? K>M + R?
c1 = (K +K>)(L+2M) —2R?, ¢, = +
1= (K 2)( ) 2 K+ K, 4+ 2K;3 K — K>
(K\ + K> + K3)M — R? KiM + R?
Cc3 = 5 Cy ——8M8M8MM8M
3 Ki + K, +2K; TR - K

The manipulation of the second equation of (6.8.3) x % II, + the third equation
of (6.8.3) x gynl leads to
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There exists a function A(x,y) such that

o o o
¥y = < 4 ox20y a1l —|—C%a 5 1 —Cz—axzaynz)z‘\

63 83 83
lpz = <C26x—8y21—[1 — C3%H2 — C48x—ay2H2>A

Substituting (6.8.6) into the third equation of (6.8.3), we arrive at the function
G(x,y) satisfying the relations such as

(6.8.6)

¢ = —c3cVPV2G
(6.8.7)

1
A=—-RG
2

In the derivation, the relation ¢; = ¢4 — c¢3 has been used. The stress potentials
¢, ¥, Y, can be expressed by the new function G(x,y), that is,

¢ = —c3c,VPV2G
Ox2dy

1 o o o
— Rl - -
2 <C2 oy 1 TG gall magas 2)G

1 s : 0
l,bl:_R<C4X—H1+C3_H1_C2—H2>G (688)

Substituting (6.8.8) into the first equation of (6.8.3) yields
— 1634 VVAVAV2G 4+ R L+ M)
o o o ot ot
< 45 25y 2H2+c;8 H% 72c26 2y 21_[ H2+cza H2+c48 5 21‘[2)G 0
(6.8.9)

Considering the following relations

84
G~ 3 (VY - A, T = VY 4N = -
v 62 H? 2 o2 9?2

o Tap N T oy
equation (6.8.9) can be simplified as

V2V2VAV2G — 4eVPVAAT ARG + 4eA* AP A2 A*G =0 (6.8.10)
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with

RE(L+M)(cs—ci) R*(L+M)(K> +K3)
—cie3 +R(L+M)es  [(Ki + Kz + K3)M — RY[K (L +2M) — R?]
(6.8.11)

The final governing equation in this case is exactly in agreement to that given by
the displacement potential formulation, discussed in Sect. 6.6.

6.9 Engineering and Mathematical Elasticity
of Quasicrystals

The complicated structure of quasicrystals leads to the tremendous complexity of
their elasticity equations. Even though, the solution can also be carried out, and
fruitful results are found. This formulation is effective not only for linear elasticity
of the quasicrystals but also for nonlinear material response of the solids if coupling
some physical models [18, 19]. Those studies belong to mathematical theory of
elasticity of quasicrystals.

In the subsequent chapters, we can realize that the difficulty for analytic solu-
tions does not only lie in the complexity of the equations but also the boundary
conditions. In some cases, if one can simplify the boundary conditions, then some
meaningful approximate solutions may be constructed even if it needs no difficult
mathematical calculation. For this purpose, we consider an example.

From Sect. 6.3, we have deformation compatibility equations

Do ey ey
4 :

0y? Ox? Ox0y

Owyy  Owye Owye  Owyy

Ox dy ' Oy Ox

(6.9.1)

Then, the substitution of (6.3.2) into (6.9.1) yields the compatibility equations
expressed by g and Hj;

L+M (0> &
V2 (0u+0w) == (8 - ay) X (K + Ka) (0 = 0) = 2R(Hos + Hy)
L+M O?
= STaxay [(Ki + K>)0x — R(Hyy + Hyy)]

(6.9.2a)
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10 { (R — MK)H,, + (R* — MKz)ny}
— 2 |Roy, — )

COx K —K,
— SR o (e — H )+ 5 Mt Hy) = R0 = )
(6.9.2b)
19 {_ (R - MK\)H, + (R — MKQ)H),X}
Coy i K — K,
- 2(1(1_7_11(2)% (Hu — Hyy) + %% [M(Hy + Hyy) — R(0 — 0yy)]
(6.9.2¢)

in which C,;M,L,K;,K;, and R are given in Sect. 6.3. These three equations are
combined with the equilibrium equations

00, 00y da,,  Oayy

=0 =0
Ox Oy T Ox Oy
(6.9.3)
OH OH OH OH
xx Y _ »x Y _ o
Ox + Oy T Ox + Oy

and this provides a basis for solving the problem.

A very meaningful example is pure bending of beam, shown in Fig. 6.6.

For this sample, at the upper and lower surfaces of the beam there are following
boundary conditions

Oy = 0,05 =0 (6.9.4)
Hy, = 0,Hy =0

XX

i ;

Fig. 6.6 Beam of quasicrystal of tenfold symmetry under pure bending
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In addition, there are so-called St. Venant boundary conditions

12 /2

| oudy=0, [ youdy=M,
“h/2 k)2

h/2 )2

f/ H.dy =0, f/ yHdy = L, (6.9.5)
—h)2 —h)2

h/2 /2

J 045dy=0, [ Hydy=0
—h)2 —h)2

where M, and L, represent the resultant moments of ,, and H,,. The direction of
vector of the moments is z. Boundary conditions (6.9.5) are relaxation boundary
conditions, and this gives some flexibility for solution.

At first, we assume that the value of L, momentarily be undermined, and assume
further

O =A1y, 0Oy =0y=0,=0, Hy,=Hy=H,=0, H.=f(y)

and A; and f(y) to be determined. Substituting o, = Ay into (6.9.5), we find that

12M.
1= £ (6.9.6)
so that
M.
O = sz (6.9.7)

where [ =1 - 73 / 12 represents the inertia moment of the transverse section with
height # and width 1.
It is seen that the above results have satisfied Egs. (6.7.3), (6.9.2a) and (6.9.2c).
Substituting (6.9.7) into (6.9.2b) yields

He =R L M ru LM (698
TR ok — k) 2¢] T ) 2K — k) T 2C i

so the equation is satisfied. So that we have the solution

M,
Oxx =Y, 0y = Oxy = 0y =0
Ry (6.9.9)
Hxx = —1[1/2(K17K2~)+M/2C] 7Hyy = ny = ny =0
At last, combining (6.9.9) and (6.9.5) determines the value of L,.
Here, we utilize the physical character of the sample to solve the problem easily.
This procedure presents quite effective for some practical problems and needs not
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so hard mathematics. This treatment is similar to that in the engineering elasticity of
conventional structural materials; namely, there is engineering elasticity of qua-
sicrystals. But this monograph mainly discusses mathematical elasticity of qua-
sicrystals, because the problems with topological or metric defects such as
dislocations, cracks concerning stress singularities, or with local discontinuity of
physical quantities such as in contact, shock wave problems, due to the complexity
of boundary conditions the above engineering approximate treatment is ineffective,
we must develop systematic and direct analysis methods. In the classical elasticity,
such systematic and direct methods were developed by Muskhelishvili [20] in
1930s and Sneddon [21] in 1940s and present important effects promoting elasticity
and relevant disciplines of science and engineering. By extending the methods in
the classical elasticity to quasicrystal elasticity, we will display in detail the
application in Chaps. 7, 8, for two-dimensional quasicrystals, and in Chap. 9 for
three-dimensional quasicrystals, respectively.
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Chapter 7

Application I—Some Dislocation

and Interface Problems and Solutions
in One- and Two-Dimensional
Quasicrystals

In Chaps. 5 and 6, with the physical basis of quasicrystal elasticity based on the
density wave model, we have performed some mathematical operations, by proper
simplification, to reduce the original problems to the boundary value problems of
high-order partial differential equations and to establish the standard solving pro-
cedure and the fundamental solution formulas. This work is the development of the
boundary value problems in classical elasticity. Here, we need to pose a question:
Do these mathematical operations contribute to solving the quasicrystal elasticity
problems? This is answered only by practice. The following two chapters will
provide the applications of these theories, including the solutions to some dislo-
cation, crack and interface problems in one- and two-dimensional quasicrystals. The
calculation results indicate that the mathematical operations in Chaps. 5 and 6 are
powerful in solving these problems.

As we know, almost all monographs of classical elasticity do not place their
main focus upon dislocation and crack problems. These problems have been
investigated in monographs relating to dislocation theory and fracture theory,
respectively. As a monograph on theories of elasticity of quasicrystals, the current
work is not going to focus entirely on dislocations and cracks in quasicrystals.
Therefore, as an attempt to examine the theories developed in Chaps. 5 and 6 and to
show their applications in elasticity of quasicrystals, we present some calculation
examples of certain realistic dislocation and crack problems in elasticity of qua-
sicrystals. The methods developed in this work can be used for studying other
problems in quasicrystals.

Historically, soon after the discovery of quasicrystals, scientists proposed the
possibility of existing dislocations in quasicrystals. De and Pelcovits [1, 2] first
studied elastic field around dislocations and disclinations in quasicrystals.
Furthermore, Ding et al. [3, 4] conducted systematic investigations of this topic by
using the Green function method.
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Now, people have recognize that quasicrystal is a kind of ordered phase of
quasiperiodic long-range. Similar to crystals with ordered phase of long-range, the
breaking of long-range regularity takes place usually through topological defects,
i.e. dislocations lead to the breaking of the long-range symmetry. As mentioned in
Chap. 3, quasicrystals also possess the orientational symmetries incompatible with
those permitted in crystal theory. In quasicrystals, another defect, disclinations, also
exists simultaneously, which leads to breaking of the orientational symmetry in
quasicrystals. In some cases, the crystalline phases often coexist with the qua-
sicrystalline phases. So there is another kind of defects, the interface between
quasicrystal and crystal. The existence of these defects including the stacking fault
dramatically affects the mechanical properties of quasicrystals. Therefore, it is
important to study the elastic properties of quasicrystals with dislocations, discli-
nations, interface and stacking faults.

As aforementioned, during the study of dislocations in quasicrystals, physicists
have developed some mathematical methods, such as the Green function method.
These important methods are available in the relevant literature. Hereafter, by using
the elementary methods developed in Chaps. 5 and 6, complex analysis and Fourier
transform, we study the displacement and stress fields around dislocations or
interfaces in one-dimensional and two-dimensional quasicrystals quantitatively.
The three-dimensional dislocation and dynamic dislocation problems will be dis-
cussed in Chaps. 9 and 10, respectively.

7.1 Dislocations in One-Dimensional Hexagonal
Quasicrystals

Following the sequence from simplicity to complexity, we first study the disloca-
tions in one-dimensional quasicrystals. A dislocation in an n-dimensional qua-
sicrystal bears the Burgers vector e bt, where pll = (b'l‘, bg, e bu) is its Burgers
vector of phonon field and b* = (b7, by, ..., b;-) the Burgers vector of phase field.
And B!l is located in the physical space Ej, while b in the supplementary space or
the vertical space E,. For a one-dimensional quasicrystals, pll = (bll‘, b!, bg) and
bt = (0, 0, bt) since bt = bt = 0. Therefore, bl @ b+ = @\, B, B, b}) here,
which can be dealt with the superposition of (5], 5], 0, 0) and (0, 0, b, b2). The
(bH, bg, 0, 0) corresponds to the blade dislocation in regular hexagonal crystals,
whose elastic solution is available in common metal physics or dislocation
monographs, (e.g. Refs. [7, 8]). The one correspondence to the component (0, 0, b” s
by ) is the screw dislocation in one-dimensional quasicrystal. We solve the elastic
field induced by this dislocation in the following.

In Sect. 5.2, we have obtained the governing equations for anti-plane strain
problems in one-dimensional quasicrystal elasticity such as
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Viu, =0, Vw,=0. (7.1.1)

The boundary conditions corresponding to the screw dislocation with Burgers
vector (0, 0, b, by) are

_pl
oo~ = bl

Uzly=0+ — Ug

(7.1.2a)
0 [

/duz = bl /dwZ = bt (7.1.2b)

r r

or

where I' indicates an arbitrary contour surrounding the dislocation core. The
solution to the boundary value problem (7.1.1) and (7.1.2a) is:

by y by

_2 Y — Y
u, = 27Iarctanx, w, = 27_carctanx. (7.1.3)

The stress components can be extracted according to the stress—stain relation
(5.2.8) in Chap. 5 as:

o o Casby [y CRsby [y
* “ 21 \x2+)? 2n \x2 42
Cusb! X Rs3by X
Oy = Ozp = — o Sl - 212
2n \x*+y 2n \x*+y
o Kby (v Rsby( oy
“ 2n \x2+y? 2n \x%+)?

H. — _ bié‘ X + R3b|3‘) X
@ 2n \x2+y? 21 \x2 +y2

The displacement and stress field corresponding to the Burgers vector

bl@ept = (b‘l‘, bg, b!, by) can be obtained by superposing the above elastic field on
that of the regular hexagonal crystals.
The elastic strain energy induced by the screw dislocation is

W—sz( 718x szgv;>dx1dx2

f Ir (GM HZ,%”;)drd() : (7.1.5)

1
-2
_ (c44b!2 + Kbt 4 2Rsblbd )

(7.1.4)
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where rg is the size of the dislocation core and Ry is the size of the dislocation
network or inclusion, which are available in theory of dislocations in regular
crystals.

7.2 Dislocations in Quasicrystals with Point Groups 5m
and 10mm Symmetries

Consider a dislocation in pentagonal point group Sm or decagonal point group
10mm quasicrystals with Burgers vector bl bt = (b“, bg, bg, blL, bj‘), where bl is
its Burgers vector of phonon field and b is its Burgers vector of phase field. Here,
by =0 due to w, = 0.

This dislocation problem can be dealt with the superposition of two dislocation
problems of Burgers vectors (bH, bg, 0, bll, sz) and (0, O, b!), respectively. On the
dislocation line parallel to the direction of periodic arrangement (z-direction), the
elastic field induced by the dislocation of Burgers vector @, bg, 0, by, by) can be
simplified as an in-plane elastic field in quasicrystal elasticity, which can be anal-
ysed by the methods discussed in Sects. 6.1 and 6.2. The elastic field induced by

©, 0, b!) is governed by equation V2u, = 0, and its solution has been obtained in
Sect. 7.1. Therefore, in the following two sections, we always assume the dislo-
cation line parallel to the direction of atom periodic arrangement in quasicrystals,
and we only study the elastic field induced by the dislocation with the Burgers

vector (b, b)), 0, b, bl).
To demonstrate the methodology concisely, we first consider a special case of
(bH, 0, 0, bli, 0). During this procedure, in order to further simplify the mathe-

matical process, we first analyse the case of b‘l‘ # 0 and b‘z‘ = bi{ = by = 0. In this
case, we consider the problem in the upper half-space of y > 0, and the problem has
the following boundary condition:

aij(x,y) — 0, Hy(x,y) — 0(\/x? +y* — o0)
oy (x,0) =0

we(x,0) = wy(x,0) =0 , (7.2.1)

u(x,07) — uy(x,07) = va x<0or /dux = bu
r

where I' indicates an arbitrary contour surrounding the dislocation core.
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To solve this dislocation problem under boundary condition (7.2.1), we need to
solve the following Eq. (6.2.7), i.e.

V2VAVAVAF =0

By introducing the Fourier transform
+ 00
F(¢y) = / F(x,y)e'“dx (7.2.2)

where £ is the Fourier transform parameter, and the above equation can be reduced
into:

2 4
(;_yz_ 2) F(&,y)=0. (7.2.3)

This is an ordinary partial differential equation with constant coefficients, and its
general solution is

F(¢,y) = [A1 +Biy+ C1y* + Dyy’le &

i} (7.2.4)
+[A2 + Boy + Coy? + Doy’lel
where Ay, By, ..., D, are functions with respect to ¢ to be determined by boundary
conditions.

We are going to use Fourier transform to search for problem solutions in
Chaps. 7-10. For convenience, we only consider the problem in the upper
half-space (or the lower half-space) based on the symmetry or anti-symmetry of the
problems. It should be cautious that here the symmetry or anti-symmetry is in the
view of macroscopic continuum media, namely the even and odd characteristics of
the displacement function F(x, y) or stress function G(x, y) with respect to x, but not
in the scale of crystalline structures. Furthermore, during the use of Fourier
transform, we attempt to make the boundary condition homogeneous at infinity
(zero boundary condition). For example, the boundary condition (7.2.1) is homo-
geneous at infinity. Therefore, we only consider the case in the upper half-space,
and the formal solution (7.2.4) can be simplified as follows:

F(&,y) = [A + By + Ciy* + Diy’le b, (7.2.5)

In the evident reason, the suffix of Ay, By, Ci,D; can be removed in the fol-
lowing. For conciseness in writing, introduce the following indicator:

X =(A,B,C,D), Y=Ly ) (7.2.6)
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where the symbol T indicates the matrix transpose. Therefore, (7.2.5) can be
rewritten as follows:

F(&,y) = Xye (7.2.5")

Since A, D, C, and D are arbitrary functions with respect to &, without the loss of
generality, (7.2.5) can be rewritten as follows:

F(&,y) = (48 Xye 1 (7.2.7)

By performing Fourier transform on the displacement expressions (6.2.8) and

(6.2.9) and stress expressions (6.2.10) and (6.2.11), and using the notation (7.2.7),
we have

i (E,y) =18 'X[2nEY 4+ (m — 5n)|E|]Y" — (2m — 5)Y"]e P (7.2.8a)

ity (&,y) = €] X[2nE2Y" — (m+5n)|E|Y" + (2m+5n)Y"]e” ¥ (7.2.8b)

Wi(&,y) = —im(a — B)EX[2n|EPY — 128%Y +15|¢|Y" — 10Y"]e™ 1Y (7.2.9a)

Wy(&,y) = —(o— B)|E| ' X[4[EY — 1287 +15[¢]y”

(7.2.9b)

— (10+ey —e)Y")e W
Gu(E,y) = 2Ma(L+ M)X(—28%Y' + 8|¢|Y" — 13Y"]e” <V (7.2.10a)
Gyy(E,y) = 2Ma(L+M)X(2E*Y" — 4[E|Y" +3Y"]e 1P (7.2.10b)

Gy(Ey) = 63a(E,y) = 2Ma(L+M)EEX(2EY — 6[E[Y" +0Y"]e” P

(7.2.10¢)
Ho(E,y) = —o(a— B) (K, — Kp)|&| ' X[4]E]'Y — 16E%Y +27|¢|Y"

— (25 + €)Y 1P (7.2.11a)

) _ _ _ _ 3 2yl 1"
Hyy(éa)’) = —o(a— f)(K; KZ)X[ 4|E7Y + 12877 — 151¢|)Y (7.2.11b)

+ (10 — e;)Y")e”I<P
Hy(&,y) = io(o— B)(Ki — K2)& ' [EX[-4[PY 4+ 1287Y
—15[¢|Y" + (10 +e,)Y"]e Il (7.2.11c)
I _ _ _ -1 _ 3

+16E2Y" — 27|E|[Y" + (25 — e)Y"|e™ 1V
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where

m= Mo+ (L+2M)p,n = Mo — (L+2M)f

20 o — 208 n (a+p)
oK — K)ol B)(Ki —K) (2~ )

and o, f, d and w are given in (6.2.5).
The inverse of Fourier transform reads

ey =

+ oo

Fley) =5 [ Flewe e

—00
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(7.2.12)

(7.2.13)

and similarly, the inverses of displacements and stresses are obtained as follows:

+ 00

1 -
) =5 [ ineye ez

—00

+ o0

1 4_
wle) =on [ et

—00

+ o0

auxy) =on [ aulene

—00

Hi(x,y) / Hy(&,y)e d¢

(7.2.14)

(7.2.15)

(7.2.16)

(7.2.17)

In the above dislocation problem, u.(x, y) is an odd function with respect to x;
therefore, F(x, y) must be an odd function with respect to x according to the first
expression in (6.2.8). For an odd function, the Fourier transform (7.2.2) is rewritten

as follows:

F(x,y) sin(&x)dx

and its inversion is:

:l\l\)

/ (&,y) sin(éx)dé.
0

(7.2.18)

(7.2.19)
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If F(x, y) is an even function with respect to X, it has:

Fe,y) = / F(x, y) cos(&x)dx, (7.2.20)
0
and its inversion is:
2 o0
;/ (&,y) cos(éx)de. (7.2.21)
0

Therefore, the corresponding integrals relating u;, wj, oy and Hj can be
simplified.

So far, the displacement and stress components in the form of integrals have
been obtained, which all include the unknown functions A(¢), B(¢), C(&) and D(&)
to be determined by the second expressions in the boundary condition (7.2.1) such
that

A= (9Jsgné) /A&, B=2J&, C=(Jsgné)/2&, D=0, (7.2.22)

where J is a constant to be determined. By using the last expression in (7.2.1), i.e.
the dislocation condition, J can be expressed as follows:

’

Substituting the above expressions into (7.2.8a)—(7.2.11a) and then into the
inversion formulas (7.2.14)—(7.2.17) leads to the displacement and stress fields

induced by the dislocation with Burgers vector (blll, 0, 0, 0) in quasicrystals of point
group 5m fivefold symmetry or /0mm tenfold symmetry as given below:

l
Uy = % {arctan G) + (L+M)(II;1++A/(IJ)\;(II(I R Ci’)} (7.2.24a)

b (MK, — R?) n’ (L+M)K, Y
v on [_ (L+M)K, + (MK, — R?) ( ) (L+M)K, + (MK, — R?) <ﬁ>}
(7.2.24b)

b! (L+M)K 223y
e (%) (L+M)K, + (Mlél ) (7) (7:2.252)
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o (b (L+M)K, 20y (7.2.25b)
Y 2n ) (L+M)K; + (MK, —R?) \_ r*
2 2
o = 423 1Y) (7.2.26a)
r
(& =)
oy = AT (7.2.26b)
x(x* —y*)
Oy =0y =A p (7.2.26¢)
R(K| — K3) [x?y(3x* — y?)
Hy = —A 7227
w MK, — R? { o (7.2.273)
R(Ky — K3) [x*y(3y* — x*
H,, — —a KK = Ka) Xy (By =) (7.2.27b)
MK, — R 6
R(Ki — K3) [x*(3x* —y?)
Hy =A 22
MK, - R [ o (7.2.27¢)
R(K, — Ky) [X¥*(3y* — &
Hy, — AR — 22) X(yﬁ *) (7.2.27d)
MK, — R r

where r = \/x%2 +y2, a is the size of dislocation core, and

A= (b—1|> (L— M)(MK, — R) (7.2.28)

n | (L+M)K; + (MK, — R?)

Considering L = Cj, and M = (C;;—C2)/2 = Cgg in (6.1.1) and substituting
them into (7.2.24a) and (7.2.25a), we find that our solutions are exactly consistent
with those given by Ding et al. [4, 7]. They used the Green function method. This
examines the correction of our derivation.

In the case of R = 0, the above solution recovers the solution of dislocation in
hexagonal crystals [8]. If the material is isotropic, therefore, L = 4 and M = p.
Substitution of L and M into (7.2.28) yields

[
fby
=—— 7.2.29
2n(1 —v) ( )
where 1 and u are the Lamé constants and v is the Poisson’s ratio of phonon field. In
this case, u; and o;; recover those in a regular isotropic crystal with an edge dis-
location, while w; = 0 and H; = 0.
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Let us consider another special case of b{ # 0 and b‘l‘ = bg = by = 0. In this
case, the boundary condition can be described as follows:

aii(x,y) — 0, Hj(x,y) — 0,1/x> +y? — 00
H,,(x,0) =0
ix(x,0) = uy(x,0) = 0 (7.2.30)
wx(x70+) —wy(x,07) = blL, x<0 or /dWx = blL
r

where the meaning of I' is aforementioned.
By using the similar procedure, the displacement and stress fields can be
determined as follows:

Uy = lz’i]c‘;’ B - (Cl 2;02) Zrﬂ (7.2.31a)
N
= en() (52 2] e
R =y
o = — (cobll]%) y3e — ) (7.2.32a)

nciR 76
Gy = — (Ciif£°> Y 3(3’{’2’67 ) (7.2.32b)
Gry = Oy = (cfrlzlll;?) 2xy2(yr 26 nka) (7.2.32¢)
o = ];fi [(el +e)%— 20 }),); L xz)} (7.2.33a)
Hy = - (kzby) {2@2%— ¥) (- - )3y - x2>] (72.33b)
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x  2x?(3x2 — y})(3y* — x?)
xy e |:(el +€2) ") + S (72330)
kobix\ 2(x* —=y%) | (¥ =y*) (3% —y*)(3y* =)
Hy = — ( o —+ 5 (7.2.33d)
where ¢ = 20165 =124 %
coko coko ‘c1

¢y = (L+2M)K, — R*, ¢, =MK, — R*
and cg, ¢, ¢» and kg are given in Chap. 6, i.e.
co=(L+2M)R, ¢ = (L+2M)K; —R*, ¢, = MK, — R*
ko = R(K, — K3)

Superposition of the above two solutions yields the solution of dislocation
(b‘ll,O,bli,O). The solution of (0, b!,O,b;) can be determined similarly. Their
superposition yields the solution of (bll‘, b!, b, by ). The part of this work can be
found in the paper given by Li and Fan [5]. Readers may examine that the present

solutions are identical to those given by Ding et al. [4, 7] using the method of
Green’s functions (note that L = Cy,, and M = (C11—C12)/2 = Cep).

7.3 Dislocations in Quasicrystals with Point Groups 5,5
Fivefold and 10, 10 Tenfold Symmetries

Similar to those discussed in the proceeding section, as two-dimensional qua-
sicrystals, the Burgers vector of the dislocation is bll @ b' = (b‘l‘, bg, b!, b, by).
Due to w; = 0 and our assumption that dislocation line is parallel to the direction of
periodic arrangement (z-direction), the above Burgers vector can be considered as
the superposition of o, bg, b, by) and (0, 0, by). Under this assumption, the field
variables do not vary with the change of the variable z. Therefore, the elastic field
corresponding to (bll‘, bg, b, by) can be determined by using the theory of plane
elasticity of two-dimensional quasicrystals discussed in Sect. 6.4. The anti-plane
elastic field induced by (0, 0, b3) is very simple and can be solved by using the
method discussed in Sect. 7.1.

From Sect. 6.4, we have obtained the governing equation of plane elastic field of
quasicrystals with point groups 5,5 fivefold and 10, 10 tenfold symmetries:
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VAVAVAVAF =0 (7.3.1)

where F(x, y) is the displacement potential function, defined in (6.4.10). By per-
forming Fourier transform of (7.2.2) and considering the case of upper half-space

(y>0), its Fourier transform F(¢,y) has the form of
F(&y) = (48'R*) ' Xve 1V (7.3.2)

where X and Y have the same meanings as in Sect. 7.2 and § is the parameter of
Fourier transform, and

R*=Ri+R; (7.3.3)

After some algebraic operations with (6.2.8)—(6.2.11), the displacement com-
ponents in Fourier transform domain are:

i, (¢,y) = i€ RX[2nE*Y' + (m — 5n)|E|Y" — (2m — 5n)Y")e™ 1P (7.3.4a)
ity (£,y) = |€] ' RoX[2nE>Y" — (m+ 5n)|E|Y" + (2m +5n)Y"]e” 1 (7.3.4b)
Wi(E,y) = icof TRAX[A|EPY — 128Y +15)¢)Y" — 10Y"]e” 1P (7.3.4¢)

Wy (€,y) = col&| "REX[4E]Y — 128%Y 4+ 15]¢|Y" — (10 + eoR2) Y |e ™IV

(7.3.4)
where
m=cy+c,n=c, — cre0 = —[Cesc1 + Ci1c2]/ (Reo) } (73.5)
Ro = (R1 +1R2sgné) /R, Ry = (R; — iRasgné)/R
Similarly, the stress components in Fourier transform domain are:
Gu(€,y) = 2c0c2R " RoX (—2E%Y" + 8|¢|Y" — 13Y")e Il (7.3.6a)
Gy (E,Y) = 2c0c2R ™ RoX (2E2Y — 4|E|Y" +3Y")eIP (7.3.6b)

Go(E,y) = 63(E,y) = 12c002R ™ Ry (sgné)X (282" — 6[¢|Y" + 7Y |e” <P
(7.3.6¢)

H(E,y) = cokoREX[A|ELY — 1682Y 4 27|E]Y" — (25 + e,R2)Y"]e ™1 (7.3.6d)
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Hyy(E,y) = cokoR2X[—4[EPY + 1282 — 15[E]Y" + (10 — e, R)Y" e 1<V
(7.3.6¢)

Hy(¢,y) = icokoR2(sgné)X [—4|EPY + 12827 — 15|E[Y" + (10 + eaR2) Y"]e 71V
(7.3.6f)

H,(€,y) = icokoRa(sgné)X[—4|E[Y +16E%Y" — 27|¢|Y" + (25 — e R2)Y"|e 1<
(7.3.62)

2c1¢2 cico (c’l ch
= — 5 eéH = _— —
C()k()R 2 C()k()R C1 C s (737)

Cll = C]]Kz — RZ,CIZ = C66K2 — R2

where ¢y and K, are given in (6.4.13).

As introduced in the proceeding section, X includes four unknowns A(¢), B(&),
C(¢&) and D(¢), which can be determined by boundary condition. Once A(¢), B(&),
C(¢) and D(&) are determined, u;, w;, o3 and Hj can be determined by the Fourier
inverse.

In the case of dislocation problem bl abt = (b”, 0, bli, 0), we try to determine
these functions and their Fourier inverses in the following.

In order to simplify the calculation, we first consider the case of b‘l‘ # 0 and
blL = 0. In this case, the boundary condition is

aj(x,y) — 0,Hjy(x,y) — 0(v/x* +y* — 00)
Oyy(x,0) =0
wy(x,0) = wy(x,0) =0 (7.3.8)
/dux :b!,/duy =0
r r

In Fourier transform domain, solutions (7.3.4), (7.3.6a) and the first three
expressions in boundary condition (7.3.8) yield

A(¢) =9C(9)/4, B(¢) =2C(¢), D(¢) =0, (7.3.9)

and the dislocation condition leads to

/dux = —4c R (R1ReC + RysgnéImC)

r (7.3.10)

/ du, = 4c;R" ' (RyReC — RysgnéImC)
r
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where the indicators Re and Im stand for the real and imaginary parts of a complex
number, respectively. Finally, expressions (7.3.10) and (7.3.8) define:

) (R -Hstgné)bU Rob!
C = ReC +iIlmC = — = — 7.3.11
(é) eC +ilm 47'ER6'1 47'[6‘1 ( )

where Ry is given by (7.3.5) and c; is given by (6.4.9), i.e.

c1 = (L+2M)K; — R*, R*=R}+R; (7.3.12)
Therefore,
b} Y €1 —C (XY
U, = i {arctan (;) + e (r—z)} (7.3.13a)
b Aty (W (7.3.13b)
= o a cl a r? e
H 3 20342 4 2
coby [ (Ri 2x7y Ry y*(3x* + %)

_ Ry Ro\ Yy ¥ +y7) 73.13
e 27y [(R) rt + R rt ( °)
, = Q0L [(R) P32 +) L (R) 2y (7.3.13d)

Y 27me; |\ R r R) o

where ¢ is given by (6.4.13) and « indicates the radius of dislocation core.
The corresponding stress components can be determined by (7.3.13a) and
generalized Hooke’s law (6.4.3):

I 2,2
cocaby | y(3x” +y7)
= — 7.3.14
O < 7EC1R ) i"4 ( a)
I 2 2
cocaby \ y(x> —y%)
L= 7.3.14b
G}’y < 7IC1R ) }"4 ( )
Il 2 2
cocab| \ x(x* — y*)
Oxy = Oy = < TCCIR1> A (7314C>

I 2 2 2 3(2.2 2
cokoby [ (Ri\ x°y(3x™ — y*) Ry\ x*(3y” — x%)
Hxx = - - - — | 7.3.14d

ey {(R) ro + R ré ( )
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__coloby [(&) DEe =) <&) ’M} (7.3.14e¢)

» ncy R 70 R 70
Il 2(2.2 2 2 2
cokob| [ (R1 xy*(3x* — y°) Ry x*y(3y* — x?)
Hy=——|] 7+ —_ 7.3.14f
v ey [(R) 70 + R 70 ( )
I 3022 2 2 2 2
_ cokoby RN\ X3y —x°) (R xy(3x" —y7)
PRI AR R T

Now, let us consider the case of b‘l‘ =0 and b{ # 0. In this case, the corre-
sponding boundary condition is:

0;j(x,y) — 0, Hy(x,y) — 0(v/x* +y* — o)
Hyy(x,0) =0
1y(x,0) = uy(x,0) =0 : (7.3.15)

/dwx:bf,/dwyzo

r r

By using the similar analysis, the corresponding displacement and stress fields
can be determined as (7.3.16a) and (7.3.17a)

c1bt (Ry[xy c1 — e 2xy° . R, [y? N c1 — 2\ Y (2 —y?)
ux = _— - _— _—
mcoe; | R | r? 1 r R |r? c r

(7.3.16a)
_abl [ RI[Y  [(a—a\ Y —y) N Ry [xy L (e 2xy?
= ncpeq R |F? cl r* R |r? 1 r4
(7.3.16b)
_ bt N (B =R\ B2 )3 — %) [(2RiR) (3 —y?)
W = 2 {arctan(;) + ( e R? ) 376 + ( e R? ) 3r6
(7.3.16¢)
_ T (BB P68 =) (2R 0(3x — )3 — )
Y 2mey em R? 376 e R? 376
(7.3.16d)
2e2b1 [RiFy(3x* —y*) | Ryx’(3y* — ¥
b = — 222 Ry ¥y (3x Y)+_2x(y ) (7.3.17a)
neiR | R 70 R 70
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20b1 [R1y*(3x* —y?)  Roxy*(3y* — x?)
by = — — — 7.3.17b
% nelR [R 76 * R ro ( )
202bt [R1 xy?(3x% —y*)  Rox*(3y* — ¥%)
ny = ny = — nellé |:R r6 —+ Eriﬁ (7317C)
Kobt y R} — R} 2R\R,
= e — (e +€2)ﬁ +x Thﬂ(-xay) ) hao(x,y)
(7.3.17d)
_ Kobiy [R} — R} 2R|R,
Hyy - - 27'[61 R2 h22(x7y) + Thﬂ(x7y) (73176)
Kobt x R? — R} 2RR,
Hy = ey (e1 +€2)r—2 +y R hai (x,y) — Thzz(’% y) (7.3.17f)
Kobix [R} — R3 2RR,
H, = — B (x, By (x, 7.3.17
Y. 2re, R2 22()6 Y> + R2 21()6 y) ( g)
in which
2xy(3x* — y?)(3y* — #?
hai(x,y) = ( g)( )
r (7.3.18)
2(° —y*) | (o —y)(3x =) (3 — )
hao(x,y) = p + -

The solution to dislocation problem (b‘l‘, 0, bf-, 0) can be determined by
superposing (7.3.13a) and (7.3.14a) onto (7.3.16a) and (7.3.17a). The solution to

dislocation problem (0, bg, 0, bzl) can be determined in the similar way. As a result,

the solution to dislocation problem with Burgers vector (b‘l‘, bg, bi, by) can be
determined completely.
The above work can be found in the literature [6].

7.4 Dislocations in Quasicrystals with Eightfold Symmetry

The final governing equation of elasticity of two-dimensional quasicrystals with
eightfold symmetry can be expressed as follows:
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(V2V2V2V2 — 4eV2VPAPA? +4eA2 AP APA?)F = 0 (7.4.1)
in which

PLE L. 8
oxz 9y’ Ox2  9y?
R*(L+M)(K> +K3)

[M(K, + K, + K3) — R?][(L+2M)K, — R?]

vZ
(7.4.2)

& =

(see (6.6.10), (6.6.11) for detail). Equation (7.4.1) is more complicated than that
of (6.2.7) and (7.3.1), so the solution of which is also more complex than that
discussed in the previous sections. Due to the limitation of space, we cannot list the
whole procedure of the solution and only give some main results of which in the
following, in which both Fourier transform and complex variable function methods
are, respectively, used.

7.4.1 Fourier Transform Method

Considering dislocation problem bl abt = (b“, 0, blL, 0, 0), we try to determine
the displacement field under the action of the boundary conditions

a(x,y) — 0, Hy(x,y) — 0(\/x? +y* — 00)
oyy(x,0) = 0,H,y(x,0) =0

(7.4.3)
/dux:bll‘7/dwx:b1l
r r
By performing Fourier transform of (7.4.1), it can be reduced to
A A LA 2\
— - —de| — — 4e| — F=0 7.4.4
[(dyz > F(dy2 é) i P<dy2 +é) 744

The eigen roots of Eq. (7.4.4) depend on the value of parameter ¢, and Zhou [9]
gave a detailed discussion for the solutions corresponding to case (1): 0 <e<1 and
case (2): £<0, but calculation is tremendously complex and lengthy which cannot
be included here. For the case (1), the solution is
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1 [l
u(x,y) =5 {1721 {arctan (jL /—:A + jj) + arctan( /‘:A 17%)]

2/3xy 22xy
+ (F3C + F4D) |arctan———————— —arctan———————
2 = (3 + ) 2= (7 + )y
e X2+ 2oxy + (4] +43)y° F 1 2y + (22472
. > e 6
4n — 2axy+ (2] + 25)y> X2 — 204xy + (23 + 23)y*

1 241 40y? A
uy, = —< H; arctan% — 2arctan =2
2n 24 (A = 43)y A

2/13 /14)72

+ H, |arctan ——————— — 2 arctan —
? 2+ (2= zg”

1 4412002 = 22 Xt 2(2% -
+ — H3ln1+x+ﬂz(1n2/122)xy +Hyln|l+ +2( 732y
4n (41 +43)"y* (3 + 23
1 blL )»%+) j.z A +/1 y 22
wy(x,y) 75{7 {arcta ( P + il) + arctan( p ;fi—l)}
2/{3)6)1 2/11)()1
+ (G3C+ G4D) x |arctan ————— — arctan —————5——
e R W
1 P +2 T+ 2. 254 23)y
L1 Gsln + Azxy+(A12+A2)y +Gom’ © - 2+ ( 32+é)y2
4n — 2axy + (4] +73)y? —224xy+ (A3 + 43y
1 21 A0y? A2
wy,=—<1 arctan+y2—2arctan—
21 )C2+ (;Ll — /12) /11
27374° A4
+1 arctané—“yﬂz— 2 arctan 22
K2+ (A5 — A2 3
1 442002 = 2)2y? Y2073 — iy
+ — I3ln1+x+"2(‘ 222)x +I4ln1+x+2(32/;4)xy
4n (4 +43) ¥ (A3 + 2"
(7.4.5)
in which Fy,...,F¢,Gy,...,Ge,Hy,...,Hy and I,..., 1, are some functions of

A, 42,23 and /4 which are constants constituted from the original material con-
stants M, L, K, K>, K3 and R, and the expressions are very complicated and lengthy
and hence omitted.
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By using the similar procedure, the solution for the case (2) can also be obtained.
But the solving procedure is very tedious due to the complexity of the final gov-
erning Eq. (7.4.1). We omit them for simplicity.

7.4.2 Complex Variable Function Method

The Eq. (7.4.1) can also be solved by complex variable function method. For this
purpose, the equation can be rewritten as follows:

o 8 8 8 o
o 1~ 40 gans #2034 160) 5om +4(1 40 g + 55| F =

Ox00y? Ox*Oy* 0
(7.4.6)

The solution of Eq. (7.4.6) can be expressed in terms of 4 analytic functions
Fi(z) of complex variable z; (k = 1,2,3,4), i.e.

4
F(x,y) =2Re Y Fi(z) 2k = X+ 14 (1.4.7)
k=1

and w, = o +if, (i =1,2,3,4) are complex parameters and determined by the
roots of the following eigenvalue equation

w41 —4e)p® +2(3+ 16e)u* +4(1 —4e)> +1=0 (7.4.8)

Based on the displacement expressions (6.6.12) and the dislocation condition

/dux = bl /duy = bl /dwx = b, /dwy — bt (7.4.9)

r r r r

we can obtain the solution as follows:
4 4
u, = 2Re Z aufi(zk), uy =2Re Z anfi(zx)
k=1 k=1

4 4
wy = 2Re Z afi(z), wy=2Re Z asfic(zx)
k=1 k=1
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where

~ OFi(z)

filze) = TZZ (7.4.9)

Some detail of this work can be found in Ref. [10].

7.5 Dislocations in Dodecagonal Quasicrystals

In monograph [7], Ding et al. give the solution in terms of the Green function
method which has not been introduced in the present book, so the detail is omitted
and only the results are listed, such as the phonon displacement field

|
U = ﬁ (arctan(xz/xl) +

L+M xi1x
L+2M r?

bl L+M X

2n \L+2M L+2Mr?)’
B bll( M L+Mx§>

In(r/ro) +

-1 1 dt
==\ Ut T

bg L+M xix»
+ o arctan(x, /x;) — Lo 2 )

uz = 0. (75.1)

and the phason displacement field

bi (K1 +K>) (K, +Ks)ﬂ>

= — t —
Wi o (arc an(x2/xl) 2K1(K1 +K2+K3) r2
n by [ K (Ki+K>+K3) — KiKs
K1 (K| + K> +K3)

e In(r/ro)

(Ki +K>) (Ka +1<3)x_§)>
K\(Ki+K,+K3) 2 )’
b} ((KZ(KI + K, +K;3) — KiK; (K1 +K2)(K2+K3)x%)>

Wy = —— In(r/ry) —
> anm Ki (K, + K>+ K3) (rfro) Ki(K\ + K> +K3) r?

+ 2 (aretan(o ) +
— | arctan(x, /x
27'C 2 1

(K1 + K>) (K, +K3)3ﬂ>
2K (K1 + K, + K3) r2
(7.5.2)
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and the signs L and M are phonon elastic constants and others are the same meaning
as before. Because the phonons and phasons are decoupled for dodecagonal qua-
sicrystals, the coupling constant R = 0.

7.6 Interface Between Quasicrystal and Crystal

In the previous sections, we discussed dislocation problems in one- and
two-dimensional quasicrystals, and a series of analytic solutions are obtained. In
Chap. 8, we will discuss the crack problems in the material. Apart from dislocations
and cracks, interface is a kind of defects in quasicrystals too, which is of particular
significance for some physical processes.

We know that all quasicrystals observed to date are alloys. This kind of alloys
can be in crystalline phase, or in quasicrystalline phase or in crystal-quasicrystal
coexisting phase. Li et al. [16, 17] observed the crystal-quasicrystal phase transi-
tion, which is continuous transition. During the process, there must be interface
between crystal and quasicrystal, so the interface is an important problem. In this
section, we give a phenomenological study on elastic behaviour of the interface for
one-dimensional quasicrystal—isotropic crystal. Refs [15—-17] pointed out that the
phase transition is induced by the phason strains. However, this is a very compli-
cated problem far unsolved. We focus only on the determination of the strains in
this section, and further studies will be given in Chap. 9 for icosahedral qua-
sicrystal—cubic crystal interface.

Consider an orthorhombic quasicrystal be laying at upper half-plane (i.e. y > 0)
whose phonon-phason coupling problem is governed by (5.4.3), i.e.

ot ot ot
(al PR 202 +as 6_y4>F =0 (7.6.1)

in which F(x, y) denotes the displacement potential, a1, as, as the material constants
composed from Cjy, K;, and R; defined by (5.3.6). We assume that the crystal
coexisting with the quasicrystal be laying at the lower half-plane with thickness A
(i.e. —h<y<0), then the plane y = 0 is the interface between the quasicrystal and
crystal, see Fig. 7.1. For simplicity, suppose the crystal be a isotropic material,

characterized by elastic constants ngd (E©), 1), At the interface, the following
boundary conditions are as follows:

y=0, —oco<x<oo: 0y =1f(x) +ku(x), H,=0 (7.6.2)

in which f(x) is the distribution function of applied stress at the interface, u(x) =
u(x,0) the value of displacement component of phonon field at the interface, 7 a
constant shear stress and k a material constant to be taken as follows:
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Fig. 7.1 Coexisting phase of A
quasicrystal—crystal y Q "
uasicrystal
z) ’ Kl > ‘Rx
e .
h Crystal
©
1
(c)
u
k = 7.6.3
; (7.6.3)

and where u() and & the shear modulus and thickness of the crystal. We further
assume that at the outer boundaries, it is stress free.
Taking the Fourier transform

o0
F(&y) = / F(x,y)e ™ dx (7.6.4)
to the Eq. (7.6.1) yields
d4 2
< S ayt +aaé +alé4) =0 (7.6.5)

If assume solution of Eq. (7.6.5) be
F(&y) = e el
where y > 0 and / is a parameter, and substituting it into (7.6.5) leads to

asit —az)® +a, =0 (5.7.6)
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with roots of which

P 2a3 + /a3 — 4ajas 2a3 + /a3 — 4ajas
ul,/uz,)v3,/14 = s — 2a5 (767)

2a5

So that

f:‘(é’y) — Ae— Ml +Be—/12\f|y +Be—i3\§|y +De—7~4|5\)’
By considering the condition of stress free at y = oo, then C = D =0, i.e.
F(&,y) = Ae™Mlb 4 peldly (7.6.8)

According to Sect. 5.4, we have

OF
0z = (R6Cas — R5Css) 20y
o? o? 0 0
H,, = <C55ﬁ +C44a—y2> (Kla +Kza—y>F
& &

The Fourier transforms of the stresses and displacement are, e.g.

dF

Gy = —(R6Cas — R5Css5)E —

o= s
R R dF d’F &F

. 2 ) .

H, = —iCssK|E|EF + CssKy & O +1C44K1|§|d—y2 - C44sz—y3

dF

Gy = —(RgCaq — RsCs5) & —

2y dy
R , . dF | d’F dF
H,, = —iCssK;|E|EF + CssKr & — +iCuK; |¢| ——5 — Cuks—

dy dy dy
2 Y -

Substituting (7.6.8) into the second one of (7.6.10) and then into the second one
of (7.6.2) yields

B=o0A (7.6.11)
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where
o= —)462 — ;L:EC4 + i(Cl +;\.%C3)
ey + 136‘4 + i(—01 — )36‘3)

Cq — C44K2 (7612)

c1 = Css5Ky, ¢ = Cs55Ky, 3 = CukKj,
By applying the Fourier transform, the stress and displacement components are:

G20(€,0) = A(E)|E](Ae M1 a2 e 1)

it,(£,0) = A(E)E[(—Re + 1Rs)e M1V 1 o (Rg — 23Rs)e IV (7.6.13)

The Fourier transform of the first one of (7.6.2) is:
G(&,0) = T (&) +ka(¢,0) (7.6.14)

From (7.6.13) and (7.6.14), one determines the unknown function

A(E) = 7(0) 7.6.15
© (71 + ada) — kE[~Re + A{Rs + a(Rg — /;Rs)] ( )

So all stress and displacement components for phonon and phason fields can be

evaluated, e.g.

1 i ~ L —iéx 1 i 7 a1 1 A& —iéx
Oy =5 / Gye dE = 7 / A(E)|E|(Are M1V 4 aipelh)eierge
—00 —00
1 r ~ —ilx
U =5 / e 'dg
1 T p p .
=5 A(é)fz[(—Rﬁ + X%Rs)e_il‘g‘y + a(Rg — X§R5)e_b‘g|y]e_‘€xdf
(7.6.16)
o0
we = / We v dE
= - E A(é)éz[(_CSS + ;L%C66)e_/m€|y + ’x(Cﬁé — )»§C55)e_iz‘ély]e_i§xdf
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The phason strain field presents important effect in the phase transition of
crystal-quasicrystal, which are determined from the above solution such as

ow,
Vo = Ox
1 _alE A —iéx
= _IE A(é)f3[(—C55 + )L%C66)e 1ty + “(C66 — /1§C55)e “-lé‘y]e - df
awZ
Wzy =
1 o

=— | A(E)E[M|E](—Css + F2Cep)e M1V
T

+ Azlfloc(Cas — J5Css)e P1emide (7.6.17)

The calculation of integrals (7.6.17) depends upon the form of function

= [ f(x)ei**dx, in which f(x) represents the stress distribution subjected at

the interface. We can obtain the elementary form of the integrals by residual the-
orem for some cases, e.g. f(x) = d(x), or

)1 x[<a/2
f(x)_{O |x| >a/2

The computed results vary from material constants Cj;, K;, R; of quasicrystals,
and the material constant u(¢) of crystals, applied stress T and the size & of the
crystals, so the results are very complicated.

Further discussion on interface and integral calculation will be given in Sect. 9.2
of Chap. 9.

7.7 Dislocation Pile up, Dislocation Group and Plastic
Zone

Previous discussion gives some solutions of single dislocation in some one- and
two-dimensional quasicrystals. The dislocations can pile up when they meet some
obstacles and lead to dislocation group, and this is a plastic zone in the material.
Dislocations and plastic zone influence the behaviour of materials evidently. There
is a lack of theory of plasticity of quasicrystals so far. Observation on plasticity of
quasicrystals from point of view of dislocation is a basic way at present. It provides
not only the mechanism of plasticity of quasicrystals but also the tool for evaluating
exactly some physical quantities concerning plastic deformation. This greatly helps
the discussion in Chaps. 8 and 14, respectively.
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The slow movement of dislocations includes forms of slip and clime, and they
relate to plasticity of quasicrystals (refer to Messerschmidt [20]), which will be
discussed in Chaps. 8 and 14.

7.8 Discussions and Conclusions

The main objective of this chapter lies in the demonstration on effect of our for-
mulation in Chaps. 5 and 6, and it does not completely intend to explore the whole
nature of dislocations and interfaces in quasicrystals. Other works, e.g. [11-15, 18,
19], can be referenced. But reader can find from the results listed above that
dislocation leads to the appearance of singularity around the dislocation core, e.g.
stresses 05, H; ~ 1/r (r — 0), which is the direct result of symmetry-breaking
due to the appearance of the topological defect, where r is the distance measured
from the dislocation core. This is similar to that of crystals, i.e. the
symmetry-breaking also leads to the appearance of singularity in crystals.
Physically, the high stress grade is called the stress concentration around dislocation
core which results in plastic flow in crystals as well as in quasicrystals. So dislo-
cation and other defects in quasicrystals affect evidently the mechanical and other
physical properties of the material. The dislocation solutions present important
application in studying plastic deformation and plastic fracture, and one can refer to
[14] or Chap. 14 of this book. The discussion on interface here is in primary
version, but it may be helpful for understanding crystal-quasicrystal phase transi-
tion. However, this is a very complicated problem, and the data in this respect are
very limited so far. The dislocations and interfaces and the solutions in
three-dimensional quasicrystals will be introduced in Chap. 9, and the dynamic
dislocation problem can be referred in Chap. 10.
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Chapter 8

Application II—Solutions

of Notch and Crack Problems
of One- and Two-Dimensional
Quasicrystals

Quasicrystals are potential material to be developed for structural use, and their
strength and toughness attract the attention of researchers. Experimental observa-
tions [1, 2] have shown that quasicrystals are brittle under low and middle tem-
perature. With common experience of conventional structural materials, we know
that the failure of brittle materials is related to the existence and growth of cracks.
Chapter 7 indicated that dislocations have been observed in quasicrystals, and the
accumulation of dislocations will eventually lead to cracking of the material. Now,
let us study the crack problems in quasicrystals that have both theoretical and
practical values in the view of application in the future.

Chapters 5-7 have discussed some elasticity and dislocation problems in one-
and two-dimensional quasicrystals. It has shown that when the quasicrystal con-
figuration is independent of one coordinate, e.g. variable z, its elasticity problem
can be decoupled into a plane problem and an anti-plane problem. In the case of
one-dimensional quasicrystals, if the z-direction accords to the quasiperiodic axis,
the above plane problem belongs to classic elasticity problem, and the anti-plane
problem is a coupling problem of phonon and phason fields. In the case of
two-dimensional quasicrystals, if z-direction represents the periodic axis, the above
plane problem is a coupling problem of phonon and phason fields, and the
anti-plane problem belongs to a classical elasticity problem. Because of using
decomposition procedure, the resulting problem can be dramatically simplified.
Chapters 5 and 6 have given their corresponding fundamental solutions, and
Chap. 7 conducted the solutions of dislocations in detail. The present chapter is
going to focus on crack problems, and we continue using the above schemes, such
as the fundamental solutions developed in Chaps. 5 and 6, and the Fourier trans-
form and complex analysis used in Chap. 7. But it emphasizes the complex analysis
method, which will be developed in Sects. 8.1, 8.2 and 8.4 and succeeded sections,
and this approach is powerful. Problems displayed in Sects. 8.1 and 8.2 are relative
simpler; the detailed introduction may help reader to understand and further handle
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the principle and technique of the complex analysis method; though the represen-
tation is not beyond the classical Muskhelishvili [17] method, this is helpful to
understand the solutions for more complicated problems displayed in Sects. 8.4-8.8
and in the next chapter. The further summary of the method will be introduced in
Chap. 11, because the contents in Sects. 8.4-8.8 and Chap. 9 bring some new
insights into the study and are beyond the classical Muskhelishvili method; the
general discussion is necessary and may be beneficial.

Based on the common nature of exact solutions of different static and dynamic
cracks in different quasicrystal systems in linear and nonlinear deformation (which
are discussed in this chapter and Chaps. 9, 10 and 14), the fracture theory of
quasicrystalline material is suggested in Chap. 15, which can be seen as a devel-
opment of fracture mechanics of conventional structural materials.

8.1 Crack Problem and Solution of One-Dimensional
Quasicrystals

8.1.1 Griffith Crack

As shown in Fig. 8.1, assume a Griffith crack along the quasiperiodic axis

(z-direction) of a one-dimensional hexangular quasicrystal and under the action of

external traction O’§;C> = 11 and/or Hz(;o ) = 75. The deformation induced is often

termed longitudinal shearing. Obviously, the geometry of the crack is independent
of variable z. In this case, all field variables are independent of variable z. Therefore,
based on the analysis in Chap. 5, this one-dimensional quasicrystal elasticity can be
decomposed into a plane elasticity problem of regular crystal and an anti-plane

Fig. 8.1 A Griffith crack y
subjected to a longitudinal *
shear where 7 = 1 [
corresponding to phonon field | // ,/ /, / /
and 7 = 1, corresponding to \ ’
phason field of a Griffith crack 1 |
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elasticity problem of phonon-phason coupling field. Plane elasticity problems of
regular crystal have been studied extensively in classical elasticity, and its crack
problems have also been studied in the classical fracture theory, such as in Ref. [3].
Therefore, we skip the discussion of crack problems in regular crystal. The
anti-plane elasticity problem of the phonon-phason coupling field is described by
using the following basic equations:

Oy, = Oz = 2Cu8y; + R3wy,
Oy = Oxg = 2Ca48x + Rawyy

8.1.1
sz = szzy + 2R38zy ( )
HZ)C = KQWU + 2R38u-

1 0u, 1 Ou,
yz = &y =355,y fx =&z =375,
oe Y o (8.1.2)
Way = 3y s Wox = ¢
0o, 0oy OH,. OH
= =0, + = =0 8.1.3
ox Qy Ox Jdy ( )

The derivation in Chap. 5 shows that the above equations can be reduced to
Vu, =0, Vw,=0 (8.1.4)

where V2 = 9% /0x> + 0%/ 9y>.
Figure 8.1 shows that the anti-plane deformation of a Griffith crack has the
following boundary conditions:

x2 _|_y2 — 00 Oy =Ty, sz = 12,0z :HZX =0 (815)
y:0,|x|<a: 6,,=0, Hy=0

where a is the half-length of the crack.
Based on the results of linear elasticity analysis, if the quasicrystal is
traction-free at infinity and instead there are a traction ¢,, = —1; and a generalized
traction H,, = —1, at the crack surface, then the boundary conditions stand for
X+y? — 00 oyZ:ozx:Hzx:HZy:O} (8.1.6)
y=0,|x|<a: oy, =—-11, Hy=-1

Here, we give phason stress 1, at the crack surface from the physical point of view,
though its measurement result has not been reported yet. For simplicity, we can
assume 7, = 0, sometimes.

In the following, we are going to solve the boundary value problem of (8.1.4)
and (8.1.5) first. The complex analysis method will be used. To do so, we introduce
the complex variable
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t=x+iy=ré’, i=+v-1 (8.1.7)

From Eq. (8.1.4), it is known that both u/(x, y) and w,(x, y) are harmonic
functions that can be expressed in terms of the real part or the imaginary part of two
arbitrary analytic functions ¢,(z) and ,(¢) of complex variable ¢ in a region
occupied by the quasicrystal. For simplicity, we can call ¢, (¢) and ,(¢) as com-
plex potentials. Here, assume

"‘z(xa ) =R ¢ (f
o) = Rethy (1) } (8.1.8)

in which the symbol Re indicates the real part of a complex number.
It is well known that if a function F(z) is analytic, then

oF _dr o _idr
Ox dt’ Oy dt’

Furthermore, assume

F(t) = P(xvy) +iQ(x,y)
= ReF(r) +ilmF(1), (b)

where symbol Im denotes the imaginary part of a complex, and P(x, y) and
O(x, y) represent the real and imaginary parts of F(t), respectively. Therefore, the
Cauchy—Riemann relation leads to

oP 00 0P 00

E*a—yv (“)_yiig' (c)

With the aid of relation (a), formula (8.1.8) and Egs. (8.1.1) and (8.1.2) lead to

0 0
6yz = O’Zy = C44a—yRe¢1 —|—R'; a—yRelpl

0 0
Oy = Oy = C44aRe¢1 +R3 aRelﬁl

5 5 (8.1.9)
Hy =K aRe‘/h +Rs3 aRefbl

0 0
HZ,Y = K2 a—yRelpl +R3 a—yRe¢l

Based on the Cauchy—Riemann relation (c), the above equation can be rewritten
as
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Oy — 10y = Caadp’ + RV
o~ 10y = Cuadhy Ry (8.1.10)
Hz,x — ley = Kzl//l —|—R3¢1
where ¢ = d¢, /dey) = dy, /dr.
According to formula (8.1.10), we have
6}'2 = GZY = _Im(C44¢)/1 +R3lp/l) (d)
Hyy = —Im(K2y/| + Rsy)

Furthermore, for an arbitrary complex function F(¢), its imaginary part is

where F indicates the conjugate of F. Then, formula (d) can be expressed as
follows:

Oy; = Ozy = _% {C44(¢)/1 - ¢7/1) +R3(¢/1 - ﬂ)} +7
Hy = —3; [V~ FD) +Re() = 97)] + 2

(8.1.11)

The expression given by (8.1.11) ensures the solution constructed in the fol-
lowing to automatically satisfy the boundary condition at infinity, and the solution
is:

. ia(Kzfl — R3‘L’2) t 12
P ="k - R; <a - (5) 1)

. ia(C4412 — R3‘L’1) t 12
Vilr) = Cuk; — R (E B (Z) _1>

whose derivation can be obtained in terms of the strict complex analysis method as
well as the Fourier method given in Sect. 8.12—Appendix 1 of this chapter.
From (8.1.12),

(8.1.12)

i(Kz‘L’] — R3‘L’2) t
(,15/1 (t) = CuK> — R 1- 3 3
1Ko 3 2 —a

‘// (l‘) _ i(C44‘Cz — R3’E]) (1 B t )
! C44K2 — R% 2 —a?

(8.1.13)
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and substitution of the above expressions into the first expression in (8.1.11) yields

L !
Uu_lazy_lfl(_ﬂ—Z7>. (8114)
Separation of the real and imaginary parts of (8.1.14) leads to
1 1
Oy = Opp = Tlrl/zsin<0 — =0 02)
(rir2) 22 (8.1.15)
Gy = 0y = —"_cos 0—10 —19 -
v Zy_(rlrz)l/z 2 ! 2 2
where
t=re’, t—a=r2e" 1+a=r2e" (8.1.16)
r=vVa2 4y, n=y\(x-a’+y n=y/(x+a)’+)?
or y y y (8.1.16)
0 = arctan (—), 0, = arctan(x ), 0, = arctan( >
X —a xX+a
which is shown in Fig. 8.2.
Similarly,
; ; !
Hu—lHZy:lTQ(—Taz) (8117)

For these stress components, there are similar expressions like (8.1.15).
As a result,

3 |x] > a
0) = { Vii-a’ 8.1.18
Gzy(xa ) { 0 |x| <a ( )
" ( 0) xfzzxa — T, |x| >a (8 1 19)
(x,0) = < V= 1.
Z’ ) |x| <a
Fig. 8.2 The coordinate vA
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The above two formulas indicate that at y=0 and |x| < 1: 6, =0, H,, =0.
Therefore, the solution given above also satisfies the boundary condition at the
crack surfaces.

Formulas (8.1.14) and (8.1.17) also show that when /x? 4+ y?> — o0, 0y, = 11,
oy, = 0 and H,, = 1, H,, = 0, namely, the solution given above satisfies boundary
condition at infinity.

8.1.2 Brittle Fracture Theory

The above formulas show that stresses have singular characteristics near crack tips,
for example,

0y(x,0) z%ﬂoo, x—a"
A (8.1.20)
Hoy(x,0) = ——— — 00, x—a
Y\ ) 5 I
x> —a

If defining the Mode III stress intensity factors of the phonon and phason fields
such that:

KI‘}I = lim /27(x — a)ozy(x,0),
K = lim /27 (x — a)H.(x,0),

we have

KI‘}I = V/mat;, Ky = V/rawy, (8.1.21)

where subscript “III”” stands for model III (longitudinal shearing mode) [3].
Now, let us calculate the crack strain energy:

a

Wi = 2/ (02 @ Hay) (u: ® w;)dx

0
a

= 2/ [Gzy(x, 0)u,(x,0) + H,y(x,0)w,(x, O)]dx (8.1.22)
0
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From (8.1.8) and (8.1.12), we have

Kg’Cl — R3’52 x\ 2
uz(x,0) = Re (e, (1)), = am\/ 1— (;) x| <a

C44‘172 — R3‘E1 X\ 2
Wz(x, 0) = Re(l//l(t))r:x = am 1-— (2) |X| <a
3

(8.1.23)

In addition, considering the equivalency of problems (8.1.5) and (8.1.6), we can
take oy,(x,0) = —7; and H,, = —7 as |x| <a, then the substitution of above results
into (8.1.22) yields

Kzf% + C44‘L'% — 2R3T1 T2 )
a
Cukr, — R}

Wi = (8.1.24)

From (8.1.24), we can determine the crack strain energy release rate (crack growth
force) such that

10Wm Kot + Cuts — 2R31112
= na
2 Oa C44K2 - R%

2 2
_ K>Kpy + Cakiy’ — 2Rk Kify
Cuk, — R}

(8.1.25)

Clearly, the crack strain energy and energy release rate are related not only to
phonon but also phason and phonon-phason coupling fields.

If 1, = 0, then
K2K‘I|H2
G = 8.1.26
I Cuks - R ( )
Furthermore, if R; = 0, we have
nat? (K, ! )
G = —2L, or Gy = 22, 8.1.27
11 Cus or Giyg Cu ( )

Since Gy comprehensively describes the coupling effect of the phonon and
phason fields and the stress status near crack tip, we recommend

G = Gre (8.1.28)

as the fracture criterion of quasicrystals under Mode III deformation, where Gyyc is
the critical (threshold) value of Gy, called Mode III fracture toughness to be
determined by testing.
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The stress intensity factor and strain energy release rate are fundamental physical
parameters and constitute the basis of brittle fracture theory for both conventional
crystalline as well as quasicrystalline materials.

8.2 Crack Problem in Finite-Sized One-Dimensional
Quasicrystals

The preceding section discusses Griffith crack problems in one-dimensional qua-
sicrystals and their exact solutions are obtained. In this section, we are going to
discuss the solution of another kind of important crack problems, which go beyond
the scope of the Griffith crack. In the previous section, we assumed that the size of
quasicrystal is much more larger than that of the defect, while in this case we
consider the quasicrystal as an infinite body. Therefore, this section is aimed at
studying crack problems in quasicrystals of finite size.

8.2.1 Cracked Quasicrystal Strip with Finite Height

As shown in Fig. 8.3, a one-dimensional hexagonal quasicrystal strip of height
2H has a semi-infinite crack embedded at the mid-plane with crack tip corre-
sponding to coordinate origin. Crack surfaces near the crack tip, i.e. y = £0 and
—a < x <0, are assumed under the action of uniform shear traction o, = —7,,
H,, = 0, where a is a length used to simulate a finite-sized crack. The upper and
lower strip surfaces are assumed to be traction-free; therefore, the boundary con-
ditions are:

-
|

— il

VS ®®®. ‘
N “‘i

Fig. 8.3 Finite strip of hexagonal quasicrystal with a crack
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y==xH,-oco<x<o0:0,=0H,=0
x=Z4o00,-H<y<H:0, =0,H,=0
y=30,—00<x< —a:0, =0,H;, =0;—a<x<0:0;, = —11,H;y = —1»

(8.2.1)
For simplicity, we assume that 7, = 0 in (8.2.1).
Formulas (8.1.1)—(8.1.11) in the preceding section still hold in this section, and

other notation and symbol are similar. Therefore, formula (8.1.12) should be
modified as follows:

Cu (05/1 - ¢71> +R; (‘Vl - ‘71> = 2inif (1)

L L (8.2.2)
K (lﬁa - ‘M) +R3 <¢/1 - ¢/1) =0
where
0, x< —a,
flx) = { . —a<x<0 (8.2.3)
By using the conformal mapping,
H 1+0\?
t= =—In|1 — 2.4
o) =21+ (154 (824

maps the domain in the z-plane onto the interior of the unit circle y in the {-plane,
{ = & + in. Therefore, crack tip ¢t = 0 corresponds to { = —1, and = —a accords to
two points on the unit circle in the {-plane such that:

—e ™/H 4 2j\/1 — e—ma/H

0—q = 2 _ e—ma/H (8 > 5)
—e m/H _ 2j\/T — e~/ o
O—a = 2 _ e-ma/H

where o = el = {|j¢j=s denotes the value of ( at the unit circle y.

Equations in Sect. 8.1 and Appendix of this chapter (i.e. Sect. 8.7) are useful.
Nevertheless, the first 2iw’(¢)7; in (8.7.4) should be changed to 2if @'(o)t, and the
first term in (8.7.5)

2it; 1 '(0)
Cy2mi) -

v

do
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should be modified as follows:

2ity 1 ' (o)

C44 27‘[1 0 — C
Y

do.

Thus, Eq. (8.7.5) for the present problem becomes:

2ity 1 ' (o)
¢'(0) + —w )=——>5— do
Z‘” Caa2mi ] 0 =L (8.2.6)
V(0 + 2 @' =0
2

where f is the function given by formula (8.2.3), which takes values between 5_,
and o_, in the {-plane.
Integration of the right—hand side of Eq. (8.2.6) leads to

1 1+¢
Zm/fa— T 2mt 1_Cln(a—1)—(1_C)(1+C2)ln(a—4’)
o ¢ S Bt
2(1+§2)ln(1+0 )+2(1—§2)lna+i GZ%_F(C)

(8.2.7)

where 6_, and o_, are given by formula (8.2.5). Based on the above relation,
(8.2.6) is further reduced to

/ K>t
()=
VO -

—R31

2iF (), ¥/ () Zmzm(@- (8238)

Now, let us calculate the stresses. During this process, the following relations
will be used:

y 90 2k F(Q)
i) = o' () CuK,—R} o'(()’
by WO 2R F()
WO =00~ Cake - R Q)
Substitution of the above expressions into (8.1.10) leads to
Oy — 10, = 1T w
a T (D) (8.2.9)

H., —iH., =0

which shows that the stress distribution is independent of material constants.
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Substitution of (8.2.7) into (8.2.9) leads to the explicit expressions of stresses.
The forms of F({) and F'({) are relatively complex, while the expressions of stress
in terms of variable { (= £+ in) are concise. In an attempt to invert them to the #-
plane, inverse of transform (8.2.4) must be used:

L —(e™—2) £ 2iVem/H — 2
(=00 = T (8.2.10)

Substitution of (8.2.10) into (8.2.9) yields the final expressions of o, 0,,, H,
and H,, in the f-plane, which are very complex. Here, we skip this procedure.

Now, let us calculate the stress intensity factors. According to (8.3.15) and
(8.1.16), it is known that at the region such that rj/a < 1,

Oy = — Kiﬂl sin ﬁ O, = — Kllh cos ﬂ
“ \2mr; 2’ o \2mry 2
Therefore,
| I
. KIH . 9] . 01 KHI
— = ————|(sin——icos— | = — 8.2.11
R Y= ( 2 1% NerT (82.11)

where 1, = rie'” = x; +iy;.
By using conformal mapping ¢ = w({), we have

=), (8.2.12)

where {; is the point in the {-plane corresponding to #;. With relations (8.2.11) and
(8.2.9), we define

F”(C)

, Ki=0 (8.2.13)
X (

I —
Klll = th \/%E“El
L'*)*l

U
~

and here { = —1 is the point corresponding to the crack tip. Substitution of (8.2.4)
and (8.2.7) into (8.2.13) yields

V2H7, | 2e™/H — 1 4 2e™/H\/1 — e—ma/H
n

21 Dera/H _ | — Qera/Hy/| — e—ma/H

If we do not assume 7, = 0 in (8.2.1), then the stress intensity factor Kﬁl can be

similarly evaluated, and the expression is similar to (8.2.14); this is the extension of
work given by Ref. [4] for classical elasticity to quasicrystal elasticity.

I _
Ky =

(8.2.14)
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8.2.2 Finite Strip with Two Cracks

The configuration is shown in Fig. 8.4, and these are the following boundary
conditions:

y==xH,—oco<x<oo:0, =0,H, =0

x =400, —-H<y<H:0,=0,H,=0

y=20,—c0<x< —a:0,=0,H,;, =0;,—a<x<0:0, = —1,H, = —1;
L<x<o0:0,=0,H,=0

(8.2.15)

For simplicity, we assume that 7, =0 in (8.2.15). The following conformal
mapping

— C)
1+a(
H
z—mo—mﬂ*iz (8.2.16)
1+ —
p (1 +¢ )
transforms the region at z-plane onto the interior of the unit circle y at {-plane, in
which

1— 77m/H

o= —mL/H (8.2.17)

1 _ e nlatL)/H’ p=e

Then, substituting (8.2.16) into (8.2.6), we can find the solution ¢'(¢) and so the
stress intensity factors such as

KIHH(O’O> = lim {—2 2no({)Ty F(C)}

=140 '(0)
_ V2Hr 1+ 1+ Vap
- T M Ve g
Fig. 8.4 Two cracks in a r ¥y

strip
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kL5 = lim {—2 2n(L — w(0)ny F (5)}

g @) (8.2.18)
_ V2Hy [\/Bln1+\/&_ln1+M} -
RN l—va 1—op
in which
JreN K>ty . / . R37q .
¢ () = mle(i),lﬂ 0= fmzm(g)
S L . S ]
T A+ +a(1 =07 (1+0*+ap(l -0’ (8.2.19)
2H ion(1 - )(1 =) i—{

+—2 2 2 2 2 lnl —
(140" +a(l = O+ +ap(l — )] i€
A=In((1+vx)/(1 - V%)), M =In((1+/2p)/(1 — /aB))

If we do not assume 7, = 0 in (8.2.15), then the stress intensity factor KIJ-H can be
similarly evaluated, and the expression is similar to (8.2.18), and this extends the
study for the classical elasticity. The detail can be found in Refs. [5, 6], and for some
calculations on the function F({), refer to Sect. A.1 of Major Appendix of this book.

8.3 Griffith Crack Problems in Point Groups 5m
and 10mm Quasicrystal Based on Displacement
Potential Function Method

The literature [2] reported that Chinese materials scientists had started to charac-
terize the fracture toughness of quasicrystals. Due to the lack of theoretical solu-
tions to crack problems in quasicrystals, their experimental work was performed
largely by indirectly measuring the fracture toughness. If the crack solution had
been known then, the fracture toughness could have been determined by direct
measurement, a much more simpler and accurate method.

This section aims to solve the Mode I Griffith crack in quasicrystal with a tenfold
symmetry by using the method of displacement functions. Therefore, the funda-
mental formulas in Sect. 6.2 and formulas using Fourier transform in Sect. 7.2 are
the basis for this section. To save space, we do not plan to list those formulas in
detail here, and interested readers may refer to the previous two chapters. In the
next section, we are going to solve this problem using method of stress functions.
On the one hand, this demonstrates the problem-solving procedure based on the
method of stress functions; on the other hand, this is targeted to examine the results
obtained by the method of displacement functions. For a correct solution, it can be
examined using any available method.


http://dx.doi.org/10.1007/978-981-10-1984-5_6
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Fig. 8.5 Griffith crack along A
the periodic axis of 1 1 1 ! T 1P ' !
quasicrystal and subjected to a
tension
g -
x
2a

Fig. 8.6 The same Griffith | 5
crack as in Fig. 8.5 with
external traction acting on
crack surfaces

Consider a Griffith crack under the action of external traction, i.e. a§§° ) = p, and

the crack is assumed to penetrate the periodic axis (z-direction) of the quasicrystals,
as shown in Fig. 8.5. Similar to the analysis in the preceding section, within the
framework of Griffith’s theory, this problem can be replaced by an equivalent crack
problem shown in Fig. 8.6. Furthermore, assume the external traction being inde-
pendent of z; therefore, the deformation of the quasicrystal is also independent of z,
namely

814,- 8W,‘

=0 5 =0 (=123 (8.3.1)

According to the analysis performed in Chap. 6, under this case, the
two-dimensional quasicrystal elasticity problem can be decoupled into a plane


http://dx.doi.org/10.1007/978-981-10-1984-5_6
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elasticity problem of phonon-phason coupling and an anti-plane pure elasticity
problem. In this case, the latter only has a trivial solution under Mode I external
traction, which can be neglected. The plane elasticity problem of phonon-phason
coupling with point groups 5 m and 10 mm has been studied in Sect. 6.2, and its
final governing equation is:

VAVAVAVIF =0 (8.3.2)

and here F(x, y) is the displacement potential function introduced in Sect. 6.2.

As shown in Fig. 8.6, the Griffith crack is under the action of uniform traction at
crack surfaces, and without far-field traction, i.e. ay,(x,0) = —p, x| <a. We
modify this problem into the semi-plane problem, i.e. we only study the case in the
upper half-plane or the lower half-plane under the following conditions:

\/maoosaij:H,‘-jZO

y=0,|x|<a:0oy=-p,o,=0
Hy, =0, Hy=0 : (8.3.3)
y=0,|x| >a:06,=0,H, =0

u, =0, w,=0

By performing Fourier transform on Eq. (8.3.2)
F(&y) = / F(x,y)e“"dx (8.3.4)
Equation (8.3.2) is therefore reduced to an ordinary differential equation such that:

e\
— — F =0. 83.5
(5:-¢) Fey) (833
If we choose the upper half-plane y > O for our study, the solution of the above
equation is:

F(&y) = (48 Xye ItV (8.3.6)

where X = (A,B,C,D), Y =(1,y, y2, y3)T and A, B, C and D are arbitrary functions
with respect to & to be determined according to the boundary condition; “T” stands
for the transpose of a matrix. Fourier transforms of the displacement and stress
components can be expressed in terms of F(&,y), i.e. X and Y as discussed in
Sect. 7.2.

Solution (8.2.6) has satisfied the boundary condition (8.2.3) at infinity, and the
left boundary condition in (8.2.3) results in


http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_7
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_ — —e 3
A©) = R1C(2)[E] - 332 z>D<fW2|f'} (837)

B(&) = [6C(¢)|¢] - 21D(£)]/&

and the following set of dual integral equations.

[C(&)¢ = 6D(&)] cos(Cx)dé = —p, O0<x<a

o

C(&)E —6D(&)]cos(éx)déE =0, x>a

|I\J =33

=
OHS AN

(8.3.8)
D(&)cos(éx)dE =0, O<x<a

ID(¢) cos(éx)dé =0, x>a

o3
o

Here, e, is given by the second relation in (7.2.12), i.e.

B 2u Jroc—ﬁ
7(1)(0(—[)’)([(1 —Kz) OC+,B’

€2

o and f is given by the second relation in (6.2.5), i.e.
o=R(L+2M)— wK;, = RM — wK;,» = M(L+2M)/R
dy; and dy, are given as
d11 = nR/[(4M/L+M)(L+ 2M)(MK1 — Rz)]
dy» = nR?/dyM (L +2M)
dy = —{(MK| — R*)[(L+2M)(K, + K;) — 2R]
—[(L+2M)K, — R*][M(K; + K>) — 2R*]}

(8.3.9)

and n is determined by (7.2.12), namely
n=Mo— (L+2M)p.

The theory of dual integral equations is listed in the Major Appendix of this
monograph. Accordingly, solution to the set of Eq. (8.3.8) is:

20(8)¢ = dypdi (a8), D(E) =0 (8.3.10)

where J; (a&) is the first-order Bessel function of the first kind.

So far, the unknown functions A(&), B(&), C(&) and D(&) have been determined
completely. In the view of mathematics, this problem has been solved. However, in
the view of physics, we need to perform the Fourier inverse:


http://dx.doi.org/10.1007/978-981-10-1984-5_7
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_7
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T 3
Flxy) =5 / F(&,y)ed¢ (8.3.11)

in order to express the field variables in the physical space.
Obviously, once F(x, y) is determined from the integral (8.3.11), u;, o, and Hy,
can be determined by substituting F(x, y) into (8.3.8)—(8.3.11). Alternatively,
(&, y), wi(&,y), (&, y), and I:Ijk(é, y) can be determined by substituting X(£) and
Y(¢) into (8.3.8)—(8.3.11), and then, their Fourier inverses finally lead to u;, 6 and
Hj.. Luckily, the above integrals with Bessel function can be expressed explicitly
using elemental functions. Nevertheless, their final expressions in terms of variables
x and y are extremely complex. However, the final expressions appear more concise
if using (r, 0), (ry, ) and (r,, 6,) to stand for the three polar coordinate systems
with the crack centre, left crack tip and right crack tip as origins, respectively, as
shown in Fig. 8.2, similar to (8.1.16), i.e.
x:rc.OSG:aJr.rICOSGI .a+rzcos02} (8.3.12)
y=rsinf =r;sinf; = rysinb,

The following infinite integrals involving Bessel functions are used for stress
calculation:

egsst =11~ i

U

J1 (aﬁ)e_ézdﬁ = (az_aw
(8.3.13)

/Ay

2]1 (af)e_ézdf — T 3az

2_12)5/2

By (ag)eEdE = 24—

(az,zz>7/2

o @O gOo go—Q

where z = x + iy.
After proper calculation, we have

o = —p|l +7(F172) "* cos(0 — 0)] — pF(ri72) >/? sin Osin 30

oy =—pl[l — 7(%)73/2 cos(0 — 0)] +p7(m)73/2 sin 0'sin 30

Ory = Oyx = W(W)*/2 sin 6 cos 30

Hy, = —4d21p7(m)73/2 sin 0 cos 30 — 6dy p7° (W)fs/2 sin? 0 cos(0 — 50)

Hyy = —6dyp7 (7i77) /% sin® O cos(0 — 50)

H,, = 6dyp7 (m)fs/2 sin” 0sin(0 — 50)

Hy, = 4do pr(777) /% sin 0 cos 30 4 6y, pr (7i72) >/ sin® O sin(0 — 50)
(8.3.14a)
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in which 7 = r/a,71 = ri/a,72 = ry/a,0 = (0, +0,)/2
dyy = R(K, — K;)/4(MK, — R?) (8.3.14b)

Similarly, displacement components u; and w; can be also expressed in terms of
elemental functions. We list here only the component

(x,0) {O x| > a (8.3.15)
u,(x,0) = 3.
y %(MKII(LRZ + ﬁ) @2 —x |x|<a
From these results of (8.3.14a), we can find the stress intensity factor
KIH = lim /27(x — a)oyy(x,0) = +/map (8.3.16)

x—a™t

and the crack strain energy as

Wi =2 [ (05,00 © i (3,0)) (1,5, 0)  , (x.0))
0

na’p® 1 K
= 8.3.17
4 <L+M+MK1R2) ( )

So there is the crack energy release rate

10W; 1 1 K, 2
—_dh K, 3.1
%= % 4<L+M+MK1—R2>( v (8:3.18)

It is evident that the crack energy release rate depends on not only phonon elastic
constants L(= Cy3), M(= (Cy; — C12)/2), but also phason elastic constant K; and
phonon-phason coupling elastic constant R. The further meaning and applications
of these quantities will be discussed in detail in Chap. 15. This provides the basis
for fracture theory of quasicrystalline materials.

This work has been published in Phil. Mag. A [7].

8.4 Stress Potential Function Formulation and Complex
Analysis Method for Solving Notch/Crack Problem

of Quasicrystals of Point Groups 5,5 and 10, 10

The Fourier method cannot solve notch problems, while complex analysis method
with conformal mapping can solve them. In this section, we develop complex
potential method for notch/crack problems for plane elasticity of point groups 5,5


http://dx.doi.org/10.1007/978-981-10-1984-5_15
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and 10, 10 quasicrystals. We will use the stress potential formulation [9]; of course
we can also use the displacement potential formulation for the plane elasticity
introduced in Sect. 6.4.

8.4.1 Complex Analysis Method

From Sect. 6.7, we find that based on the stress potential method, the final gov-
erning equation of plane elasticity of point groups 5,5 and 10, 10 decagonal qua-

sicrystals is:

VIVAVAVAG =0 (8.4.1)

The general solution of Eq. (8.4.1) is [8]:

1 1
G =2Re|gi(z) +7282(z) + Eizgs (2)+ 823g4(z) (8.4.2)
where g;(z), (j = 1,...,4) are four analytic functions of a single complex variable

z = x+iy = re’. The bar over the quantity denotes the complex conjugate here-

inafter, i.e. Z=x — iy = re '’. We can see that the complex analysis here will be
more complicated than that of Muskhelishvili method for plane elasticity of clas-
sical elasticity.

8.4.2 The Complex Representation of Stresses
and Displacements

Substituting expression (8.4.2) into Eq. (6.7.6) and then into Eq. (6.7.2) leads to

o = —32¢1Re[Q(z) — 2¢)(2)]

ayy = 32c1Re[Q(z) + 2} (2)]

Oy = Oy = 32¢/ImQ(2)

H, = 32R|Re[®'(z) — Q(z)) — 32R,Im(O'(z) — Q(z)] (8.4.3)
H,y = —32RIm[0'(2) + Q(z)) — 32R:Re(0'(2) + Q(2)]

H,, = —32R,Im[®'(z) — Q(z)) — 32R,Re(@'(z) — Q)]

H,, = —32R;Re[®'(z) + Q(2)) + 32R:Im(O'(z) + Q]


http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
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where

1
0() = &) () +z¢i" () + =2 (2)

2 (8.4.4)

Q@) = ¢i" () +z8y" (2)

in which the prime, two prime, three prime and superscript (IV) denote the first- to
fourth-order differentiation of g;(z) to variable z, in addition ©®'(z) = d®(z)/dz.

We further derive the complex representations of displacement components of
phonon and phason fields. The first two equations of Eq. (6.7.3) can be rewritten as
follows:

Ki+ K, 1
Ex = C2(0xx + 0yy) — 2 Oyy — 2% [Ri(Hyx + Hyy) + Ro(Hyy — Hyy)]
(8.4.5)
K+ K> 1
byy = (0w + O'yy) T T Oxx + 2% [Ri (Hy +Hyy) +R2(ny - ny)]
where
L+M)(K;+ K
¢ = S LMK+ K) (8.4.6)

4(L+M)c
and c refer to (6.7.4). Substituting Eq. (8.4.3) into (8.4.5) and integrating yield

Ki+K, 9

2¢  Ox

u, = 128¢c;caReg) (z) —

32(R: + R} .
+ %Re [gg”(z) + zgﬁ(’(z) - g:tl(zﬂ +A ()
_ K, +K22

2¢ Oy

u, = 128¢1c2Img) (2)

2 2
_ M Im [g5'(2) + 284 (2) +84(2)] +/2(x)

With these results and other equations of Eq. (6.7.3), one finds that

dily) _ dh®)

dy dx

This means these two functions must be constants which only give rigid body
displacements. Omitting the trial functions fi (y), f>(x), one obtains

uy + iy = 32(4ci1c — 3 — c1ca)gy (z) — 32(crea — ¢3)[85 (2) + 287 (z)]  (8.4.7)


http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
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where ¢ refer to (6.7.7) and

RI+Rj Ki+K;
Gg=—""=, 4=
c c

(8.4.8)

Similarly, the complex representations of displacement components of phason
fields can be expressed as follows:

32(Ry — iRy) ——

T iwy = 8.4.
Wiy = 0 (849

8.4.3 Elliptic Notch Problem

To illustrate the effect of the stress potential and complex analysis method to the
complicated stress boundary value problems of eight order partial differential
equations given above, we here calculate the stress and displacement fields induced

by an elliptic notch L : Z—; + }y)—i = 1, see Fig. 8.7a, the edge of which is subjected to
a uniform pressure p, this problem is equivalent to the case that the body is sub-
jected to a tension at infinity and the surface of the notch is stress-free shown in
Fig. 8.7a if « = n/2. The equivalency is proved in Sect. 11.3.9 in Chap. 11.

For the problem shown in Fig. 8.7a, the boundary conditions can be expressed
as follows:

Oy COS(N, X) + 0,y cOs(N =T,
P ( ) y ( y) (8.4.10)
Oy cos(m, x) + oy cos(n,y) = Ty, (x,y) € L
H,,cos + Hy,cos(n,y) = hy,
(n, ) (n,y) = (8.4.11)
H,, cos(n,x) + Hy,cos(n,y) = hy, (x,y) € L
where T, = —pcos(n,x),T, = —pcos(n,y) denote the components of surface

traction, p is the magnitude of the pressure, h, and h, are generalized surface
tractions and n represents the outward unit normal vector of any point of the
boundary. But the measurement of generalized tractions has not been reported so
far, and for simplicity, we assume that h, = 0, h, = 0.

From Egs. (8.4.3), (8.4.4) and (8.4.10), one has

1
(Ty+iTy)ds = ———pz zeL (8.4.12)

8i(x) +85(0) + 280 () = 32,

32


http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_11
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Fig. 8.7 a An infinite W

decagonal quasicrystal with (a) L

an elliptic notch subjected to a 2oL
— n =

external tension and the
surface of notch is stress-free

uniform pressure and X f 7
stress-free at infinity. b The v '
elliptic notch subjected to an A
1 i
¥

(b)

Taking the conjugate on both sides of Eq. (8.4.12) yields

- B 1 -
gi(z) +g5z) +28)z) = — o Pt i€ L

From Eqgs. (8.4.3), (8.4.4) and (8.4.11), we have

R;ImO(z) + R,ReO(z)

—0
L
“RIRe®(z) + RyImO®(z) =0 ° €

0
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(8.4.13)

(8.4.14)

Multiplying the second formula of (8.4.14) by i and adding it to the first, one

obtains

O(z) =0 zelL

(8.4.15)

Because the function g;(z) does not appear in the displacement and stress for-
mulas, boundary Eqgs. (8.4.12), (8.4.13) and (8.4.15) are enough for determining the
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unknown functions g(z),g3(z) and g4(z). However, the calculation cannot be
completed at the z-plane due to the complexity of the evaluation, and we must use
the conformal mapping

1
z=0() =Ry <Z +m€> (8.4.16)
to transform the region with ellipse at the z-plane onto the interior of the unit circle
7 at the (-plane (refer to Fig. 8.8), where { = ¢+ in = pe'? and Ry, = “;b,
m= ;;LL .For simplicity, we introduce the following new symbols:
82"(2) = F2(2), 85 (2) = F3(2), 4(2) = F3(2). (8.4.17)
And we have
/ (D],(g) .

Fj(z) = Fj(o(0)) = (), Fi(z) = o0 (i=1,...4) (8.4.18)
Substituting (8.4.17) into (8.4.12), (8.4.13) and (8.4.15), then multiplying both
sides of equations by ﬁf—fg and integrating along the unit circle, we have

1 [D4(0)de 1 [®D3(0)do L/w(a) ), (0)do _p 1 [o(o)ds
2mi o—( 2mi og—( 2ni ) w(o) 0-— ¢ 32¢ 2mi o—(

v Y Y )i

1 [®o)de 1 [Di(0)de 1 [w(o)@(c)dc  p 1 [o(o)de
2mi c—"_ 2m’/ c—"_ 2_7ti/w(a) c—"_ 732—612—773 og—{

7 V 7

I [Dy(o)do | 1 [ (o) Py(o)ds 1 | [ wlo) @(o)do
% o—1{ +ﬁ/w’(a) o—_ +2m’ /[w’(o’)]z o—_

7 V

B /Ww”(}a)@a(o)do L,
WP o-C

(8.4.19)

where ¢ = €' (p = 1) represents the value of { at the unit circle.

According to Cauchy integral formula and analytic extension of the complex
analysis theory, similar to the calculations at Sects. 8.1 and 8.2, from the first and
the second equations of (8.4.19), one obtains
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//
Vi
-, // F g i
Fig. 8.8 Conformal mapping and boundary correspondence

_ PRy (1+m*){

(1)3(C) - )
3201R’"C -1 (8.4.20)
PRRo
Dy(0) = — 20
+(0 = =35,
Substitution of
(o) . a?+m w(o) o"(o) 3 26(0% +m)?
(o) mi2—=1" w(c)®  (me®—1)°

and (8.4.20) into the third equation of (8.4.19) yields

=0

1 [®y(o)de 1 / 2 +m Oy(o)de 1 [ a(c®+m) ,(c)do

2nmi c—( ' 2mi me2—1 o—{ 2nmi (mo2 —1)> 0

7 7 7

By Cauchy integral formula, we have

1 [®y(0)do
mi| ot D, (¢)
)
1 ot +m Vy(o)de , C+m
i) “mer—1 o1 _Cmgz_ld%(C)

Y

L (ol +m) Oo)do _ ((E+m)

27 (m0'2—1)3 o—¢( :(mC2—1)3 +()
7

Substituting these equations into (8.4.19), one finds that at last
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_ PR LEC +m)[(L+m?) (1 +ml) — (& +m)]
32¢; (m* — 1)3

®,(0) (8.4.21)

Utilizing the above-mentioned results, the phonon and phason stresses can be
determined at the {-plane. We here only give a simple example, i.e. along the edge
of the notch (p = 1), there are the phonon stress components such as

1 —3m? +2mcos2¢
g =
o0 =P 1+m? —2mcos2¢p ’

Opp = —Ps Opp = 0gp =0

which are identical to the well-known results of the classical elasticity theory.

8.4.4 Elastic Field Caused by a Griffith Crack

The solution of the Griffith crack subjected to a uniform pressure has been observed
by Li et al. [7] in terms of the Fourier transform method, which can also be obtained
by the notch solution in corresponding to the case m = 1,Ry = § of the present
work. For explicitness, we express the solution in z-plane. The inversion of
transformation (8.4.16) is as m = 1

(= é (- V2 -@) (8.4.22)

From Egs. (8.4.20) and (8.4.22), we have

2 2
(W) pa 4
8 (3)=-
2 128¢, (2 — @)
=P & (8.4.23)
3 646‘1 22 — a2 ’
6@ =g (V7 —a=2)
646‘1

So the stresses and the displacements can be expressed with complex variable z.

Similar to (8.1.16), we introduce three pairs of the polar coordinates (r, ),
(r1,0y) and (ry, 0,) with the origin at the crack centre, at the right crack tip and at
the left crack tip, i.e. z = re’, z — a = r1e'”', 7+ a = rye'>, respectively, and the
analytic expressions for the stress and displacement fields can be obtained.

Moreover, the stress intensity factor and free energy of the crack and so on can
be evaluated as the direct results of the solution. We here only list the stress
intensity factor and energy release rate as below:
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KI” = lim /27(x — a)oyy(x,0) = Vmap,

X—a

Gr= 5351 2 [ 10(2:0) @ 1 (1,0)) (5, 0) & wy (0D | (5.4.20

0
 L(Ki + K>) +2(R} +R3)
N 8(L+M)c

a

(K]).

where ¢ = M(K] +K2) — 2(R%—|—R%) and L=Cp,M = (Cll — Clz)/z = Cgp-
The crack energy release rate Gy is dependent upon not only phonon elastic con-
stants L(= Cy2), M (= (C1; — C12)/2), but also phason elastic constants K, K, and
phonon-phason coupling elastic constants R, R, though we have assumed the
generalized tractions A, = h, = 0. The results are the same with those given by the
Fourier analysis [10].

It is evident that the present solution covers the solution for point groups 5 m,
10 mm quasicrystals, or say the solution of the latter is a special case of the present
problem.

The detail for some further principle of the complex analysis method will be
discussed in-depth in Chap. 11. For the further implications and applications of the
results to fracture theory of quasicrystals, refer to Chap. 15.

8.5 Solutions of Crack/Notch Problems
of Two-Dimensional Octagonal Quasicrystals

Zhou and Fan [11] and Zhou [12] obtained the solution of a Griffith crack in
octagonal quasicrystals in terms of the Fourier transform and dual integral equa-
tions, and the calculation is very complex and lengthy, which cannot be listed here.

Li [13] gave solutions for a notch/Griffith crack problem in terms of complex
analysis method based on the stress potential formulation, and an outline of the
algorithm was listed in Sect. 6.8.

The final governing equation of plane elasticity of octagonal quasicrystals of
point group 8 mm based on the stress potential formulation is the same as that of (6.
6.12), but we here rewrite as

8 8 3 58 88

d
A1 —4e) = 4234 168) e 441 —de) o T
6x8+( €)8x68y2+ (3+ 16¢) +4( £)8x26y6+(9y8

OOy G=0

(8.5.1)

in which G(x,y) is the stress potential function, and the material constant ¢ is the
same as that given in Chaps. 6 and 7. The complex representation of Eq. (8.5.1) is:


http://dx.doi.org/10.1007/978-981-10-1984-5_11
http://dx.doi.org/10.1007/978-981-10-1984-5_15
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_7
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4
G(x,y) = 2Re Z Gr(zk), 2 = x+ 1y
=1

(8.5.2)

in which unknown functions Gy(z;) are analytic functions of complex variable z;
(k=1,2,3,4), to be determined, and yu;, = oy +if5; (k=1,2,3,4) are complex
parameters and determined by the roots of the following eigenvalue equation:

1401 —4e)u® +2(3 +168)u* +4(1 —4e)> +1=0
The stresses can be expressed by functions Gy(z;) such as

4
O = —2c3cs Re Y (1 + 201} + 18l (z)
k=1

4
oy = —2c3c4Re Z (1424 + 1) g (z)
=1

4

Oxy = Oyx = 2c3c4Re Z (,Uk + 2,“]3; + ,“2)8;( (Zk)
k=1

He = RRe Y [(4cs — c3)if +2(3¢3 — 2ca)f — 31104 (2)
k=1

H,, = —RRe

4
[(4cs — c3) e +2(3c3 — 2¢4) 1 — c3157)183 (2

k=1

4
Hy = —RRe > [eapy +2(ca — 2c3)1f — (des — c3)15) )€ (2)
k=1

4
Hy, = RRe Y _[es+2(cq — 2¢3)p; — (4ca — c3) )8 (26)

k=1
in which
Gr(z) / dgx(zx)
gi(z) = TZ}?’ g () = dz
(K1+K2 +K3)M—R2 K&[W—R2
= , Cg=——
3 K|+K2+2K3 4 Kl _KZ

(8.5.3)

(8.5.4a)

(8.5.4b)

(8.5.4c)

(8.5.4d)

(8.5.4¢)

(8.5.4f)

(8.5.4g)
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We now consider an elliptic hole L : x*/a® +y*/b* = 1, at which there are the
boundary conditions:

Oy €08(, X) + 0y cos(n, y) = T,
Oy cos(n, x) + gy, cos(n,y) =T, (x,y) € L (8.55)
Hy, cos(n, x) + Hyy, cos(n,y) = hy, o
H,, cos(n,x) + Hy,cos(n,y) = hy, (x,y) € L
The complex variable z; can be rewritten as follows:
k=X +1i
SRR (8.5.6)

X = x+ oy, yi = By

The second formula of Eq. (8.5.6) represents a coordinate transformation.

8.6 Approximate Analytic Solutions of Notch/Crack
of Two-Dimensional Quasicrystals with 5- and 10-Fold
Symmetries

Fan and Tang [14] solved finite bending specimens with elliptic notch/crack of
two-dimensional quasicrystal (refer to Fig. 8.9), in which (a) is the model of
Muskhelishvili to calculate conventional structural materials, and our model is
shown in (b).

According to the assumption of Muskhelishvili, the width is very larger than that
of size of the elliptic notch, so that conformal mapping (8.4.16) can still be used.
The problem has the following boundary conditions:

w2
y — xoo,|x|<W/2:B [ oyxdx =M, 0, =0,Hy, =0,H, = 0;
w2

y=0,x|<a:ay, =00, =0,H, =0,H, =0;
x=%W/2, —00<y<o0: 0y =0,00=0,Hy=0,H, =0

(8.6.1)

The solution of Muskhelishvili [15, p. 344] for conventional structural materials is
given for model (a) in Fig. 8.9, and he used conformal mapping

z=w(l) =Ry <% +mé> (8.6.2)

whose results are not suitable for model (b) in Fig. 8.9. The configuration of
solution of Lokchine [16] for conventional structural materials is identical to that of
ours, but he used elliptic coordinate in deriving solution, which is quite different
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M
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7 u

Fig. 8.9 Specimen with elliptical notch and finite width of two-dimensional quasicrystals.
a Model of Muskhelishvili (for conventional structural materials) and b Fan and Tang’s model
[14] (for quasicrystals)

from complex analysis. Our interest aims to develop the complex analysis here.
From the discussion of Chap. 6 referring to solution (6.9.7) of bending specimen
without notch

M BW3
Oy =—x, I =

- 5 (8.6.3)


http://dx.doi.org/10.1007/978-981-10-1984-5_6
http://dx.doi.org/10.1007/978-981-10-1984-5_6

8.6 Approximate Analytic Solutions of Notch/Crack ... 167

In addition to the following, we take B = 1. In the further calculation, for
simplicity, we remove the boundary conditions at upper and lower surfaces of the
specimen listed in (8.6.1); instead, add equivalent boundary conditions at the notch
surface. That is at the surface of notch/crack, there is the applied stress (8.6.3), and
other stress components are zero. If we consider only the crack problem, then
m=1,Ry=a/2 in (8.6.2).

As we have known from 8.4 that the key equation in system (8.4.19) concerning
the crack stress intensity factor is:

I [ ®y(o)do 1/<1>3(a)da+ 1/w(a)<bg(o—)da_ 1 I/tda

i) o—C | 2mi (o) 0—C 32c2mi) o
Y v Y v

og—( 2
(8.6.4)

where t=1i [(T,+iT,)ds. Substituting conformal mapping (8.6.2) and the
boundary condition of crack surface (8.6.3) into Eq. (8.6.4) yields the solution

Ad? 1 Ad?
() =—— 4+ — 8.6.5
(O =7+ (8.65)
where
M
A=12—— 8.6.6
e (8.6.6)

Bearing in mind the well-known results around the crack tip
O+ 0y = (2/7r1)" K] cos(0;/2)
and
G+ Oy = —(2/r1) K] sin(0, /2)
and define the complex stress intensity factor
K = K] — ik},

Note that z — z; = rie'", where 7 represents the location of the crack tip; then, we
have

O+ Oy = 2Re(K/\/M)
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and find again
Oxc + 0y, = 128¢1Regy (z) = 128¢1Re®4(()

and the expression of complex stress intensity factor

(Dl
K =K/ —ik]l = 32¢, (2\/% lim ﬂ)

oty (0

Substituting (8.6.2) into the above formula yields

KIH = Vraoy (8.6.7)
in which
Ma
= 6—
N = O gws

here B = 1, so further the energy release rate

G 1 1 4 K (KH)Z 1 1 " K, ( )2
—— = — al o
a\em Tk, —r)\N) Ta\exm T mk, —r2 )TN

(8.6.8)

The solution obtained here is approximate, and it presents enough accuracy
provided

2a/W <1/3. (8.6.9)

8.7 Cracked Strip with Finite Height of Two-Dimensional
Quasicrystals with 5- and 10-Fold Symmetries
and Exact Analytic Solution

The power of complex analysis lies in the application of conformal mapping to
some extent. To demonstrate further the effect of conformal mapping, we give
another example for quasicrystals of point group 5 m and 10 mm, which is given
by Fan and Tang [17] (refer to (8.7.1)):
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The boundary conditions are as follows:

y==xH,-oc0o<x<o0:0,, =0,0,=0H,=0H,=0
x=Zo00,-H<y<H :04x=0,0,=0,H,=0H,;=0
y=20,-0c0o<x< —a:oy =0,0,=0H,=0H, =0;
—a<x<0:0y, =—p,0yx=—17,H, =0,H,, =0

(8.7.1)

So the problem is quite complicated, and solving is very difficult if taking other
approaches. The complex analysis is effective for the solution. The conformal

mapping here used is
1+¢
1
" (1 - C>

which maps the region at physical plane shown in Fig. 8.10a onto the interior of the
unit circle y. This conformal mapping was used in solving problem of
one-dimensional quasicrystals (refer to Sect. 8.2). Fan and Tang [17] developed
approach given by [4]. The application of the mapping yields the function equations
along the unit circle y due to the boundary conditions:

H

z=w() = - —In (8.7.2)

1 [®y(o)ds 1 [Ds(0)do L/ w(o) ®y(o)de 1 1 [ tdo
2ni oc—( 2ni o—( 2ni ) o'(s) 00— ¢ 32 2ni) o—¢
7 7 7 7
1 [®y(0)do L/ ®3(0)ds 1 [w(o) ®y(o)ds 1 1 [ tdo
2mi g—_ 2mi o— " 2ni ) o'(6) o—( 32c;2mi) o
7 7 7 ¥
I [®y(o)do 1 / TGLAGEIN (o) ¥(c)do

i) o0 "omi) (o) o—0 T 2mi') (o) o

Y v ¥
) o"(0) Wy(o)do, 1 l/hda
i
y

%

y w@P -0 Ri—iR2mi)o-

(8.7.3)

The solution of these function equations will determine the complex stress poten-
tials, in which t =i [ (T, +iT,)ds,t = —i [ (T — iTy)ds,h =i [ (hy + ih;)ds, and

8" (2) = ha(2), 8% (2) = h3(2), &4 (2) = ha(2)
hy(z) = hy(0(2)) = <> 3(2) = hs(0(2)) = D3(0) (87.4)
ha(2) = ha(0(2)) = 04(0), 1 (2) = hi(0(z) = ®1() =0

The inversion of conformal mapping (8.7.1) is:
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Fig. 8.10 Finite height
specimen of quasicrystals
(a) and conformal mapping
onto the unit circle at

{-plane (b)
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Conformal mapping onto the unit circle at {-plane

—e ™/ £ 2iV1 — e m/H

2 _ e—m/H

o l(z) = (8.7.5)

The points at y in mapping plane corresponding to z = (—a,0" ) and z = (—a,07)

in physical plane are:

—e ™/H 4 2j\/1 — e—ra/l

O_qg=

2 — el (8.7.6)
e 21— e/l N
O—a = 2 _ e—na/H

In addition, the crack tip is mapped to { = —1 Substituting the mapping into the

equation

D4(0) + %

T a

do + 5(0)

V(o). — 1 i [(T,+iT,)ds
o p— / do (8.7.7)

o—{



8.7 Cracked Strip with Finite Height of Two-Dimensional Quasicrystals ... 171

in which

G() = o(1/¢) (8.7.8)

then leads to

04(0) + GO0+ 030 = 35— | {"f(“”’)ds}da (8.79)

and the solution at last

1 1 1 1+¢

q):‘(@:'sz—cl'z_m I—_CIH(U—U—W n(s —{)
N SR N SR | B
2(1+C2)1 (1+ )+2(1—62)1 a+zL_aﬂ (8.7.10)

Similarly, ®,({) and ®3({) can also be determined. If it is calculating stress
intensity factor the information on @} ({) is enough, because of

K = K| — ikl = 32¢, <2\/“ fim —24() ) (8.7.11)
=1 e"(0)

Substituting the above results into this formula (note that T, =0,
T, = —p,h, = hy, = 0) yields

F(a/H), Kl=0 (8.7.12)

VIV
L

in which the configuration factor is:

n Zenu/H Zeﬂa/H1 /1 — e—ma/H
era/H _ | — Dena/Hy\/| — g—ma/H

Further, we have the crack energy release rate

1 1 K1 “)2
=- K 8.7.14
Gi 4(L+M+MK1—R2)( 1 ( )

F(a/H) = (8.7.13)
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If the applied stress at the crack surface is pure shear stress, then

K = \/zzfifF(a/H),KI” =0 (8.7.15)

and

1 1 K1 H)2
= K 8.7.16
Gu 4(L+M+MK1—R2)< 1 ( )

8.8 Exact Analytic Solution of Single Edge Crack
in a Finite Width Specimen of a Two-Dimensional
Quasicrystal of 10-Fold Symmetry

We have mentioned the power of complex analysis lies in the application of con-
formal mapping to some extent. To further demonstrate the powerful approach, let
us consider another example of a cracked specimen of quasicrystal of point group
5 m and 10 mm and shown in Fig. 8.11, the exact solution of which is difficult due
to finite width of the specimen.

The applied stresses are tensile at the top and bottom surfaces of the specimen
(which is equivalent to inner pressure along the crack surface), or shear at the
external surface of the sample (which is equivalent to shearing along the crack

Fig. 8.11 Single edge-cracked specimen subjected to tension (or inner pressure along the crack
surface) or shearing (or shearing along the crack surface)
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surface). For simplicity, we consider the case of action of inner pressure along the
crack surface or of shear along the crack surface only (this ensures stress-free at
region faraway from the interior of the specimen), so we have boundary conditions
for the case of action of inner pressure

Oy =0y =0,Hy, =H,, =0, yEoo,—a<x<l—a;
O =0y =0,Hy=Hy,=0, —oco<y<+oo,x=—-a,x=I[—a; (88.1)
Oy = —p,0yy =0,H,, =H,, =0, y=20,-a<x<0.

The formulations are Egs. (8.4.1)~(8.4.9), in which the key equation for
boundary value problem is:

Fi(z) + F3(2) + 2F4(2) = fo(z), (x,¥) €Si(or z€S)) (8.8.2)

where

Z

7@ = g [ (Trin)as

B z (8.8.3)
R pdz{—ﬁp(ﬁ-a), —a<x<0,
32¢ 0, x & (—a,0)

a

For solving specimen shown by (8.8.1), we need to use the conformal mapping

2=l = (%) arctan [m -tan (%)] —a (8.8.4)

This mapping function is originated from Ref. [18], which is devoted to solve the
crack problem of traditional materials. The conformal mapping maps the region at
physical plane onto the upper half-plane (or lower half-plane) at {-plane. The
complex potentials, e.g. ®3({) and D4({) (refer to Sect. 8.4) transformed from
F3(z) and F4(z) after the mapping respectively, and satisfy the boundary equations
(transformed from (8.8.2) after the mapping)

1 (o) (o) 1 fo
D4(0) + %/ ) 0_4_ Cda—i— 03(0) =5 [ == Cda (8.8.5a)
Y Y
1 (o) @) (o) 1 fo
©4(0) + E/ ol Os(0) = 5 = o (8.8.5b)

7 v
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where o represents the value of { along y at {-plane. We know that function
©©) @/, (7) ,(0) is analytic in lower half-plane 1 <0, and according to the condition of

' (0)

stress-free in region faraway from the interior of the specimen,

lim zF)(z) = 0. (8.8.6)

7—00

o(()

so that lim @) ({) = lim zF}(z) = 0. By applying the Cauchy integral theory,

—o0 @ ({ Z—00
¢

there is

I [ (o) %o)

i ma_gdazo (8.8.7)
From (8.8.7), (8.8.5a) and (8.8.3),
1 1
- L p
(1) = 3261 — / (8.8.8)
—1

Further, integrating by part after derivation to (8.8.8) with respect to {, we have

i
1 1 pa' (o)

@ = ——— d 8.
4(©) 32¢q 2mi og—( ’ (8.8.9)
-1
By the way from (8.8.4), there is
21 na na
" = 25
"(0) = tan(zl) cos (21) (8.8.10)

According to the definition of complex stress intensity factor, for the crack under
the action of inner pressure, one has

2 [2
K}‘:ﬁ n—tan ™ Jrap, Kl=0 (8.8.11)

Similarly, for the case of action of inner shear, there is

2
\/_

The work can be found in Ref. [19], and the detail is given by Appendix A.4 in
Major Appendix of the book.

Kl =0, K]= an—\/nar (8.8.12)
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8.9 Perturbation Solution of Three-Dimensional Elliptic
Disk Crack in One-Dimensional Hexagonal
Quasicrystals

Elasticity for all quasicrystals is three-dimensional in fact, even if for
one-dimensional quasicrystals, we have mentioned previously this point. To sim-
plify solving procedure in previous and succeeded descriptions, we often decom-
pose a complex three-dimensional problem into a plane and anti-plane elasticity to
solve, and this helps us to construct some solutions. When the so-called decom-
position is not available, one must to solve three-dimensional problem indeed. We
here consider an example in one-dimensional hexagonal quasicrystals, in which
there is a three-dimensional elliptic disk crack with major and minor semi-axes
a and b, respectively, shown in Fig. 8.12, and the crack is located in the centre,
subjected to a tension at region faraway from the crack.

For simplicity, assume that the external applied stress is removed and instead at
the crack surface is subjected to a uniform pressure, and this results in the following
boundary conditions:

VX4 +722 =00 0; =0,H; =0
2=0,(x,y) €Q: 0y =-—p,H;=—q,0,=0,,=0 (8.9.1)
72=0,(x,y) €Q: O =0y, =0,u, =0,w, =0

where Q denotes the crack surface.

The governing equations of this problem are introduced in Chap. 5, which are
not needed to be listed again.

Due to coupling between phonon and phason fields, the problem is very com-
plicated, and a strict analysis is difficult. In the following, an approximate solution
based on perturbation is discussed.

Fig. 8.12 Elliptic -
disc-shaped crack
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Assume that the coupling elastic constants are very much smaller than those of
phonon and phason, i.e.

R; R;
—~ 2~ 1 8.9.2
ij 71{1' e ( )

Take perturbation expansions such as

0 o8
w=y " (i=xy2, wo=>y dw (8.9.3)
n=0 n=0

Substituting (8.9.3) into the governing equations and considering condition (8.9.2),
the zero-order solution expressed by displacements is as follows:

0 0 0 0
MSCO):—(F1+F2)_—F37 M§;0):_(F1+F2)+_F3

Ox ady ay Ox

; (8.9.4)
uﬁ‘” = a_z(mlFl +myF»), ul? = Fy

in which the displacement potentials satisfy the generalized harmonic equations
ViFi=0 (i=1,2,3,4) (8.9.5)

where

2
9 O 50 8.9.6
Vi Ox2 + Oy? i 072 ( )
2= Cas+ (Ciz + Caa)m; _ Cyzm; (i=1,2)
! Cu Ci3 + Cyg + Caam; e
(8.9.7)
polu 2 K
PTG’ K

Fy=F;=0 (8.9.8)

so that

= F, (8.9.9)
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From the basic formulas of Chap. 5, it stands for the zero-order perturbation
solution

3 0
ag}) =—Cp3 FiI+Ry—F4

U= o
> 0
Ug?) =Cy(m +1)=——=F +R3—F,4
ag?z % (8.9.10)
() C44(m1+1)a oE F1-i-R28 Fy
> B
HY = —Riyi 55 F1+Ki 5 Fa

the stresses oii), oﬁ?, a@

are not listed, because they have no direct connection
with the following calculation. Thus, the zero-order perturbation solution on rele-
vant stress components are expressed by

&’ o
ng) ~ _C13V1 o ZF( )

o*F)”
0x0z

8.9.11
agFl(O) ( )

0yoz

022) ~ Cya(my +1)

~ C44(m1 + 1)

oF\
0) 4
HY ~ K, o

in which the zero-order perturbations of F 50) and F io) satisfy

0 0
viFY =0, VIRV =0

(8.9.12)
Due to the above treatment, the boundary conditions reduce to
Vai+yi 42 —o00: f=0, g=0
62F(O) 8F<0>
z2=0,(x,y) €Q: 2037 5= K 82 =—q (8.9.13)
oF
z2=0,(x,y) €Q: —8] =0, FQO):O
Z

The boundary value problem of (8.9.12), (8.9.13) is the generalized Lamb

problem originated from fluid dynamics [21, 22], and the solution is known (the
well-known Green-Sneddon solution) as follows:
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00 5 5 2
) A x y Z ds
F =5 s
(Y, 2) 2/ [az—i—s b2+s+ s} 0o(s)
gm (8.9.14)
( B 2 y 7 ds
F =5 5!
s (,9,2) 2/ [a2+s+b2+5+ s 0O(s)
¢
where
Q(S) :s(a2—|—s)(b2 —|—S) (8915)

and A and B are unknown constants to be determined and ¢ denotes ellipsoid
coordinate. After lengthy calculation (see, e.g. [3] or Appendix 2 of this chapter),
the unknown constants are determined as follows:

—ab’p —ab’q
— _ B=——"1 8.9.16
4C133E(k)’ 2K\ E(k) ( )

where E(k) is the complete elliptic integral of second kind, and k> = (a*> — b*)/a’.
So far, the problem in the sense of the zero-order perturbation is solved already. The
stress intensity factors of zero-order approximation are:

pva (b\'? 4
KIH = lim \/27r0..(x,y,0) ==Y (=]  (a*sin® ¢ 4 b* cos® (j))l/

r—0 E(k) a
(8.9.17)

1 ‘Iﬁbl/zzz 2 2 y1/4
K; :rllirj) 2nr Hy (x,y,0) :m(a> (a” sin” ¢ + b~ cos” )

and ¢ = arctan(y/x). For the detail of derivation, please refer to Appendix 2 of this
chapter.

A modification to the zero-order approximation can be done. Substituting the
zero-order approximate solution into the original equations that have not been
approximated yields the one-order approximate solution, e.g.

0= ot Z F0 g L0 g0 — g D0 g2 & g0 (5018
Gzz__l3y18_zzl+28_z4’ zz—la—z4_1/18_221(~~)
In this case, the stress components are in phonon-phason coupling already; fur-
thermore, the stress intensity factors of one-order approximation and other quan-
tities can be evaluated.
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8.10 Other Crack Problems in One- and Two-Dimensional
Quasicrystals

Peng and Fan [23] reported the study on circular disk-shaped crack, which is the
special case of work of Fan and Guo [20].

Liu and Liu et al. gave some solutions of crack problems in terms of complex
analysis; in particular, the discussion on those of one-dimensional quasicrystals is
comparatively comprehensive, which are summarized in thesis [24].

Li et al. [25] studied the crack solution of one-dimensional hexagonal qua-
sicrystals under the action of thermal stress.

The exact analytic solutions of quasicrystals provide a basis for fracture theory
of the material, which will be summarized in Chap. 15.

8.11 Plastic Zone Around Crack Tip

Previous discussion lets us understanding the fact that there is highly stress concen-
tration near the crack tip, and the maximum value of some stress components is
beyond yielding limit of material and leads to plastic deformation of the material. That
is a plastic zone appears around crack tip. How can we estimate the size of plastic zone
and its effects? In classical fracture theory concerning structural materials (or engi-
neering materials), the relevant analysis can be carried out by the theory of plasticity.
However, there is no theory for quasicrystalline material so far. In principle, the
analysis for plastic deformation of quasicrystals is not available at present.

In Chap. 7, we studied the solutions of dislocations of quasicrystals. Formation
of dislocation means the starting of plastic deformation [26]. Movement of dislo-
cations meets an obstacle, the dislocations will be piled up, the pile-up forms
dislocation group, and this is a plastic zone macroscopically. By using a continuous
distribution model of dislocations, the size of the plastic zone can be evaluated. The
size of plastic zone around crack tip may be big or small. If the size can be
compared with the crack size, this case is called large-scale plastic zone, and the
fracture behaviour is dominated by plastic deformation. If the size is small in
comparison with the crack size, this case is called small-scale plastic zone, and the
fracture behaviour is still controlled by elastic deformation. In Chap. 14, we will
give some analyses about this.

8.12 Appendix 1 of Chapter 8: Some Derivations
in Sect. 8.1

Due to similarity to that of Sect. 8.4, some mathematical details of 8.1 are omitted.
However, the complex analysis is very important, which is also the basis of 8.2, and
we here give some additional details of the derivation.


http://dx.doi.org/10.1007/978-981-10-1984-5_15
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http://dx.doi.org/10.1007/978-981-10-1984-5_14

180 8 Application II—Solutions of Notch and Crack Problems ...

For simplicity, consider boundary value problem (8.1.5) as an example. From
(8.1.11), it is known

Oy, = Oy = _% [C44(¢/1 - d)—,l) +R3(‘Vl - lp_/l):| + 11

_ _ (8.12.1)
Hy = =4 [Ka(Wy = V) + Re(h — 90)| + 2

In the following, denote L as crack surface, and then, the second formula of
boundary conditions (8.1.5) can be rewritten as follows:

Cas($) — ¢)) +Rs (W) — ¥}) =2t =0 1€ L} (8.122)
K = V}) +Rs(¢) — ¢)) —2im =0 1€L
By applying conformal mapping,
a 1
t=w() = 3 <C+ Z) (8.12.3)

to transform domain with Griffith crack at #-plane onto the interior of the unit circle
7 at {-plane ({ = &+ in = pe'?), and then, L M corresponds to the unit circle y
(similar to Fig. 8.8).

At the unit circle, y, { =0 = el p = 1 Under the mapping (8.12.3), unknown
functions ¢, (¢) and ¥, (7) and their derivatives are expressed as follows:

¢1(t) = 1 [(O)] = $(0), ¥, (1) = Y [w(D)] = ¥(0) } (5.12.4
¢, (0) = ¢'(0) /o (). Wi (0) = W0 /o (0) o
Similar to 8.4, the boundary conditions are reduced to
2m 2m = EZ; ¢/(O') 49_—6(_‘_ g;;%m{l/:(—i)d
Rk (YOG de =t L [
’ ' (8.10.5)
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It is analogous to Sect. 8.4, and there are

1 (¢
3mi ) ot
Y

do = ¢'(0), 5 [ 22 ¢'(0)dz =0

(o)
) 7740 = V(0 ~ 5 [ 5DV (0) 2 =0 (a)
7 7
] G do =3
So that the solution of Eq. (8.10.5) is
i . Kot — Rs1p ’ . Cyuty — R37y
— —jg—= 2 8.12.6
H O =ia g g VO =i (8.126)
Integrating (8.12.6) yields
. Kty — Ratp . Cytr — R31y
— —jag—= - 8.12.7
B0 =iag b WO =i (8.127)
The single-valued inversion of conformal mapping (8.12.3) is
(=o' () ="— (5)2_1 (8.12.8)
p P 12,

due to |f| = oo corresponding to { = 0, and substituting this into, we obtain

K>t — Rzt Koty —Rytp [ ¢ 2
—1 . 201 302 . 2041 342

= 1)) = 1) = — _ _ —1
$O) = ¢ 0) = bi(0) = fa G Ui s < ) )

- . Cyutr — Ry  Cuty —Rymy [ 8 1?2

o 1 . 3

= 1)) = t) = = — -] =1
R A R ( () )

These are the complex potentials of (8.1.12).

8.13 Appendix 2 of Chapter 8: Some Further Derivation
of Solution in Sect. 8.9

To determine the unknown constants A, B, it must do some complex calculations
and need to introduce ellipsoid coordinates and elliptic functions.

The region Q is defined by ellipse, and outside which it is region marked by
(Z — Q), they can also be defined in terms of the ellipsoid coordinates &, #, {, which
are of some roots s of the ellipsoid equation
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2 2 2
X y Z

L 1=o0
a2+s+b2—|—s+ s

in which
—a* <{< - <0< E<oo.
The relations between ellipsoid coordinates &, #, { and rectilinear coordinates
X, ¥,Z
a’(@ = b*)x* = (@ +&)(a® +n)(@® + )
PP — @)y = (B2 + &) (07 +n) (0P +0) (8.13.1)
a2b2z2 — 67]4’
As & =0, corresponding to z =0, (x,y) € Q, while n = 0, corresponding to

=0, (x,y) € (Z— Q). So that the boundary conditions (8.9.1) can be rewritten in
a more explicit version if using the ellipsoid coordinates:

E=0: 0;=—po, Oyy=0y,=0 (8.9.1)
n=0: u,=0,0,=0,=0 (8.9.2))

The derivatives of ellipsoid coordinate & with respect to rectilinear coordinates

% m 0c m,g—ﬁzﬁﬁ (8.13.2)
where
4ni0(8) = (E—m)(E =) (8.13.3)
and Q(¢) is defined by (8.9.15).
The derivative of the first formula of (8.9.14) with respect to z is:
ds
:Az! 7o0) (8.13.4)

For the convenience of calculations afterwards, the right-hand side of the above
equation can be changed as follows:

oF\" (25 +a* + b?*)ds

0z \/— /a2+s ) (B2 +5)/0O(s)
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Putting a substitution

azcnzu

&=

_ 202
iy =@ (sn™"u—1) (8.13.5)

where u,cnu, snu, sn2u are elliptic functions and their definitions and manipula-
tions refer to the introduction hereafter. Inserting (8.13.5) into the above equation,

then the partial derivative OF fo) /0z is expressed by elliptic functions:

(0)
OF;" 24z [snudnu B E(u)] (8.13.4)

9z  ab?| cnu

in which E(u) denotes the complete elliptic integral of second kind (see the fol-
lowing introduction), which can also be expressed by the integral of elliptic
function dn2y, i.e.

u

E(u) = /dnzﬁdﬁ (8.13.6)

0

Taking the derivative of (8.13.4") with respect to z and applying the formula
(8.13.2), one finds that

62F§0) . 261/2[5(542[92 — 1) — b (n+{) — (a® +b*)n{] 2 [E(u) B snucnu]
02 T @pE-nE- 0@ eyt a dn

(8.13.7)

From (8.13.5), as & =0, then u = 7/2; from the succeeded formulas, there is
E(u) = E(k), snucnu/dnu = 0. Comparison between (8.13.7) and the second for-
mula of (8.9.1) determines the unknown constant A. Similarly, constant B can be
determined.

After determination of constants A, B, function (8.9.14) is determined at all.
Naturally, the stress and displacement fields are completely solved. Of course some
calculations are still complicated.

Substituting (8.9.14) into the expression of normal stress of phonon field and for
n = 0, there is

N _ shucnu
022(x,,0) = E(k) { ) [E(u) dnu ] } (8.13.8)
(x,y) € (Z_Q)

This is the normal stress of phonon field at plane z = 0 and outside the crack
surface.
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Fig. 8.13 The coordinate z
system of crack tip

We now calculate the stress intensity factor KI”, and according to the definition

K = lim /27r102:(x, v, 0) (8.13.9)

" (xy)e(Zz-Q)

where r; characterizes a geometrical parameter of crack tip and r} < a, r; < b
(Fig. 8.13).

The limit process in (8.13.9) can also be expressed through the ellipsoid coor-
dinate ¢ — 0. In Fig. 8.13, the location near the crack tip can be described by
(8.13.10)

=n sin 91
E= (éa)b]/z " cosz% (8.13.10)
0

and ry, 01 are depicted in the figure, in addition
My = a®sin® ¢ + b% cos> ¢
¢ is the polar angle at any point of contour of ellipse (3.11.1) (Fig. 8.14).

As previously pointed out, as ¢ — 0, E(«) in (8.13.8) reduces to the complete
elliptic integral of second kind, and (snu/cnu)/dnu tends to zero, the first term

presents singularity with order (Zrl)fl/ 2. the coefficient containing the singular

term is:
po _1/a(b /2
E(k) a
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Fig. 8.14 The geometry ¥y
relation concerning major and
minor semi-axis of the elliptic
crack

bsing
it follows that according to (8.13.9)
P\ 12
K| %f)(a) (a* sin® ¢ + b? cos® ¢p)/* (8.13.11)

which is the first formula of (8.9.17) and the second one is similarly obtained, this is
the well-known Green-Sneddon solution [22].
In the above derivations, some elliptic functions are used and listed as below.
Denoting

9
= / (1 — K2 sin?0)~2dr = F(, k). (a)
0

which is defined u to be function (multi-valued function) of x = sin ¢; in contrast,
equation (a) defines ¢ or sin ¢ as a function of u (maybe a multi-valued function).
Putting notation

¢ = amu = am(u, k) (b)

means it to be a function of modulus k and argument u. These are the following
basic functions:

snu = sn(u, k) = sin(amu) (c)

cnu = cn(u, k) = cos(amu) (d)
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dnu = dn(u, k) = A(amu, k) = [1 — &* sin®(amu)]"/? (e)
The ranges of variation of these functions are:
—1<snu<l,—1<cnu<1,k <dnu<1 (f)
Apart from this, these are the following functions:

nsu = 1/snu, ncu = 1/cnu

ndu = 1/dnu

csu = cnu/snu, scu = snu/cnu
sdu = snu/dnu

dsu = dnu/snu, dcu = dnu/cnu
cdu = cnu/dnu

The above functions are named Jacobi elliptic functions.
At u =0, put

sn0 =0, cn0 =dn0 =1 (h)
Besides, there is
cnkK = 0. (i)
Periods of elliptic function sn(u,k) are 4K, i2K'; periods of cn(u, k) are 4K,
2K +i2K’; periods of dn(u, k) are 2K, i4K'.

Other properties of elliptic functions are listed a part which are concerned in the
previous derivations, e.g.

sn’u+ cn’u = 1 )
Ksn’u+dn’u = 1 (k)
dn’u — k*en’u = k'? 1)
K ?sn’u+cn’u = dn’u (m)
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Chapter 9
Theory of Elasticity of Three-Dimensional
Quasicrystals and Its Applications

In Chaps. 5-8, we discussed the theories of elasticity of one- and two-dimensional
quasicrystals and their applications. In this chapter, the theory and applications of
elasticity of three-dimensional quasicrystals will be dealt with. The
three-dimensional quasicrystals include icosahedral quasicrystals and cubic qua-
sicrystals. In all over 200 individual quasicrystals observed to date, there are almost
half icosahedral quasicrystals, so they play the central role in this kind of solids.
This suggests the major importance of elasticity of icosahedral quasicrystals in the
study of mechanical behaviour of quasicrystalline materials.

There are some polyhedrons with the icosahedral symmetry; one of them is
shown in Fig. 9.1, which consists of 20 right triangles and contains 12 fivefold
symmetric axes A5, 20 threefold symmetric axes A3 and 30 twofold symmetric axes
A2. One of the diffraction patterns is shown in Sect. 3.1.1, and the stereographic
structure of one of icosahedral point groups is also depicted in Sect. 3.1.1.

The elasticity of icosahedral quasicrystals was studied immediately after the
discovery of the structure, which is the pioneering work of the field, and promoted
the development of the disciplinary of the research. The outlook about this was
figured out in the Chap. 4, in which the contribution of pioneers such as P. Bak
et al. was introduced. After Ding et al. [1] set up the physical framework of
elasticity of icosahedral quasicrystals, they [2] also summarized the basic rela-
tionship of elasticity of cubic quasicrystals. In terms of the Green function method,
Yang et al. [3] gave an approximate solution on dislocation for a special case, i.e.
the phonon-phason decoupled plane elasticity of icosahedral quasicrystal. In this
chapter, we mainly discuss the general theory of elasticity of icosahedral qua-
sicrystals and the application; in addition, those for cubic quasicrystals are also
concerned. We focus on the mathematical theory of the elasticity and the analytic
solutions. Because of the large number of field variables and field equations
involving elasticity of these two kinds of three-dimensional quasicrystals, the
solution presents tremendous difficulty. We continue to develop the decomposition
and superposition procedures adopted in the previous chapters; this can reduce the
number of the field variables and field equations, and three-dimensional elasticity
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Fig. 9.1 Icosahedral

can be simplified to two-dimensional elasticity to solve cases with important
practical applications. The introduction of displacement potentials or stress poten-
tials [4, 5] can further simplify the problems. In the work, some systematic and
direct methods of mathematical physics and functional theory have been developed,
and a series of analytic solutions are constructed, which will be included in the
chapter. Because the calculations are very complex, we would like to introduce
them in as much detail as possible in order to facilitate comprehension of the text.

9.1 Basic Equations of Elasticity of Icosahedral
Quasicrystals

The equations of deformation geometry are

1 8u,~ 81/!]' o 8wi
8ij_§<8_xj+8xi>’ WU_ axj (911)

which are similar in form to those given in previous chapters, but here u; and w;
have 6 components, and ¢; and w;; have 15 components in total.
The equilibrium equations are as follows

9o _ o OHy _
6xj o ax]' o

0 (9.1.2)

which are also similar in form to those listed in previous chapters; however, here
adding o;; and H;; gives 15 stress components.
Between the stresses and strains, there is the generalized Hooke’s law such as
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0ij = Cijuéu + Rijuwi  Hij = Ruijer + Kijuwu (9.1.3)
in which the phonon elastic constants are described by
Ciju = )»51'1'5](1 + ﬂ(éikéjl + 5i15jk) (9.1.4)

where A and ¢ (=G in some references) are the Lamé constants.
If the strain components are arranged as a vector according to the order

[, Wij] = [611622633623€31 E12W11 W22 W33 W23 W32 W12 W3 W13W21 | (9.1.5%)
and the stress components are also arranged according to the same order, i.e.
[0ij, Hj] = [011022033023031012H11HxyH33Hp3H3o Hip Hy Hi3Ho (9.1.57)

then phason and phonon-phason coupling elastic constants can be expressed by
matrixes of [K] and [R]

K 0 0 0 K; 0 0 K, 0
0 K 0 0 —K; 0 0 K; 0
0 0 K+k 0 0 0 0 0 0
0 0 0 K —K; 0 K; 0 0 -K;
Kl=|K -K 0 0 K-K 0 0 0 0
0 0 0 K 0 K K 0 0
0 0 0 0 0 -K, K —K> 0 -K;
K, K 0 0 0 0 0 K-k 0
0 o0 0 —K, 0 0 -k 0 K|
1 1 1 0 0 0 0 1 0]
-1 -1 1 0 0 0 0 -1 0
0 0 -2 0 0 0 0 0 0
0 0 0 0 0 -1 1 0 -1
Rl=R| 1 -1 0 0 1 0 0 0 0
0 0 0 -1 0 -1 0 0 1
0 0 0 0 0 -1 1 0 -1
1 -1 0 0 1 0 0 0 0
0 0 0 -1 0 -1 0 0 1|

Equations (9.1.1)—(9.1.3) are basic equations of elasticity of icosahedral qua-
sicrystals; there are 36 field equations in total, and the number of the field variables
is also 36. It is consistent and solvable mathematically.

Due to the huge number of the field variables and field equations, the mathe-
matical solution is highly complex. One way to solve the elasticity problem is to
reduce the number of the field variables and field equations mentioned above. For
this purpose, we can utilize the eliminating element method in classical mathe-
matical physics.
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Based on the matrix expression of the generalized Hooke’s law of (4.5.3) in
Chap. 4, i.e.

where

.
[ U] = [3U>WU]T
Wij

then one has the explicit relationship between stresses and strains as below

O = A0+ 260 + R(Wyx + Wyy + Wy +Wy)
Oy = A0+ 2y, — R(Wr + Wy — W + Wyr)
G, = A0+ 2ue,, — 2Rw,,

Oy, = 2UEy; + R(Wyy — Wy — Wy) = 0y

Oz = 2UEy + R(Wyy — Wyy — Wy) = Oy,

Ory = 2piexy + R(Wyx — Wy; — Wyy) = Oy

Hy = R(&x — &y +262) + Kiwye + Ko (W + Wy)

Hyy = R(ex — &y — 2&,) + Kiwyy + Ko (Wi, — wiy)

H; = R(ex + &y — 26,) + (Ki + K2)wy,

H,, = —2Reyy + (K1 — K2)Wy, + Ko (Wyy — Wyy)

H, =2Re, + (K1 — K2)w + Ko (W — Wyy) (9.1.7)
Hyy = —2R(&y; + &xy) + Kiwyy + Ko (Wy — wiy)

H,, = 2Rey, + (Ki — Ko)wyy — Ko (Wyy +wys)

Hy, = R(ex — &) + Ko(Wix +Wyy) + (Ki — K2)wy,

Hyy = 2R (&xy — &) + Kiwye — Ko (wy; +wyy)

where 0 = & + &, + &, denotes the volume strain, and &; and w;; are defined by
(9.1.1). This explicit expression was first given by Ding et al. [1].

Substituting (9.1.7) into (9.1.2) yields one of the forms of the final governing
equations—the equilibrium equations in terms of displacements are as follows
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0 Pw,  Pw, Pw Pw, Pw, Pw,
2 . N R x x X y 'y )
WVt (A0 5V u st <az Tova: o Troxay “over axaz> 0
0 Pw Pw,  *w, Pw, FPw O*w
2 “ —V- _ X _ x Yy _ Yy y 2\ _
W+ 1) 5oV “+R( 2oxdy Coyoz T o Coxde 0y 26y8z) 0
0 Pw Pw,  Pw,  Pw, Pw, Pw,
20+ (2 il v R x_ x_ LT S Julilis 2 R
WV s+ (At )5V ut (axz oy o T oe oy af) 0
Pw 62w Pw Pw, O*w
KiVw, + K. z A, R S
VW 2( %0 02 Coyor T o oy

+2

&u, u,  Pu, &u, 82uy Pu, u,
R e S Y R e e =0
Ox? Ox0z  Oy? Oxdy ~Oy0z  Ox2  Oy?

Pw Pw, Pw,  Pw,
2 x y 2 OWy
kv Wy+K2( Dyvoz Zoxo: Coxdy 02 )

& u, &u 0’u, & u u u
R = — 2 il M) f_2 Y _2 £l =0
+ (ax2 vo: T oy TCoxay  ~oxor axay)

(9.1.8)

Pw,  OPw Pw Pw
_ 2 x x y z
(K1 — K2) V7w, +K2< 2 o2 zayax + 022 >

Pu u u u 0*u
R(2-F 42—t 5+ === 2-]=0
+ (aa Traa: T Ty az2>

where V2 =2 + & 4 & Vo= 4 Gy S

Equations (9.1.8) are 6 partial differential equations of second-order on dis-
placements u; and w;. So the number of the field variables and field equations is
reduced already. But obtaining solution is still very difficult; one of the reasons is
the boundary conditions for quasicrystals which are much more complicated than
those of the classical theory of elasticity. In the subsequent sections, we will make a
great effort to solve some complex boundary value problems through different
approaches.

It is obvious that the material constants of 4, u, K, K> and R are very important
for stress analysis for different icosahedral quasicrystals, which are experimentally
measured through various methods (e.g. X-ray diffraction and neutron scattering)
and listed in Tables 9.1, 9.2 and 9.3, respectively, as follows.

In this table, the measurement unit of A, x4 and B is GPa, and B = (344 2u)/3
represents the bulk modulus, and v = 4/2(A+ u) represents the Poisson’s ratio,
respectively.

It is needed to point out that Eqgs. (9.1.8) are not only a form of final governing
equation of elasticity of icosahedral quasicrystals, but also there are other forms
which will be discussed in Sect. 9.5.
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Table 9.1 Phonon elastic constants of various icosahedral quasicrystals

Alloys A u(G) B v Refs.
Al-Li—Cu 30 35 53 0.23 [6]
Al-Li—Cu 304 40.9 57.7 0.213 [7]
Al-Cu-Fe 59.1 68.1 104 0.213 [8]
Al-Cu-Fe-Ru 48.4 57.9 87.0 0.228 [8]
Al-Pd-Mn 74.9 724 123 0.254 [8]
Al-Pd-Mn 74.2 70.4 121 0.256 [9]
Ti—Zr-Ni 85.5 38.3 111 0.345 [10]
Cu-Yh 35.28 25.28 52.13 0.2913 [11]
Zn-Mg-Y 33.0 46.5 64.0 0.208 [12]
Table 9.2 Phason elastic constants of various icosahedral quasicrystals

Alloys Source Meas. Temp. K; (MPa) K, (MPa) Refs.
Al-Pd—Mn X-ray R.T. 43 -22 [13]
Al-Pd-Mn Neutron R.T. 72 -37 [13]
Al-Pd-Mn Neutron 1043 K 125 =50 [13]
Zn-Mg-Sc X-ray R.T. 300 —45 [14]

Table 9.3 Phonon-phason coupling elastic constant of various icosahedral quasicrystals

Alloys Source R Refs.
Mg-Ga-Al-Zn X-ray —0.04 p [15]
Al-Cu-Fe X-ray 0.004 pn [15]

9.2 Anti-plane Elasticity of Icosahedral Quasicrystals
and Problem of Interface of Quasicrystal-Crystal

People can find Egs. (9.1.8) is very complex, but they can be simplified for some
meaningful cases physically. One of them is the so-called anti-plane case where the
nonzero displacements are only u, and w,, and the other displacements vanish. In
particular, these two displacements and relevant strains and stresses are independent
from the coordinate x3 (or z). If there is a Griffith crack along the axis z (see
Fig. 9.2) or a straight dislocation line along the direction, in addition, the applied
external fields are independent from variable z, so the field variables and field
equations are free from the coordinate z for the configuration:

0 0
_ = — = 0
8X3 aZ
Because there are only two components u, and w,, and others have vanished, the
corresponding strains are only

(9.2.1)



9.2 Anti-plane Elasticity of Icosahedral Quasicrystals and Problem ... 195

Fig. 9.2 One of
configuration of plane or
anti-plane elasticity
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Eyz = &gy = Ea_})» &y =
From the formulas listed in Sect. 9.1, the nonzero stress components are

Oy, = Oy = 2U&y; + Rw,
Oy, = Oz = 2uey, + Rw,
H, = (K1 — K2)w, + 2Re,,
H,, = (Ki — K2)wy, + 2Rs,,

(9.2.3)
H,, = 2Rey, + Kowy,
Hy, = —2Re,; — Khw,
H,, = —2Re,, — Khw,,
H,, = —2Re,, — Kywyy
and the equilibrium equations stand for
00, 0oy OH,. OH,
— =0, —— -~ =0
Ox dy Ox ady (9.2.4)
OH,. = OH, OH,, = OH,, 0 o
Ox dy 7 Ox dy

The problem described by Egs. (9.2.2)—(9.2.4) is anti-plane elasticity problem;
we have the final governing equations
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Viu, =0, Viw,=0 (9.2.5)

where V3 = % + 0_;’

One can see that Eqgs. (9.2.5) are similar to (5.2.11), which can be solved in a
procedure similar to that adopted in Chaps. 5, 7 and 8.

As an example of solution of anti-plane elasticity of icosahedral quasicrystals,
we discuss the interface problem between centre-body cubic crystals and icosahe-
dral quasicrystals.

The physical model is similar to that proposed in Sect. 7.6, i.e. the icosahedral
quasicrystal is located in upper half-space y > 0, whose governing equations are
listed above, while the centre-body cubic crystal lies in lower space y <0 with finite
thickness & (refer to Sect. 7.6.1 in Chap. 7) and is governed by the following
equation

Vil =0 (9.2.6)
with the following stress—strain relations

69 = 0 = 250, 619 = 5 = 2)f0

2y vz ? x

for crystals, in which al(jc) = (0u' ) ox; —|—8u]<-c) J0x;)/2, 1 = C\).
After Fourier transform, the solution of (9.2.6) is very easy to obtain such that

uz(x,y):% / A(E)eleh—itxgg, wz(x,y):% / B(&)e™Ib=ird¢ (9.2.7)

and the relevant stresses, e.g.
1 7 s e 1 7 P
R A —lEy—igxqe — R B —[&ly—itxq £
ry=-nyy [ lea@e e ro [ B e

Lo " 17 "
Hy = —Ro_ [ 18A@ 1950 - (ki — k)5 [ JelB@e e

(9.2.8)

in which y > 0 and A(¢) and B(&) are arbitrary functions of & to be determined.
According to the second boundary condition at the interface,

y=0, —oco<x<oo: oy =1f(x)+ku(x), H,y=0 (9.2.9)
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where
(c)
u
k= 9.2.10
- 92.10)
and the relation between the two unknown functions is
BE) = - a(®) ©.2.11)
K -K ¢ -

From (9.2.7) and (9.2.8), we have

2

R
oo = - (2 o)A@

and from the first one of condition (9.2.9), one determines the unknown function

A(g) = —< 70 (9.2.12)

Kllisz +ﬂ)‘é‘+k

So that

R/ (&)
(K1 —Kz)[(KIR,ZKZ +#)|f|+k}

B(¢) = (9.2.13)

in which 7 and k are defined by (9.2.9) and (9.2.10), respectively. Thus the problem
is solved. The phason strain field can be determined as

T 87 e
Wl =Ry | ek ke kKK
o1 r &) —|Ely—itx
wzx(x,y)—er—zn/ (R2*,u(K1*Kz))\é|+k(K1—K2)e DTIdE (9.2.14)

Note that y > 0. The integrals in (9.2.14) for some cases can be evaluated
through the residual theorem introduced in the Major Appendix of this book.

As the first example, assume that f(x) = 1, as —a/2 <x<a/2, and f(x) = 0, as
x< —a/2, and x> a/2, so f(&) = 2sin(¢¢); then from solution (9.2.14), we
obtain
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w (x ) _ g M(c)R(Kl _ KZ)T sin l 'u(c) (Kl — KZ) g
T Tk - K) - R 20K — ) — RO 9.2.15)
< expl — WK —Kz) y cos pIK —Ky) x
PUTuK, — k) — R WK —K) — R
wory) = 1IR(K) — Kp)t Sin(} 1Ky — K») 6_l>
“m hlu(K; — K;) — R?)? 2u(K, —K>) — R%h

(K, — K (K, — K
xoxp(— ALK 2 g | KOG Ko x
WK — Ky) —R*h WK1 — K2) —R*h

in which we have k = (9 /h and have used the normalized expression, i.e.
x/h,y/h. Then consider second example f(x) = d(x), and then, the integrals
(9.2.14) will be

wIR(K| — K>)t
[u(Ky — K») — R?J?

WK —Ky) y\ . [ WK —Ky) x
X exp| — —————— | sin |
WK, —K>) —R*h WK1 — Ky) —R*h

WZ)‘(x7y) =

WIR(K, — K»)T
[u(Ky — K») — R

1Ky — Ka) y 1K — Ky) x
X exp| — — s | oS | ———
Ky —K>) —R*h WK —K2) —R*h

sz(xv y) =

(9.2.16)

The detail of the evaluation is given in the Major Appendix of the book.

The results are quite interesting. In the first example, the phason strain field is
dominated by the elastic constants u, K|, K>, R and u(©) of quasicrystal and crystal
and applied stress 7 and geometry parameters a and /, while in the second example,
the geometry parameter is only /. For different 7/, 1) /u, a/h and given values of
U, K1, K> and R, one can find a rich set of numerical results. The computation used
the measured values of these quantities for Al-Pd—Mn icosahedral quasicrystals
which are provided in Tables 9.1, 9.2 and 9.3:

[ =724GPa, K;=125MPa, K,=—50MPa, R=0.04p

In the first example, strain field of phason is dependent upon elastic constants
1, K1, K, R of quasicrystal, elastic constant u(©) of crystal, and applied stress T and
geometry parameters a and h; in the second example, the geometry parameter is
only h. For different values of t/u, 1) /i, a/h under given values of u, Ky, K, and
R, some significant results are found and shown in Figs. 9.3, 9.4, 9.5 and 9.6,
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Fig. 9.3 Variation of w., «10°
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respectively. The quasicrystalline material constants are taken from Tables 9.1, 9.2
and 9.3, i.e.

[ =724GPa, K;=125MPa, K,=—50MPa, R=0.04p

The numerical results show that the influence of the ratio () /p of shear
modulus of crystal and quasicrystal is very evident. In addition, the influence of the
applied stress t/u is also very important. Besides, the influence of a/h is not
evident for the first example.

Another feature of solution here is quite different from that in Sect. 7.6 due to
the reason of difference of quasicrystalline systems.

This work is reported in Ref. [24].
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Fig. 9.5 Variation of w,, «10°
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9.3 Phonon-Phason Decoupled Plane Elasticity
of Icosahedral Quasicrystals

Yang et al. [3] presented an approximate solution of a straight dislocation in
icosahedral quasicrystals under assumptions

0

5= (9.3.1)
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and
R=0 (9.3.2)

The conditions (9.3.1) and (9.3.2) result a phonon-phason decoupled plane
elasticity, which leads to

&y = 0, Wop = Wyz = Wy = 0 (933)

Based on conditions (9.3.1) and (9.3.2), the final governing Eq. (9.1.8) reduces
to

0
MV%MX—&-(X-HL)a Vi-u=0

x
, 0
W%w(wu)a—yv] u =0

,uV%uZ =0

(9.3.4)

2 2
KiViw, +K, <a we 9 WZ) -0

ox2  0y?

Pw,

=0
Ox0y

K Viw, — 2K,

2 2 2
Ky — Ko)Viw. 4 Ko <8 Wy 28 wy O wy) —0

o2 “oxdy 0y
where

? o? Ouy n %

2 — . — . . =
\% =5 +8y2’ up = (ug,uy), Vi-w ax Ty

Because the phonons and phasons are decoupled, the first three equations of
(9.3.4) are pure phonon equilibrium equations; in addition, u, is independent from
u, and u,, and the second three equations in (9.3.4) are pure phason equilibrium
equations.

Yang et al. [3] solved the equations under the dislocation conditions

/dui = b /dWi = b (9.3.5)
T r

where I represents a path enclosing the dislocation core. The authors used the
Green function method to calculate. The results are
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(9.3.6)

in which

r=+vx2+y2, Ks=K - KK, —K,; (9.3.7)

The first three of (9.3.6) are well-known solutions of pure phonon field in
classical theory of dislocation; the second three of (9.3.6) are new results for pure
phason field. Due to lack of coupling terms, the interaction between phonons and
phasons could not be revealed.

9.4 Phonon-Phason Coupled Plane Elasticity
of Icosahedral Quasicrystals—Displacement Potential
Formulation

In the previous section, Yang et al. [3] introduced the assumption (9.3.2), which is
not valid and leads to loss a lot of information coming from phonon-phason cou-
pling. In studies of Fan and Guo [4], Zhu and Fan [16] and Zhu et al. [17], they
considered the coupling effects, i.e.

R#0

and obtained the complete theory for the plane elasticity of quasicrystals. In the
study, the assumption (9.2.1) or (9.3.1) still maintains, i.e.
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0
Z 4.1
0z 0 (94.1)

In this case, the three-dimensional elasticity can be reduced into a plane elas-
ticity. From condition (9.3.1) directly, we have

by =Wy =W =Wy, =0 (9.4.2)
Thus the number of the field variables and field equations from 36 is reduced to

32. Though the reduction of the total number is not so much, the resulting equation
system has been greatly simplified and with the following form

0 Pw Pw, Pw
2y — V- R t YT ) =
uViu +(/1+u)axvl u + (ax2 + oy 0y 0

0

, 0
(Vi + (2+p) = Vi -uy —|—R(

Bzwy Pw, azwy B
%) N

o2 “oxdy 0y

Pwe 0wy Pwe | o )—0 (9.4.3)

2 )
uVluZ+R(ax2 _28x5)y_ By +Viw,

2 2 2 2 2 2 2
K1V%wx+Kz(awz awZ) (mtx Ouy Oux | 0w 8”1)0

o2 Oy o> “oxdy 9y + 2 9y
2 2 2 2 2
gxg;+R<8uy+26ux 0%u, 28uz>20

K Viw, — 2K - -
Py 2 Ox? OxOy  Oy? Ox0y

O*w, 82wy Pw, 2
- ~ I RV =0
2 “oxdy 0y ) TRV,

(Kl — Kz)Vwa +K2(

where V% and V; - uy are the same of those in Sect. 9.3, but the suffix 1 of the
two-dimensional Laplace operator will be omitted in the following for simplicity.

The equation set is much simpler than that of (9.1.8) but still quite complicated,
too. If we introduce a displacement potential F(x,y) such as
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V2 {uedTy + B2+ 2u) T ] F

Uy =

88

carZ A 3 —A)ﬁHO(H )8—4—(5“9 )8—4F
O axay |V T o K ooy K gy

. 82 . 82
uy = RV-V ,uoc82 B(A+2,u)ﬁl'[2 F

& & P
95 i 7
o AT Faga T ey +'u8y6]

+ coRA? [(2 +24)
2

0? 0?
_ 2 O o p 0
=Cl = 8x8y |:(OC ﬂ)/\ H1H2+Otay2 IT; -l—ﬁaxz H2:|F

[2c0A*V? — (¢ — B)IL L] F

Wy = —@

0 0
= —oV? [c NNV + amnz + ﬁaxzng} F

2
[(—mMHﬂHWQE

2 >
By Hl—l—ﬂ@l—[z]F

Ve 8x5‘y
(9.4.4)

then the field equations mentioned above will be satisfied if
VAVAVAVAIVAVAFE (x,y) + V2LF(x,y) = 0 (9.4.5)

where

o= (A+2uWR* — K, f=uR>—wK, o= pu(i+2p)
UK3 + (K, — 3K,)R? (K1 —2K>)Ro  (Kp—RY)w

co = W c| = CcHh =
‘ WKy — K>) — R? VT uK —K) R 7 (K —Ky) — R
P P P P ¢, P PP
m=32_9 32 _ 9 _ =2
1=35a 752 35752 VTaet e 2 0y

(9.4.6)

in which the suffix 1 of the two-dimensional Laplace operator is omitted and

¢ 810 o 610 OC 810 o 810

o\ o o 910
_ Y/ ol I S
SG »wwgmw

(9.4.7)
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Assuming

R?/(uK)) < 1, (9.4.8)

(this is understandable, because the coupling effect is weaker than that of phonon),
then from Egs. (9.4.6) and (9.4.7)

Co

B/o—1, VL= Evzvzvzvzvzvz (9.4.9)
substituting (9.4.9) into (9.4.5), we find that
VAVAVAVAVAV2FE(x,y) = 0 (9.4.10)

This is our final governing equation for plane elasticity of quasicrystals based on
the displacement potential formulation. With the aid of the generalized Hooke’s
law, the phonon and phason stress components can also be expressed in terms of
potential function F(x,y) and these expressions are omitted here due to the limi-
tation of the space.

In other words, equation set (9.4.4) gives a fundamental solution in terms of
F(x,y) for the plane elasticity problem of an icosahedral quasicrystal. Once func-
tion F(x,y) satisfying Eq. (9.4.10) is determined for prescribed boundary condi-
tions, the entire elastic field of an icosahedral quasicrystal can be found from
(9.4.4). This formulation is reported briefly by Fan and Guo [4] in some extent
which is a development of Li and Fan [18] for elasticity of two-dimensional qua-
sicrystals. The application of the formulation and relevant solution will be given in
Sect. 9.6.

9.5 Phonon-Phason Coupled Plane Elasticity
of Icosahedral Quasicrystals—Stress Potential
Formulation

In the previous section, the displacement formulation exhibits its effect, which
reduces a very complicated partial differential equation set into a single partial
differential equation with higher order (12th order), and the latter will be easily to
solve. At the meantime, the stress potential formulation is effective too. In this
section, we will introduce the formulation.

To contrast the displacement potential formulation, we here maintain the stress
components and exclude the displacement components. From the deformation
geometry Eq. (9.1.1) and considering (9.3.1) and (9.3.2), we obtain the deformation
compatibility equations as follows
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?er N Peyy ey Oty Oy
0y? Ox? Oxdy’ Ox Oy
Owy  Owye  Owyy  Owy  Owy  Owy,

Ox oy = Ox oy = Ox Oy

(9.5.1)

Thus the displacements are excluded already.

By getting the expressions of strains through stresses from the inversion of
equation set (9.1.7) and substituting them into (9.5.1), we obtain the deformation
compatibility equations expressed by stress components, so that the strain com-
ponents have been excluded up to now (those equations are too lengthy and we here
do not list them).

So far one has the deformation compatibility equations expressed by stresses and
equilibrium equations only.

If we introduce stress potential functions

(/)1<x7y)7 (Pz(an), lpl(xvy)’ l/JZ(xvy)’ lp?)(x’y)

such as
P o P o P o
=5 T Thy T o
Oz :%7 Oy = _%
dy Ox (9.5.2)
L B P L S
XX ay ) Xy ox X a)/
4 N N
By == Ha=% Ho=—%0
with
2
¢, = 6263R% [2(;12112 - A2H1} V2V2G
0y = —c3 VAV G
& & 212 | o2
lrbl = Clcsz Zﬁnlnz —A Hl VG
+ 0N VAVAVAVIG (9.5.3)
[P 2
lﬁz = C1C2R6xay [28)#1_[2 —A H1H2:|v G
2
_ 2222
202648x8yv VVV°G

1
W = —ﬁKmquszszG
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then equilibrium equations and the deformation compatibility equations will be
automatically satisfied if

VVAVAVAVAVAG = 0 (9.5.4)

Under the approximation R?/K;u < 1, which is the final governing equation of
plane elasticity of icosahedral quasicrystals, function G(x,y) is named the stress
potential in which

. R(2K; — K)(uK, + uK, — 3R?)
1 =

2(,UK1—2R2)
1
e = I—eKz(,uKz —R*) —R(2K, — K})
9.5.5)
K> — R?)? (
— u(K — K _Rz_wzi
¢ = u(Ki — K2) K, — 2R
R+ ek, 4 HELZ2E
€4 =0C 203 1 I+
2 2 2 2
N Y
ox2  0y? oy?  Ox?
L S

a2 T o N TaE o

In derivation of (9.5.4), the approximation (9.4.8) is used in the last step.

This work is given in Ref. [5], which may be seen as a development of the study
for two-dimensional quasicrystals given by Guo and Fan (see, e.g. Fan [19] or Guo
and Fan [20]).

9.6 A Straight Dislocation in an Icosahedral Quasicrystal

The formulations exhibited in the previous sections are meaningful, which have
greatly simplified the complicated equations involving elasticity. Their applications
will be addressed in this and subsequent sections, in which the Fourier analysis and
complex variable function method play an important role.

We introduced the dislocation solution of Yang et al. [3] in an icosahedral
quasicrystal. The authors of Ref. [3] assumed that the coupling effect between
phonons and phasons is omitted, i.e. R = 0. In this case, the phonon solution of the
dislocation is the same to that of the classical isotropic elastic solution of an edge
dislocation. And the phason solution of the problem is newly found, which is
independent from the phonon field. In this section, we try to give a complete
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analysis of the problem in which the phonon-phason coupling effect is taken into
account.

For a dislocation along x3-axis (or z-axis) in icosahedral quasicrystal with the
core at the origin, the Burgers vector is denoted as b =bl@b- =

(bu, bg, b!, bi, by, by) where the dislocation conditions are as

du; = b! dw; = b+ 9.6.1
) J J J

r r

in which x; = x,x, = y,x3 = z, and the integrals in (9.6.1) should be taken along
the Burgers circuit surrounding the dislocation core in space Ej. By using the
superposition principle, we here calculate first the elastic field for a special case, i.e.
which corresponds to b # 0,5 #£0, and bl = bl = 0,6+ = b+ =0.

For simplicity, we can solve a half-plane problem, by considering symmetry and
anti-symmetry of relevant field variables, so the following boundary conditions
include the dislocation condition:

yy(X,0) = 04(x,0) = 0 (9.6.2a,b)
Hyy(x,0) = H,y(x,0) =0 (9.6.2¢,d)
/d“x = bU /dWx =by (9.6.2¢, 1)
r r

In addition, there are boundary conditions at infinity:
Gij(xay) -0 Hlj(x7y> —0 x2+y2 — 0 (963)

In the following, we use the formulation of Sect. 9.4 to solve the above
boundary value problem. Performing the Fourier transform to Eq. (9.4.10) and the
above boundary conditions, we obtain the solution at the transformed domain, and
then, taking inversion of the Fourier transform, we obtain the solution as follows

L[ y Xy xy?
Uy = o (bl arctan; +c12r—2 +c137

1 - 2 20,2 _ 2
Uy =>_ (—021 hl% +622i—2 +c3 %)

1 x°
U, = 2— <—C31 arctanX +C32x—§ +c33 %)
T X r r
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1 X xy°
Wy = 7 (blL arctanﬁ + ca r_;) + cy43 %)

1 , 32 P2 — 22
Wy =5 (—C51 ln% +csn = +cs3 % (9.6.4)

3
Y Xy Xy
= — | — tan =
w, " ( Ce1 aArcC anx + Cce2 2 + C63 >

in which 2 = X2 + y2 and g, the radius of the dislocation core, and ¢;; are constants
shown as follows:

2¢0[(2R? + co) (A2 + 3Ap+ 212 |b) + R[—e(2 + ) + 2puco (4 + 2u) bt
—e[2e+ uco(A+2u)] + peo (A +2p) e + 2uco (2 + 2u))
20oR(+ 1) 2Ru(%+ )bl + 2pco 2+ 241)b7 |
—e[2e + peo(A+2p)] + peo(4 +2u) [e + 2pco (A + 240)]

Ci2 =

C13 =

[2¢k1 (2 +2p) — 2e2]b|1‘ +2coR(Z+3u)ebt
—e[2e + puco(A+2u)] + peo (2 +2u)[e + 2pco (A + 2p)]

€1 =

o, = 200204 W) (2R + co(A+ 200)]b] + R[= (4 + p)e + 2cop®) by ]
2 —e[2e+ pco (A +2p)] + pco(A+ 2u) e + 2uco (7.4 2p)]

ey — 2¢oR(A+ w)[2Ru(2+ u)b‘l| + 2cop*bi]
—e2e+ pco(A+2u)] + peo (2 +2p)[e 4 2pco (A + 24)]

_3618{ 2(cop+Te)pco(7+2u)b| + R[54c3(22 + 34+ 1i2) }
—2(o — B)(e + peo (2 +241))1by
4coR[—e(2e + pco (4 +2p)] + pco (4 + 2p) [e + 2pco (A + 240)]

C31 =

3ere{ 2ul—e + pco (24 20)]b] + R-2e + 2pco((2+ 20) b}
—e2e+ pco(A+2p0)] + peo(2+2p)[e 4 2uco (A 4 24)]

€3 =

—3eci[2Ru(2+ ,u)b‘ll + 2pco(A+2p)bi]
—e2e+ pco(A+2p)] + peo (24 2p)[e 4 2uco (A 4 2)]

€33 =

—2e[2Ru(.+ p)b] + 2pco (4. + 2u)bi |
—e2e+ pco(A+2u)] + peo(2+2p)[e 4 2pco (A 4 24)]

Cqp =

C43 =0
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—depPeo(4+2u)b) + R[2(4+2p) (e + 0.5uco)
+ 12+ 203 (A+210)° + co(A + 20) (—Bu+ R2 (7 + ) b}

R(—e(2e+ pco(2+2p)) + uco(A+2u) (e +2puco (2 +2p)))

C51 = —

- 2e[2Ru(4+ )b + 2puco(7+2p)bt]
—e[2e + uco(A+2u)] + peo(A+2p) e + 2uco (2 4 2u))

Cs5p = (965)

C53 =0

3 {2(COH+7€)MCO(/1+2#)I’1 }
©2e 2072 2 ) 1
RIS + 3t +12) — 2z — (et eol+ 20)]b]
4coR[—e(2e 4 pco (2 +2p)] + peo(A+2p)[e + 2pco (A4 2u)]

Co1 = —

 3ecr[2pu(—e + peo(A+ 20))b) + R(—2e + 2pco (4 +241) )bt
—e[2e + uco(A+20)] + peo (2 +2p)[e + 2uco (A + 2)]

C62

o —3ecy[2Ru(A+ ,u)bu +2puco(A+2p)bi]
® 7 —e[2e + peo(7+2u0)] + peo (74 2p1) e + 2puco (7. + 2u)]

with e = —(4+ w)R%.

For the other two typical problems, in which the Burgers vector of a dislocation
is denoted by (0, bQ,0,0,bzi,O) and (0,0,b!,0,0,b;), respectively, a complete
similar consideration will yield similar results, which are omitted here.

@ @ 3) .,

Alternatively, the expressions are denoted as u;”",w;” and uj( Wi

Analytic expressions for the elastic field of a dislocation (bu, bg, b!, bi,by,by)
in an icosahedral quasicrystal can be obtained by the superposition of the corre-

sponding expressions for the elastic fields for (bu, 0,0,b7,0,0), (0, bg, 0,0,b5,0)
and (0,0,b!,0,0,b%), namely

wp=u) +u? ol wy =l P =123 (9.6.6)

We can see that the interaction between phonon-phonon, phason-phason and
phonon-phason is very evident, so the solution (9.6.4) is quite different from the
solution given by Yang et al. [3] [whose solution for phonon displacement field is
given by the first three formulas of Eq. (9.3.6) and will be quoted again in the
following (see formula (9.6.7))], where they took R = 0, i.e. they assumed the
phonon and phason are decoupled, so the solution for phonon is the same as the
classical solution for crystals. It is obvious that our solution given by (9.6.4)
explores the realistic case for quasicrystals which is quite different from that of
crystal. To illustrate the coupling effect, we give some numerical results in Figs. 9.7

and 9.8 for the normalized displacement ul/b‘l‘ versus x and y, respectively, in
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which the results exhibit the influence of the coupling constant R that is significant.
In the calculation, we take the data of elastic moduli as

=749, u=724(GPa), K, =72, K,=—73(MPa)

and the phonon-phason coupling elastic constant for three different cases: i.e.
R/p=0,R/;t=0.004 and R/u = 0.006, in which the first one corresponds to
decoupled case. The results are depicted in Fig. 9.7 for ul/bll| versus x and in
Fig. 9.8 for u; /bu versus y, respectively, as follows.

Figures show that the coupling effect is very important, and the displacement is
increasing with the growth of value of R.
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For icosahedral quasicrystals with the presence of a dislocation, there are five
independent elastic constants. If R = 0, w; = 0, our solution is exactly reduced to
the solution of dislocation of crystals, i.e.

bH A4 xy b” W A—f— nx2
= t ALl — il
T on (arc metI +2p r2) " A+2;.J. r2)
b w o tpa b” A+ xy
= 1 22 t = (9.6.7)
“ <}+2unr0+)+2ur2)+2 arcanx }+2ur2>

b”
u, = ﬁarctanx

The present solution reveals the interactions between phonon-phonon,
phason-phason and phonon-phason for a dislocation in icosahedral quasicrystals.

The displacement potential function formulation establishes the basis for solving
defects in icosahedral quasicrystals. The formulation greatly simplifies the solution
process. In the subsequent steps, a systematic Fourier analysis is developed, which
provides a constructive procedure to find the analytic solution; it is effective not
only for dislocation problem, but also for more complicated mixed boundary value
problems (e.g. crack problems refer to the following section or Ref. [18]). The
solution is explicit and with closed form. As a complete solution of dislocation of
icosahedral quasicrystals, this is the first-time observation.

The present solution can be used as a fundamental solution for a dislocation in
an icosahedral quasicrystal. Therefore, many elasticity problems in an icosahedral
quasicrystal can be directly solved with the aid of this fundamental solution by
superposition.

This work has been published in Ref. [17].

9.7 Application of Displacement Potential to Crack
Problem of Icosahedral Quasicrystal

In the previous section, application of displacement potential to dislocation problem
of icosahedral quasicrystal is given; we now discuss an application of the potential
method to crack problem of the matter; with the help of the Fourier analysis and
dual integral equation theory, an analytic solution is obtained, which is presented as
below.

The cracked specimen is shown in Fig. 9.9; it is sufficient to consider a half of
the sample, so it has the following boundary conditions:

oy (x,0) = —=p, Hyy(x,0) = x| <a
uy(x,0) =0, wy(x,0) = |x| > a (9.7.1)
Oy(x,0) = 0,4(x,0) =0, Hy(x,0) = H,y(x,0) =0 —oco<x<oo
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(a) (b}“.‘....‘(c}

Fig. 9.9 A Griffith crack in an icosahedral quasicrystal

and
6;—0, Hj—0 /x*+y>— 0 (9.7.2)

After Fourier transform to Eq. (9.4.10), and by considering boundary condition
at infinity, the formal solution in Fourier transform domain is

F=XYe IV (9.7.3)

where X = (A,B,C,D,E,F),Y = (l,y,yz,y3,y4,y5)T, and A,B,C,D,E and F are
unknown functions of & to be determined; superscript T denotes the transpose
operator of matrix.

To determine unknown functions in (9.7.3), with the Fourier transforms of
displacements and stresses and boundary conditions, the problem is reduced to
solve the following dual integral equations

o]
of EAjcos(éx)dx = prb; 0<x<a

] (9.7.4)
J Ajcos(éx)dx =0 x>a
0
where
8 7 6 > !
A= A= |T|B A =28C, A=6EID. As =24 o

Ag = 120|8|F

A
b= (D' j=1...6 (9.7.6)
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b by b1z b bis b
byt bxn by by Dby by
bs1 by b3z by D35 b
A=|byy by by ba bss bys
bsy bsy bs3 bsy bss  bsg
ber bsy b3 bes bes  bes

(9.7.7)
by -+ byjr by oo+ by
by -+ b3j1 bzjy1r -0 b3
Aj=|byr -+ bgj1 baji1 - by
bsy -+ bsj1 bsji1 -+ bss
ber -+ bsj1 bejr1 -+ bes

bj; are constants composed from basic elastic constants, given subsequently.

Equation (9.7.4) belongs to Titchmarsh-Busbridge dual integral equations; by
using the standard solving procedure (refer to Major Appendix II of this book), we
find the solution

Aj = aprnb;J,(Sa) /< (9.7.8)

where J; (x) is the first kind Bessel function of first order (see the Major Appendix).
After the determination of these functions, the problem is solved mathematically,
and then, taking inversion of Fourier transform, all field variables can be evaluated
through a series of integrations. It is fortunate all integrals here can be expressed by
elementary functions. We list only the displacements as below

uy/p = cn [(rlrz)l/2 cos 0 — rcos 0] + clzrz(rlrz)’l/z sin 0sin(0 — 0) + 1/2c13r2(r1r2)73/2a2 sin? 0 cos 30

— 1/2c14r*(ry r2)75/2a2 sin® Osin(0 — 50) — 1/8015r4(r1r2)77/2a2 sin® Oy + 1/8c16r°(r1 r2)79/2a2 sin® Ohy,

uy/p = c21 [(rlrz)l/2 sin 0 — rsin 0] + coor(l — r(rlrz)fl/2 cos(0 — 0)] sin 0 — 1/2c23r* (rir2)~>/*a® sin® 0'sin 30
+1/2c247* (r172) "% sin® 0 cos(0 — 50) + 1/8ca5r* (r1r2) ~2a? sin® Ohyy — 1/8¢26r (r172)/2a? sin’ Ohyy
-3/2

we/p = c31[(r1r2) " cos B — rcos 0] + c3?(ryr2) ™/? sin Osin(0 — ) + 1/2¢331* (r1r2)~/2a? sin® 6 cos 30

— 1/25'34r4(r1r2)75/2a2 sin’ 0sin(0 — 5(7) — 1/8c35r4(r1 r2)77/2a2 sin* Ohy) + 1/803(,r6(r1 rz)fg/za2 sin® Oha,
-3/2,2

wy/p = ca1[(r1r2)"? cos B — rcos 0] + caor?(rir2) " /? sin Osin(0 — 8) + 1/2c431%(r1r) sin” 0 cos 30

— 1/2cqar*(r) r2)75/2a2 sin® 0sin(0 — 50) — 1/8cusr*(rir2) ™7/ 2a® sin* Oy +1/8caer(ry rg)f()/zoz2 sin® Ohgy

wy/p = cs1 [(r1r2)1/2 sin 0 — rsin 0] + esar[1 — r(r1r2)71/2 cos(0 — 0)]sin0 — 1/2¢s531%(r1rs) ~>/%a? sin® O'sin 30

+ 1/2054r4(r| r2)75/2a2 sin® 0cos(0 — 5@) + 1/8055r4(r|r2)77/2a2 sin* Ohy; — 1/8056r6(r|r2)79/2a2 sin’ Ohs
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w./p = cel [(rlrz)l/2 cos 0 — rcos 0] +c(,2r2(r1r2)71/2 sin0sin(0 — 0) + 1/2c63r2(r1rz)73/2a2 sin? 0 cos 30

- 1/2064r4(r1r2)75/2a2 sin® Osin(0 — 50) — 1/8065r4(r1r2)77/2a2 sin® Ohy; + 1/8ceer®(r1 r2)79/2a2 sin’ Ohyy

where

(9.7.9)

hyy = a®sin 70 — 4r*sin(20 — 70),  hiy = 3a® cos(0 — 90) + 47 cos(30 — 90),
hy = a* cos 70 +4r% cos(20 — 70),  hyy = 3a®sin(0 — 90) + 4+ sin(30 — 90)

with constants c;

(9.7.10)

6 5 4 3
ci1 = g ajb;, cp= g apbj 1, c3= g ajibjya, ci= g ajb; 3,
J=1 Jj=1 =1 =1

2 I
Cis = E ajpbj a4, cig = E anbjis, i=1,2,...,6

(9.7.11)

0 = (6, + 0,)/2, which are defined by Fig. 9.9¢c, and constants a;; are listed below:

ay = R(2co(54+9u) — ap)

ajp = R(ow — 2¢9(394 4+ 67ap))

a3 = 2R(—6au+8P(A+2u) +co(111A+179u))
ays = —2R(157col+ 28 A+ 249cou — 160+ 56 fu)
ajs = SR(—Tou~+ 16(A+2u) + co(504 4 82p))
aie = R(21oy — 58P (A +2u) — 8co(154+26p))
ay) = CoR(32;L+27/1)

ayy = 714COR(8/1+5M)

ayy = R(C0(176/1+ 59#) + 16([3} — ou + 2[3/1))
arqy = 78(C0(20), — 2#) — 7OC‘LL+ 5[3(2 +2u))

ars = 10R(Co(9/1 - 7#) +4(—20€H + ﬁ(ﬂ. + 2/,()))
aze = R(620 — 18B(A+42u) + co(—304 4 62u))
az) = 26‘1 (240( - 55)

azy = C) (71920( + 78ﬁ)

aszz = C; (3400( — 226ﬁ)

asy = C| (—3520! + 306ﬁ)

azs = 56‘1 (470( - 43ﬁ)

azg = C| (—1030( + SSﬁ)

ag) = 0
agz — —16606’0
ags = —1660C0

agy = 72460(260 — O(+ﬁ)

ass = 60w (co — o+ f)

Adae —2(1)(206‘() — 27(0( — ﬂ))
as) = 0

as; = 32w(a — f)

asy = —16(,0(60 + 70— 7ﬂ)
asqy = 2460(2C0 + 7o — 7[?)

ass = —4w(17¢o + 370 — 33f)
ase = 260(286() + 430 — 27ﬁ)
aegl = 2C2(240( - Sﬁ)

dey — C2(71920L+78ﬁ)

ae3z = 6'2(340(1 — 226ﬁ)

agy = 6‘2(—352(X+ 306ﬁ)

aegs = 56’2(470( — 43ﬁ)

age = Cz(—103ot + 85ﬁ)
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air = R(2¢o(54+9p) — o)
app = R(opt — 2¢0(394 4 67ap))

aiz = 2R(—6ap+8P(A+2u) +co(111A+179u))
ars = —2R(157co)+ 28+ 249¢op — 16041+ 561
ars = SR(—Top+16B(A+2p) + (504 + 82u))

aje = R21ou — 58 B(A+2p) — 8co (1544 264))

ay = COR(32;L + 27,[1)
ay = — 146’0R(8/1 + 5.“)

ayy = R(C0(176)L+59ﬂ) + 16(ﬁ} —ou+ Zﬂ,u))
ary = —8(60(20) — 2#) — 7OC/J+ Sﬁ(/‘t + 2#))
azs = 10R(co (94 — Tp) +4(—2ou+ B(A+2u)))
are = R(620u — 18(A+2u) 4 co(—304 + 62p))

az) = 261(240( — Sﬁ)

asy = Cq (—1920( + 78ﬁ)
asz = C1 (3400( - 226ﬁ)
asy = Cy (—3520( + 306[3)
azs = 56‘1 (470( — 43ﬁ)
aze = 01(710306 + SSﬁ)

air = R(2co(54+9u) — ap)
ajy = R(ow — 2¢9(394 4 67ap))

a3 = 2R(—6ap+8B(A+2u) +co(11144+179u))
a1 = —2R(157co/+ 2837 + 249¢ou — 16ap+ 564
ars = SR(=Top+ 16(A+2u) + co(504 + 82u))

aje = R(21ow — 58 B(A+2p) — 8co (1544 264))

ax) = C()R(32/l + 27#)
ay) = — 14COR(8/1 + S,U)

ayg = *8(6‘()(20), — 2,[1) - 70(,u+ 5[3(). +2u))
ars = 10R((,0(9/1 — 7/1) +4(—2(Z,U + ﬁ(/‘t + 2/1)))
are = R(620(,u — 18,3(/14’ 2/1) =+ Co(*30/1+ 62,[1))

as) = 26’1 (240( — Sﬁ)

asy = Cy (—1920( + 78ﬁ)
az; = ¢1 (3400 — 226)
aszgs = C) (*3520( + 306ﬁ)
aszs = 56’1 (470! — 43ﬂ)
azg = Cl(—10306 + 85ﬁ)

Besides, b; are defined by matrix calculation:

b= (-1~

ay1 =0
ags = —16(,UCO
asz = —16wcy

agy = —24(,0(26‘0 — O!—‘rﬁ)

a4s5 = 6060(6’0 — o+ ﬁ)

ase = —2w(20c) — 27 (o0 — f))
as) = 0

as; = 32w(x — f)

as; = —16w(co + 7o — 7f)
asy = 24(,0(2(,'() + 7o — 7ﬁ)

ass = —4w(17¢y+ 370 — 33P)
ase = 2(})(28C0 + 430 — 27[)’)
= 2¢, (2400 — 5p)

agy = 62(—1920(+78ﬁ)

= (3400 — 226p3)

agy = C2(—3520€ + 306ﬁ)

= 5¢y (470 — 43p)

Q
2
|

N}
=N
)

\

Q
=)
oy

|

aee = C2(*1030€+85ﬁ)
ag) = 0

agz = —166060

agy = —16(,UCO

ass = —240(2¢c) — o+ f)

ass = 6060(C0 — o+ ﬁ)

age = 72&)(2060 — 27(9( — ﬁ))
as) = 0

asy = 3260(0( — ﬂ)

as3 = —16(,0(6‘0 + 70— 7ﬁ)
[ 24(,0(200 + 7o — 7ﬁ)

ass = —40)(176‘0 + 370 — 33ﬁ)
ass = 20(28¢o + 430 — 27)
ag) = 26’2(240( — Sﬁ)

agy = Cz(—19206+78ﬁ)

ae3z = 62(340(1 - 2265)

aeq — C2(*3520€+ 306ﬂ)

des = 56’2(47(1 — 43ﬁ)

age = 6‘2(—1030(4-85ﬁ)

(9.7.12)

6 (9.7.13)
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b by b1z b bis b
byt bxn by by Dby by
bs1 by b3z by D35 b
A= \|by by biz by bss bas
bsy bsy bs3 bsy bss  bsg
bei bsx bes bes bes bes

(9.7.14)
by -+ byjr by oo+ by
by -+ b3j1 bijy1 -+ b3
Aj=1byy -+ baj 1 bajy1 - bas
bsy -+ bsj1 bsji1 -+ bss
ber -+ bej-1 bej+1 - bes
with matrix elements b;;
b1y = —R(adu+ co(227% + 737+ 54u%))

b1y = R(32w(a — B) 4 adpu+ co(661% + 215/ + 19447))

b1y = —R(co (32 + 662% + 3473+ 2581%) +4(360 (o — B) + (8B4 +2u) — oA+ 8p))))
b1y = R(co(1120 + 22/ + 21720+ 8642) + 8(320 (ot — f) + p(14B(A 4 2p) — (574 181))))
bis = R(—4co(44w + (A — 43p) 1) + 160(16 — 156) 4+ u(—1608(A+2p) + (1017, +272p)))
bis = R(4co(4lw — (252 +66p) 1) — 1200(118 — 150) 4+ u(116 (7. + 2u) — o121+ 2844)))

by = 2(c2Ky + ¢1R) (240 — 5B) 4 R*(—co (217 + 8) + B(A+2u) — 20p)
by = (c2Ks — ¢1R)(—288a +98B) + R*(co (1094 — 101) — B(2+2) + 14ap)
bys = 4(c2Ky + ¢ 1R) (1930 — 98f) — 54auR* — co(16K 0 + R* (2201 — 239u))
byy = 2(—(c2Kyr — c1R) (6120 — 418) — 12K (et — f) + 59auR*)
+5¢0(16K 0 + R* (44, — 157p))
bys = (c2Ka — ¢1R) (12790 — 1053 ) + 108K (o — ) — 1450uR>
+co(—172K 0 — 5SR*(22/. — 216p))
by = —(c2Ks — ¢1R)(9250 — 821f) — 198K (ot — f) + 99ouR?
+ ¢o(208K 4+ R*(22 — 13254))
b1 = —2(c2(Ky — K2) +¢1R) (2400 — 58) 4+ RK, (co(424 + 451) — o)
by = 2(c2(Ky — Ka) + ¢1R) (1440 — 49) — RK»(co(24244267p) — 3ap)
b33 = —4(c2(Ky — K2) + c1R) (1930 — 988) + RK, (o (67644 T73p) — 3o + 32(7 + 2p)
by = 4(c2(K1 — Ka) +¢1R) (3060 — 2098) — RKa(co(117244-13911) — 12900 + 144 (4 +2p)

bss = —(c(Ky — K) + ¢1R) (12790 — 1053 ) + RK (2¢0(675/.+ 839p) — 247 oyt + 288 (/. + 211)
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bar = —2(coR + c1 1) (240 — 5B)

bay = —4((c2R + c1 1) (960 — 39f) + Ry (200 — 168+ 2¢y) )
bayz = —4(19(c2R + 1) (To — 4f) 4 28R (o — f))

bas = 4((caR+c1u)(61oc — 49f) — Rw(640 — 365 — 24¢p))
bis = (caR + c1 1) (5870 — 521B) — Reo(23200 — 216 — 40cy)
bas = (2R + c110)(338a — 300f) + Rw(2000 — 168 — 44cy)

bsi = Ru(—co(422 4+ 45u) + o)

bsy = —2R(—4w(To — 5B) + u(1lap — 4B(2+2u)) + co(4w + p(76 4 +93p)))

bs; = R(112w (0 — B) + u(29au — 32B(A+2p)) + co (32w — u(4764+551p)))

bss = 4R(— (920 — 1208) + u(3 1oyt — S6B(2+ 21)) + 2¢0(280 + p(17/ — 7p)))
bss = R(16cw(4o. — 3f8) + u(147ou — 176 (A 4 21)) + 2¢o(88w — (3274 +419u)))
bss = 2R(2w(Tot — 156) — (59t — 78 (A +2p)) — co(78w — (2004 +278p)))

be1 = —2(c2Kz + c1R) (240 — 5f) — (o +¢o) (K1 + R) + Reo (424 + 46u)
bey = 6(c2Ky + ¢1R) (3200 — 13f) + w(9Ra — 23K 0 + 32K, f) — 8R*au
+3¢o(3K 0+ R(3w — TARJ. — 80Rp))
bes = —2(c2Ks + ¢1R) (1700 — 113 ) + w(—36Ro + 108K, 00 + 144K, f3)
+ 8R*(otpt + B) + co(—20K 0 + R(—36w + 510RA + 523Rp))
bes = 2(c2Ka + ¢ 1R) (1760 — 153B) + 20 (42Ro — 98K, + 140K, )
+4R% (50 — 564 — 112f1) + co(20K, 0 + R(84w — 650R/. — 625Rp))
bes = —5(c2Ky + ¢1R) (4700 — 43 ) + 2w (—63Ra + 95K 0. + 150K, f3)
+ 5R* (9o + 324+ 64Pu) — 2¢o(5K10 + R(63w — 25R(104491)))
bes = (c2K2 4+ ¢1R) (1030 — 85f) + 6w (21Ro — 18K 00 + 31K, ff)
+ R*(37au — 11682 — 232 1) + 2¢o(K 1w 4+ R(63w — 120RA — 101Rp))
(9.7.15)

With these data, any information concerning field variables in any point can be
found.

In the practical applications, people are interested in the stress field near crack tip,
i.e. the zone r| /a < 1. Therefore, we consider the normal phonon stress around right

crack tip, for example. In the obtained results, maintaining the term (r;/ a)fl/ % in
stress expressions is sufficient, and the others are higher small quantities. According to
the definition, in the phonon stress intensity factor of Mode I, we find that

Kl = lim {[27(x — a)]'?a,,(x,0)} = \/zap (9.7.16)

X—a

This is identical to that of conventional structural materials.



9.7 Application of Displacement Potential to Crack Problem ...

219

A more important quantity is crack energy release rate, which is correlated with
not only stress field but also displacement field. Near the crack tip

”y(ya 0)

where

pMVa* — x> |x|<a (9.7.17)
0 |x| > a o
- X[ <a
ayy(x,0) = p( x‘leaz B 1) K| > a (9.7.18)
6
M =" ayb; (9.7.19)
=1

ay; see (9.7.12), b; refer to (9.7.13).
The crack strain energy and energy release rate are as follows, respectively,

W =2 / G,y (x, 0)u, (x,0)dx = Mna*p?* /2

a

0

Gy

(9.7.20)

Low _

[
S = MKI)/2

which is shown in Fig. 9.10. In addition, the crack opening displamentdisplacement

is depicted in Fig. 9.11.

Fig. 9.10 Crack energy
release rate versus applied
stress, effect of coupling
between phonons and phasons

Mormalized energy release rate

. r.-,"p=u5
— RA=001
Rip=0 .

X . L L
03 04 05 08 o7 08 0g 1
Normalized tensile loads

0.1 02
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Fig. 9.11 Crack opening
displacement and influence
due to phonon-phason
coupling

)

Nommahzed crack opening displacement

9.8 An Elliptic Notch/Griffith Crack in an Icosahedral
Quasicrystal

The notch problem for icosahedral quasicrystals has no solution before 2006, the
difficulty lies in which cannot be solved by the Fourier transform method. We must
develop other methods, in which the complex variable function-conformal mapping
method has particular effect, and some analytic solutions are constructed by the
method. The results are given by Ref. [21], which may be seen as a development of
the same authors in Ref. [22].

In the present section, we consider an icosahedral quasicrystal with an elliptic
notch along the z-axis. On the basis of the general solution introduced in Sect. 9.5,
explicit expressions of stress and displacement components of phonon and phason
fields in the quasicrystals are given. With the help of conformal mapping, analytic
solution for elliptic notch problem of the quasicrystals is presented. The solution of
the Griffith crack problem can be observed as a special case of the results, which will
be reduced to the well-known results in a conventional material if the phason field is
absent. The stress intensity factor and energy of release rate are also obtained.

9.8.1 The Complex Representation of Stresses
and Displacements

The solution of (9.5.4) can be expressed as

G(x,y) = Re[g1(z) +282(z) +Z%g3(z) +Zga(z) +Zgs(z) +286(z)]  (9.8.1)
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where g;(z) are arbitrary analytic functions of z = x+iy, and the bar over complex
variable or complex function denotes the complex conjugate.
By Eqgs. (9.5.2)—(9.5.4) and (9.8.1), the stresses can be expressed as follows

Oxx + 0y = 48c2c3RIMI (z) 0,y — 0y + 2i0yy, = BicocsR(12W(z) — Q' (2))

24)R
(n+4)

H,y, — Hy, — i(Hx + Hyy) = —96c2¢5V'(z) — 8¢1c2RQY (2)

Oy — i0y = —960c3c4fe(2) 04 = coc3ImI7 (z)

Hy, — Hyy + i(Hy — Hyy) = —480c2¢5f1(z) — 4c1c2RO'(2) (9.8.2)

H,, +iH,, = 48cycs"(z) — 4e2R* (2K, — K1) (2)

24R?
H = ImI”
zZ ) cae3ImI™ (z)
where
o _ ROQK> — Ki)(uKy + iy — 3R?)
o 2(uKy — 2R?)
1
C2 = EKZ(MKZ — Rz) — R(2K2 — Kl)
) (uKy — R
c3 = u(K; — K2) — R ST o
=R+ 1 K+ M
C4 = Cy 2C3 1 1 n A
and
¥() =f5() +5%5(2)
[(z) = fa(2) +42f1(z) + 102°f (2)
Q(z) = f3(2) + 3%, (2) + 62 (z) + 102°f)" (2) .
O() = f2(e) + 226 (2) + 32} (2) + 42 (2) + 52" )

_ _ 2 UK — R
C5 = 2C4 — ClR, Ce = (2K2 — KI)R — 4C4m

In the above expressions, the function g;(z) does not appear; this implies that for
stress boundary value problem in this formalism, only five complex potentials
22(2),83(2),84(2),85(z) and ge(z) are needed and can take g;(z) = 0. For sim-
plicity, we have introduced the following new symbols
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9 8 7
%) () =5E), & @) =56, &) =h) 9.8.4)

where gE") denotes the nth differentiation with the argument z, accordingly

fi(z) = 0. Similar to the formalism in Chap. 8, the complex representations of
displacement components can be written as follows (here we have omitted the rigid
body displacements)

2
uy + iuy = —6¢2R <i1 +C7) — 2¢2¢7RQ(z)
’ nt 2

u, = m (240c10Imfs(2)) + c1c2R*IM(O(z) — 2Q(z) + 6T (z) — 24P(2)))

wy +iwy = 7m(24@‘1’(z) —¢30(z))
_ 4(#K2 _Rz) . . o2
w, = & — 2K R (K, + Ka) =380 (240c10Imfs(z)) + c1c2R° Im(O(z) — 2Q(z) + 6I'(z) — 24¥(2)))
(9.8.3)
in which
3K +2c¢iR >
=K R BT cieR(u(Ky — K2) — R°)
(9.8.6)

(uKy — R?)?

HK] — 2R2 )7 Clo = C1€2R2 — C4(02R — C3K1)

Cc9 = cg +2crc4 <C3 —

9.8.2 Elliptic Notch Problem

We consider an icosahedral quasicrystal solid with an elliptic notch, which pene-
trates through the medium along the z-axis direction, the edge of the elliptic notch
subject to the uniform pressure p, see Fig. 9.9.

The boundary conditions of this problem can be expressed as follows (Fig. 9.12)

oy cos(n, x) + oy cos(m,y) =Ty, 0ycos(m,x)+a,cos(n,y) =1, (x,y)€L
(9.8.7)

H, cos(n,x) + Hy,cos(n,y) = hy, Hyccos(n,x)+ Hy,cos(n,y) = hy,

) e L (9.8.8)

o cos(n,x) + oz cos(n,y) =0, Hycos(n,x)+H,ycos(n,y) =0, (x,y) €L
(9.8.9)
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Fig. 9.12 An elliptic notch
subject to an inner pressure in
icosahedral quasicrystal

where

dx

d
cos(n,x) = d—y, cos(n,y) = 3
S S

T, = —pcos(n,x), T, = —pcos(n,y)

T,,T, denote the components of surface traction, p is the magnitude of the

pressure, h,, h, are components of the generalized surface traction, n is the outward
. 2 .

unit normal vector of any point on the boundary and L : jl‘—z + 77 = L is the edge of

the elliptic notch. Since the measurement of generalized traction has not been
reported so far, for simplicity, we assume that

Utilizing Egs. (9.8.2), (9.8.3) and (9.8.7), we obtain

— 4c203R[3(fa(2) +42f3(2) + 102 (2)) — (f(2) +3efi(2) + 627 (2) + 102f]" (2))]
= / (T +iTy)ds = ipz
(9.8.10)

Taking complex conjugate on both sides of Eq. (9.7.10) yields

—4c203R[3(fa(2) +42fL(z) + 1022f7 (2)) — (f(2) + 371 (2) + 62%f1(2) + 102°f) (z)
= —ipZ

(9.8.11)

From Egs. (9.8.2), (9.8.3) and (9.8.8), we have

48¢5(2¢4 — ciR)Re¥(z) + 2¢1c,RRe@(z) = 0 (9.8.12)
—48¢3(2¢4 — ¢1R)ImY¥(2) — 2¢1c2,RImB®(z) = 0 -
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Multiplying the second formula of (9.8.12) by —i and adding it to the first, one
obtains

48cy(2c4 — c1R)¥(z) +2¢1c2RO(z) = 0 (9.8.13)

By Egs. (9.8.2), (9.8.3) and (9.8.9), one has

fo(2) +fs(2) =0
4eiiRelfs(2) + 532 (2)] + (2Ka — K1)RRelfy(z) + 424 (2) + 102°f¢ () +20f5(2)] = 0
(9.8.14)

in which

464(,11[(2 - Rz)

= (2K, — Ki)R
cin = (2K, 1) (1K, — 2R?)R

(9.8.15)

However, the further calculation will be very difficult at the z-plane owing to the
complicity of the manipulation; we must employ the conformal mapping

z=w(() =Ry (% —i—mC) (9.8.16)

to transform the region with the ellipse at the z-plane onto the interior of the unit
circle y at {-plane, referring to Sect. 8.4.2, in which

Ro=(a+b)/2, m=(a—b)/(a+b)
Let

5i(@) = filoQ] = () (j=2,...,6) (9.8.17)

Substituting (9.8.16) into (9.8.10), (9.8.11), (9.8.13) and (9.8.14), then multi-
plying both sides of equations by da/[2ni(c — {)] (o represents the value of { at the
unit circle) and integrating around the unit circle y, by means of Cauchy integral
formula and analytic extension of the complex variable function theory, we obtain
(the detail will be given in Appendix of Chap. 11)


http://dx.doi.org/10.1007/978-981-10-1984-5_8
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Ry ipl(C+m)(m+1)

(0 =50 er (m* — 1)}
(2K, — Kl)Rome3 (Cz —|—m)[m2§6 — (m? +4m)§4 + (2m* + 4m? + 5)(2 + m]
2c2¢3C1y (mCZ - 1)5
0y(0) = Ry ip{(m*+1) (2K» — K\)Ro pmC (4 m)(m® — m? — 2)
I T 43R (m® — 1) 12¢2¢3Cy (m —1)°
B Ry | (2K, — K1)Ro pm{({* +m)
P = T Gk ™ T 26aC w1
2K, — K )R,
s (0) = — K2 = KDR 482ch3 cll)l Spmi,  ®6(() =0

(9.8.18)

The elliptic notch problem has been solved.

The solution of the Griffith crack subjected to a uniform pressure can be obtained
if put m = 1, Ry = a/2 in the above notch solution. The solution of crack can be
expressed explicitly on the z-plane, for example

ooy = Im |ip z . ia%y ) s 3(2K, — K1)R  ipa®y
Y /Zz — 42 (1 /72 — a2)3 2¢11 (12 _ a2)3

(2K> — K1)R ipy(2a* — 372) (2K - K1)Ra*pz(zZ — a* (2K2 —~K\)R d*pz

26‘11 / 22 _ az 4C11 / 22 _ le 46‘11 /(Zz _ 02)3

(9.8.19)
23 ip T 2K, —K z a
‘,=—6R;_ Re|—— (7 — ‘2_2 _ ,2—2
u, &) <u+A+C7> 6[246263R(Z ?—a )+246263L11 (m N VZ—a
2 Re Z a2 _ 2K2 —
_2¢re _7) =
2T 8e 203R Ve-a@& JVE-a& derczen
2Ky — Ky | @*[(zZ — a®) +2iy7) 2K, — Ky a*
+ + = +2V2 - @
16626‘36‘1]p( (- a2)3 166263611p V72— az / voda
(9.8.20)

From Egs. (9.7.19) and (9.7.20), the stress intensity factor and energy release
rate can be evaluated as follows

KH v map
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a

G = %(,;9 2 / (oyy(x,0) ® H(x,0)) (uy(x,0) ® wy(x,0))dx
_1 Kl
"2 (ﬂ o C3> (K7)* (9.8.21)

in which material constant c3 is given by (9.5.5) and c; by (9.8.6); it is evident that
the crack energy release depends upon not only phonon elastic constants A, i but
also phason elastic constants K;, K, and phono-phason coupling elastic constant R
though we assume phason tractions s, = hy, = 0.

9.8.3 Brief Summary

The notch problem can be solved only by complex variable function method, and
the solution includes that of Griffith crack problem naturally. Though the Fourier
transform can solve the Griffith crack problem, referring to Zhu and Fan [25], it
cannot solve the notch problem. Whatever solution for notch or crack here reveals
the effects of not only phonon but also phason and phonon-phason coupling. The
numerical examples on crack opening displacement 6(x) = u,(x, +0) — u,(x, —0)
and energy release rate G; for different values of R/ are identical to those given in
Figs. 9.10 and 9.11, respectively.

Both solutions given by the complex variable function method and the Fourier
transform reduce to that of the classical theory when the phason is absent; this is
helpful to examine the present result.

This study developed the previous work for the elasticity of two-dimensional
quasicrystals given by Fan and co-workers. The work is helpful to understand
quantitatively the influence of elliptic notch and crack on the mechanical behaviour
of icosahedral quasicrystals. The stress intensity factor and energy release rate are
also obtained as the direct results of the solution, which are all important criteria of
fracture mechanics.

The strict theory on the complex potential method will be summarized in-depth
in Chap. 11, which can also be referred to paper [26].

9.9 Elasticity of Cubic Quasicrystals—The Anti-plane
and Axisymmetric Deformation

Cubic quasicrystal is one of important three-dimensional quasicrystals. Due to the
complexity of the basic equations of the elasticity of the quasicrystal, there are few
analytic solutions. Developing a systematic and direct method for solving com-
plicated boundary value problem of elasticity of quasicrystal is a fundamental task.
Because the phasons in this case have the same irreducible representation with the


http://dx.doi.org/10.1007/978-981-10-1984-5_11
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phonons, the stress and strain tensors are symmetry. With this feature, we can
discuss two cases, one for anti-plane and another for axisymmetric elastic theory of
cubic quasicrystal, and the latter can reveal the three-dimensional effect of the
elasticity; this may be the only three-dimensional elastic analytic solution for
quasicrystals so far. In addition, a penny-shaped crack problem under tensile
loading in the material is investigated, and the exact analytic solution is obtained by
using Hankel transform and dual integral equation theory, and the stress intensity
factor and the strain energy release rate are determined, which provide some useful
information for studying deformation and fracture of the quasicrystalline material.

From the physical basis provided by Hu et al. [2], we first discuss the anti-plane
elasticity such as the stress—stain relation

023 = 2C44823 + Ragwo3
031 = 2Ca4831 + Raaws;
Hys = 2Ryse03 + Kyqwoz
H31 = 2Ry4831 + Kyaws3)

the equations of deformation geometry

18143 e 18113 6W3 8W3
= —— = —— W = — w = —
) 8x2 ) 31 ) axl ) 23 ’ 31

aX2

€23

and the equilibrium equations

80'31 8032 —0 8H31 8H32 N

8)61 sz R axl 8)62 =0

These equations are exactly similar to those of anti-plane elasticity of
one-dimensional and icosahedral quasicrystals, so that result in the final governing
equations

Viuz; =0, Vws;=0

The solution can be derived from the relevant discussion in Chaps. 5, 7 and 8
and Sect. 9.2 of this chapter, so it need not be mentioned again.

For the axisymmetric case, Zhou an Fan [23] developed a displacement potential
theory to reduce basic equations to a single partial differential equation with high
order in circular cylindrical coordinate system (r, 0, z), i.e. assume

56="0 (9.9.1)

and by the generalized Hooke’s law
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O = Cllgrr + C12(899 + gzz) + Rllwrr +R12(W90 + sz)
000 = C11800 + Ci2(&y + &) + Ruiwgg + Riz(Wer + w2;)

0, = Crigz + C12(8rr + 590) +R
Oy = 0p, = 2C48r; + 2R4aw )

11Wz + Ria(wop +wyr)

(9.9.2)
Hrr - Rl 1€rr +R12(8(')9 + 8ZZ) +K1 LWrr +K12(W(')6 + sz)
Hgg = Ri1¢00 + Riz2(& + &22) + Kiiwgo + Ko (W +w2;)
H_. = Ryj& + Ria(er + €00) + Kiiwzz + Kio(wyr +wap)
H, = H,; = 2Ry448,; + 2Kyqw),
and the equations of deformation geometry
1 8u,- + Buj 1 aWi aWj
g=s\a-t5 ) wi=5
v 2 8Xj 8xl~ J 2 6xj axi
which are
. _ Ou, . o . _ Ou,
o — ar7 00 — ) 7z 81
1 (Ou, Ou,
g =¢6r==|—+—
2\ 9z o (9.9.3)
ow, wroo, ow, o
Wy = —(7» w >
or 0= “ 9z
1 /0w, Ow,
Wy = Wy = =
‘ T2\ oz or
and the equations of equilibrium
80-”‘ aO-rz Opr — 000 0
or 0z r N
Ooy Doy | 0y
or "o T 70
994
OH,, Jo, Jo, 0y 0 ( )
or Or 0z ro
OH, OH. H, 0
or 07 ro

If all displacements and stresses can be expressed by the potential F(r,z), and

which satisfies
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P (P 1N (P 10N (2 1oV 2 10N
078 o2 ror) 0z° ‘N2 " ror o o2 ror) 0z ‘o " ror o
(9.9.5)

then the Egs. (9.9.2)—(9.9.4) have been automatically satisfied.

Due to the lengthiness of these expression which are not listed here.

As an application of above theory and method, the solutions of the elastic field of
cubic quasicrystal with a penny-shaped crack are discussed in the following.

Assuming a penny-shaped crack with radius a in the centre of the cubic qua-
sicrystal material, the size of the crack is much smaller than the solid, so that the
size of the material can be considered as infinite; at the infinity, the quasicrystal
material is subjected to a tension p in z-direction. The origin of coordinate system is
at the centre of the crack (as shown in Fig. 9.13).

From the symmetry of the problem, it is enough to study the upper half-space
z > 0 or lower half-space z < 0. In this case, for studying the upper half-space, the
boundary conditions of the problem are described by

r2—|—22—>002 Oz =P, HZZ:07 Grzzov Hrzzo
=0, 0<r<a, 0;=0,=0;, H;=H,=0 (9.9.6)
0, r>a: o,=0, u,=0; H,=0, w,=0

<
Z

But boundary conditions can be replaced by
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rr+z22—o00: 0;=0, H;=0
=0, 0<r<a, o0pz=-po, 0,=0; Hy;=H,=0 (9.9.6")
0, r>a: o0,=0, u,=0; H,=0, w,=0

which are equivalent to (9.9.6) in the sense of fracture mechanics, if p = pog.
By taking the Hankel transform to Eq. (9.9.1) and boundary conditions to
(9.8.5), the solution at the transformed space is

F(&,2) = Aje "5 4 Aje ™5 4 Aze ™5 Ay M& (9.9.7)

where A; (i = 1,2,3,4) are unknown functions of ¢ to be determined, and /4; (i =
1,2,3,4) are eigen roots obtained from the ordinary differential equation of F(¢, r).
According to the boundary conditions, A;(¢) can be determined by solving the
following dual integral equations

éAi(é)J()(fr)df = ]‘41'[7()7 O<r<a
(9.9.8)
Ai(O)Jo(Er)dE =0, r>a

0\8 0\8

and i = 1,2, 3,4, in which M; are some constants consisting elastic moduli, Jo(&r),
the first kind Bessel function of zero order.

According to the theory of dual integral equations (refer to Major Appendix),
obtaining the solution of dual integral Eq. (9.9.8) is as follows

Ai(€) = 2 Mip(2mal) &7 13 (al) (9.9.9)

in which J3/, (a€) is the first kind Bessel function with 3/2 order (refer to the Major
Appendix for the detailed calculation).

After some calculation, stress intensity factor K, strain energy W; and strain
energy release rate G; can be obtained as follows

oW _3Mp'a
2na da  2m

2
K; = =\/nap, W;=Mp*a’, G;= (9.9.10)
Y

where M is the constant composed of the elastic constants but which is quite
lengthy so has not been included here.

From the applications of the Fourier transform, Hankel transform and dual
integral equations in Sects. 7.6, 8.3, 9.2, 9.7 and 9.9 are developed the work of
Sneddon in the classical elasticity [27]; this shows the Fourier analysis is a powerful
tool in solving not only classical but also modern elasticity.


http://dx.doi.org/10.1007/978-981-10-1984-5_7
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Chapter 10
Phonon-Phason Dynamics and Defect
Dynamics of Solid Quasicrystals

Elastodynamics or phonon-phason dynamics of quasicrystals is a topic with different
points of view. The focus of contradictions between different scholar circles lies in
the role of phason variables in the dynamic process.

Lubensky et al. [1] and Socolar et al. [2] pointed out that phonon field u and
phason field w play very different roles in the hydrodynamics of quasicrystals,
because w is insensitive to spatial translations, and the phason modes represent the
relative motion of the constituent density waves. They claimed that phasons are
diffusive, not oscillatory, and with very large diffusion times. On the other hand,
according to Bak [3, 4], the phason describes particular structure disorders or
structure fluctuations in quasicrystals, and it can be formulated based on a
six-dimensional space description, as has been displayed in the previous chapters.
Since there are six continuous symmetries, there exist six hydrodynamic vibration
modes. Following this point of view, u and w play similar roles in the dynamics. It
is evident that the difference between the arguments of Lubensky et al. and Bak lies
only in the dynamics. There is no difference between their arguments in statics (i.e.
static equilibrium). Based on this reason in the discussions of the previous chapters,
we need not distinguish the arguments of either Lubensky et al. or Bak.

Probably due to simpler mathematical formulation, many authors followed the
Bak’s argument, e.g. [5-12], in dynamic study. In this chapter, we will present
some results given in the references. These Sects. 10.1-10.4 constitute the part one
of this chapter. In the meantime, we introduce some other results [13, 14, 27] which
are carried out by following the argument of Lubensky et al., and in this line of
thinking, it appears that elastodynamics and hydrodynamics are combined in some
extent so it can be called as elasto-/hydrodynamics of quasicrystals, or named
phonon-phason dynamics by Rochal and Lorman [16]; they also call this model as
minimal model of phonon-phason dynamics. The discussions given in
Sects. 10.5-10.7 constitute the part two of this chapter. However, the hydrody-
namics of solid quasicrystals created by Lubensky et al. will not be discussed in this
chapter, because it is beyond the scope that we here studied. Their theory will be
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partly concerned in Chap. 16 and introduced from angle of additional derivation in
Major Appendix of the book.

The results based on different hypothesis are presented to provide readers for
their consideration and comparison. Though some researchers believe that the
hydrodynamics based on the argument of Lubensky et al. is more fundamentally
sound, the major shortcoming so far is lack of proper experimental data for con-
firmation. Recently, research interest in this respect is growing up [13—16], but the
most important accomplishment shall still be the quantitative results.

Recently, Coddens [31] et al. put forward some different points of view to the
work given by Lubensky et al., which could not be discussed in this and other
chapters of our book.

10.1 Elastodynamics of Quasicrystals Followed
Bak’s Argument

Ding et al. [5] first discussed the elastodynamics of quasicrystals. The basic
equations in deformation geometry and generalized Hooke’s law are the same as
those of elastostatics, i.e.

1 aui auj o 8W,‘
Sl?f_i(axﬁa_x,»)’ =g (10.1.1)

0 = Cyuen + Rijuwi
Hjj = Kijuwk + Rujjén (10.1.2)

They claimed that law of the momentum conservation holds for both phonons
and phasons; that is, for linear and small deformation cases, the equations of motion
are as follows:

80,-,-_ Bzu,- 8HU_ aZW[
o, o oy Poe

(10.1.3)

where p denotes the average mass density of the material.

This implies that they follow the Bak’s argument. After seven years, Hu et al. [6]
confirmed the point of view again. In fact the final elastodynamic equations can be
deduced by substituting (10.1.1) and (10.1.2) into (10.1.3). The mathematical
structure of this theory is relatively simpler, and the formulations are similar to that
of classical elastodynamics, so many authors take this formulation to develop the
elastodynamics of quasicrystals and give applications in defect dynamics and
thermodynamics. In the subsequent sections, we will present some examples of
applications of the theory.


http://dx.doi.org/10.1007/978-981-10-1984-5_16
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For three-dimensional icosahedral or cubic or one-dimensional hexagonal qua-
sicrystals, in the anti-plane elasticity the basic equations have similar form. First we

consider icosahedral quasicrystals

ou ow
azy:oyzzua—yz +R 8;
— — %+Rawz
GXZ_GU_#ax Ox
ow, Ou,
H, = (K — K R—=
Z ( 1 2) By + By
ow Ou
Hu:(Kl—Kz)a—xZ +R6—xZ

Substituting (10.2.1) into equations of motion of (10.1.3) yields

o u
uNVu, + RVw, = pa—t;
82
RV2u, + (Ky — K2)Vw, = p 8;2”2

If displacement functions ¢ and / are defined such as
uz:a(;b*Rll/a WZ:RQS‘F(X‘#

then Eq. (10.2.2) is reduced to the standard wave equations

2 2
vz(/):é%—f, vzwzé%—t‘f
where
2= |- (K~ o)+l (- K]
and
5= ]2 j=12
p

(10.2.1)

(10.2.2)

(10.2.3)

(10.2.4)

(10.2.5)

(10.2.6)
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s; can be understood as the speeds of wave propagation in anti-plane deforma-
tion of the material. It is obvious that the wave speeds are the results of
phonon-phason coupling. If there is no coupling, i.e. R — 0, then

51— f —y (K — K2 (10.2.7)

and \/% represents the speed of transverse wave of phonon field and % the

speed of pure phason elastic wave, requiring K; — K, > 0.
Substituting (10.2.3) into (10.2.1) yields

0 0
Gy. = 0z = (ap+R?) 6(){) +R(x— M)a_lf)
Oxz = Ozx = (au+R2)% +R(OC — M)@
8g¢ ox o (10.2.8)
H, =R(a+ (K, — Kz))a—y + (a(Ky — Ka) — R*) = 3
H, = R3(O€+ (Kl - 1(2))(3_(]5 + (OC(K] — Kz) — R2) %

Formulas (10.2.3) and (10.2.8) give the expressions for displacements and
stresses in terms of displacement functions ¢ and , which satisfy the standard
wave equations (10.2.4) for elastodynamics of anti-plane elasticity of
three-dimensional icosahedral quasicrystals.

The above discussion is valid for anti-plane elasticity of three-dimensional cubic
quasicrystals or one-dimensional quasicrystals too, the difference between these
quasicrystals is only the material constants. If u, K; — K, and R are replaced by
Cy4, K4q and Ryq (see Sect. 9.8) for cubic quasicrystals, or by Cy4, K> and Rz for
one-dimensional hexagonal quasicrystals with the Laue classes 6/my, and 6/mymm
(see Sects. 7.1 or 8.1), one can find the similar equations.

The solution of (10.2.4) can be done by using method for solving pure wave
equations in classical mathematical physics.

10.3 Moving Screw Dislocation in Anti-plane Elasticity

Assume a straight screw dislocation line parallel to the quasiperiodic axis which
moves along one of periodic axes, say the x-axis in the periodic plane. For sim-
plicity, consider the dislocation moves with constant velocity V.


http://dx.doi.org/10.1007/978-981-10-1984-5_9
http://dx.doi.org/10.1007/978-981-10-1984-5_7
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For the problem, a dislocation condition is assumed

/duZ:bQ, / dw, = b} (10.3.1)

r RomanI”

i.e. we assume that the dislocation has the Burgers vector (0,0, b!,O,b?), and I’
denotes the Burgers circuit surrounding the core of the moving dislocation.
Starting now we denote the fixed coordinates as (x1,x,7) and moving ones as

(x,y)-
By introducing Galilean transformation

x=x1=-Vt, y=x (10.3.2)

wave, Eq. (10.2.4) is reduced to the Laplace equations (i.e. <V2 - ?W) — V3,

2 19 2 2 _ D &
(V-3 -V =&+ &)

2
0x;

Vip=0, Viy=0 (10.3.3)
where
*F P »* P
2 _ 22 L2 10.3.4
Vi=ga T 7 Vi=ga o (10.3.4a)

yj = [ij’ ﬁj = 1/1 — V2/C]2, ]: 172 (1034]3)

Let complex variables z; be
g =x+1iy; (i=v-1) (10.3.5)
solution of Eq. (10.3.3) is
¢ =1Im Fi(z1), ¥ =ImFy(z) (10.3.6)
where F(z;) and F,(zz) are analytic functions of z; and z,, respectively, and Im
marks the imaginary part of a complex function.

The boundary condition (10.3.1) determines the analytic functions as

A A
o(x,y1) = Z—;arctany;l, U(x,y2) = iarctamy;2 (10.3.7a)
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with constants

o b + Rb+ b — Rb¥

A="23
TR o2 + R

(10.3.7b)

and the displacement field is determined in the fixed coordinate system as

By 2 By I
Mz(x7ya t) = 27'5( +R2) |:( arctanm +R a_rctanm b3

5 , (10.3.8a)
+ arctan ly — arctan—2 >~’1Rb§_ }
x—Vt
Py Bay
we(x,y, 1) = m [(R arctanx_;w + o3 arctanx_—vt by (10.3.8b)

Biy Bay [
t — arctan—=— |« Rb
+ <arc anx_ Vi arc anx_ Vi o« RDy

The expressions for strains and stresses are omitted here due to limitation of space.

We give the evaluation on the energy of the moving dislocation. Denote energy
W per unit length on the moving dislocation which consists of the kinetic energy Wy
and potential energy W, defined by the integrals as

// {( > < ”d’fldxb Wo=5 // {,,0; Ua}dxldxg (10.3.9)

respectively, where the integration should be taken over a ring ro<r<Ry, 1o
denotes the size of the dislocation core, and R is the size of so-called dislocation
net similar to those in conventional crystals. In general ry~ 1073 cm, and
Ry ~ 10*ry. Substituting displacement formulas and corresponding stress formulas
into (10.3.9), we obtain Wy = £:1n R",

k

W, = 1 — (10.3.10)
ro
with
e — pV2(a? + R?) (A_% A_%)
2 B B
A? 1
kp _71(;“ + (K, — Kz))R2+2(xR2)(ﬁl+ﬂ—) (10.3.11)
1

A% 2 2 2 1
2 (uR* + (K1 — K»)o* — 2aR?) ([g + —>
2 B>
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and A;, A, given by (10.3.7). Therefore, the total energy is

ki +kp ln&

W =
4n 70

(10.3.12)

It is concluded that when V — s,, i.e. f, — 0, this leads to the infinity of the
energy and is invalid; thus, s, is the limit of the velocity of a moving dislocation.
Additionally, if V < s;, the total energy can be written in the following simple
form

1
= Wo+ zmoV? (10.3.13)

1 1
W Wo+ 5 pV2 (6 + (b3)°] i 5

Ro
2 )

where W, is the elastic energy per unit length of a rest screw dislocation, i.e.

Ry

1
Wo = [u(b!)z FR(6E + 2b!b;R} “In
4r ro

(10.3.14)

and my, the so-called apparent mass of the dislocation per unit length in the case
considered

Ry

_ 12 1y2 1ol 1
my = [u(b3) +R(b)? + 2012 R} w

(10.3.15)
It is evident that if V = 0, the solution reduces to that of static dislocation, which
is given in 7.1.
Furthermore, if bﬁ- =0,R=0,then gg =p, f; =+/1— V2/c§, and 5| = ¢, =
\/,u/—p is the speed of transverse wave of conventional crystal; the above solution
reduces to

_ b By
u(x — Vt,y) = Earctanx v
b ppx—W)
Oy, = Oz = = 5 )
2n (x — Vi) + By
b 1Py
Oy =0y = ——————F5——— 10.3.16
Z 2 27[ (x_ Vt)2+ﬁ%y2 ( )
1 1. R
W~ (ub® + = pV2h?*) —In—
(o™ 2PV g In s
b* R
M()Zp—ln—o
T ry

This is identical to the well-known Eshelby solution for crystals [17].
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The above discussion is valid for anti-plane elasticity of three-dimensional cubic
or one-dimensional hexagonal quasicrystals; only the material constants y, K; — K;
and R need to be replaced by Cy4, K44 and Ry, or by Cu4, K>, and R3, respectively.

10.4 Mode III Moving Griffith Crack in Anti-plane
Elasticity

As another application of above elastodynamic theory, we study a moving Griffith

crack of Mode III, which moves with constant speed V along x; (see Fig. 10.1).
Here we also take the fixed coordinates (x1,x2,7) and moving coordinates (x,y).
In the moving coordinates, the boundary conditions are

maoo:aijzo, H;=0
y=0, |x|<a:0,=-1, Hy;=0 (104.1)
Assume that the Laplace equations have the solution
$(x1,y1) =Re Fi(z1), ¥ (x1,y2) = Re Fa(z). (10.4.2)
Here F|(z;) and F,(z;) are any analytic functions of z; and z,.

Because the boundary conditions (10.4.1) are more complicated than those given
by (10.3.1), we must use conformal mapping

Fig. 10.1 Moving Griffith @
crack of Mode IIT
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21,2 = 0(() = g (C+h (10.4.3)

to solve the problem at {(= &+ in)-plane.
After some calculations, we find the solution

Fi(z1) = Fi[o(0)] = Gi({) = ZATIC, Fy(22) = Fa[o(0)] = G() = iATzC
(10.4.4)

in which
A = BBy [(op+ R?)(a(Ki — K2) — R?) = R* (o + (K1 — Ka)) (ot — )]
Ay = tap, (a(Ky — K2) —R?), Ay = 10 R(a+ (K, — K3)) (10.4.5)

Because there is the inverse mapping as

‘=0 /Z_l =0 () = Z—2 ~1,  (104.6)

the manipulation afterwards can also be done in z;-plane/z;-plane.
The corresponding stresses are

0 0
=0, = (u+R*)B, 8—lee Fi(z1) +R(o — ), 6—))2Re Fi(z2)
0 0
O = 0y = (aﬂ+R2)aRe Fi(zi1) + Ry(e — ) B, ke Fa(z2)
0 0
H., = Rs3(x+ (Ky — K2))B; 5—Re Fi(z1) + (a(Ky — K3) — R*) =—Re F5(2)
vy Oy,

Ho = R3(x+ (Ki — K2)) B, %Re Fi(z1) + (2(Ky — K3) — Rz)%Re F2(z2)
(10.4.7)

Substituting (10.4.6) into (10.4.4) then into (10.4.7), the stresses can be evalu-
ated in explicit version, e.g.

g =T 2 k) -1 ¢ Ly 1
Oy; = Ozp = A(“:“"'R)ﬁlﬁz(a(l(l K>) R)|:1 (dldz)%cos(e 201 202

+ L BBR (o (Ki — K2)) (= o)
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dy = 1/ (x+a)” ),
()c—a)z—i-y%7 D, = \/(x—&—a)z—i—y%7
(10.4.9)
arctan( 1 ), 02:arctan< l )
X —d X

“+a

Y2 ), ®2:arctan< 72 >
a X+a

It is easy to prove that (10.4.8) satisfies the relevant boundary conditions and is
the exact solution.

Similarly, o,, = 0,,, H; and H, can also be expressed explicitly.
From (10.4.8), as y = 0, it yields

L1, |x|>a
0y,(x,0) = { \/xz—izf ||x<a| (10.4.10)

The stress presents singularity of order (x — a)fl/ Zasx — a.
The stress intensity factor for Mode III for phonon field is

K,” = lim /7n(x — a)oy:(x,0) = V/mat (10.4.11)

This is identical to the classical Yoffe solution [18], and the stress intensity factor
is also independent from crack moving speed V.

Now we calculate energy of the moving crack, which is defined by

a

0

W =2 [ [5,(5.0) ® Hq (x,0)] 15, 0) @ w.(x.0)}dx

W=2 / (652, (x, 0) & Hoy (x, 0)] i (x, 0) & ws (v, 0)]x
0

B =

(Ao — AyR)tma = % [0, (x(Ky — Kp) — R?) — ByR*(a+ (Ki — K»))|ma’

(10.4.12)
The crack energy release rate is
1ow 1
G =3 g =5z [ (K1 — K2) = B) = fyR (- (K — K2)](K))* (10.4.13)
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The above discussion, results, and conclusions are hold too for anti-plane
elasticity of three-dimensional cubic or one-dimensional hexagonal quasicrystals,
and only the material constants u, K; — K, and R need to be replaced by Ca4, Ky,
and Ry4 or by Cy, K5 and R;, respectively.

10.5 Two-Dimensional Phonon-Phason Dynamics,
Fundamental Solution

In contrast to Eq. (10.1.3) based on Bak’s argument, we here use formulas of
phonon-phason dynamics which is originated from hydrodynamics of Lubensky
et al. (the detail can refer to Fan et al. [13])

82 u; 80,-]- 8w,- (9H,J
= =— 10.5.1
Por "oy "o T o (105.1)

where k = 1/T",,, T',, is dissipation coefficient of phason field. The first equation is
phonon elastodynamic equation (wave equation), the second equation is the
equation of motion of phasons, and a diffusion equation comes from hydrody-
namics of solid quasicrystals but after simplification. For coupling phonon-phason
systems of quasicrystals, these two equations are coupled with each other. The
detailed hydrodynamics of solid quasicrystals can be found in Major Appendix of
this book, and we here do not concern the aspect, which is beyond the scope
discussed in this chapter.

Li [19] studies the phonon-phason dynamics for two-dimensional decagonal
quasicrystals starting from Eq. (10.5.1) and obtains the following wave equations in
plane deformation case

2 2 2 2
MV ux+(L+M)§ (8”* + %> JrRKa——a—>wx+2a Wy} — 2l

0. Oy oxr  Oy? Ox0y or’
(10.5.2)
0 (Ou Ou, ? ? Pw &% u,
MV, + (L+M)— [ =2+ 22 4R [ == — = |w, — 22| = y
Vi + (Lt )8y(8x i 8y>+ Kaxz 3y2>wy 8x5y} P o
(10.5.3)
9 O*u ow
2 _ o - X
KiV W‘+RK8x2 5 2) 2 aﬁ] K (10.5.4)
&’ 07 0u, Ow
2 x| OWy
KiV wy—i—RKa =3 2) 8x8y} = k% (10.5.5)
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where V2 = 07 + 05. If introduce a function Y
uy = Ll Y, Uy = LQY, (1056)

in which L;(j = 1,2) are two unknown linear operators, will be determined as
below.

In order to find the explicit expressions of L;(j = 1,2), substituting (10.5.6) into
(10.5.4) and (10.5.5) yields

o2 & 82 .
K1V2w1+R[(a > a_y2> a 5 LZY} = KWy, (10.5.7)
2 & ? 2 .
KIV wo +R|:<a > 9 2>L2Y+26 6yLlY:| = Kwj, (1058)
Thus, there are
o? ? 0L,
w1 = —R|:<@—a—y2>l,1 —Zaxay]z, (1059)
07 o? o0PL,
Y = K\V?Z — KZ, (10.5.11)

Then (10.5.7) and (10.5.8) will be satisfied automatically, where Z represents a
new unknown function. Substituting (10.5.9)—-(10.5.11) and (10.5.6) into (10.5.2)
and (10.5.3), respectively, leads to

2 0 82 2 82 2v72v72

) 82 (10.5.12)
2— — =
+(L+M) (KIV Kat) oy 27 =0
2 0 82 2 82 2v72v72
) 82 (10.5.13)
2— — f—
+ (L+M) (KIV Kat) oy 17 =0
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Putting
Lz=—(kvi—i2 a—zF (10.5.14)
e : dt) oxdy .
Lz-— f(kvr -2 (L+M)a—2+Mv2— > ~ R*V?V? L F
= rem |\ or ox? Por ’

(10.5.15)

Hence, one can find that (10.5.12) has been automatically satisfied, while
(10.5.13) reduces to

2

{ <K1V2 - ;%) {(2M+L)V2 - p%] - R2V2v2}

K V? — Kﬁ MV? — pa—2 —R*V2V?|F =0.
ot or

In (10.5.13) and (10.5.14), L;, L, denote operators. Similarly, if taking L;Z and
L,Z in the following version

(10.5.16)

Lz-— (kv -i2 (L+M)8—2-|—MV2— > — RV?V? o F
L VA L G 8y P or ’
(10.5.17)

82

0
F.
0xQy

LZ=—(KV?—Kk—
2 <1V K8t>

(10.5.18)

then it reduces to the final governing Eq. (10.5.16). As a check, in the static case,
(10.5.15) reduces to

ViVIVAVAF = 0; (10.5.19)
this is Eq. (6.2.7) in Chap. 6, and the correctness of above derivation is proved.

The equations obtained above can be simplified further. Function F is decom-
posed into F = F + F; so that F;(j = 1,2) satisfies, respectively,

2
<K1V2 — x%) [(2M+L)V2 — p%} Fi — R°V*V?F, =0, (10.5.20)

0 0?
2 2 2v72v72
<K1V - K—8t> <MV - p—8t2>F2 — R*V?V?F, =0, (10.5.21)
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or

2 3

o & B}

2 272 2 2

[Ki(2M + L) — R*|V>V?F, — k(2M + L)V 51 = PRIV S5 Fitkp oo Fy
= O,

(10.5.22)

9 P &
(KiM — R*)V*V°F, — KMvzan - pKlvszz +rpgsF =0 (10.5.23)

These two equations are the final governing equations, which are “conjugated”
through phonon-phason coupling constant R, and describe the interaction between
wave propagation and diffusion. Otherwise, if R = 0, then

Fi=¢+¢, (10.5.24)
Fry=n+¢, (10.5.25)
and ¢ and 7 satisfy

82
(M +L)\V?*¢ = p = ¢, (10.5.26)

O

2 0

MV =p— 10.5.27
Vi =paai, (10.5.27)

This is entirely identical to the wave equations of the Lamé potentials. If the
material is isotropic, then L = 4 and M = u; A and p are the Lamé constants. In this
case, ( satisfies

KV = k0, (10.5.28)
which is classical diffusion equation.

Once potentials Fj(j = 1,2) are determined, displacement field can be evaluated.
For example, as denoting

¢p = —(K1V2 — Ka;) (81 +82)F1, V= —(K1V2 - K@;) (81 — 82)F2, (10529)

then
0 0 0
_ 2 _ — —_
Uy = <K1V K@t) (8xq0+ Dy l//), (10.5.30)

AWAC, 0
_ 2 _ -
Uy = (KIV Kat) <8y(p 6x¢>7 (10.5.31)
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0 0
0 0
where
o? o? o? o?
H = 3— _— — -
! oxr oy’ I Oy Ox2

Furthermore, the stresses are

0 0 o
_ 2 O 2 22 97 O
O = [(Klv K@t) (LV —|—2M8 2) — R°V (6)62 6y2>]q)

9 5 (10.5.34)
o 2 9\ o2
v2 0 [M(KIV Kat) Rv]w,
2 9 2 & 2 (0P
oy = [|KiV" =k || LV +2M —< | + RV | = —= | | ¢
. ot O? ox2  Oy?
9 5 (10.5.35)
_12 7 2_ 9\ o2
2 7 fu(xx2) e,
> 2 9 22
Oy =2 M| KV —kx— | —RV|op
Ox0y ot
J 5 (10.5.36)
(9 o 2 9 pae2
() (5= x5) 7)o
? 0? 0 ? P
H —R|:K182H2 82H1+(KIV2_K8[>(@_8_)12>:|¢
5 (10.5.37)

0
8 8}1 |:K1H1+K2H2 — <K1V2 K@)]lﬂ,

& 02 5
HV} —R Kla 2H1 —szﬂ K1V —K— axz y

2
a B [KIHZ + K11, — 2<K1V2 - K—>]¢,

(10.5.38)
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2 0
ny = Rax—ay |:K1H2+K2H1 — 2<K1V2 - KE>:|§D
82 82 , 9\ [ 82
(10.5.39)
2 5 o
ny = —Raxay |:K1H1 + K11, — (Klv - Ka >:|

®
? ?
R|:K132H2 a H]+<K]VZK )(Wy)]

(10.5.40)

It can be verified all equations in phonon-phason dynamics are satisfied for plane
field of two-dimensional quasicrystals with point group 10 mm; the further work is
solving these equations under prescribed boundary conditions.

Li [20] develops the work introduced above, extends it into the dynamics of
decagonal quasicrystals of point groups 10, 10 and 10/m, determines relevant wave
speeds, and analyses the wave propagation. Figures 10.2 and 10.3 show his cal-
culating results partly.

Fig. 10.2 A section of slow [001]

surface of acoustic wave [

propagation in xz-plane;

material constants are

L =30 GPa, M = 40 GPa,

K, =300 MPa, R = —0.05p,
= —0.52K; and

K; = 0.5K,

33.62x10™s/m

3.571x10™*s/m
AN

O

[100]
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Fig. 10.3 A section of slow [001]
surface of acoustic wave
propagation in xz-plane;
material constants are

L =75 GPa, M = 65 GPa,
K, =81 GPa, R = 04K,
K2 = —052K1 and

K3 = 0.5K;

/
2.801x10™s/m

1.989x10™s/m

[100]

10.6 Phonon-Phason Dynamics and Solutions
of Two-Dimensional Decagonal Quasicrystals

In this section, we would like to give a detailed description on the solution of
two-dimensional quasicrystals based on the phonon-phason dynamics formulation.

The equations of deformation geometry and the generalized Hooke’s law are the
same as before which are not listed again here.

By using the dynamic equations (10.5.1) in Sect. 10.5, i.e. the so-called
phonon-phason equations for quasicrystals, we can create the formalism for
two-dimensional quasicrystals for the new dynamics. As an application of the
formulation, some dynamic crack solutions are given in this section.

10.6.1 The Mathematical Formalism of Dynamic Crack
Problems of Decagonal Quasicrystals

Over 200 quasicrystals observed to date, there are over 70 two-dimensional
decagonal quasicrystals; so these kinds of solid phases play an important role in the
material. For simplicity, here only point group 10-mm two-dimensional decagonal
quasicrystal will be considered herein. We denote the periodic direction as the z-
axis and the quasiperiodic plane as the xy-plane. Assume that a Griffith crack in the
solid along the periodic direction, i.e. the z-axis. It is obvious that elastic field
induced by a uniform tensile stress at upper and lower surfaces of the specimen is
independent of z, so d/9z = 0. In this case, the stress—strain relations are reduced to
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Oxe = L(ew + &) + 2Mé + R(Wyx + wyy)

Oy = L(ex + &)y) +2Meyy — R(Wa + wyy)

Txy = Oy = 2Mery + R(Wyx — wiy)

Hy = Kiwy + Kowyy + R(6x — &yy) (10.6.1)
H,y, = Kiwyy + Kowy + R(6xc — &yy)

H,, = Kiwyy — Kowy, — 2Rg,,

Hy, = Kiwy, — Kyw,, +2Re,,

where L = Cj3,M = (Cy; — C12)/2 are the phonon elastic constants, K; and K, are
the phason elastic constants, and R the phonon-phason coupling elastic constant.
Substituting (10.6.1) into (10.5.1), we obtain the equations of motion of
decagonal quasicrystals as follows:
&u,

0

2 2
Fuy 50U,

2 2 2 2
5 07Uy 3 5 [0 Wy Owy 0wy
_ o 2 y
oz~ Cge T Qgg T +63<6x2 2 vy ay2>
o*u, 5 u, s 0 Puy L, Puy, L, (Pw, Pwy 0wy
v _ ) _ y _ o OWx Oy

ar e TRl tagn +C3<8x2 Oxdy ay2>
O, Pwe P Pu, _ Pu,  Pu

ot Ox y Ox Oxdy Oy

owy, L [(Pw,  Dwy 5 (Pu,  Pu,  Ou,

My _ 2 (9 d p Tl

ot '<ax2 o ) T2\ e Ty on

(10.6.2)
where

(10.6.3)

Note that constants ¢y, ¢, and c3 have the meaning of elastic wave speeds, while
d},d3 and d3 do not represent wave speed; they are diffusive coefficients.

The decagonal quasicrystal with a crack is shown in Fig. 10.4. It is a rectangular
specimen with a central crack of length 2a(¢) subjected to a dynamic or static tensile
stress at its ends ED and FC, in which a(7) represents the crack length being a
function of time, and for dynamic initiation of crack growth, the crack is stable, so
a(t) = ap = constant, for fast crack propagation, a(t) varies with time. At first we
consider dynamic initiation of crack growth, then study fast crack propagation. Due
to the symmetry of the specimen, only the upper right quarter is considered.
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Fig. 10.4 Specimen with a
ceﬁtral crackp t p(t)
FESSRA GG 4 4
'y E B C

E A D
T VY YVYTVYITYYOY VY
p(t)

p— L. = "

Referring to the upper right part and considering a fix grips case, the following
boundary conditions should be satisfied:

uy =0, o)y =0,w, =0,H,, =0 on x=0 for 0<y<H

0y =0, 0y =0,H,=0,H, =0 on x=L for 0<y<H

oy =p(t), 0, =0,Hy,=0,Hy,=0 on y=H for 0<x<H (10.6.4)
oy =0, 04=0H,=0H,=0 on y=0 for 0<x<af(r)

uy =0, 6o, =0,wy, =0,H, =0 on y=0 for a(r)<x<L

in which p(#) = pof(¢) is a dynamic load if f(¢) varies with time; otherwise, it is a
static load (i.e. if f(¢) = const), and py = const with the stress dimension.
The initial conditions are

ux(x,y, l)|t:0 =0 uy(xay, l)‘,:() =0
Wx(xv))7 t)|t:0 =0 Wy(x;ya t)|t:0 =0 (1065)
CF)MXSC;}’J) |t:0 -0 d"y(axt%f) |t:() -0

For implementation of finite difference, all field variables in governing
Eq. (10.6.2) and boundary-initial conditions (10.6.4) and (10.6.5) must be
expressed by displacements and their derivatives. This can be done through the
constitutive equations (10.6.1). The detail of the finite difference scheme is given in
Appendix of this chapter.

For the related parameters in this section, the experimentally determined mass
density for decagonal Al-Ni—Co quasicrystal p = 4.186 x 1073 g mm™ is used
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and phonon elastic moduli are Cj; = 2.3433,Cj, = 0.5741(10'? dyn/cm? =
10? GPa) which are obtained by resonant ultrasound spectroscopy [21], we have
also chosen phason elastic constants K; = 1.22 and K, = 0.24(10'? dyn/cm? =
10?> GPa) estimated by Monte Carlo simulation [22] and T, = 1/k = 4.8 x
1071 m3 s/kg = 4.8 x 107'9 cm? ps/g [23]. The coupling constant R has been
measured for some special cases recently, see Chaps. 6 and 9, respectively. In
computation, we take R/M = 0.01 for coupling case corresponding to quasicrys-
tals, and R/M = 0 for decoupled case in which the latter corresponds to crystals.

10.6.2 Examination on the Physical Model

In order to verify the correctness of the suggested model and the numerical sim-
ulation, we first explore the specimen without a crack. We know that there are the
fundamental solutions characterizing time variation natures based on wave propa-
gation of phonon field and on motion of diffusion according to mathematical
physics

io(t—x/c)

ur~e

{ W~ \/l_e*(x*xo)z/rw(l*fo) (1066)
—1

where w is a frequency; c, a speed of the wave; ¢, the time; #y, a special value of ¢, x,
a distance; x, a special value of x; and I',,, the kinetic coefficient of phason defined
previously.

Comparison results are shown in Figs. 10.5, 10.6 and 10.7, in which the solid
line represents the numerical solution of quasicrystals, and the dotted line represents

Fig. 10.5 Displacement x 10"
component of phonon field u,
versus time

Desplacernent(mm)

= Really solution
==~ Fundamental solution
I

7 i L L L T
o 2 4 (-] B 10 12 14

Time(us)
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Fig. 10.6 Displacement
component of phonon field u,
versus time

Dusplacement(mm)

] 2 4 ] 8 10 12 14

Time(ps)

fundamental solution of Eq. (10.6.6). From Figs. 10.5 and 10.6 we can see that
both displacement components of phonon field are excellent agreement to the
fundamental solutions. However, there are some differences because the phonon
field is influenced by phason field and the phonon-phason coupling effect. From
Fig. 10.7, in the phason field we find that the phason mode presents diffusive nature
in the overall tendency, but because of influence of the phonon and phonon-phason
coupling, it can also have some character of fluctuation. So the model describes the
dynamic behaviour of phonon field and phason field indeed. This also shows that
the mathematical modelling of the present work is valid.

Fig. 10.7 Displacement x 10"
component of phason field w, “== Nunerical sohution of quasicrystals
. —— Nurnenical solution of "decoupled quasicrystals™
versus time —  Fundamental solution
1 -
] =8 A
Y
i kY
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~ .
3 ~ : ]
- .,
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10.6.3 Testing the Scheme and the Computer Programme

10.6.3.1 Stability of the Scheme

The stability of the scheme is the core problem of finite difference method which
depends upon the choice of parameter o = ¢;t/h, which is the ratio between time
step and space step substantively. The choice is related to the ratio ¢ /cy, i.e. the
ratio between speeds of elastic longitudinal and transverse waves of the phonon
field. To determine the upper bound for the ration to guarantee the stability,
according to our computational practice and considering the experiences of com-
putations for conventional materials, we choose o = 0.8 in all cases and results are
stable.

10.6.3.2 Accuracy Test

The stability is only a necessary condition for successful computation. We must
check the accuracy of the numerical solution. This can be realized through some
comparison with some well-known classical solutions (analytic as well as numerical
solutions). For this purpose, the material constants in the computation are chosen as
c1 =7.34,c; =3.92 (mm/ ps) and p =5 x 10°kg/m>, py = 1MPa which are the
same with those in Refs. [24-26] (but are different from those listed in Sect. 10.6.1).
At first the comparison of the classical exact analytic solution is carried out; in this
case we put wy = wy, = 0 (i.e. K| = K» = R = 0) for the numerical solution. The
comparison has been done with the key physical quantity—dynamic stress intensity
factor, which is defined by

Ki(t) = lim /7n(x — ap)o,,(x,0,1) (10.6.7)

+
Xﬂdo

The normalized dynamic stress intensity factor can be denoted as K;(¢)/K;®, in
which K;‘atic is the corresponding static stress intensity factor, whose value here is
taken as ,/magpo (the reason for this refers to Sect. 10.6.3.3). For the dynamic
initiation of crack growth in classical fracture dynamics, there is the only exact
analytic solution—the Maue’s solution [24], but the configuration of whose spec-
imen is quite different from that of our specimen. Maue studied a semi-infinite crack
in an infinite body and subjected to a Heaviside impact loading at the crack surface.
While our specimen is a finite size rectangular plate with a central crack, the applied
stress is around the external boundary of the specimen. Generally, the Maue model
cannot describe the interaction between wave and external boundaries. However,
consider a very short time interval, i.e. during the period between the stress wave
from the external boundary arriving at the crack tip (this time is denoted by #,) and
before the reflecting by external boundary stress wave emanating from the crack tip
in the finite size specimen (the time is marked as #,). During this special very short
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Fig. 10.8 Comparison of the 3
present solution with analytic
solution and other numerical
solution for conventional
structural materials given by
other authors

..... Murti's solution [25]
Present solution

---------- Chen's solution[26]
------- Maue's solution [24]

Normalized DSIF

Time (ps)

time interval, our specimen can be seen as an “infinite specimen”. Comparison
given by Fig. 10.8 shows the numerical results are in excellent agreement with
those of Maue’s solution within the short interval in which the solution is valid.

Our solution corresponding to the case of wy = w, = 0 is also compared with
numerical solutions of conventional crystals, e.g. Murti’s solution [25] and Chen’s
solutions [26], which are also shown in Fig. 10.8; it is evident, and our solution
presents very high precise.

10.6.3.3 Influence of Mesh Size (Space Step)

The mesh size or the space step of the algorithm can influence the computational
accuracy too. To check the accuracy of the algorithm, we take different space steps
shown in Table 10.1, which indicates if & = ao/40 the accuracy is good enough.
The check is carried out through static solution, because the static crack problem in
infinite body of decagonal quasicrystals has exact solution, given by Li and Fan in
Sect. 8.3 of Chap. 8; the normalized static intensity factor is equal to unit. In the
static case, there is no wave propagation effect, L/ay >3, H/ay > 3; the effect of
boundary to solution is very weak, and for our present specimen L/ag> 4,
H/ay > 8, which may seen as an infinite specimen, the normalized static stress
intensity factor is approximately but with highly precise equal to unit. The table
shows that the algorithm is with a quite highly accuracy when h = a(/40.

Table 10.1 Normalized static S.LF. of quasicrystals for different space steps

H ay/10 ay/15 /20 /30 ay/40
K 0.9259 0.94829 0.96229 0.97723 0.99516
Errors (%) 7.410 5.171 3.771 2277 0.484
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10.6.4 Results of Dynamic Initiation of Crack Growth

The dynamic crack problem presents two “phases” in the process: the dynamic
initiation of crack growth and fast crack propagation. In the phase of dynamic
initiation of crack growth, the length of the crack is constant, assuming a(t) = ao.
The specimen with stationary crack that is subjected to a rapidly varying applied
load p(f) = pof (1), where py is a constant with stress dimension and f(¢) is taken as
the Heaviside function. It is well known the coupling effect between phonon and
phason is very important, which reveals the distinctive physical properties including
mechanical properties, and makes quasicrystals distinguish the periodic crystals. So
studying the coupling effect is significant.

The dynamic stress intensity factor Ki(¢) for quasicrystals has the same definition
given by (10.6.7), whose numerical results are plotted in Fig. 10.8, where the
normalized dynamics stress intensity factor Ki(r)/./maopo is used. There are two
curves in the figure; one represents quasicrystal, i.e. R/M = 0.01 and the other
describes periodic crystals corresponding to R/M = 0; the two curves of the figure
are apparently different, though they are similar to some extends. Because of the
phonon-phason coupling effect, the mechanical properties of the quasicrystals are
obviously different from the classical crystals. Thus, the coupling effect plays an
important role.

In Fig. 10.9, #; represents the time that the wave from the external boundary
propagates to the crack surface, in which #y = 2.6735 ps. So the velocity of the
wave propagation is vo = H/ty = 7.4807 km/s, which is just equal to the longi-
tudinal wave speed ¢; = /(L +2M)/p. This indicates that for the complex system
of wave propagation-motion of diffusion coupling, the phonon wave propagation
presents dominating role.

There are many oscillations in the figure, especially the stress intensity factor.
These oscillations characterize the reflection and diffraction between waves coming
from the crack surface and the specimen boundary surfaces. The oscillations are

Fig. 10.9 Normalized 35
dynamics stress intensity
factor (DSIF) versus time

Normalized S.1.F,

I{', (Static) .

0 2 4 6 8 10 12 14
Time (ps)
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influenced by the material constants and specimen geometry including the shape
and size very much.

10.6.5 Results of the Fast Crack Propagation

In this section, we focus on the discussion for the “phase” of fast crack propagation.
To explore the inertia effect caused by the fast crack propagation, the specimen is
designed under the action of constant load P(¢) = p rather than time-varying load,
but the crack grows with high speed in this case. The problem for fast crack
propagation is a nonlinear problem because of one part of the boundaries—crack is
with unknown length beforehand. For this moving boundary problem, we must give
additional condition for solution to be definite. That is, we must give a criterion
checking crack propagation or crack arrest at the growing crack tip. This criterion
can be imposed in different ways, e.g. the critical stress criterion or critical energy
criterion. The stress criterion used in this paper o,, <o, represents crack arrest,
oy, = 0 Tepresents critical state, and o,, > o represents crack propagation. Here
we take o, = 450 MPa for decagonal Al-Ni—Co quasicrystals, which was obtained
by referring measured value by Meng et al. for decagonal AI-Cu—Co quasicrystals,
refer to Ref. [2] in Chap. 8, and the modification by referring the hardness of alloys
Al-Ni—Co and Al-Cu—Co, and the hardness on decagonal Al-Ni—Co can be found
in paper given by Takeuchi et al. [28]. The simulation of a fracturing process runs
as follows:

Given the specimen geometry and its material constants, we first solve the initial
dynamic problem in the way previously described. When the stress o, reaches a
prescribed critical value o, the crack is extended by one grid interval. The crack
now continues to grow, by one grid interval at a time, as long as the gy, stress level
ahead of the propagating crack tip reaches the value of ¢.. During the propagation
stage, the time that elapses between two sequential extensions is recorded and the
corresponding velocity is evaluated.

The crack velocity for quasicrystals and periodic crystals is constructed in
Fig. 10.10, from which we observe that the velocity in quasicrystals is lower than
that of the periodic crystals; the phonon-phason coupling makes the quasicrystals
being different from periodic crystals. The reason for this is not so clear.

We find that the fast crack propagating velocity is obviously different in qua-
sicrystals compared to the crystalline and conventional engineering materials. Next
we will explore the velocity under different loads in quasicrystal. The
above-described procedure was conducted, keeping the same geometry and material
constants. With various loads, the relation between velocity and crack growth is
constructed in Fig. 10.10. The crack velocity increases smoothly with increasing
applied load. It is understandable that as the load increases, the time to reach the
critical stress is less, so the velocity increases (Fig. 10.11).

As shown in Fig. 10.12, the calculated crack propagation results show some
roughness as the load increases. Currently, there is no experimental observation for
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Fig. 10.10 Crack velocity
versus normalized crack size
with different phonon-phason
coupling elastic constants

Fig. 10.11 Variation of
crack velocity versus
normalized crack size for
different load levels

Fig. 10.12 Normalized crack
growth size (@ — ag)/ag of
crack tip versus time for
different load levels
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fast crack propagation, though Ebert et al. [27] made some observation by scanning
tunnelling microscopy for quasistatic crack growth. Because the fast crack propa-
gation and quasistatic crack growth belong to two different regimes, the comparison
cannot be easily made.

10.7 Phonon-Phason Dynamics and Applications
to Fracture Dynamics of Icosahedral Quasicrystals

10.7.1 Basic Equations, Boundary and Initial Conditions

The elasto-/hydrodynamics of icosahedral Al-Pd—Mn quasicrystals is more inter-
esting topic than that of decagonal Al-Ni—Co quasicrystals, especially a rich set of
experimental data for elastic constants can be used for the computation described
here. From the previous section, we know there is a lack of measured data for
phason elastic constants, which are obtained by Monte Carlo simulation; this makes
some undetermined factors for computational results for decagonal quasicrystals.
This shows that the discussion on icosahedral quasicrystals is more necessary, and
the formalism and numerical results are presented in this section.

If considering only the plane problem, especially for the crack problems, there
are much of similarities with those discussed in the previous section. We present
herein only the parts that are different.

For the plane problem, i.e.

5.=0 (10.7.1)

the linearized elasto-/hydrodynamics of icosahedral quasicrystals have non-zero
displacements u,, w, apart from u,, u,, w,, w,, so in the strain tensors

L (ou ow\ 0w
U72 8x, Bx,- WU*(Q)XJ'

It increases some non-zero components compared with those in two-dimensional
quasicrystals. In connecting with this, in the stress tensors, the non-zero compo-
nents increase too relatively to two-dimensional ones. With these reasons, the
stress—strain relation presents different nature with that of decagonal quasicrystals
though the generalized Hooke’s law has the same form with that in one- and
two-dimensional quasicrystals, i.e.

0 = Cyuen +Ryjuwna  Hyj = Rugjen + Kijuwi

In particular, the elastic constants are quite different from those discussed in the
previous sections, in which the phonon elastic constants can be expressed such as
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Cijkl = /ﬂu5ij5k1 + ﬂ(éikéﬂ + 5i15jk) (1072)

and the phason elastic constant matrix [K] and phonon-phason coupling elastic one
[R] are defined by formula (9.1.6) in Chap. 9, which are not listed here again.
Substituting these non-zero stress components into the equations of motion

82u,- 80,-j aWi 6H,J
= = 10.7.3
Por ~ oy “Tor ~ ox (107.3)

and through the generalized Hooke’s law and strain—displacement relation, we
obtain the final dynamic equations as follows:

0 u, N 8ux 2 2 “ 2_ 2 u, L2 zu e O*wy +282wy B 0*w,
oz Vo A 7Dy T2 S\ a2 TToxay 9y
azu} 8u) ) Pu, 5 Puy Pw Pw,  Pwy
_ ) _ )
oz T0% az rad(s C2)axay T TG (0x2 oxdy z)y2>
0? uZ e Pwy B Pwy B 282wy n Pw, n Pw,
Btz 3\ ax2 0y? Oxdy = Ox? o?
(9WX ”? P
+ 0w, = Wy +dp preh W,
n azux _y 82uy B & u, 82_14 B & u,
\ox2 Oxdy Oy  Ox2  Oy?
Oow, P ? Pw, u, Pu,  FPuy &Pu,
2% 1 T Yy —dry 222 vy p 0t T,
a T = A\ ge ay2> W=y +d*(avxz Ty o axay>

ow, 9? o? Pw,  Pw, 0wy 9? 9?
ot +0Wz—(d1—d2)<02 OZ)W +d2(8x2 — ayz 28x0y>+d3(0x2+0—yz>uz
(10.7.4)

in which

A+2 K R
=\ 'u \/7 3= \/7 dy = d2=f7 dszg,
0.

Note that constants ¢y, ¢; and c3 have the meaning of elastic wave speeds, while
dy,d, and d; do not represent wave speed, but are diffusive coefficients, and
parameter 0 may be understood as a man-made damping coefficient as in the
previous section.

Consider an icosahedral quasicrystal specimen with a Griffith crack shown in
Fig. 10.4; all parameters of geometry and loading are the same with those given in
the previous, but in the boundary conditions there are some different points, which
are given as below
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u, =0,04=0,0,=0,w,=0,H,=0,H,=0 on x=0 for 0<y<H

0y =0,0=0,0,=0,Hy=0,H,,=0,H,=0 on x=L for 0<y<H

oy =p(t),0 =0,0,,=0,Hy, =0,H,,=0,Hy,=0 on y=H for 0<x<L

oy =0,04=0,0,=0H,,=0,H,=0,H,=0 on y=04 for 0<x<a(r)

uy=0,0,=0,0,=0,w,=0,Hy, =0,H,,=0 on y=0 for a(r)<x<L
(10.7.6)

The initial conditions are

uX(xvyvt”t:O =0 uy(xvyv t)|l:0 =0 uz(x,y, t)|f:0 =0
Wx(x7y7 t)|f:0 =0 Wy(x’y7 t)|t:0 =0 wz(x,y, t)|t:0 =0 (10.7.7)
Ouy (x,y, Oty (x,y, Ouz(x,y,

B0 =0 Mg =0 2] =0

10.7.2 Some Results

We now concentrate on investigating the phonon and phason fields in the icosa-
hedral Al-Pd—Mn quasicrystal, in which we take p = 5.1 g/cm® and 1 = 74.2, u =
70.4 (GPa) of the phonon elastic moduli, for phason ones K; =72,K, =
—37(MPa) (refer to Chap. 9) and the constant relevant to diffusion coefficient of
phason is T, = 1/k = 4.8 x 10712 m? s/kg = 4.8 x 1079 cm?® ps/g [23]. On the
phonon-phason coupling constant, there is no measured result for icosahedral
quasicrystals so far; we take R/p=0.01 for quasicrystals and R/pu =0 for
“decoupled quasicrystals™ or crystals.

The problem is solved by the finite difference method; the principle, scheme and
algorithm are illustrated as those in the previous section and shall not be repeated
here. The testing for the physical model, scheme, algorithm and computer pro-
gramme is similar to that given in Sect. 10.6.

The numerical results for dynamic initiation of crack growth problem, the
phonon and phason displacements are shown in Fig. 10.13.

The dynamic stress intensity factor Kj(z) is defined by

Ki(t) = lim V(x — ag)oy,(x,0,1)

and the normalized dynamics stress intensity factor (S.L.F.) Ki(¢) = Ki(f)/\/Aaopo
is used; the results are illustrated in Fig. 10.14 in which the comparison with those
of crystals is shown; one can see the effects of phason and phonon-phason coupling
are evident very much.
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For the fast crack propagation problem, the primary results are listed only the
dynamic stress intensity factor versus time as given in Fig. 10.15.
Details of this work can are reported in Ref. [29].

10.7.3 Conclusion and Discussion

In Sects. 10.7.1 and 10.7.2, a new model on dynamic response of quasicrystals
based on argument of Bak and argument of Lubensky et al. are formulated. This
model regarded as an elasto-/hydrodynamics model for the material, or as a col-
laborating model of wave propagation and diffusion. This model is more complex
than pure wave propagation model for conventional crystals, and the analytic
solution is very difficult to obtain, except maybe for a few simple examples.
Numerical procedure based on finite difference algorithm is developed. Computed
results confirm the validity of wave propagation behaviour of phonon field and
behaviour of diffusion of phason field. The interaction between phonons and
phasons is also recorded.

The finite difference formalism is applied to analyse dynamic initiation of crack
growth and fast crack propagation for two-dimensional decagonal Al-Ni—Co and
three-dimensional icosahedral Al-Pd—Mn quasicrystals, and the displacement and
stress fields around the tip of stationary and propagating cracks are revealed; the
stress presents singularity with order »~!/2, in which r denotes the distance mea-
sured from the crack tip. For the fast crack propagation, which is a nonlinear
problem—moving boundary problem, one must provide additional condition for
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determining solution. For this purpose, we give a criterion for checking crack
propagation/crack arrest based on the critical stress criterion. Application of this
additional condition for determining solution has helped us achieve the numerical
simulation of the moving boundary value problem and reveal crack length-time
evolution. However, more important and difficult problems are left open for further
study.

10.8 Appendix of Chapter 10: The Detail of Finite
Difference Scheme

Equations (10.6.2) subjected to conditions (10.6.4) and (10.6.5) are very compli-
cated, and analytic solution for the boundary-initial value problem is not available
at present, which have to be solved by numerical method. Here we extend the
method of finite difference of Shmuely and Alterman [30] scheme for analysing
crack problem for conventional engineering materials to quasicrystalline materials.
A grid is imposed on the upper right of the specimen shown in Fig. 10.16. For
convenience, the mesh size £ is taken to be the same in both x- and y-directions. The
grid is extended beyond the half step by adding four special grid lines x =
—h/2,x=L+h/2,y=—h/2, y=H+ h/2 which form the grid boundaries.
Denoting the time step by 7 and using central difference approximations, the
finite difference formulation of Eq. (10.6.2), valid at the inner part of the grids, is

Fig. 10.16 Scheme of grid &
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T
ux(x7y7t+f) = 2u.¥(x7y7t) - ux(xay717 T) + (ch)z[ux(erhayvt) - ZMX(X,y,l‘) +MX(X - h7y7t)]

2
+(5) (e = Dy (eot oy o+ hr) =y (et-oy = )

—uy(x —h,y+h,t)+uy(x —h,y — h,1)]

+ (%cz)z[urx(x,y-i-h,t) — 2u,(x,y,t) + ue(x,y — h,1)]

+ (103)2[wx(x+h,y, 1) — 2wy(x,y,1)

+wi(x = h,y, l)]+2( ) Alwy(x+hyy+h,t) — wy(x+h,y — h,t) — wy(x — h,y+h, 1)

+wy(x —h,y —h,1)] — ( C3) Wa(ot,y 4 hy 1) = 2we(x, 3, 1) + we(x,y — I, 1)]

N
M}'(xvy’t+T) = 2”)’(x7y7t) - uy(x,y,t - T) + (ZCZ> [My(erh,_)@ t)
N2
=23 0) iy (x = by, 0] -+ (35) (€ = Dlinlxt by + )
—uy(x+h,y —ht) — uy(x — h,y+h,t) +u(x — h,y — h,t)
T 2 T 2

+ (EC1> [”}‘(x7y+h7 t) - 2uy(x,y, l) +”y(x7y - h’t)] + (—C3) [w}'(x—"_h7yvt)

=2, (x ) +wy(x — b,y = 2(5;
—wy(x+h,y —h,t) —we(x — h,y+h,t) + we(x — h,y — h,1)]

2
- (%C3> [Wy(x7y+h7t) - 2W),-()C7y7 t) +W,V(x7y - h7 I)]

> Swi(x+h,y+h,t)

T
wa(X,y,1+ 1) = wilx, 3,1) +d§h—2[ux(X+h7y7 1) = 2ux(x,y, 1) + us(x — h, y, 1)]

+d|2;2 We(x 4 hyy, 1) +wi(x — hyy, 1) — dwe(x, 3, 1) + we(x,y + Ay 1) + wi(x,y — hy1)]
dz( ;) [y (x+ R,y + R 1) — uy(x+hyy — by t) — uy(x — hyy + h, 1) +uy(x — b,y — h,1)]
— 5 (e y 1) = 2u,(x.3.0) + (. y = o)

wy(x,y,1+1) = wv(x,y7 N+d2— 2

+dl n [w).(x+h,y7 t) +W,\?(X - hayr t) - 4WVv(xyyv t) +va(xyy+h~ t) +Wy(xay —h, t)}

= [y By, 1) = 20, (x, v, 1) + uy(x — by y,1)]

+2d2(2;) ux(x+h,y+h,t) —u(x+h,y — h,t) —uy(x — h,y+h,t) + uy(x — h,y — h,1)]

- d% hiz [uy(x,y +h,t) = 2uy(x,y, 1) +uy(x,y — h, t)}
(10.8.1)
The displacements at mesh points located at the special lines are determined by

satisfying the boundary conditions, and we obtain, respectively, for points on the
grid lines x = —h/2 and x = L+ h/2.
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(10.8.2d)

where Eqgs. (10.8.2a) and (10.8.2b) related to x = —//2 are not valid, from the first

condition of (10.6.5), at x =0, u, = 0 and w, = 0. To satisfy the condition, the
displacements u, and w, at x = —h/2 are approximated by

Mx(.x, —]’1/27 t) = —ux(_x7 h/27 l)
wy(x, —h/2,1) = —wy(x, h/2,1) (10.8.3)

On the grid line y = —h/2 and y = H + h/2, we obtain

: i 1 i
ux(x,L;,l,t) = ux<x,£,§,7t> :I:2 [u} (x—l—h,l_ - ) — uy(x—h,’il,t)]
Le3(df - d3)

zm[ (g yor) = (x =y )|

(10.8.4a)
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h h
2 _ 2
(ot yo1) = e 1)

1c3d; — 3d3 i
izm[wv(X‘i’h,L by ) *Wy(X*h,L ,,,t):|

h h
2 — 2
uy(x,L+%,t) = uy(x,L ,l,t)
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2 Gd - 3B FRRhLpt) T by
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(10.8.4b)

(10.8.4¢)

D e ) e )

1 c3ds — 3ds i
S aa () el o)
(10.8.4d)

in which, Egs. (10.8.4¢) and (10.8.4d) related to y = —h/2 are valid only along the
crack surface, namely only for x <a — h/2, at y = 0, in which the crack terminates.
From the last condition of (10.6.5), at y =0 and the ahead of the crack,
uy = 0,w, = 0. To satisfy this condition, the displacements u, and w, aty = —h/2
are approximated by

uy(x,—h/2,t) = —uy(x,h/2,1) (108.5)
wy(x, —h/2,t) = —wy(x,h/2,1)
In constructing the approximation (10.8.2a)—(10.8.5), we follow a method pro-
posed by Shmuely and Peretz [31] which was also successfully employed in Ref.
[30] for conventional engineering materials. According to this method, derivatives
perpendicular to the boundary are proposed by uncentred differences and deriva-
tives parallel to the boundary by centred difference. The real boundary can be
considered as located at a distance of half the mesh size from the grid boundaries.
The four grid corners require a special treatment. Difference methods of handling
the discontinuities at such points have been proposed in the past. Here we found
that satisfactory results are obtained when the displacements sought are extrapo-
lated from those given along both sides of the corner in question. Accordingly, the
components iy, iy, Wy, wy at (—h/2, —h/2) are given by
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Uy Uy Uy
(711/23 7h/2,[) - (h/2, 7h/27t)+ (7h/27h/23 t)
Uy Uy Uy
Uy Uy
—-0.5 [ (3h/2,—h/2,t)+ ~(—h/2,3h/2, t)]
y Uy
Wx Wx Wy
(_h/27 _h/zvt) = (h/27 _h/27I)+ (_h/zvh/Zat)
wy Wy Wy

~05 R:" (3h/2, —h/2,1) + : (—h/2,3h/2, t)]
(10.8.6)

Similar expressions are used for deriving the displacement components at
(=h/2,H+h/2), (L+h/2,L+h/2) and (L+h/2,—h/2).

By following relevant stability criterion of the scheme, the computation is
always stable and achieves high precision. Discussions on this aspect are omitted
here due to space limitation.
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Chapter 11
Complex Analysis Method for Elasticity
of Quasicrystals

In Chapters 7-9, we frequently used the complex analysis method to solve the
problems of elasticity of quasicrystals and many exact analytic solutions were
obtained by this method. In these chapters, we only provided the results, and the
underling principle and details of the method could not be discussed. Considering
the relative new feature and particular effect of the method, it is helpful to attempt a
further discussion in depth. Of course, this may lead to a slight repletion with
relevant content of Chaps. 7-9.

It is well known that the so-called complex potential method in elasticity is
effective, in general, only for solving harmonic and biharmonic partial differential
equations in the classical theory of elasticity, and for these equations, the solutions
can be expressed by the analytic functions of single complex variable z = x + iy,

i = v/—1. In addition, in the classical elasticity, quasi-biharmonic partial differential
equation can be solved by analytic functions of some different complex variables
such as z; = x4+ a1y,20 = x4+ 0y, ... in which ay, o, ... are complex constants.
The study of elasticity of quasicrystals has led to discovery of some multi-harmonic
and multi-quasiharmonic equations, which cover quite a wide range of partial
differential equations appearing in the field to date and have been introduced in
Chaps. 5-9. The discussion on the complex analysis for these equations is signif-
icant. We know that the Muskhelishvili complex analysis method for classical plane
elasticity [1], which solves mainly the biharmonic equation, and the complex
potential method developed by Lekhlitzkii [2] for classical anisotropic plane elas-
ticity, which solve mainly the quasi-biharmonic equation, made great contributions
for quite a wide range of fields in science and engineering. The present formulation
and solutions of the complex analysis, e.g. quadruple and sextuple harmonic
equations and quadruple quasiharmonic equation, are a new development of the
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complex analysis method used for classical elasticity. Though the new method is
used to solve the elasticity problems of quasicrystals at present, it may be extended
into other disciplines of science and technology in future.

At first, we simply review the complex analysis method for harmonic and
biharmonic equations and then focus on those for quadruple and sextuple harmonic
equations and quadruple quasiharmonic equation and, with discussions in detail,
presenting their new features from the angle of elasticity as well as complex
potential method.

11.1 Harmonic and Biharmonic in Anti-Plane Elasticity
of One-Dimensional Quasicrystals

The final governing equations of elasticity of one-dimensional quasicrystals present
the following two kinds discussed in Chap. 5:

044V2uz +R3V2Wz =0

11.1.1
R;V2u, + K>Vw, = 0 ( )
ot ot ot ot o*
(e ot ta Ox3dy T Ox20y? ta Ox0y? tes 8_)14)G =0 (11.1.2)

in which Eq. (11.1.1) is actually two decoupled harmonic equations of u«, and w,
whose complex variable function method was introduced in Sects. 8.1 and 8.2, and
here we do not repeat any more.

Equation (11.1.2) is a quasi-biharmonic equation which describes the
phonon-phason coupling elasticity field for some kinds of one-dimensional qua-
sicrystal systems, refer to Chap. 5. As some solutions of them in terms of the
complex variable function method, whose origin comes from the classical work of
Lekhlitskii [2], reader can find some beneficial hints in the monograph.

11.2 Biharmonic Equations in Plane Elasticity of Point
Group 12mm Two-Dimensional Quasicrystals

From Chap. 6, we know that in elasticity of dodecagonal quasicrystals, the phonon
and phason fields are decoupled each other. For whose plane elasticity we have the
final governing equations as follows:

VV2F =0, V?V?G=0 (11.2.1)
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The complex representation of solution of (11.2.1) is

PUMZR$%@+/%@M

(11.2.2)
wazmm@wjx@m

where ¢,(z), ¥, (z), m1(z) and y,(z) are any analytic functions of complex variable
z=x+iy (i= V=1 ). For these kind of biharmonic equations, Muskhelishvili [1]
developed systematic complex variable function method, in which reader can find
some details in the well-known monograph and we need not discuss those any

more. The Muskhelishvili’s method has some developments in China, e.g. Lu [3]
and Fan [4].

11.3 The Complex Analysis of Quadruple Harmonic
Equations and Applications in Two-Dimensional
Quasicrystals

As it was discussed in Chaps. 6-8, for point groups 5m and 10mm or point groups
5,5, and 10, 10 quasicrystals, either by the displacement potential formulation or by
the stress potential formulation, we obtain the final governing equation is quadruple
harmonic equation, whose complex variable function method is newly created by
Liu and Fan [5, 6] based on the displacement potential formulation and by Li and
Fan [7, 8] based on the stress potential formulation. This complex potential method
that greatly develops the methodology was used in the classical elasticity. It is
necessary to give some further discussions in depth. For simplicity, the following
discussion is based on the stress potential formulation only, and solutions are given
only for point groups 5, 5, and 10, 10 quasicrystals, because the point groups 5m
and 10mm quasicrystals can be seen as a special case of the former.

11.3.1 Complex Representation of Solution
of the Governing Equation

Because it is relatively simpler for the case of point groups 5m and 10mm, which
belong to the special case of point groups 5, 5 and point groups 10 and 10, we here
discuss only the final governing equation of plane elasticity of pentagonal of point

groups 5, 5 and decagonal quasicrystals of point groups 10, 10
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VIVIVAVAG =0 (11.3.1)

where G(x,y) is the stress potential function. The solution of Eq. (11.3.1) is

1 1
G = 2Refgi(2) +282(2) + 5783(2) + £2°84(2)] (113.2)
where g;(z) (j=1,---,4) are four analytic functions of a single complex variable

z=x+iy=re. The bar denotes the complex conjugate hereinafter, i.e. 7=

x —iy =re . We call these functions be the complex stress potentials, or the
complex potentials in brief.

11.3.2 Complex Representation of the Stresses
and Displacements

Sect. 8.4 shows that from fundamental solution (11.3.2), one can find the complex
representation of the stresses as below:

o = —32¢1Re(Q(z) — 247 (z))

ayy = 32c1Re(Q(z) +2¢4'(2))

Oy = Oy = 32¢ImQ(2)

H, = 32RRe(0'(z) — Q(z)) — 32R,Im(O’(z) — Q(z)) (11.3.3)
H,, = —32R;Im(0'(z) + Q(z)) — 32R,Re(O'(z) + Q(2))

Hy, = —32R,Im(0'(z) — Q(z)) — 32R,Re(O'(z) — Q(z))

H,, = —32R;Re(0O'(z) + Q(2)) + 32R,Im(O'(z) + Q(2)

where

1
0) =&V () +z¢i () + -2V (2)

2 (11.3.4)
v - (v

Qz) =" (@) +24" ()
in which one prime, two prime, three prime, and superscript (IV) denote the first- to
fourth-order differentiation of g;(z) to variable z, in addition ®’(z) = d®(z)/dz and
it is evident that ®(z) and Q(z) are not analytic functions.

By some derivation from (11.3.3), we have the complex representation of the
displacements such as
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e+ ity = 32(4c103 — €3 — c1¢a)g) () — 32(cica — ¢3) (87 (2) + 287 () (11.3.5)

32(R; — iR,)

Wy + Wy :ﬁ@)@ (11.3.6)
with constants
— M(K, + Ky) — 2(R? + R3), ¢ =M= c+ (L+M)(K +K)
1 2 1 2),€C Kl 2 = 4(L+M)C ,
_R+R Ktk
Cc3 = ,Cq4 =
c c

(11.3.7)

11.3.3 The Complex Representation of Boundary
Conditions

In the following, we consider only the stress boundary value problem; i.e. at the
boundary curve L, the tractions (T, Ty) and generalized tractions (hy, hy) are given,
and there are the stress boundary conditions such as

O €08(0, X) + 0y, cos(n, y) = Ty, oy cos(n,x) +ay,cos(n,y) =Ty, (x,y) €L,
(11.3.8)

H, cos(n,x) + Hy,cos(n,y) = hy, , Hy, cos(n,x)+ Hy,cos(n,y) = hy,

o) e L, (11.3.9)

where T, T, and h,, h, are tractions and generalized tractions at the boundary L,
where the stresses are prescribed.

From (11.3.8) and after some derivation, the phonon stress boundary condition
can be reduced to the equivalent form

GO+ TA+ @ =5 [(E4im)ds, zel (11310
From Egs. (11.3.9), (11.3.3), and (11.3.4), we have

(R, — iR)O(z) :i/(hx+ihy)ds, zel, (11.3.11)
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11.3.4 Structure of Complex Potentials

11.3.4.1 Arbitrariness in the Definition of the Complex Potentials

For simplicity, we introduce the following new symbols

85" (2) = ha(2), 85 (2) = h3(2), &{(2) = ha(2) (11.3.12)

and then, Eq. (11.3.3) can be rewritten as follows:

0w+ 0yy = 128c1Re K (2) (11.3.13)

Oy — Oxx + 2i0,, = 64¢1Q(2) = 64c; [H(z) +zh) (2)] (11.3.14)
Hyy — Hyc — i(Ho + Hyy) = 64(iRy — R2)Q(2) (11.3.15)
(Hu — Hyy) — i(Hy + Hyx) = 64(R; +R2)0'(2) (11.3.16)

Similar to the classical elasticity, from Eqgs. (11.3.13) to (11.3.16), it is obvious
that a state of phonon and phason stresses is not altered, if one replaces

h4(Z) byh4(Z)+DiZ+V (11.3.17)
h3(z) by hi(z)+ (11.3.18)
ha(z) by ha(z)+9" (11.3.19)

where D is a real constant and y, y’, 7" are arbitrary complex constants.

Now, consider how these substitutions affect the displacement components
which were determined by formulas (11.3.5) and (11.3.6). Direct substitution shows
that

U, + iuy = 32(461C2 —Cc3 — C1C4)h4(Z) — 32(C1C4 — C3)(/’l3 (Z) +Zh£(z))
+32(deicy — 2¢3)Diz+ [32(4cicy — 3 — creq)y — 32(cieq — ¢3)Y)
(11.3.20)

32(R; — iR,)
K, — K,

32(Ry — iRy)

1
Wyt iy = @)+ (D) + 5 W]+

(11.3.21)
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Formulas (11.3.20) and (11.3.21) show that a substitution of the form (11.3.17)
and (11.3.19) will affect the displacement, unless

C1C4 — C3 —

DZO,yi V/7V7:0

46‘1C2 — C3 — C1C4

11.3.4.2 General Formulas for Finite Multi-connected Regions

Consider now the case when the region S, occupied by the quasicrystal, is
multi-connected. In general, the region is bounded by several simple closed con-
tours 1,52, ..., 8u,Sm+1, the last of these contours is to contain all the others,
depicted in Fig. 11.1, i.e. a plate with holes. We assume that the contours do not
intersect themselves and have no points in common. Sometimes, we call
S1, $2,..., S, as inner boundaries and s, as outer boundary of the region. It is
evident that the points z, 2, . . ., z,, are fixed points in the holes, but located out of
the material.

Similar to the discussion of the classical elasticity theory (refer to [1]), we can
obtained

Wy (z) = zm:Ak In(z — z) + 1}, (2) (11.3.22)
k=1
hy(z) = Zm:Akzln(z —zx) + Zm: YeIn(z — zx) + hai(2) (11.3.23)
k=1 k=1

Fig. 11.1 Finite
multi-connected region
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m

h3(z) = Y In(z — z) + 13 (2) (11.3.24)
k=1

Recalling z; denotes the fixed points outside the region S, hs.(z),hs.(z) are
holomorphic (analytic and single-valued, refer to Major Appendix) in region S, Ag
real constants, and y,, 7, complex constants.

By substituting (11.3.22)—(11.3.24) into (11.3.16), one can find that

m

h(z) = > In(z = 2) + ho.(2) (11.3.25)
k=1

hy.(z) is holomorphic in S, and y; are complex constants.
Consideration will be given to the condition of single valuedness of phonon
displacements. From Eq. (11.3.5), one has

uy + iy = 32(4cicp — c3 — cica)ha(2) — 32(cics — ¢3)(h3(z) +2h)(2))
(11.3.26)

Substituting (11.3.23)—(11.3.25) into (11.3.26), it is immediately seen that

[y + iuy]sk =27i{[32(4c1c2 — ¢35 — c1cq) +32(c1eq — ¢3)]Akz +32(dc1c — 3

— crea)ye+7(2)}
(11.3.27)

in which [], denotes the increase undergone by the expression in brackets for one
anticlockwise circuit of the contour s;. Hence it is necessary and sufficient for the
single valuedness of phonon displacements that are shown in formulas (11.3.22)—
(11.3.25)

Ay =0, 32(4cier —c3 —crea)y +7, =0 (11.3.28)
Similar to the above-mentioned discussion, by Eq. (11.3.6), one has

_ 32(Ry —iRy) —

[wy +iwy] = X — K (—2mi)yy (11.3.29)

Hence it is necessary and sufficient for the single valuedness of phason dis-
placements is

7% =0 (11.3.30)



11.3  The Complex Analysis of Quadruple Harmonic Equations and Applications ... 279
It will now be shown that the quantities vy,, 7} may be very simply expressed in

terms of Xy, Yy, where (X;, Yi) denote the resultant vector of the external stresses,
exerted on the contour s;. From (11.3.10), applying it to the contour s, one has

—32¢1ilha(z) + 13 (2) + 2, (2)),, = Xi + Y% (11.3.31)

with
Xk = / TXdS, Yk = / Tyds
Sk Sk
In the present case, the normal vector n must be directed outwards with respect

to the region s;. Consequently, the contour s; must be traversed in the clockwise
direction. Taking this fact into consideration, one obtains

L ‘
—2mie = ) = 35, Keet 1Y) (11.3.32)

By Egs. (11.3.28), (11.3.31), and (11.3.32), one has

Ay =0
) , ) (11.3.33)
Vi = di (Xk +lYk), Ve = dz(Xk - lYk)
where
B 1 b= — dcicr — c3 — c1e4
© 64c m[32(4cicy — 3 —creq) + 1] 2 2¢1m[32(4cicp — 3 — creq) + 1]
(11.3.34)
and which are independent from the suffix k. So that
= Z Xi + 1Y) In(z — zx) + hae (2)
“ (11.3.35)
:dzz Xk — lYk 111 Z_Zk)+h3*( )
k=1
hy(z) = ha.(2)

We can conclude that the complex functions hy(z), h3(z), ha(z) must be
expressed by formula (11.3.35) to assure the single valuedness of stresses and
displacements, where h5,(z), h34(z), h4.(z) are holomorphic in region S.
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11.3.4.3 Case of Infinite Regions

From the point of view of application, the consideration of infinite regions is
likewise of major interest. We assume that the contour s, | has entirely moved to
infinity.

Because Eqgs. (11.3.13) and (11.3.14) are similar to the classical elasticity theory,
we have

hy(z) = di(X +iY) Inz+ (B+iC)z+hi(z)

. Sm TS (11.3.36)
hi(z) = do(X — i¥) Inz+ (B +iC")z+ h3(2)

where B, C,B’, C’ are unknown real constants to be determined and

m m

X = Zxk, Y = Z Yi
k=1 k=1

h3(z), h(z) are functions, holomorphic in region S, including the point at
infinity; i.e. for sufficiently large |z|, they may be expanded into series of the form

a a a, d
hg(z):a0+?l+z—§+---,hg(z)=a6+?'+z—§+~-- (11.3.37)

On the basis of (11.3.2), the state of phonon and phason stresses will not be
altered by assuming

ap=ay, =0

By the theorem of Laurent, the function h,,(z) may be represented in region S
including point at infinity by the series

+ o0
he(z) =Y eaZ" (11.3.38)

Substituting Eqgs. (11.3.36) and (11.3.38) into Eq. (11.3.16), one has

(He = Hyy) = i(Hyy + Hyy)

+ o0
d 1, 2d
=2 x 32(Ri +R)[D_ cun"”! +z(—z—j +1Y(2) + EZZ(Z—; + 1" (2)]

(11.3.39)
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and hence it follows that for the stresses to remain finite as |z| — oo, one must have
cn=0(n>2)

It is obvious that the phonon and phason stresses will be bounded, if these
conditions are satisfied. Hence one has finally

hy(z) = di(X +iY) Inz+ (B+iC)z+hi(z)
hi(z) = da(X — i¥) Inz+ (B’ +iC")z+ h(z) (11.3.40)
ho(z) = (B" +iC")z+ h3(2)

where B”, C” are unknown real constants to be determined, h9(z) is function,

holomorphic in region S, including the point at infinity; thus, it has the form similar
to that of (11.3.37):

" "

" a
M) =ap+ 4 F (11.3.41)
We have assumed that a, = a, = 0 already and now further assume @, = 0, i.e.
hy(00) = h3(00) = hy(00) = 0.

Then from (11.3.40) and (11.3.13)—(11.3.16), one can determine

B a6l _ ) _ gl _ o'
T 128¢; T T 64 T T 32’
g RS — )~ RiH B o RiHS — HE) — Re(H + HY)
64(R} — R3) ’ 64(R} — R3)

(11.3.42)

and C has no usage and we put it to be zero, in which agjoo) and Hfjoo) represent the
applied stresses at point of infinity.

11.3.5 Conformal Mapping

If we constrain our discussion only for the case of stress boundary value problems,
then the problems will be solved under boundary conditions (11.3.10) and
(11.3.11). For some complicated regions, solutions of the problems cannot be
directly obtained in the physical plane (i.e. the z-plane). We must use a conformal

mapping
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z=w(() (11.3.43)
to transform the region studied in the plane onto interior of the unit circle 7y in the
mapping plane (say, e.g. {-plane).

Substituting (11.3.43) into (11.3.40), we have

ha(2) = ®a(0) = di (X +1¥) Ino(0) + Boo(0) + 0)(0)
hi(z) = ©3(0) = do(X — i¥) In () + (B +iC)w () + DI() (11.3.44)
hy(z) = ©2(0) = (B" +iC")oo({) + DY(L)

where
®;(0) = hilw(0)], 0] () = Ko(0)],j=1,...,4

In addition,

HE) =

~

At the mapping plane, the boundary conditions (11.3.10) and (11.3.11) stand for

D4(0) + B3(0) + 0o(0) Z%‘((:)) :3561/(Tx+ifv)ds, (11.3.10)
(R, — iR,)O(0) = i/(hXJrihy)ds (11.3.11)

where ¢ = e? represents the value of { at the unit circle (i.e. p = 1). From these
boundary value equations, we can determine the unknown functions

D;(0) j=2,3,4).

11.3.6 Reduction in the Boundary Value Problem
to Function Equations

Due to @({) =0, we now have three unknown functions ®;({) (i =2, 3, 4).
Taking conjugate of (11.3.10") yields

@

04(0) + D3(0) + (o) (3((;)) = —32LC1 (T, — iT,)ds (11.3.10")
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Substituting the Eq. (11.3.4) into (11.3.11") and then multiplying ‘“fl” on both
sides of (11.3.10"), (11.3.10"), and (11.3.11") lead to

1 [®4(6)dc 1 [D3(0)doc 1 (o) Dy(o)de 1 1 tdo
27 o— 2mi o—C 2ni) '(6) 0— ¢ 32e2mi) o

Y

1 [@4o)ds 1 [D3(c)dc 1 [ o) Pylo)ds 1 1 tdo

2mi oc—1{ 2mi o—1{ 2ni ) o'(6) o—C T 32c12ni) o—¢

' L ' ’ (11.3.45)
1 [®y(0)do . 1 [ofo)® / (o) (D"
2mi c—"_ 2ni ) o'(6) o— ( 27u [/ (0)]? 0 —
3 /w(a)za) (0)@y(o)de, 1 1 [ hdo
(o) o-( ' Ri—iR2mi) o—{

y

where t=i [ (T +iT,)ds,t = —i [ (T — iTy)ds,h =i [ (h +ihy)ds in Eq. (11.3.45),
which are the function equations to determine the complex potentials ®@;({), which
are analytic in the interior of the unit circle y, and satisfy the boundary value
conditions (11.3.45) at the unit circle.

11.3.7 Solution of the Function Equations

According to the Cauchy’s integral formula (refer to Major Appendix),

1 (I)i(O') - 1 (Di(O') ey
- G_Cda—Qi(C),?/g_ do = ©;(0), |¢[<1

" 2
7 /

So that (11.3.45) are reduced to

_ 1 (o) (I);(g)do' _ i 1 [ tdo
@4(C)+®3(0)+%/m O'*é’ 7%% O'*C
) 7
- 1 (o) ¥, (0)do - i 1 tdo
@4(0) + D3(8) + %/w(o) c—( 32 ﬁ -¢

®2(0)+ %/3))’((?) o—¢ 2m [/ Z (DH

(u(o‘) (o) @)(0)do i 1 hdo
_/ (o) o 1= Rl—iRzﬁ/a—C

V

(11.3.46)
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The calculation of integrals in (11.3.46) depends upon the configuration of the
sample, so the mapping function is @({) and the applied stresses are t and h,
respectively. In the following, we will give a concrete solution for a given con-
figuration and applied traction.

11.3.8 Example 1 Elliptic Notch/Crack Problem
and Solution

We calculate the stress and displacement field induced by an elliptic notch L :

(2—2 + “Z—i = 1) in an infinite plane of decagonal quasicrystal (see Fig. 11.2), the edge
of which is subjected to a uniform pressure p. Though the problem was solved in
Sect. 8.4, to figure out its outline from the general formulation is meaningful.

The boundary conditions can be expressed in Egs. (11.3.10) and (11.3.11), and
for simplicity, we assume h, = h, = 0. Thus

i/ (T +iTy)ds = i/ (—pcos(n,x) —ipcos(n,y))ds = —pz = —pw(0)

i / (hy + ihy)ds = 0
(11.3.47)

In addition in this case in formula (11.3.44)

/ / U " (11-3-48)

so @;({) = (I)?(C) but in the following, we omit the superscript of the functions
®Y({) for simplicity.

Fig. 11.2 An elliptic notch in
a decagonal quasicrystal
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z -plane C-plane

Fig. 11.3 Conformal mapping from the region at z-plane with an elliptic hole onto the interior of
the unit circle at {-plane

The conformal mapping is
1
z=o() = Ro(z +m() (11.3.49)

to transform the region containing ellipse at the z-plane onto the interior of the unit

circle at the (-plane, refer to Fig. 11.3, where (= ¢+inp= pe® and

__a+b __a-b
RO 2 ,m—a+b.

Substituting (11.3.48) and (11.3.49) into function Eq. (11.3.46), one obtains

_ pRo (1+m?)¢

;(0) = 320 ml® -1 (11.3.50)
R
D4(() = _%mc

PR U +m)[(1L+m?) (1 +m{) — (C +m)]
32 (m® —1)°

D, (0)

If we take m = 1, from (11.3.50) we can obtain solution of the Griffith crack; in
particular, the explicit solution at z-plane can be explored by taking inversion

{=w(z) =z/a—+/7%/a* — 1 (as m = 1) into the relevant formulas.

The concrete results are given in Sect. 8.4, which are omitted here.
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11.3.9 Example 2 Infinite Plane with an Elliptic Hole
Subjected to a Tension at Infinity

In this case

X=Y=0T,=T,=0B=-——B=C=0B=C=0t=t=h=0

64c,’
(11.3.51)
so that from (11.3.44)
ha(z) = ®4(0) = Bo(() +D4(0)
h3(z) = @3(0) = B3(0) (11.3.51)
ha(2) = 2(0) = B3(0)

Substituting (11.3.52) into (11.3.45), we obtain the similar equations on func-
tions <DJQ(C) (j =2,3,4) bv, so the solution is similar to (11.3.50).

11.3.10 Example 3 Infinite Plane with an Elliptic Hole
Subjected to a Distributed Pressure at a Part
of Surface of the Hole

The problem is shown in Fig. 11.4. We here use the conformal mapping

2= () :Ro(c+%) (11.3.52)

to transform the region at z-plane onto the exterior of the unit circle y at {-plane (see
Fig. 11.5).
In terms of the similar procedure, the solution we found [9] is as follows:

1 p mRo1 62+ ! oy —(
- . 022 n
32e; 2ni | € o e —¢

+ip(di — d2)(z1 — z2) In{

D4(0) +z1In(o1 — ) —z2In(o2 — C)]

Fig. 11.4 Infinite plane with
an elliptic hole subjected to a M
distributed pressure at a part T LEET Y Z, o, ./_\

M
i
Zy KRR TFF
of surface of the hole and its y 5.{ 4
conformal mapping at {-plane
— —
j\_."'
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z—plane {—plane

Fig. 11.5 Conformal mapping from the region at z-plane with an elliptic hole onto the exterior of
the unit circle at {-plane

() = 321[ L. {7 (1(;@23305 % Ro(a ngi)(,i )+mz2> S,
—ipldi+ ) {(5 —Z) I+ (@ —2) (22+_m:1)}
o0 = o 0 s B
{2Re12 : m + [Zz —Ro(( - %)} _ {(02 — (o f(gt(gz(;a_l E 20)(02 — 03 ”
(11. 3 53)
where

m m
21 =Ro(o1+ —), 22 = Ro(o2+ —)
(] a2

11.4 Complex Analysis for Sextuple Harmonic Equation
and Applications to Three-Dimensional Icosahedral
Quasicrystals

Plane elasticity of icosahedral quasicrystals has been reduced to a sextuple har-
monic equation to solve in Chap. 9, where we have shown the solution procedure
of the equation for a notch/crack problem by complex variable function method and
we here provide further discussion in depth from point of complex function theory.
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The aim is to develop the complex potential method for higher-order
multi-harmonic equations. Though there are some similar natures in the follow-
ing description with that introduced in the preceding section, the discussion here is
necessary, because the governing equation and boundary conditions for icosahedral
quasicrystals are quite different from those for decagonal quasicrystals.

11.4.1 The Complex Representation of Stresses
and Displacements

In Sect. 9.5 by the stress potential, we obtain the final governing equation under the
approximation R?/uK; < 1

VVIVAVAVAVEG =0 (11.4.1)

Fundamental solution of Eq. (11.4.1) can be expressed in six analytic functions
of complex variable z, i.e.

G(x,y) = Re[gi(2) +2g2(2) +Z%g3(2) + g4 (z) +Z'gs5(z) +2g6(z)]  (11.4.2)

where g;(z) are arbitrary analytic functions of z = x + iy and the bar denotes the
complex conjugate.

From Egs. (11.4.1), (11.4.2), (9.5.2) and (9.5.3), the stresses can be expressed as
follows:

O+ Oyy = 48c2c3RIMT(2) 0y — 04 4 2i0yy = Bicre3R(12Y'(z) — Q' (2))

24AR
Oy — (0 = —960c3¢4fg(2) 0, = ——~crc3 ImT7(z)

(n+4)

H, — Hy — i(Ho + Hyy) = —96c205¥'(2) — 8¢102RQ (2)

Hyy + Hyy + i(Hy — Hyy) = —480c2¢5f2(z) — 4c162RO'(2) (11.4.3)

Hy. +iH,, = 48cyc61"(z) — 42R* (2K, — K1)Q'(2)

24R?
(n+4)

H, = 3 ImI7(z)
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where
Y (z) = f5(2) + 574 (2)
['(z) = fa(z) +47fi(z) + 102 (2)
Q(z) = f3(2) + 3% (2) + 62°3 () + 102°f" (2)
O(2) = £(2) + 22 (2) + 32/ (2) + 4212 (2) + 52£™V)(2)
2K, — _3R? 1
Cc1 :R< K Zﬁg:li ;R%Q 3R >,C3 :sz(,uKz—Rz)—R(ZKZ—Kl)
K, — R?)? 1 K, — 2R?
C = ,U(Kl - KZ) - R _WKVTTRZ?CAt =ciR+ ECS(KI + ﬂ)lT‘u)
2
05 = 2cs— IR, c6 = (2K — K1)R? — 4oy 1E2 R (11.4.4)

4K — 2R

In the above expressions, the function g;(z) is not used and to be assumed
21(z2) =0 so fi(z) =0 for simplicity, we have introduced the following new
symbols

8@ =A6). &=, &©=h) (114.5)

where gl(") denote nth derivative with the argument z. Similar to the manipulation in

the previous section, the complex representations of displacement components can
be written as follows (here we have omitted the rigid body displacements)

2¢y
uy + iy = 6CgR(’u +¢7)I(z) — 2¢3¢7RQ(2)

+ A
= m (240c0Im f5(z) + ClCZRZIm(®(Z) —2Qz) +6I'(z) — 24%(2)))
. R NTTRY
Wy 4wy = — oGk — 280 (24¢9¥ (2) — c3O(2))
2
w, = 4(#K2 R ) (2406‘1()Imf6 (Z)) =+ c1c2R21m(®(z) - 29(2)

(K1 — 2K2)R(u(Ky + K2) — 3R?)
+6I(z) — 24¥(2))
(11.4.6)
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in which
Ky +2¢iR 5
71 = m7 cs = c1c3R(u(Ki — K3) — RY)

(ko — R (11.4.7)

,uK 2R2 )7 €10 :CIC3R2_C4(C3R—C2K1)
1 —

cog = cg +2c3¢4(cr —

11.4.2 The Complex Representation of Boundary
Conditions

The boundary conditions of plane elasticity of icosahedral quasicrystals can be
expressed as follows:

oul+oym=T,, onl+o,m=T, oyxl+o,m=T, (11.4.8)
Hyl+Hym = hy,  Hyl+Hym = hy,  Hel+Hym = h, (11.4.9)

for (x,y) € L which represents the boundary of a multi-connected quasicrystalline
material, and

d dx
I = cos(m, x) :d—y, m = cos(n,y) = %
A S

T = (T, Ty, T;) and h = (h,,hy, h;) denote the surface traction vector and
generalized surface traction vector, and n represents the outward unit normal vector

of any point of the boundary, respectively.
Utilizing Eq. (11.4.3) and the first two formulas of Eq. (11.4.8), one has

— 4c2e3R[3(fa(2) +43f5(2) + 102 (2) — (f(2) + 34f5(2) + 62/ (2) + 10" (2))]
:i/(Tx—i—iTy)ds, zeL
(11.4.10)

Taking conjugate on both sides of Eq. (11.4.10) yields

—46:03R[B(a(2) + 47) + 10277 2)) — (5(2) +32(2) + 62(2) + 1027 (2)
_ —i/(Tx _iT)ds, z€ L
(11.4.11)
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Similarly, from Eq. (11.4.3) and the first two formulas of (11.4.9), one obtains

48¢5(2¢4 — c1R)¥(z) +2¢1c2RO(z2) = i/ (hy+ihy)ds, zeL  (11.4.12)

Furthermore, we assume
T,=h,=0 (11.4.13)

For simplicity and by the third equations in (11.4.8) and (11.4.9) and the for-
mulas of (11.4.3) and (11.4.13), one has

{fé(z) +f5(z) =0
4enRelfs(z) + 575(2)] + (2K2 — Ki)RRelfa(z) +47f3(2) + 102°f¢ () + 20f5(2)] = 0

zeL (11.3.14)
in which

_ 4C4(MK2 — RZ)

= (2K — Ki)R
ci = (2K, 1) (1K1 — 2ROR

(11.4.15)

As we have shown in the previous section, complex analytic functions (i.e. the
complex potentials) must be determined by boundary value equations, which are
discussed below.

11.4.3 Structure of Complex Potentials

11.4.3.1 The Arbitrariness of the Complex Potentials
For explicit description, Eq. (11.4.3) can be written as follows:
Oy — 10, = —960c3c4fs(2)
c1(0yy — Oxe — 2i0yy) +ica[Hy — Hye + i(He + Hyy)] = —192ic2c3¢4W'(2)

2\ (Hey + iHoy) — R(2Ky — K1) [Hyy — Hyy + i(Hyy + Hiy)]
= 96¢3¢R(2K; — K1)¥'(z) + 96¢1c3¢617 (2)

¢5(0yy — Oxx + 2i04y) + icaR[Hyy — Hyy — i(Hy + Hyy)] = —16ic2c3c4Q'(z)
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Hyy + Hyy + i(Hy — Hyy) = —480c2¢5f3(z) — 4c162RO'(2) (11.4.16)

Similar to the discussion of two-dimensional quasicrystals, from the equations, it
is obvious that a state of phonon and phason stresses is not altered, if one replaces

fi(z) by fi(z) + 7 (i=2,...,6) (11.4.17)

where y; are the arbitrary complex constants.

Now, consider how these substitutions affect the components of the displace-
ment vectors which were determined by the formula (11.4.6). Substituting (11.4.13)
into (11.4.8)—(11.4.12) shows that if the complex constants y;(i = 2,...,6) satisfy

26‘2
3 +c7)Ps+c79, =0
(H-i—l 7)74 773
24c975 — gy, =0 (11.4.18)
Co.__ 2¢o
40c107¢ — c1c3R*A(1 — =)5 — ————7,] =0
c10Y6 — c1c3R™[4( 68)/5 (,u+/1)c7/4]

then the substitution (11.4.17) will not affect the displacements.

11.4.3.2 General Formulas for Finite Multi-connected Region

Consider now the case when the region S, occupied by the body, is multi-connected
(see Fig. 11.1).
Since the stress must be single-valued and Eq. (11.4.16)

Oy — (0 = —960c3¢4f3 (2) (11.4.19)

we know that f{(z) is holomorphic and hence single-valued in the region inside
contour s, +1, SO the complex function can be expressed as follows:

fo(z) = /fé(z)dz—k constant (11.4.20)

20
where zo denotes fixed point. From Eq. (11.4.20), we have
fo(z2) = b In(z — z) +fo4 (2) (11.4.21)

fo+(2) is holomorphic in the region with contour s, 1.
Substituting (11.4.21) into the second formula of Eq. (11.4.16), i.e.



11.4 Complex Analysis for Sextuple Harmonic Equation and Applications ... 293

c1(0yy — Oxx — 2i0yy) +ica[Hy — Hyx + i(Hyx + Hyy)] = —192icac3ca V' (2),
shows that f{(z) is holomorphic in the region enclosed by contour s,, 41, o one has

f5(2) = cxIn(z — z) +f5:(2) (11.4.22)

where f5.(z) is holomorphic in the region of interior of contour s, ;.
Similar to the above-mentioned discussion, from Eqgs. (11.4.16) to (11.4.18), the
complex functions f;(i = 2,3,4) can be written as follows:

fa(z) = dxIn(z — z) +fa(2)
£(z) = exIn(z — z) + f5:(2) (11.4.23)
£(2) =t n(z — z) +(2)

where dy, e; and f; are complex constants and f;,(z) (i = 2,3,4) is holomorphic in
the region inside contour s, 1.

By substituting (11.4.21)—(11.4.23) into the complex expressions of displace-
ments, the condition of single valuedness of displacements will be given as follows:

26‘2 —
—3(E2 e -0
(u+ﬂv+c7) kT crek

24c90t + sty =0
240c 9by + c1c3R* (tx — 2ex + 64y — 24¢) =0

(11.4.24)

Applying the boundary conditions given above to the contour s; and from
Eq. (11.4.24), we know that the above complex constants may be very simply
expressed in terms of surface traction and generalized surface traction as

k= zlofz (Mf%dﬂ%*(l + )l
“T _96”[0308(2046i ciR) — cic3R] (e = i)
"= 4nfczes(2¢q —C8C1R) —c13R] (ki + ihy) (11.4.25)
= 24nc2031?(212;):|)-i7u ey (BT
e = —%(E —iTy)

We can easily extend the above results to the case there are m inner boundaries.
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11.4.4 Case of Infinite Regions

From the point of view of application, the consideration of infinite regions is
likewise of major interest. We assume that the contour s, ; has entirely moved to
infinity.

Similar to the discussion of two-dimensional quasicrystal, we have

fs@) =) bzt foul2), f5(2) = clnz+fsu(z)
k=1 k=1

falz) = de Inz+fu(2), f(2) = Zek Inz+ f3::(2) (11.4.26)

= k=1

k=1

m

f2(Z) = Z trInz +f2**(Z)
k=1

where fi.(z) (j=2,...,6) are functions, holomorphic outside s,,4, not
including the point at infinity. By the theorem of Laurent, the function A, (z) may
be represented outside s, 1 by the series

+ oo
fine@) =D @' (i=2,...,6) (11.4.27)

Substituting the first equation of (11.4.26) and (11.4.27) into the first one of
Eq. (11.4.16), one has

m 1 o0
Oy — i0 = —960csca( b=+ Y nag2"") (11.4.28)
k=1 —00

Hence it follows that for the stress to remain finite as |z| — oo, one must have
aen =0 (n>2) (11.4.29)

Similarly, from Eqgs. (11.4.15)—(11.4.18), to make the stresses be bounded, the
following conditions are also to be satisfied

a4 =0(n>2,j=2,...,5) (11.4.30)

So we can obtain the expressions of the complex function f;(z)(i = 2,. . .,6) for
the stresses to remain finite as |z| — oo, for example
fs(2) =D bilnz+ (B+iC)z+£(2) (11.4.31)
k=1
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where B, C are unknown real constants to be determined, ]‘6O (z) is function, holo-
morphic outside s, 41, including the point at infinity. The determination of
unknown constants B, C is similar to that given in Sect. 11.3.4, but the details are
omitted here due to the limitation of the space.

11.4.5 Conformal Mapping and Function Equations
at (-Plane

We now have five equations of boundary value (11.4.10)—(11.4.12) and (11.3.14),
from which the unknown functions fi(z) (j=2,...,6) will be determined; in
addition, we have assumed that fi(z) = 0, because it has no usage. For some
complicated regions, the function equations cannot be directly solved at the
physical plane (i.e. the z-plane), and the conformal mapping is particularly mean-
ingful in the case.

Assume that a conformal mapping

z=o(() (11.4.32)

is used to transform the region at z-plane onto the interior of the unit circle y at
(-plane. Under the mapping, the unknown functions f;(z) become

[@) =flo@Q =0 (=2.....6) (11.4.33)

Substituting (11.4.32) and (11.4.33) into the first relation of boundary conditions
(11.3.14) yields

1 () 1 ()
—,/ ooy L [ 26l g
2ni ) o —¢ 2ni ) o —¢

Y y

This shows
De(c) =0 (11.4.34)

according to the Cauchy integral formula.

Substitution of (11.4.32), (11.4.33), and (11.4.34) into boundary conditions
(11.4.10)—(11.4.12) and the second one of condition (11.3.14) leads to the
boundary value equations to determine the unknown functions ®;({) (j =2,...,5)
at {-plane, i.e.
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o)y, L [ B, L [TE)

do — —d
a—ga+2ni a)’(a)a—go 2mi a—ga
7 y

sl /mdeL /[waﬂz%

2mi o (6) 0 —¢ 2mi

5|
kﬂh‘.\

POk (11.4.35)

do 1 1 t

do

o/ (0) 0'—§_4C2C327'El'1 g—¢

)
v

3 (D4(G)da+ 4 /w(a) (o) 1 [ ®5(0)

2| o — C 2
7 v b
—2
1 [ w(c) P3(0) 1 (o) (o)
o (@) o—C " 65 T (11.4.36)
7

do — —
a)’(a)afca 2ni ) o

do

do

w(a)zw”(a)d)'s(a) de 1 1 / t
[ (o)) 6—¢c 4dcyesR2mi ) o—¢
)

/ 2 /!
1. (DZ(J)da—FZL_ (o) (D3(6)da—|—3i, [(U(O') (I>4ga)
2ni) o—¢ 2ni ) o'(6)o—¢ 2mi [@'(0)]

o) W) o1 [ () (o)
] + L (o' (0)] (o)

W o-c om

4C]1 /(DS(O')d (2K2 —KI)R/ @4(0’)
— o+ - [

2ni | o —¢ 27i o—¢ '(6) 0 —¢
in which t =i [ (T +iT,)ds,t = —i [ (T — iT,)ds,h =i [ (hy + ih,)ds. For given
configuration and applied stresses, we can obtain the solution by solving these
function equations.
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11.4.6 Example: Elliptic Notch Problem and Solution

We consider an icosahedral quasicrystal solid with an elliptic notch, which pene-
trates through the medium along the z-axis direction, the edge of the elliptic notch
subjected to the uniform pressure p, similar to Fig. 11.2.

Since the measurement of generalized traction has not been reported so far, for
simplicity, we assume that s, = 0,h, = 0.

However the calculation cannot be completed at the z-plane owing to the
complicity, and we have to employ the conformal mapping

2= () = Ro(% +m() (11.4.38)

to transform the exterior of the ellipse at the z-plane onto the interior of the unit
circle y at the {-plane, in which

Ry=(a+b)/2, m=(a—Db)/(a+Db)
Let
fi(2) = flo(0)] = 0;(0) (j=2,...,6) (11.4.39)

Substituting (11.4.38) into the first formula of (11.4.25), then multiplying on
both sides of equations by do/[27i(6 — ()] (o represents the value of at the unit
circle), and integrating around the unit circle y yield

L/q)6(”)da+ L/(1)6—@&7 —0 (11.4.40)

2ni ) o —¢ 2ni ) o—¢
Vi 7

by means of Cauchy integral formula, we have
Dg(c) =0 (11.4.41)

Substituting (11.4.38) and (11.4.41) into (11.4.22)—(11.4.24), then multiplying
both sides of equations by do/[27i(c — {)] (o represents the value of at the unit
circle), and integrating around the unit circle y yields
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298
%/f“gdﬁ % %%@do—ﬁ/@da
/ / /

—3%/%%@2%—6%/[% (11.4.42)
G

%, iT@da 211 (:, s 4 21

4%4 z,)/(((;)) ?ﬁagda 62m / [ ([w),(q))/;g 2 (11.4.43)

_W;w"(a)cbg(a) do _ ,,/ 1 [,

[ (o)) 0 —¢ 4cacsR2mi / g—¢

0(0) " (0)V(0), do 1 [ (o) <I>g"<a>_ 0(0) o (0)®!(0)
/(o) ]0—€+42’”'/ T

o(0) &' (0)®5(0) (o) & (0)Wy(0), do _
PR 0
(@) To-c

[/ (0]

+3

(2K, — K;)R O, (o) M q),s(o_) -
/[0 —c o' (0) o — g]da =0 (11.445)

2mi

4 ()
ﬂ/ S(J)dtﬂ—
2mi o—¢

7

Because
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and

2 2
CQ/ZJ(DIS(C) = gczﬂ@q +20(2{:—|—3o(3§2+ )

are analytic in |{|<1 and continuous in the unit circle y, by means of Cauchy
integral formula, from Eq. (11.4.42), we have

! ./qh—@d(f = Dy (0)

2ni ) o —¢
7

1 2 Q!
s o-+m S(G)da Ctm

@/
2mi mo:—10—¢ Cmg 5(0)
Substituting
2 2 2 2
(o)  1me*+1  o(o)w(s) 2a(ms”+1)
' (0) co2—m’ w’(a)3 (62 —m)’

into Eq. (11.4.42), and note that

2
0 e e
2(m%+1)* — 2(me® +1)° o .03 ,
“Cmy ®5(C)—7(C2_ ) (1+2C +3C =)

are analytic in |{| > 1 and continuous in the unit circle y, by means of Cauchy
integral formula and analytic extension of the complex variable function theory;
from Eq. (11.4.42), we obtain

L PR L
2ni ) 6 —¢ T 2mi w'(c) 0 —¢

1 20!(q) 20 (o) d
o l.(,{)(O') 5(6) _ (1)(0') w (6) q)l (0_)] g =0
2mi ) a)’(O')Z 0)’(0)3 > o—¢

-
Y

Substituting the above results into Eq. (11.4.42), with the help of Eq. (11.4.45),
one has
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_ R (2K> — Ki)Ro pm{ (L +m)
4(0) = pme — 2
12¢5¢3R 2c03C1 (m{" —1) (11.4.46)
(2K, — K1)Ry
(I) __ e
5(5) 486‘2C3C11

Similar to the above discussion, from Eqs. (11.4.43) and (11.4.44), one has

Ry plC+m)(m’C+1)
2¢yc3R (m¢* — 1)3

(2K, — Kl)RomeS(C2 + m)[mzé'6 — (m? —|—4m)(:4 + (2m* +4m? + 5)(:2 +m|

0,() = —

2c2¢3Cyy (m® — 1)°
s (0) = — X0 plim* +1)  (2Ky — K\)Ro pm{ (8 +m)(m{® — m? = 2)
T T aeeR (mi* —1) 12¢;¢3Cy (m* —1)°

(11.4.47)

The elliptic notch problem is solved. The solution of the Griffith crack subjected
to a uniform pressure can be obtained corresponding to the case m = 1, Ry = a/2 of
the above solution. The solution of crack can be expressed explicitly in the z-plane,
and the concrete results refer to Sect. 9.7 in Chap. 9 for the concrete results.

11.5 Complex Analysis of Generalized Quadruple
Harmonic Equation

In Chaps. 6-8, we have shown that the plane elasticity of octagonal quasicrystals is
governed by the final equation

(VAV2VAV? — 46V AP A% + 4e A2 A2 A2 A2)F = 0 (11.5.1)

either by displacement potential or by stress potential, in which

RA(L+M)(K> +K3) (11.5.2)

&= MK 1K+ K:)—R[(L+2M)K, —F7]

2_ > 4 & 2_o &2
\Y% =2 +ay2» A = o ayz}

Due to the appearance of operator A2, it seems there is no any connection with
complex variable functions in solving Eq. (11.5.1). But if we rewrite it as

o8 o8 o® ok
[63 +4(1 48)6662 2(3—“68)8)5‘84 4(1 48)8266 8_y3]F

(11.5.3)

=0
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then find that this is one of typical multi-quasiharmonic partial differential equation
with quadruple, and there is complex representation of solution such as
4
F(x,y) =2Re Fio(zi),ze = x+ .y (11.5.4)
k=1

in which functions Fy(z) are analytic functions of complex variable gz
(k=1,...,4) and p, = o +if, (k=1,...,4) are complex parameters and deter-
mined by the roots of the following eigenvalue equation

18+ 41— 4e)u® +2(3 4 168)u* +4(1 —de)i> +1=0 (11.5.5)

We have shown that in Chaps. 7 and 8, some solutions of dislocations (based on
the displacement potential formulation) and notchs/cracks (based on the stress
potential formulation) can be found in terms of this complex analysis. In the pro-
cedure, it must carry out some calculations on determinants of fourth order, so the
solution expressions are quite lengthy, but which are analytic substantively.

11.6 Conclusion and Discussion

The discovery of quadruple and sextuple harmonic equations is significant for
modern elasticity. This chapter gives a comprehensive discussion on the complex
analysis for solving the equations, and we think the study is preliminary.

The above-mentioned complex potential approach is a new development of
Muskhelishvili approach of the classical elasticity, which extends greatly the scope
of the method. We believe the quadruple and sextuple harmonic equations are
useful not only in quasicrystals but probably also in other disciplines of science and
engineering. So the complex analysis method can be used for other studies.

Apart from the development to extend the scope of the complex potential theory
and method, we also developed the Muskhelishvili method for the conformal
mapping. According to the monograph [1], the conformal mapping is limited within
the rational function class. But we extended it into the transcendental function class,
and some exact analytic solutions for more complicated cracked configurations are
achieved (see, e.g. Chap. 8).

This method is effective not only for solving elasticity problems but also for
solving plasticity problem (see, e.g. Li and Fan [10] and Fan and Fan [11] and Li
and Fan [12, 13]). The new summarization on the method can be found in article
[14] and other references [15, 16].
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11.7 Appendix of Chapter 11: Basic Formulas of Complex
Analysis

It is enlightened that Muskhelishvili [1] gave extensive description in detail on
complex analysis in due presentation of elasticity in his classical monograph, which
is very beneficial to readers. However there is no possibility for the present book.
We provide here some points only of the function theory, which were frequently
cited in the text. These can be referred for readers who are advised to read books of
Privalov [17] and Lavrentjev and Schabat [18] for the further details. Other
knowledge has been provided in due succession of the text of Chaps. 7-9 and 11.
The present contents can also be seen as a supplement in reading the material given
in Chaps. 7-9 and 11 if it is needed. The importance of complex analysis is not
only in deriving the solutions by the complex potential formulation but also in
dealing with the solutions by integral transforms and dual integral equations to be
discussed in the Appendix B of Major Appendix of this book.

11.7.1 Complex Functions, Analytic Functions

Usually, z = x + iy is denoted as a complex variable in which /—1 =i, or z = re',

and r = /x2 +3?2, called the modulus of the complex number, 0 = arctan(y), the

argument angle of z. Assume f(z) be a function of one complex variable, or
complex function in abbreviation, which is denoted as

f(2) = P(x,y) +iQ(x,y) (11.7.1)

in which both P(x,y) and Q(x,y) are functions with real variables and called the
real and imaginary parts, respectively, and marked by

P(x,y) = Ref(z), O(x,y) = Imf(z)

There is a sort of complex functions called analytic functions (or regular func-
tions; single-valued analytic functions are called holomorphic functions) which
have important applications in many branches of mathematics, physics, and engi-
neering. The concepts related with this are discussed as follows.

The complex function f(z) is analytic in a given region, and this means that it
can be expanded in the neighbourhood of any point zy of the region into a
non-negative integer power series (i.e. the Taylor series) of the form

@)= an(z—2)" (11.7.2)
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in which a, is a constant (in general, a complex number). The concept are
frequently used in the previous and later calculation.

Another definition of an analytic function is that if the complex function f(z) is
given in the region, the real part P(x,y) and imaginary part Q(x,y) are
single-valued, have continuous partial derivatives of the first order, and satisfy
Cauchy—Riemann condition such as

OP 0Q OP 0
or_00 0P _ 00 (173
Ox 0dy Oy Ox
in the region.

These kind of functions, P and Q, are named mutually conjugate harmonic ones.
From (11.7.3), it follows that

?* P

0? o?
a2 a9y

2
P= (s + —
v (8x2 + 0y?

)P =0,V?Q = ( 0=0

This concept is also often used in the following.

An analytic function can also be defined in integral form. Assuming f(z) is a
complex function in a certain complex number region D, and I' is any simple
smooth closed curve (sometimes called simple curve for simplicity) in D, we can
obtain that f(z) is analytic in the region if

/ﬂ@&zo (11.7.4)
r

The result is known as the Cauchy’s integral theorem (or simply called the
Cauchy’s theorem) which has been frequently used in the text and appendixes.

The theory of complex functions proves that the above definitions are mutually
equivalent.

11.7.2 Cauchy’s formula

An important result of the Cauchy’s theorem is the so-called Cauchy’s formula, i.e.
if f(z) analytic in a single-connected region Dt bounded by a closed curve I" and
continuous in Dt + " (Fig. 11.6), then

L [f@)
r

in which z is an arbitrary point in D% .
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Fig. 11.6 A finite region D

Proof Taking z as the centre, p as the radius, make a small circle y in D*.
According to Cauchy’s theorem (11.7.4),

f0) 4 [ 10
r—z r—z
r v

dr (11.7.6)

As f(z) is analytic in Dt and continuous in D + T, there is a small number
&> 0, for any point ¢ and Y, if p is sufficiently small, such as

f(1) = f(2) <&

and note that |f — z| = p, hence

lim &dt: &dz (11.7.7)
e—0 t—z J r—2z

Just as mentioned previously, f(z) is analytic in D", and the value of the integral

f(—z)dt
J 1z

will not be changed when p is reducing. Therefore the limit mark in the left-hand
side of (11.7.7) can be removed. In addition

2n

ei()
%dt—f(z)/td_—tz—f(z)/%‘w_zmﬂz)
J 0

7 /

Based on (11.7.6) and this result, formula (11.7.5) is proved.
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In formula (11.7.5), if z is taken its values in a region D~ consisting of the points
lying outside I'" (see Fig. 11.6), then

1L [f@)
— | —=dtr=0 11.7.8
2ni ) t—z ( )
r

In fact, this is a direct consequence of the Cauchy’s theorem, because in this case
the integrand f(z)/({ — z) as function of { is analytic in region D", where {
denotes the point in the region D™ .

Suppose all conditions are the same as those for (11.7.5), then

1 [f(0) =
3 :dl—f( ) (11.7.9)
r

Proof For simplicity here the proof is given for the case I" being a circle. Being

analytic in the region DT, f(z) may be expanded non-negative integer power series,
in which zy = 0, such that

n"

fR) =ao+aiz+az + - =f(0)+f (0)z+ o 0)2 4 ---

The function f (z) in formula (11.7.9) is the value of f (%) at the circle I', and here

f”(o)i + ...

Z

7 = F0) + 7 0)

Z

+

N | o=
N =

is an analytic function in D~. From the Cauchy’s formula,
1 / d |1 k=0
2ni ) t*(t—z) |0 k>0
r

such that (11.7.9) is proved.
In contrast to the above, current function f(z) is analytic in D~ (including
z = 0), and then

1 f(z)dt:{ff(ZHf(OO) z€D” (11.7.10)

2ni ) t—z (00) zeD™t
r

The proof of this formula can be offered in the similar manner adopted for
(11.7.5), but the following points must be noted:
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(i) The analytic function f(z) in D~ (including z = co) may be expanded as the
following series

1 1
f(Z):CO“FClE‘FCzZ—Z—F"'

0 zeD™
0 zE€DT

(ii) ﬁftc—“zdt:{
r C

where ¢y = f(o0) # 0.
All conditions are the same as that for formula (11.7.10), and there exists

L [f()
2ni ) t—z
r

dr=0 (11.7.11)

11.7.3 Poles

Suppose a finite point in z-plane (i.e. z is not a point at infinity), and in the
neighbourhood of the point, the function presents the form as follows:

f(2) = G(2) +/o(2) (11.7.12)

in which f;(z) is an analytic function in the neighbourhood of point a, and

AO Al Am
G(z) = + .- — 11.7.13
R e R A (117.13)
where Ay, A,, ..., A, are constants, such that f(z) is called having a pole with order

m and z = a is the pole.
If a is a point at infinity, fy(z) in (11.7.12) is regular at point at infinity (i.e.
ft) =co+ciz7 ' +cz 2+ -+ +), while at z = co

G(z) = Ag+Aiz+ - +A4,7" (11.7.14)

then we say that f(z) has a pole of order m at z = cc.

11.7.4 Residual Theorem

If the function f(z) has pole a with order m, its integral may be evaluated simply by
computing residual.
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What is the meaning of the residual? Suppose f(z) is analytic in the neigh-
bourhood of point z = a, but except z = a, and infinite at z = a. In this case, the
point z = a is named isolated singular point. The residual of the function f(z) at
point z = a is the value of the integral

1
%/f(z)dz
T

in which I" represents any closed contour enclosing point z = a. For a residual, we
will use the resignation as Res f(a).

If z=a is a m-order pole of f(z), its residual may be evaluated from the
following formula and

m—1

Res f(a) = oty lim (e~ @) (2) (11.7.15)

Obviously, the integral is

/f(z)dz = 2miRes f(a)

r

So the evaluation of integrals may be reduced to the calculation of derivatives,
and it is greatly simplified. In particular, if z = a is a first-order pole, then

Res f(a) = lim(z — a)f () (11.7.16)

—a

in which the calculation is much simpler.

What follows the residual theorem is introduced as: let the function f(z) be
analytic in region D and continuous in D41 except at finite isolated poles
ap,ay, ..., a,, then

[ e =253 Res () (117.17)
k=1

r

where I represents the boundary of region D.
Almost all integrals in the text can be evaluated by the residual theorem.

Example Calculate the integral

A ‘
2— / ﬁe_l“}’dw =1 (11718)
T —ma

in terms of the residual theorem, where m and k are positive constants.
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Fig. 11.7 Integration path at w4
w-plane )

F

\| m

Though the integral is a real integral, it is difficult to evaluate because the
integration limit is infinite and there are two singular points at the integration path,
but it is easily completed by using the residual theorem. At first, we extend the real
variable w to a complex one, i.e. put @ = w; + iw,, where w1, @, are real variables.
At the complex plane o, a half-circle with origin (0, 0) and radius R — oo is taken
as an additional integral path, referring to Fig. 11.7. Along the real axis, the inte-
grand of the integral has two poles (—+/k/m,0) and (1/m/k,0), and the value of
the integral is equal to

100 1 —iwt :
T " dw—’l—RJ;o‘.‘Lo/ / / / /+/>

—00 Cr 1 Ci G
(11.7.19)

where the first integral in the right-hand side of (11.7.19) is carried out on path of
the grand half-circle, the second to fourth ones are on the path along the real axes
except intervals (—r — y/k/m,—+/k/m+r) and (—r+ /k/m,\/k/m+r), and
the fifth and sixth ones are on two small half- 01rc1e arcs C and C, with origins

(=+/k/m,0) and (1/k/m,0) and radius r, respectively. Because the integrand in the
interior enclosing by the integration path in (11.7.19) is analytic, according to the
Cauchy theorem [referring to formula (11.7.3)]

L=0 (11.7.20)

Based on the behaviour of the integrand and the Jordan lemma, the first one in
the right-hand side of (11.7.19) must be zero. So that

e[ )
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and

[ e[

At arc  Cp;: o+ k/m=re" do=ire?df;, and at arc Cy:
o — +/k/m = re’®> do = ire’>d0,. Substituting these into the above integrals and
after some simple calculations, we obtain

1= Wsin Vk/mt (11.7.21)

In the inversion of some integral transforms and even in the solution of certain
integral equations, many key calculations are completed by the similar procedure
exhibited above, which will be shown in the Major Appendix B of this book.

11.7.5 Analytic Extension

A function fi(z) is analytic at region D, and if one can construct another function
f>(2) analytic at region D,, D and D, are not mutually intersected regions but with
common bounding I', furthermore

fiz) =flz) zel

we can say that fi(z) and f>(z) are analytic extension to each other, and we can also
say that function

A aszeD
Fla) = {fz(z) asz €Dy

analytic at D = D + D, is an analytic extension of fi(z) as well as f>(z).

11.7.6 Conformal Mapping

In the text of Chaps. 7-9 and 11, by using one or several analytic functions which
are also named complex potentials, we have expressed the solutions of harmonic,
biharmonic, quadruple harmonic, sextuple harmonic, quasi-biharmonic, and
quasi-quadruple harmonic equations, which is the complex representation of
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solutions. We can see that the complex representation is only the first step for
solving boundary value problems. For some problems with complicated boundaries,
one must utilize the conformal mapping to transform the problem onto the mapping
plane; the corresponding boundaries can be simplified to a unit circle or straight
line; the calculation can be put forward; and in some cases, exact analytic solutions
are available.

The so-called conformal mapping is that the complex variable z = x4+ iy and
another one { = ¢+ in can be connected by

z= () (11.7.22)

in which o({) is a single-valued analytic function of { = ¢ +in in some region.
Except certain points, the inversion of mapping (11.7.22) exists. If for a certain
region, the mapping is single-valued, and we say it is a single-valued conformal
mapping. In general, the mapping is single-valued, but the inversion { = m~!(z) is
impossibly single-valued. It has the following properties:

(1) A angle at point z = z¢ after the mapping becomes a angle at point { = {,, but
the both angles have the same value of the argument, the rotation is either in
the same direction, and this is the first kind of conformal mapping (e.g. shown
in Fig. 11.5), or in counter direction, which is the second kind of conformal
mapping (e.g. depicted in Fig. 11.3).

(2) If w({) is analytic and single-valued in region Q and transforms the region into
region D, then the inversion { = w~!(z) is analytic and single-valued in region
D and maps D onto Q.

(3) If Dis aregion and c is a simple closed curve in it, and its interior belongs to
D, and if w~!(z) is analytic, and maps ¢ onto a closed curve y at Q region
bilaterally single-valued, then w({) is analytic and single-valued in the region
and maps D onto the interior of Q.

In the text, we mainly used the following two kinds of conformal mapping, i.e.
(1) Rational function conformal mapping, e.g.

c
w(C)=Z+a0+aIC+...+anc" (11.7.23)
or
1 1
ol) =RC+bo+big 4. tbugm (11.7.24)
in which, ¢, ag, ay, ..., ay, R, by, by, ..., b, are constants. These mappings can be

used in studying infinite region with a crack at physical plane onto the interior of
unit circle at mapping plane. In the monograph of Muskhelishvili [1], he postulated
that his method is only suitable for this kind of mapping functions. Fan [4] extended
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it to transcendental mapping functions and achieved exact analytic solutions for
crack problems for complicated configuration.
(2) Transcendental functions are as follows:

o) = gln[l + mo;] (11.7.25)

T (1-¢

and

o) = 27Warctan{\/ 1- tan(;—;/)} —a (11.7.26)

which can be used to transform a finite specimen with a crack onto the interior of
unit circle or upper half-plane (or lower half-plane) at mapping plane, where H, W,
and a represent sample sizes and crack size.
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Chapter 12

Variational Principle of Elasticity

of Quasicrystals, Numerical Analysis
and Applications

From Chaps. 5-11, we developed analytic theories and methods. The elasticity
problems of quasicrystals were reduced to boundary value or initial-boundary value
problems of some partial differential equations to solve, in which complex analysis
and conformal mapping method, integral transform, integral equation method, etc.
were used. For some boundary value problems, these methods are extremely
powerful, even capable of obtaining exact analytic solutions. In Chap. 14 and
Major Appendix, we will further develop the analytic method for studying some
problems such as nonlinear deformation. The analytic solutions are very beautiful,
simple and explicit, which indicate the power of the methods.

However, there are limitations themselves for these analytic methods. In general,
they can only treat some problems with simple configurations and simple boundary
conditions, while for more complicated problems, the methods cannot display their
power.

Those solved by these analytic methods directly are partial differential equations,
the solutions of which hold for the neighbourhood of any point in the region
considered if the solutions are constructed. In this sense, the solutions are exact,
which belong to the classical solutions in the mathematical physics, while the
numerical methods are methods connected with discretization. Among them, the
finite difference method displayed in Chap. 10 is one discretizing scheme. And the
procedure of the finite element method is another discretizing scheme. The strict
formulation of finite element method can utilize variational principle, but it is not
always necessary. It has been shown that solutions obtained by these two discrete
methods can approach exact solutions as the size of the discrete mesh (or element)
tends to infinitesimal. By collaborating computer, the methods can solve problems
with very complicated configurations, boundary conditions and material structures.
This shows the power of numerical methods, which are modernized and system-
atized ones. In contrast to the so-called analytic (classical) solutions, modern theory
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on partial differential equations proposed the so-called generalized (weak) solu-
tions, and the above numerical methods are a tool to implement weak solutions. The
finite difference method has been discussed in Chap. 10, and in this chapter, only
the finite element method and its basis—variational principle—will be discussed.
The further mathematical principle on the weak solutions will be developed in
Chap. 13.

12.1 Review of Basic Relations of Elasticity of Icosahedral
Quasicrystals

Because of the importance of icosahedral quasicrystals, we consider the finite
element analysis only on this kind of the matter. For this purpose, we here recall the
basic relations of elasticity of icosahedral quasicrystals. There are

1 8ui 614]' _ 8Wi
(Cl]_§<a_xj+a_x,>7 W,:/'— a)(,‘j (1211)

In this case, the generalized Hooke’s law stands for

0ij = Cyuen + Rjuwu

Hij = Kijuwu + Ruijen (12.1.2)
where
Ciju = 480 + (00 + dudj) (12.1.3)
Kt = K1010j1 + K2 (001 — dudje) (12.1.4)
Ry = R(i1 — 9i2) (00 — i1 + undje) (12.1.5)

A and u are Lamé coefficients, K; and K, the phason elastic constants, and R the
phonon-phason coupling elastic constant, respectively.
The stress components satisfy the equilibrium equations:

9a;j
8)Cj

OH.;
1 =0, Y 4¢,=0 12.1.6
+fi o, +g ( )

The above formulas hold in any interior point of region Q, and at boundary S;,
the stresses satisfy the boundary conditions:
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ojinj = Ti ()C17X27X3) S S[

(12.1.7)
Hinj = h;
and at boundary S,, the displacements satisfy the boundary conditions:
up=1u; (x1,x,x3) €S,
Cet,x2,%3) (12.1.8)

w,-:wi

where T; is the traction vector, h; the generalized traction vector at boundary S;, u;
and w; the given displacements at boundary S, n; the unit outward normal vector at
any point of the boundary and § = S, + S;.

In the following, only the static problems are studied, and the initial value
conditions will not be concerned. For the dynamic problems, the initial value
conditions must be used, which have been discussed in Chap. 10.

12.2 General Variational Principle for Static Elasticity
of Quasicrystals

The variational principle of mathematical physics is one of the basic principles,
which reveals that the extreme value (or stationary value) of energy functional of a
system is equivalent to the governing equations and the corresponding boundary
value (or initial-boundary value) conditions of the system. Accordingly, solutions
of initial-boundary value problem of the partial differential equations can be con-
verted to determine the extreme value of the corresponding energy functional. And
the latter will be implemented by a discretization procedure, and one among them is
the finite element method.

We here extend the minimum potential energy principle of classical elasticity [1]
to describe the elasticity of quasicrystals.

Theorem Variational principle of elasticity of quasicrystals

For sufficient smooth boundary, if all u; and w; satisfy the equations of defor-
mation geometry (12.1.1) and displacement boundary conditions (12.1.8), let the
energy functional of quasicrystals

Q Q S;

to take a minimum value, then they will be the solution satisfying the equilibrium
Egs. (12.1.6) and the stress boundary conditions (12.1.7), in which F is defined by
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&ij Wij

F:/O'UdSU-‘r /H,'jdwl'j:Fu-FFW-‘rFuW
0
1
Fu = ECUH&'J’SH (1222)

F, = %Kijk,wijwkl
Fuw = Rjueiw
or by (4.4.1), Q the region occupied by the quasicrystal and S the boundary of Q.
In addition, the conditions in the theorem are sufficient and necessary.
Proof
(1) Necessity

Assume that the functional IT takes its extreme value, i.e. 6I1 = 0. From (12.2.1)

oIl = /( 58,, 5w,] )dQ — /(/‘,514, + g;ow;)dQ — /(ﬂéui+hi5wi)d5 =0
St
(12.2.3)
were
OF OF
P = 12.2.4
GU asij7 y aWij ( )

which have been introduced in Chap. 4.
Noting that the suffixes of quantltles are symmetric, therefore, we obtain

OF OF _(0Ou
0g;dQ = o L)dQ
/ ey / Dey (ax,>
Q
Making use of the Green formula to the above formula yields
OF
Q= Q- Q
8 - ——d¢g;d / o (8&,1 514,) d / o <88,] 5141) d
8 OF
—n;0u;dS — ou;dQ
/ ey 1" / ox; (as,]) i

Su+ S

Because the displacements are given at the boundary S,,, at which du; = ou; = 0,
the above formula has been reduced to
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OF 0 (OF
—0¢;dQ = ou;dS — ou;dQ 12.2.5
8 &ij o /‘9 Unj “ /8x, (‘991) “ ( )
Due to w;; = dw;/0x;, a similar analysis to what adopted just above gives rise to
OF 0 ( OF
Q= r- Q 12.2.
8 wr —— owyd / B Un,&w,d / o (an) ou;d ( 6)

Substituting (12.2.5) and (12.2.6) into (12.2.3) leads to

= [{ ) s £ (3 oo
U o [ o

1

(12.2.7)

Since Ju; and ow; are of arbitrary and independent variation at region Q and
boundary S, the validity of (12.2.7) must be

x; P 0’ Ox; i= Y s N2y Q
Ox;j (5%') i Ox; (8Wij) +8 =0, (x1,x,x3) €

oF OF
<Wij>njhi =0, (%)ani =0, (xl’xz’)%) €S,

Substituting (12.2.4) into the above formulas yields just the equilibrium equa-
tions and stress boundary conditions. This shows that the u; and w; satisfying
equations of deformation geometry, stress—strain relations and displacement
boundary conditions and making energy functional to have minimum value should
be the solution satisfying the equilibrium equations and stress boundary conditions.

(i1) Sufficiency

The sufficiency of the conditions given by the theorem means that if »; and w;
satisfy the relations of deformation geometry and displacement boundary and make
the equilibrium equations and stress boundary conditions to be satisfied, then they
should do the energy functional to be minimum.

Suppose that quantities u;, &;, w; and w;; obey the stress—strain relations (12.1.8)
and satisfy the displacement boundary conditions (12.1.13) and set

?Z = Sjj =+ 58,']', MT = U; + (3141'
(12.2.8)

Wy = wii+ 0wy, Wi = w;+0ow;
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through the displacement—strain relations, what follows

1
deyj = 3 (514,-2,- - 5Mj.i) (12.2.9)

5Wij = (SW,‘J

where u;; = du;/0x;, etc.

The free energy F(& ) can be expanded into the Taylor series, as follows:

1]7

oF OF
F(ej, wy;) = F(ej+ ey, wij + owy) = F (e, wyj) + %58ij+ %5%
1 O0°F 1 0°F 0°F
L OF st =0 swowat —2 ey
T 2 0ey000 CTH T 2 g T Gy IO T

(12.2.10)

If the free energy is a homogeneous quantity of strain components of second

order, then the expansion of energy functional corresponding to (12.2.10) does not
contain terms higher than third order, i.e.

" = T+ 611 + * T + O(5°) (12.2.11)

in which

oIl = / ( 58,] 5WU ﬁéu, — g[5Wi> dQ — / (T,-(sui + hléw,)dS
&ij

S
(12.2.12)
1 O°F 1 O*F 1 O°F
8% = &0 ;0 ;0 Q
/{23%381«1 oMt 3 Zawzza kléw} WS 20¢ ua Kl 59] Wkl}d
(12.2.13)

Applying the Green formula to (12.2.12) leads to
olI=0

It is because u; and w; (through the corresponding o; and Hj) satisfy the
equilibrium equations and stress boundary conditions. This means that the energy
functional takes extreme value.

According to the discussion in Ref. [2], we do some extension, i.e. 414 > 0,
u>0,K; >0,K, >0,uK, > R?, then elasticity of quasicrystals presents stability,
in the case the stress-strain elastic matrix should be positive definite, so
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ST >0

This guarantees that 6I1 = 0 takes not only an extreme value, but also the
minimum value of the energy functional.

But recent experimental results and some simulation show that there may be
K> <0, this does not influence the energy taking extreme value, but the extreme
value may not be a minimum value.

Collaborating variational principle and theory of functional analysis, we can
prove that existence, uniqueness and stability of solution of the boundary value
problem (12.1.3) and (12.1.6)—(12.1.8). This is concerned not only with the
numerical implementation, but also with other topics, the detailed discussion of
which will be given in Chap. 13 or see Guo and Fan [2].

The variational principle can be extended to dynamic case, in which it is needed
only to extend the energy functional (12.1.1) to be as follows:

IT= /FdQ+ / [(fi_pﬁi)ui"’(gi_’cwi)wi]d'g"_/(nui+hiwi)ds
Q Q Si
(12.2.14)

where the meaning of p and x can be found in Chap. 10. From (12.2.14), we can
obtain the corresponding variational equation similar to (12.2.3), but which is
equivalent to the equations of phonon-phason dynamics and related boundary and
initial conditions of quasicrystals. The further discussion about this is omitted here.

12.3 Finite Element Method for Elasticity of Icosahedral
Quasicrystals

Finite element method is a method discreting variational equations and region Q.
Dividing the quasicrystal body into M subregions or M elements Q™| the super-

script m denotes the number of an element, and m = 1,...,M. For any element
Q™ the phonon and phason displacements are expressed by ufm) and wgm)
.
= (x,y,2) € Q" (12.3.1)

o = 3ol
=1

in which n is the amount of mth element, subindex « the number of nodes of

element m, I, the interpolating function of node o, ul(;" ) and wl(;" ) the phonon and

phason ith displacement components of node «. In the interior of every element, the
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displacements ul(m) and wgm) are continuous and single-valued, and at the interface

between elements, the displacements are continuous, i.e.

L )

i W (mnt)

{ o (x,y,2) €S (12.3.2)
wi o =w;

where S"") represents the interface between elements m and m'. At the boundary
S, on which the displacements are given, the displacements satisfy the displacement
boundary conditions (12.1.8).

Under satisfying these conditions, the discretization form of energy functional IT
takes

M .
. 1 (m) (m) , 1 () (m) (m), (m) _ o(m) (m) __(m) (m)
II :Z { /Q(m (5 Ciuey &g + 3 Wy Wi+ Ruey wig” — "™ — g w™ ) dQ

m=1

(e

(12.3.3)

According to the following order, the strain components can be arranged as a
vector:

. (mT_ ¢, . S (m)
{fdjvwij} = {611762276337 /237”/31,“/12,Wn,W227W33,W23,W317W127W32,W13,W2|}

(12.3.4)

where y; = 2¢; (i #j) and the superscript T denotes the transpose of matrix. The
stresses can also be expressed as a vector:

{Uiijij}(m)T: {611,02270337023,63176127H|17H22,H33,H23,H31,le,H327H|37H21}(m)
(12.3.5)

Utilizing (12.3.4) and (12.3.5), the relation (12.1.2) between stresses and strains
stands for

{oy, Hy}"= D&y, wy}" (12.3.6)

where [D] is the elastic constant matrix, namely

(12.3.7)
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with the submatrixes as

i+2u J 000
i A+2u A 0 0 0
c] = ) A 421 0 0 0
0 0 0 u 0 0
0 0 0 0 pu O
0 0 0 0 0 pu
R R R 0 0 0 O R 0
R R R 0 0 0 0 —-R 0
g=|0 0 -2k 0 0 0 0 0 0
o0 0 O 0 0O —-R R 0 -R
R -R 0 O R 0 0 0 0
0O 0 0O -R O -R O 0 R
'K, 0 0 0 K 0 0 K> 0
0 K 0 0 K0 0 K 0
0 0 K+k 0 0 0 0 0 0
0 0 0 K, — K, 0 K> 0 0 —K>
K]=|K, -K, 0 0 K —-K 0 0 0 0
0 0 0 K 0 K K 0 0
0 0 0 0 0 K Ki-K 0  —K
K K 0 0 0 0 0 K-K 0
L0 0 0 K 0 0 -k 0 K

The vector representation of phonon and phason displacements can be written by

T
{it(m)} = {ul,uz,u3,w1,w2,W3}<m) (12.3.8)

In accordance with the strain—displacement relation (12.1.1), the equation
(12.3.4) can be expressed by

{eg,wy} ™= [L}{ﬁ('")} (12.3.9)

where [L] represents differential operator matrix of element strain, i.e.

g 0 0 0 o &6 0 0 0 0 0O 0 0 0 O
0o 6 0 o 0 6 0 0 0 0 0 0 0 0 O
1] T [0 0 66 &b 6 0 0 0 O O O O O O O
/0 00 00O 0O 9 0 0 0 0 9 0 8 O
0o 0 0 0 0 0 0 0 0 0 0 0 0 0 o
0o 0o 0 06 0O 00 0 0 0 0 0 o0 0 0

(12.3.10)
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in which J; = a% (j = 1,2,3). Substituting (12.3.9) into (12.3.6), it follows that
7

{og. ;)" = DL} {a" | (123.11)

Inserting (12.3.8), (12.3.9) and (12.3.11) into the discreting form of the energy
functional (12.3.3) yields

n_i{/ ;{,; } L [D][L{ m }dQ { } {/ { }dQJr/SH{:Ej }ds}}
(12.3.12)

In the interior of element m, the displacement vector {ﬁ(”’>} can be expressed by
the displacement vector of every node

{a} = m{am} (12.3.13)

where [I] = [[I1], L], - - -, [I,]] is the matrix of interpolating functions:
I, 0 00 0 O
0 I, 0 0 0 O
|0 0 I, 0 0 O _
L] = 00 0 I, 0 0] o=1,2,...,n (12.3.14)
0 0 0 0 I, O
0 00 0 0 I

{am} = {{ﬁﬁ”o} {it(zm }, . {ﬁ&m)}, o {125[")}} consists of displacement

(m)

vectors of every node within the element, and {ﬁq } the displacement vector of

node o, i.e.
{ﬂﬁ’")} = (U1 Uy Wy Wiy W, W3} ™) (12.3.15)
Substituting (12.3.13) into (12.3.12), then (12.3.12) can be calculated as follows
oll* =0 (12.3.16)

then we have obtained the finite element scheme

[K]{u} = {R} (12.3.17)
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in which

K=Y [ DR, 8= W

m=1

N (g (g (12.3.18)
R} = 1 dQ—l—/ 1 ds
®=> ([ o [

m=1 h(m>

[K] denotes the total stiffness matrix, {R} the vector of equivalent node force,
{a} = {{aW},{a@?@},...{#™}} the displacement vector of all nodes within
region Q, N the amount of nodes after discretization. From (12.3.17), one obtains
the solution {&} and further gets strains and stresses. The stiffness matrix [K] in
integral form can be evaluated by the Gauss-integrating method.

The stresses at the Gauss integral point in element m of quasicrystals can be
obtained through the following expression:

{og.Hy} "= (D)8 {" | (123.19)

12.4 Numerical Results

1. Test example—an icosahedral Al-Pd-Mn quasicrystal bar subjected to
uniaxial tension

Consider an icosahedral Al-Pd—Mn quasicrystal bar with the height H subjected
to uniaxial tensile force F as shown in Fig. 12.1. A Cartesian coordinate system
(x1, X2, x3) is introduced with the bottom and top surfaces lying in the planes x; = 0

Fig. 12.1 An icosahedral
quasicrystal bar subjected to
uniaxial tension
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and x; = H, respectively. The coordinate origin is located at the centre of the
bottom of the cuboid. The area of the cross section of the cuboid is L.
According to the loading of bar, it is obvious that the stress components yield

F

033 =73 01l =02 =023=03 =op=0, H;=0,

Inserting Eq. (31) into Eq. (7) leads to the strain components in the x3 direction:

_F(/l + Klzfsz) F(A U +7Kz)
&1l = & = &3 =
FR
W33 = other ¢ =w; =0

L[u(K; + K2) — 3R]’

The displacement boundary conditions for this problem can be written as
follows:

uz =w3z =0, forx;=0;

ulzblz:Wl:Wz:O, fOI‘X1=X2=)C3:0.

Further, tractions in both phonon and phason are zero at all other surfaces. The
displacement components are as follows:

LT VR e
1 2 =
2L2{2u + 3 — %ﬁm} 2L2{2u + 3 — %Kﬁz")]
(A"':“ K1+I(2)x3 FRx;
usz = 5 w3 = .
12 {2“2 3 — 1((?);}62”)} L*(uK, + pk, — 3R?)

If there is not any coupling between phonon and phason fields, i.e. R = 0, one
can have

—Fix; —Flx,
Wy =——— uwWw —=——————————
T2 +30)" T 202212+ 30p)
F(/L + ,U)X3
= "2 =0
BEDe@ ) T

coinciding with the displacements in the classical elastic theory of crystals.
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Next, the displacements calculated numerically will be compared to the ana-
lytical results. The material parameters of a 3D icosahedral Al-Pd—Mn quasicrystal
are given as follows (see [3—6] or Chap. 9)

A=T749 GPa, u=724GPa, K;=72MPa, K, =-37 MPa.

The coupling constant R of Al-Pd—Mn has not been measured so far. In the
computations, we, respectively, assume R/u = 0, 0.001, 0.002, 0.004, 0.006, 0.008
and 0.01. The height H of the cuboid is 4 cm, and the area of the cross section is
L?> =1 cm® The tensile force F is 1 kN. Eight-node brick elements are used to
mesh this model. The calculated domain is meshed by 32 0.5 cm x 0.5 cm

0.5 cm 8-node hexahedron elements.

The displacements of the point (0.5, 0.5, 4) at the top surface of the cuboid are
shown in Table 12.1. The results show that the numerical and analytical solutions
are the same. With increasing R/, the absolute values of displacements u,, us and
w3 become larger. For R/u = 0.01, the displacement w; is about six times u3
demonstrating the coupling effect of this quasicrystal. Of course, the influence of
R/p on the displacements in the phonon field depends on K; and K.

The displacements along the loading axis with x; or x, as the tensile axis shown
in Fig. 12.2 are briefly given as follows:

(a) When x; is the tensile axis, there are

(’IJF/‘ K +Ko)x1 FRx,
= wy=— ;
12 [2 (2430 RZK?):—K(;H)} 21%(uK, + pk, — 3R?)

(b) When x, is the tensile axis, there are

(; Th—& +K2>x2 FRx,
Uy = , Wy = .
12 [2'“2 3R [% +K6;u)} 2L2(uK; + K, — 3R?)

It can be seen that the phonon displacements are the same for all three kinds of
tensile axes, whereas the phason displacements are different from each other. This
shows the three-dimensional anisotropic characteristic of icosahedral quasicrystals.

This checks the computer program to correct and effective.

2. Specimen of icosahedral Al-Pd-Mn quasicrystal with a crack under tension

An icosahedral Al-Pd-Mn quasicrystal plate containing a penetrating crack
subjected to a uniform load P is shown in Fig. 12.3, where a = 5 mm, H = 50 mm,
L = 60 mm and P/u = 0.001. The thickness of the plate is 1 mm, which is 10 % of
the crack length 2a and 1 % of the plate height 2H, so the analytic solutions [6-8]
can also be used in the case. The point O is the coordinate origin, and the front and


http://dx.doi.org/10.1007/978-981-10-1984-5_9

12 Variational Principle of Elasticity of Quasicrystals ...

326

S0TI10°E S991S°T 867880 ¥SLOS0 6EVET0 00ST1°0 000000 [eoLIWnN

SOTI0'E S9916°T 86788°0 ¥SLOS0 6£YET0 00ST1°0 0 [eonfeuy R

S12S0°0 9I+£0°0 TELTO0 S020°0 6¥220°0 ¥1220°0 202200 [eoLIoWNN

S12S0°0 9T¥£0°0 TELTO0 S0T0°0 6¥220°0 ¥1220°0 702200 [eonfeuy £n

86200°0— 91000~ €0100°0— £8000°0— €L000°0— 1L000°0— 0L000°0— [eoLOwNN

86200°0— 91000~ €0100°0— €8000°0— €L000°0— 1L000°0— 0L000°0— [eonfeuy In
100 8000 9000 £00°0 2000 1000 0 /g Jusweoe[dsI(y

un 01/ ‘6°0 ‘50) utod ayy jo syudtade[dsip oy jo uosuedwio) [T AqeL



12.4 Numerical Results

327

Fig. 12.2 An icosahedral (a) F (b) F
quasicrystal bar subjected to M T M T
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back faces of the plate are lying in plane x3 = 0 and x3 = —1 mm. The elastic

constants of the quasicrystal are the same as those in this section. We assume
R/p = 0.005 for the coupled case and R/ = 0 for the decoupled case.

Due to the symmetry of the specimen, only the upper right 1/4 part
0<x; <L, 0<x; <H has to be modelled. The following boundary conditions

must be satisfied:
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a<x1<L,xx=0: u =0, w, =0;

x1=0,0<x,<H: wu =0, w =0;

x3=—-05mm: wu3;=0, w3 =0;

0<x1<L, xx=H: o0y =P, other g;n; = 0 and H;n; = 0;
0<x1<a, x=0: oyn =0and Hyn; = 0;

x1=L 0<x,<H: o;n=0and Hn; =0;

x3=0and — 1 mm: oyn; =0and Hyn; =0.

with the unit normal n; at the boundaries. The domain 0 <x; <L, 0<x, <H is
meshed by 20-node brick elements with a thickness of 1 mm along the x3 axis. The
discretization in the x3 = O plane is shown in Fig. 12.4, and there are 766 elements
and 5775 nodes. A layer of elements with 0.1 mm height is placed at the bottom of
the model in order to conveniently analyse the stress intensity factor of the crack.
The zone around the crack is meshed by elements with 0.1 mm height and 0.1 mm
width, and the width is 2 % of the crack length a. To model the displacements and
stresses near the crack tip accurately, the elements related to the crack tip are
degenerated in terms of singular quarter-point brick elements [9, 10].

Fig. 12.4 Finite element (a)
discretization in the plane C D
X3 = 0 ]
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Fig. 12.5 Normal phonon 40-
stress ratio gy, /P versus rla —R/u=0
——R/u=0.005
30+
= 201
bﬁ
104
0,/P=1.0

0.00 0.05 0.10 0.15 0.20 106 10.8 11.0
rla

For the plate thickness is very small compared to the height and width of the
plate, and the load P is parallel to the x; — x, plane, the differences of stresses in
Gauss integral points of the finite element model along the x; direction are very
small. Therefore, the stresses will be averaged along the x5 axis.

The normal phonon stress ratio ¢y, /P at the integration points of the element

layer in the crack plane is given in Fig. 12.5, in which r = \/(x; — a)* + x3. The

normal stress ratio at the crack tip when R/p = 0.005 is 35.667, while it is 34.187
when R/u = 0. Along with the increase in the ratio r/a, the stress ratios of the two
cases are rapidly consistent with each other, finally approaching 1.0, satisfying the
stress boundary condition shown according to Eq. (38).

The contours of the normal stress ratio o2,/P for R/u = 0.005 are shown in
Fig. 12.6. It can be seen that there is a stress concentration at the crack tip line in

Fig. 12.6 Contours of : : : : : : :
normalized phonon stress 144 L
022/ P near the crack tip for
R/ =0.005
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classical elastic fracture mechanics. Far away from the crack, the stress ratio
approaches 1.0, again demonstrating the consistency with the stress boundary
condition according to the known analytic solutions.

To characterize crack tip loading, stress intensity factors are well-established
quantities for linear fracture problems. From the well-known results the phonon
stress intensity factor for a Mode I crack there is [8]

Kl = lim [\/27'5(x1 fa)agz(xl,O)] — VmaPf(a/L,a/H),

xj—at

with the assumption R*/(uK;) < 1, where f(a/L,a/H) characterizes the geometry
factor of a specimen with a finite size. In other words, for different geometries of
specimens, there will be different values of f(a/L,a/H) which can be determined
by the present numerical computation. Because the size of the specimen is quite
greater than that of the crack, f(a/L,a/H) = 1 here.

An extrapolation method based on the stresses gy, at element Gauss integration
points is implemented to calculate the stress intensity factors from numerical
solutions. The stresses at the Gaussian points of elements in the front of the crack
tip and adjacent to the crack plane are almost identical to the stresses at x, = 0.
With the position x;, of the corresponding normal stress (ng)s and ry = x5 — a, KU
reads

Kl = \/2nry(02),

where the subscript s denotes the number of the Gauss points. If we choose QO Gauss
points, i.e. s = 1,...,Q., Fig. 12.7 gives the relations of KS” and r; for the two cases
R/p =0 and R/u = 0.005. It shows that the stress intensity factors Kl of R/u =
0.005 are almost identical to those of R/u = 0. Near the crack tip, results are
inaccurate due to the singularity approaching a straight line as r; increases.

Fig. 12.7 Stress intensity 400+

factors K|l from different QM
Gauss points versus o
Iy =X|y—a \ o =
3501 o
E@W ——R/u=0
- o —+R/u=0.005
v ﬁ,ﬁ X
3004 | 4
250 T T T T T 1

0.0 0.5 1.0 L.5 2.0 2.5 3.0
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Therefore, we can apply the least-squares method to the values of the straight lines.
The stress intensity factor K!l finally is obtained as the intersection of the straight
line with the ordinate which can be calculated as follows:

ol o 2T oK) = 3 Y K]
Cr)-oyr

The Gauss points in the domain 0.5 <r; <3 are chosen to determine the stress

intensity factors K/l and further Q = 76. The intensity factors for the two cases are
obtained as 290.61 and 290.21 MPa+/mm, respectively, for R/u =0 and R/u =
0.005. Substituting ¢ = 5 mm and P such that P/u = 0.001 into the last term of
Eq. (39), the stress intensity factor is 286.95f MPay/mm. The numerical solutions
for geometry factors ffor R/u =0 and R/u = 0.005, respectively, are 1.013 and
1.011.

Figure 12.8 gives the opening displacement u, of the crack OA in the plane
x3 = 0. It shows that the crack opening displacement for R/u = 0.005 is larger than
that for R/u=0. At x; =0, the opening displacement for R/u = 0.005 is
0.00441 mm, while for R/ = 0 u, = 0.00402 mm is obtained. It can be seen that
the crack opening is obviously influenced by the coupling between the phonon and
phason fields.

Figures 12.5, 12.7 and 12.8 show that the coupling effect between the phonon
and phason fields, it has strong influence on the displacement fields, however, very
weak influence on the stress fields. This phenomenon is due to the way of loading
of our problem.

The finite element analysis and computation are given by Yang et al. [11].

Fig. 12.8 The opening e, —R/u=0
displacement u; of the crack 0,004 e R /Z —0.005
at OA T — '
0.003] :
g 0.002
-
0.0014
0.000 T T T T i
0.0 0.2 0.4 0.6 0.8 1.0

x /a
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12.5 Conclusion

The variational principle is set up for three-dimensional quasicrystals; in fact, it is
suitable for all quasicrystals if the constitutive law to be given a slight modification.
The example of cracked specimen given in Sect. 12.4 discussed a finite size body,
the solution is very close to analytic solutions given by Fourier transform and
complex analysis, because crack size is much smaller compared to sample size, in
this sense the power of numerical method has not been fully performed, we need do
more computations with practical meanings. The advantages of finite element
method lie in exploring effects of complex geometry, complex boundary conditions
and complex material structures.
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Chapter 13
Some Mathematical Principles
on Solutions of Elasticity of Quasicrystals

Starting from Chap. 4, we studied several mathematical models of the elasticity of
quasicrystals and gave different kinds of solutions [1]. A further discussion on some
common features of solutions of mathematical physics [2] will be offered in this
chapter.

13.1 Uniqueness of Solution of Elasticity of Quasicrystals

Theorem Assume quasicrystal occupied by region Q is in equilibrium under the
boundary conditions

O'ijl/lj = Ti,Hijl’lj = hi7 Xi S Sl (13 1 1)
Ui = Ui, wi = wi, X; €8y o
i.e., if the equations
aO'ij 8H,~
+=0,—L4g=0 x,€Q 13.1.2
o, fi oy 18 X ( )
coupled by
0ij = Cyuen + Rjuwu (13.1.3)
Hjj = Ryjjen + Kijuwu
and
1 aui 8uj 8w,~
gi==|=— 4+ 2|, Wy === 13.1.4
Y 2 (3Xj + 6x,-> Wi 6)6]‘ ( )
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satisfying boundary conditions (13.1.1), then the boundary value problem (13.1.1)—
(13.1.4) has a unique solution.

Proof If the conclusion is not true, suppose there are two solutions of
Egs. (13.1.2)—(13.1.4) under boundary conditions (13.1.1):

() @)

@wfl), ,(2)69w
(1)€9W,(,1), l(j)@w()
<)@H(> ”@H()

U’l]

both solutions satisfy equations of deformation geometry, stress—strain relationship,
equilibrium equations and boundary conditions.

According to the linear superposition principle, the difference between these two
solutions

(”SU - ”(2)) 2] (W(I) - W,Q)) = Au; ® Aw;
(al‘gjl) _ 0(?)) @ (Hi(jl) o H1§2)) _ Ao'ij @ Aszj

should be the solution of the problem too. The “differences” should satisfy zero
boundary conditions. The work of external forces calculated by them is

= / (Af @ Ag) - (Au & Aw)dQ

(13.1.5)
/ (AT @ Ah) - Au@AW)dF:Z/AUdQ
s Q

where AU represents the strain energy density corresponding to the differences of
two sets of solutions, and the derivation of the last step of (13.1.5) used the Gauss
theorem.

Because AU is the positive definite quadratic form of Ag; and Awj;, there is

AU >0 (13.1.6)
considering the left-hand side of (13.1.5) be zero, it flows that
AU =0 (13.1.7)

Based on the positive definite property of AU, Ag; and Aw;; must be zero, apart

from only rigid displacements, so that sl(jl) e

Wi i > etc.
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At the same time, at boundary S,, one has
Au=0, Aw=0

This means the rigid displacements cannot exist; it must be

The uniqueness theorem is a powerful tool in the study of elasticity of qua-
sicrystals; for example, if the solution satisfies all equations of elasticity and all
boundary conditions, we confirm that the solution must be unique. All solutions
offered in Chaps. 7-9 and analytic solutions given in Chap. 10 exhibited this
character. But the solution of St-Venant problem in Sect. 6.9 is not unique.

13.2 Generalized Lax-Milgram Theorem

Consider a quasicrystal described by Eqgs. (13.1.2)-(13.1.4) and boundary condi-
tions (13.1.1). In the case, the displacements satisfy the following partial differential
equations

62 62 N
- [Ciju%—gﬁ, + Riju mj—m = fi(x,y,2)
(x,v,2) €Q (13.2.1)
|:Rklz] dxdx +K]kl dxdx:| - gi(xay7 Z)

At boundary S, they satisfy homogenous conditions

5, =0, (13.2.2)

ul u

And at boundary S;, the corresponding stresses satisfy non-homogenous conditions

Ou, ow _
(Cijklﬁ + Riju (‘)_x[k>nj|Sr = Ti(x,y,2)

s o (13.2.3)
(Rklijg_xl + Cyju de) njls, = hi(x,y,2)
in which x; = x,x, =y, x3 =2,8§ =S, +S;.

If u;, w; € C2(Q)NC(ANQ), and satisfy Eq. (13.2.1) and boundary conditions
(13.2.2) and (13.2.3), then they will be called classical solution of boundary value
problem (13.2.1)—(13.2.4), where 0Q =8 =S, + S;.

The boundary value problem (13.2.1)—(13.2.3) can be reduced to corresponding
variational problem. For this purpose, we introduce norm
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= f [+ (3)"+ (2 oo
Q

= [ [(%)2+ (%) + (%—’?)z]dg
Q

This norm is suitable only for case of homogeneous boundary conditions
(13.2.2); otherwise, the norm will not be the present form.

After defining the norm (13.2.4), the space defining u;(x,y,z) and w;(x,y,z) is
denoted as H'(Q). If introduce inner product

(1) 5,2 m) 5,2 9,1 5,2
() 2)\ _ Ou;”’ Ou; Ou;”’ Ou; Ou;”’ Ou;
(w5 u;") = oo T oy o T o o )49

(13.2.4)

(n 2 ’ o'V ow? aw aw® o' ow? (1325)
(wi s w; ):J‘(a} w T T aé)dQ
Q
then H'(Q) is a Hilbert space, it is also named as Sobolev space.
We can define space V such as
V= {(u,-, wi) € H'(Q), (), = 0, (w;)s, = o} (13.2.6)

If defining inner product at space V by (13.2.5), then V is also a Hilbert space, and
V CH(Q) (13.2.7)
Define space
H= {x — (1, 12, w3, w1, wo,w3) € (H'(Q)), ()5, = 0, (wi)5, = o} (13.2.8)
and set up norm
3
—1

14

1/2
X1l 0= [ [l o + ||wi||%,g)] (13.2.9)

For any X = (uy, up, u3, w1, wy,w3) € (H'(Q))°, according to strain—displace-
ment relations

1 (Ou; Ou;
&j(X) = &i(X) =3 (g + 6_;)’
' i
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and stress—strain relations of quasicrystals

0;j(X) = 0;i(X) = Cyueu(X) + Ryuwi (X)
Hjj = Rujen(X) + Kijggwi (X)

define bilinear functional

B(xM, x®) = / [a,-j(x“))s,-j(X(Z)) +H,-,(X<1>)w,-j(x<2>)] dQ  (13.2.10)
Q

in which B(X(),X®)) presents symmetry, continuity and positive definite
properties.
Take a linear functional

Q S;

where (fi,fo, f3,81,82,83) € (LX(Q))°, (T1, T2, T3, hi, ha, 1) € (L2(Q))°, are given

functions at Q and S, respectively. One can prove that /(X) is a continuous func-

tional of X at region Q, and L? represents the Lebesgue square integrable meaning.
There are following theorems:

Theorem 1 Variational problem corresponding to boundary value problem
(13.2.1)-(13.2.3) is concluded for obtaining X € H so that X

B(X,Y)=I(Y) VYeH (13.2.12)

in which I(Y) is a linear functional defined by (13.2.11).
(Proof is omitted)

Theorem 2 If X = (uy,uy,uz, wi,wy,w3) € (C2(§2))6 is a classical solution of
boundary value problem (13.2.1)—(13.2.3), then X must be solution of variational
problem (13.2.12), i.e., X is also a generalized solution (or weak solution).
Alternatively, if X is a solution of variational problem (13.2.12), and
X € (C3(Q))%, then is also a classical solution of boundary value problem
(13.2.1)—(13.2.3).

(Proof is omitted)

Theorem 3 (Generalized Lax—Milgram theorem) Assume that H is the Hilbert
space defined above, for elasticity of quasicrystals, B(X,Y) is a bilinear functional
at H x H, and satisfies
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B(X,Y)=f(X) VYeH (13.2.13)

admits a umque solution X € H, and
X < —1 f 13.2.14
” ” = OC” ”(H)/ ( L )

where (H )' is the dual space of H consisting of all bounded linear functionals, and
equipped with the norm

Y
= sup

ver,y£0 || Y]]
This theorem gives an extension of Lax—Milgram theorem [3, 4].
(Proof is omitted)

Theorem 4 Assume
1
J(X) =3 BX, X) — [(X) (13.2.15)

and H is the same as mentioned previously, B(X,Y) is a bilinear functional at
H x H defined by (13.2.10), then the variational problem for having X € H so that
J(X) being minimum

J(Xo) = minJ(X) (13.2.16)

in which

(1) Exists solution, and the number of solutions does not exceed one;

(2) If there is solution of problem (13.2.16), which must the solution of problem
(13.2.12), and vise versa [(13.2.12) is called as Galerkin variational problem,
and (13.2.16) is named as Ritz variational problem];

(3) If X* is their solution, then

1
J(X) ~J(X") = 3B(X - X" X~ X') VX€H (13.2.17)

(Proof is omitted)
The discussion of this section may provide preparedness for the following text.
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13.3 Matrix Expression of Elasticity of Three-Dimensional
Quasicrystals

In the previous section, the variational problem on plane elasticity of
two-dimensional quasicrystals is discussed in which the concept of weak solution
(generalized solution) is mentioned. In the following sections, we will deal with the
weak solution of elasticity of three-dimensional icosahedral quasicrystals, for
simplicity a matrix expression for the elasticity will be used. From the discussion of
previous chapters, we know that the basic equations for elasticity of quasicrystals
except cubic quasicrystals

a,’_ 02 ; (')H,-- _ 02 )i O i
T Hhi= T te = ey (ork ), (133.)

o a0 . P
gii:%(%+yﬁ,wij=%7 (13.3.2) x€Q,i,j=1,231t>0

oij = Cyuen + Rijuwu, Hy = Kijjuwi + Ruen,  (13.3.3)

where u = (uy, uy, u,) represents the phonon displacement vector, w = (wy, wy, w;)
the phason one, ¢&;, w;; the phonon and phason strains, ¢;;, H;; the corresponding
phonon and phason stresses, Cjju, Kjju, Rjju the elastic constants, f;, g; the body and
generalized body force densities, p the mass density and x = 1/I",,, respectively.
Denoting 0Q = (0Q), + (0Q), to express the boundary of region occupied by

the quasicrystal, there are the boundary conditions
x€(09Q), : ui =ud, w; =w’ (13.3.4)

X € (89)0 1 O = T;, H,-jnj = h; (1335)

where u) and w! represent the known functions at boundary (0Q),, T; and h; the
prescribed traction and generalized traction density at boundary (0Q),, n; the unit
outward normal vector at any point of the boundary.

There are initial conditions for dynamic problem:

uili—o = ai(x), wili—o = bi(x), uti|i—o = ci(x), Wili—o = di(x) (13.3.6)

(or I/l,‘|f:() = ai(x), Wi|,:0 = bi(x), Ilt,‘|;:o = C,‘()C)) where a bi ,Ci di are known
functions, x = (x1,x2,x3) € Q.
Putting

T =T

U’ = (ur up uz wi wa w3)y.6,F = (fi &) 16 = 1 o S5 81 82 83) 16

T

G = (O11 Oxn 633 O1p O3 031 Hyy Hy Hsz Hip Hys Hyy Hiz Hyy H3), s,

-T
& = (e11 &2 €33 2612 2623 2€31 W11 Wap W33 Wi2 Wa3 W31 W13 W21 W32)|x1ss
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[0, 0 0]
] ] 0 8, 0
o, 0 0
0 0 o,
0 2, 0
50007 ~ lo o o 0, 00 o
o R e B I e A
| > 9 0 0 o i
0 o, o,
o, 0 0
o, 0 9
: . 0 8, 0
0 0 o]

UT,F",0",5",&" denote the transpose of U, F,d,5,% &' = (Gi,0n,053) the
ith row of matrix (6;);.5. H = (Hi, Hp, H;3) the ith row of matrix (Hj)s,5.
So that, (13.3.2) can be rewritten as the matrix form:

§=0U (13.3.2')

T
(’90'1]‘ 802]' 8(73j 3H1j E)sz 0H3/’ _ 9T~
Note thae (G %2 % Hlu Yl ) gl then (133.0) can be

rewritten by

G+ F=pU (13.3.1)
Putting
[ Chujj ] Cunt Cuz Cizs Crip Crz Crs
Cojj Conir Coxn Comz Capp Gz Cony
c— C3j _ Ciair Gaa Gizzz Cazp Giaoz Cazan
Cpij ... Conn Cin Cis Ciin Cixs Cig
Ca3j Cuir Cozn Cozzz Coziz Cozoz Cozan
L Cayy Joxe G G Gz Gz Gz Caizid gy
[ Ky ) (K Kuz Kus K Koz Koz Ko Ko K|
Ky Knii Kn»n Kpszs Kpin Ky Kzt Koz Koo Ko
K3 K311 K Kzazz Kssie Ksaos Ksszr Kaziz Kasor Kasa
Ky - K1y Kin Kizzs Kpiz Koz Kzt Kz Ko Kipa
K= K3 = | Knin Kpn Kz Kk Kooz Kaszi Kasiz Koz Kosa
K3y Kiin Kz Ksizz Ksie Ksiz Ksizn Ksis Ksion K
K3 Kzt Kizpy Kizzzs Kiziz Kizzzs Kiszi Kiziz Kizan Kisn
K>y Koy Ko Koizzs Koip Kooz Koz Koiiz Koo Koiso
L K3jj i | K311 Kz Kszzs Kz Ksms Kiozi Kaoiz Kaoor K332 ] gy
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Ry Ry Ru Riuss Run Russ Rusr Rz Rt Rus
Roajj Rt Rypy Roxss Ry Roxs Rzt Roizs Rani Ry
R= Razji _ | R Rssm Rz Rz Rasas Rassi Rszizs Rt Roosp
Ry ... Rioi1 Rizn Rz Ripiz Rizos Rizsi Rizizs R R
Rosji Ryt Ry Rozss Rozio Ross Rossi Roziz Rasar Rosa
R31 60 R3ii1 Raio R3izz Rain Rz Raizr Rz Raon Raisalgyo
then
D= (dij)15><15 | RT K

Here, the order of index i,j of C is the same with those of the phonon strain
tensor, the order of index #,j of K, R is the same with those of phason strain tensor,
and R is the transpose of R. From the above expressions, one can find that due to
the symmetry of C and K [see, e.g. (4.4.3) and (4.4.5)], the matrix D is symmetry.

The generalized Hooke’s law (13.3.3) can be rewritten as

& = D& (13.3.3)

and (13.3.1") and (13.3.2") can be collected as below

9"DAU + F = pU (13.3.7)
Put
[a,(x) [e,()] [ | T,
a, (x) e (x) u! T,
0
~ T.

A= ), O et R e N (Il

b (x) d,(x) W I

b, (x) d,(x) w? h,

_b3(x) 6x1 _d3(x)_6><1 _W;)_(,Xl _h3 _ox1

- IO
0 :|:6"AN0 :|
S UG
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[cos(n,x1) 0 0 7
0 cos(n,x3) 0
50 — 0 0 cos(n, x3)
" cos(n,xy)  cos(n,x;) ’
0 cos(n,x3) cos(n,x)
| cos(n, x3) 0 cos(n, x1)
[ cos(n,x;) 0 0 ]
0 cos(n,x3) 0
0 0 cos(n,x3)
cos(n, x3) 0 0
oY = 0 cos(n, x3) 0
0 0 cos(n,xp)
cos(n,x3) 0 0
0 cos(n, x1) 0
| 0 0 cos(n,x,) |

where 9, , 5,&1) , 5,52) are obtained from the differential operator matrixes d , o , o
through a replacement 0; by cos(n, x;).

Equation (13.3.4) can be rewritten as
Ux,t) = 0" x € (09Q), (13.3.4)

Considering the similarity of the left-hand side of (13.3.5) with the first term of

(13.3.1), then (13.3.5) can be rewritten as 53& =5 xe (0Q),. In addition by
using (13.3.2") and (13.3.3"), there is

ITDIU = &°, x € (0Q), (13.3.5)

If the quasicrystal is in static equilibrium: pU = 0 (i.e. the inertia forces vanish), in
the case it needs not the initial conditions, and the boundary value problem of
quasicrystals is interpreted as follows

—9™DAU = F,x € Q,t > 0,
(13.3.8,13.3.9)

i](xa t)|(09)u = 00’ 5ZDa~U(xa t)|(09)0 = &07
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where

0Q = (0Q), + (09),

13.4 The Weak Solution of Boundary Value Problem
of Elasticity of Quasicrystals

For simplicity, only the displacement boundary problem (or say the Dirichlet

problem) is dealt with in the following. Suppose that F € (L2(Q))°, if U(x) €
(C2(Q))® being the solution of problem (13.3.8, 13.3.9), then for any vector

1

function n = [Z%ﬂ = [l mb onb B w3 € (CF(Q))°, both sides
X

of (13.3.8, 13.3.9) are multiplying by # (by making scalar product), and then

integrating along Q, we have

///(féTDéfl)-ndx:///Fwdx (13.4.1)
Q Q

From (13.3.3) and Chap. 4 known ¢;; = gj;, in terms of Gauss formula, (13.3.2")
and (13.3.3’), there exists

// 5T DaD) - /// (‘%vl OH, 2>dx
/ﬂ e = (o
] i-tnmase ] (o2
] (1o o)
/// o(0)e(n") + Hy(0)wi(n?)]dx
- /{/ H(0) - ) dx = /é () DA,

(13.4.2)
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and (13.4.1) and (13.4.2) yield

///(5n)TD50dx:///5(0).g(n)dx:///[v.ndx (13.43)
Q (3 5

Because C{° is dense in H}(Q), (13.4.3) holds too Vn(x) € € (HL(Q))°.

In contrast,if U(x) € (C2(2))°, and (13.4.3) is valid V5 (x) € (H)(Q))®, we can
do derivation in counter order of the above procedure and find (13.4.1) through the
fundamental lemma of variational method [5]. So that we have

Definition Assume F € (L*(Q))°, if U(x) e (Hé(Q))6, and (13.4.3) holds for
Vi(x) € (HY(Q))®, then say U(x) being the weak solution (or generalized solution)
of the boundary value problem

(13.3.8/,13.3.9)

13.5 The Uniqueness of Weak Solution

Making use of (-,-) to express inner product in L?(Q), the corresponding norm is

-1 = vl = (Jo Vzdx)l/z, for the scalar function v € L?(Q). And in terms of (-, ),
to denote the inner product in H}(Q), the corresponding norm is

1/2
. . 3 .
[l (vl = {fg vidx+ Zk 1 Jo (mk) ] , and semi-norm is [-|;: |v];= [Zk:l Jo

(?—V) dx]'/2, for scalar function v € L*(Q)

dxk
Note 1 Norm ||-||, is equivalent to semi-norm |-|,.
Note 2 The norm and semi-norm of vector function v = (v{,Vv,...,V,) €

(HL(Q))" (it is marked by H}(Q) some times) are denoted as ||-||; and |-|; such as
5 n ) n . n 3 aV,‘ 2 ) 5
M= > il =Z/vidx+ S [ (5r) a= [ whars [ ofas
i1 i1 =1 k=1 )\ A A

N v;
2_ i
V= ZZ/ () a

i=1 k=1

2 ¢ .
where |v|*= Evl, Ve *= z;; (Bxk) , g—;i = (%%—Z:,...,%Z:). Obviously, the
1

Note 1 holds for vector function v too.
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Lemma (Korn’s inequality, [6-8]) Assume Q is a bounded region with boundary
0Q of sufficient smooth in R", and Vv = (vi,Va,...,v,) € H}(Q) there is

/(W “ﬂm>mm
ik=1 Xi

in which the positive constant ¢; is dependent only with Q.

Theorem Suppose Q is a bounded region in R® and with sufficient smooth
boundary 09, if real symmetric matrix D = (dy;) satisfies the inequality

15 15 15
Y G Edig<in Y &
i=1 ij=1 i=1

where 11,y are positive constants,then for any F € (LZ(Q))(’, displacement
boundary value problem (13.3.8', 13.3.9") exists unique weak solution (or gener-
alized solution).

Proof Put |U,n| = [[f (9n)"'DAUdx, then (13.4.3) can be rewritten as
o

[Ton] = (Fon), ¥ € (HAQ) (13.5.1)

At first, we prove |-, -| is a new inner product at (Hé(Q))é. For this purpose, it
needs to prove: |U,U| >0, and |U,U| =0 U =0, YU € (H}(Q))°.

In the following, we give only an outline of the proof, the detail is omitted. In
addition, Lf] , r/J in (13.5.1) is positive definite bilinear functional at Hé(Q), the
proof can be done from the Lax—Milgram theorem (see Sect. 13.2 of this chapter).

Due to the assumption, matrix D = (d;),s, 5 being positive definite, matrix
D = (djj),s,s and unit matrix I are in contract, i.e., there exists a reversible matrix

C such that D = CTC (note that here C is not the phonon elastic constant matrix).
Then,

10,0 = /// (60) " DiTdx = // (60) (€ C)dTdx = // (COD)" (CHT)dx > 0;
Q Q Q

10,0]=0e /// (€o0) (€COT)dx =0 & €T =0

Because C is reversible, oU = 0, that is,
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Ou; Ou; ~ Ou; PN, ..
_ = B _— e == 1 2 .
8)6,‘ Oa ax] + axi O (l 7&])7 axj 07 127 9 73

It follows ‘9“' = 0 that w; should be constants, besides U lao = 0, and w; = 0 at the

boundary. In similar analysis, we find that u; = O at boundary. Thus, U = 0 at
boundary.

6

In this way, we have proved |-,-] is a new inner product at (H}(Q))", the

corresponding norm is H 5“ LU UJI/Z .

Secondly, at (H]())° the new norm [[[l1) is equivalent to the initial norm ||-[|;.

We are going to give the proof about this.
From the Cauchy inequality, the assumption of the theorem and Note 1, there is

1015, fffz 8Uzu3U)dX<ﬂzjff ) (307)dx

3 2 3 o 2 3 2
. du; oy | Oy dw;
I [0 (8) - X (Bew) o2 (%) o
= ij=1 ij—1

i<j

IO ACRCIEE

- ONCIE
=2, |03 <2¢]| 02

In other hand, from the assumption of the theorem, the Korn’s inequality and Note
1 there is

HUH(Q fgfjdzl (80)d; (9U)dx>/LIﬂI (D0 (90 dx

Consequently, we have proved the equivalency between the new norm H-||(l> and
the initial norm ||-||,.

Finally, for F € (L2(Q))°, by using Schwarz inequality and the fact that the
embedding H}(Q) C_, L*(Q) is a compact embedding, we have

‘ [ F s V- T <)l < bl e @)
Q
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thatis, n— [[[ F-ndx (Vn € (H} (Q))°) is a unique continuous linear functional
at (H)(Q))°).Therefore, from Riesz theorem, there must be a unique
vi € (H}(Q))°, so that

/ﬂf“ndx: yrn| ¥ € (HY ()"

Thus, (13.5.1) is rewritten as
\U,n| = |yp.n] Ve (HY Q)

This shows U = vp is the unique weak solution (generalized solution) of dis-
placement value problem (13.3.8', 13.3.9").

In the above proof, using Korn’s inequality is crucial (the second Korn’s
inequality will be used for the stress boundary value problem, but this discussion is
not included here).

13.6 Conclusion and Discussion

In some extent, the discussion Sects. 13.3—13.5 is a development of Sect. 13.2.
These discussions provide a basis for the numerical methods developed in
Chaps. 10 and 12 from point of view of weak solution. Of course for the stress
boundary value problems and dynamic problems, the discussion needs to do some
extensions of the previous discussions. Due to the limitation of space, the additional
extensions are not be given any more.

It is evident that the discussion in Sects. 13.3—13.5 is valid for any systems of
one-, two- and three-dimensional quasicrystals, except cubic quasicrystals, for
which w;; = Ow;/0x; should be replaced by w; = (Ow;/0x; 4+ Ow;/0x;)/2 in the
Eq. (13.3.2) only. The difference of the formulation for different quasicrystal sys-
tems lies in the elastic constant matrix D, one can directly use the above formulation
for any quasicrystal systems only by substituting the concrete matrix D into the
relevant formulas.

References

1. Fan T Y, Mai Y W, 2004, Elasticity theory, fracture mechanics and some relevant thermal
properties of quasicrystalline materials. Appl. Mech. Rev., 57(5), 325-344.

2. Courant R and Hilbert D, 1955, Methods of Mathematical Physics, Interscience Publisher Inc.,
New York.

3. Ying L A, 1998, Theory of Finite Element, Klower, Amsterdan.


http://dx.doi.org/10.1007/978-981-10-1984-5_10
http://dx.doi.org/10.1007/978-981-10-1984-5_12

348 13 Some Mathematical Principles on Solutions ...

4. Jiang L S, 1984, Finite Element Foundation, High Education Press, Beijing (in Chinese).

5.Guo L H and Fan T Y, 2007, Solvability on boundary-value problems of elasticity of
three-dimensional quasicrystals, Applied Mathematics and Mechanics, 28(8), 1061-1070.

6. Fikera G., 1974, Existence Theorems of Elasticity Theory. World Press, Moscow (in Russian).

7. Kondrat’eb W A, Oleinik O A, 1988, Korn Inequality of Boundary Value Problems for Systems
of Theory of Elasticity in Boundless Region. UMN Press, Moscow (in Russian).

8. Kondrat’eb W A, Oleinik O A, 1988, Boundary-value problems for the systems of elasticity in
unbounded domains, Korn’s inequalities, Russian Math Surveys, 43(5):65-119.



Chapter 14
Nonlinear Behaviour of Quasicrystals

From Chaps. 4 to 13, we mainly discussed the elasticity and relevant properties of
quasicrystals, which belong to linear regime both physically and mathematically.
Their mathematical treatment is relatively easy though the calculations are quite
complex.

The current chapter is to give a simple description on deformation and fracture of
quasicrystals with nonlinear behaviour, considering the great difficulty in this topic.
For the conventional engineering materials including crystalline material, the
nonlinear behaviour means mainly the plasticity. In the study on the classical
plasticity, there are two different theories: one is the macroscopic plasticity theory,
which is based on some assumptions concluded from certain experimental data, and
the other is the so-called crystal plasticity theory, which is based on the mechanism
of motion of dislocation, to some extent, can be seen as a “microscopic” theory. The
difficulty for quasicrystal plasticity lies in the lack of both enough macro- and
micro-data. At present, the macroscopic experiments have not, as yet, been properly
undertaken. Although there is some work on the mechanism in microscopy of the
plasticity, the data are very limited. This leads to the constitutive law of qua-
sicrystals being essentially unknown. Due to this reason, the systematic mathe-
matical analysis on deformation and fracture for the material is not available so far.

In spite of these difficulties, study on plasticity of quasicrystals has aroused a
great deal of attention among researchers [1-8]. But the analytic quantitative work
may be at an infant stage. Considering the readers’ interest and the development
level, it is beneficial to give brief discussion on some simple problems of nonlinear
behaviour of the material with some simple models and by extending results in the
study of linear regime. Of course, these discussions are not complete, which may
provide some hints for further development of the area.

This chapter is structured as follows. First, we discuss some experimental results
on the nonlinear deformation behaviour of quasicrystals and then describe a pos-
sible plastic constitutive relation of the material, in view of the difficulty for setting
up the equations we turn to introduce nonlinear elastic constitutive equations of
quasicrystals which are available at present though not equivalent to the plastic
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constitutive equations. Sections 14.4 and 14.5 may be seen as applications of the
macro-constitutive law in which some nonlinear solutions on quasicrystals are
offered. In Sect. 14.6, another version of the study based on the dislocation model
or “microscopic model” is exhibited; it achieves the same results those given in
Sects. 14.4 and 14.5.

14.1 Macroscopic Behaviour of Plastic Deformation
of Quasicrystals

At medium and low temperature, quasicrystals exhibit brittleness, but they present
plasticity ductility at high temperature. In addition, near the high stress concen-
tration zone, e.g. around dislocation core or crack tip, plastic flow appears also. It
was observed in experiments that plastic deformation of quasicrystals is induced by
motion of dislocations in the material. This reveals the important connection
between plasticity and the structural defects in quasicrystals. To some extent there
are similarities between the phenomena of crystals and quasicrystals. But latter
presents salient structural features, fundamentally differing from those of conven-
tional crystals. The plasticity of quasicrystals must be studied in a quite different
way from that for studying the classical plasticity.

The fundamental step in studying plasticity of quasicrystals is, of course,
experimental observation.

As in the previous discussion, this chapter is mainly dealt with icosahedral and
decagonal quasicrystals.

Recently there are many experimental data for Al-Mn-Pd icosahedral qua-
sicrystals, which are the most intensively studied and possess a very high
brittle-ductile transition temperature. At strain rate of 107> /s, the ductile range sets
in at about 690 °C corresponding to a homologous temperature (i.e. the absolute
temperature scaled by the absolute melting temperature) of about 0.82. At lower
strain rates of 10~® /s and below limited ductility temperatures down to about 480 °C
can be observed. Figure 14.1 shows the stress—strain curves of the quasicrystal in the
high-temperature range 730-800 °C at strain rate of 107> /s.

As another class of icosahedral quasicrystals, icosahedral Zn-Mg-Dy, the
stress—strain curves measured by experiments are similar to those given by
Fig. 14.1.

Feuerbacher and Urban [9], Guyot and Canova [10], Feuerbacher et al. [11], etc.,
discussed the constitutive equation based on the experimental data on dislocation
density and dislocation velocity, e.g. the plastic strain rate and the applied stress in a
power law form

iy = B(c/6)" (14.1.1)
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in which B and m are temperature-dependent parameters and ¢ is the internal
variable that can be regarded as a reference stress representing the current
microstructural state of the material and is used to accommodate the model to the
description of different materials or hardening mechanism [12]. Combining relevant
information, Formula (14.1.1) can be used to well predict the experimental curves,
e.g. recorded by Fig. 14.1. It is needed to point out, although there are some similar
formulas to (14.1.1) in the form in the classical plasticity, they are quite different
substantively. For example, the current parameters B, m and ¢ are different from
those appearing in relevant formulas in the classical plasticity. Those parameters in
the classical plasticity were measured from pure macroscopic approach rather than
dislocation model; some detail about the latter can be found in Refs [9—12], which,
from the angle of methodology, are different from those adopted in the classical
plasticity. Unfortunately, there is a lack of the comprehensive macroscopic
experimental data (e.g. the data arising from multi-axial loading condition) for
quasicrystal plasticity so far.

Decagonal quasicrystal is an interesting topic for plastic deformation studies
since the phase possesses quasiperiodic as well as periodic lattice directions.
Therefore, the influences of periodicity and quasiperiodicity on the plastic defor-
mation can be directly revealed on one material by investigating the plastic prop-
erties in different deformation geometries—an anisotropic behaviour is expected.

In Ref. [9], the experimental data for stress—strain curves for Al-Ni—Co
decagonal quasicrystals are depicted in Fig. 14.2 (note that: the results obtained for
the basic cobalt (b-Co) modification of decagonal Al-Ni—Co); it presents plastic
properties different from those of icosahedral quasicrystals. The reason for this is
the distinguishing nature of quasicrystalline lattice between the two phases. It is
different from icosahedral phase, and decagonal phase possesses quasiperiodic as
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Fig. 14.2 a Stress—strain curves of decagonal b—Co decagonal Al-Ni—Co single quasicrystals for
different specimen orientations at strain rate of 107> /s, b definition of the specimen orientations
AL, AH and A45 [9]

well as periodic lattice directions. Therefore, the influences of periodicity and
quasiperiodicity on the plastic deformation lead to an anisotropic behaviour. To
reveal this feature, Fig. 14.2 gives the data to those orientations as A, A and Ays,
respectively. It is obvious the effect of anisotropy is important.

The experimental data are worth for theoretical study.

14.2 Possible Scheme of Plastic Constitutive Equations

The Formula (14.1.1) calibrated from experimental data with the help of dislocation
model assists in studying plastic constitutive equations of quasicrystals.

From the point of view macroscopically, the result is obtained for “uniaxial
loading” condition as, at present, there is a lack of data under multi-axial loading
condition. We assume that, if sufficient experimental data are available on yield
surface/loading surface for some quasicrystals, then we can obtain an equation for
yield surface such as

D=0g—Y=0 (14.2.1)
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where gt = 0, +f(H;;) denotes a generalized effective stress in which o, repre-
sents the classical effective stress of phonon stresses g;; and f(H;;) the part coming
from phason stresses Hj;. If

Y = oy = const (14.2.2)

in which oy is the uniaxial yield limit of the material, then(14.2.1) represents the
initial yield surface. On the other hand, if

Y = Y(h) (14.2.3)

where & is related to deformation history, then (14.2.1) describes the evolution law
of material deformation. When we have the yield surface/loading surface like
(14.2.1), one can construct the following plastic constitutive equation as

i 1 . 00

i = 137 -~ Oeff 3

| Hoa) 0oy (14.2.4)

Wi = Ld 8_(1) h
v H(O'eff) eff 6Hi‘

provided the flow rule of the isotropic hardening is taken, where @ is the
above-mentioned yield surface/loading surface function. The dot over physical
quantities denotes the variation rate of the quantities, and H(o.fr) the hardening
modulus of the material can be calibrated by a test of a simple stress—strain state,
e.g. given by (14.1.1). Then adding the elastic constitutive relationship to (14.2.4),
the elastic—plastic constitutive equation will be set up. The elastic constitutive law
was fully discussed in the previous chapters.

The expected constitutive law shown in Eq. (14.2.4) which are incremental
plastic equations can describe effect of deformation history including
loading/unloading state within the deformation process. This may be a complete
constitutive equation. There is a possible and relative simpler constitutive law
belonging to total plasticity theory or deformation plasticity theory. That is if
defining the effective stress gefr and effective strain &g, in which the former was
introduced above, and the latter has a similar definition and consists of phonon
strains &; as well as phason strains w;;, and then between the strains and stresses,
there are relations

1 3éetr 1
&j — 5 exkOjj = ﬁ (‘Tii - §‘7k/<5i1')

1 Beetr 1
Wij — = Wi 0ij = 7; <Hij - 3Hkk5if)

(14.2.5)
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in which

Ekk = &xx T &y T €2y Wik = Wiy + Wyy + Wy,
Okk = Uxx"'ayy‘"O-zza Hkk = Hxx+Hvy +sz

and we assume that

(e)
_J ¢ Oeff <00
bofp = { Ceflr - Oe (14.2.6)
¢ {A(O'eff) ,  Oeff > 00

where 0p, A and n are material constants of the quasicrystals can be measured
through a uniaxial test, Fé‘z represents the quantity at elastic deformation stage, and
gy the uniaxial tensile yield stress.

In contrast to (14.2.4), Eq. (14.2.5) cannot describe deformation history, as they
are substantively nonlinear elastic constitutive equations rather than plastic con-
stitutive equations related to quasicrystalline materials. However, they can describe
plastic deformation in the case of proportional loading and no unloading. It is
evident that either (14.2.4) or (14.2.5) belongs to a supposed incremental plastic
constitutive law or total plastic constitutive law for quasicrystals. One cannot say
whether they are correct or not due to the lack of enough experimental data.

If one has the constitutive Egs. (14.2.4) or (14.2.5), then by coupling the
equations of deformation geometry

1 (Ou; = Ouy _ Ow;
= (ax,- N 8x> =5 (14.2.7)

and the equilibrium equations

80’,‘]‘ o BHU -
oy = 0, 7, =0 (14.2.8)

the basic framework of the theory of macro-plasticity, in the sense of incremental or
total deformation, of quasicrystals can be set up.

At present, there is a lack of such data, so Eqgs. (14.2.1), (14.2.2) and (14.2.4)
have not been set up yet. With the same reason, Eq. (14.2.5) has not been set up
either. This is the major difficulty of macro-plasticity theory currently. It is evident
the possible theory is nonlinear, because the material parameters are not constants
any more, and the mechanical behaviour is dependent with the history of defor-
mation process in general. The solution is of course more difficult than that for
elastic deformation.

Due to relative simplicity of Eq. (14.2.5), for some simple configurations, e.g.
anti-plane elasticity of one-dimensional hexagonal, three-dimensional cubic and
three-dimensional icosahedral quasicrystals, one can make some probes for plastic
analysis by using the constitutive equations.
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14.3 Nonlinear Elasticity and Its Formulation

As pointed out in the previous section due to the lack of constitutive equations of
plasticity of quasicrystals up to now, analysis of plastic deformation for the material
is not available. By this reason, we can perform some simpler nonlinear elastic
analysis first, though the mechanisms of nonlinear elastic deformation and plastic
deformation are quite different. Furthermore, there are some differences between the
following nonlinear elasticity and the total plasticity introduced by Eq. (14.2.5). We
here do not constrain the concrete form of relationship between stresses and strains.
The results obtained in the following may provide some useful hints for further
plastic analysis.

Consider the following nonlinear elastic constitutive relations such as define the
free energy (or strain energy density)

&ij Wij
F(sij,wij) = / Uijdsij"_ / H,-jdw,-j; (1431)
0 0
then there is
OF OF
P 1432
%i 88,']' J (9w,-j ( )

So the formulas (14.3.1) and (14.3.2) can be seen as constitutive law for linear as
well as nonlinear elasticity of quasicrystals, which, in general, cannot describe
plastic deformation. If there is proportional loading and no unloading the rela-
tionship can give appropriate description of the plastic deformation.

In above formulas, ¢; and w;; are phonon and phason strain tensors given by

1 abt,' 8uj - aWi
SU2<%+%>, Wy =g (14.3.3)

where u; and w; denote the phonon and phason displacement vectors, and ¢;; and H;;
the phonon and phason stress tensors, respectively, which satisfy the equilibrium
equations (if the body forces and generalized body forces are omitted)

ox; Oy

0 (14.3.4)

Equations (14.3.1)-(14.3.4) are basic equations describing nonlinear elastic
deformation of a quasicrystal. In Sect. 14.5 of this chapter, we will give some
applications of formulation (14.3.1)—(14.3.4), and we can show that it constitutes
the basis of those nonlinear analyses given Sect. 14.4.
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14.4 Nonlinear Solutions Based on Some Simple Models

In this section, we give some nonlinear solutions based on some simple models
which substantively are extended from the framework of Eshelby work [13]; the
classical Eshelby hypothesis was set up for linear elasticity, which can be extended
into nonlinear elasticity even total plasticity (or deformation plasticity). Fan and Fan
[14] carried out the investigation.

14.4.1 Generalized Dugdale—Barenblatt Model
Jor Anti-plane Elasticity for Some Quasicrystals

The crack problem of nonlinear deformation of quasicrystals is very interesting. For
solving this problem, one of the available models is the generalized Dugdale—
Barenblatt model (or generalized DB model for simplicity) [15, 16] originated from
the classical nonlinear fracture theory which was used for conventional structural
materials including crystalline material.

The linear solutions for a crack for anti-plane for some quasicrystals have been
discussed in Chaps. 8 and 9. We now discuss only the nonlinear solution.

Assume that there is an atomic cohesive force zone at the crack tip with length
d shown in Fig. 14.3, the value of which is unknown at moment to be determined.
In continuum theory of quasicrystals, the atomic cohesive force zone is the plastic
zone macroscopically, and the distribution of atomic cohesive force must be
evaluated by experimental observation. Due to lack of the data of the new material,
if we assume that the atomic cohesive is a constant t., the shear yield limit (or shear
yield strength) of the material, within the zone, then the problem is simplified. In
this version, the nonlinear boundary value problem is linearized already. So the
previous formulation exhibited, e.g. in Chap. 8, can be used to solve the present
problem. The most effective method in solving the problem is the complex variable
function method, but the formulation and calculation are quite complicated and
lengthy, more complex than those given in the previous chapters. The details are
omitted, and we here list only the final results:

20 (20, ¢ 2 et
Fl(C)—C—M<n—£2Tc_T1>C2__1+%C_44‘EC N2 _ 2 (14.4.1)
() =0

in which
’ R3 /
Fi(0) = ¢+ 5 v'©

) =90+ = ¢'(0)
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Fig. 14.3 Atomic cohesive force zone near the crack tip for anti-plane elasticity for some
quasicrystals

and

where

_a+d
T2

1= o'(0) C+h

represents the conformal mapping from #-plane (xy-plane) onto {-plane, under the
mapping the region of xy-plane is transformed onto the interior of the unit circle at
{-plane, and ¢’'({) and ¥/ ({) are the derivatives of the functions to the new complex
variable (, and 6, is the angle of point at the unit circle corresponding to the crack
tip (i.e. y = 0,x = a, and there is relation cos 0; = a/(a+ d) between the corre-
sponding points at z-plane and {-plane).

From the solution, the size of plastic zone d is determined as

d=a [sec (’%) - 1} (14.4.2)
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Iy

i.e. 91 =2

, and the crack tip opening displacement is

4K>7.a nT|
om=————-11 14.4.3
U n(Cuk, — RBY) [n e (2%)} ( )

It is obvious that the results are very simple and explicit, and the effects of phason
to plastic deformation and fracture are explored. If taking the opening displacement
as a nonlinear fracture parameter, then a fracture criterion for one-dimensional
hexagonal quasicrystal

om = Ome (14.4.4)
is suggested in which Jyyy is the critical value of the crack tip opening displacement,

measured by experiment, a material constant.
In the low stress level case, i.e. 71/7. < 1, in which

Ty 1+ 1 /7ty 2 n
sec = — e
27, 2\ 27,

if we remain the first two terms and substituting it into (14.4.2)

I\ 2
K,
dz%(%) <a

in which KIHH = /mart; (refer to Sect. 8.2). The result is very close to the plastic size
based on the “small-scale yield modification” of classical fracture theory.

Furthermore,
1 Ty 1 /7ty 2+1 Ty 4+
n e N
*N\2w.) T2\ ) T12\on

If we take only the first two terms, then substituting it to (14.4.3) so

Gm

C

om = (14.4.5)

2
in which Gy = cf;(IiHR% represents the energy release rate in linear elastic case
(refer to Sect. 8.2). This shows that parameter Jyy is equivalent to energy release
rate Gyyr in the linear elastic case or “small-scale-yielding “plasticity.
The above results are given for one-dimensional hexagonal quasicrystals, which
hold for three-dimensional icosahedral quasicrystals, if the material constants Cy4, K>
and Rj3 are replaced by u, K; — K> and R, which hold for three-dimensional cubic

quasicrystals too, if the constants are replaced by Cas, K44 and Rya, respectively.
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14.4.2 Generalized Dugdale-Barenblatt Model for Plane
Elasticity of Two-Dimensional Point Groups 5 m,

10 mm and 5,5, 10,10 Quasicrystals

The linear analysis for a crack in plane elasticity in point groups 5 m and 10 mm as
well as in point groups 5,5 and 10, 10 of two-dimensional quasicrystals is given in
Sects. 8.3 and 8.4 of Chapter 8 in terms of the Fourier method and complex
analysis method, respectively, where we pointed out that if taking R = R,R, =0
then the solution on point groups 5,5 and 10, 10 will exactly reduce to that on point
groups 5 m and 10 mm. In the following, we discuss the nonlinear solution only
based on the complex analysis method.

For two-dimensional quasicrystals, a similar generalized Dugdale-Barenblatt
model to that given in the Sect. 14.4.1 is suggested as below, refer to Fig. 14.4.
That is, there is the so-called atomic cohesive force zone, or the plastic zone
macroscopically, with length d, temporarily unknown and to be determined. If we
suppose that the distribution of the atomic cohesive force distribution and magni-
tude of the atomic cohesive force o, = o (x) are known, furthermore ¢, = constant
within the zone, then the nonlinear problem is linearized already, in which o,
represents the macro-tensile yield strength of the quasicrystal. Therefore, the for-
mulation introduced above can be used to solve the present problem. The powerful
method for the problem is the complex variable function-conformal mapping
method, which was displayed briefly in Sect. 14.4.1. But the calculation is much
more complicated and lengthy than those listed in the previous subsection. The
detail of complex variable function-conformal mapping method is given in

F
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lg @ ———eg ]

2(a+d)

Fig. 14.4 Generalized DB model for two-dimensional decagonal quasicrystal
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Sect. 11.3.10 of Chapter 11 and Sect. A.3 of Major Appendix, and here we list the
final plastic solution only as follows.
The size of the plastic zone is determined as

d=a {sec (;f) - 1] (14.4.6)

which is similar to that given by (14.4.2), but the meaning is different. And the
crack tip opening displacement is for point groups 5 m and 10 mm quasicrystals

51:2@[ L, _& Hln sec(np)} (14.4.72)

7 |L+M MK, — R? 20,

and for point group 10,10

2 1 K
oy = Ied [ + 12 5 } [In sec (Eﬂ (14.4.7v)
n |[L+M MK, — (R +R) 20,

which is also similar to that obtained by (14.4.3) in which L =Cp,M =
(C11 — C12)/2 are phonon elastic constants, K; the phason elastic constant and
R the phonon-phason coupling constant, respectively. It is very interesting that the
solution (14.4.7a), (14.4.7b) exactly covers the solutions of crystals and conven-
tional structural materials, as K; = R = 0, e.g. for classical conventional materials

(EERILA (g gﬂ) = d0voeayy e (% 5), plane strain state

s=Crob=¢ M -
c Osd

Tln sec (%o,ﬂ) =T+ In sec (%Jﬂ), plane stress state

where k =3 — 4v for plane strain, and k' = 13:;, for plane stress, and v is the

Poisson’s ratio of the materials. So the solutions of crystals and conventional
structural materials are the specific cases of our solution of quasicrystals.
Figure 14.5 shows the normalized crack tip opening displacement dj/a versus
normalized stress p/a. and gives the comparison between quasicrystals and crystals
as well as the comparison between point groups 10 mm and 10, 10 quasicrystals.
The detail of solution including point group 10, 10 is given in Section A.3 of Major
Appendix.

Based on the parameter J; given by (14.4.7a) and (14.4.7b), we can suggest the
nonlinear fracture criterion for pentagonal and/or decagonal quasicrystals for the
Mode I loading as

81 = Orc (14.4.8)

in which Jy. denotes critical value of the crack opening displacement, measured by
experiment, a material constant.
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In linear elastic case, i.e. p/g. < 1, through a similar analysis like in previous
the crack tip opening displacement reduces to
G
5 =— (14.4.9)

Oc

where G is defined by (8.3.19), and this gives the simple connection between these
two parameters, so the criterion (14.4.8) can be reduced to the energy release rate
criterion for linear elastic deformation of the quasicrystals discussed in Chap. 8.

14.4.3 Generalized Dugdale-Barenblatt Model for Plane
Elasticity of Three-Dimensional Icosahedral
Quasicrystals

The schematic figure of the model for icosahedral quasicrystals is similar to
Fig. 14.4, the plastic zone is the same given by (14.4.6), and the crack tip opening
displacement is as follows:

1 s
01 = 1im 2u,(x,0) = lim 2u,(x,0) = 2< + C—“) o

Tp
-1 ——
T n sec(z as>

P—¢ /1+/l ()
(14.4.10)
in which
(uk, — R%)? 1 ik, — 2R?
=uK) —Ky) — R — =cR+ oK+ ———
o2 = (K 2) WK, — 2R’ €4 =0 +262 1+ Py

(14.4.11)
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The variation of normalized crack tip opening displacement versus normalized
applies stress is shown in Fig. 14.6.

14.5 Nonlinear Analysis Based on the Generalized Eshelby
Theory

In the previous section, we obtained some nonlinear solutions for one-, two- and
three-dimensional quasicrystals by using some simple physical models. We will
show that those solutions have some inherent relations to the generalized Eshelby
theory originated from the classical reference [13] for crystals. Fan and Fan [14] did
some work to extend the classical Eshelby model for crystals to that for
quasicrystals

14.5.1 Generalized Eshelby Energy-Momentum Tensor
and Generalized Eshelby Integral

Fan and Fan [14] (can also refer to Refs. [17, 18]) defined the generalized Eshelby
energy-momentum tensor as

8ui 8Wj



14.5 Nonlinear Analysis Based on the Generalized Eshelby Theory 363

where F is defined by (14.3.1) and #n; the unit vector of outward normal at any point
of an arc in a quasicrystal, and at which there are:

Gl'jl’lj = T,‘, H,'jl’lj = hl'

where T; denotes the traction vector, and /; the generalized traction vector, shown
in Fig. 14.7.
Furthermore, we define an integral such as

E:/Gdr (14.5.2)
r

in which I' is an integration path enclosing a crack tip in the material. To memorize
Eshelby, the integral is named generalized Eshelby integral. The integral exhibits
path-independency. In Sect. 14.8, i.e. Appendix of Chapter 14, the proof on the
path-independency of the integral is given.

Because the integral presents this important character, it has some applications in
fracture analysis of quasicrystals.

Another important character is the value of the integral is equal to the energy
release rate Gy (under Mode III loading), or Gy (under Mode II loading), or Gy
(under Mode I loading) of one-, two- and three-dimensional quasicrystals when the
material is in linear elastic deformation state. The mathematical proof about this is
provided in Sect. 14.8, i.e. Appendix of Chapter 14.

The features of the generalized Eshelby integral (14.5.2) exhibited above imply
that it may be significant for the analysis of nonlinear fracture of quasicrystals. In
the following, an application for this purpose is discussed.

Fig. 14.7 Path of the A vl
generalized Eshelby integral

(o]

- B/ ll
A ()
\ o
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14.5.2 Relation Between Crack Tip Opening Displacement
and the Generalized Eshelby Integral

By using the path-independency of E-integral (14.5.2), we take the integration path
I' as given by red colour and shown in Fig. 14.8 and let the path closing to the
surface of the plastic zone as near as possible. Now the integration path is [, cp»and
along segment AB and BC, i.e.

dy=0, T;=0, Th=o0,, h =0, hy=H

so that

B
E:/GdF: / GdF—/(oCa”ydx+HcaWydx>
J Ox Ox (14.5.3)
A

ACB

= oc[(uy)p — (uy)4] + He[(wy) g — (Wy)a] = 0cl(uty)p — (y)4] = 0c61

This proves the relation between the generalized Eshelby integral and crack tip
opening displacement, and it shows the E-integral presents an equivalency to the
crack tip opening displacement, where o, is the atomic cohesive force (or the plastic
yield strength in macroscopic sense). In general, o, can be understood the cohesive
force of phonon field; similarly, we can introduce H,. as the “generalized atomic
cohesive force” of the phason field of quasicrystal material. In microscopy, the

2Aa+d)

Fig. 14.8 Integration path for evaluating crack tip opening displacement
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quantity H. is meaningful, but it has not been measured macroscopically at present;
the effects of which are omitted in formula (14.5.3) for this reason.

For Mode II and Mode III crack the proof is similar.

Since by generalized BCS model (refer to the next section) and generalized DB
model, one can obtain the same result on crack tip opening displacement, which is
also a direct result of generalized Eshelby integral for quasicrystals, and we realize
that the generalized Eshelby energy-momentum tensor theory is the uniform
physical basis of the two models.

14.5.3 Some Further Interpretation on Application
of E-Integral to the Nonlinear Fracture Analysis
of Quasicrystals

The above subsections and the appendixes exhibit the generalized Eshelby integral
can be as a uniform basis of generalized BCS model as well as generalized DB
model for nonlinear fracture analysis of some one-, two- and three-dimensional
quasicrystals. We suggest taking the E-integral as a fracture parameter, and

E=E, (14.5.4)

as fracture criterion, where E. is the critical value of the integral, a material con-
stant, which can be measured through some conventional specimens, and the dis-
cussion will be given in Sect. 14.8—Appendix of Chapter 14.

Though the measurement of the critical value of generalized Eshelby integral
may be easier, the evaluation of values of E-integral for plastic deformation of
quasicrystals is very difficult. Therefore, the implementation of the criterion (14.5.4)
is not so convenient in practice. Instead, people can use the fracture criterion of
crack tip opening displacement considering the equivalency between the crack tip
opening displacement J(Jy, oy, o) and E-integral. Elastoplastic crack solutions for
some one-, two- and three-dimensional quasicrystals have been found based on the
generalized Dugdale-Barenblatt model, refer to Refs. [14, 18, 27], in which the size
of the plastic zone and crack tip opening displacement are determined, with these
data an equivalent plastic fracture criterion is suggested in the previous section as

5 =6 (14.5.5)

in which . represents the critical value of the crack tip opening displacement, a
material constant. The evaluation of crack tip opening displacement has been
exactly completed for large plates with central crack and narrow plastic zone and
introduced in Sect. 14.4 or refer to Refs. [14, 18, 27], and some approximate
solution for other configuration may be obtained by complex variable function
method (an outline of the method was interpreted in Refs. [14, 18, 27]) and other
methods (mainly the approximate methods and numerical methods). The
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shortcoming of this procedure lies in some difficulties of the determination of J,
but which can be obtained through relation

§e == (14.5.6)

and the Sect. 14.8 shows the measurement of E. be easier. So the collaboration of
criterions (14.5.4) and (14.5.5) makes the nonlinear fracture analysis for qua-
sicrystals being available. Some details are given in the Appendix of this chapter
(i.e. Sect. 14.8).

14.6 Nonlinear Analysis Based on the Dislocation Model

We pointed out at the beginning in this chapter that in the study on the classical
plasticity there are two different theories: one is the macroscopic plasticity theory
and the other is the so-called crystal plasticity theory; to some extent, the latter can
be seen as a “microscopic” theory which is based on the mechanism of motion of
dislocation. We discussed quite more dislocation solutions in Chap. 7 for one- and
two-dimensional quasicrystals and in Chap. 9 for three-dimensional quasicrystals;
those results are helpful to explore the plastic deformation and fracture of the
material. Because this analysis need not rely on nonlinear macroscopic constitutive
law, it reduces a great difficulty in mathematical treatment. With some results of
dislocation solutions, here we focus on the discussion concerning plastic flow
around crack tip for some one-, two- and three-dimensional quasicrystals,
respectively.

14.6.1 Screw Dislocation Pile-Up for Hexagonal
or Icosahedral or Cubic Quasicrystals

For the topic the basis is the generalized BCS model developed by Fan and
co-workers [8], which is stated as below.

Assume there is a Griffith crack with length 2 [ along the direction of z-axis in a
one- or three-dimensional quasicrystal, subjected to a shear stress (> at infinity
see Fig. 14.9. Around the crack tip, there is a dislocation pile-up with size d which
is unknown so far to be determined. Within the zone of dislocation pile-up, the
material presents plastic flow, and the stress gy, is equal to the critic shear stress 7,
the atomic cohesive force, or the so-called flow limit of the material macroscopi-
cally. For simplicity, the external applied stress at the infinity can be removed;
instead, it is applied at the crack surface. The latter is equivalent to former from
point of view of fracture behaviour for any studied systems. This is the generalized


http://dx.doi.org/10.1007/978-981-10-1984-5_7
http://dx.doi.org/10.1007/978-981-10-1984-5_9

14.6 Nonlinear Analysis Based on the Dislocation Model 367

T(:’(*)

OCRORONONTHORORONO

To R RO T¢
Qo Qg Qo T
=~ L= >

Te | ® ®® (ORONON iy P8
! d 2 d—-‘

XXX XX XK

7()

Fig. 14.9 Schematic picture of a crew dislocation pile-up coupled with a crack in anti-plane
elasticity of quasicrystals

BCS model for quasicrystals. The origin of the model was given by Bilby et al.
[20, 21] for crystals. The Ref. [8] developed model to the study for some one- and
two-dimensional quasicrystals. The model can be formulated by the following
boundary conditions for anti-plane elasticity:

E+P)?—o00: 6;=0, H;j=0
=0, |x<l: og,=- H,=0 (14.6.1)
0, I<px|<l+d: o,=-141.=0, H,=0

For some detailed statements about the formalism, readers can refer to Ref. [18].The
boundary conditions (14.6.1) have been shown that the nonlinear (plastic defor-
mation) problem is linearized mathematically. So it has been transformed into a
linear problem (or an “equivalent” elasticity problem) described by the final gov-
erning equations

Viu, =0, V?w,=0 (14.6.2)

The boundary value problem (14.6.1), (14.6.2) is the problem solved in Sect. 14.4,
where the complex variable function method-conformal mapping method was used,
but there is a simpler procedure to solve it if we need only some plastic deformation
parameters around crack tip and if we have a dislocation solution, the latter is given
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by Sect. 7.1. For this purpose, we first introduce a dislocation density function f(&);
then, problems (14.6.1) and (14.6.2) can be transformed into the following singular
integral equation problem such as

Rt
L/ S (14.6.3)

in which ¢ denotes the dislocation source point coordinate, x the field point coor-
dinate at the real axis and L represents interval (/,/+ d). From the dislocation
solution given in Sect. 7.1, the constant A is defined by

(CuKs — R)D)
27'EK2

A=— (14.6.4)

and the shear stress distribution is

7(x) = { _T(OO)’ x| <1

—t(®) fr. I<|x|<l+d
which comes from the boundary condition (14.6.1).

In terms of the Muskhelishvili [26] theory, Fan et al. [8] solved the integral
Egs. (14.6.3) under condition (14.6.4), the solution is

o (+d) . d
f) = - nzA\/ /\/é+ Ltd) )é X

1 [x+(+4d) (. o 1
=y x—(l—&-d){l{ ecos” (| — T
2 2
T Ll 0+d) —Ix Ll (+d) +Ix
pt ST TR et ) T
T2a N urai=—n| " [uraity

Because the f(x) should be a real number, the factor multiplying the imaginary
number i must be zero in the first term of right-hand side of (14.6.5); this leads to

l
27.cos” ! <l—|——d> — ¥z =0

(™)
d= l[see( G ) - 1} (14.6.6)

This is the same of (14.4.2) if [ is replaced by a.
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From solution (14.6.5), we evaluate amount of dislocations N(x) such as
Ve = [ ro (14.6.7)
0

Substituting (16.6.5) [coupled with (14.6.6)] into (14.6.7), we can get N(I+ d) and
N(I), so the amount of dislocation motion is

wlie, (- 1+d 4Kyl r(%)
Sm = bUN(I+d) — N(D)| = 2232 (1 — <
m = b3[N(I+d) 0] 24 (N A(Cuks — ) n sec T
(14.6.8)

This is the same of (14.4.3) apart from difference of some notations.

14.6.2 Edge Dislocation Pile-Up for Pentagonal
or Decagonal Two-Dimensional Quasicrystals

For plane elasticity, the corresponding problem is “edge” dislocation pile-up
problem shown in Fig. 14.10; here we consider the pile-up in the pentagonal or
decagonal two-dimensional quasicrystals. There are the boundary conditions

(x* y2)1/2—>oo: 0; =0, H;j=0

_|_
=0, |x<l: ou=-1 H,=0, 6,=0, H,=0
0

y
y=0, I<|x|<i+d: o¢,=-1"41, H,=0, 0,=0, H,=0
(14.6.9)
and the governing equation
VAVAV2AV2FE(x,y) = 0 (14.6.10)

Instead of solving the boundary value problem (14.6.9) and (14.6.10), one can
determine a dislocation density which satisfies the Eq. (14.6.3) if the relevant
quantity A is known beforehand.

In the singular integral equation, the shear stress distribution function t(x) is the
same as previous subsection, but here A is replaced by

bl (L+M)(MK, - R?)
T n (L+M)K, + (MK, — R?)

A (14.6.11)

which has been found in solution of Sect. 7.2 for point groups 5 m and 10 mm
quasicrystals.
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Fig. 14.10 Schematic picture of an “edge” dislocation pile-up coupled with a crack in plane
elasticity of quasicrystals

According to the condition concerning factor multiplying the imaginary i to be
zero in (14.6.5), the plastic zone size is determined by (14.6.6); this is similar to
(14.4.6), but there are some differences in physical meaning.

A similar calculation on amount of dislocation motion we can obtain the slip of
the crack tip such as

5 21 | 2N 2wl 1 K 27(%)
="L1n sec = n sec
= 72A T, n \M+K, MK, —-R? Te

(14.6.12)

It is evident the result of (14.6.12) is similar to that of (14.4.7a), (14.4.7b), but the
physical meaning is different. According to the macroscopic fracture mechanics, the
crack tip slips corresponding to the Mode II crack tip displacement (i.e. the crack tip
sliding displacement) oy. But for the Mode I crack tip opening displacement
(14.4.7a), (14.4.7b), there is no physical basis of dislocation model, though the
similar mathematical treatment can be easily given, which is omitted here.

The dislocation model provides a powerful support to the generalized cohesive
force model and generalized Eshelby model presented in the previous sections;
even if there is a difficulty physically, we are unable to derive oy directly from the
model and results in a slight faulty aspect of the procedure.

14.6.3 Edge Dislocation Pile-Up for Three-Dimensional
Icosahedral Quasicrystals

For three-dimensional icosahedral quasicrystals, the relevant dislocation pile-up
problems can be formulated as
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(x2+y2)1/2—>oo: 0;=0, H;=0

0)

y=0, |x<li: ayxzf‘f( , Hyx=0, 0,=0, H,

. w=0, 0,=0, H,=0,
y=0, I<lx<i+d: ou=-141, H,=0, 6,=0, H,=0, 0,=0, Hy,=0,

VAVAVAVAVAVAF(x,y) = 0

The solution through the dislocation density method can be offered similar to
above. Because the formulas are too lengthy (please refer to Sect. 9.6 for the dis-
location solution that is the basis of the present method), the discussion is omitted.

14.7 Conclusion and Discussion

This chapter discussed the deformation and fracture exhibiting nonlinear behaviour
of quasicrystals, and this is a topic which has not been well studied so far. The
discussion in the chapter shows that the nonlinear elastic constitutive equation pos-
sesses some meaning for the investigation due to lack of plastic constitutive equation
at present. The generalized Eshelby principle based on the nonlinear elastic consti-
tutive law plays an important role in revealing the fracture behaviour of quasicrystals
under nonlinear deformation which may be a basis of generalized DB model to some
extent. We realize that the generalized Eshelby principle and generalized DB model
are based on the macro-nonlinear continuous mechanics of quasicrystals. The gen-
eralized BCS model developed in Sect. 14.6 emphasizes dislocation mechanism for
the plastic deformation, which is a “microscopic” model and different from those of
the generalized DB hypothesis as well as the generalized Eshelby principle at
physical basis and methodology. The attractiveness is that results derived from these
quite different hypothesizes are in exact agreement with the study.

The reader can find that even if there is a lack of plastic constitutive equations
for quasicrystals so far, the nonlinear analysis explored in this chapter (including
the text and appendixes) with considerable achievements and meaningful descrip-
tion encourage us to furthermore explore the physical nature and mathematical
solution in the field.

14.8 Appendix of Chapter 14: Some Mathematical Details
14.8.1 Proof on Path-Independency of E-Integral

Consider a single-connected region D with a closed boundary C. From the Green
formula, the first, second and third terms of the left-hand side of the integral
(14.5.2) will be
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/FnldF /FdXQ /‘/a dxlde
X1
Ou; Ow; 8, ow;
/ (0,,11,8 + Hjjn; aw)dr // (O‘U " ,jaw)dxldxz
c

So that

Ou; ow
/GdF // [8}61 ax,< ioe T Hi )]dxldxz (14.8.1)

Meantime, (14.3.2) provides that

OF _OF 0y | OF dwy _ Oy . Owy
8)61 - 8£,~j 8x1 6‘wij Bxl - ljaxl i (9)61

g, DL (O 0w\ O (Owi
_O-U 8)61 2 8xj Bx,- ”8x1 5‘xj
0 (Ou; 0 (0w
=0g;— | — H:— | —
%i 8)61 (8)6]‘) + ”axl (8)Cj)

here the symmetry of tensor &; [given by the first equation of (14.3.3)] is used. The
above result can be rewritten as

8_F_£ a--% 80,, Ou; + 8 0 Oow; _8Hl;,-8wi
ox; Ox; Y 0xy 0x; 8x1 0x; y 8x1 O0x; Oxy

_ 0 (0 gy OWi
_8xj a”(?xl U@xl

in the last step in driving (14.8.2), the equilibrium Eq. (14.3.4) is used.
Substituting (14.8.2) into (14.8.1), we have

/GdF:O

Cc

(14.8.2)

If taking C = I' + BB’ — I + A’A in which I" is a path similar to I', and these two
curves intersect the upper face of the crack at points B and B', and the lower face at
points A and A’, respectively. Due to

dXdey:O, Ti:O, h,ZO
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at the segments BB’ and A’A, there are

GdI' =0, /GdF = / GdIrr

BB +A'A r r

Because I' and I" are arbitrary paths satisfying the requirements of E-integral
definition, the last equality proves its path-independency.

14.8.2 Proof on the Equivalency of E-Integral to Energy
Release Rate Under Linear Elastic Case
Jor Quasicrystals

In the text of this chapter, we argue that the E-integral is equivalent to the energy
release rate when the quasicrystals are in linear elastic deformation state; the
mathematical proof about this is given here. The proof can be done for one-, two-
and three-dimensional quasicrystals and for Mode I, Mode II and Mode III cracks.
For simplicity, here we only discuss Mode III crack for one-dimensional hexagonal
quasicrystals, but it is valid for other quasicrystals as well.

At linear elastic case, the generalized Hooke’s law

0jj = Cijen + Rijuwu

Hjj = Kjjuwi + Ryijén
is reduced to

Oy; = Oy, = 2Cu8y; + R3wy,
Oy = Oy = 2C448, + R3wy,
H, = Kow,y, +2R3¢;,
H,. = Khw,. +2Rz¢e,

for the phonon-phason coupling anti-plane shearing (or longitudinal shearing) state
in elasticity of one-dimensional hexagonal quasicrystals; one finds the free energy
density (or strain energy density) as

1
F=Cu(e, +e.)+ 5Kz(ng FW2) A+ Rs(Ewae + &yw2y) (14.8.3)
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Substituting the crack solution given in Chap. 8 into (14.8.3), we have

1 2 2
F=— ¢ {KK”—RKL} 2K {C KL—RK”}
4(Caakr — R§){ 44 | KoKy — R3Kyy | + 2K | Cag Ky — R3Kyy

+2Rs [ KoKl — RoKi] [ Caaki — Raky] }

(14.8.4)

where KIHH = /mat, and Kjj; = \/mat, are stress intensity factors associated with
phonon and phason fields, respectively.

Integrating the quantity given by (14.8.4) along a path enclosing the crack tip, one
can obtain the first term of the E-integral. Because of the path-independency of the
integral, we can take a half-circle with the crack tip as its origin and with radius r, so that

/de:/FrcosﬁdH:O (14.8.5)

where (r, ) denote the crack tip coordinates.

Now we calculate the second and third terms of the integral.

According to the definition of Sect. 14.3, it is known that between the traction,
generalized traction and the phonon, phason stresses there are

T, = one + 0yny = 0,08 0+ 0., sin 0
h, = Hyne + Hyny = H, cos 0 4 H,, sin 0

by substituting the crack solution given in Sect. 8.1 into the above formulae we find

1 1
T. = < sin20, ;= Kijysin > 0 (14.8.6)

1 1
vV2nr \2nr
Based on the crack solution given in Sect. 8.1, there are

Kty — Ryt
u, = M\/Zarsm 0

Cuka = R (14.8.7)
Cuto — R3ty  — h
W, = m 2ar s1n 9

In addition

9 _090r 900 09 ol
ox aroxr Taoax V% 0%
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Substituting these results and relations into the second and third terms of the
integral, we obtain

—T
Ou; ow; Ko (Kfy)” + Caa(Kif)® — 2RsK Ky
_ M g OV gr = 14.8.8

/ <Jjnj 8x1 + i 6)61) C44K2 — R% ( )

n

From (14.8.5) and (14.8.8), we find that

2 2
K (Kiy)” + Caa(Kif)* — 2R3 KKy _

Em = Coaky — I Gm (14.8.9)
which is just (8.1.25) given by Chap. 8.
Similarly
Er =Gy (14.8.10)
and
Ey = Gn (14.8.11)

where the suffixes mean the Mode I, Mode II and Mode III of the cracks. The above
demonstration indicates that the generalized Eshelby integral is equivalent to energy
release rate of crack in linear elasticity of quasicrystals.

Under plastic deformation of quasicrystals, in general, the generalized Eshelby
integral does not represent energy release rate; the reason of this is the unloading
can appear due to crack extension, and stress—strain relations described by (14.3.1)
and (14.3.2) do not remain one to one correspondence, and the physical background
of the E-integral will be broken down. But if we define the potential energy per unit
thickness for a plane (i.e. a two-dimensional) region Q occupied by a quasicrystal
and denote the boundary of which by I

V= /Fdxdy — / (Tiu; + hyw;)dI’ (14.8.12)
Q r
then the total potential energy is
IT =BV (14.8.13)
where B denotes the thickness of the specimen, and there is relation

311 1311

E=—%A~ "B

(14.8.14)
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where E-integral can be expressed only by the “difference quotient” rather than the
“differential quotient”. The difference quotient is not energy release rate, and it only
represents the ratio between individual difference of the energy over difference of
crack length for the same configuration specimen but with different initial crack
lengths. Considering the situation, the physical meaning of (14.8.14) is left for
further discussion. Even if there is the faulty aspect, (14.8.14) provides useful
application for calibrating the measurement data of the integral in experiments. The
relevant discussion will be done in the next subsection.

14.8.3 On the Evaluation of the Critic Value of E-Integral

The E-integral provides not only the theoretical basis for generalized BCS model as
well as generalized DB model, but also an effective tool for measuring the material
constants E. and .. We mentioned that the measurement of J. is difficult, whereas
the measurement of E. is easier. Due to the connection between these two quan-
tities, the value of the former can be obtained from that of the latter.

At low and conventional temperatures, quasicrystals present brittle behaviour,
and the fracture belongs to linear elastic fracture, and the measurement of fracture
toughness can be carried out by indentation technique, see, e.g. Mong et al. [19]. At
high temperature, the materials present large plastic deformation and the mea-
surement can be done by bending experiment, in which the three-point bending
specimen, see Fig. 14.11, is one of the most useful specimens. There are two
procedures either by multi-specimens testing or by single specimen testing.
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Fig. 14.11 Three-point bending specimen
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Fig. 14.12 Depiction of the P
specimen deformation energy

For simplicity, we here discuss the procedure by single specimen testing only.
For the three-point bending specimen shown in Fig. 14.11, based on formula
(14.8.14), the value of E-integral is approximately

2U
E= g —a (14.8.15)

where W represents the width, B the thickness of the specimen and U the area under
P — A curve (shown by Fig. 14.12), i.e.

U:/PdA (14.8.16)

in which P is the load (force per unit thickness) at loading point, and A the
displacement of the same point. When one observes the initiation of crack growth,
the value of E-integral is marked as the fracture toughness of the quasicrystal.

If the phason field is absent, the material is reduced to conventional structural
material including crystals. In this case, the E-integral is reduced to conventional
Eshelby integral or J-integral; the latter was introduced by Rice [22] and
Cherepanov [23] after 11 years compared with the Eshelby early publication [13],
but the work of Rice has been systematically developed, especially Begley and
Landes [24, 25] put forward the experimental study on J-integral, further promotes
the development of nonlinear fracture theory and its applications for conventional
engineering materials, these experiences would be helpful for the experimental
study of nonlinear fracture of quasicrystalline materials.
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Chapter 15
Fracture Theory of Solid Quasicrystals

Solid quasicrystals are brittle, and the study on fracture behaviour of the material is
significant. In the previous chapters, many of crack problems are investigated, and
the exact analytic, approximate and numerical solutions are constructed; this pro-
vides a basis for discussing the fracture theory. The exact solutions of crack
problem of quasicrystals present particular importance, which reveal the essential
nature describing fracture behaviour of this kind material. The first exact analytic
solution on a Griffith crack in decagonal quasicrystals was given by Li and Fan [1]
in 1999. Afterwards, the author and co-workers in Refs. [1-3] developed the idea of
linear elastic fracture mechanics of quasicrystals based on the common feature of
crack solutions obtained in that date. Trebin et al. [4] discussed the relevant topic
from the other point of view. Recently, Fan and Guo [5], Zhu and Fan [6] and Li
and Fan [7] observed the analytic solutions of cracks in three-dimensional icosa-
hedral quasicrystals, Fan and Fan [8, 9] and Li and Fan [15] and Fan et al. [16]
found the plastic analytic solutions of cracks and Zhu and Fan [10] and Wang et al.
[11] carried out the numerical analysis on dynamic crack of quasicrystals, respec-
tively. And the measurement of fracture toughness of the material is also reported
[12]. The quite fruit information mentioned above suggests to be needed to give a
summary on the fracture study of quasicrystals. This chapter undertakes a task and
may put forward some pointers for the fracture theory of quasicrystals.

15.1 Linear Fracture Theory of Quasicrystals

The descriptions on crack solutions in different chapters reveal some common
nature of stress field and displacement field around crack tip. For all exact solutions
of cracks of one-, two- and three-dimensional quasicrystals in linear elasticity
regime, the resulting expressions of stress and displacement components hold with
respect to arbitrary variables x and y. In addition, we found a quite lot of solutions
of cracks of dynamic state and nonlinear behaviour of quasicrystals, and some
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common features are also exhibited. At first, we analyse the linear elastic solutions.
As indicted in Sect. 8.1, within the framework of linear elasticity and infinite-sharp
crack model, stress near crack tip, i.e.

rija<1, (15.1.1)

stresses for phonons as well as for phasons appear singular in order of rfl/ 2
(r; — 0), and other terms can be ignored when compared to this term. Although
stress singularity is implausible, it is the result of idealized mathematical model.
Quite a few researchers indicated its severe weakness in theory and the paradox of
its methodology [1, 2]. However, prior to the actual establishment of more rea-
sonable fracture theory, we still continue using this theory in expectable near future.

If temporarily accepting this theory, we focus on the field variables near crack

tip. If in (8.3.14) only keeping the term in order of (r /a)fl/z, we have

K 1 1 3
O = cos—01( 1 —sin=0; sin-0
A %2 1( HUising 1)

1 103
y = ! cos—91<1+sm§9151n§91>

Oy = Oy = \/[%71008591 cos%@l
H,=— dzzlﬁl sin 0, (2 sin%@l + %sin 0, cos%@l)
H,, = %’%%sinz 01 cos%f)l
Hy,=— j/z%%sinz 0, sin%()l
Hy, = jl/22lf_rllsin01 <ZCOS;01 —%sin@l sin;01> (15.1.2)

where dy; = R(K| — K3)/4(MK; — R?) given in Sect. 8.3 and

KlH = lim /27(x — a)oyy(x,0) = /7ap, (15.1.3)

x—a”*
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in which

01y (x,0) = (1) h>a (15.1.4)
' -p x| < a

it is one of results of Sects. 8.3 and 8.4, and (15.1.3) represents a physical
parameter describing the fracture behaviour of quasicrystals under Mode I loading
condition.

The physical meaning of the generalized surface forces h; = Hyn; is clear, but
have not been measured so far, and we do not consider #; at the physical boundary
(simply assume zero). Therefore, we only obtain the K ”, but the stress intensity
factor for phason field still exits if we do not assume the generalized tractions #; to
be zero. Can we use the stress intensity factor KlH in the parallel space (physical
space) as the physical parameter to control the crack stability (instability) in qua-
sicrystals? This only depends upon tests.

It can be found that KIH given by (15.1.3) is not directly related to the material
constants of quasicrystals in the case for any self-equilibrium applied stress state (this is
similar to that for conventional fracture mechanics for structural materials).
Nevertheless, itdoes not mean thatitcannot be used as the physical parameter to govern
the crack stability/instability in quasicrystals. Further study is needed in this topic.

But the displacement field concerning crack is strongly related to material con-
stants (this is also similar to that of conventional fracture mechanics for structural
materials), and we must distinguish the results for different quasicrystal systems.

For point groups 5-m and 10-mm quasicrystals, it can be found from (8.3.17) that

0 |x| > a
uy(x,0) = 15.1.5
»(x:0) %(MKITLRZ + L+1M> a’—x* |xl<a ( )

wy(x,0) =0, |x[<oo.

The strain energy of the system due to the existence of crack is

Wi =2 [ (3(1,0) @ Hy (5,0) 1 (5, 0) @ w,(x,0)

0
a

:2/(;},y(x,o)uy(x,0)dx (15.1.6)
0

_nazp2 1 n K
T 4 \L+M MK, -R?

which is called crack strain energy with the suffix “I” to indicate the Mode I crack.
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It can be found from solution in Sects. 8.3 and 8.4 that under the assumption of
generalized surface traction h; = Hyn; being free, the crack strain energy is still
relevant to both the elastic constant K; of the phason field and the phonon-phason
coupling elasticity constant R apart from relevant to the phonon elastic constants
L=Cpp, M =(C — C12)/2.

Similar to Sect. 8.1, we define the strain energy release rate (crack growth force)
for point groups 5 m and 10 mm

10W, map? 1 K
“=2%a = 4 \Lim "MK -R
. < ! (15.1.7)
— 1 N2
=- K,
4<L—|—M+MK1 —R>( 1)
for point groups 5,5 and 10, 10 quasicrystals
LK) +K>) +2(R: +R3
G, = LK1+ K2) 2Ry + 2)(1<I“)2. (15.1.8)
8(L+M)c
c=M(K, +K,) —2(R}+R3)
and for icosahedral quasicrystals
L1 ) gy
G =-|——+ = |(K 15.1.9
=5 (s + )b (15.19
o R(2K; — K1) (uK; + uk; — 3R?)
b 2(uK; — 2R?)
(K — ko) — B — K R
Cc3 = — — - =
3 = py 2 WK, — 2R?
3Ky +2c¢iR
G =—
MK] — 2R2

which also indicate that the strain energy release rate relating is not only the phonon
elasticity constants L = Cy5, M = (C;; — C12)/2, but also the phason elasticity
constant K, K, and phonon-phason coupling constants R; and R;.

In the above relations, for point groups 5 m and 10 mm, due to L+ M > 0,
MK; — R*> >0, M+ L > 0 and crack energy Wj and crack energy release rate Gi
are all positive, meaningful in physical sense. For point groups 5, 5 and 10, 10, there
are icosahedral and other quasicrystals too.
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Considering the obvious physical meaning of Gy, we recommend
G1 = Gc (15.1.10)

as the crack initiation criterion, where Gic is the critical value, a material constant
determined experimentally. With the availability of explicit expression Gy, the
measurement of Gic is convenient, to be discussed in the next section. The above
results have been documented in Chaps. 8 and 9 and the relevant references.

With these common features of cracks in quasicrystalline materials, the funda-
mental of fracture theory for the material can be set up.

15.2 Crack Extension Force Expressions of Standard
Quasicrystal Samples and Related Testing Strategy
for Determining Critical Value Gic

Mong et al. [12] measured the fracture toughness for AlgsCu,yCo;s decagonal
quasicrystal by using nonstandard specimen, because in that time, there were lack
of expressions on stress intensity factors and energy release rate for quasicrystalline
material. In addition, the measurement of fracture toughness used nonstandard
approach, e.g. indentation approach.

During the characterization of mechanical properties of quasicrystals, similar to
conventional structural materials, standard samples are expected to use, such as
cracked samples. Here, we recommend three-point bending specimen shown by
Fig. 14.11 in Appendix of Chap. 14 and compact tension specimen shown in
Fig. 15.1 for determining Gic. The corresponding Gy expressions are obtained by
extending the formula (15.1.7) and others.

15.2.1 Characterization of Gy and Gic of Three-Point
Bending Quasicrystal Samples

Due to KIH independent of material constants, according to fracture mechanics, the
stress intensity factor corresponding to the three-point bending specimen as shown
in Fig. 14.11 in Appendix of Chap. 14 is

) (a 1/2 (a)3/2 (a)5/2 (a)7/2 (a)9/2
K'=—+(29(— —4.6(— 21.8(— —37.6(— 38.7(—
! BW3/2[ W) w) w w) " w

(15.2.1)
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Fig. 15.1 Compact tension specimen for measuring fracture toughness of quasicrystalline

material

Therefore, extension of (15.1.7) leads to
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(15.2.2)

for point groups 5-m and 10-mm quasicrystals, where S is the sample span, B the
sample thickness, W the sample width, a the crack length plus the size of the
machined notch and P is the external force (per unit length). Finally, the Gic value
can be determined by measuring the critical external force Pc. For other qua-

sicrystal systems, there are similar results.

15.2.2 Characterization of Gy and Gic of Compact Tension
Quasicrystal Sample

It can be found in fracture mechanics that the stress intensity factor of the compact

tension specimen as shown in Fig. 15.1 is
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Kl - B;‘z/z [29.6(%)1/2—185.5(%>3/2

N5 N2 2N92 (15.2.3)
+655.7(5) " —1017.0() T +6389(17) ]
Therefore, for point groups 5-m and 10-mm quasicrystals.
1/ 1 K P 1/2 3/2
Gi=+ TR 20.6(<)  —1855(:)
4\L+M MK, —R?) BW3/2 w w
(15.2.4)

ans/2 aN7/2 an9/2
+655.7(—) —1017.0(—) +638.9(—) ]
w w w
where B, W, a and P have the same meanings above. The Gjc value can be

determined by measuring the critical external force Pc. For other quasicrystal
systems, there are similar results.

15.3 Nonlinear Fracture Mechanics

In the regime for nonlinear deformation of quasicrystals, the stress intensity factor
and energy release rate cannot be used as a fracture parameter, and we must carry
out elasto-plastic analysis, and the exact solutions of the crack problems have not
been obtained except a few of special cases. Fortunately, this difficult topic has been
discussed in Chap. 14 in detail, and now, it is needed listing some key points only.

Instead of stress intensity factor and energy release rate, the crack tip opening
displacement or Eshelby integral may be a parameter characterizing the mechanical
behaviour of crack tip under nonlinear deformation of quasicrystals. These quan-
tities are strongly related to material constants, so the discussion must be done for
distinguishing quasicrystal systems.

For one-dimensional hexagonal quasicrystals, we have obtained the crack tip
sliding displacement for Mode III crack as

4K>T.a Ty
om=——7——->-11 15.3.1
" n(Cuks - R) {n e (2%” ( )

and for two-dimensional quasicrystals with point groups 5 m and 10 mm, the crack
tip opening displacement for Mode I crack is

2c.a 1 K, p
& = 1 153.2
s [L+M T MK, —RZ] [“ Sec(zcc)} (153.2)
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For icosahedral quasicrystal, the crack tip opening displacement is

1 5
01 = 1im 2u,(x,0) = lim 2u,(x,0) = 2< n C—“) % sec <g£>

0~ i+pn ) w o,
(15.3.3)
in which
(uk, — R2)? 1 1K, — 2R
=uK) —Ky) — R -~ =cR+ o K+ ———
c2 = u(K, 2) WK1 —2R? ¢4 =R+ 262 1+ Tt
(15.3.4)

R(2K>— K1) (uK, + 1K> —3R?)

2(1uk, —2R?) :
Fig. 15.2 shows the crack tip opening displacement versus applied stress.
And the size of plastic zone around the crack tip is

T
= -1
d a[sec <2Tc> }

for one-dimensional hexagonal quasicrystals and

()

for two-dimensional quasicrystals with point groups 5 m and 10 mm.

with ¢; =
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And we have fracture criterion for Mode I crack

01 = Orc (15.3.5)
For Mode II and Mode III crack, there are similar criteria, which have been
discussed in Chap. 14.

As pointed out in Chap. 14, the Eshelby integral can also be as a fracture
parameter, and based on which one can set up a fracture criterion, the full dis-
cussion can be found there.

The experimental measurement of nonlinear fracture toughness of quasicrystals
has been introduced in Appendix of Chap. 14, and it does not mention any more.

15.4 Dynamic Fracture

As we have known from Chap. 10, the study on dynamics for quasicrystals presents
difficult situation, so the study for dynamic fracture.

Nevertheless, Chap. 10 provides some beneficial data for us.

By taking the so-called phonon-phason dynamic equation system for qua-
sicrystals, the dynamic crack initiation problem can be solved by the finite differ-
ence method. In linear case, the crack dynamic initiation can be described by
dynamic stress intensity factor, and for some samples, the results are listed in
Chap. 10, which are sensitive functions of loading type, loading rate and sample
geometry, including crack geometry. One of results can be seen in Fig. 15.3.

With the results, we can propose the fracture criterion for dynamic crack
initiation

Ki(f) = Kia(6) (15.4.1)
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in which Ki(z) is the dynamic stress intensity factor evaluated by different
approaches, and Kiq(6) represents the dynamic fracture toughness for the initiation
of crack growth of the material and is measured by test, a material constant, but is
function of loading rate ¢. While for fast crack propagation/crack arrest problems
we have results, e.g. shown in Fig. 15.4 for central crack specimen, there is fracture
criterion such as

Ki(t) <Kip(V) (154.2)

where Ki(z) is also the dynamic stress intensity factor, a computational quantity,
while Kip(V) denotes the fracture toughness for fast propagating crack and must be
measured by test, a material constant, but is the function of crack speed V = da/ds.
In (15.4.2), the equality sign represents crack propagation condition, and the
inequality sign marks the crack arrest condition.

15.5 Measurement of Fracture Toughness and Relevant
Mechanical Parameters of Quasicrystalline Material

Reference [12] reported the measurement of fracture toughness of two-dimensional
decagonal quasicrystal AlgsCuyyCoys as well as three-dimensional icosahedral Al-
Li—Cu quasicrystal, and the authors used the indentation approach.
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15.5.1 Fracture Toughness

The material is locally pressed, the crack around the indentation will appear as the
compressible stress reaches a certain value and this describes the ability of fracture
of the material along the direction of the compressible stress. When the crack length
2a is greater than the 2.5 times of length 2¢ of diagonal of the indentation, then the
fracture toughness can be evaluated by

Kic = 0.203 HV\/E<3\/E> (15.5.1)

in which HV denotes hardness of the material.
Their results of measurement for decagonal AlI-Ni—Co quasicrystal are

Kic = 1.0—1.2MPay/m (15.5.2)
with HV = 11.0—11.5 GPa and for icosahedral Al-Li—Cu quasicrystal are
Kic = 0.94 MPay/m (15.5.3)

in which HV = 4.10 GPa.

The values of fracture toughness for general alloys for black metals measured by
Ma et al. [13] are much greater than the above data, those for aluminium alloys and
other coloured metals are also, e.g. for aluminium is 33 MPa+/m refer to Fan [14].
So one finds that quasicrystals are very brittle.

The author of the book minds the indirect measurement for fracture toughness of
quasicrystals though indentation probably is not so exact, because formula (15.5.1)
is empirical, the exact measurement should be using the stress intensity factor
formula. Due to the high brittleness of the material, maybe it is easy by taking the
indentation approach.

15.5.2 Tension Strength

The tensile strength o, is measured through the formula
o. = 0.187 P/a* (15.5.4)
Meng et al. [12] obtained

Ge = 450 MPa (15.5.5)
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before annealing and
. = 550 MPa (15.5.6)

after annealing for decagonal Al-Ni—Co quasicrystal.

Figure 15.5 shows the SEM morphology of grain interior containing large hole,
Fig. 15.6 shows diagram of indentation crack under applied load 100 g before
annealing and after annealing and Fig. 15.7 shows the SEM fractograph and
fracture feature for decagonal AlgsCuyyCo;s quasicrystal.

Fig. 15.5 SEM morphology of grain interior hole a prismatic grain with perfect basic plane,
b grain with prefect prismatic plane

Fig. 15.6 Morphology of cracks near impression under 100 g load a before annealing, b after
850 °C, 36 h annealing
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Fig. 15.7 a SEM fractograph, fracture feature of decagonal AlgsCuyCo;s quasicrystal grain
without plastic deformation, b magnification
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Chapter 16
Hydrodynamics of Solid Quasicrystals

Generalized hydrodynamics is one of the important branches on study of solid qua-
sicrystals, refer to Lubensky et al. [1, 2]. Though the discussion on phonon-phason
dynamics in Chap. 10, suggested by Rochal and Norman [3] and Fan et al. [4], is
concerned somewhat with generalized hydrodynamics, the description there is too
simple and too simplified, some nature of hydrodynamics of quasicrystals have not
been touched. We here intend to give a detailed introduction on hydrodynamics of
solid quasicrystals of Lubensky et al. The theory is concerned with many aspects of
physics and mathematics, which are listed in Appendix C of Major Appendix.

Before the discovery of quasicrystals, hydrodynamics of solid (crystals) has been
developed, see e.g. the work of Martin et al. [5], Fleming and Cohen [6], which is
related to viscosity of solid. Considering the viscosity, the numbers of field vari-
ables and field equations are enlarged. The nature is connected to
symmetry-breaking. At first we introduce some basic concepts of viscosity of solid,
which are beneficial to understand hydrodynamics of quasicrystals.

16.1 Viscosity of Solid

The elasticity discussed in the first 13 chapters is reversible, and the plasticity
studied in Chap. 14 is one of the irreversible deformations. The irreversibility of
plasticity lies in existence of dissipation. The viscosity of solid is another kind of
dissipation. To study viscosity of solid one can take a method similar to that in fluid
dynamics [7]. Introducing velocity of mass point V = (Vx, Vi, VZ) and tensor of
deformation velocity

S NG\
== (22 + 2 (16.1.1)
2 8xj 8xl~
© Science Press and Springer Science+Business Media Singapore 2016 393

T.-Y. Fan, Mathematical Theory of Elasticity of Quasicrystals and Its Applications,
Springer Series in Materials Science 246, DOI 10.1007/978-981-10-1984-5_16


http://dx.doi.org/10.1007/978-981-10-1984-5_10
http://dx.doi.org/10.1007/978-981-10-1984-5_14

394 16 Hydrodynamics of Solid Quasicrystals

then viscosity stress tensor is defined by
, . 1. .
O-ij = 21’] éij _gékkéij +é’ékk51_']' (1612)

here is considered only the isotropic viscosity, and denote 5 the bulk viscosity
constant, { the shear one. Equation (16.1.2) is the constitutive law of viscosity of
isotropic solid.

The general constitutive law of viscosity of solid is

7= ”Iijkl&kl (16.1.3)

in which #,;; represents viscosity coefficient tensor of anisotropic viscosity of solid.
A description of viscosity of solid can also be introduced by a dissipation
function R such as

1

R= 577ijkl£ijékl (16.1.4)
so that we have
OR
0= (16.1.5)
0¢;

which is similar to the relation between stress and density of strain energy in the
elasticity in form. For the icosahedral quasicrystals, the viscosity coefficients can be
expressed as

. 2
nijkl = Cézjékl +7n <5ik5jl + biléjk — g 5ij5kl> (1616)

For simplicity, in the following we consider only the simplest -case,
ie., agj =27 (&,j — %ékkéij>, only one viscosity constant # (the bulk or longitudinal

viscosity constant) is used. The detailed description about viscosity of solid
physically, refer to Ref [1].

16.2 Generalized Hydrodynamics of Solid Quasicrystals

Considering both elasticity and viscosity of solid quasicrystals lead to a general-
ized hydrodynamics that is developed by Lubensky et al. [1, 2], they derived the
governing equations of the hydrodynamics by using Poisson bracket method. Here,
there are 4 systems of equations: mass conservation equation, momentum conser-
vation equations, equations of motion of phonons due to symmetry breaking and
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phason dissipation equations, if the energy conservation equation does not con-
sidered. The mass conservation equation is

w = ~Vi(r) (pV2) (16.2.1)

and the momentum conservation law is

D 90V + 950 (3 Ve0)s)
oH oH oH 16.2.2
— (5,J — V[(I’)uj) 5—1/!] + (V[(V)Wj) 5_W] — pV,(r) 5, ( )
g =rv

At meantime one has equations of motion of phonons due to symmetry breaking

ui(r,1) SH
% =—V;V;(r)u; — Fué_u,- +V; (16.2.3)

and phason dissipation equations

8wi(r, l) . OoH
o =~ ViViowi - Tas

(16.2.4)

The detailed discussions on the equations can be found in Appendix C, in which
the Hamiltonian H is defined by:

— 18 a3\ L g3 .yl ad
H_f[2p+2A<po> +8(3)v “}d”FﬁFW*FUW’ (16.2.5)
g=pV

where the integral in (16.2.5) describes the contributions of momentum and vari-
ation of mass density, the last three terms of (16.2.5) denote the contributions of
phonon, phason and phonon-phason coupling, and A,B are new constants of
materials describing the effect due to variation of mass density, respectively, the
superscript of volume element of integral represents dimension. Equations (16.2.1)—
(16.2.4) are the equations of motion of hydrodynamics for solid quasicrystals, and
the field variables include mass density p, velocity V; (or momentum p V;), phonon
displacement u; and phason displacement w;. In order to write the Hamiltonian H
(16.2.5), one must give constitutive law of quasicrystals, in which the elastic
constitutive equations are discussed in detail in the first 13 chapters.

Above listed equations are derived by Lubensky et al. [1] in 1985, but there was
no detail of derivation which are supplemented in Appendix C. Some arguments on
the equations can be found in Refs. [3, 8, 9]. The amount of the filed equations
including deformation geometry and constitutive law is 52 and belongs to
differential-variational equations; the solving of the initial-boundary value problems
of these equations is difficult.
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16.3 Simplification of Plane Field Equations
in Two-Dimensional 5- and 10-Fold Symmetrical
Solid Quasicrystals

The equations of Lubensky et al. are derived for icosahedral quasicrystals, but can
be used for other solid quasicrystals observed so far. We here discuss point group
5,5 pentagonal and point group 10, 10 decagonal quasicrystals, and only for plane
field, i.e. the motion of the medium is in xy-plane if the z-axis is taken as 5- or
10-fold symmetry axis. In this case, the governing equations are the same for both
point group 5,5 pentagonal and point group 10,10 decagonal quasicrystals. All
field variables depend only on variables x, y and t, and those of z-components are

vanished. If terms (V;(r)u)) gf (Vi (r)wj)g—li were omitted in Eq. (16.2.2), the

governing Eqgs. (16.2.1)—(16.2.4) would reduce to (16.3.1), i.e.
%4V (pV)=0

f’(g,” 4 QW) AV 2 (V) 4 Ly 2V -V 4 MV, +
(L+M— B) 2y, u+Rl(f' we 4o P ‘?W*) 7R2(? Wy o 0w J’Z”’v)

Ixdy Oy? Ox? Oxdy 0y?
(4 By L%
(A—B) oo
ApVy) | O(VapVy)

P Vy A(VypVy P
ph) | AWwhh) | A 5 ) — g2 (pVy) + NSV - VAMVuy+ (L+M ~B) 5V -u
R (%;Z‘ 20— o ”‘) +Ry ("’a:? o o ”t) (A B) L

Oxdy po Oy
B 4V e 4V, B = V4 T [MV2u, + (L+M

0 2
) A 4
0
Pw, Pwy  Ow, dzw\ Pw, 9w,
R, ( ox? +2 Oxdy E)yz) Ry ( =250 8X¢7y 0y? )]
) LA i
()

Ouy, Ouy, Juy,
g+ Vige TV = Vi + La[MV2uy + (L+M

Owy Pw, [')zw). Pw, 0w, Pw,
R, <0x2 -2 xdy — Oy? + Ry ox2 +2 xdy O ]

B + VB 4V, G = T [K V2w +

&u uy (?'u( *uy azuv
Rl(szaxav )+R2(8x3 +255 — 5]
ow,, w, ()w\
T Ve VG = TwlKi Vi, +

0 uy Qu, _ Fuy\ Fu, Puy _ Puy
Ry (axz 250 ay2) R2(ax2 250y ~ & )]

(16.3.1)

in which V- —10A —1—.]0),,V:iVX—i—ij,u:iux—i—juy.

16.4 Numerical Solution

The deformation, motion, dynamic behaviour and structure including structure
reconstruction of solid quasicrystals are often needed to solve the equations such as
(16.3.1), and the solving must be under appropriate initial and boundary conditions.
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Fig. 16.1 Specimen of quasicrystal under impact loading

To solve the Egs. (16.3.1) at physical time-space domain, the corresponding initial
and boundary conditions must be given simultaneously. The more general dis-
cussion on the initial and boundary conditions of hydrodynamics of solid qua-
sicrystals here has not been undertaken. We take a specimen shown by Fig. 16.1
and list the relevant conditions for the specimen, in which the computational points
A; and A, and their coordinates are as follows

A1(107* m, 107* m)and A,(10~* m, —10~* m)
We assume the specimen at initial time is in rest, so there are initial conditions
t=0:u,=u,=0,w,=w,=0,V, =V, =0,p = p,. (16.4.1)
At the surface of the specimen, there are the following boundary conditions

y==H,|x|<W: 0y, =oof(t),00 =0,Hy, =H,, =0,V, =V, =0;

(16.4.2)
x:iW7|y|<H:O-xx:O-xy:O>Hxx:ny:07VX:VVZO‘
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in which gy is a constant with the stress dimension, f(¢) the function of time, we
here take it as Heaviside function, i.e. f(t) = H(z), of course this loading is an
idealized case. The boundary conditions designed belong to the simplest one for
both numerical computation and further experimental measurement, in which the
non-homogeneous boundary condition is only for phonon stress, and the boundary
conditions for phason field and viscosity flow field are zero. As an example, we
calculate a decagonal Al-Ni—Co quasicrystal, with the experimentally measured
material data p, = 4.1868 x 1073 g/mm?, viscosity coefficient 7 = 1 cm?/s (note
that here 7 in fact is corresponding to #/p refer to Ref [1]) approximately [1] and
elastic moduli Cy; = 2.3430, Cj, = 0.5741 (10'? dyn/cm?), which are obtained by
resonant ultrasound spectroscopy; we have also chosen K; = 1.22 and K, = 0.24
(10'2 dyn/cm?) estimated by Monte Carlo simulation, T', =4.8 x 1078, T, =
4.8 x 1071° (cm’ps/g), refer to Chap. 10, A = B = 10'° dyn/cm? by an estima-
tion. The coupling constants R, R, have not been measured so far. In computation,
we take R;/M =0.001 and R,/M =0.002, where M = (Ci; —C12)/2,
oo =5 MPa, H =20 mm and W = 10 mm.

The specimen shown in Fig. 16.1 is a simplest specimen for exploring the
hydrodynamic behaviour of the quasicrystal through computational analysis. The
upper and lower surfaces of the specimen are subjected to impact external stress
oy = 0oH(t), where the loading function is taken to be the Heaviside function

Of course this is an extreme case (at ¢ = 0, the loading rate is infinite).

What Egs. (16.3.1) under initial and boundary value conditions (16.4.1) and
(16.4.2) is named initial-boundary value problem (16.3.1)—(16.4.1), (16.4.2), this is
a nonlinear initial-boundary value problem, because the partial differential equation
set is nonlinear. We solve the initial-boundary value problem by a finite difference
method. The numerical solutions with high stability are obtained.

The impact loading at the upper and lower surfaces of the specimen is the
disturbance source, if the initial propagating rate of the disturbance source is
denoted by vy, which can be evaluated by vy = %, where #( the time of propagation
of the disturbance source to the central transverse section, and our computational
point is very close to the location. The computation for time 7, is very easy to obtain
which can directly check our computation.

In Fig. 16.2, the variation of mass density versus time is illustrated, which
explicitly explores the wave propagation character of the physical process under the
given boundary conditions of the specimen. Before arriving of the wave emanated
from the upper surface in the computational point A; whose distance to upper
surface is almost equal to H (completely similar to the wave emanated from lower
surface arriving in the computational point A;), the mass density maintains its initial
value p,, the “propagation time” is equal to fy = 2.545 ps, which is evaluated by
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Fig. 16.2 Variation of mass density of the computational point A; (or A,) of specimen versus
time
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longitudinal wave speed ¢, = \/(L+2M +A — 2B)/p, = 7.4807 km/s (The for-
mula of the longitudinal wave, refer to Lubensky et al. [1]). This is a direct check to
the computation physically, though there is a smaller difference between the values
of v and ¢;. It is understandable, because the longitudinal wave speed formula is a
linear elastic result, and the present case is nonlinear medium; the disturbance
source propagating speed vy from upper surface to the computational point is not
exactly equal to linear longitudinal wave rate, but these two values are very close to
each other. This shows that the mathematical formulation of the initial-boundary
value problem (16.3.1)—(16.4.1), (16.4.2) is correct physically, the solving method
is effective and solution presents satisfactory precise.

The phenomenon indicates that for the complex system of wave propagation and
diffusion coupling, the phonon wave propagation plays a dominating role. At the
moment that the wave arrives at the central, because the dynamic load is an
impacting force which produces a tensile wave, the value of mass density at central
section decreases steeply to the minimum.

After the longitudinal waves emanated from upper and lower surfaces confluent
each other at the central section, and the arrival of succeeded transverse wave and

7.8585 km/s and which is very close to the value of the
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Fig. 16.3 Velocity fields at the computational point A; of specimen versus time: a V, and b V,

the reflected waves by lateral surfaces of the specimen, the material at the location
is compressible, the value of dp/p, will be increasing, and then grows into a
maximum value 2.527 X 10~ at times 8.149 ps indicates that p beyond the initial
value p, of mass density.

Fig. 16.3 gives the time variation of velocities (the velocities of mass point to the
coordinates) at point A; in x- and y-directions, respectively, in which the wave
behaviour is still exhibited before the “propagation time” #;, and the values of
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Fig. 16.4 Phonon displacement fields at the computational point A; versus time: a u, and b u,

velocities are zero. The order of their magnitude is 107! m/s for the material, this
quantitatively explores the hydrodynamic character of the motion pointed out by
Lubensky et al. Though one knows the motion should be very slow, but beforehand
we did not know the realistic order of magnitude of the rate, and naturally there was
no possibility to know the exact values of the rate, in that time the analysis was only
qualitative.

Figure 16.4 illustrated the time variation of phonon displacements at point A; in
directions x and y, respectively. The results show the wave propagation behaviour
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Fig. 16.5 Phason displacement fields at the computational point A; of specimen versus time: a w,

of the field variables, which is evident. Of course, the performance of u, and u, is
different from each other, which is resulted from the boundary conditions and
specimen configuration.

The results on phason displacements w, and w, are plotted by Fig. 16.5, and
their order of magnitude is very smaller than that of phonons; this is understand-
able, because the external disturbance source comes from the phonon stress only,
and the corresponding phason boundary conditions are homogeneous (the zero
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Fig. 16.6 Elastic normal stress at the computational point A; (or A,) of specimen versus time

boundary conditions). If we take the phonon stress boundary conditions are
homogeneous and phason stress boundary conditions are nonhomogeneous, then
the order of magnitude of solutions of phasons is much greater than that of the
present results. In addition, the phason displacement field represents diffusion rather
than wave propagation in physical nature, but the profile of the figures of w, and w,
does not exhibit pure diffusion feature which exhibited for solutions of simple
diffusion equation due to the strong coupling of wave equations and the controlling
of the mixed boundary conditions.

Figs. 16.6, 16.7 and 16.8 show the time variation of phonon, phason and vis-
cosity normal stresses at the computational point, and it is evident that phonon
stress is greater by two orders of magnitude than phason one; the phonon and
phason stresses are much greater than viscosity one. The outline of phason stress
describes certain diffusive behaviour so is evident different from that of phonon
one, while the outline of phonon and viscosity ones exhibit typical wave propa-
gation character and present strong oscillation.
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Fig. 16.8 Viscosity normal stress at the computational point A; (or A;) of specimen versus time
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16.5 Conclusion and Discussion

This chapter gives an introduction on hydrodynamics of solid quasicrystals of
Lubensky et al., which was the development of one of the crystals given by Martin
et al. [5] and Fleming and Cohen [6]. The numerical computation verifies the
solvability of equations of Lubensky et al. [1]. The numerical computation verifies
the correctness of the formulation developed here too. However it is carried out
through only a simple specimen, describes only one of dynamic processes of solid
quasicrystals, results are limited for a local computational point and a short time
duration, conveys limited information. Nevertheless, the numerical solving and
computer implementation for such a complex substantive system are significant, the
obtained stable and physically meaningful results are also significant.

The computational results reveal the phonon and phonon-phason coupling
dominate the deformation and motion of the matter, which is undoubted for most
quasicrystals. The computational results show the variation of mass density is
small, and the viscosity stresses are small for the present computed specimen, these
do not mean the common response for all dynamic processes of the matter. Even if
the weakness of effects of compressibility and viscosity at the computed specimen,
they may present significance in other dynamic processes. We know, the similar
phenomena appear often in physics, for example, the gravitation due to curved
space-time is very weak in general, but it is important for some special cases, for
example, the gravitational waves observed recently.’

So far the solutions in time-space domain of hydrodynamics of Lubensky et al.
are very few, and developing the computation is significant. This work can be
referenced to that carried out for solid quasicrystals [10] and soft-matter qua-
sicrystals, e.g. [11], which show the importance of hydrodynamics applied in
soft-matter quasicrystals. In principle, the hydrodynamics of Lubensky et al will be
valid for soft-matter quasicrystals apart from some modification and supplemen-
tation, the discussion about this can be referred to Appendix D.

The work of hydrodynamics study may help us enhance the understanding to the
deformation and motion of solid quasicrysals. Of course, the analysis of hydro-
dynamics here is a preliminary attempt; it is needed further development of both
aspects in the theory and computation.
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Chapter 17
Remarkable Conclusion

The discussion mainly on elasticity and a few of on plasticity and hydrodynamics of
quasicrystals is ended up to Chap. 16.

Elasticity is one of the important branches of the natural science since the time of
Hooke, Euler, Bernoulli, Navier, Cauchy, and St Venant, among others. So that it is
emphasized by great theoretical physicists e.g. Sommerfeld [1] and Landau and
Lifshitz [2] and presented in their famous theoretical physics courses. However,
those they discussed belongs to the classical elasticity or crystal elasticity in scope
of continuum mechanics, which presents important meaning for engineering as well
as science including modern physics, e.g. one application of the theory combining
the Planck’s quantization by Debye [3] and Born [4] to specific heat of crystals at
low temperature (refer to [1] for the detail) leads to phonon concept and the
appearance of lattice dynamics, which is an important basis of modern solid state
physics.

Elasticity of quasicrystals is a branch of condensed matter physics rather than
classical mechanics. Landau and Anderson did a great contribution to the con-
densed matter physics, the symmetry breaking principle sets up the paradigm of the
branch of physics. The basis of the elasticity is phonon, phason and phonon-phason
coupling, which are originated from Landau elementary excitation principle, the
concept is a quantum mechanics description on collective excitation of massive
atoms, this shows the elasticity of quasicrystals is connected essentially with
quantization, the idea is beyond classical mechanics.

Apart from quantization, the symmetry and phase are also the basis of elasticity
of quasicrystals. The quantization, symmetry and phase belong to the main theme of
20th century physics. Anderson [5] revealed the nature of phonon from the phase of
Landau’s order parameter in three-dimensional reciprocal space. The pioneering
researchers Bak, Lubensky et al. [6-9] of study of elasticity of quasicrystals
extended the Anderson’s argument in six-dimensional reciprocal space and
explained the nature of phason. If limited only to the intuitive idea of classical
mechanics, then the phason cannot be understood, although the phason concept was
drawn from incommensurate phase physics at beginning. These discussions may
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help us to deep our understanding elasticity of quasicrystals which were introduced
in Chaps. 1 and 4, respectively.

Based on the concepts and principles, fundamentals of the theory of elasticity of
solid quasicrystals have been developed, and quite fruitful achievements are
obtained, which are partly introduced in the first 15 chapters.

Although the quasicrystal elasticity is different from classical elasticity in nature,
there are some connections in methodology between these two disciplines, the
development of theory of quasicrystal elasticity is helped from the crystal elasticity
[10-12], it also gets the help from the crystal plasticity [13—16], crystal dislocation
[17, 18] and classical crack theories [19, 20]. Besides, there are much inherent
connections between quasicrystal elasticity and group theory [21, 22], partial dif-
ferential equations [23-25], Fourier analysis [18, 23, 26], complex analysis [27],
integral equations [19, 20, 26] and computational mathematics [28], without the
help of these powerful mathematics branches, the development of elasticity of
quasicrystals is impossible. These problems are also introduced in the text of first 15
chapters and Major Appendix, some among them are quite detailed, and explored
physics-mathematics compatibility and consistence and shown the power, excel-
lence and beauty of analytic mathematics.

Hydrodynamics, according to the summarization by Dzyaloshinskii and
Volovick [29], covers a quite wide range of disciplines from conventional fluid,
superfluid to spin waves in magnets, spin glasses, liquid crystals, and so on. The
hydrodynamics of solid quasicrystals was created by Lubensky et al. [8], constitutes
another important field of solid quasicrystals; the theory is much more complex
than that of elasticity and beyond the scope of the first 15 chapters and has not been
discussed in detail. The observation of soft-matter quasicrystals is a dramatic event
[30-34] in Twenty-first-century chemistry and aroused a great deal of attention of
researchers. The study of the soft-matter quasicrystals must deal with hydrody-
namics [35, 36] but is beyond the scope of the present book, we give only a very
simple introduction in the major appendix of the book. Due to the enlarging of
scope of quasicrystals, the concepts concerning the study are extended recently too,
e.g. the first and second phason elementary excitations are suggested [35]. There is
no possibility to discuss the relevant topics in text as well as in appendix, but we
particularly list some quantities in Notations to readers for their referring.

References

1. Sommerfeld A, 1952, Vorlesungen ueber theoretische Physik, Band II: Mechanik der
deformirbaren Medien, Diederich Verlag, Wiesbaden.

2. Landau L D and Lifshitz E M, 1986, Theoretical Physics, Vol. VII: Theory of Elasticity,
Pergamon Press, Oxford.

3. Debye P, 1912. Eigentuemlichkeit der spezifischen Waermen bei tiefen Temperaturen, Arch
de Genéve, 33(7), 256-258.


http://dx.doi.org/10.1007/978-981-10-1984-5_1
http://dx.doi.org/10.1007/978-981-10-1984-5_4

References 409

4.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Born M and von Karman Th, Zur Theorie der spezifischen Waermen, Physikalische
Zeitschrift, 14(1), 15-19, 1913; Born M and Huang K, 1954, Dynamic Theory of Crystal
Lattices, Clarendon Press, Oxford.

. Anderson P W, 1984, Basic Notation of Condensed Matter Physics, Menlo Park:

Benjamin-Cummings.

. Bak P, 1985, Symmetry, stability and elastic properties of icosahedral incommensurate

crystals, Phys. Rev. B, 32(9), 5764-5772.

. Horn P M, Malzfeldt W, DiVincenzo D P, Toner J et al, 1986, Systematics of Disorder in

Quasiperiodic Material, Phys. Rev. Lett., 57(12), 1444-1447.

. Lubensky T C, Ramaswamy S and Toner J, 1985, Hydrodynamics of icosahedral

quasicrystals, Phys. Rev. B, 32(11), 7444-7452.

. Lubensky T C, 1988, Introduction to Quasicrystals, ed by Jaric M V, Boston: Academic Press.
. De P, Pelcovits R A, 1987, Linear elasticity theory of pentagonal quasicrystals, Phys Rev B,

35(16), 8609-8620.

Ding D H, Yang W G, Hu C Z, Wang R H, 1993, Generalized elasticity theory of
quasicrystals, Phys Rev B, 48(10), 7003-7010.

Li X F, Fan T Y, 1998, New method for solving elasticity problems of some planar
quasicrystals and solution, Chin Phys Lett, 15(4), 278-280.

Feurbacher M and Urban K, 2003, Plastic behaviour of quasicrystalline materials,
Quasicrystals (ed. Trebin H), Wiley Press, Berlin.

Messerschmidt U, 2010, Dislocation Dynamics during Plastic Deformation, Springer-Verlag,
Heidelberg.

Fan T Y and Fan L, 2008, Plastic deformation of quasicrystals, Phil Mag, 88(4), 323-335.
Fan T Y and Fan L, 2011, Relation between generalized Eshelby integral and generalized
BCS and generalized DB models for some one- and two-dimensional quasicrystals, Chin
Phys B,20(4), 036102.

Yang S H, Ding D H, 1998, Crystal Dislocation Theory, Vol.2, Beijing, Science Press (in
Chinese).

Li X F, Duan X Y, Fan T Y, Sun Y F, 1999, Elastic field for a straight dislocation in a
decagonal quasicrystal, J Phys Condens Matter, 11(3), 703-711.

Fan T Y, Trebin H-R, Messerschmidt U, Mai Y W, 2004, Plastic flow coupled with a Griffith
crack in some one- and two-dimensional quasicrystals, J Phys Condens Matter, 16
(27),5229-5240.

LiXF FanTY, Sun Y F, 1999, A decagonal quasicrystals with a Griffith crack, Phil Mag A,
79(8), 1943-1952.

Janssen T, 1992, The symmetry operations for n-dimensional periodic and quasi-periodic
structures, Zeitschrift fuer Kristallographie, 198(1-2), 17-32.

Hu C Z, Wang R H, Ding D H, 2000, Symmetry groups, physical property tensors, elasticity
and dislocations in quasicrystals, Rep. Prog. Phys., 63(1), 1-39.

Ding D H, Wang R H, Yang W G, Hu C Z, 1995, Elasticity theory of straight dislocation in
quasicrystals, Phil Mag Lett, 72(5), 353-359.

Fan T Y, Guo L H, 2005, Final governing equation of plane elasticity of icosahedral
quasicrystals, Phys Lett A, 341(5), 235-239.

Guo L H, Fan T Y, 2007, Solvability on boundary-value problems of elasticity of
three-dimensional quasicrystals, Appl Math Mech, 28(8), 1061-1070.

Zhou W M and Fan T Y, 2000, Axisymmetric elasticity problem of cubic quasicrystals, Chin
Phys, 9(4), 294-303.

Fan T Y, Tang Z Y, Li L H, Li W, 2010, The strict theory of complex variable function
method of sextuple harmonic equation and applications, J Math Phys, 51(5), 053519.

Zhu A'Y, Fan T Y, 2008, Dynamic crack propagation in a decagonal Al-Ni-Co quasicrystal, J
Phys Condens Matter, 20(29), 295217.

Dzyaloshinskii I E, Volovick G E, . Poisson brackets in condensed matter physics. Ann Phys
(NY), 1980, 125(1): 67-97.

Zeng X ,Ungar G, Liu Y, Percec V, Dulcey A E and Hobbs J K, 2004, Supramolecular
dendritic liquid quasicrystals, Nature, 428, 157-159.



410 17 Remarkable Conclusion

31. Takano K, 2005, A mesoscopic Archimedian tiling having a complexity in polymeric stars, J
Polym Sci Pol Phys, 43, 2427-2432.

32. Hayashida K, Dotera T, Takano A, Matsushita Y, 2007, Polymeric quasicrystal : mesoscopic
quasicrystalline tiling in ABC starpolymmers, Phys Rev Lett, 98, 195502 .

33. Talapin V D, Shevechenko E V, Bodnarchuk M I, Ye X C, Chen J and Murray C B, 2009,
Quasicrystalline order in self-assembled binary nanoparticle superlattices, Nature, 461,
964-967.

34. Fischer S, Exner A, Zielske K, Perlich J, Deloudi S, Steuer W, Linder P and Foestor S, 2011,
Colloidal quasicrystals with 12-fold and 18-fold diffraction symmetry, Proc Nat Ac Sci, 108,
1810-1814.

35. Fan T Y, 2016, Equation system of generalized hydrodynamics of soft-matter quasicrystals,
Appl Math Mech, 37(4), 331-344.

36. Cheng H, Fan TY, SunJ J, Wei H, 2015, Possible soft-matter quasicrystals of 5- and 10-fold
symmetries and hydrodynamics, Computational Materials Science, 205(7), 47-54.



Major Appendix: On Some Mathematical
Additional Materials

Mathematical solutions for individual boundary value problems are given in the
previous chapters. Due to the complexity of boundary conditions for realistic
problems of physics, we must develop some special techniques, in which the
complex function method collaborating conformal mapping and Fourier analysis
collaborating dual integral equations are powerful procedures. The use of the
procedures has been exhibited in the previous chapters. Though some appendixes in
relevant chapters were given in the text for discussing some special problems, we
list some necessary additional materials on complex analysis and dual integral
equations in separate two parts in Appendices A and B (including Appendix of
Chap. 11). It is interesting, in particular, between these two parts, there are some
close inherent connections. Probably these materials are not necessary for readers
majoring applied mathematics, but which may be helpful for young scholars and
postgraduate students who are not majoring applied mathematics.

The discussion of hydrodynamics concerns Poisson bracket method in con-
densed matter physics, and the Appendix C gives some relevant materials and
detailed derivation of equations of motion of hydrodynamics of solid quasicrystals,
which are beneficial to learn hydrodynamics of soft-matter quasicrystals as well.

Appendix A: Additional Calculations Related
to Complex Analysis

A.l1 Additional Derivation of Solution (8.2.19)

In Chap. 8, we emphasized the importance of complex analysis (see [1-3]) and
pointed out that the Muskhelishvili’s [1] method limited the conformal mapping to
be rational functions. However our practice breaks the limitation, e.g. [4, 5]; the
calculation is handled as below.

Formula (8.2.19) is obtained from the integral of (8.2.6) in which the conformal
mapping w({) is given by (8.2.17). The difficulty of the calculation lies in the
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integral path which is a part of circle rather than whole circle. Substituting (8.2.17)
into the right-hand side of (8.2.6) yields

_4Hu(l1-P)l-o0 (140)
. l+o [(1 +0)? +a(l - 02)2} [(1 +0)2 + Bl — o)

Substituting €'? by (1 +ix)/(1 — ix) yields

-0 2 , 4
140 2%, da_(l—ix)zdx’ (1+0) C(1—ix)?
1 1—ix (1—1x)[1—§—iX(1+C)]_1—C—x2(1+C)—2ix
-0 1-C+i(1+0)  (1- P +2(1+0) (1 -0 4+x2(140)?
So that

Ha(l- f) | {1 = £ = 2%(1+0) — 2]
F(C):—p o : / ix X ix dr

P =)= ) [(1- 07 + 2 (14 0]

1

_ 4pHoc 17 / x? dx
(1= 2)(1 = o) [(1 = O +2(1+ )]

0
_2pH a1 - B)(1 =)
o= 0P (1 0P Bt = O 4 (140
1+¢ _ aretan 1+ \| 4pH  /warctanhy/o
(1) - (55| - R
_ VPoarctan /o
Ba(l = 7 +(1+0)°

(A.1.1)

In the last step, the evaluation is used the Mathematica3.0 [6].
By considering
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1+

A= 1n1 —Va = 2 arctan h/a,
1
M= lnlj_L—\/\/?)—;ZC = 2arctan h\/ya,

arctan(_ll—:_cé) =-2 arctan(l1 fg) = %ln <1i : f{)

then (A.1.1) is just the formula (8.2.19).
In the calculation, if let L — 0, then the integral (8.2.7) can be obtained.

A.2 Additional Derivation of Solution (11.3.53)

In example 3 of Section 11.3, the calculation is quite lengthy, and here, we provide
some details on the evaluation. As an example, we can show the derivation on
function ®4({), which is

D4(0) =di(X+iY) In{+ Bo({) + D;(0)

in which the first two terms are known (see the text), and the single-valued analytic
function @ ({) satisfies the following boundary condition

—— oo
@i(0) +®500) + 22 57() =y
'(0)
where
fo=— /(Tx+iTy)ds i —d) X+ e -2 i (x—iv) o
32¢; o' (a)
—2Bw(g) — (B' —iC")w(o)
(A.1.2)
and (referring to Fig. 11.4 of Chap. 11)
T, = —pcos(n,x),T, = —pcos(n,y) at z Mz,
ipdz  z, Mz, (A.1.3)

(T, +iT,)ds =

—_
z,Nz,

X+iY = / (T +iTy)ds = ip(z1 — 22)
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Multiplying both sides of the above boundary equation by ﬁg—fg and integrating
along the unit circle, we have

L [0, 1 [0, 1 [®@, 1 [ k

2ni ), 0 —( 2mi yw/(g)()'—(: ¢ 2ni ), o —( T 2mi , 00—

do (a)

in which according to the Cauchy’s integral formula (referring to formula (11.7.5)
in Appendix of Chap. 11), there is

1 [ 8(0)
2ni ) o —(

Y

do = @,(C)

and in terms of analytic extension principle and the Cauchy theorem (referring to
Appendix of Chap. 11)

1/@@_

2mi o' (c) 0—¢ B

Y

and according to formula (11.7.9)

1 D3
i 63562 do = const
So that (a) reduces to
* 1 fO
D, () = i o= éda—l-const

/

And substituting (A.1.1) into the right-hand side yields

[

p) o

! R d d —o) 1 (1
2ni ) o —¢ 2micy d/’c—( 2mi) o 2ni 2mi) o -
4 o1 a1 Y

p(E—Z)L/ o> +m do
2ni 2mi) 1 —mo?o -

"

’

in which


http://dx.doi.org/10.1007/978-981-10-1984-5_11
http://dx.doi.org/10.1007/978-981-10-1984-5_11
http://dx.doi.org/10.1007/978-981-10-1984-5_11

Major Appendix: On Some Mathematical Additional Materials 415

m\ do B m. op m gy —(
/("%)a—c—”““‘gl“m*(“c)lnal—c

02

/ do —lnalic
c—( oa—¢

[

In accordance with the Cauchy’s theorem (referring to formula (11.7.4)), we
have

1/0’2+m do _ 0
2ni ) 1—me2a—{

/

because the integrand is single-valued analytic function in the region outside the
unit circle 7.
The remaining term is

1 Ino

Y

For calculating it, we consider

ﬂii/ilna da*fi/lnad !
d¢  2mi (6 —0)* 2@ o—1{
)
1

/

B _i lna a=expi(p) +27) + 7/ da
- 2mi|o—¢ 2ni | o(o—{)

a=explio]) )

11 expi(p;+2n) 1 1

__%alfc exp(ip;) ¢ o —¢

U] =

So that
I1({) =In(gy — {) — In{ 4 const
Hence function ®@;({) is determined so the function ®,({)in which the constant

term is omitted:

_ L op [ mRy o or
32¢, 2mi { o o1 —¢
+ip(d1 — dz)(Zl — 22) lnC

@4(0) +z1In(a; — ) — z2In(oy — ()
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which is just the first formula of (11.3.53), where d; and d, were given by (11.3.34)
in the text. The others can be similarly derived. In the derivation, the classical work
of Muskhelishvili [1] is referred.

A.3 Detail of Complex Analysis of Solution (14.4.7)
of Generalized Cohesive Force Model
Jor Plane Plasticity of Two-Dimensional
Point Groups 5m, 10mm

and 10,10 Quasicrystals

The elasticity solution (11.3.53) based on complex analysis can be used to solve the
present problem.

The generalized Dugdale-Barenblatt model or generalized cohesive model for
decagonal quasicrystals makes the plastic problem to be linearized, so the final
governing equation is reduced to solve the equation

VIVIVAVAG =0 (A.1.4)
under boundary conditions
O-yy:pvaxxzo-xy:OaHx_x:Hvy:ny:ny:O X2+y2—>OO
Oy =0y =0,H,=H, =0 y=0,lx|<a
Oy = 0¢, 0y =0,Hyy, = Hy, =0 y=0,a<|x|<a+d
(A.1.5)

which can decomposed into two cases, among them one is

GKX:O_W:O-yy:Ova:Hyy:ny:ny:O -x2+y2_)00
Oy = 0y = 0, Hyy = Hy = 0 y=0,|]x|<a (A.L6)
Oy = Oc, Oy = 0, Hyy = Hy = 0 a<l|x|<a+d

and another

Oy =P, 0 =0y =0,Hy =Hyy =Hy =H,, =0 x2+3y2 — oo
Oy =0y =0,Hy=H, =0 y=0,|x|<a+d
(A.1.7)
The solution of problems (A.1.4) and (A.1.7) can be obtained from (11.3.53); i.e.

if we put m = 1,Ry = (a+d)/2, then the elliptic hole reduced to a Griffith crack
with half-length (a + d). In Fig. 11.3.3 let z; = (a+d, +0),z, = (a, +0); from
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(11.3.53), we can obtain a solution, similarly put z; = (a+d, —0),2 = (a, —0),
z1=(-a—d,+0),2=(—a, +0), and z;=(—a—d,—0),20=(—a,—0),
respectively; and from (11.3.53), one can find other corresponding three solutions,
by superposing which one can obtain solution

My — 1 glatd)g, |1 o o +{ )(E+7)
(1)4 (C) _an%E_mzm{ (ln 2— ‘: + ]n62+£) _ll 2+()'02-2)?(7Z_§)

<I>§1)(C):# oclat+d)p, 2 1 J(.aln(é Uz)(é+62)

32 T P 32 20 ((Fo) (o)

(A.1.8)

where ¢ = e'? represents the value of { at the unit circle in the mapping plane, and
0y = €%, a = (a+d)cos ¢,.

And the solution of problems (A.1.4) and (A.1.7), as the solution of Griffith
crack problem, is known, i.e.

o (¢) = —mmd)g

, A.19
q)f(i )(C) = 3201 ( +d) |:< l):| ( )

The superposition of (A.1.8) and (A.1.9) gives the total solution for
D4(0) = CI)E‘I)(C) + CDgz)(C), D;(¢) = (I)gl)(C) + (I)gz)(C); for example, the first term of
@4(() is
4 1 1 a(atd)o,

1
_77(a+d)z+32cl. T 'z

(A.1.10)

and @,({) has not been listed here because it is too lengthy, so the stresses and
displacements are determined already. In addition, we know that

oij, Hij~ @' () /o () (A.1.11)

here ®({) means ®4({) or ®3(¢), and o' ({) ~1/(1 —%).

From Sect. 14.4 in the text, we know that there is no stress singularity at the
generalized Dugdale-Barrenblatt crack tip, and this fact and conjunct with (A.1.10)
and (A.1.11) require that the value of formula (A.1.10) must be zero, which leads to
(14.4.6) in the text. Considering this the final version of ®4({) is

1 o, o, —¢( 02+ ({—a2)({+72)
32¢, 2mi {Z<]n0’_2— l * lna_z-i-C) —aln ((+02)(—72)
(A.1.12)

®4(0) = -

And the displacement at the crack surface presents the form
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uy(x,0) = (128c1cy — 64c3)Im(P4({)),, (A.1.13)
After some calculation, we find that

(4cica — 2¢3) ocla+d)

0) =
uy(.x, ) cl . 27_5 . .
. coswlnw—cosgozlnw (A.1.14)
sin(p + @) (sin @, + sin @)

so the crack tip opening displacement is

8cicr — 4c3) o, (c0)
5, = CTOD = lim 2u,(x,0) = lim 2u,(x,0) = oo12 = 4¢3)0s (f“ )
Xl o—=¢y am 2 g

(A.1.15)

in which the constants ¢y, ¢;, c3 are defined in Sect. 11.3, so the solution holds for
point groups 5 m and 10 mm as well as point groups 5,5,10,10 quasicrystals.
When we assume R; = R, R, =0 in Eq. (A.1.15), §; will be the corresponding
solution of point groups 5 m and 10 mm quasicrystals, i.e.

20, 1 K (c0)
6; = CTOD = 954 + ! In sec re ,
n |L+M MK, —R? 2 o

which is just the (14.4.7). If let K; = R = 0,L = A,M = p in above formula, then it

exactly reduces to the classical Dugdale-Barenblatt solution holding for engineering

material (or structural material) including crystalline material (referring to Sect. 14.4).
The more details can be found in article given by Fan and Fan [7].

A.4 On the Calculation of Integral (9.2.14)

In formula (9.2.14), y > 0 results in the integrals being convergent. We let & to
extend to complex number ¢ = £ + i&,, take integration path at complex £—plane
similar to Fig. 11.7; by physical consideration k(K; — K;) >0, u(K; — K3)
—R?>0,and k = ,u<c) /h; then we can find the integrand of (9.2.14) in the interior
of the region enclosing by the integration path is analytic except poles

k(K — K k(K — K.
6(11) _ (K, 2) <0, 5g2> — _M >0 (A.1.16)
R — u(K| — K>) R? — u(K, — Ka)

at real axis &;; and by a generalized Jordan lemma, the integral along the big
half-circle is zero.
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If in Fig. 11.7 of Chap. 11 put w=¢& w =¢&,w =&, \k/m=
551), —k/m= 5(12>according to the additional integration path at complex ¢-plane,
through the similar manner for evaluating integral (11.7.18), then we can obtain
results (9.2.15) and (9.2.16), respectively whereégl)7 552) are defined by (A.1.16).

A.5 On the Calculation of Integral (8.8.9)

v P 12_w_ —otan(34) 1 .
¢(C)_2ni[1 7 ([1+(1—62)tan2(%)]m> G—Cd

P [ 4 1
a ﬂzitan(zw)/q ([1+(1 —a?) tan%%)]ﬂ) 0’—(:da

(A.1.17)
Put m = tan(J4), so m* = tan® (%)
We calculate
1 . 1
1(0) :_/ ([1+(1 —az)tanz(%)}m) ~O__Cd0'
_ 1 1 ] ; ¢ )
_/1 ([1 +(1—a?)m V1 — “2>d ’ [ <[1 +(1=a)m V1= o*(o - C))d
=hL+5h
(A.1.18)

The calculation of the first integral is easy, and we now calculate the second one.
Put { = b, 0 = x, such that

1
b
b= —/1 ([1 + (1 -2)m2V1 —x2(x — b))d(7

T
t=——asx=—1
Denote x = sint, 7 € [—%,7], dx = cos rdr where

t==asx=1
zasx
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/2
b

/ [1+m?cost] - (sint — b) - cost
—n/2

/2
b
= dr 1.
/ [1 4 m?2cos?1](sint — b) (A.1.19)
—n/2
/2 0

- cos tdo

I =

= / b dr+ / b dr
) [1+m?cos?t(sint — b) [1+ m? cos?t|(sint — b)
0 —n/2

For the second integral of A.1.19, put 7= —x,dt = —dx,7=—7% as
x=%;t=0ax=0

0 /2

b b
dr = — dx.
/ [1 4+ m? cos?t](sint — b) / [1 4+ m? cos? x](sinx + b)
—n/2 0

So that

/2 n/2

b b
dr= dr
/ [14+m? cos?t](sint — b) / [14+m? cos?t](sint — b)
—7n/2 0

n/2

b
- dr
/ [1+4 m?2 cos?1](sint+ b)

2h?
- — dr
[14 m? cos?t](sin” 1 — b?)
0

n/2 /2
1 1
=A- | —————=dt+B- | ————=dt
/ [1+ m? cos? ] * / (sin®  — b2)
0 0

(A.1.20)
The constants A and B can be determined by
2m>b?
[m2(1 — b%) +1]

2
[m?(1 = %) + 1]

A=
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Therefore
/2 1 n na
A- —_— At =A-—- ( )
A [1+ m? cos? 1] 2y
n/2 1 n/2 1 n/2 1
B~/ fdt:B-/ ,/2bdt—B~/ %di
o (sin“t—5?) o (sint—b) o (sint+b)
n/2 1 n/2 1
—B.1 ——dr— —dr
/2bl/0 (sint — b) /0 (sint+b)
From the integral table, one can find
n/2
B/ 1 dr — B ln—b+1—\/1—b2_nl—\/l—b2
J (sin?t— b2 2bV/1— b2 —b+1+V1-0b? 1+V1— b2
1nb+1—\/1—b2 rl1—\/1—b2
b+1++V1—b? 1++V1 —b?
B B ln_b+1_\/l_b2 b+1++V1—b?
2bv'1 — b? —b+1+V1-0|b+1—-V1-02
2
B (-2bvi=7?) B |
= In = In|—
2071 — b2 40%(b* — 1) 2671 — b2 ’b‘
Therefore
2 2 (na
() = —Pin(Z0) - P (20) L0 G2)
#'(0) r sin o — sin o [1+(

1— {25) tan? (%)]

] . (A.1.21)
pw na n )
Jr%tan(ﬁ) [1+(1_§2)tan2(%§)] 1_4,2(10'

It is easily found that ¢'(0) = —2sin(%4).
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Appendix B: Dual Integral Equations and Some
Additional Calculations

B.1 Dual Integral Equations

It is well known that the Fourier transform or Hankel transform is very useful tool
in solving partial differential equations which have been shown in Chaps. 7-9
though the introduction is very limited. For non-harmonic and non-multi-harmonic
equations, the complex potential method is not effective, and we have to use the
Fourier transform, Hankel transform, Mellin transform, or others. After the trans-
form, the boundary value problems of the dislocations are reduced to some alge-
braic equations to solve (this is relatively simpler), while those of the cracks are
concluded for solving the following dual integral equations

ofOY‘“‘f(Y)Jv(Xy)dy =g(x), 0O<x<l
" (B.1.1)
Off(y)Jv(x}J)dy =0, x>1

or

fy“j k§1 a]/-k]?(y)lv_,.(xy)dy = gj(x)7 0<x<l
0 =

o0

/ él aifi(y)Jy, (xy)dy = 0, (B.1.2)
0o x> 1

G=12,...,n)
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or
f f g é 27 §7-xl7x2)f(él7 627S)Jot(flxl)Jﬁ(éZ-xZ)déldéZ = ]’Z(X17_)C27S‘), (x1>x2) € Ql
00
f J 8281, &y x1,:)f (&1, &ay 8)a(Ex1)Tp(Enx2)dE1dEy = 0, (x1,%2) € Y
00
(B.1.3)

Among them, Eqs. (B.1.1) are the simplest ones, which will be discussed in the
following only. Egs. (B.1.2) deal with multi-unknown functions and (B.1.3) are the
two-dimensional dual integral equations, and these two kinds of dual integral
equations are more complicated.

In Egs. (B.1.1), f(x) is a unknown function to be determined, g(x) is known one,
av are constants, and J,(xy) is the first kind Bessel function of v order. Titchmarsh
[1] and Busbridge [2] gave the analytic solution of the equations. Various authors
[3—11] discussed the solutions with different methods. Here only the procedure of
Refs. [1, 2] is introduced. Titchmarsh [1] gave formal solution for the case o > 0.
Busbridge [2] extended the discussion to the case « > — 2 and gave proof for the
existence of the solution. The solution is given through a complex integral as
follows:

e 17my«fﬂ+b+w (o (514
a1 P (s)x " ds o
27 O O
k—ioco
in which s = ¢ 4 it and
C+ico
1 FG+gv—getiw) gla+l-—w
Y(s) = — G T ) )dw B
27i F(§+§V+iw) v
C—ix

where w = u + iv (in which v represents the imaginary part of complex variable w,
do not confuse with v—the suffix of the Bessel function, which represents the order
of the Bessel function) ¢ <u and

far1—w) = [ gl e

in above formulas I'(x) represent Euler gamma function. The solution of (B.1.4)
holds for both o« > 0 and o > — 2.
For o > 0, the solution can be expressed by real integral as
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1 1

1 /2
f( a/z /lul+o( 2JL+0(/2 dﬂ/g v+1 2)“/271dp (B14l)
0 0

and for o« > — 2, which is in form

2foc/2xfoc

Ir(1+a/2)

1 1
+ / P = )y / (a2 g () 11 1 2 ()t
0 0

1
£) = [xw/zf‘ﬂ/z( ) [P

(B.1.4")

Theorem [foo> —2, —v—1<a—3 <v+ 1, the Mellin transforms of g(x) and
f(x) exist, the latter is analytic in the strip region —v<Res = o< and has the
order O(|t|”*"%) (¢ >0,t — 00), where s=c-+itthe Mellin transform
parameter, then Eq. (B.1.1) have one and only one solution (B.1.4).
Proof Because the strict proof given by Busbridge [2] is very lengthy, we cannot
quote its all details here; instead, only a rough outline of the proof is figured out in
the following. One can find that in the proof, a quite lot of complex variable
function knowledge is used, and this seems that the theory on dual integral equa-
tions presents the inherent connection with complex analysis. So the appendix of
Chap. 11 is helpful for the present discussion too.

At first, assume that 0 <o <2, —v — 1 <o — % <v+ 1, and the Mellin transform

of f(x)

f(s):/f(x)xy’ldx s=o+it

0

is analytic in region —v <o <o, and assuming as ¢ > 0 and as ¢t — o0, it has order
O(|t] ™) (in fact this is a lemma, but we omit the proof for simplicity).
According to the definition, the Mellin transform of function y*J,(xy) is

2t Tt bt )
X2t F(lf%a+%vf%s)

T(s) = / b ()ly* Ny = (B.1.6)

0

Recall that s = ¢+ it. By using the notation of relevant Mellin transforms, the
left-hand side of the first and second equations in (B.1.1) becomes

C+ico

[rroneme =5 [ F6T.0 -
0 C—ico


http://dx.doi.org/10.1007/978-981-10-1984-5_11

Major Appendix: On Some Mathematical Additional Materials 425

and substituting (B.1.6) into the above formulas yields

C +ioco

s T _ 1)
= Gt ot av=09)7000— o) 0<x<t
2mi xl=s F(§—5u+2v+2 )

C—ico

{ C+i“2%_sr(l+lv—ls)_
—_/ —2 22 f(s)ds =0 x>1
27uc ' F(z—f—iv—l— Es)
Put
- 227 (L4 1 v+
fls) = ( 29) y(s) (B.1.7)

F( + 5 oc—l—zv—%s)

Then the above equations reduce to

C+ico r Htls L
= [ ﬁxll(s)x‘ =2ds = g(x), O0<x<l

T ) (B.1.8)
1 TG+ s—1 40 —
2_“1'6,;],;0 F(%+%v+%ot—%s)¢(s)x ds =0, x>1

Multiply x*"to the first one of (B.1.8), where w = u+iv and ¢ — u > 0, and
then integrate over (0, 1) to x and

C+ioco

where u<C, and

—

gla—w+1) /g )x* 7 dx
0

The left-hand side of Eq. (B.1.9) is analytic everywhere in the strip zone
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Fig. B.1 The integration path At
in s = ¢ + it-plane

—v<o<ua

except the simple pole s = w and behaves order O(|¢| ***). If we move the inte-

gration path from ¢ = C to ¢ = C’ <u, see Fig. B.1, based on the Cauchy’s integral
formula [referring to formula (11.7.5)].

C' +ico

B L +iv+is) W) ds
2mi F(%+%v—%o¢+%s) s—Ww
o=
P+ Lot bw)
ga—wrl)— 2ttt .,
rG+iv—=12oa+1iw)

This translation of the integration line corresponds to form a closed region, and
the value of the integral around the closed region is just equal to the second term of
the above formula including the sign of the term. The left-hand side is analytic as
u > C’, so is the right-hand side. In addition,

L +4v 4ot bw)
w) — o—w-+1 B.1.10
b - ) (B.1.10)
is analytic for the case
1 1 1 1
E—I—EV—EOH—EW#O,—I,—Z

Integrate function (B.1.10) along a big rectangle whose corners are the points
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C —iT,C+iT,~T+iT,~T —iT (T > |v|).

One can find the absolute values of the integrals

=T +iT —T—iT C—iT
/ ’ / ’ /
C—iT =T +iT —T—iT

have order O(|T|~*/***%), and the value of & can be always taken less than ¢/2, and
then they can tend to zero as T — oo. According to the Cauchy’s integral theorem
(referring to formula (11.7.4) of Chap. 11),

2mi
C—ic

s—w

1 o F+iv—1a+1iw) ds
— {lp(s)— 2 2+ 2 2 g(oc—s+1)} =0 (u<Q)

(B.1.11)

Similarly, multiply x "to the second one of equations (B.1.8), where ¢ — w <0
and then integrate to x over (1, 00)

C' +ico

1 rég+iy-1 d
~ - / 1 (214_2‘}1 2S)1 ip(s) o :O (u>cl)
21 G+ v+ ia—1s) s—w
C/
Move the integration path and find that
C+ioco
b =5 [ V0L w<o) (B.1.12)
T 2mi s—w o

C—ioo

Comparing (B.1.11) and (B.1.12), we can find (B.1.5), so the solution (B.1.4), in
which

1
gla—s+1) /g E)E*d¢
0
The theorem is proved.

Furthermore the form of real integral of the solution can be obtained as below. In
fact
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in which the integration is [12, 13]

C+ioco
S / Gk +3iv—1a+1s) (§>Sds
21i F(%—l—%v—i—%s) n
C—ioco
Lbv—or 2 g2y0/2-1 1y >
_ {F(% )5 ( & ) n -, n>&
0, 0<n<¢

So that

! 1
2
g(§)§1+vd§ ,7—W—v(n2 _ éz)a/z_ldr]
o

By exchanging the integration order, we may find that

g élJrv o 52)06/271(16

1
Yw) =1 : /n*W "dn
0
1

. O\»—

nx wd’,l g 1+1 52)1/2 ldf

0

Substituting it into (B.1.4) yields

1 1
2 a/2—1
f) = an [ ) (- 2 e
['(2/2)
0 0
1 o l"(l—i—lv—l—ls)
X — 257 (en) " =7 21 2 : 2 v ds
27Ilc' F(E—i—iv—i—ia—zs)
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By utilizing the inversion of the Mellin transform [12, 13],

1 C]i 95— I (% % % ) /at)ﬁvd 2705/2(at)171/2‘] (at)
s = ,
2nic ' r(%_,_% +% % )\ v+o/2

Then one finds (B.1.4”).

For the case o > — 2, the derivation is similar. For some details reader can refer
to Busbridge [2].

In the following, some examples are discussed in detail, which are the dual
integral equations appeared in Chaps. 8 and 9 respectively, where only the solutions
were listed without derivation detail.

B.2 Additional Derivation on the Solution of Dual
Integral Equations (8.3.8) and (9.7.4)

Equations (8.3.8) in the text are

2 Fle(e)z - 6D(@)] cos(&)de = —p, 0<x<a
0

fé 1[ ()¢ — 6D(¢&)] cos(éx)dé = 0, xX>a

0 - (B.1.13)
2 [ D(&) cos(éx)dé =0, 0<x<a

0

T &' D(&) cos(éx)dé = 0, i>a
0

It is evident that the second pair of dual integral equations (B.1.13) has the zero
solution, i.e. D(&) = 0, and we only consider the first pair in the equations, which is

[ C(&)Ecos(éx)de = —p, O<x<a
(B.1.14)
C(&) cos(&x)dE = 0, x>a

oz o3

and is similar to that of (9.7.4) in Chap. 9. Because of

néx

cos(Ex) = (7) REIES

and denoting
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V() = £(¢) =al _x (0) =a nad;\ \*
R P 8 2p r

then (B.1.14) is reduced to

- / W) 1) = g(p),0<p<1

(B.1.14)
/ fmJI-12(np)dn =0,p > 1

which becomes one of the standard dual integral equations shown in (B.1.1) with

a=1, v=-1/2, g(p):gopfl/z, go:const:a(nadll)l/zp

In this case, it is very easy to calculate the solution of dual integral equations
(B.1.14) (or B.1.14") by formulas (B.1.4) and (B.1.5), but the key step is the
choosing integration path. In the previous introduction on Titchmarsh—Busbridge
solution, we mentioned that it must require that —v > k > o, —-v<C<a and k<C.
At present case, v=—1/2,0=1 such that 1/2<k<1 and 1/2<C<1. The
concrete calculation is:

|

1
gla+1-1) =/g “dp = go/p’l/zp"’d/):sg—ot
0 0

where ¢ =1 +it, represents a complex variable, and requires that 7 <3/2.
Substituting the relevant data and the above result into (B.1.5), we have

The integration path is shown in Fig. B.2. In this case, the integrand has only one
pole at point # = 3 /2 of first order. According to the formula for evaluating (11.7.15),
the above integral is very easily obtained as

re 1 VT (B.1.15)

whereas I'(1) = 1,T'(}) = /. Substituting the result into formula (B.1.4) leads to
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Al
4=C
(0<C<l,o<C)
g
0 1 I3
2 2

Fig. B.2 The integration path in 7 = #| + it;-plane

o=ty [ 2l

In terms of the inversion of the Mellin transform [13],
k+ico
1
L Tty
2mi r¢+ip+i2-1

k—ioco

= 27,1/2(&1)171/2]%2/2([3,7)

In formula (B.1.16), u = —1/2,2 =3, =1, so that

(Bn)*ds
9 (Bn)

£ = g0 (2—,7) )

and

nadll

C(&) = &'f(e) = & (ag)

431

(B.1.16)

(B.1.17)

This is just the result given by (8.3.10) and (9.7.8), and the difference between

them lies in a constant factor.

The calculation through (B.1.4") and (B.1.4") yields the same result, so the

correctness of the result is demonstrated.
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B.3 Additional Derivation on the Solution of Dual
Integral Equations (9.9.8)

In Sect. 9.9 in the text of Chap. 9, the dual integral equations

/ EAi(E)Jo(Er)dé = Mpy, O<r<a
. (B.1.18)

/0 Ai(EI(Er)déE=0, r>a

are solved and obtained the solution (9.9.8). We here give the detail for the
derivation.
According to the standard type of the equations here o= 1,v=0,

g(p) = go = const, put p = r/a, Y

1
gla+1—1) z/g “"dpzzgot (Ret =1, <2)
0

1 rey 1 1 .21
V) = o3 /r(;+5)t—s2—zdt_g°7‘ﬁ2—s

in which s = ¢ + it, and the integral is evaluated through the residual of pole r = 2
and the integration path is shown in Fig. B.3.

(0<C<lo<()

Q

y
I

Fig. B.3 Integration path at the r = #; 4 it,-plane
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Substituting the result into (B.1.4) yields

k+ioco
B 21 2T(5+5) ., 28 ,p
Ai(Q) =f(¢) = goﬁ% / Wf ds= on J32(€)

k—ioco

which is just the solution (9.9.8), a little bit difference with that lies where we used
the normalized coordinate p = r/a. In the last step of the calculation, the inversion
of the Mellin transform (B.1.17) was used.

The evaluation through formulas (B.1.4") and (B.1.4") finds the same result, and
this checks the correctness of the above calculation.

The above two subsections demonstrate the effect and simplicity of complex
variable function method in evaluating solutions of Titchmarsh-Busbridge dual
integral equations.

The system of dual integral equations (B.1.2) and its applications are discussed
by Fan [14], and the two-dimensional dual integral equations (B.1.3) are solved
approximately by Fan and Sun [15], in which some applications are also given.

Application of integral transforms in elasticity of quasicrystals may be effective
and more widely used than that of complex variable function method and has got
much analytic solutions, see, e.g. Li [16], Zhou and Fan [17], Zhou [18], and Zhu
and Fan [19, 20], and due to the limitation of the space, much results have not been
quoted. The application of the method to crack problems often leads to some dual
integral equations, so it is helpful for a discussion about this.
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Appendix C: Poisson Brackets in Condensed Matter
Physics, Concept of Lie Group and Lie Algebra
and Their Applications

In Chap. 16, the equations of motion of solid quasicrystals as a source of those of
soft-matter quasicrystals, the latter are put forward as an extension of the former,
and the detail of derivation of the equations of solid quasicrystals has not been
given in the text, which needs a tool—Poisson brackets in condensed matter
physics. In this appendix, we first introduce the method and then give the derivation
of those equations.

C.1 Poisson Brackets in Condensed Matter Physics

Due to symmetry breaking, the derivation of some equations of motion of hydro-
dynamics of some substantive systems cannot be obtained directly by conventional
conservations laws. The Poisson brackets in condensed matter physics become a
useful method for the derivation, which simplifies the calculation. The method is
originated from the Landau and his school in former Soviet Union and Russia (see
[1-6]). The physicists Martin et al. [7], and Fleming and Cohen [8] in USA
developed the method to hydrodynamics of crystals and liquid crystals, but their
derivations were still lengthy. Lubensky et al. [9] further developed the approach in
deriving the hydrodynamic equations of quasicrystals, simplified the derivation, and
made it arrives in systematization.

Poisson brackets come from the classical analytic mechanics, i.e., for two
mechanical quantities f, g and there is the following relation
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of g Of Og
{f.e} = Z(aqlap, 3p,5ql) (C.1.1)

which is the Poisson bracket, where p;,q; denote the canonic momentum and
canonic coordinate.

According to the terminology of physics, (C.1.1) is named classical Poisson
bracket hereafter.

Relative to the classical Poisson bracket (C.1.1), there is a quantum Poisson
bracket, which is related to the commutation relation in quantum mechanics

[A,B] = AB — BA (C.12)

in which A, B represent two operators; e.g. A represents coordinate operator x,, and
B the momentum operator pg, and then

[xa,pﬂ] = ilidyg, [xx,xﬂ] =0, [pa,p/;] =0 (C.1.3)

where i = v/—1 ,Ji = h/2m, h the Planck constant, 04p unit tensor. Equation (C.1.3)
is named quantum Poisson bracket. In the quantum mechanics, mechanics quan-
tities represent operators. Equation (C.1.3) holds for any operators, in general.

There is inherent connection between the quantum Poisson bracket and classical
Poisson bracket, i.e.

. i[AB — BA]
lim =——— = {4, B} (C.1.4)

This is well-known result in the quantum mechanics.

Landau [4] introduced the limit passing over (C.1.4) from quantum Poisson
bracket to the classical Poisson bracket in deriving the hydrodynamic equations of
superfluid. He takes the expansion of mass density and momentum such as:

Zm“ ry—7) (C.1.5)
) =Y pio(rs—r) (C.1.6)

whose quantum Poisson brackets are

] f)(rl)Vk(rl)é(rl — r2) (C17)
[Pr(r ) (72)] h(pi(r1)Vi(r1) — pr(r2) Vi(r2))o(r1 — r2)
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where Vi (ry) represents derivative carrying out on coordinate r; and V;(r;) on
coordinate r,.

By using the limit passing over (C.1.4) from the quantum Poisson to the classical
Poisson bracket, from (C.1.7) one can obtain the corresponding classical Poisson
brackets:

{pe(r1), p(r2)} = p(ri)Vi(ri)o(r — r2)

{pe(r1),pi(r2)} = (Pi(r1)Vi(r1) — pi(r2) Vi(r2))o(r1 — r2) (C.1.8)

Lubensky et al. [9] extended the discussion to solid quasicrystals, and they
introduced the Landau expansion to phonon field u; and phason field w; as below

we(r) =Y upd(ry —r) (C.1.9)
wi(r) = wid(r, —r) (C.1.10)

By using the limit passing over (C.1.4) from the quantum Poisson to the classical
Poisson bracket, from (C.1.9) and (C.1.10) one can find whose corresponding
classical Poisson brackets as follows:

{ux(r), 81(r2) } = (=0u + Vi(r1)ug)d(r1 — r2) (C.1.11)
{wi(r), &i(r2)} = (Vi(ri)wi)6(r1 —12) (C.1.12)

It is evident that (C.1.12) is quite different from (C.1.11), and this leads to the
dissipation equations of phasons given in the subsequent discussion which are quite
different from those of phonons. The relevant derivations are carried out by
Lubensky et al. [9].

C.2 Generalized Langevin Equation and Coarse
Graining

Apart from Poisson brackets, it is needed some other basis in the derivation of
hydrodynamic equations of quasicrystals, which is related to the Langevin equation
or generalized Langevin equation.

It is well known that the conventional Langevin equation stands for

o (r,1)
ot

= —Ty(r,)+F, (C2.1)
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in which (r,7) is a mechanics quantity, I represents a resistant force, and F a
stochastic force. The equation describes a stochastic process. Ginzburg and Landau
extended it to the case of multi-variables

o, (r,1) OH

=-Tyu———+(F) (C.2.2)
o1 P 5wy (r,1) g
in which the summation convention is used like that in the previous presentation of
this book, where H = H[{/(r, )] denotes a energy functional, which can also be

named Hamiltonian, #’(J’l) represents a variation of H = H[y(r,1)] to Y4(r,1) Typ

are the elements of resistant matrix (or dissipation kinetic coefficient matrix), and
the meanings of definitions of other quantities are the same as before. Equation
(C.2.2) is a kind of generalized Langevin equation, which can also be extended in
more wide sense. If the macroscopic quantity ¥, (r,7) may be seen as thermody-
namic average of microscopic quantity Y, (r, {g"}, {p*}). i.e.

Uo(r,0) = (W5 (r, {g"}, {p"})) (€23)

this treatment is called coarse graining, in which p*, ¢* are the canonic momentum
and canonic coordinate, and the micro-quantities obey the microscopic Liouville
equation

I
W m ) (C2.4)

where H*({¢"}, {p*}) denote the microscopic Hamiltonian.
In d-dimensional space, the partial derivative of macro-quantity y,(r,?) to time

Oy (1)

ot

consists of various terms, one among them is

oH
vt

—/ <{‘///3(”/)a%(7)}m>ddr’ (C2:5)

and the other is

() (N} 4,
/<—5W(”>0 )dr (C.2.6)

Combining (C.2.5), (C.2.6), then (C.2.2) is generalized as
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Ny (r,1) _ 6H , () V(M
o1 /<{¢ﬁ )}(m 2 ))ddr * /( (;pﬂ(r/,r) )ddr
- Fa/f% + (Fy),

(C.2.7)

where d’s/ = dV represents volume element of the integral. Based on formulas
(C.1.8), (C.1.11) and (C.1.12), Lubensky et al. [9] utilized Eq. (C.2.7) to derive the
hydrodynamic equations of quasicrystals. This will be given in the next subsection.
In the derivation, the last term in (C.2.7) is omitted.

C.3 Derivation of Hydrodynamic Equations of Solid
Quasicrystals

The derivation of equation of mass conservation is very simple, which is the same
with that in the conventional fluid, and is omitted here.

At first, consider the derivation of phonon dissipation equations:

Putting v, (r, 1) = wi(r, 1), 4(r', 1) = g;(r',t) in (C.2.7) and omitting the second
and fourth terms in the right-hand side of the equation, then

Ou;(r, 1) , OH , OoH
a _/ ({ui(r)’gj(r)}5gj(r’7f)>ddr DSt

Substituting bracket (C.1.11) into the integral of right-hand side yields

au,(r,t) o / gj(r/) d_J oH
Era /( 5U+Vj(r)u,)5(r ) o) d‘r+T, e o
OoH o
= —ViVi(rjui — F“W +Vi

where I', enotes the phonon dissipation kinematic coefficient, and the Hamiltonian

is defined by
0 0
n=nyira= [ Lore [5Gl +a()v o
Po Po
= Hyn +Hdensity + Fe
Fo=F,+F,+Fu, g=pV

ddr + Fel

(C3.2)
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and A, B are the constants describe density variation, and the last term of (C.2.7)
represents elastic energies, which consist of phonons, phasons and phonon-phason
coupling parts, respectively:

1
Fu = /Ecijklsijsklddr

1
FW = /EKijleszk[ddr (C33)

d
Fuw = / (Rijueiwia + Rujwiien ) dr

Cjju the phonon elastic constants, Kj;; the phason elastic constants, and Ry, Ry
the phonon-phason coupling elastic constants, and the strain tensors &;, w;; are
defined by

1 Bui 8uj o 8Wl'

The associated stress tensors are related through the generalized Hooke’s law

OF
05 = 7— = Cyuén + Rjuwn

86,7

oF (C3.5)
Hj = 73ij = Kijuwu + Ruijen

Equation (C.3.1) is just Eq. (16.5.14) in the text of Chap. 16.

Now, consider the derivation of phason dissipation equations.

In (C.2.7), put ¥, (r,t) = wi(r, 1), Y5(r',t) = g;(r', 1), neglecting the second and
fourth terms in the right-hand side, and then substituting the Poisson bracket (C.2.7)
into it leads to

Ow;(r,t) , OH , SH
o= ({Wf(’)’gf(”}ag,(rxr))ddr S
Then
Owi(r, 1) NGy oH
=] (it =) S - 30
= Vjvj(r)wt wéwf(l;l l)

which is just Eq. (16.5.16) in the text of Chap. 16, and I',, denotes the phason
dissipation coefficient, and Hamiltonian is defined by (C.3.2).
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By comparing (C.2.7) and (C.2.7), it is found that the physical meanings of
phonon and phason in hydrodynamic sense are quite different. According to the
explanation of Lubensky et al. [9], the phonon represents wave propagation, while
phason represents diffusion.

Of course the other difference between phonon and phason is that they belong to
the different irreducible representations of point groups, which has been discussed
in Chap. 4.

The derivation of momentum Eq. (16.5.3) is somehow lengthy. The calculation
is related with momentum g; = pV; mass density p, phonon u; and phason w;, and
this means that the integrands in the right-hand side of (C.2.7) need to use
simultaneously the Poisson brackets listed in (C.1.8), (C.1.11) and (C.1.12), i.e.

it = [ (womengg o= [ (oo e

- [ty 505 )07 = [ ({anomo) 550 )
/ (‘W>ddr/+rg il

L, =n.
(1) Selryn) ¢

(€.3.7)

in which the first integral of the right-hand side can be evaluated as

/<{gi(r),P(r')} ot >ddr/=/<p(r)vi5(r—r’)WHdenmy))ddr/

op(r')1) op(r',1)
5(Hkin +Hdensil )
_ , o )\ 4d 1
_p(r)V,/ (5(r r) 507 1) d’r
o 5Hdensity g2
)% (P ) (- £

5Hdensi
= p(r)Vi( 5 [y) —&ViVj

Similarly, the second to fifth integrals are evaluated, and the fifth integral is

o [ (DO gy [ (HelrD O g

ou;(r', 1) ow;(r', 1)

The right-hand side consists of four terms, and the third one among them results
in after some calculation
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/ (5{g,-(r7 1), u;(r, t)})ddr, _ / (5{5,7 — V() u(r, 1)} 5 — r))d"’r’

ouj(r', 1) Sui(r' 1)
= / (Vi(r/) ngE::: 2 o(r' — r))ddr’

- / (Vi) DS — )’ =0

Similarly, the fourth term can be evaluated. The sum of the first and second
terms is zero. Then making some algebraic manipulations yields

O8ilr,1) = = V() (Vagi) + V;(r) (g Vi (r)V2) — (35 — Vi)

ot
oH H
s N 8

oH

(1) 58)

+(Viwy)

in which #;;; denotes the viscosity coefficient tensor of solid, and the viscous stress
tensor is

7= nijkl&kl (C.3.9)
with the deformation rate tensor
. 1 /0V, 0V,
=——+ = C.3.10
Cu ) <8xl + (9xk> ( )

Equations (C.3.1), (C.3.6) and (C.3.8) and mass density conservation equation

ap

=0 C.3.11
o + Vi(pVi) ( )

are the equations of hydrodynamic equations of icosahedral quaiscrystals, which are
obtained by Lubensky et al. [9], in which there are field variables’ mass density p,
velocities V; (or momentums g; = pV;), phonon displacements u; and phason dis-
placements w;.

After the publication of the work since 1985, which are cited by many authors, at
meantime there are some discussions [11-13], in which the Ref. [11] suggested
some simplifications to the equations, e.g.

P
Fi) FVi(pVi) =0 (C.3.13)
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98i(r1) _ ¢ OH oy
at - vj(r) (Wyklvk(r)vl) - 5”[(”7 t) - pvl(r) 5p(r7 l)? g] - ,0‘/]
(C3.12)
Ou(r,t) OH
TR _FMW +V; (C.3.14)
owi(r,1) OoH
o I, Sl 0) (C.3.15)

C.4 Concept of Lie Group and Derivation on Some
Formulas

The above derivation indicates that the Poisson brackets (C.1.8), (C.1.11) and
(C.1.12) are fundamental, which can also be derived based on the concept of Lie
group. In this section, we give an introduction in brief on the derivation.

Lie group is a group like the point groups discussed in the first 15 chapters,
which satisfy the axioms of groups, referring to the Appendix of Chap. 1. However
there is difference between point group and Lie group which is a kind of continuous
group. The momentum operator mentioned previously is a generator of movement
group, spin operator is a generator of rotation group in spin space, and the quantum
Poisson brackets are connected inherent to the Lie group, so that Ref. [3] suggests
the concept of “group Poisson bracket”.

Assuming g be an element of group G, it has relation to the m real continuous
parameters o, i.e.

g(OC,') €eG, ,eR, i=1,2,...,m (C41)

R denotes a real space.
Notion “” connects two elements, a(o;) and b(f5;), and gives another element
c(y;) € G:

C(Vi) :a(ai) b(ﬁl)’ i= 1727"'7m (C42)
For the continuous parameters, there is

Vi = @i(alaab~~v°‘maﬂlaﬁ2a~~~aﬁm) (C'4'3)

If ¢; is an single-valued analytic function of oy, o, . . ., %, B, B2, - - -, B> this
group is Lie group. The concept on single-valued analytic function can be found in
the appendix of Chap. 11 of this book.
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People usually take a parameter o; and identical element E (the concept of
identical element E referring to the Appendix of Chap. 1), then o;(E) = 0. The
generator of Lie group is taken to be L;, which can be expressed by the following
partial differential

oa(. . Oy
L= ia(Ti) |zi=0 (C.4.4)

Group element a can be expressed by the following expansion
a(..., o) =E(..,0,...) 4ol +0(F) (C.4.5)

The infinitesimal element in the Lie group presents important sense in this kind
of groups. Assume matrix D(A) be the representation matrix of element A of Lie
group. The parameter o; of infinitesimal element A(o)is an infinitesimal quantity.
The matrix D(A) can be expanded as below:

N
DA)=1-i) ul; (C.4.6)
j=1
and
[ = ;90A) (C.47)
aotj 2=0

in which N I; are named generators of representation matrix, and Lie algebra is
constituted through the commutation relation between generators

[Li,Lj) = CLi, i,jk=1,2,....m (C.4.7)

where Cf; is called the structure constant. The asymmetry, linearity and Jacobi
identity of Lie algebra are as follows:

ILi, 1) = =L, L] (C4.8)
[aLi+ BL;, L] = o[Li, L] + B[L;, L], o, fER (C.4.9)
[Li, [Lj, Li]] + [Li, [Li, L] + [Lj, [Li, Li]] =0 (C.4.10)

respectively. In classical continuum mechanics, the coordinate transformation

= K ik (r) (C4.11)
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is often used, which is called translation group or movement group, or infinitesimal
movement group. It is interesting that in particular, u*(r) presents evident physical
meaning and represent displacement, or phonon. Note that x* here is the con-
travariant vector, while x; is the covariant vector. We recall that the physical
quantities mentioned previously present very close connection to the group algebra,
because momentum operator is the generator of movement group, spin operator is
the generator of rotation group in spin space, etc. Some correlation between
physical quantities a, b, c, ... and elements of transformation group A, B, C, ...

{a,b,c,...} — {A,B,C,...} (C4.12)

may be set up. The linear combination of group elementA can be given by the
following linear expression

A=) A(g)g. Alg) €R (C.4.13)
geG

where A(g)can be understood the coefficients of the expansion, but the series is for
discrete group only, it should be replaced by integral for continuous group, and in
the case, the group elements vary continuously.

Assume A can be transformed according to the following version

A — gAg™! (C.4.14)

Suppose dg be an infinitesimal transformation, if g = 1+ dg, then the linear
approximation is

A — A+0A (C.4.15)
and
0A = [0g,A] (C.4.16)

The infinitesimal transformation dg is of the form
g = % / ok ()L (r)dr (C.4.17)

in which of(r) is the local infinitesimal “angular”, L*(r) is the generators of local
transformation group, i = v/—1,h = h/2n, and h is the Planck constant.

For the movement group, take of(r) = uf(r), and the generator is the momen-
tum, and then from (C.4.15) and (C.4.17),
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OA(r) = —/a"(r’)[L"(r’),A(r)} d?r (C.4.18)
This equation shows that A is the linear functional of “angular” of(r) of

infinitesimal local transformation, and the corresponding variation is

;QE;)) = % [L5(r). A(r)] (C.4.19)

The limit passing over from quantum mechanics to classical mechanics is

L,A] — (;i: ={L,A} (C.4.20)

Recall again that LA represent operators in quantum mechanics and L,A the

field variables in classical mechanics, so that the right-hand side of (C.4.19) may be
written as

da

— =/l C4.21

= —{L.a) (C421)
in which a can represent any field variables a, b, c, . .. of hydrodynamics and [ the
generator [*(r) corresponding to the group, so that from (C.4.21)

5(2;((?) = {I'(r),a(r)} (C.4.22)
Furthermore
T F W) faa = fabh = 5} =0 (€42

At the finite temperature, the Hamiltonian can be expressed by

H= /s(p, p,s)dr
de = Vkdp; + udp + Tds
where ¢ denotes the energy density, the others are the same before, p = (py, py, p;)

and p the momentum and mass density, s the entropy, V = (V,, V,, V,) the velocity,
u the chemical potential, T the absolute temperature, respectively, so



446 Major Appendix: On Some Mathematical Additional Materials

Spr = —u'ipx — V' — Vol
op = —u'Vip — pVidt (C.4.24)

Os = —u'Vs — sVt
From (C.4.23) and (C.4.24), one obtains

{pe(r1), p(r2)} = p(ri)Vi(r1)o(ry — r2)

{pi(r1), pi(r2)} = (pi(r1))Vi(r1) — pe(r2) Vi(r2))d(ri — 12) (C.4.25)

This is identical to (C.1.8) given by Poisson bracket method of condensed matter

physics, which is the result of Ref. [2, 4].

Applying the above results into quasicrystals, there are
{ur(r1), &1(r2)} = (=6u + Vi(r)ug)d(ri — r2) (C.4.26)
{we(r1),&1(r2)} = (Vi(r1)wi)o(ry — r2) (C.4.27)

These are identical to (C.4.23) and (C.4.24) given by Lubensky et al. [9], and

they derived directly using the Poisson bracket method.

This description shows the power of Lie group method. Ref. [4] shows further

that if introducing the Liouville equation, equations of motion for some complex
systems can be obtained, which are identical to those derived Sect. C.3.

Some detailed derivations are given by Fan [14].
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Appendix D: Some Preliminary Introductions
on Soft-Matter Quasicrystals

The previous discussions in the text have dealt with solid quasicrystals, including
binary and ternary metal alloy quasicrystals and natural quasicrystals observed so
far, and focused mainly on their elasticity. Since 2004, the quasicrystals with
12-fold symmetry have been observed in liquid crystals, colloids and polymers. In
particular, 18-fold symmetry quasicrystals in colloids were discovered in 2011.
These kinds of quasicrystals can be called as soft-matter quasicrystals, which
present very interesting and attractive features and have aroused a great deal of
attention of researchers in physics and chemistry.

D.1 Soft-Matter Quasicrystals with 12- and 18-Fold
Symmetries

D.1.1 The Discovery of Soft-Matter Quasicrystals
with 12- and 18-Fold Symmetries

During 2004, Zeng et al. [1] observed the quasicrystals with 12-fold symmetry in
liquid crystals. Almost at the same time, in 2005 Takano [2], in 2007 Hayashida
et al. [3] discovered the similar structure in polymers. The quasicrystals of 12-fold
symmetry were observed also in chalcogenides and organic dendrons.

In 2009, Talapin et al. [4] found the quasicrystals of 12-fold symmetry in
complex of binary nanoparticles.

Figure D.1 shows the diffraction pattern of soft-matter quasicrystals with 12-fold
symmetry.

More recently, the 12- and 18-fold symmetry quasicrystals are discovered in
colloids by Fischer et al. [5], and they observed the structures in Pl3p-PEO;5( of one
of poly (isoprene-b-ethylene oxide) (PI,-PEO,,) at room temperature, by using
X-ray scattering and neutron scattering. The 18-fold symmetry quasicrystal is the
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(12210)

(13310)

(24200)

(23200)

(12100)

Fig. D.1 Diffraction pattern of 12-fold symmetry quasicrystals in soft matter

Fig. D.2 Diffraction pattern
of soft-matter quasicrystals
with 18-fold symmetry

first observed since 1982 in solid and soft-matter quasicrystals, whose diffraction
pattern and Penrose tiling are shown in Figs. D.2 and D.3, respectively.

Though the 12-fold symmetry quasicrystals in solids were discussed in Chaps. 68,
the 18-fold symmetry quasicrystals are studied for the first time to us, which have not
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Fig. D.3 The Penrose tiling of quasicrystals with 18-fold symmetry in soft matter

been known previously. This is very new and interesting topics. The 12-fold sym-
metry quasicrystals in solid are discussed in Chaps. 6-8, but the 18-fold symmetry
quasicrystals are total newly phase to the researchers, which have not been discussed
in the previous chapters, and we have only very few of understanding for the structure
and properties.

These discoveries present highly importance. At first, under certain temperature
and density, quasicrystal state in soft matter is stable and this promotes us to
understand quasicrystals theoretically. It is well known that quasicrystal state in
metallic alloys is formed under rapid cooling condition, which is quite different
from that of soft-matter quasicrystals, because these two cases are in quite different
thermodynamic environments. The discovery of 18-fold symmetry quasicrystals
leads to appearance of new point groups and space groups and promotes the
development of symmetry theory and group theory. Of course, the appearance of
these new quasicrystals enlarges the scope of the quasicrystal study. Finally,
soft-matter quasicrystals may be a class of photon band grasp material, present
application meaning. In addition, the self-assembly technique developing in the
study is meaningful.

D.1.2 Characters of Soft-Matter Quasicrystals

Based on the experimental results, the soft-matter quasicrystals observed in dif-
ferent kinds of soft matter and their forms and structures are quite different to each
other. It is here unable specially and in detail to study soft matter. Our object is only
to study the soft-matter quasicrystals, and for this purpose, we have to understand a
preliminary and necessary knowledge on soft matter. The nature of soft matter is an
intermediate phase between ideal solid and simple fluid, or call is as a complex fluid
or structured fluid, which is one of soft condensed matter.
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The soft-matter quasicrystals observed so far are two-dimensional. During the
process of their formation, it accomplished chemical reactions, and some phase
transitions, such as crystal-quasicrystal transition and liquid crystal-quasicrystal
transition. In the formation process of quasicrystals coming from colloids, there is
connection with electricity, because the particles in colloids have charges. Our
understanding to these complex physical-chemical effects is very limited.

The discussion on quasicrystals in soft matter is only an introduction of the
subject. The same as we have done in the first 15 chapters for solid quasicrystals,
and the main attention here is on mechanical behaviour and continuous mechanics
of soft-matter quasicrystals. For example, under action of impact tension with stress
amplitude 6o = 5 MPa, the variation of mass density dp/p, is 107'* for solid
quasicrystals, while under action of impact tension with stress amplitude
ao = 0.01 MPa, the variation of mass density dp/p, is 107 for soft-matter qua-
sicrystals; the viscosity stress G;V = 107! GPa for solid quasicrystals under action

of impact tension with stress amplitude oy = 5 MPa, while the fluid stress (7;y =

1073 GPa for soft-matter quasicrystals under action of impact tension with stress
amplitude ¢y = 0.01 MPa These show the huge differences of mechanical prop-
erties between solid quasicrystals and soft-matter quasicrystals. Of course, for the
computation for soft-matter quasicrystals, the equation of state was used, which is
needed to be verified by experiments.

The related thermodynamics of soft-matter quasicrystals was done by Lifshitz
et al. [7, 8], and they attended the stability of the new phase, which is a very
important problem, of course. For studying hydrodynamics of soft-matter qua-
sicrystals, an equation of state is necessary, and Fan and co-workers [9, 10] gave
some preliminary discussions, but the model needs experimental verification.

D.2 Mathematical Model of Hydrodynamics
of Soft-Matter Quasicrystals

However, the work on the deformation and motion of the new phase has not well
been carried out due to the lack of fundamental experimental data to date. In
addition, the scope of topic goes beyond elasticity. Hence, one should undertake the
research on the relevant hydrodynamics. It is well known that the hydrodynamics in
solid quasicrystals is a very difficult subject. Chapter 16, thus, only gave a very
brief introduction. Readers might be found that many problems and questions there
were left. There are much more principle difficulties in studying hydrodynamics for
the new phase in physics and mathematics. At first, some mechanisms of defor-
mation and motion of the matter have not been sufficiently explored owing to the
lack of experimental data. Secondly, there is the lack of effective equation of state
p =f(p) or p = g(p) for soft matter, where p denotes fluid pressure and p the mass
density, respectively. This is a difficulty arising from thermodynamic study of soft
matter. The thermodynamics is a more fundamental theory than the hydrodynamics.
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The work on thermodynamics of soft-matter quasicrystals has been given by some
researchers, as mentioned previously, but has not been well developed.
Furthermore, no experimental verification has been made for some proposed
models. It is an evident that the study of hydrodynamics for soft-matter qua-
sicrystals is more difficult than that for solid quasicrystals.

In spite of this, the probe on hydrodynamic study of soft-matter quasicrystals is
available and significant. The hydrodynamics of solid quasicrystals initiated by
Lubensky et al. [6] over the past three decades has accumulated fruit achievements
and experience. This is worthwhile providing a mode to develop hydrodynamics of
soft-matter quasicrystals by drawing from that of solid quasicrystals.

After the careful consideration and preliminary practice, one can find that the
common fundamentals for hydrodynamics, for example the generalized Langevin
equation and Poisson bracket method of condensed matter physics, are valid for
both solid quasicrystals and soft-matter quasicrystals (a rough address can be
referred to Appendix C). In addition, the Hamiltonians in both solid and soft-matter
quasicrystals are similar. This fact indicates that the theoretical framework for
soft-matter quasicrystals focusing on hydrodynamics may be set up. For simplicity,
the study on soft matters here should be confined to the case of small deformations
such that the phonon and phason stresses and strains yield the generalized linear
Hooke’s law, and the fluid stresses and deformation rates follow the generalized
linear Newton’s law. Under these assumptions, the corresponding hydrodynamic
equation system can be deduced. The equations provide a basis for computation at
least, which lead to some information and data on displacement, velocity and stress
fields in physical time-spatial domain. They can also provide possible comparisons
with experiments hereafter. This enables one to explore the physical nature of
deformation and motion of soft-matter quasicrystals. Some results are reported in
[11-14].

This discussion on soft-matter quasicrystals and their hydrodynamics is beyond
the scope of this book, and the relevant contents are given in works [15, 16].
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