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Preface to the
Revised Second Edition

The book was first released in 1998 and the second edition was publised in 2004.
The book has been extensively used by the faculty members and the students
across the country. The present revised edition is based on the comments received
from the users of the book. We take this opportunity to thank the individuals in
various colleges/universities/institutes who provided inputs for the improvements.
In the revised second edition, the typographical errors has been corrected. During
the revision, the focus was primarily on the chapters pertaining to Fluid Machinery
(Chapter 15 and Chapter 16). Some discussions have been expanded to make a
better connection between the fundamentals and the applications. The
illustrations have been improved. We are grateful to Ms. Surabhi Shukla and Ms.
Sohini Mukherjee of McGraw-Hill for the efficient production of the revised
second edition. We hope that our readers will find the revised second edition
more usueful.

S K Som
G Biswas
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Preface to
the Second Edition

Many colleges, universities and institutions have used this book since the
publication of its first edition. The colleagues and students of the authors have
made valuable suggestions for the improvement of the book. The feedback of the
students has influenced our style of presentation in the revised edition. The
suggestions received from Prof. V Eswaran, Prof. R P Chhabra and Prof. P S
Ghoshdastidar of [IT Kanpur are gratefully acknowledged. A major revision has
been brought about in Chapter 4, especially, following the suggestions of
Prof. V Eswaran on the earlier version of the chapter. Prof. B S Murty of IIT
Madras provided valuable advice on the earlier version of Chapters 9, 11 and 12.
Prof. S N Bhattacharya, Prof. S. Ghosh Moulic, Prof. P K Das and Prof. Sukanta
Dash of IIT Kharagpur prompted several important modifications. Input from
Prof. P M V Subbarao of IIT Delhi was indeed extremely useful. Prof. B.S. Joshi
of Govt. College of Engineering, Aurangabad, put forward many meaningful
suggestions. The authors have made use of this opportunity to correct the errors
and introduce new material in an appropriate manner. The text on Fluid Machines
has been enhanced by adding an additional chapter (Chapter 16). Some exciting
problems have been added throughout the book. We sincerely hope that the
readers will find this revised edition accurate and useful.

S K Som
G Biswas
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Preface to
the First Edition

This text has been written primarily for an introductory course in fluid mechanics.
Also, an attempt has been made to cover a significant part of the first course in
fluid machines. The book is an outcome of our teaching experience at the Indian
Institute of Technology, Kharagpur, and Indian Institute of Technology, Kanpur.

In the wake of modernisation of the industrial scenario in India, a need has
been felt to modernise the engineering curriculum of the country at the
undergraduate level. It has been observed that many of our graduates are being
drawn into a high level of computational and experimental work in fluid
mechanics without the benefit of a well-balanced basic course in fluids. In a basic
(core level) course, a host of topics are covered, and almost everyday a new
concept is introduced to the students. It is the instructor’s job to redistribute the
emphasis of any topic that he feels the students must focus with more priority. The
merit of a basic course lies in its well-balanced coverage of physical concepts,
mathematical operations and practical demonstrations within the scope of the
course. The purpose of this book is to put effort towards this direction to provide
a useful foundation of fluid mechanics to all engineering graduates of the country
irrespective of their individual disciplines. Throughout this book, we have been
emphatic to make the material lucid and easy to understand.

The topics of the first fourteen chapters are so chosen that it would require a
one-semester (15 weeks) course with four one-hour lectures per week. The
fifteenth chapter is on fluid machines which covers topics such as basic principles
of fluid machines, hydraulic turbines, pumps, fluid couplings and torque
converters. This material may be gainfully utilised together with the otherwise
available text material on gas and steam turbines to cover a full course on
introductory turbomachines.

The text contains many worked-out examples. These are selected carefully so
that nuances of the principles are better explained and doubts are removed
through demonstration. The problems assigned for practice and homework are
also aimed at enhancing the dormant creative capability to the students. We hope
that on completion of the course, the students will be able to apply the basic
principles in engineering design in an appropriate manner.

We are grateful to a number of academics for many useful discussions during
several stages of the preparation of this book. They are Prof. R Natarajan, Prof. P
A Aswatha Narayan and Prof. T Sundararajan of IIT Madras, Prof. A S Gupta,
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Xiv Preface to the First Edition

Late Prof A K Mohanty, Prof. P K Das, Prof. S K Dash and Late Prof. S P
Sengupta of [IT Kharagpur, Prof. K Muralidhar, Prof. V Eswaran, and Prof. A K
Mallik of IIT Kanpur, Prof. D N Roy, and Prof. B N Dutta of B E College and
Prof. S Ghosal of Jadavpur University. We wish to record our solemn gratitude to
Prof. N V C Swamy for carefully reading the text amidst his hectic tenure when
he was the Director of IIT Madras. We thank the curriculum development cell of
IIT Kharagpur for providing the initial financial support for the preparation of the
manuscript. We are also grateful to Vibha Mahajan of Tata McGraw-Hill for the
efficient production of the book.

Finally, we express a very special sense of appreciation to our families who
benevolently forewent their share of attention during the preparation of the
manuscript.

Constructive criticism and suggestions from our readers will be welcome.

S K Som
G Biswas
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Introduction and
Fundamental Concepts

1.1 DEFINITION OF STRESS

OF =

, = normal force, 6F, = tangential force

Let us consider a small area 04 on the surface of a body (Fig. 1.1). The force
acting on this area is 6F. This force can be resolved into two components, namely,
OF, along the normal to the area 64 and 6F, along the plane of 04. 6F, and OF,
are called the normal and tengential forces respectively. When they are expressed
as force per unit area they are called as normal stress and tangential or shear

stress.

The normal stress o= lim (6F,/04)
8 A4=0

and shear stress t= lim (6F,/04)
8 A4=0

Fig. 1.1 Normal and tangential forces on a surface
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1.2 DEFINITION OF FLUID

A fluid is a substance that deforms continuously when subjected to a tangential or
shear stress, however small the shear stress may be.

As such, this continuous deformation under the application of shear stress
constitutes a flow. For example (Fig. 1.2), if a shear stress 7 is applied at any
location in a fluid, the element 011" which is initially at rest, will move to 022,
then to 033" and to 044" and so on. In other words, the tangential stress in a fluid
body depends on velocity of deformation and vanishes as this velocity approaches
Zero.

Fig. 1.2 Shear stress on a fluid body
1.3 DISTINCTION BETWEEN A SOLID AND A FLUID

The molecules of a solid are more closely packed as compared to that of a fluid.
Attractive forces between the molecules of a solid are much larger than those of a
fluid.

A solid body undergoes either a definite (say ) deformation (Fig. 1.3) or
breaks completely when shear stress is applied on it. The amount of deformation
(@) is proportional to the magnitude of applied stress up to some limiting
condition.

If this were an element of fluid, there
would have been no fixed o even for an /
infinitesimally small shear stress. o/ a/
Instead a continuous deformation
would have persisted as long as the
shear stress was applied. It can be  Fig. 1.3 Deformation of a solid body
simply said, in other words, that while
solids can resist tangential stress under static conditions, fluids can do it only
under dynamic situation. Moreover, when the tangential stress disappears, solids
regain either fully or partly their original shape, whereas a fluid can never regain
its original shape.

—> T

Solid

1.3.1 Concept of Continuum

The concept of continuum is a kind of idealization of the continuous description
of matter where the properties of the matter are considered as continuous
functions of space variables. Although any matter is composed of several
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molecules, the concept of continuum assumes a continuous distribution of mass
within the matter or system with no empty space, instead of the actual
conglomeration of separate molecules.

The most fundamental form of description of motion of a fluid is the behaviour
of discrete molecules which constitute the fluid. But in liquids, molecular
description is not required in order to analyse the fluid motion because the strong
intermolecular cohesive forces make the entire liquid mass to behave as a con-
tinuous mass of substance. In gases, when the quantity of molecules in a given
volume is large, it is good enough to consider the average effect of all molecular
within the gas. It may be mentioned here that most gases have the molecules
density of 2.7 x 10% molecules per m>. In continuum approach, fluid properties
such as density, viscosity, thermal conductivity, temperature, etc. can be
expressed as continuous functions of space and time.

There are factors which are to be considered with great importance in
determining the validity of continuum model. One such factor is the distance
between molecules which is a function of molecular density. The distance
between the molecules is characterised by mean free path (4) which is a statistical
average distance the molecules travel between two successive collisions. If the
mean free path is very small as compared with some characteristic length in the
flow domain (i.e., the molecular density is very high) then the gas can be treated
as a continuous medium. If the mean free path is large in comparison to some
characteristic length, the gas cannot be considered continuous and it should be
analysed by the molecular theory. A dimensionless parameter known as Knudsen
number, K, =A/L, where A is the mean free path and L is the characteristic length,
aptly describes the degree of departure from continuum. Usually when K, > 0.01,
the concept of continuum does not hold good. Beyond this critical range of
Knudsen number, the flows are known as slip flow (0.01 <K, <0.1), transition
flow (0.1 < K,, < 10) and free-molecule flow (K, > 10). However, for the flow
regimes described in this book, K|, is always less than 0.01 and it is usual to say
that the fluid is a continuum. Apart from this “distance between the molecules”
factor, the other factor which checks the validity of continuum is the elapsed time
between collisions. The time should be small enough so that the random statistical
description of molecular activity holds good.

1.4 FLUID PROPERTIES

Certain characteristics of a continuous fluid are independent of the motion of the
fluid. These characteristics are called basic properties of the fluid. We shall
discuss a few such basic properties here.

1.4.1 Density (p)

The density p of a fluid is its mass per unit volume. Density has the unit of kg/m>.
If a fluid element enclosing a point P has a volume A¥ and mass Am (Fig. 1.4),
then density (p) at point P is written as

— iy Am _dm
ar—0 A¥F d¥F |,
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1.4.2 Specific Weight (+)

The specific weight is the weight of fluid
per unit volume. The specific weight is

given by l
Y= rg
where g is the gravitational acceleration. - 5
. .. . y
Just as weight must be clearly distinguished A5x\7 A¥=06x0y 6z

from mass, so must the specific weight be

distinguished from density. In SI units, ¥

will be expressed in N/m?>.

1.4.3 Specific Volume (%)

The specific volume of a fluid is the volume occupied by unit mass of fluid. Thus
v= 1/p

Fig. 1.4 A fluid element
enclosing point P

Specific volume has the unit of m*/kg.

1.4.4 Specific Gravity (s)

For liquids, it is the ratio of density of a liquid at actual conditions to the density
of pure water at 101 kN/m?, and at 4 °C. The specific gravity of a gas is the ratio
of its density to that of either hydrogen or air at some specified temperature or
pressure. However, there is no general standard; so the conditions must be stated
while referring to the specific gravity of a gas.

1.4.5 Viscosity (u)

Though viscosity is a fluid property but the effect of this property is understood
when the fluid is in motion. In a flow of fluid, when the fluid elements move with
different velocities, each element will feel some resistance due to fluid friction
within the elements. Therefore, shear stresses can be identified between the fluid
elements with different velocities. The relationship between the shear stress and
the velocity field was given by Sir ¥
Isaac Newton. Consider a flow (Fig.

1.5) in which all fluid particles are u=u(y)
moving in the same direction in such a 7

way that the fluid layers move parallel
with different velocities.

Figure 1.6 represents two adjacent
layers of fluid at a distance y measured v
from a reference axis of Fig. 1.5, and
they are shown slightly separated in
Fig. 1.6 for the sake of clarity. The

. . . o
upper layer, which is moving faster, x
tries to draw the lower slowly moving Fig. 1.5 Parallel flow of a fluid
layer along with it by means of a force
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F along the direction of flow on this \ |
layer. Similarly, the lower layer tries to [
retard the upper one, according to \ |
Newton’s third law, with an equal and T
opposite force F on it. Thus, the y
dragging effect of one layer on the l
other is experienced by a tangential

force F on the respective layers. If F Fig. 1.6 Two adjacent layers of a
acts over an area of contact 4, then the moving fluid

shear stress 7 is defined as 7= F/A.
Newton postulated that 7 is proportional to the quantity Au/Ay, where Ay is the

distance of separation of the two layes and Au is the difference in their velocities.
In the limiting case of Ay = 0, Au/Ay equals to du/dy, the velocity gradient at a
point in a direction perpendicular to the direction of the motion of the layer.
According to Newton, Tand du/dy bears the relation

du
T= U— 1.1
'udy (1.1)

where, the constant of proportionality u is known as the viscosity coefficient or
simply the viscosity which is a property of the fluid and depends on its state. Sign
of 7 depends upon the sign of du/dy. For the profile shown in Fig. 1.5, du/dy is
positive everywhere and hence, 7 is positive. Both the velocity and stress are
considered positive in the positive direction of the coordinate parallel to them.
Equation (1.1), defining the viscosity of a fluid, is known as Newton’s law of
viscosity. Common fluids, viz. water, air, mercury obey Newton’s law of
viscosity and are known as Newtonian fluids. Other classes of fluids, viz. paints,
different polymer solution, blood do not obey the typical linear relationship of 7
and du/dy and are known as non-Newtonian fluids.

Dimensional Formula and Units of Viscosity Dimensional formula of viscosity
is determined from Eq. (1.1) as,

T [F/L?] _ [ML'T™2]
du/dy  [U/T] [1/T]

The dimension of u can be expressed either as FTL > with F, L, T as basic
dimensions, or as ML'T™! with M, L, T as basic dimensions; corresponding
symbols in SI unit are Ns/m? and kg/ms respectively.

For Newtonian fluids, the coefficient of viscosity depends strongly on
temperature but varies very little with pressure. For liquids, the viscosity
decreases with increase in temperature, whereas for gases viscosity increases with
the increase in temperature. Figure 1.7 shows the typical variation of viscosity
with temperature for some commonly used liquids and gases.

=[ML'T]

Causes of Viscosity The causes of viscosity in a fluid are possibly attributed to
two factors: (i) intermolecular force of cohesion (ii) molecular momentum
exchange.



The McGraw-Hill Companies

(6 T 1 Introduction to Fluid Mechanics and Fluid Machines

4.0

Viscosity, u(Ns/m?)

\\

\
2 7\? L Mercur |
1x1073 s\ :
~

— | Kerosine -

ct, —~ \l\
6 s ane \\ C&I‘bon tefrach] -
4 He \\\\ oride
Dlane \\§ Water
\\§
2 I
1x10™* =
8
6 _
A _
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6x107° |
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Temperature, °C

Fig. 1.7 Viscosity of common fluids as a function of temperature
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(i) Due to strong cohesive forces between the molecules, any layer in a
moving fluid tries to drag the adjacent layer to move with an equal speed
and thus produces the effect of viscosity as discussed earlier.

(i1)) The individual molecules of a fluid are continuously in motion and this
motion makes a possible process of a exchange of momentum between
different moving layers of the fluid. Suppose in a straight and parallel
flow, a layer aa (Fig. 1.8) is moving more rapidly than the layer bb. Some
molecules from the layer aa, in course of their continuous thermal
agitation, migrate into the layer bb, taking together with them the
momentum they have as a result of their stay at aa. By “collisions” with
other molecules already prevailing in the layer bb, this momentum is
shared among the occupants of bb, and thus layer bb as a whole is speeded
up. Similarly molecules from the lower layer bb arrive at aa and tend to
retard the layer aa. Every such migration of molecules, causes forces of
acceleration or deceleration to drag the layers so as to oppose the
differences in velocity between the layers and produces the effect of
viscosity.

a

??9?9\

Molecules

:
568 bso

Fig. 1.8 Movement of fluid molecules between two adjacent moving layers

Although the process of molecular momentum exchange occurs in liquids,
intermolecular cohesion is the predominant cause of viscosity in a liquid. Since
cohesion decreases with temperature, the liquid viscosity does likewise. In gases
the intermolecular cohesive forces are very small and the viscosity is dictated by
molecular momentum exchange. As the random molecular motion increases with
a rise in temperature, the viscosity also increases accordingly. Except for very
special cases (e.g., at very high pressure) the viscosity of both liquids and gases
ceases to be a function of pressure.

Ideal Fluid Tt has been found that considerable simplification can be achieved in
the theoretical analysis of fluid motion by using the concept of an hypothetical
fluid having a zero viscosity (1 = 0). Such a fluid is called an ideal fluid and the
resulting motion is called as ideal or inviscid flow. In an ideal flow, there is no
existence of shear force because of vanishing viscosity. All the fluids in reality
have viscosity (¢ > 0) and hence they are termed as real fluid and their motion is
known as viscous flow. Under certain situations of very high velocity flow of
viscous fluids, an accurate analysis of flow field away from a solid surface can be
made from the ideal flow theory.
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Non-Newtonian Fluids There are certain fluids where the linear relationship
between the shear stress and the deformation rate (velocity gradient in parallel
flow) as expressed by the Eq. (1.1) is not valid. Figure 1.9 shows that for a class
of fluids this relationship is nonlinear. As such, for these fluids the viscosity varies
with rate of deformation. Due to the deviation from Newton’s law of viscosity
they are commonly termed as non-Newtonian fluids. The abscissa in Fig. 1.9
represents the behaviour of ideal fluids since for the ideal fluids the resistance to
shearing deformation rate is always zero, and hence they exhibit zero shear stress
under any condition of flow. The ordinate represents the ideal solid for there is no
deformation rate under any loading condition. The Newtonian fluids behave
according to the law that shear stress is linearly proportional to velocity gradient
or rate of shear strain (Eq. 1.1). Thus for these fluids, the plot of shear stress
against velocity gradient is a straight line through the origin. The slope of the line
determines the viscosity. As such, many mathematical models are available to
describe the nonlinear “shear-stress vs deformation-rate” relationship of non-
Newtonian fluids. But no general model can describe the constitutive equation
(“shear stress vs rate of deformation” relationship) of all kinds of non-Newtonian
fluids. However, the mathematical model for describing the mechanistic be-
haviour of a variety of commonly used non-Newtonian fluids is the Power-Law
model which is also known as Ostwald-de Waele model (the name is after the
scientist who proposed it). According to Ostwald-de Waele model

n—1
duf™ du
dy] dy
where m is known as the flow consistency index and n is the flow behaviour
index. Viscosity of any fluid is always defined by the ratio of shear stress to the

deformation rate. Hence viscosity for the Power-law fluids, obeying the above
model, can be described as:

T=m

(1.2)

XS
\
Y\zﬁ"“c .
\aSt’\C
- ~ohat
ea\bﬁ\%
= 1d
e
3
=
(S
o du/dy Ideal fluid

Fig. 1.9 Shear stress and deformation rate relationship of different fluids
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dul’
m e |
dy

Itis readily observed that the viscosities of non-Newtonian fluids are function
of deformation rate and are often termed as apparent or effective viscosity.

Whenn =1, m equals to u, the model identically satisfies Newtonian model as
a special case.

Whenn <1, the model is valid for pseudoplastic fluids, such as gelatine, blood,
milk etc.

When n > 1, the model is valid for dilatant fluids, such as sugar in water,
aqueous suspension of rice starch etc.

There are some substances which require a yield stress for the deformation
rate (i.e. the flow) to be established, and hence their constitutive equations do not
pass through the origin thus violating the basic definition of a fluid. They are
termed as Bingham plastic. For an ideal Bingham plastic, the shear stress-
deformation rate relationship is linear.

1.4.6 Kinematic Viscosity

The coefficient of viscosity ( which has been discussed so far is known as the
coefficient of dynamic viscosity or simply the dynamic viscosity. Another
coefficient of viscosity known as kinematic viscosity is defined as

Sy

P
Its dimensional formula is LT and is expressed as m”/s in SI units. The
importance of kinematic viscosity in practice is realised due to the fact that while
the viscous force on a fluid element is proportional to p, the inertia force is
proportional to p and this ratio of t and p appears in several dimensionless
similarity parameters like Reynolds number VL/v, Prandtl number v/« etc. in
describing various physical problems.

1.4.7 No-slip Condition of Viscous Fluids

When a viscous fluid flows over a solid surface, the fluid elements adjacent to the
surface attain the velocity of the surface; in other words, the relative velocity
between the solid surface and the adjacent fluid particles is zero. This
phenomenon has been established through experimental observations and is
known as the “no-slip” condition. Thus the fluid elements in contact with a
stationary surface have zero velocity. This behaviour of no-slip at the solid
surface should not be confused with the wetting of surfaces by the fluids. For
example, mercury flowing in a stationary glass tube will not wet the surface, but
will have zero velocity at the wall of the tube. The wetting property results from
surface tension, whereas the no-slip condition is a consequence of fluid viscosity.
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1.4.8 Compressibility

Compressibility of any substance is the measure of its change in volume under the
action of external forces, namely, the normal compressive forces (the force 6 F,
as shown in Fig. 1.1, but in the opposite direction). The normal compressive stress
on any fluid element at rest is known as hydrostatic pressure p and arises as a
result of innumerable molecular collisions in the entire fluid. The degree of
compressibility of a substance is characterised by the bulk modulus of elasticity
E defined as

E= lim —2P (1.3)
A¥=0 A¥/¥

where AV and Ap are the changes in the volume and pressure respectively, and #

is the initial volume. The negative sign in Eq. (1.3) indicates that an increase in

pressure is associated with a decrease in volume. For a given mass of a substance,

the change in its volume and density satisfies the relation

¥ sp (14
¥ p
with the help of Eq. (1.4), E can be expressed as,
— gim AP _ 9P (1.5)

im =p

Ap=0(Ap/p) dp

Values of E for liquids are very high as compared with those of gases (except at
very high pressures). Therefore, liquids are usually termed as incompressible
fluids though, in fact, no substance is theoretically incompressible with a value of
E as o<. For example, the bulk modulus of elasticity for water and air at
atmospheric pressure are approximately 2 x 10° kN/m? and 101 kN/m?
respectively. It indicates that air is about 20,000 times more compressible than
water. Hence water can be treated as incompressible. Another characteristic
parameter, known as compressibility K, is usually defined for gases. It is the

reciprocal of £ as
Y »
dp

K is often expressed in terms of specific volume ¥ . For any gaseous substance, a
change in pressure is generally associated with a change in volume and a change
in temperature simultaneously. A functional relationship between the pressure,
volume and temperature at any equilibrium state is known as thermodynamic
equation of state for the gas. For an ideal gas, the thermodynamic equation of
state is given by

p= PpRT (1.7)
where T is the temperature in absolute thermodynamic or gas temperature scale
(which are, in fact, identical), and R is known as the characteristic gas constant,

the value of which depends upon a particular gas. However, this equation is also
valid for the real gases which are thermodynamically far from their liquid phase.
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For air, the value of R is 287 J/kg K. The relationship between the pressure p and
the volume # for any process undergone by a gas depends upon the nature of the
process. A general relationship is usually expressed in the form of

p¥" = constant (1.8)

For a constant temperature (isothermal) process of an ideal gas, x = 1. If there is
no heat transfer to or from the gas, the process is known as adiabatic. A
frictionless adiabatic process is called an isentropic process and x equals to the
ratio of specific heat at constant pressure to that at constant volume. The Eq. (1.8)
can be written in a differential form as

@w_ ¥ 19
dp xp
Using the relation (1.9), Eqgs (1.5) and (1.6) yield
E= xp (1.10a)
or - b (1.10b)
xp

Therefore, the compressibility K, or bulk modulus of elasticity £ for gases
depends on the nature of the process through which the pressure and volume
change. For an isothermal process of an ideal gas (x =1), E=p or K= 1/p. The
value of E for air quoted earlier is the isothermal bulk modulus of elasticity at
normal atmospheric pressure and hence the value equals to the normal
atmospheric pressure.

1.4.9 Distinction between an Incompressible and a
Compressible Flow

In order to know whether it is necessary to take into account the compressibility
of gases in fluid flow problems, we have to consider whether the change in
pressure brought about by the fluid motion causes large change in volume or
density.

From Bernoulli’s equation (to be discussed in a subsequent chapter), p + %
pV? = constant (¥ being the velocity of flow), and therefore the change in
pressure, Ap, in a flow field, is of the order of % pV? (dynamic head). Invoking
this relationship into Eq. (1.5) we get,

Ap 1p V2
p 2 E
Now, we can say that if (Ap/p) is very small, the flow of gases can be treated
as incompressible with a good degree of approximation. According to Laplace’s

(1.11)

equation, the velocity of sound is given by a = \/E/p . Hence
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A 2
CLAN R Ve (1.12)
p 2 a 2

where Ma is the ratio of the velocity of flow to the acoustic velocity in the flowing
medium at the condition and is known as Mach number.
From the aforesaid argument, it is concluded that the compressibility of gas in

a flow can be neglected if Ap/p is considerably smaller than unity, i.e., % Md®

<< 1.

In other words, if the flow velocity is small as compared to the local acoustic
velocity, compressibility of gases can be neglected. Considering a maximum
relative change in density of 5 per cent as the criterion of an incompressible flow,
the upper limit of Mach number becomes approximately 0.33. In case of air at
standard pressure and temperature, the acoustic velocity is about 335.28 m/sec.
Hence a Mach number of 0.33 corresponds to a velocity of about 110 m/sec.
Therefore flow of air up to a velocity of 110 m/sec under standard condition can
be considered as incompressible flow.

1.4.10 Surface Tension of Liquids

The phenomenon of surface tension arises due to the two kinds of intermolecular
forces (i) cohesion and (ii) adhesion.

The force of attraction between the molecules of a liquid by virtue of which
they are bound to each other to remain as one assemblage of particles is known as
the force of cohesion. This property enables the liquid to resist tensile stress. On
the other hand, the force of attraction between unlike molecules, i.e. between the
molecules of different liquids or between the molecules of a liquid and those of a
solid body when they are in contact with each other, is known as the force of
adhesion. This force enables two different liquids to adhere to each other or a
liquid to adhere to a solid body or surface.

Consider a bulk of liquid with a free surface (Fig. 1.10) that separates the bulk
of liquid from air. A molecule at a point4 or B is attracted equally in all directions
by the neighbouring molecules. Due to the random motion of the molecules, the
forces of cohesion, on an average over a period of time can be considered equal in
all directions. Moreover, this force is effective over a minute distance in the order
of three to four times the average distance between the adjacent molecules.
Therefore, one can imagine a sphere of influence around those points. A molecule
at C, very near to the free surface has a smaller force of attraction acting on it
from the direction of the surface because there are fewer molecules within the
upper part of its sphere of influence. In other words, a net force acts on the
molecule towards the interior of the liquid. This force has its maximum value
when the molecule is actually at the surface, as at D. This net inward force at D
depends not only on the attraction of the molecules inside the liquid, but also on
the attraction by the molecules of air on the other side of the surface. The
substance on the other side may be in general, any gas, immiscible liquid or solid.
Hence, work is done on each molecule arriving at the surface against the action of
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Fig. 1.10 The intermolecular cohesive force field in a bulk of liquid
with a free surface

an inward force. Thus mechanical work is performed in creating a free surface or
in increasing the area of the surface. Therefore, a surface requires mechanical
energy for its formation and the existence of a free surface implies the presence of
stored mechanical energy known as free surface energy. Any system tries to
attend the condition of stable equilibrium with its potential energy as minimum.
Thus a quantity of liquid will adjust its shape until its surface area and
consequently its free surface energy is a minimum. For example, a drop of liquid
free from all other forces, takes a permanent spherical shape, since for a given
volume, the sphere is the geometrical shape having the minimum surface area.
Free surface energy necessarily implies the existence of a tensile force in the
surface and the surface, in fact, is in a stretched condition due to this force. If an
imaginary line is drawn on the surface, the liquid molecules on both sides will
pull the linear element in both the directions and this line will be subjected to a
state of tensile force. The magnitude of surface tension is defined as the tensile
force acting across such short and straight elemental line divided by the length of
the line. The dimensional formula is F/L or MT 2. It is usually expressed in N/m
in SI units. Surface tension is a binary property of the liquid and gas or two
liquids which are in contact with each other and define the interface. It decreases
slightly with increasing temperature. The surface tension of water in contact with
air at 20 °C is about 0.073 N/m.

It is due to surface tension that a curved liquid interface in equilibrium results
in a greater pressure at the concave side of the surface than that at its convex side.

Consider an elemental curved liquid surface (Fig. 1.11) separating the bulk of
liquid in its concave side and a gaseous substance or another immiscible liquid on
the convex side. The surface is assumed to be curved on both the sides with radii
of curvature as r, and r, and with the length of the surfaces subtending angles of
d0, and d0, respectively at the centre of curvature as shown in Fig. 1.11. Let the
surface be subjected to the uniform pressure p; and p,, at its concave and convex
sides respectively acting perpendicular to the elemental surface. The surface
tension forces across the boundary lines of the surface appear to be the external
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forces acting on the surface. Considering the equilibrium of this small elemental
surface, a force balance in the direction perpendicular to the surface results.

Gr1d91 0'r2d02

d6/2 - do2 46,2 . d6y2
\\ i %; /f\«\éf_f__,, > %
y ordéy J orddy & /&
o ryd6) Vo 0
\dey /n Y

Fig. 1.11 State of stress and force balance on a curved liquid interface
in equilibrium with surrounding due to surface tension

2 or,db, sin (%) +2 or dosin (dzezJ =(p;—p,) r\r,d0, do,

For small angles
sin (dzelj = @, sin (cmz) = 49,

2 2 2

Hence, from the above equation of force balance we can write

o o

Z+2 = (3-p,)

hon
or Ap=24+9 (1.13)

h n

where Ap= p;—p,

and o is the surface tension of the liquid in contact with the specified fluid at its
convex side. If the liquid surface coexists with another immiscible fluid, usually
gas, on both the sides, the surface tension force appears on both the concave and
convex interfaces and the net surface tension force on the surface will be twice as
that described by Eq. (1.13). Hence the equation for pressure difference in this
case becomes

Ap = 2[2+3] (1.14)
non

Special Cases For a spherical liquid drop, the Eq. (1.13) is applicable with r,

= r, =r (the radius of the drop) to determine the difference between the pressure

inside and outside the drop as
Ap = 20/r (1.15)
The excess pressure in a cylindrical liquid jet over the pressure of the

surrounding atmosphere can be found from Eq. (1.13) with 7; = e and r, = r
(the radius of the jet) as
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Ap= olr (1.16)

In case of the spherical bubble, the Eq. (1.14) is applicable with »; = r, = r
(radius of the bubble), which gives

Ap = 4olr (1.17)

1.4.11 Capillarity

The interplay of the forces of cohesion and adhesion explains the phenomenon of
capillarity. When a liquid is in contact with a solid, if the forces of adhesion
between the molecules of the liquid and the solid are greater than the forces of
cohesion among the liquid molecules themselves, the liquid molecules crowd
towards the solid surface. The area of contact between the liquid and solid
increases and the liquid thus wets the solid surface. The reverse phenomenon
takes place when the force of cohesion is greater than the force of adhesion. These
adhesion and cohesion properties result in the phenomenon of capillarity by which
a liquid either rises or falls in a tube dipped into the liquid depending upon
whether the force of adhesion is more than that of cohesion or not (Fig. 1.12). The
angle 6, as shown in Fig. 1.12, is the area wetting contact angle made by the
interface with the solid surface.

onD ornD
N4

h LDz D
Capillary rise Capillary depression
Adhesion > cohesion Adhesion < cohesion
liquid wets the surface liquid stays away from

the surface
Fig. 1.12 Phenomenon of capillarity
Equating the weight of the column of liquid /# with the vertical component of the
surface tension force, we have,
n D?
4

hpg= onDcos 0

h= 40 cosO (1.18)

pgD
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For pure water in contact with air in a clean glass tube, the capillary rise takes
place with 8= 0. The value of 6 may be different from zero in practice where
cleanliness of a high order is seldom found. Mercury causes capillary depression
with an angle of contact of about 130° in a clean glass in contact with air. Since /4
varies inversely with D as found from Eq. (1.18), an appreciable capillary rise or
depression is observed in tubes of small diameter only.

1.4.12 Vapour Pressure

All liquids have a tendency to evaporate when exposed to a gaseous atmosphere.
The rate of evaporation depends upon the molecular energy of the liquid which in
turn depends upon the type of liquid and its temperature. The vapour molecules
exert a partial pressure in the space above the liquid, known as vapour pressure.
If the space above the liquid is confined (Fig. 1.13) and the liquid is maintained at
constant temperature, after sufficient time, the confined space above the liquid
will contain vapour molecules to the extent that some of them will be forced to
enter the liquid. Eventually an equilibrium condition will evolve when the rate at
which the number of vapour molecules striking back the liquid surface and
condensing is just equal to the rate at which they leave from the surface. The
space above the liquid then becomes saturated with vapour. The vapour pressure
of a given liquid is a function of temperature only and is equal to the saturation
pressure for boiling corresponding to that temperature. Hence, the vapour
pressure increases with the increase in temperature. Therefore the phenomenon of
boiling of a liquid is closely related to the vapour pressure. In fact, when the
vapour pressure of a liquid becomes equal to the total pressure impressed on its
surface, the liquid starts boiling. This concludes that boiling can be achieved
either by raising the temperature of the liquid, so that its vapour pressure is elevat-
ed to the ambient pressure, or by lowering the pressure of the ambience
(surrounding gas) to the liquid’s vapour pressure at the existing temperature.

o 0 00° 4

o ~] Saturated vapour
o °© . Lo
S S

Ligud

Fig. 1.13  To and fro movement of liquid molecules from an interface in a
confined space as a closed surrounding

Summary

e A fluid is a substance that deforms continuously when subjected to even
an infinitesimal shear stress. Solids can resist tangential stress at static
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conditions undergoing a definite deformation while a fluid can do it only at
dynamic conditions undergoing a continuous deformation as long as the
shear stress is applied.

e The concept of continuum assumes a continuous distribution of mass
within the matter or system with no empty space. In the continuum
approach, properties of a system can be expressed as continuous functions
of space and time. A dimensionless parameter known as Knudsen number
Kn=A/L, where A is the mean free path and L is the characteristic length,
aptly describes the degree of departure from continuum. The concept of
continuum usually holds good when K, <0.01.

e Viscosity is a property of a fluid by virtue of which it offers resistance to
flow. The shear stress at a point in a moving fluid is directly proportional
to the rate of shear strain. For a one dimensional flow, 7= u(du/dy). The
constant of proportionality i is known as coefficient of viscosity or simply
the viscosity. The relationship is known as the Newton’s law of viscosity
and the fluids which obey this law are known as Newtonian fluids.

e The relationship between the shear stress and the rate of shear strain is
known as the constitutive equation. The fluids whose constitutive
equations are not linear through origin (do not obey the Newton’s law of
viscosity) are known as non-Newtonanian fluids. For a Newtonian fluid,
viscosity is a function of temperature only. With an increase in
temperature, the viscosity of a liquid decreases, while that of a gas
increases. For a non-Newtonian fluid, the viscosity depends not only on
temperature but also on the deformation rate of the fluid. Kinematic
viscosity vis defined as u/p.

e Compressibility of a substance is the measure of its change in volume or
density under the action of external forces. It is usually characterised by
the bulk modulus of elasticity

E- lm —22
A¥—0 A/ ¥

e A flow is said to be incompressible when the change in its density due to
the change in pressure brought about by the fluid motion is negligibly
small. When the flow velocity is equal to or less than 0.33 times of the
local acoustic speed, the relative change in density of the fluid, due to
flow, becomes equal to or less than 5 per cent respectively, and hence the
flow is considered to be incompressible.

e The force of attraction between the molecules of a fluid is known as
cohesion, while that between the molecules of a fluid and of a solid is
known as adhesion. The interplay of these two intermolecular forces
explains the phenomena of surface tension and capillary rise or depression.
A free surface of the liquid is always under stretched condition implying
the existence of a tensile force on the surface. The magnitude of this force
per unit length of an imaginary line drawn along the liquid surface is
known as the surface tension coefficient or simply the surface tension.
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Surface tension is a binary property of liquid and gas and bears an inverse
relationship with temperature. It is due to the surface tension that a curved
liquid interface, in equilibrium, results in a greater pressure at the concave
side than that at its convex side. The pressure difference AP is given by AP

=0 [rl +FLJ A liquid wets a solid surface and results in a capillary rise
i

when the forces of cohesion between the liquid molecules are lower than

the forces of adhesion between the molecules of liquid and solid in contact.

Non-wettability of solid surfaces and capillary depression are exhibited

by the liquids for which forces of cohesion are more than the forces of

adhesion.

Solved Examples

Example 1.1 A fluid has an solute viscosity of 0.048 Pas and a specific gravity of

0.913. For the flow of such a fluid over a flat solid surface, the velocity at a point 75 mm
away from the surface is 1.125 m/s. Calculate the shear stresses at the solid boundary, at
points 25 mm, 50 mm, and 75 mm away from the boundary surface. Assume (i) a linear
velocity distribution and (ii) a parabolic velocity distribution with the vertex at the point
75 mm away from the surface where the velocity is 1.125 m/s.

Solution Consider a two dimensional cartesian coordinate system with the velocity of
fluid V7 as abscisa and the normal distance Y from the surface as the ordinate with the
origin O at the solid surface (Fig. 1.14)

y

a
3
IN)
S

%/
>
/

75 mm
2.
N

50 mm
|
(]})k

25 mm

0] 14
Fig. 1.14 Velocity distribution in the flow of lucid as described in example

According to the no-slip condition at the solid surface.

V= 0aty=0
again V= 1.125 m/s at y = 0.075 m (given in the problem)
(i) For a linear velocity distribution, the relation between V and y is V' = %y =15y
Hence v 155"

dy
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According to Eq. (1.1), shear stress 7= pu dV/dy
= 0.048 x 15
= 0.72 Pa (N/m?)

In this case, shear stress is uniform throughout.
(i1) The equation of the parabolic velocity distribution is considered to be given by

V= A+By+C7?
where the constants A, B and C are to be determined from the boundary conditions given
in the problem as

V= 0aty=0 (No-slip at the plate surface)

V= 1.125aty=0.075

% = 0aty=0.075 (the condition for the vertex of the parabola)
Substitution of the boundary conditions in the expression of velocity profile we get
A= 0
1.125 = 0.075 B + (0.075)* C
0= B+0.15C
which give B= 30,C=-200
Therefore the expression of velocity profile becomes
V=
30y — 200y*
Hence, d—V = 30 -400y (1.19)
dy

Tabulation of results with the help of Eq. (1.19) is shown below:

y 14 dv/dy 7=0.048 (dV/dy)
m m/s (s™h (Pa)

0 0 30 1.44

0.025 0.625 20 0.96

0.050 0.880 10 0.48

0.075 1.125 0 0

It is observed that the shear stress decreases as the velocity gradient decreases with
the distance y from the plate and becomes zero where the velocity gradient is zero.

Example 1.2 A cylinder of 0.12 m radius rotates concentrically inside a fixed

hollow cylinder of 0.13 m radius. Both the cylinders are 0.3 m long. Determine the
viscosity of the liquid which fills the space between the cylinders if a torque of 0.88 Nm
is required to maintain an angular velocity of 27 rad/s.

Solution The torque applied = The resisting torque by the fluid
= (shear stress) X (surface area) X (Torque arm)
Hence, at any radial location » from the axis of rotation.

0.88= 72 Trx03)r
0.467

r2
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Now according to Eq. (1.1),
dv 1 0.467

Ay ouowr
Rearranging the above expression and substituting — dr for dy (the minus sign indicates
that r, the radial distance, decreases as V increases), we obtain

P 0467 F d
JdV= S0l 1 &
Vouter ILL 0'13 "
0.467 1712
Hence Vinner_ Vouter: _[_]
H 1013

The velocity of the inner cylinder,

Viener = 2 % 0.12=0.754 m/s
A4 1 1
Hence, (0.754 - 0) = o467f 1 _ 1.
u \012 0.13
From which u= 0397 Pas

Example 1.3 The velocity profile in laminar flow through a round pipe is expressed
as
u= 2U(1-rry)
where U is the average velocity, r is the radial distance from the centre line of the pipe,
and r, is the pipe radius. Draw the dimensionless shear stress profile 7/7, against r/r,
where 7 is the wall shear stress. Find the value of 7,, when fuel oil having an absolute

viscosity =4 x 102N /m? flows with an average velocity of 4 m/s in a pipe of diameter
150 mm.

Solution The given velocity profile is 1.0
u= 20(1 -}
du  4Ur
dr ro2 0.5
Shear stress at any radial location r can be written
as =
£
B du A 0 45°
g 0 05 1.0
(rlrg) ———>
o T du/dr 1
ence, %y (duldr),_, r, Fig 1.15 Shear stress distribution
0 in the pipe flow problem
Figure 1.15 shows the shear stress distribution of Example 1.3

d
Wall shear stress = —M (d—uj
B
r=r

o

0



The McGraw-Hill Companies

Introduction _and Fundamental Concepts -T|

— @x10? | x4
0.075

= 8.533 N/m?

Example 1.4 If we neglect the temperature effect, an empirical pressure-density
relation for water is p/p, = 3001 X (p/pa)7 — 3000, where subscript ‘a’ refers to
atmospheric conditions. Determine the isothermal bulk modulus of elasticity and
compressibility of water at 1, 10 and 100 atmospheric pressure.

Solution Pressure-density relationship is given as

7
L~ 3001 x (i] ~ 3000 (1.20)
Pa Pa
1 dp p°
— L = 7x3001 £
Pa dp Pa
6
Hence dr _ 7 %3001 p, p_7
dp Pa

p 92— 753001 p,
dp

]7

/N
Sl

According to Eq. (1.5),

7
E= p32 753001 p, (i] (121)

dp Pa

7
Substituting the value of ( P ] from Eq. (1.20) to Eq. (1.21), we get

a
_ 7X3001'Pa 2 3000
3001 Pa

= 7p, [p + 3000}
P

a

Therefore

(E)l atmpressure= 7 %3001 Pa
= 2.128 x 10° kN/m’

(Thezatmospheric pressure p,, is taken as that at the sea level and equals to 1.0132 X 10°
N/m~)

(E)IO atm pressure =T7x 3010pa
= 2.135 x 10° kN/m?
(E)IOO atm pressure = 7x3100 Pq
= 2.198 x 10° kN/m?
Respective compressibilities are

1 _
(K1 atm pressure =047 x 10 m¥ kN

(E)l atm pressure
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(K)IO atm pressure = —— =0468 x 10" m“/kN
(E )10 atm pressure
1 —6 3
(K)IOO atm pressure = ———— =0455x 10" m’/kN

(E )100 atm pressure

It is found from the above example that the bulk modulus of elasticity or
compressibility of water is almost independent of pressure.

Example 1.5 A cylinder contains 0.35 m’ of air at 50 °C and 276 kN/m? absolute.

The air is compressed to 0.071 m’. (a) Assuming isothermal conditions, what is the
pressure at the new volume and what is the isothermal bulk modulus of elasticity at the
new state. (b) Assuming isentropic conditions, what is the pressure and what is the
isentropic bulk modulus of elasticity? (Take the ratio of specific heats of air y = 1.4)

Solution (a) For isothermal conditions,
V= b,
Then (2.76 x 10°)0.35 = (p,).071
which gives,
py= 13.6 x 10° N/m?
= 1.36 MN/m’

The isothermal bulk modulus of elasticity at any state of an ideal gas equals to its
pressure at that state. Hence E = p, = 1.36 MN/m?.
(b) For isentropic conditions

Pnt= Pyt
Then  (2.76 x 10%) (0.35)" = (p,) (071)"*
From which, P, = 25.8x10° N/m’
= 2.58 MN/m’

The isentropic bulk modulus of elasticity
E= yp=140x 258 x 10° N/m>
= 3.61 MN/m’

Example 1.6 Make an analysis of the shape of the water-air interface near a plane
wall, as shown in Fig. 1.16, assuming that slope is small, 1/R =~ d* n/dx? (where R is the
radius of curvature of the interface) and the pressure difference across the interface is
balanced by the product of specific weight and interface height as Ap = pgn. Boundary
conditions: area wetting contact angle 6 = 6, at x = 0, and 8= 90° as x — co. What is the
height i at the wall?

Solution The curved interface is plane in other direction. Hence the pressure difference
across the interface can be written according to Eq. (1.13) as

1
Ap=pi—p= G[E) (1.22)



The McGraw-Hill Companies

Introduction _and Fundamental Concepts -Tl

” e

P2

x=0 X

Fig. 1.16 Water air interface near a plane wall

From given data

1 ¢
R4’
and Ap= pgn
Substituting the values of 1/R and Ap in Eq. (1.22), we get
‘12—'27 kg, (1.23)
dx

The solution of 17 from the above Eq. (1.23) is,

_|Pg . re .
n= Ae \/: +Be\/: (1.24)

where A and B are parametric constants. The value of A and B are found out using he
boundary conditions as follows:

dn

atx =0, = —cot 6,
dx
and atx — oo dn _ 0
dx
which give,
A= /i cot 6,
Pg
B= 0
Hence Eq. (1.24) becomes
_ ‘/Ex
n= O cot Ope 'P¢
Pg

which defines the shape of the interface

’0'
(M), —o= .[— cot 6
0 g 0
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Example 1.7 Two coaxial glass tubes forming an annulus with small gap are
immersed in water in a trough. The inner and outer radii of the annulus are r; and r,

respectively. What is the capillary rise of water in the annulus if o is the surface tension
of water in contact with air?

Solution The area wetting contact angle for air-water interface in a glass tube is 0°
(Fig. 1.17). Therefore, equating the weight of water column in the annulus with the total
surface tension force, we get,

W= T,+T, (1.25) "o
Again, T,= oQ2rr) Ty LT To
1,= oQnr,) A
and W= n(r;—r)hpg P =
Substitution of these values of 7;, T, and W - -
in Eq. (1.25) gives, KN
n(? — rDhpg = 270 (r, + 1)
from which
20
N pg(rn,—n) Fig. 1.17  Capillary rise of water
in the annulus of two
Example 1.8  What is the pressure with- coaxial glass tubes
in a 1 mm diameter spherical droplet of water o
relative to the atmospheric pressure outside?
Assume o for pure water to be 0.073 N/m. p2

Solution Equation (1.15) is wused to

determine the pressure difference Ap (= p, —
py; refer to Fig. 1.18) as Fig. 1.18  Surface tension force on

herical I
Ap= 20/R a spherical water droplet

or Ap= 2x7.3x1072/0.5%107%) =292 N/m*

Example 1.9 A spherical water drop of | mm in diameter splits up in air into 64

smaller drops of equal size. Find the work required in splitting up the drop. The surface
tension coefficient of water in air = 0.073 N/m.

Solution An increase in the surface area out of a given mass takes place when a bigger
drop splits up into a number of smaller drops, and the work required is given by the
product of surface tension coefficient and the increase in surface area.

Let d be the diameter of the smaller drops.

From conservation of mass

3 3
64><n'><d—= nxw
6 6

.001
which gives d= % =0.25x 10" m

Initial surface area (due to the single drop)
= 7x(0.001)?
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= 7x10°m?
Final surface area (due to 64 smaller drops)
= 64 x (025 x 107)?
= 47 x10°m’
Hence, the increase in surface area
= (4-Drx10°
= 37x10°%m?
Therefore, the required work
= 0.073 x37x 10°J
= 0.69x10°7J

Exercises

1.1  Choose the correct answer
(1) A fluid is a substance that

(a) always expands until it fills any container.
(b) is practically incompressible.
(c) cannot withstand any shear force.
(d) cannot remain at rest under the action of any shear force.
(e) obeys the Newton’s law of viscosity.
(f) none of the above.

(i1)) Newton’s law of viscosity relates
(a) pressure, velocity and viscosity.
(b) shear stress and rate of angular deformation in a fluid.
(c) shear stress, temperature, viscosity and velocity.
(d) pressure, viscosity and rate of angular deformation.
(e) none of the above.

(iii) The bulk modulus of elasticity
(a) is independent of temperature.
(b) increases with the pressure.
(c) has the dimensions of 1/P.
(d) is larger when the fluid is more compressible.
(e) isindependent of pressure and viscosity.

(iv) The phenomenon of capillary rise or depression
(a) is observed only in vertical tubes.
(b) depends solely upon the surface tension of the liquid.
(c) depends upon the surface tension of the liquid, material of the tube and

the surrounding gas in contact of the liquid.
(d) depends upon the pressure difference between the liquid and the
environment.
(e) isinfluenced by the viscosity of the liquid.
1.2 One measure as to a gas is in continuum, is the size of its mean free path.
According to the kinetic theory of gas, the mean free path is given by

A= 126 u/p (RN
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What will be the density of air when its mean free path is 10 mm. The temperature

is 20 °C, u= 1.8 x 10~ kg/ms, R = 287 J/kg K. Ans. (0.782 x 107 kg/m®)

1.3 A shaft 80 mm in diameter is being pushed through a bearing sleeve 80.2 mm in

diameter and 0.3 m long. The clearance, assumed uniform is flooded with

lubricating oil of viscosity 0.1 kg/ms and specific gravity 0.9, (a) If the shaft

moves axially at 0.8 ms/, estimate the resistance force exerted by the oil on the

shaft, (b) If the shaft is axially fixed and rotated at 1800 rpm, estimate the
resisting torque exerted by the oil and the power required to rotate the shaft.

Ans. (60.32N, 22.74 Nm, 4.29 kW)

1.4 A body weighing 1000 N slides down at a uniform speed of 1 ms/ along a

lubricated inclined plane making 30° angle with the horizontal. The viscosity of

lubricant is 0.1 kg/ms and contact area of the body is 0.25 m”. Determine the

lubricant thickness assuming linear velocity distribution. Ans. (0.05 mm)

1.5 A uniform film of oil 0.13 mm thick separates two discs, each of 200 mm

diameter, mounted co-axially. Ignoring the edge effects, calculate the torque

necessary to rotate one disc relative to other at a speed of 7 rev/s, if the oil has a

viscosity of 0.14 Pas. Ans. (7.43 Nm)

1.6 A piston 79.6 mm diameter and 210 mm long works in a cylinder 80 mm

diameter. If the annular space is filled with a lubricating oil having a viscosity of

0.065 kg/ms, calculate the speed with which the piston will move through the

cylinder when an axial load of 85.6 N is applied. Neglect the inertia of the piston.

Ans. (5.01 m/s)

1.7 (a) Find the change in volume of 1.00 m® of water at 26.7 °C when subjected to a

pressure increase of 2 MN/m* (The bulk modulus of elasticity of water at

26.7 °C is 2.24 x 10° N/m?). Ans. (0.89 x 107 m?)

(b) From the following test data, determine the bulk modulus of elasticity of

water: at 3.5 MN/m?, the volume was 1.000 m® and at 24 MN/m?, the volume

was 0.990 m”>. Ans. (2.05 x 10° N/m?)

1.8 A pressure vessel has an internal volume of 0.5 m® at atmospheric pressure. It is

desired to test the vessel at 300 bar by pumping water into it. The estimated

variation in the change of the empty volume of the container due to pressurisation

to 300 bar is 6 per cent. Calculate the mass of water to be pumped into the vessel

to attain the desired pressure level. Given the bulk modulus of elasticity of water

as 2 x 10° N/m*. Ans. (538 kg)

1.9 Find an expression of the isothermal bulk modulus of elasticity for a gas which

obeys van der Waals law of state according to the equation

P= pRT (; — %)’
1-bp RT
where a and b are constants.

1.10 An atomizer forms water droplets with a diameter of 5 x 10~ m. What is the
pressure within the droplets at 20 °C, if the pressure outside the droplets is 101
kN/m?? Assume the surface tension of water at 20 °C is 0.0718 N/m.

Ans. (106.74 kKN/m?)

1.11 A spherical soap bubble of diameter d, coalesces with another bubble of diameter
d, to form a single bubble of diameter d; containing the same amount of air.
Assuming an isothermal process, derive an analytical expression for dj as a
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function ofd,, d,, the ambient pressure p, and the surface tension of soap solution

0. If d, = 20 mm, d, = 40 mm p, = 101 kN/m? and o= 0.09 N/m, determine d;.

Ans. (P, + 80/d3)d5 = (Py + 80/d,)d; + (P + 86/d,)d5 ; dy = 41.60 mm)

1.12 By how much does the pressure in a cylindrical jet of water 4 mm in diameter
exceed the pressure of the surrounding atmosphere if the surface tension of water

is 0.0718 N/m? Ans. (35.9 N/m?)

1.13  Calculate the capillary depression of mercury at 20 °C (contact angle 6= 140°) to
be expected in a 2.5 mm diameter tube. The surface tension of mercury at 20 °C

is 0.4541 N/m. Ans. (4.2 mm)
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Fluid Statics

2.1 FORCES ON FLUID ELEMENTS

An infinitesimal region of the fluid continuum can be defined as a fluid element.
A fluid element, in isolation from its surroundings, is experienced by two types of
external forces (a) Body force and (b) Surface force.
Body Forces These forces act throughout the body of the fluid element and are
distributed over the entire mass or volume of the element. These forces are
generally caused by external agencies such as gravitation, electromagnetic force
fields, etc. Body forces are usually expressed per unit mass of the element or
medium upon which the forces act.
Surface Forces They include all forces exerted on the fluid element by its
surroundings through direct contact at the surface. Therefore these forces appear
only at the surface of a fluid element. It has been discussed in Section 1.1 of
Chapter 1, that such a surface force can be resolved into two components, one
along the normal to an elemental area and the other along the plane of the
elemental area. The component along the normal to the area is called the normal
force, while that along the plane of the area is the shear force. The ratios of these
forces and the elemental area in the limit of the area tending to zero are called the
normal or shear stresses respectively. Though surface forces are considered as
external forces acting on the free body of a fluid element (a fluid element in
isolation from its neighbouring fluid), they appear as internal forces and cause
internal stresses in a continuous fluid medium either in rest or in motion.

The shear force is zero for any fluid element at rest and hence the only surface
force to a fluid element, under this situation, is the normal force.

2.2 NORMAL STRESSES IN A STATIONARY FLUID

A stationary fluid element of a tetrahedronal shape with three of its faces
coinciding with the coordinate planes is shown in Fig. 2.1. Since a fluid at rest
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can develop neither shear stress nor tensile stress, the normal stresses acting on
different faces are compressive in nature. Considering gravity as the only source
of external body force, the equations of static equlibrium for the tetrahedronal
fluid element can be written as,

Ay Az

XF .= o, 5 —0,AAdcos =0 2.1
Ax A

ZFy=Gy( al ZJ—G,,AAcosﬁ=O 2.2)

Ax A
IF. =0 ( x2 y) — 6, AA cos y- %(Ax AvAZ) =0 (2.3)
whereXF,, 2 F), and 2 F are the net forces acting on the fluid element in positive
x, y and z directions respectively, and cos ¢, cos 3, cos yare the direction cosines
of the normal to the inclined plane of of area AA4.

Therefore,
AAcos a= (Ay Az)/2 (2.4)
AA cos B= (Ax Az)/2 (2.5)
AA cos y= (Ax Ay)/2 (2.6)

Since Ax, Ay, Az are infinitesimal, the third term in the Eq. (2.3) can be
neglected in comparison with the other terms. Substituting the values of A4 cos
o, AA cos fand A4 cos yfrom Eqs (2.4), (2.5) and (2.6) into Egs (2.1), (2.2) and
(2.3), we have

0,= 0,=0.= 0, 2.7

The state of normal stress at any point in a stationary fluid is thus defined by
Eq. (2.7). It concludes that the normal stresses at any point in a fluid at rest are
directed towards the point from all directions and are of equal magnitude. These
stresses are denoted by a scalar quantity p (Fig. 2.1a) defined as the hydrostatic
or thermodynamic pressure. This is known as Pascal’s law of hydrostatics. With
conventional notation of the positive sign for the tensile stress, the above
statement can be expressed analytically as

0,= 0,=0.=—p (2.8)
z
A
Ox
o,
Az SN T P o l‘) B p
fffff =
C y B | P
p p p
Fig. 2.1 State of stress in a Fig. 2.1a State of normal stress at

fluid element at rest a point in a fluid at rest
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2.3 FUNDAMENTAL EQUATION OF FLUID STATICS

It is established from the above discussion that a pressure field defined by
Eq. (2.8) exists in a fluid mass at rest. The fundamental equation of fluid statics,
that describes the spatial variation of hydrostatic pressure p in the continuous
mass of a fluid, is derived as follows.

Consider a fluid element of given mass at rest which ocupies a volume #
bounded by the surface S (Fig. 2.2).

Fig. 2.2 External forces on a fluid element at rest

The fluid element is in equilibrium under the action of the following forces:

(i) The resultant body force

Fy= m)? p d¥ (2.9)
¥

where d# is an element of volume whose mass is p d¥, and X is the body force
per unit mass acting on the elementary volume d#

(ii) The resultant surface force

Fo= —”ﬁpdA (2.10)
S

where, d4 is the area of an element of surface and 7 is the unit vector normal to
the elemental surface, taken positive when directed outwards. In accordance with
Gauss divergence theorem, Eq. (2.10) can be written as

Fy= -] paa= [ vp ar (2.11)
s ¥
For equilibrium of the fluid element, we have

Fy+ Fy= j”()?p—Vp)dV=0 (2.12)
¥

Equation (2.12) is valid for all ¥ (the volume of the fluid element), no matter
how small, and hence,
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Xp-Vp=0
o, Vp= Xp (2.13)

Equation (2.13) is the fundamental equation of fluid statics. If gravity is con-
sidered to be the only external body force acting on the fluid, the vector form of
the Eq. (2.13) can be expressed in its scalar components with respect to a
cartesian coordinate system (Fig. 2.2) as

ap

S.=0 (2.13a)

9P _ (2.13b)

dy

‘;—” - X.p=-gp (2.13¢)
zZ

where X, the external body force per unit mass in the positive direction of z
(vertically upward), equals to the negative value of g, the acceleration due to
gravity. From Eqs (2.13a) to (2.13c), it can be concluded that the pressure p is a
function of z only. Therefore, Eq. (2.13¢) can be written as,

dp

ap _ 2.14
& pg (2.14)

The explicit functional realationship of hydrostatic pressure p with z can be
obtained by integrating the Eq. (2.14). However, this integration is not possible
unless the variation of p with p and z is known.

Constant Density Solution (Incompressible Fluid) For an incompressible fluid,
the density p is constant throughout. Hence the Eq. (2.14) can be integrated as

p=-pgz+C (2.15)
where C is the integration constant.

If we consider an expanse of fluid with a free surface, where the pressure is
defined as p = p,, (Fig. 2.3), Eq. (2.15) can be written as,
P—Po= PgEy—z)=pgh (2.16)
Therefore, Eq. (2.16) gives the expression of hydrostatic pressure p at a point
whose vertical depression from the free surface is 4. Thus, the difference in
pressure between two points in an incompressible fluid at rest can be expressed in
terms of the vertical distance between the points. This result is known as
Toricelli’s principle which is the basis for differential pressure measuring
devices. The pressure p, at free surface is the local atmospheric pressure.
Therefore, it can be stated from Eq. (2.16), that the pressure at any point in an
expanse of stagnant fluid with a free surface exceeds that of the local atmosphere
by an amount pgh, where 4 is the vertical depth of the point from the free surface.
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Free surface p = p,
T P—Po=0
\
Fo—y
P =Dpo T pgh
z pgh

1

X

Fig. 2.3 Pressure variation in an incompressible fluid at rest with a free surface

Variable Density Solution (Pressure Variation in a Compressible Fluid) The pres-
sure variation in a compressible fluid at rest depends on how the fluid density
changes with height z and pressure p.

Constant Temperature Solution (Isothermal Fluid) The equation of state for a
compressible system generally relates its density to its pressure and temperature.
If the fluid is a perfect gas at rest at constant temperature, it can be written from
Eq. (1.7)

L _ Po (2.17)
P

where p,, and p, are the pressure and density at some reference horizontal plane.
With the help of Eq. (2.17), Eq. (2.14) becomes,

b _ Py (2.18)
p Po
p= poexp [—”Ijg(z—zw} (2.19)
0

where z and z,, are the vertical coordinates of the plane concerned for pressure p
and the reference plane respectively from any fixed datum.

Non-isothermal Fluid The temperature of the atmosphere up to a certain altitude

is frequently assumed to decrease linearly with the altitude z as given by
T'=T)-az (2.20)

where T, is the absolute temperature at sea level and the constant ¢t is known as

lapse rate. For the standard atmosphere, oc= 6.5 K/km and 7\, = 288 K. With the
help of Eq. (1.7) and (2.20), the Eq. (2.14) can be written as,
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dp _ -g dz 2.21)
P R (L -az)
Integration of Eq. (2.21) yields
ml - & ooz
Do Ra Ty
g/Ra
Hence, Lo [1 - %j (2.22)
Po Ty

The altitude z in Eq. (2.22) is measured from the sea level where the pressure
is p,. Experimental evidence of the temperature variation with altitude in differ-
ent layers of the atmosphere is shown in Fig. 2.4.

100
Tonosphere
o -
E 60 —
(]
ks
2 Mesosphere
=40 —
<
20 - — — - -
777777777777 Troposphere |
0 | | |
—100 -80 -60 -40 -20 0 20

Temperature °C
Fig. 2.4 Temperature variation in atmosphere

2.4 UNITS AND SCALES OF PRESSURE
MEASUREMENT

The unit of pressure is N/m” and is known as Pascal. Pressure is usually ex-
pressed with reference to either absolute zero pressure (a complete vacuum) or
local atmospheric pressure. The absolute pressure is the pressure expressed as a
difference between its value and the absolute zero pressure. When a pressure is
expressed as a diference between its value and the local atmospheric pressure, it
is known as gauge pressure (Fig. 2.5). Therefore,

Paps= P—0=p (2.23a)
pgauge = P~ Pam (2231’))
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If the pressure p is less than the local atmospheric pressure, the gauge pressure

Pgauge> defined by the Eq. (2.23b), becomes
presure.

negative and is called vacuum

Gauge pressure

Absolute Vacuum pressure

pressure
Local Absolute pressure
atmospheric
pressure

Absolute zero

(complete vacuum)

Fig. 2.5 The scale of

pressure

At sea-level, the international standard atmosphere has been chosen as

Pam = 101.32 kN/m?
2.5 THE BAROMETER

It is already established that there is a simple
height of a column of liquid and the pressure at

relation (Eq. 2.16) between the
its base. The direct proportional-

ity between gauge pressure and the height/ for a fluid of constant density enables
the pressure to be simply visualized in terms of the vertical height, 7 =p/pg. The
height / is termed as pressure head corresponding to pressure p. For a liquid

without a free surface in a closed pipe, the
corresponds to the vertical height

above the point to which a free surface

would rise, if a small tube of sufficient

length and open to atmosphere is
connected to the pipe (Fig. 2.6).

Such a tube is called a piezometer
tube, and the height / is the measure of
the gauge pressure of the fluid in the
pipe. If such a piezometer tube of suffi-
cient length were closed at the top and
the space above the liquid surface were
a perfect vacuum, the height of the
column would then correspond to the
absolute pressure of the liquid at the

pressure head p/pg at a point

h=plpg

Fig. 2.6 A piezometer tube
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base. This principle is used in the well-

N
known mercury barometer to determine - Torricellian
the local atmospheric pressure. » 1 ! vacuum
Mercury is employed because its ’ |

density is sufficiently high for a
relative short column to be obtained, i
and also because it has very small
vapour pressure at normal temperature.
A perfect vacuum at the top of the tube
(Fig. 2.7) is never possible; even if no
air is present, the space would be [t N —————
occupied by the mercury vapour and
the pressure would equal to the vapour Fig. 2.7 A barometer
pressure of mercury at its existing
temperature. This almost vacuum condition above the mercury in the barometer is
known as Torricellian vacuum. The pressure at A equal to that at B (Fig. 2.7)
which is the atmospheric pressure p,, since 4 and B lie on the same horizontal
plane. Therefore, we can write
Pp = patm:pv+pgh (224)

The vapour pressure of mercury p,, can normally be neglected in comparison
t0 Poum- At 20 °C, p,, is only 0.16 p,..., where p, .. = 1.0132 X 10° Pa at sea level.
Then we get from Eq. (2.24)

1.0132 x10°N/m?
(13560 kg/m*) (9.81 N/kg)

For accurate work, small corrections are necessary to allow for the variation of
p with temperature, the thermal expansion of the scale (usually made of brass),
and surface tension effects. If water was used instead of mercury, the
corresponding height of the column would be about 10.4 m provided that a perfect
vacuum could be achieved above the water. However, the vapour pressure of
water at ordinary temperature is appreciable and so the actual height at, say,
15 °C would be about 180 mm less than this value. Moreover, with a tube smaller
in diameter than about 15 mm, surface tension effects become significant.

2.6 MANOMETERS

h=p,m/pPg = =0.752 m of Hg

Manometers are devices in which columns of a suitable liquid are used to mea-
sure the difference in pressure between two points or between a certain point and
the atmosphere. For measuring very small gauge pressures of liquids, simple pi-
ezometer tube (Fig. 2.6) may be adequate, but for larger gauge pressures, some
modifications of the tube are necessary and this modified tube is known as ma-
nometer. A common type manometer is like a transparent “u-tube” as shown in
Fig. 2.8a.

One of its ends is connected to a pipe or a container having a fluid (4) whose
pressure is to be measured while the other end is open to atmosphere. The lower
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part of the u-tube contains a liquid immiscible with the fluid 4 and is of greater
density than that of 4. This fluid is called the manometric fluid. The pressures at
two points P and Q (Fig. 2.8a) in a horizontal plane within the continuous ex-
panse of same fluid (the liquid B in this case) must be equal. Then equating the
pressures at P and Q in terms of the heights of the fluids above those points, with
the aid of the fundamental equation of hydrostatics (Eq. 2.16), we have

Pt P48V T X)= P T PpEX
Hence, P1=Pam = (P=P4) €X—P48Y (2.25)
where p,; is the absolute pressure of the fluid 4 in the pipe or container at its
centre line, and p,,, is the local atmospheric pressure. When the pressure of the
fluid in the container is lower than the atmospheric pressure, the liquid levels in
the manometer would be adjusted as shown in Fig. 2.8b. Hence it becomes,

Fig. 2.8b A simple manometer measuring vacuum pressure
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Prt P48V T PpE&XT Pam
Pam —P1= (P4Y T Pp)g (2.26)
In the similar fashion, a manometer is frequently used to measure the pressure
difference, in course of flow, across a restriction in a horizontal pipe (Fig. 2.9).

Po

p1>p2

P

Fig. 2.9 A manometer measuring pressure differential

It is very important that the axis of each connecting tube at 4 and B to be
perpendicular to the direction of flow and also for the edges of the connections to
be smooth. Applying the principle of hydrostatics at P and Q we have,

prOFOPE= Pty pgtXP,E
P1=P2= (Pp—Py)EX (2.27)
where, p,, is the density of manometric fluid and p,, is the density of the working
fluid flowing through the pipe. Sometimes it is desired to express this difference

of pressure in terms of the difference of heads (height of the working fluid at
equilibrium).

Thus, hy—hy= 2P [p—m - le (2.28)
p.g  \p.

2.6.1 Inclined Tube Manometer

To obtain a reasonable value of x [Eqn. (2.28)] for accurate measurement of
small pressure differences by a ordinary U-tube manometer, it is essential that the
ratio p,/p,, should be close to unity. If the working fluid is a gas, this is not
possible. Moreover, it may not be always possible to have a manometric liquid of
density very close to that of the working liquid and giving at the same time a well
defined meniscus at the interface. For this purpose, an inclined tube manometer is
used. For example, if the transparent tube of a manometer instead of being verti-
cal is set at an angle O to the horizontal (Fig. 2.10), then a pressure difference
corresponding to a vertical difference of levels x gives a movement of the menis-
cus s = x/sin 0 along the slope (Fig. 2.10).
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Fig. 2.10 An inclined tube manometer

If 6is small, a considerable mangnification of the movement of the meniscus
may be achieved. Angles less than 5°, however, are not usually satisfactory,
because it becomes difficult to determine the exact position of the meniscus. One
limb is usually made very much greater in cross-section than the other. When a
pressure difference is applied across the manometer, the movement of the liquid
surface in the wider limb is practically negligible compared to that occurring in
the narrower limb. If the level of the surface in the wider limb is assumed
constant, the displacement of the meniscus in the narrower limb needs only to be
measured, and therefore only this limb is required to be transparent.

2.6.2 Inverted Tube Manometer

For the measurement of small pressure differences in liquids, an inverted U-tube
manometer as shown in Fig. 2.11 is often used.

Here p,, < p,,, and the line PQ is taken at the level of the higher meniscus to
equate the pressures at P and Q from the principle of hydrostatics. If may be
written that

PL—D2= (Py—Pu) X (2.29)

where p° represents the piezometric
pressure p + pgz (z being the vertical
height of the point concerned from any
reference datum). In case of a
horizontal pipe (z, = z,), the difference
in piezometric pressure becomes equal
to the difference in the static pressure. Puw
If (p,, — p,y) 1s sufficiently small, a
large value of x may be obtained for a
small value of p| — p,. Air is used as
the manometric fluid. Therefore, p,, is

negligible compared with p,, and Fig. 2.11  An inverted tube
hence, manometer
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PL—P2=~ P,gX (2.30)
Air may be pumped through a value V at the top of the manometer until the
liquid menisci are at a suitable level.

2.6.3 Micromanometer

When an additional gauge liquid is used in a U-tube manometer, alarge difference
in meniscus levels may be obtained for a very small pressure difference. The
typical arrangement is shown in Fig. 2.12.

Working fluid P1=Dp2
. of density p,, P
”T et
Initial level of Az
gauge liquid Az +T N
;; Cross-sectional :;
- area 4 - z
[ Cross [
- sectional area [ | v
. - a - 2
Gauge 1.1qu1d ""K \"" ,,,,,,, _ Initial level of
of density pg 1 I ¥ manometric liquid
[ L 2
P 0
P> PG> Po u Manometric liquid of

density p,,

Fig. 2.12 A micromanometer

The equation of hydrostatic equilibrium at PQ can be written as

P +ng(h+AZ)+pGg(z—AZ+§) =pytp, 8lh—Az)

+pGg(z+Az_;)+pmgy (2.31)

where p,,, p; and p,, are the densities of working fluid, gauge liquid and
manometric liquid respectively.
From continuity of gauge liquid,

AAz= a % (2.32)

Substituting for Az from Eq. (2.32) in Eq. (2.31), we have



The McGraw-Hill Companies

40 | Introduction to Fluid Mechanics and Fluid Machines
a a
pl_pZZgy{pm_pG(l_Zj_pr} (233)

If a is very small compared to 4,

p1=pP2= (Py—Pc) & (2.34)

With a suitable choice for the manometric and gauge liquids so that their

densities are close (p,, = ps;), a reasonable value of y may be achieved for a small
pressure difference.

2.7 HYDROSTATIC THRUSTS ON SUBMERGED
SURFACES

Due to the existence of hydrostatic pressure in a fluid mass, a normal force is
exerted on any part of a solid surface which is in contact with a fluid. The
individual forces distributed over an area give rise to a resultant force. The
determination of the magnitude and the line of action of the resultant force is of
practical interest to engineers.

2.7.1 Plane Surfaces

Figure 2.13a shows a plane surface of arbitrary shape wholly submerged in a
liquid so that the plane of the surface makes an angle O with the free surface of the
liquid. In fact, any elemental area of the surface under this situation would be
subjected to normal forces in the opposite directions from the two sides of the
surface due to hydrostatic pressure; therefore no resultant force would act on the
surface. But we consider the case as if the surface 4 shown in Fig. 2.13a to be
subjected to hydrostatic pressure on one side and atmospheric pressure on the
other side. Letp denote the gauge pressure on an elemental area d4. The resultant
force F on the area 4 is therefore

Free surface Free surface

c
' '

(a) Inclined surface (b) Horizontal surface

Fig. 2.13 Hydrostatic thrust on submerged plane surface
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F= .U pd4 (2.35)
According to Eq. (2.16), Eq. (2.35) reduces to

F=pgf[hda=pgsino [[yda (2.36)

where / is the vertical depth of the elemental area d4 from the free surface and the
distance y is measured from the x-axis, the line of intersection between the
extension of the inclined plane and the free surface (Fig. 2.13a). The ordinate of
the centre of area of the plane surface 4 is defined as

_ 1
ve= [ yda (2.37)
Hence from Eqs (2.36) and (2.37), we get
F=pgy.sin@Ad=pgh A (2.38)

where £, (= y, sin 0) is the vertical depth (from free surface) of centre of area c.

Equation (2.38) implies that the hydrostatic thrust on an inclined plane is equal
to the pressure at its centroid times the total area of the surface, i.e. the force that
would have been experienced by the surface if placed horizontally at a depth 4,
from the free surface (Fig. 2.13b).

The point of action of the resultant force on the plane surface is called the
centre of pressure ¢,. Letx, and y, be the distances of the centre of pressure from
the y and x axes respectively. Equating the moment of the resultant force about
the x axis to the summation of the moments of the component forces, we have

yF= [ ydF=pgsino [[d4 (2.39)
Solving for y, from Eq. (2.39) and replacing F from Eq. (2.36), we can write
H y*d4

y,= G (2.40)

[[ya
4
In the same manner, the x coordinate of the centre of pressure can be obtained
by taking moment about the y-axis. Therefore,

x,F'= deF=pgsin9nydA

from which,
U xydA
v = A
b flya
4

The two double integrals in the numerators of Eqs (2.40) and (2.41) are the
moment of inertia about the x-axis /,, and the product of inertia /,, about x and y
axis of the plane area respectively. By applying the theorem of parallel axis,

(2.41)
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L= [[yda=1,+4y] (2.42)
L= [[wdd=1,+4x,y, (2.43)

where, I, and I, are the moment of inertia and the product of inertia of the
surface about the centroidal axes (x” — )”), x. and y, are the coordinates of the
centre of area ¢ with respect to x — y axes.

With the help of Eqgs (2.42), (2.43) and (2.37), Eqgs (2.40) and (2.41) can be

written as
1.,
y,= ——+y, (2.44a)
P Ay,
1.,
X, = —2+x, (2.44b)
P4y,

The first term on the right hand side of the Eq. (2.44a) is always positive.
Hence, the centre of pressure is always at a higher depth from the free surface
than that at which the centre of area lies. This is obvious because of the typical
variation of hydrostatic pressure with the depth from the free surface. When the
plane area is symmetrical about the y” axis, /,,, = 0, and x, = x,.

> Sxy
2.7.2 Curved Surfaces

On a curved surface, the direction of the normal changes from point to point, and
hence the pressure forces on individual elemental surfaces differ in their
directions. Therefore, a scalar summation of them cannot be made. Instead, the
resultant thrusts in certain directions are to be determined and these forces may
then be combined vectorially.

An arbitrary submerged curved surface is shown in Fig. 2.14. A rectangular
Cartesian coordinate system is introduced whose xy plane coincides with the free

Fig. 2.14 Hydrostatic thrust on a submerged curved surface
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surface of the liquid and z-axis is directed downward below the x — y plane.
Consider an elemental area d4 at a depth z from the surface of the liquid. The
hydrostatic force on the elemental area d4 is

dFF= pgzd4 (2.45)
and the force acts in a direction normal to the area d4. The components of the
force dF in x, y and z directions are

dF,= [dF = lpgzd4 (2.46a)
dF,= mdF = m pgz d4 (2.46b)
dF.= ndF = npgzdA4 (2.46¢)

Where /, m and n are the direction cosines of the normal to d4. The components
of the surface element d 4 projected on yz, xz and xy planes are, respectively

dd,= 1d4 (2.47a)
d4,= md4 (2.47b)
d4,= ndA4 (2.47¢)
Substituting Eqs (2.47a-2.47¢) into (2.46) we can write
dF,= pgzdd, (2.48a)
dF,= pgzdd, (2.48b)
dF,= pgzdA, (2.48¢)
Therefore, the components of the total hydrostatic force along the coordinate
axes are
F.= [[ pgzdd,=pgz, 4, (2.49a)
4
F,= [[ pgzdd,=pgz. 4, (2.49b)
4
F.= [ pgzda, (2.49¢)
4

where z, is the z coordinate of the centroid of area 4, and 4, (the projected areas
of curved surface on yz and xz plane respectively). Ifz, and y, are taken to be the
coordinates of the point of action of F, on the projected area A4, on yz plane,
following the method discussed in 2.7.1, we can write

1 2 IW
- dd = 2.50a
Zp Ax ZC J-J. : * Ax ZC ( )
Yp ™ - ” yz d4, = /. (2.50b)
r Ax ZC Ax ZC

where /,,, is the moment of inertia of area 4, about y-axis and /,, is the product of
inertia of 4, with respect to axes y and z. In the similar fashion, z) and x;, the
coordinates of the point of action of the force F), on area 4, can be written as

! [] 2% a4, R (2.51a)
Az, Az,

Z =
P
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1 1
X, = xzdd, =—— (2.51b)
r Ay z, 'U Y Ay z,

where /., is the moment of inertia of area 4, about x axis and /... is the product of
inertia of 4, about the axes x and z.

We can conclude from Eqs (2.49), (2.50) and (2.51) that for a curved surface,
the component of hydrostatic force in a horizontal direction is equal to the
hydrostatic force on the projected plane surface perpendicular to that direction
and acts through the centre of pressure of the projected area. From Eq. (2.49c¢), the
vertical component of the hyrostatic force on the curved surface can be written as

F.= pglfzdd. =pgh (2.52)
where #is the volume of the body of liquid within the region extending vertically
above the submerged surface to the free surface of the liquid. Therefore,the vertical
component of hydrostatic force on a submerged curved surface is equal to the
weight of the liquid volume vertically above the solid surface to the free surface of
the liquid and acts through the centre of gravity of the liquid in that volume.

In some instances (Fig. 2.15), it is only the underside of a curved surface which
is subjected to hydrostatic pressure. The vertical component of the hydrostatic
thrust on the surface in this case acts upward and is equal, in magnitude, to the
weight of an imaginary volume of liquid extending from the surface up to the
level of the free surface. If a free surface does not exist in practice, an imaginary
free surface may be considered
(Fig. 2.16a, 2.16b) at a height p/pg
above any point where the pressure p is
known. The hydrostatic forces on the
surface can then be calculated by
considering the surface as a submerged Fig. 2.15 Hydrostatic thrust on the
one in the same fluid with an imaginary underside of a curved
free surface as shown. surface

Imaginary free surface

Imaginary free surface T 13" 0
7777777777777777777777777777777777 IR
| 8
1 [
| =
_ p
N ~~ Pressurised—
Pressurised - fluidina ——
fluid in a — chamber
chamber -«  Jeee Surface
/—

(@ (b)

Fig. 2.16 Hydrostatic force exerted on a curved surface by a fluid
without a free surface
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2.8 BUOYANCY

When a body is either wholly or partially immersed in a fluid, the hydrostatic lift
due to the net vertical component of hydrostatic pressure forces experienced by
the body is called the buoyant force and the phenomenon is called buoyancy.
Consider a solid body of arbitrary shape completely submerged in a homogene-
ous liquid as shown in Fig. 2.17. Hydrostatic pressure forces act on the entire
surface of the body.

o  Free surface

B

Fig. 2.17 Buoyant force on a submerged body

Itis evident according to the earlier discussion in Section 2.7, that the resultant
horizontal force in any direction for such a closed surface is always zero. To
calculate the vertical component of the resultant hydrostatic force, the body is
considered to be divided into a number of elementary vertical prisms. The vertical
forces acting on the two ends of such a prism of cross-section dA4_ (Fig. 2.17) are

respectively
dFl = (patm +p1) dAz = (patm + ngl)dAZ (2533)
dF, = (Pym + P2) 4. = (g + Pg2,) d4. (2.53b)
Therefore, the buoyant force (the net vertically upward force) acting on the
elemental prism is
dFg= dF,—dF, = pg (z; —z;) d4, = pgd¥ (2.54)

where d# is the volume of the prism.
Hence the buoyant force F'z on the entire submerged body is obtained as

Fy= [[[pg & = pg¥ (2.55)
¥

where #is the total volume of the submerged body. The line of action of the force
Fy can be found by taking moment of the force with respect to z-axis. Thus
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xg Fy= | xdFy (2.56)

Substituting for dF; and F, from Eqs (2.54) and (2.55) respectively into
Eq. (2.56), the x coordinate of the centre of buoyancy is obtained as

Xp= %”de% (2.57)
¥

which is the centroid of the displaced volume. It is found from Eq. (2.55) that the
buoyant force F'5 equals to the weight of liquid displaced by the submerged body
of volume #. This phenomenon was discovered by Archimedes and is known as
the Archimedes principle. This principle states that the buoyant force on a
submerged body is equal to the weight of liquid displaced by the body, and acts
vertically upward through the centroid of the displaced volume. Thus the net
weight of the submerged body, (the net vertical downward force experienced by
it) is reduced from its actual weight by an amount that equals to the buoyant
force. The buoyant force of a partially immersed body, according to Archimedes
principle, is also equal to the weight of the displaced liquid. Therefore the buoyant
force depends upon the density of the fluid and the submerged volume of the body.
For a floating body in static equilibrium and in the absence of any other external
force, the buoyant force must balance the weight of the body.

2.9 STABILITY OF UNCONSTRAINED BODIES IN FLUID
2.9.1 Submerged Bodies

For a body not otherwise restrained, it is important to know whether it will rise or
fall in a fluid, and also whether an orginally vertical axis in the body will remain
vertical. When a body is submerged in a liquid, the equilibrium requires that the
weight of the body acting through its cetre of gravity should be colinear with an
equal hydrostatic lift acting through the centre of buoyancy. In general, if the
body is not homogeneous in its distribution of mass over the entire volume, the
location of centre of gravity G does not coincide with the centre of volume, i.e.,
the centre of buoyancy B. Depending upon the relative locations of G and B, a
floating or submerged body attains different states of equilibrium, namely, (i)
stable equilibrium (ii) unstable equilibrium and (iii) neutral equilibrium.

A body is said to be in stable equilibrium, if it, being given a small angular
displacement and hence released, returns to its original position by retaining the
originally vertical axis as vertical. If, on the other hand, the body does not return
to its original position but moves further from it, the equilibrium is unstable. In
neutral equilibrium, the body having been given a small displacement and then
released will neither return to its original position nor increase its displacement
further, it will simply adopt its new position. Consider a submerged body in
equilibrium whose centre of gravity is located below the centre of buoyancy
(Fig. 2.18a). If the body is tilted slightly in any direction, the buoyant force and
the weight always produce a restoring couple trying to return the body to its
original position (Fig. 2.18b, 2.18c¢). On the other hand, if point G is above point
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B (Fig. 2.19a), any disturbance from the equilibrium position will create a
destroying couple which will turn the body away from its original position
(Figs 2.19b, 2.19¢). When the centre of gravity G and centre of buoyancy B
coincides, the body will always assume the same position in which it is placed
(Fig. 2.20) and hence it is in neutral equilibrium. Therefore, it can be concluded
from the above discussion that a submerged body will be in stable, unstable or
neutral equilibrium if its centre of gravity is below, above or coincident with the
centre of buoyancy respectively (Fig. 2.21).

Free surface

(a)
Fig. 2.18 A submerged body in stable equilibrium

Free surface

(a)

Fig. 2.19 A submerged body in unstable equilibrium
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Free surface

(@) (b) (c)

Fig. 2.20 A submerged body in neutral equilibrium

Free surface

Fp v
W G

B G N B W = FB

G TF B Fp1B
Stable Neutral Unstable
W equilibrium equilibrium equilibrium
W= FB W= FB W= FB

(a) (b) (©

Fig. 2.21 States of equilibrium of a submerged body
2.9.2 Floating Bodies

The condition for angular stability of a floating body is a little more complicated.
This is because, when the body undergoes an angular displacement about a
horizontal axis, the shape of the immersed volume changes and so the centre of
buoyancy moves relative to the body. As a result, stable equlibrium can be
achieved, under certain condition, even when G is above B. Figure 2.22a
illustrates a floating body—a boat, for example, in its equilibrium position. The
force of buoyancy Fj is equal to the weight of the body W with the centre of
gravity G being above the centre of buoyancy in the same vertical line.
Figure 2.22b shows the situation after the body has undergone a small angular
displacement 6 with respect to the vertical axis. The centre of gravity G remains
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Equilibrium position Tilted position

(a) (b)
Fig. 2.22 A floating body in stable equilibrium

unchanged relative to the body (This is not always true for ships where some of
the cargo may shift during an angular displacement). During the movement, the
volume immersed on the right hand side increases while that on the left hand side
decreases. Therefore the centre of buoyancy (i.e., the centroid of immersed vol-
ume) moves towards the right to its new position B’. Let the new line of action of
the buoyant force (which is always vertical) through B’ intersects the axis BG
(the old vertical line containing the centre of gravity G and the old centre of
buoyancy B) at M. For small values of 6, the point M is practically constant in
position and is known as metacentre. For the body shown in Fig. 2.22, M is above
G, and the couple acting on the body in its displaced position is a restoring couple
which tends to turn the body to its original position. If M were below G, the
couple would be an overturning couple and the original equilibrium would have
been unstable. When M coincides with G, the body will assume its new position
without any further movement and thus will be in neutral equilibrium. Therefore,
for a floating body, the stability is determined not simply by the relative position
of B and G, rather by the relative position of M and G. The distance of metacentre
above G along the line BG is known as metacentric height GM which can be
written as
GM = BM - BG

Hence the condition of stable equilibrium for a floating body can be expressed

in terms of metacentric height as follows:

GM > 0 (M is above G) Stable equilibrium
GM = 0 (M coinciding with G) Neutral equilibrium
GM < 0 (M is below G) Unstable equilibrium

The angular displacement of a boat or ship about its longitudinal axis is known
as ‘rolling” while that about its transverse axis is known as “pitching”.

2.9.3  Experimental Determination of
Metacentric Height

A simple experiment is usually conducted to determine the metacentric height.
Suppose that for the boat, shown in Fig. 2.23, the metacentric height



The McGraw-Hill Companies

50 | Introduction to Fluid Mechanics and Fluid Machines

corresponding to “roll” about the longitudinal axis (the axis perpendicular to the
plane of the figure) is required. Let a weight P be moved transversely across the
deck (which was initially horizontal) so that the boat heels through a small angle
6 and comes to rest at this new position of equilibrium. The new centres of gravity
and buoyancy are therefore again vertically in line. The movement of the weight
P through a distance x in fact causes a parallel shift of the centre of gravity (centre
of gravity of the boat including P) from G to G”.

(a) (b)
Fig. 2.23 Experimental determination of metacentric height
Hence, P -x= WGGE
Again, GG’ = GM tan 6
P.
Therefore, GM = 7x cot 6 (2.58)

The angle of heel 8 can be measured by the movement of a plumb line over a
scale. Since the point M corresponds to the metacentre for small angles of heel
only, the true metacentric height is the limiting value of GM as 8 — 0. This may
be determined from a graph of nominal values of GM calculated from Eq. (2.58)
for various values of 6 (positive and negative).

It is well understood that the metacentric height serves as the criterion of
stability for a floating body. Therefore it is desirable to establish a relation
between the metacentric height and the geometrical shape and dimensions of a
body so that one can determine the position of metacentre beforehand and then
construct the boat or the ship accordingly. This may be done simply by
considering the shape of the hull. Figure 2.24a shows the cross-section,
perpendicular to the axis of rotation, in which the centre of buoyancy B lies at the
initial equilibrium position. The position of the body after a small angular
displacement is shown in Fig. 2.24b. The section on the left, indicated by cross-
hatching, has emerged from the liquid, whereas the cross-hatched section on the
right has moved down into the liquid. It is assumed that there is no overall vertical
movement; thus the vertical equilibrium is undisturbed. As the total weight of
the body remains unaltered so does the volume immersed, and therefore the
volumes corresponding to the cross-hatched sections are equal. This is so if
the planes of flotation for the equilibrium and displaced positions intersect along
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the centroidal axes of the planes. The coordinate axes are chosen through O as
origin. OY is perpendicular to the plane of Fig 2.24a and 2.24b, OY lies in the
original plane of flotation (Fig. 2.24c) and OZ is vertically downwards in the
original equilibrium position. The total immersed volume is considered to be
made up of elements each underneath an area d4 in the plane of flotation as shown
in Figs 2.24a and 2.24c. The centre of buoyancy by definition is the centroid of
the immersed volume (the liquid being assumed homogeneous). The x coordinate
x of the centre of buoyancy may therefore be determined by taking moments of
elemental volumes about the yz plane as,

Frp= [(zdd)x (2.59)
d4 M
/ x tan 6
Plane of Ol «x )Z ‘ \ /
flotation G G X / ()
z z z
B L Bt ‘@ ‘
(a) (b)
y
dAa
X
(0]
(©)

Plane of flotation

Fig. 2.24 Analysis of metacentric height

After displacement, the depth of each elemental volume immersed isz +x tan 8
and hence the new centre of buoyancy x7 can be written as

¥ = [ (z+xtan 6) dd x (2.60)
Subtracting Eq. (2.59) from Eq. (2.60), we get
Hxy—xp) = [ P tan 0dd=tan 0 [  dd (2.61)
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The second moment of area of the plane of flotation about the axis-Oy is
defined as

L,= [ xd4 (2.62)

Again, for small angular displacements,
X3 —xz= BMtan 0 (2.63)
With the help of Eqgs (2.62) and (2.63), Eq. (2.61) can be written as

BM = Lo
¥

Second moment of area of the plane of flotation about

__the centroidal axis perpendicular to plane of rotation (2.64)
Immersed volume '

Ly
Hence, GM = v BG (2.65)

The length BM is sometimes known as metacentric radius; it must not be
confused with the metacentric height GM. For rolling movement of a ship, the
centroidal axis about which the second moment is taken is the longitudinal one,
while for pitching movements, the appropriate axis is the transverse one. For
typical sections of the boat, the second moment of area about the transverse axis
is much greater than that about the longitudinal axis. Hence, the stability of a boat
or ship with respect to its rolling is much more important compared to that with
respect to pitching. The value of BM for a ship is always affected by a change of
loading whereby the immersed volume alters. If the sides are not vertical at the
water-line, the value of /,, may also change as the vessel rises or falls in the
water. Therefore, floating vessels must be designed in a way so that they are
stable under all conditions of loading and movement.

2.9.4 Floating Bodies Containing Liquid

If a floating body carrying liquid with a free surface undergoes an angular
displacement, the liquid will also move to keep its free surface horizontal. Thus
not only does the centre of buoyancy B move, but also the centre of gravity G of
the floating body and its contents move in the same direction as the movement of
B. Hence the stability of the body is reduced. For this reason, liquid which has to
be carried in a ship is put into a number of separate compartments so as to
minimize its movement within the ship.

2.9.5 Period of Oscillation

It is observed from the foregoing discussion that the restoring couple caused by
the buoyant force and gravity force acting on a floating body displaced from its
equilibrium position is W - GM sin 6 (Fig. 2.22). Since the torque equals to mass
moment of inertia (i.e., second moment of mass) multiplied by angular
acceleration, it can be written

W(GM) sin 0 =— I,, (d*6/dr*) (2.66)
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where [, represents the mass moment of inertia of the body about its axis of
rotation. The minus sign in the RHS of Eq. (2.66) arises since the torque is a
retarding one and decreases the angular acceleration. If 6 is small, sin 8= 0 and
hence Eq. (2.66) can be written as
d?e L -GM
dr? Iy

Equation (2.67) represents a simple harmonic motion. The time period (i.e.,
the time of a complete oscillation from one side to the other and back again)
equals to 27({,,/ W - GM)"2. The oscillation of the body results in a flow of the
liquid around it and this flow has been disregarded here. In practice, of course,
viscosity in the liquid introduces a damping action which quickly suppresses the
oscillation unless further disturbances such as waves cause new angular
displacements.

The metacentric height of ocean-going vessel is usually of the order of 0.3 m to
1.2 m. An increase in the metacentric height results in a better stability but
reduces the period of roll, and so the vessel is less comfortable for passengers. In
cargo vessels the metacentric height and the period of roll are adjusted by
changing the position of the cargo. If the cargo is placed further from the centre-
line, the moment of inertia of the vessel and consequently the period may be
increased with little sacrifice of stability. On the other hand, in warships and
racing yachts, stability is more important than comfort, and such vessels have
larger metacentric heights.

=0 (2.67)

Summary

e Forces acting on a fluid element in isolation are of two types; (a) Body force and
(b) Surface force. Body forces act over the entire volume of the fluid element and
are caused by external agencies, while surface forces, resulting from the action of
surrounding mass on the fluid element, appear on its surfaces.

e Normal stresses at any point in a fluid at rest, being directed towards the point
from all directions, are of equal magnitude. The scalar magnitude of the stress is
known as hydrostatic or thermodynamic pressure.

e The fundamental equations of fluid statics are written as d p/dx =0, d p/dy =0
and dp/dz = — pg with respect to a cartesian frame of reference with x — y plane
as horizontal and axis z being directed vertically upwards. For an incompressible
fluid, pressure p at a depth /2 below the free surface can be written asp = p, + pgh,
where p,, is the local atmospheric pressure.

e Atsea-level, the international standard atmospheric pressure has been chosen as
Paun = 101.32 kKN/m?. The pressure expressed as the difference between its value
and the local atmospheric pressure is known as gauge pressure.

e Piezometer tube measures the gauge pressure of a flowing liquid in terms of the
height of liquid column. Manometers are devices in which columns of a suitable
liquid are used to measure the difference in pressure between two points or
between a certain point and the atmosphere. A simple U-tube manometer is
modified as inclined tube manometer, inverted tube manometer and micro
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manometer to measure a small difference in pressure through a relatively large
deflection of liquid columns.

e The hydrostatic force on any one side of a submerged plane surface is equal to the
product of the area and the pressure at the centre of area. The force acts in a
direction perpendicular to the surface and its point of action, known as pressure
centre, is always at a higher depth than that at which the centre of area lies. The
distance of centre of pressure from the centre of area along the axis of symmetry
is given by y, =y = I /Ay,.

e For a curved surface, the component of hydrostatic force in any horizontal
direction is equal to the hydrostatic force on the projected plane surface on a
vertical plane perpendicular to that direction and acts through the centre of
pressure for the projected plane area. The vertical component of hydrostatic force
on a submerged curved surface is equal to the weight of the liquid volume
vertically above the submerged surface to the level of the free surface of liquid
and acts through the centre of gravity of the liquid in that volume.

e When a solid body is either wholly or partially immersed in a fluid, the
hydrostatic lift due to net vertical component of the hydrostatic pressure forces
experienced by the body is called the buoyant force. The buoyant force on a
submerged or floating body is equal to the weight of liquid displaced by the body
and acts vertically upward through the centroid of displaced volume known as
centre of buoyancy.

e The equilibrium of floating or submerged bodies requires that the weight of the
body acting through its centre of gravity has to be colinear with an equal buoyant
force acting through the centre of buoyancy. A submerged body will be in stable,
unstable or neutral equilibrium if its centre of gravity is below, above or coincid-
ent with the centre of buoyancy respectively. Metacentre of a floating body is
defined as the point of intersection of the centre line of cross-section containing
the centre of gravity and centre of buoyancy with the vertical line through new
centre of buoyancy due to any small angular displacement of the body. For stable
equilibrium of floating bodies, metacentre M has to be above the centre of gravity
G. M coinciding with G or lying below G refers to the situation of neutral and
unstable equilibrium respectively. The distance of metacentre from centre of
gravity along the centre line of cross-section is known as metacentric height and
is given by MG = (1,,,/¥) - BG.

Solved Examples

Example 2.1 What is the intensity of pressure in the ocean at a depth of 1500 m,
assuming (a) salt water is incompressible with a specific weight of 10050 N/m® and
(b) salt water is compressible and weighs 10050 N/m?> at the free surface? E (bulk
modulus of elasticity of salt water) = 2070 MN/m? (constant).

Solution (a) Foranincompressiblefluid, the intensity of pressure ata depth, according
to Eq. (2.16), is
p (pressure in gauge) = pgh = 10050 (1500) N/m? = 15.08 MN/m? gauge

(b) The change in pressure with the depth of liquid / from free surface can be written
according to Eq. (2.14) as
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dp
e g 2.68
G (2.68)
Again from the definition of bulk modulus of elasticity £ (Eq. (1.5)),
= 5% (2.69)
P

Integrating equation (2.69), for a constant value of £, we get
p=Ehp+C (2.70)

The integration constant C can be found out by considering p = p, and p = p, at the
free surface.
Therefore Eq. (2.70) becomes

p—-po= Eln [ﬂj (2.71)
Po
Substitution of dp from Eq. (2.68) into Eq. (2.69) yields
an= £9p
gp
After integration
E
h= ——+C(
gp
The constant C, is found out from the condition that, p = p, at # = 0 (free surface)
E { 11 ]
Hence, = —|—-—
g\Py P
E
from which P

Po  E-hpyg
Substituting this value of p/p, in Eq. (2.71), we have

-~
E—-hpyg
Therefore,

2.07 x10°
2.07 x 10° — (10050)(1500)

p (in gauge) = 2.07 x 10° ln|: }N/m2 gauge

15.13 MN/m’” gauge

Example 2.2 For a gauge reading at 4 of — 17200 Pa (Fig. 2.25), determine (a) the
elevation of the liquids in the open piezometer columns E, F, G, and (b) the deflection of
mercury in the U-tube gauge. The elevations EL of the interfaces, as shown in Fig. 2.25,
are measured from a fixed reference datum.
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E1.20.0 @A E F G

Air
E1.15.0

Liquidl ~ gh | |,
Spgr = 0.700
EL1L.6 )N

Liquid II
Spgr: 1.600
EL6.0

3

h
EL40 = - 1
c D T
Sp gr: 13.57

Fig. 2.25 Piezometer tubes connected to a tank containing different liquids

Solution (a) Since the specific weight of air (= 12 N/m?) is very small compared to that
of'the liquids, the pressure at elevation 15.0 may be considered to be —17200 Pa gauge by
neglecting the weight of air above it without introducing any significant error in the
calculations.

For column E: Since the pressure at H is below the atmospheric pressure, the elevation
of liquid in the piezometer £ will be below H, and assume this elevation is L as shown in
Fig. 2.25.

From the principle of hydrostatics, px = p|.

Then p,,,, — 17200 + (0.700 x 9.81 x 10°)h = Patm

(where p,,,, is the atmospheric pressure)

or h= 25m

Hence the elevation at L is 15—-2.5=12.5m
For column F: Pressure at EL11.6 = Pressure at EL15.0 + Pressure of the liquid I

= — 17200+ (0.7 x 9.81 x 10%) (15— 11.6)
= 6148 Pa gauge
which must equal the pressure at M.

6148

The height of water column corresponding to this pressure is 9310 =0.63 m, and

therefore the water column in the piezometer F will rise 0.63 m above M.
Hence the elevation at Nis (11.6 +0.63) = 12.23 m
For column G : Pressure at
EL8.0 = Pressure at EL11.6 + pressure of 3.6 m of water
= 6148 +9.81 X 3.6 x 10° = 41464 Pa
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which must be the pressure at R and equals to a column of

41464
1.6 x 9810
Therefore, the liquid column in piezometer G will rise 2.64 m above R and elevation

at Qis (8.0 +2.64) = 10.64 m.
(b) For the U-tube gauge,

= 2.64 m of liquid II

Pressure at D = Pressure at C
9810 x 13.57 h; = Pressure at EL11.6 + Pressure of 7.6 m of water
or, 13.57 hy= 0.63 +7.6
0.61 m

Example 2.3 A typical differential manometer is attached to two sections 4 and B
in a horizontal pipe through which water is flowing at a steady rate (Fig. 2.26). The
deflection of mercury in the manometer is 0.6 m with the level nearer 4 being the lower
one as shown in the figure. Calculate the difference in pressure between Sections 4 and
B. Take the densities of water and mercury as 1000 kg/m3 and 13570 kg/m3 respectively.

from which h,

Fig. 2.26 A differential manometer measuring pressure drop between
two sections in the flow of water through a pipe

Solution
pc (Pressure at C) = pp, (Pressure at D) (2.72)
Again pc= pg(Pressure at G)=p,—p, gz (2.73)
and pp = pg (Pressure at E) + Pressure of the column ED of mercury
= pp(Pressure at ') + p,, g (0.6)
= pp—(z+06)p, g+06p, g (2.74)

With the help of equations (2.73) and (2.74), the equation (2.72) can be written as,
Pa—Pyg= pg—(z210.6)p,g+0.6p,g
or ps—pp= 0.6g(p,,—p,)=0.6x9.81 (13.57-1) x 10°Pa
= 74 kPa

Example 2.4 An inclined tube manometer measures the gauge pressure p, of a

system S (Fig. 2.27). The reservoir and tube diameters of the manometer are 50 mm and
5 mm respectively. The inclination angle of the tube is 30°. What will be the percentage
error in measuring py if the reservoir deflection is neglected.
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Ps

Fig. 2.27 An inclined tube manometer measuring gauge pressure of a system

Solution Let, with the application of pressurepg, the level of gauge fluid in the reservoir
lowers down from bb to cc
Now, pressure at ¢ = Pressure at D

or Ps= Pg- & (Rsin 0+ h) (2.75)
where p, is the density of the gauge fluid. From continuity of the fluid in both the limbs,
A-h= a-R
R
or = 22 (2.76)
A

where 4 and a are the cross-sectional areas of the reservoir and the tube respectively.
Substituting for # from Eq. (2.76) in Eq. (2.75)

a 1
= Rsinf|1+— 2.77
Ps= Pgg ( A sin 9] @77)
Let the pressure pg be measured as pg’ from the gauge reading R only (neglecting the
reservoir deflection /).
Then Ps = PggRsin6 (2.78)

The percentage error in measuring pg as pg can now be calculated with the help of
Eqs (2.77) and (2.78) as

(Ps — p5) X100 _ 1
Ps (1+ésin0)
a

= — = Xx100=1.96%

x 100

e=

Example 2.5 Oil of specific gravity 0.800 acts on a vertical triangular area whose
apex is in the oil surface. The triangle is isosceles of 3 m high and 4 m wide. A vertical
rectangular area of 2 m high is attached to the 4 m base of the triangle and is acted upon
by water. Find the magnitude and point of action of the resultant hydrostatic force on the
entire area.

Solution The submerged area under oil and water is shown in Fig. 2.28.
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o x_ o
T
z S
dzﬂi 3m - - - - 0 07
— ) _o_ -
H oo - -
P P~—F Oil spgr=0.8
R R~—— F=F +Fy
(0] Zm (0] Fy Water
T 4m 1
y

Fig. 2.28 The submerged surface under oil and water as described in Example 2.5

The hydrostatic force F| on the triangular area

2 1
= 9.81x0.8 x 10° x (§><3)><(5><3><4)N=94.18 kN

The hydrostatic force F, on the rectangular area
= 981 x10°(3x0.8+1)x(2x4)N=266.83kN
Therefore the resultant force on the entire areca
F= F +F,=94.18 +266.83 =361 kN
Since the vertical line through the apex 0 is the axis of symmetry of the entire area, the
hydrostatic forces will always act through this line. To find the points of action of the
forces F| and F, on this line, the axes Ox and Oy are taken as shown in Fig. 2.28.

For the triangular area, moments of forces on the elemental strips of thickness dz
about Ox give

3
Fi-0P= [ 9.81x10° (0.82) (Hdz7)
0

Again from geometry, H = % z
t 4
[o81x10° ><0.8(3)z3 dz
Hence, or= 2 =225m

9418 x10°

In a similar way, the point of action of the force F, on the rectangular area is found out as

5
[9.81x10° (3% 0.8) + (z-3)} (4 d2) z

00= 2 =41
Q 26683 x10° m

Finally the point of action R (Fig. 2.28) of the resultant force F is found out by taking
moments of the forces F; and F), about O as
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OR = 94.18 Xx2.25 +266.83 x 4.1 _ 362m
361
Example 2.6 Figure 2.29 shows a flash board. Find the depth of water / at the

instant when the water is just ready to tip the flash board.

hi2

Fig. 2.29 A flash board in water

Solution The flash board will tip if the hydrostatic force on the board acts at a point
away from the hinge towards the free surface. Therefore, the depth of water / for which
the hydrostatic force F), passes through the hinge point O is the required depth when
water is just ready to tip the board. Let G be the centre of gravity of the submerged part of
the board (Fig. 2.29).

h/2  h
sin 60° V3

If y, and y, are the distances of the pressure centre (point of application of the
hydrostatic force £,) and the centre of gravity respectively from the free surface along the
board, then from Eq. (2.44a)

Then, BG =

e=y,~v.= 12(2”Jh_h/(3ﬁ) (2.79)
NING
(considering unit length of the board)
Again from the geometry,
e= BG-BO= (h/ﬁ) 1 (2.80)

Equating the two expressions of e from Eqgs (2.79) and (2.80), we have

W (333) = w3 -1
343

from which h= - =2.6m
Example 2.7 The plane gate (Fig. 2.30) weighs 2000 N/m length normal to the

plane of the figure, with its centre of gravity 2 m from the hinge O. Find / as a function of
0 for equilibrium of the gate.
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Water —_-

Fig. 2.30 A plain gate in equilibrium under hydrostatic force due to water

Solution Let F be the hydrostatic force acting on the gate at point P

Then F = Pressure at the centroid of the submerged portion of gate
x submerged area of the gate

2
=%x9.81x103x h gy 3905 h

sin 6 sin 6

(2.81)

The distance of the pressure centre P from the free surface along the gate is found out,
according to Eq. (2.44), as

h 1 x (h/sin 6)* h (1 1) 2 h
V= Tt =l ot =T
7 2sin@ h h sin@\2 6/ 3sin6
12X1X— —
sin 6\ 2sin 6
Now oP= h 2 h 1 h

sine_gsine_gsine

For equilibrium of the gate, moment of all the forces about the hinge O will be zero.

3 sin

Hence, F(l h 9] —2000 (2 cos B)=0

Substituting F from Eq. (2.81),

2
A90S AL 1 1 4600 cos 9=0
sin@ (3 sinf
from which = 1.347 (sin* O cos )"

Example 2.8 A circular cylinder of 1.8 m diameter and 2.0 m long is acted upon by
water in a tank as shown in Fig. 2.31a. Determine the horizontal and vertical components
of hydrostatic force on the cylinder.

Solution Let us consider, at a depth z from the free surface, an elemental surface on the
cylinder that subtends an angle d6 at the centre. The horizontal and vertical components
of hydrostatic force on the elemental area can be written as

dFy;= 9.81x 10 {0.9 (1 + cos 6)} (0.9 d6 x 2) sin O
and dF,= 9.81 x 10° {0.9 (1 +cos 6)} (0.9 dOx2) cos O
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Therefore, the horizontal and vertical components of the net force on the entire
cylindrical surface in contact with water are given by
/9
Fy= j 9.81 x 10 {0.9(1 + cos 6)} 1.8 sin 6dON =31.78 kN

0
T

[ 9.81x10° {0.9(1 + cos )} 1.8 cos 6dON
0

Fy

T

V4
= 981x10°%x09x% 18 ljcos9d9+J.cos2 edel
0 0

~ 981x10°%x09x1.8 [0+ﬂN

= 24.96 kN

Alternative method:
The horizontal component of the hydrostatic force on surface A CB (Fig. 2.31b) is equal to
the hydrostatic force on a projected plane area of 1.8 m high and 2 m long.

Therefore, Fy= 9.81x10°x 0.9 x (1.8 x2) N =31.78 kN

1.8 m

Fig. 2.31a A circular cylinder in a Fig. 2.31b A circular cylinder in a
tank of water tank of water

The downward vertical force acting on surface AC is equal to the weight of water
contained in the volume CDAC. The upward vertical force acting on surface CB is equal
to the weight of water corresponding to a volume BCDAB.

Therefore the net upward vertical force on surface ACB

= Weight of water corresponding to volume of BCDAB
— Weight of water in volume CDAC

= Weight of water corresponding to a volume of BCAB
(half of the cylinder volume)

Hence, Fy= 9.81x10°x % {3.14 x (0.9)> X 2}N = 24.96 kN
Example 2.9 A parabolic gate 4B is hinged at 4 and latched at B as shown in

Fig. 2.32. The gate is 3 m wide. Determine the components of net hydrostatic force on the
gate exerted by water.
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,,,,,,,,,,,,,, 1
,,,,,,, x:—z2

3
,,,,,,,,, - 0 (Gate profile)

A X
Fig. 2.32 A parabolic gate under hydrostatic pressure

Solution The hydrostatic force on an elemental portion of the gate of length ds
(Fig. 2.32) can be written as

dF= 981 x10°x (1.5-z) ds x 3
The horizontal and vertical components of the force dF" are
dF,;= 9.81 x 10°> x 3(1.5 —z) x ds cos @
= 981 x3x(1.5-2)x10°dz

and
dF,= 9.81 x 10*x 3(1.5 - z) x ds sin 0

= 9.81 x3x(1.5-2)x 10° dx

Therefore, the horizontal component of hydrostatic force on the entire gate

1.5
J’ 9.81 x3 x(1.5-2)x 10° dz
0

Fy

9.81x103x¥x3N=33.11kN

The vertical component of force on the entire gate

15 (2
F,= J’9.81><3><(1.5—z)><10 37) &
0
[Sincex= %22 for the gateproﬁle,dx=%z dzJ

3
= %x9.81x103x%x3N=11.04kN

Example 2.10 A sector gate, of radius 4 m and length 5 m, controls the flow of

water in a horizontal channel. For the equilibrium condition shown in Fig. 2.33,
determine the total thrust on the gate.
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A B
Fy
D { 0]
0
Zp de - 30
dF’ — |
oA
&
dF,\l >
C

Fig. 2.33 A sector gate controlling the flow of water in a channel

Solution The horizontal component of the hydrostatic force is the thrust which would
be exerted by the water on a projected plane surface in a vertical plane. The height of this
projected surface is 4 sin 30° m =2 m and its centroid is (1 + 2/2) m =2 m below the free
surface.

Therefore, the horizontal component of hydrostatic thrust

Fy= pghA=1000%9.81x2x(5x2)N=196.2kN
The line of action of F; passes through the centre of ‘pressure which is at a distancez,

below the free surface, given by (see Eq. 2.44a)

3
zp= 2+ @ =2.167m
12x(5x2)x2
The vertical component of the hydrostatic thrust 7,
= Weight of imaginary water contained in the volume ABDCEA

Now, Volume 4BDCEA = Volume ABDEA + Volume OECO — Volume ODCO

Volume ABDEA = 5X ABXBD =5x(4—4 cos 30°) x 1
= 5x0.536
Volume OECO = 5 x mx (OC)* x 30/360

= 5x X (4)* x (30/360)
Volume ODCO = 5x % X 4 sin 30° X 4 cos 30°

= 5><%><2><4cos30°

Therefore,

30
Fy= 1000 x 9.81 x5 | (0.536 x 1) + | 7x4* X

— (;x2x4cos30°ﬂ N=61.8 kN

The centre of gravity of the imaginary fluid volume ABDCEA is found by taking
moments of the weights of all the elementary fluid volumes about BC. It is 0.237 m to the
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left of BC. The horizontal and vertical components, being co-planar, combine to give a
single resultant force of magnitude F as

F= (F}+F)"={(196.2)* + (61.8)*}'* =205.7 kN
at an angle o = tan™! (61.8/196.2) = 17.5° to the horizontal.

Alternative method:

Consider an elemental areca 04 of the gate subtending a small angle d@ at 0 (Fig. 2.33).
Then the hydrostatic thrust dF on the area 64 becomes dF' = p gh 0A.

The horizontal and vertical components of dF are

dF,;= pgh 6Acos 0

dF,= pghd&Asin 6
where £ is the vertical depth of area 04 below the free surface.
Now h= (1+4sin6)
and 04 = (4dOx5)=20d0

Therefore the total horizontal and vertical components are,

/6
Fy= [dF, =1000x981x20 [ (1+4sin6)cos®dON =1962 kN
0

n/6
F,= 1000 x 9.81 x 20 J’ (1 +4sin 8) sin 6dON = 61.8 kN
0

Since all the elemental thrusts are perpendicular to the surface, their lines of action
pass through O and that of the resultant force therefore also passes through O.

Example 2.11 A block of steel (sp. gr. 7.85) floats at a mercury water interface as

in Fig. 2.34. What is the ratio of a and b for this condition? (sp. gr. of mercury is 13.57).

a Steel block

Fig. 2.34 A steel block floating at mercury water interface
Solution Let the block have a uniform cross-sectional area A.
Under the condition of floating equilibrium as shown in Fig. 2.34,
Weight of the body = Total Buoyancy force acting on it
Ax(a+b)(7850)xg= (bx13.57 +a)x A x gx10°
Hence 7.85(a+b)y= 13.57b+a

a_ 372 ¢35

b 6.85
Example 2.12 An aluminium cube 150 mm on a side is suspended by a string in

or,

oil and water as shown in Fig. 2.35. The cube is submerged with half of it being in oil and
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the other halfin water. Find the tension in the string if the specific gravity of oil is 0.8 and
the specific weight of aluminium is 25.93 kN/m’.

T
T
75mmee
] ~ Water
1 1
150 mm

Fig. 2.35 An aluminium cube suspended in an oil and water system

Solution Tension T in the string can be written in consideration of the equilibrium of
the cube as
T= W-Fy
25.93 x 10° x (.15)* = 9.81 x 10° [(.15° x 0.5 X 0.8
+(15°%x05%x 1IN
= 5771 N
(W = weight of the cube and F'z = total buoyancy force on the cube)

Example 2.13 A cube of side a floats with one of its axes vertical in a liquid of
specific gravity S;. If the specific gravity of the cube material is S, find the values of

S, /S, for the metacentric height to be zero.

Solution Let the cube float with / as the submerged depth as shown in Fig. 2.36.
For equilibrium of the cube,

a
M
,,,,,,,, G I
Spgr. Spgr. | b
s B I
— c |\ T h

Fig. 2.36 A solid cube floating in a liquid

Weight = Buoyant force
@S, x10°x9.81 = ha*x S, x 10° x 9.81
or, h= a(S/S;)=alx



The McGraw-Hill Companies ‘

Fluid Statics | 67

where S;/S, = x

The distance between the centre of buoyancy B and centre of gravity G becomes

BG = ﬁ_ﬁzﬁ[l_l)
2 2 2 X

Let M be the metacentre, then

The metacentric height MG = BM — BG = @ g[l - l)

According to the given condition

or, X —6x+6=

+ ’
which gives x= % =4.732,1.268
Hence S,/S. = 4.732 or 1.268

Example 2.14 A rectangular barge of width b and a submerged depth of H has its
centre of gravity at the waterline. Find the metacentric height in terms of 5/H, and hence
show that for stable equilibrium of the burge b/H > V6 .

Solution Let B, G and M be the centre of buoyancy, centre of gravity and metacentre of
the burge (Fig. 2.37) respectively.

0

Fig. 2.37 A rectangular barge in water

Now, OB = H/2
and, OG = H (as given in the problem)
Hence BG = OG—OB=H_£=£

2 2
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3 2
Again BM = L Lb b

V 12xLxbxH 12H
where L is the length of the barge in a direction perpendicular to the plane of the

Fig. 2.37.
2 2
Therefore, MG= BM-BG= b~ _H = ﬁ{i(i) — 1}
12H 2 2 (6\H
For stable equilibrium of the burge, MG > 0
2
Hence, el i(i) -1; 20
2 (6\H
which gives bIH= 6

Example 2.15 A solid hemisphere of density p and radius r floats with its plane

base immersed in a liquid of density p; (p;> p). Show that the equilibrium is stable and
the metacentric height is
8 Up

Solution The hemisphere in its floating condition is shown in Fig. 2.38. Let # be the
submerged volume. Then from equilibrium under floating condition,

%n’r3xp= ¥x p,

or, ¥= %71,73 ><ﬂ

P

The centre of gravity G will lie on the axis of symmetry of the hemisphere. The
distance of G along this line from the base of the hemisphere can be found by taking
moments of elemental circular strips (Fig. 2.38) about the base as

M
,,,,,,,,,,,, ; .
L /f o
77777 dz G N\ H
B Z
o

Fig. 2.38 A solid hemisphere floating in a liquid

Jn(rz —zz)zdz
oG- .3,
8

Z.5
3
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In a similar way, the location of centre of buoyancy which is the centre of immersed
volume ¥ is found as

H
Jn(r2—z2)zdz R 5
o8- 2 =2&rH_2(2_H_2j (2.82)
2.3 P 8 p r r

3 Pi

where H is the depth of immersed volume as shown in Fig. 2.38.
If 7, is the radius of cross-section of the hemisphere at water line, then we can write
B 22
=71 -,

Substituting the value of H in Eq. (2.82), we have
4
op=2PL,[y_ Tl
8 p r
The height of the metacentre M above the centre of buoyancy B is given by
w3 P,
= = 4
4{(£nr3)£} 8p 1
3 Pi

Therefore, the metacentric height MG becomes
MG = MB—BG= MB - (0G — OB)

4 4
i_lri“_iﬂr 3P, 1=l
8 o8 8 p r

Since p; > p, MG > 0, and hence, the equilibrium is stable.

BM = L
v

Example 2.16 A cone floats in water with its apex downward (Fig. 2.39) and has a

base diameter D and a vertical height H. If the specific gravity of the cone is S, prove that
for stable equilibrium,

) 1 D2S1/3
e z(ﬁ

Solution  Let the submerged height of the cone under floating condition be %, and the
diameter of the cross-section at the plane of flotation be d (Fig. 2.39).

For the equilibrium,

Weight of the cone = Total buoyancy force

2 2
L P (2.83)
3 4 370 4

Again from geometry,
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d= D a (2.84)
H
Using the value of d from Eq. (2.84) in Eq. (2.83), we get
h= HS" (2.85)

The centre of gravity G of the cone is found out by considering the mass of cylindrical
element of height dz and diameter Dz/H, and its moment about the apex 0 in the following
way:

L ==
3 4
The centre of buoyancy B is the centre of volume of the submerged conical part and

hence OB = % h.

Therefore BG= OG- OB = % (H—h)

Substituting 4 from Eq. (2.85) we can write

BG = % H(1-5") (2.86)

If M is the metacentre, the metacentric radius
BM can be written according to Eq. (2.64) as D

1 rnd* 3 d° T
BM = —= T ===
64><§7r(d2/4)h 16 £

Substituting d from Eq. (2.84) and % from T
Eq. (2.85), we can write [ B
> H
BM= = Z_g'3
16 H
The metacentric height

MG= BM-BG 0

_ iD—sz _ iH(l AN Fig. 2.39 A so.lid cone
16 H 4 floating in water

For stable equilibrium, MG > 0

3 D>
16 H

g3 _3
4

Hence H(1-5")>0
2
or, %51/3—4(1—51/3»0

D—sz >4(]—8"3
or, 172 ( )
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H? 1

or, <
Dis3 4(1_51/3)
D2 sl/3
Hence, <——7"
41-S5"7)

Example 2.17 An 80 mm diameter composite solid cylinder consists of an 80 mm

diameter 20 mm thick metallic plate having sp. gr. 4.0 attached at the lower end of an
80 mm diameter wooden cylinder of specific gravity 0.8. Find the limits of the length of
the wooden portion so that the composite cylinder can float in stable equilibrium in water
with its axis vertical.

Solution Let [ be the length of the wooden piece. For floating equilibrium of the
composite cylinder,

Weight of the cylinder < Weight of the liquid of the same volume as that

of the cylinder
2 2
Hence, w (0.02 x4+ 081} < w&.oz +
From which /=2 03m
Hence, the minimum length of the wooden portion /. um = 0.3 m = 300 mm.

The minimum length corresponds to the situation when the cylinder will just float
with its top edge at the free surface (Fig. 2.40a). For any length / greater than 300 mm,
the cylinder will always float in equilibrium with a part of its length submerged as shown
in (Fig. 2.40b). The upper limit of / would be decided from the consideration of stable
equilibrium (angular stability) of the cylinder.

20 mm o
80 mm
80 mm
(a) (b)

Fig. 2.40 A composite cylinder floating in water

For stable equilibrium,
Metacentric Height > 0 (2.87)

The location of centre of gravity G of the composite cylinder can be found as
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2
T (.08) [.02x4x.01+1x .8(0.5/+0.02)]
0G = 4 5
nu(.% + .81)
4
52 4021+0.01

10/ +1

The submerged length 4 of the wooden cylinder is found from the consideration of
floating equilibrium as
Weight of the cylinder = Buoyancy force

2 2
O o xa+ .80 = L'gg) X h
or h= 0.08(10/+1) (2.88)
The location of the centre of buoyancy B can therefore be expressed as OB =h/2 =0.04
(10/+1)
51 +0.21+0.01
Now BG= OG-O0OB= -0.04(107+1)
10/ +1
> ~0.61-.03
= — (2.89)
10/ +1
The location of the metacentre M above buoyancy B can be found out according to
Eq. (2.64) as

4
Bu— Lo T8 x4 (2.90)
V' 64xm(.08)" xh
Substituting 4 from Eq. (2.88) to Eq. (2.90), we get
.005

10/+1

005 2 -06l-.03
107 +1 10/+1

Therefore, MG= BM—-BG=

—(I* = 0.6/ —.035)
10/+1

Using the criterion for stable equilibrium as MG > 0 we have,

—(1* = 0.6 — .035)

>0
10/+1
or P-0.61-.035<0
or (1-0.653) (1+0.053)<0
The length / can never be negative. Hence, the physically possible condition is
[-0.653<0

or, [<0.653
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Exercises

2.1 Choose the correct answer
(1) The normal stress is the same in all directions at a point in a fluid:
(a) only when the fluid is frictionless
(b) only when the fluid is frictionless and incompressible
(c) ina liquid at rest
(d) when the fluid is at rest, regardless of its nature.
(i) The magnitude of hydrostatic force on one side of a circular surface of unit
area, with the centroid 10 m below a free water (density p) surface is:
(a) less than 10 pg
(b) equals to 10 pg
(c) greater than 10 pg
(d) the product of pg and the vertical distance from the free surface to
pressure centre
(e) none of the above.
(iii) The line of action of the buoyancy force acts through the
(a) centre of gravity of any submerged body
(b) centroid of the volume of any floating body
(c) centroid of the displaced volume of fluid
(d) centroid of the volume of fluid vertically above the body
(e) centroid of the horizontal projection of the body.
(iv) For stable equilibrium of floating bodies, the centre of gravity has to:
(a) be always below the centre of buoyancy
(b) be always above the centre of buoyancy
(c) be always above the metacentre
(d) be always below the metacentre
(e) coincide with metacentre
2.2 Inconstruction, a barometer is a graduated inverted tube with its open end dipped
in the measuring liquid contained in a trough opened to atmosphere.

Estimate the height of liquid column in the barometer where the atmospheric
pressure is 100 kN/m?. (a) when the liquid is mercury and (b) when the liquid is
water. The measuring temperature is 50 °C, the vapour pressures of mercury and
water at this temperature are respectively 0.015 x 10* N/m? and 1.23 x 10* N/m?,
and the densities are 13500 and 980 kg/m> respectively. What would be the
percentage error if the effect of vapour pressure is neglected.

Ans. (0.754 m, 9.12 m, 0.14%, 14.05%)

2.3 The density of a fluid mixture p (in kg/m?) in a chemical reactor varies with the
vertical distance z (in metre) above the bottom of the reactor according to the

relation
2
= 10.1 1—i+( - j
p=10 500 ' (1000

Assuming the mixture to be stationary, determine the pressure difference between
the bottom and top of a 60 m tall reactor.

Ans. (5.59 kN/m?)
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2.4 Find the atmospheric pressure just at the end of troposphere which extends upto
a height of 11.02 km from sea level. Consider a temperature variation in the
troposphere as 7= 288.16 — 6.49 x 107 z, where z is in metres and 7" in Kelvin.
The atmospheric pressure at sea level is 101.32 kN/m?.

Ans. (22.55 kN/m?)

2.5 Find the pressure at an elevation of 3000 m above the sea level by assuming (a)
an isothermal condition of air and (b) an isentropic condition of air. Pressure and
temperature at sea level are 101.32 kN/m® and 293.15 K. Consider air to be an
ideal gas with R (characteristic gas constant) = 287 J/kg K, and ¥ (ratio of
specific heats) = 1.4.

Ans. (71.41 kKN/m?, 70.08 kN/m?)

2.6 Two pipes 4 and B (Fig. 2.41) are
in the same elevation. Water is
contained in A and rises to a level
of 1.8 m above it. Carbon
tetrachloride (Sp. gr. = 1.59) is
contained in B. The inverted
U-tube is filled with compressed
air at 300 kN/m’> and 30°C.
Barometer reads 760 mm of
mercury. Determine:

1.8 m

(a) The pressure difference in Y
kN/m? between 4 and B if z =
0.45 m.

(b) The absolute pressure in B in Fig. 2.41 Pipes with water and
mm of mercury. carbon tetrachloride

Ans. (Pg— P, = 3.4 kKN/m? 2408.26 mm)
2.7 A multi-tube manometer using water and mercury is used to measure the pressure
of air in a vessel, as shown in Fig. 2.42. For the given values of heights, calculate

the gauge pressure in the vessel. #;, =0.4m, 7, =0.5m, /3=03m, 7, =0.7m
hs= 0.1 mand hg=0.5 m.

Ans. (190.31 kN/m? gauge)

Water

Fig. 2.42 A multi-tube manometer measuring air pressure in a vessel

Mercury
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2.8

2.9

2.10

Gate 4B in Fig. 2.43 is 1.2 m wide (in a direction perpendicular to the plane of
the figure) and is hinged at 4. Gauge G reads — 0.147 bar and oil in the right hand
tank is having a relative density 0.75. What horizontal force must be applied at B
for equilibrium of gate 4B?

Ans. (3.66 kN)

5.5m

B

Fig. 2.43 A plane gate with water on one side and oil on the other side

Show that the centre of pressure for a vertical semicircular plane submerged in a
homogeneous liquid and with its diameter d at the free surface lies on the centre
line at a depth of 37d/32 from the free surface.

A spherical viewing port exists 1.5 m below the static water surface of a tank as
shown in Fig. 2.44. Calculate the magnitude, direction and location of the thrust
on the viewing port.

Fig. 2.44 A spherical viewing port in a water tank
Ans. (79.74 kN, 75° in a direction 75° clockwise
from a vertically upward line and passes through the centre O)
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2.11 Find the weight of the cylinder (dia = 2 m) per metre length if it supports water

and oil (Sp. gr. 0.82) as shown in Fig. 2.45. Assume contact with wall as
frictionless.

Ans. (14.02 kN)

Fig. 2.45 A cylinder supporting oil and water

2.12  Calculate the force F required to hold the gate in a closed position (Fig. 2.46), if
R=0.6 m. Ans. (46.02 kN)

Gatel.2m — > =
wide

Fig. 2.46 A gate in closed position supporting oil and water in a tank

2.13 A cylindrical log of specific gravity 0.425 is 5 m long and 2 m in diameter. To

what depth the log will sink in fresh water with its axis being horizontal?

Ans. (0.882 m)
A sphere of 1219 mm diameter floats half submerged in salt water (p =
1025 kg/m®). What minimum mass of concrete (p = 2403 kg/m®) has to be used
as an anchor to submerge the sphere completely? Ans. (848.47 kg)

2.14
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2.15 The drain plug shown in Fig. 2.47
is closed initially. As the water fills — Pam —
up and the level reaches 2 m, the
buoyancy force on the float opens
the plug. Find the volume of the
spherical weight if the total mass of
the plug and the weight is 5 kg. As
soon as the plug opens it is observed
that the plug-float assembly jumps
upward and attains a floating
position. Explain why. Determine
the level in the reservoir when the
plug closes again. Can the plug
diameter be larger than the float
diameter? Find out the maximum
possible plug diameter. Fig. 2.47 A typical drain plug
Ans. (0.018 m>, 1.95 m, No, 87.5 mm)

Plug

T

50 mm

2.16  Along prism, the cross-section of which is an equilateral triangle of side a, floats
in water with one side horizontal and submerged to a depth 4. Find
(a) h/a as a function of the specific gravity S of the prism.
(b) The metacentric height in terms of side a for

small angle of rotation if specific gravity, S =
0.8.

|

\

Ans. (35 /2, 0.11a) |

2.17 A uniform wooden cylinder has a specific gravity |
of 0.6. Find the ratio of diameter to length of the ‘
cylinder so that it will just float upright in a state \

of neutral equilibrium in water. \

\

|

15m

Ans. (1.386)

2.18 Find the minimum apex angle of a solid cone of
specific gravity 0.8 so that it can float in stable G X
equilbrium in fresh water with its axis vertical
and vertex downward.

Ans. (31.12°)

\

|

\

2.19 A ship weighing 25 MN floats in sea water with |
its axis vertical. A pendulum 2m long is |
observed to have a horizontal displacement of ‘

20 mm when a weight of 40 kN is moved 5 m |
\

\

\

\

|

15m

across the deck. Find the metacentric height of
the ship. Ans. (0.8 m)
2.20 A ship of mass 2 x 10° kg has a cross-section at
the waterline as shown in Fig. 2.48. The centre
of buoyancy is 1.5 m below the free surface, and
the centre of gravity is 0.6 m above the free
surface. Calculate the metacentric height for
rolling and pitching of the ship with a small
angle of tilt. Ans. (0.42 m, 25.41 m)

6m

Fig. 2.48 Cross-section of
a ship at the
waterline
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3.1 INTRODUCTION

Kinematics is the geometry of motion. Therefore the kinematics of fluid is that
branch of fluid mechanics which describes the fluid motion and its consequences
without consideration of the nature of forces causing the motion. The basic
understanding of the fluid kinematics forms the ground work for the studies on
dynamical behaviour of fluid in consideration of the forces accompanying the
motion. The subject has three main aspects:

(a) The development of methods and techniques for describing and specifying
the motions of fluids.

(b) Characterization of different types of motion and associated deformation
rates of any fluid element.

(c) The determination of the conditions for the kinematic possibility of fluid
motions, i.e., the exploration of the consequences of continuity in the
motion.

3.2 SCALAR AND VECTOR FIELDS

Scalar A quantity which has only magnitude is defined to be a scalar. A scalar
quantity can be completely specified by a single number representing its
magnitude. Typical scalar quantities are mass, density and temperature. The
magnitude of a scalar (a real number) will change when the units expressing the
scalar are changed, but the physical entity remains the same.

Vector A quantity which is specified by both magnitude and direction is known
to be a vector. Force, velocity and displacement are typical vector quantities. The
magnitude of a vector is a scalar.
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Scalar Field 1f at every point in a region, a scalar function has a defined value,
the region is called a scalar field. The temperature distribution in a rod is an
example of a scalar field.

Vector Field If atevery point in a region, a vector function has a defined value,
the region is called a vector field. Force and velocity fields are the typical
examples of vector fields.

3.3 FLOW FIELD AND DESCRIPTION OF FLUID MOTION

A flow field is a region in which the flow is defined at each and every point at any
instant of time. Usually, velocity describes the flow. In other words, a flow field
is specified by the velocities at different points in the region at different times. A
fluid mass can be conceived of consisting of a number of fluid particles. Hence
the instantaneous velocity at any point in a fluid region is actually the velocity of
a particle that exists at that point at that instant. In order to obtain a complete
picture of the flow, the fluid motion is described by two methods discussed as
follows:

A. Lagrangian Method 1In this method, the fluid motion is described by tracing
the kinematic behaviour of each and every individual particle constituting the
flow. Identities of the particles are made by specifying their initial position
(spatial location) at a given time. The position of a particle at any other instant of
time then becomes a function of its identity and time. This statement can be
analytically expressed as

S = 88, 1) (3.1)
where S is the position vector of a particle (with respect to a fixed point of

reference) at a time ¢. 5’0 is its initial position at a given time ¢ = #,, and thus
specifies the identity of the particle. The Eq. (3.1) can be written into scalar
components with respect to a rectangular cartesian frame of coordinates as

X = x(xoa Yo> Zo» t) (313)
Y= ¥(xp» Yo» 20 1) (3.1b)
z= 2(xg, Vo> Z> 1) (3.1¢)

where x, v, z, are the initial coordinates and x, y, z are the coordinates at a time
t of the particle. Hence S in Eq. (3.1) can be expressed as

S=ix+jy+kz
where i, j and k are the unit vectors along x, y and z axes respectively. The

velocity ¥V and acceleration @ of the fluid particle can be obtained from the
material derivatives of the position of the particle with respect to time.

Therefore,
V= {d—S} (3.22)
dt
So



The McGraw-Hill Companies ‘

(80 [ 1 Introduction to Fluid Mechanics and Fluid Machines

or, in terms of scalar components,

u= dx (3.2b)
L dr |
X0> Yo Z0
v= LiJ (3.2¢)
- dr =%Xo0> Yo 2o
w= & (3.2d)
| dr |
X0 Yo, Zo
u, v, w are the components of velocity inx, y and z directions respectively. For the
acceleration,
_ [
a= —f} (3.32)
| dt s,
[ d2x
and hence, a.= | — (3.3b)
dt
= X05 Y0 Z0
_ dzy
ay = dt2:| (3 30)
- X05 Y05 20
d’z
a,= |— 3.3d
dtz} (3.3d)
- X05 Y0 Z0

The subscripts in Eqs (3.2) and (3.3) represent the initial (at # = ¢,) position of
the particle and thus specify the particle identity. The favourable aspect of the
method lies in the information about the motion and trajectory of each and every
particle of the fluid so that at any time it is possible to trace the history of each
fluid particle. In addition, by virtue of the fact that particles are initially identified
and traced through their motion, conservation of mass is inherent. However, the
serious drawback of this method is that the solution of the equations (Eqgs (3.2)
and (3.3)) presents appreciable mathematical difficulties except certain special
cases and therefore, the method is rarely suitable for practical applications.

B. Eulerian Method The method due to Leonhard Euler is of greater advantage
since it avoids the determination of the movement of each individual fluid particle
in all details. Instead it seeks the velocity ¥ and its variation with time # at each

and every location (S) in the flow field. While in the Lagrangian view, all
hydrodynamic parameters are tied to the particles or elements, in Eulerian view,
they are functions of location and time. Mathematically, the flow field in Eulerian
method is described as

V="WS,10 (3.4)

= ju+jv+kw

=i

where,
and, S = ;x+fy+1€z
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therefore, u= ulx,y,z1) (3.4a)
v=v(x,y,z, 1) (3.4b)
w= w(x,y,z ) (3.4¢)

The relationship between the Eulerian and Lagrangian method can now be
shown. The Eq. (3.4) of Eulerian description can be written as,

ds

= S, (3.5)
dr
or, % = ulx,y,zt) (3.5a)
d_y = v(xaya Z, t) (35b)
dt
% = W(xa Vs 2, t) (35C)

The integration of Eq. (3.5) yields the constants of integration which are to be
found from the initial coordinates of the fluid particles. Hence, the solution of
Eq. (3.5) gives the equations of Lagrange as,

S=5S,,1
or, x = x(xg, g Zg» 1)
Y= ¥(Xo, Yo» Zp> 1)
z = z(Xg, Yo, Zo» 1)
Therefore, it is evident that, in principle, the Lagrangian method of description

can always be derived from the Eulerian method. But the solution of the set of
three simultaneous differential equations is generally very difficult.

3.3.1 Variation of Flow Parameters in Time and Space

In general, the flow velocity and other hydrodynamic parameters like pressure
and density may vary from one point to another at any instant, and also from one
instant to another at a fixed point. According to the type of variations, different
categories of flow are described as follows:

Steady and Unsteady Flows A steady flow is defined as a flow in which the
various hydrodynamic parameters and fluid properties at any point do not change
with time. Flow in which any of these parameters changes with time is termed as
unsteady flow. In Eulerian approach, a steady flow is described as,

V=WS)
and a=a(s)

which means that velocity and acceleration are functions of space coordinates
only. This implies that, in a steady flow, the hydrodynamic and other parameters
may vary with location, but the spatial distribution of any such parameter
essentially remains invarient with time.

In the Lagrangian approach, time is inherent in describing the trajectory of any
particle (Eq. (3.1)). But in steady flow, the velocities of all particles passing
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through any fixed point at different times will be same. In other words, the
description of velocity as a function of time for a given particle will simply show
the velocities at different points through which the particle has passed and thus
furnish the information of velocity as a function of spatial location as described
by Eulerian method. Therefore, the Eulerian and Lagrangian approaches of
describing fluid motion become identical under this situation.

In practice, absolute steady flow is the exception rather than the rule, but many
problems may be studied effectively by assuming that the flow is steady. Though
minor fluctuations of velocity and other quantities with time occur in reality, the
average value of any quantity over a reasonable interval of time remains
unchanged. Moreover, a particular flow may appear steady to one observer but
unsteady to another. This is because all movement is relative. The motion of a
body or a fluid element is described with respect to a set of coordinates axes.
Therefore, flow may appear steady or unsteady depending upon the choice of
coordinate axes. For example, the movement of water past the sides of a motor-
boat travelling at constant velocity would (apart from small fluctuations) appear
steady to an observer in the boat. He would compare the water flow with an
imaginary set of reference axes in the boat. To an observer on a bridge, however,
the same flow would appear to change with time as the boat passes underneath
him. He would be comparing the flow with reference axes fixed to the bridge.
Since the examination of steady flow is usually much simpler than that of
unsteady flow, reference axes are chosen, where possible, so that flow with
respect to the reference frame becomes steady.

Uniform and Non-uniform Flow When velocity and other hydrodynamic
parameters, at any instant of time do not change from point to point in a flow
field, the flow is said to be uniform. If, however, changes do occur from one point
to another, the flow is non-uniform. Hence, for a uniform flow, the velocity is a
function of time only, which can be expressed in Eulerian description as

V= M1

This implies that for a uniform flow, there will be no spatial distribution of
hydrodynamic and other parameters. Any such parameter will have a unique value
in the entire field, which of course, may change with time if the flow is unsteady.

For a non-uniform flow, the changes with position may be found either in the
direction of flow or in directions perpendicular to it. The latter kind of non-
uniformity is always encountered near solid boundaries past which the fluid
flows. This is because all fluids possess viscosity which reduces the relative
velocity to zero at a solid boundary (no-slip condition as described in Chapter-1).

For a steady and uniform flow, velocity is neither a function of time nor of
space coordinates, and hence it assumes a constant value throughout the region of
flow at all times. Steadiness of flow and uniformity of flow do not necessarily go
together. Any of the four combinations as shown in Table 3.1 is possible:
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Table 3.1
Type Example

1. Steady uniform flow Flow at constant rate through a duct of uniform
cross-section. (The region close to the walls of
the duct is however disregarded.)

2. Steady non-uniform Flow at constant rate through a duct of non-
flow uniform cross-section (tapering pipe.)
3. Unsteady uniform flow Flow at varying rates through a long straight

pipe of uniform cross-section. (Again the
region close to the walls is ignored.)
4. Unsteady non-uniform Flow at varying rates through a duct
flow of non-uniform cross-section.

3.3.2 Material Derivative and Acceleration

Let the position of a particle at any instant ¢ in a flow field be given by the space
coordinates (x, y, z) with respect to a rectangular cartesian frame of reference.
The velocity componentsu, v, w of the particle along x, y and z directions respec-
tively can then be written in Eulerian form as

u= ux,y,z1t)

v= v(x,y,z1)

w= w(x,y,z1)

At an infinitesimal time interval A¢ later, let the particle move to a new position

given by the coordinates (x + Ax, y + Ay, z + Az), and its velocity components at
this new position be u + Au, v+ Avand w + Aw. Therefore, we can write

u+tAu=u(x+Ax,y +Ay,z+ Az, t + Ar) (3.6a)
VHAV= v(x+t A,y t Ay, z+ Az, t + Af) (3.6b)
wtAw= w(x+Ax,y+ Ay, z+ Az, t + Af) (3.6¢)

The expansion of the right hand side of the Eqs (3.6a) to (3.6¢) in the form of
Taylor’s series gives
du du ou du
+ Au= , t+—Ax+—A +—Az +—A¢
uru= ez ko0 oy > oz o1
+ higher order terms in Ax, Ay, Az and At (3.7a)

vHAV= X, vz, 0) + a—Ax +ﬂA AN
dy 0z ot
+ higher order terms in Ax, Ay, Az and At (3.7b)

ow ow ow ow
w+Aw= w(x,y,zt)+ o Ax + Jy Ay + E Az + Ey At
+ higher order terms in Ax, Ay, Az and At (3.7¢)
The increment in space coordinates can be written as
Ax = u At, Ay=vAt, Az=wAt
Substituting the values of Ax, Ay and Az in Eqs (3.7a) to (3.7c), we have

At o0x dy dz dt

+ terms containing A¢ and its higher orders
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Av _ dv v N dv dv
At o0x dy dz dt
+ terms containing A¢ and its higher orders
Aw u8w+v8w+w3w+3w
At o0x dy dz  dt
+ terms containing A¢ and its higher orders
The limiting forms of the equations as At — 0 become
Du Jdu du du du
Dt at dx dy dz
Dv _dv v v v
— = —tu—+Vv—tw— 3.8b
Dt at dx dy 0z (3.80)
Dw ow ow ow ow

= 3.8
D ot “ox oy oz (3-8¢)

[Sincenmﬂ=& lim Av_Dv . Aw _ Dw

(3.8a)

, lim = , lim ,
Aa—0 At Dt Aa—0 At Dt a0 At Dt
AlimO (terms containing At and its higher orders) = O}
t—

It is evident from the above equations that the operator for total differential

with respect to time, D/D¢ in a convective field is related to the partial differential
d/ot as

D o lox ay oz

The total differential D/Dt is known as the material or substantial derivative
with respect to time. The first term d/dr in the right hand side of Eq. (3.9) is
known as temporal or local derivative which expresses the rate of change with
time, at a fixed position. The last three terms in the right hand side of Eq. (3.9) are
together known as convective derivative which represents the time rate of change
due to change in position in the field. Therefore the terms in the left hand sides
of Eqgs (3.8a) to (3.8¢c) are defined as x, y and z components of substantial or
material acceleration. The first terms in the right hand sides of Eqs (3.8a) to
(3.8c) represent the respective local or temporal accelerations, while the other
terms are convective accelerations. Thus we can write,

Du Ju Jdu Jdu Jdu

N Dt_8t+u8x+v8y+w82 (3.92)
Dy_ov  0v_ ov o
7 Dt ot dx dy dz
Dw Jdw ow ow ow
o T Max T Vay T oz

(Material or substantial acceleration) = (temporal or local acceleration) +
(convective acceleration)

D_ 91,9 459 42 (3.9)

(3.9b)

(3.9¢)
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In a steady flow, the temporal acceleration is zero, since the velocity at any
point is invarient with time. In a uniform flow, on the other hand, the convective
acceleration is zero, since the velocity components are not the functions of space
coordinates. In a steady and uniform flow, both the temporal and convective
acceleration vanish and hence there exists no material acceleration. Existence of
the components of acceleration for different types of flow, as described in
Table 3.1, is shown in Table 3.2.

Table 3.2
Type of flow Material Acceleration
Temporal Convective
Steady and uniform 0 0
Steady and non-uniform 0 exists
Unsteady and uniform exists 0
Unsteady and non-uniform exists exists

Components of Acceleration in Other Coordinate Systems 1In a cylindrical polar
coordinate system (Fig. 3.1a), the components of acceleration in r, 6 and z
directions can be written as

DV, Wy 9V, v, V, I, v, V,
= r__Y — r +V r + — r +V r_ g 3.103

O Dt r ot "or r 00 0z r ( )
D

0y- Vo ,ViVo _ Vs oy Wy , Vo IV, oy Wy V. Ve (3.10b)
Dt r ot aor r 00 Jz r
D v,

o DV V. IV, Wy OV. |, 9V (3.10¢)

‘ Dt ot " or r 00 ‘9z

The term — V%)/ rin the Eq. (3.10a) appears due to an inward radial acceleration
arising from a change in the direction of V', (velocity component in the azimuthal
direction 6) with 6 as shown in Fig. 3.1a. This is typically known as centripetal
acceleration. In a similar fashion, the term V,. V, /r represents a component of
acceleration in azimuthal direction caused by a change in the direction of V/, with
0 (Fig. 3.1a).

The acceleration components in a spherical polar coordinate system (Fig. 3.1b)
can be expressed as

2 2

= 3.11
“®T 79 TR9R TR 99 Rsing 90 R (-11a)
av, av, v, aV, av,
ay= Al B Bad Ve 0
dt oR R d, Rsing 96
VeV ¥y coty (3.11b)
R R )
© 9t  ROR R ¢ Rsing 96
¢ Sl o locotd (3.11¢)

R R
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Fig. 3.1a Velocity components in a cylindrical polar coordinate system
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Fig. 3.1b Velocity components in a spherical polar coordinate system
3.3.3 Streamlines, Path Lines and Streak Lines

Streamlines The analytical description of flow velocities by the Eulerian
approach is geometrically depicted through the concept of streamlines. In the
Eulerian method, the velocity vector is defined as a function of time and space
coordinates. If for a fixed instant of time, a space curve is drawn so that it is
tangent everywhere to the velocity vector, then this curve is called a streamline.
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Therefore, the Eulerian method gives a series of instantaneous streamlines of the
state of motion (Fig. 3.2a). In other words, a streamline at any instant can be
defined as an imaginary curve or line in the flow field so that the tangent to the
curve at any point represents the direction of the instantaneous velocity at that
point. In an unsteady flow where the velocity vector changes with time, the pattern
of streamlines also changes from instant to instant. In a steady flow, the
orientation or the pattern of streamlines will be fixed. From the above definition
of streamline, it can be written

V xdS =0 (3.12)

|

P —
/V—\ /
v v
(a) (b)
Fig. 3.2a Streamlines Fig. 3.2b Stream tube

(

dS is the length of an infinitesimal line segment along a streamline at a point

where V is the instantaneous velocity vector. The above expression therefore
represents the differential equation of a streamline. In a cartesian coordinate

system, the vectors ¥ and dS can be written in terms of their components along

the coordinate axes as V = iu+ jv+ kw and S =idx+ 3’dy +kdz. Then
Eq. (3.12) gives

dx
r_dy_d (3.13)
u v w
and thus describes the differential equation of streamlines in a cartesian frame of

reference.

A bundle of neighbouring streamlines may be imagined to form a passage
through which the fluid flows (Fig. 3.2b). This passage (not necessarily circular
in cross-section) is known as a stream-tube. A stream-tube with a cross-section
small enough for the variation of velocity over it to be negligible is sometimes
termed as a stream filament. Since the stream-tube is bounded on all sides by
streamlines and, by definition, velocity does not exist across a streamline, no
fluid may enter or leave a stream-tube except through its ends. The entire flow in
a flow field may be imagined to be composed of flows through stream-tubes
arranged in some arbitrary positions.

Path Lines Path lines are the outcome of the Lagrangian method in describing
fluid flow and show the paths of different fluid particles as a function of time. In
other words, a path line is the trajectory of a fluid particle of fixed identity as
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defined by Eq. (3.1). Therefore a family of path lines represents the trajectories of
different particles, say, P, P,, P, etc. (Fig. 3.3). It can be mentioned in this
context that while stream lines are referred to a particular instant of time, the
description of path lines inherently involves the variation of time, since a fluid
particle takes time to move from one point to another. Two path lines can intersect
with one another or a single path line itself can form a loop. This is quite possible
in a sense that, under certain conditions of flow, different particles or even a same
particle can arrive at same location at different instants of time. The two stream
lines, on the other hand, can never intersect each other since the instantaneous
velocity vector at a given location is always unique. It is evident that path lines
are identical to streamlines in a steady flow as the Eulerian and Lagrangian
versions become the same.

Fig. 3.3 Path lines

Streak Lines A streak line at any instant of time is the locus of the temporary
locations of all particles that have passed though a fixed point in the flow field.
While a path line refers to the identity of a fluid particle, a streak line is specified
by a fixed point in the flow field. This line is of particular interest in experi-
mental flow visualization. If dye is injected into a liquid at a fixed point in the
flow field, then at a later time ¢, the dye will indicate the end points of the path
lines of particles which have passed through the injection point. The equation of a
streak line at time 7 can be derived by the Lagrangian method. If a fluid particle

( S o) passes through a fixed point (S’ 1) in a course of time ¢, then the Lagrangian
method of description gives the equation

S(Sy, 1) =S, (3.14)

or solving for S 0>
So =F(S,,0) (3.15)
If the positions (S’ ) of the particles which have passed through the fixed point

(S 1) are determined, then a streak line can be drawn through these points. The
equation of the streak line at a time 7 is given by

S =Sy 1) (3.16)
Upon substitution of Eq. (3.15) into Eq. (3.16) we obtain,
S = fIF(S . 0.1] (3.17)
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This is the final form of the equation of a streak line referred to a fixed point
S;. Figure 3.4 describe the difference between streak lines and path lines. Let P
be a fixed point in space through which particles of different identities pass at
different times. In an unsteady flow, the velocity vector at P will change with time
and hence the particles arriving at P at different times will traverse different paths
like PAQ, PBR and PCS which represent the path lines of the particles. Let at any
instant ¢,, these particles arrive at points O, R and S. Thus, O, R and S represent
the end points of the trajectories of these three particles at the instant ¢,.
Therefore, the curve joining the points S, R, Q and the fixed point P will define
the streak line at that instant ¢,. The fixed point P will also lie on the line, since at
any instant, there will be always a particle of some identity at that point. For a
steady flow, the velocity vector at any point is invariant with time and hence the
path lines of the particles with different identities passing through P at different
times will not differ, rather would coincide with one another in a single curve
which will indicate the streak line too. Therefore, in a steady flow, the path lines,
streak lines and streamlines are identical.

S

Fig. 3.4 Description of a streakline

3.3.4 One-, Two- and Three-Dimensional Flows

In general, fluid flow is three-dimensional. This means that the flow parameters
like velocity, pressure and so on vary in all the three coordinate directions.
Sometimes simplification is made in the analysis of different fluid flow problems
by selecting the coordinate directions so that appreciable variation of the hydro-
dynamic parameters take place in only two directions or even in only one.

So one-dimensional flow is that in which all the flow parameters may be
expressed as functions of time and one space coordinate only. This single space
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coordinate is usually the distance measured along the centre-line (not necessarily
straight) of some conduit in which the fluid is flowing. For instance, the flow in a
pipe is considered one-dimensional when variations of pressure and velocity
occur along the length of the pipe, but any variation over the cross-section is
assumed negligible. In reality flow is never one-dimensional because viscosity
causes the velocity to decrease to zero at the solid boundaries. If however, the non
uniformity of the actual flow is not too great, valuable results may often be
obtained from a “one dimensional analysis”. Under this situation, the average
values of the flow parameters at any given section (perpendicular to the flow) are
assumed to be applied to the entire flow at that section. In a two-dimensional
flow, the flow parameters are functions of time and two space coordinates (say x
and p). There is no variation in z direction, and therefore the same streamline
pattern could, at any instant, be found in all planes perpendicular to z direction.
In a three dimensional flow, the hydrodynamic parameters are functions of three
space coordinates and time.

3.3.5 Translation, Rate of Deformation and Rotation

The movement of a fluid element in space has three distinct features, namely:
translation, rate of deformation and rotation. A fluid motion, in general, consists
of these three features simultaneously. Translation and rotation without
deformation represent rigid-body displacements which do not induce any strain in
the body. Figure 3.5 shows the picture of a pure translation in absence of rotation
and deformation of a fluid element in a two-dimensional flow described by a
rectangular cartesian coordinate system. In absence of deformation and rotation,

Ax

fe——

Ay

y
Ay
fe—————
Ax
Ay
v u = constant
Ax v = constant
u X

Fig. 3.5 Fluid element in pure translation
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there will be no change in the length of the sides or in the included angles made by
the sides of the fluid element. The sides are displaced parallely. This is possible
when the flow velocities u (the x component velocity) and v (the y component
velocity) are neither a function of x nor of y, in other words, the flow field is
totally uniform.

Now consider a situation where a component of flow velocity becomes the
function of only one space coordinate along which that velocity component is
defined. For example, ifu = u(x) and v = v(y), the fluid element ABCD in course
of'its translation suffers a change in its linear dimensions without any change in
the included angle by the sides as shown in Fig. 3.6.

(2 ) ‘
y Ta ay Y
lA>Az
<v+8y g Ay
| . 4 B
Ax d
Ay 0 A <a—zAx>At
A B
Ju > u=u ()
HA"—LQH&AXAIH v =0()
1 ult }

Fig. 3.6 Fluid element in translation with continuous linear deformation
The relative displacement of point B with respect to point A per unit time inx

direction is %Ax. Similarly, the relative displacement of D with respect to 4
X

per unit time in y direction is a—v Ay. Since u is not a function of y, and v is not
y

a function ofl, all points on the linear element 4D move with same velocity in the
x direction and all points on the linear element A58 move with the same velocity in
y direction. Hence the sides move parallely from their initial position without
changing the included angle. This situation is referred to as translation with linear
deformations. The changes in lengths along the coordinate axes per unit time per
unit original lengths are defined as the components of linear deformation or strain
rate in the respective directions. Therefore, linear strain rate component in the
x direction

o 3.18
€= Oy (3.18a)
linear strain rate component in y direction
_ v (3.18b)
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Let us consider another situation, which is more general in nature and where
both the velocities u and v become functions ofx and y, i.e.

u= ux,y)
v=v(x,y)

In this case (Fig. 3.7), the point B has a relative displacement in y direction with
respect to the point 4 and similarly the point D has a relative displacement in x
direction with respect to point 4. Hence the included angle between AB and AD
changes, and the fluid element suffers a continuous angular deformation along
with the linear deformations in course of its motion. The rate of angular
deformation 7,, is defined as the rate of change of angle between the linear
segments 4B and AD which were initially perpendicular to each other.

du
= A
<¢9y Ay> !

C
pr=D
y 7/
v B i v
D c do| <87Ax>m
A E o
e
Ay Ax
A B
“TAx u=u(xy)
v =0(x,)
o X

Fig. 3.7 Fluid element in translation with simultaneous linear and
angular deformation rates

From Fig. 3.7,
. do dp
= —_ + _—
Yo [ dr  dt
Again from the geometry
?Ax At Py
da= Alimotan_1 x—a = a—vdt
15
- Ax[l + 21 AtJ *
ox
%Ay At P
df= Alimotan_1 y—a = a—udt
t—
Ay[l +29 AtJ Y
dy
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Hence, —

_[9v, ou
de  dt dx dy
Finally, we can write
v, ou
dx dy

The transverse displacement of B with respect to 4 and the lateral displacement
of D with respect to 4 (Fig. 3.7) can be considered as the rotations of the linear
segments AB and AD about A4 and brings the concept of rotation in a flow field.

The rotation at a point is defined as the arithmetic mean of the angular velocities
of two perpendicular linear segments meeting at that point. The angular velocities

Y = (3.19)

of AB and AD about 4 are ((11—(: and % respectively, but in the opposite sense.

Considering the anticlockwise direction as positive, the rotation at 4 can be

written as,
o= L[dx_dB
2\ dt dt
or, w. = 1 ﬁ—% (3.20)
2\dx dy

The suffix z in @ represents the rotation about z-axis.

Therefore, it is observed that when u = u(x, y) and v = v(x, y) the rotation and
angular deformation of a fluid element exist simultaneously.
In a special case, when

dv_ du
dx dy’
Yy = 0 (from Eq. 3.19) (3.21a)
and .= ﬂ =— ﬂ (from Eq. (3.20)) (3.21b)
dx dy

This implies that the linear segments AB and 4D move with the same angular
velocity (both in magnitude and direction) and hence the included angle between
them remains the same and no angular deformation takes place. This situation is
known as pure rotation (Fig. 3.8a). In another special case,

when dv _ du
o0x dy
7= 22729 (fromEq. (3.19) (3.22a)
4 o0x dy

and w.=0 (from Eq. (3.20)) (3.22b)
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This implies that the fluid element has an angular deformation rate but no
rotation about the z-axis (Fig. 3.8b)

Fig. 3.8a  Fluid element in pure Fig. 3.8b Fluid element with angular
rotation deformation in absence of rotation

In a three dimensional flow, the components of rotation are defined as

o= L[2¥_9v (3.23a)
2{dy 0dz
1(du Jdw
- 9w 3.23b
%75 oz (9xj ( )
1({dv Jdu
d - |y 3.23
an . e ayj (3.23¢)

Following Eqgs (3.23a) to (3.23¢), rotation in a flow field can be expressed in a
vector form as

O = %(foﬂ

When the components of rotation at all points in a flow field become zero, the

flow is said to be irrotational. Therefore, the necessary and sufficient condition
for a flow field to be irrotational is

VXV =0 (3.24)

3.3.6 Vorticity
The vorticity € in its simplest form is defined as a vector which is equal to two
times the rotation vector
Q=20=VxV (3.25a)
Therefore, for an irrotational flow, vorticity components are also zero. If an
imaginary line is drawn in the fluid so that the tangent to it at each point is in the

direction of the vorticity vector € at that point, the line is called a vortex line.
Therefore, the general equation of the vortex line can be written as,

Qxds =0 (3.25b)
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In a rectangular cartesian coordinate system, it becomes

dr _dy_dz (3.25¢)
Q. Q Q
where, Q =2, (3.26a)
Q, =20, (3.26b)
Q =2, (3.26¢)

The vorticity is actually an antisymmetric tensor and its three distinct elements
transform like the components of a vector in cartesian coordinates. This is the
reason for which the vorticity components can be treated as vectors.

Vorticity in Polar Coordinates In a two dimensional polar coordinate

system (Fig. 3.9), the angular velocity of segment A r can be written as

[ (Vy + (9V,/9r) Ar — V(,)At}: IV,
or

lim
At—0 Ar At

Also, the angular velocity of segment A6 becomes

i [ (V. +(3V,190)A0 - V)At] _ 19V,
Ar0| rAQ At r 00
y
%v‘
%*/‘v >
kb‘b/ q o Y
9
.
> \ Wﬁ
) | 3
N pee
3 W A <0
X R ¢ R w
e
R {9
@] X

Fig. 3.9 Definition of rotation in a polar coordinate system

The additional term arising from the angular velocity about the centre O is
Volr.
Hence, the vorticity component €2_in polar coordinates is
dVy 10 V
Q=20 =2 19V Vo
dr r d0 r
Therefore, in a three dimensional cylindrical polar coordinate system, the
vorticity components can be written as
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O
Q- %‘;_’;z_ ‘;_V; (3.27b)
Q,- (Zr _ 3{9’2 (3.27¢)

In a spherical polar coordinate system (Fig. 3.1b), the vorticity components
are defined as

v,
Q= 1% _ 1 o Yo cot ¢ (3.28a)
R Jd¢  Rsin¢ (96 R

Q,- -1 9% 9% Vo (3.28b)
Rsing d0 JR R

av, V, 19V
Q= ¢4 ¢ 7R 3.28
" 9R "R R 99 (3.28¢)

3.3.7 Generalized Expression of the Movement of a
Fluid Element

An analytical expression to represent
the most general form of the movement
of a fluid element consisting of
translation, rotation and deformation
can be developed as follows.

Consider the movement of a fluid
element in a fluid continuum as shown
in Fig. 3.10.

The velocity at a point P(x, y, z) is V
and at point P,(x;, y;, z;), a small
distance dS from P, is V..

The velocity vector 171 can be Fig. 3.10 General representation of
written as fluid motion

Vi=iu +jv +l_c.w1:I7+a’I7
= lu+]v+kw+¥dx+ﬂd +a—de
x

% 0z

Ju du Ju
—dx+—dy+—dz
’[“ax +8y Y+ }

v v v
—dx+—dy+—dz
R [U i dx i dy 0z }
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+k w+a—wdx+a—wdy+a—wdz (3.29)
dx dy 0z
where u,, v, w, are the respective x, y and z components of 171 and u, v, w are

those of V.
Eq. (3.29) can be rearranged as

= du 1{dv Jdu 1
Vo= LoV _ ou 1fou
1 l{u+{axdx+2(ax+ayjdy+2

1|{du Jw v  du
| === |dz-| =——-—|dy
+2{[82 QxJ [Qx (9}/}

- I7+%fz><d§+5 (3.30)
where,  dS = ide+jdy+kdz,
Q is the vorticity vector as defined by Eq. (3.25a)

-~ | du 1(dv du 1({du oJw
d D= i|—de+—|—+—|dy+=| —+—|dz
o l|:(9x +2[(9x+8yJ y+2[8z+3xJ :|

dv  Jdu dv dw Jv
— |dx+—dy — |dz
J|: {Qx QyJ dy i) {8y QZJ :|
du Jdw ow dv 8w
+ k dx dy + —dz 3.31
{ ((92 QxJ "2 (Qy azJ 9z } G301
Equation (3.31) represents the most general form of the movement of a fluid

element. The first term represents the translational velocity which indicates linear
motion without any change of shape of the fluid body. The second term represents

a rigid body rotation of the fluid element, while the third term D represents the
rate of deformation.

3.4 EXISTENCE OF FLOW

A fluid being a material body, must obey the law of conservation of mass in
course of its flow. In other words, if a velocity field, V' =iu + jv+ kw has to
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exist in a fluid continuum, the velocity components must obey the mass
conservation principle. Velocity components in accordance with the mass
conservation principle are said to constitute a possible fluid flow, whereas in
violation of this principle, are said to describe an impossible flow. Therefore, the
existence of a physically possible flow field is verified from the principle of
conservation of mass. The detailed discussion on this is deferred to the next
chapter along with the discussion on principles of conservation of momentum and
energy.

Summary

e Kinematics of fluid deals with the geometry of fluid motion. It
characterizes the different types of motion and associated deformation
rates of fluid element.

e The fluid motion is described by two methods, namely, Lagrangian
method and Eulerian method. In the Lagrangian view, the velocity and
other hydrodynamic parameters are specified for particles or elements of
given identities, while, in the Eulerian view, these parameters are
expressed as functions of location and time. The Lagrangian version of a
flow field can be obtained from the integration of the set of equations
describing the flow in the Eulerian version.

e A flow is defined to be steady when the hydrodynamic parameters and
fluid properties at any point do not change with time. Flow in which any of
these parameters changes with time is termed as unsteady. A flow may
appear steady or unsteady depending upon the choice of coordinate axes.
A flow is said to be uniform when no hydrodynamic parameter changes
from point to point at any instant of time, or else the flow is non-uniform.

e The total derivative of velocity with respect to time is known as material
or substantial acceleration, while the partial derivative of velocity with
respect to time for a fixed location is known as temporal acceleration.
Material acceleration = temporal acceleration + convective acceleration.

e A streamline at any instant of time is an imaginary curve or line in the
flow field so that the tangent to the curve at any point represents the
direction of the instantaneous velocity at that point. A path line is the
trajectory of a fluid particle of a given identity. A streak line at any instant
of time is the locus of temporary locations of all particles that have passed
through a fixed point in the flow. In a steady flow, the streamlines, path
lines and streak lines are identical.

e Flow parameters, in general, become functions of time and space
coordinates. A one dimensional flow is that in which the flow parameters
are functions of time and one space coordinate only.

e A fluid motion consists of translation, rotation and continuous
deformation. In an uniform flow, the fluid elements are simply translated
without any deformation or rotation. The deformation and rotation of fluid



The McGraw-Hill Companies

Kinematics of Fluid -Tl

elements are caused by the variations in velocity components with the
space coordinates. The linear deformation or strain rate is defined as the
rate of change of length of a linear fluid element per unit original length.
The rate of angular deformation at a point is defined as the rate of change
of angle between two linear elements at that point which were initially
perpendicular to each other. The rotation at a point is defined as the
arithmetic mean of the angular velocities of two perpendicular linear
segments meeting at that point. The rotation of a fluid element in absence
of any deformation is known as pure or rigid body rotation. When the
components of rotation at all points in a flow become zero, the flow is said
to be irrotational.

e The vorticity is actually an antisymmetric tensor but it is defined as a
vector that equals to two times the rotation vector. Vorticity is zero for an
irrotational flow.

e The existence of a physically possible flow field is verified from the
principle of conservation of mass.

Solved Examples

Example 3.1 In a 1-D flow field, the velocity at a point may be given in the
Eulerian system by u = x + . Determine the displacement of a fluid particle whose initial
position is x, at initial time #, in the Lagrangian system.

Solution u=x+t

or, de/dt= x+1¢ (3.32)
Using D as the operator d/dz, the Eq. (3.32) can be written as
D-1x=1t (3.33)
The solution of Eq. (3.33) is
x= Ae'—t—1 (3.34)

The constant 4 is found from the initial condition as follows:
X = Ae’o—to—l
XO + to + 1

1
e

Hence, A=
Substituting the value of 4 into Eq. (3.34), we get
x= (xgtt+t1) T
This equation is the required Lagrangian version of the fluid particle having the
identity x = x, at £ = .
Example 3.2 A two dimensional flow is described in the Lagrangian system as
x= x4y, (1 - e
and y=>0 e
Find (a) the equation of path line of the particle and (b) the velocity components in
Eulerian system.
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Solution (a) Path line of the particle is found by eliminating ¢ from the equaions
describing its motion as follows:
& =y,
Hence, x= xg0o/y) + vl = 1o
which finally gives after some rearrangement
(x =yl = xoyoy +35=0
This is the required equation of path line.

(b) u (the x component of velocity)
dx

dr

= i[xoe’k’ + yo(1— e_Zk’)]
de 2kt
= —kx, eM+2 kyg e
= —kr—y(1—e]+2ky, e "
= —hxtkyy (1+ 2
= —ko+ky (e '+ e
v (the y component of velocity)

_dy _d ke
“a wl)
= ok =ty

Example 3.3  Given a velocity field V = (4 +xy+2£) i +6x° j +(3xf +z) k.Find
the acceleration of a fluid particle at (2, 4, —4) and time ¢ = 3.

. DV 9V oo
Solution a = by _o¥v +(V-V)V (3.35a)
Dt ot
W oi ik (3.35b)
ot

ox
= u(iy +18x2] +362k) + Wxi ) + w(k)

(PP = 42 100wl [(4+xy+20)i +6x°] +(3xt> +2)k]
: dy 0z

= (4+xp+20) (iy+18x2] +36%k) + 6x°(xi ) + 3xt% + 2)k
= Ay +x” + 2y + 6x) T+ (726 + 18%°y + 3607 j + (127
+ 3xyt + 68 + 3x8 + 2)k (3.35¢)
with the help of Eqs (3.35a) to (3.35¢), the acceleration field can be expressed as
d= 2+4y+x?+2y+6xhi + (723 + 18x°y + 3610 j
+(6xt + 127 + 3xyr® + 62 + z + 3xP)k (3.36)
The acceleration vector at the point (2, 4, —4) and at time ¢ = 3 can be found out by

substituting the values of x, y, z and ¢ in the Eq. (3.36) as

a= 170i +1296) + 572k
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Hence,  x component of acceleration a, = 170 units

» component of acceleration @, = 1296 units

z component of acceleration a, = 572 units
Magnitude of resultant acceleration

la| = [(170)> + (1296)* + (572)*]"
= 1375.39 units

Example 3.4 The velocity and density fields in a diffuser are given by

u= u, et and p=pye

—x/L
Find the rate of change of density at x = L.
Solution The rate of change of density in this case can be written as,
Dp_ 90,90
Dt dt dx

—2x/L

= 0+uye _X/L)

d
X(Poe
_ uoe—Zx/L(i%)e—x/L

_Poly ,-3x/1L
L

atx= L, Dp/Dt= —%eﬁ

Example 3.5 The velocity field in a fluid medium is given by

V=3x20 +2xyj +Qzy + 30k

Find the magnitudes and directions of (i) translational velocity, (ii) rotational velocity
and (iii) the vorticity of a fluid element at (1, 2, 1) and at time ¢ = 3.

Solution (i) Translational velocity vector at (1, 2, 1) and at z= 3 can be written as,
V=31)@)i +2()2)j +(212+33) k=127 +4j +13 k
Hence x component of translational velocity u = 12 units
y component of translational velocity v=4 units

z component of translational velocity w= 13 units
(i1) Rotational velocity vector is found as

= S(VxP)=

= EJ|QJ?\T‘J

j
9
dy

v

_ iJow _ov| | 3_“__ 5’_1’_3_“
2|dy 0z dz Jdx dy

= z;{(22y+3t)— (2xy }

l\J|»—
S §J|QJ-1
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-1] 0 5 Jd
1L 6Bn2) = L (22p +3
+12{&Z(xy) &x(zy+ I)}

~1[ 9 )
+ kz{&x@xy)—&y(hyz)}

zz?+(y—3xy)l€

at (1,2, 1)and ¢ =3,
w=1i-4k
Therefore the rotational velocity about x axis @, = 1 unit
the rotational velocity about y axis @, = 0 unit
the rotational velocity about z axis @. = —4 units

(iii) The vorticity Q= 2 @
Hence Q=12/-8%

Example 3.6 Find the acceleration and vorticity components at a point (1, 1, 1) for
the following flow field:

u= 2x+3y, v=—2xy+3y*+3zy, w=—%22+2xz—9y22

Solution Acceleration components:
x component of acceleration

Jdu Jdu Jdu du
a.=—+Uu—+v—+w—o

ot dx dy oz
=0+ (2% +3y) dx + (<2xy + 3)> +329)3 + 0
Therefore, (@) a,1,1y=0+5x4+4x3+0=32 units
y component of acceleration

v v v ov
4= —tUu—==+v—-~=+=w

YUt Cax dy oz
= 0+ (x> +3y) (-20) + (<2xy + 3y + 3zp) (<2x + 6y + 32)

+ (—%zz +2xz — 9yzz)3y

Therefore, (a,)y 1,1,1) =5 X (-2) +4 X7+ (-8.5) X3 =—7.5 units
z component of acceleration

ow ow ow ow
a.= —+Uu—m+ v—+ w——o
° ot dx dy oz

= 0+ (2% +3y) 2z + (-2xy + 3y° + 329) (-18)z)
+ (—%zz +2xz—9y22)(—3z+2x—9y2)
Therefore (@)1= 0+ Q2+3)X2—(~2+3+3)I8

+ (—; +2-9)(3+2-9)

= 23 units
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ow  Jdv
Q. = &_y_g=—18yz—3y=—(l8yz+3y)
Ju ow
Q= ——-——=0-2z=-2
" 9z ox T
Jdv  du
Q= —-——=-2y-3=—(2y+3
oy y 2y +3)

at the point (1, 1, 1)

Q. = — (18 +3)=—21 units
Q,= —2 units
Q. = —(2+3)=—>5units

Example 3.7 Find the acceleration of a fluid particle at the point »=2a, 6= /2 for
a 2-dimensional flow given by

2 2
V.= —u[l—a—zjcos 0, V= u[1+a—zjsin0
r r

av, . a’ ) aVy ( a’ j
Soluti L= 0|1-—| —=~= 0|1+—-
olution 20 u sin ( p; S~ Vcos e
&V _ 2 _ 2
— = ZL;LZ cos 6, aa = 213151 in 6,
or r ar r

Acceleration in the radial direction

a2 VoV Vs
’ " or r 00 r

2
202> 2 2 4) 2 2\
= u3a (1——a2 00529+—u 1__a4 sm29——u 1+_a2 sin’ 0
r r

r r r r

Hence, (a,) at r = 2a, 6= 1/2

u? 1 u? 1Y
- o+_(1__)__(1+_)
2a 16 2a 4

Acceleration in the azimuthal direction
v,

AL NAL
or r 00 r

ag=V,

22 2 2 22
= 2u3a [l—a—zjsinecose+u—[l+a—2] sin O cos 6
r r r r

7

2 4
- u—[l—a—4j sin O cos 6
r
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Hence, (ag) iy =24, 9=y =0+ 0+0=0
Therefore, at ¥ =2a, 0= 1/2
a,= —5u*16, ag=0

Example 3.8 A fluid is flowing at a constant volume flow rate of O through a
divergent pipe having inlet and outlet diameters of D, and D, respectively and a length of
L. Assuming the velocity to be axial and uniform at any section, show that the

. . . . 20%(D, —
accelerations at the inlet and outlet of the pipe are given by _3207(D, — D) and

LD}
204D, - .
—M respectively.
n°LD;
D,
> D > D
Direction 3 2
of flow

Fig. 3.11 Flow through a divergent duct

Solution The diameter of the duct at an axial distance x from the inlet plane (Fig. 3.11)
is given by

Dy= D+ %(Dz—Dl)
Therefore, the velocity at this section can be written as
40
. 2
”[Dl + Z(Dz _Dl)i|

Acceleration at this section can be written as

u=

a= u&_u
dx
_ 40 zx 80 (DD
L R L e Y]
_ RE!D-D) (3.37)

ﬁ4a+pg—af

This is the general expression of acceleration at any section at a distance x from the
inlet of the pipe. Substituting the values of x = 0 (for inlet) and x = L (for outlet) in
Eq. (3.37) we have,
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-320%(D, - D))
LD}

Acceleration at the inlet =

-320*(D, - D)
n’LDj]

and, acceleration at the outlet =

Example 3.9 A two-dimensional flow field is defined as ¥ =i x — J ». Derive the
equation of stream line passing through the point (1, 1).

Solution The equation of stream line is

Vxds=0
or, udy—vdx= 0
Hence, dy/dx = viu=-y/x
or, dyly + dx/x= 0 (3.38)

Integration of Eq. (3.38) gives xy = C, where C is a constant.
For the stream line passing through (1,1), the value of the constant C is 1.
Hence the required equation of stream line passing through (1,1) isxy—1=0.

Exercises

3.1 Choose the correct answer
(1) A flow is said to be steady when
(a) conditions change steadily with time
(b) conditions do not change with time at any point
(c) conditions do not change steadily with time at any point
(d) the velocity does not change at all with time at any point
(e) only when the velocity vector at any point remains constant with space
and time.

(i) A streamline is a line
(a) drawn normal to the velocity vector at any point
(b) such that the streamlines divide the passage into equal number of parts
(c) which is along the path of a particle
(d) tangent to which is in the direction of velocity vector at every point.

(iii) Streamline, pathline and streakline are identical when
(a) the flow is uniform
(b) the flow is steady
(c) the flow velocities do not change steadily with time
(e) the flow is neither steady nor uniform.

(iv) The material acceleration is zero for a
(a) steady flow
(b) steady and uniform flow
(c) unsteady and uniform flow
(d) unsteady and non-uniform flow.

3.2 Given the velocity field

V=10x2yi +15xy ] + (25 = 3xp)k
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Find the acceleration of a fluid particle at a point (1, 2, — 1) at time, = 0.5.
Ans. (1531.90 units)
3.3 Given an unsteady temperature field 7 = (xy + z + 3¢/)K and unsteady velocity

field V = xyi +z + 5tk , what will be the rate of change of temperature of a
particle at a point (2, — 2, 1) at time ¢ = 2s?

Ans. (23 K/s)

3.4 A two-dimensional pressure field p = 457 — 2y2 is associated with a velocity field

given by V=(x* - v+ x)i — Qxy+ y)j Determine the rate of change of
pressure at a point (2, 1).

Ans. (260 units)
3.5 The velocity field in a steady flow is given in a rectangular Cartesian coordinate

system as V=6xi + (4y + 10)]' +2tk . What is the path line of a particle which
is at (2, 6, 4) at time ¢ = 2s?
Ans. [{In x + In(4y + 10) + 15.77}> — 100z = 0]
3.6 The velocity field in the neighbourhood of a stagnation point is given by

u= Uyx/L,o==Uyy/L,w=0

(a) show that the acceleration vector is purely radial
(b) if L =0.5 m, what is the magnitude of Uj if the total acceleration at

(x,y)= (L, L)is 10 m/s*.

Ans. (1.88 m/s)
3.7 Forasteady two-dimensional incompressible flow through a nozzle, the velocity

field is given by ¥ = uy(1 + 2x/L)i , where x is the distance along the axis of the
nozzle from its inlet plane and L is the length of the nozzle. Find
(1) an expression of the acceleration of a particle flowing through the nozzle and
(i1) the time required for a fluid particle to travel from the inlet to the exit of the

nozzle.
Ans. L In3
2uy

3.8 For a steady flow through a conical nozzle the axial velocity is approximately
given by u = U, (1 — x/L) %, where U, is the entry velocity and L is the distance
from inlet plane to the apparent vertex of the cone. (i) derive a general expression
for the axial acceleration and (ii) determine the acceleration atx =0 andx=1.0m
if Uy=5m/s and L =2m.

Ans. (25 m/s?, 800 m/s%)

3.9 Two Large circular plates contain an incompressible fluid in between. The
bottom plate is fixed and the top plate is moved downwards with a velocity ¥,
causing the fluid to flow out in radial direction and azimuthal symmetry. Derive
an expression of radial velocity and acceleration at a radial location » when the
height between the plates is 4. Consider the radial velocity across the plates to be

uniform.
Vor Vor
ns. | ——,——
2h 4h
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3.10 A fluid flows through a horizontal conical pipe having an inlet diameter of
200 mm and an outlet diameter of 400 mm and a length of 2 m. The velocity over
any cross-section may be considered to be uniform. Determine the convective
and local acceleration at a section where the diameter is 300 mm for the following
cases:

(a) Constant inlet discharge of 0.3 m’/s
(b) Inlet discharge varying linearly from 0.3 m®/s to 0.6 m*/s over two seconds. The
time of interest is when ¢ = 1 second.
Ans. ((a) 0, — 12.01 m/s%; (b) 2.12 m/s*, — 27.02 m/s?)

3.11 The velocity components in a two-dimensional flow field for an incompressible

fluid are given by

u= e cos h(y)and v =—¢" sin h(x)
Determine the equation of streamline for this flow.
Ans. (cos hx + sin hy = constant)
3.12 A three-dimensional velocity field is given by u =—x, v =2y and w =15 —z. Find
the equation of streamline through (2, 2, 1).
Ans. (xzy =8, y(5 —z)2 =32)
3.13 A three-dimensional velocity field is given by
ux,y,z)= cx+2wyy+u,
U(X»J’» Z) = ot Y9
w(x,y,z) = —2cz+ wy
where ¢, w, uy, and v, are constants. Find the components of (i) rotational
velocity, (ii) vorticity and (iii) the strain rates for the above flow field.
®, —a)y—O @, =-wy;Q,=Q,=0,Q, =—2w0
Ans.
e)ax 8 ezz 2Ca?’xy _2W0a }/yz }/xz -
3.14 Verify whether the following ﬂow fields are rotational. If so, determine the
component of rotation about various axes.

(1) u=xyz (i) u= xy (i) V,=A/r @iv) V.=Alr
v =zx 2 (x —y) Vy=Br Vy=Blr
w=yz—x)’ w=0 V.=0 V.=0

. . 1 1 1
Ans (i) rotational, @, = 5 (z-2xy—-x),0, = Ey(x -)),0, = 5 z(1-x);

(ii) irrotational, (iii) rotational, @, = wg =0, @, = B, (iv) irrotational

3.15 Show that the velocity field given by ¥ = (a + by — ¢z)i + (d — bx + ez)f +
(f+ ¢x —ey)k of a fluid represents a rigid body motion.
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Conservation Equations
and Analysis of Finite
Control Volumes

4.1 SYSTEM

System A system is defined as a
quantity of matter in space upon which
attention is paid in the analysis of a
problem. Everything external to the
system is called the surroundings. The
system is separated from the
surroundings by the system boundary
(Fig. 4.1) which may be a real solid
boundary or an imaginary one, may be Fig. 4.1 System and surroundings
fixed or moving depending upon the

investigator’s choice based on the need

of the problem concerned. There are three types of systems as follows:

Boundary

Surroundings

System
Control mass system Control volume system Isolated system

(Closed system) (Open system)
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Control mass system This is a system Boundary
(Fig. 4.2) of fixed mass with fixed
identity. This means that there is no
mass transfer across the system
boundary. There may be energy
transfer into or out of the system. The Energy in
type of system is usually referred to as  No mass transfer

“closed system”. Fig. 4.2 A control mass system or
closed system

Energy out

Control Mass
System

Surroundings

Control volume system This is a
system (Fig. 4.3) in which matter
crosses the system boundary which
remains fixed without any change in
the volume of the system. The type of
system is usually referred to as an
“open system” or more popularly a
“control volume”. In other words, a
control volume may be defined as a Mass in Energy out

fixed region in space upon which the g 4.3 A control volume system or
attention is paid. Identification of the open system

region depends much on the need of the

problem. The boundary of a control volume is called the control surface across
which the transfer of both mass and energy takes place. The mass of a control
volume (open system) may or may not be fixed depending upon whether the net
efflux (or influx) of mass across the control surface (the system boundary) equals
to zero or not. However, the identity of mass in a control volume always changes
unlike the case for a control mass system (closed system).

. Boundary
Energy in

Mass out

Control Volume
System

Surroundings

Most of the engineering devices, in general,
represent an open system or control volume. A
heat exchanger is an example of an open system
where fluid enters and leaves the system
continuously with the transfer of heat across the
system boundary. Another example is a pump
where a continuous flow of fluid takes place
through the system with a transfer of mechanical
energy from the surroundings to the system. Fig. 4.4 An isolated system

Isolated
system

Surroundings

No mass or energy transfer

Isolated system An isolated system is one (Fig. 4.4) in which there is neither
interaction of mass nor energy between the system and the surroundings.
Therefore it is of fixed mass with same identity and fixed energy.

4.2 CONSERVATION OF MASS—THE CONTINUITY
EQUATION

The law of conservation of mass states that mass can neither be created nor be
destroyed. Conservation of mass is inherent to the definition of a closed system
and can be written mathematically as
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Am/At= 0

where m is the mass of the system.
For a control volume (Fig. 4.5), the principle of conservation of mass can be

stated as
Rate at which mass enters = Rate at which mass leaves the region +
the region Rate of accumulation of mass in the region
or,

Rate of accumulation of mass in the control volume +
Net rate of mass efflux from the control volume =0 4.1)
The above statement can be expressed analytically in terms of velocity and
density field of a flow and the resulting expression is known as the equation of
continuity or the continuity equation.

Y

. X0
Mass of fluid = ™ Co‘l&%cﬁ'
entering the ~o B

region \ Fixed
region as
\ control Mass of fluid
volume — > leaving the
region
—_—

Fig. 4.5 A control volume in a flow field

4.2.1 Continuity Equation-Differential Form

In order to derive the continuity equation at a point in a fluid, the point is enclosed
by an elementary control volume appropriate to the coordinate frame of reference
and the influx and efflux of mass across each surface as well as the rate of mass
accumulation within the control volume is considered. A rectangular parallelo-
piped (Fig. 4.6) is considered as the control volume in a rectangular cartesian
frame of coordinate axes. Net efflux of mass along x-axis must be the excess

0z
4 4 E
o oo+ 5y o
+2E qyl o+ 2% dy) dr d
z dx <p ay ay @ :
B
F
e ) o B
H

pw dx dy

Fig. 4.6 A control volume appropriate to a rectangular cartesian
coordinate system
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outflow over inflow across faces normal to x-axis. Let the fluid enter across one
of such faces ABCD with a velocity u and a density p. The velocity and density

with which the fluid will leave the face EFGH will be u + % dxandp + g—p dx
X X

respectively (neglecting the higher order terms in dx).

Therefore, the rate of mass entering the control volume through face ABCD =
pu dy dz and, the rate of mass leaving the control volume through face EFGH
(p+a—pde(u+g—udx) dy dz

dx X

|:pu + 9 (pu) dx:| dy dz
dx

(neglecting the higher order terms in dx)

Hence, the net rate of mass efflux from the control volume in the x direction

|:pu+;(pu)dx:| dy dz—pu dy dz
x

9 oy dx dy &z
dx

P
= d¥
£ (pu)

where d# is the elemental volume dx dy dz.
In a similar fashion, the net rate of mass efflux in the y direction

p+a—pdy v+@dy dx dz—pv dx dz
dy dy

0
- d¥
dy (P0)

and, the net rate of mass efflux in the z direction

p+a—p(92 w+a—w(9z dx dy — pw dx dy
dz dz

0

— (pw) d¥#

Ep (pw)

The rate of accumulation of mass within the control volume is % (pd¥) =

(?9_[; d# (by the definition of control volume, d¥ is invariant with time).

Therefore, according to the statement of conservation of mass for a control
volume (Eq. 4.1), it can be written that

dp . 9 J J
—t— — — d¥# =0
{ Er ax(pu)+ % (pv) + E (pW)}
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Since the equation is valid irrespective of the size d¥ of the control volume,
we can write
dp d d d
—+—(pu)+—(pv)+ —(pw) =0 4.2
P ax(P) ay(P) 5. P ) (4.2)
This is the well known equation of continuity of a compressible fluid in a
rectangular cartesian coordinate system. The equation can be written in a vector
form as

P iy -
E+V(pV) 0 (4.3)

where ¥ represents the velocity vector.
In case of a steady flow,

ap
— =0
at
Hence Eq. (4.3) becomes
V(pV)=0 (4.4)

or in a rectangular cartesian coordinate system

9 9 9 -
e (pu) + EM (pv) + 5 (pw) =0 4.5)

Equation (4.4) or (4.5) represents the continuity equation for a steady flow. In
case of an incompressible flow,

p = constant

Hence dp/dt = 0 and moreover V-(p V) =pV- (V)
Therefore, the continuity equation for an incompressible flow becomes

V(V)=0 (4.6)
du Jdv Jw
Zimy =0 4.7
on ox  dy oz 7

It can be recalled in this contex that the first, second and third terms of
Eq. (4.7) are the linear strain rates in x, y, and z directions respectively of a fluid
element in motion as discussed in Chapter 3. Therefore, Eq. (4.7) can also be
written in terms of the strain rate components as

E,+tE, +€.=0 (4.8)

Considering a fluid element of original lengths dx, dy and dz along the coordinate
axes x, y and z respectively, the rate of volumetric dilatation per unit original
volume of the element can be written as

L dedydz[(+2, AN (142, A (142, A)-1] [Arisa ]
m

small interval
A0 dx dy dz.At of time
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=€&,tE, +E,
Hence the left hand side of the Eq. (4.7) or (4.8) can be physically identified as
the rate of volumetric dilatation per unit volume of a fluid element in motion
which is obviously zero for an incompressible flow.

The continuity equation for both the steady and unsteady incompressible flows
is described by the same equation (Eq. 4.6). This is because the temporal
derivative of no other hydrodynamic parameter, except density, appears in the
continuity equation (Eq. 4.3). Therefore, it is difficult to judge from the continuity
equation (equation 4.6) only whether an incompressible flow is steady or
unsteady.

Continuity Equation in a Cylindrical z
Polar y
Coordinate System

The continuity equation in any
coordinate system can be derived in
two ways, (i) either by expanding the
vectorial form of general Eq. (4.3) with
respect to the particular coordinate x
system, or (ii) by considering an

elemental control volume appropriate  Fig. 4.7 A cylindrical polar coordinate
to the reference frame of coordinates system

and then by applying the fundamental principle of conservation of mass as given
by the Eq. (4.1). The term V-(pV) in a cylindrical polar coordinate system

(Fig. 4.7) can be written as
S 0 pY, , 19(pVy) . 9
V-(pV)= =— - — 4.
(PY) ar(PVr)+ 7 +aZ(PVZ) (4.9)

Therefore, the equation of continuity in a cylindrical polar coordinate system
can be written as
adp 9 py. 1 9(pVp)
—+——(pV)+ ——+—=
ot ar P r o8

The above equation can also be derived by considering the mass fluxes in the
control volume shown in Fig. 4.8.

+i(pVZ) =0 (4.10)
0z

Rate of mass entering the control volume through face ABCD
= pV,rdodz
Rate of mass leaving the control volume through the face EFGH

= pV,rdodz+ ai(errdez)dr
r

Hence, the net rate of mass efflux in the » direction = lai( pV.ryd¥
r r

where, d¥ = r dr d6 dz (the elemental volume)
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pV,dr(rd6) + % (pV,rdr dB)dz

J
pVedrdz + %

pV,rd0dz + % (pV,rd6dz)dr
(pVedrdz) do

P Vo drdz

pV.dr(rd0)
Fig. 4.8 A control volume appropriate to a cylindrical polar coordinate system

The net rate of mass efflux from the control volume, in 6 direction, is the
difference of mass leaving through face ADHE and the mass entering through

face BCGF and can be written as l%(pVg)dV.
r
The net rate of mass efflux in z direction can be written in a similar fashion as
9 (p¥,)d¥
Jz
The rate of increase of mass within the control volume becomes
d ap
—(pd¥)= —(d
Ey (pd¥) Ep (d¥)

Hence, following the Eq. (4.1), the final form of continuity equation in a
cylindrical polar coordinate system becomes

dp 1 d v 1 0 v 0 y
r 8r( 'r) r (96( o) 82( )

ot
ap 0 oV, 1 0 J
3 L2y L (pV))+—2(pV.)=0
or E +ar(p )+ o ae(p e)"‘aZ(P 2)

In case of an incompressible flow,

v, V. 19V, IV,
— L+ =

or r r d0 0z

The equation of continuity in a spherical polar coordinate system (Fig. 3.1)

=0 (4.11)

can be written by expanding the term V-(p V) of Eq. (4.3) as



The McGraw-Hill Companies

Conservation Equations and Analysis of Finite Control Volumes 115
oV, d(pV, sin
a—p+%i R pV) + —1 (P¥o) L (PPo ¢)=0
dt  R* JR Rsin¢g 00 Rsin ¢ 20
(4.12)
For an incompressible flow, Eq. (4.12) reduces to
vV, i
L0 gy L e 1 oUVpsing) _, (4.13)

R JdR sing 0J6  sing¢ L)
The derivation of Eq. (4.12) by considering an elemental control volume

appropriate to a spherical polar coordinate system is left as an exercise to the
readers.

Continuity Equation from a Closed System Approach We know that the
conservation of mass is inherent to the definition of a closed system as Dm/Dt =
0, m being the mass of the closed system. However, the general form of continuity,
as expressed by Eq. (4.3), can also be derived from the basic equation of mass
conservation of a closed system as follows:

Let us consider an elemental closed system of volume A¥ and density p.
Therefore, we can write

D
2 (pA¥) =0
Dt(p )
Dp 1 D
: 2P Aapy=0
o or TPag oY

The first term of the equation is the material derivative of density with time
which can be split up into its temporal and convective components, and hence we
get,

P i Vp+p-L Dapy—o
ot A¥ Dt

The term AI_V DRt (A ¥) is the rate of volumetric dilatation per unit volume of

the elemental system and equals to the divergence of the velocity vector at the
location enclosed by the system.
Therefore, we have

9, V-Np+pV-V=0
at
ap ~
+V-(pV)=0
or Y (pV)

This is the typical form of continuity equation as derived earlier from a control
volume approach and expressed by Eq. (4.3). It should be made clear, in this
context, that V- ¥ = 0, which is the equation of continuity for an incompressible

flow, physically signifies that the volume of a fluid element remains same in
course of its flow.
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4.2.2 Stream Function

The concept of stream function is a direct consequence of the principle of
continuity. Let us consider a two-dimensional incompressible flow parallel to the
x — y plane in a rectangular cartesian coordinate system. The flow field in this

case is defined by
u= u(x,y,1t)
v = v(x, 1)
w= 0
The equation of continuity is
Ju 9V _ (4.14)
dx dy
If a function w(x, y, ?) is defined in the manner
u- 2V (4.152)
dy
d
and o= (4.15b)
dx

so that it automatically satisfies the equation of continuity (Eq. (4.14)), then the
function yis known as stream function. For a steady flow, yis a function of two
variables x and y only. In case of a two-dimensional irrotational flow,

Jduv _ du
dx dy
so that
I v _d(dv)_,
ox\ dx ) dy\dy
iy 'y
or, Viy = + =0 4.16
v=o2 P (4.16)
Thus, for an irrotational flow, stream function satisfies the Laplace’s
equation.

Constancy of y on a Streamline Since y is a point function, it has a value at
every point in the flow field. Hence, a change in the stream function y can be
written as
oy Yy
dy= —/—dx + —
v dox dy
Further, the equation of a streamline is given by
== dy—odx=0
= — or udy—ovdx=
dx dy Y
It follows that dy = 0 on a streamline, i.e. the value of y is constant along a
streamline. Therefore, the equation of a streamline can be expressed in terms of
stream function as

dy=—-vdx+udy
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W (x, y) = constant 4.17)

Once the function y is known, streamline can be drawn by joining the same
values of v in the flow field.

Physical Significance of Stream Function w Figure 4.9a illustrates a two
dimensional flow. Let 4 be a fixed point, but P be any point in the plane of the
flow. The points 4 and P are joined by the arbitrary lines ABP and ACP. For an
incompressible steady flow, the volume flow rate across ABP into the space
ABPCA (considering a unit width in a direction perpendicular to the plane of the
flow) must be equal to that across A CP. A number of different paths connecting 4
and P (ADP, AEP,...) may be imagined but the volume flow rate across all the
paths would be the same. This implies that the rate of flow across any curve
between A4 and P depends only on the end points 4 and P.

Since A4 is fixed, the rate of flow across ABP, ACP, ADP, AEP (any path
connecting 4 and P) is a function only of the position P. This function is known as
the stream function y. The value of v at P therefore represents the volume flow
rate across any line joining P to 4. The value of y at 4 is made arbitrarily zero.
The fixed point 4 may be the origin of coordinates, but this is not necessary. If a
point P’ is considered (Fig. 4.9b), PP’ being along a streamline, then the rate of
flow across the curve joining 4 to P’ must be the same as across AP, since, by the
definition of a streamline, there is no flow across PP’. The value of wthus remains
same at P" and P. Since P’ was taken as any point on the streamline through P, it
follows that y is constant along a streamline. Thus the flow may be represented
by a series of streamlines at equal increments of w. If another point P” is
considered (Fig. 4.9b) in the plane, such that PP” is a small distance on
perpendicular to the streamline through P with AP” > AP, then the volume flow
rate across the curve AP” is greater than that across AP by the increment Sy of
the stream function from point P to P”. Let the average velocity perpendicular to
PP” (i.e. in the direction of streamline at P) be V, then,

oy=V-dn
or, V= 6ylon
Therefore, the velocity at a point can be expressed in terms of the stream function
Vv as
o d
Vo OV _ v

m =
5n—0 On on

This gives the mathematical definition of the stream function at the point P.
The above concept can be visualized more easily by considering the flow between
two adjacent streamlines in a rectangular cartesian coordinate system (Fig. 4.9¢).
Let the values of the stream functions for the two streamlines be denoted by yand
v+ dy. The volume flow rate dQ for an incompressible flow across any line, say
AB, of unit width, joining any two points 4 and B on two streamlines, can be
written as

dQ = dy
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(c)
Fig. 4.9 Physical interpretation of stream function

As yis a function of space coordinates, x and y,

dy= Vs Wy,

ox dy
Hence, do = ‘;‘”dx + ‘;‘”dy (4.18)
x y

Again, the volume of fluid crossing the surface AB must be flowing out from
surfaces AP and BP of unit width. Hence,

dO= udy—-vdx (4.19)
Comparing the equation (4.18) and (4.19), we get
u= 8_1// and U= a—w

dy  ox
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The stream function, in a polar coordinate system is defined as

1 9y A4
= —— and Vo=———
" r 00 o ar
The expressions for V, and Vy in terms of the stream function automatically

satisfy the equation of continuity given by

L1+ () =0

Stream Function in Three-Dimensional Flow Tt is not possible to draw a
streamline with a single stream function in case of a three dimensional flow. An
axially symmetric three dimensional flow is similar to the two-dimensional case
in a sense that the flow field is the same in every plane containing the axis of
symmetry. The equation of continuity in the cylindrical polar coordinate system
for an incompressible flow is given by equation (4.11). For an axially symmetric
flow (the axis » = 0 being the axis of symmetry), the simplified form of the

av,
equation (4.11) without the term 1 (969 is satisfied by a function defined as

-
A SN
: dz’ ° o or

The function y, defined by the Eq. (4.20) in case of a three dimensional flow
with an axial symmetry, is called the stokes stream function.

(4.20)

Stream Function in Compressible Flow Definition of the stream function y for a
two-dimensional compressible flow offers no difficulty. Instead of relating it to
the volume flow rate, one can relate it to the mass flow rate. The continuity
equation for a steady two-dimensional compressible flow is given by

d 0
—(pu)+—=—(pv)=0
8x( ¥) 8y( ?)

Hence a stream function y can be defined which will satisfy the above equation
of continuity as

0
pu= Po_al)/f
0
po=—po s @21)

where p, is a reference density and is used in the manner as shown in Eq. (4.21),
to retain the unit of y same as that in the case of an incompressible flow.
Therefore, from a physical point of view, the difference in stream function
between any two streamlines multiplied by the reference density p, will give the
mass flow rate through the passage of unit width formed by the streamlines.

4.2.3 Continuity Equation: Integral Form

The continuity equation can be expressed in an integral form by an application of
the statement of conservation of mass (Eq. 4.1) to a finite control volume of any



The McGraw-Hill Companies

120 Introduction to Fluid Mechanics and Fluid Machines

shape and size. Let a control volume ¥, as shown in Fig. 4.10, be bounded by the
control surface S. The efflux of mass across the control surface S is given by

Control surfaces

Control volume ¥

N
dA

Fig. 4.10 A control volume for the derivation of continuity equation (integral form)
H pV-d4
s

where V is the velocity vector at an elemental area dA which is treated as a
vector by considering its positive direction along the normal drawn outward from
the surface.

The rate of mass accumulation within the control volume becomes

% jijp.w

where d# is an elemental volume, p is the density and ¥ is the total volume
bounded by the control surface S. Hence, the continuity equation becomes
(according to the statement given by Eq. (4.1))

a% [[[p-a#+[[p7-ai =0 (4.22)
ra s

The integral form of the continuity equation (Eq. (4.22)) can be shown to be
equivalent to the differential form as given by Eq. (4.3). The second term of the
Eq. (4.22) can be converted into a volume integral by the use of the Gauss
divergence theorem as

[p7-dd=][[V-(p7)d#
s ¥

Since the volume # does not change with time, the sequence of differentiation and
integration in the first term of Eq. (4.22) can be interchanged.
Therefore Eq. (4.22) can be written as

jjj[‘;—’t’ +V-(p V)}d% =0 (4.23)
V-
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Equation (4.23) is valid for any arbitrary control volume irrespective of its
shape and size. So we can write

ap _
“F L. =0.
E (pV)=0
4.3 CONSERVATION OF MOMENTUM:
MOMENTUM THEOREM

In Newtonian mechanics, the conservation of momentum is defined by Newton’s
second law of motion as follows:

Newton’s Second Law of Motion The rate of change of momentum of a body is
proportional to the impressed action and takes place in the direction of the
impressed action. The momentum implied may be linear or angular and the
corresponding actions are force and moment respectively. In case of fluid flow,
the word “body” in the above statement may be substituted by the word “particle”
or “control mass system”.

4.3.1 Reynolds Transport Theorem

It is important to note that the laws of physics are basically stated for a particle or
a control mass system. Therefore the classical statements for the conservation of
mass, momentum and energy are all referred to a control mass or closed system.
On the other hand, a study of fluid flow by the Eulerian approach requires a
mathematical modeling for a control volume either in differential or in integral
form. Therefore the physical statements of the principle of conservation of mass,
momentum and energy with reference to a control volume become necessary. This
is done by invoking a theorem known as the Reynolds transport theorem which
relates the control volume concept with that of a control mass system in terms of
a general property of the system. The derivation of the theorem is as follows:

Derivation of Reynolds Transport Theorem To formulate the relation between
the equations applied to a control mass system and those applied to a control
volume, a general flow situation is considered in Fig. 4.11 where the velocity of a
fluid is given relative to coordinate axes ox, oy, oz. At any time ¢, a control mass
system consisting of a certain mass of fluid is considered to have the dotted-line
boundaries as indicated. A control volume (stationary relative to the coordinate
axes) is considered that exactly coincides with the control mass system at time ¢
(Fig. 4.11a). At time ¢ + O, the control mass system has moved somewhat, since
each particle constituting the control mass system moves with the velocity
associated with its location.

Let N be the total amount of some property (mass, momentum, energy) within
the control mass system at time z, and let 17 be the amount of this property per unit
mass throughout the fluid. The time rate of increase in N for the control mass
system is now formulated in terms of the change in N for the control volume. Let
the volume of the control mass system and that of the control volume be #; at time
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¢ with both of them coinciding with each other (Fig. 4.11a). At time ¢ + o, the
volume of the control mass system changes and comprises volumes ¥ ;; and ¥y,
(Fig. 4.11b). Volumes ¥; and ¥y, are the intercepted regions between the control
mass system and control volume at time ¢ + 6. The increase in property N of the
control mass system in time & is given by

o Vv
y
/lControl
i/ Mass
0 X System
e Control
Y volume
Control Mass System
Time ¢ Time ¢ + 6t
(a) (b)
Control a1
volume N -
v vV
Inside Inside
Outflow area it Inflow area
(c) (d)

Fig. 4.11 Relationship between system and control volume concepts in
the analysis of a flow field, after Streeter et al. [1].

(Nt +6t Nt)Control mass system = J] np d¥+ J'J' np ¥ - J-J- npe d¥
# ‘

Y Hiv 451

In which d¥ represents an element of volume. After adding and subtracting

“.J.np d¥ to the right hand side of the equation and then dividing
A

t+51t

throughout by 8z, we have

” npdV+” np d¥ - J.J. np d¥
(Nt+5t_Nt)Controlmasssystem _ A A t+ 6t i t
ot ot
[[[npax [[[npax
+ Ay t+6t i t+0t (424)

ot ot
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The left hand side of Eq. (4.24) is the average time rate of increase in N within
the control mass system during the time 6z. In the limit as ot approaches zero, it
becomes dN/df (the rate of change of N within the control mass system at time 7).
In the first term of the right hand side of Eq. (4.24), the first two integrals are the
amount of N in the control volume at time ¢ + 8¢, while the third integral is the
amount N in the control volume at time ¢. In the limit, as 0t approaches zero, this
term represents the time rate of increase of the property N within the control

volume and can be written as % I”n p d¥ . The next term, which is the time
cv

rate of flow of N out of the control volume may be written, in the limit 6z — 0, as

” np d¥#
lim v 50 _ J.J.npﬁ-dj

61=0 ot outflow area

In which ¥ is the velocity vector and d4 is an elemental area vector on the

control surface. The sign of vector d4 is positive if its direction is outward normal
(Fig. 4.11c). Similarly, the last term of the Eq. (4.24) which is the rate of flow of
N into the control volume is, in the limit 6t — 0

J[Jnpax
lim ="

510 ot

(+8t _ —HTIPV'dA?

inflow area

The minus sign is needed as V-d4 is negative for inflow. The last two terms of
Eq. (4.24) may be combined into a single one which is an integral over the entire

surface of the control volume and is written as ”n P V-dA. This term indicates

cs
the net rate of outflow N from the control volume. Hence, Eq. (4.24) can be
written as
dN d -
[d_j = 2 [[inpar + [fnpi-ai (@.25)
! Jems Ley cs

The Eq. (4.25) is known as Reynolds Transport Theorem which is stated as
“the time rate of increase of property N within a control mass system is equal to
the time rate of increase of property N within the control volume plus the net rate
of efflux of the property N across the control surface. This theorem in its
analytical form, given by the Eq. (4.25), is used in converting the statement of
basic laws of physics as referred to a control mass system to a statement with
reference to a control volume. The subscript CMS refers to control mass system.
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It is important to mention in this context that in the derivation of Reynolds
transport theorem (Eq. 4.25), the velocity field was described relative to a
reference frame xyz (Fig. 4.11) in which the control volume was kept fixed, and
no restriction was placed on the motion of the reference frame xyz. This makes it
clear that the fluid velocity in Eq. (4.25) is measured relative to the control
volume. To emphasize this point, the Eq. (4.25) can be written as

where the fluid velocity V, is defined relative to the control volume as
V.=V-V, (4.27)
V and 176 are now the velocities of fluid and the control volume respectively as

observed in a fixed frame of reference. The velocity 176 of the control volume may
be constant or any arbitrary function of time.

Application of Reynolds Transport Theorem to Conservation
of Mass and Momentum

Conservation of mass The constancy of mass is inherent in the definition of a
control mass system and therefore we can write

[d_mJ -0 (4.282)
dt CMS

To develop the analytical statement for the conservation of mass of a control
volume, the Eq. (4.26) is used with N = m (mass) and 11 = 1 along with the
Eq. (4.28a).

This gives
%” pdV+”p(ﬁ;-d2) -0 (4.28b)
cv CS

The Eq. (4.28D) is identical to Eq. (4.22) which is the integral form of the
continuity equation derived earlier in Sec. 4.2.3. At steady state, the first term on
the left hand side of Eq. (4.28b) is zero. Hence, it becomes

” p(V.-dA) =0 (4.28¢)
CS

Conservation of momentum or momentum theorem The principle of conserva-
tion of momentum as applied to a control volume is usually referred to as the
momentum theorem.

Linear momentum The first step in deriving the analytical statement of linear
momentum theorem is to write the Eq. (4.26) for the property N as the linear

momentum (m V) and accordingly n as the velocity (V). Then it becomes
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%(m 7 )ewss = %ch ﬁpdmgﬁp(ﬁ,.dﬁ) (4.29)

The velocity ¥ defining the linear momentum in Eq. (4.29) is described in an
inertial frame of reference. Therefore we can substitute the left hand side of
Eq. (4.29) by the external forces Y F on the control mass system or on the
coinciding control volume by the direct application of Newton’s law of motion.
This gives

~ 9 _ .
SF = Em VpdV+” Vp(V,-dA) (4.30)
o cs
The Eq. (4.30) is the analytical statement of linear momentum theorem.

In the analysis of finite control volumes pertaining to practical problems, it is
convenient to describe all fluid velocities in a frame of coordinates attached to the
control volume. Therefore, an equivalent form of Eq. (4.29) can be obtained,

under the situation, by substituting N as m 17, and accordingly 1 as 17, in
Eq. (4.26) as
d
dt
The left hand side of Eq. (4.31) can be written with the help of Eq. (4.27) as

[ J
m
CMS

d - -
ma(V_ VC)CMS

[dI?J _
m| — —ma,
dt CMS

[ _dr. ). o .
where @, [= dtc J is the rectilinear acceleration of the control volume (observed

T dews = - [[[Tipar+ [[7p0ad) @31
crv CS

d ~
E (mV)ems

in a fixed coordinate system) which may or may not be a function of time. From
Newton’s law of motion

m[dVJ = 3F
d CMS

m[dVrJ SF—ma, (4.32)
CMS

Therefore,

dr
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The Eq. (4.31) can be written in consideration of Eq. (4.32) as

.9 _ L
SF—ma, = EMV,de ”V,p(V,-dA) (4.33a)
cv CS
At steady state, it becomes
SF—ma, = ” V. p(V.-d4) (4.33b)
CS

It can be mentioned, in this context, that Eq. (4.33a) is an equivalent form of

Eq. (4.30) and can also be derived by substituting ¥ by (17', + 176) in Eq. (4.30).

In case of an inertial control volume (which is either fixed or moving with a
constant rectilinear velocity), a. = 0 and hence Eqs (4.33a) and (4.33b) becomes
respectively

SF = i” ﬁ;pdVJr”ﬁ,p(ﬁr.d,Z) (4.33¢)
at cv cS
and

SF = ”17,;;(17,@2) (4.33d)
cS

The Eqs (4.33c) and (4.33d) are the useful forms of the linear momentum
theorem as applied to an inertial control volume at unsteady and steady state
respectively, while the Eqs (4.33a) and (4.33b) are the same for a non-inertial
control volume having any arbitrary rectilinear acceleration.

The external forces TF in Eqgs (4.30, 4.33a to 4.33c) have, in general, two
components,—the body force and the surface force. Therefore one can write

2P = [[[Fyar+F (4.33¢)
cv

where Fj is the body force per unit volume and Fy is the area weighted surface
force.

Angular momentum  The angular momentum or moment of momentum theorem
is also derived from Eq. (4.25) in consideration of the property N as the angular
momentum and accordingly 1 as the angular momentum per unit mass. Thus one
can write

%(ACMS) = %jcgp(fx ﬁ)dV+g(f>< Np(V.-dA)  (4.34)

where A4\ is the angular momentum of the control mass system. It has to be
noted that the origin for the angular momentum is the origin of the position vector
7. The term on the left hand side of Eq. (4.34) is the time rate of change of
angular momentum of a control mass system, while the first and second terms on
the right hand side of the equation are the time rate of increase of angular



The McGraw-Hill Companies

Conservation Equations and Analysis of Finite Control Volumes 127

momentum within a control volume and rate of net efflux of angular momentum
across the control surface.

The velocity ¥ defining the angular momentum in Eq. (4.34) is described in an
inertial frame of reference. Therefore, the term % (Acps) can be substituted by

the net moment XM applied to the system or to the coinciding control volume.
Hence one can write Eq. (4.34) as

_ 9 L= L.
=M= E”Jp(r x V)dV+”(r x V)p(V,-dd)  (4.35a)
cv s
At steady state,
a 7 %% —
EICIV p(FxV)d¥ =0
and then it becomes
v = [[ExPp(7-dd) (4.35b)
cs

The Eqgs (4.35a) and (4.35b) are the analytical statements of angular momentum
theorem applied to a control volume at unsteady and steady state respectively.

4.4 ANALYSIS OF FINITE CONTROL VOLUMES

The momentum theorm for a control volume has been discussed in the previous
section. In the present section we shall discuss the application of momentum
theorem to some practical cases of inertial and non-inertial control volumes.

4.4.1 Inertial Control Volumes

Applications of momentum theorem for an inertial control volume are described
with reference to three distinct types of practical problems, namely

(i) Forces acting due to internal flows through expanding or reducing pipe
bends.
(i1) Forces on stationary and moving vanes due to impingement of fluid
jets.
(ii1) Jet propulsion of ship and aircraft moving with uniform velocity.

4.4.2 Forces due to Flow Through Expanding or Reducing
Pipe Bends

Let a fluid flow through an expander as shown in Fig. 4.12a. The expander is held
in a vertical plane. The inlet and outlet velocities are given by V/; and V, as shown
in the figure. The inlet and outlet pressures are also prescribed as p, and p,. The
velocity and pressure at inlet and at outlet sections are assumed to be uniform.
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The problem is usually posed for the estimation of the force required at the
expander support to hold it in position.

P2 V2

Fig. 4.12a Flow of a fluid through an expander

For the solution of this type of problem, a control volume is chosen to coincide
with the interior of the expander as shown in Fig. 4.12a. The control volume
being constituted by areas 1-2, 2-3, 3-4, and 4-1 is shown separately in
Fig. 4.12b.

The external forces on the fluid over areas 2-3 and 1-4 arise due to net efflux
of linear momentum through the interior surface of the expander. Let these forces
be Fyand Fy. Since the control volume 12341 is stationary and at a steady state,
we apply Eq. (4.33d) and have for x and y components

mV,cos 0—mV, = pA, —pyA, cos 0+ F, (4.36a)
and, mV,sin0-0= —p,A4,sin O+ F, - Mg (4.36b)
or, F.= m (V,cos 0—V,)+ p,A, cos 0—p A4, (4.37a)
and F,= m V,sin 0+ p, 4, sin 0+ Mg (4.37b)

m 1is the mass flow rate through the expander which can be written as

m = pA,V,= pA,V, (4.38)
where 4, and 4, are the cross-sectional areas at inlet and outlet of the expander
and the flow is considered to be incompressible.

M represents the mass of fluid contained in the expander at any instant and can
be expressed as

M= p¥
where ¥ is the internal volume of the expander.

Thus, the forces F, and F), acting on the control volume (Fig. 4.12b) are exerted
by the expander. Therefore, according to Newton’s third law, the expander will
experience the forces R, (= —F,) and R, (= — F)) in the x and y directions
respectively as shown in the free body diagram of the expander in Fig. 4.12c.
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Fig. 4.12b  Control volume comprising Fig. 4.12c  Free body diagram of
the fluid contained in the the expander
expander at any instant

The expander will also experience the atmospheric pressure force on its outer
surface. This is shown separately in Fig. 4.13.

From Fig. 4.13 the net x and y components of the atmospheric pressure force
on the expander can be written as

F

atm,. = Pam” AZ cos e_patm : Al
Fatmy = Pam - AZ sin 6

The net force on the expander is therefore,

E,. = Rx+Fatmx:_Fx+Fatmx

E, = Ry+Fatmy:_Fy+Fatmy

¥
or, E.= —m(V,co8 0—V))— (py — Pam)4sc0s O
+(P1 = Pam)4 (4.3%9a)
E,= —mV,sin 60— (p; — Pym) Ao8in 0 — Mg (4.39b)
Y P2

’

-
)

Y VY Yy

FEFIRRARAR o

P R
2 /\<

o /((( >
Pi pa®
I N %
VIR T 2 0 T 2 20 2 A
R JZE S S W ST SR W W S N |

Fig. 4.13 Effect of atmospheric pressure on the expander
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It is interesting to note at this stage that if ¥, and F), are calculated from the
Eqs (4.37a) and (4.37b) with p, and p, as the gauge pressures instead of the
absolute ones, the net forces on the expander £, and £, will respectively be equal
to —F, and —F.

Dynamic Forces on Plane and Curved Surfaces due to
the Impingement of Liquid Jets

Force on a stationary surface Consider a stationary flat plate and a liquid jet of
cross sectional area “a” striking with a velocity V at an angle 6 to the plate as
shown in Fig. 4.14a.

To calculate the force required to keep the plate stationary, a control volume
ABCDEFA (Fig. 4.14a) is chosen so that the control surface DE coincides with
the surface of the plate. The control volume is shown separately as a free body in
Fig. 4.14b. Let the volume flow rate of the incoming jet be O and be divided into
0, and O, gliding along the surface (Fig. 4.14a) with the same velocity V' since
the pressure throughout is same as the atmospheric pressure, the plate is
considered to be frictionless and the influence of a gravity is neglected (i.e. the
elevation between sections CD and EF is negligible).

Ql Ql
14 - V o)

o
\ \\\ n
/ F,
B B
0 ‘ .2 0 i
} [ /0
V 4 Vg AN
Lo AVIA
Liquid jet of cross- NN
sectional area ‘a’ / N
CV/ =
"0,
(a) Jetstrikingona (b) The appropriate control
stationary plate volume

Fig. 4.14 Impingement of liquid jets on a stationary flat plate

Coordinate axes are chosen as Os and On along and perpendicular to the plate
respectively. Neglecting the viscous forces, (the force along the plate to be zero),
the momentum conservation of the control volume ABCDEFA in terms of s and n
components can be written from Eq. (4.33d) as

F,= 0=p0, V+ pO,(-¥) — pOV cos 6 (4.40a)
and F,= 0-pQ(Vsin 0) (4.40b)
where F'{ and F, are the forces acting on the control volume along Os and On
respectively,

From continuity,

0= 01+, (4.41)
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With the help of Eqs (4.40a) and (4.41), we can write

0,= % (1 —cos 0) (4.42a)

0,= % (1 +cos 0) (4.42b)

The net force acting on the control volume due to the change in momentum of
the jet by the plate is F, along the direction “On” and is given by the Eq. (4.40b)
as

F,= -pQOVsin0
Hence, according to Newton’s third law, the force acting on the plate is
F,= -F,=pQVsmn6 (4.43)

If the cross-sectional area of the jet is “a”, then the volume flow rate Q striking
the plate can be written as

Q= aV
Equation (4.43) then becomes
F,= pal’sin6 (4.44)

Force on a moving surface 1f the plate in the above problem moves with a
uniform velocity « in the direction of jet velocity V' (Fig. 4.15). The volume of the
liquid striking the plate per unit time will be
0= a(V—-u) (4.45)

Physically, when the plate recedes away from the jet it receives a less quantity of
liquid per unit time than the actual mass flow rate of liquid delivered, say by any
nozzle. When u =V, O =0 and when u > V, Q becomes negative. This implies
physically that when the plate moves away from the jet with a velocity being
equal to or greater than that of the jet, the jet can never strike the plate.

V,, (absolute velocity)
VR() =V-u

Fig. 4.15 Impingement of liquid jets on a moving flat plate
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The control volume ABCDEFA in the case has to move with the velocity u of
the plate. Therefore we have to apply Eq. (4.33d) to calculate the forces acting on
the control volume. Hence the velocities relative to the control volume will come
into picture. The velocity of jet relative to the control volume at its inlet becomes

Ve, = V—-u

Since the pressure remains same throughout, the magnitudes of the relative
velocities of liquid at outlets become equal to that at inlet, provided the friction
between the plate and the liquid is neglected. Moreover, for a smooth shockless
flow, the liquid has to glide along the plate and hence the direction of V5, the
relative velocity of the liquid at the outlets, will be along the plate. The absolute
velocities of the liquid at the outlets can be found out by adding vectorially the
plate velocity u and the relative velocity of the jet V' —u with respect to the plate.
This is shown by the velocity triangles at the outlets (Fig. 4.15). Coordinate axes
fixed to the control volume ABCDEFA are chosen as “Os” and “On” along and
perpendicular to the plate respectively.

The force acting on the control volume along the direction “Os” will be zero
for a frictionless flow. The net force acting on the control volume will be along
“On” only. To calculate this force F,, the momentum theorem with respect to the
control volume ABCDEFA can be written as

F,= 0-pO[(V—u)sin 6]
Substituting O from Eq. (4.45),
F,= —pa (V—u)*sin 6
Hence the force acting on the plate becomes
F,= —F,=pa(V—u) sin 6 (4.46)

If the plate moves with a velocity « in a direction opposite to that of V' (plate
moving towards the jet), the volume of liquid striking the plate per unit t