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Foreword 1

With the increasing demand of people for improved life quality, a large number of
mega projects spring up in our modern society. The successful construction and
sustainable operation of these mega projects mark not only the progress in modern
science and technology but also the significant development of human society and
civilization.

It is well known that the safety, reliability, and sustainability of a project depend
on an elaborate, skillful, and accurate design. Structural computation is, in turn, a
fundamental tool for its design, which provides the theories, methodologies, and
procedures for profoundly understanding the structural performances of the project.

Over the past three decades, China, a populated country, has witnessed rapid
economic and social development and risen to be a middle-income country. In the
process, the mega projects, such as high dams, motorways, high-speed trains,
ultra-long and deeply buried large-scale tunnels, and UHV grids, played crucial
roles.

To exploit and utilize the hydro and water resources of the rivers, China has
designed and built a great number of mega water resources and hydropower pro-
jects including the Three Gorges, Ertan, Xiaolangdi, Longtan, Xiaowan, Shuibuya,
Pubugou, Guangzhao, Xiluodu, Jinping-I, Jinping-II, and South-to-North Water
Diversion. These projects challenge the computational methods to tackle with high
dams, high and steep cut slopes, large and long hydraulic tunnels with high velocity
flow, deep overburden underground cavern clusters under complicated engineering
and hydrogeological conditions.

Computational methods have experienced remarkable advancement over the past
thirty years. They have evolved from the traditional empirical and semiempirical
material mechanics methods as well as rigid body limit equilibrium methods to the
nonlinear finite element method, non-continuum discrete element method, and other
numerical calculation methods. This should be attributed to not only the develop-
ment of modern computer technology but also the design and construction of
various mega projects. On one hand, the computational methods offered credible
and reliable scientific demonstration to the design of mega projects. On the other
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hand, these mega projects promoted the development of modern geomechanics and
computational methods.

Professor Chen Sheng-Hong has long been engaged in the research and devel-
opment of computational methods and computer software for geomaterials and
hydraulic structures. Paying special attention to laboratory experiments and in situ
testing validation, he links the theories with practice and has made considerable
innovative and practical research achievements. He harvested pragmatic results in
the fields like standard adaptive software of the finite element method and initiated
the block element analysis and composite element method which are influential
both in China and abroad. These methods cover reinforcement analysis, feedback
analysis, reliability analysis, seepage field and thermal field analysis, and multifield
coupling analysis. He also has realized the synergy of methods, models, parameters,
and hydraulic engineering structure safety. His theory and methodology have been
verified and widely applied in the dam construction works, underground works, and
artificial high slope works. They have offered solutions and scientific demonstra-
tions to the crucial technological challenges in the design of the key national
hydropower projects, such as Three Gorges, Longtan, Shuibuya, Guangzhao,
Xiluodu, Jinping-I, Pubugou, Xiaowan, and contributed greatly to the success of
project construction.

Professor Chen Sheng-Hong has won many science and technology awards
of the provincial, ministerial, and national levels as well as those of national
industry authorities and associations. He was honored as the Distinguished
Professor of the Wuhan University of Hydraulic and Electric Engineering, and the
Excellent Professor of Wuhan University, the Ministry of Water Resources, and the
Ministry of Education. He is also granted the special government allowance of the
State Council.

Professor Chen Sheng-Hong was invited as guest professor of Swiss Federal
Institute of Technology in Lausanne (EPFL, Switzerland) and Parma University,
Italy. He also worked as the guest professor in the Université des Sciences et
Technologies de Lille (Université Lillel, France) on a long-term basis. He opens
lectures overseas every year to teach advanced modern numerical computation
methods and programs. Since 2000, he acted as the member of Computational
Aspects of Analysis and Design of Dams, International Committee of Large Dam.

As the undergraduate and postgraduate schoolmate living in a same residence, as
well as the partner in the construction of many mega hydraulic projects, I and Prof.
Chen Sheng-Hong are good friends and colleagues. I am proud of his achievements
in academic theory and engineering technology related to the geomechanics and
hydraulic structures. I shall thank him for his valuable research findings to our
breakthrough in the key technology projects of high dams, high and steep cut
slopes, and large underground works. I am lucky to have read most of the manu-
scripts of this great book before publishing and deeply impressed by its rigorous
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theory, clear logic, as well as innovative and pragmatic contents. The book has both
historical texture and broad international vision. I am convinced that the book can
not only serve as the reference to technicians engaged in geomechanics and
hydraulic structures but also positively promote the health development of com-
putational methods.

Beijing, China Prof. Zhou Jianping
November 2017 Vice President, International
Commission on Large Dams;

Chief Engineer Power Construction

Corporation of China
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During the visit of my friend Prof. Chen Sheng-Hong to Lille last year (June—July,
2017), he kindly presented me with an advanced draft of Computational
Geomechanics and Hydraulic Structures and asked me to write a foreword. I was
greatly impressed by the extensive area covered in this book, by the scientific and
engineering basis of his works, and by the quality of the presentation. I accepted his
invitation with great pleasure.

From our first encounter in 20 years ago at Lille when he worked in the
Université des Sciences et Technologies de Lille (Université Lille 1, France) as the
guest professor until today, we have met regularly either in China or in Europe,
including his regular 1- to 3-month stay in Lille as guest professor in our university.
We succeeded in building a strong cooperation through yearly academic visits,
Ph.D. co-supervision, joint paper publication in international journals and confer-
ences, and the organization of lectures for postgraduate students and young
researchers. He is an enthusiastic, hardworking, and interdisciplinary engineering
scientist and university educator. I highly appreciated the scientific and the engi-
neering quality of the work of Professor Chen as well as that of his students. I am
also proud of that for years our university has opportunity to provide resources for a
portion of his theoretical researches and academic writings, which contribute to a
part of the coverage in this book.

Through this book, Prof. Chen enhances our library by a synthesis of more than
30 years of academic and professional experience in the field of computational
geomechanics and their use in the assessment of both the safety and performances
of hydraulic structures throughout their lifecycle covering design, construction, and
exploitation stages. At each stage, engineers have to deal with multiple analysis and
decision-making challenges, which are related to the complexity of the hydraulic
structures geometry, nonlinear behaviors of geomaterials, multiphysics and tran-
sient phenomena as well hydro-thermo-mechanical coupling. To cope with these
challenges, engineers need to enhance the conventional analysis tools by advanced
computational methods in order to consider complex issues, which could highly
influence the safety and performances of hydraulic structures.

ix
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The works of this book resulted in significant advances in (i) the major issues
of the finite element method (FEM) in the analyses of hydraulic structures inclusive
error estimation and mesh refinement, thermomechanical and hydromechanical
coupling, reinforcement mechanism and modeling, parametric inverse and feedback
design, and safety calibration; (ii) the fundamentals of the block element analysis
(BEA) and its enhancement inclusive hybrid techniques, seepage analysis and
reinforcement analyses, as well as stochastic and dynamic analyses; (iii) the fun-
damentals of the composite element method (CEM) and its use in the reinforce-
ment, seepage, and thermal analyses.

It is remarkable that Prof. Chen has conducted a huge state-of-the-art study in the
field of computational geomechanics and hydraulic structures, and he crossed it
with his own academic and professional expertise in the computation methods,
laboratory tests and field observations, material properties and parametrical inverse,
safety calibration, and countermeasure design. He also presents his research phi-
losophy and skill with engineering cases such as the most famous hydraulic projects
of Three Gorges, Longtan, Shuibuya, Xiaowan, Guangzhao, etc. All these resulted
in this exceptional book, which I believe will be an important reference book in the
field of computational geomechanics and hydraulic structures. I would like to
outline that this book constitutes a kind of “encyclopedia” on the computational
geomechanics methods and their applications.

In conclusion, this book should be found in every public or private engineering
library, particularly in universities. Engineers and postgraduate students can find
comprehensive information about the fundamentals of the computational methods
in geomechanics as well as scientific and practical recommendations for the effi-
cient use of these methods in the analysis of hydraulic structures. Thanks to Prof.
Chen for this great contribution.

Lille, France Prof. Isam Shahrour
January 2018 Distinguished Professor
former Vice President Université Lille 1
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Hydraulic structures, particularly large underground caverns and high dams with their
vicinal high cut slopes, play core roles in hydraulic projects. Following the rapid
progress in the construction of mega hydraulic projects, China has reached interna-
tional level in the theories and technologies related to the project investigation,
research, design, construction, and management. The largest work completed in the
world, the Three Gorges Project, is installed with electric power generator capacity of
22,400 MW; the world highest arch dam (Xiaowan, H = 294.5 m; Jinping-I, H = 305
m), the world highest concrete-faced rockfill dam (CFRD) (Shuibuya, H=233 m), the
world highest roller compacted concrete (RCC) gravity dam (Guangzhao, H =200.5
m; Longtan, H = 192 m) are all erected in China.

Initiated in the 1960s and classified as a sub-discipline within computational
mechanics, computational geomechanics uses numerical methods to study the
phenomena governed by the principles of geomechanics. It is a successful paradigm
of interdisciplinary development supported by the applied mathematics and
mechanics as well as the computer science, and driven by engineering practices.
Since the 1980s, Chinese scientists and engineers have made significant contribu-
tions to the research and application of computational geomechanics attributable to
the impetus from the demands of civil engineering, environmental engineering,
mining and transportation engineering, and hydraulic engineering. Today, modern
computational geomechanics has profound influences on the design of giant and
complex engineering structures that would be previously very difficult or even
impossible to be appropriately analyzed using traditional calculation tools.

This book is mainly focused on the development and application of represen-
tative computational methods to estimate the performance and safety of hydraulic
structures from their planning and design phases to construction and service phases,
on which the author has been working since the mid-1980s. In addition, this book is
intended to show how to achieve a good correlation between the numerical com-
putation and the in situ behavior of the hydraulic structure, which is actually
attributable to a close collaboration of the author and his colleagues, friends, and
students with field engineers. In this book, the heuristic and visualized style is
attempted to disseminate the research philosophy and road map. The organization

xi
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of various matters with typical methods (FEM, BEA, CEM) as warps and others
(physical fields and engineering practices) as woofs is meant to clearly and logically
elucidate the following aspects related to the subject of this book.

— Modeling of materials. The results of computational geomechanics for hydraulic
structures are significantly dependent on the models of rock-like materials
characterized by structure planes (rock discontinuities and concrete joints) and
mitigation countermeasure components (e.g., reinforcement, drainage, and
cooling). In the selection of constitutive models (relations) toward the definition
of rock-like materials, these characteristics should be simplified in a rational
way for the feasible and credible simulation of hydraulic structures (Chap. 2).
This philosophy is followed throughout the generation of computation meshes
(Chap. 3), the establishment of typical computational methods (Chaps. 4, 9 and
14), and the approaches of joints and reinforcement components (Chap. 6).

— Input of parameters. It is well known that the unsuccessful computation with
regard to hydraulic structures is often blamed on the inappropriate input
parameters defined in the material model. This is due to the difficulties arise
from laboratory and in situ tests in addition to environmental (stress/water
content/temperature) dependence. The laboratory test is suffered from stochastic
variation whereas the in situ test possesses poor representativeness entailed by
sample amount and high cost. Therefore, it is paramount to be involved in the
investigation and experiment works as deeply as possible toward a correct
interpretation of experimental data and a realistic evaluation of inputting
parameters. On the aspects of computation technique, parametric back or inverse
analysis is a supplementary approach to handle this issue subject to
well-installed instruments, good understanding of construction procedure, as
well as sufficient engineering experience (Chap. 7).

— Diversification of methods. Nowadays, there are a variety of modern computa-
tional methods available for geomechanics and hydraulic structures (Chap. 1),
although only three of them are representatively elaborated in this book (i.e., FEM,
BEA, and CEM). They may be roughly distinguished into entirely different two
classes according to their conceptualization of rock-like materials, i.e., the con-
tinuum or discontinuum, each of them reflects one extreme aspect of the hydraulic
structure encountered. The selection of the most representative ones is, however,
an open question. This is actually dependent on the problem type, the material, the
work situation, etc. Take a large rock block system for example, to understand its
post-failure movements, the DDA or DEM would be a good choice because they
permit decoupling of the block system. On the other hand, when the safety margins
with respect to collapse/serviceability limit states are demanded, and suggestions
concerning the seepage/stabilization countermeasures are expected, the BEA
would be more appropriate attributable to its competent strength parameters and
clearly allowable safety factors stipulated in the design codes/specifications.
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Where the structural issue is very important and complex, it is suggestible to
exercise diverse methods (at least two) in addition to traditional tools. This phi-
losophy is followed throughout the whole book, and our readers will find that
several typical projects are studied by the FEM or/and BEA (CEM) in addition to
traditional LEM or/and TLM, plus geomechanical physical test.

Theoretically, “all-encompassing” methods covering continuum and discontin-
uum as well as finite and infinitesimal deformation, may be charming. Entailed by
the professional experience of the author, however, I have to say that this is actually
not very attractive and practical because it, if exists, would be too “precise” and
“delicate” to be competent to the “roughly estimated parameters” and complex
hydraulic structures.

— Standardization of preprocess. The computation procedure should been devel-
oped as not only to easily and reliably collect input data, but also to allow for the
standardized discretization of the hydraulic structure. The mesh density (size)
dependent on the structural configuration, exerted action, as well as the con-
struction manner and sequence, will significantly affect the calibration of the
local safeties (e.g., strength, allowable seepage gradient, cracking potentiality)
of a hydraulic structure. This is why the automatic block identification and mesh
generation (Chap. 3) and the adaptive refinement technology (Chap. 5) are
looked at as important contents in this book. From the standpoint of a practi-
tioner in the field of hydraulic engineering, automatic grid generation and
adaptive refinement in grid-dependent computational methods (e.g., the FEM)
may help to overcome the cumbersome preprocessing burden as well as to keep
the balance between computation effort and precision, by appropriately stipu-
lated discretization error tolerances in design codes/specifications for different
structure types and grades, rather than to pursue computation precision solely.

— Coupling of fields. Very often, groundwater appears in and affects hydraulic
structures. In addition, concrete placed onto the foundation undergoes strong
temperature fluctuation before and after being loaded. As a result, hydraulic
structures exhibit complex performances involving hydro-thermo-chemo-
mechanical fields which demand appropriate handling. Although various and
sophisticated coupling models with regard to the movement of water and heat
through the material skeleton and fractures (discontinuities and joints) are
available in the environmental engineering and nuclear power engineering,
yet in the hydraulic engineering normally only partial coupling of temperature
or/and seepage toward the deformation/stress needs to be taken into account
attributable to the lower action level (Chap. 2). Full coupling, particularly of
hydromechanical, is only sometimes encountered where the stress level in the
rock mass is high (e.g., arch dam abutments). Under such circumstances, the
coupling model should be rationally elaborated as simple as possible and its
coupling parameters should be accessible by experiments (Chap. 2) or in situ
back analysis (Chap. 8) subject to the conditions permitted for the project.
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— Interpretation of results and calibration of safety. Once the analysis has been
accomplished, it is necessary to display the results in such a way that they can be
easily understood and interpreted, based on which the safety calibration with
respect to the strength/seepage/temperature according to the design codes/
specifications is undertaken. The calibration criteria may be both of local and/or
overall (Chap. 4).

— Validation by test/observation and feedback. It is also highly important to check
the validation of computational solutions by comparing them with in situ
observed data. This is particularly presented in the study of Xiaowan Project
(Chap. 8) where the comparison of the FEM computation with the instrumen-
tation data is comprehensively carried out for the arch dam, and in the study of
Longtan Project (Chap. 9) where an abutment slope failure accident is captured
by the BEA.

This book may be looked at as an advanced continuation of the Hydraulic
Structures by the author published in 2015 which mainly deals with the investi-
gation, planning, design, construction, and management of hydraulic structures.
I was planning to finish my professional activities by that book and to launch a new
writing life that I have been dreaming since my childhood. However, the publi-
cation of the Hydraulic Structures was so welcome by the readers, and I was deeply
touched and proud of. Encouraged by my friends, colleagues, and students that I am
liable to further present the research achievements and engineering experiences of
my team, I have to continue technical writing and now, I feel in relief by con-
tributing this continuation book.

The basis of this book is established on my studies and practices conducted in
China over the decades with the help of my students partially recited as Dr. Chen
Shangfa, Dr. Wang Weiming, Dr. Xu Minyi, Dr. Fu Shaojun, Dr. Xu Qing,
Dr. Wang Shufa, Dr. Qiang Sheng, Dr. Hu Jing, Dr. Cheng Zhao, Dr. Xia Huaixiao,
Dr. Li Yongming, Dr. Fei Wenping, Dr. Qin Weixin, Dr. Feng Xuemin, Dr. Zheng
Huifeng, Dr. He Zegan, Dr. Xu Guisheng, Dr. Peng Chengjia, Dr. Fu Chenghua,
Dr. Xue Luanluan, and Dr. He Ji et al. I am so proud to see that most of them are
now successful university professors, consultant engineers, and enterprise man-
agers. In my engineering consultant and education works, I am very fortunate to
have chance to collaborate with Prof. Zhou Jianping (Chief Engineer of Power
Construction Corporation of China), Prof. Zou Lichun (Deputy President of
Kunming Engineering Corporation Limited, PowerChina), Prof. Yang Jiaxiu
(Deputy President of Guiyang Engineering Corporation Limited, PowerChina),
Prof. Feng Shurong (President of Zhongnan Engineering Corporation Limited,
PowerChina), Prof. Wang Renkun (Chief Engineer of Chengdu Engineering
Corporation Limited, PowerChina), Prof. An Shengxun (Deputy President of
Northwest Engineering Corporation Limited, PowerChina), et al. In the interna-
tional education and academic activities, the collaboration with my lifetime friends,
Prof. Peter Egger (EPFL, Switzerland) and Prof. Isam Shahrour (Lille University 1,
France), is the most important. In addition, I am really grateful to Wuhan University
for providing tolerant ivory tower and allowing time for me, to complete this book.
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Greater challenges await us in the next prospective decades. From 2011 to 2050,
under the state policy guidance for developing her vast western area, tens of mega
hydropower projects will be built in China. For example, the Motuo hydropower
project will be installed with generator capacity larger than 40,000 MW. These
milestone projects will further give strong impetus to push the technology of
hydraulic engineering in China up to an unprecedented level, and to provide ever
vast room for the progress in computational geomechanics. By the publishing of
this book, the author does wish to encourage our successors to take on historical
responsibilities by conducting more advanced and practical researches on the rel-
evant topics.

Wuhan, Hubei, P.R. China Sheng-Hong Chen
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Chapter 1 )
Introduction Check or

Abstract This chapter describes the connotation and denotation of computational
geomechanics (CG), a sun-branch of computational methods or mechanics
(CM) which is, in turn, the branch of modern mathematical modeling. The history
of the CM is logically unfolded following the evolution of human civilization, and
the state-of-the-art is examined with special reference to those who are most widely
or potentially exercised in hydraulic engineering. This introductory chapter is
concluded with comments and suggestions on the healthy development and suc-
cessful application of the CG for hydraulic structures.

1.1 General

Under environmental actions (or exerted loads), effects such as deformations
(deflections) and stresses will manifest within hydraulic structures. The failure will
further be triggered if the action effects exceed the bearing capacity of the structure.

Since the beginning of human civilization, the design of hydraulic structures has
evolved from primitive trial-and-error ventures to skillfully analytical approaches.
Early hydraulic structure construction was an uncertain art resting on cumulative
experiences. As the centuries unfolded, it was gradually merged with sciences and
technologies. Particularly, the theories of mathematics and mechanics played
increasingly important role in seeking safer design schemes. Nowadays, the anal-
ysis of action effects by means of laboratory physical modeling, field monitor
modeling, and mathematical modeling, is indispensable in the design for important
hydraulic structures (Chen 2015).

Physical modeling is a fundamental tool in the effect analysis of actions because
it may give straight forward and intuitionistic answers concerning the deformation
and failure of hydraulic structures. Even with the great progress in mathematical
modeling of recent decades, the physical modeling is still effective in the study of
structural problems with regard to cracking, sliding, and dynamic shaking for
important hydraulic structures. Physical modeling may be generally distinguished
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as brittle material modeling, geo-mechanical modeling and emulation modeling
according to the model materials used (Fumagalli 1973).

Technically, monitoring of hydraulic structures is related to instrumentation
sciences, computer sciences, modern mathematics, and is one of the most essential
branches of their safety management (ICOLD 1987, 1988; Dunnicliff 1990).
A successful safety monitoring system for hydraulic structures (e.g. dams) consists
of four functional components, i.e. instrumentation, data collection and manage-
ment, data evaluation and calibration, and response plan. Monitor modeling for the
interpretation and analysis of observed data is intended to answer the questions such
as “what is the real state of the hydraulic structure?” and “how far is the real state
shifted from the design stipulation and safety criteria?”” Bearing these questions in
mind, it is apparent that the monitoring modeling plays a crucial role in the con-
struction and safety management of modern hydraulic structures (Ardito et al.
2008).

Mathematical modeling is another paramount tool in the analysis of action
effects for modern hydraulic structures (ICOLD 2001a, b, 2013). It makes use of
physical laws to build partial differential equations (PDEs) or their simplified
versions such as the limit equilibrium modeling (LEM), which are solved under
specific boundary and initial conditions. The major advantages of the mathematical
modeling are:

— It is relatively easier to build for the simulation of construction and operation
process;

— It may give prominence to the basic features of hydraulic structures, to ade-
quately implement the analysis of their working principles and failure
mechanism;

— It is sophisticated to carry out sensitive analysis by the adjustment of parameters
and factors, to understand the tendency and extent of their influences on
hydraulic structures, and to enlighten appropriate improvement- or/and
counter-measures in the design and construction stages.

The back (inverse) analysis or its evolutionary product—feedback analysis, is
actually a hybrid of monitor modeling and mathematical modeling in addition to
other auxiliary tools such as computational intelligence (CI) and decision sup-
porting system (DSS). It is prevalent in recent years for the dynamic design and
construction of important hydraulic structures (e.g. dams, cut slopes, underground
caverns and tunnels). Its researches and engineering practices have pushed the
structural design and construction techniques up to an unprecedented level.

The main coverage of this book is much more closely related to the mathe-
matical modeling, although physical modeling and monitor modeling are frequently
demonstrated where the validations and engineering applications are addressed.
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1.2 Mathematical Modeling

Typical mathematical modeling for hydraulic structures may be implemented by the
following approaches.

(1) Analytical method

A closed-form (analytical) solution using the mathematical model represented by its
specific PDE may be employed to directly calculate outputs after the plug of inputs
into the formula. It possesses an unique advantage over the others, namely, accu-
rate. Nevertheless, only under simple boundary and initial conditions such solution
may be fortunately worked out. Nowadays, these precious closed-form solutions
also play important roles in validating the computational solutions.

(2) Limit equilibrium method

The limit equilibrium method (LEM) makes use of a simplified version or a portion
of PDE (e.g. neglecting deformation compatibility condition and constitutive
relation), which is directly solved under the conditions of force or/and moment
equilibrium solely, to provide the factor of safety (FOS) for the hydraulic structure
concerned.

There are two approaches for determining the FOS against the loss of stability by
means of the LEM. The first one is based on the condition of stress/force equi-
librium at every point of a structure, the highest load or the lowest strength which
does not lead to the loss of equilibrium of the structure is sought; the second one
postulates the occurrence of a kinematically permitted failure mechanism, e.g. a
sliding prone rock mass along a potential slip surface, the most adverse slip surface
at which failure manifests, is sought (Bell 1968; Meyerhof 1984).

In the first approach, the state of stress in the structure must be pre-determined.
Owing to the statically indeterminate feature of various hydraulic structures,
deformation pattern must be taken into account. As a result, the stress-strain relation
of material must be established beforehand, afterwards solutions are worked out by
the application of computational methods (e.g. FEM). The main advantage of this
approach is that the analysis itself indicates zones where potential slip surfaces may
be evolved. Disadvantages lie in the extensive and complicated numerical com-
putations. Hence this approach is desirable in particular problems where the
structural deformation have to be explored.

The second approach consists of analyzing equilibrium along various kinemat-
ically potential slip surfaces and finding the most possible failure mode. It is
generally exercised for the routine stability verification of structural profiles.
Normally, this approach leads to a sufficiently convincible result and is very
attractive in the routine design due to its simplicity.

To handle special cases where the stability of rock masses is dominated by the
discontinuities, the key block theory (KBT) initiated independently by Warburton
(1983, 1993), Goodman and Shi (1985), is prevalent. Instead of utilizing any stress/
deformation analyses, it identifies ‘“key blocks” in the rock mass formed by
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discontinuities and exposure surfaces that are prone to sliding and rotating in certain
directions. The key block theory, or simply block theory, enjoys wide applications
in the tunnel and cut slope stabilization (Yow 1990; Shi and Goodman 1990; Chern
and Wang 1993; Scott and Kottenstette 1993; Boyle and Vogt 1995; Nishigaki and
Miki 1995; Lee and Park 2000; Lee and Song 1998).

Although LEM algorithms for the various stability issues of hydraulic structures
(e.g. dam foundations, cut slopes) have been exercised for many years, yet it has
been questionable that for a statically indeterminate structure, assumptions on the
forces/moments are required to render the problem being statically determinate
(Londe 1965; Guzina and Tucovic 1969; Chan and Einstein 1981; Chen 1984).
Since such assumptions overlook several important factors lowering down the
stability of hydraulic structures, therefore the reliability of the LEM is not always
guaranteed and the risk of unsafe side design cannot be ruled out. A higher
allowable safety factor is normally stipulated in the design specifications to com-
pensate the deficits of the LEM, in an attempt to let engineers feel confidence that
the stability safety has been assured.

(3) Computational methods

The mathematical modeling and problem-solving oriented computation techniques
give birth to the discipline of “computation science” (CS). In practical use, it is
typically the application of computer simulation and other forms of computation
ranging from the numerical analysis for engineering structures to the solution for
other various scientific problems.

Nowadays, as a result of the fast development of computer industry and com-
putational techniques, the computation science is in parallel to the “theory” and
“experiment” to form three “pillars” in an ambition to understand the nature, and of
course, the hydraulic structures as well (Zhu 1998; Jing and Hudson 2002; Morton
and Mayers 2005; Zienkiewicz et al. 2005, 2013; Bobet et al. 2009; Anandarajah
2010).

The computational method or computational mechanics (CM) is a branch of the
computation science inter-disciplinarily supported by the mathematics, computer
science, mechanics, etc. Important specializations in the hydraulic structures where
the CM is widely exercised are the computational fluid dynamics, computational
thermodynamics, and computational solid mechanics. As a sub-branch of CM, the
computational geomechanics (CG) focusing on soils and rock-like materials (con-
crete and rocks), is the primary coverage of this book.

The subjects of mathematics mostly related to the CM are partial differential
equations (PDEs), linear algebra, and numerical analysis. PDEs entail the mathe-
matical model of various physical and mechanical phenomena in diverse subject
areas such as fluid dynamics and solid mechanics. Very frequently, these PDEs are
so complicated that finding their solutions in closed-form is neither possible nor
practicable, and we have to resort to seeking numerical approximations. In this
context, numerical analysis (NA)—the study of numerical approximation algo-
rithms for PDEs, is an important underpinning in the CM.
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1.3 Computational Methods for Engineering Structures

Scientists and engineers working in the field of computational methods for the
mechanical process of engineering structures, particularly hydraulic structures tar-
geted in this book, are customarily guided by the following task list.

— The pre-process for the real world entity representing a hydraulic structure is
carried out. This is normally accomplished by modeling a solid structure
inclusive its foundation, creating a discrete fracture network (DFN) inclusive
joints in the structure (Wilcock 1996), identifying sub-domains (blocks), and if
necessary (e.g. in FEM and FDM), discretizing the whole solid entity into a
mesh (grid) system.

— The mathematical model simulating a physical phenomenon is constructed. This
usually involves expressing the model in terms of PDEs. Of which, the con-
stitutive equations (relations) for the construction materials (e.g. rock, soil,
concrete) and their corresponding parameters are the most important factors
dominating the computation results.

— The mathematical model is converted into a form suitable for digital compu-
tation. This is mostly related to the areas of linear algebra (LA) and numerical
analysis (NA). Typically, this operation transfers a PDE (or a system thereof)
into a corresponding algebraic equation set, and is called “discretization”
because it creates an approximate discrete model from the original “accurate”
model. There are various algorithms for such a discretization dependent on the
basic conceptualizations and postulations with regard to the materials in the
structure, such as the FEM for continua, the DEM for discontinua, and hybrid
ones.

— Computer program is compiled (or revised) to solve the approximately dis-
cretized model using either direct methods (single marching scheme to obtain
the next step solution) or iterative methods (start with a trial solution and arrive
at the convergent solution by successively iterative refinement). The most
widely exercised programming languages in the science and engineering com-
munities are the Fortran and C++. Although they all possess well known pop-
ularity, yet the latter is becoming more and more prevalent because of its built-in
visualization functions. The proprietary language/environment MATLAB is also
widely employed, especially for a rapid application development and model
verification. Depending on the nature of the problem, supercomputers or parallel
computers may be demanded to run the program within acceptable time.

— Post-process and visualization. In order to help practitioners to understand, ana-
lyze, and debug computation results conveniently, as well as to add some fun to
their works, it is extremely encouraged to develop well performed post-process
software for vividly presenting the spatial-time distribution of physical and
mechanical fields (e.g. temperature, hydraulic head and flow rate, deformation/
stress and damage) in the structure concerned. All these are strongly dependent on
the scientific visualization which is an interdisciplinary branch of computer sci-
ence and has made rapid progress insofar (McCormick et al. 1987; Pickover 1994).
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There are basically two ways to realize scientific visualization. The traditional and
still effective approach is to run the computation software and save the output to a
file, afterwards use is made of a special post-process program to hard print or to
screen display the data. When the simulations are time consuming (“‘expensive”),
or the data sets are very large, this is often advisable. The second approach is to do
the visualization from within the computation program using language-callable
routines. The Fortran language itself does not possess universal graphical con-
structs, as exists in the C++ language. In the former case, a wide selection of
auxiliary software packages are now available (e.g. Dislin) where the emphasis is
on realistic renderings of volumes, surfaces, illumination sources, and so forth,
perhaps with a time component. In the latter case, many commercial software
packages such as ABAQUS, NASTRAN, ADYNA, ANSYS, etc., are equipped
with strong post-process modules.

Safety calibration. For a hydraulic structure concerned, the run of computation
program provides the hydraulic potential and its gradient, temperature variation
and its gradient, deflection and stress, stability safety factor, etc. These indices
should be assessed for the purpose of safe and economical design of the
structure. There are basically three categories of safety criteria: those who
possess the feature of “point” or “local” such as the computed stress against the
allowable stress (strength), of “face” such as the slip driving force against the
allowable resistance force with regard to a specified surface (planar or curved),
and of “overall” such as the overall stability of the whole structure. It is rela-
tively easier to construct a point criterion with the computed action effects (e.g.
stress, hydraulic gradient) and correspondingly stipulated allowable indices.
Although sometimes the singularity points may bring about the difficulties in the
selection of appropriate action effects, yet the rendering processes such as the
equivalent stress for arch dams (Chen 2015) may be employed to tackle the
problem. Safety factor against sliding normally possesses a “face” feature.
Although it is less disturbed by the singularity points, yet paradoxically it
introduces difficulties in the construction of state function under the circum-
stances with curved slip surface due to the treatment of changeably directed
shear stresses. Towards establishing an “overall” stability safety criterion for the
structure using computational methods, either the “overload factor”—the ratio
of the ultimate load to the actual load exerting on the structure to bring it to a
state of limiting equilibrium, or the “strength reduction factor”—the ultimate
strength (resistance) divided by the mobilized stress (failure driving) to bring the
structure to a state of limiting equilibrium at incipient failure (Matsui and San
1992; Ugai and Leschinsky 1995; Dawson et al. 1999; Griffiths and Lane 1999),
may be employed. The allowable (permissible) factor of safety (FOS) is stip-
ulated according to the structure type and grade under definite load (action)
combination. It is worthwhile to note that all the afore-defined safety factors
exhibit different values, although in particular simple cases they could be
identical.
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The mathematical models, numerical procedures, and computer programs
(codes, software) should be thoroughly verified using either experimental data or
benchmarks (e.g. exact analytical solutions) available. Quite frequently, a new
numerical or computational method is calibrated by comparing its outputs with
those of existing well-established methods. It is appreciative that the “ICOLD
Committee on Computational Aspects of Dam Analysis and Design” had made
noteworthy contributions by organizing a series of “Benchmark Workshops™ (al-
together 14 until 2017) intended to offer dam engineers and researchers the
opportunity to share their experiences of how to use computational methods

properly.

1.4 History and State-of-the-Art of Computational
Methods

The history of computation may date back to the dawn of human civilization (Klein
1972). The prehistory of arithmetic—precedence of computation, was limited to a
small number of artifacts which may indicate the conception of addition and sub-
traction. The best-known is the “Ishango bone” from central Africa dating from
between 20000 BC and 18000 BC, although its interpretation is still disputed
(Rudman 2007).

According to the knowledge of the author, the development of computational
methods may be roughly divided into 6 major periods according to the features of
mathematics, mechanics, and computation tools, which will be summarized below.

1.4.1 3000 BC-300 BC

This is a dawn period of computational methods in the human history featured by
arithmetic or elementary algebraic operations consisting of the study on numbers
and basic operations between them, namely the addition, subtraction, multiplication
and division (Struik 1987; Boyer 1991). The earliest written records indicate that
the Egyptians and Babylonians were able to conduct all these elementary arithmetic
operations as early as 2000 BC.

Complex calculations needed the assistance of tools such as counting board and
abacus. One of the earliest mathematical writings on a Babylonian tablet (YBC
7289) from the Old Babylonian period (1830-1531 BC) gave a three significant
sexagesimal digits (seven significant decimal digits) of /2 (Aaboe 2008), this
means that with the help of counting board, they were able to compute the sides of a
triangle (and hence square roots) which is extremely important in architecture and
astronomy. In the period between 2700 BC and 2300 BC saw the first appearance of
the Sumerian abacus, a table of successive columns which delimited the successive
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magnitude orders of their sexagesimal number system. Abacus is a high efficient
calculating tool that had been widely used in Europe, Russia, African and Eastern
Asian countries (particularly prevalent in China) for centuries and may still find it
application by merchants, traders and clerks in some parts of these countries. Sadly
however, it is seldom to find the use of abacus in China since the 1980s due to the
adoption and wide-spread of pocket electronic calculators, and recently, over-
whelming smart mobile phones.

1.4.2 300 BC-1600 AD

This is a period initiated from the Hellenistic civilization of ancient Greece whose
studies in mathematics overlapped with their philosophical and mystical beliefs.

Until the Hellenistic period the ancient Greeks lacked a symbol for zero, so they
had to use three separate sets of symbols. One set for the unit’s place, another for
the ten’s place, and the rest one for the hundred’s place. For the thousand’s place
they would recur the symbols for the unit’s place, and so on. Although the mul-
tiplication algorithm was slightly different, their addition and long division algo-
rithms were identical to ours today. The square root algorithm once taught in school
was known to Archimedes, who is believed as the inventor.

It is not very clear when the Chinese started to calculate with positional repre-
sentation, but it is believed that definitely before 400 BC they possessed a similar
positional notation based on the ancient counting rods. Coincidentally, they also
lacked a symbol for zero and had one set of symbols for the unit’s place, and a
second set for the ten’s place. For the hundred’s place they would recur the symbols
for the unit’s place, and so on.

The ancient Hindu-Arabic people independently devised the place-value concept
and positional notation. They combined the simpler computational methods with a
decimal base numerals and the use of a digit representing zero (0), which eventually
replaced all other old systems.

The milestone works were founded in the early 6th century AD by Aryabhata—
an Indian mathematician who incorporated an existing version of computation
system in his work, and in the 7th century AD by another Indian mathematician—
Brahmagupta who established the use of zero (0) as a separate number and
determined the results for the multiplication, addition and subtraction of zero and all
other numbers, except for the result of division by O.

The Arabs learned Indian new computation system. Although the Codex
Vigilanus described an early form of Arabic numerals (without 0) by 976 AD,
Leonardo of Pisa (Fibonacci) was primarily remembered for spreading their use
throughout the European countries after the publication of his book “Liber Abaci”
in 1202 AD. Styled as the “method of the Indians”, he noted the significance of this
“new” representation of numbers because it allowed for the computation system to
consistently represent both large and small integers.
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In the medieval period arithmetic was one of the seven liberal arts taught in
European universities. The flourishing of algebra in the medieval Islamic world and
in Renaissance Europe was an outgrowth of the crucial simplification in the
computation through the decimal notation.

1.4.3 1600s-1800s

As the unfolding of human civilization, various higher performance calculating
tools in addition to ancient abaci were created and used to assist in computation,
including the slide rule invented around 1620-1630 AD by J. Napier, E. Gunter, E.
Wingate, W. Oughtred, et al., the nomograms and mechanical calculators such as
the Schickard’s calculator invented in 1623 AD by W. Schickard, and the Pascal’s
calculator, also called as the “Pascaline”, invented in 1642 AD by Blaise Pascal.

Mechanics is one of the most powerful demand-pulls of the progress in the
computational method. The beginning of classical mechanics is generally attribu-
table to Sir Isaac Newton and many contemporary natural philosophers in the 17th
century, of which the solid mechanics mainly for the engineering structural design
in its early time, was actually initiated by the “Hooke’s law” in 1676—named after
the British physicist Robert Hooke (Timoshenko 1953).

The next important step forward in the solid mechanics was made by Galileo
Galilei who firstly developed a theory of beams, although recent studies argue that
Leonardo da Vinci was the first to make the crucial observations. Leonhard Euler
and Daniel Bernoulli were the first to established a simplified linear theory of
elasticity that provides a tool for calculating the bearing capacity and deflection
characteristics of beams.

The study of fluid mechanics may trace back at least to the days of ancient
Greece, when Archimedes investigated fluid statics and buoyancy and formulated
his famous law known now as the “Archimedes’ principle”—generally considered
to be the first major work on fluid mechanics. Rapid progress in fluid mechanics
began with Leonardo da Vinci (observations and experiments), Evangelista
Torricelli (invented the barometer), Isaac Newton (investigated viscosity) and
Blaise Pascal (researched hydrostatics, formulated Pascal’s law), and was continued
until Daniel Bernoulli who established mathematical fluid dynamics (Massey and
Ward-Smith 2005).

In 1715, Daniel Bernoulli systematized the virtual work principle and made
explicit the concept of infinitesimal displacement to solve problems for both rigid
bodies as well as fluids (Capecchi 2012). This is an important step towards the
study on the mechanics of deformable bodies and the analysis for complex struc-
tures (Dym and Shames 1973).

At the end of this period, science and engineering were generally looked at as
very distinct fields, and there was considerable doubt that a mathematical product of
academia could be trusted for the safety assessment of engineering structures. Take
the hydraulic structures for example, rational theories and criteria for the dam
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design had few acceptance, problems encountered in its construction were ordi-
narily tackled in a style of trial and error (Chen 2015).

1.4.4 1800s-1940s

This is a period featured by the fast development in classical mechanics and
mathematics under the impetus of the fast development in techniques for modern
machinery manufacture industry and civil engineering inclusive hydraulic works.

Bridges and buildings continued to be constructed by precedent until the late
19th century, when the Eiffel Tower and the Ferris wheel demonstrated the validity
of the mechanical theory on large scales. In the field of hydraulic structures, along
with the invention and sophisticated application of climbing formwork, Portland
cement, and modern concrete, Furens Dam (France, H = 50 m), a gravity dam
accomplished in 1858, was designed according to the “gravity method”—a variant
beam theory proposed by French engineer J Sazilly. New Croton Dam, also known
as Cornell Dam (USA, H = 91 m), a gravity dam accomplished in 1905, was one of
the first applications of American Portland cement. FA Noetzli summarized the
works of the “crown cantilever method”, a structural analysis algorithm for the
arch-cantilever grid system initiated in 1905 by two US engineers GY Wisner and
ET Wheeler, in a landmark paper by giving relatively simple formulas for calcu-
lating the cantilever and the arch actions, and then applied his formulations to the
design of Pathfinder Dam (H = 65 m, USA), which was completed in 1909. In
1929, C Howell and AC Jaquith, both from the Bureau of Reclamation, formalized
comprehensively the calculation method using various arches and cantilevers
developed through scattered contributions, as the “trial-load method” (TLM).

Throughout this period, leading scientists in mechanics and mathematics had
been involved in scientific studies and engineering applications of the continuum
mechanics (fluid dynamics, heat transfer and solid mechanics) and related theory of
partial differential equations (Florian 1928), and on many aspects their works had
led to the discovery of modern numerical analysis and computational mechanics in
use today.

On a microscopic scale, materials such as solids and fluids, are composed of
particles (e.g. atoms and molecules) separated by “empty” space. On a mesoscopic
or/and macroscopic scale, rock-like materials (concrete and rock) even contain voids,
cracks and discontinuities. However, certain physical phenomena can be simply
described by assuming the material as a continuum, i.e. in an object the matter is
continuously distributed and fills the entire spatial domain it occupies. By the term of
“continuum”, it implies that the matter concerned can be continually sub-divided into
infinitesimal elements with properties being identical to the original bulk one. On the
length scales much greater than that of inter-particle distances, this conceptual
(phenomenological) material model possesses high performance. Fundamental
physical laws such as the conservation of mass, the conservation of momentum, the
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conservation of energy, and the constitutive law (relation) of material properties, may
be applied to derive PDFs governing the behaviors of object.

When the length scales does not hold, or when one wants to establish a con-
tinuum of finer resolution than that of the representative volume element (RVE) or
representative element volume (REV) size, one has to employ a statistical volume
element (SVE), which in turn, leads to random continuum fields. The latter may
provide a micromechanics or mesomechanics basis for stochastic behaviors of
materials. The levels of RVE (REV) and SVE link continuum mechanics to sta-
tistical mechanics, and they may be assessed only in a limited way via experimental
testing when the constitutive response becomes spatially homogeneous
(Ostoja-Starzewski 2007).

Continuum mechanics deals with the physical properties of solid and fluid which
are independent of any particular coordinate system in which they are observed.
These physical properties are then represented by tensors, which are mathematical
objects with required properties independent of coordinate system. Basically, there
are two formalisms in the classical field theory towards the continuum mechanics
(Spencer 1980; Hutter and J6hnk 2004), namely, the Lagrangian formalism and the
Eulerian formalism.

The Lagrangian formalism seems a natural development from the Lagrangian
mechanics established in 1788—a reformulation of the classical mechanics for
discrete particle system with a finite degrees of freedom (DOF). To expand the
Lagrangian formalism into the classical field theory of continuum which has an
infinite number of DOF, the function of generalized coordinates—Lagrangian”, is
replaced by a “Lagrangian density” that is the function of the field and its derivatives,
and possibly of the space and time coordinates themselves. The independent variable
t is replaced by an event in space-time (x, y, x, ) or still more generally, by a point on
a “manifold”. Often, the “Lagrangian density” is simply referred to as the
“Lagrangian”. In the Lagrangian formalism, an observer standing in the referential
frame observes the changes in the position and physical properties as the material
body moves through the space with the ongoing time.

The Eulerian formalism focuses on the current matter configuration, and what is
occurring at a fixed point in the space with the time evolution, in lieu of giving
attention to individual particles with regard to how they move through the space
and time. This approach is conveniently applied in the study of fluid flow or solid
deformation where the main interest is directed to the magnitude and rate at which
the changes manifest, or to the gradient of the field rather than the shape of the body
at a reference time.

In 1826, Claude-Louis Navier published an academic paper on the elastic
behaviors of structures. He formulated the general theory of elasticity in a mathe-
matically resoluble form with sufficient accuracy for the first time. He is therefore
often respected as the founder of modern structural analysis. In 1873, Carlo Alberto
Castigliano presented his dissertation with regard to compute displacements as the
partial derivatives of strain energy, in his theorem the method of least work was a
special case. In 1941 Alexander Hrennikoff discretely solved the elasticity plane
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problems using a lattice framework in parallel to the “trial-load method” for arch
dams.

In fluid dynamics, a set of quasilinear hyperbolic PDEs governing adiabatic and
inviscid flow, the “Euler equations” named after Leonhard Euler, was formulated in
his academic paper in 1757. Further mathematical justification was provided by
Claude-Louis Navier and George Gabriel Stokes (Anderson 1995). The
Navier-Stokes equations are also of great interest in a purely mathematical sense—
it has not yet been proven that their three-dimensional solutions always exist, or that
if they do exist, then they are smooth without any mathematical singularities. These
are called the “Navier-Stokes existence and smoothness problems”.

In 1822, Joseph Fourier published his seminal work on heat flow, in which he
proposed his PDE for conductive diffusion of heat now being taught to students of
mathematical physics and being the basis of thermal field analysis for concrete
dams. Fourier also made a great contribution on purely mathematics by claiming
that any function of a variable can be expanded in a sine series. Although his result
is not correct without additional conditions, yet Fourier’s observation that some
discontinuous functions are the sum of infinite series was a breakthrough in the
numerical analysis and computation.

The Darcy’s law with regard to the rate of water seeping through a soil (per-
meability) was promulgated in 1856, and is still very relevant today. It is analogous
to the Fourier’s law in the field of heat conduction, the Ohm’s law in the field of
electrical networks, or the Fick’s law in the diffusion theory, and therefore the
similarity of governing PDEs exist between the heat conductivity and fluid per-
meability. The Darcy’s law dictates how and where different types of earthfill
materials can be used in an embankment dam. This is probably the first result in
understanding two-phase problems, namely, fluid versus solid.

Field and laboratory testing for soil and rock materials began to emerge during
the 1920s and early 1930s. In addition to the pioneering works on the topics such as
soil permeability by Karl von Terzaghi who is generally respected as the father of
soil mechanics, others contributed greatly, too, in the attempt to characterize these
materials.

At the mid 20th century, the basic governing PDEs for solid mechanics,
hydrodynamics, thermal conductivity, were all available. The ball was then passed
to the scientists in mechanics and mathematics to find the solutions for specific
issues arise from sciences and engineering.

In the whole 19th century, mathematical study on the numerical analysis and
computation continued its long tradition of practical calculations. People did not
seek exact answers that are often impossible to access in practice. Instead, they were
highly interested in obtaining approximate solutions meanwhile maintaining rea-
sonable bounds on errors. Many great mathematicians had been preoccupied by the
issues of numerical analysis (Hildebrand 1956), and invented important algorithms
with their big names like the Newton’s method, the Lagrange interpolation poly-
nomial, the Fourier series and transform, the method of Lagrange multipliers, the
numerical quadratures of the Newton-Cotes formulas/Simpson’s rule, the Euler’s
method, the iterative methods of Jacobi/Gauss-Seidel. Among them, C. F. Gauss is
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an outstanding scientific giant (Dunnington 2012) attributable to his crucial works
in least-squares data fitting in 1795, solution algorithm of linear equation sets
(Gaussian elimination) in 1809, numerical quadrature (Gaussian quadrature) in
1814, as well as fast Fourier transform in 1805, though the last did not become
widely known until its rediscovery by J. W. Cooley and J. Tukey in 1965.

Since around the 1900s, however, mathematicians were shifted to less con-
spicuous in the numerical analysis. This was a consequence of the great advances in
scientific fields in which, for technical reasons, mathematical rigor had to be the
heart of the subject. For example, many advances of the early 20th century sprang
from mathematicians’ new ability to reason rigorously about infinity, a subject
relatively far from numerical analysis.

Before the advent of modern computers, numerical analysis often depended on
hand interpolation in large printed tables. This was far from the sophisticated
solution for complex structural problems governed by the PDEs and restrained by
boundary and initial conditions. The computer for calculating the field functions,
was highly solicitous of.

Charles Babbage, an English mechanical engineer, is considered the father of the
computer by conceptualized the first mechanical analog computer in the early 19th
century. After working on his revolutionary difference engines designed to aid in
navigational calculations, in 1833 he realized that a much more general design, an
“analytical engine”, was possible (Goldstine 1972). The first modern analog
computer was a tide-predicting machine invented by Sir William Thomson in 1872.
The differential analyser, a mechanical analog computer designed to solve differ-
ential equations using wheel-and-disc mechanisms, was conceptualized in 1876 by
James Thomson. The technology of mechanical analog computing reached its
summit by H. L. Hazen and Vannevar Bush at MIT in 1927. A dozen of such
devices were built before their obsolescence became obvious. By the 1950s the
success of digital electronic computers had spelled the swan song for the most
analog computing machines, but they remained in performance during the 1950s in
some specialized applications such as university education.

1.4.5 1940s-1970s

It is an exciting era landmarked by the appearance of digital electronic computer
and computational method towards the solution of PDEs arise from various science
and engineering demands.

Humankind started the modern aviation times in 1939 by the first jet aircraft—the
German Heinkel He 178. In 1943, the Messerschmitt Me 262, the first jet aircraft
fighter, went into service in the German Luftwaffe. In October 1947, the Bell X-1
became the first aircraft to exceed the speed of sound. The first jet airliner—the de
Havilland Comet, was introduced in 1952. The Boeing 707, the first widely suc-
cessful commercial jet, had been in commercial service from 1958 to 2010. The
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Boeing 747 was the world’s biggest passenger aircraft from 1970 until 2005 when it
was surpassed by the Airbus A380.

Although space flight had become an engineering possibility with the work of
Robert H. Goddard in 1919 by his milestone paper “A Method of Reaching
Extreme Altitudes”, yet his work was not taken seriously by the public.
Nonetheless, his paper was highly influential on the German “Von Braun’s V-27,
the first rocket to reach space at an altitude of 189 km in 1944. In the former USSR,
the class of “Korolev’s R-7 Semyorka” rockets was used to launch the world’s first
artificial Earth satellite “Sputnik 1” in October 1957, and later the “Vostok 1 with
first human—Yuri Gagarin to orbit the Earth in April 1961. A class of rockets
“Saturn” allowed the USA for sending the first two astronauts, Neil Armstrong and
Buzz Aldrin, to the Moon and back the Earth on “Apollo 117, in July 1969.

In civil engineering, with the advances in construction material technology,
skyscrapers (Empire State Building, USA, H = 381 m, 1931; World Trade Center,
USA, H = 417 m, 1972; The Willis Tower—formerly Sears Tower, USA, H = 442
m,1974), bridges (George Washington Bridge, USA, L = 1450 m,1931; Lake
Pontchartrain Causeway, USA, L = 38.442 km, 1956; Wuhan Yangtze River
Bridge, China, L = 1670 m, 1957; Fremont Bridge, USA, L = 656.5 m, 1973),
tunnels (Delaware Aqueduct, USA, L = 137 km,1945), and dams (Mauvoisin Arch
Dam, Switzerland, H = 237 m,1957; Vajont Arch Dam, Italy, H = 265 m, 1959;
Grande Dixence Gravity Dam, Switzerland, H = 285 m,1962; Glen Canyon Arch
Dam, USA, H = 216 m,1964; Contra Arch Dam, Switzerland, H = 220 m, 1965;
Oroville Earthfill Dam, USA, H = 235 m, 1967; Daniel Johnson Multi-arch
Buttress Dam—Manicouagan No. 5 Dam, Canada, H = 214,1968; Mica Earthfill
Dam, Canada, H = 242 m,1974; Dworshak Gravity Dam, USA, H = 219 m, 1976),
continued to mount toward new height and/or length records.

All the above engineering activities required rational, reliable, and efficient
computations for the structural issues with respect to the simulation and evaluation
of high speed or/and high pressure flow, complex material deformation and strength
(static and dynamic), strong temperature variation, as well as their coupling. Taking
the civil engineering for example, the stability requirements on structure founda-
tions and underground caverns gave impetus to the fast progress in rock mechanics
founded by Leopold Miiller. The evolution of soil mechanics and rock mechanics
gave birth to and maturation of geotechnical engineering, as an important specialty
of civil engineering. The use of a large stock of computers and computer programs
jointly pushed by geotechnical engineers and computation scientists became a
routine practice in the structural analysis and design to provide solution within a
fairly short time.

It is fortunate that at the initiation of this period, the mathematical basis of
approximation theory had been built. Today it has grown into one of the largest
branches of mathematics encompassing classical questions of interpolation, series
expansion, and harmonic analysis associated with the names of Newton, Fourier,
Gauss, and others; semi classical problems of polynomial and rational minimax
approximation associated with the names such as Chebyshev and Bernstein; and
much newer topics including splines, radial basis functions, and wavelets.
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In the early phase of this period, in addition to the traditional slide rules and
mechanical calculators, large books were published with formulas and tables of data
(e.g. interpolation points and function coefficients) for the purpose to facilitate
computations by hand. The canonical work in the field is the NIST publication
edited by Abramowitz and Stegun, a 1000-plus page book with a very large number
of commonly used formulas and functions and their values at many points. Today,
although these function values are no longer so useful as before when a computer is
easily accessible, yet the large listing of formulas can still be very handy.

The principle of the modern computer was proposed by Alan Turing when he
delivered a landmark paper in 1936 to the London Mathematical Society (Turing
1937) concerning a simple device called “universal computing machine”—now
known as “universal Turing machine”. It is capable of calculating any computable
things by executing instructions (i.e. program) stored on tape, in this manner the
programmable machine is allowed for. Modern computers are said to be
“Turing-complete”, which is to say, they possess the capability of algorithm exe-
cution equivalent to a universal Turing machine.

The mechanical calculator evolved into the electronic digital programmable
computer when the “Colossus” was built in 1943, followed by the “ENIAC” built at
the Moore School of Electrical Engineering, University of Pennsylvania (USA), by
J. Presper Eckert and John Mauchly in 1945, as well as the “Manchester small-scale
experimental machine” built at the Victoria University of Manchester (UK) in 1948
that is the first stored-program computer in the world.

John von Neumann, joined the ENIAC group in 1944, was a prestigious figure
and he made the concept of a high-speed stored-program digital computer widely
known through his writings and public addresses. As a result of his high profile in
the field, it became customary to refer to electronic stored-program digital com-
puters as “von Neumann machines”. However, John Von Neumann himself
acknowledged that the fundamental concept of the modern computer was the stored
program by the Turing’s design.

The final major event in this period of electronic computation history was the
development of magnetic core memory. Once the absolute reliability, relative
cheapness, high capacity and permanent life of ferrite core memory became
apparent, it soon replaced other forms of high-speed memory. The IBM 704 and
705 computers (announced in May and October 1954, respectively) brought core
memory into wide use.

Until the end of this period, mainframe computers such as IBM 7094 and IBM
7040/7044 were used primarily for critical applications and bulk data processing by
large organizations/institutions, meanwhile less expensive minicomputers such as
HP 2116A and PDP-8 were accessible by smaller agencies/schools.

New academic journals were founded such as the “Mathematics of
Computation” since 1943 and the “Numerische Mathematik™ since 1959. From this
moment, numerical methods began to explode, computational science (also called
scientific computing) became a “third way” besides the theoretical and experimental
sciences.



16 1 Introduction

Thanks to the efforts of these outstanding pioneers going back many decades,
and thanks to the ever more powerful computers, we had reached at a level where
most of the classical mathematical problems arise from physical sciences inclusive
mechanics can be numerically solved to high efficiency and accuracy.
Computational mechanics (CM), widely considered a branch of applied mechanics,
was also considered a branch of computational science. Computational geome-
chanics (CG), a sub-branch of CM strongly backed up by the engineering fields of
mining, transporting, building, etc., possesses more engineering proximate features
attributable to its equalized demands on the material properties and safety margins
in addition to computation algorithms.

Most of algorithms that make the CM powerful were invented since 1950, of
which the classical versions of the finite difference method (FDM), the finite ele-
ment method (FEM), and the boundary element method (BEM) based on the
Eulerian formalism, are without doubt the zenith. For the field problems of low
velocity fluid or infinitesimal deformation solid, the Eulerian formalism is more
convenient and easier to incorporate the constitutive laws (relations) (e.g. Hooke’s
law, Darcy’s law, Fourier’s law) with regard to the physical/mechanical properties
observed and summarized by our predecessors.

(1) FDM

It was firstly proposed by A Thom in the 1920s under the title of “the method of
square” to solve nonlinear hydrodynamic equations. The FDM is based upon the
approximations that permit substituting partial differential equations by finite dif-
ference equations, the latter are algebraic in form, and whose solutions are related to
grid points (Morton and Mayers 2005).

Compared to the FEM and BEM, the most attractive merit of the FDM is that it
is very easy to implement. The formation and solution of the equations are local-
ized, which is more efficient for memory and storage handling in the computer
program. No local trial (or interpolation) functions are demanded to approximate
the PDE in the neighborhoods of the sampling points, as is done in the FEM and
BEM. This also provides the additional advantage of more straightforward simu-
lation of complex constitutive behaviors, such as plasticity and damage, without
iterative algorithms using predictor-corrector mapping schemes for global matrix
equation systems, as in the FEM and BEM.

The FDM is not as prevalent as the FEM in structural problems, although it is a
major method in the fluid dynamics and hydraulics.

(2) BEM

Boundary integral is a classical tool for the solution of boundary value problems
based on PDEs. The BEM is a numerical method of solving boundary integral
equations applicable to problems for which the Green’s functions can be established
(Jaswon and Ponter 1963; Rizzo 1967; Cruse and Rizzo 1968; Brebbia et al. 1984).

The BEM initially sought a weak solution at the global level through the
numerical solution of an integral equation derived using Betti’s reciprocal theorem
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and Somigliana’s identity. The introduction of isoparametric elements using dif-
ferent orders of shape functions, in the same fashion as that in the FEM (Lachat and
Watson 1976; Watson 1979), greatly enhanced the BEM’s applicability for struc-
tural problems.

The BEM is more suitable for solving problems of fracturing in homogeneous
and linearly elastic bodies because it possesses remarkable advantages over the
FEM or FDM that:

— Only the boundary of the domain needs to be discretized. This reduces the
model dimension by one and consequently allows for much simpler mesh
generation and data input as well as smaller data storage.

— Exterior problems with unbounded domains are handled as easily as interior
problems.

— In some cases, the physically relevant data are given not by the solution in the
interior of the domain but rather by the boundary values of the solution or its
derivatives. These data can be obtained directly from the solution of the BEM
with high accuracy.

— Solutions inside the domain are continuously approximated with a rather high
convergence rate and moreover, the same rate of convergence holds for all
solution derivatives of any order in the domain.

Main difficulties with the BEM are that:

— Boundary integral equations require the explicit knowledge of a fundamental
solution, or the Green’s functions which are often problematic to obtain as they
are based on the solution of system equations subject to a singularity load.

— For a given boundary value problem there exist different boundary integral
equations, and to each of them there are several numerical approximations. Thus
every BEM application requires several choices to be made.

— The classical theory of integral equations and their numerical solution con-
centrates on ordinary Fredholm integral equations of the second kind with
regular kernel. However, the boundary integral equations frequently encoun-
tered may be of the first kind whose kernels are in general singular.

— Itis not as efficient as the FEM in dealing with material heterogeneity because it
cannot handle as many sub-domains (elements).

— It is not as efficient as the FEM in simulating non-linear behaviors (e.g. plas-
ticity, damage) because domain integrals are often presented in these problems.

(3) FEM

The FEM in its practical application often known as the “finite element analysis”
(FEA), is a numerical technique for finding approximate solutions to PDEs and
(Iess often) integral equations (Zienkiewicz and Cheung 1967; Desai and Abel
1972; Gallagher 1975; Roy et al. 1976). The distinctive history of the FEM is its
initial driving force from structural engineers who endeavored to the practical
formulations and solution techniques in addition to the scientists in mathematics



18 1 Introduction

and mechanics who laterly laid theoretical foundations with respect to the existence,
stability, and uniqueness, of the solution and error analysis as well.

In numerical analysis, the Galerkin method converting a continuous operator
problem governed by the PDE to a discrete one, is the equivalent of applying the
variation operator to a function space (Yosida 1980) by converting the equation to a
weak formulation. Use is then made of some constraints on the function space to
characterize the space with a finite set of basis functions. This approach is usually
credited to the Russian mathematician Boris Galerkin although it was firstly dis-
covered by the Swiss mathematician Walther Ritz, to whom Galerkin referred (Pont
2012). Frequently, when referring to a Galerkin method, one also gives the name
along with typical approximation methods used, such as the Bubnov-Galerkin
method (after Ivan Bubnov), Petrov-Galerkin method (after Georgii I Petrov) or
Ritz-Galerkin method after Walther Ritz (Ritz 1909; MacDonald 1933; Mikhlin
1964).

From the point view of mathematics, the FEM is a special case of more general
Galerkin method with polynomial approximation functions. Its development can be
traced back to the works by Hrennikoff (1941) and Courant (1943). Hrennikoff
discretized the object domain by using a lattice analogy similar to the “trial-load
method” for arch dams, whereas Courant divided the domain into finite triangular
sub-regions to solve second order elliptic PDEs arise from the torsion problem of a
cylinder.

The practical algorithm for the FEM was originated from the need for solving
complex elastic structures in civil and aeronautical engineering (Argyris 1963).
Between the later 1950s and early 1960s in China, Kang Feng proposed a sys-
tematic algorithm for the solution of PDEs, and studied the structural problem of
Liujiaxia Gravity Dam (H = 147 m, 1974). His method was called the “finite
difference method based on variation principle”, which was latterly recognized as
an independent invention of the finite element method (Lax 1993; Kang 1994).
Although the approaches used by these pioneers are different, yet they share one
essential feature—mesh discretization for a continuous domain into a set of discrete
sub-domains usually called as “elements”.

The FEM gained its ever stronger impetus in the 1960s and 1970s by the
outstanding works of, for example, J. H. Argyris with co-workers at the University
of Stuttgart, R. W. Clough with co-workers at the UC Berkeley, O. C. Zienkiewicz
with co-workers at the University College of Swansea, and R. Gallagher with
co-workers at Cornell University. Further driving was given in these years by
available open source programs. US NASA sponsored the original version of
NASTRAN, and the UC Berkeley made the SAP IV widely available. A rigorous
mathematical basis to the FEM was eventually established in 1973 with the pub-
lication by Gilbert Strang and George J. Fix. The method has since been generalized
for the numerical modeling of physical and mechanical systems in a wide variety of
engineering disciplines (e.g. heat transfer, fluid dynamics, and solid mechanics).

Much development work in the FEM had been specifically oriented towards
geotechnical structure problems, particularly in hydraulic engineering facing
complex structural configurations, rock-like materials of heterogeneity and



1.4 History and State-of-the-Art of Computational ... 19

non-linearity (plasticity), dynamic boundary conditions, and in situ geo-stresses
(Naylor et al. 1981; Pande et al. 1990; Wittke 1990). The FEM out-performed the
traditional FDM in the areas of hydraulic structures is attributable to its attractive
merits of higher ability and flexibility.

1.4.6 1970s-Today

We are fortunate for having experienced such prosperous times featured by high
performance computers and expansions of the FDM, FEM and BEM to various
field problems, of which the FEM holds dominant position in the design of super
engineering structures (e.g. super high dams). In addition, various new computa-
tional methods with regard to the issues of high-speed flow, large and discontinuous
deformation, etc., have been booming propelled by engineering and other industry
demands.

Activities in super tall skyscrapers move towards East, particularly the Asia
(Petronas Towers, Malaysia, H = 452 m, 1996; Jin Mao Tower, China, H = 420.5 m,
1999; Taipei 101, Taiwan, H = 509.2 m, 2004; Burj Khalifa, United Arab Emirates,
H = 829.8 m, 2009; Shanghai Tower, China, H = 632 m, 2015). Cable-stayed and
suspension become prevalent types in the construction of long span and/or high
bridges (Akashi Kaikyd Bridge, Japan, L = 3911 m, 1998; Baling River Bridge,
China, L = 2237 m, 2009; Russky Bridge, Russia, L = 3100 m, 2012; Beipanjiang
Bridge, China, L = 1341.4 m/H = 565 m, 2016). Long and/or large sectional tunnels
are constructed world widely for transportation and water diversion (Seikan Tunnel,
Japan, L = 53.85 km, 1988; Channel Tunnel, UK-France, L = 50.45 km, 1994;
Laerdal Tunnel, Norway, L = 24.51 km, 2000; Lotschberg Base Tunnel, Switzerland,
L = 34.57 km, 2007; Zhongnanshan Tunnel, China, L = 18.04 km, 2007; Eiksund
Tunnel, Norway, L =7.765 km, 2008; Gotthard Base Tunnel, Switzerland,
L =57.09 km, 2016).

In the areas of hydraulic structures, the traditional CVC gravity dams and
earthfill dams continues to mount ever new height. Since the 1990s, the world has
witnessed the boost of dam construction in China. Today, the world records of dam
height kept by the country are the roller-compacted concrete (RCC) arch dam
(Dahuashui, China, H = 134.5 m, 2008), the concrete faced rockfill dam (CFRD)
(Shuibuya, China, H = 233 m, 2008), the RCC gravity dam (Longtan, China,
H = 216 m, 2009), the conventional vibrated concrete (CVC) arch dam (Xiaowan,
China, H = 294.5 m, 2012; Jinping-1, China, H = 305 m, 2014).

At the start of this period, use was widely made of the fourth generation (VLSI
integrated circuits) computers such as the VAX with operating system “Digital’s
VAX/VMS” developed by the Digital Equipment Corporation (DEC) in the mid
1970s, and Alpha AXP with operating system “OpenVMS” developed by the DEC,
too. Since then, the computer industry has been developing at a speed normally
predicted by the “Moore’s law” after Gordon Moore, the co-founder of the Fairchild
Semiconductor and Intel. In 1965 he stated a doubling law every year in the number
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of components per integrated circuit. In 1975, looking forward to the next decade,
he revised his prediction to doubling every two years (Moore 1965, 1997). Insofar,
advancements in computers are strongly linked to the Moore’s law, particularly on
the aspects such as quality-adjusted microprocessor prices and memory capacity,
which throughout the late 20th and the early 21st centuries have contributed to
world economic growth from all industry areas inclusive infrastructures. In this
context, the Moore’s law describes a driving force for technology and society
change, and economic growth.

Today, computer hardware has to be designed in a multi-core manner to keep up
with the Moore’s law, and there is hot research to make computers out of many
promising new types of technology, such as optical computers, DNA computers,
neural computers, and quantum computers. Most computers are universal and able
to calculate any computable functions limited only by their memory capacity and
operating speed.

Since the 1970s, with the support of powerful computers and demands from
industry such as hydraulic engineering, aircraft/airspace engineering, high-speed
railway engineering, and marine engineering, new computational methods and their
hybrid, sophisticated material models, various physical and chemical fields and
their coupling, etc., have been developing fast. Some of them have only limited and
short term influences, whereas the others have profound contributions to sciences
and technologies until today. Complex structure systems that would be very diffi-
cult or impossible to handle with may be successfully simulated nowadays using
the tools provided by the CM. The great expectation permeating in the whole
industry, economy and society is that, with the incorporation of quantum, molecular
and biological mechanics into new models, the CM is poised to play an even much
more important role in the near future.

When the CM is expanded into the mechanics areas of compressible fluid
dynamics with high flow speed, and of solid dynamics with separable/crackable and
large deformation, the Lagrangian formalism starts to exhibit higher power
although other intrinsic difficulties (e.g. counting/geometric shaping/interacting of
particles) will manifest. In addition to the continuous and practical progress in the
classical FDM, BEM and FEM (Zienkiewicz 2000), the most important events in
this significant period are the invention of the generalized finite element method
(GFEM), the discrete (distinct) element method (DEM), the discontinuous defor-
mation analysis (DDA), the meshfree (meshless) method (MM), the numerical
manifold method (NMM), and the smoothed particle hydrodynamics (SPH). Most
of them are based on the Lagrangian formalism and therefore possess high
potentialities towards the solutions of crack propagation/dislocation and particle
detachment/flow for the geotechnical and hydraulic structures.

Attributable to selective methods available, we now have a wide spectrum of
computational geomechanics for hydraulic structures related to complex rock-like
materials (rock and concrete) of heterogeneous, anisotropic, and discontinuous,
under different circumstances.
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(1) The advancement in classical computational methods
1. FDM

The classical FDM with regular grid systems does suffer from restraints, most of all
due to its inflexibility in dealing with fractures, complex boundary conditions and
material heterogeneity. These make the standard FDM generally unfavorable for the
solution of structural problems related to rock-like materials. Today however,
significant progress has been made in the FDM with irregular meshes, such as
triangular or Voronoi grid systems, which leads to the so-called finite volume
method (FVM). Voronoi polygons grow from points to fill the space, as opposed to
tessellations where the polygons are formed by lines cutting the plane, or by
building up a mosaic from pre-existing polygonal shapes (Le Veque 2002).

The FVM can be formulated with basic variables (e.g. displacement) at the
centers of cells (elements) or at the nodes (grid points) of unstructured grid. It is
also possible to consider different material properties in different cells. The FVM is
therefore as flexible as the FEM in handling material heterogeneity, mesh gener-
ation, and treatment of boundary conditions. It possesses similarities with the FEM
and is hence regarded as a bridge between the FDM and FEM. The original concept
and early code of the FVM for stress analysis can be traced back to the work of
Wilkins (1963) who used a vertex-centered scheme with a quadrilateral grid.

Explicit representation of fractures is not easy in the FDM or FVM because they
demand continuity in the functions between the neighborhood grid points. In
addition, it is not possible to accommodate special “joint elements” in the FDM or
FVM as in the FEM. In fact, this is the crucial weak point of them in the com-
putational geomechanics. However, the FDM or FVM have been employed to study
the mechanisms of fracturing processes, such as the shear-band formation and
evolution of rock-like material samples (Fang 2001) and fault system formation and
propagation as a result of tectonic loading (Poliakov 1999) without creating explicit
discontinuity surfaces in the structures. This is achieved via a process of material
failure or damage propagation at the grid points or cell centers.

Recently, the gradient smoothing method (GSM) has also been developed for
computational fluid dynamics (CFD) problems (Liu et al. 2008; Zhang et al. 2008).
It is similar to the FVM, but it uses gradient smoothing operations exclusively in
nested fashions, namely gradient smoothing together with a directional derivative
technique to develop the first-and second-order derivative approximations for a
node of interest by systematically computing weights for a set of field nodes sur-
rounding. A simple collocation procedure is then applied to the governing equations
of strong form at each node using the approximate derivatives. In contrast with the
FDM inheriting topological restrictions, the GSM can be easily applied to arbi-
trarily irregular meshes of complex geometry.

2. BEM

The original developments of the BEM towards computational geomechanics may
be attributed to the works by Crouch and Fairhurst (1973), Bray and Brady (1978),
Crouch and Starfield (1983). Followed and pushed further by many others (Hoek
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and Brown 1982; Venturini and Brebbia 1983; Brebbia 1987; Pande et al. 1990;
Beer and Watson 1992; Beer and Pousen 1995a, b; Cerrolaza and Garcia 1997;
Birgisson and Crouch 1998), its applications to general stress and deformation
analysis for underground excavation, soil-structure interaction, groundwater flow
and fracturing process, etc., have been achieved. One of the most notable and
specially formulated BEM, called the Galerkin BEM (GBEM), produces a sym-
metric coefficient matrix in the Galerkin sense of a weighted residual formulation
(Bonnet et al. 1998; Wang et al. 2001a).

Inclusion of source terms, such as body forces, heat sources, fluid sink/source
terms in potential problems, leads to domain integrals in the BEM. The same will
also be manifested when considering in situ geo-stress fields and non-linear (e.g.
plastic) material behaviors (Mukherjee 1982; Wang and Ma 1986). The traditional
technique for dealing with such problems is the division of the domain into a
number of internal cells or elements, which essentially undermines the advantages
of “boundary only” discretization of the BEM. Different techniques have been
developed over the years to handle this issue (Brebbia et al. 1984; Sugawara et al.
1988), of which the most notable is the dual reciprocity method (DRM) (Partridge
et al. 1992; El Harrouni et al. 1997).

3. FEM

The FEM has become prevailing analysis tool in hydraulic structures for more than
40 years. Solutions to even very complicated stress problems, thermal problems, as
well as seepage problems, can now be obtained routinely using the method (Chan
et al. 1970; Hughes 1987; Cook et al. 1989; Crisfield 1997; Clough and Penzien
2003; Ern and Guermond 2004; Zienkiewicz et al. 2005, 2013; Krenk 2009). This is
mainly attributable to its following advancements.

i. Representation of discontinuities (rock joints, concrete cracks and joints)

It was motivated by the needs of computational geomechanics since the late 1960s
(Beer and Watson 1992). Today, the well-known “joint element” model (Goodman
et al. 1968; Mahtab and Goodman 1970; Goodman 1976) has been widely
implemented in FEM software and successfully applied to many practical engi-
neering problems. The zero-thickness postulation of Goodman leading numerical
ill-condition due to the large ratio of length to thickness of his element, was
improved later by Zienkiewicz et al. (1970), Ghaboussi et al. (1973), Katona
(1983), Desai et al. (1984), Gens et al. (1989, 1995), Buczkowski and Kleiber
(1997). Since these element models are inherently formulated on continuum
assumptions, therefore large-scale opening and sliding and complete detaching of
elements, are not permitted. In addition, these element models suffer from the
drawback that the global stiffness matrix is prone to ill-conditioned when many
joint elements are incorporated.

ii. Automatic mesh generation

From the point view of practitioners inclusive the author of this book, mesh gen-
eration with complex interior structures and exterior boundaries, is a highly
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demanding task when applying the FEM to hydraulic structures. It is truly critical
when 3-D problems of complex geometry with a large amount of discontinuities are
encountered.

Owe to the persistent and hard works throughout the 1980s, the breakthroughs
have been completely made (Zienkiewicz and Phillips 1971; Thacker 1980; Ho
1988) using either triangular or quadrilateral element meshes for two-dimensional
structures (Hermann 1976; Blacker et al. 1988). Algorithms for generating
quadrilateral meshes are carried out “directly” or “indirectly”. The latter creates
quadrilateral elements by converting pre-generated triangular elements into
quadrilateral ones by means of splitting or merging techniques (Zhu et al. 1991).
When a direct algorithm is used, quadrilateral elements are constructed and placed
directly into the domain. At the end of the 1980s, there had been a variety of
sophisticated methods for the mesh generation towards two-dimensional domains
of complex configuration, such as the octree method (Yerry and Shepard 1984), the
Delauney triangulation (Sloan and Houlsby 1984), the paving method (Blacker and
Stephenson 1991), the advancing front method (Lo 1985; Peraire et al. 1987,
Lohner 1988; Jin and Wiberg 1990).

Started from the 1990s, three-dimensional grid discretization has achieved great
progress propelled by the industry demands such as the CAD/CAM and the three-D
print. Of which the advancing front technique (AFT) and the Delaunay triangula-
tion method (DTM) are the most successful ones in generating tetrahedral meshes
in sequence as well as in parallel. Since the AFT is able to well control the
stretching direction of elements, it is more prevailing towards the general issues of
fluid dynamics and special issues of solid mechanics (e.g. localization) (Lohner
1988; Peraire et al. 1992; Moller and Hansbo 1995). The author of this book also
has exercised the AFT in the FEM study on hydraulic structures where the dis-
continuities and construction sequences are carefully taken into account (Chen et al.
1996, 2000; Cao et al. 1998).

However, the generation of hexahedral element mesh—superior to tetrahedral
one in terms of analysis accuracy as well as amount of elements and nodes, is rather
structured and offers less flexibility compared to the arbitrary unstructured tetra-
hedral mesh for the general purpose of adaptive FEM system. Existing algorithms
with regard to this difficulty are still not very robust insofar.

One of afflictive problems in the generation of FE mesh is how to tackle the
embedded macro-or/and meso-components due to the existence of discontinuities
and the installation of reinforcement and drainage devices. Simulation of such
components falls into two approach catalogues in the FEM: the implicit (equiva-
lent) approach takes the influences of them into the compliance tensor and per-
meability tensor but neglects their exact positions (Barenblatt et al. 1960; Long
et al. 1982; Pande and Gerrard 1983; Smith and Schwartz 1984; Dershowitz et al.
1985; Oda 1985; Bear et al. 1993; Dershowitz and Miller 1995; Jing and
Stephansson 1996; Chen and Egger 1999), whereas the explicit (distinct) approach
uses special elements to exactly simulate their geological and mechanical properties
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(Endo et al. 1984; Long et al. 1985; Elsworth 1986a, b; Andersson and Dverstorp
1987; Dershowitz and Einstein 1987; Cacas et al. 1990; Swoboda and Marence
1991; Chen and Egger 1997). The former can be applied to very complex engi-
neering problems with a large quantity of discontinuities and bolts as well as
draining holes, whereas the latter has the potentiality to describe them in much more
detail and consequently gives more precise solution. From the standpoint of
engineering practitioners, major difficulties in the explicit approach of fractures and
bolts/drainage holes lie in the pre-process to discretize the domain occupied by
these components: on one hand, there are a large amount of discontinuities of
different sizes, and a large amount of drainage holes or/and bolts of small diameter
(e.g. 10 cm) installed within a small width and largely stretched zone (e.g. 3 m in
distance between holes or/and bolts); on the other hand, the special elements at
hand need certain nodes to be deployed along these components and some of them
should be the common nodes of host solid elements. This, coupled with the
complex configuration of hydraulic structures (e.g. dam foundation, cut slope and
underground cavern), will lead to a time consuming and tedious pre-process
overhead. Recently, the composite element method (CEM) proposed by the author
(Chen et al. 2004b) may provide a promising solution for overthrowing this burden
inherited in the explicit approach.

When simulating the process of fracture propagation, the FEM is further
handicapped by the requirement of small element size and continuous re-meshing,
to conform the fracture path and element edges. This makes the FEM less efficient
in dealing with cracking problems than its BEM counterparts. Nevertheless, the
importance of the FEM equipped with powerful mesh generators should not be and
actually has not been neglected by hydraulic engineers. This is mainly because that
the first concern in the design of a hydraulic structure is the safety calibration under
the actions (loads) of normal or special combinations, where the limit states of
serviceability or collapse are taken into account accompanied by stipulated
allowable safety factors. Under such circumstances, the majority portion of dis-
continuities in the structure keeps closed and sliding deformation is only of minor.
This is why the FEM attains dominant position in the routine design of hydraulic
structures and is recommended as a principal computation tool in addition to tra-
ditional ones (e.g. gravity method, trial-load method) in the design specifications of
China.

iii. Adaptive refinement and standardized software

Users of the FEM in hydraulic engineering also have been dreaming to assess the
accuracy (refinement) of their computation results and to make the computation
“standardized”, to enable the FEM be prevailingly accepted as a principal analysis
tool in routine design practices. However, before proceeding further we have to
clarify the objectives of refinement and to specify “permissible error” or “error
tolerance” for the practitioners. For instance, the naive statement that all
displacement/stress, hydraulic potential and temperature as well as their gradients,
should be given within specified tolerances, is not realistic. The reasons are that at
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singularities, they will always be infinite and hence no acceptable error tolerance
could be specified. Taking a gravity dam for example, its dam heel and toe are
singularities where the strength conditions should be assessed according to the
design specifications. Unfortunately, the denser of the elements around there, the
higher of the stresses would manifest. Since the most procedures of doing refine-
ment convergence are generally too expensive in frequent applications and deci-
sions, therefore “experiences” of previous computations and rules on permissible
element shapes and sizes have to be frequently exercised, leading the element
refinement to be a kind of “magic”. This, accompanied with many disastrous
outcomes of computation, once led to the claim that only well trained and fully
tested technical staff members would be permitted to apply the art of the FEM.

Today, the situation is changing attributable to the introduction of error esti-
mators and adaptive techniques. This enables engineers to assess the discretization
error of a FEM computation and to adaptively adjust mesh size with reasonable
efforts. Such adaptive techniques were first introduced by 1. Babuska and W.
C. Rheinboldt in the late 1970s (1978), when they tried to find a process to refine
the approximation with desired accuracy. At the present, there exist various pro-
cedures for the refinement of FE solutions broadly falling into two basic categories
of h-version and p-version.

By the h-refinement, the elements of same class are continuously used but
changed in size: in some locations they are made larger and in others smaller, to
provide maximum economy in reaching the optimal solution (Zienkiewicz and Zhu
1987). The advantage is the FE software may be kept independent, but the software
for mesh generation is demanded to handle the complex domain configuration and
construction process. In addition, the h-refinement is slower in convergence, and
not well performed in handling the problem of singularity.

By the p-refinement, we continue to use the same FE mesh of fixed element size
and hierarchically increase the order of the polynomial used in the shape (basis)
functions. It has been demonstrated for linear elastic fracture problems that the
sequences of FE solutions with the p-refinement converge faster than that based on
the h-refinement (Szab6é and Mehta 1978). The theoretical foundations of the
p-refinement were established in a paper of I. Babuska, B. A. Szab6 and I. N. Katz
published in 1981. For a large class of problems, the asymptotic convergence rate of
the p-refinement in energy norm is at least twice that of the h-refinement, subject to
quasi-uniform meshes are used. Further evidence of the faster convergence of the
p-refinement was presented by Babuska and Szabd in 1982. The p-refinement is
good at the singularity problems, but the structure of the FE software is
complicated.

Nowadays, the adaptive FEM has been widely exercised in the computational
geomechanics and hydraulic structures. The author of this book was also devoted in
this area in the 1990s, and made practical contribution to the development of
standard FEM software towards the routine design activities. Because personally, I
tended to exploit the adaptive techniques for making the FE computation a stan-
dardized process, subject to the discretization error target or tolerance being stip-
ulated after various “code calibrations” for existing hydraulic structures, taking it
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for granted that these existing practices possess optimal discretization errors.
Thereafter the FEM may be confidently embedded in CAD systems as an automatic
computation toolkit for structural analysis, the very idea making personal experi-
ence in mesh discretization less important and permitting those who do not possess
it to access the FEM more easily.

(2) The advancement in generalized finite element methods

In an attempt to develop special algorithms to overcome the deficits of traditional
joint elements, the generalized FEM (GFEM) with discontinuous shape functions
for fracture initiation and growth through bifurcation theory, was proposed by
Texas School (Wan 1990; Melenk 1995; Duarte and Oden 1996; Melenk and
Babuska 1996). The first work in the GFEM involved the global enrichments of
approximation space.

In the year of 2000, local enrichments for singularities at sharp corners were also
established (Duarte et al. 2000). It uses local function spaces to reflect the available
information on the unknown solution, in this way to guarantee a good local
approximation. A partition of unity is employed to “bond” these spaces together
and to form the approximating sub-spaces. The treatment of discontinuities is at the
element level. They are defined by distance functions so that their representation
demands nodal function values solely by additional DOF in the trial functions—a
kind of jump functions along the discontinuity tips. The motion of a discontinuity is
simulated using the level set technique and no pre-defined joint elements are needed
(Belytschko et al. 2001). It has been validated in problems with domains entailed by
complicated boundaries (Belytschko and Black 1999; Strouboulis et al. 2000, 2001;
Stolarska et al. 2001).

The GFEM performs well with both structured and unstructured meshes which
can be independent of the problem geometry. Structured meshes are appealing for
many studies in material science at the test sample level, where the interest is
directed to determining the properties of a micro-or meso-element (unit cell) of the
material. Unstructured meshes, on the other hand, tend to be widely exercised for
the analysis of engineering structures at the prototype level since it is often desirable
to conform the meshes to the external boundaries, although some methods under
development today are able to tackle even complicated geometries with structured
meshes (Belytschko et al. 2009).

The GFEM inspired a generation of researchers to develop variant methods
distinguished as its family members.

1. SEM

The spectral element method (SEM) was introduced by Patera (1984). By
expanding the solution in trigonometric series, a notable advantage of the SEM is
its very high order. This approach relies on the fact that the trigonometric poly-
nomial set—usually composed of orthogonal Chebyshev polynomials or very high
order Legendre polynomials over non-uniformly spaced nodes, is an orthonormal
basis. The computational error is reduced exponentially as the upgrade of the order
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of approximating polynomials, therefore a fast convergence to the exact solution
may be realized with fewer DOF in comparison with the classical FEM. The
drawback of the SEM is the difficulty in modeling complex geometry, in contrast to
the flexibility of the FEM.

The SEM uses a tensor product space spanned by nodal basis functions asso-
ciated with Gauss-Lobatto points. In contrast, the p-refinement FEM spans a space
of high order polynomials by nodeless basis functions.

2. NMM

The numerical manifold method (NMM) was founded by G. Shi in 1991 and further
improved in 1997 (Shi 1992; Chen et al. 1998). It is in many aspects similar to the
GFEM except for the treatment of discontinuities and discrete blocks by the trun-
cated discontinuous shape functions in a unified form. It also may be looked at as the
combination of the FEM and the DDA in a unified form to naturally bridge over the
continuum and discontinuum representations: in handling discontinuities (faults,
joints and cracks) the NMM takes over the advantages of the DDA, and for the
strain-stress analysis in continuous material domains it is as powerful as the FEM.

The method is formulated using a node-based star covering system for con-
structing the trial functions, where a node is associated with a covering star which
can be a set of standard finite elements associated with the node or be generated
using least-square kernel technique with general shapes. The integration is per-
formed analytically using the simplex integration technique.

In the application of the NMM, meshes also can be independent of domain
geometry. Therefore mesh generation is greatly simplified and re-meshing is not
demanded towards the simulation of fracture propagation (Salami and Banks 1996;
Wang and Ge 1997; Wang et al. 1997; Amadei 1999; Ohnishi and Chen 1999).

3. XFEM

The name “extended finite element method” (XFEM)—a numerical technique
based on the generalized finite element method (GFEM) and the partition of unity
method (PUM), was coined by Northwestern School (Belytschko and Black 1999;
Moés et al. 1999) in 1999. It also may be looked at as a variant of the FEM
combined with some meshfree (meshless) aspects by extending the classical FEM
through the enrichment of solution spaces with discontinuous functions. It is nor-
mally recognized that the development of the XFEM was an outgrowth of the
extensive research in meshfree methods.

The XFEM enriches the approximation space so that it is able to naturally
reproduce the challenging feature associated with the problems of, for example, the
propagation of crack, the evolution of dislocation, and the evolution of phase
boundary. It has been shown that such space enrichment can significantly improve
the convergence rate and computation accuracy. Another advantage of the XFEM is
that the computation mesh can be completely independent of the morphology of the
domain concerned.
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The XFEM has been implemented in the commercial code ABAQUS. It is
increasingly adopted by other commercial software, with a few plug-ins and actual
core implementations available (e.g. ANSYS, etc.).

4. S-FEM

The smoothed finite element method (S-FEM) is a particular class of the GFEM
through carefully designed combination of the classical FEM and some of the
techniques from the meshfree methods. The essential idea in the S-FEM is to use a
finite element mesh (in particular triangular or tetrahedral) to construct a numerical
algorithm of good performance. This is achieved by modifying the compatible
strain field or by constructing a strain field with only the displacements. Such a
modification/construction can be performed within elements but more often beyond
the elements (i.e. meshfree concepts) to bring in the information from the adjacent
elements. Naturally, the modified/constructed strain field has to satisfy certain
conditions, and the standard Galerkin weak form needs to be modified accordingly
to ensure the stability and convergence of solutions (Liu and Nguyen-Thoi 2010).

It has been proven that being softer than the classical FEM counterparts with
identical mesh structure, the S-FEM often produces more accurate solutions with
higher convergence rates and is much less sensitive to mesh distortion (Zeng and
Liu 2016).

5. CEM

From the point view of practitioners, main disadvantage in the explicit simulation of
a large amount of discontinuities and bolts as well as drainage holes lies in the
pre-process to discretize the calculation domain. The composite element method
(CEM) employs classical finite elements to cover the segments of discontinuities,
bolts and draining holes embedded in the hydraulic structure. The shape functions
may be of hierarchical, too, towards the p-refinement for desired computation
accuracy. The sub-elements representing the segments of discontinuities, bolts and
draining holes are detected and defined, and assigned with independent nodal
displacements/hydraulic potentials/temperatures. Across the interfaces of these
sub-elements, a jump in strain/stress or in gradient of head/temperature, is emerged
naturally attributable to the independent nodal variables. These nodal variables may
be solved from the governing equations similar to that of the classical FEM.

The CEM may be regarded as one of the simplified member of the GFEM in its
initial work to explicitly simulate passive, fully-grouted rock bolts using simple
meshes (Chen et al. 2004b, c). It possesses the potentiality to conveniently describe
a large amount of discontinuities, bolts, draining holes and cooling pipes in much
more detail and consequently gives more precise solution (Chen et al. 2004c,
2007b, 2008a, b, 2010b, 2011, 2012, 2015; Chen and Feng 2006; Chen and
Shahrour 2008). The most remarkable feature of this method is to locate the dis-
continuities, bolts, drainage holes and cooling pipes, within the classical finite
elements. In this manner less restraint is imposed on the mesh generation for
complicated hydraulic structures.
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The neglect of crack-tip performance leads to simpler algorithm and as a result,
the CEM may be incorporated in the FEM software easily. However, the crack
propagation phenomena cannot be handled well by the CEM at its present for-
mulation, therefore it is suggestible to employ the CEM only for the hydraulic
structures under the work situations where no widespread crack propagation is
anticipatorily resulted in.

(3) The advancement in discrete element methods

In civil and hydraulic engineering, the problems with regard to the deformation and
stability of rock foundations, dam abutments, underground caverns and cut slopes
are truly important and difficult due to the discontinuity system traversing rock
masses into blocks of various sizes, shapes and positions. Within the framework of
the classical FEM, the implicit or equivalent approach is only valid in a very limited
meaning whereas the explicit or distinct approach equipped by “joint elements”
encounters overhead arise from huge pre-process effort and computer capacity.

The necessity to find new discontinuous models and correspondent algorithms
had been aware long before by the researchers in the areas of geomechanics and
geotechnical engineering. One of the pioneering works was provided by Trollope
(1968) to deal with load transferring and structure deforming in a regular block
system. From the 1970s to the 1990s, many researchers rushed into this area. To
consider the deformation characteristics of rock masses, Cundall and his co-workers
(Cundall 1971; Hart et al. 1988) established the “distinct element method”
(DEM) that treats the rock block as rigid body but the discontinuity possesses
deformation characteristics. In their formulation, the assumption of point to point-or
edge-contact between blocks was adopted. Kawai (1978) proposed the “rigid
body-spring element method” (RBSM) which takes the rock block as rigid body,
too, but put some springs between blocks to describe the sliding or tensing of
discontinuity planes. Chen (1984, 1987) developed a “block element method” or
“block element analysis” (BEA) for deformable multi-blocky systems, with the
assumption of face to face contact between blocks. Shi and his co-workers (Shi and
Goodman 1985) founded the discontinuous deformation analysis (DDA) to handle
the deformation and stability issues of rock masses. Use was made of the principle
of energy, the assumptions of point to point-or edge-contact between blocks, and
the linear interpolation of the displacement within a block, they established a set of
equations to solve the deformation process of blocky rock systems.

The theoretical base of the discrete element methods is to formulate and solve
the motion equations of rigid and/or deformable bodies using either implicit (based
on the FEM discretization) or explicit (using the FDM/FVM discretization)
approaches. Nowadays, a large family of numerical methods for simulating the
motion of blocks (particles) is normally grouped in the category of the “discrete
element methods” and is abbreviated as DEMs, although this term is also specially
meant for the “distinct element method” proposed by Cundall.
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1. DEM

The distinct element method (DEM) is the most famous one from which the family
of discrete element methods was originated (Burman 1971; Cundall 1971; Chappel
1972; Byrne 1974). As one of the most rapidly developing areas of computational
geomechanics (Sharma et al. 1999), it has been widely accepted as an effective
method to address engineering problems in granular and discontinuous materials,
especially in granular flows, powder mechanics, and rock mechanics.

The key concepts of the DEM are that the domain of interest is treated as an
assemblage of rigid or deformable blocks/particles and that the contacts among
them need to be identified and continuously updated during the entire deformation/
motion process dominated by appropriate constitutive models (Cundall and Hart
1985, 1992; Cundall 1988; Hart et al. 1988). Intrinsically, the DEM is a force
method which employs an explicit, time marching scheme to solve the equations of
motion directly. Unbalanced forces drive the solution process, and damping is
introduced to dissipate energy. To avert the distortion of the real vibration in
dynamic problems, the amount and type of damping should be very carefully
specified with the help of experiments. Nevertheless, if only a quasistatic solution is
desired where the intermediate results are not of interest, the amount of damping
and the type of relaxation scheme can be deliberately selected to obtain the highest
solution efficiency.

The basic difference between the DEM and continuum-based methods (e.g. the
FEM and CEM) is that the contact patterns between the components of a system are
continuously changing with the deformation process for the former, but are fixed
for the latter.

The representative explicit DEM computer codes for simulating jointed rocks are
the UDEC (ITASCA Consulting Group Inc. 1992) and 3DEC (ITASCA Consulting
Group Inc. 1994) for two-and three-dimensional problems, respectively.

To simulate the progressive failure mechanism, Cundall and Strack (1979)
introduced a “particle flow code” (PFC) for the movement and interaction of disk-or
spherical-particles using the principle of the DEM. A similar algorithm was
developed by O. R. Walton et al. (Walton 1982; Heuze et al. 1990). In the PFC,
discrete rigid particles bonded together to form an assemblage are capable of failure
by progressive rupture of the contact bonds due to the shear and tension between
these particles in terms of the friction coefficient. The failure behavior of a jointed
rock can therefore be approached as either through the intact material or along the
joints, or through a combination of these two mechanisms.

Well known PFC computer codes are the dynamic materials corporation
(DMC) code (Taylor and Preece 1989, 1990), the PFC2D and PFC3D (ITASCA
Consulting Group Inc. 1995a, b). The PFC has been widely exercised in diverse
fields such as soil mechanics, non-metal material science, processing industry, and
defense industry.
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2. DDA

The discontinuous deformation analysis (DDA) was originally proposed by G. Shi
and his co-workers (Shi and Goodman 1985; Shi 1988) where the rock blocks were
postulated as “simply deformable”, namely, first-order polynomials were employed
for the displacement functions therefore the stresses and strains within a rock block
were constant. The stress-displacement problems are solved by accounting for the
interaction of independent particles (blocks) along discontinuities.

The DDA is typically formulated as a work-energy method, and can be derived
by using the “principle of minimum potential energy” or by using the “Hamilton’s
principle” (MacLaughlin and Doolin 2006). Once the equations of motion are
discretized, a step-wise time marching scheme in the Newmark family (Newmark
1965) is employed for their solution. The relation between adjacent blocks is
governed by the contact interpenetration accounting for friction. The governing
equation system so derived guarantees that equilibrium is held at all times. In
addition, by passing the velocities of rock blocks at the end of a time marching step
to the successive step, it offers dynamic solution with correct energy consumption.

Theoretically, the DDA is different from the DEM because the former is basi-
cally a displacement method using displacements as basic variables in an implicit
formulation with opening-closing iterations within each time marching step to
achieve the equilibrium of blocks under the constrains of contact. In addition, it
does not require an artificial damping term to dissipate energy, and can easily
incorporate other mechanisms for energy loss.

The DDA has been extended to a more comprehensive representation of dis-
continuities (Zhang and Lu 1998) and to the three-dimensional block system
analysis (Shi 2001). It has been further improved for refined stress-deformation
analysis using higher order elements (Ghaboussi 1988; Barbosa and Ghaboussi
1990, 1992; Shyu 1993; Chang 1994). Coupling of fluid flow across rock joints has
been taken into account (Kim et al. 1999; Jing et al. 2001), too. Instead of originally
penalty technique, its contact model has been improved by using the Lagrangian
formalism (Lin et al. 1996; Ma et al. 1996; Hsiung 2001; Grayeli and Mortazavi
2006). A hybrid “finite-discrete element method” has been proposed to consider the
fracturing and fragmentizing process of rocks (Munjiza et al. 1995, 1999; Munjiza
and Andrews 2000; Munjiza 2004). To handle the non-linearity within and between
blocks, a material non-linearity model using strain hardening/softening character-
istics has been implemented (Ma 1999). Instead of its original formulation where a
rock bolt was represented by a linear spring connecting two adjacent blocks, an
advanced fully-grouted bolt/cable model with lateral (shear) constraint has been put
forward (Te-Chin 1997; Moosavi and Grayeli 2006).

The engineering applications of the DDA to dams, tunnels, caverns, fragmen-
tation processes of geological and structural materials, have been exercised since
the 1990s (Lin et al. 1996; Jing 1998; Hatzor and Benary 1998; Yeung and Loeng
1997; Ohnishi and Chen 1999; Pearce et al. 2000; Hsiung and Shi 2001).
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3. BEA

Attributable to its simplicity and experiences accumulated from engineering
applications, the limit equilibrium method (LEM) is very useful in the stability
analysis for rock foundations, abutments and cut slopes dominated by discontinu-
ities. It has, however, certain limitations: the deformation of rocks cannot be
considered; the factor of safety will be overestimated when the slip surface consists
of multi-discontinuities, and postulations concerning the stress states on the slip
surface have to be employed to render the problem statically determinate (Londe
1965).

In the early 1980s, to improve the LEM for the stability analysis of rock wedges
in cut slopes, the deformation characteristics of discontinuities were introduced by
the author of this book (Chen 1984). Later, the idea was generalized to the
multi-blocky system giving rise to the “block element method” or “block element
analysis” (BEA) (Chen 1987). With the assumption of face to face contact between
blocks, the governing equations of the BEA were formulated by the consideration
of the force and moment equilibrium condition, the deformation compatibility
condition, and the elasto-viscoplastic constitutive relation on the discontinuities. In
the time domain, the governing equations are implicitly and step-wisely solved to
present the quasistatic/dynamic and non-linear (elasto-viscoplastic) evaluation of
the whole block system. The BEA had been expanded further into the area of
reinforcement and stochastic analyses (Chen 1993a, b; Chen et al. 1994). After the
displacements in each block being interpolated by a set of polynomials of any order,
and later by the overlap technique with classical finite elements, the BEA was able
to tackle the complicated deformation pattern in rock blocks as well as on dis-
continuities (Chen et al. 2004a). The progress also had been achieved towards more
systematical and practical algorithms, such as the unconfined seepage in disconti-
nuity networks embedded with drainage and grouting curtain systems, the auto-
matic identification of multi-block system for complicated domains with irregular
ground surfaces, the engineering applications under complicated geological and
structural conditions, the dam/foundation interaction and seismic responses, etc.
(Xu et al. 2000; Chen et al. 2003, 2010a).

The BEA may be looked at as one of the simplified versions of the DDA because
the assumption of infinitesimal deformation and related face-to-face contact of
blocks through discontinuities where the contact updating during the block
deflection/rotation process is neglected. This enables to easily handle various
practical issues such as the coupling of fluid flow across rock joints, the simulation
of reinforcement mechanism, the structural dynamic response under the action of
seismic shakes, etc. It is also beneficial from the clear and accessible mechanical
parameters which permit the experimental evaluation for a specific engineering
case. It should remembered that, however, the BEA of infinitesimal deformation is
mainly applicable for the routine structural analysis to solve the deformation,
seepage, dynamic response, and safety margin with regard to serviceability and
collapse limit states under normal and special action (load) combinations (Chen
et al. 2007a).
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The BEA has been recommended by the DL/T 5353-2006 «Design specification
for engineering slopes in water resources and hydropower project» in China.

(4) The advancement in meshfree methods

Classical computational methods such as the FDM, BEM and FEM were originally
defined on the mesh of data points (nodes). In such a mesh, each node has a fixed
number of pre-defined neighborhood nodes, and its connectivity with neighborhood
nodes can be employed to define mathematical operators (e.g. derivative). These
operators are, in turn, used to construct the governing equations to simulate the
physical or mechanical fields.

Where the material being simulated can move around (as in the computational
hydrodynamics) or can deform finitely (as in the computational geomechanics), the
connectivity of mesh points could be difficult to maintain without introducing error
into the computation. If the mesh becomes tangled or degenerate during the sim-
ulation, the operators defined upon are no longer able to provide correct solutions.
Although the domain may be re-meshed during the computation, yet this introduces
additional error, since all the existing data points must be mapped onto a new set of
data points.

A meshfree (or meshless, element free) method (MM) is that it does not require
connection between the nodes in a domain concerned, but rather is based on the
interaction of each node with all its neighborhood nodes. As a consequence,
original extensive properties such as mass or kinetic energy are no more assigned to
the elements but rather to the nodes. Significant advantage of the MM is therefore
that it greatly simplifies the pre-process works.

As one of the earliest meshfree methods based on the Lagrangian formalism, the
smoothed particle hydrodynamics (SPH) was proposed in 1977 (Gingold and
Monaghan 1977; Lucy 1977). It divides the fluid into a set of discrete elements
(cells) referred to as “particles” that possess a spatial distance known as the
“smoothing length” over which their properties are “smoothed” by a kernel func-
tion. This means that the physical properties of any particle can be obtained by
weighted averaging the relevant properties of all the particles which lie within the
range of the kernel function according to their distance from the particle of interest,
and their density as well. Kernel functions commonly used include the Gaussian
function and the cubic spline function. Combined with an equation of state and an
integrator, the SPH is able to simulate hydrodynamic flows efficiently. In 1990, L.
D. Libersky and A. G. Petschek extended the SPH to solid mechanics (Libersky and
Petschek 1990; Libersky et al. 1993). The main advantage of the SPH is its flex-
ibility with regard to local distortion because the mesh dependence is naturally
avoided. The main drawbacks of the SPH are inaccurate results near boundaries and
tension instability (Swegle et al. 1995). Over the past years, different corrections
have been introduced to improve the accuracy and tension stability of the SPH
solutions.

Over the ensuing decades, much more MM algorithms have been emerged
(Belytchko et al. 1996; Belytschko and Chen 2007), in which the trial functions are



34 1 Introduction

no longer standard, but instead are generated from neighborhood nodes in a domain
of influence by different approximations, such as the least squares technique.
Although it has not outperformed the FEM in the routine structural problems, yet
the MM exhibits great expectation due to its flexibility in the treatment of dis-
continuities and fracture growth in rock-like materials (Belytschko et al. 2000;
Zhang et al. 2000; Li et al. 2001).

One recent advance in the MM is aimed at the computational tool for automated
modeling and simulation. This is realized by the so-called weakened weak (W2)
formulation based on the G space theory (Liu 2010) which offers possibilities to
establish various models that work well with triangular meshes generated auto-
matically and re-meshed easily. One typical W2 formulation is the smoothed point
interpolation method (S-PIM) (Liu 2009).

(5) The advancement in computation intelligent methods

A significant event manifesting in this period is that the computational intelligence
(CI) became a formal study area in computer science in the early 1990s (Attewell
and Woodman 1982; Zadeh 1994). “Computational intelligence” (CI), also referred
to as “soft computing” (SC), is normally looked at as a sub-branch of “bio-inspired
computing” (BC) that relies heavily on the fields of biology, computer science and
mathematics. The BC is, in turn, a branch of the “artificial intelligence” (Al) that
was founded as an academic discipline in 1956 and has become an essential part of
the technology industry. A significant milestone in the development of Al was
erected in the 2017, when the AlphaGo won a three-game match with J. Ke, who at
the time held the world No. 1 ranking.

The areas of CI study encompass a variety of machine learning inclusive arti-
ficial neural networks (ANN) and support vector machines (SVM); fuzzy logic
(FL); evolutionary computation (EC) inclusive evolutionary 