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To all those teachers pursuing a mathematical mindset journey with us.



1

Introduction

I still remember the moment when Youcubed, the Stanford center I direct, was 
conceived. I was at the Denver NCSM and NCTM conferences in 2013, and I had 
arranged to meet Cathy Williams, the director of mathematics for Vista Unified 
School District. Cathy and I had been working together for the past year improving 
mathematics teaching in her district. We had witnessed amazing changes taking 
place, and a filmmaker had documented some of the work. I had recently released my 
online teacher course, called How to Learn Math, and been overwhelmed by 
requests from tens of thousands of teachers to provide them with more of the same 
ideas. Cathy and I decided to create a website and use it to continue sharing the ideas 
we had used in her district and that I had shared in my online class. Soon after we 
started sharing ideas on the Youcubed website, we were invited to become a Stanford 
University center, and Cathy became the codirector of the center with me.

In the months that followed, with the help of one of my undergraduates, 
Montse Cordero, our first version of youcubed.org was launched. By January 2015, 
we had managed to raise some money and hire engineers, and we launched a revised 
version of the site that is close to the site you may know today. We were very excited 
that in the first month of that relaunch, we had five thousand visits to the site. At the 
time of writing this, we are now getting three million visits to the site each month. 
Teachers are excited to learn about the new research and to take the tools, videos, 
and activities that translate research ideas into practice and use them in their 
teaching.



2 Mindse t  Mathemat i c s, Grade  6

Low‐Floor, High‐Ceiling Tasks
One of the most popular articles on our website is called “Fluency without Fear.” 
I wrote this with Cathy when I heard from many teachers that they were being made 
to use timed tests in the elementary grades. At the same time, new brain science was 
emerging showing that when people feel stressed—as students do when facing a 
timed test—part of their brain, the working memory, is restricted. The working 
memory is exactly the area of the brain that comes into play when students need to 
calculate with math facts, and this is the exact area that is impeded when students 
are stressed. We have evidence now that suggests strongly that timed math tests in 
the early grades are responsible for the early onset of math anxiety for many students. 
I teach an undergraduate class at Stanford, and many of the undergraduates are math 
traumatized. When I ask them what happened to cause this, almost all of them will 
recall, with startling clarity, the time in elementary school when they were given 
timed tests. We are really pleased that “Fluency without Fear” has now been used 
across the United States to pull timed tests out of school districts. It has been 
downloaded many thousands of times and used in state and national hearings.

One of the reasons for the amazing success of the paper is that it does not just 
share the brain science on the damage of timed tests but also offers an alternative to 
timed tests: activities that teach math facts conceptually and through activities that 
students and teachers enjoy. One of the activities—a game called How Close to 
100—became so popular that thousands of teachers tweeted photos of their students 
playing the game. There was so much attention on Twitter and other media that 
Stanford noticed and decided to write a news story on the damage of speed to 
mathematics learning. This was picked up by news outlets across the United States, 
including US News & World Report, which is part of the reason the white paper has 
now had so many downloads and so much impact. Teachers themselves caused this 
mini revolution by spreading news of the activities and research.

How Close to 100 is just one of many tasks we have on youcubed.org that are 
extremely popular with teachers and students. All our tasks have the feature of being 
“low floor and high ceiling,” which I consider to be an extremely important quality 
for engaging all students in a class. If you are teaching only one student, then a 
mathematics task can be fairly narrow in terms of its content and difficulty. But 
whenever you have a group of students, there will be differences in their needs, and 
they will be challenged by different ideas. A low‐floor, high‐ceiling task is one in 
which everyone can engage, no matter what his or her prior understanding or 
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knowledge, but also one that is open enough to extend to high levels, so that all 
students can be deeply challenged. In the last two years, we have launched an 
introductory week of mathematics lessons on our site that are open, visual, and low 
floor, high ceiling. These have been extremely popular with teachers; they have had 
approximately four million downloads and are used in 20% of schools across the 
United States.

In our extensive work with teachers around the United States, we are 
continually asked for more tasks that are like those on our website. Most textbook 
publishers seem to ignore or be unaware of research on mathematics learning, and 
most textbook questions are narrow and insufficiently engaging for students. It is 
imperative that the new knowledge of the ways our brains learn mathematics is 
incorporated into the lessons students are given in classrooms. It is for this reason 
that we chose to write a series of books that are organized around a principle of 
active student engagement, that reflect the latest brain science on learning, and that 
include activities that are low floor and high ceiling.

Youcubed Summer Camp
We recently brought 81 students onto the Stanford campus for a Youcubed summer 
math camp, to teach them in the ways that are encouraged in this book. We used 
open, creative, and visual math tasks. After only 18 lessons with us, the students 
improved their test score performance by an average of 50%, the equivalent of 
1.6 years of school. More important, they changed their relationship with 
mathematics and started believing in their own potential. They did this, in part, 
because we talked to them about the brain science showing that

•	 There is no such thing as a math person—anyone can learn mathematics to 
high levels.

•	 Mistakes, struggle, and challenge are critical for brain growth.
•	 Speed is unimportant in mathematics.
•	 Mathematics is a visual and beautiful subject, and our brains want to think 

visually about mathematics.

All of these messages were key to the students’ changed mathematics 
relationship, but just as critical were the tasks we worked on in class. The tasks and 
the messages about the brain were perfect complements to each other, as we told 
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students they could learn anything, and we showed them a mathematics that was 
open, creative, and engaging. This approach helped them see that they could learn 
mathematics and actually do so. This book shares the kinds of tasks that we used in 
our summer camp, that make up our week of inspirational mathematics (WIM) 
lessons, and that we post on our site.

Before I outline and introduce the different sections of the book and the ways 
we are choosing to engage students, I will share some important ideas about how 
students learn mathematics.

Memorization versus Conceptual Engagement
Many students get the wrong idea about mathematics—exactly the wrong idea. 
Through years of mathematics classes, many students come to believe that their role 
in mathematics learning is to memorize methods and facts, and that mathematics 
success comes from memorization. I say this is exactly the wrong idea because there is 
actually very little to remember in mathematics. The subject is made up of a few big, 
linked ideas, and students who are successful in mathematics are those who see the 
subject as a set of ideas that they need to think deeply about. The Program for 
International Student Assessment (PISA) tests are international assessments of 
mathematics, reading, and science that are given every three years. In 2012, PISA not 
only assessed mathematics achievement but also collected data on students’ approach 
to mathematics. I worked with the PISA team in Paris at the Organisation for 
Economic Co‐operation and Development (OECD) to analyze students’ 
mathematics approaches and their relationship to achievement. One clear result 
emerged from this analysis. Students approached mathematics in three distinct ways. 
One group approached mathematics by attempting to memorize the methods they 
had met; another group took a “relational” approach, relating new concepts to those 
they already knew; and a third group took a self‐monitoring approach, thinking 
about what they knew and needed to know.

In every country, the memorizers were the lowest‐achieving students, and countries 
with high numbers of memorizers were all lower achieving. In no country were memorizers 
in the highest‐achieving group, and in some high‐ achieving countries such as Japan, students 
who combined self‐monitoring and relational strategies outscored memorizing 
students by more than a year’s worth of schooling. More detail on this finding is given 
in this Scientific American Mind article that I coauthored with a PISA analyst: https://
www.scientificamerican.com/article/ why‐math‐education‐in‐the‐u‐s‐doesn‐t‐add‐up/.

https://www.scientificamerican.com/article/
https://www.scientificamerican.com/article/
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Mathematics is a conceptual subject, and it is important for students to be 
thinking slowly, deeply, and conceptually about mathematical ideas, not racing 
through methods that they try to memorize. One reason that students need to think 
conceptually has to do with the ways the brain processes mathematics. When we 
learn new mathematical ideas, they take up a large space in our brain as the brain 
works out where they fit and what they connect with. But with time, as we move on 
with our understanding, the knowledge becomes compressed in the brain, taking up 
a very small space. For first graders, the idea of addition takes up a large space in their 
brains as they think about how it works and what it means, but for adults the idea of 
addition is compressed, and it takes up a small space. When adults are asked to add 2 
and 3, for example, they can quickly and easily extract the compressed knowledge. 
William Thurston (1990), a mathematician who won the Field’s Medal—the highest 
honor in mathematics—explains compression like this:

Mathematics is amazingly compressible: you may struggle a long time, step by step, to 
work through the same process or idea from several approaches. But once you really 
understand it and have the mental perspective to see it as a whole, there is often a 
tremendous mental compression. You can file it away, recall it quickly and completely 
when you need it, and use it as just one step in some other mental process. The insight 
that goes with this compression is one of the real joys of mathematics.

You will probably agree with me that not many students think of mathematics 
as a “real joy,” and part of the reason is that they are not compressing mathematical 
ideas in their brain. This is because the brain only compresses concepts, not 
methods. So if students are thinking that mathematics is a set of methods to 
memorize, they are on the wrong pathway, and it is critical that we change that. It is 
very important that students think deeply and conceptually about ideas. We provide 
the activities in this book that will allow students to think deeply and conceptually, 
and an essential role of the teacher is to give the students time to do so.

Mathematical Thinking, Reasoning, and Convincing
When we worked with our Youcubed camp students, we gave each of them journals 
to record their mathematical thinking. I am a big fan of journaling—for myself and 
my students. For mathematics students, it helps show them that mathematics is a 
subject for which we should record ideas and pictures. We can use journaling to 
encourage students to keep organized records, which is another important part of 
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mathematics, and help them understand that mathematical thinking can be a long 
and slow process. Journals also give students free space—where they can be creative, 
share ideas, and feel ownership of their work. We did not write in the students’ 
journals, as we wanted them to think of the journals as their space, not something 
that teachers wrote on. We gave students feedback on sticky notes that we stuck onto 
their work. The images in Figure I.1 show some of the mathematical records the 
camp students kept in their journals.

Another resource I always share with learners is the act of color coding—that is, 
students using colors to highlight different ideas. For example, when working on an 
algebraic task, they may show the x in the same color in an expression, in a graph, 
and in a picture, as shown in Figure I.2. When adding numbers, color coding may 
help show the addends (Figure I.3).

Color coding highlights connections, which are a really critical part of mathematics.

Figure I.1 
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Another important part of mathematics is the act of reasoning—explaining why 
methods are chosen and how steps are linked, and using logic to connect ideas. 
Reasoning is at the heart of mathematics. Scientists prove ideas by finding more cases 
that fit a theory, or countercases that contradict a theory, but mathematicians prove 

Figure I.2 

Figure I.3 
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their work by reasoning. If students are not reasoning, then they are not really doing 
mathematics. In the activities of these books, we suggest a framework that 
encourages students to be convincing when they reason. We tell them that there are 
three levels of being convincing. The first, or easiest, level is to convince yourself of 
something. A higher level is to convince a friend. And the highest level of all is to 
convince a skeptic. We also share with students that they should be skeptics with one 
another, asking one another why methods were chosen and how they work. We have 
found this framework to be very powerful with students; they enjoy being skeptics, 
pushing each other to deeper levels of reasoning, and it encourages students to 
reason clearly, which is important for their learning.

We start each book in our series with an activity that invites students to reason 
about mathematics and be convincing. I first met an activity like this when reading 
Mark Driscoll’s teaching ideas in his book Fostering Algebraic Thinking. I thought it 
was a perfect activity for introducing the skeptics framework that I had learned 
from a wonderful teacher, Cathy Humphreys. She had learned about and adapted 
the framework from two of my inspirational teachers from England: mathematician 
John Mason and mathematics educator Leone Burton. As well as encouraging 
students to be convincing, in a number of activities we ask students to prove an 
idea. Some people think of proof as a formal set of steps that they learned in 
geometry class. But the act of proving is really about connecting ideas, and as 
students enter the learning journey of proving, it is worthwhile celebrating their 
steps toward formal proof. Mathematician Paul Lockhart (2012) rejects the idea 
that proving is about following a set of formal steps, instead proposing that proving 
is “abstract art, pure and simple. And art is always a struggle. There is no systematic 
way of creating beautiful and meaningful paintings or sculptures, and there is also 
no method for producing beautiful and meaningful mathematical arguments” (p. 
8). Instead of suggesting that students follow formal steps, we invite them to think 
deeply about mathematical concepts and make connections. Students will be given 
many ways to be creative when they prove and justify, and for reasons I discuss later, 
we always encourage and celebrate visual as well as numerical and algebraic 
justifications. Ideally, students will create visual, numerical, and algebraic 
representations and connect their ideas through color coding and through verbal 
explanations. Students are excited to experience mathematics in these ways, and 
they benefit from the opportunity to bring their individual ideas and creativity to 
the problem‐solving and learning space. As students develop in their mathematical 
understanding, we can encourage them to extend and generalize their ideas through 
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reasoning, justifying, and proving. This process deepens their understanding and 
helps them compress their learning.

Big Ideas
The books in the Mindset Mathematics Series are all organized around 
mathematical “big ideas.” Mathematics is not a set of methods; it is a set of 
connected ideas that need to be understood. When students understand the big 
ideas in mathematics, the methods and rules fall into place. One of the reasons any 
set of curriculum standards is flawed is that standards take the beautiful subject of 
mathematics and its many connections, and divide it into small pieces that make the 
connections disappear. Instead of starting with the small pieces, we have started with 
the big ideas and important connections, and have listed the relevant Common Core 
curriculum standards within the activities. Our activities invite students to engage in 
the mathematical acts that are listed in the imperative Common Core practice 
standards, and they also teach many of the Common Core content standards, which 
emerge from the rich activities. Student activity pages are noted with a   and 
teacher activity pages are noted with a .

Although we have chapters for each big idea, as though they are separate from 
each other, they are all intrinsically linked. Figure I.4 shows some of the 
connections between the ideas, and you may be able to see others. It is very 

Using symbols to describe the world

Expanding the number line

Reasoning with
proportions

Generalizing

Taking apart prisms and polygons
Finding and using unit rates

Folding and unfolding
objects

Visualizing the center
and spread of data

Figure I.4 
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important to share with students that mathematics is a subject of connections and 
to highlight the connections as students work. You may want to print the color 
visual of the different connections for students to see as they work. To see the 
maps of big ideas for all of the grades K through 8, find our paper “What Is 
Mathematical Beauty?” at youcubed.org.

Structure of the Book
Visualize. Play. Investigate. These three words provide the structure for each book in 
the series. They also pave the way for open student thinking, for powerful brain 
connections, for engagement, and for deep understanding. How do they do that? 
And why is this book so different from other mathematics curriculum books?

Visualize 

For the past few years, I have been working with a neuroscience group at Stanford, 
under the direction of Vinod Menon, which specializes in mathematics learning. 
We have been working together to think about the ways that findings from brain 
science can be used to help learners of mathematics. One of the exciting discoveries 
that has been emerging over the last few years is the importance of visualizing for the 
brain and our learning of mathematics. Brain scientists now know that when we 
work on mathematics, even when we perform a bare number calculation, five areas 
of the brain are involved, as shown in Figure I.5.

Two of the five brain pathways—the dorsal and ventral pathways—are visual. 
The dorsal visual pathway is the main brain region for representing quantity. This 
may seem surprising, as so many of us have sat through hundreds of hours of 
mathematics classes working with numbers, while barely ever engaging visually 
with  mathematics. Now brain scientists know that our brains “see” fingers when 
we calculate, and knowing fingers well—what they call finger perception—is critical 
for the development of an understanding of number. If you would like to read more 
about the importance of finger work in mathematics, look at the visual mathematics 
section of youcubed.org. Number lines are really helpful, as they provide the brain 
with a visual representation of number order. In one study, a mere four 15‐minute 
sessions of students playing with a number line completely eradicated the differences 
between students from low‐income and middle‐income backgrounds coming into 
school (Siegler & Ramani, 2008).
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Our brain wants to think visually about mathematics, yet few curriculum 
materials engage students in visual thinking. Some mathematics books show 
pictures, but they rarely ever invite students to do their own visualizing and 
drawing. The neuroscientists’ research shows the importance not only of visual 
thinking but also of students’ connecting different areas of their brains as they 
work on mathematics. The scientists now know that as children learn and 
develop, they increase the connections between different parts of the brain, and 
they particularly develop connections between symbolic and visual 
representations of numbers. Increased mathematics achievement comes about 
when students are developing those connections. For so long, our emphasis in 
mathematics education has been on symbolic representations of numbers, with 
students developing one area of the brain that is concerned with symbolic 
number representation. A more productive and engaging approach is to develop 
all areas of the brain that are involved in mathematical thinking, and visual 
connections are critical to this development.

In addition to the brain development that occurs when students think visually, 
we have found that visual activities are really engaging for students. Even students 
who think they are “not visual learners” (an incorrect idea) become fascinated and 

Figure I.5 
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think deeply about mathematics that is shown visually—such as the visual 
representations of the calculation 18 × 5 shown in Figure I.6.

In our Youcubed teaching of summer school to sixth‐ and seventh‐grade 
students and in our trialing of Youcubed’s WIM materials, we have found 
that students are inspired by the creativity that is possible when mathematics is 
visual. When we were trialing the materials in a local middle school one day, a parent 
stopped me and asked what we had been doing. She said that her daughter had 
always said she hated and couldn’t do math, but after working on our tasks, she came 
home saying she could see a future for herself in mathematics. We had been working 
on the number visuals that we use throughout these teaching materials, shown in 
Figure I.7.

The parent reported that when her daughter had seen the creativity possible in 
mathematics, everything had changed for her. I strongly believe that we can give 
these insights and inspirations to many more learners with the sort of creative, open 
mathematics tasks that fill this book.

We have also found that when we present visual activities to students, the status 
differences that often get in the way of good mathematics teaching disappear. I was 
visiting a first‐grade classroom recently, and the teacher had set up four different 
stations around the room. In all of them, the students were working on arithmetic. In 
one, the teacher engaged students in a mini number talk; in another, a teaching 
assistant worked on an activity with coins; in the third, the students played a board 
game; and in the fourth, they worked on a number worksheet. In each of the first 
three stations, the students collaborated and worked really well, but as soon as 
students went to the worksheet station, conversations changed, and in every group I 
heard statements like “This is easy,” “I’ve finished,” “I can’t do this,” and “Haven’t you 
finished yet?” These status comments are unfortunate and off‐putting for many 
students. I now try to present mathematical tasks without numbers as often as 

Figure I.6 
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possible, or I take out the calculation part of a task, as it is the numerical and 
calculational aspects that often cause students to feel less sure of themselves. This 
doesn’t mean that students cannot have a wonderful and productive relationship 
with numbers, as we hope to promote in this book, but sometimes the key 
mathematical idea can be arrived at without any numbers at all.

Almost all the tasks in our book invite students to think visually about 
mathematics and to connect visual and numerical representations. This encourages 
important brain connections as well as deep student engagement.

Play 

The key to reducing status differences in mathematics classrooms, in my view, comes 
from opening mathematics. When we teach students that we can see or approach any 
mathematical idea in different ways, they start to respect the different thinking of all 
students. Opening mathematics involves inviting students to see ideas differently, 
explore with ideas, and ask their own questions. Students can gain access to the same 

Figure I.7 
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mathematical ideas and methods through creativity and exploration that they can by 
being taught methods that they practice. As well as reducing or removing status 
differences, open mathematics is more engaging for students. This is why we are 
inviting students, through these mathematics materials, to play with mathematics. 
Albert Einstein famously once said that “play is the highest form of research.” This is 
because play is an opportunity for ideas to be used and developed in the service of 
something enjoyable. In the Play activities of our materials, students are invited to 
work with an important idea in a free space where they can enjoy the freedom 
of mathematical play. This does not mean that the activities do not teach essential 
mathematical content and practices—they do, as they invite students to work with 
the ideas. We have designed the Play activities to downplay competition and instead 
invite students to work with each other, building understanding together.

Investigate 

Our Investigate activities add something very important: they give students 
opportunities to take ideas to the sky. They also have a playful element, but the 
difference is that they pose questions that students can explore and take to very high 
levels. As I mentioned earlier, all of our tasks are designed to be as low floor and 
high ceiling as possible, as these provide the best conditions for engaging all students, 
whatever their prior knowledge. Any student can access them, and students can take 
the ideas to high levels. We should always be open to being surprised by what our 
learners can do, and always provide all students with opportunities to take work to 
high levels and to be challenged.

A crucial finding from neuroscience is the importance of students struggling 
and making mistakes—these are the times when brains grow the most. In one of my 
meetings with a leading neuroscientist, he stated it very clearly: if students are not 
struggling, they are not learning. We want to put students into situations where they 
feel that work is hard, but within their reach. Do not worry if students ask questions 
that you don’t know the answer to; that is a good thing. One of the damaging ideas 
that teachers and students share in education is that teachers of mathematics know 
everything. This gives students the idea that mathematics people are those who 
know a lot and never make mistakes, which is an incorrect and harmful message. It is 
good to say to your students, “That is a great question that we can all think about” or 
“I have never thought about that idea; let’s investigate it together.” It is even good to 
make mistakes in front of students, as it shows them that mistakes are an important 
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part of mathematical work. As they investigate, they should be going to places you 
have never thought about—taking ideas in new directions and exploring uncharted 
territory. Model for students what it means to be a curious mathematics learner, 
always open to learning new ideas and being challenged yourself.

*  *  *
We have designed activities to take at least a class period, but some of them 

could go longer, especially if students ask deep questions or start an investigation 
into a cool idea. If you can be flexible about students’ time on activities, that is ideal, 
or you may wish to suggest that students continue activities at home. In our teaching 
of these activities, we have found that students are so excited by the ideas that they 
take them home to their families and continue working on them, which is 
wonderful. At all times, celebrate deep thinking over speed, as that is the nature of 
real mathematical thought. Ask students to come up with creative representations of 
their ideas; celebrate their drawing, modeling, and any form of creativity. Invite your 
students into a journey of mathematical curiosity and take that journey with them, 
walking by their side as they experience the wonder of open, mindset mathematics.
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In middle schools, we often find that there is little use of manipulatives and that few 
may be available in the building for teachers to choose. But we believe, and extensive 
research supports, that all math learners benefit from mathematics that is visual, 
concrete, and modeled in multiple representations. Students need to physically 
create, draw, and construct mathematics to build deep understanding of what 
concepts represent and mean. Students need to interact with mathematics, 
manipulating representations to pose and investigate questions. Apps and digital 
games are another option, and we have found them to be valuable because they can 
be organized and manipulated with an unending supply. However, we want to 
emphasize that they should not be a replacement for the tactile experience of 
working with physical manipulatives. We support making different tools available 
for students to use as they see fit for the representation, and, following the activity, 
we encourage you to ask students to reflect on what the tools allowed them to see 
mathematically.

In our books for middle grades, you will find the same emphasis on visual 
mathematics and using manipulatives as in our elementary books, because these 
representations of mathematics are critical for all learners. If manipulatives are in 
short supply in your building, we encourage you to advocate for their purchase 
for the long‐term benefit of your students. In the near term, you may be able to 
borrow the manipulatives we use in this book from your district’s elementary 
schools.

Note on Materials
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Manipulatives and Materials Used in This Book
•	 Snap cubes. Snap or multilink cubes enable students to construct three‐dimensional 

solids using cubic units. These are particularly useful in exploring volume and 
the connections between two‐ and three‐dimensional space, but they can also 
be used for patterning, representing mathematical situations, and measurement.

•	 Centimeter cubes. Centimeter cubes enable students to explore volume 
while being precise about that volume using conventional units of measure. 
However, these are challenging for fine motor control because they don’t 
attach to one another, which is why we like to use both these centimeter cubes 
and snap cubes as we explore volume.

•	 Pattern blocks. Pattern blocks give students opportunities to create tiling 
patterns, which in this book we use to explore rates, ratios, proportion, and 
representation with symbols. Pattern blocks are also useful for exploring 
angles and how they fit together and can be decomposed.

•	 Cuisenaire rods. While Cuisenaire rods are frequently used in elementary 
schools to decompose whole numbers and fractions, they also contain 
relationships that can be used to explore algebraic and symbolic thinking 
concretely. We prefer the rods that are not scored with individual units, 
allowing them to be assigned any value, not just whole numbers from 1 to 10, 
which supports algebraic thinking and flexibility.

•	 Square tiles. Square tiles are a flexible manipulative that can be used to 
literally represent square units for conceptualizing area and covering surfaces. 
They can also be used to represent patterns visually that are too often only 
represented symbolically, making them a useful algebraic manipulative.

•	 Geometric solids. Geometric solids allow students to touch, rotate, and 
sometimes decompose three‐dimensional figures of different types. We use 
these in an optional extension, but we think they are a valuable addition to 
middle school mathematics classrooms.

•	 Dice. Dice are used for game play and generating data randomly. Here we 
reference typical six‐sided dice, but we encourage you to explore the world of 
dice with different numbers of sides and values. Changing dice can change 
what ideas students have opportunities to explore.

•	 Meter sticks, yardsticks, rulers, and/or measuring tape. We use a variety of 
linear measurement tools to explore mathematical connections between 
measurement, data, and rates of change.
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•	 Stopwatches or timers. Time is yet another dimension of measurement that 
students can explore in relation to questions of measurement, data, and rate of 
change. Students need experiences with both analog and digital measures of 
time, and continued use of analog clocks will support later work with circles 
and angles. We do not support using stopwatches and timers to record 
students’ speed on math calculations.

•	 Colors. Color‐coding work is a powerful tool to support decomposition, 
patterning, and connecting representations. We often ask that students have 
access to colors; we leave it up to you whether they are markers, colored 
pencils, or colored pens.

•	 Adding machine tape. Adding machine tape is an unsung hero of 
manipulatives. Students can create their own measurement tools, decompose 
linear spaces into units or fractions, construct number lines, fold and 
investigate symmetry, and connect all these ideas together. Further, adding 
machine tape can be made any length, written on, diagrammed, and color‐
coded. It is so inexpensive that students can make lots of mistakes and 
feel safe.

•	 Patty paper. Patty paper is like adding machine tape in that it is flexible and 
inexpensive, and supports mistakes. Patty paper is a thin, translucent paper 
used in the food industry to separate food items. Its advantages in 
mathematics are that it is square paper that can be folded, cut, written on, and 
seen through for tracing or comparing. Origami paper has many of these 
qualities, but it is typically more expensive, and it is not translucent.

•	 Calculators. Calculators are used as a resource in the book to enable 
students to focus on the bigger mathematical ideas, rather than spending 
their time performing calculations. Calculators are a tool that students need 
to know how to use, and they should increase students’ access to big 
mathematical ideas.

•	 Office supplies, such as paperclips, tape, glue sticks, and masking tape. 
We use these across the book to construct charts, serve as markers in games or 
activities, mark spaces, display thinking, or piece together work.
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Activities for Building Norms

Encouraging Good Group Work
We always use this activity before students work on math together, as it helps 
improve group interactions. Teachers who have tried this activity have been pleased 
by students’ thoughtful responses and found the students’ thoughts and words 
helpful in creating a positive and supportive environment. The first thing to do is to 
ask students, in groups, to reflect on things they don’t like people to say or do in a 
group when they are working on math together. Students come up with quite a few 
important ideas, such as not liking people to give away the answer, to rush through 
the work, or to ignore other people’s ideas. When students have had enough time in 
groups brainstorming, collect the ideas. We usually do this by making a What We 
Don’t Like list or poster and asking each group to contribute one idea, moving 
around the room until a few good ideas have been shared (usually about 10). Then 
we do the same for the What We Do Like list or poster. It can be good to present the 
final posters to the class as the agreed‐on classroom norms that you and they can 
reflect back on over the year. If any student shares a negative comment, such as “I 
don’t like waiting for slow people,” do not put it on the poster; instead use it as a 
chance to discuss the issue. This rarely happens, and students are usually very 
thoughtful and respectful in the ideas they share.
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Activity Time Description/Prompt Materials

Launch 5 min Explain to students that working in groups is an 
important part of what mathematicians do. 
Mathematicians discuss their ideas and work 
together to solve challenging problems. It’s 
important to work together, and we need to 
discuss what helps us work well together.

Explore 10 min Assign a group facilitator to make sure that all 
students get to share their thoughts on points 1 
and 2. Groups should record every group 
member’s ideas and then decide which they will 
share during the whole‐class discussion.

In your groups . . .

1.	 Reflect on the things you do not like people 
to say or do when you are working on math 
together in a group.

2.	 Reflect on the things you do like people to 
say or do when you are working on math 
together in a group.

•	 Paper
•	 Pencil or pen

Discuss 10 min Ask each group to share their findings.
Condense their responses and make a poster so 
that the student ideas are visible and you can 
refer to them during the class.

Two to four pieces 
of large poster 
paper to collect the 
students’ ideas
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Paper Folding: Learning to Reason, Convince, 
and Be Skeptical

One of the most important topics in mathematics is reasoning. Whereas scientists prove 
or disprove ideas by finding cases, mathematicians prove their ideas by reasoning—
making logical connections between ideas. This activity gives students an opportunity 
to learn to reason well by having to convince others who are being skeptical.

Before beginning the activity, explain to students that their role is to be convincing. 
The easiest person to convince is yourself. A higher level of being convincing is to 
convince a friend, and the highest level of all is to convince a skeptic. In this activity, the 
students learn to reason to the extent that they can convince a skeptic. Students should 
work in pairs and take turns to be the one convincing and the one being a skeptic.

Give each student a square piece of paper. If you already have 8.5 × 11 paper, you 
can ask them to make the square first.

The first challenge is for one of the students to fold the paper to make a right triangle 
that does not include any of the edges of the paper. They should convince their partner 
that it is a right triangle, using what she knows about right triangle to be convincing. The 
skeptic partner should ask lots of skeptical questions, such as “How do you know that this 
angle is 90 degress?” and not accept that they are because it looks like they are.

The partners should then switch roles, and the other student folds the paper 
into an equilateral triangle that does not include any of the edges of the paper. Their 
partner should be skeptical and push for high levels of reasoning.

The partners should then switch again, and the challenge is to fold the paper to 
make an isosceles triangle, again not using the edges of the paper.

The fourth challenge is to make a scalene triangle triangle. For each challenge, 
partners must reason and be skeptical.

When the task is complete, facilitate a whole‐class discussion in which students 
discuss the following questions:

•	 Which was the most challenging task? Why?
•	 What was hard about reasoning and being convincing?
•	 What was hard about being a skeptic?

Connection to CCSS
6.G.3
6.G.4
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Activity Time Description/Prompt Materials

Launch 5 min Tell students that their role for the day is to be 
convincing and to be a skeptic. Ask students to 
fold a piece of paper into a rectangle that is not 
a square. Choose a student and model being a 
skeptic.

Explore 10 min Show students the task and explain that in each 
round, they are to solve the folding problem. In 
pairs, students alternate folding and reasoning 
and being the skeptic. After students convince 
themselves they have solved each problem, they 
switch roles and fold the next challenge.

Give students square paper or ask them to start 
by making a square. The convincing challenges 
are as follows:
1.	 Fold your paper into a right triangle that 

does not include any edges of the paper.
2.	 Fold your paper into an equilateral triangle 

that does not include any edges of the paper.
3.	 Fold your paper into an isosceles triangle that 

does not include any edges of the paper.
4.	 Fold your paper into a scalene triangle that 

does not include any edges of the paper.

•	 One piece of 
8.5” × 11” 
paper per 
student

•	 Paper Folding 
worksheet 
for each 
student

Discuss 10 min Discuss the activity as a class. Make sure to discuss 
the roles of convincer and skeptic.
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Paper Folding: Learning to Reason, Convince, 
and Be a Skeptic

1.	 Fold your paper into a right triangle that does not include any edges of the 
paper. Convince a skeptic that it is a right triangle.
Reflection:

Switch roles

2.	 Fold your paper into an equilateral triangle that does not include any edges of 
the paper. Convince a skeptic that it is an equilateral triangle.
Reflection:

Switch roles

3.	 Fold your paper into an isosceles triangle that does not include any edges of 
the paper. Convince a skeptic that it is an isosceles triangle.
Reflection:

Switch roles

4.	 Fold your paper into a scalene triangle that does not include any edges of the 
paper. Convince a skeptic that it is a scalene triangle.
Reflection:



1

24

Taking Apart Prisms 
and Polygons

1B I G  I D E A

The mathematical concepts at the heart of this big idea are area and volume. 
Although these ideas call for students to learn through objects, holding them in their 
hands and exploring with them, many students are asked only to memorize formulas 
and so do not develop an understanding of area, volume, or the differences between 
them. In our Youcubed summer camp, we gave the students an activity with sugar 
cubes; they were invited to build different sized larger cubes with the sugar cubes. 
When we interviewed the students a year after they attended the camp, one of the 
boys told us that he now thinks about the sugar cubes every time he learns about 
volume, as they gave him a physical representation of a 1 × 1 × 1 cube. His experience 
holding the cubes and building with them contributed to a deep understanding of 
volume that was powerful and enduring for him. In our Investigate activity, we invite 
the students to build with very similar cubes—snap cubes. In all of the activities, 
students are asked to build with two- and three-dimensional shapes.

In the Visualize activity, we ask students to find different ways to take apart 
two-dimensional complex shapes as they work to find area. We have used shapes that 
require students to reason about how to determine the area when its boundary 
doesn’t fit exactly on a square grid. As students reason through determining the area, 
they also need to break the shape into other shapes they are familiar with, such as 
triangles and rectangles. This type of thinking is foundational for later work in 
geometry and calculus.

In the Play activity, we ask students to determine the area of a complex piece of 
artwork that is made from different polygons. We like to connect mathematics and 
art in our books, as it is important for students to see that mathematics can be 
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beautiful, creative, and applied to all sorts of different real-world situations. 
Because of the uneven border of the shape, students will need to come up with 
different creative ways to find the area. This lesson also provides students 
opportunities to discuss estimation. In studies of mathematics in the world, 
estimation has been found to be one of the most used concepts and one that is 
undertaught in schools. We are sure your students will enjoy making their own 
piece of mathematical art.

In the Investigate activity, students build off the Visualize activity as they 
imagine complex two dimensional shapes as the bases of buildings. Students are 
asked to use multilink cubes to construct the buildings, giving them an important 
opportunity to understand volume. In this activity, we also provide an opportunity 
for students to work with rational numbers. Students in sixth grade are learning to 
expand their number system, yet questions in traditional textbooks often ask the 
students only to work with whole numbers. We have provided problems that use 
rational numbers, fractions, to support students’ growth in understanding of both 
volume and rational numbers. Students are asked to visualize fractions of multilink 
cubes as they work to determine volume and connect the idea of volume to the idea 
of area for the shapes that they worked with in the Visualize activity. Students often 
have trouble understanding the difference between area and volume because they 
have not had enough experience spending time connecting their numbers with visual 
two- and three-dimensional models. We hope that this set of activities will provide 
time for fun and challenge together, and that students will get an enjoyable 
opportunity to struggle and to use their creativity in finding different ways to see 
and solve problems.

Jo Boaler
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How Big Is the Footprint?
Snapshot

Students develop methods for finding the area of irregular 
polygons by exploring ways to decompose two-
dimensional figures and reason about partial square units.

Agenda

Activity Time Description/Prompt Materials

Launch 5–10 min Show students the Quadrilateral in 
Question sheet on the document camera 
and ask, How might we find the area of this 
shape?

Quadrilateral in 
Question sheet, to 
display

Explore 30+ min Small groups develop methods for finding 
the area of the quadrilateral. For each 
method, groups create a visual proof to 
share with the class.

•	 Quadrilateral in 
Question sheets, 
multiple copies 
per group

•	 Optional: colors

Discuss 20+ min Groups present their solutions to the area 
of the quadrilateral, and the class discusses 
how they decomposed the shape and 
accounted for the partial squares. Come to 
consensus about methods that make sense.

Explore 30+ min Small groups choose from the Polygon 1–4 
sheets to find the area of another shape, 
drawing on the previous discussion. Groups 
develop visual proofs of their solutions to 
share.

•	 Polygon 1–4 
sheets, for 
groups to 
choose from

•	 Optional: colors

Discuss 20+ min Shape by shape, groups present their 
solutions and discuss what methods make 
sense. Discuss what the various methods 
have in common and how you might select 
a strategy for finding the area of a shape.

Connection to CCSS
6.G.1
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To the Teacher

Two ideas are central to this lesson, one conceptual and one mindset. At the 
heart of the conceptual work students are doing in this activity is making sense 
out of partial square units. A colleague of ours conducted a study in a sixth-
grade classroom in which students engaged in an area task similar to this one 
(Ruef, 2016). Students developed many ways of addressing the partial units 
created by the angled side. Some students ignored them, believing that only 
whole units counted. In this method, students focus on stacks of square units, as 
shown in the figure here. While this does not lead to a fully accurate count of 
the area of the figure, it anticipates the way calculus approximates the area under 
a curve. If students in your class invent this way of thinking about area, it is 
worth naming that they have an idea that they will use in calculus to deal with 
the challenge of curves.

1 2 3

4 5 6 7 8 9

10 11 12 13 14 15

Some students count only whole squares when finding the 
area of an irregular shape.

Other students in Ruef ’s study developed various ways to create whole units 
out of the partial units, including ways that use the space not covered by the shape. 
For instance, some students visualized the partial units as half of larger rectangles, 
as in the methods shown in the next images. Both of these methods are accurate 
and have connections to thinking about slope, fractions, and decomposition of 
two-dimensional figures.
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Some students make a  
rectangle and halve the area.

6

Some students make a large rectangle 
to cover the top of the larger 

shape that is a triangle and then 
halve the area.

The second central idea in this lesson is students’ authority over the 
mathematics. This activity will challenge students to develop methods that they are 
uncertain about, or even, as in Ruef ’s study, to attempt incomplete or conflicting 
methods. It is crucial that students be the ones to determine whether a method 
makes sense, accounts for the full area, and is accurate. Ruef found that when placing 
the authority with students to make sense and come to consensus in this seemingly 
simple task, students took as long as three days to explore, debate, gather evidence, 
discuss, and come to agreement, and even then, they wanted their teacher to confirm 
that they were correct. The teacher resisted being positioned as the mathematical 
authority in the room, which made students responsible for deciding when they were 
convinced. We encourage you to take from this example the fortitude to resist 
students’ requests that you decide who is correct and what makes sense. This is a 
prime activity in which to establish your students, at the beginning of the year, as the 
only ones who can decide whether and how a mathematical argument makes sense.

Activity

Launch

Launch the activity by showing the class the Quadrilateral in Question sheet in the 
document camera. Ask, How might you find the area of this shape? What do you 
notice that could help you? Give students a chance to turn and talk to a partner 
about these questions. Allow students to share some of their observations with the 
class. Pose the task for the day.
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Quadrilateral in Question

Explore

Students work in small groups using the Quadrilateral in Question sheet to find its 
area. Ask students to find as many different ways as they can to make sense out of 
the area. You may want to provide groups with multiple copies of the Quadrilateral 
in Question sheet to represent each of their methods. Ask students to make a proof 
of their solutions on the sheet to share with the class to convince others that their 
solutions make sense. A proof can include drawings, numbers, arrows, calculations, 
and any other features that make reasoning clear and convincing, and colors can help 
students communicate about different parts of their solutions.

Discuss

Begin the discussion by asking each group to present their different solutions. If 
possible, try to make these solutions visible side by side so that the class can compare 
the solutions and methods. If there is disagreement about the area, discuss what led 
to these different results. Ask, Which methods do we think make the most sense? 
Why? It is likely that differences in method and solution will center on how students 
dealt with partial squares. Focus the class discussion on the following questions:

•	 How did you decompose the shape to find its area?
•	 How did you account for the partial squares?
•	 How do you know that you have accurately counted the area?
•	 How do the different methods prove each other? What do they have in 

common? What differences do you see?
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Be sure the class can come to agreement about the area of this shape and 

methods that accurately count the partial squares. This is a crucial opportunity to 
promote argumentation, justification, and student authority over mathematics. 
Allow students to continue to work on developing consensus even if that requires 
sending groups back to work on making sense of the different methods, and 
reconvening the discussion afterward.

Explore

Ask students in their small groups to choose a shape from the Polygon sheet set. 
Provide copies of all the Polygon sheets. For each shape they choose, ask students to 
explore the following questions:

•	 What is the area of the shape? How do you know?
•	 How can you use what you learned in the first shape to help you find the area 

of other shapes?

Ask groups to develop visual proofs for each shape they work with. Again, you 
may want to provide groups with colors to support communicating about the 
different parts of their solutions.

Discuss

Begin the discussion by asking groups to share the areas they found for the 
different shapes, talking about each shape in turn. Come to consensus about the 
area and draw connections between the methods and reasoning students used for 
different shapes.

Discuss the following questions:

•	 What methods make the most sense for finding the area of irregular 
polygons?

•	 How can we decide what method to use for a given shape?

Come up with some class conjectures about the best methods to use based on 
your results from today.
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Look-Fors

•	 How are students making sense out of the partial square units? This is the 
central mathematical concept of the lesson and one that students will likely 
struggle with. Encourage students to use color or to diagram the shape to 
make visible the ways they are counting. Ask students how they are dealing 
with the partial squares and ask them to describe their reasoning. If students 
argue that the partial squares do not count, push them to articulate why. If 
they are counting the partial square, push them to describe how they are 
doing so and how they know they have counted accurately. As you interact 
with students as they develop methods, be sure that all students are ready to 
share their reasoning with the class so that you can have a fruitful discussion 
about the contradictions in their methods.

•	 How are students decomposing the shapes to find area? Some students may 
decompose based on whole and partial squares, while others may decompose 
using larger polygons. For instance, some students may see this shape as a 
rectangle with a triangle on top. This is a useful way of thinking about 
nonrectangular polygons, as all can be decomposed into triangles and 
rectangles, so the methods students develop here thinking in terms of 
triangles and rectangles can be used generally. When these students share 
their thinking with the class, be sure to provide time for all students to see the 
polygon as the composition of other shapes.

•	 How are students making sense of conflicting solutions? Students may or 
may not be concerned by having multiple solutions presented simultaneously. 
This is a task with only one correct answer, though there are many ways to 
reason about that answer. Groups will undoubtedly have different methods 
and some different answers about a shape’s area. Be sure to draw their 
attention to these by asking, Can this shape have different areas, or only one 
area? Why? If the class can agree that a shape can have only one area, then 
they need to consider which of the potential areas makes sense, and it is only 
based on sense making that a method can be deemed correct. You may want 
to examine some methods side by side to determine why they lead to different 
(or even the same) answer. Support the class in narrowing the field of 
solutions by deciding which they can agree do not make sense and why. If 
students still have multiple answers, they may need additional time to work 
on each method before returning to discuss them again.
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•	 How are students using what they learned from the first shape to help them 

find the areas of other polygons? The first shape is intended to provide 
opportunities to reason about partial squares and the decomposition of 
two-dimensional figures. Both of these ideas are supportive of finding the 
areas of the polygons in the second round of exploration. If students get 
stuck, you may want to ask them to refer back to the class’s previous 
discussion and the set of methods they agreed made sense. You might ask, 
How could you adapt these methods to use with this polygon? Why would 
those methods make sense? How is this shape like the Quadrilateral in 
Question? How could that help you think about methods that could make 
sense? In the closing discussion, ask the class to make connections between 
the methods used across shapes, to support them in seeing generalizable 
methods for finding the area of polygons.

Reflect

What do you think are the best methods for finding the area of polygons? Why?

Reference
Ruef, J. (2016). Building powerful voices: Co-constructing public sensemaking (Doctoral 

dissertation). Stanford, CA: Stanford University.
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    Quadrilateral in Question
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  Polygon 1
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  Polygon 2
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  Polygon 3
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  Polygon 4
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Shards of a Shape
Snapshot

Students play with different ways to decompose a 
complex polygon to find its area.

Agenda

Activity Time Description/Prompt Materials

Launch 5–10 min Show students the Shards of a Shape 
sheet and ask them what they notice. 
Focus attention on the way the figure 
is decomposed into simpler polygons. 
Ask students how they might 
decompose the same figure to find 
its area.

Shards of a Shape sheet, 
to display

Play 25–30 min Students work in partnerships or small 
groups to figure out how to 
decompose the figure to find its area. 
Students make a poster to show visual 
proof of the ways they are finding 
the area of the different parts of the 
figure.

•	 Shards of a Shape 
Outline sheet, 
multiple copies per 
group

•	 Posters, one per 
group

•	 Make available: 
colors, rulers or 
other straightedges, 
and tape

Discuss 20+ min Conduct a gallery walk of students’ 
posters and compare the ways groups 
have decomposed the image. Invite 
students to share their strategies for 
finding area. Ask, What are the most 
useful ways we have come up with?

Connection to CCSS
6.G.1
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Activity Time Description/Prompt Materials

Explore 20–30 min Groups continue to work on finding 
the complete area of the figure 
using the most useful strategies shared 
in the discussion.

Make available: Copies 
of Shards of a Shape 
Outline sheet, colors, 
rulers or other 
straightedges, and tape

Discuss 15+ min The class discusses the area of the 
figure and comes to consensus on 
what area makes sense given the 
evidence provided by different groups.

To the Teacher

This activity represents a leap in complexity from the shapes students explored in 
the Visualize activity. We encourage you to focus the first part of the lesson purely 
on decomposing the figure. Give students the space to play with and explore 
different ways they might decompose the figure to find its area. At this stage, 
finding the area itself is not the goal. Rather students should focus on thinking 
about how to partition the figure into shapes that they might be able to use to 
find the area of the whole. There are an infinite number of ways to do this, and 
some decompositions are more useful, efficient, and elegant than others. Students 
may need many copies of the figure as they iterate to find ways to decompose that 
they think will be useful.

As students move to finding the area of the decomposed parts and the whole 
figure, they will need strategies for finding the area of such complex pieces. You may 
want to provide patty paper for students to use to trace, rotate, and flip as they work, 
if that helps them think through their decomposition.

Finally, we have not provided the answer to this task, precisely because it is 
critical that students be in charge of determining what area makes sense for this 
figure. You may find yourself in the position that you yourself do not know who or 
what is correct. Embrace this ambiguity and entrust students with the authority to 
use evidence to determine what makes sense.
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Activity

Launch

Launch the activity by showing the class the Shards of a Shape sheet on a document 
camera. Ask, What do you notice about this shape? Give students a chance to turn and 
talk to a partner about what they notice. Ask students to share some of their 
observations with the class. Students may notice how the different polygons fit together 
to make a larger shape, or, conversely, they may see the larger shape as being cut into 
simpler polygons. Draw students’ attention to the way the figure is decomposed into 
triangles and quadrilaterals. Students may notice that this decomposition makes you see 
things (like pyramids, mountains, or textures) that you wouldn’t see otherwise.

Shards of a Shape

Tell students that today they are going to be playing with finding the area of this 
complex polygon. Point out that while this image shows a really interesting 
decomposition, it’s not as useful for finding area as the ways students were decomposing 
shapes in the Visualize activity. Pose the question, How would you decompose 
this shape to find its area?

Play

Working with partners or in small groups, students use the Shards of a Shape 
Outline sheet, in which just the outline of the figure is shown on dot paper. 
Invite students to try the following and consider these questions:

•	 Study the image. What do you notice? What strategies could you use to 
decompose?

•	 Try more than one way to decompose the figure into smaller shapes that 
could help you find the figure’s area. Which way to decompose the shape 
looks like it will be the most useful?
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•	 Find the area of the shape. Color-code the different parts of your decomposed 

shape to help others see how you found the area. Put your shape on a poster 
so that you have more room to show how you are finding the area of the 
figure. Make proofs of your solution.

It is unlikely that all groups will finish finding the area of the entire figure before 
you call the class together to discuss their work in progress. Simply ask students to 
show on their chart as much of their thinking as it currently stands before posting it 
for the discussion. They will have the chance to return to it afterward.

Discuss

Display all the posters of students’ decomposed figures. Do a gallery walk and ask 
students to think about the following questions as they look at the class’s work in 
progress:

•	 What do the different ways of decomposing have in common? Why do you 
think we used this shared strategy?

•	 How are our strategies different? Which ideas are most interesting and why?

After students have had a chance to examine one another’s work, discuss the 
following as a class:

•	 What differences and similarities did you notice about the ways we 
decomposed the figure?

•	 (Zoom in on specific parts of the image that students tackled differently.) 
Why did the groups decompose this portion of the figure differently? 
Which ways do you think will be the most useful for finding area? Why?

•	 What strategies did groups use for finding the area of different parts of the 
figure? (Invite students to explain some of the different ways they tackled 
area, with particular attention to partial units.)

•	 What are the most useful ways to decompose and find area we have come up 
with? Why? What questions do we still have?
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Explore

Students return to working on finding the area of the Shards of a Shape figure. Invite 
students to continue using the poster they have started or to get a fresh copy of the 
Shards of a Shape Outline sheet to start over. Students should be free to use any of 
the strategies shared in the previous discussion, combining or adapting them as they 
see fit to find an area they feel confident in. Groups should be prepared with visual 
proof of their area to share with and convince the class.

Discuss

Post all of the groups’ work for the class to see. Invite groups to share the area they 
found for the figure. Ask, What is the area? How do we know? The goal of this 
discussion is to come to agreement on the area. Students will undoubtedly have 
different areas. As you discuss what students have found, ask the class to examine 
these differing areas to figure out why they are different and what they believe is the 
most accurate answer. This debate is crucial for students to make sense of the task 
and use evidence to convince one another. Identifying errors and convincing others 
of what led to those errors are critical skills of argumentation.

Look-Fors

•	 How are students decomposing the figure? There are an infinite number of 
ways to decompose this polygon. Some ways will lead to more challenges when 
attempting to find area, while others will reduce the complexity of finding 
area. Pay attention to how students are using the vertices and sides of the 
figure, and whether students are decomposing into shapes that have right 
angles. Using right triangles will make finding area much more manageable 
than using the triangles shown in the original Shards of a Shape image. If 
students are struggling to come up with a decomposition strategy, focus their 
attention on just part of the image. You might ask them to point to a part of 
the image that looks most familiar, or where they can see a shape hidden inside. 
Then ask, How could you find the area of this part? What shape do you see? 
Ask students to mark it on their outline and show evidence of the area, before 
repeating this process building outward from the part they just figured out.

•	 What strategies are students using to find area? How are they dealing with 
partial units? Draw on the strategies that students developed in the Visualize 
activity and notice as you look at students’ work which of these strategies 
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students are using. Are there any strategies students are ignoring? 
Are students attending to partial units with meaning? You may want to make 
explicit connections between this shape and the work from the Visualize 
activity by pointing out the posters students made on that day. You might ask, 
How are you counting the partial squares? Which strategy from the other day 
are you using here? How do you know you’ve counted the area accurately? 
Push students to make connections and justify.

•	 Are students accounting for the entire shape? In decomposing such a 
complex shape, it is possible students will simply miss some of the parts. This 
is particularly likely if students work from several different starting points, say 
by lopping a triangle off on one side, then pulling a rectangle out of the 
middle, then moving to another triangle on the far side. Encourage students 
to look at the entire figure and color-code the different parts to help them 
keep track of all the shapes they have created through decomposition. 
Students may want to start over with a new sheet if they get too tangled up in 
the many shapes they have created. You may also want to encourage students 
to explore whether cutting the figure into more or fewer shapes makes finding 
the area (and keeping track) easier.

•	 Are students using evidence to determine what makes sense? In the 
discussion of the area of the figure, it is critical that agreement on the area is 
based on evidence rather than on whose voice has the most power or 
authority in the classroom. Discussions like these can sometime hinge not on 
what is being said but on who is saying it. Use this opportunity to enforce the 
norm that arguments must be supported with evidence from mathematics, 
not just loud, confident voices. You might ask the class, Are you convinced? 
Why or why not? Is there another possible answer? Why? Which parts of the 
area can we agree on? Why are the other parts difficult for us to agree on? 
What do we need to figure out? How will we do that? Use these kinds of 
facilitation questions to hold the class to a high standard of evidence, even if 
it means the discussion must continue on another day.

Reflect

What strategy for decomposing to find area did you find most useful? Why?
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  Shards of a Shape 
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  Shards of a Shape Outline
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Rising from the Footprint
Snapshot

Students explore finding the volume of solids that are not 
rectangular by constructing buildings on shapes explored 
in the Visualize activity.

Agenda

Activity Time Description/Prompt Materials

Launch 5–10 min Show students the Shanghai Skyline 
image and draw attention to the 
different shapes and heights of the 
buildings. Show the U‐Shaped 
Building Footprint sheet and ask 
students to imagine that this is the 
footprint of a building 61

2 units tall. 
Ask, What will it look like? How 
might you find its volume?

•	 Shanghai Skyline, to 
display

•	 U‐Shaped Building 
Footprint sheet, to 
display

Explore 20–30 min Students work in partnerships or 
small groups to develop methods for 
finding the volume of the U‐shaped 
building, and others that are not 
rectangular solids.

•	 U‐Shaped Building 
Footprint sheet, one 
per partnership

•	 Make available: snap 
cubes and copies of 
the Building 
Footprint A–D sheets

Discuss 15–20 min Discuss the different methods 
students have developed to find the 
volume of the U‐shaped building and 
come to consensus on its volume.

Connection to CCSS
6.G.2
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Activity Time Description/Prompt Materials

Explore 30+ min Students return to work in their 
groups to find the volumes of other 
buildings, posting their solutions 
clustered by building. Then groups of 
students curate each building’s 
solutions and determine what can be 
shared and discussed about the 
solutions for that building.

•	 Building Footprint 
A–D sheets, one per 
partnership for students 
to choose from

•	 Snap cubes
•	 Display space for 

solutions for each 
building

Discuss 15–20 min Each curating group shares something 
about the solutions for their building, 
and the class discusses any questions 
these groups pose. Tell students these 
figures are all prisms. Ask, How do you 
find the volume of a prism?

To the Teacher

In this activity, we build on the foundation laid in the Visualize activity. In that work, 
students decomposed figures to find their area, and in this activity, we use similar shapes 
as footprints for buildings that rise from them. We have provided these similar figures 
here on grid paper, this time using square units that are the same size as most snap cubes 
so that students can build up, layer by layer, if they wish. The footprints with partial 
units pose a challenge, and students will need to figure out how they might build and 
find the volume using whole cubes when the footprints are not made of whole units. 
For buildings with a whole number of units in the footprint, we have made the heights 
fractional, pushing students to think about the volume with half cubes.

In each of these cases, we think that using whole snap cubes is a valuable 
experience for constructing volume and provides a concrete model for discussing 
what is happening with partial units either in the base or the height. The challenge 
will necessitate students to visualize how what they can construct is different from 
the figure being described in the activity.

Activity

Launch

Launch the activity by showing the Shanghai Skyline image (see next page). Point 
out that the buildings in any city or town come in different shapes and heights. You 
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might ask students what shapes they see in this skyline or what differences they 
notice among the buildings. Then show the class the U-Shaped Building Footprint 
sheet and remind students that they explored the area of a shape similar to this in the 
Visualize activity.

U-Shaped Building Footprint

Ask students to imagine that this is the footprint of a building in a city. 
This building is going to be 61

2  units high. Ask, What does the building look 
like? Ask students to turn and talk to a partner and describe what they see in their 
minds. Invite students to offer descriptions of the building and what they see in 
their minds. Encourage descriptive language and gestures that help students 
communicate what they imagine. Perhaps this building actually reminds them of 
one they have seen.

Tell students that today their challenge is to find the volume of this building and 
the others that are similar to what they have already seen before. Ask, How can you 
reason about the volume of buildings that are not rectangular solids?

Explore

Students work with a partner or in a small group to develop methods for finding the 
volume of buildings that are not rectangular solids, starting with the U-shaped 
building. Provide partners with a copy of the U-Shaped Building Footprint sheet 
and make snap cubes available. Ask students, What is the building’s volume? 
Develop a method for finding the volume of this building.

Once partners have found the volume of the U-shaped building, invite them to 
choose another footprint and find the volume of the building. Once all groups have 
found the volume of the U-shaped building, gather the class together for a discussion.

Shanghai Skyline



49Big  Idea  1 : Tak ing  Apar t  P r i sms  and  Po lygons

B
IG

 ID
E

A
 1

: TA
K

IN
G

 A
PA

R
T 

P
R

IS
M

S
 A

N
D

 P
O

LY
G

O
N

S
Discuss

Discuss the following questions:

•	 What is the volume of the U-shaped building? How do you know?
•	 What strategies did you use?
•	 How did you deal with the fractional height? How did you count partial cubes?

Come to consensus about the volume of the U-shaped building and ways of 
reasoning about volume with partial cubes.

Explore

Students return to their groups to investigate the volumes of the other buildings. 
For each volume students find, ask them to represent their thinking on the page as 
clearly as they can so that other groups can understand what they have done. For 
each building, create a display space in the classroom and have students post 
solutions on the wall or bulletin board clustered by building.

Once students have had the chance to work on several buildings, assign a group 
of students to curate each building’s solutions. In their group, students can reorder or 
regroup the solutions. Ask students to look at what the solutions have in common 
or where they are different. In their curating group they need to decide, What is 
interesting for us to talk about for this building’s volume and the class’s solutions? 
The group should choose something to show and a question for the class to discuss.

Discuss

Invite each curating group to share something from the solutions they curated and 
pose a question that the class can discuss. Be sure to draw attention to places where 
groups disagreed or where they agreed but used very different strategies.

At the close of the discussion, tell students that each of these buildings is a 
prism. Pose the question, How do we find the volume of prisms?

Look‐Fors

•	 Are students drawing on their experience finding the areas of these 
footprints? If you still have posters or student work available from the 
Visualize activity, it can serve as a useful reference for students. It is a 
conceptual stretch, however, for students to think of volume and area as 
related, particularly since teachers work hard to ensure that students don’t get 
area and perimeter confused. The relationship between area and volume will 
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require that students shift from thinking in square units used to cover the 
two-dimensional shape to cubic units used to cover and build up from the 
footprint. Don’t underestimate the shift in conceptual thinking that this 
requires, and the relationship between area and volume will not be 
immediately obvious to all students. Encourage students to build using the 
snap cubes and ask them questions about how what they are doing is and is 
not related to the work they did to find area. You might ask, How is this like 
finding area? How is it different? Can area help you find volume? How?

•	 How are students reasoning about partial cubes? All of the figures we have 
created in this investigation require that students reason about partial cubes 
when they cannot build with partial cubes. Students may tackle this challenge 
by building figures too large and imagining shaving parts off, or by doing the 
opposite, building figures too small and imagining adding missing parts back 
on. How are students doing this? How are they mentally accounting for what is 
being added or subtracted? This requires both the conceptual understanding 
that such slicing is needed and the spatial relations to imagine what cannot be 
made concrete well enough to count the parts. Again, this is quite challenging 
work, and we encourage you to take that challenge seriously when students 
struggle. Ask them questions to support visualizing the building, such as, What 
kind of block(s) would you need to build this building so that it was accurate? 
How big would those blocks be in relationship to the cubes we have? How do 
you know? How could we count the volume of just those pieces?

•	 Are students thinking about volume as layers of cubes? A key part of 
understanding volume is thinking in layers of cubic units. Students may have 
had experiences with volume in the past that focused only on multiplying 
dimensions of rectangular solids. If this is the case, students will struggle with 
imagining the volume of nonrectangular solids, which require thinking 
conceptually rather than formulaically. You might ask students to construct 
the building from the ground up and ask them, What would the volume be 
if the building was only one unit high? Two units high? Three units high? 
And so on. Such questions may help students both attend to the pattern that 
is created by building in layers and reason about half-unit heights as well.

Reflect

How do we find the volume of prisms?
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  Shanghai Skyline
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    U‐Shaped Building Footprint 

This building is 61
2 units high.
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  Building Footprint A 

This building is 7 units high.
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  Building Footprint B 

This building is 6 units high.
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  Building Footprint C

This building is 8 units high.
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  Building Footprint D 

This building is 51
2 units high.
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Folding and Unfolding Objects

This big idea follows from the last, in continuing a focus on volume and area, but 
this time offering students the opportunity to visualize, fold, and construct. When 
experts think about the most useful mathematics for the world, they often 
highlight estimation and number sense, but they also stress the importance of 3-D 
visualization and construction. Although this is a really critical area of 
mathematics, it is often neglected in schools. As we go through our daily lives, we 
frequently need to work out what will fit into a space–whether it is food items in a 
shopping bag, cars in parking spaces, or even people’s bodies moving around. In 
employment in the STEM fields, 3-D visualization is even more central—in 
medical explorations, data science, brain imaging, and many other fields. Yet our 
traditional mathematics curriculum has offered few opportunities for students to 
visualize, build with nets, or investigate with 3-D shapes. These activities are all 
central to the tasks in this big idea and should engage students as well as help them 
understand deeply.

It is likely that students will have had little or no experience of visualizing 
or building with nets. This means there is plenty of opportunity for them to 
struggle, which we know is the most important time for brain growth. In the 
moments of struggle, it is important not to dive in and “save” students; that will 
take away the brain growth opportunity. Instead ask questions and encourage 
students to try ideas and refine them. I like the motto of Silicon Valley and of 
entrepreneurship in general, which is “Fail fast, fail often.” This is a good 
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approach to the activities in this unit, as students will be entering uncharted 
territory for them, and it is good for them to try out ideas, make mistakes, fix 
them, and move forward.

In the Visualize activity, students are provided images of three-dimensional nets 
that produce a cube with one side missing. The missing side is considered the top. 
The goal for students is to predict which of the squares making up the net will be the 
bottom of the cube. Students will be given the opportunity to visualize and make 
predictions and to try to convince themselves and one another, using 3-D and spatial 
thinking as they cut and fold the nets.

In the Play activity, students study nets that have faces for each side, and they 
are asked to visualize the 3-D shapes they will make. They are encouraged to 
share and discuss their 3-D thinking with each other. Students will first draw the 
objects they think each net will make. This is a really important step, as it will 
involve plenty of opportunity for struggle and hard thinking. Drawing takes time, 
and we often don’t provide students enough time and space to sketch shapes. This 
is a great time for learning and one that should not be rushed. Once students 
have made conjectures and tried to convince their partners, they will then cut out 
the net and fold it to see how it matches up to their conjectures and their 
drawings. This is another good time to celebrate mistakes and talk about the 
positive brain activity that takes place at times of mistakes and struggle. Some of 
the nets we have provided will not fold into a 3-D shape, which was deliberate on 
our part and is more typical of a mathematical situation students will encounter 
in the “real world” when situations are not perfectly designed math questions that 
always work out! What will students think of these nets? It will be a good time to 
hold a discussion with them about the nature of real mathematical thinking in 
the world.

In the Investigate activity, partners investigate the question, What is the largest-
volume box that can be made from 15 × 15 cm paper? When I was a teacher in 
London, I often gave students activities like this, where they investigated the 
maximum volume possible. Students will be able to design and test out different nets 
in order to explore the relationship between the design of nets and the volume that 
results from their different designs. As students test out different designs and 
calculate volumes, there will be a need for good organization of results. This is a 
perfect teaching time, when teachers can value and share good ideas for organization 
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that different students come up with. Students are asked in the activity to make 
tables, graphs, and sketches and to calculate. These different ways of working draw 
on different brain pathways and will cause communication between different parts 
of the brain to take place. This is now known to be an important opportunity for the 
brain and one that leads to high achievement and thinking, so it is a nice time to 
value this multidimensional thinking and share with students that they are creating 
opportunities for brain communication.

Jo Boaler
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Folding Cubes in Your Mind
Snapshot

Students build connections between two-dimensional and 
three-dimensional representations of cubes by folding nets, 
first mentally and then physically, to test their predictions.

Agenda

Activity Time Description/Prompt Materials

Launch 5–10 min Show students the Folding in Your Mind 
sheet and tell them it is a plan, or net, for an 
open-topped box. Ask students to imagine 
folding it in their minds. Ask, Which square 
will be the bottom of the box? Come to 
consensus on one or more predictions.

Folding in Your 
Mind sheet, to 
display

Explore 20–30 min In partners, students test their prediction for 
the image by cutting and folding. They 
repeat this process of predicting, agreeing, 
and testing on additional nets. Once students 
finish these, they can try to create their own 
nets to test.

•	 Folding in Your 
Mind sheet, one 
per partnership 
or per student

•	 Scissors and 
tape

•	 Open Box Net 
A–D sheets, one 
per partnership

•	 1” grid paper 
(see appendix)

Discuss 15–20 min Discuss how students had to visualize to 
predict which square would be the bottom, 
the predictions students made, and what 
surprised them when they folded the nets. 
Students share the nets they designed and 
how creating their own was different from 
predicting.

Extend 25+ min Students design nets for open boxes that do 
not work, to determine what makes a net 
work (or not).

1” grid paper 
(see appendix)
Scissors

Connection to CCSS
6.G.4
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To the Teacher

Celebrate mistakes! This activity will invite students to visualize three-dimensional 
motion and make predictions, a kind of mathematical thinking that students will use 
every day to navigate the world but that is rarely taught in school. Because students 
have likely had few experiences that challenge them to fold two-dimensional figures 
into three-dimensional solids, they will make lots of mistakes and be surprised by 
what they find. Encourage students to reflect on the differences between what they 
visualized and what they discovered when they physically folded the nets.

Another element that surfaces in this activity is the relationship among 
visualization, gestures, and verbal explanations. As students try to explain what they 
are visualizing, they may use gestures to communicate. Rather than seeing this as a 
failure of vocabulary, recognize the use of gestures as a signal that students are 
actively seeing the motion of the net being folded in their minds. These gestures also 
serve as a bridge between visualization and the words one might use to describe the 
spatial relationships students can see. Gestures can provide the listening audience 
access to what the speaker visualizes. Encourage students to imagine, show, and tell 
in multiple ways to build connections.

Activity

Launch

Launch this activity by showing students the Folding in Your Mind sheet on the 
document camera. Tell the class that this image is a plan for an object and that if 
we folded it, it could become a square box with no lid. Tell students that we call 
this kind of plan a net. Invite students to try to fold it in their minds. Ask, Which 
square would become the bottom of the box? How do you know? Give students 
a chance to turn and talk to a partner about what they see and the prediction 
they make.

Ask students to share their answers and reasoning, as in a number talk. You 
might mark the different squares students predict will be the bottom of the box and 
then ask if anyone would like to defend one of these answers. Students can come up 
to point at the figure and explain their thinking. Gesturing serves as a critical bridge 
here between visualizing and explaining. Draw attention to motions students are 
using to explain what squares are getting folded in their minds and what positions 
the squares will occupy once folded. Through a brief discussion, come to agreement 
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on a class prediction or, if debate remains, identify two or more possibilities for the 
class to test.

Tell students that now they will test their prediction by cutting and folding this 
box and will do the same for other nets to explore how to fold two-dimensional 
plans in their minds.

Explore

For this activity, students work in partnerships, but you may want each student to 
have their own materials to get the experience of folding. Provide students with the 
Folding in Your Mind sheet, scissors, tape, and the Open Box Net A–D sheets. For 
each net, students work to

•	 Make a prediction of which square will be the bottom of the box by folding 
the net in their minds. Partners should try to come to agreement about what 
square they believe will be on the bottom. If they disagree, partners should 
work to convince one another before cutting the box out. Ask student to 
mark or color the predicted bottom (or base) on the sheet.

•	 Test their prediction by cutting out the net and folding it. Students can tape it 
together if they want, or they can leave it open, so that the net can be 
flattened and folded repeatedly.

When students finish with these nets, challenge them to design their own on 
1″ grid paper (see appendix) and test them by cutting.

Discuss

Gather the class together to discuss the following questions:

•	 How did you make your predictions? What were you seeing in your mind?
•	 (Show each of the nets on the document camera.) What is the base or bottom 

of the box? How do you know? What did you see in your mind?
•	 Did you make any predictions that didn’t work out? Why? What did you 

discover when you folded it?
•	 What nets did you design? What was challenging about designing nets? 

Did you design anything that didn’t work?

Be sure to celebrate the mistakes that students made and the ways they learned 
to revise their thinking.
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Extend

Invite students to make nets for open boxes that do not work. How do you design a 
net that won’t fold into a box? How can you be sure that your nets don’t work? 
Students can design nets on 1″ grid paper (see appendix) and then cut them out to 
prove why they do not work. Discuss what students have created and how they 
know, by looking at a net for an open box, whether it will work or not.

Look-Fors

•	 Are students visualizing the shape the net will create? Critical to getting 
started on this task is understanding that the nets all make the same three-
dimensional shape, a cubic box with an open top. The questions we are asking 
in this activity are not about what shape will be created but rather about how 
the net will fold to make that shape. If you have a box that is this shape, 
perhaps a cardboard box left over from a delivery or a paper one you can 
make, you might want to show students this example during the launch if you 
anticipate that students will have difficulty in understanding what shape the 
net will become.

•	 How are students communicating about their predictions? Support 
students in using precise language and gestures to help them communicate 
about what they are imagining in their minds. Words like face, edge, base, and 
vertical may help students explain what they are thinking to a partner or to 
the class. Revoicing what they are saying using this language and checking if 
you’ve understood can be useful ways of encouraging the use of these words, 
as in, “So, are you saying that if you fold this face so that it is vertical, then this 
square will be the base of the box?” Also, remember the importance of 
gestures for making connections in the brain. Rather than using words to 
replace gestures, add language on to gestures so that even more connections 
are made. If students are attempting to explain without gestures what they see 
in their minds and the explanations are difficult to follow, encourage them to 
show with their hands what they are imagining.

•	 Are students’ predictions becoming more accurate? This is an activity in 
which to celebrate mistakes and surprises. Students will make predictions that 
others disagree with and that may later turn out to be incorrect. As students 
try to visualize how the nets get folded, they should be using what they learn 
from their mistakes to become more accurate. When students’ predictions do 
not match the folded box, encourage them to unfold and refold the box 
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several times to see how the faces and edges come together. You might ask 
students then to lay the net flat again and try to visualize the folding they have 
just done with their hands. Connecting the visualized folding with the 
physical folding will support connections between two- and three-
dimensional figures and lead to more accurate predictions.

Reflect

What surprised you the most when you were trying to fold the nets in your mind?
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Open Box Net A
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Open Box Net B
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Open Box Net C
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Open Box Net D
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Folding Nets in Your Mind
Snapshot

Students play with nets of different prisms and solids 
to predict what shapes the nets make, and test their 
predictions by cutting and folding. Students explore nets 
that do not work to understand how nets are constructed.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Folding a Net in Your 
Mind image and ask them to visualize 
what shape would be made by folding this 
net into a solid. Discuss and come to 
agreement about a prediction.

Folding a Net in 
Your Mind sheet, to 
display

Play 20–30 min Partners use the Net Set A–H sheets to 
make predictions about what shape each 
net will make when folded. Students 
sketch their predictions on dot paper. 
Some of the nets in the set do not work. 
Students explore which do not work and 
how they know.

•	 Net Set A–H 
sheets, one set 
per partnership

•	 Dot paper and 
isometric dot 
paper (see 
appendix)

•	 Optional: colors

Discuss 15–20 min Discuss the predictions students made for 
each net and their reasoning. Come to 
agreement about these predictions and 
which nets do not work. Reflect on the 
challenges of trying to draw solids.

Play 20–30 min Partners test their predictions by cutting 
and folding the nets. For each net that 
does not work, partners develop a strategy 
for revising it so that it makes a solid.

Make available: 
scissors and tape

Connection to CCSS
6.G.4
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Activity Time Description/Prompt Materials

Discuss 15–20 min Discuss which of the predictions students 
made were accurate and what mistakes 
students made. Students share and 
compare the revisions they made to the 
nets that didn’t work.

Extend 25+ min Partners construct a net to match a 
geometric solid manipulative. Students 
explore whether more than one net is 
possible for this solid and the challenges 
that emerge when trying to create nets.

•	 Geometric solids
•	 Make available: 

dot paper and 
isometric dot 
paper (see 
appendix), 
scissors, and tape

To the Teacher

This activity serves as another opportunity to support students in using three-
dimensional geometry and spatial relations vocabulary with meaning. As students 
are beginning to discuss their predictions and the shapes that are made, they are 
going to search for words to describe the sides and bottom of the figures. Support 
them by providing them with vocabulary—face, base, edge, vertex/vertices, vertical, 
perpendicular—when they need it to describe what they visualize and to convince 
others. Students should be encouraged to express their thinking in whatever words 
they know; having the correct mathematical language should not be a requirement 
for participation. However, through revoicing you can add in opportunities for 
everyday, descriptive language to be coupled with more precise mathematical 
language.

Activity

Launch

Launch the activity by showing students the Folding a Net in Your Mind sheet on 
the document camera. Tell students that, unlike the nets they explored in the 
Visualize activity, this is a net for a solid shape that is not a cube. Invite students to 
try to fold this net in their minds. Ask, What shape would this net make? How do 
you know? Give students the chance to turn and talk to a partner about what they 
visualize and why.
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Ask students to share their answers and reasoning, as in a number talk. You 
might ask students to name all the different shapes they think this net might make, 
and list them on the board or on the Folding a Net in Your Mind sheet. Ask students 
to defend these shapes by explaining their reasoning and what they visualized. They 
can come up to point at the figure to help explain their thinking. Use this discussion 
to come to agreement on a class prediction.

Play

Students work in partners to make predictions about the kinds of shapes formed by 
different nets. Provide partners with Net Set A–H sheets to work with. For each net, 
students work together to make a prediction of what shape the net will make by 
folding the net in their minds. Partners should try to come to agreement about the 
shape that can be made. Encourage students to try to sketch their ideas on either dot 
paper or isometric dot paper (see appendix). Note that drawing three-dimensional 
figures on two-dimensional paper is very challenging work for the brain and will 
support making new connections by pushing students to think about how the 
different components of the figure are related.

In the Net Set A–H sheets, some of the nets don’t work. That is, if students were to 
cut them out to fold them into a solid, the shape wouldn’t close into a solid or would have 
leftover faces. Ask students to explore, Which nets don’t work to make a solid? Why?

Discuss

Gather the class together to discuss the following questions:

•	 What shapes do these nets make? (Invite students to share, discuss, and 
debate their predictions by putting them on the document camera.)

•	 Which nets don’t work to make a shape? How do you know?
•	 How did you make your predictions? What were you seeing in your mind?
•	 How did it feel to try to draw the figures on dot paper? What made it hard? 

Which ones do you think you drew the way you see it in your mind? (Invite 
students to share examples of their drawing on the document camera.)

In this discussion, students may need geometric language that they do not have 
to describe or name the shapes they imagine. Use this opportunity to provide names 
for solids that students might imagine and describe but cannot yet label, such as 
pyramid, cylinder, prism, solid, cone, and so on.
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Play

Returning to work with their partners, students test their predictions for each of the 
solids by cutting out the nets and folding them. Students can tape them together or 
leave them open so that they can be flattened and refolded during the discussion. 
Partners gather evidence for which shapes they can make and which nets don’t work. 
For any net that doesn’t work, ask students to modify it so that it does. Ask, What 
does it take to make it work? Students may want to remove, add, or move a face to 
make the net work. Encourage students to color-code or diagram their revisions so 
that they can share them with others.

Discuss

Gather the class together to discuss the following questions:

•	 Did you make any predictions that didn’t work out? Why? What did you 
discover when you folded the net?

•	 Which nets truly didn’t work? Why? What was the problem with their design?
•	 What might it take to fix these nets so that they would make a solid? What 

different strategies did you come up with?
•	 Did you discover anything that surprised you?

Be sure to continue to use the vocabulary of the shapes students have made now 
that they have physical examples they can touch and see.

Extend

If you have a set of geometric solids, invite students to choose one or more and try to 
make a net to match. Ask, What could your net look like? Are different nets 
possible? Provide students with dot paper or isometric dot paper (see appendix) and 
scissors. After students have constructed different nets, hold a discussion of the 
following questions:

•	 What nets did you design?
•	 What was challenging about designing nets?
•	 Did you design anything that didn’t work? What did you do to revise your 

design?
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Look-Fors

•	 Are students able to make predictions? You may find that some students are 
simply baffled by the task of trying to fold a two-dimensional image into a 
three-dimensional solid. This task can create a high degree of struggle and 
frustration for students who have had little experience manipulating figures 
mentally. While we do not want students to get stuck and quit, it is important 
to acknowledge that this is very challenging work and that by struggling, 
students are making new connections in their brains. You might ask 
these students to focus in on parts of the image and make connections to the 
work they did with the open boxes in the Visualize activity. For instance, in 
that activity students saw that each line between two squares became a place 
to fold and then an edge to the box. You might ask students to look at a net 
and identify places where they will need to fold. Ask, What will happen to 
each of these faces when you fold along these lines? Students may not yet be 
able to fully construct a mental image of the solid, but each step toward that 
visualization is productive.

•	 What words are students using or looking for to describe what they 
visualize or create? Vocabulary should be purposeful. Students should learn 
words when they need them. This activity creates many opportunities to hear 
and assess what vocabulary students can already use comfortably, and 
instructional opportunities to provide just the words students need in the 
moment they need them. Consider the many kinds of words students might 
need: shape names (prism, cylinder, hexagon), attribute names (edge, face, base, 
vertex), positional names (angle, perpendicular, vertical, horizontal), and 
transformation names (rotate, flip, turn).

•	 How are students managing the physical task of cutting and folding? This 
is a second area for potential struggle. The fine motor skills necessary to cut 
and fold nets out of flimsy paper can leave some students frustrated. If you 
anticipate this frustration, you may want to copy the nets on card stock or 
heavier paper stock to make it easier for students to cope with errors and less 
likely that the nets will become accidentally torn or folded. Alternatively, you 
could have some nets precut (but not prefolded) so that scissors are no longer 
necessary. You will want to have plenty of copies of the Net Set A–H sheets 
available in case students do make mistakes and would like a fresh page to try 
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again. It can also help students to simply name the challenge you are seeing 
and ask what they need, as in, “I notice that cutting these out is very 
frustrating. What could we do to make this more manageable?” Students may 
have a clear sense of what they need, and this is a prime opportunity to 
encourage them to exercise agency.

Reflect

How can you tell whether or not a net will work to make a solid?
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Net Set A
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Net Set B
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Net Set C
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Net Set D
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Net Set E
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Net Set F
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Filling Our Nets
Snapshot

Students connect nets to volume by investigating the 
volume of the different boxes that can be created from a 
15 × 15 cm sheet of paper.

Agenda

Activity Time Description/Prompt Materials

Launch 5–10 min Show students a piece of 15 × 15 cm 
paper and the Net-from-a-Square 
sheet. Tell them you can make a net 
for an open box from the paper by 
removing squares at the corners. 
Pose the question for the 
investigation.

15 × 15 cm piece of paper
Net-from-a-Square sheet, 
to display

Explore 30–45 min Partners investigate the question, 
What is the largest-volume box that 
can be made from 15 × 15 cm paper? 
Students design and test different 
nets for an open box to find the 
largest possible volume.

Make available: 15 × 15 cm 
paper, centimeter 
grid paper (see appendix), 
rulers, scissors, tape, 
calculators, and 
centimeter cubes

Discuss 20+ min Discuss what students noticed as 
they worked to create box nets and 
find their volume. Collect all of the 
class’s attempts into a table and 
make observations about the data. 
Ask students if they think that they 
have found the largest volume 
possible and why.

Chart paper and markers

Connection to CCSS
6.G.4, 6.G.2
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Activity Time Description/Prompt Materials

Extend 30+ min Partners develop ways of graphing 
the data to look for patterns and 
determine whether they have 
found the largest-volume box 
possible. Students may return to 
investigate boxes if they believe a 
larger-volume box could be 
constructed.

•	 Grid paper (see 
appendix)

•	 Rulers
•	 Calculators

To the Teacher

In this activity, materials are important. You’ll want an ample supply of 15 × 15 cm 
paper. Origami paper is available in this size, and 6″ patty paper is close enough to 
15 × 15 cm to work for this task. Alternatively, students can use centimeter grid 
paper (see appendix) to cut, count, and fold their own 15 × 15 cm sheets. Having 
centimeter cubes available that students can use to pack their boxes will make this 
activity even more concrete and support bridging the work done in this big idea 
about nets with the previous big idea on volume.

We encourage you to focus students on removing squares at each corner with 
whole-number centimeter side lengths to make exploring volume a whole-number 
affair. However, if students want to try fractional units, allow them to see what 
happens. It will be more challenging to model with cubes, but students have done 
just this in the Investigate activity for Big Idea 1.

When students investigate the maximum volume possible, a new kind of 
pattern will emerge from multiple trials: a parabolic pattern. Removing neither the 
smallest nor largest possible corner squares produces the box with the greatest 
volume. If students do use whole-number units, they may see a pattern like the one 
illustrated in the table shown here. This pattern might cause students to wonder 
whether they could get a larger volume by removing corner squares larger than 
3 × 3 cm but smaller than 4 × 4 cm, and this is a worthy question to investigate. 
Even as they are working, you may want to encourage students to organize their 
trials in a table like this one, or one organized differently, to see patterns and draw 
conclusions.

(Continued)
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Corner Squares Removed Box Base Size Box Height Box Volume

1 × 1 cm 13 × 13 cm 1 cm 169 cm3

2 × 2 cm 11 × 11 cm 2 cm 242 cm3

3 × 3 cm   9 × 9 cm 3 cm 243 cm3

4 × 4 cm   7 × 7 cm 4 cm 196 cm3

5 × 5 cm   5 × 5 cm 5 cm 125 cm3

6 × 6 cm   3 × 3 cm 6 cm 54 cm3

7 × 7 cm   1 × 1 cm 7 cm 7 cm3

Activity

Launch

Launch the activity by showing students a 15 × 15 cm sheet of paper. Tell them that 
if you wanted to use a square piece of paper like this one to make a net for a box with 
no lid, you could cut out the corners and fold up the sides. Show the diagram on the 
Net-from-a-Square sheet to help students visualize how the sheet of paper could 
become a net.

Tell students that today they will be using pieces of paper like this one you’ve 
shown that is 15 × 15 cm. Pose the questions, If we want to use this paper to make an 
open box with the greatest volume possible, what would the net look like? What 
would its dimensions be?

Explore

Students work in partnerships to investigate what is the largest-volume open box 
they can create out of a 15 × 15 cm sheet of paper. Provide partners with 15 × 15 cm 
paper or centimeter grid paper (see appendix), rulers, tape, scissors, calculators, and 
centimeter cubes. Note that students will need lots of paper to test their ideas. 
Students investigate the following questions:

•	 What is the largest-volume open box that can be made from the 15 × 15 cm paper?
•	 What would the net look like for this box?
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•	 What are the dimensions of this box?
•	 How do you know this is the largest possible volume?

Encourage student to record every trial so that they can see the different 
possibilities they have found. Ask, How could you record your findings so that you 
can see patterns?

Discuss

Gather the class together to discuss the following questions:

•	 What did you discover?
•	 What is greatest volume possible? How do you know?
•	 What are the dimensions of the box? How much paper gets cut away? What 

does the net look like?

Create a class display of all the data students have collected. Ask students 
what the table of data should look like. It might include columns such as the 
dimensions of the base, the height of the box, or the size of the squares cut away, 
and it should certainly include the volume of the box. Ask all the groups to 
contribute data from their trials until every box that students made is 
represented. Ask the class, What do you notice about our data? You may find that 
you want to reorder the data to help see patterns. Ask students, Based on this data, 
do you think we have found the box with the greatest possible volume? Why or 
why not?

Extend

Pose the question, How could we graph this data to help us see patterns? Invite 
groups to use grid paper (see appendix) and create some kind of graph of the data. 
Students will need to choose what values they are graphing. For instance, they may 
want to compare base length to volume, or they may compare the size of the squares 
removed to volume. Whatever students choose, they just need to be consistent. 
Students will likely struggle with how to set up the graph, including labeling the 
axes. You might lead a brief discussion in which the class thinks together about these 
issues before sending students off to create a graph.



89Big  Idea  2 : Fo ld ing  and  Unfo ld ing  Ob jec t s

B
IG

 ID
E

A
 2

: F
O

L
D

IN
G

 A
N

D
 

U
N

F
O

L
D

IN
G

 O
B

JE
C

T
S

After students have had a chance to create graphs of the class’s data, gather them 
together to show their different graphs and discuss the following questions:

•	 What do you notice now?
•	 Do you still think we have found the largest volume?

If students think that there is a greater volume possible based on the graph, send 
them off to test this conjecture. This would involve exploring fractional side lengths 
for the squares removed and the base of the box. Using centimeters as we have here 
opens the possibility of using decimals, rather than fractions, which could make 
exploring incremental lengths more straightforward.

Look-Fors

•	 Do students understand the task? This task involves connecting the work 
students have done with nets to their prior work with volume. Building such 
connections is powerful for learning and can create moments where students 
are moving between—and potentially getting tangled up in—different ideas. 
It is worth spending time in the launch to ensure that everyone understands 
the relationship between the 15 × 15 cm paper, the net, and the volume they 
are seeking. Watch as students get started to see whether they are finding an 
entry point into the investigation or are immediately stuck. If students get 
stuck, you may want to show them the Net-from-a-Square sheet and have 
them describe what it shows. It may make sense to invite students simply to 
make any net they want and then return to ask them about its volume. After 
students have tried this task once, they will find iterating to compare volumes 
more manageable.

•	 How are students thinking about volume? Because the box being created 
here is a rectangular solid, students may be thinking about volume in one of 
three ways. First, they may simply think of volume as packing centimeter 
cubes inside the box, which is consistent with the concept though time 
consuming and potentially error filled when done with boxes this size. 
Second, students may be thinking in layers, either by constructing the area 
of the base and then multiplying or by finding the area of the base and 
multiplying. This is much more efficient and also grounded in the concept 
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of area. Third, they may simply see volume as the product of the dimensions 
of the box. Be sure to probe students who are only multiplying to explain 
what they are multiplying and why.

•	 How are students organizing their findings? All trials of this task produce 
useful data. Be sure to encourage students to find some way of capturing each 
box they make and its volume. They may want to create a display, table, or set 
of sketches with labels. Ask, How will you keep track of the boxes you’ve 
made so that you can figure out which one has the biggest volume? Support 
students in coming up with a recording plan that makes sense to them. You 
may want to remind students that organizing in some way will help them try 
only new boxes and not repeat their trials.

Reflect

What surprised you when you made boxes of different sizes from the same piece of 
paper? What do you wonder now?
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Net-from-a-Square

Fold lines

Cut lines for
each corner
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Expanding the Number Line

In this big idea, we choose to focus on the number line because our work with 
neuroscientists has helped us understand the benefits of having students encounter 
numbers on a line in order to match the way the brain is thought to perceive and 
hold numbers. In many classrooms, students are quickly introduced to negative 
numbers and expected to calculate with them, but we know that it is important for 
students to be introduced to them carefully and slowly. Tsang, Blair, Bofferding, 
and Schwartz (2015) also showed in an experiment that when students saw the 
symmetry of positive and negative numbers on a line, and worked with folding 
activities to observe the symmetry, they achieved at higher levels not only in work 
with negative numbers but also in pre‐algebraic tasks. These researchers highlight 
the importance of symmetry as students learn about positive and negative 
numbers, and we have deliberately made symmetry a key part of students’ learning 
in this big idea.

In the Visualize activity, students use adding machine tape to fold a number 
line with a center fold of zero. The students then construct a number line of 
positive integers and match them to their opposites; they also make observations 
about two different numbers on the line. As they make their own observations and 
conjectures, they are visualizing and seeing numbers, along with their position and 
their relationships with one another. As the activity progresses, students move two 
objects the same number of units in the same direction along the number line at 
the same time to make further observations. This is an introduction to some 
important algebraic concepts.

3B I G  I D E A
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In the Play activity, students use the adding machine tape number lines they 
created in the first activity. In this game, students roll dice to determine the number 
of units they move their marker. As they navigate moving from positive or negative 
integers, in either direction, they practice the operations of addition and subtraction 
through movement. This activity will also help students understand operations 
visually and with movement.

The Investigate activity brings a horizontal and vertical integer number line 
together so that students experience the four‐quadrant coordinate plane. Many 
activities start with students plotting points. In this activity, we ask students to 
identify points on two lines: y = x and y = −x. As students identify points, record 
their findings, and study patterns, they will be asked to make conjectures that can 
lead to rich classroom conversations. Another reason we have structured the activity 
in this way is to give students a chance to make sense of patterns—this sense making 
will later support their learning of transformational geometry.

Jo Boaler

Reference
Tsang, J. M., Blair, K. P., Bofferding, L., & Schwartz, D. L. (2015). Learning to “see” less 

than nothing: Putting perceptual skills to work for learning numerical structure. 
Cognition and Instruction, 33(2), 154–197.
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Folding around Zero
Snapshot

Students construct and explore number lines by folding 
adding machine tape to build understanding of negative 
integers through symmetry.

Agenda

Activity Time Description/Prompt Materials

Launch 15+ min Together fold paper number lines and 
mark zero at the midpoint. Label the 
positive values and ask students, What 
does the first point on the line to the left 
of the zero represent? Students turn and 
talk and then discuss ideas to come to 
agreement that this value is −1.

•	 Adding machine 
tape, cut to 
approximately 
30”–36”, one per 
student and one 
to display

•	 Markers

Explore 15–20 min Students figure out how to label all the 
values on their number lines and then 
make observations. Partners then place 
two objects on one of their number 
lines: one at −3 and one at +5. Partners 
make as many observations as then can 
about the objects’ positions.

•	 Students’ number 
lines

•	 Markers
•	 Tape
•	 Objects for 

marking positions 
on the number 
line, such as 
paperclips, two 
per group

Discuss 15 min Discuss and chart students’ observations 
about the number line and about the 
positions of the objects at −3 and +5.

Charts and markers

Connection to CCSS
6.NS.6a, 6.NS.5, 6.NS.7c
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Activity Time Description/Prompt Materials

Explore 20+ min Students use their own number lines to 
explore the question, What might 
happen if we moved one of the objects 
6 units? For each solution students find, 
they use the number line to make 
observations.

•	 Students’ number 
lines

•	 Objects for 
marking positions 
on the number 
line, such as 
paperclips, two 
per group

Discuss 15+ min Discuss the solutions students found and 
their observations. Organize the four 
possible solutions and students’ 
observations into a table and look for 
patterns or connections.

Chart and markers

Extend 20+ min Students use their number lines to 
explore the question, What happens if 
you move both objects the same number 
of units in the same direction at the 
same time?

•	 Students’ number 
lines

•	 Objects for 
marking positions 
on the number 
line, such as 
paperclips, two 
per group

To the Teacher

In this activity, we draw on the research of Tseng, Blair, Bofferding, and Schwartz 
(2015), which suggests the importance of symmetry to understanding and working 
with integers. Unlike positive integers, which can be viewed as representing 
collections of individual objects, negative integers are most clearly described as 
positions on a continuous number line that is symmetrical at zero. Real‐world 
models for integers, such as altitude and temperature, are nearly always arrayed on a 
number line. The number line’s symmetry is most clearly seen when students can 
literally fold the number line at zero to see how the positive and negative values 
align. For instance, it is a key observation that −3 and +3 are both 3 units away from 
zero. By folding, students can begin to see this relationship of absolute value.

We believe that students need the opportunity not just to see an integer number 
line but to create one themselves. Anticipate that folding and labeling this paper 
number line will take students some time; we believe this is time well spent. As 
students fold, unfold, and refold the number line, they are building the physical 
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relationships between integers and learning about the symmetry of the number line. 
When adults think about integers, they use this symmetry to decompose values, 
compare, and find solutions. Before students can fold the number line mentally, they 
need adequate opportunities to do so physically.

In this activity, we ask you to construct three different charts of students’ 
observations, which can be used to help students as they make sense of the number 
line and integers. We recognize that this is quite a lot of information to chart, but 
these charts play a key role in making the structure of the number line and the values 
on it explicit to students. In the first discussion, you’ll want to make a chart of 
students’ observations about the number line and a chart of students’ observations 
about −3 and +5. For these two charts, we encourage you to record all the 
observations students can make. Students may avoid making what seem like 
obvious observations, but all of the features of the number line and the values on it 
are meaningful for understanding numbers as a system that extends into negative 
territory. Students may make very concrete observations, such as, “Zero is in the 
middle,” or “There are eight spaces between −3 and +5.” Every one of these 
observations can be probed for the meaning behind it.

In the second discussion, you’ll want to make a chart of students’ solutions to 
the challenge of what happens when we move one of the objects 6 units. There are 
four possible choices students can make: either of the two objects can be moved to 
the left 6 units or to the right 6 units. Record on your chart both what movement 
students chose and what the result was. A table makes organizing these observations 
to see patterns much easier.

Activity

Launch

Launch the activity by telling students that they are going to make a number line to 
explore, and provide each student with a strip of adding machine tape. Tell students 
that their adding machine tape is going to be a number line, and ask them to fold it 
in half. Ask students to mark this midpoint as zero. Show students how to fold their 
paper into the number line that they will be using today by first folding their paper 
in half at the zero, then folding it in half four more times. This will make 16 segments 
on each side of the zero.
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To the right of the zero, mark the values on the number line and ask students to 
do so on their own number line. Ask, What does the point on the line to the left of 
zero represent? What number might go on that point? Give students a chance to 
turn and talk to a partner about the value for the fold immediately to the left of zero. 
Discuss the ideas that students come up with. Note that students may have many 
different ideas about the value of the number to the left of the zero. As students 
share these ideas, ask them to explain the reasoning that underpins each idea. 
Encourage students to use the pattern represented to the right of the zero as data to 
support their thinking. For instance, for any point on the number line, the point to 
its left is 1 less, so the point to the left of zero should be 1 less than zero. Students 
may or may not know the name for such a number, but the reasoning is something 
the class should be able to agree on. Through this discussion, come to agreement 
that the number name we give to the fold immediately left of the zero is −1, which 
we call “negative one,” which can be thought of as the opposite of 1.

Explore

Ask students to figure out how to label their number lines completely. Encourage 
students to fold their number lines to help them decide on labels for each point. 
Students should work with a partner, but each student should have their own 
number line so that each can fold and label. After students have labeled their lines, 
ask partners to discuss the question, What do you notice about the number line? 
Challenge students to come up with as many observations as they can to share with 
the class in the discussion.

Folding adding machine tape five times creates 32 (or 25) segments, just 
enough for a number line from −16 to 16.
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Then tell students to choose one partner’s number line to work on together. 

Provide students with two objects, such as paperclips, to mark positions on the 
number line, and tape to secure their number lines to their tables, if desired. Ask 
them to place one marker at −3 and one at +5. Ask students, What do you notice 
about the positions of the objects? What observations can you make? Note that not 
all students will want to tape their number lines down, as they may want to be able 
to continue to fold and unfold them. If you use paperclips as markers, then students 
can still use folding while marking these two points.

Discuss

Gather the class together to discuss the following questions:

•	 What do you notice about the number line? (Chart some student 
observations on a poster titled Observations about the Number Line.)

•	 If we put two objects at −3 and +5, what observations can we make? (Chart 
students’ ideas on a poster called Observations about −3 and +5.)

Explore

Students use their own number lines to explore the question, What might happen if 
we moved one of the objects 6 units? Students generate possible solutions, and for 
each solution, ask partners to make observations. Students can think about the 
following questions:

•	 What happened?
•	 What do you notice?

Students record in their notebooks what they tried and what they found.

Discuss

Gather the class together to discuss the following questions and make a chart:

•	 What might happen if you moved one of the objects 6 units? (Ask students to 
share a solution.)

•	 For each solution, invite the class to make observations. What happened? 
What do you notice?
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You may want to organize your chart in a table with a Solutions column and an 
Observations column to help the class see patterns. Students may make observations 
about the distance between the points, the distance from each point to zero, the 
midpoint between the points, or other features. After the class has generated all four 
solutions and observations to match, ask them to look at the chart. Ask, What do 
you notice about our solutions?

Extend

Pose the question, What happens if you move both objects the same number of units 
in the same direction at the same time? Invite students to explore using their own 
number lines and the markers you’ve provided.

Look‐Fors

•	 Are students using symmetry to help them label and see relationships? 
Symmetry is a key idea in building understanding of integers and the number 
line. As you watch students labeling their number lines and thinking about 
observations, look for whether students are folding their number lines at the 
zero. Ask questions about how they know which value to place in each position. 
Even if students use patterning to simply count down, “−1, −2, −3, . . . ,” 
you’ll want to ask why this way of counting makes sense on the number 
line. Encourage students to fold the number line in half and reason about 
what they see.

•	 How are students counting (and labeling) on the number line? Even older 
students can struggle with whether to count the points or the intervals on a 
number line. It requires precision and intent to mark the creases as lines and 
label those lines, rather than the roomier spaces between the folds. Each line 
represents a 1‐unit difference from the line on either side. As students label 
their number lines, pay attention for this common error. If you notice 
students labeling the spaces, ask them to explain their thinking. Ask students 
to explain their thinking to one another, and if you have several students 
labeling the spaces, it may make sense to pause the class to discuss which way 
of labeling makes sense and why. It is important that students collectively use 
the same mathematical conventions for recording and investigating distance.

•	 Are students comparing values on the number line? One of the ideas we 
hope students will explore in this activity is the relationship between the 
values on the number line. As students make observations, you’ll want to 
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listen for comparative language, such as smaller, larger, greater than, and less 
than. Encourage students to think about how the values change as they move 
left or right on the number line. There are several ways students might think 
about comparisons. They might think about the distance between two points 
so that they can say that one is 8 more than or less than another. They might 
compare each point to zero and say that one is closer to zero than the other. 
They might also find the midpoint and say that it is halfway between these 
two points. All of these ways of making comparisons help build students’ 
ideas about the number line and our number system. If students are not 
comparing values, you might explicitly ask, Which one is bigger, and how 
do you know?

Reflect

What observations can you make about the number −4?
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Bouncing around the Number Line
Snapshot

Students play Number Line Bounce, building 
connections among integers, movement on the number 
line, and addition and subtraction.

Agenda

Activity Time Description/Prompt Materials

Launch 10+ min Model for students how to 
play Number Line Bounce 
using a class number line 
for all to see.

•	 Adding machine tape number 
line showing values −16 to +16, 
to display

•	 Paperclips, two of different colors
•	 Dice, two of different colors
•	 Target Number sheet, to display
•	 Colored chip or coin

Play 20–25 min Partners use their number 
lines made in the Visualize 
activity to play Number 
Line Bounce, in which they 
must choose a positive or 
negative distance to move 
on the number line with 
the goal of landing on a 
target number.

•	 Student’s number line, one per 
partnership

•	 Objects to use as markers, such 
as paperclips, two of different 
colors per partnership

•	 Dice, two of different colors per 
partnership

•	 Tape
•	 Target Number sheet, one per 

partnership
•	 Colored chip or coin, one per 

partnership

Discuss 10–15 min Discuss what students 
noticed as they played, the 
strategies they developed, 
and how they determined 
where they would land on 
each of their moves.

Connection to CCSS
6.NS.5, 6.NS.6a, 6.NS.7a,c
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Activity Time Description/Prompt Materials

Extend 20+ min Students can play a version 
of the game in which they 
keep score using their 
distance from the target 
number.

•	 Student’s number line, one per 
partnership

•	 Objects to use as markers, such 
as paperclips, two of different 
colors per partnership

•	 Dice, two of different colors per 
partnership

•	 Tape
•	 Target Number sheet, one per 

partnership
•	 Colored chip or coin, one per 

partnership

To the Teacher

For this activity, students will need the number lines they created in the Visualize 
activity, one per partnership. We encourage you to have students hold on to these 
manipulatives as they work with integers and make meaning out of the number 
system. You will also need the model you created in the launch of that lesson to use 
when showing students how to play today’s game.

In this game, we make connections between integers, addition and 
subtraction, and direction on the number line. While the game has simple rules, 
the most challenging aspect is for players to predict where they will land when 
they move their marker across the zero. For instance, if a player is positioned at 
+3 and decides to move 5 units in the negative direction, or to the left, that 
player must develop ways of deciding where they will land. Students might count 
the points on the number line one by one, or they might begin to develop mental 
strategies, such as decomposing the 5‐unit move into 3 units to get back to zero 
and then 2 more units into the negative territory. The more students play and 
need to leap across the zero, the more they will have to think about ways to make 
that movement efficient and accurate. In the discussion after the game, we 
encourage you to support students in articulating the ways in which they thought 
about moving in the negative direction as being like subtraction and moving in 
the positive direction as being like addition. These connections will prime 
students for later work with integer operations.

(Continued)
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Activity

Launch

Launch the activity by telling students that today they will be playing a game on the 
number lines they made in the Visualize activity. Using a class copy of the adding 
machine tape number line that extends from −16 to +16, show students how to play 
Number Line Bounce. Tape the number line to the board so that students can see 
the movements of game play. Show the Target Number sheet and dice rolls on a 
document camera. When you are confident that students understand how to play, 
send them off in partners to play the game.

Play

Students play Number Line Bounce in partners. Each partnership will need one 
student‐made number line, two objects of different colors for marking locations on 
the number line (one for each player), two dice of different colors, tape, one colored 
chip or coin, and one copy of the Target Number sheet.

Set up the game by taping the number line down where both players can sit side 
by side and see it clearly. Both players begin by placing their markers on zero. The 
two dice are going to represent positive and negative values; partners decide which 
color is positive and which is negative.

Game Directions

•	 Set the target number by tossing the colored chip or coin onto the Target 
Number sheet. Whatever value the chip lands on is the target number, or the 
value that both players are going to try to move their paperclips to on the 
number line. The goal of the game is to place your paperclip on the 
target number.

•	 Player A rolls both dice. One represents a positive value, or the number of 
units the player can move to the right. The other represents a negative value, 
or the number of units the player can move to the left. The player can move 
to either the left or the right. Player A decides which die they want to use to 
get closer to (or land on) the target number and moves their marker that 
number of units.

•	 Players alternate turns rolling and moving.
•	 The first player who lands on the target number wins the round.
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•	 To play the next round, players stay where they are on the number line and 

simply set a new target number. Play begins again, starting with the player 
who did not win the previous round.

As partners play the game, encourage them to think about the strategies they are 
using to get closer to the target number.

Discuss

Gather the class together to discuss the following questions:

•	 What did you notice while playing the game?
•	 How did you decide how to move? How did you know where you would land?
•	 What strategies or shortcuts did you develop?
•	 What made the game challenging? Why?

In the discussion, be sure to draw attention to the strategies students were using 
to predict where their paperclips would land. While some students will count by 
touching the number line, others will begin to develop mental strategies for moving 
across the zero.

Extend

Students can play a variation of this game that includes scoring each round, with the 
goal of having the lower score after several rounds. At the end of each round, each 
player scores their distance from the target number. For instance, if the target 
number is −2 and Player A lands on the target number while Player B is on +4, then 
Player A scores 0 and Player B scores 6, or the distance between −2 and +4.

Look‐Fors

•	 How are students determining where they should place their paperclips? 
Watch students on their turn figure out where to place their paperclip on the 
number line. Do they count the points using their fingers? Are they 
decomposing the numbers in some way? Are they doing work entirely 
mentally? Ask questions about how they figured it out and probe for the 
strategies students are using, particularly when students cross zero. 
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For instance, how does a student decide where to land when they begin at +1 
and move 5 units in the negative direction? The student may be decomposing 
using the zero as a benchmark number to move 1 unit back to zero and then 
4 units to −4. Using zero as a benchmark is a critical tool for thinking about 
movement on the number line, symmetry, and, later, integer operations.

•	 Are students connecting negative numbers and subtraction? Students may 
make the implicit connection between moving in the negative direction and 
subtraction when working with positive integers. For instance, if a player’s 
paperclip is on +8 and they move 3 in the negative direction, they will likely 
think of this as 8 − 3 = 5. This is mathematically accurate, and it has 
implications for later work with integer operations. Ask students to describe 
how they were thinking about this move and how it works when the numbers 
are not all positive. Students may not be sure, but if you pose this question to 
students as they play, they can investigate, Can we always think of moving in 
the negative direction as subtraction?

Reflect

What was the most useful strategy you developed for playing the game? Why?
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    Target Number

-7 -3 11 5 -10

10 -2 -5 12 6

8 -8 -6 4 9

0 -9 -11 -1 3

7 -4 2 1 -12
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Going 2‐D
Snapshot

Students investigate lines on a coordinate plane and look 
for patterns in the integer ordered pairs of the points on 
those lines. Students build connections between the 
integers on the number line and the two number lines 
that make the coordinate plane.

Agenda

Activity Time Description/Prompt Materials

Launch 10–15 min Show the class the Coordinate 
Plane sheet and ask them to make 
observations about the plane’s 
structure. Highlight connections 
with the number line. Show 
students the Two Lines on a Plane 
sheet and ask them to look for 
points on the lines. Mark these and 
show students how to use the (x, y) 
convention for points on the plane.

•	 Coordinate Plane sheet, 
to display

•	 Two Lines on a Plane 
sheet, to display

Explore 20 min Partners use the Two Lines on a 
Plane sheet to explore what points 
they can find on the lines and what 
patterns they notice in these 
points. Students mark up their 
sheet to make these clear.

•	 Two Lines on a Plane 
sheet, one per 
partnership

•	 Colors

Discuss 15 min Invite students to mark on the class 
sheet all the points they identified 
on the two lines. Discuss patterns 
that students observed and collect 
these in a chart.

Chart and markers

Connection to CCSS
6.NS.6abc, 6.NS.8
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Activity Time Description/Prompt Materials

Explore 30+ min Partners investigate what happens 
to the patterns in the points on a 
line if the line is moved. Students 
mark new lines on the coordinate 
plane and investigate which 
patterns remain and what 
new patterns emerge. Partners try 
this with several lines and create a 
chart with their findings.

•	 Coordinate Plane sheet, 
multiple copies per 
partnership

•	 Ruler, one per 
partnership

•	 Colors
•	 Charts and markers
•	 Tape

Discuss 15–20 min Do a gallery walk of all the 
evidence partners collected. Discuss 
the patterns that students noticed 
and any connections they see 
between groups’ work. Discuss any 
conjectures the class can develop 
about the points on a line.

Chart and markers

Extend 30+ min Students investigate what happens 
when they transform a line using a 
rule, such as shifting every x value 
2 units to the right or swapping 
the x and y values.

•	 Coordinate Plane sheet, 
multiple copies per 
partnership

•	 Ruler, one per partnership
•	 Colors

To the Teacher

In this investigation, we extend students’ thinking about integers to the coordinate 
plane, which is simply two perpendicular number lines used to mark two‐
dimensional space. Positive and negative values for the horizontal (or x) and vertical 
(or y) positions tell where to locate a point in that space. Instead of values being  
one‐dimensional distance on the number line, they now represent positions on a 
two‐dimensional plane and can be used to navigate that space. This is yet another 
way we use integers, and it is important to remember that students need time to 
learn this particular conception of integers and to build critical connections between 
the coordinate plane and the number line.

As students investigate patterns, support them in using increasingly precise 
mathematical language to communicate about those patterns. Students may want 
to use visual words to describe the lines they observe. For instance, in comparing 

(Continued)
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the two lines in the first part of the investigation, they may want to say they are the 
same, only flipped. You might provide the term reflected or rotated to describe the 
motion students are referring to. Students may want to use other kinds of 
movement words to describe the points, such as moving two over and two down. 
Provide students with additional words, such as horizontal, vertical, positive 
direction, and negative direction. Students may look for ways to describe the angle 
of the line, and it would make sense to offer the term slope for this attribute. 
Students learn vocabulary in a meaningful way when they are provided with a 
term that they need in order to communicate an idea they understand or have 
observed. Throughout this investigation, look for such opportunities to provide 
language just when students need it.

Activity

Launch

Launch the investigation by showing students the Coordinate Plane sheet on the 
document camera. Ask, What do you notice? Give students time to turn and 
talk with a partner about what they notice on the coordinate plane. Collect 
students’ observations by annotating the Coordinate Plane sheet, using arrows, 
notes, and colors to highlight the structures that students notice. Be sure to 
draw attention to observations that connect the plane to the number line. If 
students do not yet have a name for this structure, tell them this is a coordinate 
plane, and show students how this is two number lines that are used together to 
mark off two‐dimensional space.

Show students the Two Lines on a Plane sheet on the document camera, and 
tell them that on this coordinate plane, two different lines are shown. Ask, What 
points can you see on these lines? Give students a few moments to turn and talk to a 
partner about the points they notice. Collect a few points that students observed on 
each line and mark them on the plane. Use the convention of marking each as (x, y) 
and point out to students, if they have not seen this already, that this is how we 
indicate points on a coordinate plane. You might also want to record these points 
in a table of values of x and y, so that students can see this representation of points on 
a line. 
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Explore

Provide partners with the Two Lines on a Plane sheet and colors for marking up 
their observations. Partners investigate the following questions:

•	 What points are on these lines? Mark up the lines to show what you notice.
•	 What patterns do you see in the points on these lines? Keep a list of patterns 

to share.

Encourage students to hunt for as many patterns as they can. They can record 
these patterns either in writing on the back of their sheet or by annotating the lines 
themselves.

Discuss

Using the class copy of the Two Lines on a Plane sheet, mark all the points that 
students noticed. Invite students to come up to mark them and explain how they 
know that the name for that point is accurate.

Discuss the question, What patterns did you see in the points on these lines? 
Make a chart of patterns that students noticed. These patterns are likely to include 
some purely numeric patterns, and you may need to ask students to develop some 
ways of communicating these. For instance, how might you record the pattern that 
the horizontal (or x) value is the same as the vertical (or y) value? Other patterns 
students identify may be visual, involving movement horizontally and vertically. For 
these you may want to annotate the Two Lines on a Plane sheet to make the pattern 
clear.

Explore

Partners investigate, What happens to the patterns we’ve noticed in the points on a 
line if you move the line? Provide students with copies of the Coordinate Plane 
sheet, a ruler, colors, tape, a chart, and markers. Students mark new lines on the 
coordinate plane, label the points, and look for patterns. Students can place their 
lines wherever they like in order to investigate what happens, and they can do this as 
many times as they’d like, trying different sorts of lines. Encourage students to make 
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lines by selecting two points to connect and extending the line to the edge of the 
plane. As they work, students investigate the following questions:

•	 Which patterns remain the same? Why might they stay the same?
•	 What new patterns can you find? Why did the patterns change?
•	 What patterns do different kinds of lines make?

Be sure to refer students back to the class chart that you made in the previous 
discussion as a reference for the patterns they are investigating. Partners make a chart 
with their findings, taping their marked‐up coordinate planes to the chart and 
labeling the different patterns they found.

Discuss

Ask partners to post their evidence on the wall, and have the class do a gallery walk. 
As students circulate around the room looking at the evidence collected, ask them to 
consider, What do you notice about the patterns the class found? What connections 
can you make across the charts that groups made?

Gather the class together to discuss the following questions:

•	 What do you notice about the patterns the class found?
•	 What connections can you make across the charts that groups made?
•	 What conjectures can we make about the patterns on a line on the coordinate 

plane? (You may want to make a new chart called Conjectures about the 
Points on a Line.)

•	 What are you wondering now?

Extend

Students can extend their investigation by exploring a few ways of transforming a 
line and the patterns generated by these transformations. Ask partners to draw a line 
on a coordinate plane with clear points and then mark the points on the line. 
Explore the following questions: What new line is created if you

•	 Make each value its opposite? For instance, if (2, −4) became (−2, 4).
•	 Swap the x and y values for each point? For instance, if (2, −4) became (−4, 2).
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•	 Shift every x value 2 units to the right? For instance, if (2, −4) became (4, −4).
•	 Shift every y value 2 units down? For instance, if (2, −4) became (2, −6).
•	 Make your own rule to investigate?

After transforming the line, what does it look like? What changed? Why?

Look‐Fors

•	 Are students able to distinguish which points are on a line and which are 
merely close? In the two lines we have provided in the first half of the 
investigation, seeing the points where these lines intersect with the grid on the 
coordinate plane is relatively straightforward, if students understand what we 
mean when we say that “a point is on a line.” If students are struggling, they 
may not know how to interpret this language and may need you to be more 
explicit about what it means for a point to be on, or not on, a line. However, 
when students are placing their own lines on the coordinate plane, the lines 
may not be as crisply drawn, and it may be genuinely challenging to tell. Ask 
students to backtrack by asking, What were the two points that you started 
with in constructing your line? How can we mark those? Using the ruler as a 
straightedge to look for other points that would be on this line may also help 
students. Notice whether students are thinking about the value of the non-
whole number points on the line. Students often do not think of these as 
points on the line, and if students do notice them, be sure to highlight this in 
your discussion. 

•	 Are students struggling to see patterns in the points? If you notice that 
students are struggling to identify any pattern in their lines, it may be that 
they simply need to mark more points to be able to see patterns. You might 
ask, How can you record these points to help you see patterns? While many 
students will find it easiest to record these directly on the coordinate plane, 
some students may better see patterns if they record the points in a list, 
column, or table. You may also ask students, How do you move from point to 
point on the line? What are some ways to describe what is happening? 
Students may want to mark on the coordinate plane the horizontal and 
vertical motions that get them, step‐by‐step, from one point to another. There 
are patterns in this movement that may provide a better entry point than 
numerical patterns.



113Big  Idea  3 : Expand ing  the  Number  L ine

B
IG

 ID
E

A
 3

: E
X

PA
N

D
IN

G
 T

H
E 

N
U

M
B

E
R

 LIN
E

•	 How are students drawing their own lines? Are they precise? Students can 
certainly plunk any line down on the coordinate plane and look for patterns; 
however, given the size of the plane we’ve provided, students will be set up for 
success if they select two points to connect and extend the line they create to 
the edge of the plane. You may want to encourage students to explicitly 
premark these two points and connect them as precisely as they can to make 
it clearer what patterns exist. This may pose fine motor challenges for some 
students. Encourage students to work with their partners to hold the ruler 
and draw the line, and you may also want to provide physical assistance so 
that students can draw the line they intend.

Reflect

If you know some of the points on a line, what can you predict about that line? For 
instance, if you know that the points (3, 1) and (0, 0) are on a line, what else can you 
tell about the line?
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    Two Lines on a Plane
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Finding and Using Unit Rates

Unit rates are all around us in the world, and when students learn about them and start 
to see and use them in different ways, they will have a mathematical lens to use in their 
lives and in their future study of mathematics. The idea of a unit rate is one that can be 
difficult for people if it is introduced procedurally; students get the idea that they need 
to divide something by something, but they are often confused as to what they should 
be dividing. We try to help with this potential confusion by giving students the space 
to think about what the unit rate really means. In my teaching of unit rates, I have 
found that students often ask which number is the number to divide by. I always 
answer this question with a question! I ask students to estimate what they think the 
unit rate should be. This encourages them to move away from a procedure and think 
about the idea of the unit rate. In our Play activity that involves the price of bottles, for 
example, students are told that single bottles cost $1 and that six bottles cost $3. At this 
point, if students are asked to find a unit rate, some students will wonder whether to 
divide 6 by 3 or 3 by 6. The two possibilities give different results of $2 and $0.50. This 
is a good time to ask students the sort of cost they would expect for bottles sold in 
groups of six. This orients them to think of the big idea: What should the rate be?

Unit rates are most often seen and used when buying items or thinking about 
scaling up supplies. But unit rates exist all around us in architecture, nature, and even 
our bodies. We want students to be able to visualize unit rates first before we ask 
them to think about numerical relationships. In the Visualize activity, we invite 
students to explore unit rates in tiling patterns to support students in seeing the 
relationship between different shapes that repeat in continuous and predictable 
ways. We then invite them to think about numerical relationships.

4B I G I D E A
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In the Visualize activity, we ask students to consider a two‐dimensional tiling 
pattern with a finite border. Students are asked to work out what the base unit is that 
is repeating and that tiles the space. We have designed this activity so that there are 
different possible base unit rates, which allows for mathematical choice. Students can 
work to identify some that work and some that don’t. We ask students to complete a 
table of values quantifying the number of base unit tiles and the shapes that make up 
those tiles. The table of values will be different depending on the unit tile they 
identify, but the totals of the values will be the same because all the students are 
working on the same image. Students may want to use pattern blocks, other shapes, 
and dot paper as tools for constructing these patterns and patty paper or 
transparencies to check their unit.

In the Play activity, we move on from a unit as a geometric figure to a unit 
that is connected to an item as cost. Students will look for the best deal in 
relationship to a unit rate. We hope that students will see unit rate as a strategy 
that is useful for comparing items in their lives. This activity is one where it is 
important to ask students to estimate what they think their unit price will be. 
Groups are encouraged to create a What’s the Best Deal? chart with the choices on 
top and a visual proof of the solution on the bottom. Other students can then 
rotate around the classroom trying to figure out the best deal at each station and 
then discuss the group’s visual proof.

In the Investigate activity, students work together on finding a method to 
identify a unit rate to express speed. Students use spaces and tools to collect 
walking speed data. They then work together to find a way to measure and 
quantify how fast they walk. This should help students realize that a rate is a 
comparison of two different measures that can be put together. A guiding 
principle to remember with all unit‐rate work is that students should think 
carefully about what the unit rate means, and what they should expect as a result, 
before jumping into any calculations.

Jo Boaler
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Seeing Unit Rates
Snapshot

Students visualize the concept of unit rates by 
exploring tiling patterns that repeat infinitely across 
space.

Agenda

Activity Time Description/Prompt Materials

Launch 10–15 min Show students the Tiling Pattern sheet 
and ask them to make observations. 
Tell students that the pattern is 
composed of base units, or clusters of 
shapes that can be repeated infinitely 
to make the pattern. Invite students 
to find and justify different possible 
base units in this pattern.

•	 Tiling Pattern sheet, 
to display

•	 Colors
•	 Optional: 

transparency or 
patty paper

Explore 20 min Partners explore how many tiles of 
each shape would be needed for an 
increasing number of base units. 
Students look for patterns in their 
findings that might help them predict 
how many tiles they need for any 
number of base units.

•	 Tiling Pattern 
Recording Sheet, one 
per partnership

•	 Optional: colors

Discuss 15–20 min Collect students’ findings into a class 
table and look for patterns. Discuss 
how they might use these patterns to 
predict how many tiles of each shape 
would be needed for 100 or 500 base 
units. Name the relationships between 
the number of tiles and the number 
of base units as a unit rate.

Chart and markers

Connection to CCSS
6.RP.2, 6.RP.3a,b, 6.RP.1



119Big  Idea  4 : Find ing  and  Us ing  Un i t  Ra tes

B
IG

 ID
E

A
 4

: FIN
D

IN
G

 
A

N
D

 U
S

IN
G

 U
N

IT
 R

A
T

E
S

Activity Time Description/Prompt Materials

Explore 25–30 min Partners design their own tiling 
patterns that repeat a base unit 
infinitely.

Make available: pattern 
blocks and/or other 
shape sets, regular and 
isometric dot paper 
(see appendix), colors, 
and patty paper or 
transparencies

Discuss 20+ min Do a gallery walk of the patterns 
students created and ask students to 
find the base unit in each pattern, 
which they can sketch on patty paper 
for the creators of the pattern to see. 
Students examine the different ways 
others saw their pattern and discuss 
what surprised them. Discuss the 
different unit rates represented in 
the patterns.

•	 Patty paper, several 
sheets per 
partnership

•	 Optional: file folders 
or envelopes

To the Teacher

Unit rates are most often seen and used when buying items or thinking about scaling 
up supplies. For instance, bananas sell for $0.60 per pound, or we predict students 
will use 15 pencils per year. But unit rates exist all around us in architecture, nature, 
and even our bodies. We want students to be able to visualize unit rates before we 
dive into thinking about them as a numerical relationship. In this activity, we explore 
unit rates in tiling patterns to support students in seeing the relationship between 
different shapes that repeat in continuous and predictable ways forever.

To see the unit rates in tiling patterns, students first must see the unit of the 
patterns itself, what we’re calling the base unit. In the examples here, possible base 
units are marked. Notice how each of these units can be repeated to create the 
whole pattern.
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Different tiling patterns with base units identified for tiling

In most tiling patterns, there are multiple ways to decompose the pattern into a 
base unit. In the examples here, you’ll see how the pattern that we explore in this 
lesson can be decomposed into base units in different ways.

       

Three different base units for tiling the pattern. Can you find more?

In the launch, we invite students to see these base units in different ways and to 
use patty paper or a transparency to confirm that iterating this unit will fill in the 
pattern continually. We have deliberately chosen a pattern in which seeing the base 
unit is challenging. The rings of shapes make it easy to assume that the hexagon fully 
encircled by triangles and squares is the base unit, but if you try to iterate this unit, you 
will discover that it does not cover the surface. Encouraging multiple ways to see this 
base unit builds flexibility and acknowledges the many ways that the pattern can be 
decomposed. But regardless of the particular way that students identify the base unit, 
they will find through exploration that each base unit is composed of the same 
relationship, or ratio, of pieces. Unit rates allow for a great deal of flexibility, because 
they can be scaled up or down to suit one’s needs, while also maintaining a consistent 
relationship. It is this duality of flexibility and constancy that we explore in this lesson.
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There are several ways of conceiving of the unit rates in the tile patterns. One 
way is to see how the number of squares or triangles relates to the number of 
hexagons. If students want to explore this relationship, it is reasonable to frame the 
unit rates as, How many squares (or triangles) per hexagon are needed to build the 
pattern? But we have chosen to focus most of our questions on how many of each 
kind of shape are needed per base unit. We think that this is the most transferable 
way of thinking about unit rates in tiling patterns, because some tiling patterns may 
require more than one of each kind of shape to make a base unit. The relationship 
between the different types of shapes is a ratio, and you may want to use this 
language with students if it comes up in discussion.

Finally, a note on creating tiling patterns. This is challenging work, which can 
be made more manageable with manipulatives. Pattern blocks are particularly 
helpful here, and if you have them available, we highly recommend giving students 
access to them in the second half of the lesson. However, pattern blocks are also 
constraining. With pattern blocks, students can use only one kind of triangle, and 
they cannot use pentagons or octagons. Given the advantages and the limitations, 
we recommend making available a wide variety of tools for creating tiling patterns, 
including pattern blocks, other shape sets you may have, and regular and isometric 
dot paper (see appendix). You may also want to give students opportunities to 
look for tiling patterns in the real world that they might emulate, particularly if 
you have tiles in your school.

Activity

Launch

Launch the activity by showing students the Tiling Pattern sheet on the 
document camera. Ask, What do you notice? Give students a chance to turn and 
talk to a partner about what they see. Discuss students’ observations and draw 
attention to the shapes students see and how the pattern continues in every 
direction infinitely.

Tell students that there is a base unit to this pattern, or a part of the pattern that 
repeats again and again to make the pattern continue across space forever. Ask, 
Where do you see the base unit in this pattern? What cluster of shapes repeats to 
make the pattern? Give students a chance to turn and talk to a partner about what 
they see. Invite students to share the base units they see, and color‐code them on the 
sample tile pattern. Celebrate the different ways students see the base unit. Students 
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may need to trace the unit on a transparency or patty paper so they can slide it over 
to see whether it iterates or to convince others that it works as a base unit.

Tell students that they’re going to explore how to use this unit to predict how 
many tiles they would need to cover any space.

Explore

Provide partners with the Tiling Pattern Recording Sheet. Ask, How many tiles 
would you need in order to repeat the base unit any number of times? Students use 
the tiling pattern to explore this question and complete the table showing how many 
of each shape students would need for different numbers of base units. Some 
students may want to color‐code the pattern to help them see the iterating units, so 
we suggest offering students colors.

To help students see patterns, we have prefilled the number of base units for 
students to explore as they begin, but we have also provided some blank lines so 
that students might either continue this pattern or try to predict how many tiles 
would be needed for a much larger number of base units.

After students have completed at least the first five rows of the table, ask, What 
do you notice? How is the table connected to the tile pattern?

Discuss

Gather the class together and use the class’s data to create a class version of the table 
on a chart. Come to agreement on the values for each of the first five rows and ask 
students to justify the rows they added. You may want to ask students to add these 
rows in increasing order so that they help students see patterns.

Discuss the following questions:

•	 What do you notice?
•	 How is the table connected to the pattern?
•	 How would we predict how many tiles we need if our space needed 100 base 

units? Or 500 base units?

Together name the pattern that helps us predict how many tiles are needed: for 
every one unit, there are one hexagon, two triangles, and three squares. Tell students 
that this is a unit rate, or rather it is three unit rates: one hexagon per base unit, two 
triangles per base unit, and three squares per base unit. These unit rates help us 
predict the shapes that will be needed to cover larger or smaller surfaces.
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Explore

Partners design their own tiling pattern that has a base unit that can repeat forever 
in every direction, like the one the class has just explored. Students may want to use 
pattern blocks, other shapes, and dot paper (see appendix) as tools for constructing 
these patterns, and patty paper or a transparency to check their unit.

Ask partners to make a table for their tiling pattern to show how many tiles 
would be needed to cover a surface of any size. Students explore the following 
questions:

•	 What do you notice in your table?
•	 What is your unit rate?
•	 How is it similar to or different from the first pattern we explored?
•	 What do you wonder?

Students can design more than one tiling pattern to explore how the answers to 
these questions change (or do not) with different patterns.

Discuss

Invite students to post their patterns in different stations around the room. Provide 
partners with several sheets of patty paper. Ask students to do a gallery walk to look 
at others’ patterns. As they walk, ask students to look for, Where is the unit in each 
pattern? How many different ways can you see it? Partners record how they see the 
base unit for each pattern on a piece of patty paper, which they can leave behind at 
that pattern station. You may want to provide a folder in which students can place 
their paper so that each visiting partnership has a fresh chance to see the base unit 
without being influenced by the ways others saw it.

After students have had a chance to visit all the patterns, partners return to their 
own pattern and sort through the patty papers to find all the different ways people 
saw the unit. Partners discuss, Do they all show the same base unit? Why or why 
not? Partners can cluster together base units that are identical and look for different 
base units. Partners post these different base units next to their pattern.

Discuss with the class the following questions:

•	 What surprised you about how others saw your pattern?
•	 What did you find interesting about the patterns you saw during the 

gallery walk?
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•	 What did you notice about the different unit rates in the patterns the class 

created?
•	 What do you wonder now?

Look‐Fors

•	 Are students identifying an accurate base unit? Seeing the base unit in a 
tiling pattern is not straightforward, and we have selected a pattern that draws 
the eye toward a cluster of shapes that is not a base unit. Students will need to 
decompose the figure and test whether the portion they have identified can 
be iterated infinitely to create the entire pattern. Patty paper or transparencies 
can be useful for helping students to try, test, and revise base units. Some 
students may simply want to color in a base unit and then see whether they 
can repeat it in different colors across the surface. Some students may even 
want to cut out the base units to see whether they can literally be decomposed 
in the way they see in their minds. If students are struggling, emphasize all the 
options they have and that students are safe to try multiple times, make 
mistakes, and revise. Ask, What might be the base unit? How could you test 
that idea to see what happens? If students find that their idea for a base unit 
does not work, encourage them to revise rather than start over. You might ask, 
Why didn’t this base unit work? Was it too large or too small?

•	 Are students attending to multiple patterns in the table they have 
constructed? The table sets up multiple comparisons that could lead to 
patterns. Students might attend to the relationships across the row, noting 
that for one base unit there is a given number of each shape. This relationship 
could lead to thinking about different unit rates. Students might also attend 
to patterns vertically, noting how the number of shapes increases with each 
additional base unit in multiples of 1, 2, or 3. With four columns, students 
may have trouble isolating different patterns because there is so much data, or 
they may identify one pattern and not seek others. You may want to focus 
students’ attention on different parts of the table to help them see patterns. 
You might say, “I see you noticed a pattern in this column. What about the 
other columns?” or “You noticed how the hexagons relate to the number of 
base units. How do the other shapes relate to the number of base units?”

•	 How are students extending or predicting using rates? When extending 
the table, some students might continue to step up the number of base units 
one by one, and if they are doing so, you’ll want to pay attention to how 
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students are completing each row. Are they simply adding a new set of 
shapes—adding one more hexagon, two more triangles, and three more 
squares? Or are students moving down the rows skip‐counting or thinking 
in multiples? When students focus on the pattern as additive, rather than 
multiplicative, they will struggle to predict the number of shapes needed for 
a number of base units unless they count up from one. This is tedious and 
inefficient. Encourage students to think multiplicatively about the 
relationships. You might ask, If you know the number of base units, how 
could you predict the number of triangles? What is the relationship 
between the number of base units and the number of triangles (or squares 
or hexagons)? Support students in naming this relationship in a way that 
they can act on to make predictions, such as, “For each base unit, we need 
two triangles,” or “The number of triangles I need is double the number of 
base units.”

Reflect

What is a unit rate?
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  Tiling Pattern
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  Tiling Pattern Recording Sheet

Number of 
Base Units

Number of 
Hexagons

Number of 
Squares

Number of 
Triangles

1

2

3

4

5
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Seeing the Best Deal
Snapshot

What’s the best deal? Using this frequently asked 
question, students explore how to use rates to make 
comparisons while playing a shopping game at stations 
they create.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Water Bottle Price 
Sheet and ask them, Which is the best 
deal? Students turn and talk and then 
share their reasoning. Ask students how 
they saw this in their minds.

Water Bottle Price 
Sheet, to display

Explore 20–30 min In small groups, students determine the 
best deal from choices on a task card. 
Groups then create a What’s the Best 
Deal? chart with the choices on top and a 
visual proof of the solution on the 
bottom.

•	 What’s the Best 
Deal? Cards, one 
card per group

•	 Chart and 
markers, for 
each group

Play 20–30 min Each group hosts a What’s the Best Deal? 
station with their poster, with the visual 
proof covered. Others rotate around the 
classroom trying to figure out what the 
best deal is at each station and then 
discussing the group’s visual proof.

Tape

Discuss 15+ min Discuss the strategies that students 
developed for making comparisons, and 
which deals were the hardest to see. 
Discuss what made a convincing visual 
proof and what surprised them as they 
played.

Connection to CCSS
6.RP.1, 6.RP.2, 6.RP.3b
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To the Teacher

In this activity, we first ask students to explore as a small group the best deal among some 
choices, and then they use the evidence they have gathered to make stations for others to 
try to find the best deal. The design of the posters students create is important. Students 
need to present the choices for the deal at the top of the chart. They may want to title 
their chart What’s the Best Deal? They need to record their visual proof underneath 
this so that it can be folded up to hide the proof. This will allow the students visiting the 
station to come to their own ideas about the best deal before they see the visual proof. 
You may want to ask students to fold their charts up before they start making them so 
they can see which parts of the poster will show and what will be hidden.

For the deals, we have created cards that involve different contexts in which 
students might need to decide what the better deal is from among several choices in 
which the unit rate would be a useful tool for comparing. However, your students likely 
encounter these decisions in many different contexts every day. We encourage you to 
create your own cards like the ones we’ve provided using contexts familiar and relevant 
to your students. Perhaps your school cafeteria prompts students to make decisions 
about the best deal every day. Students may encounter these decisions when getting to 
and from school, buying supplies or groceries, buying tickets for events, or in their 
recreation. Making these decisions parallel to the kinds they must make in their home 
lives will support students in seeing how very useful and relevant unit rates can be.

Activity

Launch

Launch the activity by showing students the Water Bottle Price Sheet on the 
document camera. Tell them these are the prices for water at a local store. Ask, 
What’s the best deal? Give students a chance to turn and talk to a partner about 
what they think is the best deal and why. Ask students to share their thinking and 
draw attention to those ideas that think in terms of rates, rather than absolute cost. 
Ask, How did you see the best deal in your mind? Students likely did some 
interesting kinds of mental work to make comparisons, scaling up or down the 
number of water bottles. Be sure to invite students to share not just the numerical 
work they did but also how they saw these comparisons in their minds.

Tell students that they are going to be exploring unit rates today to find the best 
deals and how to make visual proofs of those deals. The goal of a visual proof is to 
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create a convincing picture, diagram, flowchart, graph, or other image with numbers 
or other labels that explains why your solution makes sense.

Explore

Students work in small groups to determine the best deal among the choices on a 
task card. Provide each group with a different task card from the eight different task 
cards. Each group then works to

•	 Figure out what the best deal is for their card.
•	 Design a visual proof of why this is the best deal.
•	 Create a poster that shows the choices on the top and the visual proof on the 

bottom, so that the proof can be folded over and masked in the game.

Play

Set up to play What’s the Best Deal? Ask each group to post their deal chart with 
the proof folded over and taped up. These should be in locations where the group 
members can reach them to show their proof later. Designate a group member to 
stay with the chart and host the station. You can rotate these hosts during the game 
so that everyone gets a chance to see others’ charts.

A student display of their What’s the Best Deal? task with their  
visual proof behind the folded paper
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Rotate groups around to visit each deal station. When they are at the station, 
the host poses the deal question shown at the top of chart. They ask, What’s the best 
deal? The visitors can use whatever tools they like to come up with their decision 
about the best deal. When the visitors are ready, they tell the host what they think is 
the best deal and why.

The host shows the visual proof their group has developed. The host asks, Does 
this proof confirm your estimate? Is it different? Why? Are you convinced? Why or 
why not?

Make sure students have the chance to visit several stations before bringing the 
class together for discussion.

Discuss

Gather the class to discuss the following questions:

•	 Which deals were hardest to see? Why?
•	 What strategies did you use? Which were most effective? Why?
•	 How did you use unit rates? When were they helpful and why?
•	 What mistakes did you make? What did you learn from those mistakes?
•	 Which proofs were most convincing? What made a proof easy to understand 

or convincing?
•	 Which deals surprised you? Why?

Make connections between the kinds of strategies students used at different 
stations. Be sure to discuss whether different kinds of deals required different kinds 
of strategies. For instance, it may be that scaling up made the most sense for some 
deals, but finding the unit rate made the most sense for others.

Look‐Fors

•	 How are students making comparisons based on rate? To make valid 
comparisons, students will need strategies that allow them to compare 
different prices for the same thing. Students can do this by scaling up the 
units so that they are buying the same large number of items. For instance, 
students could compare the price of the water bottles by imagining that they 
need to buy 24 bottles of water and seeing what that would cost if they 
purchased single bottles or packs of 6, 8, or 12. This is a mathematically valid 
way of making comparisons, but it demands finding the larger number where 
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comparison is possible, a common multiple. Alternatively, students can 
make comparisons with a unit rate, which will always work, but requires 
division or thinking in equal groups. Students may also combine these efforts 
to compare individual deals in pairs. For instance, students might note 
immediately that $1 for a bottle is a worse deal that $3 for a six‐pack, because 
it would cost $6 to buy six bottles at the single‐bottle rate. Others may use the 
unit rate to see that $3 for a six‐pack is $0.50 per bottle, which they can then 
scale up to say that an eight‐pack should be $4, not $4.50. When discussing 
these different methods, be sure to draw attention to how scaling up and 
scaling down using rates can be used flexibly to make comparisons.

•	 Are students’ visual proofs showing convincing evidence? Push students 
to show their evidence, not just make calculations. That might include 
drawing pictures to show the ways rates scale up or down or making diagrams 
to show comparisons. Encourage students to be creative with these visual 
proofs. You might want to ask students questions about what they see in their 
minds when they are comparing different values. For instance, they might see 
a six‐pack of water as two quarters inside each bottle, or they might imagine 
three dollar bills cut in half, or a stack of six blocks with pairs in three colors. 
You might then ask, If this is what one deal looks like, how can you show the 
other deals using the same kind of picture so that we can compare? Be sure 
that students don’t show just the best deal but why it is the best in comparison 
to the other choices.

Reflect

When would you use unit rates outside of our class? Why?
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  Water Bottle Price Sheet

$1.00 $7.00

$3.00 $4.50
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  What’s the Best Deal? Cards

Candy Bar

1 bar = $.89

6 bars = $16.48

48 bars = $35.89

Fruit Snacks

10 packages = $7.98

38 packages = $12.69

40 packages = $13.45

80 packages = $21.67

Glue Sticks

4 sticks = $2.71

8 sticks = $5.40

12 sticks = $7.89

30 sticks = $14.99

48 sticks = $18.99

Origami Paper

120 sheets = $3.00

200 sheets = $4.99

500 sheets = $9.99

750 sheets = $12.99



135

Mindset Mathematics, Grade 6, copyright © 2019 by Jo Boaler, Jen Munson, Cathy Williams. 
Reproduced by permission of John Wiley & Sons, Inc.

 

Socks

1 = $9.00

3 = $16.00

6 = $20.00

Fountain Drink

Small, 16 oz = $1.00

Medium, 21 oz = $1.29

Large, 32 oz = $1.49

Post‐It Notes

12 pack = $9.99

18 pack = $29.99

24 pack = $37.11

Mechanical Pencils

6 pack = $4.15

12 pack = $9.99

32 pack = $11.79
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How Fast Do You Walk?
Snapshot

How fast do you walk? Students collect data and 
develop ways of expressing speed to explore speed as a 
unit rate.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Pose the question, How fast do you 
think you walk? Record on a chart 
the ways students describe their 
speeds. Discuss the different ways 
students communicated speed, and 
name speed as a rate.

Chart and markers

Explore 45–60+ min Groups choose one member’s 
walking speed to explore, and 
develop a plan for what data they 
need to collect to describe that 
person’s walking speed. Students 
use spaces and tools to collect 
walking speed data. Using this data, 
students develop a way of 
expressing the person’s walking 
speed and present their data and 
conclusions in a chart.

•	 Space for walking 
(classroom, hallway, 
gym, or outdoor space)

•	 Measurement tools, 
such as meter sticks or 
yardsticks, tape 
measures, rulers, string, 
and timers or 
stopwatches

•	 Marking tools, such as 
masking tape or 
sidewalk chalk

•	 Chart and markers, for 
each group

Connection to CCSS
6.RP.2, 6.RP.3a,b,d
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Activity Time Description/Prompt Materials

Discuss 20–30 min Groups present their processes and 
results. Discuss the strategies 
students developed for finding 
speed and the units they selected. 
Discuss which choices make the most 
sense, why, and whether different 
ways allow the class to make 
comparisons. Discuss what made the 
process of finding speed challenging.

Extend 45+ min Students investigate other ways that 
speed is expressed in different 
contexts, such as Olympic running or 
whale migration. Students explore 
why different ways of expressing 
speed are needed and how they 
would decide on units for speed.

•	 Information resources, 
such as nonfiction texts 
or access to web‐based 
information

•	 Optional: chart and 
markers

To the Teacher

In this investigation, we turn attention to a particular kind of unit rate that students 
encounter in the everyday world: speed. Although students are familiar with 
expressing speed in miles per hour, these particular units are not the only way of 
measuring walking speed, and indeed may not be the most appropriate. This 
investigation requires students to make decisions about how to measure both 
distance and time. In choosing units for time, students may have to consider whether 
or how they will express speed as a unit rate. For instance, if students measure 
distance in feet, they have to choose whether to express speed in seconds, minutes, or 
hours. But feet per second may be difficult to measure, or lead to fractional measures 
for distance. Given this conundrum, students might choose a different unit for time, 
such as minutes, or choose not to use a unit rate and express speed as feet per 10 
seconds, for example. These decisions should give the class lots to talk about and give 
you many probing opportunities to ask about their processes. With that in mind, we 
encourage you to focus conversations with students on the process of finding foot 
speed, rather than on the speed itself. The investigation should not be a competition 
for the fastest walker, rather an exploration of what it means to find a rate for 
expressing distance over time.

Students will need access to a buffet of tools to make the decisions necessary for 
this investigation. Given this focus on decisions, we encourage you to deliberately 
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provide students with options for tools so that they need to make conscious choices. 
When confronting yardsticks and meter sticks, tape measures, string, and masking 
tape, students will need to actively decide what makes the most sense to them; you, 
in turn, can ask about those decisions.

Activity

Launch

Launch the investigation by posing the question, How fast do you think you walk? 
Give students a chance to turn and talk to a partner. Collect some of the students’ 
answers or estimates on a chart titled How Fast Do You Think You Walk? It is 
important that at this point you focus the conversation not on the quality of the 
estimates, or even the strategies students used to arrive at them. Instead notice the 
ways that students use rates to describe speed. Tell students that speed is a rate, a 
comparison between distance and time. Make connections between speed as a rate 
and the other rates you have been exploring recently, such as tiles per base unit and 
cents per bottle of water. Speed is a relationship between some unit of distance and 
some unit of time. Pose the investigation and explain the resources you have for 
students to use as they work.

Explore

Students work in small groups to develop ways of expressing their foot speed. The 
group must first decide whose walking speed to investigate, since each person will 
have a slightly different speed. The group discusses the question, What data will we 
need to describe how fast a person walks? Each group collects the data they need to 
develop methods for describing walking speed. Groups investigate the questions, 
Can you find multiple ways to express the same speed? Which do you think is the 
best way? Why?

Provide students with the following:

•	 Space for walking, such as a classroom, hallway, gym, or outdoor space
•	 Measurement tools such as meter sticks or yardsticks, tape measures, rulers, 

string, timers, or stopwatches
•	 Marking tools appropriate for your space, such as masking tape or sidewalk 

chalk
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Each group works together to make a poster to show the data they collected and 
how they found their walking speed. If students found multiple ways, they should 
indicate which they think is the best way of expressing foot speed and why. You may 
want to invite students to choose a destination (a part of the school, a local shop, 
home, etc.) and to estimate how long it would take their walker to arrive; have them 
include this information in their chart.

Discuss

Post the groups’ charts and invite each group to share their process and results. 
When discussing students’ work, focus attention on the following questions:

•	 What strategies did you use to find the speed?
•	 How did you decide what units of measure to use? What made the most 

sense? Why?
•	 What was hard?
•	 What did you find that surprised you? Why?
•	 If we look across our charts, can we tell who is the fastest walker? Why or why not?

During the discussion, be sure to draw attention to the choices that students 
made about units, the ways in which rates were important to describing speed, and 
the connection between the speeds students articulated and unit rates. Students very 
likely reported their speeds in the form of a unit rate; some of these may have been 
standard measures of speed, such as feet per minute, while others may have been 
improvised measures of speed such as floor tiles per minute. Compare the utility of 
these different measures and why students made the particular choices they did.

Extend

Invite students to investigate other ways of expressing speed in the world. For 
instance, how is speed measured for Olympic runners? Cars on the highway? Space 
exploration? Sound? Whale migrations? The flight of a bumble bee? Provide 
students access to information resources, such as nonfiction texts or the internet, to 
gather data. Students explore the following questions:

•	 What different ways of expressing speed are used?
•	 Why are rates expressed differently?
•	 How would you choose a rate to express speed?
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Ask students to come up with other instances where speed could be expressed 

and to develop an appropriate way of measuring the speed. What units would you 
use and why? You may want to ask students to create a chart of their findings or 
contribute speeds to a class chart as a shared resource for discussion.

Look‐Fors

•	 How are students planning their work? Decisions are a crucial part of this 
investigation. As you observe students getting started, you might see some 
groups rushing to collect data, estimate, or start making a chart. Ask questions 
about their plan to help students slow down and attend to the decisions they are 
making. You might simply ask, What is your plan? What data are you going to 
collect? How will you do that? Why are you going to collect data in that way? 
What will you do next? Why? Support students in acting intentionally so that 
they collect data they can use and have a plan for how to use it.

•	 What data are students collecting? As students’ plans unfold, observe the 
kinds of data students are collecting and ask questions about their intent. 
Students will need to collect data simultaneously in two dimensions: distance 
and time. Are students measuring both? How are they doing so? Students might 
choose to fix one of these measures and then examine the other. For instance, 
students might decide to measure the distance a person can walk in one minute, 
using a stopwatch to tell the walker to start and stop, and then measuring the 
distance walked. Alternatively, students might measure out a distance, such as 
100 feet, and then time how long it takes to walk that distance. This second 
approach makes it more challenging to arrive at a unit rate for speed as we 
typically express it. Ask students how they decided on their approach and what 
they will do with their data next in order to come to a speed. You might ask, 
How will you express the speed when you are finished?

•	 What units are they selecting? Units are some of the most important choices 
that students make in this investigation. Students might select any number of 
units for distance—centimeters, meters, kilometers, inches, feet, yards, miles, floor 
tiles, sidewalk segments, lockers. They also must choose from several measure of 
time, particularly seconds, minutes, and hours, but they may also select less typical 
units such as days or weeks. Ask students about the units they are selecting and 
why these make the most sense for walking speed. If students select nonstandard 
units, such as sidewalk segments, you might ask them how they know that 
these units are all the same and why they think that is the best way.
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•	 What unit conversion issues emerge? As students work, they may confront 
that the ways they collected data do not match the ways they want to express 
walking speed. For instance, students may have recorded feet and seconds, but 
they want to express speed in yards per minute. This poses challenges for unit 
conversion that we encourage you to embrace. This is an authentic 
opportunity for working with unit conversion, and students may struggle 
with thinking about converting in both dimensions simultaneously. Ask, 
How can you organize your data so that you can see equivalence? You might 
encourage students to convert first one unit and then the other to avoid 
confusion. You might also want to pose the problem of unit conversion to the 
class, asking, This group wants to change their units. How could they do 
that? Such a challenge could become a class investigation of its own.

Reflect

Why do you think we use unit rates for speed?
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Reasoning with Proportions

There’s an instructional strategy I really like, one that I now use in all of my teaching 
and that can be put to good use in this big idea. I show students a visual of a 
mathematical idea—which can be as simple as a collection of dots (https://www 
.youcubed.org/resources/jo-teaching-visual-dot-card-number-talk/)—and ask them 
what they see. I then collect all of the students’ ideas on a board at the front, no 
matter how good or correct they seem to be, usually putting the student’s name onto 
the idea for later reference. In the activities in this Big Idea we encourage you to 
engage students in similar ways, collecting their ideas and naming them so that they 
feel ownership for them. In this big idea, we are encouraging quantitative literacy by 
asking students to, at first, make sense of a complex and interesting graph. The 
students are asked to make sense of data that is shown through multiple 
representations in the first two activities in the big idea. This is a good time to 
encourage students to come up with their own ideas of what they see in the graphs, 
and to accept those ideas without judgment, using them as a source for discussion. 
Being able to read and make sense of complex data shown through different 
representations is one of the most important areas of mathematical literacy that 
students need to develop.

In the Visualize activity, students are invited to read a graph of animals’ jumping 
distances, which we think they will find really interesting. The graph presents data in 
a way that students are likely to be unfamiliar with, and this is an excellent time to 
invite students to tell you what they see. You can lead a class discussion on what the 
graph is showing. We intend that after an initial opening, students read the graph in 
pairs, annotate it so that they can think and write, and then discuss what they see as a 

5B I G  I D E A

https://www.youcubed.org/resources/jo-teaching-visual-dot-card-number-talk/
https://www.youcubed.org/resources/jo-teaching-visual-dot-card-number-talk/
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class. Once they have worked out what the graph shows, they can, if they want to, 
add their own data to the graph.

In the Play activity, students are presented with task cards that show two 
different pieces of data for some animals. They are then invited to make their own 
proportion from the data they choose and create a graph illustrating the data—
similar to the graph they saw in the Visualize activity. This will give students an 
opportunity to make choices—an important part of mathematics—and create a 
graph with information that they have decided, together, to show and collect. We 
expect that this activity may prompt interesting conversations because some groups 
may choose the same task card but present the data in different ways.

In the Investigate activity, we ask students to consider a pattern based on a 
square table with four seats around it. In the previous lessons, students have looked 
at unit rates and proportions. In this activity, they will consider a unit rate that they 
develop for the tables and chairs in a restaurant. Students will be making and 
exploring patterns, and they will need to pay attention to certain constraints; 
both exploring patterns and considering constraints are intrinsically mathematical 
acts. The constraint in this investigation is that there is only one chair for each 
square side of the table. Instead of focusing on a single answer, they will be asked 
what they think is the most efficient way of seating people. Different table 
arrangements will yield different results. Students will be asked to justify their 
reasoning. We conclude by asking students to think about the ways this activity is 
connected to the ideas of area and perimeter.

Jo Boaler
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Jump! Jump!
Snapshot

Students visualize proportions by exploring a graph of animal 
jump length in proportion to body length. As they make 
sense of the data, students explore how proportions change 
the way they understand the animals the data represents.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Animal Jump Graph 
sheet and ask, What does this graph 
show? Discuss students’ interpretations 
and be sure they understand the different 
information being communicated by the 
two kinds of bars. Tell students that 
comparing body length to jump length is 
a rate called a proportion.

Animal Jump Graph 
sheet, to display

Explore 25–30 min Partners explore the Animal Jump Graph 
sheet and annotate it with their 
observations. Students explore how the 
proportion data changes their thinking 
about the animals. Students add 
themselves to the bar graph, collecting 
the length and height data they need.

•	 Animal Jump 
Graph sheet, one 
per partnership

•	 Colors
•	 Measurement 

tools, such as 
rulers, yardsticks 
or meter sticks, 
or tape measures

Discuss 15–20 min Discuss what students noticed in the 
graph and annotate a class copy of the 
graph with all observations. Discuss the 
way the proportion data changed their 
thinking about the animals and what 
they discovered when they added 
themselves to the graph.

•	 Animal Jump 
Graph sheet, to 
display

•	 Markers

Connection to CCSS
6.RP.1, 6.RP.2
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To the Teacher

The double bar graph of animal jump lengths that is the focus of this lesson is based 
on one created by Steve Jenkins (2016) in his spectacular book Animals by the 
Numbers. We’ve included some less accomplished jumpers than he did to encourage 
interesting comparisons and to help students see how humans fit into the animal 
jumping world. This book is an outstanding resource for data about animals, 
presented in novel infographics, and if you have the book on hand, consider making 
it available to students as you explore proportions, ratios, and rates.

When you present the Animal Jump Graph sheet to students, resist the urge 
to tell them how to read the graph. Let them make some observations and struggle 
with it in their groups. It is important that they understand that the two different 
types of bars communicate different kinds of information, and that the pairs of 
bars are each about a single animal. But they may not understand all of the kinds 
of data embedded in the graph, the kinds of comparisons they can make, or why 
having these two kinds of bars is useful. As you circulate while students grapple 
with the graph, you may find it useful to simply point at individual bars and ask, 
What is this bar saying? Students will need to examine individual data points 
before they can make sense of the whole.

Activity

Launch

Launch the activity by showing students the Animal Jump Graph sheet on the document 
camera. Ask, What does this graph show? Give students a chance to turn and talk to a 
partner about what they notice and how they interpret what they see. Collect a few 
student ideas and make sure students understand what the two bars represent. You may 
want to specifically point to the two bars for one animal and ask what each bar shows. 
Point out that the bars that compare jump length to body length are a kind of rate that 
we call a proportion. This discussion is not meant to be exhaustive. Rather you want to 
make sure students have enough understanding to explore the graphs further.

Explore

Provide each partnership with a copy of the Animal Jump Graph sheet. Students 
explore the question, What observations can you make about this graph? Students 
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annotate the graph with observations, comparisons, and questions. As students 
explore the information in the graph, they try to answer the following questions:

•	 What does this graph mean? What does it tell us?
•	 What statements can you make about the data?
•	 How do the proportions change the way you think about comparing the 

animals?
•	 What does the graph teach you about the animals?

Once partners have explored the data in the graph, ask them, Can you add 
yourself to the graph? Invite students to collect whatever data they need to figure out 
what their human jump would look like on the graph.

Discuss

Gather students together to discuss the following questions. Be sure to display a copy 
of the Animal Jump Graph sheet as a shared reference.

•	 What did you notice in the graph that helped you make sense of it? Did you 
make mistakes in reading it? What did you learn?

•	 What observations did you make? (Annotate the class copy of the graph.)
•	 What’s the most surprising thing you noticed?
•	 How did the proportion data change the way you thought about the data and 

comparisons?
•	 What did you find when you added yourself ? How do you compare to other 

animals?

Look‐Fors

•	 Are students making observations, or are they stuck? As long as students 
can make sense of the graph, allow them to work. But if students seem stuck 
or overwhelmed by the data, focus attention on one bar, one animal, or one 
comparison. Ask, What does this bar mean? What does this part of the graph 
tell us? How can this help you read the rest of the graph? For each bar 
students interpret, encourage them to write down next to the bar what they 
think it means. This will help them compare different bars and see patterns.

•	 Are students noticing contrasts in the graph? The graph shows some 
interesting contrasts, in which an animal’s jump appears either long or short 
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in absolute length, but then has an opposite appearance in proportion to its 
body length. Interpreting these competing meanings requires students to 
understand each of the individual bars, see that they are in conflict, and then 
make sense of that conflict. You might simply ask, Why are these bars so 
different? What does that mean?

•	 How are students finding the proportion between their own body length 
and jump length? Regardless of individual variation in both body and jump 
lengths, your students should be noting that they can jump approximating 
one body length. However, students may get so absorbed in measuring with 
precision and trying to achieve the longest jump they can that they lose the 
proportional thinking necessary. In fact, less precision is better in this 
circumstance, because it makes little difference in the graph whether a student 
can jump 0.89 or 1.04 body lengths. At the level of precision of the graph, 
these are both equivalent to 1 body length. Similarly, if students use 
calculators to determine the rate of body lengths per jump, they may see an 
answer with a long string of decimals that immediately confuses. You might 
simply ask, About how many body lengths did you jump? Focusing students’ 
attention on the body length as a unit, rather than inches or feet, may help 
them simplify the comparison.

Reflect

What do proportions help us see? When might a proportion help you see 
something new?

Reference
Jenkins, S. (2016). Animals by the numbers. Boston, MA: HMH Books.
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    Animal Jump Graph

10×
body length

5 feet

Jackrabbit

Frog

Mountain goat

Dolphin

Grasshopper

Domestic cat

Cougar

10 feet 15 feet 20 feet 25 feet 30 feet 35 feet 40 feet

20×
body length

30×
body length

40×
body length

Distance jumped in feet How many times the length of the jump is to the body length
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Seeing Animals in a New Way
Snapshot

Building on the Animal Jump Graph in the Visualize activity, 
students play with ways to represent animal data that use 
proportions and help readers see the animals in a new way.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Remind students of the work they did 
with the Animal Jump Graph sheet 
and how the observations they made 
using proportion data changed their 
thinking about the animals. Tell 
students that today they will develop 
ways to display proportion data 
about animals. Show them the 
Animal Data Task Cards, and invite 
them to choose one to work with.

•	 Animal Jump Graph 
sheet, annotated from 
the Visualize activity, 
to display

•	 Animal Data Task 
Cards, to display

Play 40–45 min Partners choose one Animal Data 
Task Card and work together to 
develop a visual way of presenting 
proportion data based on the 
information on the task card. 
Students find proportions based on 
the data, create a display that 
illuminates the data, and present 
their findings on a chart.

•	 Animal Data Task Cards, 
multiple copies, cut apart 
for partners to choose from

•	 Chart, one per 
partnership

•	 Make available: markers 
and colors, grid and dot 
paper (see appendix), 
rulers, calculators, and tape

Discuss 20+ min Partners post their charts and the class 
does a gallery walk, focusing on the 
ways the data displays change their 
thinking about the animals and on the 
connections they see between displays. 
Discuss what students noticed. Debrief 
how students designed their displays, 
what challenges they faced, and how 
they thought about precision.

Connection to CCSS
6.RP.3a,b, 6.RP.1, 6.RP.2
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To the Teacher

This lesson builds on the work students did to interpret the Animal Jump Graph in 
the Visualize activity. We encourage you to use the artifacts you and the class created 
during that lesson as a jumping‐off point for this activity. Students will likely want 
to refer back to the Animal Jump Graph to think about how it was constructed to 
convey the proportion data or how two kinds of bars can be placed side by side. We 
ask students in this activity to think creatively about a data set, find proportions, and 
then display that data. Students may want to make a display that mimics the 
structure of the Animal Jump Graph, or they may want to create something 
different, simpler, or more innovative. If possible, we encourage you to have a copy of 
Steve Jenkins’s book available for students to browse the different ways he chooses to 
display animal data. Once students have found the proportions they want to display, 
they’ll need to make decisions about how to display that data for clarity. Jenkins’s 
book provides useful ideas that students may not have encountered and can spark 
creative ways to communicate data. Be sure to celebrate the ways students try, even if 
they are not successful. Ask students to talk about what they were trying and what 
made displaying the data challenging. Do not expect beautiful graphs like Jenkins’s; 
rather, expect and spotlight students’ messy attempts and the risks they took.

Activity

Launch

Launch the activity by reminding students of the work they did with the Animal 
Jump Graph in the Visualize activity. Show the class the annotated graph from that 
activity. Tell students that this was a visual way of displaying animal data and a 
proportion that allowed us to see jumping in a new way. You may want to remind 
students of the interesting observations they made using the proportions, and the 
things that surprised them.

Tell students that today they are in charge of creating a display to show animal 
data. These displays could be similar to the Animal Jump Graph or they could be a 
new way of seeing the data, but they need to include some proportional data that 
will help us see the animals in a new way.

Show students the four Animal Data Task Cards on the document camera. 
Invite them to turn and talk to their partner about which data they would like to 
work with today.
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Play

Students work in partners with the task card of their choice. Invite students to create a 
way to display the data that includes proportions and helps us see the animals in a new 
way. Each task card contains a blank column for students to add proportion data.

Students will need to think about what proportion they want to display. For 
instance, the data would look different if students found the number of tongue 
lengths per body length, versus the number of body lengths per tongue length. 
Finding this data will require some rounding, and students will need to reason about 
how precise they need or want to be in this kind of data display.

Partners discuss how to display their data and how they want to organize it to 
draw attention to surprises or interesting contrasts. For instance, does it make sense 
to organize the animals from greatest to least in some measure? What measure 
matters?

Partners make a chart to show what data they have found and how the data can 
be made visual. Provide students access to charts, markers and colors, grid and dot 
paper (see appendix), rulers, calculators, and tape. Students may want to make their 
graphs on grid or dot paper and tape them onto a larger chart, or they may want to 
draw their graphs much larger, directly on the chart.

Discuss

Ask partnerships to post their charts around the room. You may want to cluster 
them by the data they display. Invite the class to do a gallery walk, and as they walk 
students should discuss with a partner the following questions:

•	 What surprises you about the animals?
•	 How do the displays help you see new things?
•	 How do the proportions change your thoughts about comparisons?
•	 What do you wonder now?
•	 Where do you think you would fit on the graphs?
•	 What connections do you see across the graphs?

Discuss with the class the questions they considered as they examined the 
different charts. Then focus the conversation on the following questions:

•	 What did you have to do to design your displays?
•	 How did you find your proportions?
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•	 How precise do you think the proportion data needs to be to communicate 
differences accurately and effectively?

•	 What was challenging and why?

Look‐Fors

•	 Are students thinking about iterating units to find proportions? When 
thinking about proportions, students will need to consider what unit they 
want to iterate. For instance, in the tongue length data, students could use 
body length as the core unit and iterate tongue lengths to ask, How many 
tongue lengths make one body length? It is conceptually useful for students to 
be thinking about iterating units, rather than simply thinking about the rate 
as division. When students focus on dividing numbers, the numbers often 
lose their meaning, and students simply read the digits on the calculator 
display as the answer. Students can lose sight of what they are dividing, why, 
and what it means. Encourage students to think about the units they are using 
and what they are imagining. You might ask, So, are you thinking about how 
many tongue lengths make a body length, or how many body lengths make a 
tongue length? When you look at the data, about how many tongue lengths 
would you expect make a body length for this animal? Encourage students to 
estimate, imagining iterating the tongue length repeatedly down the length of 
the animal’s body, before they use the calculator. Estimating with meaning 
before calculating will help students make sense of the precise answer when it 
is displayed.

•	 Are students rounding data? The proportion data that students find will 
include many decimal places, as naturally occurring data often does. Although 
students could choose to display data with all its decimal places, it does not 
make sense to do so when comparing different kinds of animals. Students will 
need to determine how to round the data so that it is still reasonably accurate, 
but it also makes it simpler for the reader to make comparisons between the 
animals presented. Ask students, How will you round this data to make it 
easier for the reader? If you round it in that way, is it still accurate? How do 
you know? Students often want to present the most accurate picture and may 
refuse to round, because in their view, rounding makes the data less correct. It 
can be difficult for students to see why presenting less accurate data is 
advantageous. You might ask, What’s the big idea you want the reader to 
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understand from this data? How accurate does your data need to be for your 
reader to see this idea?

•	 What innovative ways are students creating to display their data? Students 
may want to emulate the Animal Jump Graph, and we think this is a fine 
entry point for displaying proportion data. This graph can serve as a useful 
model for students, and you may want to give students access to this graph 
again so that they can see how it is constructed. However, this is not the only 
way to display this kind of data. Students may want to orient bars vertically, 
show only the proportion data, or turn the display into a pictograph. Draw 
attention to innovations that students design in their data displays, even if 
they are only modestly different from the model. Ask, Why did you make this 
choice? How do you think it helps the reader? What were you trying to help 
the reader see? In the class discussion, you may want to specifically highlight 
the differences among displays and what they allow the reader to see in the 
data. Ask the class what features helped them most or what made it easier for 
them as a reader to understand the data.

Reflect

What do proportions help us see? When might a proportion help you see 
something new?
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Animal Data Task Cards

Bodies and Tongues

Animal
Body Length in

Inches
Tongue Length in

Inches

Giant Anteater

Pangolin

Hummingbird

Sun Bear

Giraffe

84

18

3

50

168

24

16

1

9

19

Hearts and Weights

Animal
Heart Rate in

Beats per Minute
Body Weight in

Pounds

Giraffe

Sun Bear

Tiger

Saltwater Crocodile

Cow

150

75

70

3

65

2,200

150

400

1,000

2,000
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Animal Data Task Cards

Speeds and Weights

Animal Speed in Miles
per Hour

Weight in
Pounds

Tiger 35 400

Horse 30 1,500

Saltwater Crocodile 15 1,000

Giraffe 37 2,200

Giant Anteater 31 80

Bodies and Tails

Animal
Weight in

Pounds
Tail Length in

Inches

Giant Anteater 80 30

Giraffe 2,200 36

Saltwater Crocodile 1,000 90

Tiger 400 36

Cow 2,000 36
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A Seat at the Table
Snapshot

Students investigate the relationship between seats and 
tables at a restaurant, developing ways to communicate 
this relationship using proportions, ratios, and unit rates.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Restaurant Table Unit 
sheet and explain that a restaurant uses 
these tables to seat customers. Ask, If 
each person needs one side length, how 
many people can be seated at two tables 
pushed together? Discuss what this will 
look like, what students notice, and why 
doubling the number of tables does not 
double the number of seats.

Restaurant Table 
Unit sheet, to display

Explore 30–40+ 
min

Partners explore how many people can 
be seated at different numbers of 
tables, and what arrangements are 
possible. They record their findings in a 
Table Table sheet and develop ways of 
communicating the relationship 
between seats and tables. Students 
work to answer, What is the most 
efficient way of seating customers?

•	 Table Table sheet, 
one per 
partnership

•	 Make available: 
square tiles, grid 
paper (see 
appendix), and 
colors

Discuss 15+ min Discuss the class’s findings, the patterns 
they observed, and what makes the most 
efficient arrangement of tables. Ask, What 
ways did you develop to communicate the 
relationship between seats and tables? 
Name these methods using the language 
of proportion, ratio, and unit rate. Discuss 
the connection between the seats and 
tables and perimeter and area.

Connection to CCSS
6.RP.1, 6.RP.2, 6.RP.3a,b, 6.G.1
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Activity Time Description/Prompt Materials

Extend 20–30 min Partners investigate how many people 
could be seated at a restaurant that 
had 36 square tables, generating all 
the possible combinations and looking 
for the most and least efficient ways.

Make available: 
square tiles, grid 
paper (see 
appendix), and colors

To the Teacher

In this activity, we shift from animal data to other ways proportions are seen in the 
world, to encourage students to see that rates are everywhere. At this point, 
students have had experience with both unit rates and the concept of proportions, 
so in this investigation of seats around tables at a restaurant, we invite students to 
develop ways of communicating that relationship. Students may develop a unit 
rate, such as 4 chairs/table, 3 chairs/table, 2 2

3  chairs/table, and so on. Students 
may develop a proportion, as with the animal data, such as that chairs are 4× the 
number of tables. Alternatively, students may invent a relationship that could be 
called a ratio, in which two quantities are compared, such as that the relationship 
between chairs and tables is 4

1
3
1

8
3, , , and so on. Ratios can be communicated like this, 

as fractions, or as a comparison using a colon (such as 4:1) or words (such as 4 to 
1). In your closing discussion, highlight all the ways students developed to 
communicate this relationship, and name each of these using the terms proportion, 
rate, unit rate, and ratio, so that students can see how all of these conventions 
could be used to communicate the same data in different ways.

In the closing discussion, we invite students to consider the connection this 
investigation has to area and perimeter. Each table can be considered an area unit of 
1, with a perimeter of 4. As the number of tables increases, the perimeter increases, 
but at different rates depending on the arrangement. For instance, four tables arrayed 
in a line have a perimeter of 10 units (or seats); the same number of tables arrayed in 
a square has a perimeter of 8 units (or seats). In previous grades, students have 
explored the relationship between perimeter and area, and this investigation gives 
students an opportunity to draw connections between those concepts and 
proportions, rates, and ratios. By making these connections, students develop these 
concepts of proportional reasoning as simply extensions of previous thinking, rather 
than new, isolated ideas.
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Activity

Launch

Launch the activity by showing students the Restaurant Table Unit sheet on the 
document camera and telling them that at a restaurant, there are a large number of 
these square tables that can seat four people. At a table, each person needs one side 
length of space to have enough room to eat. The restaurant can put tables together 
to seat larger groups.

Ask students, What do you think will happen if the restaurant puts two tables 
together? What will it look like, and how many 
seats will there be? Give students a chance to turn 
and talk to a partner, then invite students to come 
up and draw what two tables together could look 
like. Use this opportunity to make sure students 
understand that each chair needs a side length of 
space and that the two tables must adjoin along a 
side. This means that the only solution for joining 
two tables will look like the image shown here.

Ask students, What happened to the number 
of chairs? What do you notice? Collect some student observations, and draw 
attention to the idea that doubling the number of tables did not double the number 
of chairs. Ask students why they think that happened. You may want to have 
students turn and talk or to discuss this question as a class.

Tell students that today they are going to be exploring what happens when the 
restaurant puts tables together to seat larger groups and what different arrangements 
can be made.

Explore

Students work in partners to investigate the different arrangements of tables possible 
at a restaurant. Provide students with square tiles, grid paper (see appendix), colors, 
and a copy of the Table Table sheet for recording what they find. Students 
investigate the following questions:

•	 For any number of tables, what different arrangements of the tables are possible?
•	 How many chairs will fit for each arrangement?
•	 What is the relationship between the number of tables and the number of chairs?

Arrangement of two tables  
and six chairs
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•	 What patterns do you notice?
•	 The restaurant wants to be able to seat people as efficiently as possible, getting 

the most chairs per table. What is the most efficient arrangement possible?

For each arrangement of tables students find, they record it in the Table Table 
sheet. Students sketch the tables and chairs, record the number of tables and chairs, and 
develop a way of communicating the relationship between the tables and chairs in the 
arrangement. Note that while one and two tables have only one possible arrangement, 
three or more tables can be arranged in multiple ways, not all of which seat the same 
number of people. Encourage students to consider all the ways of arranging these tables.

Discuss

Gather students together to discuss what they have found. You may want to collect 
the data students have generated into a class table so that you have a shared 
document to discuss and use for pattern seeking. Discuss the following questions:

•	 What patterns did you notice as you put tables together?
•	 How can you see those patterns in your table?
•	 What ways did you develop for expressing the relationship between the 

number of tables and number of chairs?
•	 What is the most efficient way of seating people? How can you tell?

During this discussion, draw attention to and name the different ways students 
thought about the relationship between tables and chairs. For instance, some students 
may have used unit rates to make comparison easier, while others may have written 
theirs as a proportion or ratio. These are related but different ways of thinking about 
the relationships, and it will be useful to have names for each as they emerge.

Finally, ask the class to consider how this investigation is connected to area and 
perimeter. Some students may have already made some connections during the 
investigation. You may want to give groups time to talk about the connection before 
discussing this as a whole class. Discuss the following questions:

•	 How are the tables and chairs connected to area and perimeter?
•	 What does our investigation of tables and chairs tell us about area and 

perimeter?
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Extend

If the restaurant has 36 tables, how many people could it seat? How would the tables 
be arranged to seat the greatest number of people? How would the tables be 
arranged to seat the fewest number of people? How do you know? Explore the 
combinations possible. How could you record your thinking so that others can see 
your evidence and patterns?

Look‐Fors

•	 Are students seeing multiple ways of arranging tables? Students may be 
tempted to simply array the tables in an ever‐growing line. However, once 
students have three or more tables to connect, a line is not the only way of 
arranging the tables. Ask students, Is this the only way the restaurant could 
join the tables together? What else could they do? Do different arrangements 
of the same number of tables seat the same number of people? How could 
you find out?

•	 What ways of communicating the relationship between seats and tables 
have students developed? We have left this column of the Table Table sheet 
open to different ways of communicating the relationship between seats and 
tables so that students can develop ways to represent this idea. As discussed in 
the To the Teacher section, students may draw on the work with animal data 
to use a proportion, or on the work in the previous big idea to use a unit rate. 
Both of these are appropriate and could be used with accuracy to 
communicate and compare relationships. However, some students may 
develop new ways that could be called rates or ratios, and students are likely 
not to use conventional ways to do so. They may simply want to say that there 
are “8 seats for 3 tables” or “8 seats/3 tables” or “8 to 3.” Encourage students 
to be consistent within their own data, and ask how they chose this particular 
way of capturing the relationship. Ask questions that prompt them to think 
about using these to compare, such as, How can you tell which is the most 
efficient way to arrange the tables using these relationships? It is not necessary 
that students revise their methods or all use the same method. In fact, a 
diversity of methods will give the class more to discuss and help them form 
conclusions about what methods seem to be the most useful in this context.

•	 Are students connecting seats and tables to perimeter and area? Each table 
can be seen as 1 unit of area, with a perimeter of 4 units. Students may use the 



161Big  Idea  5 : Reason ing  wi th  P ropor t ions

B
IG

 ID
E

A
 5

:  
R

ea


s
o

n
in

g
 w

it
h

 P
r

o
p

o
r

t
io

n
s

language of seats and tables as they work through this investigation, but you 
may also hear some students using language that connects to the concepts of 
perimeter, such as how many seats we can place “around the table,” or that an 
arrangement has more or fewer edges. Listen for language that connects to 
area and perimeter so that you can highlight and draw on these ideas in the 
class discussion.

Reflect

Where do you see proportions, rates, or ratios in the classroom right now? Draw 
pictures to help explain your thinking.
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Restaurant Table Unit
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Table Table

Image
Number

of
Tables

Number
of

Seats

Relationship between
Seats and Tables
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Visualizing the Center 
and Spread of Data

Mean, mode, and median are three measures of central tendency; if you think back 
to your learning of them in school, you will probably remember different numbers 
and calculations that had one correct answer. In our designing of tasks for this big 
idea, we have chosen tasks that focus on the meaning of the three measures and that 
ask students either to see them visually or to work with the measures conceptually. 
We have again chosen to present data in different ways to help students develop 
quantitative literacy. It is ideal if students approach any data set knowing they have 
learned a set of tools and a mathematical mindset that they can bring to the data, 
exploring them to see what they mean and what they reveal.

Mean, mode, and median are three tools that can be applied to any set of data to 
reveal different, interesting properties of the data set. Often the mean is the best 
average to use, and it is one that many people use in their lives when they want to 
work out an average, but it isn’t always the best average to use. Sometimes there are 
numbers in a data set that are wildly out of synch, and when that happens, the mean 
may give a value that is unlike the other data in the set. The median and the mode do 
not get thrown off by unusual data values. The mode—the number that occurs most 
frequently—is a term used in life, often in fashion. When something is “in mode,” it 
means it is regularly seen, as with the modal numbers in the data set. One time that 
the mode is really useful is when the data are not numbers but names. For example, if 

6B I G  I D E A
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we looked at the most common baby names in the US, we might say that the mode is 
Emma. Mode is also used with sets of numbers, when the mean and the median do 
not make as much sense. The median value is the one in the middle of the data set 
when it is ordered, and the average of the two in the middle when there is an even 
number of data points. It is good to have students think about the meaning of the 
three different averages, or measures of central tendency, and consider when one is 
more appropriate than the others.

In our Visualize activity, students will be given real data on hurricanes in the 
Atlantic Ocean to analyze. The opening activity starts with the 2017 data, 
which it shows in a line plot. Students will discuss the shape of the data in small 
groups and then in pairs. After the class discussion, groups will choose from four 
different data sets of hurricanes in the Atlantic for different years so that they 
can analyze the data and share their findings. The different representations of 
data we are focusing on are line plots, bar graphs, a data table, and a list. 
Different groups may be analyzing the same data set but displaying it in different 
ways. In the final discussion, they analyze the different ways they have displayed 
the data as well as analyze the data across the years for 1977, 1987, 1997, 2007, 
and 2017. The time frame shows the way the weather is changing, which 
connects to the idea of climate change.

In the Play activity, students will get an opportunity to see the concept of the 
mean visually. So many times, students only see concepts numerically, missing an 
important time to develop brain connections and to understand more deeply 
through visual engagement. In this activity, students will also be able to move with 
their hands and use models, which has also been shown to enhance understanding of 
mathematics at all grade levels. They will be asked to build a representation of 
different data sets with snap cubes and then represent the mean. We anticipate that 
students will balance out the cubes by moving different ones so that the 
representation shows a rectangle. After the class has discussed this, they will collect 
their own data by rolling a die and seeing how they can average out the 
representation when they roll the die a different number of times. Students will get a 
lot of opportunities to think physically and visually about averages and what they 
look and can feel like.
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The Investigate activity gives students an opportunity to think conceptually 

about the three averages and the differences between the three ways of measuring 
central tendency. I really like that this activity asks students to think deeply about 
the relationships between the three measures and not just perform a calculation. It is 
an open investigation, which means that students will be able to explore patterns, 
and the patterns they explore can extend to the sky, as students can keep moving 
onward with different sets of numbers. The investigation is conceptually difficult, as 
students have to consider different constraints at once; that is good, as it will give 
them important times of struggle and will offer opportunities for the teacher to give 
positive messages about the benefits of struggle for brain growth. Teachers can also 
remind students that looking for patterns is a mathematical act; it is really the 
essence of what mathematics is.

Jo Boaler
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The Shape of Data
Snapshot

Students explore the shape, center, and spread of data 
by examining hurricane data sets and describing what 
they see.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Atlantic Hurricanes of 
2017 line plot and ask, What do you 
notice? Collect students’ observations 
and annotate the graph. Tell students 
that today they will be exploring the 
shape of data.

Atlantic Hurricanes 
of 2017 sheet, to 
display

Explore 20 min Partners explore the Atlantic Hurricanes 
of 2017 line plot to determine the shape, 
center, and spread of the data. Students 
explore what this shape tells us about 
hurricanes that season.

Atlantic Hurricanes 
of 2017 sheet, one 
per partnership

Discuss 15 min Discuss the shape, center, and spread of 
the data students explored. Annotate the 
graph as students offer observations. 
Create a chart called Ways We Describe 
the Shape of Data to capture vocabulary 
that arises in the discussion.

•	 Atlantic Hurricanes 
of 2017 sheet, to 
display and 
annotate

•	 Chart and markers

Explore 20–30 min Partners choose from four different data 
sets, each from a different year and 
displayed differently, to explore the 
shape, center, and spread of the data. 
Students can transform the data into a 
different display to help them see these 
features. Partners compare this data set 
to the 2017 data.

Atlantic Hurricanes 
of 2007, 1997, 1987, 
and 1977 sheet, 
multiple copies for 
partnerships to 
choose from

Connection to CCSS
6.SP.2, 6.SP.3, 6.SP.4, 6.SP.5



168 Mindse t  Mathemat i c s, Grade  6

B
IG

 I
D

E
A

 6
: 

V
IS

U
A

L
IZ

IN
G

 T
H

E 
C

E
N

T
E

R
 A

N
D

 S
P

R
E

A
D

 O
F

 D
A

TA

Activity Time Description/Prompt Materials

Discuss 20 min Each group presents their conclusions 
about the graphs, from 1977 to 2007. 
Looking at all of the data, compare the 
data sets and how different displays 
allow or inhibit seeing the shape of data. 
Discuss the conclusions the class can draw 
or questions that can be posed based on 
the five years of data.

To the Teacher

For this activity, we have drawn on actual hurricane data from five years spread across 
four decades. If your students are not familiar with hurricane categories, it will make 
sense to spend some time addressing what the categories mean in the broadest sense, 
particularly that a larger number means a more powerful hurricane. For the sake of 
the data presentation, we have added a Category 0, which refers to tropical storms 
and depressions, or storms that could have become hurricanes but did not reach 
sufficient intensity. Naming these as 0 will allow students to use measures of central 
tendency, such as median, mode, and mean, which can only be used with 
quantitative data. However, this is not a standard naming of these storms, and 
students familiar with hurricane naming conventions will likely want to understand 
what this invented term means.

The goal of students’ exploration of these data is to create a need to express 
qualities related to the shape and spread of data, in order to describe and compare 
data sets. Students are often asked to find measures of center but without those 
measures being needed, useful, or well understood. In this activity, students may use 
these terms, or they may use the ideas without the language, such as describing one 
category as being the most common rather than the mode. Capitalize on 
opportunities to label the features of the data using the language of statistics, but 
focus on the meaning of these terms and what they tell us about the data set. The 
big idea here is that the data sets have a shape and that these shapes communicate 
something about a phenomenon in a way that helps us understand it. Rather than 
having students generate a rote report on the data set’s measures, encourage them to 
simply describe what the data shows and what it might be telling us about hurricane 
seasons across time.

(Continued )
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Activity

Launch

Launch the activity by showing students the Atlantic Hurricanes of 2017 line plot. 
Ask, What do you notice about this data set? Give students a chance to turn and talk 
to a partner about their observations. Collect student observations and annotate the 
graph. If students are unfamiliar with the ways hurricanes are categorized, this is a 
good moment to discuss the meaning of this system. When you collect observations, 
students may make statements about what is most common, or what kinds of 
hurricanes there are few of. Students may ask questions of the data, such as, Why are 
there so many Category 0 hurricanes? We encourage you to record these, too, as they 
may inspire interesting comparisons later in the lesson. Tell students that today they 
are going to explore the shape of data.

Explore

Students work in partnerships to explore the data. Provide each partnership with a 
copy of the Atlantic Hurricanes of 2017 line plot. Students explore the following 
questions, annotating on and writing statements about the graph:

•	 How would you describe the shape of this data?
•	 Where is the center of the data? How do you know?
•	 How far does it spread?
•	 What does that tell you about Atlantic hurricanes in 2017?

Discuss

Gather students together and show the class version of the Atlantic Hurricanes of 
2017 line plot that you began to annotate in the launch. Discuss the questions 
students explored, and continue to annotate the evidence for their observations on 
the graph:

•	 How would you describe the shape of this data?
•	 Where is the center of the data?
•	 How far does it spread?
•	 What does that tell you about Atlantic hurricanes in 2017?
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When discussing the data, students may use either formal or informal 

language to describe the center and spread of the data set. As students name 
these ideas in whatever words they choose, begin a chart called Ways We 
Describe the Shape of Data. Terms that may come up include range, mode, 
median, and possibly mean or average. It is not necessary that all of these terms 
be defined at this point. Rather, if an opportunity presents itself to name that 
the highest bar, or the most common, is called the mode, then we encourage you 
to seize that moment.

Explore

Provide students with the choice of four different data sets: Atlantic Hurricanes of 
2007, 1997, 1987, and 1977. Each of these data sets is displayed differently. Invite 
students to explore the shape of the data set using the same questions:

•	 How would you describe the shape of this data?
•	 Where is the center of the data?
•	 How far does it spread?
•	 What does that tell you about the data?

To explore these questions, students can transform the data set into another 
form. For instance, students looking at a list may prefer to see the data in a line plot, 
while students looking at a line plot may want to explore what they can see if the 
data were in a table.

Ask students to compare the shape of this data set to the 2017 data they 
explored at the beginning of this activity. Ask, What do you notice about the shapes 
of the two data sets? How are they alike or different?

Discuss

Focusing on each data set one at a time, invite groups to share what they noticed 
about the shape of the data. Invite students to show on the document camera how 
they transformed the data and what that allowed them to see. You may want to ask 
students to arrange these data sets in chronological order to make comparisons over 
time easier.
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As a whole class, look at the five data sets—the 2017 hurricane data and the four 

years students have just explored—and discuss the following questions:

•	 How are the shapes of these data sets similar? Different?
•	 How can you see the similarities and differences in the data sets in different 

data representations (line plot, bar graph, list, and table)? Which makes it 
easiest to see the shape of the data? Why?

•	 What conclusions can you make about hurricanes based on these different 
data sets?

•	 What questions do the shapes of the data sets raise? What do you wonder now?

If any additional vocabulary for describing the shape, center, or spread of data 
arises in this discussion, be sure to add it to your Ways We Describe the Shape of 
Data chart.

Look‐Fors

•	 Are students attending to shape, center, and spread? Students may 
focus on one of these dimensions, particularly shape, to the exclusion of 
the others. Students may describe shape in ways that don’t help draw 
conclusions or comparisons. For instance, saying that the data looks “like 
a house” doesn’t tell us much about what is happening, but saying that 
the data is “all bunched up on one side” does help provide insight into a 
particularly weak or powerful year. You may want to ask, Where is the 
center of the data? How do you know ? How is the data clustered? 
Colloquial terms, such as bunched or flat, can help describe what is going 
on. You may also want to prompt students by asking, What does that 
shape mean about the hurricanes that year? For instance, if the graph is 
flat, what does that mean about the kinds of hurricanes that occurred 
that year?

•	 Are students transforming the data to better visualize it? Some of the 
measures of spread and center are easier to visualize in different forms. For 
instance, shape is easiest to see in graphs, but the median is best visualized in a 
list. In order to see multiple dimensions of data, students may need to 
transform the data into different forms. In the second half of this activity, we 
open the door for students to do just that, and it is critical that you observe 
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whether students recognize the need to see the data in different forms to draw 
conclusions. You might say to a group, “I notice that you can see several 
things about the data when it is displayed this way. What do you think you 
might see if the data was displayed differently? What could you try?”

•	 Are students considering the number of data points represented? One 
dimension of the data that is worthy of comparison is the number of data 
points that are represented. In this case, such an observation would allow 
students to compare how many hurricanes occurred in each of the five years 
under investigation, and this quantity does vary. Depending on the form in 
which the data is represented, determining the number of data points could 
be simple or far less obvious. Students may not even consider this a question 
to ask. If anyone does count, be sure to draw attention to this in the 
discussion and ask the class how the number of hurricanes compares across 
years. If no one does, you might pose the question, How come all the bars are 
low for 1997? What does that mean?

•	 Are students making larger statements about what the shape of the data 
communicates? We don’t want students to go so far down the path of 
analyzing the data that they lose sight of what it means. For instance, 
students might catalog the median, mode, and range, and describe the 
shape, but in the end the question is, What do these tell us about the data? 
Encourage students to return to the idea that this data represents 
hurricanes during one year on the Atlantic and that higher category 
numbers indicate more powerful storms. Students will not be able to make 
comparative statements until the second half of the activity, but they can 
say things like, “Most of the hurricanes this season were not strong” or 
“There were hurricanes in every category this season.” Later, when students 
can look at the data from five years, they may be able to make conjectures 
about what constitutes a bad or mild hurricane year, or whether they 
perceive any trends across the 40‐year period. Encourage students to keep 
making these connections by asking, What does this tell us about the 
hurricanes that year?

Reflect

What do the shape, center, and spread of data tell you?
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  Atlantic Hurricanes of 2017

Category 0
Tropical storms

Category 1
Wind 74–95 mph

Category 2
Wind 96–110 mph

Category 3
Wind 111–129 mph

Category 4
Wind 130–156 mph

Category 5
Wind 157+
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  Atlantic Hurricanes of 2007

Category 0
Tropical storms
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Category 1

Wind
74–95 mph

Category 2
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Wind

130–156 mph
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Wind 157+
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Category 0
Tropical storms

Category 1
Wind

74–95 mph

Category 2
Wind

96–110 mph

Category 3
Wind

111–129 mph

Category 4
Wind

130–156 mph

Category 5
Wind 157+

  Atlantic Hurricanes of 1997
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  Atlantic Hurricanes of 1987

11 Category 0 storms with winds less than 74 mph

2 Category 1 storms with winds between 74 and 95 mph

0 Category 2 storms with winds between 96 and 110 mph

1 Category 3 storm with winds between 111 and 129 mph

0 Category 4 storms with winds between 130 and 156 mph

0 Category 5 storms with winds 157 mph or greater
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  Atlantic Hurricanes of 1977

22

3

1

0

0
Winds < 74 mph

1
Winds 74–95 mph

2
Winds 96–110 mph

3
Winds 111–129 mph

4
Winds 130–156 mph

5
Winds 157+

0

1

Category Number of Storms
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What Does Mean Mean?
Snapshot

Students explore the meaning of mean by evening out 
data represented in stacks of cubes.

Agenda

Activity Time Description/Prompt Materials

Launch 5–10 min Tell students that a women’s hockey 
team wants to determine their average, 
or mean, score from their first six 
games. Show students the goals scored 
in the first six games represented in 
stacks of cubes and ask how they might 
use these cubes to find the average.

Cubes in six colors, 
stacked to replicate the 
data set (1, 6, 3, 2, 4, 
and 2 goals)

Explore 20 min Partners work together to reconstruct 
the data using cubes and figure out 
how to use the cubes to find the mean 
number of goals scored in the six 
games.

Cubes, six in each of six 
colors, per partnership

Discuss 15 min Discuss the strategies that students 
developed and what the mean means. 
Ask students to develop conjectures for 
how to find the mean of any set of 
data.

•	 Ways We Describe 
the Shape of Data 
chart, started in the 
Visualize activity

•	 Markers

Play 20–30 min Students test the conjectures they 
developed for finding the mean of any 
set of data by generating their own 
data with dice. Partners explore what 
to do when they cannot even out the 
number of dots exactly.

•	 Cubes, six in each 
of six colors, per 
partnership

•	 Dice, one per 
partnership

Connection to CCSS
6.SP.5c, 6.SP.3, 6.SP.2
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Activity Time Description/Prompt Materials

Discuss 15 min Discuss whether students’ conjectures 
for finding the mean worked and how 
to find the mean for any set of data. 
Discuss the meaning of extra dots or 
cubes that cannot be evened out. What 
do these mean for the mean?

To the Teacher

At the heart of this activity is building a physical and intuitive sense of what mean, or 
average, represents. Too often mean is reduced to a formula: finding the sum of the 
data and dividing that by the number of data points. But what does that actually 
mean? What does such a procedure represent? In action, mean is the value if you 
evened out all the data and made each data point the same. This means that any data 
set with six data points and a total value of 18, such as the one presented here, will 
have a mean of 3, because if all six data points were the same, each would have a value 
of 3. This evening out of the data is precisely what we are encouraging students to do 
in this activity so that they can imagine what is happening when they find the mean 
of any data set.

We’ve selected a context for thinking about the mean that we think many students 
will find engaging, but the same data could be used in a variety of contexts. We 
encourage you to consider what contexts for the data your students might find most 
compelling and adapt this task to their interests. For instance, this data could represent

•	 The number of letters in people’s first names
•	 Scores for a soccer, softball, or baseball team
•	 The number of people in different families
•	 The number of pencils in kids’ backpacks
•	 The number of puppies or kittens in different litters or eggs in nests
•	 Rolls of a die in a game

You may have other ideas based on your students’ interests. While we have 
written this lesson to discuss a women’s hockey team, you can revise the language to 
suit whatever context will most engage your students.
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Activity

Launch

Launch the activity by telling students that a women’s hockey team is trying to improve 
their scoring. They want to look at their scores over their first six games of the season 
to see what their average number of goals scored in a game is. Using blocks or snap 
cubes, make six towers to represent the scores for each of the first six games: 1, 6, 3, 2, 4, 
and 2 goals. Be sure that each stack is made from a different color of cube. You may also 
want to record this data on a board or chart as a shared reference.

Ask, How could we use these cubes to figure out what the average number of 
goals scored per game is? Give students a chance to turn and talk to a partner about 
what they could do with the cubes to find the average, or mean, number of goals 
scored by the hockey team.

Explore

Provide partners with enough cubes of different colors to model the data set: 1, 6, 3, 
2, 4, and 2. Using the cubes, students explore the following questions:

•	 How can you use the cubes to figure out the average number of goals scored 
per game?

•	 How can you see the average, or mean, using the cubes?

Data illustrated by snap cubes. How would you evenly distribute them?
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•	 What does mean (or average) mean?
•	 How could you find the mean of any data set?

Discuss

Gather students together to discuss the following questions:

•	 How did you use the cubes to help you see the mean?
•	 What is the mean number of goals scored by the women’s hockey team? How 

do you know?
•	 What does mean mean? (Record a class definition of mean on a chart, along with 

your previous definitions of other measures of center from the Visualize activity.)
•	 How could we find the mean of any data set? (Record student ideas publicly 

so they can test them.)

There are several ways that students might even out the cubes. Two such 
examples are shown here. Regardless of the way students distributed the cubes into 
even stacks, all stacks will be three cubes high.

Two different ways to evenly distribute the snap cubes
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Play

Partners test their ideas about how to find the mean of any data set by creating their 
own sets to play with. Provide each partnership with a die. Students roll the die to 
create a set of six data points. Students can again use cubes, if they want, to help 
them explore the following questions:

•	 What is the mean number of dots per roll in your data?
•	 How do you know?
•	 What do you do if the number of dots can’t be evened out? What happens to 

the leftovers? Why?

As students work, they should record their data sets and draw pictures or show 
in numbers or words how they are finding the mean. Once students have developed 
a strategy, ask them, Will your strategy for finding mean work if you roll the die five 
times? Or eight? Or four?

Discuss

Gather students together to discuss the following questions:

•	 What strategies for finding the mean did you develop? What patterns did you 
notice?

•	 How did you organize your data to help you see the mean? What was helpful? 
Not helpful? Why?

•	 Did you have any data set where you couldn’t even out the number of cubes [or 
dots]? How did you deal with the leftovers? What do these extra dots mean?

Pay specific attention in this discussion to instances in which the values could 
not be evened out, leaving extras or groups with uneven numbers. Making sense of 
what to do with these values will help students understand what it means when we 
say that, for example, the mean number of goals scored in a set of soccer games is 3.5, 
when it is not actually possible to score half a goal.

Look‐Fors

•	 How are students representing the data? In the first part of this activity, 
you will have modeled with the cubes in the launch how to represent the 
hockey data. When students head off to represent this data, the first 
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challenge they will face is replicating this representation. It is important 
that students interpret each cube as a goal (or point) scored and each 
stack as a game. If students’ representations do not match the data, you 
may start by asking, What does each cube represent? What does each 
stack represent? They could be struggling with meaning or have simply 
made a counting error. When students generate their own data, they may 
represent it with stacks of cubes again. In this case, the stacks each represent 
a roll of the die, and the cubes each represent a dot on the face of the die. 
Again, if students are not representing their rolls accurately, ask them 
what the stacks and cubes represent. If students do not use cubes, ask 
questions about how they have decided to represent their data so they can 
find the mean.

•	 How are students using the cubes to find the mean? The cubes allow 
students to see physically and concretely what is happening when we find 
the mean, but students may not know how to represent averaging the data 
with the cubes. If they are struggling to model the mean physically, ask 
questions about what the average means to help students find language 
that might describe what to do with the cubes. For instance, ask, What 
does it mean to find the average number of goals scored in each game? 
Or, When we say we found the average number of goals scored, what 
does that mean? Students may say that the average is what’s “typical” or 
“normal,” to which you might reply, How could you move the cubes so 
that you could see what’s typical or normal for the team to score in 
a game?

•	 How are students dealing with extra cubes or dots when trying to find the 
mean? It is particularly challenging to deal with extra data that cannot be 
shared equally as a whole number when fraction units don’t make practical 
sense, as with our data. It is not possible to score a fractional goal, have a 
fractional number of people in a household, have a fractional number of 
puppies in a litter, or roll a fractional value on a die. So, when students end up 
with extra dots, it can be difficult to interpret what to do with these or what 
they represent. Students may be tempted to simply disregard them, but they 
do have meaning. Even if students simply want to conclude that the mean is 
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“more than 3 but less than 4 dots per roll,” then this conclusion maintains the 
meaning of the dots. More precisely, students can divide or represent the extra 
dots as decimals or fractions, such as 3.17 or 3 16  dots per roll. To encourage 
students to think in this way, you might ask, We know we cannot cut these 
cubes, but if we could, how many would end up in each stack?

Reflect

What does mean mean?
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When Does Mean = Median =  
Mode = Range?
Snapshot

Students investigate and create data sets where the mean, 
median, mode, and range have particular relationships.

Agenda

Activity Time Description/Prompt Materials

Launch 10–15 min Show students the following data 
set: 2, 5, 5, 6, 7. Ask, What do you 
notice about the center and spread 
of this data set? Discuss the center 
and spread of the data until the class 
notices that the mean, median, 
mode, and range of this data set are 
the same: 5.

•	 Ways We Describe 
the Shape of Data 
chart, for reference

•	 Optional: cubes to 
model the data set

Explore 30+ min Partners explore the question, What 
other sets of five positive whole 
numbers can you find where the 
mean, median, mode, and range are 
all equal? Students use tools to create 
and justify data sets that satisfy these 
criteria.

Make available: cubes, 
square tiles, grid paper 
(see appendix), and 
colors

Discuss 15–20 min Students share the data sets they 
created and their justifications. Discuss 
the strategies students developed for 
creating and revising data sets so that 
they met the criteria. Discuss the 
patterns students noticed and used as 
they worked.

Connection to CCSS
6.SP.5c, 6.SP.2, 6.SP.3, 6.EE.5, 6.EE.8
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Activity Time Description/Prompt Materials

Explore 30+ min Partners investigate and create data 
sets in which the mean, median, and 
mode have different relationships, 
each provided on a different task card. 
Students post the data sets they create 
for each set of criteria in a different 
spot in the classroom, along with 
evidence to support their claim.

•	 Data Set Challenge 
Task Cards, multiple 
copies, cut apart, to 
distribute to partners

•	 Make available: 
cubes, square tiles, 
grid paper (see 
appendix), and colors

Discuss 15–20 min Discuss the strategies students 
developed or adapted to find data sets 
meeting different criteria. Discuss 
which criteria were more or less 
challenging to meet and any patterns 
students noticed along the way.

Extend 30+ min Partners investigate how their 
strategies change when they try to 
satisfy the same criteria they have 
already explored, this time with a data 
set of four or six data points.

Make available: cubes, 
square tiles, grid paper 
(see appendix), and 
colors

To the Teacher

This investigation challenges students to juggle several data constraints at once and 
leans on an understanding of the measures of center and spread that we have been 
developing in the previous activities in this big idea. We encourage you to have 
available for reference the Ways We Describe the Shape of Data chart the class has 
been building.

Creating data sets that meet criteria is difficult work, particularly because each 
measure requires a different kind of strategy. For instance, if you focus on the 
median, you might place a value in the center and build out from there by adding 
values on either side until you have five in total. But focusing on the mode means 
attending to repeated values, and the mean requires thinking about how the data 
gets transformed when evening it out. Embrace the struggle and frustration inherent 
in this investigation and focus students on how they can revise data sets that meet 
some, but not all, criteria. This is an opportunity to encourage students to make the 
data sets visual so that they can manipulate, check, and revise them, whether that 
representation is with cubes, line plots, lists, tables, or square tiles.

(Continued )
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Activity

Launch

Launch the activity by showing students the following set of numbers on a chart, 
board, or document camera: 2, 5, 5, 6, 7. Be sure to have your Ways We Describe the 
Shape of Data chart available for reference. You may also want to model this data set 
as stacks of cubes, as in the Play activity.

Ask students, What do you notice about the center and spread of this data set? 
Give students a chance to turn and talk to a partner. Collect student observations 
and record them for all to see. Allow students enough time to think and discuss for 
the class to notice that this data set has a range, median, mode, and mean of 5.

Explore

Students work in partnerships to investigate data sets where the mean =  
median = mode = range. Partners work to answer the question, What other sets of five 
positive whole numbers can you find where these measures are all equal? Provide 
students with tools to model and investigate sets of data, such as cubes, square tiles, 
grid paper (see appendix), and colors. Encourage students to find as many sets of five 
positive whole numbers that fit the criteria as possible and to record evidence to 
support each.

Discuss

Gather the class together to discuss the following questions:

•	 What sets of five numbers did you find in which the 
mean = median = mode = range? How do you know they satisfy these criteria? 
(Create a space to display all the data sets that students share.)

•	 What strategies did you use for creating these data sets?
•	 What patterns or structures in the data did you use to help you?
•	 What made creating these sets challenging? What mistakes did you make? 

What did you learn from those mistakes?

Focus attention in this discussion on the strategic thinking students developed 
to find data sets that satisfy the criteria. Be sure to probe how students took a data 
set that satisfied some, but not all, of the criteria and revised it so that all measures 
were equal.
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Explore

Ask students to create data sets of five positive whole numbers that satisfy the criteria 
on a task card. There are six task cards provided, each of which is a challenge, so we 
suggest that you distribute the cards one at a time; teams may spend the entire 
investigation period on one card. You may decide to distribute all six to different 
groups, or the same card to all groups. We leave this up to you. The six relationships 
students might explore are as follows:

•	 Mode < median < mean
•	 Mode < mean < median
•	 Mean < mode < median
•	 Mean < median < mode
•	 Median < mode < mean
•	 Median < mean < mode

Create a display space around your classroom for each set of criteria you choose 
to distribute. This space may be a chart for each or a part of a board, where students 
can record the data sets they find as they go. Students should also post evidence that 
their set satisfies the criteria. For each data set students find, ask them to create an 
“evidence page,” or a sheet of paper with the data set and their evidence or visual 
proofs for the relationship between the mean, mode, and median that they found.

Discuss

Gather the class together to discuss the following questions:

•	 What patterns did you notice as you worked to create data sets?
•	 What strategies did you develop?
•	 Were there criteria that were easier or harder to satisfy? Why?
•	 What did you learn about the relationship between these different measures 

of center?

Extend

Students investigate the question, What would happen if you tried to create data sets 
to satisfy the criteria the class has just explored, but with only four numbers in the 
set? Or six numbers? How does changing the number of data points change the 
strategies you use to create the sets? Why?
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Look‐Fors

•	 How are students getting started? While some students may dive right in, 
creating a set and seeing what its properties are, others may try to begin 
strategically by assigning a value they want all of the measures to have, such as 
4. If students seem stuck, struggling to enter this task, you might encourage 
them to model the data set that the class examined together and explore it. 
First, students might explore, How does this data set work so that all of the 
measures of center and spread are equal? Then they might consider, How 
could we revise this set to find another set where these measures are all equal?

•	 Are students attending to all the criteria? The mode is the easiest value to 
visualize in the many different forms students might use to construct their 
data, whether they use cubes, a line plot, or a list. The median can be seen in a 
small set of five values, provided they are in order. But seeing the mean 
requires transforming the data set. Attending to the range means focusing on 
the difference between the lowest and highest value. These represent many 
different ideas to juggle simultaneously. Ask students, What measures are you 
focusing on? How will you test the other measures once you create a set?

•	 How are they finding the mean? In the Play activity, students built an 
understanding of mean as the value when the data is evened out among all 
data points. Students may have found ways to calculate mean by adding up all 
the values and then dividing to redistribute these evenly among the data 
points, or they may have focused on a concrete meaning of mean that 
involved redistributing the data physically. Either will work for this activity, 
but finding mean concretely requires representing the data with objects. If 
students are not representing their data with objects, ask, How will you find 
the mean of this data? Students may have figured out that they only need to 
determine the total necessary to start with and work backward, a key strategic 
notion. For instance, students may realize that for a data set of five points to 
have a mean of 6, it needs to have a total value of 30, or 5 × 6. If students 
know the total, they can distribute that total in any way they want. If students 
find a fractional mean, you might ask, How many more (or fewer) cubes 
would you need to make that mean a whole number?

•	 How are students visualizing the data sets? Students may choose a variety 
of ways to make the data sets visual and manipulable. They may represent 
them with cubes or square tiles so that they can move the data around and 
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add or subtract value easily. They may draw a graph, such as a line plot or bar 
graph. They may decide to create numerical representations in lists or tables. 
Each of these makes parts of the data visible and may obscure other aspects of 
the data or make revision more challenging. Ask students about how they are 
choosing to display the data for themselves and why they have chosen this 
method. You might encourage them to consider what this method allows 
them to see or do, and what will be harder to see or do if they use only this 
method. You might ask, What other way might you like to see the data so that 
you can see all the measures we’re working with?

Reflect

What did you discover about the relationships between mean, median, and mode?
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    Data Set Challenge Task Cards

Mode < median < mean Mode < mean < median

Mean < mode < median Mean < median < mode

Median < mode < mean Median < mean < mode
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Using Symbols to Describe 
the World

Algebra is a very important part of mathematics for expressing relationships, but 
students’ approach to algebra and their chance of enjoying and appreciating algebra 
are often destroyed by the ways it is taught in traditional textbooks. Algebra is a 
language—a way of describing relationships—but textbooks introduce it as a set of 
methods and rules to memorize. When students are introduced to variables, they 
should learn that they are used to represent unknowns and can stand for different 
numbers, as illustrated in the following pattern.

Case 1 Case 2 Case 3 Case 4

The shape has a constant value of 5, shown by the green cross in the middle. But 
the tails of the cross grow each time, and the growth is always 2x, two times the case 
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number. In case 1 there are 2 squares; in case 2 there are 4. For this reason, the linear 
expression that describes the growth is 2x + 5. One reason that we know this growth 
is linear is that a graph of the pattern growth, showing case number against number 
of squares, would be a straight line.

In the expression illustrated here, the value of x changes depending on the case 
number. In case 1, x = 1, and in case 2, x = 2. This shows the meaning of the word 
variable: the value of x varies.

The problem comes in US classrooms when students are taught, at the 
beginning, to solve for x. They do repeated exercises solving for x. They get the 
idea that x has to be one number that does not vary. This is not a good 
representation of a variable. In the artificial situation set up by the textbook 
question, there is only one number that satisfies x, but in most uses of algebra, x is 
a variable representing something that varies. When students have solved for x for 
enough hours, they become resistant to seeing algebra as something that can 
describe patterns and growth, with variables that vary, when this is arguably the 
most important part of algebra.

In the Visualize and Investigate activities in this big idea, we encourage 
students as they investigate relationships to use variables as symbols whose value 
can vary. In the Play activity, students will meet a situation where the variable is 
one number. These are the different uses of variables. Students should know that 
variables can vary and that in some situations like the one presented in the mobile 
activity each of the variables represents one number. In the Visualize and 
Play activities in this big idea, we encourage students to think about equivalency in 
interesting puzzles and patterns. We ask them to build, draw, write, and discuss 
the relationships they see. We stress this type of work so that they can engage 
themselves in deep thinking about balance and what the equal sign means. We are 
focusing on flexibility with numbers as students work to create multiple 
representations of equivalent expressions.

In our Visualize activity, we bring in Cuisenaire rods, one of my favorite 
manipulatives, which shows numbers visually and physically. In this activity, students 
use two rods to define a whole and then choose rods to represent half of the unit. 
There are different possibilities, as students may choose one rod or a combination of 
rods to represent the half. The goal of this activity is for students to use multiple 
representations for what they are defining as a fraction (1

2
1
4

1
3, , ) or mixed number 

(11
2 ). We also ask them to make 1 in another way, which will require different rods. 

They may say that if light green + yellow = 1, then dark green + red = 1. This can lead 
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to interesting questions, such as: “If purple + brown = 1, then what is 1
4 ?” Students are 

asked to sketch the Cuisenaire rod proof they build, describe the relationship with 
words, and then describe the relationship with symbols. We anticipate that students 
will develop their own symbols because they are tired of writing the words for the 
rod colors over and over again.

In the Play activity, there is an opportunity to focus on equality. It is always 
good to remind students that the equal sign (=) means that whatever appears on 
one side of it is equal to whatever appears on the other. Some students get the 
mistaken idea that the equal sign means, “Do something; perform a calculation!” 
In this activity, students will get the chance to think of equality through balance in 
visual puzzles. There are multiple different ways that students can come up with for 
finding values of shapes that create balance. We think this will lead to some good 
classroom discussions.

In the Investigate activity, students will see a growth pattern using pattern 
blocks. We chose hexagons, trapezoids, squares, and rhombuses to make the growing 
pattern. Students are given the first three cases and asked if they can see how the 
pattern is growing and whether they can predict how many of each tile there would 
be in the different cases. This is an opportunity for students to use variables to 
represent the changing number of shapes and to describe growth. This is an 
important use of algebra: a way of describing patterns and growth. It is also an 
opportunity for students to see algebra visually and create brain connections when 
both visuals and symbols are used.

Jo Boaler
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Cuisenaire Rod Equivalents
Snapshot

By developing symbols to represent the relationships 
between Cuisenaire rods, students explore the ways 
that symbols can be used to efficiently and clearly 
communicate relationships.

Agenda

Activity Time Description/Prompt Materials

Launch 5–10 min Introduce Cuisenaire rods if students have 
not seen them before. Show students the 
purple and brown Cuisenaire rods and tell 
them that we are going to consider these 
two rods together to add to 1 unit.

Purple and brown 
Cuisenaire rods, 
to display

Explore 10 min Partners explore the question, If 
purple + brown = 1, then what is 1

2? Ask 
students to develop ways to communicate in 
writing the relationships they find.

Cuisenaire rods, 
one set per 
partnership

Discuss 10–15 min Discuss the ways the class can use words and 
symbols to record the relationships they 
found. Discuss which ways are most effective 
and clear. Make sure students focus not just 
on communicating the answer but on the 
relationship between rods.

•	 Chart and 
markers

•	 Cuisenaire rods, 
to display

Explore 20–30 min Partners explore the relationships between 
rods on the Cuisenaire Rod Equivalents 
sheets, with a focus on recording these 
relationships in pictures, words, and symbols.

•	 Cuisenaire Rod 
Equivalents 
sheets, one per 
partnership

•	 Cuisenaire rods, 
one set per 
partnership

•	 Colors

Connection to CCSS
6.EE.2a, 6.EE.4
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Activity Time Description/Prompt Materials

Discuss 15 min Discuss the ways that students developed to 
communicate the relationships they found 
and the symbols they used. Discuss why 
symbols were useful. Tell students that this is 
what mathematicians do to develop ways of 
communicating clearly with one another.

Chart and markers

Extend 20+ min Students create their own Cuisenaire rod 
relationship questions, which they record 
and solve on the sheet provided.

•	 Design Your 
Own Cuisenaire 
Rod Equivalents 
sheets, one per 
partnership

•	 Cuisenaire rods, 
one set per 
partnership

•	 Colors

To the Teacher

The intent of this activity is somewhat different than many of our others. Students are 
asked to do many tasks rather than one long one. We want these tasks to be 
challenging, but the recording should become a bit tedious so that students have a 
reason to invent variables out of their own need to make writing equations more 
efficient. When students invent the variables, the variables all clearly represent 
something students understand. Students will typically use the first letter of the colors 
to stand for that block, but this can create additional challenges, such as what to do 
with two different greens or the blue, brown, and black rods, which all begin with b. 
These challenges are themselves motivations for having a common system for naming 
the rods that can help students communicate with each other. This is how 
mathematical conventions of all kinds arise, and it is worth highlighting to students in 
the closing discussion that they have engaged in the authentic work of mathematicians 
as they invented a common language for communicating mathematical ideas.

We use fractions in this activity to give students a chance to think with 
fractions, which are critical to developing algebraic thinking but are not well 
represented in sixth grade overall. Note that there are multiple solutions to the tasks 
we’ve posed. When students can provide evidence and communicate it clearly, 
celebrate these diverse ways of thinking about the tasks and use these multiple 
correct solutions to promote thinking about equivalence.

(Continued )
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Activity

Launch

Launch this activity by telling students that today they are going to explore the 
relationship between different blocks, or Cuisenaire rods. If students have never seen 
Cuisenaire rods, you may want to show them the entire set and ask them what they 
notice about the structure of these blocks.

Show on the document camera the purple and brown rods side by side, and tell 
students that we are going to consider these two rods added together to be 1 unit. 
Tell students that recording relationships clearly is important to our work. Write out 
this relationship on the board or chart: purple + brown = 1. Ask students, If 
purple + brown = 1, then what is 1

2 ?

Explore

Provide partners with a set of Cuisenaire rods to explore the question, If purple + 
brown = 1, then what is 1

2 ? Ask students to focus on developing ways to record the 
relationship between these rods clearly. How could you do it with words? How 
could symbols help you be clear? Students will likely need only a brief time for this 
part of the exploration.

Discuss

Once students have developed some ideas, come together to discuss briefly what 
students found and how they recorded the relationship. Ask students, If 
purple + brown = 1, then what is 1

2 ? Invite students to share their answers and 
come to agreement that the dark green rod is 1

2 . They may have also found other 
smaller rods that can be summed to the same length. The focus of this 
discussion, however, is on how to record this relationship clearly and precisely. 
Ask students, How did you record what you found? Record horizontally on the 
board or a chart all the different ways students came up with so that they can see 
them side by side.

Discuss the following questions as a class:

•	 Which ways are the clearest? Why?
•	 Which ways are precise? Which are not? Why?
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Draw attention to the ways of recording that are the most accurate and take into 

account not just what dark green represents as a number (1
2 ) but what it is 1

2  of, such 
as dark green = 12  of purple + brown.

Explore

Provide partners with the Cuisenaire Rod Equivalents sheets and ask them to 
continue to develop both verbal and symbolic ways of recording. Students should 
build, sketch, and record all the relationships in each task. Students will likely begin 
to substitute letters for the color words simply to make recording easier. Be sure to 
push students toward precision in the use of these symbols. For instance, there are 
two different greens. How will they indicate each? There are multiple colors that 
begin with the letter b. How will they handle this?

Discuss

Gather students together to discuss the following questions:

•	 What ways to communicate the relationships did you develop?
•	 Which ways do you think are clearest? Which are the most precise?
•	 Why did we use symbols to communicate? How do the symbols help us?

Record the ways students developed for communicating that they think are the 
clearest and most precise. Tell students that mathematicians use symbols to help 
them communicate relationships clearly and precisely, just as students did today. You 
might ask students when they have seen similar equations with letters to represent 
quantities. They may name formulas for area, volume, or other measurements they 
have seen in the past. Students may think of these as abbreviations. Name for 
students that in mathematics, we consider these variables, since we don’t always 
know the value of things or that values may vary.

Extend

Invite students to pose their own Cuisenaire rod relationship questions and to record 
what they find using words, numbers, and symbols. Provide students with the 
Design Your Own Cuisenaire Rod Equivalents sheets to record the questions they 
create and solutions they find. Students will need access to the full set of Cuisenaire 
rods and colors.
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Look‐Fors

•	 Are students communicating the full relationship, or just the answer? 
Students may be tempted to make recording simpler by only writing the 
answer, such as green = 12 . However, this does not capture the full relationship, 
in that green only represents 1

2  when brown and purple are 1 unit. Hold 
students accountable to recording this full relationship in words and using 
symbols to make the recording more efficient. After students have recorded a 
precise relationship in words, ask them, How could you show this same idea 
using some symbols? What would be an efficient way of recording the 
relationship?

•	 Are students writing the relationships in words first? As students move 
down the Cuisenaire Rod Equivalents sheets, you may notice that students 
are skipping the writing column. This is not inappropriate as long as students 
are capturing the relationship in symbols accurately and completely. In fact, 
the tedium of recording in words is intended to motivate the use of symbols 
as a more efficient representation of the relationship. If you see students 
skipping the words, ask them why and encourage them to articulate why 
symbols seem more useful.

•	 How do students’ symbols relate to their words and sketches of the 
relationship? One challenge of representing an idea in multiple forms, as 
we have asked students to do here, is that these representations can end up 
not being equivalent. If students discover that one form does not match 
another, they may also be confused about which one is accurate. Be sure to 
probe students to explain how their pictures connect to the words they 
have written, and how both of these are reflected in the symbols they have 
used. You might point to parts of the equation and ask, What does this 
represent in your picture? What words do these symbols represent? If 
students do encounter errors, ask them, How will you decide which makes 
sense? How can you decided which relationship you want to represent in 
the rods?

•	 Are students inventing or using variables? The goal of this activity is to 
support students in developing symbolic representations, including variables, 
for relationships. Students may do this in ways that are not conventional for 
mathematics, and this is appropriate at this point. For instance, students may 
deal with the challenge of having a light green and a dark green by 
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abbreviating them as “lg” and “dg.” In mathematics, we would not 
conventionally use two symbols to stand for a single quantity, but this 
decision makes sense for students who are inventing variables. If in the 
discussion it comes up from students themselves that the use of two letters 
could be confusing, spend time discussing why. This can support students in 
refining the conventions they are developing.

Reflect

How do symbols help you communicate mathematical ideas?
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  Cuisenaire Rod Equivalents

Build the Problem Sketch It
Describe the
Relationship
with Words

How Could You
Record

It with Symbols?

If red + orange = 1,
what two other rods

together = 1?

If purple + brown = 1,
what is   ?1

3

If purple + brown = 1,
what is   ?1

4

If red + orange = 1,
what is 1  ?1

2
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If light green +
yellow = 1,
what is   ?1

4

If light green +
yellow =   ,
what is 1?

1
3

If red + white =   ,
What is 1?

1
6

If red + white =   ,
what is   ?

1
6

1
6

Build the Problem Sketch It
Describe the
Relationship
with Words

How Could You
Record

It with Symbols?
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  Design Your Own Cuisenaire Rod Equivalents

Design a Problem Sketch It
Describe the
Relationship
with Words

How Could You
Record

It with Symbols?
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Math Mobiles
Snapshot

Students play with math mobiles, which show 
relationships of balance and equivalence, to determine 
the value of each shape in the mobile. Students explore 
how they might represent these relationships with 
symbols.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Math Mobile Puzzle 
sheet and ask students what they notice. 
Use words to annotate features that 
students notice.

Math Mobile Puzzle 
sheet, to display

Play 20+ min Partners work with the Math Mobile Puzzle 
sheet to determine the value of each 
shape. Students explore what they notice 
that helps them find these values and how 
they might represent these relationships 
symbolically.

Math Mobile Puzzle 
sheet, one per 
partnership

Discuss 15+ min Discuss what students found in the Math 
Mobile Puzzle sheet and how they used 
what they noticed to find the values of the 
shapes. Focus on the ways students 
represented relationships and how they 
used symbols.

Math Mobile Puzzle 
sheet, to display

Play 30+ min Partners choose from Mobile Puzzles 1–4 to 
explore the relationships in the mobiles, 
how they might represent these 
symbolically, and the value of each shape.

Mobile Puzzle 1–4 
sheets, multiple 
copies for 
partnerships to 
choose from

Connection to CCSS
6.EE.2, 6.EE.3, 6.EE.4, 6.EE.5, 6.EE.6
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Activity Time Description/Prompt Materials

Discuss 15–20 min Discuss the observations students made 
about the relationships in the puzzles, how 
they represented those relationships, and 
how they used these to figure out the value 
of shapes. Celebrate students’ observations, 
questions, challenges, and surprises.

Mobile Puzzle 1–4 
sheets, to display

Extend 30+ min Partners design their own math mobile 
puzzles, providing their audience with 
enough information to solve the puzzle. 
Students can swap puzzle drafts with another 
group to test them and get feedback.

To the Teacher

The mobiles in this activity are based on puzzles designed by Lou Kroner (1997) in 
his book In the Balance for grades 4–6, which, sadly, is out of print. If you do find a 
copy of either of his books in this series, we highly recommend these puzzles for 
algebraic thinking.

When looking at these math mobiles, we are reminded of mobiles created by 
sculptor and painter Alexander Calder. If possible, we recommend finding some 
images of his work to share with students and asking them what they know about 
mobiles. The central idea that students need to understand and draw on in this 
activity is balance. The components of a mobile must be in balance so that it does 
not tip over or collapse. The mobiles in these puzzles all balance, and this balance 
creates the opportunity to use symbols and equations to express relationships 
between the different pieces within the mobile.

For the first puzzle, the entire structure is based on balance and halving. The 
“weight” of the mobile, or the sum of the shapes, is 16. Sixteen is a particularly 
flexible and advantageous number for halving, and we hope this task will give 
students an entry point to finding that the shapes are worth 4, 2, and 1, each a result 
of halving repeatedly. We have not provided answer keys for the puzzles students 
explore in the second half of the activity. We highly recommend that you sit down, 
perhaps with colleagues, and try to solve these yourselves to see how students might 
do so. One last note: Mobile Puzzle 4 has multiple solutions. Be sure to push 
students to consider what the shapes might represent and to figure out different ways 
to solve this puzzle.
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Activity

Launch

Launch the activity by showing students the Math Mobile Puzzle sheet on the 
document camera. Tell students that this is a mobile and ask them what they know 
about mobiles. Use this as an opportunity to ensure that students understand that 
mobiles must balance to work. Tell students that this mobile is perfectly balanced 
and has a total weight of 16 units.

16

Can you find the weight of each shape to balance this math mobile?

Ask students, What do you notice about the mobile? What observations can you 
make? Invite students to turn and talk to a partner about their observations. Collect 
and record some observations from the class and ask students to justify what they see. 
Record these observations using words, as you recorded relationships in the Visualize 
activity. Pose the question that students will explore today: What do you think is the 
value of each of these shapes? Ask students to think about how they could represent 
these statements using symbols and how symbols could help them solve the puzzle.

Play

Partners work together using the Math Mobile Puzzle sheet to try to find the value 
of each of the shapes in the mobile, remembering that the mobile must balance and 
have a total weight of 16. As students work, they explore the following questions:

•	 What relationships do you notice in the mobile?
•	 How could you represent these relationships using symbols?
•	 How could these equations help you solve the puzzle?
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Discuss

Gather students together to discuss the following questions:

•	 What was the first thing you noticed that helped you figure out the value of 
one of the shapes? How did it help you?

•	 What strategies did you use to find the values of the shapes?
•	 What equations did you write to describe the relationships in the mobile? 

How did these help you?

Be sure to highlight the ways students are thinking about the mathematical 
relationships of equivalence in this puzzle and how those might be represented with 
symbols and any examples of where these symbolic representations were equations. 
Representing relationships in some way provides evidence for the values students 
find and can help students remember their chain of reasoning.

Play

Partners choose from Mobile Puzzles 1–4. Some groups may work through several 
puzzles, while others may spend their time focused on one puzzle. Expect struggle 
and be sure to celebrate every observation students make about the mobiles, as each 
observation moves students along on their journey. Partners work on one or more 
puzzles, recording their thinking on the puzzle sheets and exploring the following 
questions:

•	 What relationships do you notice in the mobile?
•	 How could you represent these relationships using symbols?
•	 How could these equations help you solve the puzzle?
•	 What is the value of each of the shapes in the mobile? How do you know?

Discuss

Gather the class to discuss the following questions:

•	 What were the most useful observations you made about the puzzle you 
tried? Why?

•	 How did you use symbols to represent the relationships you found? How did 
that help you?
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•	 How did you use the different clues, observations, or relationships together to 

reason about the value of the shapes?
•	 What was the hardest part of the puzzles you tried? Why? How did you 

tackle that challenge?
•	 What mistakes did you make? What did you learn from them?

Be sure to discuss any interesting strategies, observations, or moments you 
noticed as you observed students at work. Invite students to share their realizations, 
questions, and surprises.

Extend

Invite students to create their own math mobiles. These are challenging to make 
because students will need to think about how to balance the mobile and how to 
make sure that there is enough information in the puzzle so that others can figure it 
out. When students have a draft of a puzzle, have them ask another group to try it 
and give feedback. Students will likely make many mistakes in designing these 
mobiles, but the opportunity to create a puzzle engages students in kinds of 
reasoning that are different from those used in solving puzzles. When students have 
created and tested their puzzles, they can swap with other groups or create a puzzle 
bulletin board or display for others to engage in.

Look‐Fors

•	 Are students using equivalence? The central idea in this lesson is using 
equivalence to determine relationships and find the missing values. As you 
watch students working, look for students decomposing the mobiles into 
parts where equivalence is visible and useful. They may isolate one branch of 
the mobile and locate the relationship inside—for instance, that two triangles 
are the same as one rectangle. Students may not know yet what to do with 
these individual observations, but making them is the first step. Encourage 
students to start by simply noticing the relationships they see to help them 
locate an entry point into the task. Students may be overwhelmed by the full 
mobile. You might encourage decomposition by saying something like, “Is 
there a part of the mobile where you can see a relationship? Choose a section 
and let’s talk about what you see.”

•	 How are students representing relationships? After students notice 
relationships, they may not know how to coordinate them in order to find the 
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values of the shapes. But we don’t want students to lose these observations. 
This is one reason that recording and representing the relationships students 
see is crucial. If you hear students discussing equivalence or other 
relationships, ask, How could you record that relationship so you don’t forget 
it or so you can use it later? How might you represent it? What symbols 
would help you capture what you just said?

•	 Are students using variables? It is not necessary that students use variables 
to represent the relationships they see, but we expect that some students, 
following the Visualize activity, will choose to represent the shapes with 
variables. It makes sense that students may want to designate triangles as t and 
squares as s to make it easier to record how they are related. If so, look for 
students making a key of some kind to track what the letters stand for. You 
might ask, How will you remember what each letter stands for? Or, How 
would someone else know what each letter stands for? However, you may also 
see students simply using the shapes themselves, drawing triangles to represent 
triangles. This is entirely appropriate, and it makes sense to ask students 
to discuss these decisions and their reasoning behind them in the whole‐class 
discussions.

Reflect

What strategies were most helpful in finding the values of the shapes in the mobiles? 
Why?

Reference
Kroner, L. (1997). In the balance: Algebra logic puzzles grades 4–6. New York, NY: 

McGraw‐Hill.
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  Math Mobile Puzzle

16



211

Mindset Mathematics, Grade 6, copyright © 2019 by Jo Boaler, Jen Munson, Cathy Williams. 
Reproduced by permission of John Wiley & Sons, Inc.

  Mobile Puzzle 1

60
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  Mobile Puzzle 2

24
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  Mobile Puzzle 3

48
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  Mobile Puzzle 4

80
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Radial Patterns
Snapshot

Students investigate the growth of radial patterns and how 
to represent the relationship between the cases in the 
pattern and the number of tiles needed to construct it.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Radial Pattern sheet and ask 
them how they see the pattern growing. Allow 
students to turn and talk to generate ideas.

Radial Pattern sheet, 
to display

Explore 30+ min Partners investigate how the radial pattern 
grows and how they can use this pattern of 
growth to predict how many tiles would be 
needed to build case 5, 10, or beyond. Students 
develop ways of representing the relationship 
between the case number and the number of 
tiles of each shape needed to build it.

•	 Radial Pattern 
sheet, one per 
partnership

•	 Make available: 
pattern blocks and 
isometric dot paper 
(see appendix)

Discuss 15–20 min Discuss the ways students saw growth and 
the relationships they identified. Discuss 
how they might predict the number of tiles 
needed for any case and how they could 
represent that prediction using symbols.

•	 Radial Pattern 
sheet, to display

•	 Chart and 
markers

Explore 30–40 min Partners design their own radial patterns 
and record the first five cases. They 
investigate the relationships between the 
number of tiles and the case number, and 
create a poster to show what they found.

•	 Pattern blocks, 
isometric dot 
paper (see 
appendix), chart, 
and markers, for 
each partnership

Discuss 15–20 min Do a gallery walk of the patterns students have 
created. Discuss any patterns that look the same, 
but where the relationships were represented in 
a very different way, and vice versa.

Connection to CCSS
6.EE.2, 6.EE.5, 6.EE.6, 6.EE.7, 6.RP.3a,b
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To the Teacher

In this activity, we extend students’ work with representing relationships by 
exploring radial patterns. Radial patterns begin with a central element and grow out 
from the center, radiating in all directions in some regular or predictable way. These 
patterns present students the opportunity to connect this tiling work to ratios or 
rates as we did in the Visualize activity of Big Idea 4. In those tiling patterns, the 
relationships fit together repeatedly in all directions infinitely. These radial patterns 
have an algebraic relationship that includes the ratio of different shapes to one 
another, built around a constant core. For instance, in the radial pattern we have 
provided, the hexagon in the center remains constant, while the trapezoids and 
squares increase at a rate of 3 each per case and the parallelograms increase at a rate 
of 6 per case. Students may see this as a ratio of 3 to 6 between trapezoids or squares 
and parallelograms. Representing these relationships with symbols and connecting 
the multiplier of 3 or 6 to rate is a critical idea that will ultimately connect slope to 
rate of change.

Activity

Launch

Launch the activity by showing students the Radial Pattern sheet on the document 
camera. Tell students that this is a pattern, with the first case on the left, growing 
toward the right. Ask, How is the pattern growing? How do you see it? Give 
students a chance to turn and talk to a partner to generate some ideas before heading 
off to work on the investigation.

Explore

In partners, students investigate the following questions:

•	 How is the pattern growing? How do you see that growth?
•	 How can you predict how many of each tile you would need for case 5? Case 

10? Any case?
•	 How could you describe the relationship between the case number and the 

number of tiles of each shape needed? How can you represent this 
relationship using symbols?
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Provide partners with a copy of the Radial Pattern sheet so that they can mark 
up the pattern, and make available pattern blocks and isometric dot paper (see 
appendix) so that they can build additional cases to test their ideas.

Discuss

Gather students together to discuss the following questions:

•	 What relationships did you notice?
•	 How can you predict the number of each tile you need for each case?
•	 What symbols or equations could be used to express these relationships? 

Why do these ways make sense?

Record on a chart the patterns and relationships students found and the 
ways they represented these using symbols. Come to agreement about the 
relationships students found and the different ways we can describe and name 
those relationships in words, pictures, and symbols. It may also make sense to mark 
up the Radial Pattern sheet with the ways students saw the pattern growing.

Explore

Invite students to design their own radial pattern, one that grows predictably from 
the center outward. Provide each group with pattern blocks and isometric dot paper 
(see appendix) for recording. Ask the groups to determine how their radial pattern will 
grow and then to construct and draw at least the first five cases in the pattern.

Partners investigate the relationships between the number of tiles needed for 
any case and develop ways of expressing these relationships using symbols. Each 
group creates a poster of their radial pattern to share with the class, which includes 
the first five cases, the relationships among the number of tiles and the case number, 
and any ways they found to use symbols to represent these relationships.

Discuss

Ask partners to post their charts around the room, and hold a gallery walk of the 
patterns students created. As students walk, ask them to consider the following 
questions:

•	 Can you find any patterns that look similar but where the groups represented 
the relationships in very different ways?
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•	 Can you find any patterns where the relationships between the tiles and cases 

look similar but the radial patterns look different?
•	 What is interesting about the collection of patterns we made?

After students have had a chance to explore others’ patterns, discuss what 
students found during their gallery walk and what they are wondering now.

Look‐Fors

•	 Are students developing radial patterns that grow predictably? Students 
may be tempted to build a pattern outward from the center but to do so in 
ways that simply fill in the space as it grows. For instance, they may first add 
squares all around, then blue parallelograms, then trapezoids and brown 
parallelograms, then hexagons, and so on. While it may be radial and there is 
a pattern, such a creation is not predictable. The goal is for students to 
create a pattern that will extend predictably, and then to be able to use that 
predictability to make projections and representations. If you notice this 
unpredictable way of constructing radial patterns, ask students, How do you 
know what will come in the next case? What is the pattern you are using to 
build from one case to the next? If students don’t have such a pattern, you 
might ask, How could you make a pattern where you can describe with words 
how to build from one case to the next?

•	 How are students representing growth symbolically? In this third 
activity related to representing relations symbolically, students have seen 
many different ways that they might express patterns, equivalence, or other 
relationships. Point out to students the connections between ways they are 
representing patterns and how they have done so in the previous activities. 
If students struggle to represent these patterns of growth, you might ask, 
How have you represented relationships before? What tools or ideas from 
other activities might help you here? Students may also represent the 
relationships in fragmented ways, saying that you take the case number and 
multiply it by 3 to get the number of squares, or symbolically something 
equivalent to 3c = s. This documents one of the relationships in the pattern 
but not all. This is completely fine at this stage, and students are not 
expected to string all the relationships together into a larger equation. 
However, if anyone does, be sure to spend some time discussing this 
strategy as a class.
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•	 Do students see connections between a pattern’s growth and rates or 
ratios? As students are describing growth, notice the language they use and 
how it is connected to rates. For instance, students may say that “for each case 
you add 3 more” or “there are 3 squares per case.” These kinds of ways of 
describing growth are rates, and you might choose to revoice their thinking by 
saying, “So, they are growing at a rate of 3 squares per case?” Highlight 
connections to rates or ratios that students seem to be making, even if 
those connections are not stated explicitly, as in the previous examples. You 
may even want to draw attention to these connections by asking about them 
in the discussion, How are these patterns connected to rates?

Reflect

How did representing patterns with symbols change how you saw them?
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    Radial Pattern

Case 1 Case 2 Case 3
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Generalizing

The big idea that is at the center of this set of activities—generalizing—is an action 
that could represent all of mathematics. When teachers share methods with students, 
they are showing them something that is general—an idea that always works. For 
example, we know that multiplying a natural number by 10 results in a zero being 
added to the number. The problem that arises in many mathematics classrooms is 
that teachers show a general idea, one intended to help students focus on the 
underlying concept, but students think it is a specific method they should memorize. 
The same problem can come up when teachers show any method—for example, the 
multiplication algorithm or a method for working out ratio. A good way to show 
new ideas is to share that something general is happening—something that always 
happens—and teach students that their role in mathematics is always to work out 
what is particular in a situation and what is general. Each activity in this set is 
conceptually interesting and offers students occasions to study numbers and 
patterns, which is valuable in its own right. The activities have also been designed to 
give opportunities for students to think: What is particular and what is general? 
This question is at the center of the work of mathematicians, who study patterns 
to make general statements that ultimately lead to mathematical proofs.

In the Visualize activity, students are presented with a display of data and asked 
what it represents. This is a great occasion for students to struggle, as it is not 
obvious what the data display represents, but it is something students will be able to 
work out through exploration and investigation. When the display is presented to 
the class, students will probably have lots of ideas and conjectures about what they 

8B I G I D E A
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think the data in the pattern represents. The line plot actually shows the number of 
factors for each number. We are really excited about this activity, and we think 
students will embrace the challenge of the number mystery. In this activity, 
help students produce general statements and consider together how generalizable 
they are. For example, they may say that odd numbers have shorter stacks. Is that a 
generalizable statement? Is it always true? It is good to ask students why their 
observations exist, to help them think about the structure of numbers and reason 
about them.

In the Play activity, we present the game Pennies and Paperclips. This activity 
comes from a wonderful website and collection of activities called Discovering the 
Art of Mathematics, and it is a game that I use often with my undergraduate 
students. It is a lovely example of a low‐floor, high‐ceiling task: it has a low floor—
anyone can access it and play the game—but it extends to very high levels and 
cool generalizations. In a sixth‐grade classroom we do not expect students to 
come up with formal mathematical proofs that relate to the patterns, but they 
can come up with conjectures and patterns that are generalizable. Can they work out 
situations when Pennies always wins? Or Paperclips always wins? Would these 
generalizations hold on different sizes of boards?

In the Investigate activity, we share a toothpick squares puzzle. In this activity, 
students build 2 × 2 and 4 × 4 toothpick squares, and we ask them to investigate any 
patterns they notice and record them on chart paper for a gallery walk later. This 
activity provides a really good opportunity for showing a generalization through 
color coding. Bringing color to mathematics is always worthwhile, both to highlight 
particular aspects of a mathematical idea and to bring mathematics to life. Many 
people know that color can be helpful, but they may not have used color to show 
how a pattern grows and to show generalization, as we highlight in the task, so this is 
a good opportunity for students to learn this approach. After students have engaged 
in a gallery walk, they can discuss as a class how their generalizations might work for 
finding out how many toothpicks there would be in any case.

Jo Boaler
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Generalizing Number Patterns
Snapshot

Students explore making generalizations about numerical 
patterns presented graphically, to build an expansive 
understanding of what generalizations can be.

Agenda

Activity Time Description/Prompt Materials

Launch 10 min Show students the Number Mystery Line Plot 
sheet and ask, What do you think this graph 
shows? What do you notice about the graph 
that might help you figure it out? Collect some 
observations.

Number Mystery 
Line Plot sheet, to 
display

Explore 20 min Partners explore the Number Mystery Line Plot 
sheet to collect observations and develop a 
conjecture about what the graph represents. 
Students use their conjectures to predict 
additional data and add it to the line plot.

Number Mystery 
Line Plot sheet, 
one per 
partnership

Discuss 20 min Discuss students’ conjectures about what the 
line plot shows and evidence to support or 
refute these ideas. Come to consensus that the 
graph shows the number of factors of each 
whole number, and add data to the line plot 
for 17–20.

Number Mystery 
Line Plot, to 
display

Explore 30 min Partners explore patterns in the data and make 
general statements about what they notice. 
They investigate whether these general 
statements hold true when extending the 
graph and what new general statements they 
can make with this additional data.

•	 Number Mystery 
Line Plot sheet, 
one per 
partnership

•	 Colors
•	 Make available: 

tape and 
additional 
paper

Connection to CCSS
6.SP.1, 6.SP.5b
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Activity Time Description/Prompt Materials

Discuss 20 min Collects students’ general statements about 
the patterns in the data into a Generalizations 
about Factors chart, and name these statements as 
generalizations. Ask students to provide supporting 
evidence for these claims, or counterexamples to 
refute them. Come to consensus about which the 
class believes to be true.

Chart and markers

Extend 30+ 
min

Partners develop their own number mystery 
graphs that show something about numbers 
without indicating just what they display. 
Groups swap mystery graphs to see whether 
they can find patterns and identify what the 
graph shows.

Make available: 
grid paper (see 
appendix), rulers, 
and colors

To the Teacher

In this activity, we begin our exploration of generalizing by focusing on a number 
pattern presented visually in a line plot.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

What number pattern does this line plot represent?

Whole numbers are shown across the horizontal axis. We challenge students to 
first make observations about this data and then try to figure out what this line plot 
shows. In a similar vein, we challenge you to try this with colleagues before you ask 
students to do so. Such an experience will give you insight into the ways students 
may be struggling to track down just what this data shows.

Upon looking at the graph, you and students will notice that the data appears to 
grow, but irregularly. The pattern is certainly not linear. It does not grow regularly, as 
with the radial patterns students investigated in Big Idea 7. In fact, what is shown is 

(Continued)



225Big  Idea  8 : Genera l i z ing

B
IG

 ID
E

A
 8

: G
e

n
e

r
a

l
iz

in
g

not a pattern of growth at all, but a reflection on the numbers’ own properties. This 
is a graph of the number of factors of whole numbers.

We’ve left the boxes within the line plot open so that students can choose to 
write or color inside them to help document the patterns they see, or the reason 
behind those patterns. For instance, if students were to jot the factors inside these 
boxes, they would see that all of the numbers with stacks of two boxes have just 1 
and themselves. They would also see that the first (or last) box is always 1, and every 
number has 1 as a factor. This could lead to a generalization such as “no number has 
zero factors.”

Activity

Launch

Launch the activity by showing students the Number Mystery Line Plot in the 
document camera. Ask, What do you think this graph shows? What do you notice 
about the graph that might help you figure it out? Give students a chance to turn 
and talk to a partner. Invite students to share observations about the data that might 
help the class figure out what the graph shows—not their conjectures about what the 
graph represents. Be sure to ask students to hold on to their conjectures for later; at 
this stage you want to hear observations. Annotate a few on the line plot.

Explore

Working in partners, students explore a copy of the Number Mystery Line Plot sheet 
and use their observations of the data to try to figure out what the graph represents. 
Ask students to develop a conjecture with evidence to support that idea.

Once students have a conjecture, ask, If your conjecture were true, what would 
the next few values on the line plot look like? Ask students to add their predicted 
data to the graph.

If students struggle to develop a conjecture, ask them to start collecting evidence 
that will be useful either in supporting or refuting others’ conjectures.

Discuss

Gather students together to discuss the question, What does this line plot show? 
Ask groups to pose their conjectures and provide evidence. All groups can contribute 
additional supporting evidence or a counterexample which shows that the conjecture is 
not true. Use the class’s observations to come to consensus about what the line plot shows.
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Ask, What would the next few values on the line plot look like using this 
conjecture? Together add data for 17–20 to the line plot. You might invite students 
to cross out the Number Mystery title of the line plot and give it an accurate name, 
such as Number of Factors. Tell students that in the next part of this activity, they 
are going to be trying to make general statements about the graph, the numbers, 
and the data.

Explore

Partners explore the following questions:

•	 What patterns do you see in the data?
•	 What general statements can you make based on this data? (Invite students to 

color‐code or mark up the graph to make these visible.)

Students collect their general statements about the data and can test them by 
continuing to extend the line plot. Provide students with additional paper and tape 
to make their line plots as long as they want. Students explore the following 
questions:

•	 Do your general statements continue to hold true as you extend the graph?
•	 What new statements can you make with more data to look at?

Discuss

Gather students together and collect groups’ general statements about the factors of 
numbers as represented in the line plot. Tell students that these general statements 
are called generalizations. Record each statement on a chart called Generalizations 
about Factors. Then invite the class to share supporting evidence for this 
generalization or a counterexample which shows that the statement either is not true 
or needs to be revised. All groups should be involved in providing evidence for any 
generalization. Students can contribute evidence using their entire line plot, however 
much they have extended it.

Come to agreement about which generalizations seem to hold true based on the 
data the class has. Discuss the following questions:

•	 What do these generalizations make you wonder?
•	 How far might we need to extend the graph to be confident in the claims?
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Extend

Students can create their own graphs of number data without showing what that 
data represents. Provide groups with grid paper (see appendix), rulers, and colors. 
Once students have developed a graph, groups can swap number mysteries with one 
another. Students explore, Can you figure out what the line plot shows? What is 
your evidence? Each group develops a conjecture and evidence and presents it to the 
group who created the graph to find out whether they are correct.

Look‐Fors

•	 Are students testing ideas for the Number Mystery Line Plot that focus 
on number properties? Students have seen data that is collected to show 
variation among a sample in Big Idea 6, such as the data of hurricane 
frequency by category. The data in this activity is different, because it is based 
on the properties of the numbers themselves. While there is variation along 
the graph, any graph that plots the factors of whole numbers will be identical 
to this one. For students to interpret the graph, they need to think about 
what they know and can find out about the numbers themselves. Students 
must ask questions about the trends in the data, if any, and how those connect 
back to number properties. To help students attend to numbers, you might 
ask, What do you know about these number across the horizontal axis? What 
patterns do you see? How do those connect to what you know about these 
numbers? You may focus students on one number or a few numbers in 
particular to support students in generating ideas.

•	 Are students’ generalizations general? Moving from observations to 
generalization is a leap. Students may make an observation like, “Most of the 
odd numbers have shorter stacks than the even numbers.” But this is not yet a 
generalization. Observations that include language like most, some, few, rarely, 
almost all, tend to, and so on hint at a pattern but acknowledge that the 
pattern is not generalizable. Students may struggle with moving from these 
observations to identifying patterns that hold true across all numbers. You 
might ask students to think about why their observations may exist, which 
could support them in reasoning about what may be general about them. 
Further, some generalizations can have exceptions. For instance, students can 
make the generalization that “all prime numbers are odd, except for 2.” This is 
a valid generalization because no matter how far they extend the graph, no 
additional even primes will exist.
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•	 Do students extend the line plot accurately? Once students have a shared 
understanding of what the line plot shows, they will need to extend the graph 
to continue to explore and test their observations and generalizations. If 
students make errors in counting the number of factors for a given whole 
number, this will shift the statements that they can make about the data. 
Attend to students’ extended graphs and ask them questions about how they 
constructed the data. If students are struggling with testing their ideas on the 
extended graph, you may suggest that they check their data to be sure that it is 
accurate before they discard generalizations.

Reflect

What did looking for generalizations help you notice?
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Number Mystery Line Plot

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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Generalizing Strategy
Snapshot

We explore generalizing strategies by playing the game 
Pennies and Paperclips and developing statements about 
how players can win.

Agenda

Activity Time Description/Prompt Materials

Launch 10–15 min Show students how to play 
Pennies and Paperclips and ensure 
they understand the rules.

•	 Pennies and Paperclips 
Game Board sheet, to 
display

•	 Two pennies and several 
paperclips

Play 20–30 min Partners play Pennies and 
Paperclips several times, with each 
partner getting an opportunity to 
be the Pennies player and the 
Paperclips player.

•	 Pennies and Paperclips 
Game Board sheet, one 
per partnership

•	 Two pennies and several 
paperclips, per 
partnership

Explore 20+ min Partners develop statements 
about how Pennies can win and 
how Paperclips can win. They may 
test these statements by 
continuing to play the game.

•	 Pennies and Paperclips 
Game Board sheet, one 
per partnership

•	 Two pennies and several 
paperclips, per 
partnership

Discuss 15+ min Discuss students’ conjectures 
about how Pennies can win and 
how Paperclips can win. Record 
students’ ideas on a chart and ask 
them to provide some evidence.

•	 Pennies and Paperclips 
Game Board sheet, to 
display

•	 Two pennies and several 
paperclips

•	 Chart and markers

Connection to CCSS
6.EE.9
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Activity Time Description/Prompt Materials

Play 20–30 min Partners choose one or more 
conjectures to test by playing the 
game. For each statement they 
test, students record the results of 
their game on the Pennies and 
Paperclips Evidence sheet.

•	 Pennies and Paperclips 
Game Board sheet, one 
per partnership

•	 Two pennies and several 
paperclips, per partnership

•	 Pennies and Paperclips 
Evidence sheet, multiple 
copies per partnership

Discuss 20 min Students discuss the conjectures 
they explored and offer evidence 
to support or refute these 
generalizations. Partners offer any 
new additional general 
statements to be added to the 
chart and evidence to support 
these. The class considers how 
much evidence is enough to 
declare a generalization true.

•	 Pennies and Paperclips 
Game Board sheet, to 
display

•	 Two pennies and several 
paperclips

•	 Chart and markers

To the Teacher

This activity is based on one developed by the mathematicians at Discovering the 
Art of Mathematics, an NSF‐supported project whose goal is to develop 
approaches to teaching mathematics to liberal arts students at the college level. In 
their activity, they focus on proof (Fleron, 2013), but here we use the game of 
Pennies and Paperclips to engage students with generalizing strategy. Because 
generalization so often focuses on developing abstract and symbolic 
representations for patterns, students rarely get opportunities to connect the 
work they do in games with generalizing. Here, we ask students to play a game 
repeatedly with the goal of developing statements about effective strategies 
for winning.

As students start to develop ideas about the patterns within the game and 
how Pennies or Paperclips might win, the statements they make will likely be 
hesitant. Embrace this first‐draft thinking and their risk‐taking. While we 
encourage you to press students for reasoning, they are unlikely to yet have 
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enough evidence for their ideas. Ask them questions about what they need to 
explore in order to gather more evidence or test their initial ideas, and then give 
them time to go back to the game to do just that. The more that students play, 
refine their statements, and collect evidence to support or refute them, the closer 
they move toward generalizing—without ever using symbols. This iterative 
exploration could take several days or continue as an ongoing exploration after 
two days of work as a class.

We strongly encourage you to play this game yourself repeatedly, in both the 
Pennies and Paperclips roles, to see how students will gain insight into the patterns 
within the game. Gather a few colleagues together and have a Pennies and Paperclips 
party and see what you discover.

Activity

Launch

Launch the activity by showing students on a document camera how to play Pennies 
and Paperclips. Be sure students understand the rules of play and how to win. Tell 
students that today they are going to explore this game and try to learn how Pennies 
can win and how Paperclips can win.

Play

In partners, students play Pennies and Paperclips several times. Provide pairs of 
students with the Pennies and Paperclips Game Board sheet, two pennies, and 
several paperclips. Each partner should get the opportunity to be both Pennies and 
Paperclips.

Game Directions

•	 One player is Pennies and the other player is Paperclips. Pennies receives two 
pennies, and Paperclips receives several paperclips. Place the game board 
where both players can see and reach it.

•	 Pennies places two pennies on any two squares on the board.
•	 Paperclips then tries to cover the rest of the board with paperclips. Each 

paperclip must be placed across two adjacent squares (squares side by side 
horizontally or vertically, but not diagonally). Only one paperclip can cover 
any square. No paperclip can cover a square with a penny on it.
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A game of Pennies and Paperclips showing three paperclips 
placed correctly and two that are incorrect

•	 Winning: If Paperclips can cover all the remaining squares on the board, then 
Paperclips wins. If Paperclips cannot cover all the remaining squares, then 
Pennies wins.

Explore

After partners have had a chance to play several times, ask students to try to make 
some general statements about strategies for winning the game.

•	 How can Pennies win?
•	 How can Paperclips win?

In this game, Pennies 
wins, because Paperclips 

did not cover all the 
squares.

In this game, Paperclips 
wins, because all squares 

are covered.



234 Mindse t  Mathemat i c s, Grade  6

B
IG

 I
D

E
A

 8
: 

G
e

n
e

r
a

l
iz

in
g

Students may want to play the game as they develop these statements to test 
out their ideas. Ask students to record their ideas so that they are ready to share 
these with the class.

Discuss

Show a Pennies and Paperclips Game Board sheet on the document camera and have 
pennies and paperclips handy so that students can show their ideas. Discuss the 
general statements students can make to describe how Pennies wins and how 
Paperclips wins. Record these conjectures on a chart and ask students to show some 
evidence using the materials on the document camera. Students’ ideas at this point 
are going to be in development and will probably sound like, “We think Pennies 
wins if . . . ” These statements, along with some evidence—not full proofs—are 
what we are hoping to generate at this point. If students need more time to play to 
develop these ideas, send them out to continue work. Students may also present 
ideas that others disagree with. Celebrate these moments in which ideas and 
evidence come together.

Play

Ask students to choose and test one or more of the conjectures from the chart you 
created as a class during the discussion. Students will need to play the game several 
times with the specific goal of collecting additional evidence that this general 
statement is true or of finding a counterexample, a case when it does not hold true.

Students should use the Pennies and Paperclips Evidence sheet to record the 
trial they explored and the outcomes as evidence to share. Students jot at the top of 
the sheet the conjecture they are testing. Whether they find supporting evidence or a 
counterexample, each game they try is evidence.

Discuss

Gather students together to discuss each conjecture that students tested, using the 
following questions:

•	 What evidence did you find to support this general statement?
•	 Did anyone find a counterexample—a case when the statement did not hold 

true?
•	 Do we now believe that this general statement is true? How might we need to 

modify the statement?
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Discuss any additional general statements students might now be able to add to 
the chart:

•	 What new strategies did you develop?
•	 What statements can we now make about winning the game based on your 

evidence?
•	 What are you still wondering?

Students may well want to return to playing the game to continue to test, 
develop, and refine general statements about winning this game. Encourage students 
to think carefully about how to make their statements precise and when they can say 
they are convinced that a statement is true. Ask students to consider, How much 
evidence is needed?

Look‐Fors

•	 Are students trying different game‐play strategies systematically? Initially, 
we invite students simply to play the game. But as the activity progresses, 
students should be focusing on exploring the conditions that lead to Pennies 
or Paperclips winning the game. To do so, they will need to think 
systematically as they consider different types of moves. For instance, they 
may categorize the initial placement of the pennies by their location relative 
to each other to investigate what happens when pennies are in the same row 
or column, when they are diagonal to one another, or neither. They may 
explore whether the color of the squares matters by asking, What happens 
when the pennies are on the same color, or on different colors? By thinking in 
these ways, rather than simply placing the pennies in different positions over 
and over, students can more systematically explore what might influence 
winning. Ask, What idea are you exploring now? You might notice something 
about their board and ask what happens now, such as, “I notice you put your 
pennies close together. Do you think that matters? Do you think it might 
help Pennies or Paperclips?”

•	 How are students gathering evidence? As students begin to develop ideas, 
they will need to have some evidence to share, even if that evidence begins 
with a single example. For students to share, they will need to record their 
thinking somehow so that they can remember precisely the positions of the 
pennies and paperclips they want to report on. If students are struggling to 
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hold on to their ideas, you may want to offer the Pennies and Paperclips 
Evidence sheets earlier in the lesson to support them. To push their thinking, 
after students have an idea and one example that supports it, ask, How can 
you test this idea with another example?

•	 Are students looking for counterexamples? When students have ideas, 
they want to find evidence to support them, but just as valuable are 
counterexamples. While it may be frustrating for students to find that one of 
their ideas does not always hold true, you can support them by highlighting 
the work they did to pursue evidence and discover that something that 
appeared to be true was, in fact, not. Encourage students to deliberately 
search for counterexamples by exploring extreme cases, or complex cases 
where multiple factors intersect. For instance, if students think that having 
pennies in the same row matters, then ask them to explore whether that is 
true in cases where the pennies are on the same or different colors or explore 
whether it matters if that row is at the top or in the middle of the board. Ask, 
Are there any cases where you’re not sure whether your idea will work? How 
will you test those?

Reflect

How much evidence do you think you need before you can consider a generalization 
true?

Reference
Fleron, J. (2013, October 24). Pennies & paperclip proofs. Retrieved from https://www 

.artofmathematics.org/blogs/jfleron/pennies‐paperclip‐proofs
 

https://www.artofmathematics.org/blogs/jfleron/pennies-paperclip-proofs
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237

Mindset Mathematics, Grade 6, copyright © 2019 by Jo Boaler, Jen Munson, Cathy Williams. 
Reproduced by permission of John Wiley & Sons, Inc.

Pennies and Paperclips Game Board



238

Mindset Mathematics, Grade 6, copyright © 2019 by Jo Boaler, Jen Munson, Cathy Williams. 
Reproduced by permission of John Wiley & Sons, Inc.

Pennies and Paperclips Evidence



239Big  Idea  8 : Genera l i z ing

B
IG

 ID
E

A
 8

: G
e

n
e

r
a

l
iz

in
g

Generalizing Visual Patterns
Snapshot

Students investigate generalizing from visual patterns by 
exploring networks of toothpick squares and the number 
of toothpicks it takes to construct them.

Agenda

Activity Time Description/Prompt Materials

Launch 10–15 min Show the 3 × 3 Toothpick Square image and 
ask students, Without counting one by one, 
how many toothpicks do you think there 
are in this image? Discuss this question as in 
a number talk, and diagram, color‐code, 
and record the ways students saw the 
toothpicks.

•	 3 × 3 Toothpick 
Square sheet, 
multiple copies 
to display and 
mark up

•	 Colors

Explore 30+ min Partners or small groups construct 2 × 2 and 
4 × 4 toothpick squares to investigate the 
patterns they notice in the number of 
toothpicks needed. Groups make 
generalizations about the relationship 
between the square size and the number of 
toothpicks needed and present their 
findings in a chart.

•	 Make available: 
toothpicks, dot 
paper (see 
appendix), 
colors, and tape.

•	 Chart and 
markers, for 
each group

Discuss 20 min Do a gallery walk of groups’ work. Discuss 
similarities, differences, and connections 
among the groups’ findings. Discuss the 
evidence for the generalizations the class 
has made and how these generalizations 
might help predict the number of 
toothpicks needed for larger squares.

Connection to CCSS
6.EE.4, 6.EE.9
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Activity Time Description/Prompt Materials

Extend 60+ min Students investigate how their generalizations 
change if the growing pattern changes. Select 
a new growing pattern or invite students to 
devise their own to investigate.

Make available: 
toothpicks, dot 
paper (see 
appendix), colors, 
and tape

To the Teacher

In this activity, we explore a classic problem about toothpick squares to invite 
students to make generalizations from a visual pattern. The standards relating to 
generalization in sixth grade focus on representing these relationships symbolically. 
While students may do that in this activity, particularly as they construct expressions 
to represent how they saw the number of toothpicks, they will also likely represent 
their generalization using diagrams, color coding, and words. We value all of these 
forms and believe that in building connections between them all, students have a 
more robust understanding of what it means to generalize, why it might be useful, 
and the many times they engage in this kind of mathematical thinking in the real 
world already.

The extension for this activity provides an interesting twist on this classic 
problem by asking students to compare their generalizations about toothpick 
squares to other growing patterns of toothpicks. These are not frequently 
explored, and students may discover intriguing ways that their understanding 
of toothpick squares is applicable to or in conflict with the growing patterns of 
toothpicks in other arrangements. You could conceivably spend multiple 
days investigating and comparing these different patterns and designing 
your own.

Activity

Launch

Launch the activity by showing students the 3 × 3 Toothpick Square image. Tell 
students that this is a square made out of toothpicks. Ask students, Without 
counting one by one, how many toothpicks do you think there are in this image? 
Give students a few moments to think, and ask students to give a private signal, 
such as a thumbs‐up, when they have an answer, as one would in a number talk.

(Continued )
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Invite students to share their answers and defend them by describing how they 
saw how many toothpicks make up the square. Color‐code or mark up the 
different ways students saw the toothpicks and decomposed the image. Record any 
calculations student did, using expressions to show the complexity of students’ 
thinking. For instance, if students saw four columns of three vertical toothpicks 
each and then three columns of four horizontal toothpicks each, you might 
record this as (4 × 3) + (3 × 4).

Come to agreement about how many toothpicks make up this image, 
and draw attention to the many different ways students saw the number of 
toothpicks.

Explore

In partners or small groups, students construct 2 × 2 and 4 × 4 toothpick squares, 
which represent those that come immediately before and after the 3 × 3 square in a 
growing sequence of toothpick squares. Provide students with toothpicks, dot paper 
(see appendix), colors or markers, tape, and a chart. Students investigate the 
following questions:

•	 How many toothpicks are needed to build each square?
•	 What patterns do you notice in the squares that help you figure this out 

without counting one by one?
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•	 What general statements can you make about the number of toothpicks 
needed to build squares? Build as many more squares as you want in order to 
investigate and test your generalizations.

•	 How can your generalizations predict how many toothpicks would be needed 
to build any size square? Test your ideas by predicting the number of 
toothpicks in a larger square and then building it to see whether your 
prediction was accurate.

Each group constructs a chart to share what they have found and the 
generalizations they can make using their evidence.

Discuss

Ask groups to post their charts around the room, and hold a gallery walk. Ask 
students to consider the following questions as they compare charts:

•	 How are the different groups’ findings similar or different?
•	 Do you notice any connections between the strategies different groups used?
•	 What does the class seem to agree on? What needs further investigation?

Discuss the observations that students made during the gallery walk, including 
the similarities, differences, and connections they observed. Discuss the following 
questions as a class:

•	 What generalizations do we feel confident in based on our data? Which 
generalizations need more evidence?

•	 How could we use our generalizations to predict how many toothpicks would 
be needed to build a square of any size?

Extend

Alter the growing pattern for the toothpick shape and invite students to investigate 
how the generalizations they can make will change or remain the same. Students 
could investigate any of the following:

•	 Rectangles where the length is one more than the width: 1 × 2, 2 × 3, 
3 × 4, 4 × 5, . . .

•	 Staircase patterns of toothpicks, which add one more step as they grow
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•	 Pyramid patterns that add one new layer as they grow
•	 Another growing pattern that students devise themselves

Look‐Fors

•	 How are students decomposing the toothpick squares to see structure? 
While students can count these toothpicks one by one, doing so will obscure 
the structures that hold the toothpick squares together. As students construct, 
draw, and analyze other sizes of toothpick squares, watch how they find the 
number of toothpicks. Ask, What patterns in the square are you noticing? 
How are they constructed? How could this help you determine how many 
toothpicks a square is composed of ? Extend these observations by asking, 
How do these patterns change when the square grows or shrinks? Students 
may, for example, decompose the square into vertical and horizontal 
toothpicks. You may want to ask, How are these related? What happens to 
the number of vertical toothpicks when the square grows? What about the 
horizontal toothpicks?

•	 What connections are students making between the visual pattern, 
number, and symbolic representations? One opportunity in this activity is 
for students to connect multiple representations of patterns to move toward 
generalizing. Ask students to show you the ways they are decomposing, 
diagramming, or color‐coding their visual images of the toothpick squares. 
Ask students how they would describe these patterns, and then how they 
could represent these patterns with numbers or symbols. If students use 
numbers or symbols, ask questions about how these connect back to the 
images they have constructed. They may want to color‐code their 
expressions to match the color‐coded diagram, for instance, to make those 
connections clear.

•	 Are students’ generalizations general? Students’ observations about 
growth are likely to begin as quite specific. For instance, they may say 
that the 2 × 2 toothpick square has half the toothpicks of the 3 × 3 square. 
Such observations may be true, but they are not yet generally applicable to 
all cases. When students make observations about the changes in the 
numbers of toothpicks overall or in rows and columns, ask them, Do you 
think this will be true for all cases, or just in this case? How could you find 
out? Push students to notice and test iteratively to move progressively 
toward general statements. You might ask them why they think this 
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relationship exists by saying, What is happening in the toothpick square 
that is leading to that change? The structures that underlie differences 
are where students are most likely to make general statements that hold 
true across cases.

Reflect

When do you think generalizations are useful? Why?
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3 × 3 Toothpick Square



246

Appendix



247Append ix

Centimeter Grid Paper



Append ix248

Grid Paper



249Append ix

1” Grid Paper



250 Append ix

Isometric Dot Paper



251Append ix

Dot Paper



252

About the Authors

Dr. Jo Boaler is a professor of mathematics education at 
Stanford University, and the cofounder of Youcubed. She is the 
author of the first MOOC on mathematics teaching and 
learning. Former roles have included being the Marie Curie 
Professor of Mathematics Education in England, a 
mathematics teacher in London comprehensive schools, and a 
lecturer and researcher at King’s College, London. Her work 
has been published in the Times, the Telegraph, the Wall Street 

Journal, and many other news outlets. The BBC recently named Jo one of the eight 
educators “changing the face of education.”

Jen Munson is a postdoctoral fellow in learning sciences at 
Northwestern University, a professional developer, and a 
former classroom teacher. She received her PhD from 
Stanford University. Her research focuses on how coaching 
can support teachers in growing their mathematics 
instructional practices and how teacher‐student interactions 

influence equitable math learning. She is the author of In the Moment: Conferring 
in the Elementary Math Classroom, published by Heinemann.



253About  the  Authors

Cathy Williams is the cofounder and director of Youcubed. She 
completed an applied mathematics major at University of 
California, San Diego before becoming a high school math teacher 
for 18 years in San Diego County. After teaching, she became a 
county office coordinator and then district mathematics director. 
As part of her leadership work, Cathy has designed professional 

development and curriculum. Her district work in the Vista Unified School District 
won a California Golden Bell for instruction in 2013 for the K–12 Innovation 
Cohort in mathematics. In Vista, Cathy worked with Jo changing the way 
mathematics was taught across the district.



Acknowledgments

We thank Jill Marsal, our book agent, and the team at Wiley for their efforts to make 
these books what we’d imagined. We are also very grateful to our Youcubed army of 
teachers. Thanks to Robin Anderson for drawing the network diagram on our cover. 
Finally, we thank our children—and dogs!—for putting up with our absences from 
family life as we worked to bring our vision of mathematical mindset tasks to life.

254



255﻿

A
Accuracy

in communication, 
150, 226

conceptual engagement 
and, 112–113

in discussions, 110
with factors, 228
feedback and, 102
for learners, 112, 

124, 198
observations for, 206
terminology and, 170

Activities
for building norms, 

19–23
for coordinate planes, 

109–113
for data, 169–172, 

180–184, 187–190
discussions for, 29–30, 

41–42, 62
exploration for, 29

for generalizing, 
225–228, 232–236, 
240–244

launches for, 28–29, 40, 
47–48

for number line, 96–100, 
103–105

for objects, 71–75,  
87–90

for play, 40–41, 58
for proportions, 

145–147, 150–153, 
158–161

for symbols, 197–200, 
206–209, 216–219

for unit rates, 121–125, 
129–132, 138–141

for visualization, 143, 165
Adding machine tape, 18
Agendas

for boxes, 85–86
for coordinate planes, 

107–108

for data, 167–168, 
178–179, 185–186

for generalizing, 
223–224, 230–231, 
239–240

for number line, 94–95, 
101–102

for objects, 60, 70–71
for proportions, 144, 149, 

156–157
for shapes, 26, 38–39, 

46–47
for symbols, 195–196, 

204–205, 215
for unit rates, 118–119, 

128, 136–137
Algebra, 192–194, 196
Analysis, 172
Animals jump

for data, 144–153
task cards for,  

154–155
Annotated graphs, 150

Index



I ndex256

Areas, 26–37, 38–45
Atlantic Hurricanes of 1977, 

177
Atlantic Hurricanes of 1987, 

176
Atlantic Hurricanes of 1997, 

175
Atlantic Hurricanes of 2007, 

174
Atlantic Hurricanes of 2017, 

173
Averages. See Data; Means; 

Medians; Modes

B
Balance, 204–205, 208–214
Base unit, 119–125
Best deal, 128–135
Big ideas

data as, 164–166
generalizing as,  

221–222
methods compared to, 

9–10
number line as, 92–93
objects as, 57–59
polygons as, 24–25
proportions as, 142–143
symbols as, 192–194
unit rates as, 116–117
visualization of, 216

Body length, 152–153
Boxes, 85–87, 89–90, 225
Brains, 10–13, 166
Building footprints, 48, 

52–56
Building norms, 19–23
Burton, Leone, 8

C
Calculations, 12–13
Calculators, 18
Calder, Alexander, 205
Centimeter cubes, 17
Centimeter grid paper, 247
Challenges

in counting, 99
discussions of, 73
in exploration, 97–98
fractional units as, 

183–184
investigation and, 186
in knowledge, 182–183
for learners, 139, 141, 

151–152
motor challenges, 113
observations and, 146
for predictions, 102
psychology of, 124, 

146–147, 222
strategies for, 208
task cards for, 191
in tasks, 21

Charts
for data, 151
discussions and, 139, 

217–218
for economics, 133–135
as evidence, 131
graphing and, 148
for groupwork, 242
organization for, 99
in play, 130
for relationships, 217
for teachers, 111

Classes, 88
Collaboration, 241

colloquial terminology, 171
Color coding, 6–7, 18, 181, 

222, 225
Common Core curriculum 

standards, 9–10
Communication

accuracy in, 150, 226
of analysis, 172
collaboration and, 241
comparison in, 160
of data, 88
descriptions and, 170
investigation and, 156
language in, 63
for learners, 199, 

243–244
materials and, 87
of observations, 225
predictions and, 72, 

121–122
in reflections, 200
of relationships, 198
of visualization, 

123–124, 181
Comparative language, 

99–100
Comparison

in communication, 160
for learners, 131–132
observations from, 

129–130, 160
in reflections, 190
of shapes, 171
strategies for, 99–100
for utility, 139

Complex polygons, 38–45
Comprehension, 89, 

160–161, 199



257I ndex

Conceptual engagement
accuracy and, 112–113
for algebra, 192–194
color coding for, 222
for Cuisenaire rods, 

201–203
for data, 142, 145
decisions for, 129
evidence for, 234, 238
exploration for, 121
graphing for, 223
hurricanes for, 167–177
for learners, 240
lesson plans for, 19–23
memorization compared 

to, 4–5
movement words for, 109
observations and, 

123–124
play for, 165
puzzles for, 208
radial patterns for, 220
restaurant tables in, 157
for symmetry, 96–97
technology for, 121–122, 

147, 150, 225, 232
tools for, 137–138
for variables, 198
visualization in, 110

Conceptualization, 24–25
Confusion, 116
Conjectures, 88–89, 225–226, 

234, 240–241
Context, 179
Contrasts, 146–147
Coordinate planes

activities for, 109–113
agendas for, 107–108

in investigation, 93
for teachers, 108–109
templates for, 114–115

Counterexamples, 234–236
Counting, 99
Creativity, 208, 217, 

241–242
Cubes

dimensions of, 60
in discussions, 181
for learners, 180
lesson plans for, 60–64
in play, 182

Cuisenaire rods, 17
conceptual engagement 

for, 201–203
for exploration, 197
extensions for, 198
relationships from, 195
for visualization, 

193–194
writing and, 199

D
Data

activities for, 169–172, 
180–184, 187–190

agendas for, 167–168, 
178–179, 185–186

animals jump, 144–153
as big ideas, 164–166
charts for, 151
communication of, 88
conceptual engagement 

for, 142, 145
data points, 172, 179
data sets, 168, 170, 185, 

189–190

hurricane, 173–177
in investigation, 117
methods for, 140
organization for, 90
patterns for, 

221–222, 226
in play, 143
rates and, 157
for ratios, 136
Speed, 136–141
for teachers, 168, 

179, 186
templates for, 191
unit data, 158–163
values from, 122, 

164–165
Decisions, 129, 140, 151
Descriptions, 170–171
Design, 151–152
Dimensions, 60
Discovery, 157, 231–232
Discussions

accuracy in, 110
for activities, 29–30, 

41–42, 62
of challenges, 73
charts and, 139,  

217–218
conjectures in, 225–226
counterexamples in, 

234–235
cubes in, 181
factors in, 226
for groupwork, 49, 97, 

169–170
knowledge in,  

187–188
launches for, 145



I ndex258

for learners, 49, 72, 88, 
109, 123, 170–171, 234

for methods, 132
of mistakes, 62
of motion, 146
objects in, 98–99
observations in, 98, 242
for partnerships, 73, 111, 

151–152, 182
of patterns, 159
precision in, 197–198
radial patterns in, 217
ratios in, 121, 157, 160
of relationships, 207–208
for strategies, 207
of visualization, 131

Dot paper, 250–251
Driscoll, Mark, 8

E
Economics, 116, 119, 

128–135, 222
Education, 9–10, 57
Einstein, Albert, 14
Engagement. See 

Conceptual 
engagement

Equality, 194
Equivalence, 204, 208–209
Evidence

charts as, 131
for conceptual 

engagement, 234, 238
for learners, 73, 235–236
in reflections, 236
as strategies, 111–112
visualization as, 132, 149

Exploration
for activities, 29
challenges in, 97–98
for conceptual 

engagement, 121
creativity in, 217, 

241–242
Cuisenaire rods for, 197
for data sets, 170
for groupwork, 48, 

130, 188
journaling and, 98
in launches, 232
for learners, 30, 42, 49, 

94, 129, 167
methods of, 138–139
networking for, 239
of observations, 110
for partnerships, 62, 

87–88, 110–111, 
123, 145–146, 
158–159, 169, 
180–181, 187, 198, 
216–217, 225

record keeping for, 122
of shapes, 168
of strategies, 233–234
of terminology, 178

Extensions
creativity in, 208
for Cuisenaire rods, 198
for graphing, 88–89
grid paper for, 227
for growth patterns, 

242–243
investigation in, 

111–112, 139–140, 
188

for learners, 62, 99, 104
predictions and, 73, 

124–125, 160
for radial patterns, 216
as reflections, 141

F
Factors, 226, 228
Failure, 57–58
Feedback, 5–6, 12, 61–62, 

102, 182
“Fluency without Fear,” 2
Folding

nets, 71–75, 91
around zero, 94–100

Folding objects, 21–23, 
57–59, 70, 90

for lesson plans, 65–69, 
76–84, 91

technology for, 61–62
Formulas, 179
Fostering Algebraic Thinking 

(Driscoll), 8
Fractional units, 86, 

183–184, 196
Frustration, 187
Fundamentals, of 

mathematics, 221

G
Games, 17, 93

instructions for, 
103–104, 232–233

number line bounce, 
101–106

with patterns, 231–232
pennies and paper clips, 

230–238

Discussions (cont’d )



259I ndex

reflections for, 105
in research, 2
shopping, 128–135
for strategies, 230
See also Play

Generalizing
activities for, 225–228, 

232–236, 240–244
agendas for, 223–224, 

230–231, 239–240
as big ideas, 221–222
for teachers, 224–225, 

231–232, 240
templates for, 229, 

237–238, 245
Geometry, 17, 72, 117, 

160–161
Graphing

annotated graphs, 150
charts and, 148
for conceptual 

engagement, 223
extensions for, 88–89
groupwork for, 165
instructions for, 145
for learners, 143, 190
lesson plans for, 150
look-fors for, 227–228
observations from, 

145–146
tools for, 247–251

Grid paper, 227, 247–249
Groupwork

charts for, 242
discussions for, 49, 97, 

169–170
exploration for, 48, 

130, 188

for graphing, 165
for learners, 19–20
paper folding as, 21–23
in play, 130
record keeping from, 181

Growth patterns,  
192–194

extensions for, 242–243
radial patterns and, 

224–225
ratios and, 219
representation of, 218

H
Halving, 205
High-ceilings, 2–3, 14–15
Humphreys, Cathy, 8
Hurricanes, 167–177

data, 173–177

I
Ideas, 2–3, 5–6, 9–10, 

21–22
See also Big ideas

Imagination, 152
Implicit connections, 105
In the Balance (Kroner), 

205, 210–214
Innovation, 153

See also Technology
Inspiration. See Motivation
Instructions

for games, 103–104, 
232–233

for graphing, 145
for learners, 96
materials and, 86–87
for predictions, 61–62

strategies for, 142
for teachers, 27–28, 39, 

47, 61, 71
integers. See Number line
Interpretation, 183–184
Investigation

challenges and, 186
communication and, 156
coordinate planes in, 93
data in, 117
of data sets, 185
in extensions, 111–112, 

139–140, 188
growth patterns in, 194
for learners, 14–15, 25, 

58–59, 137–138, 235
for measuring, 166
in partnerships, 87–88
patterns in, 143
of predictions, 241–242
puzzles for, 222
for teachers, 

108–109, 137
visualization and, 193

Irregular polygons, 26–37
Isometric dot paper, 250
Iterating units, 152

J
Journaling, 6, 98, 110

K
Knowledge

challenges in, 182–183
counterexamples and, 236
in discussions, 187–188
implicit connections 

and, 105
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iterating units in, 152
methods for, 7–8, 26
processes for, 189
quantitative literacy, 164
in reflections, 147, 153
science of, 5, 157
toothpick squares for, 

239–245
Kroner, Lou, 205,  

210–214

L
Language

in communication, 63
comparative language, 

99–100
geometric language, 

72, 117
for interpretation, 183
for learners, 179
for measuring, 168
for observations, 227
visualization and, 74, 

108–109
vocabulary and, 71

Launches
for annotated graphs, 150
for boxes, 87
conjectures in, 240–241
for discussions, 145
exploration in, 232
for mental strategies, 

129–130
for objects, 61–62, 71–72
for observations, 109
observations from, 

169, 187

for partnerships, 
121–122, 138

play and, 180
for ratios, 216
for relationships, 197
for shapes, 28–29, 40, 

47–48, 120–121
for symmetry, 96–97
technology for, 206
for visualization, 103

Learners
accuracy for, 112, 124, 198
challenges for, 139, 141, 

151–152
communication for, 199, 

243–244
comparison for, 131–132
comprehension for, 

160–161
conceptual engagement 

for, 240
conjectures for, 88–89
contrasts for, 146–147
cubes for, 180
data points for, 172
decisions for, 140
discussions for, 49, 72, 

88, 109, 123, 
170–171, 234

economics for, 119
evidence for, 73, 235–236
exploration for, 30, 42, 

49, 94, 129, 167
extensions for, 62, 99, 104
feedback for, 5–6
fractional units for, 86
graphing for, 143, 190
groupwork for, 19–20

halving for, 205
high-ceilings for, 14–15
imagination for, 152
innovation for, 153
instructions for, 96
interpretation by, 

183–184
investigation for, 

14–15, 25, 58–59, 
137–138, 235

journaling for, 6
language for, 179
line plots for, 224–229
measuring devices for, 

94–100
methods for, 104–105, 

189–190
motor challenges for, 113
patterns for, 108–109, 

111, 217–218
physical tasks for, 74–75
pictures for, 5–6
planning for, 140
play for, 13–14, 

24–25, 72
predictions by, 74, 218
psychology of, 189
puzzles for, 210–214
record keeping for, 88, 90
reflections for, 125
relationships for, 

207–209
representation by, 

182–183
sketches for, 159
strategies for, 131
symbols for, 9–11
tasks for, 196

Knowledge (cont’d )
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technology for, 16
tools for, 164–165
variables for, 199–200
visualization for, 10–13, 

57–58, 63, 102, 
118, 129–130, 
221–222, 243

Lesson plans
for conceptual 

engagement, 19–23
for cubes, 60–64
folding objects for, 

65–69, 76–84, 91
for graphing, 150
In the Balance (Kroner), 

205, 210–214
for math mobiles, 

204–214
for means, 178–184
for medians, 185–191
for modes, 185–191
for polygons, 26, 38–39, 

46–47
reflections for, 64
for shapes, 38–43
for volume, 85–90

Line plots, 224–229
Lockhart, Paul, 8
Logic, 89–90
Look-fors

for body length, 152–153
for boxes, 89–90
for economics, 131–132
for equivalence, 208–209
for geometry, 160–161
for graphing, 227–228
for motion, 146–147
for predictions, 74–75

for radial patterns, 218–219
for relationships, 

199–200, 243–244
for speed, 140–141
strategies and, 104–105, 

235–236
for teachers, 31–32, 

42–43, 63–64, 
99–100, 112–113

for values, 189–190
in visualization, 49–50

Low-floor tasks, 2–3

M
Manipulatives, 16–18
Mason, John, 8
Materials, 16–18, 86–87
Math mobiles, 204–209

puzzles, 210–214
Mathematics, 19–23

algebra, 192–194
convincing in, 5–9
of design, 151–152
Discovering the Art of 

Mathematics, 231–232
“Fluency without Fear” 

for, 2
fundamentals of, 221
geometric language 

for, 72
means, 164–166, 

178–184
medians, 164–166, 

185–191
modes, 164–166, 

185–191
objects in, 57–59
open mathematics, 13–14

predictions in, 63–64
reason in, 5–9
speed in, 136–141
tables for, 122, 143
thinking in, 5–9
2-D concepts in, 107–115
WIM, 4
Youcubed for, 1

Means, 164–166, 178–184
relationships, 185–191

Measuring
devices, 17, 94–100
investigation for, 166
language for, 168
tasks for, 164
testing and, 189
tools for, 138–139

Medians, 164–166, 185–191
Memorization, 2, 4–5
Menon, Vinod, 10
Mental strategies, 102, 

129–130
Methods

big ideas compared to, 
9–10

for data, 140
discussions for, 132
for engagement, 13–14
of exploration, 138–139
for feedback, 61–62
for knowledge, 7–8, 26
for learners, 104–105, 

189–190
for relationships, 

192–194
for visualization, 58

Mistakes, 14–15, 61–62
Modes, 164–166, 185–191



I ndex262

Motion, 146–147
Motivation, 4, 208
Motor challenges, 113
Movement words, 109

N
Nets

filling, 85–90
folding, 71–75
templates, 76–84, 91

Networking, 13, 239
Number line bounce

activities for, 96–100, 
103–105

agendas for, 94–95, 
101–102

as big ideas, 92–93
coordinate planes and, 

107–113
for teachers, 95–96, 102
templates for, 106, 229

Number mystery line 
plot, 229

Numbers
number patterns, 

223–229
properties for, 227
rounding of, 152–153
visualization of, 243

Numerical relationships, 
116

O
Objects

activities for, 71–75, 
87–90

agendas for, 60, 70–71
as big ideas, 57–59

in discussions, 98–99
launches for, 61–62, 

71–72
in mathematics, 57–59
nets, 76–84
templates for, 65–70
See also Folding objects

Observations
for accuracy, 206
challenges and, 146
communication of, 225
from comparison, 

129–130, 160
conceptual engagement 

and, 123–124
in discussions, 98, 242
exploration of, 110
from graphing, 145–146
language for, 227
from launches, 169, 187
launches for, 109
patterns and, 112, 

122, 188
from play, 207
predictions for, 158
in reflections, 100, 228
of symmetry, 99

OECD. See Organisation 
for Economic 
Co-operation and 
Development

Office supplies, 18
Open mathematics, 13–14
Organisation for Economic 

Co-operation and 
Development 
(OECD), 4

Organization, 90, 99

P
Paper clips and pennies 

(game), 230–238
Paper folding, 21–23
Parents, 12
Partnerships

discussions for, 73, 111, 
151–152, 182

exploration for, 62, 
87–88, 110–111, 123, 
145–146, 158–159, 
169, 180–181, 187, 
198, 216–217, 225

investigation in, 87–88
launches for, 121–122, 

138
play for, 73, 103, 150, 

206, 232
psychology of, 62, 72
strategies in, 104
technology for, 197

Patterns
blocks, 17
for data, 221–222, 226
discussions of, 159
games with, 231–232
in investigation, 143
journaling for, 110
for learners, 108–109, 

111, 217–218
number patterns, 

223–229
observations and, 112, 

122, 188
pattern blocks, 121
pattern sheets, 217
in reflections, 219
symbols and, 243
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tables for, 124, 158–159
for teachers, 86–87
tiling patterns, 119–125
visualization of, 239
See also Growth 

patterns; Radial 
patterns

Patty paper, 18
Pennies and paper clips 

(game), 230–238
Perimeters, 160–161
Physical tasks, 74–75
Pictures, 5–6
PISA. See Program for 

International Student 
Assessment

Planes. See Coordinate 
planes

Planning, 140
Play, 17, 93

activities for, 40–41, 58
charts in, 130
for conceptual 

engagement, 165
for conjectures, 234
cubes in, 182
data in, 143
economics in, 116, 222
equality in, 194
geometric language 

in, 117
groupwork in, 130
launches and, 180
for learners, 13–14, 

24–25, 72
observations from, 207
for partnerships, 73, 103, 

150, 206, 232

Polygons
as big ideas, 24–25
complex polygons,  

38–45
conceptualization of, 

24–25
irregular polygons, 26–32
lesson plans for, 26, 

38–39, 46–47
templates for, 33–37

Precision, 99, 151,  
197–198

Predictions
challenges for, 102
communication and, 72, 

121–122
extensions and, 73, 

124–125, 160
folding objects and, 70
instructions for, 61–62
investigation of, 241–242
by learners, 74, 218
look-fors for, 74–75
in mathematics, 63–64
for observations, 158
reflections and, 113

Prisms. See Polygons
Processes, 189
Program for International 

Student Assessment 
(PISA), 4

Properties, for numbers, 227
Proportions

activities for, 145–147, 
150–153, 158–161

agendas for, 144, 149, 
156–157

as big ideas, 142–143

for teachers, 145, 
150, 157

templates for, 148, 
154–155, 162–163

Psychology
of calculations, 12–13
of challenges, 124, 

146–147, 222
of confusion, 116
of discovery, 157
of failure, 57–58
of frustration, 187
of learners, 189
of mistakes, 14–15
of partnerships, 62, 72
in reflections, 132
of testing, 3–4

Puzzles, 208, 210–214, 222

Q
Quadrilateral in Question, 

26, 28–29, 32
templates, 33

Quantitative literacy, 164
Questions, 88–89

See also Discussions

R
Radial patterns

for conceptual 
engagement, 220

in discussions, 217
extensions for, 216
growth patterns and, 

224–225
look-fors for, 218–219
relationships from, 215

Rates, 138, 157
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Ratios
data for, 136
in discussions, 121, 

157, 160
growth patterns and, 219
launches for, 216
See also Proportions

Reason
ideas and, 21–22
in mathematics, 5–9
reasoning, 142–143, 227
spatial reasoning, 

232–233
Record keeping

for exploration, 122
from groupwork, 181
for learners, 88, 90

Reflections
communication in, 200
comparison in, 190
evidence in, 236
extensions as, 141
for folding objects, 90
for games, 105
knowledge in, 147, 153
for learners, 125
for lesson plans, 64
observations in,  

100, 228
patterns in, 219
predictions and, 113
psychology in, 132
for shapes, 172
sketches for, 161
for solids, 75
strategies in, 43, 209
on terminology, 184
for volume, 50

Relationships
charts for, 217
communication of, 198
from Cuisenaire 

rods, 195
discussions of, 207–208
launches for, 197
for learners, 207–209
look-fors for, 199–200, 

243–244
methods for, 192–194
numerical relationships, 

116
from radial patterns, 215

Representation, 208–209
of growth patterns, 218
by learners, 182–183

Research
games in, 2
from PISA, 4
on symmetry, 92, 95–96
for teachers, 1

Restaurant tables, 157–163
Rods. See Cuisenaire rods
Rounding, of numbers, 

152–153

S
Science, 5, 10–11, 157

See also Technology
Self-monitoring, 4
Shanghai skyline, 47–48, 51
Shapes

agendas for, 26, 38–39, 
46–47

color coding for, 181
comparison of, 171
exploration of, 168

launches for, 28–29, 40, 
47–48, 120–121

lesson plan for, 38–43
reflections for, 172
templates for, 44–45, 

52–56
3-D shapes, 58

Shards of a Shape, 38–45
Shopping, 128–135
Skepticism, 8, 21–23
Sketches

for comprehension, 199
for learners, 159
for reflections, 161

Snap cubes, 17
Solids, 46–56, 75
Spatial reasoning, 232–233
Speed, 136–141
Square tiles, 17
STEM fields, 57
Strategies

for balance, 208–209
for challenges, 208
color coding, 6–7
for comparison, 99–100
counterexamples, 

234–235
discussions for, 207
evidence as, 111–112
exploration of, 233–234
games for, 230
for instructions, 142
for learners, 131
look-fors and, 104–105, 

235–236
mental strategies, 102
in partnerships, 104
for rates, 138
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in reflections, 43, 209
self-monitoring, 4
for symmetry, 105
for teachers, 14–15
verbal explanations, 61

Stress, 2
Students. See Learners
Summer camp, 3–4, 12, 

24–25
Symbols

activities for, 197–200, 
206–209, 216–219

agendas for, 195–196, 
204–205, 215

as big ideas, 192–194
for learners, 9–11
patterns and, 243
for teachers, 196, 

205, 216
templates for, 201–203, 

210–214, 220
Symmetry

conceptual engagement 
for, 96–97

launches for, 96–97
observations of, 99
research on, 92, 95–96
strategies for, 105

T
Tables

for mathematics, 
122, 143

for patterns, 124, 
158–159

for values, 117
Task cards, 150, 154–155, 

191

Tasks
challenges in, 21
comprehension of, 89
ideas and, 2–3
for learners, 196
for measuring, 164
motivation for, 208
physical tasks, 74–75
precision in, 99
for testing, 2–3

Teachers
brains and, 166
charts for, 111
colloquial terminology 

for, 171
coordinate planes for, 

108–109
data for, 168, 179, 186
generalizing for, 224–225, 

231–232, 240
instructions for, 27–28, 

39, 47, 61, 71
investigation for, 

108–109, 137
look-fors for, 31–32, 

42–43, 63–64, 
99–100, 112–113

mistakes and, 61
number line for, 

95–96, 102
patterns for, 86–87
proportions for, 145, 

150, 157
questions for, 88–89
research for, 1
strategies for, 14–15
symbols for, 196, 205, 216
technology for, 3

unit rates for, 119–121, 
129, 137–138

vocabulary for, 73
Technology

calculators, 18
for conceptual 

engagement, 121–122, 
147, 150, 225, 232

for folding objects, 61–62
for launches, 206
for learners, 16
for partnerships, 197
for teachers, 3
for visualization, 

71–72, 92
Templates

for coordinate planes, 
114–115

for data, 191
for dot paper, 250–251
for generalizing, 229, 

237–238, 245
for grid paper, 247–249
for nets, 76–84, 91
for number line, 106, 229
for objects, 65–70
for polygons, 33–37
for proportions, 148, 

154–155, 162–163
for quadrilaterals, 33
for shapes, 44–45, 52–56
for shopping, 133–135
for symbols, 201–203, 

210–214, 220
tiling patterns, 119–127
for unit data, 162–163
for unit rates, 126–127, 

133–135
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Terminology
accuracy and, 170
colloquial terminology, 

171
exploration of, 178
reflections on, 184

Testing
measuring and, 189
psychology of, 3–4
tasks for, 2–3

Theories, 8
Thinking, 5–9, 179
3-D shapes, 58
Thurston, William, 5
Tiling patterns, 119–127
Timers, 18
Tools

for conceptual 
engagement, 137–138

for graphing, 247–251
for learners, 164–165
for measuring, 138–139

Toothpick squares, 239–245
Transformation, 171–172
2-D concepts, 107–115, 117

U
Unfolding objects. See 

Folding objects
Unit data, 158–163
Unit rates

activities for, 121–125, 
129–132, 138–141

agendas for, 118–119, 
128, 136–137

base unit, 119–125
as big ideas, 116–117

for teachers, 119–121, 
129, 137–138

templates for, 126–127, 
133–135

Utility, 139

V
Values

from data, 122, 164–165
in feedback, 182
look-fors for, 189–190
tables for, 117

Variables
conceptual engagement 

for, 198
for learners, 199–200
in visualization, 209

Verbal explanations, 61
Visualization

activities for, 143, 165
of big ideas, 216
communication of, 

123–124, 181
in conceptual 

engagement, 110
Cuisenaire rods for, 

193–194
of data sets, 189–190
discussions of, 131
as evidence, 132, 149
investigation and, 193
language and, 74, 108–109
launches for, 103
for learners, 10–13, 24, 

57–58, 63, 102, 
118, 129–130, 
221–222, 243

look-fors in, 49–50
methods for, 58
of numbers, 243
for numerical 

relationships, 116
of patterns, 239
technology for, 

71–72, 92
transformation and, 

171–172
for 2-D concepts, 117
variables in, 209

Vocabulary
for descriptions, 171
language and, 71
for teachers, 73

Volume
lesson plans for, 85–90
logic for, 89–90
reflections for, 50
of solids, 46–56

W
Water Bottle Price 

Sheet, 133
Weather, 173–177
Week of inspirational 

mathematics (WIM), 4
Williams, Cathy, 1
WIM. See Week of 

inspirational 
mathematics

Writing, 199

Y
Youcubed, 1, 3–4, 12, 

24–25
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